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Abstract

We consider a prototypical parabolic SPDE with finite-dimensional multiplicative
noise, which, subject to a nonnegative initial datum, has a unique nonnegative
solution. Inspired by well-established techniques in the deterministic case, we
introduce a finite element discretization of this SPDE that is convergent and
which, subject to a nonnegative initial datum and unconditionally with respect
to the spatial discretization parameter, preserves nonnegativity of the numerical
solution throughout the course of evolution. We perform a mathematical anal-
ysis of this method. In addition, in the associated linear setting, we develop a
fully discrete scheme that also preserves nonnegativity, and we present numer-
ical experiments that illustrate the advantages of the proposed method over
alternative finite element and finite difference methods that were previously con-
sidered in the literature, which do not necessarily guarantee nonnegativity of the
numerical solution.
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1 Introduction

We consider the following prototypical stochastic partial differential equation (hence-
forth abbreviated as SPDE) with multiplicative noise:

du−∆u dt = f(u) dW (1)

(with the usual notation; see (6) below for the precise mathematical meaning) that
preserves nonnegativity at the continuous level: the nonnegativity of an initial datum
u0 for (1) is propagated into the associated solution u(t) for all t ≥ 0.

The purpose of this article is to construct and analyze a finite element method
(FEM) for this SPDE that is accurate and that preserves nonnegativity uncondi-
tionally in the discretization parameters (the time step ∆t and the spatial mesh size
h).

Our motivation for this study stems from our interest in the Dean–Kawasaki
equation and related equations, and more generally a large class of SPDEs that have
nonnegative solutions because their solution models the density of a system of possi-
bly infinitely many particles (see [1–4] for further details on this class of problems and
for some illustrative and recent mathematical contributions to the topic). The present
paper may be seen as a very preliminary step towards the design of suitable numeri-
cal methods for such equations. In any event, the equation we study and approximate
numerically is sufficiently ubiquitous to be relevant in many practical settings. We
therefore hope that the considerations herein will serve as a guideline for the con-
struction of numerical methods for more sophisticated equations. The preservation of
nonnegativity for parabolic SPDEs with multiplicative noise at the continuous level
has also been explored in other contexts in several publications; see, for example, [5–
8]. Numerical methods for SPDEs have been extensively studied in the literature. For
general results, we refer to [9–11] and references therein.

As was mentioned above, the specific feature of the SPDE we shall be focussed on
here is nonnegativity-preservation. Our concern is therefore at the intersections of two
different classes of questions, namely:

(i) nonnegativity-preservation for finite element discretizations of deterministic partial
differential equations; and

(ii) nonnegativity-preservation for time-stepping schemes for stochastic differential
equations.

Even in the absence of noise, that is, for deterministic PDEs, preservation of nonneg-
ativity, as stated in item (i) above, is a challenging requirement since it is intimately
related to the construction of numerical methods that satisfy a discrete maximum
principle; see, for example, the recent monograph [12]. Since we cannot expect any
simplifications in this respect in the presence of noise in an otherwise determinis-
tic equation, our numerical method must comply with nonnegativity-preservation for
PDEs. We will make these requirements precise later on (in Section 3). They concern
the geometry of the mesh and the use of a specific version of the mass matrix, the
so-called lumped mass matrix, in the finite element discretization, first introduced in
the parabolic setting in [13] (see also [14, 15]).
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Briefly, our choice of the spatial discretization is dictated by our wish to preserve
nonnegativity. However, this comes at a price. A certain number of mathematical
difficulties follow from the technical choices we are bound to make at the finite element
level. Put differently, our analysis would have been much simpler and more standard
to conduct had we opted for a discretization that is not required to systematically
guarantee nonnegativity-preservation. To start with, in the absence of mass-lumping,
we could have considered a formulation of the SPDE based on semi-group theory (a
formulation that is routinely considered for generic SPDEs; see, for example, [16–21]),
and then our analysis of the discretization error would also have become much simpler
and would have followed through the use of standard techniques.

In addition, ignoring for the moment the dependence of the solution on the spatial
variable and concentrating on the random variable, nonnegativity-preservation in the
context of time-stepping schemes for SDEs is a well-established topic that has been of
particular relevance in, for example, financial mathematics. We will benefit from the
knowledge accumulated in the field concerning this topic to formulate our time dis-
cretization; see [22–25] for some specific contributions in this direction. In particular,
we have been greatly inspired by the publications of A. Alfonsi initiated in [26] and
pursued, for example, in [27, 28].

In the context of SPDEs, publications that rigorously address nonnegativity-
preservation at the fully-discrete level are rare. We are aware of only a handful of
papers on this topic. They all address finite difference type methods (as opposed to
finite element methods) and we shall only mention a couple: the recent work [29] intro-
duces a nonnegativity-preserving finite difference scheme for the linear stochastic heat
equation with finite-dimensional noise (as will be the case in the present study). In
the same spirit, the work [30] develops a nonnegativity-preserving Lie–Trotter split-
ting scheme using a finite difference method in space for a nonlinear heat equation
driven by multiplicative space-time white noise, and therefore improves on the former
work in terms of generality of the noise but is restricted to the one-dimensional set-
ting. Positivity preservation for SPDEs has also been investigated in the recent work
[31], where energy-regularized logarithmic SPDE models and structure-preserving
numerical approximations are studied.

It is important to note that the issue of nonnegativity-preservation cannot be
overlooked. In the particular case of the Dean–Kawasaki equation, which we have men-
tioned as our motivation for the present work, it was shown in [32] that a classical
spatial finite-volume approximation subject to a nonnegative initial condition may pro-
duce numerical solutions with negative values at subsequent times. Ad hoc techniques
to overcome this shortcoming have therefore been developed and then adapted to the
finite element context in [3]. This suffices to indicate the need for the development of
a more systematic approach, which is our objective here.

It is also important to emphasize outright that our wish to consider finite element
methods (as opposed to finite difference schemes), in addition to the fact that the
former are of variational nature (and therefore more amenable to classical techniques
of numerical analysis) and more flexible for domains with complicated geometry, is
related to legacy issues in software engineering. Since many SPDEs of interest are
parabolic and since finite element methods are particularly efficient for the numerical
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solution of parabolic equations, it is interesting to explore how in-house-developed
or off-the-shelf software for the numerical solution of PDEs can be adjusted, in an
economical manner, for the numerical solution of parabolic SPDEs.

Our main contribution here is the construction of a semidiscrete finite element
method for (1), based on continuous piecewise affine finite element basis functions in
space, involving a lumped mass matrix. We prove that the method is first-order accu-
rate and that it preserves nonnegativity, unconditionally with respect to the spatial
mesh size. In addition, as a proof of concept for the general case and as an illustra-
tion of the possibility to extend our considerations from the semi-discrete level to a
fully discrete scheme, we design, in the linear setting, a fully discrete scheme, combin-
ing the above finite element method with a suitable time-stepping technique that also
preserves nonnegativity.

The article is organized as follows. Section 2 introduces in detail the initial-
boundary-value problem for the equation (1) that we study; we recall the well-
posedness of the problem and summarize qualitative properties of the analytical
solution. The bulk of our article then consists of Sections 3 through 5, where we
consider a spatially semi-discrete finite element method. The method is introduced
in Section 3; we prove there its well-posedness. The specific issue of nonnegativity-
preservation is then the focus of Section 4, while Section 5 contains the numerical
analysis of the method. Our final section, Section 6, presents numerical experiments,
focusing on the simple case of a linear parabolic SPDE. We construct a fully dis-
crete scheme there by combining our semidiscrete FE discretization with a suitable
time-stepping technique, corresponding to the issues (i) and (ii) highlighted above.
We explore the performance of this fully discrete scheme and compare it, specifically
in terms of nonnegativity-preservation, with some other available techniques.

2 The continuous problem

Our objective is to discretize the following initial-boundary-value problem:

du−∆u dt = f(u) dW in D × (0, T ],

u(·, 0) = u0(·) on D,

u|∂D×(0,T ] = 0,

(2)

where T > 0, D ⊂ Rd, d ∈ {1, 2, 3}, is a bounded open domain and dW denotes the
noise.

Since our main goal here is the numerical approximation of this problem, for the
sake of simplicity, we shall assume throughout the article that:

(a) the domain D is one of the following: a bounded open interval (d = 1), a bounded
open polygonal domain (d = 2), a bounded open Lipschitz polyhedral domain (d =
3), or a bounded open convex domain with a C2 boundary (d ∈ {2, 3}); and that
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(b) the noise W on the right-hand side of (2)1 is a truncated Q-Wiener process, that
is, a finite dimensional white-in-time noise WM = (WM

t )t≥0 of the form

WM (x, t) =
M∑
k=1

ek(x)Bk(t), (3)

with a family {Bk}Mk=1 of independent scalar Brownian motions defined on the
probability space (Ω,F , {Ft}t∈[0,T ],P), and {ek}k∈N form an orthonormal basis of
L2(D).

This truncated noise is also used in [16, 17], for example. For technical reasons we
shall additionally assume throughout the article that ek ∈ C(D) for k = 1, . . . ,M ,
and we define

ce := max
1≤k≤M

∥ek∥C(D). (4)

Extensions to general Q-Wiener processes could be considered, but we will not explore
these here. Likewise, we consider on the left-hand side of (2) the classical linear heat
operator, but the ideas developed here apply to more general parabolic operators.
A straightforward extension would be the addition of a zeroth-order term c u to the
left-hand side of the equation with a real-valued function c ∈ L∞(0, T ;C(D;R≥0)).
The inclusion of such a term does not affect our results and would only marginally
impact our manipulations and proofs. For the sake of simplicity of the exposition
we have therefore decided to omit it. More general linear divergence-form uniformly
elliptic operators could also be considered instead of −∆, the simplest example being
−div[a(x)∇u], where 0 < c0 ≤ a(x) ≤ c1 < ∞ for all x ∈ D, and a is sufficiently
smooth; again, for the sake of simplicity, we shall not discuss this situation here.

Regarding the right-hand side of (2)1, we shall adopt the following assumption:

(c) f : R → R is a uniformly Lipschitz continuous function such that f(0) = 0;
consequently, there exists a positive constant cf such that

|f(s)| ≤ cf |s| ∀ s ∈ R. (5)

At least intuitively, the property f(0) = 0 is necessary in order to ensure the
nonnegativity of the solution, to suppress the noise when the value of the solution is
close to zero.

Our notion of solution to (2) stated in the next definition is one that is suitable
for the construction of a finite element approximation of the problem.

Definition 1 A stochastic process with paths in C([0, T ];L2(D)) ∩ L2(0, T ;W 1,2
0 (D)) is a

solution to the initial-boundary-value problem (2) for an initial condition u0 ∈ L2(D;R≥0)
if, almost surely,∫

D
u(t)φdx+

∫ t

0

∫
D
∇u · ∇φ dx ds =

∫
D
u0φ dx+

∫ t

0

∫
D
f(u)φ dx dW (6)

for every φ ∈W 1,2
0 (D) and all t ∈ [0, T ].
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From [33, Theorem 5.1.3] (see also [16, Theorem 2.2] or [34, Theorem 6.7]) we
infer the well-posedness of the problem under consideration. In particular, we have
the following result.

Theorem 1 The problem (2) has a unique solution. In addition,

E

(
sup

t∈[0,T ]
∥u(t)∥2L2(D)

)
<∞. (7)

Having established well-posedness of the problem, we now turn to the question
of nonnegativity preservation. Under the additional assumption that f(0) = 0 (cf.
(5)), nonnegativity-preservation for solutions to the problem subject to a nonnegative
initial datum u0 ∈ L2(D;R≥0) is, in fact, a consequence of the following more general
comparison principle, the proof of which is based on ingredients that are analogous to
those of the comparison principle stated in [35, Theorem 2.1] and [36, Theorem 2.5].

Theorem 2 Let u and u be two solutions to (2) with corresponding initial data u0, u0 ∈
L2(D), such that u0(x) ≥ u0(x) for Lebesgue almost all x ∈ D; then,

P [u(x, t) ≥ u(x, t) for a.e. x ∈ D and every t ∈ [0, T ]] = 1. (8)

3 The mass-lumped finite element method

With a view to preserving nonnegativity, we shall adopt here a specific version of the
finite element method. For deterministic PDEs, and more particularly for parabolic
PDEs, a reference work that addresses issues in this direction is [13]. It is essentially
established in that work that for the finite element method with piecewise affine basis
functions: (a) there are geometric conditions on the mesh to ensure that a discrete
maximum principle holds (unconditionally with respect to the mesh size) and (b)
that using mass-lumping in the variational formulation (as opposed to a conventional
variational formulation) allows for this discrete maximum principle to hold for a larger
range of time steps. In particular, in the case of a fully implicit time integrator (which
will be our choice in our numerical illustrations in Section 6), the property holds
unconditionally with respect to the time step. Strictly speaking, the discrete maximum
principle is a stronger property than nonnegativity-preservation at the discrete level,
but, at least for a linear parabolic equation whose steady state is the null function,
the two notions are equivalent. For all practical purposes, nonnegativity preservation
is therefore an appropriate requirement in the deterministic setting.

In order to formulate the mass-lumped finite element approximation of the
initial-boundary-value problem (2), suppose that Th is a shape-regular simplicial trian-
gulation of D with maximal edge-length (mesh size) h > 0. A typical (closed) simplex
contained in Th will be denoted by K. It is supposed that no simplex K has more than
d vertices on ∂D. Let Dh denote the interior of the closed set

⋃
K∈Th

K. When D is
a polygonal domain (d = 2) or a polyhedral domain (d = 3), then Dh = D. If on the
other hand D is a convex domain with a C2 boundary, then Dh ⊂ D; we shall assume
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in that case that all vertices of the triangulation contained in ∂Dh belong to ∂D. Let
{xi : i = 1, . . . , N} be the set of all vertices of the triangulation Th contained in the
open set Dh ⊂ D; we consider the finite element space

Vh := span{ϕ1, . . . , ϕN}, (9)

spanned by the standard continuous piecewise affine finite element basis functions
ϕj ∈ W 1,∞

0 (D) on the triangulation Th, with supp(ϕj) ⊂ Dh ⊂ D, j = 1, . . . , N ; then
ϕj(xi) = δi,j for all i, j = 1, . . . , N .

Let C0(D) denote the set of all uniformly continuous functions defined on D that
vanish on the boundary ∂D of D. Given a function w ∈ C0(D), its global continuous
piecewise affine interpolant πhw is defined by

(πhw)(x) :=
∑

K∈Th

χK(x)(πhw|K)(x), x ∈ Dh, (10)

where χK is the characteristic function of the (closed) simplex K ∈ Th, πhw|K is the
local continuous piecewise affine interpolant of w ∈ C(K) on the closed simplex K:

(πhw|K)(x) :=
d∑

j=0

w(xK
j )ϕK

j (x), x ∈ K,

where xK
j , j = 0, . . . , d, are the vertices of the simplex K and ϕK

j , for j ∈ {0, . . . , d},
is the affine basis function defined on K associated with xK

j , i.e., ϕK
i (xK

j ) = δi,j ,
i, j = 0, . . . , d. As πhw(x) = 0 for all x ∈ ∂Dh, it follows that πhw(x) = 0 for all
x ∈ D \Dh.

Note that we can write

(πhw)(x) =
N∑
j=1

w(xj)ϕj(x), x ∈ D. (11)

Hereafter, and in line with [13] (and other publications on the subject, such as [14]
and [12]) we assume that the triangulation is not only shape-regular, but also weakly
acute; that is,∫

K

∇ϕK
i · ∇ϕK

j dx ≤ 0

{
for all i, j ∈ {1, . . . , N} such that i ̸= j
and for each simplex K in the triangulation Th.

The finite element method under consideration is then defined using the following
mass-lumped variational formulation: find uh(·, t) ∈ Vh for t ∈ (0, T ], such that

(πh[uh(t)vh], 1) +

∫ t

0

(∇uh(s),∇vh) ds

= (πh[u
0
hvh], 1) +

∫ t

0

(πh[f(uh(s))vh dW
M ], 1) ds ∀ vh ∈ Vh,

(12)

7



where, as above, (·, ·) is the inner product of L2(D), and the initial condition u0
h ∈ Vh

is defined by
u0
h := πhu0,

with u0 ∈ C0(D;R≥0) given.

3.1 An equivalent system of SDEs

Because the stochastic process uh(ω, ·, t) ∈ Vh for all ω ∈ Ω and t ∈ [0, T ], it can be

represented as uh(ω, x, t) =
∑N

j=1 Uj(ω, t)ϕj(x) for ω ∈ Ω and (x, t) ∈ D × [0, T ]. For
the sake of notational simplicity, here and hereafter we shall suppress the argument ω ∈
Ω and write Uj(t) instead of Uj(ω, t). We define Uj(0) = U0

j := u0(xj), j = 1, . . . , N .

We note in particular that, by definition, uh(x, t) = 0 for all (x, t) ∈ (D \Dh)× [0, T ].
The purpose of this subsection is to restate the finite element method, defined in
(12) above, as a system of SDEs for the stochastic vector function U with values in
C([0, T ];RN ), where (U(t))j := Uj(t), j = 1, . . . , N . Because ϕj(xi) = ϕi(xj) = δi,j ,
i, j = 1, . . . , N , we have that

(πh[uh(t)ϕi], 1) =

∫
D

N∑
j=1

(uh(xj , t)ϕi(xj))ϕj(x) dx = uh(xi, t)

∫
D

ϕi(x) dx

for i = 1, . . . , N , and therefore

(πh[uh(t)ϕi], 1) = Ui(t)

∫
D

ϕi(x) dx, i = 1, . . . , N. (13)

Next, we consider, for i = 1, . . . , N ,

((∇uh(s) · ∇ϕi), 1) =
N∑
j=1

Uj(s)

∫
D

∇ϕj(x) · ∇ϕi(x) dx.

We define the matrix A ∈ RN×N by

Ai,j :=

∫
D
∇ϕj(x) · ∇ϕi(x) dx∫

D
ϕi(x) dx

, i, j = 1, . . . , N. (14)

Clearly A = AT if and only if
∫
D
ϕi dx =

∫
D
ϕj dx for all i, j ∈ {1, . . . , N}. Thus, in

general, the matrix A is not symmetric. In any case, because the numerator of Ai,j is
equal to Ai,j

∫
D
ϕi(x) dx, we have

((∇uh(s) · ∇ϕi), 1) =

(∫
D

ϕi(x) dx

) N∑
j=1

Ai,jUj(s).
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Recalling that, by definition, Uj(s) ∈ R is the j-th component of the vector U(s) ∈ RN ,
it follows that

((∇uh(s) · ∇ϕi), 1) =

(∫
D

ϕi(x) dx

)
(AU(s))i, i = 1, . . . , N. (15)

Finally, we have that

(πh[f(uh(s))ϕi dW
M (s)], 1) =

M∑
k=1

(∫
D

πh[f(uh(x, s))ϕi(x)ek(x)] dx

)
dBk(s)

=

M∑
k=1

N∑
j=1

f(uh(xj , s))ϕi(xj)ek(xj)

(∫
D

ϕj(x) dx

)
dBk(s)

=

M∑
k=1

f(uh(xi, s))ek(xi)

(∫
D

ϕi(x) dx

)
dBk(s)

= f(Ui(s))

(∫
D

ϕi(x) dx

) M∑
k=1

ek(xi) dBk(s)

=

(∫
D

ϕi(x) dx

) M∑
k=1

(f(U(s))Ek)i dBk(s), i = 1, . . . , N,

(16)

where, for each k = 1, . . . ,M , f(U(s))Ek ∈ RN is a vector whose i-th component
is defined to be f(Ui(s))ek(xi) = f(uh(xi, s))ek(xi) = πh[f(uh(x, s)ek(x)]|x=xi , i =
1, . . . , N , s ∈ (0, T ]. Taking vh = ϕi, i = 1, . . . , N , in (12) it follows from (13), (15) and
(16) that the finite element method (12) can be rewritten in the following equivalent
form:

U(t) +

∫ t

0

AU(s) ds = U0 +

∫ t

0

M∑
k=1

(f(U(s))Ek) dBk(s), t ∈ [0, T ]. (17)

We shall use in the sequel both (12) and (17), depending on which of these equivalent
forms is more convenient to work with in the specific context.

3.2 Well-posedness and energy estimate

In order to apply Itô’s formula, we introduce the seminorm ∥ · ∥h on C0(D) defined by

∥w∥h := ∥πh(w
2)∥1/2L1(D), w ∈ C0(D), (18)

which is a norm on the finite element space Vh. The norm ∥ · ∥h is induced by the
semi-inner product (·, ·)h defined by

(w, v)h := (πh(wv), 1), w ∈ C(D), v ∈ C0(D), (19)
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which is an inner product on Vh.
The function space in which we shall work is (Vh, (·, ·)h). To proceed, we recall the

definition of the discrete Dirichlet Laplacian −∆h : Vh → Vh:

(−∆hwh, vh)h := (∇wh,∇vh), wh, vh ∈ Vh, (20)

and note that

(πhv, wh)h = (πh((πhv)wh), 1) = (πh(vwh), 1) = (v, wh)h, v ∈ C0(D), wh ∈ Vh,
(21)

where the first and the third equalities come from the definition of the inner product
(·, ·)h, while the second equality is a consequence of the fact that the πh((πhv)wh) =
πh(uwh) because πh((πhv)wh) and πh(vwh) are continuous piecewise affine functions
on Th and ((πhv)wh)(x) = (πhv)(x)wh(x) = v(x)wh(x) at each vertex x of the trian-
gulation Th, – and there is a unique such continuous piecewise affine function defined
on Th. In particular, (21) implies that πh : C0(D) → Vh is an orthogonal projector
onto Vh with respect to the inner product (·, ·)h, and ∥πhv∥h ≤ ∥v∥h for all v ∈ C0(D).
Furthermore, note that πh is idempotent, i.e., πh(πhv) = πhv for all v ∈ C0(D).

Using the inner product (·, ·)h, we have that

(πh[f(uh)ekvh], 1) = (f(uh)ek, vh)h = (πh(f(uh)ek), vh)h ∀ vh ∈ Vh.

We can therefore rewrite (12) in the following equivalent form:

(uh(t), vh)h +

∫ t

0

(−∆huh(s), vh)h ds

= (u0
h, vh)h +

∫ t

0

M∑
k=1

(πh(f(uh(s))ek), vh)h dBk(s),

(22)

or, in a more concise form, as the following equation in Vh:

duh −∆huh dt =
M∑
k=1

πh(f(uh)ek) dBk(t), with uh(0) = u0
h := πhu0. (23)

We then have the following well-posedness result.

Proposition 3 Suppose that u0 ∈ C0(D;R≥0); then, there exists a unique solution uh ∈
C([0, T ];L2(Ω, Vh)) to (23). Moreover, the following energy estimate holds:

E[∥uh(t)∥2h] + 2

∫ t

0
E[∥∇uh(s)∥2 ds] ≤ exp(tc2ec

2
fM)E[∥u0h∥

2
h] ∀ t ∈ (0, T ]. (24)

Proof The existence of a unique solution uh ∈ C([0, T ];L2(Ω, Vh)) to (17) (which is equiv-
alent to (23)) follows from standard theory for systems of SDEs with Lipschitz continuous
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coefficients. The energy estimate (24) is obtained using Itô’s formula from [37, Lemma 4.1]
over the (finite-dimensional) Hilbert space (Vh, ∥ · ∥h). Hence, we have that

∥uh(t)∥2h = ∥u0h∥
2
h + 2

∫ t

0
(∆huh(s), uh(s))h ds+

M∑
k=1

∫ t

0
∥πh(f(uh(s))ek)∥2h ds

+ 2

M∑
k=1

∫ t

0
(πh(f(uh(s))ek), uh(s))h dBk(s).

As ∥πh(f(uh(s))ek)∥h ≤ ∥f(uh(s))ek∥h, it follows from our assumption (5) on f , and the
assumed boundedness (4) of the functions ek, k = 1, . . . ,M , and the nonnegativity of the
finite element basis functions, that

∥πh(f(uh(s))ek)∥2h ≤ c
2
ec

2
f∥uh(s)∥

2
h.

It then follows from the definition of −∆h that

∥uh(t)∥2h + 2

∫ t

0
∥∇uh(s)∥2 ds ≤ ∥u0h∥

2
h + c2ec

2
f

M∑
k=1

∫ t

0
∥uh(s)∥2h ds+Mt,

where Mt := 2
∑M

k=1

∫ t
0 (πh(f(uh(s))ek), uh(s))h dBk(s) is a martingale. To confirm this, we

note that ∫ t

0
|(πh(f(uh(s))ek), uh(s))h|2 ds ≤ c2ec2f

∫ t

0
∥uh(s)∥4h ds <∞

for any fixed h > 0, where we have made use of the fact that uh ∈ C([0, T ];Vh), almost
surely. Furthermore, since uh solves a system of SDEs with Lipschitz continuous coefficients,
we know that all moments are bounded, which implies that Mt is a martingale. Hence, by
taking the expectation of the last displayed inequality, we obtain the bound

E[∥uh(t)∥2h] + 2

∫ t

0
E[∥∇uh(s)∥2] ds ≤ E[∥u0h∥

2
h] + c2ec

2
fM

∫ t

0
E[∥uh(s)∥2h] ds. (25)

We then obtain (24) from (25), using the Grönwall’s lemma. □

4 The nonnegativity-preservation property

4.1 Itô’s formula for mass-lumping

The formulation (17) is well suited for applying Itô’s formula [38, Theorem 1.2],
[35, Theorem 2.1], which in turn will be crucial in our proof of preservation of
nonnegativity. In fact, we have the following result.

Lemma 1 Suppose that ψ ∈ C2(R), with ψ(0) = ψ′(0) = 0, and that uh solves (22), with
u0 ∈ C0(D;R≥0); then, the following equality holds:∫

D
πh[ψ(uh(x, t))] dx+

∫ t

0

[∫
D
∇uh(x, s) · ∇

(
πh[ψ

′(uh(x, s))]
)
dx

]
ds

=

∫
D
πh[ψ(u

0
h(x))] dx

+

M∑
k=1

∫ t

0

∫
D
πh[ψ

′(uh(x, s))f(uh(x, s))ek(x)] dBk(s)

11



+
1

2

M∑
k=1

∫ t

0

∫
D
πh[ψ

′′(uh(x, s))(f(uh(x, s))ek(x))
2] dx ds, t ∈ [0, T ]. (26)

Proof Let us define the functional V ∈ RN 7→ Ψ(V ) ∈ R≥0 by

Ψ(V ) :=

∫
D
πh[ψ(vh(x))] dx,

where vh ∈ Vh is defined by vh(x) :=
∑N

j=1 Vjϕj(x). In other words, we associate to any V ∈
RN a function vh ∈ Vh through vh(x) :=

∑N
j=1 Vjϕj(x), and then use this vh to define Ψ(V )

through
∫
D πh[ψ(vh)] dx. By Itô’s formula we have, for t ∈ [0, T ],

Ψ(U(t)) +

∫ t

0
⟨Ψ′(U(s)), AU(s)⟩ ds = Ψ(U0) +

M∑
k=1

∫ t

0
⟨Ψ′(U(s)), f(U(s))Ek⟩ dBk(s)

+
1

2

M∑
k=1

∫ t

0
⟨Ψ′′(U(s))f(U(s))Ek, f(U(s))Ek⟩ds,

(27)

where Ψ′ and Ψ′′ are, respectively, the first and second Gateaux derivative of Ψ. We shall
now rewrite (27) in terms of the original function uh. To this end, we successively consider
all the terms of (27).

The first term on the left-hand side of (27) reads

Ψ(U(t)) =

∫
D
πh[ψ(uh(x, t)] dx, t ∈ [0, T ]. (28)

To deal with the second term, we need to compute Ψ′(U). Thanks to the definition of
the Gateaux derivative,

⟨Ψ′(U), V ⟩ = d

dα
Ψ(U + αV )|α=0 =

∫
D
πh[ψ

′(uh(x))vh(x)] dx,

where uh(x) :=
∑N

j=1 Ujϕj(x) and vh(x) :=
∑N

j=1 Vjϕj(x) for U, V ∈ RN . Consequently,

⟨Ψ′(U(s)), AU(s)⟩ =
∫
D
πh[ψ

′(uh(x, s))vh(x, s)] dx,

where vh(x, s) =
∑N

i=1(AU(s))i ϕi(x) =
∑N

i,j=1Ai,jUj(s)ϕi(x). Next,

πh[ψ
′(uh(x, s))vh(x, s)] =

N∑
ℓ=1

ψ′(uh(xℓ, s))vh(xℓ, s)ϕℓ(x)

=

N∑
ℓ=1

ψ′(Uℓ(s))

 N∑
i,j=1

Ai,jUj(s)ϕi(xℓ)

ϕℓ(x)

=

N∑
ℓ=1

ψ′(Uℓ(s))

 N∑
j=1

Aℓ,jUj(s)

ϕℓ(x)

=

N∑
i=1

ψ′(Ui(s))

 N∑
j=1

Ai,jUj(s)

ϕi(x).

12



Therefore, recalling the definition of Ai,j , we have the following equality:∫
D
πh[ψ

′(uh(x, s))vh(x, s)] dx =

N∑
i=1

ψ′(Ui(s))

 N∑
j=1

Ai,jUj(s)

∫
D
ϕi(x) dx

=

N∑
i=1

ψ′(Ui(s))

N∑
j=1

(∫
D
∇ϕj(x) · ∇ϕi(x) dx

)
Uj(s)

=

∫
D
∇

 N∑
j=1

Uj(s)ϕj(x)

 · ∇( N∑
i=1

ψ′(Ui(s))ϕi(x)

)
dx

=

∫
D
∇uh(x, s) · ∇

(
N∑
i=1

ψ′(uh(xi, s))ϕi(x)

)
dx

=

∫
D
∇uh(x, s) · ∇

(
πh[ψ

′(uh(x, s))]
)
dx.

We have thus shown that∫ t

0
⟨Ψ′(U(s)), AU(s)⟩ ds =

∫ t

0

[∫
D
∇uh(x, s) · ∇

(
πh[ψ

′(uh(x, s))]
)
dx

]
ds, t ∈ [0, T ].

(29)
Next, we turn to the right-hand side of (27). To start with, we notice that

Ψ(U0) =

∫
D
πh[ψ(u

0
h(x))] dx. (30)

Using a similar calculation as above, we also have that

M∑
k=1

∫ t

0
⟨Ψ′(U(s)), f(U(s))Ek⟩ dBk(s) =

M∑
k=1

∫ t

0

∫
D
πh[ψ

′(uh(x, s))f(uh(x, s)ek(x)] dBk(s)

(31)
for all t ∈ [0, T ].

It remains to transform the rightmost term of (27)

1

2

M∑
k=1

∫ t

0
⟨Ψ′′(U(s))f(U(s))Ek, f(U(s))Ek⟩ ds

in Itô’s formula, written in terms of U , into an equal expression written in terms of uh. To
do this, we need to calculate Ψ′′:

⟨Ψ′′(U)V,W ⟩ = d

dα
⟨Ψ′(U + αW ), V ⟩|α=0 =

∫
D
πh[ψ

′′(uh)vhwh] dx,

where uh(x, t) =
∑N

j=1 Uj(t)ϕj(x), vh(x) =
∑N

j=1 Vjϕj(x) and wh(x) =
∑N

j=1Wjϕj(x), for

V,W ∈ RN . Therefore, and because

N∑
j=1

(f(U(s))Ek)jϕj(x) =

N∑
j=1

f(Uj(s))ek(xj)ϕj(x)

=

N∑
j=1

f(uh(xj , s))ek(xj)ϕj(x) = πh[f(uh(s))ek](x),

13



we have πh[f(uh(·, s))ek](xi) = (f(U(s))Ek)i, and hence

1

2

M∑
k=1

∫ t

0
⟨Ψ′′(U(s))f(U(s))Ek, f(U)Ek⟩ ds

=
1

2

M∑
k=1

∫ t

0

∫
D
πh[ψ

′′(uh(x, s))(πh[f(uh(x, s))ek(x)])
2] dx ds

=
1

2

M∑
k=1

∫ t

0

∫
D
πh[ψ

′′(uh(x, s))(f(uh(x, s))ek(x))
2] dxds. (32)

Collecting (28) through (32) and substituting into (27), we obtain (26); that concludes the
proof of Lemma 1. □

4.2 Nonnegativity-preservation

We now proceed to prove (almost sure) nonnegativity-preservation for the numerical
solution.

Theorem 4 Suppose that u0 ∈ C0(D;R≥0) and let uh denote the corresponding solution to
(23); then,

P
[
uh(x, t) ≥ 0 for all (x, t) ∈ D × [0, T ]

]
= 1. (33)

Proof We first define a convex function φp ∈ C2(R;R≥0) whose first derivative is a regu-
larization of the function s ∈ R 7→ [s]− := min{s, 0} ∈ R≤0. More precisely, for p > 0, we
consider

φp(s) :=


s2

2 + s
2p + 1

6p2 , s ≤ − 1
p ,

−ps3

6 , − 1
p ≤ s ≤ 0,

0, s ≥ 0.

The first and second derivatives of φp are then given, respectively, by

φ′
p(s) =


s+ 1

2p , s ≤ − 1
p ,

−ps2

2 , − 1
p ≤ s ≤ 0,

0, s ≥ 0;

φ′′
p(s) =


1, s ≤ − 1

p ,

−ps, − 1
p ≤ s ≤ 0,

0, s ≥ 0.

We now choose ψ = φp as test function in (26) and take the expectation of both sides of
the resulting equality; this gives

E
∫
D
πh[φp(uh(x, t))] dx+ E

∫ t

0

[∫
D
∇uh(x, s) · ∇

(
πh[φ

′
p(uh(x, s))]

)
dx

]
ds

= E
∫
D
πh[φp(πhu0(x))] dx+

1

2
E

M∑
k=1

∫ t

0

∫
D
πh[φ

′′
p(uh(x, s))(f(uh(x, s))ek(x))

2] dxds.

(34)

Since, by assumption, u0(x) ≥ 0 for all x ∈ D, also πhu0(x) ≥ 0 for all x ∈ D; thus,

E
∫
D
πh[φp(πhu0(x))] dx = 0.

14



For the second term on the left-hand side of (34), since φ′
p is a monotonically increasing

globally Lipschitz continuous function, we can invoke [39, Lemma 4.1] to infer that

E
∫ t

0

[∫
D
∇uh(x, s) · ∇

(
πh[φ

′
p(uh(x, s))]

)
dx

]
ds ≥ 0.

This then implies that

E
∫
D
πh[φp(uh(x, t))] dx ≤

1

2
E

M∑
k=1

∫ t

0

∫
D
πh[φ

′′
p(uh(x, s))(f(uh(x, s))ek(x))

2] dx ds

for all t ∈ [0, T ]. In view of (5) and (4), we obtain the following bound:

E
∫
D
πh(φp(uh(x, t))) dx ≤

1

2
M c2e c

2
f E
∫ t

0

∫
D
πh[φ

′′
p(uh(x, s))(uh(x, s))

2] dx ds, t ∈ [0, T ].

(35)

Clearly, φ′′
p(s)s

2 = 0 = φp(s) for all s ≥ 0 and all p > 0. Similarly, φ′′
p(s)s

2 = 6φp(s) for all

s ∈ [−1/p, 0] and all p > 0. A simple calculation also shows that φ′′
p(s)s

2 ≤ 6φp(s) for all s ≤
−1/p and all p > 0; this follows by noting that 6φp(s)−φ′′

p(s)s
2 = 2(s+1/p)(s+1/(2p)) ≥ 0

for all s ≤ −1/p and all p > 0. Hence, 0 ≤ φ′′
p(s)s

2 ≤ 6φp(s) for all s ∈ R and all p > 0.
Using this inequality on the right-hand side of (35) we deduce (assuming henceforth that
p > 0) that

E
∫
D
πh(φp(uh(x, t))) dx ≤ 3M c2e c

2
f E
∫ t

0

∫
D
πh[φp(uh(x, s))] dxds, t ∈ [0, T ]. (36)

Defining

Xp(t) := E
∫
D
πh(φp(uh(x, t))) dx,

inequality (36) can be rewritten as

Xp(t) ≤ 3M c2e c
2
f

∫ t

0
Xp(s) ds.

Observing that by construction Xp(t) ≥ 0, Grönwall’s lemma implies that Xp(t) = 0 for all
t ∈ [0, T ]; thus,

E
∫
D
πh(φp(uh(x, t))) dx = 0 for all t ∈ [0, T ]. (37)

We shall now pass to the limit p→ +∞, using Lebesgue’s dominated convergence theorem.
To this end, we need to check that the hypotheses of Lebesgue’s dominated convergence hold.
We begin by noting that φp(s) ≤ s2 + 1 for all s ∈ R and E

∫
D πh[(uh(x, t))

2] dx ≤ C < ∞
for all t ∈ [0, T ] (which follows from the energy estimate (24) of Proposition 3); furthermore,
limp→∞ φp(s) = 1

2 ([s]−)2 for all s ∈ R. By passing to the limit p → +∞ we thus deduce
from (37) that

E
∫
D
πh[([uh(x, t)]−)2] dx = 0 for all t ∈ [0, T ].

Therefore, as a (nonnegative) random function,∫
D
πh[([uh(x, t)]−)2] dx = 0 almost surely, for all t ∈ [0, T ].

Hence, πh[([uh(x, t)]−)2] ≡ 0 on D almost surely for all t ∈ [0, T ], and therefore (owing to the
linear independence of the finite element basis functions ϕ1, . . . , ϕN ), also [uh(xi, t)]− = 0
almost surely at all mesh points xi, i ∈ {1, . . . , N} and for all t ∈ [0, T ]. Therefore, because
uh(·, t) is a continuous piecewise affine function for all t ∈ [0, T ], nonnegativity at all points
in the mesh implies that uh(x, t) ≥ 0 for all (x, t) ∈ D × [0, T ]. This concludes the proof of
Theorem 4. □
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Remark 1 We mentioned at the beginning of Section 2 that variants of our original
equation (2)1 could be considered. The addition of a term c u to the left-hand side of the
equation with a real-valued function c ∈ L∞(0, T ;C(D;R≥0)) does not affect our results, and
the proof presented above can be easily modified to include such a term. However, there is
a technicality that we need to highlight. It should be noted that φp has been constructed in
such a way that we also have φ′

p(s)s ≥ 0 for all s ∈ R. This allows us to show nonnegativity
of the additional term ∫ t

0

∫
D
πh[φ

′
p(uh(x, s))c(x, s)uh(x, s)] dxds,

which then appears on the left-hand side of Itô’s formula (26), and which then, thanks to its
nonnegativity, does not affect the proof of Theorem 4 presented above.

5 Error estimate

The purpose of this section is to establish our main convergence result (Theorem 5
below). We begin by stating and proving three preliminary lemmas; we will then
formulate and prove the main result of the section.

5.1 Three lemmas regarding mass-lumping

Our first technical lemma establishes the equivalence of the norms ∥ · ∥h (defined
in (18)) and the L2(D) norm ∥ · ∥ on Vh, with norm-equivalence constants that are
independent of h. To keep the exposition self-contained, we have included its proof.

Lemma 2 There exists a positive constant C, independent of h, such that, for any function
vh ∈ Vh we have

∥vh∥ ≤ ∥vh∥h ≤ C∥vh∥. (38)

In addition, for any v ∈ C0(D),
∥πhv∥ ≤ ∥v∥h. (39)

Proof We begin by showing (39), which will then, as a special case, imply the first inequality
in (38). Suppose that K is a (closed) simplex in the triangulation Th of D, with vertices xKj ,

j = 0, . . . , d, and v ∈ C0(D). Then, for all x ∈ K,

|πhv(x)|2 =

∣∣∣∣∣∣
d∑

j=0

v(xKj )
√
ϕKj (x)

√
ϕKj (x)

∣∣∣∣∣∣
2

≤

 d∑
j=0

[v(xKj )]2ϕKj (x)

 d∑
j=0

ϕKj (x)


= πh[v

2(x)].

Hence, we have that

∥πhv∥2 =
∑

K∈Th

∫
K
|πhv(x)|2 dx ≤

∑
K∈Th

∫
K
πh[v

2(x)] dx = ∥v∥2h.
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In particular, with v = vh ∈ Vh, we have

∥vh∥ = ∥πhvh∥ ≤ ∥vh∥h,
which is the first inequality in (38).

In order to prove the second inequality in (38), we first remark that ∥πh[v2h]∥L∞(K) ≤
∥vh∥2L∞(K). Indeed,

∥πh[v2h]∥L∞(K) = max
x∈K

d∑
j=0

v2h(x
K
j )ϕKj (x) ≤ max

j∈{0,1,...,d}
v2h(x

K
j )max

x∈K

d∑
j=0

ϕKj (x)

= max
j∈{0,1,...,d}

v2h(x
K
j )× 1 ≤ ∥vh∥2L∞(K).

We therefore have

∥vh∥2h =
∑

K∈Th

∫
K
πh[v

2
h(x)] dx ≤

∑
K∈Th

|K| ∥πh[v2h]∥L∞(K) ≤
∑

K∈Th

|K| ∥vh∥2L∞(K)

≤ C
∑

K∈Th

|K| |K|−1∥vh∥2L2(K) = C∥vh∥2,

where the last inequality holds thanks to the assumed shape-regularity of Th, which implies
the existence of a positive constant C such that, for each closed simplex K ∈ Th,

∥vh∥L∞(K) ≤ C|K|
− 1

2 ∥vh∥L2(K).

This completes the proof of the lemma. □

The second lemma estimates the closeness of (g, vh) and (g, vh)h for g ∈ W 2,∞(D)
and vh ∈ Vh.

Lemma 3 There exists a constant C, independent of h = maxK∈Th
hK , such that for any

function g ∈W 2,∞(D), and for any vh ∈ Vh, we have

|(g, vh)− (g, vh)h| ≤ Ch2
(
|g|W 2,∞(D)∥vh∥+ |g|W 1,∞(D)∥∇vh∥

)
. (40)

Proof We begin by observing that, because W 2,∞(D) ↪→ C(D), the inner product (g, v)h is
well-defined. Next, because vh(x) = 0 for all x ∈ D \Dh, whereby also (gvh)(x) = 0 for all
x ∈ D \Dh, we have that

|(g, vh)− (g, vh)h| =
∣∣∣∣∫

D
(gvh)(x)− πh(gvh)(x) dx

∣∣∣∣ ≤ ∫
Dh

|(gvh)(x)− πh(gvh)(x)| dx

≤ |D|
1
2

 ∑
K∈Th

∥(gvh)− πh(gvh)∥2L2(K)


1
2

≤ Ch2
 ∑

K∈Th

|gvh|2H2(K)


1
2

≤ Ch2
 ∑

K∈Th

(
|g|2W 2,∞(D)∥vh∥

2
L2(K) + |g|

2
W 1,∞(D)∥∇vh∥

2
L2(K)

)
1
2
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= Ch2
(
|g|2W 2,∞(D)∥vh∥

2 + |g|2W 1,∞(D)∥∇vh∥
2
) 1

2
.

Here we have used a standard finite element interpolation error bound for piecewise affine
elements, which asserts that on a family of shape-regular simplicial partitions, one has that
∥φ − πhφ∥L2(K) ≤ Ch2K |φ|H2(K), hK := diam(K), C is a positive constant independent of

h = maxK∈Th
hK and of φ ∈ H2(D) (continuously embedded in C(D) for d = 1, 2, 3); see,

for example, Corollary 4.4.24 on p.110 in [40]. Thus, we have shown (40). □

To state our third and final technical lemma, we first introduce the discrete L2-
projection Qh : L2(D) → Vh defined by

(Qhw, vh)h := (w, vh) ∀ vh ∈ Vh. (41)

A straightforward calculation shows that, for w ∈ L2(D),

(Qhw)(x) =
N∑
j=1

Wjϕj(x), where Wj =

∫
suppϕj

w(y)ϕj(y) dy∫
suppϕj

ϕj(y) dy
.

As supp ϕj ⊂ Dh ⊂ D and
∫
supp ϕj

ϕj(y) dy > 0 for all j = 1, . . . , N , Wj is correctly

defined. This means that Qh is a quasi-interpolation operator. Then we have the
following result.

Lemma 4 Suppose that g ∈W 1,∞
0 (D). Then

∥πhg −Qhg∥h ≤ h∥∇g∥L∞(D). (42)

Proof Expanding πhg ∈ Vh and Qhg ∈ Vh in terms of the basis {ϕ1, . . . , ϕN} that spans Vh,
we have that

(πhg)(x)− (Qhg)(x) =

N∑
j=1

g(xj)ϕj(x)−
N∑
j=1

∫
suppϕj

g(y)ϕj(y) dy∫
suppϕj

ϕj(y) dy
ϕj(x)

=

N∑
j=1

∫
suppϕj

[g(xj)− g(y)]ϕj(y) dy∫
suppϕj

ϕj(y) dy
ϕj(x), x ∈ D.

In particular, because supp ϕj ⊂ Dh ⊂ D, we have that (πhg)(x) = 0 and (Qhg)(x) = 0 for
all x ∈ D \Dh. Therefore,

(πhg)(xi)− (Qhg)(xi) =

∫
suppϕi

[g(xi)− g(y)]ϕi(y) dy∫
suppϕi

ϕi(y) dy
, i = 1, . . . , N.

This implies that

|(πhg)(xi)− (Qhg)(xi)| ≤

∫
suppϕi

|g(xi)− g(y)|ϕi(y) dy∫
suppϕi

ϕi(y) dy

≤ ∥∇g∥L∞(D)

∫
suppϕi

|xi − y|ϕi(y) dy∫
suppϕi

ϕi(y) dy
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≤ h∥∇g∥L∞(D)

∫
suppϕi

ϕi(y) dy∫
suppϕi

ϕi(y) dy
= h∥∇g∥L∞(D), i = 1, . . . , N,

which concludes the proof. □

We are now ready to embark on the proof of convergence of the numerical method.
To this end, and as is customary, we need to make an additional assumption on the
regularity of the exact solution u. Unlike deterministic evolution problems, in the case
of the stochastic partial differential equation under consideration here the solution can
only be expected to possess smoothness with respect to the spatial variable x ∈ D,
which is inherited from the regularity of the initial datum u0, the smoothness of the
function f , and the regularity of the functions ek, k = 1, . . . ,M , which appear in the
definition of the finite-dimensional white noise WM stated in equation (3). To proceed,
we shall therefore adopt the following regularity hypothesis.

Assumption 1 (Regularity of the solution) We shall assume in what follows that u ∈
L2(Ω;L2(0, T ;H2(D) ∩H1

0 (D))) and ∆u ∈ L2(Ω;L2(0, T ;W 2,∞(D) ∩W 1,∞
0 (D))).

When D = Td (the d-dimensional torus) and instead of a homogeneous Dirichlet
boundary condition on ∂D × (0, T ] a periodic boundary condition is imposed on u,
suitable assumptions on the data from which the regularity u ∈ L2(Ω;L2(0, T ;C4(D)))
can be inferred are stated in Corollary 2.2 on p.762 of [41]. If, on the other hand, D
is a bounded domain in Rd with a smooth boundary and a homogeneous Dirichlet
boundary condition is imposed, the spatial regularity of u follows from Theorem 2.7
on p.1598 in [42]. In the case of polygonal domains in R2, conical domains in Rd

and, more generally, Lipschitz domains in Rd, the regularity theory of SPDEs is less
complete; the only results that we are aware of are those stated in [43–48].

Theorem 5 Suppose that u0 ∈ C0(D;R≥0). Under the additional regularity Assumption 1,
the following error estimate holds:

E(∥u(t)− uh(t)∥2) + 2

∫ t

0
E(∥∇(u− uh)(s)∥2) ds ≤ Ch2, (43)

where C = C(T, u) is independent of the mesh size h.

Proof We proceed similarly as in the deterministic setting and consider the decomposition

u− uh = (u− πhu) + (πhu− uh) =: ηh + ξh. (44)

As πh is idempotent on the linear space C(D), it follows that πhηh(t) = 0, and, equivalently,
(ηh(t), vh)h = 0 for all vh ∈ Vh and for all t ∈ [0, T ]. Next, note that with uh(0) = u0h := πhu0
for u0 ∈ C(D) we have ξh(0) = uh(0)− πhu(0) = 0.

The term ηh within (44) will be dealt with (in Step 4 below) using a classical deterministic
argument, so let us start by concentrating on the estimation of the term ξh. Using (22) and
(6), the definition of the discrete Laplacian (20) and the fact that πh is idempotent, we
observe that the process ξh in (Vh, ∥ · ∥h) satisfies the following equation

(ξh(t), vh)h −
∫ t

0
(∆hξh(s), vh)h ds = [(u(t), vh)h − (u(t), vh)]− [(u0h, vh)h − (u0, vh)]
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+

∫ t

0

M∑
k=1

(f(u(s))ek), vh) dBk(s)

−
∫ t

0

M∑
k=1

(πh(f(uh(s))ek), vh)h dBk(s)

−
∫ t

0
(∇ηh(s),∇vh) ds ∀ vh ∈ Vh.

In order to estimate ∥ξh(t)∥2h (which will be the purpose of Step 3 below), we will have to
apply Itô’s formula, which requires, in Step 1 of the argument below, to rewrite this equation
in terms of the inner product (·, ·)h (which will be of the form (46) below) and next, in Step 2,
to separate the drift and diffusion terms to obtain the form (47) below, which then represents
the starting point of our error analysis.

Step 1: Using the operator Qh introduced in (41), we have

(ξh(t), vh)h −
∫ t

0
(∆hξh(s), vh)h ds = (πhu(t)−Qhu(t), vh)h − (πhu0 −Qhu0, vh)h

+

∫ t

0

M∑
k=1

(Qh(f(u(s))ek)− πh(f(uh(s))ek), vh)h dBk(s)

−
∫ t

0
(∇ηh(s),∇vh) ds ∀ vh ∈ Vh.

(45)

The last term involves the standard L2(D) inner product rather than the discrete inner
product (·, ·)h. We shall therefore also express this last term in terms of the inner product
(·, ·)h. To this end, we let Πh : L2(D) → Vh denote the standard L2-projector, defined
by (u, vh) = (Πhu, vh) for all vh ∈ Vh. Next, following [49] (see also [9]), we introduce
an extension Π̃h of the L2-projector Πh from L2(D) to the function space H−1(D) :=
[H1

0 (D)]∗ ←↩ [L2(D)]∗ ≡ L2(D)←↩ H1
0 (D), with values in Vh and defined as follows:

(Π̃hw, vh) = ⟨w, vh⟩H−1(D),H1
0 (D) = (∇((−∆)−1w),∇vh) ∀ (w, vh) ∈ H−1(D)× Vh,

where (the bounded linear operator) (−∆)−1 : H−1(D) → H1
0 (D) denotes the inverse of

the Dirichlet Laplacian −∆ : H1
0 (D) → H−1(D), which is clearly a bijection (e.g., by a

straightforward application of the Lax–Milgram lemma).
Taking w = −∆ηh ∈ H−1(D) in the definition of Π̃h (which is possible because ηh =

u− πhu ∈ H1
0 (D) and the Dirichlet Laplacian ∆ maps H1

0 (D) onto H−1(D)), we have∫ t

0
(∇ηh(s),∇vh) ds =

∫ t

0
⟨−∆ηh(s), vh⟩H−1(D),H1

0 (D) ds

=

∫ t

0
(Π̃h(−∆ηh(s)), vh) ds

=

∫ t

0
−(QhΠ̃h∆ηh, vh)h ∀ vh ∈ Vh.

All the terms on the right-hand side of (45) are now written in terms of the discrete inner
product (·, ·)h. Hence,

ξh(t)−
∫ t

0
∆hξh(s) ds = πh(u(t)− u0)−Qh(u(t)− u0)
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+

∫ t

0

M∑
k=1

(Qh(f(u(s))ek)− πh(f(uh(s))ek)) dBk(s) +

∫ t

0
QhΠ̃h∆ηh(s) ds (46)

as an equality in (Vh, (·, ·)h).
Step 2: As was indicated above, we now get to our second modification, where we separate
the drift and the diffusion terms within (46) (actually in the first two terms of the right-hand
side of (46)). This is the step where the regularity Assumption 1 is useful.

We start by applying the linear and bounded mappings πh and Qh to (2). We note that
because u(·, t)|∂D = 0 for all t ∈ [0, T ], f(0) = 0 and ek ∈ C(D) for k = 1, . . . ,M , it follows
that ∆u(·, t)|∂D = 0 for all t ∈ (0, T ]. We thus have

πh(u(t)− u(0)) =
∫ t

0
πh(∆u(s)) ds+

∫ t

0

M∑
k=1

πh(f(u)ek) dBk(s)

and

Qh(u(t)− u(0)) =
∫ t

0
Qh(∆u(s)) ds+

∫ t

0

M∑
k=1

Qh(f(u)ek) dBk(s).

Therefore,

ξh(t)−
∫ t

0
∆hξh(s) ds =

∫ t

0

(
πh(∆u(s))−Qh(∆u(s))

)
ds

+

∫ t

0

M∑
k=1

(
πh(f(u(s))ek)−Qh(f(u)ek)

)
dBk(s)

+

∫ t

0

M∑
k=1

(Qh(f(u(s))ek)− πh(f(uh(s))ek)) dBk(s) +

∫ t

0
QhΠ̃h∆ηh(s) ds.

=

∫ t

0

(
πh(∆u(s))−Qh(∆u(s))

)
ds

+

∫ t

0

M∑
k=1

πh
(
f(u(s))ek − f(uh(s))ek

)
dBk(s) +

∫ t

0
QhΠ̃h∆ηh(s) ds. (47)

Step 3: We now intend to estimate ∥ξh(t)∥2h. In order to apply Itô’s formula in our semi-
discrete setting, we consider the Gelfand triple Vh ↪→ Hh ↪→ V∗h, where now Vh denotes the
linear space Vh ⊂ H1

0 (D) equipped with the inner product (∇· , ∇·) understood as a Hilbert
space, whileHh signifies Vh equipped with the L2(D) discrete inner product (·, ·)h understood
as a Hilbert space into which Vh is continuously (and, trivially,) densely embedded. As Vh is
finite-dimensional, the topological dual, V∗h of Vh is identified with Vh. Therefore, while in
the algebraic sense the equality sign in (47) is just an equality between elements in Vh (for
each t ∈ (0, T ]), in the topological sense it can be understood as an equality in the dual space
V∗h featuring in the above Gelfand triple (for each t ∈ (0, T ]). Thanks to Itô’s formula (cf.
[37, 50]) applied on this Gelfand triple to ∥ξh∥2h, we obtain

∥ξh(t)∥2h + 2

∫ t

0
∥∇ξh(s)∥2 ds

= 2

∫ t

0
⟨πh(∆u(s))−Qh(∆u(s)), ξh(s)⟩V∗

h,Vh
ds

+ 2

∫ t

0
⟨QhΠ̃h(∆ηh(s)), ξh(s)⟩V∗

h,Vh
ds+

∫ t

0

M∑
k=1

∥πh(f(u(s))ek − f(uh(s))ek)∥2h ds+Mt
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=: T1 +T2 +T3 +Mt, (48)

where Mt a martingale term, which follows directly from the energy estimates (7) and (24).
We now successively bound all terms.

From Assumption 1, we have

T1 := 2

∫ t

0
⟨πh(∆u(s))−Qh(∆u(s)), ξh(s)⟩V∗

h,Vh
ds

= 2

∫ t

0
(πh(∆u(s))−Qh(∆u(s)), ξh(s))h ds = 2

∫ t

0
(∆u(s), ξh(s))h − (∆u(s), ξh(s)) ds,

where we have used that ∆u ∈ C(D) ⊂ L2(D). In order to bound this term, we use Lemma
3 with g = ∆u ∈W 2,∞(D) and (38) in Lemma 2. As a result we obtain

T1 ≤ 2Ch2
∫ t

0

(
|∆u(s)|W 2,∞(D)∥ξh(s)∥+ |∆u(s)|W 1,∞(D)∥∇ξh(s)∥

)
ds

≤ C2h4
∫ t

0

(
|∆u(s)|2W 2,∞(D) + |∆u(s)|

2
W 1,∞(D)

)
ds+

1

2

∫ t

0

(
∥ξh(s)∥2h + ∥∇ξh(s)∥2

)
ds.

(49)

The term T2 is bounded from above as follows

T2 := 2

∫ t

0
⟨QhΠ̃h(∆ηh(s)), ξh(s)⟩V∗

h,Vh
ds = 2

∫ t

0

(
QhΠ̃h(∆ηh(s)), ξh(s)

)
Hh

ds

= 2

∫ t

0

(
QhΠ̃h(∆ηh(s)), ξh(s)

)
h
ds = 2

∫ t

0

(
Π̃h(∆ηh(s)), ξh(s)

)
ds

= −2
∫ t

0
(∇ηh(s),∇ξh(s)) ds

≤ 2

∫ t

0
∥∇ηh(s)∥2 ds+

1

2

∫ t

0
∥∇ξh(s)∥2 ds

≤ Ch2∥u∥2L2(0,T ;H2(D)) +
1

2

∫ t

0
∥∇ξh(s)∥2 ds,

where we have used the interpolation error bound ∥∇ηh∥ = ∥∇(u − πhu)∥ ≤ Ch∥u∥H2(D)

(see, for example, inequality (19) on p.86 of [51]).
For the term T3, using the nonnegativity of the continuous piecewise affine finite element

basis functions together with the properties of f and ek, k = 1, . . . ,M , we have that

T3 ≤Mc2ec
2
f

∫ t

0
∥u(s)− uh(s)∥2h ds =Mc2ec

2
f

∫ t

0
∥ξh(s)∥2h ds.

Here, to deduce the last equality, we made use of the fact that η(x, s) = u(x, s)−(πhu)(x, s) =
0 at each vertex x of the triangulation for all s ∈ [0, T ]; hence, (u − uh)(x, s) = ξh(x, s) at
each vertex of the triangulation, whereby ∥u(s)− uh(s)∥h = ∥ξh(s)∥h for all s ∈ [0, T ].

Having bounded the terms T1, T2 and T3, we insert these bounds into (48) and take
the expectation of the resulting inequality. The martingale term then vanishes, and it follows
from Grönwall’s inequality that

E(∥ξh(t)∥2h) + 2

∫ t

0
E(∥∇ξh(s)∥2) ds ≤ Ch2C̃(u)

where C̃(u) := E
(
∥∆u(s)∥2L2(0,T ;W 2,∞(D)) + ∥u∥

2
L2(0,T :H2(D))

)
. Thanks to Lemma 2, also

E(∥ξh(t)∥2) + 2

∫ t

0
E(∥∇ξh(s)∥2) ds ≤ Ch2,
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where C = C(T, u) is independent of the mesh size.

Step 4: By a standard finite element interpolation error bound for piecewise affine elements
on a shape-regular triangulation (cf., again, Corollary 4.4.24 on p.110 in [40] in the case when
D = Dh is a polygonal domain in R2 or a Lipschitz polyhedron in R3, and inequality (18) on
p.86 of [51] in the case when D has C2 boundary), we have, thanks to Assumption 1, that
∥ηh(t)∥ = ∥u(t)− πhu(t)∥ ≤ Ch2|u(t)|H2(D), where C is a positive constant independent of
h. It remains to note that u(t) − uh(t) = ηh(t) + ξh(t) and apply the triangle inequality to
deduce the desired bound (43) on the discretization error u(t) − uh(t) for the mass-lumped
finite element method. □

6 Fully discrete schemes and numerical simulations

The purpose of this final section is to demonstrate that the theoretical analysis of
the continuous-in-time mass-lumped finite element method presented in the previous
sections, which we believe to be of interest in itself, also opens a useful practical
perspective.

In order to support this claim, we show that, at least in the case of d = 2,
our continuous-in-time finite element method may be complemented by a suitable
time-integrator so that the resulting fully discrete scheme is both accurate and
nonnegativity-preserving. We restrict our attention to the case f(u) = λu and assume
that we only have a single Brownian motion, i.e., M = 1 in (3), so that we simply
denote e1(x) by e(x). Extensions of this setting may of course be considered. The
extension to the case of M ≥ 2 Brownian motions is relatively straightforward. On
the other hand, considering a nonlinear right-hand side f(u) requires more work. A
simple idea, which is economical to implement, given the schemes we introduce below,
could be an additional approximation using a linearization of f over each time step,
in the spirit of what was done in [30]. We will not comment on this further as we do
not, by any means, aim at generality in this illustrative final section.

6.1 Fully discrete schemes

In what follows, we construct a fully discrete scheme for (2), based on our semi-discrete
scheme (17). Let ∆t denote the time step and let Gn denote independent draws of a
normalized Gaussian variable. Let M̃ be the diagonal matrix with entries e(xi) and A
the matrix defined in (14). We consider the scheme given by

Un+1 + ∆t AUn+1 = exp

(
λGn

√
∆t M̃ − 1

2
λ2 ∆t M̃2

)
Un, (50)

which may also be written as the two-step splitting scheme{
Un+1/2 = exp

(
λGn

√
∆t M̃ − 1

2λ
2 ∆t M̃2

)
Un,

Un+1 + ∆t AUn+1 = Un+1/2.
(51)

It is immediate to see from (51) that, by construction, the scheme preserves non-
negativity. Because we are using a triangulation that is weakly acute, so that our
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mass-lumped finite element method has this property in the deterministic setting,
Un+1 is nonnegative as soon as Un+1/2 is. On the other hand, because the exponen-
tial prefactor in (51)1 is the exponential of a diagonal matrix, whereby it is a diagonal
matrix with positive entries, Un+1/2 and Un share the same sign. Combining the two
steps, we obtain preservation of nonnegativity, irrespective of the choice of the time
step ∆t.

Formally, the time-stepping scheme defined by (50), or (51), is an exponential
form of the Euler–Milstein scheme. Given our focus on nonnegativity-preservation,
using such an exponential form is a classical idea. It is for instance very close to the
integrator employed in the recent work [30], as a local-in-time linearization followed
by a spatial finite difference discretization.

It is also clear, at least intuitively, that the scheme has the same order of accuracy
as the Euler–Milstein scheme, and that it therefore has strong order of convergence 1
in time. This can be rigorously proved, but we will not proceed in that direction. Our
numerical experiments below will confirm empirically that this is indeed the case.

An improvement of this scheme is obtained as follows. It is classical in the numer-
ical discretization of ordinary (as opposed to stochastic) differential equations as well
as of time-dependent deterministic (as again opposed to stochastic) partial differ-
ential equations, to consider the symmetric, or Strang, three-step version of a two
step splitting. This is known to improve the order of discretization by one. The same
improvement is observed, in terms of the weak order of convergence, for stochastic
differential equations. For the SPDE under consideration in this work, it is there-
fore natural, precisely with a view to improving the accuracy of the discretization in
time (while still ensuring nonnegativity-preservation, a fact that is obvious from the
following formulae), to change (51) into the following three-step splitting scheme:

Un+1/3 +
∆t

2
AUn+1/3 = Un,

Un+2/3 = exp
(
λGn

√
∆t M̃ − 1

2λ
2 ∆t M̃2

)
Un+1/3,

Un+1 +
∆t

2
AUn+1 = Un+2/3.

(52)

Alternatively, we could consider
Un+1/3 = exp

(
λG1

n

√
∆t

2
M̃ − 1

2
λ2 ∆t

2
M̃2

)
Un,

Un+2/3 + ∆t AUn+2/3 = Un+1/3,

Un+1 = exp

(
λG2

n

√
∆t

2
M̃ − 1

2
λ2 ∆t

2
M̃2

)
Un+2/3,

(53)

where G1
n and G2

n denote independent draws of a normalized Gaussian variable. The
next subsection illustrates by numerical experiments the use of (51), (52), (53), pro-
viding some comparisons of these schemes as well as with other alternative schemes
that could be considered.
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Our experiments will show that (51) is the best option, along with its improvement
(52). It is as accurate (if not more accurate than) classical schemes and, in addition,
it unconditionally preserves nonnegativity.

6.2 Numerical experiments

We consider the two-dimensional domain D := (0, 1) × (0, 1). We use continuous
piecewise affine polynomials on a uniform triangulation Th of D with spacing h > 0 in
both coordinate directions. The parameters chosen for our tests are: 150 realizations
(of Brownian paths) to compute the expectation, u0(x, y) := sin(π x) sin(π y) as initial
condition and e(x, y) = sin(π x) sin(π y) as spatial noise factor.

Accuracy

In our first set of numerical experiments, we assess the rate of convergence of the
scheme (51) with respect to both the spatial discretization paramater h and the time
step ∆t. We set the endpoint of the time interval to be T = 1/2 and λ = 3. For
the spatial discretization, we always consider our mass-lumped finite element method
given by (12), or equivalently (17). We compare (51) with two other time discretization
methods, namely the Euler–Maruyama (EMa) and the Euler–Milstein (EMi) schemes.
The reference solution uref is computed using ∆t = 2−14 and h = 2−6. We shall focus
our attention, in all our experiments below, on the strong order of convergence of the
schemes in the probabilistic sense. We therefore always use the same noise samples for
all time integrators, so as to be able to evaluate the strong error. This suffices for our
specific purposes here. The total (strong in the probability sense) error is defined by

sup
0≤n≤K

E(∥uh,K(n∆t)− uref (n∆t)∥2) +
∫ T

0

E(∥∇uh,K(s)−∇uref (s)∥2) ds (54)

with K = T/(∆t). We compute the time integral with the composite trapezium rule
based on the quadrature points n∆t, n = 0, 1, . . . ,K.

Figure 1 displays the associated error on a log-log scale. Note that (54) is the square
of the strong numerical error, so all rates observed on the graphs are squared orders of
convergence. As expected, since the spatial discretization is based on piecewise affine
finite elements, it is observed on the right of Figure 1 that all fully discrete methods
considered, which we recall only differ in terms of the choice of the time-stepping
scheme, share the same order of convergence in space; namely, they all exhibit first
order convergence with respect to h. As far as convergence in time is concerned, we
observe first order convergence for EMi, and order of only 1/2 for EMa, both as
predicted by theory. Our scheme (51) shares the first order convergence of the EMi
scheme.

To complement our tests regarding rates of convergence, we also plot, in Figure
2, the actual numerical error. We use the same parameters as in Figure 1 and again
consider both cases, i.e., fixed spatial mesh size and fixed time step. In all graphs
of Figures 1 and 2, the errors of the schemes (51) and EMi are visually at least
(almost) indistinguishable. Put differently, the exponential form of our scheme (51)
does not modify the order of convergence of the classical EMi scheme. The difference
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(a) Fixed spatial step h = 2−6 (b) Fixed time step ∆t = 2−14

Fig. 1: Rates of convergence for the error as defined in (54) (note that (54) is the
square of the strong numerical error) of the two-step splitting scheme (51), at fixed
mesh size h = 2−6 when the time step ∆t varies (left), and at fixed time step ∆t = 2−14

when h varies (right). Comparisons are shown with the results obtained using the
Euler–Maruyama (EMa) and Euler–Milstein (EMi) schemes. Both graphs use a log-
log scale.

between (51) and all of the other schemes considered is however much more dramatic
when it comes to nonnegativity-preservation.

(a) Fixed spatial step h = 2−6 (b) Fixed time step ∆t = 2−14

Fig. 2: Numerical errors, on a linear scale, for the same schemes and with the same
parameters as those in Figure 1 above.
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(a) λ = 2 (b) λ = 4

Fig. 3: Nonnegativity-preservation: comparison, for two values of the coefficient λ =
2 and λ = 4 for the linear right-hand side f(u) = λu, of the two-step splitting
scheme (51) with three other schemes: Euler–Maruyama (EMa), Euler Milstein (EMi)
and the stochastic exponential Euler integrator scheme (SEXP) from [52].

Nonnegativity-preservation

In order to illustrate the issue of nonnegativity-preservation, we add another scheme
to our portfolio, namely the stochastic exponential Euler integrator scheme (SEXP)
introduced in [52]. All of our experiments are performed in the same way as above,
except that we consider a longer time interval with end time T = 2, which makes the
computations more demanding; we focus on our main motivational issue: preservation
of nonnegativity. We fix once and for all the mesh size h = 2−4 and vary the time
step. Our numerical results are presented in Figure 3, where each entry k/100 is the
number of solutions out of 100 simulations that remain positive over the entire time
interval. The results confirm that the sequence of numerical approximations gener-
ated by (51) always remains positive and that this is not the case for the other time
integrators. This is of course expected since (51) unconditionally preserves nonnega-
tivity by construction. When we progressively reduce the time step, in order to let the
competitors of (51) achieve nonnegativity-preservation as a byproduct of increased
precision, we observe that the results of these schemes improve. The results with these
other schemes depend on the choice of the time step compared to the strength of the
noise determined by the parameter λ. If |λ|

√
∆t∥e∥∞ ≤ 1, then EMi always maintains

nonnegativity. On the other hand, both EMa and SEXP generate numerical solutions
which occasionally become negative, although if |λ|

√
∆t∥e∥∞ is small, then there is a

much higher probability of maintaining nonnegativity. In any event, reducing the time
step is computationally expensive. The superiority of the scheme (51) in this respect
is therefore clear.
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(a) Strang scheme (52) (b) Strang scheme (53)

Fig. 4: Numerical error of the Strang splitting schemes (52), on the left, and (53) on
the right, both in Log-Log scale and at fixed h = 2−6 when the time step ∆t varies.

Note that we have also compared (51) with a strategy commonly used by practi-
tioners (and often referred to as clipping), namely the plain Euler–Milstein method
where the result is truncated when the method returns negative values. For large val-
ues of lambda, the Euler–Milstein method with clipping becomes inaccurate, while
(51) still performs correctly, both in terms of accuracy and, of course, non-negativity.

Three-step splitting

Our last experiment is meant to demonstrate that (52) improves on (51) in terms
of accuracy, while of course (and we do not repeat any dedicated tests) it exhibits
nonnegativity-preservation by construction. We recall that this improvement is not
unexpected, based on what is theoretically known in the realms of ODEs, PDEs,
and SDEs. This could also be studied theoretically for our SPDEs, but we prefer to
concentrate on more practical considerations here.

Figure 4 (graph on the left) shows, compared to the graph on the left of Figure 1,
that the strong numerical error for (52) has essentially the same rate of convergence
as (51), but that the actual size of this error is smaller than that for (51). The improve-
ment obtained for (53) (graph on the right of Figure 4) is less evident. Based on the
considerations developed above for ODEs, PDEs and SDEs, we presume that the weak
order of convergence will be increased by one when passing from (51) to (52) and (53).
We do not conduct here this complementary set of tests regarding weak convergence.
The results presented here suffice for us to be able to advocate (52) as the best option.

We close by noting that the approach to positivity-preservation proposed here does
not increase the computational cost associated with solving the resulting systems of
equations, as the matrix has the same sparsity structure and can be treated with
the same solvers as in standard finite element or finite difference schemes. The only
additional requirement is that of a weakly acute triangulation. In the planar case, a
weakly acute triangulation can be generated using existing software (see, for example,
[53] and the publications cited therein). In three space dimensions the generation of
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weakly acute triangulations is more involved (see, for example, [12] and in particular
the discussion on pp. 107 and 108 there; note, though, that those authors use the term
nonobtuse instead of weakly acute). Understanding how in three space dimensions
the method proposed here compares from the viewpoint of computational cost vs.
accuracy with classical techniques (such as, for example, clipping negative values of
the numerical solution to zero) would be a significant computational endeavour, and
is beyond the scope of this paper. Having said this, even if clipping negative values of
the numerical solution to zero happens to be more efficient in practice, the clipping
process will certainly impact on the accuracy of the resulting numerical solution and
its asymptotic convergence rate to the exact solution as h → 0. In contrast, the
numerical method proposed here exhibits the same optimal order of convergence in the
limit of h → 0 as its deterministic counterpart for the semilinear parabolic equation
ut−∆u = f(u) on D× (0, T ] subject to the initial condition u(x, 0) = u0(x) for x ∈ D
and a homogeneous Dirichlet boundary condition on ∂D × (0, T ].
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[38] Pardoux, É.: Stochastic partial differential equations and filtering of diffusion
processes. Stochastics 3(1-4), 127–167 (1980)
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