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ABSTRACT

The cosmic dipole anomaly - the mismatch between the dipole anisotropy observed in the sky distribution of cosmo-
logically distant sources and that expected due to our local motion with respect to the cosmic microwave background
- poses a serious challenge to the Cosmological Principle upon which the standard model of cosmology rests. Accurate
measurement of the dipole (¢ = 1) depends crucially on having control over other large-scale power (£ > 1) so as to avoid
biases, in particular that potentially caused by correlations among multipoles due to incomplete sky coverage, and that
due to local source clustering. Currently, the most significant evidence for the cosmic dipole anomaly comes from the
sample of 1.6 million mid-infrared quasars derived from the CatWISE2020 catalogue. We analyse the clustering properties
of this sample by inferring the large-scale multipoles in real space, and compute the angular power spectrum on small
scales to test for agreement with lambda cold dark matter (ACDM). Having accounted for the known trend of the quasar
number counts with ecliptic latitude, we find that all other large-scale power is in fact consistent with noise, that there is
in particular no evidence for an octupole (¢ = 3) in the data, and also that the expected clustering dipole is marginal. Our

results thus reaffirm the anomalously high dipole in the distribution of quasars.
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1 INTRODUCTION

The Cosmological Principle asserts that the Universe is (statisti-
cally) isotropic and homogeneous when averaged on large scales.
This is the foundational assumption of Friedmann-Lemaitre-
Robertson-Walker (FLRW) cosmologies, which include the cur-
rent standard ‘concordance’ lambda cold dark matter (ACDM)
model. The real Universe is, however, inhomogeneous, with local
departures from the Hubble flow, viz. peculiar motions on small
scales. This was predicted by J. M. Stewart & D. W. Sciama (1967)
to give rise to a dipole anisotropy in the cosmic microwave back-
ground (CMB) and the subsequent detection of the CMB dipole at
the expected amplitude of 8 = v/c ~ 1073 proved to be consistent
with this kinematic hypothesis. Later, when primordial fluctu-
ations at a much smaller level of ~ 107> were detected in the
CMB, it was noted that the same aberration effect should induce
subtle correlations between the higher multipoles (A. Challinor &
F. Leeuwen 2002), and this too was detected at the expected
amplitude (N. Aghanim & others 2014; P. d. S. Ferreira & M.
Quartin 2021; S. Saha et al. 2021), thus cementing the kinematic
interpretation.

* E-mail: sebastian.vonhausegger@physics.ox.ac.uk

© The Author(s) 2026.

Subsequently, G. F. R. Ellis & J. E. Baldwin (1984) noted that
there should be a concomitant dipole anisotropy in the sky map
of cosmologically distant objects in a flux-limited catalogue, and
that this provides a powerful consistency test of the FLRW as-
sumption. In this standard framework, the Solar system barycen-
tre is moving relative to the cosmic rest frame in which the CMB
dipole should vanish, at v = 369.82 £ 0.11 km s~! towards Galac-
tic coordinates [ = (264.021 £ 0.011)°, b = (48.243 & 0.005)° (N.
Aghanim & others 2020a). Since the distribution of matter should
also be isotropic in the cosmic rest frame, our peculiar velocity in-
ferred from the dipole anisotropy of cosmologically distant radio
sources and quasars should match this value. Any disagreement
would be incompatible with an FLRW-based cosmology such as
ACDM, in which all inferences, including that of an accelerating
expansion rate, rely on large-scale isotropy.

The Ellis & Baldwin (EB84) test became possible only at the
turn of the millennium after sufficiently large samples of sources
became available!. First, C. Blake & J. Wall (2002b) analysed ra-
dio galaxy samples constructed from the NRAO VLA Sky Survey
(NVSS; I. J. Condon et al. 1998) of size O(10%) at increasing flux

IFor a recent review of the history of EB84 tests, see N. Secrest et al.
(2025a).
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density cuts and reported that the dipole amplitude and direc-
tion are, on average as the flux cut is increased, consistent to
within 1.50 with the expected kinematic dipole. This consistency,
however, is guaranteed for any sample arbitrarily cut until source
counts sufficiently limit statistical power. As emphasized by N.
Secrest (2025), the sample employed by C. Blake & J. Wall (2002b)
with the greatest statistical power in fact shows a 2.2¢ deviation
from the kinematic expectation. It is unsurprising therefore that
a reanalysis by A. K. Singal (2011) claimed that the amplitude is
larger than expected, although the direction is indeed consistent
with that of the CMB dipole. This was confirmed by M. Rubart &
D. J. Schwarz (2013) and J. Colin et al. (2017) who included
data from other radio surveys like the Westerbork Northern Sky
Survey (WENSS; R. B. Rengelink et al. 1997) and the Sydney
University Molonglo Sky Survey (SUMSS; T. Mauch et al. 2003)
to increase sky coverage. The significance of the discrepancy has
been, however, limited to the ~ 30 level, mainly due to sample
size. There is also concern about possible contamination by the
‘clustering dipole’ due to nearby structure (e.g. C. Gibelyou &
D. Huterer 2012) - a recurring question in the context of mat-
ter dipole measurements using radio sources, which rarely have
measured redshifts (e.g. Y.-T. Cheng, T.-C. Chang & A. Lidz 2024;
O. T. Oayda et al. 2024). Additionally, being ground-based, radio
surveys are prone to declination-dependent sensitivity and flux
calibration systematics.

The marginal significance of the cosmic dipole anomaly ended,
however, with the advent of the catalogue of 1.4 million quasars
produced by N.J. Secrest et al. (2021) using mid-infrared photom-
etry from the CatWISE2020 (F. Marocco et al. 2021) data release
of the Wide-field Infrared Survey Explorer (WISE; E. L. Wright &
others 2010). N. J. Secrest et al. (2021, hereafter S21) showed
that quasars exhibit a dipole amplitude over twice as large as
expected from the CMB, although only ~ 28° away in direction,
and reported a 4.90 discrepancy with the standard expectation,
which was independently verified by L. Dam, G. F. Lewis & B. J.
Brewer (2023). Moreover, with this data set, the spectre of a sig-
nificant clustering dipole appeared far less plausible since these
quasars are estimated to have a mean redshift (z) = 1.2, with 99
per centhavingz > 0.1 (S21). Exploiting the near-total systematic
independence of radio galaxies and mid-infrared quasars, a joint
analysis by N. J. Secrest et al. (2022, hereafter S22) raised the
significance with which the kinematic expectation is rejected to
over 50. Subsequently, a new catalogue from the Rapid ASKAP
Continuum Survey, also in combination with the NVSS, has pro-
vided a 4.80 confirmation of the dipole anomaly from radio data
alone (J. D. Wagenveld, H.-R. Klockner & D. J. Schwarz 2023).
This was recently increased to over 50 by L. Bohme et al. (2025)
with the addition of the LOFAR Two-Metre Sky Survey Data
Release 2 (LoTSS; T. W. Shimwell & others 2022). The statistical
significance of the cosmic dipole anomaly is no longer in ques-
tion.

A lingering concern nevertheless has been whether unac-
counted systematics in the catalogues or methods can give rise
to a spurious dipole. For example, A. Abghari et al. (2024) have
argued that the significance of the CatWISE2020 quasar dipole
anomaly reported by S21 has been overstated, based on their
claim that the spatial distribution of the quasars may not be a
pure dipole but contains low-order multipoles of comparable size.
Since the quasar sample has about half of the sky symmetrically
masked to mitigate a loss of completeness near the Galactic plane
due to source confusion, the dominant quadrupole mode in the
mask can couple the dipole with an octupole, potentially result-
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ing in a biased estimate of the dipole amplitude that would make
it less discrepant with the expectation from the CMB dipole. This
is a testable hypothesis that simply requires appropriate methods
for the extraction of low-multipole signals on the sky (e.g. C. J.
Copi, D. Huterer & G. D. Starkman 2004; C. M. Hirata 2009; C.
Gibelyou & D. Huterer 2012; O. T. Oayda, V. Mittal & G. F. Lewis
2025).

Investigation of power on scales other than the dipole was pre-
viously undertaken by P. Tiwari, G.-B. Zhao & A. Nusser (2023),
who computed the angular power spectrum of the CatWISE2020
quasar catalogue. They confirmed the presence of an anoma-
lously large dipole alongside the observation that the ¢ > 30
multipoles are concordant with the expectations of hierarchical
structure formation as in ACDM. However, they also stated that
all multipoles with ¢ < 10 are anomalously high, despite their
analysis not being quite suitable for drawing such a conclusion.
This calls for a careful reassessment of the issue.

In this work, we revisit the clustering properties of the Cat-
WISE2020 quasar sample. To this end, we present a consistent
parameterisation of general low multipole templates that has a
number of advantages (Section 3). We relate the parameters to
angular power spectrum amplitudes, which allows us to assess
their detectability given finite source counts (i.e. shot noise). After
discussing the catalogue’s noise properties we define appropriate
likelihoods from which we infer the low multipoles in various
combinations, and compute Bayesian evidences for model com-
parison. We then turn to analysing the higher multipoles in the
catalogue’s angular power spectrum (Section 4) which enables a
data-driven estimation of the possible local clustering contribu-
tion to the observed quasar dipole.

We confirm that the angular power spectrum of the quasar
distribution on small scales is indeed consistent with the ACDM
expectation. Howover, the largest scales (2 < £ < 4) have power
consistent with noise and have no significant impact on the
dipole. This is paralleled in our real-space analysis of power in
low multipoles which, in particular, finds no evidence for a signif-
icant octupole. The dipole itself remains anomalously high and
robust to all of the model variations we consider. In particular,
it is not decreased by an octupole and is affected by less than 5
per cent (at 10') given the random clustering dipole predicted by
the ACDM fit extrapolated to £ = 1.

2 THE CATWISE2020 QUASAR CATALOGUE

The CatWISE2020 quasar catalogue used in this work is the sam-
ple of mid-infrared quasars presented by S22, selected via cuts
on colour and magnitude from the full CatWISE2020 catalogue
(F. Marocco et al. 2021). The S22 catalogue differs from the ver-
sion presented by S21 in being slightly deeper (W1 < 16.5 ver-
sus W1 < 16.4) and using a refined sky mask. Both catalogues
are affected by a source density trend with ecliptic latitude, first
reported by S21, which is likely due to the ecliptic being the
principal axis of the WISE survey scanning pattern. The trend
appears to be linear and is easily accounted for as a selection
or weighting function. To remove poor-quality photometry near
clumpy and resolved nebulae both in the Galaxy (e.g. planetary
nebulae) and in nearby galaxies such as the Magellanic Clouds
and Andromeda, a total of 48 specific sky regions were masked.
Source confusion results in a drop off in source density at Galactic
latitudes |b| < 30° given the depth of the sample, so this entire
region is also masked. This leaves a sample of 1595 502 quasars.
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Quasars are bolometrically dominant active galactic nuclei
(AGNSs), which have an intrinsic luminosity exceeding that of the
galaxy in which they reside, generated by the infalling matter
in the accretion disc around their central supermassive black
hole. Quasars are typically hosted in bluer, less massive, and less
clustered galaxies (R. C. Hickox & others 2009) than radio AGN,
and their continuum emission is mainly thermal and uncolli-
mated (although their apparent luminosity at visual wavelengths
is dependent on viewing angle because of their optically thick,
dusty tori). Higher abundance of gas-rich galaxies at redshifts
Z ~ 2-3drives increased accretion rates and quasar activity at that
time, which, combined with preferential selection of high lumi-
nosity sources in large comoving volume, makes quasar samples
moderate-to-high-redshift in general. Indeed the CatWISE2020
quasar catalogue of S22 has a mean redshift (z) of 1.2 as shown via
cross-matching with eBOSS redshifts (see Fig. A1in Appendix A).
This fulfils an essential condition of the G. F. R. Ellis & J. E.
Baldwin (1984) test, namely that sources should be at cosmolog-
ical distances. Another requirement relates to the source spec-
tra: the spectral energy distribution (SED) of quasars can have
contributions from strong broadened emission features and from
stellar populations of their host galaxies; however, the large range
of redshifts observed in quasars smears out steeply changing or
discontinuous features, thus creating a smooth observed mean
SED which can be sensibly modelled as a power law: S, oc v™¢
(see e.g. fig. 1 of N. Secrest et al. 2025b). At the passband where
the magnitude cut is performed, and when averaged over those
sources with brightness close to this cut [the relevant average (S.
von Hausegger 2024) for the Ellis & Baldwin test], the sample of
S22 is well characterized by spectral index o ~ 1.06. Measured
at this cut, the power-law index of the integral source counts is
x = 1.71, which determines the EB84 kinematic matter dipole ex-
pectation: Dy, A~ 0.73 x 1072, Lastly, the uniformity of the sam-
ple selection across the sky is influenced by the satellite scan-
ning pattern along the ecliptic. S21 and S22 found the observed
number density of their samples to decrease towards the ecliptic
poles, exhibiting an approximately linear relation with ecliptic
latitude. This trend vanishes with increasingly stringent flux cuts
(see Fig. 5 below), suggesting that the cause is ‘Eddington bias’,
which allows sources with less certain flux measurements (such
as those along the ecliptic equator where the satellite points less
often) to up-scatter into the sample. Regardless of the underlying
mechanism, the selection with ecliptic latitude can simply be
learned from the observed number density Ayps on the sky by
assuming an appropriate functional form for this trend, to then
either define corresponding weights prior to fitting the data (S22),
or to include it in an inference framework (e.g. L. Dam et al. 2023)
as we too do here. In other words, the true signal, S = S(7), that
underlies the number density of galaxies on the sky, is modulated
as

2
Afobs = S(l - fecl) =S <1 - ;'bech}ecl) s (1)

where Y, is the to-be-inferred amplitude of this linear trend
with absolute ecliptic latitude, | b | (expressed in radians). In this
paper, we formalize an inference for modulation of the sky by
other effects as well. While the dipole modulation is of particular
interest, we extend our inference to higher multipoles too, in
order to detect any contamination or anomalous clustering on all
scales.

Clustering of CatWISE2020 quasars 3

3 LOW MULTIPOLES

Large-scale perturbations in the Universe hold significant im-
plications for cosmology. The ‘low-¢ anomalies’ in the CMB (D.
J. Schwarz et al. 2016) raise questions also about their presence
in the matter field (see D. J. Schwarz et al. 2015). While we
await data from upcoming large-scale surveys, the CatWISE2020
quasar catalogue already offers insights in this regard. We focus
on the lowest multipoles, specifically their potential influence on
the anomalously large dipole.

Decomposing a signal on a masked sky into spherical harmon-
ics requires methods that account for the breaking of their orthog-
onality on a 47 sky due to the mask. Some methods involve esti-
mating the masks’ coupling matrix (e.g. those related to ‘pseudo
power spectrum’ estimators, as used in the next section), while
others evaluate the similarity of the signal with a given model
in the unmasked part of the sky (as in the template-fitting we
employ in this section). All methods of course need to be tested
for possible biases. In the present context, this had been done
by S21, S22 who showed that their least-squares estimator re-
turned unbiased dipole amplitudes for Poisson-sampled data sets
of sufficient size, in the absence of substantial power in higher
multipoles. Although the sample size condition is well satisfied
by the CatWISE2020 quasar catalogue, we must revisit this issue
following the observation that the counts are overdispersed with
respect to a Poisson distribution. We do so in this section, thereby
providing an update on the dipole measurement via Bayesian
inference. In particular, we present a quantitative comparison of
appropriate likelihoods and models, thus constraining the pres-
ence of higher multipoles and their influence on the dipole.

3.1 Multipole amplitudes in real and in frequency space

We consider the number (density) of galaxies on the sky to be
modulated by a combination of low multipoles as

Nobs =MQA+ fo+ fo+ fo+ .)A = fea). 2

where M describes the unmodulated galaxy counts, considered
here to be a constant monopole, and the terms f describe mod-
ulating terms. Among these is the linear ecliptic latitude cor-
rection, feq, equation (1), scaled by the free parameter Ve, as
well as templates ordered by spherical harmonic multipoles. We
choose the following parametrisation for consistency with the
usual dipole parametrization:

fp =D cosap 3)

fo=Q [cos agcosBg — % cos éaﬂ] (@)

fo= 0 [cos oo €oSs Bo oS Yo

1
-3 (cosap cos g, + €08 Bo COS e + COS Yo €OS ;aﬁ)] ,
(%)

describing general dipole, quadrupole, and octupole templates,
respectively. This parameterisation presumes the definition of ¢
vectors per multipole ¢ (each defined by two angles on the sphere)
that form ¢ angles «, B,... with the direction on the sky at which
the signal Ny is evaluated, and that form deterministic angles
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£,¢, ... with each other?. Arbitrarily high multipole templates
can be generated in this manner using methods dating back to J.
C. Maxwell (1873). This parameterisation also allows connection
with known expressions of spherical harmonic functions. For
instance, the m = 0 mode of each of the terms f is recovered by
equating the multipole vectors for each ¢ such that o = 8 = ...
andé =¢=..=0:

m=0 — D cosap, (6)
fr=0 = Q|cos?ag — 1 (7)
Q Q 3 ’
3
m=0—=0 |:cos3 %o — < cos ao} , (8)

in a coordinate system where the multipole vectors are aligned
with the spherical harmonics’ zenith. To enable connection be-
tween the findings of this and the following section, we first
discuss the relation between the power spectrum amplitude C,
and the amplitude D, Q, O, etc. of the multipole templates.

It is well known that the amplitudes of the monopole and
dipole, M and D, as defined in equation (2) and following,
are related to the corresponding C, via Cy = 4 M? and C; =
47 M*D? /9. However, since we usually compute the power spec-
trum from an overdensity map, i.e. one that is normalized by its
monopole, we obtain instead:

C() = 47'[, (9)
4
c = §D2. (10)

For higher multipoles £ > 1, there is no such one-to-one relation,
since the different combinations of angles in equations (4), (5),
etc. at fixed multipole amplitude, correspond to different spheri-
cal harmonic coefficients a,, and so generally combine in ways
that span a range in overall average power C,. Indeed, express-
ing the higher order multipoles with one common amplitude
each distinguishes this particular parametrisation from others
that may simply consider each spherical harmonic template to
be scaled with its own amplitude. Nevertheless, to translate be-
tween an observed power spectrum and corresponding multipole
amplitudes, it is helpful to compute the range of power C, corre-
sponding to a given multipole amplitude and vice versa. Here, we
make use of the fact that the spherical harmonics are orthogonal
functions on the sphere and the power spectrum is computed over
the average of their squared amplitudes, hence the identification
of any one mode as giving rise to the smallest or largest power at
that multipole will remain valid even when considering a sum of
modes. The mode for which a given multipole amplitude has the
largest relative contribution to the power spectrum is always the
m = 0 mode, so the maximum power can be read off the corre-
sponding spherical harmonic’s Yy, coefficient. For the quadrupole

2E.g. a given direction 7 on the sky forms angles with the two quadrupole
vectors, denoted as po; and pg,, as cosag = Py - it and cosfg =
Pg, - i, while coséup = P - P, is constant for any one choice of the
quadrupole vectors. Equivalently any two of the three octupole vectors,
e.g. Po; and Po,, give cosap = Pp; - it and cos Bg = Py, - 1, while
cosup = Po1 - Poz-
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and octupole, these maximum values read>:

16
C,) = ——0Q°, 11
max(C,) 9_25Q (11)
16w
C) = 2, 12
max(Cs) 254490 (12)

By inspection, the smallest contribution is from either of the m =
+1, £2 modes for the quadrupole and the m = +2 modes for the
octupole. These minimum values read

4
in(C,) = —— Q? 13
min(C,) 3_25Q (13)
47
in(C;) = ——©? 14
min(Cy) = >——5 (14)

Conversely, the range of multipole amplitudes allowed by a fixed
power C, are:

3.5 /C, 5 /3-C,
96[4\/:’zv = } 4>
OE[W\/CTjP-SCs] a6)
4 T2 b4

These considerations are helpful when comparing multipole am-
plitudes with power spectrum amplitudes. For example, consid-
ering a signal on the sky for which dipole and octupole have the
same power, C; = C1, we can see from equations (10) and (16)

that O € [D - 35/6, D - 7,/5/3], i.e. the same power corresponds
to a much larger value of the octupole amplitude.

3.2 ‘Shot noise multipoles’

We can now estimate the detectability of each multipole given
finite source counts. N sources, randomly sampled from an un-
modulated sky, NVops = M, contain random, uncorrelated fluc-
tuations on all scales, i.e. shot noise which contributes a vari-
ance per multipole of N, = 47 /N. Hence, for a given number of
sources N, a particular multipole would be considered detectable
only if its amplitude is larger than this noise.

Similarly to earlier estimations of the ‘shot noise dipole’ (A.
Baleisis et al. 1998; N. Secrest 2025) which were made by equating
N, to C; from equation (10), we can now compare any multipole
amplitude with the shot noise expected for a given number N of
sources, using the relations above. As examples, we compute the
‘shot noise quadrupoles’ and ‘shot noise octupoles’ in the ranges
just discussed:

3.5 53
Osn € |:2\/N’ “/Ni| s 17)

(18)

Optimistically considering the lower limits of relations (17) and
(18), to be able to detect a quadrupole of amplitude Q at 3 times

3Using Yy = zﬁ—;ng and expressing the Legendre polynomials P, in

terms of generalized binomial coefficients, one finds the general relation:

£—0.5

max(Cy) = 22é(§++1)2( h )72 A? for a given multipole’s amplitude A,.
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the noise level Qgy thus requires N > (22.5/Q)? sources dis-
tributed over the full sky, and similarly N > (52.5/0)? for an
octupole of amplitude O. Taking into account the sky fraction in
which sources are actually observed:

Q>3- Qe = 22.5,/ fuy/N, (19)
0 >3Oy = 52.5/ fuy/N. (20)

For our CatWISE2020 quasar catalogue (S22) where N ~ 1.6 x
10% and fyy = 0.5, this means that a quadrupole with amplitude
Q 2 0.013 is detectable. However, an octupole would have to be
asstrongas O 2 0.029 in order to be detectable at 3 times the shot
noise. We quantify this in more detail below.

Considering the effect Poisson shot noise has on the measure-
ment of a dipole also informed the frequentist simulations of
S21 and S21, with which they quantified the p-value of obtaining
the measured number count dipole given the expected kinematic
dipole. It has been noted subsequently (e.g. A. Abghari et al. 2024)
that the possible presence of higher multipoles in the data, in
particular of an octupole, ought to be reflected in such simula-
tions as well, as this can influence the claimed significance. The
computations in this section will place such considerations in
context. We provide a detailed rebuttal of A. Abghari et al. (2024)
in Appendix D.

Our primary aim, however, is to formalize an inference that
respects the true noise properties of the data, in order to provide
a robust measurement of the dipole amplitude and simultane-
ously quantify the evidence for or against the presence of higher-
multipole signals. This inference must account for correlations
among the multipoles in the presence of a mask. This is done
in the next sections where we trade the frequentist framework
and Poisson simulations for a fully Bayesian inference framework
using non-Poissonian likelihoods.

3.3 Super-Poisson clustering and one-point statistics

Counts-in-cells statistics of extragalactic sources are often mod-
elled by drawing random point samples from a perturbed density
field, where each cell’s assigned density determines the proba-
bility of a source being sampled within it, e.g. by scaling the
rate parameter of a Poisson process. In this example, one finds
the underlying distribution of the source count in a given cell
to be Poissonian; the distribution across all cells, however, will
in general not be Poissonian, as the rate parameter itself would
have been drawn from a prior distribution (the distribution of
density values across cells). The net result is a ‘Mixed Poisson dis-
tribution’ (e.g. D. Karlis & E. Xekalaki 2005)*. Moreover, at fixed

4Consider the Poisson distribution,

P(X =k) = — Ak exp(—1), (21)

with rate parameter A sampled from a prior probability distribution, IT.
If the prior is a Gamma distribution IT(1) ~ ['(r, s), with ‘concentration’
r and ‘shape’ s = (1 — p)/p, the integration over the prior leads to the
‘Gamma-Poisson distribution’,

I'k+r)
r'(r)k!

which is an example of a Mixed Poisson distribution - in this case
a ‘super-Poissonian’ distribution due to its additional dispersion. The

PX =k) = (1-pkp, (22)

Clustering of CatWISE2020 quasars 5

1072

........ Poisson

—— Gen.Poisson
=== I-Poisson

€] :
A ok
g 0 _J—LIHF"lLrj—l_l"-lul'lu-rﬂu— l—"rl rr-—l__L |—|LI|_L I-IL
I
GIO 80 1(I)O 120

#/deg’

Figure 1. Empirical one-point distribution function (EDF) of the Cat-
WISE2020 quasar number densities (black) after correction for the eclip-
tic latitude trend (1) and removal of the best-fitting dipole. Top panel:
comparison of the EDF against a Poisson (dotted black), Generalized
Poisson (blue), and Gamma Poisson (= negative-binomial) distribution
(dashed red). For visual clarity these are shown as continuous distri-
butions. The grey-shaded error band indicates Poisson errors per bin.
Bottom panel: Difference of the respective distributions from the EDF
normalized to the error per bin, indicating that both the super-Poissonian
distributions provide excellent fits to the data, as opposed to the strongly
deviant Poisson distribution.

cell size, a number of effects generally present in source cata-
logues have been shown to alter the one-point statistics of a given
cell. For instance, radio galaxies exhibit radio lobes that can be
misidentified as individual sources, thus introducing small-scale
spatial correlations, as can imaging artefacts. The one-point dis-
tributions over all cells’ source counts do not distinguish between
these effects — radio lobes/imaging artefacts on small scales, and
cosmological perturbations on large scales - so one must resort to
two-point statistics which allow for appropriate scale separation,
as was done by C. Blake, P. G. Ferreira & J. Borrill (2004) using
the NVSS sample.

Nevertheless, regardless of their physical origin, it is essen-
tial to model the observed one-point distributions with suitable
functions to ensure accurate inference of signals underlying the
counts-in-cells. Studies of super-Poissonian counts-in-cells in
projected fields were performed recently by, e.g. T. M. Siewert &
others (2020) and M. Pashapour-Ahmadabadi et al. (2025) using
the LoTSS-DR1 and -DR2 data, respectively. There have been
similar analyses of the statistics of gravitational clustering (e.g. W.
C.Saslaw & A.J. S. Hamilton 1984; R. K. Sheth 1995; F.-S. Kitaura,
G. Yepes & F. Prada 2014) focussing on two such distributions, the
‘compound-Poisson’ and ‘negative binomial’ distribution.

This is especially relevant for the choice of dipole estimator,
or, correspondingly, a suitable likelihood. Note that L. Dam et al.
(2023) and J. D. Wagenveld et al. (2025) defined a Poisson like-
lihood with which they inferred the matter dipole in the Cat-
WISE2020 samples of S21 and S22, respectively. However as seen
in Fig. 1, the distribution over all pixels’ source densities (black)
clearly demonstrates overdispersion with respect to a Poisson
distribution (dotted black) whose mean value has been fixed to

Gamma-Poisson distribution is often referred to as ‘negative binomial
distribution’ although we will prefer the former here.
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that of the observed distribution. It turns out that this overdis-
persion is indeed well described by a negative binomial distribu-
tion (dashed red), although it remains to be demonstrated how
the generation of such a distribution is related to the underly-
ing mechanism that gives rise to observed source counts in a
given catalogue (cf. M. Pashapour-Ahmadabadi et al. 2025). Ac-
cordingly we will refer to it more generally as Gamma-Poisson
distribution (see footnote 4). For the same reason, we consider
an alternative, phenomenological distribution, the ‘Generalized
Poisson distribution’ (see e.g. W. C. Saslaw & A. J. S. Hamilton
1984) whose free parameter scales the variance of the resulting
distribution, while keeping the mean unchanged with respect to
that of a regular Poisson (blue); this describes the counts equally
well as seen in Fig. 1. (We introduce expressions for all these
distributions in Section 3.4.)

It is thus evident that a pure Poisson likelihood does not de-
scribe the data well and inferring the matter dipole with either of
these super-Poissonian likelihoods is more appropriate. This was
done recently by L. Bohme et al. (2025) who re-ran inferences of
anumber of radio samples with a negative binomial likelihood to
arrive at a combined statistical significance of > 5¢ for the matter
dipole anomaly from radio data alone. In the next section, we
too explore super-Poissonian likelihoods with the CatWISE2020
quasar catalogue, still the largest single data set that establishes
the dipole anomaly at equally high significance. In addition, we
perform inferences of higher multipoles.

3.4 Inference procedure

We jointly infer the monopole, dipole, and higher multipole
modes in various combinations of the Ngge = 64 CatWISE2020
quasar number density map of S22 using a selection of relevant
likelihoods. To this effect, we utilize the ‘No U-Turn’ Hamiltonian
Monte Carlo sampler (M. D. Hoffman & A. Gelman 2011) of
NUMPYRO (D. Phan, N. Pradhan & M. Jankowiak 2019), and in
each run create sufficiently large samples to satisfy the A. Gel-
man & D. B. Rubin (1992) convergence statistic |§ -1 <1072
Finally, we compute the Bayesian evidence for each model via
the harmonic approximation using HARMONIC (A. Polanska et al.
2024).

In light of the discussion in Section 3.3, we consider various
likelihoods to describe the data. While we have established al-
ready that the data are not described well by a Poisson process
with a rate parameter A that equates solely to the modulated sky
model, we still consider as a starting point, and to make connec-
tion with previous work (e.g. L. Dam et al. 2023; J. D. Wagenveld
et al. 2023), a Poisson likelihood per pixel:

Nobs
In £(Ngps|A) = Nops In A — Z Inn — A, (23)

n=1

where A = N is the modelled rate parameter in a given pixel
(equation 2), and Ngps is the number of observed sources in that
pixel.

While the 1-point distribution over all pixels of the map agrees
well with either of the super-Poissonian distributions considered
in Section 3.3, we do not assume this a priori to also hold for the
counts in individual pixels scattered around Aps. So we consider
these distributions alongside one another, to be eventually com-
pared according to their Bayesian evidences. The Generalized
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Table 1. List of models and their free parameters. Depending on the
choice of likelihood (equations 23, 24, and 25), an additional free parame-
ter from {p, b} may be included. Each included general multipole ¢ entails
¢ multipole vectors each with two free angles.

Model Alias Free parameters

i) D M, D, + 2 angles

(ii) DY¢ql M, D, Vecl, + 2 angles
(iii) DQ M, D, Q, + 6 angles

(iv) DY¢qQ M, D, Q, Ve, + 6 angles
W) DY O M, D, O, Ve, + 8 angles
(vi) DQO M, D, Q, O, + 12 angles
(Vﬁ) DYeCIQO M, D, Q,0, YVect, + 12 angles
(viii) DQOH M, D, Q, O, H,+ 20 angles

Poisson likelihood,

In L(Ngps|A, b) = In(A(1 — b)) + (Nobs — 1) In (A(1 — b) + Nopsb)
Nobs

- Z Inn — A1 — b) — Nopsh, (24)

n=1

where A = Nyps is the modelled rate parameter in a given pixel
as before, also takes the global, free parameter b to model the
observed counts in that pixel. The Gamma-Poisson likelihood
reads:

In L(Nobs|r, p) = InT(WNops + 1) — InT(r)
Nobs

- Z Inn + Nybs In(1 — p) + rln(p), (25)

n=1

where r = Ngsp/(1 — p) is the modelled concentration parame-
ter in each pixel, I is the gamma function, and here the global,
free parameter p models the counts’ dispersion. In principle,
mixed Poisson models of various kinds could be explored here,
but given the excellent agreement between the Generalized Pois-
son and the Gamma-Poisson models reported below, we deem
our present choice adequate for the description of the data at
hand.

For each likelihood, we consider various models of increasing
richness to describe the data, based on the terms included in
equation (2). Table 1 lists the considered combinations of free
parameters, where those not listed are fixed to zero, respectively.
If sampled, the parameters’ priors were chosen to be

M ~ U(0, 200) (26)
D,Q,0,H~U,1) @7
Vea ~U(=2,2) (28)
¢ ~ U0, 2m) (29)
cosf ~U(-1,1) (30)
p.b~U(0,1) (31)

When fitting all multipole angles of either quadrupole and oc-
tupole, we further restrict the angles’ priors such that ¢, < ¢o;
and ¢o1 < ¢pox < ¢os (as, e.g. in D. Patel & H. Desmond 2024)
although this does not make any appreciable difference.
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Table 2. Evidence ratios for any two models in the left column, computed
for the CatWISE2020 quasar sample of S22 and using likelihoods as listed
in the middle column. A log;, Z is the difference between Bayes factors of
the first- and the second-mentioned model in the left column; a positive
value corresponds to the preference of the first-mentioned model. The
evidence of L. Dam et al. (2023) was computed using the sample of S21.
No evidence is found for models including an octupole.

Clustering of CatWISE2020 quasars 7

Model comparison Likelihood Alog,, 2

DY) versus D Poisson 140.09
Poisson (L. Dam et al. 2023) 78.18

Generalized Poisson 106.99

Gamma Poisson 106.98

DQ versus D Generalized Poisson 106.41

DQ versus DY Generalized Poisson —0.58
DY¢Q versus DY g Generalized Poisson 1.75
DY Q versus DQ Generalized Poisson 2.33

DY¢c O versus DY g Generalized Poisson —0.79

DQO versus DQ Generalized Poisson —0.81

DQO versus DY ¢ Generalized Poisson —1.35

DY¢cQO versus DY Q Generalized Poisson —0.81

3.5 Inference results

3.5.1 The ecliptic latitude trend

The linear ecliptic latitude trend present in both the S21 and
S22 samples was initially corrected in the data prior to applying
the least-squares dipole estimator. To account for the uncertainty
in the trend, the simulations, with which the significance was
estimated, were later modulated by this trend within the fit un-
certainties in S22. The re-analysis by L. Dam et al. (2023) finally
integrated the trend into a simultaneous Bayesian inference of
monopole, dipole, and ecliptic latitude trend, such that the data
could be analysed without prior correction, and with the advan-
tage that correlations between the free parameters would be con-
sistently retained. Their results, using the data of S21, confirmed
our finding of the anomalously large dipole® and, by computing
Bayes factors, showed that a model that includes only a free
monopole and dipole [model (i) in our Table 1] is outscored by
one that also includes the ecliptic latitude [model (ii) in our Table
1], underscoring its importance in describing the data correctly.
We revisit this inference and evidence computation and show in
the upper section of Table 2 that a Poisson likelihood indeed re-
turns overwhelming evidence for model (ii) over model (i), just as
found by L. Dam et al. (2023). Here, A log,,(Z) = log,,(Zu/ Za))
and Zg is the Bayesian evidence of model (a). The difference
in the two Poisson evidences arises simply due to our using the
updated data set of S22 here, while L. Dam et al. (2023) used that
of S21.

3.5.2 Preference for super-Poissonian likelihoods

We also run the inference on the same two models using the Gen-
eralized Poisson (‘GenPo’) and the Gamma Poisson likelihood,
equations (24) and (25). Also in the top section of Table 2, it
is seen that the overwhelming preference for model (ii) over (i)
is given for these likelihoods as well, where the slightly lower
Bayes factor when compared against the Poisson (‘Po’) likelihood

SThat the symmetric, even-£ ecliptic latitude trend does not influence the
recovered dipole amplitude is demonstrated in Appendix B.

i El Generalized Poisson DY
: /\ B Poisson DYy
1
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Figure 2. Posteriors of all parameters in model (ii) (DY, see Table 1)
inferred using the Poisson and the Generalized Poisson likelihood, equa-
tions (23) and (24). The dashed lines indicate the expected amplitude and
direction for the kinematic dipole Dyip,.

stems from the fact that an extra parameter each governs the
overdispersion and so is penalized. Given a fixed model, however,
the Bayes factor is clearly in favour of the super-Poissonian like-
lihoods. For instance, logm(Z(Gif)nPo Zg?)) = 190.38 for model (ii).
This was indeed expected given our observations in the one-point
distributions of the best-fitting removed data in Section 3.3 and
Fig. 1.

The posteriors of model (ii) computed with the Poisson and
Generalized Poisson likelihoods are shown in Fig. 2. Apart from
the additional parameter b of the Generalized Poisson likelihood
that is shown in the bottom row, the posteriors appear largely
concentric and exhibit virtually no change in the parameters’
mean values, although their widths are slightly enlarged in the
case of the Generalized Poisson likelihood relative to the purely
Poissonian, consistent with the observations of L. Bohme et al.
(2025) using radio data. In particular, the dipole amplitude in this
model is inferred to be

P 0.0016 P 0.0032
D(i(i)) = 0'01491—0.0016 ’ ezﬁ,(ii) = 008271—0.0032 ’ (32)
DG = 0.0149700008 . Vet = 0.08277000% (33)

assuming a Poisson and the Generalized Poisson likelihood, re-
spectively. The posteriors obtained with the Gamma Poisson like-
lihood are virtually the same as those from the Generalized Pois-
son likelihood; in Table 3 we present evidence ratios for both
models over the Poissonian. It is seen that for our choice of priors
both models are nearly equally preferred by the data. While the
Gamma Poisson likelihood appears slightly favoured with respect
to the Generalized Poisson likelihood (for all models consid-
ered), the latter allows for faster sampling in our implementation.
Hence, we present below only the results with the Generalized
Poisson likelihood.
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Table 3. Evidence ratios for the models in the left column, computed for
the CatWISE2020 quasar sample of S22, and comparing any two likeli-
hoods as listed in the middle column. A log,, Z is the difference between
Bayes factors of the first- and the second-mentioned likelihood in the
middle column; a positive value corresponds to the preference of the first-
mentioned model.

Model Likelihood comparison Alog)y 2
D Generalized Poisson versus Poisson 223.48
Gamma Poisson versus Poisson 223.68
Generalized versus Gamma Poisson —0.204
DY Generalized Poisson versus Poisson 190.38
Gamma Poisson versus Poisson 190.58
Generalized versus Gamma Poisson —0.200

3.5.3 Quadrupole and ecliptic latitude trend

The ecliptic latitude trend can be described to first order by a
m = 0 quadrupole in a coordinate system aligned with the eclip-
tic, cf. equation (7). However, one ought to allow also for other
quadrupolar modes in the data, so in model (iii), we consider a
general quadrupole in addition to monopole and dipole.

Dgg‘)‘PO =0.015175902 ng;;"“ = 0.078475:0040. (34)

We compare the marginalized likelihood of this model with that
of model (ii) which, instead of a general quadrupole, contained
only the linear ecliptic latitude correction. The middle section
of Table 2 shows that the data clearly prefers a quadrupolar cor-
rection over no correction of the ecliptic latitude trend, although
a general quadrupolar correction appears less favoured than the
linear ecliptic modulation by log, ,(Zii)/ Z¢iy) = —0.58, which is
‘substantial’ evidence according to the scale of R. E. Kass & A.
E. Raftery (1995). This is possibly due to the increased number
of parameters of model (iii) compared with model (ii), given that
the recovered quadrupole angles are constrained to be close to the
ecliptic axis, which is simply fixed in model (ii).

We further consider in model (iv) a general quadrupole in
addition to the linear ecliptic latitude trend. As also seen in the
middle section of Table 2, this model is indeed favoured over
models (ii) and (iii) with ‘strong’ to ‘decisive’ evidence, owing to
the appearance of a non-zero quadrupole amplitude in addition
to a nearly unchanged dipole amplitude:

GenPo __ +0.0018
D(i\%1 °= 0'0148—0.0018’
GenP +0.0084
Qi = 0.024177 0067

Genro = 0.08931001%. (35)

ecl,(iv)

We note that the recovered posteriors on the quadrupole angles,
while rather extended, are consistent with being located at the
ecliptic poles, wherefore this finding indicates the necessity of a
correction to the assumed perfectly linear shape of the ecliptic
latitude trend. While the numerical value for the median Q is
larger than that of D, the association of the quadrupole with the
ecliptic latitude trend, whose amplitude ). already is of this
order, prevents a clear interpretation of the found quadrupole
as an independent detection of higher multipole power in the
data. However, regardless of its interpretation, we find the dipole
amplitude to remain consistent with those values found in the
preceding models. We present select posteriors of models (ii), (iii),
and (iv), in Fig. A2 of Appendix A and return to the question
about angular power in the quadrupole in Section 4.1.
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Figure 3. Posteriors of select parameters in models (v) and (ii) (DY¢ O
and DY, see Table 1) inferred using the Generalized Poisson likelihood
(equation 24). The posteriors are marginalized over the octupole angles
and the ecliptic latitude trend’s amplitude. The dipole amplitude remains
anomalous (the dashed lines indicate the expected amplitude and di-
rection for the kinematic dipole Dyiy,.) even after inclusion of a general
octupole in the inference.

3.5.4 No evidence for an octupole in CatWISE2020 quasars

We finally turn to inferences including general octupoles to quan-
tify any correlation that might exist with the dipole, which might
have altered its best-fitting value, and to quantify the evidence
for an octupole’s presence in the data altogether. To this effect, we
consider two models, model (v) where a general octupole is added
to model (ii), including the linear ecliptic latitude modulation,
and model (vi) where instead all multipoles ¢ < 3 are included in
the inference.

Beginning with the simplest extension, Fig. 3 shows the poste-
riors of parameters of model (v), marginalized over all octupole
angles for clarity, and model (ii). We infer the following ampli-
tudes:

GenP: 0.0027
D(ve)n ® = 0.01635 5054

GenP +0.0107
O(Ve)n ©=0.0247" 0110

Veertvy = 0.082975603¢ (36)
The octupole amplitude O is inferred to be formally non-zero
at ~2.30. This is consistent with the considerations made in
Section 3.2, where we found that an octupole could be detectable
at 3 times the noise level (~ 3¢0) only with amplitudes O = 0.029
and above; accordingly, the octupole seen in Fig. 3 does not
amount to a significant detection. Already here, we reiterate that
finding a numerical value O > D does not equate to C; > Cj,
and neither does it necessarily amount to a greater modulation
of the signal on the sky, cf. equation (5)°. Nevertheless, including
the octupole does not decrease the dipole amplitude, instead it

°If one set O = A one would find the octupole to result in a minimum-
to-maximum variation on the sky of only [-2/5- A, 2/5 - A].
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increases it from the value found in (33) by almost 10 per cent —we
also observe this correlation in Fig. D2 using least-squares fits —
without inducing much change in the dipole direction. The same
is observed even if a general quadrupole is considered instead of
the linear ecliptic trend, model (vi):

GenP +0.0027
D(v?)n 0= 0.016375924

GenP +0.0042
Q(Vei? 0= 0.0787Z5 0040

GenP 0.0108
O(v?;] °= O~0245J—r0.0108 (37

The bottom section of Table 2 shows the results from these mod-
els’ Bayesian evidences, where we find no evidence for the inclu-
sion of an octupole given the data of N. J. Secrest et al. (2022). In
fact, we find ‘substantial’ to ‘strong’ evidence’ (R. E. Kass & A. E.
Raftery 1995) in favour of those models that have just a dipole and
a modulation capturing the ecliptic latitude trend, over any that
also include an octupole. Lastly, we find no correlation between
either quadrupole and octupole or V. and octupole. Hence, it
is not surprising that the inclusion of an octupole into the more
flexible model (vii), DY¢QO, is equally disfavoured in compari-
son with the corresponding model (iv), DY Q.

To conclude, the evidence stands against the inclusion of an
octupole as seen in Table 2. With its peak amplitude just below
what we defined as the detection level in Section 3.2, a catalogue
with more sources (in order to reduce the shot noise) is required
to decide on the orientation and amplitude of the octupole in
the number counts of high-redshift quasars. Could it be that the
anomalously large dipole amplitude found by S21 and S22 was
overestimated because of having ignored an octupole? No - if
anything, it turns out, this would have led to an underestimation
of the dipole.

4 CLUSTERING PROPERTIES

The description of clustering on various scales is a key step in
evaluating the validity of a source catalogue for cosmological
studies. This usually equates to testing for agreement between the
clustering properties on small scales and those expected in the
best-fitting cosmology that has been found to describe other data
sets well. In the context of the cosmic matter dipole, this was first
done for the NVSS radio AGN (C. Blake & J. Wall 2002a; C. Blake
et al. 2004) which showed good agreement with the expectations
of structure formation on small scales. This enabled the study of
clustering for resolved/extended sources and raised confidence in
the dipole measurement (C. Blake & J. Wall 2002b). Quasar sam-
ples other than the CatWISE2020 catalogue considered here such
as the Quaia sample (K. Storey-Fisher et al. 2024) have also been
analysed; the associated photometric redshifts supported analysis
of auto- and cross-power spectra on small scales in conjunction
with CMB lensing (D. Alonso et al. 2023; G. Piccirilli et al. 2024),
as well as analysis of features on large scales (D. Alonso et al.
2025; G. Fabbian et al. 2025).

The CatWISE2020 quasar sample provides the most precise
measurement of the cosmic matter dipole. Following our initial
reports (S21 and S22) of the matter dipole anomaly, P. Tiwari
et al. (2023) presented the power spectrum of the CatWISE2020

7However, the difficulty of modelling the Quaia selection function pre-
vented an accurate measurement of its dipole (V. Mittal, O. T. Oayda & G.
F. Lewis 2024).
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catalogue of S21, finding good agreement with the ACDM expec-
tation on small scales £ 2> 20, after suitably parametrizing the red-
shift distribution and galaxy bias. Here, we extend their study by
focussing on large scales as well as on clustering and noise proper-
ties of the sample that have not been addressed previously. To this
end, and also to present an analysis of the larger CatWISE2020
quasar sample of S22, this section covers the estimation of the
angular power spectrum (Section 4.1) which we show is in good
agreement with ACDM on all scales except the dipole, after the
ecliptic latitude trend is properly accounted for (for a discussion
of the ecliptic latitude trend’s influence on the power spectrum
see Appendix B).

4.1 Power spectrum estimation and uncertainties

We first compute the power spectrum of our sample using the
pseudo-C, method (e.g. E. Hivon et al. 2002) implemented in
NAMASTER (D. Alonso, J. Sanchez & A. Slosar 2019). To do so,
we create a high-resolution Ngjq. = 1024 HEALPTX® (K. M. Gorski
et al. 2005) map of the source density’ to study the small-scale
power. To match this resolution, we redefine the mask of S22 by
increasing the masks around point sources to 1° radius'®. Sub-
sequently, we remove the source density trend with ecliptic lat-
itude (equation 1), using the maximum-posterior slope inferred
below!!. We define bins in multipoles with linear spacing of A¢ =
1 for £ < 10, and A{ increasing logarithmically thereafter until
Lmax = 3Nsige — 1, in (3Ngige — 1 — 10)*> steps. The shot noise,
determined by the number of sources in the catalogue, here N =
1, 595, 502, s0 Ny = 47 fg/N = 3.9 X 10-°, has been subtracted
from all data points shown in Fig. 4.

To estimate uncertainties, we repeat the power spectrum esti-
mation on Njx = 400 jackknife samples (see Appendix C) from
which we construct the measurement covariance matrix. The er-
ror bars shown on each data point C; are taken from the diagonal
elements of this matrix. Comparison with the approximate Gaus-
sian covariance (C. Garcia-Garcia, D. Alonso & E. Bellini 2019)
shows that the jackknife variance is larger for small scales (¢ >
10), the unshaded area in Fig. 4. Hence, we retain the larger, jack-
knife estimate along the diagonal, but replace the off-diagonal
elements by the Gaussian approximation for the following step.

We generate a theoretical (ACDM) matter power spectrum,
C®, with ccL (N. E. Chisari & others 2019), which scales (A.
Challinor & A. Lewis 2011) a non-linear P(k) from halofit (A.
Mead et al. 2021) using the Planck-2018 best-fitting cosmologi-
cal parameters (N. Aghanim & others 2020b), and appropriately
accounting for band power coupling and pixel window function.
We specify a constant galaxy bias bg(z, k) = by = const. For the
redshift distribution we use a splined n(z) (see Fig. A1) having
cross-matched sources in the SDSS Stripe 82 with eBOSS as in
S21. Our goal here is neither to infer cosmological parameters nor
possible forms of b(z) and n(z), but rather to check whether the
small-scale power spectrum is consistent with ACDM. Note that

8https://healpix.sourceforge.io

9 Alternatively one can compute the power spectrum from the source po-
sitions themselves without pixelizing the sky, which can further improve
the estimation of the shot noise (A. Baleato Lizancos & M. White 2024;
N. Tessore & others 2025; K. Wolz, D. Alonso & A. Nicola 2025).

10 1t is not necessary here to specify a mask apodization scheme; our
results are unchanged for a range of such apodizations.

HUsing model (ii) in Table 1, and a Generalized Poisson likelihood which
returned the highest evidence (Table 2).
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Figure 4. The power spectrum of CatWISE2020 quasars from N. J. Se-
crest et al. (2022) after correcting for the ecliptic latitude trend. Small
markers denote the power computed using NAMASTER (with 1o errors
derived from jackknife sampling after shot noise subtraction), while the
large markers are from a template fit for multipoles £ < 4 [model (viii),
Table 1 using a Generalized Poisson likelihood, equation 24). The solid
blue line is a ACDM matter power spectrum fitted to data in the range
10 < £ < 1000 and the blue shaded band indicates cosmic variance. (The
small grey markers are not reliable measurements, therefore not included
in the fit, and shown simply for comparison with previous work.) Dashed
and dotted red lines denote, respectively, indicate the level of shot noise
and additional ‘noise’ due to errors in quasar source finding (e.g. due to
substructure, as discussed in Section 3.3).

quasars are thought to be more biased with increasing redshift
(cf. the quadratic fit by P. Tiwari et al. 2023). Considering no
redshift dependence of b, therefore amounts to the possibility
of missing some power in small-scale clustering, and overesti-
mating the large-scale clustering power spectrum. Hence, both
render the following results rather conservative. Lastly, it can
be seen from Fig. 4 that the slope of the fit becomes shallower
towards higher ¢, an effect that is conventionally modelled by an
additional, effective noise contribution, AN, = const., which we
discuss in more detail below. We infer the best fitting theoretical
power spectrum C;h with two free parameters b, and ANy,

Co— N, = b)C]" + AN, (38)

via a Gaussian likelihood using the covariance matrix described
above, and considering only the data points between 10 < ¢ <
1000. This is shown in Fig. 4.

We observe that the CatWISE2020 quasar catalogue of S22
agrees well with the theoretical power spectrum in the fitted
multipole range, even without allowing the bias to be redshift-
dependent, which further strengthens the finding by P. Tiwari
et al. (2023) who used the sample of S21. We note that the de-
parture from bgc;h (light blue line) at large ¢ 2> 200 is effectively
modelled by the addition of AN, which is due to a number of
effects that influence the source count statistics in the sample. It is
not due to the onset of non-linearity in gravitational clustering as
suggested by P. Tiwari et al. (2023), which should not in any case
be evident at such large comoving spatial scales of O(100) Mpc.
Instead, it is shown in N. Tessore & A. Hall (2025) that source
counts in pixels drawn from distributions that are overdispersed
compared with a Poisson distribution lead to an overall increase
in power compared with the usual shot noise N,. Recalling Sec-
tion 3.3, we had observed precisely this, an effect among other
things associated with erroneously identifying different parts of
resolved AGN as individual sources, which in turn is observed
as an increase in the 2-point correlation on these (small) angular
scales (e.g. C. Blake et al. 2004). Using the effective parametriza-
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tion equation (38), we obtain AN, = 1.29 x 10~7 which is about
3.3 per cent of N,. The effective bias is by = 2.27, consistent with
expectations for mid-IR quasars.

While large scales ¢ < 10 were not part of our fit, we would
now like to check if they too agree with the theoretical curve
within cosmic variance, or if there is excess large-scale power in
our sample on scales other than £ = 1. However, the accuracy of
pseudo-C, estimates or of their errors (small markers in Fig. 4) is
not guaranteed on large scales, especially given the presence of a
mask as large as the one in use here and the large apparent power
in at least the dipole. While we still show these, as small grey
markers, for comparison with previous work (e.g. P. Tiwari et al.
2023), our above results allow us to compute posteriors of power
in low multipoles that are not prone to named issues. This enables
a fair comparison with the large-scale clustering described by the
best-fitting CE‘. To this effect, we use the results of Section 3 and
infer real-space templates of those general multipoles that fit the
observed number counts on the sky and translate them back into
angular power. We intend to use the posteriors of model (vi) in
Table 1 (see Section 3.5) that infers multipole templates up to
and including a general octupole. All multipole amplitudes and
angles are translated into their corresponding real spherical har-
monic coefficient a,, for each sample. These are then averaged
per multipole to deterministically obtain a posterior of the cor-
responding C, (see also Section 3.1). However, since multipoles
separated by A¢ = 2 are coupled by the ecliptic latitude trend (see
Section B), we anticipate the quadrupole (¢ = 2) to be correlated
with the hexadecapole (¢ = 4). We therefore consider an exten-
sion to model (vi) that additionally fits for a general hexadecapole,
model (viii). We plot the resulting C, as the larger black markers
in Fig. 4 where the error bars denote the 16th and 84th percentile,
and where a downward arrow indicates the 68th percentile if
the posterior is consistent with zero. We observe that among the
recovered posteriors for the power at low ¢, the only significant
departure from the theoretical curve is at £ = 1, the dipole. In
particular, as elaborated on in Appendix D, the octupole Cy—;
power is found to be constrained in amplitude, to a level at which
its influence on the measurement of the dipole is comparably
small.

5 DISCUSSION

‘We have presented an analysis of spherical harmonic multipoles
in the projected number counts of the CatWISE2020 quasar cat-
alogue of S22. We fit low multipoles in real space using tem-
plates, and high multipoles in harmonic space through the an-
gular power spectrum. This is to assess biases or potential sys-
tematics in our inference of an anomalous matter dipole in this
sample (S21,522). Our Bayesian inference uses various combi-
nations of low-multipole templates and likelihoods tailored to
describe best the data at hand. We find that besides a dipole and a
trend of source density with ecliptic latitude (approximated by a
quadrupole) there is no evidence for power in higher multipoles,
in particular an octupole, and the inferred dipole amplitude re-
mains robust to all model variations considered.
In summary:

e The excess dipole in the CatWISE2020 quasar catalogue is
not due to bias from power in higher multipoles (Section 3.5 and
Fig. 3).

This is to put into context A. Abghari et al. (2024) who put
forward the possibility of a thus-far-unmeasured octupole biasing
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high the measurement of a dipole. Their argument consisted of
sets of simple mocks with artificially injected octupoles of am-
plitudes large-enough to create a bias in recovered dipole ampli-
tudes. We respond to their claims more concretely in Appendix D
where we contrast their approach with one that is actually in-
formed by the data their mocks attempt to describe. The more
useful procedure is to fit explicitly for a dipole and octupole in the
real data (instead of just investigating simulations). We have done
this in Section 3, finding that the dipole was in fact not overesti-
mated in previous studies of the CatWISE2020 quasar catalogue.
The potential mixing of different multipoles in template fits of
signals on the masked sky is of course well known. In the context
of matter dipole measurements, this was already discussed by
C. Gibelyou & D. Huterer (2012) who too performed combined
template fits in their analyses of various galaxy samples.

On small scales, our power spectrum analysis demonstrates
agreement with expectations from hierarchical structure forma-
tion, for a galaxy bias of by ~ 2.25 as is appropriate for z ~ 1
quasars; this fit sets the level of clustering on all scales, including
the dipole at £ = 1, as would be expected in ACDM. The extrap-
olation of the best-fitting power spectrum to £ = 1 directly de-
termines the ‘clustering dipole’ contribution to the overall dipole
amplitude. We find:

e The ACDM clustering dipole is highly subdominant with
respect to the observed dipole (Section 4 and Fig. 4)

In this context, we mention the similarities and differences
between our power spectrum analysis and that of P. Tiwari et al.
(2023) using the same catalogue. We confirm their finding that
the CatWISE2020 quasar angular power spectrum agrees with the
ACDM expectation on small scales. While our fit did not allow
for variation of parameters describing the redshift distribution
f(z) or a redshift-dependent galaxy bias bg(z) (as this was not
our objective), we employed jack-knife error bars which are more
reliable than assuming Gaussian covariances (see Fig. C2).

In Section 3.3, we introduced an effective noise term AN, (N.
Tessore & A. Hall 2025) to capture the non-Poissonian overdis-
persion in the data, which drives the departure of the angular
power from its theoretical expectation. We emphasize that the
computation of angular power on large scales for individual mul-
tipoles (as well as jack knife errors of the same multipoles) from
masked data (grey points at £ < 10 in Fig. 4) is not recommended.
We observe that this power does not agree with the more prin-
cipled real-space template fits that led to the large markers at
low ¢ in the same figure. Crucially we can directly estimate the
clustering dipole from the extrapolation of the theoretical an-
gular power spectrum template to £ = 1, finding CS = (2.21 +
1.81) x 1079 including cosmic variance - i.e. 140 times smaller
than the observed value at C‘Efi‘}f" = (3.10 £ 0.75) x 10~* (Fig. 4).
The impact on the observed dipole amplitude can be roughly
estimated from C$™ by sampling randomly oriented dipoles from
this power spectrum amplitude and subtracting each from the
observed dipole, before querying its amplitude. We thus find a
1o spread of 4.84 per cent around the value inferred here - quite
insufficient to account for the observed anomaly.

Our formulation of general multipole templates (Section 3.1)
is not unique and in principle interchangeable with other ap-
proaches such as those simply using spherical harmonic tem-
plates (e.g. C. Gibelyou & D. Huterer 2012), or those generated
via multipole vectors (e.g. C. J. Copi et al. 2004; O. T. Oayda et al.
2025). Nevertheless, expanding analytically the respective multi-
pole templates as in Section 3.1 has the advantage of negligible
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computational cost, e.g. when evaluating a likelihood at their
parameter values as part of Monte Carlo sampling. Moreover, the
expressions for higher multipoles allow us to retain the same for-
malism usually used for the dipole alone. To enable discussions
involving both multipole amplitudes and angular power spec-
trum amplitudes, we provided the necessary relations in Section
3.1 which in turn enabled us to define ‘shot noise multipoles’ in
Section 3.2, thus generalizing the concept of a ‘shot noise dipole’.

We further studied the noise properties of the sample in terms
of its (expected) departure from Poisson statistics (Section 3.3).
In order to perform an unbiased inference, we justify employing
a Generalized Poisson likelihood instead of pure Poisson likeli-
hoods considered so far (e.g. L. Dam et al. 2023; J. D. Wagenveld
et al. 2023, 2025). We find virtually no variation in the dipole
amplitude in any of the models considered, apart from slightly
broadened posteriors when the overdispersion of the Generalized
Poisson likelihood is allowed.

At this point, it is important to note that since our observ-
able remains the source number density, there is another noise
property of the data which has not been considered explicitly,
viz. significant flux uncertainties. For individual sources, this is
rare since > 99 per cent of CatWISE2020 sources have observed
magnitudes with signal-to-noise higher than 15. However, their
presence can give rise to effects such as Eddington bias, which
was already suspected by S22 to play a role in the ecliptic latitude
trend seen in the data. While we chose to account for this trend
effectively by allowing for it in our inferences via equation (1), we
consider it now in more detail to gain a bit more insight into the
possible influence of flux uncertainties on our results. Flux uncer-
tainties, and therewith Eddington bias, are expected to decrease
with increasing flux cut. A flux-cut-dependent variation of the in-
ferred matter dipole might therefore be suspected if these uncer-
tainties have anything to do with the excess dipole. Fig. 5 shows
the dipole posteriors, marginalized over all other parameters of
model (ii) (cf. Table 1), using our fiducial Generalized Likelihood.
With increasing flux cut, all posterior widths increase gradually
(due to the concurrently decreasing sample size) and the inferred
dipole direction begins to drift slightly towards higher Galactic
latitudes bp. The inset shows separately that restricting the sam-
ple to brighter, more certain sources decreases the ecliptic latitude
trend’s amplitude ), as would be expected if it was caused by,
e.g. Eddington bias. Curiously, the sample’s overdispersion, as
described by b, is also greatly reduced, which may be useful to
identify factors that contribute to the overdispersion of source
counts in the first place. The dipole amplitude remains stable
across all cuts shown.

6 CONCLUSION AND OUTLOOK

There are a number of extensions to our work that would be
useful to consider for future analyses. Most importantly, to ac-
count for the expected clustering of the CatWISE2020 quasars on
all scales, we suggest a pixel-based Bayesian Hierarchical Model
(BHM) which simultaneously models the cosmological fluctu-
ations on the sky and their correlations via a power-spectrum-
informed pixel covariance, as well as explicit deviations from
these on large scales, first and foremost the (potentially kine-
matic) dipole. This would require constraining a latent Gaussian
density field § <= G(0, C(C}Zh (p)), where parameters p determine
an expression of the ACDM angular power spectrum C?, which
subsequently influences the rate parameter A; = 72;(1 + §;) of a
(generalized) Poisson-distribution in each pixel i from which ob-
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Figure 5. Stability of the dipole amplitude D across a range of cuts on
flux density (our fiducial sample, S22, is listed as W1 < 16.5). Posteriors
of the dipole parameters are shown, using model (ii) (DY¢¢) and the
Generalized Poisson likelihood, equation (24). Dashed lines indicate the
expected amplitude and direction for the kinematic dipole Di,, which
is roughly constant across cuts. The inset shows the evolution of the
amplitude of the ecliptic latitude trend, )., and the overdispersion pa-
rameter, b, of the Generalized Poisson likelihood, demonstrating that both
the ecliptic latitude trend as well as the overdispersion vanish towards
brighter magnitudes and hence higher signal-to-noise.

served number counts d; are drawn as d; <~ GenPo(;, b). Low-
multipole deviations of arbitrary amplitude in addition to the
fluctuations modelled here, as well as a selection function, mod-
ulate 7; as in equation (2). While this was not warranted for the
current data (since the higher multipoles considered here ¢ < 4
are already subdominant to the dipole, and moreover consistent
with noise), this hierarchical approach would be relevant in the
analysis of large-scale power in upcoming surveys, where the
higher number densities would allow for real space fits at the level
expected due to primordial cosmological fluctuations.

In summary, our analysis demonstrates that the anomalously
high dipole in the CatWISE2020 quasar catalogue is not an
artefact of neglecting to fit higher-multipole power or of mis-
modelling the sample’s noise properties, nor is it due to a low-
redshift ‘clustering dipole’ Rather it is a robust feature of the
data. Even after effectively modelling the sky as a sum of higher
multipoles, the dipole amplitude remains roughly twice the ex-
pectation based on the standard kinematic interpretation of the
CMB dipole. No astrophysical or instrumental effect known to-
date can adequately explain this excess.

This finding has profound implications. The standard ACDM
model based on the FLRW metric is challenged by this gross mis-
match between the matter and CMB dipole. The CatWISE2020
quasar catalogue provides the most significant single-data-set in-
dication of a deviation from cosmic isotropy. If future surveys
such as the Legacy Survey of Space & Time (LSST) by the Vera
C. Rubin Observatory (Z. Ivezi¢ & others 2019), the Euclid satel-
lite (Y. Mellier & others 2025), the Spectro-Photometer for the
History of the Universe Epoch of Reionization and Ices Explorer
(SPHEREZX; J. J. Bock & others 2025), and the Square Kilometre
Array (SKA; R. Braun et al. 2019) confirm the dipole anomaly,
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it would signal a breakdown of the Cosmological Principle and
invite new physics beyond the ACDM model.
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APPENDIX A: ADDITIONAL FIGURES

This section collects additional figures referred to in the main
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Figure Al. Distribution of spectroscopic redshifts (grey steps) cross-
matched between the CatWISE2020 quasar catalogue of S22 and eBOSS
sources as described in S21. A splined approximation (blue line) to the
redshift distribution is used in the computation of the theoretical power
spectrum in Section 4.1.
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Figure A2. Posteriors of all parameters in models (ii), (iii) and (iv)
(DYecl, DQ and DY Q, see Table 1) inferred using the Generalized Pois-
son likelihood (equation 24), split over two panels for visual clarity. Top
panel: Posteriors were marginalized over all quadrupole angles [except for
model (ii)]. The (anomalously large) dipole remains stable across all mod-
els (the dashed lines indicate the expected amplitude and direction for
the kinematic dipole Dyiy.). Bottom panel: Posteriors were marginalized
over all dipole parameters to highlight the correlation between the ecliptic
latitude trend and the general quadrupole. The quadrupole angles are
found to prefer directions close to the ecliptic poles (indicated by dashed
lines) even for model (iv). In this model, the residual quadrupole appears
to mainly model deviations from the assumed linearity of the trend with
ecliptic latitude.
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Figure B1. The power spectrum of CatWISE2020 quasars from N. J.
Secrest et al. (2022) before (grey) and after (black) correcting for the
ecliptic latitude trend. For visual clarity jack knife error bars are omitted
here. The power spectrum at small scales (¢ = 20) is unaffected by the
ecliptic latitude trend or its correction, reaffirming the observations in
Fig. 4. On large scales we employ the inference of multipoles in real space,
as in Section 4.1, using model (v), and find the ecliptic latitude trend
to affect mostly quadrupole and hexadecapole as expected. The dipole
measurement at £ = 1 remains robust in all cases.

APPENDIX B: IMPACT OF THE ECLIPTIC
LATITUDE TREND ON THE POWER SPECTRUM

The ecliptic latitude trend found in S21 and S22 is well approxi-
mated by a linear trend with absolute ecliptic latitude |be |, equa-
tion (1), for the considered magnitude cuts. Because of its symme-
try, to first order, this corresponds to a modulation of the expected
number density A (n) with a quadrupole, while concomitant
modulations by hexadecapole, and higher (even) multipoles also
contribute, albeit with decreasing amplitudes. This leads to the
artificial introduction of these (¢ = 2, 4, ...) multipoles on the sky,
all aligned with the ecliptic. The number density fluctuations at
all scales are modulated by these modes so we investigate how
the power spectrum is affected by the ecliptic latitude trend. In
this section we discuss the impact such a modulation has on the
angular power spectrum of the unmodulated sky.

For the sake of illustration, consider the modulation of a real
signal f on the sphere by an axisymmetric multipole template
ty = axoYro = K Yy, Where Yy is the real spherical harmonic func-
tion for multipole k and mode 0, and « is its amplitude, such
that the modulated signal g = f (1 + tx). The estimated power
spectrum of g reads

2K
20 +1

G =¢+ Y Re[ i (f t)em)

2

K

2

, (B1)

where it can be seen that cross-terms between f and f contribute
to the overall measured power, in addition to the power of the
unmodulated signal C‘{ . The effect of the cross-terms is made
more explicit by expressing the spherical harmonic coefficients
of the product of f and t; as

(ftk)lm =K Zf@’m’\/\dQY’m’YkOngn (Bz)

um
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where we used the mode sum rule of the Wigner 3 j symbols, here
m’ — m = 0, in simplifying the sum over m’. This allows us to
write the estimated power spectrum as

262:— 1 Z Re |:f£*m ; fl’mMM’m:|

5 2
+ 2;_’_ 1 Zm: ‘; SemMeem

The second term still arises from the correlation between the
modulating template and the underlying function f, i.e. the cross
power, while the last term solely describes the mode-coupling,
or ‘leakage’, of signal from ¢’ to £. Again due to the properties of
the Wigner 3j symbols, the mode coupling matrices M are non-
zero only for £/ = £ + k and ¢’ = ¢. If we consider the ensemble
average over different statistically isotropic realizations of f, the
cross-correlation averages to zero,

Kz f
(6}
2e+1Z ¢

U'm

=0/ +

(B5)

Moo’ (B6)

ct=cl+

which makes the power leakage more apparent.'?

‘We consider a quadrupolar modulation motivated by the eclip-
tic latitude trend,* i.e. k = 2, and note that M couples power
in any two multipoles separated by A¢ = 2, e.g. the quadrupole
and hexadecapole, or the dipole and octupole. However no cou-
pling is induced between, e.g. dipole and quadrupole. Hence,
if the CatWISE2020 quasar catalogue covered the full sky, and
if, additionally, the power in octupole and other odd moments
is small, the presence of the near-quadrupolar ecliptic latitude
trend would have no bearing on the measurement of the dipole.
We qualify the assumption behind this statement in Section 3.5,
where we indeed find no evidence for any power in the octupole.

The argument above does not necessarily hold when there is
also a mask which introduces additional couplings between mul-
tipoles of the now modulated map and those of the mask. How-
ever, we recall that the mask used for our sample approximately
has even symmetry, hence it too will predominantly couple those
multipoles that are an even number of A{ apart. In summary,
again using the fact that the octupole power is not significant,
the ecliptic latitude trend is not a concern for measurement of
the dipole, contrary to the claim by A. Abghari et al. (2024).

Fig. B1 shows the difference in power spectrum estimates with
and without the ecliptic latitude correction, where again we used
the maximum-posterior amplitude ).y from Section 3.5, equa-
tion (33). Changes are observed mainly at the previously iden-
tified large scales (£ = 2, 4); in particular the quadrupole power

12Such modulation has a direct relation with the bipolar spherical har-
monic formalism, see D. A. Varshalovich, A. N. Moskalev & V. K. Kher-
sonskii (1988).

13Comparing with the parameterisation of an axisymmetric quadrupole,
equation (7), the amplitude « is related to Q by Q = «+/45/167.
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drops by an order of magnitude. The dipole (¢ = 1) is however
unchanged.

APPENDIX C: JACK KNIFE SAMPLES

This section provides details on the estimation of uncertainties on
the angular power spectrum band powers of Section 4 (Figs 4 and
B1). Jack knife samples are defined by tessellating the unmasked
sky into Nj, equal-sized areas', see Fig. C1, and excluding one at
a time from the power spectrum computation using NAMASTER.

1 Jackknife index 400

Figure C1. Example of our jackknife tessellations created with SKY-
SEGMENTOR and a total number of tiles Njx = 400. We undertake the
tessellation separately in contiguous patches (one in the Northern and
one in the Southern Galactic hemisphere) each with a number of tiles
weighted by the relative sky fraction, here Nfl‘(] =203 and Njf( =197.

From the jackknife samples we construct the measurement
covariance matrix (e.g. N. Koukoufilippas et al. 2020),

Ny —1 S
Cov(Cy, Cp) = J“T > acPacy, (C1)
i 4

where ACED is the difference between the power spectrum ob-
tained from the ith jackknife sample’s estimate and the average
over all Njx power spectra.

Fig. C2 compares the diagonals of the thus obtained jack knife
covariance matrices for different sample numbers Nj; (colourful
lines). We find these (as well as the mean deviations from the
full sample’s power spectrum) to have sufficiently converged for
Njx 2 400. The shown errors in Figs 4 and B1 are therefore com-
puted for Nj = 400. We also compare this against a the diagonal
of the approximate Gaussian covariance (C. Garcia-Garcia et al.
2019) (solid black line), finding the latter to exceed the jack knife
variance only at low ¢, which is further influenced by the pres-
ence of the large modulating dipole (see dashed black line that
is obtained from having removed the expected kinematic dipole
from the data prior to computing the Gaussian covariance, simply
for comparison). However, neither the Gaussian covariance nor
the jack knife covariance provide a good estimate of the true
errors in the data at these, £ < 10 multipoles, wherefore we resort
to computing these via the multipole inference described in the

14To better ensure that the segments are indeed close-to-equal in size we
use SKYSEGMENTOR (K. Naidoo et al. 2025) (https://skysegmentor.readt
hedocs.io/) but note that estimates using KMEANS_RADEC (https://gith
ub.com/esheldon/kmeans_radec) return virtually the same results.

MNRAS 546, 1-18 (2026)

920z Kep L0 uo 1senB Aq 085 8/1 0ZBEIS/H/9¥S/aI0NE/SEIUL/WOd dNO"0IWePED.//:SAYY WOy papEojUmMOq


https://skysegmentor.readthedocs.io/
https://github.com/esheldon/kmeans_radec

16  von Hausegger et al.

— Np=50

10~k Nix = 100

— Ny =200

— Ny =400

—— Nj=800

=== Gauss

Gauss (CMB dip. rem.)

1075

1 1L + 2o oa sl L sl gl " PSSR
10° 10T 107 10°

Figure C2. Comparison of jack knife errors depending on the number of
segments Nj (colourful lines) and with a Gaussian approximation (black
lines). In the region of interest (unshaded white) we select the more
conservative jack knife estimate over the Gaussian approximation with
]ij = 400.

main text. Lastly, it is known that jack knife covariances can be
biased high (B. Efron & C. Stein 1981) wherefore we attempted
to correct this bias via delete-2 samples as suggested in, e.g. B.
Efron & C. Stein (1981) and K. Naidoo et al. (2025). This, however,
created no discernible difference for Njx = 400 and we therefore
only use the delete-1 samples in our estimate.

APPENDIX D: CORRELATION AMONG
MULTIPOLES ON INCOMPLETE SKIES

In Section 3.2, we began to formalise requirements for the evi-
dence of a given multipole’s presence in finite number counts
of sources, on which we followed-up in Section 3.5, finding no
evidence for an octupole in the data. However, the absence of
evidence for a signal notoriously does not equate to the evidence
of its absence, and so we must admit the possibility that power
from multipoles higher than the dipole is indeed present and
might influence the reliability of the dipole’s detection via pos-
sible correlation (see e.g. Appendix B). Especially the aforemen-
tioned sky mask, that mostly serves to cover the Galactic plane,
might be thought of as an obstacle in the unbiased recovery of
signals on large scales. Therefore, in this section, we confront
this issue in a Frequentist context (to make connection with the
analyses originally in S21 and S22) by presenting the results of
toy simulations, leading to the understanding that our previous
conclusions, i.e. the establishment of the cosmic dipole anomaly,
remain unaffected. We also motivate the approach of Sections
3.4 and 3.5, in which we present Bayesian inferences of higher
multipole signals collectively and formally address to the ques-
tion about evidence for the absence of higher multipole power in
the CatWISE2020 quasar catalogue.

D1 Correlations in noise-less simulations

The question of whether power in other large-scale multipoles
can bias the measurement of specifically the dipole reported in
S21 and S22 was posed recently by A. Abghari et al. (2024). Their
aim was to understand the answer to this question by construct-
ing sets of simulations and by studying the impact of sky masks
following a choice of different input parameters. We here revisit
their simulations and, also by using the relations presented in
the previous Sections 3.1 and 3.2, highlight weaknesses in their
arguments, e.g. by showing that the input parameters chosen by
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A. Abghari et al. (2024) simply fail to realistically describe the
data they aim to model.

We first attend to the results presented in their fig. 7. Sets of
random sky maps!® are generated, each containing a randomly
oriented dipole with amplitude C; = Cj yj, matching that of the
kinematic expectation Dy, = 0.007 as per equation (10), and one
higher multipole, £ > 1, per set, also random in orientation and
with an amplitude fixed to the same value C, = Cy yj,. Subse-
quently, the skies are cut with Galactic plane masks of different
extents, and the maps’ dipoles are measured using the same least-
squares estimator used in S21. A. Abghari et al. (2024) find a
large spread in recovered dipole estimates from their masked
simulations if the added multipole ¢ is odd, which becomes
most pronounced for the octupole, £ = 3, as expected (see Ap-
pendix B). We therefore focus only on the simulations containing
octupoles, and, for sake of comparison, reproduce their results
in the top panel of Fig. D1, where it is seen that the randomly
oriented octupoles contribute to apparent dipoles of amplitudes
that can exceed the input dipole of Dy, = 0.007 by more than
a factor of 2, given a +30° Galactic plane mask. While this re-
sult is presented as suggestive, it is important to note the choice
of octupole amplitude. Recalling Section 3.1, A. Abghari et al.’s
choosing the octupole amplitude according to C; = C; xin appears
arbitrary at best, given that the octupole power can actually be
constrained with the data the authors claim to describe. As we
found in Section 3.5, the inferred octupole parameters correspond
to a posterior in octupole power, Cs, that is consistent with zero,
and we showed the corresponding 68th percentile as an upper
bound in Fig. 4 (downward arrow at £ = 3). To pick a represen-
tative value, we make a rather conservative choice and consider
CS8%CL = 2 x 107° as fixed input to the same simulations. This
leads to the results in the middle panel of Fig. D1, where the
spread in recovered dipole estimates is much reduced compared
against the previous case, even for the largest mask considered
(which is closest to that of the real data). Given the width of the Cs
posterior, it is possible that the sample’s true octupole amplitude
is different (in fact, it is more likely that it is smaller) than that
presented here; nevertheless, the conclusions that A. Abghari et
al. (2024) draw based on their fig. 7 rely on their exaggerated
choice of the simulated octupole amplitude and hence are not
generally valid.

We also consider a third variation, where we include higher
multipole moments in the least-squares estimator in addition to
the dipole fit, as the adverse correlation of an octupole with the
dipole would be entirely mitigated by fitting for both multipoles
simultaneously. We present these results for all considered masks
and for the case C; = C$¥*“ in the bottom panel of Fig. D1,
where virtually perfect recovery of the input dipole amplitude is
achieved (in fact, the same result would occur if one was to pick
C; = C} xin)- This is the avenue we explore with a more dedicated
inference on real data in Section 3.5, but first remind the reader
that these simulations did not contain any shot noise, wherefore
perfect recovery of all simulated multipoles is indeed expected.
As discussed in Section 3.2, shot noise brings with it randomly
occurring ‘shot noise multipoles’ that may exhibit random corre-
lations with each other, ultimately leading to correlated scatter
among the recovered multipole amplitudes. To address this is the
aim of the following simulations.

15We generate sets of 10 000HEALPIX maps with Ngige = 32.
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Figure D1. Bias tests using noiseless simulations to study the impact of
correlations among multipoles on dipole fits in the presence of masks. All
panels show (smoothed) distributions of recovered dipole amplitudes, D,
obtained from random simulations each with C; = Cj kin set by Din =
0.007, equation (10), and different choices of non-zero C3, by using least-
squares fits for only £ < 1 (top panels) and ¢ < 3 (bottom panel). Top
panel: These simulations follow A. Abghari et al. (2024) (cf. their fig. 7)
incl. their arbitrary choice to set the octupole power equal to that of
the expected kinematic dipole, C3 = Cj kin. Middle panel: Simulations
informed by the actually measured octupole power, here represented by
the conservative choice C$¥%CT = 2 x 1075 (see the downward arrow in
Fig. 4). Bottom panel: Simulations as in the middle panel, but here the
least-squares fit also takes into account the octupole, leading to a near-
exact measurement.

D2 Correlations in simulations including shot noise

Shot noise was also introduced by A. Abghari et al. (2024) in
simulations surrounding their fig. 8. There, they present results
from simulations of sky maps containing power from combina-
tions of multipoles ¢ < 3 on top of a monopole that matches
the mean quasar density, which are Poisson sampled in each
pixel and subsequently modulated with a dipole of amplitude
D = Dy = 0.007 fixed to point in the CMB dipole direction. The
randomly oriented input quadrupoles and octupoles ¢ = 2, 3 are
sampled from power spectra whose amplitudes are drawn at ran-
dom from uniform distributions C; ~ (0, C; kin)- Again dipole
amplitudes are measured in these simulations after masking,
here with the mask used in our original analysis, and by using
the same least-squares estimator as before. The resulting spread
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Figure D2. Bias tests using Poisson-sampled simulations to study the
impact of correlations among multipoles on dipole fits in the presence
of masks. Dipole amplitudes, D, are recovered from random simulations
with C; = Cj kin set by Dyin (equation 10) and Cy, for ¢ = 2, 3, sampled
from different prior distributions. Top panel: Prior distributions on oc-
tupole amplitude Cs: The physically unmotivated uniform prior with C3 <
Ci1.xin (purple, following A. Abghari et al. 2024), the posterior inferred
from the actual data as described in Section 3.5 (blue; see the downward
arrow in Fig. 4 here indicated by dashed white line), and a (truncated)
normal prior around the theoretical octupole power béC}Zh with cosmic
variance (cyan; see Fig. 4). Bottom two panels: (Smoothed) distributions
of dipole amplitudes, D, recovered from simulations with priors on mul-
tipole amplitudes as in top panel (colours matching, see also main text),
by using least-squares fits for only £ < 1 (middle panel) and ¢ < 3 (bot-
tom panel). Red vertical lines indicate the resulting dipole amplitude of
the CatWISE2020 quasar catalogue (S22) using the corresponding least-
squares fit, in each of the panels, respectively.

in recovered dipole amplitudes is now due to shot noise (i.e. ‘shot
noise dipoles’, and correlations with, e.g. ‘shot noise octupoles’,
etc. as was already part of the simulations in S21 and S22), as
well as due to the correlations investigated previously in Fig. D1
between the dipole and the additionally input, higher multipoles.
We reproduce their results in the middle panel of Fig. D2 (purple
line). For comparison, we also show the dipole measurement
(red vertical line) from the CatWISE2020 quasar catalogue of
S22, Dy« = 0.0155. In a similar comparison, A. Abghari et al.
(2024) find that about 140 of their 10 000 mocks appear at a dipole
amplitude of 0.0155 or above, leading to a p-value of 0.014; our
corresponding simulations reproduce this as well, exhibiting a
similar p-value of 0.012.
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As before, A. Abghari et al. (2024) do not justify their choice of
priors for quadrupole and octupole amplitudes that purportedly
are ‘similar to those that might be in the quasar data set’ (A.
Abghari et al. 2024). Recalling that mainly the octupole-dipole
correlations matter (as opposed to quadrupole-dipole), we illus-
trate their octupole prior in the top panel of Fig. D2 (purple),
where we compare it against two more reasonable prior choices:
a (truncated) normal prior centred on bécgh =3x10"%and a
width set by cosmic variance, o, (cyan), and the actually inferred
posterior of octupole power (blue) whose 68th percentile was
indicated as a downward arrow in Fig. 4. The resulting distribu-
tions of recovered dipole amplitudes are shown in corresponding
colours in the middle panel of the same figure, formally giving
reduced p-values of 0.002 and < 1074, respectively. While one
may argue that the prior set to cosmic variance is overly optimistic
given the large-scale modes a real data set might contain, we
argue that one ought to let the data speak for itself and hence for
the inferred (blue) posterior instead of the ad-hoc prior used by
A. Abghari et al. (2024). Either way, both p-values indicate higher
significance than claimed by A. Abghari et al. (2024).

We close this section with a similar study as previously done in
Fig. D1: If there truly is a significant octupole in the distributions
of sources (whether in a mock sky or the real data) we ought to
fit for it explicitly, not to miss the correlation that might exist
between it and the dipole we seek to recover. If the difference
between the three distributions observed in the middle panel of

Fig. D2 is mainly due to the influence of the different octupoles
present in the three sets of simulations, a combined fit for all
multipoles ¢ < 3 should see this difference vanish. We demon-
strate this explicitly in the bottom panel of Fig. D2. The remaining
spread in either of the dipole amplitude distributions here is due
to the variation of ‘shot noise dipoles’ as before, the influence
of shot noise provided by higher multipoles than the octupole
£ > 3, for which we do not explicitly fit, and lastly by a possible
correlation between respective pairs of dipoles and octupoles in
any one of the simulations. In fact, such correlation might also
be present in the one pair of dipole and octupole present in the
real data. For this reason, and for direct comparison, we also re-
compute and show the dipole amplitude found in the sample of
S22 using the same least-squares fit but now including multipoles
£ < 3 (red vertical line), which places the found dipole ampli-
tude at the larger value of D,<; = 0.0188. While this might be
indicative of an even larger dipole amplitude in the distribution
of high-redshift mid-IR sources, we save our judgement about
the necessity to simultaneously fit an octupole in the data for
Section 3.5. For now it suffices to say, that the p-values for all
simulations lie at p < 107, formally reinstating the significance
of our original detections in S21 and S22.

This paper has been typeset from a TgX/WIgX file prepared by the author.
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