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A B S T R A C T 

The cosmic dipole anomaly – the mismatch between the dipole anisotropy observed in the sky distribution of cosmo- 
logically distant sources and that expected due to our local motion with respect to the cosmic microwave background 

– poses a serious challenge to the Cosmological Principle upon which the standard model of cosmology r ests. A ccurate 
measurement of the dipole ( � = 1 ) depends crucially on having control over other large-scale power ( � > 1 ) so as to avoid 

biases, in particular that potentially caused by correlations among multipoles due to incomplete sky coverage, and that 
due to local source clustering . Curr ently, the most significant evidence for the cosmic dipole anomaly comes from the 
sample of 1.6 million mid-infrared quasars derived from the CatWISE2020 catalogue. We analyse the clustering properties 
of this sample by inferring the large-scale multipoles in real space, and compute the angular power spectrum on small 
scales t o t est for agreement with lambda cold dark matt er ( �CDM). Having account ed for the known trend of the quasar 
number counts with ecliptic latitude, we find that all other large-scale power is in fact consistent with noise, that there is 
in particular no evidence for an octupole ( � = 3 ) in the data, and also that the expected clustering dipole is marginal. Our 
results thus reaffirm the anomalously high dipole in the distribution of quasars. 

Key words: Galaxies: quasars – Cosmology: large-scale structure of Universe. 
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 INTRODUCTION  

he Cosmological Principle asserts that the Universe is (statisti- 
ally) isotropic and homogeneous when averaged on large scales. 
his is the foundational assumption of Friedmann–Lemaître–
obertson–Walker (FLR W) cosmologies, which include the cur- 
 ent standar d ‘concor dance’ lambda cold dark matter ( �CDM)

odel. The real Universe is, however, inhomogeneous, with local 
epartur es fr om the Hubble flow, viz. peculiar motions on small
cales. This was predicted by J. M. Stewart & D. W. Sciama ( 1967 )
 o giv e rise t o a dipole anisotropy in the cosmic microwave back-
round (CMB) and the subsequent detection of the CMB dipole at 
he expected amplitude of β ≡ v/c ∼ 10 −3 prov ed t o be consist ent
ith this kinematic hypothesis. Later, when primordial fluctu- 

tions at a much smaller level of ∼ 10 −5 were detected in the
MB, it was noted that the same aberration effect should induce 

ubtle correlations between the higher multipoles (A. Challinor & 

. Leeuwen 2002 ), and this too was det ect ed at the expected
mplitude (N. Aghanim & others 2014 ; P. d. S. Ferreira & M.
uartin 2021 ; S. Saha et al. 2021 ), thus cementing the kinematic

nterpretation. 
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Subsequently, G. F. R. Ellis & J. E. Baldwin ( 1984 ) noted that
here should be a concomitant dipole anisotropy in the sky map
f cosmologically distant objects in a flux-limited catalogue, and 

hat this provides a powerful consistency test of the FLRW as-
umption. In this standard framework, the Solar system barycen- 
re is moving relative to the cosmic rest frame in which the CMB
ipole should vanish, at v = 369 . 82 ± 0 . 11 km s −1 towards Galac-
ic coordinates l = (264 . 021 ± 0 . 011) ◦, b = (48 . 243 ± 0 . 005) ◦ (N.
ghanim & others 2020a ). Since the distribution of matter should

lso be isotropic in the cosmic rest frame, our peculiar velocity in-
err ed fr om the dipole anisotr opy of cosmologically distant radio
ources and quasars should match this value. Any disagreement 
ould be incompatible with an FLRW-based cosmology such as 
CDM, in which all inferences, including that of an accelerating 

xpansion rate, rely on large-scale isotropy. 
The Ellis & Baldwin (EB84) test became possible only at the

urn of the millennium after sufficiently large samples of sources 
ecame available 1 . First, C. Blake & J. Wall ( 2002b ) analysed ra-
io galaxy samples constructed from the NRAO VLA Sky Survey 
NVSS; J. J. Condon et al. 1998 ) of size O(10 5 ) at increasing flux
 For a r ecent r eview of the history of EB84 tests, see N. Secrest et al. 
 2025a ). 
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ensity cuts and reported that the dipole amplitude and direc-
ion are, on average as the flux cut is increased, consistent to
ithin 1 . 5 σ with the expected kinematic dipole. This consistency,
ow ev er, is guarant eed for any sample arbitrarily cut until source
ounts sufficiently limit statistical power. As emphasized by N.
ecrest ( 2025 ), the sample employed by C. Blake & J. Wall ( 2002b )
ith the greatest statistical power in fact shows a 2 . 2 σ deviation

rom the kinematic expectation. It is unsurprising ther efor e that
 reanalysis by A. K. Singal ( 2011 ) claimed that the amplitude is
arger than expected, although the direction is indeed consistent
ith that of the CMB dipole. This was confirmed by M. Rubart &
 . J . Schwarz ( 2013 ) and J . Colin et al. ( 2017 ) who included
ata from other radio surveys like the Westerbork Northern Sky
urvey (WENSS; R. B. Rengelink et al. 1997 ) and the Sydney
niversity Molonglo Sky Survey (SUMSS; T. Mauch et al. 2003 )

o increase sky coverage. The significance of the discrepancy has
een, how ev er, limit ed t o the ∼ 3 σ lev el, mainly due t o sample
ize. There is also concern about possible contamination by the
clustering dipole’ due to nearby structur e (e.g . C. Gibelyou &
. Huterer 2012 ) – a recurring question in the context of mat-

er dipole measurements using radio sources, which rarely have
easur ed r edshifts (e.g . Y.-T . Cheng, T .-C. Chang & A. Lidz 2024 ;
. T. Oayda et al. 2024 ). A dditionally, being gr ound-based, radio

urveys ar e pr one to declination-dependent sensitivity and flux
alibration systematics. 

The marginal significance of the cosmic dipole anomaly ended,
ow ev er, with the adv ent of the catalogue of 1.4 million quasars
roduced by N. J. Secrest et al. ( 2021 ) using mid-infrared photom-
try from the CatWISE2020 (F. Marocco et al. 2021 ) data release
f the Wide-field Infrared Survey Explorer ( WISE ; E. L. Wright &
thers 2010 ). N. J. Secrest et al. ( 2021 , hereafter S21 ) showed
hat quasars exhibit a dipole amplitude over twice as large as
 xpected fr om the CMB, although only ∼28 ◦ away in direction,
nd reported a 4 . 9 σ discrepancy with the standard expectation,
hich was independently verified by L. Dam, G. F. Lewis & B. J.
r ewer ( 2023 ). Mor eover, with this data set, the spectre of a sig-
ificant clustering dipole appeared far less plausible since these
uasars are estimat ed t o hav e a mean redshift 〈 z〉 = 1 . 2 , with 99
er cent having z > 0 . 1 ( S21 ). Exploiting the near-total systematic

ndependence of radio galaxies and mid-infrared quasars, a joint
nalysis by N. J. Secrest et al. ( 2022 , hereafter S22 ) raised the
ignificance with which the kinematic expectation is reject ed t o
ver 5 σ . Subsequently, a new catalogue from the Rapid ASKAP
ontinuum Survey, also in combination with the NVSS, has pro-
ided a 4 . 8 σ confirmation of the dipole anomaly from radio data
lone (J . D . Wagenveld, H.-R. Klöckner & D . J . Schwarz 2023 ).
his was recently increased to over 5 σ by L. Böhme et al. ( 2025 )
ith the addition of the L OFAR Two-Metr e Sky Survey Data
elease 2 (LoTSS; T. W. Shimwell & others 2022 ). The statistical

ignificance of the cosmic dipole anomaly is no longer in ques-
ion. 

A lingering concern nevertheless has been whether unac-
ount ed syst ematics in the catalogues or methods can giv e rise
o a spurious dipole. For example, A. Abghari et al. ( 2024 ) have
rgued that the significance of the CatWISE2020 quasar dipole
nomaly reported by S21 has been overstated, based on their
laim that the spatial distribution of the quasars may not be a
ure dipole but contains low-order multipoles of comparable size.
ince the quasar sample has about half of the sky symmetrically
asked t o mitigat e a loss of complet eness near the Galactic plane

ue to source confusion, the dominant quadrupole mode in the
ask can couple the dipole with an octupole, potentially result-
NRAS 546, 1–18 (2026) 
ng in a biased estimate of the dipole amplitude that would make
t less discrepant with the e xpectation fr om the CMB dipole. This
s a testable hypothesis that simply r equir es appr opriate methods
or the extraction of low-multipole signals on the sky (e.g. C. J.
opi, D. Huterer & G. D. Starkman 2004 ; C. M. Hirata 2009 ; C.
ibelyou & D. Huterer 2012 ; O. T. Oayda, V. Mittal & G. F. Lewis
025 ). 

Inv estigation of pow er on scales other than the dipole was pre-
iously undertaken by P. Tiwari, G.-B. Zhao & A. Nusser ( 2023 ),
ho computed the angular power spectrum of the CatWISE2020
uasar catalogue. They confirmed the presence of an anoma-

ously large dipole alongside the observation that the � > 30
ultipoles ar e concor dant with the e xpectations of hierar chical

tructure formation as in �CDM. How ev er, they also stat ed that
ll multipoles with � < 10 are anomalously high, despite their
nalysis not being quite suitable for drawing such a conclusion.
his calls for a careful reassessment of the issue. 
In this w ork, w e revisit the clust ering properties of the Cat-
ISE2020 quasar sample. To this end, we present a consistent

ar ameterisation of gener al low multipole t emplat es that has a
umber of advantages (Section 3 ). We relate the paramet ers t o
ngular power spectrum amplitudes, which allows us to assess
heir detectability given finite source counts (i.e. shot noise). After
iscussing the catalogue’s noise properties we define appropriate

ikelihoods from which we infer the low multipoles in various
ombinations, and compute Bayesian evidences for model com-
arison. We then turn to analysing the higher multipoles in the
atalogue’s angular power spectrum (Section 4 ) which enables a
ata-driven estimation of the possible local clustering contribu-
ion to the observed quasar dipole. 

We confirm that the angular power spectrum of the quasar
istribution on small scales is indeed consistent with the �CDM
xpectation. How ov er, the largest scales ( 2 ≤ � ≤ 4 ) have power
onsistent with noise and have no significant impact on the
ipole. This is paralleled in our real-space analysis of power in

ow multipoles which, in particular, finds no evidence for a signif-
cant octupole. The dipole itself remains anomalously high and
obust to all of the model variations we consider. In particular,
t is not decreased by an octupole and is affected by less than 5
er cent (at 1 σ ) given the random clustering dipole predicted by
he �CDM fit extrapolated to � = 1 . 

 T H E  C AT W I S E 2 0 2 0  QUASAR  C ATALO G U E  

he CatWISE2020 quasar catalogue used in this work is the sam-
le of mid-infrared quasars presented by S22 , selected via cuts
n colour and magnitude from the full CatWISE2020 catalogue
F. Marocco et al. 2021 ). The S22 catalogue differs from the ver-
ion presented by S21 in being slightly deeper ( W 1 < 16 . 5 ver-
us W 1 < 16 . 4 ) and using a refined sky mask. Both catalogues
re affected by a source density trend with ecliptic latitude, first
eported by S21 , which is likely due to the ecliptic being the
rincipal axis of the WISE survey scanning pattern. The trend
ppears to be linear and is easily accounted for as a selection
r weighting function. To remove poor-quality photometry near
lumpy and resolved nebulae both in the Galaxy (e.g. planetary
ebulae) and in nearby galaxies such as the Magellanic Clouds
nd Andromeda, a total of 48 specific sky regions were masked.
ource confusion results in a drop off in source density at Galactic
atitudes | b| ≤ 30 ◦ given the depth of the sample, so this entire
egion is also masked. This leaves a sample of 1595 502 quasars. 
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Quasars are bolometrically dominant active galactic nuclei 
AGNs), which have an intrinsic luminosity e x ceeding that of the
alaxy in which they reside, generated by the infalling matter 
n the accretion disc around their central supermassive black 

ole. Quasars are typically hosted in bluer, less massive, and less
luster ed g alaxies (R. C. Hicko x & others 2009 ) than radio AGN,
nd their continuum emission is mainly thermal and uncolli- 
ated (although their apparent luminosity at visual wavelengths 

s dependent on viewing angle because of their optically thick, 
usty tori). Higher abundance of gas-rich galaxies at redshifts 
 ∼ 2 - 3 drives increased accretion rates and quasar activity at that
ime, which, combined with pr efer ential selection of high lumi-
osity sources in large comoving volume, makes quasar samples 
oderat e-t o-high-redshift in general. Indeed the CatWISE2020 

uasar catalogue of S22 has a mean redshift 〈 z〉 of 1.2 as shown via
ross-matching with eBOSS redshifts (see Fig. A1 in Appendix A ).
his fulfils an essential condition of the G. F. R. Ellis & J. E.
aldwin ( 1984 ) test, namely that sources should be at cosmolog-

cal distances. Another r equir ement r elat es t o the source spec-
r a: the spectr al energy distribution (SED) of quasars can have
ontributions fr om str ong br oadened emission featur es and fr om
tellar populations of their host galaxies; however, the large range 
f redshifts observed in quasars smears out steeply changing or 
iscontinuous featur es, thus cr eating a smooth observed mean 

ED which can be sensibly modelled as a power law: S ν ∝ ν−α

see e.g . fig . 1 of N. Secr est et al. 2025b ). At the passband wher e
he magnitude cut is performed, and when averaged over those 
ources with brightness close to this cut [the relevant average (S.
on Hausegger 2024 ) for the Ellis & Baldwin test], the sample of 
22 is well characterized by spectral inde x α 	 1 . 06 . Measur ed
t this cut, the power -la w index of the integral source counts is
 = 1 . 71 , which determines the EB84 kinematic matter dipole ex-
ectation: D kin ≈ 0 . 73 × 10 −2 . Lastly, the uniformity of the sam-
le selection across the sky is influenced by the sat ellit e scan-
ing pattern along the ecliptic. S21 and S22 found the observed 

umber density of their samples to decrease towards the ecliptic 
oles, exhibiting an approximately linear relation with ecliptic 

atitude. This trend vanishes with increasingly stringent flux cuts 
see Fig. 5 below), suggesting that the cause is ‘Eddington bias’, 
hich allows sources with less certain flux measurements (such 

s those along the ecliptic equator where the sat ellit e points less
ft en) t o up - scatt er int o the sample. Reg ar dless of the underlying
echanism, the selection with ecliptic latitude can simply be 

earned from the observed number density N obs on the sky by 
ssuming an appropriate functional form for this trend, to then 

ither define corresponding weights prior to fitting the data ( S22 ),
r to include it in an inference framework (e.g. L. Dam et al. 2023 )
s w e t oo do here. In other w ords, the true signal, S = S( ̂  n ) , that
nderlies the number density of galaxies on the sky, is modulated 

s 

 obs = S ( 1 − f ecl ) = S 

(
1 − 2 

π
| b ecl |Y ecl 

)
, (1) 

here Y ecl is the to-be-inferred amplitude of this linear trend 

ith absolute ecliptic latitude, | b ecl | (e xpr essed in radians). In this
aper, we formalize an inference for modulation of the sky by 
ther effects as well. While the dipole modulation is of particular
nt erest, w e ext end our inference to higher multipoles too, in
rder to detect any contamination or anomalous clustering on all 
cales. 
 LOW  M U LT I P O L E S  

arge-scale perturbations in the Universe hold significant im- 
lications for cosmology. The ‘low- � anomalies’ in the CMB (D.
. Schwarz et al. 2016 ) raise questions also about their presence
n the matter field (see D . J . Schwarz et al. 2015 ). While we
wait data from upcoming large-scale surveys, the CatWISE2020 
uasar catalogue already offers insights in this r eg ar d. We focus
n the lowest multipoles, specifically their potential influence on 

he anomalously large dipole. 
Decomposing a signal on a masked sky into spherical harmon- 

cs r equir es methods that account for the breaking of their orthog-
nality on a 4 π sky due to the mask. Some methods inv olv e esti-
ating the masks’ coupling matrix (e.g. those relat ed t o ‘pseudo

ower spectrum’ estimators, as used in the next section), while 
thers evaluate the similarity of the signal with a given model
n the unmasked part of the sky (as in the t emplat e-fitting w e
mploy in this section). All methods of course need to be tested
or possible biases. In the present context, this had been done
y S21 , S22 who showed that their least-squares estimator re-
urned unbiased dipole amplitudes for Poisson-sampled data sets 
f sufficient size, in the absence of substantial power in higher
ultipoles. Although the sample size condition is well satisfied 

y the CatWISE2020 quasar catalogue, we must revisit this issue 
ollowing the observation that the counts ar e over dispersed with
espect to a Poisson distribution. We do so in this section, thereby
roviding an update on the dipole measurement via Bayesian 

nfer ence. In particular, we pr esent a quantitative comparison of 
ppropriate likelihoods and models, thus constraining the pres- 
nce of higher multipoles and their influence on the dipole. 

.1 Multipole amplitudes in real and in frequency space 

e consider the number (density) of galaxies on the sky to be
odulated by a combination of low multipoles as 

 obs = M ( 1 + f D + f Q 

+ f O + ... ) ( 1 − f ecl ) , (2) 

here M describes the unmodulated galaxy counts, considered 

ere to be a constant monopole, and the terms f describe mod-
lating terms. Among these is the linear ecliptic latitude cor- 
ection, f ecl , equation ( 1 ), scaled by the free parameter Y ecl , as
ell as templates or der ed by spherical harmonic multipoles. We

hoose the following parametrisation for consistency with the 
sual dipole parametrization: 

f D = D cos αD (3) 

f Q 

= Q 

[
cos αQ 

cos βQ 

− 1 
3 

cos ξαβ

]
(4) 

f O = O 

[
cos αO cos βO cos γO 

−1 
5 

(
cos αO cos ζβγ + cos βO cos ζγα + cos γO cos ζαβ

)]
, 

(5) 

escribing general dipole, quadrupole, and octupole t emplat es, 
espectiv ely. This paramet erisation presumes the definition of � 
 ect ors per multipole � (each defined by two angles on the sphere)
hat form � angles α, β,... with the direction on the sky at which
he signal N obs is evaluated, and that form deterministic angles 
MNRAS 546, 1–18 (2026) 
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, ζ , ... with each other 2 . Arbitrarily high multipole t emplat es
an be generated in this manner using methods dating back to J.
. Maxwell ( 1873 ). This parameterisation also allows connection
ith known e xpr essions of spherical harmonic functions. For

nstance, the m = 0 mode of each of the t erms f is recov ered by
quating the multipole v ect ors for each � such that α = β = ...

nd ξ = ζ = ... = 0 : 

f m =0 
D = D cos αD , (6) 

f m =0 
Q 

= Q 

[
cos 2 αQ 

− 1 
3 

]
, (7) 

f m =0 
O = O 

[
cos 3 αO − 3 

5 
cos αO 

]
, (8) 

n a coordinate system where the multipole v ect ors are aligned
ith the spherical harmonics’ zenith. To enable connection be-

ween the findings of this and the following section, we first
iscuss the relation between the power spectrum amplitude C � 

nd the amplitude D, Q , O, etc. of the multipole templates. 
It is well known that the amplitudes of the monopole and

ipole, M and D, as defined in equation ( 2 ) and following,
r e r elat ed t o the corresponding C � via C 0 = 4 πM 

2 and C 1 =
 πM 

2 D 

2 / 9 . How ev er, since w e usually comput e the pow er spec-
rum from an overdensity map, i.e. one that is normalized by its

onopole, we obtain instead: 

 0 = 4 π, (9) 

 1 = 

4 π
9 
D 

2 . (10) 

or higher multipoles � > 1 , there is no such one-to - one relation,
ince the different combinations of angles in equations ( 4 ), ( 5 ),
tc. at fixed multipole amplitude, correspond to different spheri-
al harmonic coefficients a �m 

, and so generally combine in ways
hat span a range in ov erall av erage pow er C � . Indeed, e xpr ess-
ng the higher order multipoles with one common amplitude
ach distinguishes this particular parametrisation from others
hat may simply consider each spherical harmonic t emplat e t o
e scaled with its own amplitude. Nev ertheless, t o translat e be-
w een an observ ed pow er spectrum and corresponding multipole
mplitudes, it is helpful to compute the range of power C � corre-
ponding to a given multipole amplitude and vice versa. Here, we
ake use of the fact that the spherical harmonics are orthogonal

unctions on the sphere and the power spectrum is computed over
he average of their squared amplitudes, hence the identification
f any one mode as giving rise to the smallest or largest power at
hat multipole will remain valid even when considering a sum of 

odes. The mode for which a given multipole amplitude has the
argest relative contribution to the power spectrum is always the
 = 0 mode, so the maximum power can be read off the corre-

ponding spherical harmonic’s Y � 0 coefficient. For the quadrupole
NRAS 546, 1–18 (2026) 

 E.g . a given dir ection ̂  n on the sky forms angles with the two quadrupole 
 ect ors, denot ed as ˆ p Q 1 and ˆ p Q 2 , as cos αQ = ˆ p Q 1 · ˆ n and cos βQ = 

ˆ p Q 2 · ˆ n , while cos ξαβ = ˆ p Q 1 · ˆ p Q 2 is constant for any one choice of the 
uadrupole v ect ors. Equivalently any tw o of the three octupole v ect ors, 
.g. ˆ p O1 and ˆ p O2 , give cos αO = ˆ p O1 · ˆ n and cos βQ = ˆ p O2 · ˆ n , while 
os ζαβ = ˆ p O1 · ˆ p O2 . 

O

O  

(  

3

t
m

nd octupole, these maximum values read 

3 : 

ax (C 2 ) = 

16 π
9 · 25 

Q 

2 , (11) 

ax (C 3 ) = 

16 π
25 · 49 

O 

2 . (12) 

y inspection, the smallest contribution is from either of the m =
1 , ±2 modes for the quadrupole and the m = ±2 modes for the

ctupole. These minimum values read 

in (C 2 ) = 

4 π
3 · 25 

Q 

2 (13) 

in (C 3 ) = 

4 π
3 · 5 · 49 

O 

2 (14) 

onversely, the range of multipole amplitudes allowed by a fixed
ower C � are: 

 ∈ 

[ 

3 · 5 
4 

√ 

C 2 

π
, 

5 
2 

√ 

3 · C 2 

π

] 

, (15) 

 ∈ 

[ 

5 · 7 
4 

√ 

C 3 

π
, 

7 
2 

√ 

3 · 5 · C 3 

π

] 

. (16) 

hese considerations are helpful when comparing multipole am-
litudes with power spectrum amplitudes. For example, consid-
ring a signal on the sky for which dipole and octupole have the
ame pow er, C 3 = C 1 , w e can see from equations ( 10 ) and ( 16 )
hat O ∈ 

[
D · 35 / 6 , D · 7 

√ 

5 / 3 
]
, i.e. the same power corresponds

o a much larger value of the octupole amplitude. 

.2 ‘Shot noise multipoles’ 

e can now estimate the detectability of each multipole given
nite source counts. N sources, randomly sampled from an un-
odulated sky, N obs = M , contain random, uncorrelated fluc-

uations on all scales, i.e. shot noise which contributes a vari-
nce per multipole of N � = 4 π/N. Hence, for a given number of 
ources N, a particular multipole would be considered detectable
nly if its amplitude is larger than this noise. 

Similarly to earlier estimations of the ‘shot noise dipole’ (A.
aleisis et al. 1998 ; N. Secrest 2025 ) which were made by equating
 � to C 1 from equation ( 10 ), we can now compare any multipole
mplitude with the shot noise expected for a given number N of 
our ces, using the r elations above. As e xamples, w e comput e the
shot noise quadrupoles’ and ‘shot noise octupoles’ in the ranges
ust discussed: 

 SN 

∈ 

[ 

3 · 5 
2 
√ 

N 

, 
5 
√ 

3 √ 

N 

] 

, (17) 

 SN 

∈ 

[ 

5 · 7 
2 
√ 

N 

, 
7 
√ 

3 · 5 √ 

N 

] 

. (18) 

ptimistically considering the lower limits of relations ( 17 ) and
 18 ), to be able to detect a quadrupole of amplitude Q at 3 times
 Using Y � 0 = 

√ 

2 � +1 
4 π P � and e xpr essing the Legendre polynomials P � in 

erms of generalized binomial coefficients, one finds the general relation: 
ax (C � ) = 

4 π
2 2 � (2 � +1) 2 

(
� −0 . 5 

� 

)−2 A 

2 
� for a given multipole’s amplitude A � . 
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Figure 1. Empirical one-point distribution function (EDF) of the Cat- 
WISE2020 quasar number densities (black) after correction for the eclip- 
tic latitude trend ( 1 ) and removal of the best-fitting dipole. Top panel: 
comparison of the EDF against a Poisson (dot ted black), Gener alized 
Poisson (blue), and Gamma Poisson ( = negative-binomial) distribution 
(dashed red). For visual clarity these are shown as continuous distri- 
butions. The grey-shaded error band indicates Poisson errors per bin. 
Bottom panel: Difference of the respective distributions from the EDF 

normalized to the error per bin, indicating that both the super-Poissonian 
distributions pr ovide e x cellent fits t o the data, as opposed t o the strongly 
deviant Poisson distribution. 
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he noise level Q SN 

thus r equir es N � (22 . 5 / Q ) 2 sour ces dis-
ribut ed ov er the full sky, and similarly N � (52 . 5 / O) 2 for an
ctupole of amplitude O. Taking into account the sky fraction in
hich sources are actually observed: 

 � 3 · Q SN 

= 22 . 5 
√ 

f sky /N , (19) 

 � 3 · O SN 

= 52 . 5 
√ 

f sky /N . (20) 

or our CatWISE2020 quasar catalogue ( S22 ) where N ≈ 1 . 6 ×
0 6 and f sky ≈ 0 . 5 , this means that a quadrupole with amplitude
 � 0 . 013 is det ectable. How ev er, an octupole would have to be

s strong as O � 0 . 029 in order to be detectable at 3 times the shot
oise. We quantify this in more detail below. 
Considering the effect Poisson shot noise has on the measure- 
ent of a dipole also informed the frequentist simulations of 

21 and S21 , with which they quantified the p-value of obtaining
he measured number count dipole given the expected kinematic 
ipole. It has been noted subsequently (e.g. A. Abghari et al. 2024 )
hat the possible presence of higher multipoles in the data, in
articular of an octupole, ought to be reflected in such simula-
ions as well, as this can influence the claimed significance. The
omputations in this section will place such considerations in 

onte xt. We pr ovide a detailed r ebuttal of A. Abghari et al. ( 2024 )
n Appendix D . 

Our primary aim, how ev er, is t o formalize an inference that
espects the true noise properties of the data, in order to provide
 r obust measur ement of the dipole amplitude and simultane-
usly quantify the evidence for or against the presence of higher-
ultipole signals. This inference must account for correlations 

mong the multipoles in the presence of a mask. This is done
n the next sections where we trade the frequentist framework 

nd Poisson simulations for a fully Bayesian inference framework 

sing non-Poissonian likelihoods. 

.3 Super-Poisson clustering and one-point statistics 

ounts-in-cells statistics of e xtrag alactic sour ces ar e often mod-
lled by drawing random point samples from a perturbed density 
eld, where each cell’s assigned density determines the proba- 
ility of a source being sampled within it, e.g. by scaling the
 ate par ameter of a Poisson process. In this example, one finds
he underlying distribution of the source count in a given cell 
o be Poissonian; the distribution across all cells, how ev er, will
n general not be Poissonian, as the rate paramet er itself w ould
a ve been dra wn from a prior distribution (the distribution of 
ensity values across cells). The net result is a ‘Mixed Poisson dis-
ribution’ (e.g. D. Karlis & E. Xekalaki 2005 ) 4 . Moreover, at fixed
 Consider the Poisson distribution, 

(X = k) = 

1 
k! 

λk exp (−λ) , (21) 

with r ate par ameter λ sampled from a prior probability distribution, �. 
f the prior is a Gamma distribution �(λ) ∼ �(r, s ) , with ‘concentration’ 
 and ‘shape’ s = (1 − p ) /p , the int egration ov er the prior leads t o the 
Gamma–Poisson distribution’, 

(X = k) = 

�(k + r) 
�(r) k! 

(1 − p ) k p r , (22) 

which is an example of a Mixed Poisson distribution – in this case 
 ‘super-Poissonian’ distribution due to its additional dispersion. The 

G  

‘

o  

(  

l  

W  

i  

c
d

G
d

ell size, a number of effects generally present in source cata-
ogues have been shown to alter the one-point statistics of a given
ell. For instance, radio galaxies exhibit radio lobes that can be
isidentified as individual sour ces, thus intr oducing small-scale 

patial correlations, as can imaging artefacts. The one-point dis- 
ributions over all cells’ source counts do not distinguish between 

hese effects – radio lobes/imaging artefacts on small scales, and 

osmological perturbations on large scales – so one must resort to 
wo-point statistics which allow for appropriate scale separation, 
s was done by C. Blake, P. G. Ferreira & J. Borrill ( 2004 ) using
he NVSS sample. 

N evertheless, r eg ar dless of their physical origin, it is essen-
ial to model the observed one-point distributions with suitable 
unctions to ensure accurate inference of signals underlying the 
ounts-in-cells. Studies of super-Poissonian counts-in-cells in 

rojected fields were performed recently by, e.g. T. M. Siewert &
thers ( 2020 ) and M. P ashapour -Ahmadabadi et al. ( 2025 ) using
he LoTSS-DR1 and -DR2 data, r espectively. Ther e have been
imilar analyses of the statistics of gravitational clustering (e.g. W. 
. Saslaw & A. J. S. Hamilton 1984 ; R. K. Sheth 1995 ; F.-S. Kitaura,
. Yepes & F. Prada 2014 ) focussing on two such distributions, the

compound-Poisson’ and ‘negative binomial’ distribution. 
This is especially relevant for the choice of dipole estimator, 

r, correspondingly, a suitable likelihood. Note that L. Dam et al.
 2023 ) and J. D. Wagenveld et al. ( 2025 ) defined a Poisson like-
ihood with which they inferred the matter dipole in the Cat-

ISE2020 samples of S21 and S22 , respectiv ely. How ev er as seen
n Fig. 1 , the distribution over all pixels’ source densities (black)
learly demonstrates overdispersion with respect to a Poisson 

istribution (dotted black) whose mean value has been fixed to 
MNRAS 546, 1–18 (2026) 

amma–Poisson distribution is often r eferr ed to as ‘negative binomial 
istribution’ although we will prefer the former here. 
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Table 1. List of models and their free parameters. Depending on the 
choice of likelihood (equations 23 , 24 , and 25 ), an additional free parame- 
ter from { p, b} may be included. Each included general multipole � entails 
� multipole v ect ors each with two free angles. 

Model Alias F ree par ameters 

(i) D M , D, + 2 angles 
(ii) DY ecl M , D, Y ecl , + 2 angles 
(iii) DQ M , D, Q , + 6 angles 
(iv) DY ecl Q M , D, Q , Y ecl , + 6 angles 
(v) DY ecl O M , D, O, Y ecl , + 8 angles 
(vi) DQO M , D, Q , O, + 12 angles 
(vii) DY ecl QO M , D, Q , O, Y ecl , + 12 angles 
(viii) DQOH M , D, Q , O, H, + 20 angles 
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hat of the observed distribution. It turns out that this overdis-
ersion is indeed well described by a negative binomial distribu-
ion (dashed red), although it remains to be demonstrated how
he generation of such a distribution is relat ed t o the underly-
ng mechanism that gives rise t o observ ed source counts in a
iven catalogue (cf. M. P ashapour -Ahmadabadi et al. 2025 ). Ac-
ordingly we will refer to it more generally as Gamma–Poisson
istribution (see footnote 4). For the same reason, we consider
n alt ernativ e, phenomenological distribution, the ‘Generalized
 oisson distribution ’ (see e.g. W. C. Saslaw & A. J. S. Hamilton
984 ) whose free parameter scales the variance of the resulting
istribution, while keeping the mean unchanged with respect to
hat of a regular Poisson (blue); this describes the counts equally
ell as seen in Fig. 1 . (We intr oduce e xpr essions for all these
istributions in Section 3.4 .) 
It is thus evident that a pure Poisson likelihood does not de-

cribe the data well and inferring the matter dipole with either of 
hese super-Poissonian likelihoods is more appropriate. This was
one recently by L. Böhme et al. ( 2025 ) who re-ran inferences of 
 number of radio samples with a negative binomial likelihood to
rrive at a combined statistical significance of > 5 σ for the matter
ipole anomaly from radio data alone. In the next section, we
oo e xplor e super -Poissonian lik elihoods with the CatWISE2020
uasar catalogue, still the largest single data set that establishes
he dipole anomaly at equally high significance. In addition, we
erform inferences of higher multipoles. 

.4 Infer ence pr ocedur e 

e jointly infer the monopole, dipole, and higher multipole
odes in various combinations of the N side = 64 CatWISE2020

uasar number density map of S22 using a selection of relevant
ikelihoods. To this effect, we utilize the ‘No U-Turn’ Hamiltonian

onte Carlo sampler (M. D. Hoffman & A. Gelman 2011 ) of 
umpyro (D. Phan, N. Pradhan & M. Jankowiak 2019 ), and in
ach run create sufficiently large samples to satisfy the A. Gel-
an & D. B. Rubin ( 1992 ) convergence statistic | ̂  R − 1 | < 10 −2 .

inally, w e comput e the Bay esian evidence for each model via
he harmonic appr o ximation using harmonic (A. Polanska et al.
024 ). 

In light of the discussion in Section 3.3 , we consider various
ikelihoods to describe the data. While we have established al-
eady that the data are not described well by a Poisson process
ith a rate parameter λ that equates solely to the modulated sky
odel, we still consider as a starting point, and to make connec-

ion with previous work (e.g. L. Dam et al. 2023 ; J . D . Wagenveld
t al. 2023 ), a Poisson likelihood per pixel: 

ln L (N obs | λ) = N obs ln λ −
N obs ∑ 

n =1 

ln n − λ, (23) 

here λ = N obs is the modelled r ate par amet er in a giv en pixel
equation 2 ), and N obs is the number of observed sources in that
ixel. 
While the 1-point distribution over all pixels of the map agrees

ell with either of the super-Poissonian distributions considered
n Section 3.3 , we do not assume this a priori to also hold for the
ounts in individual pixels scattered around N obs . So we consider
hese distributions alongside one another, to be eventually com-
ar ed accor ding t o their Bay esian evidences. The Generalized
NRAS 546, 1–18 (2026) 
oisson likelihood, 

ln L (N obs | λ, b) = ln ( λ(1 − b) ) + (N obs − 1) ln ( λ(1 − b) + N obs b )

−
N obs ∑ 

n =1 

ln n − λ(1 − b) − N obs b, (24

here λ = N obs is the modelled r ate par amet er in a giv en pixel
s before, also takes the global, free paramet er b t o model the
bserved counts in that pixel. The Gamma–Poisson likelihood
eads: 

ln L (N obs | r, p) = ln �(N obs + r) − ln �(r) 

−
N obs ∑ 

n =1 

ln n + N obs ln (1 − p) + r ln (p) , (25) 

here r = N obs p/ (1 − p) is the modelled concentration parame-
er in each pixel, � is the gamma function, and here the global,
ree parameter p models the counts’ dispersion. In principle,

ixed Poisson models of various kinds could be explored here,
ut given the e x cellent agr eement between the Generalized Pois-
on and the Gamma–Poisson models reported below, we deem
ur present choice adequate for the description of the data at
and. 
For each likelihood, we consider various models of increasing

ichness to describe the data, based on the terms included in
quation ( 2 ). Table 1 lists the considered combinations of free
arameters, where those not listed are fixed to zero, respectively.
f sampled, the parameters’ priors were chosen to be 

 ∼ U (0 , 200) (26) 

, Q , O, H ∼ U (0 , 1) (27) 

 ecl ∼ U (−2 , 2) (28) 

∼ U (0 , 2 π ) (29) 

cos θ ∼ U (−1 , 1) (30) 

p, b ∼ U (0 , 1) (31) 

hen fitting all multipole angles of either quadrupole and oc-
upole, we further restrict the angles’ priors such that φQ 2 ≤ φQ 1 
nd φO1 ≤ φO2 ≤ φO3 (as, e.g. in D. Patel & H. Desmond 2024 )
lthough this does not make any appreciable difference. 
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Table 2. Evidence ratios for any two models in the left column, computed 
for the CatWISE2020 quasar sample of S22 and using likelihoods as listed 
in the middle column. � log 10 Z is the difference between Bayes factors of 
the first- and the second-mentioned model in the left column; a positive 
value corresponds to the preference of the first-mentioned model. The 
evidence of L. Dam et al. ( 2023 ) was computed using the sample of S21 . 
No evidence is found for models including an octupole. 

Model comparison Likelihood � log 10 Z

DY ecl versus D Poisson 140.09 
Poisson (L. Dam et al. 2023 ) 78.18 

Generalized Poisson 106.99 
Gamma Poisson 106.98 

DQ versus D Generalized Poisson 106.41 
DQ versus DY ecl Generalized Poisson −0.58 
DY ecl Q versus DY ecl Generalized Poisson 1.75 
DY ecl Q versus DQ Generalized Poisson 2.33 
DY ecl O versus DY ecl Generalized Poisson −0.79 
DQO versus DQ Generalized Poisson −0.81 
DQO versus DY ecl Generalized Poisson −1.35 
DY ecl QO versus DY ecl Q Generalized Poisson −0.81 
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Figure 2. Posteriors of all parameters in model (ii) ( DY ecl , see Table 1 ) 
inferred using the Poisson and the Generalized Poisson likelihood, equa- 
tions ( 23 ) and ( 24 ). The dashed lines indicate the expected amplitude and 
direction for the kinematic dipole D kin . 
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.5 Infer ence r esults 

.5.1 The ecliptic latitude trend 

he linear ecliptic latitude tr end pr esent in both the S21 and
22 samples was initially corrected in the data prior to applying 
he least-squares dipole estimator. To account for the uncertainty 
n the trend, the simulations, with which the significance was 
stimat ed, w ere lat er modulat ed by this trend within the fit un-
ertainties in S22 . The re-analysis by L. Dam et al. ( 2023 ) finally
nt egrat ed the trend into a simultaneous Bayesian inference of 

onopole, dipole, and ecliptic latitude trend, such that the data 
ould be analysed without prior correction, and with the advan- 
age that correlations between the free parameters would be con- 
istently retained. Their results, using the data of S21 , confirmed
ur finding of the anomalously large dipole 5 and, by computing 
ay es fact ors, show ed that a model that includes only a free
onopole and dipole [model (i) in our Table 1 ] is outscored by

ne that also includes the ecliptic latitude [model (ii) in our Table
 ], underscoring its importance in describing the data correctly. 
e revisit this inference and evidence computation and show in 

he upper section of Table 2 that a Poisson likelihood indeed re-
urns overwhelming evidence for model (ii) over model (i), just as
ound by L. Dam et al. ( 2023 ). Here, � log 10 (Z ) = log 10 ( Z (ii) / Z (i) )
nd Z (a ) is the Bayesian evidence of model (a ) . The difference
n the two Poisson evidences arises simply due to our using the
pdated data set of S22 here, while L. Dam et al. ( 2023 ) used that
f S21 . 

.5.2 Pr efer enc e for super-Poissonian likelihoods 

e also run the inference on the same two models using the Gen-
ralized P oisson (‘GenP o’) and the Gamma P oisson likelihood, 
quations ( 24 ) and ( 25 ). Also in the top section of Table 2 , it
s seen that the overwhelming pr efer ence for model (ii) over (i)
s given for these likelihoods as well, where the slightly lower 
ay es fact or when compar ed ag ainst the P oisson (‘P o’) likelihood
 That the symmetric, even- � ecliptic latitude trend does not influence the 
 ecover ed dipole amplitude is demonstrated in Appendix B . 

t
e
H
P

tems from the fact that an extr a par amet er each gov erns the
verdispersion and so is penalized. Given a fixed model, however, 
he Bayes factor is clearly in favour of the super-Poissonian like-
ihoods. For instance, log 10 (Z 

GenPo 
(ii) / Z 

Po 
(ii) ) = 190 . 38 for model (ii).

his was indeed expected given our observations in the one-point 
istributions of the best-fitting removed data in Section 3.3 and 

ig. 1 . 
The posteriors of model (ii) computed with the Poisson and 

eneralized Poisson likelihoods are shown in Fig. 2 . Apart from
he additional parameter b of the Generalized Poisson likelihood 

hat is shown in the bottom row, the posteriors appear largely
oncentric and exhibit virtually no change in the parameters’ 
ean values, although their widths are slightly enlarged in the 

ase of the Generalized Poisson likelihood relative to the purely 
oissonian, consistent with the observations of L. Böhme et al. 
 2025 ) using radio data. In particular, the dipole amplitude in this

odel is inferred to be 

 

Po 
(ii) = 0 . 0149 +0 . 0016 

−0 . 0016 , Y 

Po 
ecl , (ii) = 0 . 0827 +0 . 0032 

−0 . 0032 , (32) 

 

GenPo 
(ii) = 0 . 0149 +0 . 0018 

−0 . 0018 , Y 

GenPo 
ecl , (ii) = 0 . 0827 +0 . 0036 

−0 . 0036 , (33) 

ssuming a Poisson and the Generalized Poisson likelihood, re- 
pectiv ely. The post eriors obtained with the Gamma Poisson like-
ihood are virtually the same as those from the Generalized Pois-
on likelihood; in Table 3 we present evidence ratios for both
odels over the Poissonian. It is seen that for our choice of priors

oth models are nearly equally pr eferr ed by the data. While the
amma Poisson likelihood appears slightly favoured with respect 

o the Generalized Poisson likelihood (for all models consid- 
red), the latter allows for faster sampling in our implementation. 
ence, we present below only the results with the Generalized 

oisson likelihood. 
MNRAS 546, 1–18 (2026) 
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M

Table 3. Evidence ratios for the models in the left column, computed for 
the CatWISE2020 quasar sample of S22 , and comparing any two likeli- 
hoods as listed in the middle column. � log 10 Z is the difference between 
Bay es fact ors of the first- and the second-mentioned likelihood in the 
middle column; a positive value corresponds to the pr efer ence of the first- 
mentioned model. 

Model Likelihood comparison � log 10 Z

D Generalized Poisson versus Poisson 223.48 
Gamma Poisson versus Poisson 223.68 

Generalized versus Gamma Poisson −0.204 
DY ecl Generalized Poisson versus Poisson 190.38 

Gamma Poisson versus Poisson 190.58 
Generalized versus Gamma Poisson −0.200 
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Figure 3. Posteriors of select parameters in models (v) and (ii) ( DY ecl O 

and DY ecl , see Table 1 ) inferred using the Generalized Poisson likelihood 
(equation 24 ). The posteriors are marginalized over the octupole angles 
and the ecliptic latitude trend’s amplitude. The dipole amplitude remains 
anomalous (the dashed lines indicate the expected amplitude and di- 
rection for the kinematic dipole D kin .) even after inclusion of a general 
octupole in the inference. 
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.5.3 Quadrupole and ecliptic latitude trend 

he ecliptic latitude trend can be described to first order by a
 = 0 quadrupole in a coordinate system aligned with the eclip-

ic, cf. equation ( 7 ). How ev er, one ought t o allow also for other
uadrupolar modes in the data, so in model (iii), we consider a
eneral quadrupole in addition to monopole and dipole. 

 

GenPo 
(iii) = 0 . 0151 +0 . 0019 

−0 . 0018 , Q 

GenPo 
(iii) = 0 . 0784 +0 . 0041 

−0 . 0040 . (34) 

e compare the marginalized likelihood of this model with that
f model (ii) which, instead of a general quadrupole, contained
nly the linear ecliptic latitude correction. The middle section
f Table 2 shows that the data clearly prefers a quadrupolar cor-
ection over no correction of the ecliptic latitude trend, although
 general quadrupolar correction appears less favoured than the
inear ecliptic modulation by log 10 (Z (iii) / Z (ii) ) = −0 . 58 , which is
substantial’ evidence according to the scale of R. E. Kass & A.
. Raftery ( 1995 ). This is possibly due to the increased number
f parameters of model (iii) compared with model (ii), given that
he r ecover ed quadrupole angles ar e constrained t o be close t o the
cliptic axis, which is simply fixed in model (ii). 

We further consider in model (iv) a general quadrupole in
ddition to the linear ecliptic latitude trend. As also seen in the
iddle section of Table 2 , this model is indeed favoured over
odels (ii) and (iii) with ‘strong’ to ‘decisive’ evidence, owing to

he appearance of a non-zero quadrupole amplitude in addition
o a nearly unchanged dipole amplitude: 

D 

GenPo 
(iv) = 0 . 0148 +0 . 0018 

−0 . 0018 , 

 

GenPo 
(iv) = 0 . 0241 +0 . 0084 

−0 . 0061 , 

 

GenPo 
ecl , (iv) = 0 . 0893 +0 . 0194 

−0 . 0156 . (35) 

e note that the r ecover ed posteriors on the quadrupole angles,
hile rather e xtended, ar e consist ent with being locat ed at the

cliptic poles, wher efor e this finding indicates the necessity of a
orrection to the assumed perfectly linear shape of the ecliptic
atitude trend. While the numerical value for the median Q is
arger than that of D, the association of the quadrupole with the
cliptic latitude trend, whose amplitude Y ecl already is of this
r der, pr events a clear interpretation of the found quadrupole
s an independent detection of higher multipole power in the
ata. How ev er, r eg ar dless of its int erpretation, w e find the dipole
mplitude to remain consistent with those values found in the
receding models. We present select posteriors of models (ii), (iii),
nd (iv), in Fig. A2 of Appendix A and return to the question
bout angular power in the quadrupole in Section 4.1 . 
NRAS 546, 1–18 (2026) 
.5.4 No evidence for an octupole in CatWISE2020 quasars 

e finally turn to inferences including general octupoles to quan-
ify any correlation that might exist with the dipole, which might
av e alt ered its best-fitting value, and to quantify the evidence

or an octupole’s presence in the data altogether. To this effect, we
onsider two models, model (v) where a general octupole is added
o model (ii), including the linear ecliptic latitude modulation,
nd model (vi) where instead all multipoles � ≤ 3 are included in
he inference. 

Beginning with the simplest e xtension, Fig . 3 shows the poste-
iors of parameters of model (v), marginalized over all octupole
ngles for clarity, and model (ii). We infer the following ampli-
udes: 

D 

GenPo 
(v) = 0 . 0163 +0 . 0027 

−0 . 0024 

O 

GenPo 
(v) = 0 . 0247 +0 . 0107 

−0 . 0110 

Y 

GenPo 
ecl , (v) = 0 . 0829 +0 . 0036 

−0 . 0036 (36) 

he octupole amplitude O is inferred to be formally non-zero
t ∼2 . 3 σ . This is consistent with the considerations made in
ection 3.2 , where we found that an octupole could be detectable
t 3 times the noise level ( ∼ 3 σ ) only with amplitudes O = 0 . 029
nd above; accordingly, the octupole seen in Fig. 3 does not
mount to a significant detection. Already here, w e reit erat e that
nding a numerical value O > D does not equat e t o C 3 > C 1 ,
nd neither does it necessarily amount to a greater modulation
f the signal on the sky, cf. equation ( 5 ) 6 . Nevertheless, including
he octupole does not decrease the dipole amplitude, instead it
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ncreases it from the value found in ( 33 ) by almost 10 per cent – we
lso observe this correlation in Fig. D2 using least-squares fits –
ithout inducing much change in the dipole direction. The same 

s observ ed ev en if a general quadrupole is considered instead of 
he linear ecliptic trend, model (vi): 

D 

GenPo 
(vi) = 0 . 0163 +0 . 0027 

−0 . 0024 

Q 

GenPo 
(vi) = 0 . 0787 +0 . 0042 

−0 . 0040 

O 

GenPo 
(vi) = 0 . 0245 +0 . 0108 

−0 . 0108 (37) 

he bottom section of Table 2 shows the results from these mod-
ls’ Bayesian evidences, where we find no evidence for the inclu-
ion of an octupole given the data of N. J. Secrest et al. ( 2022 ). In
act, we find ‘substantial’ to ‘strong’ evidence’ (R. E. Kass & A. E.
aftery 1995 ) in favour of those models that have just a dipole and
 modulation capturing the ecliptic latitude trend, over any that 
lso include an octupole. Lastly, we find no correlation between 

ither quadrupole and octupole or Y ecl and octupole. Hence, it 
s not surprising that the inclusion of an octupole into the more
exible model (vii), DY ecl QO , is equally disfavoured in compari- 
on with the corresponding model (iv), DY ecl Q . 

To conclude, the evidence stands against the inclusion of an 

ctupole as seen in Table 2 . With its peak amplitude just below
hat we defined as the detection level in Section 3.2 , a catalogue
ith mor e sour ces (in or der to r educe the shot noise) is r equir ed

o decide on the orientation and amplitude of the octupole in
he number counts of high-redshift quasars. Could it be that the
nomalously large dipole amplitude found by S21 and S22 was 
v erestimat ed because of having ignored an octupole? No – if 
nything, it turns out, this would have led to an underestimation
f the dipole. 

 C L  U ST E R I N G  P R  O P E RT I E S  

he description of clustering on various scales is a key step in
v aluating the v alidity of a source catalogue for cosmological 
tudies. This usually equates to testing for agreement between the 
lustering properties on small scales and those expected in the 
est-fitting cosmology that has been found to describe other data 
ets well. In the context of the cosmic matter dipole, this was first
one for the NVSS radio AGN (C. Blake & J. Wall 2002a ; C. Blake
t al. 2004 ) which showed good agreement with the expectations 
f structure formation on small scales. This enabled the study of 
lustering for r esolved/e xtended sour ces and raised confidence in
he dipole measurement (C. Blake & J. Wall 2002b ). Quasar sam-
les other than the CatWISE2020 catalogue consider ed her e such
s the Quaia sample (K. Storey-Fisher et al. 2024 ) have also been
nalysed; the associated photometric redshifts supported analysis 
f auto- and cross-power spectra on small scales in conjunction 

ith CMB lensing (D. Alonso et al. 2023 ; G. Piccirilli et al. 2024 ),
s well as analysis of features on large scales (D. Alonso et al.
025 ; G. Fabbian et al. 2025 ) 7 . 

The CatWISE2020 quasar sample provides the most precise 
easurement of the cosmic matter dipole. Following our initial 

eports ( S21 and S22 ) of the matter dipole anomaly, P. Tiwari
t al. ( 2023 ) presented the power spectrum of the CatWISE2020
 How ev er, the difficulty of modelling the Quaia selection function pre- 
 ent ed an accurate measurement of its dipole (V. Mittal, O. T. Oayda & G. 
. Lewis 2024 ). 

t
N
1

r
1

r

atalogue of S21 , finding good agreement with the �CDM expec-
ation on small scales � � 20 , after suitably parametrizing the red-
hift distribution and galaxy bias. Here, w e ext end their study by
ocussing on large scales as well as on clustering and noise proper-
ies of the sample that have not been addressed previously. To this
nd, and also to present an analysis of the larger CatWISE2020
uasar sample of S22 , this section covers the estimation of the
ngular power spectrum (Section 4.1 ) which we show is in good
greement with �CDM on all scales except the dipole, after the
cliptic latitude trend is properly accounted for (for a discussion
f the ecliptic latitude trend’s influence on the power spectrum 

ee Appendix B ). 

.1 Power spectrum estimation and uncertainties 

e first compute the power spectrum of our sample using the
seudo- C � method (e.g. E. Hivon et al. 2002 ) implemented in
amaster (D. Alonso, J. Sanchez & A. Slosar 2019 ). To do so,
 e creat e a high-resolution N side = 1024 healpix 

8 (K. M. Górski
t al. 2005 ) map of the source density 9 to study the small-scale
ow er. To mat ch this resolution, w e redefine the mask of S22 by

ncreasing the masks around point sources to 1 ◦ radius 10 . Sub-
equently, w e remov e the sour ce density tr end with ecliptic lat-
tude (equation 1 ), using the maximum-posterior slope inferred 

elow 

11 . We define bins in multipoles with linear spacing of �� =
 for � < 10 , and �� incr easing log arithmically ther eafter until
 max = 3 N side − 1 , in (3 N side − 1 − 10) 0 . 5 steps. The shot noise,
etermined by the number of sources in the catalogue, here N =
 , 595 , 502 , so N � = 4 π f sky /N = 3 . 9 × 10 −6 , has been subtracted
rom all data points shown in Fig. 4 . 

To estimate uncertainties, we repeat the power spectrum esti- 
ation on N jk = 400 jackknife samples (see Appendix C ) from
hich we construct the measurement covariance matrix. The er- 

or bars shown on each data point ˆ C � are taken from the diagonal
lements of this matrix. Comparison with the appr o ximate Gaus-
ian covariance (C. Gar cía-Gar cía, D. Alonso & E. Bellini 2019 )
hows that the jackknife variance is larger for small scales ( � >
0 ), the unshaded area in Fig. 4 . Hence, we retain the larger, jack-
nife estimate along the diagonal, but replace the off-diagonal 
lements by the Gaussian appr o ximation for the following step. 

We generate a theoretical ( �CDM) matt er pow er spectrum,
 

th 
� , with ccl (N. E. Chisari & others 2019 ), which scales (A.
hallinor & A. Lewis 2011 ) a non-linear P (k) from halofit (A.
ead et al. 2021 ) using the Planck -2018 best-fitting cosmologi-

al parameters (N. Aghanim & others 2020b ), and appropriately 
ccounting for band power coupling and pixel window function. 
e specify a constant galaxy bias b g ( z , k) = b g = const . For the

edshift distribution we use a splined n ( z ) (see Fig. A1 ) having
r oss-matched sour ces in the SDSS Stripe 82 with eBOSS as in
21 . Our goal here is neither to infer cosmological parameters nor
ossible forms of b( z ) and n ( z ) , but rather to check whether the
mall-scale power spectrum is consistent with �CDM. Note that 
MNRAS 546, 1–18 (2026) 

he estimation of the shot noise (A. Baleato Lizancos & M. White 2024 ; 
. Tessore & others 2025 ; K. Wolz, D. Alonso & A. Nicola 2025 ). 

0 It is not necessary here to specify a mask apodization scheme; our 
 esults ar e unchang ed for a rang e of such apodizations. 
1 Using model (ii) in Table 1 , and a Generalized Poisson likelihood which 
eturned the highest evidence (Table 2 ). 

https://healpix.sourceforge.io
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M

Figure 4. The power spectrum of CatWISE2020 quasars from N. J. Se- 
crest et al. ( 2022 ) after correcting for the ecliptic latitude trend. Small 
markers denote the power computed using namaster (with 1 σ errors 
derived from jackknife sampling after shot noise subtraction), while the 
large markers ar e fr om a t emplat e fit for multipoles � ≤ 4 [model (viii), 
Table 1 using a Generalized Poisson likelihood, equation 24 ). The solid 
blue line is a �CDM matter power spectrum fitted to data in the range 
10 < � < 1000 and the blue shaded band indicates cosmic variance. (The 
small grey markers are not reliable measurements, therefore not included 
in the fit, and shown simply for comparison with previous work.) Dashed 
and dotted red lines denote, respectively, indicate the level of shot noise 
and additional ‘noise’ due to errors in quasar source finding (e.g. due to 
substructure, as discussed in Section 3.3 ). 
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uasars are thought to be more biased with increasing redshift
cf. the quadratic fit by P. Tiwari et al. 2023 ). Considering no
edshift dependence of b g therefore amounts to the possibility
f missing some power in small-scale clustering, and overesti-
ating the large-scale clustering power spectrum. Hence, both

ender the following results rather conservative. Lastly, it can
e seen from Fig. 4 that the slope of the fit becomes shallower
owards higher � , an effect that is conventionally modelled by an
dditional, effective noise contribution, �N � = const. , which we
iscuss in more detail below. We infer the best fitting theoretical
ower spectrum C 

th 
� with two free parameters b g and �N � , 

ˆ 
 � − N � = b 2 g C 

th 
� + �N � , (38) 

ia a Gaussian likelihood using the covariance matrix described
bove, and considering only the data points between 10 < � <

000 . This is shown in Fig. 4 . 
We observe that the CatWISE2020 quasar catalogue of S22

grees well with the theoretical power spectrum in the fitted
ultipole range, even without allowing the bias to be redshift-

ependent, which further strengthens the finding by P. Tiwari
t al. ( 2023 ) who used the sample of S21 . We note that the de-
artur e fr om b 2 g C 

th 
� (light blue line) at large � � 200 is effectively

odelled by the addition of �N � which is due to a number of 
ffects that influence the source count statistics in the sample. It is
ot due to the onset of non-linearity in gravitational clustering as
uggested by P. Tiwari et al. ( 2023 ), which should not in any case
e evident at such large comoving spatial scales of O(100) Mpc.
nstead, it is shown in N. Tessore & A. Hall ( 2025 ) that source
ounts in pixels drawn from distributions that are overdispersed
ompared with a Poisson distribution lead to an overall increase
n power compared with the usual shot noise N � . Recalling Sec-
ion 3.3 , we had observed precisely this, an effect among other
hings associated with erroneously identifying different parts of 
esolved AGN as individual sources, which in turn is observed
s an increase in the 2-point correlation on these (small) angular
cales (e.g. C. Blake et al. 2004 ). Using the effective parametriza-
NRAS 546, 1–18 (2026) 
ion equation ( 38 ), we obtain �N � = 1 . 29 × 10 −7 which is about
.3 per cent of N � . The effective bias is b g = 2 . 27 , consistent with
xpectations for mid-IR quasars. 

While large scales � ≤ 10 were not part of our fit, we would
ow like to check if they too agree with the theoretical curve
ithin cosmic variance, or if there is excess large-scale power in

ur sample on scales other than � = 1 . How ev er, the accuracy of 
seudo- C � estimates or of their errors (small markers in Fig. 4 ) is
ot guaranteed on large scales, especially given the presence of a
ask as large as the one in use here and the large apparent power

n at least the dipole. While we still show these, as small grey
arkers, for comparison with previous work (e.g. P. Tiwari et al.

023 ), our above results allow us to compute posteriors of power
n low multipoles that are not prone to named issues. This enables
 fair comparison with the large-scale clustering described by the
est-fitting C 

th 
� . To this effect, we use the results of Section 3 and

nfer real-space t emplat es of those general multipoles that fit the
bserved number counts on the sky and translate them back into
ngular power . W e int end t o use the post eriors of model (vi) in
able 1 (see Section 3.5 ) that infers multipole t emplat es up t o
nd including a general octupole. All multipole amplitudes and
ngles are translated into their corresponding real spherical har-
onic coefficient a �m 

for each sample. These are then averaged
er multipole to deterministically obtain a posterior of the cor-
esponding ˆ C � (see also Section 3.1 ). How ev er, since multipoles
eparated by �� = 2 are coupled by the ecliptic latitude trend (see
ection B ), we anticipate the quadrupole ( � = 2 ) to be correlated
ith the hexadecapole ( � = 4 ). We therefore consider an exten-

ion to model (vi) that additionally fits for a general hexadecapole,
odel (viii). We plot the resulting C � as the larger black markers

n Fig. 4 where the error bars denote the 16th and 84th percentile,
nd where a downward arrow indicates the 68th percentile if 
he posterior is consistent with zero. We observe that among the
 ecover ed posteriors for the power at low � , the only significant
epartur e fr om the theor etical curve is at � = 1 , the dipole. In
articular, as elaborated on in Appendix D , the octupole C � =3 
ower is found to be constrained in amplitude, to a level at which

ts influence on the measurement of the dipole is comparably
mall. 

 DISCUSSION  

e have presented an analysis of spherical harmonic multipoles
n the projected number counts of the CatWISE2020 quasar cat-
logue of S22 . We fit low multipoles in real space using tem-
lates, and high multipoles in harmonic space through the an-
ular power spectrum. This is to assess biases or potential sys-
ematics in our inference of an anomalous matter dipole in this
ample ( S21 , S22 ). Our Bayesian inference uses various combi-
ations of low-multipole t emplat es and likelihoods tailored to
escribe best the data at hand. We find that besides a dipole and a
r end of sour ce density with ecliptic latitude (appr o ximated by a
uadrupole) there is no evidence for power in higher multipoles,

n particular an octupole, and the inferred dipole amplitude re-
ains robust to all model variations considered. 
In summary: 

• The e x cess dipole in the CatWISE2020 quasar catalogue is
ot due to bias from power in higher multipoles (Section 3.5 and
ig. 3 ). 

This is to put into context A. Abghari et al. ( 2024 ) who put
orward the possibility of a thus-far-unmeasured octupole biasing
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igh the measurement of a dipole. Their argument consisted of 
ets of simple mocks with artificially injected octupoles of am- 
litudes large-enough to create a bias in r ecover ed dipole ampli-
udes. We respond to their claims more concretely in Appendix D 

here we contrast their approach with one that is actually in-
ormed by the data their mocks attempt to describe. The more
seful pr ocedur e is to fit e xplicitly for a dipole and octupole in the
eal data (instead of just investigating simulations). We have done 
his in Section 3 , finding that the dipole was in fact not overesti-

ated in previous studies of the CatWISE2020 quasar catalogue. 
he potential mixing of different multipoles in t emplat e fits of 
ignals on the masked sky is of course well known. In the context
f matter dipole measurements, this was already discussed by 
. Gibelyou & D. Huterer ( 2012 ) who too performed combined
 emplat e fits in their analyses of various galaxy samples. 

On small scales, our power spectrum analysis demonstrates 
greement with expectations from hierarchical structure forma- 
ion, for a galaxy bias of b g ≈ 2 . 25 as is appropriate for z ∼ 1
uasars; this fit sets the lev el of clust ering on all scales, including
he dipole at � = 1 , as would be expected in �CDM. The extrap-
lation of the best-fitting power spectrum to � = 1 directly de-
ermines the ‘clustering dipole’ contribution to the overall dipole 
mplitude. We find: 

• The �CDM clustering dipole is highly subdominant with 

espect to the observed dipole (Section 4 and Fig. 4 ) 

In this cont ext, w e mention the similarities and differences
etw een our pow er spectrum analysis and that of P. Tiwari et al.
 2023 ) using the same catalogue. We confirm their finding that
he CatWISE2020 quasar angular power spectrum agrees with the 

CDM expectation on small scales. While our fit did not allow 

or v ariation of par ameters describing the redshift distribution 

f ( z ) or a r edshift-dependent g alaxy bias b g ( z ) (as this was not
ur objectiv e), w e employ ed jack-knife error bars which ar e mor e
eliable than assuming Gaussian covariances (see Fig. C2 ). 

In Section 3.3 , we introduced an effective noise term �N � (N.
essore & A. Hall 2025 ) to capture the non-Poissonian overdis-
ersion in the data, which drives the departure of the angular
ower from its theoretical expectation. We emphasize that the 
omputation of angular power on large scales for individual mul- 
ipoles (as well as jack knife errors of the same multipoles) from

asked data (grey points at � < 10 in Fig. 4 ) is not recommended.
e observe that this power does not agree with the more prin-

ipled real-space t emplat e fits that led to the large markers at
ow � in the same figure. Crucially we can directly estimate the
lustering dipole from the extrapolation of the theoretical an- 
ular power spectrum template to � = 1 , finding ˆ C 

clus 
1 = (2 . 21 ±

 . 81) × 10 −6 including cosmic variance – i.e. 140 times smaller
han the observed value at ˆ C 

GenPo 
1 , (ii) = (3 . 10 ± 0 . 75) × 10 −4 (Fig. 4 ).

he impact on the observed dipole amplitude can be roughly 
stimated from C 

clus 
1 by sampling randomly oriented dipoles from 

his power spectrum amplitude and subtracting each from the 
bserved dipole, before querying its amplitude. We thus find a 
 σ spread of 4.84 per cent around the value inferred here – quite
nsufficient to account for the observed anomaly. 

Our formulation of general multipole t emplat es (Section 3.1 ) 
s not unique and in principle interchangeable with other ap- 
roaches such as those simply using spherical harmonic tem- 
lates (e.g. C. Gibelyou & D. Huterer 2012 ), or those generated
ia multipole v ect ors (e.g. C. J. Copi et al. 2004 ; O. T. Oayda et al.
025 ). N evertheless, e xpanding analytically the r espective multi-
ole t emplat es as in Section 3.1 has the advantage of negligible
omputational cost, e.g. when evaluating a likelihood at their 
ar ameter v alues as part of Monte Carlo sampling . Mor eover, the
 xpr essions for higher multipoles allow us to retain the same for-
alism usually used for the dipole alone. To enable discussions

nvolving both multipole amplitudes and angular power spec- 
rum amplitudes, we provided the necessary relations in Section 

.1 which in turn enabled us to define ‘shot noise multipoles’ in
ection 3.2 , thus generalizing the concept of a ‘shot noise dipole’.

We further studied the noise properties of the sample in terms
f its (e xpected) departur e fr om Poisson statistics (Section 3.3 ).
n order to perform an unbiased inference, we justify employing 
 Generalized Poisson likelihood instead of pure Poisson likeli- 
oods considered so far (e.g. L. Dam et al. 2023 ; J. D. Wagenveld
t al. 2023 , 2025 ). We find virtually no variation in the dipole
mplitude in any of the models considered, apart from slightly 
roadened posteriors when the overdispersion of the Generalized 

oisson likelihood is allowed. 
At this point, it is important to note that since our observ-

ble remains the source number density, there is another noise 
roperty of the data which has not been considered explicitly, 
iz. significant flux uncertainties. For individual sources, this is 
are since > 99 per cent of CatWISE2020 sources have observed 

agnitudes with signal-to-noise higher than 15. However, their 
resence can give rise to effects such as Eddington bias, which
as already suspected by S22 to play a role in the ecliptic latitude

rend seen in the data. While we chose to account for this trend
ffectively by allowing for it in our inferences via equation ( 1 ), we
onsider it now in more detail to gain a bit more insight into the
ossible influence of flux uncertainties on our results. Flux uncer-
ainties, and therewith Eddington bias, are expect ed t o decrease
ith increasing flux cut. A flux -cut -dependent variation of the in-

erred matter dipole might therefore be suspected if these uncer- 
ainties have anything to do with the e x cess dipole. Fig . 5 shows
he dipole posteriors, marginalized over all other parameters of 

odel (ii) (cf. Table 1 ), using our fiducial Generalized Likelihood.
ith increasing flux cut, all posterior widths increase gradually 

due to the concurrently decreasing sample size) and the inferred 

ipole direction begins to drift slightly towards higher Galactic 
atitudes b D . The inset shows separately that restricting the sam-
le t o bright er, mor e certain sour ces decr eases the ecliptic latitude
rend’s amplitude Y ecl as would be expected if it was caused by,
.g. Eddington bias. Curiously, the sample’s overdispersion, as 
escribed by b, is also greatly reduced, which may be useful to

dentify factors that contribute to the over dispersion of sour ce
ounts in the first place. The dipole amplitude remains stable 
cross all cuts shown. 

 CONCLUSION  AND  OUTLOOK  

her e ar e a number of extensions to our work that would be
seful to consider for future analyses. Most importantly, to ac- 
ount for the expected clustering of the CatWISE2020 quasars on 

ll scales, we suggest a pixel-based Bayesian Hierarchical Model 
BHM) which simultaneously models the cosmological fluctu- 
tions on the sky and their correlations via a power-spectrum- 
nformed pixel covariance, as well as explicit deviations from 

hese on large scales, first and foremost the (potentially kine- 
atic) dipole. This would r equir e constraining a latent Gaussian

ensity field δ ←↩ G( 0 , C ( C 

th 
� ( p )) , where paramet ers p det ermine

n e xpr ession of the �CDM angular power spectrum C 

th 
� , which

ubsequently influences the r ate par ameter λi = n̄ i (1 + δi ) of a
generalized) Poisson-distribution in each pixel i from which ob- 
MNRAS 546, 1–18 (2026) 
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Figure 5. Stability of the dipole amplitude D across a range of cuts on 
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erved number counts d i are drawn as d i ←↩ GenPo (λi , b) . Low-
ultipole deviations of arbitrary amplitude in addition to the

uctuations modelled here, as well as a selection function, mod-
late n̄ i as in equation ( 2 ). While this was not w arr anted for the
urrent data (since the higher multipoles consider ed her e � ≤ 4
r e alr eady subdominant to the dipole, and moreov er consist ent
ith noise), this hierarchical approach would be relevant in the

nalysis of large-scale power in upcoming surveys, where the
igher number densities would allow for real space fits at the level
xpected due to primordial cosmological fluctuations. 

In summary, our analysis demonstrates that the anomalously
igh dipole in the CatWISE2020 quasar catalogue is not an
rtefact of neglecting to fit higher-multipole power or of mis-
odelling the sample’s noise properties, nor is it due to a low-

edshift ‘clustering dipole’. Rather it is a robust feature of the
ata. Ev en aft er effectiv ely modelling the sky as a sum of higher
ultipoles, the dipole amplitude r emains r oughly twice the ex-

ectation based on the standard kinematic interpretation of the
MB dipole. N o astr ophysical or instrumental effect known to-
ate can adequately explain this excess. 
This finding has profound implications. The standard �CDM
odel based on the FLRW metric is challenged by this gross mis-
at ch betw een the matt er and CMB dipole. The CatWISE2020

uasar catalogue provides the most significant single- data- set in-
ication of a deviation from cosmic isotropy. If future surveys
uch as the Legacy Survey of Space & Time (LSST) by the Vera
. R ubin Observ at ory (Ž. Iv ezi ́c & others 2019 ), the Euclid satel-

ite (Y. Mellier & others 2025 ), the Spectro-Phot omet er for the
istory of the Universe Epoch of Reionization and Ices Explorer

SPHEREx; J . J . Bock & others 2025 ), and the Squar e Kilometr e
rray (SKA; R. Braun et al. 2019 ) confirm the dipole anomaly,
NRAS 546, 1–18 (2026) 
t would signal a breakdown of the Cosmological Principle and
nvite new physics beyond the �CDM model. 
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P P E N D I X  B :  IMPACT  OF  T H E  EC L I P T I C  

AT I T U D E  T R E N D  ON  T H E  P OW E R  S P ECT RU M  

he ecliptic latitude trend found in S21 and S22 is well appr o xi-
ated by a linear trend with absolute ecliptic latitude | b ecl | , equa-

ion ( 1 ), for the considered magnitude cuts. Because of its symme-
ry, to first order, this corresponds to a modulation of the expected
umber density N ( n ) with a quadrupole, while concomitant
odulations by hexadecapole, and higher (even) multipoles also

ontribute, albeit with decreasing amplitudes. This leads to the
rtificial introduction of these ( � = 2 , 4 , ... ) multipoles on the sky,
ll aligned with the ecliptic. The number density fluctuations at
ll scales are modulated by these modes so w e inv estigat e how
he power spectrum is affected by the ecliptic latitude trend. In
his section we discuss the impact such a modulation has on the
ngular power spectrum of the unmodulated sky. 

For the sake of illustration, consider the modulation of a real
ignal f on the sphere by an axisymmetric multipole t emplat e
 k = a k0 Y k0 = κY k0 , where Y k0 is the real spherical harmonic func-
ion for multipole k and mode 0, and κ is its amplitude, such
hat the modulated signal g = f (1 + t k ) . The estimat ed pow er
pectrum of g reads 

ˆ 
 

g 
� = 

ˆ C 

f 
� + 

2 κ
2 � + 1 

∑ 

m 

Re 
[

f ∗�m 

( f t k ) �m 

]
+ 

κ2 

2 � + 1 
∑ 

m 

∣∣( f t k ) �m 

∣∣2 
, (B1) 

here it can be seen that cross-terms between f and t k contribute
 o the ov erall measured pow er, in addition t o the pow er of the
nmodulated signal ˆ C 

f 
� . The effect of the cross-terms is made

or e e xplicit by e xpr essing the spherical harmonic coefficients
f the product of f and t k as 

( f t k ) �m 

= κ
∑ 

� ′ m 

′ 
f � ′ m 

′ 

∫ 
d�Y � ′ m 

′ Y k0 Y 

∗
�m 

(B2) 
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= κ
∑ 

� ′ 
f � ′ m 

√ 

(2 � + 1)(2 k + 1)(2 � ′ + 1) 
4 π

×
(

� ′ k � 
0 0 0 

)(
� ′ k � 

m 0 −m 

)
(B3) 

≡ κ
∑ 

� ′ 
f � ′ m 

M 

k 
�� ′ m 

, (B4) 

here we used the mode sum rule of the Wigner 3 j symbols, here
 

′ − m = 0 , in simplifying the sum over m 

′ . This allows us to
rite the estimated power spectrum as 

ˆ 
 

g 
� = 

ˆ C 

f 
� + 

2 κ
2 � + 1 

∑ 

m 

Re 

[ 

f ∗�m 

∑ 

� ′ 
f � ′ m 

M �� ′ m 

] 

+ 

κ2 

2 � + 1 
∑ 

m 

∣∣∣∣∣∑ 

� ′ 
f � ′ m 

M �� ′ m 

∣∣∣∣∣
2 

. (B5) 

he second term still arises from the correlation between the 
odulating t emplat e and the underlying function f , i.e. the cross

ower, while the last term solely describes the mode-coupling, 
r ‘leakage’, of signal from � ′ to � . Again due to the properties of 
he Wigner 3 j symbols, the mode coupling matrices M are non-
ero only for � ′ = � ± k and � ′ = � . If we consider the ensemble
v erage ov er different statistically isotr opic r ealizations of f , the
r oss-corr elation averages to zero, 

 

g 
� = C 

f 
� + 

κ2 

2 � + 1 
∑ 

� ′ m 

C 

f 
� ′ 

∣∣M �� ′ m 

∣∣2 
, (B6) 

hich makes the power leakage more apparent. 12 

We consider a quadrupolar modulation motivated by the eclip- 
ic latitude trend, 13 i.e. k = 2 , and note that M couples power
n any two multipoles separated by �� = 2 , e.g. the quadrupole
nd hexadecapole, or the dipole and octupole. How ev er no cou-
ling is induced between, e.g. dipole and quadrupole. Hence, 

f the CatWISE2020 quasar catalogue covered the full sky, and 

f, additionally, the power in octupole and other odd moments 
s small, the presence of the near-quadrupolar ecliptic latitude 
rend w ould hav e no bearing on the measurement of the dipole.

e qualify the assumption behind this statement in Section 3.5 , 
here we indeed find no evidence for any power in the octupole.
The argument above does not necessarily hold when there is 

lso a mask which introduces additional couplings between mul- 
ipoles of the now modulated map and those of the mask. How-
v er, w e recall that the mask used for our sample appr o ximately
as even symmetry, hence it too will predominantly couple those 
ultipoles that are an even number of �� apart. In summary,

gain using the fact that the octupole power is not significant,
he ecliptic latitude trend is not a concern for measurement of 
he dipole, contrary to the claim by A. Abghari et al. ( 2024 ). 

Fig. B1 shows the difference in power spectrum estimates with 

nd without the ecliptic latitude corr ection, wher e ag ain we used
he maximum-posterior amplitude Y ecl from Section 3.5 , equa- 
ion ( 33 ). Changes are observed mainly at the previously iden-
ified large scales ( � = 2 , 4 ); in particular the quadrupole power
2 Such modulation has a direct relation with the bipolar spherical har- 
onic formalism, see D. A. Varshalovich, A. N. Moskalev & V. K. Kher- 

onskii ( 1988 ). 
3 Comparing with the parameterisation of an axisymmetric quadrupole, 
quation ( 7 ), the amplitude κ is related to Q by Q = κ

√ 

45 / 16 π. 

t

1

u
h
u

rops by an order of magnitude. The dipole ( � = 1 ) is how ev er
nchanged. 

P P E N D I X  C :  J AC K  K N I F E  SAMP L E S  

his section provides details on the estimation of uncertainties on 

he angular power spectrum band powers of Section 4 (Figs 4 and
1 ). Jack knife samples are defined by tessellating the unmasked
ky into N jk equal-sized ar eas 14 , see Fig . C1 , and e x cluding one at
 time from the power spectrum computation using namaster . 

1 400Jackknife index

igure C1. Example of our jackknife tessellations created with sky- 
egmentor and a total number of tiles N jk = 400 . We undertake the
 essellation separat ely in contiguous patches (one in the Northern and
ne in the Southern Galactic hemisphere) each with a number of tiles
 eight ed by the relative sky fraction, here N 

N 
jk = 203 and N 

S 
jk = 197 . 

From the jackknife samples we construct the measurement 
ovariance matrix (e.g. N. Koukoufilippas et al. 2020 ), 

ov (C � , C � ′ ) = 

N jk − 1 
N jk 

∑ 

i 

�C 

(i ) 
� �C 

(i ) 
� ′ , (C1) 

here �C 

(i ) 
� is the difference between the power spectrum ob- 

ained from the i th jackknife sample’s estimate and the average
ver all N jk power spectra. 

Fig . C2 compar es the diagonals of the thus obtained jack knife
ovariance matrices for different sample numbers N jk (colourful 
ines). We find these (as well as the mean deviations from the
ull sample’s power spectrum) to have sufficiently converged for 
 jk � 400 . The shown errors in Figs 4 and B1 are therefore com-
uted for N jk = 400 . We also compare this against a the diagonal
f the appr o ximate Gaussian covariance (C. Gar cía-Gar cía et al.
019 ) (solid black line), finding the latt er t o e x ceed the jack knife
ariance only at low � , which is further influenced by the pres-
nce of the large modulating dipole (see dashed black line that
s obtained from having removed the expected kinematic dipole 
rom the data prior to computing the Gaussian covariance, simply 
or comparison). How ev er, neither the Gaussian covariance nor 
he jack knife covariance provide a good estimate of the true
rrors in the data at these, � � 10 multipoles, wher efor e we resort
o computing these via the multipole inference described in the 
MNRAS 546, 1–18 (2026) 

4 To better ensure that the segments are indeed close-to - equal in size we 
se skysegmentor (K. Naidoo et al. 2025 ) ( https://skysegmentor.readt 
edocs.io/ ) but note that estimates using kmeans_radec ( https://gith 
b.com/esheldon/kmeans _ radec ) return virtually the same results. 

https://skysegmentor.readthedocs.io/
https://github.com/esheldon/kmeans_radec
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M

Figure C2. Comparison of jack knife errors depending on the number of 
segments N jk (colourful lines) and with a Gaussian appr o ximation (black 
lines). In the region of interest (unshaded whit e) w e select the more 
conservative jack knife estimate over the Gaussian appr o ximation with 
N jk = 400 . 
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ain text. Lastly, it is known that jack knife covariances can be
iased high (B. Efron & C. Stein 1981 ) wherefore we attempted
o correct this bias via delete-2 samples as suggested in, e.g . B .
fron & C. Stein ( 1981 ) and K. Naidoo et al. ( 2025 ). This, how ev er,
reated no discernible difference for N jk = 400 and we therefore
nly use the delete-1 samples in our estimate. 

P P E N D I X  D:  COR R E L AT I O N  AMONG  

U LT I P O L E S  ON  I N COM P L ET E  S K I E S  

n Section 3.2 , we began to formalise r equir ements for the evi-
ence of a given multipole’s presence in finite number counts
f sources, on which w e follow ed-up in Section 3.5 , finding no
vidence for an octupole in the data. How ev er, the absence of 
vidence for a signal notoriously does not equate to the evidence
f its absence, and so we must admit the possibility that power
rom multipoles higher than the dipole is indeed present and

ight influence the reliability of the dipole’s detection via pos-
ible correlation (see e.g. Appendix B ). Especially the aforemen-
ioned sky mask, that mostly serv es t o cov er the Galactic plane,

ight be thought of as an obstacle in the unbiased recovery of 
ignals on large scales. Ther efor e, in this section, we confront
his issue in a Frequentist cont ext (t o make connection with the
nalyses originally in S21 and S22 ) by presenting the results of 
 oy simulations, leading t o the understanding that our previous
onclusions, i.e. the establishment of the cosmic dipole anomaly,
emain unaffected. We also motivate the approach of Sections
.4 and 3.5 , in which we present Bayesian inferences of higher
ultipole signals collectively and formally address to the ques-

ion about evidence for the absence of higher multipole power in
he CatWISE2020 quasar catalogue. 

1 Correlations in noise-less simulations 

he question of whether power in other large-scale multipoles
an bias the measurement of specifically the dipole reported in
21 and S22 was posed recently by A. Abghari et al. ( 2024 ). Their
im was to understand the answer to this question by construct-
ng sets of simulations and by studying the impact of sky masks
ollowing a choice of different input parameters. We here revisit
heir simulations and, also by using the relations presented in
he previous Sections 3.1 and 3.2 , highlight weaknesses in their
rguments, e.g. by showing that the input parameters chosen by
NRAS 546, 1–18 (2026) 
. Abghari et al. ( 2024 ) simply fail to realistically describe the
ata they aim to model. 
We first attend to the results presented in their fig. 7. Sets of 

andom sky maps 15 are generated, each containing a randomly
riented dipole with amplitude C 1 = C 1 , kin matching that of the
inematic expectation D kin = 0 . 007 as per equation ( 10 ), and one
igher multipole, � > 1 , per set, also random in orientation and
ith an amplitude fixed to the same value C � = C 1 , kin . Subse-
uently, the skies are cut with Galactic plane masks of different
xtents, and the maps’ dipoles are measured using the same least-
quares estimator used in S21 . A. Abghari et al. ( 2024 ) find a
arge spread in recovered dipole estimates from their masked
imulations if the added multipole � is odd, which becomes
ost pronounced for the octupole, � = 3 , as expected (see Ap-

endix B ). We ther efor e focus only on the simulations containing
ctupoles, and, for sake of comparison, r epr oduce their r esults
n the top panel of Fig . D1 , wher e it is seen that the randomly
rient ed octupoles contribut e t o apparent dipoles of amplitudes
hat can e x ceed the input dipole of D kin = 0 . 007 by more than
 fact or of 2, giv en a ±30 ◦ Galactic plane mask. While this re-
ult is presented as suggestive, it is important to note the choice
f octupole amplitude. Recalling Section 3.1 , A. Abghari et al.’s
hoosing the octupole amplitude according to C 3 = C 1 , kin appears
rbitrary at best, given that the octupole power can actually be
onstrained with the data the authors claim to describe. As we
ound in Section 3.5 , the inferred octupole parameters correspond
 o a post erior in octupole pow er, C 3 , that is consist ent with zero,
nd w e show ed the corresponding 68th percentile as an upper
ound in Fig. 4 (downward arrow at � = 3 ). To pick a represen-
ativ e value, w e make a r ather conserv ative choice and consider
 

68% CL 
3 = 2 × 10 −5 as fixed input to the same simulations. This

eads to the results in the middle panel of Fig . D1 , wher e the
pread in recovered dipole estimates is much reduced compared
gainst the previous case, even for the largest mask considered
which is closest to that of the real data). Given the width of the C 3 
osterior, it is possible that the sample’s true octupole amplitude

s different (in fact, it is more likely that it is smaller) than that
r esented her e; nevertheless, the conclusions that A. Abghari et
l. ( 2024 ) draw based on their fig. 7 rely on their exaggerated
hoice of the simulated octupole amplitude and hence are not
ener ally v alid. 

We also consider a third variation, where we include higher
ultipole moments in the least-squares estimator in addition to

he dipole fit, as the adverse correlation of an octupole with the
ipole would be entirely mitigated by fitting for both multipoles
imultaneously. We present these results for all considered masks
nd for the case C 3 = C 

68% CL 
3 in the bottom panel of Fig. D1 ,

here virtually perfect recovery of the input dipole amplitude is
chieved (in fact, the same result would occur if one was to pick
 3 = C 1 , kin ). This is the avenue we e xplor e with a more dedicated

nference on real data in Section 3.5 , but first remind the reader
hat these simulations did not contain any shot noise, wher efor e
erfect recovery of all simulated multipoles is indeed expected.
s discussed in Section 3.2 , shot noise brings with it randomly
ccurring ‘shot noise multipoles’ that may exhibit random corre-
ations with each other, ultimately leading to correlated scatter
mong the r ecover ed multipole amplitudes. To addr ess this is the
im of the following simulations. 
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Figure D1. Bias tests using noiseless simulations to study the impact of 
correlations among multipoles on dipole fits in the presence of masks. All 
panels show (smoothed) distributions of r ecover ed dipole amplitudes, D, 
obtained from random simulations each with C 1 = C 1 , kin set by D kin = 

0 . 007 , equation ( 10 ), and differ ent choices of non-zer o C 3 , by using least- 
squares fits for only � ≤ 1 (top panels) and � ≤ 3 (bottom panel). Top 
panel: These simulations follow A. Abghari et al. ( 2024 ) (cf. their fig. 7) 
incl. their arbitrary choice to set the octupole power equal to that of 
the expected kinematic dipole, C 3 = C 1 , kin . Middle panel: Simulations 
informed by the actually measured octupole power, her e r epr esented by 
the conservative choice C 

68% CL 
3 = 2 × 10 −5 (see the downward arrow in 

Fig. 4 ). Bottom panel: Simulations as in the middle panel, but here the 
least-squares fit also takes into account the octupole, leading to a near- 
e xact measur ement. 
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Figure D2. Bias tests using Poisson-sampled simulations to study the 
impact of correlations among multipoles on dipole fits in the presence 
of masks. Dipole amplitudes, D, are recovered from random simulations 
with C 1 = C 1 , kin set by D kin (equation 10 ) and C � , for � = 2 , 3 , sampled 
fr om differ ent prior distributions. Top panel: Prior distributions on oc- 
tupole amplitude C 3 : The physically unmotivated uniform prior with C 3 ≤
C 1 , kin (purple, following A. Abghari et al. 2024 ), the posterior inferred 
from the actual data as described in Section 3.5 (blue; see the downward 
arr ow in Fig . 4 her e indicated by dashed white line), and a (truncated) 
normal prior around the theoretical octupole power b 2 g C 

th 
� with cosmic 

v ariance (cy an; see Fig. 4 ). Bot t om tw o panels: (Smoothed) distributions 
of dipole amplitudes, D, r ecover ed fr om simulations with priors on mul- 
tipole amplitudes as in top panel (colours matching, see also main text), 
by using least-squares fits for only � ≤ 1 (middle panel) and � ≤ 3 (bot- 
t om panel). Red v ertical lines indicat e the resulting dipole amplitude of 
the CatWISE2020 quasar catalogue ( S22 ) using the corresponding least- 
squares fit, in each of the panels, respectively. 
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2 Correlations in simulations including shot noise 

hot noise was also introduced by A. Abghari et al. ( 2024 ) in
imulations surrounding their fig. 8. There, they present results 
rom simulations of sky maps containing power from combina- 
ions of multipoles � ≤ 3 on top of a monopole that matches
he mean quasar density, which are Poisson sampled in each 

ixel and subsequently modulated with a dipole of amplitude 
 = D kin = 0 . 007 fixed to point in the CMB dipole direction. The

andomly oriented input quadrupoles and octupoles � = 2 , 3 are
ampled from power spectra whose amplitudes are drawn at ran- 
om from uniform distributions C � ∼ U (0 , C 1 , kin ) . Again dipole
mplitudes are measured in these simulations after masking, 
ere with the mask used in our original analysis, and by using

he same least-squares estimator as befor e. The r esulting spr ead
n r ecover ed dipole amplitudes is now due to shot noise (i.e. ‘shot
oise dipoles’, and correlations with, e.g. ‘shot noise octupoles’, 
tc. as was already part of the simulations in S21 and S22 ), as
ell as due to the correlations investigated previously in Fig. D1
etween the dipole and the additionally input, higher multipoles. 
e r epr oduce their r esults in the middle panel of Fig . D2 (purple

ine). For comparison, we also show the dipole measurement 
red vertical line) from the CatWISE2020 quasar catalogue of 
22 , ˆ D � ≤1 = 0 . 0155 . In a similar comparison, A. Abghari et al.
 2024 ) find that about 140 of their 10 000 mocks appear at a dipole
mplitude of 0.0155 or above, leading to a p-value of 0.014; our
orr esponding simulations r epr oduce this as well, e xhibiting a
imilar p-value of 0.012. 
MNRAS 546, 1–18 (2026) 



18 von Hauseg g er et al. 

M

p  

a  

A  

c  

t  

w  

a  

w  

p  

i  

t  

c  

r  

m  

g  

a  

t  

A  

s
 

F  

o  

fi  

b  

b

F  

p  

m  

s  

s  

t  

o  

�  

c  

a  

b  

r  

c
S  

�  

t  

i  

o  

t  

S  

s  

o

This paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/546/4/stag201/8444580 by guest on 07 M
ay 2026
As before, A. Abghari et al. ( 2024 ) do not justify their choice of 
riors for quadrupole and octupole amplitudes that purportedly
re ‘similar to those that might be in the quasar data set’ (A.
bghari et al. 2024 ). Recalling that mainly the octupole-dipole

orrelations matter (as opposed to quadrupole-dipole), we illus-
rate their octupole prior in the top panel of Fig. D2 (purple),
here we compare it against two more reasonable prior choices:
 (truncated) normal prior centred on b 2 g C 

th 
3 = 3 × 10 −6 and a

idth set by cosmic v ariance, σcv (cy an), and the actually inferred
osterior of octupole power (blue) whose 68th percentile was

ndicated as a downward arrow in Fig. 4 . The resulting distribu-
ions of r ecover ed dipole amplitudes ar e shown in corr esponding
olours in the middle panel of the same figure, formally giving
educed p-values of 0.002 and < 10 −4 , respectively. While one

ay argue that the prior set to cosmic variance is overly optimistic
iven the large-scale modes a real data set might contain, we
rgue that one ought to let the data speak for itself and hence for
he inferred (blue) post erior inst ead of the ad-hoc prior used by
. Abghari et al. ( 2024 ). Either way, both p-values indicate higher

ignificance than claimed by A. Abghari et al. ( 2024 ). 
We close this section with a similar study as previously done in

ig . D1 : If ther e truly is a significant octupole in the distributions
f sources (whether in a mock sky or the real data) we ought to
t for it explicitly, not to miss the correlation that might exist
etween it and the dipole we seek to recover. If the difference
etween the three distributions observed in the middle panel of 
NRAS 546, 1–18 (2026) 

Published by Oxford University Press on behalf of R oy al Astronomical Society. This is an Open
( https://creativecommons.org/licenses/by/4.0/ ), which permits unrestricted reuse, dis
ig. D2 is mainly due to the influence of the different octupoles
resent in the three sets of simulations, a combined fit for all
ultipoles � ≤ 3 should see this difference vanish. We demon-

trate this explicitly in the bottom panel of Fig. D2 . The remaining
pread in either of the dipole amplitude distributions here is due
o the v ariation of ‘ shot noise dipoles’ as before, the influence
f shot noise provided by higher multipoles than the octupole
 > 3 , for which we do not explicitly fit, and lastly by a possible
orr elation between r espective pairs of dipoles and octupoles in
ny one of the simulations. In fact, such correlation might also
e present in the one pair of dipole and octupole present in the
eal data. For this reason, and for direct comparison, we also re-
ompute and show the dipole amplitude found in the sample of 
22 using the same least-squares fit but now including multipoles
 ≤ 3 (red vertical line), which places the found dipole ampli-
ude at the larger value of ˆ D � ≤3 = 0 . 0188 . While this might be
ndicative of an even larger dipole amplitude in the distribution
f high-r edshift mid-IR sour ces, w e sav e our judgement about
he necessity to simultaneously fit an octupole in the data for
ection 3.5 . For now it suffices to say, that the p-values for all
imulations lie at p < 10 −4 , formally reinstating the significance
f our original detections in S21 and S22 . 
© The Author(s) 2026. 
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