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Abstract

In this thesis, we study the problems of risk measurement, valuation and
hedging of financial positions in incomplete markets when an insufficient
number of assets are available for investment (real options). We work
closely with three measures of risk: Worst-Case Scenario (WCS) (the
supremum of expected values over a set of given probability measures),
Value-at-Risk (VaR) and Average Value-at-Risk (AVaR), and analyse the
problem of hedging derivative securities depending on a non-traded asset,
defined in terms of the risk measures via their acceptance sets. The hedg-
ing problem associated to VaR is the problem of minimising the expected
shortfall. For WCS, the hedging problem turns out to be a robust version
of minimising the expected shortfall; and as AVaR can be seen as a partic-
ular case of WCS, its hedging problem is also related to the minimisation

of expected shortfall.

Under some sufficient conditions, we solve explicitly the minimal expected
shortfall problem in a discrete-time setting of two assets driven by corre-

lated binomial models.

In the continuous-time case, we analyse the problem of measuring risk
by WCS, VaR and AVaR on positions modelled as Markov diffusion pro-
cesses and develop some results on transformations of Markov processes
to apply to the risk measurement of derivative securities. In all cases,
we characterise the risk of a position as the solution of a partial differ-
ential equation of second order with boundary conditions. In relation
to the valuation and hedging of derivative securities, and in the search
for explicit solutions, we analyse a variant of the robust version of the
expected shortfall hedging problem. Instead of taking the loss function

[(z) = [x]" we work with the strictly increasing, strictly convex function

L.(z) = elog (%). Clearly lim._¢ L.(x) = l(x). The reformula-

tion to the problem for L.(x) also allow us to use directly the dual theory

under robust preferences recently developed in [82]. Due to the fact that



the function L.(z) is not separable in its variables, we are not able to
solve explicitly, but instead, we use a power series approximation in the
dual variables. It turns out that the approximated solution corresponds
to the robust version of a utility maximisation problem with exponential
preferences (U(x) = —%e‘"’f‘) for a preferences parameter v = 1. For the
approximated problem, we analyse the cases with and without random
endowment, and obtain an expression for the utility indifference bid price

of a derivative security which depends only on the non-traded asset.
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In this thesis, we study the problems of risk measurement, valuation and hedging of
financial positions in incomplete markets when an insufficient number of assets are
available for investment (real options). We work closely with three measures of risk:
Worst-Case Scenario (WCS) (the supremum of expected values over a set of given
probability measures), Value-at-Risk (VaR) and Average Value-at-Risk (AVaR), and
analyse the problem of hedging derivative securities depending on a non-traded asset,
defined in terms of the risk measures via their acceptance sets. The hedging problem
associated to VaR is the problem of minimising the expected shortfall. For WCS,
the hedging problem turns out to be a robust version of minimising the expected
shortfall; and as AVaR can be seen as a particular case of WCS,; its hedging problem
is also related to the minimisation of expected shortfall.

Under some sufficient conditions, we solve explicitly the minimal expected shortfall
problem in a discrete-time setting of two assets driven by correlated binomial models.

In the continuous-time case, we analyse the problem of measuring risk by WCS,
VaR and AVaR on positions modelled as Markov diffusion processes and develop some
results on transformations of Markov processes to apply to the risk measurement
of derivative securities. In all cases, we characterise the risk of a position as the
solution of a partial differential equation of second order with boundary conditions.
In relation to the valuation and hedging of derivative securities, and in the search for

explicit solutions, we analyse a variant of the robust version of the expected shortfall

hedging problem. Instead of taking the loss function [(z) = [z]* we work with
the strictly increasing, strictly convex function L.(z) = e€log % . Clearly

lim. ¢ L:(z) = {(x). The reformulation to the problem for L.(x) also allow us to use
directly the dual theory under robust preferences recently developed in [82]. Due to
the fact that the function L.(z) is not separable in its variables, we are not able to

solve explicitly, but instead, we use a power series approximation in the dual variables.



It turns out that the approximated solution corresponds to the robust version of
a utility maximisation problem with exponential preferences (U(x) = —%6_7‘”) for

a preferences parameter 7 = %

For the approximated problem, we analyse the
cases with and without random endowment, and obtain an expression for the utility
indifference bid price of a derivative security which depends only on the non-traded

asset.
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Introduction

With the dissemination of quantitative methods in the financial sector and advent
of complex derivative products, mathematical models have come to play an increas-
ingly important role in financial decision making, especially in the context of pricing,
hedging and risk management of derivative instruments.

In view of the recent treatment of the quantification of risk (initiated in [3] and
further developed in [16], [29], and [35]; see also [32]) based on a set of desired axioms
that every risk measure should satisfy, defining in such a way the class of coherent and
convex risk measures, the “fair” pricing of derivative securities or risk-neutral valuation
becomes a particular case of measuring risk under an arbitrage-free condition.

The other aspect inherent in measuring risk is the hedging of financial securities.
Hedging and measuring risk are two faces of one procedure, as the same three elements
to defining risk: a system of prices, a class of permitted actions and a criterion of
acceptability are needed for both of them.

It is a well known fact that pricing and hedging of a given contingent claim has
a unique solution in a complete market framework, but when some incompleteness
is introduced the problem becomes more difficult and an extra criterion is needed in
order to pick one price between all arbitrage-free prices.

One alternative method of valuation and hedging in incomplete markets is to use
a “superhedging strategy” (see [20] and [52]). But from a practical point of view the
cost of superhedging is often too high. Also perfect (super-) hedging takes away
the opportunity of making a profit together with the risk of a loss. Suppose the
investor is unwilling to put up the initial amount of capital required for a superhedge
and is ready to accept some risk. Another set of criteria to pricing and hedging in
incomplete markets is called utility maximisation, and it is perhaps, one of the most
popular ones. Proposed by Hodges and Neuberger (1989), the price of the contingent
claim is obtained as the smallest (resp. largest) amount leading the agent indifferent
between selling (resp. buying) the claim and doing nothing. The price obtained is the

indifference seller’s (resp. buyer’s) price. Typically the utility function is assumed to



be a strictly increasing and strictly concave function on the real line, but ideas can
be extended to the cases when the utility function is just increasing and concave and
maybe state dependent. Examples of criteria like these are what are called: expected
shortfall, and maximising the probability of a perfect hedge.

Although most of the criteria above for pricing and hedging of financial securities
were initially formulated in a specific context, all of them can be reinterpreted as
measuring risk (valuation) and finding the hedging strategy for a corresponding risk

measure. This point of view is adopted in the present thesis.

Organisation of the thesis and contributions

In this thesis, we study the problems of risk measurement, valuation and hedging
of financial positions in incomplete markets when insufficient number of assets are
available for complete hedging. One application is to real options.

Chapter 1 contains some background material needed throughout the thesis. The
first part discusses the axiomatic approach of risk measures introduced in [3] and
further developed in [16], [29] and [30]. We then define the three main measures of risk
analysed throughout the thesis, namely: Worst-Case-Scenario risk measure (WCS)
(the supremum of the expected values over a set of given probability measures), Value-
at-Risk (VaR), and Average value-at-Risk (AVaR). We conclude Chapter 1 with the
connection between measuring risk and the associated hedging problems (defining
acceptability of the positions via the risk measure).

Before describing the rest of the thesis, we briefly set the mathematical scene (the
practical applications will be described later). Assume we work in a complete filtered
probability space (2, F, (F)y<;<7, P), and that an investor faces a random liability
H > 0 at time T. If the m_a;ket is complete and free of arbitrage opportunities,
under mild conditions, any contingent claim H with fixed payoff at time T" can be
replicated or hedged by a trading strategy (v, 7) consisting of an initial capital v > 0
and a dynamic portfolio process m € A(v)'. When the market is not complete, then
the existence of a replicating process (v, ) cannot always be guaranteed, unless the

investor is prepared to hold an initial capital equal to the super-replicating price

sup Eg [Hr],
QeMe

where M, denotes the set of all equivalent martingale measures with respect to the

probability P. In this case, the risk involved in the payment H can be completely

L A(v) denotes the set of admissible portfolios. It will be defined in detail in the later chapters.



eliminated because a super-hedging strategy can be performed. On the other hand,

when the investor is only willing to put up a smaller amount of the initial capital

v E (0, sup Eq [HT]) ,
QeM.

then a non-hedgeable risk will be involved and any hedging strategy (v, 7) will be

“partial” in the sense that its shortfall
(Hr —Vr)*

may be non-zero with positive probability, where Vi denotes the value at time T
of the wealth associated to the replicating strategy (v,m). This situation induces

the so-called shortfall risk minimisation problem: For a fixed initial capital v €

(0, sup Eg [HT]), find a trading strategy (v, 7), with v < ¢ and 7 € A(v) such that
QeM.
the expected shortfall

Ep [(Hr — Vr)*]

is minimal under the physical probability measure P.

This problem has been studied in the context of semimartingale processes and
general It6 diffusions (see [9], [28] and [31, p. 341]) in the sense that the authors have
shown existence and general characterisation of the solution (the trading strategy
and the minimal expected shortfall). It turns out that the solution to the minimal
expected shortfall problem can be divided into two parts: The first is the solution to

a “static-hedging” problem, of minimising
Ep [(HT — Y)ﬂ
among all Fr-measurable random variables Y > 0 which satisfy the constraint

sup Eq [Y] < 0.

QeM.
If Y* denotes the solution in the first part, then the second part consists of fitting the
terminal value V7 of an admissible strategy to the optimal solution Y*. Although it
has been shown that the solution exists and is characterised via the above two-step
procedure, few explicit solutions or approximating algorithms have been studied in
the literature. They will rely of course on the particular model assumed. In relation
to the discrete-time settings, [23] has studied the problem with a single asset under
binomial dynamics with model uncertainty leading to an incomplete-market situation;

[79] provides an algorithm for the trinomial model of one asset, and [83] presents some

3



general results for the multi-state case for a single risky asset. The multi-assets case
in a complete financial market has been solved in [79].

As our interest is in real options situations (when the incompleteness of the market
comes from insufficient number of assets available for investment), in Chapter 2 we
analyse the problem of minimising the expected shortfall of a random liability faced at
a fixed future time 7" in an incomplete market consisting of one riskless asset and two
risky assets S and Y, but only one of them (5) is tradable in the market. We model
S and Y in discrete-time as two correlated N-period binomial trees, and assume that
the liability payoft at time 7' is a function only on the non traded asset of the form
H(Yr). This setting can be seen as the simpler Markov-chain approximation to its
continuous-time counterpart. Using dynamic programming techniques, we are able
to find explicitly the minimal expected shortfall and the optimal strategy that solve
the problem under a set of sufficient conditions. In the general case, we find upper

and lower bounds for the minimal shortfall.

In the second part of the thesis, we focus on continuous-time models. We start
Chapter 3 by computing the three measures of risk of interest (WCS, VaR and AVaR)
for positions whose models are given by continuous Markov diffusion processes. The
main idea to compute risk given by VaR or AVaR of a position X modelled as a
diffusion process is to exploit the Markov property and characterise it as the solution
to a second-order partial differential equation (PDE) with boundary conditions. In
the case of the WCS risk measure, the approach is similar but less direct, as the WCS
is defined as the supremum over a set of probability measures. In order to obtain
WCS also as the solution to a boundary value PDE we need to state conditions on
the set of measures, so the supremum in the definition of WCS is finite.

Motivated by practical application, firstly, we analyse in detail the case when under
each measure on the definition of WCS the process X remains a Markov diffusion
process. This involves the study of properties of what is called an exponential change
of measure transformation of Markov processes and to adapt some results to our
present situation. In most of the cases, the PDEs that characterise the risk measures
do not have explicit solutions and series expansion or numerical methods need to be
applied. In the few cases that do allow explicit solution, solving for the risk PDEs or
solving for the transition probability density of the process X are equivalent. This is
shown in the last part of Chapter 3.

When the restriction on the Markov property is lifted, we establish conditions so

the computation of WCS can be formulated as a stochastic control problem and then



as the solution to a nonlinear PDE of second order with boundary condition and a
terminal condition. We end the chapter with several examples.

In Chapter 4 we study the problem of computing risk as WCS, VaR and AVaR for
derivative securities that depend on an underlying asset given by a Markov diffusion
processes as in the preceding chapter. This is, we assume that the derivative security
is defined by a positive payoff function H(Sr) on the final value of a security S;.
By the Markov property and our assumptions on the process S; the random variable
H(Sr) may be written as a function C' € C*? on the process S; at the current time

t. Defining a process given by
Xt - C(t, St),

one can apply [t0’s lemma to obtain the dynamics of X. Then our problem reduces
to the one studied in the previous chapter of computing the risk for the position X.
When the function C' is not injective, the dynamics of the process X; may be degen-
erate. In order to analyse this situation in detail, we look at the process X; from the
point of view of a local transformation of the process S;. In particular, we establish
conditions and analyse when the transition probability density of a transformed pro-
cess X can be expressed in terms of the transition probability density of our original
process S. In other words, we find how to reduce the solution to the risk-PDEs for
the position X to the solution of simpler PDEs corresponding to the solution to the
risk-PDEs for the position S.

We apply our results on local transformation of Markov diffusion processes to the
computation of risk for derivative securities and illustrate them with examples. We
discuss briefly also the relation to this method with the approaches known as delta-

and delta-gamma approximation for the computation of risk of derivatives.

Concerning the hedging problems corresponding to the WCS, VaR and AVaR, in
Chapter 5 we analyse a variant of the robust version of the expected shortfall hedging
problem:

For an initial capital z > 0, find a hedging strategy (z, ), 7 € A(z) with terminal

value X\™ which optimises

+
inf supE (H — X(x’ﬂ)> } , 1
TeA(x) @eg Q |: r T ( )

in a continuous-time model consisting of two risky assets S; and Y, 0 <t < T (given
by geometric Brownian motion) and a risk-free bond By, 0 <t < T. The asset S; is

assumed to be traded in the financial market but Y; is not traded.



We consider a random payoff Hy to be function of the underlying process Y; at
time 7', that is, Hy = H(Y7) and the set of measures (priors) P to be a subset of the
equivalent probability measures M..

The problem in (1) corresponds to the hedging problem for the WCSp risk measure
discussed in Chapter 1 Section 1.5.1.1. For the particular choice of priors P = {P}
and* P = {Q € M, : ‘fl% is P-a.s. bounded by é} introduced in Proposition 30, we
recover the solution to the hedging problems corresponding to VaR, and AVaR,,
respectively.

In view of the fact that the theory for the primal-dual formulation to the robust
versions of expected utility problems has only been recently developed in [82] and
under the assumptions that the utility function is a strictly increasing and strictly
concave function, we reformulate our original problem in (1) to fit into these as-
sumption by considering an e-approximation of the shortfall utility function [:1U]Jr for

0 < e <1 by considering the following problem:

. . (z,m)
5t s [0 (#0%) - X)) ?
with
Ud(z) = elog % _
exp {2}

This is, for ¢ — 0 we would recover the original expected shortfall problem.

Due to the fact that the utility function U.(z) is not separable in its variables, we
are not able to solve explicitly in (2), but instead, we use a power series approxima-
tion in the dual variables. It turns out that the approximated solution to (2) is the
solution to the corresponding robust version of an utility maximisation problem with
—%e_w) for a preferences parameter v = é Then
the original expected shortfall problem when ¢ — 0 would correspond to v — oc.

exponential preferences (U(z) =

For the approximated problem, we analyse the cases with and without random en-
dowment, and obtain an expression for the utility indifference bid price corresponding
to the liability Hr = H (Yr).

The study of whether the solution to the problem (value function and optimal
strategies) in (2) converges to the optimal solution to the minimal expected shortfall
problem when ¢ — 0 (resp. the convergence to the solution in the utility max.
problem with exponential preferences when v — 00) is left for future research among

some other topics derived from this thesis, as described in the final Chapter 6.

2 M, denotes the set of all absolutely continuous probability measures to P.



Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we present some background material needed throughout the thesis.
In the first part, we discuss risk factors and exposures to uncertainty that are the
core elements in defining risk measures. We then introduce a risk measure following
the axiomatic approach developed by the seminal paper [3] and further developed
in [16], [29] and [30]. The key aspect of this axiomatic approach is to define a risk
measure from the point of view of a supervising agency as a capital requirement:
we are looking for the minimal amount of capital which, if added to the position
and invested in a risk-free manner, makes the position acceptable. In brief, a risk
measure is a mapping from the a set of all possible positions to the real line that
satisfy the properties of monotonicity and translation invariance. The interpretation
of a risk measure as minimal capital required is related to the above properties of
monotonicity and translation invariance. If furthermore, the risk measure satisfies a
convexity property (respectively homogeneity) it is called a convex (resp. coherent)
risk measure. It turns out (see [3] and [29]) that any convex measure of risk can be
represented as the supremum over a set of all probability measures of a functional
depending on the position and the probability measures. These results and general
properties of convex and coherent risk measures are reviewed in the second part of
this chapter.

Throughout the thesis we focus our attention on three risk measures, namely:
Worst Conditional Scenario (WCS), Value-at-Risk (VaR) and Average Value-at-Risk
(AVaR). We define and discuss some of their properties in the third part of the chapter.

By the interpretation of a risk measure as capital requirement, computing the risk
of a given position only answers the question: What is the minimal amount of capital

needed so that added to the position makes it acceptable? it says nothing about



the way the capital needs to be invested. Thus, in the last part of this chapter, we
study for our three risk measures the related hedging problem of finding an “optimal”
trading strategy that renders the position riskless in terms of WCS, VaR, or AVaR,

respectively.

1.2 Risk factors and exposure to uncertainty in
risk assessment

Suppose a risk manager needs to carry a risk assessment program for a given portfolio
of financial securities. Most of the time, even before the selection of an adequate risk

measure, managers have to ask themselves three main questions:

1. What are the risk factors that affect the desired portfolio?
2. What is the right time horizon to measure risk?

3. How should the exposure to uncertainty of these risk factors be measured?

Most of the recent literature on risk measures starts by assuming that all of
the above questions have been answered and that the answers are clear to managers.
Standard assumptions are considering a fixed time horizon for risk measurements and
that the exposure to uncertainty is given by a random variable on a given probability
space.

The right answer to the three questions above may be crucial for risk managers
when implementing any risk measurement program, and any of them may be a topic
for research by itself. Before establishing the mathematical setting for the study of
risk measures, we briefly set out some details about risk factors and exposure to
uncertainty.’

Assume t is the current time for analysis and T > t a fixed future end time
such that if Y represents the value of our portfolio of securities, the interval [t, T
belongs to the lifespan of Y. The difference T' — ¢t will be called risk horizon, and
correspondingly the interval [¢t, T] will be referred as the risk interval.

A common assumption is that the portfolio Y is kept fixed until the end of the
risk horizon.

Assume we work under a complete and filtered probability space (€2, F, (F )th < P)

where () is the non-empty set of all possible outcomes and take X to be the space of

IFor a more detailed discussion about risk factors and exposure to uncertainty see for example
[22].



all real-valued functions on €. A function a : [t,T] x © — R is called a risk factor
over [t,T] (e.g. interest rate, exchange rates, etc). Denote by A; 1 the set of all risk

factors over [t,T]. Assume we have a mapping X of the form
Xt’T . AmT — %

This map assigns to each risky factor a € A, a unique random variable X (w) :=
X*T(a) € X, which we call the exposure to uncertainty over the horizon [¢, T] and
due to the risk factor a. When no confusion arises, we will simply write X*? omitting

the dependence on the risk factor a.

Remark 1 1. For each fived T € [t,T], the mapping X™T is determined at time T

based on the information F,, so that X™T (a) is Fr-measurable for each a € Ar.

2. XoT .= X™T(a) can be interpreted as the random loss over the time horizon
[t,T].

Example 2 (Exposure to uncertainty for a given portfolio) ConsiderT = t+
0 with 0 < 0 € R fized. Assume that the constant risk-free rate for discounting cash-
flows is r and that we are interested in measuring the risk of a given portfolio Y
whose current value is Y;. In this example, our risk factor is the portfolio Y itself,

r.e., a =Y. We now show three examples of exposure to uncertainty maps.

Future net worth and its expected value are given by:

Xt,t+0(y) :thJrO . erey*t and E [Xt’tJre(Yﬂ —E [Y;EJrG] . 67"0}/;'

Discounted net worth and its expected value are given by

X)) =Yg — Y, and E[X"(Y)] = e E [V — Vi

Profit and Loss (P&L) and its expected value are given by

XHY) =Yg =Y, and E[X"T(Y)] = E[Vi] — Vi

The three examples of exposure to uncertainty are naturally related.



Example 3 (Future net worth for a derivative security) Assume we are inter-
ested in measuring the risk of a European derivative security with maturity time T on
an underlying asset S, and that the current price at time t of the derivative is given
by the function u(t,Sy). In this case, our risk factor is the underlying asset S; this is
a = S. Suppose we want to measure the risk of the future net worth of the derivative
security value at time T'. Then the exposure to uncertainty map and its expected value

are given by
XUT(S) = u(T, Sp) — e" T Du(t, S,) and E [(X"T(9)] =E [u(T, Sr)] — e"T=Vy(t, Sy).

This s, the exposure to uncertainty measured as the future net worth is the un-
certain future value of the derivative, less the risk-free time-T wvalue of the cost now

of buying the derivative.

Remark 4 Note that if, in Example 2, we assume r = 0, then all three exposures to
uncertainty coincide in value. The only difference is the time at which these variables
are considered. Assuming r = 0 is equivalent to assuming that there exists a riskless
asset and all prices are in discounted terms using the riskless asset as numeraire.

Then without loss of generality, we can make the following assumptions.
Assumption 5 The risk-free rate r is zero.

Assumption 6 For the current time t, and the risk horizon [t,t + 0] for a given
constant 0 > 0, we denote by X? to be the position for measuring risk relative to the

discounted net worth of its current value, this is, X? is given by
)((9 = Xt+9 — Xt' (1].)

Remark 7 When a position X? is measured as the discounted net worth X% = X, y—
X, then scenarios for which the position X? > 0 represents no risk at all, as this will
mean X;19 — Xy > 0 and no loss will be incurred. Then the only scenarios to care
about are those for which X% < 0. This is why sometimes measures of risk are defined

in terms of — X9 instead of X°.

1.3 Static risk measures

In this section we will introduce the definition of a monetary risk measure in the spirit
of the axiomatic approach initiated by [3], and followed by [29]. We will follow closely

[31] in the exposition.
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Monetary risk measures and their representation properties have been defined on
a financial model consisting only of two dates (single-period static approach). The
extension to the multi-period case and to the dynamical setting is very recent and
still a subject of ongoing research. But many of the main ideas and properties in the
single-period model hold in the multi-period and dynamical setting. In order to fix
ideas, for the rest of this section, we assume we are in a model with only two dates:
the current date ¢t and a final date T'=t+ 0, for 0 < § € R.

The key aspect of this axiomatic approach is to define a risk measure from the
point of view of a supervising agency, this is, as a capital requirement: we are
looking for the minimal amount of capital which, if added to the position and invested
n a risk-free manner, makes the position acceptable.

Similarly as in [3] and [29], we first define a monetary risk measure in its most
generality, and then clarify the meaning of “acceptability” of a position by introducing
what is called the acceptance set A, of a risk measure p.

Note that by the above interpretation of the risk p(X) as capital requirement;
computing the risk p(X) of a given position X only answers the question: What
is the minimal amount needed so that added to the position makes it acceptable?,
but says nothing about the way the capital p(X) needs to be invested. Thus a
related hedging problem to measuring risk is to find an “optimal” trading strategy?
(p(X), ), which makes the position X to be riskless in the sense of the acceptance

set A, (acceptable).
Let as before, X be the space of all financial positions.

Definition 8 Monetary risk measure. A monetary risk measure p is a mapping
p: X — R such that, for all X, Y € X, we have:

1. Monotonicity: If X <Y, then p(X) = p(Y).
2. Translation invariance: If m € R, then p(X +m) = p(X) —m.

The monotonicity property means that if the payoff profile is increased, then the
risk (downside risk) is reduced. This is in accordance with the interpretation of a
risk measure as capital requirement. On the other hand, the monotonicity property
says that the lower the payoff, the more capital is needed in order for the position to

become acceptable. The property of translation invariance tell us about the amount

2A trading strategy (p(X),#) consists of a given initial amount of capital to invest p(X), and 7
the monetary amount for investment over a set of given financial assets.
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of money which should be added to the position in order to make it acceptable from
the point of view of a supervisory agency. Thus, if the amount m is added to the
position and invested in a risk-free manner, the capital requirement is reduced by the
same amount. Many authors define a risk measure only as the corresponding map p
without the monotonicity and translation invariance properties. But it turns out that
most of the risk measures in practise, particularly the ones analysed in this thesis,

satisfy these two properties, thus the equivalence in the definitions.

Remark 9 For a position X° := X; 9 — X; and a risk interval [t,t + 0], the second
term on the right-hand side of X? is a deterministic quantity. Then the randomness
of X? is only due to the term X,,g, and by the translation invariance property of the
risk measures, there is no difference in analysing X% or X,.9. Therefore, without loss
of generality, throughout this document we concentrate our analysis as if X° = Xy.g,
unless otherwise made explicit. Also, whenever there is no room for confusion, we

will also omit the explicit dependence of X on 0, writing X when we mean X°.

Remark 10 The cash invariance property implies p(X + p(X)) = p(X) — p(X) =0,
and p(m) = p(0) —m for allm € R. This suggests assuming a normalisation whereby

p(0) =0.

If a monetary risk measure has the additional property of being convex, then we

have the following definition.

Definition 11 (Convex risk measure) A monetary risk measure p : X — R is

called a convex risk measure if it satisfies the convexity property
PAX +(1—=NY) < Xp(X)+ (1 —=XN)p(Y), for0 <A <1

The convexity property is related to the notion of diversification in the sense that

diversification in a portfolio should not increase the risk.

Definition 12 A convex risk measure p is said to be coherent if it satisfies the

following positive homogeneity property:
If A >0, then p(AX) = Ap(X).

Remark 13 A measure that satisfies positive homogeneity is always normalised so
that p(0) = 0, and under this assumption, convexity is equivalent to the following
subadditivity property:

p(X +Y) < p(X) + p(¥).

Remark 14 The homogeneity property implies that the risk grows in a linear way as

the size of the position increases. This may not be the case for many risk measures.
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1.3.1 Acceptance sets and risk measures

We now introduce the notion of acceptability of a position given by a risk measure.
Definition 15 Given a risk measure p, define the set A, by

A, ={X eX:pX)<0}.
The set A, will be called the acceptance set of p.

Note that all positions in A, are acceptable in the sense that they do not require
additional capital. Conversely, one can also induce a risk measure given an acceptance
set A C X.

Definition 16 For a position X € X, and a given set A C X we define the related

risk measure pa as the minimal capital m for which m + X becomes acceptable:
pa =inf{m e R:m+ X € A}.

In order to understand the connection between acceptance sets, the risk measures

associated to them and their hedging problems, consider the following examples.

Example 17 (Sec. 2.1 and 2.2 in [81]) Consider a filtered probability space
(Q,F, (F)izo,..17,P) and a market with one bond B and a positive risky asset S. We
assume that the risk-free rate is zero, therefore By =1 fort=0,...,T.

Let m be a predictable process and mw; corresponds to the number of shares held
of the asset during the trading period (t — 1) — (t). It is well known that if we
impose the condition that the portfolio is a self-financing one (see Section 5.3), then
we define completely the wealth process by the pair (v, ), with v the initial capital and
7w € A(v), where A(v) is the set of all admissible strategies.® The associated value

process for an initial investment v is given by

Vi, = v+ Gy(n) ::v—i-Zm-(Sk—Sk,l). (1.3)

k=1

3For the case of positions in L°°, the set of admissible strategies A(v) is so that there is a constant
¢ = ¢(m) such that the related gain process satisfies

t
Zﬂ—k. (Sk—Sk,l) Z —c P —a.s. (12)
k=1
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Assume we define a financial position X € L™ to be acceptable if satisfies X > 0
P-a.s. (if the risky part of X can be hedge at no additional cost). This means, we can

find a suitable hedging portfolio m such that
X+ Gr(r) >0 P—as.
This acceptability condition defines the acceptance set
Ao :={X € L™ : I 7 with X + Gr(7) > 0 P-a.s.},
and the corresponding risk measure py defined as
po(X) == pa,(X) =inf{m e R:m+ X € Ap}.

Furthermore, if we assume that the market model is arbitrage-free, given the condition
inf{im € R :m € Ay} > —o0o (see [81, Theorem 2.1]), then py can be represented
in terms of the set M.(P) of equivalent martingale measures for the price process S,
this is,

po(X) = sup Eg[-X]
QeM.(P)

Assume our investor is short in H > 0 at time T (she must deliver the amount H at
time T'). On one hand, if we define ps,,(H) as

Psup(H) := po(—H) = sup [Eq[H],
QeM.(P)

and provided the right-hand side is finite, then pg.,(H) is equal to the cost of super-

replicating H, i.e., there exists a trading strateqy m such that
pSup(H) + GT(W) Z H P— a.s. (14)
On the other hand, by (1.3) for a given initial capital v and a trading strategy m € A(v)

V™ = v + Gp(n). (1.5)

Using po, the risk of the short position is po(—H). And from the interpretation of a
risk measure as the minimum amount of capital, the updated position po(—H) — H

belongs to Ay, this means, there exists a hedging portfolio m € A(po(—H)) such that
po(—H) — H+ Gp(m) = VT(pO(fH)’ﬂ) —H>0P—a.s., (1.6)
which is equivalent to the expression in (1.4).
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Although by performing such a superhedging strategy, the investor eliminates com-
pletely the corresponding risk, the disadvantage is that the initial amount ps,,(H) is
most of the time too high from a practical point of view. There is a disadvantage even
in the case where the claim is attainable, as the elimination of the risk goes together
with the elimination of the possibility of making any profit.

Let us therefore suppose that the investor is unwilling to put up the capital po(—H)
and is ready to accept some risk. For a fivzed v € (0, psyp(H)), this imply that for any
m € A(0) there would exist some w € § such that

Vf’w) (w) — H(w) >0 (superreplication/replication) (1.7)
and that some w € 2 where
VA" (W) — H(w) < 0 (no-replication). (1.8)

Then any hedging strategy will be “partial” in the sense of replication/superreplication.

In order to make the most of the previous situation, we can formulate a sensible
“partial” hedging problem by noting that it is desirable to find a hedging portfolio m
which deals only with the problematic events -those in (1.8)- and such that VT(TM) 8

as closest as possible to H. This is achieved by using the shortfall function
N
(1 - i)

as it assigns zero to the superreplication/replication events and a positive quantity to

the no- replication events. And as the goal is to make this shortfall small, the general

“partial” hedging problem to solve is:*

Find a hedging strategy m € A(v) which attains the infimum in

+
inf (H—VT(”’”)) ,
TEA(v)

with v < V.

The above provided we give sufficient conditions so the random wvariable H —

VT(”’”) < 00; for example, quaranteeing that H — VT(U’W) € L°.

4The problem can also be generalised as in [81, Sec. 2.2] considering another suitable risk measure
p. Find a hedging strategy 7 € A(v) which attains the infimum in

rdlin)” <_ (# - Viﬁwy) ’

with v < 2.
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Later in this chapter, we review briefly the hedging problems associated to the
risk measures Worst Conditional Scenario (WCS), Value-at-Risk (VaR) and Average
Value-at-Risk (AVaR), and in Chapter 5 we study in more detail the solution to the
hedging problem associated to the WCS risk measure.

1.3.2 Robust representation of convex risk measures

We recall now some important characterisations of coherent and convex risk measures
and their acceptance sets. For the case when X := L*°(Q, F,P), it has been proved in
[81] that any coherent risk measure measure can be interpreted as a sort of worst-case
scenario over a set of probability measures. This result is recalled in the following
proposition. For similar results in spaces other than L°° or generalisations see for
example [3],[16], [15], [34], [35] [29] and [32].

Denote by M, := M,(P) := M,(Q, F,P) the set of all probability measures Q on
(Q, F) which are absolutely continuous with respect to P; and by M, s := M, (P) :=
M, 5 (2, F,P) the set of all finitely additive set functions Q : F — [0, 1] which are
normalised to Q[2] = 1 and absolutely continuous with respect to P in the sense that
Q[A] = 0 if P[A] = 0.

Proposition 18 (Prop. 4.6 and 4.14 in [32] and Corollary 1.17 in [81]) The

following statements are equivalent.

1. A functional p : X = L>®(Q2, F,P) — R is a coherent risk measure.
2. The acceptance set of p, A, is a cone.
3. pis a continuous from below: X,, / X then p(X,) \, p(X).

4. There exists a subset P C M,(P) representing p such that the supremum is
attained in

p(X) =supEqg [-X], forall X € L*. (1.9)
QeP

The next proposition shows the analogous representation for convex risk measures.

Proposition 19 (Prop. 4.6 and Thm. 4.15 in [32] and Thm 1.10 in [81]) The

following statements are equivalent:

1. A functional p : X = L>®(Q, F,P) — R is a convex risk measure.

2. The acceptance set of p, A is conver.
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3. p can be represented as

p(X)= sup {Eq[-X] - amn(@)}, X €L, (1.10)
QeM, (P)

where the penalty function aumi, is given by

amin(Q) := sup Eq [-X] for Q eM, ;(P).

XeA,

Moreover, am, is the minimal penalty function which represents p, i.e., any
penalty function o for which (1.10) holds satisfies a(Q) > amin(Q) for all

Q eM, s (P).

The difference between the representation of a coherent and a convex risk measure
is that in the latter, the supremum is taken over a finer set of probability measures but
the effect that each measure Q has on the risk measure p is captured via the penalty
function a. For each measure Q, the penalty function a(Q) can be interpreted as the
worst value among all the acceptable positions computed under the measure Q.

We omit the proofs of the previous propositions as it is out of the scope of this
chapter, but we refer to [3],[16], [15], [34], [35] [29] and [32]. See also [31] for a general

account on monetary risk measures, their robust representation and properties.

1.4 Dynamic risk measures

The definition of a monetary risk measure and the axiomatic approach in the pre-
vious section has been presented in a single-period model. A natural extension of
this framework to the multi-period setting, or more generally to the continuous-time
setting, is to replace the expectation operator by a conditional expectation operator.
Thus, for any ¢t < 7 < T, the dynamical version (in continuous-time) of a convex risk

measure p, on the risk horizon [t, T'| will have the following representation

pr(X) = ess.supgent, ;) {Bo [-X|F,) — 0uin(@)}, X € L*,

where the penalty function oy, is given by

anin(Q) :== sup Eg[-X|F;] for Q € M, ¢(P).

XeAy(T)
In a continuous-time setting, the dynamical version of a risk measure suggests the

introduction of the following time-consistency property.
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Definition 20 A dynamic risk measure is said to be time-consistent on the risk hori-
zon [t,T], if for any t < Ty <T and any position X € X we have

pi(X) = pe(—pr, (X)) (1.11)

The time-consistency property in the multi-period setting can be analogously de-
fined.

From the interpretation of a risk measure as a minimal capital requirement, the
time-consistency property implies that if at time ¢ a position X is accepted with
respect to the risk measure p on the horizon [t,T], then the position must also be
accepted at any other intermediate time T3, t < T7 < T, but with the risk measured
on the time horizon [T}, 7T]. The minus sign in (1.11) is required because at time ¢
we need to measure the risk of a short position of value pr, (X). For more on risk

measures and their properties see [5] or [32].

Remark 21 Without the minus sign in front of pr,(X), the property of time-consistency

in (1.11) corresponds to the Bellman principle in dynamic programming.

In the next section, we introduce the three dynamic risk measures which we are
interested in, namely: the Worst-Case-Scenario measure (WCS), Value-at-
Risk (VaR), and Conditional Value-at-Risk (CVaR), their acceptance sets,

some properties and the related hedging problems.

1.5 The risk measures: WCS, VaR and AVaR

1.5.1 Worst-Case-Scenario

Assume we have fixed a probability triple (2, F,P), and denote by M; := M;(P) :=
M (Q, F,P) the set of all probability measures on (€2, F).

Definition 22 Worst-case scenario. Let P be a subset of My. The worst-case

scenario risk measure over P for a position X is defined as:

WCSp(X) = (s@gg Eg [—X] (1.12)

i.e., the supremum of expected losses over a set of probability measures.
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Its acceptance is given by

Awes, ={X € X :supEq [-X] < 0}. (1.13)
QeP

It is direct to see that it is a coherent risk measure.

One interpretation of WCSp(X) is to measure risk on stress-test scenarios, this is,
imagine one needs to know the effect that a set of chosen scenarios (turmoil situations,
new model estimations, etc.) has on the position X. This is done by computing the
expected value on the worst possible situation among the chosen scenarios P. Another
interpretation of WCSp is that by assuming P €P, then we can interpret WCSp as
the risk measure that incorporates uncertainty in the model, this is, when there is no
full knowledge of the probability structure of the model, but instead an approximation
in terms of a set of probability measures (robust preferences). A particular case of
the previous situation is assuming a model which may not be fully specified (e.g. a
parameter may only be known to lie in a given range). Then in order to be on the
safe side, one defines the expected values in terms of the worst possible case among
the models in P.

Note that the risk given by WCSp depends directly on the choice of the set P C
M. In order to distinguish some important cases, define as before M, := M, (P) :=
M, (Q, F,P) and analogously M, := M.(P) := M.(Q2, F,P) as the set of absolutely

continuous and equivalent measures to the reference measure P, respectively, this is,
: .. dQ
M, :=1:Q € M; : 3 a Radon-Nikodym derivative ("

and

d
M, = {Q € M; : 34 a Radon-Nikodym derivative d% >0 P—a.s.} )

Some special cases of interest are taking P equal to My, M,, M., and {Q} for a
given Q € M,.
When P = M, the corresponding risk measure is called worst-case risk measure

as shown in the next example.

Example 23 (P = M;) Define the risk measure pyax called the worst-case risk mea-

sure by
Pmax(X) == — inf X(w) =inf{m e R:m+ X > 0}.

wel
This measure is coherent and can be represented as

Pmax(X) = sup Eq [-X].
QeM;y
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For a given position X, the worst-case risk measure, as its name suggests, give us
an upper bound of the risk of the position measures by any other risk measure. It
gives the largest value we can get.

We now give some remarks on the rest of the special cases.

Remark 24 1. When P = M., the set M. is convex but not compact; then if for
the position X we have Eq [X] < 0o for each Q € M., the measure where the

supremum 18 attained will belong to M.

2. In the case where the set consists of only one measure, this is, P = {Q} for
Q € My, then the problem reduces to find the expected value of the position —X
under the measure Q. A particular situation is when taking P = {P}. In this
case, the risk measure represents the expected value of the position —X under

the physical (real) probability measure.

In Chapter 3 we will be specially interested in computing WCSp when P C M,

as it has the interpretation of model risk.

1.5.1.1 The hedging problem

Consider a single-period financial market model on the time-horizon [t, 7], which
consists of a risky asset S and a bond B. We assume the risk-free rate is zero,
therefore B, = By = 1. The current price of the asset S is denoted by S;, and its
price at time T is modelled as a nonnegative random variable S on a given complete
probability space (2, F,P).

A trading strategy is a predictable random vector (7

, ™), where 7 corresponds
to the number of assets S held during the trading period [¢, T], and 77 is the number
of assets invested in the bond B. For an initial capital v > 0 the value of the wealth

v at time ¢ defined by the trading strategy (72, m) is
v=mnP+78,.

As the quantities 72 and 7 are held constant during the time-period [t,T], by time
T, the value of the wealth has changed to

Vi =78 + 7Sy

A portfolio is called self-financing if the only changes in the portfolio are due to

changes in the asset values. In terms of the wealth values we have Vir—v = 7(Sr—5;).
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In order to define the gain process Gr(7) as in Example 17, and to make explicitly

the dependence of V; on v and 7, we write
VT(,v’W) =v+7(Sr — S) =1 v+ Gp(m). (1.14)

As we want a market model free of arbitrage opportunities (see [51, Ch. 5.8]) we

assume the portfolio is such that
Vo™ > 0. (1.15)

Denote by A(v) the set of predictable random variables 7 that define a wealth
as in (1.14) and satisfy (1.15) for an initial capital v > 0. Thus, any self-financing
portfolio V' can be fully described by a pair (v, 7), 7 € A(v).

Assume the investor needs to pay the random amount Hy > 0 at time 7. The
risk, measured by WCSp, of the short position in Hy is WCSp(—Hy). By the inter-
pretation of risk as capital requirement, WCSp(—Hr) is the minimal capital so that

the total position WCSp(—Hr) — Hyp is acceptable, i.e.,
WCSp(—Hr) — Hr € Awcs,-

We are particularly interested in linking hedging strategies with the measurement
of risk, then by our assumption of an arbitrage-free model (i.e., Gp(w) > 0 P-a.s.
implies G(7) = 0 P-a.s.), we want to find hedging portfolios 7 € A(WCSp(—Hr))
such that satisfy
WCSp(—Hyp) — Hr + Gr(m) € Awcs,.

Using the equality in (1.14), the above expression can also be rewritten as

VT(WCSP(_HT)’W) — Hr € Awcsp,
or by the characterisation of the acceptance set for WCSp in (1.13), this is similar to
find a hedging portfolios m € A(WCSp(—Hr)) that satisfy

sup Eq [—(VT(WCSP(*HT)’“) - HT)] — supEg [HT - VT(WCSP“HT)’”)] <0
QeP QeP

Assume for a moment that the investor is only willing to put up an initial capital
0 less than WCSp(—Hr), then for any © € A(?) the position VT@’W) — Hy ¢ Awcs,,
or equivalently

sup Eg [HT — VT@’”)} > 0.
QeP
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In general, for any initial capital v and any hedging portfolio 7 € A(?), we may

distinguish four cases regarding possible events, namely,

1. Hp— VT@’”) >0 P—as.

B (v,m) ~
5 HT(ci)) VT({) , (c~u) > () for some c~u €, but supgep Eq [HT B Vgﬁv’ﬂ)} >0
Hp(®) — V7" (@) <0 for some @ € Q,
. (v,m) ~
3 HT(uj) VT(@ , (c:)) > 0 for some w € Q, but supgep Eq [HT B VY(‘UJ):| <0
Hp(®) — V7" (@) <0 for some @ € Q,

4. Hp -V <0 P—as.

Case (1) and (2) are typical situations where acceptability w.r.t Awcs, does not

hold, and the problematic events are precisely those where
Hy(w) — V™ (w) > 0 for some w € Q.

Then, similarly as in the Example 17, we can formulate a partial hedging problem that
deals primarily+ with these problematic events by introducing the shortfall function
<HT — me)) , and making its expected value, under robust preferences, as small

as possible. The general partial hedging problem associated with the risk measure
WCS’]) is:

For an initial capital v > 0, find a hedging strategy (v, m), # € A(v) which
attains the infimum in

+
inf supEg {(HT - VT(WT)) 1 :
T€EA(v) QeP

Assume the supremum is attained by the measure Q* € P, the problem reduces
to the hedging problem called minimisation of expected shortfall when the reference
measure is Q*.

When P = {PP}, the problem has been studied in [28] in a general semimartingale
setting using the Neyman-Pearson lemma, in [94] in a general semimartingale setting
as well but using duality methods, and in [9] in a model of general Ito diffusions. In the
discrete-time setting, [23] has studied the problem in the binomial case under model
uncertainty leading to an incomplete-market situation; [79] provides an algorithm
for the trinomial model of one asset, and [83] presents some general results for the

multi-state case for one asset.
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An interesting related hedging problem is to find the strategy (v, 7), 7 € A(v)

that attains the infimum in

_l’_
sup inf Eg [(HT - VT(U’W)> } .
QeP mEA(v)

We note that the relation

+
V. =sup inf Eg {(HT—VT(UJ)> }
Qep TEA(v)

+ _
< inf supEg {(HT - VT(U’W)) 1 =V
T€EA(v) QeP

always holds. The quantity V can be interpreted as the the risk measured as expected
shortfall from the point of view of an agent who needs to take into account some chosen
worst-case scenarios, and the quantity V is the risk measured as expected shortfall
viewed from the perspective of a regulator who needs to assess the agent’s efforts
using “worst that can happen”.

Existence of the optimal trading strategy for the case when
P = {@ e M. (P): Z% is bounded}

has been studied in the complete market case in [10] and in [9] in incomplete markets.

We will come back to this problem in Chapter 5.

1.5.2 Value-at-Risk

A common way to measure risk of a position X in the financial sector is by looking
at a quantile of the distribution of X under the given probability P. For a a € (0, 1),

the a-quantile of a random variable X on (€2, F,P) is any real number ¢ with
PIX <q] <a< PX <.
We then can define the lower quantile function of X as
gyx(a) =sup{m e R: P[X <m] < a} =inf{m € R: P[X <m] > a},
and the upper quantile function of X by
gr(a) =inf{m e R: P[X <m] >a} =sup{m € R: P[X <m] < a}.

The set of all a-quantiles of X is the interval [¢y(a), g% ()]
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Definition 25 VaR. Given o € (0,1), the value at risk at a level o of a random
variable X on (Q, F,P) is given by

VaR,(X) =inf{m e R: P[X + m < 0] < a} = —¢k(a) = ¢ (1 — a).

VaR,, can be interpreted as the “smallest” value such that the probability of the
absolute loss being at most this value is at least 1 — a. Then 95% and 99% VaR
corresponds to taking a = 0.05 and o = 0.01, respectively. Note that VaR is blind
toward risks that create large losses with a very small probability (below the critical
probability level «). For a good general account of VaR and its estimation methods
with discrete data see for example [19], for some properties and pitfalls of VaR see
[66], [74], [72], [93] [48], and [91].

In term of risk measures as capital requirement, VaR,, can be also interpreted as
the minimal amount of capital that an investor needs to reserve in order to cover for
potential losses with a confidence given by a. In order to see more clearly how VaR,
works, assume the position X has zero risk measured as VaR,, then we have P[ X1 <
X < a. It means that among the events of sure loss (those with X7 — X; < 0),
we only take as acceptable the events that have lower or equal probability than the
chosen level .

One can show that VaR,, satisfies the property of translation invariance, it is posi-
tive homogeneous, monotone decreasing but not a convex risk measure (for examples
showing that VaR is not convex see [3], [15], [16] or [31]). The fact that VaR,, is not
convex means that VaR, penalise diversification instead of encouraging it in some
models.

We have defined VaR,, only for positions, but as we will extensively be using the
notation X? := X,y — X, to represent a position for measuring risk on the interval
[t,t + 0], and as the only random component on X? comes from X, 4; it is useful to
relate VaR,(X?) with the value of the upper a-quantile of X;,4 (i.e., q}tw(a) ). See
also Figure 1.1

Proposition 26 Given o € (0,1) fized, the VaR, of the position X’ can be related

with q}ﬂg(a) as follows:
VaRa(X?) = X; — g%, , ().

Proof. It follows from the definition. [

The acceptance set for VaR,, is
Avar, = {X € L” : VaR,(X) <0} = {X € L° : ¢ (a) > 0} . (1.16)
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The next characterisation of the acceptance set for VaR, will be useful in the

formulation to the hedging problem.
Proposition 27 Given o € (0,1), then

Avar, = {X € L" : P[X < 0] < a} (1.17)
Furthermore, if the position is of the form X% :== X, 4_x,, then

Avar, = {X el’: X, < q}t+e(a)} )

Proof. Assume VaR,(X) < 0. If g5 (a) > 0 then obviously P[X < 0] < «a. If
¢ (a) < 0, then it follows that VaR,(X) > 0, which is a contradiction. Now assume
P[X < 0] < a, then ¢k (a) > 0, which is equivalent to VaR,(X) < 0. The second

equality follows immediately from the definition of Ay,r, and Proposition 26. [

1.5.2.1 The hedging problem

In order to formulate the partial hedging problem related to the risk measure VaR,,
we consider the same assumptions and proceed similarly as in Section 1.5.1.1.

The risk of a future payment Hy > 0 at time 7', measured by VaR,, is VaR,(—Hr).
We need to find hedging portfolios 7 € A(VaR,(—Hr)) such that satisty VaR,(—Hr)—
Hr + Grp(m) = VT(WRC“(_HT)’N) — Hr € Ayar,,. Or using the characterisation of Avyag,,
in (1.17), this is similar to finding hedging portfolios satisfying

Py e CHOT < fp] < a.

Again as in Section 1.5.1.1, for any initial capital v and any hedging portfolio 7 €
A(v), the problematic events are those which Hp(w) — VT(”’W) (w) > 0 for some w € Q;
and are captured by introducing the shortfall function (HT — VT(”’”)>+. Then the
problem is to find hedging portfolios which minimise the probability that the shortfall
is bigger than zero. This is, the general partial hedging problem associated with the

risk measure VaR,, is:

For an initial capital v > 0, find a hedging strategy (v,7), m € A(v) which
attains the infimum in

, e\
inf P|(Hr—Vp >0].
meA(v)

Or equivalently that attains the supremum in

_yem)T
sup P |(Hr -V, =0].
TEA(v)

25



Note that we could also have formulated the following less restrictive partial hedg-

ing problem

For an initial capital v > 0, find a hedging strategy (v, 7), 7 € A(v) which
attains the infimum in

inf P [VT(,”’”) < HT] .
TEA(v)

Or equivalently that attains the supremum in

sup P [VT(U’W) > HT] .
TeA(v)

This hedging criteria are useful when the investor is interested in finding a hedging
strategy that overcomes a future value liability but on the most possible scenarios.
This fact is captured when maximising the probability that the final value of the
wealth process is larger than the liability value.

The latter hedging problem is known in the literature as mazimising the probability
of success. It has been studied in [27] in a general semimartingale setting using the
Neyman-Pearson lemma, in [85] in a model of general Ito diffusions, and in [44] in an
incomplete market with two correlated assets given by geometric Brownian motions.

Another related hedging problem of interest is the so called minimising the cost

for a given probability of success:

Find the minimal initial capital v such that

P [VT(M) > HT] >1-a

holds.

1.5.3 Average Value-at-Risk

Given a € (0,1), one of the mayor drawbacks of VaR,, is that it does not put any
attention to the losses that occur with probability smaller than the critical level «.
A natural alternative to overcome this problem is to define a risk measure by taking
the average of losses with probability levels less or equal to the critical level a. The
resulting measure is sometimes called Expected Shortfall, Conditional Value-at-Risk,
or Average Value-at-Risk. We adopt the latter name.

It has been shown, see for example [74], [72], [93], [89], and [2], that AVaR is a

risk measure that possesses better qualities than VaR. It is defined as follows.
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Definition 28 The Average Value-at-Risk at a level a € (0,1] of a position X

18 given by

1
AVaR,(X) = —/VaRW(X)dv.
o
0
Similarly, for a r.v. X9 that comes from a position with representation X% :=

X0 — Xy, we define the average upper a-quantile q}tw () by

- 1 Y
ax,,, (@) =~ / ax,,,()d.

«
0

In terms of capital requirement, AVaR,, can be interpreted as the amount of capital
that needs to be reserved in order to cover in average the potential losses that have
a probability of occurrence of a or below.

The integral appearing in the definition of AVaR,, is very inconvenient for com-
putation purposes, therefore we need to recall some other characterisations that are
easier to handle.

Let [z]* represent the positive part of z, and [x]™ its negative part.

Proposition 29 (Lemma 1.31 in [81]) Characterisation for AVaR,. Given
a € (0,1) fizred, and q an a-quantile of X, we have the following characterisations
for AVaR,,:

AVaRa(X) = ~El(q-X)"] —q
= é]E [(—VaRq(X) — X)*] + VaRa(X).
Furthermore, if the position is of the form X% := X, — X;, then
AVaR,(X) = X; — g, , ().

Proof. Take ¢ = ¢ (), we have

Ela=X =0 = 1 [ (@) - g0) " at— (o)

= L Mg g+ L (g (a) — gt (8),0)dt

«

e
- = [ o
= AVaR,(X).

- _/0 —min (¢%(a), ¢k (t)) dt + = /max a) — qx(t),0)dt
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The rest of the equalities follow directly from the definition of q}tw(a), X? and the
+ —_—
fact that | l(q}tw () — XH(;) } — q}tw(a) = —q}tw(a). g

For more details on different characterisations for AVaR,, see [74], [93], [89], [2]
and [29].

Note that the original definition of AVaR,, is to take an average of the Value-at-
Risk of the position X, over all the critical levels A > 0 up to a. The characterisation
in the previous proposition exploits the fact that in AVaR,, the only scenarios that
matter are those where X falls below VaR,(X) in average, but this is exactly the
same as taking the expectation of the random variable (X — VaR,(X))".

It turns out that AVaR,, is a coherent risk measure as shown in the next proposition

(see [32, Theo. 4.47 and Rmk. 4.84] and [81, Theo. 1.32 and Rmk. 1.34]).

Proposition 30 For a € (0,1), AVaR,, is a coherent risk measure which is continu-
ous from below. It has the representation

AVaR,(X) = max Eo[-X], X €L (1.18)
E «@

where P, is the set of all probability measures Q € M, whose density % is IP-

a.s. bounded by i Furthermore, the mazimum in (1.18) is attained by a measure

Qavar, € M, whose density is given by

dQAVaRa

1
PP o (1{X <qt T kl{X:q}) ) (1.19)

where q is a a-quantile of X, and where k is defined as

0 if P[X =¢q|=0
ko= (1.20)

% otherwise.

Corollary 31 (Cor. 4.49 in [32] and Cor. 1.35 in [81]) For all X € L,

AVaR,(X) > E[-X:—X > VaRa(X)]
> sup{E[-X : A] : P[4] > o}
> VaR,(X).

The first two inequalities are identities if P [X < ¢¥(a)] = a.

Remark 32 The measure AVaR,, is just a particular case of the WCSp(X) risk
measure by taking P = P,.

28



The acceptance set corresponding to AVaR,, is

Asvar, = {X € L': AVaR,(X) <0}

= {X cL': é]E [(=X — VaRo(X))"] + VaR,(X) < O}

Q€ePa
= {X € L :EQAVaRa [X] 2 0}

= {X € L' : max Eg[X] > 0}
1 X
= Xel ' E E(l{x<q}+k‘1{X:q}) >0 ,
for ¢ an a-quantile of X and k defined in (1.20).

1.5.3.1 The hedging problem

Assume an investor needs to pay the random amount Hr > 0 at time 7', and the
same assumptions in the Section 1.5.1.1 hold. As in the case for WCS, we can deduce
similarly that the associated hedging problem for AVaR, is the hedging problem of
minimisation of expected shortfall under robust preferences when the set of measures

is P,. This is, the related partial hedging problem can be formulated as follows:

For an initial capital v > 0, find a hedging strategy (v, ), 7 € A(v) which
attains the infimum in

+
inf  sup Eg {(HT — Vév’”)> ] .
T€A(V) QePq

1.6 Superreplication and partial hedging

In the previous section we have formulated the hedging problems associated with the
three risk measures WCS, VaR and AVaR without assuming anything on the financial
market (complete or incomplete market model, etc.). Assume we work on a time
horizon [t, T'] and under a complete and filtered probability space (2, F, (F),«. <7, P).
If the market is complete and free of arbitrage opportunities, any contingent _clz;im Hr
with fixed payoff at time 7" can be replicated or hedged by a trading strategy (v, )
consisting of an initial capital v > 0 and a dynamical portfolio process m € A(v).
When the market is not complete, for example, when insufficient number of assets

are available for investment, then the existence of a replicating process (v, ) cannot
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always be guaranteed, unless the investor is prepared to hold an initial capital equal
to the super-replicating price

sup Eq [Hr],
QeM.

where M, denotes the set of all equivalent martingale measures with respect to the
probability P.

In this case, the risk involved in the investment H; can be completely eliminated
because a super-hedging strategy can be performed. On the other hand, when the

investor is only willing to put up a smaller amount of the initial capital

v E (0, sup Eq [HT]> ,
QeM.

then a non-hedgeable risk will be involved and any hedging strategy (v, 7) will be

“partial” in the sense that its shortfall
(Hr —Vr)*

may be non zero with positive probability.

In the more general setting one can formulate the partial hedging problem not
only by looking at the shortfall S := (Hy — V)T, but any other similar criterion.
Popular choices of criterion for hedging in incomplete markets are: maximise the
expected utility U of the difference —D := Vp — Hp, minimise the risk of D or of
the shortfall S by a convex risk functional, this is I(D) or [(S), respectively (for some

examples of risk measures in terms of the expected shortfall see Appendix A.2).

In relation to the hedging problems associated with WCS, VaR and AVaR the
chosen criterion is S := (Hy — Vp)*, and in order to specify a pure partial hedging
situation one need to incorporate the initial capital constraints.

The partial hedging problem for WCS need to be rewritten as follows:

For a fixed amount v,

V€ (O, sup Eq [HT]) :
QeM

and an initial capital © > v > 0, find a hedging strategy (v,m), m € A(v)
which attains the infimum in

+
inf supEg {(HT - VT(U’W)> 1 .
T€A(v) Qep
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For the risk measure VaR, we have

For a fixed amount v,

v € (O, sup Eq [HT]> ,
QeM

and an initial capital © > v > 0, find a hedging strategy (v,7), 7 € A(v)
which attains the infimum in

g, 7o) o]

Or equivalently that attains the supremum in

_yem\t
sup P |(Hr =V, =0].
TeA(v)

Or alternatively,

For a fixed amount v,

U E <O, sup Eq [HT]) ,
Qem

and an initial capital o > v > 0, find a hedging strategy (v,7), 7 € A(v)
which attains the infimum in

inf P [Vjﬁ“’“) < HT} .
TEA(v)

Or equivalently that attains the supremum in

sup P [VT(U’”) > HT] .
TEA(v)

The AVaR partial hedging problem becomes

For a fixed amount v,

e (0, sup Eg [HT]) ,
Qem

and an initial capital © > v > 0, find a hedging strategy (v,7), m € A(v)
which attains the infimum in

T€A(V) QePa

inf  sup Eg {(HT - Vzﬁvm))T .
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probability density for X?

qvela) 0 VaRo(X?)

probability density for X;ys

g%, (@) x, a,,,(1 - )

Figure 1.1: Example of continuous, symmetric around zero probability densities for
the position X? and the r.v. X,,¢. In this case, the position X? is not acceptable
with respect to Avar,, -
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Part 1

Risk and Hedging in Discrete-time:
A Two-factor Binomial Model
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Chapter 2

Minimisation of Expected Shortfall

2.1 Introduction

Assume we work on the time horizon [0,7] in a complete and filtered probability
space (0, F, (F)oci<r, P), and that an investor faces a random liability H > 0 at

time T'. In this chapter, we are interested in the following partial hedging problem:

For a fixed initial capital v € (O, sup Eqg [HT]), the problem is to find a trading
QeMe.
strategy (v, ), with v <o and m € A(v) such that the expected shortfall

Ep [(Hr — Vr)*] (2.1)

is minimal under the physical probability measure P.

This problem has been studied in the context of semimartingale processes and
general It6 diffusions (see [9], [28] and [31, p. 341]) in the sense that the authors have
shown existence and general characterisation of the solution (the trading strategy
and the minimal expected shortfall). It turns out that the solution to the minimal
expected shortfall problem can be divided into two parts: the solution to a “static-

hedging” problem of minimising
Ep [(Hr — Y)7]
among all Fr-measurable random variables Y > 0 which satisfy the constraint

supEq [Y] < .
QeM

If Y* denotes the solution in the first part, then the second part consists in fitting the
terminal value Vr of an admissible strategy to the optimal solution Y* . This will be

recalled in more detail in Section 2.2.
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This two-steps solutions is intuitively clear as the optimisation criterion involves
only values at time 7', therefore, minimising only over Fpr-measurable random vari-

ables is equivalent, with the condition supEg [Y] < v needed to guarantee that we
Qem
could match the value of the minimiser Y* to a dynamical hedging strategy with

initial value less than the constraint threshold 2.

Although it has been shown that the solution exists and is characterised via the
above two-step procedure, few explicit solutions or approximating algorithms have
been studied in the literature. They will rely of course on the particular model
assumed. In the discrete-time setting, [23] has studied the problem in the binomial
case under model uncertainty leading to an incomplete-market situation; [79] provides
an algorithm for the trinomial model of one asset, and [83] presents some general
results for the multi-state case for one asset.

Because our interest is in real options (when there are non-traded assets in the
market), in this chapter we analyse the problem in the basic setting of two correlated
assets (one traded and one non-traded). Also, with the goal of understanding the
nature of the solution and the optimal strategies, and in order to be able to compute
explicitly the strategies and the expected shortfall, we will assume a discrete-time
model of two correlated N-period binomial trees. We show how even in this the
simplest discrete-time approximation of a continuous time-model it is difficult to find
in general an explicit solution to the problem, as the key issue in the solution is that

the value function preserves the same form at each time step.

2.2 The two-step procedure in the minimisation of
expected shortfall

The core of the problem of minimising the expected shortfall in (2.1) is to find a
dynamic self-financing trading strategy which solves a static optimisation problem
(of a terminal value). This feature of dynamically-hedging a static position is also
reflected in the shape of the solution to the problem in (2.1) (see [9], [28]). It suggests

decomposing the problem into two parts:

1. The static optimisation problem: replace the terminal value of the (dynamic)

trading strategy by an appropriate (static) random variable, and

2. The dynamic-hedging strategy: perform a dynamic replicating trading strategy

on the modified claim.
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In order to formulate the problem as a two-step procedure, we need some defini-

tions beforehand.
Definition 33 (Def 1 in [83]) Let
Vo ={V:V < Hr and Eq [V] <w for all Q e M}

denote the set of all modified contingent claims for which the price of their super-

replicating strateqy s less than or equal to the initial capital.
Definition 34 (Def 1 in [83]) Let
Vy:={V :Hpr—b<V < Hr and Eqg [V] < v for all Q e M}

for all b € R, the set of all modified contingent claims for which b is an upper bound
for the shortfall (Hy — V™) when 7 is the super-hedging strategy of V.

The problem of minimising expected shortfall can be written as

Proposition 35 (Prop 2 in [83]) Let V € V, for b > supEq[Hy] — v denote a
Qem
modified contingent claim which is optimal in the sense that

~

V:arg‘gréianE[HT—VT].

Then the optimal expected shortfall strategy 7 of the problem in (2.1) is the super-
replicating strategy for the claim V:

E |Hr - V7] = minE [(Hr —V*")"] = E - V]

Proof. See [28] for the proof in continuous-time general semimartingale setting, [67]

in a discrete-time setting, and [83] in the context of discrete time single asset. [
The above proposition justifies the following two-step procedure proposed in [83].

STEP 1 (static optimisation problem) Find an optimal modified contingent claim
V eV, with V = arg miny ey, E [Hr — V.

STEP 2 (Representation problem) Determine the super-replicating strategy of
V.

Equivalently, STEP 1 above can be characterised as
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Proposition 36 The static optimisation problem in STEP 1 is equivalent to solving
max E [V]
under the constraints

Hr —b <V < Hp and supEq [V] < wv.
QeMm
Remark 37 The formulation of the problem of minimising expected shortfall in Propo-
sition 36 highlights the strong relation with the problem of mazimising the probability
of a perfect hedge. This can be seen as follows. By the constraint Hr —b <V < Hry,
the mazimisation of E [V will give an value V* close to Hr in their expected values,
but this is equivalent to maximising the probability that V' is bigger than the payoff

Hr, therefore establishing the relation between the two problems.

In the rest of the section, we will analyse the problem in the basic setting of two
correlated assets (one traded and one non-traded). Also, with the goal of under-
standing the nature of the solution and the optimal strategies, and in order to be
able to compute explicitly the strategies and the expected shortfall, we will assume a

discrete-time model of two correlated N-period binomial trees.

2.3 The two-factors N-period binomial model for
the expected shortfall

Consider a N-period model on the horizon [0, N| consisting of one riskless and two
risky assets. Only one of the risky assets is considered to be traded in the market.
Let us denote by Sy and Y the values of the traded (stock) and non traded asset
at time zero, respectively. At the end of each period [n,n + 1], n = 0,..., N — 1,
the traded asset can only take two values S, 11 = S,,§u41, where {&,41}n—0. n_1 1S &
sequence of i.i.d. random variables taking values in the set {u,d} with 0 <d <1 < u
forn =0,...,N — 1. In a similar manner, the value of the non-traded asset satisfies
Yor1 = Yanns1, where as before, {n,41}n—0.. n-1 is a sequence of ii.d. random
variables with values in the set {h,{}, with l < h forn=0,..., N — 1.

We are interested in the two-dimensional stochastic process (Sy, Y5, )o<n<n defined
on a probability space (2, (Fy,)o<n<n, P), where the filtration F,, is generated by the

random variables S, 11, Y,11,n =0, ..., N —1, or equivalently by the random variables
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i1, Mne1,n =0, ..., N—1. Also F, is such that its marginal probabilities are constant

(i.e., the probabilities do not depend on time), this is for n =0,..., N —1

uSy, hY,) with probability py,
uSy,Y,) with probability ps,
dS,,hY,) with probability ps,

(
(Snt1, Yos1) = E
(dS,,1Y,) with probability py.

We also assume that p; + po + p3 + ps = 1. Note that without loss of generality and
simplicity we can consider our probability space (2, (F,)o<n<n,P) to be the minimal

one to support such conditions. Take = {w;,wy,ws,w,}Y. Denote by

w2 = (W)™ (wa) ™ (w3)™ (w4)N_n_(nl+n2+n3) ,n=20,..,N—1, (2.2)

for 0 < ny,ng,n3 < N —n with 0 < ny 4+ ny +ng < N — n, representing a generic
event in the space €2, and each w;,7 = 1,2, 3,4 are the four possible states in each

single-period marginal, i.e.,
wy = (u, h);we == (u,l);ws := (d,h) and wy := (d,1). (2.3)

The exponents n;,i = 1,2,3,4 in (2.2) are the number of times the single-period
events w;,7 = 1,2, 3,4 occurred from n to N.
We then take the o-algebra to be F =2% of all subsets of €, and the probability

ni,n2,

nin2ns as follows:

law P defined on each event w
P (w3 = (p1)™ (p2)™ (p3)™ (p4)N_”_(”1+"2+"3) ,n=0,...,N—1. (2.4)

For simplicity, assume the interest rate is zero, and that the investor forms a portfolio
consisting of ¥, units in the cash account and m, units of the asset S at each time
n, n = 0,...,N — 1, but is not allowed to invest in the correlated asset Y. Her

self-financing wealth value evolves as
=V 4 Tn(Snp1 — Sn), n=0,.., N — 1. (2.5)

Consider a contingent claim (liability) with maturity N and whose payoff Hy € Fy
is written as a function H(Yy) of the non-traded asset, therefore we are in a situation

of an incomplete market.
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2.3.1 Marginal martingale measures

We have assumed that the probability measure does not change during the different
single-periods, i.e., the marginal probability measures are constant. For simplicity, we
analyse some measures only in the single-period model, as we can extend the results
on the measures to the N-period model by pasting together all the single-period
marginals (see [17, Chapter 2]). In order to ease the notation and avoid confusion,
assume our single-period model goes from 0 to 7'

As the market is not complete, there are infinitely many martingale measures.
Let Q be a generic marginal measure with ¢; = Q{w,} > 0, for ¢ = 1,2,3,4 and
wi, 1 =1,2,3,4 the four possible events in (2.3).

The conditional probabilities for S and Y are:

Q[Sr = Sou|Yr = Yoh] = qfﬁ%, Q[Yr = Yoh|Sr = Sou] = ql(fﬁ%,
Q[Sr = Sod|Yr = Yoh| = ql(qua Q[Yr = Yol[Sr = Sou] = qlqj‘qw
Q[Sr = SoulYr = Yol] = quflM, Q[Yr = Yoh|Sr = Sod] = qﬁq47
Q[Sr = Sod|Yr = Yol] = 24—, Q[Yr = Yol|Sr = Sod] = £

And for the measure QQ to be a martingale measure it needs to satisfy

EQ [ST|YT = )/()h] = -4 Sou + i S()d = S(),

q1+q3 q1+4q3

EQ [ST|YT = Ybl] =& Sou + 2 Sod = S(),

q2+q4 q2+qa

which together with the unity condition ¢; + g2 + g3 + g4 = 1 give us the relation

. 1—d
W= T

Then the generic martingale measure will be given by the two parameter vector!

(q_aaavl_q_ﬁaﬁ) fOl"OéE[O,q],ﬁE[O,l—q]. (26)

Note also that o & {0, ¢} and 5 ¢ {0,1—q} are necessary and sufficient conditions

for the martingale measure to be equivalent to P.

! This is equivalent to solve the following matrix-form 3 x 4 system of linear equations
1—d

u—1 0 d—1 0 0
0 u—1 0 d—11 0
1
which for ¢ := ==% reduces to the 2 x 4 system

1 1 1 1
u—d
l-q¢ 1=q q¢ q| 0
1 1 1 1] 1)
This explains why a generic martingale measure in (2.6) is a two-parameter vector.
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Remark 38 The two free parameters in the expression for the generic martingale
measure in (2.6) are associated with the fact that we have not imposed any restriction
on the asset'Y (it does not need be a martingale under Q). We can interpret that one

parameter is due to Y and the other determines the correlation between S and 'Y .

2.3.2 Some important martingale measures

2.3.2.1 The impact measures

From the set of equivalent martingale measures defined in (2.6), the measures

Q7 : (6%, q(1—q),q(1 —q), (1 —q)*) (2.7)

and
Q7 (q(1—1q).¢* (1 —q)%q(1—q)) (2.8)

are the only measures with marginals (in the single-period model) that satisfy

Q1 [Yr = Yoh|Sr = Soul = Q9[Yr = Yoh|Sr = Sud] = q
Ql_q [YT = YE]”ST = Sou] = Ql_q [YT = YE]Z‘ST = Sod] = g (2 9)
Qq [YT = Y()Z|ST = S()U} = Qq [YT = %”ST = S()d] = 1- q ’

QU [Vi = YohlSp = Sou] = QU[Vp = YohlSp = Sod] = 1—¢

In the N-period model, the above conditions will be written as
Qf [Yn+1|fn] =Q? [Yn+1|"fgf}

and
@17(1 [YnJrl‘JTn] = Qliq [Yn+1|fﬂ )

where FY denotes the filtration generated only by the random variable Y,, and F,
the filtration generated by the pair (S,,Y,).

These conditions describe under Q¢ and Q'~¢ models in which the movements of
the non-traded asset are not affected by the dynamics of the traded asset. Further-
more, the special interest in this measures, apart from the above condition (2.9) is
that the conditional probabilities depend on the parameter ¢, which is related to our
model under the physical probability P through the parameters u and d.

Note that if 0 < ¢ < 1/2 then Q7 assigns less probability to the events where Y
goes up than the ones where Y goes down, conversely as Q'~7 does.

On the other hand, although on Q7 and Q'~% we have imposed the condition of
independence in Y to the information generated by S, the measures depend on the

parameter ¢, which in itself is related to the model for S through the values for u
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and d. Therefore we can interpret these measures as the measures that assess the
“Impact” of the parameters in the S-model (u and d) to the scenarios in Y (up h or
down [). We also make the observation that the parameter g resembles the parameter
that determines the risk-free probability measure in the binomial model where only
one asset is considered.

In Section 2.3.5.1, we relate the measures Q7 and Q!¢ with the strategies in the

minimal expected shortfall problem.

2.3.2.2 The upper and lower bound measures

It is a well known fact that the super-replication price of an European contingent
claim on the non-traded asset with payoff H(Yr) is the infimum value of all initial
capitals V" for which there exists a self-financing strategy 7 as in (2.5) such that
P[V:™ > H(Yr)] = 1, and that its dual representation is given by

Vo = Sup Eq [H(Yr)|Fo],

where the supremum is taken with respect to all equivalent martingale measures. It
is also the upper bound of the arbitrage-free prices interval.

For discrete time Markovian models and in a more general setting than the present,
in [90] it has been shown that the super-replication price can also be computed as the
solution of a stochastic control problem similar to the dual representation above, but
the supremum taken over a large set of measures (not only over the equivalent ones).
Applying these results to our present situation, when the number of assets is finite,
the number of possible states (the number of values the random variables take) is
finite as well, and the relation between the random variables and the assets is linear,
the super-replication price can be characterised as follows.

Denote by V the set of of all extremal points of the set M of all martingale
measures (consisting of all vertices of M). By the finiteness assumption in the number
of steps and the number of events, the set M is a polyhedron and V is a finite set
(see [90]). Then, the super-replication price is given by

Vi =supEq [H(Yr)|Fol -
Qev

In a similar manner, it is possible to characterise the lower bound of the arbitrage-free
prices.
Corresponding to our two-factor binomial model, we start by computing the ex-

tremal points of the set of all equivalent martingale measures. From the expression
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of the generic equivalent martingale measure in (2.6), we obtain four extremal points
by taking (0,0), (0,1 — ¢q), (¢,0), and (¢g,1 — 9) for pair of the form (a, 3). They are

Q™+ (0,4,1-¢,0), (2.10)
Q" : (¢,0,0,1—q),

Q_ = Qext3 : (0 CLO I Q)>

Q* — Qexﬂl ( 0 1 — q70)

The distinction of the last two extremal points Q™ and Q* is because they are the
lower and upper bound measures. This can be checked by computing their conditional

probabilities and the expected values on a contingent claim H(Y7). This is, for Q!

Qeztl [Y Yoh | Sy = Sou] Qextl [Y Yol | St = Sod]
Qewtl [ Y'Ol | ST — Sou] @eaftl [ th | ST = S() ]

or

E [H(Y7)|Sr = Sou] = H(Yol)
E“ [H(Y7)|Sr = Sod] = H(Ysh),

This resembles an imperfect correlation situation. It assigns zero probability to the
events (up,up) and (down, down) and gives full probability to the events (up, down)
and (down, up).

For Q°**2, we have

Qeth [YT =Y, | Sy = S()U] _ Qext? [YT =Yoh | St = Sod] =0
Qe:}ct2 [YT = Yyh | Sy = Sou] _ Qext2 [YT =Yl | Sy = S()d] =1

or
Eext2 [H(YT)’ST = So'LL] = H(th)
E“2 [H(Y7)|Sr = Sod] = H(Yyl),
This is a perfect correlation situation. It assigns zero probability to the events

(up, down) and (down, up) and gives full probability to the events (up, up) and (down, down).

For the measure Q~ we have

Q_[YT:YOh‘ST:SOU]:Q_[YT:%h|ST:S()d]:0
@_[YT:YE)Z‘ST:SOU]:Q_[YT:%l’ST:SQd]:

Note that the above relation is equal to
~ Vol Fol = Q [Yal ] (2.11)
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which means that under this measure, the information on the asset S does not affect
the dynamics of the non-traded asset Y, but the converse does not necessarily hold.

In terms of the expected values, we have
E™ [H(Y7)|St = Sou] = E~ [H(Y7)|St = Sod] = H(Yol),

which shows that for a contingent claim depending only on the non-traded asset Y
its expected value is independent of the realisations of the process S. Similarly for
Q* we have

Q* [Yr = Yol | St = Spu]
Q* [Yr = Yoh | St = Spul

[YT — )/OZ | ST — S()d] :0,

:Q*[YT:YE)h|ST:SOd]:1.

This measure also satisfies the relation in (2.11) of independence of the information

generated by S on the non-traded asset Y. Furthermore, the expected values are

The measures Q- and Q* resemble to the zero correlation situation. Under the
assumption that the contingent claim payoff H is a convex increasing function, we
identify Q™ as the lower bound measure and Q* as the upper bound measure, or
the other way around for a convex decreasing function H. Therefore we make the

following assumption.
Assumption 39 The payoff function H(z) is a convex increasing function on z.

Each extremal measure is absolutely continuous with respect to the marginal laws
of the random variables w;, 7 = 1, 2, 3,4 under P, but not equivalent. One by-product
of this analysis is that the generic equivalent martingale measure described in (2.6)
can be obtained by taking a strict convex combination of the extremal measures. We

formulate this in the next lemma.
Lemma 40 Any equivalent martingale measure Q in (2.6) can be represented as
Q =01 Q%" + 5,Q°" + 05Q7 + (1 — 61 — 0, — 65)Q",
for some 0y, 65,05 € (0,1).
Proof. Using the extremal measures, the convex representation is equivalent to
Q= (01 +05)q, (1 — 0y — b5)q, (61 + 02)(1 — q), (1 — 61 — 02)(1 — q))
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and by setting a« = (1 —60; — 63)g and 8 = (1 — 6, — 05)(1 — q) we get

Q:(q_aaaal_q_ﬁ7ﬁ) fOI'OZE (OaQ)7ﬁ€ (071_Q>a

which is the expression of the generic equivalent martingale measure we had before
in (2.6). O

Remark 41 If the constraints in the convex combination above are relazed to take

values in [0, 1], we obtain the so called linear pricing measures introduced in [69].

We recall that even though we have analysed the different measures in the single-
period model, and by the assumption that the probabilities does not depend on time
(the marginals remain constant at any time n, n = 0,..., N — 1), all relations remain
valid in the N-period model. It will be just a matter of pasting each single-period

measure (each marginal measure) to obtain the corresponding N-period measure.

2.3.3 Minimising the expected shortfall

In order to analyse the problem of minimising the expected shortfall in the N-period

model, define the following conditional expected values:

Vi = E[HYN)|F],
Vo = ET[HYN)|F],
Vi = EUHYN)F],
Voot = EVTH(YN)|F.

Making use of the Markov property of the process (S,,Yn)o<n<n, and specifically

conditioning at time n for S,, = S and Y,, = Y we write,

VIY) = E'HYN|Y,.=Y]=H(Y ™), (2.12)

VoY) = ET[HYWY,=Y]=H (Y IN™),
N —n k k k jN—n—k
Vi) = B, == 3 (Y0 )da - ot (vt e,

Vi) = m el =y = 3 (N ) asaen (v o),



We recall that the measures Q*, Q~, Q7 and Q!¢ used in the definitions above
correspond to the upper and lower bound measures that define the arbitrage-free price
interval and the impact measures. They have been defined in (2.10), (2.7) and (2.8),

respectively.

The problem to solve is to find the minimal shortfall risk J(0, Sy, Yo, Vo), where
J(n,-, -, -) is defined, for n = 0,..., N — 1 as

J(n, S, Y, Vi) = inf B [(H(YNn) = V™) TS0, Yo, V2] (2.13)
IS

This is, we need to find an admissible trading strategy 7 such that minimises the
expected value of the shortfall between the claim payoff H(Yy) and the final wealth

value V™ under the measure P with the information up to time n.

2.3.4 Relation with the two-step procedure

In our discrete N-period setting, the two-step procedure presented in Section 2.2
simplifies enormously. By the discussion on the extreme measures in Section 2.3.2.2,
the set of equivalent martingale measures M is a polyhedron and its extremal set V

is finite. Then we have

Proposition 42 The static optimisation problem in STEP 1 in Section 2.2 in the

two-assets binomial N -period model is equivalent to solving
max [E [Vy]
under the constraints

HN — (‘/O*(YE)) — VE)) S VN S HN and max EQezti [VN] S ‘/b

i=1,2,3,4

Proof. The proof follows from Proposition 36 and the characterisation of super-

replicating prices in discrete-time models in [90]. O

Note that if the initial capital is greater than or equal to the super-replication price
at time 0 (Vo = Vi (Yp)) then there is no problem to solve, as the minimal shortfall
risk will be zero and the optimal strategy is just the super-replicating/replicating
strategy for the contingent claim H. On the contrary, if Vy < Vi (Yy), then the lower
the initial capital 1, the less likely it is we obtain a good hedge. We can also foresee

that in the latter situation the problem becomes harder to solve, or, similarly, we will
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need more conditions to check in order to find the minimal shortfall and the optimal
strategy.

Although Proposition 42 suggests the general algorithm for calculating the mini-
mal expected shortfall, it involves solving at each time n = 0, ..., N — 1 a discrete-time
constrained stochastic control problem. Instead, we take a more direct approach by
looking at the original formulation.

There are three main cases to analyse regarding the initial capital V4. They are
linked to the strategies, the impact and extreme measures as explained in the next

section.

2.3.5 The single-period model

2.3.5.1 The strategies, the impact and the extreme measures

In this section, we relate the strategies (optimal strategies and candidate strategies)
to the impact and extreme measures.

The key aspect in the solution to the problem in (2.13) of minimising the expected
shortfall is to exploit the Markov property of the process (S, Y, )o<n<ny and make use
of the Dynamic Programming Principle (see [6]) to solve via backward induction. At

each step N — 1, the goal is to find the minimum and the minimiser 7 in the equation
JN—1,8v_1,YN_1,VNoe) = ilTlrfE [(H(YN) — V) 1Sn_1, Y1, VN—J .

Using the expression for the portfolio dynamics in (2.5) and assigning the corre-
sponding probabilities to each of the four possible scenarios, the problem reduces to
find at the step N — 1 the value 7 that minimises the function f defined by

f(m) = p[HYn_1h) = V.1 — 7Sy 1(u—1)]" (2.14)
+po [H(Yy_1l) — V_y — 7Sy_1(u — 1)]"
+ps [H(Yn_1h) = Viyoy — wSy_a(d — 1))
+pa [H(Yn_1l) = Vy_1 — mSn_1(d — 1)]".

As is customary in these situations, in order to search for the minimiser of f, we start
by defining four candidates for optimal strategies by making each term of the above

sum in (2.14) equal to zero. The four candidates to optimal strategies are:

- H(Yn_1h)-VN_1 qul H(YN_1))=VN_1
T Syoa(u=1) T Snoa(u-1) 0
(2.15)
- H(YN_1h)—VN_1 qdh . — HYN_10)-VN_1
= T oD = T Sni(d=1)
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If by Assumption 39 the payoff function H is a convex increasing function on Y,
and by the expressions of the candidate strategies in (2.15) we obtain the following

relations:

qg—1
T ——

o >t o > gt T =7 and
q q

Furthermore, also by the convexity and increasing property of H we have for any m

H(YNfll) — VN1 — 7TSN,1(d — 1) < H(YN71h> — VN1 — WSNfl(d — 1),
H(YN71Z> —Vy_1 — 7TSN,1(U — 1) < H(YN71h> —VN_1 — 7TSN,1(’U, — 1)

This helps to simplify the expressions for f in (2.14) in each of the four candidate
strategies, yielding

frhy = 1p_3 . Vi (Ya) = V] + 1%‘ p Vi (Yao) = V] ', (2.16)

f(x™y = % [sz*f,l(YN—l) — VN—1Tr + % [Vg\lzj (Yn-1) — VN—1]Jr ;

f(ﬂ-dl) = %1 [V]g/_l(YN—l) - VN—1}+ + % [V]\7—1(YN—1) — VVN_l]Jr

+p3 [V (Y1) = Vi (Ywon)]
FE = o Vi (Yver) = Vo, (V)] T 4+ =2 [Vt (V) = Vi)

l—gq
1% . (Va1 (Yn-1) — VN-1]+-

_|_

We are now in the position to relate the candidate strategies to the impact mea-
sures. Define el and e2 as the difference between the expected value of the claim H
under the measure Q7 (resp. Q'~%) conditional to the information up to time N — 1

and the wealth value at time N — 1, this is,

el := ngffl(YNfl) - VN,1

e2:= Vi 4(Yn_1)— Va1

Using the expressions of the candidate strategies in (2.15), the definition of the

impact measures in (2.7) and (2.8), and after some algebra we have the following
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relations.

el = qH(Yn-1h)+ (1= q)H(Yn-1l) = Vv (2.17)

_ (u—1)1—d) uh dl
= u—d SN—l (7’(’ — T ),

e2 = (1—q)H(Yy_1h) +qH(YN_1l) — VN4
_ (u—1)1—d) ul dh
= p— SN-1 (7T -7 ) .

The quantity el involves only the parameters u,d, Sy_1 and the difference between

the candidate strategies 7" — 7% As 0 <d < 1 < u and Sy_; > 0, then the sign in
1

el depends on whether 7% is bigger than 7% or not. Similarly for e2, its sign depends
on the values of 7%and 7.

These relations between el and e2 highlights the importance of the parameter ¢
in the decision of optimal strategy and optimal solution.

To see a more clear interpretation, define for a generic martingale measure QQ as

in (2.6) the functions:

u(a) = Eq[H(Y)|Sy = Sy_11] (2.18)
- 1 ; CH(Yn_1h) + %H(YN_ll), (2.19)
w(B) = Eq[H(Yr)|Sy = Sy_id] (2.20)
_ %H(YN_JL) + lLqu(YN_lz). (2.21)

Both of this functions are decreasing in « and (3, with
w(0) = H(Yn_1h), u(q) = H(Yn-1l), w(0)=H(Yn_1h) and w(l—q)= H(Yn_1l).

On the other hand, for ¢ € [0, 1] the following inequalities always hold, (see Figure
2.1):

if 0<q<355 then 1-¢>(1-¢?>q¢>q(1-q) >¢%

if =58 <g<l o then 1-¢>(1—-¢?>¢>q(l-q) >d,
if ¢=3 then  1-g=¢>(1-¢q)?=q(l-q)=¢,
if 1<g<=H4Y5  then g¢>1-¢>¢>ql—q) > (1-0q?
if 25 <<l then ¢>¢*>1-g>q(1—q)>(1—g)
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Using this, together with the properties of the functions u(a) and w(3), we obtain
two important inequalities relating the impact and extreme measures at time N — 1.
They are illustrated in Figure 2.2.

For 0 < g < %,

H(Yn-1h) > (1=q)H(Yx-1h)+qH (Yn-1l) > ¢H(Yn-1h)+(1—q)H(Yn-1l) > H(Yn-1l).
(2.22)

Andfor%<q<17

H(Yyn-1h) > qH(Yn-1h) + (1 = ) H(Yn-1l) > (1 — q)H(Yn-1h) + qH (Yy-1l) > H(Yn-1l).
(2.23)

A consequence of the above inequalities, the expressions for candidate strategies in
(2.15) and their relation in (2.17) we have the following ordering relation in the

candidate strategies at time N — 1,

if e1>0 and e2>0 then 7% <% <74 < g or 7t < 7 < Ul < quh,
if e1>0 and e2<0 then 7% < 7% < gd < g,
if el <0 and e2>0 then 7" < 7% < b < gd

if el<0 and e2<0 then 7% < gih < guh < gdl

Figure 2.1: Comparison of the functions ¢, 1—¢q, (1—¢q)?, ¢> and ¢(1—¢q) for 0 < ¢ < 1.
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H(Y,h) ‘ 1
, 0< q < 3
.'
.
.
3
(1= QH(Yoh) + qH (Vo) . u(a
Ve w(3)
.'
5
.
.
.
.
qH (Yah) + (1 — q)H (Yal) 5
.0
+
.4
H{Y, 1 L

Y.l . + 1

7 al-q) 4 (1—g? 1-a 4

1
(a) The case 0 < ¢ < 5.

H(Y,h 1
(Yah) 3<q<1
qH(Yah) + (1 = q)H(Yal) u(a)
. % w(fF)
+
(1= q)H{(Y,.h) + qH (Yal)
.
.

H(Y,l) .
D(l—q)2 ql-q) 1—¢q @ q 1

(b) The case 1 < ¢ < 1.

Figure 2.2: Comparison of values for the functions u(«) in (2.19) and w(5) in (2.21)
for0 <g<1.
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Our conclusion from this analysis is the following. The choice of the optimal
strategy among the candidates is directly related to the relative position that the
portfolio value Vy_; at time N — 1 occupies in the inequalities (2.22) or (2.23). In
order to clarify this, assume 0 < ¢ < % The only three possibilities for the portfolio

value Vy_; are:

E* [H(Y7)|Sn_1] > Vao1>EY7[H(Y7)|[Sn_1], (2.24)
EY9[H(Y7)|Syv-1] > Vo1 > EH(Y7)|Sn-1], (2.25)
E“ [H(YT)|SN_1] > VN—l > K" [H(YT)‘SN—l] . (226)

We will refer to these cases as the Large, Medium and Low initial capital.
They will be analysed in the next sections, so as the structure of the corresponding
optimal strategy 7ny_; and the optimal solution.

From the similitude of the case when % < ¢ < 1, without loss of generality through

the rest of the section we can make the following assumption.

Assumption 43 Assume 0 < ¢ < %

2.3.5.2 The three initial capital cases

In this section, we present the solution for the single-period model depending on the
initial capital V; available.

The following lemma provides the solution in the Large capital case.

Lemma 44 (Large Capital Case) In the single-period model [0,T], assume we
have constrained the initial capital by Vy (V) < Vo < Vi (Yy) then

7900, 50,33, ) = fmin (2,122 | 105 0) - al* (227)

Moreover, the strategy corresponding to the risk in (2.27) is given by

dh . Vi (Yoh)—V .
NAEE R
AP = (2.28)
wh . Vi(oh)—Vo . ,
=R R
which gives a final portfolio value V,ﬁ(m such that
* + 3
(2) V5 00) = Vol Tuma, f B< 8

[H(Yy) = Vi) = (2.29)
() VG (00) = Vol "l if B2 2

~
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Proof. Recalling that
Vo 1(Yo) = (1—q)H(Yoh)+qH(Yol) > qH(Yoh) + (1 —q)H(Yol)
Vo (Yo) = H(Yoh),
then the constraint on Vj implies (1 — q)H (Yoh) + ¢H (Yol) — Vo < 0 < H(Yph) — W,
and using the convexity property of the payoff function H(y), the function f in (2.14)

on the four candidate strategies. We have

FOriM) = B [H(Yoh) = Vol ™5 f(xdh) = B [H(Yoh) — Vi

F(md) = ps [HYoh) — HYo)|" ;s f(mih) = pi [H(Yoh) — H(Yo)] .

We obtain the optimal solution on a case by case basis.

o Case 1: 2 <« l"i.
q —q

1. The inequality 2 < {2 rules out 7% and 7" as candidates for the optimal
solution.
2. The inequality f(7%) — f(7x4) = (1= q)H(Yoh) + qH (Yol) — Vo] < 0
rules out the strategy 7%. Thus 7% is the optimal strategy.
o Case 2: &0 > P2
q 1—q
1. The inequality % > f’%q dismiss the candidates 7% and 7% to be the
optimal solution, and
2. the inequality f(7“") — f(7) < B = q)H(Yoh) 4+ ¢H (Yol) — Vo] < 0
helps to rule out the strategy 7. Thus 7% is the optimal strategy.

The relation in (2.29) for the final wealth V7 “ follows by the construction of the

solution. O

The solution in the Medium capital case is presented in the next lemma.

Lemma 45 (Medium capital case) In the single-period model [0,T], assume we
have constrained the initial capital by V{(Yy) < Vo < Vi~ 9(Yy) then

JOD(0, S, Yo, Vo) = {min (%1;9__3(])} Vi (Yo) — Vol * (2.30)

. 22 2 1—q N +
+ [mm ( 1 q)] (Vo *(Yo) — Vo Lim e

Lo [500) = VO8] = 22 500) — Vo f Ly v
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Moreover, the strategy corresponding to the risk in (2.30) is given by

4 *
uh . V& (Yoh)—Vo f PL > D3
= TS if g — l-gq
~ (M) _ wl o ViMD)-Vo . p p3 p1+p2
o =9 ™= "5uD of < <ERE (2.31)
dh . Vx(Yoh)—Vo Pl pP1+p2 p3
L LAY ) f q < q < 1—q°

which gives a final portfolio value VCZ’:T(M) such that®

<1_iq> [V()*(Yb) - VE)] 1(4}:4,;)3 w.p. D3 Zf % > 1st
(%) [‘/O*(YO) - ‘/()_(Yb)} lo=uw, w.p. D1 iof % < 11'7_7(1 < plsz
A(M) 44 _ . 1
[H(YT) VT M] =9 <ﬁ) [‘/01 Q(Yb) - ‘/0} 1w w.p. D3 if % < 1p_3 <D -(;-I;Q
(é) 1 ! }/0 } 1w:w2 w.p. D2 Zf % < plZm < lpqu
(2.32)

Proof. The constraint on V[ implies
qH(Yoh) + (1 — q)H(Yol) = Vo <0 < (1 — q)H(Yoh) + ¢H (Yol) — Vo,

and using the convexity property of the payoff function H, the function f in (2.14)

on the four candidate strategies. We have

f@™) = ps[H(Yoh) — H(Yol)]"

u _ p3 +
S = g HYh) ~ Vi)
frty = % [H(Yoh) — Vo] " + % (1 — ) H(Yoh) + qH (Yol) — Vo]

b3

f(@) = pi[H(Yoh) — H(Y,l)]" [(1— q)H (Yoh) + qH(Yol) — Vo] *

In order to search for the optimal strategies, we compute the difference in values of the

function f in (2.14) among the six possible combinations for the candidate strategies.

2w.p. means with probability.
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uh dhy _ o ps P
) = 1) = O - vl {2 - 2 (2.33)
HE (= @) HOG) +gH(Yl) = Vi (2.34)
JE) = S = T laH(Yph) + (1= ) H(YG) = Vi) (2.35)
uh ul _ . b3 _]ﬁ
P = Ja) = qln - )] |2 -2 (2.36)
FE) = fx) = L HYh) ~ Vi (2.37)
P2 P3
22— 2 [ (YO + gHOG) V] (239
FE™) = F@) = (1= q)H(Yoh) + qH(Yol) = Vi) {plzm—lqu} (2:39)
fa®) = f(@) = [H(Yol) = Vo [pl—lp—fq}—pl[ﬂ(m)—%]. (2.40)

We use the above differences to obtain the optimal strategies. For % > f’%q, we have,

e from (2.35) we get f(7*") — f(7¥) < 0, so we rule out the strategy n?;

e from (2.36) we get f(r*") — f(7*) < 0, and we rule out 7% as the optimal
strategy;

e from (2.39) we obtain f(7?) — f(7*) > 0. This rules out 7% and then 74" is

the optimal strategy.
For the case when % < 1pT3q7 we obtain,
e from (2.35) we have f(7*") — f(r¥) < 0, which rules out the strategy m%,

e from (2.36) we get f(7*") — f(7*) > 0, so we rule out 7" as optimal,

o from (2.39) the inequality f(7) — f(*') < 0 is valid only if -2 < 5 s
satisfied, then we can rule out the strategy 7%. Thus the optimal strategy is

7% on the other hand,
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e from (2.39), the inequality f(7%)— f(7*) > 0 holds if and only if the inequality
]% > lst,q is satisfied. This rules out the candidate 7% leaving us with the
optimal strategy =*.

The relation in (2.32) for the final wealth V" follows by the construction of the
solution. [J

The Low capital case is presented in the following lemma.

Lemma 46 (low capital) In the one-period model [0,T], assume we have constrained
the initial capital by Vi (Yo) < Vo < Vi (Yo). Then

I00. 80, Yo, o) = [ (22, 2 1 00) = Vel (2.41)

+ |min (]2, Ps

g’ 1—q ™ vl Yoem,

)
—l—:min(&, b ) Ve = Vol " gy s
)

+ |min (&, Ps [VE)*(}/O) Vb] 1{1)1 r3 <P1+p2 }U{ P3 <P1<P5+P4}

+ [min (p1, p3)] [VO*(YE]) — VJ(YE))] 1{p1 23 <p1+p2 huf 2 <p1<z73+p4}

Moreover, the strategy corresponding to the risk in (2.41) is given by

( quh . — H(Yoh)—Vo if PL > P3tpa > 3
’ q

So(u—1) = 1l-¢ = 1-¢’
dl . HXD-W r p3tpa p1 p3
T = TS(d-0) if 1—q = 1—-¢’
~ (1)

ul . HXol)=Vo rop1 P3 p14p2
T = T if T <1 <

dh . HYoh)-Vo ¢ p1 _ pitp2 p3

(T T TSe(d-0) if q < q < i —q°
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This gives a final portfolio value Vi Y such that

/

Zf p:i+P4 > pl >

1%11 [VO*(YE))_%] 1w=w3 w.p. P3 z'f 1
1%[1 [‘/E)q(yb) _Vb] 1UJ:LU4 w.p. 2 /
%) Vq (Yo) — Vo] Lo, w.p. yZi
Y500 — Ve (%) Lo w1y
RO
[H(Yr)=Vi | =

D V00 =V (00)] Lomsr wp ;r ;o
%) [‘/E)l_ (Yb) ‘/0] w—w3 w.p. D3 1
o) Vo (Y0) = Vo] 1ume, w.p.  pi -

() W00 - Vo] e, wpe o ‘

q

pP1+p2

_P3_
<1—q< q

+p2 p3
< Brh o B3
q 1—¢

(2.43)

Proof. By the assumption V; (Yy) < Vo < Vi (Yp), the function f of the four

candidate strategies is

f(xt) = ff; [H(Yy-1h) —

frhy = pql [H(Yy_1h) —
+Dp1 [H(YN71h> -

uh _ b3

f) = 2R -
D3

f?) = 1_q[H(YN—1h)—
+Dp3 [H(YN—1h> -

V"

Vo]t

V)"

VN—1]+

H(Yyl)]" -

H(Yyl)]" ~

b3

P4

B

b3

1—g¢q

+ % (1 — q)H (Yy_1h) + qH (Yn_1l) —

[(1 — q)H(YN_lh) + qH(YN_ll)

b1
. [H (Yn-1h) —

By [qH(YN_lh) +

[H(Yn-1h) —

VN71]+7

+ . qH(Yn_1h) + (1 —q)H(Yn1l) —

Viv-1].

V-

(1= H(Yyal) -

1]+7

— Vo]t

Vo)™,

VN—1]+

In order to analyse the optimal strategies, we compute the difference in values

of the function f in (2.14) among the six possible combinations for the candidate

strategies. They are,

f(m) = f(=™)

——
+[H(Yn-1l) —

o6

b
I—gq
V] [p4 —pz]y

po 4

pa— (1—q)*ps

q

|

q(1—q)

(2.44)



Fr ™y — fr) = [qH(Yy—1h) + (1 — ) H(Yn_,1) — V] [ﬂ = ﬁ] . (2.45)

l—q ¢
uh ul _ . b3 _12
FE) = Sa) = qH ) = )] |2 -2 (2.40)
o ) + (L= ) H Yy l) = V],
dh dry _ _ _ b1 P3
) = ) = (1= ) H(v-ih) — H(ea0)] [ - (2 (2.47)

+% (1 —¢q)H(YN_1h) + ¢H(Yn_1l) = V],

™) = f@) = (1= HYn-1h) +qH(Yy-al) = V] {pl j]‘]h 1o JZ 48)
diy _ g(puly vo1l) — pr P3| ‘
) = gy = [ - v] 2 - (2.49)

We use the above differences to obtain the optimal strategies. For p L > p 3 we get,

o from (2.47) we get f(7é) — f(7¥) > 0, so we rule out the strategy 7"

e from (2.49) we get f(7%) — f(7) < 0, so we rule out 7% as optimal strategy,

and

e from (2.45) we obtain f(7*") — f(7?) > 0 only if 1’?1’%54 > £+ This rules out muh
being the optimal strategy 7.

o from (2.45) f(7*") — f(7") < 0 if and only if 28 < 2 which means we can
rule out the strategy 7. The optimal strategy isT h.
For the case when & < - we have,

e From (2.49) we get(7r D — f(7*) > 0, which rules out 7%,
e from (2.45) then f(m""*) — f(7%) > 0 and we rule out 7"

e from (2.48) f(w) — f(x*!) > 0 if and only if p1+p2 > {2, this tells us to rule
ul

out 7% and the optimal strategy becomes 7.

e From (2.48) f(m®) — f(7!) < 0 is valid only if le(;pz < %, s0 we can rule out
dh

7" and the optimal strategy is 7

The relation in (2.43) for the final wealth V% “ follows by the construction of the

solution. O
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2.3.6 The large capital case for the N-period model

Intuitively, if the initial capital Vj is just below the super-replication price, there will
be just a few possible scenarios (events) that cannot be super-replicated. In analogy
with the single-period model, in the next theorem we establish precisely what we mean
by large initial capital, the minimal expected shortfall, and the optimal strategy. We
discuss the details and interpretation of the solution after the Theorem 47 in some

lemmas used in the proof.

Theorem 47 Consider a European contingent claim on the non-traded asset Y,
whose payoff at time N is defined by an increasing convez function H. Let V¥(S,),n =
N —1,...,0, be the super-replication price at time n defined in (2.12), corresponding
to the super-replicating measure Q* defined in (2.10) (we denote it by ¢, 1 = 1..4).

If
(gi)™ {Vir (Vo) — Vi (Yol)} if B<m

9 — q;
Vo = Vo (Yo) — (2.50)
¢ (@) Ve (Yo) = V(YD) }y of B>

= g

then for n =0, ..., N — 1, the minimal shortfall risk in (2.13) becomes

S

% n

N—n
J(Large)(n’ Sn> Yna Vn) = |:m1n (%’ %>:| [V*(Yn) — Vn]Jr (251)
1 3

and the strategy corresponding to the risk in (2.51) is given by

7Tdh — Vrfﬂ(ynh)_vn f P1 < P3
(Large) no Sn(d—1) @ — 4
~ (Large) __
#0 — (2.52)
7Tuh N Vn+1(Ynh)_Vn Zf P1L > P3
n - Sn(u—1) @ = g’

which gives a final portfolio value V]@(Lme) such that

N
(%) [‘/O*(Yb) o ‘/O]Jr ]‘wg*n‘O’O,Vn:O,....,N—l Zf p_i < p_i
7f(.(La'rgc»:)
[H(Yy)—VE " =

N
<Z_§> Vo (Yo) - VO]+ 1w2’O’N_"’,Vn:0,....,N—1 if B>

To prove this theorem we need some results.

With the analysis of the optimal strategies in mind, the following discussion moti-

vates the close relation among the optimal strategy and the super-replicating measure

Q.
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2.3.6.1 Interpretation of the optimal expected shortfall

In the expression for the minimal expected shortfall in (2.27) in the single-period
model, the only measure involved is Q* : (¢,0,1—gq, 0), the super-replicating measure.
Then we could equivalently write the minimum expected shortfall J)(0, Sy, Yo, Vo)

as

* 7k

41 93
On the other hand, the Radon-Nikodym derivative of P with respect to Q* on the

four possible scenarios w;,7 = 1,2,3,4 defined in (2.3) in the single-period model is

1900, 50,0, 6) = fmin (2, 22)] 15 30) = il

frw) =5, G(ws) =2,

This implies that the optimal decision is taken only in terms of the two scenarios
w1 = (u, h) and w3 = (d, h), and we can rewrite the optimal value function in (2.27)

as
dp dp

dTQ)* (w1), dT@*
(L)

The aim in the optimal strategy is to buy (or sell) 75’ number of assets so that the

790,50, 1) = [min ()| 5 0 - v

expected shortfall is minimal. This can also be interpreted as follows. Buy (or sell) as
many as possible Arrow-Debreu securities® on the “most-favourable event” & to
compensate for the outcomes on the other Hr(w) Arrow-Debreu securities associated
with all other events w € Q\{@}. On the other hand, as the initial capital is less than
the super-replicating price, and by the expression for the final wealth in the solution
to the single-period problem in (2.29), super-replication holds except in one event w*,
the “worst-case event”.

When Z_% < g—g the “most-favourable event” is w3 = (d,h) and the “worst-
case event” is w; = (u,h). This explains the expression for the portfolio strategy
ﬁ(()L) in (2.28). On the contrary, when 5—11 > z’—g the “most-favourable event” is
wy = (u, h) and the “worst-case event” is w3 = (d, h).

Then if Vj ) represents the terminal value of the optimal portfolio, the shortfall
#(L)

of the strategy will be Hy(w*) — Vi 7 (w*), and the expected shortfall of the optimal
strategy is

* #(H) * *
(Hr(w) = Vi (@) Pw)
3A canonical Arrow Debreu security is a security that pays one unit of numeraire if a particular
state of the world is reached and zero otherwise. As such, any derivatives contract whose terminal
value is a function on an underlying whose value is uncertain at maturity date can be decomposed
as linear combination of Arrow-Debreu securities.
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if VA"(w*) < Hp(w*) and zero otherwise. In terms of the minimal short risk
JEN0, Sy, Yy, Vi) we have noticed that the Radon-Nikodym derivative dQ*

crucial role. This quantity in fact is used as a selection procedure to pick the “worst-

plays a

case event”. This is, the “worst-case event” w* is the one where the ratio between
the expected payoff of an Arrow-Debreu security (w.r.t. P) and its super-replication
price (w.r.t. Q*) is minimal.

Assume for a moment that Theorem 47 for the N-period model holds. We can
extrapolate ideas from the single-period model to note that for any measure Q :

(¢1, 42, G3, qa), its Radon-Nikodym derivative %€ on a generic event wp™ms defined in

Q
(2.2) is given by

@ (wn1,n2,n3) — (ZA) " (&)TLQ (]E) " (&)N_n_(nl+n2+n3) .
daQ " ¢ 02 q3 q4

Then the two “worst-case scenario” paths in the N-period model at the current
time n correspond to the paths of either always taking the one-period event wy = (u, h)

or wy = (d, h) for the remaining time N —n. Using the notation in (2.2) for the generic

event w, "2 the two “worst-case scenario” paths correspond to
wrlyfn,o Oand wO 0,N—n
Thus, for the events w’ %0 and w%%¥=" and the measure Q* we have

AP N_noo\ pr N AP ooN-n\ b3 e
d@* (wn ) - ((IT) and d@* (wn ) - <q§) ’

And the optimal value function can be rewritten as

arge . dP n dP . . .
Jer )(n, S Yo, V) = [mln (d(@* (wrjtv 70’0) ’dTQW" (wg’O’N ))} V(Y. — Vi)™

Remark 48 [t is important to highlight that the solution in this particular setting
in incomplete markets has similar features to the solution in complete markets (see
[9], [28]). The difference is that under a complete market, the reference measure is
the risk-neutral measure and here the super-replicating measure. In reference to the

dual formulation to the problem (see Appendiz B), in this particular setting we have

characterised the optimal pair (7,Q) by (mm{dQ*( )} ,Q*). We will formulate

more on this on the sequel.

The previous discussion highlights the relation between the optimal strategy and
the “worst-case scenario” path. We need to define precisely what we mean by
“worst-case scenarios” and clarify the relation with the optimal strategy. This is

done in the next section where we analyse the strategies.
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2.3.6.2 Analysis of the strategies

Following the intuition given in Section 2.3.6.1, in this section we establish formally
that the only strategies that cannot be super-replicated with an initial capital just

below the super-replicating price in (2.50) are the paths corresponding to the events

N—n,0,0 0,0,N—n

wp, MY and w,, In terms of the single-period model and when 2 < 2, the

1

“worst-case scenario” path (that cannot be super-replicated) consists of only move-

ments of the type w; = (u, h). For the contrary in the case f]’—i > Z—f the “worst-case
1 3

scenario” path consists of only movements of the type w; = (d, h).

Lemma 49 Assume 7, is the optimal strategy according to (2.52); then

(%) Vi (Yo) — VO] 1%1:177%0707%:0 ...... N1 if % < 1])qu
<1L> V5 (Yo) VO]+ 1w2’O’N*”,vn:0 ...... No1 i % > pqu

Proof. Assume % < 111_(1' With 7,, the optimal strategy we have
J(N=1,8v1,Yn-1, Vi) = E[J(N, Sy, Yn, Vi)ISn-1, Y1, V4]

— (%) [V3i(Sn_au, Yo 1h) = Vi, ]"

= (pql> [VN 1(Sn-1,YNo1) — V§_1}+1w1:(u,h)a

or, using backward induction,

-----

N—n
B () = Vi) 180 5 V] = () [0 = V0 1w
or, for n =0,
7 p1 N
B [ - V] = (2) 0500 - 1) Lo

However, from the discussion in Section 2.3.6.1, the event { w— wNO 0 } has under P a

probability of p¥. From where can be concluded that

1

P [0 - v = (1) 0500w =t

) N
or, equivalently [H(Yy) — VIt = (%) Vi (Vo) — Vol * 1,  voo.

For the case % > 1p— we can conclude in a similar way that

1
I—gq

P |0 - v = ( )NWO*(m—vo) -

) N
or equivalently [H(Yy) — Vi]T = (fq) Vi (Yo) — Vol " 1, soon. O
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2.3.6.3 The initial capital condition

In this section, we formalise the relation between the condition (2.50) on the initial

capital Vy and a constraint on the optimal portfolio value V7.

Lemma 50 If the inequality

(@)Y {Vr(Yoh) = VP (Yo} if B<i
Yo 2 V5 (¥o) - (2.54)
g (3)V VI (Yoh) = Vi (Yol)} if BB

1s satisfied, then
(1 - Q>V7:+1 (Ynh) + qV:H(Ynl) <V,

holds for allm =0,..,N — 1.
Proof. The equality (1 — q)Vy, 1 (Yoh) 4+ ¢V, (Yal) <V, is equivalent to

" (Vi(Ya) = Vo) <7q (Vi (Ya) = Vi (Yal)) (2.55)

n n

for r > 0 and for all n =0, ..., N — 1. Assume % < f’%q and using some intermediate
steps in the proof of Lemma 49 we have ¢ (V.*(Y,) — V,,) = {V;(Yo) — Vo} L, 00
Then for the relation (2.55) to be true we need the inequality {V; (Yo) — Vo } 1, 00 <
g (Vi (Yn) = Vi (Yal)) for all n = 0,...,N — 1, or equivalently {Vy(Yy) — Vo} <
¢ V(Yo h") = Vi (Yo k™ 1)) for all n = 0,...,N — 1. But this is equivalent to

1
q

ing the relation (1—¢)" (V.*(Y,) — Vo) = {V;(Yo) — Vo} 1, 0o to obtain the inequal-
ity (Vi (Vo) = Vob < (1 — q)" (Ve (Yo ") = Vieoy (Yo b D)) for all m = 0, N — 1,

which give us the constraint in (2.50). O

(2.50) when % < 1pT3q' For the remaining case when 2 > 1pT3q we proceed similarly us-

In the interpretation of the optimal strategy as buying/selling Arrow-Debreu secu-
rities, the condition on the initial capital (2.54) guarantees that this capital is enough
to buy/sell Arrow-Debreu securities on the most-favourable scenario events at every
time step n =10,...., N — 1.

When £ < 2 the initial capital condition (2.54) can also be written as
1 3

Vo> (1—¢")YHYR™) + ¢V H(Yy I RN 7Y =: CF, (2.56)
and when & < 228
q1 q

3

Vo> (1—q(1 =" HHYAY) +q(1 =" TH(Y LRIV = Ct. (2.57)
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This representation as a convex combination of the super-replicating price (H (Yph"))
and a slightly lower level (H (Y I h¥=1)) gives us the notion of how narrow the con-
dition on the initial capital is. Figure 2.3 shows the values for the condition O and
the super-replication prices as function of the number of steps N for the numerical
parameters in Example 53. Furthermore, when N grows large, the condition be-
comes tighter meaning that the optimal strategy given by Theorem 47 is valid only
for initial capital values very close to the super-replication price. This is a very dis-
advantageous feature of the solution. It also represents problems if one would like to
obtain conclusions in the continuous-time by passing to the limit. This issue needs
further investigation and it is left to future research. Nevertheless, when the num-
ber of steps is not very large, it provides a manageable model and permits to get a
lot of insight on the solution in this particular incomplete market situation. This is

important as most of the incomplete market models are difficult to deal with.

700 -

600
————— Vo (Yo)

500 -

ct

400

—=r— Vg (Yao)

Figure 2.3: Change with respect to the number of steps N of the superreplication
price Vj, the initial capital condition C* in (2.56 and 2.57) and the lower bound of
the arbitrage-free prices V= for Example 53. For a small number of steps (5), the
condition grows very fast to the superreplication price.

If the condition on the initial capital (2.54) is not satisfied, then always performing
the same strategy as in Theorem 47 may not be optimal, as more than one scenario
path could not be replicated (super-replicated). This will imply mixed-type strategies
and will be more difficult to analyse. In any of these cases, we expect to have initial

capital thresholds that characterise the optimal solutions.
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If by analogy with the expression of C'* in (2.56) and (2.57) for the condition on
the Large capital case, we denote by C™ the condition when two or less scenario
paths can not be super-replicated, then V; (Yy) will be the threshold that defines
when three or less scenario paths are not super-replicated. The expected shortfall
values as a function on the initial capital Vj will be a piecewise linear function as in
Figure 2.4. And the solution corresponding to the initial capital equal to C* can be
seen as a lower bound for the expected shortfall problem when Vy < C*. The lower
the initial capital, the wider the lower bound will be.

Given these observations and by the form of the optimal solution in the single-
period case, we conclude that if we denote by ESy,(7") the expected shortfall at
time 0 for the initial capital Vj and strategy m performed at each of the N periods,
the following bounds hold

ESVO ((ﬂ.ul)N 7

N
b1 * _ + . . . n .
<q> Vo (Yo) = Vo] < ESy,(optimal) < min £5,, <(7Tdh)N> ifoB <
) Wi < o <o d ()Y
(ﬂ) Vo' (Yo) — Vo™ < ESy, (optimal) < min By, ((Wdl)N> ifom>
 Es
‘}.’;ti'o) M c’l"l ‘[)‘(I}h) v

Figure 2.4: Piecewise linear shape of the minimal expected shortfall as a function of
the initial capital V. The solution corresponding to the initial capital equal to C* is
a lower bound for the minimal expected shortfall when V, < CL.

We can now turn to the proof of the main theorem. It is now direct that with

Lemmas 44, 49 and 50 the Theorem 47 holds as shown below.
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Proof of Theorem 47. Forn = N—1, and by the Dynamic Programming Principle
(see [6]),

JO(N —1,85v_1,Yn_1,VN_1) = inf [(H(Yn) = V) T|Sn—1, Yy—1, Ve ] . (2.58)

The goal at the step N —1 is to find the minimum and the minimiser 7 in (2.58). Under
the assumption (1 — ¢)V3(Yy_1h) + ¢V (Yn_1l) < Vy_1, we can use Lemma 44 and
Section 2.3.6.1 to show that equations (2.51) and (2.52) hold for n = N — 1. We now
proceed by induction with respect to n. Assume ﬂ < BB nd that Equation (2.51)

1—q
N—
is valid at n+ 1 this is J(n+ 1, Spy1, Yaa1, Vat1) < ) VTZ‘H Y1) — Vn+1] -
then

E [J(n + 17 Sn-i—la Yn—f—lv Vn+1)|Sna Yna Vn] =

N-—n—1
SO
aq

_ (e T g B P2ty o vt
= (qf) {q (Vi (Y, h) V} + . (1= q)V,i  (Yah) 4+ gV (Yal) — V] }

|:V:+1<Yn77n+1) Vo= (&= 1) {V;H((;/n—hi)_ . H +

and assuming (1 — ¢)V,5, o (Ya1h) + ¢V, 5 (Yas1l) — Viyr < 0 it remains,

q q

Finally, Equation (2.53) follows from Lemma 49. The validity of (1—¢)V,", ; (Y,h)+

qV (Yal) < Vi foralln =0,..., N — 1 follows from Lemma 50.

The case % > f’%q can be proved similarly. [

- (@>N_n Vi (Yo h) = V] " = <&>N_n Vi (Ya) = Vil = (1,80, Yo, Vo).

2.3.6.4 The large capital case and the two-step procedure

We are now in a position to check whether the solution to the minimal expected
shortfall for the large initial capital case in Theorem 47 is the same as the given by

the two-step procedure in Proposition 42.

For STEP 1 in Proposition 42, we need to characterise the modified claim that
solves the minimal expected shortfall problem. We use the intuition given in Section

2.3.6.1 summarised as follows:

1. The optimal portfolio minimises the expected shortfall.

2. The Radon-Nikodym derivative -2

case scenario” path w®.

acts as a selection procedure to the “worst-

d@*
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3. The optimal portfolio super-replicates the contingent claim except in the “worst-

case scenario” path w®,

Vo™ (w®) < Hy(w®) and Vy*™ (w) > Hy(w) in w € Q\{w®}.

4. The shortfall is non-zero at the “worst-case scenario” path w® and zero

otherwise.

These facts suggests a representation of the final value of the optimal portfolio as

VN((U) = HN(w)l{dep w)>n* }+71{dQ* () *}

with n* := mm{ (w)}, and v such that matches the shortfall value. We can

dQ*
formulate the modified claim as a corollary to Theorem 47.

Corollary 51 Define the modified claim Vy(w) as

VN(“) = HT( )1{ d]P’( )>n }""Yl{dQ* _ }

with
Vo — E* [HNl [

o= ( "J)>77*}]

g* (w):”*}}
If V]\Yo’ﬁ represents the optimal portfolio strategy to the Large initial capital case

’}/:

B [1

i Theorem /7, then we have
Vot =Vy  P-as.

Proof. Assume w® represents the worst-case scenario path of Section 2.3.6.1. It
is direct to see that {w = w®} = {dd%(w) = 77*}, P-a.s. Then the representation
Vn(w) = HN<W)1{%(W)>H*} + Vl{d‘%(w)w*} is clear. It remains to show that ~y

selected in this way is the right choice. On the scenario path w®

1

N
<qi*> [VE)*(YO> — Vol 1w8,0,N if q—l < B

Hy(w®) — Vp(w®) = Hp(w®) — v = i
<i> Vi (Yo) = Vo] Lo if EL>122
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or equivalently,

© 1 *
o+ @ W8] Hr(w®) B [H)]
Q* [w®]
_ V(- Q [wOE" [Hylyze]
Q" [w®]

Vo— B [Hylg e )]

4%

E* 1 2 o)

O

In order to fully prove STEP 1 in Proposition 42 about the modified claim that
solves the minimal expected shortfall problem we need to show that it indeed satisfies
the conditions in Proposition 42. Furthermore, if STEP 2 also holds, then the solution
to the N-period Large initial capital case in Theorem 47 is indeed equivalent to
that obtained by the two-step algorithm (dual formulation to the minimal expected

shortfall problem). These is guaranteed in the next proposition.

Proposition 52 The solution to the N-period Large capital case in Theorem 47 is
equivalent to the one given by the two-step procedure in Proposition 42. Furthermore,
as the two-step procedure reflects the dual formulation to the problem (see Appendix

B), in the present setting the dual pair is given by

1.0 = (i { 750} @)

Proof. The proof follows immediately from Theorem 47 and the representation of
the modified claim in Corollary 51. The inequalities VN < Hpy and E* [VN] < W

are a direct consequence of the representation of the modified claim. Then Vn €
V. By Theorem 47, the fact that Vi minimises the expected shortfall implies that
Vn = arg miny ey, E[Hr — V7| . This proves that Vy satisfies STEP1 in Proposition
492. For STEP 2, Vy is a super-replicating strategy also by Theorem 47. Finally, the
specification of the Dual pair is a consequence to the representation of the modified

claim. O

2.3.6.5 Numerical example

Example 53 Consider the following example for N = 2, and

So=50 u=2 d=025 p=1/6 p,=5/16
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With these parameters, we have

q ~ 0.429,
%z0389 -~ 0.875 7%%1.118
2 =0.729, . ~0.036, 7%54 ~ 0.911.

We take the contingent claim to be a call option with strike EE = T70. Then the payoff

is given by H(Yr) = max(Yr — E,0).

At time 0, the super-replicating price of the

contingent claim H is Vi (Yy) = 155, the lower bound price Vi (Yo) = 30 and the

initial capital threshold C* = 141.2. The price trees are shown below.

traded asset non-traded asset and contingent claim
t=0 t=1 t=2
t=0 t=1 t=2
(200) option 155
; () /()
(100) 80
/ N\ 50
(50) (25) 30 /! N\ 80
N (i) < > ()
(12.5) 30
AN 100
(3.125) 30
N ( 100 )

When N =1 (considering only the first step) Figure 2.5 shows the optimal expected
shortfall and strategies as function of the initial capital V. One can notice only one
change in strateqy as expected by results in Lemma 44, 45 and /6.

For N = 2, we computed the expected shortfall values for different combinations
of stmtegz'es (o, m) € 11 with 1 := {(mo,m) : mp € {mth wil xdh 7d} and m €
{muh gl gdh i} (ruh pul gdh 7dl = 0,1 defined in (51)), and for integer values
for the initial capital from 30 to 155. The expected shortfall values as functions of the
wnitial capital for the relevant strategies are shown in Figure 2.6. The solid line at the
bottom of the figure shows that (%)2 Vi (Yo) — Vol is indeed a lower bound for optimal
expected shortfall. The triangle-style line corresponds to the strategy (wd" w{"); the
dotted line at the bottom of the Figure corresponds to the strategy (wdh, 74); the dotted
line at the top of the exhibit refers to the strategy (w&', 7u") and the solid line to the

strategy (w3, "), For the parameters in this example, the minimal expected shortfall

2
is not very far apart from the lower bound <%> Vo (Yo) — Vol.
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Figure 2.0 also shows the initial capital thresholds (Large, Medium and Low capital
cases) that provoke a change in the expected shortfall value, and possible corresponding
to a change in strategy. For the minimal shortfall strategy, this thresholds are Ct =
141.2, C™ = 112 and CF°W = 51. This can be seen in more detail in Figures 2.7
and 2.8, where we have computed the series
ESy,-1(")

ESy,(+)

as functions of the initial capital Vi and for each strategy (mo,m) € II. This series

1—

allow us to visualise more easily the levels that induce a change in expected shortfall.
Figure 2.7 shows that for the strategy (73" 7) the threshold levels are 140 and 49; for
the strategy (wd', mu") the threshold levels are 81 and 50; and as illustrated in Figure
2.8 for the strategy (wd", wdh) the threshold levels are 140,122 and 112.

It turns out that the optimal strategies are: for Vo < 112 the one given by (g, wit)
and for Vo > 112 the strategy (7@, 7). Note that this solution is in accordance to the
solution in Theorem /7 for Vo > 141.2 = CL. This is illustrated in Figure 2.9 together

as the solution to the mazimal expected shortfall strategy for comparison purposes.

2.3.7 The discrete-time as an approximation to a continuous
time model

The two-asset model can be used to approximate a continuous time dynamics for the

assets Sy and Y; of the type
dY, = aYdt + B, <det /1o pZdZt> :

where p,0,a,0,3 and p are constant, (W, Z) are standard independent Brownian
motions under P. This is done by the right choice of parameters w,d, h, [, p1, p2, p3
and py4 so that match the distributional properties of the continuous time dynamics for
the processes S; and Y; (see [57]). For a time interval [0, 7] divided into N subintervals
with equal time steps At = T'/N we need to take the parameters such that

y = o(n=30?)atraVat g (a-38%)At+0VAL

d— e( —30%)At—oV/At [ — e(a—§ﬁ2)At ﬁf (2.60)
and
1+
D= Da= Tp (2.61)
_ l—p
P2 = p3= 1
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Figure 2.5: The single-period model: The right-hand side axis measures the opti-
mal expected shortfall as a function of the initial capital Vj. The left-hand side axis
corresponds to the values of the optimal strategies as a function of the initial capital
Vo. The highlighted points on the expected shortfall function correspond to the initial
capital thresholds (Large, Medium and Low capital cases).
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Figure 2.6: Comparison of expected shortfall values as function of the initial capi-
tal Vg for several strategies. The solid line at the bottom of the figure shows that

2
(ﬂ) (Vi (Yo) — Vol is indeed a lower bound for optimal expected shortfall. The

q
triangle-style line corresponds to the strategy (Wgh, 7r1 "); the dotted line at the bot-

tom of the figure corresponds to the strategy (mdh, 7ih): the dotted line at the top of
the exhibit refers to the strategy (73, 7%) and the solid line to the strategy (7", 7).
For the parameters in this example, the minimal expected shortfall is not very far

2
apart from the lower bound <%> Vi (Yo) — Vol.
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Figure 2.7: Threshold levels that induce changes in the expected shortfall values as
function of the initial capital Vj. For the strategy (w@", 7)) the threshold levels are

140 and 49; for the strategy (7d', 7%") the threshold levels are 81 and 50.
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Figure 2.8: Threshold levels that induce changes in the expected shortfall values as
function of the initial capital V. For the strategy (73" m{") the threshold levels are

140,122 and 112.
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Figure 2.9: Comparison of minimal expected shortfall (mES) and Maximal expected
shortfall (MES) strategies. The mES strategy is: (73" 74) for 30 < Vj < 112 and
(wd, ) for 112 < V, < 141.2; and the MES strategy corresponds to (7@, w{") for
30 < Vo < 37 and (73", wih) for 37 < Vi < 81, and (7!, 7¢h) for 81 < Vy < 141.2. The
solid line at the bottom of the exhibit represents the lower bound for the expected

shortfall given by (m) Ve (Yo) = Vil.
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This choice of parameters give us a Markov chain approximation that converges
in law to the continuous processes S; and Y; by matching the mean, variance and

correlation.

2.3.7.1 Numerical example

In order to see how the above approximation to the continuous-time model works,

consider the following numerical example.

Example 54 Continuous-time approximation and sensitivity analysis on
the parameters. Consider the the two-step approrimation to the continuous-time
dynamics in (2.59) for p = 0.1,0 = 04, = 0.1, = 0.7, p = 0.9, S = 50, and
Yy = 100.

With these parameters, we have

¢ = 0.3772,
% = 12597 1pT5q - 00407 Bt — 1325’
B2 =0.066, £ =0.0762, pi%f;“ = 0.802.

We take the contingent claim to be a call option with strike E = 70. Then the payoff
is giwen by H(Yr) = max(Yr — E,0). At time 0, the super-replicating price of the
contingent claim H is Vi (Yo) = 233.4, the lower bound price Vi (Yo) = 0 and the
initial capital threshold C* = 179.7. The price trees are shown below.

traded asset non-traded asset and contingent claim
t=20 t=1 t=2
t=0 t=1 t=2
(115.81) option 233.43
/ ( asset > / ( 303.43 )
(76.09) 104.19
/ \ ( 174.19 )
(50) (52.04) 30 / N\ 4.82
N, / ( 100 > AN / ( 74.82 )
(34.19) 0
\ ( 42.95 )
(23.38) 0
N ( 18.45 >

Figure 2.10 shows the expected shortfall values as functions of the initial capital

Vo for the optimal strategy given by (rd, 7%*) when Vi < 139.4 and (74", 7ih) for
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Vo > 139.4. Note that the solution given by Theorem 7 is (w&h, 7¢h) for Vo > CL =
179.7. This shows that the condition CT is not binding and could be improved..

We now turn to analysing the sensitivity of the optimal solution to the volatilities
and correlation coefficient. In Figure 2.11 and 2.12 we have plotted the minimal
expected shortfall (mES) for values of the correlation coefficient p from —1 to 1 by
increments of size 0.1. We split the plot into two exhibits in order to see more clear
that the mES increases as p increases from —1 to —0.4 and decreases for values from
—0.2 to 1. This is due to the fact that the values of p affect the quantities % and £

1—q
(see Figure 2.15(a)) and this values determine the optimal strategy and therefore, the

mES.

In relation to the sensitivity of the mES to the volatility to the traded asset S, we
computed the mES for values of o from 0.1 to 1. The changes in o affect directly the
quantities q and the initial capital condition CT (see Figure 2.15(b)). The Figure 2.13
shows that mES increases as the volatility o increases. This is an expected behaviour,
as the larger the wvolatility of the stock S, the larger the wolatility on the hedging
portfolio and more risk to cover.

Figure 2.1/ exhibits the values of mES for values of the non-traded asset volatility
for B from 0.1 to 1. The volatility 3 affects the values of the infimum and supremum of
the arbitrage-free prices, Vi (Yy) and Vi (Yy), respectively, as well as the initial capital
condition CL (see Figure 2.15(c)). We have plotted the mES in pairs of values for 3
to distinguish that the volatility of Y has little effect on the mES.
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Figure 2.10: Minimal expected shortfall as function of the initial capital V4. The
corresponding optimal strategy is: (7@, 7%") for 0 < Vy < 139.4 and (73" w4h) for
139.4 <V < 233.4.
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Figure 2.11: Comparison of minimal expected shortfall (mES) values as function of
the initial capital Vj by changing the correlation coefficient p from —1 to —0.4 by
increments of size 0.1. The mES increases in the range.
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Figure 2.12: Comparison of minimal expected shortfall (mES) values as function of
the initial capital V by changing the correlation coefficient p from —0.3 to 1 by
increments of size 0.1. The mES decreases in the range.
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Figure 2.13: Comparison of minimal expected shortfall (mES) values as function of
the initial capital V{ by changing the volatility o of the asset S from 0.1 to 1 by
increments of size 0.1. The mES increases as volatility ¢ increases.
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Figure 2.14: Comparison of minimal expected shortfall (mES) values as function of
the initial capital V by changing the volatility 8 of the non-traded asset Y from 0.1
to 1 by increments of size 0.1. The mES increases as volatility [ increases but not
significantly.
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Figure 2.15: Behaviour of some of the strategy determining quantities by changes
in the correlation coefficient p, and the volatilities o and [ of the assets S and Y,
respectively.
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Part 11

Risk and Hedging in
Continuous-time: 1to Diffusion
Models
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Chapter 3
WCS, VaR and AVaR

3.1 Introduction

Assume we work under a complete probability space (€2, F,P), where the probability
P is assumed to be the “real” or “physical” probability measure (data generating),
which is objective and assumed unique. Let also assume our space supports a random
variable (or process) X that represents a risky asset for which we need to compute
risk. When X is model-dependent, this is, when the probability P on €2 is explicitly
given, we can in many cases compute WCS, VaR, and AVaR. A special case of model-
dependence is when X is given by a Markov diffusion process, and as they are the
most common models used in finance, we devote this chapter to the study of the
computation of our three measures of risk (WCS, VaR, and AVaR) for positions
driven by one-dimensional continuous Markov diffusion processes.

Note that although we carry our analysis only for WCS, VaR, and AVaR, most of
our procedures can also be applied to other similar measures of risk.

The main idea to compute risk given by VaR or AVaR of a position X modelled
as a continuous diffusion process is to exploit its Markov property and characterise it
as the solution to a second order partial differential equation (PDE) with boundary
conditions. In the case of the WCS risk measure, the approach is similar but less
direct as WCS is defined as the supremum over a set of probability measures. In
order to obtain WCS also as the solution to a boundary value PDE we need to state
conditions on the set of measures, so the supremum in the definition of WCS is finite.

Motivated by practical applications, firstly, we analyse in detail the case when un-
der each measure on the definition of WCS the process X remains a Markov diffusion
process. This involves the study of properties of what are called exponential change

of measure transformations of Markov processes.
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In most of the cases, the PDEs that characterise the risk measures do not have
explicit solutions and series expansions or numerical methods need to be applied. In
the few cases that do allow explicit solutions, solving for the risk PDEs and solving
for the transition probability density of the process X are equivalent. This is shown
in the last part of the chapter.

When the restriction on the Markov property is lifted, we establish conditions so
the computation of WCS can be formulated as a stochastic control problem and then
as the solution to a nonlinear PDE of second order with boundary conditions. We

complement the chapter with several examples.

3.2 The model

For simplicity in the notation, we assume through this chapter that our time horizon
is [to, T], with 0 < ¢ty < T', unless otherwise stated.
Let the process X; € R be such that its dynamics are given by the following

one-dimensional SDE
dXt = b(Xt)dt + a(Xt)th, Xto = 29 (Xt—SDE)

with a, b given deterministic functions satisfying b: R — R,a: R — (0,00), and W; a
one-dimensional Brownian motion. We need the following assumption on the process

X.

Assumption 55 We assume that the functions a and b have sufficient regularity
properties to ensure that the stochastic differential equation in (X,-SDE) for the pro-
cess X; has a path-wise unique solution, non-explosive strong solution (cf [51, Section
5.3 p. 300] or [17, Chapter 5]), and {F;}i,<i<r 15 its natural filtration.

Assumption 56 We assume the process X; has a transition probability density p(x,t; 7, vy).
This is the case for some conditions on the functions a, and b (see [51] p. 369, [92,
p. 500] or [86, Theo 3.2.1, Cor. 3.22 and Theo 3.2.6 p. 71-77]). Furthermore, we
also assume the conditions needed by the Feynman-Kac representation theorem hold
(see [51, Theo 7.6 p. 366] or [92, Theo 3.33 p. 497]) so p(x,t;7,y) allows a unique

stochastic representations.

The homogeneous infinitesimal generator associated with the SDE in (X;-SDE) is

given by
1, (O*f

G[1)(w) 1= 50" (w) 5z + ble)

of
oz’
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The main idea for computing WCSp, VaR, and AVaR, for processes X; as in
(X;-SDE) is to exploit their Markov property and formulate the risk measures as the
solution of a PDE.

3.3 Worst Conditional Scenario risk measure (WCS)

By the definition of WCSp in Chapter 1, recalled below
WCSp(X) = sup Eg [ X]
QeP
we fix a priori a subset P (called set of priors) of the set of all probability measures on
(Q, F). It is necessary that each measure Q €P respects P-null sets, for otherwise a
stochastic integral defined with respect to P might make no sense under Q. Therefore

we make the following assumption.

Assumption 57 The set of reference measures P used in WCSp s a subset of

M, (P).

Note that WCSp is “well defined” if the set P is such that supgep Eq [~X] < oc.
In particular, this is satisfied if X € L>(Q, F,P) on [ty, T], P is convex, and the set
Dp = {% :Q EP} is weakly compact in L'(€, F,P). In other words, for a bounded
position X, and Z € Dp we have

J_x(Z2) =E[-XZ] = Eg[-X] < .

J_x(Z) is a linear functional and by the assumption that the set Dp is weakly com-
pact, the above relation also holds for the infimum and supremum of the elements in
the set Dp. This is,

sup J_x(Z) =supEg[—X] < 0
ZEDp QEP

and
inf J,)((Z> = éféf)EQ [—X] < 00.

ZeDp
On the other hand, if there exist sets A C Q for which Q[A] = 0 for all Q €P and
P[A] # 0 they may cause problems in the definition of WCS. Therefore, we assume,

as follows:

Assumption 58 We assume P C M,(P) is convex, the set Dp := {% :Q EP} is
weakly compact in L' (2, F,P) and P[A] = 0 if and only if Q[A] =0 for all Q €P.

In the case our risk horizon is [tg,t], so for computing WCSp on the position
Xt = X; — X, we need to know the dynamics of the process X under each of the

elements in P.
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3.3.1 Change of measure

Change of measures are characterised by Girsanov theorem, which says (see [51, Sec.
3.5] or [77, Sec. 27]) that if Q is an absolutely continuous probability measure with
respect to [P, then there exist an adapted processes {¢;}i,<i<7 With ftf Pids < oo

(called Girsanov kernels) such that for

%\ﬂ = Zy = Z(p): = exp Ut: pua(X,)AW, — %/t(%)Za(Xquu} . (3D

to

Under the change of measure %| 7 = Z; the process X; under Q remains

dXt = ’S/tdt + G(Xt)th (32)

with X;, = 29 € R, and
’3/13 = b(Xt) + CL2(Xt)Q0t. (33)

And W is a Brownian motion under the measure Q

Remark 59 In the case Z; is a uniformly integrable P-martingale, the measure Q is
not only absolutely continuous with respect to P, but equivalent to P. A sufficient con-
dition for Z to be uniformly integrable is the Novikov criterion E [exp (3 [ ¢2a?(X,)ds)] <

00. See [51] for conditions on ¢, for Z; to be a uniformly integrable P-martingale.

Remark 60 [t is a well known fact that an absolutely continuous change of measure
affects the process only in the drift term. From this observation, it is direct to see
that the WCSp risk measure can be interpreted as the risk due to uncertainty in the

drift. This is a special case of model risk.

One particular case of interest for computing WCS is when, under each measure in
the set P, the process X; remains a Markov process. This includes the situation when
the process X, is assumed to have a fixed functional structure (e.g. geometric Brow-
nian motion, Ornstein-Uhlenbeck processes, etc.) depending on some parameters.
But the “true” parameters are unknown, and instead, one considers some estimation
intervals on them. Computing WCS is then similar to considering the “worst-case
scenario” case of the expected value under the estimation intervals.

We analyse first the particular case when each of the measures Q €P defines a
Markov process, and then we explore some generalisations. If the set of measures P
is so that the Markov property is preserved on the process X; under each Q €P, then
we can formulate the problem of computing WCS as a solution of a PDE. This will

be analysed in the next section.

84



3.3.2 Change of measure that preserves the Markov property

From the expression of the dynamics of X; under the measure Q €P in (3.2) and
(3.3) we notice that for the process X; to be Markov for Q €P, we need to impose
conditions on the Girsanov kernel ¢, in (3.1). The Markov property will be preserved
if ¢; only depends on the actual value of' X;, this is, ¢; needs to be of the form
or = Y(t, Xy), for some Fi-measurable function ¢ : Ry x R — R,

In terms of the density process Z;, any change of measure can also be expressed
(cf [47, Prop 3.8 p.155] or [51, Lemma 5.3 p.193]) as

b
Z(‘P)to

Thus the dynamics of X; under QQ can be rewritten as,

Eo[X'™] = E[X"Z(p)d].

dX; = y(t, X )dt + a(X,)dW,, (3.4)
for v(t,z) = b(z) + a®(x)v(t, z).

Remark 61 Note that defining the density process Z; = Z(¢(-, X)) in (3.1) via
a time-dependent Girsanov kernel 1(t, X;) makes the process time-dependent as the
drift v(t,x) = b(z) + a*(x)¥(t, x) will depend on time.

This type of measure change that preserves the Markov property is called an

exponential change of measure for Markov processes (see [12], [65] and [8]).

3.3.2.1 Exponential change of measure for Markov processes

Before we motivate the exponential change of measure, we need to introduce some
notation.

Define by & (y). the Doléans exponential for a martingale process y. on [0, 00) by

1

€ (y), =exp [yt - §[y]t} :

One can also think of £ (y). as the process z; = £ (y), such that defines the unique
solution to the equation

dz; = zdyy, 29 = 1.

The equation above shows that & (y), represents a martingale that has exponential

t
form (see [77, Ch. IV Sec. 19 p. 29] on Doléans exponential to define exponential

martingales).

'In general, a Girsanov kernel ¢; may depend on the past, or the whole path of the process X.
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From the previous section on changes of measure that preserve the Markov prop-

erty, the Radon-Nikodym derivative remains

((ii%b:t = eXp |:/0 ¢(uaXu)a(Xu)qu_ %/0 (¢<U7Xu))2a(Xu)2du (35)

e(f o, XJaCX,)aw,
— Z

= ZY(, X))
— h(t, X))

with A : Ry x R — Ry a Fi-measurable function (the function h can be seen as the
composition of the function Z by ).

The right-hand side on the first and second equalities in the set of equations in
(3.5) are local-martingales by construction, which is a condition for a density process
to define a proper change of measure. This implies that the function A(t,z) cannot
be just any function. We require conditions on h such that the process h(t, X;) is a
P-martingale.

In the rest of the section, we study conditions for the function h to define a
Markov change of measure and use it to formulate the problem of computing WCSp
of a position X% with dynamics for X; in (X,-SDE) as the solution of a PDE.

For f € C1? define the time-dependent infinitesimal generator £7¢ associated with
the dynamics of X; in (3.4) by

0 0? 0
o A e i (A
= Lo,

Remark 62 We will indistinguishably denote the partial derivative with respect to
the second wvariable of a function f(t,z) by %(t,x) or f.(t,x). Similarly for any
other partial derivative. We will also omat their explicit dependency on the variables

when no confusion arises.

For f € C%? define the process

T ()= 5050 ~ £z [ 29717 Xy (36)

to
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It is a well-known fact that J (f), is a continuous local martingale for each f (see

[12]). Similarly, we can also define the following processes:

K(f), = [ (5, X,)dX, — [ (5, X)b(X,)ds (3.7)

exp {f(tht) - f(t(bmo)} X
2. = { exp {— J1 £29(](s. X,) + Ja(X0)(fu(s. X,))%ds) } 89)

and if f(t,x) # 0 for all ¢ and x, define

O B

They also are continuous P-local martingales for each f (see [12]). These processes

will be used to define exponential change of measure transformations for Markov

processes, as we see next.

Remark 63 The processes J (f), K (f),, Z (f), and ZH (f), defined in (5.6), (3.7),
(3.9) and (3.10), respectively, depend on a function f € C1? and the process X;, whose
dynamics are given by (X,-SDE). They are in fact functionals on the class CY*. We
highlight this fact as we will use extensively this notation in the sequel. We will also
use the notation J (f(t,x)), to emphasise the fact that the function f depends on t

and x.

The following lemma give us some conditions on the function f to define a change
of measure which makes the dynamics of the process X under the new measure Q a

homogeneous Markov process.

Lemma 64 Let X; be a Markov diffusion process on (2, F,P) with dynamics in (X,-
SDE) and f € C*?; then

ZH (exp{f}), = Z(f),
= & (IC (f)t)

- 5( tfm<t,Xs>a<Xs>dWs)

to

= oo | [ ntexox - [ nexgcos - g [ e

to

Furthermore, if the function f is additively separable in the form
ftx) = u(t) +v(z),
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then

Z(f), = a(X,) exp {— /t:ﬁ(Xs)ds} | (3.11)

with o and B computable functions depending only on v, a and b (see Proof for details).
Thus defining the change of variable
dQ
dP

makes the process X; under Q a homogeneous Markov process with differential form

17 = Z(f(t,2)), = Z (v(x)),,

dX, = [b(X,) + a*(Xy)ve(X,)] dt+ a(X,)dWY, with Xy, = o, (3.12)
and W@ a Q-Brownian motion.

Proof. The first and second equalities follow from the expression of exponential

change of measure for Markov processes, see [12], [65] and [8].
If f(t,z) = wu(t) + v(z), take U(t) = exp{u(t)} and V(z) = exp{v(x)}, so
exp{f(t,z)} = U(t)V(z). Easy computations give
Z (u(t) +o(x), = Z(v()),
— ZHUOVE),
= ZH(V(x)),

~ exp{u(X) — o(au)}esp { - [ t G511 + S X

2
- [ )

0
which shows the particular time-dependence structure in (3.11). That X; under the
new measure QQ is homogeneous and Markov also follows from the expression of the

exponential change of measure. [J

Remark 65 Assume as before that f(t,z) = u(t) + v(x) and V(z) = exp{v(z)};
define .
_ 9 [V](x)

1= )

so
ool [ar
ZH(V(x)),= ——"exps — [ d(X,)ds .
(Vi) = s [ ax,
The case d(x) = 0 is called the homogeneous Doob h-transform for the process X;.

Furthermore, when d(xz) = 0 we have that the function V(x) satisfies

L@V () + D)V () = 0
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and if the assumptions

forallx e R,3 e >0 such that/ﬁgw(gﬂ < 0
M)
of non-degeneracy and local integrability hold, then V(x) has the form of the scale
function of Xy (up to an affine transformation). See [51, Sec. 5.5] or [17, Sec. 28
and Sec. 46] for the definition and properties of the scale function for one-dimensional
Markov processes.
The case d(z) = p € R is called the inhomogeneous Doob h-transform and the

density takes the form

V(Xy)

EH(V (), = o e {olt ~ 1)}

From previous proposition, we see that one way to get a homogeneous Markov
process under a change of measure %%| 7 = Z(f), is to take functions f that depend
only on the variable x. In order to explore more properties of X; under an exponential

change of measure, define for f € C?

Flo) = @1 + jale? (3 ) @) (3.14)
and
Z' (ty, wo;t,2) = exp {f(z) — f(zo)} E {exp {—/t F(Xt)ds} | Xy =2, Xy, = o] -
i (3.15)

The next proposition tell us the shape of the infinitesimal generator and the

transition probability function for the transformed process X; under the measure Q
given by %2, = Z (f(1,)), .

Proposition 66 Assume X, is given as in (X;-SDE) and let Z (f(t,x)), be as in
(3.9) for some f(t,x) = u(t) + v(z). Define the conditional probability Py, ., (dz) :=
P[dz| Xy, = x0). Then for each x, t > 0 the probability measure @{wo given by the
Radon-Nikodym derivative

Q, ., (dz)
0002 = 7 (tg, wo; t
Ptmxo(dx) ( 00 73:)

is absolutely continuous w.r.t. Py, ., for each xy. If th represents the process under
the measure Qf, then th on (2, F, ft,QfMO) 15 a Markov process with generator

given in terms of the infinitesimal generator of X; under P by

of o
Gbal(t, x) = GP(t, =) + %“(x)za_i%
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and transition probability density
qf(th Lo; tv l’) = Zf(t07 Zo; ta x)p(t(b Zo; ta IL‘),

where p(tgy, xo; t, x) is the transition probability density of the original process X under
P.

Proof. See [12] or [71, p. 350-352], and also in the context for general Markov

processes see [65]. O

3.3.3 Finding an exponential change of measure that gives a
specific homogeneous drift

Assume X, is given as in (X;-SDE), recalled below
dXt = b(Xt)dt + a(Xt)th, with Xto = Xy, (Xt—SDE)

and we need to find the exponential change of measure

dQ

Tl = 2 (7).,

such that it give us the dynamics
dX, = e(X,)dt + a(X;)dWE, with X, =z > 0, (3.16)

with e : R — R, e € C' a deterministic and given function and W@ a Q-Brownian
motion.
For simplicity we write h(t, X;) = Z (f(t,z)),. A necessary condition for h to

define a change of measure is to be a P-local martingale, then it must satisfy

oh 1, &%h oh,
E(ta .1') + 5@ (l’)@(f,(ﬁ) + b(x)%(t,a:) =0,

but under the measure Q given by 92|z = Z (f(t,x)), = h(t, X;), the process X, has
a drift of v(X;), where

1 0oh

V(@) = b(x) + a2(x)m£(t z).

Therefore, in order to get the desired drift e(x) we need the condition

bz) + a2<x)a—x%(t, 2) = e(z).
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Both conditions give us the equation
oh 1., 0%h (e(x) — b(x))

= 0. 1
oy 97 (t,z) =0 (3.17)
As the desired drift e(z) does not depend on time, and by Lemma 64, we can assume

without loss of generality that the function h is of separable in variables of the form?
h(t,z) = ™V (z).
The equation in (3.17) remains
1 —b
§a2(x)V”(:r;) + {/@ + b(x)%@)(x))} V(z)=0. (3.18)
The equation will have two independent solutions V! and V? depending on the

value k. Write V := V(z,k) = V¥ (z, k) + oV (x, k) for ¢1,co € R. The problem

reduces to find a parameter x # 0 and two constants c;and ¢, that satisfy the equality”

e(x) — b(z) — “25”) % ~ 0. (3.19)

Writing x* as the solution to (3.19), the exponential change of measure that generates
the dynamics in (3.16) is given by

dQ

R = V(X0 k).

3.3.4 WCS under Markovian priors

Let M,(PP) be as before the set of all absolutely continuous probability measures
w.r.t. P and denote by M. (PP) the set of equivalent probability measures to P.

In order to highlight the dynamic nature of the risk measure WCSp we return to
our original setting assuming that the current time is ¢t and we want to measure risk

on the horizon [t,t + 0] for a given § > 0 of a position X = X? = X, 4 — X,.

Definition 67 Let M (P) C My (P) be the set of all measures in M, (P) that pre-
serve the homogeneity and the Markov property for a given process X; with dynamics
in (X;-SDE) under P. This is

Mun (P) = {Q € M,(P) ‘%m =Z(f(t,x)), asin (3.9) for f(t,x) =u(t) +v(x), f€ C1’2} .

2This is equivalent to taking f(t,z) = st + log(V (x)) for %h—t = Z(f(t,z)), as in Lemma 64.
This can also be seen as applying Laplace transformation in the variable ¢.

3This will be similar to fixing the two constants ¢; and ¢y (not both zero) and solving for s (k
will represent an eigenvalue in the Laplace transformation interpretation). Sometimes the choice
c1 = 1 and ¢y = 0 is sufficient.
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A subset P C My (P) satisfying the Assumption 58 will be called o set of
homogeneous Markov absolutely continuous probability measures to P.
Equivalently a set P C MZ;@(IP)) N M (P) satisfying the Assumption 58 will be called

a set of homogeneous Markov equivalent probability measures to P.
Lemma 68 M, (P) is not empty.
Proof. Note that P € My, (P) because for v(z) =0 &|r =1. O

Remark 69 Let P C My (P) be a reference set satisfying Assumptions 58. Then
we can define the set of drifts Yp by

Tp = {’y ‘fy(aj) = b(z) + a(z)v,(x) where %]ﬂ = Z (u(t) +v(x)), asin (3.9) for Q EP}
(3.20)

We have a one-to-one correspondence between measures Q € P and processes

v € Tp. In order to make this dependence explicit we sometime write Q7 € P. Thus,

the optimisation problem in WCSp

WCSP (X) = Sup E@ [—X] s
QeP

becomes an equivalent problem of the form

WCSy,(X) = sup Egr [-X].

VETP
The next proposition establishes some basic aspects of the computation of WCSp.
Proposition 70 Let P C My (P) be a given set satisfying Assumptions 58. Sup-
pose X; is a Markov diffusion process on (Q,F,P) as in (X,-SDE). Then for a

risk horizon [t,t 4+ 0], 0 > 0, and the position X = X9 — X;, there exist measures
Q",Q™ € P such that

sup Eg [—X] = Eg+[—X] and inf Eg [-X] = Eg-[—X],
QeP QeP

and therefore P-a.s two uniquely defined functions v*,v~ € Tp given by
v (x) = blz)+a(x)v;(v) € Tp
Y (x) = b(x) +d(x)vf(z) € Tp

for
f(tx) = uw (t)+v (z)eC?

fr(t,x) = ut(t)+vt(x) €CH?,
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related to Qt,Q~ € P by

a*
dP

‘]‘—t =Z (f+>t and %‘]‘—t =Z (fi)t'

Proof. The existence of QT,Q~ € P follows from Assumptions 57 and 58. As
P c MY, (P), for each measure, Q° € P, i = {+, —}, there exist functions v’(z)
which define the density process for Q'; this is, 4&|z, = Z (f'(t,z)),, i = {+, —} for
) =u"(t)+v (z) € CY? and fH(t,2) = u™(t) +vT(x) € C'2 To see that they
define uniquely drift functions v%(x), i = {+, —}, assume there are two homogeneous
Markov absolutely continuous measures w.r.t P, say, Q' and Q? € P such that

sup Eg [—X] = Eq1[—X]| = Egz[—-X];

QeP
then there exist functions v/, j = 1,2 coming from f7(t,x) = v/ (t)+v/(z) € C?, j =
1,2 such that

dQy ;
D = 2(Pa),

=il (X)X, - / b s — L / e xas].

for j = {1,2}. Thus for Tt =t +46

e[ {20l 2o ],

Z(f{t2),  Z(f2( ),

Substituting the expression for Z (f7(t,z)),, j = {1,2} we get P-a.s.

/tT {vl(X5) —v2(Xs)} [dXS — b(X,)ds — %CF(XS) {ol(Xs) + (X))} ds} =0

which implies vl(z) = v2(z) P-a.s., as the right-hand side term inside the integral is
not equal to zero P-a.s. And this guarantees the uniqueness in the expressions v'(z),

i={+ -} 0O

Remark 71 Proposition 70 guarantee the existence of measures Q, Q™ € P, but it
does not specify how to find them. The method to find Qt,Q~ for a given set P will
depend strongly on the specific dynamics of Xy and the particular structure of P.

Assume we can single out Q" from the set P. Then from the Markov structure of
the exponential change of measure, we are able to formulate the value of the WCSp

risk measure as the solution of a PDE as shown in the next proposition.
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Proposition 72 WCS-PDE Let X; be a Markov diffusion process on (Q, F,P) as
in (Xi-SDE). Let P C Mpupy(P) be a given set satisfying Assumptions 58. For a risk
horizon [t,t + 6], 0 > 0, and the position X = X, 9 — Xy, WCSp(X) is given by

WCS’P(X) - Xt - H(t, Xt)

where H(t,x) is the solution of the following boundary value problem:

L7H)(rx) = 0, (ra)€[tt+0) xR,
H(t+0,x) = z.

The operator Lo given by

0- 1 02 0-

7+,a‘ _ — .2 - -+ -
Lt w) = 5+ 502w 5+ (@)

with

and ut(t) + vt (x) € C? satisfying

dO~+
= 2 () + v (),
for
sup Epy [-X?] = Eq+ [-X7].
YreTp
Equivalently,

A

WOS’]J(X) — Xt - H(t, Xt)

where If[(t, x) is the solution of the following boundary value problem

~

LH)(r,x) = c(@)H(r,2),(1,7) € [t,t+0) X R,
H(t+0,2) = zexp{v(x)}.
The operator L>* given by
0- 1 02 0-
baf, _ - — 2 = -
£91(1,3) = 5+ 50 (w) 5 +bE) o

_ G%exp{vt (2)}](z)
exp{vt(z)} -

and c(x)
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Proof. Proposition 70 guarantees the existence of v*,7v~ € Tp. That WCS is
given by the solution of the PDE follows from the Markov property of the process
X; on (2, F,Q), Q € P. For the second characterisation, we use the fact that for
H(t,z) € C*?

CHep D) prien i s e (@)@
exp{v} =L [H (¢, ) + H(, 2) exp{v(z)} ~

with Gbe[-](z) = La?(2) L5 + b(x) 2. O

Proposition 72 assume a priori the knowledge of the measure Q* € P that attains
the supremum in the expected values that define WCSp. If this is not the case, the
alternative is to compute the expected values for the measures in P (by using the
PDE methods above or any other method) and then look for the supremum. If the
set of measures is finite (see Example 73 below), the problem reduces to find the

measure that gives the maximum expected value.
Example 73 Let X; be a geometric Brownian motion on (2, F,IP) given by
dXt = /LXtdt + O'XthVt.

In terms of the dynamics in (X,;-SDE) the coefficients are b(z) = px and a(x) = ox.
For the risk horizon [t,T|,t > 0 consider the following set of drifts Tp = {v;}
i=1, .. 4 with

nx) = 0

Yo(r) = ox

(@) = (n—¢log(x))z, £>0
va(z) = (% + /\) x.

We have chosen these four drifts because they allow explicit computation, but the
choice could be interpreted as follows. Assume the right parametric form of the drift is
unknown, and that the standard model to start with is a geometric Brownian motion
process. Furthermore, there is evidence (perhaps by numerical samples, etc.) that the
drift 1s nearly linear in the variable x, and that the time variable t plays a minor role.
Instead of looking into a general and complicated functional form, the proposal is to
compute risk with the four drifts proposed above. The first drift vi(x) assume there is
no drift, which is an extreme case given the evidence. The second drift vo(x) does not

assume a different structure as the base model, but allow to recalibrate the constant
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term p in the geometric Brownian motion. The third drift vs(x) incorporate the
possibility of a functional structure of order bigger than linear but less than quadratic,
this is, of order xlog(x), but still time-independent. The fourth drift v4(x) includes a
simple decreasing time-dependency with the term %, i accordance with the evidence
of a very small effect by the time.

We take as P the corresponding set of measures that generate the dynamics for the
process Xy with drifts v;,1 = 1,2,3,4. Without further knowledge of the parameters
in the drifts (6,n,&, and X), it is not clear a priori which of the four measures gives
us the mazximum expected value. This is, we need to compute the WCS risk measure
for holding an asset driven by a geometric Brownian motion with a set of priors
consisting of the measures given by the four drifts above. Thus, we compute the
expected values given by each of the measures using the PDE formulation in (5.22)
for the corresponding drifts v;,i = 1,2,3,4. Note that we do not really need to compute
the density processes that define the measures. But they could be calculated using the
procedure in Section 3.3.3 for the homogeneous drifts.

For the drifts v1 and o (see Example 81) their expected values are

H' (t,X;) = Eg[X7] =X,
H(t, X,) = Eg[Xr] = X201,

And for s, the expected value is given by

3 exp{—¢§(T-1)} N ey _ 10 —2¢(T~t)
H(t,X,) =Eg [ Xr] = X, exp g(l—e )—Z?(l—e )¢
The process with drift v3 can also be seen as a transformation of an Ornstein- Uhlenbeck
process Yy with drift n—1/20% —&x and diffusion coefficient o by a function u(y) = e¥
(see [8]).

The method in Section 3.5.5 cannot be applied directly for the drift v4 as it is
time-dependent. But the PDE in (3.22) has an explicit solution. Its expected value is
given by

T
HY(t, X,) = Egu [X7] = YXteA(T*t).
This process can be seen as the transformation of a geometric Brownian motion with
drift \x and diffusion coefficient ox by the function u(t,x) = tx. Thus its transition

probability density can be computed in terms of the transition probability density of

the underlying geometric Brownian motion (see [§] Example 81).
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Table 5.1 shows the conditions on the parameters 0,n,& , and A for the measures
Qi i = 1,2,3,4, to attain the mazimum in the definition of WCSp(X), the corre-
sponding value for WCSp(X) and the conditions to decide whether the position is

acceptable or not*.

CONDITIONS POSITION
Q! WCSp(X|F) FOR Q" TO ACCEPTABLE
ATTAIN THE MAX FOR
0>0, A>=
Q! 0 and always
X; <1
0<0, A\>0+Z
Q| X, (1 - 66(T—t)) and §>0
X; <exp {A — @}
+
Q3| X, (1 — Xt_q’) AV | X, > exp { [A — min(d, A — Z) (T\;t)} } X; <1
A< +E2
Q' | X, (1—LeXT-0) and A>E
X; <exp {A +(E- /\)%}

Table 3.1: WCSp(X) for Ezample 75.

Here

— 02 /4V 1 T
\Ilzl—e_f(T_t), A:—77 o/ and == — log [ — ).
¢ T—t

3.3.5 WCS as a stochastic control problem

In this section, we consider sets P with measures in M, (IP) (absolutely continuous
w.r.t P) in a wider class than the M (P) (set of homogeneous Markov absolutely
continuous probability measures to P), in the sense that we will not restrict them to
generate Markov processes. Instead, we make the following assumption.

Recall that a measure Q € M,(P) is of the form

dQ

t 1 t
— |5 =7 ‘= exp {/ AW, — —/ u 2du} , 3.25
ap 7 = 29 ¢ 2), (pu) (3.25)

for (¢¢)t,<t<r an adapted process with ftf ¢2ds < co. We take sets P such that the

4For a given risk measure p, a position X is acceptable if p(X) < 0 and it represents a risky
position if p(X) > 0.
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set”

T
Up(P) := {got € PM: / ¢2ds < co and %m = Z(¢): as in (3.25) for Q € 73}
to

is compact. This is, we make the following assumption:

Assumption 74 The set of priors P comes from a compact set of progressively mea-

surable and square integrable Girsanov kernels.

This assumptions is necessary for the solution of WCSp(X) using stochastic con-
trol theory (see [26]).

Assume the current time is ¢t and we are interested in computing WCSp on a
position X for the risk horizon [¢,¢ + 6], § > 0, where the process (X;)o<i<r has
dynamics as in (X;-SDE) under the measure P. Under Assumption 74, we can think
and work with the process X; from the point of view of a controlled one-dimensional
SDE. In this case, the control variable ¢; only affects the drift term. Our controlled
SDE is given by

dXY = {b(X7) + a*(XF) i } At + a(X7)dW,.

And the problem of computing WCSp(X) is equivalent to

WCSp(X) = supEg[—X]
QeP

= sup E[-X¥].
PETp(P)

Then using our assumptions on the drift function b, the volatility function a and
the fact that Up(P) is bounded, we apply usual arguments in stochastic control theory
(see [26, Chap. 6 p.155], [63, Chap. XI p.227] or [25, Chap. VI p.151]) to reduce
WCSp(X) to the solution of a nonlinear PDE of second order. This is described in

the following proposition.

Proposition 75 Let X; be a Markov diffusion process on (Q, F,P) as in (X;-SDE).
Let P satisfy the Assumption (7/) and let Wp(IP) be the corresponding compact Gir-
sanov kernel set. For a risk horizon [t,t+ 0], 0 > 0, and the position X = X;19 — X,
WCSp(X) is given by

WCS’P(X) - Xt - H(t, Xt)

5P M means progressively measurable process.
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where F[(t, x) 1is the solution of the following boundary value problem:

= 0, (r,z) € [t,t+0) xR,

OH 1, PH 0 , . O
o Tt gt s {0 )
H(t+0,z) = =

As the set Up(P) is compact, the optimum ©* is attained. Then by a measurable
selection argument (see Appendiz C) one can find a (measurable) function @(t,x)

such that 7 = @(t,x) for a.a. x.

The fact that the optimal control can be chosen as a measurable function only
on the current value of the process X; means that the optimal control is Markov. In
this general setting, unfortunately the only thing we can say about the function ¢ is
that it is measurable, this is, it may not be even be differentiable as required in the

previous section.

3.4 Value-at-Risk (VaR)

In this section, we focus on the computation of VaR for processes given in (X;-SDE).

Note that the definition of VaR in Definition 25 can be equivalently rewritten as
VaR,(X) =inf{m e R: E[l_x<,,] > 1—a}.
This representation of VaR admits the following interpretation (see [48]):

“VaR is similar to finding the lowest strike price —m of a digital call option on the

position X under the probability PP, such that its price is larger or equal than 1 — «.”

Similarly to the WCS risk measure, the value of VaR can be characterised using

a PDE as shown in the next proposition.

Proposition 76 VaR-PDE. Let X; be a Markov diffusion process on (0, F,P) as
in (X;-SDE). For the risk horizon [t,t + 0], 0 > 0, and the position X = X9 —
Xi, VaR,(X) is given by

VaRo(X) = Xi—qy, (@) (3.26)
= X;—sup{qgeR: VIt X;) <a}.
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where V(t, x) is the solution of the following boundary value problem:

LoV (r,) = 0,(r,x) € [t,t+0) xR, (3.27)
Vq<t+9,$) = 1{x<q}

for a fived real number q and the operator L given by

0- 1 02

£o1(t, x) = 8_7;‘ + ()5 + Sa(r) 5.

Proof. By the Markov property of the process X;, q}tw(a) =sup{geR: F(t,Xy;t+0,q9) <a}
with F(to, zo;t,x) the distribution function for the process X;. Under our assump-

tions, ' € C"? in the back variables (t, o), so we can apply Ito’s formula and
characterise VaR as the solution of a PDE. [

Remark 77 Let V(t,x,q) := VI(t,x) with V4 be the solution of (3.27), the function

q— V(t,x,q) satisfy the properties of a distribution function, i.e.
1. The function V(t,x,q) is monotonic increasing and right continuous in q,

2. limV(t,z,q) =1 and lim V(t,z,q) = 0.

q—00 q——00

3.5 Average Value-at-Risk (AVaR)

From the equivalence expressions of AVaR,, in Proposition 29 and using the definition

of VaR in Definition 25, we have
AVaR,(X) = X;— q}t+0(a) (3.28)
1 +
= aE]p |:<q§_(t+9 (Oé) — Xt+9> :| + Xt — qj_(t_‘.g (Oé) (329)

Then, AVaR can be interpreted as (see [48]):

“The price of a (standard European) put option with time to maturity € with a
strike equal to the upper a-quantile of the position X; 4 divided by the price of the
corresponding digital put option plus the actual value of the asset X; minus the value
of the upper a-quantile of the position X;,4.”

This interpretation is useful for calculating AVaR when VaR is already known,
otherwise, one can compute it via a minimisation problem and recover VaR simulta-
neously. We refer to [93] for more details on this optimisation approach in a static
setting.

In a similar manner as WCS and VaR; AVaR can be computed as the solution to

a PDE as shown in the next proposition.
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Proposition 78 . AVaR PDE Let X; be a Markov diffusion process on (2, F,P)
as in (X;-SDE). For the risk horizon [t,t+0], 8 > 0, and the position X = Xy 19— X,
AVaR,(X) is given by
1~
AVaR,(X) = aU(t, X, q}tw(a)) + X, — q}tw(a). (3.30)
where U(t,z,q) := Ut(t,z) and Ui(t, z) is the solution of the following boundary value

problem:

Lo U (r,x) = 0,(r,2) € (t,t+0) x R, (3.31)
Ult+06,z) = [¢— x|,

for a fived real number q and the operator L given by

0- 0 1 0%
b’a . — _ — _
Lo (t, x) Ey + b(t,x)ax + 2a(lf,x)aﬁ.

Proof. That AVaR is given by the solution of the PDE follows from the Markov
property of the process X;. [

In this section, we have characterised the computation for WCS, VaR and CVaR
via the solution of PDEs with final conditions. In most of the cases, we do not
expect the PDEs to have explicit solutions, but suitable numerical methods or series
expansion solutions can be applied to solve them. Whether the PDEs have explicit
solutions or not will depend strongly on the coefficients in the process X;. If this is
the case, it means that one can compute explicitly the transition probability density

for the process X;, as we will explore in the next section.

3.6 Computation of risk measures when the tran-
sition density is known

In this section, we show how to compute WCS, VaR and AVaR when the transition
probability density p(t,x; 7,y) for the process X; on (2, F,P) is known. At the end

of the section we present some examples.

3.6.1 WCS

We recall from Section 3.3.4 that for P C M;’LJL\}(P) satisfying the Assumption 58,
we have a one-to-one correspondence between measures Q7 € P and processes v €

Tp. Furthermore, we also know from Proposition 70 that for each position X with
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dynamics in (X;-SDE) there exists a measure Q" € P and therefore a drift v*(z) =
b(z) + a*(z)vf (z) € Tp.

If we assume that the transition probability density p(t,x; 7,y) for the process X;
on (2, F,P) is known, and also the transition probability densities p? (¢, x; 7, y) for X;
under each of the measures Q7 € P, then WCS is related to p” as follows.

From the definition of WCS and the equivalence relation in Remark 69, we have

WCSP<X) = Sup EQ’Y [—X]

YETP

= Xi+ sup/—p”(t,Xt;tJr@,y)ydy
PreP JR

= Xt—/P”+(t,Xt;t+9,y)ydy,
R

with p? (¢, z; T, y) the transition probability density for the process X; under the mea-
sure P7 € P.
From Lemma 64, the density process for Q7 € P can be represented by

Qi) T ghv (X,
Tl = 200, = V), = i e {— / Wd} |

for V7(y) = exp{v?(y)}, so using the definition of Z*(ty, xo;t, z) in (3.15) evaluated

at the function v from (¢, z) to (7,y) we have

o= e - | S <o ]

Applying Proposition 66, we can compute explicitly the transition probability
density for X; under Q¥ € P as

Ptz y) = Z“W(y)(t,x;T7 y) p(t,x;7,y). (3.32)

The previous discussion suggests two alternatives to tackle the problem of com-
puting WCS when the transition probability density p(t, x; 7, y) for the process X; on
(Q, F,P) is known. Each case will depend on the special situation on the dynamics
of X, and the particular set P ¢ MY, (P).

Case 1: From the dynamics of X, or directly from the set P we can deduce which
is the measure Q" € P that maximises the expected value. Then WCS will be
the expected value of the position —X under the measure Q. We have seen
in Proposition 72 one alternative to compute the expected value via a PDE.
We give here another one using the transition probability density p(¢, z; T, y) as

follows:
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1. Find the function f*(t,z) = u*(t) + v*(x) that defines the density

ao*

ol = 2 (f1(00),

2. For VT (y) = exp{vt(y)}, compute the expected value

e fon - [T 4y ].

3. Using (3.32), the transition probability density p* (¢, z; 7,y) for the process
X, under Q" is
Pt w7 y) = 27 Ot 257, y) plt a7, y).

4. And the WCS will be given by

WCSp(X) = X; — /p7+ (t, Xist + 0, y)ydy.
R

Case 2: We do not know the measure QT € P, but we can compute

e [oxp { - [ dX s} 1, =5 X = 2]

Gy [V](2)
dlg) = 2= 7 17
D=V
and V7, v € Tp are the functions that define the density processes

Qv
dP

for

7 = LZ (V(2)),

for each Q7 € P. In this case, the procedure to compute WCS using p(¢, z; 7, y)

is as follows:

1. For each Q7 € P, find V7, v € Tp such that

dQ"

ol = LZ(V (@),

2. Compute

EDV(t,x;7,y) = Ep {exp {—/ d”(Xs)ds} X, =y, X, = x}

t

with @7 (¢) = E 071
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3. The transition probability density p?(¢,x;7,y) for the process X; under
Q" € P will be given by

Vi(y)
V7 (x)

pl(ta;Ty) = EDY(t,x;7,y) p(t,z;7,y).

4. Compute

EV(t,x;0) ::/—p”(t,x;tJr@,y) y dy
R

5. The WCS will be given by

WCSp(X) = Xy + sup EV(t, X;;0).

YETP

3.6.2 VaR

In order to see how VaR can be expressed in terms of the transition probability density
p(t, z;7,y) for the process X; on (€2, F,P), define

Vit,z,I) = /p(t,x;H@,y)l{z}dy = /p(t,x;t+9,y)dy for I ¢ #(R),
R

1

where A(R) is the Borel sigma-algebra on R. We can think of I as an interval on R.
The function V(t, x,I) represents the conditional probability that X4 belongs to a
given interval I for the information up to the time ¢. Similarly, we could have defined
it as

V(t,a:,]) = P(Xt+9 c I|Xt = Z‘)

~

For m € R take V(t,z,m) := V(t,x,I) with I = {z : z < m}; then using the
definition of VaR,, in Definition 25 we have
VaR,(X) = X;— q}tH(Oz)
= Xy —sup{m € R:E[lx,,,cm] < a}
= X;—sup{meR:V(t,X;,I) <awith I = {z: 2 <m}}
= X;—sup{m e R: V(t,X;,m) < a}

= Xt—sup{mER:/ p(t,Xt;t+c9,y))dy§a}.
{y<m}

Remark 79 For a general random variable X, if its distribution function f(x) has

no atoms and s continuous, the supremum on

sup{mER:/{ }f(y)dyga}
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18 attained at the value m* such that

/ f(y) dy = o
{y<m*}

For an account of VaR and AVAR for general distributions see [72].
In our present setting, p(t,z;t + 0,y) is a continuous function and atom-less,

therefore we can express VaR for a position X as
VaR,(X) = X; — q}tw(a) =X;—m"
with m* obtained from the relation

/ p(t,x;t+0,y))dy = a.
{y<m*}

3.6.3 AVaR

We now describe how to express AVaR in terms of the transition probability density
p(t, z; T,y) for the process X; on (2, F,P).
Define

Ult,r,q) = /p(t,x;t+ 0.y) [q—y]"dy = / p(t,z;t+0,y)(q — y)dy for ¢ €R,
R {y<q}
or equivalently
U(t,z,q) = Ep [[q - Xt+0]+|Xt = ﬂ .
From the expression of AVaR,, in (3.29) we have
1 +
AV&RQ(X) = EEP |:<q3r(t+9 (Oé) — Xt+9) :| + VaRa (X),

1
= aU(zf, x, q}tJrg(a)) + VaR,(X),

1

= — / p(t, Xt +0,y) (q}tw(a) - y) dy + VaR(X),
@ J{y<dt, (@

1
= VaR.(X;) — —/ p (t7Xt§t +0,y + (bﬁw(a)) ydy.
{y<0}

(0%

The computation of WCS, VaR and CVaR when there is available an explicit
expression for the transition probabilities p(t,z;T,y) of the process X; under the

appropriate measures is summarised in the following proposition.
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Proposition 80 For a given set P C MZ;@(IP’) satisfying Assumption 58, let p(t,x; 7, y)
(resp. p") be the transition probability density for a process X; as in (X;-SDE) under
P (resp. PY € P). Then WCS, VaR and CVaR for the position X = X9 — X; can

be computed as follows:

WCSp(X) = Xt—/ Pt Xt + 0, y)ydy,

o0

VaR,(X) = Xt—sup{mER:/ p(t,Xt;t—l—G,y)dyga},

—00

1 0
CVaRu(X) = Vako(X) =5 [ p (8 Xt 405+ af, (@) vy

— 00

Proof. Follows from previous discussion. []

By the fact that p(t, z; 7, y) satisfies the Kolmogorov backward equation, it can be
checked directly that the expressions given above are the same as the ones obtained
using the PDE approach in sections 3.3, 3.4 and 3.5 given by the equations in (3.22),
(3.26) and (3.30), respectively. Note that in the expression for WCS, we need to know
the transition density function p*(t,z;7,y) for the probability measures QT € P

where the supremum in WCS is attained.

3.6.4 Example of risk measures for a single process

Example 81 (Geometric Brownian motion - Black-Scholes model.) Geometric
Brownian motion is one of the models most used in finance, and probably one of the
few processes that permits explicit computations. Fix 6 > 0, and consider t to be the
current time and [t,t + 0] the risk horizon. Assume we need to compute the risk of a
position X = X, 9 — X, measured as WCS, VaR and CVaR, for X, given by

dXt = MXtdt+ O'XtdI/Vt.

In the notation in (X,-SDE) we have b(x) = px and a(x) = ox. The family of

functions

W(z) = (5_“) log(z), 6 € R

o2
generates the family of drifts indexed by § € R given by vy(x) = 0x that preserve
the Markov property and the structure of the model of having a linear drift. In this

case the corresponding density processes are well defined on (0,00) (are uniformly
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integrable P-martingales) for each § € R with zero a natural barrier, and given by

ﬂfﬂw = Z((2)),,, o
- e [T
e NCE RO
- (%) e (3 (5) -0l
Define

5
Mapu(P) := {Q‘S e M"7H(P) '%bﬂ is given by (5.53) for ¢ € R\{—oo,oo}}.

Any Q° € Mgpu(P) is equivalent to P. Thus Assumption 57 is satisfied. On the
other hand, in order to guarantee the Assumption 58 of weak compactness in the set
of densities it is enough to take bounded intervals for the parameter §.

Assume the set of measures for computing WCS are
P :={Q° € Mgpu(P) |6 € 67,67 withé~ <p,r <67}, (3.34)

The transition probabilities are

pltsir) = ——ts e { ot [l = 0?2 0]

under P and

1 { 1
expy ————
oy\/2m(T —t) P 2(r —t)o?

Pt w7, y) =

@g%—@—awm@—@r}

under P°, § € [67,67].
From the dynamics of X; and the set of measures P it is clear that the supremum
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in the expression of WCS is attained at the measure Q°. Then

WCSp(X) = X, (1 _ 65+a>
VaR,(X) = X, (1 — e(ﬂ*02/2)9+¢’71(a)0\/§>
1
AVaRo(X) = VaRo(X) + —pute(Xi,q%, (), 0)

1 —ub
= VaR,(X) + Eq}t+g(a)e 1o g (—dﬂ )

2.0%,,, (@)
X, )
_Eé <_d1’qj—(t+9 (0&))

2 -1 X
= X, + Xl /20t (@)7v0 (e‘“e — 1) Lp ((ID_l(oz) — 0\@) )

«
where putp(S, K, T) refers to the function that evaluates a Black-Scholes-type Euro-
pean put option with time to maturity 7, current price S and strike K but taking as

pricing measure P. The function ® is the standard cumulative normal distribution

and
” log(z/q) + (n+0°/2)0
l,q O'\/@
g~ loelr/o)+ (1 - o’ /2)0

oV

From the axiomatic of the risk measures, a position is acceptable (riskless) if its
risk is negative or zero. Thus positive risk values mean potential losses and negative or
zero risk values mean the position is acceptable. The critical levels of the parameters

Ot and « that define acceptability of the position (risk equal to zero) are

acceptable for risky position for
WCSp(X) ot >0 ot <0
VaR (X) |a>® <M> a<® <M>
AVaR,(X) o> a < Qg

where oy, 1s the solution to the equation

. 1
1 el 2027V (=16 _ 1) _ ¢ (CI)’l(a) — a\/5> = 0.
(6%

Consider the numerical values i = 0.1, ¢ = 0.7,0 = 1,6~ = —0.2,6" = 0.7 and
a = 0.05. Figure 3.1 shows the probability densities for the random wvariable X; g
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giwven the actual value X; = 1 corresponding to § € {u, 07,67 },0~ < u < §*. The
vertical line on the left-hand side corresponds to q}tw(a) ~ 0.05714141622. The
vertical line in the middle corresponds to q}t+e(a) ~ 0.2735153487 and the line to the
most right position corresponds to Eqs+ [Xti0] = 2.013752707. For the same values
of the parameters, Figure 3.2 exhibits the loss distributions for the position X and
the respective risk values: WCOSp(X) ~ —1.013752707, VaR,(X) ~ 0.7264846513,
and AVaR,(X) ~ 0.7836260675. In order to see how the risk change for different
values of 0% and «, Figure 3.3 plots the risk given by VaR,(X) and AVaR(X) for
a € [0,1] and WCSp(X) corresponding to 01 € [—0.5,1]. Because this model only
allows positive values for X, the loss of the position is bounded by one, which is
the current value X;. The critical values related to each risk measure that make the
position acceptable are: 0 = 0 for WCSp(X), ae ~ 0.582051 for VaR.(X) and

Qe &~ 0.8993166 for AVaR,(X).

q¥ o) ‘1.1\_ 10(“) E_Qd* [-\Ar+9]
7 -
1 | 4 ‘; 0
O e
A o L
: é o + /
- S+
] o o> 0
0.8 ﬁa
] ol
t.‘.!-.’_
i ol
067 v:
ot
i +
0.4: ot
o-+
] )
0.2 -+ Tyl
1 +
i "‘H-
0 r NENMEEMEEMEENE a8 225 58S
-1 0 1 2 3 Xito

Figure 3.1: Example 81. Probability densities for X;,4 given X; = 1 for the parame-
ters 0~ < pu < 6T, and some statistics.
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WCSp(X) VaR.(X) AVaRa(X)

Figure 3.2: Example 81. Loss distribution for the position X and the risk measure
values (WCS, VaR and AVaR).

AVaRa(X)
— VaR,(X)
WCSp(X)

-1.5

Figure 3.3: Example 81. Change in risk measure values (WCS, VaR and AVaR) by
taking the parameters o € [0, 1] and 67 € [-0.5, 1].
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Chapter 4

Risk for Derivatives

4.1 Introduction

In this chapter, we study the problem of computing risk as WCS, VaR and AVaR for
derivative securities that depend on an underlying asset given by a Markov diffusion
processes as in the preceding chapter. This is, we assume that the derivative security
is defined by a positive function C(t,s) on the security S;. Defining a process given
by

X, =C(t, Sy),

one can apply It6’s lemma to obtain the dynamics of X. Then our problem reduces
to the one studied in the previous chapter of computing the risk for the position X.
When the function C'is not injective, the dynamics of the process X; may degenerate.
In order to analyse this situation in detail, we look at the process X; from the point
of view of a local transformation of the Markov diffusion process S;. In particular, we
establish conditions and analyse when the transition probability density of a trans-
formed process X; can be expressed in terms of the transition probability density of
our original process S;. In other words, we find how to reduce the solution to the risk-
PDE:s for the position X to the solution of a simpler PDEs problem corresponding to
the solution to the risk-PDEs for the position S.

We apply our results on local transformation of Markov diffusion processes to
the computation of risk for derivative securities and complement with examples. We
discuss briefly also the relation to this method with the approaches known as delta-
and delta-gamma approximation for the computation of risk of derivatives and the

case of American type-derivative securities.
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4.2 Risk measures for European derivatives

Suppose the position X on (£, F,P) of which we want to measure the risk is the
discounted net worth of a European-type contingent claim (derivative security) with
expiration time T and payoff function H (s) > 0 on an underlying process S; satisfying

the assumptions of Chapter 3 and given by
dSt = ﬁ(St)dt + a(St)th, with St = S. (S—SDE)

Assume the derivative security may not be liquidated during the risk horizon [t, ¢+ 6],
for0<t<t+0<T. By the Markov property and our assumptions on the process
S, the random variable X, 4 may be written as a function C € C1? of the process S,
at time ¢ + 0, this is, X;19 = C(t + 6, S;1¢). Then, we can use [t6’s lemma to obtain
the dynamics of the process X; and use the method in Chapter 3 to obtain the risk
of the position via the solution of the corresponding PDE. For the particular relation
between the process X; and S; we expect the corresponding risk PDEs to be related.

In this section, we focus on exploring the solution to the risk PDE for the derivative
security X in terms of the solution to the risk PDE for the underlying process S;. In
order to set ideas in general rather than for a particular risk measure, we work from
the point of view of the transition probability densities (t.p.d.); that is, we explore
conditions for obtaining the t.p.d. of the derivative security X; in terms of the t.p.d.
of the underlying process S;. Once we have obtained the t.p.d. of X; we can apply
the method in Section 3.6 for the computation of the risk of the position X measured
as WCSp(X), VaR,(X) and CVaR,(X).

4.2.1 The derivative-dynamics

In general, for a function C' € C?(R, x R) define the process X; = C(S;,t). By
It6’s lemma the dynamics of the process X; (the C-dynamics) under the measure P

are given by

dXt = b(t, St)dt + a(t, St)d\/'Vt, with Xt =T = C(O, St)a (41)
for oC oC 1 02C
L — 2
b(ta S) T ot <t7 S) + ﬁ(ta 8) Os <t7 S) + 204 (ta 8) 882 (ta 3)7
and

a(t, s) == aft, S)%_(;(t’ s).

112



In particular, if C' represents the current value of a European derivative security with
payoff function H(s) and risk-free rate r (we assume momentarily the risk-free rate

to be nonzero for completeness), then
C(t.S,) = Eqle " H(S,10)],

where Q is the risk-neutral probability measure. We can use the Black-Scholes equa-

tion for the derivative security to further simplify the expression for b(¢, s) as

e aC 1, 0
b(t,S) = E(t,S)‘i‘ﬁ(Tf,S)g(t,S)‘i‘ﬁOé (t,S)w(t,S)

= rC(t,s) + (B(t,s) — rs)%—g(t, s).

In particular, assuming r» = 0 we have
b(t,s) = B(t, s)%(t, s).

Remark 82 If there exist points (t,x) in the domain of the function C' at which
%—g(t, s) = 0, then they have to be analysed carefully as they may induce degeneracy
in the process X; = C(t,S;). On the other hand, when the process X, is regarded as
a local change of variable transformation of the process S;, then the analysis of the
degeneracy points is similar to analysing what happen to a transformed process when
the transformation is not injective. For that purpose, we borrow some results on the
transformation of continuous Markov diffusions developed in [8]. In order to make
this thesis self-contained, we recall all the results and proofs needed in the next section

and we adapt them to the present context.

4.2.2 Homogeneous local transformations

For completeness and in order to introduce ideas, before we analyse the case of C(t, S;)
as a local transformation of the S; process, we study what happen with local trans-
formations that do not depend on time (homogeneous). For that purpose, we recall

some key results that guarantee the Markov property for the transformed processes.

Lemma 83 Images of a Markov process. [from [71, Ex.1.17 p.87]] Let X be a
Markov process with transition function (P;) and ¢ a Borel function from (E, &) into
a space (E, &) such that ¢(A) € & for every A € E. If moreover, for everyt and every
Aecé&

Pa(¢7'(A)) = Pa(¢™'(A))  whenever () = (&),
then the process Y; = ¢(X;) under P, x € E, is a Markov process with state space
(E,€).
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In order for a transformed Markov process to be again Markov, it is necessary that
the conditional probability on the points where the transformation is not injective is
well defined. This is, if two different points have the same image, then the conditional
probability starting at any of those points of the inverse image of any event in the
space must be equal. As we are interested in compute the t.p.d. of a transformed
process in terms of the t.p.d. of the original process, the next corollary is an adapted

version of the lemma above (see also [33, Theorem 271J, p. 343]).

Corollary 84 Let S; be a Markov diffusion process as in (S-SDE) with conditional
probability P, ;(-) := P(-|S; = s) and denote by p°(t, s;t+0, z) its transition probability
density. For a differentiable function C' : R — R the process X; = C(S;) is also a
Markov process if either of the following conditions hold:

1. C 1is a diffeomorphism on R. In this case, the transition probability density of

the transformed process X; under P is given by

(%)

with x(z) the corresponding inverse function of C(s) such that C(x(x)) = .

p(tat+0,y) = pr(t x(@);t+6,x(y))

2. For D C dom[C] (the domain of the function C') with |D¢| =0 ( or equivalently
L(s € D) =1, and L the Lebesque measure), the derivative of C' does not vanish
for each s € D and there exist a disjoint sequence of Borel sets (Dy)ren with
union D, such that C' | Dy (C restricted to the set Dy ) is injective for every
k € N. And furthermore, for every t and F C R we have that

Pts(C_l(F)) = Ptjg(C_l(F)) whenever  C(s) = C(8). (4.2)

In this case, the transition probability density of the transformed process X

under P is given by

(%(X(y)))”\ps(t, X(@);t+0,x(y)) for y € C(DyNdom[p®]

Xt wyt+0,y) = 210
P {6zt Hb,y) {0 for y € R\C(Dy)

with x(z) the corresponding inverse function of C(s) such that C(x(x)) = x.

Proof. Note that Part 1 is a special case of Part 2. To prove Part 2 observe that
we may allow the derivative of C' to vanish on the sets Dy\ Dy (boundary of Dy) for
k € N. In such case, take D' = {s € D|%(s) = 0} and E = D\D'. Clearly D' is a
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null set, therefore we still have L(s € E) = 1, E = {J,—, Dx and C | Dy, is injective
for each k € N.

If C' is differentiable relative to its domain at every s € E, then C' is continuous,
Borel measurable, so C(S;) is a well defined random variable.

Fix k € N and F' C R, define the functions

aely) = > heo (%(X(y)))il)Ps(taX(m)Zt +60,x(y)) for ye C(DyNdom[p®])
0 for y € R\C(Dy)

then p¥(t, st + 0, 2) = |%€(2)|gr(C(z)) for every z € Dy, dom[p®], and we have

F C(Dyg) Dy,

_ / fdP = P(s € Dy N C-\(F)).
DRNC-1(F)

acC

2(9)] 9u(Cs)LeP(as)

Now summing over k£ and by the fact that each g; is non-negative for each k, g =

> reo gk 1s finite almost everywhere on F, and

/ngp _ Z/ngdIP’ =Y B(s € DN CL(F)) = P(s € CY(F)).

Now, applying the same reasoning but with conditional probabilities to the event

S; = s, and by the condition
P (CHF)) = P,s(C"(F)) whenever C(s)=C(3)

we have that
P, (s € CTHF)) =P, (C(s) € F).

As F was arbitrary, then ¢ is the density function for C'(s) as needed. [

The condition (4.2) in the Corollary 84 above may be a very restrictive one. To
give an idea of this restrictiveness, consider the following proposition saying that the
only valid homogeneous local trasnformations of Brownian motion (that satisfy the
condition in (4.2)) are functions that are either invertible in all the real line, or are
functions that are symmetric with respect to a vertical line crossing at the points

where the the function is not injective (e.g. sin(x), cos(x), etc.).

Proposition 85 Let S;,0 <t < oo be a Brownian motion on (2, F,P) starting at
s > 0 fort € R. Then C is a change of variable transformations (X; = C(Sy))
satisfying conditions in Corollary 84 if and only if
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1. C is invertible in all its domain, or

2. C is a symmeltric function.
Before we give the proof, we need a somehow trivial but useful result.
Lemma 86 For aq,by,as,by € R, the equation
Q[by + h| — Play + h] + P[by + h] — @lag + h] = P[b1] — Plaq] + P[be] — Plas] (4.3)
has nontrivial solution h € R only in any of the following cases:
1. ifa=a; =ay and b =by = by, then h = —(a + ),
2. if ap + by = ag + by then h = —(a; + by),
3. if ay + by = as + by then h = —(a; + bs).
And ® is the standard cumulative normal distribution.

Remark 87 That h = —(a + b) satisfies the relation in (4.3) is very intuitive, it is

perhaps surprising that it is the unique solution, therefore we decided to include a

proof.

Proof of Lemma 86.  For the Part 1, we need to prove that h = —(a +b)
is the only solution to ®[b + h] — ®[a + h] = ®[—a] — ®[—b] for a,b € R. Define
f(h) =®[b+h|—Pla+h] = f::: \/12? exp{——}dy It is direct to see that f(h) >

continuous for all A € R and lim,__ f(h) = 0 = lim,_,« f(h) with derlvatlve
f'(h) = \/%7 exp{— (b+h } —exp{— a+h }} And the only point satisfying f'(h) =0
is h* = —(b% with f”(h*) < 0, then h* is a maximum point for f(h). All this

together leads to the conclusion that f is increasing in (—oo, h*) and decreasing in
(h*,00). Therefore for any a € R, a # f(h*), there exist real numbers h' # h? such
that a = f(k') = f(h?). In particular, if h* # 0, there exist a unique real number &
with the property f(0) = f(h).

Now, in order to compute h note that f'(h* —A) = —f'(h*+ A) for any A > 0,
so the function f is symmetric. And for A = h* we have f'(0) = —f'(2h*), so our
natural candidate is b = 2h* = —(a+b), which is confirmed to be the right choice by
the fact that f7(0) = f7(h) and f(0) = f(h).

Parts 2 and 3 result from applying Part 1 to all different combinations of terms

n (4.3). O

116



Proof of Proposition 85. The first characterisation is obvious from Part 1 of
Corollary 84. For the second one, assume without loss of generality that C' has a
unique minimum point at s* and that is decreasing in (—oo, s*) and increasing in
(s*,00). Take F={s € R:a<s<f for a,f € R}, 50 C7'(F) ={s €R: s <
s < s, and s, < s < sg}. Then condition (4.2) is equivalent to check whether P1 is
equal to P2 for:

Pl = P[sp< S < <S5 <
P2 = P[sy < S < sulSt = sp] +P[sa < S < slSy = s

with sy and s; such that C(sg) = C(s;). But by properties of Brownian motion we

have

/I /_ _ _
Pl — P|:Sg Sogggsa SO}—FP[SO‘ Sogggsﬁ So}

Sq — S0 Sg— S0 S — So Sa — So
= 0 By o S R
{vt—to} [ t—to]+ {vt—fo} {vt—to]
sy — s ! _ _
P2 — P{ﬁ C thgeg e +h]+19>{5°“ N pceg 5°+h]
s — s S5 — S0 S5 — 50 Se — S0
= @[Q—Jrh}—cb{—ﬂl}wb{ +h}—®{—+h}

with £ = f}t%—tg ~ N(0,1) (NM(0,1) is the standard normal distribution and ® the

standard cumulative normal distribution) and h = 207%  Then by Lemma 86 we

Vi—to
have two possibilities in comparing P1 and P2
1. , )
_ _sa+sﬁ N 250 _ _SgtSa n 250
Vit—to  Vt—to Vit—to  Vt—to

and from here, the condition turns into s = (sf,+5}3) — S0 = (55 +54) — So. But
this can not be true because, taking so = (SLQS‘*) we would have s{, = so meaning
that (SLQS“) < §* is a minimum point, contradicting the initial assumption that
s* is the unique minimum.

2.

s+ s, 2s sg — S, 2s
_ _5a 4 o _ _°b 8 i 0
Vi—ty  Vi—to Vi—ty  Vi—t
and the condition turns into s = (s7, + sa) — 0 = (S5 + 5j) — So. Considering

the last two equalities we have s;, — s = sg — s, meaning that both intervals

’
5a+50¢

have to be of the same length. Now for so = *5>* + A we need s, Satsa A

- T2

/
and this indicates that the function has to be symmetric around %, this is,
x _ Shtsa sp+sj

S = —2 = 3
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4.2.3 The process C(t,S;) as a local transformation of the S,
process

In this section, we study the dynamics of the process X; as a local change of variable

transformation of the process S, defined as follows.

Definition 88 Let S; be a Markov diffusion process as in S-SDE. A local change of

variable transformation is a map C : [t,t + 0] x R — R.

In the case the transformation C(t,s) is injective on s for all ¢ € [t,t + 6], the
t.p.d. of the process X; can be easily recovered from the t.p.d. of the process S; as

shown in the next proposition.

4.2.3.1 Injective local transformations

Proposition 89 Let S; be a Markov diffusion process as in (S-SDE) with conditional
probability P, ;(-) := P(-|S; = s) and denote by p°(t, s; t+0, z) its transition probability
density with t < t 4+ 6. For an injective differentiable function C : [t,t+60] x R — R
the process X; = C(t,S;) is also a Markov process with transition probability density

under P given by

Pt x(t,x);t + 0, x(t +0,y))

oC -1
pr(tat+0,y) = ‘ (g(f +6, x(t+ 973/)))

with x(t,z) the corresponding inverse function of C(t,s) such that C(t,x(t,x)) = x.

Proof. The proof is very similar to the first part in the homogeneous case. [J

A direct application to the above proposition concerns the computation of the
upper a-quantile of derivative securities whose values are strictly increasing (resp.
strictly decreasing) functions on the current level of the underlying process S;. Then
using these results, one can easily compute VaR for positions in derivative securities
with the help of the results in Section 3.4.

Corollary 90 Let C be a local change of variable transformation with C(t,-) contin-

uwous and strictly increasing function. Then

qé‘r(tw,stw) (a) = C(t, q;'rw, ().

If C(t,-) is a continuous strictly decreasing function, then

qg(t+e,st+9)(0‘) =C(t, Q§t+9(l —)).

118



Proof. This is a direct consequence of using Proposition 89 to find the t.p.d. for
the transformed processes X; and the application of the method in Section 3.6 for

computing ¢f (1 —«). O

Remark 91 Most of the common derivative securities and some simple exotic deriva-
tives satisfy the assumptions in the above proposition, for example: plain vanilla calls

and puts, common barrier options, etc.
In order to fix ideas, consider the following example.

Example 92 (VaR, of a down-and-out call) Assume S; is given by a geometric
Brownian motion
dSt = TStdt-l- USthVt

absorbed at a level s > B > 0. The t.p.d.of the process S fort < T is given by (see
Ezample 5 in [8] )

1727‘/0'2 B2
p(t, s;7,2) = pPBPMIO) (¢ 557, 2) — (%) peBM () (—,t;z,T) :
S

Assume the current time is t and we want to measure the VaR of a position on a
down-and-out Furopean call option with strike K, maturity T and barrier B < K for
the risk horizon [t,T], T < T. The price of the down-and-out call option ¢*°(t, S,) is

an increasing function on Sy and given by
~ S 1-2r/c? B2 ~
ot S)) =c(t, S, K, T) — | = clt,=— K,T),
B St

with c(t, Sy, K, T) denoting the price of a European call option with strike K, and
maturity T. In order to apply Corollary 90, we need first to compute qu(l — ).
Define for m € [B, o0)

~ log (B) + (r —1/20°) (T — 1)
Ym = T —1 ’

and for y € [y, )

1-2r/0? o Si
s=ow+(3) o (—y - %) , (44

with ® the standard cumulative Normal distribution.
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The function X(y) is strictly increasing on [yp,o0) with amm = X(yp) and
Y (00) = 1. Thus using the t.p.d. for the process S; we conclude that

B Zf « S Gmin

G5, (@) =
m*(«) o > Omin

with m*(a) given by
m*(a) = exp {E_l(a)a\/T “t+log(S)) + (r — 1/202) (T — t)} . (4.5)

Note that X7 (a) has not explicit expression but it can easily be computed numerically.
And the quantity o, has the interpretation of the probability of hitting the barrier
B.

For simplicity in the computations, consider r = 0. The case r # 0 can be treated
stmilarly with minor changes.

Then using Proposition 26 and Corollary 90 for computing VaR, on a long position

in the derivative security (a down-and-out call) we have

VaRa(¢(T, Sr) = ¢°(8,5,)) = ¢°(t,50) = alp,5p (@)
e (t, Sy) — et qu(oz))
Cd/o(t, St) Zf a < O'min
Go(t, 5) — ot m* (@) o> g

Then the position will be acceptable when o < ayi, only if Sy = B. And if a > aumin

we have that the position in the derivative is acceptable if
co(t, Sy) < Vot m* (o)),

or equivalently,
Sy < m*(a).

In order to see acceptability in terms of o € (0,1), define as, := X(Sy), using (4.4)

or (4.5) one can easily see show that

o s (V20

Then the position on the derivative will be acceptable if o > ag,.
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The VaR,, of a short position in the derivative is

VaRo(—c°(T, Sp) + ¢°(t, ) = —c"°(t,S) = 0T gy (@)
= —c"o(t,8) — ¢t q5, (1 — @)
—c/o(t, S,) if 1 —a < ampn
—co(t, S) — ot m (1 —a)) 1= a> ami.

In this case, the short position in the down-and-out call will always be acceptable.

4.2.3.2 Piecewise injective transformations

In this section, we consider the situation where there may exist points (¢, s) on the do-
main of the local transformation C' at which %(zﬁ, s) = 0. This is, the transformation
is not injective on the whole domain of C'.

As one of our motivating applications is to be able to find explicit expressions for
the t.p.d. when C(t,s) represents the price of a European derivative security on a
risky asset given by continuous Markov diffusion process, we expect C' to be a nice
behaving function. The next proposition shows that if the set of critical points given
by %(t,s) = 0 is a curve (or several disjoint curves), then we are able to solve as in

the previous section.
Proposition 93 Consider C € C**([0,T] x R) and for t € [t,t + 0],

1. [CONTINUITY CONDITION 1] if there is s* € R such that

oc , 0*C

E(t,s ):0 and w(f,S )7&0,
then there exists an interval [t,t+ At], with 0 < At € Ry and a unique function
Sm [t t + At] — R such that s,(t) = s* and %2 (7, 5,(7)) = 0 for all 7 €

[t,t + At). Furthermore,

2. [CONTINUITY CONDITION Il] if there exists a process Sy on (2, F,P) sat-
isfying the Assumptions 55 and 56 given by the sde in (S-SDE), and func-
tions W, ®, and k satisfying the conditions in the Feynman-Kac theorem for the

stochastic representation
t+6
C(t,s) =Eg [\I'(ST)A(LL) +/ O (v, S,)A(t)dv|S; = s, (4.6)
t

with A(t) = exp {— tHe (0, Sg)d@} and Q a measure equivalent to P. Then

sm(T) and its derivative %2 (1) are continuous for all t <7 < t+ 6.
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Proof. The first part of the result is an adapted version of the implicit function
theorem to %5 (¢, s). See for example [78] or [1, p.101-115]. The second part follows
from the fact that the infinitesimal generator associated to the SDE in expression (S-
SDE) is an uniformly elliptic operator defined on the whole interval [t, ¢+ 6], and the
points (7, s, (7)), t < 7 < t + At define a set of optimal points (either maxima when
%279(7, $m(7)) < 0 or minima when %27(;(7‘, Sm(7)) > 0), then by the Strong Maximum
Principle for elliptic operators this frontier needs to be continuous and smooth for all

t<r<t+6. O

Remark 94 We can summarize previous Proposition 93 as: Let Y defined below

r_ t + At if condition 1 in Preposition 93 is satisfied
| t+60  if condition 1 and 2 in Preposition 93 are satisfied.

dsm
dt

Then s, (T) and its derivative 22 (1) are continuous for allt < 7 < Y.

The previous result says that if at time ¢, the function C' has local maxima or
minima, and C' is sufficiently well behaved, then the region R x [t, T) is divided by a

continuous smooth curve s,,(7),7 € [t, ) as shown in Figure 4.1.

e

Figure 4.1: Division of the region [t,t + ) x R by a continuous smooth curve s,,(7),
TE[t,t+0).

The aim is then to solve for the transition density on each sides of the curve
$m(T) so that both solutions match appropriately on s,,(7) and also satisfy the usual
boundary conditions.

For simplicity in the exposition, we formulate our theorem for the case of a function

C(t,s) with only one minimum point s*(¢) for each ¢t € [t,T) (see Fig 4.2(a)), as
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generalisations may be treated similarly (e.g. several local minima (resp. maxima)
or when minima (resp. maxima) appear in time). See Example 99: Inhomogeneous
transformations of BM.

The extension of Corollary 84 to the inhomogeneous case is considered in the next
proposition.

For simplicity in the notation, in the following proposition consider the risk horizon

to be [to, t], corresponding to the pairs (¢, zo) and (¢, x).
Proposition 95 Let S; be a Markov process on (2, F,P) given by
dSt = b(t, St)dt + a,(t, St)dI/Vt wlth Sto = Sy

satisfying the Assumptions 55 and 56, and a function C' € CY2([ty, t] xR) satisfying the
conditions in Proposition 93, with a unique minimal point s*(t) for each t € [ty, T).
Write s* := s*(ty). Denote by p*(to, xo;t, ) the transition probability density for the
process Xy = C(t,S;) under P and define the function ¢** for xq = C(to, so) as

" (to, v0) = p™ (to, o; t, ).

For fivzed t <Y and z, ¢"* satisfies the final condition backward equation

£,8,a [(bt’x} (T, .730) = O, (T, .To) < (to,t) X R, (47)
lim ¢**(r,20) = Sy —y), yeR (4.8)

with

B(t,s) = L[C](t, s) and a(t,s) = a(t, s)%—f(t, s).

Then solving for ¢b* in the above system is equivalent to solve for W in

LOU(1,50) = 0, (7,50) € [to,t] xR
h% Uhs(1,80) = &(sg—s) +d(so— 5),
U(T,80(7)) = (sm(T) — 8) for all T € [to, 1],

with § < sp(t) < s such that C(t,8) =z = C(t,s), and §(z — x) is the delta function
of z centred at x. Furthermore, if for arbitrary I C R the following condition holds

/ Uhs(tg, s9)ds = / Uhs(tg, S0)dz  whenever  C(t,s0) = C(t, 5),
C-1(¢,1) C-1(t,I)
(4.9)
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then p°(to, so;t, s) = Whs(ty, s9) is the transition probability density for the process S;

under P and p* and p° are related as follows

-1
(22 x40, 2) ™ [ 9 o, (0, w01, (1, )
P~ (to, o3t ) = + for x> C(t, spm(1))
-1
‘(g_g(tﬂxr(t’x))) ’ps(t()vX(thyO);tvxr(tax))
" (t0.0) i 50 < 5ult)
_ ) X'(to, o) if so < sm(lo
x(fo, 7o) = { X" (to, zo) if S0 > sm(to)
for X{(t,x) < su(t) < X"(t,x) representing the inverse functions of C(t,s), i.e.,
Ct, X! (t,x)) =z = C(t,X"(t,x)), and the function s,,(T) is the time parametrisation
el

of a curve where G=(7,5m(7)) = 0 for T € [to,t] and sy (to) = s*. For details see the

proof below.

The proof is similar in spirit at the one for the homogeneous case, plus considering
the conditions in Proposition 93 for guaranteeing the differentiability and continuity
of the degeneracy points. We prove this time the result from a PDE point of view.
Proof. As the proof is long, we divide it into four parts:

We will omit the supraindices in ¥ and ¢, replace (o, So) by (7,<) and (¢g, zo) by

(1,€) for simplicity in the notation.

1. Continuation of the solving region: As the assumptions in Proposition 93
are satisfied, there exist a differentiable and continuous function s,, : Rt — R*
such that s,,(7) = s* and 2(7, s,,(7)) = 0 for all 7 < Y.

2. Equation reduction via change of variable Define

I'={(r,sm(7)) : 7 < 7T}

On I', note that

_oC 1 , 0°C B
B(7,5) =5 + 5@(7, S) FEl and «a(7,¢) = 0.

Take ¥ (7,¢) = ¢(7,£) = ¢(1,C(7,)) then we have
ov _09 000 0¥ 000 _,
or  or O0r o Os  Os 0f

and )
PU_(9CV d6  BCas PC 00
02\ 0¢ ) 0 0¢2 06 02 O
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2o (7,8m(7)) = 0, equation (4.7) reduces to

and as

ov 1 L, 0?0 v
w‘f‘b(ﬂ@g =0.

Using the fact that s,,(7) for 7 € [to, t] is a minimal point for C, as illustrated

in Figure 4.2(a), the expression in (4.8) becomes
li;r%\ll(r, §)=0(—x)=0(C(r,6) —C(t,s)) =d(s— )+ (s —3)

for § < s,(t) < s such that C(t,5) = = = C(t,s). But if s = s,,(¢) then
s = 8, (t) = 5. Thus

Li;r% U(T,6) = 0(sm(t) — s).

In particular, if condition 2 in Proposition 93 is satisfied, then

A(7,6) =0 = a(r,9)

(as 2 + La(r, g)2%272 +0(7,6) 2 = —a(1,¢)? 22 %€ with h(t, S;) a P-martingale),
then the Equation (4.7) remains
ov

E(T, sm(T7)) =0 forall 7 €lty,t),t<T with U(t) =3 (x,(t)—s),

which implies that

U(T) =8 (8 (1) — s) for all 7 € [to, ], for t <T.

In order to solve the PDE in (4.7) not including I', define
D:=R, xR\l

and take

C(r,q) if s> s,(t)

if
C'(r,¢) = { 0 else 5 e ST

0 else

and C'(7,¢) = {

Then in D we have C(r,¢) = C!(7,5) + C!(7,s) with C' and C" invertible

functions, therefore the following change of variable

\IJ<7_7 §) = ¢(T7 5) - ¢<t7 C<T7 §))

is well defined, and using the properties of change of variable transformation,

the first part of the equation in (4.7) is transformed into
L90(7,5) = LG 9](7,€) = 0, (7,5) € x[to, 1) X R,
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and the final condition remains

li;r% U(r,5) =0(C(t,s) —x),x € R,

which for § < s,,(t) < s such that C(t,8) = © = C(t, s) the final condition

above can be rewritten as

li%\IJ(T, ¢)=0(C(r,s) —x) =d(c —8) + (s — 8).

. Solution to the related problems Summarising the steps above, solving

equation (4.7) is equivalently to solve the following problem

Lr(r6) = 0, (1,5) € x[to,t) xR (4.10)
linny (7, <) = 0(c—5)+d(c—3),

U(T,8,(7)) = d(sm(r)—s) forall 7 € [to,t].
But the above system in (4.10) can be split into two problems as:
U(r,¢) = UH(r,¢) + ¥"(7,5)
with W!(7,5) and ¥"(7,<) solutions of
E?’“\IIZ(T, §) = 0, TE][ty,t) for << sp(7)

lim U(r,¢) = 4
T,/'t

(
VT, 50(T)) = d(sm(t)—8) forall 7€ ty,1].

and
Lo (1,¢) = 0, T€EX[ty,t) for ¢ > 5,(7)
1_1% U'(r,¢) = 0(s—s)

U (s(7),7) = 0(sm(7)—3s) forall 7 € [ty,t].

and using the stochastic representation formula we have that

Ul(r,q) = p(r,6:t,8)  with ¢ <sp,(r) forall 7€ [t
V(1) = pi(r,;t,2)  with ¢ >s,(7) forall 7€ [to,t].
Therefore

U (1,6) = p° (1,6, 8)[ie<s oy + 07 (7o 55 1, 2) s, (1)<}
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4. Back transformation of variables. Now, transforming back into (¢, x) vari-
ables, note that

U(r,5) = p*(r,C(1,9);t,2) = p° (1, 5: t, §)[ecsney + P (T, St 8) s, (1)<chs

with s = x"(t,z), 8 = X'(¢,x) and for

s=xne = { N0 s (411

with x'(¢,7) < s,(t) < x"(t,z) representing the inverse functions C” and C'
defined above in (4.11), i.e., C"(¢,x"(t,z)) = = = C'(t,x!(t,x)), as illustrated
in Fig. 4.2(b). Using similar arguments as in Proposition 84 we get the desired

expression

(52 2)) ™| Pt X, o) £ X (1)
p* (to, zo; t, ) = + for 2 > C(t, s, (t)).

(2807 (1)) ™| 5t (o, 20); X" (1)
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(a) Change of variable C'(t, s) with only one local
minimum s*(¢) for ¢t < Y.

(b) Inverse function for C(t, s).

Figure 4.2:

Note that Proposition 93 and Proposition 95 have been formulated in general

terms and not particularly for the case of transformations of continuous Markov
processes that come from the valuation of derivative securities.

But as our main
interest is the computation of risk measures of derivative securities, we adapt previous

results and make the following assumption.

Assumption 96 The local transformation C' is given by
C(t, $1) = Bole ™"V H(Sy)],
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for a continuous positive function H(s) and Q an equivalent probability measure to P

(a risk-neutral probability measure).

This assumption, together with the initial assumptions on the process S, guar-
antees that C' € CY2([t,t + 0] x R) and satisfies a uniformly elliptic PDE. Therefore
the assumptions on Proposition 93 are satisfied and Proposition 95 tuns to be very
useful when we need to compute risk measures of derivative securities that have min-
imum/maximum points. Some examples are combinations of plain vanilla options
such as straddles, strangles, etc. Before we present the example of a straddle under
the Black and Scholes model, we need the results in Proposition 97 that characterises
all transformations of Brownian motion, but adapted to the inhomogeneous case. For

simplicity, we rewrite the results below.

Proposition 97 Let (S;,0 <t < o0) be a Brownian motion on (2, F,P) starting at
Sty > 0 forty € R. Then C is a change of variable transformation (X; = C(t,St))
satisfying the condition (4.9) in Proposition 95 if and only if

1. C is invertible in all its domain, or

2. C(-,s) is injective and C(t,-) is symmetric.

4.2.4 Example

Example 98 (VaR of a straddle) Assume S; is given by a geometric Brownian

motion

and the derivative security is a straddle
C(t,s) = Call(t,s; K, T) + Put(t,s; K,T)

with strike K and time to maturity T —t. Its payoff is given by

| s=K if s> K
H(S)_{K—s if s<K.

Figure 4.3(a) shows the value of a straddle for the numerical parameters K =6, u =
02, 0=04, T —t=1.
Consider t to be the current time for analysis and [t,T),T < T the risk horizon.

Our goal is to compute VaR,, of a long position in the straddle.
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Unfortunately, the assumptions in Proposition 95 are not satisfied as the condition
in (4.9) does not hold. This can be seen by writing C(t,S;) in terms of the Brownian
motion Wy defining the SDE in (4.12). Write

gt, W) =C(t,S;) =C (t, Sy exp { (M — %02) t+ aWt}) :

By Proposition 97, if the function g(-,w) is injective and g(t,-) is symmetric, then the
relation in (4.9) would hold. It is easy to see that g(t,-) is not a symmetric function.

Figure /.3(b) shows a plot of the function g(t,w) against w for the numerical values
S,=1, K=6, t=02 0=04, T —t=1, t=05.

2%

20

(a) The value of a straddle C(t,s) as (b) The function g(t, W;) against Wy.
a function of s.

Figure 4.3: Example: 98. VaR of a straddle.

Even though we cannot obtain an explicit expression for the t.p.d. of the straddle as
a process using Proposition 95, we can apply the same method used in the Proposition
95 for solving the t.p.d. PDE to solve the VaR-PDE in (5.27) for the straddle. Thus

the VaR, of a long position in the derivative will be given by
VaR, (C(T,Sr) — C(t,S;)) = C(t,S;) — qg(TST)(a)
= C(t,S) —sup{g e R: VI, 5) <a}
where V(t,s) solves the following PDE

oV oV 1, ,0%Ve

o (19) T us—=(t5) + 50°" 5= (t,s) = 0,(t,s) € [t,¢ +0) xR, (4.13)

VAT, s) = loms<ag-
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The function C(t, s) satisfies the elliptic PDE (Black-Scholes equation with r = 0)

aC 1, ,0°C B 3
E(t,S)‘f—éU S w(t,S) = 0,(7,3) € [t,T) X R,

C(T,s) = H(s),
and %(77 K)=0 with %27?(7-, K)#0 forallt <7 <T. The function s, : [t,T] —
R defined as

Sm(t) = K with % (1, 8m(7)) =0 forall T€lt,T),

is continuous with continuous derivative %m

dt
function C as the sum of two injective functions C(t,s) = C"(t,s) + C'(t,s) with

C7(t,s) = Call(t,s; K, T) and C'(t,s) = Put(t, s; K, T).
Take

Ym(t) = log <S"}§t)) , o = log (W) Yy = log (W) ,

and by the usual dimensionalisation and change of variable to reduce the PDE in
(4.13) to the heat equation, take

(7). As in Proposition 95, we write the

2T
s=Ke¥,t =T —27/0* and u(,y) = exp {ny + Br} V? (T — ;,K@y) .

Taking

the PDE becomes

ul =i, for —oo<y<oo (4.14)
with the initial condition

e for Yyl <y <yl

u?(0,y) == uo(y) = Licm,s)<qy = { 0 else ,q>C(t, K)

and the moving boundary condition

2
wi(r,y) =0 for q:C’(T—U—Z,K) and for all T € [0, T —1].

Due to the condition above we need to use the method of images to solve the

equation in (4.14). Solving and substituting back we have

sy = Ke'n=(C)7'(q),

= Keti = (C7) ()

S

Q3 Q=
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and
Vit s) = Dldh ) — B, ).
with ® the standard cumulative normal distribution and
o VOB(S/E) + (= 2T — 1)
2,8 oVl —t '

One can easily check that choosing q such that ¢ = q, := qg(T ST)(Oé) we have

C*(t,84,) = 6o = C" (t,5,)
and
st =q3 (0+a) and s = ¢& ()
for0 <6+ a <1 with
g5, (@) = sexp{(u — 0*/2)(T — 1) + ©~(6)o VT — t},

then we have Vi(t,s) = a. Thus
qg(T,ST)<a> = C(t, q;rT (0)),
for ¢ satisfying the equality
C(t,q3, () = C(t,q5,(0 + @)). (4.15)
Therefore the VaR, of a long position in the derivative is

VaR,(C(T,Sr) — C(t,S;)) = C(t,8;) — C(t, ¢, (0))
= O(t,S) — C(t,Syexp{(u — 0*/2)(T —t) + & 1(8)oV/T — t})

with & satisfying (4.15).
This is, we need to find 6 and o such that DIF(§,«) =0 for

DIF(8,a) := C(t,q5,(5), K, T) = C(t,q§,(6 + ), K, T).

By the shape of the function C(t,S), it is direct to see that there exist values of 0 < § <
1 and 0 < a < 1 such that the function DIF(,«) takes the value zero. We illustrate
this fact with some numerical values for Sy =1, K =6, un=0.2, 0 =04, T—t=1,
Figure 4./ (a) exhibits the value of the function DIF(§,«) for a = 0.01, and Figure
4.4(b) plots the values of DIF (6, ) for o = 0.05, 0.1 and 0.2.

For the value o = 0.01, the corresponding values in 6 ~ 0.0882971, which gives the
values q&T’ST)(oz) = CO(t,q35,(0)) =~ 1.708133948, and VaR.(C(T,Sr) — C(t,S;)) ~
13.291866787
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0.4? N

10%

R
[

0,2: ’\.

20%

(a) The function DIF(4,a) for a = 0.01. (b) The function DIF(§,c) for a =
5%, 10%, and 20%.

Figure 4.4: Example: 98. VaR of a straddle.

In order to illustrate more details of the applicability of Proposition 95, consider

the following examples.

Example 99 Inhomogeneous transformation of BM. For 0 < tq < T, let

beR and
dX; =bdt + dB; and X, =

be the base process with By,0 <t < T a Brownian motion on (2, F,P). Consider the

imhomogeneous transformation

V3

1
* 3

1 2 1 |
ult,2) = (:ﬁ + \/§t> —t ( 2+ 5@) —a (03 . 501x> +Cy, with C1, Cy, Cy € R.

For h(t,x) = exp {—bx + %bzt} one can easily check the following properties on u

1. u(t,z) € CH*([0,T] x R),

2. %(t,I) = _g_z<t7 —l’), %(th) = %(t _I) and ZfC3 =0 U(t,l‘) = U(t, —LE‘), %—?(t,l’) =
%(t, —x); so the function u is symmetric respect to x = 0 for C3 = 0, see Figure
4.9,

3. h(t, X;) is a P-martingale, so the density process defined by Ccli%’]-‘t = h(t, Xy) is
well defined,
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4. the process X under Q is a standard Brownian motion, furthermore, u(t,x;) is

a Q-martingale,

5. when C3 = 0 the function x,, : R — R

is such that 8%(t, ., (t)) = 0 for t € [LC1,T] and given by (see Figure 4.6(a)
and 4.6(b)). Note that z,,, ($C1) = 0, and 2™ (t) is an increasing function (resp.

x~(t) decreasing).

Assumption 100 We assume C3 = 0.

We can redefine u as u(t,r) = u'(t,z) + u?(t,z) +ud(t, z) + u*(t,z) for

ul(tvx) = u(t,x)f{ co<z<z (t)}
u2(t,x) = u(t,a;) {z=(t)<x<0}
u3(t,x) = u(t,r)l {o<z<zt(t)}
u4(t, m) = u(t, :L‘) {2+ (t)<z<oo}

so the corresponding inverse functions are given by (see Figure 4.7)

X't y) =T10[f, 9] (t,y) foru(t,z=(t)) <y < oo
X(ty) =T0[f, =gl (t,y)  foru(t,z(t)) <y < ult,2°(t))
Xty) = —1L[f, —g] (t,y) for u(t,z™(t)) <y < u(t,2°(t))
xXHty) = =10 [f, gl (t,y)  foru(t,a™(t) <y < oo
where
u(t,v=(t)) = wu(t,zt(t)) = —t*+ Cit — Cy — gof,
u(t,2°(t)) = %tz — %Clt — Cy,
and
f(t) = 12t — 60,
g(ty) = \/ 0C2 — 24Cyt + 2482 + 24C; + 24y
I[f.g)(t,y) = —%f t) +2g(t, y).
Define

1
2

X (to,w0)  if oo <o < a7 (o)
(fo, o) = X2 (to, o) if 2 (to) < wo < 2°(to)
b0, Yo = X*(to, yo) if 2°(to) < o < 2zt (1)
X4(t0,y0) if £ (tg) < wg < 00
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and note that

6
( (t:x'(t:9) ) T 2[f, 9] (ty)g(ty)]
5 ;
< (t:x7(t) ) T2 [, —g] (5, y)g(t,y)]
. ;
( (&) ) T 20L[f, —g] (£, m)g(t,y)]
. )
(8 (6.7 y))) T2 (S g] (8 y)g(t )]

All assumptions in Proposition 95 are satisfied, then we can compute the transition

probability density function for Y; = u(t, X;) as

pBMPOD (x(to,t0,y0);t.x" (t.9){yer,} for0 <t < %Cl

{i:§:4} |(S2 i (L)) and C; > 0
pY(th Yo, ta y) -
4 pBPMPOD (0 x(t0,y0)it. X" (£9)yer,y
i=1 (2 o ()] else
or the rather complicated expression
( 1
Z(f, Q)H{yell} fOT 0 S t S 501
o7 exp {=V (f,—g)} + exp{V (f, —9)}] and C, > 0
= 0 X Z(f.9)1
T2 — 1) ooy lexp {=V (f,9)} + exp {V (f,9)}]
+ else
Z(f,—g)l
| L Somra S oo {=V (f,—9)} +exp {V (£, —9)}]

and

[I[f. 9] (t.9)]* + x(to, y0)?
2(t — to) ’
2LL[f, 9] (t, y)x(to, o)
2(t — to) ’
1

12T [f, g] (t, ) g(t, y)|

W (£, 9) (zo, to; y, 1)

Vv (f? g) <x07t0;y7t)

Z (f? g) <x07t0;y7t)
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To see that this is indeed a transition probability function, one can easily check
that

J

and = a real number, so [y p(to,yo;t,y)dy = 1 (in the particular case 0 < t <
%C’l, C1 > 0 the terms for i = 2,3 vanish and Z =10 ).

1 =
p"MPOD (o, x(to, yo); t, X' (8, y)) Liyerydy = =

(Secten)
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t=0
t=5
t=10
t=15

o0+

(a) The function u(t,z) plotted against x for dif-
ferent values of ¢.

(b) Plot of u(¢,z) in both variables.

Figure 4.5: Functions wu(t,z) = (22 + \/§t)2 -t ([1 + \/Tg] x4+ %Cﬁ) -
x (C’g - %Clx) + Csy for C; =1, Cy =0, and C3 = 0.
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=0
t=5
t=10

O+

3 =15

(a) Function %(t,x) = 22%+Cro—2at for Cy =1,
Cy=0,and C3 =0.

Tm ( t)

(b) Function z,(¢).

Figure 4.6: Example Inhomogeneous transformation of BM.
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Figure 4.7: Inverses of the function u(t, z).

Example 101 Solution of SDFEs and their moments. The method presented
here can also be used to find the moments of solutions of SDEs. We recall an example
appearing in [53].

Let (B;,0 <t <T) a standard Brownian motion and take the following SDE

t 1 t
X,=x+ / V1+ X2dBs + 3 / Xds. (4.16)
0 0

As the coefficients in Equation (4.16) are Lipschitz (i.e., |\/1+ 3% — |V1+ 2?| +
sy — 2| < %]y — z|), so the equation has a unique strong solution for every x € R.
We check that this equation is obtained via a change of variables, this is, if there exist
© € C? such that X; = p(By), then by Ité’s lemma

1
d(p(By)) = ¢'(By)dB; + 590/,(Bt)dt
and collecting terms we have
¢'(B) =1+ ¢*B) and ¢"(By) = (B

and as for each w € , By(w) € (—00,00), we can replace in the previous equation by

y € R and solve the corresponding deterministic equation, whose solution is

¢(y) = sinh(y + ¢).
Now substituting back into our original SDE and using the initial value we have

X; = sinh(B; + arcsinh(x)).

139



In order to find the n-th moment for X;, and as the function sinh(y) is a diffeomor-
phism of R, as shown in Figure /.8, we can use Part 1 of Corollary 84 (homogeneous

diffeomorphism) to find its transition probability density and then its n-th moment.
Thus,

¥ ) = 1 e d laresinh(z) — arcsinh(zo)]?
P {fo, 03t ) = V2m(2? + 1)(t — to) p{ 2(t —to) }
and
E[X[| Xy = x0) = /_00 " pX (to, 2o; t, x)dw
B o0 " o d larcsinh(x) — arcsinh(xo)]2 N
B /_oo V21 (22 + 1) (t — to) P { 2(t —to) } !
- /OO W Ty (exp{2U} — 1)" exp {_—Q(t i nU} au

for U =log (?J:—yz:ll> , expanding the power, calculating the integrals and collecting
Yo Yo

terms the expression remains

E[X{ | Xy, = 20] = yhj{)lo A(n,t,to) Z(—l)i ( T; ) exp {2i(i — n)(t —t0)} C(n,t,t0,%,9,%0)
— Q%exp{w} ;(—1)1‘ < 7;” ) exp{2i(i —n)(t —to)}  (4.17)
with
A(n,t ty) = %exp {@
log (ﬁ—?{yi) — (n—20)(t —to)

B(n7t7t0ai7y7y0) =

Vi — 1o
C(”? ta th i) Y, y()) = @ [B(?’L, t; tO: Z.a Y, yO)] - [B(?’L, t? tOv Z.a -y, yO)]

as lim, .o, C(n,t,to,1,y,90) = 1 and ® the standard cumulative normal distribution
function.

Denote by

or 2 (-1 (1) esp (21— )t -t} g e { U

we can further simplify Equation (4.17) using the following remarks:
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e For n an odd number (n=2k+1)

The sum in Equation (4.17) has an even number of terms (n+1 =2k +2)

O3 <0 forj=0.. .k

@3’(“,:2 >0forj=0...k

CHEE = —@?kﬂ forj=0...k
by the above properties we find that

2k+1

k k
2k+1 2k+1 2k+1 2k+1 2k+1 _
E :@zkﬂ—j - E :@2k+1—2j+ E :@21%2;‘ - E :@ + E :9

e For n an odd number (n = 2k)

The sum in Equation (4.17) has an odd number of terms (n+1 =2k + 1)
O%k_jy 1 <0 forj=0...k
@g’fk 5 >0forj=0...k

0% ;=03 forj=0...k

the following relation holds:

OF +0%, = T(kj) forj=0...k

for T(k, j) 2 02 {1~ & exp[2(2) — n+ 1)(t — to)]}.

Then, the expression in Equation (4.17) simplifies to

1 for n=
. o for n=2k+1
EIX{| Xy, = wo] = Zm "Y (ki) + o2 for n=2k and k=2m

222: (,)+T(k‘,k’—1)+@%ﬁl for n=2k and k=2m+1.
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Figure 4.8: Example Solutions of SDEs and their moments: Function sinh(x).

4.3 Relation to the delta and delta-gamma approaches
for risk of derivatives

One popular approach for computing the risk of positions on a derivative securities
C(t, S) is to use a first- or second-order approximation of the derivative function C'
around the current value S; and for a small perturbation AS. This is equivalent to
assuming that the risk horizon T' — ¢t is small. In this section, we review these two
approaches and make some comments with the relation to the method proposed in
this thesis.

4.3.1 The delta-approach

For a small change in the underlying price AS, the first-order approximation to the

price function C(¢, s) of the derivative security is taken as
oC
C(t,s+ As) ~ C(t,s) + O_(t’ s)As + (1),
s

where £(1) is the first-order approximation error.'
Thus, for a risk horizon T" — ¢ small enough, we can take AS = Sr — S; and con-
sider the firs-order approximation (delta-approach) to the position on the derivative

security as

C(T,Sr) — C(t,S;) ~ %—S(t, Si)(St — Si) +e(1).

!Note that the right way to take a Taylor’s series approximation of the function C' is by considering
C(t+ At, S+ AS). Here, the time shift At is missing,.
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If in addition, we can assume that the factor 5<(¢, ;) stays constant on [t, 7],
then the risk of the position on the derivative security can be approximate as the risk

of a linear function on the position on the underlying asset S, this is

pO(T, 51) = C(t,50) = T2 (1,500 (S = 50).

This is of course an easier problem to solve than the original one. As an example,
consider as the risk measure p the VaR, and as the derivative security a European
call option C(t,S;). Then

oC
VaRa(O(T, ST) — C(t, St)) ~ g(t, St)VaRa (ST — St) .

This is, the delta-approximation to the VaR of a position on a call option is equal to

the VaR of the underlying position St — S; times the delta of the call option.

4.3.2 The delta-gamma approach

When the first-order approximation of a derivative is not sufficient accurate, a second-
order approximation may help.
For a small change in the underlying price AS, the second-order approximation
to the price function C(t, s) of the derivative security is taken as
10%°C

oC 2
C(t,s+ As) ~C(t,s) + E(t’ s)As + §W(t, s) (As)” +€(2),

where £(2) is the second-order approximation error and assumed to be smaller, for
sufficient small s, than the first-order error £(1).

Thus, for a risk horizon T' — ¢ small enough, we can take AS = Sr — S; and
consider the second-order approximation (gamma-approach) to the position on the

derivative security as

aC 10°C
C(T,57) = C(t,5) ~ ——(t,5)(Sr — 5¢) + 3952

s (t,s) (S — S,)°.

In this case, we need to assume that the terms % (¢, S;) and %(t, St) stay constant

on [t,T]. Thus the risk of the position on the derivative security C' is approximated

as the risk of a quadratic function on the position on the underlying asset Sy, this is

oC 19%C

p(C’(T, ST) — C(t, St)) ~p <$<t, 8)(ST - St) —+ 5@(75, S)(ST — St)2> .

One of the main drawbacks of the delta- and delta-gamma-approaches is the as-

sumption that the movement in the underlying asset price is small (or equivalently
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small risk horizon T —t), and therefore the approximation may not be very accurate.
Specially in the situation where the price function of the derivative security is far from
linear or quadratic. The method presented in this chapter does not require to make
the assumption of a small risk horizon 7" — ¢t. But instead, it requires to solve a final
value PDE, which, apart from few cases on the dynamics of the underlying process
S; and option prices functions C(t,S;), the PDE will not have explicit solution. In
such a case, series expansion solutions or accurate numerical methods may be applied.
Another alternative is to use Monte Carlo simulation, but this usually requires large

computational capacity.

4.4 Risk measures for American derivatives

In the situation when the derivative security for which one needs to measure the risk
is of American type, we can also formulate the the value of the risk measure (WCS,
VaR and AVaR) as the solution of a PDE, but in this case, the system to solve will

be a free-boundary problem with a final condition.
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Chapter 5

Hedging and Derivative Pricing in
the Robust c-expected Shortfall
Problem

5.1 Introduction

In this chapter, we analyse a variant of the robust version of the expected shortfall
hedging problem:

For an initial capital = > 0, find a hedging strategy (x,7), m € A(x) with terminal
value X\*™ such that

inf supEg {(HT — X;I’W))j : (5.1)
meA(r) QeP

in a continuous-time model consisting of two risky assets S; and Y, 0 <t < T (given

by It6 diffusions) and a risk-free bond By, 0 <t < T'. The asset S; is assumed to be

traded in the financial market but not Y;.

We consider a random payoff Hr to be a function of the underlying process Y; at
time 7', this is Hr = H(Yr) and the set of measures (priors) P to be a subset all
equivalent probability measures M..

The problem in (5.1) corresponds to the hedging problem for the WCSp risk
measure discussed in Chapter 1, Section 1.5.1.1. For the particular choice of priors
P={P}and P ={Q € M, : % is P < 1} defined in Proposition 30, we recover the
solution to the hedging problems corresponding to VaR,, and AVaR,, respectively.

In view of the fact that the theory for the primal-dual formulation to the robust
versions of expected utility problems has only been recently developed in [82] and

under the assumptions that the utility function is a strictly increasing and strictly
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concave function, we reformulate our original problem in (5.1) to fit with these as-
sumptions by considering an e-approximation of the shortfall utility function ($)+ for

0 < e <1 by considering the following problem:

. . (z,m)
nf | sup g [UE (H(YT) X )} (5.2)
with
1 _z
Vo) = =log [ LEOPAZEH)
exp {—%}

This is, when € — 0 we recover the original expected shortfall problem.

Due to the fact that the utility function U.(z) is not separable in its variables, we
are not able to solve explicitly in (5.2), but instead, we use a power series approxi-
mation in the dual variables. It turns out that the approximate solution to (5.2) is

the solution to the corresponding robust version of a utility maximisation problem
1

with exponential preferences (U(x) = —,—ie‘””) for a preferences parameter v = -.
Then the original expected shortfall problem recovered when ¢ — 0 will correspond
to v — oo. For the approximate problem, we analyse the cases with and without
random endowment, and obtain an expression for the utility indifference bid price

corresponding to the liability Hy = H(Y7).

5.2 The financial model

We consider an investment model of a single agent who manages her portfolio by
investing in a bond and a risky asset S; which is tradable in the market and we also
consider a risky non-tradable asset Y;.

The bond price B; is given by
dB; =rBdt, By=1B (5.3)

where r > 0 is the interest rate. The tradable risky asset is modelled as a diffusion

process S; solving

with Sy = sg > 0. The non-tradable risky process, which can be conceived as an

“stochastic factor” is assumed to satisfy
dY; = bYydt + aY,dWY (5.5)

for Yo = y and p, b,0 and a constants. The processes W and W} are Brownian

motions correlated with correlation coefficient p,, € [—1,1].
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The assumption of geometric Brownian motions for the dynamics for S; and Y;
is basically to be able to have some explicit solutions, but this assumption can be
relaxed.

It is convenient to express WY as a linear combination of two independent Brow-

nian motions W and W#*. Thus if
Wty = psths + p;th

for pg, = /1 — p3, the dynamics of Y remains
dY; = bYidt + oy aVidW; + gy a¥idW,

Remark 102 Note that by the specific shape of the coefficients in the process S, the

process Y; does not depend on S;. This assumption simplifies the computations.

When |ps,| < 1 we are in an incomplete market situation as the agent cannot
trade in Y. If ps, = 1 then we are in the complete market case and the coefficients
in the SDEs for S; and Y; must be related as follows:'

b:r—i—ﬁ(,u—r).
o

5.3 The wealth process

The investor starts at time ¢, with an initial capital x and re-balances her portfolio
holdings by dynamically choosing at any time s € [t,7] and 0 < t < T, the amounts
(money) TI? and TI, to be invested, respectively, in the bond and the risky asset S.

Her total wealth process X; satisfies the budget constraint
X, = I + 11,

and using the dynamics in (5.3) and (5.4) of the bond B and the risky asset S;, the

current wealth X satisfies the following controlled diffusion equation:
dX, =rX,du+ (p — r) T, X,du + o7, X, dW;. (5.6)

with initial value X; =2 >0, 0 <t < T (see [51, Ch. 5.8] for more detail on this).
The quantity m, = II;/X; represents the proportion of wealth invested in the risky
asset.

In order to avoid arbitrage opportunities, the wealth process must also satisfy the

usual state constraint,
X,>0as. t<u<T. (5.7)

IThe Sharpe ratios of the discounted price processes need to be equal to avoid arbitrage oppor-
tunities.
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Assumption 103 We assume the investor does not have the opportunity to consume
part of her wealth nor to introduce any exogenous funds during the trading interval
[t,T].

Apart from condition (5.7), a process 7, is considered to be admissible if it is Fg-
progressively measurable and satisfies the integrability condition E [ ftT ﬂgds] < 00
a.s. The set of admissible controls (or policies) given the initial capital x will be
denoted by A(x).

5.4 Equivalent measures

Let us denote by M, the set of measures equivalent? to P, and by P.M, the set of
progressively measurable process ¢; such that fOT pidt < oo P-a.s.

If Q is a probability measure equivalent to P on Fp then there exists a vector
process @; = (@11, p2r) Whose components @y, po; € PM,, 0 < t < T (called Girsanov

kernels) are such that

d@ 2 t . 1 t ) t 1 t )
@Lﬁ = Dt ‘= exp SpleWT - 5 (PleT + SOQTdWT - 5 902Td7— :
0 0 0 0

(5.8)
Under the measure Q the processes Wts and W, defined by

t
W = Wts—/ ©1.dT
0

t
Wy = Wt_/ pordT
0

are independent Q- Brownian motions.

5.4.1 Local martingale measures

As S; is the only traded asset, a measure Q given in (5.8) will be a risk-neutral
measure if the discounted process e 'S, is a Q-local martingale, but this is true if

and only if
w—r
—

p1; = —o with g :=

The quantity p is called the “market price of risk”.

In this case, the set M, is in one-to-one correspondence with the set of integrands

g in (5.8).

2Whenever a measure Q is equivalent to P will be denoted by Q ~ P.
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Then under a risk-neutral measure Q the dynamics of our processes S; and Y;

satisfy

ds, = rSdt+ cS,dW,
dY; = Yi[b— psyao + psyape] dt + aYtde

where WY = psths + p;th is a Brownian motion under Q. From the expression of

the dynamics of Y; under QQ, we see that Y; can have arbitrary drift.

5.4.2 The minimal martingale measure

Denote by QV the risk-neutral measure corresponding to the special case in (5.8) when

w9y = 0. Its Radon-Nikodym derivative remains

d 0 t 1 t
(i% F = €Xp (—/0 odW? — 5/0 der) . (5.9)

The measure Q° is called the minimal martingale measure, and it is the measure,
that apart from making the discounted price process for the traded asset S a local-

martingale, leaves unaffected the Brownian motion W.

5.5 The set of priors P

Note that for a given hedging strategy (x,7), m € A(x), > 0 the inner part of the
robust hedging problem in (5.1),

sup E {(H —X(x’”)> 1
P Eq T T )
QeP

+
is nothing else than computing WCS on a position (HT — X;‘T’”)) . Thus, similarly

as in Section 3.3.5, this problem can be seen as a stochastic control problem, but here
on two controls k1, and Ko, the Girsanov kernels (or equivalently the control variable
is a two-dimensional vector ;). Based on similar arguments as in Section 3.3.5, in
order to be able to formulate the problem as a solution of a PDE, we need to restrict
the controls to a compact set. Therefore our class of priors will be given by?

49 = Drasin (5.8), k= (k1,k2) € K,

P=X<Q~P K CR? fixed compact convex set . (5.10)
and k1, ko € PM,

For simplicity in the notation, we make the following assumption.

3P M, is the set of progressively measurable process ¢; such that fOT p2dt < oo P-ass.
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Assumption 104 Assume r = 0, or equivalently, that the dynamics of S;, Y; and

X, are in discounted terms.

5.6 The robust c-expected shortfall hedging prob-
lem

In this section, we return to our problem in (5.1), the robust version of the expected
shortfall hedging problem, and give the basis for the reformulation as a usual utility
maximisation problem with robust preferences.

Assume the investor needs to pay the random amount H(Y7) at time T for H a
continuous positive function. For a hedging strategy (z,7), 7 € A(z) that define a
final value wealth X at time 7" as in (5.6) and a set of prior models as in (5.10), the

robust version of the expected shortfall hedging problem is

+
inf  sup Eq [(H(YT) - X:(Fx’ﬂ)> } :
m€A(z) QeP

One first step to the reformulation of the problem is to highlight the dependence
on the state of the utility function. This is, for each H(Y7) define the state-dependent
function UM< (z) = (H(Yr)(w) — 2)*, and write the problem (5.1) as®

g BeU” ()]

When P = {P} (no robust preferences), convex duality methods for solving ex-
pected utility of final wealth problems have been widely used in the last decade (see
[52, Ch. 3 and 5]). It involves to solve the so-called primal and dual problems (see
Appendix B). In view that the theory for the primal-dual formulation to the robust
versions of expected utility problems has only been recently developed in [82] and
under the assumptions that the utility function is a strictly increasing and strictly
concave function, we consider a closely related problem to (5.1) in order to fit into
these assumption by considering an e-approximation of the utility function U7 (z)
for 0 < e <1 by taking

1+eXp{_M}

£

exp {_ (H (Yr)(w)—x) }

&

Ul (z) = elog

In this way, the function UX*(z) is strictly increasing and strictly convex in .

4The function UH(z) is increasing and convex in x but not strictly.
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The reformulation of our problem for U7 (z) into the usual maximisation of
expected utility of terminal wealth is analysed in the next section. Once reformulated
the problem, our aim is to use stochastic control techniques to solve the dual and

primal problems.

5.6.1 Reformulation of the problem

Define the function (see Figure 5.1(a))

U.(z) = ¢ log (%) _

exp {—£}

The robust e-expected shortfall hedging problem is

) oo Ve (H0m) = X57)] (511
Define
UM (z) = U.(H(Yy)) — U. (H(Yy) — ). (5.12)

The function U () is strictly increasing and strictly concave in z (see Figure 5.1(b)).

The hedging problem in (5.11) is equivalent to the following problem:

Ju depte 02 (x47)] (5.13)
= st Bo [V () U (MO - XFT)] e

The problem in (5.14) is the standard form of the problem treated in [82] (see Ap-
pendix B).
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(b) The function UH () for e = 1,1/2,1/10 and
1/100 and h = 1.

Figure 5.1:

5.6.2 Utility indifference pricing for the robust c-ES hedging
problem

The utility indifference buy (or bid) price p® is the price at which the investor is
indifferent (in the sense that her expected utility under optimal trading is unchanged)
between paying nothing and not having to pay the claim H(Y7) at time 7" and paying
p® today in order to cover for the payment H(Y7) at time 7. Assume the investor
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has an initial wealth z’. Define

Ri(a') = inf Eq [0 (x{7)]
u (@) up Gk Be [U Xy

where the supremum is taken over all wealths X, which can be generated from the

initial fortune /. The utility indifference buy price p® is the solution to
Ry (2’ —p°) = Ro(a)).

Then, by solving the following two problems: 1) Maximising utility with no

random endowment

sup inf Eg [UEO (Xc(px’ﬂ)ﬂ (P1)

weA(x) QeP
and 2) Maximising utility with a random endowment

3 7 (:E,ﬂ')
sup inf E [UaH (X )] P2
red(s) QEP Q T ( )

for arbitrary initial capital =, we recover as a by-product the indifference bid price p.

5.6.3 Maximising utility with no random endowment

Assume the current time is zero. When there is no random endowment (no claim to
be paid at time T), by (5.12) the term U? (X;m’”)) in (P1) reduces to

U.(0) — U. (—X:(,?”’”)> .

Define U. (z) by

U. () := —U. (—x) = —elog (1 XD {§}> : (5.15)

exp {2}

The function U. (x) is strictly increasing and strictly concave in x. The problem P1

is equivalent to

3 3 (CE,TI')
u(x) = sup inf E [UE (X )} , 5.16
(x) red(s) QEP Q T ( )

plus a constant term of ¢log 2.

The main idea to solve (5.16) is to look at it from the perspective of a usual
stochastic control problem with controls in a compact set. This can be accomplished
by showing that all assumptions in [82] (see Appendix B) for the equality to the

primal and dual problem are satisfied. The reformulation to the problem in (5.16)
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as a usual stochastic control problem results from working with the dual problem
rather than with the primal problem itself. It turns out that the control variable
is given by a vector formed of a triplet of Girsanov kernels that define equivalent
probability measures to P on a compact set. This technique has already been used
to solve utility maximisation problems in [13] for an exponential utility function with
P ={P} and recently in the robust case in [43] for a power utility function and in [42]
for a logarithmic utility function with a penalty term.

In relation with utility maximisation problems including no traded assets but when
no robust preferences are considered [39], [60], and [58] have treated the problem using
exponential preferences. Also in incomplete markets, but in a stochastic volatility
framework, [49] works with the HJB equation and the dual formulation to solve a
problem of minimising expected shortfall.

We summarise the key results of the solution to the robust problem (5.16) in the

following theorem.

Theorem 105 Assume the current time ist, 0 <t <T. The value function u(t,x)

of the robust utility mazimisation problem (5.16) can be approximated by

1
uapproac<t,x) = —cexp {_z} exp {_502(T — t)} X
g

) T 1 T
exp {—QE’” [/ /%17(17} — §E“2 [/ /%%TdT:| } ;
t t

(1 —log(2)) e ~ 0.1534264097¢.

with an error of

u(t,z) — uP(t, x) <

N | —

Here k = (ky, ko) € K is a pair of Girsanov kernels that solve

T
min [E"? [/ (0+ kir)? dT:| .
¢

(k1,k2)EK

The operator E*? -] represents the expected value under the measure Q* given by

dQF: :
@ ’}‘T :Z;Q =& —/Qde.—i—//%gTdWT .
dP 0 0 T

The corresponding approximate optimal strategy 7P for the robust problem is

[appror __ ~appror T,
IT; =T Xy =

€ -
- (Q‘|' /‘flt)-
o
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Define the measure Q P via

d@ P TA 1 tA2 tA 1 tAQ
Pl DY :=exp RirdW2 — 5 Ri dr + RordW,. — 3 Ry dr ) .
0 0 0 0

Then the pair (frfppmm, Q) is a saddle point for the problem

uPrt(t,x) = sup inf Eg [Z/ls (X;x’ﬂ)>} ,

TeA(x) QeP

with Uz (z) = —cexp {—2}.

The proof of the above theorem will be divided into several parts and developed

through this section.

Remark 106 The approzimated value function u®Pr*(t, x) solves the robust utility
mazximisation problem for exponential utility function. When P = {P} (no robust
preferences), we have (f1g, ko) = (0,0) and we recover the usual solution (see [15],
[60] and [39]).

One of the key elements to the solution to the robust problem (5.16) is the use of
the dual-primal relations and results developed in [82, Theorem 2.2] for robust utility

maximisation problems (see Appendix B).

oo {2]

—egexp {—%} , and the priors set P defined in (5.10), the assumptions in [82, Theorem
2.2] are satisfied.

Lemma 107 For the utility functions Ua(x) = —clog (%) and U.(x) =

Proof. See Section B.4 in Appendix B on page 189. [

For simplicity in the notation, assume for this discussion that the current time is
t = 0 and omit the time dependence in the primal value function u, i.e., we write
only u(x).

For any ¢ € PM (progressively measurable process), define

Z¢ =& </0—gde_+/OCTdWT) . (5.17)

Given E[Z7] = 1, each Z¢ would correspond to a density process that defines an

equivalent probability measure to P.

155



By Lemma 107 and therefore using results in [82], the dual value function of the

robust utility maximisation problem is given by (see Appendix B on page 189)

: : KT/ ZTC"
v(A) = ;I€1’fc Celggle DLV, (AD_§>] , A>0 (5.18)

where the the vector process r and the set K are defined in (5.10), the parameter A
plays the role of a Lagrange multiplier in the optimisation problem and the function

V (y) is the Legendre-Fenchel transform of U.(z) and given by®

Vily) = sup (Uula) = yr)

x>0
o0 if y>1
- —clog <ﬁ> —eylog <1_Ty> if 0<y<l1.

The primal and dual value functions are related as follows:

u(zr) = r/{1>1£1 (v(A) + Az) .

Assume for each x > 0 the solution to the above minimisation problem is well defined
(it has a solution 0 < A™"(z) < oo, with |v(A™"(z))| < c0), then the value function

of the robust primal problem can be computed as
u(z) = v( A" (2)) + A" (7)),

with \™1(x) satisfying the relation
dv

—(AM () = —z.
()
As the expression
. z5
75 r
v T\ _ 75
€ DE - 1 Z% l_kﬁ . Z%
T —clog = | —eXpElog - if 0<ApE <1,
V4 T Z, T
1-ApE A pE
T T

in (5.18) is not separable of variables in A, in the next section we find a series ap-
proximation in A to A™"(z) and set conditions for the finiteness of the approximated

primal value function.

5The maximum as attained at

«_ |0 if z>1
= elog (:=2) if 0<z<1.

z
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5.6.3.1 Optimal Lagrange multiplier

Define the function

oA €)= Vo (Aexp(€)), £€R

o o ()]

By Corollary 136 in the Appendix B, on one hand, the function v(\) is continuously

then we have

v(A) =inf inf E
keK CEPM

differentiable on (0, 00) and strictly convex. On the other hand, the optimisation and
expectation operator on the right-hand side does not depend on A, the dependence is

only on the function ¢(A,¢). Thus, we can differentiate as

)

It is enough to analyse the behaviour of the function ¢(A,-) in order to conclude for
the function v(\).
By the definition of VE(Z) we have for £ € R (see Figure 5.2 and Figure 5.3)

dov .
oW =qnf - inf B

) 50 if Aexp(§) >1
A =1 g (i) — eAexp(§) log (52250 i 0 < Aexp(€) <

and
o 00 if Aexp(§) >1
5(>\7€> = e exp(g) 1o 1—Xexp(§) if 0< )\ (519)
&\ @ 1 exp( )
................................ TP
o
)
o
¢ =2
€ =1
E=0
£ = -1
¢ = -12
Figure 5.2: The function ¢(\, &) for € = —1.2,—1,0,1 and 2 and ¢ = 1/10.
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Figure 5.3: The function %(A,ﬁ) for £ = —1.2,-1,0,1 and 2 and € = 1/10.

On 0 < Aexp(§) < 1, the map %(-,5) is strictly increasing and has an inflexion
point at

X () = 5 exp(—) < exp(~€). (5.20)

One can easily check that A*(¢) is a minimum point for the map ¢(-,£). Thus
Z—f()\,ﬁ) € (—o00,0] for A on the domain (0, A*(§)]. Furthermore, the threshold \*(¢)

6The function A*(£) is a minimum point for ¢(-, &) as %()\, £)|a=x=(¢e) = 0 and %(/\, E)laz=ax(e) =
4e exp{2¢} > 0.
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is decreasing in £ € R.

Now, if we define

U, c(AN)=E

¢ Z5
K7 1 “~T
o (v ()]
and substituting from (5.19) we obtain
P
12 (55)

M%)

The properties of %(-,5) are inherited to the map W, (), this is, ¥, ((-) is strictly

. c(\) =E | -5 log (5.21)

increasing and has an inflexion point at

(-(5)

Thus on (0, A} (], the function W, ((A\) € (—00,0] is strictly convex and strictly in-

1
= _E
2

Dy

A=K
K,C ZIIQ

creasing. Moreover, W, () is related to the dual value function of the robust problem

as
dv
—(\)=inf inf U .
M = b Il Y
Finally, by the properties of W, () and for each 2 > 0 we can conclude that the
equation

inf inf W =—
Rek cePM wc() ©

has a unique finite solution A™™"(z) with 0 < A™™(z) < A% ..

Let us now analyse how to compute A™"(z). One one hand, note that if fOT Gdt <

oo then Z5% and log D5 will be bounded, which would imply that E Z5| =1,
T < T
T
E [2—;] =1 and E [log <2—§:)} < 00. On the other hand, by the shape of ¥, . in

(5.21) we cannot find directly an explicit expression for ™" (z). Thus if fOT Gedt < o0,

then
Dy,
Z5

0<A™™(z) <A <E =1,

and as the function inside the expectation operator in (5.21) is of logarithmic type,
then we could use a series expansion approximation on A on the region (0, 00). This

is, using

log (1 ;:‘Z) ~ —log(z) —log(A\) + O(N),
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we have

U.c(A) =~ E

—eZ5, { log <IZ;> — log ()\)}

Z5.1og <IZ;> + e {log(\)} E [Z%]

1 ZC
og DT

In such a case, the function A™"(z) can be approximated by

= ¢E

— RS +e{log(\)} E [zﬂ .

AN () Ay NMINOPPTOT (1) ey {—g} exp{ ;Iellfc 46117%5\/1 Anc} (5.22)

w(3)] -

The following lemma supports the assumption that it is enough to take processes
¢ with [ ¢2dt bounded.
Define

with
AH,C = EC

T
PM, = {C € PM :/ CPdt is P-as. bounded}.
0

Lemma 108 For fized k € K we have

inf Ag.= inf A,
CEPM CEPM,

Proof. Firstly, note that for ( € PM, and under the measure Q¢ given by \ F =
7z
Z¢, and Z¢ defined in (5.17) and using D/ given as in (5.8) the random variable F
T

has the form

T s T

Z% - fO (Q + /<61‘,-) dWT —+ % fO (Q —+ KJ17-)2 dr
— = X + Y
pr =Py

TG = Rar) AW, + 1 [1(C — Rop)?dr
with Wf and W, two Q¢-Brownian motions given by
o t
Wi = W7o+ / odT
5 t
Wt - Wt —/ CTdT.
0
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Thus,

T T
= EC l% /0 (Q + /€17)2 dr + %/0 (CT - 527)2 dT:| .

By the expression of A, we have for any xk, € PM, and any ¢ € PM either
0< AH,HQ = AH,K,Q : 1{&267’/\/&,} < An,{ < An,[h
or
0< AH,HQAN,I{Q ' 1{n2€77./\/lb} S AI{,O S An,(-
Then

0< inf A < inf A,...
= P M, = cepp S

On the other hand, as PM,; C PM we have

inf A.,< inf A < Ao
cePM . TC = pepag,  Torz = R0

Putting this both conditions together we obtain
0< inf Ape= inf Ay, <Ako.

cePM Ko EP My

0

5.6.3.2 An approximation to the dual and primal value functions

In this section, we compute approximations to the primal value function u(z) and the

dual value function v(\) using a similar series expansion as in previous section.
Define

PPN, €) = —edexp{{} (1 — € —log(X)),

then the series expansion for ¢ (), §) is given by

¢ (A, &) & ¢ (A, €) + O(N?).

The approximation error between the function ¢ (), §) and the series expansion

approximation ¢ % (A €) only depends on ¢, as it is stated in the following lemma.

This property is important as one may use € as a parameter to control the error and

get the desired accuracy.
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Lemma 109 For any £ € R, any 0 < A < X\*(§) and € > 0, the maps ¢ (-,&) and

@PPror (L&) are strictly decreasing and strictly convex. Furthermore,

(1 —log(2)) e ~ 0.1534264097¢.

N | —

0< ¢ (A 8)=0™"" (A, €) < ¢ (A(E),£) =™ (A'(£),§) =

Proof. The fact that the function ¢ (-, &) is strictly decreasing and strictly convex
follows from the properties of the function V. (z). That ¢®#ro* (-, ) satisfies similar
properties can be directly checked by its definition.

In order to prove the inequalities, note that limy o+ ¢ (X, §) = limy g+ PP (X, §) =
—clog(2). The function ¢ (-, &) attains its minimum at A\*(§) = L exp(—¢) and the
function @™Po% (- ) at APP7%(£) = eexp(—E). But \*(§) < APP"o%(¢) for any & € R.
On the other hand, for any £ € R, any 0 < A < A*(§) and € > 0 we have

< 9
O\

a¢approx
o\

(A, €) (A €),

which proves the left-hand side of the inequality. This also suggests that the maximum
gap between the functions is reached at \*(£). Direct substitution of A*(£) in ¢ (X, §)
and ¢®Po% (X £) show that the difference ¢ (X, &) — @p™P™% (), £) does not depend on
¢ nor on A for 0 < A < A*(¢). This concludes the proof. [J

Recall that the dual value function v(\) to the robust problem is given by

¢
oo ()]
T

We use the series expansion of ¢ (A, £) to approximate the term inside the expectation

v(A\) =inf inf E
KEK (eEPM,y

operator in v(A) as follows.

¢ i ¢
Dir.o ()\,log (%))] ~ E |Dpo*rror <)\,10g <%)>]
T T
i ¢
= E —EAZ% { <1 — log <%) - log()\)> }]
T

— ) (1 —log(N)) + e,

E

with A, as defined in (5.23). Then the approximation to the dual value function
v() is

~ _ : : —. ,,approx
v(\) &= —eX (1 —log(N)) + e {érelifc C€17I3’1/f\/lb AM} ) (N). (5.25)
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We can now use the above approximation evaluated at A™M@ProT(z) to obtain an
expression for the approximation to the primal value function w(z) to the robust

problem. This is,

approz (,.\ _ __ _E} —inf inf A 2
u (x) 6exp{ _pexpy—if b A.cp (5.26)

5.6.3.3 The solution to the dual problem

In this section, we obtain the solution to

inf inf A, (5.27)
KEK CEPM,

In order to capture the dynamical behaviour of the problem, assume now the
starting time is ¢ € [0, 7.
Using the definition of A, ¢ in (5.23), take

¢
(3)]
T
T T
= ES [%/t (0+ k1r)? d7‘+%/t (G — Kor)? d7‘:| .

The problem is to find processes (k, () € K x PM, that solves

JeC . = ES

inf inf JPC. (5.28)
KEK CEPM,,

Assume (&, CA) is optimal in (5.28), then we recover the solution to (5.27) as A.e=
J&¢. And the approximated value function u®?*(z) to the primal problem in (5.16)

for utility maximisation with zero random endowment is given by

uPProt () = —eexp {—E} exp {—Jé’é} .
5

Note that the dual problem in (5.28) does not depend on any of the dynamics S, Y;

nor X;, and the solution can be easily characterised as in the following proposition.

Proposition 110 There exists (&, é) € K x PMy, which attains the minimum for
the dual problem (5.28). Furthermore, such a pair (/%,CA) is characterised by the fact

that k1, and ko solves

T T
E"2 [/ (Q+/%17)2d7] = inf E™ U (g+mT)2dT} , (5.29)
t € t

(K1,k2)
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and (At = kot Thus the value function to the dual problem in (5.28) is given by
#,C | ’ L2
J5e = §E2 (0+ Ryp)" dr
t

1, ) T 1 T
= —0°(T —t)+ gE" Rirdr| + -E™ Ri.dr|.
2 t 2 t

Proof. By the compactness of the set K and as ¢ € PM,, the existence of (&, é) S
IC x PM, is guaranteed. And by Lemma 108 (see proof) we know that A, > A, 4,
for all (k1, ky) € KL and any ¢ € PM,. Then the original problem in (5.28) is reduced

to -
inf K™ [/ (o+ K/].T)zd']—:| :
¢

(k1,k2)EK

This proves the characterisation to the optimal solution. [

Remark 111 Define the measures Q by

dQ 5
ﬁlfq* = DT'
In the case the set K is a rectangle with deterministic edges of the form [ki, k] x

(ks k], ki, Kk ky ks € R, the optimal Girsanov kernels are

ki if kI <—o
Ri=4q —o if &7 <—o<kf

ki if K] > —0
and ke is any ke € PM, with (R, ka) € K and 51 = Kko. The dual value function in
(5.28) is given by

&,C 1 A
Jt’<:5(9+/€1)2(T_t)'

Remark 112 When P = {P} (no robust preferences), we have (k1 ,k2t) = (0,0) or
equivalently d% = 1 P-a.s. then for % = Z%, Q¢ € M, defined as in (5.17) we

obtain
ZC
A07< = ]EC lOg =T
Dy
o [dQ° A\ _ o
where

E[Rlog ()], if Q< P on Fr
+00 otherwise '

HQIP): = {
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The problem

inf A 5.30
ot Nog (5.30)

reduces to finding the minimal entropy martingale measure QF defined by
E .
= min H(Q|P).
Q a8 @e/lelle (QIP)

But in our present setting with constant coefficients geometric Brownian motion pro-
cesses for Sy and Yy, the minimal entropy martingale measure QF and the minimal
martingale measure Q° in (5.9) are the same, i.e., Q¥ = Q° (see [36]), then the
optimal ¢ in (5.30) is given by (= —o.

5.6.3.4 Approximation to the optimal strategy
By [82, Theorem 2.6], the process M; := Zfo’fT is a P-martingale. Hence as ¢ = &»
P-a.s and using the dynamics of X" in (5.6) and Z¢ in (5.17), we get
AM, = ZCdXPT + XPPdZ¢ +d < XPT, 76 >, (5.31)
= ZEXPT (pidt + ordWE) + XETZS (— 0dW? + g}th) — ZEXT poiydt
= Mt {(Uﬁt - Q) ths + /%QTth} .

On the other hand, for the optimal control processes (/%,CA) € KxPM, by [82,

Theorem 2.6] there exists an optimal strategy 7 € A(x), whose terminal wealth is

. )\minZé
xie =1 (X0,
Dy

given by

where

I(y) = —VI(y)

Using again a series expansion in A for

1— Xz
Az

I(A\z) = elog ( ) ~ —clog(z) — elog(\) =: I9PP"%(Az),
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and evaluating at A\™nePProz(p) = exp{— }exp{ —A, C} we have

min é min approx é
T A ,%ZT ~ Japproz A ppA Z
Dy
C
= —¢e<log —z 4 log(Aminappror)
Dy
C
= —clog D—T z+el
C
= r—¢ —T — .
¢
Recalling that % under P is given by
T
—7;|.7:T:exp —/ (Q—f—/%lT)de_—_/ (92_1‘%%7—)(17_ ’
Dy 0 2 Jo

and A, ; = %E’A‘“ [fOT (o+ /%17)2 dT] we obtain

(e Raaw e
e . (5.32)
_%ERQ [foT (o+ /%17)2 dT}

Using again the fact that M, = ZgX,::’“"”Ar is a P-martingale (i.e., M; = E[Mr|F] =
E [Z%X;fﬂ]—}} ), but this time computing with the expression in (5.32) we obtain

T 1 T 1 T
M, = Zcx sZC { / (0+ Ryir) AW — 5/ (0* = /%) dr — E]E"‘Q {/ (0+ fyp)? dT:| }
¢ ¢ 0

and after omitting the finite variation terms, we have

0+

dM; = 6Zfo’”%dWs b ZEXET {—odWE + figydW, )
t

or R
(0 + Aue)

T,
t

th Mt < - Q) ths + Mtl%gtdwt.
Comparing here and in (5.31) all terms involving dW; yields

. A T, T € IS
Ht:ﬂ-tXt’ :;(Q—Flilt).
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5.6.4 Maximising utility with random endowment

When there is a random endowment to be paid at time 7" given by a claim H(Yr) on
the nontraded asset Y; the robust utility maximisation problem in (P2) is
H . FrH (x,m)
uw'(z) = sup inf E [UE (X ﬂ : 5.33
(@)= sup  int Bo [0 (X (5:33
Recalling that
Uf (x) = U:(H(Yr)) = Ue (H(Yr) = 2)

and

then adapting Lemma 143 in Appendix B to our present situation, the problem P2
is an upper bound for the problems (P2a) and (P2b) defined below. This is,

uf(z) > —sup o [UE (—H(YT))] + Iiﬁ% | inf B [UE (X;“) . H(YT))] (5.34)

7 >

(P?2ra) (Iggb)

By Lemma 144, the equality in (5.34) will be satisfied provided each of the prob-
lems (P2a) and (P2b) attains the infimum at the same measure Q* € P. Therefore

we make the following assumption.

Assumption 113 The set P and the payoff function H(y) are such that the optimal
measure Q* € P in both problems (P2a) and (P2b) is the same, this is, there exist
Q* € P such that

Eq- [0 (~H(¥Yr))| = supEq UL (~H(¥))]

QeP
and
sup  Eg- [Ug (X;“’ - H(YT)H — sup inf Eg [U (XW) - H(YT)H
reA(z) reA(z) QEP

This assumption is useful as each of the two problems (P2a) and (P2b) above are
simpler to solve than the original problem in (5.33). We proceed by solving them
separately. But by the shape of the utility function Ue(x), an explicit solution is not
easy, instead, we use a series approximation to find upper bounds for the solution of
(P2a) and (P2b).
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Remark 114 Assumption 113 is satisfied at least when no robust preferences are
present, or when the optimal pair of Girsanov kernels is (0,0). Further investigation
on the conditions on K and H(y) that satisfy Assumption 113 is left for further

research.

We summarise the key results in the solution to the robust problem (5.33) in the

following theorem.

Theorem 115 Assume the current time ist, 0 <t < T, Y, =y and X; = x, and
that Assumptions 113 and 116 hold. The value function uf(t,z) of the robust utility

mazximisation problem (5.33) can be approrimated by

1 1
utt et ) = —ul(t,y) —eexp{—g}eXp{—yQ(T—tHgh(t,y)}

) T 1 T
X exp {—QE’” {/ /%th} — éEm {/ /%%TdT} } ,
t t

UH(t, (L’) . UH approz(t7 l’) <

with an error of

(1 —log(2)) e ~ 0.1534264097¢.

N | —

And Rk = (k1, ke) € K is a pair of Girsanov kernels that solve

1 /7 ) 1
min [E" |- + ki) dr — —H(Y7)]| .
(k1,k2)€EK [Z/t (e 1r) € ( T)}

The operator B2 -] represents the expected value under the measure

dQ’%Q Ro ’
P ’]:T :ZT =& - Qdm+ /ﬁZQTdWT .
0 0 T

The function u®(t,y) is the solution to the following PDE

1
uy + —CLQQQUZZJ + byUZ + sup {(psy”fl + Psyhia) ay“Z} =0,
2 (k1,k2)EK

with terminal condition
1+ exp {—Ji(y) }

exp { —h;(y)}

u(T,y) = U. (—H(y)) = —¢log

And the function h(t,y) solves

1
hi + —a2y2hyy + (b — psyap) yhy + inf  {ps,arayh,} =0,
9 (r1,m2)EL
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with terminal condition

The corresponding approximate optimal strateqy 7w,""" " for the robust problem is
Frapprox A QPPTOT ST, T € A a
[P = PP XG0T = P (0+ k) + psng;ﬁfy(ta Vi),

with f(t,y) given by

Ft ) = exp {—15—2@ - t)} E {exp {gx/T——tN} i (y exp{a\/T——tN}ﬂ |

2 a?

Define the measure Q €P via

dQ A T I t 1 [t
_|]'—T = D’;“ ‘= CXp / ’l%leWi - _/ I%%TdT + / I%QTdWT - _/ /%gTdT :
dP 0 2 Jo 0 2 /o

Then the pair <7Arfppmz, Q) is a saddle point for the problem

uappro:c(t’ 33) = sup inf E@ |:L{E (X;xvﬂ) _ H(YT))] )

reA(z) QP

with U, (z) = —cexp {—2}.

5.6.4.1 The problem (P2b)

We analyse first the solution to the problem (P2b) above. This is the random endow-
ment counterpart of the problem solved in Section 5.6.3. We use the same technique
of solving first the dual problem and express the primal value function in terms of
the dual value function.

By Lemma 107 and therefore using results in [82], the dual value function of

the robust utility maximisation with random endowment problem is given by (see

Appendix B)
. 78
DEV. | AL
i (+3)

where the vector process k and the set K are defined in (5.10), the parameter A plays

v*(\) := inf inf {]E

_ ¢
KEK (EPM AE [ZTH(YT)] } , A>0 (5.35)

the role of a Lagrange multiplier in the optimisation problem and the function V (y)
is the Legendre-Fenchel transform of Ug(x) and given by
Vi(y) = sup (Ug(x) — yx)

x>0
o0 if y>1
—clog <ﬁ> — ey log <1_Ty> if 0<y<l.
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The primal and dual value functions are related as follows:

bl i (b
u’(x) = min (V" (\) + Az) .
We use the same idea as in Section 5.6.3 of approximating the dual value function

. ¢
v?()\) by a series expansion in A. This is, we use the approximation of V. (Aﬁ> in

D
(5.24) recalled below

N z5 z5
VoAAEL | = —edZL [ 1 —log | Z£ ] —log(N) | .
( D?> Dy ( (D:”f

Then the dual value function v”()\) can be approximated by

b ~ — — 1 3 _ —. ,,b approz
v’ (\) eA(l log(/\))—k)\;rellf; 46117%\4 {eApe — A =10 (\),

with
A =E [Z:%H(YT)}

ZC
1 L.
" (D)]

The approximation v® %Pro()\) is valid provided v® %PPr°¥()\) < oo, but similar as in
Section 5.6.3, a sufficient condition for v® %P™°%(\) < oo, is to have ¢ € PM,; (¢ is

progressively measurable with fOT CZdt < 00) because

and A, ¢ defined in (5.23) and given by

Amc = ]EC

inf inf Ao — Asy >einf  inf A, inf {—A/!.
inf inf {eAoc—Oczeinf inf Acc+ inf {-Ac

For the term with A, ¢, Lemma 108 assures the choice of ( € PM,; and in order to
extend it to the term A., me make the following assumption.
Assumption 116 The payoff H(y) is bounded below.

Hence we have

bappror(\y — _c\ (1 -1 inf  inf {eA,c — A} .
v (A) =—eA(1—log(A) + Ainf  Inf {eheoc—Ac) (5.36)

Assumption 116 is related to the fact that the approximated primal function u®(x)
is the solution to a robust version of an utility maximisation problem with exponential
utility preferences (see Theorem 105). In such a case, Assumption 116 is necessary

for the finiteness of the primal value function when considering a random endowment

170



(see [13] or [39]). As pointed out in [13], Assumption 116 implies the existence of
constants ¥, ¢1, c2 such that H(y) = ¢; + coy for y > yo. Then H is bounded below
if co = 0; otherwise ¢y > 0, i.e., H is either constant, or has a constant positive slope
for large y. This assumption includes put options and some spread options but rules
out short calls. Note that this restriction on the payoffs H is needed only in the
approximated problem but not in the original problem (5.33). This is the trade-off
of using the series approximation. We gain explicitness in the solutions but we lose

generality in the type of claims.

Optimal Lagrange multiplier and approximation to the primal value func-
tion Given the approximation to the dual value function in (5.36), the approximated

optimal Lagrange multiplier is given by

)\b approx — : b approx Y A
(x) arg min (v (A) + Az)

T . . 1
= eo{-Cfew {— ot M, {Aw B 5A<}} ~

And then the approximated primal value function u® %?P°%(z) is

Ub approx (Qf) — Ub approx ()\b approx(x)) + )\b approx (.CE).Z'
T 1
- — = —inf inf <A..—-A .
= { € } P { Rex CelgMb { S C}}

The solution to the dual problem In this section, we obtain the solution to

: . 1
it Jaf { e 25} 37

In order to capture the dynamical behaviour of the problem, assume the starting

time is ¢ € [0, 7.
ZC
1 =T
- (D)]

As in Section 5.6.3, take
Jf’c . =E¢
L ) I 2
= E° |5 (Q + Hlf) dr + — (CT - '%27') dr )

and
L= [Z%H(YT)] .
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The dynamic problem is to find processes (k, () € KL x PM, that solves

1
inf inf {vaC——Lva} (5.38)
rEK CePM, g
~ inf inf JEC|L T( + k1) d 41 T(c — Kor)2d —EH(Y)
 keK CEPM, 2/, e fr) ATy . far) O T L EVT)

If ¢, #; and K, denote the optimisers in (5.38), note that ¢ and #; will be char-
acterised similarly as in the no random endowment case in Proposition 110. This
can be seen as ( € PM, seeks to minimise EF2 [ LT(CT — K57)2d7i| independently
of the other terms that do not involve (. Similarly for x;, it needs to minimise
[EF2 [ ftT(Q~|— HlT)sz}, independently of the rest of the term. For K, the optimal
choice in (5.38) may change with respect to the optimal solution in Proposition 110,

and it will depend on the function H(Yr), as we state in the next proposition.

Proposition 117 There exists (&, 5) € K x PM,, which attains the minimum for
the dual problem (5.38). Furthermore, such a pair (/%,é) is characterised by the fact

that k1, and ke solves

E* 1/T( + Rir)?d 1H(Y) inf [E"2 1/T( + Kir)?d 1H(Y)
5 7)ar — = = 1 5 r)art — - ;
2/, 0 1 - T x 2/, 0 1 - T

(K1,k2)
(5.39)

and ét = Rog. Thus the value function to the dual problem in (5.28) is given by

. e 2 1
Jt’ = [EF? 5 (Q‘i‘lih—) dT-gH(YT)
t
1, 3 T 1_. T, 1.
= 30 (T'—t) + oE"* Ry dT +§E“2 ki dr| — =E™ [H(Yr)].
t t €

Proof. The proof is very similar to the no random endowment case in Proposition
117. O

In order to ease the notation, note that by a measurable selection argument (see
Appendix C), one can always choose a measurable functions xj of ¢ and y for which

Roy := K3(t,Y;), then by the Markov property we have for (ki, ko) € K
h(t,Y;) = E* [H(Y7)].
Then h(t,Y;) is the solution to the PDE
1
hi+ 5a%yhy, + (b= poya0 + piyars(t,y) yhy = 0 (5.40)

with terminal condition
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Remark 118 The shape of the function k3(t,y) will depend strongly on the set IC,
in the special case k5(t,y) = ko for ko € R constant (e.g. when K is a rectangle as in
Remark 111), the equation (5.40) can be reduced to the Heat equation.

Approximation to the optimal strategy We proceed similarly as in the no ran-
dom endowment case. By [82, Theorem 2.6], the process M, := Z¢ {Xf’ﬁ — f(t, Yt)}

is a P-martingale, where we have defined f(t,y) = E [H(Y7)] . Hence as ¢ = &y P-a.s

we get
ZEAXTT 4+ XPTAZE +d < XPT, 28 >,
x, K Mt N s s -
‘)(t7 - f(t7 }/t)
M;

aYyfy(t,Ye) {psydW7 + poydWi}

thﬁ - f(tY;t)

Uﬁ'tXf’ﬁ . psyaY;ffy(ta }/t)

- Mt x,7 0 7
‘)(t7 _f<t)}/t> ‘)(157 _f(t7)/t)

Pay@Yefy(t,Yr) } dw,

dWS+Mt{f%2t — Lt
} ' Xt’ _f(ta}/;f)

However, for the optimal control processes (#,() € K x PM, by [82, Theorem 2.6]

there exists an optimal strategy 7 € A(z), whose terminal wealth is given by

R )\minzf
X%’”—H(Yﬂ:]( T)»

&
D3
where

Ily) = —V!(y)
tee (1))
= eqlog| —=] .
Y
Using again a series expansion in A for

1— Xz
z

I(A\z) = ¢elog ( ) ~ —clog(z) — elog(A) =: I9PP"%()\z),
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and evaluating at A “PP7"(z) = exp{—2} exp { —An¢ + LA¢}, we have

min Ct min approx é
T A ZT ~ Jopprow u
Dy Dy

A |
= —¢ {log (D—z> + log()\mm“ppmx)}
T

78
= —clog | =% +a+el e — A

Dy

¢
= x—AC—a{log (%) —A%’é}.
T

¢
Recalling that [Z)—g under P is given by

7 T 1 (T
L\ Fr = exp —/ (0+ Ryir) dWE — _/ (*+#1)dr e,
D 0 2 Jo

A
T

that A, : = 1B [fOT (0+ f1r)? dT} and A¢ = h(0,y) we obtain

T N T N
A - + A1) dW? — 2 2+ /3)dr
X5 H (V) :x—h((),y)—s{ o (et ir) 2 Jo (CARAT

—1E% | [ 0+ Rir) ar]
Using again the fact that M, := Zf {XtmT — f(t, Yt)} is a P-martingale
<i.e., M, =E[My] =E [Z§ {X;iff - H(YT)}] ) but this time computing with the ex-

pression in (5.42) we obtain

M, = Z&(x—h(0,y))

. T 1 (T 1_.- 4 2
_525{—/ (Q+/%1T)de—§/ (¢* + A1) dr — JE™ U (0 + finr) dTHa
t t 0

which yields, after omitting the finite variation terms,

M,
dM, = e— (0 + 1) AW + M, {—0dW? + fiopdW, }
Xt T f(tv Y;f) '
or A
dM, = M, (g lethy) g) AW + Mg dW,.
Xt T f(tv Yt)

Comparing here and in (5.41) all terms involving dW} yields

~ “ T.q f% a
Ht = 7TtXt = ( H + %) + psy;thy@?Yt)

o2
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Moreover, f(t,y) can be computed as follows. First note that f(¢,Y;) is a P-local
martingale, then the function f(¢,y) satisfies the PDE

1
ft + §a2y2fyy + byfy =0

with terminal condition
f(T,y) = H(Yr).

Taking the usual change of variable to reduce the PDE to the heat equation we have
16 b
f(t,y) = exp {—5—2(7’ — t)} E {exp {—\/T — tN} H (yexp {a\/T — tN})} ,
a a
where N is a standard normal random variable.

5.6.4.2 The problem (P2a)

In this section, we solve the problem (P2a) defined in (5.34) and given by

sup Eq [U. (—H(v))]
QeP

Assume the current time is ¢, 0 < ¢t < T. By the definition of the priors set P in
(5.10) and the Markov property of the process Y;, the above problem is equivalent to

u'(ty) = s Ege |U: (~H(YD) Vi =y] |

(k1,k2)EK

where the measures Q", k = (k1, k) € K are defined by

dQr

T 1 [T T 1 [T
T D% = exp (/0 k1, dW7 — 5/0 K3 dr —I—/O KordW, — 5/0 I{%TdT) ,

The dynamics of Y; under a measure Q" is given by

dY; = Y {b + psyakis + psyara } dt + psyaYtdW: + p;yaY}dVUVt,

where W* and W are Q*-Brownian motions. By the fact that the set K is compact,
standard control theory arguments (see [26]) suggests that the function u®(t,y) is

formally a solution to the Hamilton-Jacobi-Bellman (HJB) equation
1 —
ug + §a2y2u2y + byuy, + ayu, { sup  (psyk1 + psy/@)} =0 (5.43)
(Kl,HZ)EIC

with terminal condition

1+ exp {—ﬁz(y) }

exp { —h;(y)}

ua<T7 y) = UE (_H(y)) = —¢log
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_ Ou® a _ Ou®

(we have used the following notation u{ = a — Quly

oty T oy vy~ 9y?
By a measurable selection argument (see Appendix C) we can always choose as

the optimal controls #q; and Ao, Markov controls of the form
Rie = K1(t,Yy), and Ay := k5(E, V7).

Thus, after the transformation x = log(y), 7 = T — t and taking w*(7, z) := u®(T —
7,e) and K} (7,z) := k}(t,€”), i = 1,2 the equation in (5.43) remains

1 — % — =% a a

24 Waa + [b+ psyaki(T, @) + pyyaks(7, )] wy = wy (5.44)

with initial condition

£

exp { —H(expiz}) }

The solution to the equation (5.44) will depend strongly on the set I, which will

1+ exp { 7H<exp{z}>}

w*(0,z) = —elog

determine the shape of the functions x(¢, y) and k%(¢,y). In the special case (¢, y) =
ki and k5(t,y) = ko, for k1, ko € R constants (e.g. when K is a rectangle as in Remark

111), the equation (5.44) can be reduced by taking a transformation of the form
w(7,z) = exp{ar + fx}v®(T, x).

Choosing

1 b sy sy K 1
a:—ﬂ and ﬁ:___w+_’
2 a? 2

we find that v*(7, ) solves

a

—avd =w
with initial condition

1+ exp { —H(exp{x})}

5]

v(0,x) = —cexp{—pFz}log
exp { —H(e:p{x})}

This is the Heat equation, with solution

. > 1 22 .
v(T, ) :/Oo a\/%exp{—%%_}v (0, + 2)dz
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so, transforming back into our original function u“(¢,y) we have

) = e { 35T —1)+ don(n) (5.49)

22

X /:: a\/ﬁ exp {—m} v?(0,log(y) + 2)dz

1
— Pexp {55 (T — t)} x E [zﬂ(o, log(y) + avT — tN)}
B 1
= yrexpygf(T—1)
- .
<& | [yesp {avT=en}] 0. (< (yow fvT=in})) |
where N is a standard normal random variable. Substituting v*(0, x) we obtain

—6exp{—% (a—bg + %ﬁp;ykg — %) (T—t)} X
u’(t,y) =

E [exp { (g + psyk1 + psyka — %a) VT — tN} log (exp {H(yexp{a&v TﬁtN})} + 1)} )

Remark 119 The term E [[YT} 7 U. (-H (?T))} from the last line in (5.45), re-

called below:
1 _ . 3 _
wit) = e {50 (T =0 | xB[[1a] 70 (-1 (7))
with
Yr = yexp {a\/T—tN} ,
can be interpreted as the price of a claim on Yr with payoff

F(y) =y "U. (—H (y))

but under the martingale measure that makes the process Y; driftless. This is, define

the measure Q* by

dQ* /T 1 [T 9 T Psy@0 — b 1 [T Psy@0 — b 2
— |z, =exp —QdVV.,S.——/ QdT—i-/ E— dWT——/ —— | dr .
dP 7 ( 0 2 Jo 0 Psy@ 2 Jo Psyd
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Under the measure Q% the processes Wf and W, defined by

t

I/VtS = Wts_/ 901rd7'
Ot

W, = Wt_/ Pordr
0

are Q*-independent Brownian motions. Under this measure Q® the process Y; has the

dynamics

dY; = aY; (pey dW; + poydW;) with Yo = y.

Then
E|[V2] 0. (~H (Y2))| = E*[F(v2)].

5.7 Utility indifference pricing for the approximated
problems

In this section, we come back to the utility indifference pricing for the approximated
problem under robust preferences. We recall from Section 5.6.2 that the utility indif-

ference bid price p® is the solution to
Ru(t,x' —p®) = Ry(t, "),

for

Ry(t,2') = sup inf E [UaH <X(x/’w)>],
H( ) reA(s) QEP Q T

where the supremum is taken over all wealths X7 which can be generated from initial
fortune .
In Section 5.6.3 we have computed the approximated primal value function to the

no random endowment problem and it is given by

X

1
uPPrt(t, ) = —5exp{——}exp{—§g2(T—t)}><
£

) T 1 T
exp {—QE@ {/ /%17617'} — §E“2 [/ /%%TdT:| } )
t t

And adding the constant term that we were missing (see Section 5.6.3), we have

Ry(t,z) =~ elog(2) + uPP"*(t, x).
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On the other hand, the approximated primal value function to the random endowment
problem was computed in Section 5.6.4 and given by

T

1 1
wt PPror(t ) = —u(t,y) — cexp {—g} exp {—§Q2(T —1t)+ gh(ta y)}

) T 1 T
X exp { —oE"™ / Rirdr| — ZE™ / i3 dr
t 2 t
1
= —art) s e { Sh) b
Thus,

Ry(t, ) ~ ul? “PProv(t g).

Note that u™P™*(t,x + ') = u™P"**(t, z) exp {—%’} Then after some algebra
manipulation, we obtain that the utility indifference bid price p® for the approximated

robust problem is given by

clog) +45(u) ).

oPprox (t’ lL‘)

P’ = —h(t,y) + Elog{

5.8 Conclusions

In this chapter, we have indirectly studied the problem of pricing and hedging of
derivative securities on an incomplete financial market when insufficient number of
assets are available for investment, and using as a criterion for selection the min-
imisation of the expected shortfall under robust preferences (the minimum expected
shortfall over a set of probability measures called priors). We assume that the set
of priors is given by a subset of all equivalent probability measures whose Girsanov
kernels are progressively measurable processes that lie in a compact convex set.

In order to use recent results on utility maximisation problems under robust pref-
erences developed in [82], we deal with an approximation to the original problem (the

robust e-expected shortfall hedging problem) by taking as minimisation criterion the

U.(z) = e log (%) _

function

exp {—%}
This function is strictly increasing and strictly convex. Translating the problem into
an usual utility maximisation problem, we characterise the optimal hedging strategy,
the value function and the indifference bid price by tackling mainly its associated dual
problem. It turned out that the utility maximisation problem of the e-approximation
is similar to the problem of utility maximisation problem with exponential preferences

but under robust preferences, extending previous results on the later problem.
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Chapter 6

Future Research

In this chapter, we discuss briefly some lines of future research that arise naturally
from the topics developed through the chapters in this thesis.

In regard to Chapters 3 and 4, a natural extension for future research is the
analysis and computation with other measures of risk of interest, such that one-sided
moments (see [24]), or some convex measures of risk. Another line of future research
is to explore accurate numerical methods, Markov chain approximation or spectral
approximation methods to the solution of the risk-PDEs.

On the other hand, under the perspective of model risk, it will also be interesting
to look at measures of risk that capture “risk” in the volatility of the position, and/or
combinations of drift and volatility risk.

With relation to Chapter 2 on the discrete-time approximation to the problem
of expected shortfall, it will be of interest to investigate under which conditions we
obtain convergence to the continuous-time case. A further direction of research is
to combine ideas from Chapter 5 of looking at the problem of utility maximisation
with exponential preferences as an approximation to the problem of minimising the
expected shortfall. Musiela and Zariphopoulou in [61] have analysed the former prob-
lem in a similar set-up of Chapter 2 (discrete-time two-factor model). It is appealing
to relate their results on the optimal value function and strategies wit the one obtained
in Chapter 2 and also try to compare with the relations obtained in the continuous
case in Chapter 5. This relations may give hints on the conditions to pass to the limit
to the continuous case.

Another interesting case-study in the discrete-time model is to explore its robust
version corresponding to WCS.

Concerning the continuous-time model in Chapter 5, it is worth while to examine
the issue of the convergence of value functions, optimal strategies and indifference bid

prices on the utility maximisation problem under exponential preferences (U(z) =
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1 . . . . . .
—ce =) when the risk aversion parameter % increases to infinity (¢ — 0), as it

is related to the fact that in the limit, we expect this problem to converge to the
solution of the expected shortfall problem. Some recent research in this direction

that motivates this line are: [87], [50] and [7].

Throughout the thesis, we have assumed a fixed and deterministic risk hori-
zon. This transcribes into the valuation and hedging problem of only European-type
derivative securities. It will be, of course, of interest to incorporate into the study

American-type securities.
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Appendix A

Some Important Examples of Risk
Measures

Shortfall risk measures is a class of monetary measures of risk that contain many of
the most popular measures of risk (VaR, AVaR and WCS when the set of measures
P is a singleton). In this appendix, we present some general properties and some

examples.

A.1 Shortfall risk measures

Assume the set of positions X consists only of bounded measurable random variables
(i..e., X := L*(Q,F,P). Let | : R — R be a convex function such that E [l (X)] < co
for X € X. We will call the function [ the loss function associated to the shortfall
risk.

For a given loss function [ and a point x( in the interior of the range of [, consider
the acceptance set

Al(zo) ={X e X E[I(X)] <o}. (A1)

It defines a measure of risk p; ,, with the following characteristics.

Proposition 120 The measure of risk p; 4, can be represented as

P (X) = Zoax {Eq [-X] — amin(Q) },

where the minimal penalty function i, 1s given by

A>0

Omin (Q) = inf % (xo + Eg [l* (A%)]) for Q e My (P).
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The function I*(y) is the Fenchel-Legendre transform of the convex function | defined
by
(y) = sup (yx — 1(z)) . (A.2)

z€R

Furthermore, I*(y) is a convex function and takes finite values.

From the representation in the above proposition it is clear that p; ,, is a convex
measure of risk.
Note that as the acceptance set A;(xy) is defined only in terms of X~ = min(X, 0),

without loss of generality we can assume
Assumption 121 The loss function | is such that l(z) = 0 for X <0.

By the definition of a measure of risk as capital requirement: “the risk of a position
is the minimal amount of capital which, if added to the position and invested in a risk-
free manner, makes the position acceptable” we can associate a hedging problem to
each shortfall risk measures as follows.

A.1.1 The hedging problem

Assume and investor needs to pay the random amount Hy > 0 at time 7. We need to
construct a riskless portfolio such that makes the position —Hp acceptable. Assume

such portfolio is (v, 7), m € A(v). The portfolio is riskless using p; , if
E [l <v — VT(U’W)H < zy,
and makes the position —Hr acceptable if
E[l (Hp —v)] < xp.

The two previous conditions together imply that the shortfall of the total position
X =—Hp+ Viﬁv’ﬂ) is acceptable, this is,

E [Z(HT - VT(””T))] < .

On the other hand, by the interpretation of a measure of risk as capital require-
ment, p;.,(—Hr) is the minimal amount such that makes the position —Hrp ac-
ceptable. Then there exists a portfolio (p;.,(—Hr), ) such that satisfies the above

condition in the equality, i.e.,

E Z(HT _ V/](jpl,xo(fHT)rﬁ)) — .TO.
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But this implies p; ., (—Hr) < v and
E[1 (- V)] <E[1 (Hr - v TN =

From previous expression, we see that the related hedging problem can be formu-

lated as follows:

For a given initial capital xy find a hedging strategy (v,m), @ € A(v) such that
minimises the expected shortfall risk for the 7 € A(v) such that attains the infimum
in loss function [ under the cost constraint v < z,. Or, find 7 € A(v) which attains

the infimum in
inf E|l( (8 —v“’“))+
ﬂElIz‘ll(U) r T .

Note that if xy > sup Eg[Hr] (the initial capital is larger than the super-
QeM;

replication price for H) then the problem becomes trivial as the shortfall becomes
zero and the optimal strategy would be the super-replication strategy. Thus, in order

for the problem to make sense, we need the stronger cost constraint

sup Eq [Hr| < xo.
QeMy

A.1.2 Robust representation of shortfall risk measures

Assume that instead of defining the acceptance set in (A.1) only with respect to the
physical probability P, we would like to be more conservative and incorporate a given

family P C Mof measures. We define the acceptance set A7 () as
Al (m9) = {X € X: Eq [l (X7)] <o for all Q €P}.
The corresponding risk measure ,ofmo will be given by the following proposition.

Proposition 122 (Cor. 4.110 in [31]) . The corresponding measure of risk pj,,
associated to the acceptance set Alp(xg) 1S a convex measure of risk and can be repre-

sented in terms of the penalty function

@ =i (s g 2 |1 (535)]) @2

where I* is the Fenchel-Legendre transform of I defined in (A.2). Thus

PLo(X) = max {Eg[-X] - a(@)

1 . . [(,AQ
= o {Bo - 3 (g = [ ()|
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Example 123 (Lower partial moments) Consider the special case of shortfall risk

measures defined in Section A.1 for the loss function

{%:ﬂ’ if x>0

l(z) = (A.3)

0 otherwise,

for some p > 1 and point xq in the interior of the range of . The Fenchel-Legendre

transform for l in (A.3) is given by

. st if x>0
l (l‘) = q .
~+00 otherwise,

with g = }%.

For this case, the measure of risk pp 4, s given by

Ppao(X) = &%}l{l {Eq [—X] — a1, (Q)} (A4)

1 d
- g fre- (oo (D))

Lemma 124 (Example 4.109 in [31].) For %2 € LY(Q,F,P) the infimum in
(A.4) is attained for

1/q
ek (E [fz—éﬂ) '

Furthermore, as X := L>*(Q, F,P), it is enough to use M, instead of My in (A.4)
(see [31, Theorem 4.31]). Hence, the risk measure py,, for a position X is given by

pea(X) = s {E@ -x1- (a2 | (59 | Uq} .

When limit p | 1, it corresponds to the case l(x) = x* and the measure of risk

dQ
.1

reduces to'

praa(X) = s {Bo [-X] ~

The acceptance set is given by

A,(z0) = {X cX:E B (X-)p} < xo} : (A.5)

!The norm |-, on (€2, F,P) is defined as

2]l =inf{c>0:P[| 2| >¢] =0}.
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And the hedging problem for a liability Hy > 0 at time T becomes: For a given
initial capital xo find a hedging strategy (v,m), m € A(v) such that minimises the
expected shortfall risk for the loss function | under the cost constraint v < xy. Or,
find m € A(v) such that attains the infimum in

. 1 AN
inf E |- (HT -V ) ,
mEA(v) p
under the cost constraint

sup Eq [Hr| < zo.
QeM;

One popular approach for the valuation and hedging of contingent claims when
markets are incomplete is the utility maximisation/indifference pricing approach. In
order to show its relation with shortfall risk measures and their associated hedging
problems, we present the example of the entropic measure of risk which corresponds

to the exponential utility function.

Example 125 (Entropic risk measure and exponential utility maximisation)

Consider similar assumptions as in Fxample 2 but with an acceptance set given by
Acxp(o) = {X € X : such that E [e‘ﬁX} < xo} ,

with xo an interior point in the range of the functione™®X. It defines the entropic

measure of risk as
1
pre,(X) == inf{m € R: E [e /"] < g} = 5 {logE [e™"X] —log o} .
This is a convex measure of risk with representation

Pexp(X) = sup {Eq [-X] — omin(Q)}, (A.6)
QeM;
where M denotes the set of all probability measures,

amin(Q) = %{H(Q | P) —logzo} = % {EQ {log Cé%] - logxo}

and H(Q | P) is the entropy between the measures Q and P. The upper bound in (A.6)
15 attained by a measure with density

e BX

E [e=8X]

186



Furthermore, one can show (see [31]) that the penalty function aumin(Q) can be written

as

Oémin(Q) = Sup {EQ [—X] — l IOgE [e—ﬁX} o logl'o}
Xex I} _ﬁ

and that the dual identity
1%EWﬂ=sw{ﬁmm—lH@U®} (A7)
QeM; 5
holds.
Assume we are interested in measuring the risk of a short position of a claim with
payoff Hr > 0 at time T. Its risk is plmo(—HT), and by the way the acceptance set
Al(zo) was defined, the quantity p', (—Hr) is the smallest amount m such that there

exists an admissible strategy (m, ), m € A(v) whose final value VT(m’ﬂ) satisfies

E {e_B(VT(mm)_HTw < xp.

Using the identity in (A.7) for the final position VT(m’ﬂ) — Hp we get the related hedging
problem: Find a strategy (m,m), m € A(v) such that
(m,m)
im%ﬂﬂW‘%ﬂzm{%Kﬁw—mﬂ—mmm} (A.8)
Vr QeM;y
The supremum and infimum above are achieved by Q" and 7* related by

(Pl (—Hp),w*)
dQ* —B <VT 0 g _HT>
= ce .

dP
From the formulation to the hedging problem in (A.8), we can see the similitude

with the problem of wutility mazimisation and indifference pricing using the utility
function U(z) = —e = See [{0] for a general view on utility maximisation and

indifference pricing.
Remark 126 The measure of risk WCSp defined in (1.12) can be seen as a particular
case of the robust formulation of shortfall risk measures in the following way. For
P = {P}, take xy =0 and the loss function l[(x) = x for x > 0, then

l*(z):{ 0 if z=1,

+00 otherwise.
One can show that the penalty function in this case is such that oy, (Q) = oo
if Q £ P, thus the risk measure remains p(X) = E[—X]. If now we incorporate the
robust version for a set of probabilities P C My, the corresponding risk measure

becomes

p(X) = supE[-X].
QeP

Which is exactly the expression we have for WCSp.
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A.2 State-dependent utility functions derived from
shortfall risk measures

The problem of minimising the expected shortfall risk with loss function [ can be
reformulated as a problem of maximising expected utility in the following way.

Introduce the state-dependent utility function
Ui(z.w) = U(H (@) ~ 1 ((H(w) ~ 2))

As the function /(z) is increasing convex, the term — ((H(w) — z)") becomes an
increasing concave function on the variable z, exactly as it is needed in the usual
formulation of a utility maximisation problem. The term [(H (w)) is needed to shift
the values to their original level.

Then the primal problem becomes

sup E [Ul <X¥M) (u)),u))]
TeA(x)

under the constraint

sup Eg [Xj(f’”)} < 7.
QeM

A.2.1 Examples of loss functions, their corresponding utility
functions and Fenchel-Legendre transforms

1. Probability of over perform: Here U(z) = 1,<o, its Fenchel-Legendre transform

1S

V(€ w) = EH(W)lerwy>1y + Lo<er(w)<1y

2. Expected shortfall: Here {(z) = 2 and the utility function is

and its Fenchel-Legendre transform is

V(§w)=(1-¢& Hw).
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Appendix B

Duality Theory for Optimal
Investment Problems on
Semimartingales

In this Appendix, we present a brief introduction to the duality theory for optimal
investment problems. For the first part on the usual utility maximisation problem
we follow closely [55], and [4]; and for the robust utility maximisation case we refer
to [70] and [82].

B.1 The model

Assume the market model consists of d 4+ 1 assets, one bond and d stocks, and that
they are already in discounted terms. Denote by (S;)1<i<q the price process of the
d stocks, that are assumed to be a semimartingale on a filtered probability space
(Q,F, (F)octer> P). The time horizon is T" and finite. To simplify notation we assume
that F = ]-: T._

A (self-financing) portfolio II is defined as a pair (x, H) where the constant z is
the initial value of the portfolio, and (H;)1<i<q is a predictable S-integrable process,
where HY specifies how many units of asset i are held in the portfolio at time ¢. The

value process (X;)o<i<r of such a portfolio is given by
t
0

Let us denote by X'(x) the family of wealth processes with nonnegative capital at

any instant, that is,

X(z) ={X > 0: X is defined by (B.1) with X, = x}
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We make the following assumption on the family of equivalent local martingale
measures M,
M #£0. (B.2)
This condition is intimately related to the absence of arbitrage opportunities on
the security market. See [17] for precise statements and references.
We also consider that an investor models her preferences via a utility function
U:R — RU{+oo} for wealth at maturity time 7. The assumptions on the utility

function are as follows.

Assumption 127 (Usual Regularity Conditions) A utility function U : R —
R U {£o00} satisfies the usual reqularity conditions if it is increasing on R, continuous
on {U > —oo}, differentiable and strictly concave on the interior of {U > —oo}, and
satisfies
U'(c0) = lim U'(x) =0.
Denoting by dom(U) the interior of {U > —oo}, we assume that we have one of

the two following cases.

Case 128 (negative wealth not allowed) In this case dom(U) = (0,00) and as-

sume that U satisfies the conditions

/ T / o
U(O)—:lc{rll)U(:U)—oo.

Case 129 (negative wealth allowed) In this case dom(U) = R, we assume

U'(—o0) = xgr_noo U'(z) = oo.

B.2 The single prior case

B.2.1 The primal problem

For a given initial capital z > 0, the investor’s objective is to to maximise the expected

value of terminal utility. The value function of this problem is denoted by

u(z) = sup E[U(X7)]. (B.3)

XeX(x)
Intuitively speaking, the value function u plays the role of the utility function of the
investor at time 0, if she subsequently invests in an optimal way. To exclude trivial

cases in (B.3) we shall assume that the value function u is not degenerate:
Assumption 130

u(z) <supU(§), for some x € dom(U).
3
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B.2.2 The dual problem

A well-known tool to the study of optimisation problem is the use of duality relation-
ships. In our setting, the dual relation is among the space of convex functions and
semimartingales.

The Fenchel-Legendre transform (or conjugate function) of the utility function U
is defined as

V(y) = sup [U(x)—=xy], y>0,
dom(U)

where dom(U) denotes the domain of definition of the utility function U.

It is well known (see, e.g. [73]) that if U satisfies the hypotheses stated above
then V' is a continuously differentiable, decreasing, strictly convex function satisfying
V'(0) = —o0, V'(c0) = 0,V(0) = U(co) and V(o0) = U(0), and also the following

relation holds true

U(x) =inf [V(x) +2y], x € dom(U).

y>0

The derivative of U and V are related as
Uk)=y <<= x=-V'(y).

Define the set ) of nonnegative semimartingales, which represents the dual set of

X in the following sense
Y={Y >0:Y;,=1and XY is a supermartingale for all X € X'}.

The set Y contains the density process for all Qe M. For y > 0, define

V) =yY={yY: Y €}

and consider the following optimisation problem called the Dual problem

v(y) = sup E[V(Y7)]. (B.4)
YeY(y)

B.2.3 Relation between the primal and dual problem

In this section, we present some results based on the first case in Assumption 127.
For the general case when negative wealth is allowed we refer to [54, Theorem 2.2],
and [64] when random endowment is permitted.

The primal and dual value functions u(z) and v(y), respectively, are related as

conjugates. This is established in [54, Theorem 2.1] and recalled below.
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Theorem 131 Suppose that (B.2), Assumption 127 first case and
u(z) < oo for some x > 0
hold. Then,

1. u(x) < oo for all x > 0, and there exists yo > 0 such that v(y) is finitely valued

fory > vyo. The value functions u and v are conjugate

v(y) = dsu%)) [u(z) —xy], y >0
u(z) = ler>1£ [v(y) + zy], x € dom(u).

The function u is continuously differentiable on (0, 00) and the function v is strictly

convez on {v < oo}. The functions u and v satisfy

v/ (0) = limu/(x) = oo and v'(0c0) = lim v'(y) = 0.

z—0 Y—00

The optimal solution Y(y) € V(y) to (B.4) exists and is unique provided that
v(y) < 0.

Definition 132 A wutility function U satisfying Assumption 127 is said to have “rea-

sonable asymptotic elasticity” if

!

AE:(U) = lim sup xg (S> <1
and, in case 2 of Assumption 127, we also have
/

AE_(U) =lim sup. IUU(:(;)) > 1

Focused on the first case in Assumption 127, in [54, Theorem 2.2], it was shown
that the assumption on “reasonable asymptotic elasticity” is sufficient for the ex-
istence of an optimal solution X € X(z) to the primal problem (B.3) and the
function w is increasing, strictly concave, continuously differentiable and such that
u'(0) = oo, and u/(00) = 0. Furthermore, the value function to the dual problem has

the representation
v(y) = inf E |V dQ (B.5)
v = QeM, Yap )| '

where ‘;% denotes the Radon-Nikodym derivative of Q with respect to P on Fr.
Furthermore, in [55, Theorem 2] the necessary condition for the existence solution

to the primal problem was also analysed and recalled below
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Theorem 133 Suppose that (B.2), Assumption 127 first case and
v(y) < oo forally >0
hold. Then in addition to the assertions of Theorem 131, we have the following

1. The value functions u and —v are continuously differentiable, increasing and

strictly concave on (0,00) and satisfy

u'(o0) = lim u/(z) =0
—'(0) = lim —v'(y) = oo.
y—0

2. The optimal solution X (x) € X(x) to (B.3) exists, for any x > 0, and is unique.
In addition, if y = u'(x) then

A

U'(Xr(x)) = Yr(y),

where Y (y) € Y(x) is the optimal solution to (B.J). Moreover, the process
X(x)Y(y) is a martingale.

3. The dual value function v satisfies (B.5).

B.3 The robust utility maximisation case

With the same model setup as in section B.1, in the robust version of the utility max-
imisation problem we need to formulate conditions on the subset P of all probability

measures from which the robust utility functional will be defined.
Assumption 134 The set P satisfies

a) P is convex,

b) P[A] =0 for some A € Q if and only if Q[A] =0 for all Q €P,

c) the set {Z% : Q €P} is weakly compact in L' (P).

This set of assumptions are equivalent to the ones in [82] as we discuss next. In
[82] the assumptions needed are the following set.

It is necessary that each measure Q €P respects P-null sets, for otherwise a

stochastic integral defined with respect to P might make no sense under Q, this

means we need,
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1. Q << P for all Q €P (this means if for A € Q, P[A] = 0 then Q[A] = 0 and
Q =fP for some f).

Without loss of generality we can assume,

2. P is convex.

For practical purposes, one may need that the measure attaining the optimum
in the robust utility case also belongs to the set P. In this way, one could treat
the problem as an usual utility maximisation problem on the least favourable

measure. This is achieved if

3. P is closed in some reasonable topology such as total variation (the set {fl% :Q 673}
is closed in L°(PP)).

If furthermore, we need to guarantee the existence of the least favourable mea-

sure, we need to assume

4. P is relatively compact in a reasonable topology.

Finally, an assumption on the ”sensitivity” in the set P is that
5. Q[A] =0 for all Q €P implies P[A] = 0.

The equivalence in the set of assumptions becomes clear as, number 1 and number
5 imply part a) in Assumption 134; part b) in Assumption 134 is slightly weaker than
Q ~ P for Q €P. On the other hand, assuming ¢) and b) in Assumption 134 implies
number 1 and M, # (). And the parts a), b) and ¢) in Assumption 134 hold if and
only if the set {22 : Q €P} is weakly compact in L'(P).

B.3.1 The multiple priors primal problem

By the assumptions in the preceding section for each () €P one can associate a random
variable ‘f% 7 at the final time 7, and thus by identification a density process ‘é%] £
,0 <t < T that defines the change of measure.

Denote by Dk := da%

#r (hence (D})g<,<p) the density process for Q'€P and by

Z% = %\ 7 (hence (Zt] )o < ST) the density processes corresponding to Q/€M..
Take .
. 77
70T = =L,

The process (Zf(t))

. j_ .
o<t<T 15 @ Q’-local martingale.
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Let Q'cP be fix momentarily. The usual primal value function for the utility

maximisation problem under the measure Q° is given by

ugi(z) = sup Egqi [U(X7)].

XeX(x)
Now, as we want to incorporate the set of priors P, instead of defining the primal
problem under a specific Q°€P we need to have it defined on the least favourable

probability measure in P, this is,

u(z) = sup inf Eqi [U(X7)]. (B.6)

XexX(z) Q€P

B.3.2 The multiple priors dual problem

For the dual problem, consider as before the densities D, Z3. and Z/(T). The dual

value function for the utility maximisation problem under a fixed measure Q'€P is

. 79
DLV [ N =L
' <DZT>

_ i J
= leél/f/te E [DLV (A Z{(T))] .

vgi(A) = in?/fxl E

Thus, the dual value function of the robust utility maximisation problem is given as
\) = inf vgi(\) = inf inf E[DLV (\Z/(T))],
v = dnf vor ) = dnf, jnf, E[DrV (AZH(T))]

where the function V' (y) is the Fenchel-Legendre transform of U.

B.3.3 Relation between the primal and dual problem

In previous section we recall that necessary and sufficient conditions for the existence
of optimal strategies is the finiteness of the dual value function vgi(\) for Q'€ M,.

As shown in [82], this condition translates in the robust setting as
vgi(A) < oo for all y > 0 and each Q'€ M... (B.7)

But this condition holds as soon as vgi () is finite for all Q"€ M, and the asymptotic
elasticity of the utility function AE(U) is strictly less than one. While it is sufficient
to assume (B.7) when all measures in P are equivalent to P, we need to assume
AE(U) < 1 to get some regularity results in the general case.

The main results in the robust case are exposed in the next theorem from [82,
Theorem 2.6].
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Theorem 135 In addition to Assumption 13/ assume (B.7). Then both value func-

tions u and v take only finite values and satisfy
u'(00—) =0 and v'(0+) = —oo.

For any x > 0 there exists an optimal strategy X e X(z) and a measure Q €P such
that

u(w) = inf E [U(XT)] —E, [U(XT)} — ug(x).

In particular, the supremum and infimum in the primal value function in (B.6) are

attained. There also exist some § in the superdifferental of u(x) and someY € Yp(7)

such that,
~ 5 YT ~ YT) ~
() =E|ZV | — ||, and X =1 | = -a.s.,
0 =8|2v(F)] mate=1(7) @
where 7 = Z% and I = —V'. Furthermore, XY isa martingale under P, and the dual

value function satisfies

o) = ginf, int B[V (455)|

Q*EM. QEM. dQ

If in addition AE(U) < 1 holds, then u is strictly concave and v is continuously

differentiable. Moreover, XrYr is supported by {Z > 0}, i.e.,
{XTYT > 0} = {Z > 0} P-a.s.
And if all measures in P are equivalent to P we have from [82, Corollary 2.7].

Corollary 136 In addition to the assumptions in previous theorem, let us assume
(B.7) and that all measures in P are equivalent to P. Then both value functions u and
v take only finite values, u s strictly concave, and v s continuously differentiable.
Then for each y > 0 such that v(y) > oo there exist QeP andY € Vo) such that

v(y) = Eg [V (?T)] .

Moreover, Y is unique: any other optimal pair (Q',Y") € {(Q,Y) : Q €P,Y € Vo(y)}
satisfies Y =Y P-a.s.
On the other hand, for any x > 0, the optimal solution X e X(z) is unique and
it 18 given by
X =1(Yy),

where I is the inverse function of U and Y is as above for § as in previous theorem.
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B.4 Proof of Lemma 107

In this section we check that all conditions in [82, Theorem 2.2| are satisfied.
Proof. For the conditions on the utility function we have that the functions U, (z) :
R — R, and Ug(x) : R — R are strictly increasing, strictly concave and continuously
differentiable. In relation with the no random endowment case, our assumption in
(5.7) about X; > 0 makes sure the functions take only nonnegative values. For the
random endowment case, the condition in (5.7) and Assumption 116 on the bound-
edness of the payoff function H(y) guarantees that Xp + H(Y7) > 0 (see [39]), then
the functions also only take values in (0, 00).
The Inada conditions are:

lim U./(z) = +oo, lim Us(z)=0 and U./(0)=1.

z——oo™T T——+00~

and
lim Us(z)=1, lim Us(z)=0 and US(0)=1/2.

z——oo™t T—400~

For the function U.(x), the Inada condition at —oco (or zero) are not fully satisfied,
but it is not needed as explained in [75, p. 13 and Sec. 6], arguing that we can
always approximate a given utility function uniformly to within any given € > 0 by
one satisfying the Inada condition at —oo (or zero). With respect to the asymptotic

elasticity defined as

AE_(U) = liminf xg(’;f;)
) xU/l(x)
AE o) U — hmsu —_—,
i ( ) 1’—>+oop U(.T)
we have
AP ) = 400> 1, ABaflh) = o0 < 1,
and )
A 3 /
AEfoo(U‘g) - 17AE+OO<U5> = -0 < 1’ but lim xg& (‘I) < 1.
z—0t Ug(l')

For the set of assumptions regarding the set P, we have that P[A] = 0 if and only
if Q[A] = 0 for all Q € P, as P is a subset of M,. That the set {% Qe 77} is
convex and closed in L°(P) follows from [43, Lemma 3.1]. In [43] P is a subset of

M, which is more general than in our setting. [
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Appendix C

Selecting a Measurable Function

Let
z=(21,...,2p) € RP and u = (uy, ..., u;,) € R™,

for p and m two positive integers. Denote by (z,u) the elements in RP*™. For a set
D C RPt™  let

D* ={u:(z,u) € D}, A={z:D?is not empty}.

We call D to be o-compact if D = DUD,U... where Dy, D,, ... are compact sets (every
open and closed set is o-compact). By “almost all z” we mean except for a set of
p-dimensional Lebesgue measure 0. A vector valued function u(z) = (u1(2), ..., un(2))
is measurable if and only if each component u; is measurable. By changing a Lebesgue
measurable function v on a set of p-dimensional measure 0, we can arrange that wu is

Borel measurable.

Lemma 137 ([25, Lemma B]) If D is o-compact, then there exists a measurable
function u = u(z) with (z,u(z)) € D for almost all z € A.

Proof. See [25, Lemma B]. O
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Appendix D

Some Results Related with sup
and inf of Sets and Functions

Definition 138 Let A be a nonempty set of the affinely extended real numbers R :=
R U +o0, the supremum of A, denoted by sup A is defined as

SupA:zmin{rG@:VaeA,agr}.

Proposition 139 Let A C R nonempty. Then sup A satisfies Ya € A, a < sup A
and for any arbitrary € > 0 there exists a € A such that a > sup A — e.

Proof. Suppose there does not exist a € A for which a > sup A — €, but this implies
that sup A — € is an upper bound for the set A and clearly sup A — ¢ < sup A, which
contradicts the fact that sup A is the least upper bound for the set A. Conversely,
assume M € R is such that M > sup A and Va € A, a < M and a < sup A. Take
e < sup A — M, then there exists an a € A for which a > sup A — ¢ > M, but this
inequality contradicts the assumption that M is an upper bound for the set A. [

Lemma 140 Let A and B two subsets of R, then
supA+ B =supA+supB

Proof. For any a € A and b € B, we have a < sup A and b < sup B, thus a + b <
sup A + sup B. This means that sup A + sup B is an upper bound for the set A+ B.
Now, take ¢ > 0 and by By Proposition 139 there exist a € A and b € B such that
sup A—¢€/2 < a and sup A—¢/2 < a, which together give us sup A+sup B—e < a+b.
Using again Proposition 139 on the set A + B, we conclude that sup A + sup B =
supA+ B. O
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Lemma 141 For two nonempty sets A C B C K, we have
sup A <sup B

Proof. Take any a € A, and as a also belongs to B then a < sup B, which implies
that sup B is an upper bound of the set A, but from the Definition 138, sup A < sup B.
O

Lemma 142 For two nonempty sets A C B C R, suppose there exists a € A such
that a = sup B, then
sup A = sup B.

Proof. As a € A we have a < sup A, thus sup B < sup A, and by Lemma 141 we get
the equality. UJ

Lemma 143 Let f and g two real continuous functions with domain D, then

Sup {f(z) +g(x)} < Sup flz) + Slelgg(l’)-

Proof. Define

A = {f(x):z € D}
B = {g9(x):x € D}
C = {f(z)+g(x): 2 € D}.

clearly C' C A+ B, applying Lemma 141 and Lemma 140 we have sup C' < sup A+B =
supA+supB. O

Lemma 144 Let f and g two continuous real functions with compact domain D. If
x € D 1is such that

f(&) = sup f(x)

zeD

9(%) = ilelgg(x)-

Then

Sup {f(z)+g(x)} = Sup flx) + iggg(ﬂf)

Proof. It follow immediately by using Lemma 141, Lemma 140 and Lemma 142. [
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