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Abstract

We investigate the biological constraints determined by the complex relationships
between ecological and immunological processes of host-pathogen interactions, with
emphasis on influenza viruses in human, which are responsible for a number of pan-
demics in the last 150 years. We begin by discussing prolegomenous reviews of histor-
ical perspectives on the use of theoretical modelling as a complementary tool in public
health and epidemiology, current biological background motivating the objective of
the thesis, and derivations of mathematical models of multi-locus-allele systems for
infectious diseases with co-circulating serotypes. We provide detailed analysis of the
multi-locus-allele model and its age-specific extension. In particular, we establish the
necessary conditions for the local asymptotic stability of the steady states and the
existence of oscillatory behaviours. For the age-structured model, results on the ex-
istence of a mild solution and stability conditions are presented. Numerical studies
of various strain spaces show that the dynamic features are preserved. Specifically,
we demonstrate that discrete antigenic forms of pathogens can exhibit three distinct
dynamic features, where antigenic variants (i) fully self-organize and co-exist with no
strain structure (NSS), (ii) sort themselves into discrete strain structure (DSS) with
non-overlapping or minimally overlapping clusters under the principle of competitive
exclusion, or (iii) exhibit cyclical strain structure (CSS) where dominant antigenic
types are cyclically replaced with sharp epidemics dominated by (1) a single strain
dominance with irregular emergence and re-emergence of certain pathogenic forms, (2)
ordered alternating appearance of a single antigenic type in periodic or quasi-periodic
form similar to periodic travelling waves, (3) erratic appearance and disappearance
of synchrony between discrete antigenic types, and (4) phase-synchronization with
uncorrelated amplitudes. These analyses allow us to gain insight into the age-specific
immunological profile in order to untangle the effects of strain structures as captured
by the clustering behaviours, and to provide public health implications. The age-
structured model can be used to investigate the effect of age-specific targeting for
public health purposes.
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1 Prolegomenon

Contagions have been studied for many years by sociologists, epidemiologists and the-
oreticians concerned with the diffusion of innovation and cultures, and disease spread.
In recent decades, efforts have been devoted to predicting social and biological conta-
gion processes in the economy, public policy, national security and public health. This
chapter will motivate the need for the work presented in this thesis by providing the
historical precedence of mathematical approaches to the study of infectious diseases,
and its critical importance in public health decision-making. We will conclude with
the outline of our contributions and summary of the contents of each chapter.

1.1 Historical Introduction

Infectious diseases–including both great epidemics, such as plague and smallpox,
which have devastated human populations from ancient times to modern eras, and less
dramatic viral and bacterial infections causing high infant morbidity and mortality–
have profoundly impacted both human history and biology; and have claimed more
lives than all wars and natural disasters combined (Anderson & May, 1979, 2002;
Anderson, 1991; Hyams et al., 2001; Azambuja, 2004; Chea, 2005; Becker, 2005;
Wong & Yuen, 2006). The Bubonic plague claimed approximately one-third of the
total European population in the fourteenth century, while smallpox infected most
of the indigenous population in the Americas (Shrewsbury, 1970). For instance, at
least 1.75 million Aztecs died from smallpox in 1520. HIV/AIDS, tuberculosis and
malaria account for more than 6 million deaths a year (Asamaoh-Odei et al., 2004;
Ruxrungtham et al., 2004). In 2005, HIV/AIDS was estimated to have caused 3.1
million deaths; tuberculosis is responsible for 1.7 million deaths a year; malaria is
credited with more than a million deaths, and more than 400 million people clinically
affected annually (WHO, 2005a-d; Boraschi et al., 2008). Globally, between 250,000
and 500,000 deaths, and up to millions in some pandemic years, are due to influenza
every year. In the United States alone, approximately 40,000 people die each year
from influenza (Cox & Subbarao, 2000). Thus, understanding and controlling the

1



spread of infectious diseases is of crucial importance, providing challenges for trans-
disciplinary research with contributions to be made from various approaches in which
traditional disciplinary boundaries are irrelevant.

Because the relevant research requires the synthesis of theoretical frameworks from
different fields, interdisciplinary scholars, public health officials and decision-makers
have, in recent decades, turned to mathematical models as complementary tools in
dealing with epidemiological events ranging from the outbreak of malaria, measles,
HIV/AIDS, cholera and tuberculosis to influenza. As a result, we have seen an in-
crease in the use of theoretical models (e.g., meta-population, multi-group, assortative
and non-homogeneous mixing, network, individual-based and spatio-temporal, and
models structured by age, gender and size) that have revealed the subtleties in the
dynamics of contact processes underlying the transmission mechanisms and the bio-
logical constraints of host-pathogen systems (Watts & Strogatz, 1999; Keeling, 1999;
Mollison, 1995; Diekmann & Heesterbeek, 2000; Brauer & Castillo-Chavez, 2001).

Mathematical studies in epidemiology attempt to reconstruct epidemiological pat-
terns of disease transmission and evolution in populations of interest (e.g., human
and animals). Theoreticians have contributed significantly to the understanding of
the prevalence and spread of infectious diseases in human populations. The first
quantitative attempts to predict the extent of disease outbreaks took two bifurcating
routes. The first attempts were a posteriori statistical bio-demographic models in na-
ture, and the earliest of these models was attributed to John Graunt (1620-1674) in
his Natural and Political Observations made upon the Bills of Mortality published in
1665, in which he illustrated the extent to which plague affected London. The second
milestone in the use of statistical methods came in the late 1800s when Farr provided
mathematical descriptions of smallpox and cattle-plague epidemics using paramet-
ric curve-fitting procedures. Farr’s models were restricted to describing the shape
of the epidemic curve via the use of suitable functions with satisfactory fits (Farr,
1866), but the models failed to provide interpretations of the parameters in terms of
biology (Whitehead, 2000). It was Ransome (1868) who speculated the underlying
bio-demographic mechanism, and recognized the importance of susceptible density
on the contagion of an epidemic (see Hilts, 1980, for a detailed historical account of
statistical contributions in epidemiology).

The second route was the use of dynamic models to quantify the time course of
epidemics. The first mathematical contribution to epidemiology in this regard is at-
tributed to Daniel Bernoulli, who showed the effect of variolation on smallpox using
an age-specific catalytic model at the Royal Academy of Sciences in Paris (Dietz &
Heesterbeek, 2002). The need to identify the mechanisms that generate the various
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epidemiological patterns, and to provide strategic measures for eradication or elimi-
nation of infectious diseases (Anderson, 1991; Kermack & McKendrick, 1927, 1932,
1933; also see Molyneux, 2008 and references therein for review) has played a sig-
nificant role in the development of mathematical biology. In particular, theoretical
epidemiology is the fastest growing interdisciplinary field, with an extensive list of
introductory textbooks, monographs, and refereed papers (Bailey, 1975; Mollison,
1995; Diekmann & Heesterbeek, 2000; Brauer & Castillo-Chavez, 2001).

Since the first catalytic compartmental model was introduced by Bernoulli (1760)
and its generalization by Ross in a series of papers (Ross, 1910, 1911, 1916; Ross
& Hudson, 1917a-b), the acceptance of the germ theory of disease, and independent
formulation of the mass action assumption for epidemics by Brownlee (1907), Ross
(1916), and Kermack and McKendrick (1927, 1932, 1933), theoretical and mathemat-
ical epidemiologists have acknowledged the need to include more biologically realistic
properties in order to understand transmission mechanisms and dynamics fully. In
addition, researchers have suggested various preventive measures in order to eradi-
cate, control or reduce incidence or prevalence. Models in the past have suggested
various control measures of isolation, quarantine, and vaccination, some of which
have been effective in reducing and/or eliminating diseases. Adhering to the mathe-
matical traditions of Bernoulli (1769), Ross (1916), McKendrick and Kermack (1927,
1932, 1933), and Anderson and May (1979), various models of different diseases have
appeared in the literature with more sophisticated epidemiological assumptions and
observational approximations. In particular, models incorporating effects such as
functional birth rates (Castillo-Chavez & Velasco-Hernandez, 1998a-b), attainment
of immunity, identification of competition mediated by cross-immunity, co-infection,
development of symptoms or lack thereof in stages, age-dependence or age-structure
and vaccination (Sinko & Streifer, 1967; Hethcote, 1997; Read & Keeling, 2003) have
been studied. Other variations incorporating delays (e.g., discrete or distributed) in
transmission of disease have been proposed (Fine, 1975, 1977, 1979; Busenberg et
al., 1983; Brauer, 1995; Castillo-Chavez & Velasco-Hernandez, 1998a-b; Ingemar &
Scott, 2001; Karp & Auwaerter, 2007). While some models have included additional
compartments, others have incorporated seasonality and spatio-temporal patterns,
and heterogeneity through the use of network, stochastic effects and structurally ex-
tended models (Bartlett, 1957, 1960, 1964; Bartholomew, 1982; Klovdahl et al., 1994;
Watts & Strogatz, 1998; Keeling, 1999, 2000a-b; Morse, 2004; Keeling & Eames,
2005; Kuske et al., 2007; Rost & Wu, 2008).

The majority of these models have been useful in characterizing and evaluating
different biological assumptions and phenomena that are important in determining
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causes of outbreaks. In addition, an increasing use of a mathematical and compu-
tational modelling framework has provided better insight into data collection, and
implementation of optimal strategies for public health measures for diseases such as
SARS and rubella, to name but a few. However, despite all these advances and ef-
forts, incorporation of more realistic assumptions has been a significant challenge,
and infectious diseases still remain the leading cause of death, accounting for the
majority of global mortality (Azambuja, 2004). The persistence of many of the in-
fectious diseases modelled by these approaches has been credited to the emergence
and re-emergence of new zoonoses such as gonorrhea, cholera, AIDS/HIV, SARS,
malaria, dengue, tuberculosis; and evolution of pathogen genetic traits seen in many
influenza subtypes such as H1N1 swine-origin flu and H5N1 avian flu, and the surge
in the existence of more drug-resistant strains among diseases such as tuberculosis,
pneumonia and gonorrhea.

1.2 Motivation and Aims

Due to advances in epidemiological surveillance, the temporal patterns of some of
these diseases are known, providing opportunities to examine the biological assump-
tions underpinning theoretical models, and to characterize the dynamics of host-
parasite systems in order to implement effective public health measures for improve-
ment of preventive protocols (e.g., control management, detection, forecasting, and
eradication). Despite a considerable amount of empirical and theoretical investiga-
tion, the recurrent patterns in infectious diseases such as Influenza A virus, dengue,
and P. falciparum parasites are not well-understood. This lack of understanding has
been attributed to the uncertainty associated with the strength of host immune re-
sponse and other factors relevant to disease ecology, evolutionary dynamics, rapid
pathogen evolution, and the availability of limited amount of surveillance on different
pathogenic subtypes. As a result, these aspects are the subject of much current epi-
demiological research. In this thesis, we propose to study the evolution of infectious
agents and their observed population patterns, using Influenza A virus as a motivating
application. We attempt to provide explanations as to how evolutionary mechanisms
and ecological factors regulate the diversity and age-specificity of Influenza A viruses.

Influenza viruses are known to have caused a number of pandemics in the last
150 years, most notably that of the Spanish flu of 1918. Once an influenza subtype
has established itself in a population, it appears to settle into a pattern of epidemic
behaviour whereby the seasonalities are characterized by annual epidemics with clear
signals of multi-annual cycles in strain abundance as illustrated in mortality data (see
Fig 1.1). This process has generally been understood as an antigenic drift whereby
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the virus incrementally accumulates mutations that render it effective against pre-
vailing herd immunity, eventually allowing it to breach such an immunological barrier
and enabling it to elude the antibodies made against the parent virus (Lin et al., 1999;
Hampson, 2002; Recker et al., 2007). Formal mathematical, theoretical and empiri-
cal investigations of this hypothesis show the link between this process, patterns of
influenza dynamics and genetic diversity to be far more tenuous (Andreasen et al.,
1997; Lin et al., 1999; Gog & Grenfell, 2002; Ferguson et al., 2003; Grenfell et al.,
2004; Andreasen & Sasaki, 2006; Koelle et al., 2006; Gog, 2008).

An alternative explanation has recently been formulated where, due to functional
constraints on the defining epitopes, the virus population is characterized by a limited
set of antigenic types, all of which may be continuously generated by mutation within
pre-existing strains and other processes. Under this antigenic thrift hypothesis, as
highlighted by Gupta et al. (1998) and Recker et al. (2007), influenza outbreaks arise
in a different manner to that which is envisaged by the conventional antigenic drift
model, in that the successful viral type is one that possesses the correct combination
of epitopes to find a hole in the complex landscape of prevailing epitope-specific host
immune responses rather than one that has simply accumulated enough mutations to
become sufficiently different from the previous strains.

A mathematical model of this hypothesis explains the irregular emergence of cer-
tain pathogenic forms and limited boundedness of diversity. In addition, a specific
prediction of the results is that the antigenic distance between influenza strains does
not necessarily increase with time (Gupta et al., 1998; Recker et al., 2007). Instead, it
visualizes the virus population zigzagging in antigenic (higher dimensional hypercube
characteristic) space, and over a period returning to where it started. For example,
Fig. 1.1b shows a monthly percent of influenza-associated mortality in the United
States from 1968 to 1998 for elderly persons in which the squares denote the seasons
dominated by recycling of H3N2 cluster.

Recent empirical studies of cross-reactivity of human sera to the current swine-
origin H1N1 virus consistently reveal that individuals above a certain age have neu-
tralizing antibodies to this new virus (see Fig. 1.2). These observations are in line
with the prediction that the same antigenic type is likely to re-emerge after a certain
period. Figure 1.2, for example, shows data on the strength of a microneutraliza-
tion of H1N1 among subjects categorized by decade of birth (Hancock et al., 2009).
While numbers are small, it is clear that the most intense recognition is among those
born prior to 1930, but significant responses are observed also among those born
afterwards thus suggesting that strains carrying similar epitopes were still in circu-
lation. This corroborates earlier anecdotal work on the sera collected from some
elderly persons in 1950, where the sera were found to have contained antibodies to
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(a) France from 1984− 2004

(b) USA from 1968− 1998

Figure 1.1: Time evolution of Influenza A virus. Typical time evolution dynamics of
influenza mortality and morbidity. (a) Weekly temporal incidence dynamics for medically
attended influenza-like illness (ILI) in France from 1984−2004 (adapted from Denoeud et al.,
2007, Truscott et al., 2011). (b) Monthly percentage of deaths associated with pneumonia
and influenza (P&I) in USA from 1968 − 1998 for all persons aged 65 years and older
(adapted from Greene et al., 2006, and Koelle et al., 2006). The coloured rectangles mark
the first season with dominant types and subtypes of circulating influenza viruses. Dark
blue, A/H3N2; light blue, A/H1N1; yellow, B. Bottom: rectangles mark the first season
dominated by A/H3N2 after a cluster transition.

the H2N2 subtype before H1N1 viruses had been displaced by H2N2 in the Asian
Influenza pandemic of 1957. A similar observation was made in 1968, when sera from
elderly populations were found to have possessed antibodies to H3N2 viruses before
they too displaced H2N2 viruses in the epidemics of 1968 (Hong Kong flu). In addi-
tion, there are numerous empirical findings suggesting that a new mutant cluster can
replace a resident cluster as illustrated by the invasion Beijing/1993 cluster, which
provoked the epidemics from 1992 to 1996 in New York state before being replaced
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Figure 1.2: Age-specificity in the Strength of Micro-neutralization. Strength of
micro-neutralization of H1N1 among individuals in different decadal birth group, where
titer achievement is proportion with neutralizing antibody titers, and GMT is the geometric
mean titer on the right ordinate (Reproduced with permission from Hancock et al., 2009,
Copyright Massachusetts Medical Society)

.

by Wuhan/1995-like viruses (Rambaut et al, 2008).
Although the dynamics in Recker et al. (2007) captured the irregular emergence

and re-emergence phenomena, it failed to provide explanations of the mechanisms that
constrain the patterns of age-specificity illustrated in the above anecdotal dynamics.
This re-appearance or recycling phenomenon of long-vanished subtypes of Influenza
A virus cannot be viewed without considering the age patterns of Influenza patients.
Therefore, a finer stratification by age provides an opportunity further to reassess the
hypothesis of antigenic thrift (limited epitope) on these data. By incorporating an age
stratification of antigenic evolution of Influenza, we propose to extend the antigenic
thrift (or limited epitopes) model characterized by the host immune response with
meta-population structure of antigenic types in Recker et al. (2007).

The main thrust or contribution of this thesis is the exploration of whether the
serological data exemplified in Fig. 1.2 can be explained by the population dynamics
of our extended model and the interrogation of the Limited Epitope/Antigenic Thrift
hypothesis put forth by Recker et al. (2007); more broadly we investigate whether
age-structured patterns of infection, disease and serological reactivity can be used
to discriminate between different hypotheses regarding the diversity in the antigenic
evolution of diseases such as Influenza A viruses, Staphylococcus aureus, Enterococcus
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faecium and various species of pathogenic Neisseria. Furthermore, our goal is to
use our understanding of the dynamic processes in the model to speculate the most
effective public health policy. As such, we aim to accomplish the following three
objectives:

1. Develop predictive models based on biological and ecological studies and as-
sumptions to understand the observed complex epidemiological dynamic pat-
terns, to propose theories to enhance predictability of experimental and empiri-
cal data and observations, and to make testable predictions that can further our
understanding of the mechanisms involved in generating the observed patterns;

2. Provide a rigorous mathematical analysis of the models in order to gain generic
insights into the dynamic behaviours of the models;

3. Provide public health policy-related implications and recommendations based
on the predictions and understanding of the dynamic behaviours of the model.

The thesis extends the work of Gupta et al. (1998), in which the authors incorporate
immunological heterogeneity in the population, and assume that cross-immunity is
acquired through previous infections and mediates competition among strains. The
directions from which we approach our investigation are set out in the next section.

1.3 Organization of Thesis

The thesis consists of 9 chapters. Chapter 2 starts with overviews of influenza epi-
demiology with a brief discussion of mechanisms that maintain strain diversity and
the underlying biological assumptions of antigenic drift and shift. We then provide
an alternative hypothesis – antigenic thrift – that might explain the limited bounded-
ness of influenza diversity. Later, we derive multi-locus models incorporating multiple
strain interactions via cross-immunity where an unstructured model defined by a sys-
tem of ordinary differential equations is discussed, and Chapter 4 extends the model
presented in Chapter 2 where age-specificity is incorporated using a system of coupled
hyperbolic partial differential equations.

Furthermore, we present a detailed local analysis of both models discussed in
Chapters 2 and 4. In particular, Chapter 3 gives detailed mathematical analyses of
the limited epitope model developed and numerically studied by Gupta and colleagues
(Gupta et al., 1998; Recker et al., 2007), which has provided a promising explanation
as to how strains might compete in the presence of host immunological history and
how phenotypes are perceived differently by hosts. In addition, Chapter 3 establishes
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a positivity result and provides local stability conditions for the equilibria and condi-
tions for extinction of the disease. Partial coexistence via the principle of competitive
exclusion and full coexistence of strains are discussed. The impact of cross-immunity
on the temporal evolution and strain community structures is illustrated, where we
show the existence of three distinct dynamical regions with some exotic dynamic pat-
terns (i.e., full and partial synchronization, limit cycles, periodic travelling waves,
period-doubling, intermittency, chaotic, self-organizing and synchronous solutions).
Using results from infinite-dimensional dynamical systems (i.e., semigroup theory,
spectral theory for operators, bifurcation theory) and relying on the inherent insights
from Chapter 3, Chapters 5–6 study positivity, existence of a mild solution and of
stability conditions, among other model characteristics necessary to establish rigorous
results needed to understand the model behaviours.

In Chapters 7-8, we perform numerical studies of various dimensions of strain
spaces, use four serological data sets to fit the model, and discuss public health
implications. Chapter 9 summarizes the contents, highlighting the usefulness as well
as the limitations of our models. In addition, we propose future extensions, list open
problems and outline future directions.
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2 Epidemiology of Influenza Virus

The morphological, genome composition, envelope components, molecular structures,
surface glycoproteins and replication functions of influenza virus are the most studied
and well-understood of any virus (Earn et al., 2002; Carrat & Flahault, 2007; Fraser
et al., 2009; Plotkin, 2006; WHO, 2003, 2010). However, predicting epidemic and
pandemic behaviours of influenza viruses is still a challenging problem. Hence, most
current research has focused on understanding the interaction between demographic,
epidemic and pandemic, and evolutionary patterns of the virus. In this chapter, we
provide both biological and epidemiological backgrounds of influenza viruses, and
review some basic mathematical models of multiple strain systems and provide a
derivation of the multi-locus-allele model.

2.1 Introduction

In April of 2009, the first strain of swine A/H1N1 influenza virus was identified and
reported in Mexico City (WHO, 2010). By the end of the month, more than 140
reported cases were confirmed in various US cities and around the world, moving
the World Health Organization pandemic alert classification1 from level 3 to level 5
and later to level 6 despite a lower mortality rate as compared to ordinary seasonal
influenza outbreaks. This move in the pandemic classification within the first two-
week period created hysteria in the US and around the globe.

The emergence of this recent swine A/H1N1 influenza across the global, as well
as the occasional infections of humans attributed to avian flu, with a disconcertingly
high number of deaths, has caused a public health concern about a potential outbreak
of a new pandemic and epidemic of influenza (WHO, 2010). Influenza is one of the
recurrent infectious diseases with the most significantly high annual morbidity and
mortality, resulting in the death of between 250, 000 and 500, 000 people with more
than 150, 000 hospitalizations (Cox & Subbarao, 2000). In the pandemic year of
2009 A/H1N1, fewer than 0.05% of people developing clinical symptoms died and
1.4% were hospitalized (WHO, 2003, 2010). Demographically, high incident rates

1A preparedness plan that defines the stages of a pandemic.
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are usually seen among young children, elders and immunologically compromised
individuals (CDC, 2009a-b). In addition, Influenza is the cause of most of the modern
severe pandemics of the last century, ranging from the 1889 H2N2 Russian Influenza,
1918 H1N1 Spanish Influenza, 1957 Asian H2N2, 1968 Hong Kong to the most recent
2009 Mexico H1N1 Influenza (see Fig. 2.1, and see Cox & Subbarao, 2000; WHO,
2003, 2010; CDC, 2009a-b). Pandemics are usually caused by the emergence of new
strains in humans when an existing human strain either picks up new genes from bird
and/or pig strains (e.g., 2009 A/H1N1 Swine), or jumps from animals to humans
(e.g., A/H5N1).

2.2 Epidemiology of Influenza

Influenza viruses, segmented single-stranded negative-sense RNA viruses of the family
Orthomyxoviridae contained within enveloped virions, are classified into three phy-
logenetically distinct types–A, B, and C–related to their genera–Influenzavirus A,
Influenzavirus B, and Influenzavirus C, respectively (Smith et al., 1999; Pensaert et
al., 1981; Brown, 2000; Choi et al., 2004). Each of these influenza types is understood
to have originated from aquatic avian reservoirs, with type C as the most ancestral
type, and types A and B as the closest phylogenetic relatives and clinically significant
(with significant seasonal morbidity and mortality in humans). Influenza A virus are
further subdivided into serotypes2 according to its surface glycoproteins, of which at
least 17 hemagglutinin (HA) and 10 neuraminidase (NA) antigenically distinguishable
subtypes have currently been identified. Each influenza virion contains approximately
500 HA and 200 NA glycoproteins on its surface, in which HA facilitates binding and
entry into targeted epithelial cells; NA permits the release of the offspring of infected
cells, hence allowing the cellular propagation of the infection (Bouvier & Palese, 2008;
Cox & Subbarao, 2000).

The ability of influenza to continuously evolve plays a significant role in its trans-
mission dynamics and evolutionary properties. Its long-term epidemiological success
as a result of being an adept and rapidly evolvable pathogen has long been accred-
ited to antigenic variations in HA and NA, in which antigenic variation renders an
individual susceptible with no clinical protection to new strains despite previous in-
fection, vaccination and/or exposure to antigenically similar strains. This evolution
of influenza viruses via antigenic variation has been understood as a process either of
point mutation (antigenic drift) or reassortment (antigenic shift) in the HA and NA
genes.

2Serotypes are distinct variations within a bacterium or virus species.
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Figure 2.1: Historical Episodes of H1N1 Influenza epidemics and pandemics (cour-
tesy of Huang et al., 2013).
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2.2.1 Antigenic Drift and Shift in Influenza A

During the process of antigenic drift, a variety of mutations (e.g., substitutions, dele-
tions, insertions) cause accumulation of minor changes in the HA and NA on the
surface of the virus in which genetic variations are produced due to the transcrip-
tion of viral RNA polymerase. This mutational process frequently occurs because
of the lack of a proofreading mechanism of the virus’ RNA polymerase. Antigenic
drift permits the virus to eventually escape neutralization by antibody generated by
pre-existing strains, previous infections and/or vaccinations in some hosts (Cox &
Subbarao, 2000; Earn et al., 2002; Hampson, 2002; Bouvier & Palese, 2008). Be-
cause of minor changes, the new strains are usually antigenically similar, and some
individuals will be clinically protected. This has been believed to be responsible for
regular flu seasonal epidemics, and the locations and numbers of mutations needed
to confer the greatest amount of immune escape has been an important topic (Bush
et al., 1999; Fitch et al., 1997; Smith et al., 2004).

Because antigenic drift posits a continuous process where the virus has limited
access to an unlimited repertoire of epitopes3, one will suspect an increase in the
number of strains in the population. However, this is not the case since influenza
has a limited genetic diversity (Gog & Grenfell, 2002; Gomes et al., 2002; Smith et
al., 2004; Ferguson et al., 2003; Minayev & Ferguson, 2009a-b; Koelle et al., 2006;
Wikramaratna & Gupta, 2009; for a detailed mini-review).

In contrast, the second mode of variation in Influenza A virus is antigenic shift
which is far less frequent and causes genetic reassortment events (Brown et al., 1998;
Peiris et al., 2001). The reassortment process occurs during an infection by at least
two virions (an entire virus particle), say between human and avian strains, in which
the resulting strains acquire new antigens.

2.3 Limited Epitopes in Influenza A

In addition to these processes of variation, a new hypothesis has recently been put
forth by Gupta and colleagues (Gupta et al., 1996, 1998; Wikramaratna & Gupta,
2009; Recker et al., 2007). It is called the antigenic thrift or limited epitope hypothesis.
In antigenic thrift, it is hypothesized that new strains are produced by interactions of
a fixed set of viral strains within the population with an evolving set of immunities
to different viral strains (see Fig. 2.2). The consequence of this hypothesis is that
the epitope-specific nature of the immunity restricts (or even prevents) the rise of all
antigenic variants with the exception of a particular antigenic strain type consisting

3Epitope is antigenic determinant or is the part of an antigen that is recognized by the immune
system, specifically by antibodies, B cells, or T cells.
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Figure 2.2: Limited Epitope/Antigenic Thrift Hypothesis. Schematic representation
of a multi-locus-allele system, where loci encode a set of dominant immunogens. For the case
where there are two immunologically dominant loci, each with two alleles (e.g., 2-loci-2-allele
system), there are four possible strain subtypes ax, ay, bx and by, where a and b denote
alleles at one locus, and x and y denote alleles on the other locus. Individuals infected
with strains ax and by are able to generate four genotypes, while those infected with a
single subtype can only produce infectious progeny of the same genotype. Those infected
with a single strain, say ax, will be immune to that same strain in future infection, but
will be susceptible to an unrelated strain, say by. However, transmission of related strains
(e.g. bx and/or ay) within an individual immune system previously exposed to strain ax is
determined by a cross-immunity factor γ.

of a set of antigenic variants to which the population is naively susceptible, and future
epidemics and pandemics will be composed of different combinations of these limited
sets of epitopes instead of emergence of entirely new antigenic types, as in the case
of antigenic shift for pandemics.

The epidemiological patterns of this assumption can easily be observed in the
appearance and re-appearance phenomena of limited number of strains, and its con-
sequence on the relationship between re-infections, co-existence of subtypes, cluster
formation, and viral severity (Smith et al., 2004; Gupta et al., 1998; Recker et al.,
2007). When the swine-origin A/H1N1/Mexico was first isolated and reclassified to
level 5 pandemic level, most of the associated concerns were due to its similarity to
the age-specific structure of the Spanish flu of 1918. In particular, instead of the usual
bath-tube structure (or U-shape) of incidence and mortality rates of seasonal strains,
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where the very young and old were significantly affected, it exhibited the W-shape
that was observed in 1918 H1N1 (Taubenberger & Morens, 2006). However, the in-
cidence and mortality rates of the swine-origin H1N1 were far less severe than those
of 1918 H1N1. The consequence of the limited epitope/antigenic thrift hypothesis,
in this regard, is the antibody levels associated with both the H1 and N1 may have
facilitated the reduction of the swine-origin subtype because of the previous existence
of related subtypes. Similarly, if one compares the incidence rates of 1918 H1N1 and
H2N2 pandemic subtypes, the susceptibility level was higher in 1918 because there
may have been no previous exposure to H1N1, prior to 1918. In contrast, the H2N2
incidence rate was less severe because some exposure to similar strains, such as 1890
H2N2 and 1902 H3N2 subtypes, existed.

In addition to the empirical studies given in support of antigenic thrift or the
limited epitopes hypothesis, we return to the recent epidemiological event of the H1N1
pandemic to survey some sero-epidemiological studies. Early findings of swine-origin
H1N1 indicate a low level of infection in the older population (65 year of age and
above) with the virus and greater susceptibility in people 35 years of age and younger
(Allwin et al., 2010; Bandaranayake et al., 2010; Chen et al., 2010; Deng et al., 2010;
Gilbert et al., 2010; Miller et al., 2010; Skowronski et al., 2010; Tandale et al., 2010;
Wu et al., 2010; Zimmer et al., 2010). In particular, it was demonstrated that the
HA gene of 2009 H1N1 belongs to the classical swine lineage, which is antigenically
similar to the human H1N1/1918 and to classical swine lineage with greater similarity
to the H1N1/Fort Dix/1976. In addition, HA of swine-origin H1N1 of 2009 was
antigenically and genetically different from HA of previous seasonal H1N1. This
suggests the presence of the cross-reactive immunity in the older population. Hancock
et al. (2009) assessed the pre-existing immunity to 2009 H1N1 and showed that
children under the age of 10 years have little or no pre-existing immunity to the 2009
H1N1, while individuals over the age of 60 exhibit some level of cross-reactive antibody
to the pandemic H1N1 strain of 2009. Similar age-specificity and distribution results
were also observed in more extensive studies using serum samples from the general
population that spanned 130 years (Hancock et al., 2009), and in experimental studies
conducted by Manicassamy et al. (2010) for outbreaks of previous pandemic years.
The benefits of these studies are numerous. The use of serological surveillance provides
a means of estimating the total number of infected individuals, from which accurate
estimates of disease severity, fatality, and the proportion of the population susceptible
to future outbreaks can be made. These studies also provide information that can be
used to interrogate the biological assumptions about some of these diseases, and to
scientifically predict the possibility of future pandemics as the higher frequency of HI
antibodies in the population diminishes the likelihood of an outbreak.
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2.4 Simple Compartmental Models

In the field of classical epidemic theory, nearly all equations are based on the catalytic
compartmental model of Kermack & McKendrick (1927) in which the population is
divided into three groups: namely the susceptible S(t), the infected I(t) and recov-
ered R(t). We let N denote the total population, so N = S + I + R. The model
assumes a constant population with no disease-induced mortality, and death rate µ
and birth rate are the same. In addition, all newborns are assumed to be susceptible.
Furthermore, individuals have an equal probability of contracting the disease with a
rate β (called transmission rate), and the total rate of infection is given by B(β, S, I)

with B(β, 0, I) = B(β, S, 0) = B(β, 0, 0) = 0, where the functional forms of B(β, S, I)

are determined by assumptions on the contact rate and mixing (i.e., mass action in-
cidence, standard incidence). Moreover, infected individuals can recover at a rate σ

(recovery rate), where
1

σ
is the period of infection.

With these assumptions, the corresponding equations describing the dynamics are
given as follows:

dS

dt
= µN − B(β, S, I)− µS, (2.1)

dI

dt
= B(β, S, I)− µI − σI, (2.2)

dR

dt
= σI − µR, (2.3)

where the initial conditions are S(0) = S0 ≥ 0, I(0) = I0 ≥ 0, and R(0) = R0 ≥ 0.
Equations (2.1)-(2.3) comprise the standard SIR-type model with demographic terms

(i.e., birth-death process). Note that N = S + I +R satisfies
dN

dt
= 0.

Before proceeding, we note that Eqs. (2.1)-(2.3) can also be rewritten in terms
of overlapping compartments. That is, we let S̃ still denote the susceptibles, and we
define R̃ as the number of hosts who have been infected at some time in their life.
Then R̃ is the number of hosts who are immune to the infection and/or are currently
infected. Therefore, R̃ = I +R, and Eqs. (2.1)-(2.3) can be rewritten as follows:

dS̃

dt
= µÑ − B(β, S̃, I)− µS̃, (2.4)

dR̃

dt
= B(β, S̃, I)− µR̃, (2.5)

dI

dt
= B(β, S̃, I)− µI − σI, (2.6)

where Ñ = S̃ + R̃. The functional structure of B(β, S, I) can be formulated as
the mass-action (density dependent) form (e.g., B(β, S, I) = βSI), or the standard
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incidence (frequency-dependent) form (B(β, S, I) = βS(t) I(t)
N(t)

). We will use the mass-
action form in the generalization of an SIR model (Andreasen et al., 1997; Ferguson
& Andreasen, 2001).

2.5 Generalization of Multiple Strain Model

We now discuss a further extension of the model above to incorporate more ad-
ditional strains, which was given by Andreasen et al. (1997), and is widely used
as the foundational basis for most of the existing models with arbitrary number of
strains in the SIR-type structure. In this framework, the population is divided into
complex partitioning of host population according to detailed subclasses based on
the immunological history of individuals. Let us use an index set notation, where
K = {1, 2, . . . ,M} denotes the set of all possible strains. From the SIR-model, S∅

represents the number of individuals who have never been infected, and SJ denotes
the susceptible individuals with immunity to the strains in the set J , where J ⊆ K.
Similarly, I iJ represents the number of individuals currently infected by strain i who
have previously been exposed to, and have recovered from, infections with all strains
in the set J (i.e., i /∈ J ).

Here we assume life-long immunity as in the previous section. Furthermore,
past infections confer partial protection against future infection with antigenically
related strains. Hence, immunity is enhanced with previous infections, and the cross-
immunity is determined by the cross-reactivity of the most related previous infections.
In other words, rather than developing antibodies to every new antigenically similar
epitope that is encountered, the immune system reproduces antibodies against the
epitopes of a previously experienced serotype instead of producing new immunity to
new antigenic sites. The consequence of this is that either the first experienced strain
dominates all subsequent immunological responses rather than developing antibodies
to every new epitope that is encountered, provided there are antigenically significant
similarities, or the most recently acquired antibodies are important. This assumption
is known as original antigenic sin (Francis, 1960; Virelizier et al., 1974a-b; Webster,
1968; Webster et al., 1976). Once protective antibodies have been developed prior to
the infection, there are two possible outcomes. The first is that partial immunity to
the infecting strain reduces the severity and the duration of infection. Secondly, the
production of new types of antibodies is reduced. The reduced infectivity assumption
neglects the secondary effect of immunity when individuals are completely immune to
the infecting strains, whereby individuals with complete immunity are prevented from
transmitting the strain while still increasing the repertoire of protective antibodies,
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resulting in ultra-immunization of individuals. To circumvent this problem, it is as-
sumed that the cross-reactivity is determined by the most related antigenically strains
which might be the first experienced strain or the most recently acquired antibod-
ies. Because immune response is a competition between existing memory B-cells and
naive ones for viral antigen, subsequent works have shown that these two assumptions
occurs, where the persisting antibodies to the original (i.e., first) strain are numerous
to prevent the activation of naive B cells. In addition, it has also been shown that
subsequent responses can be activated using the most recently acquired immunity
(Kim et al., 2009; Lambertet al., 2005). As a result, we assume in this thesis that,
with respect to strain i ∈ K, there are m levels of increasing protection, the sets
L1(i) ⊆ L2(i) ⊆ . . . ⊆ Lk(i) ⊆ . . . ⊆ Lm(i) = K, that describe collections of strains
eliciting less and less cross-reaction to strain i. Therefore, we assume that additional
immunity can only increase cross-protection and hence γiJ ≤ γiK where γjX is the level
of cross-immunity and is defined in reverse sense (i.e., γiJ = 1− γ). Inheriting all the
assumptions made in the case of the standard SIR model, the equations for multiple
co-circulating strains that extend Eqs. (2.1)-(2.3) under the reduced susceptibility
assumption are given as follows:

dS∅

dt
= µN −

∑
j∈K

ΛjS∅ − µS∅, (2.7)

dSJ
dt

=
∑
j∈J

σIjJ\j −
∑
i/∈J

γiJΛiSJ − µSJ , (2.8)

dI iJ
dt

= γiJΛiSJ − µI iJ − σI iJ , (2.9)

Λi = βi
∑
J⊆2K\i

I iJ , and N = S∅ +
∑
J

SJ +
∑
i,J

I iJ , (2.10)

where βi is the transmissibility or infection rate, σ denotes the recovery rate, γiJ is
the cross-immunity level, and Λi is the force of infection. Here we use reversed cross-
immunity for notational purposes. That is, γiJ = 0 implies complete protection, and
γiJ = 1 implies no protection (e.g., γi∅ = 1 for all i). In Eq. (2.7), the inflow is due
to birth at a rate µN and the outflows are due to death and infections. In Eq. (2.8),
there are two outflows and one inflow. The inflow is given by the sum of all recoveries
from infections with different strain i for individuals with immunological profile J
after recovery, and the outflows are again due to deaths µSJ and due to infections
with strains not yet experienced, i /∈ J . Similarly, for the third equation (see Eq.
(2.9)), the outflow is determined by death and recovery, and the inflow comes from
infection. Note that the cross-immunity γiJ reduces the force of infection for strain i
for susceptibles SJ who have previously been infected with strains in J . The growth

18



rate of infection and the prevalence due to infection in SJ are also reduced. We note

that
dN

dt
= 0, hence, N is constant. In addition, we observe that Eq. (2.9) can be

reformulated in terms of force of infection Λi as follows

dΛi

dt
= βi

∑
J⊆2K\i

ΛiSJ − µΛi − σΛi. (2.11)

Generalizing Eqs. (2.1)-(2.3) yields an analogous system of equations for multiple
co-circulating strains under reduced infectivity. Using Eqs. (2.4)-(2.6), we have:

dS∅

dt
= µN −

∑
j∈K

ΛjS∅ − µS∅, (2.12)

dSJ
dt

=
∑
j∈J

ΛjSJ\j −
∑
i/∈J

ΛiSJ − µSJ , (2.13)

dΛi

dt
=

∑
J⊆K

τ iJΛiSJ − µΛi − σΛi, (2.14)

where τ iJ is also a cross-immunity level which reduces the infectivity of individu-
als previously infected with similar strains. Combining Eqs. (2.7)-(2.11) with Eqs.
(2.12)-(2.14), we can obtain trivially a more general model which incorporates both
reduced susceptibility and infectivity (Ferguson & Andreasen, 2001):

dS̃∅

dt
= µN −

∑
j∈K

ΛjS̃∅ − µS̃∅, (2.15)

dS̃J
dt

=
∑
j∈J

γjJ\jΛ
jS̃J\j −

∑
i/∈J

γiJΛiS̃J − µS̃J , (2.16)

dΛi

dt
= βi

∑
J⊆K

γiJ τ
i
JΛiS̃J − µΛi − σΛi. (2.17)

These equations describe the general multiple strain SIR system and are used as a
basis for the majority of the models investigating multiple co-circulating strains. The
differences between the models are usually in the assumptions and formulation of the
structure of cross-immunity, γiJ . The qualitative dynamics are similar, and it appears
that the dynamics are insensitive to the chosen assumption (Ferguson & Andreasen,
2001; Dawes & Gog, 2002). In this chapter and throughout this thesis, we assume
reduced infectivity in part because this is the one form of cross-immunity that can
be used to decrease the dimensionality of the equations under appropriate auxiliary
epidemiological quantities without imposing some form of closure assumptions (see
Section 2.4). To discuss the dynamics of Eqs. (2.7)-(2.11), or equivalently Eqs.
(2.12)-(2.14), one must impose or assume a particular structure on the host immunity
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which mediates strain competition through cross-immunity. Therefore, steady state
analysis beyond the disease-free equilibrium is not trivial and may not be feasible
(see Elveback et al., 1964; Dietz, 1979; Castillo-Chavez et al., 1989; Lloyd & Wodarz,
2006; Nuno et al., 2009 for discussion of the system under a particular cross-immunity
and uniformity of strains (i.e., βi = βj and all strains share the same properties)).
Rather than discussing the dynamics of the general system herein, the aim of this
section is to show the general relationship between the above approaches (i.e., reduced
susceptibility and infectivity) in the context of history-based framework, and to derive
the model of Gupta et al. (1998) analyzed in Chapter 3 using an SIR-type model
under reduced infectivity (see Gupta et al., 1997a-b for different derivation approach).

2.6 Model Reductions

Understanding the qualitative dynamics of multiple strain systems using a more gen-
eral abstraction is extremely difficult, and analytically and numerically cumbersome.
One of the major problems arising from the extension of the SIR framework is that
the number of state variables and parameters increases exponentially, resulting in
both computational and conceptual challenges. To circumvent this problem, there
have been various attempts that introduce auxiliary quantities to reduce the higher
dimensionalities of both state variables and parameter variables.

2.6.1 Auxiliary Quantities

In Section 2.5, we outlined two approaches both using an SIR-type formulation with
minimal strain-centric indexing. The first approach uses an SIR model with the re-
duced susceptibility assumption (i.e., Eqs. (2.7)-(2.10)), while the second approach
employs the reduced infectivity assumption (i.e., Eqs. (2.12)-(2.14)). In this section,
we will focus only on the reduced infectivity model because of state space dimen-
sional reducibility. To reduce the dimensionality of the systems, we employ auxiliary
quantities.

The use of auxiliary quantities allows us to define some epidemiological quantities
of interest that can be found by summing over the dynamic equations. One example
is using the total number of susceptibles, S =

∑
J SJ . For instance, for the dynamic

equations in Sec. 2.5, we can define S =
∑
J SJ =

∑
J∈2K SJ =

∑
J⊆K SJ . Similarly,

we can also use force of infection for each strain i as an auxiliary quantity. That is,
Λi = βi

∑
J⊆K\i. However, the auxiliary quantity S does not provide any insight into

the dynamics of interacting strains, and the second auxiliary quantity described by
the force of infection does not reduce the number of dynamic equations (see Eqs.
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(2.7)-(2.10) or Eqs. (2.12)-(2.14)). There are other auxiliary quantities that can be
used, and are listed below:

1. Si =
∑
J :i∈J SJ : The number of susceptibles who have experienced at least

strain i.

2. W i
k =

∑
Lk(i)

⋂
J 6=∅ SJ : The number of individuals who have immunity to one

or more strains in the Lk(i)-neighborhood of i, for all k = 0, 1, 2, . . . ,m levels of
protection, where we define Lk(i) as follows: Lk(i) = {j ∈ K : dH(i, j) ≤ k, k ∈
Z+} with dH(i, j) being the Hamming distance (i.e., the number of positions at
which the corresponding i and j are different).

3. SM =
∑
J⊆M SJ : Total number of susceptible individuals with immunity only

to strain inM.

4. TM =
∑
J⊆MmJSJ +

∑
J⊆M

∑
i/∈J mJ I

i
J , mJ =

∑
j /∈J γ

j
J : Number of indi-

viduals who are immune only to some of the strains in M weighted by their
remaining susceptibility.

5. NM =
∑
J⊆M SJ +

∑
J⊆M

∑
i/∈J I

i
J : Total number of individuals who have

been exposed only to some of the strains inM (i.e. individuals that have not
recovered from infections with any of the strains in K\M).

Along with the above quantities, other auxiliary quantities, such as RM and Ri de-
noting respectively the number of individuals who are immune to all strains in M,
and the total number of the population that is immune to strain i, can be used as
auxiliary variables. In the next section, we will use Si and W i

k with the overlapping
compartmentalization (i.e., Eqs. (2.12)-(2.14)) of the system to reduce the dimen-
sion, and later show that the dynamic equation for Si is related to that of W i

k. The
definition of W i

k allows us to biologically-motivated assumption on the relationship
between strains as defined by their epitopes using the notion of Hamming distance.

2.6.2 Reduction of Dynamic Eqs. (2.12)-(2.14)

To reduce the dynamic equations obtained in Section 2.5, we use the first auxiliary
variable Si =

∑
J :i∈J SJ for susceptible individuals who have experienced at least

strain i. To derive a dynamic expression for Si, we use Eq. (2.8) and sum over all
i ∈ J . That is,∑

J :i∈J

dSJ
dt

=
∑
J :i∈J

∑
j∈J

ΛjSJ\j −
∑
J :i∈J

∑
j /∈J

ΛjSJ −
∑
J :i∈J

µSJ ,

=
∑
Y:i/∈Y

ΛiSY +
∑
J :i∈J

∑
j∈J ,j 6=i

ΛjSJ\j −
∑
J :i∈J

∑
j /∈J

ΛjSJ − µ
∑
J :i∈J

SJ
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=
∑
J⊆K

ΛiSJ −
∑
J :i∈J

ΛiSJ − µSi = (N − Si) Λi − µSi. (2.18)

We now use the second auxiliary variable W i
k, where W i

k =
∑
Lk(i)

⋂
J 6=∅ SJ denotes

the number of individuals who have immunity to one or more strains in the Lk(i)-
neighborhood of i for all k levels of protection (i.e., k = 0, 1, 2, . . . ,m). For instance,
W i

0 represents the number of individuals who have been exposed, and are now immune,
to strain i, W i

1 denotes the number of individuals who have been exposed to strain
i or any strain related to i, and so on. So by definition W i

m = N . Then we can
reduce the dynamic equations in Sec. 2.5 (i.e., Eqs. (2.12)-(2.14)), which can be
rewritten in more compact forms. While observing that the number of individuals
who do not have Lk(i) immunity is N −W i

k, we sum the dynamic equation for SJ
over Lk(i)

⋂
J 6= ∅, to obtain the following expressions:

dW i
k

dt
=

(
N −W i

k

) ∑
j∈Lk(i)

Λj − µW i
k, (2.19)

dΛi

dt
= βiΛ

i

m∑
k=1

τk
(
W i
k −W i

k−1

)
− (µ+ σ) Λi, (2.20)

where τ iJ = τk if J
⋂

(Lk(i)\Lk−1(i)), and 0 = τ0 ≤ τ1 ≤ τ2 ≤ . . . ≤ τm = 1,
W i
m = N . Here τk reduces disease transmissibility for individuals whose most related

infection is at k-level (Ferguson & Andreasen, 2001). We note that when m = 2, Eqs.
(2.19)-(2.20) reduce to,

dW i
1

dt
=

(
N −W i

1

) ∑
j∈L1(i)

Λj − µW i
1, (2.21)

dΛi

dt
= βiΛ

i
[
τ1

(
W i

1 −W i
0

)
+
(
N −W i

1

)]
− (µ+ σ) Λi, (2.22)

dW i
0

dt
=

(
N −W i

0

)
Λi − µW i

0. (2.23)

Note that these equations are closely related to the model studied by Gupta and
colleagues (Gupta et al., 1996, 1998), except that τk is defined in the opposite sense
(i.e., reverse cross-immunity, τ1 = 1 − τ) and N was normalized to unity without
loss of generality (i.e., N = 1). The benefit of using Eqs. (2.19)-(2.20) over Eqs.
(2.7)-(2.10) or Eqs. (2.12)-(2.14) is that Eqs. (2.19)-(2.20) reduce the dimension
of the dynamical system from 2M + M2M−1 or 2M + M to M (1 +m), where M is
the number of strains and it is related to the number alleles in m epitopes. That
is, defining strains by their epitopes, M is the product of the alleles. For example,
let pathogen strains be defined by a finite (say up to three) immuno-dominant loci,
a, b and c with na, nb and nc number of alleles, respectively. Then, strains are
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characterized by the combination of a1 . . . ana , b1 . . . bnb and c1 . . . cnc , and the total
number of strains is na × nb × nc. In general, there are M :=

∏m
i=1 ni strains, where

m denotes the number of loci and ni denotes the number of alleles at the ith locus.
For instance, for a system with say m = 3 with 2 alleles each (i.e., {2, 2, 2}), then
M = 2 × 2 × 2 = 8 (see Chapter 3). Furthermore, Eqs. (2.19)-(2.20) are easier to
analyze and/or work with computationally. As the number of strains increases, the
complexity of Eqs. (2.19)-(2.20) increases linearly or algebraically.

Let Ωij be the similarity and relatedness matrix, where Ωij = 1 if strain i is
similar or related to strain j or i = j and Ωij = 0 otherwise. Then we can rewrite∑

j∈L1(i) Λj =
∑

j ΩijΛ
j, and Eq. (2.21) becomes

dW i
1

dt
=

(
N −W i

1

)∑
j

ΩijΛ
j − µW i

1. (2.24)

Furthermore, we observe that one can also reformulate Eqs. (2.21)-(2.23) using an-
other set of auxiliary expressions. Let S̃i = N −W i

1 denote the number of individuals
who do not have immunity to strain i, Vi = W i

1 − W i
0 represent individuals with

partial immunity to strain i, and Zi = W i
0 denote individuals fully immune to strain

i, then the above equations become:

dS̃i
dt

= µN − S̃i
∑
j

ΩijΛ
j − µS̃i, (2.25)

dVi
dt

= S̃i
∑
j 6=i

ΩijΛ
j − ViΛi − µVi, (2.26)

dΛi

dt
= βiΛ

i
[
τ1Vi + S̃i

]
− (µ+ σ) Λi, (2.27)

dZi
dt

=
(
S̃i + Vi

)
Λi − µZi. (2.28)

However, if we use a locus-allele centric representation, we can rewrite the equations
above using two indices where, say for the 2-locus system, the first index represents
the first locus and the second index represents the second locus. For the 2-locus
system,

∑
j ΩijΛ

j can be rewritten as
∑

j ΩijΛ
j :=

∑
l Λ

lj +
∑

k Λik −Λij. Then Eqs.
(2.21)-(2.23) become

dW ij
1

dt
=

(
N −W ij

1

)(∑
l

Λlj +
∑
k

Λik − Λij

)
− µW ij

1 , (2.29)

dΛij

dt
= βiΛ

ij
[
τ1

(
W ij

1 −W
ij
0

)
+
(
N −W ij

1

)]
− (µ+ σ) Λij, (2.30)

dW ij
0

dt
=

(
N −W ij

0

)
Λij − µW ij

0 . (2.31)
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Similarly, Eqs. (2.25)-(2.28) can be rewritten as,

dS̃ij
dt

= µN − S̃ij

(∑
l

Λlj +
∑
k

Λik − Λij

)
− µS̃ij, (2.32)

dVij
dt

= S̃ij

(∑
l 6=i

Λlj +
∑
k 6=j

Λik

)
− VijΛij − µVij, (2.33)

dΛij

dt
= βijΛ

ij
[
τ1Vij + S̃ij

]
− (µ+ σ) Λij, (2.34)

dZij
dt

=
(
S̃ij + Vij

)
Λij − µZij. (2.35)

The multi-loci-alleles system is very easy to study, especially when we want to study
analytically higher strain structures. The convenience of using multiple locus-allele
lexicographic notion is that we can take advantage of the Mendelian structure and
the inherent symmetries to simplify and reduce the analysis into a lower dimensional
dynamical system (i.e., 2-locus-2-allele) and then extend these analyses to a more gen-
eral n-locus-m-allele system by using the phenotypic space. Equations (2.25)-(2.28)
are sometimes more useful than Eqs. (2.29)-(2.31). In particular, in order to under-
stand the immunological profile of the population, using Eqs. (2.25)-(2.28) or Eqs.
(2.32)-(2.35) will be more appropriate since Si+τ1Vi or Sij +τ1Vij provides a measure
of population immunity. It measures how much infectivity could be created if all hosts
were infected. However, the relevance of this measure is in the study of age-specificity
where understanding age-specificity in immunological profile is important; and Eqs.
(2.32)-(2.35) will be used in Chapters 5-6 instead of Eqs. (2.29)-(2.31), hence their
inclusion in this section. Using multi-locus formulation and the inherent symmetries,
extending the analysis of the lower dimensional strain spaces to higher strain spaces
becomes much more convenient since the symmetries in the Mendelian strain spaces
persist in all dimensions (hyperoctahedral group). Additionally, these lower dimen-
sional Mendelian structures serve as building blocks in the higher dimensional strain
spaces.

2.7 Conclusion

We have provided a brief overview of epidemic models ranging from the catalytic SIR
model to high dimensional extensions incorporating higher strain numbers. In the
last two sections, we focused on a general model based on the SIR framework, and
then showed that the model can further be reduced using a particular or appropriate
auxiliary quantity which produces a hierarchical structure with overlapping compart-
ments. The reduced model has a similar structure to the model described by Gupta
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et al. (1996, 1998) and others (Ferguson & Andreasen, 2001; Recker et al., 2007). In
the proceeding chapters, we explore the reduced model described in Sec. 2.6.2 and its
age-specificity in Chapter 4. Chapter 3 analyzes Eqs. (2.29)-(2.31) to obtain insight
into the dynamics of strain structure and into the mathematical underpinning of the
various numerical studies that have been carried out by Gupta and colleagues (Gupta
et al., 1997a-b, 1998; Recker et al., 2007). In particular, we focus on local properties
of the steady states. In Chapters 5-6, an age-specific extension of the second formu-
lation in Eqs. (2.25)-(2.28) is used, for this formulation facilitates the use of abstract
and concrete approaches to the steady-state analysis of the age-structured model. In
the next chapter, we provide the analysis of the multi-locus-allele model.
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3 Mathematical Analysis of
Multi-locus-allele System

In this chapter, we revisit one of the multi-strain models that has been used to inves-
tigate the dynamics of infectious diseases with co-circulating serotypes, and provide
analytical results underlying the numerical investigations. In particular, we establish
the necessary conditions for the local asymptotic stability of the steady states and
the existence of oscillatory behaviours.

3.1 Introduction

To understand and explain the mechanisms underlying antigenic variation and diver-
sity maintenance on co-evolution of pathogens, several researchers have formulated
mathematical models incorporating the diversifying selection mediated by host immu-
nity. All of these mathematical models use the standard compartmentalized structure
of the SIR model in a metapopulation framework incorporating multiple strain groups
(Andreasen et al., 1997; Gupta et al., 1998; Gog & Swinton, 2002). These theoretical
models link infectious disease dynamics to antigenic diversity using different mod-
elling assumptions in order to show how immunological cross-reactive strains invade
a partially protected susceptible. The pioneering work of Elveback et al. (1964)
provided one of the first Monte Carlo simulations of multiple strain dynamics; Dietz
(1979) provided the mathematical description of Elveback et al. (1964) which was
later modified by Castillo-Chavez et al. (1989) to include cross-immunity in both dis-
crete and continuous age-structured models. Similar extensions and generalizations
of these models have appeared in the literature (Andreasen et al., 1997; Lin et al.,
1999; Plotkin et al., 2002; Gog & Grenfell, 2002; Cliff et al., 1986; Gupta et al., 1994,
1996; Gupta & Anderson, 1999; Gupta & Galvani 1999; Buckee et al., 2004; Buckee
& Gupta 2010; Recker & Gupta, 2005; Calvez et al., 2005; Ferguson & Andreasen,
2001; Ferguson et al., 2003; Sasaki & Haraguchi, 2000; Nuno et al., 2009) and are
characterized by one of the two dichotomies based on the way in which competition
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between strains is incorporated or how the properties of cross-immunity are mediated
within the host and the ecology of the pathogens.

The first dichotomy is related to the bookkeeping of the phenotypic structure
of the pathogen of interest. In particular, there have been two commonly used ap-
proaches to keep track of either the immunological history or status of the hosts.
The history-based framework characterizes hosts by their immunological histories,
whereby the hosts may have some protection against any antigenically similar strains
to which they have previously been exposed (Castillo-Chavez et al., 1989; Elveback et
al.,1964; Dietz, 1979; Andreasen et al., 1997; Gomes et al., 2002; Gupta et al., 1996,
1998; Lin et al., 1999; Recker et al., 2007) and the hosts are grouped into classes by
their immunological histories or disease histories defined in terms of all the pheno-
types to which an individual has ever been exposed. In contrast, the status-based
framework highlights the importance of the current immune state and is immuno-
logically path-independent (Gog & Swinton 2002; Kryazhimsky et al., 2007). That
is, the status-based approach is only concerned with the current, but not previous,
immunological memories defined in terms of all strains against which an individual
has gained immunity.

The second dichotomy is based on how the properties of cross-immunity are me-
diated within the hosts. That is, whether a secondary infection reduces the chance
of an immune individual becoming re-infected or the infectivity of an immune in-
dividual. These are known as either reduced susceptibility or reduced infectivity,
respectively. Mathematically, models constructed under both susceptibility and in-
fectivity reduction assumptions within the history-based framework have been shown
to exhibit similar qualitative behaviours (see Ferguson & Andreasen, 2001; Dawes &
Gog, 2002; for dynamic similarity and differences in the various underlying modelling
assumptions). On the other hand, status-based models require one to impose as-
sumptions on the nature of susceptibility and infectivity reductions. In addition, the
reduced susceptibility models may yield qualitative and quantitative behaviours that
are different from reduced infectivity models. History-based models require fewer as-
sumptions about the biology, whereas status-based models force one to make a choice
between the two extreme assumptions: reduced susceptibility (Kryazhimsky et al.,
2007) and reduced infectivity (Gupta et al., 1998; Recker et al., 2007). The reduced
susceptibility and infectivity assumptions affect how susceptible hosts are infected
and how infectious hosts infect others, respectively. These are usually formulated ei-
ther via product cross-immunity whereby hosts gain immunity as a result of repeated
exposures with antigenically similar strains, or via minimal cross-immunity whereby
host susceptibility is determined to be the least that would result from previous ex-
posures.
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Whilst there have been some mathematical studies establishing generic stabil-
ity results for multiple strain systems, generalization of the results usually becomes
intractable because the number of possible equilibria increases exponentially. For in-
stance, for the multi-locus-allele system, the number of possible equilibria is 2N , where
N is the number of strains. It should be noted that this is not true in general. Given
the difficulty in fully analyzing these models, there have been various approaches
designed for studying both their steady state solutions and dynamic features. For
instance, Andreasen et al. (1997) and Lin et al. (1999) considered, respectively, four-
strain and three-strain epidemic models with partial cross-immunity between strains.
For both models, the authors studied the stability of two of the boundary equilibria
(equilibria representing discordant or unrelated strains for the former model) and the
coexistence equilibrium. Dawes & Gog (2002) also considered a four-strain system
and, using an unfolding approach to study the bifurcation structure of the system,
found similar behaviours to those in the aforementioned papers of Andreasen et al.
(1997) and Lin et al. (1999). Recker & Gupta (2005) have also considered a variant
model of Gupta et al. (1998) and studied the stability of the partially synchronous and
fully synchronous steady states via an ε-fluctuation method and numerically showed
the existence of cyclic dynamics. More recently, Chan & Yu (2013) and Blyuss (2013)
used the groupoid formalism of Golubitsky et al. (2005) and centre-manifold reduc-
tion, and an equivariant dynamical system approach to study synchronous clustering
and symmetric dynamics, respectively. In the proceeding sections, we present a dif-
ferent approach to perform a detailed study of the multi-locus-allele system of Gupta
et al. (1996, 1998) with particular emphases on stability analysis of the equilibria
and the existence of a Hopf bifurcation.

3.2 Model Description: Multi-locus-allele Systems

To incorporate multiple groups into the standard compartmentalization, strain struc-
tures are typically imposed, based on assumptions about both immunological and
genetic processes (Gog & Grenfell, 2002; Dawes & Gog, 2002; Gog & Swinton, 2002).
In order to circumvent the imposition of strain structures and to simplify the de-
scriptions of various epidemiological groupings and status, Gupta et al. (1996, 1998)
and Recker et al. (2007) introduced the multi-locus-allele system, where pathogenic
strains are defined by a unique major epitope (locus) and a set of non-unique mi-
nor epitopes (allele). The major epitope encodes a set of dominant immunogens
that elicit the strongest epitope-specific immune responses which, in turn, profoundly
affect transmission successes. In this framework of a multi-locus-allele system, the

28



combination of alleles at different loci constitutes a strain where each strain can in-
corporate either asymmetric (differential) or symmetric (uniform) numbers of allelic
combinations. For example, let pathogen strains be defined by a finite (say up to
three) immuno-dominant loci, a, b and c with ma, mb and mc number of alleles, re-
spectively. Then, strains are characterized by the combination of a1 . . . ama , b1 . . . bmb
and c1 . . . cmc , and the total number of strains is ma×mb×mc. In general, there are
N :=

∏n
i=1mi strains, where n denotes the number of loci and mi denotes the number

of alleles at the ith locus. We denote the case when mi 6= mj, i 6= j as differential
allelic (combination) variations, and mi = mj, i 6= j as a uniform allelic combination.
In the case of uniform allelic combination, where each locus has the same number of
alleles, mi = m and the total number of strains is given by N = mn.

Herein, we denote the general multi-locus-allele system by Gn(m1,m2, . . . ,mn).
Different alternatives of this model have been used in various scenarios investigating
infectious diseases ranging from dengue (Wikramaratna et al., 2010), Neisseria menin-
gitidis (Gupta et al., 1996) to Influenza A virus (Gupta et al., 1998; Recker et al.,
2007, Buckee et al., 2004, 2008, 2011). This framework automatically inherits some of
the internal intrinsic order associated with genetic processes with immunological dis-
tance based on allelomorphic similarity. For example, in the case of the G2(2, 2) (e.g.,
2-locus-2-allele) system mentioned above, there are four strains ax, ay, bx and by.
Using a multi-dimensional graph where the number of loci determines the dimen-
sion of the strain space and vertices represent the strain, the structural space of four
strains in the case of G2(2, 2) is a square, while the structure spaces for eight strains
and for sixteen strains organized on the G3(2, 2, 2) and G4(2, 2, 2, 2) systems, respec-
tively, are three-dimensional and four-dimensional hypercubes. In general, the strain
space structure of n loci and m alleles is an n-dimensional hypercube with mn strains,
with each sharing alleles with mn− (m− 1)n− 1 other strains. In addition, when the
allelic combination is differential (asymmetric), the structures of the strain spaces are
represented as lattice graphs. This multi-locus-allele framework provides a one-to-one
correspondence between the pathogen genotypic structure and antigenic phenotype
where each locus, as defined above, is assumed to encode antigenically dominant epi-
topes (e.g., HA and NA in Influenza A virus). This simple model (Gupta et al., 1996,
1998) and other extensions (Recker et al., 2007) have been numerically studied ex-
tensively to provide valuable insights into pathogen formation, diversity maintenance
and genetic organization of strains.

We focus on the G2(2, 2) system for the sake of simplicity and provide a detailed
analysis of the model and mathematical results underlying the numerical results of
Gupta et al. (1996, 1998). However, we will introduce additional parameters into
the model (to become apparent later) in order to make the results easily extendable
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to a more general multi-locus-allele system Gn(m1,m2, . . . ,mn) when the symmetric
structures of strain space are considered. To study the maintenance of strain diversity
using the aforementioned framework, Gupta et al. (1996, 1998) characterized indi-
viduals based on their immunological history and divided the host population into
three partially overlapping epidemiological compartments for each strain j: the pro-
portion of the population that has been exposed to pathogenic type j and/or is now
either infected or recovered (immune to strain j), zj; the proportion of the individuals
who have been exposed and are immune to any antigenic type sharing alleles with
strain j, wj (note that wj =

⋃
j∼i zj, where j ∼ i means j shares alleles with i) and

the proportion of the population infectious with strain j, yj. The dynamics of these
compartments are given by the following set of differential equations:

dzj
dt

= β(1− zj)yj − µzj (3.1)

dwj
dt

= β(1− wj)
∑
j∼i

yi − µwj (3.2)

dyj
dt

= β [(1− wj) + (1− γ)(wj − zj)] yj − (µ+ σ)yj, (3.3)

where the force of infection is given by λi = βyi, and β is the transmission rate. In
addition, the model assumes that individuals leave the population at a constant rate

µ due to natural death (i.e.,
1

µ
is the average life-expectancy of the host), and recover

from the infectious class at the rate of σ (where 1
σ
is the average period or séjour of

infectiousness).
Furthermore, the model assumes that immunity to the infecting strain is obtained

immediately after infection and is lifelong; in addition, multiple concurrent infections
with allelomorphically different strains are possible. However, individuals who have
never been infected with strain type j or any strain that shares alleles with j, have
no protection against the strain. Those that have previously been exposed to strains
sharing alleles with strains j excluding j itself, have probability (1 − γ) of becom-
ing infected due to cross-immunity, where γ ∈ [0, 1]. In other words, strains that
are allelomorphically different do not affect each others’ transmissibility. However,
infection with allelomorphically similar strains provides some cross-protection. Here,
γ denotes the strength of cross-immunity and it is assumed that sharing one allele
has the same protective outcome as sharing more than one. All the epidemiological
parameters are considered to be the same for all strains.

Here we have used a 2-indexing notation. In the 2-locus system, we use two indices
i, j to indicate each locus, where i = 1, 2, j = 1, 2. Then we can rewrite

∑
j∼k λj

as
∑

l λlj +
∑

k λik − λij where i is one locus and j the other locus. Using the same
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overlapping compartmentalization discussed earlier, Eqs. (3.1)-(3.3) become:

dzij(t)

dt
= β(1− zij)yij − µzij (3.4)

dwij(t)

dt
= β

(∑
l

ylj +
∑
k

yik − yij

)
(1− wij)− µwij (3.5)

dyij(t)

dt
= β [(1− wij) + (1− γ)(wij − zij)] yij − (µ+ σ)yij, (3.6)

where zij is the proportion of the population that has been exposed to pathogenic
type ij and/or is now either infected or recovered (immune to strain j), wij denotes
the proportion of the individuals who have been exposed and are immune to any
antigenic type sharing alleles with strain ij, and yij represents the proportion of the
population infectious with strain ij.

3.3 Positivity and Invariant Feasible Region

The model (3.4)-(3.6) describes population dynamics, and therefore it is important to
show the feasible region for which the model is epidemiologically relevant. We need
to show that the solutions to Eqs. (3.4)-(3.6) with non-negative initial conditions
will remain non-negative for all time t ∈ [0,∞), i.e., 1 ≥ zij(t) ≥ 0, 1 ≥ wij(t) ≥
0, and 1 ≥ yij(t) ≥ 0 for all strains ij. First, we provide the positivity condition
for yij and then argue that wij and zij are both positive. This can be done in the
standard way. We prove the positivity of yij by contradiction. Let yij(0) ≥ 0 be the
initial condition of yij(t) and T0 := inf{t ∈ [0,∞) | yij(t) = 0} be the first time when
yij(T0) = 0. Noting that yij(T0) = 0 implies yij(t) ≥ 0 for all t ∈ [0, T0], we let

ψ := min
0≤t≤T0

{β [(1− wij) + (1− γ)(wij − zij)]− (σ + µ)}.

Then, for t ∈ [0, T0], the expression for yij becomes:

dyij
dt

= β [(1− wij) + (1− γ)(wij − zij)] yij − (σ + µ)yij ≥ ψyij.

Therefore, yij(T0) ≥ yij(0)eψT0 . Clearly, if yij(0) = 0, then yij(t) = 0 for all t ≥ 0.
However, if yij(0) > 0, then yij(T0) ≥ yij(0)eψT0 > 0, which implies that yij(t) > 0

for all t ∈ [0, T0].
For zij(t) and wij(t), we let T1 and T2 be defined similarly to T0 and assume that

there exist first times T1 and T2, respectively, such that zij(t) and wij(t) become zero.
Let zij(0) ≥ 0 and wij(0) ≥ 0. This implies that zij(t) ≥ 0 and wij(t) ≥ 0 for all time
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t ∈ [0, T1) and t ∈ [0, T2), respectively; in addition,

dzij(T1)

dt
= βyij > 0,

dwij(T2)

dt
= β

(∑
l

ylj +
∑
k

yik − yij

)
= β

(∑
l 6=i

ylj +
∑
k 6=j

yik + yij

)
> 0,

because yij(t) > 0 for time t ≥ 0 and for all ij. These contradict our assumptions,
for they imply that zij(t) and wij(t) must be negative for t right before T1 and T2,
which violate the choices of T1 and T2. We have therefore shown the positivity of
our solutions for all times. To show the solutions of Eqs. (3.4)-(3.6) are bounded,
we unfold the overlap of immuno-epidemiological classes (e.g., wij(t) =

⋃
<i,j> zij(t)

where < i, j > means strains sharing alleles with ij). That is, we extract the SIR-
type dynamics in Eqs. (3.4)–(3.6). For convenience, we let sij(t) = 1 − wij(t),
vij(t) = wij(t) − zij(t) and zij(t) = 1 − sij(t) − vij(t). Using these variables and
substituting them in (3.4)–(3.6), we transform the equations into the following system:

dzij(t)

dt
= β(sij(t) + vij(t))yij(t)− µzij(t), (3.7)

dsij(t)

dt
= µ− βsij(t)

(∑
l

ylj(t) +
∑
k

yik(t)− yij(t)

)
− µsij(t), (3.8)

dvij(t)

dt
= βsij(t)

(∑
l 6=i

ylj(t) +
∑
k 6=j

yik(t)

)
− βvij(t)yij(t)− µvij(t), (3.9)

where yij(t) is the same as in Eq. (3.6) with 1 − wij(t) and wij(t) − zij(t) replaced
by sij(t) and vij(t), respectively. It suffices to show the positivity of Eqs (3.7)-(3.9)
in order to determine the boundedness of Eqs. (3.4)-(3.6). From Eq. (3.8), it follows
that

sij(t) = sij(0) exp

(
−β
∫ t

0

Ξij
<l,k>(τ)dτ − µt

)
+ exp

(
−β
∫ t

0

Ξij
<l,k>(τ)dτ − µt

)
×
∫ t

0

µ exp

(
β

∫ τ

0

Ξij
<l,k>(ν)dν − µτ

)
dτ ≥ 0,

where Ξij
<l,k>(ν) :=

∑
l ylj(ν) +

∑
k yik(ν)− yij(ν) ≥ 0. This indicates that sij(t) ≥ 0

for t ∈ [0,∞). Similarly, using the same method, it can be shown that vij ≥ 0 and
zij ≥ 0 for all t ∈ [0,∞). Since sij ≥ 0, vij ≥ 0, zij ≥ 0 and wij ≥ 0, it follows, from
wij = 1−sij and zij = 1−sij−vij, that zij ≤ 1 and wij ≤ 1. Furthermore, we observe,

from Eqs. (3.4)-(3.6), that
dzij
dt
|zij=wij=yij=1 = −µ < 0,

dwij
dt
|zij=wij=yij=1 = −µ < 0,

and
dyij
dt
|zij=wij=yij=1 = −(σ + µ) < 0. Clearly, wij, zij and yij are bounded by 1.
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We have thus shown that the model described by Eqs. (3.4)-(3.6) is dissipative and
all feasible solutions are uniformly bounded and remain positive for all time t > 0,
for any given positive initial data in a proper subset, say Γ ⊂ R3M

+ , where M is the
number of strains. Therefore, the bounded region:

Γ := {zij, wij, yij ∈ R3M
+ : 0 ≤ zij, wij, yij ≤ 1; i, j = 1, . . . ,m}

is positively invariant. Thus, it is sufficient to consider the flow generated by the sys-
tem (3.4)-(3.6) in Γ, where the model is both biologically relevant and mathematically
well-posed. The above results are summarized in the following theorem:

Theorem 3.3.1. Suppose the initial data zij(0) ≥ 0, wij(0) ≥ 0, yij(0) ≥ 0 and are in-
side the invariant biologically feasible simplex Γ. Then the solutions zij(t), wij(t), yij(t)
of the model are non-negative for all time t ∈ R+. In addition, the following hold:

1. If yij(0) = 0 for all i, j, then all solutions yij(t) remain zero,

2. If yij(0) > 0 for all i, j, then all solutions remain inside the feasible region Γ.

Moreover, lim supt→∞wij ≤ 1, lim supt→∞ zij ≤ 1 and lim supt→∞ yij ≤ 1.

3.4 Steady State and Stability Analysis

In this section, we establish the conditions for both the existence and stability of
equilibria in the model given by (3.4)-(3.6).

3.4.1 Disease-Free Equilibrium

We observe that the system of Eqs. (3.4)-(3.6) admits a trivial steady state solution
where yij = 0 for all i, j = 1, 2 and we call this the disease-free equilibrium, denoted
by E0 := {z11, . . . , z22;w11, . . . , w22; y11, . . . , y22} = {0, . . . , 0; 0, . . . , 0; 0, . . . , 0}. The
linear stability of the disease-free steady state E0 can easily be investigated and de-

pends on the basic reproductive number R0 =
β

σ + µ
, which can be calculated by the

next generation method (see, for example, Diekmann & Heesterbeek, 2000; Castillo-
Chavez et al., 2002). Here, R0 denotes the average number of secondary cases caused
by each infected individual at the beginning of infection in the population with no
pre-existing immunity, and measures the initial growth rate of the epidemic. The
following condition determines the stability of the disease-free equilibrium, E0.

Lemma 3.4.1. The disease-free equilibrium E0 := (zij, wij, yij)i,j=1,2 = (0, 0, 0) exists
for all R0. Moreover, it is asymptotically stable if and only if R0 < 1. It is unstable
when R0 > 1.
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The proof of Theorem 3.4.1 relies on the eigenvalues of the Jacobian matrix generated
by Eqs. (3.4)-(3.6) and evaluated at the disease-free equilibrium point E0. It is trivial
and has been ignored herein (see A.1.1). If the disease-free equilibrium point is the
only steady state in Γ, then we obtain the following statement.

Theorem 3.4.2. Suppose zij(0) ≥ 0, wij(0) ≥ 0 and yij(0) ≥ 0 and are inside the
biologically invariant feasible simplex Γ. Then there is only one steady state E0, and
is globally asymptotically stable provided R0 < 1.

Proof. See Appendix A.1.2

Whenever the condition R0 > 1 holds, E0 is unstable. From the positivity and
boundedness of Γ, and dissipativity, if there are no equilibrium points or attractors
in Γ, then all the trajectories inside Γ\E0 leave the feasible region which violates
the boundedness of the solutions. Therefore, there must be at least one non-trivial
equilibrium or an attractor in Γ.

3.4.2 Endemic Equilibria

To determine the existence of non-trivial equilibrium points or endemic steady states,
we use Fig. 3.1 to help us simplify the search for endemic equilibria and stability
analysis. Suppose we have a 2-strain system, then there are three possible endemic
configurations when the reproductive number R0 > 1: either strain 1 persists while
strain 2 goes to extinction, or strain 2 persists while strain 1 goes to extinction, or
both strains 1 and 2 coexist. Hence, we denote the persistent sets as follows: {1}, {2}
and {1, 2}. Figure 3.1 illustrates all the possible endemic configurations of different
clustering type for a 4-strain system, where black circles (•) denote the persistent
strains while white circles (◦) represent extinct strains. Using the representation
summarized in Fig. 3.1, we propose the following mathematical notion to provide a
natural framework for the analysis of the model. Let P denote the set of persistent
strains (i.e., strains that can survive) and be defined as

P :=

 {i ∈ {1, 2, . . . ,N} : R(i)
0 > 1}, R0 > 1

∅, R0 < 1,

(3.10)

where R(i)
0 is the strain-specific reproductive number when the epidemiological and

demographic parameters are different for each strain; and R0 = maxi∈N{R(i)
0 }. We

note that when R(i)
0 = R(j)

0 , i 6= j for all i (which is the case herein), R(i)
0 = R0. In

addition, we observe that the possible endemic configurations outlined previously can
be classified into two notions of endemicity whether there is a principle of competitive
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Figure 3.1: Multi-locus System (Possible Equilibria for Four Strain System on a
Square Lattice with D4-Symmetry). The sketch shows different configurations of the
equilibrium clusters, where black circles (•) denote the persistent strains while white circles
(◦) represent extinct strains. For labelling purposes, the columns are denoted a-d, and the
rows 1-4.

exclusion or full coexistence. We define the following notion of non-negative solutions
(Thieme, 2003):

Definition 3.4.3. 1. A non-trivial and non-negative equilibrium point (z∗ij, w∗ij, y∗ij)
is called weakly endemic if yij = y∗ij 6= 0 for some pair ij.

2. A non-trivial solution is called strongly endemic if yij = y∗ij 6= 0 for all ij.

In the definition above, a weakly endemic equilibrium is equivalent to having a prin-
ciple of competitive exclusion, and a strongly endemic equilibrium represents full
coexistence. Throughout the proceeding sections, we will use the multi-locus-allele
notation for ease of illustration and will focus on the 2-locus-2-allele system.

3.4.2.1 Weak Endemicity: Principle of Competitive Exclusion and Dis-
crete Strain Structure

In principle, one could calculate all the endemic equilibria. However, this could be
very difficult as the dimensionality of the system is increased. Instead, we simplify our
study and break up the steady state analysis according to equilibrium clusters (see Fig.
3.1). From the numerical results of Gupta et al. (1998), we know that strains have the
tendency to self-organize into discordant sets containing non-overlapping alleles under
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high antigenic interference and strong immune response (i.e., for high cross-immunity,
γ). Suppose we are interested in studying one of the equilibrium cluster types shown
in Fig. 3.1 (say, any of the structures in Fig. 3.1 except d-3 and d-4), then using
the definition of weak endemicity, we can place strains into two disjoint sets based on
whether they persist or not. We denote the two disjoint sets of equilibrium clusters as
Dp and D∅, where Dp contains all the strains that are persistent while D∅ contains all
the strains that go extinct. Observe that the set Dp∪D∅ contains all the strains (i.e.,
Dp ∪D∅ = {ax, ay, bx, by}) and Dp ∩D∅ = ∅. For example, if we are interested in
deriving the necessary conditions and stability of the steady state in the forms of d-1
and d-2 in Fig. 3.1 (i.e., discordant set), we set Dp to contain ax and by and D∅ to
contain ay and bx. Then yax = y∗ax > 0 and yby = y∗by > 0 where ij ∈ Dp := {ax,by};
and yay = y∗ay = 0 and ybx = y∗bx = 0 for kl ∈ D∅ := {ay,bx}. Using this, we separate
the coordinates of the steady state subspace for weak endemicity into sub-coordinates
that are persistent and those that go to extinction. Let ρp ∈ Z+ be the number of
discordant strains in Dp, and ρ∅ ∈ Z+ denote the number of discordant strains in
D∅. We begin by first considering the simple balanced case where ρ = ρp = ρ∅.
However, it should be noted that it is possible to have ρp 6= ρ∅, say for example, when
Dp = {ax} and D∅ := {ay,bx,by} (see of one the cases of b-1, b-2, b-3 or b-4 in
Fig. 3.1) or when D∅ = {ax} and Dp = {ay,bx,by} (see one of the case of a-1,
a-2, a-3 or a-4 in Fig. 3.1). However, these cases are unbalanced. We rewrite Eqs.
(3.4)-(3.6) according to whether strains belong to Dp or not. For strains belonging to
Dp,

∑
l ylj +

∑
k yik − yij reduces to yij. For those strains which do not belong to Dp

but are members of D∅,
∑

i yik +
∑

m ykm + ykl reduces to ρyij. Solving for the weak
endemic steady state, we find

z∗ij = 1− 1

R0

, w∗ij = 1− 1

R0

, y∗ij =
µ

β
(R0 − 1) , for ij ∈ Dp,

z∗kl = 0, w∗kl =
ρ (R0 − 1)

ρ (R0 − 1) + 1
, y∗kl = 0, for kl ∈ D∅,

where we recall R0 =
β

µ+ σ
. Note that these points only exist in biologically relevant

regimes if R0 > 1; when R0 = 1, we recover the disease-free equilibrium E0. In
addition, by symmetry, interchanging the role of ij and kl, we can obtain the other
weakly endemic equilibrium. Whenever the equilibrium clustering type in d-1 exists
in Fig. 3.1, equilibrium clustering type d-2 also exists. Similarly, if the equilibrium
clustering type in b-1 exists in Fig. 3.1, then b-2, b-3 and b-4 also exist.

Evaluating the Jacobian matrix generated by the model at the above equilibrium
point, we obtain the following theorem which establishes the stability of the discrete
strain structure endemic steady state:
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Theorem 3.4.4. Suppose R0 > 1 and ρ 6= 0. Let E1 and E2 be defined as:

E1 =

(
1− 1

R0

, 1− 1

R0

,
µ

β
(R0 − 1) , 0,

ρ (R0 − 1)

ρ (R0 − 1) + 1
, 0

)
, (3.11)

E2 =

(
0,

ρ (R0 − 1)

ρ (R0 − 1) + 1
, 0, 1− 1

R0

, 1− 1

R0

,
µ

β
(R0 − 1)

)
, (3.12)

be the steady states corresponding to weakly endemic equilibria of discordant type,
where ρ is the number of discordant sets (non-overlapping set or minimally overlap-
ping set), and Ei, i = 1, 2 condenses the steady state expression according to clusters.
The weak endemic equilibria exist provided that R0 > 1. In addition, the following
hold:

1. The weakly endemic equilibria E1 and E2 are locally asymptotically stable pro-
vided

γ > γ(R0) =:
1 + ρ (R0 − 1)

ρR0

. (3.13)

2. If γ < γ(R0), then the weakly endemic equilibria E1 and E2 are unstable.

Proof. See Appendix A.1.3..

Corollary 3.4.5. Suppose R0 > 1, ρp = ρ∅ and let ρp ∈ Z+ and ρ∅ ∈ Z+ be
the number of discordant strains in Dp and in D∅, respectively, where Dp is the set
containing persistent strains while D∅ is the set containing non-persistent (extinct)
strains. If ρ = min{ρp, ρ∅} 6= 0, then all weakly endemic equilibria with the steady
states having such discrete strain structures are locally asymptotically stable provided
that γ > γ(R0).

Conjecture 3.4.6. Suppose R0 > 1 and let ρp ∈ Z+ and ρ∅ ∈ Z+ be the number
of discordant strains in Dp and in D∅, respectively, where Dp is the set containing
persistent strains while D∅ is the set containing non-persistent (extinct) strains. Then
the following holds:

1. Suppose ρp = ρ∅. If ρ = min{ρp, ρ∅} = 0, then all weakly endemic equilibria
with the steady states having such discrete strain structures are unstable.

2. Suppose ρp 6= ρ∅. If ρ = min{ρp, ρ∅} = 0, then all weakly endemic equilibria
with the steady states having such discrete strain structures are always unstable.

It should also be noted that, in Theorem 3.4.4 γ(R0) → 1 as R0 → +∞. The
proof of Corollary 3.4.5 follows directly from Theorem 3.4.4. For Conjecture 3.4.6,
the symmetry structure of the equilibrium clusters can be used to show that the
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results hold (see Appendix A.3 for illustrative examples for the 4-strain system).
In particular, we observe that equilibrium cluster types of the form shown in Fig.
3.1 associated with panels ranging a-1 to a-4 and b-1 to b-4, where ρp 6= ρ∅ (i.e.,
ρp = 2 and ρ∅ = 0, and ρ = ρp = 0 and ρ = ρ∅ = 2, respectively), cannot be
stable. That is, when ρ = ρp = 2, the condition in Theorem 3.4.4 can be satisfied
but when ρ = ρ∅ = 0 the condition in Theorem 3.4.4 is violated. However, from the
symmetry of the antigenic space, these two discrete strain structures are conjugate
structures where the structures are related by either Z4-rotations or reflections along
the horizontal/vertical axes. Hence, this gives rise to a contradiction. Moreover,
if we let ρ = min{ρp, ρ∅}, then we can easily see that the stability condition in
Theorem 3.4.4 is automatically violated when ρ = min{ρp, ρ∅} = 0, for γ → ∞ as
ρ → 0. But γ ∈ [0, 1] and γ > γ = ∞ implies instability. Similarly, equilibrium
cluster types in Fig. 3.1 in the panels ranging c-1 to c-4 cannot exist because ρ = 0,
i.e. ρp = 0 and ρ∅ = 0 because they violate the necessary stability condition in
Theorem 3.4.4. We note that weakly endemic equilibria consist of strain clusters
that are structured discretely (i.e., not all strains are present due to the principle of
competitive exclusion), hence they exhibit discrete strain structures (DSS). Figure 3.2
illustrates the temporal evolution of the prevalence zi where the pathogen population
is structured into discrete discordant sets where one discordant pair of strains, strain
ay and strain bx, dominates in equal abundance into perpetuity while the other
discordant pair of strains, strain ax and by, is suppressed.

3.4.2.2 Strong Endemicity: No Strain Structure (NSS)

In order to find the unique strongly endemic equilibrium, we use the second part of
Def. 3.4.3(2), that is, yij = y∗ij > 0 for all i, j = 1, 2. Since we have assumed that
all strains have the same transmissibility success and R0 is the same for all strains,
the abundance of y∗ij becomes y∗ij = y∗, z∗ij = z∗ and w∗ij = w∗.Using this, we note
that yij = ykl for ij 6= kl, and

∑
l ylj +

∑
k yik− yij in Eqs. (3.4)-(3.6) reduces to αyij

where α = mn− (m− 1)n, α ∈ Z+ is the number of strains sharing alleles with strain
ij (including ij itself). Then at steady state, the strong endemic equilibrium point
E∗ is given by:

z∗ =
βy∗

µ+ βy∗
(3.14)

w∗ =
αβy∗

µ+ αβy∗
(3.15)

y∗ =
µ

2αβ

(
−Ξ +

√
4α (R0 − 1) + Ξ2

)
(3.16)

Ξ = 1− γR0 + α (1−R0 (1− γ)) . (3.17)
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Figure 3.2: DSS Time Evolution (Eqs. (3.4)-(3.6)). Dynamics of a stable DSS for
a 2-locus-2-allele system where two strains coexist in equal abundance, and the other two
strains are suppressed and go to extinction. Here zi denotes the prevalence of strain i, where
i = {ax,ay,bx,by} and R0 = 4, σ = 9.98, µ = 0.02, ρ = 2, and γ = 0.95 are used to
reproduce the dynamics in Gupta et al. (1998). The dynamics in both panels have the same
parameters but with different initial conditions. Equations (3.4)-(3.6) were solved using the
Runge-Kutta fourth- and fifth-order method solver ODE45 in MATLAB (The Mathworks
Inc., Natwick, MA, USA) with the following initial conditions: (a) z(0) = [0.5 0.51 0.55 0.6],
w(0) = [0.4 0.3 0.3 0.30] and y(0) = [0.5 0.4 0.3 0.2] and (b) z(0) = [0.3 0.51 0.55 0.6], w(0)
= [0.4 0.3 0.3 0.30] and y(0) = [0.5 0.4 0.3 0.2]; and relative and absolute error tolerance of
10−5 and 10−6, respectively.

It should be noted that y∗ is a function of both γ and R0, for α ≥ 1. When α = 1,
the steady state for system (3.4)-(3.6) reduces to a single strain system. Henceforth,
we assume α > 1. In addition, for any given value of R0, the proportion of infected
individuals y∗ decreases with respect to the levels of cross-reactivity γ (see Fig. 3.3
and Appendix A.2.1).

Having calculated the strong endemic equilibrium point or NSS endemic steady
state, we now establish its linear stability. To do this, we calculate the Jacobian
matrix evaluated at the NSS endemic equilibrium point. The Jacobian matrix J is:

J :=

 −(βy∗ + µ)1m2×m2 0m2×m2 β(1− z∗)1m2×m2

0m2×m2 −(βαy∗ + µ)1m2×m2 β(1− w∗)Ωm2×m2

−β(1− γ)y∗1m2×m2 −γβy1m2×m2 0m2×m2

 , (3.18)

where Ωm2×m2 = Im2×m2 + Am2×m2 , Im2×m2 is the identity matrix and Am2×m2 is
the adjacency (strain similarity) matrix for strains sharing alleles in common. Note
that the characteristic equation of this Jacobian is an 12th order polynomial and
its characterization is difficult. However, because of the sparseness of the Jaco-
bian matrix, we were able to obtain the characteristic polynomial function of the
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Figure 3.3: Functional Properties of y∗(γ,R0) (Eqs. (3.16)-(3.17)). The plot shows
that the proportion of individuals y who are infectious is a decreasing function of cross-
immunity level γ, for R0 > 1 and α = 3. Here σ = 9.98 and µ = 0.02 and α = 3 are
used.

form of P (ζ) =
∏4

k=1 Pk(ζ), where Pk(ζ) is a cubic polynomial function of the form
Pk(ζ) =

∑3
l=0Ak,3−lζ l and where Ak,0 = 1 for all k = 1, 2, 3, 4; and the coefficients are

given in Appendix A.2.2. It should be noted that, using the symmetry property of
the 2-locus-2-allele system and isotopic decomposition of the phase space to diagonal-
ize the Jacobian, Blyuss (2013) obtained similar expressions for the fully symmetric
steady state. We observe that the characteristic polynomials Pk(ζ) have positive coef-
ficient Ak,l, k = 1, 2, 3, l = 0, 1, . . . 3 and their Hurwitz determinants are all positive.
That is, Ak > 0 for k = 1, 2, 3. Hence, from the Routh-Hurwitz stability criterion,
the characteristic polynomials Pk(ζ), k = 1, 2, 3 have all their eigenvalues with neg-
ative real parts. For the characteristic polynomial P4(ζ), we observe that A4,0 > 0

and A4,1 > 0. It suffices to show that the coefficients A4,2 and A4,3, and Hurwitz
determinant A4 are positive. In order to determine the condition for the stability
of the strongly endemic or co-existence equilibrium, we must solve a fixed problem
γ∗ = γr(γ

∗,R0) for any fixed R0 > 1, where γr(γ,R0) r = 1, 2, 3 are given below (see
Appendix A.2.2). For the strongly endemic equilibrium to be locally asymptotically
stable, we state the following results:

Theorem 3.4.7. Suppose R0 > 1 and γ ∈ [0, 1]. Let γr(γ,R0), r = 1, 2, 3 be defined
as follows:

γ1(γ,R0) =
(βy∗ + µ) (βαy∗ + µ) + β2y∗ (1− z∗)

β2y∗ (1− w∗) + β2y∗ (1− z∗)
,

γ2(γ,R0) =
(1− z∗) (βαy∗ + µ)

(1− w∗) (βy∗ + µ) + (1− z∗) (βαy∗ + µ)
,
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Figure 3.4: Time Evolution of No Strain Structure (NSS) (Eqs. (3.4)-(3.6)). Dy-
namics of a stable NSS for the 2-locus-2-allele system where all strains coexist in equal
abundance. Here zi denotes the prevalence of strain i and R0 = 4, σ = 9.98, µ = 0.02
and γ = 0.95 are used to reproduce the dynamics in Gupta et al. (1998). Equations (3.4)-
(3.6) were solved using the Runge-Kutta fourth- and fifth-order method solver ODE45 in
MATLAB (The Mathworks Inc., Natwick, MA, USA) with the following initial conditions
z(0) = [0.50 0.51 0.55 0.6], w(0) = [0.40 0.30 0.3 0.30] and y(0) = [0.50 0.40 0.30 0.20], and
relative and absolute error tolerance of 10−5 and 10−6, respectively.

γ3(γ,R0) =
[β (1 + α) y∗ + 2µ] [(βy∗ + µ) (βαy∗ + µ)]

β2y∗ (1− w∗) [β(α + 2)y∗ + 3µ] + (β2y∗ (1− z∗)) [β(2α + 1)y∗ + 3µ]

+
β2y∗ (1− z∗) [β(2α + 1)y∗ + 3µ]

β2y∗ (1− w∗) [β(α + 2)y∗ + 3µ] + (β2y∗ (1− z∗)) [β(2α + 1)y∗ + 3µ]
.

Then the strongly endemic (no strain structure (NSS)) equilibrium is locally asymp-
totically stable provided that γ < γ1(γ,R0), γ > γ2(γ,R0) and γ < γ3(γ,R0). The
strongly endemic equilibrium is unstable if any one of the above conditions is false.
That is, if γ ≥ γ1(γ,R0), γ ≤ γ2(γ,R0), and/or γ ≥ γ3(γ,R0), then the strongly
endemic steady state is unstable.

Proof. See Appendix A.1.4

Whenever the conditions in Theorem 3.4.7 hold, the steady state is fully symmetric
and all strains coexist in equal abundance (see Fig. 3.4). It exhibits no strain structure
(NSS) because there is no distinction between the strains in the pathogen population
structure.
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3.4.2.3 Strong Endemicity: Cyclical Strain Structures and Existence of
Oscillatory Behaviours

To consider the existence of cyclical behaviours, we look for the necessary condition for
a Hopf bifurcation in the system. Because of the forms of P (ζ) and Pk(ζ), k = 1, 2, 3,
we note that they always have eigenvalues with negative real part. As a result,
we focus on P4(ζ). If A4,0 > 0, A4,1 > 0, A4,2 > 0 and A4,3 > 0, then a Hopf
bifurcation can take place at the transit through the surface defined by the Hurwitz
determinant A4 = 0. The strongly endemic equilibrium is unstable if there is pair of
complex conjugate roots for P4(ζ). Let ζ1,2 = ±iω, then ζ1 + ζ2 + ζ3 = −A4,1. Hence
ζ3 = −A4,1 and ω2 = A4,2. Then P4(ζ3) = −A4,1A4,2 + A4,3A4,0 = 0 and γ = γ∗3 ,
where γ∗3 ∈ [0, 1] is the unique solution for the fixed point problem γ = γ3(γ,R0).
Thus, a Hopf bifurcation may occur at the strongly endemic equilibrium. We state
the following results:

Lemma 3.4.8. Suppose R0 > 1, and let H0 or H1 be defined as:

H0 = {(β, µ, σ, γ) ∈ R4
+ : A4 = 0}, or equivalently (3.19)

H1 = {(R0, γ) ∈ R2
+ : A4 = 0}. (3.20)

Then the characteristic polynomial P4(ζ) has one real negative and two purely imag-
inary solutions if and only if (β, µ, σ, γ) ∈ H0 (or (R0, γ) ∈ H1). In addition, the
roots are given by ζ1 = −A4,1 and ζ2,3 = ±iω, where ω2 = A4,2.

Lemma 3.4.9. Suppose R0 > 1. Let γr(γ,R0), r = 1, 2, 3 be defined as above for
γ ∈ [0, 1] and suppose that they are differentiable and monotone on γ ∈ (0, 1). Let

1. 1 > γr(0,R0) > γr(1,R0) > 0, or

2. 0 < γr(0,R0) < γr(1,R0) < 1.

Then there exist γ∗r , r = 1, 2, 3 such that γ∗r = γr(γ
∗
r ,R0) and γ∗r ∈ (γr(0,R0), γr(1,R0)).

In addition, the following hold:

1. The strongly endemic equilibrium undergoes a steady state bifurcation when γ =

γ∗1 and/or γ = γ∗2 .

2. The strongly endemic equilibrium undergoes a Hopf bifurcation when γ = γ∗3 ,
assuming the transversality condition holds.

Theorem 3.4.10. Assume R0 > 1 and A4,2 > 0 (or equivalently γ < γ1(γ,R0)) and
A4,3 > 0 (or equivalently γ > γ2(γ,R0)). When γ passes through a critical value γ∗3 ,
where γ∗3 is the solution of γ = γ3(γ,R0), the system undergoes a Hopf bifurcation,
provided the transversality condition holds.
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Due to the complicated form of γ = γ3(γ,R0), we will not address the properties
of the Hopf bifurcation (i.e., direction of bifurcation, orbital stability of periodic
solutions). In particular, we will not discuss the direction, stability of the periodic
orbits, uniqueness of the orbit and period of solutions. Instead, we use numerical
simulations to show that the system indeed undergoes a Hopf bifurcation at some
critical value of γ (see Fig. 3.5). Figure 3.5 shows the dynamics of the state variables
as the value of cross-immunity, γ, changes. As γ passes through a subcritical threshold
defined in Theorem 3.4.10, the full synchronicity of NSS, where all strains are in equal
abundance, is broken, and the temporal dynamics of the strain population denoted
by the strongly endemic equilibrium becomes oscillatory via a Hopf bifurcation. The
strains exhibit cyclical strain structure.

3.5 Discussion

Using the multi-locus-allele framework, we have shown the exact conditions under
which the linear (local) stability of disease-free and endemic equilibria holds. We
established that the disease-free equilibrium is globally asymptotically stable when-
ever the basic reproductive number is less than unity (e.g., R0 < 1), and is unstable
when this threshold condition is violated. When R0 > 1, at least one endemic equi-
librium exists. However, this condition alone is not sufficient for the stability of the
endemic equilibria. We found additional conditions that depend on the value of cross-
immunity level in the population. We showed that the existence of discrete antigenic
forms of pathogens can exhibit three distinct dynamic features, where antigenic vari-
ants (i) fully self-organize and co-exist with NSS for low γ, (ii) sort themselves into
DSS with non-overlapping or minimally overlapping clusters under the principle of
competitive exclusion for high γ, or (iii) exhibit CSS where dominant antigenic types
exist cyclically for intermediary level of γ. These observations are consistent with
numerical simulations presented herein and in Gupta et. al. (1996, 1998) and others
(see Andreasen et al., 1997; Ferguson & Andreasen, 2001; Dawes & Gog, 2002; Recker
et. al., 2004; Recker & Gupta, 2005; Calvez et al., 2005; Recker et. al., 2007; Chan
& Yu, 2013; Blyuss, 2013). Figures 3.6-3.7 summarize these results.

From the results of the analysis presented herein for the basic 2-locus-2-allele
system, we can extend our results to more general cases of the multi-locus-allele
model, and use the structure (see Fig. 3.8) envisioned by the pathogen population
to postulate the nature of the immune responses against the various serotypes. As
we increase the number of loci, we observe that the number of cluster types and
structures increase and their dynamics become highly involved. However, the general
characterization of the behaviours is conserved. That is, the general properties (e.g.,
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Figure 3.5: Time Evolution of Cyclic Strain Structure (Eqs. (3.4)-(3.6)). The graphs
illustrate the dependency of the dynamics of the model on γ. (a) γ = 0.58, (b) γ = 0.62,
(c) γ = 0.72, and (d) γ = 0.85. As the cross-immunity level γ is varied, in the CSS region,
the strains are self-organized into sets of discordant strains alternating in abundance, where
each discordant set is half a period out of phase. Equations (3.4)-(3.6) were solved using the
Runge-Kutta fourth- and fifth-order method solver ODE45 in MATLAB (The Mathworks
Inc., Natwick, MA, USA) with the following initial conditions z(0) = [0.50 0.51 0.55 0.6],
w(0) = [0.40 0.30 0.3 0.30] and y(0) = [0.50 0.40 0.30 0.20], and relative and absolute error
tolerance of 10−5 and 10−6, respectively.

NSS, CSS and DSS) of parameter space shown in Fig. 3.6 remain consistent. To
illustrate this concretely, we look at three examples where the number of loci is two,
three, and four, respectively, with two alleles each, which are summarized in Fig. 3.8.
In the illustration, we focus mainly on weakly endemic equilibria types exhibiting
DSS, for there is always a unique strongly endemic steady state, and its stability
depends on the conditions in Theorem 3.4.7. When the conditions of Theorem 3.4.7
are violated, the unique strongly endemic equilibrium is unstable and undergoes a
Hopf bifurcation, exhibiting cyclical strain structures.

In the case of the 2-locus-2-allele system G2(2, 2), we observe a natural pairing of
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Figure 3.6: Parameter Space R0-γ for 2-locus-2-allele system. Different dynamic
behaviours are possible depending on the combination of R0 and γ. The solid curve is given
by inequality (3.13). In the yellow region (i.e., R0 < 1), the disease-free equilibrium is the
only biologically relevant steady state and is globally asymptotically stable. In the white
region with black squares, the weakly endemic equilibrium exhibiting discrete strain struc-
tures (DSS) are locally asymptotically stable, and they are unstable outside this region. In
the region of stability, the maintenance of invading strains related to the discordant per-
sisting set is impossible. In the cyan region with black dots, the unique strongly endemic
equilibrium is locally asymptotically stable and exhibits no strain structures (NSS); it is
unstable outside this region. In the white region between the black line and cyan boundary,
the unique strongly endemic equilibrium is unstable and exhibits cyclical behaviours (hence
cyclical strain structures, CSS, see Theorem 3.4.7). The black lines are steady state bifurca-
tion curves (see inequality (3.13)), and the cyan boundary is a Hopf bifurcation curve. The
parameter values σ = 9.98, µ = 0.02, ρ = 2 and α = 3 are used.

discordant sets resulting in two clusters where strains marked by blue belong to one
cluster (e.g., C1 = {00; 11} or ax and by of the motivating notation) and by black
belong to the other (e.g., C2 = {10; 01} or ay and bx) as shown in Fig. 3.8(a). The
dynamics corresponding to this system is illustrated in Figs. 3.2, 3.4 and 3.5. In this
system only DSS of discordant types, CSS with discordant sets exhibiting anti-phase
periodic solution and fully synchronized steady state exhibiting NSS are possible.

For the 3-locus-2-allele system, there are numerous weakly endemic equilibria, but
most of them are unstable. Discrete strain structures containing an balanced number
of persistent strains are locally asymptotically stable provided ρ 6= 0. For example,
in the 3-locus-2-allele system, one clustering structure consists of discordant strains,
where there are four clusters with two discordant strains corresponding to the main
diagonal of the 3-hypercube in Fig. 3.8(b) (e.g., C1 = {000, 111}, C2 = {001, 110},
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Figure 3.7: Steady-State Bifurcation Diagram. For the 2-locus-2-allele system, the
stability of the original system (see Eqs. (3.4)-(3.6)) varies with respect to cross-immunity
level γ, for R0 = 4, σ = 9.98, µ = 0.02. Note the three distinct regions emerging,
namely no strain structure, cyclic strain structure, and discrete strain structure (see text
for details). Here, we are showing only z1 (i.e., zax) and linearly stable states. Equations
(3.4)-(3.6) were solved using the Runge-Kutta fourth- and fifth-order method solver ODE45
in MATLAB (The Mathworks Inc., Natwick, MA, USA) with the following initial conditions
z(0) = [0.50 0.51 0.55 0.6], w(0) = [0.40 0.30 0.3 0.30] and y(0) = [0.50 0.40 0.30 0.20], and
relative and absolute error tolerance of 10−5 and 10−6, respectively.

C3 = {011, 100} and C4 = {010, 101}). Any one of these clusters can persist provided
the initial condition is in the appropriate stability region (i.e., region of attraction).
In addition, we also observe that the clustering C1 = {000, 100, 011, 111} and C2 =

{010, 110, 001, 101} can also persist since ρ 6= 0. Furthermore, the cluster type of two
tetrahedral structure with four strains each (strains marked by a blue colour form
one cluster, and those marked by a black colour form another), where members of
each cluster share one allele at the same locus location (e.g., C1 = {000, 011, 101, 110}
and C2 = {111, 100, 010, 001}) cannot persist since ρ = 0. These observations are
consistent with the groupoid approach of Chan & Yu (2013).

For the third example, the system formed by the 4-locus-2-allele results in a 4-
hypercube, the number of weakly endemic equilibria increases substantially. As in
the previous case, all clusters containing an unbalanced number of persistent strains
are unstable. For simplicity, we focus on three cluster types. The first structure,
as in all the above cases, consists of eight clusters with two discordant strains that
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correspond to the main diagonal of the 4-hypercube in Fig. 3.8(c). The second case
has eight clusters with two strains where members of each cluster share one allele that
is at the same locus. This has the same structure of the second cluster type in the
3-hypercube, whereas strains in this case belong to the diagonal of the 3-hypercube
face of the 4-hypercube. The third type is the formation of two clusters (marked by
black colour and blue colour) of eight strains where members of each cluster share
either no allele or two alleles as illustrated in Fig. 3.8(c) (e.g., the first cluster is
marked by a blue colour and the second cluster is marked by a black colour). Under
the results of Corollary 3.4.5, the first and the third cases are possible since ρ 6= 0.

From these examples, one observes that as we increase the number of loci, the
clusters formed consist of clusters in the lower dimensional (n − 1)-hypercubes and
additional clusters that account for the inherited structure of the n-hypercube. Using
the Mendelian combinatorial property of strain space and the type of cluster struc-
tures possible, we can predict the type of weakly endemic equilibria that are locally
asymptotically stable (hence the dynamics of partial synchrony). This is due to the
fact the structures of higher dimensional strain spaces are built from the building
blocks of the lower dimensional strain space. Observation of different cluster types is
possible depending on the relative cross-immunity.

Different aspects of the observations outlined above have been discussed elsewhere
(Buckee et al., 2004; Calvez et al., 2005; Chan & Yu, 2013; Blyuss, 2013). In partic-
ular, for a 3-locus-2-allele system, Buckee et al. (2004) illustrated the formation of
these clusters and their relationship with maintenance of diverse strain populations.
Using a modified version of the model studied herein, Calvez et al. (2005) made sim-
ilar observations on the type and structure of clusters possible as the number of loci
is increased beyond two and provided a detailed discussion on the behaviour of force
of infection (specifically relative force of infection) of individual clusters, mainly the
regularity of force of infection of individual clusters and chaotic dynamics of individ-
ual strains. The exposition in Calvez et al. (2005) focused primarily on the dynamics
in CSS regions and did not investigate the behaviour of cluster types and structures
in DSS and NSS regions. Recently, Chan & Yu (2013) showed, using the groupoid
formalism of Golubitsky et. al. (2005) and centre-manifold reduction, that DSS con-
sisting of discordant sets are linearly stable provided γρ > 1, where ρ was given in
terms of the quotient network parameters (i.e., difference between the number of each
strain in Dp sharing alleles with strains in D∅ and number of strains sharing alleles
in the same set Dp). But the stability of the unique strongly endemic equilibrium
and the nature of its bifurcation structure were not addressed in Chan & Yu (2013).
Blyuss (2013) has recently provided some detailed discussion of the type of cyclical
behaviours possible based on equivariant bifurcation theory and the H/K Theorem
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Figure 3.8: Strain Space Structures. See text for details.

to explain some of these oscillatory behaviours. However, the results presented herein
are more general than those obtained by Chan & Yu (2013) and Blyuss (2013), and
their results are consistent with our findings when ρ = 2 and α = 3.

Our analytical results suggest that, because these clusterings are inherent prop-
erties of the Mendelian combinatorial structure of the strain space, the clustering
behaviours are not restricted to the CSS region. In addition, one can also observe
simple cluster transition with complex or exotic strain dynamics with a varying degree
of cluster-specific sequential domination, as illustrated in Calvez et al. (2005), Gupta
et al. (1996, 1998), Recker et al. (2007, 2009), Minaev & Ferguson (2009a-b), Chan
& Yu (2013), Blyuss (2013) (see Chapter 7 for some examples). To fully understand
the parameter regions where these different clustering types and structures, and their
respective dynamics, are observed, we must go to a co-dimensional parameter space
higher than two or develop a relative cross-immunity measure capable of capturing
the diversifying cluster selective properties of multiple cross-immunity levels in order
to obtain a parameter space diagram similar to Fig. 3.6. Further analysis of these
dynamic patterns and the complex forms of synchronization observed, may be the
essential ingredient to understanding and predicting epidemiological episodes, and
designing effective and optimal public health schemes

A major question arising from the numerical results of different versions of the
model is whether the inherent dynamical behaviours are observed in epidemiological
systems. Many pathogens, such as influenza, plasmodium falciparum and neisseria
meningitidis, show structured strain diversity which is organized into distinct deter-
minant strain lineages (Gupta et al., 1996; Buckee et al., 2008; Recker et al., 2007). In
Neisseria meningitidis, for example, the PorA protein (one of the subcapsular outer
member proteins) which has two antigenic variable regions VR1 and VR2, is known
to exhibit high diversity at population level. These regions are structured into discor-
dant combinations. This is consistent with the results of the aforementioned model
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in which strong immune selection organizes the strain population into DSS (Gupta et
al., 1996; Buckee et al., 2008). Similarly in Influenza A virus, Gupta and colleagues
(Gupta et al., 1998; Recker et al., 2007) have captured the limited diversity, antigenic
evolution, cyclical temporal dynamics and population strain structure of influenza us-
ing the multi-locus-allele model reviewed above. In addition, it was shown in Recker
et al. (2007) that the antigenic distance between epidemics does not increase with
time as illustrated in an empirical study (Smith et al., 2004). However, for the model
to realistically capture the dynamics observed in influenza, a high number of loci is
needed (e.g., five loci or more). The ecology of antigenically variable pathogens is
related to their evolution, where these pathogens generate different patterns of anti-
genic variability. For instance, on the one hand, pathogens such as influenza virus,
S. pneumoniae and N. meningitidis show little variation within a single host. While
S. pneumoniae and N. meningitidis have extensive population-wide variation that is
spatiotemporally variable, influenza virus exhibits little variation across the popula-
tion at any given time but rapid variation over time on a temporal scale of years. On
the other hand, infectious diseases such as HIV/AIDS induce extensive replacement
of dominant strains with high diversity over time within a single host and across
the population. These differences in the patterns of antigenic variability are due to
the way in which inter-strain competition provokes or induces cross-reactive immuno-
logical response (e.g., immunological interference). For instance, infection with one
strain can confer partial cross-immunity or protection to other antigenically similar
strains (e.g., influenza virus), or enhance severity of infections by other strains (e.g.,
dengue). As a result, a multi-locus-allele modelling framework with host immune
system mediating competition between strains via cross-immunity can be used to
provide insight into various infectious diseases such as dengue, meningitis, malaria
and influenza viruses, to name but a few examples of antigenically variable infectious
diseases.

3.6 Conclusion

Infectious diseases with antigenically diverse pathogens, such as influenza, remain a
major threat to humanity. The recurrent epidemiological patterns, continuous emer-
gence and re-emergence of new subtypes, the ability to evade immunological detection,
and public health challenges, have made these diseases more intriguing to scientific
inquiries. Herein, we have studied one of the models often used to investigate the
interplay between epidemiological, immunological and evolutionary dynamics. In par-
ticular, we have provided a detailed analysis of a multi-locus-allele model proposed
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previously by Gupta et al. (1996, 1998) and focused our attention on the funda-
mental model of the 2-locus-2-allele system. Using both biological insights and some
mathematical definitions of endemicity and persistent sets, we split the steady state
analysis into two parts based on the nature of endemicity, namely weakly endemicity
and strongly endemicity where in the former some strains are persistent while others
go extinct and in the latter all strains coexist. Reducing the system according to the
steady state types allows us to simplify our analysis. Analyzing these steady state
types, we found that weakly endemic equilibria can only undergo steady-state bifur-
cation while the unique strong endemic equilibrium can undergo bifurcation either to
a steady-state or to an oscillatory solution (Hopf).

Although the results presented herein have focused on local properties of the equi-
libria, the assumptions of life-long immunity, uniformity of model parameters, and
that a strain sharing one allele has the same cross-reactivity effect as having more
than one allele in common, one could pursue further research in a variety of direc-
tions. The easiest extensions of the model are to relax the uniformity assumption of
the epidemiological parameters and of allelic variation in the general multi-locus-allele
system with cross-immunity based on differential allelic distance which will introduce
a weighted serotypic cross-immunity network. Furthermore, one can consider the
effect of general graph or network topology (e.g., small network topology, random
network, real-world strain network motivated by biological evidence) on the dynami-
cal behaviours of the multi-locus-allele systems where the symmetry structure of the
network is not readily observable. We can use algebraic graph-theoretical tools to
reconcile the approach presented herein, the groupoid formalism of Golubitsky and
colleagues (Golubitsky et al., 2005) used by Chan & Yu (2013), and the equivariant
dynamical systems approach of Blyuss (2013) and others (see Chossat & Lauterbach,
2000, and references therein) to study the dynamical behaviours and to character-
ize all generic dynamic patterns of multi-locus-allele systems with both uniform and
differential allelic variations. These algebraic approaches can then be used to sim-
plify the model and the analysis and to explore both local and global properties and
existence conditions for the evolution of strain serotypic cluster structures. In addi-
tion, the assumption of a life-long immunity can be relaxed to include exponential,
discrete and/or distributed strain-transcending immunity which can be accomplished
by the use of delay and/or functional differential equations. This extension pro-
vides a deterministic generalization of the multi-locus-allele framework of Gupta et al.
(1996, 1998). Another possibility is incorporating the strain-transcending time-since-
infection or the time-since-recovery with or without varying rates of loss of immunity
assumption and/or age-specificity into the model. Another mathematical direction
one could explore is the effect of intrinsic stochasticity on the transitions between
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different cluster types and structures. Recently, Buckee et al. (2011) and Minayev
and Ferguson (2009b) have considered the effect of stochasticity on the dynamical
patterns of the model proposed in Gupta et al. (1998) and its variation, whereas in
Buckee et al. (2011) the authors show that although the self-organization of strains
into discordant/non-overlapping or minimally overlapping sets will break down under
the differential allelic combination assumption, self-organization is recovered in the
stochastic system. It would be interesting to investigate the underlying mechanism
of this process mathematically.

In the next chapter, we investigate the age-structured multi-locus-allele system
derived in Chapter 4. In particular, we reformulate the multi-locus-allele model as an
abstract Cauchy semi-linear evolutionary problem on an infinite-dimensional Banach
space and show the existence of a positive mild solution. In addition, we determine
a threshold-like condition and examine the existence of both trivial and nontrivial
equilibria using this threshold.
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4 Derivation of Age-structured
Multi-locus-allele Model

This chapter extends the multi-locus-allele model discussed in Chapter 2 by incorpo-
rating age-specificity, using hyperbolic partial differential equations.

4.1 Introduction

Structured population models (e.g., spatial structure, temporal variation, multiple
groups, differences in activity or risk factors) have been widely studied in the math-
ematical biology literature for many years. In particular, models written as evolu-
tionary systems of partial differential equations (PDEs) for the density of individuals
incorporating a specific structural variable, for example age and/or size for the age-
structured and/or size-structured equations (Webb, 1985, 2004; McKendrick, 1926);
phenotypic trait for the selection-mutation equations (Burger, 2000); physiologically
structured equations (Diekmann & Getto, 2005; Diekmann et al., 2001; Diekmann &
Metz, 1986). These structural variables are usually included in the models to enhance
features not captured by standard unstructured population models (see Burger, 2000;
Perthame, 2007). In particular, structured models have been used to capture differ-
ential burdens due to heterogeneity across ages, classes, sizes, physiological traits,
and so on, in the presence and/or absence of other prior predisposing risk factors.
Furthermore, structural variables such as age and/or size have been incorporated
into models in order to induce oscillatory dynamics in the cases where unstructured
models do not exhibit such behaviours (Magal & Ruan, 2009a-b, 2010). Therefore,
studying epidemiological processes within a structural variable framework is critical
to understanding factors that are important in disease transmission and evolution;
and to designing effective organized public health measures. In this chapter, we ex-
tend the model derived in Chapter 2 (i.e., Section 2.5) in which age is incorporated to
account for the age-specificity in influenza dynamics and other pathogenically diverse
infectious diseases.
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4.2 Antigenic Thrift Model with Age-specificity

We start with the reduced infectivity assumption used in Chapter 2 (i.e., Section 2.5).
Let us use the same index set notation, where K = {1, 2, . . . ,M} denotes the set of
all possible strains. Let S∅ denote the age density of individuals of age a who, at
time t have never been infected and are susceptible, and SJ denote the age density
of susceptible individuals of age a with immunity to the strains in the set J , but no
immunity to strains in K\J where J ⊆ K. Similarly, I iJ represents the age density of
individuals of age a currently infected by strain i who have previously been exposed
to, and have recovered from, infections with all strains in the set J (i.e., i /∈ J ).
Then I i =

∑
J∈K\i I

i
J represents the age density of individuals of age a currently

infectious with strain i (see Section 2.5 for details). All the biological assumptions
stated in the previous chapters hold. Extending Eqs. (2.7)-(2.10) in Section 2.5, the
disease dynamics is given by(

∂

∂t
+

∂

∂a

)
S∅(t, a) = −µ(a)S∅(t, a)−

∑
j∈K

Λj(t, a)S∅(t, a) (4.1)(
∂

∂t
+

∂

∂a

)
SJ (t, a) =

∑
j∈J

Λj(t, a)SJ\j(t, a)− µ(a)SJ (t, a)

−
∑
i/∈J

Λi(t, a)SJ (t, a), (4.2)(
∂

∂t
+

∂

∂a

)
I i(t, a) =

∑
J⊆K\i

γiJΛi(t, a)SJ (t, a)− (µ(a) + σ(a))I i, (4.3)

where the demographic and epidemiological parameters µ(a), f(s) and σ(a) represent
the age-specific per capita mortality, per capita fertility rate and per capita recovery
rate, respectively, and γiJ is the age-specific cross-immunity level. That is, γiJ = 0

implies complete protection, and γiJ = 1 implies no protection (e.g., γi∅ = 1 for all i).
The force of infection is denoted by Λi, which incorporates the infection rate per unit
time per capita and the contact rate. The force of infection rate is given as follows:

Λi(t, a) =

∫∞
0
β(a, s)I i(t, s)ds∫∞
0
P(t, s)ds

, (4.4)

where β(a, s) represents the combined age-specific transmission and contact rates
between individuals of age a and age s, and N(t) =

∫∞
0
P(t, s)ds. In addition, we

assume that all individuals are born susceptible. Thus, the initial and boundary
conditions are given as follows:

S∅(t, 0) =

∫ ∞
0

f(s)P(t, s)ds, SJ (t, 0) = I i(t, 0) = 0

S∅(0, a) = S0
∅(a), SJ (0, a) = S0

J (a), and I i(0, a) = I i0(a) = 0,
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where S0
∅(a) is the initial age-distribution of susceptibles, and the total population

P (t, a) is of the form given by(
∂

∂t
+

∂

∂a

)
P(t, a) = −µ(a)P(t, a), (4.5)

with P(t, 0) =
∫∞

0
f(s)P(t, s)ds and P(0, a) = P 0(a), and is equivalent to the McK-

endrick – von Forester equation. The consequence of this equation is that the total
population dynamics and demographic rates (e.g., birth and mortality rates) are not
affected by the disease.

We now provide a two strain case to illustrate the use of the notation. For the two
strain system K = {1, 2}, and S∅ is susceptible to all strains, S1 is immune to strain
1 but susceptible to strain 2, S2 is immune to strain 2 but susceptible to strain 1, S12

is immune to both strains 1 and 2; and I1 = I1 + I12 and I2 = I2 + I21 are infectious
with strain 1 and 2 respectively, then the dynamical system is described as follows:(

∂

∂t
+

∂

∂a

)
S∅(t, a) = −µ(a)S∅(t, a)−

(
Λ1(t, a) + Λ2(t, a)

)
S∅(t, a), (4.6)(

∂

∂t
+

∂

∂a

)
S1(t, a) = Λ1(t, a)S∅(t, a)− µ(a)S1(t, a)− Λ2(t, a)S1(t, a), (4.7)(

∂

∂t
+

∂

∂a

)
S2(t, a) = Λ2(t, a)S∅(t, a)− µ(a)S2(t, a)− Λ1(t, a)S2(t, a), (4.8)(

∂

∂t
+

∂

∂a

)
S12(t, a) = Λ1(t, a)S2(t, a) + Λ2(t, a)S1(t, a)− µ(a)S12(t, a), (4.9)(

∂

∂t
+

∂

∂a

)
I1(t, a) =

(
γ1
∅S∅(t, a) + γ1

2S2(t, a)
)

Λ1(t, a)

−(µ(a) + σ(a))I1, (4.10)(
∂

∂t
+

∂

∂a

)
I2(t, a) =

(
γ2
∅S∅(t, a) + γ2

1S1(t, a)
)

Λ2(t, a)

−(µ(a) + σ(a))I2, (4.11)

where γ1
∅ = γ2

∅ = 1 and γ1
2 = γ2

1 = 1 − γ. The initial and boundary conditions are
given by

S∅(t, 0) =

∫ ∞
0

f(s)P(t, s)ds, S1(t, 0) = S2(t, 0) = S12(t, 0) = I1(t, 0) = I2(t, 0) = 0

S∅(0, a) = S0
∅(a), S1(0, a) = S0

1(a), S2(0, a) = S0
2(a), S12(0, a) = S0

12(a),

I1(0, a) = I1
0 (a), and I2(0, a) = I2

0 (a).

Observe that this is the age-structured version of the two strain system with reduced
infectivity discussed in Section 2.5 (see Chapter 2).
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4.3 Model Reduction via Auxiliary Quantity

In Chapter 2, we use two auxiliary quantities to reduce the model. Here we use the
auxiliary variables to reduce the dimension of the model. However, since we are using
a non-standard summation, we illustrate the use of the notation. The first auxiliary
S̃i(t, a) =

∑
J :i∈J SJ (t, a) denotes susceptible individuals who have experienced at

least strain i. For the two strain system, S̃1 = S1 + S12 and S̃2 = S2 + S12. Then
using the auxiliary variable and Eqs. (4.6)-(4.11), we have(
∂

∂t
+

∂

∂a

)
S∅(t, a) = −µ(a)S∅(t, a)−

(
Λ1(t, a) + Λ2(t, a)

)
S∅(t, a),(

∂

∂t
+

∂

∂a

)
S̃1(t, a) = Λ1(t, a)

(
P − S̃1(t, a)

)
− µ(a)S̃1(t, a),(

∂

∂t
+

∂

∂a

)
S̃2(t, a) = Λ2(t, a)

(
P − S̃2(t, a),

)
− µ(a)S̃2(t, a),(

∂

∂t
+

∂

∂a

)
I1(t, a) =

(
S∅ + (1− γ)

(
P − S∅ − S̃1

))
Λ1(t, a)− (µ(a) + σ(a))I1,(

∂

∂t
+

∂

∂a

)
I2(t, a) =

(
S∅ + (1− γ)

(
P − S∅ − S̃2

))
Λ2(t, a)− (µ(a) + σ(a))I2.

where γi∅ = 1 for all i = 1, 2, γij = 1− γ, and P = S∅ + S1 + S2 + S12. We note that
the auxiliary quantity S̃i reduces the original systems of equations by one in the two
strain system.

We now turn to the use of the second auxiliary variableW i
k(t, a), whereW i

k(t, a) =∑
Lk(i)

⋂
J 6=∅ SJ (t, a) denotes the number of individuals who have immunity to one or

more strains in the Lk(i)-neighborhood of i for all k levels of protection (i.e., k =

0, 1, 2, . . . ,m). Here Lk(i) represents dist(i,J ) ≤ k, where dist(x, y) is the distance
between elements x and y. Therefore, the summationW i

k(t, a) =
∑
Lk(i)

⋂
J 6=∅ SJ (t, a)

counts all strains satisfying the collection of all sets that are up to k distance (e.g.,
Hamming distance) away. For example, W i

0(t, a) represents the age density of indi-
viduals who have been exposed to strain i at some point in their life and are now
immune to it, W i

1(t, a) denotes the age density of individuals who have been exposed
to, and are immune to, strain i or any strain related to i up strains that differ by 1

epitope, and so on. So by definition W i
m(t, a) = P (t, a). For the two strain system,

W 1
0 = S1 +S12, W 2

0 = S2 +S12, W 1
1 = S1 +S2 +S12 = W 2

1 . Note that here W 1
1 = W 2

1

because in our early assumption we assume that strain 1 and 2 are similar. Using the
second auxiliary, we observe that W i

0 is identical to S̃i, and is given by(
∂

∂t
+

∂

∂a

)
W 1

0 (t, a) = Λ1(t, a)
(
P −W 1

0 (t, a)
)
− µ(a)W 1

0 (t, a),
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and because W 1
1 = W 2

1 , we can ignore W 2
1 . Using the definition of W 1

1 , and re-
expressing I1, we obtain(
∂

∂t
+

∂

∂a

)
W 1

1 (t, a) =
(
P −W 1

1

) (
Λ1 + Λ2

)
− µ(a)W 1

0 (t, a)(
∂

∂t
+

∂

∂a

)
I1(t, a) =

(
P −W 1

1 + (1− γ)
(
W 1

1 −W 1
0

))
Λ1(t, a)− (µ(a) + σ(a))I1,

and similarly for W 2
1 and I2. We note that since W 2

1 = W 1
1 , the resulting system

of equations is reduced to five equations and S∅ is no longer included in the final
equations. For a more general expression, we can reduce the dynamic equations in
Eqs. (4.1)-(4.3), and the resulting equations can be rewritten in more compact forms.
While observing that the number of individuals who do not have Lk(i) immunity is
P (t, a)−W i

k(t, a), we sum the dynamic equation for SJ (t, a) over Lk(i)
⋂
J 6= ∅, to

obtain the following expressions:

∂W i
k

∂t
+
∂W i

k

∂a
=

(
P (t, a)−W i

k(t, a)
) ∑
j∈Lk(i)

Λj(t, a)− µ(a)W i
k(t, a), (4.12)

∂I i

∂t
+
∂I i

∂a
= Λi

m∑
k=1

γk
(
W i
k(t, a)−W i

k−1(t, a)
)
− µ(a)I i(t, a)

−σ(a)I i(t, a), (4.13)

where γiJ = γk if J
⋂

(Lk(i)\Lk−1(i)), and 0 = γ0 ≤ γ1 ≤ γ2 ≤ . . . ≤ γm = 1,
W i
m(t, a) = P (t, a). Here γk reduces disease transmissibility for individuals whose

most related infection is at the k-level. Hence this is the age-structured extension of
the model studied by Ferguson & Andreasen (2001). We note that when m = 2, Eqs.
(4.12)-(4.13) reduce to an age-structured extension of the equations in Gupta et al.
(1997a-b, 1998), except that γk is defined in the opposite sense (i.e., reverse cross-
immunity, γ1 = 1−γ). Henceforth, we assume that m = 2. Furthermore, it should be
noted that if we let Ωij denote the ij−element of the similarity matrix generated by
the interaction between strains, then Ωij based on the lexicographic representation
chosen for any given strain space can be used to rewrite

∑
j∈L1(i) Λj =

∑
j ΩijΛ

j.
For m = 2, let S̃i = P −W i

1 denote the number of individuals who do not have
immunity to strain i; Vi = W i

1 −W i
0 represent individuals with partial immunity to

strain i; Zi = W i
0 denote individuals fully immune to strain i; and Yi = I i denote

infectious individuals. Then the above equations become:

∂S̃i
∂t

+
∂S̃i
∂a

= −S̃i(t, a)
∑
j

ΩijΛ
j(t, a)− µ(a)S̃i(t, a), (4.14)

∂Vi
∂t

+
∂Vi
∂a

= S̃i(t, a)
∑
j 6=i

ΩijΛ
j(t, a)− Vi(t, a)Λi(t, a)− µ(a)Vi(t, a), (4.15)
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∂Yi
∂t

+
∂Yi
∂a

= Λi(t, a)
[
(1− γ)Vi(t, a) + S̃i(t, a)

]
− (µ(a) + σ(a))Yi(t, a), (4.16)

∂Zi
∂t

+
∂Zi
∂a

=
(
S̃i(t, a) + Vi(t, a)

)
Λi(t, a)− µ(a)Zi(t, a), (4.17)

with the following initial conditions:

S̃i(t, 0) =

∫ ∞
0

f(s)P(t, s)ds

Vi(t, 0) = Zi(t, 0) = Yi(t, 0) = 0

S̃i(0, a) = S̃0
i (a), Vi(0, a) = V 0

i (a), Zi(0, a) = Z0
i (a), and Yi(0, a) = Y 0

i (a).

Since the age-specific mortality and fertility (including zero net-migration) rates
are constant, we can use the stable age-distribution assumption (see, for example, dis-
cussions in Webb (1985), Iannelli (1995) and Thieme (2003) for details) to find that
P(t, a)→ P∞(a) as t→∞, where P∞(a) is the stable population age-distribution. In
particular, we use the notion of population ergodicity where the population eventually
forgets its initial age-distribution and takes the features determined by the vital rates
to which it is exposed. It should be noted that stable population (in age-distributional
sense) is different from stationary population, where stationary population has mor-
tality and birth rates are equal (i.e., zero growth) while stable population has constant
growth, mortality and birth rates and age-distribution. Hence, stationary population
can be seen as a special form of stable population.

Let si =
S̃i
P∞

, vi =
Vi
P∞

, zi =
Zi
P∞

, and yi =
Yi
P∞

, where P(t, a) = P∞(a).

Then, the system can be rewritten as follows:(
∂

∂t
+

∂

∂a

)
si(a, t) = −si

∑
j

Ωijλj (4.18)(
∂

∂t
+

∂

∂a

)
vi(a, t) = si

∑
j 6=i

Ωijλj − viλi (4.19)(
∂

∂t
+

∂

∂a

)
yi(a, t) = [si + (1− γ(a))vi]λi − σ(a)yi (4.20)(

∂

∂t
+

∂

∂a

)
zi(a, t) = (si + vi)λi (4.21)

where si(t, 0) = 1, and vi(t, 0) = zi(t, 0) = yi(t, 0) = 0 and si(0, a) = s0
i (a), vi(0, a) =

v0
i (a), zi(0, a) = z0

i (a), and yi(0, a) = y0
i (a), and the force of infection is given by:

λi(t, a) =

∫ ∞
0

β(a, s)ψ(s)yi(t, s)ds, and ψ(a) =
P∞(a)∫∞

0
P∞(a)da

,
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where ψ is the normalized stable age distribution and
∫∞

0
ψ(s)ds = 1. In Appendix

B.1.2, we numerically show that, when all the age-specific parameters β, f, σ, γ, and µ
are independent of age, the age-structured model reduces to the model of Gupta et
al. (1998) derived in Chapter 2. In Chapters 5-6, we provide some rigorous results on
the existence of a mild positive solution and non-trivial steady state solutions, and
on the stability of the equilibria using insight gained in Chapter 3.
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5 Age-specificity I: Existence of
Mild and Steady-State Solutions

In this chapter, we provide a theoretical investigation of the multi-strain system
derived in Chapter 4. We focus on an age-structured multi-locus-allele model and
provide some analyses. We formulate the multi-locus-allele model as an abstract
Cauchy semi-linear evolutionary problem on an infinite-dimensional Banach space and
show the existence of mild solutions. In addition, under some appropriate (sometimes
restrictive) assumptions, we determine a threshold-like condition and examine the
existence of both trivial and nontrivial equilibria using this threshold.

5.1 Antigenic Thrift Model with Age-specificity

In this chapter, we consider a system of coupled initial-boundary value problems that
models the evolution of the multiple strain age-structured population derived in the
previous chapter. Let si, vi, zi, and yi denote the proportion of individuals who do
not have immunity to strain i or similar to it (i.e., susceptible to any strain similar
to strain i and including i itself), the proportion of individuals with partial immunity
to strain i, the proportion of individuals immune to strain i, and the proportion
of individuals infectious with strain i, respectively. The epidemiological process is
described by the following partial differential equations:(

∂

∂t
+

∂

∂a

)
si(t, a) = −si

∑
j

Ωijλj, (5.1)(
∂

∂t
+

∂

∂a

)
vi(t, a) = si

∑
j 6=i

Ωijλj − viλi, (5.2)(
∂

∂t
+

∂

∂a

)
yi(t, a) = [si + (1− γ(a))vi]λi − σ(a)yi, (5.3)(

∂

∂t
+

∂

∂a

)
zi(t, a) = (si + vi)λi, (5.4)

where Ωij is the similarity or relatedness matrix, and Ωij = 1 if strain i is similar
to strain j or i = j, and Ωij = 0 otherwise; in addition, the initial and boundary
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conditions are given as follows si(t, 0) = 1, and vi(t, 0) = zi(t, 0) = yi(t, 0) = 0

and si(0, a) = s0
i (a), vi(0, a) = v0

i (a), zi(0, a) = z0
i (a), and yi(0, a) = y0

i (a), i =

1, 2, . . . ,N and N is the number of strains. The force of infection is given by:

λi(t, a) =

∫ ∞
0

β(a, s)ψ(s)yi(t, s)ds,

ψ(a) =
P∞(a)∫∞

0
P∞(a)da

=
E(a)∫∞

0
E(s)ds

,

where we have assumed a stable age distribution P∞(a) = E(a), where E(a) :=

exp
(
−
∫ a

0
µ(s)ds

)
;
∫∞

0
ψ(s)ds = 1 and ψ is the normalized stable age distribution;

and the parameters β(a, s), µ(a), γ(a) and σ(a) denote age-specific contact rate,
mortality rate, cross-immunity level and recovery rate, respectively. We also note that
L =

∫∞
0
E(s)ds is the life-expectancy and D =

∫∞
0

exp
(
−
∫ a

0
σ(s)ds

)
da is infectious

period/or mean-séjour. In addition, because the other equations are independent of
the variable zi, we can eliminate zi from the system. Hence, we will consider only
Eqs. 5.1-5.3 to study existence and stability questions. First, we restate the technical
and biologically reasonable assumptions made in Chapter 4. That is,

Assumption 5.1.1. We assume the following properties on demographic patterns:

1. H1: µ(a) ∈ L∞([0,∞)), µ(a) ≥ 0 in [0,∞).

5.2 Existence of a Positive Solution:

We now consider the well-posedness of the evolution problem described by Eqs. (5.1)–
(5.3) on the Banach Space

X := L1([0,∞);R3N ) = L1([0,∞))3N ,

endowed with the usual norm

||φ||=
3∑
i=1

N∑
j=1

||φ(i)
j ||,

for φ(a) = {φ(1)
1 (a), φ

(1)
2 (a), . . . , φ

(1)
N (a), φ

(2)
1 (a), φ

(2)
2 (a), . . . , φ

(2)
N (a), φ

(3)
1 (a), φ

(3)
2 (a), . . . ,

φ
(3)
N (a)}T ∈ X , where ||∗|| is the norm of L1([0,∞)) and T denotes the transpose op-

eration. In addition, φk = {φ(k)
j }j=1,2,...,N ∈ RN×1, k = 1, 2, 3. The state space of the

normalized age distribution for the system induced by the semi-flow Eqs. (5.1)–(5.3)
is given as follows:

Γ := {φ := (φ1, φ2, φ3) ∈ X+ : 0N×1 ≤ φ1 + φ2 + φ3 ≤ 1N×1},
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where X+ = L1
+([0,∞))3N and L1

+([0,∞)) denotes the positive cone of L1([0,∞))

(i.e., L1
+ = {f ∈ L1 : f ≥ 0 a.e.}).

Let A be the linear operator on X defined by:

A [φ] (a) :=

 A1 0 0
0 A2 0
0 0 A3

 φ1

φ2

φ3

 ,

where A1 := −IN×N ( ∂
∂a

), A2 := −IN×N ( ∂
∂a

) and A3 := −IN×N ( ∂
∂a

+ σ(a)). In
addition, φ = {φ1, φ2, φ3}T ∈ D(A). The domain D(A) is defined as D(A) :=

{φ ∈ X : φ1, φ2, φ3 are absolutely continuous on [0,∞) and φ1(0) = 1N×1, φ2(0) =

0N×1, φ3(0) = 0N×1}. We also let F be a nonlinear operator F : X → X and is
defined by:

F [φ] (a) :=

 F1 [φ] (a)
F2 [φ] (a)
F3 [φ] (a)

 ,

Fk [φ] (a) :=


F (k)

1 [φ] (a)

F (k)
2 [φ] (a)
. . .

F (k)
N [φ] (a)

 , k = 1, 2, 3,

where

F (1)
i [φ] (a) := −φ(1)

i (a)
∑
j

Ωijλj[φ](a)

F (2)
i [φ] (a) := φ

(1)
i (a)

∑
j 6=i

Ωijλj[φ](a)− φ(2)
i λi[φ](a)

F (3)
i [φ] (a) :=

(
φ

(1)
i (a) + (1− γ(a))φ

(2)
i (a)

)
λi[φ](a), i = 1, 2, . . . ,N .

The operator λj[φ](a) : X → L1([0,∞]) is the linear operator:

λj[φ](a) =

∫ ∞
0

β(a, s)ψ(s)φ
(3)
j (s)ds.

Before going any further, we make the following assumption on the age-specific pa-
rameters:

Assumption 5.2.1. The following properties on the epidemiological parameters hold:

1. H2: β(a, s) ∈ L∞+ ([0,∞)× [0,∞)) and β(a, s) ≥ 0. In addition, β(a, s) ≤ β̃(a)

with β̃(a) ∈ L1([0,∞)) and β = ess sup β(a, s).

2. H3: σ(a) ∈ L∞+ ([0,∞)) and σ(a) ≥ 0 with σ = ess sup σ(a).
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3. H4: γ(a) ∈ L∞+ ([0,∞)) and 0 ≤ γ(a) ≤ 1 with γ = ess sup γ(a).

4. H5: ψ(a) ∈ L∞+ ([0,∞)) and ψ(a) ≥ 0 with ψ = ess sup ψ(a).

Now let u = {u1, u2, u3} ∈ L1([0,∞),R3N
+ ), where u1 = {si}i=1,2,...,N , u2 = {vi}i=1,2,...,N

and u3 = {yi}i=1,2,...,N , uk ∈ L1([0,∞),RN+ ). Then Eqs. (5.1)–(5.3) can be reformu-
lated as the abstract semi-linear Cauchy evolution equation,

du

dt
= Au + F(u), (5.5)

where A and F satisfy the following properties:

Lemma 5.2.2. The linear operator A is the infinitesimal generator of a strongly
continuous semigroup (C0−semigroup) of bounded linear operators {TA(t)}t≥0 :=

{etA}t≥0 on X . In addition, the linear operator TA(t) is defined by

TA(t) [φ] :=

 T1(t) [φ]
T2(t) [φ]
T3(t) [φ]

 ,

where {Ti(t)[φ]}t≥0, i = 1, 2 is a nilpotent right translation C0−semigroup of operators
given by T1(t) [φ] := φ1(a− t)H(a− t) +H(t− a), T2(t) [φ] := φ2(a− t)H(a− t), and
T3[φ] is a combination of the nilpotent right translation and bounded multiplication
C0−semigroup of operators given by T3(t) [φ] := e−

∫ a
a−t σ(τ)dτφ3(a− t)H(a− t), where

H(s) is a Heaviside function (see Pazy, 1983, pg. 4; Engel & Nagel, 2000, Ch. I).

Lemma 5.2.3. If 1 ≤ p ≤ ∞ and if {fn} is a Cauchy sequence in Lp, with limit f ,
then {fn} has a subsequence that converges pointwise almost everywhere to f .

Proof. See any standard and/or advanced analysis textbook (e.g., Rudin, 1966).

Lemma 5.2.4. The state space Γ is closed and convex, and it is invariant with respect
to the semi-flow defined by {TA(t)}t≥0.

Proof. 1. To show that Γ is closed, it suffices to show that every sequence in Γ that
converges in X also converges in Γ. Suppose φn ∈ Γ, φ ∈ X and φn → φ, then
from Lemma 5.2.3 there exists nk such that for each component φ(j)

i,nk
→ φ

(j)
i , j =

1, 2, 3, i = 1, 2, . . . ,N pointwise almost everywhere. If 0 ≤ φ
(1)
i,n +φ

(2)
i,n +φ

(3)
i,n ≤ 1, then

taking any subsequence nk ∈ N as k →∞, this converges to 0 ≤ φ
(1)
i +φ

(2)
i +φ

(3)
i ≤ 1.

Hence φ ∈ Γ. Thus Γ is closed.
2. To show that Γ is convex, it suffices to show that, for all x1, x2 ∈ Γ and ε ∈ [0, 1],
εx1 + (1 − ε)x2 ∈ Γ. Let x1 = (x11, x12, x13)T ∈ Γ and x2 = (x21, x22, x23)T ∈ Γ such
that 0 ≤ x11 + x12 + x13 ≤ 1 and 0 ≤ x21 + x22 + x23 ≤ 1, respectively. If xij, i =
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1, 2, j = 1, 2, 3 are non-negative, then εx1j + (1− ε)x2j, j = 1, 2, 3 are non-negative.
Hence, we observe that εx1 + (1− ε)x2 = (εx11 + (1− ε)x21, . . . , εx13 + (1− ε)x23)T .
The sum of the elements can be re-arranged as [εx11 +(1−ε)x21]+[εx12 +(1−ε)x22]+

[εx13 + (1− ε)x23] = ε[x11 +x12 +x13] + (1− ε)[x21 +x22 +x23] ≤ ε+ 1− ε = 1. Thus
εx1 + (1− ε)x2 ∈ Γ. Therefore, Γ is convex.
3. To show Γ is invariant under the semi-flow, we have, from Lemma 5.2.2,

T1(t) [φ] :=


φ1(a− t), a > t

1, a ≤ t
(5.6)

T2(t) [φ] :=


φ2(a− t), a > t

0, a ≤ t
(5.7)

T3(t) [φ] :=

 e−
∫ a
a−t σ(τ)dτφ3(a− t), a > t

0, a ≤ t

. (5.8)

Hence, TA(t)[Γ] ⊂ Γ. This completes the proof.

Before we state the next theorems, we state the following definitions and inequalities:

Definition 5.2.5. Let Y and Ỹ be Banach spaces. The Fréchet derivative of an
operator O : Y → Ỹ is the bounded linear operator DaO : Y → Ỹ such that

lim
||h||→0

||O(a+ h)−O(a)−DaO(a)h||
||h||

= 0.

Definition 5.2.6. Let ω1 = ||Ω||L1= max1≤j≤N
∑N

i=1|Ωij| and ω∞ = ||Ω||L∞=

max1≤i≤N
∑N

j=1|Ωij|; and Ωij is an element of Ω. Because Ω is symmetric, ω = ω1 =

ω∞. Define Ξ
(2)
i [φ](a) :=

∑
j 6=i Ωijλj[φ](a).

Inequality 5.2.7. Suppose Assumption 5.2.1 holds. Then the following inequalities
hold and λi : X → L1([0,∞)), where

λi[φ](a) =

∫ ∞
0

β(a, s)ψ(s)φ
(3)
i (s)ds ≤ β

∫ ∞
0

ψ(s)φ
(3)
i (s)ds ≤ βψ||φ||,

λi[φ](a) =

∫ ∞
0

β(a, s)ψ(s)φ
(3)
i (s)ds ≤ β

∫ ∞
0

ψ(s)ds = β, φ ∈ Γ,

||λi[φ]|| =

∫ ∞
0

∣∣∣∣∫ ∞
0

β(a, s)ψ(s)φ
(3)
i (s)ds

∣∣∣∣ da ≤ ∫ ∞
0

(∫ ∞
0

β(a, s)da

)
ψ(s)

∣∣∣φ(3)
i (s)

∣∣∣ ds
≤ ||β̃||

∫ ∞
0

ψ(s)
∣∣∣φ(3)
i (s)

∣∣∣ ds ≤ ||β̃||ψ||φ||.
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From the above inequalities, it follows that

Ξ
(2)
i [φ](a) =

∑
j 6=i

Ωijλj[φ](a) ≤
∑
j 6=i

Ωijβ ≤ (ω − 1) β, φ ∈ Γ,

Ξ
(2)
i [φ](a) =

∑
j 6=i

Ωijλj[φ](a) ≤ (ω − 1) βψ||φ||,

||Ξ(2)
i [φ]|| ≤ (ω − 1) ||β̃||ψ||φ||.

Lemma 5.2.8. The force of infection operator λi[φ], i = 1, 2, . . . ,N defined by

λi[φ](a) =

∫ ∞
0

β(a, s)ψ(s)φ
(3)
i (t, s)ds

is continuously Fréchet differentiable on X .

This is true because λi[φ] is a linear operator, and the Fréchet derivative of a bounded
linear operator is itself (i.e., Dλi[h] = λi[h]). We now turn to a property of F in the
following lemma:

Lemma 5.2.9. The operator F is continuously Fréchet differentiable on X .

Proof. We calculate F [φ+ h]−F [φ]:

F [φ+ h]−F [φ] :=

 F1 [φ+ h]−F1 [φ]
F2 [φ+ h]−F2 [φ]
F3 [φ+ h]−F3 [φ]

 .

From the definition of norm in X , it is sufficient to show that each component is
continuously Fréchet differentiable. Let Ξ

(1)
i [φ](a) := Ξ

(2)
i [φ](a) + λi[φ](a). Then,

F (1)
i [φ+ h]−F (1)

i [φ] = −
(
φ

(1)
i + h

(1)
i

)
Ξ

(1)
i [φ+ h] + φ

(1)
i Ξ

(1)
i [φ]

= L(1)
i [φ, h] +R(1)

i [φ, h], (5.9)

where L(1)
i [φ, h] := −φ(1)

i Ξ
(1)
i [h]−h(1)

i Ξ
(1)
i [φ] and R(1)

i [φ, h] := −h(1)
i Ξ

(1)
i [h]. Rearrang-

ing Eq. (5.9), taking the norm, dividing by ||h|| and taking the limit as ||h||→ 0,
yields

lim
||h||→0

||F (1)
i [φ+ h]−F (1)

i [φ]− L(1)
i [φ, h]||

||h||
= lim
||h||→0

||R(1)
i [φ, h]||
||h||

.

By Definition 5.2.5, it suffices to show that lim||h||→0
||R(1)

i [φ, h]||
||h||

= 0. From Definition

5.2.6 and Inequality 5.2.7, we observe that

||R(1)
i [φ, h]|| = ||h(1)

i Ξ
(1)
i [h]||

≤ ω||β̃||ψ||h||
∫ ∞

0

∣∣∣h(1)
i (a)

∣∣∣ da ≤ ω||β̃||ψ||h||2=M||h||2,
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where M := ω||β̃||ψ. Then, lim||h||→0
||R(1)

i [φ, h]||
||h||

≤ lim||h||→0M||h||= 0. Clearly,

L(1)
i [φ, h] is continuous. Hence, F (1)

i is continuously Fréchet differentiable with Fréchet
derivative L(1)

i [φ, h]. Similarly, using the same argument, it can be shown that F (2)
i [φ]

and F (3)
i [φ] are also continuously Fréchet differentiable. Hence, the operator F is

continuously Fréchet differentiable. This completes the proof.

Corollary 5.2.10. Suppose Assumption 5.2.1 holds. Then the map F|Γ: Γ → X is
Lipschitz continuous and there exists a number K > 0 such that (Id|X+KF)(Γ) ⊂ Γ.

Proof. From the inequalities in 5.2.6–5.2.7, we can show the Lipschitz continuity of
F(φ). Note that ||F [φ]−F [η]||=

∑3
j

∑N
k ||F

(j)
k [φ]−F (j)

k [η]||. We will use a component-
wise approach. That is, using inequalities. 5.2.6–5.2.7,

||F (1)
i (φ)− F (1)

i (η)|| =

∫ ∞
0

∣∣∣−φ(1)
i (a)Ξ

(1)
i [φ](a) + η

(1)
i (a)Ξ

(1)
(i [η](a)

∣∣∣ da
≤ J (1)

1 + J (1)
2 ,

where,

J (1)
1 =

∫ ∞
0

Ξ
(1)
i [φ](a)

∣∣∣φ(1)
i (a)− η(1)

i (a)
∣∣∣ da ≤ ωβ̃||φ − η||,

J (1)
2 =

∫ ∞
0

η
(1)
i (a)

∣∣∣Ξ(1)
i [φ](a)− Ξ

(1)
i [η](a)

∣∣∣ da ≤ ω||β̃||ψ||φ − η||.

Hence, using the triangle inequality, for φ, η ∈ Γ, we obtain

||F (1)
i (φ)− F (1)

i (η)|| ≤ ω
(
β + ||β̃||ψ

)
||φ− η||.

Similarly, it can be shown that,

||F (2)
i (φ)− F (2)

i (η)|| ≤ ω
(
β + ||β̃||ψ

)
||φ− η||

||F (3)
i (φ)− F (3)

i (η)|| ≤ 2
(
β + ||β̃||ψ

)
||φ− η||.

Therefore, from the definition of norm in X , ||F [φ] − F [η]||≤ L||φ − η||, where L =

2N (1 + ω)
(
β + ||β̃||ψ

)
. Hence, F [φ] is Lipschitz continuous.

For the second part of the lemma, we let φ = (φ1, φ2, φ3)T ∈ X+ such that φ(1)
i ≥ 0,

φ
(2)
i ≥ 0, φ(3)

i ≥ 0, and φ(1)
i + φ

(2)
i + φ

(3)
i ≤ 1. In addition, we define φ̃ ∈ X+ such that

φ̃i :=
(
φ̃

(1)
i , φ̃

(2)
i , φ̃

(3)
i

)T
= (Id+KF) (φ). Then, we have

φ̃
(1)
i + φ̃

(2)
i + φ̃

(3)
i = φ

(1)
i + φ

(2)
i + φ

(3)
i +K

(
F (1)
i (φ) + F (2)

i (φ) + F (3)
i (φ)

)
= φ

(1)
i + φ

(2)
i + φ

(3)
i −K

(
γλi[φ]φ

(2)
i

)
≤ φ

(1)
i + φ

(2)
i + φ

(3)
i ≤ 1
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by definition of the set Γ. It now suffices to show that φ(j)
i + KF (j)

i (φ) ≥ 0, j =

1, 2, 3, i = 1, 2, . . . ,N . We observe that

φ
(1)
i +KF (1)

i (φ) = φ
(1)
i

(
1−K

∑
j

Ωijλj[φ]

)
≥ 0,

φ
(2)
i +KF (2)

i (φ) = φ
(2)
i (1−Kλi[φ]) +Kφ

(1)
i

∑
j 6=i

Ωijλj[φ] ≥ 0,

provided that K ≤ 1

ωβ
, and K ≤ 1

β
, respectively. Furthermore, we note that φ(3)

i +

KF (3)
i (φ) = φ

(3)
i + K

(
φ

(1)
i + (1− γ)φ

(2)
i

)
λi[φ] ≥ 0 because φ(3)

i ≥ 0 and φ
(1)
i +

(1− γ)φ
(2)
i ≥ 0 for γ ∈ [0, 1] almost everywhere on a ∈ [0,∞). Hence, if we choose

K > 0 such that K ≤ min

(
1

ωβ
,

1

β

)
, then (Id|X+KF) (Γ) ⊂ Γ. This completes the

proof.

Theorem 5.2.11. For each u0 ∈ X+, there is a unique continuous mild solution
u(t, uo) ∈ X+, t ∈ [0,∞) for Eq. (5.5) such that

u(t) = etAu0 +

∫ t

0

eA(t−s)F(u)ds.

In addition, if u0 ∈ D(A), then the solution is a classical one.

Proof. From Lemma 5.2.9 and Corollary 5.2.10, we note that, given a choice of K,
Eq. (5.5) can be reformulated as follows:

du

dt
=

(
A−K−1

)
u +K−1 (Id+KF) (u) ,

where K is chosen such that Id + KF : Γ → Γ. Using variation of constants, the
solution satisfies:

u(t) = et(A−K
−1)u0 +K−1

∫ t

0

e(A−K
−1)(t−s) [u +KF(u)] (s)ds.

We observe that this can be rewritten as

u(t) = e−K
−1tTA(t)u0 +

(
1− e−K−1t

)
f(u),

where f(u) =
K−1

1− e−K−1t

∫ t
0
e−K

−1(t−s)TA(t − s) [u +KF(u)] (s)ds. Our aim is to

show that there is a mild solution. That is, we define {un}n∈N by

u0(t) = u0, (5.10)

un+1(t) = e−K
−1tTA(t)u0 +

(
1− e−K−1t

)
f(un), (5.11)

f(un) =
K−1

1− e−K−1t

∫ t

0

e−K
−1(t−s)TA(t− s) [un +KF(un)] (s)ds. (5.12)
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By Lemma 5.2.4, TA(t)Γ ⊂ Γ. So if u ∈ Γ, then by Corollary 5.2.10 u+KF(u) ∈ Γ,
for suitable K, and thus TA(t) [u+KF(u)] ∈ Γ. We now want to prove that un ∈ Γ

implies un+1 ∈ Γ. Suppose un ∈ Γ. Then f (j)(un) ≥ 0, j = 1, 2, 3 and hence

0 ≤
3∑
j=1

f (j)(un) ≤ 1

because

K−1

1− e−K−1t

(∫ t

0

e−K
−1(t−s)ds

)
= 1.

Hence, f(un) ∈ Γ. Therefore, un+1 ∈ Γ because the right-hand-side of Eq. (5.11)
is a convex combination of elements in Γ. If un converges to u, then u ∈ Γ, as Γ is
closed (from Lemma 5.2.4). From Corollary 5.2.10, un converges to the mild solution
uniformly in Γ. Hence, there is a mild solution of the abstract Cauchy problem. This
mild solution is a classical solution if u0 ∈ D(A) as F is continuously differentiable
(see Pazy, 1983, Ch. 6). This completes the proof.

5.3 Equilibria: Steady-State Analysis

In this section, we consider the existence of equilibria and their properties.

5.3.1 Existence of Steady States

A steady state solution s∗i (a), v∗i (a) and y∗i (a) of Eqs. (5.1)–(5.3) exists if it satisfies
the following time-independent system of differential equations:

ds∗i (a)

da
= −s∗i (a)

∑
j

Ωijλ
∗
j(a), (5.13)

dv∗i (a)

da
= s∗i (a)

∑
j 6=i

Ωijλ
∗
j(a)− v∗i (a)λ∗i [y](a), (5.14)

dy∗i (a)

da
= [s∗i (a) + (1− γ(a))v∗i (a)]λ∗i [y](a)− σ(a)y∗i (a), (5.15)

with boundary conditions s∗i (0) = 1 and v∗i (0) = y∗i (0) = 0, where λ∗ := (λ∗1, λ
∗
2, . . . , λ

∗
N )T ∈

Z+ := [L1
+]N . Furthermore,

λ∗i [y] (a) =

∫ ∞
0

β(a, s)ψ(s)y∗i (s)ds,

By integrating Eqs. (5.13)–(5.15) with respect to a, we obtain the following:

s∗i (a) = e−
∫ a
0 Ξ

(1)
i [λ∗](τ)dτ (5.16)
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v∗i (a) =

∫ a

0

e−
∫ b
0 Ξ

(1)
i [λ∗](τ)dτΞ

(2)

i [λ∗](b)e−
∫ a
b λ
∗
i (τ)dτdb (5.17)

y∗i (a) =

∫ a

0

e−
∫ a
b σ(τ)dτ [s∗i (b) + (1− γ(b))v∗i (b)]λ

∗
i (b)db. (5.18)

where Ξ
(1)

i [λ∗](a) :=
∑

j Ωijλ
∗
j(a) and Ξ

(2)

i [λ∗](a) :=
∑

j 6=i Ωijλ
∗
j(a). Substituting y∗i

into the equation for λ∗i [y](a), we obtain the following nonlinear integral equation:

λ∗i [y∗] (a) = Φi[λ
∗](a) = Φ

(1)
i [λ∗](a) + Φ

(2)
i [λ∗](a), (5.19)

Φ
(1)
i [λ∗](a) =

∫ ∞
0

β(a, s)ψ(s)

[∫ s

0

e−
∫ s
b σ(τ)dτe−

∫ b
0 Ξ

(1)
i [λ∗](τ)dτλ∗i (b)db

]
ds, (5.20)

Φ
(2)
i [λ∗](a) =

∫ ∞
0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτ (1− γ(b))

[∫ b

0

e−
∫ b∗
0 Ξ

(1)
i [λ∗](τ)dτ

×Ξ
(2)

i [λ∗](b∗)e−
∫ b
b∗ λ
∗
i (τ)dτdb∗

]
λ∗i (b)db

)
ds. (5.21)

From Eq. (5.19), it is clear that one trivial solution is λ∗i = 0 for all i = 1, 2, . . . ,N .
This solution corresponds to the disease-free equilibrium, where no disease exists.
To investigate the existence of non-trivial positive solutions for Eq. (5.19), we let
Φi[λ

∗](a) := Φ
(1)
i [λ∗](a) + Φ

(2)
i [λ∗](a), with i = 1, 2, . . . ,N be the nonlinear integral

operator on the Banach space X . In addition, we let λ∗ := (λ∗1, λ
∗
2, . . . , λ

∗
N )T and

Φ[λ](a) := (Φ1[λ](a),Φ2[λ](a), . . . ,ΦN [λ](a))T . It follows that the solution of Eq.
(5.19) corresponds to the fixed points of the nonlinear operator Φ[λ∗], where λ∗i ∈ L1

+

and λ∗ ∈ [L1
+]N . In the next section, we will provide some properties of Φ[λ∗].

5.3.2 Properties of the Steady State Operator

We investigate the continuity and compactness properties of the nonlinear steady-
state operator Φi [λ

∗] (a) = Φ
(1)
i [λ∗] (a) + Φ

(2)
i [λ∗] (a). Before continuing, we first

provide the following estimates that will be used in the proofs later.

Lemma 5.3.1. The following estimates hold for λi ∈ L1
+(0, am):

1.
∫ s

0
e−

∫ b
0 Ξ

(1)
i [λ](τ)dτλi(b)db ≤ 1

2.
∫ s

0
e−

∫ b∗
0 Ξ

(1)
i [λ](τ)dτΞ

(2)

i [λ](b∗)db∗ ≤ 1

Proof. We observe that∫ s

0

e−
∫ b
0 Ξ

(1)
i [λ](τ)dτλi(b)db =

∫ s

0

e−
∫ b
0 Ξ

(2)
i [λ](τ)+λi(τ)dτλi(b)db

≤
∫ s

0

e−
∫ b
0 λi(τ)dτλi(b)db =

(
1− e−

∫ s
0 λi(τ)dτ

)
< 1.
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We carry out a similar calculation for the second estimate. That is,∫ s

0

e−
∫ b
0 Ξ

(1)
i [λ](τ)dτΞ

(2)

i [λ](b)db ≤
∫ s

0

e−
∫ b
0 Ξ

(2)
i [λ](τ)dτΞ

(2)

i [λ](b)db

=
(

1− e−
∫ s
0 Ξ

(2)
i [λ](τ)dτ

)
< 1.

This completes the proof.

In addition to the assumptions made previously, we make the following assumptions:

Assumption 5.3.2. Let am be the maximal age. We assume

1. H7: β(a, s) ∈ L∞+ ([0, am)×[0, am)) and limh→0

∫ am
0
|β(a+ h, s)− β(a, s)| da = 0

uniformly for s ∈ R+, where β is extended by β(a, s) = 0 for almost all (a, s) ∈
(−∞, 0)

⋃
(am,∞).

2. H8: There exist a∗ with am > a∗ > 0 and ε > 0 such that β(a, s) ≥ ε for almost
all (a, s) ∈ (0, am)× (am − a∗, am).

One must be very careful with the behaviour of the rates when am = ∞. However,
the rates at am =∞ can be disregarded since they do not add anything biologically
important to the model. Hence, the Assumption 5.3.2 assumes that maximum age am
is finite, which is biologically realistic. Alternatively, we can disregard this assumption
provided that the time ranges are comparable with the lifespan of the population, or
fertility rate and survival probability are constrained within a finite window. We now
state the following properties for Φ[λ]. It is easy to see that

Theorem 5.3.3. Let Z+ :=
(
L1

+([0, am))
)N . Then, Φ : Z+ → Z+ is positive.

Before establishing further properties of Φ(λ), we need the following inequality.

Inequality 5.3.4. Recall Ξ
(1)

i [λ](a) = Ξ
(2)

i [λ](a)+λi(a). Then, the following estimates
hold for λi ∈ L1

+(0, am):

Ξ
(12)
i [λ](b) =

∫ b

0

e−
∫ b∗
0 Ξ

(2)
i [λ](τ)dτΞ

(2)

i [λ](b∗)e−
∫ b
0 λi(τ)dτdb∗

=
(

1− e−
∫ b
0 Ξ

(2)
i [λ](τ)dτ

)
e−

∫ b
0 λi(τ)dτ ≤ 1,∫ s

0

ηi(b)
∣∣∣Ξ(12)

i [λ](b)− Ξ
(12)
i [η](b)

∣∣∣ db =

∫ s

0

ηi(b)
∣∣∣(1− e−

∫ b
0 Ξ

(2)
i [λ](τ)dτ

)
e−

∫ b
0 λi(τ)dτ

−
(

1− e−
∫ b
0 Ξ

(2)
i [η](τ)dτ

)
e−

∫ b
0 ηi(τ)dτ

∣∣∣ db,
≤ ||η||||λ − η||+||η||(ω||λ − η||) ,∫ s

0

∣∣∣Ξ(12)
i [λ](b)λi(b)− Ξ

(12)
i [η](b)ηi(b)

∣∣∣ db ≤ ∫ s

0

∣∣∣Ξ(12)
i [λ](b)λi(b)− Ξ

(12)
i [λ](b)ηi(b)

∣∣∣ db
+

∫ s

0

∣∣∣Ξ(12)
i [λ](b)ηi(b)− Ξ

(12)
i [η](b)ηi(b)

∣∣∣ db
≤ ||λ − η||(1 + ||η||+ω||η||) .
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Theorem 5.3.5. Let Z+ :=
(
L1

+([0, am))
)N . The operator Φ : Z+ → Z+ is locally

Lipschitz continuous and Φ(Z+) is bounded.

Proof. We have ||Φi[λ]− Φi[η]||≤ ||Φ(1)
i [λ]− Φ

(1)
i [η]||+||Φ(2)

i [λ]− Φ
(2)
i [η]||, where

||Φ(1)
i [λ]− Φ

(1)
i [η]|| =

∫ am

0

[∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτ

∣∣∣λi(b)e− ∫ b0 Ξ
(1)
i [λ](τ)dτ

−ηi(b)e−
∫ b
0 Ξ

(i)
i [η](τ)dτ

∣∣∣ db) ds] da
≤

∫ am

0

[∫ am

0

β(a, s)ψ(s)

(∫ s

0

∣∣∣λi(b)e− ∫ b0 Ξ
(1)
i [λ](τ)dτ

−ηi(b)e−
∫ b
0 Ξ

(i)
i [η](τ)dτ

∣∣∣ db) ds] da.
We observe that∫ s

0

∣∣∣λi(b)e− ∫ b0 Ξ
(1)
i [λ](τ)dτ − ηi(b)e−

∫ b
0 Ξ

(1)
i [η](τ)dτ

∣∣∣ db
≤

∫ s

0

|λi − ηi| e−
∫ b
0 Ξ

(1)
i [λ](τ)dτdb+

∫ s

0

ηi

∣∣∣e− ∫ b0 Ξ
(1)
i [λ](τ)dτ − e−

∫ b
0 Ξ

(1)
i [η](τ)dτ

∣∣∣ db
≤ ||λi − ηi||+

∫ s

0

ηi(b)

∫ s

0

∣∣∣Ξ(1)

i [λ](τ)− Ξ
(1)

i [η](τ)
∣∣∣ dτdb

≤ ||λ − η||(1 + ω||η||) .

Therefore,

||Φ(1)
i [λ]− Φ

(1)
i [η]|| ≤ ||λ − η||(1 + ω||η||)

∫ am

0

[∫ am

0

β(a, s)ψ(s)ds

]
da

≤ ||λ − η||(1 + ω||η||)
∫ am

0

[∫ am

0

β̃(a)ψ(s)ds

]
da

≤ ||λ − η||(1 + ω||η||) ||β̃||L1 .

Similarly, we have ||Φ(2)
i (λ) − Φ

(2)
i (η)||≤ ||β̃||||λ − η||(1 + ||η||+ω||η||). Therefore,

||Φi(λ)−Φi(η)||≤ ||β̃||(2 + 2ω||η||+||η||)× ||λ − η||. Hence, ||Φ(λ)−Φ(η)||≤ N ||β̃||
× (2 + 2ω||η||+||η||) ||λ − η||, and Φ is Lipschitz (local) continuous.

In addition, it follows that ||Φi(λ)||≤ ||Φ(1)
i (λ)||+||Φ(2)

i (λ)||, where by Lemma
5.3.1,

||Φ(1)
i (λ)|| =

∫ am

0

∣∣∣∣[∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτλi(b)e

−
∫ b
0 Ξ

(1)
i [λ](τ)dτdb

)
ds

]∣∣∣∣ da
≤

∫ am

0

∣∣∣∣[∫ am

0

β(a, s)ψ(s)

(∫ s

0

λi(b)e
−
∫ b
0 Ξ

(1)
i [λ](τ)dτdb

)
ds

]∣∣∣∣ da
≤

∫ am

0

∣∣∣∣[∫ am

0

β(a, s)ψ(s)ds

]∣∣∣∣ da ≤ ∫ am

0

∣∣∣β̃(a)
∣∣∣ [∫ am

0

ψ(s)ds

]
da ≤ ||β̃||.

Similarly, it can be shown that ||Φ(2)
i (λ)||≤ ||β̃||. Therefore, ||Φ||≤ 2||β̃||N := K.

Hence Φ(Z+) is bounded. This completes the proof.
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Definition 5.3.6. Let Y , Y be Banach spaces and L : Y → Y.

1. The operator L : Y → Y is said to be bounded if it maps any bounded subset
of Y into a bounded subset of Y.

2. An operator L : Y → Y is compact if it maps bounded subsets of Y into
relatively compact (pre-compact) subsets of Y.

3. The operator L : Y → Y is said to be completely continuous if it is contin-
uous and compact.

4. The operator L is said to be of finite rank if L(Y) lies in a finite-dimensional
subspace of Y.

We note that an operator L is compact if and only if for every bounded sequence
{uk}k∈N+ ∈ Y the sequence {L(uk)}k∈N+ has a convergent subsequence. We recall the
Riesz-Frechet-Kolmogorov theorem:

Theorem 5.3.7. (Riesz-Frechet-Kolmogorov Compactness) Let F ⊂ Lp(Rn)

be bounded, 1 ≤ p < ∞, and suppose lim|h|→0||ρh[f ] − f ||p= 0 uniformly for f ∈ F ,
where ρh[f ](x) = f(x+ h), h ∈ Rn (i.e., for every ε > 0, there exists δ > 0 such that
||ρh[f ]− f ||p< ε, for all h ∈ Rn with |h|< δ, f ∈ F ). Then, F |Ω has compact closure
in Lp(Ω), for each Ω ⊂ Rn, Ω measurable and bounded (see Brezis, 2010, pg. 111,
Theorem 4.26).

Theorem 5.3.8. The operator Φ : Z → Z is completely continuous.

Proof. Let S be a bounded subset of L1(0, am) and Fi := Φi(S) ⊂ L1(0, am) for each
i = 1, 2, . . . ,N . We want to prove that Φ(S) has a compact closure. We will use
Theorem 5.3.7. Then, if λi ∈ S, we have ||λi||≤ c0 for some positive constant c0. In
addition, with the result of Inequality 5.2.7, we have ||Φi[λ]||≤ ||Φ(1)

i [λ]||+||Φ2
i [λ]||,

where

||Φ(1)
i [λ]|| =

∫ am

0

[∫ am

0

|β(a, s)|ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτe

∫ b
0

∣∣∣Ξ(1)
i [λ](τ)

∣∣∣dτ |λi(b)| db
)
ds

]
da

≤ eωco
∫ am

0

∣∣∣β̃(a)
∣∣∣ [∫ am

0

ψ(s)

(∫ s

0

|λi(b)| db
)
ds

]
da

≤ eωco ||β̃||||λi||≤ eωco||β̃||c0.

Using similar argument, we observe that ||Φ(2)
i [λ]||≤ eωco||β̃||(ω − 1)c2

0. Therefore,
||Φi[λ]||≤ eωco ||β̃||c0 + eωco ||β̃||(ω − 1)c2

0, and ||Φ[λ]||≤ N eωco ||β̃||c0(1 + (ω − 1)c0).
Hence, Φ and Φi are bounded and so is Fi; the first condition of Theorem 5.3.7 holds.
It now suffices to show that ||ρh [Φ[λ]] (a)−Φ[λ](a)||→ 0 uniformly. We observe that,
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using Lemma 5.3.1 and the consequence of Assumption 5.3.2 (i.e. for every ε > 0,
there exists δ such that

∫ am
0
|β(a+ h, s)− β(a, s)| da ≤ ε, for all s ∈ R+ and |h|≤ δ),

we have

||ρh[Φi[λ]](a)− Φi[λ](a)||≤ ||ρh[Φ(1)
i [λ]](a)− Φ

(1)
i [λ](a)||+||ρh[Φ(2)

i [λ]](a)− Φ2
i [λ](a)||,

where we calculate ||ρh[Φ(1)
i [λ]](a)− Φ

(1)
i [λ](a)|| as follows:

||ρh[Φ(1)
i [λ]](a)− Φ

(1)
i [λ](a)|| ≤

∫ am

0

[∫ am

0

|β(a+ h, s)− β(a, s)|ψ(s)

×
(∫ s

0

e−
∫ s
b σ(τ)dτe

∫ b
0

∣∣∣Ξ(1)
i [λ](τ)

∣∣∣dτ |λi(b)| db
)
ds

]
da

≤ eωco ||λ||
∫ am

0

[∫ am

0

|β(a+ h, s)− β(a, s)|ψ(s)ds

]
da

≤ eωcoc0ε.

Using similar approach for Φ
(2)
i , ||ρh

[
Φ

(2)
i [λ]

]
(a)−Φ

(2)
i [λ](a)||≤ εeωco(ω−1)c2

0. Then,
||ρh[Φ[λ]](a) − Φ[λ](a)||≤ N εeωcoc0(1 + (ω − 1)c0). Therefore, the second condition
of Theorem 5.3.7 is satisfied. Hence, Fi = {Φi(u) : u ∈ S} is precompact for each
i = 1, 2, . . . ,N in L1(0, am). Let F = {Φ(u) : u ∈ S}, then F ⊂ F1 × F2 × . . . × FN
implies that F ⊂ F1 × F2 × . . .× FN = F 1 × F 2 × . . . × FN , where F denotes the
closure of F . Because F i is compact, F 1×F 2× . . .×FN is compact, so F is compact.
Hence, Φ is completely continuous. This completes the proof.

Theorem 5.3.9. The operator Φ is Fréchet differentiable at λ = 0. In addition, let
T : [L1

+([0, am))]N → [L1
+([0, am))]N and T = LλΦ(0) be the Fréchet derivative of Φ

at λ = 0, then the next-generation operator is given by,

T [λ] (a) :=


T1 [λ] (a)
T2 [λ] (a)
. . .

TN [λ] (a)

 , (5.22)

Ti [λ] (a) =

∫ am

0

Ψ(a, b)λi(b)db, i = 1, 2, . . . ,N , (5.23)

Ψ(a, b) =

∫ am

b

β(a, s)ψ(s)Θ(b, s)ds, (5.24)

Θ(b, s) = e−
∫ s
b σ(τ)dτ . (5.25)

Proof. To establish the Fréchet differentiability of Φ[λ](a) with respect to λ at zero,
we show that each of the elements of Φ[λ](a) = (Φ1[λ](a),Φ2[λ](a), . . . ,ΦN [λ](a)) is
Fréchet differentiable. We observe that for Φ

(1)
i [λ](a), Φ

(1)
i [0 + h](a) − Φ

(1)
i [0](a) =
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Φ
(1)
i [h](a) = Ti [h] (a) +R(1)

i [h] (a), where Ti [h] (a) is given above and R(1)
i [h] (a) is

defined as follows

R(1)
i [h] (a) =

∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτh

(1)
i (b)

[
e−

∫ b
0 Ξ

(1)
i [h](τ)dτ − 1

]
db

)
ds.

We note that
||R(1)

i [h] (a)||
||h||

≤ ω||β̃||||h||, which goes to zero as ||h||→ 0. Thus,

Ti [h] (a) is the Fréchet derivative of Φ
(1)
i [λ](a) at λ = 0. Similarly for Φ

(2)
i [λ](a), we ob-

serve that Φ
(2)
i [0+h](a)−Φ

(2)
i [0](a) = Φ

(2)
i [h](a) and

||Φ(2)
i [h](a)||
||h||

≤ (ω − 1) ||β̃||||h||→

0 as ||h||→ 0. Thus, the Fréchet derivative of Φ
(2)
i [λ](a) at λ = 0 is zero. Hence, the

Fréchet derivative of Φi[λ](a) at λ = 0 is Ti [h] (a). This completes the proof.

5.3.3 Next-Generation Operator: Threshold Property

In this section we study the property of the next-generation operator that char-
acterizes the existence of a non-trivial solution. From now on, we will drop ∗ in
Eqs. (5.19)-(5.21). It is clear from Eqs. (5.19)-(5.21) that, λ = Φ[λ], where
λ := (λ1, λ2, . . . , λN )T , and Φ[λ] := (Φ1[λ],Φ2[λ], . . . ,ΦN [λ])T admit a trivial solution
λi = 0, for all i = 1, 2, . . . ,N . This solution corresponds to the disease-free equilib-
rium where no disease exists. Here we are interested in investigating the existence of
positive non-trivial solutions for Eqs. (5.19)-(5.21).

Let Φ[λ] be a nonlinear integral operator on the Banach space Z := [L1(0, am)]N ,
with Φ[0] = 0. In addition, let T = LλΦ[λ = 0] be the Fréchet derivative of Φ[λ] at
λ = 0, and T : Z → Z. Here T defines the next-generation operator which transforms
the distribution of infected population to the distribution of secondary cases in the
initial phase of epidemiological invasion. As a result, the basic reproductive number
R0 is given by the spectral radius of T (i.e., spectral radius of T is the maximum
eigenvalue of T , see Diekmann & Heesterbeek 2000). In addition, we note that
T [λ] := (T1[λ], T2[λ], . . . , TN [λ])T is symmetric across strains because we have assumed
that all disease-related age-specific parameters are the same. We can focus on just
one of the next-generator operators.

To establish the properties of the threshold, or next-generation operator T[λ],
we briefly summarize the necessary Perron-Frobenius theory for positive monotone
operators on the partially ordered Banach space (Krein & Rutman, 1948; Marek,
1970; Sawashima, 1964). Let Y be a real Banach space and Y∗ be its dual, the space
of all linear functionals on Y . In addition, let F ∈ Y∗ at φ ∈ Y be denoted by 〈F, φ〉.
Then, we have the following definitions:
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Definition 5.3.10. A closed subset Y+ of Y is called a cone if the following properties
hold:

1. Y+ + Y+ ⊂ Y+,

2. cY+ ⊂ Y+ for c ∈ R+ = [0,∞),

3. Y+

⋂
(−Y+) = {0}, and

4. Y+ 6= {0}.

Definition 5.3.10 gives the closedness, convexity, and multiplicative invariance (under
multiplication by a positive constant) of Y+. Furthermore, we write

Definition 5.3.11. 1. u ≤ v if and only if v − u ∈ Y+

2. u < v if and only if v − u ∈ Y+\{0}.

Definition 5.3.12. 1. The cone Y+ is called total if the set {φ− ψ : φ, ψ ∈ Y+}
is dense in Y.

2. The dual cone Y∗+ is the subset of Y∗ that consists of all positive linear func-
tionals on Y.

Definition 5.3.12(2) implies that F ∈ Y∗+ if and only if F ∈ Y∗ and 〈F, φ〉 ≥ 0 for all
φ ∈ Y+.

Definition 5.3.13. 1. φ ∈ Y+ is called a non-supporting/quasi-interior point
if 〈F, φ〉 > 0 for all F ∈ Y∗+\{0}.

2. A positive functional F ∈ Y∗+ is called strictly positive if 〈F, φ〉 > 0 for all
φ ∈ Y+\{0}.

Definition 5.3.14. Let B(Y) be a set of bounded linear operators that map Y into
itself. The operators L1,L2 ∈ B(Y) are said to be positive with respect to the cone Y+

if L1(Y+) ⊂ Y+ and L2(Y+) ⊂ Y+. We say L1 ≥ L2 if (L1 − L2) (Y+) ⊂ Y+.

Definition 5.3.15. (Sawashima, 1964)

1. The operator L ∈ B(Y) is called semi-non-supporting if and only if for every
v ∈ Y+\{0}, F ∈ Y∗+\{0}, there exists a positive p = p(v, F ) ∈ Z+ such that
〈F,Lpv〉 > 0,

2. The operator L ∈ B(Y) is called non-supporting if and only if for every pair
v ∈ Y+\{0}, F ∈ Y∗+\{0}, there exists a positive p = p(v, F ) ∈ Z+ such that
〈F,Lnv〉 > 0 for all n ≥ p.
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We now state the following properties:

Lemma 5.3.16. The threshold/next-generation operator T is positive and bounded.

Proof. By Assumption 5.3.2, and using Eqs. (5.22)-(5.25), we observe that if λi ∈
L1

+([0, am]),

Ti [λ] (a) =

∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)ds

)
λi(b)db ≥ 0.

In addition, if λi[φ] ∈ L1
+([0, am))\{0}, then Ti[λ](a) > 0 also holds. Hence T[λ](a) ∈

[L1
+(0, am)]N\{0}. Therefore, T is positive. Moreover,

||Ti [u] || =

∫ am

0

∣∣∣∣(∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)ds

)
ui(b)db

)∣∣∣∣ da
≤

∫ am

0

(∫ am

0

(∫ am

b

β(a, s)ψ(s)ds

)
|ui(b)| db

)
da

≤
∫ am

0

β̃(a)

(∫ am

0

(∫ am

b

ψ(s)ds

)
|ui(b)| db

)
da ≤ ||β̃||||u||.

Hence, Ti is bounded for each i = 1, 2, . . . ,N . This completes the proof.

Theorem 5.3.17. The threshold/next-generation operator T is non-supporting.

Proof. It now suffices to show that the Definition 5.3.15 holds. We follow the approach
of Inaba (1988, 1990). We define s̃(a) := ε if a ∈ (am − a∗, am), am ∈ (0,∞), and
s̃(a) := 0 otherwise. Then it follows from Assumption 5.3.2(2) that β(a, s) ≥ s̃(s) for
all (a, s) ∈ (0, am)× (0, am)). Let f be the linear functional on L1(0, am) defined as

〈f, ui〉 =

∫ am

0

[∫ am

b

s̃(τ)ψ(τ)Θ(b, τ)dτ

]
ui(b)db.

So, the definition of s̃ implies that f ∈
[
L1

+

]∗. We observe that
∫ am
b

ψ(s)Θ(b, s)ds > 0

for all b ∈ (0, am), and f is strictly positive. Hence, if ui ∈ L1
+(0, am), then from

β(a, s, ) ≥ s̃(s), we have Ti[u](a) ≥ 〈f, ui〉e(a), e(a) = 1 for all a ∈ R+. Therefore,
for any n ∈ Z+, we have T n+1

i u ≥ 〈f, ui〉〈f, e〉ne(a), e(a) = 1. Moreover, if the
functional F ∈

[
L1

+(0, am)
]∗ \{0}, then 〈F, T ni [u]〉 ≥ 〈f, ui〉〈f, e〉n−1〈F, e〉 > 0, for

n ≥ 1 for every any pair of ui and F ∈ L1
+\{0}. Hence Ti is non-supporting for

all i = 1, 2, . . . ,N by Definition 5.3.15, and consequently T is non-supporting. This
completes the proof.

Lemma 5.3.18. Under Assumption 5.3.2, for all ε > 0, there exists δ > 0 such that
if |h|< δ, ∫ am

0

|Ψ(a+ h, b)−Ψ(a, b)| da < ε, for all b ∈ [0, am),

where Ψ is defined in Eq. (5.24).
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Proof. We observe that, from Assumption 5.3.2, H7 and H8 imply that for every ε,
there exists δ such that

∫ am
0
|β(a+ h, s)− β(a, s)| da ≤ ε holds for all s ∈ R and

|h|< δ. Hence,∫ am

0

|Ψ(a+ h, b)−Ψ(a, b)| da =

∫ am

0

∣∣∣∣(∫ am

b

β(a+ h, s)− β(a, s)ψ(s)Θ(b, s)ds

)∣∣∣∣ da
≤

∫ am

0

(∫ am

0

|β(a+ h, s)− β(a, s)|ψ(s)ds

)
da ≤ ε.

This completes the proof.

Theorem 5.3.19. The next-generation operator T : Z → Z is compact.

Proof. Let S be a bounded subset of Z and let Fi := Ti(S) ⊂ L1(0, am) for each
i = 1, 2, . . . ,N . From Lemma 5.3.16, Ti is bounded, so F is bounded. Hence, the
first criterion of Theorem 5.3.7 is satisfied. It now suffices to show that the second
criterion also holds. That is, by Assumption 5.3.2 and Lemma 5.3.18, we have

||ρhTi[u]− Ti[u]|| =

∫ am

0

|Ti[u](a+ h)− Ti[u](a)| da

≤
∫ am

0

(∫ am

0

|Ψ(a+ h, τ)−Ψ(a, τ)| da
)
|ui(τ)| dτ ≤ ε||ui||≤ εc0,

where ||u||≤ c0 for all u ∈ S. Hence the second criterion of Theorem 5.3.7 is also
satisfied. Therefore, Ti(S) is precompact or relatively compact in L1(0, am). This
completes the proof.

Because T is linear and compact, it is continuous. Hence, we can conclude that T is
also completely continuous (Kreyszig, 1978).

5.3.4 Existence and Threshold Conditions for Equilibria

To establish the necessary condition for the existence of nontrivial equilibria, we
use some concepts from positive operator theory. Here we focus on the extension
of Perron-Frobenius theory in the context of infinite-dimensional Banach spaces. In
particular, we recall some important results from spectral theory that will allow us to
characterize the properties of the operators and to establish a threshold-like condition
for the existence of fixed point solutions. Given a linear next-generation operator T
on Z, we make the following definitions (Engel & Nagel, 2000):

Definition 5.3.20. Let L : D(L) ⊂ Y → Y be a closed linear operator. Then,

1. Spectrum of L: Σ(L) := {ζ ∈ C : ζ − L is not bijective},
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2. Resolvent set of L: ρ(L) := C\Σ(L),

3. Resolvent of L: R(ζ,L) := (ζ − L)−1 at ζ ∈ ρ(L),

4. Point spectrum of L: Σp(L) := {ζ ∈ C : ζ − L is not injective},

5. Spectral radius of L: r(L) := sup{|ζ|: ζ ∈ Σ(L)},

6. Spectral bound of L: b(L) := sup{Reζ : ζ ∈ Σ(L)},

Note that if L : Y → Y is a bounded linear operator, then it is closed. Using these
definitions, we summarize the following results from linear operator theory (Krein &
Rutman, 1948; Sawashima, 1964; Kato, 1984; Marek, 1970):

Theorem 5.3.21. (Krein & Rutman, 1948) Let K be a cone in a Banach space
Y, K ⊂ Y which is total. In addition, let L : Y → Y be a completely continuous linear
operator such that L(K) ⊂ K, and r(L) > 0. Then r(L) is an eigenvalue of L (of
L∗) and there exists v ∈ K\{0} (η ∈ K∗\{0}) such that Lv = r(L)v (L∗η = r(L)η).
In addition, if L is strictly positive with respect to K, then

1. L has one and only one eigenvector v ∈ Int(K), Lv = r(L)v, where Int(K) is
the interior of K.

2. L∗ has one and only one eigenvector η ∈ K∗\{0} and η is strictly positive, and
L∗η = r(L)η.

3. |ζ|< r(L), for all ζ eigenvalues of L such that ζ 6= r(L).

Corollary 5.3.22. (Krein & Rutman, 1948) Let L be a compact positive linear
operator on Y with positive spectral radius, r(L) > 0, then r(L) is an eigenvalue of
L with corresponding eigenvector ν ∈ Y+\{0}.

The theorems above imply that r(L) is an eigenvalue that possesses a positive eigen-
vector in Int(K) with geometric multiplicity of one. However, because L1

+([0,∞)) in
our case is a total cone with empty interior, the theorems above are not sufficient.
Therefore, we need a different class of positive linear operators. The Sawashima
extension seems to be more appropriate. Below, we outline the theorem:

Theorem 5.3.23. (Sawashima, 1964) If r(L) > 0, L ∈ B(Y) is a semi-nonsupporting
positive linear operator on Y, and r(L) is a pole of the resolvent R(ζ,L), then

1. r(L) ∈ Σp(L)\{0} and r(L) is a simple pole
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2. The eigenspace corresponding to r(L) is a one-dimensional subspace of Y spanned
by a quasi-interior point ψ ∈ Y+. If φ ∈ Y+, c ∈ R satisfying Lφ = cφ, then
c = r(L), and there exists a positive constant k ∈ R such that φ = kψ

3. r(L) ∈ Σp(L∗) and the eigenspace of L∗ corresponding to r(L) is a one-dimensional
subspace of Y∗ spanned by a strictly positive function f .

Theorem 5.3.24. (Marek, 1970) Let Y be a Banach lattice, and let L1, L2 be
positive bounded linear operators on Y. Then the following comparison properties
hold:

1. If L1 ≤ L2 then r(L1) ≤ r(L2)

2. If L1, L2 are semi-nonsupporting and compact, and L1 ≤ L2, L1 6= L2, r(L2) 6=
0 then r(L1) < r(L2).

By Theorems 5.3.17–5.3.19 and 5.3.21–5.3.24, we summarize the above discussion in
the statement below.

Remark 5.3.25. Since r(T ) is one of the eigenvalues of T (in fact the largest eigen-
value, see Theorem 5.3.21-5.3.21 Corollary 5.3.22), r(T ) is a pole of the resolvent.
In addition, if T is non-supporting, then r(T ) is a simple pole (see Theorem 5.3.23).
Hence, the spectral radius r(T ) of the threshold operator T is the only positive eigen-
value with a positive eigenvector in L1(0, am). Furthermore, r(T ) is an eigenvalue of
T ∗ with a strictly positive eigenfunctional.

Using the above Theorems 5.3.23–5.3.24, and Krasnoselskii’s fixed point theorem
(Krasnoselskii, 1964), we obtain the following theorem:

Theorem 5.3.26. (Krasnoselskii, 1964) Suppose g is a completely continuous
positive nonlinear operator on a real Banach space Y with positive cone Y+; and g(Y+)

is bounded with g(0) = 0 and with a Fréchet derivative L := g′(0) at zero. In addition,
let L have a positive characteristic vector (eigenvector) ν0 ∈ Y+ corresponding to the
characteristic value (eigenvalue) ζ0 ∈ R such that Lν0 = ζ0ν0, where ζ0 > 1; and L
has no positive eigenvector in Y+ corresponding to eigenvalue 1. Then, the nonlinear
operator g has at least one non-zero positive fixed point in the cone Y+.

Proof. See Appendix C.1.1.

We will use this result to show that when r(T ) > 1, Φ has a non-zero positive
fixed point. We now establish the following results:

Lemma 5.3.27. The inequality Φ[λ](a) ≤ T [λ](a) holds.
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Proof. We observe that Φ can be written as, Φi [λ] (a) = Φ̃
(1)
i [λ] (a) + Φ̃

(2)
i [λ] (a),

where Φ̃
(k)
i [λ](a), k = 1, 2 and i = 1, 2, . . . ,N are given as follows:

Φ̃
(1)
i [λ](a) =

∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτ (1− γ(b)) Λ

(1)
i [λ](b)db

)
ds,

Φ̃
(2)
i [λ](a) =

∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτγ(b)Λ

(2)
i [λ](b)db

)
ds,

where Λ
(1)
i [λ](b) = λi(b)e

−
∫ b
0 λi(τ)dτ , and Λ

(2)
i [λ](b) = Λ

(1)
i [λ](b)e−

∫ b
0 Ξ

(2)
i [λ](τ)dτ . Then

Φi [λ] (a) ≤
∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτ (1− γ(b)) Λ

(1)
i [λ](b)db

)
ds

+

∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτγ(b)Λ

(1)
i [λ](b)db

)
ds,

=

∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτλi(b)e

−
∫ b
0 λi(τ)dτdb

)
ds

≤
∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτλi(b)db

)
ds = Ti[λ](a).

This completes the proof.

Theorem 5.3.28. The following properties hold:

1. If r(T ) < 1, then u = 0 is the only solution of u = Φ(u) in Z+ and it is the
disease-free equilibrium

2. If r(T ) > 1, then u = Φ(u) has at least one solution in Z+\{0} and it is the
endemic equilibrium.

Proof. Suppose r(T ) < 1. We show that when r(T ) < 1, u = 0 is the only fixed
point by contradiction. Suppose there exists a solution u ∈ Z+\{0} of u = Φ(u),
then u = Φ(u) ≤ T (u) (i.e., Lemma 5.3.27). From Definitions 5.3.12-5.3.13, we let
F∗0 ∈ [Z+]∗\{0} denote the adjoint eigenvector (strictly positive) of T corresponding
to an eigenvalue r(T ). Then by duality pairing, 〈F∗0 , T (u)− u〉 = (r(T )− 1) 〈F∗0 , u〉.
Because T (u)− u ∈ Z+ and F∗0 is strictly positive, we note that 〈F∗0 , T (u)− u〉 ≥ 0.
In addition, we also observe that 〈F∗0 , u〉 > 0 since, by assumption, F∗0 , u ∈ Z+\{0}.
Then we have 〈F∗0 , T (u) − u〉 = (r(T )− 1) 〈F∗0 , u〉 < 0, because r(T ) − 1 < 0. This
is a contradiction. Hence, u = 0 must be the only solution of u = Φ(u) ∈ Z+.

Now suppose r(T ) > 1. To begin, we show that the conditions of Theorem
5.3.26 are satisfied. We note that from Theorem 5.3.8, Φ is a completely continuous
operator in the Banach space Z. Moreover, from Theorem 5.3.5, Φ(Z+) is bounded.
In addition, Φ is Fréchet differentiable, with the Fréchet derivative of Φ at zero given
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by the linear operator T = Φ′(0) (i.e., Theorem 5.3.9) and Φ(0) = 0. Because
T is positive, bounded, compact and non-supporting (i.e. Lemma 5.3.16, Theorems
5.3.17–5.3.19), from Theorems 5.3.21-5.3.21, Corollary 5.3.22 and Theorem 5.3.23, we
have that ζ0 = r(T ) > 0 is the eigenvalue of T satisfying T ν0 = r(T )ν0, where ν0 ∈
Z+\{0} is the only positive eigenvector corresponding to the eigenvalue r(T ) which
is a simple pole (due to compactness of T ). Furthermore, by assumption, r(T ) > 1

and T does not have a positive eigenvector in Z+ corresponding to the eigenvalue
equal to one. Hence, the conditions of Theorem 5.3.26 are satisfied. Therefore, Φ has
a non-zero positive fixed point. This completes the proof.

The proof above follows the approaches of Krasnoselskii (1964) and Inaba (1988), and
establishes the properties of reproductive number which we denote as R0 = r(T ). It
provides a threshold-like property for the existence of steady states which are the
solutions corresponding to a fixed point problem λ = Φ(λ). In the proof above, we
have not discussed the case when r(T ) = 1 because this corresponds to the bifurcation
point. Note that Theorem 5.3.26(2) does not establish the uniqueness of the non-zero
(non-trivial) positive (endemic) equilibrium. To establish the uniqueness we must
provide additional properties in a manner similar to that of Krasnoselskii (1964).
However, our goal in this chapter is to show the existence of a positive fixed point
and the uniqueness problem is not necessary since we know from numerical simulations
that there are different concepts of endemicity corresponding to both the semi-trivial
and non-trivial steady states. In the next chapter, we consider the stability of both
the disease-free and endemic equilibria.
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6 Age-specificity II: Stability
Analysis of Equilibria

In this chapter, we provide stability conditions for the equilibria whose existence
was previously discussed in Chapter 5. We use graph-theoretical notions, as well
as numerical and analytical insights gained in Chapter 3 to simplify the analysis
carried out herein. In particular, using the characteristic equation approach, we state
sufficient conditions to establish the stability of both weakly (due to the principle of
competitive exclusion) and strongly (full co-existence) endemic equilibria.

6.1 Introduction

In the previous chapter, we established a threshold condition, defined by the spectral
radius of the next-generation operator r(T ) (henceforth R0 := r(T ), where the linear
operator T : L1([0,∞)) → L1([0,∞)), for the existence of trivial (disease-free) and
non-trivial (endemic) equilibria. This threshold parameter is known as the basic
reproductive number or ratio and is defined as the expected number of new infections
caused by one infected individual during its entire infectious period. In the case of
the homogeneous systems studied in previous chapters, an explicit expression for the
basic reproductive number was obtained. However, in heterogeneous systems such
as the model considered herein, it is not always straight-forward and/or may not be
possible to obtain an explicit expression for R0. This is only possible in a few cases
(e.g., proportionate mixing, intra-group mixing, see Diekmann & Heesterbeek, 2000).
For ease of analysis, we make a simplification to the mixing property. We make the
following assumption,

Assumption 6.1.1. The contact rate β(a, s) is of the form β(a, s) := β1(a)β2(s)

where β1(a) ∈ L∞+ (0, am) and β2(s) ∈ L∞+ (0, am).

This assumption implies that the ages of susceptible and infected individuals are
uncorrelated. Although this proportionate mixing assumption is not needed for the
analysis of the disease-free equilibrium, it allows us to calculate the basic reproductive
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number explicitly, and to simplify the analysis in the case of the endemic equilibrium.
We note that, from the previous chapter, T is compact and non-supporting. Hence,
using the results of Klein & Rutman (1948) and Sawashima (1964) (see Theorems
5.3.21–5.3.21 and 5.3.23, and Corollary 5.3.22), r(T ) is the only positive eigenvalue
of T , with a positive eigenfunction in L1

+(0, am). Therefore, to calculate R0 under
the proportionate mixing or separable mixing, we observe that the next-generation
operator satisfies:

T [u](a) =

∫ am

0

(∫ am

b

β(a, s)ψ(s)e−
∫ s
b σ(τ)dτds

)
u(b)db. (6.1)

Hence, under proportionate mixing, we have

T [u](a) =

∫ am

0

(∫ am

b

β1(a)β2(s)ψ(s)e−
∫ s
b σ(τ)dτds

)
u(b)db

= β1(a)

∫ am

0

(∫ am

b

β2(s)ψ(s)e−
∫ s
b σ(τ)dτds

)
u(b)db. (6.2)

Substituting β1 for u and changing the order of integration yields

T [β1](a) = β1(a)

∫ am

0

(∫ am

b

β2(s)ψ(s)e−
∫ s
b σ(τ)dτds

)
β1(b)db

= β1(a)

∫ am

0

β2(s)ψ(s)

(∫ s

0

β1(b)e−
∫ s
b σ(τ)dτdb

)
ds. (6.3)

So β1 is an eigenfunction of T with positive eigenvalue. Therefore, under the propor-
tionate mixing, the spectral radius of the next-generation operator r(T ) is given by
R0, where

R0 =

∫ am

0

β2(s)ψ(s)

(∫ s

0

β1(b)e−
∫ s
b σ(τ)dτdb

)
ds. (6.4)

Throughout this thesis, we have assumed that strains have the same epidemiological
parameters, where βi(a, s) = β(a, s), σi(a) = σ(a) and ψi(a) = ψ(a). In general,
the epidemiological parameters for each strain will be different. That is, βi(a, s) 6=
βj(a, s), σi(a) 6= σj(a) and ψi(a) 6= ψj(a), i 6= j. In this case, we can define the
strain-specific reproductive number R(i)

0 with proportionate mixing as

R(i)
0 =

∫ am

0

βi,2(s)ψi(s)

(∫ s

0

βi,1(b)e−
∫ s
b σi(τ)dτdb

)
ds. (6.5)

Then, the reproductive number R0 is defined as

R0 = max
1≤i≤N

{R(i)
0 }. (6.6)
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We note that if R(i)
0 = R(j)

0 , then R0 = max1≤i≤N{R(i)
0 } reduces to the basic repro-

ductive number in Eq. (6.4). In addition, we showed in the previous chapter that
when the spectral radius of the next-generator operator R0 < 1, the dynamics are
simple and there is only a trivial solution corresponding to the disease-free equilib-
rium (or disease extinction); and when R0 > 1, the system has at least one non-zero
positive solution. However, in the previous chapter, the threshold result does not
provide uniqueness of the non-trivial endemic equilibrium. In fact, when R0 > 1, nu-
merical simulations in the previous chapters suggest that the endemic equilibrium is
not unique, and the dynamics are much more involved. In particular, the system can
exhibit coexistence and the principle of competitive exclusion whereby in the presence
of multiple strains only the strongest can survive depending on the strength of param-
eters modulating the competition. Suppose we have a 2-strain system, then there are
three possible endemic configurations. That is, if R0 > 1, then either strain 1 persists
while strain 2 goes to extinction, or strain 2 persists while strain 1 goes to extinction,
or both strains 1 and 2 coexist. Similarly, in a 4-strain system, there are more pos-
sibilities. Figure 6.1 illustrates all the possible endemic configurations. For instance,
there are 15 possible persistent sets, namely {1}, {2}, {3}, {4}, {1, 2}, {2, 3}, {3, 4},
{4, 1}, {1, 2, 3}, {2, 3, 4}, {3, 4, 1}, {4, 1, 2}, {1, 3}, {2, 4} and {1, 2, 3, 4}. These are
represented in Fig. 6.1, where persistent strains are marked by black circles. The 4-
strain system illustrated in Fig. 6.1 is equivalent to a 2-locus-2-allele system resulting
on a square lattice. Figure 6.1 also illustrates different types of equilibrium clusters
where black circles (•) denote the persistent strains while white circles (◦) represent
extinct strains.

Using the idea summarized in Fig. 6.1, we introduce the following notation. Let
P denote the set of persistent strains (i.e., strains that can survive) and be defined
as

P :=


{i ∈ {1, 2, . . . ,N} : Ri

0 > 1}, R0 > 1

∅, R0 < 1.
(6.7)

We note that when Ri
0 = Rj

0, i 6= j for all i, then the set simplifies to a simple set. In
addition, we observe that the possible endemic configurations outlined previously can
be classified into two notions of endemicity whether there is a principle of competitive
exclusion (partial coexistence) or full coexistence. Using the above concept, we define
the following notion of positive solutions.

Definition 6.1.2. 1. A steady state solution is called weakly endemic if yi(a) =

y∗i (a) 6= 0 (i.e., y∗i (a) > 0) for some i = 1, 2, . . . ,N .
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Figure 6.1: Multi-locus System (Possible Equilibria for Four Strain System on a
Square Lattice with D4-Symmetry) and Quotient Network Representation. See
text for full details (Quotient network sketch is modified from Chan & Yu, 2013).

2. A steady state solution is called strongly endemic if yi(a) = y∗i (a) 6= 0 (i.e.,
y∗i (a) > 0) for all i = 1, 2, . . . ,N .

In the definition above, weakly endemic equilibrium is equivalent to the principle of
competitive exclusion and strongly endemic equilibrium represents coexistence. In
the proceeding sections, we will use the above notion with structural properties of
the strain space to study the asymptotic behaviours of the model and the equilibria.
Before we start, we first discuss some preliminary notions from graph theory that will
later be used to facilitate our analysis.

6.2 Preliminaries: Networks and Symmetry

Herein, we shall give a brief introduction to symmetry in networks using algebraic
graph-theoretical concepts (Biggs, 1974; Godsil & Royle, 2001; Lauri & Scapellato,
2003; Xiao et al., 2008).

A network can be thought of as a graph G = G(V,E) with a set of vertices V
and edges E ⊂ V × V , where vertices are said to be adjacent if there is an edge
connecting them. Let G and G′ be two graphs, we call G and G′ isomorphic and
G u G′ if there exists a bijection g : V → V ′ with xy ∈ E and g(x)g(y) ∈ E ′ for
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all x, y,∈ V . Such a map g is called an isomorphism, and if G ≡ G′, it is called an
automorphism. An automorphism is a set of all permutations of the vertices that
can preserve the adjacency of the vertices; and the set of automorphisms under prod-
uct or composition permutations forms a group G = Aut(G). This automorphism
group describes the symmetry and redundancy structures of the network, where we
say a network is symmetric if it possesses a nontrivial automorphism group while it
is asymmetric if the network only admits a trivial (identity) permutation. Our goal
in this chapter is to leverage the structural properties of the strain space (e.g., strain
relatedness structures describing how strains are related and affect each other) and
the correspondence between network symmetry and redundancy to reduce the dimen-
sionality of the system; as well as to provide a more rigorously robust result. Instead
of analyzing the system directly, we take advantage of the compartmentalization of
the system. In the proceeding sections, we will provide a preliminary background and
definitions.

6.2.1 Preliminaries and Definitions

The adjacency matrix describes the topology of a simple network G of N nodes and
is defined by A with entries given by

Aij :=


1, if there is a link between i and j

0, otherwise.
(6.8)

In general Aij 6= Aji (i.e., directed network). For an undirected network, Aij = Aji

and A is symmetric with real spectrum and contains a symmetric structure if we can
find a permutation matrix such that the adjacency relations remain unchanged where
P is defined by the following entries

Pij :=


1, if permutation of the vertices vi is vj (i.e. p(vi) = vj )

0, otherwise,
(6.9)

where p is a permutation operator of the vertices of the network G. If p ∈ Aut(G),
then A and P commute. This has a profound implication on the multiplicity and
redundancy of the eigenvalues. That is, if vζ is an eigenvector of A corresponding
to the eigenvalue ζ, then Pvζ is also an eigenvector of A corresponding to ζ. Hence,
symmetric networks tend to have spectral multiplicity (i.e., eigenvalue multiplicity),
and eigenvalues can be decomposed into redundant and non-redundant classes. The
formalism adopted herein to remove the redundant portion of the graph and to focus
on the non-redundant portion which contains structurally relevant information about
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the graph relies on this fact. We now recall some notions from algebraic graph theory.
In particular, we focus on automorphism partitions and orbits of graphs. We provide
the following definition.

Definition 6.2.1. Consider p, a permutation of the vertices G. We have

1. The support of an automorphism is the set of vertices which p moves, and it is
given as

supp(p) = {vi ∈ V : p(vi) 6= vi} (6.10)

2. Automorphisms are support-disjoint if every pair of automorphisms p ∈ P and
q ∈ Q have disjoint supports.

From the above definition, if automorphism subgroups are support-disjoint, then the
independence of the group action on the network of these subgroups can be used
to factorize the automorphism groups of the network into irreducible blocks such
that these blocks cannot be further decomposed into support-disjoint blocks (i.e.,
minimal symmetric structure). For example, if a graph G is an automorphism group
G = Aut(G) generated by a set of V generators, then V can be partitioned into a
support-disjoint subset of vertices V = V1

⋃
V2

⋃
. . .
⋃
Vn (Vi

⋂
Vj = ∅), where Vi

cannot be decomposed into a support-disjoint subset and are minimal. Let Gi be the
subgroup generated by Vi. Then we can construct G = Aut(G) from these subgroups
Gi as G = G1 ×G2 × . . .×Gk since each Gi may be related to a subgroup of G. These
automorphism groups may be used to partition the vertex set into disjoint structural
equivalence classes called orbits. That is, for every vertex v ∈ V , v belongs to the orbit
∆(v) = {g · v ∈ V : g ∈ G}. Vertices in the same orbits are structurally equivalent
and are indistinguishable (see Fig. 6.2 where vertices are coloured by orbits). The
vertices can be permuted without changing the adjacency structure of the network.
Hence, vertices in the same orbits are vertex invariant with similar degree, eigenvector
centrality and clustering coefficient. Therefore, these automorphism partitions can
be used as a convenient way of removing structural redundancy and reducing the
network into a coarse mesoscale network. This mesoscale network is known as a
quotient network, Q.

Figures 6.1(b) and 6.2(b) show the quotient network of the network shown in
Figs. 6.1 (a) and 6.2 (a), respectively. We note that quotient networks are generally
multigraphs (i.e., graphs with weighted and directed edges). Formally, let ∆(v) =

{∆(v1), ∆(v2), . . . ,∆(vs)} be the automorphism partition of a network in which the
vertices of G are partitioned under the action of G. Then, the adjacency matrix
of Q is given by the elements qij, where the constant qij is the number of edges

86



Figure 6.2: Network and its Quotient. Modified and adapted with permission from
Xiao et al. (2008). Copyrighted by the American Physical Society.

starting from a vertex in ∆i and ending in vertices in ∆j; and qij is constant and
independent of the choice of v ∈ ∆i due to disjoint equivalence. Hence, it depends
only on i and j. Quotient networks contain all the structural information of the
parent graph, excluding redundancy. Therefore, from an algebraic perspective, the
eigenvalues of the adjacency matrices of quotient networks Q are a subset of the
eigenvalue of the adjacency matrix of the parent network G with fewer singularities
or degeneracy. Moreover, quotient networks Q preserve the fundamental properties
of G and only contain properties related to the functionality and complexity of the
parent network G. In our analysis, we will use this quotient network notion to reduce
the dimensionality of the system, for it retains all the structurally relevant information
about the parent network and removes all the redundancy. In the next section, we
relate the notion of quotient network and the existence of synchronous equilibrium
clusters.

6.2.2 Notion of Synchronous Equilibrium Clusters

To tie the above ideas to the existence of synchronous equilibrium clusters, we use the
concept of minimal balanced colouring (Golubitsky et al., 2005; Wang & Golubitsky,
2005; Golubitsky & Stewart, 2006). Here colouring is used in a manner different from
the definition used in the graph-theoretical context, whereby the graph-theoretical
notion of colouring refers to colouring of a graph as an assignment of colours to the
vertices (i.e., one colour to each vertex so adjacent vertices have different colours). In
our context, two adjacent vertices can have the same colour as long as their dynamics
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or functions are given by the same dynamic or functional equations up to a permu-
tation of the relevant variables and/or provided the vertices are isomorphic. This is
equivalent to vertices belonging to the same orbits (see Fig. 6.2). We provide the
following definitions.

Definition 6.2.2. 1. A colouring of the vertices is balanced if each vertex of colour
i gets the same number of inputs from the vertices of colour j, for all i, j.

2. A minimal balanced colouring is a balanced colouring with minimal number of
colours.

Definition 6.2.3. A quotient network with k-colouring is balanced if the colouring is
balanced.

The existence of synchronous equilibrium clusters yields a decomposition of the net-
work into its support-disjoint subsets of the vertices as defined in the previous section.
If this decomposition is invariant under the action of the vector-field, then the cor-
responding subspace is invariant, and the system can be reduced to synchronous
equilibrium clusters. Hence, the dimension of the original system is reduced to a
smaller system. Using these concepts, the notion of persistent strain set P discussed
in the introduction section is redefined as

PQ :=


{i ∈ {1, 2, . . . , n#(Q)} : Ri

0 > 1}, R0 > 1

∅, R0 < 1
(6.11)

where n#(Q) is the number of vertices in the quotient network Q, and n#(Q) ≤ N .
We note that n#(Q) = N if the parent network G has a trivial automorphism group
(completely asymmetric), where the network is completely heterogeneous and all the
vertices play a unique structural role. However, if the parent network admits non-
trivial automorphism groups (i.e., it is symmetric), n#(Q) < N . In addition, it
should be noted that quotient networks are heterogeneous because they contain only
non-equivalent elements, and all vertices play different roles. Using the notion of
quotient network, the dynamic equations,(

∂

∂t
+

∂

∂a

)
si(t, a) = −si

∑
j

Ωijλj, (6.12)(
∂

∂t
+

∂

∂a

)
vi(t, a) = si

∑
j 6=i

Ωijλj − viλi, (6.13)(
∂

∂t
+

∂

∂a

)
yi(t, a) = [si + (1− γ(a))vi]λi − σ(a)yi, (6.14)
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can be reduced to the quotient network. We note that Ω = I + Ω, where Ω is the
adjacency matrix for interaction between strains. Hence, using the quotient network
framework and quotient of the adjacency matrix Ω, Ω can be reduced to its quotient
QΩ with entry elements qij. Therefore, Ωij can be replaced by 1+qij (see Biggs, 1974;
Godsil & Royle, 2001; Lauri & Scapellato, 2003; Golubitsky et al., 2005; Wang &
Golubitsky, 2005; Golubitsky & Stewart, 2006). Then, the resulting reduced dynamic
equations are given as follows:(

∂

∂t
+

∂

∂a

)
si(t, a) = −si

(
λi +

∑
j

qijλj

)
, (6.15)(

∂

∂t
+

∂

∂a

)
vi(t, a) = si

∑
j

qijλj − viλi, (6.16)(
∂

∂t
+

∂

∂a

)
yi(t, a) = [si + (1− γ(a))vi]λi − σ(a)yi, (6.17)

where qij is the number of neighbours (i.e. external connections) in ∆j of a vertex
v ∈ ∆i and qii is the number of neighbours (i.e., self-connection) in ∆i. In Fig.
6.1, we show possible configurations of a persistent set for a 4-strain system on a
square lattice with D4 symmetry, where either 1, 2, 3, or 4 strains can persist and
the notion of a persistent set falls into one of the two notions of endemicity defined
previously. It should be noted that it is impossible to study all balanced k-colouring
for all possible multiple strain systems (even in the case of multi-locus-allele system
where the structure of the strain space is well defined and the symmetry properties
are classical).

Instead of studying all possible k-colouring, we focus on the case where we can in-
terchange the notion of endemicity and persistent set. That is, if we use for example a
2-colouring framework where one colour presents a persistent synchronous equilibrium
cluster and the other colour denotes extinct clusters, then the endemic equilibrium is
weakly endemic and the persistent synchronous equilibrium cluster can still synchro-
nize into sub-clusters commensurable with strain-specific reproductive fitness. Recall
that a weakly endemic notion is consistent with the principle of competitive exclusion.
In addition, in the strongly endemic case, all synchronous equilibrium clusters are per-
sistent and the nature of synchronicity is more complex. In the case where all strains
approach the equilibrium point, the synchronous clustering behaviours are simple,
in that all strains synchronize into sub-clusters commensurable to their reproductive
successes. However, in the case where the dynamic behaviours are cyclical, the syn-
chronous behaviours of the synchronous equilibrium clusters are far more complex.
In this chapter, we focus on the stability issues of the equilibrium under 2-colouring
framework where we denote the potential persistent strain set with a black vertex (•)
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while the extinct strain set is represented by a white vertex (◦). Figure 6.1 shows
all possible combinations of synchronous equilibrium clusters, where edges are undi-
rected and represent coupling if strains share at least one allele in common in the
multi-locus-allele system. In the case of a multi-locus system on hypergraphs, the
quotient network is bi-nodal and is shown in Fig. 6.1. While using the definition of a
balanced colour, the quotient network of hypercube (Mendelian graph) generated by
a multi-locus-allele strain space is balanced if q11 + q12 = q21 + q22. Using Fig. 6.1,
we note that all the representations in red panels are unbalanced, and only those in
yellow and green are balanced, see Fig. 6.1(b) where the q-values are shown. Here we
will only focus on one representation of clustering type, since if one of the clustering
types is balanced then all the remaining clusterings of the same type are balanced.
To relate these topological parameters of the quotient network to the parameters in-
troduced previously (see Chapter 3), we considered a multi-locus-allele system (i.e.,
n-locus-m-allele) in hypercube strain space. For example, in a 2-locus-2-allele system
(see Fig. 6.1(b)), the quotient network is bi-nodal. Let ρ ∈ Z+ denote the number of
discordant sets in a cluster ∆i, and α0 ∈ Z+ be the number of strains sharing alleles
with strain j and α = α0 + 1 be the number of strains sharing alleles with j (and
including j itself). Hence, α0 = mn− (m−1)n−1. For a 2-locus-2-allele system, each
strain shares alleles with α0 = 2 other strains. These parameters are related to the
topology of the strain space.

Using the notion of a 2-colouring and the bi-nodal structure of the quotient net-
work for the strain space of interest, the dynamic equations further reduce to,(

∂

∂t
+

∂

∂a

)
si(t, a) = −si [(1 + qii)λi + qijλj] , (6.18)(

∂

∂t
+

∂

∂a

)
vi(t, a) = si [qiiλi + qijλj]− viλi, (6.19)(

∂

∂t
+

∂

∂a

)
yi(t, a) = [si + (1− γ(a))vi]λi − σ(a)yi, (6.20)

for i 6= j, and i, j = 1, 2. We note that all epidemiological parameters β(a, s), σ(a),
µ(a) and γ(a) are the same for all the strains. The notion of strong endemicity is
reduced to yi(a) = y∗i (a) = y∗(a) while we have yi(a) = y∗i (a) = y∗(a) and yj(a) =

y∗j (a) = 0 for all i 6= j for weak endemicity. Using this reduction of the model to
a bi-nodal quotient network, we can now proceed with the stability analysis of the
equilibria, in particular, synchronous equilibrium clusters.
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6.3 Stability of Equilibria

We now consider the stability of both the disease-free and the endemic equilibria.
To study the linear stability, we consider small perturbations from the equilibrium
solutions and let si(t, a) = s∗i (a) + si(t, a), vi(t, a) = v∗i (a) + vi(t, a), and yi(t, a) =

y∗i (a) + yi(t, a). Then Eqs. (6.18)-(6.20) become(
∂

∂t
+

∂

∂a

)
si(t, a) = − (si + s∗i )

[
(1 + qii)λi + qijλj

]
− si

[
(1 + qii)λ

∗
i + qijλ

∗
j

]
,(

∂

∂t
+

∂

∂a

)
vi(t, a) = (si + s∗i )

[
qiiλi + qijλj

]
− (vi + v∗i )λi + si

[
qiiλ

∗
i + qijλ

∗
j

]
−viλ∗i ,(

∂

∂t
+

∂

∂a

)
yi(t, a) = [(si + s∗i ) + (1− γ(a)) (vi + v∗i )]λi − σ(a)yi

+ [si + (1− γ(a))vi]λ
∗
i ,

where si(t, 0) = 0, vi(t, 0) = 0, yi(t, 0) = 0, and

λi(t, a) =

∫ am

0

β(a, s)ψ(s)yi(t, s)ds,

λ∗i (a) =

∫ am

0

β(a, s)ψ(s)y∗i (s)ds.

Define Xn := L1([0, am))n, where n is an integer. Now, let the linear operator A on
X6 := L1([0, am))6 be defined as before by:

A [u] (a) :=

 A1 0 0
0 A2 0
0 0 A3

 u1

u2

u3


where A1 := −I2×2( ∂

∂a
), A2 := −I2×2( ∂

∂a
) and A3 := −I2×2( ∂

∂a
+σ(a)), and in addition

u = {u1, u2, u3}T ∈ D(A), and u1 = {u(1)
j }j=1,2, u

(1)
j = sj, u2 = {u(2)

j }j=1,2, u
(2)
j =

vj, u3 = {u(3)
j }j=1,2, u

(3)
j = yj. The domain D(A) is defined as D(A) := {u ∈

X6 : u1, u2, u3 are absolutely continuous on [0,∞) and u1(0) = 02×1, u2(0) =

02×1, u3(0) = 02×1}. By reformulating the above dynamic equations into an abstract
semilinear Cauchy evolution equation, we have

du

dt
= Au+ G(u), (6.21)

where G is a nonlinear operator, G : X6 → X6 and is defined by:

G [u] (a) :=

 G1 [u] (a)
G2 [u] (a)
G3 [u] (a)

 ,

Gk [u] (a) :=

(
G(k)

1 [u] (a)

G(k)
2 [u] (a)

)
, k = 1, 2, 3,
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where

G(1)
i [u] (a) := −

(
u

(1)
i (a) + s∗i (a)

) [
(1 + qii)λi[u](a) + qijλj[u](a)

]
−u(1)

i (a)
[
(1 + qii)λ

∗
i (a) + qijλ

∗
j(a)

]
,

G(2)
i [u] (a) :=

(
u

(1)
i (a) + s∗i (a)

) [
qiiλi[u](a) + qijλj[u](a)

]
−
(
u

(2)
i (a) + v∗i (a)

)
λi[u](a)− u(2)

i (a)λ∗i (a)

+u
(1)
i (a)

[
qiiλ

∗
i (a) + qijλ

∗
j(a)

]
,

G(3)
i [u] (a) :=

[(
u

(1)
i (a) + s∗i (a)

)
+ (1− γ(a))

(
u

(2)
i (a) + v∗i (a)

)]
λi[u](a)

+
[
u

(1)
i (a) + (1− γ(a))u

(2)
i (a)

]
λ∗i (a), i 6= j i = 1, 2

are components of the column vectors Gk, k = 1, 2, 3. The operator λj[φ](a) : X6 →
L1([0, am]) is a linear operator:

λj[u](a) =

∫ am

0

β(a, s)ψ(s)u
(3)
j (s)ds, j = 1, 2,

and λ[u] =
(
λ1[u], λ2[u]

)T . Then the following properties hold:

Lemma 6.3.1. The linear operator λ[u] : X6 → X2 is compact.

Proof. Let S be a bounded subset of X6, and let Fi := λi[S] ⊂ L1(0, am) for each
i. From Lemma 5.2.8, the linear operator λi is continuous and bounded, so F is
bounded. Hence, the first condition of Riesz-Frechet-Kolmogorov Compactness (i.e.,
Theorem 5.3.7) is satisfied. It is sufficent to show that the second condition holds.
That is, using Assumption 5.3.2 (i.e., H7 and H8), we have

||ρh[λi[u]]− λi[u]|| =

∫ am

0

∣∣λi[u](a+ h)− λi[u](a)
∣∣ da

=

∫ am

0

(∫ am

0

|β(a+ h, s)− β(a, s)|ψ(s)
∣∣∣u(3)
i (s)

∣∣∣ ds) da
< ε

∫ am

0

∣∣∣u(3)
i (s)

∣∣∣ ds ≤ ε||u||≤ εc0, for h small enough,

and because ||u||≤ c0 for some positive constant c0 if u ∈ S. Hence, the second
criterion of Theorem 5.3.7 also holds. Therefore, λi(S) is precompact in L1(0, am).
Hence, λ[u] is a compact operator. This completes the proof.
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Lemma 6.3.2. The nonlinear operator G is Fréchet differentiable at 0, and the Fréchet
derivative B is given by

B [u] (a) :=

 B1 [u] (a)
B2 [u] (a)
B3 [u] (a)

 ,

Bk [u] (a) :=

(
B(k)

1 [u] (a)

B(k)
2 [u] (a)

)
, k = 1, 2, 3

where

B(1)
i [u] (a) := −s∗i (a)

[
(1 + qii)λi[u](a) + qijλj[u](a)

]
−u(1)

i (a)
[
(1 + qii)λ

∗
i (a) + qijλ

∗
j(a)

]
,

B(2)
i [u] (a) := s∗i (a)

[
qiiλi[u](a) + qijλj[u](a)

]
− v∗i (a)λi[u](a)

+u
(1)
i (a)

[
qiiλ

∗
i (a) + qijλ

∗
j(a)

]
− u(2)

i (a)λ∗i (a),

B(3)
i [u] (a) := [s∗i (a) + (1− γ(a))v∗i (a)]λi[u](a) +

[
u

(1)
i (a) + (1− γ(a))u

(2)
i (a)

]
λ∗i (a),

for i = 1, 2, i 6= j and if i = 1, then j = 2 and vice versa.

Proof. The proof is similar to Lemma 5.2.9.

In the remainder of the chapter, we follow the standard approach of Inaba (1990),
Iannelli (1995) and Webb (1985).

6.3.1 Stability of Disease-free Equilibrium

Linearizing Eq. (6.22), we have

du

dt
= Au+ Bu, (6.22)

where the linear operator B is the Fréchet derivative of G at u = 0, and is given in
Lemma 6.3.2. To study the stability of the disease-free equilibrium, we set y∗i (a) = 0

and λ∗i (a) = 0 for all i = 1, 2 and for all a ∈ [0, am). If λ∗i (a) = 0, then v∗i (a) = 0 and
s∗i (a) = 1 for all i and for all a ∈ [0, am). Then, B in Eqs. (6.22) above reduces to

B(1)
i [u] (a) :=

[
(1 + qii)λi[u](a) + qijλj[u](a)

]
,

B(2)
i [u] (a) :=

[
qiiλi[u](a) + qijλj[u](a)

]
,

B(3)
i [u] (a) := λi[u](a).

Let ω0(TA+B(t)) denote the growth bound of a semigroup TA+B(t), which is defined

as ω0 = inft>0
1

t
log‖TA+B(t)‖. We note that the growth bound ω0(TA+B(t)) of A+B

is related to the spectral bound b(A+ B) of A+ B by b(A+ B) ≤ ω0(A+ B), where
b(A+ B) is defined in Def. 5.3.20(6). We now state the following lemma:
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Lemma 6.3.3. Let TA+B(t) be the C0-semigroup generated by the perturbed operator
A + B. Then TA+B(t) is eventually norm continuous; and hence, the growth bound
ω0(A + B) of the semigroup {TA+B(t)}t≥0 and the spectral bound b(A + B) of the
generator A+ B are related by

ω0(A+ B) = b(A+ B) := sup{Reζ : ζ ∈ Σ(A+ B)}. (6.23)

Proof. From the previous chapter, we note that A generates a nilpotent translation
C0-semigroup {TA}t≥0. Hence, it is eventually norm continuous (see Engel & Nagel,
2000, pg. 112). That is, there exists a t0 ≥ 0 such that the map t → TA(t) is
continuous from (t0,∞) to the space of bounded linear operators on Banach space
Y = X6. In addition, we know that from Lemma 6.3.1, the linear, continuous and
bounded operator λ[u](a) is compact, so that B[u] is compact. Hence, TA+B(t) is
eventually norm continuous (see Engel & Nagel, 2000, pg. 166, Proposition 3.1.14).
Then, the spectral mapping theorem of eventual norm continuity implies that the
operator A + B satisfies the spectral determined growth condition ω0(A + B) =

b(A + B) (see Engel & Nagel, 2000; Theorem 4.3.10 and Corollaries 4.3.11-4.3.12).
This completes the proof.

To determine the stability of the equilibrium solutions, we consider the resolvent
operator R(ζ,A + B) of A + B. That is, let (ζ − [A+ B])w = x, w ∈ D(A), x ∈
X6,+, ζ ∈ C. Then, we have

∂w
(1)
i (a)

∂a
= x

(1)
i (a)− ζw(1)

i (a)−
[
(1 + qii)λi[w](a) + qijλj[w](a)

]
,

∂w
(2)
i (a)

∂a
= x

(2)
i (a)− ζw(2)

i (a) +
[
qiiλi[w](a) + qijλj[w](a)

]
,

∂w
(3)
i (a)

∂a
= x

(3)
i (a)− ζw(3)

i (a) + λi[w](a)− σ(a)w
(3)
i (a).

Integrating the above equations and making the relevant substitutions (i.e., s∗i (a) = 1

for all i = 1, 2 and for all a ∈ [0, am)), we obtain

w
(1)
i (a) =

∫ a

0

e−
∫ a
b ζdτ

(
x

(1)
i (b)−

[
(1 + qii)λi[w](b) + qijλj[w](b)

])
db

w
(2)
i (a) =

∫ a

0

e−
∫ a
b ζdτ

(
x

(2)
i (b) +

[
qiiλi[w](b) + qijλj[w](b)

])
db

w
(3)
i (a) =

∫ a

0

e−
∫ a
b ζ+σ(τ)dτ

(
x

(3)
i (b) + λi[w](b)

)
db.

Substituting w(3)
i into λi[w](a), we have

λi[w](a) =

∫ am

0

β(a, s)ψ(s)w
(3)
i (s)ds
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=

∫ am

0

β(a, s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτ

(
x

(3)
i (b) + λi[w](b)

)
db

)
ds

= Tζ [x
(3)
i ](a) + Tζ [λi](a),

where the linear operator Tζ on L1
+([0, am)) is defined as:

Tζ [φi](a) =

∫ am

0

Rζ(a, s)φi(s)ds

Rζ(a, s) =

∫ am

s

β(a, h)ψ(h)e−
∫ h
s ζ+σ(τ)dτdh =

∫ am

s

β(a, h)ψ(h)Θ(s, h)e−ζ(h−s)dh,

and Θ(s, h) = e−
∫ h
s σ(τ)dτ . Then,

λi[w](a) =
(
I− Tζ

)−1 Tζ [x
(3)
i ](a), (6.24)

provided that the inverse exists. In addition, we note that substituting λi[w](b) into
w

(2)
i (a) and w

(3)
i (a), the equations can be expressed in terms of only x

(k)
i (a), k =

1, 2, 3. Let

Vζσ[φi](a) =

∫ a

0

e−
∫ a
b ζ+σ(τ)dτφi(b)db,

J ζ
σ [φi](a) =

∫ a

0

e−
∫ a
b ζ+σ(τ)dτ

(
I− Tζ

)−1 Tζ [φi](b)db.

Therefore, w(1)
i (a), w(2)

i (a) and w(3)
i (a) can be rewritten as

w
(1)
i (a) = Vζ0 [x

(1)
i ](a)−

[
(1 + qii)J ζ

0 [x
(3)
i ](a) + qijJ ζ

0 [x
(3)
j ](a)

]
, (6.25)

w
(2)
i (a) = Vζ0 [x

(2)
i ](a) +

[
qiiJ ζ

0 [x
(3)
i ](a) + qijJ ζ

0 [x
(3)
j ](a)

]
, (6.26)

w
(3)
i (a) = Vζσ[x

(3)
i ](a) + J ζ

σ [x
(3)
i ](a). (6.27)

We shall return to the above equations later.

Theorem 6.3.4. Let Ωc := [0, am], Ωc ⊂ R, and consider a continuous (real- or
complex-valued) function K ∈ C(Ωc ×Ωc). We define the following integral operator,

A[f ](x) :=

∫ am

0

K(x, y)f(y)dy, for all x ∈ Ωc. (6.28)

Then, the integral operator A : L1(0, am)→ L1(0, am) is compact.

Proof. See Appendix D.1.1

Lemma 6.3.5. The linear operator Tζ is bounded for all ζ, positive and non-supporting
for real ζ, and compact for all ζ, while the operators Vζσ and J ζ

σ (for ζ ∈ C\E) are
compact, where E := {ζ ∈ C, 1 ∈ Σ(Tζ)}.
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Proof. From H7 and H8 in Assumption 5.3.2, the proof of boundedness, positivity,
non-supporting and compactness of Tζ follows directly from similar arguments in
Lemma 5.3.16, Theorem 5.3.17 and Theorem 5.3.19, respectively, with the application
of the Riesz-Frechet-Kolmogorov Compactness Theorem 5.3.7. Similarly, we note that
Vζσ is a Volterra operator with complex-valued (or real-valued) continuous exponential
kernel. Hence, from Theorem 6.3.4, the Volterra operator Vζσ is compact. It follows
that if ζ ∈ C\E, then

(
I− Tζ

)−1 exists and is bounded. So
(
I− Tζ

)−1 Tζ is compact.
We also observe that J ζ

σ is a composition of a compact operator Vζσ with a bounded
operator

(
I− Tζ

)−1 Tζ . Therefore, J ζ
σ is compact. This completes the proof.

Lemma 6.3.6. For ζ ∈ ρ(A + B) = C\Σ(A + B), the resolvent R(ζ,A + B) =

(ζ − (A+ B))−1 is of the form

R (ζ,A+ B)x =

 I2×2Vζ0 02×2 −(I2×2 +Q)J ζ
0

02×2 I2×2Vζ0 QJ ζ
0

02×2 02×2 I2×2(Vζσ + J ζ
σ )

x,

where

Q =

(
q11 q12

q21 q22

)
,

I2×2 is a 2× 2 identity matrix, 02×2 is a 2× 2 zero matrix. Also,

Vζσ[φi] + J ζ
σ [φi] =

∫ a

0

e−
∫ a
b ζ+σ(τ)dτ

(
I− Tζ

)−1
φi(b)db. (6.29)

In addition, the resolvent is compact, and

Σ(A+ B) = Σp(A+ B) = {ζ ∈ C : 1 ∈ Σp(Tζ)} = E, (6.30)

where Σ(A+B) and Σp(A+B) are spectrum and point spectrum of A+B, respectively.

Proof. Let R(ζ,A+B) : X6 → X6 be the resolvent of A+B, and let (ζ − [A+ B])w =

x, w ∈ D(A), x ∈ X6,+, ζ ∈ C. From our previous calculations, we obtain the
expression for w(k)

i (a) in Eqs. (6.25)-(6.27), which are uniquely determined if 1 ∈
ρ(Tζ). We note that the expression for w(3)

i can be simplified. That is,

w
(3)
i (a) =

∫ a

0

e−
∫ a
b ζ+σ(τ)dτx

(3)
i (b)db+

∫ a

0

e−
∫ a
b ζ+σ(τ)dτ

(
I− Tζ

)−1 Tζ [x
(3)
i ](b)db

=

∫ a

0

e−
∫ a
b ζ+σ(τ)dτ

(
I− Tζ

)−1 (I− Tζ)x(3)
i (b) +

(
I− Tζ

)−1 Tζ [x
(3)
i ](b)db

=

∫ a

0

e−
∫ a
b ζ+σ(τ)dτ

(
I− Tζ

)−1
x

(3)
i (b)db = Vζσ[x

(3)
i ](a) + J ζ

σ [x
(3)
i ](a).
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Hence, putting the above expressions into matrix notation, we obtain the expression
for the resolvent R(ζ,A+B)x. Since J ζ

σ and Vζσ are compact from Lemma 6.3.5 and
R(ζ,A+B)x consists of components with linear combinations of an integral operator
with continuous kernel and a compact operator, then R(ζ,A+B)x is compact on X6.
Hence, A+B has a compact resolvent. In addition, A+B generates a semigroup (see
Lemma 6.3.3) and is closed. Because the spectra of operators with compact resolvent
consist of isolated eigenvalues with finite multiplicities, Σ(A+B) = Σp(A+B), and it
follows that C\E ⊂ ρ(A+ B) (see Ch. 7-8 of Kreyszig, 1978; Theorem 6.29 of Kato,
1984, pg. 187). That is, Σ(A+B) = Σp(A+B) ⊂ E (see Kato, 1984, Theorem 6.29).
Furthermore, from the compactness of Tζ , we know that Σ(Tζ)\{0} = Σp(Tζ)\{0},
and for ζ ∈ E, there exists an eigenfunction ηζ such that Tζηζ = ηζ . Then it follows
that,

φ
(1)
i (a) = −

∫ a

0

e−
∫ a
b ζdτ [(1 + qii)ηi,ζ + qijηj,ζ ] (b)db

φ
(2)
i (a) =

∫ a

0

e−
∫ a
b ζdτ [qiiηi,ζ + qijηj,ζ ] (b)db

φ
(3)
i (a) =

∫ a

0

e−
∫ a
b ζ+σ(τ)dτηi,ζ(b)db, i, j = 1, 2, i 6= j,

are the components of an eigenvector of A + B corresponding to the eigenvalue ζ.
Then, E ⊂ Σ(A + B) = Σp(A + B). Hence, Σ(A + B) = Σp(A + B) = E. This
completes the proof.

We now consider the asymptotic properties of the spectral radius r(Tζ). However, we
first state the following properties.

Lemma 6.3.7. The following limiting properties hold:

1. limζ→−∞ r(Tζ) =∞,

2. limζ→∞ r(Tζ) = 0.

Proof. Let fζ ∈
[
L1

+

]∗ be the strictly positive linear functional on L1([0, am)) defined
as

〈fζ , u〉 =

∫ am

0

(∫ am

b

s̃(τ)ψ(τ)Θ(b, τ)e−ζ(τ−b)dτ

)
u(b)db, (6.31)

where
∫ am
b

ψ(s)Θ(b, s)ds > 0 for all b ∈ (0, am), s̃(a) := ε if a ∈ (am − a∗, am),
am ∈ (0,∞) and s̃(a) := 0 otherwise, and β(a, s) ≥ s̃(s) for all (a, s) ∈ (0, am)×(0, am)

(see H8 in Assumption 5.3.2). In addition, we observe that Θ(b, τ) = e−
∫ τ
b σ(s)ds ≥
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e−σ̃am := c, for am ≥ τ ≥ b ≥ 0. We also observe that when ζ = 0, f0 = f and T0 = T
in Theorem 5.3.17. Because β ≥ s̃, we note that

Tζ [ui](a) ≥ 〈fζ , ui〉e(a), e(a) = 1 for all a ∈ R+.

Since Tζ is compact (see Lemma 6.3.5) and non-supporting (see Lemma 6.3.5), from
Remark 6.3.1, r(Tζ) is an eigenvalue of T ∗ζ with strictly positive eigenfunctional Fζ ∈[
L1

+(0, am)
]∗ \{0} satisfying

〈Fζ , Tζ [ui]〉 ≥ 〈fζ , ui〉〈Fζ , e〉 > 0.

Hence, r(Tζ)〈Fζ , ui〉 ≥ 〈fζ , ui〉〈Fζ , e〉. Suppose ui(a) = e(a) = 1 for all a ∈ [0, am),
then r(Tζ) ≥ 〈fζ , e〉. Therefore,

lim
ζ→−∞

r(Tζ) ≥ lim
ζ→−∞

〈fζ , e〉 = lim
ζ→−∞

∫ am

0

(∫ am

b

s̃(τ)ψ(τ)Θ(b, τ)e−ζ(τ−b)dτ

)
db

≥ εc lim
ζ→−∞

∫ am

am−a∗
ψ(τ)

(∫ τ

0

e−ζ(τ−b)db

)
dτ

≥ εc lim
ζ→−∞

∫ am

am−a∗
ψ(τ)

(
1− e−ζτ

ζ

)
dτ

≥ εc lim
ζ→−∞

(
1− e−ζ(am−a∗)

ζ

)∫ am

am−a∗
ψ(τ)dτ =∞.

For the second part of the proof, let

〈gζ , ui〉 = β

∫ am

0

(∫ am

b

ψ(τ)e−ζ(τ−b)dτ

)
ui(b)db. (6.32)

We note that

Tζ [ui](a) =

∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)e−ζ(s−b)ds

)
ui(b)db

≤
∫ am

0

(∫ am

b

β(a, s)ψ(s)e−ζ(s−b)ds

)
ui(b)db

≤ β

∫ am

0

(∫ am

b

ψ(s)e−ζ(s−b)ds

)
ui(b)db.

Hence, Tζ [ui](a) ≤ 〈gζ , ui〉e(a), e(a) = 1, a ∈ R+, ζ ∈ R. So from the above
calculation, we have

lim
ζ→∞

r(Tζ) ≤ lim
ζ→∞
〈gζ , e〉 = β lim

ζ→∞

∫ am

0

(∫ am

b

ψ(s)e−ζ(s−b)ds

)
db

= β lim
ζ→∞

∫ am

0

ψ(s)

(∫ s

0

e−ζ(s−b)db

)
ds

= lim
ζ→∞

β

∫ am

0

ψ(s)

(
1− e−ζs

ζ

)
ds ≤ lim

ζ→∞

β

ζ

∫ am

0

ψ(s)ds = 0.

This completes the proof.
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Lemma 6.3.8. The spectral radius of the next-generation operator r(Tζ) is continuous
and strictly decreasing as a function of ζ ∈ R. In addition, there exists ζ0 ∈ R such
that r(Tζ0) = 1, and ζ0 ∈ E = {ζ ∈ C : 1 ∈ Σp(Tζ)}.

Proof. It is a simple matter to show that Tζ is continuous. Because r(Tζ) is in the point
spectrum of Tζ and not an accumulation point of Σ(Tζ), r(Tζ) is also continuous (see
Section 4.3.5, Kato, 1984). From Lemma 6.3.5, we know that Tζ is nonsupporting
and compact for ζ ∈ R. If ζ < ζ ′, then we have Tζ ≥ Tζ′ , and Tζ 6= Tζ′ and
r(Tζ) > 0. Hence, from Theorem 5.3.24, r(Tζ) > r(Tζ′). Therefore, r(Tζ) is strictly
decreasing for ζ ∈ R. Moreover, from Lemma 6.3.7 and applying the intermediate
value theorem, we see that r(Tζ) = 1 has a root ζ0 ∈ R. From the compactness and
nonsupporting properties of Tζ , we can conclude that 1 = r(Tζ0) ∈ Σp(Tζ0). Hence,
ζ0 ∈ {ζ ∈ C : 1 ∈ Σp(Tζ)} = E. This completes the proof.

Corollary 6.3.9. There exists a unique ζ0 ∈ R
⋂
{ζ ∈ C : 1 ∈ Σp(Tζ)} := R

⋂
E such

that r(Tζ0) = 1 and the following implications hold:

1. ζ0 > 0, if and only if r(T0) = r(T ) > 1,

2. ζ0 = 0, if and only if r(T0) = r(T ) = 1,

3. ζ0 < 0, if and only if r(T0) = r(T ) < 1.

Proof. The proof follows directly from Lemma 6.3.8 and monotonicity of r(Tζ). The
concept of proof is illustrated in Fig. 6.3. We note that when ζ = 0, T0 = T and
R0 := r(T0) = r(T ). This completes the proof.

Figure 6.3: Proof Sketch. Illustrates the threshold property of r(Tζ) as a function of ζ.
For (a) R0 > 1, ζ0 > 0, (b) R0 = 1, ζ0 = 0, (c) R0 < 1, ζ0 < 0.

Lemma 6.3.10. If there exists a ζ ∈ {ζ ∈ C : 1 ∈ Σp(Tζ)} = E and ζ0 6= ζ, then
Reζ < ζ0.
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Proof. Suppose that ζ0 ∈ E, 1 ∈ Σp(Tζ), and Tζ [φ](a) = φ(a) for some φ ∈ L1([0, am)).
Let |φ|(a) = |φ(a)|, then

|φ|(a) = |Tζ [φ](a)|≤
∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)|e−ζ(s−b)|ds
)
φ(b)db

≤
∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)e−Reζ(s−b)ds

)
φ(b)db

= TReζ [φ](a), for all a ∈ [0, am). (6.33)

That is, |φ|(a) = |Tζφ|(a) ≤ TReζ |φ|(a). Let FReζ ∈ [L1(0, am)]∗ be a strictly positive
eigenfunctional of T ∗Reζ . By duality pairing, we have r(TReζ)〈FReζ , |φ|〉 ≥ 〈FReζ , |φ|〉.
Since < FReζ , |φ|>> 0, we have r(TReζ) ≥ 1. From Lemma 6.3.8, Reζ ≤ ζ0. Suppose
Reζ = ζ0, then |φ|≤ Tζ0|φ|. If we assume that |φ|< Tζ0|φ|, then taking duality pairing
with the eigenfunctional F0 of Tζ0 corresponding to r(Tζ0) = 1 yields

〈Fζ0 , |φ|〉 < 〈Fζ0 , Tζ0 |φ|〉 = 〈T ∗ζ0Fζ0 , |φ|〉
= r(Tζ0) < Fζ0 , |φ|>= 〈Fζ0 , |φ|〉, (6.34)

which is a contradiction. Hence, Tζ0|φ|(a) = |φ|(a). Now let φ0 ∈ L1
+([0, am)) be

a nonsupporting eigenvector of Tζ0 corresponding to the eigenvalue r(Tζ0) = 1, then
|φ|= cφ0 for some constant c > 0. So φ(a) = cφ0(a)eiκ(a) for some real-valued function
κ : [0, am)→ R. We observe that Tζ0φ0 = |Tζφ|; and substituting φ(a) = cφ0(a)eiκ(a)

into Tζ|φ|= |Tζφ|, we have |Tζφ(a)|= |φ|(a) = cφ0(a) = cTζ0φ0. That is, without loss
of generality c = 1,

Tζ0φ0(a) =

∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)e−ζ0(s−b)ds

)
φ0(b)db

=

∣∣∣∣∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)e−(ζ0+iImζ)(s−b)ds

)
φ0(b)eiκ(b)db

∣∣∣∣ .
It follows that f(s, b) = β(a, s)ψ(s)Θ(b, s)e−(ζ0+iImζ)(s−b)φ0(b)eiκ(b) = f0(s, b)eiκ, for
some constant real number κ = κ(b)− Imζ(s− b) and eigenfunction f0. Then,

Tζφ(a) =

∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)e−ζ(s−b)ds

)
φ0(b)eiκ(b)db

=

∫ am

0

(∫ am

b

β(a, s)ψ(s)Θ(b, s)e−Reζ(s−b)+iκds

)
φ0(b)db

= eiκTReζφ0(a) = eiκφ0(a). (6.35)

Hence, eiκφ0(a) = Tζφ(a) = eiκφ0(a). Therefore, from Tζφ = φ, eImζ(s−b) = 1 for
0 ≤ b ≤ s ≤ am. So κ = κ(a), which implies that Imζ = 0. This completes the
proof.
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Theorem 6.3.11. Let b(A+ B) be the spectral bound of A+ B, then ζ0 = b(A+ B)

so r(Tb(A+B)) = 1.

Proof. The proof of this theorem is a consequence of the above lemmas and corollaries.
That is, from Lemma 6.3.6 and Lemma 6.3.3, b(A + B) = sup{Reζ : ζ ∈ E}, and
from Lemma 6.3.10, we have ζ0 = b(A + B). From Lemma 6.3.8, r(Tζ0) = 1. Hence,
the assertion holds. This completes the proof.

Here we define exponential stability of A + B in the following equivalent sense: for
any ω > ω0, there exists Mω such that for all t ≥ 0, ‖TA+B‖≤ Mωe

ωt. So the
semigroup is exponentially stable if ω0 < 0. Throughout this thesis, we will use
locally asymptotically stable to mean that the linearized system is stable. Using the
linear and global stability notions of Webb (1985) and Inaba (1990), we state the
following stability condition.

Theorem 6.3.12. If R0 := r(T ) < 1, then the disease-free equilibrium is locally
asymptotically stable; and it is unstable when R0 > 1.

Proof. We note that, from Lemma 6.3.3 and Theorem 6.3.11, ζ0 = b(A+B) = ω0(A+

B). Then, by Corollary 6.3.9, r(T ) < 1 implies that ζ0 < 0. So ω0(A + B) < 0 and
‖TA+B(t)‖→ 0 as t→∞. Hence, the disease-free equilibrium is locally asymptotically
stable. However, if r(T ) > 1, then ζ0 > 0 and ω0(A + B) > 0, so the disease-free
equilibrium is unstable. This completes the proof.

Corollary 6.3.13. If r(T ) < 1, then the disease-free equilibrium for initial data in
Γ is globally asymptotically stable.

Proof. We note that the original nonlinear Cauchy evolution equation is,

du

dt
= Au+ F(u). (6.36)

We focus on the y component of u (i.e., u3 = u
(3)
j , j = 1, 2), and observe that, from

u
(1)
i + u

(2)
i + u

(3)
i ∈ Γ, u

(1)
i + (1− γ)u

(2)
i ≤ u

(1)
i + u

(2)
i ≤ 1,

du3

dt
= A3u+ F3(u) (6.37)

can be integrated to obtain

u3(t) = T3(t)u0 +

∫ t

0

T3(t− s)F3(u(s))ds

≤ T3(t)u0 +

∫ t

0

T3(t− s)B3(u(s))ds = TA3+B3uo, u0 ∈ Γ, (6.38)
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where F3[u](a) = (F3
1 [u](a),F3

2 [u](a))T , F3
i [u](a) = (u

(1)
i + (1 − γ)u

(2)
i )λi[u] ≤ λi[u]

and B3[u](a) = (B(3)
1 [u](a),B(3)

2 [u](a))T , B(3)
i [u](a) = s∗i (a)λi[u] = λi[u], s∗i (a) = 1 for

all i. Hence, 0 ≤ u3(t) ≤ TA3+B3(t)u0. From Theorem 6.3.12, the semigroup TA+B is
exponentially stable. So TA+B(t)→ 0 as t→∞. Therefore, TA3+B3(t)→ 0 as t→∞
and u3(t) ≤ TA3+B3(t)u0 → 0, where TA+B(t) = (TA1+B1(t), TA2+B2(t), TA3+B3(t))

T →
0. So yi(t) := u

(3)
i (t) → 0 as t → ∞, and λi → 0, vi(t) := u

(2)
i (t) → 0 and

u
(1)
i = si → 1. This completes the proof.

6.3.2 Stability of Endemic Equilibria

So far, we have established that, when R0 < 1, the trivial (disease-free) equilibrium is
the only biological relevant steady state and is globally asymptotically stable. More-
over, when R0 > 1, the disease-free equilibrium is unstable, and there is at least one
non-trivial solution. Here we establish the stability of the non-trivial solution(s) using
the different notions of endemicity. From Eqs. (6.18)-(6.20), the endemic steady state
solution is given as:

s∗1(a) = e−
∫ a
0 (1+q11)λ∗1(τ)+q12λ∗2(τ)dτ (6.39)

s∗2(a) = e−
∫ a
0 (1+q22)λ∗2(τ)+q21λ∗1(τ)dτ (6.40)

v∗1(a) = e−
∫ a
0 λ
∗
1(τ)dτ

(
1− e−

∫ a
0 q11λ

∗
1(τ)+q12λ∗2(τ)dτ

)
(6.41)

v∗2(a) = e−
∫ a
0 λ
∗
2(τ)dτ

(
1− e−

∫ a
0 q22λ

∗
2(τ)+q21λ∗1(τ)dτ

)
(6.42)

y∗1(a) =

∫ a

0

e−
∫ a
b σ(τ)dτλ∗1(b){s∗1(b) + (1− γ(b))v∗1(b)}db (6.43)

y∗2(a) =

∫ a

0

e−
∫ a
b σ(τ)dτλ∗2(b){s∗2(b) + (1− γ(b))v∗2(b)}db. (6.44)

Let ci =
∫ am

0
β2(s)ψ(s)y∗i (s)ds, i = 1, 2, then λ∗i (a) = ciβ1(a) and let B(a) =∫ a

0
β1(τ)dτ . Substituting y∗i into ci, we have

c1 =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτc1β1(b)q1(b)db

)
ds = c1H1(c1, c2,R0),

c2 =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτc2β1(b)q2(b)db

)
ds = c2H2(c1, c2,R0),

where

q1(b) = e−B(b)[(1+q11)c1+q12c2] + (1− γ(b))
(
e−B(b)c1 − e−B(b)[(1+q11)c1+q12c2]

)
q2(b) = e−B(b)[(1+q22)c2+q21c1] + (1− γ(b))

(
e−B(b)c2 − e−B(b)[(1+q22)c2+q21c1]

)
.

We note that ci = 0 for i = 1, 2 corresponds to the disease-free equilibrim, and ci 6= 0

for some i corresponds to a weakly endemic equilibrium while ci 6= 0 for all i corre-
sponds to a strongly endemic equilibrium. Moreover, we observe that H1(c1, c2,R0)
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and H2(c1, c2,R0) are analytic in c = (c1, c2)T (see Rudin, 1966; Steinberg, 1968).
In addition, we note that H1(0, 0,R0) = H2(0, 0,R0) = R0. Let M(c1, c2,R0) =

(M1,M2)T (c1, c2,R0), where Mi = 1 −Hi, i = 1, 2; and let c = (c1, c2)T . Note that
M(0, 0, 1) = 0.

In addition, we observe that,

∂H1(0, 0,R0)

∂c1

= −
∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτβ1(b)B(b) (1 + q11γ(b)) db

)
ds

∂H1(0, 0,R0)

∂c2

= −
∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτβ1(b)B(b)q12γ(b)db

)
ds

∂H2(0, 0,R0)

∂c1

= −
∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτβ1(b)B(b)q21γ(b)db

)
ds

∂H2(0, 0,R0)

∂c2

= −
∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτβ1(b)B(b) (1 + q22γ(b)) db

)
ds.

Hence,
∂Mi(0, 0,R0)

∂cj
= −∂Hi(0, 0,R0)

∂cj
≥ 0, i, j = 1, 2. Define the following,

m0(R0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτβ1(b)B(b)db

)
ds, (6.45)

m1(R0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b σ(τ)dτβ1(b)B(b)γ(b)db

)
ds, (6.46)

and letM(c1, c2,R0) be the Jacobian matrix of M = (M1,M2)T . Then,

M(0, 0,R0) :=

 m0(R0) + q11m1(R0) q12m1(R0)

q21m1(R0) m0(R0) + q22m1(R0)

 . (6.47)

Suppose that γ is chosen such that the determinant DM(0, 0, 1) = m0(1)2 + m0(1)

m1(1)(q11 + q22) + m1(1)2(q11q22 − q12q21) is nonzero. So M−1(0, 0, 1) exists and is
bounded. We can now apply the Implicit Function Theorem of Hildebrandt & Graves
(see Hildebrandt & Graves, 1927; Zeidler, 1986, Theorem 4.B). However, to deduce
that c1 and c2 are continuous functions of R0, it remains to show the continuity of
Hi(c1, c2,R0) for i = 1, 2 with respect to all its arguments (c1, c2,R0). It is an easy
matter to show that Hi(c1, c2,R0) for i = 1, 2 is continuous with respect to (c1, c2).
However, we are not able to determine the continuity of Hi(c1, c2,R0) with respect
to R0 because Hi(c1, c2,R0) is not explicitly expressed in terms of R0 even though
we know that Hi(0, 0,R0) = R0. Because the proceeding discussion in this chapter
relies on the continuity of Hi(c1, c2,R0), we state the following result as a conjecture.

Conjecture 6.3.14. Let H (c1, c2,R0) = (H1(c1, c2,R0), H2(c1, c2,R0))T : R2
+ ×

R+ → R2
+. H (c1, c2,R0) is continuous near (c1, c2,R0) = (0, 0, 1).
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If the above conjecture is valid, then, by a direct application of the Implicit Func-
tion Theorem of Hildebrandt & Graves (see Hildebrandt & Graves, 1927; Zeidler,
1986), we can show that there exists a branching solution when R0 > 1 for R0 small
or equivalently, we can find a solution c(R0) = (c1(R0), c2(R0))T bifurcating from the
trivial solution at R0 = 1. We now state the following theorem,

Theorem 6.3.15. If M(c1, c2,R0) : R2
+ × R+ → R2

+ satisfies

1. M(0, 0, 1) = 0 and

2. DM(0, 0, 1) is nonzero (i.e.,M(0, 0, 1) is nonsingular),

then there is a solution family c(R0) such that M(c1(R0), c2(R0),R0) = 0 for all
R0 near R0 ≈ 1. Furthermore, if Conjecture 6.3.14 holds, c1(R0) and c2(R0) are
continuous.

We note that near ci = 0, i = 1, 2 and R0 = 1, the level set of M(c1, c2,R0) at
(c1, c2,R0) = (0, 0, 1) given by {(c1, c2,R0) ∈ R2

+ × R+ : M(c1, c2,R0) = 0} is one-
dimensional. Moreover, we observe that from the notion of endemicity discussed
previously, there are two possible cases:

1. Weakly Endemic: c1 > 0 and c2 = 0 or c1 = 0 and c2 > 0, for balanced quotient.

2. Strongly Endemic: c1 > 0 and c2 > 0.

We note that, for the first case, whenever one type exists the other also exists. How-
ever, which equilibrium is selected will depend on the initial condition, and if one of
the weakly endemic equilibria is (un)stable, the other weakly endemic state will be
(un)stable due to the inherent symmetry. We now state the following:

Lemma 6.3.16. Let Hi(c1, c2,R0), i = 1, 2 be defined as above. If R0 > 1, then the
following holds:

1. In the case of balanced quotient (i.e., q11 + q12 = q22 + q21 = α0), there exists a
unique strongly endemic equilibrium, c1 = c2 = c > 0 such that H(c, c,R0) =

H1(c, c,R0) = H2(c, c,R0) = 1.

2. There exist weakly endemic equilibria, c1 > 0 and c2 = 0, and c1 = 0 and c2 > 0,
such H1(c1, 0,R0) = 1 and H2(0, c2,R0) = 1, respectively.

However, if R0 < 1, then there is no non-negative non-trivial steady state.
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Proof. For the first result, we note that ci = cj = c, i 6= j for balanced quotient
since ci, i = 1, 2 is commensurable to the reproductive fitness and all strains have the
same epidemiological parameters. To find c such that H(c, c,R0) = H1(c, c,R0) =

H2(c, c,R0) = 1, we observe that H(c, c,R0) is differentiable with respect to c and
∂H(c, c,R0)

∂c
< 0 for all c > 0. Hence, H(c, c,R0) is strictly monotonically decreasing

and satisfies the following limiting behaviours,

1. limc→+∞H(c, c,R0)→ 0,

2. limc→−∞H(c, c,R0)→ +∞.

Figure 6.4: Proof Sketch of Endemic Equilibrium. Illustrates threshold property of
R0 and H(c, c,R0). For (a) R0 > 1, c0 > 0, (b) R0 = 1, c0 = 0, (c) R0 < 1, c0 < 0.

Using similar arguments as in Corollary 6.3.9 and the Intermediate Value Theorem,
the result follows (see Fig. 6.4). Hence, when R0 > 1, there is a unique solution for
H(c, c,R0) = 1, and c is positive. WhenR0 < 1, there is no solution on the right-hand
half plane. The characteristic equation H(c, c,R0) = 1 has a negative solution which

is biologically irrelevant. For the second part, we observe that
∂H1(c1, 0,R0)

∂c1

< 0

and
∂H2(0, c2,R0)

∂c2

< 0 hold for all c1 and c2, respectively, and H1(c1, 0,R0) and

H2(0, c2,R0) are both monotonically decreasing functions. Hence, the results follow
from the Intermediate Value Theorem. This completes the proof.

In the next sections, we investigate the asymptotic behaviours of these equilibria. We
will assume R0 > 1 but sufficiently close to 1 in the remainder of this chapter.

6.3.2.1 Stability of Weakly Endemic Equilibria

To study the stability of an endemic equilibrium, we start with the linearized equation
as in the previous section, and consider the resolvent of A + B (i.e. consider the
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equation (ζ − (A+ B))w = x). Then, we have for i, j = 1, 2, i 6= j,

∂w
(1)
i (a)

∂a
= x

(1)
i (a)− ζw(1)

i (a) + B(1)
i [w](a),

∂w
(2)
i (a)

∂a
= x

(2)
i (a)− ζw(2)

i (a) + B(2)
i [w](a),

∂w
(3)
i (a)

∂a
= x

(3)
i (a)− ζw(3)

i (a) + B(3)
i [w](a)− σ(a)w

(3)
i (a), i = 1, 2

where B(k)
i [w] (a) = B(k)

i [w] (a) + B̃(k)
i [w] (a), k = 1, 2, 3, and

B(1)

i [w] (a) := −s∗i (a)
[
(1 + qii)λi[w](a) + qijλj[w](a)

]
,

B̃(1)
i [w] (a) := −w(1)

i (a)
[
(1 + qii)λ

∗
i + qijλ

∗
j

]
(a),

B(2)

i [w] (a) := s∗i (a)
[
qiiλi[w](a) + qijλj[w](a)

]
− v∗i (a)λi[w](a),

B̃(2)
i [w] (a) := w

(1)
i

[
qiiλ

∗
i + qijλ

∗
j

]
(a)− w(2)

i (a)λ∗i (a),

B(3)

i [w] (a) := [s∗i (a) + (1− γ(a))v∗i (a)]λi[w](a),

B̃(3)
i [w] (a) :=

[
w

(1)
i (a) + (1− γ(a))w

(2)
i (a)

]
λ∗i (a),

for i, j = 1, 2, i 6= j and w
(k)
i (0) = 0, k = 1, 2, 3. Here w = {w1, w2}T , wk =

{w(k), }j=1,2, for k = 1, 2, 3, and w
(1)
j = sj, w

(2)
j = vj and w

(3)
j = yj. Let ci =∫ am

0
β2(s)ψ(s)y∗i (s)ds, ci =

∫ am
0

β2(s)ψ(s)w
(3)
i (s)ds and B(a) =

∫ a
0
β1(τ)dτ . Then

λ∗i (a) = ciβ1(a) and λi[w](a) = ciβ1(a). To study the stability of the weakly endemic
equilibrium, we use the definition of weak endemicity and either set (i) c1 6= 0 and
c2 = 0 or (ii) c1 = 0 and c2 6= 0. Here we focus on (i), for the stability of (ii) follows
directly from (i) and the analyses of the two cases are identical. If c1 6= 0 and c2 = 0,
substituting the relevant terms in the above expression, we obtain the following,

∂w
(1)
1 (a)

∂a
= x

(1)
1 (a)− ζw(1)

1 (a)− s∗1(a)
[
(1 + q11)λ1[w](a) + q12λ2[w](a)

]
−w(1)

1 (a)(1 + q11)λ∗1(a),

∂w
(1)
2 (a)

∂a
= x

(1)
2 (a)− ζw(1)

2 (a)− s∗2(a)
[
(1 + q22)λ2[w](a) + q21λ1[w](a)

]
−w(1)

2 (a)q21λ
∗
1(a),

∂w
(2)
1 (a)

∂a
= x

(2)
1 (a)− ζw(2)

1 (a) + s∗1(a)
[
q11λ1[w](a) + q12λ2[w](a)

]
− v∗1(a)λ1[w](a)

+w
(1)
1 (a) [q11λ

∗
1] (a)− w(2)

1 (a)λ∗1(a),

∂w
(2)
2 (a)

∂a
= x

(2)
2 (a)− ζw(2)

2 (a) + s∗2(a)
[
q22λ2[w](a) + q21λ1[w](a)

]
− v∗2(a)λ2[w](a)

+w
(1)
2 (a)q21λ

∗
1(a),
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∂w
(3)
1 (a)

∂a
= x

(3)
1 (a)− ζw(3)

1 (a) + [s∗1(a) + (1− γ(a))v∗1(a)]λ1[w](a)

+
[
w

(1)
1 (a) + (1− γ(a))w

(2)
1 (a)

]
λ∗1(a)− σ(a)w

(3)
1 (a),

∂w
(3)
2 (a)

∂a
= x

(3)
2 (a)− ζw(3)

2 (a) + [s∗2(a) + (1− γ(a))v∗2(a)]λ2[w](a)− σ(a)w
(3)
2 (a).

In addition,

λj[w](a) =

∫ am

0

β(a, s)ψ(s)w
(3)
j (s)ds

λ∗1(a) =

∫ am

0

β(a, s)ψ(s)y∗1(s)ds.

Integrating the above equations, we obtain

w
(1)
1 (a) =

∫ a

0
e−
∫ a
b ζ+(1+q11)λ∗1(τ)dτ

(
x

(1)
1 (b)− s∗1(b)

[
(1 + q11)λ1[w](b)

+q12λ2[w](b)
])
db (6.48)

w
(1)
2 (a) =

∫ a

0
e−
∫ a
b ζ+q21λ

∗
1(τ)dτ

(
x

(1)
2 (b)− s∗2(b)

[
(1 + q22)λ2[w](b)

+q21λ1[w](b)
])
db (6.49)

w
(2)
1 (a) =

∫ a

0
e−
∫ a
b ζ+λ

∗
1(τ)dτ

(
x

(2)
1 (b) + s∗1(b)

[
q11λ1[w](b) + q12λ2[w](b)

]
−v∗1(b)λ1[w](b) + w

(1)
1 (b)q11λ

∗
1(b)

)
db (6.50)

w
(2)
2 (a) =

∫ a

0
e−
∫ a
b ζdτ

(
x

(2)
2 (b) + s∗2(b)

[
q22λ2[w](b) + q21λ1[w](b)

]
−v∗2(b)λ2[w](b) + w

(1)
2 (b)q21λ

∗
1(b)

)
db (6.51)

w
(3)
1 (a) =

∫ a

0
e−
∫ a
b ζ+σ(τ)dτ

(
x

(3)
1 (b) + [s∗1(b) + (1− γ(a))v∗1(b)]λ1[w](b)

+
[
w

(1)
1 (b) + (1− γ(a))w

(2)
1 (b)

]
λ∗1(b)

)
db (6.52)

w
(3)
2 (a) =

∫ a

0
e−
∫ a
b ζ+σ(τ)dτ

(
x

(3)
2 (b) + [s∗2(b) + (1− γ(a))v∗2(b)]λ2[w](b)

)
db. (6.53)

Recall that λi[u](a) = ciβ1(a), so substituting the above expressions into

c1 =

∫ am

0

β2(s)ψ(s)w
(3)
1 (s)ds,

c2 =

∫ am

0

β2(s)ψ(s)w
(3)
2 (s)ds,

we obtain a two-dimensional matrix, (X1,X2)T = (I−H(ζ, c1(R0), 0)) (c1, c2)T , where
H(ζ, c1(R0), 0) is a 2 × 2 matrix with element Hij(ζ, c1(R0), 0)1≤i,j≤2. The elements
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of Hij of H and Xi (1 ≤ i, j ≤ 2) are defined as follows

H11(ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗1(b)β1(b)db

)
ds−

∫ am

0

β2(s)

×ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)

[∫ b

0

β1(b′)(1 + q11)s∗1(b′)

×e−
∫ b
b′ ζ+(1+q11)λ∗1(τ)dτdb′

]
db
)
ds+ q11

∫ am

0

β2(s)ψ(s)

(∫ s

0

λ∗1(b)

×e−
∫ s
b ζ+σ(τ)dτ (1− γ(b))

[∫ b

0

s∗1(b′)β1(b′)e−
∫ b
b′ ζ+λ

∗
1(τ)dτdb′

]
db

)
ds

−
∫ am

0

β2(s)ψ(s)

(∫ s

0

λ∗1(b)e−
∫ s
b ζ+σ(τ)dτ (1− γ(b))

[∫ b

0

v∗1(b′)

×β1(b′)e−
∫ b
b′ ζ+λ

∗
1(τ)dτdb′

]
db
)
ds−

∫ am

0

β2(s)ψ(s)

(∫ s

0

λ∗1(b)

×e−
∫ s
b ζ+σ(τ)dτ (1− γ(b))

[∫ b

0

e−
∫ b
b′ ζ+λ

∗
1(τ)dτq11λ

∗
1(b′)

×

(∫ b′

0

s∗1(r)(1 + q11)β1(r)e−
∫ b′
r ζ+(1+q11)λ∗1(τ)dτdr

)
db′

]
db

)
ds,

H12(ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)

[∫ b

0

s∗1(b′)q12β1(b′)

×e−
∫ b
b′ ζ+(1+q11)λ∗1(τ)dτdb′

]
db
)
ds+ q12

∫ am

0

β2(s)ψ(s)

(∫ s

0

λ∗1(b)

×e−
∫ s
b ζ+σ(τ)dτ (1− γ(b))

[∫ b

0

s∗1(b′)β1(b′)e−
∫ b
b′ ζ+λ

∗
1(τ)dτdb′

]
db

)
ds

+q11q12

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)(1− γ(b))

[∫ b

0

λ∗1(b′)

×e−
∫ b
b′ ζ+λ

∗
1(τ)dτ

(∫ b′

0

e−
∫ b′
r ζ+(1+q11)λ∗1(τ)dτs∗1(r)β1(r)dr

)
db′

]
db

)
ds

H21(ζ, c1(R0), 0) = 0

H22(ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗2(b)β1(b)db

)
ds

X1(ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτx

(3)
1 (b)db

)
ds+

∫ am

0

β2(s)ψ(s)

×
(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)

[∫ b

0

e−
∫ b
b′ ζ+(1+q11)λ∗1(τ)dτx

(1)
1 (b′)db′

]
db

)
ds

+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)(1− γ(b))

[∫ b

0

x
(2)
1 (b′)

×e−
∫ b
b′ ζ+λ

∗
1(τ)dτdb′

]
db
)
ds+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτ
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×λ∗1(b)(1− γ(b))

[∫ b

0

e−
∫ b
b′ ζ+λ

∗
1(τ)dτq11λ

∗
1(b′)

(∫ b′

0

x
(1)
1 (r)

×e−
∫ b′
r ζ+(1+q11)λ∗1(τ)dτdr

)
db′
]
db
)
ds

X2(ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτx

(3)
2 (b)db

)
ds

Q∗i (b) = s∗i (b) + (1− γ(b)) v∗i (b), i = 1, 2

s∗1(b) = e−(1+q11)c1B(b)

s∗2(b) = e−q21c1B(b)

v∗1(b) = e−c1B(b) − e−(1+q11)c1B(b)

v∗2(b) = 1− e−q21c1B(b).

Let M1(ζ,R0) = (I−H(ζ, c(R0))) and the determinant of M1(ζ, c(R0)) be given
by D1M(ζ,R0), where for a weakly endemic equilibrium c(R0) = (c1(R0), 0)T (or
c(R0) = (0, c2(R0))). From the structure (i.e. upper block matrix) of H(ζ, c(R0))

(and hence M1(ζ,R0)), we can calculate the determinant as D1M(ζ,R0) = (1 −
H11(ζ, c(R0)))(1−H22(ζ, c(R0)). We note that when R0 = 1 and ci = 0, i = 1, 2, the
determinant D1M(ζ, c(R0)) = 0 determines the eigenvalues of the linearized equa-
tions for the disease-free equilibrium. Moreover, we observe that at ζ = 0 andR0 = 1,
H11(ζ = 0, c1(R0) = 0, 0) = H22(ζ = 0, c1(R0) = 0, 0) = R0 and D1M(ζ,R0) = 0.
From the previous discussion, the resolvent equation is only solvable whenM1(ζ,R0)

is invertible. That is, if the determinant D1M(ζ,R0) ofM1(ζ,R0) is nonzero. There-
fore, to determine the stability of the weakly endemic equilibrium, we state the fol-
lowing results:

Lemma 6.3.17. Let Σwee(A+B) and Σwee
p (A+B) be the spectrum and point spectrum

of A+B, respectively, for the weakly endemic system. Then, Σwee(A+B) = Σwee
p (A+

B) := {ζ ∈ C : D1M(ζ,R0) = 0}.

Proof. We observe that the resolvent equation is solvable if and only ifM1(ζ,R0)is
invertible, i.e., D1M(ζ,R0) 6= 0. So Σwee(A + B) = {ζ ∈ C : D1M(ζ,R0) = 0}.
Hence ρ(A + B) = {ζ ∈ C : D1M(ζ,R0) 6= 0}. BecauseM1(ζ,R0) is invertible for
ζ ∈ ρ(A + B), it can be shown that the resolvent Rwee(ζ,A + B) is compact for any
ζ ∈ ρ(A + B) using similar arguments as in Lemma 6.3.6. That is, we first get w in
terms of ci, i = 1, 2 and x from Eqs. (6.48)-(6.53) by substituting for λi(a) = β1(a)ci.
Then, we find ci in terms of Xi, i = 1, 2 from (c1, c2)T = M−1

1 (ζ,R0) (X1,X2)T

and Xi in terms of x. We note that M−1
1 (ζ,R0) exists and is bounded. Thus, we

observe that, after the relevant substitutions, the right-hand sides of w in Eqs. (6.48)-
(6.53) are compositions of compact and bounded operators. Hence, the resolvent is
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compact. Therefore, Σwee(A + B) = Σwee
p (A + B) (see Kato, 1984, pg. 187; Webb,

1985, Proposition 4.11). This completes the proof.

Corollary 6.3.18. H11(ζ, c1(R0), 0) = 1 or H22(ζ, c1(R0), 0) = 1, if and only if
ζ ∈ Σwee

p (A+ B).

Theorem 6.3.19. Suppose Reζ < 0 for all ζ ∈ Σwee
p (A + B). Then the weakly

endemic equilibrium point is locally asymptotically stable.

Proof. We first note that the operatorA generates a nilpotent translation C0-semigroup
{TA(t)}t>0, and that the operator B can be broken up into two operators B = B + B̃.
Then, we observe that TA+B̃ is a semigroup of a stable population with a finite age
interval, and hence it is eventually compact (see Inaba, 1988, Proposition 2.5). From
Assumption 5.3.2 and Lemma 6.3.1, B is compact. Therefore, the C0-semigroup
{TA+B(t)}t>0 is eventually norm continuous (see Engel & Nagel, 2000, pg. 166, Propo-
sition 3.1.14). Hence, ω0(A + B) = b(A + B) := sup{Reζ : ζ ∈ Σwee(A + B)} (see
Engel & Nagel, 2000, pg. 281, Corollaries 4.3.11-4.3.12). So, from Lemma 6.3.17,
we have b(A + B) = sup{Reζ : ζ ∈ Σwee

p (A + B)} = ζ0. In addition, by Theorem
2.4.18 in Engel & Nagel (2000, pg. 113), the set S = {ζ ∈ Σwee(A+ B) : Reζ ≥ −1}
is bounded and consists of isolated eigenvalues with finite multiplicities. Therefore,
under the given assumption, it follows that the set S is finite and ζ0 < 0. Thus,
limt→∞||TA+B(t)||→ 0. Hence, the weakly endemic equilibrium is locally asymptoti-
cally stable. This completes the proof.

We can now consider the concrete conditions under which the weakly endemic equi-
librium is stable, i.e., there is no ζ with non-negative real part. We note that the
condition D1M(ζ,R0) = 0 is equivalent to the following: H11(ζ, c1(R0), 0) = 1 or
H22(ζ, c1(R0), 0) = 1. In the proceeding, we characterize H22(ζ, c1(R0), 0) = 1 and
H11(ζ, c1(R0), 0) = 1. We state the following properties.

Lemma 6.3.20. The function H22(ζ, c1(R0), 0) is continuous in ζ and strictly de-
creasing with respect to ζ ∈ R, and satisfies the following limiting behaviours:

1. limζ→∞H22(ζ, c1(R0), 0)→ 0,

2. limζ→−∞H22(ζ, c1(R0), 0)→ +∞.

Thus, there exists a unique solution ζ2,0 ∈ R of H22(ζ2,0, c1(R0), 0) = 1 and ζ2,0 is a
simple root. Moreover, each of the following implications holds:

1. ζ2,0 < 0, if H22(0, c1(R0), 0) < 1,

2. ζ2,0 = 0, if H22(0, c1(R0), 0) = 1,
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3. ζ2,0 > 0, if H22(0, c1(R0), 0) > 1.

Furthermore, any solution ζ 6= ζ2,0 of H22(ζ, c1(R0), 0) = 1 is such that Reζ < ζ2,0.

Proof. We observe that H22(ζ, c1(R0), 0) is holomorphic in ζ. Hence, it is also

continuous. In addition, for real ζ, we observe that
dH22(ζ, c1(R0), 0)

dζ
< 0, so

H22(ζ, c1(R0), 0) is strictly monotonically decreasing. Furthermore, using H2 in As-
sumption 5.2.1, we note that

H22(ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗2(b)β1(b)db

)
ds

≤ β

∫ am

0

(∫ s

0

ψ(s)e−
∫ s
b ζdτdb

)
ds ≤ β

ζ
→ 0 as ζ →∞

as in Lemma 6.3.7(2). For the second part, we observe that Θ(b, τ) = e−
∫ τ
b σ(s)ds ≥

e−σ̃am := c for am ≥ s ≥ b ≥ 0. Let Q2 = supb∈[0,am] Q
∗
2(b). Then, from H8 in

Assumption 5.3.2,

H22(ζ, c1(R0), 0) =

∫ am

0

(∫ am

b

β2(s)ψ(s)e−
∫ s
b ζ+σ(τ)dτQ∗2(b)β1(b)ds

)
db

≥ εcQ2

∫ am

am−a∗
ψ(s)

(∫ s

0

e−
∫ s
b ζdτdb

)
ds→∞ as ζ → −∞

as in Lemma 6.3.7(1).
Let ζ2,0 be a critical eigenvalue. Using similar arguments as in Corollary 6.3.8

(see Fig. 6.3), from the monotonicity of H22(ζ, c1(R0) with respect to ζ, the limiting
behaviours and Intermediate Value Theorem, it follows that there is a unique real

value ζ2,0 ∈ R such that H22(ζ2,0, c1(R0), 0) = 1. Since,
dH22(ζ, c1(R0), 0)

dζ
< 0 for all

ζ ∈ R, it is a simple root. Therefore, the assertions follow.
Moreover, let ζ be a solution different from ζ2,0, then

H22(ζ2,0, c1(R0), 0) = 1 = Re
(∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗2(b)β1(b)db

)
ds

)
=

(∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b Reζ+σ(τ)dτ cos(Imζ(s− b))Q∗2(b)β1(b)db

)
ds

)
<

(∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b Reζ+σ(τ)dτQ∗2(b)β1(b)db

)
ds

)
.

Thus, since H22(ζ, c1(R0), 0) is strictly decreasing function, it follows that Reζ < ζ2,0.
This completes the proof.
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We observe thatH22(ζ, c1(R0), 0) > 0 andH22(0, 0, 0) = R0. Similarly,H11(ζ, c1(R0), 0)

> 0 and H11(0, 0, 0) = R0. In addition, H11(ζ, c1(R0), 0) can be expressed as a dif-
ference of two functions, namely

H11(ζ, c1(R0), 0) = H(1)
11 (ζ, c1(R0), 0)−H(2)

11 (ζ, c1(R0), 0), (6.54)

H(1)
11 (ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗1(b)β1(b)db

)
ds

+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)(1− γ(b))

×
[∫ b

0

e−
∫ b
b′ ζ+λ

∗
1(τ)dτs∗1(b′)q11β1(b′)db′

]
db

)
ds, (6.55)

H(2)
11 (ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)

[∫ b

0

s∗1(b′)(1 + q11)β1(b′)

×e−
∫ b
b′ ζ+(1+q11)λ∗1(τ)dτdb′

]
db
)
ds+

∫ am

0

β2(s)ψ(s)

×
(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)(1− γ(b))

[∫ b

0

v∗1(b′)β1(b′)

×e−
∫ b
b′ ζ+λ

∗
1(τ)dτdb′

]
db
)
ds+

∫ am

0

β2(s)ψ(s)

(∫ s

0

λ∗1(b)

×(1− γ(b))e−
∫ s
b ζ+σ(τ)dτ

[∫ b

0

e−
∫ b
b′ ζ+λ

∗
1(τ)dτq11λ

∗
1(b′)

(∫ b′

0

s∗1(r)

×(1 + q11)β1(r)e−
∫ b′
r ζ+(1+q11)λ∗1(τ)dτdr

)
db′
]
db
)
ds. (6.56)

Lemma 6.3.21. Let H(1)
11 (ζ, c1(R0), 0) be defined as above. Then H(1)

11 (ζ, c1(R0), 0)

is continuous in ζ and monotonically decreasing with respect to ζ and satisfies,

1. limζ→∞H(1)
11 (ζ, c1(R0), 0)→ 0,

2. limζ→−∞H(1)
11 (ζ, c1(R0), 0)→∞.

Proof. The continuity follows directly from the fact thatH(1)
11 (ζ, c1(R0), 0) is holomor-

phic with respect to ζ (see Rudin, 1966; Steinberg, 1968). Moreover, we observe that
∂H(1)

11 (ζ, c1(R0), 0)

∂ζ
< 0, so H(1)

11 (ζ, c1(R0), 0) is strictly monotonically decreasing. In

addition, let B1 = supa∈[0,am]

∫ a
0
β1(τ)dτ . Then,

H(1)
11 (ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗1(b)β1(b)db

)
ds

+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)(1− γ(b))

×
[∫ b

0

e−
∫ b
b′ ζ+λ

∗
1(τ)dτs∗1(b′)q11β1(b′)db′

]
db

)
ds
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≤ β
(
1 + q11c1B1

) ∫ am

0

(∫ s

0

ψ(s)e−
∫ s
b ζdτdb

)
ds→ 0 as ζ →∞

as in Lemma 6.3.20(1). Moreover, we observe that

H(1)
11 (ζ, c1(R0), 0) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗1(b)β1(b)db

)
ds

+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗1(b)(1− γ(b))

×
[∫ b

0

e−
∫ b
b′ ζ+λ

∗
1(τ)dτs∗1(b′)q11β1(b′)db′

]
db

)
ds,

≥
∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗1(b)β1(b)db

)
ds→∞

as ζ → −∞ as in Lemma 6.3.7(1) and Lemma 6.3.20(2). This completes the proof.

Corollary 6.3.22. H11(ζ, c1(R0), 0) is continuous with respect to ζ, and for ζ real,
satisfies the following

1. H11(ζ, c1(R0), 0) ≤ H(1)
11 (ζ, c1(R0), 0), and

2. limζ→∞H11(ζ, c1(R0), 0)→ 0.

Proof. As in Lemma 6.3.20, we observe thatH11 (ζ, c1 (R0) , 0) is holomorphic. There-
fore, H11(ζ, c1(R0), 0) is continuous. Moreover, from Eqs. (6.54)-(6.56), we observe
that H11(ζ, c1(R0), 0) = H(1)

11 (ζ, c1(R0), 0)−H(2)
11 (ζ, c1(R0), 0). Hence, the inequality

holds (i.e. H11(ζ, c1(R0), 0) ≤ H(1)
11 (ζ, c1(R0), 0)). Thus, from Lemma 6.3.21(1), the

result of the second part follows. This completes the proof.

Lemma 6.3.23. Let C1 = 1−H(1)
11 (ζ, c1(R0), 0). Then, there exists a unique solution

ζ1 ∈ R such that C1 = 0. In addition,

1. If H(1)
11 (0, c1(R0), 0) < 1, then ζ1 < 0,

2. If H(1)
11 (0, c1(R0), 0) = 1, then ζ1 = 0,

3. If H(1)
11 (0, c1(R0), 0) > 1, then ζ1 > 0.

Moreover, if ζ ∈ {ζ ∈ C : C1 = 0} then if ζ 6= ζ1, Reζ < ζ1.

Proof. The proof is similar to Lemma 6.3.20.

We note that, from the properties stated in Lemma 6.3.21 and Corollary 6.3.22,
when H11(0, c1(R0), 0) > 1, there is a solution ζ0 > 0 such that H11(ζ0, c1(R0), 0) = 1.
That is, let ∆(ζ) = H11(ζ, c1(R0), 0) − 1 = 0. We observe that ∆(0) > 0 and
∆(∞) < 0. Then, by the Intermediate Value Theorem, there exists a point ζ0 ∈ (0,∞)

such that ∆(ζ0) = 0 or H11(ζ0, c1(R0), 0) = 1. This corresponds to instability. We
summarize the above discussion:
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Lemma 6.3.24. Let R0 > 1 but sufficiently close to 1. If H11(0, c1(R0), 0) > 1, then
the characteristic equation admits a positive root.

In the proceeding Lemma, we will show that under certain condition, the system
does not admit eigenvalues with real positive part. We can use compactness argu-
ments to show that, when H(1)

11 (0, c1(R0), 0) < 1, the system does not admit positive
real eigenvalues. However, it does not exclude the case where the system admits com-
plex eigenvalue whose real part is positive. As a result, the compactness argument
is not sufficient to exclude all the cases. Hence, in the proceeding lemma, we apply
Rouché’s Theorem to show the non-existence of eigenvalues with positive real part
when H(1)

11 (0, c1(R0), 0) < 1, for Rouché’s Theorem allows us to determine the number
of zeros of a function, including complex roots.

Lemma 6.3.25. Take R0 > 1 and close to 1. Suppose H(1)
11 (0, c1(R0), 0) < 1, so

that, for c1 sufficiently small and positive, H(1)
11 (ζ, c1(R0), 0) = 1 has a unique real

negative solution ζ1(c1). Then H11(ζ, c1(R0), 0) = 1 has no roots with Reζ > ζ∗,

where ζ∗ =
ζ1(0)

2
< 0.

Proof. TakeR0 > 1 and close to 1 such that c1 sufficiently small and positive. Assume
H(1)

11 (0, c1(R0), 0) < 1. From Lemma 6.3.23, H(1)
11 (ζ, c1(R0), 0) = 1 has a unique real

negative solution ζ1, and all roots are such that Reζ ≤ ζ1. From the Implicit Function
Theorem, ζ1 := ζ1(c1) is a continuous function of c1 for sufficiently small c1. So we

take δ such that for |c1| < δ, we have ζ1(c1) <
ζ1(0)

2
. Let ζ∗ =

ζ1(0)

2
< 0. Henceforth,

we focus on the existence of roots in the half plane Reζ ≥ ζ∗. For l > 0, we construct
a domain Dl as shown in Fig. 6.5, where Dl = {ζ : |ζ| < l and Reζ > ζ∗}.

Imζ	
  

l	
  ζ*	
   Reζ	
  

∂Dl

Dl

Figure 6.5: Domain Dl.

Therefore, in Dl, Reζ ≥ ζ1(0)

2
> ζ1(c1). Now let ∆(ζ, c1(R0)) be defined as

follows:

∆(ζ, c1(R0)) = ∆1(ζ, c1(R0)) + ∆2(ζ, c1(R0)),
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where

∆1(ζ, c1(R0)) = 1−H(1)
11 (ζ, c1(R0), 0),

∆2(ζ, c1(R0)) = H(2)
11 (ζ, c1(R0), 0).

Then, ∆1(ζ, c1(R0)) and ∆2(ζ, c1(R0)) are entire functions of ζ ∈ C. Moreover, we
observe that

|∆1(ζ, c1(R0))| =
∣∣∣1−H(1)

11 (ζ, c1(R0), 0)
∣∣∣ ≥ 1−

∣∣∣H(1)
11 (ζ, c1(R0), 0)

∣∣∣.
On Dl, we have∣∣∣H(1)

11 (ζ, c1(R0), 0)
∣∣∣ ≤ H(1)

11

(
ζ1(0)

2
, 0, 0

)
+N0(ζ1(0)) |c1|,

where N0(ζ1(0)) is given as follows:

N0(ζ) = q11

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτβ1(b)

[∫ b

0

e−
∫ b
b′ ζdτβ1(b′)db′

]
db

)
ds,

for real ζ. We note that

N0(ζ) ≤ q11m0(R0)e−ζ1(0)am ≤ q11B1R0e
−ζ1(0)am ,

where B1 := supa∈[0,am]

(∫ a
0
β1(b)db

)
.

If we set η = H(1)
11 (

ζ1(0)

2
, 0, 0), then η < 1 because H(1)

11 (ζ1(0), 0, 0) = 1 and

H(1)
11 (ζ, c1(R0), 0) is decreasing. Therefore, if we choose |c1| <

1− η
2N0(ζ1(0))

, then on

∂Dl, we have∣∣∣H(1)
11 (ζ, c1(R0), 0)

∣∣∣ ≤ H(1)
11

(
ζ1(0)

2
, 0, 0

)
+N0(ζ1(0)) |c1| ≤ η +

1− η
2

=
1 + η

2
,

which is less than 1. So, |∆1(ζ, c1(R0))| ≥ 1− 1 + η

2
=

1− η
2

. In addition, we observe

that, ∆2(ζ, 0) = H(2)
11 (ζ, 0, 0) = 0 and ∆2(ζ, c1(R0)) = H(2)

11 (ζ, c1(R0), 0) satisfies
the condition in Lemma 6.3.21 and Lemma 6.3.23. Furthermore, we can show that
there exists M0(R0) =

(
1 + (1 + q11)(1 +B1))

)
m0, where m0 ≤ B1R0, such that

|∆2(ζ, c1(R0))| =
∣∣∣H(2)

11 (ζ, c1(R0), 0)
∣∣∣ < M0 |c1| for c1 sufficiently small. Hence, if we

also take |c1| <
1− η

2M0(R0)
, then |∆2(ζ, c1(R0))| < 1− η

2
≤ |∆1(ζ, c1(R0))| on ∂Dl for

R0 > 1 and close to 1.
Now we have |∆1(ζ, c1(R0))| > |∆2(ζ, c1(R0))| on the boundary ∂Dl of the contour

of any domain Dl (see Fig. 6.5). Then, by Rouché’s Theorem, ∆1(ζ, c1(R0)) and
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∆(ζ, c1(R0)) have the same number of zeros inside the domain Dl since we know that
|∆1(ζ, c1(R0))| > |∆2(ζ, c1(R0))| on ∂Dl, and ∆1(ζ, c1(R0)) and ∆2(ζ, c1(R0)) are
holomorphic on ∂Dl and inside the domain Dl because they are entire functions of
ζ ∈ C. Therefore, to show that ∆(ζ, c1(R0)) = 0 or equivalently H11(ζ, c1(R0), 0) = 1

has no solution in the right half plane Reζ ≥ ζ∗, it suffices to consider the roots of
the equation ∆1(ζ, c1(R0)) = 0 or equivalently H(1)

11 (ζ, c1(R0), 0) = 1. But, from the
construction of the domain Dl, ∆1(ζ, c1(R0)) = 0 has no solution within Dl. Hence,
there are no roots of ∆(ζ, c(R0)) = 0 in Dl. Thus, for H(1)

11 (0, c1(R0), 0) < 1, there
are no zeros of ∆(ζ, c(R0)) = 0 in Dl. But this was for any l > 0. Hence, there are
no zeros of ∆(ζ, c(R0)) = 0 for Reζ > ζ∗. This completes the proof.

In the above discussion, we have shown the existence and non-existence of roots
(positive real and complex with positive real parts) depending on the conditions
imposed on H11(0, c1(R0), 0) and H(1)

11 (0, c1(R0), 0). In particular, we note that the
existence and exclusion of positive real roots depends only on H11(0, c1(R0), 0), while
exclusion of complex roots (with positive real part) depends on H11(0, c1(R0), 0) and
H(1)

11 (0, c1(R0), 0). Given the above results in Lemma 6.3.24 and Lemma 6.3.25, we
establish the condition for the stability of the weakly endemic steady state.

Theorem 6.3.26. Take R0 > 1 and close to 1.

1. If H(1)
11 (0, c1(R0), 0) < 1 and H22(0, c1(R0), 0) < 1, then the weakly endemic

equilibrium (i.e., discrete strain structure) is locally asymptotically stable.

2. If H11(0, c1(R0), 0) > 1 or H22(0, c1(R0), 0) > 1 or both, then the weakly en-
demic equilibrium is unstable.

Proof. On one hand, we note that, from Lemma 6.3.25, if H(1)
11 (0, c1(R0), 0) < 1, the

characteristic equation H11(ζ, c1(R0), 0) = 1 does not admit (real or complex) non-
negative characteristic roots. In addition, from Lemma 6.3.20, we observe that the
dominant root of H22(ζ, c1(R0), 0) = 1 is negative when H22(0, c1(R0), 0) < 1. Thus,
from Corollary 6.3.18 and Theorem 6.3.19, the weakly endemic equilibrium point is
locally asymptotically stable. On the other hand, if one of the conditions is violated,
then there is a non-negative eigenvalue ζ0 > 0, so ω0(A+B) > 0. This completes the
proof.

6.3.2.2 Stability of Strongly Endemic Equilibrium

To study the stability of a strongly endemic equilibrium, we consider the linearized
resolvent equation as done in the previous section. We note that, from the definition
of strong endemicity, y∗i (a) > 0 for all i. In addition, because the epidemiological
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parameters are the same for all strains, λi = λj and yi = yj for i 6= j. Therefore, it is
sufficient to look at the asymptotic behaviours of the system as a single strain system
provided we take into consideration the balanced condition for the quotient network.
That is, qii + qij = qjj + qji. Now let α0 = qii + qij = qjj + qji and α = α0 + 1. Then
the system above reduces to

∂w(1)(a)

∂a
= x(1)(a)− ζw(1)(a)− αs∗(a)λ[w](a)− αw(1)(a)λ∗(a),

∂w(2)(a)

∂a
= x(2)(a)− ζw(2)(a) + (α− 1) s∗(a)λ[w](a)− v∗(a)λ[w](a)

+w(1)(a) (α− 1)λ∗(a)− w(2)(a)λ∗(a),

∂w(3)(a)

∂a
= x(3)(a)− ζw(3)(a) + [s∗(a) + (1− γ(a))v∗(a)]λ[w](a)

+
[
w(1)(a) + (1− γ(a))w(2)(a)

]
λ∗(a)− σ(a)w(3)(a),

where the steady state solutions s∗(a), v∗(a) and y∗(a) reduce to

s∗(a) = e−
∫ a
0 αλ

∗(τ)dτ ,

v∗(a) = e−
∫ a
0 λ
∗(τ)dτ − e−

∫ a
0 αλ

∗(τ)dτ ,

Q∗(a) = s∗(a) + (1− γ(a))v∗(a),

y∗(a) =

∫ a

0

e−
∫ a
b σ(τ)dτ (1− γ(b))λ∗(b)

[
e−

∫ b
0 λ
∗(τ)dτ − e−

∫ b
0 αλ

∗(τ)dτ
]
db

+

∫ a

0

e−
∫ a
b σ(τ)dτλ∗(b)e−

∫ b
0 λ
∗(τ)dτdb.

Integrating the resolvent equation above, we have

w(1)(a) =

∫ a

0

e−
∫ a
b ζ+αλ

∗(τ)dτ
(
x(1) − αs∗(b)λ[w](b)

)
db,

w(2)(a) =

∫ a

0

e−
∫ a
b ζ+λ

∗(τ)dτ
(
x(2) + (α− 1)s∗(b)λ[w](b)− v∗(b)λ[w](b)

+(α− 1)w(1)(b)λ∗(b)
)
db,

w(3)(a) =

∫ a

0

e−
∫ a
b σ(τ)+ζdτ

(
x(3)(b) + q∗(b)λ[w](b))

+
[
w(1)(b) + (1− γ(b))w(2)(b)

]
λ∗(b)

)
db.

Let c =
∫ am

0
β2(s)ψ(s)y∗(s)ds, c =

∫ am
0

β2(s)ψ(s)w(3)(s)ds, and B(a) =
∫ a

0
β1(τ)dτ .

Then λ∗(a) = cβ1(a) and λ(a) = cβ1(a).
The strongly endemic steady state only exists when R0 > 1 (see Lemma 6.3.16).

To study the stability of the strongly endemic equilibrium, we substitute the above
expression for w(k)

i , i = 1, 2 using strong endemicity into c. We obtain an equation
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of the form X = (1−H(ζ, c(R0))) c, where

H(ζ, c(R0)) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗(b)β1(b)db

)
ds

−
∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)

[∫ b

0

e−
∫ b
b′ ζ+αλ

∗(τ)dταs∗1(b′)

×β1(b′)db′] db) ds+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)

×(1− γ(b))

[∫ b

0

e−
∫ b
b′ ζ+λ

∗(τ)dτ (α− 1)s∗(b′)β1(b′)db′
]
db

)
ds

−
∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)(1− γ(b))

×
[∫ b

0

e−
∫ b
b′ ζ+λ

∗(τ)dτv∗(b′)β1(b′)db′
]
db

)
ds−

∫ am

0

β2(s)ψ(s)

×
[∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)(1− γ(b))

(∫ b

0

e−
∫ b
b′ ζ+λ

∗(τ)dτ (α− 1)

×λ∗(b′)

[∫ b′

0

e−
∫ b′
η ζ+αλ∗(τ)dταs∗(η)β1(η)dη

]
db′

)
db

]
ds,

X =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτx(3)(b)db

)
ds+

∫ am

0

β2(s)ψ(s)

×
(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)

[∫ b

0

e−
∫ b
b′ ζ+αλ

∗(τ)dτx(1)(b′)db′
]
db

)
ds

+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)(1− γ(b))

[∫ b

0

x(2)(b′)

×e−
∫ b
b′ ζ+λ

∗(τ)dτdb′
]
db
)
ds+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτ

×(1− γ(b))λ∗(b)

[∫ b

0

e−
∫ b
b′ ζ+λ

∗(τ)dτ (α− 1)λ∗(b′)

(∫ b′

0

x(1)(η)

×e−
∫ b′
η ζ+αλ∗(τ)dτdη

)
db′
]
db

)
ds.

We state the following conditions,

Lemma 6.3.27. Let Σsee(A+B) and Σsee
p (A+B) be the spectrum and point spectrum

of A+B, respectively, for strongly endemic system, then Σsee(A+B) = Σsee
p (A+B) =

{ζ ∈ C : H(ζ, c(R0)) = 1}.

Proof. The resolvent equation is solvable if and only if 1 − H(ζ, c(R0)) 6= 0. So
Σsee(A+B) = {ζ ∈ C : H(ζ, c(R0)) = 1}. Hence, ρ(A+B) = {ζ ∈ C : H(ζ, c(R0)) 6=
1}. Using similar arguments in Lemma 6.3.17 , if ζ ∈ ρ(A + B), then A + B has a
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compact resolvent (Kato, 1984, pg. 187; Webb, 1985, Proposition 4.11). Hence, the
assertion Σsee(A+ B) = Σsee

p (A+ B) holds. This completes the proof.

Corollary 6.3.28. H(ζ, c(R0)) = 1, if and only if ζ ∈ Σsee
p (A+ B).

Let H(ζ, c(R0)) = H(1)(ζ, c(R0))−H(2)(ζ, c(R0)), where

H(1)(ζ, c(R0)) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτQ∗(b)β1(b)db

)
ds

+

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)(1− γ(b))

×
[∫ b

0

e−
∫ b
b′ ζ+λ

∗(τ)dτ (α− 1)s∗(b′)β1(b′)db′
]
db

)
ds,

H(2)(ζ, c(R0)) =

∫ am

0

β2(s)ψ(s)

(∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)

[∫ b

0

e−
∫ b
b′ ζ+αλ

∗(τ)dταs∗1(b′)

×β1(b′)db′] db) ds+

∫ am

0

β2(s)ψ(s)

(∫ s

0

λ∗(b)(1− γ(b))

×e−
∫ s
b ζ+σ(τ)dτ

[∫ b

0

e−
∫ b
b′ ζ+λ

∗(τ)dτv∗(b′)β1(b′)db′
]
db

)
ds+ (α− 1)

×
∫ am

0

β2(s)ψ(s)

[∫ s

0

e−
∫ s
b ζ+σ(τ)dτλ∗(b)(1− γ(b))

(∫ b

0

λ∗(b′)

×e−
∫ b
b′ ζ+λ

∗(τ)dτ

[∫ b′

0

e−
∫ b′
η ζ+αλ∗(τ)dταs∗(η)β1(η)dη

]
db′

)
db

]
ds.

We observe that the functional form of H(ζ, c(R0)) is similar to the functional form
of H11(ζ, c1(R0), 0). In fact, H(ζ, c(R0)) = H11(ζ, c(R0), 0), when λ∗(a) = λ∗1(a), and
q11 is replaced by α − 1. Thus, the results and proofs of Lemma 6.3.21, Corollary
6.3.22, Lemma 6.3.23-6.3.25, all carry over to this case and we have:

Theorem 6.3.29. If H(1)(0, c(R0)) < 1, then the strongly endemic equilibrium (i.e.,
co-existence, fully synchronized steady-state, or no strain structure) is locally asymp-
totically stable. If H(0, c(R0)) > 1, then the strongly endemic equilibrium is unstable.

6.4 Summary

In this and the previous chapter, we have examined a multi-locus-allele epidemic
model describing the dynamics of antigenically variable infectious diseases. We re-
formulated the model into an abstract semilinear Cauchy evolution equation and
investigated the existence of positive solutions. In addition, we employed a fixed
point approach to study the steady-states, and the spectral theory of operators to

119



prove the existence of a threshold condition on the next-generation operator. In par-
ticular, we showed that if the spectral radius of the next-generation operator T , r (T ),
is less than 1, then the disease-free equilibrium is the only equilibrium and is glob-
ally asymptotically stable. If r (T ) > 1, then the disease-free equilibrium is unstable.
Moreover, we showed that there is at least one nontrivial equilibrium. However, using
the spectral radius r (T ) of the next generation operator T , the condition for exis-
tence of endemic equilibrium is necessary but not sufficient to establish the stability
of the endemic equilibrium. To establish the stability of endemic equilibria, we rely on
insights gained from the mesoscale property captured by the quotient network of the
strain space and from the analysis presented in Chapter 3. We defined two notions of
endemicity (e.g., weakly and strongly endemic equilibria), and used these ideas along
with the symmetric structure of the strain space and the uniformity of parameters
across strains to simplify our analysis and to provide additional conditions necessary
for the stability of the system. It should be noted that the analysis presented herein
is based on some assumptions that might be more restrictive for epidemic models.
On a fundamental level, we assume a proportionate mixing pattern for the contact
rate, a demographically stable population and the uniformity of parameters across
strains. The structure of the strain interaction network and its 2-coloured balanced
quotient is also restrictive. In particular, we have focused only on a general strain
space structure with Mendelian structure or hyperoctahedral symmetry, where the
2-coloured quotient networks are bi-nodal, and the dimension of the system can be
reduced. For a more general strain space with no obvious well known symmetry prop-
erty, we suspect that our analysis can be carried out in a similar manner as long as
all the quotient networks can be obtained using tools from algebraic graph theory
and all the different combination of synchronous equilibrium clusters can be found.
Although, the numerical results of the model described in Chapter 3 show the ex-
istence of cyclical behaviours, such dynamics were not investigated herein. This is
left as an open problem. The age-specific model described herein can be extended
to incorporate different level of cross-immunity including temporary immunity and
vaccine-acquired immunity, to name but a few. In Chapters 7-8, we provide some
numerical results under different allelic variations.
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7 Extended Numerical Investigation
of Multi-locus-allele Age-structured
Models with Different Allelic
Variations

In this chapter, we provide some simulations of the model (Eqs. (4.18)-(4.21)) de-
scribed in Chapters 4-6 under different allelic variations (e.g., different community
structures or strain spaces).

7.1 Introduction

In this section, we discuss the dynamical behaviours of the model under different
cross-immunity and allelic assumptions. To investigate the role of different cross-
immunity profiles on the dynamics and strain structures of the pathogen, we make
some parametric simplifications. Because we do not know a priori the exact functional
structure of cross-immunity between strains and across the population, we assume
that all strains have the same cross-immunity structure, i.e., γi(a) = γj(a) := γ(a)

for i 6= j. In addition, we also assume that all epidemiological and demographic
parameters are the same for all strains, i.e., βi(a, s) = βj(a, s) = β(a, s), σi(a) =

σj(a) = σ(a) and µi(a) = µj(a) = µ(a) and fi(a) = fj(a) = f(a), for i 6= j. As a
result, the reproductive fitnesses of the serotypes are identical, and are determined by
the reproductive number, R0. Although there is strong empirical evidence that viral
populations exhibit variability in their cross-reactivity against other strains due to
antigenic variation, we have however assumed that the cross-immunity is identical for
all strains and age-independent (i.e., γi(a) = γj(a) := γ(a) = γ for i 6= j) for the sake
of simplicity. In the proceeding sections, we investigate the effects of cross-immunity
structures on the community and strain structures.
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Figure 7.1: Age-Specific Demographic Patterns. (a) The age-specific fertility and (b)
mortality rates employed in the numerical simulation studies of the dynamical behaviours of
the model. We use the geometric mean of male and female mortality rates. These age-specific
distributions represent the demographic patterns of developing countries (e.g., sub-Saharan
African countries; data adapted from Anderson et al., 1992).

7.2 Parameter Descriptions

We consider the age-specific model with the following 15 discretized age-cohorts [0-
4 years], [5-9 years], [10-14 years], [15-19 years], [20-24 years], [24-29 years], [30-34
years], [35-39 years], [40, 44 years], [45, 49 years], [50, 54 years], [55, 59 years], [60,
64 years], [65, 69 years] and (70+ years], except in Section 7.3. In the proceeding
sections, we discuss both demographic and epidemiological parameters.

7.2.1 Demographic Parameters

Most of the model parameters, both demographic and epidemiological, can readily
be found in census reports and literature (see Anderson et al., 1992; WHO, 2003;
Anderson & May, 1979, 2002; Dushoff et al., 2004). Mortality and fertility moduli are
available in census reports and their functional shape varies widely depending on the
socio-economic status of the country. That is, in general, developing countries tend
to have mortality rates with a bathtub shape due to high infant mortality, and high
unimodal fertility rates with wider age range. More advanced and developed countries
exhibit monotonically increasing mortality and narrowed unimodal fertility rates as
a function of age. Figure 7.1 shows representative demographic patterns of mortality
and fertility rates for developing countries (e.g., sub-Saharan African countries). The
life-expectancy is given as L =

∫∞
0
E(a)da, where E(a) = exp

(
−
∫ a

0
µ(τ)dτ

)
and

L =
1

µ
for constant age-independent µ (e.g., L = 78-84 for developed countries).
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Figure 7.2: Representative Contact Rate. Average contact rate of the eight European
countries Belgium, Germany, Finland, Great Britain, Italy, Luxembourg, Netherlands and
Poland (data taken from Mossong et al., 2008).

7.2.2 Epidemiological Parameters

For epidemiological parameters, we can only provide some rough estimates whenever
it is possible. The séjour time (or the mean duration of infection/period of infec-
tiousness) is determined by D =

∫∞
0

exp
(
−
∫∞

0
σ(τ)dτ

)
da. In order to estimate the

séjour time D, we assume that recovery rate σ(a) is constant and independent of age

due to lack of information (i.e., D =
1

σ
). However, this assumption may not hold for

immuno-compromised and/or elderly individuals. For a disease-specific value, say in-
fluenza, an exposed individual can have a period of infectiousness that ranges from 2
to 7 days (WHO, 2003). Therefore, D ∈ (2, 7) days, and the recovery rate is between
0.143 days−1 and 0.50 days−1.

The infection rate incorporating effective contact rates β(a, s), and cross-immunity
level are not readily available in scientific reports. These quantities are often estimated
from the prevalence or serological data. Since the exact value of the cross-immunity
coefficient γ(a) is hard to attain, we use γ as an exploratory parameter for our nu-
merical simulations; and assume uniform/homogeneous or constant cross-immunity
(i,.e., γ(a) = γ for all a ∈ [0, am]). For the infection rate β(a, s), there have been
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two main approaches to determining the contact rate. The earliest approach was
based on an ad hoc assumption on the contact structure that imposes a particular
matrix structure (i.e., Who Acquires Infection From Whom, WAIFW, see Anderson
& May, 1991). Current approaches emphasize either the use of empirically derived
contact structure or the use of the contact surface functional model informed by con-
tact surveys (Farrington & Whitaker, 2005). Here, we parametrize the infection rate
by β(a, s) = β0c(a, s) where c(a, s) captures the contact structure and β0 denotes the
disease-specific transmission rate.

We use known disease-specific values of recovery rate along with population-wide
unstructured reproductive number R0 to estimate β. For instance, for influenza, the
basic reproductive number ranges from R0 = 1.2 to R0 = 4 (Dushoff et al., 2004).
However, there have been other estimates that vary widely (R0 = 4− 20) (Dushoff et
al., 2004; Gog et al., 2003; Gani et al., 2005). For our purpose, we restrict ourselves
to R0 = 1.2− 4 because the values of recent epidemics of the past decade fall within
this range. We note that from the previous chapter, R0 = 7β0 in the unstructured
model because µ << σ. Our aim in this section is to investigate the impact of
heterogeneity due to age-specificity. In particular, rather than estimating the contact
matrix c(a, s), we will use the average of self-reported contact data from a recent
large-scale European POLYMOD study (Mossong et al., 2008, and see Farrington
& Whitaker, 2005 for a similar approach) that reveals the underlying empirical age-
specific contact patterns relevant for infectious diseases in eight European nations as
shown in Fig. 7.2. Here, β0 = 0.49 days−1 is used. The basic reproductive number for
the age-structured model can be calculated using the age-discretized next generation
method (see the parametrized assumption on the separability of βij = β0cij into
age-independent disease-relevant (e.g., probability of infection, β0) and age-specific
population contact structure, e.g., cij below).

7.2.3 Reproductive Numbers, R0

Using the above parameters, we can calculate the basic reproductive number, R0,
which represents the average number of secondary cases produced by one typical
infected person during his/her entire period of infectiousness when introduced into
an entirely susceptible population (see Diekmann and Heesterbeek, 2000). In the
previous chapter, we showed that R0 exhibits a threshold property. For R0 < 1,
the infection can invade the population and will eventually go to extinction while
for R0 > 1, the infection can invade the population. Therefore, R0 captures both
the interaction between pathogen and its host, and the epidemic potential because
it is influenced by the duration of infection, the contact rate and the probability of
infection. It should be noted that, in practice, the reproductive number R0 is not
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observed. In the previous chapter, we showed that the basic reproductive number
R0 can only be calculated explicitly under certain conditions. To approximate the

reproductive number, we make an additional assumption. In particular,
D

L
<< 1.

That is, the infectious period is shorter compared to the timescale of the mortality
rate. Hence, discretizing according to the discrete age-cohort given in the previous
section, the next-generation matrix is given by

Gij =
D

L

[∫ ai+1

ai

e−
∫ a
0 µ(τ)dτda

]
βij,

where each element of Gij denotes the average number of secondary transmissions
caused by a single primary case for age-cohort i to j. The reproductive number R0

for the whole population is given by the largest eigenvalue of the next-generation
matrix. Hence, R0 = r(Gij), where r is the spectral radius. We let L = 84 for
a typical developed country (i.e., U.S or U.K), D = 5 days (similar to the infection
period of influenza), βij = β0cij where cij is the contact rate and β0 is the probability of
infection, and β0 = 0.49. We calculate the basic reproductive number to beR0 = 1.97.
Before providing numerical simulations of different allelic variations, we will show how
the model performs against serological data.

Table 7.1: Contact, Fertility and Mortality Rates. The infection rate with effective
contact structure was obtained by averaging the contact rates within each age-group from
Figs. 7.1-7.2. The units are per years.

β(a, s) 0-19 20-39 40-59 60+ f(a) µ(a)

0-19 6.0211 1.4562 1.2836 0.4523 0.175 0.0328
20-39 2.0593 3.3250 1.5573 0.7697 0.2772 0.0065
40-59 1.6843 1.4740 2.4104 1.3689 0.0890 0.0129
60+ 0.7003 0.3273 0.8630 2.0037 0.00 0.0718

7.3 Model Validation with Serological Data

Before we apply any estimation scheme, we must first make some assumptions. We
assume that the system described by Eqs. (4.18)-(4.20) has reached a steady state.
Furthermore, since the data do not yield any information about the similarity matrix
Ωij between strains, and given the nature of the serological data which capture pre-
vious exposures or lack of it, we look at the percent of seropositive individuals with
strain i and those sharing similar antigens to it. As a result of this assumption, the
model can further be reduced to a single strain system with state variable capturing
this auxiliary state with constant correction.
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Figure 7.3: Age-specificity in Serological Surveys of Influenza A Virus. The pro-
portion of people having antibodies to the Influenza A virus stratified by age is shown (data
adapted from Zimmer et al., 2010).

Integrating Eqs. (4.18)-(4.20), we obtain age distributions of the epidemiological
variables. Moreover, we assume that the duration of the disease is short compared to
the timescale on which the mortality and transmission rates vary. This assumption
reduces the force of infection into an expression containing only a single integral.
However, estimating the rates can not be done analytically using serological data
because the integral equations may not have a closed form solution. To circumvent
this problem, we rely on discretization of the age structure model and the integrals,
where the force of infection becomes (piece-wise) constant in each age cohort and the
contact rate β(a, s) = qc(a, s) where c(a, s) is given in Table 7.1 as βij = qcij and
the mortality rate µ(a) becomes µj, for four age cohorts: [0 − 19], [20 − 39], [40 −
59], [60− 100].

We now turn to parameter estimation. An inverse problem via combinations of
likelihood and sum error square estimators is used to relate the model robustly to
serological data for the influenza epidemiological data summarized in Fig. 7.3. We
use a two-tier estimation scheme to estimate relevant epidemiological parameters,
some of which can later be used to obtain the basic reproductive number. We employ
a combination of a generalized estimation scheme based on modifications made to
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Figure 7.4: Estimated Parameters. The parameters were estimated using the scheme
discussed in the text. The standard error was calculated via a bootstrapping method.

the approach outlined in Varah (1982), Ramsay & Silverman (2002), Poyton et al.
(2006), Cao & Ramsay (2007), and Banks and Tran (2009). In the first tier, we
employ a weighted likelihood (specifically, log-likelihood estimators for simplification)
to estimate the force of infection. Here it is assumed that the force of infection is
constant for each age cohort, resulting in piecewise constant force of infection. A
weighted likelihood estimator is used because the sample size of the serological data
may vary across each age group. In addition, the serological data are assumed to
be binomially distributed. In the second tier, we use the estimated force of infection
to estimate the remainder of the parameters, in particular, the cross-immunity level,
γ, and the disease-specific transmission rate, q. At this stage, we employ weighted
(same weight as in the first tier) sum square error while constraining the estimates
to satisfy the fixed point condition on the force of infection. Alternatively, we can
combine both the first and the second tiers, and in addition constrain the fixed point
criterion in a penalized estimation scheme.

Assuming a 2-locus-2-allele system and using the data given in Table 7.1 for
βij = qcij and the mortality rate µj, and in Fig. 7.3 for the serological data for
four A/H1N1 subtypes, we estimate q and constant γ(a) = γ. The results are sum-
marized in Figs. 7.4-7.6. We note that, since the estimates in Fig. 7.4 are based
on retrospective epidemiological events, γ can be seen as a measure of pre-existing
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levels of cross-immunity in the population. Figures 7.5-7.6 show that our model fits
most of the serological data for the four Influenza A H1N1 subtypes. Based on the
coefficient of determination r2 values, we observe that A/H1N1/Brisbane/59/2007
(r2 = 0.9958), A/H1N1/California/7/2009 (r2 = 0.8557) and A/H1N1/South Caro-
line/1/1918 (r2 = 0.6441) have r2 values above 0.5 (see Figs. 7.5(a)-(b) and Fig.
7.5(d)). The standard errors for most of the estimated parameters are very small
(see Fig. 7.4). Only the subtype A/H1N1/Denver/1/1957 (r2 = 0.4301) has the
coefficient of determination r2 less than 0.5, and larger standard error. For all the
subtypes, the basic reproductive number is greater than one and the values are con-
sistent with the values observed for Influenza A H1N1 in the literature (Dushoff et
al., 2004; Gog et al., 2003; Gani et al., 2005). From the estimates of the cross-
immunity level, we note that the subtype A/H1N1/South Caroline/1/1918 has the
lowest cross-immunity level γ (γ = 0.0709). This is not surprising because retrospec-
tive serological studies have shown that individuals in 1918 did not have any previous
exposure to a strain similar to the subtype strain of A/H1N1/1918. As a result, the
pandemic of 1918 had devastating impact on society. The cross-immunity levels for
A/H1N1/California/7/2009 (γ = 0.9420) and A/H1N1/Denver/1/1957 (γ = 1) are
also very high while A/H1N1/Brisbane/59/2007 is about γ = 0.4955. The results are
consistent with the serological and Hemagglutination-Inhibition Assay (HAI) studies.

Figure 7.7 shows the potential infectivity of the population (i.e., Pi(a) = s(a)+(1−
γ)v(a), where s(a) and v(a) represent age-distributions of susceptible and partially
immune, see Chapters 5-6), which measures how much infectivity could be created if
all hosts aged a were infected, and it reflects the population immunity. High value of
Pi(a) implies that there is least population immunity whereas low Pi(a) implies high
population immunity. We see that the potential infectivity decreases with age, and in
addition, certain strains have high Pi(a). For example, for A/South Caroline/1/1918,
individuals in the age-cohort of [0− 19] have over 90% potential infectivity. As com-
pared to those aged 60 and over, there is 50% future potential infectivity. Similarly,
for the A/H1N1/California/7/2009 strain, the potential infectivity measure is small
across all ages, this might explain why the infection rate for the 2009 pandemic was
low, due to prior high immunity to the strain. Again, individuals aged 60+ have the
lowest potential infectivity for the 2009 and 2007 strains.

Figure 7.8 shows the genetic relatedness of HA from the four historical strains of
influenza H1N1 (A/H1N1/California/7/2009, A/H1N1/Brisbane/59/2007, A/H1N1/
Denver/1/1957 and A/H1N1/South Caroline/1/1918, see Zimmer et al., 2010). The
phylogenetic tree inferred from hemagglutinin amino acid sequences suggests that the
antigenic pair of A/H1N1/California/7/2009 and A/H1N1/South Carolina/1/1918

128



0−19 20−39 40−59 60+
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

%
 S

e
ro

p
o

s
it

iv
e

Age Groups

(a) A/California/7/2009

 

 

data

model estimate

0−19 20−39 40−59 60+
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

%
 S

e
ro

p
o

s
it

iv
e

Age Groups

(b) A/Brisbane/59/2007

 

 

data

model estimate

0−19 20−39 40−59 60+
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

%
 S

e
ro

p
o

s
it

iv
e

Age Groups

(c) A/Denver/1/1957

 

 

data

model estimate

0−19 20−39 40−59 60+
0

0.05

0.1

0.15

0.2

0.25

0.3

%
 S

e
ro

p
o

s
it

iv
e

Age Groups

(d) A/South Caroline/1/1918

 

 

data

model estimate

Figure 7.5: Comparison of Model (4.18)-(4.20) and Data with Four Age Classes.
The estimates for the four different influenza subtype strains are (a) γ = 1 − γ = 0.0580
(γ = 0.9420) and q = 0.2265, R0 = 1.7243, r2 = 0.8557 for A/H1N1/California/7/2009;
(b) γ = 1 − γ = 0.5045 (γ = 0.4955) and q = 0.2776, R0 = 2.1130, r2 = 0.9958 for
A/H1N1/Brisbane/59/2007; (c) γ = 1 − γ = 0.0000 (γ = 1) and q = 0.1562, R0 = 1.1892,
r2 = 0.4301 for A/H1N1/Denver/1/1957; (d) γ = 1 − γ = 0.9291 (γ = 0.0709) and q =
0.1696, R0 = 1.2915, r2 = 0.6441 for A/H1N1/South Caroline/1/1918, respectively.

has stronger correlations than the antigenic pair of A/H1N1/California/7/2009 and
A/H1N1/Brisbane/59/2007 and the pair of A/H1N1/Brisbane/59/2007 and A/H1N1/
South Carolina/1/1918. These observations are in line with the results of Zim-
mer et al., 2010. The cross-immunity values for A/H1N1/California/7/2009 and
A/H1N1/ Denver/1/1957 show that these subtypes have some similarity with previ-
ously circulating strains. The value of γ = 1 for A/H1N1/Denver/1/1957 suggests
complete protection resulting in that strain. Historical observation of H1N1 strain
A/H1N1/Denver/1/1957 correspond to the last H1N1 circulating prior to the 1957
pandemic of H2N2. This is again consistent with the biology and the epidemiology
dynamics discussed previously. Based on historical knowledge of known circulation
of H1N1 in the past century, the patterns of serological surveys show expected age
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Figure 7.6: Estimated Force of Infection for Four Age Classes. The force of in-
fection was estimated from the seroprevalence data for four influenza subtypes for (a)
A/H1N1/California/7/2009; (b) A/H1N1/Brisbane/59/2007; (c) A/H1N1/Denver/1/1957;
and (d) A/H1N1/South Caroline/1/1918).

specificity. The combination of decreased disease pandemic influenza incidence, the
high levels of pre-existing antibodies against novel H1N1, and the high seroprevalence
of antibodies to the 1918 influenza strain among the elderly, support the role for the
long lasting immunologic memory of the initial influenza infection and the estimated
cross-immunity levels calculated above. We note that, in Figs. 7.5(d) and 7.6(d),
the proportion of seropositive and the force of infection for individuals in 0-19 cohort
are very small for A/H1N1/South Caroline/1/1918. This is consistent due to the fact
that this cohort represents individuals born between 1990 and 2009.

With the predictive success of the age-structured model, in the next section, we
will perform various numerical simulations of higher dimensional strain spaces of the
model with different allelic combination in order to gain insight into the age-specificity,
to characterize the age-specific immunological profile, and to untangle the effects of
community structures as captured by the clustering behaviours.
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Figure 7.7: Potential Infectivity. Potential infectivity measures the population immu-
nity. Given a specific strain, the potential infectivity shows how much infectivity could
be created if all hosts in each age-cohort were infected with the specific strain under the
cross-immunity values estimated.

7.4 Numerical Simulations: The Effect of Epitope
Architectures

In this section, we investigate the effect of the serotypic architectures and the var-
ious dynamic features of the model. In particular, we look at the dynamic be-
haviours of the model under both uniform and differential allelic combinations as
we vary the cross-immunity level γ. In the proceeding sections, we study both uni-
form parameters β(a, s) = β, µ(a) = µ, σ(a) = σ and age-specific parameters
β(a, s) = qc(a, s), µ(a), σ(a). The cross-immunity parameter γ is assumed to be
constant and is used as an exploratory parameter. In the case of age-specific pa-
rameters, we will scale q such that the basic reproductive number is R0. Using
uniform/homogeneous or constant cross-immunity (i,.e., γ(a) = γ for all a ∈ [0, am] ),
we observe that dynamic behaviours of the strains naturally tend towards the dynam-
ics observed in the unstructured model discussed in Chapter 3. That is, the system
either exhibits co-existence where all strains persist or the principle of competitive
exclusion where a subpopulation of strains organize themselves into ordered sets in
which at least one cluster goes to extinction.
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Figure 7.8: Genetic Relatedness of Hemagglutination-Inhibition Assay (HAI).
The phylogenetic tree inferred from hemagglutinin amino acid sequences via the maximum
likelihood method shows a genetic relatedness of HA from historical strains of influenza
H1N1 (A/H1N1/California/7/2009, A/H1N1/Brisbane/59/2007, A/H1N1/Denver/1/1957
and A/H1N1/South Caroline/1/1918). The H1N1 influenza isolates are from the classic
swine and human influenza lineages (reproduced from Zimmer et al., 2010).

7.4.1 Model Dynamics I: Uniform Age-specific Parameters

When all the epidemiological parameters are independent of age (i.e., β(a, s) =

β, σ(a) = σ, µ(a) = µ), the dynamics are identical to the unstructured homoge-
neous model described by a system of ordinary differential equations (see Chapter 3).
As before, we observe that the system exhibits three distinct dynamical behaviours
with a very rich temporal and clustering dynamics and self-organization/synchrony
that depends on the relative degrees of cross-immunity, whereby low degree of cross-
immunity results in the coexistence of all strains and the maintenance of maximum
diversity and low discordance (see Figs. 7.9a, 7.9d, 7.10, and 7.14) while intermedi-
ary and high level of immune response result in the formation of a varying degree of
clustering with different dynamic patterns (see Figs. 7.9b-7.9c, 7.9e-7.9f, 7.11-7.13,
7.15-7.18).

In Fig. 7.10, we observe that the co-existence of all strains for low cross-immunity:
all strains tend to a stable equilibrium which are usually commensurable to their
respective reproductive fitnesses. However, because we have assumed that all the
strains have the same epidemiological parameters and hence reproductive successes,
the strains approach the same abundance level regardless of the allelic architectures.
That is, all strains approach the same steady states whether we have uniform (e.g., 2-
locus-2-allele, 3-locus-2-allele systems, see Fig. 7.10a) or differential allelic variations
(e.g., 2-locus system with 2 alleles at one locus and 3 alleles at the other locus; see Fig.
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7.10b). These dynamic patterns correspond to fully synchronized no structure struc-
tures (NSS). For high cross-immunity, the system exhibits the principle of competitive
exclusion where certain clusters containing discordant serotypes or containing sets of
serotypes (i.e., sub-population of strains) with minimal or non-overlapping structures
persist while others go to extinction (see Fig. 7.13). In particular, for uniform allelic
variations, only discrete strain structures with a single discordant pair with non-
overlapping structures are possible (see Figs. 7.13a and 7.13d), whereas in the case
of differential allelic combinations we see discrete strain structures with both non-
overlapping (see Figs. 7.13c and 7.13f, where persistent strains are discordant to each
other and share no alleles in common) and minimally overlapping serotypic structures
(see Figs. 7.13b and 7.13e where the dominant persistent strain is discordant to the
other two strains that shares alleles in common). In general, the dominant persistent
sets share the least number of alleles while the other persistent strains share the most
in the case of discrete strain structures with minimally overlapping serotypic struc-
tures. These dynamic patterns correspond to partially synchronized discrete strain
structures (DSS).

At the intermediary cross-immunity level, the model exhibits cyclic (both peri-
odic, intermittency chaotic) temporal dynamics with exotic cluster-specific sequential
domination (see Figs. 7.11-7.12). However, the cyclical dynamical behaviours and
their cluster-specific structures at the intermediary cross-immunity level are subtle, as
the model exhibits various complex forms of synchronization and dynamic patterns.
In particular, we observe that dominant types are cyclically replaced, where we can
detect sharp epidemics dominated by, among a number of other behaviours: (i) anti-
phase periodic solution with alternating dominance of discordant pairs (including
large amplitude periodic cycles), (ii) a single strain with erratic multi-year abun-
dance similar to the dynamic feature of influenza epidemics with irregular emergence
and re-emergence of certain pathogenic forms, (iii) ordered alternating appearance
of a single antigenic type in periodic or quasi-periodic form similar to discrete peri-
odic travelling waves in strain/antigenic space with spatio-temporal symmetry, (iv)
chaotic solutions with erratic appearance and disappearance of synchrony between dis-
cordant antigenic types or discrete sets of minimally overlapping or non-overlapping
structures (periodic solutions with intermittent chaotic episodes, chaotic short-period
cycles with decoherence between discordant sets, large-amplitude chaotic cycles with
spatio-temporal symmetry), and (v) phase-synchronization with (periodic or chaotic)
uncorrelated amplitudes. These dynamic behaviours represent cyclical strain struc-
tures (CSS). Some of these dynamic patterns described above have been discussed
previously in Gupta et al. (1998), Recker et al. (2007), Buckee et al. (2011) and
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Chapter 3. The only difference between these behaviours and those discussed previ-
ously is that each cohort follows similar dynamics, and there might be age-specific
synchronizations, which may not hold in the case of a non-uniform age-specific sce-
nario. In addition, regardless of allelic combinations, for high dimensional systems,
we observe that, in the discrete strain structure regions, only differential allelic vari-
ations can exhibit discrete strain structures with both non-overlapping discordant
and minimally overlapping serotypic structures, whereas uniform allelic combinations
show discrete strain structures with discordant pairs.

7.4.2 Model Dynamics II: Differential Age-specific Parameters

Making the epidemiological parameters age-specific, we again investigate the role of
cross-immunity level γ in determining the dynamic patterns of both strain structures
and population profile. Our results show that the dynamic features observed both in
the previous section in the case of uniform/homogeneous age-specific parameters, and
in Chapter 3 in the case of the unstructured model given by a set of ordinary differ-
ential equations, are preserved in the differential age-specific model. That is, the dy-
namical behaviours outlined above persist. However, differential age-specificity intro-
duces an additional layer of complexity. In particular, we observe that the abundance
level of each strain for individual age-cohorts is commensurable with the age-specific
reproductive number. Figures 7.14-7.18 illustrate the main results of our investi-
gation, namely that the organization and dynamical behaviours of strain structures
and abundance levels are influenced by the combination of age-specific transmis-
sibility/reproductive number and contact structures, and the cross-immunity level.
Figures 7.14-7.18 show the relative proportion of the steady-state age-distribution,
the corresponding temporal dynamics, differences in age-specificity between strains
and average-specific temporal dynamics. We observe that, for low cross-immunity as
in the previous section, the system approaches a stable endemic equilibrium where all
strains coexist at equal abundance level commensurable with the age-specific repro-
ductive successes (see Figs. 7.14, where the dynamical behaviours are representative
of NSS discussed previously). As we increase the level of cross-immunity, the age-
distribution starts to change as the combination of age-specific transmissibility fitness
and the cross-immunity level places different age groups into separate dynamic re-
gions. That is, certain age-cohorts can fall into cyclical strain structure (CSS) while
some age-cohorts exhibit no strain structure (NSS) as seen in low intermediary cross-
immunity level. Similarly, for high intermediary cross-immunity level, we can observe
a case where some age-cohorts exhibit CSS while other age-cohorts show DSS. How-
ever, we have not presented these age-specific behavioural patterns in the present
simulations. Instead, we observe that as we increase the level of cross-immunity, the
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Figure 7.10: Age-Specificity in NSS and Average Temporal Evolution. Temporal
dynamics show the coexistence of strains approaching the same endemic steady-state for
(a) a 3-locus-2-allele system and for (b) a 2-locus-(2,3)-allele system, where Am[φ](t) =

1

|Ωm|
∫

Ωm
φ(t, a)da, Ωm = [0, am]. The strain-specific scaled relative proportion of immune

individuals across different age-cohorts where (c) and (d) correspond to those shown in (a)
and (b), respectively. Here, the parameters are as follows: β(a, s) = β = 40, µ(a) = µ =
0.02, σ(a) = σ = 9.98 and γ = 0.5, and initial conditions are randomly generated.

dynamics are purely cyclical and consistent with the CSS dynamic patterns discussed
above and in Chapter 3. Figures 7.15-7.17 summarize these characteristic patterns
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ranging from periodic to chaotic behaviours of the model. Furthermore, if we increase
the cross-immunity to be very high, the model can exhibit the principle of competitive
exclusion resulting in DSS with discordant non-overlapping or minimally overlapping
serotypic structures or both depending on the uniformity or differentiability of allelic
variations, and on the value of the reproductive number (see Fig. 7.18). If the re-
productive number is very high, the region in which DSS is observed might be very
narrow, and we may not observe it. This is consistent with the results we obtained in
the unstructured model in Chapters 3 and 6. For example, for uniform age-specific
parameters and γ = 0.54, as shown in Figs. 7.12a and 7.12d, we observe that the
system exhibits discrete periodic travelling wave solutions with spatio-temporal sym-
metry, while for differential age-specific parameters with the same cross-immunity
level γ, we see that the system approaches a steady-state with NSS pattern (results
not shown). In addition, we find that specific clusters of persistent strains in DSS
and age-distribution depend on the initial conditions. This is due to the inherent
symmetry in the strain space and is also consistent with our theoretical results in
Chapters 3 and 6. For differential allelic variations (e.g., 2-locus with two alleles at
one locus and three alleles at the other locus), we observe additional features in the
DSS region. In particular, we see that for γ = 1, depending on the initial conditions,
we can find DSS with minimally overlapping or discordant serotypic structures. For
uniform age-specific parameters, when γ = 1, only DSS with discordant serotypic
structures occur. However, for differential age-specific parameters, both DSS with
minimal overlapping and discordant (non-overlapping) serotypic structures (see Figs.
7.18a, 7.18c, 7.18d and 7.18f, and 7.18b and 7.18e, respectively) occur. Dynamic pat-
terns of single strain dominance are usually seen in chaotic regimes and are difficult
to detect in the proportion of immune individuals, zi. However, they are observable
in the prevalence of infected individuals, yi (not shown herein).

7.5 Conclusion

In this chapter, we have examined the dynamic patterns of the multi-locus-allele
model stratified/structured by age. In order to investigate the serological conse-
quences of the antigenic thrift model in Section 7.3, we compared the model with
four seroprevalence data (A/H1N1/California/7/2009, A/H1N1/Brisbane/59/2007,
A/H1N1/ Denver/1/1957 and A/H1N1/South Caroline/1/1918); and found that the
estimated parameters, including the reproductive number, are consistent with other
studies in the literature. In Section 7.4 we found that all the dynamic features ob-
served in the unstructured model described by the ordinary differential equation sys-
tem are preserved in the age-structured model with both uniform and differential
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Figure 7.14: Differential Age-Specificity in NSS and Average Temporal Evolution.
Temporal dynamics show the coexistence of strains approaching the same endemic steady-
state for (a) a 3-locus-2-allele and (b) a 2-locus-(2,3)-allele system, where Am[φ](t) =

1

|Ωm|
∫

Ωm
φ(t, a)da, Ωm = [0, am]. The strain-specific scaled relative proportion of immune

individuals across different age-cohorts are shown in (c) and (d) corresponding (a) and (b),
respectively. Here, the parameters are given in Section 7.2.2 and γ = 0.5; initial conditions
are randomly generated.
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Figure 7.17: Differential Age-specific and CSS of the 2-locus-(2,3)-allele System.
Dynamics show the coexistence of six strains with (a) discrete large-amplitude periodic trav-
elling wave solutions synchronization, and (b) corresponding strain-specific scaled relative

proportions of immune individuals, where Am[φ](t) =
1

|Ωm|
∫

Ωm
φ(t, a)da, Ωm = [0, am].

Here, the parameters are given in Section 7.2.2, and γ = 0.90; initial conditions are ran-
domly generated.

age-specific parameters. The only difference is that the abundance levels are com-
mensurable to the age-specific reproductive success. Further analysis of these dynamic
patterns at the intermediary cross-immunity level, and the complex forms of synchro-
nization observed, may be an essential ingredient in understanding and predicting
epidemiological episodes and designing effective and optimal public health schemes.
In addition, for future work, we can investigate the impact of different functional
forms of γ(a) with other functional forms of β(a, s), µ(a) and σ(a) as compared to
its age-independent analogue on the dynamic behaviours of the model described in
Chapters 5-6. In Chapter 8, we will focus on the cyclical strain structure region, and
discuss the role of shifting demographic and immunological landscapes with the anti-
genic thrift or limited epitopes hypotheses on the various epidemiological features and
the serological and molecular profiles of influenza. We will present a mechanism that
we believe is responsible for the various dynamic features of influenza, in particular,
the emergence and re-emergence phenomena of strains bearing similar epitopes and
their age-specific patterns in the host population.
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8 Interaction Between Shifting
Demographic and Immunological
Landscapes in Influenza Epidemics

In this chapter we discuss the role of shifting demographic and immunological land-
scapes under the purview of the antigenic thrift or limited epitopes hypotheses on
the various epidemiological features and serological profiles of influenza. We present
a mechanism that we believe is responsible for the different dynamic characteristics
of the disease. The age-structured model discussed herein and in Chapters 4-7 can
be used to investigate the effect of age-specific targeting for public health purposes.

8.1 Introduction

Infectious diseases, as evolutionary agents of selection, exert a substantial selective
pressure on the host population, resulting in different mechanisms needed to miti-
gate and/or reduce the costs and/or threats posed by chronic (e.g., HIV/AIDS) and
acute (e.g., influenza, measles) infectious diseases. While mathematical models have
successfully been useful in providing some insights into the dynamics and control
mechanisms of most diseases, we are still faced with challenges in understanding, pre-
dicting and preventing newly emerging and re-emerging pathogens, especially those
with diverse antigenic forms, such as HIV and influenza, that are responsible for high
mortality and morbidity and are of utmost importance to public health interests. In
the past decades, almost half of the newly recognized pathogens impacting human
health have been zoonotic viruses; particularly RNA viruses characterized by high mu-
tation rates. Antigenically diverse pathogens are naturally and hierarchically more
complex, and their various evolutionary patterns are more puzzling than single strain
organisms. One of the major challenges in studying these antigenic variable infectious
diseases is untangling the complex biological subtleties of the within-host ecological,
epidemiological, immunological and evolutionary constraints and processes. Disentan-
gling these biological complexities requires simultaneous investigation of the multiplex
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relationships between the viral kinetics (i.e., the biochemistry of how viruses infect
host cells), the complex molecular and cellular system biology of viral interactions
with the immune systems, the evolutionary ecology of viral competitions within a
single host, and the dynamics of the virus abundance and community structures in
the entire population. In particular, how pathogenic genetic variation at the pri-
mary level of viruses, modulated and regulated by host immunity and transmission
structures, determines the wide variety of emergent phenomena observed at different
scales ranging from individuals to population. Here we focus on Influenza A viruses
as a motivating organism, for there is no shortage of empirical (temporal, genetic
and serological) data on the disease, which provides future opportunity in evaluating
predictions made by the insights gained from the model.

Using an immuno-centric approach which does not rely on the process of mu-
tations, Recker et al. (2007) and Wikramaratna et al. (2013) have recently put
forward a new alternative mechanism challenging the notion of complete reliance on
antigenic drift assumptions as the central explanatory mechanism of dynamic pat-
terns of influenza epidemics. In Recker et al. (2007), the authors posit that, due to
functional constraints on the defining epitopes (e.g., antigenic sites on HA and NA)
ranging from high to low variability, the virus population is characterized by a limited
set of antigenic types and is able to exploit the physio-immunological diversity and
population-wide immunological profiles which constrain the fate of newly emerging
and/or remerging strains. The successful viral type is one that possesses the correct
combination of epitopes to find a hole in the complex landscape of prevailing epitope-
specific host immune responses rather than one that has just accumulated enough
mutations to become sufficiently different from the previous strains.

Unlike antigenic drift, which is dependent on the idea of a very limited access to
a unlimited repertoire of antigenic types, antigenic thrift is predicated on the idea
that the virus has unrestricted access to a limited repertoire of antigenic types. The
consequence of this antigenic thrift assumption or limited epitopes assumption is that
epitope-specific nature of immune responses prevent and/or constrain the emergence
and/or re-emergence of certain antigenic variants, hence limiting the nature of future
epidemics and pandemics. In this chapter, we attempt to develop a deeper under-
standing of the complex and puzzling relationship between evolutionary, ecological,
epidemiological and immunological processes, and the patterns revealed in genomic
(phylogenetic) architectures, population dynamics, as well as community structure
of influenza serotypes. Motivated by the empirical sera of cross-reactivity showing
significant differential age-specificity in which certain age groups have neutralizing
antibodies to 2009/H1N1pdm, we address how functional constraints on defining epi-
topes characterized by a limited set of antigenic types determine the processes and
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dynamic patterns of influenza. In particular, age-specific data and understanding
the distributional pattern of immunity (individual physio-immunological diversity) to
epidemic strains provide the link needed to relate the role of transmission contact
structure, evolutionary (and phylogenetic) dynamics, temporal population dynamics,
and serotypic community structures.

8.2 Antigenic Evolution under Changing Immuno-
logical and Demographic Landscapes

Although there have been numerous studies providing insights into the impact of anti-
genic variation and immunity on epidemic dynamics (Gog & Swinton, 2002; Gupta
et al., 1998; Recker et al., 2007; Buckee et al., 2011; Wikramaratna et al., 2013) and
showing the relationship between population connectivity structure and pathogen
evolution (Read & Keeling, 2006; Sasaki & Haraguchi, 2000), we still do not un-
derstand how the effect of host immunity network (i.e., immunity acquired through
prior outbreak exposures) impacts the future disease dynamics and the evolvability
and variability of the pathogens. Here we discuss one mechanism under which prior
exposure history interacts with contact structures to constrain the emergence and
re-emergence of certain serotypes under the purview of the antigenic thrift conjec-
ture. Figure 8.1 shows the mechanism of changing immunological and demographic
profiles. In particular, we posit that infection-acquired immunity and pathogenic
evolution and characteristics shape the population structures and future dynamics.
That is, during an outbreak, infected individuals may acquire immunity to the same
circulating strain thereby restructuring the epidemiological landscape of the popula-
tion which, in turn, constrains future epidemic outbreaks and drives the pathogen’s
antigenic evolution allowing spread to otherwise previously immunized individuals.

Three scenarios of the effect of changing immunological landscape are shown in
Fig. 8.1, namely (i) γ = 0, (ii) γ = 1 and (iii) γ ∈ (0, 1). We note that scenario
(i) models the absence or lack of immunity and thus is relevant when the population
experiences antigenically distinct serotypes in subsequence epidemic seasons or the
disease is non-immunizing, while (ii) is appropriate when the population has full im-
munity to subsequent serotypes after having prior exposure, or models diseases that
are fully immunizing, such as measles. The last scenario (iii) represents partial immu-
nity and models diseases that provide partial immunity to subsequent antigenically
similar serotypes after prior exposures. We posit that when a particular strain appears
in a naively susceptible population (i.e., stage T0), the disease spreads through the
population affecting high risk (e.g., elderly and infants) and high transmission (e.g.,
school age children, and/or the most connected portion of the population) age cohorts
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Changing Immunological Profile of the Population

γ =
 1

0
 <

 γ  <
 1

γ =
 0

T0 T2T1 T'
1

Figure 8.1: Mechanism of Changing Immunological Landscape and Restructuring
of Epidemiological Structure. The sketch illustrates the changing structure of immuno-
logical and epidemiological profiles, where γ = 1 denotes complete immunity, γ ∈ (0, 1)
represents partial immunity, and γ = 0 denotes lack of immunity. Each column represents
a different scenario.

(see stage T1). After the disease passes through, if the disease is non-immunizing (i.e.,
γ = 0), the population, including individuals who have been exposed to the strain
previously, become susceptible again (see stage T ′1) to a subsequent appearance of
previous serotype or antigenically similar strains. However, if the disease is fully (i.e.,
γ = 1) or partially immunizing (i.e., γ ∈ (0, 1)), the epidemic leaves individuals im-
mune to that particular strain after the disease passes through (see stage T ′1), and
the remaining susceptible subpopulation will consist of less connected individuals.

For fully immunizing (i.e., γ = 1), when the homotypic pathogen re-emerges at
T
′
1, it spreads through the remaining susceptible population until it no longer has a

susceptible pool. Hence, the potential of a subsequent outbreak is decreased because
the pathogen can only spread through these remaining susceptible groups, which are
more sparse and homogeneous (see stage T2). Thus, in order for the pathogen to
spread within such a high cross-immunity structure, it must either evolve to become
more transmissible and more infectious, or the population contact structure changes
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through recruitment of new immunologically naive hosts, or the susceptible pool is
replenished through birth. Diseases such as measles rely on this mechanism, and its
age-specific seroprevalence is monotonically increasing where younger individuals have
less immunity and little immunological history while elderly individuals have previous
exposures and are less susceptible. As a result, measles tends to affect mostly school-
age individuals. The mechanism is also manifested in the static phylodynamics of
measles.

For partially immunizing diseases (i.e., γ ∈ (0, 1)), when a new serotype of the
same pathogen enters the population that has experienced a prior epidemiological
event, its transmissibility success will depend on the extent and pattern of immuno-
logical profile of the host population; and the new strain may not be able to invade
unless it is antigenically different from the original strain making prior immunity irrel-
evant or more highly transmissible than the original strain allowing it to potentially
reach previously unexposed individuals. High transmissibility can occur when the
pathogen evolves to become more infectious or the contact structure changes. The
lower the cross-immunity level and infectiousness of the original serotype, the more
vulnerable the host population is to a subsequent antigenically similar serotype. At
T
′
1, not only are the remaining susceptible individuals vulnerable but some of the

immune individuals will be vulnerable depending on the extent of immunology his-
tory and diversity, and antigenicity of the serotypes. Heterotypic diseases such as
influenza, S. pneumoniae, and N. meningitides follow this mechanism. For instance,
during the initial outbreaks, age-cohorts with high contact rates have a greater risk of
infection than those with smaller contact rates. In the subsequence appearance (say
the second season), the moderately connected age-cohorts will have a higher risk. We
observe this age-specific gradual shift during most epidemiological events of influenza
until a cluster change occurs (see Bansal et al., 2010; and Dávila et al., 2014). For
example, during the recrudescent wave of pandemic A/H1N1 influenza in 2009, we
observe that during the first season, younger individuals have higher morbidity rate
than older individuals as they possess some form of cross-immunity from prior ex-
posures. However, in subsequence seasons, there are gradual age-specific morbidity
shifts where older individuals now have a higher risk as a result of an immunological
gap being formed in certain age-groups. Bansal et al. (2010) have shown this age-
specific gradual shift in the attack rates during and after four influenza pandemics;
and Dávila et al. (2014) have found similar gradual age-specific shifts in hospitaliza-
tion and death rates in three seasons of A/H1N1/2009. As the burden of the disease
cascades, immunity is accumulated across different age-cohorts creating networks of
cross-protection. This network of cross-reactivity and cross-protection constrains the
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emergence and re-emergence of certain antigenic types. The effect of the aforemen-
tioned mechanism on age-specificity under the purview of antigenic thrift is discussed
below.

8.3 Effects of Single Strain Dominance on Age-specifi-
city

Because influenza exhibits epidemics dominated by a single strain with erratic multi-
annual cycles with irregular emergence and re-emergence (or replacement) of certain
antigenic types, Recker et al. (2007) developed a measure capable of quantifying a
single strain dominance by comparing the average of the relative prevalence of the
two most common antigenic variants within a single epidemic. In Recker et al. (2007)
and Wikramaratna et al. (2013), it was found that some allelic combinations have
a broad range of cross-immunity, γ, where the the metric exceed 0.50 for the model
in Chapter 3. In Chapter 7, we showed the dynamic behaviours of the model un-
der both uniform and differential allelic variation. Here, we focus our discussion on
the 32 strain-system with different allelic combinations and examine the interactions
between shifting immunological and demographic landscapes. We restrict the dis-
cussion to the regions of cross-immunity that exhibit some degree of a single strain
dominance. Figure 8.2 summarizes the ranges of cross-immunity over which the model
shows a single strain dominance for different multi-locus-allele systems. In particular,
we observe that different allelic combinations have differential domains and ranges
where there is a dominance of single antigenic serotypes. Figures 8.2(c)-(d) illustrate
the aforementioned single strain dominance in terms of prevalence (proportion of in-
fected individuals), which usually occurs in chaotic regimes. However, it is hard to
detect these behaviours in the proportion of the immune individuals (see Chapter
7). The dynamic features of a single strain dominance can lead to sequences of anti-
genically related epidemics until eventually a new discordant allelic type is favoured,
resulting in antigenic cluster jumps. Furthermore, we also observe that occasionally
there is coexistence of two antigenic distinct strains (see Fig. 8.2). There is empirical
evidence for all these observed patterns in influenza epidemics/pandemics. For ex-
ample, subsequent to the 1918 H1N1 pandemic, there were several H1N1 outbreaks
occurring from the 1920s to the late 1950s, followed by a 20 year disappearance and
a re-emergence in the 1970s. During the H1N1 hiatus, H2N2 and H3N2 emerged.
These are consistent with the dynamic features of a single strain dominance.

Figures 8.3-8.6 show the simulation results of six different allelic variations at three
different cross-immunity levels including the critical γm, where each allelic structure
achieves maximum ε with a strong single strain dominance. Unlike in Chapter 7,
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Figure 8.2: Dominance of a Single Strain Dynamics. (a) The impact of antigenic
space on strong single strain dominance, ε, among different allelic combinations for a 32-

strain system, where ε(y) =
1

P

∑Np
j=1

yjm − yjs
yjm

and yjm, yjs are the prevalence of the two most

common antigenic variants within a single epidemic averaged over Np epidemics (reproduced
from Wikramaratna et al., 2013 using Eqs. (3.1)-(3.3) model). (b) The value and location
where ε attains its maximum for different allelic variations. (c)-(d) The dynamic behaviours
of single strains in terms of the proportion of infected individuals, where the parameters are
given as follows: β(a, s) = β = 292, σ = 73, µ = 0.02 and γ = 0.78 with antigenic space
of [8, 2, 2]. The panels (c) and (d) show the same realization of prevalence where two time
frames are chosen.
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Figure 8.3: Temporal Evolution of an Age-specific 5-Locus-2-Allele System. Dy-
namical behaviours of the model (5.1)-(5.3) in the CSS region. Here we have only included
one strain and the other strains have similar dynamic behaviours. All parameter values are
the same as for the age-specific cases discussed in Chapter 7, and the cross-immunity level
γ = 0.75 for panel (a) and γ = 0.85 for panel (b).

where we showed only the results of immune individuals, here we look at infected
individuals. In Fig. 8.3, we show typical results of a 32-strain system in the CSS region
with respect to the proportion of infected individuals. We observe that γ = 0.75 for
the 5-locus-2-allele system (i.e., [2, 2, 2, 2, 2] system) is outside the region where the
system exhibits strong single strain dominance, while γ = 0.85 is within the region
of strong single strain dominance emergence. This distinction is also reflected in the
temporal evolution of the system shown in Fig. 8.3. In particular, Fig. 8.3(a) shows
only chaotic behaviours for strains 1 and 2, respectively. Figure 8.3(b) exhibits single
strain dominance, which is a particular type of CSS. In addition, we also observe
that, for γ = 0.75, all the age-cohorts exist in the infectious compartment, although
some cohorts will have very low relative proportions in relation to other cohorts. But
this is not true for γ = 0.85 (see Figs. 8.3(b) . In this regime, we can observe a
localized epidemic among some individual age-cohorts where some cohorts will have
high relative proportions. We also observe travelling wave behaviours across age-
cohorts with increasing relative proportion. There is empirical evidence supporting
both behavioural patterns observed above. For instance, during the Russian flu of
1977 (H1N1) there was a localized pandemic among children with a limited infectivity
to the immunologically naive younger (persons less than 25 years of age) population.
The dynamic patterns discussed above are observed in all the six allelic variations
concerned herein, and in the proceeding discussion we will not show these temporal
evolutions. Figures 8.4-8.6 emphasize peak statistics and evolution of the relative
distribution of infected and immune individuals.
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We note that, in Fig. 8.6, the mean peaks are not constant across different strains.
If the systems exhibit periodic patterns (e.g., anti-phase periodic solutions; discrete
periodic travelling wave; large-amplitude periodic solutions), then the average peaks
will be constant across all the strains (figures not shown herein). Figure 8.6 shows
the full range of variation, the likely range of variation (lQR) and a typical median,
where high variations suggest that the dynamic features may not be periodic (e.g.,
chaotic or quasi-periodic) and may present a period 2 or greater. These observations
are consistent with dynamic patterns observed in the region of a strong single strain
dominance. The whiskers showing low variation may suggest some features of period-
icity, for dynamic patterns with small standard deviations tend to be more periodic
than those exhibiting high variance. Furthermore, we observe that, in Figs. 8.4-8.5,
age-cohorts with low relative proportion of immune individuals (see Fig. 8.4) have
high number of infected individuals across all strains (see Fig. 8.5). However, the
relationship is not proportional. These patterns are also observed in serological data.
For instance, Fig. 8.7 shows the number of individuals in England who were immune
before the arrival of the 2009 swine A/H1N1, where substantial numbers of people
aged over 45 years had antibodies similar to the H1N1.2009 strain. In addition, we
observe higher seroconversions in the young and very few in those over individuals
aged 45 in early September. It should be noted that there are some infected individ-
uals in age-cohorts 45-64 and over 65+, but the numbers were small relative to the
rest. In addition, we also note that the contact structure alone is not sufficient to
explain and generate the patterns shown in Figs. 8.4-8.6. In the proceeding sections,
we will discuss one of the possible mechanisms, and provide more serological evidence
capturing the dynamic patterns of the limited epitopes conjecture of the antigenic
thrift model.

8.4 Antigenic Evolution of Pathogens: Limited Epi-
topes and Age-specificity

Recently, there have been various sero-epidemiological studies investigating the role
of protective immunity from past infection in the population and the cross-immunity
nature of influenza viruses (Allwin et al., 2010; Bandaranayake et al., 2010; Chen
et al., 2010; Deng et al., 2010; Gilbert et al., 2010; Miller et al., 2010; Skowron-
ski et al., 2010; Tandale et al., 2010; Wu et al., 2010; Zimmer et al., 2010). These
serological surveys have recently been used to unravel the subtleties between the bi-
ological constraints and the epidemiological patterns of influenza viruses in humans,
using particular subpopulations of the community. Titres of hemagglutinin antibodies
have been used as a standard measure of protection level acquired previously, either
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Figure 8.7: Serological Survey by Age-cohorts. The relative proportion of the pop-
ulation with different serological states is shown. The number of susceptible or unexposed
individuals is calculated using serological and demographic data in each age-cohort (from
England). The blue region is for the relative proportion of susceptible individuals, the cyan
region for the relative proportion of individuals immune before the pandemics, the yellow
region for infected individuals seroconverted between April and September of 2009, and the
red region for immune individuals after the first wave (data adapted from Kubiak & McLean,
2012).

through prior infections and/or vaccinations. These studies suggest a striking char-
acteristic profile of immunity against age, which is valid for different subtypes and
across different regions. In particular, some of these studies show differential age-
specificity in seroprevalence, where some individuals above certain age cohort have
neutralizing antibodies to certain serotypes (see Chapter 2 for more details and for
review of differential age-specificity in seroprevalence and cross-reactivity in human
sera). This seems to explain the low infection rates in the elderly during the recent
pandemic of H1N1/2009.
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8.5 Public Health Policy based on Dynamic Immuno-
logical Profiles of the Population

Mathematical studies in epidemiology attempt to reconstruct epidemiological patterns
of diseases and pathogen evolution in order to gain insights needed to provide effective
public health measures. Because there are demographic and strain-specific differential
mortality, morbidity and attack rates, conventional insights from epidemiological and
theoretical studies suggest that school-age and elderly individuals have the highest
attack rates and fuel transmission, and highest mortality rates, respectively. Vacci-
nation of school-age individuals (e.g., high transmission age group) has been shown
to be an effective control strategy (CDC 2009a-b), for immunizing them can provide
herd immunity and break potential transmissibility before the rest of the population
is affected. As a result, contact-based, morbidity-based and mortality-based vacci-
nation policies and other intervention strategies are often used in conjunction with
prioritization of critical personnel. However, most modern public health intervention
strategies ignore the immunological history of the population. Under the purview of
the antigenic thrift conjecture of limited epitopes, we suggest differential/dynamic
vaccination prioritization and intervention strategies depending on the strain-specific
immunological profile of the population. From a public health perspective, individuals
with high mortality risks and critical personnel should always have primary prioritiza-
tion. However, in the context of this thesis, we focus on the secondary prioritization,
especially in the face of limited resources.

Under the purview of the antigenic thrift conjecture, vaccination policies should
be differential depending on the distributional structure of the population immunity.
In the face of a new infection targeting a population with no prior infectious history,
the conventional public health measures based on contact, mortality and/or morbid-
ity will suffice, and risk groups (e.g., elderly and infants, school-age children) with
the highest potential for becoming infected and transmitting should be vaccinated.
However, for seasonal epidemic with antigenically similar serotypes, the highest risk
age groups may shift. For example, during the Spanish flu of 1918 (H1N1), the
highest risk age group were young adults (20-40years of age), for Asian flu of 1957
(H2N2) and Hong Kong flu of 1968 (H3N2), elderly and infants were affected, for
Russian flu of 1977 (H1N1) there was a localized pandemic among children with
limited infectivity to the immunologically naive younger (persons less than 25 years
of age) population, and for Mexican swine flu of 2009 (H1N1) there was also age-
specific disparities in prevalence and severity of infection where older age groups were
less susceptible to the disease due to prior exposures to strains with antigenically
similar epitopes. From these aforementioned examples, conventional public health
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intervention strategies based on contacts may not be effective and/or optimal, for
previous infection-acquired immunity may restructure the immunological profile of
the population in such a way that highly connected individuals may no longer be the
most vulnerable or most likely to transmit infection. Thus, differential immunological
profile-based strategy may depend on the recent immunological diversity and history
of the population, and knowing and exploring the changing immunological structure
(against a particular antigenic variant) may provide both direct and indirect protec-
tion by achieving the most optimal herd immunity, for the prioritization of high risk
(elderly and infants) and high transmission age cohorts may sometimes overlap. For
instance, from the serological survey shown in Fig. 1.2 (see Hancock et al., 2009),
we observe that individuals above a certain age have neutralizing antibodies to the
Mexican swine flu of 2009 (H1N1) in which the most intense recognition is among
those born prior to 1930. This suggests that strains carrying similar epitopes were in
circulation. As a result, older were less susceptible to the disease. Consequently, pri-
oritizing the vaccination of older age cohort will not be effective. In this case, younger
individuals should receive the highest secondary prioritization. However, in the sub-
sequent years, this prioritization of younger individuals could change depending on
the immunological profile and the level of cross-immunity in the population. It has
been observed in several studies that during subsequent epidemics there are gradual
age-specific morbidity shift where older individuals now have higher risk as a result
of immunological gap being formed in certain age-groups (see previous sections).

8.6 Conclusions

In this chapter, we have outlined an additional mechanism involved in shaping both
the immunological diversity and population-wide immunological profiles under the as-
sumption of antigenic thrift, and discussed how the interaction between the changing
immunological and demographic profiles and network of cross-protection impact the
evolution and constrain the fate of emergence and re-emergence of particular anti-
genic variants. Using various age-specific empirical serological studies, we show that
there is mounting evidence supporting both the antigenic thrift conjecture, and the
preferential effects of changing immunological and demographic profiles on the ob-
served dynamic of influenza. In addition, we discussed the differential public health
intervention strategy in preventing and controlling the spread of the influenza virus.
Besides the preliminary goal of preventing and controlling the proliferation of the
disease, we note that the differential public health intervention strategy presented
above provides a secondary benefit. Because it requires the collection of serological
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data on each seasonal influenza strain, having these detailed data might help us im-
prove our understanding of seasonal epidemics, and further allow us to disentangle
how individuals build immunity to an antigenically variable infectious disease like in-
fluenza, and find correlation between the immunological structure of the population
and emergence and re-emergence of certain antigenic serotypes. The model can be
used to investigate the effect of age-targeting. It will be worth investigating the effect
of cross-immunity and differential immunological profile on the optimality of a public
health intervention. This is left as a further research direction to pursue. In the next
chapter, we conclude with closing remarks.
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9 Closing Remarks

In this chapter, we summarize previous chapters, discuss possible extensions to models
discussed in earlier chapters, and discuss some possible broadening future directions.

9.1 Summary

In this study, we have used mathematical modelling as a tool to investigate the mecha-
nisms underlying certain aspects of antigenic evolution of pathogens and their impacts
on the evolution and maintenance of strain community structures and the various dy-
namic behaviours, such as temporal dynamics, age-specificity as well as phylodynamic
patterns, observed in antigenically variable pathogens with particular emphasis on in-
fluenza viruses. With recent serological evidence, previous mathematical studies had
increasingly become unable to explain the mechanisms involved in serological signa-
tures of antigenic evolution or to explain the patterns of antigenic evolution without
imposing stringent conditions on various factors (e.g., mode of mutation, temporal
strain-transcending immunity).

In Chapters 1-2, we began our study with a brief description of the historical use of
mathematical and theoretical modelling (e.g., dynamical and statistical approaches)
as complementary tools in public health and epidemiology in order to understand
various biological and ecological processes, where in Chapter 1 we motivate the aim of
the thesis. In particular, we emphasized the alternative hypothesis of limited epitopes
to explain the epidemiological, evolutionary and demographic patterns observed in
pathogens such as influenza with diverse antigenic form. Using influenza virus as a
motivating application in Chapter 2, with recent new empirical evidence (Hancock et
al., 2009) showing differential age-specificity, we introduced the background on various
underlying biological assumptions that have been put forward to explain the dynamics
of influenza, both temporally and evolutionarily. We focused on the hypothesis of
antigenic variation (e.g., antigenic drift and shift) where a range of biological evidence
was presented, and we then discussed an alternative process of the limited epitopes
hypothesis or antigenic thrift in Influenza A viruses that has recently been put forth
to explain the epidemiological, evolutionary and demographic patterns observed in
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pathogens with diverse antigenic forms such as flu. Moreover, we supported the
antigenic thrift hypothesis with recent serological studies and biological constraints
on the immune systems of the host.

In Chapters 3-6, we characterized the behaviours. In particular, we investigated
the local stability of the equilibria (e.g., disease-free and endemic equilibria), and
showed that the system exhibits two notions of endemicity, namely strong and weak
endemicity. In the case of strong endemicity, we showed that the steady state can
either approach an equilibrium point where all strains are in equal abundance and
fully synchronized, or exhibit cyclical behaviours where a diverse dynamics with subtle
cluster-specific dynamics and complex forms of synchronization are observed. In
Chapters 7-8, we ended with with numerical studies of various strain spaces where we
observed that the dynamic features discussed in 2-6 are preserved. In addition, we
fitted four serological data sets to the model, and discussed public health implications

9.2 Future Directions

There are myriad of avenues open to further (theoretical and biological) explorations.
Throughout this thesis, we have outlined some possible extensions to the models
presented in Chapters 3–8, and we have also pointed to future challenges in each of
these chapters. As a result, we will not repeat those challenges herein. Other venues of
future investigation include developing accurate and reliable inference-based forecasts
of the influenza outbreak features (e.g., temporal and antigenic evolutions) and future
epidemics (short-range and long-range scientific prediction) using historical data (e.g.,
time series, serological, genetic).
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A Chapter 3 Appendix

A.1 Proof of Lemmas and Theorems

A.1.1 Proof of Theorem 3.4.1

Proof of Lemma 3.4.1. To determine the linear stability of the disease-free equilib-
rium E0, we calculate the Jacobian matrix evaluated at the disease-free equilibrium
point. Here the Jacobian matrix is given as:

J :=

 −µIdm2×m2 0m2×m2 βIdm2×m2

0m2×m2 −µIdm2×m2 βIdm2×m2

0m2×m2 0m2×m2 (β − σ − µ) Idm2×m2

 ,
where m = 2. We note the upper right triangular structure of the matrix. It suffices
to show that the Jacobian matrix above has all its eigenvalues with negative real
part, which in this case are determined by its diagonal entries. The eigenvalues for
the first 2m2 entries are given by ζ1,2,...,2m2 = −µ < 0, while the remaining eigenvalues
are ζ2m2+1,2m2+2,...,3m2 = β − σ − µ. Therefore, E0 is locally asymptotically stable if
ζ2m2+1,2m2+2,...,3m2 < 0. That is, E0 is linearly stable provided R0 = β

σ+µ
< 1. This

completes the proof.

A.1.2 Proof of Theorem 3.4.2

Proof. To show E0 is globally stable, we employ a differential inequality approach. It
suffices to show that yij(t)→ 0 as t→∞ provided R0 < 1. Note that,

dyij
dt

= β [(1− wij) + (1− γ)(wij − zij)] yij − (σ + µ)yij

= β [(1− zij)− γ(wij − zij)] yij − (σ + µ)yij

≤ β(1− zij)yij − (σ + µ)yij ≤ (β − σ − µ) yij,

where wij > zij as a consequence of the positivity of Eqs. (3.7)-(3.9) and from the fact
that wij(t) =

⋃
<i,j> zij(t) where < i, j > means strains sharing alleles with ij. Hence,

yij(t) ≤ yij(0)e(β−σ−µ)t. Noting that β − σ − µ < 0 implies that R0 < 1 and yij(t)

is decreasing exponentially. However, from Theorem 3.3.1, yij ∈ [0, 1]. Therefore
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limt→∞ yij(t)→ 0 for all i, j. Therefore, yij converges to zero. So the limiting system

under R0 < 1 is
dzij
dt
≤ −µzij < 0 and

dwij
dt
≤ −µwij < 0, where the solutions

are given as zij(t) ≤ zij(0)e−µt and wij(t) ≤ wij(0)e−µt. Hence, as t → ∞, we have
limt→∞ zij → 0, and limt→∞wij → 0. Hence (zij, wij, yij)i,j=1,2 → (0, 0, 0) as t → ∞.
This completes the proof.

A.1.3 Proof of Theorem 3.4.4

Proof of Theorem 3.4.4. We calculate the Jacobian matrix and observe the following

triangular structure J :=

[
Ju ∗
0 Jl

]
, where the entries are given by the following

matrices:

Ju :=

 −µR0 0 βR−1
0

0 −µR0 βR−1
0

− (1− γ) (R0 − 1) −γµ (R0 − 1) 0

 ,
Jl :=

 −µ 0 β

0 −ρµ (R0 − 1)− µ ρβ
ρ(R0−1)+1

0 0 β
(

1− γ
[

ρ(R0−1)
ρ(R0−1)+1

])
− σ − µ

 .
Since J is a triangular block 6 × 6 matrix, it suffices to consider each block matrix
individually. We calculate the characteristic polynomial P (ζ) = ζ3 +A1ζ

2 +A2ζ+A3

for the upper block matrix Ju, where A1 = 2µR0 ≥ 0, A2 = (µR0)2+(µR0)−1A3 ≥ 0

and A3 = µβ (R0 − 1) [µγ + (1− γ)] ≥ 0. All the coeffcients Aj, j = 1, 2, 3, are non-
negative. By the Routh-Hurwitz criterion, it suffices to show that A1A2 − A3 > 0.
That is, A1A2 − A3 = 2 (µR0)3 + βµ (R0 − 1) [µγ + (1− γ)] > 0. Hence, Ju has
all its eigenvalues with negative real part for γ ∈ [0, 1] and R0 > 1. Therefore, it
suffices to show that the DSS weak endemic equilibrium is linearly stable if the lower
block matrix Jl has all its eigenvalues with negative real part. To show this, we
observe that Jl is a triangular matrix with its eigenvalues determined by its diagonal
entries. For the lower left block, notice that the eigenvalues are ζ1 = −µ < 0,
ζ2 = −ρµ (R0 − 1) − µ < 0 and ζ3 = β

(
1− γ

[
ρ(R0−1)
ρ(R0−1)+1

])
− σ − µ. It suffices to

show that E1 is locally asymptotically stable if ζ3 < 0. That is, E1 is locally stable
provided γ > γ := 1+ρ(R0−1)

ρR0
. This completes the proof.

A.1.4 Proof of Theorem 3.4.7

Proof. The proof follows directly from the previous calculations. That is, we note
that the characteristic polynomials Pk(ζ) have positive coefficient Ak,l, k = 1, 2, 3, l =

0, 1, . . . 3 and their Hurwitz determinantsAk are positive for k = 1, 2, 3. Therefore, the
characteristic polynomials Pk(ζ), k = 1, 2, 3 have all their eigenvalues with negative
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real parts. It suffices to show that the coefficients A4,2 and A4,3, and Hurwitz deter-
minant, A4 are positive for P4(ζ). We observe that A4,0 > 0 and A4,1 > 0. Hence,
the coefficients A4,2, A4,3, and the Hurwitz determinant A4 are positive provided that
γ < γ1(γ,R0), γ > γ2(γ,R0) and γ < γ3(γ,R0), respectively. The instability follows
when the conditions do not hold. This completes the proof.

A.2 Other Calculations

A.2.1 Monotonicity of the Infected Steady State, y∗

It is obvious that as γ increases, Γ increases. Hence y∗ decreases as illustrated in Fig.
3.3. That is:

∂y∗

∂γ
=

µ

2αβ
Γγ

(
Γ√

4α (R0 − 1) + Γ2
− 1

)
=

µ

2αβ
Γγ

(
Γ−

√
4α (R0 − 1) + Γ2√

4α (R0 − 1) + Γ2

)
= − µ

2αβ

Γγ√
4α (R0 − 1) + Γ2

y∗ < 0, where Γγ = R0 (α− 1) .

A.2.2 No Strain Structure Characteristic Polynomial Pk(ζ)

The characteristic polynomial function for the strongly endemic or coexistence equilib-
rium is of the form of P (ζ) =

∏4
k=1 Pk(ζ), where Pk(ζ) is a cubic polynomial function

of the form Pk(ζ) =
∑3

l=0Ak,3−lζ l and Ak,0 = 1 for all k = 1, 2, 3, 4. Moreover, the
coefficients are given as follows:

A1,0 = A2,0 = A3,0 = A4,0 = 1 > 0, (A.1)

A1,1 = A2,1 = A3,1 = A4,1 = β (1 + α) y∗ + 2µ > 0, (A.2)

A1,2 = A2,2 = (βy∗ + µ) (βαy∗ + µ) + β2γy∗ (1− w∗)
+β2y∗ (1− γ) (1− z∗) > 0, (A.3)

A1,3 = A2,3 = β2γy∗ (1− w∗) (βy∗ + µ)

+β2 (1− γ) y∗ (1− z∗) (βαy∗ + µ) > 0, (A.4)

A3,2 = (βy∗ + µ) (βαy∗ + µ) + β2γαy∗ (1− w∗)
+β2y∗ (1− γ) (1− z∗) > 0, (A.5)

A3,3 = β2γαy∗ (1− w∗) (βy∗ + µ)

+β2 (1− γ) y∗ (1− z∗) (βαy∗ + µ) > 0 (A.6)

A4,2 = (βy∗ + µ) (βαy∗ + µ)− β2γy∗ (1− w∗)
+β2y∗ (1− γ) (1− z∗) (A.7)

A4,3 = β2γy∗ (1− w∗) (βy∗ + µ)
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−β2 (1− γ) y∗ (1− z∗) (βαy∗ + µ) . (A.8)

In addition, the Hurwitz determinants, Ak, k = 1, 2, 3, 4 for a cubic characteristic
polynomial are given by

A1 = A1,1A1,2 −A1,0A1,3 = (β (1 + α) y∗ + 2µ) [(βy∗ + µ)

× (βαy∗ + µ)] + β2γy∗ (1− w∗) (βαy∗ + µ)

+
(
β2y∗ (1− γ) (1− z∗)

)
(βy∗ + µ) > 0, (A.9)

A2 = A2,1A2,2 −A2,0A2,3 = (β (1 + α) y∗ + 2µ) [(βy∗ + µ)

× (βαy∗ + µ)] + β2γy∗ (1− w∗) (βαy∗ + µ)

+
(
β2y∗ (1− γ) (1− z∗)

)
(βy∗ + µ) > 0, (A.10)

A3 = A3,1A3,2 −A3,0A3,3 = (β (1 + α) y∗ + 2µ) [(βy∗ + µ)

× (βαy∗ + µ)] + β2αγy∗ (1− w∗) (βαy∗ + µ)

+
(
β2y∗ (1− γ) (1− z∗)

)
(βy∗ + µ) > 0, (A.11)

A4 = A4,1A4,2 −A4,0A4,3 = (β (1 + α) y∗ + 2µ) [(βy∗ + µ)

× (βαy∗ + µ)]− β2γy∗ (1− w∗) [β(α + 1)y∗ + 2µ+ βy∗ + µ]

+
(
β2y∗ (1− γ) (1− z∗)

)
[β(α + 1)y∗ + 2µ+ βαy∗ + µ] . (A.12)

It should be noted that w∗, z∗ and y∗ are functions of both γ and R0. In order to find
the critical γ∗ satisfying conditions for γr(γ,R0) r = 1, 2, 3, where

γ1(γ,R0) =
(βy∗ + µ) (βαy∗ + µ) + β2y∗ (1− z∗)

β2y∗ (1− w∗) + β2y∗ (1− z∗)
,

γ2(γ,R0) =
(1− z∗) (βαy∗ + µ)

(1− w∗) (βy∗ + µ) + (1− z∗) (βαy∗ + µ)
,

γ3(γ,R0) =
[β (1 + α) y∗ + 2µ] [(βy∗ + µ) (βαy∗ + µ)] + β2y∗ (1− z∗) [β(2α + 1)y∗ + 3µ]

β2y∗ (1− w∗) [β(α + 2)y∗ + 3µ] + (β2y∗ (1− z∗)) [β(2α + 1)y∗ + 3µ]
,

we must solve the fixed-point problem γ∗ = γr(γ
∗,R0) for any fixed R0 > 1. The

conditions for the stability of the strongly endemic or co-existence equilibrium is
stated in Theorem 3.4.7.

A.3 Illustrative Example of a 4-strain System

In Figure 3.1, we listed the different equilibrium types observed in a four strain system
in the multi-locus system (3.4)-(3.6) on a square lattice with D4-symmetry. In Chapter
3, we stated that when ρ = min{ρp, ρ∅} = 0, the steady states with such equilibrium
clusters are unstable. In this section, we sketch the proof of conjecture 3.4.6 for the
four-strain system (see Blyuss, 2013, for similar calculations for the 2-locus-2-allele
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system). Calculating the Jacobian at the steady-state, we have the following general
form:

J :=

 J11 0 J13

0 J22 J23

J31 J32 J33

 , (A.13)

where 0 is a zero block matrix, and the Jij’s are of the following form:

J11 =


−(βy1 + µ) 0 0 0

0 −(βy2 + µ) 0 0
0 0 −(βy3 + µ) 0
0 0 0 −(βy4 + µ)

 ,

J13 =


β(1− z1) 0 0 0

0 β(1− z2) 0 0
0 0 β(1− z3) 0
0 0 0 β(1− z4)

 ,

J22 =


−βy124 − µ 0 0 0

0 −βy123 − µ 0 0
0 0 −βy234 − µ 0
0 0 0 −βy134 − µ

 ,

J23 =


β(1− w1) β(1− w1) 0 β(1− w1)
β(1− w2) β(1− w2) β(1− w2) 0

0 β(1− w3) β(1− w3) β(1− w3)
β(1− w4) 0 β(1− w4) β(1− w4)

 ,

J31 =


−β(1− γ)y1 0 0 0

0 −β(1− γ)y2 0 0
0 0 −β(1− γ)y3 0
0 0 0 −β(1− γ)y4

 ,

J32 =


−βγy1 0 0 0

0 −βγy2 0 0
0 0 −βγy3 0
0 0 0 −βγy4

 ,

J33 =


βΞ1 − (σ + µ) 0 0 0

0 βΞ2 − (σ + µ) 0 0
0 0 βΞ3 − (σ + µ) 0
0 0 0 βΞ4 − (σ + µ)

 ,
where yijk = yi + yj + yk, i, j, k = 1, 2, 3, 4, i 6= j 6= k, and Ξl = [(1 − wl) + (1 −
γ)(wl − zl)], l = 1, 2, 3, 4. In the proceeding, we use the above Jacobian matrix to
obtain the characteristic equations.
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A.3.1 Equilibrium Types of the form a-1 to a-4 in Fig. 3.1

There are four equilibria of the form a-1 to a-4 shown in Fig. 3.1, (i.e., equilibrium
with three non-zero variants; see a-1 to a-4), and the equilibria are of the following
form

E (a)
1 = (za,2, 0, za,2, za,1, wa,2, wa,3, wa,2, wa,1, ya,2, 0, ya,2, ya,1), (A.14)

E (a)
2 = (za,1, za,2, 0, za,2, wa,1, wa,2, wa,3, wa,2, ya,1, ya,2, 0, ya,2), (A.15)

E (a)
3 = (za,2, za,1, za,2, 0, wa,2, wa,1, wa,2, wa,3, ya,2, ya,1, ya,2, 0), (A.16)

E (a)
4 = (0, za,2, za,1, za,2, wa,3, wa,2, wa,1, wa,2, 0, ya,2, ya,1, ya,2), (A.17)

where E (a)
k , k = 1, 2, 3, 4 are related by Z4-rotations. Hence, we will focus on only

one of the equilibria. We note that here, ρp 6= ρ∅, in particular ρp = 2, ρ∅ = 0 and
ρ = min{ρp, ρ∅} = 0. We will show that this equilibrium type is unstable.

Substituting the form of the steady state E (a)
k , k = 1, 2, 3, 4 into the system (3.4)-

(3.6) yields, za,1 =
βya,1

βya,1 + µ
, za,2 =

βya,2
βya,2 + µ

, wa,1 =
β(ya,1 + 2ya,2)

β(ya,1 + 2ya,2) + µ
, wa,2 =

β(ya,1 + ya,2)

β(ya,1 + ya,2) + µ
, wa,3 =

2βya,2
2βya,2 + µ

, ya,1 =
µ[1−R0 +R0ya,2 (2 +R0(ya,2 − 1))]

R0(µ+ σ)[R0(1− γ)− 1−R0ya,2]
,

and ya,2 = [x]+ is a positive root of the following quartic equation F (x) = ax4 + bx3 +

cx2 + dx + e, where a = R2
0, b = R0(2 − R0), c = [R2

0(4γ − 1)(1 − γ) + 1 − 2γR0],
d = [1 +R2

0 + 8R0γ − 2(R0 + γ)−R0γ (6γ(1−R0) +R0(5 + 2γ2))] and e = γ(R0−
γ)(γ − 1). It should be noted that it is difficult to obtain an analytical solution to
F (x). As a result, we cannot find a closed form expression for the eigenvalues of
linearization near E (a)

k , k = 1, 2, 3, 4. However, our numerical solutions in Chapter 3
suggest that, for biologically realistic values of the parameters, at least one of these
eigenvalues is always positive, suggesting that a steady state E (a)

k , k = 1, 2, 3, 4 is
unstable.

A.3.2 Equilibrium Types of the form b-1 to b-4 in Fig. 3.1

There are four distinct steady states with a single non-zero strain yi, and the equilibria
are of the following forms:

E (b)
1 = (0, zb,1, 0, 0, wb,1, wb,1, 0, wb,1, 0, yb,1, 0, 0) (A.18)

E (b)
2 = (zb,1, 0, 0, 0, wb,1, wb,1, 0, wb,1, yb,1, 0, 0, 0) (A.19)

E (b)
3 = (0, 0, 0, zb,1, wb,1, 0, wb,1, wb,1, 0, 0, 0, yb,1) (A.20)

E (b)
4 = (0, 0, zb,1, 0, wb,1, 0, wb,1, wb,1, 0, 0, yb,1, 0), (A.21)

with the steady states E (b)
k , k = 1, 2, 3, 4 being related to each through elements of

Z4- rotations. In addition, we note that here, ρp 6= ρ∅, in particular ρp = 0, ρ∅ = 2
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and ρ = min{ρp, ρ∅} = 0. Substituting into Eqs. (3.4)-(3.6) yields, yb,1 =
µ

β
(R0 − 1)

and zb,1 = wb,1 =
βyb,1

βyb,1 + µ
= 1 − 1

R0

. Substituting these equations into Eqs.

(A.13)-(A.14), the system has the following eigenvalues: ζ1 = ζ2 = ζ3 = ζ4 = −µ,

ζ5 = (β − σ − µ), ζ6 = ζ7 = ζ8 = −µR0, ζ9 = ζ10 = −(R0 − 1)(2 +R0(1− γ))

R0

, and

solutions to the following sub-characteristic equation P2(ζ) = ζ2 +µR0ζ +µ(R0− 1).
We note that µR0 > 0, and µ(R0 − 1) > 0 for R0 > 1. Hence the trace of the
sub-characteristic equation is negative and the determinant is positive. Therefore,
P2(ζ) = 0 has negative characteristic values. Thus, all the eigenvalues of the steady-
state E (b)

k , k = 1, 2, 3, 4 are negative except ζ5 > 0 since E (b)
k , k = 1, 2, 3, 4 are only

feasible when R0 > 1. Hence, E (b)
k , k = 1, 2, 3, 4 are all unstable.

A.3.3 Equilibrium Types of the form c-1 to c-4 in Fig. 3.1

We consider the case for equilibrium clusters of the form c-1 to c-4 in Fig. 3.1, where
there are four steady-states with two non-zero strains that are nearest neighbours
forming a cluster. Here we note that ρp = ρ∅ = 0 and ρ = min{ρp, ρ∅} = 0. The
steady-states are of the following forms:

E (c)
1 = (0, zc,1, zc,1, 0, wc,1, wc,2, wc,2, wc,1, 0, yc,1, yc,1, 0), (A.22)

E (c)
2 = (zc,1, zc,1, 0, 0, w22, wc,2, wc,1, wc,1, yc,1, yc,1, 0, 0), (A.23)

E (c)
3 = (0, 0, zc,1, zc,1, wc,1, wc,1, wc,2, wc,2, 0, 0, yc,1, yc,1), (A.24)

E (c)
4 = (zc,1, 0, 0, zc,1, wc,2, wc,1, wc,1, wc,2, yc,1, 0, 0, yc,1), (A.25)

where the steady-states E (c)
k , k = 1, 2, 3, 4 are related by reflections along the horizon-

tal/vertical axes. Substituting these expressions into Eqs. (3.4)-(3.6), we find that the

system has the following steady-state solutions: zc,1 =
βyc,1

βyc,1 + µ
, wc,1 =

βyc,1
βyc,1 + µ

,

yc,1 =
µ

4β

[
R0(2− γ)− 3 +

√
8(R0 − 1) + [R0(2− γ)− 3]2

]
, and wc,2 =

2βyc,1
2βyc,1 + µ

.

Substituting these expression into the Jacobian matrix and submatrices Eqs. (A.13)-
(A.14), we find the following eigenvalues: ζ1 = ζ2 = −µ, ζ3 = ζ4 = −(µ+ βyc,1), ζ5 =

−(µ+2βyc,1), ζ6 = ζ7 =
R0βyc,1(1− γ) + µ(R0 − 1)− βyc,1

βyc,1 + µ
, and solutions to the fol-

lowing sub-characteristic polynomials P2(ζ) = ζ2 +a21ζ+a22 and P3(ζ) = ζ3 +a31ζ
2 +

a32ζ+a33, where a21 = µ+βyc,1 > 0, a22 =
R2

0µyc,1(1− γ)

µ+ βyc,1
> 0, a31 = 3βyc,1+2µ > 0,

a32 =
2y2

c,1µβ
2R0(σ + µ)(1 + 6yc,1) + yc,1µ

2β[β(1 + 13yc,1) + βγ + 6µ] + 4β4y4
c,1

(µ+ σ)2(βyc,1 + µ)(2βyc,1 + µ)
> 0,

a33 =
R0µβyc,1[2y2

c,1β
2(2− γ) + µ2(1 + γ) + 4γµβ]

(µ+ σ)2(βyc,1 + µ)(2βyc,1 + µ)
> 0, with Hurwitz determinant
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a31a32 − a33 = βµyc,1[β(1 + γ) + 13βyc,1 + 9µ] + 2(µ3 + 3β3y3
c,1) > 0. Hence the

Routh-Hurwitz criterion implies that the real part of all the roots of P2(ζ) and P3(ζ)

are negative. Now it suffices to show that ζ6 = ζ7 is negative. We note that, substi-
tuting the expression for yc,1 into ζ6 = ζ7, the eigenvalue can only cross zero when
R0 = (1− 2γ)/(1− γ) and R0 = 1. However, since 0 ≤ γ ≤ 1 and the steady states
E (c)
k , k = 1, 2, 3, 4 are only biologically valid for R0 > 1, E (c)

k , k = 1, 2, 3, 4 are always
unstable irrespective of the value of γ.

A.3.4 Equilibrium Types of the form d-1 to d-4 in Fig. 3.1

There are three types of equilibrium clusters of the form d-1 to d-4 in Fig. 3.1,
namely one disease-free equilibrium, a fully symmetric (co-existence) and two partially
symmetric equilibria with a pair of discordant persistent strain set. The equilibrium
forms are as follows:

E (d)
1 = (0, zd,1, 0, zd,1, wd,2, wd,1, wd,2, wd,1, 0, yd,1, 0, yd,1) , (A.26)

E (d)
2 = (zd,1, 0, zd,1, 0, wd,1, wd,2, wd,1, wd,2, yd,1, 0, yd,1, 0) , (A.27)

E (d)
3 = (z, z, z, z, w, w, w,w, y, y, y, y) , (A.28)

E (d)
4 = (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) , (A.29)

where yd,1 =
µ

β
(R0 − 1), zd,1 = 1 − 1

R0

, wd,1 = 1 − 1

R0

, wd,2 =
2(R0 − 1)

2(R0 − 1) + 1
, y =

µ

6β

[
R0(3− 2γ)− 4 +

√
12(R0 − 1) + [R0(3− 2γ)− 4]2

]
, z =

βy

βy + µ
, and w =

3βy

3βy + µ
. Here, we note that E (d)

1 and E (d)
2 are related by reflection along the diagonal

or Z4-rotations, E (d)
3 is the fully symmetric steady-state, and E (d)

4 is the trivial steady-
state. In addition, we observe that E (d)

1 and E (d)
2 are special cases of the cluster set

described in the text, where ρp = ρ∅ = 2 and ρ = min{ρp, ρ∅} = 2, and the results of
Section 3.4.2.1, Appendix A.1.3, Theorem 3.4.4 and Corollary 3.4.5 hold. For steady-
state E (d)

3 , the discussion in Section 3.4.2.2, Theorem 3.4.7 and Appendix A.1.4 and
Appendix A.2.2 follows where α = 3. The results for E (d)

4 follows directly from Section
3.4.1, Lemma 3.4.1, Theorem 3.4.2 Appendix A.1.1, and Appendix A.1.2.
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B Chapter 4 Appendix

B.1 Numerical Methods

Here we discuss a method of lines scheme used to approximate and simulate the PDEs
in this thesis.

B.1.1 Method of Lines à la Stable Age-distribution

Herein, we follow the methodology of Hethcote (1997) under the assumption of stable
age distributions in a very short time period which may not be realistic and/or valid
over longer time periods, and in developing countries where the age-distribution may
not hold. The idea is based on the use of the characteristic equation and relies on
the properties of the renewal equation in which it can be shown that the age or size
distribution approaches a steady state and the population growth is exponential. The
methodology described herein is then applied to the age-structured multi-locus-allele
model discussion in Chapter 4 to obtain a set of differential equations describing the
age-specificity and to simulate the model dynamics.

B.1.1.1 Derivation

We start with the following hyperbolic PDE

∂η(a, t)

∂t
+
∂η(a, t)

∂a
= −D(a)η(a, t) (B.1)

η(0, t) =

∫ ∞
0

f(τ)η(τ, t)dτ , (B.2)

η(a, 0) = η0(a), (B.3)

where D(a) is the age-specific death rate for individuals of age a, η(a, 0) and η(0, t)

are the boundary condition and initial age distribution, respectively; f(a) is the
fecundity function and is well defined; Eqs. (B.1)-(B.3) yield a well-posed problem.
Here we adapt the methodology used in Hethcote (1997). Our task is to convert
the hyperbolic PDE in (B.1)-(B.3) into a system of n ODEs. For this approach, we
assume that n is the total number of size groups, a ∈ [0,∞) and that the age interval
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can be partitioned such that 0 ≤ a0 < a1 < · · · < an−1 < an =∞ so that D(a), f(a)

are constants in each interval [0, a1], [a2, a3], . . . , [an−1, an], as follows:

f(a) = fi and D(a) = di a ∈ [ai−1, ai], (B.4)

We assume that the population has reached a stationary age-distribution and that
the solution is separable with exponential growth, that is, η(a, t) = eqtM(a), where
q is the growth rate, and M(a) is the population age density. Then the number of
individuals with age in [ai−1, ai] is given by

Ni(t) =

∫ ai

ai−1

η(a, t)da =

∫ ai

ai−1

eqtM(a)da = eqt
∫ ai

ai−1

M(a)da = eqtPi, (B.5)

where Pi is the population size for each group of age interval [ai−1, ai]. Notice that
the boundary condition Eq. (B.2) then becomes,

η(0, t) = eqtM(0) =

∫ ∞
0

eqtf(τ)M(τ)dτ (B.6)

M(0) =

∫ ∞
0

f(τ)M(τ)dτ, (B.7)

which in a0 < a1 < · · · < an−1 < an, is equivalent to having

M(0) =

∫ a1

a0

f1(τ)M(τ)dτ + · · ·+
∫ an

an−1

fn(τ)M(τ)dτ

= f1

∫ a1

a0

M(τ)dτ + f2

∫ a2

a1

M(τ)dτ + · · ·+ fi

∫ ai

ai−1

M(τ)dτ

= f1P1 + f2P2 + ...+ fnPn, i = 1, 2, 3, ..., n. (B.8)

Therefore, M(0) =
n∑
i=1

fiPi is the initial age distribution. Then the change in density

with respect to time and with respect to age are given by the equations

∂η

∂t
= qeqtM(a), (B.9)

∂η

∂a
= eqtM ′(a). (B.10)

Substituting Eqs. (B.9)-(B.10) into Eq. (B.1) we obtain

M ′(a)

M(a)
= −(D(a) + q). (B.11)

Fixing a ∈ [ai−1, ai], with constant D(a, t) = di, and integrating Eq. (B.11) yields

M(ai) = M(ai−1) exp[−(di + q)(ai − ai−1)]. (B.12)
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To obtain an expression for Pi, we integrate Eq. (B.12) over [ai−1, ai] and obtain

Pi =

∫ ai

ai−1

M(a)da =

∫ ai

ai−1

M(ai−1) exp[−(di + q)(a− ai−1)]da (B.13)

which gives Pi = M(ai−1)
di+q

(1 − exp{−(di + q)(ai − ai−1)}). For i = 1, 2, ..., n − 1, it is
convenient to define constants ci such that

M(ai−1) = ciPi. (B.14)

Hence ci =
M(ai−1)

Pi
=

di + q

1− exp{−(di + q)(ai − ai−1)}
. Observe that for a small

[ai1 , ai] or small (di + q)(ai − ai−1), the constants ci can be approximated by ci ≈
1

(ai − ai−1)
, so that Pi ≈M(ai−1)(ai − ai−1).

With all the appropriate assumptions we are ready to derive the age-structured
system of ODEs. The first equation can be obtained by integrating Eq. (B.1) over
[a0, a1] as follows: ∫ a1

a0

∂η

∂t
da+

∫ a1

a0

∂η

∂a
da = −d1

∫ a1

a0

ηda, (B.15)

which implies that

∂

∂t

∫ a1

a0

ηda+ [η(a1)− η(a0)] = −d1

∫ a1

a0

ηda. (B.16)

Hence
dN1

dt
+ [η(a1)− η(a0)] = −d1N1. (B.17)

Since η = eqtM(a), M(ai−1) = ciPi, and Ni = Pie
qt, then η = Nici. Then Eq. (B.17)

becomes

dN1

dt
+ c1N1 − eqtM(a0) = −d1N1. (B.18)

For i = 1, 2, ..., n, η(a0) = eqtM(a0) = eqtM(0) =
n∑
i=1

fie
qtPi =

n∑
i=1

fiNi gives the first

age-structured differential equation in [a0, a1]:

dN1

dt
=

n∑
i=1

fiNi − (d1 + c1)N1. (B.19)

For groups in 2 ≤ i ≤ n− 1, we integrate Eq. (B.1) over [ai−1, ai] to obtain

dNi

dt
= ci−1Ni−1 − (di + ci)Ni. (B.20)
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Lastly, integrating Eq. (B.1) over [an−1, an] gives us the last group

dNn

dt
= cn−1Nn−1 − (dn + cn)Nn, (B.21)

where fi are fertility constants, and ci are transfer rate constants between successive
age groups. Putting Eqs. (B.19)-(B.21) together with the following initial conditions
Ni(0) = N0

i , i = 1, 2, . . . , n, yield the discrete age-structured population model.
We note that one can use any appropriate general-purpose ODE solver for the time
discretization, and can recover various finite difference approximation schemes. For
example using an explicit Euler method (with the upwind method) in space yields
the explicit (upwind) scheme and when we use an implicit Euler method we get the
implicit upwind scheme.

B.1.1.2 Application: Age-structured Multi-locus-allele System

Following the procedures outlined in the previous section and reformulating the age-
structured multi-locus-allele system using single indexing representing strains where
sil incorporate the strain structure of the multi-locus-allele system, we obtain the fol-
lowing systems of ordinary differential equations where i and j denote strain number
and age class, respectively, where for the first age group, j = 1, we have

d

dt
S1
i =

a∗∑
k

fkN
k
i − c(1)S1

i − S1
i

∑
l

silλ
1
l − µ1S1

i (B.22)

d

dt
V 1
i = −c(1)V 1

i + S1
i

∑
l 6=i

silλ
1
l − V 1

i λ
1
i − µjV

1j
i (B.23)

d

dt
Z1
i = −c(1)Z1

i + (S1
i + V 1

i )λ1
i − µ1Z1

i (B.24)

d

dt
Y 1
i = −c(1)Y 1

i +
[
S1
i + (1− γ)V 1

i

]
λ1
i − σ1Y 1

i , (B.25)

and a∗ is the max age group, c(j) =
1

aj − aj−1

, fk is the discrete fertility modulus

and N j
i = Sji + Zj

i + V j
i . For age groups j = 2, . . . , a∗ − 1,

d

dt
Sji = c(j − 1)Sj−1

i − c(j)Sji − S
j
i

∑
l

silλ
j
l − µ

jSji (B.26)

d

dt
V j
i = c(j − 1)V j−1

i − c(j)V j
i + Sji

∑
l 6=i

silλ
j
l − Viλ

j
i − µjV

j
i (B.27)

d

dt
Zj
i = c(j − 1)Zj−1

i − c(j)Zj
i + (Sji + V j

i )λji − µjZ
j
i (B.28)

d

dt
Y j
i = c(j − 1)Y j−1

i − c(j)Y j
i +

[
Sji + (1− γ)V j

i

]
λji − σjY

j
i . (B.29)
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For j = a∗

d

dt
Sji = c(j − 1)Sj−1

i − Sji
∑
l

silλ
j
l − µ

jSji (B.30)

d

dt
V j
i = c(j − 1)V j−1

i + Sji
∑
l 6=i

silλ
j
l − Viλ

j
i − µjV

j
i (B.31)

d

dt
Zj
i = c(j − 1)Zj−1

i + (Sji + V j
i )λji − µjZ

j
i (B.32)

d

dt
Y j
i = c(j − 1)Y j−1

i +
[
Sji + (1− γ)V j

i

]
λji − σjY

j
i , (B.33)

with the following initial conditions Sji (0) = Sj,0i , V j
i (0) = V j,0

i , Y j
i (0) = Y j,0

i , i =

1, 2, . . . , a∗, i = 1, 2, . . . ,N . In addition, the force of infection becomes λjl :=
∑

k βk,jY
k
l

with βk,j incorporating both the contact rate and infectivity.

B.1.2 Model Comparison under Constant Parameters

In this section, we provide numerical results in which we simulate the age-structured
multiple strain system. In particular, we will focus mostly on 2-locus-2-allele systems
resulting in a four-strain system. Here we will employ the numerical scheme that has
extensively been used in structured population models, which relies on the assump-
tion of stable age-distribution (i.e., the age-distribution of the population does not
change significantly in the long-term). This formalism reduces the evolution equation
describing the structured population dynamics into a system of ordinary differential
equations and is equivalent to the method of lines with weighted age-discretization.
The method is employed in the numerical solution of Eqs. (4.14)-(4.17) (see Ap-
pendix B.1.1 for description of the approach, where the hyperbolic system of partial
differential equations is transformed into systems of ordinary differential equations
stratified by a finite set of age classes or groups).

Here we will show that the age-structured model of the multiple strain system with
Mendelian phenotypic strain structure reduces to Gupta et al. (1998), Recher et al.
(2007), Ferguson & Andreasen (2001), and model derived in Chapter 2 and studied
in Chapter 3. We use uniform epidemiological and demographic parameter values
(i.e., µ(a) = µ, σ(a) = σ, β(a, s) = β and γ(a) = γ across all ages). We consider a
coarse age-discretization with 4 age classes (0-19 years], (20-39 years], (40-59 years]
and (60+years]. In addition, we chose the same parameter values in Chapter 7 and
in Gupta et al. (1998), where R0 = 4, µ = 0.02, σ = 9.98 and β = 40. Here we use
γ as a free variable to illustrate that the age-structured model under these constant
parameters reduces to the model of Gupta et al. (1998). With these parameter
values, we use the standard general purpose method such as the Runge-Kutta fourth-
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and fifth-order solver ODE45 in Matlab (The Mathworks Inc., Natwick, MA, USA)
to simulate the resulting initial value ODE of the model in order to compare the
two models for 2-locus-allele system. Figure B.1 shows the comparison of the two
models. We observe that the models are very closed (almost identical); and all the
dynamic features are preserved as γ varies from zero to one. The age-structured
model under constant demographic and epidemiological parameter values reduces to
the unstructured multi-locus-allele model. Figure B.1 shows that the dynamics are
consistent across all age groups. Moreover, the two models are essentially identical.
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Figure B.1: Model Comparision. The dynamics for the 2-locus-2-alleles system where
R0 = 4, σ = 9.98, µ = 0.02, γ = 0.45(a), γ = 0.65(b), γ = 0.95(c); and −. for Gupta et al.
(1998) model and −− for age-structured model with constant parameters in Eqs. (4.14)-
(4.17). All equations were solved using the Runge-Kutta fourth- and fifth-order method
solver ODE45 in MATLAB (The Mathworks Inc., Natwick, MA, USA) with relative and
absolute error tolerance of 10−5 and 10−6, respectively.
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C Chapter 5 Appendix

C.1 Proofs

We relegate some of the proofs and properties herein.

C.1.1 Proof of Theorem 5.3.26(see Krasnoselskii, 1964)

Proof. This is a fundamental result needed in establishing the existence of a positive
solution in Chapter 5. To prove the above theorem, it suffices to show that the
operator g satisfies the complete continuity condition and g(Y+) ⊂ Y+, and has a
Fréchet derivative at zero. This can be done using similar approaches employed in
the main text. Once these properties have been established, we can then define an
operator gr(u) as

gr(u) :=

{
g(u), u ∈ Z+, ||u||≥ r

g(u) + (r − ||u||)ν0 u ∈ Z+, ||u||≤ r
(C.1)

where ν0 is the positive eigenvector of L corresponding to the eigenvalue ζ0 > 1 as
defined above. If g is completely continuous, then the complete continuity of gr is
obvious. Applying Schauder’s fixed point theorem (in particular Leray extension, i.e.
Leray-Schauder alternative; see Zeidler, 1986), we can show that gr has a fixed point
in Y+. However, this does not tell us whether the fixed point is trivial or non-trivial.
To show that the fixed point is positive, it suffices to show that the norms of the
fixed points of the operator gr are greater than r if r is sufficiently small. Then the
fixed points of the operator gr will be non-zero fixed points of the operator g. That
is, suppose every operator gr has a fixed point whose norm is not greater than r. We

construct a sequence un ∈ Y such that ||un||∈ (0,
1

n
] and limn→∞||un||→ 0. That is

||un|| ≤ rn =
1

n
, (C.2)

un = g(un) +

(
1

n
− ||un||

)
ν0, (C.3)
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for n ∈ Z+. Rewriting Eq. (C.3), we have(
1

n||un||
− 1

)
ν0 =

un
||un||

− g(un)− g′(0)un
||un||

− g′(0)
un
||un||

, (C.4)

where we note that L = g′(0) and, suppose L is compact such that g′(0) transforms
the sequence

un
||un||

into a compact sequence (or equivalently assume that g′(0)
un
||un||

converges). Therefore, we can assume that g′(0) un
||un|| converges in norm to some

element κ ∈ Y (in the contrary case, we can take the subsequence that converges).
Then it follows, from Eq. (C.4), that limn→∞

(
1

n||un|| − 1
)
||ν0||≤ 1 + ||κ||, where the

second term in Eq. (C.4) vanishes because it is the definition of Fréchet differentiation

and g′(0) is the Fréchet derivative of g at zero. Hence
(

1

n||un||
− 1

)
converges to

some non-negative number κ0 (because of Eq. (C.2)). Therefore, from Eq. (C.4),
un
||un||

converges in norm to some vector u0 ∈ Y , with ||u0||= 1. Then it follows

from Eq. (C.4) that u0 = Lu0 + κ0ν0. Because L does not have an eigenvector in Y
with eigenvalue equal to one (e.g, r(L) is the only eigenvalue with positive positive
eigenvector, r(L) > 1), κ0 is positive. Hence, there exists a number c0 > 0 such that
u0 ≥ c0ν0. Whenever u0 ≥ cν0, we have c ≤ c0, and the following inequality

u0 = Lu0 + κ0ν0 ≥ Lc0ν0 + κ0ν0 = (ζ0c0 + κ0) ν0 (C.5)

holds (i.e., u0 ≥ cν0), where c = ζ0c0 + κ0 > c0 and ζ0 = r(L) > 1, which is a
contradiction. This completes the proof.
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D Chapter 6 Appendix

D.1 Proofs

We relegate some of the proofs and properties herein.

D.1.1 Proof of Theorem 6.3.4

Proof. Define M0 as

M0 := sup
a∈[0,am]

(∫ am

0

|K(a, b)| db
)
. (D.1)

In addition, let S ⊂ L1(0, am) be a bounded subset of L1(0, am) (say ||f ||≤ c for some
positive constant c and for all f ∈ S) and F := A(S) ⊂ L1(0, am). Then,

||A[f ](a)|| =

∫ am

0

∣∣∣∣(∫ am

0

K(a, b)f(b)db

)∣∣∣∣ da ≤M0||f ||≤M0c. (D.2)

Hence, A(S) ⊂ L1(0, am) is bounded, so F is bounded. The first criterion of Theorem
5.3.7 (i.e., Riesz-Fréchet-Kolmogorov Compactness Theorem) is satisfied. SinceK is a
continuous function on Ωc×Ωc, from the Heine-Cantor Theorem, K is also uniformly
continuous (i.e., every continuous function on a compact set is uniformly continuous).
This implies that, for every ε > 0 there exists δ > 0 such that |K(a+h, b)−K(a, b)|≤ ε

for all h ∈ R with |h|≤ δ and for all a, b ∈ [0, am]. Therefore,

||ρh[A[φ]](a)− A[φ](a)|| ≤
∫ am

0

(∫ am

0

|K(a+ h, b)−K(a, b)| |f(b)| db
)
da

=

∫ am

0

(∫ am

0

|K(a+ h, b)−K(a, b)| da
)
|f(b)| db

≤ εam

∫ am

0

|f(b)| db = εam||f ||≤ εamc. (D.3)

Hence, the second condition of Theorem 5.3.7 also holds. Thus, from Theorem 5.3.7,
the operator A : L1(0, am) → L1(0, am) is compact and the assertion holds. This
completes the proof.
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