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Abstract

Immunotherapies exploit the immune system to target and kill cancer cells, while spar-
ing healthy tissue. Antibody therapies, an important class of immunotherapies, involve the
binding to specific antigens on the surface of the tumour cells of antibodies that activate
natural killer (NK) cells to kill the tumour cells. Preclinical assessment of molecules that
may cause antibody-dependent cellular cytotoxicity (ADCC) involves co-culturing cancer
cells, NK cells and antibody in vitro for several hours and measuring subsequent levels of
tumour cell lysis. Here we develop a mathematical model of such an in vitro ADCC assay,
formulated as a system of time-dependent ordinary differential equations and in which NK
cells kill cancer cells at a rate which depends on the amount of antibody bound to each can-
cer cell. Numerical simulations generated using experimentally-based parameter estimates
reveal that the system evolves on two timescales: a fast timescale on which antibodies bind
to receptors on the surface of the tumour cells, and NK cells form complexes with the can-
cer cells, and a longer time-scale on which the NK cells kill the cancer cells. We construct
approximate model solutions on each timescale, and show that they are in good agreement
with numerical simulations of the full system. Our results show how the processes involved
in ADCC change as the initial concentration of antibody and NK-cancer cell ratio are var-
ied. We use these results to explain what information about the tumour cell kill rate can be
extracted from the cytotoxicity assays.

Keywords: immunotherapy; antibody-dependent cellular cytotoxicity; ordinary differential

equations; asymptotic analysis.

Highlights
e A time-dependent ODE model of antibody-dependent cellular cytotoxicity was developed
e Asymptotic analysis of the model reveals a natural separation of timescales

e Model analysis shows how tumour cell kill rate can be estimated from ADCC experiments
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1 Introduction

The immune system plays a key role in cancer progression [2], with evasion of the immune system
now recognised as one of the hallmarks of cancer [I4]. The design of drugs that manipulate
the immune system has the potential to revolutionise treatments for cancer [I5]. Antibody-
based treatments represent an important class of cancer immunotherapies. Of interest here
are antibodies, that induce cancer cell death by binding to specific cell-surface molecules on
cancer cells (tumour associated antigens), which interfere with cell signalling and/or flag cells
for removal by the immune cells, including natural killer (NK) cells [26]. NK cells establish
dynamic contacts with potential target cells and survey their surface for molecules such as
antibodies, using receptors with binding specificity for a part of the antibody known as the Fc
region. When an NK cell’s Fc receptors (FcRs) detect a critical level of antibody, it lyses the
cell by the targeted delivery of cytotoxic proteins: this process is termed antibody dependent
cellular cytotoxicity (ADCC). It enables individual NK cells sequentially to kill multiple target
cells [7], while sparing healthy cells that do not express the relevant antigens.

ADCC is known to contribute to the clinical efficacy of anti-cancer antibodies [17] and it is
anticipated that antibodies that enhance ADCC will play a prominent role in the development of
future treatments for cancer patients. Experimentalists investigate the capacity of an antibody
to induce ADCC by performing in wvitro cytotoxicity assays, that measure target cell lysis as
antibody concentrations and NK-cancer cell ratios are varied. In these assays, cancer cells,
antibodies and NK cells are co-cultured in a micro-well and levels of tumour cell lysis are then
measured 2-4 hours later. In a typical assay NK cells and cancer cells are co-cultured at ratios
that range from 1:1 to 20:1, while antibody concentrations vary between 1076 pg/mL and 10
pug/mL (for more details, see, for example, [24], 28]) .

In Figure [1) we present results from specific cytotoxicity assays in which HER2/neu positive,
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Figure 1: Data from a series of cytotoxicity assays in which HER2/neu positive, SkBr3 breast
cancer cells [11] were co-cultured with NK cells in the presence of the antibody Trastuzumab
[16]. The percentage of cell kill after 4 hours of co-culture was measured for different initial
NK-tumour cell ratios (20:1, 10:1, 5:1, 2:1, 1.25:1) and for a range of initial antibody levels
(1076 y4g/ml to 10 pg/ml). The percentage tumour cell kill associated with an initial antibody
level (and an initial NK-tumour cell ratio) was measured as described in the Appendix, all
values being measured at the end of the experiment (¢ = 4 hours). Key: mean percentage
kill (red triangles); maximum and minimum of triplicate measures for a particular experiment

(transparent red fields).

so SkBr3 breast cancer cells [II] were co-cultured with NK cells in the presence of the antibody
s1 trastuzumab [16]. Briefly, different ratios of effector cells (NK cells) and tumour cells (target
sz cells) were mixed with a range of concentrations of an antibody that binds to a receptor on
53 the surface of the tumour cells (initial NK-tumour cell ratios were 20:1, 10:1, 5:1, 2:1, 1.25:1;
s+ antibody levels ranges from 107% pg/ml to 10 pug/ml which corresponds to 6.67 x10~% mol/1
55 to 6.67 x107'* mol/l). Binding of antibody to tumour cell receptors in turn enables an NK

s6 cell to bind and kill the antibody-bound tumour cell, and that cell killing process is measured
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after four hours of co-culture using a marker of cell lysis (release of an enzyme, GAPDH,
into the culture medium). In this way, the percentage of tumour cells killed for a range of
different effector/target cell ratios and antibody concentrations can be measured. (Full details
of the experimental procedure used to generate the data presented in Figure [1| are provided in
Appendix Figure[l|shows that the percentage kill increases with the initial antibody level and
the initial NK-cancer cell ratio. We note also that the cytotoxicity assays provide information
about percentage tumour cell kill at a single time-point only (¢ = 4 hours).

Mathematical models represent a natural framework within which to study the processes
involved in the cytotoxicity assays and the timescales on which they act. To date, two main
approaches have been used to model immune cell killing in cytotoxicity assays: deterministic
models, formulated as systems of time-dependent, ordinary differential equations (ODEs) [29,
30, 35, 5], and stochastic models, typically involving Poisson processes [22, 6]. The ODE models
can be viewed as mean-field approximations of the stochastic models [I3] and are typically more
analytically and computationally tractable than their stochastic counterparts. Therefore, in
this paper, we use an ODE approach to develop a dynamic, mathematical model of in wvitro
ADCC. Where existing models of cancer cell killing by immune cells assume a constant kill
rate and neglect the role of antibodies in modulating the cell kill rate [29, 30} B35, [5], our model
assumes that the rate at which NK cells kill cancer cells depends upon the number of antibodies
bound to the target/cancer cells. For completeness, we note that other authors have modelled
the relationship between binding parameters and cytotoxicity in ADCC using non-ODE based
approaches (see [9], 12] for further details).

We use the experimental literature to estimate parameter values and then nondimensionalise
the model equations, before investigating them with a combination of numerical simulations and
analytical techniques. Throughout this study, our main aim is to establish what information can

be obtained about the way in which ADCC modulates the rate at which NK cells kill tumour
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cells. Our analysis reveals how data from the different cytotoxicity assays may be aggregated to
provide valuable information about the rate at which NK cell killing of cancer cells is enhanced
by ADCC.

The remainder of the paper is structured as follows. In Section[2]we introduce our mathemat-
ical model, nondimensionalise the governing equations and then introduce a change of variables
in order to simplify the subsequent analysis. We also use the experimental literature to esti-
mate model parameters and identify a range of parameter scalings relevant to antibody-based
cancer therapy. In Section |3| we perform numerical simulations to illustrate how the system
dynamics change as the experimental conditions vary. In Section [4] we exploit the parameter
scalings identified in Section [2| by using perturbation methods to construct approximate model
solutions. The paper concludes in Section [p| with a discussion of our results and suggestions for

future work.

2 A Mathematical Model of ADCC

In this section we develop a new mathematical model of an ADCC cytotoxicity assay in which
cancer cells, antibodies and NK cells are incubated in a micro-well for four hours and then
the number of dead target cells is measured (see Figure [1). The model is formulated as a
system of six time-dependent ODEs and accounts for processes that occur on the subcellular
and cellular scales. At the subcellular scale, the dependent variables represent the concentration
of antibodies, A(t) (moles per litre), the concentration of unbound target receptors, T,,(t) (moles
per litre), and the concentration of antibody-target receptor complexes, T,(t) (moles per litre).

At the cellular scale, the dependent variables represent the concentration of NK cells, N(¢),
the concentration of cancer cells, T'(t), and the concentration of NK-cancer cell complexes,

C(t), all variables having units of cells per cubic metre. Our model accounts for the binding of



105

106

107

108

109

110

111

112

113

114

115

116

antibodies to target receptors on cancer cells, NK cell binding to cancer cells, and NK cell killing

of cancer cells in response to antibody-bound targets. A schematic of the model is presented in

Figure

e —————

Cellular

N o -

Cell Kill

Figure 2: Schematic of the model illustrating the cellular and molecular components.

As the time-scale of experiments (4 hours) is much shorter than typical cell cycle times of
NK cells [I8] and cancer cells [23], we neglect processes such as cell division and natural cell
death, which operate on longer time-scales. We assume further that the cells and antibody are
well-mixed so that spatial effects may be neglected. While direct evidence to justify a well-
mixed model is currently lacking, our assumption is based on: (a) the volumes used are small
and so diffusion should not be limiting during the timescales of the experiments, (b) we are not
adding any further components (e.g. lipid particles) that may plausibly sequester the species
considered and (c) no obvious precipitation is observed visually. Future studies are needed to
verify these assumptions.

By applying the principle of mass balance to each dependent variable and appealing to the
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Law of mass action, we arrive at the following system of ODZEs:

dA

Y, — konTuA + koHTb ) (1)
dt —_—— ~—

Ab. target assoc.  Ab. target dissoc.
dTu Tb Tu
B ko TuA + ko Ty — : P
dt ottt f<T+C)T+CC (2)
target removal

dTb Tb Tb

2 = konTuA — kogT) — c, 3
dt b f<T+C>T+C 3)

Ab./target c;nriplex removal

dN Ty

S B,LNT 7C C, 4
dt &,_, * @L +f <T + C) (4)

NK/T assoc. NK/T dissoc. —_—
NK dissoc. after kill

dr

E = _BonNT + Boffca (5)
dC Ty

% BoaNT — BogC — C. 6

NK/T killing

Equations f define the subcellular dynamics. Antibodies, A, are assumed to bind re-
versibly to unbound tumour receptors, T, at rate ko,, forming bound tumour receptors, T,
from which they dissociate at rate kog. We assume antibody is removed from the system upon
tumour cell death, via local release of proteolytic enzymes from the dying cell. We have no
direct evidence underpinning this assumption, but we feel it is reasonable as established pro-
tein preparation protocols routinely employ proteolytic enzyme inhibitors to avoid degradation
of protein from lysed cells. Equations f@ define the cellular dynamics. NK cells, N, are
assumed to bind reversibly to cancer cells, T', at rate Sopn, forming cellular conjugates, C, from
which they dissociate at rate Sog. While Deguine et al. [§] report that antibody recognition by
NK cells increases contact stability with cancer cells, for simplicity, we assume that the rates
of NK-cancer cell association and dissociation are independent of bound antibodies (7). We
postpone to future work a comparison of this case with one in which S, and S, depend on
T,/(T + C), the number of antibody-target receptor complexes per cancer cell.

The subcellular and cellular dynamics are coupled by NK cell-mediated killing of the tumour
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cells. We suppose that NK cells bound to cancer cells kill the cancer cells at a rate, f <T§)C)7
which is a monotonically increasing, saturating function of Tﬁ—”c, the number of antibody-target
receptor complexes per cancer cell. We assume further that f(0) = 0 so that no killing occurs in

the absence of bound antibody. As an illustrative example, we will use the following functional

form for f,

) =

= 7
R+ Ry’ ()

where ff represents the maximum rate of killing and R is the value of R = T:'JZ’C at which the

rate of killing is half-maximal. However, since much of the analysis presented in the remainder
of the paper holds for more general choices for f (with f(0) = 0), where appropriate we will
use the general form.

After a tumour cell has been killed, NK cells can detach from their target and then move on
to another target cell (see: Bhat and Watzl [3]). We model this effect by supposing that when
a tumour cell has been killed, the NK cell dissociates, giving rise to a source term in Equation
. Cancer cell killing is also accompanied by a reduction in unbound and antibody bound
receptors. For simplicity, we assume that all cancer cells have the same number of receptors,
which we denote by pr, and, hence, that cancer cell death will reduce receptor numbers at a
rate proportional to the cell death rate. Since the numbers of unbound and bound receptors

Tu Tb 3
per cancer cell are 7% and 75 respectively, we assume that unbound and bound receptors

are removed from the system at rates f (Tﬁc) TQ‘CC and f (Ti—bc) TZ}CC’, respectively (see
Equations and (3)).

We close Equations f@ by imposing suitable initial conditions. At the start of the
experiment, antibodies, NK cells and cancer cells are added separately to a micro-well. Therefore
we assume that at ¢ = 0 no antibodies are bound to targets (7;(0) = 0) and no NK cells are

bound to cancer cells (C'(0) = 0). We denote by Ao, Ny and Tp the initial concentrations of
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antibodies, cancer cells and NK cells so that A(0) = Ag, N(0) = Ny and T'(0) = Tp and assume
that initially all target receptors are unbound, so that 7,(0) = prTp. To summarise, the initial

conditions that close Equations f@ are

A(0) = Ao, Tu(0) = prTy, Tp(0) =0, N(0) =Ny, T(0)=Tp and C(0) = 0. (8)

2.1 Model Reduction, Nondimensionalisation and Variable Transformation

Inspection of Equations f@ reveals two conserved quantities which we may exploit to reduce
our model from six equations to four. Firstly, adding Equations and @ and integrating

subject to Equation supplies
N +C = Np. (9)

Equation @ states that the total concentration of NK cells (bound and unbound) remains
constant during the experiment. Secondly, combining Equations , , and @ and

exploiting Equation gives
T+ Ty = pr(T +C), (10)

reflecting the fact that, at any given time, the total concentration of target receptors (free and
bound) is proportional to the total concentration of cancer cells (free and in complex), with
constant of proportionality pr. We exploit these conservation laws to eliminate N and T, from
Equations —, which reduce to give,

dA

E = _kon(pT(T + C) - Tb)A + koffTbv (11)

1, T T,

EL = konlpr(T + C) = Ty) A — kT — f <T+C’) 71 EC (12)

d

&L = —fon(No — O)T + onC, (13)

ic T,

E —ﬁon(NO_C)T_/BOHC_f<T+C> C, (14)
with A(0) = Ag, T(0) = 0, T(0) = Tp and C(0) = 0. (15)

10
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To simplify the analysis that follows we replace Ty (t) and T'(t) by two related dependent variables

R(t) = T:ﬁ’c and S(t) =T + C. (16)

Here R(t) is the number of antibody-receptor complexes per cancer cell and S(¢) is the total

concentration of cancer cells (free and bound to NK cells). Under this change of variables,

Equations f become

% = —kon(prS — RS)A + ko RS, (17)

Cfi—f = kon(pr — R)A — kogR, (18)

dsS

“ - fmoe, (19)

dC

E = Bon(NO - C)(S - C) - ﬁoﬁ"c - f (R) Ca (20)
with A(0) = Ay, R(0) =0, S(0) =T} and C(0) = 0. (21)

In what follows it will be convenient to recast Equations f in dimensionless form using

the following rescaling

A= AgA*, R = prR*, S=TyS*, C =T,C*, t=tyt*, (22)

where tg is the timescale of the cytotoxicity assay. Under this transformation, Equations (|17])—

become (on dropping the asterisks),

% = —a1(1 — R)AS + asyRS, (23)
dR o a1

— = 7(1 — R)A — asR, (24)
ds P

Yo ime (25)
dC .
%:Vl(#—c)(S—C)—Vzc—f(R)C- (26)

11
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In Equations f we have introduced the following dimensionless parameter groupings

and functions

710
a1 = kontoprTo, a2 = kogto,y = pAO 1 = PontoTo, v2 = Bosto, 1

=7 @

and f(R) = tof(prR). (28)

2.2 Parameter Estimation

Dimensional and dimensionless estimates of the model parameters are presented in Tables
and [2] respectively. The latter are obtained from the former using Equation (27)). Details of

how these estimates were obtained are presented in Appendix [B]

Parameter | Definition Estimated Value (units) Source
pT Number of receptors per cell 103 to 107 (molecule cell ™) [34, 19
Kon Antibody binding rate 10% to 107 (M~ 1s71) [4, 0]
Eoft Antibody dissociation rate 1074 (s71) [4, 10]
Bon Cell binding rate 2 x 1013 (M~ s71h) ]

Boft Cell dissociation rate 1073 (571 |
f (TZJ}C) Cell kill function 0to 1.6 x 1073 (s71) 32]
Ao Initial antibody concentration 6.67 x 10712 to 1075 (M)
Ny Initial NK cell concentration 4.15 x 10716 t0 8.30 x 1071 (M)
To Initial tumour cell concentration | 4.15 x 10716 (M) [24, 28]
to Time-scale of experiment 1.44 x 10% (s) 24, 28]

Table 1: Summary of the parameters associated with Equations —, together with esti-

mates of their dimensional values.

12
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Parameter

Definition

Estimated Value

aq

a2

v

V1

EontoprTh

kofftO

prTo
Ao

BontoTo

Boﬁto

No
To

tof (25%)

5.8 x 1076 to 5.8 x 10?
1.44

6.22 x 1079 to 6.22 x 102
1.2 x 102

14.4

1 to 20

0 to 22.4

Table 2: Summary of the dimensionless parameters associated with Equations —, to-

gether with estimates of their values (see also Equation )

We note from Tablethat two parameters are typically much smaller than the others: a; = O(107)
to O(102) and v = O(107?) to O(10?). For ADCC, «a; and 7 are fundamental quantities: o is
the product of the antibody association rate and the total number of target receptors initially
present in the system while y is the ratio of the number of target receptors to the number of
antibodies initially present in the assay. In Table [3] we state order of magnitude estimates of ay
and ~ for three values of pr and ko, that span the range found in the literature [34] 19] 4 [10].

In each case, the range of values of v reflects the range of values of Ay used in cytotoxicity

assays.

13
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pr =10° pr = 10° pr =107

kon = 103 | a1 = O(1079), a; = 0(107%), a; = 0(1072),
v =0(107?) to O(1072) | v =0(1077) to O(1) v =0(107%) to O(10?)

kon = 10° | a1 = O(107%), a; = 0(1072), a; = 0(1),
v =0(10"?) to O(1072) | v =0(1077) to O(1) v = 0(107%) to O(10?)

kon = 107 | a1 = O(1072), ay = 0(1), a; = 0(10?),
v =0(10"?) to O(1072) | v =0(1077) to O(1) v =0(107%) to O(10?)

Table 3: Table showing how the dimensionless parameters a; = kontoprlo and v = % (see

Equation and Table [2)) vary with ppr and kon. The range of values of « mirrors the range

in Ag (Ao € [6.67 x 10712,6.67 x 107°]M; see Table [1).

Of the antibody:cancer cell combinations represented in Table[3] the first row corresponds to the
anti-CD20 antibody rituximab and CD20 expression in B cell cancers [34], [10]. For rituximab,
kon = O(10%) M~1s~!, while target receptor levels in B cell cancers range from O(10?) to O(107)
receptors per cell. The parameter values in row 2 (columns 2 and 3) apply to the anti-HER2/neu
antibody trastuzumab which is used to target HER2/neu expression in breast cancer [19, 4].
Trastuzumab has kon, = O(10%) M~!'s™! and is only prescribed for breast cancers with high
HER2/neu expression (pr > 10° receptors per cell). Table [3| reveals that the dimensionless
parameter o1 may range in value from small to O(1) or larger, and that v may also range
from very small to large. We note, however, that for most of the parameter ranges recorded in
Table 2| a1 < 1 and v < O(1). Therefore, in what follows we fix a; = € < 1 and investigate
separately the cases v = O(1),0(¢) and O(€?).

Based on Table 2| we note that the (dimensionless) rate at which NK cells bind to cancer
cells is large (11 = O(e™!)). We will exploit this scaling in the asymptotic analysis presented in
Section First, to illustrate the relevance of the scalings to cytotoxicity assays, we fix € = 1073,

pr = 10° and indicate on Figure [3| which cytotoxicity experiments correspond to each of the

14



scalings for the dimensionless parameter v (7 = O(1), O(e), and O(e?)).

120
100 20:1
a0 | 10:1
=60 h5:1
§4o 12,51
20 |
. 1.25:1
Y=1 ] f=1 1____1| | I

10° 1l0'4 1l0'3 102 107 1
antiboc?y(ug})ml)

Figure 3: Cytotoxicity data from Figure [1 with the blue rectangles indicating which data

corresponds to the three asymptotic cases of interest (y = O(1), O(¢) and O(€?)).
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s 3  Model Dynamics

Before analysing our model, we present numerical results obtained by integrating Equations
7, using MATLAB’s inbuilt routine ODE15s [20]. ODE15s uses a variable order method
based on numerical differentiation formulae and is designed to solve stiff ODEs [27]. For illus-

trative purposes, we use the dimensionless form of the kill rate function given by Equation

5 R
i =

(29)
76 where fx represents the maximum rate of killing (dimensionless) and Ry is the value of R at

177 which the rate of killing is half-maximal. In what follows, we fix fK =1 and Rx = 0.5. We

1

3

s suppose that oy = € = 1073 and that the initial ratio of NK cells to cancer cells is 20:1. With
179 the exception of ~, all other parameters are assigned values as per Table The numerical

180 results presented in Figure 4] show how the system dynamics change as v varies. We plot the

15



1w time evolution of R(t), S(t) and C(t) (see Equations (23)—(26))). The dynamics of A(t) are

1.2 omitted since, for this choice of parameters, A(t) ~ 1 for the timescale of interest (0 < ¢ < 1).

16
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Figure 4: Series of numerical results, obtained by solving the dimensionless Equations (123[)—

with f(R) = Rﬁ{}i. The simulation results show how the time evolution of the number of

antibody-receptor complexes per cancer cell, R(t) = TZI’C (solid line), the total concentration

of cancer cells, S(t) = T + C (dotted line), and the concentration of cancer cells bound to NK
cells, C'(t) (dashed line), change as we vary -y, the ratio of the initial number of target receptors
to the initial number of antibodies. Panel (A) corresponds to low antibody levels (v = 1), Panel
(B) is for intermediate levels of antibody (v = €) and Panel (C) is for high levels of antibody

(7 = €%). Parameter values: as per Table [2| with fe=1 Rk =05, a1 =e=1073, uw=1.

17
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For all values of v, at early times (when 0 < ¢t < 1073), the total number of cancer cells,
S(t) = T(t) + C(t), remains constant (S(¢) =~ 1), and cell killing is negligible. During this
time, cancer cells form complexes with NK cells (C(t) increases from zero to a maximum value
which decreases in magnitude as - decreases). On a longer time-scale, R(t), the number of
receptors per cancer cell bound by antibodies, increases at a rate which increases as v decreases
(i.e., as antibody levels increase). When v = €2, antibody is plentiful and rapidly binds to all
available receptor so that R(t) ~ 1 for t ~ 1072. In this case, receptor saturation is sustained
for the remainder of the simulation, because the ratio of antibody to target receptors is large.
The increase in R(t) stimulates the killing of cancer cells by bound NK cells, so S(t) and C(t)
decline over a similar time-scale. This effect is more pronounced for smaller values of . Indeed,
for smaller values of v the dynamics associated with R(t), S(¢) and C(t) merge (see Figure
[4(C)). By contrast, when v = O(1), the simulations needs to be continued for longer times in
order to see a signficant reduction in the number of cancer cells (see Figure [4[A)).

We emphasise that the main aim of Figure 4 is to show how the dynamic behaviour of
the model changes as the dimensionless parameter ~ varies. Since the experimental data were
collected at a single time-point, it is not possible to compare these numerical results to the ex-
perimental data. Rather, the numerical results highlight the additional insight that is afforded
by developing a dynamic model of ADCC. We note also that the duration of the numerical sim-
ulations matches that of the experiments (4 hours in dimensional terms). It is not appropriate
to extend the simulations beyond this timescale because processes which have been neglected,
such as cell proliferation and natural cell death, become important.

To summarise, the numerical simulations presented in Figure [d]show that the system dynam-
ics act on two different timescales. On the short timescale, tumour cell killing is negligible, NK-
cancer conjugation approaches equilibrium and, if antibody levels are high enough, the binding

of antibodies to target receptors increases towards an equilibrium. On a longer time-scale the

18
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number of antibodies bound to target receptors becomes large enough to induce NK cells to kill

cancer cells.

4 Perturbation Analysis

In this section we focus on the parameter scalings introduced in Section and use perturbation
methods to construct approximate solutions on the short and long timescales. We recall from
Tables 2| and |3, that vy, the rate at which NK cells bind to cancer cells, is large while aq,
the product of the antibody association rate and the total number of target receptors initially

present in the system, is typically small. Accordingly, fixing a3 =€ < 1 and 1, = %, Equations

(23)-(26) supply

dA

= —le(1 - R)A - axyR)S, (30)
% _ i[eu _ R)A — as7R], (31)
as .
= =—f®)c. (32)
% =2 (u- )8 - )~ mC - f(R)C, (33)
with A(0) =1, R(0) =0, S(0) = 1 and C(0) = 0. (34)

Equations — define a singular perturbation problem which we analyse on two timescales.
We construct an inner solution on a short timescale for which ¢ = O(e) and match this to an
outer solution which evolves on a longer timescale, for which ¢ = O(1). From Figure 4] it is
clear that details of the solutions change as v varies. For example, when 0 < v < 1 the two
timescales merge. While details of the solutions change as - varies, the approach is similar and,

therefore, we focus our analysis on the case v = O(1).
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27 4.1 Analysis for v = O(1)

218 For the inner solution, we rescale time so that ¢ = e7 and define
210 a(t) = A(t), r(r) = R(t), s(t)=95(t), c(r)=C(t).

Then Equations — transform to give

da _ —ele(1 —r)a — agyr]s, (35)
dr
d
g£=§kﬂ—rm—awﬂ, (36)
ds 5
B i (37)
% =01 (p—¢)(s — ¢) — evae — ef (1)c, (38)

with a(0) =1, r(0) =0, s(0) = 1 and ¢(0) = 0. (39)

We seek trial solutions of the form
a(r) = ag(7) + ear(7) + as(r) + O(’), (40)

with similar expansions for r(7), s(7) and ¢(7). Substituting these trial solutions in Equa-
tions — and equating to zero coefficients of O(1), O(e) and O(€?) yields the following

approximate solutions for a, r, s and c:

a(t) =1— 1 + 0(e), (41)
2
rir) = <L e
(1) 5 +0(€), (42)
s(T) =1+ O(e), (43)
_ 6—191( —-1)7
o(t) = ,u((; - ef/l(l;l)r)) + O(e). (44)

20 Thus, on the short timescale, s remains constant (to O(e?), while a decreases, and r increases,
21 linearly with time, these effects being small (O(e?)). The dominant effect is an increase in

22 ¢ from ¢ = 0 to ¢ = 1. Thus, we conclude that, at early times, the system dynamics are
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dominated by binding of NK cells to cancer cells, until all cancer cells are complexed with NK
cells (s ~ ¢ ~ 1). In particular, at leading order, the cell dynamics are independent of the choice
of the cell kill function, f(.). Now, the long-time limit (7 — o0) of the short timescale solutions
should match the short time behaviour of the system on the long timescale. Thus we deduce
that the initial conditions for A, R and S on the longer timescale are identical to Equations
whereas C(0) = 1.

We now construct approximate solutions on the longer timescale, ¢t = O(1). Matching to

the inner solution leads us to impose the following initial conditions:
A(0) =1, R(0)=0, S(0)=1and C(0)=1. (45)
We assume regular power series expansions for A(t) of the form
A(t) = Ao(t) + eAi(t) + O(€), (46)

with similar expressions for R(t), S(t) and C(t). Substituting these trial solutions in Equations
(30)-([B3) and equating to zero coefficients of O(1) and O(e), it is straightforward to obtain the

following expressions for the dependent variables

Alt)=1-— a%u — ety 4 O(2), (47)
R(t) = %(1 — e 4 O(e?), (48)
S() =1 €~(’; 2(3) <t - ;(1 _ e—aﬁ)) + 0, (49)
ct)y=1- ei(;’) <t - ;(1 - e—a2t)> o) (50)

As expected from the numerical results presented in Figure 3(a), when v = O(1) and anti-
body levels are low, tumour cell killing is negligible during the timecourse of the experiments
(t = 0O(1)). Equations (47)-(50) reveal how the system dynamics depend on the model param-

eters and, in particular, on f/ (0), the slope of the kill rate function at R = 0. For example,

21



238

239

240

241

242

243

244
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248

A(t) decays exponentially at rate ay. As such, these expressions reveal how time-resolved ex-
perimental data might be used to estimate the model parameters. Using Equations —
it is possible to derive the following approximate expression for the percentage of tumour cells

killed during the experiment.

Percentage of tumour St=1 _ f'(0) (1 ! (1—e" )) (51)
~ ——(l—=e")).

= 1 —
S(t=0) Qg Qg

cells killed at t =1
Equation (51)) reveals that, when antibody levels are low, the percentage cell kill depends only
on the slope of the cell kill rate function at the origin, f’ (0). As a particular example, we note
that, when v = O(1) and the cell kill rate is defined by Equation , the percentage kill during
the lysis experiment depends on f/ (0) = fx/Rk. Given values of the parameters ag, v and e,

we can use this expression to estimate f’ (0), the slope of the cell kill rate function at the origin.

4.2 Analysis for v = O(e)

It is straightforward to adapt the above analysis for the case v = O(e): we seek trial solutions
of the form in Equations and on the short and long timescales respectively. Behaviour
on the short timescale ¢ = e7 is similar to that for v = O(1): binding of NK cells to tumour cells
dominates the system dynamics, with changes in A, R and S being negligible while C' increases
rapidly until all tumour cells are bound to NK cells (results not presented). As a result, we
deduce that the initial conditions that apply on the long timescale are given by Equation .

For t = O(1) and v = €7, substituting with trial solutions of the form in Equation in
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Equations — we deduce that, at leading order,

A(t) =1+ 0(e), (52)

R(t) = - +1a2:y (1-¢3) +00), (53)

S(t)y=1- /0 t F(Ro)dt + O(e), (54)
t A

) =1- /0 F(Ro)dt + O(e), (55)

where 6 = (1 + a279)/7.
Equations — hold for a general cell kill rate function, f (). As an illustrative example,
we note that, with v = €5, f(R) defined by Equation , and R(t) defined by Equation ,

the expression for S(t) becomes:

Ry 1 (1+ R%)eft —1
S(t)~1-— t— K_ ] K .
*) fK{ 1+R}(00g< R

Using Equation , we deduce further that when f (R) is defined by Equation the percent-

age of tumour cells killed during the lysis assay can be written as:

Percentage of tumour Ry
/fRo fK _JxRolt) (56)

. t) + RK
cells killed at t = 1

Ry 1 (1+ R3)e? —1
—fK{l— K*log( = )} (57)
1+ R 0 R,

where R} = R (1+ ag¥). Comparison of Equations and highlights the way in which
the percentage of tumour cells killed at the end of the cytotoxicity assay (¢ = 1), particularly the

nature of its dependence on the cell kill rate function f , changes as v decreases from v = O(1)

to v = O(e).

4.3 Analysis for v = O(€?)

When v = €24, we again seek trial solutions of the form given in Equations and on the

short and long timescales respectively. In this way it is possible to derive the following leading
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270
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272

order solutions for the dependent variables on the short timescale t = e7:

a(t) =1+ O(é%), (58)
r(r)=1-—eT7+0(e), (59)
s(t) =14 O(e), (60)

— e~ (p=1)r
o(t) = #((1 .

p— e~ (u=1)T) +0(e), (61)

We note that the dynamics for a, s and ¢ associated with the cases v = O(1) and v = O(e) are
identical (see Equations — for example). However, since initial antibody levels are now
much greater than the initial number of receptors on the tumour cells, the receptors become
saturated with antibody on the same short timescale as that on which the NK cells bind to the
tumour cells. Matching from the short to the long timescale requires that the following initial

conditions be used to determine the solutions on the long timescale:
A(0) =1, R(0) =1, S(0) and C(0) = 1.

Substituting with trial solutions of the form shown in Equation in Equations —
and equating to zero coefficients of O(1) yields the following leading order expressions for the

dependent variables:

A(t) =1+ 0(e?), (62)
R(t) =1 — e’y + O(€?), (63)
S(t) = e~ f Mt L O(e), (64)
C(t) = e Mt 1 0(e). (65)
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Using Equation we deduce further that the percentage of tumour cells that have undergone

lysis at t = 1 is given by

Percentage of tumour St=1

) ) _ _X(_fK>
)fl e /M =1 —exp TRy ) (66)

cells killed at t =1
Equation reveals that when v = O(e?) the percentage tumour cell kill at the end of
cytotoxicity assay can be estimated by evaluating the cell kill rate function f (R) at R = 1.
Comparison of Equations , and (66 shows further how when f(R) = fxR/(R + Ri)
the different assays provide complementary information about the parameters associated with

the cell kill rate function. Combining these together gives

a7y a2

di (1- L0 -e2) for y=0(1),

Percentage of tumour

~ fK {1 - 1f§* % log (%)} y fOI' Y= 0(6), (67)
cells killed at t = 1 K K

1 —exp <%) , for = 0(e).

where R} = Ri (1 + a27).

4.4 Comparison with numerics

In Figure 5| we compare the short and long time solutions for R(¢) and C(t) to numerical
solutions of the full model (Equations - (34)). For clarity we omit the variables A(t) and
S(t). We observe good agreement between the approximate solutions and solutions of the full

model for the three cases of interest (y = O(1), O(e) and O(e?)).

5 Discussion

Antibody-based cancer therapy is now one of the most successful and important strategies for
treating patients with cancer [25]. ADCC, antibody directed killing of tumour cells by natural

killer cells is one of the main mechanisms of action of many clinically successful therapies [31].
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Figure 5: Series of plots showing good agreement between the approximate solutions derived in
Section [4] on the short (blue curves) and long (red curves) timescales and numerical solutions
of the full model (see Equations 7) when f(R) = fxR/(R+ Ri) and as we vary ~, the
ratio of the initial number of target receptors to the initial number of antibodies. As in Figure[d]
Panel (A) corresponds to low antibody levels (7 = 1), Panel (B) to intermediate levels (7 = €)
and Panel (C) to high levels (7 = €2). In each sub-Panel, we present profiles for the number of

antibody-receptor complexes per cancer cell, R(t) = TZZ’C (solid lines) and the concentration of

cancer cells bound to NK cells, C(t) (dashed lines). Parameter values: as per Figure 4, with
(A)y=1; (B) y =€ =10"3; (C) v = €2 = 1075. Key: numerical solutions of the full model
for R(t) (black solid line) and C(t) (black dashed line); leading order inner solutions for R(t)
(blue solid line) and C(t) (blue dashed line) og6the short timescale ¢t = O(e); leading solutions

for R(t) (red solid line) and C(t) (red dashed line) on the long timescale, t = O(1).
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In vitro cytotoxicity assays have been instrumental in developing ADCC mediating antibodies
for clinical use.

Previous mathematical models of cytotoxicity assays, formulated as systems of time-dependent
ordinary differential equations (ODEs), focussed on antibody-independent killing mechanisms
and, therefore, assumed a constant kill rate [29] 30, 35, [5]. In this paper we have relaxed these
assumptions to develop a new model in which tumour cell kill rates depend on how much an-
tibody is bound to target receptors on the cancer cells. By applying perturbation methods we
were able to show how information about the rate at which NK cells kill tumour cells can be
extracted from in vitro cytotoxicity data.

In more detail, we used the experimental literature to estimate the model parameters and,
in this way, identified two dimensionless parameters which take extremal values and a third
which can vary over several orders of magnitude. In particular, the parameter 0 < a7 < 1 is
the product of the association rate of an antibody for its target (kon), and the concentration of
target receptors. The parameter vy > 1 is the product of the NK-cancer cell binding rate and
the initial concentration of cancer cells. Finally, the parameter -y is the ratio of the concentration
of target receptors to antibodies, and may take values across several orders of magnitude. We
introduced the small parameter 0 < ¢ < 1 and fixed @ = ¢ and v; = O(e~!). We exploited
the extremal values of a1 and v; to simplify the model equations, and investigated separately
three cases characterised by different values of v: v = O(1), O(¢) and O(€?), these values of v
reflecting the range of values of the initial ratio of antibody numbers to target receptors that are
typically used in ADCC cytotoxicity assays (see Figure . In all cases, the system dynamics
evolved on two time-scales, one fast (¢ = O(e)) and one slow (t = O(1)). We used perturbation
methods to derive approximate expressions for the dependent variables on each time-scale and
showed that these were in good agreement with numerical solutions of the full model.

The approximate solutions enabled us to relate the rate at which NK cells kill in response to

27



317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

binding antibody to the percentage of cancer cells killed at the end of a cytotoxicity assay and to
determine how different initial antibody levels yield different information about the functional
form of the kill rate function. This has implications for the information that can be gained
about the efficacy of antibodies from cytotoxicity assays. In particular, when v = O(1), the
concentration of antibodies is the same order of magnitude as targets, killing is negligible and
proportional to f/(0), the slope of the cell kill rate function at the origin. At intermediate
antibody levels, v = O(e), the kill rate depends on the integral of the kill rate function. Finally,
when v = O(e?), antibody levels greatly exceed target levels, targets are saturated on a fast
time-scale and killing proceeds at its maximum rate, f(1). Thus, in this case, information about
the maximum rate of NK-cancer cell killing can be inferred.

To summarise, our asymptotic analysis reveals how measurements of lysis rates, extracted
from experiments for which the ratio of initial antibody numbers to target receptors is small,
could be integrated with similar data from experiments for which these ratios are intermediate
and large in order to estimate the tumour cell kill rate function f (R) for a particular combination
of NK cells, tumour cells and antibody. Further, numerical simulations of the full model reveal
how the dynamics of the dependent variables change over time. Additional, experimental data,
collected at multiple time-points, is now needed first to validate our model and then to estimate
specific values of its parameters.

There is considerable scope for extending the work presented in this paper. First, we recall
that in our model we assume, for simplicity, that NK cells associate and dissociate from cancer
cells at constant rates, 8o, and B,f ¢, although Deguine et al. [8] report that antibody recognition
by NK cells increases contact stability with cancer cells. It would be interesting to establish
whether the qualitative behaviour of our model changes if we relax the assumption that the
association and dissociation rates are constant and suppose instead that they depend on T}, /(T +

('), the number of antibody-target receptor complexes per cancer cell. Additionally, we could
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consider different functional forms of the kill rate function, f, and a broader range of parameter
regimes (see Table 3). The model could also be validated against lysis data from cytotoxicity
assays performed to assess the efficacy of candidate antibodies for ADCC. More generally, the
model could be applied to data for other forms of antibody dependent cell based killing such
as antibody dependent cellular phagocytotosis (ADCP) involving macrophages [21]. The long-
term aim of our model is to improve the ability of pharmacologists to use cytotoxicity assays
to optimise antibody therapies, discriminate between experimental antibodies and design more
informative experiments.

As mentioned in Sections 2 and 3, the current model is valid for the relatively short timescales
associated with the cytotoxicity assay, during which processes such as cell proliferation and
apoptosis can be neglected. By relaxing these assumptions, the model could be extended to
describe longer time-scales on which cancer cells and NK cells proliferate as they do in vivo. The
model could also be extended to capture in vivo features of tumour growth such as antibody
clearance and NK cell trafficking to the cancer site, as well as the effect of other mechanisms
of immune attack, angiogenesis and vascular remodelling, and other cancer treatments such as
chemotherapy.

Another possible direction for further research relates to side-effects caused by the anti-
bodies. In more detail, increasing the amount of antibodies used in the clinic has substantial
draw-backs. Firstly, antibodies are typically given intravenously and are formulated at a pre-
scribed, standard concentration, so increasing the dose means increasing the volume of antibody
solution that needs to be infused. This substantially extends the time required to administer
the drugs (infusion of larger volumes of drugs can take several hours) and can be extremely
unpleasant to patients. Administering higher doses than strictly necessary also increases the
risks of eliciting so called infusion reactions which can involve the patients immune system re-

acting to the foreign protein and can in extreme cases lead to anaphylaxis. For a discussion of
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infusion reactions, see Vogel et al. [33]. Additionally, monoclonal antibody drugs are generally
very expensive so increasing the amount administered unnecessarily increases the price of the
therapy substantially.

Drug discovery is a time-consuming process which involves optimising many parameters of
a pharmaceutical agent. The approach presented in this paper and the suggestions for further
work illustrate some of the ways in which mathematical modelling can be used to increase the

information we gain from particular experiments.
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A Experimental Protocol

In this appendix, we explain how the experimental data presented in Figure [1| were collected.
ADCC experiments with the antibody Trastuzumab/Herceptin (Roche, Basel, Switzerland)
were performed as described in [28]. In this system, Natural Killer (NK) cells were used as effec-
tor cells (E) and SkBr3 cells (a breast cancer cell line) acts as target cells (T). SkBr3 cells express
high levels of the receptor protein HER2/neu on the cell surface to which Trastuzumab binds
with high affinity. Briefly, peripheral blood mononuclear cells (PBMCs), a complex mixture of
cells which contain NK cells, were recovered from human blood by layering over Ficoll-paque
(GE Healthcare, Bucks, UK) and centrifuging at 400 x g for 40 min. PBMCs were washed

twice in phosphate buffered saline (PBS) and NK cells were purified by negative selection us-
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ing Robosep and the human NK cell enrichment kit (Stem Cell Technologies Inc., Vancouver,
Canada) as per the manufacturer’s instructions and counted with a haemocytometer.

SkBr3 cells were obtained from the American Type Culture Collection (ATCC). Cells were
counted with a haemocytometer and 5 x 102 cells/well incubated at 37°C for 4 hours, together
with antibody and NK effector cells at the effector to target (E:T) ratios indicated, in RPMI
1640 Glutamax I growth medium (Invitrogen, Paisley, UK) supplemented with 10% foetal
bovine serum having low levels of endogenous IgG and 1% penicillin/streptomycin in a total
volume of 200 1. Serving as maximum lysis control, some wells contained target cells alone and
were lysed completely by the addition of 10 pl of lysis agent (Cell Technology Inc., Mountain
View, CA, USA) 15 min before the end of incubation and the resulting values were set as 100%
lysis. Supernatant (100 pl) was transferred to a 96-well Optiplate (PerkinElmer, Montreal, QC,
Canada) and assayed for the presence of glyceraldehyde 3-phosphate dehydrogenase (GAPDH)
levels using the aCella-Tox kit (Cell Technology Inc.) as per the manufacturer’s instructions.
GAPDH is an enzyme involved in glycolysis and present in all cells. It is released into the
supernatants only upon lysis of cells, thus acting as a surrogate for cell killing and loss of
structural integrity. All wells were corrected for background contributions from the medium by
measuring wells that contained media only. Spontaneous release of GAPDH from target as well
as NK cells was determined by measuring supernatants from wells containing only target cells
and NK cells, respectively.

Percentage killing was calculated using the following formula in which each term refers to

the amount of GAPDH released from a specific experiment:

Sample — Target,,,,; — NKcont — Media only
100 % Lysis - Media only ’

Percentage Killing =

where Target,,,; = (Target cells only) - (Media only),
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and NKcon: = (NK cells only) - (Media only).

Based on this formula, we remark that if the values for release from (target cells only)
and (NK cells only) are close to those for media only then this equation can produce values
that are just below zero, especially if there is some variation in the experimental values, as is
almost inevitable in a biological system. This is generally not considered to be a problem as
long as it is within the limits of about 5% tolerance. Many researchers would simply set these
values at zero but, for reasons of scientific accuracy, we chose instead accurately to reflect the
variability inherent in this assay. Finally, we note that, in Figure|l| data points are mean values

of triplicate measures within the representative experiment.

B Parameter estimation

In this appendix we detail how the parameters used in the model were derived.

The number of target receptors per cancer cell, pr. In [34], Ward et al. measured the
expression levels of two receptors, CD19 and CD20, which are targets of the therapeutic antibod-
ies MEDI551 and rituximab respectively, when treating Chronic Lymphocytic Leukaemia. In a
panel of patient cell lines expression levels of the two targets were in the range O(10%) — O(10%)
molecules cell™!. In [I9], Kute et al. measured expression levels of HER2/neu, the target for
trastuzumab when treating breast cancer. Across a panel of experimental cell lines, expression
levels of HER2/neu were in the range O(104) —O(107) molecules cell™*. Following [34} 19], we es-

timate the number of target receptors per cancer cell to be in the range 103 —10"molecules cell L.

The antibody binding rates, ko, and kog. In [4] Bostrom et al. estimated the associa-

tion and dissociation rates of trastuzumab, and its variants, to HER2/neu and VEGF, target
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receptors relevant for treating breast cancer. They found that ko, takes values in the range
O(10%) — O(10%) M~1s™L, while kog was O(10~4)s™1. In [10], Ernst et al. estimated the associ-
ation and dissociation rates of rituximab and its variants, for CD20, target receptors relevant
for treating B cell cancers. The parameters ko, and kg varied in the ranges O(10%) — O(10%)
M~!s7t and O(10~*) —O(1073) s~! respectively. Based on these studies, we estimate ko lies in
the range O(10%) — O(107) M~!s™! and fix kog = 1074 s71. We assume a fixed value for kg for
simplicity and to reduce the number of parameters that need to be considered when performing

perturbation analysis (see Section .

NK:tumour cell association and dissociation rates, Bon and Bog. In [I], Almeida et al.
estimated Son and Bog from in vitro conjugation assays in which approximately 200 NK cells and
200 cancer cells were co-cultured in a micro-well and the number of NK-cancer cell conjugates
counted at times ¢ = 5,10, 15,20 and 30 mins using flow cytometry. An ODE model was fit to
these data to estimate the rates of conjugation and dissociation under the assumption that cell
killing is negligible on this timescale. Based on this study, we fix fon = 2 x 103 M~! 57! and

Boft = 1073 s~

The kill-rate function, f (Tr‘i—bc) . We estimate typical values of f (T:'fc) from experimental
data generated by Vanherberghen et al. [32]. Using microchip-based, time-lapse imaging,

they found that, once an NK:cancer cell complex forms, the time to tumour cell death was

Ty
T+C

approximately 10 min. Thus, we estimate that f ( ) takes values in the range 0 — 1.6 x

1073 g~ 1.
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