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Abstract

This Feature Article describes some recent developments and applications of the
Semiclassical Transition State Theory (SCTST) for treating quantum tunnelling in
chemical reactions. A reduced dimensional form of the SCTST is discussed and is shown
to be particularly efficient as the required number of electronic structure calculations is
reduced to an absolute minimum. We also describe how an alternative formulation of
SCTST, called SCTST-#, has advantages in allowing for straightforward applications
of the SCTST for any form of the potential expansion at the transition state. We also
illustrate the power of SCTST in applications to more complex systems. We show how
polyatomic modes such as internal rotations and torsions can be treated efficiently in
SCTST calculations. We also describe some applications of the method to hydrogen
atom tunneling in unimolecular reactions including the degradation of chemical nerve

agents and the decay of the atmospherically important Criegee intermediates.

1. Introduction

The development of efficient and reliable methods for calculating rate constants of chemical
reactions is a very active area of theoretical chemistry.? Transition state theory is very
widely used and can be applied directly and automatically from modern electronic structure
computer packages.® However, this theory in its simplest form neglects quantum tunneling
effects and these can be significant for reactions involving the abstraction or exchange of
hydrogen atoms. Therefore, developing reaction rate theories that treat tunnelling continues
to receive much attention.*

The most complete theory that incorporates tunnelling is quantum reactive scattering
(QRS) in full dimensions using an accurate potential energy surface obtained from ab ini-
tio quantum chemistry calculations.®® This theory can be applied using time-dependent or
time-independent quantum dynamics. However, the computational cost rises exponentially

with the increase of dimensionality and this currently limits the general applicability of the



full approach to reactions involving six atoms or fewer. Such calculations, however, do serve
as a very useful benchmark to test the accuracy of more approximate theories.® Theories
based on transition state theory with tunnelling corrections have been very effectively ap-
plied to many reaction problems.®” However, the accuracy of such approaches can in some
cases be uncertain. Other promising methods include Ring Polymer Molecular Dynamics
(RPMD),® which exploits path integrals and involves a relatively minor adaptation of com-
monly used molecular dynamics codes to treat quantum effects, and the Instanton approach,
which enables the calculation of tunnelling through a single periodic orbit in the reaction
configuration space.?

Since chemical reaction rates depend exponentially on the activation energy through the
Arrhenius relation, an electronic structure calculation of the highest accuracy is required
to compute the height of reaction barriers.!® This means that, despite considerable recent
progress, ! few global potential energy surfaces have the required accuracy for reactions of
larger polyatomic molecules. This limits the general applicability of most of the theories
described above for treating quantum tunnelling.

Semiclassical Transition State Theory (SCTST) is a computationally inexpensive method
for calculating rate constants which includes the treatment of tunnelling.'?'* The method
has the distinct advantage that a global potential energy surface in all degrees of freedom
from reactants to products is not needed. Instead all that is required is an expansion of the
force-field around the transition state. The tunnelling probabilities are obtained from simple
analytical formulae in the harmonic and anharmonic force constants which can be obtained
directly from ab initio electronic structure calculations.'* This theory was developed by
Miller and co-workers in the 1990s'?? '3 but its accuracy was not clear at that time due to
the small number of accurate benchmark quantum dynamics calculations that were available.
It has become clear more recently that this theory can give very reliable results for quantum

14-17

tunnelling and hence SCTST has emerged as a very powerful and direct approach for

computing rate constants.



Reduced dimensionality (RD) methods make quantum dynamics calculations more cost
effective and applicable.'® A general form of RD theory that we have developed and tested
involves treating the chemical bonds being broken or formed using explicit quantum dynamics
while the effect of the spectator vibrational modes are considered by including their harmonic
frequencies in the potential energy surface.'® 23 This combined reduced dimensional and
quantum chemistry (RDQC) approach has been applied to many reactions of polyatomic
molecules.* It requires only a minimal number of accurate quantum chemistry computations
and the quantum dynamics calculations are very inexpensive to carry out. The approach
has been used to test the accuracy of the SCTST for the same potential energy surfaces
for a range of hydrogen atom transfer reactions of polyatomic molecules and the agreement
between the two sets of results is excellent in every case.*'%!” Combining the RD approach
with SCTST also produces a highly efficient theory that will be applicable to a very wide
range of reactions of larger polyatomic molecules.?*

In this Feature Article we describe recent developments in the SCTST with particular
emphasis on its application within the RD approach. Computations on a range of bimolecular
and unimolecular chemical reactions are described. A short theoretical background overview
of the original form of the SCTST, and examples of its applications to chemical reactions
in both full-dimensions (FD) and one-dimension (1D), is given in Section 2. In Section 3,
we consider the SCTST in the barrier penetration integral domain which introduces some
novel features to the approach. In addition, implementation of SCTST with deep tunneling
corrections and fourth order vibrational perturbation theory within the RD framework is also
included for both bimolecular and unimolecular reactions. In Section 4, we discuss the latest
applications and developments of the RD-SCTST including corrections to the 1D SCTST
and the applications to corner-cutting heavy-light-heavy systems. Conclusions are given
in Section 5 where we emphasise that SCTST has considerable potential for the efficient

calculation of reliable rate constants for a wide variety of chemical reactions.



2. Theoretical Background

2.1. TST

In a standard transition state theory (TST) calculation, the rate constant is given by

1 QHT)

)= g gnr

exp(—ﬁAVfo), (1>

~—

where 8 = kg T, AV} is the adiabatic reaction barrier in the forward direction and QH(T)
and Q®(T) are the total partition functions of the transition state and reactant, respectively.
In the computation of these two total partition functions, the vibrational motions are often
treated using a harmonic oscillator model. It is also possible to compute the rate constant
using more accurate anharmonic vibrational partition functions. Eq. 1 can then be written
as

1 Qin(T)

kTST,anh(T) = hp m exp(—ﬁAV]?). (2)

It should be noted that for most reactions, this error introduced by the harmonic oscillator
model is negligible because of the cancellation of errors when calculating the ratio between
the TS and reactant partition functions, Qiib /QY, . In order to achieve this cancellation of

errors, one needs to use the same vibrational model for the reactant and TS. In other words,

we have
Q! Q! Q! Q!
vib,anh vib,HO vib,anh vib,HO 3
= ~ On #* OR or —¢ . (3)
vib,anh vib,HO vib,HO vib,anh

It is then easy to see that krgr(7T") =~ krsrann(7). In addition, it is often very expensive to
conduct anharmonic analyses for polyatomic molecules, thus the most commonly used TST
rate constant calculation follows Eq. 1.

A common misconception is that all semiclassical transition state theory (SCTST) models

are improvements to the standard TST given in Eq. 1. In reality, however, only one-

dimensional (1D) SCTST is based on Eq. 1, while the full-dimensional (FD) SCTST is



based on the anharmonic TST in Eq. 2. The multi-dimensional or reduced-dimensional
(RD) SCTST lies somewhere between the two. Details of the treatment and challenges of

RD SCTST can be found in Section 4. Here we discuss the FD SCTST and 1D SCTST.

2.1. FD SCTST

In a FD SCTST calculation, the reaction rate constant is given by 2142527

kscrst(T) =

1 i T 00
Ec%nh(@)) / Neo(By) exp(=FE,)dE, (4)

where Q¥(T) is the partition function of the TS consisting of the electronic, rotational,
and translational partition function. Here, Ngp(FE,) is the cumulative reaction probability
(CRP). It is calculated by summing over the TS vibrational configuration dependent reaction

probability,

Nip(Ey) =Y Pruy(E (5)
{n*}

Here, {n*} corresponds to the set of quantum numbers of the non-reactive (bound) vi-
brational states. Each unique set is referred to as a TS vibrational configuration. Combining

these two equations, we have

1 Y
kSCTST (T) Q Z / P{ni} exp( ﬁEv)dEU (6)
anh { i} Ethresn
It should also be noted that if quantum tunneling effects were not included in the computation
of Ppty, then Eq. 6 would reduces to Eq. 2. In SCTST, the WKB wavefunction is used to

calculate Py, it is given by !%13:25:26

Py (Ey) = {1+ exp[20,5,(E)]} (7)



where 0 is the barrier penetration integral given by

1
by (B = 5 [ Wy @)~ E2dg

We now consider a TS that consists of F' vibrational modes where the F-th mode is the
reaction mode with an imaginary vibrational frequency. In the SCTST developed by Miller
et al.,*? in order to determine an analytical expression for # in terms of easily calculable
quantities, the Bohr-Sommerfeld theory is used. The reaction mode, or F-th, action variable
is given by

2rh(np +1/2) = j{deQF = 2/deQF, (8)

where pr is the momentum conjugate to position gr. For a particular TS vibrational con-

figuration, {n*}, it can be written as

pr = [Ey = Viury(ar)]'2. (9)

Combining these two equations, we get

w _ % / Wity (ar) — E]2dgr, (10)

where the right side of this equation is equivalent to a barrier penetration integral, 6,:,. We

thus have
(TLF —+ 1/2) _ e{ni}(Ev)
7 T

(11)

Perturbation theory can then be used to connect (ng+1/2) to the energy of an incoming

wavepacket. Second order vibrational perturbation theory (VPT2)?¢ gives the potential
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Figure 1: Application of SCTST to the H + CH, — H, + CH; reaction. (a) Arrhenius
plot of the rate constants calculated using SCTST based on 2D PES,?® comparing to the
quantum reactive scattering (QRS) results based on the same surface. (b) Arrhenius plot
of the rate constants calculated using FD SCTST, standard TST, and anharmonic TST,
comparing to RPMD?” and Instanton?®® results.



energy at the TS as:

Eu(niﬁ) = Avf + Gp + ihCOj(nj + 1/2) + ii$jk(nj + 1/2)(nk + 1/2)
P S By (VD) (A (19

Substituting Eq. 11 into Eq. 12 and solving for 8 gives

T(=Qiy + [y + 427F (AV(aun), iy — E)]'?)

0 E,) = , 13
i) (E2) - (13)
where
h(JJF = TiF
Qpty = i + Z i (ni +1/2), (14)
i=1
F-1 F—1F-1
AV (anhy, iy = AVy 4 Go+ > hwj(ny +1/2) + > Y " aje(ng +1/2)(m + 1/2),  (15)
j=1 j=1 k=j

where the wp is the reaction mode vibrational frequency and xj; are the anharmonic con-
stants. Note that in Eq. 15, the forward reaction barrier, AV}, does not include the zero
point energy corrections and is different from AVy in Eqgs. 1 and 2. The third and fourth
order derivatives of the potential energy surface (PES) with respect to the vibrational normal
modes are required to calculate zj, using VPT2.1420:27:31.32 Detajled VPT2 derivations can
be found in Refs. 26,31. These higher order derivatives can be obtained from an analytically
fitted PES'"?* or from ab initio calculations.®15:27:33

We use the H + CH, — H, + CH; reaction to illustrate the application of SCTST to
a real chemical reaction. The results are shown in Fig. 1. In Fig. 1(a), the higher order
derivatives were obtained from a two-dimensional analytical PES.'"?® The analytical PES
function was fitted to ab initio energies calculated at CCSD(T)//MP2/cc-pVTZ level for
grid points along two active vibrational modes.?® The SCTST result (black curve) shows

good agreement compared to the rate constant from a quantum reactive scattering (QRS)



calculation (dashed blue curve) performed on the same PES.

In Fig. 1(b), the SCTST results were calculated directly from ab initio calculations at
CCSD(T)//MP2/aug-cc-pVTZ level. Comparing the standard TST (dashed red curve) and
the anharmonic TST (dashed brown curve), we can see the relationship given in Eq. 3
stands. The FD SCTST rate constant converges to the TST results at high temperature.
The quantum tunneling contribution becomes more pronounced at temperatures typically
lower than 500K. We can also see that FD SCTST has an excellent agreement when compared

29,30

to other theoretical results at these temperatures.

2.2. 1D SCTST

The FD SCTST has two major sources of computational costs. The computation of the third
and fourth order derivatives of the PES can quickly become exceedingly expensive as the size

14,2732 Tpy addition, the calculation of the cumulative reaction probability

of system increases.
via Eq. 5 is also a formidable task, because the number of TS configurations, {n*}, increases
exponentially with the number of degrees of freedom. Enumeration of all possible configu-
rations for even 3 or 4 degrees of freedom is very computationally expensive.?3 For larger

34736 and its implementation for parallel

systems, one can use the Wang-Landau algorithm
architectures®” to obtain an approximate density of states and tunneling probability. Gen-
erally speaking, even with these methods, the FD SCTST can quickly become too expensive
when studying relatively large systems. It is therefore desirable to develop an approximate
method based on the principle of SCTST, but scales better with system size. We first discuss
here the one-dimensional approach, which has been applied to various reactions, including H
abstractions, 243238 H exchange,* and unimolecular H transfers.4%#! In Section 4, we shall
explain the limitation of this method and suggest possible solutions.

To simplify the FD SCTST expression of rate constants in Eq. 6 into the 1D SCTST

equation, three approximations are made. Firstly, the reaction mode is assumed to be decou-

pled from the other bound vibrational modes. This allows the separation of the summation
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in CRP calculation from the integration over energy in the rate constant calculation. We

have

i) =128 [ gy ) eo-sma (16)

Here the CRP is replaced by the ground state reaction probability, Poy(£,) and the total
partition function of the TS, Qanh( ) now includes the anharmonic vibrational partition
functions for all the bound modes.

The second assumption utilises the relationship given in Eq. 3 that we assume all the
bound vibrational modes in both TS and reactants can be treated harmonically. The rate

constants equation can then be written as

1 QHT)

) = 5 R )

/ Proy(Ey) exp(—BE,)dE,. (17)
Ethresh

It should be noted that in the calculation of Py, the harmonic ground state energies are
used. Following Eqs. 13 to 15 and the approximations given so far, xpr and Gy are the
two required parameters to compute this rate constant. In a FD VPT2 calculation, they are

given by

2 2
w; Awp — w;

F
D) (18)
i=1

.Z'FF:16 2( :

and
h frrppr  TH® fFFF 3h? fiis

Gy = — _ ik
64 w? 576 wh 64 = (4w? — w2 )w?

2 2
h ijF

[(wi +wr)? = wi][(wi —wp)® — W]’

(19)

i<j<F
where frrr and frrpr is the third and fourth order derivative of the PES with respect to the
reaction mode, respectively. fi;r and f;;r are the coupling third order derivatives between
the reaction mode and bound modes. The computation of these derivatives using ab initio

calculations can still be considerably expensive.
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To further reduce the computational cost of the calculation, in the final approximation of
1D SCTST, we assume that all coupling terms in the third order derivatives are 0 between

the reaction mode and the bound modes. Therefore, in 1D SCTST, we have

1D h 5fFFF

TP = oz rrEr = T

); (20)

and

h fFFFF 7h2 f2
D _ Y . FFF 21
G0 =5 w? 576 wh (21)

Now, it is clear to see that all the additional cost of a 1D SCTST to a standard TST is the
computation of frrr and frppp, which can be easily done using numerical differentiation of
single point energies at geometries displaced along the reaction mode. At a minimum, only

four single point energies are required, in addition to a standard TST calculation.
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Figure 2: Application of FD SCTST and approximated SCTST to the H + CH;, — H, +
CH, reaction.

We show, in Fig. 2, the rate constants for the H + CH, — H, + CH, reaction calculated
using the different level of approximations discussed here. It can be seen that the rate

constants calculated after the first two levels of approximations show very good agreement
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to the FD SCTST results. The simplest form of 1D SCTST agrees well with the FD SCTST

for temperatures above 300K, but underestimates the rate as temperature decreases.

2.3. Deep tunneling
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Figure 3: DT corrections to the SCTST calculations for the H + CH, — H, + CHj reaction.
(a) the comparison between DT corrected barrier and VPT2 barrier, (b) the comparison

between the DT corrected FD and 1D SCTST rate constants.

In reaction rate constant studies, deep tunneling refers to reactions proceeding at energies

well below the barrier height. At 200K, the simplest 1D SCTST typically underestimates the
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rate constant by ~ 30 times when compared to the FD SCTST. This underestimation is a
result of the VPT2 expansion of the potential around the TS being inaccurate in the reactant
and product asymptotic regions. This problem has been discussed in great detail in Ref. 42.
A solution given by Wagner et al.? is referred to as the deep tunneling (DT) correction to
the SCTST in the current work. In the DT correction, the reaction potential is approximated
by a piecewise continuous function comprised of three asymmetric Eckart segments chosen to
match the forward and reverse barrier heights, the reaction mode frequency and anharmonic
constant. The segments are also chosen such that the barrier is continuous and smooth at
all times. In order to apply the DT correction to the SCTST, the reverse barrier height of
a reaction is also required3*4?

We show in Fig. 3(a) the 1D VPT2 barrier and the DT corrected barrier for the H +
CH, — H, + CH; reaction, the three pieces of the DT corrected barrier are marked with
different colours. The rate constants with and without DT correction are shown in Fig. 3(b).
The DT corrected 1D SCTST has a much better agreement with the FD SCTST at low
temperatures. It is also interesting to note that the DT correction has a greater impact on

the 1D calculation than the FD one.

3. Derivation of SCTST-0

3.1. General derivation

In the previous section, we discussed the most common way of deriving SCTST as well as
practical simplifications of the FD SCTST within the reduced dimensionality framework.
However, this derivation can become complicated or even break down when a more accurate
potential function is applied.?>** For example, when a VPT4 potential is used rather than
the VPT?2, the relationship in Eq. 13 is obtained by solution of a cubic equation in #4344

and higher orders of perturbation theory would require analytical solutions to higher order

polynomials, which do no exist in general. In this section, we discuss an alternative formula-
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tion of SCTST proposed by Miller and co-workers,*> which we shall refer to as the SCTST-4
in this paper. This formulation allows for any potential F(f) to be used and provides a more
flexible and intuitive framework to view the SCTST.

In Eq. 6, the integration is performed in the energy domain. Miller and co-workers®

suggested that the same integration can also be done in the barrier penetration integral, 6,

domain. The FD SCTST is then given by

kep scrst—o(T) = de, (22)

1 Q¥(T) /_OO exp[—BE,(n*,0)] OE,(n*, 0)

h QR (T ) e 1 + exp(260) 00

where E,(n*,01) = Eiyesn. Performing the integration by parts, we get

_ exp[—BE, (n*, 01)]

~ exp[—BE,(n}, 0)] OE,(n*, 0) bz sech2 i
/9T 1+ exp(26) e [ eXp(20T 5 / 0 expl o, )00
thres or h2

We note that the first term of the right hand side of the equation is the Boltzmann weighted
reaction probability at energy threshold, Eiy esn, Which is negligible compared to the second

part of the equation.*® Eq. 22 can be reduced to

o o1 sech?
hensorse-aT) = s e Z/ D epl-smt o). (23)

} —00

In order to use Eq. 23, it is only necessary to know the potential energy as a function of

6 , and no inversion is required . As shown in Eq. 12, in VPT2, E,(n*,0) is given by

0 0
Ev(niv 0) = A‘/f(anh), {ni} — Q{ni}(;) - xFF(;)Q (24)

It should be noted that the FD SCTST rate constant given in Eqgs. 23 and 24 is mathe-
matically equivalent to the original formulation in Eq. 6, and hence it does not reduce the

computational cost.
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In this formulation, the 1D SCTST approximations become very easy to understand. The
first two approximations simply remove the anharmonic terms apart from zpp from Eq. 24,

we then have

F—1
hwr 6 0
E\°(nt, 0) = AV; + Go+ > hwj(n; +1/2) — TF(;) - xpp(;)2. (25)
j=1

Substituting this into Eq. 23 and extracting all the bound vibrational modes of T'S from the

integration, we get

" F-1
b sersr_o(T) = 35 ) S exp{~AAV; + Y- sl + 1/2)])
nt) =1
v goch? Wg 9
x/" O expl-(0 ")~ aen(Dy1an. (26)

The summation term is now simply the vibrational partition function of the TS, so the 1D

SCTST rate constant equation can be written as

kip scrst—o(T) = krgr(T)kin(T), (27)

where the tunneling correction, x1p(7), is given by

Ot 2
(1) = [ S explpna s, (28)
with
hwg 0 0
anh(1D) — __F M )2
B0 9) = Gy~ "0y Oy

It is clear to see that in order to carry out the 1D SCTST calculation, one only needs GGy and
T rr, the acquisition of which has been discussed in Section 2.2. Note that although in Eq. 28
the tunneling is seemingly independent of the reaction barrier height, 61 still must satisfy

E,(n*,01) = Eipresh, for which the barrier height is required. The relationship between O
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and Finresn Will be discussed in detail in Section 3.2.

3.2. Parabolic Limit

In the parabolic barrier limit (zpr = 0), Eq. 28 becomes,

o7 2 .
o) = [ 0 e g (29)

—0o0

This integration can be performed analytically:

sech?(#) 70 exp(Z2) T T
T exp[—]dl = [ 20) ,Fi(1, 1 2 . — exp(—2
/ 5 exp[ﬂ']de 2(7’—1—27?)[ Texp(20) 2 F1(1, +27r’ +27r’ exp(—26))
(7 +27) L1, 5,1+ 5~ —exp(20)) + tanh(6)]  (30)
27 2m
where 7 = —ifhwr and oF} is the hypergeometric function. Note that this integration is

performed as indefinite integral. If the upper limit of the integration is chosen to be 400, then

under the condition0 < ifhwr < 2w, Eq. 30 reproduces the Wigner tunneling correction, 6

liHo(T)Ez — “W(T) . Zﬂth/Q

S /2] .

When ifhwr = 2w, the corresponding temperature is often referred to as the crossover
temperature, T, at which the Wigner correction diverges.

It should be noted, however, for most chemical reactions, 1 in Eq. 29 is not +oo. To
calculate 61, one can simply solve a linear function of # based on Eq. 24 with only the
harmonic terms,

h
Avfo - %UF QT = Ethresh~
(¥

For an exothermic reaction, Finesn = 0, while for an endothermic reaction, Eijresn = AVfO —
AV?. Here AV? is the adiabatic reverse barrier. Therefore, in order to compute the tunneling

correction given in Eq. 29, one does not need any more ab initio calculations in addition to

17



the standard TST.
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Figure 4: Comparison between Wigner, modified Wigner, 1D SCTST, FD SCTST and
standard TST rate constants for the H + CH, — H, + CHj reaction.

A comparison between the calculated rate constants using the methods discussed so far
in this work for the H + CH, — H, + CH, reaction is shown in Fig. 4. The reaction is
exothermic, T, is ~ 375.6 K , and 6t for the modified Wigner rate is ~ 8.718. We can see
that, as expected, the Wigner rate constant diverges when approaching 7.. Although the
modified Wigner result (dashed green curve) continues for 7' below T¢, it significantly over
estimates the reaction rate. This is easily understood by comparing Eq. 29 to Eq. 28. zpp
is negative for this reaction, which results in a smaller area under curve for the integration
for the 1D SCTST than the modified Wigner. Equivalently, a negative zpp leads to a wider

barrier than the parabolic one.

3.2. Deep tunneling and VPT4 in the SCTST-6

In the last section, we derived the SCTST-# proposed by Miller and co-workers*® and showed
how to implement the 1D SCTST in this framework. We now turn our focus to the key

relationship, F, as a function of . The VPT2 expression is given in Eq. 24. In Fig. 5 we
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graphically show an example of this for the CH;+CH, reaction in the 1D approximation.
VPT2 is based on a quadratic expansion of the surface about the TS, and hence is expected
to be accurate for 6 ~ 0, since # = 0 corresponds to the T'S. The upper integration limit of
the SCTST-6 formula, O1, corresponds to the minimum value of E,, E,;,. For 8 > 01, E,
is not physically meaningful. In principle, this minimum value of F, should equal to Fipresh,

given by

0 for symmetric or exothermic reactions
Ethresh =

AVy — AV, for endothermic reactions

where AV, is the reverse barrier height. However, in the VPT2 calculation, E,.;, is often
a poor approximation for Fin.esn. In Fig. 5, we have F. > Fiywesh = 0. The VPT2
expression therefore ignores tunneling for Fiesn < E < Eni, and thus underestimates the
rate constants significantly at low T. This problem has been identified by Wagner et al.*?

15,42

Numerous works 4 have been devoted to improving the SCTST in the deep tunneling

regime. Here we discuss two methods and their implementation in the SCTST-6 formula.
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Figure 5: Plots of (a) the VPT2 barrier and (b) E, as a function of 6 for the CH; +
CH, — CH, + CH; reaction.
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The first method is to use a higher order perturbation theory, for example VPT4. Here
the energy is given by
E(ni,e):%+G—W€—X(€)2+Y(€)3 (32)
T ™ ™
where Vj is the {n*} state dependent potential barrier height, G is the anharmonic correction
to the potential, and W, X, and Y are given by complex, but analytical functions of up to
sixth order derivatives of the PES at the transition state, as derived by Stanton et al.** Note
that in the original SCTST, Eq. 32 would need to be solved for #, requiring inversion of a
cubic equation. This is no longer necessary in SCTST-6, and the VPT2 expression in Eq. 23
can simply be replaced with its VPT4 counterpart. Moreover, it is trivial to extend this to
even higher order perturbation theories, which would not be possible in the original SCTST,
owing to having to invert a quartic (or higher order polynomial) analytically. This has been
shown to improve behaviour in the deep tunneling regime for the colinear H + H, reaction,
and several one-dimensional analytical potentials.? It is clear, however, that this approach
requires significantly more ab initio calculations, in order to determine the fifth and sixth
order derivatives of the potential. Within the one-dimensional approximation this becomes
tractable, but still a significant expense.

.42 as discussed in section 2.3.

A more efficient solution was determined by Wagner et a
This correction can be much more easily implemented and understood in the SCTST-0
framework. In this case, the energy is effectively expanded to a fourth order polynomial in 6,
where the first two coefficients are as determined by VPT2, and the third and fourth order
coefficients are chosen such that the forward and reverse barrier heights are correct, and that

the slope of E(0) is zero at the reactant energy. An additional parameter 6.y, is required,

which is equal to the barrier penetration integral at £ = 0 This is calculated numerically
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using Eq. 33, and the composite potential discussed previously.

bue = Vom0 [ /Ty (33)
E(0) is then given by:

0 A%
E(n*,0) =AV; — hwy, — — happ ( )
7r

™

[ (O Orma \
+ 3wni + 2$FF - 4AVT
™ T

0 3
<9max> (34)
i 9 9 2 4
— 2wk, () 4 app () 3AV, i
AN T O max

If an exothermic reaction were studied, then AV, in the coefficient of the third and forth

terms of ¢ should be replaced by AV}. It is also interesting to note that this equation is akin
to a VPTG level expansion of energy, as it contains 6 terms of the third and fourth orders.
However, the coeflicients of these terms in this equation are not derived from information at
the TS, as one would have done in VPTG, instead they are chosen specifically to correct the

energy threshold problem.*?

3.2.1. Application of SCTST-¢

To illustrate the features of SCTST-6 discussed so far, we apply the various methods to
the symmetric H-transfer reaction, CH,+CH; in one-dimension. The ab initio calculations
were performed at CCSD(T)//MP2/aug-cc-pVTZ level of theory. The VPT4 coefficients
were determined from derivatives obtained from a sixth order polynomial function fitted to
a total of 21 single point energies at the TS and the displaced geometries along the reaction
coordinate. This method was able to reproduce previously calculated VPT2 coefficients® to
good accuracy, as shown in Table. 1.

Fig. 6(a) shows how E, varies as a function of 6 for VPT2, VPT4 and Wagner’s DT

correction. Note that here, Eipesn = 0. Wagner’s DT correction behaves correctly by
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Table 1: VPT2 and VPT4 constants calculated using a fit to a sixth order
polynomial, and as calculated previously using Richardson extrapolation. Values
. -1

in cm

6th Order Polynomial Richardson Extrapolation3® Difference
G —81.645 —78.82 4%
X —326.58 —315.36 4%
Y —55.59 — —

construction, however both the VPT2 and the VPT4 fail to produce E.;, = 0, the correct
deep tunneling behaviour.
The 1D SCTST-0 rate constants calculated using these three methods are shown in

8 we can see that

Fig. 6(b). By comparison to results obtained from a 2D QRS calculation,?
the DT corrected VPT2 rate constant has the best agreement to the QRS for the entire
temperature range. Both VPT2 and VPT4 underestimate the reaction rate, especially at
temperatures below 300K, where deep tunneling has a more significant contribution to the
reaction. This result is in agreement with our prediction from the F, vs 6 plot in Fig. 6(a).

It is also interesting to note that for this particular reaction the VPT4, having greater E,;,

than the VPT2, has a worse behaviour in the deep tunneling regime than the VPT2.

In previous studies, **** VPT4 has been shown to improve behaviour in the deep tunneling
regime, in contrast to what we observe here. In these works, only one-dimensional potentials
were studied. Whilst our results suggest that VPT4 will improve the description of a one-
dimensional, Eckart-like potential, this may not be true of a multidimensional, complex
potential seen in real chemical systems. Accurately determining the threshold energy from
derivatives at the TS requires substantial knowledge about the intermode couplings, since
these couplings have a severe impact on the reaction path away from the TS. Thus one
expects only a very high order of perturbation theory could correctly describe the deep

2 is a more efficient way to

tunneling regime. It is thus clear that the method of Wagner*
ensure the behaviour is correct, without requiring detailed knowledge of these couplings. In

fact a similar treatment can be implemented to the VPT4 calculation, in which case, terms
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Figure 6: Application of 1D SCTST-0 to the CH; + CH, — CH, + CH, reaction. (a) Plot
of the VPT2, VPT4, and DT corrected E, as a function of theta and (b) plot of calculated
reaction rate constants compared to a 2D QRS result.?8
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of the fourth and fifth power of # can be added to Eq. 32 to specifically correct the E,;, so

that Fnim = Finesn- This may lead to slightly more accurate results.

4. Application to complex systems

4.1. Internal Rotations

Internal rotational (or hindered rotational, HR) degrees of freedom must be treated carefully
in any normal mode analysis. They behave as harmonic oscillators at low temperatures, but
as free rotors in the high temperature limit - yet there is no simple analytical expression for
their exact partition function. Moreover, internal rotations can lead to anomalous coupling
terms in a FD-VPT2 treatment, a result of their motion being poorly described by Carte-
sian (as opposed to internal, curvilinear) coordinates. Their careful treatment is especially
important for reactions in which an internal rotation is present in only one of the reactant
or product states; in this case, there can be no cancellation of errors when the ratio of
the partition function is taken in order to calculate the rate constant. Several approximate
treatments for internal rotational DOFs have been suggested. ‘™% Here, we focus on simple

one-dimensional treatments.

An initial assumption is that the HR is separable from the other degrees of freedom. This
can be verified by observing a small change in normal mode frequencies when the internal
rotor is projected out of the Hessian matrix, and is often found to be valid, owing to the
significantly lower frequency internal rotors typically have.?® This separation allows for the

HR to be treated with a simple 1D partition function treatment.

Truhlar and coworkers® have suggested treating a 1D internal rotation by fitting the
rotational energy potential to a cosine Fourier series, from which the partition function is

given by a sum over the eigenvalues of the system. This ‘eigenvalue summation” method
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requires the 1D torsional PES.

Truhlar et al.’ have also suggested an approximate 1D partition function that moves
smoothly from the harmonic (low temperature) limit, to the free rotor (high temperature)
limit. This is illustrated in Fig. 7 for the rotor in the H;C—H—CH; transition state. No
additional ab initio calculations are required. The effects of this treatment on a reactive
system were tested by Burd et al.,?® who showed that this provides a qualitative difference
to the simple harmonic oscillator approximation, and gives excellent agreement with the

eigenvalue summation method, as shown in Fig. 8 (a).

35F 7

= Harmonic Oscillator J/ |
——- Free Rotor //
3.0f —— Hindered Rotor J/

25t

20
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0.5}

0.0}
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T/IK

Figure 7: The ‘tanh’ approximation moves smoothly from the harmonic oscillator partition
function at low temperature, to the free rotor partition function at high temperature. Here,
parameters used were from the H;C—H—CH;, transition state rotor. It is clear the harmonic
approximation is very poor above 100 K.

Accurate HR treatments are important even for reactions in which both reactant and
transition state have internal rotational DOFs. The reaction of H with methanol in the gas

phase has been the subject of extensive experimental and theoretical studies.3%°17%6 A recent
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study3® showed the harmonic approximation leads to significant errors, and worse agreement

with experiment. This effect is shown in Fig. 8 (b).

Whilst the 1D solution to hindered rotor treatments is straightforward, their treatment

in a FD-SCTST calculation less simple, as they cannot be treated as seperable from other

degrees of freedom. A treatment by rectilinear (Cartesian) normal modes can lead to un-

physically large couplings between it and other modes,%"% but a more sophisticated method,

utilising curvilinear coordinates, is not currently routine. It is likely that more error is intro-

duced by including a hindered rotor in a VPT2 calculation, than by projecting it out of the

hessian matrix and treating it in one dimension. This leaves an (F-1) dimensional SCTST

calculation.
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Figure 8: Rate constant comparisons using three treatments of the hindered rotor.
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4.2. Application to degradation of nerve agents

Experimental studies on Chemical Warfare Agents (CWAs) can be difficult to accomplish due
to the toxicity of the compounds and also must follow regulation under the Chemical Weapon
Convention (CWC). Computational works on CWAs of course do not have the safety issues
but face a different challenge, the size of the molecule.*®% For instance, in our recent study
of reactions of the nerve agent VX with simulants, O, S-diethyl methylphosphonothiolate
with 22 atoms (which is approximately half of the size of VX consisting of 42 atoms) has
7 internal rotation sites, 4 of which can produce conformational isomers. In this kind of
situations, where multiple HR’s are found in the system, approximate treatments to the
HR partition function are available.4"5%7%7 The most widely used method*”™ is based on
extending the ‘tanh’ approximation shown in Figs. 7 and 8 to a Boltzmann weighted multi-
structural calculation. We recently showed how to implement these methods in SCTST
calculations, %% in particular to 1D SCTST. The 1D SCTST has a natural advantage in
adapting these types of improvements on partition function calculations, since the tunneling
correction in 1D SCTST is based on the potential energy profile along the reaction mode
vibration, which is easily separated from the HR modes. Recently, in a combined theoretical
and experimental study° of the thermodecomposition of the nerve agent sarin, 1D SCTST
with multidimensional HR treatment was successfully applied. The calculated and measured
survival percentage of sarin after 0.5 s of reaction time is presented in Fig. 9. The 1D SCTST
shows excellent agreement to the experimental results. In addition, comparing to the TST
results, we can see that even at relatively high temperature (between 600 and 775K as shown

in the figure), quantum tunneling plays an important role in reaction dynamics.

4.3. Application to atmospheric reactions

Recent work in our group*!' studied the application of SCTST to the unimolecular decay of

72,73

Criegee Intermediates (Cls). CIs play a significant role in atmospheric chemistry, and

their decay is thought to be a significant contributor to the OH budget in the atmosphere. ™
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Figure 9: Plot of sarin percentage survival after 0.5 s reaction time vs temperature.
Reprinted with permission from Ref. 40
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Figure 10: Unimolecular decay pathways of the Criegee intermediate.

As a result, the reactivity of these species has been the subject of extensive experimental

and theoretical studies in recent years.” 8!

ClIs are typically formed in the atmosphere by the ozonolysis of alkene species. They can

then react in a number of different ways, either bimolecularly with ‘Criegee Scavengers’ 78286

8788 or react unimolecularly.®®% One possible unimolecular de-

or with other CI molecules,
cay, shown in Fig. 10 (a), is a key step in the generation of OH radicals, and so is of
particular interest. This reaction can be catalysed by a single atmospheric water molecule,

Fig. 10 (b), although the significance of this pathway under atmospheric conditions is not
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well understood. The application of SCTST to this system provides insights not only into
the atmospheric chemistry of Cls, but to the applicability of SCTST in reduced dimensions
to the reactions of complex systems.

Thermal rate constants for the two processes shown in Fig. 10 were calculated using
SCTST in full- and one-dimension, as described in detail by Ref. 41. Single point energy
calculations were performed at the CCSD(T)//MP2/cc-pVTZ level of theory. For optimising
transition states, a tight convergence criteria was used.

The results showed good agreement between 1D-, FD- and experimental rate constants
for the uncatalysed process, as shown in Fig. 11. At 298 K, the 1D and FD rates differed
by just 38 %. The addition of a water molecule to the transition state reduced the bar-
rier height from 68 kJmol™! to 33 kJmol™!. In contrast to the uncatalysed reaction, the
catalysed rate had significantly worse agreement between 1D and FD rates, differing by a

factor of twelve at 200 K. In this case it is clear couplings between modes cannot be neglected.
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Figure 11: Results for the methylated, uncatalysed decomposition reaction. Comparison of
experimental measurements (Chhantyal-Pun® and Smith®?) and other theoretical results
(Long)? with TST and SCTST in full and one dimensions (this work). The inset shows
more clearly the comparison of this work to experiment. Reprinted with permission from
Reference 41 (Phys. Chem. Chem. Phys. 2018,20, 25224).
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Using the FD expression for xpp, given in Section 2 in Eq. 18, in place of its one-
dimensional approximation, can be used to incorporate some anharmonic effects in a cost
effective way. The additional derivatives required can be obtained from the calculation of
two Hessian matrices, displaced along the reaction coordinate This partially accounts for
mode couplings, whilst maintaining the harmonic spectator mode treatment. The results,
shown in Fig. 12 shows this clearly recovers a significant amount of the tunnelling, but
discrepancies still remain. In the next section we discuss performing SCTST in higher

dimensions, 1 < d < F to obtain FD quality results, with significantly less computational

effort.
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Figure 12: Comparison of FD-SCTST, 1D-SCTST and 1D-SCTST using the FD value of
rrr for the unmethylated, catalysed reaction. Reprinted with permission from Reference 41

(Phys. Chem. Chem. Phys. 2018,20, 2522).

4.4. RD SCTST

The contribution of each mode to the tunnelling process in the FD calculation can be inves-
tigated by studying the values of z;r, as shown for the two Criegee transition states, in Fig.
13. These are calculated only in the FD treatment. It is clear that many of the spectator
modes do not couple strongly to the reaction mode, and thus their inclusion in the FD model

has little effect on the result. In particular, for the uncatalysed reaction, only one bound
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mode is seen to interact strongly with the reaction mode. This suggests that whilst the
1D- model may be inadequate, the FD- model is inefficient as much computational time is
spent calculating coupling constants that are close to zero. RD-SCTST seeks to bridge this
gap, by treating some, but not all, of the bound modes anharmonically and coupled to the
reaction mode. In this way, key couplings can be included, but no time is wasted including
modes that are unimportant. RD-SCTST calculations are potentially much more efficient
than FD-SCTST, as long as the significant modes can be identified in advance, cheaply. Here

we will use the term RD- to refer to reduced dimensional methods other than 1D-SCTST.
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Figure 13: Comparison of values of z;r for the catalysed and uncatalysed reaction. The
reaction mode anharmonic constant (zpp) is highlighted in red.

In principle, RD-SCTST can use any set of degrees of freedom as a basis to form the active
space; previous studies have used a bond-breaking and bond-forming bond length basis to
perform a two-dimensional calculation for simple hydrogen abstraction reactions.'”?* In this
work we use the transition state normal modes as the basis for the active degrees of freedom
for simplicity; we will see this allows for straightforward identification of strongly coupled
degrees of freedom, and can reduce the number of ab initio calculations required.

For a d-dimensional calculation, normal modes of the transition state can be divided into
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d active modes and F-d spectator modes:

41
Spectator Modes
Vp—d
V= {
VE—_d+1
Active Modes
vp

The active modes are comprised of the reaction mode, and the d — 1 ‘transition’ modes.
Spectator modes are treated harmonically, as in 1D-SCTST, and so only contribute to the

rate through their partition function.

RD-SCTST presents two unique challenges - determining which modes are significant
without calculation of the full anharmonic coupling matrix, X, and ensuring a consistent an-
harmonic treatment of reactants and products. These are discussed in turn in the subsequent

sections.

4.4.1. Selecting Active Modes

Unlike 1D or FD calculations, to perform an RD-SCTST calculation, special care must be
taken to decide which, and how many, degrees of freedom to treat as active modes. A
poor choice of active modes can lead to wasted computational effort, or introduction of
errors that are fortuitously cancelled in a one-dimensional calculation. Adding in a single
transition mode may also over compensate in one direction, and give a worse result than the
one-dimensional calculation. This is illustrated in Fig. 14.

Thus we seek a cheap, automated method to estimate the coupling of each mode to the

reaction mode using, for example, data available from a one-dimensional calculation. A
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Figure 14: How reduced dimensionality calculations can go wrong, by comparison to mod-
elling a tug-of-war. If the tug of war is close, the 1D model (with no players) is more accurate
than the RD model (with one player pulling in one direction). In the same way, including
some modes but not others in your calculation can give you the wrong answer. Here, the
one-dimensional result is accurate due to a cancellation of errors in the full-dimensional
calculation - this is lost in the two-dimensional calculation.

direct way to determine the significant couplings is to study the semi-diagonal fourth order
derivatives, frr;i, and third order derivatives of the form fz;;, which are available from just
two Hessians, at geometries displaced along the reaction coordinate, using a method similar
to that of Barone:?!

Hi(0QF) + Hii(—6Qr) — 2H;;(0)

frrii = 502 (35)

and
Hi;(6Qr) — Hij(—0QF)
20Qp

frij = (36)

where H,;(0()) is element (i,j) of the Hessian matrix calculated at a geometry displaced
from the transition state by a distance d(). Note this calculation is significantly cheaper
than calculating the 2F Hessians required for a FD calculation.

Using these, and the harmonic frequencies, x;r can be approximated by z " ™

 dwiwr (@it wp)” = 3] [(wi — wr)” — ]

r 2f2 2 w2 — w2
x?lgprox o 1 (fmFF + Z ijF (wzQ W w]) 2} ) (37>

=1
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which serves as an approximation to the exact expression:

F

1 & fiij firr 2 ZQJF (w +wi — wJQ)
iF = #WFF — — 38
TiFp 40.}in (.f FF ; Cu'f + Z (,JZ i WF - wj] [(wl B WF)2 . WJ2:| ( )

j=1

where the term in red is not present in 2 p""™*

In Fig. 15, we show that an analysis of the transition states for the catalysed and
uncatalysed Criegee decays, -« provides an excellent approximation to z;r, and clearly
allows for the most significant modes to be distinguished.

Once the key modes have been identified, displaced Hessians along these modes are
calculated, allowing for the full calculation of x;; and x;r terms, using derivatives calculated

in the same way as in Eqgs. 35 and 36. The anharmonic matrix can thus be constructed using

Eq. 38 and:

h? L f2;8w? — 3w?
Lii = W ( didi Z 2 m (39)

j=1 J i J
As illustrated in Fig. 15, for the uncatalysed reaction, this procedure clearly identifies a
single mode is significant (w = 1875cm™!). For the catalysed reaction several modes are

identified as significant (w = 1745, 1633, 1264, 1650, 1203, 886 cm™!).

4.4.2. Consistent Anharmonic Treatment

Once the significant modes have been determined, the way in which their anharmonicity is
included must be considered. As the rate is calculated by taking the ratio of vibrational
partition functions of the transition state and reactants, anharmonicity must be treated in
an equivalent way in both systems in order to ensure the associated errors cancel as much
as possible, as shown in Eq. 3 and Fig. 1(b).

The most rigorous way to perform an RD calculation is to isolate the (F' — d) spectator
degrees of freedom through a curvilinear projection®® in the TS, and their projection onto the

reactant state. This leaves a system with d -degrees of freedom with which a d-dimensional
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Figure 15: Using derivatives available from just two hessian calculations, x;» can be approx-
imated using Eq. 37. This allows the significant modes to be identified. Here, modes of the
uncatalysed TS are in red, and modes of the catalysed TS are in blue.

SCTST calculation can be done in much the same way as a FD-SCTST calculation is done
normally. This method does not limit RD calculations to using a normal mode basis, but
could be implemented using, for example, a ‘bond-breaking’ and ‘bond-forming’ DOF basis
for a 2D calculation.

Whilst theoretically rigorous, this method may be less convenient than others. It requires
further Hessians to be calculated in the reactant state, in order to account for anharmonicity
of the projected modes. Moreover, this becomes a less simple extension of 1D-SCTST,
which is the desired outcome. The normal mode basis is also a convenient way to look at the
reaction for when it is not clear a priori what degrees of freedom may be relevant. Choosing
an orthogonal basis (unlike bond stretching bases) also allows for systematic inclusion of
more modes, where each can build directly on the computation of the previous result.

When only a few modes are to be considered active (d < F) it is likely the error in
treating these modes anharmonically in only the TS will be small. This is especially true

in bimolecular reactions if the active modes partially or completely project onto degrees of

35



freedom in the reactant state which correspond to relative translational /rotational degrees of
freedom (whose contribution to the vibrational partition function is zero). Such modes are

illustrated in Fig. 16 for the H;C—-H—CH, transition state. In this work we have adopted

R
o ®

Figure 16: Some modes that correspond to relative translational and rotational modes in
the reactant state.

this simplified approach.

@-@

4.4.3. Results

SCTST calculations were performed in RD for the two Criegee decay reactions using the
modes determined as most significant by the method described in section 4.3.1. The results
are shown in Fig. 17

From Fig. 17 (a) it is clear that adding in just a single bound mode gives a significant
improvement to the rate. Whereas 1D SCTST is a factor of three smaller than the FD
rate at 200K, the 2D calculation differs by just 40%. As expected, adding in the next most
significant modes to the active space has only a small additional effect on the rate. For the
catalysed reaction, multiple modes contribute significantly to the tunnelling process, and so
a number of modes are required to achieve a similar accuracy to that of the uncatalysed
reaction. The six-dimensional reaction lies within 30% of the FD rate at all temperatures

evaluated.
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Figure 17: Effect of including additional degrees of freedom in the tunneling calculations.
The modes selected are those with the largest values of z;p.
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The development of RD-SCTST provides an extremely powerful tool for calculating
SCTST rate constants in an efficient way, provided only a small number of bound modes

interact. Further work is required to determine how common systems like this are.

4.5. Understanding corner-cutting included in SCTST

Semiclassical rate theories are able to simplify the calculation of rate constants for multi-
dimensional reactions by defining distinct tunnelling pathways through which the reactive
flux is calculated. The height and width of the pathway barrier very sensitively determines
the tunnelling probability. The way in which these paths are determined from a multidi-
mensional PES varies between methods. A simple choice of pathway is the minimum energy
path (MEP) from the reactant to product configurations, as illustrated in Fig. 18 (a), which
is easily determined from a steepest descent calculation from the TS. It is well known that
tunnelling through the MEP often underestimates reaction probabilities due to neglecting
corner-cutting effects. For reactions whose MEP exhibits large curvature, the reaction may
dominantly proceed through a path with a higher, but narrower barrier, ‘cutting the corner’
of the MEP. This effect, known as ‘corner-cutting’, is most significant for ‘heavy-light-heavy’
type of reactions, in which a light atom is transferred between two heavy centres.

The effects of corner-cutting on the dynamics of chemical reactions has been studied ex-

94102 where a key challenge is determining the location on the PES of the important

tensively,
pathways.

Truhlar and coworkers have developed methods to incorporate multidimensional tun-
neling effects in variational Transition State Theory (VTST), accounting for corner-cutting
effects. In the small-curvature tunnelling approximation (SCT), corner-cutting is accounted
for by reducing the effective mass of the reaction coordinate, equivalent to shortening the
tunneling path.?1931%4 The new effective mass is determined from the reaction-path curva-

97,98,101,105,106 ;

ture. The large-curvature tunnelling (LCT) approximation includes tunnelling
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paths that are straight lines that connect the reactant and product wells, as illustrated in
Fig. 18 (b). These paths can also connect configurations in different vibrational states.
In microcannonically optimised tunnelling VI'ST (xOMT), the tunneling is calculated as
the maximum of the SCT and LCT probabilities. Finally, the least-action tunneling model

(LAT) 195197 considers a large number of paths between the limits of the MEP and LCT paths.

Ring-polymer instanton rate theory?!% determines a single dominant tunnelling path-
way by finding the path that represents a saddle point in the ring-polymer action, shown
in Fig. 18 (c). The instanton can therefore be expected to accurately capture the corner
cutting effects of the potential energy surface. Whilst this typically requires knowledge of a
substantial part of the PES, recent advances, using machine learning methods, have reduced

the number of ab inito calculations substantially. %

In this section we show that SCTST can be interpreted as a sum of 1D-SCTST rate
constants, each corresponding to a different effective barrier height and width. These barri-
ers can be associated with distinct corner-cutting trajectories, as illustrated in Fig. 18 (d).

This interpretation gives a physical picture of how corner-cutting paths are incorporated into

SCTST.

The connection between FD-SCTST, and individual 1D-SCTST paths is clear from com-
paring the key formulae for the rate. In 1D-SCTST, the action variable of the F'*"' degree
of freedom can be written as a function of the Energy E,, the barrier height AV} and the

barrier frequency wg:

iwp + [~w? + dzpp (AV; + Go — E,)]Y?

010 (Ey. AV}, wp) =
1 ( FWE) =T Sy
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Figure 18: Illustration of how corner-cutting effects are accounted for in three semi-classical
methods
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In the case where the barrier height is replaced by an effective barrier,

VER, = AVy + Egy (41)
with
F F
By = Y _hw; (n; +0.5) + Y x5 (n; + 0.5) (n; + 0.5) + Go (42)
i=1 1<j

and the frequency replaced with and effective frequency,

F-1
(,U?;f}/ = W + Z xiF(ni + 05) (43)

i=1
the FD expression for € is returned:

1/2
—Q{n}/ + [Q%n}, +4drpp (AVf + Gy — E{n}/ — EU):|

eff eff o
elD(Eva ‘/{n}” w{n}’) =7 QxFF (44)

= Orp(Ey, {n}')

The state-dependant reaction probability is then given by:
Py (Ey) = (14 exp 201 (Ey, Vi, winy] )*1 (45)

and the cumulative reaction probability is given by the sum over all state-dependant reaction

probabilities at the energy F,:

N(E,) =) Puy(E,). (46)
{n}’

The FD rate can thus be interpreted as a sum over one-dimensional barriers, with an
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effective barrier height and frequency given by equations 41 and 43:

kep = kip (Vi wil) (47)
{n}’

where Eq. 47 is equally applicable to thermal and microcannonical rate constants. Each
effective barrier corresponds to a vibrational configuration of the transition state. As a
mode’s quantum number, n;, increases, the effective barrier increases as described by Eq. 41.
If x;r > 0, the corresponding effective frequency will also increase, representing a narrower
barrier. These distinct barriers can then be interpreted as corner cutting paths. This is
illustrated in Fig. 19, where barriers for a harmonic system is compared to a strongly
anharmonic system. In the harmonic case, z;r = 0, multiple paths are still summed over,

and each subsequent barrier is higher than the last, but no barrier narrowing is seen.

- n=20
,’ \\‘ —— ] = 1
ay ——— =2
\
> >
(@) (@)]
|- j -
9] 7]
c C
(Im| L
Reaction Coordinate Reaction Coordinate
(a) Harmonic case (b) Significant Coupling

Figure 19: Illustrative paths for different active mode quantum numbers

It is interesting to ask whether these distinct pathways can be located on a given potential
energy surface, in order to give insight about how the reaction proceeds. In general, this is
only possible on a surface for which VPT2 is exact. In 1D, this corresponds to a harmonic
oscillator, or a Morse potential. In multiple dimensions, however, the only simple potential
for which VPT2 is exact is an uncoupled harmonic oscillator function. For anharmonic

potentials, these paths do not exist on the ‘real’ PES, but rather on a ‘pseudo-surface’ for
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which VPT2 is exact, and whose third and semi-diagonal fourth order derivatives match

those of the ‘real’ surface.

5. Conclusion

Semiclassical Transition State Theory was first formulated in the 1970s by W. H. Miller and
the first realistic applications of the theory were made by Miller and co-workers in the 1990s.
However, it is only recently that the accuracy and power of this method for calculating
tunneling effects on chemical reaction rate constants has been fully realised.

Comparisons with quantum reactive scattering calculations have demonstrated the accu-
racy of the method, even for reactions such as H atom transfer between two heavy molecules
which have caused difficulties in the past. Furthermore the advances in quantum chemistry
methods have allowed for the efficient and accurate calculation of the required quantities that
are needed to apply the method - the second, third and fourth derivatives of the potential
surface at the transition state of the reaction. In addition, the recent work has shown that
only a small number of accurate ab initio computations are needed beyond those required in
applications of regular transition state theory. The method also has the distinct advantage
that a global potential energy surface does not need to be constructed.

This Feature Article has discussed some of the recent developments and applications of
the SCTST performed in our own research group. In particular, we show that a reduced
dimensional form of the SCTST is particularly efficient and reduces the required electronic
structure calculations to an absolute minimum. We also describe how an alternative formula-
tion of SCTST, called SCTST-6, has advantages in allowing for straightforward applications
of the SCTST for any form of the potential expansion at the transition state. When combined
with a deep tunneling correction, which imposes the correct exothermicity or endothermicity
on a reaction, this approach becomes particularly powerful.

We also describe some applications of the SCTST to more complex systems. Polyatomic
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molecules often have many internal rotations and torsions and we examine computational
procedures for dealing with these types of modes. We also describe some applications of the
method to tunneling in unimolecular reactions. A particularly timely application of relevance
to global security is to the degradation of chemical nerve agents, molecules which are very
difficult to study in the laboratory. Another application described is the unimolecular decay
of the atmospherically important Criegee intermediates which also occur through a hydrogen
atom transfer via a cyclic transition state. Here it is also shown that a single water molecule
significantly catalyses the reaction.

Using the Criegee intermediates as an example we also describe computational procedures
for examining when the reduced dimensionality approach is most applicable and how to select
the most active vibrational modes taking part in a chemical reaction. We also explain in some
detail why the SCTST works so well for H atom exchange reactions of the heavy-light-heavy
form where corner-cutting of the potential surface comes into play.

It has become clear that the SCTST is a very reliable and computationally inexpensive
approach for treating quantum mechanical tunneling in chemical reactions. The method
is a direct way of turning a minimal number of electronic structure calculations into rate
constants. It is an important addition to the repertoire of ab initio methods that are enabling

theory to make accurate and useful predictions on chemical reactions.
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