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In this thesis I discuss the nature of ‘measurement’ in quantum theory. ‘Measure-
ment’ is associated with several different processes: the gradual imprinting of infor-
mation about one system onto another, which is well understood; the collapse of the
wavefunction, which is ill-defined and troublesome; and finally, the means by which
inferences about unknown experimental parameters are made.

I present a theoretical extension to an experimental proposal from Leggett and
Garg, who suggested that the quantum-or-classical reality of a macroscopic system
may be probed with successive measurements arrayed in time. The extension allows
for a finite level of imperfection in the protocol, and makes use of Leggett’s ‘null
result’” measurement scheme. I present the results of an experiment conducted in
Oxford that, up to certain loopholes, defies a non-quantum interpretation of the
dynamics of phosphorous nuclei embedded in silicon.

I also present the theory of statistical parameter estimation, and discover that
a recent trend to employ time symmetric ‘postselected’ measurements offers no true
advantage over standard methods. The technique, known as weak-value amplifica-
tion, combines a weak transfer of quantum information from system to meter with
conditional data rejection, to surprising effect. The Fisher information is a powerful
tool for evaluating the performance of any parameter estimation model, and it reveals
the technique to be worse than ordinary, preselected only measurements. That this is
true despite the presence of noise (including magnetic field fluctuations causing deco-
herence, poor resolution detection, and random displacements), casts serious doubt
on the utility of the method.
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Nomenclature

Symbol || Meaning
|Y) || State vector (a pure quantum state)
p || Density operator / density matrix (a pure or mixed quantum state)
dij, 6(x —y) || Kronecker delta, Dirac delta
I1; || Projector
€ || A Hilbert space
d || Hilbert space dimension
H || Hamiltonian
t || Time
‘H || Hadamard operation / gate
U || (Unitary) time evolution operator / gate
I || Identity transformation / operation / gate
[A,B] || AB — BA (commutator)
e || just a placeholder
0. || Derivative with respect to e
P || Purity
K(e) || Kraus map
B; || Kraus operator
E; || Positive Operator Valued Measure (POVM) element
S || Shannon entropy
Dgr, Dy, Dp || Kullback-Leibler divergence, Hellinger distance, Bures distance
F, || Fisher information about e
H, || Quantum Fisher information about e
(o) || Expectation value of e
F¢, F || Classical fidelity, quantum fidelity
Pr(n) or P, || Probability mass function
p(z) || Probability density function
B, 1 || Magnetic field, magnetic moment
¢ || Imaginary unit
N || Number / ensemble size
Tr || Trace
04, 0y,0, || Pauli operators / matrices

The real numbers



Symbol

Meaning

0 and ¢

T17 T2

N

Kij or K(tl,t

<
~—

Angles on the Bloch sphere

A macroreal variable

Relaxation time, dephasing time

Sum modulo 2

Coupling constant / interaction parameter
Measurement strength

Two-time correlator

A, || Weak value
= || Attenuation function
* || Convolution product
a, B || Informational loss due to pixelation, or jitter
A, || Gaussian spread of the wavefunction in e space.
Jo || Gaussian spread of the noise in e space.
R || Resolution
x, k || Real space, momentum space
¢ || Venality
|mwva) || Weak-value ‘amplified” meter state
q || Probability of successful postselection
fua, feens fxs || Leggett-Garg, Bell, Kochen-Specker functions
Acronym || Meaning
NMR || Nuclear magnetic resonance
ESR / EPR || Electron spin resonance / Electron paramagnetic resonance
WVA || Weak-value ‘amplification’
LG(I) || Leggett and Garg (inequality)
AAV || Aharonov, Albert, and Vaidman
ABL || Aharonov, Bergmann and Lebowitz
SOS || Souza, Oliveira, and Sarthour
MR, NIM || Macrorealism, non-invasive measurability
SNR || Signal-to-noise ratio
QND || Quantum Non-Demolition
¢cNOT || Controlled-NOT operation / gate
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Chapter

Introduction

The scientific method concerns a continued effort to spot regularities in nature, in
order that future observations might be better predicted. If phenomena are to be
understood through natural laws, where general principles apply universally, every
datum from the laboratory must be accounted for by a theoretical model. By contin-
ued observation, the corpus of scientific testimonies is expanded, and the incumbent
theories are accordingly re-examined. More often than not, experiments confirm or
corroborate; but less frequently the results trigger a more profound re-evaluation of
empirical laws. Invariably, results do not match with prediction; but the discrepancy
can often be attributed to experimental imperfection, or at worst trigger a modifica-
tion of ‘auxiliary assumptions’ rather than the physical theory at hand [203]. Very
rarely, the scientific collective choose not to save the theory in this way, but instead
opt to discard it in favour of a completely new one.

Quantum theory, along with the theory of relativity, constitutes one of the major
advances of 20th century physics. The prevailing view of science is to explain from
the ‘bottom’ upwards: if biology is built upon chemistry, and chemistry in turn upon
physics, then the a revolution in physics is a revolution for all of science. The quantum
revolution was prompted by experimental data of the more disruptive kind; a tumult
of anomalous experiments demanded a fresh explanation of the microscopic world.
The theory, when it came, was profound in its departure from established concepts of
classical physics — which had reigned supreme since the time of Newton. It continues
to exhibit remarkable predictive power — not only subjugating the challenges presented
at the turn of the previous century, but also surviving extensive tests and trials for
the last one hundred years.

Quantum theory was founded to describe atoms and photons: the quintessential

quantum systems. In 1913, Niels Bohr suggested that electrons have discrete, or



quantized, energy levels. Since then, ‘quantum system’ has come to apply to a much
larger class of object; including molecules, artificial atoms and nanoscale mechanical
systems. In recent decades, applications of quantum physics have been proposed
which exploit its most mysterious qualities. Experimentalists around the world have
achieved exquisite control of quantum systems, bringing many gedanken-experiments
to life. Some of these stellar achievements were recently recognised in the 2012 Nobel
Prize for physics [I75]. Despite being more than satisfactory in this sense, quantum
theory is bedevilled by interpretational dissonance. It is difficult to interpret and
difficult to understand in a way that neither classical mechanics nor relativity theory
seem to be. More profoundly, there is a singular shortcoming in the formalism of
quantum theory that has resisted almost a century of efforts to improve upon it.

A complete history of quantum physics would include accounts of the crises
that preceded it (for example: the lack of a consistent model of the atom, and
the unexpected behaviour observed in the photoelectric effect), and also accounts
of how the theory was placed on firm mathematical foundations (through the work of
Schrodinger, Heisenberg, Dirac, von Neumann, and others). Such accounts may be
found elsewhere [12]. Instead, in this introductory chapter I shall attempt to intro-
duce only the important concepts necessary for an understanding of this thesis. The
main body of the thesis explores the notion of ‘measurement’ in quantum theory. The
objects of my study shall be some rather more modern experiments and theoretical
investigations (some of which I have devised, along with my collaborators): studies
that raise the same sort of interpretational and foundational questions as the famous
works of generations ago, as well as new questions relating to a prophesied age of
quantum technology.

Questions of the first kind evoke the possibility of post-quantum theories. One can
well imagine that given the somewhat paradoxical and surprising nature of quantum
theory, a successor was sought not long after its inception. In fact many factors
contribute to the pursuit of this (still elusive) goal: in particular the unification of
general relativity with quantum mechanics has yet to be achieved, and is strongly
suspected to require a radical revision of quantum mechanics. In this thesis we
shall nonetheless concern ourselves primarily with that inadequacy which embarrasses
quantum theory above all others. The inadequacy is known as ‘the measurement
problem’: various instances of it have been hotly debated for decades, but no clear
solution is yet agreed upon [176].

Questions of the second kind revolve around quantum information science: a

relatively young field originating in the 1980s. Its most famous proposition is the
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universal quantum computer: a machine that generalises the Turing machine (or
universal classical computer) by allowing for information to be processed with a new
kind of logic. This allows calculations to be performed in new ways which are known
to bring huge advantages in efficiency. This technology, and others like it, hold great
promise for the application of quantum theory.

These questions ought to be considered together. One should not consider the
foundations of a theory without recourse to its application; one cannot hope to realise
the most daring of technologies without a clear understanding of the fundamentals.
Whether a given experiment or protocol is exhibiting exclusively quantum behaviour,
rather than the more mundane classical behaviour is a quandary that unifies the
two research programmes. “This is genuinely quantum” or “that is purely classical”
are alacritous decrees; but both in the foundations of quantum theory and in the
motivation of quantum technologies one must take great care to fix the exact meanings
of such utterances. A simulation of an experiment on a classical computer is an
ever-present counter for any claim for ‘quantumness’. If a simulation is physically
impossible, or hopelessly costly, this is a clue that something special is occurring in
the experiment.

This thesis is organised as follows. In the remainder of the introductory chapters,
I introduce quantum theory, classical and quantum information theory (Chapter [2)),
and quantum measurement theory (Chapter [3)) — taking care to give full details of the
mathematics that will be required for an understanding of this thesis, but no more. I
shall, from time to time, try to give pointers toward interpretational issues, many of
which will crop up in the succeeding chapters. In Chapter[dI introduce macrorealism:
a class of alternatives to quantum theory defined by Leggett and Garg. I go on to
generalise their theory and present experimental data falsifying macrorealism in an
ensemble of phosphorus nuclei. I discuss how the results should constrain future
theories of physics. In Chapter 5| I introduce the time symmetric re-formulation of
quantum theory, and the related idea of weak-value amplification. In Chapters [0]
and [7] T show how, in a wide range of experiments, the technological advantages one
might expect to arise from the approach are non existent. A final Chapter concludes
the thesis.

1.1 Quantum theory

I begin with a presentation of the Copenhagen interpretation, the original, most

widespread and popular formulation of quantum theory. Other interpretations are
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available. The alternatives can appear, on the face of it, to be radically different to
the theory I will set out below. There are significant metaphysical differences. What
exists? What is merely a calculation tool? It is my intention in this thesis, as far as
is possible, to isolate the special features common to all interpretations of quantum
theory, irrespective of their particular ontologies.

Copenhagen quantum theory can be thought of, in essence, as the combination of

the superposition principle, quantum dynamics and wavefunction collapse.

1.1.1 The superposition principle

When an object is inspected, it is found in one of a number of mutually exclusive
possibilities. I refer to each of these possibilities as a ‘classical configuration’, or a
‘classical state’. The superposition principle states that a system generally inhab-
its all of its classical configurations simultaneously. To avoid making ontological
commitments, it is better to say that for each possible configuration that a system
may be found in, we must keep track of a certain complex number associated with it
in order to correctly predict which configuration the system will be found in at a later
time. ‘Correctly predict” should be taken in the statistical sense: we require only the
probability that the system is found in any particular configuration to be forecast. It
is simplest to first think of a system with a finite list of classical configurations.
Imagine, for example, a die. The six classical configurations of the die are labelled
by its uppermost face. An elegant notation from Dirac denotes each possibility with
a ‘ket’ |@). For the die we then have |1),|2),|3),]4),|5),|6). Nothing so far has been
exceptional. Application of the quantum superposition principle defines the quantum

state of the system, also written as a ket
) = aili), (1.1)

with ¢ an index that runs over the classical possibilities. The ¢; are complex numbers
or amplitudes, satisfying the normalisation condition ", |¢;|* = 1. We shall soon see
that this condition is really a statement about the conservation of total probability.

Note that, writing the coefficients in polar form
C; = riewi, (12)

the magnitudes of the complex coefficients multiplying each ket can be thought of as
‘weights’. The quantum state is smeared out over the classical configurations, but

may be more or less concentrated on one or another of them: the concentration being
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given by the relative weights on each ket. The reader will appreciate that there are an
infinitude of possibilities for [¢)): we might think of them as quantum configurations,
which are to be sharply distinguished from the classical configurations (at this point

being finite in number). Further, identify states which differ only by a global phase

e [¥) ~ [¢) (1.3)

for any ¢ € [0, 27]. We shall soon see that such states are physically indistinguishable.

Returning to our example of the die, we can think of the six possibilities (each
labelled with its own ket) as a basis for the system: in other words, each is an axis in
a six dimensional vector space. One equips the vector space with an inner product:

a way of combining kets to give a scalar. We write

(il ) = di; (1.4)
to express the orthonormality of the basis: the Kronecker delta has its usual meaning.
The complex vector space is now formally referred to as a Hilbert space 7. For a
system having d classical states, the dimension of the space is d. 1 have written (i

as the adjoint \z’)T: it is the ‘bra’ to accompany Dirac’s ket. One can also write the
quantum state ([1.1]) in a different basis

) =3I, (15)
‘Expanding’ the state in this way is equally valid: if the |i’) span #, one can expand
any quantum state by a linear combination of them. If the |i’) are orthonormal, they
are another basis for the Hilbert space. The freedom of expression here is analogous
to giving the state of a classical particle (for example) with reference to different
coordinate systems: as long as the transformation between coordinate systems is well
defined
i) = Vi) (1.6)

we can use either to make predictions. The necessary transformations between the
basis elements for our quantum state should be linear and should preserve orthonor-

mality, and hence must be unitary transformations
VVI=T; (1.7)

the product of the transformation with its adjoint must be the identity transformation.

Such transformations form the group U(n), and may be represented with complex
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n X n matrices. The group of transformations can be thought of either as relating
different bases (or coordinate systems), or as transformations of the quantum state
itself in a fixed basis. To be concrete, for our die we can define (for example) the
new orthonormal basis (|1) 4 [2))/v/2, (|]1) — [2))/v/2,|3), 4),]5),]6). It is no longer
clear how to interpret the first two basis elements. Although no particular basis
is privileged mathematically, a particular basis may emerge when motivated with
physical arguments — this preference is dictated by the manner in which the object is
‘naturally’ inspected.

The above example of a change of basis can be thought of as a rotation in a two
dimensional subspace of the die. In subsequent chapters of this thesis I shall make
heavy use of such subspaces, referred to as quantum bits or ‘qubits’. We shall not
yet concern ourselves with the physical realisation of the qubit (these are discussed
in Chapter . It suffices at this point to understand that there are many such real-
isations, each with certain advantages and disadvantages for technology. Assuming
only that there are two mutually exclusive possibilities, for now we imagine that the
two possibilities are (arbitrarily, here) labelled ‘up’ or ‘down’; so that a general state

1S written
) =cr[1) +c [4)- (1.8)

It is clear that the following parameterization automatically satisfies the normalisation
condition and sacrifices no generality

Cp = oS 5
0

¢ sin —. 1.9

sin o (1.9)

c, =¢e
I have used the freedom of multiplying by an unobservable global phase to set one of
the expansion coefficients real. Then by varying 6 and ¢ we can reach any [¢): the
two angles cover the entire two dimensional Hilbert space. This oft used trick enables
the visualisation of quantum states on the surface of a unit sphere: see Figure [1.1]
For any [1)), there is a [1)1) at the antipodal point, and (¢*|¢) = 0.

Qubits are the smallest non-trivial quantum system. Now consider the oppo-
site limit, when the number of possibilities is uncountably infinite: for example the
position of a particle confined to one dimension. When there are a continuum of
possibilities for the quantum state, we require a continuum of basis elements. Clearly
the kets cannot be enumerated or even labelled with an integer. Instead we may write

|z), and think of x as a continuous index taking any real value. We now replace the
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Figure 1.1: The Bloch sphere representation of two dimensional quantum states. Two
angles — equivalent to a longitude and latitude coordinate — determine any state [¢)
uniquely. The two classical states, at the North and South pole, are orthogonal in
Hilbert space. They are labelled |0) and |1) or |1) and |{).

sum in ([1.1)) with an integral

) = /c(:z)dx|x) (1.10)

Here c(x) is called the wavefunction, and c(x)dx is the continuous version of the
expansion coefficients ¢;. Orthonormality of the basis elements is now expressed with

a Dirac delta function
(z]y) = o(x — y). (1.11)

1.1.2 Quantum dynamics

The quantum state of a system is driven from its initial quantum configuration in

Hilbert space to some other configuration, according to the Schrodinger equation

ihd, [) = H(t) |v) . (1.12)

Here 0, is the partial time derivative and A is a fundamental constant with units
of Js, which sets the scale of quantum effects. For simplicity I shall fix A = 1. The
Hamiltonian H is an operator describing the energy of the system. The solution to

(1.12]) is given by the time-evolution operator:
(0)) = [4(7)) = U(7) [¢(0)) (1.13)
U(r) = exp (-@T /0 H(t)dt) | (1.14)
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The time ordering operator 1" can be safely ignored in this thesis: for a explanation
see, e.g. [20]. In fact the time dependence of H will always be taken to be impulsive or
step-function-like, so that time evolutions can be considered piece-wise with a series

of constant Hamiltonians [111]. Thus
U(r) = e ™7, (1.15)

By making a suitable unitary transformation, the Hamiltonian may always be diag-

onalised, and hence written

H:Z)\i\@ (ei] - (1.16)

the |e;) form a basis (the energy eigenbasis), and the \; are eigenvalues (eigenenergies)
which are real if H' = H (which we require). Because the Hamiltonian is Hermitian,
the time evolution operator U(7) is unitary. Finding the unitary similarity transfor-
mation which brings the Hamiltonian into diagonal form is generally a challenging
task. Given that it is always possible, however, we can plainly see that the time

dynamics of the eigenstates is trivial
|€5) = exp(—iA;T) ;) ; (1.17)

they merely acquire a phase at a rate given by the relevant eigenenergy. They are
therefore called the stationary states. Further, adding to or subtracting from H an
operator proportional to the identity matrix, which is equivalent to a redefinition of
the zero energy, will only amount to a change in the global phase of any quantum
state. It is therefore unobservable. By convention the Hamiltonian is often taken
to be traceless: the unitary operations then have unit determinant and form the
subgroup SU(n).

For a two level system, the stationary states must be antipodal points on the Bloch
sphere, because they are mutually orthogonal under the Hilbert space inner product.

For d = 2 the Hamiltonian can always be expressed:
H=H,0,+ Hyo,+ H.0, (1.18)
for real parameters H,, H,, H, and

oe = [N+ 1)
oy = —i|T) (H + 1) (U
o= M- (1.19)
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Figure 1.2: Dynamics on the Bloch sphere. The Hamiltonian defines an axis about
which all states rotate over time. The energy eigenstates are stationary and shown
with squares.

are called Pauli matrices. The +1 eigenstates of these operators define six important
states in the Bloch sphere (both poles and four equally spaced states on the equator)ﬂ.
It is left as an exercise to the reader to show that a general state, being a superposition
of the stationary states, rotates around the axis defined by the Hamiltonian (see
Figure .

It is often very useful to employ a representation of the above algebra. Quantum
states in Hilbert space dimension d become complex vectors in C%, and operators

become d X d complex matrices.

1.1.3 The collapse postulate

We have seen how, according to quantum theory, systems are described by a mathe-
matical object (the quantum state) which seems as if smeared out over the classical
configurations of the system. We remain, for now, agnostic about the metaphysical
status of the quantum state: one might venture to think of it either as a state of
reality (taking quantum theory at face-value) or as a state of knowledge (because
of the formal similarities of quantum states to probability distributions). The first

position states that the wavefunction is ontic, the second that it is epistemic.

I'The Pauli matrices obey commutation relations [0i,05] = 24", €50k, and when multiplied
by the imaginary unit (see the Schrdédinger equation) compose the generators of a Lie algebra
su(2) = span{io,,ioy,i0,}. There is a surjective homomorphism from SU(2) to the three dimen-
sional rotations in real space SO(3).
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We have seen how the wavefunction can change, evolving over time or with our
choice of expansion basis. The truly intriguing parts of quantum theory arise because
the quantum state is itself not observable — one cannot simply inspect it. It remains
to be shown what observable consequences follow from the superposition principle
and quantum dynamics.

The process of inspecting objects in quantum theory is described as a measure-
ment. The word already has a meaning in our everyday language, and not all of this
meaning survives the transition to quantum mechanics. Arguably, a different word
should have been used: but ‘measurement’ has stuck [19].

A measurement in quantum theory is a probabilistic mapping from the quantum
state to a set of ‘outcomes’. One associates an operator with each element of the set
of outcomes. In the first instance we shall consider operators II which are projectors,
satisfying 11> = II. For our example of a die, an example of a measurement is
one which answers ‘is the dice in state 1 or in state 2...or in state 67’. Note the
measurement is constructed, at first, as an inspection of the classical configurations
of the system: in fact the ‘outcomes’ are in perfect correspondence with the classical

configurations. The projectors form a resolution to the identity
D I =) iy (il =1 (1.20)

Quantum theory then furnishes the probability of each outcome occurring

Py = (Y[ILJ) = | (i) . (1.21)

This is the Born rule. The normalisation of quantum states, and the resolution of
measurement operators to the identity guarantee that an outcome always occurs, with
all probabilities manifestly positive.

Just as a quantum state can be transformed into another, different measurements
can be defined similarly. Relaxing the need to project onto one of the set of the

classical possibilities, employing a ‘rotated’ basis |i’) one has
Po = (1) (1.2

An important kind of dynamics intervenes when a measurement is performed. After
the measurement, the quantum state is discontinuously updated, and ‘projected’ into

whichever state corresponds to the measurement outcome

) = ) = |k). (1.23)
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This process, sometimes called a quantum jump, or referred to as wavefunction col-
lapse, is mysterious — it has a similar flavour to Bayes’ rule, which describes how
subjective beliefs are updated in light of new data [03]. Discontinuous and instanta-
neous effects are not considered to be features of a good physical theory, but they do
describe our subjective opinions about physical systems. If a measurement simply re-
veals a pre-existing but unknown value that the system had before the measurement,
there is no mystery. But if one is compelled to think of wavefunction collapse as a
real dynamical process, one runs into trouble with special relativity (which forbids
instantaneous effects). Is the collapse triggered by information flow, or by a physical
process?

One can attach a label \; to each measurement outcome, and so define an observ-
able

A = Z)\ i) (i . (1.24)

By construction, \; are eigenvalues, and |i) the corresponding eigenvectors (or eigen-
states), of A. We can now say that the observable A takes the value \; when the
system is in |¢). The expectation value is (A) =), P\, = (¢¥]A[y).

Returning to our case of the quantum bit, or two-level system, the Bloch sphere
picture is once more a useful aid. States |¢)) are points on the surface of the sphere.
Measurements, of the kind discussed thus far, are in one-to-one correspondence with
states: a measurement with two outcomes must correspond to two states on the
sphere. It is simple to see that, given the necessary restrictions on projective mea-
surements (namely that the projectors must be mutually orthogonal) the two states
in question must be antipodal. A choice of measurement observable, or set of projec-
tors, is really a choice of axis passing through the centre of the Bloch sphere: it is
often referred to as a measurement direction. Observables are therefore in one-one
correspondence with generators of time evolution, c.f. Figures and [I.3] This is
also true in higher dimensions.

Given a quantum state and an appropriate measurement direction, the Born rule
probabilities are given by the projection of the state (i.e. its shadow) onto the axis
defined by the measurement. Hence the angle between the state and the measurement
outcome determines the probability; if the system is in one of the eigenstates of the
measurement, observable, the associated probability will be unity. If the state and
measurement outcome are unbiased (i.e. if one is the north/south pole, the other is

on the equator) then the probability will be one half. After the measurement the
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Figure 1.3: For qubits, the Born rule probability | (i[1)) |* is equal to the projection
of the state (shown with a circle) onto the measurement outcome (shown with a
triangle). The complementary probability 1 — | (i|)) |* = | (i [¥) |? is the projection
of the state onto the antipodal measurement outcome (also shown as a triangle). One
can visualise the apportioning of probability by the perpendicular sectioning of the
Bloch sphere diameter (which has length 2) by the state of interest.

state is spontaneously snapped onto one antipode or the other, to remain consistent

with the measurement result.

1.1.4 Interference

We are now equipped to understand one of the special features of quantum theory:
interference. The phenomenon has long been understood in waves: for example the
ripples on a pond can combine with each other constructively (peak with peak or
trough with trough) or destructively (peak with trough). It is important the the
waves are coherent: if they have the same frequency and a constant phase offset, the
phase offset determines what kind of interference to expect. According to quantum
theory, however, all objects can exhibit interference because of the superposition
principle, which associates a smeared out wavefunction to an object. This is deeply
mysterious, and is made more so by the fact that interference shows up in experiments
involving only a single particle at a time. Objects can interfere with themselves in
quantum mechanics.

We will consider a Mach-Zehnder interferometer, shown in Figure In such
an interferometer, one can coherently mix quantum states together. A qubit forms

a simplified model of the interferometer: the two mutually orthogonal classical pos-
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(R|? (L[?
' ‘ measure

evolve

|R)

prepare

Figure 1.4: An interferometer. Horizontal lines represent beam-splitters, which send
the particle left or right with equal probability. Vertical lines are mirrors which
reflect the particle with certainty. The block in the left arm represents a unitary
transformation on the qubit. The probability at both detectors is affected by the
presence of the block, because quantum probability amplitudes can interfere.

sibilities are finding the particle in the left channel |L) or in the right channel |R).
The following states then lie on on the equator of the Bloch sphere.
IR =D

V2

In Figure [1.4] a particle is split and sent both ways around a system of mirrors.

+) (1.25)

This operation is called the Hadamard operation: it sets up a superposition H |R) =
|+),H|L) = |—). In the left arm, an additional transformation can be applied: the
state acquires a phase e~**. The Hadamard operation is applied again, and due to

coherent addition of amplitudes

R) & |R) +|L)
o—id(1=02)/2 R+ — L)
LN IR) + |L) + e |R) — e |L)
= COS% |R) + ising |L), (1.26)
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(I have not normalised the intermediate states), so, letting U = He "¢(@="1/27¢

Py :=|(LIU|R) |* = sin® =. (1.27)

The phase introduced by the block in the left arm has been mapped onto a modula-
tion of the outcome probabilities for a measurement distinguishing ‘particle through
the left channel’ and ‘particle through the right channel’. This fundamentally differ-
ent way of combining complex amplitudes, which differs from how probabilities are
combined, is thought by some to be the definitive quantum phenomenon. Notice that,
if the phase angle ¢ is chosen just right, one can prevent the particle from ever being
detected in the right channel. But how can the phase shifter, located in the left arm,
have an effect on the |R) state? When the particle is injected into the interferome-
ter, something must traverse both branches. This revelation led Richard Feynman to
proclaim interference as “the only mystery” in quantum mechanics. Note that inter-
ference is only possible when intermediate states have a nonzero ‘overlap’. Restricting
to orthogonal states, and transformations between orthogonal states, enforces classi-
cality on the experiment (in the sense that no interference may be exhibited).

This completes my short introduction to the essence of quantum theory. Al-
though there are some augmentations the formalism to be made below, many effects
considered especially ‘quantum’ are included in the above, which has far reaching
and profound consequences. The main conceptual problem is to decide when one
should apply the second kind of dynamics — the quantum jumps. The choice is not
specified by quantum theory, and is the essence of the measurement problem (dis-
cussed at further length in Chapter . The main technological challenge is to choose
preparations, dynamics and measurements to process information in a useful way. A
constant challenge to experimental investigations of either kind is to keep the classical
uncertainties to a tolerable minimum. Only then is there an observable divergence

between quantum and classical.

1.1.5 A few other ingredients

The simple linearity of the quantum formalism discussed so far conceals a multitude
of subtleties. Consider the innocuous idea that we are to allow a ket for each possible
classical state of the object under consideration. A coin has two kets, a die has six
and we are must ensure orthonormality: no big deal! But what should be said, for

example, about the state of two dice? A naive approach would simply allow six kets
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for each die, making twelve in total. But the correct approach is to allow a ket for each
possible configuration of the joint system of both dice. We must drop the assumption
that each particle can be described independently of other particles. This assumption
is so deep-rooted into classical physics that it is not obvious that it is even being made!
After surrendering the assumption, one must allow a combinatorial number of kets:
in this case 62 = 36. Observe how quickly the number of kets grows: for n dice, we
must track 6" complex numbers. Quantum theory is thus said to have exponential
complexity. This thesis does not permit a discussion of why this must be so: but
note that the issue is related to whether we take the quantum state to be ontic or
epistemic: certainly if the quantum state is epistemic then this part of the formalism
is less of a surprise. This is because probability distributions are also exponentially

complex [189].

1.1.5.1 Entanglement

The overall Hilbert space of a multi-party (or multi-particle) system is generated
through the tensor product of the constituent Hilbert spaces: g = €4 ® 75. The
basis elements of the resultant space are given by all possible combinations of the
elements at each party: for two qubits one has {|11),|T)), [41),[44)}. The notation
is simplified |a) ® [b) — |a) |b) — |ab). Once one has the idea of a joint system, and
has applied the tensor product to generate the (often very large) multi-party basis,
more intriguing ideas emerge. For example, there are non-local superpositions which

do not factorise party-by-party. Consider the two-qubit state
1

V2

Schrodinger, in his discussion of an analogous continuous variable state [177, 200],

) = <= (Y + 11 1) ). (1.28)

described the two qubits as being entangled. In coining ‘entanglement’, he provided
a catchphrase that is incredibly widely used in the quantum information community,
it is commonly thought to be an essential ingredient for quantum technologies. It is
prohibitively expensive to simulate entanglement on a classical computer, requiring
exponential memory resources. Consider the huge efficiency made by assuming the
joint state to factorise — the number of complex coefficients needed shrinks from a
combinatorial number to being linearly related to the number of parties. Perhaps
quantum computers derive their power from the non factorability of states, since this
is precisely the thing which is costly to simulate classically. Entanglement is, however,

both a resource and an adversary.
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Entanglement is a special part of quantum theory that defies efficient classical
simulation. But is it a necessary feature of our understanding of nature? FEven
if the quantum description of an experiment is valid, there is the possibility of a
post-quantum theory restoring an efficient and intuitive description of multi-particle
systems. It seems possible that, if one could inspect some hidden aspect of a quan-
tum system, one could reinstate the notion that it has a well defined state before
measurement, and reinstate factorability (at the new ‘hidden-variable’ level). Then
one would have a good physical theory with no such special feature as entanglement.
Bell’s theorem (1964) showed that entanglement has observable consequences, and
calls the plausibility of such a ‘hidden variable’ programme into question [17, [I§]. See
Chapter

Another observation about entanglement: the special feature can be seen as aris-
ing from the demarcation of a larger system into subsystems (typically particle by
particle). The demarcation seems legitimate if one has a measurement which can
distinguish between the subsystems. Otherwise the demarcation seems subjective,
even arbitrary. If one cannot distinguish between the subsystems, one of two things
happens.

In the first case, if the subsystems remain locked together in a known way, entan-
glement simply reduces to superposition: we make the identification |11) = |1}), for
example, and the state of two qubits becomes the state of a single qubit. One can
then still observe quantum effects, such as interference, between |f}) and |{}). Revers-
ing this argumentation raises a question about ‘how far down’ superposition goes.
One imagines that if we are to believe that a proton is made up of three quarks (two
up quarks and one down quark), then any superposition of proton configurations (for
example two spatial locations) can be unpacked and thought of as an entangled state

of the three quarks:

1 1
75 (Ipien) + 1) ) = <75 (Poen) o) ) + b o) i) ) (1:29)

One can imagine hidden degrees of freedom with the same character which ‘come
along for the ride’ in any quantum control of the collective degree of freedom. It is
possible that future experiments will be able to exercise control over the hidden de-
grees of freedom: perhaps using quarks as quantum information carriers in a quantum
information processor, and revealing entanglement in a system previously thought to
only exhibit superposition.

In the second case, when one is unaware of how the states of the subsystems

relate to one another, one loses track of the quantum state of the total system. As
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an example, consider a first qubit entangled with a second, unobserved qubit. Since
the state of the first depends on the outcome of a measurement on the second, by
ignoring the second qubit we create multiple possibilities |¢y) for the quantum state
of the first. If we imagine the second qubit is measured, but the outcome is not
known, each possibility will in fact carry its own probability P,. When we come to
measure, there will be multiple possibilities for the Born-rule-governed distribution
over outcomes. By the law of total probability we can simply mix the distributions

together according to their probabilities
P = Zpk| (i) |? = Zpk (0 vr) (Wn [4) = (il pld) - (1.30)
k k

The last step is a useful device to attach the uncertainty to the state of the first
particle: p := >, Py |¢x) (¢¥x| is known as the density operator. It is a positive,
Hermitian, trace-one operator. It is also sometimes referred to as ‘the quantum
state’. It generalises the pure quantum state in the sense that we can recover the
latter by setting the above probabilities P, to a delta function: then it can be written
p = |¥) (¥|. Otherwise, the density matrix describes a ‘mixed state’. The density
operator formalism is a handy way of keeping track of the classical probabilities:
they can be absorbed with the quantum uncertainty. We ought to bear in mind
the ontological difference between a pure and a mixed state — quite independently
of our interpretation of [¢) it is clear that p must be thought of as a description of
incomplete knowledge about |v).

The disorder, or entropy, of the mixing distribution P, and the ‘closeness’ of the

pure states which are mixed can be understood through a quantity called the purity
Plp] = Tr(p?). (1.31)

If the distribution Py is very sharply peaked (has low entropy), the state is relatively
pure. For P, = dx, p = |t1) (¢1], and the purity is unity. For an equal weight (maxi-
mum entropy) mixture of orthogonal (maximally different) states {|¢;)}, (I{|m) = O,

one has the completely mixed state

1 I
— N == 1.32
p=3 G- (132
with the lowest possible purity P = 1/d. A general feature of density operators is the
existence of a infinite number of decompositions into mixtures of pure states. Two

dimensional density operators can be visualised in the Bloch sphere: see Figure
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O
[92) (2]

Figure 1.5: Mixed states are represented by density operators p = py [11) (¢1| +
P2 |102) (15|, which lie in the interior of the Bloch sphere. Shown is the spectral
decomposition of a mixed state (shown here as a hexagon), one of many convex sums
of pure states giving the same density operator. Mixed states of constant purity will
lie on the surface of concentric Bloch spheres with radius +/2P — 1, which nest like
Russian dolls.

Loss of knowledge about the quantum state is called decoherence: it washes
out any quantum signatures which would ordinarily be certified by examination of
the pure quantum probabilities given by the Born rule. If one sent 1/2 through
a Mach-Zehnder interferometer (Figure , the outcome probabilities would be
Pr = P, = 1/2 — all noise and no interference! This raises questions about ‘how
far up’ superposition goes — to observe quantum effects on macroscopic scales would
require high certainty about all interactions between the system of interest and other
degrees of freedom.

In light of this discussion, what then should be made of the often cited dictum
that quantum effects are not observed on the scale of our everyday lives — but only
near the atomic scale? We can safely conclude that the macroscopic world is more
complex than the microscopic world, and hence more likely to involve a large number
of uncontrolled interactions. But one can further conjecture that the microscopic
world of atoms and molecules does not exhibit a significantly high enough intrinsic
complexity to wash out quantum effects. Evidence of quantum behaviour in electrons
implies that they do not have a complex hierarchy of non-trivial substructure, because
tracing it out (or averaging over it, as is implicit in out current ignorance of any such
substructure) would ruin the visibility of quantum effects.

Given the density operator formalism, some upgrades to the rules for dynamics and
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measurements are in order. Combining the Schrodinger equation with its Hermitian

conjugate
O (Y] = —i (Y| H; (1.33)
(recall H' = H), one has

Op = [¥) O (W] + (O [¥)) (V|

where [H, p] = Hp — pH is the commutator. Equation (1.34]) is the von-Neumann
equation for density operator dynamics. The Born rule is given above in (1.30); the

measurement update rule is

11, pITy,

i (1.35)

p—

1.1.5.2 Mixed states, dynamics and measurements

Probabilities are the sole observable predictions of quantum theory. When classical
uncertainty is ‘overlaid’ the quantum probabilities mix together. By attaching an

index k to a probabilistic prepare/evolve/measure experiment, one has:
QW:ZﬂWUWﬁ
—Zpk i| U 1) (| U [8)]- (1.36)

The mixing may be absorbed into the state (as we did above with the density opera-

tor), or alternatively into the evolution or indeed the measurement itself:

ZPk iU ) (| U'i)], = (i| U (ZPk |¢k) <¢k\> Uti); (1.37)

= (il (Z VP:U V) (W] U,I\/Fk) DF (1.38)
N ~ .
=(y|U (Z Py liy) <Zk|> U [y). (1.39)

By attaching & to |¢) (1|, one defines the density operator p, discussed above.
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Alternatively consider a random Hamiltonian being applied, and hence a random
Uy — this way a Kraus map or superoperator K(p) = >, kaB,Z is defined, with
By, = /P,U,. This is a positive map taking density operators to density operators.

Finally, attach k to the measurement itself to model a random choice of measure-
ment basis - so defining an element E; =), P |ix) (ix| of a POVM (positive operator
valued measure). POVM elements are positive and must satisfy > . £; = I. By virtue

of being positive operators the elements may be written E; = M;Mi. The Born rule

is then
Py, = Te(MypM]), (1.40)
and the measurement update rule, given outcome k was found, is:
My pM;f
p— —PTk (1.41)
Py,

Each of these is, respectively, a generalised preparation or state; a generalised trans-
formation; and a generalised measurement. Naturally we can have all three problems
simultaneously; in the absence of other data besides the probabilities, it would be
impossible to tell where to attach k. Each will reduce to the purely quantum case
when the probabilities P, = d;;. Each inherits properties from its pure counterpart.
Generalised states, evolutions and measurements can also be seen to occur when
we ignore some part of a larger system. The extra uncertainty (the distribution Py) is
then due to an ignorance of quantum correlations between the principal system and
an ‘environment’, rather than arising from ‘forgetting’ the preparation, dynamics or

measurement choice. More details can be found in Nielsen and Chuang [146].

1.1.5.3 Example: qubit dephasing

It is instructive at this point to consider an example of a generalised state undergoing
generalised evolution. Let us begin with a density operator description of |+), and

write it in a matrix representation in the {|0),|1)} basis:
1 1711

p=1) =50 O+ a0 a+mo)=5(, ;) (142

Now we will apply a rotation about the o, axis with a randomly chosen angle:
IC(,O) — /p(e)dee—iazG/QpeiUZGM
1 —i i
= [ 50000 (10) 01+ 1) (11 + e 0} 1]+ ¢ |1
Lo ().

(e 7)) (1.4)

1
2
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our Kraus map is written as a integral because 6 is a continuous variable; the calcu-
lation follows because o, [0) = 1,0, |1) = —1 by definition. Angle brackets (o) denote
an average value. It is clear that the off-diagonal elements of the density matrix,
beginning at their maximum absolute value, will reduce in magnitude. Calculating
the purity yields:

P= % + %| (e ) 2. (1.44)
Notice that the higher the entropy of p(6), the lower the purity of the resultant density
operator. If the distribution is uniform over [0,27), for example, the off-diagonal
elements are entirely destroyed, giving p = /2. This evolution could equally well
have been derived by entangling the principal spin with other spins which are then

ignored or traced over. In either case, p moves toward the centre of the Bloch sphere.
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Chapter

(Quantum) information theory

2.1 Information theory

The field of information theory began with a landmark paper of 1948 by Shan-
non [179]. The article “A Mathematical Theory of Communication” gave the first
rigorous definition of entropy (a word used only casually in the previous chapter).
Shannon considered entropy as a measure of the compressibility of a message — the
more order in the message, the higher the redundancy. With greater redundancy
comes the possibility of a more efficient coding of the message. For a probability

distribution {P;}, Shannon’s entropy is defined
S=-> PilogP;. (2.1)
k

If the logarithm is taken to base 2, the units of entropy are ‘bits’. A simple exercise
for the reader is to convince themselves that a smooth probability distribution has
higher entropy than a ‘sharp’ function: the uniform distribution has the maximum
entropy. Note that Shannon entropy is a global measure: shuffling the probabilities,
or relabelling them, does not change S.

Thinking mathematically about information has led to the ‘information age’ and
the proliferation of computers. Digital computers, which are now found throughout
modern life, process information stored as bits. Invariably the bits are defined phys-
ically by transistors: solid-state electrical switches that have two (classical) states
available. Although analogue computers, which process information stored in con-
tinuous variables, have been studied, they are not widespread because a method for
error correction is not known. Error correction is a fascinating topic which I will not

discuss, save to say that it is absolutely crucial in turning ideas about information

23
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processing into real technologies. This is true of classical computers, and even more

so for quantum computers, introduced later in this chapter.

2.2 Fisher information as a statistical distance

Continuing to think mathematically, specifically statistically, about information leads
one to ponder on the ‘closeness’ of two probability distributions. The uniform distri-
bution has maximum entropy, but if it is slightly ‘biased’ the entropy decreases. Can
a notion of the distance between distributions be quantified? A step in this direction

is a quantity known as the Kullback-Leibler divergence [I10], or relative entropy [146]:
P;
Dy [Pi|Qs] = ZPilOga- (2.2)
for discrete distributions, or

= S) 10 @ S
Diczlp(s)]la(s)] = / pls)log S (2.3)

for distributions over a continuous random variable s. It has many of the features one
would desire in such a measure: it is non-negative, for example. To qualify as a metric
(a ‘proper’ distance) a measure must i) be positive D(p,q) > 0 (with equality only
when p = ¢), ii) be symmetric D(p,q) = D(q,p) and iii) obey the triangle inequality
D(p,r) < D(p,q) + D(q,r). The relative entropy is not symmetric, so it is not a
metric.

Consider a family of continuous distributions p(s;a) indexed by a parameter a:

the Fisher information
F = /((% Inp(s;a))*p(s;a)ds (2.4)

is the curvature of the relative entropy between p(s;a) and p(s;a + da); a proof may
be found in [75] p87]. It measures how fast the probabilities tend towards being
more distinguishable as a is varied, and it s a metric. It has the properties of an
information: it is positive and increases as p(s;a) (the probability of measuring s
given a value of a) becomes less smooth. In this sense it is an inverse measure of
entropy; however, it is a local measure. Reshuffling a would generally alter F. If
one upgrades to a multiparameter index p(s; a), this defines a manifold of probability
distributions. The Fisher information is then a metric on this manifold: it gives the

infinitesimal distance between points [10§].
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I will be chiefly concerned with the Fisher information in this thesis, but there

are a number of other metrics that are instructive to explore. The classical fidelity is

defined
Fe=Y PQi, (2:5)

or

Fe - / ds\/p(5)a(5); (2.6)

it features in the Hellinger distance Dy = /1 — F¢, which is a metric. Such metrics

are important ways of quantifying how distinguishable two distributions are.

2.3 Fisher information as a fundamental bound on
the performance of statistical estimation

The Fisher information is special among the various metrics or ‘statistical distances’,
because it has a fundamental operational meaning, in addition to being a statistical
distance metric. To arrive at the former meaning, we need first to consider a statistical
model. A statistical model is a family of probability distributions over a continuous

random variable s
p(s;a) (2.7)

each indexed by a different value of a — let us assume a to be an unknown parameter,
and that our task is find a good estimate for it. In an experiment that samples from
an unknown distribution in the family, in general the identity of the distribution

amongst the family is not uniquely determined by the sampled data
s[0], s[1], s[2], . .. (2.8)

Here s[n] is the value taken by the random variable s in the nth trial. Attempting
to discover the parameter which indexes the true distribution is a task known as
parameter estimation. To arrive at an estimate for a, one postulates an estimator a.
An estimator is a function of the data: because the data are random, the estimator
itself is a random variable, taking different values (i.e. different estimates) each time
the experiment is repeated. A unbiased estimator reports the correct value for a on
average, although of course one expects fluctuations around the true value in each
experiment. Biased estimators give rise to a systematic error in the estimate which

does not diminish through averaging.
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I follow Kay [97] to derive the ultimate limit on the performance of parameter
estimation — similar derivations may be found in Kok and Lovett [I08]. Consider an

unbiased estimator, which by definition satisfies

/p(s; a)ads = a. (2.9)

Differentiate both sides with respect to the unknown parameter

/d@ap(s;a)ds =1 (2.10)

/&p(s;a)@a Inp(s;a)ds =1 (2.11)
/(d —a)p(s;a)d, Inp(s;a)ds = 1, (2.12)

in the first line I used d,a = 0 and interchanged the order of differentiation and
integration; in the second line T used 9, Inp(s;a) = d,p(s;a)/p(s;a); in the third line
I subtracted a quantity equal to zero [ ad,p(s;a)ds = 9,1 = 0. Next, the Cauchy-

Schwarz inequality implies

/ (6 — a)%p(s; a)ds / (9uInp(s; a))%p(s; a)ds > 1. (2.13)

On defining the Fisher information “about a”

F, = /(8a Inp(s;a))*p(s;a)ds (2.14)

one reaches the Cramér-Rao inequality
1
F,

The Cramér-Rao bound therefore limits, from below, the variance in an estimate

((@a—a)”) > (2.15)

a of an unknown parameter a given the observed data. The result is a paragon of
statistical estimation theory [42]. If N independent observations are made, it is simple
to show that

Frewl — N, (2.16)

The Fisher information gives insight into the information carried in a probability
distribution. It is a functional on such conditional probability distributions, and can

also be written:

Fulp(s: a)] = /"O (Gap(s; a))

o D(sia)
It is a powerful tool for the appraisal of parameter estimation protocols — it is the

ds. (2.17)

definitive measure of metrological performance, when the objective is to ‘measure’ or

estimate a.



27 CHAPTER 2. (QUANTUM) INFORMATION THEORY

2.4 Quantum information theory

Quantum information theory is concerned with a myriad of generalisations of infor-
mation theory in light of quantum theory. We should not be surprised that there are
strong links: already we have seen how similar the quantum state itself is to a proba-
bility distribution (and hence to a state of knowledge). The quantum generalisation

of probability leads to a quantum generalisation of information.

2.4.1 Quantum statistical distance

Wooters was the first to consider a quantum version of statistical distance. Quantum
states are not probability distributions, so we cannot simply import a classical statis-
tical distance. Something new is required [210]. First, consider the quantum fidelity

for pure states
= [ (B} |, (2.18)

which involves [¢) and |¢). It is the maximum possible classical fidelity between the
probability distributions that arise when the states are combined with a choice of

measurement. It is not a metric. The Bures angle, however,
Dp = arccos| (o|V) |, (2.19)

introduced by Wooters [210], or the Bures distance (the quantum generalisation of

the Hellinger distance)
Di(6, ) = VI— 72 (2.20)

are metrics on the manifold of quantum states, because they satisfy positivity, sym-
metry and the triangle inequality.

Indexing quantum states by the unknown parameter a defines a quantum statis-
tical model. The quantum Fisher information is another metric on pure quantum
states [183]

Ho[[1)] := 4(021|021) — 4] (0atp|¥) | (2.21)
Here |0,1) = 0, |¢). If the pure state acquires its dependence on a through a Hamil-

tonian evolution, |[¢(a)) = €M |¢y), then

H, = 4 (o H2[tbo) — 4 (wo|H|to)?, (2.22)

proportional to the variance of the Hamiltonian in the initial state. The generalisation

to density matrices is

[(m[0apln)[?
=9 E 2.23
P,+P, ’ ( )
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where p = Y P, |m) (m|. Tt is the maximum classical Fisher information contained
in a state in a variation over all POVMs [24] [152]:

H,= I{I}l;i)}( (Fo[Tr[pEy]]) - (2.24)

It therefore inherits the operational meaning from the classical Fisher information: it
quantifies the ultimate performance of statistical estimation using a quantum state

when the optimal measurement is chosen.

2.4.2 Quantum computation

Digital computers have transformed modern life. They are machines which process
digital information: they take an input state and transform it, according to the laws
of classical physics, into an output state. In this way they can compute a function
of the input. Digital computers represent information with bits, and hence process
discrete information — but they can also approximately simulate continuous physical
systems [125]. Such machines are constrained by the laws of physics — and given finite
resources only a finite set of functions may be efficiently computed. By efficiently,
it is meant that the function can be computed with memory (i.e spatial) and time
resources that scale polynomially, and not exponentially, with the size of the input
to the function.

A quantum computer processes quantum information. It transforms input into
output via the laws of quantum physics. Since quantum physics allows for a wider
and more general class of states and transformations, quantum computers might be
able to efficiently compute a wider class of functions than their classical counterparts.
The concept of a quantum computer was first rigorously formalised in 1985 by David
Deutsch [46]. Besides explicating a radical extension to the Church-Turing princi-
ple (‘any physical system can be simulated on a large enough classical computer’),
Deutsch illustrated the power of quantum computation with the first example of a
quantum algorithm. He showed that a certain (admittedly artificial) decision problem
can be solved on quantum computer with fewer ‘steps’, or operations, than on a clas-
sical computer. Although quantum computers are not the main focus of this thesis, a
short explanation of this argument will showcase the power of quantum information
technology. It will also serve as a useful introduction to the quantum circuit diagram
or quantum-computational network, which appear in succeeding chapters.

I follow Nielsen and Chuang [146], and present a slightly improved version of the
Deutsch algorithm. Consider an unknown function f : {0,1} — {0,1}. Suppose that
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0) H H '\_,

0) 19z — H

Figure 2.1: A quantum circuit diagram for Deutsch’s algorithm. The two ‘rails’
represent a register of two qubits, and the square boxes represent unitary operations
or quantum gates, which are applied sequentially with time progressing left to right.
‘H is the Hadamard gate. At the end of the algorithm, the first qubit is measured in
the computational |0}, |1) basis.

one wishes to learn a global property of the function: for example the sum (modulo
2) of the function with each possible input: f(0) @ f(1). This quantity is equal to
zero if the function is constant (i.e. if it has the same output for both inputs) and
equal to one if it is balanced (i.e. if it has a different output for each input). A
classical approach must compute f(0) and f(1), and then also compute f(0) & f(1).
A quantum machine can compute the global property using only a single application
of f. Observe a two qubit ‘register’ initialised into |0) |0) shown in Figure 2.1} The
register is subjected to a sequence of unitary processes called ‘quantum gates’. First,
a NOT operation (achieved by a rotation by 7 around the z-axis) is applied to the
second qubit. Then a Hadamard (see Chapter [1|) gate is applied to each. A controlled
unitary (c — U) gate then applies f to the first qubit and advances the second qubit
by the result, modulo 2. The state of the register after each gate follows the chain:

100) 272 [o1) 2% 14—
c-U
Uy 10) 04 F(0)) — [0) 1+ F(O)) +]1) [0+ F(1) — [1) |1+ F(1)) . (2.25)
——— ~—— —_————— ————
AL n0 AD TN
Now if f(0) @ f(1) = 0 (the function is constant) then 0+ f(0) = 0 + f(1) and
1+ f(0) = 1+ f(1): the black shapes label identical states (triangle with triangle,

square with square). If f(0) @ f(1) = 1 (the function is balanced) then 0+ f(0) =
14 f(1) and 1+ f(0) = 0+ f(1): the white shapes label identical states. Hence

if f constant, l+) |-) LN 10) [=)
if f balanced, =) |—) LN 1) =), (2.26)

and inspection of the first qubit reveals the value of f(0)@® f(1) with certainty. This is

an example of quantum parallelism: somehow, fewer steps were necessary in the quan-
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Figure 2.2: Quantum circuit diagram showing two species of controlled-NOT gates.
The first is controlled on |0), and the truth table is given in the main text. The
second is controlled on |1).

tum algorithm than through the classical algorithm. The Hadamard gate arranged
for a pure superposition to exist inside the quantum computer, and is a reversible
operation. Attempts to imitate the quantum algorithm on a classical computer, for
example by simulating the Hadamard gate with an irreversible randomising process,
will fail. The quantum computation combines a kind of parallelism (to compute a
function in Hilbert space) with interference (to concentrate the result so it may be
read out).

I did not describe how the ¢ — U operation is effected in the lab. It is unitary
by virtue of being a concatenation of unitary gates. A universal set of elementary
gates is one which can be combined to construct any unitary operation, and hence
enable universal computation [47, 124]. An example is the set of arbitrary single
qubit unitary gates (achieved by turning on local Hamiltonians), combined with a
two-qubit gate such as the CNOT gate. See Figure 2.2l The CNOT gate requires an
interaction between the qubits: it is defined by the truth table

Ucxor [00) = 00)
Ucxor [01) = |01)
Ucor |10) = [11)
Ucxor [11) = [10) . (2.27)

By combining one and two qubit gates, any unitary operation can be applied to a
qubit register: therefore because the c—U gate above is unitary, it can be implemented
(although I do not show how, here). More ambitious functions can be computed. The
most impressive of these can factor numbers [182], search a database [76] and simulate

quantum dynamics [125] more efficiently than is thought possible classically.
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2.5 Quantum information media

In this section I present a brief and incomplete survey of candidate quantum informa-
tion carriers. In classical computing, various media have emerged as the most suitable
for different tasks: communication with optical fibres, storage with magnetic disks,
and processing in electronic states of silicon nanostructures. Yet more materials and
architectures have been proposed for building quantum computers and other quan-
tum technologies. Some of the media are found naturally, and some are engineered.
Each enjoys its own benefits.

Important figures of merit vary across quantum technologies. For universal quan-
tum computation, full control over the quantum state is necessary (i.e. a universal
set of gates), and scalability is paramount. For large quantum computers, various
thresholds on preparation, control, and measurement fidelities must be met to allow
for error correction [145]. For quantum sensors, the interaction with the field under
study should be strong. Quantum memories are designed to store quantum states
over long durations: a high degree of isolation from the environment is necessary to
achieve this. For quantum communication, speedy transport of the media is vital.
Comprehensive reviews from 2010 [31] and 2011 [112] give more detail.

I will introduce three different units of quantum hardware: the spin qubit, the
photon qubit, and the superconducting qubit. For each I describe how information
is encoded, and some advantages and disadvantages of architectures that the qubits
are to be embedded into. Decoherence times will be an important figure of merit: for
a qubit one finds two timescales. T} is the timescale on which the energy eigenstate
populations of the qubit (pgy or p1; elements of the density matrix) relax to their
thermal equilibrium values. T3 is time time taken for the coherences (po1 = pi
elements) to decay to 1/e of their initial values. The timescales describe the severity
of, for example, unwanted interactions or thermal fluctuations. T} processes, called
relaxation or depolarisation, corrupt the 6 angle on the Bloch sphere, and T5 processes,
called ‘dephasing’, corrupt the ¢ angle, see section[1.1.5.3]and Figure[1.1} Both types

of process can lead to a loss in purity.

2.5.1 The spin

Spin is an intrinsic property of fundamental particles. The spin of an electron is the
simplest example: it was discovered in the famous Stern-Gerlach (SG) experiment.
As electrons transit a magnetic field gradient, they are deflected either ‘up’ or ‘down’

the gradient by a fixed quantised amount. An SG field gradient can be thought as a
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conditional beam-splitter for spins. The two possibilities (‘up’ and ‘down’) form the
basis of a qubit.

The magnetic field gradient can be used to measure the qubit, by sending a parti-
cle to two distinct detectors, depending on its spin state. Hence by the measurement
update rule, magnetic fields can also be used to prepare the qubit, as long as the
detection does not destroy the particle. Such a scheme is generic to quantum infor-
mation and is called a Quantum Non-Demolition (QND) measurememﬂ Transverse
magnetic fields can be used to control the quantum state of the spin, achieving arbi-
trary SU(2) rotations (see Chapter [I). One describes the interaction of a spin with

an external magnetic field with the Zeeman Hamiltonian:
H = p5.B. (2.28)

B is a vector describing the strength of the magnetic field in the z, v, z direction, and
o = (04,0,,0,)" is a vector of the Pauli matrices. Because of this Hamiltonian, the
Bloch sphere ‘spin space’ is isomorphic to real space in the sense that a measurement
in a certain direction in real space (by orienting the SG apparatus along such an axis)
will correspond to the same axis in the Bloch sphere. If we fix one of the directions
as our computational basis (an arbitrary choice) then non-parallel magnetic fields
induce rotations about the corresponding axes in the Bloch sphere. By control of
these magnetic fields one has full control over the quantum state.

This thesis frequently discusses an ensemble of spins. This is a slight abuse of
terminology: a true statistical ensemble is a large number of non-interacting identical
copies of a physical system: it is a conceptual ideality. The term is also used to
describe a large collection of weakly interacting identical spin-bearing molecules. The
interactions are often extremely weak, and the number of molecules rather large
(10% for example): such a collection is then a good approximation to a statistical
ensemble. The elements of the ensemble are understood to be arrayed spatially.
Roughly speaking, the larger the ensemble, the better the statistics.

We will be concerned with two types of physical spin ensemble, both addressed
through magnetic resonance techniques: nuclear magnetic resonance (NMR) in a
liquid state ensemble, and NMR / Electron spin resonance (ESR) in a solid state spin

ensemble.

LQND is sometimes defined in terms of the back action onto the system, or the disturbance
induced into system observables — that is not the intended meaning here.
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2.5.1.1 Liquid state NMR

Nuclear Magnetic Resonance is a technique that has been known to chemists for
decades. A spatial ensemble of identical molecules is placed in a strong magnetic
field. The energy levels of the nuclei in the molecules are split by the Zeeman effect.
The nuclei can thus be made to store quantum information, for example in their
lowest two Zeeman energy levels, and be driven from one level to the other with
resonant radiation. The strong field leads to a very rapid evolution of the Bloch
vector around the magnetic field. One then ignores this evolution by working in
a co-rotating frame of reference. Slower rotations around other axes are driven by
resonantly exciting with a weaker, oscillating transverse magnetic field, inducing a
transition (for example) between spin up and spin down. More details can be found
in, e.g., Ref [36]; the important point is that full control (rotation about two axes)
is possible. Detection is by a current induced in nearby pickup coils by the net
magnetisation of the spins.

The local electronic bond configurations in the molecule, and the external field,
lead to distinct Zeeman energy splittings at the site of each nucleus. If the neigh-
bouring nuclei of different species interact, either directly or indirectly through the
electrons, quantum control of the joint state is possible and entanglement can be
generated by clever sequencing of pulsed radiation.

The interaction between nuclei and magnetic fields is weak. The frequencies as-
sociated with the Zeeman energy splittings are typically in the MHz range. The
resonant radiation must be applied slowly to be selective, necessitating long gate du-
rations. Combined with typical decoherence times of 75 ~ 1s, only of order 100 gates
may be achieved before decoherence has ‘won’. Also, initialisation is a problem. The
energy of a MHz frequency photon is only a few nano electronvolts, and so thermal
fluctuations (with energy kpT, kp is Boltzmann’s constant) at room temperature
completely swamp the energy splitting between spin up and spin down, leading to a
mixed state with low purity. Cooling is not an option, since freezing the molecules
causes other problems: for example, the interaction between ensemble elements is not
averaged to zero in the solid state as it is in a liquid. Instead of, or along with cooling,
a pseudo pure trick is used. There are some conceptual issues with this trick: I will
briefly discuss them.

Because of the ratio of Zeeman energy to thermal energy, a nuclear spin at room
temperature is in an almost maximally mixed state. When the pseudo-pure approxi-

mation is employed, the state p of the nuclear spin ensemble decomposes into a pure
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part p,, and a maximally mixed part I/2:
p=¢€pp+ (1 —€)l/2. (2.29)

The maximally mixed subensemble does not contribute to the net magnetisation of
the sample, because the moments of the spins cancel out: half are up, and half are
down. This subensemble is therefore never observed! Only the ensemble giving a
deviation from the identity, p,,, contributes a signal. How should this fact impact on
our interpretation of NMR experiments? I argue that it depends on the aim of the ex-
periment. Foundational tests may be undermined by the pseudo-pure approximation,
but quantum computing may not be.

Souza, Oliveira and Sarthour (SOS), in discussing foundational tests in NMR
experiments [I88], claim “Since (1 — €)I/2 is not observed, the probe qubit in such a
mixed state produces the same result as would be observed if the probe qubit were in
a pure state and the detection efficiency of the measurement apparatus were €.”. At
thermal equilibrium € = (1—a)/(14«a) with o = exp(—unB/kyT). For typical values
of temperature 7" and magnetic field strength B, ¢ < 1077 (here py is the magnetic
moment of the probe nucleus and kg is Boltzmann’s constant). Assuming the quoted
assertion is correct, and € can be interpreted as a detector efficiency, it is rather low.
Low detection efficiency is not an intrinsic problem for quantum computing: it just
means each computation should be repeated a large-but-fixed number of times to find
the result. Foundational tests, on the other hand, are in a sense more demanding of
our interpretation of physics. The tests aim to make highly non-trivial claims about
nature: for example about post-quantum theories. One cannot necessarily rely, for
example, on Equation [2.29] or any other equation presupposing quantum physics. If
a subset of the trials of a foundational test are not observed, this opens a loophole:
conspiracies arise that exploit the hidden runs to reach alternate conclusions about
the nature of reality [I55]. Low detector efficiency is also not an intrinsic problem for
foundational tests, however, as long as a ‘fair sampling hypothesis’ is justified.

The fair sampling hypothesis can be stated as follows: If one only measures a
fraction of the systems which one has prepared, the gathered statistics faithfully
represent the entire ensemble. This may be warranted, for example, in the case of
an experiment with photon loss (see below): typically there is no reason to suspect
that unobserved photons would have given different results to observed photons, had
they indeed been detected. I believe the situation to be different in NMR: the fair
sampling assumption is patently false! It is generally accepted that the unobserved

component of the nuclear spin ensemble behaves very differently to the measurable
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part. It is unobservable precisely because it generates a zero net magnetic field; the
field from each spin is cancelled out by other spins in the ‘identity’ component. If the
unobserved spins behaved in the same way as the observed spins, they would become
observable - giving a contradiction. This shortcoming in NMR has been discussed at
length [102, 25]; the correct conclusion is to worry about NMR, for foundational tests,
but not for quantum technologies. Souza et al. make the first point [I86] by claiming
only to have simulated the violation of a Bell inequality with a room temperature
NMR experiment - precisely because of the failure of the fair sampling hypothesis.
SOS make the second point by claiming that “every single experiment performed in
quantum information processing by liquid-state NMR is based on the power of this
technique as a perfect quantum simulator” [188].

NMR has led early progress on quantum computing, with many proof of princi-
ple experiments [90], [88]. Techniques to overcome noise have proven useful in other
quantum media. The major drawback is that NMR has a scaling problem: the observ-
able signal (i.e. €) diminishes exponentially as the molecule (the quantum computer)
becomes larger, limiting NMR quantum computers to registers of around a dozen

qubits.

2.5.1.2 Solid state NMR / ESR

There are other places to find spins. For example, they can be found in quantum
dots, where electrons are confined in artificial nanostructures by a electrostatic po-
tentials [127]. Many of the same spin resonance techniques can be applied: although
control can also be mediated through electric fields, and also optically. Addressing
spins in an ensemble has one particular advantage — the strength of the signal is far
greater than that of an individual spin, and therefore easier to measure.

One can have the benefits of an ensemble without the drawbacks of liquid state
NMR. The first improvement to make is to bring electron spins into the picture.
Because the electron spin magnetic moment is typically three orders of magnitude
larger than that of a nuclear spin, the Zeemann energy is higher relative to thermal
energies. Also, the higher resonant frequency can be addressed with microwaves,
which can lead to faster transitions: gate times are around 100 ps. The downside is
a shorter coherence time, because the coupling to the environment is also stronger.

A second improvement is found by moving to the solid state. Silicon-28 is a ma-
terial that has benefited from the huge investments in the computing industry, where
global demand has led to the cheap manufacture of semiconductor devices. New ways

of using the material have emerged from the Avogadro project, which exploits the



2.5. QUANTUM INFORMATION MEDIA 36

crystalline structure of silicon in an attempt to redefine the kilogram [9]. Isotopically
purified host crystals can be engineered for this purpose: they also find application in
quantum information science by providing a spin-less ‘vacuum in solid’ [16] for dopant
impurities: for example, phosphorous impurities in silicon [95]. Removing spins, for
example those in silicon-29 nuclei, from the environment suppresses decoherence more
effectively than the averaging effect seen in liquid state spin ensembles, and also al-
lows for lower temperatures to be reached (freezing is not an issue). At temperatures
of a Kelvin or so, the Zeeman energy dominates the thermal energy, allowing for
very high spin polarisations via cooling. Entropy is shed to the environment, and the
initial state purity is quite high.

There remain drawbacks to ensembles measured with spin resonance techniques.
Initialisation by QND readout is not possible, because addressing the ensemble glob-
ally leads to only a weak measurement of any given spin. The net magnetisation
induces a current in pickup-coil circuits near to the sample. Such a measurement has
poor resolution: it cannot distinguish between different micro-states of the ensemble
with the same net magnetisation. The measurement, therefore, does not project the
ensemble into an eigenstate. See Chapter [3]

Other initialisation techniques can be employed. Hyperpolarisation is a technique
to dynamically pump nuclear spins into their ground state via an interaction with
electron spins [139]. This has been combined with spin dependent photoionisation
to enable world record coherence times; at room temperature 75 > 39 minutes, at
cryogenic temperatures Ty > 3 hours [171].

The issue of resource counting is of high importance in motivating quantum tech-
nologies. I discussed how the internal structure of a quantum system may or may
not be of relevance in Chapter [I} for an ensemble of spin-systems, it seems we should
count each spin as a quantum system. But if we consider each spin-system (per-
haps it is a large molecule containing a dozen qubits) as a quantum computer, and
the fact that it is in a spatial ensemble merely as an incidental fact about how the
computer is addressed and read out, the resource count is only one. An ensemble
computer merely trades temporal resources for spatial resources— a ‘synchronous,
single-instruction parallel machine’ [41].

Many approaches use spins in the solid state and dispense entirely with a spatial
ensemble, and so avoid the pseudo-pure state scaling problem. Defect centres in
diamond have been the most successful — there, single shot readout of a spin is
possible, and optical transitions allow for the spin to be well initialised into the

ground state [173]. The phosphorus in silicon system can also be scaled down to a
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device with only one pair of spins — QND initialisation is possible [I61] and coherence

times remain impressively long (75 > 30 s) [141].

2.5.2 The photon

Photons are the discrete chunks of energy which compose electromagnetic waves.
Quantum information can be stored with light quanta in a number of ways: in the
particle number [216], time bin [214] or spatial mode [130]. In this thesis, however,
I consider the polarisation of single photons. A photon’s polarisation is much like
the spin of an electron. There are two classical possibilities: horizontal polarisation
|H) or vertical polarisation |V'). These can be thought of as the o, eigenstates; the
eigenstates of o, are the right and left circular polarisations, and the eigenstates of
o, are the diagonal and anti-diagonal polarisations.

A polarising beam splitter (PBS) is the equivalent of a SG gradient, spatially sep-
arating |H) and |V'). Combined with photodetectors (which typically have only a low
efficiency), this enables fully projective (if probabilistic) measurements. Preparations
and measurements in rotated bases are achieved with waveplates. A half wave plate
will result in a rotation around the o, axis, and a quarter wave plate a rotation around
the o, axis in the Bloch sphere. The angle of rotation is controlled by rotating the
waveplate around the optical (direction of propagation) axis. Full control is therefore
possible: for more details see [108].

The advantages and disadvantages of photons both derive from the reluctance of a
photon to interact. This shyness leads to a extremely long coherence time: because the
interaction with the environment is so weak, 77 and T, are essentially infinite. Photons
travel at the speed of light, making them excellent for communication technologies.
It is very difficult to entangle photons together, but it is possible to couple them
through optical nonlinearities: but only weakly and probabilistically [163]. The Knill-
Laflamme-Milburn (KLM) architecture removes the need for nonlinearities in an all
linear-optical quantum computer [104].

Detection efficiency is low in a traditional single-photon-avalanche-detector: this
may prove bothersome for foundational tests, regardless of whether it impedes quan-
tum information processing. This is in strong analogy to the discussion on pseudo-
pure states above — unobserved sub-ensembles open loopholes. New superconducting
calorimeter detectors can exceed 90% efficiency [143], and by continued improvement
look to solve this issue. Photon loss at preparation, evolution and detection remain

a constant concern, however: the ‘hold time’ of an infrared photon in an optical fibre
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is approximately 0.1 ms, which limits quantum computations far more severely than

any decoherence process.

2.5.3 The superconducting qubit

Superconducting circuits are a synthetic quantum information medium. Cooling a
superconducting material below a critical temperature T, (typically a few Kelvin)
allows for current to flow with no resistance: the electrons pair up and condense
into a macroscopic wavefunction with a stable phase. Micrometer-size circuits of the
inductor-capacitor (LC) type then behave as almost dissipation-less (underdamped)
harmonic oscillators. By interrupting the superconductor (for example, niobium or
aluminium) with a thin piece of insulating material (for example, aluminium oxide)
a Josephson junction is formed. These junctions, when introduced to superconducting
circuits, introduce non-linear effects and give rise to an anharmonic oscillator: this
lifts the energy-level-transition degeneracy. Unequal level spacings allows for targeted
control of a ‘macroscopic’ variable: the wavefunction describes ~ 10 electrons.

The superconducting circuit can be thought of as an artificial atom. Readout can
be achieved with nearby magnetometers (typically also superconducting circuits).
The circuits are easily synthesised, and so quantum control is achieved at adjustable
frequencies, invariably at microwave band. Control is also possible electrically and
with magnetic fields. Because of the relative ease of fabrication, a chip based quantum
computer is a realistic prospect: coupling nearby qubits with transmission line cavities
is possible [50]. Superconducting qubits are also particularly suited to hybridising
with other media such as spin ensembles [172] 206].

A flux qubit is based on a SQUID (Superconducting QUantum Interference De-
vice), which is a superconducting loop interrupted by one or two Josephson junctions.
The magnetic flux threading the loop can become trapped in a double well potential
(a parabola with a cosine ‘corrugation’): the left well represents a clockwise persistent
current in the loop, and the right well an anticlockwise persistent current.

The charge qubit or ‘Cooper-pair box’, omits the inductor: the qubit is defined by
the two lowest energy levels of a cosine potential. Essentially, the quantum variable is
the charge on a small insulating island in the superconductor. A transmon qubit [T05]
achieves a much higher Josephson energy, compared to the ‘kinetic’ charging energy,
than a standard charge qubit, reducing charge dispersion. Along with other tech-
niques (such as the use of superconducting cavities [149]) this leads to much longer

coherence times: at milliKelvin temperatures T} and 15 ~ 10 ps. However, the time
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taken to perform a quantum gate is around 10 ns, and hence the number of gates that

may be performed per coherence time does not compare favourably with spin qubits.
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Chapter

Quantum measurement theory

What is a measurement? The answer to this question is not easy within the setting
of quantum theory. The issue is semantic: the answer often depends on the con-
text [144]. As well as the mysterious irreversible process that gives rise to collapse of
the quantum state vector, it is a word also used to describe a reversible, unitary pro-
cess which does not lead to collapse, but instead brings about correlations between the
system and measuring device. For Leggett, the latter use of ‘measurement’ is a mis-
guided “elevation of a particular form of interaction from a secondary and inessential
ingredient of the measurement process to its defining characteristic” [115), [7].

In this section I will explore how the two types of quantum evolution — unitary
dynamics and wavefunction collapse — can be combined to enable generalised measure-
ment. Tuning the details of the interaction between a system and a meter — Leggett’s
inessential ingredient — provides additional insight and opportunities. The analysis
provides a model for ‘measurement’ both in the fundamental sense associated with
wavefunction-collapse, and also in the sense associated with parameter estimation —
the process by which statistical inferences about the world are made. The latter is a
third notion of measurement — the determination of an unknown classical parameter.
Imagine a first quantum object (I shall call this the ‘system’) and a second ‘meter’
which are coupled through

H = ¢i(to)A ® B; (3.1)

here A is an observable (see Chapter [1)) of the system and B is an observable of the
meter. The time profile of the interaction is an unphysical delta function; this choice
simplifies the calculations and can be relaxed to a top hat function (or other realistic

profile) straightforwardly. The time evolution operator is then

U = exp(—iA ® B) # exp(—iA) ® exp(—iB); (3.2)
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sometimes the ® is dropped for brevity. Notice that if the system begins in an eigen-
state of A := )" a; |a;) (a;] and the meter begins in a eigenstate of B := " b; |b;) (i,
nothing happens save for the accumulation of a global phase e~%% to the joint sys-
tem, which we can ignore. By arranging for the meter to be in a superposition of
eigenstates of B, the coupling induces an evolution of the meter which is conditional
on whichever eigenstate the system is in. System and meter therefore become entan-
gled. The unitary process can be thought of as a quantum coherent premeasurement
of the system by the meter. The premeasurement here is a gradual process (oc-
curring over some time interval) describing the accrual of correlations between two
quantum systems through a mutual interaction. The premeasurement model explores
the first link in a potentially infinite chain of correlations that might occur through
interactions between quantum systems: as is customary, I assume that this chain is
terminated, somewhere, by a projective measurement. In this chapter I mainly use
‘detection’ to refer to the ill-defined process at the end of the chain, which causes the
wavefunction to collapse.

Generally neither system nor meter will be in an eigenstate of their respective

measurement operators (although I assume that they begin in a factorizable state):

U (o) o)) =U (Z cila) Y m, |bj>) (33)

%

One can now impose our demarcation of the joint space into system and meter by
stipulating the joint detection observable AB. Choosing A = I imposes ‘system,
meter’; making B = I imposes ‘meter, system’. In each case one ignores the system.
Here I will stick to the first convention, and further set B =" A\, |o) (0| which I call
the ‘meter output observableﬂ. After detection, the probability distribution of the
meter will be a mixture of distributions, each corresponding to an ignored classical

configuration of the system
Py =3 (il (0] U o) o)
5 Gl ) () 10 ) 0
(6] 0l UL o) (o) ) ), (3.4

where I used the fact that > . |a;) (a;| =1, i.e. the |a;) are a complete set of states.

Tt is straightforward to generalise this to an continuous observable.
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Now, using the above,

P, =" ciemimpe®ie™ i (a| (b;] (1@ [o) (o] |ax) [b)
ijkl
= Z SinCreimimge® e (b o) (o] by)
ikl
_ i 2 * iaib]- . _iaibl
_Z|C’| m;e " (bjlo) (o]bi) e my
ijl

= Z |ci?] (0| U(a [102) |2 (3.5)

on defining Ug(a;) [12) = ¢™B [thy) = 37 m;e® |b;). Clearly each eigenstate of A
causes an evolution of the meter initial state generated by B by a distinct ‘distance’
a; (the corresponding eigenvalue). This evolution of the meter can be manifest as a
probability density when a suitable meter observable B is chosen. If the system is in a
state other than an eigenstate of A, the quantum state of the meter is probabilistically
in each of the possibilities, with the relative probabilities given by |c;|>. When the
meter is then inspected, the distribution of outcomes will thus be mixed together.

Notice that if either B or I3 are poorly chosen the resultant probability distribution
will not give information about the meter state. In particular, if [B, B] = 0, the output
variable is a constant of the motion, and is preserved. It cannot then provide any
more information after the interaction than it did beforehand. Choosing B and B
to be mutually unbiased (o|b;) = \/LE for discrete meters, or canonically conjugate
[B, B] = i for continuous variable meters, will lead to the most pronounced statistical
changes. The choice makes the evolution generated by the interaction most visible,
and hence is a natural choice for the most effective measurements: the latter was
chosen by von-Neumann in his famous model of quantum measurement [144] 133].
For continuous variable quantum systems, the Hamiltonian generates translations in
the conjugate variable: for instance [k,,x] = i implies that e™k= |2) = |z — a), see
Ref. [45].

One may characterise quantum measurements by their statistical properties —
including the detection observables in the definition of a measurement. Another ap-
proach would be to remove the measurement choice from the analysis, characterising
quantum measurements by induced trajectories in Hilbert space. Because, roughly
speaking, the error in the measurement (at the meter) is related to a disturbance,
or back action (in the system), one could alternatively characterise measurements by

their induced back action.



3.1. STRONG MEASUREMENTS 44

3.1 Strong measurements

If the coupling strength, meter initial state, and output variable all conspire to trig-
ger a maximally informative change in probability in the meter detection, we then
have an explicit dynamical model for what goes in in a projective measurement as
introduced in Chapter [l When the meter is inspected, it is found in one of a number
of orthogonal possibilities: from Equation the relevant probability is |¢;|*. Fur-
thermore, because system and meter are perfectly correlated, observation of outcome
Ao causes the system to collapse into the corresponding eigenvalue of A.

Importantly, this line of reasoning does not solve the measurement problem! One
can continue to chain measurements together using the premeasurement model, but
eventually one has to assume a projective measurement to collapse the chain of cor-
relations.

In the classical world, measurement is synonymous with simply ‘reading-off” values
displayed on a suitable meter. One must carefully consider how the concept of mea-
surement changes in the quantum domain. A strong measurement is akin to simply
inspecting an object, discovering its state among a number of possibilities. Imagine
that one is given an unknown state drawn from an orthonormal basis. What infer-
ences may be made about the identity of the state after only a single measurement,
i.e. after only single sample of the resultant probability space? Since the state |j) is
unknown, the probability distribution of the meter is also unknown: is it d,; or d,o7
The distinguishability of the distributions helps. Since there is a one-one relationship
between the measurement outcome and the initial state, the latter can be inferred
safely from the former by a single sample. This can be formalised by calculating a

suitable statistical distance: the Hellinger distance, for example (see Chapter [2)):

Dy := [1— Z VPQ; (3.6)

between the probability distribution corresponding to the possibility under question,
and the complementary probability of the system being in any other possibility. For
the delta function this evaluates to 1: the possibilities are perfectly distinguishable,

and we have a strong measurement.

3.1.1 Example: CNOT gate as a strong measurement

If one wishes to retain a model for the measurement, including a description of the

meter itself, a two qubit example is demonstrative. One may use the CNOT gate,
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introduced in Chapter . Take the interaction Hamiltonian Equation (3.1]), and make
the following choices. Let A = |a1) (a1], a projector type operator; let the initial
meter state be an eigenstate of the meter output variable [i5) = |o); let B be a
mutually orthogonal observable, so that (o|le”™Bo) = 0 — in other words, a NOT

operation happens if ¢ = 7. By inspection

U — e—iﬂ|a1><a1|B (Z Ci|ai> ‘O)) (37)

i
the meter qubit is flipped only if the system qubit is in |a;); otherwise the identity
transformation e = I is applied. Thus we have found a Hamiltonian which generates
a CNOT operation. Clearly the measurement of B can distinguish which eigenstate of

A the system was in, in a single shot.

3.1.2 Example: null result measurements

Null result measurements are those which probe for a particular measurement out-
come, and discard all experimental runs where that outcome was actually found.
One only keeps runs where the detector did not click. Consider the interferometer
introduced in Chapter |2l By using a beam splitter to spatially separate two classical
states, one can place a detector in only one branch. In fact by simply blocking this
branch with a barrier one can perform a null result measurement: if a particle passes
the beam splitter and is not absorbed into the barrier, then one has determined which
branch it is in without a measurement result (i.e. absorption) actually having been
reported.

One might imagine a null result measurement being modelled in the following way:
if a positive result is recorded, the state becomes updated according to the collapse
postulate; but if a negative result is recorded (i.e. no result is recorded) then the
identity transformation is applied. For a two level system with basis {|0), |1)}, when
the result is positive, the POVM element is |0) (0]. When it is negative, however,
by the completeness relation of POVMs, the complementary POVM element must
also be a projector [1) (1|, which can cause the largest possible disturbance to the
quantum state. The completeness of quantum measurements means that a null result
measurement is entirely equivalent to an inspection of both possibilities! There is
no way, within quantum theory, to make an incomplete measurement: the logical
inference about the particle is not distinguished from the physical influence upon the

particle. A consequence is that the quantum state of the particle is significantly
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disturbed despite the apparent lack of any physical interaction. A CNOT gate can be

used to perform null result measurements, see Chapter [}

3.2 Weak measurements

A single shot inference about the state of the system is not possible if the distin-
guishability of the associated meter states is broken. It can be broken, for example,
by adding quantum noise to the meter by initialising it into a suboptimal pure state.
Alternatively, noise can be added incoherently, by randomising over meter states. In
either case, the statistical distance between the meter probability distributions for
each eigenstate of the control observable becomes smaller.

One may define a weak measurement as a combination of unitary premeausure-
ment and choice of detection on the meter that leads to a nonzero but less than
maximally informative change in probability at the chosen output variable. The
Hellinger distance, or some other metric, can be used to quantify this idea.

It is insightful here to consider the evolution of the system state, conditional on
the detection outcome at the meter. The POVM description of general quantum
measurements (see Chapter 1)) will be employed. After the premeasurement, when

the meter is found in state |o) the system is updated to

1) = () o< (1@ {o] )U (i) lia) )
oc M, [thr) (3.8)

with
M, = (11 ® (o] )U(]I ® |s) ) (3.9)

This is an operator on the Hilbert space of the system only. Note that the system
is updated to a pure state. The proportionality constant is the norm of the post

measurement state:

\/<w1!MlMolw1> (3.10)

its square
P, = <¢1|M§Mo|¢1> = (1| Eolthr) (3.11)

is the probability of outcome o occurring. We can calculate the Hellinger distance

between distributions P, for different orthogonal states |t¢)1) , |¢1) of the system:

D= [1= Al Eo|tn) (@1l Eolon) (3.12)
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by my definition, Dy < 1 implies a weak measurement. This kind of ‘coherently
weak’ measurement translates into a variable back action on the system — roughly
speaking, weaker measurements have less back action that stronger ones. If £, = 1/d,
the system is not updated at all after the measurement, and Dy = 0.

To deal with the possibility of a poorly chosen meter output variable, one may
introduce a metric on the meter states themselves, rather than the meter probability
distributions. In this way, use of the optimal meter output variable is implied. This
induces a notion of measurement strength that I use in Chapters [f [ and [7} it may
be quantified, for example, by the Bures distance D (see Chapter |2)).

3.2.1 Example: Gaussian probe

I will give an example with Gaussian wavefunctions. Let the system be a qubit and

let the meter be described by a continuous variable with initial state

Wx) = \/%Ax exp (-%) : (3.13)

the standard deviation, or ‘width’ of this state A, will be important. Now couple

qubit and meter through
H = gAk, (3.14)

so that one has, upon inspecting the meter in the position basis (note [B,B] =
[z, x| = 19)
p(x) = lail’[e(a — gai)l, (3.15)

(2
i.e. a mixture of shifts in the meter x variable. Take two neighbouring eigenstates of
A:

_ 92%(ag1—ay)?
Dy = \/1 e T (3.16)

The statistical distance depends on the ratio g : A,; the measurement strength can
be controlled by varying either quantity. A strong measurement, Dy = 1, is possible
through either: A, — 0 or ¢ — oco. Strong measurements here relate to Gaussians
separated by a large distance (compared to their width). A weak measurement is
anything else, where the Gaussians overlap. One may have course to consider the
limit ¢ < A,, where the Gaussians overlap almost completely: see Chapter [5] This
is a coherently weak measurement: it has the property than information gain from

the meter and disturbance to the system are in a tight relationship.
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3.2.2 Noisy measurement

Characterisation of quantum measurements by a metric on probability distributions,
for example the Hellinger distance, implies that a strong measurement with a cor-
rupted output should also qualify as weak. The back action on the system is not
reduced, however: in fact the system can end up completely mixed. Consider the
CNOT strong measurement — system and meter are coherently coupled, and the me-
ter is strongly measured. The Hellinger distance can now take any value, including
the maximum, strong measurement value Dy = 1. Generally speaking this leads to
the most disturbance in the system: it may be projected onto an eigenstate of the
system observable A. But if the result of the measurement is now passed through
a scrambler, the Hellinger distance may decrease with no associated change in the
degree of back action. The measurement result is deleted by the scrambler: the me-
ter is in a mixed state, and the system is therefore also in a mixed state. It is thus
impossible to observe quantum interference in either system (unless the measurement
result is recovered somehow). The underlying quantum states of the meter do not
overlap. Only our subjective knowledge of the meter states renders them indistin-
guishable. The strength of the measurement may not be correlated with the induced
back action at all.

Characterisation by a metric on the quantum states themselves, for example with
the Bures distance, changes things. Now a noisy measurement can still be classified
as strong because the metric is applied before the scrambling has taken place. Of
course one may define mixed quantum states of the meter after the scrambling, and

the quantum metrics now also classify the measurement as weak.



Chapter

Leggett and Garg’s theorem

In the introductory chapter, I discussed quantum theory’s measurement problem. In
this chapter, we will see how the problem can be addressed in the laboratory. Such in-
vestigations are motivated by Schrodinger’s cat paradox: a thought experiment which
highlights the apparent absurdity of extending the predictions of quantum theory be-
yond the atomic world to the everyday world of human experience [I77]. The thought
experiment is as follows. Imagine a macroscopic object — a cat, for example — which
is coupled to a microscopic object — an atom, say — through a series of intermediate
interactions. This is called a von-Neumann chain. If the microscopic object obeys
the laws of quantum mechanics, and begins in a superposition of its classical configu-
rations, then the chain will act to correlate the micro- and macroscopic objects. The
atom and cat become entangled. If the decay of the atom triggers a chain of events
leading to the death of the cat (a scintillation detector is triggered, an electrical cir-
cuit is formed, a hammer drops, a vial of poison is released, etc), the smearing of the
atom over its configurations (decayed and not decayed) is amplified to the level of
the cat, and the whole edifice of atom and cat is in a macroscopic superposition. The
cat can non longer be said to be either dead or alive. The gedanken-experiment is
paradoxical in two key respects, given that quantum mechanical interference effects
are not seen in everyday life at the macro scale.

On the one hand, an obvious question arises: ‘how does the classical world arise
out of the quantum world?’, or, ‘why don’t we observe interference of macroscopic
objects?’. This is the soft measurement problem. The phenomenon of decoherence,
discussed in Chapter [1, describes the loss of knowledge about a quantum state: the
resultant reduction in purity is then seen to be responsible for the lowering of the
visibility of interference. Decoherence is thus an adequate solution to the soft mea-

surement problem. As in classical mechanics, some effects are hard to see if good
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control, or fine enough measurement accuracy cannot be achieved. In the cat para-
dox, if one ignores the atom, for example, the density operator of the cat takes on a
diagonal form (in the |alive) , |dead) basis), and no interference is possible.

On the other hand, there is the hard measurement problem, which is more difficult
to solve. It is possible in principle to arrange for a superposition of dead cat and
alive cat, but upon observation only a single outcome will be observed. The harder
question, then, is ‘what triggers wavefunction collapse?’. Decoherence is not a sat-
isfactory answer. It cannot account for a how a superposition ends up in a classical
possibility. An objective micro/macro distinction is needed. As Bell has said, “So
long as the wave packet reduction is an essential component [in quantum mechan-
ics|, and so long as we do not know exactly when and how it takes over from the
Schrodinger equation, we do not have an exact and unambiguous formulation of our
most fundamental physical theory” [19].

There are a number of proposals that have been proffered to address the problem:
for a comprehensive overview see, e.g. [205] [I5]. These include those that claim that
wavefunctions never collapse (the many worlds theory [202]) and those that interpret
the wavefunction as an expression of knowledge (the ¥-epistemic program [78]). These
proposals fight for supremacy on a purely intellectual battleground. Proponents from
each school may argue for the virtues of self-consistency, elegance, or intuitiveness:
but ultimately it is personal preference that will be the kingmaker for the quantum
interpretations.

Yet another class of proposals make empirically testable changes to our physical
laws: for example adding non-linear terms to the Schrodinger equation. These theo-
ries, known collectively as ‘objective collapse theories’ are in a sense more scientific
than other approaches, since, as we shall see below, they make predictions that are
amenable to experimental scrutiny and that disagree with the predictions of current
models.

Leggett and Garg (LG) defined macrorealism as a class of theories containing
the objective collapse theories. The unifying essence of macrorealist theories is thus:
there is an objective separation between the mundane classical world (where objects
always realise one of their possible configurations) and the more exotic world of
quantum theory (where objects in some sense inhabit many classical configurations
simultaneously). This is true regardless of the precise mechanism by which the new
physics prohibits macroscopic quantum superpositions from persisting: as we shall

see below, objective collapse theories achieve the separation through dynamical laws.
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This chapter is arranged as follows. The objective collapse theories will be ex-
plained in Section LG’s argument (including their inequality) will be presented
in Section [4.2] T then explain and motivate null-result measurements as the most
convincing type of measurement for testing the LGI in Section [£.3] LG’s arguments
are critically analysed in Section [4.4] which offers comparisons to other no-go the-
orems. Weak measurement and stationarity will be introduced in Sections [4.5 and
[4.0] as somewhat misguided approaches to LG’s protocol. I survey some notable ex-
perimental tests of the inequality in Section The final Section and will
introduce my theoretical extension to LG’s work, and an experimental test conducted
in Oxford in 2011.

4.1 Motivating macrorealism: objective collapse
of the wavefunction

Objective collapse theories solve the measurement problem by unifying the two types
of dynamics in quantum theory. Instead of arbitrarily choosing when to apply the
Schrodinger equation on the one hand, or the measurement update rule on the other,
one can simply apply a generalised dynamical law in all cases. A new Schrodinger
equation is defined, which augments the unitary evolution with a random process
which which acts to drive the state vector into a classical state. This powerful and el-
egant idea was first rigorously developed by Gihrardi, Rimini and Weber [70] (GRW),
and later by Pearle [I55]. GRW’s theory is such that ‘collapse’ becomes more prob-
able the more particles are involved in a superposition. To recover the classical and
quantum limits to the new equation, certain free parameters must be fixed. The free
parameters must be such that there is no contradiction with experiments showing
quantum interference. To solve the hard measurement problem, the choice of pa-
rameters must also prohibit macroscopic superpositions. Schrodinger’s cat is then
only dead and alive for a split second, and the von-Neumann chain has an end. New
fundamental constants of nature (the free parameters in the non-linear Schrodinger
equation) dictate when each of the previous equations is the appropriate limiting case.

Roger Penrose is another who argues in the same vein: his idea is that gravity will
not permit superposition of mass distributions whose gravitational self-energy exceeds
that of, e.g. a single graviton [150, [157]. Penrose’s theory and that of GRW-Pearle’s
come under the heading of macrorealism and the spirit in which they approach the

cat paradox is clear: as Leggett has put it, they hold that “QM is not the complete
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truth about the world; at some level between that of an atom and that of human
consciousness, other non-quantum mechanical principles intervene.” [118].

For the remainder of the chapter we shall not be so concerned with the physics
of any particular theory of macrorealism. The essential feature is that the hard
measurement problem is solved by explicit demarcation of the quantum world (where
superposition is permitted) from the classical world (where superposition is forbidden)
from within the new physical theory. I shall only be concerned with the logic which is

common to all such theories, and how they may be constrained through experiment.

4.2 Derivation of a temporal inequality

A quarter of a century ago, LG published a landmark paper entitled “Quantum Me-
chanics versus Macroscopic Realism: is the Flux There when Nobody Looks?” [120].
In this paper they set out a procedure to pit the predictions of quantum mechanics
against macrorealism. The context of their discussion is experiments with Supercon-
ducting Quantum Interference Devices (SQUIDs), which are micrometer sized circuits
where the current can be in a superposition of flowing in opposite directions simul-
taneously (see Chapter . LG’s theorem is general enough to apply to any physical

system, however. It addresses the conjunction of the following assumptions:

1. (MR) Macrorealism per se: A macroscopic system with two or more
macroscopically distinguishable states available to it will at all times

be in one or the other of these states.

2. (NIM) Non Invasive Measurability at the macroscopic level: 1t is
possible in principle, to determine the state of the system with arbi-

trarily small perturbation on its subsequent dynamics.
In later work a third assumption [I17] was included for completeness

3. (IND) Induction: The properties of ensembles are determined exclu-

sively by initial conditions (and in particular not by final conditions).

MR can be split into two parts.
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4.2.1 The macro- prefix

This prefix denotes that something applies at the macroscopic scale that does not
apply on other scales. When it is prepended to ‘realism’, this is exactly what is
intended: that the property of realism (defined below) applies to macroscopic objects
but not to microscopic ones. LG have provided two tools: the first is a test of realism;
the second a methodology for probing the nature of the quantum/classical boundary.
The methodology, sometimes called the Leggett program [195], is simple: since the
test of realism, to be explained below, is capable of convincingly ruling it out, one
applies it to larger and larger objects. Macrorealist theories, if they are to have any
scientific content, will be required to provide parameter regimes for which quantum
theory breaks down (see Figure [L.1)). If {r;} is a set of parameters which classify the
degree of macroscopicity, then progressively falsifying ‘realism at the level of {s;}’
can extend the necessity of a quantum description of nature (or more strictly, the
inadequacy of the macrorealist perspective) into that particular region of parameter
space. In this way, any given macrorealist theory which holds ‘realism is true at the
level of {¢g;}’ can be ruled out by violating the Leggett-Garg inequality when one of
the parameters extends into a forbidden region. Of course if one fails to violate an
inequality, then nothing much is said about the whole problem: apart from ‘I tried
to unequivocally show the existence of macroscopic quantum coherence in my device,
having two states differing in mass distribution by so many kilograms and involving
so many particles [for example], but failed.’

Since one can consider the logic of the Leggett-Garg inequality independently of
the micro/macro distinction, I shall often do so in this chapter. The ultimate aim of
LG is undoubtedly for tests in the macroscopic domain — but in the interim before
technology enables this goal, experiments may be confined to the microscopic realm,
where realism (R) feels a more appropriate term. I shall thus use R or MR depending

on the context.

4.2.2 Realism

‘Realism’ captures most of our intuition about the classical world insofar as it is
contrasted by quantum theory. Although it is a term which carries some philosophical
baggage, LG gave it an unambiguous meaning: for a system with a multitude of
configurations available to it, it occupies exactly one of these configurations at any

given timd'] For example, a system with two classical configurations labelled 1~ and

"'We might consider ‘value definite’ as a better choice of words.
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Figure 4.1: Schematic for the parameter space on which macrorealist theories impose
limits on the validity of quantum theory (for example the blue polygon). Experimental
data can falsify such theories as long as they falsify macrorealism at a level involving
a set of parameters (for example the red polygon), some of which are larger than
is allowed by the considered theory of macrorealism. The parameters {r;} typically
correspond to mass, number of particles etc.

J, one can describe its dynamics fully by specifying one of these possibilities for
every point in time. If one considers an ensemble of such systems, the collective
state at each time will be a statistical ‘mixture’ of the two possibilities - in other
words a subensemble characterised by probability p will inhabit the 1 configuration,
and the complementary subensemble characterised by 1 — p will inhabit |. The
system may transform from one configuration to the other and back again: this may
happen at some characteristic rate, or not at all. In the following we will consider
the configuration of the system on a coarse grid of three instants. The most general
evolution will be probabilistic — one can fully describe the dynamics by a set of (in
this case eight) probabilities Py = P(Q(t1) = a, Q(t2) = b, Q(t3) = ¢) where Q(t;) =
+1 when the state of the system is 1 or | at time t; accordingly. Naturally these
probabilities are non negative and form a complete set in the sense that >, . Pope =
1. Table shows how the probabilities attach to the possible time evolutions.
Clearly the system samples the eight possible evolutions with relative frequency
determined by the distribution P. In other words a fraction P, of the ensemble
evolves according to the evolution Q(t1) = a, Q(t2) = b, Q(t3) = c. If one calculates

the quantity

Fra = Q(t)Q(t2) + Q(t2)Q(ts) + Q(t1)Q(ts) + 1 (4.1)

for each of the eight possibilities, then one finds F,¢c = 0 or F,g = 4. When this
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th to tz3| P | fic
T T TP 4
1t L Pu| O
b PP | O
T L Pur| O
LT TP | O
L 4 4P| O
L b TP O
b b P | 4

Table 4.1: Macrorealist theories prescribe probabilities for each classical trajectory
of a two level system inspected at three distinct times. () = 1 when the state of the
system is 1, and Q = —1, written 1, when the system is |.

quantity is ensemble-averaged, one trivially finds
4> (Fg) > 0. (4.2)
The linearity of the ensemble average (o) implies

Juc =K1z + Ko + K13 + 1 (4.3)
K,y =(Qt)Q(t) (14)

By distributing the expectation over the sum, one defines three ensembles. Determin-
ing each correlator Kj; in a separate ensemble, where a measurement is only made at
t; and t; is legitimate — the ensembles are equivalent — unless the very act of measur-
ing (or not measuring) at other times impacts upon the statistics of that ensemble.
Conjoining NIM and IND to MR then implies the Leggett-Garg inequality (LGI)

4> fug > 0. (4.5)

To determine each correlator K;; experimentally, one makes measurements at two
distinct times, and counts the proportion of runs which give each of the four possible
configurations for the two measurement outcomes:

Ny NNy - Ny

K, = <Q<tz>Q(tJ)> - N++ + N__ + N+_ —+ N_+'

(4.6)

N4 is the number of trials which found the system in state =1 at an earlier time t;
and in state £1 at a later time ¢;. The macrorealist predictions for these correlators
may be calculated from the macrorealist table, by choosing the two appropriate rows

for each two-time correlator (tracing out the column for whichever time is not needed),
see Table [4.21
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1 12 P Q(t1)Q(t2)
Lo PP 1
I 1| Pin+Pag -1
b Pin AP -1
Tt PiatPus 1

Table 4.2: Each correlator may be calculated from the macrorealist table by choosing
the two appropriate rows for each two-time correlator (tracing out the column for
whichever time is not needed). One multiplies each pairwise sum of probabilities by
+1 according to whether that row was a correlation or anti-correlation. Shown is the
K5 case.

According to quantum theory, of course, the quantum state is generally ‘reset’
by a measurement: the unavoidable back-action in a projective measurement, where
the state is updated to en eigenstate of the measured observable, is invasive. This
leads quantum mechanics to predict a violation of the LG inequality. For a qubit

undergoing dynamics governed by
U(ti,t;) =U((j —i)1) = cos(j — i)l + sin(j — )70y, (4.7)

i.e. coherent oscillations with a fixed period, the correlator is K;; = cos((j —¢)7) and

hence
fe =2cosT +cos2T + 1, (4.8)

which takes the value f = —0.5 for 7 = 27/3, violating the inequality f > 0 predicted
under MR N NIM N IND. This is independent of the initial state, see Figure [4.2]
As is plain from inspection of the Tables and [£.2) the argument constraining
the macrorealist to non-negative values for f also does not depend on the primary
system’s initial state. For a qubit undergoing Rabi oscillations, the variable 7 can be
replaced by 6, the angle that the state vector is rotated by in the interval between
two measurements.

An important, but frequently overlooked, property of the Leggett-Garg inequality
is that it is trivially satisfied if the correlators (and hence f) are determined with
only three measurements, averaged over a single ensemble. This follows because each

of the measurement results will be one of the eight macrorealist possibilities: see

Figure 4.3
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Figure 4.2: According to quantum mechanics, the correlator (Equation is inde-
pendent of the initial state; this is demonstrated on a slice through the Bloch sphere.
At the early time ¢;, a measurement deletes information about the quantum state —
the correlation with a later measurement at ¢; is only sensitive to the angle of rotation
induced by the time evolution over the interval. Shown is an angle of 27 /3.

4.3 Null-result measurements: ideally non-invasive?

Given NIM, the macrorealist believes that the state of the two level system may be
measured in a non-invasive way. The occurrence of a measurement at t, in the first
and second, but not the third subensemble should not matter unless the measurement
is invasive. The physical implementation of the 5 measurement is therefore of key
importance. If the macrorealist is unconvinced by the measurement procedure, he will
cry ‘clumsy measurement!’. If the macrorealist accepts that the particular physical
implementation of the measurement process is non-invasive then either MR or IND
must be rejected 207

If the measurements are sufficiently careful that it makes no difference to the
behaviour of () if a measurement is made or not, then the three separate ensembles
become equivalent, and the LG inequality may be derived. LG suggested a plausible
candidate for such a measurement scheme. Given MR, we can design a measurement
apparatus which only couples to one of the possible states of the system (for instance
a device which only clicks if the system inhabits 1 but does nothing if it inhabits J).
As long as the detector does not click, then the system has not been interacted with;

but we may still infer the state of the system: it must be in the other state. Repeating

2The possibility of IND being false, i.e. backwards causation, is not considered any further.
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Figure 4.3: A circuit that might be suggested to test the LG inequality in a single
ensemble, but which will fail to violate the bound on macrorealism despite the exis-
tence of coherent superpositions. The vertical lines are CNOT gates, used to measure
the system at each of the instants ¢, ts,t3. Two gates map information about the
o, variable onto three ancillary qubits. In the intervening times the system qubit is
evolved according to U(7) = cos7l + isinTo,. Each of the ancillary qubits is mea-
sured to determine (after ensemble averaging) Ko, Ko3, K13 respectively. The inset
shows that the LG inequality will be obeyed for any value of 7 := t3 — t5 = t5 — t;:
therefore the macrorealist sees little to trouble him. Adapted from |[New Journal of
Physics, 14(5):058001, May 2012

this procedure with a complementary measuring device which only responds when the
system is in the other state, allows one to gather a complete set of measurement results
by only keeping results which reported the null outcome (or when the detector failed
to click). This procedure is known as an ideal negative result measurement [114].
According to LG, such a procedure is the pinnacle of careful measurement in the eyes
of a macrorealist, as it exploits his belief in MR. This is especially the case when the
two states can be spatially separated. As an example of such a measurement, consider
the Stern Gerlach (SG) apparatus in Figure An SG gradient can ‘open’ a beam
of spin-1/2 particles, separating them into spin up and spin down along a certain
direction. Two-time correlators of the type necessary for an LG test can be non-
invasively determined by a negative result measurement (achieved by blocking one
branch of the beam), followed by a unitary evolution and a standard measurement.
The first measurement can be thought of as a non invasive preselection of the spin
into one state or the other.

To implement such a measurement scheme, one further resolves each of the three
ensembles discussed above into two subensembles in order to construct both kinds of

negative result measurements.


http://dx.doi.org/10.1088/1367-2630/14/5/058001
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Figure 4.4: Null-result measurements of the autocorrelation of the z-projection of a
spin with Stern Gerlach magnets. One must count correlations versus anticorrelations
of the same variable over time.

4.4 Loopholes and drawbacks

Comparing the LG inequality to established no-go theorems in quantum mechanics
highlights some of its drawbacks. The most striking difference in the formalism is
the lack of the phrase ‘hidden variables’. Hidden variables, sometimes called ‘ontic
states’ are very prominent both in historical no-go theorems such as Bell’s and Kochen
and Specker’s (introduced below), and in modern works [I8| [I7, 106, 38, 165]. The
ontological-models framework posits such variables, labelled A, as the real state of
affairs in any experiment [78]. The quantum state might feature amongst A, or
it might be considered as merely a probability distribution over A. The hidden-
variable program is motivated by a number of hopes: to restore determinism, for
instance, to remove action-at-a-distance, or to solve the measurement problem [57,
[123]. Discussion of hidden variables is absent from LG’s writings. A treatment of the

LG theorem within this framework is given by Timpson and Maroney [199]. Although



4.4. LOOPHOLES AND DRAWBACKS 60

a popular conceptual device A is not a necessary component in the explanation of
no-go theorems. Below I describe the Bell and Kochen-Specker theorems, without

mentioning hidden variables.

4.4.1 LG vs. Bell

LG’s inequality is inspired by the Bell inequality — the former has been called a
‘Bell’s inequality in time’ to reflect the formal similarity. Among the theorems that
pit quantum mechanics against rival possibilities, Bell’s theorem is thought of as the
gold standard. Although historically prior to LG’s work (by some twenty years), it can
be described within the formalism I have already introduced. Instead of considering
the state of a single particle, represented by () = +1, at three distinct times, consider
the state of two particles represented by A and B. The two particles are emitted
simultaneously from a source, and travel in opposite directions to distant locations.
Experimenters at each station, Alice and Bob, then each choose from a set of two
possible measurements on their particle: a or a’ for Alice, b or ¥ for Bob. They
record the results, which are compared at a later time in coincidence: by repeating

this experiment many times, correlators
Kap = (Aa) B(b)) (4.9)

can be determined. Notice that each correlator is defined on a separate, and a priori
distinct, ensemble. For example, K, is determined in an ensemble where Alice chose
to measure a’ and Bob chose to measure b.

The analogue of NIM is then introduced, to motivate the premise that the distinct
ensembles are in fact equivalent. In Bell’s theorem, it takes a stronger form, and is
called ‘locality’. Due to the spacelike separation of Alice’s choice from Bob, and his
from hers, we are to believe that no influence propagating at subluminal speeds from
one location to the other would have time to influence the result. The following linear

combination of correlators
frean = (A(a) B(b)) + (A(a')B(b)) + (A(a) B(b)) — (A(a) B(b')) (4.10)

should then be equal to the average taken as if all measurements were performed on

a single ensemble:

foen ~ (A(a) B(b) + A(a') B(b) + A(a) B(V') — A(a’) B(V)) - (4.11)
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By a similar argumentation, since A and B can only take values 41, one recovers the
Bell inequality
fBenl < 2. (4.12)

This inequality, in its purest logical form, is due to Boole [122 80, [79, 23]. The
original derivation of Equation by Bell involved only three correlators — see
Bell’s original paper [I8]. The derivation of a four correlator inequality can be found in
Clauser, Horne, Shimony and Holt [38]. Of course in reality, if all measurements were
made in each run of the experiment, the inequality would be trivially satisfied® No
violation would be found [I19]. Experimental tests of the Bell inequality, beginning
with Aspect’s famous demonstration [I1], continue to find violations and are now
chiefly aimed at closing various loopholes; for example those associated with low
detection efficiency [155] [168].

The LG theorem has certain benefits over the Bell theorem. The former involves
only a single system, and can be violated with a maximally mixed (lowest purity)
state. The latter requires two systems, and further, that a high purity entangled
state is engineered. For many, however, the LG theorem is significantly weaker than
the Bell theorem, because the assumption of locality is better motivated than NIM.
Special relativity, which denies the possibility of a causal connection between spatially
separated locations, is a well confirmed and established theory of nature. NIM is a
hangover from classical physics — as quantum theory has become more routine, physics
has rather forsaken this idea. Of course, the ideal negative result measurements
are intuitively convincing, and if one can spatially separate the states then special

relativity can be used to motivate NIM, too.

4.4.2 LG vs. Kochen-Specker

Another touchstone for the special nature of quantum theory is Kochen and Specker’s
proof of the failure of non-contextuality [I06]. Quantum mechanics is more easily
shown to be at odds with non-contextuality than it is with locality: in the latter
case one must prepare a special quantum state (which will be entangled, i.e. non-
separable), and also achieve the experimentally challenging goal of space-like separa-
tion of measurements. The Kochen-Specker theorem can be made state-independent,
and requires no spatial separation. It is perhaps inferior to the Bell theorem however,

because it relies more heavily on quantum-mechanical concepts in its description.

3Because a and a’ correspond to non-commuting observables in quantum theory, they are deemed
incompatible and may not be co-measured.
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C1 C2 C3 H
ri| o1 lo., o,0. |—+1

ro | o, o1 o0,0, |-+I1

r3 | 0.0, 0,0, oy0, |+l

[Il +I +I I

Table 4.3: Reproduced from [140]. {I, 0,,0.,0,} are the single qubit Pauli operators,
and, e.g. 0,0, := 0, ® 0, indicates a measurement of the Pauli-o, on the first qubit
and Pauli-o, on the second. There is no non-contextual assignment of +1 values to
these nine observables.

Consider three observables A, B, C satisfying the following commutation relations:

[A, B] = [A,C] =0 (4.13)
[B,C] #0 (4.14)

i.e., B and C are not compatible. Recall that [X,Y] = XY — Y X = 0 for com-
patible observables, meaning that both observables may be measured simultaneously,
and one does not affect the other. If the commutator is nonzero, the observables
are incompatible. Position and momentum are incompatible quantum observables for
example, since measuring one disturbs the other. A non-contextual theory holds that
the expectation value of A is the same whether it is measured alongside either B or
C'. Cabello developed an inequality which places restrictions on the correlations that
such a theory could exhibit, and one that is violated by any quantum state [34]. In so
doing Cabello opened the Kochen-Specker theorem to experimental test, and further-
more enabled tests to be performed on poorly controlled systems with finite precision
measurements (where the quantum state is difficult to manipulate arbitrarily). A
succinct summary of Cabello’s work is given by experimentalists Moussa, Ryan, Cory
and Laflamme in their realisation of Cabello’s test in an NMR ensemble [140]. Con-
sider the two-qubit observables listed in the Table [1.3] One can check that in each
row or column all observables are compatible. Now consider every possible way of
assigning either +1 or —1 to each observable in the table in a non-contextual ways;
that is to say, in such a way that whenever an observable is measured on the same
system it is assigned the same value, regardless of which other measurements are

being made on the other qubit. For all possibilities of this kind,

Jrs = (Tr) + () + (T0) + (7ey) + (7ey) — (e5) < 4, (4.15)
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where (m,,/c;) is the expectation value of the product of the outcomes of observables
listed in row j / column j. Hence, all non-contextual realist theories are subject to
this bound (since they hold that each observable possesses an objective value of +1
or —1 regardless of the measurement context). The quantum mechanical prediction
is that fxs = 6, violating inequality (4.15)).

Moussa et al. successfully violate this inequality experimentally, and besides ruling
out non-contextual hidden variable theories provide inspiration to other researchers
hoping to perform similar tests of quantum theory and related hidden variable theo-
ries. What makes the demonstration particularly interesting is that the experiment
was performed in a spin ensemble, where one has no access to individual qubit sys-
tems but can only collect information about a large number of them. This is achieved
by encoding the correlations which make up fks into the phase of a single probe
qubit, which is well initialised into a predetermined state. This enables an ensemble
measurement, to obtain a genuine correlation rather than the product of two aver-
ages; i.e (0,0,) rather than the useless (0,)(0,). The fact that the other qubits in
the demonstration are in an unknown state is completely mitigated by the generality
of Cabello’s inequality, which will be violated by any quantum state. The following
motto unifies the LG and Kochen-Specker theorems: ‘I over 2 will do’.

‘One clean qubit’ is needed however, to act as a measuring device so that experi-
mental data can be extracted with confidence. There is a very interesting connection
to a model of quantum computing (called DQC1) which also operates with only one
well initialised qubit in a register of maximally mixed qubits [148] [44]. A possible
criticism of the approach of Moussa et al. is that the information about correlation
is encoded into the relative phase of the clean qubit: a concept that is difficult to
understand without first understanding and accepting quantum mechanics.

Another important issue addressed in this work is the problem of initial state
preparation. The probe qubit is required to be initialised in a pure state, but this is
in general impossible at finite temperature, where thermal fluctuations ensure that
portions of the ensemble are incorrectly prepared. Moussa et al. address this by
determining experimentally which portion of the ensemble suffers from this malady,
and making a ‘fair sampling assumption’ correct for it by post-processing the data
they extract. It is not clear that this is a legitimate solution to the initialisation
problem: the fair sampling assumption states that observed results are representative
of unobserved results: this seems to be open to question (see Chapter . The authors

do calculate what is expected quantum mechanically from the imperfectly initialised
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ensemble: but what is less clear is how a sceptic of quantum theory might interpret
the shortcoming.

The LG, Bell and Kochen-Specker theorems feel interrelated: the non-commutation
of observables seems to underlie them all — even in the LG test, the single observ-
able ) does not commute with itself at different times in the Heisenberg picture
(where states are static and operators evolve in time). I will not discuss this point
any further: I refer the reader to some papers that attempt to formalise the connec-
tions [52), 53, 43, 29] B5], 37, 131].

4.4.3 Degree of macroscopicity

Peres published a paper in 1988 criticising LG’s work [I58]. He questions whether the
states which are superposed in the SQUID (LG’s prototypical macrosystem, see Chap-
ter [2) are truly macroscopic. Peres’s argument about the macroscopicity of SQUID
states highlights an important point: the criteria by which something is deemed to be
micro- or macroscopic are not defined (by LG or by others) in a universally accepted
way. Indeed even if a SQUID qualifies by e.g. the magnitude of its superconducting
current, the superposed states themselves may not also qualify. Peres gives a gravi-
tational wave detector as an example: the antenna of the detector may have a mass
of several tons, but if it is well isolated it responds to the minute vibrations of space-
time as a quantum harmonic oscillator. This should presumably be contrasted with a
Schrodinger’s cat type superposition, where there is a macroscopic difference between
the dead cat and the alive cat states: in LG’s terminology the states should be macro-
scopically distinct. One might emphasise this point with a more recent example: the
proposed superposition of a ‘cantilever’ or small mirror [99, 132]. Although perhaps of
impressive size the two states which are superposed may be the zero- and one-phonon
vibrational modes, which are surely far from being macroscopically distinguishable.
A superposition involving a higher Fock state — for example the 100 phonon mode,
would be (presumably) more macroscopic.

Leggett has suggested a measure of macroscopicity, or degree of ‘Schrodinger’s
catiness’, less as definitive metric but rather more of an ansatz for how such a measure
may operate [I17), 113]. The measure consists of two parts: the ‘extensive difference’
A and the ‘disconnectivity’ D. The first is the maximum quantity picked from a
set A;, which are the differences in expectation value of various observables in the
two branches of the superposition, each expressed in units of a reference value. The
reference value represents the typical value of the expectation value at the atomic

scale. For example for the case of magnetic moments this would be the Bohr magneton
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p1p. The second quantity is very much like a measure of the degree of entanglement,
and represents the number of particle correlations that must be measured in order
to distinguish the superposition from a statistical mixture. The combination of these
quantities (i.e. their product or similar) seems to do a decent job of sorting objects
into a hierarchy of macroscopicity, although there may be other ways of doing the same
job in a more satisfactory way [109]. Nimmrichter and Hornberger appeal directly to
GRW-Pearle theory in their measure [I47]. The issue of how to count the number
of microscopic degrees of freedom echoes the discussion in Chapter [T how should
we deal with our ignorance about the ultimate structure of matter? In my opinion,
appeal to ‘number of particles’ seems to be a contingent idea, which cannot provide a

good foundation for dealing with the conceptual difficulties with quantum mechanics.

4.4.4 Isolating realism

Another criticism of LG’s work is from Ballentine [13], who expresses scepticism over
the extent to which their procedure can test realism (or macrorealism). Ballentine
points out that, when confronted with a violation of the LGI, NIM may always be
rejected instead of macrorealism. He also stresses that NIM does not in fact hold
for QM and it is this feature which leads to its violation of the LGI. The very same
criticism has been made by others [58, [64], 20, [77] and so constitutes the single most
powerful argument against the work of LG.

There are a number of theories that will violate the LG inequality, but which
maintain MR. The Kochen-Specker model for a qubit [106] (which cannot be ex-
tended to higher dimensions, and is ¢-epistemic [78]), and the De-Broglie-Bohm pilot
wave theory [21, 22] (which reproduces all quantum mechanical predictions, includ-
ing violation of the Bell inequality) are pre-eminent examples. Arguably the simplest
model has been constructed by Montina [138], who posits a single ‘memory’ bit which
is sensitive to measurements and can influence the trajectory of the system. All such
models sacrifice NIM to reproduce a violation of the LGI.

LG rebut Ballentine’s criticisms in a Comment [I121]. LG suggest that NIM is a
natural corollary to MR: and provide the following statement regarding Ballentine’s

preferred conclusion to a LGI violation:

Should anyone wish to interpret the results of our proposed experiment...
by saying the macroscopic object is indeed in a macroscopic state, but is
nevertheless affected by an interaction which we know could have occurred

only if it had been in a different macroscopic state, he or she is of course
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free to do so; we leave it to the reader to judge whether such an inter-
pretation in any way diminishes the force of the quantum measurement

paradozx, or the significance of our proposed experiment.

This quote implies that LG require ideal negative result measurements for their pro-
cedure to be most effective.

A supportive paper of 1996 [87] would later state that, if MR implies NIM then
the negation of their conjunction implies the failure of MR and not NIM! Although
this is enticing, it is not clear whether a strict logical implication holds. Leggett has
never claimed that MR strictly logically implies NIM; he admits that MR can be
never be tested completely in isolation from other assumptions [119].

Timpson and Maroney question whether null-result measurements (where infor-
mation is extracted from the system without a physical interaction) can be moti-
vated in a theory independent way [199]. Essentially their objection is that, due
to the possibility of hidden variables (being important in some as-yet-undiscovered
theory of nature), one could never be sure that a null-result measurement actually
occurred. Even if NIM can be motivated by control experiments (which show that
a null-result measurement introduces no appreciable statistical disturbance to @),
there is no guarantee that the situation does not change in the full experiment. In
the control experiments there may have been no detectable change in @): but @ is
not necessarily the only variable at play. Still, they argue, the fact these variables
must then become active only when quantum theory would predict a superposition
(and inactive when the system in an eigenstate, i.e. when Q = 1 or Q = —1 with

certainty) is strongly suggestive of a quantum effect.

4.5 Weak measurement — a red herring

This section describes work that has been done in a spirit inspired by LG, but with
important departures from the original proposal. The first suggestion of applying
weak measurements to the LGI was in 1990. Tesche suggested a gedanken-experiment
to enable macrorealism to be tested in SQUIDs [198]. He suggests that, alongside
the ideal negative result scheme, the coherent oscillations in the SQUID might be
preserved through using only a ‘weak’ coupling to the measuring devices (other nearby
SQUIDS, see Chapter ) Had Tesche’s experiment been performed, no violation
would have been recorded! It is precisely the interruption of coherent oscillations

that gives rise to a violation of LG’s inequality — see Chapter [3]
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4.5.1 Continuous weak measurement

In 2006 there was a renewed surge of interest in the LG theorem, because of the
growing field of quantum computation. Ruskov, Korotkov and Mizel published a
paper showing that weak measurements can be used to measure autocorrelations
(and hence can be used to test a LGI) [I70]; and this is motivated by the premise
that strong, projective measurements are often hard to realise in practice.

The authors derive ‘weak measurement Bell inequalities in time’ by introducing
a quantity —1 < Q(f) < +1. Note that this quantity is different from the original
dichotomic variable of LG since it can take any value in this range (LG have Q(t) =

+1). The following expression is said to derive from macrorealism:

QUQUE+T)+ QU +m)QUt+7+7) —Q)QE+7 +7) < 1. (4.16)

It is equivalent to Equation (4.1) with the above generalisation from a dichotomic
to a continuous variable. It is claimed that in a continuous weak measurement, one

collects

1(t) = I+ (AI/2)Q(t) + &(1) (4.17)

with Iy a background signal, Al the difference between signals representing () = +1
and @ = —1 and £(t) is white noise with vanishing time average. One now proceeds
to measure the average of the product of the (background corrected) signal at two

times separated by 7, i.e.

Ky () :=([L(t) = Lo][L(t + 7) — Lo]) (4.18)
(AI/2)(QOQ(t+ 7)) + (AL/2){E(1)Q(t + 7)), (4.19)

the second line is obtained by substituting (4.17)), and also assuming (Q(¢)(t+7)) =
0. This claim is that the system should not anticipate or influence the future noise of
the detector. One makes a further assumption (£(¢)Q(t + 7)) = 0, effectively there is
no detector back-action. These assumptions does not motivate NIM then, but rather
blindly assume it. Note that, according to quantum theory this weak measurement is
of the noisy type, and not of the back action evading type [60], see Chapter (3} With

this assumption in place one derives
Ki(m) 4+ Ki(12) — K(11 + 1) < (AI/2)? (4.20)

by ‘averaging inequality (4.16)) over time ¢’. An extra assumption called ‘stationarity’

is implicit. Stationarity enables the authors to claim a ‘compelling advantage’ to the
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their scheme; the fact that no separation into different ensembles seems necessary.
A single system is continuously monitored for many multiples of 7 so that a time
average can be used. Violations of this inequality have a critically different meaning
to violations of the original inequality — which we saw to be a consequence of the
inequivalence of separate subensembles (and hence of the failure of NIM). Stationarity

is further discussed below in Section [4.6]

4.5.2 Instantaneous weak measurement

In 2006 Jordan, Korotkov and Buttiker extend the continuous weak measurement
scheme to the case of instantaneous weak measurements (discussed in terms of a
double quantum dot with a capacitively coupled quantum point contact) [91]. The
ability to extract data from a single set-up is retained, but the stationarity assumption
need not be made. Following from this, a 2008 a theory paper argues for a one
to one correspondence between ‘strange weak values’ and Leggett-Garg inequality
violations [208]. The motivation seems to be that, if one performs the first and
third measurements strongly, and the intermediate measurement weakly, one has a
situation very similar to that described by Aharonov, Albert and Vaidman in 1988 [2]
whilst maintaining the quantum violation of the LGI. In this (in)famous work, the
average value of a weak measurement is shown to exceed the eigenspectrum of the
measurement observable when the results are appropriately pre- and post-selected.
See Chapter 5] Clearly one can fix an initial and final state in the Leggett-Garg
test, and by discarding some of the data can construct the so called ‘weak values’,
which are seen to be ‘strange’ (i.e. outside of the eigenspectrum) whenever (for
whichever time intervals) the Leggett-Garg inequality is violated. There is much
controversy surrounding strange weak values [115, [159], and the ‘instantaneous weak
measurement’ strand of Leggett-Garg theoretical work may share in this controversy.
One might question whether ‘measurement’ is the correct interpretation to attach to
weak values — see the comment by Leggett [I15]. Williams and Jordan claim a 1-1
relationship [208] between weak values being strange and Leggett-Garg inequalities
being violated. Although it is an interesting observation, it cannot be the whole story
since it is possible to violate the LG inequality with strong measurements, and then

no weak values can arise.
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4.6 Stationarity — a capitulation

In a paper of 1995 by Huelga et al., the problem of describing a non-invasive mea-
surement process is seemingly circumvented by introducing an extra assumption [85].

Given the assumption of (macro)realism, they argue

... it seems plausible (though nothing more) that the evolution from t; to
ty is governed by the same stochastic differential equation as the evolution

from ty to ts, and this implies stationarity; that is

K(t,ts) = K(t — ts). (4.21)

Here K(t1,t2) = (Q(t1)Q(t2)). The stationarity assumption restricts the class of
macrorealistic theories that may be tested. Theories that sign up to stationarity make
up a minority of the possibilities originally captured by LG’s analysis. The assumption
is claimed to usurp the NIM assumption [86]. In my opinion the inequality is now a
completely different beast, and should be clearly delineated as such. Conflation with
should be avoided. I shall refer to it as the stationary Leggett-Garg inequality.
Crucially, one cannot reach this inequality with MR N STAT alone. One must follow
the chain

(Q(t1)Q(t2) + Q(t2)Q(ts) + Q(t1)Q(t3)) +1 >0
L NIM

(Q(1)Q(t2)) + (QE2)Q(t3)) + (Q(t1)Q(t3)) +1 >0
L STAT

2(Q(t1)Q(t2)) + (Q(11)Q(ts)) + 1 > 0. (4.22)

The stationary inequality therefore follows from MR N NIM N STAT: a violation
can then be due to the failure of at least one of these three assumptions [59]. It
may seem that the inequality can be tested without NIM, since K3 is not measured
but only inferred: this is the correlator which may be disturbed (relative to Ki3) by
an invasive measurement. Of course the slip is that one is reasoning counterfactually
about an experiment that was never performed: to perform the experiment one would
need to invoke NIM.

One can construct macrorealist predictions which explicitly break STAT easily.
Consider an evolution described by populating Table with P;77 = 1, and all others
zero. On the original Leggett-Garg inequality, frg = 0. On the stationary Leggett-

Garg inequality, f,rc = —2. This violates even the maximum violation of the original
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Leggett-Garg inequality achievable with an ideal quantum mechanical system! No
hidden mechanism to track whether the system has been measured is needed [I3§].
Stationary continuous measurement macrorealist models that also violate the sLGI
are also readily constructed. The stationarity assumption, which is linked to the idea
of Markovianity [I85], therefore seems overly restrictive. The class of theories that
remain open to scrutiny with a stationary Leggett-Garg inequality is much narrower

than with the original. As Emary et al. [60] put it:

... NIM requires only that the system has no memory of whether it has

been measured or not, Markovianity requires amnesia of its entire history.

One can check for STAT in separate control experiments [217]. Then, quantum
mechanics actually provides STAT by sacrificing NIM. The invasiveness of a projec-
tive measurement can enforce stationarity on the correlators, by deleting information
about the previous state of the system, making the dynamics Markovian (memory-

less).

4.7 Experimental implementations

Since 2010 there has been a number of experimental demonstrations of LGI tests, each
finding a violation. Few of the demonstrations have been completely satisfactory, and
fewer still have involved systems that might be deemed macroscopic. I will review a
small number of experiments here: for a fuller survey, please see the recent review
article [60].

4.7.1 The Saclay experiment

The work of Palacios-Laloy et al. [I50] describes experiments performed on a super-
conducting circuit known as a transmon (see Chapter [2). It is an artificial two level
system, and is certainly the most macroscopic system considered here: it consists of
the two lowest energy states of a Cooper-pair box, and it is claimed to be macro-
scopic by the authors since ‘the dipole moment of the [ground state - excited state]
transition is of the order 10* atomic units.”. The circuit is capacitively coupled to a
stripline resonator (see Figure , which is used to continuously and weakly measure
it in the way prescribed by Ruskov et al. [I70], see Figure . For this reason any
theoretical drawback suffered by that work is shared by this experiment: for example

the stationarity assumption is made implicitly.
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i

Figure 4.5: In the Saclay experiment a transmon qubit (featuring two Josephson junc-
tions, magenta) is capacitively coupled to a microwave resonator (green) [I50]. The
microwave source V,, is used to measure and Vj used to drive the transmon. The I(t)
and Q(t) signals carry information about the state of the transmon, and are obtained
by routing the reflected microwave signal through an amplifier. After demodulation,
the phase of the transmon can be inferred from these signals. Reprinted by permission
from Macmillan Publishers Ltd: Nature Physics 6:442-447, (©) 2010.

After describing the experimental setup, the authors perform some control ex-
periments to verify the effect of the weak measurement process on the state of the
transmon. This involves driving oscillations in the qubit and measuring (with a strong
measurement) the extra noise in its phase after a fixed interval. They then tune the
weakness of the measurement (by altering the number of photons stored in the res-
onator) so that “for sufficiently low measurement strength, the coherent dynamics
is only weakly affected by the measurement. This is the regime where the Bell’s
inequality in time can be tested.”. In fact this limit is opposite to the limit where
the quantum Zeno effect [I35] can be observed (where the measurement(s) are strong
enough and frequent enough to prevent coherent dynamics entirely). Noise in the
output signal is removed by processing in the frequency domain (i.e. by making a
Fourier transform).

The paper asserts that K (0) represents the variance of z(¢) (the dichotomic vari-
able). After finding that it is close to one experimentally, the authors claim confir-
mation that the spin only takes on z = 41, unlike a classical magnet which would
have a variance of z = 1/2. This seems correct: if one considers a genuinely two-level
system, its average ‘distance’ from the mean (z = 0) will be unity. A simple arrow (or
‘macrospin’), on the other hand, can point in any direction in three-dimensional space
and hence its average distance from the mean will be less than one. The conclusion
of the paper reports a violation by over five standard deviations. The authors take

decoherence into account and so have good agreement between experiment and appro-
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Figure 4.6: Measurement scheme in the Saclay experiment. Via the continuous weak
measurement of a transmon qubit, correlations are determined with a time aver-
age [I50]. The stationary LG function is then evaluated. Reprinted by permission
from Macmillan Publishers Ltd: Nature Physics 6:442-447, (©) 2010.

priately adjusted theoretical predictions. The violation is explained by the quantum
mechanical nature of the transmon qubit, and in particular the “invasive nature of
the measuring process, which projects partially, but continuously, the [transmon] to-
wards the state corresponding to the detector output. It is the interplay between
this continuous projection and the coherent dynamics that yields the violation.”. For
an intermediate strength measurement, the measurement back action will speed up
the evolution from one state to the other as the system approaches an eigenstate,
and slow them down as it reaches its maximum distance from an eigenstate [91]. But
Palacios-Laloy et al. perform the experiment with a very weak measurement strength,
where this effect will be highly suppressed. The violation is thus not likely to be due

to the back-action of the measurement, as it is in violations of the original LGI.

4.7.2 The Brisbane experiment

The work of Goggin et al. [73] reports both a violation of a Leggett-Garg inequal-
ity, and a confirmation of Williams and Jordan’s conjecture [208, 209] that strange
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weak values are in one-one correspondence with Leggett-Garg inequality violations.
The experimental system is the polarisation state of single photons (see Chapter [2)).
Measurements are made instantaneously and weakly, by coupling each photon with
another ‘meter’ photon which is strongly measured using the usual polarising beam
splitter and photodetector set-up. The coupling between ‘signal’ and ‘meter’ pho-
ton is achieved with non-linear optical media (realising a probabilistic controlled-sign
gate) [164], 163] and is tuned by altering the input state of the meter photon (see
Figure . Note that this is the kind of weak measurement that reduces quantum
back action, see Chapter [3]

The inequality that is quoted in this work is —3 < (M M) + (MyM,) —
(M M.) < 1, which implies that the demonstration does not use the stationarity
assumption (the subscript indices denote three consecutive times). Here M, ~ Q(t1)
etc. Only the second measurement M, is implemented weakly; it is preceded by a
strong preselection and followed by a strong measurement. This is reasonable: if the
weakness of the measurement is to be used as an argument for the non-invasiveness of
the measurement, then the derivation of the Leggett-Garg inequality will be preserved
since the first and third measurements do not need to be non-invasive. Since in this
case we have a weak measurement between two strong measurements, by appropri-
ately preselecting and postselecting the weak measurement results one can extract the
aforementioned strange weak values from the experiment, quantities which seem to
have no classical interpretation. Goggin et al. argue that for this reason the macro-
realist description of objects can be brought into question; and so the Leggett-Garg
inequality and strange weak values “explore the same concepts (or raise the same
problems).”. The authors report a violation 14 standard deviations above the limits
imposed by macrorealism.

The conclusion of this paper is that as the measurement gets weaker, the LGI is
more violated, not less; and that this implies NIM holds and MR should be rejected.
One must question in this case how the violation is achieved (since in most cases
the quantum mechanical back action is what does it, and in the weak measurement
limit this is decreased). The dependence on the measurement strength seems the
opposite of what one would expect. In contrast to LG’s original proposal (where
the inequivalence of subensembles, one of which contains an invasive measurement,
is ultimately the cause of the violation), this work only uses a single ensemble to
perform all measurements. The real cause of this violation is the rescaling of the
correlator which is measured weakly, rather than the ordinary expectation value.

For example if P(D) and P(A) represent probabilities of measuring the photon in the
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Figure 4.7: A ‘signal’ photon may be measured by a ‘meter’ photon through a
probabilistic two-photon interference procedure. When successful, this is a controlled-
sign gate. The strong measurements M, and M., and the weak measurement M, find
application in both the Leggett-Garg inequality and in the weak-values formalism.
A/2 denotes half waveplates, used to perform unitary transformations. Reproduced
by permission from Proceedings of the National Academy of Sciences, January 25,
2011 vol. 108 no. 4 1256-1261.

state corresponding to outcome +1 or —1 respectively, then ordinarily the expectation
value would be the P(D) — P(A). Goggin et al. use instead the alternative

(4.23)

where K (the knowledge [164]) is a number quantifying the strength of the measure-
ment varying between 0 and 1. This post-processing is not necessarily legitimate.
Consider the measurement result in any given run: it takes on a value outside of the
ordinary range. The correction by dividing by the small number only applies to the

ensemble as a whole.

4.7.3 The Rio experiment

The work of Souza, Oliveira and Sarthour (SOS) reports a violation of the inequality
with a nuclear magnetic resonance (NMR) experiment [I87] — an explanation of NMR
can be found in Chapter 2] The stationarity assumption is not made, and weak
measurements are not implemented. In contrast to other experiments, effort is made
to argue that the measuring procedure is indeed non-invasive. SOS use an ancillary
qubit to encode correlations in their principle system, and argue that if the principal

system remains in a totally mixed state, the measurement must be non-invasive.



75 CHAPTER 4. LEGGETT AND GARG’S THEOREM

In my view, in a test of the LGI it is not obvious how to arrange the measurements
so that a sceptical onlooker will not claim that they have disturbed the system, catas-
trophically corrupting the experimental data. Unless the assumption is convincingly
motivated, the derivation of the LGI has little basis.

SOS are quite justified in preparing their system in the maximally mixed state for
the purpose of testing the LG inequality. They are not, however, justified in claiming
that this implies that all and any measurements made on this state are non-invasive
in the sense that LG intended. The interpretation of a mixed state is clear for both
quantum physics and classical physics, as it expresses incomplete knowledge about
the state of a system. It is true that in quantum physics there is perhaps a richer
interpretation of a mixed state: it is a probability distribution on the Hilbert space.
There are a multitude of convex decompositions of a mixed state into pure quantum
states. For classical physics it is a probability distribution on the classical state space.
In either case the maximally mixed state represents zero information about the two-
level system being investigated. In SOS’s proposed quantum circuit, the state of the
system remains a maximally mixed state throughout. This means that at all times
there is zero information available about the state, so that the subjective description
of the state will remain constant, although one suspects that the objective, physical
state of affairs may be changing. In fact this is the case, if one computes the evolution
of either classical state |1) or ||) individually one finds that these states are indeed
perturbed, and moreover that they are perturbed in equal but opposite ways. How
can ignorance of the identity of the state (according to macrorealism it is either |1)
or |])) mitigate the invasiveness of measurements?

To make this point more concrete, consider the following scenario. Alice flips a
coin but is blindfolded. She ascribes the maximally mixed state to the coin, as there is
an equal probability of it showing heads or tails. Now, whilst remaining blindfolded,
Alice turns the coin over, mapping heads into tails or tails into heads, depending on
the physical state of the coin. This operation is clearly potentially invasive (the coin
may now behave differently, compared to the case where no interaction had taken
place), but still the state of the coin is the maximally mixed state. There is a very
strong analogy between arguing in this scenario that the interaction is non-invasive,
and SOS’s argument that their circuit contains non-invasive measurements. This is
my chief objection to SOS’s approach [102].

Can the experiment of SOS be adapted to include, for example, ideal negative
result measurements? Possibly, but the one will encounter the issues of fair sampling

in ensemble systems, explained in Chapter
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4.8 Accommodating neurosis (on the part of the
macrorealist)

In this section I present my theoretical extension to the Leggett-Garg inequality. I
begin from the following position: strong measurements should be used, in the sense
of Chapter [3] One should be able to infer the state of the system in single shot
(in particular, averaging should not be necessary). Null-result measurements should
be used, since these are the most convincing realisations of NIM. The stationarity
assumption should not be made, since it weakens the conclusions considerably.

Imagine that the null-result measurements sometimes report a null result when
they should not have: a false negative. If the null-result measurements are imple-
mented by triggering (or not triggering) a response in an ancillary measuring device
(i.e with a CNOT gate, see Chapter , this problem occurs if the measuring device
begins in the wrong state. Then, when the measurement result is not null, it is
transformed into a state associated with a null result. An erroneous false negative is
recorded.

According to quantum theory, an incorrectly prepared ancilla will give rise to an
incorrect correlator sign. To the macrorealist it will give a false indication that the
measurement had been noninvasive, allowing a potentially corrupt element through
the postselection. I define the venality ¢ as the fraction of the ensemble for which
the ancilla is incorrectly prepared. Expressed otherwise, it is the probability that
a possibly invasive measurement occurred but was not discarded. With the time
evolution now codified by a rotation angle 6, quantum physics predicts that each

correlator K;; generalises to (1 — ¢)K;; — (Kj;j, leading to
fre — (1 —2¢)(2cos @ + cos20) + 1. (4.24)

Various macrorealist ‘attitudes’ are defined with regard to a venal ancilla, which leads
to generalisations of the Leggett-Garg inequality. A little algebra reveals thresholds on
the venality, which must be exceeded to rule out the various flavours of macrorealism
(see Figure . A ‘moderate’ view is that any invasively perturbed systems act in a
random way, and so the measurement results average to produce zero net correlation.
Then K;; — (1—()K;; and so with g = K5+ Ko+ K43 and g > —1 for a macrorealist,

f{lré)derate _ (1 _ C)g + 1 Z C (425)

Note fq is still constrained to be non-negative. A neurotic, or ‘adversarial’ view is

that invasively perturbed elements will, by some unidentified process, act in such a
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Figure 4.8: The macrorealist predictions corresponding to a. moderate and b. ad-
versarial attitudes are plotted along with the predictions of quantum theory (white),
as a function of time and of venality. Notice that even under a finite level of im-
perfection in the null-result measurement scheme, convincing demonstrations remain
possible (where the white curve dips below the macrorealist bounds). Reproduced
from |Nature Communications, 3:606, January 2012,

manner as to minimise frg. Consequently K;; — (1 — ()K;; — ¢ so that
frges ™ = (1 - Qg -3¢ +12= -2 (4.26)

This is the most aggressive stance available to a macrorealist. Keeping ( low is
important for a convincing test of the LGI. The venality is typically minimised by
removing entropy from the measuring device: by cooling to low temperatures, for

example.

4.9 The Oxford experiment

In this section I present the results of an experiment conducted in Oxford in 2011 that
I helped to design. In the design of the experiment, I followed Paz and Mahler [154]
who advocate the use of ‘memories’; or in the common parlance ‘measurement ancil-
las’, to realise ideal negative result measurements in an atomic setting. The exper-
imental system is a solid state spin ensemble — see Chapter [2] Neither stationarity
nor weak measurement is relied on: instead null-result measurements are employed.
The full six subexperiments (two for each of three separate subensembles) envisaged
by LG are for the first time used to violate their inequality. The experiment was
performed by my colleague Stephanie Simmons [103].

In this experiment, we employed a method which equips a two level system with

a local measuring device: another two-level system [154]. I refer to the system being
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tested as the ‘primary system’ and the associated measuring device as the ‘ancilla’.
We used the venality concept explained above to take care of any imperfections.

Instead of repeating many times to collect statistics for the correlators, we em-
ployed an array of many identical systems — a spin ensemble, as in the experimental
test of non-contextuality discussed in Section [£.4.2] above. In a spatial ensemble one
has no access to individual elements: expectation values are gathered, rather than
measurement outcomes, because averaging is automatic and unavoidable. Crucially,
use of a separate ancillary measuring qubit coupled to each element of the ensemble
means that the test may still be performed. The correlation information is encoded
into the expectation value of the measurement ancilla, making it determinable by
spin resonance readout techniques.

Consider a family of three experiments, each one beginning with a primary system
in an identical initial state ps and evolving under identical conditions governing the
dynamics of the state (see Figure ) Recall that the ideal negative result mea-
surement scheme requires that the three principal experiments introduced previously
are each further resolved into a pair of experiments, one for non-invasive measurement
of 1, and one for |, see Figure . We utilised either a ¢NOT gate (which will flip the
state of the ancilla if the control, i.e. the primary system, is in |) or use an anti-CNOT
gate (which will flip the state of the ancilla qubit if the primary is in 7). In each case
we only postselected experimental runs where the gate was not triggered. The second
measurement in each experiment need not be implemented non-invasively, since the
subsequent dynamics are irrelevant. Note that it is important that the physical im-
plementation of the CNOT (and anti-CNOT) operation is such that the primary system
receives no perturbation when it is in the state associated with a null result.

In the Oxford experiment, the primary system and the ancilla were identified
in a coupled spin system. A great number (~ 10') of phosphorous donor atoms
embedded in a millimetre sized silicon crystal compose a solid-state ensemble of spin
pairs, called Si:P for short (see Chapter . The phosphorous nucleus, which has
spin-1/2, is identified as the primary system. When immersed in a magnetic field
two classical states are revealed in the NMR spectrum. These are the two states of
interest to the macrorealist, and those germane to a measure of Schodinger-catiness.
To find a violation of the LGI, the requisite nuclear superposition is generated with a
resonant radio-frequency pulse. An electron, another spin-1/2 particle bound to the
nucleus, is identified as the measurement device or ancilla. The hyperfine interaction
between the nucleus and electron enables the quantum coherent premeasurement

of the former by the latter; entanglement, which arises in such a premeasurement,
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Figure 4.9: Our implementation of the LG test required six sub-experiments. Left
panel: the three principal experiments from which the LG function is determined.
Right panel: the actual lab implementation for one of the three principal experi-
ments; the other principal experiments are similarly resolved into a pair of comple-
mentary sub-experiments. Shown in colour are the corresponding pulses applied to
our coupled—spin% system. The CNOT / anti-CNOT operations are applied with a single
selective pulse. Reproduced from |[Nature Communications, 3:606, January 2012.

was showcased in this system in 2010 [I84]. The requisite CNOT gates for the null-
result measurement scheme can be achieved through resonant driving with microwave
radiation, as described in Chapter [2] Ultimately information is extracted into the
classical domain via population tomography of the joint nucleus-electron system at
the end of the experiment. See Figure [4.10]

Null-result measurements can be difficult to realise in NMR systems [I87]. cNOT
gates can be built from composing several other gates, some of which may be uncon-
ditional on the control system. Such an approach is equivalent to a single conditional
operation (i.e. according to quantum theory it achieves the same result), but will

not typically convince a macrorealist that an ideal negative result measurement is
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Figure 4.10: Energy levels diagram for one of the six experiments implemented in
the Oxford experiment. The four classical configurations are the energy eigenstates.
They are indexed both by the spin up or down state of the nucleus (red arrow) and
the electron (blue arrow) in a strong magnetic field. Transitions between the states
are possible with NMR / ESR spectroscopy techniques: resonant pulses at radio-
or microwave frequency. The population of the ensemble in each of the states is
shown schematically by the length of a green bar. The protocol begins by flushing
out either a spin down or b spin up on the nucleus into a trash state (by a cNOT
m-pulse). In this setting, the initial population of the trash state is given by the
venality (. The dynamics are driven by a radio-frequency pulse U and then the
correlator determined through population tomography. This scheme is analagous to
that described in Figure [£.4 with Stern-Gerlach apparatuses.

being conducted. The Si:P system used in the Oxford experiment benefits from the
uncomplicated realisation of such measurements: a single, truly selective operation is
all that is needed.

4.9.1 Reducing the venality through hyperpolarisation

The unitary nuclear rotation U may be performed in a manner which is conditional
on the system being in the ‘correct’ ancilla state | because the postselected data will
always correspond to the unitary operation U having been applied. If the rotation is
conditional in this way, one of the two ‘bad’ populations becomes inactive and will
not experience any evolution whatsoever in the course of the protocol (specifically
state [{1) for the CNOT circuits and [11) for the anti-CNOT circuits). The inactive
state does not participate in the experiment and may be ignored. By minimising
the population of the single active venal population we can reach a reduced effective

venality.
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If the population distribution of all four energy levels is the same for the initial

state of both circuits in each pair we have e.g. in the {|J]),|[41),[T)), |11} basis

1
pe=pa=- (4.27)

o O O
S O o O
o o OO
QL O O O

where pc and py4 are initial states prepared for CNOT and anti-CNOT circuits respec-
tively, and Z = a + b + ¢ + d in both cases. The following expressions describe the

lower bounds on quantum mechanical (QM), moderate and adversarial macrorealist

predictions:
gt > %(a +b—c— d)(cos26 + 2cosh) (4.28)
gimoderate _%(a +) (4.29)
gidversarial > —%(a +b+3c+ 3d) (4.30)
where g = K15+ Ky3+ Koz and f = g+ 1. The venality ( = (¢ + d)/Z allows one to
write
ggg > (1 —2¢)(cos20 + 2cosh) (4.31)
gmoderate > (1 _ () (4.32)
grgeiet > —(1 - ¢) — 3¢ (4.33)

In thermal equilibrium (a,b,¢,d) = (1,,1,a) and so in general ( = 2a/(2 + 2a).
When oscillations are only driven on those primary systems which were paired with a
correctly initialised ancilla, one (system,ancilla) state always remains unused through-
out the experiment. We exploited this fact by hyperpolarising the system so that the
remaining active state has a lower population than is possible in thermal equilibrium
at a given temperature. If the population distribution is identical across only the

three active levels of the experiment we have

a 0 0 0
11 0] 00O
Pe=710 0 b 0 (4.34)
0 0 0 d
for the CNOT circuit and
a 0 0 0
110 d O 0
Pa=Z 100 b 0 (4.35)
00 0 [d
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for the anti-CNOT circuit with Z = a + b + ¢ + d as usual. The inactive state is
denoted with [ ]. These different initial states, although physically distinct, are log-
ically congruent because the relevant active energy levels have the same population

distribution. The predictions are now

1
ggcl\f > g(a + b — 2d)(cos260 + 2cosh) (4.36)
1
ginéderate Z _E(a + b) (437)
. 1
gicé\[zersarlal 2 _E(a’ + b + Gd) (438)

Note that all predictions are independent of the inactive state with population ¢,
except for in the normalisation Z. The normalisation can be arbitrarily scaled without
affecting the comparison of the three predictions for g (or for f) since they will all
be affected linearly in the same fashion. We choose to multiply g by Z/(a + b + 2d)
so that there is a normalisation of a + b + 2d = Z, and no longer any dependence

on ¢. This allows one to define the venality as ( = 2d/Z, and to recover equations

(4.31)),(4.32)),(4.33). This technique is equivalent to supplying the single four level

population distribution

1

7 (4.39)
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to both types of circuit. Using hyperpolarisation we achieve (a,b,c,d) = (1, a, a, a?)
so that ¢ = 2a2/(1 + a + 2a?).

4.9.2 Results

We performed two experimental tests. The results shown in Figure £.9 The first
used a simple state in thermal equilibrium at 2.6 K with ¢ = 2a/(2 + 2a) = 0.150,
yielding f = —0.031. The second used the hyperpolarisation sequence from an initial
state at 2.7 K. Due to the conditional nature of U this technique reduces the venality
to ¢ = 2a?/(1+a+2a?) = 0.056, yielding f = —0.296. The adversarial bound at this
venality is —0.0112, and so this position is violated by over two standard deviations.
In the course of our experiments, the fidelity of the final state populations with respect

to the ideal target was never less than 98.9%.
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Figure 4.11: The Oxford experiment found a violation of a generalised Leggett Garg
inequality [I03]. The red and blue areas, and the black line correspond to a slice
through Figure 4.8 at the given venality. Reproduced from Nature Communications,
3:606, January 2012.

4.10 Discussion

In this chapter I have discussed the theorem of Leggett and Garg — its strengths and
weaknesses, its relation to other no-go theorems, and several laboratory implemen-
tations. The Oxford experiment, perhaps the most convincing realisation to date,
calls into question the possibility of thinking of nuclear spin states in a macrorealist
way. One must reject MR or NIM or IND. It paves the way for experiments on larger
systems, which could provide genuine insight into the quantum measurement prob-
lem. Objective collapse theories, which motivate Leggett and Garg’s inquiry, may
be constrained or ruled out in the near future. The quantum control of much larger
objects, which is necessary to nontrivially constrain theories such as GRW-Pearle’s,
is a realistic prospect in the coming decade.

To end this chapter, below I discuss points for improvement, not with the LG the-

orem per se, but in how the Oxford experiment fell short of the ideal LG experiment.

4.10.1 Drawbacks specific to the Oxford experiment

In the ideal scenario, the experimenter applies either the CNOT or anti-CNOT to the
primary system-ancilla pair to perform the non-invasive measurement. In real spin
resonance experiments each of the pulses will excite finite amplitude in the unwanted
transition (i.e. it is not infinitely far off-resonance). The post-selection procedure will
remove any pairs from the ensemble which are affected by a microwave pulse, detuned
or not; but of course this post-selection is ill-informed for those pairs in which the

ancilla is incorrectly initialised. To allow for this one can simply expand the venality
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to include a fraction A of the inactive state population. Note that this A can be
arbitrarily minimised in spin-resonance experiments by for example increasing the
duration of the pulses which are applied, or using a sample with a larger splitting
between the two microwave frequencies. In our experiment the A is less than 0.04
and we have confirmed that the corresponding correction to venality makes little
difference to the degree of violation of our Leggett-Garg inequality.

On a deeper level, our implementation of the null-result scheme was not ideal. In
the Stern-Gerlach example discussed in Section [4.3] the two states became spatially
separated before the null-result measurement. In our experiment, by contrast, the two
states are at the same location, and spatial separation is difficult. Regardless of how
quantum theory, or even classical magnetic resonance theory, predicts the interaction
of the spins with an off resonant ac magnetic field, it is at least feasible that some
inner structure of the system is nevertheless sensitive to it. The spins bathe in the
radiation: their immersion in the field makes the invasiveness of the measurement
more plausible.

To address this issue, operational notions of disturbance may be gathered in con-
trol experiments. The statistical disturbance of the ensemble, due to a measurement,
may be quantified [I16]. Wilde and Mizel generalise the Leggett-Garg inequality to
account for the finite invasiveness discovered in the control experiment — a violation
of the LG inequality is still possible [207]. A similar approach was taken in the ex-
periment of George et al. [67], who made use of a three-level system to violate the
LGI (see the supplementary material of that paper). For further discussion of the
different role played by NIM in that setting, see Ref [27].

The most obvious objection is of course that nuclei are not deemed macroscopic.
Future experiments must strive to push the macroscopicity higher: superconducting
qubits [215], nano-mechanical resonators [167] and macroscopic crystals [217] are
promising candidates. Matter-wave interferometry with large molecules is another
promising direction — the interference of large molecules, for example the Cgy ‘bucky
ball’ fullerenes [10], and more recently larger molecules such as viruses [68] have
arguably been the most macroscopic interference experiments to date. The gradual
build up of an interference pattern, through individual scintillations on a screen, is
perhaps the most beautiful pageant of quantum theory’s central mystery. But does
the interference pattern alone force one to conclude that the molecule went through
both slits? The LG inequality could lend additional rigour to such demonstrations:

for example, by introducing null-result measurements to the experiments.



Chapter

Weak-value ‘amplification’

This chapter concerns an application of quantum information theory in the labora-
tory. It marks a transition in this thesis, away from foundational issues and towards
technological considerations. I shall no longer pit quantum theory against rival the-
ories of nature; but rather take it ‘warts and all’ as given, and examine its utility
in information processing tasks. The remaining chapters concentrate on quantum
sensors: devices that apply the principles of quantum theory to improve metrology.
I shall commit to an evaluation of the advantages of quantum technologies in spite
of the issues, raised in preceding chapters, concerning the consistency of the quantum
formalism. I shall also endeavour to pinpoint from whence the reputed quantum ad-
vantages germinate: which special features of the theory lead to improvements in the
laboratory? I begin with a discussion of entanglement enhanced metrology — a well-
established method of enhancing precision. The true focus of the next chapters is an
approach related to post-selected, weak measurements — a far more controversial pro-

posal. In both cases my chosen figure-of-merit is the Fisher information, introduced
in Chapter

5.1 Entanglement-enhanced metrology

Entanglement is a strikingly non-classical feature of quantum theory — see Chapter [I}
It gives rise to an increased precision in quantum metrology, which arises through the

following recipe:
1. Relax the factorability of states
2. Entanglement emerges as a non-classical feature

3. Evolution under classical fields is faster for a subclass of entangled states

85
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4. Quantum speedup!

[ will set a benchmark for entanglement enhanced sensors by considering N spin 1/2
particles: a large collection of prototypical quantum bits — see Chapter[I} A collection
of N non-interacting copies all experience an identical magnetic field of strength B
along the z ~ o, direction. A strong magnetic field leads to a Zeeman splitting of
the spin’s energy levels: commonly one is interested in a systematic deviation 6B
from the ideal field. If the Bloch vector describing the quantum state of the qubit is
initialised in the equatorial plane (i.e. into a state unbiased with respect to the ‘up’
|0) and ‘down’ |1) eigenstates) it will precess around the z axis at a rate proportional
to the strength of B. Moving into a frame that rotates with the same angular speed
as this evolution, small deviations 0 B in the magnetic field strength are seen as slower

evolutions of the Bloch vector around the z-axis. We can write
[9) o< [0) + 0P |1) (5.1)

the strength of the interaction between the spin and the field is set by the magnetic
moment u, which is particular to the species of spin involved. The sensing protocol is
not complete until the probe itself is measured: one must therefore make a choice of
measurement basis. Choosing the basis of eigenstates of o, |0) (0| and |1) (1|, would
not be smart, since the phase (and hence information about § B) would be completely
lost when the probability amplitudes are mod-squared. The probabilities would not
depend on 0B, and thus the Fisher information ‘about d B’

Fyp =Y (a‘”f,ﬁ (5.2)

i

is zero. Choosing the basis of eigenstates of o,, [+) (+| and |—) (—| is betterl, and

yields:
0Bt 0Bt
P = cos® K P,_| = sin’ a i (5.3)
which has a Fisher information of
oP.\? 1 oP_\* 1
Fyp: = (+ 1 (-
00B P 008 P
= 112 (5.4)

The state vector, through exposure to the magnetic field, acquires an increasing

amount of information about B as time progresses. Clearly any measurement axis

HE) = (0) £ [1))/v2
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lying in the equatorial plane of the Bloch sphere is optimal (the choice within the
plane only modifies the phase of the oscillatory probabilities, and F' is unchanged).
Generally the probabilities depend on the measurement choice, and the quantum
Fisher information is a powerful tool to find the maximal Fisher information over all
possible measurement choices (see Chapter [2)).

The total Fisher information is additive over the N elements of the ensemble,
giving

Frotal — N 22, (5.5)

According to the Cramér-Rao bound (CRB), the minimum variance of the parameter
0B is given by 1/F (see Chapter . Because the standard error is the square root
of the variance, for an ensemble of NV spins behaving independently, the CRB on the
standard error of the estimate of §B is 1/(v/Nput). The scaling with N is known as
the standard quantum limit [72].

Consider now, instead of an ensemble of non-interacting spins, a system of N

coupled spins that have been arranged (through quantum control) into the state

thn) o< [00...0) + [11...1)
o |0y 4 1) #Y (5.6)

This is called a GHZ (Greenberger, Horne, Zeilinger) state, or a NOON state (for N
‘up’, zero ‘down’ plus zero ‘up’, N ‘down’) [89]. It is also referred to as a ‘cat’ state,
because it is a collective superposition of a potentially large number of degrees of
freedom as NN increases. Note that this type of state is entangled. Under the same

magnetic field it will evolve into
[n) = 1) o< 0) 5 4 e 1) SN (5.7)

and with access to the right measurement one has

NudBt NudBt
P<+‘®n - 0082 MZ P<7|®n — Sin2 M2 (58)
and the Fisher information is
F = N2 (5.9)

When taken independently, it was as if the N spins had been replaced with a single
spin with a higher magnetic moment 1 — v Npu. If cooperating through entangle-
ment, the N spins become a single ‘super-spin’ with © — Npu.

Entanglement gives rise to a square root improvement in the standard error, over
the standard approach given the same resources ¢ and N [71], 160}, 89 [136], 174]. The
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superior scaling with N, which is ‘beyond the standard quantum limit’, is known
as the Heisenberg limit. Recall that spins are archetypal qubits — the Heisenberg
scaling achievable with entanglement is a general feature of quantum theory, and
may be exploited in, for example, optical systems, superconducting qubits, and other
quantum information carrying media.

The entanglement enables faster evolution through Hilbert space, which translates,
with the right measurement, into the probabilities having a larger gradient in the 6 B
direction. This increased speed of evolution thereby increases the Fisher information
measure (equation [5.2)). The phenomenon of weak values, or the AAV effect (to be
introduced shortly) also exhibits such a feature: but there is a cost. One can achieve
only a probabilistic quantum speedup. Before showing how this works, I will discuss

some of the history behind the technique.

5.2 Time symmetric quantum mechanics

In one sense, quantum theory is time symmetric. Probabilities, its only empirical pre-
dictions, are preserved when the preparation (the initial state) and the measurement

(the final state) are interchanged:

| (sl U) P = [ (il UTwoy) (5.10)

if the time evolution operator is also reversed (UT is the solution to the time reversed
t — —t Schrodinger equation). Experiments are nevertheless usually described in
a certain temporal order: one begins with a state preparation, evolves forwards ac-
cording to the Schrodinger equation, and ends with a measurement: of course this
preference is not the only option.

Aharonov, Bergmann and Lebowitz (ABL), study this issue in their landmark
paper of 1964 “Time symmetry in the process of quantum measurement” [3]. They
point out that to characterise an ensemble by final conditions is just as natural as
to do so by initial conditions. Given the final state a system was found in, one can
retrodict the probability of it having been in any particular state immediately prior to
measurement. The same is true of any classical experiment. An important difference,
however, is that quantum theory is a probabilistic theory at the microscopic level.
Evolution under unitary dynamics is deterministic, and hence time reversible: but
the collapse postulate introduces asymmetry. Specification of the initial state does

not determine the final state after a quantum jump, and vice versa.
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The concept of pre and postselected ensembles is a natural product of this inquiry.
Such ensembles are defined doubly: by both a shared initial state and a shared final
state. Far from being strange concepts, ABL argue that these ensembles are quite
ubiquitous in experiments — their example is the detection of charged particles in a
cloud chamber [3].

ABL considered measurements performed in such ensembles: i.e. measurements
in the interval between preselection (into [¢;)) and postselection (into [¢f)). The

probability of finding the state (at the intermediate time) in |ay) is:

b e (ad)
ak|fi Zj ’ <¢f|a]> <aj|wz> |2.

Equation (5.11)) is the infamous ABL rule, a case of Bayes’ rule [0, p141]. Aharonov

and his collaborators are keen to use their time symmetric viewpoint to reinstate

(5.11)

the objective reality of a quantum system’s properties, including those described by
noncommuting operators [8]. Applying the ABL rule counterfactually, however, — as
in, ‘a measurement would have found such-and-such had an experiment actually been
performed’, when no actual experiment was performed — is controversial [137,[06]. The
time symmetric formulation of quantum mechanics has emerged from Aharanov and
his collaborators’ investigations. Although there are no new physical predictions, the
reformulation makes a metaphysical gambit: namely, that along with the usual state
vector which evolves forwards in time from the past to the future, there is another
state vector evolving backwards in time from the future towards the past [5].

The possibility that relaxing the preference for preselected-only descriptions could

improve statistical inferences can be found in the 1964 paper:

Hence, if both the initial and final state of a system are known, use
of the [preselection only| prediction formulas ... will lead to a loss in pre-
cision of the probabilistic statement concerning the intermediate observa-

tion.

This idea clearly has application in precision technologies: it highlights the increase in
entropy brought about by ignoring, or averaging over, many different postselections
when in fact the actual postselection is known. Forgetting the result of the final
measurement is disadvantageous given a pre and postselected ensemble.

Notice that projective measurements destroy any influence that the preselection
can have on the postselection. What if the intermediate measurement is not pro-
jective? The next section combines weak measurements, which were introduced in
Chapter |1, with the pre and postselected ensemble.
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5.3 The weak value and ‘amplification’

There are some intriguing consequences of combining preselection, weak measure-
ment, and postselection. The unexpected results have lead research away from ABL’s
suggestion: instead of avoiding loss of precision by ignoring the final state in a pre and
post selected experiment, workers have attempted to improve precision by enforcing
postselection on otherwise preselected-only experiments.

In a seminal paper of 1988, Aharonov, Albert and Vaidman (AAV) presented a
curious quantum mechanical thought experiment giving rise to a quantity the authors

called ‘the weak value of a quantum variable’ [2]. AAV defined the quantity

(WsAles)
Ay 1= DI (5.12)
(rlti)
generalizing the usual expectation value (A) = (¢;|Aly;). The expectation value

is recovered when [if) = [1/;). Notice that the weak value is complex, A, € C.
‘Obtaining’” A,, involves i) initializing a quantum system of interest (the ‘system’)
into the state |¢;); ii) coupling the system weakly to an ancillary measuring device
(the ‘meter’) through the system operator A; and iii) post-selecting the system into
a definite final state |¢f). The meter can then be interrogated at full strength to
reveal something about the system. When the meter wavefunction is of a certain
form, the projection of the weak value in the complex plane gives an effective average
shift of the meter in the appropriate phase space variable. For example the position
variable is shifted by the real part of the weak value and the momentum variable by
the imaginary part [94].

AAV’s paper was entitled “How the result of a measurement of a component of the
spin of a spin-1/2 particle can turn out to be 100”. Because the deflection induced in
the meter is much less than its inherent uncertainty, when the pre- and postselected
states are close to orthogonal ((¢¢|1;) — 0) destructive interference occurs in the
meter, and the magnitude of the weak value A,, becomes much larger than max((A)).

They arrive at this conclusion as follows:

[mwva) @ = (yle™ A ;) |m)
= (Wf’@m - i9<¢f|A|¢i>kz +...)|m)
<wf|¢z> (1 - Z.gAwkat) |m> ) (513)

Q

so that to linear order in g

|mwva) = e 9 Avks |m) ; (5.14)
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it is as if the system has undergone a straightforward shift, but due to a coupling to
a classical field of strength A,. In this thesis, I refer to as the AAV approxi-
mation, which is accurate when certain conditions on g, A,, and |m) hold [56]. The
motivation behind using postselection is that, where the AAV approximation is valid
and when (¢¢|¢);) — 0, the average displacement is much larger than is otherwise
possibldﬂ. The large displacement is often claimed to be an advantage, especially for
overcoming sources of technical noise. AAV’s expression for A, has a limited range
of validity [56]: however, exact treatments reveal that the qualitative effect persists
outside this range [21T] 107, 142]. Weak values have been obtained experimentally,
see e.g. Refs. [166, 164].

The weak values formalism revived interest in pre and postselected ensembles in
the late 1980s. Since then it has grown popular and controversial in equal measure.
It has been suggested as the basis for all of quantum theory [81]; as a resolution to
Hardy’s non-locality paradox [128]; as leading to violations of Heisenberg [169] and
Leggett-Garg inequalities [208, also Chapter [4]; as capable of separating an object
from its properties [4], and above all as a technological tool [83, B5]. T like to refer
to the bevy of mysteries as ‘Quantum Weirdness 2.0’. The various experiments and
thought-experiments have an uncanny knack of confounding even seasoned quantum
physicists, just as they had become accustomed to non-locality, contextuality, and the
rest of it. Aharonov, the chief architect of weak values, has called them ‘Quantum
Paradoxes’ in a book co-authored with Daniel Rohrlich [6]. Many of the thought
experiments laid out in the book have been implemented in the laboratory.

Shortly after the 1988 AAV paper, Duck, Stevenson and Sudarshan published
“The sense in which a “weak measurement” of a spin-1/2 particle’s spin component
yields a value 100” [56]. The paper sets about clearing up some of the conceptual
difficulties with the AAV effect, as well as confirming that the predictions would
be borne out experimentally. They placed ‘weak measurement’ in inverted commas
so as to “remain neutral on the semantical and philosophical issue” of its meaning.
Aligning myself with the spirit of this precedent, I will likewise suspend ‘amplification’
in commas, because I doubt that the effects to which it has now become inseparably
attached truly deserve the name. However, weak measurement shall be spared this
treatment: when it is properly distinguished from the weak values formalism, it is a

perfectly uncontroversial generalisation of projective measurement’, see Chapter

2The shift may not be made arbitrarily larger, as is revealed by exact calculations [56].

3Given the multiple meanings of ‘measurement’ itself in quantum physics, its use ought to be
tacitly cautioned, too: but I do not wish to drown this thesis in a sea of punctuation marks. See
the article by Bell [19].
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The controversial approach taken by Aharonov and his collaborators has many
names: time symmetric quantum mechanics, the ABL rule, the two-state-vector for-
malism, weak values, and so on. It is important to realise that the approach does
not make any new predictions over standard quantum theory. The approach only
highlights some surprising effects that were already present in quantum theory. It is
unlikely to solve any significant conceptual problem, although it has the potential to
spawn new insights [I34]. Busch referred to the AAV effect (which was first discovered
in 1987 [1]) as “a surprise but no miracle” [33].

In beginning my discussion of the possible technological insights, I will demon-
strate that weak-value ‘amplification’ (henceforth WVA) does not bring an overall
benefit to metrology in the absence of classical noise. In subsequent chapters I will

allow imperfections to be modelled.

5.4 Noise-free arguments against weak-values

Before presenting my main results, I firstly set the scene of parameter estimation in
the time symmetric setting. Firstly, I define two distinct estimation tasks for study.
The first is the estimation of the weak value itself (which is related to the problem of
estimating the initial state [1;)). The second is the estimation of the strength of the

coupling between system and meter.

5.4.1 Estimation heuristics

It is important to distinguish two estimation tasks that may be attempted in an
experiment using the AAV effect. Given the approximate evolution in ([5.14f), one can
either estimate the interaction parameter g, or the weak value A,, itself. The quantum
Fisher information (QFI) provides an excellent figure of merit for the performance of

the estimation of either. For pure states:

HL[[1)] = 4(0s0[051)) — 4] (0 ]4)) |*. (5.15)

In the estimation of the weak value itself, one has

|04, mwva) = —igkwe*igA”kz lm) , (5.16)

and the QFI about the weak value, using Equation (5.15)) is

Ha, [[mwva)] = 49° (mlkZ|m) — 497 (m|k,|m)*
= 4¢°Var(k,). (5.17)
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Notice that the size of the weak value is irrelevant! Note also that the QFI scales with
the interaction strength (equivalently the measurement strength). This means that
at a given value of g, the use of eigenvalues (arising from a standard approach using
preselection only) or the larger-in-magnitude weak values, is immaterial. The QFI
per run is the same — it is given by the variance of k, in the meter. If the measuring
device is finite dimensional the observable could just as well be, for example, a qubit
observable. Further, the reduced postselection probability will be costly: there are
fewer runs that succeed, and the total information is lower.

Imagine that one has perfect knowledge of g, [¢f),and A: then estimation of the
weak value is effectively estimation of the initial state of the system [¢;). This idea
has been developed by Lundeen and coworkers [129]. If the initial state encodes
useful information about a classical field, then with all other parameters known, the
strength of this field may be estimated. This is the situation studied in Chapter [6]
which describes one of the first analyses of WVA using Fisher information [100].

For the remainder of this chapter I concentrate on the more intriguing case of
estimating ¢, and analyse that situation once more with noise in Chapter [ Here,
in analogy to entanglement above, the quantum speedup due to weak values can be

derived through the following recipe:
1. Relax preference for preselected-only ensembles
2. Interference arises as a non-classical effect
3. Evolution is faster when postselection succeeds

4. Probabilistic quantum speedup!

5.4.2 Benchmarking

In the evaluation of a newly proffered experimental technique, the issue of a good
benchmark is highly important. Tanaka and Yamamoto calculate the QFI about g
in the postselected, WVA quantum state |mwva) [196]. Crucially, their benchmark
applies to the joint system-meter state immediately after their interaction. A rather
trivial argument reveals WVA to be inferior. Since the QFI maximises a quantity
(namely the classical Fisher information) over all possible measurements, Tanaka and
Yamamoto’s benchmark relates to the ‘best’” measurement that can be performed
on the joint system meter state. The best measurement might be, for example, a
projection into an entangled basis. As long as it possible to think of the WVA strategy

as a generalised POVM on the joint system-meter state, the associated classical Fisher
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information cannot exceed their benchmark by construction! It is indeed possible to

think of the WVA strategy as a POVM with elements

B =5) (vs @ Is) (s],
Ef:=I-> E/ (5.18)

where {|s)} is the chosen measurement basis for the meter. The information associ-
ated with this choice of measurement is not increased by discarding runs where the
postselection fails — this is a consequence of the data-processing inequality [40]. I sug-
gest a different benchmark is the natural one, which makes the question of whether
there could be an advantage with WVA less straightforward to answer. The bench-
mark should be preselected only. That is, the system is entirely ignored: the POVM
elements are now

Es:=1®|s) (s]. (5.19)

It is not obvious that the WVA strategy is worse: whilst the benchmark only makes
contact with the system once, through the interaction with the meter, the WVA
strategy is permitted to interrogate the system twice — the postselection is a second

bite of the cherry, which might increase the information.

5.4.2.1 First order argument

Tanaka and Yamamoto’s results [196] can easily be adapted to my preferred bench-
mark. Let us first consider a ‘first order’ application of Equation (5.15)): i.e. when
the AAV approximation holds. If one expands the unnormalised post-selected state

of the meter, one finds

[mwva) oc (Qilei) [m) — ig (il Alei) ke [m) (5.20)

with the proportionality constant given by
1
(ilvi) V1= g*Aw

One can see that the norm of |mwva) is independent of g to first order if the weak

(5.21)

value is not too large. Upon dismissing the term in ¢?, the derivative takes on a simple

form

|mWVA> = |m> - igAwkx |m>

= |angVA> = —iAwkx |m> (522)
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and hence

Hy[lmwva)] = 4] Au[* (mlks|m) — [iA7, (mke|m) + g|Ay[* (m]kz|m) |
= 4 A, ((mlkZ|m) — (m|k,|m)®)
= 4|A,|[*Var(k,)
= 4|A,[* (k3) (5.23)

The variance is taken in the initial meter state, and I discarded a term in ¢g?. With
no loss of generality I set (k,) = (m|k,|m) = 0.
Now for the preselected-only benchmark. If we put the system in an eigenstate

|1;,) of the measurement observable A with largest magnitude eigenvalue A,

(i) Im) — TR oy ) fm) = [ihi,) e ) (5.24)

It is as if the meter has been exposed to a classical field of strength g\.. We may use

H;enchmark —4 <H2> — 4 <H>2
=42 (K2). (5.25)

The equations are simple: to go from the WVA strategy to the preselected-only
benchmark, one replaces the the weak value of A with the largest eigenvalue of A.
Since the former can be much larger, this would seem to point to an advantage:
compare with . The problem is that preselection works every time, but
postselection does not always occur. One must therefore multiply by the postselection
probability ¢ for a fair comparison. As will be proved in the next chapter, g|A,|* < 2.

There is no overall advantage.

5.4.2.2 The Tanaka-Yamamoto argument

Tanaka and Yamamoto give a full order argument, valid for any g. The exact state is

[mwva) = Blm) (5.26)

Vi

with the Kraus operator B = (i;|e”9Ak=|¢);) and ¢ = (m|BTB|m) which is not

independent of g. Hence one must employ the quotient rule to differentiate:

Y epi - L)
oymwen) = ¢ (VaBIm) = 1) ) (5.7
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I denote the derivative with respect to g with a caret **’, and I used 9,.,/q = ¢/2q.
Now

1 A qAQ q2
0 o) == B'B ————; 5.28
s ldymus) = 5 (a8 + L= 502

note that ¢ = (m|B'Bm) + (m|BiB|m). Also

2

; (5.29)

A

1
NG
now when applying Equation (5.15)), the cross terms of (5.29) will cancel with the
final two terms from (5.28)) so that

1 "
| Gumvalmna) = \<m\B*B|m> _

4(m|BiBlm) 4 (m|BtBm)’

H =
I q q>

(5.30)

Tanaka and Yamamoto argue that, since the second term is non-negative, the follow-

ing inequality holds
qH, < 4 (m|B'Bm) (5.31)
then, expanding

(m| B Blm) = (m] (3]0, ™t ) (il 0ge ™ i) [m)
< (m] (i H?[43) [m)
= (A?) (k) (5.32)

the second inequality follows by replacing the projector |¢) (¢;| with the identity
projector which is a sum over a complete set of postselection states, with all terms
positive. The information is corrected by the lowered postselection probability, in
accordance with the methodology laid out in Ref. [T00]: this leads to the same con-
clusion as the first order argument above, namely that there is no overall advantage
to be found.

5.5 Discussion

Imagine two betting games at a casino. Both games cost £1 to play, and involve
flipping a pair of coins. In Game 1, the casino pays a £50 prize for each ‘heads’,
and £0 for each ‘tails’. In Game 2, the prize is £200 for two heads, and £0 for the
other three possibilities. Which game should be preferred? Clearly the games are



97 CHAPTER 5. WEAK-VALUE ‘AMPLIFICATION’

equivalent if an infinite number of trials is possible. If only a small number of trials
is possible, one might consider Game 1 to be a surer bet, and Game 2 to be a riskier
option. Furthermore, if the prize in the second game was only £199.99, it would seem
even less attractive when compared with the first.

This scenario is analogous to noise-free weak-value metrology. It is philosophi-
cally interesting that the Fisher information — analogous to the cash prize — can be
concentrated into a small number of events: but this is not (by itself) a compelling
technological reason for employing WVA. They are even less attractive when one re-
alises that a performance cost will inevitably be paid by the increased experimental
complexity of postselection, and the fact that a bias or systematic error is introduced
by any finite g, because of the inexactness of the AAV approximation.

The situation might change when noise is ON. For spin-based sensing, when
noise was OFF, entanglement was of great benefit. With noise ON, for example when
there are unknown random magnetic fields present, the advantage may disappear
altogether [178], 84, [174]. For weak-value metrology, noise may make the protocol
hard to implement: preselection, postselection, and so on may be imperfect. But
there is another intriguing possibility: what if weak-value metrology is more robust
to noise than standard techniques? It may be worth paying the price for the non-
linearity bias, and for the low success of probability, if the reward is much higher
because noise is mitigated. This question will be the central inquiry of the remaining

chapters of this thesis.
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Chapter

Phase-parameter estimation with
dephasing

This chapter is a first foray into applying the Fisher information metric to weak-value
‘amplification’. Being inspired by the spin-based scenario in the preceding chapter,
it proceeds with an analysis of the performance of a magnetic field sensor. A second
spin, nearby and with a switchable interaction, is a natural quantum coherent meter
which can enable the AAV effect [212]. Weak values have been extracted with qubit
meters experimentally [164].

The chapter makes the following departures from AAV’s original discussion: the
coherent measuring device is a qubit, rather than a continuous pointer, and I perform
only full order calculations. The chapter is organised as follows. First, I introduce
a noisy spin-based magnetic field sensor, and calculate the quantum Fisher infor-
mation (QFI) using strong and direct measurements to provide a benchmark for
performance. The object of the parameter estimation (to which the QFT relates) is
a property of the first spin, and not of the interaction between the spins. Next I
allow the second spin to measure the first at arbitrary strength, and again calculate
the QFI. Finally I introduce postselection on to the first spin, enabling the AAV
effect. 1 calculate the QFI and compare it to that found for indirect and for direct
measurements. I draw conclusions about the relative performance at the end of the

chapter.

6.1 A strong and direct benchmark

I extend the spin-based field sensor paradigm, previously introduced in Chapter [5

to include unknown random fields. The random fields coexist with the fixed field.

99
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The magnitude of the latter is to be estimated; the former will be averaged over in
the course of repeated measurement of the spin and hence lead to decoherence. The
evolution of the spin can then described by a density operator (see Section |1.1.5.3):

2po0(t) = 1
Qp(n(t) = —ie_iu(SBtE(t); (61)

p is the 2-dimensional density matrix of the spin, and p is its magnetic dipole moment
which I set to unity without loss of generality. The density matrix is written in the
spin up |0), spin down |1) basis. As usual, completeness demands p;; = 1 — poo
and p1o = p&- 1 take Z(¢) € [0,1] to be a real, non-negative function (assumed
to be independent of §B) which describes the attenuation of the off-diagonal terms.
By choosing this function appropriately one can model, for example, pure dephasing
(2(t) = e T*) or 1/f noise type decay (2(t) = e ") with a characteristic rate I [32].
The dependence on t is important but sometimes suppressed in my notation. § B is an
unknown quantity and is the subject of the parameter estimation problem. Whilst
for clarity I describe the tangible example of field sensing with a spin, the results
apply to many other phase estimation scenarios.

The density matrix, through the spin’s exposure to the magnetic field, acquires an
increasing amount of information about d B as time progresses. However, the build-up
of useful information is in competition with the decoherence induced by the random
fields. The latter wash out all information after a sufficiently long time. Statistical
inferences about 0 B may still be made after finite time by performing measurement
on many identical preparations of the density matrix. The precision of the inferences
depends on certain properties of the density matrix and the measurement choice: it
is related to the Fisher information (see Chapter [2). Fixing the measurement POVM
to a sharp measurement in the o, := |0)(1]| 4 |1)(0| basis, one finds for a spin in a

field
t? cos*(td B)=?

1 —=2sin?(t0B)’
Throughout this chapter, the Fisher information is always ‘about’ 0 B. Here, the

Fy =

(6.2)

subscript ‘d’ is used to denote quantities pertaining to a direct sensing of 0B, i.e.
through the density matrix described by Equation (6.1). This expression exhibits
oscillations over time as the angle between the quantum state and the measurement
basis varies between pessimal (when the measurement basis is parallel to the final
state, t0B = [n+ 1/2]m) to optimal (when the measurement basis is perpendicular to
the final state, t0 B = nm).
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To eliminate the dependence on the measurement choice one can deploy the opti-
mal POVM: since the estimation procedure involves many samples of the probability
distribution, some of them may be used to adaptively update the POVM after an ini-
tial guess, causing it to rapidly converge on an optimum [28]. A quantity that captures

the maximum F' in a variation over all POVMs is the quantum Fisher information
(QFT), defined as

| (m|0sppln)
_22 o (6.3)

The above sum only includes terms for which P, + P,, # 0 and where n, m index the
basis states in the spectral decomposition of the density matrix, p = . F; |i) (7| [153].
In our case

Hy = =22, (6.4)

which is, notably, independent of the parameter 6 B. The oscillations in time have
disappeared, and this leaves only an envelope with turning points which can be found
by solving =t? = —Z. For example when = = e ' the maximum of H occurs at
t*=1/T.

According to the quantum Cramér-Rao bound [42), 97], the minimum variance of
the parameter 6 B is given by 1/(N H) where N is the number of trials. A larger value
of H thus entails a smaller minimum variance, which is obtained efficiently through

maximum likelihood estimation [63].

6.2 Arbitrary strength ancilla measurement

An ancillary spin can be used as part of the measurement process, enabling a broader
class of measurements (see Chapter [3). Consider an ancillary qubit (the meter) ini-
tialised in the equatorial (z-y) plane of the Bloch sphere, coupled to the system qubit
so that one has control over the joint system. I consider a measurement operation

which effects the following unitary transformation on the system and meter
M(G) =11, @1+ 11_ ® exp(iGro,/2). (6.5)

[T, are projectors onto the +1 eigenstates of a traceless ‘control observable’ (of the
system) that lies in the plane, II, —II_ = cos©o, + sinOc,. The choice of o, :=
|1)(1] — |0)(0| as a meter observable in the second term is chosen because the ancilla
is initialised in plane. Best results are obtained when the ancilla measurement basis
is unbiased with respect to the axis about which the ancilla rotates (see Chapter [3)).

The measurement strength can be varied independently of the initial state of the
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Figure 6.1: A schematic for two different approaches to parameter estimation using
spins; the view is into the equatorial plane of the Bloch sphere. A direct strategy
relies only on interrogations of the system spin, which picks up a field dependent phase
exp(itd B) over time. A WVA strategy makes use of an ancillary spin in the hope
of gaining an advantage. The latter technique involves coupling the first spin with
a second ‘meter’ spin with variable strength, and then interrogating the meter spin
only if the system spin is successfully postselected into a certain final state. Such a
postselection can be achieved by the use of projective measurements in an appropriate
basis given by 6, and is known to lead to a larger than expected deflection of the meter
spin if the coupling G is weak. Whilst § B is an unknown quantity of interest, 6,0, G
are tunable by the experimenter in the WVA strategy. Reproduced from Phys. Rev.
A, 87:012115, January 2013.

meter: the measurement is strong when G = 1 and gets weaker as G — 0. After
tracing out the system spin, one finds that the QFI of the meter spin is
=22 sin? (G /2) sin?(O — t6B)

Hane = 1 —Z2cos?(0 — tiB) ' (6.6)

The subscript ‘anc’ denotes quantities pertaining to an indirect sensing protocol,
involving the use of an ancilla spin coupled to the system spin with arbitrary mea-
surement strength. Assuming the experimenter has control over the measurement
operation, it is clear that she arranges © = tdB + 7/2 for best results (which corre-

sponds to the control observable being unbiased w.r.t. the system state), whence
Hone — 227 sin® (G /2). (6.7)

This matches the performance of the direct strategy when the measurement corre-
sponds to a full controlled mw—rotation, G = 1. This is as expected: when G = 1 we

have simply an explicit model for strong and direct measurements. The WVA scheme
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would seem to sacrifice performance by operating near to G = 0 (where the depen-
dence of H,,. on G is roughly quadratic), however, we shall see that the postselection
step of the protocol leads to an ‘amplification” which mitigates this apparent loss of

information.

6.3 Postselected strategy

Preselection and weak measurement are in place. Next I introduce postselection into
the protocol, to enable the AAV effect. The system spin is allowed to pick up phase
in the weak field as usual. After a given time the measurement . is triggered: this
entangles the system spin with the meter, which is initialised into the —1 eigenstate
of g, n(0) = |7)(¢7|. The system spin is then measured, and only if it is found in a
certain postselection state [;) = (|0) + e?|1))/+/2, the ancillary spin is interrogated
in the usual manner (using an adaptive maximum likelihood estimation procedure).
In the most general case the angle between pre- and postselection can be varied
independently of the measurement control angle (as sketched in Figure . The
density matrix of the meter after the measurement interaction and postselection will
be given by

1) o (sl [p(t) ©0(0)) A1), (6.5)
with the proportionality constant fixed by normalization. Identity matrices are im-
plied in the above expression, i.e. ()]s = (¥f| ® I etc. Under these operations, the
evolution of the meter is confined to the z-y plane, which is optimal for phase esti-

mation [197]. The full evolution of 1 is (from Mathematica, cos and sin represented
with c and s, @ =0 — 20 + 6B, o =0 — tdB, 9/ = Gr/2, oy = 0 — O)

1
Moo (t) = 3 (6.9)
(0) = ie™ 20T (caty + icalysaty + (2laty 2 caty — catys oty 2] + icatysady) B)
ToL\s) = 2+ 2 ([ cs 2] ety + ety )2]) = ‘

Here I specialise to # = O + m/2 (corresponding to a postselection state that is
unbiased w.r.t. the control observable). Due to the symmetry between pre and post
selection, one can choose instead to have the preselection unbiased w.r.t. the control
observable, as for the H,,. above. One does no better in that case. I obtain, after

normalizing, the simplified expression:

1
7700(75)25

ie~2G7 (cos(G cos(f — — isin(Gn/2) sin(0 — =
oy = 1 Cos(Gr/2) + (cos(0 —19B) — isin(Gr/2) 0~ 5B)E) oo

2 + 2= cos(Gr/2) cos(f — t6B)
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Of course, m1; = 1 — ngo and 19 = 7§, Calculating the QFI can be difficult for

arbitrary density matrices, but I found that applying Equation to a general

qubit state in the equatorial plane leads to

(v* — 1)a* — 2ayiy + (2° — 1)y
24+ y? -1

H= : (6.11)

where x + iy = 211 (t) and ‘"’ denotes partial derivative w.r.t. dB. One straightfor-
wardly obtains, taking real and imaginary parts of (6.10]),

Hyya = Hysin?(Gr/2)A. (6.12)

The subscript ‘WVA’ denotes the use of an indirect sensing strategy through the
density matrix (6.10) (i.e. an exact AAV type measurement). I have treated the
measurement strength entirely generally. The expression admits the following inter-
pretation: the first factor is the bare information available through direct techniques;
the second factor represents the cost of having a finite strength measurement, and is

present with and without postselection; the final factor
A = (1+Z(t) cos(Gm/2) cos( — tdB)) > (6.13)

is due to the weak value ‘amplification’ effect. A becomes large when both § —tdB is
close to an odd integer multiple of 7 and cos(Gm/2) =~ 1, i.e. for a weak measurement
strength and almost orthogonal pre- and postselection. The upper two panels of
Figure demonstrate that in this regime Hwya > Hg, and the WVA strategy
would seem to outperform the direct one.

However, the much reduced postselection probability
q = Tr((|[vs) (| @ DA p(t). 1] (6.14)

must be taken into account, evaluating to ¢ = 1/(2v/A). Note that ¢ is nonzero when

pre- and postselection are orthogonal due to the back action of the weak measure-

ment [211]. Once the probability is properly accounted for,
=22 sin?(G/2)

2(1 4 Zcos(Gn/2) cos(6 —tdB))

A fair comparison between the efficiency of the weak value approach and the direct
approach can be made by considering the ratio of the CRBs relating to the two
strategies. The ratio is the inverse of the Fisher information ratio, which is shown in

the lower right panel of Figure [6.2] and given by

qHwva sin?(G/2) (6.16)
Hy  2(14+Zcos(Gr/2)cos(d —t6B))’ '
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0—-toB

Figure 6.2: Contour lines of four important quantities are plotted against measure-
ment strength G and the angle (§ — tdB) between pre- and postselection. UL pane:
Hwyvya : Hq uncorrected for the low postselection probability. White regions show a
ratio higher than one and hence the apparent superiority of the WVA scheme over a
direct scheme; UR pane: the inverse ratio, white regions now show where the WVA
scheme is inferior; LL pane: the postselection success probability ¢; LR pane: shows
the corrected ratio gHwva : Hg, note there are no longer white regions and the weak
strategy is always worse. The x denotes a choice of (G,#) that is generalised to in-
clude dephasing noise in Figure[6.4l Adapted from |Phys. Rev. A, 87:012115, January
2013l


http://link.aps.org/doi/10.1103/PhysRevA.87.012115
http://link.aps.org/doi/10.1103/PhysRevA.87.012115

6.3. POSTSELECTED STRATEGY 106

[
I
—_

stronger measurement
>

»

0.5 / 0.7

/
qHyva
Hg

— 1
0 0.25 0.5 0.75 1

0.1

Figure 6.3: Ratio of information available in the WVA strategy and in its direct
counterpart, as a function of the measurement strength G. The different curves
correspond to various values of the attenuation function =(¢). The postselection is
fixed to 6 = t6B + 7. When G = 1, one should match the direct strategy, only the
postselection probability ¢ = 1/2 implies by symmetry that half of the information is
thrown away. Reproduced from Phys. Rev. A, 87:012115, January 2013.

By inspection, this expression never exceeds unity for any function Z(¢) € [0, 1]. This
argument is sufficient to establish that the WVA technique can never produce an
estimate of B with a lower variance than through a strong, direct technique [100].
When dephasing noise is completely absent then one can reach a ratio of unity
for the correct choice of G and 6 (see Figure . This is quite surprising given the
heuristic noise-free argument in Section [ attribute the surprising advantage
to the effects not captured by the AAV approximation. When pre and postselection
are too close to orthogonal, the approximation breaks down (specifically gA,,
is no longer small compared with unity) and the evolution of the meter becomes non-
linear. When preselection and postselection are chosen exactly orthogonal, the weak
value is undefined. Because of the breakdown of the approximation, the results of
the previous chapter (Equation ) may not apply. My calculations reveal that
the non-linear behaviour, which appears far outside AAV’s regime of validity, makes
up for the performance penalty associated with a weak measurement. However, here
I found that even a small attenuation is catastrophic to the weak value technique
because for small G there is a rapid decay of the ratio ¢Hwva : Hq as = decreases

(see Figure , and a strong measurement quickly becomes favourable.
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Quantum
Fisher
Information

0

Figure 6.4: Quantum Fisher information (in units of Tesla™? ) for the two competing
strategies is plotted as a function of time ¢ and the dephasing rate I' (for = = e~ 1").
The upper green surface corresponds to the direct strategy Hq and the lower pur-
ple surface corresponds to ¢Hwva, the corrected weak-value amplified strategy. The
postselection and measurement strength are fixed to 6 = t6B + 7w, G = 0.02, respec-
tively, corresponding to the * in Figure [6.2 Even a moderate amount of dephasing
has a catastrophic effect on the weak value scheme. Reproduced from |Phys. Rev. A
87:012115, January 2013.

To illustrate this behaviour with a concrete example, the time dependence of Hy

and Hyva is shown in Figure 6.4 for phenomenological dephasing noise, Z(t) = e !,

6.4 Using all the data

I now address the possibility of keeping all of the data after the postselection mea-
surement. Since the WVA technique can get close to the performance of a direct
strategy and involves discarding the majority of experimental runs, one might imag-
ine that some of the discarded data may be used to increase the information, perhaps
even allowing the technique to outperform the direct strategy. In addition to the QFI

arising from successful postselection Equation (/6.15)), one now has

t2=%sin? (G /2)
2 — 2= cos (G /2) cos(f — toB)

(1= q) Hyys = (6.17)

resulting from runs that would ordinarily be discarded.
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One can see that the two quantities are complementary in the following sense. In
the regime where the WVA effect is strongest, the discarded runs carry less and less

information. Since the total information is additive, one can achieve

Hiorar :==qHwva + (1 — q) Higya
B t2sin® (G /2) (6.18)
-1 —=2cos? (G /2) cos?2(0 — t6B) '

This quantity cannot exceed Hg, but has some interesting features. It is greater than

qHwva in regions where the WVA effect is small, notably reaching ¢Hwva/Hq = 1
(rather than 1/2) when the measurement is fully strong. It converges on ¢Hwvya when
the WVA effect is pronounced, see Figure [6.5

6.5 Discussion

I have analysed the utility of weak value ‘amplification’ for the purpose of estimating
an unknown phase parameter appearing in the Hamiltonian of a two level quantum
system, finding no advantage over strong and direct techniques for the broad class
of noise models captured by Equation . This includes any kind of dephasing
noise. When decoherence is completely absent the WVA strategy can match the
performance of the direct approach, encouraging the motto: ‘one postselected run
acting as though many unpostselected runs’ [6I]. In contrast to entanglement or
discord enhanced sensing protocols, however, which are robust against a degree of
mixing of the quantum state [I36], any level of dephasing noise ruins the performance
of the WVA approach.

While I have described the system-meter qubit pair as spin-1/2 particles, they are
isomorphic to many other physical systems: for example one can use the polarization
states of photons to measure a phase shift introduced by a crystal, and couple photons
together to enable weak measurement [164].

These results do not seem to contradict studies that have put WVA to use ex-
perimentally [83] 51), 190] or the many theoretical proposals for improving signal to
noise [219] 30, 98, [61), [82, [181] since in those cases the quantity of interest is an in-
teraction parameter, and only technical noise is claimed to be overcome. When the
limiting disturbance is to the quantum state however, rather than to the classical
information following the measurement, and when the subject of the parameter esti-
mation is related to A,,, then there is no advantage to be gained by using a weak-value
amplified approach. Technical noise, which is the dominant noise in optical systems,

is the subject of the next chapter.
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Figure 6.5: Quantum Fisher information for a weak-value amplified sensing strat-
egy (a) when the postselection is ‘successful’ (b) when the postselection is ‘unsuc-
cessful’ (c) when both are considered together; the plots shown correspond to the
decoherence-free case. Reproduced from Phys. Rev. A, 87:012115, January 2013.
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Chapter

Interaction-parameter estimation with
technical noise

In Chapter |3| we saw that after a quantum-coherent premeasurement, the meter wave
function encodes information about the ‘system’ through their mutual interaction. By
employing postselection, the weak-value ‘amplification’ technique can probabilistically
generate a larger-than-usual displacement of the wave function. Is this of of use when
technological constraints are present? Most of the experimental interest in weak-
value ‘amplification’ (WVA) has been in optical scenarios: see for example [192].
In this chapter I focus on the foremost technological application of the Aharonov,
Albert and Vaidman (AAV) effect: in the estimation of the small constant (known
as an interaction parameter) found to couple a suitably defined system and meter.
Typically the system of interest has a finite spectrum, and the measuring device is
a continuous degree of freedom. In 2008 Hosten and Kwiat detected the spin Hall
effect of light (which is coupling between the polarisation and transverse momentum of
photons at an air-glass boundary) using WVA [83]. Chapter [ modelled decoherence,
which is the dominant and limiting noise in solid state systems. This chapter models
technical noise, or detector imperfection, which limits performance in optical systems.

This chapter is arranged as follows. First, I present a full order, noise free ar-
gument contra weak-value ‘amplification’ for a qubit coupled to a continuous system
initialised into a Gaussian state. I plot the relative performance (against a preselected-
only benchmark) across the entire parameter space of the problem, and also allow for
the WVA technique to operate even when postselection fails. Next, I adopt an ap-
proximate, first-order approach to the AAV effect, and repeat the calculations. This
lends greater transparency to the results, and allows for the qubit to be upgraded to

a qudit (a d-level system). The main results of this chapter concern noise. Using the

111
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approximate approach, I model detector pixelation and random displacements (jitter)
as the most prevalent types of technical noise. The results of the second half of this
chapter are general enough to apply to a wavefunction of arbitrary shape in most
cases. I specialise to a Gaussian wavefunction where convenient, or when instructive.

Experiments have been performed that suggest advantages over noise: the most
prominent claim a suppression of technical issues such as pointing stability, detector
saturation, finite resolution, unwanted displacements and noise with long correlation
times [1606, [83], 511, B0} [74]. T will show that, for the most ostensible technical issues,
namely random transverse displacements and pixelation, such an advantage only pre-
vails whilst sub-optimal estimation procedures are employed. If the fundamental
limit on the uncertainty in the estimate of the interaction parameter is attainable (by
optimal estimation), the advantage disappears.

Begin with a particle described by a product of its internal state and its transverse
spatial wavefunction. Expanding the initial state |¢;) in the eigenbasis of an internal

control observable Ala;) = A;|a;) one has
[1;)|m) = Zcﬂaa lm) , (7.1)

where ¢; are an appropriate set of normalised amplitudes and |m) is the normalised
transverse component of the particle’s spatial degree of freedom, which will serve as a
quantum coherent measuring device. One can expand the spatial degree of freedom,
for example, |m) = [ m(z)dz|z) in the basis of x eigenstates. Allow the particle to
undergo a displacement, transverse to its direction of propagation and dependent on

the internal state. The time evolution operator is
U = e i9hke (7.2)

where k, is the operator corresponding to the z-component of the particle’s momen-
tum [k,,x] = 4, and g is the coupling constant or ‘interaction parameter’ [82]. The
dynamics is unitary since A is Hermitian and has real eigenvalues. Thus it generates

translations in the meter variable conjugate to k,. In this case we have

la;) /m(a:)da:|x) — la;) /m(z — A;g)dx|z) , (7.3)

i.e. displacements in x. The analyses in this chapter apply equally if k, and x are
interchanged, so that the interaction induces shifts in momentum space.
Under this dynamics, each of the eigenstates of the control observable becomes

correlated to a separate wavefunction, which, up to the proportionality constant g, is
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centred on the corresponding eigenvalue. When A;g is much larger than the ‘width’
of m(x), this constitutes a strong premeasurement of the internal state of the particle
by its spatial wavefunction. Formally, this occurs when the overlap O;; := f v (x —
Aig)m(z — Ajg)dz between each pair of shifted wavefunctions is vanishingly small.
When \g is relatively small and the wavefunctions are no longer well resolved, the

premeasurement is said to be weak, see Chapter [3]

7.1 Benchmarking

The key figure of merit that we shall be concerned with is the Cramér-Rao bound on
an estimate of g (see Chapter [2). I shall compare that of the WVA strategy (which
gives rise to pwya with probability ¢) to a standard strategy (which gives rise to psiq

with certainty). In the limit of N — oo, their ratio is equal to ¢F,[pwva] to Fy[pstal-

Here (Op(2))?
p(x
Flp| = / NGPE)) g 7.4
ol o= [ (7.4
is the Fisher information ‘about ¢’, and p(z) = |m(z)|* (the distribution of meter

readings). The Fisher information should be corrected (multiplied) by the probability
of successful postselection. This is in accordance with the additivity of the Fisher
information over NV independent events (of which only g/N are available to the WVA
strategy).

My standard strategy benchmark performs preselection only. This means one
should average over a complete set of postselection states. Beginning from Equa-
tion , one traces over the internal degree of freedom and measures the particle

in the x basis to give

pswa(x) =) lesPlmla = N[ (7.5)

J

The weighted sum is a convex combination: by controlling the c¢; one can mix the
probability densities corresponding to the different eigenvalues of A. An immediate
optimization for the standard strategy presents itself: The Fisher information metric
is convex [39], meaning that any such mixing of probability distributions will be sub-
optimal. One should therefore choose the ¢; to filter the probability distribution with
eigenvalue A, that gives the highest Fisher information. Now Fj[psa| = Fy[|m(x —

)\*g)|2]'
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If the system is a qubit, then A = £1, and if the wavefunction is a Gaussian,

(@) =\ oa o (-%) , (7.6)

then .
Fg[pstd] = F (77)

This quantity is my benchmark: it is the standard by which WVA will be judged.

7.1.1 Fisher information or signal-to-noise?

The Fisher information (see Chapter [2) is a well defined metric on statistical models,
with a powerful operational meaning. The signal-to-noise ratio (SNR) has previously
been the most commonly used metric in the weak value literature [218, 98], [190]. The

signal is defined as the average result on the detector (x), and the noise is defined

as the standard deviation at the detector y/(x2) — (z)°. For a transversally shifted
Gaussian distribution, the square of the signal to noise ratio is equal to the Fisher
information. A Gaussian distribution is completely characterised by its first and
second moments: for more complicated distributions, one might expect the SNR and
Fisher information to diverge, since the latter is generally dependent on all moments
of the distribution.

Note also that if, through some strange mechanism, the shifted Gaussian distribu-
tion undergoes a fixed shift, of 1000 say, the SNR. increases but the Fisher information
does not (since this extra shift does not depend on the parameter of interest g). This
fact undermines the SNR as a good measure of performance — although it does agree
with the Fisher information in many cases. When there is useful information in the
higher moments of the meter distribution, the Fisher information should be favoured
over the SNR.

7.2 Full order WVA model

Rather than ignore the system after the system-meter interaction, the WVA strategy
instead allows the particle to undergo another internal-state-dependent shift, this time
in the y-direction and at full strength, i.e. with an interaction Hamiltonian oc Bk,,.
The product of coupling constant and interaction time should be large enough such
that the eigenstates |¢);) of observable B are well separated into distinct ‘branches’.

By selecting only one branch for investigation, one postselects the particle into a
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Figure 7.1: The AAV setup. A particle’s spatial wavefunction is weakly coupled to
an internal observable A, causing it to undergo a small lateral shift conditional on
the internal state. It is then strongly post-selected into the eigenstate of another
observable B before impinging on a array of pixels with width . By tuning certain
parameters one can induce larger-than-usual average displacements at the detection
stage. This figure illustrates the dim(.7#) = 2 case. Reproduced from Phys. Rev. X,
4:011032, March 2014.

single final internal eigenstate of B, see Figure [7.1] Alternatively, postselection may
be achieved with the use of a polarising filter, or suitable device which destroys the
particle unless it is in the correct eigenstate. Any such state can be expanded in the
basis of A, [¢r) = >_; cj|a;). The final state in the ‘success’ branch will then be given
byf]
1 _
) = = Y e /m(aj ~ N\g)dala) (7.8)
Va5

where the normalization ¢ represents the probability of successful postselection, and
depends on g through O;;.

The AAV approximation will be made later in this chapter; it ignores certain
non-linear effects of the system-meter interaction and can overestimate the centroid
of the probability distribution [48| 107, 126]. When the approximation breaks down,
the position of the centroid can deviate from A,, and the wavefunction shape changes,
sometimes featuring a secondary peak [50, 2111 [69]. Such subtleties motivate the use
of exact, full order calculations. Comparing against the preselection-only benchmark,

I first show that there can be no advantage from WVA without using the AAV approx-

L ¢ is the complex conjugate of c.
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imation. For simplicity, and because it is almost exclusively the case in experiments,

I restrict the dimension of the system to 2.

7.2.1 How to make A, real or imaginary for a qubit

As discussed in Chapter 5 AAV prove a simplified expression for the final meter
state which is valid when g is sufficiently small. Although an exact treatment makes

discussion of their simplifying weak value

A, = el Al (7.9)

<¢f|¢i>

rather redundant, the distinction between real and imaginary weak values translates
into a natural condition on the relationship between preselection, postselection and

control observable. Here I parameteris the initial and final states of the qubit by

0; o o Ui
|th;) = cos 3 [+) + €% sin 5 |—)

7 - 7

|9s) = cos gf [4+) + e'*f sin % |—) (7.10)

and define d¢ = ¢; — ¢y. Here A |£) = £ |+). Begin by rationalising

A — (| Al) (ilty)
| (Drlepa) 2
9 . , , , .

o« | cos b cos =L — sin b sin e—fe“;‘z’ cos b cos b + sin b sin Q—fe_“s‘lS (7.11)

2 2 2 2 2 2 2 2

where the constant of proportionality is real. Now

Ay o cos® = cos® =L — sin? 2 sin? 2L + 2i cos — cos - sin — sin - sin §¢. (7.12)
2 2 2 2 2 2 2

By inspection
s
2 (7.13)

{cx i if cos? % cos? %f = sin® % sin®
“leR ifdp=0.

The arguments in the remainder of this chapter are often made twice: both for a
choice of pre- and postselection that guarantees a pure imaginary weak value, and for

a choice that guarantees a real weak value.

7.2.2 Imaginary-weak-value ‘amplification’

Here I choose 0; = 0y = m which guarantees a purely imaginary weak value. The
position wavefunction is then
1

mwva () = T (m(z +g) + @2 m(z — 9)) . (7.14)
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Figure 7.2: Contour plot of the corrected ratio of Fisher information for the weak-
value ‘amplification’ strategy to Fisher information for the standard strategy, ex-
pressed as a function of the measurement strength G and angle between pre- and
postselection ¢; — ¢;. The plot relates to imaginary weak values. Adapted from
Phys. Rev. X, 4:011032, March 2014.

But detection is not usually performed in the position basis when the weak value is
imaginary. Instead the Fourier transform yields the momentum wavefunction
1 ) )
mwva(ke) = —=m(k,) (e7'9ke 4 ei(0imdrtaka)) (7.15)
Ve )
Because the spatial wavefunction is a Gaussian with waist A,, the momentum wave-
function is also Gaussian with waist Ay, = 1/(2A,). Thus the measurement strength

G = g°/AZ = 4¢°A; . Computing the corrected ratio of informations leads to

aFylpwva(ks)]  2e97%G cos(8¢) + 2eC — cos(26¢ — 1)
Fylpsa(z)] 4eC/% cos(09) + 4e€ .

(7.16)

I once more compare against the standard strategy which measures the particle in

the z-basis. By inspection the ratio can never exceed unity, see Figure [7.2]

7.2.3 Real-weak-value ‘amplification’

Setting d¢ = 0 guarantees a purely real weak value: an optimal choice for detection

in the position basis. With such a choice one finds, without approximation and by

Equation ([7.8)), that

mwva(z) = (z|mwva) = % (cos 5 cos Efer + sin 5 sin Efm_) , (7.17)
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where my = m(x £ g). In the absence of noise, one can find an analytic expression

for the Fisher information ratio, again taking m(z) as a Gaussian ((7.6)),

F 1
aFylpwva == (1 + cos @y cos0; — e % sin 0 sin 0;

Fg [pstd] 2

G(1 0 0;
N (1+ cos B cosb;) )

1 + e%/2cosec O rcosec 0;(1 + cos b cos ;)
(7.18)

[ have defined G = ¢g?/AZ as the measurement strength, see Chapter . It is instructive
to examine in certain limiting cases, shown in Figure . Treating the situation
at this level of generality allows for the study of intermediate parameter regimes — for
example when the weak measurement back-action is non negligible [61]. The ratio is
entirely symmetric with respect to interchanging ¢; <+ 6, and is also invariant under
0; + m,0; + m. Whilst the ratio can reach unity, it never exceeds it.

7.2.4 Failed postselection

One might wonder whether the (potentially large) number of discarded events oc-
curring at the postselection stage may be of use. One recent proposal suggested
‘recycling’ the rejected particles for another run [54]. By contrast, in Chapter @I
considered looking at the statistics in both ‘pass’ and ‘fail’ branches of the postse-

lection. Calculating the sum of Fisher informations in both branches, I found that

Figure 7.3 (preceding page): The corrected Fisher information for the real-WVA
strategy is shown in units of the standard strategy information as a contour plot
in the measurement strength G and the pre- and postselection angles 6;,0;. Two-
dimensional slices through this three-dimensional plot are taken for interesting pa-
rameter combinations. The three uppermost contour plots indicate parameter
combinations for which WVA can mimic the standard technique (red regions). From
left to right: In the limit of a strong measurement G — o0; when preselection and
postselection are parallel 6; = 0; and when preselection is into an eigenstate of the
control observable #; = 0. The three lowermost contour plots indicate combina-
tions for which the WVA technique can exhibit characteristically amplified centroids.
From left to right: in the limit of a weak measurement G — 0; when pre- and
postselection are chosen orthogonal §; = 6, + m/2; and when preselection is into a
state unbiased w.r.t. the control observable #; = /2. The three-dimensional plot
isosurfaces have colors corresponding to fractional values of ¢Fj[pwval/Fylpsta): in
the two-dimensional plots the same colors shade regions between contour lines. The
symmetries of the parameter space allow one to restrict #; € [0, 7] with no loss in
generality. Adapted from Phys. Rev. X, 4:011032, March 2014
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(although the Fisher information is by definition greater) the ratio of informations
remains at unity or below [I00]. Here I consider the use of data in both branches as
well as their correlations with a ‘which branch variable’ (call this b). In other words,
I upgrade the WVA strategy; replacing postselection with a final measurement and
allowing any postprocessing of the result. The ultimate performance of this class of
estimation strategies will be given by the Fisher information calculated in the joint

probability distribution over b, s:

Z/ (?Pbs . (7.19)

Here s may be the position x or momentum k, variable. A joint distribution generally
contains more structure (and more information) than is revealed by its marginal
distributions. The postselection branch index b carries information about g. When
the system is a two-dimensional Hilbert space, b is a binary pass/fail variable.

In two subsections below, I present an argument that the information in the joint
distribution is still never greater than the standard benchmark information. First
I examine real weak values, and then imaginary weak values. In both cases the
wavefunction can take an arbitrary shape. In both cases I shall make use of the

following fact: if one has a joint distribution
P(b,z) = 6p1p™*> + dop™, (7.20)

where the bar denotes an unnormalised probability distribution, the Fisher informa-

= dl’—(agﬁpass>2
ppass

[l ron

ﬁfall

tion will be
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7.2.4.1 Real weak values

Let b = 1 when postselection passes and b = 0 when postselection fails: by Equa-
tion ([7.17)), the joint probability distribution for system and meter is then

0, 0 0, . 0 ?
P(b,x) = 0m (cos 5 cos ?fm+ + sin 3 sin %m)

s O i O+ i ¥ s ¥t 2
— COS — SIn —m S1I1 — COS — 1M _
b0 272 272

= 5 PP + Spop™! (7.22)

where m4 is a real wavefunction with arbitrary shape that has undergone a positive
(negative) shift by some function of g. The probability densities p(xz) = m?, with
m = ). e;m;, may not be normalised. The Fisher information integrand

d,p) 2md,m)*

Op) _ 2mIym)” _  (gmy | (7.23)

P m?2

which follows by the chain rule. Now write

(8ym)* = (Z eiagmi) (Z ejagmj) (7.24)

by taking the derivative inside the sum. Expanding the sum into diagonal and off-

diagonal terms, multiplying by four and integrating over x gives
/ dz [(94p)° /D) =) _ €} Fy[m]]

+4 Z e;€; /dasagmiagmj ; (7.25)
i#j
where F[e] is the Fisher information functional. The expression is not an information

unless p is normalised: otherwise it may be negative. Combining Equations (|7.21])

and ((7.25)), we have

F,[P(b,x)] = (COS2 By cos” 5 + sin? by sin? 7) F,[m?]

0, . 5,0 Lo b 0
+ (COS2 by sin? Ef + sin? By cos? Ef) F,[m?]
0; 0 6, 0
+4 (2 co8  COS Ef sin. — sin Ef_

0, . 0, . 0 0
2 cos 3 sin Ef sin 3 CoS Ef>

X /dx89m+89m_. (7.26)
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The final term is zero. By symmetry we have Fy[m? ]| = Fy[m?] giving:

Fy[P(b,x)] = Fy[mZ]. (7.27)

which can be obtained through a purely preselected strategy.

7.2.4.2 Imaginary weak values

By Equation ([7.15]), we see that the joint probability distribution is

P(b, ) = ko)l [ (1 + cos(9s — 6 +29h)

+ 0o (1 — cos(¢; — o5 + 2gk.))] -
— 6b1ﬁpass + 6b0ﬁfaﬂ- (728)

We can once more employ Equation (7.21]) to arrive at

B (B(k.))? [ (—2k, sin(2gk, + ¢; — 7))
Fy[P(b, k)] D) /dk"’” pkz) { 1 + cos(2gk, + ¢; — Qb;)
(—2k, sin(2gk, + ¢; — ¢f))21
1 — cos(2gk, + ¢i — @)
:/dkxlm(km)|2(—2kx)2
—4(k?)
_Fufp(@)] (729)

The last step follows from the Heisenberg uncertainty principle [65]. This information

can be obtained through preselection only, see Equation (7.17)).

7.3 First order WVA model

In order to study noise (in the form of detector imperfections), it is convenient to
reintroduce some approximations at this stage. AAV showed that, when g is small,
the effect (of weak measurement and postselection) on the wavefunction is captured
by a single quantity A, = (Y| A ;) /(¥r|i) [2], their well known ‘weak value’. For

details, see Chapter [5] To linear order in g, the distribution over x becomes

pwva () := [(x[mwva) |
~ Im(z — gRe(Ay))|?, (7.30)

where I assume only that the initial spatial wavefunction is real-valued but do not

make assumptions about its shape [193] [49] [194]. If we take the initial momentum
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space wavefunction to be a Gaussian m(k,) o e e/ 4A%w, the distribution over k,
transforms to [107]
pwva (kz) = |<kx|mWVA>’2
~ |k, — 29A7 Im(A,))[%. (7.31)

Under these assumptions, the shape of the meter wavefunction is not changed, and
the perturbation effect can be modelled through the simple shifts above: for a detailed
discussion of departures from this behaviour, see Ref [I07]. The AAV approximation
is heavily relied on in experiments [166, [83], B0, 204, 191, 82l 190, 213]: but many
theory papers investigate where it can break down [56, [69, 21T, T51].

The motivation behind using postselection is that, where the AAV approximation
is valid and when (¢¢|1;) — 0, the average displacement is much larger than is other-
wise possible. The large displacement is often claimed to be an advantage, especially
for overcoming sources of technical noise. A simple thought experiment is seductive:
imagine that ordinarily the shift induced by the weak measurement A;g is smaller
than the width of a single pixel in a digital sensor (such as a CCD)E]. An amplified
shift, if large enough, could then be distinguished from no shift at all, whereas previ-
ously no such distinction was possible [30]. This thought experiment presupposes an
approach to parameter estimation where only the mean of the probability distribution
is important. However, the mean is not always a sufficient statistic. As we shall see, if
one makes use of the entire statistical distribution to inform one’s estimate of g, then
a larger displacement is not per se advantageous. Further, no single-shot distinction
between possibilities will be likely in an experiment employing the AAV effect — the
final meter state has the same quantum uncertainty as it did initially, which must be
much greater than g. Any inferences must therefore proceed statistically, and make
use of a large ensemble. Surprisingly, small shifts do not make g harder to estimate

than large shifts.

7.3.1 Ideal Detector

Although the aim of this section is to study certain detector imperfections, to begin I

will consider a stable detector having infinite resolution. It is instructive to investigate

the Fisher information of a general distribution p(s’) = |¢(s')|?> whose argument is

2The shift might instead be smaller than the width of a photodiode stepped through finite
displacements [166]
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shifted s’ = s—vg. Again s may be either a position or momentum variable. Consider

the derivative w.r.t. g, which by the chain rule

0s' Op(s

= —yas/p(sl) , (732)

and so

=12 F,[p(s)], (7.33)

as ds = ds’ under the change of integration variable. Fi[p(s)] is the information about
s, and is related to the variance for Gaussian distributions. Notably, the information
is independent of the size of the parameter g [66]. The multiplier v, however, acts as a
sort, of velocity for the statistical model: it represents the rate at which the probability
density changes as g is swept through parameter space. The independence of F' on g is
an important difference to other measures of metrological performance: for example
the signal-to-noise ratio given in [14] and employed by Refs. [190, 51, O8] shows a
dependence on the size of the shift itself rather than its rate of change.

Equation ([7.33) implies that in the standard strategy v should be given by the
largest eigenvalue \,. The standard strategy, then, prepares the system in the eigen-
state of A having the largest eigenvalue, and performs no final measurement on the
system.

In the WVA strategy, a final measurement gives rise to the AAV effect, and by
Equation or one of the branches experiences a statistical velocity given
by an anomalously large effective eigenvalue Re(A,) or 2A; Im(A, ), respectively.
By assuming that the experimenter chooses either to measure in position space or
momentum space, and therefore will choose either A,, = Re(A4,,) or A, = Im(4,),
respectively, one can replace the real or imaginary part of the weak value with its

modulus. Then taking a ratio of the WVA strategy to the standard strategy gives

Fg[pWVA] _ |Aw|2
Fg [pstd] /\i

(7.34)

for real weak values or

Fylpwva] _ [Aul? AL, Fi, [p(k2)] (7.35)

Fy[psta] A2 Efp(x)]

for imaginary weak values. Recall that A, can be much larger than \.. It appears

then, that in the postselected runs, not only is the average displacement of the meter
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amplified but so too the measure of sensitivity as captured by the Fisher information.
When pre- and postselection are tuned close to orthogonal this triggers destructive
interference in the meter, causing cancellation where the superposed meter states
overlap most. This leaves only a wavefunction where the meter states overlap least,
i.e. where the meter states are most distinguishable. It is therefore not surprising
that the postselected wavefunction can give better performance, because the Fisher
information is a measure of distinguishability of neighbouring meter states as g is
varied.

The 4A} Fy, [p(ks)]/Fulp(x)] term in Equation must be carefully inter-
preted. Notice that I continue to use the standard strategy information as a bench-
mark, which necessarily involves detection in the z-basis. If we take p(x) and p(k,)
to be generated from Gaussian wavefunctions, we obtain by Heisenberg’s relation [65]

AN i, [p(ke)] 447

Ep@) B (7.36)

Employing an imaginary weak value then offers no advantage over a real one.

Of course the benefit due to ‘amplification’ is not without cost: we must correct

the ‘amplification’ factor for the reduced probability of data being selected |(¢f |1;) |

— a necessary drawback of WVA. Then one finds

Ay |?
(LY

*

|Au|®
AL

(g i) [P = 1. (7.37)

The inequality follows by expanding |¢;) and |¢;) in the eigenbasis of A and applying
the Cauchy-Schwarz inequality:

(| AL =

2
< D1l 2 Anenl?
n m

E E;C)\kck
k

= (A%) < A2, (7.38)

Thus, combining Equations. ([7.34]), or (7.35)) and (7.36)), with (7.37) we have

qF, g [PWVA]
Fg [pstd]

<1 (7.39)

at least under the AAV approximation and in the absence of noise, there can be no
advantage through WVA for the purpose of estimating g. The above analysis holds

for a system of any finite dimension.
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7.3.2 Failed postselection

As above, one can consider making use of information in all branches of the postse-

lection. To compute the total information, begin with a joint probability distribution
Pb,z) = Z5qub|m($ — Re(43,)9)1%, (7.40)
f

or

Pb ko) =D Spapliin(ky — 284, Tm(AL)g)[*, (7.41)
!

once more employing the AAV approximation: b indexes the outcomes of the final,
strong measurement. In this regime, ¢ does not depend on g, although in an real ex-
periment the postselection probability itself carries information about the interaction
parameter [216]. Because of the Kronecker d, each output branch can be considered

independently, leading to
Fy[P(b,x)] = q| AL Folp(x)]
f
= (A?) Fy[p()] (7.42)

for real weak values, or indeed

Fy[P(b, ko)) = Y arlAL (24, )
f
= (A%)4A7 (7.43)

for imaginary weak values. The last step is in strong analogy with the usual resolution
of probability-weighted weak-values to the expectation value ) qr Al = (A) [180).
Notice that once the initial state of system and meter are chosen, the expected value
of the square of the control observable along with the shape of initial meter wave-
function set a fixed amount of information in the joint system-meter state after their
interaction. The final strong measurement may distribute the information (which we
should think of as a conserved quantity) among the output branches in various ways.
The choice of basis for the final measurement may lead to a balanced distribution if,
for example, the final measurement basis is unbiased with respect to the initial state.
If on the other hand the basis contains an element which is almost orthogonal to
the initial state, an arbitrarily large portion of the information may be concentrated
into the corresponding branch of the final measurement, leaving a negligible amount

in the failed postselection mode. This agrees qualitatively with the exact results of
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the previous section, see Figures and [7.2] and also of the previous Chapter, see
Figure (0.5

When the AAV effect gives rise to a significant ‘amplification’ in one branch, there
is little to be gained from monitoring other branches: henceforth we shall thus only
be concerned with the probability distribution pwva in a suitably chosen ‘success’
branch. In such a situation an important question remains: is the postselected meter
wavefunction (carrying almost all of the information about g) more robust to technical

noise than an un-postselected wavefunction?

7.3.3 Pixelation

We are now in a position to introduce realistic imperfections to the scenario. I consider
first the effects of pixelation on an arbitrary wavefunction which has been subject to
a simple shift. This is of relevance to real weak values, and also to imaginary weak
values for a restricted class of momentum space wavefunctions. I then specialise to
Gaussian wavefunctions, which serves both as an instructive example and also as the
canonical wavefunction used in weak-value ‘amplification’ experiments for both real

and imaginary weak values.

7.3.3.1 For any wavefunction

Imagine that the particle (after weak measurement and postselection) impinges on
a detector comprising pixels of finite width. To model such a device, I build up a
discrete probability mass Pr(n) by dividing the s-axis into pixels of size rs. Each pixel
carries an integer label n = |s/rs| (so that values of s are rounded to the nearest

integer multiple of r,). The total Fisher information then becomes

FPr(n)] = %(@Pr(n)f | (7.44)

n

The width of the detector is modelled by varying the range of this sum, but here I
take it to be infinite. For this reason any relabelling of the pixels will not change
the result. For example, adding a fixed integer to each pixel’s label is a bijection
f :Z — Z, which preserves the value of the sum in analogy with the above change of
integration variable, equation . The probability of a click in pixel n is

rs(n+1/2)

Pr(n) = / p(s)ds. (7.45)

rs(n—1/2)
Because of the invariance under a relabelling of the pixels, any shifts in s can now be

taken modulo r,.
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To understand the effect of pixelation on p(s — rg) we may use the chain rule
(7.32) again, taking the derivative under the integral sign:
2
rs(n+1/2
frs(slfl//Q)) aqp(s/)dS)

rs(n—1/2)
rs n+1/2 2
(a f (n—1/2) dS)
frs (n+1/2) p(s’)ds .

rs(n—1/2)

Fy[Pr(ls'/r )] =) (

n

_VZ

The pixelation effect is almost decoupled from the dependence on v. However, when

(7.46)

making the change of integration variable,

rs(n+1/2)

Pﬂb%ﬂ)=/( pls — vg)ds

n—1/2)
rs(n+1/2—vg)

= / p(s')ds', (7.47)

rs(n—1/2—vg)

the finite limits of integration prevent removing the dependence on v altogether.

Allowing the pixelated detector to be displaced through a controllable quantity u:

rs(n+1/2)
PmpWQ>=/“ p(s + 1 — vg)ds
rs(n—1/2)

rs(n+1/2)
= / p(s — h)ds, (7.48)
rs(n—1/2)

it becomes clear that the importance of v is screened by the alignment h := (vg —
w) mod ry. The fraction h indicates the relative alignment of the centroid with the
pixel boundaries. For example, if h = 0 then the mean is aligned exactly in the
middle of a pixel; if A~ = 0.5 then the mean is on a pixel boundary — this is shown

schematically in the inset of Figure[7.4] One then obtains

Fy[Pr(L(s —vg)/rs])] = v*E[Pr(L(s — h)/r])]. (7.49)

The relationship of v to h is purely incidental: there is no reason to suppose that
larger values of v will make alignment easier than smaller values. One should therefore
treat h identically for the WVA and standard strategies. One can consider adaptive
techniques to asymptotically achieve h = 0.5, or — if alignment control is impossible —
one can average over h € [0,0.5]. Any degradation due to pixelation commutes with

the ‘amplification’ effect.
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Correcting by the success probability and dividing by the standard strategy infor-

mation, for real weak values one has, taking h identical in both strategies,

FPr((v ~ Re(A)g) /] _ Re(fIA10)Y 750
Fy[Pr([(z — Ag)/ra])] AL
The pixelation effect has completely cancelled, reducing the problem to that of the
ideal detector above — see Equation .
For imaginary weak-values, we have
qFy[Pr(L (ke — 485, Im(Aw)g) /1, )] _ (7., Ar.)
Fy[Pr([(z = Avg)/ral)] T oalre,Ag)
where T define a(rs, Ay) = Fy[Pr(|s])]/Fs(p(s)) as the fraction of information re-
maining after pixelation, and have applied Equations. and - Clearly

there will not be a perfect cancellation if the plxelatlon in the k. direction is more

(7.51)

or less severe than in the z direction: but as I have shown this is independent of
the magnitude of the mean. Moreover I give evidence in the next section that « is

monotonically decreasing in r;/A,, and in fact equal to unity to first order. Then
are,, Ar,) - a(ry, Ay) =~ 1.

7.3.3.2 For Gaussian wavefunctions

It is instructive to fix the input wavefunction to get an idea of exactly how the

pixelation affects its informational content. By letting the initial state be described

by
m(z) =, | \/%AS exp (_48_23) | (7.52)

i.e. a Gaussian centred on the origin with waist Ay, one finds

(7.53)

so that F,[p(s')] = v?/A% Under pixelation p(s’) becomes a discrete probability

mass. By the above arguments it is sufficient to study

Pr(n) _% [erf (2—27+> . (2—27_>] , (7.54)

where I have introduced convenient quantities 7. = (h —n 4 0.5)/4/2 and applied
Equation (|7.45]). Define @ by dividing the diminished Fisher information of the pix-
elated probability mass by the un-pixelated information

s, A,,) = ?[fpr(( - Lp Z fu (7.55)




7.3. FIRST ORDER WVA MODEL 130

where the summand is to be understood as the pixel-wise information. This function
shows how much information remains after pixelation has occurred. We may take the

division inside the sum, attaching it to each term. In pixel n

2
) (efRQ’Yi _ €*R273>
fa

EF.p(s)] ;erf(R%r) —erf(Ry_)’ (7.56)

where I have chosen to define R := r;/A, as an inverse measure of resolution. It rep-
resents the granularity of the pixels against the characteristic width of the Gaussian.
One expects the ratio of Fy[Pr(n)] to Fi[p(s)] to converge to unity as R — 0.

All that remains is to sum these relative informations over all pixels. I
numerically plot the dependence of the sum on R in Figure [7.4 The limit when
h = 0.5 and r; — oo is analytically known: the Fisher information is a fraction 2/7
of the non-pixelated case [162]. This limit corresponds to a perfectly aligned ‘split-
detector’ with only two pixels [190]. In the opposite limit, o ~ 1 to first order in R,
meaning that pixelation is a non-issue as long as the pixel size is at least as small as
the width of the wavefunction. My results agree qualitatively with Ref. [I91], which
found that pixelation does not set a lower bound on the magnitude of a shift that
can be estimated.

When pixelation is severe and alignment is poor one does better with a broader
statistical distribution than with a narrower one. Taking the wavefunction once more
to be Gaussian in Figure I fix the pixel width and show how the Fisher
information depends on A, in such a way as to offer a trade-off between uncertainty
and misalignment. If perfect alignment cannot be achieved, there is a limit to how
low A may be taken before the worsened effective resolution combines with the bad
alignment to kill off the Fisher information. In circumstances of extreme pixelation,
it can thus be advantageous to increase A, — introducing extra uncertainty leads
to a superior performance. One could increase Ay through a unitary process, to
present a broader meter wavefunction for the system to interact with. Another option
would be to intentionally introduce random displacements to the meter (or detection
apparatus) immediately prior to detection. The latter option is an instance of a well-
known image- and audio-processing technique known as dithering. The distinction is

reminiscent of the discussions in Chapter [3]

7.3.4 Transverse Jitter

Here I model another prevalent source of imperfection: random lateral displacements

of the particle. Again I begin with an arbitrary wavefunction subject to a simple
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Figure 7.4: Numerically obtained relationships between relative Fisher information o
and inverse resolution R. The different curves (blue to red, top to bottom and right
to left in the inset) correspond to different alignments which are schematised in the
insets. The worst and best cases at h = 0 and h = 0.5, respectively, are shown in
bold. Aside from misalignment effects (which become important when R 2 3) finite
resolution does not dramatically limit parameter estimation. In fact with only two
pixels the penalty paid is only a loss of about a third of the information, as long as
good alignment is possible. The curves are equally relevant for the standard strategy
or the WVA strategy. Reproduced from Phys. Rev. X, 4:011032, March 2014

shift (composed of a g dependent part and also a random part), but then specialise
to Gaussian wavefunctions in order to make a concrete connection with the majority

of WVA experiments.

7.3.4.1 For any wavefunction

I define ‘jitter’ — random displacements of the measuring apparatus, or equivalently
the incident beam — by convolving the probability distribution with a suitable noise
kernel N;:

N *p(s) = /p(s + N () dp. (7.57)
This is perhaps the most prominent source of technical noise that has been studied in

the WVA context, until now only using the signal-to-noise ratio metric [14], 190, 98],

107]. In those cases WVA gave a relative advantage, due to identifying the ‘signal’
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Figure 7.5: Numerically obtained relationships between Fisher information and Gaus-
sian spread A; for fixed pixel width r; = 1. The bold curves are for h = 0 (lower-
most) and h = 0.5 (uppermost), with fainter curves interpolating linearly. Without
pixelation, narrower Gaussian distributions are superior — the delta function offers
the ultimate precision. However, the misalignment effect introduced with pixelation
combines with the low effective resolution as A, is reduced, preventing the continued
improvement. For A, 2 ry/3 alignment ceases to be important. At any given degree
of misalignment (which is described by k), there will be an optimum choice Ay = A%,
The inset shows how this optimum changes with h. Reproduced from |Phys. Rev. X,
4:011032, March 2014.

with the mean of the probability distribution, which becomes invisible when it falls
through the noise floor [190]. The Fisher information metric informs us about the
performance of a superior estimation strategy, which allows for (in principle) any data
to contribute to the estimate of the unknown parameter. In my application of the

metric, I assume the noise is independent of g so that, by another application of the
chain rule ([7.32)), we have
(9N * p(s')])°
F _ —
g[/\/—S*p(s Vg)] / /\[s*p(s/) dS

_ Vz/ (O e % p(s)])*
N *p(s')
= VEEL NG % p(s)] . (7.58)
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Once more the application of noise commutes with the ‘amplification’ factor v?, the
second main result of this chapter. For real weak values, the noise cancels out in the
ratio of Fisher informations:

ARG (s = Re(Au)g)] _ Re((tlA [1:))°
Fy N *p(s — \g)] 22 <1. (7.59)

For imaginary weak values, once more there may not be a complete cancellation due to
the possibility of different width wavefunctions and different noise kernels in position

and momentum space. We then have

Fg[Ne, » p(ky — 48, Tm(Ay)g)] _ B(Ak,: Nr.)
Fy[Ne *xp(z — Ag)] — B(ALN,)

(7.60)

on defining 5(A,, N;) as the attenuation factor of Fisher information under jitter: a
function which depends on the width of the wavefunction and on the noise kernel
in s-space (see below). In reality S(Ag,, Nk, ) may or may not be independent of
B(A., N;), depending, e.g., on how detection is achieved in the laboratory. Exploiting
the relative severity of noise in position and momentum space with imaginary weak
values has been proposed by Kedem [98]; but this possibility does not derive from the
‘amplification’ of the mean.

While we require 9,N; = 9,N; = 0, otherwise the noise kernel N;(u) can have
arbitrary properties (up to normalization and positivity); in particular it may have

non-zero mean.

7.3.4.2 For Gaussian wavefunctions

As an example, choose the noise kernel to be normally distributed (with zero mean
and variance Jy), giving
2
N % p(s) /OO p(s_u,)ﬁexp <_%Ij—3>d
*p(s) = .
b oo 2w J, H

If p(s; Ag) is Gaussian with width Ay, the application of jitter is equivalent to a

(7.61)

redefinition of the spread

N xp(s —vg; Ay) = p(s — vg; /A2 + J2) (7.62)

so that the Fisher information takes on a Lorentzian dependence on Ay, with scale
parameter proportional to J

1/2

Fg[-/\/’s *p(S — Vg, AS)] = m .

(7.63)
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I then find, for this example,

B(As: Js) = 72 " (764)
1+ %

s

7.4 Discussion

In this chapter, I have studied the metrological advantages of weak-value ‘amplifi-
cation’ from a parameter estimation perspective, and derived the ultimate limits on
uncertainty that apply in the canonical setting involving a continuous meter. My
discussion began with noise-free results holding outside the regime of validity of the
AAV approximation.

I went on to analyse the situation in the presence of jitter and of finite detec-
tor resolution. Under my choice of metric, and under these prevalent examples of
technical imperfection, I have found there to be no advantage whatsoever for real
weak-values.

For imaginary weak-values I have shown that any advantage — if one exists at all —
will be menial: due, for example, to an (often incidental) mismatch of noise in position
and momentum space rather than an anomalously large mean. I therefore conclude
that the ‘amplification’ aspect of the weak-value formalism offers no fundamental
benefits over suitable standard strategies.

In Chapter [0}, I have studied WVA in the context of phase estimation, and found
that limitations imposed by decoherence are not mitigated by the technique. The
combination of those results (concerning quantum noise affecting the wavefunction
prior to detection), with the findings of this chapter (concerning noise and imperfec-
tions relating to the detection apparatus itself) restrict the class of noise where one
expects superiority of WVA in metrology scenarios. The very recent work of Ferrie
and Combes shows that even errors associated with a finite sample size do not favour
a weak-value approach [62].

Nonetheless, when circumstances make increased use of resources preferable to
complicated post-processing, WVA may remain an attractive option. My results also
do not rule out that aspects other than the ‘amplification’ itself may still be use-
ful in certain experimental circumstances [92]. Alongside the opportunity to induce
changes in the direct meter observable (rather than its conjugate), other possibly use-
ful applications include the reduction in signal intensity; either because this reduces
the absolute systematic error (e.g. due to imperfect optics) or because this avoids

detector saturation [201]. However, these effects are quite distinct from the notion
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of ‘amplification’. More theoretical work is required in order that their utility be

assessed and quantified.
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Chapter

Conclusion

Most of this thesis has been devoted to quantum measurement in its various guises.
I began with a description of quantum theory itself, which is a radical departure
from classical physics. Although there are many perspectives on the special nature
of quantum theory, I concentrated on the consummate quantum phenomenon, inter-
ference, and on the insights provided by information theory and estimation theory.
The contrast between classical and quantum physics is revealed by the three facets
of quantum measurement. First, quantum systems are coupled together with unitary
dynamics; second, the wavefunction collapses stochastically and data are produced;
thirdly, the data are processed and parameters are estimated.

These tools and concepts have enabled two streams of analysis. The first concerns
experimental investigations of the the foundations of quantum theory — and on the
problem of measurement. The second concerns the application of generalised quantum
measurements — particularly those that are weak and postselected — in the field of
quantum sensors.

On the first topic, I have contributed to the wider field in the following ways. I
have helped to design an experiment which tests the Leggett-Garg inequality in a solid
state spin ensemble. It was the first experiment to implement the original null-result
measurements prescribed by Leggett and Garg. This advantage was unlocked by the
use of two complementary controlled-NOT gates; each an instance of a strong mea-
surement. Use of such a measurement scheme allowed the experiment to steer away
from both weak measurements and the stationarity assumption, which weaken the
conclusions found in previous experiments. Further, I generalised the Leggett-Garg
inequality to allow for corruption in the null-result measurements. This was necessary
for an ensemble experiment performed at finite temperature, but the introduction of

the venality ¢ allows for a universal treatment of imperfection in foundational tests
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of quantum theory. The theoretical extension therefore extends far beyond the Ox-
ford Leggett-Garg experiment, and will strengthen future foundational experiments
on more macroscopic objects. Such experiments, if carefully performed, have the po-
tential to revolutionise physics once more. Should the Schrodinger equation, which
underpins our understanding of matter, energy, and life itself, be replaced by a non-
linear usurper?

On the second topic, my main contributions are as follows. I have been the first
to apply the Fisher information metric as a measure of performance of weak-value
amplification. This has brought rigour to the claims that the technique, which uses a
very specialised form of weak measurement and postselection, offers no advantage in
metrological settings. My work is distinguished by the inclusion of noise in the anal-
yses. Studying both dephasing, which is a limitation typical to solid state physics,
and random displacements and pixelation, which are imperfections mostly found in
optical systems, I have uncovered a surprising truth. The notion of weak-value ‘ampli-
fication” — the characteristically large average displacement of the quantum-coherent
measuring device brought about via postselection — is not a method for suppressing
noise. At best, the weak-value techniques are a new way of achieving the standard
precision. At worst they are a biased and approximate technique which reduces ro-
bustness (particularly to decoherence) and increases experimental complexity. I leave
open the question of whether other effects arising through the weak-values formalism,
such as a lowered photon flux, are useful.

The topics are united by the word ‘measurement’. It has several meanings in
the context of quantum theory. Discovering how best to interpret, and how best to
use quantum mechanics requires the most fastidious treatment of the word. Casual
and inexact use can lead to confusion — that is the problem with ‘measurement’.
The measurement problem, on the other hand, is deeply entrenched in the axioms of
quantum theory. It is doubtful that greater care with words will solve that mystery.

In the pursuit of the twin goals of a greater understanding, and a more potent
application of quantum theory, I have found ‘crosstalk’ to be an interesting and fruitful
happening. Progress in both fields is, I feel, ever greater for the interplay between

the foundational and technological considerations.
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