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Abstract
In this paper, we study an elliptic operator in divergence-form but not necessarily sym-

metric. In particular, our results can be applied to elliptic operator L = ν∆+ u(x, t) ·∇,
where u(·, t) is a time-dependent vector field in Rn, which is divergence-free in the distri-
butional sense, i.e. ∇ ·u = 0. Suppose u ∈ L∞(0,∞;BMO−1(Rn)). We show the existence
of the fundamental solution Γ (x, t;ξ ,τ) of the parabolic operator L− ∂t , and show that Γ

satisfies the Aronson estimate with a constant depending only on the dimension n, the el-
liptic constant λ and the norm ‖u‖L∞

t (BMO−1
x ). Therefore the existence and uniqueness of

the parabolic equation (L−∂t)v = 0 are established for initial data in L2-space, and their
regularity is obtained too. In fact, we establish these results for a general non-symmetric
elliptic operator in divergence form.

Key words: Aronson estimate, divergence-free vector field, Harnack inequality, parabolic
equation, weak solution

AMS classification: 35K08

1 Introduction
The analysis of the Navier-Stokes equations, which are non-linear partial differential equations
describing the motion of incompressible fluids confined in certain spaces, has inspired a large
portion of the mathematical analysis of non-linear partial differential equations (see e.g. [19,
20, 24, 33] and etc.) since the fundamental work by Leray [21]. The Navier-Stokes equations
are partial differential equations of second-order

∂

∂ t
u+u ·∇u = ν∆u−∇p, (1.1)

∇ ·u = 0, (1.2)

subject to the no-slip boundary condition if the domain of fluid is finite, where u = (u1,u2,u3)
is the velocity vector field of the fluid flow, p(x, t) is the pressure at the instance t and location
x. Leray [21] constructed a weak solution u which belongs to the space L∞

(
0,∞;L2(Rn)

)
and also to the space L2 (0,∞;H1(Rn)

)
. The vorticity ω exists in L2

t,x space and formally, by
differentiating the Navier-Stokes equations, solves the vorticity equation

∂

∂ t
ω +u ·∇ω = ν∆ω +ω ·∇u, (1.3)
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where the velocity u and the vorticity ω , which is also a time-dependent vector field ω =
(ω1,ω2,ω3), are related by the definition that ω = ∇× u. The resolution of the three dimen-
sional Navier-Stokes equations remains to be an open mathematical problem (see e.g. [20, 39]).
Most literature in this research area concentrates on the understanding of related partial differ-
ential equations and numerical solutions.

The Navier-Stokes equations and the vorticity equation may be put into the following form(
∂

∂ t
−ν∆+u ·∇

)
u =−∇p, (1.4)

and (
∂

∂ t
−ν∆+u ·∇

)
ω = ω ·∇u (1.5)

respectively, where the diffusion part is the same and involves the following parabolic operator

L =
∂

∂ t
−ν∆+u ·∇. (1.6)

The elliptic operator ν∆− u ·∇ is the generator of the so-called Taylor diffusion (see Taylor
[37, 38]) of the flow of fluids. There are two non-linear terms appearing in the Navier-Stokes
equations and the vorticity equation, which determine the turbulent nature of the flow of fluids
(see e.g. [22, 23]). The parabolic operator L has the capability of covering the so-called non-
linear convection mechanism – the rate-of-strain (for the Navier-Stokes equations [39]) and the
vorticity (in the case of the vorticity equation) can be amplified even more rapidly by an increase
of the velocity. It is therefore important to study the parabolic equations associated with the
elliptic operator A = ν∆− u ·∇, where u is a weak solution of the Navier-Stokes equations.
The main feature here is that u(x, t) is a time-dependent vector field with little regularity, which
however is solenoidal, that is, for every t, ∇ · u(·, t) = 0 in the distributional sense. Hence
the formal adjoint A∗ = ν∆+ u ·∇ is also a diffusion generator. These special features have
significance, and have been explored in several recent articles (see e.g. [17, 31, 32]). In this
paper we give a thorough study for a class of such parabolic equations.

A vector field u =
(
ui) is divergence-free, i.e. ∇ · u = 0, implies that its corresponding

(n− 1)-form (with respect to the Hodge star operation) ?u is closed, that is, d ? u = 0. In fact
the divergence operator ∇· coincides with the Hodge dual ?d? up to a sign, where d is the
exterior differentiation. Therefore, according to the Poincaré lemma, ?u is exact, that is, there
is a (n−2)-form b so that ?u = db. Hence u coincides with ?db up to a sign. ?b is a form with
components bi j where

(
bi j) is skew-symmetric, and

u ·∇ = ∑
i, j=1

∂bi j

∂xi
∂

∂x j .

The elliptic operator ν∆−u ·∇ can thus be put into a divergence form

∑
i, j

∂

∂xi

(
νδ

i j−bi j) ∂

∂x j =: ∑
i, j

∂

∂xi

(
Ai j ∂

∂x j

)
,

where A =
(
Ai j) is not necessarily symmetric. The symmetric part

(
νδ i j) is uniformly elliptic,

and the skew-symmetric part
(
bi j) determines the divergence-free drift vector field u.

In the present paper we develop a theory for the linear parabolic equation

∑
i, j

∂

∂xi

(
Ai j ∂u

∂x j

)
− ∂

∂ t
u = 0
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under very weak assumptions that
(
Ai j) is uniformly elliptic and its anti-symmetric part only

belongs to the L∞(0,∞;BMO(Rn)) space (or L∞
t (BMOx) for short).

The paper is organized as follows. In Section 2, we describe the main result, that is the
Aronson estimate which depends only on the elliptic constant and the L∞(0,∞;BMO(Rn)) norm
of the anti-symmetric part of A. The Aronson estimate is the key tool to the study of weak
solutions. In Section 3, we provide several results which will be used to prove the Aronson
estimate in our setting. These results are interesting by their own, including several versions of
the compensated compactness theorem, and a density result of the BMO space. In Section 4, we
give the details of the proof of the Aronson estimate, and finally in Section 5, we study the weak
solutions to the linear parabolic equations in divergence form (but not necessarily symmetric)
under weak assumptions. In particular, we prove the existence and uniqueness of weak solutions
to the parabolic equation associated with a non-symmetric diffusion matrix A =

(
Ai j).

2 Aronson’s estimate for non-symmetric parabolic equations
Let us begin with the description of our framework. We consider the following type of linear
parabolic equations of second order

∂

∂ t
u(x, t)− [Atu] (x, t) = 0 on Rn× (0,∞), (2.1)

where

At =
n

∑
i, j=1

∂

∂xi

(
Ai j(·, t) ∂

∂x j

)
(2.2)

is in divergence form but not necessarily symmetric, and their associated diffusion processes
in terms of fundamental solutions defined by (2.1). There is a unique decomposition A(x, t) =
a(x, t)+ b(x, t) such that a(x, t) =

(
ai j(x, t)

)
is symmetric, while b(x, t) =

(
bi j(x, t)

)
is skew-

symmetric. We assume that A is uniformly elliptic in the following sense: there exists a constant
λ > 0 such that

λ |ξ |2 ≤
n

∑
i, j=1

ai j(x, t)ξiξ j =
n

∑
i, j=1

Ai j(x, t)ξiξ j ≤
1
λ
|ξ |2 (2.3)

for any ξ = (ξi) ∈ Rn, x ∈ Rn and t ≥ 0.
Let us first consider the regular case where Ai j are smooth, bounded and possess bounded

derivatives of all orders on Rn× [0,∞).
Let L = At − ∂

∂ t be the parabolic linear operator associated with
(
Ai j(x, t)

)
. The formal

adjoint of L is again a parabolic operator (with vanished zero order term) given by

L? =
n

∑
i, j=1

∂

∂xi

(
A ji(·, t) ∂

∂x j

)
+

∂

∂ t
, (2.4)

where A ji = ai j− bi j is the transpose of
(
Ai j). It is known that (see Friedman [14], Theorem

11 and 12, Chapter 1), under the elliptic condition and smoothness assumptions on Ai j(x, t),
there is a unique positive fundamental solution Γ (x, t;ξ ,τ) of the parabolic operator L, and it is
smooth in (x, t,ξ ,τ) on 0≤ τ < t < ∞ and (x,ξ )∈Rn×Rn. Recall that the following properties
are satisfied.

1) Γ (x, t;ξ ,τ)> 0 for any 0≤ τ < t and x,ξ ∈ Rn.
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2) For every ξ ∈Rn and τ ∈ [0,∞), as a function of (x, t)∈Rn×(τ,∞), u(x, t)≡Γ (x, t;ξ ,τ)
solves the parabolic equation Lu = 0 on Rn× (τ,∞):

n

∑
i, j=1

∂

∂xi

(
Ai j(x, t)

∂

∂x j Γ (x, t;ξ ,τ)

)
− ∂

∂ t
Γ (x, t;ξ ,τ) = 0 on Rn× (τ,∞). (2.5)

3) Chapman-Kolmogorov’s equation holds

Γ (x, t;ξ ,τ) =

ˆ
Rn

Γ (x, t;z,s)Γ (z,s;ξ ,τ)dz. (2.6)

4) For any bounded continuous function f and τ ∈ [0,∞), it holds that

lim
t↓τ

ˆ
Rn

f (ξ )Γ (x, t;ξ ,τ)dξ = f (x) (2.7)

for every x ∈ Rn.
For 0≤ τ < t, let Γτ,t denote the corresponding linear operator defined by

Γτ,t f (x) =
ˆ
Rn

f (ξ )Γ (x, t;ξ ,τ)dξ , (2.8)

where f is Borel measurable, either non-negative, or/and bounded. By (2.6)

Γs,t ◦Γτ,s = Γτ,t (2.9)

for any 0≤ τ < s < t.
Define Γ ?(x,s;y, t) = Γ (y, t;x,s) for t > s ≥ 0. Then Γ ? is the fundamental solution to

L?v = 0 in the sense that for every fixed (y, t), as a function of (x,s), Γ ? solves the backward
parabolic equation

n

∑
i, j=1

∂

∂xi

(
A ji(x,s)

∂

∂x j Γ
?(x,s;y, t)

)
+

∂

∂ s
Γ

?(x,s;y, t) = 0 (2.10)

on (x,s) ∈ Rn× [0, t). It follows that the fundamental solution Γ also solves the backward
parabolic equation:

n

∑
i, j=1

∂

∂ξ i

(
A ji(ξ ,τ)

∂

∂ξ j Γ (x, t;ξ ,τ)

)
+

∂

∂τ
Γ (x, t;ξ ,τ) = 0, (2.11)

which holds for any ξ ,x ∈ Rn and 0 < τ < t.
We are now in a position to state the main result of the present paper.

Theorem 2.1 There is a constant M > 0 depending only on the dimension n, the elliptic con-
stant λ > 0, and the L∞(0,∞;BMO(Rn)) norm of the skew-symmetric part bi j = 1

2

(
Ai j−A ji)

such that

1
M(t− τ)n/2 exp

[
−M|x−ξ |2

t− τ

]
≤ Γ (x, t;ξ ,τ)≤ M

(t− τ)n/2 exp
[
− |x−ξ |2

M(t− τ)

]
(2.12)

for any 0≤ τ < t < ∞ and (x,ξ ) ∈Rn×Rn, where the L∞(0,∞;BMO(Rn)) norm of b is defined
by

‖b‖L∞
t (BMOx)

= sup
t≥0

√
∑
i< j
‖bi j(·, t)‖2

BMO.
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The heat kernel estimate (2.12) for parabolic equations has a long history. Two sided esti-
mate (2.12) was first established in Aronson [1, 2] for uniformly elliptic operators in divergence
form where Ai j is symmetric (so that bi j ≡ 0) and his constant M depends only on the elliptic
constant λ and the dimension n. Estimate (2.12) is therefore referred to as the Aronson esti-
mate. A weaker but global estimate similar to (2.12) under the same assumption as in Aronson
[2] already appeared in the appendix of Nash [29]. Aronson [2, 3] indicated that his estimate
can be established for a general elliptic operator, and a proof is available in Fabes and Stroock
[12], Stroock [34] and Norris and Stroock [30] too. In these papers, the Aronson estimate (2.12)
was established for the following type of uniformly elliptic operator

n

∑
i, j=1

∂

∂xi a
i j(x, t)

∂

∂x j +
n

∑
i, j=1

ai j(x, t)b j(x, t)
∂

∂xi −
∂

∂xi

(
ai j(x, t)b̂ j(x, t)

)
+ c(x, t),

where
(
ai j) is symmetric and uniformly elliptic. In this case, the constant M depends on the

dimension, the elliptic constant λ and the L∞
t,x-norms of b, b̂ and c.

A related topic to the Aronson estimate is the regularity of solutions to the parabolic equa-
tion Lu = 0 (see [19] for a complete survey of classical results). If the elliptic operator is
symmetric and is in divergence form, it was Nash [29] who proved the Hölder continuity of
bounded solutions and also proved that the Hölder exponent depends only on the dimension
and the elliptic constant λ . Under the same setting as that of Nash [29], in 1964, Moser [26]
established the Harnack inequality for positive solutions of the parabolic equation Lu= 0, based
on which Aronson was able to derive his estimate (2.12). Fabes and Stroock [12] showed that
Moser’s Harnack inequality can be derived from Aronson estimate together with Nash’s idea,
and Stroock [34] further demonstrated that both the Hölder continuity of classical solutions and
Moser’s Harnack inequality for positive solutions can be established by utilizing the two sided
Aronson estimate (2.12). Nash’s idea in [29] and the techniques in Moser [26, 27, 28] have been
investigated intensively during the past decades. Many excellent results have been obtained in
more general settings, but mainly under the symmetric setting of Dirichlet forms [15]. See for
example Grigor’yan [16], Davies [8] and Stroock [35] for a small sample of references, and see
also the literature therein.

The case that
(
Ai j) is non-symmetric has received intensive study only recently, due to the

connection with the Navier-Stokes equations and the blow-up behavior of their solutions. In Os-
ada [31], the Aronson estimate (2.12) was obtained for an elliptic operator in divergence form,
where

(
Ai j)may not be symmetric, his constant M in (2.12) however depends on the dimension

n, the elliptic constant λ and the L∞
t,x-norm of the skew-symmetric part (bi j). In recent works

by Seregin, Silvestre, Šverák, and Zlatoš [32] and Friedlander, Vicol [13], they both relaxed the
condition on (bi j) from L∞

t,x to L∞(0,∞;BMO(Rn)) using De Giorgi’s technique. In [13], the
Harnack inequality is proved under assumptions that (bi j) is in L∞(0,∞;BMO(Rn)) and satis-
fies ∇ ·b ∈ L2

t L2
x . In [32], the main result is the Harnack inequality for weak solutions satisfying

an additional local energy inequality. Also motivated by incompressible fluid, another closely
related problem is regarding the family of operators with fractional Laplacian (−∆)α (instead
of Laplacian) and divergence free drift u, i.e.

L =
∂

∂ t
+(−∆)α +u ·∇.

Caffarelli and Vasseur [4] proved that when α = 1
2 , the corresponding parabolic equations with

u ∈ L∞(0,∞;BMO(Rn)) has Hölder continuous solution for any L2(Rn) initial data. Later in
Delgadino and Smith [10], similar results are proved for α ∈ (1

2 ,1) with u∈Lq(0,∞;BMO−γ(Rn),
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2α

q + γ = 2α −1, γ ∈ (0,2α − 1]. Notice that when α = 1, the diffusion part is Laplacian and
u ∈ L∞(0,∞;BMO−1(Rn)) can be regarded as a limit case. By the time of writing up this pa-
per, this is the first work that proved the Aronson estimate together with the Harnack inequality
and the existence of a unique weak solution only assuming that b ∈ L∞(0,∞;BMO(Rn)). The
relaxation from L∞

t,x to L∞(0,∞;BMO(Rn)) here is non-trivial, which is also exposed in [13]
and [32]. We take a different approach from the techniques used in [13] and [32], which is to
estimate the fundamental solution and relies on several versions of compensated compactness
results. In proving the upper bound of the Aronson estimate, we used essentially Proposition
3.2, which is in the same spirit as the classical compensated compactness results and is new to
the knowledge of the authors.

Moreover, it is mentioned in [32] that the fundamental solution Γ of operator

∆+u(x, t) ·∇− ∂

∂ t

satisfies the diagonal decay estimate

Γ (x, t;x,τ)≤ C
(t− τ)

n
2

for all t > τ ≥ 0. Our work was motivated by the observation made by Seregin and etc. [32] to
obtain a better estimate of Γ, and the approach put forward by Davies [7], Fabes and Stroock
[12], and Stroock [34]. We follow the approach in Davies and Stroock to work on the non-
symmetric case, and adopt their arguments to our case by overcoming the difficulties arising
from the singularities of the skew-symmetric part (bi j).

As consequences of the Aronson estimate, we have the following continuity theorem and
the Harnack inequality as in Stroock [34].

Theorem 2.2 There exist C > 0 and α ∈ (0,1) depending only on the dimension n, the elliptic
constant λ and the L∞(0,∞;BMO(Rn))-norm of the skew-symmetric part (bi j), such that for
every δ > 0

|Γ (x, t;ξ ,τ)−Γ (x′, t ′;ξ
′,τ)| ≤ C

δ n (|t
′− t|∨ |x′− x|∨ |ξ ′−ξ |)α (2.13)

for all τ ≥ 0, (t ′,x′,ξ ′),(t,x,ξ ) ∈ [τ +δ 2,∞)×Rn×Rn with |t ′− t|∨ |x′− x|∨ |y′− y| ≤ δ .

Theorem 2.3 [The Harnack Inequality] There exists a constant C > 0 depending only on n,λ
and ‖b‖L∞

t (BMOx) such that given any non-negative v∈ L2(Rn) and set u(t,x) =Γτ,tv(x), we have

sup
[s,s+R2]×B(x0,R)

u(t,x)≤C inf
[s+3R2,s+4R2]×B(x0,R)

u(t,y) (2.14)

for any R > 0, (x,s) ∈ Rn× [τ,∞).

3 Several technical facts
In this and next several sections, we are going to prove the main result Theorem 2.1. In this
section, we prove several technical facts which will be needed in the proof of the main result.

The first result we need is a variation of Coifman-Meyer’s compensated compactness the-
orem [5, 6, 20] which highlights the importance of the Hardy spaces in the study of partial
differential equations.
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We first recall some facts on BMO functions [18, 33]. A function f is in BMO(Rn) if

‖ f‖BMO = sup
B⊂Rn

1
|B|

ˆ
B
| f (x)− fB| dx < ∞, (3.1)

where fB = 1
|B|
´

B f (x) dx and the supremum is taken over all open balls B∈Rn (in what follows,
Br(x) or B(x,r) denotes the ball centered at x with radius r). If define another norm

‖ f‖p
BMOp

= sup
B⊂Rn

1
|B|

ˆ
B
| f (x)− fB|p dx < ∞ (3.2)

for any 1 ≤ p < ∞, the John-Nirenberg inequality [18] (see e.g. Appendix in Stroock and
Varadhan [36]) implies that ‖ · ‖BMOp are equivalent for different p.

The original version of the compensated compactness theorem, which will be used in our
proof of the lower bound in the Aronson estimate, can be stated as follows.

Proposition 3.1 Let vector fields E,B satisfy that E ∈ Lp(Rn)n, B ∈ Lq(Rn)n with 1
p +

1
q = 1

(p≥ 1, q≥ 1) and ∇ ·E = 0, ∇×B = 0. Then E ·B ∈H 1 where H 1 is the Hardy space, and

‖E ·B‖H 1 ≤C‖E‖p‖B‖q. (3.3)

In particular, there is a constant C depending on the dimension n and p > 1 such that

‖∇ f ×∇g‖H 1 ≤C‖∇ f‖p ‖∇g‖q (3.4)

for any f ,g ∈C∞
0 (Rn), where 1

p +
1
q = 1. Hence∣∣∣∣ˆ

Rn
〈∇ f (x),b(x) ·∇g(x)〉dx

∣∣∣∣≤C‖b‖BMO ‖∇ f‖2 ‖∇g‖2 (3.5)

for any f ,g ∈ H1 (Rn) and for any b =
(
bi j) ∈ BMO which is skew-symmetric, i.e. bi j =−b ji.

To prove the upper bound of the Aronson estimate, we need the following estimate, which
is in the same spirit as the compensated compactness theorem above.

Proposition 3.2 There is a universal constant C depending only on the dimension n, such that

‖ f ∇ξ f‖H 1 ≤C|ξ |‖∇ f‖2‖ f‖2. (3.6)

for any f ∈ H1(Rn) =W 1,2(Rn) and ξ ∈ Rn, where ‖·‖H 1 denotes the Hardy norm.

Proof. Let h be any smooth non-negative function on Rn, with its support in the unit ball
B1(0) such that

´
Rn h(x)dx = 1, and ht(x) = t−nh(x/t) for t > 0. Notice that f ∇ξ f = 1

2∇ ·( f 2ξ )

in L1(Rn), so

ht ∗ ( f ∇ξ f )(x) =
1
2

ˆ
Bt(x)

∇ht(x− y) ·ξ f 2(y)dy

=
1
2

ˆ
Bt(x)

1
tn+1 ∇h

(
x− y

t

)
·ξ f 2(y)dy

=
1
2

ˆ
Bt(x)

1
tn+1 ∇h

(
x− y

t

)
·ξ f (y)

[
f (y)−

 
Bt(x)

f

]
dy
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+
1
2

ˆ
Bt(x)

1
tn+1 ∇h

(
x− y

t

)
·ξ f (y)

( 
Bt(x)

f

)
dy

= I1 + I2,

where
ffl

Bt(x)
denotes the average integral over the ball Bt(x), that is, |Bt(x)|−1 ´

Bt(x)
. For the first

term on the right-hand side, we have

|I1| ≤C

[ 
Bt(x)
|ξ f |α

] 1
α

 
Bt(x)

∣∣∣∣∣
(

f −
 

Bt(x)
f

)
t−1

∣∣∣∣∣
α ′
 1

α ′

, (3.7)

where α ∈ [1,2), 1
α
+ 1

α ′ = 1. Choose α,β such that 1≤ α,β < 2 and 1
α
+ 1

β
= 1+ 1

n . Then by
the Sobolev-Poincaré inequality, we have 

Bt(x)

∣∣∣∣∣
(

f −
 

Bt(x)
f

)
t−1

∣∣∣∣∣
α ′
 1

α ′

≤C

( 
Bt(x)
|∇ f |β

) 1
β

. (3.8)

For the second term on the right-hand side, we integrate by part and recall that 1
tn+1 ∇h(x−y

t ) =
∇ht(x− y) to obtain

|I2|=

∣∣∣∣∣12
ˆ

Bt(x)

1
tn h
(

x− y
t

)
·div(ξ f (y))

( 
Bt(x)

f

)
dy

∣∣∣∣∣≤C|ξ |
 

Bt(x)
|∇ f (y)|dy

( 
Bt(x)
| f |

)
.

(3.9)
By using these estimates, we thus conclude that

sup
t>0
|{ht ∗ (ξ f ·∇ f )}(x)| ≤ C|ξ |sup

t>0

( 
Bt(x)
| f |α

) 1
α

sup
t>0

( 
Bt(x)
|∇ f |β

) 1
β

+C|ξ |sup
t>0

( 
Bt(x)
| f |

)
sup
t>0

( 
Bt(x)
|∇ f |

)
= C|ξ |[M(| f |α)

1
α M(|∇ f |β )

1
β +M(| f |)M(|∇ f |)],

where M( f ) is the maximal function. Since 1 ≤ α < 2, 1 < β < 2, we have ‖M(| f |α) 1
α ‖2 ≤

C‖ f‖2, ‖M(|∇ f |β )
1
β ‖2 ≤C‖∇ f‖2 and similarly ‖M(| f |)‖2 ≤C‖ f‖2, ‖M(|∇ f |)‖2 ≤C‖∇ f‖2.

So supt>0 |ht ∗ (ξ f ·∇ f )| ∈ L1 and

‖ f ·∇ξ f‖H 1 ≤C|ξ |‖∇ f‖2‖ f‖2. (3.10)

Given a function b ∈ L∞(0,∞;BMO(Rn)), we want to approximate it by a mollified se-
quence, which is not trivial as it looks. A simple example is a vector field b(t) which depends
only on t, not on the space variables. Then it may not be in L1

loc and there is no approximation of
b by mollifying sequences. However, the problem considered here allows us to add a constant
to it, i.e. consider b(t,x)+ f (t), where f (t) is skew-symmetric so that it will not alter the weak
solution formulation of the corresponding parabolic equations. So by subtracting the mean
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value of b on the unit ball B1(0), we may assume that the vector field b ∈ L∞(0,∞;BMO(Rn))
in addition satisfies that

bB1(0)(t) =
 

B1(0)
b(t,x) dx = 0 for all t ∈ [0,∞). (3.11)

Then for any r ≥ 1

|bBr(0)(t)| = |bBr(0)(t)−bB1(0)(t)|= |
 

B1(0)
bBr(0)(t)−b(t,x) dx| (3.12)

≤ rn
 

Br(0)
|bBr(0)(t)−b(t,x)| dx≤ rn‖b‖L∞

t (BMOx). (3.13)

By the definition of BMO functions, we have 
Br(0)
|b(t,x)−bBr(0)(t)|

p dx≤C‖b‖p
L∞

t (BMOx)
, (3.14)

which implies that b ∈ Lp
loc([0,∞)×Rn) for any 1≤ p < ∞.

The integrability of b allows us to approximate it by mollified functions. Take Φ∈C∞
0 (B1(0))

and η ∈C∞
0 ((−1,1)) with Φ,η ≥ 0 and

ˆ
B1(0)

Φ(x) dx =
ˆ 1

−1
η(t) dt = 1.

Let Φε(x) = 1
εn Φ( x

ε
) and ηε(t) = 1

ε
η( t

ε
). Suppose b ∈ L∞(0,∞;BMO(Rn)) and satisfies (3.11).

Define

bε(t,x) =
ˆ +ε

−ε

ˆ
Bε (0)

Φε(y)ηε(s)b(t− s,x− y) dyds. (3.15)

Then bε → b locally in Lp for any 1≤ p < ∞. Morover, using Minkowski’s integral inequality,
it is easy to obtain

‖bε‖L∞
t (BMOx) ≤ ‖b‖L∞

t (BMOx). (3.16)

The lattice property of the BMO space in the proposition below should be well known. We
include a proof here for completeness.

Proposition 3.3 Suppose f ,g ∈ BMO(Rn), then f ∧ g and f ∨ g ∈ BMO(Rn). Moreover, we
have

‖ f ∧g‖BMO ≤C (‖ f‖BMO +‖g‖BMO) , (3.17)

where C only depends on n, and the same is true for f ∨g.

Proof. Here we only prove it for f ∧g and f ∨g follows similar proof. Observe that for any
a,b,c,d ∈ R, we have

|a∧b− c∧d| ≤ |a− c|+ |b−d|. (3.18)

Hence for any ball B,

1
|B|

ˆ
B
| f ∧g(x)− ( f ∧g)B|2 dx ≤ 1

|B|

ˆ
B
| f ∧g(x)− fB∧gB|2 dx

≤ 2
|B|

ˆ
B
| f (x)− fB|2 dx+

2
|B|

ˆ
B
|g(x)−gB|2 dx

≤ C(‖ f‖2
BMO +‖g‖2

BMO),

and the proof is now complete.
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4 Proof of Aronson’s estimate
The proof follows the main lines as in Stroock [34] and in particular Davies [7] from which a
clever use of the h-transform from harmonic analysis is borrowed, while we need to overcome
several difficulties since A is non-symmetric and the skew-symmetric part b is singular. These
ideas are mainly due to Nash [29] and Moser [25, 26, 27, 28].

Let us begin with the proof of the upper bound.

4.1 Proof of the upper bound
In this part we show the upper bound:

Γ (x, t;ξ ,τ)≤ C
(t− τ)

n
2

exp
[
− |x−ξ |2

C(t− τ)

]
(4.1)

for any t > τ and x,ξ ∈ Rn, where C depends only on n, λ and ‖b‖L∞
t (BMOx)

.
The main idea of Davies [7] is to consider the h-transform of the fundamental solution

Γ (x, t;ξ ,τ) and apply Nash and Moser’s iteration to the h-transforms of the fundamental solu-
tion Γ . Nash’s idea is to iterate the Lp-norms of solutions to parabolic equations, and to control
the growth of the Lp-norms. The main ingredient in Nash’s argument is the clever use of the
Nash inequality

‖u‖2+ 4
n

2 ≤Cn‖∇u‖2
2‖u‖

4
n
1 ∀u ∈ L1(Rn)∩H1(Rn), (4.2)

where Cn > 0 is a constant depending only on the dimension n.
The Nash iteration is neatly described as the following (Stroock [34], Lemma I.1.14).

Lemma 4.1 Given positive numbers c1, c2, β and p ≥ 2. Let w be positive, non-decreasing
and continuous on [0,∞), and u be positive with continuous derivatives on [0,∞). Suppose the
following differential inequality holds:

u′(t)≤−c1

p
t(p−2)u(t)1+β p

w(t)β p
+ c2 pu(t), t ≥ 0. (4.3)

Then there exists a K(c1,β )> 0 such that

t(p−1)/β pu(t)≤
(

K p2

δ

) 1
β p

e
c2δ t

p w(t), t ≥ 0 (4.4)

for every δ ∈ (0,1].

The iteration procedure above works in a very general setting. It has been explored since
the publication of Nash’ paper [29] and is still the major ingredient in our proof. It is surprising
that they work well even in our setting where the diffusion is very singular.

Fortunately as well, Davies’ idea [7, 8] also works well for our parabolic equations. Fol-
lowing Davies [7] and Stroock [34], given a smooth function ψ on Rn, we consider

Γ
ψ (x, t;ξ ,τ) = e−ψ(x)

Γ (x, t;ξ ,τ)eψ(ξ ), (4.5)

and the linear operator

Γ
ψ

τ,t f (x) =
ˆ
Rn

f (ξ )e−ψ(x)
Γ (x, t;ξ ,τ)eψ(ξ )dξ ,
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which is defined for non-negative Borel measurable f , and for f which is smooth with a compact
support. It is easy to see that the adjoint operator of Γ

ψ

τ,t can be identified as the following
integral operator

Γ
ψ†

τ,t f (x) =
ˆ
Rn

f (ξ )eψ(x)
Γ (ξ , t;x,τ)e−ψ(ξ )dξ .

That is 〈
Γ

ψ

τ,t f ,g
〉
=
〈

f ,Γ ψ†
τ,t g

〉
for any smooth functions f and g with compact supports.

Lemma 4.2 Let T > 0,τ ≥ 0. Let f ∈ C∞
0 (Rn) be non-negative, and ψ(x) = α · x for some

α ∈ Rn. Define
ft(x) =

w

Rn

f (ξ )eψ(ξ )−ψ(x)
Γ (x, t;ξ ,τ)dξ = Γ

ψ

τ,t f (x)

for t > τ , and

f †
t (x) =

w

Rn

f (ξ )eψ(x)−ψ(ξ )
Γ (ξ ,T ;x,T − t)dξ = Γ

ψ†
T−t,T f (x)

for t ∈ (0,T ].
There is a constant C > 0 depending only on n, such that for any p≥ 1,

d
dt
‖ ft‖2p

2p ≤−λ
∥∥∇ f p

t
∥∥2

2 +CB
p2 |α|2

λ
‖ ft‖2p

2p (4.6)

t > τ , and
d
dt

∥∥∥ f †
t

∥∥∥2p

2p
≤−λ

∥∥∥∇ f †p
t

∥∥∥2

2
+CB

p2 |α|2

λ

∥∥∥ f †
t

∥∥∥2p

2p
(4.7)

for all t ∈ (0,T ], where CB =C‖b‖2
L∞

t (BMOx)
+2.

Proof. We may assume that τ = 0 without loss of generality, so that

‖ ft‖2p
2p =

ˆ
Rn

(ˆ
Rn

f (ξ )Γ ψ(x, t;ξ ,0)dξ

)2p

dx

=

ˆ
Rn

(ˆ
Rn

f (ξ )e−ψ(x)+ψ(ξ )
Γ (x, t;ξ ,0)dξ

)2p

dx.

Differentiating ‖ ft‖2p
2p to obtain

d
dt
‖ ft‖2p

2p = 2p
ˆ
Rn

ft(x)2p−1
(ˆ

Rn
f (ξ )e−ψ(x)+ψ(ξ ) ∂

∂ t
Γ (x, t;ξ ,0)dξ

)
dx,

and by equation (2.5) we have

d
dt
‖ ft‖2p

2p = 2p
ˆ
Rn

[
ft(x)2p−1

ˆ
Rn

f (ξ )e−ψ(x)+ψ(ξ )
∇x · (A(x, t)∇xΓ (x, t;ξ ,0))dξ

]
dx.

Similarly, the backward equation (2.11) implies that

d
dt

∥∥∥ f †
t

∥∥∥2p

2p
= 2p

ˆ
Rn

[
f †
t (x)

2p−1
ˆ
Rn

f (ξ )eψ(x)−ψ(ξ )
∇x ·

(
AT (x,T − t)∇xΓ (ξ ,T ;x,T − t)

)
dξ

]
dx,
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where AT is the transpose of A. By the Fubini theorem, then performing integration by parts we
therefore have

1
2p

d
dt
‖ ft‖2p

2p =

ˆ
Rn

(
eψ(ξ ) f (ξ )

ˆ
Rn

e−ψ(x) ft(x)2p−1
∇x · (A(x, t)∇xΓ (x, t;ξ ,0))dx

)
dξ

=

ˆ
Rn

ft(x)2p 〈∇ψ,a(x, t) ·∇ψ〉dx

− 2p−1
p2

ˆ
Rn
〈∇ ft(x)p,a(x, t) ·∇ ft(x)p〉dx

− 2(p−1)
p

ˆ
Rn

ft(x)p 〈∇ ft(x)p,a(x, t) ·∇ψ〉dx

−2
ˆ
Rn

ft(x)p 〈∇ ft(x)p,b(x, t) ·∇ψ〉dx

= I1− I2− I3− I4, (4.8)

and similarly we have

1
2p

d
dt

∥∥∥ f †
t

∥∥∥2p

2p
=

ˆ
Rn

f †
t (x)

2p 〈∇ψ,a(x,T − t) ·∇ψ〉dx

− 2p−1
p2

ˆ
Rn

〈
∇ f †

t (x)
p,a(x,T − t) ·∇ f †

t (x)
p
〉

dx

− 2(p−1)
p

ˆ
Rn

f †
t (x)

p
〈

∇ψ,a(x,T − t) ·∇ f †
t (x)

p
〉

dx

−2
ˆ
Rn

f †
t (x)

p
〈

∇ψ,b(x,T − t) ·∇ f †
t (x)

p
〉

dx.

Since d
dt ‖ ft‖2p

2p and d
dt

∥∥∥ f †
t

∥∥∥2p

2p
are similar, we only need to prove (4.6).

Each term I j on the right-hand side of (4.8) can be dominated as the following. The first
three terms I1, I2 and I3 can be handled exactly as in Davies [7] and Stroock [34]. Recall that
∇ψ = α is a constant vector. Hence we have

I1 ≤
|α|2

λ
‖ ft‖2p

2p. (4.9)

While for I2 and I3, by completing squares we first rewrite the terms of I2 + I3 as follows

−I2− I3 =−
2p−1

p2

ˆ
Rn
〈∇ ft(x)p,a(x, t) ·∇ ft(x)p〉dx

−2
p−1

p

ˆ
Rn

ft(x)p 〈∇ ft(x)p,a(x, t) ·α〉dx

=−1
p

ˆ
Rn
〈∇ ft(x)p,a(x, t) ·∇ ft(x)p〉dx+(p−1)

ˆ
Rn

ft(x)2p 〈α,a(x, t) ·α〉dx

− p−1
p2

ˆ
Rn
〈(∇ ft(x)p− p ft(x)p

α) ,a(x, t) · (∇ ft(x)p− p ft(x)p
α)〉dx.

The last term on the right-hand side is non-positive as a(x, t) is positive definite, so by using
inequalities

〈∇ ft(x)p,a(x, t) ·∇ ft(x)p〉 ≥ λ |∇ ft(x)p|2
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and
〈α,a(x, t) ·α〉 ≤ 1

λ
|α|2 ,

we deduce that

−I2− I3 ≤−
λ

p

∥∥∇ f p
t
∥∥2

2 +
p−1

λ
|α|2 ‖ ft‖2p

2p . (4.10)

The main innovation in our proof is the handling of the skew-symmetric part I4 which does
not appear in the symmetric case. The idea is to apply the estimate (3.6) in Proposition 3.2 to
obtain

|I4|=
∣∣∣∣2ˆ

Rn
ft(x)p 〈∇ ft(x)p,b(x, t) ·α〉dx

∣∣∣∣
≤C‖b‖L∞

t (BMOx)
|α|
∥∥ f p

t
∥∥

2

∥∥∇ f p
t
∥∥

2 , (4.11)

where C is a constant depending only on n. Therefore

|I4| ≤
λ

2p

∥∥∇ f p
t
∥∥2

2 +C‖b‖2
L∞

t (BMOx)

p
λ
|α|2 ‖ ft‖2p

2p . (4.12)

Putting these estimates together we thus obtain (4.6).
Now we can follow arguments in Stroock [34] to obtain the upper bound, yet again by using

the special feature of our elliptic operator. We include the major steps only for completeness.
First we can prove the following by exactly the same argument as in Stroock [34].

Lemma 4.3 There is a constant C > 0 depending only on n and the L∞(0,∞;BMO(Rn))-norm
of the skew-symmetric part of

(
Ai j(x, t)

)
such that∥∥Γ

ψ

τ,t f
∥∥

∞
≤ C

(t− τ)n/4 e
C|α|2(t−τ)

λ ‖ f‖2 (4.13)

and ∥∥∥Γ
ψ†

τ,t f
∥∥∥

∞

≤ C
(t− τ)n/4 e

C|α|2(t−τ)
λ ‖ f‖2 (4.14)

for every f ∈ L2 (Rn) , 0≤ τ < t and α ∈ Rn, where ψ(x) = α · x.

Proof. We only need to prove (4.13) for the case that 0 = τ < t. The proof of (4.14) is
similar, and uses the inequality (4.7) instead and uses the fact that the constant appears in that
inequality is independent of T > 0.

To show (4.13), we apply Nash’s inequality (4.2) to the first term on the right-hand side of
(4.6) to deduce that

d
dt
‖ ft‖2p ≤−

λ

2pCn

‖ ft‖1+4p/n
2p

‖ ft‖4p/n
p

+CB
|α|2

λ
p‖ ft‖2p (4.15)

for every p > 1. Let up(t) = ‖ ft‖2p and wp(t) = sup0≤s≤t sn(p−2)/4pup/2(s). Then (4.15) may
be written as

u′p(t)≤−
λ

2pCn

t p−2up(t)1+4p/n

(wp(t))4p/n
+C
|α|2

λ
pup(t)

so that, according to Lemma 4.1, we have

w2p(t) = sup
0≤s≤t

sn(p−1)/4pup(s)
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≤ sup
0≤s≤t

(
K p2

δ
)

n
4p exp(

C|α|2δ s
pλ

)wp(s)

= (
K p2

δ
)

n
4p exp(

C|α|2δ t
pλ

)wp(t).

According to (4.15), if take p = 1, we have

w2(t) = sup
0≤s≤t

‖ fs‖2 ≤ eC|α|2t/λ‖ f‖2.

Now we set δ = 1 and iterate it to get

w2m(t)≤C exp
(

C|α|2t
λ

)
w2(t)≤C exp

(
C|α|2t

λ

)
‖ f‖2.

Letting m→ ∞, we therefore obtain that

‖ ft‖∞ ≤
C

tn/4 exp
(

C|α|2t
λ

)
‖ f‖2,

which completes the proof.
Proof of the upper bound (4.1). Let us use the same notations as in the proof of the above

lemma. By (4.14) and the fact that Γ
ψ†

τ,t is the adjoint operator of Γ
ψ

τ,t , we have

‖ ft‖2 ≤
C

tn/4 exp
(

C|α|2t
λ

)
‖ f‖1.

Since Γ
ψ

0,2t = Γ
ψ

t,2t ◦Γ
ψ

0,t , we thus deduce that

‖ f2t‖∞ ≤
C

tn/2 exp
(

C|α|2t
λ

)
‖ f‖1,

which is equivalent to

Γ (x,2t;ξ ,0)≤ C
tn/2 exp

[
C|α|2t

λ
+α · (ξ − x)

]
.

Let α = λ

2Ct (x−ξ ) and adjust 2t to t and 0 to τ , we therefore derive the upper bound

Γ (x, t;ξ ,τ)≤ C
(t− τ)

n
2

exp
(
− |x−ξ |2

C(t− τ)

)
for any t > τ ≥ 0. This completes the proof of the upper bound.

4.2 Proof of the lower bound
In this part, we prove the lower bound

Γ (x, t;ξ ,τ)≥ 1
C(t− τ)

n
2

exp
[
−C|x−ξ |2

t− τ

]
(4.16)

following the idea due to Nash [29], where C depends only on n, λ and ‖b‖L∞
t (BMOx)

.
According to Nash’s arguments, the lower bound is local in nature, and follows easily from

the following.
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Lemma 4.4 There is a constant C0 > 0 depending only on the dimension n, λ > 0 and the
L∞(0,∞;BMO(Rn)) norm of

(
bi j), such that

ˆ
Rn

ln(Γ (x,1;ξ ,0)) µ(dξ )≥−C0 ∀x ∈ B(0,2), (4.17)

and
Γ (x,2;ξ ,0)≥ e−2C0 ∀x,ξ ∈ B(0,2), (4.18)

where µ denotes the standard Gaussian measure in Rn, i.e.

µ (dξ ) = µ (ξ )dξ , where µ (ξ ) =
1

(2π)n/2 e−
|ξ |2

2 .

Proof. The proof follows the same ideas as in Nash, as explained in Stroock [29]. We have
to overcome difficulties arising from the additional non-symmetric part b(x, t) =

(
bi j(x, t)

)
. The

idea is to consider for any x ∈ B(0,2) the following function

G(t) =
ˆ
Rn

ln(Γ (x,1;ξ ,1− t)) µ(dξ ),

where t ∈ (0,1] and x ∈ B(0,2). Since
(
Ai j) is uniformly elliptic with bounded derivatives,

Γ (x, t;ξ ,τ) is a probability density in x (when others variables are fixed) and also in ξ (as other
variables are fixed). Hence

´
Rn Γ (x, t;ξ ,0) dξ = 1 for every t ∈ (0,1]. According to Jensen’s

inequality G(t) ≤ 0 and what we want to show is that G(1) is bounded from below uniformly
for x ∈ B(0,2). To this end we consider the derivative of G. By a simple calculation with
integration by parts we obtain

G′(t) =
ˆ
Rn

〈
ξ ,a(ξ ,1− t) ·∇ξ lnΓ (x,1;ξ ,1− t)

〉
µ(dξ )

+

ˆ
Rn

〈
∇ξ lnΓ (x,1;ξ ,1− t),a(ξ ,1− t) ·∇ξ lnΓ (x,1;ξ ,1− t)

〉
µ(dξ ) (4.19)

+
1
δ

ˆ
Rn

〈
∇µ (ξ )δ ,b(ξ ,1− t) ·∇ξ

(
µ(ξ )1−δ lnΓ (x,1;ξ ,1− t)

)〉
dξ

for any δ ∈ (0,1). We have used the facts that ∇ ln µ (ξ ) =−2ξ , the backward equation for the
fundamental solution Γ (x, t;ξ ,τ) and the following fact that

〈∇µ,b ·∇ lnΓ 〉= 1
δ

〈
∇µ

δ ,b ·∇
(

µ
1−δ lnΓ

)〉
as b is skew-symmetric. Using the Cauchy-Schwartz inequality and the compensated compact-
ness theorem 3.1, we deduce that

G′(t)≥−C
ε
+(1− ε)

ˆ
Rn

〈
∇ξ lnΓ (x,1;ξ ,1− t),a(ξ ,1− t) ·∇ξ lnΓ (x,1;ξ ,1− t)

〉
µ(dξ )

−C
δ
‖b‖BMO

∥∥∥∇µ
δ

∥∥∥
2

∥∥∥∇ξ

(
µ

1−δ lnΓ (x,1; ·,1− t)
)∥∥∥

2

≥−C
ε
+(1− ε)λ ‖∇ lnΓ (x,1; ·,1− t)‖2

L2(µ)

−C
δ
‖b‖BMO

∥∥∥∇µ
δ

∥∥∥
2

∥∥∥∇

(
µ

1−δ lnΓ (x,1; ·,1− t)
)∥∥∥

2
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for any ε,δ ∈ (0,1). Choose δ ∈ (0, 1
2), then we have∥∥∥∇µ

δ

∥∥∥
2
= δ

∥∥∥µ
δ

∇ ln µ

∥∥∥
2
< ∞.

Moreover, for δ ∈ (0, 1
2),

sup
ξ

∣∣∣µ(ξ ) 1
2−δ

∇ ln µ(ξ )
∣∣∣< ∞

and
sup

ξ

∣∣∣µ(ξ ) 1
2−δ

∣∣∣< ∞,

so that∥∥∥∇

(
µ

1−δ lnΓ (x,1; ·,1− t)
)∥∥∥

2
≤
∥∥∥(∇µ

1−δ ) lnΓ (x,1; ·,1− t)
∥∥∥

2

+
∥∥∥µ

1−δ
∇ lnΓ (x,1; ·,1− t)

∥∥∥
2

= (1−δ )
∥∥∥(µ 1

2−δ
∇ ln µ) lnΓ (x,1; ·,1− t)

∥∥∥
L2(µ)

+
∥∥∥µ

1
2−δ

∇ lnΓ (x,1; ·,1− t)
∥∥∥

L2(µ)

≤C
(
‖lnΓ (x,1; ·,1− t)‖L2(µ)+‖∇ lnΓ (x,1; ·,1− t)‖L2(µ)

)
for some constant C depending only on n and δ ∈ (0, 1

2). By substituting this estimate into the
inequality for G′ we obtain

G′(t)≥−C
ε
+(1− ε)λ ‖∇ lnΓ (x,1; ·,1− t)‖2

L2(µ)

−C‖b‖BMO

(
‖lnΓ (x,1; ·,1− t)‖L2(µ)+‖∇ lnΓ (x,1; ·,1− t)‖L2(µ)

)
≥−C

ε
− 1

4λ 2ε2C2 ‖b‖2
BMO +(1−2ε)λ ‖∇ lnΓ (x,1; ·,1− t)‖2

L2(µ)

−C‖b‖BMO ‖lnΓ (x,1; ·,1− t)‖L2(µ)

for any ε ∈ (0, 1
2). By choosing ε = 1/3, we thus have the following differential inequality:

G′(t)≥−C+ λ

3 ‖∇ lnΓ (x,1; ·,1− t)‖2
L2(µ)−C‖lnΓ (x,1; ·,1− t)‖L2(µ) (4.20)

for all t ∈ (0,1), for some constant C > 0 depending only on n and the L∞(0,∞;BMO(Rn))
norm of the skew-symmetric part b(x, t).

The remaining arguments of the proof are more or less the same as in Stroock [34]. Firstly,
by the Poincaré-Wirtinger inequality for the Gaussian measure, we obtain

J(x, t)≡ ‖lnΓ (x,1; ·,1− t)−G(t)‖2
L2(µ) ≤ 2‖∇ lnΓ (x,1; ·,1− t)‖2

L2(µ) .

On the other hand, since G(t)< 0, we have

J(x, t) = ‖lnΓ (x,1; ·,1− t)−G(t)‖2
L2(µ)

=

ˆ
Rn

(lnΓ (x,1;ξ ,1− t)−G(t))2
µ(dξ )
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≥
ˆ
{lnΓ (x,1;ξ ,1−t)≥−K}

(lnΓ (x,1;ξ ,1− t)−G(t))2
µ(dξ )

=

ˆ
{lnΓ (x,1;ξ ,1−t)≥−K}

(lnΓ (x,1;ξ ,1− t)+K−G(t)−K)2
µ(dξ )

≥ 1
2

ˆ
{lnΓ (x,1;ξ ,1−t)≥−K}

(lnΓ (x,1;ξ ,1− t)+K−G(t))2
µ(dξ )−K2

≥ 1
2

ˆ
{lnΓ (x,1;ξ ,1−t)≥−K}

G(t)2
µ(dξ )−K2

=
1
2

G(t)2
µ {ξ ∈ Rn : lnΓ (x,1;ξ ,1− t)≥−K}−K2.

Recall the upper bound

Γ (x,1;ξ ,1− t)≤ C
tn/2 exp

[
−|x−ξ |2

Ct

]
proved before. Hence

ˆ
{|ξ |>r}

Γ (x,1;ξ ,1− t)dξ ≤
ˆ
{|ξ |>r}

C
tn/2 exp

[
−|x−ξ |2

Ct

]
dξ

=C1µ

[∣∣∣∣∣
√

C
2

tξ + x

∣∣∣∣∣> r

]

≤C1µ

|ξ |> r−2√
C
2 t

≤C1µ

|ξ |> r−2√
C
2

 ,
and therefore, there is a positive number R depending on C such that for any r > R

ˆ
{|ξ |>r}

Γ (x,1;ξ ,1− t) dξ <
1
4

for all t ∈ (0,1],x ∈ B(0,2).

Thus for any t ∈ [1
2 ,1], there is some M > 0 such that Γ (x,1;ξ ,1− t)≤M, so that

3
4
≤
ˆ

B(0,r)
Γ (x,1;ξ ,1− t) dξ

≤ |B(0,r)|e−K +(2π)n/2Mer2/2
µ {ξ ∈ Rn : lnΓ (x,1;ξ ,1− t)≥−K} .

Choose K > 0 such that |B(0,r)|e−K = 1
4 , we obtain

µ {ξ ∈ Rn : lnΓ (x,1;ξ ,1− t)≥−K} ≥ 1
2(2π)n/2Mer2/2

=: κ(r)> 0.

By using this estimate we deduce that

G′(t)≥−C+
λ

6
J(x, t)−C‖lnΓ (x, t; ·,1− t)‖L2(µ)

≥−C+
λ

6
J(x, t)−C

[√
J(x, t)+ |G(t)|

]
17



≥−C(ε,λ )+
λ

12
J(x, t)− εG(t)2

≥−C(ε,λ )+
λ

24
G(t)2

µ {ξ ∈ Rn : lnΓ (x,1;ξ ,1− t)≥−K}− λ

12
K2− εG(t)2

≥−C(ε,K,λ )+

(
λ

24
κ(r)− ε

)
G(t)2

for ε > 0 such that λ

24κ(r)− ε > 0. Now we obtain

G′(t)≥−C1 +C2G(t)2 (4.21)

for any t ∈ [1
2 ,1], where C1 > 0, C2 ∈ (0,1]. The previous inequality (4.21) may be written as

G′(t)≥C2

(
G−

√
C1

C2

)(
G+

√
C1

C2

)

together with the fact that G < 0. It follows that

G(1)≥min

{
−C1−2

√
C1

C2
,− 8

3C2

}
=−C0. (4.22)

The lower bound in (4.17) follows from the Chapman-Kolmogrov equation and Jensen’s
inequality. In fact

lnΓ (x,2;ξ ,0) = ln
(ˆ

Rn
Γ (x,2;z,1)Γ (z,1;ξ ,0)dz

)
= ln

(ˆ
Rn
(2π)n/2e|z|

2/2
Γ (x,2;z,1)Γ (z,1;ξ ,0)µ(dz)

)
≥ ln

(ˆ
Rn

Γ (x,2;z,1)Γ (z,1;ξ ,0)µ(dz)
)

≥
ˆ
Rn

lnΓ (x,2;z,1)µ(dz)+
ˆ
Rn

lnΓ (z,1;ξ ,0)µ(dz)

≥−2C0,

which yields (4.18).
Proof of the lower bound (4.16). By using the scaling invariant property, i.e. for any r > 0

and z ∈ Rn,
Γ (rx+ z,r2t;rξ + z,0) = r−n

Γ
Ar,z(x, t;ξ ,0), (4.23)

where Ar,z(x, t) =A(rx+z,r2t) and Γ A is the fundamental solution associated with A. The trans-
formation A→Ar,z preserves the elliptic constant λ and more importantly the L∞(0,∞;BMO(Rn))
norms. So we may apply (4.18) to Γ Ar,z to deduce that

Γ (x,2t;ξ ,0)≥ e−2A

tn/2 , |ξ − x|< 4t
1
2 . (4.24)

Together with the same chain argument as in Stroock [34] by using the Chapman-Kolmogrov
equation, we obtain the lower bound accordingly.
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5 Weak solutions for non-symmetric parabolic equations
Let us consider the parabolic equation

n

∑
i, j=1

∂

∂xi

[
Ai j(x, t)

∂

∂x j u(x, t)
]
− ∂

∂ t
u(x, t) = 0, (5.1)

where Ai j = ai j + bi j,
(
ai j) is symmetric satisfying the uniform elliptic condition that λ ≤

(ai j) ≤ λ−1 in the matrix sense, and
(
bi j) is skew-symmetric. We only assume that Ai j are

Borel measurable in (x, t), and bi j(x, t) belong to the BMO space for every t ≥ 0, such that the
BMO norms t → ‖b(·, t)‖BMO is bounded, whose supremum norm is denoted by ‖b‖L∞

t (BMOx)
as before.

Let us consider Cauchy’s initial and Dirichlet boundary problem associated with (5.1). Let
D ⊂ Rn be an open subset with smooth boundary. Given τ > 0, u(x, t), which is a locally
integrable and Borel measurable function in (x, t) ∈D× [τ,∞), is a weak solution to the Dirich-
let boundary problem of (5.1) with initial data u(·,τ) = f ∈ L2(D), if u ∈ L2 (τ,T ;H1(D)

)
∩

L∞
(
τ,T ;L2(D)

)
and

−
ˆ

∞

τ

ˆ
D
〈∇ϕ(x, t),A(x, t) ·∇u(x, t)〉dxdt+

ˆ
∞

τ

ˆ
D

u(x, t)
∂

∂ t
ϕ(x, t)dtdx+

ˆ
D

f (x)ϕ(x,τ)dx= 0

(5.2)
for any smooth function ϕ(x, t) which has a compact support in D× [τ,∞). Let Γ D(x, t;ξ ,τ)
denote the corresponding fundamental solution. Then we recall the following result in [19,
Chapter IV, Section 15] when the coefficients are smooth.

Lemma 5.1 Suppose in addition that Ai j are smooth, so that the fundamental solution Γ (x, t;ξ ,τ)
exists, is smooth, and satisfies the Aronson estimate, and therefore

0 < Γ
D(x, t;ξ ,τ)≤ Γ (x, t;ξ ,τ)≤ C

(t− τ)n/2 exp
(
− |x−ξ |2

C(t− τ)

)
for all t > τ and x,ξ ∈ D. If f ∈ L2(D), then u(x, t) = Γ D

τ,t f (x) belongs to

C([τ,∞),L2 (D))∩L∞(τ,∞;L2 (D))∩L2(τ,∞;H1 (D)).

Moreover, we have the energy inequality

||u(·, t)||22 +2λ

ˆ t

τ

‖∇u(·,s)‖2
2 ≤ || f ||

2
2 (5.3)

for all t ≥ τ , and u(x, t) is also a weak solution to (5.2).

This allows us to approximate Ai j by {Ai j
m} and there exists unique fundamental solution Γm

and strong solution um corresponding to Ai j
m, which satisfy the claims in Lemma 5.1.

We are now in a position to show the following uniqueness theorem for weak solutions.

Theorem 5.2 Suppose A = a+b satisfies conditions stated at the beginning of the section, i.e.
λ ≤

(
ai j(x, t)

)
≤ λ−1 and ‖b‖L∞

t (BMOx)
< ∞. Let τ ≥ 0. Suppose u(x, t) ∈ L∞(τ,∞;L2(Rn))∩

L2(τ,∞;H1(Rn)), and satisfies
ˆ

∞

τ

ˆ
Rn

u(x, t)
∂

∂ t
ϕ(x, t) dxdt =

ˆ
∞

τ

ˆ
Rn
〈∇ϕ(x, t),A(x, t) ·∇u(x, t)〉 dxdt (5.4)
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for any ϕ(x, t) that is smooth with compact support in Rn× (τ,∞), then

∂u
∂ t
∈ L2 (

τ,∞;H−1(Rn)
)
. (5.5)

Hence the following energy inequality holds:

‖u(·,T )‖2
2 +2λ

ˆ T

τ

ˆ
Rn
|∇u(x, t)|2 dxdt ≤ ‖u(·,τ)‖2

2 (5.6)

for every T > τ , and the uniqueness of weak solutions holds for the initial problem of (5.1) in
space L∞(τ,∞;L2(Rn))∩L2(τ,∞;H1(Rn)).

Proof. Consider the linear functional

Ft(ψ) =

ˆ
Rn
〈∇ψ(x, t),A(x, t) ·∇u(x, t)〉 dx

for ψ ∈ H1(Rn). By using the compensated compactness inequality (3.5) we have

Ft(ψ)≤
(
‖a‖L∞(Rn×[0,∞))+C‖b‖L∞

t (BMOx)

)
‖∇u(·, t)‖2‖∇ψ‖2 (5.7)

for any ψ ∈H1(Rn). Hence by the Riesz representation theorem, there exists a unique w(·, t) ∈
H1(Rn) for every t such that

Ft(ψ) =

ˆ
Rn

(∇w(x, t) ·∇ψ(x)+w(x, t)ψ(x)) dx, (5.8)

where
‖w(·, t)‖H1(Rn) ≤

(
‖a‖L∞(Rn×[0,∞))+C‖b‖L∞

t (BMOx)

)
‖∇u(·, t)‖L2(Rn),

which implies that w ∈ L2(τ,∞;H1(Rn)).
In terms of w(x, t), (5.4) becomes

ˆ T

τ

ˆ
Rn

u(x, t)ϕ(x)η ′(t) dxdt =
ˆ T

τ

ˆ
Rn

(∇w(x, t) ·∇ϕ(x)+w(x, t)ϕ(x))η(t) dxdt (5.9)

for any η ∈C∞
0 ((τ,T )) and ϕ ∈C∞

0 (Rn), which can be written as

ˆ T

τ

〈u(·, t),ϕ〉L2 η
′(t)dt =

ˆ T

τ

〈w(·, t),ϕ〉H1 η(t)dt,

and can be extended to any ϕ ∈ H1(Rn). Since∣∣∣∣ˆ T

τ

〈w(·, t),ϕ〉H1 η(t)dt
∣∣∣∣≤ ˆ T

τ

‖w(·, t)‖H1 ‖ϕ‖H1 η(t)dt

= ‖ϕ‖H1

ˆ T

τ

‖w(·, t)‖H1 η(t)dt

≤ ‖ϕ‖H1

√ˆ T

τ

‖w(·, t)‖2
H1 dt ‖η‖L2([τ,T ]) ,
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we obtain ∣∣∣∣ˆ T

τ

〈u(·, t),ϕ〉L2 η
′(t)dt

∣∣∣∣≤ ‖ϕ‖H1

√ˆ T

τ

‖w(·, t)‖2
H1 dt ‖η‖L2([τ,T ]) ,

which implies that
d
dt
〈u(·, t),ϕ〉L2 ∈ L2 ([τ,T ])

for every ϕ ∈ H1 (Rn). Moreover, according to the Riesz representation theorem∥∥∥∥ d
dt
〈u(·, t),ϕ〉L2

∥∥∥∥
L2[τ,T ]

≤ ‖ϕ‖H1

√ˆ T

τ

‖w(·, t)‖2
H1 dt

for any ϕ ∈ H1 (Rn). Therefore, there is ∂

∂ t u ∈ L2 (τ,T ;H−1 (Rn)
)

such that
ˆ T

τ

〈
∂

∂ t
u(·, t),ϕ

〉
H−1,H1

η(t)dt =−
ˆ T

τ

〈u(·, t),ϕ〉L2 η
′(t)dt

for every ϕ ∈ H1 (Rn) and η ∈C∞
0 (τ,T ). The equation above can be written as〈

∂

∂ t
u,ϕ⊗η

〉
L2(H−1),L2(H1)

=−
ˆ T

τ

ˆ
Rn

u(x, t)
∂

∂ t
(ϕ(x)η(t))dxdt

=−
ˆ T

τ

ˆ
Rn
〈∇(ϕ(x)η(t)),A(x, t) ·∇u(x, t)〉 dxdt,

where and in the remaining part of the proof, for simplicity, we use 〈·, ·〉L2(H−1),L2(H1) to denote
the pairing between L2 (τ,T ;H1 (Rn)

)
and its dual space L2 (τ,T ;H−1 (Rn)

)
. Since

span
{

ϕ⊗η : ϕ ∈ H1 (Rn) and η ∈C∞
0 (τ,T )

}
is dense in L2 (τ,T ;H1 (Rn)

)
, we have〈

∂

∂ t
u,ψ

〉
L2(H−1),L2(H1)

=−
ˆ T

τ

ˆ
Rn
〈∇ψ(x, t),A(x, t) ·∇u(x, t)〉 dxdt

for any ψ ∈ L2 (τ,T ;H1 (Rn)
)
. In particular,〈

∂

∂ t
u,u
〉

L2(H−1),L2(H1)

=−
ˆ T

τ

ˆ
Rn
〈∇u(x, t),A(x, t) ·∇u(x, t)〉 dxdt

≤−λ

ˆ T

τ

ˆ
Rn
|∇u(x, t)|2dxdt.

Now, by Theorem 5.9.3 in Evans [11], we deduce that u ∈C
(
[τ,T ] ,L2 (Rn)

)
and

‖u(·,T )‖2
2−‖u(·,τ)‖

2
2 = 2

〈
∂

∂ t
u,u
〉
≤−2λ

ˆ T

τ

ˆ
Rn
|∇u(x, t)|2dxdt,

which in turn yields the energy inequality (5.6). The other conclusions of the theorem follow
easily.

We are now in a position to state and to prove the following theorem.
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Theorem 5.3 Suppose
(
Ai j)= (ai j)+(bi j), where a and b are symmetric and skew-symmetric

parts of A respectively, is uniformly elliptic: λ ≤ a(x, t)≤ λ−1 in matrix sense for some constant
λ > 0, and ‖b‖L∞

t (BMOx)
< ∞. Then there is a unique positive function Γ (x, t;ξ ,τ) defined for

t > τ ≥ 0 and x,ξ ∈ Rn, which possesses the following properties.
1) Γ is a Markov transition density: Γ (x, t;ξ ,τ)> 0,

ˆ
Rn

Γ (x, t;ξ ,τ)dξ = 1 and
ˆ
Rn

Γ (x, t;ξ ,τ)dx = 1

for any t > τ ≥ 0, and

Γ (x, t;ξ ,τ) =

ˆ
Rn

Γ (x, t;z,s)Γ (z,s;ξ ,τ)dz

for any t > s > τ ≥ 0.
2) There is a constant M > 0 depending only on n, λ and ‖b‖L∞

t (BMOx)
such that

1
M(t− τ)n/2 exp

(
−M|x−ξ |2

t− τ

)
≤ Γ (x, t;ξ ,τ)≤ M

(t− τ)n/2 exp
(
− |x−ξ |2

M(t− τ)

)
for all t > τ .

3) For every f ∈ L2 (Rn), u(x, t) =
´
Rn f (ξ )Γ (x, t;ξ ,τ)dξ (for any t ≥ τ) is the unique weak

solution with initial data f , which belongs to

C([τ,∞),L2(Rn))∩L∞(τ,∞;L2(Rn))∩L2(τ,∞;H1(Rn)).

Proof. Since b ∈ L∞(0,∞;BMO(Rn)), we can choose a ε > 0 such that

‖ε log(|x|)‖BMO ≤ ‖b‖L∞
t (BMOx).

Define

U (m)(x) = (−ε log(|x|)+m)∧m∨0, L(m)(x) = (ε log(|x|)−m)∧0∨ (−m), (5.10)

which are compactly supported BMO functions with

‖U (m)‖BMO = ‖L(m)‖BMO ≤C‖b‖L∞
t (BMOx),

where constant C > 0 depends only on the dimension n. Let

b(m)(x, t) = b(x, t)∧U (m)(x)∨L(m)(x). (5.11)

By inequality (3.16), we can mollify it to define b(m)
1
m

and there is a C independent of b and

m, such that ‖b(m)
1
m
‖L∞

t (BMOx) ≤C‖b‖L∞
t (BMOx). Each b(m)

1
m

is smooth with compact support and

b(m)
1
m
→ b in Lp

loc([0,∞)×Rn) for any 1 ≤ p < ∞. For simplicity denote b(m)
1
m

by bm. Similarly

am denotes the mollified approximation of a for m = 1,2, · · · . am(x, t) and bm(x, t) are smooth,
bounded and have bounded derivatives of all orders, and am→ a and bm→ b in Lp

loc([0,∞)×Rn)
for every p ∈ [1,∞).

Now for each Am(x, t) = am(x, t)+ bm(x, t), am is uniformly elliptic with elliptic constant
2λ and

‖bm‖L∞
t (BMOx) ≤C‖b‖L∞

t (BMOx)
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for some constant depending only on the dimension n, thus there is a unique fundamental so-
lution Γ m(x, t;ξ ,τ) which satisfies the Aronson estimate with the same constant M. According
to Theorem 2.2, Γ m(x, t;ξ ,τ) are Hölder continuous in any compact sub-set of t > τ ≥ 0 and
x,ξ ∈ Rn with the same Hölder exponent and the same Hölder constant for all m = 1,2, · · · .
Therefore by the Arzela-Ascoli Theorem, there is a sub-sequence of Γ m, for simplicity the sub-
sequence is still denoted by Γ m, which converges locally uniformly to some Γ (x, t;ξ ,τ) for
t > τ ≥ 0 and x,ξ ∈ Rn. Clearly Γ (x, t;ξ ,τ) still satisfies 1) and 2).

We now prove 3). By our construction, if τ > 0 and f ∈ L2(Rn),

um(x, t) = Γ
m

τ,t f (x)→ u(x, t) = Γτ,t f (x)

pointwise. According to Lemma 5.1, um (actually um(x, t) is Hölder continuous too for t > τ

and x) is a strong solution to the Cauchy problem of the parabolic equation associated with the
diffusion matrix Am, so that the energy inequality holds:

||um(·, t)||22 +λ

ˆ t

τ

‖∇um(·,s)‖2
2 ≤ || f ||

2
2, (5.12)

which implies that {um} is uniformly bounded in L∞(τ,∞;L2(Rn))∩L2(τ,∞;H1(Rn)). Hence
there is a sub-sequence which converges weakly, whose limit must be u and

u ∈ L∞(τ,∞;L2(Rn))∩L2(τ,∞;H1(Rn)).

Next we prove that u also satisfies the energy inequality (5.12) as um. For each m, we have
ˆ

∞

τ

ˆ
Rn

um(x, t)
∂

∂ t
ϕ(x, t) dxdt−

ˆ
∞

τ

ˆ
Rn
〈∇ϕ(x, t),Am(x, t) ·∇um(x, t)〉 dxdt = 0

for any ϕ ∈C∞
0 ((τ,∞)×Rn). Since Am→ A in Lp

loc([τ,∞)×Rn) for any 1≤ p < ∞ and um→ u
weakly in L2(τ,∞;H1(Rn)). By taking m→ ∞ in the equation above, we obtain that

ˆ
∞

τ

ˆ
Rn

u(x, t)
∂

∂ t
ϕ(x, t) dxdt−

ˆ
∞

τ

ˆ
Rn
〈∇ϕ(x, t),A(x, t) ·∇u(x, t)〉 dxdt = 0

for any ϕ ∈ C∞
0 ((τ,∞)×Rn). That is, u is a weak solution to the Cauchy problem of the

parabolic equation (5.1) with initial data f . Now according to Theorem 5.2, we have that
∂u
∂ t ∈ L2(τ,∞;H−1(Rn)), u ∈C([τ,∞),L2(Rn)) and therefore

||u(·, t)||22 +λ

ˆ t

τ

‖∇u(·,s)‖2
2 ≤ || f ||

2
2. (5.13)

The uniqueness of the fundamental solution Γ follows from the energy inequality easily. In
fact, suppose that there is another sub-sequence of Γ m converges to Γ̃ . Then ũ(x, t) = Γ̃τ,t f (x)
satisfies all the results above. Especially they both satisfy the energy inequality. Therefore
w = u− ũ is also a weak solution. By Theorem 5.2, we deduce that

ˆ
Rn

w(x, t)2 dx+λ

ˆ t

τ

ˆ
Rn
|∇w(x, t)|2 dxdt ≤ 0

for any t > τ and we have w = 0. This implies u = ũ and hence Γ = Γ̃ . The proof is complete.
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