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Abstract

We investigate the consequence of two Lip(y) functions,
in the sense of Stein, being close throughout a subset of
their domain. A particular consequence of our results is
the following. Given K, > ¢ > 0 and y > 7 > 0, there is
a constant § = (y, 1, €,K,)) > 0 for which the following
is true. Let = C R? be closed and f,h : = — R be Lip(y)
functions whose Lip(y) norms are both bounded above
by K,,- Suppose B C X is closed and that f and & coincide
throughout B. Then, over the set of points in ~ whose dis-
tance to B is at most 8, we have that the Lip(s) norm of
the difference f — h is bounded above by €. More gener-
ally, we establish that this phenomenon remains valid in
a less restrictive Banach space setting under the weaker
hypothesis that the two Lip(y) functions f and h are only
close in a pointwise sense throughout the closed subset
B. We require only that the subset X be closed; in par-
ticular, the case that X is finite is covered by our results.
The restriction that 7 < y is sharp in the sense that our
result is false for» :=y.
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1 | INTRODUCTION

The notion of Lip(y) functions, for y > 0, introduced in [28] provides an extension of y-Holder reg-
ularity that is both non-trivial and meaningful even when y > 1. This notion of regularity is the
appropriate one for the study of rough paths instigated by the first author in [19]; an introductory
overview to this theory may be found in [20], for example. Moreover, Lip(y) regularity underpins
the efforts made to extend the theory of rough paths to the setting of manifolds [3, 6]. Further the
flow of Lip(y) vector fields is utilised to investigate the accessibility problem regarding the use of
classical ordinary differential equations (ODEs) to obtain the terminal solution to a rough differ-
ential equations driven by geometric rough paths in [1, 2]. The notion of Lip(y) regularity is well
defined for functions defined on arbitrary closed subsets including, in particular, finite subsets.

The origin of Lip(y) functions go back at least as far as the original extension work of Whit-
ney in [29]. This work considered the following extension problem. Given an integer m € Z;
and a closed subset A ¢ R¢, when can a real-valued function f : A — R be extended to a C"™(R%)
function F : R¢ — Rsuch that F|, = f. Whitney introduces a definition of f being m-times con-
tinuously differentiable on an arbitrary closed subset A ¢ R¢, which we denote by f € C"(A),
and subsequently establishes that this condition is sufficient to ensure that f admits an extension
to an element F € C"™(R%) (see Section 3 and Theorem I in [29]). A variant of this extension result
with quantified estimates may be found in [31].

Whitney’s definition of f € C™(A) involves assigning a family of ‘derivatives’ for f on A. Hence,
applying Whitney’s extension theorem requires one to first fix such an assignment of derivatives.
Numerous works have subsequently considered the extension problem proposed by Whitney with
the additional constraint of avoiding such an assignment, that is, using only the values of the
function f throughout A. For the case that d = 1, Whitney himself provided an answer to this
problem using the divided differences of f; see [30].

The general case that d > 1 was fully resolved by Fefferman in [9, 10]. His resolution builds upon
the reformulation of Whitney’s result in [30] as a finiteness principle by Brudnyi and Shvartsman
[4, 5]. The key point is that the finiteness principle no longer involves the divided differences of
f- The subsequent finiteness principle established by Fefferman in [8] underlies his resolution to
the Whitney extension problem (see also [11]). Subsequent algorithmic approaches to computing
an extension have been considered by Fefferman et al. in [12-16].
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Returning to Whitney’s original extension theorem in [29], analogous results have been estab-
lished in non-Euclidean settings where the domain of f is not a subset of R for some d € Z,,,.
A C! version of Whitney’s extension theorem was established for real valued mappings defined
on subsets of the sub-Riemannian Heisenberg group in [17]. Mappings taking their values in the
Heisenberg group have also been considered; a version of Whitney’s extension theorem has been
established for horizontal C™ curves in the Heisenberg group [24, 33]. Moreover, a finiteness
principle for horizontal curves in the Heisenberg group is proven in [34]. Whitney-type exten-
sions for horizontal C! curves in general Carnot groups and sub-Riemannian manifolds have been
considered in [18, 27].

In this article, we focus on Stein’s notion of Lip(y) functions in the Euclidean setting. Motivated
by Whitney’s original definition of C"(A) for a closed subset A C R? in [29], Stein’s definition
of a Lip(y) is an extension of the classical notion of Lipschitz (or Holder) continuity. Indeed,
for y € (0,1], Stein’s definition coincides with the classical notion of a function being bounded
and y-Holder continuous. For y > 1, Stein’s definition provides a non-trivial extension of Holder
regularity to higher orders.

Stein’s definition of a Lip(y) function is a refined weaker assignment of a family of ‘derivatives’
to a function f than the assignment proposed in Whitney’s definition of C™(A). As in Whitney’s
original work [29], Stein’s definition of Lip(y) requires, for each point x € A, the prescription of
a polynomial P, based at x. These polynomials act as proposals for how the function should look
at points distinct from x, and, similarly to Whitney’s definition of C"*(A), these polynomials are
required to satisfy Taylor-like expansion properties. In particular, it is required that for every x €
A, we have that P, (x) = f(x), and that the remainder term R(x,y) := f(y) — P,(y) is bounded
above by C|y — x|” for some constant C > 0 and every pair x,y € A. This remainder term bound
is weaker than the remainder term bound imposed in Whitney’s definition of a C"(A) function
in [29].

To illustrate the sense in which Lip(y) is weaker than C"'(A),lety € Z,, and O C R4 be a non-
empty open subset. If f : O - R is C”7(0) in the sense of Whitney [29], then f is C?(O) in the
classical sense. However, if f : O — R is Lip(y) in the sense of Stein [28], then f is C?~1(0) in the
classical sense with its (y — 1)th derivative D?~! f only guaranteed to be Lipschitz rather than C!.

Analogously to Whitney’s extension theorem in [29], Stein proves an extension theorem estab-
lishing that, given any y > 0, if A ¢ R? is closed and f : A — R is Lip(y), then there exists a
function F : R — R that is Lip(y) and satisfies that F|, = f; see Theorem 4 in Chapter VI
of [28]. Recall that for y € (0, 1] Stein’s notion of a Lip(y) function coincides with the classical
notion of a bounded y-Holder continuous function. Consequently, for y € (0, 1], Stein’s exten-
sion theorem recovers earlier extension results independently established by Whitney in [29] and
McShane in [22]. Stein’s extension theorem allows us to make the following conclusion regarding
the original Whitney extension problem. Given an integer k € Z,, and any ¢ > 0, the assumption
that f : A — R is Lip(k + ) ensures that f admits an extension to F € C*(R?). Finally, Stein’s
extension theorem is essential in the first author’s work on rough paths in [19].

Whilst our focus within this article is on Stein’s notion of Lip(y) functions within a Euclidean
framework, it is worth mentioning some recent works proposing generalisations of Stein’s
definition to non-Euclidean frameworks. A definition of Lip(y) functions for functions on Carnot
groups that is consistent with Stein’s original definition in [28] is proposed in [25]; further, the
authors establish extension theorems analogous to Stein’s extension theorem for this notion of
Lip(y) functions on Carnot groups in [25]. More generally, building on the rough integration
theory of cocyclic one-forms developed in [21] and [32] generalising the work of the first author
in [19], a definition of Lip(y) functions on unparameterised paths is proposed in [23]. It is
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established, in particular, in [23] that an extension property analogous to the Stein-Whitney
extension property is valid for this notion of Lip(y) functions on unparameterised path space.

It is clear that, in general, there is no uniqueness associated to Stein’s extension theorem; for
example, the mapping [0,1] — R given by ¢ ~ |¢| is Lip(1) (i.e. Lipschitz in the classical sense),
and there are numerous distinct ways it can be extended to a bounded Lipschitz continuous map-
ping R — R. Nevertheless, it seems intuitively clear that any two extensions must be, in some
sense, close for points x € R that are not, in some sense, too far away from the interval [0,1].

The aim of this article is to establish precise results realising this intuition for Lip(y) functions
for any y > 0. If y € (0, 1], which we recall means that Stein’s notion of Lip(y) functions [28]
coincides with the classical notion of bounded y-Hélder continuous functions, then such results
are well known. In particular, they arise as immediate consequences of the maximal and mini-
mal extensions of Whitney [29] and McShane [22], respectively. The main novelty of this paper
is establishing our main results in the case that y > 1 (cf. the Lipschitz Sandwich Theorem 3.1,
the Single-Point Lipschitz Sandwich Theorem 3.8, and the pointwise Lipschitz Sandwich Theorem
3.11 in Section 3), for which we have been unable to locate formal statements of such properties
within the existing literature. Moreover, our results are presented in a more general setting than
restricting to working within R? for some d € Z,;. In particular, we consider the Banach space
framework utilised in both [19] and [1], for example.

A particular consequence of our results is that Lip(y) functions can be cost-effectively approx-
imated. Loosely, if 0 < 7 < y, then on compact sets the Lip(n)-behaviour of a Lip(y) function is
determined, up to an arbitrarily small error € > 0, via knowledge of an upper bound for the Lip(y)
norm of the function on the entire compact set, and the knowledge of the value of the Lip(y) func-
tion at a finite number of points. The number of points at which it is required to know the value of
the Lip(y) function depends on the upper bound of its Lip(y) norm on the entire compact set, the
regularity parameters 7 and y, the desired error size € > 0 and the compact subset (cf. Corollary 4.1
in Section 4).

The remainder of the paper is structured as follows. In Section 2, we provide Stein’s defi-
nition of a Lip(y) function within a Banach space framework (cf. Definition 2.2) and fix the
notation and conventions that will be used throughout the article. In Section 3, we state our
main results; the Lipschitz Sandwich Theorem 3.1, the Single-Point Lipschitz Sandwich Theorem
3.8 and the Pointwise Lipschitz Sandwich Theorem 3.11. In Section 4, we illustrate how the Lip-
schitz Sandwich Theorem 3.1 and the Pointwise Lipschitz Sandwich Theorem 3.11 allow one to
cost-effectively approximate Lip(y) functions defined on compact subsets (cf. Corollaries 4.1 and
4.5 and Remarks 4.3, 4.4, 4.7 and 4.8). In Section 5, we establish explicit pointwise remainder term
estimates for a Lip(y) function. In Section 6, we record that, for y; > y, > 0, any Lip(y; ) function
is also a Lip(y,) function. Additionally, we establish an explicit constants C > 1 for which we have
that || - [lLipg,) < ClI - Huipgy) (cf. the Lipschitz Nesting Lemma 6.1). In Section 7, we record, given
aa Lip(y) function f defined on a subset X, a point p € Z, and 7 € (0, y), quantified estimates for
the Lip(n)-norm of f over a neighbourhood of the point p in terms of the value of f at the point p
(cf. Lemmas 7.2 and 7.3). Sections 8-10 contain the proofs of the main results stated in Section 3.
In Section 8, we prove the Pointwise Lipschitz Sandwich Theorem 3.11. In Section 9, we prove the
Single-Point Lipschitz Sandwich Theorem 3.8. Finally, in Section 10, we establish the full Lipschitz
Sandwich Theorem 3.1.

Several of our intermediary lemmata record properties of Lip(y) functions that appear else-
where in the literature. Nevertheless, there are two main benefits of including these results. Firstly,
the variants we record are in specific forms that are particularly useful for our purposes. Secondly,
their inclusion makes our article fully self-contained.
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2 | MATHEMATICAL FRAMEWORK AND NOTATION

In this section, we introduce the mathematical framework considered throughout the remain-
der of the article, provide Stein’s definition of a Lip(y) function within this framework (cf.
Definition 2.2), and fix the notation and conventions that will be used throughout the article.
Throughout the remainder of this article, when referring to metric balls, we use the convention
that those denoted by B are taken to be open and those denoted by B are taken to be closed.

Let V and W be real Banach spaces and assume that X C V is a closed subset. The first goal of
this section is to define the space Lip(y, %, W) of Lip(y) functions with domain X and target W.
This will require a choice of norms for the tensor powers of V. We restrict to considering norms
that are admissible in the sense originating in [7]. The precise definition is the following.

Definition 2.1 (Admissible norms on tensor powers). Let V' be a Banach space. We say that its
tensor powers are endowed with admissible norms if for each n € Z,, we have equipped the
tensor power V®" of V with a norm || - ||;,e» such that the following conditions hold.

* For each n € 7, the symmetric group S,, acts by isometries on V®", that is, for any p € S,
and any v € V®", we have

le)llyen = |V]lyen. 2.1)

The action of S, on V®" is given by permuting the order of the letters, that is, if ¢; ® ... ® a,, €
V®”n and peS, thenp(a; ®..®a,) := ap) R..Q Ap(n)s and the action is extended to the
entirety of V®" by linearity.

* Foranyn,m € Z,, and any v € V®" and w € V®™, we have

[lv ® wllyem+m < [[Vllyen|lw|lyen. (2.2)
« Foranyn,m € Z,, and any ¢ € (V®")" and o € (V®™)", we have
16 ® oll(yensmy < I1Pllyeny:llollyemy (2.3)

Here, given any k € Z,,, the norm || - ”(V@k)* denotes the dual-norm induced by || - || e«.

It turns out (see [26]) that having both the inequalities (2.2) and (2.3) ensures that we, in fact,
have equality in both estimates. Hence, if the tensor powers of V are equipped with admissible
norms, we have equality in both (2.2) and (2.3).

There are, in some sense, two main examples of admissible tensor norms. The first is the
projective tensor norm. This is defined, for n > 2, on V®" by setting, for v € V®",

101 projn 1nf{ZH|lalk||V tu= Za,l ®..®a; and ZHHa Iy < oo}. (2.4)
i=1 k=1 i=1 k=1

The second is the injective tensor norm. This is defined, for n > 2, on V®" by setting, for v € V®",

10llinj.n 2= sUp {|@1 ® . ® Pu(V)] : @1y, @ € VT and [|@yllye = = = l@ylly+ = 1}. (2.5)

The injective and projective tensor norms are the main two examples in the following sense. If
we equip the tensor powers of V with any choice of admissible tensor norms in the sense of
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Definition 2.1, then for every n € Z.,,, if || - ||en denotes the admissible tensor norm chosen for
V" we have that for every v € V®” that (cf. Proposition 2.1 in [26])

”U”inj,n < ||v||V®" < ||U||proj,n’ (2.6)

In the case that the norm || - ||, is induced by an inner product (-, -);,, in the sense that || - ||;, =
1/{:, )y, we can equip the tensor powers of V with admissible norms in the sense of Definition 2.1
by extending the inner product (-, -); to the tensor powers of V.

That is, suppose n € Z,,. Then, we define an inner product (:,-)yen on Ve as fol-
lows. Firstly, if u,w € V®n are givenbyu=u;®..Qu, and w = w; ® ... ® w, for elements
Uy e s Uy, We, ., W, € V, define

(w,wyyen := [ (ugwy)y - 2.7)
s=1

Subsequently, extend (-, -);e» defined in (2.7) to the entirety of V®" x V®" by linearity so that the
resulting function (-, -)yen : V®n « y®n _, R defines an inner producton V®n Foreachn € Z,,
equip V®" with the norm || - ||yen := /(*, -)yen induced by the inner product (-, -);o:. Then the
tensor powers of V' are all equipped with admissible norms in the sense of Definition 2.1.

Returning to the general setting that VV and W are merely assumed to be real Banach spaces,
we now define a Lip(y, Z, W) function.

Definition 2.2 (Lip(y, Z, W) functions). Let V and W be Banach spaces, ~ C V a closed subset and
assume that the tensor powers of V are all equipped with admissible norms (cf. Definition 2.1).
Lety > Owithk € Z, such thaty € (k, k + 1]. Suppose that $»© : ¥ - W isafunction, and that
for each | € {1, ...,k}, we have a function p : = — £(V®; W) taking its values in the space of
symmetric [-linear forms from V to W. Then, the collection 1 = (@, %™, ..., ®) is an element
of Lip(y, Z, W) if there exists a constant M > 0 for which the following conditions hold:

* Foreach! €{0,...,k} and every x € %, we have that

[0y < C8)
* Foreach j €{0,...,k}, define R? EIXXZ - L(V®;W)forz,p€Xandv € V® by
k—j
K@ ple] =97 p)e) - 3, 9@ @ (0 -2 @9)
o
Then, whenever [ € {0, ..., k} and x,y € Z, we have
R G| o, < M1y =11 (210)

We sometimes say that ) € Lip(y, %, W) without explicitly mentioning the functions @, ..., .
Furthermore, given I € {0,...,k}, we introduce the notation that Yy 1= (1,b(0), s gb(l)). The
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Lip(y,Z, W) norm of 9, denoted by [|§|lipy.z,w). is the smallest M > 0 satisfying the require-
ments (2.8) and (2.10).

In Definition 2.2, we use that V®° := R to observe that £L(V®°; W) = W. Thus, we implicitly
assume that £(V®%;, W) = W is taken to be equipped with the norm || - ||;;; on W; that is, || -
llzqveo.wy = |1 - [l in both (2.8) and (2.10). Thus, a consequence of Definition 2.2 is that ONS
CO(Z; W) with ||zp(°)| oy S 191l Lipey. 5wy Here, given f € CO(Z; W), we take || f||coww) i =
sup{|[f(O)llw : x € Z}.

Further, we implicitly assume in Definition 2.2 that, for each j € {1, ..., k}, norms have been
chosen for the spaces L£(V®/;W) of symmetric j-linear forms from V to W. Observe that
L(V®I; W) c L(V®/; W) where L(V®/; W) denotes the space of linear maps V®/ to W. There
are, of course, numerous possible choices for such norms. Throughout this article, we will always
assume the following choice. Given a norm || - ||,; on V®/ and a norm || - ||, on W, we equip
L(V®J; W) with the corresponding operator norm. That is, for any A € L(V®J; W), we have

When A € £(V®/; W), we will denote the norm defined in (2.11) by ||A]] c(veiw)- This choice
of norm means that our definition of a Lip(y, Z, W) function differs from the definition used in
[1]. Indeed, we require the bounds in (2.8) and (2.10) to hold for the operator norms, whilst in [1]
estimates of the analogous form are only required to be valid for rank-one elements in V®/; that is,
forelementsv =v; ® .. v j where vy, ..., i € V. Consequently, our definition of a Lip(y, Z, W)
function is more restrictive than the notion in [1].

A good way to understand a Lip(y, %, W) function is as a function that ‘locally looks like a
polynomial function’. Given any point x € %, consider the polynomial ¥, : V — W defined for
y €Vby

k

7,0) = ¥, 00 - 0%, 1)

s=0

The polynomial ¥, defined in (2.12) gives a proposal, based at the point x € X, for how the func-
tion ¢ behaves away from x. The remainder term estimates in (2.10) of Definition 2.2 ensure that
for every y € %, we have that

[0 = 20|, < 118l wipgyzam 1y = %11, (213)

It follows from (2.13) that, for a given € > 0, if we take § := (¢/||¥| |Lip(y,2’W))1/ ¥, then the polyno-
mial ¥, is within ¢ of @, in the || - ||}, norm sense, throughout the neighbourhood ﬁv(x, HNZ
of the point x.

The collection of functions ¥, ..., are related to ¥, in the following sense. For each
1 €10, ...,k}, the element p(x) € L(V®; W) is the I derivative of ¥, (-) at x. The proposal
functions ¥, for points x € X enable one to view a Lip(y, Z, W) function in a more traditional
manner as the single function £ X V' — W defined by the mapping (x,y) —» ¥,(»). The remain-
der term estimates in (2.10) of Definition 2.2 ensure that this mapping exhibits Holder regularity
in a classical sense.
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8of53 | LYONS and MCLEOD

To illustrate assume that y > 1 so that k > 1, and suppose that we have basepoints x,w €
Z and y,z € V such that ||[x —wl||, <1and ||y —z||y <1. LetL,_,, ,,L,_, . . CV denote
the straight lines connecting z —x to y —x and z —w to z — x, respectively. Define r; :=
max {||x — z||y., ||x — ||y} and r, :=max{||z — w||y, ||z — x]||}/} so that, in particular, we have
both the inclusions L C By (0,r,) and L, s C By (0, r,). Then, we have the Holder-type

estimate that

Z—X,y—X

_ -k
|[%.(») — ¥, (2)| |y < 119 |Lip(y,z,w>(e’1 1y = zlly + (e + e 177V 1 — w7 ) (2.14)
To see this, we first observe that

(2.12)
||1Px(y) - lIIx(z)| |W <

|,y <@ Iz lly = 2l

(2.15)
where the last inequality follows from applying the mean value theorem to each of the mappings
v (L—x)® fors € {1,..., k} and recalling that L C By(0,r,). Next observe, via (2.9) and
(2.12), that

k
> [l - 0% - @ -0
=0 °*

N

Z—X,y—X

k
W (2) - (@) = 4000 - Ow) + Y, SR w, D[z - 0]+
s=1""

k k—s k
3 Y Wz - 0% @ (x - w®] + z SO -0% - -w]. @16

stj!

s=1 j=1

To estimate the first term on the RHS of (2.16), we compute

|W+ HRg(w,x)HW

O - 40w, %L 3 Lol - we]
w = s

eo &) (& . ,
< Z;Hx_wllv'i'”w_x”v ||¢||Lip(y,Z,W)<e||¢||Lip(y,2,W)||w_xHV’ (2.17)

s=1

where the last inequality uses that ||w — x||;, < 1.
For the second term on the RHS of (2.16), we compute that

(2.10) 1 y—s s
by < X 1 ipgsnllw = xI1} 7z = I

R;p(w, x)[(z — )]

k

X

il
- —k

< (e — 1)1z llw = X1, (2.18)

where the last inequality uses that ||w — x||;, < 1.
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HIGHER ORDER LIPSCHITZ SANDWICH THEOREMS 9 of 53

For the third term on the RHS of (2.16), we compute that

k k—s
Z Z slil Hw(ﬁj)(w)[(z — 0% ® (x—w)®] ‘ ’w
=1 j=1 5

k k-—s
(28 1 s j
< 2 2 i Witz 12 = xI1 1lx = wl|
s=1 j=1 J
< (e“zfx”‘/ - 1)(9 - 1)||¢||Lip(y,>:,w)||x —wlly, (2.19)

where the last inequality uses that ||w — x||}, <1
For the fourth term on the RHS of (2.16), we compute that

> %Hlp(s)(w) (= 0% — (2 — )]

o S lLpgzmllx = wlly, (2.20)

where, for each s € {1, ..., k}, we have applied the mean value theorem to the mapping v — (z —
v)®S and recalled the inclusion L,_,, , , C By(0,7,).
The combination of (2.16)—(2.20) yields that

|[W.(2) = o (2)| | < (€72 + Y g1 e syl x — w] 175, (2.21)

where we have used that ||[x — w]||,, £ 1means||x —w]|]y, < ||x — w| |" sincey —k € (0,1]. The
combination of (2.15) and (2.21) then establishes the estimate clalmed in (2.14).

Returning to considering the collection 3 = (@, ...,9®)) € Lip(y, X, W), on the interior of =,
the functions %, ..., % are determined by 3(?). The remainder term estimates in (2.10) for ®
for each | € {0, ..., k} ensure, for each j € {1, ..., k}, that (/) is the classical j** Fréchet derivative
of % on the interior of X. Thus, on the interior of £, () is k times continuously differentiable,
and its k' derivative is (y — k)-Holder continuous.

3 | MAIN RESULTS

In this section, we state our main results and discuss some of their consequences. Suppose that V'
and W are real Banach spaces, that X C V is a closed subset and that all the tensor powers of V' are
equipped with admissible norms (cf. Definition 2.1). Our starting point is to observe that Stein’s
extension theorem (Theorem 4 in Chapter VI of [28]) remains valid for functions in Lip(y, Z, W),
provided the Banach space V is finite dimensional. Indeed, following the method proposed by
Stein in [28], one uses the Whitney cube decomposition of V' \ X (originating in [29]) to define an
appropriately weighted average of the collection {¥, (-) : x € X} to give an extension ¥ of ¢ to the
entirety of V. Provided that V is finite dimensional, this approach and the corresponding estimates
carry across to our setting verbatim from Chapter VI in [28]. Only the given values of ..., ®)
at points x € X are used to define this extension; consequently, there is no dependence on the
dimension of the target space W.

Moreover, the operator A : Lip(y, %, W) — Lip(y, V, W) defined by mapping ¢ € Lip(y,Z, W)
to its corresponding weighted average ® € Lip(y,V,W) of the collection {®,(-) : x € X} is a
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bounded linear operator whose norm depends only on y and the dimension of V. That is,
there is a constant C = C(y,dim(V)) > 1 such that for any ¢ € Lip(y,Z, W), we have that
Al¢] € Lip(y, V, W) satisfies ||A[¢]l|Lipe.v.w) < ClI@lILipey.zw)- This is again a consequence of
a verbatim repetition of the arguments of Stein in Chapter VI of [28].

Suppose that B C X is a non-empty closed subset. A particular consequence of Stein’s extension
theorem (Theorem 4 in Chapter VI of [28]) is that any element in Lip(y, B, W) can be extended
to an element in Lip(y, X, W). Recall that it is unreasonable to expect uniqueness for such an
extension. We are interested in understanding when extensions of an element in Lip(y, B, W) to
Lip(y, Z, W) are forced to remain, in some sense, close throughout . We consider the following
problem. Given elements 3 = (@, ...,9®) and ¢ = (¢, ..., ") in Lip(y, Z, W), when does
knowing that ¢ and ¢ are, in some sense, ‘close’ on B ensure that 1 and ¢ remain ‘close’, in some
possibly different sense, throughout X.

The following Lipschitz Sandwich Theorem gives a condition for the subset B and precise mean-
ings for the notions of closeness to be considered between ¢ and ¢ on B and Z, respectively, under
which this problem has an affirmative answer.

Theorem 3.1 (Lipschitz Sandwich theorem). Let Vand W be Banach spaces, and assume that the
tensor powers of V' are all equipped with admissible norms (cf. Definition 2.1). Assume that X C V is
non-empty and closed. Let € > 0, (K, K,) € (Ryo X Ryg) \ {(0,0)}, and y > n > 0with k,q € Z,,
such thaty € (k,k + 1] andn € (q, q + 1]. Then, there exist constants &, = 8,(¢,K; + K,,7,1) >0
and €) = €4(¢,K; + K,,7,1) > 0 for which the following is true.

Suppose B C X is a closed subset that is a §-cover of Z in the sense that

X C U @V(x, 8p) = Bs, 1= {fv € V : There exists z € B such that ||[v — z||, < 6y} (3.1)

X€EB

Suppose P = (@, ...,9p®) 0 = (¢, ...,¢®)) € Lip(y, =, W) satisfy the Lip(y, =, W) norm esti-
mates ||P|lLipy = w) < K1 and |1@llLip 5wy < K. Further suppose that for every | € {0, ..., k} and
every x € B, the difference p{D(x) — p(D(x) € L(V®!; W) satisfies the bound

||¢”)(X) — <p”)(X)H (3.2)

< &)
cebw) S 0
Then, we may conclude that

(3.3)

||¢[q] B qo[q]‘ Lip(n,Z,W) <&

where Py i= (¥, ..., 9@) and ¢y 1= (¢, ..., 0 D).

Remark 3.2. The condition (K},K,) € (Ryo X Ryg) \ {(0,0)} is imposed to avoid having K; =
K, =0. Since K; = K, =0 means that ) =0= ¢, we see that in this case the content of
Theorem 3.1 vacuous.

Remark 3.3. Assume the notation as in Theorem 3.1. For any & > 0, we have that X is a
subset of its own S-fattening X5 :={v € V : Ip € T with ||v — p||, < 6}. Consequently, The-
orem 3.1 is valid for the choice B := X. For this choice of B, Theorem 3.1 tells us that there
exists a constant ¢, = ¢,(¢, K; + K,,7,7) > 0 for which the following is true. If = (¥, ..., ),
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¢ =(@9,...,9") € Lip(y,Z, W) with |[$|lpip,zw) <K and [19]lLpezw) < K, satisfy, for
every x € ¥ and every | € {0, ..., k}, that ||z,b(l)(x) - go(l)(x)|| ey < €ps then we may, in fact,
conclude that |[,) — ¢(g)l|Lipty =) < € Where Py 1= @O, ..., @) and gy 1= (2, ..., 9D).

Remark 3.4. Using the same notation as in Theorem 3.1, by taking ¢ = 0, we may conclude
from Theorem 3.1 that if ¢ = (¥, ...,9®) € Lip(y, =, W) satisfies both that |[||yie 2w <
K, and, for every | € {0, ..., k} and every x € B, that ||z,b(l)(x)||£(V®I;W) < &y, then we have that
g1l ILipy,zw) < €

Remark 3.5. Using the same notation as in Theorem 3.1, the estimates (3.2) throughout B are a
weaker condition than || — @||1ipq.,w) < &- The bound || — @|| iy ,w) < € implies that the
pointwise estimates in (3.2) are valid. But the converse is not true since the pointwise estimates in
(3.2) alone are insufficient to establish the required estimates for the remainder terms associated
to the difference 1 — ¢ (cf. Definition 2.2).

Remark 3.6. The restriction that 7 € (0,y) in Theorem 3.1 is necessary; the theorem is false
for n :=y. As an example, fix K(,¢ > 0 with ¢ < 2K, let § > 0 and consider a fixed N € Z;
for which 1/N < §. Define X :={0,1/N}CR and B :=X\ {1/N} = {0} C R. Then, we have
that £ c [-8,8], and so, B is a §-cover of ¥ as required in (3.1). Define ,¢ : £ > R by
P(0) :=0, p(1/N) :=K,/N and ¢(0) :=0, ¢(1/N) := —K,/N. Then, 9, p € Lip(1, Z, R) with
Pl Lipa,zwy = l@llLipazw) = Ko and P — ¢ = 0 throughout B, establishing the validity of the
bounds (3.2) for any ¢, > 0. However, |[(3 —¢)(1/N) — (@ — ¢)(0)] = 2K,/N = 2K,,|]1/N — 0],
which means that ||t — ¢|lpipa zr) = 2K, > €.

Remark 3.7. It may initially appear that the theorem should be valid for any fixed ¢, with ¢, < ¢
by suitably restricting §,,, rather than having to allow ¢, to depend on ¢,K; + K,,y and 7. But
this is not the case. If we only assume ¢, < ¢, then the estimates in (3.2) can even be insuffi-
cient to establish that || — @[|pipq,5w) < € For example, lety :=1,7 :=1/2, and fix 0 < ¢, <
¢ < 1 < K, such that 2¢,K,, > 2. Define x, := 2¢,/K, > 0 and consider = = B := {0, x,}. Define
P,p : Z— R by (0) := —¢,, P(xy) :=¢, and ¢(0) :=0=: ¢(x,). Then, ¥, € Lip(1, %, R),
with [|¢]|ipa,zr) = 0and [[PllLipa,zr) = Ko- Moreover, [ — ¢| = [§] < g, throughout X = B so
that the estimates (3.2) are valid. However, we may also compute that |(3 — ¢)(x,) — (¥ — ¢)(0)| =
2¢y = 2691/1/x91/1% — O] = /265K /| — O] 50 that || — |l 1ip1/28.8) = V260K > €.

The issue described in Remark 3.7 is only present when the cardinality of the subset B is greater
than 1, that is, when B contains at least two distinct points. When B consists of a single point, we
can, in fact, allow for an arbitrary ¢, € [0,¢) in Theorem 3.1 rather than having to allow ¢, to
depend on ¢, K; + K,y and 7. The precise statement is recorded in the following theorem.

Theorem 3.8 (Single-point Lipschitz Sandwich theorem). Let V and W be Banach spaces and
assume that the tensor powers of V are all equipped with admissible tensor norms (cf. Definition 2.1).
Assume that £ C V is closed and non-empty. Let e > 0, (K1,K,) € (Ryo X R5) \ {(0,0)}, 7 > 71 >0
with k,q € Z such thaty € (k,k + 1] and n € (q,q + 1], and 0 < gy < min{K; + K,, ¢}. Then,
there exists a constant 8, = 8,(¢, €y, K, + K,,v,1) > 0 for which the following is true.

Suppose p € Zand thatyp = (@, ...,9") and ¢ = (¢, ..., X)) are elements in Lip(y, =, W)
with ||PllLip;. sy < K1 and |19l Lipe.s,w) < Ky. Further suppose that for every | € {0, ..., k}, the
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difference pV(p) — pD(p) € L(V®!; W) satisfies the bound

[ - V)| £- (3:4)

<
LveLw) =

Then, we may conclude that

Hz/»[q] ~%lal | ‘Lip(n,ﬁv(p,ao) nzw) SE 3.5)

where Py i= (¥, ..., 9 @) and ¢y 1= (¢, ..., 0 D).

Remark 3.9. The condition (K},K,) € (Ryy X Ry4) \ {(0,0)} is imposed to avoid having K; =
K, =0. Since K; =K, =0 means that ) =0= ¢, we see that in this case the content of
Theorem 3.8 vacuous.

Remark 3.10. Using the same notation as in Theorem 3.8, by taking ¢ = 0, we may conclude from
Theorem 3.8 that if ) = (¢(0), s zp(k)) € Lip(y, X, W) satisfies both that ||9||1p 5 w) < K; and,

for every | € {0, ..., k}, that Hz,b(l)(p)H < g, then we have that H‘lp[q] H
€.

L= <
Lvelw) Lip(n,By (p,6y) N Z,W)

Establishing Theorem 3.8 will form the first step in our proof of Theorem 3.1.

Returning our attention to Theorem 3.1, the Lipschitz estimates obtained in the conclusion (3.3)
yield pointwise estimates for the difference @ — ¢(® : £ — W. In particular, we may conclude
that | ﬁb(o) —© | oW < €. However, such pointwise estimates can be established directly with-
out needing to appeal to Theorem 3.1. Moreover, this direct approach allows us to obtain estimates
for the difference ) — o) : £ — L£(V®; W) for every | € {0, ..., k}. An additional benefit is that
we are able to provide a more explicit constant §, for which we require the subset B C Z to be a
d,-cover of X. The precise result is recorded in the following theorem.

Theorem 3.11 (Pointwise Lipschitz Sandwich theorem). Let V and W be Banach spaces, and
assume that the tensor powers of V are all equipped with admissible norms (cf. Definition 2.1).
Assume that £ C V is closed. Let € > 0, (K1,K;) € (Ryg X Ry0) \ {(0,0)}, ¥ > 0 with k € Z,, such
that y € (k,k +1], and 0 < gy < min{K; + K,,e}. Then, given any |l € {0,...,k}, there exists a
constant 8, = (¢, &y, K; + K, v,1) > 0, defined by

8, = sup {9 >0 (K + K0 +,¢® < min{K, +K, , g}} >0, (3.6)

for which the following is true.
Suppose B C X is a ,-cover of Z in the sense that

zC U @V(x, &) = Bs, 1= {v € V : There exists z € B such that ||v — z||,, < &y} (3.7)
XEB

Suppose P = (PO, ...,9") o = (O, ..., ")) € Lip(y, X, W) satisfy the Lip(y, =, W) norm esti-
mates that ||P||pipe s w) < Ky and 19|l iipe.zw) < K, Further suppose that for every j € {0, ..., k}
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and every x € B, the difference ) (x) — pU)(x) € L(V®I; W) satisfies the bound

||¢(j)(x) - <p(”(x)|) < & (3.8)

LVRIW)

Then, we may conclude that for every s € {0, ..., [} and every x € X that

() () H
||¢ ) = || o) S & (3.9)
Remark 3.12. The condition (K;,K,) € (Ry X Ry,) \ {(0,0)} is imposed to avoid having K, =
K, =0. Since K; =K, =0 means that ) =0= ¢, we see that in this case the content of
Theorem 3.8 vacuous.

Remark 3.13. In contrasts to Theorem 3.1, we are able to deal with arbitrary ¢, < ¢ by suitably
restricting &,. The issue outlined in Remark 3.7 is no longer a problem in this setting since the
same notion of closeness is used in both the assumption (3.8) and the conclusion (3.9).

Remark 3.14. Assume the notation as in Theorem 3.11. For any § > 0, we have that X is a subset
of its own S-fattening £5 :={v € V : 3p € £ with ||v — p]||,, < 6}. Consequently, Theorem 3.11
is valid for the choice B := X. For this choice of B, Theorem 3.11 recovers the following triv-
ial statement. Letey < min{K; + K, &},1 €{0,...,k}and 9 = (@, ..,9p®) ¢ = (@, ...,p")) €
Lip(y, Z, W). Suppose that |[§||1ip xw) < K1 and ||@]|1ip 5 w) < K. Further suppose, for every

point x € X and every integer j € {0, ..., k}, that ||zp(j)(x) - qo(j)(x)H < ;. Then, we have,

LOVOIW)
; (s) —o® <

for every point x € X and every s € {0, ..., [}, that Hl,b x)—9 (x)||£(V®S;W) <e¢

Remark 3.15. Using the same notation as in Theorem 3.11, by taking ¢ = 0, we may conclude

from Theorem 3.1 that ifp = (¢, ...,9®)) € Lip(y, Z, W) satisfies both that ||| |1, 5wy < K

and, for every j € {0, ..., k} and every x € B, that Hz,b(j)(x)H < &y, then we have, for every

L(VeLw)
i (s)

s €10, ..., 1} and every point x € Z, that ||zp (x)HE(V@;W) <e¢

Remark 3.16. 1t follows from (3.6) that, for every I € {0, ..., k}, the constant &, = §,(, ¢y, K; +
K,,y,1) > 0is bounded above by 1. Moreover, if the constants ¢, €, K; + K,, and y remain fixed,
we may conclude that the constant §, specified in (3.6) is decreasing with respect to the argument
1 €10, ..., k} in the sense that the mapping | — 8,(c, €y, K; + K5, ¥, 1) is a decreasing function on
{0, ..., k}.

4 | COST-EFFECTIVE APPROXIMATION APPLICATION

In this section, we use the results presented in Section 3 to establish that, when the closed subset
¥ C Vis compact, an element ¢ € Lip(y, Z, W) can be, in some to be detailed sense, well approxi-
mated using only its values at a finite number of points in . We start with the following corollary
of the Lipschitz Sandwich Theorem 3.1 establishing that, when X C V is compact, ¢ can be well
approximated in the Lip(#, X, W)-norm sense using only the values of ¢ at a finite number of
points in X. The precise result is the following corollary.
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Corollary 4.1 (Consequence of the Lipschitz Sandwich Theorem 3.1). Let V and W be Banach
spaces, and assume that the tensor powers of V are all equipped with admissible norms (cf. Defini-
tion 2.1). Assume that = C V is compact. Let € > 0, (K1, K,) € (Ry X Ry) \ {(0,0)}, andy > 71> 0
with k,q € Z,, such thaty € (k,k +1] and n € (q,q + 1]. Let 6, = §,(¢,K; + K,,7,n) > 0 and
gy = g9(€, K, + K, 7,1) > 0denote the constants arising from Theorem 3.1, and let N = N(Z, ¢,K; +
K,,7,m) € Z denote the ,-covering number of . That is,

d
N :=min {d € Z : There exists x,, ..., Xq € Zsuch thatZ C U @V(xj, 50)}. 41)
j=1

Then, there is a finite subset Xy = {z,, ..., zy} C Z for which the following is true.

Suppose P = (0, ..., p0) ¢ = (¢©, ..., ") € Lip(y, =, W) satisfy the Lip(y,Z, W) norm
estimates that ||9||pipqzw) < K1 and ||@llLipy sw) < K. Further suppose that for every | €
{0,...,k} and every j € {1,..., N}, the difference p(z;) — ¢(z;) € L(V®'; W) satisfies the bound

0] 0]
[49z) = 02| |, gy < 5o “2)
Then, we may conclude that
Hll’[q] - <°[q]’ Lippzw) S & (4.3)

where Py i= (¥, ..., 9@) and ¢y 1= (¢, ..., 0 D).

Remark 4.2. In a similar spirit to Remark 3.4 and using the same notation as in Corollary 4.1,
by taking ¢ = 0, we conclude from Corollary 4.1 thatif ¢ = (zp<°), s zp(k)) € Lip(y, Z, W) satisfies

both [|§||pip(y zw) < K; and, forevery | € {0, ..., k} and every x € Zy, that Htp(l)(x)” < &,

LVeLw)

then we have that ||¢[q] | |Lip(n,Z,W) <Le.

Remark 4.3. When N € Z, defined in (4.1) is less than the cardinality of %, Corollary 4.1 guaran-
tees that we are able to identify a strictly smaller collection of points at which the behaviour of a
Lip(y, Z, W) function determines the functions Lip(n)-behaviour up to an arbitrarily small error
over the entire set . That is, using the notation of Corollary 4.1, if F € Lip(y, Zy, W), then any
two extensions ¢ and ¢ of F to elements in Lip(y, Z, W), with Lip(y, Z, W)-norms bounded above
by K; and K, respectively, can differ, in the Lip(7)-sense, by at most ¢ throughout X.

A particular consequence of this is that a function in Lip(y,Z, W) can be cost-effectively
approximated. Thatis, lets = (¢, ...,®)) € Lip(y, Z, W) with [|9]|1;,¢, 5w < K; and suppose
that we want to approximate ¥ in a Lip(n,Z, W)-norm sense. Then, Corollary 4.1 guaran-
tees us that any ¢ = (¢, ...,0®) € Lip(y, =, W) with ||¢]|pip, zw) < K, will satisfy that
%141 — P1q1llLipey.zw) < € provided we have, for every point x € Zy and every I € {0,...,k},

that HI,D(D(X) - ¢(l)(x)| |£(V®’;W)

Lip(»n, Z, W)-norm sense can be reduced to needing only to approximate ¢ in a pointwise sense at
the finite number of points in the subset Z.

< g. Thus, the task of approximating 3 throughout X in the
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Remark 4.4. We illustrate the content of Remark 4.3 via an explicit example. For this purpose,
let y > 0 with k € Z,, such that y € (k,k + 1]. Fix a choice of 7 € (0,7) and let g € Z, such
that 7 € (q, g + 1]. Consider fixed Ky, ¢ > 0 and d € Z,,,. Take V := R? equipped with its usual
Euclideannorm || - ||,, take 2 := [0,1]¢ C R? to be the unit cube in R¢ and take W := R. Observe
that the norm || - ||, is induced by the usual Euclidean dot product (-, -}z« on R%. Equip the tensor
powers of R¢ with admissible norms in the sense of Definition 2.1 by extending the inner product
(-, -)ra to the tensor powers, and subsequently taking the norm induced by the resulting inner
product on the tensor powers (cf. Section 2). Introduce the notation, for x € R¢ and r > 0, that
BYx,r) :={yeRd : ||x—yll, <r}.

Retrieve the constants 6, = §,(¢, Ky, ¥, 1) > 0and ¢, = €4(¢, K, ¥,1) > Oarising in Corollary 4.1
for these choices of ¢, ¥ and 7, and for both the constants K; and K, there are K, here. Let N =
N([0,1]4, ¢, Ky,7,1m) € Z denote the §,-covering number of [0, 1]4. That is,

m
—d
N :=min {m € Z : There exists xy, ..., X, € [0, 1]¢ such that [0,1]¢ U B (xj,éo)}.

Jj=1
(4.4)
We first claim that N defined in (4.4) satisfies that
d d
N<2—<1+l> : 4.5)
Wy 8o

where w, denotes the Euclidean volume of the unit ball B%(0,1) c R
To see this, observe that the §,-covering number of [0,1]¢ is bounded from above by the §,-
packing number of [0, 1]¢ defined by

Npack(ao; [0’ l]d, [Rd) =

max {m € Z : There exists x4, ..., X, € [0, 1]¢ such that llx; = x;ll, > &, whenever i # j}.
(4.6)

Suppose X1, ..., XN e (80.0,114,R4) € [0, 1]¢ satisfy the condition specified in (4.6), that is, that when-
everi,j € {1, ..., Ny (8o, [0, 1]%, R®)} with i # j we have ||x; — x;||, > &,. A consequence of this
is that the collection of balls {B4(x;,8,/2) : i € {1,... + Npack (8, [0, 119,R%)} } are pairwise dis-
joint. Moreover, the disjoint union of this collection of balls is a subset of the cube [-5,/2,1 +
8y/2]%. Hence, a volume comparison argument yields that N, (8o, [0,1]%,R?) defined in (4.6)
satisfies that

N 501de<2d1 1) 4.7
pack(O![’], )\w_d +5—0 . 4.7

The estimate claimed in (4.5) is now a consequence of N < Np, (8, [0, 11¢,R4) and (4.7).

Definem € 7, by
2 1\°
m ;= min neZ:n;—(1+—> . (4.8)
@q 8o

85UB0|7 SUOWIWOD BAReID 3[qeolidde au Aq peuenof a1 SapIMe O ‘88N JO SeIN. 0} AReid 1 8UIJUO AB]IM U (SUO R IPUOD-PUR-SWLBY 0" A3 | 1M ARe1q 1[oU1UO//SY) SUORIPUOD PUe SWe 18U} 885 *[5202/60/02] U0 Arigiauliuo A|im 1581 Ad TZTOL SWI(/ZTTT OT/10p/woo" 43| AReid 1 pU1UO"d0SUTRWPUO //'SANY WO1) pepeo|umoq ‘€ ‘SZ0Z ‘0SLL69YT



16 of 53 | LYONS and MCLEOD

Choose distinct points xi,...,X,, € [0,1]9. Then, via (4.5) and (4.8), we see that
—d . .
[0’ 1]d - UTle (xj’ 50) Let 1/) = (lp(o)a 5zp(k)) € Llp(y’ [0’ 1]d5 R) Wlth ||¢||Lip(y,[0,1]d,R) < KO'
Then, Corollary 4.1 tells us that if ¢ = (p©,...,9p®) e Lip(y,[0,1]¢,R) satisfies both
that [1¢llyipy jo11dr) <Ko and, for every je€ {1,...,m} and every [€{0,..,k}, that
16D ) = PN ayoimy < €os then 1P = @1l Lipey0114r) < &
Therefore, in order to approximate ¢ up to an error of ¢ in the Lip(, [0,1]¢, R)-norm sense,
we need only find ¢ = (¢(©), ..., 9®) € Lip(y, [0, 1]9, R) satisfying both that [|®|| 1, [0.11d.2) < Ko
and, for every j € {1,...,m} and every [ € {0, ..., k}, that

DOy — oDy
[[#90) = V0| maroiey < 5o (4.9)
That is, up to an error of magnitude ¢ > 0, the Lip(n)-behaviour of ¢ throughout the entire cube
[0,1]¢ is captured by the pointwise values of ¢ at the finite number of points x,, ..., x,,, € [0, 1],
and we have the explicit upper bound resulting from (4.8) for the number of points m that

are required.

‘We now provide a short proof of Corollary 4.1 using the Lipschitz Sandwich Theorem 3.1.

Proof of Corollary 4.1. Let V and W be Banach spaces, and assume that the tensor pow-
ers of V are all equipped with admissible norms (cf. Definition 2.1). Assume that £ C V is
compact. Let € > 0, y > n > 0 with k,q € Z,, such that y € (k,k + 1] and n € (q,q + 1], and
(K1,K;) € (Ryg X Ryg) \ {(0,0)}. Retrieve the constants &, = 8,(¢, K; +K,,y,7) >0 and ¢, =
go(e, K, + K,,y,m) > 0 arising from Theorem 3.1 for these choices of ¢, K, K,, y and 7. Note that
we are not actually applying Theorem 3.1, but simply retrieving constants in preparation for its
future application. Define N = N(Z,¢,K; + K,,7,7) € Z, to be the §y-covering number for Z.
That is,

a
N :=min {a € Z : There exists x;, ..., x, € Zsuch that X C U @V(xj, 50)}. (4.10)
Jj=1

The compactness of X ensures that N defined in (4.10) is finite. Let z, ..., zy, € Z be any collection
of N points in X for which

N

zc By (z;, 8. (4.11)
j=1

Set ZN = {Zl’ e ,ZN}.

Let p = (9©,...,9®) 0 = (99, ...,¢")) € Lip(y, =, W) satisfy the Lip(y,%, W) norm esti-
mates that |[P]]Lip.xw) < Ky and |1@]luip 5 w) < K,. Suppose that for every I € {0, ..., k} and
every j € {1,..., N}, the difference $(z;) — ¢(z;) € £L(V®'; W) satisfies the bound

[#0c) -] £ (412)

S
LVeLW)
Then, (4.11) and (4.12) enable us to appeal to Theorem 3.1, with B := X, to conclude g —

1)l ILiptyzw) < € where Py 1= (@, ..., @) and @) 1= (¢©, ..., ¢@). This is precisely the
estimate claimed in (4.3). This completes the proof of Corollary 4.1. O
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If we weaken the sense in which we aim to approximate 3 to the pointwise notion consid-
ered in the Pointwise Lipschitz Sandwich Theorem 3.11, then we are able to establish the following
consequence of the Pointwise Lipschitz Sandwich Theorem 3.11 when the subset £ C V' is compact.

Corollary 4.5 (Consequence of the Pointwise Lipschitz Sandwich Theorem 3.11). Let V and W
be Banach spaces, and assume that the tensor powers of V are all equipped with admissible
norms (cf. Definition 2.1). Assume that = C V is compact. Let €,y > 0, with k € Z, such thaty €
(k,k +1], (K;,K,) € (Ryg X Ryg) \ {(0,0)}, and 0 < gy < min{K, + K,,e}. Given | € {0, ..., k}, let
8y = Oy(€, &9, K, + K, 7,1) > 0 denote the constant arising from Theorem 3.11 (cf. (3.6)). Let N =
N(E,e,60,K; + Ky, 7,1 € Z,, denote the 8y-covering number of Z. That is,

d
N :=min {d € Z . There exists x,, ..., Xqg € Zsuch thatZ C U @V(xj, 50)}. (4.13)
j=1

Then there is a finite subset Xy = {zy, ..., Zy} C Z for which the following is true.

Let p = (99, ...,9®) 9 = (9, ..., ) € Lip(y, =, W) satisfy the Lip(y,=, W) norm esti-
mates ||P||Lipe sw) < Ky and [1@]lLipe zw) < K,. Suppose that for every i €10, ..., k} and every
Jj €1{1,...,N}, the difference p(z;) — ¢(z;) € L(V®'; W) satisfies the bound

[EACHELRIEN] < <. (4.14)

LVesW)

Then, we may conclude that for every s € {0, ..., [} and every x € X that

O (x) — ®
[#9) = V@) gy < (415)
Remark 4.6. In a similar spirit to Remark 3.15, and using the same notation as in Corol-
lary 4.5, by taking ¢ =0, we may conclude from Corollary 4.5 that if p = (©,...,p®) e
Lip(y, Z, W) satisfies both that |[]|1, 5 w) < K; and, for every j € {0, ..., k} and every x € Zy,

b 1900,
996 <

£(V®S;W)

< gy, then we have, for every s € {0,...,1} and every point x € Z, that

Remark 4.7. When N € Z, defined in (4.13) is less than the cardinality of X, Corollary 4.5 guar-
antees that we are able to identify a strictly smaller collection of points 2, such that the behaviour
ofa Lip(y, %, W) function F = (F(O), ,F(k)) on Xy determines the pointwise behaviour of Fjj; =
(F(O), ,F(l)) over the entire set ¥ up to an arbitrarily small error. That is, using the notation of
Corollary 4.5, if F € Lip(y,Zy, W) and 3 = (p©,...,9®) and ¢ = (¢, ..., pX) are both exten-
sions of F to Lip(y, Z, W), with Lip(y, %, W)-norms bounded above by K; and K,, respectively,
then for every s € {0, ..., 1}, the functions % and ¢’ may only differ, in the pointwise sense, by
at most € throughout X.

Similarly to Remark 4.3, a particular consequence is that a function in Lip(y,Z, W) can be
cost-effectively approximated in a pointwise sense. That is, let ¢ = (¢(O), s z,b(k)) € Lip(y,Z, W)
with [[9]lip 5wy < Kq and suppose, for some [ € {0, ..., k}, that we want to approximate the
functions %@, ..., %" throughout £ in a pointwise sense. Then, Corollary 4.5 guarantees that
any ¢ = (¢, ...,9®) € Lip(y, £, W) with [|¢][1i, 5w < K, will satisfy, for every x € £ and
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every s € {0, ..., [}, that Hgb(s)(x) — go(s)(x)| |£(V®S'W) < ¢ provided we have, for every point x € Xy

and every j € {0, ..., k}, that ||zp(j)(x) - qo(f)(x)” < gy. Thus, the task of approximating

LVBI;W)
the functions %@, ..., @ throughout X in a pointwise sense can be reduced to needing only to
approximate ¥ in a pointwise sense at the finite number of points in the subset Zy.

Remark 4.8. We illustrate the content of Remark 4.7 via an explicit example. The explicit example
is in the same setting considered in Remark 4.4. Let d € Z,,,, take V := R? equipped with its
usual Euclidean norm || - ||,, take = := [0,1]¢ C R to be the unit cube in R¢ and take W := R.
Observe that the norm || - ||, is induced by the usual Euclidean dot product (-, -)za on R%. Equip
the tensor powers of R with admissible norms in the sense of Definition 2.1 by extending the
inner product (-, -)gra to the tensor powers, and subsequently taking the norm induced by the
resulting inner product on the tensor powers (cf. Section 2). As introduced in Remark 4.4, we use
the notation, for x € R? and r > 0, that B4(x,r) :={y € R¢ : ||x —y||, < r}.

Let y > 0 with k € Z, such that y € (k,k + 1]. Consider fixed Ky,e > 0, | €{0,...,k} and
0 < gy < min{2K,), €}. Retrieve the constant &, = §,(¢, €y, K, 7, 1) > 0 arising in Corollary 4.5 for
these choices of ¢, ¢y, ¥, and [, and for both the constants K; and K, there as K, here. Let
N = N([0,1]%, ¢, €0, Ko, 7,1) € Z, denote the §,-covering number of [0, 1]4. That is,

m
—d
N :=min {m € Z : There exists xy, ..., X, € [0, 1]¢ such that [0,1]¢ c U B (xj,50)}.

j=1
(4.16)
Following the method used in Remark 4.4 to obtain (4.5) verbatim enables us to conclude that
d d
N < 2—<1+ i) , (417)
Wy Sy

where w, denotes the Euclidean volume of the unit ball B(0, 1) c R%. Define m € Z,, by

2 1\
m .= min neZ:n>—<1+—> . (4.18)
@4 8o

Choose distinct points xi,...,x,, € [0,1]¢. Then, via (4.17) and (4.18), we see that
—d . .
[0,1]¢ c U’j?“zl[EB (xj,6p)- Let 9 = (zp("),...,zp(k)) € Lip(y,[0,1]4, R) with NP1 Lipey j0.114,8) < Ko-
Then, Corollary 4.5 tells us that if ¢ = (qo(o),...,cp(k)) € Lip(y,[0,1]¢,R) satisfies both
that [1llyipy o17¢r) <Ko and, for every i€ {1,...,m} and every je€{0,..,k}, that
WD(x.) — oD (x,
[#9G) = 0P| s
(s) —o®
have”1p x)—¢ (x)Hﬁ((Rd)@;R) <e.
Therefore, in order to approximate (%, ..., () up to an error of ¢ in a pointwise sense, we need

onlyfind ¢ = (¢©,...,¢®) € Lip(y, [0, 1]%, R) satisfying both that ||¢|| i, j0.11¢.r) < Ko and, for
every i € {1,...,m}and every j € {0, ..., k}, that

<¢g,, then, for every x € [0,1]¢ and every s€{0,...,1}, we

HIPU )(x;) - fp(j)(xi)H (4.19)

<L Eg.
L(Ra®iR) S 0
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That is, up to an error of magnitude ¢ > 0, the pointwise behaviour of the functions ¢, ..., p®*)
throughout the entire cube [0,1]¢ is captured by their pointwise values at the finite number of
points xi,...,X,, € [0,1]¢, and we have the explicit upper bound resulting from (4.18) for the
number of points m that are required.

We end this section with a short proof of Corollary 4.5.

Proof of Corollary 4.5. Let V and W be Banach spaces, and assume that the tensor powers of
V are all equipped with admissible norms (cf. Definition 2.1). Assume that £ C V is compact.
Lete,y > 0,withk € Z, such thaty € (k,k + 1], (K;,K,) € (Ryo X R50) \ {(0,0)}, and 0 < g <
min{K; + K,,e}. Given!l € {0, ..., k}let §, = (e, £y, K| + K,,7,1) > 0denote the constant arising
from Theorem 3.11 for these choices of ¢, €, K;, K,, y and l. Note that we are not actually applying
Theorem 3.11, but simply retrieving a constant in preparation for its future application. Define
N =N(G,¢e¢y, K, +K,,7,1) € Zyy to be the §,-covering number of £. That is,

a
N :=N.,(&,V,8,) = min {a € Z : There exists Xy, ..., X, € X such that Z C U @V(xj, 50)}.
j=1
(4.20)
The compactness of X ensures that the integer N defined in (4.20) is finite. Let z;, ..., zy, € X be

any collection of N points in X for which

N

z c |JBu(z;.60). (4.21)
Jj=1

Set ZN = {Zl’ ,ZN}.

Now suppose thatboth g = (@, ...,9®) @ = (¢, ...,¢®)) € Lip(y, =, W) have their norms
bounded by K, and K,, respectively, that is, |||y 5wy < Ky and [|@]lyipe zw) < K,. Further
suppose that for every i € {0, ...,k} and every j € {1,...,N}, the difference $(z;) — ¢')(z)) €
L(V®: W) satisfies the bound

D(z.)— oO(z.
[49@) = @] ey, <o (422)
Together, (4.21) and (4.22) provide the hypotheses required to allow us to appeal to Theorem 3.11

with the subset B of that result as the subset X5, here. A consequence of doing so is that, for
every s € {0,...,1} and x € Z, we have that Hgb(”(x) - qa(S)(x)HE(V@'W) < € as claimed in (4.15).
This completes the proof of Corollary 4.5. ’ O

5 | REMAINDER TERM ESTIMATES

In this section, we establish the following remainder term estimates for a Lip(y) function which
will be particularly useful in subsequent sections.

Lemma 5.1 (Remainder term estimates). Let V and W be Banach spaces, and assume that
the tensor powers of V are all equipped with admissible norms (cf. Definition 2.1). Assume that
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I' C V is closed. Let p > 0 with n € Z, such that p € (n,n + 1], let © € (0, p) and suppose P =
(¢(0), ...,¢(")) € Lip(p, T, W). Forl € {0, ..., n}, let Rzp : TxT — L(V®; W) denote the remainder
term associated to P (cf. (2.9) in Definition 2.2). If @ € (n, p), then for every | € {0, ..., n}, we have
that for every x,y € I' with x # y that

[

o1
[y = x|y,

LOVOLW)

<min { diam(T¥~ , G(o,6,L,1) }I1¥ll1ip(or.) 5.1)

where G(p, 0,1,T) is defined by

n—l
. _ 1 rs
G(p,6,1,T) := f =0 = (1 = . 5.2
(o ) re(O,IdIilam(F)) {max {r r9—1< + SZ{) 3 ) } } (5.2)

If 6 € (0, n] (which is only possible if n > 1), then let q € {0, ... ,n — 1} be such that 6 € (q,q + 1].
Foreachl € {0,...,q}, let R;’b : IT'xT — £(V® W) denote the alteration of the remainder term R;p
defined for x,y € T and v € V®! by
n—l 1
RG] =RVl + Y <o @ (v - 0%, (5.3)

s=q—14+1 """

Then, foreveryl € {0, ..., q} and every x,y € T with x # y, we have that

5%
e ', giam(ry
l LVOLW) . . ) diam(T")!
< min < diam(I)°~ + — <  H(p,6,lT ~ ,
T |€_l { @ i:§q+1 =D (o ) ¢ 1Pl Lipeo,rw)

(5.4)
where H(p, 0,1,T) is defined by

i i-0 a-l

. 1 r
H(p,0,1,T) := f =0 4 r __ —~—(1+YL . (55
(e ) re(O,IdIilam(F)) {max {r i:§+'1 (i—=10" po-l ng) s! (5:5)

Proof of Lemma 5.1. Let V and W be Banach spaces, and assume that the tensor powers of V'
are all equipped with admissible norms (cf. Definition 2.1). Assume that T’ C V is closed and that
p > 0 with n € Z,, such that p € (n,n + 1]. Suppose that, for | € {0, ..., n}, we have functions
PO : T = £(V®; W) such that p = (Y@, ..., ™) defines an element of Lip(p, I, W). For each
1€{0,...,n}, define R;p :I'XT = L(V®; W) forx,y e Tand v € V& by

n—l

RG] =300l - ¥, 4w e o -0, (56)

s=0 "
We claim that the estimates (5.1) and (5.4) are immediate when |[9||1p(o.r,w) = 0. To see this,
note that if ||9||ipo.r.wy = 0, then for each | € {0, ..., n}and any x € T', we have that ()(x) = 0in

L(V®, W). Consequently, for each I € {0, ..., n}and any x, y € T, we have via (5.6) that Rzp (x,y) =
0in £(V®; W). When 6 € (n, p), this tells us that the estimate (5.1) is true since both sides are zero.
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When 6 € (0, n] (which is only possible if n > 1), then, if g € {0, ...,n — 1} is such that 6 €
(q,q + 1], for each I € {0, ..., q} and any x,y € T, we have via (5.3) that the alteration R;’b of R;p

satisfies that E?b(x, ¥) =0 in £(V®!; W). Hence, the estimate (5.4) is true since both sides are
again zero.

If [1$llLip(o,r,wy # O, then by replacing ¢ by P /|1¥llLip(,r,w), it suffices to prove the esti-
mates (5.1) and (5.4) under the additional assumption that |[|[ip, rw) = 1. As a consequence,
whenever | € {0, ..., n} and x,y € T, we have the bounds (cf. (2.8) and cf. (2.10))

® [P <1 and (D RG] <ly=xlIf" 67

LeLw) LveLw)
Firstly suppose 6 € (n, p) and letl € {0, ..., n}. For any x,y € I, we have that

(I1) of (5.7)

14 P = v = 11”1y — 116
R G| oy < My =I5 = 1y = x5 lly =I5 (5:8)
A first consequence of (5.8) is
P ; 0=0111) _ +[16-1
|[RF G| oty < diam@P1ly = xlf (5.9)

A second consequence of (5.8) is that, for any fixed r € (0, diam(I)), if ||y — x||;, <, then

|[RY G| <y = xlIf . (5.10)

LVeLw)
If ||y — x||;, > r, then we use (5.6) and that the tensor powers of V' are equipped with admissible
norms (cf. Definition 2.1) to compute for any v € V®! that

n—l
[, 2 [eorsl], + 5 2swen-o]],
=07

(1) of (5.7) n-l

1 .
< lollyer + Y, Filly =l lllver
& ]!

n—-l .
—(6-1 r/ 6-1
<r ><1+Zﬁ>||y—x||v ollyer-

In the last line, we have used that, for any j € {0, ...,n — I}, that ||y — x| |{,_(6_l) < ri==D Thisis
itself a consequence of the facts that for any j € {0, ...,n — [} that j — (6 — ) < n — 6 < 0, and that
r < ||y — x||y. By taking the supremum over v € V®! with unit V®! norm, we may conclude that
when ||y — x||, > r, we have

n—l
[y < (1 5 o= e
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By combining (5.10) and (5.11), we deduce that for every x,y € T, we have

IIRE"<x’y>I|W®z;W><maX{ ( +Z )}Hy—xni-l- (:12)

Recall that the choice of r € (0, diam(I")) was arbitrary. Consequently, we may take the infimum
over the choice of r € (0, diam(I")) in (5.12) to obtain that whenever x # y, we have

P
R (X,y) —
1 ®1.
|| ||£(V W) < inf max { r*~9, 2 . (5.13)
[y — x||€—l re(0,diam(T)) r9 -1 fours
If we define
1 n—l s
G(p,6,L,T) := inf max<{ r° ¢, — 1+ - , (5.14)
re(0,diam()) ro-1 i g
s=0

then (5.9) and (5.13) yield that

=" e 2|

o1
Iy = xII};

LVSLW)

< min {diam(r)p‘e, G(p,6,1, r)}. (5.15)

The arbitrariness of [ € {0, ..., n} and the points x,y € T with x # y mean that (5.15) establishes
the estimates claimed in (5.1) for the case that ||9||iporw) = 1.

Now assume that 0 < 6 < n < p < n+ 1 which requires n > 1. Let g € {0,...,n — 1} be such
that® € (q,q + 1]. Foreachl € {0, ..., g}, let R;p :I'XTl' > £(V®l, W) denote the alteration of the

remainder term R;’b defined for x,y eT"'and v € vel by

RY (x, p)[v] := R (x, p)[v 2 S e ¢ -0, (516)

sql+1

Letl € {0,...,q},x,y € T'and v € V®!, Recalling that the tensor powers of V" are all equipped with
admissible norms (cf. Definition 2.1), we may compute that

n—l

HR?(XJ’)[U]HW (Sé@ ||R;p(x,y)[v]HW + ) %Hzp(l”)(x) [0® (y — )%
s=q—14+1""

»
( p—l N
lly —xIIy, + Z —||y x5 |lollyer

sql+1

n
-0 i—
:<||y—x||‘; + 2o l),ny— ||1V9>||y—x||vl||v||mz.

i=q+1
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By taking the supremum over v € V®! with unit V®! norm, we may conclude that
n i—6
) || p@ ||y_x||V 6l
1R || iy < <||y I+ X =g I =i (5.17)
i=q+1

A first consequence of (5.17) is that

R (x,y) diam(ry=o + Y SO e (518)
H l x’y||£(v®lw) iam 1%1 D) Ny = x|}, )

Now consider a fixed choice of constant r € (0, diam(T")). If ||y — x||;, < r, then a consequence of
(5.17) is that

[ I () [ o)

If ||y — x||, > r, then we may first observe via (5.6) and (5.16) that for any v € V®!, we have
q—l
RY(x,y)[v] = pP)[v] - 2 O - 0. (5.20)

—0

We may use (5.20) and that the tensor powers of V' are equipped with admissible norms (cf.
Definition 2.1) to compute for any v € V®! that

-1
e, < o], + jZ ke v -0,

-1 -1 .
7 S ; S
J —(6-1 06—l
< vllye + zoﬁlly—xllvllvllmz <r )<1+ 207 y = xIly " [vllyer
J= J=

For the last inequality, we have used that, for any j € {0, ..., q — I}, that ||y — x| |{,_(6_l) < ri=-D,
This is itself a consequence of the facts that for any j € {0,...,q— 1} that j— (0 -1)<qg—-06<
0, and that r < ||y — x||,.. By taking the supremum over v € V®! with unit V® norm, we may
conclude that when ||y — x||; > r, we have

q-1
Y -(6-D 01
|[RY G| ot <7 <1 20 )ny x|I5 (5.21)
Together (5.19) and (5.21) give that for every x,y € T with x # y, we have

R (x) o
HRI Yy szai@l;w) < {rp 64 Z R <1+qzl%>} (5.22)

61
”y_x”V i= q+1 s=0
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Recall that the choice of r € (0, diam(I")) was arbitrary. Consequently, we may take the infimum
over the choice of r € (0, diam(T")) in (5.22) to obtain that whenever x # y, we have

J#¢ce)|

_ -1
Iy = xIly,

LVOLW)

< H(p,6,1,T) (5.23)

for H(p, 6,1,T) defined by

1 i—6 q-! s

. _ 1 r
H(p,0,L,T) := f ) Yl L) . (524
(b ) re(O,tlrilam(F)) {maX {r i=gt1 (i-=10D " ré-l fourd s! ( )

Together (5.18) and (5.23) yield

5%
R (x,y) noo. i—6
1 .y m i
H HE(V@’ ) < min { diam(T)P~% + E —d1a- (D) , H(p,6,1,T) ». (5.25)
Iy - x[[! L =D
y 74 i=q+1

The arbitrariness of [ € {0, ..., g} and the points x,y € I’ with x # y mean that (5.25) establishes
the estimates claimed in (5.4) for the case that ||| ILip(o,r,wy = 1. This completes the proof of
Lemma 5.1. |

6 | NESTED EMBEDDING PROPERTY

In this section, we establish that Lipschitz spaces are nested in the following sense. Let V and W be
Banach spaces and assume that the tensor powers of V are equipped with admissible tensor norms
(cf. Definition 2.1). Let p > 6 > 0 and " C V be a closed subset. Then Lip(p, I, W) C Lip(6,T, W).
This nesting property is established by Stein in his original work [28], whilst Theorem 1.18 in
[1] provides a formulation in our particular framework. To elaborate, if we let i) € Lip(p, T, W),
q € Z5, such that 6 € (g,q + 1], and P = @O, ...,9@), then P1q) € Lip(6, T, W). But it is not
necessarily true that ||;q)lLipe,rw < 1 Lip(o,rw-

For example, consider I :=[-1,1]CR and define functions ¢ : I - R and »® :
I = L(R;R) by 9p©O(x) :=x? and pP(x)[v] : = 2xv, respectively. Let 3 = (3, 1), Then,
the associated remainder terms are Rg(x, y) :=9pOF) — pO(x) — pD(X)[y — x] = (y — x)?
and R’f(x,y)[v] = pMG)[v] = PpD(x)[v] = 2(y — x)v. It follows that ¢ € Lip(2,T,R) with

1
1#llLipere = 2. However, RY(=1,1)[v] =40 =2v2|1 = (=D|v, and so. |[Pllipe/are =
2V2= V2l Il re.
In the following Lipschitz Nesting Lemma 6.1, we provide an explicit constant C > 1 for which
the estimate || - [|p,r,w < ClI - llLipo,r,w holds. The constant C is more finely attuned to the
geometry of the domain I' than the corresponding constant in Theorem 1.18 in [1].

Lemma 6.1 (Lipschitz nesting). Let V and W be Banach spaces, and assume that the tensor
powers of V are all equipped with admissible norms (cf. Definition 2.1). Assume that T CV is
closed. Let p > 0 with n € Z, such that p € (n,n+ 1], and 6 € (0, p) with q €10, ..., n} such
that 6 € (q,q + 1]. Suppose that P = (P, ...,9™) € Lip(p, T, W). Then, Py = @, ...,.9D) €
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Lip(6,T, W). Further, if 6 € (n, p), then we have the estimate that
||¢[q] | |Lip(6,F,W) <max {1, min{1+e, diam (@Y} } [19lLiporw- (6.1)
If6 € (0, n], then we have the estimate that

|’¢[q1|

Liperayy S PG, CoHIPLiporw (6.2)

where C1,C, > 0 are constants, depending only on diam(T'), p and 6, defined by
S diam (T)/~
C, :=max<{ 1, min< 1+e, diam ()" + Z _ (6.3)
j=q+1 (] - Q)'
and

C, = max { 1, min {1 + e, diam (I')7" } } (1 + min {e,diam (I')" }) (1 + min {e, diam(T)})" =Y,
(6.4)
Finally, as a consequence of (6.1) and (6.2), for any 8 € (0, p), we have the estimate

Hﬁb[q]'

Liperw) S @+ lPlLipeo.rw- (6.5)

Remark 6.2. The integers n,q € Z, are determined by p and 6, respectively. Consequently, any
apparent dependence on n and g in (6.3) and (6.4) is really dependence on p and 9, respectively.

Remark 6.3. We can have equality in (6.1). To see this, let ' :=[—1,1] CR and define
P© T = R by pO(x) :=x%, @ : T - LR;R) by pD(x)[v] := 2xv, Ry(x,y) :=pO(y) —
POx) —pD[y —x] = (y = x)* and R,(x,y)[v] := PP @)[v] — pD(x)[v] = 2(y — x)v. Then,
P = (9@, pM) € Lip2,I,R) with [[$|lppo,re =2. However, R;(=1,1)[v] =4v =2v/2|1 -
(=120 and 50 [[Bll1jp/5,0 = 2V2 = V2Ill1jp(a.r. Here, diam(T) =2, p = 2 and 6 = 3/2.
Thus, we observe that 1 < diam (I‘)2_ = \/5 < 1 + e, which establishes equality in (6.1).

Remark 6.4. We can have equality in (6.2). As an example, let I' := {0,1} C R and define »© :
I = R by $©(0) := —A and »©@(1) := A for some A > 0, and define ™ : I' > L(R;R) by
PpD(x)[v] := Av for every x € I'. Then, given x,y € T

A ifx=0,y=1
YO0 -9 - 9Py —x] =4-4 ifx=1y=0 (6.6)
0 ifx =y.

It follows from (6.6) that = (¢, () € Lip(2,T, R) with [[9||;pcrr = A. Moreover, we also
have that 3y = %© € Lip(1, T, R) with | |9 |Liprgy = 24 = 2|1¥llLiper - Here, diam(T) = 1,
n=1,p=2,0=1and g = 0. Consequently, both C, defined in (6.3) and C, defined in (6.4) are
equal to 2. Hence, min {C;, C,} = 2, and so, we have equality in (6.2).
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Proof of Lemma 6.1. Let V and W be Banach spaces, and assume that the tensor powers of V" are all
equipped with admissible norms (cf. Definition 2.1). Assume that T' C V is closed. Let p > 0 with
n € Z, such that p € (n,n + 1], and let 6 € (0, p) with g € {0, ..., n} such that 6 € (q,q + 1]. To
deal with the case that 8 € (n, p), we first establish the following claim.

Claim 6.5. Suppose V and W are Banach spaces, and that the tensor powers of V are all equipped
with admissible norms (cf. Definition 2.1). Assume that D C V is closed. Let A > 0 with m €
Z, such that A € (m,m +1], and o € (m,4). If ¢ = @9, ...,¢") e Lip(A, D, W), then ¢ €
Lip(c, D, W), and we have the estimate that

191100 <max {1, min {1+e, diam D)™} } 119ll1ip1 00 6.7)

Proof of Claim 6.5. For each | € {0, ..., m}, define Rf :DXD - L(VO, W) forx,yeDandv €
V®l by

HESIE LRI 2 S#00 [ve -0 (68)

Since the estimate (6.7) is trivial when ||¢| lLip,pw = 0, we need only establish the validity of (6.7)
when [|¢||ip1,p,w # 0. Butin this case, by replacing ¢ by ¢/119||ip1, p,w» it suffices to prove (6.7)
under the additional assumption that |[¢||pip pw = 1.

A consequence of ¢ € Lip(4, D, W) with |[@]|1j,1,p,w = 11is that, whenever | € {0, ..., m} and
X,y € D, we have the bounds (cf. (2.8) and (2.10))

® |0 <1 and (D) |[RfGey)| <ly=xli (69

LVeLW) LVOLW)

Given any [ € {0, ..., m} and any point x € D, we can conclude from (6.8) that R;p(x, x) =0 in

£(V® Ww). Hence, controlling the L£(V® W) norm of the remainder term R;p is trivial on the
diagonal of D X D.

Given any [ € {0, ..., m}, we now estimate the £(V®l; W) norm of R;p off the diagonal of D x
D. For any points x,y € D with x # y, we apply Lemma 5.1, recalling that [|¢||;,1pw = 1, to
conclude that (cf. (5.1))

HRf(x’y)Hc(v@-W) 21—
E < min { diam (DY, 6(4,0,1.D) }, (6.10)
lly —xIIy,

where G(4, 0,1, D) is defined by

m—l
S
G(L,o,LD):= inf max{ o, (14 Y L : (6.11)
re(0,diam(D)) yo—l = s!

We now prove that

min {diam (DY~,G6(, 0,1, D)} <l+e (6.12)
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If diam(D) < 1, then (6.12) is obtained by observing that
min {diam (D)’l_, G,0,1, D)} < diam (D)/l_ <l<l+e.

If diam(D) > 1, then (6.12) is obtained by observing that

m—l
min {diam(D)ﬂ_,G(/l, c,l,D)} <GQ,0,l,D) < max {1 , 1+ Z sl} <@ +e).

Hence, (6.12) is proven. Together (6.10) and (6.12) yield that

It

o-l
[ly = xII7,

®l-
VO <1 te. (6.13)

Thus, we may combine (6.10) and (6.13) to conclude that

e

ol
[y — x|y,

&l
LVEW) < min {diam (D)’l_ , 1+ e} . (6.14)

Both the choice of I € {0, ..., m} and the choice of points x, y € Dwith x # y were arbitrary. Hence,
we may conclude that the estimate (6.14) is valid forevery [ € {0, ..., m} and all points x, y € Dwith
x # y. The pointwise bounds for the functions ¢(©, ..., ™ given in (I) of (6.9) and the remainder
term bounds (6.14) establish that

¢l Lipo,p,w) < Max {1 , min {diam (D)/l_ , 1+ e} } . (6.15)

The estimate (6.15) is precisely the estimate claimed in (6.7) for the case that |||y ippw = 1.
This completes the proof of Claim 6.5. O

The estimate claimed in the case that 8 € (n, p) is an immediate consequence of Claim 6.5.
Indeed, assuming that 6 € (n, p), we appeal to Claim 6.5withD :=T,m :=n,1 :=pando :=6
to conclude from (6.7) that

[1$1lLipe,rw < max {1, min {1+e, diam (T)°" } } [19]]pipcorw (6.16)

which is precisely the estimate claimed in (6.1).

It remains only to establish the estimate claimed in (6.2) for the case that0 < 6 <n<p<<n+
1. Observe that this requires n > 1 and g € {0, ..., n — 1}. We begin by establishing the following
claim.

Claim 6.6. Suppose that V and W are Banach spaces, and that the tensor powers of V' are all
equipped with admissible norms (cf. Definition 2.1). Assume that D C V is closed. Let A > 1 with
m € Z; suchthatA € (m,m +1],and o € (0, m] with p €{0, ..., m — 1}such thato € (p, p + 1].
If = (¢, ...,¢™) € Lip(1, D, W) then brp) = ¢O, ..., ¢P) e Lip(o, D, W), and we have the
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estimate that

2 « diam (D)~
||¢[p]||Llp(c,DW)\max{1 mm{1+e I }}uqsnuw,p,w-
J p+1
(6.17)

Proof of Claim 6.6. For each | € {0, ..., m}, define Rf :DXxD — LV, W)forx,y e Dandv €
V® by

m—

RG] := ¢ 0lo] 2 $I0) [v® (v - 0®]. (618)

Since the estimate (6.17) is trivial when ||¢]|pi,1,pw = 0, we need only establish the validity of
(6.17) when |[|$][1ip1,p,w # 0. But in this case, by replacing ¢ by ¢/[1¢|lip,p,w- it suffices to
prove (6.17) under the additional assumption that ||¢|| i, pw = 1.

A consequence of ¢ € Lip(4, D, W) with |[@]|1j,1,p,w = 1 is that, whenever | € {0, ..., m} and
X,y € D, we have the bounds (cf. (2.8) and (2.10))

ONIERE] <1 and (D ||RfGey)| <lly=xli (619)

celw) L(VeLw)

Our goal is to show that ¢, = (¢©,...,¢() is in Lip(c, D, W). For this purpose, given s €
{0, ..., p}, let Rf : Dx D — L(V®; W) be defined for all x,y € D and v € V®S by

p—
RG] = ¢V 0)[o] - Z S0 [ve ¢ -02)]. (6:20)
Jj= 0
Together, (6.18) and (6.20) yield that

R (x,p)v] = RO,y 2

Jj=p+1-s

et wew-0®. e

Given any [ € {0, ..., p} and any point x € D, we conclude from (6.21) that Ezp(x,x) =0 in
£(V®,, W). Hence, controlling the £(V®!; W) norm of R~f is trivial on the diagonal of D x D.

Given any | € {0, ..., p}, we now estimate the £(V®!; W) norm of R’;’b off of the diagonal of D x
D. The alteration in (6.21) is exactly the same as the alteration defined in (5.3) of Lemma 5.1.
Consequently, recalling that ||¢|| iy pw = 1, Wwe may apply that result (Lemma 5.1) to deduce
that for every x,y € D with x # y, we have that (cf. (5.4))

5%

R/ (x,y) m

1 1.

H ij M < {dlam(D)’l_ + Y —dlam (D? , HQ, J,l,D)}, (6.22)
[y = xII5, i1 D!
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where H(A, o, 1, D) is defined by (cf. (5.5))

mn i—o L
HOLo.LD):=  inf e r - . (623
.0.L.D) reo diam(D) {max {r " i=§r1 @=n < Z '>} } o2

We now prove that

o diam (D)i_
H := min {diam (D)’l_ + Z W , HQA, a,l,D)} <l+e. (6.24)
) i—D!
i=p+1

If diam(D) < 1, then we obtain (6.24) by observing, for everyi € {p + 1, ...,m}, that ( — )! > (i —
p)!, and hence,

<l+e.

m . i— m
Hsdiam(D)*+ZM<1+z ——
i=p+1 @-Dn i=p+1 (- p)'

If diam(D) > 1, then we obtain (6.24) by observing that

p-1
<HQ,0,l,D) < max{1+ Z (_1)11+21l}

i=p+1

p-1
1
<max< 1+ + — r<l+e.
{ z;i—l(l_p)l SZOS!}
Hence, (6.24) is proven. Together (6.22) and (6.24) establish that

|8 G|

_ o-l
[y — x|},

LVOLW)

<l+e. (6.25)

Thus, we may combine (6.22), (6.25) and the observation that for every i € {p + 1, ..., m}, we have
(i—D!> (i — p)! to conclude that

5%

R (x7y) m . i—

l L. D

|| HE((TV_? W) < min {diam (D)}‘_ + E w , 1+ e} . (6.26)
||y—x||V i=p+1 (l—P)-

The arbitrariness of I € {0, ..., p}and the points x, y € D with x # y ensure that the estimate (6.26)
is valid for every [ € {0, ..., p} and every x,y € D with x # y. Together, the definitions (6.20), the
bounds in (T) of (6.19) and the estimates (6.26) allow us to conclude that ¢[,; = (¢, ...,¢P)) €
Lip(c, D, W), and that

o diam (D)~
Lip(o.D.W) < max {1 m1n{1+e diam (D)~ + z W}} (6.27)

Jj=p+1

H¢[p1(
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The estimate (6.27) is precisely the estimate claimed in (6.17) for the case that |[¢|| i, pw = 1-
This completes the proof of Claim 6.6. [l

Returning to the proof of Lemma 6.1 itself, suppose 6 € (0, n]. A direct application of Claim 6.6
with D :=T,m :=n, 1 := pand o := 6 means that (6.17) yields that

n j—
. ) _ diam (T")’
o diamtl )™ )
LinO.L ) < max {1 , min {1 +e, diam (@) + E TR P Lipeo,r,ws

J=q+1
(6.28)
where g < n — 1 since 6 € (0,n]. By examining the definition of C; in (6.3), we see that (6.28)
is the first part of the estimate claimed in (6.2). To derive the remaining estimate, we note that
0 € (q,q + 1]. By appealing to Claim 6.6, with D :=T, m :=n, A := p and ¢ := n, we deduce
via (6.17) that

Il

1| <min{1+e, 1+diam @} [1PllLpermw- (6.29)

Lip(n,I, W)

If we now appeal to Claim 6.6 for D :=T, m :=n—1,4 :=nand o :=n — 1, then (6.17) and
(6.29) give

(6.17)

Hgb[n_ZJ( < max{l, min{l+e, 1+ diam(D)} ||zp[n_1]||

Lip(n—1,I,\W) Lip(n,I,W)

(6.29)
< min{l+e, 1+diam (D)’ fmin{l +e, 1+ diam(D} [P 1ipeorw

= (1+min {e, diam(I)*" }) 1 + min{e , diam(D)}) [|9|pip(o.rw-

We can now appeal to Claim 6.6 for D :=T,m :=n—2,1 :=n—1and o := n — 2. Proceeding
inductively as r = 0,1, ..., n — 1 increases, we establish via applying Claim 6.6 for D :=T, m :=
n—r,Al:=n—(r—1),and o := n —r that for every r € {0, 1, ..., n — 1}, we have that

< (1+ min{e, diam(I)""}) (1 + minfe , diam(I)})"|[¢| | Lip(o,rw-

H“;b[n—r—l]‘ Lip(n—r,I,W)
(6.30)

Taking r :=n — (g + 1) in (6.30) yields that

< (1+min {e, diam(I)"}) (1 + minfe , diam(@)}" T |9 | ipeorw-

(6.31)
As 6 € (q,q + 1], we can appeal to Claim 6.5 with D :=T,m :=q,A:=q+1land o :=0to
deduce via (6.7) that

(i

Lip(g+1,I,W)

. . q+1—
||¢[q]HLip(9,F,W) S max {1 i {1 +e, diam(T) }} Hz'b[‘ﬂ’ Lip(g+1,0, W)’ 6.32)
Together, (6.31) and (6.32) yield that
Hl’b[q]’ Liperay S C2l¥lLipe.rw (6.33)
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for C, > 0 defined by
C, :=max {1, min { 1+ e, diam (I)7"'~ } } (14 min {e,diam (1)~ } )
X (1 + min {e, diam(T")})" @Y

as claimed in (6.4). The estimates (6.28) and (6.33) combine to give

me, Liporay S PGS CoHIPLipeorw
where
o diam Ty~
C; =max<{ 1, min{ 1+e, diam()"” + Z —_
j=q+1 (J - q)'
and

C, := max {1, min { 1+ e, diam (I)7™~ } } (1+ min {e, diam (T)"~ })
X (1 + min {e, diam(T")})" @Y

as claimed in (6.2).

Finally, since C; <1 + e, (6.1) and (6.2) combine to yield that, for any 6 € (0, p), we have the
estimate ||1,b[q]||up(e’nw) < (X + )l[PllLipe,rw as claimed in (6.5). This completes the proof of
Lemma 6.1. O

7 | LOCAL LIPSCHITZ BOUNDS

In this section, we establish some local estimates arising as consequences from knowing the Lips-
chitz norm of a function is small when the domain is taken to be a single point in a similar spirit to
Lemma 1.13in [1]. The constants appearing in our estimates are more convenient for our purposes.

We first record the following result relating the pointwise properties of a Lipschitz function at
one point to its pointwise values at another. The precise result is the following.

Lemma 7.1 (Pointwise estimates). Let V' and W be Banach spaces, and assume that the tensor
powers of V are all equipped with admissible norms (cf. Definition 2.1). Assume I' C V is closed
with p €. Let A,p > 0, ry > 0, and n € Z, such that p € (n,n+1]. Let F = (F©, .. ,FW) €
Lip(p, T, W) with ||F||1iporw) < A. For every j € {0, ..., n}, let Rf :IT'xT — £(V®/; W) denote

the remainder term associated to FU), defined for x, yeTlandv e Vy®J by

n—j
j 1 j+s N
BjCoplvl := FO0v] = 3, gFr 0 @ 00 =0, (7.1)
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Then, for every [ € {0, ..., n}, any x,y € T and any 6 € (n, p), we have that

[} G| < A(dist(x, p) + dist(y, p)*lly = x]15 7. (7.2)

LVeLW)

Further, suppose q € {0, ..., n} and that for every s € {0, ..., q}, we have ||F(s)(p)||£(v®s.w) <

Then, for any [ € {0, ..., q} and any x € T, we have that

-1
HF(I)(x)HE(V‘X’l;W) < min {A A[dlst(x P~ l+Slq(x p) +roz;) dist(x, p)J} (7.3)
J

where

n—l .
L dist J ifg <
Sl,q(x, p) = {Z] =q+1-1 j ist(x, p) 1 g<n o)
0 lfq = n.

Proof of Lemma 7.1. Let V and W be Banach spaces, and assume that the tensor powers of
V are all equipped with admissible norms (cf. Definition 2.1). Assume that T C V is closed and
that p > 0 with n € Z, such that p € (n,n + 1]. Suppose that, for | € {0, ..., n}, we have func-
tions FO : T — L(V®; W) such that F = (F©,...,F™) € Lip(p,T, W) with ||F ||y, rw) < A
For each j €10, ...,n}, let Rf : I'xT — £(V®;W) denote the remainder term associated to F),
defined for x,y € T and v € V®J by

”—j

RE(x, )[v] := FOW)[v] - Z F(J“)(X)[v@)(y ). (7.5)

s= 0

As a consequence of F € Lip(p, T, W) with ||F| Lip(o,r,w) < A, whenever | € {0,...,n}and x,y €T,
we have the bounds (cf. (2.8) and (2.10))

® ||| <A and (D) [|RGy)|| Ally=xlIf™. (7.6)

LVeLw) LV W)

Ifl €{0,...,n}, x,y € T, and 6 € (n, p), we use (II) of (7.6) to compute that

(II) of (7.6)

-1 -6 —
||R G, )| < Ally = x5 = Ally = xI15 7y = x15

LVeLWw)
o—0 0-1
<A(lx = plly + lly = pllv)" "y — xIly,

= A(dist(x, p) + dist(y, p))°*°|ly — x||5"

as claimed in (7.2).

Now suppose that q € {0, ..., n} and that for every s € {0, ..., q}, we have ||[F®)(p)| leeves.wy < 7o
Given 1 €10,...,q}, x € T and v € V®., recalling that the tensor powers of V are equipped with
admissible norms (cf. Definition 2.1), we may use (7.5) and (II) of (7.6) to obtain that

[FO]|, < || ©ep)| x = plI l1ollyer + Allx = pllg Iollyer.  (7.7)

w L(V®s; W)
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Ifq = n, then (7.7) tells us that

q-1
1 -1
[FOeo||, < (ro 2 Sl = plly +Allx = pIIf >||v||v®z. (7.8)

s=0
Whilst if ¢ < n, we deduce from (7.7) that

-1 n—l

q
1 1 -1
HF(”(x)[v]HWs<r02;||x—p||;+A Y Sl =pll +Allx—pllf >||v||v®z. (7.9)

s=0 s=q—-1+1""

Ifwe let Sl,q(x, p) be defined as in (7.4), then (7.8) and (7.9) combine to yield that

q-1
HF(Z)(x)[U]HW < <r0 > %dist(x, p)* + Aldist(x, p)° + Sy (x, p)]>||u||v®,. (7.10)
s=0 "

Taking the supremum over v € V®! with unit V®! norm in (7.10) yields the second estimate claimed
in (7.3). The first estimate claimed in (7.3) follows from (I) in (7.6). This completes the proof of
Lemma 7.1. O

Our aim for the remainder of this section is to strengthen the pointwise estimates obtained in
Lemma 7.1 to full Lipschitz norm bounds on a local neighbourhood of the point p. The first local
Lipschitz norm bounds we can establish in a neighbourhood of a given point are recorded in the
following result.

Lemma 7.2 (Local Lipschitz bounds I). Let V and W be Banach spaces, and assume that the tensor
powers of V are all equipped with admissible norms (cf. Definition 2.1). Assume thatT" C V is non-
empty and closed, and that z € T'. Let A, p > O with n € Z, such that p € (n,n + 1], r, € [0, A],
and 0 € (n, p). Suppose that F = (F©,...,F(") € Lip(p, T, W) satisfies that HF Lipeorw) < A,
and that for every j € {0, ..., n}, we have the bound ||F(j)(Z)||£(V®j;W) < ry. Then, for any 6 €
[0, 1], we have that

F|Lipee,0,w) < max {(25)"_6A , min {A , ASPT" + roes} }, (7.11)

where Q :=T N ﬁv(z, 9).

Proofof Lemma 7.2. Let V and W be Banach spaces, and assume that the tensor powers of V are all
equipped with admissible norms (cf. Definition 2.1). Assume that ' C V is non-empty and closed,
and that z € T. Let A, p > 0 with n € Z such that p € (n,n + 1], ry € [0,A], and 6 € (n, p).
Suppose that F = (F(O), ,F(”)) € Lip(p, T, W) satisfies that | |F| |1, r.w) < A, and that for every
j €10, ..., n}, we have the bound ||[FU)(z)| |cveiwy < To. Foreach 1 €{0,...,n}, let R7 : TxT —
L(V®; W) be defined for x,y € T'and v € V®! by

n—l

RG] 1= FOQ)[v] = Y %F<f+l>(x> [b® G -0 (7.12)
j=0 7"
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An application of Lemma 7.1, with A, r, p, n and 0 here playing the same roles there, yields that
for each I € {0, ..., n} and any x € %, we have (cf. (7.3) for ¢ = n)

n—l
|| FO(x )||£(V®l yy SN {A Adist(x, p)*~ +r, Z y distCx, P)S} (7.13)

and (cf. (7.2))

|[R G| < A(dist(x, p) + dist(y, p))"|ly — xII5 . (7.14)

LWVeLw)

Nowlet§ € [0,1] and define Q : = @V(z, 8) N T Cc I.Then,givenany!l € {0,...,n}and any x,y €
Q, (7.13) tells us that

n— l

||F(l)( )||£(V®l W) \mm{A A l+r02 }smin {4,457+ e}, (71)

since & € [0, 1] means 8°~! < §°~" for every | € {0, ..., n}, whilst (7.14) tells us that

|[RI G| <A@y —xIIF . (7.16)

Lvelw)

The estimates (7.15) and (7.16) allow us to conclude that F € Lip(6, Q, W) with
I1F || Lip(e,0,w) < Max {(25)P_6A , min {A, A" + roe‘s}}
as claimed in (7.11). This completes the proof of Lemma 7.2. O

Extending the local Lipschitz estimates of Lemma 7.2 to the setting, in the notation of
Lemma 7.2, that 0 < n < p < n + 1 is more challenging. We achieve this by combining the Lips-
chitz Nesting Lemma 6.1 from Section 6 with Lemma 7.2. The resulting local Lipschitz bounds are
precisely recorded in the following result.

Lemma 7.3 (Local Lipschitz bounds II). Let V and W be Banach spaces, and assume that the
tensor powers of V are all equipped with admissible norms (cf. Definition 2.1). Assume that
I' C V is a non-empty closed subset with z € I. Let A > 0, r, € [0, A), p > 1 withn € Z,, such
that p € (n,n + 1], and 6 € (0,n] with q € {0, ...,n — 1} such that 6 € (g, q + 1]. Suppose that
F € Lip(p, I, W) satisfies that ||F||y i, rw) < A, and that for every j €{0, ..., n}, we have the

@) ; Y
bound HF (Z)Hc(V@j;W) < ry. Given any § € [0, 1], we have, for Q := By, (z,6) n T, that

+1-0 )
|| q]||L1p(GQW) < max {(25)‘1 Epp,» min {En_bq , 5En_bq +rge }}, (7.17)

where Fig = (F(O),...,F(‘J)), b, :=n—(q+1), and for s €{0,...,n -1} E,_ is inductively
defined by

(1 +(28)7 ) max {(25)?A , min{A, 6P "A +ru e’} } ifs=0

(1 + V 25) max { V 25En_(s_1) . min {En—(s—l) . SEH_(S_D + roea} } if s > 1

(7.18)

n—s °
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Consequently, if r, = 0, we can conclude that

+295 ) (1+v2) s Al (7.19)
<(1+67)(1+2)

H lq] | Lip(6,Q,W)

If 0 < ry < A, then there exists 8, = §,(A, 7, p) > 0 such that if we additionally impose that § €
[0,4.,], then we may conclude that

H ‘1]||L1p(60W)\Irlax{(za)qu1 e, min {£, 6€ + roe }} (7.20)

for £ = £(A, 1y, p,6,9) > 0 defined by

£ = (1 +(28)7 ) (1 + @)"_(qﬂ)(aP—WUA +ry8" A0 ) +X, g+n@).  (7.21)

where, for t € {0, ..., n — 1}, the quantity X,(6) is defined by

0 ift=0

(1 + @)roﬁ 2;;})&'(1 + \/%)J ift>1

X,(6) := (7.22)

Proof of Lemma 7.3. Let V and W be Banach spaces, and assume that the tensor powers of V'
are all equipped with admissible norms (cf. Definition 2.1). Assume that I' C V is a non-empty
closed subset with z € I'. Let A > 0,1, € [0,A), p > 1 withn € Z_, such that p € (n,n + 1], and
6 € (0,n] with q € {0,...,n — 1} such that 6 € (g, q + 1]. Suppose that F € Lip(p, ', W) satisfies

that ||F| |L1p( o) S A, and that forevery j € {0, ..., n}, we have the bound ' | F(J)(z)' ’E(V@” - < 1.

Fix § € [0,1] and define Q :=T n By(z,8). For s € {0, ..., n — 1} inductively define

(1 + (25)/% ) max {(26)%A , min {A, AP +rye®} } ifs=0

(1 + V 25) max { V 25En_(s_1) . min {En—(s—l) . SEn_(s_l) + roea} } if s > 1
(7.23)

We first prove that each E,,_; is bounded from below by r,. This is the content of the following
claim.

n—s °

Claim 7.4. For every s € {0, ...,n — 1}, we have
E, . >r, (7.24)

Proof of Claim 7.4. The claim is proven via induction on s € {0, ..., n — 1}. For s = 0, we have

(7.23)
E, > max{(zé) > A, min{A, As"™" +r, 65}} min {A, A"~ " 41yl y=re (725
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where the last inequality uses that v, < A. If (7.24) is valid for s € {0, ..., n — 2}, then we compute
that

7.23
By = (1+ V26 ) max {V20E, ,, min {E, . 85, +rpe’} }

> max { V28E,_,, min{E,_,, 6E,_ + r0e5}}
>min {E,_g, 6E,_;+rye°} >,

where the last line uses that E,_ > r, by the assumption that (7.24) is valid for s, and that 5E,,_; +
r0e5 > ry since § > 0. Thus, we have established that the estimate (7.24) for s € {0, ..., n — 2} yields
that the estimate (7.24) is true for s + 1. Since (7.25) establishes that (7.24) is true for s = 0, we
may use induction to prove that (7.24) is, in fact, true for every s € {0, ...,n — 1} as claimed. This
completes the proof of Claim 7.4. O

We now prove that, for each s €{0,..,n—1}, the Lip(n —s,Q,W)-norm of Fp,_; ;) =
(FO,...,F("=s=D) is bounded above by E,,_,. This is the content of the following claim.

Claim 7.5. For every s € {0, ..., n — 1}, we have that

HF[H_(S_H)] ‘ ’Lip(n—s,Q,W) < En—s- (7'26)
Proof of Claim 7.5. We will prove (7.26) via induction on s € {0, ..., n — 1}. We begin with the base
case that s = 0. In this case, consider £ := p%" € (0,p—n)sothat n+ & € (n,p) with 0 < €
1/2. An initial application of Lemma 7.2, with T, A, r,,, o and n here playing the same role and
with the 6 in Lemma 7.2 being n + £ here, yields that

IF I Lip(nte,ow) < max {(25)"‘”‘514, min {A , ASPT + roe‘s} } (7.27)

We next apply Lemma 6.1, with the T, p and 6 of that result as Q, n + £ and n here, respectively,
to obtain that

||Finu| < min{Cy, CHIFlniponet.am)» (7.28)

Lip(n,Q,W)

where (cf. (6.3) and recalling both that diam(Q) < 26 < 2and that0 < £ < 1)

C; =max{1, min{1+e, diam(Q)5+;£iin(lr(l—Q_)jl_);}} =1+diam(Q)§<1+(26)§,

(7.29)
and (cf. (6.4))

C, = max {1, min {1 + e, diam(Q)"™" }}(1 + min {e, diam(Q)}* >(1 + min {e, diam(Q)})" ™"
(7.30)
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so that, since diam(Q) < 26 £ 2and 0 < £ < 1, we have
C, =1+ diam(Q)° <1+ (26)° (7.31)
The combination of (7.27), (7.28), (7.29), and (7.31) yields that
§ ) { p—hn—§ i p—n ) }
||F[n_1]||Lip(n,Q,W) < <1 + (26)° ) max 4 (26) A,min {A, ASP™" +rye’}

= <1 + (25)#) max {(25)%A, min {A ,ASPT 4 r0e5}} (7i3) E,

This completes the base case of our induction by verifying (7.26) when s = 0.

Now assume that n —1 > 1, that s € {1,...,n — 1}, and that (7.26) is true for s — 1. Consider
&= % €(0,1)sothatn —s+ & € (n —s,n — (s — 1)). An initial application of Lemma 7.2, with
T, A, 1y, pand O of that result as Q, E,,_(s_1), rp, n — (s — 1) and n — s + £ here, respectively, yields
that

”F[n_s] < max {(25)1_§En_(s_1), min {En—(s—l) , En_(s_1)5 + }’065} } (732)

Lip(n—s+£&,Q,W)

We next apply Lemma 6.1, with the T, p and 6 of that result as Q, n —s + £ and n — s here,
respectively, to obtain that

||F[n_(s+1)]||Lip(n—s,Q,W) < mln{Dl,Dz}HF[H_S] Lip(n—s+£,Q,W) (7'33)
where (cf. (6.3) and recalling that diam(Q) < 2§ < 2and & := % <1
'« di j—(n—s)
D, =max< 1, min< 1+e, diam(Q)* + Z %
e = (—s-D)
=1+ diam(Q)* <1+ (26)°, (7.34)

and (cf. (6.4))
D, =max {1, min {1+ e,diam(Q)’} } <1 + min {e, diam(Q)}* )(1 + min {e, diam(Q)})° (7.35)
so that, since diam(Q) < 26 < 2and ¢ := % < 1, we have
D, =1+ diam(Q)° <1+ (28)°. (7.36)
The combination of (7.32), (7.33), (7.34), and (7.36) yields that

1_ . 5
Lintns.om) S <1 + (25)§> max {(25) SEp_(s_1)»min {E,_(;_1), 8E, (1) + roe }}

= (1 +V 25) max { V26E,_(s_1y,min {E, (1), 6E,_(s_1) + 1o’ } }

7.23
(72 )E

|[Fin-csru]

n—s:
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This completes the proof of the inductive step by establishing that if (7.26) is valid for s — 1 with
s €41,...,n — 1}, then (7.26) is, in fact, valid for s.

Using the base case and the inductive step allows us to conclude that (7.26) is valid for every
s €{0,...,n — 1}. This completes the proof of Claim 7.5. O

By appealing to Claim 7.5, we conclude that, for every s € {0, ..., n — 1}, we have that

| ‘F[n—(s+1)] ‘ ’Lip(n—s,Q,W) S Bpese (7.37)

Letb, :=n—-(q+1) € {0,..,n—1}sothatg+1=n— by. Then, (7.37) for s := b, tells us that

[Fia

A final application of Lemma 7.2, with T, A, r,, o and 6 of that result as Q, En_bq, ro.q+1land 8
here, yields that

E, . (7.38)

q

<
Lip(g+LQ,W)

q+1-6 5
|| q]||L1p(GQW) < max {(25) Enb, ,min {En_bq , 5En_bq +rge }}, (7.39)

which is precisely the bound claimed in (7.17).
Now suppose that r, = 0. Then, from (7.23), for s € {0, ..., n — 1}, we have that

p—n p—n
1 +(25)T)max{(25)TA, min{A 5P‘"A}} ifs=0

E, _.:
s (1 + vV 25) ma.X{ V 25El’l—(s—1) . min {En—(s—l) . 6En_(s_1)}} if s >1

(7.40)

Since § € [0, 1], we have both that § < \/g <land 6P " <68 5 < 1 Consequently, (7.40) yields
that

(1 ¥ (25)%)(25)%14 ifs=0

E, . := (7.41)
(1 + V28)V2sE, oy s> 1
Proceeding inductively via (7.41), we establish that for any s € {0, ..., n — 1}, we have that
—n S
E, = (1 + (25)%)(1 + \/25) (7.42)

Observing that § € [0,1] means that § < 87179 < 1, we may combine (7.39) and (7.42) for the
choice s := b, = n—(q + 1) to obtain that

< 8)1ME, ., 72 <1 +(28)7 ) (1 +V26 ) (286) 5110 4 (7.43)

| |F[q 1 | |Lip(6,Q,W)

Since p —n + b, = p — (g + 1), we see that (7.43) is precisely the estimate claimed in (7.19).
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Now assume that r, € (0, A). We first let §, := 1. To establish (7.20), we must reduce J, to a
smaller constant. With the benefit of hindsight, it will suffice to reduce J,, depending only on A,
ro and p, to ensure that whenever § € [0, §, ], we have the estimates

-

(I max {1 +V25,1+ (25)% } <2 (in particular 26 < 1),

(D) ree’ <AQ -6,

(IIT) (2¥ - 5‘%)5¥A <ré’, (7.48)
(V) 2V25(6P"A+rye®) <ree’ and

_ n
(V) \/5[2"(5’3_"A + r05e5) + 2r0e5 <—1 T (22? )] < r0e5.

We now consider a fixed choice of § € [0,5,] and establish the estimate claimed in (7.20) for
Q =B, (p,d) N IT'. We begin by estimating the terms E,_ for s € {0, ..., n — 1}. We first prove,
forevery t € {0, ...,n — 1}, that

E= (14297 )(1+ \/5)[ (87 A +1y8'e®) +X,(6) (7.45)

where X, (9) is the quantity defined in (7.22). That s,

0 ift=0
X,(6) := _ j (7.46)
‘ (1+ V28 )re® 20 89 (1+ V28) " ife> 1.
We begin by considering ¢ := 0. From (7.23), we have that
E,=(1+09)7 )max {28)7F 4, min {4, "4+ 1’} }. (7.47)
A consequence of (IT) in (7.44) is that 57" A + rye® < A so that from (7.47), we see that
en e -n é
E, = (1+(25) 5 )max{(za) T A, SPTA + roe } (7.48)

A consequence of (IIT) in (7.44) is that (25)¥A <O A+ r0e5 so that from (7.48), we see that
E,= (14087 ) (677 +ree), (7.49)

which is the estimate claimed in (7.45) for t = 0 since X,(8) := 0.
Now consider ¢ > 1 and assume that (7.45) is true for ¢t — 1. From (7.23), we have that

E,, = (1 + \/25> max { V28E,__1y, min {E,_q_1 » 81y + 7o} } (7.50)
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Since (7.45) is valid for t — 1, we have that
—n t—1
By oy = (1 +(28)7 ) (1 + \/25> (81 A 4187 1e%) +X,_,(8),  (7.51)

We claim that 6E,,_;_q) + re€d < E,_-1)-
Ift = 1, then (7.49) ensures that (1 — §)E, > (1 —6) (1 + (25)¥) roe‘s. If we are able to con-

clude that (1 -96) (1 + (25)¥> > 1, then our desired estimate §E, +rye® < E, is true. The
required lower bound (1 — &) (1 + (25)/%) > 1 is equivalent to (25)% -6 5(25)% >0. A

consequence of (I) in (7.44) is that (Zé)g < 1. This tells us that § + 5(25)? <20 € (25)%
where the latter inequality is true since 26 < 1 and % < 1. Hence (1 - 96) (1 + (25)pT> >1,

and so, we have that §E,, + rye® < E,, as required.
If ¢ > 1, then (7.51) ensures that (1 — 8)E,_;_yy > (1 — 8)X,_,(8) > (1 — 8) (1 + \/25) roe®. If

we are able to conclude that (1 — J) (1 + /26 > > 1, then our desired estimate 6E,,_,_1) + ro€® <
E,_(—1 is true. The required lower bound (1 —6) (1 + 120 ) > 1 is equivalent to /26 — 6 —

8v28 > 0. A consequence of (I) in (7.44) is that 1/28 < 1. This tellsus that § + §1/26 < 26 < V28
where the latter inequality is true since 26 < 1. Hence, (1 — 6) (1 +1/28 ) > 1, and so, we have

that §E,_(,_y) + roe® < E,_(;_y) as required.
Having established that 6E,,_;_;) + roe® < E,_(t—1), (7.50) tells us that

Eoee = (1+ V28 ) max { V26F, 1y, OB,y +roe® }. (7.52)

We claim that \/28E,__1) < 6E,__1) + roeS. If t = 1, then we compute, using (7.51) for t = 1,
that

(V25-6)E, = V8(V2-V6)(1+20)7 ) (67 +ree)
@) in (7.44) (IV)in (7.44)

< 2\/5(5"‘"/1 +ree°) < 1l

Consequently, we have \/28E, < 8E,, + rye’ as claimed. If ¢ > 1, then we compute, using (7.51)
for t > 1, that

<\/5 - 5)En—(t—1)
= (VE-5)((1+eF ) (1+V38) (e ) +X,.,0))
@I in<(7.44) Zt\/£<5p—n+t—1A + roat—leé) + \/%Xt_l(a)

-1 .
= 2t\/£(5/’_"+t_1A + r05‘_1e5) + \/%(1 + @)roe‘s 2 5j<1 + \/ﬁ)J
=0
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(1) in (7.44) =
< 2V28(8° A+ re0e) + 212610 Y (28)
j=0

. _ t
W in (.49 /s [zt(ap—nA T ry8e) +2r0e5<%>]

<A /28 [2n (5'0_nA + r05e5) + 27‘066 < 1—-8)" )] (IV)in (7.44) o

1-26 S e

Consequently, we have that \/26E,,_;_) < 6E,__1) + roe® as claimed.
Returning our attention to (7.52), the inequality V/26E,__;) < 6E,_;_1) + roe® means that

Ene = (14 V28 ) (6B + 1o¢?)
"2 (14v35) (1@ ) (14 V28) T (@A +r8) 4 8% @41

=(1+@7 )(1+ \/£>t(5p_"+‘A +r8'e®) + (14 V28 ) (roe® + 6X,1(6)).
We observe that

ift—1=0

0
(7.46) _
L (O I TI R (N

Via (7.53), we see that

<1 + \/ﬁ)roeé ift—1=0
<1 + \/ﬁ)roe‘5 252051'(1+ \/5)1 ift—1>1

(7.46) X, (6) ift=1
X6 ift>2

<1 + \/5) (roe® + 6X,_1(8)) =

= X,(5).

Therefore, we have established that
—n t
E,_, = (1 +(28)7 ) (1 + \/25) (877" A + ry8'ed) + X, (8), (7.54)

which is the estimate claimed in (7.45) for t. Induction now allows us to conclude that the estimate
(7.45) is valid for every t € {0, ..., n — 1} as claimed.

To conclude, recall that® € (q,q + 1]and b, :=n—(q+1) €{0,..,n — 1} Then, (7.39) yields
that

HF[q]HLip(G,Q,W) . {(25)q+1_68 . min {&, € +roe’} }’ (7.55)
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where, via (7.45) fort := bq, E=E(A,ry,p,0,0) = En_bq, that is,

£ (7 45) (1 + (25) )(1 + \/%)n—(q+1)(5p—(q+l)A + roan—(q+l)e5) + Xn—(q+1)(5) (7.56)

as claimed in (7.20) and (7.21). This completes the proof of Lemma 7.3. O

8 | PROOF OF THE POINTWISE LIPSCHITZ SANDWICH THEOREM

In this section, we use the local pointwise Lipschitz estimates established in Lemma 7.1 from
Section 7 to establish the Pointwise Lipschitz Sandwich Theorem 3.11

Proof of Theorem 3.11. Assume that V and W are Banach spaces and that the tensor powers of
V are all equipped with admissible norms (cf. Definition 2.1). Assume X C V is a closed subset.
Lete,y > 0 with k € Z,, such thaty € (k,k + 1], (K1, K,) € (Ryg X Ryg) \ {(0,0)}, and 0 < g <
min{K,; + K,,¢}. Letl € {0, ..., k} and define §, = (¢, &y, K; + K, y,1) > 0 by

dy 1= sup {6 >0: (K, + K0+ g5 < min{K, + Kz,s}}. (8.1)

A first consequence of (8.1) is that &, < 1, and so, for every s € {0, ..., I}, we have that 8] < 5(;;—1_
A second consequence of (8.1) is that

(K, + KZ)S(’;_I +ye® < min{K; +K,,e} < e. (8.2)
Now assume that B C X is a §,-cover of X in the sense that

2 c | JBy(x,8)) =Bs, :={v €V : 3z € Bsuch that ||z — v]|, < &} (8.3)
X€EB

Suppose p = (@, ...,p®0)) o = (p©, ..., o) € Lip(y, =, W) satisfy the Lip(y, £, W) norm esti-
mates |[P||pipe zw) < Ky and [|@]| iy 5wy < Ks. Further suppose that for every j € {0, ..., k} and
every x € B, the difference () (x) — pU)(x) € L(V®J; W) satisfies the bound
WD(x) — oW
[496) = 00| sy < o (8.4)
Define F € Lip(y,Z, W) by F := 1 — ¢ so that for every j € {0, .., k}, we have F() := () — (),
Then, ||F||ipe.zw) < Kq + K, and, for every integer j € {0, ..., k} and every point x € B, (8.4)
)
gives that HF (x)‘ ’c(v ol
Now fix x € ¥ and s € {0, ..., [}. From (8.3), we conclude that there exists a point z € B with
[z — x||y, < 8- Then, applyLemma7.1,withA =K, +K,, 1y i=¢€p,p :=¥,p :=2,n :=kand
q : =k, to conclude that (cf. (7.3))

< €.

k—s
HF(S)(X)H“WM W) < min {Kl + Ky, (K + K2)5y ! jzo }

_ (52)
< min {K1 + Ky, (K, + K8 4 aoe%} <6 (85)
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where we have used that 5(};_8 < 5(};_1. Since F = ¢ — ¢, the arbitrariness of s € {0, ..., [} and of x €
Y ensure that (8.5) gives the bounds claimed in (3.9) This completes the proof of Theorem 3.11. []

9 | PROOF OF THE SINGLE-POINT LIPSCHITZ SANDWICH
THEOREM

In this section, we prove the Single-Point Lipschitz Sandwich Theorem 3.8. Our approach is to alter
the constant §, appearing in the Pointwise Lipschitz Sandwich Theorem 3.11 in order to strengthen
the conclusions to an estimate on the full Lip(s)-norm of the difference.

To be more precise, recall that . C V' is closed and y > O with k € Z such thaty € (k,k +1].
Letn € (0,7), € > 0, (K1, K;) € (Ryg X Ry0) \ {(0,0)}, and 0 < g, < min{K; + K, ¢}. Retrieve the
constant 8, = §,(K; + K, €, €y, ) > 0 arising in Theorem 3.11 for the choice [ : = k. Given a point
p €3, define Q : =% n By(p, ).

Suppose ¥ = @, ..., ") e Lip(y, =, W), p = (¢, ..., ")) € Lip(y, =, W) satisfy the norm
bounds [[P|l1ip =y < Ky and |||l Lipe.zw) < K,. Further suppose that for every j € {0, ..., k},
the difference p1)(p) — \)(p) € L(V®I; W) satisfies | [V (p) — e(D)I| (yei.w) < €. Then, by
applying Theorem 3.11, for the choices [, Z and B, there as k, Q and {p} here, respectively, we may
conclude that for every s € {0, ..., k} and every x € Q, we have || (x) — ¢ (x)| leoves.wy < €

We will prove the Single-Point Lipschitz Sandwich Theorem 3.8, by establishing that after reduc-
ing the constant §,), allowing it to additionally depend on 7, we may strengthen these pointwise
bounds into a bound on the full Lip(n, Q, W) norm of ¢ — ¢. We do so by appealing to the local
Lipschitz estimates established in Lemmas 7.2 and 7.3 in Section 7.

There is a natural dichotomy within this strategy between the case that n € (k,y) and the
case that 5 € (0,k]. We first use Lemma 7.2 to establish the Single-Point Lipschitz Sandwich
Theorem 3.8 in the simpler case that z € (k, y).

Proof of Theorem 3.8 (when 7 € (k,y)). Assume that V and W are Banach spaces and that the
tensor powers of V are all equipped with admissible norms (cf. Definition 2.1). Let ¥ C V be non-
empty and closed. Let £,y > 0 with k € Z, such that y € (k,k + 1], (K1,K;) € (Ryg X Ry) \
{(0,0)}, and 0 < ¢, < min{K; + K,, €}, and »n € (k, y). For notational convenience, we let K, :=
K, + K,. With a view to later applying Lemma 7.2, define §, = §,(K,, €, €y, ) > 0 by

8y :=sup {6 € (0,1] : Ky(26) ™" < min{K,, e} and K,6” ¢ + £e® < min {Ko,e}} >0. (9.1)

It initially appears that §,, additionally depends on k. However, k is determined by y, thus any
dependence on k is really dependence on y. We now fix the value of §, > 0 for the remainder of
the proof. We record that (9.1) ensures that §, < 1 and

(D Ko(28,) " <min{Kp,e} and (I K8, +epe® <min{Kp,e}.  (9.2)

Now assume that p € T and that 3 = (9@, ...,9®) and ¢ = (¢, ...,¢")) are elements in
Lip(y, Z, W) with |[9||Lipe.zw) < Ky and [|@]]pipy 5wy < K- Further suppose that for every I €
{0, ..., k}, the difference p(O(p) — pV(p) € L(V®; W) satisfies the bound

[0 - )| £ 9:3)

<
LVeLw)
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Define Q := By (p,5,) N T and F € Lip(y,Z, W) by F := 9 — ¢, so that for every j € {0, ..., k},
we have FU) = () — (), We apply Lemma 7.2to F,with A : =K, = K; + K,, 7y := €y, 0 := 7,
n:=k,z:=p,0 :=nand?d := §,, to conclude both that F € Lip(n, Q, W) and (cf. (7.11)) that

. (1) of (9.2)
NF | Lipt.0,w) < max {K0(250)}’_’) , min {KO , Koc%' ki gye% } } < max{K,(26,) 7", e}

(D of (9.2)
< maxf{e, e} =«

Since F=9 —¢ and Q :=X n By(p,d,), this is precisely the estimate claimed in (3.5). This
completes the proof of Theorem 3.8 for 5 € (k, y). 1

‘We now turn our attention to using Lemma 7.3 to establish the Single-Point Lipschitz Sandwich
Theorem 3.8 in the more challenging case that » € (0, k].

Proof of Theorem 3.8 (for 0 < 7 < k). Assume that V and W are Banach spaces and that the tensor
powers of V are all equipped with admissible norms (cf. Definition 2.1). Let ¥ C V be closed and
non-empty. Let €,y > 0 with k € Z; such that y € (k,k +1], (K,K,) € (Rzo X Rzo) \ {(0,0)}
and 7 € (0, k]. Observe that this requires 1 < k < y. Let q € {0, ...,k — 1} such that » € (g,q +
1] C (0, k]. Finally, let 0 < ¢, < min {K; + K, ¢}. For notational convenience, we set K, := K; +
K, > 0 for the remainder of the proof

Our strategy is to establish the desired Lip(s)-norm bounds via an application of Lemma 7.3. For
this purpose, we retrieve the constant J,, arising in Lemma 7.3 for A := K, =K; + K,, ry := ¢,
p =y and 6 := 1. Note that we are not actually applying Lemma 7.3, but simply retrieving a
constant in preparation for its future application.

Letd, :=min{l, §,} > 0,which depends only on K, = K; + K, &y, ¥ and 7. In order to ensure
that applying Lemma 7.3 yields the desired Lip(n)-norm estimate, we will allow ourselves to
(potentially) further reduce §,,, additionally now depending on €. With the benefit of hindsight, it
will suffice to alter §,, to ensure that

-

—k
(A) max {1 + (Zdo)yT , 1+ 260} <2, (Inparticular, 26, < 1),

B) (26) 7T T < —
0 A 2k_qK05
—k
J(©) <1 + (250)77> (53"‘1(0 + 50650> <, (9.4)

- 1+44/26
(D) 2k_q(5(})/ kKO + 505066()) + <1—250>£0e50 <e¢ and
— <%

(E) gpe < (1 -8k

We now fix the value of 5, = 5,(Ky, 7,7, €y, €) > 0 for the remainder of the proof. Since K, :=
K, + K,, we note that §, has the claimed dependencies.
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Now let p € T and assume that ¢ = ($©,...,9®) and ¢ = (¢, ..., p®) are in Lip(y, =, W)
with [[$]lLipe 2wy < Ki and [|@]lLipp.,zw) < K, Suppose that for every integer [ € {0, ..., k}, the
difference (O (p) — pV(p) € L(V®!; W) satisfies the bound

[0 - V)| <e. 9.5)

LWVeLw)
Define Q :=By(p,8;) N = and F € Lip(y,Z,W) by F : = — ¢ so that for every j € {0, ...k},
we have FU) = () — (),

We begin with the case that g, = 0. Since §,, < 1, the bounds (9.5) allow us to apply Lemma 7.3
toF,withA :=Ky(=K; +K,),ry :=¢y,0 :=7,0 :=nandd := §, to conclude that (cf. (7.19))

Fia

We compute that

F O (14s)7 ) (14v35) sy Tk
2 2 2
|| lal | |Lip(7),Q,W) = + ( 0) < + 0) ( 0) 0

(A) in (9.4)
<

q+1-n

1+ (28 1+ 4/26 D 20 T K 9.6
2 2
Llp(}? Q W) ( O) ( 0) ( 0) 0 ( . )

k q q+1 7 (B) in (9.4) k—q € _
(28, ) 2K, < 2 =Ta K,=¢.

Recalling that Q := £ n By (p, dp)and F := 1 — ¢, thisis precisely the estimate claimed in (3.5),
and our proof is complete for the case that ¢, = 0.

Now consider the case that g, > 0. Recalling how we chose §,), the bounds (9.5) allow us to apply
Lemma7.3toF,with A :=Ky(=K; +K,),r) :=¢y,p :=¥,0 :=nand§ := §, to conclude via
(7.20) that

[Fia

for & = £(K,),7,1,¢y) > 0 defined by (cf. (7.21))

< max {(28))7 7€, min {€, §)€ + £0e50}} (9.7

Lip(n,Q,W)

—k k—(g+1) _ _
£:= <1 + (250)77> (1 + 250) (5{) @R, 4 ey8F (q+1)e50> + Xy (qge@)  (9.8)
where, for t € {0, ..., k — 1}, the quantity X,(8) is defined by (cf. (7.22))

0 ift=0

X, (8) := j (9.9)
' ( 250)soe5o z‘ ! 5’(1 + 250)J ift>1
We first prove that (1 — 8,)) € > gye
If k = g + 1, then (9.8) ensures that Q-6)E=1 -6y + (260) )50e50 If we are able to
conclude that (1 — §,)(1 + (250) 2 ) > 1, then our desired estimate (1 — 8,)€ > e is true. The
—k —k —k
required lower bound (1 — &,)(1 + (250)77) > 1is equivalent to (260)77 -6y — 60(260)77 >0
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A consequence of (A) in (9.4) is that (250) < 1. This tells us that S + 50(250) 2 <28, €
—k
(250) 2 where the latter inequality is true since 2§, <1 and L T < 1. Hence, (1 —6,)(1 +

(250)¥) > 1, and so, we have (1 — §,)€ > gje % as required.

If k>q+1, then (9.8) and (9.9) yield (1—38)€ > (1 —80)Xy_(g+1)(Sp) = (1 =) +
\/E)soeao. If we are able to conclude that (1 — §,)(1 + \/E) > 1, then our desired estimate (1 —
80)E > gge® is true. The required lower bound (1 — &,)(1 + \/ﬁ) > 1 is equivalent to /25, —
8y — 50\/E > 0. A consequence of (A) in (9.4) is that \/ﬁ < 1. This tells us that §,, + 50@ <
26, < \/ﬁ where the latter inequality is true since 25, < 1. Hence, (1 — 5,)(1 + \/E) > 1, and
so, we have (1 — §,)€ > £,e% as required.

Having established that (1 — §,)€ > ¢,e %, we observe that (9.7) becomes

[Fia

We now prove the upper bound for € that £ < e. For this purpose, note that when k = g + 1 (9.8)
yields that

<max {(26)7T17E , 8)€ +gge® (9.10)

Lip(n,Q,W)

1\ i 5\ (©in 04
e=(1+0@8)5 (50 K0+£060) < e 9.11)

since X(8,) = 0 from (9.9). If, however, k > q + 1, then k — (q + 1) > 1 and so, recalling that (A)
in (9.4) ensures that 6,(1 + 1/25,) < 28, < 1, we have

k—(g+1) : 1+ 4/28
Xe_(qin(©0) = (1+ 2 )soe zq: 8)(1+ /28 )J < %%e%. (9.12)
i=0

Moreover, 28, < 1 ensures that 55_(“1) < 53}/—1{ and 5§ ~@+D) < 5,. Hence, we can combine (9.8)
and (9.12) to obtain that

<1+ 250) 5 (D)in (9.4)

E < Zk_q<53)/_kK0 + 5050660> + W{foe 0 < €.
0

Therefore, in both the case that k = g + 1 and the case that k > g + 1, we obtain that
E<e. (9.13)

We complete the proof by using the upper bound in (9.13) to control ||F[q] | |L, W) Recalling
ip(.Q,
that (A) in (9.4) means that 28, < 1, we have that

17 (9.13) 5 (913) 5. (B)in (9.4)
@ (26y) ELE < ¢ and (L) 6y€ +¢pe® < Jpe+ege®® < e (914)

Thus,

(0-10) (M in (9.14) (I1) in (9.14)
< q+1-n do < 8o n( .
||F[‘1] | |Lip(r),Q,W) max {(28,) £,80E+ee™} < max {e,6)€ +£e™ | €

(9.15)
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Recalling that Q := 2 n By (p,d,) and F := ¢ — ¢, (9.15) is precisely the estimate claimed in
(3.5), and our proof is complete for the case that ¢, > 0. Having already established the conclusion
for the case that ¢, = 0, this completes the proof of Theorem 3.8 for the case that € (0,k]. [

10 | PROOF OF THE LIPSCHITZ SANDWICH THEOREM 3.1

In this section, we establish the full Lipschitz Sandwich Theorem 3.1. Our strategy to prove this
result is to patch together the local Lipschitz bounds achieved by the Single-Point Lipschitz Sand-
wich Theorem 3.8 in a similar spirit to the patching of local Lipschitz bounds in Lemma 1.16 in [1].
We do not necessarily have local Lipschitz bounds on a small ball centred at any point in X; we
only have such estimates for points in the closed subset B C %, and we do not require that B = X.
Consequently, our patching is more complicated than the patching used in Lemma 1.16 in [1].

To be more precise, recall that = C V is closed and y > 0 with k € Z; such thaty € (k,k + 1].
Letn € (0,y),€ > 0,(K},K;) € (Ryg X Ryg) \ {(0,0)},and 0 < gy < min{K; + K,, ¢}. Retrieve the
constant 8, = §y(K; + K,, €, €y, 7,1) > 0 arising in the Single-Point Lipschitz Sandwich Theorem
3.8. Assume that B C X is a §-cover of X in the sense that the §,-fattening of B contains X.

Suppose ¥ = (@, ...,9®) € Lip(y,=, W) and ¢ € (¢,...,¢®) € Lip(y, =, W) both sat-
isfy the norm bounds |[|§|lyipy zw) < Ky and ||@llLipg 5wy < K,. Further suppose that for
every j €1{0,...,k} and every x € B, the difference »)(x) — ¢ (x) € L(V®/;W) satisfies
’ ’z,b(j )(x) — U )(x)’ |£(V 8iw) < gp. Then, given any point p € B, we can apply the Single-Point Lips-

chitz Sandwich Theorem 3.8 to conclude that || — @41 |Lip(,)’9p’W) geforQ, :=Zn By (p, ;)
and g € {0, ..., k} such thatn € (g, q + 1].

It may initially appear that since £ = U,c5Q,,, these local Lip(n)-norm bounds should combine
together to yield ||;q) — @1q)lILip(;,zw) < € However, this is not necessarily true. For example,
given any a € (0,1), consider the function F : [0,1] U [1 + «,2] — R defined by F(x) :=0 if
x €[0,1]and F(x) := aifx € [1 + a,2]. Then, F € Lip(1,[0,1] U [1 + «, 2], R) and we have that
NELipao,11,) = 0 and [|F|Lip [14a,21,8) = & But [F(1 +a) = F(1)] =a = |1+ a — 1] and so
HELip o110 4+a21,m) = 1> 2.

The main content of our proof of the Lipschitz Sandwich Theorem 3.1 is to overcome this prob-
lem. We prove that, by requiring the constant ¢, to be sufficiently small, depending only on
€, K, + K,,y and », rather than an arbitrary real number in the interval [0, min{K; + K,, €}), we
can patch together local Lipschitz estimates resulting from an application of the Single-Point Lip-
schitz Sandwich Theorem 3.8 to yield global Lipschitz estimates throughout Z. A key point is to
ensure that the sets 0, on which the Single-Point Lipschitz Sandwich Theorem 3.8 yields local Lip-
schitz estimates are not pairwise disjoint; that is, for each p € B, there must be some g € B \ {p}
such that the intersection Q, N Q is non-empty.

Proof of Theorem 3.1. Let V and W be Banach spaces, and assume that the tensor powers of V/
are all equipped with admissible norms (cf. Definition 2.1). Assume that £ C V is non-empty and
closed. Let €,y > 0 with k € Z,, such that y € (k,k + 1], and (K, K;) € (R5o X Ry) \ {(0,0)}.
Further let 5 € (0,y) with g € {0, ..., k} such that € (q, g + 1]. It suffices to prove the theorem
under the additional assumption that € < K|, := K; + K,; the conclusion (3.3) being valid for ¢
immediately means it is also valid for any constant ¢’ > «.
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Define 6 := ﬁ > 0 and retrieve the constant §, > 0 arising from Theorem 3.8 for the same

constants K, K,, y and 7 as here, respectively, and with the choices of 8¢ and 9¢ here as the con-
stants € and ¢, in Theorem 3.8, respectively. Note that we are not actually applying Theorem 3.8,
but simply retrieving a constant in preparation for its future application. Examining the depen-
dencies in Theorem 3.8 reveals that §, > 0 depends only on ¢, K|;, y and 7. If necessary, we reduce
d,, without additional dependencies, so that §, < 1. Finally, we replace the resulting constant &,
by 8,/2.

Our choice of 8§, > 0 means that if p = @@, ...,»%0), ¢ = (¢, ..., %)) € Lip(y, Z, W) with
Pl Lipey.zw) < Ky and |||l iip w) < Ky, andifforapoint p € Zandevery! € {0, ..., k}, we have
the estimate |[“(p) — P (p)|| Lol S gs, then an application of Theorem 3.8 would allow us

to conclude the estimate that |9, — ¢4l |Lip(n’QP,W) <BeforQ, := By (p,25,) N .
We now fix the value of §, > 0 for the remainder of the proof. Having done so, we define ¢, > 0

by

g :=min< 0 L £so0 (10.1)
0 ’e50(1+e50) 27 7 '

Examining the dependencies in (10.1) reveals that ¢, depends only on ¢, K, = K; + K,, y and #.
We may now fix the value of ¢, > 0 for the remainder of the proof.
Let B C X satisfy that

zc |JBu(x,4)). (10.2)

X€EB

Suppose ¥ = (@, ..., ")), 0 = (¢, ..., p®)) € Lip(y, =, W) satisfy the Lip(y, =, W) norm esti-
mates ||P|[1ip 5 w) < Ky and [|@]lpipy zwy < K- Further assume that whenever [ € {0, ..., k}and
x € B, we have the estimate || (x) — p®(x)]| covelwy < €. Let p € B. Recalling how we chose
the constant §, > 0 and that (10.1) means that ¢, < %E, we may appeal to Theorem 3.8 to conclude
that

Hw[‘” h go[q]HLip(n,Qp,W) < e, (10.3)

where Q, =X N By (p, 28,). The arbitrariness of p € B allows us to conclude that the estimate
(10.3) is valid for every p € B.

We complete the proof of Theorem 3.1 by establishing that having the bounds (10.3) for every
p € Ballows us to conclude that |[$4) — @[g]lILip(;,z,w) < € This is proven in the following claim.

Claim10.1. If F = (FO, .., F®)) e Lip(y, Z, W) satisfies, for every [ € {0, ..., k} and every z € B,
that ||F(l)(z)||£(v®z;w) < g and |[|Figilluipe,,w) < O, where Q, :=% n By(z,25)), then we
have

(10.4)

||F[‘1]| Lip(n,5,W) SE
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Proofof Claim10.1. Foreach! € {0, ..., k}, let Rf EXI > £(V®l; W) denote the remainder term
associated to F), Therefore, whenever I € {0, ..., k}, x,y € Zand v € V®!, we have that (cf. (2.9))

k-1
R x.plo] := FOO)ul - ¥, 2P0 @ 0 - 0®/). (10.5)
s=0 "

If g = k, then we may work with the unaltered remainder terms defined in (10.5). But if g < k,
then we must first appropriately alter the remainder terms. For this purpose, foreach ! € {0, ..., g},
we define Rf (XX = LV, W) forx,y € Zand v € VO by

REGelo] R/ (x,)[v] ifg=k w06
Y RG] + 550 LF b @ (v - 09 ifg <k '

It follows from (10.5) and (10.6) that whenever [ € {0, ...,q}, x,y € Zand v € V®!, we have

q-1

FO] = Y FH) [0 @ (r — )] + R (x, p)[vl. (10.7)
5=0

For each z € B, the assumption that | |Fjy)||1ipe.0,w) < 6€ for Q, := X n By (z,28) tells us that
foreveryl € {0,...,q}and any x,y € Z n @V(z, 28,), we have

® ||FO| <6 and (D ||Rey)|| <6elly -7, (108)

L(el, W) LWVeLw)

Consider p € =. From (10.2), we know that p € = n By (z,§,) for some z € B. Consequently, the
bound (I) in (10.8) holds for x := p. Since p € X was arbitrary, we conclude that for any p € Z,
we have

[FO@)]| (10.9)

< B¢
Lwelw)

Consider [ € {0, ...,q} and p,w € . If there exists z € B for which p, w € By/(z, 28,), then (I) in
(10.8) yields that

|[RF 2. w)]| 1,4y, < w0 =PI (10.10)

Now suppose that no single ball B (z, 28,) contains both p and w. From (10.2), we know that
pEZ N By(z,6,) andw € £ N By(z;,6,) for some z;,z; € B which must be distinct. In fact,

since w ¢ = N By (z;,25,), we can conclude that
[lw — plly = d. (10.11)

Observe that from (10.7), we have, for any v € V®! that

q—l

R (p,w)lv] = FOw)[v] - Z F(”S)(p)[v@(w p®. (10.12)
—0
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We may further use (10.7) to compute that
FOwW)[v] Z F<l+u>(z Do ® W —z)%] + R (z;, w)[v]. (10.13)

Since w € By (z »8p), we may use (10.10) to conclude that

||l?f(zj,w)|| < Bel|lw -z} < Gség_l. (10.14)

cvelw)

Additionally, since z; € B, we may compute that

2 %HF(HM)(ZJ)[U ® (w—z,)%

. soZ lw =zl llollyer < cge®llollyer.  (10.15)

Combining (10.13), (10.14) and (10.15) yields the estimate
HF(Z)(w)[v]’ |W < <9z~:5” + aoe >||U| lyel. (10.16)

Turning our attention to the second term in (10.12), note that for any s € {0, ..., g — [}, we have via
(10.7), for v’ := v ® (w — p)®* € VOU+s) that

q—Il—s

F@] = Y S F @) @ (p-2)%] + R Guplv].  1017)

u=0
Since p € @V(zl-, 8,), we may use (10.10) to conclude that

—(l —(l
||Rl+s l,p)” <6ellp -z |51 < ge7 (10.18)

LVOLW)

Via similar computations to those used to establish (10.15), the fact that z; € B allows us to
compute that

q—Il—s

1
Z E”F(Huﬂ)(zj)[v, ® (p—2)*"] |W < e [V |lysas- (10.19)

u=0 :

Combining (10.17), (10.18) and (10.19) yields that
! !
”F(I“LS)(P)[U']H <£0650 +0e8) (+s))||v llyears = <£0e50 +0e8) (+S)>||w plISollysi,

(10.20)

where the last equality uses that v’ := v ® (w — p)® and that the tensor powers of V are
equipped with admissible norms (cf. Definition 2.1). A consequence of (10.20) is that

- -
||F<z+s>(p) | 2 <soe50+egag (+S’)||w—p||sv||v||v®l. (10.21)
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Since from (10.11), we have that §, < ||lw — p||;,, we may multiply each term in the sum on the
RHS of (10.21) by ||w — p| |7"/_(l+s)55 (=) > 1 to conclude that

—1 -

q q

1 1 - ~(—1— -1
Y ;HF(H’S)(p)[U'] <Y —<50650 +6¢8) (“’)50 O 1w — pl7  ullyer. (1022)
s=0 "°

s!
Combining (10.12), (10.16) and (10.22) allows us to deduce that

s=0

q-1
. -1 1 —(n—1— -1
HRf(p,w)[v]HW < <9£52 + g5 + Z §<Eoe5050 (=1=5) 4 6€>||w - pll?, [V]lyer.
s=0 "

(10.23)
Observe that
_, 101D _
6es) < ellw—pllT, (10.24)
o1 . _
g0’ < g8, e lw - plI], (10.25)
q-1 1
£Oe5055(’7_l) Z ;58 < ang(n—l)ezao and (10.26)
s=0 "
g-! 1
6c ) = < bee. (10.27)
s!
s=0
Combining (10.24)—(10.27) with (10.23) yields
5 ~(n-1 -1
||R;P(p, w)[v]HW < <6£(1 +e) +¢yd, @ )950(1 + e‘SO))llw = plly vllyer. (10.28)
Taking the supremum over v € V® with unit V®!-norm in (10.28) yields
5 - -1
R P w)]|, o1y, < (81 + )+ 8,70 (1 +€%) ) lw = I} (10.29)

since §, < 1 means 55(’7_0 < 8,” forevery | € {0, ..., q}.
Together (10.10), (10.29) and the inequality 8¢ < 6¢(1 + ¢) + £,8, "% (1 + e%) mean that for
any !l € {0, ...,q} and any p, w € X, we have

- €% (1 + %) -
HRl (p, w)HE(V@;W) < | 61 +e)+ EoT [lw—pll}, - (10.30)
0

The definitions (10.7), the bounds (10.9) and the Holder estimates (10.30) tell us that

o €% (1 + %)
<
||F[q] | )Lip(n,Z,W) SOe(l+e)+e

7
9
(10.1) 57 e% (1 + e%
< ——c+e)+ < 0 ( )=£+£=g
2(1+e) 2% (14 e%) K 2 2
as claimed in (10.4). This completes the proof of Claim 10.1 O
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Returning to the proof of Theorem 3.1 itself, we define F :=1% — ¢ € Lip(y,Z, W) so that
for every j € {0, ..., k}, we have F() = () — (). Then, by assumption, we have for every j €
{0, ...,k} and every z € B that ||[FY)(2)|| cveiw) < & Moreover, (10.3) tells us that whenever
z € B, we have that ||F|g)l|Lipe,0,w) < 0€ for Q, :=% n By/(z,28,). Therefore, we can apply
Claim 10.1 to F and conclude that ||F|g)||pipe,z,w) < € Since F 1= 9 — ¢, this gives the estimate
claimed in (3.3) and completes the proof of Theorem 3.1. O
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