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Abstract

In this thesis we study aspects of the cosmological electroweak phase transition which 
are relevant to the possibility of baryogenesis at this epoch. We focus on two issues: first, 
requiring that the observed baryon number be of electroweak origin places strong constraints 
on electroweak physics, and second, baryogenesis at the electroweak scale may be driven by an 
asymmetry generated at the GUT scale.

We use the effective potential at finite temperature as a means of analyzing phase transi­ 
tions associated with spontaneous symmetry breaking. We develop the theory with two basic 
examples: the scalar and Abelian Higgs models. Infrared divergences near the phase transition 
make the one-loop description unreliable, and indeed invalidate conventional perturbation the­ 
ory. Borrowing a method from studies of QCD at high temperatures, we demonstrate that the 
summation of ring diagrams cures the leading infrared divergences and achieves a more reliable 
perturbative expansion.

We then apply this formalism to the minimal Standard Model, following previous work, and 
confirm weak first-order behavior at the phase transition. We show that requiring the baryon 
number not be erased by sphaleron processes after the phase transition places a stringent 
bound on the Higgs mass, which is incompatible with experiment. This cosmological bound, 
however, may be relaxed by extending the scalar sector of the Standard Model. We consider 
the two simplest such extensions, the addition of a gauge singlet and of a second doublet. We 
demonstrate that ring-improvement in the singlet extension alters previous arguments at the 
one-loop level and yields a more restrictive bound on the Higgs mass. While ring-improvement 
in the two-doublet model, in principle, also reduces the Higgs mass bound found earlier at one 
loop, the multitude of new couplings in this model does not permit a definitive statement.

We then investigate a mechanism for generating the observed baryon asymmetry (HB/S ~ 
10~ 10 ) at the electroweak phase transition from a pre-existing leptonic asymmetry (L T /s ~ 
10~ 5 ) produced at the GUT scale. This mechanism works by charge transport in a strongly 
first-order phase transition and avoids the need for large CP-violation at the electroweak scale.
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Chapter 1

Introduction

Particle cosmology describes physical phenomena in the early universe. It links physics 
on the smallest and largest scales, by revealing the intrinsic relationship manifest at 
high energy between particle physics and cosmology — the fundamental constituents 
of matter and their interactions determine both the contents of the early universe and 
the dynamics of its evolution.

The standard cosmology, or Hot Big Bang Model, integrates the Standard Model 
of particle physics with the Friedmann-Robertson-Walker cosmology. It is the first and 
indeed simplest theory that successfully describes the salient features of our universe: 
the Hubble expansion, the cosmic microwave background at 2.73 K, and the abundances 
of the primordially synthesized light elements. In addition it provides the framework for 
a meaningful exchange between particle physics and cosmology, with the power to probe 
unknown sectors in both fields. For instance, calculations of primordial nucleosynthesis 
compared with observation first indicated that the number of neutrino flavors is limited 
to four or less, long before accelerator experiments gave any direct evidence. Also, 
new stable particles which are contained in extensions of physics beyond the Standard 
Model may constitute the cosmological dark matter. Paradoxically, it is much harder 
to understand the cosmological origin of ordinary (baryonic) matter, specifically, the 
observed excess of matter over antimatter in the universe.

1.1 The Baryon Asymmetry Problem

The matter content in the observable universe has two striking features. The first 
is the scarcity of matter relative to radiation; observationally, the ratio of number 
densities is only 77 = n&/n7 ~ 10~ 10 , i.e., there are about ten billion photons for every 
baryon. The second is the predominance of matter over antimatter. We have direct 
evidence from planetary probes that our solar system is composed primarily of matter, 
and from cosmic rays, that our galaxy is as well. On larger scales, such as clusters of 
galaxies, we have indirect evidence from the absence of 7-ray emission characteristic of 
baryon-antibaryon annihilations from the intracluster gas. The recent observation by

1



1.1 The Baryon Asymmetry Problem

COBE that the spectrum of the relic radiation is Planckian to an accuracy of ~ 0.03% 
also demonstrates that there could not have been any significant matter-antimatter 
annihilation in the early universe below a temperature of 0(1 keV) [1]. All the evidence 
suggests that our observed universe is made of matter, and that antimatter is very rare 
[2]. This observation alone is the most visible manifestation of baryon and CP violation, 
reflecting such violation either in the dynamics of the universe's evolution or in its initial 
conditions.

The baryon asymmetry is quantified by the baryon-to-entropy ratio

B = »>-"E „ n*- nb   10-io

where n& (nj, %) is the density of baryons (antibaryons, photons), 5 « 1.80(7*% is the 
entropy density, 1 and g* counts the number of effective relativistic degrees of freedom in 
equilibrium. B gives the scaled number of baryons per comoving volume, and remains 
constant as long as entropy and baryon number are conserved 2 — that is, most of 
cosmic evolution. Today the asymmetry is maximal, B w n&/s ~ 10~ 10 , i.e., there is 
essentially no antimatter. The baryon density is determined by direct astrophysical 
measurements of the amount of luminous (nucleonic) matter in the universe, while 
the entropy density includes contributions both from the cosmic background of 2.73 K 
microwave photons and from the neutrino species ve ,v^,vr .

Instead of assuming that the presently observed B is simply an initial condition 
for baryon- conserving cosmic evolution, models of baryogenesis attempt to provide a 
dynamical means for generating the excess of matter over antimatter. The question of 
the origin of B and its evolution form the Baryon Asymmetry Problem. Two aspects of 
the problem are the sign and magnitude of B. In other words, Why is the B-asymmetry 

maximal? (Why is there so much more matter than antimatter?) and Why is B so 

small? (Why is there so little matter compared with photons?). Baryogenesis provides 
the framework for understanding and investigating the B- asymmetry, and it highlights 
the crucial role of microphysics (e.g., B and CP violation) in explaining cosmological 
phenomena. By requiring that the observed B be of some particular origin, it may also 
be used to constrain particle theories.

Why not consider a universe that is baryon symmetric on scales larger than our 
observable universe? If the universe at some early point were locally baryon symmet­ 
ric, baryons and antibaryons would remain in equilibrium annihilating each other as 
the universe cools, until the annihilation interactions freeze out at a temperature of 
~ 20 MeV, leaving residual baryon and antibaryon numbers of n^/s = n^/s ~ 10~ 19 . 
This is nine orders of magnitude too small, even if some mechanism could then sepa­ 
rate matter from antimatter. To avoid this "annihilation catastrophe" of the baryon 
symmetric universe, some mechanism would have to segregate matter and antimatter

1 See Appendix A for a review of thermodynamics in the standard cosmology.
2 Unlike B, the baryon-to-photon number 77 decreases whenever a particle species (most recently, the 

electron) falls out of equilibrium and annihilates to produce photons.
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on large scales, at a temperature greater than 40 MeV, when n^j' s = n^/s ~ 10~ 10 . 
At such an early time, however, the horizon only contained ~ 10~ 7 solar masses. This 
invalidates causal processes of the standard cosmology as a means of large-scale segre­ 
gation of matter and antimatter, and thus eliminates the possibility of any reasonable 
baryon-symmetric cosmology. It appears most natural to assume the symmetric ini­ 
tial condition of -^initial = 0 and to attempt to develop a dynamical mechanism for 
generating the value of B observed today.

1.2 The Conditions for Baryogenesis

In 1967 Sakharov [3] identified the three prerequisites for dynamically generating the 
observed baryon number:

• Baryon violation: Without it, the present baryon asymmetry would only reflect 
asymmetric initial conditions. This implies the existence of an interaction X —> Y 
in which the baryon number of X does not equal that of Y.

• C and CP violation: Since B is odd under C and CP transformations, their 
in variance would require that B = 0. Their violation allows a distinction between 
baryons and anti-baryons in C- and CP-conjugate reactions. Hence the reaction 
rate of X —» Y may differ from the rates of X —»• Y and ^"(helicity flip) —> 
Y(helicity flip). Note that CP violation (which implies T violation by CPT in- 
variance) guarantees a different rate for the reverse reaction of opposite net 5, 
Y -+ X. 5

• Departure from equilibrium: In equilibrium, the B-violating interactions en­ 
sure that the baryon chemical potentials vanish, /^ = — JJL^ = 0; and by CPT 
in variance, mj, = m^. Hence in equilibrium, baryons and antibaryons have iden­ 
tical distribution functions, fb(p) = fy(p) = [exp(Jp 2 + ml /T) + I]"1 , and 
consequently, equal number densities.

Although a plausible scheme of baryogenesis was nonexistent at the time these 
criteria were proposed, they served a useful purpose in providing constraints on physics 
at the primordial epoch: processes must occur which violate B, C, and CP, and which 
eventually cease to be in equilibrium. A variety of theoretical models have emerged since 
then that naturally fulfill these requirements. Baryon number, though perturb at ively 
conserved in the Standard Model, is not protected by any gauge symmetry (in the 
manner that ^/(!)EM guarantees charge conservation), and Grand Unified Theories 
predict its violation. C transformation is not a symmetry of the fermion representation 
in the Standard Model and is violated in the weak interactions; and CP violation has

3 This example is misleading in its suggestion that B, C, and CP violation should all occur in the 
same process; as we demonstrate in Chapter 8, separation of these processes may yield efficient schemes 
of baryogenesis.
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been experimentally observed in the neutral kaon system. Moreover the degree of CP 
violation can be enhanced in theoretically favored, modest extensions of the Standard 
Model. Finally, the universe may have undergone several departures from equilibrium 
during its evolution, particularly during phase transitions associated with spontaneous 
symmetry breaking in gauge theories. Such a departure is determined by comparing the 
reaction rate F of the interactions maintaining equilibrium with the Hubble expansion 
rate of the universe, H = R/R = -T/T.

1.3 Baryogenesis in Grand Unified Theories

The first scenario for baryogenesis emerged in the context of Grand Unified Theories. 
GUTs attempt to unify the non-gravitational forces of nature — the strong and weak 
nuclear forces and electromagnetism — by embedding the SU(3)c ® SU(1}i, ® U(l)y 
symmetry of the Standard Model into a larger simple symmetry group with a single 
coupling. The matter fields are arranged into irreducible fermion representations that 
include both leptons and baryons, which are transformed into each other by the gauge 
bosons of the theory. In this way, GUTs naturally accommodate B violation. Such 
B-violating reactions may be potent at the GUT scale T ~ 10 14 GeV, with rates that 
may be calculated perturbatively. GUTs also incorporate C and CP violation explicitly, 
which may be enhanced to a degree greater than that observed in the Standard Model. 
Finally, a departure from equilibrium may occur when the heavy gauge bosons fall 
out of equilibrium, as the temperature cools below the GUT scale; at such early times 
the universe is expanding so rapidly that many interactions are not in equilibrium 
(Prxn "C -ff"). Thus GUTs satisfy the Sakharov conditions for baryogenesis.

The standard picture that evolved is the so-called "drift and decay" scenario [4], 
The basic idea of this picture is the production of baryon number by the B-violating 
decays of particles falling out of equilibrium. For instance, consider some GUT in which 
a supermassive gauge boson X mediates B-violating reactions. In the early universe, 
at temperatures T > mx, the numbers of X and X are equal to the number of photons 
(neglecting statistical factors): HX ~ nx ~ %• In the presence of CP violation, the 
decay of an X added to the decay of an X produces a net baryon number £, which is 
proportional to the CP parameter that measures the difference between the rates for 
the decay reaction and its CP conjugate. 4

The sequence of events is as follows: 

1. For T > mx, thermal abundances of X and X are maintained in equilibrium, so
that n = n^ ~ n^. 

2. For T < rax, X and X become overabundant as the reactions that change the

4 Although the total decay rates of X and X are equal by CPT invariance, their partial decay rates 
for the various channels differ; it is this difference between the branching ratios for the individual decay 
channels and their CP conjugates which is relevant here.
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number density HX fall out of equilibrium (provided mx is massive enough); 
>

3. For T <C mx, the X and X freely decay; inverse decays and other B-violating 
reactions are suppressed by the low temperature. This results in a baryon number

nB ~ 
Jo =

s g*n^ g*

This scenario, though simple and appealing, raises further questions: What are 
the potential effects of a baryon asymmetry generated at the Planck scale, Tpianck ~ 
1019 GeV? Which GUT describes the physics of baryogenesis, and which superheavy 
particles drop out of equilibrium, producing B by their eventual decays? Is the GUT- 
generated baryon number influenced by subsequent events? B might be significantly 
diluted or amplified, for instance, by entropy generation or by further baryogenesis at 
a lower scale.

1.4 Electroweak Baryogenesis

Although various GUT models of primordial baryogenesis were found capable, in prin­ 
ciple, of dynamically generating an acceptable value of £, subsequent research brought 
to light several problems with the GUT scenario. First was the lack of experimental 
evidence or motivation for any particular GUT; the failure to observe proton decay 
has severely restricted, and in some cases eliminated, the simplest GUTs. Further, it 
was discovered that GUTs generically produce an unacceptably high relic abundance 
of stable massive magnetic monopoles, and of gravitinos in the case of supersymmetric 
GUTs. The solution to this problem was provided by inflation, which dilutes the abun­ 
dances of these unwanted relics by a period of exponential expansion of the universe. 
But this process also diminishes the primordial B to a negligible value, which is unlikely 
to be regenerated by GUT processes since the reheat temperature is typically orders of 
magnitude below the GUT scale.

The advent of baryon violation at high temperature, via anomalous electroweak pro­ 
cesses, was decisive in casting doubt on the ability of primordial baryogenesis to survive 
down to the electroweak scale. Although it was known that baryon violation mediated 
by instantons occurs in the Standard Model, the rate, like that for any tunneling pro­ 
cess, is exponentially small. It was subsequently realized that such anomalous processes 
could in fact occur without suppression, at temperatures of order the electroweak scale. 
This development raised the specter of equilibrating the primordial baryon number to 
zero, at temperatures ~ 100 GeV, unless a component of B were protected by some 
symmetry immune to electroweak processes.

Along with the possibility of depleting the primordial jB-asymmetry came the 
prospect of baryon production at the electroweak scale. Indeed, electroweak physics 
may feasibly fulfill the Sakharov conditions for dynamical baryogenesis:
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• Baryon violation is mediated by instantons at zero temperature and by sphalerons 
in equilibrium at high temperature.

• CP violation is explicit in the Standard Model and may be enhanced in modest 
extensions.

• If electroweak physics undergoes a first-order phase transition, as suggested by 
preliminary studies in the 1970s, disequilibrium may result from the separation 
of different phases and their respective particle interactions.

There emerged a promising opportunity to explain the baryon asymmetry in terms of 
low-energy physics — physics that is either known or experimentally accessible. As an 
added bonus, by requiring that the observed 5-asymmetry be of electroweak origin, 
baryogenesis could provide a powerful probe of particle physics. For instance, despite 
our familiarity with electroweak physics, the origins of spontaneous symmetry breaking 
(the scalar sector) and of CP violation remain unknown; electroweak baryogenesis could 
place constraints on the Higgs mass and the CP-violating parameter.

In summary, electroweak baryogenesis has two chief advantages:

• it involves physics that is experimentally accessible (rather than conjectured 
physics at the GUT scale);

• it may place useful constraints on particle physics.

1.5 Review of the Literature

The possibility of generating the cosmological baryon asymmetry at the electroweak 
phase transition has aroused considerable interest. A comprehensive survey of the 
abundant literature may be found in the review by Cohen, Kaplan, and Nelson [5]; here 
we note only the work relevant to this thesis. Corresponding to the three Sakharov con­ 
ditions, research in electroweak baryogenesis has focused on calculating detailed rates 
of baryon violation, investigating the role of C and CP violation and ways to enhance 
it, and determining the nature of the phase transition for different electroweak mod­ 
els. In connection with this, different mechanisms of baryogenesis have been proposed 
and studied, and various authors have obtained baryogenesis constraints on the Higgs 
sector.

The possibility that anomalous baryon violation within electroweak theory may 
have implications for baryogenesis was first suggested by Linde and by Dimopoulos 
and Susskind [6]. Manton and Klinkhamer [7] explicitly computed the specific field 
configuration (the so-called sphaleron) which could mediate thermal fluctuations be­ 
tween different topological vacua of the electroweak theory; because of the electroweak 
anomaly, such transitions mediate violation of baryon number. The connection to 
baryogenesis was realized in the work of Kuzmin, Rubakov, and Shaposhnikov [8], who 
argued that sphaleron-mediated transitions should occur unsuppressed at high enough
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temperatures and estimated the rate of baryon violation in the broken phase. They 
considered the equilibrating effects of sphalerons on a primordially generated baryon 
number, and even further, proposed that the electroweak phase transition might itself 
be the origin of baryogenesis. The work of Arnold and McLerran [9] achieved more 
refined calculations of the sphaleron rate and a resolution of the apparent paradox be­ 
tween suppression of baryon violation at zero temperature and its enhancement at high 
temperature.

The role of C and CP violation has been investigated in various mechanisms of 
baryogenesis. Apart from the observed violation of CP in the K°-K° system of the 
Standard Model, there are new sources of CP violation in extensions of the Standard 
Model. Turok and Zadrozny [10] proposed CP violation in the new couplings of an 
extended scalar sector (e.g., the two-doublet model), which bias topological fluctua­ 
tions and thereby baryon production. Cohen, Kaplan, and Nelson studied baryogenesis 
occurring in the adiabatic regime near slowly moving bubble walls, where CP violation 
in the scalar sector (e.g., the two-doublet model [11] and supersymmetric models [12]) 
induces an effective chemical potential that drives the generation of baryons. Cohen, 
Kaplan, and Nelson also proposed a charge-transport mechanism that operates under 
strongly non-equilibrium conditions, in which the CP-violating reflection of fermions 
off the bubble wall creates a net charge flux that triggers baryon production in the 
symmetric phase. CP violation resides in the scalar (e.g., the two-doublet model [13]) 
or leptonic (e.g., Majorana neutrino masses [14]) sectors. There have been further at­ 
tempts within the Standard Model to amplify the existing source of CP violation in 
the CKM fermion mixing matrix to a level relevant in electroweak baryogenesis [15]. 
Along these lines, Farrar and Shaposhnikov [16] very recently suggested that baryo­ 
genesis may occur within the minimal Standard Model at a strongly first-order phase 
transition. CP violation in this case arises through dynamical effects associated with 
the reflection of fermionic plasma modes off the bubble wall.

1.6 Outline

Owing to the intense research activity in the last decade, baryogenesis via electroweak 
processes has emerged as a credible candidate to explain the cosmological generation of 
baryon number. Many uncertainties remain, however, and must be resolved before any 
conclusions are reached. First, despite the plausibility of baryogenesis in the Standard 
Model, several difficulties have prevented the construction of a compelling scenario: 
CP violation in the Kobayashi-Maskawa matrix is unacceptably small, and it is un­ 
known whether the phase transition is sufficiently first-order to ensure efficient baryon 
production. Related to this last point is the need to protect the freshly generated B 
from erasure by sphalerons, which might still exist in equilibrium following the phase 
transition. A second question addresses the possibility of transforming a primordial 
asymmetry other than B into the baryon asymmetry, by anomalous processes at the 
electroweak phase transition. If some protection mechanism exists, e.g., a symmetry
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like B — L which is immune to anomalous baryon violation, a primordially generated 
asymmetry may survive to the electroweak scale to play some role in generating the 
observed baryon number. These concerns have motivated the work of this thesis.

This thesis therefore addresses two aspects of baryogenesis at the electroweak scale: 
determining the nature of the phase transition and the associated baryogenesis bounds 
on the Higgs mass, and investigating the possibility of a (CP-conserving) mechanism 
for converting some pre-existing leptonic asymmetry into B. First, the phase transi­ 
tion is analyzed by means of the effective potential at finite temperature. The effective 
potential at one loop suggests a first order phase transition; an accurate analysis, how­ 
ever, is complicated by infrared divergences, which reflect the appearance of massless 
modes near the phase transition, where the Higgs field has zero thermal average. We 
therefore treat these modes by including the effects of large thermal fluctuations, in the 
form of thermal self-energies or plasma masses. This achieves a resummation of pertur­ 
bation theory at high temperature, which more reliably describes the phase transition. 
Because of the wide variety of mechanisms suggested in the literature, and the lack of 
any compelling scenario among them, this analysis (and the associated baryon-washout 
bounds on the Higgs boson mass) is made as general as possible; it is independent of any 
particular scheme of baryogenesis, and depends only on the electroweak model under 
consideration. We apply this analysis to modest extensions of the Standard Model.

Secondly, we consider a scenario in which anomalous electroweak processing converts 
a pre-existing B/3 — Lr asymmetry into the baryon asymmetry. Rather than imagining 
exotic ways to enhance CP violation in the minimal Standard Model, or incorporating 
new sources of CP violation in its extensions, this mechanism demonstrates that one 
need not automatically invoke a large degree of electroweak CP violation in order to 
produce B. Instead CP violation is assumed to reside in physics at the GUT scale, 
which generates the initial leptonic asymmetry. Furthermore, it is investigated how 
charge transport in a strongly first-order phase transition might enhance the effect to 
produce a cosmologically acceptable baryon number.

The outline of this thesis follows. Chapters 2,3, and 4 review the background es­ 
sential to a study of baryogenesis at the electroweak scale. Chapter 2 introduces the 
methods and basic results of finite-temperature field theory. Chapter 3 develops the 
theory of symmetry restoration and illustrates the theory with two basic examples: the 
scalar and the Abelian Higgs models. It emphasizes their analogies and makes their 
relation to the Standard Model apparent. This chapter also shows how to cure the 
leading infrared divergences by the method of summing ring diagrams, a technique 
borrowed from studies of QCD at high temperature [17]. Chapter 4 reviews baryon 
violation and its enhancement at high temperature. Chapter 5 describes the behavior 
of the phase transition in the minimal Standard Model, and it demonstrates in detail 
that the requirement of avoiding baryon washout leads to an upper bound on the Higgs 
mass inconsistent with present experiment. It supplements the analyses of Dine, Leigh, 
Linde, et. al. [18] and of Carrington [19] by including scalar loops in the effective po­ 
tential. One way to relax the constraint on the Higgs boson mass is to extend the scalar
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sector of the Standard Model, and in Chapters 6 and 7 we consider the two simplest 
such extensions, the addition of a gauge singlet and of a second doublet. The one-loop 
analyses of Anderson and Hall [20] and of Bochkarev, Kuzmin, and Shaposhnikov [21] 
are refined by ring improvement, and original results are presented. It is shown how 
a singlet can relax the Higgs bound, and bounds for the two-doublet model are also 
considered. In Chapter 8 we address the second topic of this thesis, by proposing and 
investigating a specific mechanism for generating B through electroweak processing of 
a primordial lepton asymmetry. 5 This work combines the ideas of Nelson, Kaplan, 
and Cohen [13] for the enhancing effect of charge transport via fermion reflection off an 
expanding bubble wall during the phase transition, and the methods of Farrar and Sha­ 
poshnikov [16] for describing the fermionic collective modes of a relativistic plasma. It 
is found that this mechanism yields a baryon number consistent with observation, with­ 
out the restrictive assumption of large CP violation at the electroweak scale. Chapter 
9 concludes the thesis with a summary and discussion of results, and gives suggestions 
for further work.

5 This work was done in collaboration with Dr. S. Abel.



Chapter 2

Field Theory at High 
Temperature

The physical effects of high temperature and density, characteristic of the early universe, 
require modification to the quantum field theory description of elementary particles. In 
order to calculate the effective potential at high temperature, as a means of studying 
the electroweak phase transition and its implications for baryogenesis, we first review 
the principles and methods of finite-temperature field theory.

Starting from the basic principles of statistical mechanics and field theory, we de­ 
velop relativistic quantum field theory at high temperature and density. We use the 
functional integral approach to display the analogy between the time evolution operator 
e~lHt and the partition function Tr e~H/T , rendered by analytic continuation to imag­ 
inary time. Once we have the path-integral representation of the partition function, 
we derive the Feynman rules and note that thermal effects are ultraviolet finite. We 
then construct the generating functionals and conclude with a technique for computing 
the effective potential. Throughout, we will emphasize the physical interpretation of 
the formalism, and describe the similarities and differences of field theories at zero and 
high temperatures. This chapter covers only the material relevant to the work of this 
thesis; comprehensive treatments may be found in References [22, 23, 24].

2.1 Path-Integral Representation and Feynman Rules

The equilibrium behavior of a field theory at non-zero temperature is specified by the 
partition function,

ZT = Tr e

and the thermal expectation of physical observables (the Green functions),

(O) = i Tr e-«'T0 ,

10
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where the trace is taken over the physical states of the system and operators are de­ 
scribed in the Heisenberg picture. Thermodynamic properties can be derived from the 
partition function, perturbation theory from the Green functions.

We use the imaginary-time formalism, which makes explicit the mathematical re­ 
semblance between field theory at zero and finite temperatures. l For motivation, let us 
consider a field theory at zero temperature and analytically continue to imaginary time, 
T = it. First notice that, for T = T" 1 , the time-evolution operator e~lHt transforms 
into the density operator /> = e~H/T of thermodynamics, and the Green functions into

Tr Tr

where TT is the (imaginary-time) r-ordering operation. Secondly, by exploiting the 
relation between the density and the time evolution operators, we notice that the Green 
functions are periodic or anti-periodic for bose or fermi fields, on the interval [0,T-1 ]:

Tr e- eAfo.O) e-B(S,, r2 )

and hence the fields themselves may be taken to be periodic or anti-periodic. Above 
we have used the cyclic property of the trace, the definition of r-ordering for bose and 
fermi fields, and the fact that fermionic Green functions are composed of bilinear com­ 
binations (and hence an even number) of spinor fields. Finally the transition amplitude 
from the state ^o at £ = 0 to the state at t = £

r r r
TW expli dt d?x C

J \ J J

a And we neglect the real-time formalism, which makes explicit, in their contributions to physical 
observables, the distinction between quantum and thermal fluctuations. While the real-time formula­ 
tion preserves manifest Lorentz covariance, we find it inconvenient for the purposes of this thesis; the 
imaginary-time formulation, however, allows an immediate interpretation of the ring diagrams as an 
infrared effect (Chapter 3).
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is transformed into

oc / exp
...
(anti-) 

periodic

T-3

- fdr fd3 x 
J J , 

or J

where we have imposed the (anti-) periodicity condition on W over [0, T" 1 ] and £g is the 
Euclidean Lagrangian. We see that, by analytically continuing to imaginary time, the 
quantum transition amplitude has been transformed into the Boltzmann probability of 
statistical mechanics, thereby relating the evolution of a quantum field theory to the 
behavior of a thermal ensemble in static equilibrium.

In analogy with the zero-temperature generating functional Z[J], the partition func­ 
tion may now be expressed as a functional integral solution to the finite-temperature 
equations of motion. Thus, we transform ZT from a trace over all states,

ZT =

into a Euclidean path integral over all periodic bose fields and anti-periodic fermi 
fields, defined on the imaginary-time interval [0,T-1]. Because of the (anti-) periodic 
boundary conditions, the Fourier-transformed fields have discrete Matsubara frequen­ 
cies, un — 2mrT for bose fields and (2n + l)7rT for fermi fields. Adding an external 
source J results in the generating functional ZT [J], from which the Green functions 
may be obtained by taking the appropriate derivatives. Thus

ZT [J] .,/ exp

(anti-) 
periodic

- /•*/'d3x £E ,W dr J (2.1)

and the analogy is explicit: to get ZT [J] from Z[J], we merely continue to Euclidean 
time, impose the appropriate boundary conditions, and convert Fourier integrals over 
continuous energies to Fourier sums over discrete frequencies.

Because the Green functions at finite temperature satisfy the same equations of 
motion as their counterparts at zero temperature and differ only in their boundary 
conditions, we may appropriate the entire framework of zero-temperature perturba­ 
tion theory and the corresponding Feynman rules. We need only make the following 
modifications:

-•-I

/ d4x -» -i I dr I d3 x



2.1 Path-Integral Representation and Feynman Rules 13

,o • j 't>6'ii>'H J- bose 
-> *wn - | .^ + i^T ferm .

•/TI v^ A ^ ^

(2.2)

Additional modifications apply to gauge theories. Here we define the partition 

function in the space of physical states,

ZT = Tr (2.3)
physical gauge

thus excluding the unphysical degrees of freedom, such as ghost fields or unphysical 

polarization states of gauge fields, which cannot come into equilibrium with a physical 
heat bath. The partition function is then generalized to arbitrary gauges via the Fadeev- 
Popov procedure. Ghost fields, although anti- commuting, have bose-like Matsubara 

frequencies since they represent the effects of a determinant defined in the function 

space of gauge fields.

In the calculation of Green functions, we encounter expressions involving sums over 
Matsubara frequencies; for instance, taking / and g to be the integrands of a bosonic 
and fermionic loop integral, respectively, we have from the integrals' zero components

Bose:
n

Fermi: T^g(p° = i(2n + l)7rT) . (2.4)
n

We evaluate these sums in the standard way by expressing them as contour integrals 
and then separating the zero-temperature and thermal contributions:

n

00

—oo

for bosonic loops and

> dp0 g(p°)
Tl x-(

Op

oo _ ioG-\-e

- t
~ J

-ioG+E

(2.6)
-00
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for fermionic loops. The contours CB and Cp are given in Figure 2.1. The contributions

^ cy

Figure 2.1: The integration contours for evaluating Bose and Fermi thermal sums, with poles at 
ujn = 2mrT and u> n = (2n + l)7rT respectively.

from the vacuum and non-zero temperature naturally separate; the physical interpre­ 
tation is that, because physical particles interact with the thermal bath, there are 
indistinguishable contributions within the loop from virtual particles (quantum fluctu­ 
ations of the vacuum) and from physical particles in the ambient distribution (thermal 
fluctuations due to the heat bath). Note that because the thermal distribution acts 
as an exponential cutoff (i.e., the temperature effectively serves as a high-momentum 
cutoff), only the zero-temperature piece requires ultraviolet renormalization. Thus fi­ 
nite temperature introduces no new UV divergences; renormalization performed at zero 
temperature is sufficient at finite temperature. Physically, finite-temperature effects do 
not change the short-distance behavior of the theory.

It should be mentioned for completeness that this formalism may be extended 
to include the case of high density effects. Denoting by m the chemical potentials

^^

associated with the independent conserved charges Qi, the density operator is then 
p = e -(H-viQi)/T ̂ an(j ^g partition function and Green functions become

ZT =

The functional integral may be derived analogously to (2.1), with the only exception 
that the Euclidean time derivative for the field with conserved charges qi is now d/dr —> 
d/dr - q^i\

exp

(anti-) 
periodic

-•-l

(d3 z ' dr (2.7)

Consequently, in the Feynman rules, the time-component of the momentum becomes 
k° —> iun - qifa, and the loop integrals corresponding to (2.5) and (2.6) are modified to 
reflect the separate contributions due to a finite density of particles and antiparticles.
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For most of our discussion, we will assume that all chemical potentials vanish. When 

we require chemical potentials in Chapter 8, they will be small enough, \fJ,\/T < 1, 
that only the lowest order (linear) contribution will be needed, which we extract using

the distribution functions /B,F(k] = [exp (y k2 + ra2 — <&/^)/T =p I]" 1 .

2.2 Generating Functionals and the Effective Potential

The thermal generating functionals are constructed by analogy to their counterparts 
at zero temperature. Connected thermal Green functions are generated by 1/FT [J] = 

— \ogZT [J]. Defining the classical field T/>,

the effective action is obtained from VFT [J] by Legendre transform:

= WT [J] - f

where we denote Euclidean coordinates by x. The effective action generates proper 
(1PI) vertices,

00

The effective potential VT is then defined as the first term in a derivative expansion 

for the effective action,

and for constant ^, may be expressed in terms of zero-momentum 1PI Green functions:

- = o, kj = o) vn • (2.8)
00

n=

The effective potential at finite temperature is the free-energy density associated 
with the field -0; more precisely, it measures the free energy density of the field theory 
coupled to the heat bath, a system which is characterized by its average field -0 and its 
temperature T. It contains thermodynamic information through the relations

Pressure density: p(^>) = —VT (iJj}
dVT 

Entropy density: s(ij)) = -

Energy density: p(if>) = VT (tjj) + Ts(ijj) . (2.9)
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Because the ground state of the system minimizes the free energy, the effective potential 
serves as a useful tool to investigate symmetry breaking and its thermal restoration. 
In this thesis we use VT (^) exclusively for this purpose.

We employ the tadpole method for calculating the effective potential, which avoids 
the combinatorics encountered in a direct calculation of VT (^>] via (2.8). The method 
requires only computing the 1PI tadpole and integrating. To see this, we simply expand 
the effective potential about ^ = 9] this is equivalent to shifting the field tjj — > -0 + 9 ', 
so that the effective potential is expressed in terms of zero-momentum proper vertices 
in the shifted theory:

00

-I n -n=l
(j = 0,fcj = 0) (V>-0)n . (2.10) 

Taking the first derivative at if? = 0 and comparing with the unshifted theory in (2.8),

OO -i

= 0) = - E 7——TT7 r (n) (* = 0) 0"- 1 -
dV5

Integration yields ^T (^).

Further differentiation of the effective potential (2.10) yields proper vertices of the 
shifted theory (at zero external momenta), in a form useful for our later analysis:

(2.11)

For non-zero external momenta, the analogous relation may be derived similarly from 
the effective action rT [V>]:

fJn) (Pl ,...,pn- 1 ,0)=^n-1) (p1 ,...,pn_ 1 ). (2.12)

These relations for n — 2 will be used to find convenient expressions for the scalar 
self-energy.



Chapter 3

Restoration of Symmetry at 
High Temperature

Symmetry restoration is an important feature of finite temperature field theory: ther­ 
mal effects at high temperature may restore a symmetry that is spontaneously broken 
at zero temperature [23, 25]. To motivate our study of this phenomenon, consider 
the free energy of a physical system, described by a chosen field theory that induces 
spontaneous breakdown of symmetry (with thermal expectation ($)) coupled to a heat 
bath (at temperature T). The system occupies the state that minimizes its free energy, 
which at zero temperature occurs at the minimum of the tree-level potential: ($) ^ 0. 
At high temperature, the thermal distribution of ambient particles increases the cost in 
energy terms of a non-zero value of {$}, as free energy must be added to the ambient 
particles that are gaining mass. Thus the scalar condensate that forms at zero temper­ 
ature becomes increasingly unstable as the temperature rises, and as it gradually melts 
away, the system undergoes a phase transition in the order parameter {$}: {$} —> 0. 
This process of symmetry restoration occurs as the system seeks to minimize its free 
energy in the presence of an ambient thermal distribution.

Consider this phenomenon from another point of view. At low temperature, a 
classical determination of the vacuum, and hence a classical picture of spontaneous 
symmetry breaking, is sufficient as long as perturbation theory is valid; quantum effects 
at higher orders in the coupling parameters are perturbative, so they do not alter our 
tree-level description to any significance. At high temperature, however, conventional 
perturbation theory fails — a large temperature may compensate for small coupling 
parameters. Thus a classical description is insufficient, and one must go to higher orders 
to reliably determine the vacuum state. In physical terms, at high enough temperature, 
thermal fluctuations may change the nature of the vacuum.

In this chapter, it is shown how a symmetry-restoring phase transition may be 
described by means of the effective potential at finite temperature. To motivate our 
treatment of the electroweak phase transition in Chapters 5,6, and 7, we first choose 
to analyze the scalar and the Abelian Higgs models as our prototypes. We compute

17
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the effective potential at one loop and find that the phase transition is apparently first- 
order. This description, however, is misleading, and in fact inconsistent, because of 
infrared divergences that invalidate the loop expansion. Perturbation theory at finite 
temperature will then be considered in general, and it will be seen how the effective 
expansion parameter is altered from the usual case at zero temperature, thus permitting 
us to easily identify the source of the leading infrared divergences. These divergences 
may be cured by taking into account, via thermal masses and dressed propagators, the 
effect of large thermal fluctuations on the infrared modes characteristic of the phase 
transition. In other words, because of long-range collective modes in the plasma, there 
are contributions that are non-analytic in the couplings (the plasmon effect), which 
should be included in the effective potential. This will be done to leading order in the 
temperature by summing ring diagrams. We will find at this point that we have a 
reliable and consistent description of the phase transition, to lowest order (viz. cubic) 
in the coupling parameters, and we will conclude by considering the validity of our new 
perturbative expansion. Our results confirm weak first-order behavior at the phase 
transition.

3.1 The Scalar Model

Notation

We first consider symmetry restoration in the simplest context, the scalar model with 
spontaneous symmetry breaking. It has the ^-invariant Lagrangian

^scalar - 0M *0M * - U($) + £c . t . , (3.1)

where the classical potential and counter-term Lagrangian are given by

(3.2)
Li ^t

and . _ „
A It f 1

c.t. Q A* 9 4 \ /

The mass parameter //2 is positive, so that the minimum of {/($) occurs at |$| 2 = 
//2 /A = v 2 , where d2 U/d\$\ 2 — 2/z2 (see Figure 3.1). At zero temperature, the system 
minimizes its energy by choosing one of the classical minima, and because this choice 
of vacuum does not respect the Z2 symmetry of the field dynamics ($ -»• -$), a 
spontaneous breakdown of symmetry is said to occur.

At finite temperature, the physical system favors the state that minimizes its free 
energy density VT . If this minimum-energy state develops a thermal average {$) / 0, 
the Z2 symmetry is broken; otherwise we say that the symmetry is restored. Choosing 

to be non-negative, we denote it by ($) = </> and expand the field $ about its
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Figure 3.1: The classical potential for the scalar model.

Poincare-invariant 1 thermal average:

(3.4)

where (cr) = 0. This is analogous to the analysis of Bose-Einstein condensation, in 
which one isolates the static infrared part of the field. Shifting by (f> in U((f>) yields the 
scalar mass m2 (</>) = —/x2 + 3A^>2 = A(3</>2 — v2 }. The thermal average {$} will be found 
as a function of temperature T by minimizing the effective potential VT (<f>}.

Performing the shift (3.4) and neglecting constants and total divergences, we express 
the Lagrangian as the sum of a quadratic part and an interacting part:

where

and

TO2 (</>)

C\ = —X(f>(T3 — —cr4 + (fJ?(j) — X(f)3 } o + (counter-terms)

(3.5)

(3.6)

(3.7)

Effective Potential at One Loop

We compute the effective potential by the method of tadpoles. At lowest order we 
get the tree-level contributions from the classical potential and the counter-term La­ 
grangian:

-^2 + ^ (3.8)

a We know from thermodynamics that the pressure density (= — VT ) is spatially uniform in equilib­ 
rium; local fluctuations are unstable.
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and
(3.9)

At next order, we obtain a contribution from the scalar loop of Figure 3.2, which 
has the form

dV d4 k

1 dm2
2 )

(3.10)

We express this as a contour integral (in the manner used to derive (2.5)), arriving at

XX 
> V

Figure 3.2: The tadpole graphs for the one-loop effective potential in the scalar model.

the standard expression

\
(3.11)

Notice that the zero- and finite-temperature pieces separate. The zero-temperature 
integral is taken over Euclidean momenta, while the convergent integral IB embodies 
the thermal effects at one loop of the ambient boson field. It possesses the high- 
temperature expansion

00

-z~2 dx x2 \og (l-exp (-
^7T J \ \

0

y2 y3constant + — — —— 
24 12?r 64?r 2 , (3.12)

where log CB = | + 21og4?r - 2j « 5.41. As we will see below, T ~ v — ^l\f\ near the 
phase transition, and the high-temperature expansion gives a valid approximation to 
the effective potential.

Although formally a function of t/ 2 , notice that IB(V} is non-analytic in y2 ; hence 
the cubic term in the expansion (3.12). This cubic term is crucial to the first-order 
behavior of the phase transition, and will be examined in detail below. Here we see 
from integration that it derives directly from the zero mode in the one-loop tadpole
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(3.10). Thus infrared effects will be important in assessing the first-order nature of the 
phase transition.

We obtain the unrenormalized one-loop effective potential:

(3.13)

where

and
= T4IB

(3.14)

(3.15)

(<f>) is the free energy of a (non-interacting) ideal gas of scalar particles. Because 
finite temperature effects introduce no new ultraviolet divergences, we need only renor- 
malize the zero-temperature piece V°. For convenience, we choose a renormalization 
prescription that preserves at one loop the tree-level relations for the location of the 
minimum (at v = /i/VA) as well as the Higgs mass (M2 = 2Av2 ) at this minimum:

dV°
d(f> 

d2 V°
b=v

= 0

= M'

(3.16)

(3.17)

These conditions determine the renormalization constants B and C of (3.9); D is chosen 
to cancel the constant part of V°, and A of (3.3), which is superfluous for the purpose 
of computing V" 0 , is determined by requiring that the thermal propagator have unit 
residue.

Renormalization yields the final expression for the zero-temperature effective po­ 
tential at one loop:

2
A
4 327T 2 (3.18)

Adding the finite-temperature piece (3.15) and using the high-temperature expansion 
for IB (3.12), the effective potential at one loop may now be approximated as

rT 
1 loop

A - 3AM 2 , 
+ 4T+ l2^'°S

M''
n' T2
UlT3 J.

9A 2

167T 2
log

M'

\ogaB = logCB - 3/2 w 3.91 and loga'B = logcB - 7/2 « 1.91. Notice the cancelation 
of the m4 (^>)logm2 (^>) terms from the thermal and zero-temperature pieces, AFT and



3.1 The Scalar Model_____________________________________22

V . Here, and throughout this thesis, terms that are independent of (f> (i.e., constant or 
depending only on the temperature) are discarded from the effective potential; that is, 
we renormalize to zero the vacuum pressure and energy densities. One may obtain the 
effective potential valid at lower temperature, by numerically evaluating the integral 
/B, (3.12).

The Phase Transition

To gain some insight into the phase transition, let us first approximate VT by including 
only the leading thermal contribution, i.e., only the m2 (</>)/T2 term of the expansion 
(3.12). In this case, the effective potential becomes

/ O ~\

2 4

2x4/4 

Scaling VT and 0 by the temperature, x = <j>/T and f(x) - V^prox/T4 , we have

C 2 + ^4 , (3.21)

where T02 = 4(j?/\. This can be written as f(x) = a(T)x 2 + c(T)z4 , with the 
temperature-dependent coefficients such that the quartic term is always positive, while 
the quadratic term is positive for T > TO and negative for T < TQ. V^pl.ox(0) is plotted 
in Figure 3.3.

Defining Tc to be the critical temperature at which the origin of VT (4>] has vanishing 
curvature, /"(O) = 0, we see that Tc = TQ. This definition of Tc is suitable for describing 
a second-order phase transition, or the end of a first-order one. For a first-order phase 
transition, one may also define the critical temperature T, at which two degenerate 
minima (the coexisting phases of symmetric and broken vacua) exist. For the purposes 
of this thesis, we will be interested almost exclusively in the critical temperature Tc , 
which may be used to distinguish first-order behavior from second-order:

T <
crit

= 0 if second-order
7^0 if first-order (3.22)
> 1 if strongly first-order

In addition, Tc is the more appropriate definition when considering the survival of 
baryon number freshly generated during the phase transition, as in the analyses of 
Chapters 5, 6, and 7, since it describes conditions at the end of the phase transition.

We obtain the vacuum state and scalar mass from the first and second derivatives
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Figure 3.3: The effective potential in the scalar model, approximated to leading order in the temper­ 
ature.

4 X ( l 'r^) +4ar (3>23)
/ / r\ \ ,»

(3.24)

Recall from (2.11) that d2 VT /d(j>2 gives the zero-momentum mass m2 at finite tem­ 
perature; this is the vacuum mass ra2 (</>) = 3A<^2 — //2 plus thermal corrections due 
to interactions (at one loop) with the heat bath, which we will later calculate explic­ 
itly. The resulting minima as functions of temperature and their related masses are as 
follows:

Symmetric minimum: T>TO
x = 0

Broken minimum: T <TO
m2 - | (T2 - T2 )

(3.25)

The minimum 4>/T(T] and mass m2 (T) are shown in Figures 3.4 and 3.5. The broken 
minimum x + goes continuously into the symmetric minimum at T — TO, at which 
point symmetry is restored and the mass vanishes. This approximation describes a 
second-order phase transition — at the critical point Tc , </>/T = 0.

Let us continue the analysis and see whether this second-order behavior persists,
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Figure 3.4: The minimum of the effective 
potential in the scalar model, approximated 
to leading order in the temperature.
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Figure 3.5: The mass squared at the min­ 
imum of the effective potential in the scalar 
model, approximated to leading order in the 
temperature.

by using the full effective potential at one loop in (3.19):

VT
_ 1 loop

A
8

\_TQ_ 3M2
-*- f-r-il i ^ O/-¥-iO l^O

A
4

1-

87r 2T2 to \a'vT2 

9A , / M2

x

16*
x4 - A3/2

127T

V
3/2

The first and second derivatives are then

g'(x) = x { -
S _3M^_ / M 2 
T2 + 87T 2T2 °g I o^T

9A , / M2
10£

3A3/ 2

4?r
v

1/2'

1 _ Zl 3M2 /_A
1 ~ ^ "*" 0^21^2 & I ^/T2 87T 2T2

+ 3A 1- 9A , / M2
167T 2

(3.26)

(3.27)

3A3/2

47T

v 1/2 9A3/ 2

47T 1/2 • (3.28)
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The critical temperature, defined by #"(0) = 0, is given implicitly by the relation

A _ T£ 3M 2
87T 2T2

M 2 3A3/2
4?r

v 1/2

(3.29)

which may be approximated as

3M2 1 ( M 2 -8^ log T2 / ' (3.30)

where we have neglected the imaginary term.

Notice that the piece ra3 (</>)/T3 ~ A3/ 2 [3x 2 - v 2 /T2 ] 3 ' 2 leads to imaginary terms in 
the effective potential and physical quantities obtained from it. It has been shown [26] 
that the emergence of imaginary terms in the perturbative effective potential indicates 
a physical instability, and in fact, the imaginary part of VT is simply half the rate 
per unit volume of vacuum decay by perturbative processes; the real part is the usual 
expectation value of the energy density, which can be used to diagnose the nature of 
the phase transition. Henceforth all physical quantities (e.g., the critical temperature 
and scalar mass) will be extracted from the real part of VT .

^iTlooP can be written as g(x) = a(T)x 2 + c(T}x4 - (A3/ 2 /127r)[3z 2 - v 2 /T2 ] 3/ 2 . As 
in our previous approximation /(#), the quartic term is positive, and the quadratic 
term is positive or negative depending on whether T is greater or less than Tc . Here, 
however, the cubic term leads to an energy barrier at the critical point. We plot 
^HoopC^O ^n Figure 3.6 and observe first-order behavior at the phase transition. Thus, 
the second-order behavior of /(#) was simply an artifact of the approximation used.

The minimum and the corresponding mass, as functions of the temperature, are 
given by the following expressions:

Symmetric minimum:
x = 

m2
T2

T >f
0
A
4

T2 
i °

T2
3M 2

' 87T 2T2

(3.31)

log
M2 3A3/2 

4?r
v
T2

1/2

Broken minimum: T < T
A
4

T2 3M2
T2 ' 87T 2T2

3A3/ 2

4?r

m2 A
T2 2

M 2 
a'BT2 + A

~ ^» /TnO I

2" V2

T2 
3M 2

87T 2T2 log

(3.32)

1- _9A_
167T 2
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M 2 
^T2 x
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Figure 3.6: The effective potential at one loop in the scalar model.
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m2 here includes the one-loop corrections due to vacuum and thermal interactions, 
whereas our previous m2 , computed from f(x) in (3.25), only included the leading ther­ 
mal corrections oc T2 . The minimum 4>/T(T) and mass m2 (T) are shown in Figures 3.7 
and 3.8. The broken minimum jumps discontinuously to the symmetric minimum at 
T — T, at which point symmetry is restored, although the mass remains greater than 
zero.

We examine the critical point in greater detail. At Tc , the asymmetric minimum
is

9A
A

where the mass is

M2 3A3/2 

4:irxcrit

1/2
V

1/2-

, (3.33)

m T2"
3A3/ 2 

2?r

1/2
V

1/2-
9A3/ 2 3.2

xcrit
4?r f o 2 1 */ 2 (3.34)



3.1 The Scalar Model 27
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0

Figure 3.7: The minimum of the one-loop 
effective potential in the scalar model.

(TO/T)
Figure 3.8: The mass squared at the mini­ 
mum of the one-loop effective potential in the 
scalar model.

If Zcrit > 0 is a solution to (3.33) (hence implying first-order behavior), then the mass is 
necessarily positive: g"(x CTit) > 0. Even without explicitly solving for zcrit as a function 
of the parameters A and M, we may obtain a stability bound from (3.34) by requiring 
that the curvature be real and positive. It is clear by inspection that the solution does 
not exist (and the mass is imaginary) for (</>/T)^rit < v 2 /(3T2 ). Expanding g"(xCT^) for 
small and large values of xcrit , we see that

9

-3/2

g"(zcrit)

The mass is positive for large zcrit , and therefore (<f>/T)ctit must satisfy a;^ri

(3.35)

(3.36)

rit > v 2 /3Tc2 «

1/12 for all values of A and M. Expressions of the type (3.33) and (3.34) may be em­ 
ployed to obtain constraints on the parameters by requiring that the phase transition 
be strongly first-order ((^/T)crit > 1), as we will see later.

This analysis depicts a phase transition that proceeds as follows. At extremely high 
temperatures, T > v, the symmetry is unbroken and ($) = 0 is the unique vacuum.
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As the system cools down to a temperature T ^ T > Tc , an asymmetric (local) mini­ 
mum appears, which becomes degenerate with the symmetric minimum when T = T, 
at which point vacuum tunneling commences in earnest. There is supercooling of the 
metastable symmetric minimum until T ~ Tc < T, during which time it gradually de­ 
cays to the stable broken minimum. The decay process occurs as bubbles of true vacuum 
nucleate in the sea of false vacuum, at a rate that can be computed using the theory 
of vacuum tunneling at finite temperature [27, 28]. The bubbles of {$} ^ 0 propagate 
and percolate through the sea of false vacuum, and eventually coalesce to fill all space. 
And if the phase transition is sufficiently strongly first-order, entropy is generated. As 
the temperature falls below T ~ v, thermal effects become negligible, conventional 
perturbation theory becomes valid (and our high-temperature approximation invalid), 
and (3>) seeks the minimum of VT ~ Vtree . A condensate of zero-momentum bosons 
forms, reflecting an inherent ordering in the vacuum.

There remain serious problems with the description just portrayed, however, and 
as we will see in Section 3.3, a more reliable description of the phase transition must 
account for infrared divergences.

3.2 The Abelian Higgs Model

Before delving into infrared divergences in the next section, let us consider a phase 
transition in another simple context. We choose the Abelian Higgs model because it 
illustrates the generic features — to be encountered later in the Standard Model — of 
infrared divergences due to both scalar and gauge fields. The treatment builds on that 
developed for the scalar model.

Notation

The Abelian Higgs model is scalar electrodynamics with spontaneous symmetry break­ 
ing. It is defined by the following t/(l)-invariant Lagrangian:

i" — -'•'gauge ~r -^Higgs T -^/gauge-fixing ~r -^ghost T ^c.t. • (o.oij

The gauge kinetic term is given by

r — _-/r p^v (Q QSA-'-'gauge — . -L fjui-1- 5 ^o.oo^

with the field-strength tensor F^v = d^A^ — d^A^ . The Higgs field Lagrangian is

Aliggs = (D^)\D^) - [/(<&) , (3.39) 

where the covariant derivative D^ and the classical potential U($) are given by

(3.40)
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and
£/($) = - + (3.41)

The mass parameter //2 > 0, so that the classical potential £/"($) describes a sponta­ 
neous breakdown of the U(l) symmetry at zero temperature; the minimum of 
occurs at |$| 2 = /^2 /2A = v2 /2, where d2 f//d|$| 2 = 4//2 (Figure 3.9).

Figure 3.9: The classical potential for the Abelian Higgs model.

At finite temperature, the physical system favors the state that minimizes its free 
energy density VT . If this minimum-energy state develops a non-zero thermal average, 
($} ^ 0, the U(l) symmetry is spontaneously broken; otherwise it is restored. Choosing 
{$} to be real, we denote it by {$) = <^/\/2 and expand the field $ about its Poincare- 
invariant thermal average:

3 = 4=W + ;a + *X2) (3.42)

where (xi) = (xi] — 0. The thermal average as a function of the temperature, ($}(T), 
is to be determined by minimizing the effective potential VT ((f)}. Shifting by <$> in 
£niggs gives rise to masses m2 (0) = — \J? + 3A</>2 = A(3</>2 — v 2 ) for the Higgs field xi? 
m|(0) = ~M2 + ^^2 — ^(02 - v2 ) f°r tne Goldstone field X2, and m^(0) = e2 <£2 for the 
photon field.

We eliminate mixing of the Goldstone and photon fields in the shifted £ffiggs (from 
the cross term e^d^x.2^ in l-t^l 2 ) ^v cnoosmg the R^ class of renormalizable gauges, 
where the gauge-fixing Lagrangian is

£gauge-fixing = ~f

In analogy with our later analysis of the Standard Model, we work in Landau gauge, 
£ —» 0, so that

1 2 
-^gauge-fixing——> ~^7v^7t-™- ) + erX2^/i^. , (3.43)
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ensuring that only gauge configurations with d^A^ = 0 contribute to the functional 

integral. The cross term combines with that from |DM $| 2 in £ffiggs to produce a to­ 

tal divergence that vanishes upon integration. The effective potential will depend on 

the gauge, but the physical quantities we obtain from it will not. As in quantum 

electrodynamics ,
; (3.44)

Abelian ghost fields are non-interacting, decoupling from the effective potential, and 

henceforth will be ignored. Finally we take a counter-term Lagrangian of the form

£c .t. - A(d^)\d^) + B&$ + C($f$) 2 + D , (3.45)

since computation of the effective potential requires only that we renormalize $ explic­ 

itly.

Performing the shift (3.42) and neglecting constants and total divergences, we ex­ 

press the Lagrangian as the sum of a quadratic part and an interacting part:

£ = £0 + A , (3-46) 

where

(3.47) 

and

A = -

- X2#MXi) A^ + (counter-terms) . (3.48)

Effective Potential at One Loop

We compute the effective potential by the method of tadpoles. At lowest order we 

get the tree-level contributions from the classical potential and the counter-term La­ 

grangian:

=- + *' (3.49)

and R ~

• -\'/ 24 '

At next order, we obtain terms from scalar and gauge loops, depicted in Figure 3.10. 

The scalar contributions are identical to that computed for the scalar model in the
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Figure 3.10: The tadpole graphs for the one-loop effective potential in the Abelian Higgs model.

previous section, so we need only compute explicitly the gauge contribution, which has 
the form

dV_
d(f>

2 d(f) 7r) 3 (27rnT) 2
(3.51)

We express this as a contour integral, separate the zero- and finite-temperature pieces, 
and integrate, to derive the standard expression

log (3.52)

Near the phase transition, T ~ /^/\A or ///e, and the high-temperature expansion 
(3.12) gives a valid approximation to the effective potential.

Combining the Higgs, Goldstone, and photon contributions at one loop, we obtain 
the unrenormalized one-loop effective potential:

(3.53)

where

1 fd*kE ,
2 7(2^ 10g
£> J \£jt\}

3 yd4 A 
27(27r

?n'

,log (3.54)

and

\ T (3.55)

j (0) is the free energy of an ideal gas of scalar and gauge particles in the back­ 
ground field (/>. Because finite temperature effects introduce no new ultraviolet diver-
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gences, we need only renormalize the zero-temperature piece F°. For convenience, we 
choose a renormalization prescription that preserves the tree-level values for the loca­ 
tion of the minimum (at v = /^/A/A) as well as the Higgs mass (M 2 = 1\v 2 ) at this 
minimum:

dV°

d2 V°

= 0

= Ml

(3.56)

(3.57)

These conditions determine B and C; D is chosen to cancel the constant part of V°, and 
A, which is superfluous for the purpose of computing V"0 , is determined by requiring 
that the thermal propagator have unit residue.

Renormalization results in the final expression for the zero-temperature effective 
potential at one loop:

(3.58)

Here and in the following, Mj denotes the zero-temperature mass, M? = m2 (t;). Also, 
because M| = 0, log M| leads to an infinity that reflects the running of the physical 
mass off-shell to zero momentum, which we neglect [29]. Adding the finite-temperature 
piece (3.55) and using the high-temperature expansion for IB (3.12), the effective po­ 
tential at one loop may be approximated as

127T
(3.59)

This expression has been written in a form that separates the contributions due to 
scalar, Goldstone, and gauge fields (compare to the scalar result of (3.19) and note the 
cancelation of the rajlogm2 terms). One may obtain the effective potential valid at 
lower temperature, by numerically evaluating the integral IB, (3.12).

We note that the nature of the phase transition depends highly on the relation 
between the couplings A and e [30]. Interesting effects may occur for large or small
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values of e2 /A. For instance, the quadratic term of V° in (3.58) becomes positive for 
A < 3e4 /(167T 2 ) <C e2 , so that the spontaneously broken symmetry may be restored 
by quantum effects even at zero temperature. These cases, however, obtain only for 
certain ranges of parameter space and will be irrelevant for our purposes, since we take 
e4 <C A ~ e2 as in the Standard Model.

The Phase Transition

To gain some insight into the phase transition, let us first approximate VT , as in the 
scalar model previously, by including only the leading thermal contributions (oc ra2 /T2 ) 
in the expansion (3.12). In this case, the effective potential becomes

approx(<« =

A
(3.60)

Scaling VT and <f> by the temperature, x = 4>/T and , we have

-
T2

2,^4 
+ -7 X 5 (3.61)

where T02 = 12/^2 /(4A + 3e2 ). This can be written as f(x) = a(T)x 2 + c(T)x4 , with 
the temperature-dependent coefficients such that the quartic term is always positive, 
while the quadratic term is positive or negative for T > TO or T < T0 . The effective 
potential V^prox(0) resembles that of the scalar model, depicted in Figure 3.3. Defining 
the critical temperature Tc as the temperature when the origin of VT ((f)} has vanishing 
curvature, Tc = TQ.

We find the vacuum state and scalar mass from the first and second derivatives of 

/(») =

/'(x) = (3.62)

(3.63)

Recall from (2.11) that d2 VT'/d(f)2 gives the zero-momentum mass raj at finite tem­ 
perature; this is the vacuum mass plus thermal corrections due to interactions (at one 
loop) with the heat bath, which we calculate in the next section. The resulting minima
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as functions of temperature and their related masses are as follows:

Symmetric
x = 0

m\ = (| +

minimum: T > T0

e2 \ frp2 T2\ 
4 ) V J ~ •L 0)

Broken minimum:
-r 2 — f 1 4. ^i"\ fT:X + — \3 "•" 4A^I V-^O

~2 _ 9 ^A , ei\ // ml- z ^3"1" 4j V-

T<TO
VT2 - 1)
r02 - T2 )

(3.64)

The minimum <j>/T(T) and mass m2 (T) take the forms shown in Figures 3.4 and 3.5 
for the scalar model. The broken minimum goes continuously into the symmetric 
minimum at T = TO, at which point symmetry is restored and the mass vanishes. This 
approximation describes a second-order phase transition: (<^>/T)crit = 0.

It should be mentioned for completeness that the thermally-corrected masses for 
the Goldstone and gauge modes can be calculated as well: 2

Symmetric minimum:
^2 _ (\ , ei"\ ^2 
m2- ^3 + 4) U

mj(00) - f T2

^O'j) - o

T>TOr02 ) Broken minimum: T

mj(00) - e2

m\(jj) = e 2
1 3 + 4A
f 1 ^ 62 
U + 4A

<TO

)(T02 -T2 ) + fT2
\ (Tl T2\j (J-o ~ ± )

(3.65)

We see that, with thermal corrections taken into account, the Goldstone mode is mass- 
less when the symmetry is broken, as we know from the Goldstone theorem at finite 
temperature. Also, the longitudinal (m^(OO)) and transverse (ni\(jj}} components of 
the gauge field have different thermal masses, owing to the lack of a magnetic mass H^ 
at one loop; we will see this in more detail later.

Thus we have the following picture of a second-order phase transition:

• T < Tc : the symmetry is spontaneously broken and the system occupies the 
asymmetric vacuum x + > 0; the scalar mass m\ > 0, the gauge mass m2A > 0, 
while the Goldstone mode is massless, ra2, = 0.

• T = Tc : the scalar and Goldstone modes are both massless (a characteristic 
feature of second-order phase transitions, in which correlation lengths diverge); 
the gauge masses m^(OO) = e2T2 /3, m\(jj) = 0. 3

• T > Tc : the symmetry is restored and the system assumes the symmetric vacuum 
x = 0; the scalar and Goldstone masses are identical, m2 = m2, > 0, and the gauge 
field has just the plasma mass m^(OO) = e 2T2 /3.

To see whether this second-order behavior is simply an artifact of our approxima-

2 In general, mf = m? + Ili(O), where ml (<f>) is the mass at zero temperature and II,(0) the thermal 
self-energy at zero momentum. II;(0) at one loop will be computed in Section 3.3. 

3 This is at one loop; at two loops, however, m\(jj} oc e4 T2 . See Section 3.3.
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tion, let us now employ the full effective potential at one loop, (3.59):

/ xnl T ) = 9(3) -
loop (<l>— —

3 4 T2 / ' 32;r 2T2 

3e2 M2 A//2

A

AM2
167T 2T2 ' 167T 2T2 ' 167T 2T2

9A 2 , /MM A 2

M

__ 
167T 2 167T 2

,2 \ 3/ 2
-4 +A3/2

log
M 2 3e i log

3/2

127T

For convenience, we cast this in the form

g(x) =

1 

127T

The first and second derivatives are then

2\ 3/ 2 / 2\ 3/ 2
A3/2 (3* 2 -^ + A 3/ 2 U2 -|- + 3eV

g'(x) = x |a(T) + c(T)x'
1 /2

Q 232: -
2X /

v \ j_ \3/2 / _2— 1 + A / I x
^2 \-) +

g"(x) = 3c(T)x 5

47T

4?T

/ 7,2
QA3/ 2 3a; 2 - —1 ^^ j-2

1/2

Q/O9A3/2
-1/2

x q/9A3/ 2

-7^\ + 3ej x

-1/2

* T2 3^

X

(3.66)

(3.67)

(3.68)

(3.69)

The critical temperature, defined by #"(0) = 0, is given implicitly by the relation

A3/2 / v <> \ V2
(3.70)

which may be approximated by

'3AMj2
2 0

327T 2
i / ivj ilog kr^ 167r2 167T2

(3.71)
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again neglecting the imaginary term. Notice the reappearance of imaginary terms in 
the effective potential and related quantities, due to the cubic terms oc m3calar ; the 
gauge fields do not contribute such terms. Throughout this thesis, physical quantities 
will be obtained from the real part of VT , and since we are not interested in vacuum 
decay rates, imaginary terms will be ignored. 4 In the abbreviated form for g(x) above, 
the quartic term is positive, and the quadratic term is positive for T > Tc and negative 
for T < Tc , as in the previous approximation f(x}. Here, however, the cubic terms 
lead to an energy barrier at the critical point. V"^ (0) is similar to that of the scalar 
model shown in Figure 3.6, and first-order behavior is evident.

The minimum and the corresponding mass, as functions of the temperature, are 
given by the following expressions:

Symmetric minimum: T > T (3.72)

x = 0 
;2

7T

Broken minimum: T < T (3.73)

/ 2 
•Wo / o V3A3/2 3x1 - p

rrrT2" = -2a(T)

/
3A3/2 (34 - +

/A3/2 (4 -
1/2

+ 3e3 x +

47T

9A3/2 x+
+

A3/2_^±

+

9A3/ 2 x + A 3/ 2 X +

_ 
+ T2

3e
+

m2 now includes the one-loop corrections due to vacuum and thermal interactions, 
whereas previously it only included the leading thermal corrections oc T2 , as calculated 
from f(x). The minimum (f)/T(T) and mass m2 (T) resemble those of the scalar model 
shown in Figures 3.4 and 3.5. The broken minimum jumps discontinuously to the 
symmetric minimum at T = T, at which point symmetry is restored, although the 

mass remains positive.
We now examine the critical point in greater detail. At the critical point, Tc , the

4 E.g., mgcalar in expressions for physical quantities implicitly means Tie (m3scalar).
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asymmetric minimum xcrit = (<^>/T)crit is given by

1/2
1

; crit —
3A3/2

crit

A3/2

"crit

'crit 3c3a:crit , (3.74)

where the mass is

~~ 7^9 I ~ ( ~~ /no I I + 3e a:crit

(3.75)

Unlike the case for the scalar model, there is no simple stability bound to be obtained 
here. Indeed, expanding ^"(zcrit) for small and large values of £crit ,

»
(3.76)

(3-77)

so that the solution is not restricted to large values. The effect of the gauge field is to 
strengthen the first-order behavior of the phase transition relative to that of the scalar 
model. We will use similar expressions for (<£/T)crit in our analysis of the electroweak 
phase transition (Chapters 5, 6, and 7) to place constraints on the parameters, by 

requiring that (</>/T)crit ^ 1. We will thus obtain upper bounds on the Higgs mass 
from the condition that the universe undergo a sufficiently strongly first-order phase 
transition, to ensure successful baryogenesis.

3.3 Infrared Divergences and Ring Improvement

The effective potential at one loop suggests a first-order phase transition, because of 
the negative terms cubic in </>. Before drawing any conclusion, however, we must decide 
whether our result is to be trusted — that is, we must see whether it survives the 
inclusion of higher-order terms in the loop expansion. Indeed, at the very least, we 
must include higher-loop terms contributing at the same order in A and e, i.e., at
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(9(A3/2 ) and (9(e3 ). Recalling that the cubic terms derive from the infrared behavior of 
the theory, we are led to analyze infrared divergences in higher-loop graphs. It is well 
known that the leading IR divergences occur in the ring diagrams of Figure 3.11 (also 
known as daisy or plasmon diagrams), whose summation contributes terms proportional

I \ / I /d^ ^& I

+

Figure 3.11: The contributions of scalar and gauge ring diagrams to the effective potential; blobs 
represent the scalar self-energy and the gauge polarization tensor, respectively.

to A3/ 2 </>3 and e3^3 .

Another reason to consider ring diagrams is provided by the scalar terms oc m • '
J

in the effective potential. These are responsible for the energy barrier between the sym­ 
metric and broken minima and become imaginary near the phase transition, precisely 
the region of interest. Thus it is not obvious how reliable the one-loop description is of 
first-order behavior. Summing the ring diagrams will enable us to make the substitu­ 
tion ra2 (</>) —» m2 (^>) + IIj(O) in such terms, resulting in terms that are real near the 
phase transition. Ilj(fc) is the thermal self-energy in the presence of the field <^>, and 
IIj(O) denotes its static infrared limit (un — 0,fc —> 0).

More fundamentally, perturbation theory at finite temperature requires us to sum 
ring diagrams. In contrast to the case at zero temperature, perturbation theory at 
finite temperature is an expansion in the parameters e2T2 /Mls an(^ e2T/M es, where 
M es is an effective mass scale of the theory and e is the coupling constant e or A 1 / 2 
[25, 31]. The first parameter corresponds to quadratically divergent loops, the second 
to all other loops in the expansion. Near the phase transition, M es -» 0, so that our 
lowest-order description of the phase transition is no longer reliable; higher-order effects 
then must be taken into account. For example, we will see below that the graphs of 
Figure 3.12 (in which the zero mode of the large loop is taken) contribute to the effective 
potential terms proportional to (e2T2 /m24 (</>)) = (T/<f>) , which are significant at 

high temperature (T ^ v) near the phase transition. Summing up such terms will yield 

an improved perturbative expansion.
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Figure 3.12: A typical graph that is infrared divergent near the phase transition; LU = 0 in the gauge 
loop.

Summation of Ring Diagrams to Leading Order

We proceed to higher orders of perturbation theory in the Abelian Higgs model; the 
scalar model is similar and is omitted for brevity. In this subsection, we will work 
to third order in e and \f\, and we will compute only the leading-order result in the 
high-temperature expansion.

At two loops, we encounter the tadpole graphs of Figure 3.13. These diagrams (their

/" ~\

TOT

+ 0

Figure 3.13: The two-loop tadpole graphs for the effective potential in the Abelian Higgs model.

contribution to VT is denoted AV2Tioop) will bo evaluated later with similar terms from 

the ring diagrams.
The next higher-order terms contribute at order (9(A3/ 2 ) and O(e3 ), rather than 

O(X2 ) and O(e4 ). These are the ring diagrams shown in Figure 3.11, excluding the
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first, which is included in the two-loop graphs of Figure 3.13. The A3/ 2 and e3 terms 
arise solely from the zero modes of the diagrams. The other modes are analytic in A 
and e, and hence contribute to the effective potential VT at (9(A 2 ) and O(e4 ). We first 
calculate the scalar ring diagrams; the gauge ring diagrams will be analyzed later in a 
similar fashion after discussing new complications arising from the thermodynamics of 
gauge fields.

We isolate the zero mode of the scalar xi ring diagrams:

d(j)

~~ (3.78)

Note that we are computing only those ring diagrams with two or more self-energy 
insertions; the ring diagram with one II-msertion is included in the two loop diagrams 
of AV2Tloop . We have approximated II^O, £) « 1X^^(0, J = 0) in the last line because 
the loop is dominated by its infrared behavior (i.e., for TV > 2, the corresponding 
integral in AV^J receives its dominant contribution from the region k2 ^ m2 (</>)). 
Summing the series and integrating,

,

-n(1 )(o)

The ring diagrams represent long-distance effects, as reflected in the infrared self-energy. 
The scalar %2 ring diagrams yield a similar expression. Note that because we are only 
interested in the leading-order result, all ^-dependence in the self-energies has been 
ignored.

The self-energies will be computed to one loop, and only their leading (quadratic) 
temperature dependence will be kept here. The scalar self-energies H^ and Il( 2 ) at 
one loop are represented by the graphs of Figure 3.14; because T effectively acts as a 
physical high-momentum cutoff, II a T2 simply arises from the (first two) quadratically 
divergent graphs. II^) may be calculated either explicitly using the finite-temperature 
Feynman rules, or more simply by taking the second derivative of the one-loop effective
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+ r~v~~ + —/*\
~ Yay

Figure 3.14: The scalar self-energy at one loop in the Abelian Higgs model.

potential (3.59). From relation (2.11), we have

T2 + AT2 -

(3.80)

In this expression, the perturbative terms of the zero-temperature self-energy have been 
neglected. The self-energy II^2 ) for X2 has the same leading temperature dependence, 
since H^1 ) = II^ 2 ) in the limit mscaiar — » 0, or as may be seen from explicit computation 
of the diagrams.

We now turn to the gauge field ring diagrams. Denoting by na/3 (fc) the polarization 
tensor of the gauge field AM , the gauge ring diagrams give a tadpole contribution similar 
to that of the scalar case (3.78):

d*k
d0

2 , / O '
= —60 /TT—

7 (27T(27r)
Tr i(9ltv

e

E
]V'

, (3.81)

where the Wick rotation to Euclidean space has not been performed yet, nor has the 
zero-mode been isolated. An additional complication arises here due to the thermody­ 
namics of gauge fields. At finite temperature, not all components of AM gain screening 
masses at lowest order; in other words, IIQ!^(0) will vanish for some components, to 
the order in which we are working. As a result, only those components of AM that do 
gain screening masses will contribute non vanishing ring diagrams. We will see that the 
time component of the field acquires an electric mass II00 (0) ~ e2T2 at one loop; the 
spatial components remain massless until two loops, when the magnetic mass becomes

e4T2 .

We proceed by analogy to finite temperature QCD [17]. We decompose the four- 
dimensional transverse operator g^ - k^k^/k2 into the sum of three-dimensional trans-
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verse and longitudinal operators:

1- pi/ T J-'p.i/ — k^K^I K — g^v . (3.82)

As projection operators, T and L satisfy the relations TT = -T, LL = -L, and 
LT — 0; and because they are four-dimensionally transverse, kT = 0 — kL. T has the 
explicit form

TOO — Toi = T;o = 0
Tij = 6i:i + kikj/f? . (3.83)

Then na/3 can be decomposed as H M1/ = HTTMI/ + ELL^. In the infrared limit (&o = 0, 
fc -» 0), TOO = 0, £00 = — 1, T\- = —2, and Ll i = 0. Thus the screening mass is given
by

- n00 (o) v(o) . (3.84)
We will see below that at one loop, IIoo(O) ~ e2 T2 , while Hjj(O) = 0; the magnetic 
mass vanishes at one loop. At two loops, one can show that the magnetic mass is 
IIjj(O) ~ e4T2 . Hence, at lowest order, the longitudinal component of A^ acquires an 
electric mass, while the transverse components remain massless. Neglecting 11^(0), the 
polarization tensor takes the form 11^(0) = — IIoo(0)jLAtl/ (0).

We return to the gauge ring diagrams (3.81), isolate the zero mode, and use 
II"^ (<7/37 — kpk^/k2 } — > — EOO-^-V in the infrared limit, to obtain

N' 

ring _ _ a2^rp I * "> ^ ) * i ^ v^ noo(O)!'

(3.85) 
c- + m^W) N=2 \ K " + mAl^^/

Summing the series and integrating,

JL / [ma M + n / " J3/2

T 
+ 2".

The effect of the gauge ring diagrams has been expressed in terms of the electric mass, 
which we now compute.

The polarization tensor at one loop is given by the diagrams in Figure 3.15. We cal­ 
culate the individual diagrams to find the leading (quadratic) temperature dependence 
of the components IIoo(O) and IIjj(O). Using the Feynman rules and the integrals of
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+

Figure 3.15: The gauge polarization tensor at one loop in the Abelian Higgs model.

Appendix C, we find the first graph results in

Graph (a): 11$(0) -

while the second graph gives

(k\ Graph (b): ng>(0) =
2T2

The third graph is oc e4T</>2 , and we ignore it relative to graphs (a) and (b); furthermore, 
it is negligible in the interesting region near the phase transition (4> ~ 0). Thus at one 
loop,

IIoo(O) =

= 0, (3.87)

confirming the claims made earlier.
Now add the two-loop and ring contributions to the one-loop effective potential. 

We note that the last terms of both the gauge and scalar ring diagrams cancel the zero 
modes of the two-loop graphs. The remaining modes in the two-loop graphs contribute 
perturbative terms analytic in A and e, which may be neglected to lowest order. Thus 
we arrive at our final expression for the ring-improved effective potential, at leading 
order in the temperature:

rngO)
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127T [\. 

T f r 0 , /N / j3/2 _ 1
- 77T- i KiW + Hoo(O) - m3A ((j>) \ . (3.88)

1Z7T ^ L J J

Note that the effect of summing ring diagrams is to replace ra2-(</>) by thermal masses 
rnj(<f>) + IIj(O) in the infrared terms. Because this substitution occurs for only one 
of the three gauge degrees of freedom, the cubic gauge term in the one-loop effective 
potential (3.59) is effectively reduced by a factor of 2/3. As we will see, this effect — 
found in the context of the Standard Model by Dine, Leigh, Huet, et.al. [18] — weakens 
the first-order behavior of the phase transition.

3.4 Discussion

Let us summarize the analysis of this chapter, as we will offer a similar treatment for 
the Standard Model and its simplest extensions in later chapters. We first compute 
the effective potential at one loop and find that the phase transition displays first- 
order behavior, essentially due to the negative cubic term in the effective potential. 
This term, central to what follows, is non- analytic in m2 /T2 and arises solely from 
the zero-frequency mode of the one-loop graph; hence it reflects the infrared regime of 
the theory. Our description of the phase transition, however, is unreliable, for we have 
neglected terms corresponding to higher loops that contribute to this cubic term at 
the same order in A. These terms are the ring diagrams (Figure 3.11), which sum the 
leading infrared divergences in the theory. Note that only the zero modes are relevant 
here; other modes are analytic in m2 /T2 and do not contribute to the cubic term.

Summing the ring diagrams gives

3/2i
H(0)] - m3 W (3.89)

for each mode that gains a plasma mass. Here 11(0) is a scalar self-energy (or the lon­ 
gitudinal component of a gauge polarization tensor) at zero momentum (Figures 3.14 
and 3.15); to leading order in the temperature, 11(0) oc AT2 (or e 2 T2 ) and is given 
by the quadratically- divergent graphs. Including these ring diagrams in VT (v) effec­ 
tively dampens the cubic term responsible for first-order behavior. The ring-improved 
effective potential, V^g - ViTloop + AVjng , thus shows a more weakly first-order phase 
transition. We will see a similar effect later in Chapters 5, 6, and 7.

To have any confidence in our results, we must still question the validity of the 
effective potential. In view of the shortcomings suffered by the one-loop result, we have 
"improved" VT((f>) by summing ring diagrams. Yet how is the new effective potential 
better than the old? We address this question from the same points of view considered 
earlier. First, we have at least computed to leading order the cubic terms that are 
crucial for ensuring a first-order phase transition. Higher loops contribute to this cubic
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term perturbatively. Secondly, our summation of ring diagrams guarantees that the 
eifective potential (3.88) remains real for all values of 4> (including the critical region 
between degenerate minima), provided that the temperature is higher than T0 , where

T2 = . (3.90) 
0 3e 2 ^ J

At temperatures lower than TO, the ring-improved effective potential develops imaginary 
terms for small </>, signaling the physical instability near the origin that we expect.

Finally, we have to determine the validity of our new perturbative expansion. By 
summing ring diagrams, we have accounted for quadratically divergent loop correc­ 
tions to the one-loop result. All diagrams we have neglected are suppressed by factors 
of XT/MeS and e 2T/M es, where the effective mass scale is now M\% = m2 (4>) + 11(0)
for the relevant degree of freedom. Requiring these parameters to be < 1 in the 
perturbative domain, we see that our new perturbative expansion will be valid every­ 
where outside the region |T — Tc ^ ATC and e 2Tc . Within these limits, we can reliably 
predict weak first-order behavior at the phase transition.

It is possible to consider V? from another point of view. Because interactions of 
the system with the heat bath become significant at high temperature, it is natural 
to construct perturbation theory in terms of thermal masses and dressed propagators, 
which reflect the physical (rather than elementary) degrees of freedom in the plasma. 
Thus we are lead to a thermal resummation of perturbation theory [32, 33], which 
is achieved in a self- consistent manner via the Schwinger-Dyson equations at finite 
temperature. Our calculation of plasma masses oc T2 is a (leading-order) approximate 
solution of the Schwinger-Dyson equation, and our summation of ring diagrams is 
simply the lowest-order result of a self- consistent treatment of infrared divergences.



Chapter 4

Bar yon Violation at High 
Temperature

This chapter summarizes basic results pertaining to the anomalous violation of fermion 
number in the electroweak model, at both zero and high temperatures. We briefly 
review the literature, stressing the results that we use later.

4.1 Anomalous Violation of Fermion Number

The electroweak Lagrangian conserves baryon and lepton number at the classical level; 
that is, £EW is invariant under the global U(l) transformations e and e^P . In 
constructing the quantum field theory, however, the global B and L symmetries are 
broken by the process of quantization and regularization; B and L are said to be 
broken anomalously. This non- conservation of B and L currents is described by the 
Adler-Bell-Jackiw-Bardeen anomaly [34]:

G and F are the respective SU(2)L and U(l)y field-strength tensors, tilde denotes 
dual, and N is the number of fermion generations. The anomalous violation of B and 
L is an inherently non-perturbative phenomenon; for instance, scattering amplitudes 
computed in perturbation theory conserve B and L. Notice that while B, L, and B + L 
are anomalous, B - L is strictly conserved; in fact, B/N - Lj is separately conserved 
for each generation.

We express GG and FF in terms of the SU(2)i and U(l)y Chern-Simons currents:

a'2

46
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where

and W£ and B^ are the respective SU(2) and U(l) fields. Integration of the anomaly 
equation gives the change in total baryon and lepton numbers between initial and final 
field configurations:

A£ = A£ = N&Ncs + NAncs • (4.2)

The charges NCS and HCS are topologically invariant (although not gauge-invariant) 
properties of a field configuration; however the differences AJVcs and Ancs are both 
topologically and gauge-invariant. Hence we use them to describe the topology of the 
vacuum manifold in electroweak theory.

A vacuum configuration of gauge fields has zero field strength by definition; and 
because the U(l)y topological charge is proportional to the field strength, the vacuum 
manifold is specified simply by the SU(1}i, charge AJVcs- In the absence of fermions, 
we find that the vacuum manifold of gauge and scalar fields is infinitely degenerate, with 
inequivalent vacua related by topologically non-trivial SU(1}L gauge transformations. 
The vacua are specified by the Chern-Simons number n, l which takes on integer values, 
and the gauge transformation that relates different vacua of charges m and n has charge 
n — m. The inclusion of fermions lifts this degeneracy, and by the integrated anomaly 
equation (4.2), gives different baryon and lepton numbers to inequivalent vacua. As we 
will see later, this also creates a bias for equilibrium B and L violation.

't Hooft first considered the possibility of tunneling between inequivalent vacua at 
zero temperature, using semi- classical weak coupling methods [35]. Such transitions, 
accompanied by baryon and lepton violation, are mediated by extremal solutions of 
the Euclidean action, termed instantons [36]. 't Hooft computed the rate of instanton- 
induced baryon violation, and found the interaction rate (per unit volume) to be

oc

which implies that fermion number is accurately conserved in the universe today; in 
fact, this also implies a vanishing probability that such instanton-mediated processes 
have ever occurred in the history of the universe.

Subsequently Kuzmin, Rubakov, and Shaposhnikov pointed out that the rate of 
anomalous baryon violation may be enhanced at high temperature [8]. Their idea was 
that, at sufficiently high temperatures, large thermal fluctuations give rise (as described 
by the thermal ensemble) to configurations that can mediate diffusion over the energy 
barrier, rather than penetration through the barrier. Thus the rate of baryon violation

1 n denotes the integer value of A.A/cS> the topological charge relative to a chosen standard (which 
ensures a gauge- and topologically invariant description).
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is determined by a thermal Boltzmann factor e~E/T , which may be appreciable at 
high temperatures, rather than the prohibitively small WKB factor e ~47r/ 0(w at zero 
temperature.

Klinkhamer and Manton had earlier found such configurations, called sphalerons, 
as static solutions that extremize the three-dimensional action [7]. The sphaleron is a 
saddle-point solution in the functional space of field configurations, and it represents the 
lowest barrier point, with half-integer topological charge n + 1/2, intermediate between 
vacua with charges n and n + 1. A semi classical analysis in the broken phase yields the 
equilibrium rate for sphaleron interactions [9]:

M7 
Broken phase: Tb = 7, w^ e-*WT ? (4.3)

where the pre-exponential factor is given by the determinant of fluctuations around the 
sphaleron solution and the energy of the sphaleron by

2M,y(T) 
ow(T)

The temperature dependence of the parameters is shown explicitly, and the numerical 
coefficient B ranges monotonically from 5(0) = 1.56 to 5(oo) = 2.72. As a semi- 
classical result in the high-temperature limit, this expression for Fb is valid below the 
phase transition only for mw(T} < T < mw(T)/av?(T}. The sphaleron mediates a 
process that can be visualized as creating out of the vacuum one color-singlet SU(2)L- 
singlet neutral hydrogen-like state from each fermion generation: f]j (^L^L^L^]j- 
Note that A£ = A£ = 3, although B - L = 0 = B/N - Lj.

The sphaleron solution was first constructed for the electroweak theory with one 
scalar doublet and electromagnetism ignored (sin2 0\y — 0), and was later generalized 
to non-zero sin2 #w- The sphaleron solution was also found for the electroweak model 
with two scalar doublets; the energy in this case is identical in form to that for the 
Standard Model:

/, rx(4.5)a ,T .

although Aeff , the argument of 5, is a complicated combination of the scalar and gauge 
couplings [37].

Above the phase transition, infrared divergences at high temperature complicate 
the analysis considerably. A scaling argument, however, allows a simple estimate for 
the rate of baryon- violating transitions [38]. Because classical equilibrium statistical 
mechanics describes the plasma above the phase transition, the fields may be rescaled 
so that the partition function is Tr exp -H/(otyfT)', the coupling appears only outside 
the classical Hamiltonian in the combination ay?T. The plasma generates a magnetic 
screening mass that cuts off the infrared divergences, and for dimensional reasons, this
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mass must be oc ayfT. 2 The rate of anomalous fermion- number violation is then

Symmetric phase: Fs = K (a^T)4 , (4.6)

where attempts to numerically evaluate the parameter K suggest the bounds 0.1 ^ K ^ 
1.0 [39].

Analyses in both the symmetric and broken phases thus permit the possibility of 
baryon- and lepton- number violation, mediated by thermal — as opposed to quantum 
— tunneling between topologically distinct vacua.

4.2 Interaction Rates

As Cohen, Kaplan, and Nelson have emphasized [5], there are several distinct timescales 
at the electroweak phase transition that are crucial in determining equilibrium during 
baryogenesis:

• r~ h ~ otyyT ~ 1.3 • 10~6 T is the rate of baryon violation in the symmetric phase.

• The thermalization rate for quarks is r^ 1 ~ 0.25T due to the strong interactions 
and that for leptons and weak gauge bosons is r^ 1 ~ 0.08T due to the weak 
interactions.

• The Higgs timescale is r^1 = </>/</> ~ u/6 where u is the wall velocity and 6 the wall 
thickness. For the cases of interest in this thesis, the phase separation boundary 
will be taken to be thin compared to particle mean free paths, TT >> T/y , so that 
particles reflect off the bubble wall with calculable reflection coefficients.

• The expansion rate H = —T/T is orders of magnitude smaller than the other 
rates at the electroweak scale and is irrelevant for baryogenesis.

We see that the rate for anomalous violation of fermion number is much slower 
than the rates of Standard Model interactions, in both the broken and symmetric 
phases. Hence, in studying baryogenesis at the electroweak scale, we must use the rate 
equation to describe the approach of baryon number to equilibrium in the symmetric 
phase. The authors of [38] find this rate by a simple detailed-balance argument, as 
follows. The net rate of baryon production is given by HB = 3(F+ — F_) where F± 
is the rate of anomalous processes that produce or destroy baryons, respectively. In 
the absence of bias, the rates cancel, leaving zero net baryon production; however, the 
presence of fermions contributes free energy to the system which lifts the degeneracy 
between inequivalent vacua, and thereby creates a bias. 3 Assuming this bias is small,

= -3FAF/T, where F is the rate of fluctuations between neighboring vacua in

2 No reliable means of perturbatively computing the magnetic mass is known [17].
3 For a sufficiently dilute system this is simply the energy of a free Fermi gas with fixed baryon and 

lepton numbers.
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the absence of fermions and A.F is the change in free energy between them. Because 
A.F = 3dF/dB (dF/dB is taken with baryon and lepton numbers held fixed), the final
rate equation is

Ts dF nB = -9-- . (4.7)

We may use the interaction rate of anomalous baryon violation to constrain the 
value of (4>/T)crii following the phase transition, by requiring that the observed baryon 
number be of electroweak origin; hence the baryon number generated at the phase 
transition must not be diluted beyond the observed value. Integration of the kinetic 
Boltzmann equations with sphaleron interactions in equilibrium gives the surviving 
baryon number as a fraction of the generated baryon number [21]:

0 p- exp -0 — f- exp
-Dinit \ J- /

where
2-10-5

Tc
and the largest value of ng/n7 that may be generated within the Standard Model 
(assuming maximal CP violation) is 10~ 5 to 10~6 . The ratio -Bfinal/Anit is exponentially 
sensitive to jEsph/T, and it therefore gives an upper bound to good accuracy:

which means conservatively that

(|) * 1-3 • (4.8)

As we will see in later chapters, the value of (<^/T)crit is inversely proportional to 
the Higgs boson mass M#, so the requirement that sphaleron interactions not be in 
equilibrium to ensure the survival of B, following the phase transition, places an upper 
bound on MJJ- We use (</>/T)crit > 1 as a general criterion to avoid baryon washout 
and thus obtain a cosmological constraint on the Higgs boson mass.



Chapter 5

The Minimal Standard Model

There has been much interest in the possibility that the observed baryon asymmetry of 
the universe is generated at the cosmological phase transition associated with SU(1}L® 
U(l)y symmetry breaking [40]. The exact nature of this phase transition plays a 
crucial role in such considerations: strong first-order behavior ensures that B-violating 
reactions are out of equilibrium both during and after the phase transition. The former 
condition is required to allow baryogenesis to occur, while the latter is necessary for the 
baryon asymmetry thus created not to be erased subsequently. The basic tool employed 
to study this question is the effective potential at finite temperature [41].

Recently, Anderson and Hall [20] analyzed the effective potential of the Standard 
Model at one loop and concluded that the phase transition is indeed first-order, but 
only weakly so. Requiring that B-violating reactions not be in equilibrium following 
the transition places an upper bound on the mass of the Standard Model Higgs boson, 
which is barely consistent with the bound from LEP [42].

More recently, Carrington [19] and Dine, Leigh, Huet, et. al. [18] have shown that 
a consistent computation of the effective potential requires that additional terms, viz. 
ring diagrams, be considered beyond one loop. The result of including these terms is 
to reduce the strength of the phase transition by a factor of 2/3, and consequently the 
Higgs mass bound by \/2/3. This, of course, exacerbates the conflict with experiment 
and eliminates the possibility of electroweak baryogenesis within the minimal Standard 
Model.

This chapter analyzes the electroweak phase transition in the Standard Model. 
After a brief review of notation, two cases are considered: light scalars (MH < MW), 
as studied by Carrington [19] and Dine, Leigh, Huet, et. al. [18], and heavy scalars 
(MH ^ MW)- In both cases, the one-loop effective potential will be used to determine 
the critical temperature Tc and critical point (4>/T)crii as functions of the parameters 
MH and Mt . The method of summing ring diagrams will then be applied to derive an 
improved effective potential, which will be done to leading order in the temperature, and 
it will be found that the first-order nature of the phase transition is considerably weaker 
than in the one-loop description. This is reflected in the more stringent cosmological

51
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bound on the Higgs boson mass required for a strongly first-order phase transition.

5.1 Notation

The minimal Standard Model is defined by the Lagrangian

+ ^fermion T -^Higgs + -^Yukawa ~l~ -^gauge-fixing ~\~ -^ghost ~\~ -^c.t. • (5-1- J

It is invariant under the gauged symmetry SU(2)L <S> U(\.)y> that is, left-handed weak 
isospin and weak hypercharge, which is spontaneously broken at zero temperature to 
the £/(I)EM of electromagnetism. The gauge kinetic term is

£gauge

where G^v = d^Wl - d^Wf, - gejkl W*Wlv and F^ = d^Bv - dv B^ are the respective
and U(l)y field-strength tensors. 

The fermion Lagrangian reads

ennonAe

where the summation is over families (and SU(3)c color for quarks) and the covariant 
derivative is

D „* = ( dn + igTjWJu + ig'—BA * . (5.4) 
V 2 /

T-7 is the appropriate SU(2}i, representation (TJ = ^r-7 for left-handed doublets and 
zero for right-handed singlets) and Y is the hypercharge, normalized such that Q = 
y/2 + TS. Chiral fermion fields are defined by ^L,R = \(^- =F Ts) 1^? an(i d'L denotes 
weak eigenstate, related to the mass eigenstate di, by the Kobayashi-Maskawa mixing 
matrix; UL and d'L form the quark doublet Q/,, VL and CL the lepton doublet LL.

The Higgs field $ is an SU(2)i, doublet with weak hypercharge Y/2 = 1/2; we 
denote its components by

(5.5)

Its dynamics is described by the Lagrangian

Aliggs - (D^)\D^) - U(*) , (5.6) 

with the covariant derivative

D^ = (d, + ig^Wt + i^rBA $ (5.7)
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and classical potential
U($) = -M2 $f $ + A($ f$)2 . (5.8)

rk are the Pauli matrices, and g and g' are the weak and hypercharge couplings. Upon 
spontaneous symmetry breaking, SU(2)L®U(l)y -» U(1)EM and $ develops a thermal 
average in the real part of its neutral component:

; (5 '9)
in making this choice of vacuum, we have assumed that the universe is electrically 
neutral and preserves the CP invariance of the vacuum during its evolution. Expanding 
$ about its thermal average,

and substituting into £ffiggs results in masses (see Table 5.1) for the Higgs field xi-> 
Goldstone fields %2 and x± -> and the gauge fields W^ and ZM , while the electromagnetic 
field A^ remains massless. (The gauge fields W^ ZM , and AM , as well as the mixing 
angle #w and electromagnetic coupling e, are defined in the usual way.) The thermal 
average as a function of temperature, (4>)(T), minimizes the effective potential VT (4>}; 
at zero temperature, the classical minimum as determined by E/"($) occurs at (f) = v = 
fji/y/X = 246 GeV.

Yukawa interactions are described by the Lagrangian

^Yukawa = E (-/°* $L* 4 ~ S^Q^^R ~ hab L^ 6 bR + h.C.) , (5.11) 
a, 6

where $ = IT2& is the Higgs conjugate with hypercharge Y/2, — —1/2. We make 
the approximation that only the top quark has non- vanishing Yukawa coupling, i.e., 
that all other quarks have negligible masses. Shifting by the thermal average (5.10) in 
^Yukawa produces a mass term for the top quark (Table 5.1).

The gauge is fixed in the R£ class of renormalizable gauges, which eliminates mixing 
of the Goldstone and gauge fields in £Higgs (arising from the cross terms of |D M $| 2 = 
• • • + imwlW+d^x' - W~d^x+ ] ~ rnzZ^Xi}- The gauge-fixing Lagrangian is

r̂gauge-fixing = " 2 ™J 

^ttV. (5.12)

We choose to work in Landau gauge, £ -> 0, so that

r - -— ft^W1 4- fi^W 4- d^W 4- (d^R^-gauge-fixing - ~ t \ * ^ » » ^
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Field

Gauge

Ghost

Fermion

Scalar

W±
z
A
uj,C,
t 
other quarks 
leptons
Xi
X2, X±

Mass
™2W = \g2 tf
™2Z = \(92 + 9'2 )<t>2 
m2A = 0
m2 = 0
m? - \gW 
m2 = 0
m2 = 0
m2H = A(3<£2 - v2 ) 
m2G = X((f>2 - v2 )

Table 5.1: Summary of the fields and masses in the Standard Model, as approximated in this chapter.

, (5.13)

= 0 contribute to
in £ ggs to

ensuring that only gauge configurations with d^W^ = 0 and
the functional integral. The cross terms combine with those from
produce a total divergence that vanishes upon integration. In this gauge ghost fields
are massless and do not couple to $, facilitating computation of the effective potential.
Although the effective potential will be gauge-dependent, the physical quantities we
extract from it must be gauge-independent. Denoting the SU(2)L and U(l)y ghosts
by ujj and (", respectively, the ghost-field Lagrangian is then

(5.14)

so that the ghosts couple only to the W. We take the counter-term Lagrangian

A,t. - D , (5.15)

as we will renormalize only $ explicitly.
Shifting $ by its thermal average (5.10) in the spontaneously broken theory, the 

Standard Model gives mass to the gauge bosons, fermions, and scalars, and yet remains 
renormalizable. The degrees of freedom in our approximate Standard Model are sum­ 
marized in Table 5.1. Neglecting constants and total divergences, the Lagrangian may 
be expressed as a kinetic part plus an interacting part:

C = JC0 + Clgauge -^fermion + ^HiHiggs + ^Yukawa + *"•C.t. 1 (5.16)

where

- 1/0
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a ifiu a + eP ij)d a + v a i$v a + e a ifle a - mt (<f>) it

XI + X2 - - ro X2 

+ X+ (~d2 - m^)) X- . (5.17)

We list for reference the following interaction terms:

? + g 2 (Skm 6ln - 6kn 6lm ) W^W 1V W^W^

(5.18)

(I - J5 ) d'

(1 - 7s) u + eT^ (1 - 75 ) i/]

(1 - 75) z/ + e"7 M (1 - 75) e] 

Q + 75) u + ^7^ Q + 75) d 

(-1 + 75) i/ + e^ (3 + 75) e] (5.19)

[emw ((f>) A» -

cos2 20 ZZ^ + sin40

2cos0

(5.20)

V2
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(5.21)

5.2 Effective Potential

Having established our notation, we now turn to computing the effective potential and 
deriving the baryogenesis bound on the Higgs boson mass. In general the effective 
potential may be written as the sum of a vacuum part and a thermal part:

VT (<f>) = (5.22)

Using the standard expressions derived in Appendix B, we may sum over the various 
particle species to obtain the effective potential for the Standard Model at one loop, 
subject to our usual renormalization conditions:

(5.23)

where

The conditions

(5.24)

d2 V°

= o
(f>=V

(5.25)

preserve at one loop the tree-level expressions for the minimum and corresponding 
mass, gj counts the degrees of freedom, ± is for bosons or fermions, and the temperature 
integrals IB,F are given in (B.5) and (B.6). At high temperature, Mj < T, the integrals 
IB,F may be approximated as

y

yielding the following expression:

127T
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We will divide our analysis below into two cases, depending on the relative masses of the 
scalar and gauge bosons. In the case of light scalars, Mscaiar < MW, scalar loops may 
be neglected from the one-loop effective potential and the analysis is greatly simplified. 
For heavy scalars, Mscaiar ^ MW, scalar loops must be included.

As we have seen in Chapter 3, an accurate analysis demands that we sum the 
ring diagrams to account for the leading infrared effects, which contribute to the cubic 
term in VT at the same order as the one-loop graphs. Fermion ring diagrams need 
not be considered since they do not contribute to the cubic terms ~ Tmf (</>). The

J

scalar modes all receive cubic contributions from the ring summation, while only the 
longitudinal components do so for the massive gauge fields:

127T . ,
j=scalar

127T
j=long. 

gauge

(5.27)

11(0) and II00 (0) are the scalar self-energy and longitudinal component of the polariza­ 
tion tensor at zero momentum.

In the following sections, we will determine the critical temperature Tcrit, the order 
parameter at the critical point (<£/T)crit, and the nature of the phase transition, as 
functions of the parameters MH and Mt . By requiring that sphaleron-mediated effects 
not be in equilibrium at the end of the phase transition, in order for a net baryon 
number to survive, we will obtain a cosmological mass bound on the Higgs boson. This 
will be done first for light scalars and then for heavy scalars.

5.3 Light Scalars

First we assume light scalar modes, Mscaiar < MW-, l and neglect scalar loops in the 
effective potential. This case, at one loop and with ring improvement, has been analyzed 
in [18, 19]; we give the details of the calculation below.

: Or equivalently, A ^ </2 . It is only the scalar self-interactions (and non-top Yukawa interactions 

in our approximation) that are neglected; gauge couplings to scalars (and fermions) are included when 
computing polarization tensors in the later treatment of gauge ring diagrams.
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One Loop

The one-loop effective potential is given by (5.26), with B = W± ,Z and F = t. The 
result may be written at high temperature in the form [43, 20]

where

D =

T>2 
± Q

E =

D

127ft;3

= A — 1
167r 2 t;4

^.2^ i2-TQ)<P -

3M|)

3M

(5.28)

(5.29)

200

40 60 80
MH/GeV

100

Figure 5.1: The critical temperature at one 
loop in the Standard Model with light scalars; 
the top mass in GeV labels the lines.
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MH/GeV

100

Figure 5.2: The critical point at one loop in 
the Standard Model with light scalars.

We define Tc to be the critical temperature where the curvature of VT at the 
origin vanishes, which equals T0 given above for the Standard Model (but differs for
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its ring-improvement and extensions). 2 At the critical temperature, the asymmetric 
minimum is (0/T)crit = 3E/ATo . The values of Tc and (0/T)crit as functions of the 
Higgs mass MH are displayed in Figures 5.1 and 5.2, for four choices of the top quark 
mass in the phenomenologically restricted range Mt ~ 100 to 200 GeV [42]. Requiring 

(0/T)crjt ^1 — necessary to avoid baryon washout — yields the Higgs mass bound

MH & 55 GeV. This is barely consistent with the individual limits set by the four LEP

experiments, which when combined yield the even stricter bound MH ^ 60 GeV [42].

Thus, at one loop, first-order behavior is observed at the phase transition, provided 
that MH ^ 55 GeV. However, for the reasons enumerated in our analysis of the scalar 
and Higgs models in Section 3.3, we now include the ring diagrams.

Ring Improvement

The negative cubic term in the effective potential arises from the zero modes of the 
massive gauge loops, and just as in the scalar and Higgs theories, gauge ring diagrams 
— which contribute to E at the same order in coupling constants — must be included 
for consistency. However, as we compute below, it is only the longitudinal component of 
W± or Z that gains a thermal mass (H°° ~ # 2T2 , g'2T2 ) at one loop; the two transverse 
components do not, and hence their ring diagrams vanish. Consequently, summing the 
gauge ring diagrams cancels only 1/3 of the cubic term, i.e., E is reduced by a factor 
2/3. The resulting effective potential is

The gauge polarization tensors are given by the graphs of Figure 5.3, where gauge, 
fermionic, and scalar contributions are separated, and may be computed in analogy to 
Section 3.3 for the Abelian Higgs model. H Ml/ (0) is calculated to leading order in the 
temperature, and is simply given by the quadratically divergent graphs. Decomposing 
the four-dimensionally transverse polarization tensors into three- dimensionally longitu­ 
dinal and transverse components, H = -UfL^ + |nJfc T^, and using the integrals

2 One may also define the critical temperature to occur when the origin and asymmetric minimum 
are degenerate, i.e., when VT (0) = VT ((j>min ). We choose our definition as the more appropriate one 
for considering baryon washout at the end of the phase transition; this choice, however, is immaterial 
to our results since the Higgs mass bounds we derive are consistent with (indeed, more conservative 
than) those obtained with the alternative definition.
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••Qinr

+ +

Figure 5.3: The gauge polarization tensor at one loop in the Standard Model.

tabulated in Appendix C, our final result at one loop is

|e2T2 e2T2 ,
(5.31)

while the transverse component vanishes at one loop, for all gauge fields: n^fc (0) — 0. 
We parametrize the longitudinal components by H^(O) = wT2 and n^°(0) = zT2 .

The critical point is now characterized by

Critical temperature: (5.32)

/Tl2 __
J. f. —

To2

Asymmetric minimum: (5.33)

crit

Tc and (0/T)crit versus M# are plotted in Figures 5.4 and 5.5.

Because the contribution of ring diagrams dampens the negative cubic term present 
at one loop, V? displays more weakly first-order behavior at the phase transition; the 
one-loop and ring-improved results are compared for Mt = 130 GeV in Figures 5.6 and 
5.7. The condition for avoiding baryon washout, (</>/T)crit ^ 1, now places an upper 

bound of 45 GeV on the Higgs mass, which clearly violates the bound from LEP [42].
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Figure 5.4: The critical temperature with 
ring improvement in the Standard Model with 
light scalars; the top mass in GeV labels the 
lines.
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Figure 5.5: The critical point with ring im­ 
provement in the Standard Model with light 
scalars.

5.4 Heavy Scalars

The results of the previous section for the critical temperature and critical point (Fig­ 
ures 5.1, 5.2, 5.4, and 5.5) may be questioned, however, for they lead to a mass bound 
on the Higgs boson (50 - 60 GeV) that is near the range where scalar loops must 
be included in the effective potential. This section considers the more general case of 
heavy scalars (Mfj ~ MW), and shows explicitly, through calculations first at one loop 
and then with ring improvement, that such fears are groundless; the cosmological mass 
bound on the Higgs boson remains unchanged.

One Loop

To (5.28) we must add the scalar loops due to the Higgs field xi and Goldstone fields 
X2, and x*- Using (5.26), we arrive at the foUowing expression:

/T
1 loop

(5.34)
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Figure 5.6: The critical temperature at one 
loop and with ring improvement in the Stan­ 
dard Model with light scalars; Mt = 130 GeV.
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Figure 5.7: The critical point at one loop and 
with ring improvement in the Standard Model 
with light scalars; Mt = 130 GeV.

where 

D' =

T/2 _

Ar = AT --^log

167TV

MH

The critical point is now characterized by

Critical temperature:
M2

H
4

3

(5.35)

(5.36)

3M| - 12M,4 +
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Asymmetric minimum:

A'
T •J- / crit

TC i ~ i - 3E

(5.37)
3/2

•crit
2V 2 Ue

'(f>\ 2 ^_
TJ . ~ ""- -1 / cnt T2 -1 c

1

0 / T- 1 "__ / -__ 
<-> I 7^ I — T^TT — \ I — ,^r>

crit

Tc and (</>/T)crit as functions of MH are plotted in Figures 5.8 and 5.9. While the values
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Figure 5.8: The critical temperature at 
one loop in the Standard Model with heavy 
scalars; the top mass in GeV labels the lines.
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Figure 5.9: The critical point at one loop in 
the Standard Model with heavy scalars.

of Tc and (0/T)crit at large MH are indeed different from those of the previous case for 
light scalars, first-order behavior ((0/T)crit > 1) obtains precisely in the region of low

MH & MW where neglecting scalar loops is a valid approximation. Hence we have the 

same mass bound at one loop: MH ^ 50 GeV.
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Ring Improvement

Summing ring diagrams for both the gauge and scalar modes results in the expression

127T

3/2 n°z°(o)j 3/2

3/2 3/2'

(5.38)

The scalar self-energy may be computed from the Feynman diagrams of Figure 5.10 
and the integrals of Appendix C; the result is

Figure 5.10: The scalar self-energy at one loop in the Standard Model.

(5.39)

where the individual pieces correspond to the scalar, gauge, and fermionic contributions, 
respectively. We parametrize the scalar self-energy by 11(0) = hT2 .

The critical point is now characterized by

Critical temperature: (5.40)

Asymmetric minimum:

\t I Y
Tc \T J • \ -* / crit .crit

2Tivmrit
9

(5.41)

— \/W

- \/z
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Figure 5.11: The critical temperature with 
ring improvement in the Standard Model with 
heavy scalars; the top mass in GeV labels the 
lines.
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Figure 5.12: The critical point with ring im­ 
provement in the Standard Model with heavy 
scalars.
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H

Tc and (</>/T)crit are shown as functions of MH in Figures 5.11 and 5.12. Again we 
observe that ring improvement considerably reduces the strength of first-order behavior 
compared to that at one loop; Figures 5.13 and 5.14 compare the results for Tc and 
(<^>/T)crit at one loop and with ring improvement. Notice that the corresponding mass 
bound on the Higgs boson of MH & 50 GeV is little changed from that obtained in 
the previous section, where scalar loops were neglected.

5.5 Discussion

The effects of ring improvement on the Standard Model with light and heavy scalars 
are compared in Figures 5.15 and 5.16, which display the critical temperature and 
(0/T)crit as functions of the Higgs mass, with the top mass fixed at the phenomenolog- 
ically favored value of 130 GeV [42]. The Higgs mass bounds for each case, obtained 
by requiring (</>/T)crit ^ 1, are shown as functions of the top mass in Figure 5.17.
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Figure 5.13: The critical temperature at one 
loop and with ring improvement in the Stan­ 
dard Model with heavy scalars; Mt = 130 
GeV.

jH"

•©-

.5 —

0 i i i i I i i i —I—L_L
50 100 150 

MH/GeV
200

Figure 5.14: The critical point at one loop 
and with ring improvement in the Standard 
Model with heavy scalars; Aft = 130 GeV.

The sharp downturn at large Mt is due to the dominance of a heavy top mass in the 
one-loop effective potential at zero temperature, and is related to the question of vac­ 
uum stability. It is evident that the effects of ring-improvement are quite significant, 
reducing the bounds on MH by up to 20%.

It is also apparent that first-order behavior is strongest for MH ^ MW Thus the 
approximation of neglecting scalar loops in VT is a valid one for the purpose of obtain­ 
ing the baryogenesis bound on the Higgs boson mass, as we can see from Figure 5.17, 
where the one-loop and ring-improved curves are virtually indistinguishable. Values 
of Tc and (4>/T)crit are significantly different between the two cases of light and heavy 
scalar modes only for MH ^ MW, in the region where the phase transition displays 
very weakly first-order behavior. While it has been claimed previously in the literature 
that the Standard Model with a heavy Higgs boson undergoes a second-order phase 
transition [30, 21], it is satisfying to see explicitly how the inclusion of scalar loops 
weakens the first-order nature of the phase transition and to observe the passage be­ 
tween the two regimes. In this description, it is the gauge loops that drive the phase 
transition and determine the strength of first-order behavior.
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Figure 5.15: Comparison of the critical tem­ 
peratures in the Standard Model with light 
and heavy scalars, at one loop (solid and 
dashed lines respectively) and with ring im­ 
provement (dotted and dash-dotted lines re­ 
spectively); Mt = 130 GeV.
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Figure 5.16: Comparison of the critical 
points in the Standard Model with light and 
heavy scalars, at one loop and with ring im­ 
provement (lines are designated as in the pre­ 
vious figure); Mt = 130 GeV.
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Figure 5.17: Comparison of the mass bounds on the Higgs boson in the Standard Model with light 
and heavy scalars, at one loop and with ring improvement (lines are designated as in the previous 
figure).



Chapter 6

The Singlet Extension of the 
Standard Model

In the last chapter, it was shown how the requirement that anomalous baryon violation 
not be in equilibrium, following the phase transition, places an upper bound on the mass 
of the Standard Model Higgs boson which is barely consistent with the experimental 
lower bound from LEP [42]. A possible way to avert this stringent mass bound is to 
extend the Standard Model. As we have seen in the one-loop description, first-order 
behavior derives from the negative cubic term: (4>/T)cr:ii ~ E/\TC . The addition of 
an extra boson field to the Standard Model would augment the cubic contributions, 
hence strengthening first-order behavior and relaxing the mass bound on the Higgs 
boson. Thus motivated, Anderson and Hall [20] considered the simplest extension of 
the Standard Model, the addition of a gauge singlet field. In their one-loop analysis, 
these authors demonstrated that successful baryogenesis may be possible in a modest 
extension of the Standard Model, consistent with all other phenomenology.

This chapter demonstrates that the inclusion of ring diagrams alters the arguments 
of Anderson and Hall [20] for strengthening the first-order nature of the phase transition 
in their proposed extension of the Standard Model. The material of this chapter is 
drawn primarily from original work previously published [44]. We begin by analyzing 
the effective potential at one loop to determine the nature of the phase transition, as a 
function of the Higgs mass. Since first-order behavior in the minimal Standard Model is 
driven by gauge (rather than scalar) loops, as seen in Chapter 5, we will neglect Higgs 
contributions to FT (</>), which are negligible compared to the singlet contribution. We 
then consider the summation of singlet and gauge ring diagrams and their effect on 
the nature of the phase transition. While the one-loop analysis relaxes the Higgs mass 
bound up to 115 GeV, the effect of ring improvement is to restrict this bound further; 
we find that the addition of a light singlet (ms(<j>) ^ MW , Tc ) weakens the Higgs mass

bound only by ~ 50%, up to ~ 80 GeV. The analysis for a heavy singlet (ms($) £ MW, 

Tc ) remains unchanged by ring improvement, however, and may yield a more generous 

bound on the Higgs mass.

68
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6.1 Effective Potential at One Loop

In the context of the one-loop analysis, Anderson and Hall [20] suggested increasing 
E/\T by adding a gauge-singlet ^-multiplet field S to the Standard Model, with 
dynamics governed by

- 2C2 SS • $$ . (6.1)

Requiring both /x| and £2 to be positive ensures that only the Higgs field $ determines 
electroweak symmetry-breaking (that is, (S} — 0 at all temperatures). Upon sponta­

neous symmetry-breaking, (<&) = 4- ( , J , S acquires the mass m|(0) = //| + (V2 .

At the one-loop level, the S contribution to the effective potential may be calculated 
analogously to the pure scalar theory (see (3.18) and (3.15)).

Anderson and Hall considered the two possibilities of a heavy and a light singlet. 
In the first case where S is extremely heavy, its thermal contribution is Boltzmann 
suppressed, and only the zero-temperature part contributes at one loop. Although E 
remains the same as in the Standard Model, AT receives a negative piece due to the 
S mass; hence (<^/T)crit ~ E/\TC is larger than in the Standard Model. In addition, 
the argument is unaffected by ring diagrams, since for large enough mass, the S ring 
diagrams are irrelevant. Consequently, up through ring diagrams, a heavy singlet may 
indeed strengthen the first-order phase transition and evade the experimental Higgs 
bound.

As for the light singlet, we may use the high-temperature approximation (Ap­ 
pendix B), given by

(6.2) 
The effective potential for the Standard Model then becomes

+ ~^ , (6.3)

where

D = D + 12
^2M? + 2^log1 _, gsC'MZ . gsC»s

-ic 716?r 2

If we assume, for the purpose of illustration, that S is light enough that /4 < C 2 </>2 at 
the asymmetric minimum during the phase transition, the coefficient of the negative
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cubic term is increased to E = E + gs(3 /(6n); consequently O/T)crit ~ 
EI\TQI thus strengthening first-order behavior and suppressing baryon washout. More 
generally, in the absence of prejudice toward the singlet mass, l the critical point occurs 
at

Critical temperature: (6.5)

47T

nnJ-c —
167T 2

Asymmetric minimum: (6.6)

C -3E
\ L / crit •crit

T / . T2 -1 / crit L c

Hence in the one-loop analysis, adding a light singlet yields a more generous bound on 
the Higgs mass, as shown in Figures 6.1 and 6.2 (compare to Figures 5.1 and 5.2 for 
the minimal Standard Model). In these figures, Tc and (^/T)crit were computed for

140

20 60 
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100

Figure 6.1: The critical temperature at one 
loop in the singlet extension of the Standard 
Model; the top mass in GeV labels the lines.
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Figure 6.2: The critical point at one loop in 
the singlet extension of the Standard Model.

gs = ( = \s - I and fj,s = 50 GeV, without the assumption M| < C </>min-

assume only that S is light enough for the high-temperature approximation to be valid during 
the phase transition.
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6.2 Effective Potential with Ring Improvement

Taking ring diagrams into account, the presence of 5 affects the analysis of the Standard 
Model in two ways. First, the appearance of virtual S-loops increases the scalar self- 
energies (<x T2 ), thus changing the scalar ring diagrams. 2 Secondly, S must be ring- 
improved since it contributes to VT at one loop. As found earlier (Section 3.3 or 
Appendix B) when discussing the scalar phase transition, the S-ring diagrams sum to

_9sT( 13/2
+ n5 (0)] - m|(</>) (6.7)

The self-energy is computed from the Feynman graphs of Figure 6.3 (recall that only

Singlet, Higgs, 
Goldstone

Higgs

Figure 6.3: The singlet self-energy at one loop.

the quadratically-divergent first graph is relevant), which give the leading temperature 
dependence 1X5(0) = ^(£2 + As)T2 . The result is the ring-improved effective potential:

127T

3/2 n?(o)] 3/2

(6.8)

Parametrizing the self-energies as II$(0) = wT2 , n|°(0) = zT2 , and n<?(0) = sT2 , the 
critical point is characterized by

Critical temperature: (6.9)

87T
sT

16JT2
- , 

8 A

2 Although we have so far neglected scalar masses, one may also want to consider the case where 
"iscaiar/T ~ mt /T, mw,z/T (see Chapter 5). In this case the Higgs and Goldstone fields contribute at 
one loop, and hence require ring-improvement in the usual manner. In the Standard Model, the scalar 
self-energies at one loop receive pieces from gauge, fermion, and scalar loops; in the singlet extension, 
they also receive a piece from S loops. This augments their self-energies by AIT^O) = gff 6̂ T .
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Asymmetric minimum: (6.10)

Arc (0 -
\ J /crit

i
*) •/ crit

Z£[M(*\2 4 V4 (T).

Because the negative cubic term is reduced by ring-improvement, we see that the effects 
of the gauge singlet on the strength of the phase transition and suppression of baryon 
washout are much less than expected on the basis of the one-loop analysis. To take 
the example given by Anderson and Hall, a Higgs mass as high as 100 GeV (with 
Mt = 125 GeV) may be accommodated by taking g$ = C — ^s — 1? which safely gives 
(</»/T)crit « 1.2 in the one-loop calculation. With ring-improvement, however, the Higgs 

mass bound is relaxed only up to ~ 80 GeV (for (<f>/T)crit ^ 1), as seen in Figures 6.4 

and 6.5 (compare to Figures 5.4 and 5.5 for the minimal Standard Model).

160

40
20 40 60 80 

MH/GeV
100

Figure 6.4: The critical temperature with 
ring improvement in the singlet extension of 
the Standard Model; the top mass in GeV la­ 
bels the lines.

60
MH/GeV
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Figure 6.5: The critical point with ring im­ 
provement in the singlet extension of the Stan­ 
dard Model.



6.3 Discussion 73

6.3 Discussion

The effects of ring-improvement on the Standard Model and its singlet extension are 
compared in Figures 6.6 and 6.7, which display the critical temperature and (<f>/T)clit
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/ // / one loop

100 —i
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MH/GeV
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Figure 6.6: Comparison of the critical tem­ 
peratures, at one loop and with ring improve­ 
ment, in the Standard Model (dotted and 
dash-dotted lines respectively) and its singlet 
extension (solid and dashed lines respectively); 
Mt = 130 GeV.
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Figure 6.7: Comparison of the critical points, 
at one loop and with ring improvement, in 
the Standard Model and its singlet extension 
(lines are designated as in the previous figure); 
Aft = 130 GeV.

as functions of the Higgs mass, with the top mass fixed at the phenomenologically 
favored value of 130 GeV [42]. The Higgs mass bounds for each case, obtained by 
requiring (0/T)crit <: 1, are shown as functions of the top mass in Figure 6.8. The 
sharp downturn at large Mt is due to the dominance of a heavy top mass in the one- 
loop effective potential at zero temperature, and is related to the question of vacuum 
stability. It is evident that the effects of ring-improvement are quite significant, reducing 
the bounds on MH by up to 30%.

One may ask to what extent these results are dependent on our choice of parame­ 
ters (", AS, and fis (C = ^s = 1 and Us - 50 GeV were chosen above). One finds, as 
expected, that the phase transition is strengthened for increasing ( (greater interaction 
between the thermal baths of Higgs and singlet particles), decreasing \s (diminishing 
effect of the singlet ring diagrams), and decreasing ps (greater sensitivity of m|(0) to 
the Higgs VEV near the phase transition, and hence a larger contribution to the nega­ 
tive cubic term in the effective potential). Our results are robust in the sense that they 
changed by less than 10% when the parameters were varied over the following natural



6.4 Conclusion 74

ranges: 0.01 < £ < 1 (the validity of the high temperature expansion, ra|(</>)/T2 < 1, 
requires that £ < 1 to avoid baryon washout), 0.01 < Xs < 1, and 10 GeV < /JLS < 
100 GeV (our results are insensitive to smaller values of \s and ps)- Of course, they 
are quite sensitive to #5 (setting gs = 2 increases the bound by 25%), as shown in 
Figure 6.9 for gs = 1 to 4, so that one may still weaken the upper bound on the Higgs

0>
O
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Figure 6.8: Comparison of the mass bounds 
on the Higgs boson, at one loop and with ring 
improvement, in the Standard Model (dotted 
and dash-dotted lines respectively) and its sin­ 
glet extension (solid and dashed lines respec­ 
tively) .
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Figure 6.9: Comparison of the mass bounds 
on the Higgs boson (with ring improvement) 
in the singlet extension of the Standard Model, 
for various values of as-

mass simply by increasing the number of singlet fields.

6.4 Conclusion

We have shown that ring-improvement of the effective potential — as required for 
perturbative consistency — modifies the argument favoring the addition of a light 
singlet to the Standard Model to ensure successful baryogenesis. The Higgs mass bound 
is relaxed only up to ~ 80 GeV, for reasonable ranges of the singlet parameters (gs — 1, 
C < 1, ^S < 1, and ^s < 100 GeV). Such a Higgs will be found (or excluded) at LEP 
200 [42]. This bound, however, may be further relaxed by enlarging the multiplet of 
singlet fields.

Anderson and Hall [20] also suggested an alternative way to increase ((f>/T)crii oc 
E/\TC by adding a gauge singlet: instead of increasing E with a light singlet, one can
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decrease ATc with a sufficiently heavy one. In this case, the thermal contribution of 
S is exponentially suppressed, and the ring diagrams negligible. Since only the zero- 

temperature part is involved, this possibility remains viable.



Chapter 7

The Two-Doublet Model

In this chapter we consider the phase transition in the two-doublet model. The analysis 
of this model is considerably more difficult than that of the Standard Model in Chapter 5 
(or its singlet extension in Chapter 6). Unlike the previous cases, this model possesses a 
multiplicity of unconstrained parameters, which does not readily permit any definitive 
conclusions. To simplify the analysis, we consider only the case of light scalars.

7.1 Notation

The two-doublet model is defined by the Lagrangian

*" — ^gauge T" ^fermion T *--Higgs T *^Yukawa T ^gauge-fixing ~T -^ghost T" *^c.t. • \ '•-'-/

It respects the gauge symmetry SU(1}i, ® f/(l)y, and at zero temperature, undergoes 
spontaneous symmetry breaking to £/(I)EM- Because the addition of a second scalar 
doublet does not modify the gauge symmetry or its fermion representations, £gauge and 
£fermion remain unchanged from the Standard Model (refer to Eqns. (5.2) and (5.3)). 

£ffiggs describes the dynamics of the two Higgs doublets, and is given by

- U ($!, * 2 ) . (7.2)

$1 and $ 2 are both complex SU(2)L doublets, with weak hypercharge Y/2, = 1/2, so 
that the covariant derivative is

The classical potential is

2
*I*i-Tz
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+ A £

, $2) is the most general form of the potential that guarantees the desired pattern 
of spontaneous symmetry breaking, SU(2)L ® U(l)y -*• #"(!)EM, and which is invariant 
under gauge transformations and the discrete symmetry $ 2 -*• -$2 (which is broken 
only softly, i.e., by terms of dimension two). The discrete symmetry is imposed on the 
Lagrangian to eliminate Higgs-mediated flavor-changing neutral currents, as we will see 
below when discussing £vukawa- The phase £ is a measure of CP violation in the scalar 
sector; in analogy to the minimal supersymmetric standard model, we will assume CP 
in variance in the scalar couplings, so that £ = 0: l

(7.3)

At zero temperature, the minimum of C/($ 1? $ 2 ) occurs at |$i| = i>i/\/2, \$2\ = 
^/A/2, such that -y 2 + -uf = (246GeV)2 . At finite temperature, we denote the thermal 
average by

<*.) = ( A } , <*2> = f A ") - (7-4)

where it has been assumed that the evolution of the universe respects CP invariance 
and conserves electric charge. Expanding the fields about the thermal background, 2

xt

a Of course, we know that for successful baryogenesis, an adequate source of CP violation (whether 
in the scalar or fermionic sectors) must operate during the epoch of baryon production. However, since 
we focus here on the phase transition and the attendant cosmological mass bound on the Higgs boson, 
rather than a specific mechanism of baryogenesis, the source of CP violation will be immaterial to our 
analysis. Hence we set £ = 0, without loss of generality.

2 Note that in our analysis of the Standard Model, Chapter 5, subscripts on scalar fields specify 
the components of the Higgs doublet; here, they refer to either of the Higgs doublets, but not to the 
individual components.
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Under this shift, terms from 
gauge bosons:

(7.5)

+ \D f_L ($ 2 )\ 2 generate masses for the W and Z

« - VHi
4

,/2

(0? +

(7.6)

(7.7)

Let us denote by rn^- the separate contributions of 0j to m^, so that 771^(01,02) = 
mvn(0i)+w^2 (</>2 ), and similarly for m^; rn^^j] = <7 20|/4, etc. Because the second 
doublet shares the same quantum numbers as the first, the gauge interactions of $2? 
generated by \D^2\ 2 i simply replicate those of $1 (cf. (5.20) and (7.27)).

Shifting by (7.5) in £ffiggs also results in masses for the scalar modes. The scalar 
boson mass-squared matrix decomposes into a charged sector, a CP-odd neutral (pseu- 
doscalar) sector, and a CP-even neutral (scalar) sector, each of which may be diago- 
nalized with distinct mixing angles. Using the notation of Gunion, Haber, Kane, and 
Dawson [45], the charged sector contains the charged physical Higgs and Goldstone 
bosons,

#± = -

= cosfl^Xi + sin/^X^ 5 (7.8)

with masses

1
2

where the mass-squared matrix and mixing angle are

(7.9)

A AS (02 - v 2 ) + |A4 0fx
(7-10)

and

+ + 4

-2Aif2 

The pseudoscalar sector includes the neutral physical and Goldstone modes,

A° = -si " 
G° = (7.12)
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with masses

™o |Go (0i,02 ) = MPU + MP22 ± \(Mpl -Mp22y + 4(Mp2 )2 , (7.13)
^ L J

mass-squared matrix

A 2 (02 - V|) + A3 (02
(7.14) 

and mixing angle

- M P22, ,o ! 22 22 2tan/3 - ——————————— -—— ——————————— . (7.15)

The scalar sector contains the two neutral physical Higgs states,

h° = — sin axi + cos 01X2 
H° = cos &xi + sm aX2 5 (7-16)

with masses

"*flo,fco (0i,02 ) - i Usn + A1 S22 ± v/(^ii--M 22) 2 + 4(^s12 )2] , (7.17)
/ L -I

where

(302 - vl] + A3 (30? + 02 -
2A30!02 + JA 5 (20102 -

2A30!02 + | A 5 (20! 02 -

A2 (301 - vl) + A3 (0? + 302 - ̂ 2 ) + I A 5 02 l ^ • J

, 71Q . tana = ——————————— -- ————————— . (7.19)

At zero temperature, these reduce to tan/?1*1 = tan/50 =
M^o = ^Ae^ 2 , and M^± = 0 = M^0 . Note there are only two mixing angles at
zero temperature, which we denote by tanao and tan/3.

In summary, the scalar sector possesses the following mass eigenstates: five physical 
scalar bosons, including the charged H± , the neutral CP-odd A°, and the neutral CP- 
even H° and h°; and three Goldstone bosons, including the charged G^ and the neutral 
CP-odd G°. M/,0 < M#o, so that h° corresponds to the lightest Higgs boson. /3± 
rotates the charged, /3° the neutral CP-odd, and a the neutral CP-even scalars into 
their respective mass eigenstates, and note that these rotation angles are all functions 
of (0i,02)- Whereas the Standard Model has only one free parameter, this model has 
seven: AI, . . . , AS, and tan/3 = v2 /vi (we have set £ = 0 and v 2 is fixed by the W mass).
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These may be transformed into the more convenient set M^±, Mjjo, M^0 , M£>, A 5 , 3 
tanoio? and tan/3.

The Yukawa Lagrangian prescribes the coupling of the Higgs doublets to fermions. 
The structure of £yukawa is constrained by the need to prevent Higgs-mediated flavor- 
changing neutral currents, which may be ensured by imposing one of the following 
discrete symmetries:

+ -*i , dg -> -dg ,

or
$1 -> -$i .

The net effect of either of these symmetries is to force all quarks of the same charge 
to couple to only one scalar doublet, which is necessary and sufficient to guarantee the 
absence, at tree level, of flavor- changing neutral currents induced by Higgs exchange. 
The first symmetry implies that all up-type fermions couple only to $2 while down-type 
fermions couple only to $1; the second symmetry implies that all fermions couple only 
to $2- In the approximation that we adopt, where all fermion masses except writ vanish, 
the choice of symmetry is irrelevant:

^Yukawa - ~9t (*, bf)L 9 2 tR + h.C. , (7.20)

with $2 = *r2$2- Upon spontaneous symmetry breaking, the top quark gains a mass

The gauge is fixed in the .R^-class of renormalizable gauges, which eliminates mixing 
of the Goldstone and gauge fields in £ffiggs; mixing arises from the kinetic cross terms 
imwj(<j>j) f^XjW/ - d^X/W/T I -mZj(4>j)^crj^iJi (implied summation over j = 1, 2). 
The gauge-fixing Lagrangian is

We choose to work in Landau gauge, £ —» 0, so that

'gauge-fixing
1'? 2

i x/v "\ £iM ^7 i 7 01 *\

and the cross terms in the second line combine with those from \D^\ 2 + \D fjL ^2\ 2 in 
£Higgs to produce a total divergence, which vanishes upon integration. In this gauge 
ghost fields are massless and couple only to the gauge bosons; hence they do not

3 Any one of Ai,A2, or As may be chosen instead of As, since M^0 , M^0 , and tan ao only specify 
three of these parameters. As is chosen since it determines an additional mass scale of the theory, 

, to be encountered in the next section.
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Field

Gauge

Ghost

Fermion

Scalar

W± 
Z 
A<*,-,c
t
other quarks 
leptons
h°, H°
A°,G°

Mass

^=$$+^j(k + <ft)

m2 = 0
m^ = 2 <7i 4*2 
m2 = 0 
m2 = 0

m2
2

(7.17) 
(7-13)

Table 7.1: Summary of the fields and masses in the two-doublet model, as approximated in this 
chapter.

contribute to the effective potential at one loop. Because ghost fields do not interact 
with the scalar sector in this gauge, £ghost remains unchanged from the Standard Model, 
(5.14). Finally, we take the counter-term Lagrangian

G (*t*a) - (7.22)

to renormalize the effective potential
As $1 and $ 2 gain thermal averages (7.5) in the spontaneously broken theory, 

the two-doublet model gives mass to the gauge bosons, fermions, and scalars, and 
yet remains renormalizable. The degrees of freedom in our two-doublet model are 
summarized in Table 7.1. Neglecting constants and total divergences, the Lagrangian 
may be expressed as a kinetic part plus an interacting part:

C = CQ + ^fermion + ^Higgs + ^Yukawa + (7.23)

where

C0 = -

(-92 - - 1/0 PP Z,
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^° (-82 - m^o (0i, 

H + -82 - m (7.24)

We list for reference the following interaction terms (note 
v2 ):

= <j>\ + 0^ and likewise for

auge

- TB ) « + e7^ (1 - 7s)

(1 - 75) j/ + e7 M (1 - 75) e]

+ 75 « + d^ + 75 

(-1 + 75) v + e7 M (3 + 75)

- v ~-(M2 - viv2 ) (<f>2Xi

Xi"

01X1XJ"X2 + 02Xl~Xl X2

- (xtH2 X2 + XTHh +

+ A 5 (<^2Xi + ^1X2) 

+ A 6 (-^2^1 + 01 0-2)

+ g (XiX2 + 

+ ^ to°"2 - 0-1X2)!

X2"

A3 

A4

(7.25)

(7.26)
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1
^ (XiX2

i

4-

sin40

(A* -

= ~ (X2 ^ ~ *

+ BxW- (7.27)

(7.28)

We will compute the effective potential FT (</>i,</>2) by the tadpole method, which 
may be derived as in the one doublet case. By comparing the expansions for the 
effection potential (T^'^ denotes the proper (i + .y)-vertex with i xi-legs and j x 
about the symmetric point,

1 77* / > 
_ v-> (n
>n\ ^—^ \fn

n=l m=0 v '

and about

oo i n,^) = - E A E
n=l ' m=0

and then taking first derivatives, it is clear that

Integration of the tadpole graphs thus yields the effective potential. As before, the
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scalar self-energies at zero momentum may be computed from

(7.30)

7.2 Effective Potential

Having established notation, we turn now to computing the effective potential and 
deriving the baryogenesis bound on the Higgs boson mass. In analogy to the standard 
expressions derived in Appendix B, we sum over the various particle species to obtain 
the effective potential VT = V° + AVT for the two-doublet model at one loop, subject 
to the specified renormalization prescription:

T ; ' (7.31)

where V(^>) may be expressed as

ML

+ 8

Ml

2 2 I cosaosin/5 f^j — v 2 J 
vl v2 J

v \ r / ,o o\ -^—o sin an sm p of — vf] —
>J 1 V2/

sn «0 cos

cos a0 cos v

'1V2 sin/5 cos/5 — [sin/50i + cos/3(/>2] ) • (7.32)

^- counts the degrees of freedom, ± is for bosons or fermions, and the temperature 
integrals IB F are given in (B.5) and (B.6). The renormalization conditions

8V°
= 0 (7.33)

(f>=V

cos Q.Q — sm Q.Q 
sin Q.Q cos ao

0
0

COS QlQ Sin

— sin Q.Q cos

preserve (at one loop) the tree-level expressions for the zero-temperature vacuum and 
the corresponding masses and rotation angle for the neutral scalar sector. M5 is an 
additional mass scale allowed by the tree-level potential, and is fixed by a final renor-
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malization condition, whose exact form is irrelevant for our purposes. 4 Thus V° is 
expressed in terms of the fixed parameters MHo, M^o, M5 , tana0 , and tan/3. Approx­ 
imating the integrals IB ,F by their high-temperature expansions, (B.9) and (B.10), 
yields the following expression:

As in the Standard Model, the analysis may be divided into two cases, depending 
on the relative masses of the scalar and gauge bosons. In the case of light scalars, 
•^/scalar ~ MW , scalar loops may be neglected from the one-loop effective potential,

and the analysis is greatly simplified. For heavy scalars, Mscaiar > MVT, scalar loops 
must be included.

As we have seen in Chapter 3, an accurate analysis demands that we sum the 
ring diagrams to account for the leading infrared effects, which contribute to the cubic 
term in VT at the same order as the one-loop graphs. Fermion ring diagrams need 
not be considered since they do not contribute to the cubic terms ~ Tra|(<£). The 
scalar modes all receive cubic contributions from the ring summation, while only the 
longitudinal components do so for the massive gauge fields:

127T . .j=scalar

E {H(« + nf(0)J""-m?W|. (7.35)
j=long. 

gauge

11(0) and n°°(0) are the scalar self-energy and longitudinal component of the polariza­ 
tion tensor at zero momentum.

To preview the calculation in the following sections, we start with the effective 
potential VT ((f)} in the high-temperature approximation. We aim to derive bounds on 

by requiring

T
crit

+ ' - > ir^j -L

to avoid baryon washout. So first we will compute the critical temperature Tc by the

4 This new mass scale is usually neglected in the literature. Likewise, we will take A/5 = 0 in the 
sequel.
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condition

det =o,

and then determine the order paramater at the critical point (</>i/T, ^2/T)crit , by

8VT
= 0 = dvT

Tc Tc

The nature of the phase transition thus will be described as functions of the parameters 
Mfjo, Mho, MS, tanao, and tan/3. By requiring that sphaleron-mediated effects not be 
in equilibrium at the end of the phase transition, in order for a net baryon number to 
survive, we will obtain a cosmological mass bound on the Higgs boson.

Finally, a word about the parameters. The full classical potential U(4>) (7.3) is 
parametrized by seven quantities: AI, ... , AG, and tan/3. For the effective potential 
V (0), A4 and XQ are irrelevant and are fixed by Tn2H ± = X^v2 /2 and m^0 = Ae /y 2 /2. 
So before diagonalization and renormalization, VT (4>) is parametrized by AI, A2, AS, 
AS, and tan/3. Afterward, the new parameters are Mj^0 , ^^o, Mf, tanao? a^d tan/3.

Because the two-doublet model possesses so many free parameters, a general anal­ 
ysis is difficult and any definitive conclusion elusive. Therefore we simplify the aims 
of this chapter. We intend to demonstrate that the case of light scalars is essentially 
unchanged from that of the SM, and leads to an identical Higgs mass bound, both at 
one loop and with ring improvement. The case of heavy scalars, however, is potentially 
different, and may yield a more generous Higgs mass bound. We do not address this 
question here. To ensure a tractable analysis, we set the mass scale Mj = 0. 5 This 
could substantially change our conclusion for the case of light scalars. In our discussion, 
we will attempt to indicate the general effect of a non-vanishing Mf.

7.3 Light Scalars

First we assume light scalar modes, Mscaiar < MW, and neglect scalar loops in the 
effective potential. This case has been analyzed at one loop by Bochkarev, Kuzmin, 
and Shaposhnikov in [21]. We give below the details of the calculation at one loop, and 
then we determine the effect of ring improvement.

One Loop

The one-loop effective potential is given by (7.34), with B = W^,Z and F = t. The 
result may be written at high temperature in the form

5 As was done implicitly in previous analyses at one loop [21, 46].
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+ 32;r 2 t; 2 + 32T2 V2

-ET

(ft

+ Q4K 2v$
12M4

aFT2

where

D =

The critical temperature is determined by the condition

det = 0,
0=0

with the mass squared matrix

9 \ i^£j \ 1/-1
cos a sin ft ( cos a sin /5v 2 + sin o; cos

( v2 \ „ / n o„ 0 sin CK sin p sin o; sin p-yf — cos a cos 
\ t;?t;? / \ l\ 1 2 /

-y"

0=0
2 I -»2«2

M2 / v2

sin a cos /3 (cos a sin ftv2 + sin a; cos

f V 2 \ ( o0 0 cos a cos p ( — sin a sin pvf + cos a 
\ vtv£ I \\ 1 2 /

cos

2 2+ M5 cos /? + 2

= -M|sin/?cos/3 .

6M^ + 3Mi

(7.36)

(7.37)

(7.38)

(7.39)

r/j
(7.40)

(7.41)

First we set Ml = 0 for simplicity, and later consider the consequences of the case
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0. Then the critical temperature is determined by

d2yT d2yT
= 0 . (7.42)

This means that the curvature at the origin must vanish in some direction, which, 
following Bochkarev, Kuzmin, Shaposhnikov, we suppose to be in the ^-direction: 6

= 0
•0=0

> 0 . (7.43)

In this case we have a one-dimensional problem, nearly identical to that considered in 
the Standard Model of Chapter 5. The critical temperature, critical point, and Higgs 
mass bound may be computed and give identical results.

Thus, at one loop, first-order behavior is observed at the phase transition, provided 
that MH ^ 55 GeV. However, for the reasons enumerated in our analysis of the scalar 
and Higgs models in Section 3.3, we must now include the ring diagrams.

Ring Improvement

The process of ring-improvement is analogous to that considered for the Standard 
Model. Since we only consider the case of light scalars, only the gauge polarization 
tensors Hg°uge need be computed. Because the two-doublet model retains the gauge 
structure of the Standard Model, the gauge and fermi contributions to Hg2uge are iden­ 
tical to those computed in Section 5.3. The scalar contributions are simply multiplied 
by a factor of two, as may be seen by explicit calculation of the graphs in Figure 5.3; 
this reflects the addition of the second Higgs doublet, since it shares identical gauge 
interactions with the first. The critical temperature, critical point, and Higgs mass 
bound may computed analogously to those computed in Section 5.3, and are virtually 
indistinguishable from the results in the Standard Model. We compare the mass bounds 
on the Higgs boson in Figure 7.1. In the same manner as observed in the Standard 
Model, ring improvement weakens the first-order nature of the phase transition and 
relaxes the mass bound on the Higgs boson.

7.4 Discussion

In our analysis we have taken MS = 0. What are the possible effects of a non-zero value 
of M5 ? To begin with, we would have to diagonalize the mass matrix (7.39,7.40,7.41).

5 If we choose the (^-direction, a similar result follows.
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Figure 7.1: Comparison of the mass bounds on the Higgs boson, with ring improvement, in the 
Standard Model and two-doublet model both with light scalars.

For small MS, this has the effect of rotating the direction of the phase transition in $\- 
(f>2 space. For larger values, the situation is unclear and depends on the relations among 
the various mass scales. An interesting possibility may arise with the appearance of 
several minima, in which case the phase transition may proceed in several steps.



Chapter 8

Electroweak Processing of a 
Primordial Asymmetry

In the preceding chapters we addressed the first topic of this thesis, the nature of the 

electroweak phase transition as described by the effective potential at finite temper­ 

ature. We also considered the implications for the Higgs sector of sufficiently strong 

first-order behavior. The present chapter progresses to the second topic: the possibility 

that an asymmetry created at the GUT scale (where CP violation resides) results in 

baryogenesis at the weak scale. l

8.1 Introduction

Electroweak theory contains the means for anomalous violation of fermion number 

via non-perturbative effects, in the form of instantons at zero temperature [35] and 

sphalerons at high temperature [7]. The vacuum structure of electroweak theory ad­ 

mits both quantum and thermal tunneling between inequivalent vacua by such con­ 

figurations. As the Adler-Bell-Jackiw-Bardeen anomaly violates f?, -L, and B + L but 

conserves B — L, so do the sphaleron configurations, which are in equilibrium at high 

temperatures (see Chapter 4).

Rapid fermion number violation at high temperature raises the possibility of baryo­ 

genesis at the electroweak scale [40]. Numerous mechanisms for electroweak baryo­ 

genesis have appeared in the literature, but the most widely researched ones may be 

broadly classified into the following categories:

• Topological fluctuations (Turok and Zadrozny [10]): The CP-violating coupling 

of an axion-like Higgs phase to the gauge fields biases topological fluctuations, 

and hence baryon production, near the bubble walls. This requires an extension 

of the Standard Model with CP violation in the scalar sector.

work was done in collaboration with Dr. S. Abel.

90
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Spontaneous baryogenesis (Cohen, Kaplan, and Nelson [11, 12]): An adiabatic 
regime in thick, slow-moving bubble walls (characteristic of a weakly first-order 
phase transition) induces a (CP- violating) effective interaction term of the form

This term arises in CP-violating extensions of the Standard Model, and acts as 
a chemical (or charge) potential to bias baryon production.

• Charge transport (Nelson, Kaplan, and Cohen [13, 14]): In the presence of thin, 
fast-moving bubble walls (as would occur in a strongly first-order phase transi­ 
tion), the CP-violating reflection of fermions off the bubble walls produces a net 
charge flux into the symmetric phase, thus biasing baryon production. CP viola­ 
tion occurs in the scalar (e.g., the two-doublet model) or leptonic (e.g. Majorana 
neutrino masses) sectors of the extended Standard Model.

There are two severe problems for baryogenesis within the minimal Standard Model: 
(a) the electroweak phase transition, for a Higgs mass in the experimentally allowed 
range MH ^ 55 GeV, is not strongly enough first-order to yield an efficient scheme 
of baryon production (see Chapter 5); and (b) the parameter that characterizes CP 
violation in the Standard Model is <!>cp ~ 10~ 20 , whereas efficient baryogenesis appears 
to require it to be of C7(10~8 ) [47]. Hence the above mechanisms typically employ 
extensions of the Standard Model to circumvent these difficulties.

Very recently, Farrar and Shaposhnikov [16] analyzed baryogenesis occurring through 
a charge transport mechanism in the Standard Model, and suggested that an accept­ 
able value oinB/s could be attained (thus obviating the need to resort to extensions of 
the electroweak theory for richer sources of CP violation), provided that the Standard 
Model undergoes a robust first-order phase transition. However, their analysis suffers 
uncertainties of unknown magnitude from the simplifying assumptions made:

• the major contribution to scattering off the bubble wall was assumed to occur at 
low momentum, p <C M;

• the bubble wall was taken to be slow- moving, v <C 1;

• the calculation was done in one spatial dimension, and it is unknown what rela­ 
tionship the scattering problem in one dimension bears to that in three dimen­ 
sions.

On the other hand, if significant baryon production does not occur at the elec­ 
troweak phase transition, rapid fermion number violation leads to the potential deple­ 
tion of any baryon number generated at higher energy scales (at a prior epoch). This 
would happen unless such baryon number were protected by some symmetry, that is, 
some mode that does not equilibrate with the thermal plasma.
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This prospect raises the possibility of encoding the asymmetry in a conserved global 
quantum number that is set primordially, which by subsequent processing at the elec- 
troweak phase transition, is converted into the presently observed baryon number. The 
simplest example is to have a non-zero value of B - L driving baryogenesis, as first 
considered by Fukugita and Yanagida [48], They reasoned that B - L is untouched by 
the sphalerons and only the orthogonal B + ̂ -projection equilibrates to zero. Therefore 
the baryon number that survives the electroweak phase transition is

for the case in which B^t = 0 and there exists a primordial £- asymmetry, such as 
might be produced by the out-of-equilibrium decays of massive neutrinos; At is the time 
interval that sphalerons operate in equilibrium with an interaction rate 7 (assumed to 
be large).

Harvey and Turner [49], however, showed that the B + L mode does not necessarily 
equilibrate to zero in the presence of rapid fermion number violation, because of the 
need to conserve electric and color charge. Rather,

B,L,B + L oc B - L ,

for both T <^ Tc and Tc ^ T ^ MW- A primordial asymmetry for B — L ensures that 
a net B survives the epoch of anomalous B- violation, whereas B — L = 0 ensures the 
absence of baryon number today. However, this conclusion was based on the assumption 
that all particle species were relativistic, i.e., mass effects were neglected. As was 
demonstrated in later work [50, 51], mass effects can modify these relations: if mj/T"2 ^ 
0, then .0, -Z/, and B + L need not vanish, even if B = L.

Because the simplest GUTs of interest conserve B — L [52], one is lead to con­ 
sider scenarios in which the primordial asymmetry satisfies B = L. Fortunately this 
condition admits the possibility of individual flavor asymmetries,

Li - B/N / 0 ,

which may then encode a primordial lepton asymmetry. Such asymmetries might 
be produced by lepto-quarks, for example, by generational differences in their out- 
of-equilibrium decays. Thus lepton flavor asymmetries may bias anomalous B + L- 
processing to result in the observed .0, even if B^t = 0. It may be possible, therefore, 
to take individual flavor asymmetries Li - B/N ^ 0, rather than total B - L ^ 0, as 
the driving force behind baryogenesis.

Kuzmin, Rubakov, and Shaposhnikov [50] explicitly realized this idea in the context 
of lepto-quark theories, which could naturally produce such asymmetries, and identified 
the role played by lepton mass effects. They required: (i) the absence of flavor-mixing
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after the lepto-quark decays; 2 (ii) large flavor asymmetry and CP violation in the lepto- 

quark decays; and (iii) a large Higgs mass, MH > 55 GeV. The first two conditions 
prevent the symmetric case Ll - B/N = -- = LN - B/N = 0, while the last guarantees 
the equilibrium of anomalous baryon violation after the phase transition, when the 
leptons gain non-zero masses. This results in a baryon-to-photon ratio of

Lj - B/N

where T* is the temperature at which sphaleron-mediated processes freeze out and 
the Li - B/N are the primordial asymmetries produced during the era of lepto-quark 
decays.

Dreiner and Ross [51] elaborated on the role of mass effects using chemical poten­ 
tials, which easily incorporate symmetries as constraints. They noted that for T > Tc , 
J9, L, B + L are still proportional to B - L\ and although B -L = 0 implies that L = 0, 
the individual lepton chemical potentials /^- do not necessarily all vanish. For T < Tc , 
however, B, L, and B + L are no longer proportional to B — L] here B — L = 0 implies 
that

B = L = -(B + L) oc

where, in their notation,

oc

If the primordial lepton asymmetry allows some Li ^ 0, as might occur in leptogenesis 
that is not family-symmetric, then some m is non-vanishing. Such ^ determines the 
extent to which the initial Li asymmetry is converted into the final B asymmetry; thus 
B and L need not vanish even if B — L is conserved.

Campbell, Davidson, Ellis, and Olive [53] carried these ideas further and demon­ 
strated how to avoid the m2 /T2 suppression through lepton-violating interactions. Pro­ 
vided that some — but not all — lepton flavors are violated by A.L ^ 0 interactions in 
equilibrium, B may be regenerated without the m2 /T2 lepton mass effects. Instead B 
depends only on the initial asymmetry of the non-equilibrating modes. For example, 
if lepton-violating interactions equilibrate LI — B/3 and LI — B/3 to zero, then the 
non-zero L^ — B/3 biases baryon production via sphalerons:

B oc B - L = B/3 - L3 ^ 0 ,

without mass effects.
These analyses considered the processing of primordial asymmetries by rapid fermion

2 More precisely, the requirement is that flavor mixing should be out of equilibrium: Fixing < H(T) 
for T < Tdecay .
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number violation in equilibrium and thus implicitly assumed second-order behavior at 
the phase transition to preserve such equilibrium. What happens if the thermal plasma 
undergoes a departure from equilibrium of anomalous B + £-violation? This occurs if 
the universe undergoes a first-order phase transition, as lattice studies of the Standard 
Model and analytical work on some extensions of the Standard Model seem to sug­ 
gest. Then one must study the rate equation that describes the approach of B to its 
equilibrium value, as we do later.

This chapter proposes and studies a mechanism to convert a primordial lepton 
asymmetry into the observed baryon asymmetry at a first-order electroweak phase 
transition. It combines the ideas of Nelson, Kaplan, and Cohen for the enhancing 
effect of charge transport via fermion reflection off the expanding bubble walls, and the 
methods of Farrar and Shaposhnikov for describing the fermionic collective modes of a 
relativistic plasma. This mechanism yields a baryon number proportional to the initial 
lepton asymmetry £, which may be consistent with the observed value of B ~ 10~ 10 
for Lf's ~ 2 • 10~ 5 , without requiring any assumption about enhanced (or maximal) CP 
violation in the dynamics (which plays no role in our mechanism 3 ). Put concisely, the 
mechanism we analyze operates under the following assumptions:

• the universe undergoes an electroweak phase transition that is strongly first-order, 
with thin bubble walls and a departure from equilibrium of anomalous baryon 
violation;

• the lepton sector conserves CP;

• B — L — 0, although Li — B/3 ^ 0 encodes the primordial lepton asymmetry.

At high temperature or density, the fundamental excitations may not coincide with 
the elementary particles; as a result, perturbation theory in terms of the bare fields may 
be inadequate to describe effects essentially due to the ambient plasma. In order to 
proceed in a valid perturbative calculation, we first determine the quasiparticle modes 
that exist in a relativistic plasma at high temperature. Using these modes, we compute 
the reflection coefficients and then the lepton flux reflected off the expanding bubble 
wall. Because the reflected flux oc M?/T, where MI is the lepton flavor mass and 
T ~ 100 GeV is the critical temperature of the phase transition, the r-lepton flux will 
predominate. The thermal scattering length of the leptonic quasiparticles will then 
be computed, to give an indication of how long the reflected leptons remain in the 
unbroken phase before being absorbed by the advancing front of broken phase. During 
its time in the unbroken phase, the r-lepton flux biases anomalous baryon violation, 
which is assumed to be in equilibrium outside the bubble (the region of (f> = 0). The 
sphaleron processes thus produce baryons, which are swallowed into the broken phase 
and survive to the present. We then estimate the generated baryon number and find

3 CP violation is of course evident in the initial condition of a primordial L-asymmetry; and CP 
violation in the particle dynamics would have been required for its generation at the GUT scale, as we 
know from the Sakharov conditions.
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that B ~ 10" can be accommodated in this scenario, provided that the primordial 
r-asymmetry is LT /s ~ 2 • 10~ 5 , or scaling by the lepton number density,

Hi — nr- —— l ~ 0.002 .

Our primary sources are the papers by Nelson, Kaplan, and Cohen [13] and by 
Farrar and Shaposhnikov [16], denoted NKC and FS respectively. The starting point 
of our analysis is the rate equation (4.7) describing the approach of baryon number to
equilibrium:

dF

The partial derivative of the free energy is taken with all conserved quantum numbers 
held fixed, and as we will compute later, is simply proportional to the hypercharge:

(8.2)
dB

where the parameter £ depends on the model under consideration and may be deter­ 
mined by explicit computation with chemical potentials. Integrating the rate equation 
ahead of the advancing bubble wall,

A dF
PB = — d

[,. f ., jdtpY(z-ut)
— oo

where fy is the reflected hypercharge flux and TT the thermal transport time (~ thermal 
scattering length). Scaling by the entropy density and recalling the rate for anomalous 
baryon violation in the symmetric phase (see (4.6)),

T4 , (8.4)

we arrive at our final expression for the observed baryon number:

PB 9« (fYrTT\
u \ s J (8.5)

We take « ~ 1, u ~ 0.1, and are left to compute £, /y, and rT , which we do in the 
following sections.



8.2 Quasiparticle Excitations in a Relativistic Plasma at High Temperature 96

8.2 Quasiparticle Excitations in a Relativistic Plasma at 
High Temperature

We determine the leptonic modes in the thermal plasma (which is characterized by the 
four-velocity u01 ) and obtain the quasiparticle solutions for left and right chiralities, 
which have different interactions and hence develop different thermal masses. This 
section summarizes basic results; more complete treatments may be found in Weldon 
and Lebedev [54].

Thermal Lepton Masses

The lepton thermal self-energy at one loop is given by the graphs of Figure 8.1:

d4 k
S(/>) = iAjg P)7" + iB

where a and b are functions of the Lorentz invariants

6t> = P • U 

P =

such that u2 — p2 = P2 . a and 6 are computed in [54]:

p
1 u; 2 

p

D(k)S(k + P) (8.6) 

(8.7)

-p,

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)
2 ' 8 

The constants A and B depend on the lepton chirality and the model under consider-

Figure 8.1: The fermion self-energy at one loop.

ation. For the minimal Standard Model and the two-doublet model, one can easily see 
that

At = Jffa + is" ; *!•=£ , (8.13)

where the Yukawa contributions are identical for both models, since in either case, the 
lepton couples to only one scalar doublet. This yields the following thermal lepton
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masses:

(0.209 T) 2 (8.14) 

. (8.15)

Note that £1L > Hfi ; this is true for all leptons /, provided that MI < 116 GeV. Also, 
this result is gauge invariant.

Dispersion Relations

The self-energy (8.7) leads to the following fermion propagator:

S(P) = [(I + a) p1 + b i}~ 1 = [(I + a) j + b i\ /Z , (8.16) 

where the denominator is

Z(w,p) = (1 + a)2 P2 + 2(1 + a)b P • u + b 2 = [u(l + a) + bf - [p(l + a)]2 . (8.17) 

The poles of the propagator occur at the zeros of Z(u;,p):

+ a) + b = ±p(l + a) , (8.18)

which includes both positive- and negative-energy solutions (note that (1 + a) is even, 
and b odd, under a; —>• —a;); given a positive-energy solution <^(p), the correspond­ 
ing negative-energy solution is —uj(p). So it suffices to find only the positive- energy 
solutions.

The dispersion relation is given by

Each chirality has two distinct modes, shown in Figure 8.2, which we label normal 
(u;+(p)) and abnormal (o;_(p)). The abnormal mode is actually unstable for p > O 
[54]. The dispersion relations may be approximated for small and large p as

(8.20)

n 2exp(-2(g) 2 -2)] :p
(8.21)

We plot the dispersion relations in Figure 8.3 for left and right chiralities of the r-lepton.
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.6

Figure 8.2: The dispersion relations for nor­ 
mal and abnormal plasma modes in the sym­ 
metric phase.
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Figure 8.3: The dispersion relations for left 
and right chiralities of the r-lepton in the sym­ 
metric phase of the Standard Model and two- 
doublet model.

Modified Dirac Equation and Effective Lagrangian

In the symmetric phase, the effective Lagrangian may be written as

R •

the tree-level Dirac operator and thermal corrections are

ff • p

J L,R
P

where
X

+ 1'

(8.22)

(8.23)

(8.24)

(8.25)

At small momenta, p ^ 0 and w - H < O, we may linearize the effective Lagrangian

aS f 1 ~ \ f i - \/Lfr = 2i_Z/ I dn — ~& ' d + i^lr, I -^ ~H 2iR I ^o ~l~ ~<? • 5 + iO/? ) R , (8.26)'-'en «•--" I^UQ > u i > i u o Jt/7 v / 
\ O / \ « /
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leading to the dispersion relation w±(p) = ft ± §|p|. The group velocities of the various 
modes are approximately

v — du>± 
dp (8.27)•P > ft

In the broken phase, the Dirac operator is

f \
(8.28)

where the thermal piece includes a contribution due to mass corrections in the broken 
theory:

SL,K = ^L,R + 6XL,R • (8.29) 

We then obtain the dispersion relation from

vo/-/; + E5 M'L ' "* M ' -" (8.30)
1VJ. ' Z-i T} ~\~ 2-1 T} I 

J~t JV /

Again, we may linearize for p <C QL,R-

/ 1 .+ \ / 1 -* \ 
(^ o - -a1 • + *ftLj I- + 2»A (^ o + -* • d + *ft^ ) R

(8.31) 

yielding the dispersion relation

, (8.32)

where the first ± is for L, R and the second for normal or abnormal, respectively; the 
solutions u(p] are shown in Figures 8.4 and 8.5. Notice that the left abnormal and 
right normal lines do not intersect (as they do in the symmetric phase), but instead 
are separated by an energy interval Au; — MT about the point UQ — (0^ + O#)/2. 
This interval is the region of total reflection, as we will see below when we consider the 
scattering of fermions off the bubble wall.

The full effective Lagrangian is then

£eff - £t Ej + E(x) L + X°R + E(z) R + ^YukawaW , (8.33)

which reflects the spacetime dependence of the interactions in different phases of the 
plasma. Because the left and right chiralities interact differently with the domain wall, 
there exists the possibility of separating C- and CP-odd currents that reflect off the 
wall (weak hypercharge, for instance).



8.3 .Reflection Coefficients 100

Figure 8.4: The dispersion relations, at low 
momenta in the broken phase, for normal and 
abnormal modes of left and right chiralities of 
the r-lepton in the Standard Model and two- 
doublet model.
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Figure 8.5: Close-up of the previous figure, 
magnifying the separation between the left ab­ 
normal and right normal lines.

8.3 Reflection Coefficients

We start from the Dirac equation:

E° ESL M L 
R

= 0, (8.34)

where A4(x) is the position-dependent mass and embodies the details of the bubble 
wall profile; in the broken phase Eb = Es + £E and M = M, while in the symmetric 
phase tfE = 0 = M.

As a first approximation, set Eb w Es or <!>E « 0, which is plausible since for leptons 
M/T <C 1; #E includes mass corrections in the one-loop graphs via the propagator 
\tf + M]" 1 , where the momentum integrals are dominated by the region p ~ T. Using 
the limit F(x} x—^ 1 + ^ij, we may linearize the Dirac equation at low momenta,

&L ) M L
.A/ft v (l + aR + fa} - iff • 8(1 + aR))\R

= 0 .

(8.35)
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This may be written as
/ 03 Q \ #\jjr
( 0 _a, ] ~; = W** , (8-36) 

where

•4} (l 4- &L + PL) M

R = i o a+**)-') ^
\

(8.39)

(8.40)

""" % "- hu) (8.41)3cu-

A Lorentz transformation from the fluid frame to the wall frame (with velocity 
u) has been performed in the small u limit; the ^-dependence of a and J3 reflect the 
spinor transformation. Because we are working in the wall frame, the energy and 
momentum parallel to the wall are conserved: i-j^ = w, ij~ — p\\. We have also taken
the limit \p\ 2 <C <^ 2 above in the approximation for F(uj/p}> which is not quite accurate 
since we may have comparable contributions from small p± (component of momentum 
perpendicular to the wall) but large p\\.

Because the reflection coefficient depends strongly only on pj_ (taken to be pz ), we 
set on = 0:

(8.42) 0 -< v ;

which decomposes into

(844}-" te ' (8 '44)
This describes reflection and transmission perpendicular to the wall.

In analogy to the method of NKC, we write the solution as a path-ordered integral:

(8.45)

(8.46)
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where

} u i+*r,+Pi, M (-±-\ \
Sl(z) = Pexpi dx I V I+«L j Jvl (i+aR) (847)

J \ -M^ -^-} -u (l±°i£±&L\ ] V ;-zo \ J l u+aj w I+«H /V

(8.48)
-20

We denote the path-ordered exponentials by

z

= Pexpi I dx Q(x) (8.49)

z

ft(z) = Pexpi fdxQ(x) ; (8.50)

note that 0 and H satisfy the differential equations ^ = iQ and ^ = iQ. O describes 

L —>• R reflection and R —> R transmission, while H describes R —» L reflection and 

L —» L transmission.

As a first approximation, we take the wall profile to be described by a step-function:

(8.51)
0 :z < 0 

Then in the symmetric phase,

0 exp-*a,l^ Z ~ 0
(8.52) 

while in the broken phase, $7 may be diagonalized as

0) = i?-i . b , (8.53) 
0 exp -

where the momenta in the broken phase are

Then ,
(, > 0) = "*' °. b l^ 1 (»)' (8-55)
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with the diagonalization matrix given by

D = (8.56)

where

57 =

B =
M2

(8.57)

(8.58)

and X and Y are just normalization constants. The reflection coefficient comes from 
the condition

0

yielding

(8.59)

(8.60)

Similarly, the right-to-left reflection coefficient may be found from the Dirac equation 
(8.44) for -02 and ^4? with the result

(8.61)

Note that 1 if

oJ2 <

is imaginary; that is, if 

M2
(8.62)

we get total reflection. In physical terms, an imaginary contribution to the momen­ 
tum (8.54) implies an evanescent (decaying exponential) transmission amplitude in the 
broken phase.

Although the step-function wall profile may produce spurious effects due to its 
discontinuity, Farrar and Shaposhnikov considered the smooth profile

M 2
(8.63)

and found the reflection coefficients

KL-+R =
sinh 
sinh
sinh

(8.64)
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Notice that total reflection again appears for u;2 < M2 /(l + &L )(1 + &R). We will take 
this as a general condition for total reflection (like the condition u < M for the zero- 
temperature case). The region of total reflection is shown in Figure 8.6. As expected by

.19 —

.18 —

.17

i i i i i i i i i i i i i i

Figure 8.6: The region of total reflection (bounded by the curves plotted) for the r-lepton in the 
Standard Model and two-doublet model, as a function of the wall velocity; the temperature is taken to 
be T = 100 GeV.

comparison to the dispersion relations in the broken phase (Figure 8.5), total reflection 
occurs in the energy interval of width Au; ~ M about u>o ~ (ft£ + ftR)/2; the deviation 
results from the dependence of the reflection coefficients on the wall velocity u.

8.4 Reflected Hypercharge Flux

In this section we compute the hypercharge flux reflected off the bubble wall. We 
neglect quarks, since we assume that the primordial baryon asymmetry vanishes and 
that CP violation in the CKM matrix is inadequate to produce the observed baryon 
number. We want to calculate

~o £ 2 ~
UTR ' •> i L o J "T ' o •

+ (/^-contribution) -f (e-contribution) . (8.65)

Because MT >• MM ,Me , the interactions of the muon and electron families with the 
bubble wall are negligible compared to those of the tau family, and hence their contri­ 
butions to the reflected flux may be ignored. In this section, fTL denotes the TL particle 
flux in the fluid frame, while /Jb denotes the TL number density distributions in the
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wall frame, for the symmetric and broken phases; and similarly for the other species.

To find /j, the particle flux in the thermal (fluid) frame, we compute the flux jfj 
in the wall frame (7 = 1/Vl - u2 , where u is the waU velocity):

(8.66)

dk r 
^3 [fL( kL,kT)-KL^R(u) + ft(-kL ,kT)'TR(u)\ . (8.67)

The integrals are taken over particle momenta in the wall frame and have separate 
contributions due to reflection from the symmetric phase and transmission from the 
broken phase; by CPT and Lorentz invariance, K^R = KL^R and TR = TR , etc. The 
difference of these integrals may be written as

(8.68)

We assume that the major contribution comes from total reflection in the second 
piece, i.e., from the term (fR — /£) • HL^R when HL^>R ~ 1 5 as in the analysis of FS. 
How do we justify this assumption?

• First, transmission from the broken phase is comparatively unimportant since it 
is assumed that the broken phase — like the symmetric phase — has zero net hy­ 
percharge. This assumption, together with the absence of total reflection off the 
symmetric phase (the dispersion curves for left-abnormal and right-normal modes 
intersect in the symmetric phase; see Figure 8.3), implies that the transmitted hy­ 
percharge flux is negligible when summed over all particle species. Thus reflection 
yields the only substantial hypercharge flux, and in particular, the contribution 
from total reflection predominates.

• fji • (IZfi^i, — HL-+R) is likely small since this difference in reflection coefficients 
results from the difference in the left and right thermal masses, and is typically 
much smaller than K. For instance, this term is less than 15% of (fR — /£) -Tl^R 
in the region of total reflection, for the parameter range of interest.

Under this assumption,

fTL -ffR ~ l~ f-^s (fR - ft ' KL~R ' ( 8 - 69 )
; J V /

and similarly for the difference

A, - A, « i /(0s (fi ~ /«)'*«-i. • (8 - 7°)
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These integrals are dominated by the region of total reflection, n « 1, which (as 
we have seen above) occurs for B < 0 or

-2

We neglect the neutrino contribution, since for vr , M2 = 0 and B > 0. Then the 
hypercharge flux is

1
2
1 f d3 k

+_I / d k /I
~7/(27r)3 1 2

1 i
(8.72)

The flux distributions are taken in the wall frame:

I \ T~)Z\ -,- I /O TO\(7 \Uj — uPj q= fj,j J , (8.73)

where the group momentum and fermion particle distribution (in the thermal frame) 

are

(8-74)

Then

1 /• rf3 Jfc [np (7(0;^ — uPR ] — (j,TR ) — np (I[UR — uPR] 
T

ti P2 1 _i_ a — urL \ -\- fiT

(8.76)

As a conservative estimate, we truncate the region of phase space where B < 0 

to the region where k\\ & \(&L ~ &R) an(i duL>R/dk\\ « 0 (cf. FS); then the k\\- and 

^-integrals separate, giving the result

I J_ (*
7 47T \2

'B<O
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+ AnF (7 [wo - uP£] T MTL ) , (8.77)

where the region of total reflection is centered about w0 with spread Aw. To lowest 
order in the chemical potentials

A ( \ nzl \ / r r-,,.1 \ / r
&UF ( 7 WQ - tiP • M1 Mj J = TO^ 17 WQ - uPf - // 7- - n^I 7 WQ -

\L •'J / \L •' J / \L

« ——————^/ . _^pz) \ » ( 8 - 78 ) 
1 + COsh ( ——^-ji——2— )

\ / 

and in the limit of small u and fcy,

P2 ca —C1 4- 9W}"! TS 7Q"l-t -rs^ I X ^^ Z* Lt / O J • IO.It7l

Hence

K L
(8.80)

noticing that Z-T = (/^TR + 2/iTL )T2 /6 (refer to Section 8.5), we find that fy is simply 
proportional to the primordial lepton asymmetry. Our final result for the reflected 

hypercharge flux is then

27
1 + cosh (f-(l - u/3)) ' 

Recall the assumptions made in our derivation:

• the hypercharge flux is dominated by the contribution from total reflection;

• k\\ <C w0 may be taken in the flux integrals;

1.

We believe this expression to be a conservative lower bound, since we have truncated 
the flux integral (8.77) in the region of total reflection and we have neglected the 

contribution of fcy
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8.5 Partial Derivative of the Free Energy with Respect 
to Baryon Number

We now compute dF/dB, the partial derivative of the free energy with all conserved 
quantum numbers held fixed. We cannot simply adopt the result of NKC, since their 
analysis implies not only B = L = 0, but also Bj = Lj = 0 for the individual genera­ 
tions. Since we are interested in the case of generational differences in lepton asymme­ 
tries, we redo the analysis.

dF/dB depends on the interactions and species in equilibrium. We assume that on 
the timescale TT

,® £/"(l)y interactions are in equilibrium (including quark mixing 
and light-fermion Yukawa interactions, which are assumed to be out of equilibrium 
in the NKC analysis);

• only anomalous B + L-violation is not in equilibrium.

Then the (approximately) conserved quantum numbers and their associated chemical 
potentials are

D /O _ T ,_, ,, .
AJ I O -/-/ O * ' A^?

B ~
y/2 <-»

T3 ~

This implies that on the timescale of interest, Q, Lj, and B ± L are also conserved. 
In contrast NKC had B\ = B^ and #3 separately conserved, and Lj = L/3] when the 
constraints B = 0 = L and B\ = B^ — 0 were imposed, one obtained Bj = 0 = Lj. 
In our case we have Lj conserved and Bj — B/3, and the constraints we impose are 
B = 0 = L, so that Bj = 0 although Lj ^ 0 is allowed.

The net particle number densities are

T2
f^ i — / i i \i i i..1 

PtL =

Fl N 1 1 1 1 T2 
= 3 I 9 O + M2 + Ma) + -

i , ,1 2 1 T2-

PUL = ptL ; PSL = pdL = pbL
PuR = PtR 5 PSR = PdR = PbR

1 1 \ T2 / 1 1 \ T2
= * ~"
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T2 / 1 1 \ T2

1 1 \ T2 / i i \ T2 
-Mr - -MrJ y ; ^ = (^3 _ -My + _ MTJ _

= (-M2 -My)--

= n

6 

above denotes the number of scalar doublets in equilibrium. Then

D O i i i i \u - 6 ' o (P*L + P!>L + P*R + ^^R)

I!
6

— rei, ~r /-*/u.£ T PT^ T Mj/e T Pv^ \ Pvr \ PSR T" M^tjt T MT^

= [-3 (//i + fj,2 + //3 ) - 6//y] —
D

y i

- (Pen + PUR + PTR) + 2 (P^+ + P<t>°)

= [| (Ml + /z2 + /x3 ) + 2MB + (10
LO

ji2
T = .

D

Imposing the conditions .0 = 0 = £, we find

in which case

(5
Note that

• (8.83)

8.6 Thermal Transport Time

After rebounding off the bubble wall, the reflected lepton flux travels in the symmetric 
phase until the advancing front of broken phase captures it, during which time the
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corresponding hypercharge current biases baryon production via anomalous processes. 

We now compute the thermal transport time rT , denned as the average time that a 

reflected r-lepton spends in the plasma prior to absorption by the bubble of broken 

phase. Consider diffusion away from the wall of a particle with velocity v and mean 

free path /; capture occurs when the wall intercepts the randomly walking particle (N 

here is the number of collisions):

urT =

or
** = (£) • (8.84)

We now calculate the thermal average

(M =

where the subscripts 1 and 2 refer to thermal averages taken over the rebounding 

particles and particles in the plasma, respectively; n is the particle number density and 

a the thermally averaged cross section. The inverse mean free path is

3i92_ [ 
(n)i J (27r)6

where the sum is taken over all interactions of particle 1 with the heat bath and gj 

counts the spin degrees of freedom. For ease of computation, 4 we consider only the 

leading contributions from tree-level scattering on mass shell; numerical calculation 

confirms that other contributions are indeed less significant. In this case, the transition 

probabilities sum to

sm
.2e / 

+ — - ———— - —— (4 sin4 0w O^ + 8 sin40w H? - 2 sin2 0w
shr# cos2 # v

+ 4e2 (^ + ft2 ) ,

where we respectively list the contributions of VF, Z, and 7 scattering in the plasma; 

we neglect Higgs scattering since it is suppressed by the small Yukawa coupling #2 . ftj 

is the thermal mass of particle species j, and we approximate ft7 w £lw and ft,,T « HT .

4 Complications arise from the infinite bremsstrahlung contributions of two-vertex graphs.
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The mean free path then evaluates to

(8-85)

Computing (v) = (nv)/(n) w 1, we find that v « 1 for most leptons in the plasma, 
which implies that the reflected current thermalizes quickly. The thermal transport
time is then

x 100

8.7 Discussion

We take the expression (8.5) for the final baryon number and put in the pieces (8.81), 
(8.82), and (8.86) for the reflected hypercharge flux, the partial derivative of the free 
energy with respect to baryon number, and the thermal transport time, to arrive at

PB _ 243 Ka$f x
s 16;r (5 + n)u3 T3 [1 + cosh f-(l - u/3)] \s

„ fi o 10 -6~

-6
cosh ^(1 - u/3)

(8.87)

where the various parameters have been scaled by their typical values. We believe 
(8.87) to be a conservative lower bound on the effect of this mechanism, since we have 
underestimated the flux integrals and the thermal scattering length. By requiring the 
observed baryon number of B ~ 10~ 10 to be generated in this manner, we obtain an 
estimate for the primordial lepton asymmetry (for the above parameter values):

— ~ 2 • 10~ 5 , (8.88)
s

corresponding to
ni ~ nl „ 0.002 . (8.89) 
n\ + HI

It is of interest to compare this constraint with that obtained from equilibrium sce­ 
narios for lepton-to-baryon conversion. As a generic example, we consider the analysis 
of Kuzmin, Rubakov, and Shaposhnikov [50] as summarized in (8.1). Taking the requi­ 
site large Higgs mass to be MH ~ 100 GeV, and consequently the sphaleron freeze-out 
temperature (approximately the critical temperature) to be T* ~ 150 GeV (refer to 

Figure 5.11), we estimate the generated baryon asymmetry as

"^.f^»-4.4-10-.^. (8.90)
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Hence the observed baryon asymmetry may be accounted for in this scheme for a pri­ 
mordial lepton asymmetry of LT /s ~ 2 • 10~ 5 , which is identical to our value found 
above despite the m^/T2 suppression. This is not surprising since, as we have em­ 
phasized, the assumption that baryon violation is in equilibrium (on the timescale of 
interest) is an overly optimistic one.

8.8 Conclusion

We have considered two possible methods to transform a primordial lepton asymmetry 
into the observed baryon asymmetry. First, if the thermal plasma maintains equilib­ 
rium, anomalous processes may convert generational lepton asymmetries into baryon 
number, whose final value depends on the primordial asymmetry. The effectiveness 
of this scenario is determined by the extent to which anomalous baryon violation re­ 
mains in equilibrium, as expressed by the suppression factor Mj2 (T*)/T* at sphaleron 
freeze-out. Second, for a departure from equilibrium such as might occur during a 
first-order phase transition, lepton reflection off the phase separation boundary may 
radiate a net hypercharge flux, which then triggers baryon production as described by 
the rate equation (8.1). The effectiveness of this charge transport mechanism is deter­ 
mined by the strength of the lepton Yukawa interactions with the bubble wall, through 
the factor M//T. Both mechanisms work most efficiently for the r-lepton. Although 
a comparison between the two depends on the choice of parameter values, there is a 
clear trade-off between opposing tendencies: anomalous baryon violation in equilibrium 
generates greater net 5, but risks suppression by lepton mass effects.

In this chapter we have pursued the second line of reasoning and have investigated 
this mechanism in some detail. We have made several assumptions in deriving the final 
baryon number, which we summarize:

• the reflected hypercharge flux is dominated by the contribution due to total re­ 

flection;

• the linearized (low-momentum) Lagrangian is valid in the region of total reflec­ 

tion;

• the wall velocity is non-relativistic (implying that the hypercharge current rapidly 

thermalizes).

We have found that the observed baryon number of B ~ 10~ 10 may be generated by 
our mechanism, if the primordial lepton asymmetry is as high as LT /s ~ 0(10~ 5 ). This 
is also true in the alternative approach where sphaleron transitions are assumed to be 
in equilibrium throughout; however, as discussed in Chapter 4, this assumption is not 

justified.
With the inclusion of scalar leptons in supersymmetry, we note that the r-slepton 

may play a similar role to the r-lepton above. After finding the quasiparticle modes
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and dispersion relations by diagonalizing the mass matrices in both the symmetric and 
broken phases, one may analyze the scattering of sleptons off the bubble wall in the 
fashion described above. On physical grounds we expect a region of total reflection 
of width Au; ~ MT , which yields an MT /T-suppressed contribution to the reflected 
hypercharge flux, in the manner demonstrated. This is in contrast to the mechanism 
considered by Dreiner and Ross [51], where the minimal supersymmetric extension 
of the Standard Model produces a much greater enhancement due to the large mass 
splittings of right and left sleptons.

More generally, we emphasize that potential scenarios of baryogenesis need not 
satisfy the Sakharov conditions [3] in the same process at the same spacetime point; 
in fact, separation of these processes may yield more efficient baryogenesis. In this 
chapter we have demonstrated a mechanism in which these conditions are satisfied 
separately: CP violation at the GUT scale, baryon violation at the electroweak scale 
(in the symmetric phase), and a departure from equilibrium at the electroweak phase 
transition (at the phase separation boundary), may generate the baryon number we 
observe today.



Chapter 9

Conclusion

Baryogenesis is one of the outstanding problems at the interface between particle 
physics and cosmology. In this thesis we have considered several aspects of baryogen- 
esis occurring at the cosmological electroweak phase transition. We used the effective 
potential at finite temperature to analyze the phase transition in the minimal Standard 
Model, and derived the critical temperature and order parameter, as functions of the 
Higgs and top masses. By requiring that (4>/T) CT{i > 1 for efficient baryogenesis and 
avoiding sphaleron erasure following the phase transition, we obtained a cosmological 
upper bound on the Higgs boson mass as a function of the top mass. This was done 
first at one loop and then with ring improvement. We then considered the two simplest 
extensions of the Standard Model, the addition of a gauge singlet and a second Higgs 
doublet, as a direct way of relaxing the Higgs mass bound. Again Tc , (</>/T)crit , and the 
associated Higgs mass bounds were computed as functions of the parameters. Finally 
we analyzed a charge transport mechanism, in the context of a strongly first-order elec­ 
troweak phase transition, which enhances the electroweak processing of a primordial 
asymmetry into the observed baryon number.

9.1 Directions for Future Work

A serious criticism of the work in this thesis concerns the general approach of using 
the effective potential to analyze the electroweak phase transition. Various authors 
have questioned the suitability of the effective potential for describing the essentially 
infrared phenomena that occur at a phase transition driven by radiative corrections 
(like the electroweak phase transition). Some advocate a renormalization group treat­ 
ment to analyze such phase transitions [56] more accurately. This may be achieved 
through the use of a scale-dependent coarse-grained effective action, whose scale k acts 
as an infrared cut-off; couplings, for instance, then run as A(fc,T). One may there­ 
fore use the renormalization group evolution equations or the 4 — e expansion as a 
means of describing the phase transition, while maintaining rigid control over infrared 
divergences.
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A straightforward way to extend the work of this thesis is to consider more com­ 
plex extensions of the Standard Model within the context of our analysis. As we have 
discussed, extensions of the Standard Model allow richer sources of CP violation and 
more strongly first-order phase transitions. The most natural direction would be to 
include supersymmetry, and some of the results of our two-doublet analysis (with ring- 
improvement) could be adapted. First one would have to include the effect of heavy 
scalars, which we neglected in our analysis of Chapter 7; however, this is more amenable 
in supersymmetric models than in the general two-doublet model per se, since super- 
symmetry imposes constraints on the various parameters. One may also be interested 
in studying the effect of including supersymmetry in our mechanism for converting a 
primordial lepton asymmetry into the observed baryon asymmetry. In this case, the 
scalar sleptons may play a similar role to that of the r-lepton.



Appendix A

Conventions

In this thesis we use natural units, c = h = k& = 1, and the flat metric #00 = 1, 
gjj = — 1. In all Feynman diagrams, curly lines represent weak gauge boson (rather 
than gluon) lines.

A.I Equilibrium Thermodynamics

Basic results of equilibrium thermodynamics are tabulated here for convenience [57, 55]. 
The distribution function of a particle species is given by

where E = y \k\ 2 + m2 and ± is for Fermi-Dirac or Bose- Einstein species. The number 
density n, energy density /?, and pressure p are then

f]3
(2^/(t) (A '2)

where the particle species is assumed to be an ideal — that is, dilute and weakly- 
interacting — gas, with g internal degrees of freedom.

In the relativistic (T > m) and non-degenerate (fj, < T) limit,

„ „ < (C(3)M0T3 Bose
71 ~ < (3/4)(C(3)/7T 2)^T3 Fermi (A' 5j

Bose
(7/8)(7r 2 /30)#T4 Fermi V ' ;
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P « P/3, (A.7)

where ((3) « 1.20206. In the non-relativistic limit, these quantities are all exponentially 
suppressed by the Boltzmann factor, while the degenerate limit is irrelevant to the work 
in this thesis. The entropy density is

< = , (A.8)

and since the relativistic contribution predominates over the non-relativistic, it may be 
approximated as

where

B -i .p - /

g* counts the relativistic degrees of freedom, and in the case that all relativistic particle 
species share a common temperature, it reduces to

(A.ll)
B F

The particle asymmetry of a species may be expressed in terms of the chemical 
potential /z, assuming that the species is in chemical equilibrium (so that fj,+ = — /x_). 
In the relativistic non-degenerate limit,

/~ n- = 9 J

Bose 
Fermi



Appendix B

The Effective Potential at One 
Loop and with Ring 
Improvement

This appendix derives the boson and fermion contributions to the effective potential 
at one loop, and gives the expansion valid at high temperature. It then gives the 
contribution due to the summation of ring diagrams.

B.I High-Temperature Expansion for the Effective Po­ 
tential at One Loop

The tadpole method (see Figure B.I) may be easily employed to derive the standard

X

Figure B.I: The gauge, fermion, and scalar tadpole graphs for the effective potential at one loop.

expression for the one-loop effective potential [58]:

j=B,F
(B.I)
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At finite temperature, the vacuum and thermal pieces separate, and the effective po­ 
tential becomes

where

j=B,F
log

and

B

(B.2)

Vc,. , (B.3)

(B.4)

The convergent integrals IB and /F embody the thermal effects at one loop of the 
ambient boson and fermion fields:

oo
1 f ( ( 

IB(V) - 77-5- dx x 2 log 1 - exp - 
2?r z J \ V

1

o
oo!dx 1 + exP "*2 +

(B.5)

( B - 6 )

Our renormalization prescription for V^ preserves the tree-level relations for the 
minimum and the related mass:

dV°

<f>=v

d>=v

= 0

= Mi

and renormalization results in the expression

3=B,F

The integrals IB and /p possess the high-temperature expansions

• ^ n i^ nt*^ / />**

constant + + log ( 1 +

(B.7)

. (B.8)

(B.9) 

(B.10)

where log CB - f + 2 log 4?r - 27 w 5.41 and log CF = | + 2 log TT - 27 w 2.64. Although 
formally a function of ?/ 2 , notice that IB(V) is non- analytic in 7/ 2 ; hence the cubic term 

in the expansion (B.9). This cubic term is crucial to the first-order behavior of the 

phase transition, and it derives directly from the zero mode in the one-loop graph. 

Thus infrared effects will be important to the first-order nature of the phase transition.
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The fermi contribution (B.6) lacks this non-analyticity, and plays no role in the infrared 
behavior of the theory. Approximations valid at low temperature may also be derived 
[20], and the integrals themselves may be evaluated numerically; but for y < 2, the 
high-temperature expansion is valid to within 10%.

The final expression for the one-loop effective potential at high temperature reads

T

(B.ll)

Notice the cancelation of the ra|logra2 terms. In the cases considered in this thesis, 
T ~ v = [i/vX near the phase transition, and the high-temperature expansion gives a 
valid approximation to the effective potential (e.g. (3.19) and (3.59)).

B.2 Summation of Ring Diagrams

As we have seen in Section 3.3, an accurate computation of the effective potential 
demands that we sum the ring diagrams, in order to account for the leading infrared 
contributions to the cubic terms ~ Tm| (</>). Fermion ring diagrams, with Matsubara 
frequencies u>n = (In + l)7rT, need not be considered since they lack a zero mode and 
hence do not contribute to the cubic term.

The ring diagrams may be computed easily by means of the tadpole method. The 
result for a particular mode is

T f Q / O ^ i r ~ n \j I £t n I
~™ ' ^ I III/ ' \ \l/ I I J.J- f» I \J I I ^^ 11 if ' I \is If »

127T L *• J J

where IIj(O) is the self-energy at zero momentum. In general, the infrared self-energy 
may be computed at one loop to determine its leading (quadratic) temperature de­ 
pendence: IIj(O) ~ AT2 ,#2T2 . For massive gauge fields, however, only the (three- 
dimensionally) longitudinal component of the polarization tensor is non-zero at one 
loop; the transverse components vanish until two loops, where the leading temperature 
dependence is 11^(0) ~ A 2T2 ,(/4T2 . Therefore at one loop, the summation of ring 
diagrams yields

f Q / Q

_7=scalar

127T
j=long. 

gauge

{ [m](<t>) + nf (0)] 3/2 - mf («£)} . (B.12)
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11(0) and II00 (0) are the scalar self-energy and longitudinal component of the gauge 
polarization tensor at zero momentum (ujn = 0, k —> 0).



Appendix C

Loop Integrals at High 
Temperature

This appendix computes one-loop integrals for bosons and fermions, which are used 
when calculating the leading temperature dependence of scalar self-energies and gauge 
polarization tensors. The one-loop computation involves loop integrals / d^k which 
become T ̂ n f d?k at finite temperature, where the sum is over discrete frequencies 
un = 2mrT for Bose loops and o>n — (In + l)7rT for Fermi loops. These loops may be 
evaluated in two steps: first performing the sum by contour integration (refer to the 
contours CB and Cp of Figure 2.1), and then integrating over spatial momenta.

C.I Bose Integrals

The Bose loops involve the following sums:

00

CO

-* ( -* ^\ n=-oo fa; 2 + k2 J

oo

/ j / -* \ •
n=-oo fa; 2 + k2 }

•/
•/

4

dk°E 1 1
"^Tfcf^ 2

dk°F (k°F) 2 1tU \ Hi > I _
jL4 "" o
/v EI ^/

- l) +

- l

(c.i)
where /3 = T" 1 . The first sum is evaluated by contour integration (see Figure 2.1):

n CB
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oo ioo+e

± f dl:° 
2« J dk

— 00

The second sum is obtained by differentiation of the first sum, and the third is obtained 
from the first two. Integrating, we obtain the desired integrals:

/ d*k ^ 1 _ /^*El 11 ?,/ x
J (i*r r w + k2 - J (^Y kl + 2*» J dx e* - i

/ ^ k
/ (^ir}

0

00

/ -^_T ^ ————^___ = [^

00

[ J x/ ax-e*-l

00 „

' x x^ex
* - 1)2 '

(C.3)

Consulting Gradshteyn and Rhyzik [59],

oo

0
oo

o 

Our final results for Bose integrals are

f d
^ (2^

fc2

d3k ^ 1 f d4 feE 1
ni'oc "2 + fc2 ^ (2ff )4 4 12

8

f T _J Wf 2 " j 2* 4 "4 " 24 '
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C.2 Fermi Integrals

The corresponding Fermi integrals may be evaluated in a similar manner, which may 
be outlined as follows:

T
Pi

PE 2 (exp(/3|p|)

The contour integral (see Figure 2.1) for the first sum is

(C.5)

n /~iUp
oo

— oo

ioo+e

1 ItfWL.
27T* 7 e?/T + l

— ioo+e

Then

/ 
J

* = f 
+ P2 ' +

f d
V (a

/• « 

7 (S
-, = l 2 J

oo

oo

|

f d^y (2^ n^ («2
From Gradshteyn and Ryzhik [59],

00

(C.6)v ;

(C.7)

00/• rp
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Hence, for Fermi loops,

d3p ~ 1 tfpE 1 T2/ d
•> 2lr3 " + 2 •> 2lr4 24

f d*PEf
2T 4 P4 16

It should be noted that the four- dimensional Euclidean integral (the first piece), for 
both the Bose and Fermi cases, is a temperature-independent loop integral, and may be 
renormalized perturbatively in the usual zero-temperature fashion. Hence, at high tem­ 
perature, its effects may be neglected relative to the quadratic temperature dependence 
of the second piece.
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