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Thesis Abstract

Arithmetic word problem solving in the early primary years is important, not least because it
predicts later academic and career success. Factors such as language ability, numerical ability,
and fluid reasoning have received considerable attention in research on young pupils’ word
problem solving. In contrast, spatial ability remains understudied as a potential contributor to
word problem solving, despite extensive evidence of a spatial-mathematical link. Specifically,
research with older pupils suggests that spatial ability may support word problem solving
through the construction of visual representations, a form of problem-solving strategy.
However, the extent to which problem-solving strategies are associated with spatial ability and
mediate the relationship between spatial ability and word-problem-solving accuracy in young

pupils (6—7-year-olds) remains underexplored.

This integrated thesis, comprising three studies, aims to contribute towards addressing these
gaps by examining the relationship between young pupils’ spatial skills (spatial visualization
and visuospatial working memory) and their strategies and accuracy in solving one-step

additive word problems.

Theoretically, it proposes a 2 x 2 conceptual framework for categorizing one-step additive
word problems by integrating distinctions between quantity and quantitative relation, methods
of quantification, and classifications of dynamic and static relations, yielding four word
problem types. It also proposes a complementary framework for categorizing young pupils’
problem-solving strategies by integrating arithmetic strategies and representations of

quantitative structure, yielding five strategy types.

Empirically, Study 1, using cross-classified mixed-effects logistic regression analyses, showed
that neither spatial visualization nor visuospatial working memory uniquely predicted overall
problem-solving accuracy. However, the association between spatial visualization, but not

visuospatial working memory, and accuracy varied across problem types.

Study 2, using cross-classified mixed-effects multinomial logistic regression analyses, showed
that higher spatial visualization was consistently associated with greater relative use of
‘Quantitatively Correct Number Fact’ strategies compared with ‘Quantitatively Incorrect
Counting’ and ‘Quantitatively Correct Counting’ strategies. In contrast, higher visuospatial
working memory was associated with reduced relative use of ‘Non-Quantitative’ strategies

across most problem types; for comparison problems involving disjoint quantities measured



using an imposed unit, it was instead more consistently associated with reduced relative use of

‘Quantitatively Incorrect Counting’ strategies.

Study 3, using path analyses, showed that spatial visualization had an indirect effect on
accuracy via ‘Quantitatively Correct Number Fact’ strategy use for problems requiring
coordination and transformation of representations of the problem’s quantitative structure. In
contrast, visuospatial working memory showed an indirect effect for problem types requiring

the maintenance of these representations.

Together, these findings advance understanding of the distinct and complementary roles of
spatial visualization and visuospatial working memory in one-step additive word problem
solving, and of their differing relevance based on the problem’s quantitative structure. They
provide a nuanced account of these contributions through the proposed frameworks and offer
insights into the relationship between spatial skills and arithmetic word problem solving,
highlighting problem-solving strategies as a promising target for leveraging the spatial—

mathematical link in early educational contexts.
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Chapter 1: General Introduction

1 General Introduction

While research with older secondary school pupils suggests that spatial ability may be
important for solving certain types of mathematical word problems, few studies have
investigated the relationship between spatial ability and arithmetic word problem solving in
younger pupils (6—7-year-olds). Furthermore, while a body of research with older secondary
school pupils indicates that the relationship between spatial ability and word problem solving
success may be mediated by problem-solving strategies, there is scarcity of research with
younger primary pupils. This integrated thesis, comprising three studies, aims to contribute
towards addressing these gaps in the literature by examining the relationship between young
primary school pupils' spatial visualization, visuospatial working memory, and their strategies

and accuracy in solving one-step additive word problems.

To contextualize this thesis, Section 1.1 outlines the general research background,
followed by Section 1.2, which identifies the research gaps and presents the aim of the thesis.
Sections 1.3 and 1.4 introduce the theoretical foundations and key concepts, respectively, to
help orient the reader to the fundamental constructs used throughout the thesis. Section 1.5
describes the research themes and corresponding research questions. Section 1.6 considers the
educational relevance of the thesis in the context of mathematics education. Finally, Section
1.7 outlines the structure of the thesis. Together, they provide the background and context
necessary for understanding the three studies presented in Chapters 3—5, which are written in

the format of article manuscripts intended for future publication.
1.1 Research Background

Early mathematics skills are predictive of later academic success. In a meta-analytic
study of six international longitudinal datasets (i.e., the United States, Great Britain, and
Canada), Duncan and colleagues (2007) found that early mathematics skills (at about age 5 or
6) are the best predictor of later primary school academic performance, more so than early
reading, attention, and socio-emotional skills. The predictive power of early mathematics skills
for later academic achievement persists throughout primary school (Aubrey et al., 2006) and
extends to secondary school (Claessens & Engel, 2013), even after accounting for early
cognitive skills and family and child characteristics (Watts et al., 2014). Thus, the importance
of early mathematics skills is widely recognized, given their association with overall later
academic achievement, which ultimately predicts career success and satisfaction (ACT, 2009;

Murnane et al., 2001).
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One of the fundamental areas of early mathematics is solving arithmetic word problems
(National Council of Teachers of Mathematics, 2000; OECD, 2023). As such, arithmetic word
problems are emphasized within key education initiatives (e.g., National Centre for Excellence
in the Teaching of Mathematics, 2014). Since arithmetic word problems serve as a basic
building block upon which advanced mathematics skills are developed, the national curriculum
in England dictates that “the principal focus of mathematics teaching in key stage 1 [5—7-year-
olds] ... involve working with numerals, words and the four operations” (Department for

Education, 2013, p. 5).

Unlike computation tasks, where arithmetic problems are presented as number
sentences using numbers and symbols, arithmetic word problems are presented in written text
(Wong & Ho, 2017). Also referred to as verbal or story problems, they have been described as
“verbal descriptions of problem situations wherein one or more questions are raised that the
answer to which can be obtained by the application of mathematical operations [addition,
subtraction, multiplication, and division] to numerical data available in the problem statement”

(Verschaftel et al., 2000, p. ix).

Even before formal mathematics instructions, children can solve arithmetic word
problems using informal methods, such as pretend-play and counting (Nunes & Bryant, 1996;
Verschaffel et al., 2020). Still, as solving word problems is a cognitively demanding process,
involving the integration of multiple simultaneous processes (Vessonen et al., 2024), children
often find that word problems are more challenging than computation tasks (Jitendra et al.,
2007). Therefore, word problems are generally considered difficult for all pupils, regardless of
their grade level (Vlahovi¢-Stetié et al., 2004).

1.2 Research Gaps and Aim

Spatial ability is one understudied, yet promising lens for understanding young
children’s word-problem-solving capabilities. Spatial ability is an umbrella term for a
constellation of related skills that concern “the locations of objects, their shapes, their relations
to each other, and the paths they take as they move” (Newcombe, 2017, p. 6). Extensive
literature indicates that spatial ability plays a fundamental role in the learning and doing of
mathematics (Hawes & Ansari, 2020; Lourenco et al., 2018; Mix & Cheng, 2012). While the
spatial-mathematical link is considered “one of the most robust and well-established findings

in cognitive psychology” (Mix & Cheng, 2012, p. 198), there remains a paucity of research
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delineating the relationship between spatial ability and word-problem-solving performance,

particularly in young children (Newcombe et al., 2019).

In addition to meta-analytic studies reporting a moderate positive association between
spatial skills and mathematical skills (e.g., » = .36, Atit et al., 2022; = .27, Xie et al., 2019), a
recent meta-analysis by Hawes and colleagues (2022) provides evidence for a causal
relationship. This analysis of 29 controlled pre—post studies (N = 3,765; ages 3-20 years;
intervention durations ranging from 5 minutes to 44 hours) indicates that spatial training
improves mathematics outcomes compared to a control condition, with an average effect size
of Hedges’s g = .28 (SE = .07) (Hawes et al., 2022). This effect size can be contextualized in
two ways. First, it can be compared to normative pupil growth trajectories in mathematics.
From this perspective, the effect size is considerable, comparable to the annual gains that occur
in Grades 6-10 (0.25-0.30 SDs), and to 25%—-50% of annual gains for younger pupils in
Kindergarten—Grade 5 (0.41-1.14 SDs) (Hill et al., 2008). Second, it can be compared to the
effects of other cognitive training interventions. For example, working memory training shows
effects on mathematics between .06 and .12 SDs (Melby-Lervég et al., 2016; Schwaighofer et
al., 2015); this further suggests that the effect of spatial training is comparatively substantial.

Many studies with older school pupils suggest that spatial ability is linked to solving
word problems that are inherently spatial (e.g., Boonen et al., 2013, 2014; Casey et al., 2015;
Duffy et al., 2020; Hegarty & Kozhevnikov, 1999; Kozhevnikov & Blazhenkova, 2013;
Marschark et al., 2013; Oostermeijer et al., 2014; Van Garderen, 2006; Wang et al., 2022) as
well as those that are not inherently spatial (e.g., Casey et al., 2015; Kyttdld & Lehto, 2008;
Likhanov et al., 2024; Meyer et al., 2010; Mix et al., 2016, 2017; Wang et al., 2022). However,
despite the importance and difficulty of arithmetic word problem solving, and evidence of a
possible causal spatial-mathematical link, there have been very few investigations focused on
the relationship between spatial ability and arithmetic word problem solving in the early
primary education context. The limited research that does exist has yielded mixed findings,
with some studies demonstrating a significant association (e.g., Chan & Wong, 2019; Fung &
Swanson, 2017; Gilligan et al., 2017; Kyttél4 et al., 2014; Mix et al., 2017, 2021; Zhang & Lin,
2015, 2017; Zheng et al., 2011), whereas others report null findings (e.g., Campos et al., 2013;
Carr et al., 2008; Ching & Nunes, 2017; Fuchs et al., 2010; Rodan et al., 2019).

One of the suggested ways in which spatial ability facilitates arithmetic word problem

solving in older secondary school pupils is through problem-solving strategies. In particular,
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literature has focused on one form of problem-solving strategy: the construction of visual
representations (Boonen et al., 2013, 2014; de Koning et al., 2002; Hegarty et al., 1995; Ng &
Lee, 2009; Van Garderen, 2006). Successful problem solvers tend to produce visual
representations that focus on the solution-relevant elements by reducing the situation to its
“abstract mathematical gist” (Wong, 2021, p. 20). The production of such useful, accurate
schematic visual representations was found to account for 21% of the relationship between
spatial ability and word-problem-solving success (Boonen et al., 2013). In contrast, less
successful problem solvers tend to produce iconic representations that focus on the vivid and
detailed visual appearance of the objects or characters described in the problem, rather than on
the solution-relevant elements (Hegarty & Kozhevnikov, 1999). To the best of the researcher’s
knowledge, similar research focusing on the link between spatial ability, problem-solving
strategies, and word-problem-solving success has not been conducted in the early primary

education context (Newcombe et al., 2019).

To summarize, early mathematics skills, especially arithmetic word-problem-solving
skills, are important, not least because they predict later academic and career success. Although
young children can solve arithmetic word problems even before formal mathematics
instruction, these problems are generally considered difficult for pupils of all grade levels. This
is because, unlike computation tasks, arithmetic word problems are presented as verbal

descriptions and therefore require the involvement of multiple cognitive processes.

Spatial ability is one understudied yet promising lens for understanding young
children’s arithmetic word problem solving, as there is evidence of a causal spatial—
mathematical link. However, few studies have systematically examined the relationship
between spatial ability and arithmetic word problem solving in young primary school pupils.
Furthermore, research with older secondary school pupils suggests that problem-solving
strategies may be an important cognitive mechanism underlying the relationship between
spatial ability and successful word problem solving; however, similar research has not been

conducted with younger primary pupils.

This integrated thesis aims to contribute towards addressing these research gaps and to
the body of knowledge in both theoretical and empirical ways. First, it proposes a conceptual
framework for categorizing arithmetic word problems (more specifically, one-step additive
word problems), as well as a complementary framework for categorizing problem-solving

strategies used to solve such problems. Second, applying these frameworks, the thesis
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empirically examines how spatial skills relate to young primary school pupils’ (Key Stage 1,
Year 2; 6-7-year-olds) problem-solving strategies and accuracy. By incorporating theoretically
grounded variation in word problem types into the empirical investigations, the thesis offers a
more fine-grained account of the spatial-mathematical link in the context of early primary

mathematics education.
1.3 Theoretical Foundations

One of the biggest challenges in investigating the relationship between spatial ability
and arithmetic word problem solving in early primary school pupils is that approaches to
categorizing word problems based on gquantitative structure have rarely been applied in
research on the spatial-mathematical link. Therefore, this thesis draws on established
theoretical distinctions between quantitative reasoning and arithmetic (Subsection 1.3.1),
quantity and quantitative relation (Subsection 1.3.2), discrete and continuous quantities
(Subsection 1.3.3), and dynamic and static relations (Subsection 1.3.4), which together provide
a principled basis for examining the spatial-mathematical link within the context of arithmetic

word problem solving.
1.3.1 The Distinction between Quantitative Reasoning and Arithmetic

Solving arithmetic word problems requires both quantitative reasoning and arithmetic
skills (Nunes et al., 2012). Understanding the distinction between these two components
requires distinguishing between quantity and number, which are sometimes erroneously treated
as interchangeable. A quantity describes “properties of things that exist in the physical world”
(Sophian, 2008, p. 3). In contrast, numbers are “symbols ... that are a product of our mental
representations” (Sophian, 2008, p. 3), used to express “quantitative relationships within and
between [quantities]” (Davydov, 1982, p. 227). By this definition, quantities are physical
entities that can be measured, whereas numbers are symbols used to represent their measured
values. Therefore, as Thompson (1993) points out, “quantities are more concrete than numbers”

(p. 166).

Thinking of quantities does not require numerical representation (Nunes et al., 2009a).
Davydov (1975) contends that what is most fundamental for mathematical development is not
counting per se, but rather understanding the basic relationships between quantities—equality,
less than, and greater than—which give meaning to the notion of quantity and serve as
fundamental building blocks for quantitative reasoning. For example, given two collections of

marbles, one can quantitatively reason about which has more without counting. This can be
5
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done through one-to-one matching until one collection is exhausted and the other has unpaired
marbles remaining. Likewise, given two sticks, one can reason quantitatively about which one
is longer without knowing their exact lengths. Studies show that even 5- and 6-year-olds can
engage in such emergent quantitative reasoning, using unenumerated sticks to determine which

hole is deeper (Bryant & Kopytynska, 1976).

It is important to note that numbers, while they can function as representational tools
of quantities, can also have meaning in and of themselves. For example, the logic of the whole-
number system is that each number word (e.g., 9) in the series represents one more unit than
the previous one (e.g., 8) such that it encompasses previous numbers additively (e.g., 8 + 1, 7
+ 2, 6 + 3, etc.) (Nunes & Bryant, 2015). Distinguishing these two meanings of numbers,
representational and analytical, is foundational to understanding the difference between

quantitative reasoning and arithmetic (Nunes et al., 2016).

Quantitative reasoning is the ability to analyze a problem situation in terms of its
quantitative structure (Thompson, 1993). In quantitative reasoning, numbers have a
representational meaning, such that “numbers and numeric relationships are of secondary
importance” (Thompson, 1993, p. 165). In contrast, arithmetic involve understanding relations
between numbers and carrying out operations (i.e., addition, subtraction, multiplication, and
division) on them (Guedj, 1997). In arithmetic, numbers have an analytical meaning. In short,
quantitative reasoning is based on relations between quantities, whereas arithmetic is based on

relations between numbers.

Successful arithmetic word problem solving therefore requires both quantitative
reasoning and arithmetic skills to analyze the problem’s underlying quantitative structure and
operate on the numbers that represent that structure (Nunes et al., 2015). A problem solver who
cannot determine the quantitative structure in a word problem will not be able to solve it
correctly, even if they know how to execute the corresponding computation (Nunes et al.,
2009a). Likewise, a problem solver who cannot operate “on the numbers to reach conclusions
about the quantities” (Nunes et al., 2016, p. 5) will not be able to solve the problem correctly,

even if they understand the underlying quantitative structure.
1.3.2 The Distinction between Quantity and Quantitative Relation

As introduced above, quantitative reasoning is the ability to analyze a problem situation
in terms of its quantitative structure, that is, as “a network of quantities and quantitative

relations” (Thompson, 1993, p. 166). Thus, the ontological distinction between quantities and
6
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quantitative relations underpins quantitative reasoning by enabling representations of the
quantitative structure of arithmetic word problems. A quantity is an attribute of an object that
can be measured, such as the set size or the length (Thompson, 1993). In this regard, a quantity
is an intrinsic property as it does not depend on anything other than the object itself (Dos Santos,
2022). A quantitative relation, in contrast, describes the connection between quantities (Nunes
et al., 2009a). There are two types of quantitative relations: additive (part—-whole relation) and

multiplicative (one-to-many correspondence or proportions/ratios) (Nunes & Bryant, 2015).

When measured, both quantity and quantitative relation can be represented with
numbers. The distinction is that quantitative relation is best represented by “directed numbers”
(Vergnaud, 1982, p. 46). Consider the premise, ‘Ann has 8 books. Bob has 3 books. Ann has 5
more books than Bob.” The first two phrases describe quantities; the quantities of Ann and
Bob’s books have been measured and are represented by numbers, 8 and 3, respectively. The
last phrase describes the quantitative relation between the two quantities and is best represented
by the directed number, +5. Moreover, being a quantitative relation means having an inverse
(i.e., Bob has 5 less books than Ann), which can again be represented by the directed number,

-5 (Dos Santos, 2022).
1.3.3 The Distinction between Discrete Quantity and Continuous Quantity

Thompson’s (1993) notion of quantity can be subdivided by integrating methods of
measurement, that is, the process of representing a quantity with a numerical value through the
reiteration of a chosen criterion (i.e., a unit; Davydov, 1982; Sophian, 2008). In measurement,
the unit defines what counts as ‘one,” and this can either be predetermined or imposed
(Davydov, 1982)—a distinction used in this study to differentiate between discrete and
continuous quantities. Discrete quantities are defined as those for which the measurement unit
is predetermined as the whole discrete element itself (Mix et al., 2002). For example, when
measuring the numerosity of marbles, what is considered ‘one’ is the whole marble. Therefore,
measuring numerosity requires only the counting of the predetermined unit, the discrete
elements (i.e., each marble). Conversely, measuring continuous quantities requires the
imposition and reiteration of a unit. For example, when measuring the weight of marbles, one
must first determine the unit of measurement (e.g., grams, ounces, or stones), then reiterate the

imposed unit to arrive at the numerical value representing the weight.

Put together, the unit of discrete quantities are specific and fixed, and measuring
discrete quantities involves only counting the discrete units through a one-to-one mapping

7
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between a set of objects and an ordered set of tags (e.g., set size). In contrast, continuous
quantities describe entities measured on continuous dimensions (e.g., mass, length, distance,
area, density, time, etc.; Newcombe et al., 2015), where measurement typically relies on
imposed units and the partitioning of the quantity into equal intervals prior to enumeration (e.g.,
position). For example, 'Ann has 8 books' is a statement presenting a discrete quantity, as the
number of books Ann has is a specific, fixed quantity. On the other hand, the statement ‘Ann
is 8 steps from the wall’ presents a continuous quantity because the underlying dimension of
Ann’s position is continuous and must be measured using an imposed unit (i.e., steps). Both
discrete and continuous quantities, when measured, can be integers (e.g., 6 candies and 8 steps)

or rational values (e.g., 1/2 a box of candies and 3.5 meters).
1.3.4 The Distinction between Dynamic Relation and Static Relation

Thompson’s (1993) notion of quantitative relation can also be subdivided. Quantitative
relations are best represented by directed numbers. In Vergnaud’s (1982) conceptualization of
additive word problems, he contends that two main concepts are not adequately represented by
natural numbers: dynamic transformations in state and static relationships between states.
These concepts are similar to what Carpenter and Moser (1982) describe as active and static
relationships, or what Nesher (1982) refers to as dynamic and comparison texts, or what Riley
et al. (1983) describe as change and compare situations. The difference between the two is best
explained using word problems that exemplify them. The following is an example of a problem
involving a dynamic transformation of state (or, as Vergnaud (1982) describes it, a ‘state-
transformation-state’ problem): ‘Ann had 9 candies. She ate 2 candies. How many candies does
she have now?’ There are two components involved in such problem. One, there is a temporal
sequence of events (71 < 7> < T3) (Nesher, 1982). Two, some change in the state of the nature
is introduced at 7> (Carpenter & Moser, 1982), such that the quantity referred to in 71 is
changed (Nesher, 1982). In contrast, the following is an example of a problem involving static
relationship linking states (or, as Vergnaud (1982) describes it, a ‘state-relationship-state’
problem): ‘Ann has 9 candies. She has 2 more than Bob. How many candies does Bob have?’
Here, no action is implied (Carpenter & Moser, 1982). Instead, two disjoint quantities are

compared on the same attribute (Nesher, 1982).

Adapting Vergnaud’s (1982) conceptualization, quantitative relation can be subdivided
into two categories: dynamic relation and static relation. A dynamic relation describes the

transformation in the state of nature over time. For example, ‘Ann played a game of marbles
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and won 10 more marbles,’ describes a dynamic relation, or the change in the quantity of Ann’s
marbles (discrete quantity) over time. Similarly, ‘Ann walked 12 steps away from the wall,’
describes a dynamic relation, or the change in Ann’s position (continuous quantity) over time.
In essence, a dynamic relation describes the transformation linking the initial quantity and the

final quantity.

A static relation, in contrast, describes the comparison of disjoint quantities. Simply
put, it represents the difference between the referent quantity and the compared quantity. For
example, the statement ‘Bob has 11 more marbles than Ann,’ illustrates a static relation, where
the number of marbles Bob possesses (i.e., compared quantity) is compared to the number of
marbles Ann possesses (i.e., referent quantity). Similarly, the statement ‘Bob is 8 steps farther
from the wall than Ann,’ also describes a static relation, with Bob’s position (i.e., compared

quantity) being compared to Ann’s position (i.e., referent quantity).
1.4 Key Concepts

Building on these theoretical foundations, this thesis focuses on three key concepts for
addressing the research gaps and contributing to the literature: one-step additive word problems
(Subsection 1.4.1), problem-solving strategies (Subsection 1.4.2), and spatial ability
(Subsection 1.4.3). The first two concepts are grounded in the theoretical distinctions outlined
above. Spatial ability is a complementary construct central to examining the spatial—
mathematical link. These concepts are introduced here, while more detailed discussions are
presented throughout the thesis in the sections where they are most relevant, reflecting the

integrated nature of this work.
1.4.1 One-Step Additive Word Problems

Among various mathematical word problems—problems presented in verbal
descriptions instead of number sentences (Boonen et al., 2016; Verschaffel et al., 2020; Wong
& Ho, 2017)—this thesis focuses on one-step additive word problems. They are additive word
problems, rather than problems involving multiplicative relations, or both (Nunes & Bryant,
2015). They are additive problems that require only one step—either the addition or subtraction
of the two values provided in the problem (Verschaffel et al., 2020)—that is, problems
involving either finding the cardinal of the whole, given the cardinal of the two parts, or finding
the cardinal of a part, given the cardinal of the other part and the whole (Vergnaud, 1997). They
are problems not necessarily because they are tasks for which the solution is not readily

accessible to the problem solver due to the lack of an obvious method or algorithm (Mayer &
9
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Wittrock, 1996), but because solving them involves multiple cognitive processes, including

reasoning, comprehension, and decision-making (Vessonen et al., 2024).

More specifically, this thesis focuses on one-step additive word problems comprising
two quantities and one quantitative relation, as they are at an appropriate level of difficulty for
young primary pupils in the target age group. Word problems comprising only quantities may
be too easy for 6-7-year-olds, such that ceiling effects are likely to occur (Carpenter & Moser,
1982; Riley et al., 1983). In contrast, word problems comprising only quantitative relations
may be too difficult for the target participants (Vergnaud, 1982). Table 1-1 summarizes one-

step additive word problems with different compositions of quantities and quantitative relations.

Table 1-1
One-Step Additive Word Problems with Different Compositions

Quantitative Structure Example

Ann had 5 marbles in her left pocket, and 7 marbles in her

Quantities Only right pocket. How many marbles does she have altogether?

2 Quantities & Ann had 5 marbles. She played a game of marbles and won
1 Quantitative Relation 7 marbles. How many marbles does she have now?

Ann played two games of marbles. She won 5 marbles in
Quantitative Relations Only the first game and won 7 marbles in the second game. What
is the change in the number of marbles?
Note. This thesis focuses on one-step additive word problems comprising two quantities and one
quantitative relation.

One of the challenges in investigating the association between spatial ability and
arithmetic word problem solving is that distinctions in quantitative structure (Thompson, 1993)
have rarely been brought into dialogue with research on the spatial-mathematical link. To
address this challenge, drawing on the theoretical foundations described above, this thesis
proposes a conceptual framework for categorizing one-step additive word problems, structured
along two dimensions: (1) quantity (Davydov, 1982) and (2) quantitative relation (Vergnaud,
1982). Each dimension is conceptualized as binary. The quantity dimension comprises discrete
and continuous quantities, while the quantitative relation dimension distinguishes dynamic and
static relations. Table 1-2 summarizes the categories and definitions associated with each

dimension.
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Table 1-2
Two Dimensions Underpinning the One-Step Additive Word Problems Conceptual

Framework

Dimension  Category Definition
Quantities that are specific and fixed, such that measuring them
involves counting discrete units through a one-to-one
correspondence between a set of objects and an ordered set of
tags (i.e., set size) (Davydov, 1982)
Quantity Quantities that are measured along continuous dimensions (e.g.,
mass, length, distance, area, density, time), using an imposed
Continuous unit, such that measurement involves dividing the quantity into
equal units before enumeration (i.e., position) (Davydov, 1982;
Newcombe et al., 2015)
Quantitative relations that describe a transformation in a state
Dynamic over time (i.e., winning/losing or moving toward/away from)
Quantitative (Vergnaud, 1982)
Relation Quantitative relations that describe a comparison between
Static disjoint quantities or positions (i.e., more/less or farther/closer)
(Vergnaud, 1982)

Discrete

Together, these two binary dimensions yield a 2 x 2 conceptual framework (Quantity
x Quantitative Relation) comprising four distinct problem types: Discrete Quantity—Dynamic
Relation, Discrete Quantity—Static Relation, Continuous Quantity—Dynamic Relation, and
Continuous Quantity—Static Relation. The definitions and examples of each word problem type
are presented in Figure 1-1. The methodological development, implementation, and validation

of the conceptual framework are detailed in the Methodology chapter (Subsection 2.3.3).

Figure 1-1
A 2x2 Conceptual Framework for One-Step Additive Word Problems

Quantitative Relation

Dynamic Relation Static Relation
Problems involving transformations of . . .
> - Problems involving comparisons of
£ | quantities measured through one-to-one L -
*é countin disjoint quantities measured through one-
8 g to-one counting
Q
s B e.g., Ann had 6 marbles. Then she played eg. has 5 marbles. Bob has 7 more
S| ¢ | agame of marbles and won 8 more
= 2 marbles than Ann. How many marbles
&| A | marbles. How many marbles does she
= does Bob have?
o have now?
2 Problems involving disjoint comparisons
E | Problems involving transformations of . g disjor P
& o . . .. | of quantities measured using an imposed
= quantities measured using an imposed unit unit
v
3
3 |8 Ann was 4 steps from the wall. Then e.g., Ann is 9 steps from the wall. Bob is
.£ | she walked 7 steps away from the wall.
= How far is Ann from the wall now? 3 steps farther from the wall than Ann.
8 ’ How far is Bob from the wall?
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1.4.2 Problem-Solving Strategies

Consistent with prior research characterizing strategies as solution-oriented heuristics
and procedures (Lemaire & Siegler, 1995; Schoenfeld, 1985; Tzur et al., 2021), problem-
solving strategies in this thesis are defined as goal-directed procedures pupils employ to
produce a numerical answer to one-step additive word problems, encompassing both formal
mathematical heuristics and less structured response approaches. As discussed above, solving
arithmetic word problems involve both quantitative reasoning and arithmetic skills (Nunes et
al., 2012, 2015). Young pupils may not necessarily solve word problems in the sequential
phases of ‘representation’ and ‘computation,’ as often assumed for older pupils and adults
(Mayer, 1985), as they may instead rely on informal methods such as direct modelling (e.g.,

pretend play) and counting (Carpenter & Moser, 1984; Nunes & Bryant, 1996).

Given that young pupils may not proceed through word problems in discrete stages of
representation followed by calculation, this thesis proposes a holistic framework for
characterizing their problem-solving strategies, along two dimensions: (1) arithmetic strategy
(i.e., counting-based versus number-fact strategies; Carpenter & Moser, 1982) and (2)
representation of quantitative structure (i.e., whether the problem’s quantitative structure is
represented correctly, incorrectly, or not at all; Boonen et al., 2014). In the present thesis,
counting-based strategies refer to procedures in which children determine answers through
sequential numerical progression, whereas number-fact strategies refer to solving problems by
retrieving arithmetic facts from memory or deriving solutions from related known facts. The
distinction between quantitatively-correct and quantitatively-incorrect strategies refers to the
accuracy of the representation of the problem’s quantitative structure, irrespective of whether
the final numerical answer is correct. Alternatively, the child’s strategy may be ‘Non-
Quantitative’ in that it does not demonstrate engagement with the problem’s quantitative

structure.

As summarized in Table 1-3, combining the dimensions of arithmetic strategy and
representation of quantitative structure yields five distinct problem-solving strategy types:
‘Non-Quantitative,” ‘Quantitatively Incorrect Counting,’” ‘Quantitatively Incorrect Number
Fact,” ‘Quantitatively Correct Counting,’ and ‘Quantitatively Correct Number Fact.” The
‘Non-Quantitative’ strategy includes responses in which engagement with the problem’s

quantitative structure is not evident in the child’s solution approach. Such responses may
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involve guessing, repeating a number from the problem statement, or applying an answer-

generation approach that does not reflect an attempt to represent the quantitative structure.

Table 1-3
Problem-Solving Strategies for One-Step Additive Word Problems

Strategy Definition
Does not appear to actively engage with the problem’s
Non-Quantitative quantitative structure (e.g., guessing; repeating a number from

the problem statement)

Represents the problem’s quantitative structure incorrectly
while using a counting-based strategy (e.g., counting-all for a
subtraction problem)

Represents the problem’s quantitative structure incorrectly
while using a number-fact strategy (e.g., mentally subtracting
for an addition problem)

Represents the problem’s quantitative structure correctly
while using a counting-based strategy (e.g., counting-down
for a subtraction problem)

Represents the problem’s quantitative structure correctly
while using a number-fact strategy (e.g., mentally adding for
an addition problem)

Quantitatively Incorrect
Counting

Quantitatively Incorrect
Number Fact

Quantitatively Correct
Counting

Quantitatively Correct
Number Fact

In contrast, quantitatively-incorrect strategies reflect attempts to engage with the
problem’s quantitative structure, whether implemented through counting-based or number-fact
approaches, but the representation does not align with the problem’s underlying quantitative
structure. Quantitatively-correct strategies involve engagement with the quantitative structure
that accurately represents both the relevant quantities and their relations, whether implemented

through counting-based or number-fact approaches.

The strategy coding procedure is described in the Methodology chapter (Subsection
2.3.3.4). A fuller theoretical justification of this framework is presented in Study 2 (Subsection
4.2.2), and the rationale for examining ‘Quantitatively Correct Number Fact’ strategies as a
potential pathway linking spatial skills and problem-solving accuracy is elaborated in Study 3
(Subsection 5.2.1).

1.4.3 Spatial Ability

In this thesis, spatial ability is an umbrella term for a constellation of related skills that
concern “the locations of objects, their shapes, their relations to each other, and the paths they
take as they move” (Newcombe, 2017, p. 6). While decades of research have attempted to
categorize spatial ability into subfactors, there is no conclusive categorization scheme. In fact,

more recent studies indicate that spatial ability may be a unitary construct (Mix et al., 2016,
13
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2017). Given the lack of cohesion and the multiplicity of spatial taxonomies, Schenck and
Nathan (2024) suggest that researchers should select spatial skills based on empirical evidence
when conducting research on the spatial-mathematical link, to ensure their suitability for the
population and mathematical skills under investigation. Following their suggestion, this thesis
concentrates on two spatial skills that have been most consistently identified as having a
particularly strong association with mathematical thinking: spatial visualization (Hawes &

Ansari, 2020) and visuospatial working memory (Allen et al., 2019).

Spatial visualization is “the ability to generate, recall, maintain, and manipulate visual-
spatial images and solutions” (Hawes & Ansari, 2020, p. 466). As shown in Table 1-4, typical
measures of spatial visualization include 2-dimensional and 3-dimensional mental rotation task,
mental composition task, and mental paper-folding task (Hawes & Ansari, 2020). An extensive
body of literature suggests that the relationship between spatial visualization and mathematical
performance is correlational (e.g., Ganley & Vasilyeva, 2011; Rhode & Thompson, 2007;
Sorby & Panther, 2020), possibly causational (e.g., Cheng & Mix, 2014; Cheung et al., 2020;
Newcombe et al., 2019), and even bi-directional (e.g., Geer et al., 2019).

Table 1-4
Examples of Typical Measures of Spatial Visualization Skills

Task Description Example Item

2D Mental Rotation? ',' z z

‘Which shape will you get when you combine

these two pieces (left) together?’ { Z I

3D Mental Rotation®

“Which two figures are identical to the target
figure on the left (just seen from different

angles)?’

Mental Composition® :

‘Which three shapes can be combined to [
compose the target shape on the far left?’ - 1 k L]
Mental Paper Folding® 1 2 3 4 5
‘A piece of paper has been folded and hole- ..., .y
punched (/eft). Which image on the right \:] D E]
corresponds to the instructions on the left?’ B
Note. *Adapted from “Relations between numerical, spatial, and executive function skills and
mathematics achievement: A latent-variable approach,” by Z. Hawes, J. Moss, B. Caswell, J. Seo, and
D. Ansari, 2019b. Cognitive Psychology 109, p. 74 (https://doi.org/10.1016/j.cogpsych.2018.12.002).
Copyright 2019 by Science Direct. Reprinted with permission.

®Adapted from “What explains the relationship between spatial and mathematical skills? A review of
evidence from brain and behavior,” by Z. Hawes and D. Ansari, 2020, Psychonomic Bulletin &

Review 27(3), p. 467 (https://doi.org/10.3758/s13423-019-01694-7). Copyright 2020 by Springer
Nature. Reprinted with permission.
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Visuospatial working memory is the ability to temporarily store and manipulate
visuospatial information (Baddeley & Hitch, 1974). It is closely associated with executive
function processes (Miyake et al., 2000; for a recent review, see Miller-Cotto & Gordon, 2025),
and reflects both storage and processing demands within the working memory system (Shah &
Miyake, 1996). However, it also overlaps substantially with spatial ability (Mix & Cheng,
2012). Reflecting this conceptual overlap, visuospatial working memory has been treated as
either a component of executive function or spatial ability in the literature (Hawes et al., 2019b).
In this thesis, visuospatial working memory is conceptualized as part of spatial ability and is

therefore treated as a spatial skill.

As shown in Table 1-5, there are two types of visuospatial working memory: (1)
simultaneous, and (2) sequential (for a review, see Allen et al., 2019). The distinction between
the two types of visuospatial working memory is based on how the stimuli are presented. In
simultaneous visuospatial working memory tasks, all information is presented at the same time.
In contrast, in sequential visuospatial working memory tasks, the presentation of stimuli is in

a sequence.

Table 1-5
Types of Visuospatial Working Memory Measures

Simultaneous Sequential
Visual Patterns Task Corsi Block-Tapping Test
(Della Sala et al., 1999) (Corsi, 1972)?

Note. In the Visual Patterns Task (left), the participant is presented with a stimulus grid with some
internal squared filled in and others left blank. Once the stimulus grid is taken away, the participant is
given a blank grid on which they must replicate the pattern. In the Corsi Block-Tapping Test (right),
the examiner taps a sequence of blocks, and the participant must either repeat in the same order
(forward span) or in reverse order (backward span). *Reprinted from “Differential course of
development of spatial and verbal memory span: A normative study,” by E. B. Isaacs, & F. Vargha-
Khadem, 1989, British Journal of Developmental Psychology, 7(4), p. 378
(https://doi.org/10.1111/1.2044-835X.1989.tb00814.x). Copyright 1989 by The British Psychological
Society. Reprinted with permission.

A recent systematic review on the relationship between visuospatial working memory
and mathematical performance indicates that sequential visuospatial working memory may be

particularly promising in examining the spatial-mathematical link (Allen et al., 2019).
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However, studies have only investigated the influence of sequential visuospatial working
memory on numerical operation (i.e., computation tasks), as opposed to mathematical
reasoning (i.e., word problems); this gap highlights “an evident lack in the literature of such
focused work™ (Allen et al., 2019, p. 526). Therefore, this thesis will focus on sequential

visuospatial working memory and how it relates to one-step additive word problem solving.
1.5 Research Themes and Questions

To investigate the relationship between young pupils’ spatial visualization, visuospatial
working memory, and their strategies and accuracy in solving one-step additive word problems,
this integrated thesis is organized around three research themes. As shown in Figure 1-2, these
themes correspond to Chapters 3—5, each of which comprises a manuscript intended for journal

publication. Each of these addresses two research questions, outlined in Subsections 1.5.1,

1.5.2,and 1.5.3.

Figure 1-2

Visual Representation of the Thesis’s Research Themes

Problem-Solving
Strategies

Research Theme 2
(Chapter 4)

Research Theme 3
(Chapter 5)

Spatial Visualization
& Visuospatial Working Memory

Problem-Solving
Accuracy

Research Theme 1
(Chapter 3)

1.5.1 Research Theme 1: Spatial Skills and One-Step Additive Word-Problem-Solving

Accuracy

The first research theme, presented in Chapter 3 (Study 1), examines the extent to which
spatial skills predict one-step additive word-problem-solving accuracy. The corresponding
manuscript is titled The Role of Spatial Skills in Young Children’s Arithmetic Word-Problem-

Solving Accuracy. The research questions are:

RQ1) To what extent do spatial visualization and visuospatial working memory predict young

primary school pupils’ (6—7-year-olds’) accuracy on one-step additive word problems?

RQ2) Do the relationships between spatial visualization, visuospatial working memory, and

problem-solving accuracy vary across different word problem types?
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1.5.2 Research Theme 2: Spatial Skills and Problem-Solving Strategies

The second research theme, presented in Chapter 4 (Study 2), examines the extent to
which spatial skills predict problem-solving strategy use. The corresponding manuscript is
titled The Role of Spatial Skills in Young Children’s Arithmetic Word-Problem-Solving

Strategies. The research questions are:

RQ3) To what extent do spatial visualization and visuospatial working memory predict young

primary school pupils’ (6—7-year-olds’) problem-solving strategy use?

RQ4) Do the relationships between spatial visualization, visuospatial working memory, and

problem-solving strategy use vary across different word problem types?

1.5.3 Research Theme 3: Spatial Skills and One-Step Additive Word-Problem-Solving
Accuracy: The Mediating Role of Problem-Solving Strategies

The third, and final, research theme, presented in Chapter 5 (Study 3), examines
whether problem-solving strategies—specifically, the use of the ‘Quantitatively Correct
Number Fact’ strategy—mediate the relationship between spatial skills and one-step additive
word-problem-solving accuracy. The corresponding manuscript is titled Young Children’s
Problem-Solving Strategies as a Mediator between Spatial Skills and Arithmetic Word-

Problem-Solving Accuracy. The research questions are:

RQ5) To what extent do spatial visualization and visuospatial working memory exert indirect
effects on young primary school pupils’ (6—7-year-olds’) accuracy on one-step additive

word problems through ‘Quantitatively Correct Number Fact’ strategy use?

RQ6) Do the indirect effects of spatial visualization and visuospatial working memory on
problem-solving accuracy through ‘Quantitatively Correct Number Fact’ strategy use

vary across different word problem types?
1.6 Educational Relevance

Research on arithmetic word problem solving through the lens of spatial ability is sorely
needed in the context of early primary education in England. While evidence suggests that
spatial reasoning may be a valuable tool for mathematical problem solving (Gilligan-Lee et al.,
2022), it is underrepresented in England’s early years (ages 2 to 5) and primary mathematics
curriculum (ages 5 to 11). Within the English Early Years Foundation Stage (EYFS) statutory

framework (ages 2 to 5), spatial reasoning has been relatively de-emphasized following the
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2021 reforms, which removed the ‘shape, space and measures’ Early Learning Goal (ELG)
and replaced it with a second ‘numbers’ ELG (Department for Education, 2021). In the English
national mathematics curriculum for Key stages 1 and 2 (ages 5 to 11), the word ‘spatial’
appears once. Notably, this occurs in the non-statutory notes to describe how Year 2 pupils
should be encouraged to “represent [larger numbers] in different ways, including spatial
representations” (Department for Education, 2013, p. 11), rather than in reference to spatial

reasoning itself.

While England may not be unique in this respect, as “contemporary school mathematics
curricula tend to include few opportunities to develop, apply, and integrate spatial reasoning”
(Davis et al., 2015a, p. 47), there is evidence to suggest that pupils in England exhibit different
patterns of mathematical performance compared with their international peers. In PISA 2022,
whereas, on average, 15-year-olds across OECD countries performed lowest on the ‘change
and relationships’ domain (one of the ‘quantity,” ‘uncertainty and data,” ‘change and
relationships,” and ‘space and shape’ domains), pupils in England performed lowest in the
‘space and shape’ domain (Ingram et al., 2023). Similarly, in the Trends in International
Mathematics and Science Study (TIMSS), most of the highest-performing countries performed
strongly in the ‘measurement and geometry’ domain (one of the ‘number,” ‘measurement and
geometry,” and ‘data’ domains) that emphasizes spatial reasoning. In contrast, Year 5 pupils
(aged 9-10) in England performed most weakly in this domain in 2023, as they also did in
2015 and 2019 (Golding et al., 2024). Such patterns are consistent with arguments that pupils’
mathematical performance reflects the emphases and structures of the curriculum they
experience (e.g., Resnick et al., 1989). Although performance on large international
assessments should not be the primary driver of the mathematics curriculum, such performance

provides some indication of its impact.

There are two main approaches for harnessing the spatial-mathematical link in
education: (1) directly training spatial ability to yield mathematical gains and (2) spatializing
the mathematics curriculum (Newcombe, 2017). The former approach, directly training spatial
ability to yield mathematical gains, has been the subject of ongoing debate in the literature.
Broadly, a recent meta-analysis indicates that spatial training improves mathematics outcomes
compared to a control condition, an improvement that is comparable to the annual gains made
in regular educational contexts and greater than effects of other cognitive training interventions

(Hawes et al., 2022). Part of the argument of the proponents for spatial training is that spatial
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ability is malleable, transferable and durable (Newcombe, 2017; Uttal et al., 2013), which
translates to the idea that spatial skills can be improved through training, gains can be
transferred across different sets of spatial tasks, and the benefits of spatial training last over

time.

More radical proponents of curriculum reform claim that “spatial reasoning should be
developed for the sake of better spatial reasoning—that is, not just in the service of better
number sense or in anticipation of its utility for teaching algebra” (Davis et al., 2015b, p. 145).
There may be some justification for this position, given rigorous evidence of the importance of
spatial reasoning for entry into and success in science, technology, engineering, and
mathematics (STEM)-related fields (Newcombe, 2017; Shea et al., 2001; Uttal & Cohen, 2012;
Wai et al., 2009). Specifically, spatial skills are especially crucial for novice pupils in STEM-
related fields as they “serve as a gateway or barrier for entry into STEM fields” (Uttal & Cohen,
2012, p. 148). Thus, the failure to cultivate spatial reasoning may have a negative impact on
equitable access to STEM-related fields. Numerous anecdotal accounts, such as Francis Crick
and James Watson’s envisioning of the 3D structure of deoxyribonucleic acid (DNA) from
Rosalind Franklin’s flat x-ray diffraction images, suggest that spatial reasoning is foundational
to creative innovations in STEM-related fields (Newcombe, 2017; Uttal & Cohen, 2012). The
link between spatial reasoning and STEM-related fields is particularly relevant in an age of
technological change, in which “technology-related roles are the fastest-growing jobs in
percentage terms” and “Al and big data top the list of fastest-growing skills, followed closely

by networks and cybersecurity as well as technology literacy” (World Economic Forum, 2025,
p. 5).

The latter approach, spatializing the mathematics curriculum, may seem a more
efficient and pragmatic method of harnessing the spatial-mathematical link, rather than simply
adding spatial reasoning as an additional topic. However, this approach requires clear
understanding of the cognitive mechanisms underlying the spatial-mathematical link. Given
that both mathematical and spatial abilities comprise multiple skills (Lourenco et al., 2018;
Mix & Cheng, 2012), identifying such mechanisms is a challenging endeavor that requires

careful investigation of specific types of spatial and mathematical skills.

As such, this thesis’s focus on specific spatial skills (i.e., spatial visualization and
visuospatial working memory) and a specific mathematical skill (i.e., one-step additive word

problem solving) may have educational relevance in terms of spatializing the mathematics
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curriculum. Furthermore, the thesis situates these investigations within the English educational
context, where spatial reasoning is underrepresented in the EYFS statutory framework and
primary mathematics curriculum, thereby highlighting a potential opportunity to strengthen

early mathematics education through the integration of spatial approaches.
1.7 Thesis Structure

This integrated thesis consists of six chapters: General Introduction, Methodology,
Study 1, Study 2, Study 3, and General Discussion. The three manuscripts (corresponding to
Chapters 3-5) are structured in accordance with the conventional format of journal articles,
including introduction, literature review, methods, findings, and discussion sections. However,
they currently exceed the typical length limits for journal submissions. This is because each
manuscript includes a more comprehensive literature review than is customary, given that the
thesis does not contain a separate, stand-alone literature review chapter. The findings and
discussion sections are likewise more detailed in order to reflect the scope and expectations of
a doctoral thesis. Some material—particularly theoretical and methodological content—is
necessarily revisited across the manuscripts to ensure that each study is self-contained. Cross-
references are included throughout the thesis, including within the manuscripts, to enhance

overall cohesion.

For journal submission, the manuscripts will be revised and condensed to meet the
specific requirements of the target journals. The references for the thesis are presented
collectively to minimize repetition and improve coherence; however, for journal submission,
the relevant references will be extracted from this master list. Likewise, for consistency across
the thesis, the research questions within each manuscript are numbered to align with the overall
thesis structure; for journal submission, they will be renumbered as appropriate. The
manuscripts are written in American English, consistent with the conventions of many relevant

publishers, and the thesis adopts American English spelling throughout for consistency.
The contents of each chapter are as follows:
Chapter 1: General Introduction

To contextualize this thesis, the introduction chapter outlines the importance of
arithmetic word problem solving in the early primary years. It introduces extensive evidence
of a spatial-mathematical link, and identifies spatial ability as an understudied yet promising

lens for understanding young pupils’ arithmetic word problem solving. The chapter then
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presents the theoretical foundations of the thesis, namely the distinctions between quantitative
reasoning and arithmetic, quantity and quantitative relation, discrete and continuous quantities,
and dynamic and static relations. It also introduces and briefly describes the three key concepts
central to the investigation: one-step additive word problems, problem-solving strategies, and
spatial ability. The chapter considers the educational relevance of the thesis. Finally, it orients

the reader to the overall structure of the thesis.
Chapter 2: Methodology

This chapter presents the methodology used to investigate the three research themes.
Although each manuscript contains its own methods section, this chapter provides a more
comprehensive account of the research design, recruitment process, participants, materials,
procedures, and ethical considerations. It details the steps taken to ensure the reliability and
validity of the one-step additive word problems, an original measure developed for this thesis.
In addition, it provides an overview of the analytic approaches used in each study, while
detailed descriptions are reported in the individual manuscripts. The methods sections of the

manuscripts draw on relevant content from this chapter.

Chapter 3: The Role of Spatial Skills in Young Children’s Arithmetic Word-Problem-
Solving Accuracy (Study 1 Manuscript)

This manuscript aims to make both theoretical and empirical contributions to literature.
Theoretically, the study proposes a conceptual framework for categorizing one-step additive
word problems by integrating Thompson’s (1993) distinction between quantity and
quantitative relation, Davydov’s (1982) discussion of different methods of quantification, and
Vergnaud’s (1982) classification of dynamic and static relations. In doing so, the study
examines how variations in quantitative structure may relate to spatial reasoning, thereby

extending research on the spatial-mathematical link to early quantitative reasoning.

Empirically, the study investigates whether spatial visualization and visuospatial
working memory predict problem-solving accuracy on one-step additive word problems (RQ1),
and whether these relationships vary across word problem types (RQ2). RQ1 is examined using
a cross-classified mixed-effects logistic regression model. RQ2 is examined by incorporating

interaction terms between spatial skills and word problem type to test for moderation.
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Chapter 4: The Role of Spatial Skills in Young Children’s Arithmetic Word-Problem-
Solving Strategies (Study 2 Manuscript)

This manuscript aims to make both theoretical and empirical contributions to literature.
Theoretically, the study proposes a holistic framework for categorizing the problem-solving
strategies that young pupils use when solving one-step additive word problems by integrating
two dimensions: arithmetic strategies and representations of quantitative structure (Nunes et

al., 2012).

Empirically, the study investigates whether spatial visualization and visuospatial
working memory predict problem-solving strategies (RQ3), and whether these relationships
vary across word problem types (RQ4). RQ3 is examined using a cross-classified mixed-effects
multinomial logistic regression model. RQ4 is examined by incorporating interaction terms

between spatial skills and word problem type to test for moderation.

Chapter 5: Young Children’s Problem-Solving Strategies as a Mediator between Spatial
Skills and Arithmetic Word-Problem-Solving Accuracy (Study 3 Manuscript)

This manuscript aims to advance understanding of the mechanisms underlying the
relationship between children’s spatial skills and problem-solving accuracy. Using path
analysis, the study investigates whether ‘Quantitatively Correct Number Fact’ strategy use
mediates the relationship between spatial visualization, visuospatial working memory, and
problem-solving accuracy (RQS5). This mediating strategy is defined as representing the
problem’s quantitative structure correctly while using a number-fact strategy. The study also
examines whether the indirect effects of spatial skills on problem-solving accuracy, mediated
through ‘Quantitatively Correct Number Fact’ strategies, vary across word problem types
(RQ6). RQS5 is examined using a mediation model estimated through path analysis, and RQ6
is examined by estimating separate mediation models through path analysis for each word

problem type.
Chapter 6: General Discussion

This final chapter summarizes the thesis’s main theoretical and empirical contributions
and synthesizes the key findings into overarching conclusions. In light of these findings,
educational implications are discussed. Finally, limitations of the thesis and directions for

future research are presented.
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2 Methodology

This chapter presents the methodology used in investigating the three research themes.
Subsection 2.1 outlines the research design of this thesis. Subsection 2.2 describes the
recruitment process and participants. Subsection 2.3 details the materials and testing
procedures, and Subsection 2.4 outlines the analytic approaches used in the three manuscripts.
Finally, Subsection 2.5 discusses ethical considerations, and Subsection 2.6 summarizes the

Methodology chapter.
2.1 Research Design

To explore the three research themes and their corresponding research questions, this
thesis employs a correlational and cross-sectional design using quantitative methods. A
correlational design is used to examine the relationships between young primary school pupils'
spatial skills, problem-solving strategies, and accuracy in solving one-step additive word
problems (Punch & Oancea, 2014)—an under-researched area in early primary education. The
cross-sectional design enables examination of existing differences in children’s cognitive
abilities and in their problem-solving accuracy and strategies at a single point in time (Cohen
et al., 2018). Quantitative methods are employed to describe the associations among the
variables, offering insights into the what, when, and where of these relationships (Cohen et al.,

2018; Field, 2018).

There are two different temporal perspectives for understanding the spatial—
mathematical link: one concerns how the two domains relate in real time, and the other
concerns how they relate across developmental time (Mix, 2019). This thesis focuses on the
former, examining how spatial ability, problem-solving strategies, and accuracy in solving
word problems relate in real time. Importantly, the correlational, cross-sectional design of the

thesis precludes definitive causal claims about these relationships.
2.2 Participants and Recruitment

This subsection first describes the a priori power analysis conducted to determine the
thesis’s sample size (Subsection 2.2.1). It then outlines the two-step recruitment process based
on non-probabilistic convenience sampling (Subsection 2.2.2). Next, the characteristics of the

participating schools (Subsection 2.2.3) and pupils (Subsection 2.2.4) are presented.
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2.2.1 A Priori Power Analysis

An a priori power analysis was conducted in G*Power (Version 3.1.9.6; Faul et al.,
2009) using the ‘Linear multiple regression: Fixed model, single regression coefficient’
procedure. The analysis was based on a model containing seven predictors and was designed
to determine the sample size required to detect a medium effect. The anticipated effect size was
informed by a benchmark from the spatial literature available at the time (e.g., Uttal et al., 2013;
g =~ 0.47), which was converted to the corresponding regression effect size (f2 ~ 0.055) for use
in G*Power. Assuming « = .05 and power of .80, the resulting minimum sample size was 145
participants. This anticipated effect size is broadly consistent with meta-analytic studies
reporting moderate positive associations between spatial and mathematical skills (e.g., r = .27,

Xie et al., 2019; » = .36, Atit et al., 2022).

Subsequent meta-analytic work has reported a range of effect sizes depending on the
outcome domain and age group. For example, Yang et al. (2020) reported relatively large
effects of spatial training on spatial outcomes in 0—8-year-olds (g = 0.96), whereas Hawes et
al. (2022) reported smaller average effects on mathematical outcomes (g ~ 0.28), with the effect
size increasing as participants’ age increased from 3 to 20 years. Given that the present study
examines the association between spatial ability and mathematical word problem solving, the
latter benchmark may be more directly comparable, although the age range of the participants
aligns more closely with the former. Furthermore, the final analytic approach incorporated
mixed-effects and multinomial models, which differ from the simpler associations assumed in
the initial power calculation. Accordingly, although the present sample was likely sufficient to
detect moderate effects, power to detect smaller effects and interaction terms may be more
limited. These considerations should be taken into account when interpreting non-significant
findings reported in the manuscripts, as such findings may reflect insufficient statistical power

rather than the absence of an effect.
2.2.2 Recruitment Process

A non-probabilistic convenience sampling method was used to recruit participants due
to accessibility and resource constraints (Cohen et al., 2018; Punch & Oancea, 2014). A two-
step recruitment process was used whereby schools were recruited first, followed by the pupils.
Primary schools within a county in South East England were identified based on geographical
convenience. The headteachers of the identified schools were invited to participate in the study

via email (Appendices 2A and 2B) in three waves over the course of three months (between
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January 2023 and April 2023). Once consent from the headteachers (Appendix 2C) was
obtained, the class teachers were contacted to obtain their consent (Appendix 2D) and to
negotiate testing dates. A total of 67 schools were contacted, and six schools consented to
participate in the study; however, due to a scheduling conflict, only five schools ultimately

participated.

Schools were offered a choice of four parental consent approaches: extended opt-out
(Appendix 2E), simplified opt-out (Appendix 2F), extended opt-in (Appendix 2G), or
simplified opt-in (Appendix 2H). The simplified versions were one page in length that
summarized the key points from the extended forms. Four of the five schools used the opt-out
parental consent approach, and one school used the opt-in parental consent approach. Out of
the four schools that used the opt-out parental consent approach, two of them chose the
simplified version while the other two chose the extended version. The school that used the

opt-in parental consent approach chose the simplified version.
2.2.3 School Characteristics

As shown in Table 2-1, the five participating schools varied in size and pupil
background characteristics (Department for Education, 2024). The school population ranged
from just over 100 pupils to just under 450 pupils. The percentage of pupils from a minority
ethnic background (i.e., of any origin other than White British) ranged from 35.0% to 81.0%,
compared to the national average of 36.1%. The percentage of pupils whose first language is
known or believed to be other than English ranged from 14.6% to 43.4%, compared to the
national average of 22.0%. The percentage of pupils eligible for free school meals ranged from

12.4% to 46.0%, compared to the national average of 23.8%.

Additionally, the five participating schools also varied in their Special Education Needs
(SEN) provision. There are two types of SEN provision: SEN support and Education, Health
and Care (EHC) plan. SEN support is given to pupils who have a learning difficulty or disability
and need extra or different support than what is usually provided in the school curriculum
(Department for Education, 2024). EHC plan is implemented when a pupil’s needs extend
beyond the scope of SEN support. The percentage of pupils receiving SEN support ranged from
17.7% to 25.8%, compared to the national average of 13.5%. The percentage of pupils

receiving an EHC plan ranged from 1.9% to 3.7%, compared to the national average of 2.5%.
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Table 2-1

Characteristics of Participating Schools

Percentage of Pupils

Number of

Pupils From a “li}ilfie Eligible Receivin
School Enrolled Minority > for Free ving Receiving
in the Ethnic La.nguzt[ge School S SEN ot EHC Plan
School ~ Background Elrslgri?sh Meals uppo
A 201 to 300 67.9% 43.4% 23.4% 18.5% 2.3%
B 201 to 300 59.1% 24.8% 45.8% 20.7% 3.7%
C 101 to 200 35.0% 14.6% 12.4% 17.7% 2.1%
D 401 to 500 47.9% 26.7% 46.0% 18.5% 1.9%
E 301 to 400 81.0% 33.3% 30.0% 25.8% 2.9%
iev‘gfg‘; 36.1% 22.0% 23.8% 13.5% 2.5%

Note. The statistics of the schools (2023-2024) are taken from https://explore-education-
statistics.service.gov.uk/find-statistics/school-pupils-and-their-characteristics. SEN = Special
Educational Needs. EHC = Education, Health and Care.

2.2.4 Participants

A total of 149 pupils participated in the study between February 2023 and June 2023.
Of these, 12 pupils did not complete the study: 11 experienced difficulty understanding tasks,
and one chose to discontinue participation. The final sample therefore comprised 137 pupils

(50.4% female, 49.6% male; age range: 6.52—7.74 years; M = 7.10 years).

Of the final sample, 27 pupils (19.7%) were reported by schools as having SEN, and
21 pupils (15.3%) were identified as English as an Additional Language (EAL) learners. These
children were retained in the analyses, as schools indicated that their level of SEN support
within regular classrooms was minimal or that their English proficiency was sufficient to

engage meaningfully with the tasks.

Although SEN and EAL information was not consistently available across all schools,
the inclusion of pupils with diverse learning profiles reflects the natural variability present in
mainstream classrooms. This enhances the ecological validity and generalizability of the
findings, as the sample represents a broad range of learners rather than a narrowly selected
subgroup. While more comprehensive documentation of SEN and EAL status would have
enabled a more detailed characterization of the sample and the examination of potential
differences across learner groups, the diversity of the sample strengthens the relevance of the

findings to typical English primary school contexts.
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2.3 Materials and Procedures

As summarized in Table 2-2, each child completed a total of seven tasks measuring
various abilities, including spatial, language, numerical, fluid reasoning, and one-step additive
word problem solving. All tasks were administered individually in a quiet space, either in the
hallway or in an open area near the child’s classroom, to ensure the presence of a familiar adult.
The tasks were completed over two testing sessions, each lasting approximately 30 minutes
and typically spaced at least one hour apart (but no less than 30 minutes), an arrangement

informed by pilot studies (see Subsection 2.3.3.1.1).

Subsection 2.3.1 outlines the overarching reliability and validity considerations that
guided the selection and design of measures. Subsection 2.3.2 then describes the established
measures (i.e., spatial ability, language ability, numerical ability, and fluid reasoning measures)
including their administration procedures and evidence of reliability and validity. Subsection
2.3.3 provides a detailed account of the development, implementation, and validation of the

one-step additive word problems.
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Table 2-2

Summary of Measures Used in the Thesis

Variable Task Description Scoring
Wechsler e . .
Abbreviated W}nle viewing a constrggted model or a picture in the J Scores range from O to 2 for the ﬁrst‘ four
Scale of Stimulus Book, th; participant uses red-apd-whltg cubes  items, and O to 7 for the final seven items.
Intelligence— to recreate the design Wlthln a specified Flme limit of 30 e The total raw score is the sum of all item
Second Edition to .120 seconds per design. Thgre are 1'1 1tems for scores.
(WASI-IT) Block children ageq 6 to 8 years; testing is discontinued after e The raw score ranges from 0 to 57 for
Spatial Design subtest two consecutive scores of zero. children aged 6 to 8 years.
Visualization Four subtasks (five items per subtask) require reasoning
and visualizing solutions to problems involving parts of e Each item is scored as correct (1) or
Visual—Spatial objects in relgtipn to their whole: missing-c'enter. incorrect (0). ' .
Reasoning Task problems, mls§1pg-border pro'bk:ms, two-dimensional e The total raw score is the sum of all item
shape composition/decomposition problems, and paper- scores.
folding problems. There are 20 items in total, and all e The raw score ranges from 0 to 20.
items are administered.
A digitized version of the Corsi Block-Tapping Task
administered on an iPad, in which the participant
replicates a sequence of dots that light up one at a time
Visuospatial by tgpping them .in the same order. The sequence length e The score is the highest sequence length
Working PathSpan begins at two, w1'th two trials per sequence l.er.lgth. The accurately reproduced at least once.
Memory sequence length increases by one if the participant e The raw score ranges from 0 to 9.

correctly reproduces the pattern on at least one of the
two trials at a given length. Testing is discontinued if
the participant fails both trials at a given sequence
length. The maximum sequence length is nine.
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Variable Task Description Scoring
Wechsler Individual Three subtasks involve sfelecting the picture .that
Achievement Test— matches a word (Receptive Vocqbulary;. 16 items) or e Each item is scored as correct (1) or
Second UK Edition sentence (Sentence Comprehenswg; 10 items) and incorrect (0).
Language (WIAT-IIVK) generating a word that matches a picture and oral e The total raw score is the sum of all item
Ability Listening description (Expressive Vocabulary; 15 items). Each scores
Comprehension subtask requires a.basal set of three consecutive correct o The ra'w score ranges from 0 to 41
subtest responses and is discontinued after six consecutive :
scores of zero.
Wechsler Individual quks include identifying and writing numbers, cgunting ‘ .
Achievement Test—  USiN8 one-to-one correspoqdence, and §01V1pg written J Each item is scored as correct (1) or
Numerical  Second UK Edition calgu}atlon problgms and s.1m.ple .equatlons‘lr}v.olwng incorrect (0). ' .
Ability (WIAT-IIVK) addltlop, subFractlon, multiplication, and d1V1s10n.‘There e The total raw score is the sum of all item
Numerical are 54 items in totgl. A bgsal set qf th.ree consecutive scores.
Operations subtest COI‘I’GCT[ responsces .IS requlred; testlng 1s discontinued e The raw score ranges from O to 54.
after six consecutive scores of zero.
Wechsler . . ) ) e Each item is scored as correct (1) or
Abbreviated Scale of Whl.le:. viewing an incomplete matn.x or series, the incorrect (0).

. . participant selects the response option that completes . .
Fluid Intelligence—Second h tri ‘es from five alternati Th a ® The total raw score is the sum of all item
Reasoning  Edition (WASIII) the matrix or series from five alternatives. There are SCOres.

Matrix Reasonin items fqr children aged 6 to 8 years; testing is . Th from 0 to 24 f
€ discontinued after three consecutive scores of zero. © TaW SCOTE ranges from 1o or
subtest children aged between 6 to 8 years.
Word- J The problem-solving accuracy of each item
Problem- Additive word problems that require either addition or . ilfhseci)(:tezj ?Zviosrngé Ei )t}?; ;Eig;;ﬁl(?t)ém
Solving subtraction of the values provided in the problem. Scores
Accuracy Various representational tools such as counters )

_____°  WordProblems (MathLinkpcubes) and paper and pencil are provided. * The raw score Tanges from 0 to 24. , -
Word- There are 24 items in total, and all items are * Thep rob‘lem-golvm.g strategy of eaqh ttem s
Problem- administered. coded using dimensions of arithmetic
Solving strategy and representation of quantitative
Strategy structure (see Table 1-3).
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2.3.1 Overarching Reliability and Validity Considerations

In selecting and designing the tasks, due diligence was exercised to address concerns
regarding reliability and validity. Validity refers to whether a task measures what it is intended
to measure, and reliability refers to the consistency with which it does so (De Vaus, 2001).
First, to enhance construct validity (i.e., the extent to which a measure accurately represents
the theoretical construct it is intended to measure, De Vaus, 2014), subtests from standardized
instruments were used wherever possible (Johnson & Christensen, 2020). The standardized
tests employed were the Wechsler Abbreviated Scale of Intelligence—Second Edition (WASI-
II) and the Wechsler Individual Achievement Test-Second UK Edition (WIAT-IIUX). The
researcher obtained written permission to use these standardized tests from a professional
psychologist. Prior to administering the instruments, the administration procedures were
reviewed thoroughly to ensure standardized implementation and support the reliability and

validity of the assessment results.

The WASI-II was developed as a valid, effective, and brief assessment of intelligence
for individuals aged 6 to 90 years (Wechsler, 2011). It comprises four subtests (Vocabulary,
Similarities, Block Design, and Matrix Reasoning), which are similar in format to their
counterparts in the Wechsler Intelligence Scale for Children—Fourth Edition and the Wechsler
Adult Intelligence Scale-Fourth Edition. The WIAT-IIYX assesses academic skills in children
and adolescents aged 4 years to 16 years, 11 months (Wechsler, 2005), and comprises nine
subtests contributing to four composite scores: Reading, Mathematics, Written Language, and

Oral Language.

Note that although the WIAT-IIIVX is the most recent UK edition, it was not accessible
to the researcher. Therefore, the WIAT-IIY® was used to assess language and numerical
abilities. Differences between the WIAT-IIYX and WIAT-IIIY®—such as updated norms,
revised subtests, and additional content—may limit the direct comparability of scores and
findings with studies that have used the latest edition. However, the WIAT-T1"® was considered
acceptable for two reasons: (1) raw scores, rather than standardized scores, were used in the
analyses, reducing the importance of updated norms; and (2) the selected subtests were used as
covariates rather than primary predictor or outcome variables, reducing the likelihood that

differences between editions influenced the study’s primary findings.

Second, when standardized tests were not available, tasks that had been widely used in
prior research were employed. To enhance construct validity, tasks were selected that closely
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aligned with the theoretical definitions of the constructs. For instance, the Visual-Spatial
Reasoning task was selected as one of the measures of spatial visualization because it has been
widely used in prior research with young primary school pupils, albeit in a Canadian context,
and because it aligns closely with the present thesis’s definition of spatial visualization.
Similarly, PathSpan, a digitized version of the Corsi Block-Tapping task, was selected because

it has been widely used in prior research.

Third, several steps were taken to ensure the reliability and validity of the one-step
additive word problems during the development phase (for details, see Subsection 2.3.3.5). The
word problems were developed through an iterative process by adapting them from the
literature. These problems underwent three rounds of review and revision, including two
rounds of pilot testing and one round of expert consultation with a psychologist specializing in

children’s mathematical development.

Given that language and numerical features influence word-problem-solving success
(Verschaffel et al., 2020), efforts were made to control for these factors. To minimize the effect
of language features, the word problems were developed with minimal variation in wording
and structure. The continuous-quantity problems were designed to align closely with their
discrete-quantity counterparts to ensure consistency without compromising clarity. Likewise,
the dynamic-relation problems were designed to align closely with their static-relation
counterparts. The word problems were condensed to make them as concise as possible without

compromising situational understanding (Stern & Lehrndorfer, 1992).

Likewise, to minimize the effect of numerical features (Daroczy et al., 2015; Vessonen
et al., 2024), 24 unique number facts with sums ranging from 11 to 19 were systematically
randomized to create four parallel versions (Form A, Form B, Form C, and Form D) of the
word problems. The wording and structure of the problems were identical across all forms; the
only difference lay in the specific numerical values presented within each problem. This
approach was intended to mitigate the potential influence of numerical values on item difficulty
and problem-solving strategies. The selection of number facts and the randomization of number

facts into four alternative test forms are detailed in Subsection 2.3.3.1.

Furthermore, the validity of the problem-type categorization was examined through
expert review. A mathematics educator with a PhD in mathematics education was invited to
classify the 24 word problems according to the two binary dimensions of problem

categorization (i.e., the 2 x 2 conceptual framework, introduced in Subsection 1.4.1): (1)
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quantity (discrete quantity versus continuous quantity), and (2) quantitative relation (static
relation versus dynamic relation). Inter-rater agreement was 100%, indicating strong

congruence between the expert’s classification and the intended categorization of the problems.
2.3.2 Established Measures

This subsection describes the established measures used to assess spatial ability
(Subsection 2.3.2.1), language ability (Subsection 2.3.2.2), numerical ability (Subsection
2.3.2.3), and fluid reasoning (Subsection 2.3.2.4). Spatial visualization was measured using the
WASI-II Block Design subtest and the Visual-Spatial Reasoning task. Visuospatial working
memory was measured using a digitized version of the Corsi Block-Tapping task. Language
ability and numerical ability were measured using the WIAT-IIX Listening Comprehension
and Numerical Operations subtests, respectively. Fluid reasoning was measured using the
WASI-II Matrix Reasoning subtest. Detailed descriptions of the measures, including their

reliability, validity, and administration procedures, are provided below.
2.3.2.1 Spatial Ability

Three measures of spatial ability were used. The WASI-II Block Design subtest and
the Visual-Spatial Reasoning task were used as measures of spatial visualization, and PathSpan
was used as a measure of visuospatial working memory. As introduced in Chapter 1
(Subsection 1.4.3), spatial visualization (Hawes & Ansari, 2020) and visuospatial working
memory (Allen et al., 2019) are two spatial skills that have been most consistently identified
as having particularly strong associations with mathematical thinking. Spatial visualization
refers to “the ability to generate, recall, maintain, and manipulate visual-spatial images and
solutions” (Hawes & Ansari, 2020, p. 466). Visuospatial working memory refers to the ability

to temporarily store and manipulate visuospatial information (Baddeley & Hitch, 1974).
2.3.2.1.1 Spatial Visualization

The WASI-II Block Design subtest has been widely used in the literature as a measure
of spatial visualization (Atit et al., 2022). As shown in Figure 2-1, while viewing a constructed
model or a picture in the Stimulus Book, the examinee uses red-and-white cubes to recreate
the design within a specified time limit. Each red-and-white cube has two red faces, two white
faces, and two half-red and half-white faces. The number of cubes required to recreate the
design ranges from two to nine. The score depends on the time window within which the design
is recreated, such that faster completion yields a higher score. No points are awarded if the

recreation exceeds the time limit, which ranges from 30 to 120 seconds per design. There are
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11 items for children aged 6 to 8 years; testing is discontinued after two consecutive scores of
zero. Scores range from 0 to 2 for the first four items, and from 0 to 7 for the final seven items.
The total raw score is the sum of all item scores. The raw score ranges from 0 to 57 for children

aged between 6 to 8 years.

The WASI-II Block Design subtest has demonstrated high reliability and validity
(Wechsler, 2011). As reported in the test manual, the split-half reliability coefficient for
children aged 6-7 years is r = .83; the test-retest reliability coefficient for the 6—11-year-old
age band, calculated using Pearson’s product-moment correlation, is » = .80; and interscorer
agreement is » = .98. Convergent validity has been examined in relation to other standardized
measures, including the Wechsler Intelligence Scale for Children—Fourth Edition Block Design
subtest (= .83) and the Kaufman Brief Intelligence Test—-Second Edition Nonverbal composite

score (r =.69).

Figure 2-1
Wechsler Abbreviated Scale of Intelligence—Second Edition (WASI-II) Block Design

The Visual-Spatial Reasoning task is a measure of spatial visualization adopted from
Hawes et al. (2017). This task has been widely used with young primary school pupils in
Canadian schools (e.g., Hawes et al., 2015, 2017, 2019b; Whitehead & Hawes, 2023); however,
to the best of the researcher’s knowledge, it has not previously been used in England. This
measure was selected because it aligns closely with the present thesis’s definition of spatial
visualization. As shown in Figure 2-2, the task comprises four subtasks that require reasoning
and visualizing solutions to problems involving parts of objects in relation to their whole:
missing-center, missing-border, two-dimensional shape composition/decomposition, and

paper-folding problems. There are 20 items in total, with five items per subtask. Each correct
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response yields one point. All items are administered. The total raw score is the sum of all

items scores. The raw score ranges from 0 to 20.

Figure 2-2
Subtasks of the Visual-Spatial Reasoning Task

Missing Centre m

‘Which of these pieces fits perfectly into this white

space?’

Laaw

d 8L

Two-Dimensional shape .
Composition/Decomposition
‘Which two shapes can be put together to make the

target shape?’ . . ‘ ’

Paper Folding
(Presented with a folded piece of paper with the
outline of a shape along the fold) <> q B A
‘Which shape would you get if you cut along the Y
dotted lines and opened the paper?’
Note. Adapted from “Enhancing children’s spatial and numerical skills through a dynamic spatial
approach to early geometry instruction: Effects of a 32-week intervention,” by Z. Hawes, J. Moss, B.

Caswell. S. Naqvi, & S. MacKinnon, Cognition and Instruction, 35(3), p. 251
(https://doi.org/10.1080/07370008.2017.1323902). Copyright 2017 by Taylor & Francis. Reprinted

with permission.

Missing Border
‘Which of these pieces is the missing piece?’

Two measures of spatial visualization—WASI-II Block Design and Visual-Spatial
Reasoning task—were used to address the limitations of each measure. The WASI-II Block
Design is a standardized test with high reliability and validity (Wechsler, 2011) and is widely
used as a measure of spatial visualization because it involves “visualizing and/or mentally
manipulating objects or figures” (Atit et al., 2022, p. 708). However, in some studies, the
WASI-II Block Design has been used more broadly as a measure of nonverbal problem-

solving ability (e.g., Fuchs et al., 2005). Conversely, while the Visual-Spatial Reasoning task
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has primarily been used with pupils in Canadian schools, its four age-appropriate subtasks align

closely with this thesis’s definition of spatial visualization.

Consistent with prior research (Casey et al., 2015; Song et al., 2013; Schenck & Nathan,
2024), a composite score of spatial visualization was computed from the two spatial
visualization measures. Principal Component Analysis (PCA) was selected as a data-reduction
technique to derive a parsimonious summary index of shared variance across the two measures,
rather than to estimate a latent measurement model (De Pauw et al., 2009; Song et al., 2013).
Given that only two indicators were available, factor analysis would have been just-identified,
precluding the evaluation of model fit and providing no additional information beyond the

observed correlations.

Preliminary analyses indicated that raw WASI-II Block Design scores were positively
skewed, whereas scores on the Visual-Spatial Reasoning task were approximately normally
distributed. Given the non-normality of one indicator, a Spearman rank-order correlation was
conducted, revealing a strong positive association between the two measures (p =.61, p <.001;
Cohen, 1988). PCA, based on the correlation matrix, yielded a first principal component with
an eigenvalue of 1.65, accounting for 82.6% of the total variance. Both measures loaded
strongly and equally on this component (loading = .91). The resulting component scores were

saved and used as a continuous measure of spatial visualization in Studies 1-3.
2.3.2.1.2 Visuospatial Working Memory

PathSpan (Hume, 2019), an iPad-based application, was used as a measure of sequential
visuospatial working memory. It is a digitized version of the Corsi Block-Tapping task (Corsi,
1972). PathSpan has been used with young children in various research studies (e.g., Coolen
& Castronovo, 2023; Hawes et al., 2019b; Rittle-Johnson et al., 2019; Valcan et al., 2020). As
shown in Figure 2-3, participants are presented with nine dots arranged irregularly, some of
which light up one at a time in a random sequence. Participants then replicate the sequence by

touching the dots in the same order in which they were illuminated.
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Figure 2-3
PathSpan: A Digitized Corsi Block-Tapping Test

Note. From Screenshot of PathSpan Interface [Image], by T. Hume & S. Hume (2014),
https://hume.ca/ix/pathspan/

The forward span was used as the measure of visuospatial working memory. While
both the forward and backward span conditions recruit visuospatial working memory resources
(Berch et al., 1998; Kessels et al., 2008; Vandierendonck et al., 2004), the two conditions differ
in their additional cognitive demands. The forward span relies primarily on the visuospatial
sketchpad, whereas the backward span places greater demands on the central executive due to
the requirement to mentally reverse the sequence (Vandierendonck et al., 2004; Hester et al.,
2004). To ensure that the task primarily captured visuospatial working memory as a spatial
skill, rather than the domain-general executive demands associated with manipulating

sequence, only the forward span was used.

To ensure that participants understood the instructions, a practice round with a sequence
length of two was repeated until the participant responded correctly. The actual test also began
with a sequence length of two. For each sequence length, there were two trials with different
patterns. The sequence length increased by one if the participant correctly repeated the pattern
on at least one of the two trials at a given length. Testing was discontinued if the participant
failed both trials at a given sequence length. The final score was the highest sequence length
that the child accurately repeated at least once before the task ended. The maximum sequence
length (i.e., the highest possible score) was nine. The sequencing patterns were identical across

participants.

Participants were required to press the ‘Start’ button to initiate the flashing sequence.
All buttons were disabled while the sequence was flashing. When the flashing sequence ended,

a tone signaled the participant to reproduce the sequence. After completing the reproduction,
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the participant pressed the ‘Done’ button. Although PathSpan can be configured manually, the
default settings (i.e., layout of dots, sequencing patterns, and 600 ms of flashes followed by a
500 ms delay between flashes) were used, as they were based on the ‘Count Me In’ longitudinal
study with over 500 children, which reported acceptable internal consistency reliability

(Cronbach’s oo =.70; LeFevre et al., 2010).
2.3.2.2 Language Ability

The WIAT-IIYX Listening Comprehension subtest (Wechsler, 2005) was used as a
measure of language ability. In this thesis, listening comprehension was considered a more
relevant measure of language ability than reading comprehension because the one-step additive
word problems were not only presented in written form but also read aloud to the participants
(Fuchs et al., 2006; Kyttila et al., 2014; Spencer et al., 2022). The Listening Comprehension
subtest assesses the ability to listen for details. It comprises three subtasks: Receptive
Vocabulary (16 items), Sentence Comprehension (10 items), and Expressive Vocabulary (15
items). The subtasks include selecting the picture that matches a word or sentence and
generating a word that corresponds to a picture and oral description. Each subtask requires a
basal set of three consecutive correct responses and is discontinued after six consecutive
incorrect responses. Each correct response yields one point. The total raw score is the sum of

all item scores. The total raw score ranges from 0 to 41.

The WIAT-IIY® Listening Comprehension subtest has demonstrated high reliability
and validity (Wechsler, 2005). As reported in the test manual, the split-half reliability
coefficient for the child sample (aged 6—7 years) is » = .83; the test-retest reliability coefficient
for the 6-9-year-old age band, corrected for the variability of the standardization sample, is
= .88. Because this subtest is scored objectively (i.e., responses are scored as either correct or
incorrect), interscorer agreement approaches 100%. Convergent validity has been examined in
relation to other standardized measures, including the Peabody Picture Vocabulary Test—Third
Edition (» = .44) and the Academic Competence Evaluation Scales Reading/Language Arts
Subscale (» = .55).

2.3.2.3 Numerical Ability

The WIAT-IIY® Numerical Operations subtest (Wechsler, 2005) was used as a measure
of numerical ability. This pencil-and-paper task assesses the ability to identify and write
numbers, count using one-to-one correspondence, and solve calculation problems and simple

equations involving the basic operations of addition, subtraction, multiplication, and division.
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This subtest requires a basal set of three consecutive correct responses. Although there are 54
items in total, testing is discontinued after six consecutive incorrect responses. Each correct
response yields one point, and the total raw score is the sum of all item scores. The maximum

possible raw score is 54, and the minimum possible score is zero.

The WIAT-IIVK Numerical Operations subtest has demonstrated high reliability and
validity (Wechsler, 2005). As reported in the test manual, the split-half reliability coefficient
for the child sample (aged 67 years) is » = .85; the test-retest reliability coefficient for the 6—
9-year-old age band, corrected for variability in the standardization sample, is 7 = .92. Because
this subtest is scored objectively (i.e., responses are scored as either correct or incorrect),
interscorer agreement approaches 100%. Convergent validity has been examined in relation to
other standardized measures, such as the Wide Range Achievement Test—Third Edition
Arithmetic subtest (» = .77) and the Differential Ability Scales Basic Number Skills subtest (»
=.75).

2.3.2.4 Fluid Reasoning

Non-verbal fluid reasoning was measured using the WASI-II Matrix Reasoning subtest
(for a review, see Atit et al., 2022). Although fluid reasoning tests may involve visualization
or visuospatial working memory, they are distinguished from purely spatial ability tests
because they require inductive and deductive reasoning (Schneider & McGrew, 2012). Each
item comprises an incomplete matrix or series. The participant selects the response option that
completes the matrix or series from five alternatives. Each correct response yields one point.
There are 24 items in total for children aged 6 to 8 years; testing is discontinued after three

consecutive scores of zero. The raw score ranges from 0 to 24 for children aged 6 to 8§ years.

The WASI-II Matrix Reasoning subtest has demonstrated high reliability and validity
(Wechsler, 2011). As reported in the test manual, the split-half reliability coefficient for
children aged 6-7 years is r = .89; the test-retest reliability coefficient for the 6—11-year-old
age band, calculated using Pearson’s product-moment correlation, is » = .81; and interscorer
agreement is 7 = .99. Convergent validity has been examined in relation to other standardized
measures, such as the Wechsler Intelligence Scale for Children—Fourth Edition (WISC-1V)
Matrix Reasoning subtest (» = .73) and the Kaufman Brief Intelligence Test—Second Edition
(KBIT-2) Nonverbal composite score (r = .80).

38



Chapter 2: Methodology

2.3.3 One-Step Additive Word Problems

The one-step additive word problems, developed following the 2 x 2 conceptual
framework introduced in Subsection 1.4.1, are an original measure developed for this thesis.
This subsection focuses on the methodological development and implementation of the word
problems and the associated coding procedures used to assess solution accuracy and problem-
solving strategies. Specifically, it first describes the word problem development process,
including two pilot studies, the selection of number facts, and the randomization of number
facts into four alternative test forms (Subsection 2.3.3.1), before presenting the final set of 24
word problems across these four forms (Subsection 2.3.3.2). The administration procedure is
then detailed (Subsection 2.3.3.3), followed by a description of the coding schemes (Subsection
2.3.3.4). Finally, evidence for the reliability and validity of the one-step additive word problem

measure is presented (Subsection 2.3.3.5).
2.3.3.1 Development of the Word Problems

As shown in Figure 2-4, one-step additive word problems based on the proposed 2 x 2
conceptual framework were developed through an iterative process. An initial version (Version
1) was designed and tested in a pilot study, resulting in minor revisions to wording and
administration procedures and leading to Version 2. Following feedback from the Transfer of
Status assessors, the original focus on quantity-only problems was replaced with a framework
centered on problems involving two quantities linked by a quantitative relation. Consequently,
the conceptual framework and the word problems were reformulated, resulting in Version 3. A
second pilot study was then conducted to evaluate Version 3, leading to further refinements

and the development of the final version.

Figure 2-4
Iterative Process for Developing One-Step Additive Word Problems

Transfer
Pilot Study 1 of Status Pilot Study 2

Version 1 Version 2 Version 3 Final Version

Subsection 2.3.3.1.1 presents the first pilot study and the revisions it informed, followed

by Subsection 2.3.3.1.2, which presents the second pilot study and its resulting revisions. Next,
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Subsection 2.3.3.1.3 outlines the process used to select the 24 unique number facts included in
the word problems. Finally, Subsection 2.3.3.1.4 describes the randomization of these number

facts to create four alternative forms of the word problem sets.
2.3.3.1.1 First Pilot Study

The first pilot study involved five Year 2 children in South East England, recruited
through their parents via a pre-existing personal network. It had two main aims: (1) to
determine the overall administration procedure for the seven tasks, and (2) to evaluate the

appropriateness of the one-step additive word problems (Version 1 in Figure 2-4).

Findings from this pilot study indicated that administering all tasks required
approximately one hour and that a break was necessary. These observations informed the
decision to conduct two testing sessions, each lasting approximately 30 minutes and typically
spaced at least one hour apart (but no less than 30 minutes). For the word problems, one minute
per problem was found to be sufficient—rather than the three minutes typically allocated for
older children in comparable studies (e.g., Boonen et al., 2013, 2014; Hegarty & Kozhevnikov,
1999). It also became evident that repeating the scenario before each problem to establish
situational context (Stern & Lehrndorfer, 1992) was unnecessary and overly time-consuming.
Accordingly, the procedure was revised so that each scenario was stated only once before

presenting its associated problems together in randomized order.

The initial versions of the problems (Versions 1 and 2 in Figure 2-4) were adapted from
Sophian and McCorgray (1994) and Nunes et al. (2009a). These versions focused exclusively
on problems involving three quantities and used number facts up to 10. Following the pilot
study, minor revisions were made for clarity; for example, temporal markers such as ‘first” and

‘then’ were introduced to clarify the sequence of events within each problem.

Following feedback from the Transfer of Status assessors—specifically, that quantity-
only problems might produce ceiling effects for Year 2 pupils—the one-step additive word
problems were revised. The original emphasis on quantity-only problems was replaced with a
focus on problems involving two quantities linked by a quantitative relation. Accordingly, the
conceptual framework was reformulated, and 24 word problems were developed (Version 3 in
Figure 2-4). These revised problems were adapted from Carpenter et al. (1999) and Nunes et
al. (2009a). Version 3 aligns with the thesis’s final 2 x 2 conceptual framework (Quantity x

Quantitative Relation) for categorizing one-step additive word problems.
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2.3.3.1.2 Second Pilot Study

Version 3 (in Figure 2-4) was evaluated in a second pilot study involving fourteen Year
2 children recruited through a school in South East England. This pilot study had three aims:
(1) to evaluate the appropriateness of the revised word problems, (2) to refine the
operationalization of problem-solving strategies, and (3) to refine the administration procedure

of the 24 word problems.

First, observations indicated that the word problems in Version 3 (i.e., comprising two
quantities and one quantitative relation) were at an appropriate level of difficulty for 6—7-year-
olds. However, pilot testing, together with consultations with classroom teachers, suggested
that number facts up to 20 were more appropriate than limiting them to 10. This was because
a wider range of problem-solving strategies was observed for number facts above 10. This also
aligned with the English national curriculum requirement that Year 2 pupils “recall and use
addition and subtraction facts to 20 fluently” (Department for Education, 2013, p. 108).
Furthermore, pilot observations suggested that using alternative problem forms could help
reduce the influence of specific numerical characteristics (Daroczy et al., 2015). Accordingly,
the final version of the word problems was constructed using 24 unique number facts with
sums ranging from 11 to 19, which were randomized to create four alternative test forms (for

details, see Subsection 2.3.3.1).

Second, most children did not spontaneously use pencil and paper as a representational
tool, in contrast to older children in similar studies (e.g., Boonen et al., 2013, 2014; Hegarty &
Kozhevnikov, 1999). When asked how they arrived at their answers, most focused on their
computation process (e.g., ‘I added,” ‘three plus six is nine’). These findings suggested that
focusing solely on visual representations was too narrow and that a broader conceptualization
of problem-solving strategies was required. In particular, it became clear that problem-solving
strategies should integrate both representations of quantitative structure and arithmetic

strategies, rather than treating representational and arithmetic approaches separately.

Third, following the second pilot study, a number of refinements to the administration
procedure were made. Presenting a single word problem per A4 sheet was deemed unnecessary;
presenting four problems on a single sheet was considered sufficient should the child choose
to write/draw. Moreover, checking comprehension through clarifying questions (e.g., “What
does it mean to walk towards something?’) was found to be more effective than presenting

illustrative pictures, which appeared to encourage the production of iconic visual
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representations that focused on the problem’s surface details rather than its quantitative

structure.

Furthermore, the order of problem administration was refined. For instance, the pilot
testing suggested that fully randomizing all 24 word problems required children to repeatedly
reorient themselves to different problem types, which was cognitively demanding and time-
consuming. It was also observed that children were more engaged when they were initially
presented with easier problems that allowed early success (Hattie, 2009). Informed by these
pilot observations, the final administration order with predefined sequencing constraints was

established and is detailed in Subsection 2.3.3.3.
2.3.3.1.3 Selection of Number Facts

To arrive at the final set of 24 unique number facts, a systematic elimination process
was undertaken. First, as shown in Figure 2-5, from the 75 unique number facts with sums
ranging from 11 to 20, four double (tie) number facts (e.g., 6, 6, 12) were eliminated because
research indicates that doubles are often retrieved more fluently than other number facts,
reflecting a tie effect in arithmetic fact retrieval (Ashcraft & Fierman, 1982). This first round

of elimination reduced the pool to 71 unique number-fact combinations.

Figure 2-5
Elimination of Double (Tie) Number Facts

1,19,20 1,18,19 2,16,18 3,14,17 5,11, 16 7,8,15 3,10, 13 1,10, 11

2,18,20 2,17,19 3,15,18 4,13,17 6,10, 16 1,13,14 4,9,13 2,9,11

3,17,20 3,16, 19 4,14,18 5,12,17 7,9, 16 2,12,14 58,13 3,8,11

4,16,20 = 4,15,19 = 5,13,18 6,11,17/8,8,46/3,11,14 6,7,13 4,7,11

515,20 | 5,14,19 | 6,12,18  7,10,17 | 1,14,15 @ 4,10,14  1,11,12 | 56,11

6,14,20 | 6,13,19 | 7,11,18 = 8,9,17 | 2,13,15 5914 | 2,10,12

7,13,20 | 7,12,19 @ 810,18 | 1,15,16 @ 3,12,15  6,8,14 | 3,9,12

8, 12,20 8,11,19/9,9,/18/2,14,16 4,11,15/71,/14/ 4,8,12

9,11,20 | 9,10,19 = 1,16,17 | 3,13,16 510,15 1,12,13 57,12

10,10,20 = 1,17,18 2,15,17 4,12,16 6,9,15 2,11,13 /6,6,4(

Second, as shown in Figure 2-6, number facts involving operands from one to four were

eliminated, as children were less likely to use observable external strategies with smaller
numbers. In such cases, it was difficult to determine whether a child was using a counting-
based strategy or a number-fact strategy. Moreover, there is debate over whether recalling

number facts involving small operands (< 4) reflects true retrieval from long-term memory
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(Ashcraft & Fierman, 1982) or an automatized counting-based procedure that has become rapid
and unconscious (Barrouillet & Thevenot, 2013). This second round of elimination reduced the

pool to 30 unique number-fact combinations.

Figure 2-6

Elimination of Number Facts Involving operands 1 to 4

/}9//)8//)6/%51116778157/)6//}0/
/8///%61016///
| s |

18 | 5,12, 17 7916/2/1/2,1/5813 3

M4 719 | 513,18 | 6,11,17

5,15,20 5,14,19 6,12,18 7,10, 17

6, 14,20 6,13,19 7,11,18 8,9,17
7,13,20 7,12,19 8,10, 18

8,12,20 | 8,11,19

9,11,20 = 9,10,19

10, 10, 20

Third, number facts involving 20 were excluded, as multi-digit number processing
draws on “additional representations, mental manipulations, and processing of inter-digit
relations beyond ... single-digit numbers” (Nuerk et al., 2015, p. 107). For example, addition
problems may require carrying over and regrouping two tens, whereas subtraction problems
may require borrowing from the tens column, with one ten still remaining. As shown in Figure

2-7, this third round of elimination reduced the pool to 25 unique number-fact combinations.

Figure 2-7
Elimination of Number Facts Involving 20

///%51116 7,8, 15 //w//m/
/)8////%61016 /1,13///94//»/1/
/}/,1:;/)6// 512,17 | 7,9,16 | 2,12714 | 5,8,13 /)3/1/

5,13, 18 61117/,8,/16/

0 514,19 612,18 | 7,10,17 & 1,1415

6,1420  6,13,19 | 7,11,18 = 89,17 }431/5914
713,20 | 7,12,19 | 8,10,18 /,15//,12/ 6,8, 14

9,14,20 ;16 51015/1J21/5712
10,.46,20 /)21/6915 /2,)4//4/
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Finally, as only 24 number facts were required, the number combination 5, 10, 15 was
removed because pilot findings suggested it was disproportionately easier than the number
facts containing other number combinations. Figure 2-8 presents the remaining 24 number facts

that were used to construct four alternative versions of the word problems.

Figure 2-8

Final Set of 24 Number Facts (Sums 11-20)
5,14, 19 9,10, 19 8,10, 18 8,9,17 6,9,15 5,8,13
6,13,19 5,13, 18 5,12,17 5,11, 16 7,8, 15 6,7,13
7,12, 19 6,12, 18 6,11,17 6, 10, 16 5,9,14 5,7,12
8, 11,19 7,11,18 7,10, 17 7,9, 16 6, 8, 14 5,6, 11

2.3.3.1.4 Randomization of Number Facts into Four Alternative Forms

The 24 unique number facts were subjected to a randomization process to create four
alternative forms of the word problem sets (Forms A-D). As shown in Table 2-3, the number
facts were first grouped into four sets through a series of three steps. First, one of the four
number facts involving 10 was assigned to each group. Second, the ten number facts containing
two two-digit numbers were distributed across the groups. Finally, the remaining ten number

facts (each containing a single two-digit number) were allocated across the groups.

Table 2-3

Randomization Process of Number Facts into Groups

Number-Fact Number-Fact Number-Fact Number-Fact

Group 1 Group 2 Group 3 Group 4
Step 1: Assign the four
number facts containing 10 to 6,10, 16 7,10, 17 8, 10, 18 9,10, 19
each group.
Step 2:.As51gn the tqn pumber 8,11, 19 7,12, 19 6.13, 19 5.14, 19
facts with two two-digit 5,13, 18 6,12, 18 71118 6 11 17
numbers. 5,12,17 5,11, 16 > >
Step 3: Assign the remaining 5,9, 14 6,9, 15

. ) 6,7,13 8,9,17

ten number facts with a single 7815 5 611 7,9, 16 6,8, 14
two-digit number. > > 5,7,12 5,8, 13

Next, as shown in Table 2-4, all four number-fact groups were included in each of
the four alternative test forms and were randomly assigned to the different word problem types
(i.e., problem scenarios). Moreover, within each problem type, each of the six number facts in
a number-fact group was randomly paired with one of the six problems. Additional
considerations were made when incorporating the number facts into each problem. If the two
smaller numbers from a number fact were used in the problem, the smaller of the two was

always presented first to allow for the observation of whether the participant counted on from
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the smaller or the larger number. If the largest number from a number fact had to be used, then
between the two smaller numbers, the one-digit number was always selected to ensure that no
problem presented two two-digit numbers. If both smaller numbers were one-digit numbers,

one was chosen at random to be used in the problem.

Table 2-4

Randomization Process of Number-Fact Groups into Alternative Test Forms

Number-Fact Number-Fact Number-Fact Number-Fact
Group 1 Group 2 Group 3 Group 4
Form A Scenario 2 Scenario 3 Scenario 4 Scenario 1
Form B Scenario 4 Scenario 1 Scenario 2 Scenario 3
Form C Scenario 3 Scenario 2 Scenario 1 Scenario 4
Form D Scenario 1 Scenario 4 Scenario 3 Scenario 2

2.3.3.2 Final Word Problem Set

Figure 2-9 presents the final set of 24 word problems developed through the iterative
process described above. In each problem, x and y represent two values, with x denoting the
smaller value and y the larger value. The addition and subtraction signs indicate whether the
correct answer is obtained by adding or subtracting the two values. Four alternative versions
of the problem set (Form A, Form B, Form C, and Form D) were created using the number-
fact randomization process described above. Table 2-5, Table 2-6, Table 2-7, and Table 2-8

present the specific values used in each problem across the four test forms.

A different scenario (shown in blue cells of Figure 2-9) was associated with each word
problem type. The Discrete Quantity—Dynamic Relation problems (i.e., the top-left quadrant
in Figure 2-9; Items 1-6) involved Ann playing a game of marbles by herself. These problems
required solving for the number of marbles Ann had either at the end of the game (Items 1-2),
at the beginning of the game (Items 3—4), or the number of marbles she won or lost during the

game (Items 5-6).

The Discrete Quantity—Static Relation problems (i.e., the top-right quadrant in Figure
2-9; Items 7—12) involved Ann and Bob playing a game of marbles together. These problems
required solving either for the number of marbles Bob had (Items 7-10) or for the difference
between the number of marbles Ann and Bob had (Items 11-12). Within Items 7-10, the
referent quantity (i.e., the quantity used as the basis for comparison) differed: in Items 7-8,
Ann’s quantity served as the referent, whereas in Items 9-10, Bob’s quantity served as the

referent.
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Figure 2-9

Final Set of One-Step Additive Word Problems

Quantitative Relation

Dynamic Relation Static Relation
D G B D RO O GG, S5 (9B sl}e % D “Ann and Bob are going to play a game of marbles. So, Ann brought some
marbles. Then she played a game of marbles where she either won more 1
marbles, and Bob also brought some marbles to play with.
marbles or lost some of her marbles.”
Ann had x marbles. Then she played a game of marbles and Ann has x marbles. Bob has y more marbles than Ann. How
1 + 7
2 won y more marbles. How many marbles does she have now? many marbles does Bob have?
|, Ann had y marbles. Then she played a game of marbles and _ 3 Ann has y marbles. Bob has x marbles less than Ann. How
5 lost x marbles. How many marbles does she have now? many marbles does Bob have?
=
o Ann had some marbles. Then she played a game of marbles Ann has y marbles. She has x more marbles than Bob. How
8 3 | and won x more marbles. Now she has y marbles. How many - 9
S . L. many marbles does Bob have?
e marbles did she have to begin with?
2 .
= Ann had some marbles. Then she played a game of marbles Ann has x marbles. She has y marbles less than Bob. How
A | 4 | and lost x marbles. Now she has y marbles left. How many + 10
. L many marbles does Bob have?
marbles did she have to begin with?
5 Ann had x marbles. Then she played a game of marbles. Now _ 1 Ann has y marbles. Bob has x marbles. How many less
she has y marbles. How many marbles did she win? marbles than Ann does Bob have?
6 Ann had y marbles. Then she played a game of marbles. Now _ 12 Ann has x marbles. Bob has y marbles. How many more
she has x marbles left. How many marbles did she lose? marbles than Ann does Bob have?
z An : ,
= n was playing a game. She first stood some distance from the wall. « . . . . .
g Then she played a game where she either walked towards or walked away liﬁ:‘,‘, st g BB s L T v L s L
8, from the wall.” ’
13 Ann was x steps from the wall. Then she walked y steps away + 19 Ann is x steps from the wall. Bob is y steps farther from the
from the wall. How far is Ann from the wall now? wall than Ann. How far is Bob from the wall?
E| 14 Ann was y steps from the wall. Then she walked x steps _ 20 Ann is y steps from the wall. Bob is x steps closer to the wall
E towards the wall. How far is Ann from the wall now? than Ann. How far is Bob from the wall?
=
o Ann was some steps from the yva]l. Then she walked x steps Ann is y steps from the wall. She is x steps farther from the
» | 15 | away from the wall. Now she is y steps from the wall. How = 21 .
= L wall than Bob. How far is Bob from the wall?
g far was Ann from the wall to begin with?
-é Aun was some steps from tbe wall. Then she walked x steps Ann is x steps from the wall. She is y steps closer to the wall
= | 16 | towards the wall. Now she is y steps from the wall. How far + 22 .
s A than Bob. How far is Bob from the wall?
&) was Ann from the wall to begin with?
Ann was x steps from the wall. Then she walked some Steps. Ann is y steps from the wall. Bob is x steps from the wall.
17 | Now she is y steps from the wall. How many steps did Ann = 23 .
How many steps closer to the wall is Bob than Ann?
walk away from the wall?
Ann was Y steps from the wall. Then she walked some steps. Ann is x steps from the wall. Bob is y steps from the wall.
18 | Now she is x steps from the wall. How many steps did Ann = 24 .
How many steps is Bob farther from the wall than Ann?
walk towards the wall?

Note. The addition and subtraction signs indicate whether the correct answer can be obtained by adding or subtracting the x and y values.
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Table 2-5

Discrete Quantity—Dynamic Relation Problems from Four Test Forms

Form A Form B Form C Form D

Problem
x value y value Answer x value y value Answer x value y value Answer x value y value Answer

1. Ann had x marbles. Then she played a
game of marbles and won y more marbles. 9 10 19 5 11 16 7 9 16 5 12 17
How many marbles does she have now?

2. Ann had y marbles. Then she played a
game of marbles and lost x marbles. How 6 14 8 5 11 6 7 12 5 6 16 10
many marbles does she have now?

3. Ann had some marbles. Then she played
a game of marbles and won x more

marbles. Now she has y marbles. How ? 15 6 ? 17 8 8 18 10 8 15 /
many marbles did she have to begin with?

4. Ann had some marbles. Then she played

a game of marbles and lost x marbles. Now 1 17 7 12 19 6 13 19 5 13 18

she has y marbles left. How many marbles
did she have to begin with?

5. Ann had x marbles. Then she played a
game of marbles. Now she has y marbles. 5 19 14 6 18 12 7 18 11 8 19 11
How many marbles did she win?

6. Ann had y marbles. Then she played a
game of marbles. Now she has x marbles 8 13 5 10 17 7 5 14 9 7 13 6
left. How many marbles did she lose?

Note. Ttems 1-2 are final-quantity unknown problems. Items 3—4 are initial-quantity unknown problems. Items 5—6 are dynamic-relation known problems.
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Table 2-6

Discrete Quantity—Static Relation Problems from Four Test Forms

Form A

Form B

Form C

Form D

Problem

x value y value Answer x value y value Answer x value y value Answer x value y value Answer

7. Ann has x marbles. Bob has y more
marbles than Ann. How many marbles does
Bob have?

10

16

12

12

18

15

8. Ann has y marbles. Bob has x marbles
less than Ann. How many marbles does
Bob have?

18

13

16

19

12

19

14

9. Ann has y marbles. She has x more
marbles than Bob. How many marbles does
Bob have?

19

11

19

13

16

11

13

10. Ann has x marbles. She has y marbles
less than Bob. How many marbles does Bob
have?

15

14

11

14

11. Ann has y marbles. Bob has x marbles.
How many less marbles than Ann does Bob
have?

13

18

10

17

10

19

10

12. Ann has x marbles. Bob has y marbles.
How many more marbles than Ann does
Bob have?

5

17

12

7

18

11

8

17

9

6

17

11

Note. Items 7-8 are compared-quantity unknown problems. Items 9—10 are referent-quantity unknown problems. Items 11-12 are static-relation known

problems.
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Table 2-7

Continuous Quantity—Dynamic Relation Problems from Four Test Forms

Form A Form B Form C Form D

Problem
x value y value Answer x value y value Answer x value y value Answer x value y value Answer

13. Ann was x steps from the wall. Then she

walked y steps away from the wall. How far 5 9 14 6 7 13 6 11 17 7 10 17
is Ann from the wall now?

14. Ann was y steps from the wall. Then she

walked x steps towards the wall. How far is 8 18 10 7 15 8 9 15 6 8 17 9
Ann from the wall now?

15. Ann was some steps from the wall. Then
she walked x steps away from the wall. Now
she is y steps from the wall. How far was
Ann from the wall to begin with?

16. Ann was some steps from the wall. Then
she walked x steps towards the wall. Now
she is y steps from the wall. How far was
Ann from the wall to begin with?

17. Ann was x steps from the wall. Then she

walked some steps. Now she is y steps from

the wall. How many steps did Ann walk 6 19 13 > 18 13 > 13 8 7 19 12
away from the wall?

18. Ann was y steps from the wall. Then she
walked some steps. Now she is x steps from
the wall. How many steps did Ann walk
towards the wall?

9 16 7 8 19 11 9 19 10 5 16 11

Note. Items 13—14 are final-quantity unknown problems. Items 1516 are initial-quantity unknown problems. Items 17—18 are dynamic-relation known
problems.
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Table 2-8

Continuous Quantity—Static Relation Problems from Four Test Forms

Problem

Form A

Form B

Form C

Form D

x value y value Answer x value y value Answer x value y value Answer x value y value Answer

19. Ann is x steps from the wall. Bob is y
steps farther from the wall than Ann. How
far is Bob from the wall?

11

14

19

13

18

11

18

20. Ann is y steps from the wall. Bob is x
steps closer to the wall than Ann. How far
is Bob from the wall?

16

11

13

19

11

19

13

21. Ann is y steps from the wall. She is x
steps farther from the wall than Bob. How
far is Bob from the wall?

19

12

17

11

17

12

16

22. Ann is x steps from the wall. She is y
steps closer to the wall than Bob. How far is
Bob from the wall?

10

17

10

19

13

12

23. Ann is y steps from the wall. Bob is x
steps from the wall. How many steps closer
to the wall is Bob than Ann?

17

14

15

14

24. Ann is x steps from the wall. Bob is y
steps from the wall. How many steps is Bob
farther from the wall than Ann?

6

18

12

9

15

6

6

16

10

8

18

10

Note. Items 19-20 are compared-quantity unknown problems. Items 21-22 are referent-quantity unknown problems. Items 23—24 are static-relation known

problems.
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The Continuous Quantity—Dynamic Relation problems (i.e., the bottom-left quadrant
in Figure 2-9; Items 13—18) involved Ann playing a game by herself in which she could walk
either toward or away from the wall. These problems required solving for Ann’s position either
at the end of the game (Items 13—14), at the beginning of the game (Items 15-16), or the number
of steps she took during the game (Items 17—-18).

The Continuous Quantity—Static Relation problems (i.e., the bottom-right quadrant in
Figure 2-9; Items 19-24) involved Ann and Bob playing a game of red light, green light. These
problems required solving either for Bob’s position relative to the finish line (Items 19-22) or
for the difference between Ann’s and Bob’s positions (Items 23—-24). Within Items 19-22, the
referent position differed: in Items 19-20, Ann’s position served as the referent, whereas in

Items 21-22, Bob’s position served as the referent.
2.3.3.3 Administration Procedure

Participants were randomly assigned to one of the four forms of word problems (Forms
A-D). Within each form, half of the word problems (i.e., 12 items) were administered in the
first testing session, and the remaining half (i.e., the other 12 items) in the second. The
administration order of the 24 problems was randomized subject to predefined sequencing
constraints in two ways. First, all six problems belonging to the same scenario (i.e., in the same
quadrant in Figure 2-9, and belonging to the same word problem type) were administered
consecutively; however, the order of these six problems was randomized. Second, the order in

which the four scenarios were administered was also randomized.

Within each scenario, the order of the six problems was randomized subject to
predefined sequencing constraints to minimize potential order effects, such as practice, fatigue,
and carryover effects (Punch & Oancea, 2014). The easier problem pairs in each quadrant were
always administered first. These included Items 1-2 and 13—-14 from the left two quadrants
(Langhorst et al., 2012; Rosenthal & Resnick, 1974), and Items 7-8 and 19-20 from the right
two quadrants (Hegarty et al., 1995; Mayer & Hegarty, 1996).

After the easier pair, the remaining two problem pairs within the same scenario were
presented in randomized order. Within each pair, the internal order of the two items was also
randomized (i.e., [tems 3—4, 5-6,9-10, 11-12, 15-16, 17-18, 21-22, and 23-24). For example,
within Scenario 1, the easier pair (Items 1 and 2) was administered first, with its internal order
randomized (i.e., either 1-2 or 2—1). This was followed by either the 3—4 pair or Items 5-6 pair.

Within the selected pair, the item order was randomized (e.g., 5-6 or 6-5). Finally, the
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remaining pair was administered, again with its internal order randomized (e.g., 3—4 or 4-3).
As shown in Figure 2-10, this structured randomization process yielded 16 possible problem-

order sequences within each scenario (2 X 2 X 2 X 2 = 16).

Figure 2-10

Randomization of Problem Order within each Scenario

Number of
Options: 2 X 2 X 2 X 2
Order of problems 1-2 ‘Which problem pair goes Order within selected pair Order within final pair
Decisions: (1-2o0r2-1) next (3-4 or 5-6) (e.g., 5-6 or 6-5) (e.g., 34 or 4-3)

Second, the order of the four scenarios was systematically randomized. In any given
testing session, Scenarios 1 and 2 were never administered together, nor were Scenarios 3 and
4. This constraint ensured variation in quantity type (i.e., discrete versus continuous) within
each session, thereby reducing potential monotony due to repetition. In the first testing session,
the first scenario was either a discrete quantity or a continuous quantity scenario (i.e., four
possible options). The second scenario was selected from those involving the alternative
quantity type (i.e., two options). In the second testing session, the remaining two scenarios
were administered in either order (i.e., two options). As shown in Figure 2-11, this resulted in
16 possible scenario-order combinations (4 X 2 X 2 X 1 = 16) across the two testing sessions.
Taken together, the within-scenario problem-order and scenario-order randomization
procedures substantially reduced the likelihood that systematic order effects influenced the

findings.

Figure 2-11

Randomization of the Scenario Order

Number of
°r o 4 x 2 x 2 x 1
Options:
Either a Discrete Quantity One of the scenarios One of the two remaining The one remaining scenario
Options: or a Continuous Quantity involving the quantity type scenarios
Scenario not previously administered
Testing Session: First Testing Session Second Testing Session

The interview-style procedure for administering word problems was adapted from
Hegarty and Kozhevnikov (1999) and Boonen et al. (2013, 2014). Before presenting the first
problem from each scenario (i.e., word problem type), the scenario context was introduced by
reading the script shown in the blue cells in Figure 2-9. This was intended to provide situational
context (Stern & Lehrndorfer, 1992). Pupils’ comprehension of the scenario was then checked

using clarifying questions (e.g., “What does it mean to walk towards something?’).
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Problems were presented on Ad4-size paper, with four problems arranged in each
quadrant of the page, as shown in Figure 2-12. Each problem was read aloud to minimize the
influence of reading fluency. Problems were read slowly and repeated if necessary to reduce
memory load (Riley et al., 1983). Children were provided with manipulatives (i.e., 30
MathLink cubes, see Figure 2-13), and a pencil to support their work (Riley et al., 1983). At
the start of the task, children were informed that they could use the manipulatives and pencil
and paper if they found them helpful. Whenever a child experienced difficulty with a particular
problem for more than one minute (e.g., stating that they did not know the answer or remaining
silent), they were reminded that they could use the available supports (‘Think about how you
would solve this problem. You can draw on the paper and use these counters, if you would

like.”).

Figure 2-12
The Layout of Four Word Problems on A4-size Paper

1) Ann has 6 marbles. Bob has 10 more marbles than Ann. How many 2) Ann has 18 marbles. Bob has 5 marbles less than Ann. How many marbles
marbles does Bob have? does Bob have?

3) Ann has 19 marbles. She has 8 more marbles than Bob. How many 4) Ann has 7 marbles. She has 8 marbles less than Bob. How many marbles
marbles does Bob have? does Bob have?

While each child was solving a problem, detailed observation notes of overt behavior
were recorded (e.g., the pattern and order in which MathLink cubes were placed on the desk,
the order in which fingers were used, AND subvocal or vocal counting), as no photographic or
video recordings were made. After each problem was solved, children were asked to explain
how they arrived at their answer: ‘What were you thinking in your mind?’ Children’s

retrospective reports of their reasoning were also noted verbatim.
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Figure 2-13
MathLink Cubes

Note. MathLink cubes were selected because they can connect on all faces, which affords greater
flexibility in representation compared to linear-only manipulatives (e.g., Unifix cubes) and non-
connective materials (e.g., counters).

2.3.3.4 Coding of Problem-Solving Strategies

Problem-solving strategies for solving word problems were coded in three stages. The
first stage of coding (Subsection 2.3.3.4.1) occurred during testing and considered children’s
representational tools and arithmetic approaches. The second stage of coding (Subsection
2.3.3.4.2) used field notes—containing initial codes, additional notes on observable behavior,
and verbatim retrospective reports from pupils—to apply the final problem-solving strategy
codes. The final stage of coding (Subsection 2.3.3.4.3) involved a second researcher

independently coding 20% of the field notes to establish inter-rater reliability.
2.3.3.4.1 Coding of Representational Tools and Arithmetic Approaches

The first stage of coding occurred during testing. For each word problem item,
children’s use of representational tools and arithmetic approaches was coded based on
observable behavior and retrospective reports. Combining observations with retrospective
reporting was considered appropriate, as prior research indicates that this approach validly

captures children’s strategies (Carr et al., 2008; Cho et al., 2011).

As summarized in Table 2-9, representational tools refer to the implements used to
enact the problem situation, track counting steps, or represent quantities and quantitative
relations. Initially, a separate code for number line was included. However, only four instances
were observed. Upon review, one instance functioned more closely as marks/drawings on

paper, whereas the remaining three functioned as number sentences. Accordingly, the number-
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line code was removed, and the four instances were reassigned to the most appropriate

categories.

Table 2-9

Representational Tools

Representational Definition
Tools
None Not using any externally visible representational tool to model the
problem situation or to keep track of the number of counting steps
. Using their own fingers to either directly model the problem
Fingers Y .
situation or to keep track of the number of counting steps
Using the MathLink cubes provided to either directly model the
Counters

problem situation or to keep track of the number of counting steps

Figural Units (e.g., Using figurative representations (e.g., nodding or pointing in the air,
nods, eye-tracking, eye-tracking, or gesturing) to either directly model the problem

gesturing) situation or to keep track of the number of counting steps
. Making marks or drawing using the pencil and paper provided to
lgilla}r)l;sl;/grawmgs either directly model the problem situation or to keep track of the

number of counting steps

Constructing a number sentence to represent the quantitative

N t i
umber Sentence 1 ture in the problem

As summarized in Table 2-10, arithmetic approaches capture the methods used to carry
out the calculation, with or without explicit awareness of the associated operation. These codes
were refined iteratively. First, the count-on strategy was initially divided into count-on-from-
the-smaller-value and count-on-from-the-larger-value. However, these were combined
because it was not always possible to distinguish between them, particularly when a child
inappropriately applied a count-on strategy (i.e., using a count-on strategy for a problem that

cannot be solved in this way).

Second, derived number-fact and recall number-fact were initially separate codes.
During coding, it became evident that these approaches were often indistinguishable, especially
when computation occurred internally without visible representation. The two were therefore
merged into a single Number Fact code. For instance, if a child responded immediately and
reported that they ‘just knew’ the answer, it was easier to categorize the arithmetic approach
as a recalled number fact. Conversely, when a response was delayed, it was difficult to discern
whether the latency was due to the use of a derived number-fact strategy or some other reason
(e.g., difficulty comprehending the problem). This was further exacerbated by the fact that

pupils’ retrospective reports did not always corroborate the observations. Since response times
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were not formally recorded, latency could not be used to definitively distinguish between recall

and derived strategies.

Table 2-10
Arithmetic Approaches
Arithmetic Definition
Approaches
Count-All Counting from one to determine the total of both numbers
Count-On Counting on from one of the numbers and continuing for as many
ount- steps as indicated by the other number
Count-Up Counting up from the smaller number until reaching the larger

Separate-From

Count-Down

Comparing/Matching

Iterations

Number Fact

Other/Unsystematic

number

Counting the remaining units after taking away units corresponding
to the smaller number from the larger number

Counting backward from the larger number, producing as many
counting number words as indicated by the smaller number

Pairing objects from two groups in a one-to-one manner to
determine the difference between the two numbers

Using fingers, counters, eye-tracking or nods in a repetitive manner
to determine the distance between two numbers

Solving the problem by either recalling a known arithmetic fact
from memory or deriving an unknown fact from a known one

Using an arithmetic approach that is undiscernible, or appears to
involve guessing rather than a systematic strategy

Third, a new code—I/terations (using fingers, counters, gestures, or nodding)—was

introduced after observing that some children used repetitive movements to solve continuous-

quantity problems. Therefore, this code was incorporated into the final arithmetic approaches

codes.

Finally, random guesses, values from the problem, and other/undiscernible arithmetic

approaches were collapsed into a single Other/Unsystematic category. Reflecting the well-

documented challenges of accessing young children’s mental processes (Siegler & Jenskins,

1989), in many instances, a child’s precise approach could not be confidently determined, even

with retrospective reporting. For example, responses that appeared to be random guesses were

not necessarily random,

as they sometimes reflected underlying reasoning that the child was

unable to fully articulate; in some cases, children repeated a value from the problem because

they genuinely believed the answer was identical to that value, due to incorrect reasoning.
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Conversely, elaborate explanations did not always accurately reflect the child’s actual

reasoning process. Collapsing these subcategories served to reduce interpretive ambiguity.

Two additional coding principles were applied. First, when discrepancies arose
between verbal reports and observable behavior (e.g., a child used fingers to count but reported
‘I just knew’), observable behavior was prioritized, consistent with prior research (Casey et al.,
2017; Laski et al., 2013). Second, multiple codes were permitted if each contributed
meaningfully to the solution. However, if an initial strategy was abandoned and did not

contribute to the final answer, only the strategy that led to the solution was retained.
2.3.3.4.2 Derivation of Problem-Solving Strategy Codes

In the second stage, field notes—including representational tool codes, arithmetic
approach codes, additional observations of behavior, and retrospective reports—were used to
assign a single problem-solving strategy per item per child. The five mutually exclusive
problem-solving strategies are summarized in Table 2-11. Importantly, problem-solving
strategies were coded independently of solution accuracy. Thus, even if the final numerical
answer was incorrect, the strategy was coded as ‘Quantitatively Correct Counting’ or

‘Quantitatively Correct Number Fact’ if the quantitative structure was represented accurately.

Table 2-11
Problem-Solving Strategies

Strategy Definition

Does not appear to actively engage with the problem’s
Non-Quantitative quantitative structure (e.g., guessing; repeating a number from
the problem statement)

Represents the problem’s quantitative structure incorrectly
while using a counting-based strategy (e.g., counting-all for a
subtraction problem)

Quantitatively Incorrect
Counting

Represents the problem’s quantitative structure incorrectly
while using a number-fact strategy (e.g., mentally subtracting
for an addition problem)

Quantitatively Incorrect
Number Fact

Represents the problem’s quantitative structure correctly
while using a counting-based strategy (e.g., counting-down
for a subtraction problem)

Quantitatively Correct
Counting

Represents the problem’s quantitative structure correctly
while using a number-fact strategy (e.g., mentally adding for
an addition problem)

Note. Reproduced from Table 1-3 (Chapter 1).

Quantitatively Correct
Number Fact
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When multiple arithmetic approaches were observed, the final problem-solving
strategy code was determined by considering relative sophistication. Consider the following
example: ‘Ann had 14 marbles. Then she played a game of marbles and lost 6 marbles. How
many marbles does she have now?’ A child can solve this by first recalling that six plus six is
12, then counting-on using fingers to reach 14, to finally determine that the answer is eight. In
this case, the final problem-solving code was deemed to be ‘Quantitatively Correct Number
Fact’ rather than ‘Quantitatively Correct Counting’ because decomposing the problem was the

critical step that enabled the child to arrive at the answer (Laski et al., 2013).
2.3.3.4.3 Inter-Rater Reliability

In the third stage, inter-rater reliability was established. A second rater independently
coded 20.4% of the dataset (28 participants x 24 items) for problem-solving strategies, based
on the researcher’s field notes of observable behavior and retrospective reports. The 28
participants were selected at random from the total sample (N = 137). The two raters showed
97.2% agreement, and Cohen’s k was .96, 95% CI [.95, .98], p < .001, indicating excellent
reliability (Siegel & Castellan, 1988).

2.3.3.5 Reliability and Validity of Word Problems

Following data collection, various statistical analyses were conducted to evaluate the
reliability and validity of the word problems and the underlying 2 x 2 conceptual framework.
All analyses were performed using R version 4.4.0 (R Core Team, 2024) and RStudio version
2023.12.1.402 (Posit Team, 2024). First, the internal consistency of each form was examined
independently using the Kuder-Richardson 20 (KR-20) analysis (Subsection 2.3.3.5.1). Second,
the equivalence of the four forms—designed to be parallel through systematic randomization
of numerical values—was assessed by comparing average item difficulty and mean item-total
point-biserial correlations across forms using one-way analyses of variance (ANOVAs)
(Subsection 2.3.3.5.2). Third, once the compatibility of these forms was established, they were
treated as equivalent and aggregated. The reliability of this combined dataset was then
examined using tetrachoric correlation, KR-20 analysis, and overall item difficulty and
discrimination indices (Subsection 2.3.3.5.3). Finally, the structural validity of the 2 x 2
conceptual framework was evaluated through confirmatory factor analyses (CFAs) (Subsection

2.3.3.5.4). Each assessment step is detailed below.
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2.3.3.5.1 Internal Consistency of each Test Form

Using the psych package in R (Revelle, 2026), the reliability of each form was estimated
separately through the Kuder-Richardson 20 (KR-20) coefficient, which is the preferred
estimator for dichotomous items (McGartland Rubio, 2005). The four forms yielded KR-20
values of .92 (95% CI [0.87, 0.95]), .94 (95% CI [0.91, 0.96]), .94 (95% CI [0.91, 0.96]),
and .94 (95% CI [0.91, 0.96]), respectively, indicating strong internal consistency within each
test form (Field, 2018).

2.3.3.5.2 Compatibility of the Four Test Forms

The compatibility of the four alternative word problem test forms was examined by
comparing item difficulty and item discrimination indices. The item difficulty index represents
the proportion of test-takers who answered an item correctly, ranging from 0 (indicating that
no one answered the item correctly, i.e., very difficult) to 1 (indicating that everyone answered
the item correctly, i.e., very easy), with a value of .50 indicating that half the test-takers
answered the item correctly. Although the literature varies regarding threshold values, it is
generally accepted that values between 0.1 and 0.3 indicate difficult items, values between 0.7
and 0.9 indicate easy items, and values between 0.3 and 0.7 indicate moderate difficulty (El-
Hamamsy et al., 2022). The item discrimination index, on the other hand, represents how
effectively an item differentiates between higher- and lower-performing participants. An item
discrimination index = .30 is considered reasonably good, and > .40 is considered very good

(Ebel & Frisbie, 1991).

The average item difficulty indices of the four forms were .50 (SD = 0.18), .49 (SD =
0.16), .47 (SD = 0.18), and .46 (SD = 0.19), respectively, all falling within the moderate level
of difficulty range. The average item discrimination index for each form exceeded the .40
threshold: .49 (SD = 0.12), .50 (SD = 0.11), .55 (SD = 0.15), and .55 (SD = 0.14), respectively.
Appendix 21 presents detailed item-level difficulty and discrimination indices across the four
forms, including: (1) item-level indices for each form, (2) average indices per item across forms,

(3) average indices per form, and (4) overall averages across all items and forms.

One-way ANOVAs were conducted to assess whether there were statistically
significant differences in mean item difficulty and mean item discrimination (point-biserial
correlation) across the four forms. Prior to interpreting the results, assumptions of normality
and homogeneity of variances were evaluated. For item difficulty, the Shapiro-Wilk test
indicated that residuals were normally distributed (W = .99, p = .36), supported by visual
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inspection of the histogram and Q-Q plot. Levene’s test indicated homogeneity of variances
(F(3,92)=0.07, p = .98). The one-way ANOVA revealed no significant differences in mean
item difficulty across test forms (£(3,92) = 0.26, p = .86). For item discrimination, the Shapiro-
Wilk test also supported normality (W = .98, p = .08), and Levene’s test confirmed
homogeneity of variances (F(3, 92) = 0.73, p = .54). The one-way ANOVA indicated no

significant differences in item discrimination across test forms (F(3, 92) = 1.57, p = .20).

To rule out the possibility that pre-existing group differences could confound
comparisons across forms, the four groups were compared on demographic characteristics and
performance on all measures. Table 2-12 summarizes group means. A chi-square test for
homogeneity of proportions was conducted for categorical variables (i.e., gender), while one-

way ANOVAs were conducted for all continuous variables.

Table 2-12
Group Means for Demographic Characteristics and Performance on Measures

Form A Form B Form C Form D F-Test
M (SD) M (SD) M (SD) M (SD) (p-value)

Age 7.10 (0.30) 7.06 (0.32) 7.18(0.28) 7.08 (0.31) 0.90 (.44)

Gender 0.52(0.51) 0.35(0.49) 0.62(0.49) 0.50 (0.51) ;
WASI-II Block Design ~ 12.71 (6.28) 10.15 (7.22) 12.68 (7.65) 9.97 (4.25) 1.83 (.15)

Visual-Spatial Reasoning 11.10 (3.19) 10.09 (3.38) 10.12 (3.72) 9.59 (3.57) 1.06 (.37)

PathSpan 474(0.97) 4.09(1.31) 447 (135) 4.15(1.08) 2.11(.10)
WIAT-IIY¥ Listening

Comprehension 18.19 (3.24) 17.21 (4.22) 17.59 (4.02) 17.65 (3.88) 0.36 (.79)
WIAT-IIVK

Numerical Operations 1323 (322) 1247 (2.85) 1297 (3.90) 11.85 2.80) 117 (33)
WASI-II

Matrix Reasoning 10.26 (3.75) 8.74 (4.56) 8.32(4.19) 8.59(3.85) 1.43(.24)

Word Problem Accuracy 10.19 (6.68) 8.59 (7.00) 8.94(7.19) 9.21 (7.17) 0.31(.82)

Note. Nrorm A = 34, NrormB = 35, Nrorm ¢ = 35, Nrormp = 35. For gender, 0 = girls, 1 = boys, such that the
mean reflects the proportion of boys in each group. M = mean; SD = standard deviation. Group
differences in gender distribution were assessed using a chi-square test for homogeneity of
proportions rather than a one-way ANOVA; ¥*(3) =4.85, p = .18. All other group comparisons were
conducted using one-way ANOVAs.

Prior to conducting the one-way ANOV As, assumptions of normality and homogeneity
of variances were evaluated. The Shapiro-Wilk test indicated normality for age, the Visual—

Spatial Reasoning task, and the WIAT-IIV¥ Listening Comprehension subtest across all groups.
60



Chapter 2: Methodology

For other measures, one or more groups showed departures from normality; however, visual
inspection of histograms and Q-Q plots indicated that deviations were not substantial. Levene’s

test supported homogeneity of variances for all measures.

The four groups were compared in terms of gender and age. A one-way ANOVA
indicated no significant age differences among the groups (#(3, 133) =0.90, p = .44). Likewise,
a chi-square test for homogeneity of proportions indicated no significant differences in gender

distribution across forms (x%(3) = 4.85, p = .18).

One-way ANOVAs revealed no significant differences among the four groups on the
WASI-II Block Design subtest (F(3, 133) = 1.83, p = .15), the Visual-Spatial Reasoning task
(F(3, 133) = 1.06, p = .37), PathSpan (F(3, 133) = 2.11, p = .10), the WIAT-IIYX Listening
Comprehension subtest (F(3, 133) = 0.36, p = .79), the WIAT-IIV® Numerical Operations
subtest (F(3, 133) = 1.17, p = .33), the WASI-II Matrix Reasoning subtest (F(3, 133) = 1.43,
p =.24), and word problems accuracy (£(3, 133) = 0.31, p = .82).

Taken together, the similarly high KR-20 reliability coefficients across forms, the
absence of statistically significant differences in item difficulty and discrimination indices, and
the comparability of the four groups in demographic composition and performance on all
measures indicate that the four forms may be treated as equivalent. Furthermore, given that the
forms were intentionally designed to be parallel, and considering the small sample sizes and
minor departures from the normality assumption, statistical equating methods were deemed
neither necessary nor appropriate. Therefore, four forms were treated as equivalent in all

subsequent analyses.
2.3.3.5.3 Reliability of the Combined Word Problems Measure

Having established the compatibility of the four alternative test forms, a series of
analyses was conducted to assess the overall reliability of the word problems, treating the four
forms as equivalent. First, using the psych package in R (Revelle, 2026), tetrachoric
correlations were computed to examine the interrelationships among the 24 dichotomous items
(i.e., correct or incorrect). Tetrachoric correlations were used because standard Pearson
correlations underestimate associations between binary variables and because this method
assumes an underlying continuous latent ability (Ekstrom, 2011; Watkins, 2018). As shown in
Figure 2-14, most item pairs exhibited statistically significant tetrachoric correlations, ranging
from 1., = .19 t0 .84, p < .05, indicating weak to very strong associations and no evidence
of extreme multicollinearity.
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Figure 2-14

Tetrachoric Correlation Coefficients
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Note. Correlations that are not statistically significant are left blank.

Next, the internal consistency of the 24 items—treating the four test forms as
equivalent—was re-examined. The KR-20 coefficient was 0.93 (95% CI [0.91, 0.95]),
indicating strong internal consistency (Cohen et al., 2018) and suggesting that the items reliably
and consistently measure the underlying construct of word-problem-solving ability (Field,
2018). Based on visual inspection of Figure 2-14, the KR-20 coefficient was recalculated after
excluding Item 16; however, because this did not yield a meaningful improvement, all items

were retained.

The overall item difficulty, averaged across all items and forms, was .48 (SD = 0.17),
indicating a moderate level of difficulty. The overall item discrimination (point-biserial
correlation) was .52 (SD = 0.13), suggesting that, on average, the items demonstrated good

differentiation between higher- and lower-performing participants.
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2.3.3.5.4 Structural Validity of Conceptual Framework

Confirmatory factor analyses (CFAs) were conducted using the lavaan package
(Rosseel, 2012) to examine the structural validity of the 24-word problems and their
categorization according to the proposed 2 x 2 conceptual framework. The Weighted Least
Squares Mean and Variance adjusted (WLSMYV) estimator was employed, as there is growing
consensus that it is an appropriate method for analyzing dichotomous indicators (Newsom,
2023). Model fit was evaluated using the chi-square statistic (y?/df < 2), the Comparative Fit
Index (CFI > 0.95), the Tucker—Lewis Index (TLI > 0.95), the root mean squared error of
approximation (RMSEA < 0.05), and the Standardized Root Mean Square Residual (SRMR <
0.08) (Kline, 2016).

Four competing models (M1-M4) were tested: a one-factor model (M1), two
alternative two-factor models (M2—M3), and the hypothesized four-factor model (M4). M2 and
M3 were two-factor models, each representing one of the two conceptual dimensions: (1)
Quantity (yielding discrete-quantity and continuous-quantity factors), and (2) Quantitative
Relation (yielding dynamic-relation and static-relation factors), respectively. The final model
(M4) was a four-factor model reflecting the interaction of both dimensions and corresponding

to the proposed 2 x 2 conceptual framework (Quantity x Quantitative Relation).

Table 2-13 summarizes the model fit indices for all models, and Appendix 2] presents
the standardized factor loadings for each model. The first model (M1) was a one-factor model
that included all 24 problems. M1 was examined to assess whether the 24 problems could
reasonably be represented as a single latent construct and to complement the KR-20 analysis.
As shown in Table 2-13, M1 demonstrated good overall fit (y2/df = 1.17, CFI = 0.989, TLI =
0.988, RMSEA = 0.036, SRMR = 0.094), suggesting that the 24 problems largely reflect a
common underlying construct—one-step additive word-problem-solving ability. These
findings support the interpretation of the KR-20 coefficient as reflecting a largely

unidimensional scale.

Although the y? value was statistically significant (p < .05), the model was deemed to
demonstrate acceptable fit because the y2/df ratio was below the commonly accepted threshold
of 2. Similarly, although the SRMR value exceeded the conventional cutoff of .08, it remained
below .10, which is generally considered indicative of poor fit (Kline, 2016). All standardized
factor loadings were statistically significant (p <.001), ranging from .40 to .92 (see Table 2J-
1 in Appendix 2J).
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Table 2-13

Model Fit Indices of Confirmatory Factor Analyses

Model Factors x2 df  y?/df  CFI TLI RMSEA SRMR

One-factor (M1) 295.45" 252 1.17 0989 0988 0.036 0.094
] . Discrete Quantity, .
Two-factor (M2): Quantity Continuous Quantity 290.00° 251 1.16 0990 0989 0.034 0.093
Two-factor (M3): Dynamic Relation,
Quantitative Relation Static Relation 28545 251 1.14 0.991 0.990  0.032 0.092
Discrete Quantity—Dynamic Relation,

Four-factor (M4): Quantity Discrete Quantity—Static Relation, 27219 246 111 0993 0992 0.028 0090

X Quantitative Relation

Continuous Quantity—Dynamic Relation,
Continuous Quantity—Static Relation

Note. N =137. CFI = comparative fit index; TLI = Tucker-Lewis index; RMSEA = root mean square error of approximation; SRMR = standardized root
mean square residual. Acceptable model fit: y2/df <2, CFI>0.95, TLI > 0.95, RMSEA < 0.05, SRMR < 0.08 (Kline, 2016). *p <.05.
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Models M2-M4 were evaluated with respect to two criteria. First, structural validity of
the conceptual framework—namely, the differentiation of word problem types—was assessed
using model fit indices. Second, the strength of item—factor relationships within each factor

was evaluated by examining standardized factor loadings.

As summarized in Table 2-13, both two-factor models (M2-M3) demonstrated good
overall fit, supporting the structural validity of the conceptual framework along each individual
dimension. The fit indices for M2 (y2/df = 1.16, CFI = 0.990, TLI = 0.989, RMSEA = 0.034,
SRMR = 0.093) support the differentiation of the 24 word problems into discrete-quantity and
continuous-quantity categories. Similarly, the fit indices for M3 (y?/df = 1.14, CFI = 0.991,
TLI = 0.990, RMSEA = 0.032, SRMR = 0.092) support the categorization of word problems

into dynamic-relation and static-relation categories.

All standardized factor loadings in the two-factor models (M2—M3) were statistically
significant (p < .001). Furthermore, the magnitude of the loadings ranged from moderate to
strong, suggesting that the items generally represented their respective factors well (Hair et al.,
2010). In M2, standardized factor loadings ranged from .65 to .93 for discrete-quantity and
from .41 to .91 for continuous-quantity (see Tables 2J-2 in Appendix 2J). In M3, standardized

factor loadings ranged from .41 to .95 for dynamic-relation and from .65 to .94 for static-

relation categories (see Table 2J-3 in Appendix 2J).

Among the four competing models, the four-factor model (M4) provided the best fit to
the data. As shown in Table 2-13, M4 demonstrated the lowest y? /df ratio (1.11), highest CFI
(0.993) and TLI (0.992) values, and lowest RMSEA (0.028) and SRMR (0.090) values. These
fit indices indicate good overall model fit and support the structural validity of the proposed 2
x 2 conceptual framework (Quantity x Quantitative Relation), in which problems are

categorized along both dimensions simultaneously.

All standardized factor loadings were statistically significant (p < .001), and ranged
from .72 to .95 for Discrete Quantity—Dynamic Relation, .65 to .93 for Discrete Quantity—Static
Relation, .42 to .87 for Continuous Quantity—Dynamic Relation, and .73 to .93 for Continuous

Quantity—Static Relation (see Tables 2J-4 in Appendix 2J).

Several caveats should be considered when interpreting the CFA findings. First, some
fit indices did not fully meet conventional thresholds. Similar to M1, the y? statistic for M2
was statistically significant (p < .05). In addition, SRMR values for all models slightly

exceeded the .08 criterion. However, given that y?2/df ratios were below 2, SRMR values
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remained below .10 (Kline, 2016), and the remaining fit indices (CFI, TLI, and RMSEA)
indicated good fit, the models were deemed to demonstrate acceptable structural validity
overall. Moreover, although most standardized factor loadings were in the moderate to very
strong range, Item 16 exhibited the lowest loading (.42). Given that this loading exceeded the
recommended threshold of .40 (Hair et al., 2010) and that the item was theoretically grounded
in the 2 x 2 conceptual framework, it was deemed to have satisfactory relationship with its

respective factor and was retained in the model.

Second, the sample size may limit the stability of parameter estimates, as some
guidelines recommend a minimum of 200 participants for CFA (Kline, 2016). A priori power
analyses indicated that 90 participants were required for the two-factor models and 137 for the
four-factor model, assuming an anticipated medium effect size of 0.3 (Cohen, 1988), a = .05,
and power of .80 (Soper, 2025). Therefore, the sample size of 137 was considered adequate for

evaluating the four-factor model based on the a priori power analysis.

As a final step in evaluating the word problems and the conceptual framework used to
categorize them, the correlations among the factors were examined. As anticipated based on
the conceptual framework, across Models M2 to M4, factors were highly correlated (> .73),
suggesting the presence of a higher-order latent construct representing one-step additive word-
problem-solving ability (Anderson & Gerbing, 1988). Consistent with this interpretation, a
second-order CFA of the four-factor model yielded statistically significant higher-order factor
loadings (p < .001) (see Table 2-14) and acceptable model fit (y2/df = 1.13, CFI = 0.992, TLI
=0.991, RMSEA =0.031, SRMR = 0.091). Second-order analyses were not conducted for the
two-factor models because at least three first-order factors are required for identification of a

higher-order model (Kline, 2016).

Table 2-14
Factor Loadings of Second-Order Confirmatory Factor Analyses

Factors Jij SE z p-value
Discrete Quantity—Dynamic Relation [0'9(1',919 00] 0.02 40.34 <.001
Discrete Quantity—Static Relation o0 918',05 oy 002 6042 <.001
Continuous Quantity—Dynamic Relation [ 0.8(5)%',915 01] 0.03 27.54 <.001
Continuous QuantityStatic Relation : 0_8%,9& oy 003 3085 <.001

Note. = standardized factor loading; SE = standard error.
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Overall, the CFA results provided support for the structural validity of the proposed 2
x 2 conceptual framework (Quantity x Quantitative Relation) for categorizing the 24 one-step
additive word problems into four distinct problem types: Discrete Quantity—Dynamic Relation,
Discrete Quantity—Static Relation, Continuous Quantity—Dynamic Relation, and Continuous
Quantity—Static Relation. The standardized factor loadings indicated that the items adequately
represented their respective problem type factors within the proposed framework. Accordingly,
this framework was retained for subsequent analyses addressing RQ2, RQ4, and RQ6 (Studies
1-3).

2.4 Summary of Analytic Approach

As introduced in Section 1.5, this thesis comprises three research themes, each

corresponding to Chapters 3 to 5 (Studies 1-3). The three themes are: (1) the relationship
between spatial skills and one-step additive word-problem-solving accuracy, (2) the
relationship between spatial skills and problem-solving strategies, and (3) the relationship
between spatial skills and one-step additive word-problem-solving accuracy, with problem-

solving strategies as a mediator.

As summarized in Table 2-15 (Study 1), to investigate whether spatial visualization and
visuospatial working memory predict problem-solving accuracy on one-step additive word
problems, a cross-classified mixed-effects logistic regression analysis was conducted (RQ1).
Problem-solving accuracy for each word-problem item was specified as the binary dependent
variable. Item-level logistic regression models were used because they directly model the
binary nature of individual responses and avoid assumptions inherent in score aggregation
(Boonen et al., 2014). Random intercepts for participants and items were included to account
for the cross-classified structure of the data, as each pupil solved all 24 word problems and

each problem was completed by all 137 participants (Baayen et al., 2008; Barr et al., 2013).

67



Chapter 2: Methodology

Table 2-15

Summary of Study 1 Analyses

Research Theme

Research Questions

Variables and Analyses

Chapter 3:

Spatial Skills
and One-Step
Additive Word-
Problem-
Solving
Accuracy

RQ1) To what extent do spatial visualization and
visuospatial working memory predict young primary
school pupils’ (6—7-year-olds’) accuracy on one-step
additive word problems?

RQ2) Do the relationships between spatial visualization,
visuospatial working memory, and problem-solving
accuracy vary across different word problem types?

Dependent Variable:
e Word-problem-solving accuracy (binary):
e Correct
e Incorrect
Independent Variables:
e Spatial visualization
e Visuospatial working memory
Covariates:
e Language ability
e Numerical ability
e Fluid reasoning

o Age
e Gender
Analyses:
e Cross-Classified mixed-effects logistic regression
(RQ1)

e Cross-Classified mixed-effects logistic regression
with interaction terms (RQ2)
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Subsequently, a cross-classified mixed-effects logistic regression model with
interaction terms (spatial visualization X word problem type and visuospatial working memory
x word problem type) was estimated to assess whether the relationship between spatial skills

and problem-solving accuracy varied across word problem types (RQ2).

As summarized in Table 2-16 (Study 2), to investigate whether spatial visualization and
visuospatial working memory predict problem-solving strategy use, a cross-classified mixed-
effects multinomial logistic regression model was employed (RQ3). Problem-solving strategy
for each word-problem item was specified as the multinomial dependent variable. Random
intercepts for participants and items were included to account for the cross-classified data
structure. The ‘Quantitatively Correct Number Fact’ strategy was specified as the baseline
category, based on the a priori hypothesis that spatial skills would most strongly predict the
likelihood of using this strategy.

Subsequently, a cross-classified mixed-effects multinomial logistic regression model
with interaction terms (spatial visualization X word problem type and visuospatial working
memory X word problem type) was estimated to assess whether the relationship between spatial

skills and problem-solving strategy varied across word problem types (RQ4).
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Table 2-16
Summary of Study 2 Analyses

Research Theme Research Questions Variables and Analyses

Dependent Variable:

e Problem-solving strategies (categorical):
Non-Quantitative
Quantitatively Incorrect Counting
Quantitatively Incorrect Number Fact
Quantitatively Correct Counting

Quantitatively Correct Number Fact
Independent Variables:

e Spatial visualization
e Visuospatial working memory

RQ3) To what extent do spatial visualization and
Chapter 4: visuospatial working memory predict young primary
' school pupils’ (6—7-year-olds’) problem-solving
strategy use?

Spatial Skills and Covariates:
Is’ifegierine-sSOlvlng RQ4) Do the relationships between spatial visualization, * Langugge ablmy
& visuospatial working memory, and problem-solving ¢ Nurpencal al?lhty
strategy use vary across different word problem types? * Fluid reasoning
o Age
e Gender
Analyses:
e Cross-classified mixed-effects multinomial logistic
regression (RQ3)

e Cross-classified mixed-effects multinomial logistic
regression with interaction terms (RQ4)
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As summarized in Table 2-17 (Study 3), to examine whether problem-solving
strategies—specifically the ‘Quantitatively Correct Number Fact’ strategy—mediate the
relationship between spatial skills and word-problem-solving accuracy, path analysis was
conducted (RQS5). Overall word-problem-solving accuracy (i.e., out of 24 items) was specified
as the dependent variable, spatial visualization and visuospatial working memory as the
independent variables, and the proportion of ‘Quantitatively Correct Number Fact’ strategy use

as the mediator.

To examine whether the mediation effect varied across word problem types (RQ6),
subsequent analyses were conducted separately for each word problem type. For these models,
accuracy was calculated within each subset of word-problem items corresponding to a given
problem type (i.e., out of 6 items). The mediator was defined as the proportion of items solved
using the ‘Quantitatively Correct Number Fact’ strategy, computed within the same subset of

items as the corresponding accuracy measure.
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Table 2-17

Summary of Study 3 Analyses

Research Theme

Research Questions

Variables and Analyses

Chapter 5:

Spatial Skills and
One-Step
Additive Word-
Problem-Solving
Accuracy: The
Mediating Role of
Problem-Solving
Strategies

RQ5) To what extent do spatial visualization and
visuospatial working memory exert indirect effects on
young primary school pupils’ (6—7-year-olds’) accuracy
on one-step additive word problems through
‘Quantitatively Correct Number Fact’ strategy use?

RQ6) Do the indirect effects of spatial visualization and
visuospatial working memory on problem-solving
accuracy through ‘Quantitatively Correct Number Fact’
strategy use vary across different word problem types?

Dependent Variable:

e Word-problem-solving accuracy (Continuous)
Independent Variables:

e Spatial visualization

e Visuospatial working memory
Mediator:

e Problem-solving strategies (specifically, proportion
of ‘Quantitatively Correct Number Fact’ strategy
use)

Covariates:

e Language ability

e Numerical ability
e Fluid reasoning
[ ]

Age
e Gender
Analyses:

e Path-analyses (RQ5 & RQ6)
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The level of analysis differed across studies in accordance with the conceptual focus of
each research theme and its corresponding research questions. Studies 1 and 2 examined, at the
trial level, the association between spatial skills and problem-solving accuracy and strategy use,
respectively, requiring models that accounted for the cross-classified structure of the data
(responses nested within both participants and problem items). Accordingly, cross-classified
mixed-effects models were employed to partition variance attributable to participants and items

and to test moderation by problem type (Baayen et al., 2008; Barr et al., 2013).

In contrast, Study 3 investigated whether children’s overall tendency to use
‘Quantitatively Correct Number Fact’ strategies mediated the association between spatial skills
and overall problem-solving accuracy (e.g., Foley et al., 2017; Laski et al., 2013). The
mediation question was conceptualized at the between-person level, focusing on stable
individual differences in strategy use and problem-solving accuracy. Accordingly, person-level
aggregated indices were constructed and analyzed using path modeling (MacKinnon, 2008;
Hayes, 2018). Although multilevel mediation models are possible (Bauer et al., 2006; Preacher
et al., 2010), such approaches are typically used to examine mediation processes at the within-
person or item level an would have shifted the focus away from the between-person
associations that were the primary interest of the study. Moreover, such analysis require
substantially larger numbers of participants and items for stable estimation—particularly when
the mediator or outcome is categorical (McNeish & Stapleton, 2016; Raudenbush & Bryk,
2002; Snijders & Bosker, 2012). Given the present design (137 participants and 24 items) and
the categorical nature of the mediator and outcome variables, mediation was modeled at the

person level to provide reliable parameter estimates for the research question of interest.
2.5 Ethical Considerations

This research was approved by the Central University Research Ethics Committee
(CUREC) (Appendix 2K). It follows the ethical guidelines for educational research
recommended by the British Educational Research Association (British Educational Research
Association, 2018) and the University of Oxford Policy on Research Involving Human
Participants Data Protection (Central University Research Ethics Committee, 2022). As this
study did not involve invasive research methods with children, it followed CUREC Approved
Procedures AP25: Non-invasive Research Methods with Children (Central University
Research Ethics Committee, n.d.). The only personal data collected were those essential for the

purposes of the research: age on the day of testing and gender.
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Given that this research involved young participants, several ethical considerations
were taken into account. First, consent from appropriate gatekeepers, as well as the child’s
assent (Appendix 2L), was obtained prior to data collection. Before participation, the school
headteacher, teachers, and parents/guardians were provided with relevant information sheets

(see Appendices 2C—2H). Given that this thesis complied with CUREC Approved Procedure

25 (Non-invasive research involving participants aged 3 to 16 years, recruited via an
organization), the opt-out recruitment method was approved by CUREC. For instance, the
research topic was not expected to be contentious for parents or guardians, and the various
tasks used in this thesis resembled typical classroom activities. In addition, the researcher is a
certified primary school teacher with experience administering similar tasks to children of this
age group. Furthermore, no personally identifiable data were collected, and no video or audio

recordings or photographs were taken.

Although the opt-out recruitment method was approved by CUREC, schools were
given the option to choose between opt-in and opt-out parental consent procedures. Schools
could also select either an extended or simplified parental information sheet/consent. This
approach was considered appropriate because schools are better positioned to understand their

parent demographic, social context, and institutional policies.

Measures were taken to ensure that children felt comfortable working with an
unfamiliar researcher. One-on-one testing took place in a quiet area near the child’s classroom,
where a familiar adult was nearby. At the beginning of each session, the researcher introduced
herself and obtained the child’s assent. Children who declined to participate after gentle
encouragement (e.g., reassurance about safety and the nature of the activity) were allowed to
continue with their classroom activities. Requests to postpone participation (e.g., completing a
preferred activity first) were not considered withdrawal of assent; children were approached
again at a more suitable time. Throughout testing, children were reminded that they could stop
or end the session at any time without negative consequences. The researcher monitored
children’s comfort through verbal and non-verbal cues. Testing was discontinued if a child
expressed a wish to stop, either verbally or through non-verbal indicators (e.g., uncooperative

behavior).

Testing sessions were scheduled in consultation with teachers to minimize disruptions
to classroom learning and avoid missing essential lessons. To reduce cognitive fatigue, tasks

were administered across two sessions of approximately 30 minutes each, typically separated
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by at least one hour (but no less than 30 minutes). The activities resembled those typically
undertaken during the school day (e.g., puzzles, counting), and most children appeared to find
the tasks engaging and appropriately challenging. Previous research indicates that children
generally enjoy participating in structured one-on-one tasks with an experienced teacher-

researcher (e.g., Hawes et al., 2019b).

All paper records (e.g., consent/opt-out forms, children’s work, field notes, and scoring
sheets) were scanned and password-protected. Consent-related forms were shredded
immediately after scanning. Children’s work, field notes, and scoring sheets are stored in a
locked filing cabinet accessible only to the researcher. Digital files are encrypted and stored on
a password-protected computer and on the University’s secure storage system (Oxford’s Nexus

365 OneDrive), accessible only to the researcher and supervisors.

Each child was assigned a unique code number to ensure that no personally identifiable
information (e.g., name, age, sex) was linked to their data. A separate password-protected and
encrypted file linking names to code numbers is stored securely on OneDrive. Following
submission of the DPhil thesis, anonymized data will be retained on OneDrive for as long as
one of the associated researchers (i.e., researcher and supervisors) remains affiliated with the
University of Oxford and has authorized access. Paper records will be permanently destroyed

after three years.
2.6 Summary of Methodology Chapter

Using a cross-sectional and correlational design with quantitative methods, this thesis
investigates the relationship between spatial skills (spatial visualization and visuospatial
working memory) and both problem-solving strategies and accuracy in one-step additive word
problems among young primary school pupils (6—7-year-olds) in England. A non-probability
convenience sampling method was used to recruit 149 pupils, of whom 137 were included in
the final analyses. Participants completed a battery of seven tasks assessing spatial,
mathematical, language, and fluid reasoning ability, through one-on-one testing sessions. Most
instruments were either standardized tests or tasks that have been widely used in prior research.
The one-step additive word problems were developed based on the proposed conceptual
framework of this thesis, informed by the literature and refined through an iterative process.
The reliability and validity of this novel measure were evaluated using a range of statistical

analyses.
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3 Study 1: The Role of Spatial Skills in Young Children’s Arithmetic Word-Problem-

Solving Accuracy

Abstract

Despite extensive evidence of a spatial-mathematical link (Hawes & Ansari, 2020; Lourenco
etal., 2018; Mix & Cheng, 2012), the role of spatial ability in arithmetic word problem solving
in the early primary years remains underexplored. The present study contributes to addressing
this gap in two ways. First, it proposes a 2 x 2 conceptual framework for categorizing one-step
additive word problems by integrating Thompson’s (1993) distinction between quantity and
quantitative relation, Davydov’s (1982) discussion of methods of quantification, and
Vergnaud’s (1982) classification of dynamic and static relations. Second, using data from 137
Year 2 pupils (6—7-year-olds) in England and cross-classified mixed-effects logistic regression
analyses, the study examines the roles of spatial visualization and visuospatial working
memory in predicting word-problem-solving accuracy while controlling for language ability,
numerical ability, fluid reasoning, age, and gender. Neither spatial skill uniquely predicted
overall word-problem-solving accuracy. However, applying the conceptual framework showed
that the association between spatial visualization, but not visuospatial working memory, and
word-problem-solving accuracy varied across problem types, indicating that the strength of the
association between spatial visualization and accuracy may differ according to the quantitative
structure of the problems. These findings underscore the importance of distinguishing between
spatial skills and accounting for quantitative structure when examining the role of spatial ability

in early arithmetic word problem solving.
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3.1 Introduction

Arithmetic word problem solving is a fundamental component of early mathematical
competence (National Council of Teachers of Mathematics, 2000; OECD, 2023) and serves as
a foundation for more advanced mathematical abilities. Recognizing their importance, the
national curriculum in England emphasizes working with numerals, words, and the four
operations as a key focus of mathematics teaching in Key Stage 1 (ages 5 to 7) (Department
for Education, 2013). Moreover, performance on arithmetic word problems predicts later
academic achievement (Duque de Blas et al., 2021) and future career success (Murnane et al.,

2001).

Arithmetic word problems, also called verbal or story problems, are problems presented
in verbal descriptions without number sentences (Wong & Ho, 2017), in which the problem
solver must apply mathematical operations (i.e., addition, subtraction, multiplication, and
division) to the numerical data provided in the problem statement (Verschaffel et al., 2000).
Young children can solve arithmetic word problems using informal methods, such as pretend
play and counting, even before receiving formal mathematics instruction (Nunes & Bryant,
1996; Verschaffel et al., 2020). However, solving word problems remains a cognitively
demanding process that requires the simultaneous understanding and integration of language
and numerical elements (Vessonen et al., 2024). As a result, children often find word problems
more challenging than arithmetic computation tasks presented in symbolic or numerical form
without context (Jitendra et al., 2007). Furthermore, word problems are generally considered

difficult for all pupils, regardless of grade level (Vlahovi¢-Steti¢ et al., 2004).

Spatial ability—a constellation of related skills concerning “the locations of objects,
their shapes, their relations to each other, and the paths they take as they move” (Newcombe,
2017, p. 6)—is one understudied yet promising lens for understanding young children’s word-
problem-solving capabilities. Extensive literature indicates that spatial ability plays a
fundamental role in the learning and doing of mathematics (Atit et al., 2022; Hawes & Ansari,
2020; Lourenco et al., 2018; Mix & Cheng, 2012). In fact, the spatial-mathematical link is not
only correlational (Atit et al., 2022; Xie et al., 2020) but also causational (Hawes & Ansari,
2020; Lourenco et al., 2018; Mix & Cheng, 2012). For instance, a recent meta-analysis of 29
controlled pre-post studies (N = 3,765) indicates that spatial training improves mathematics
outcomes compared to the control condition, with an average effect size (Hedges’s g) of .28

(SE =.07) (Hawes et al., 2022). Furthermore, spatial ability is not only related to mathematical
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domains that are inherently spatial, such as geometry (Battista, 1990; Delgado & Prieto, 2004;
Goldsmith et al., 2016; Kyttdld & Lehto, 2008) and measurement (Casey et al., 2015; Seah &
Horne, 2019), but also to mathematical domains that may not appear to be inherently spatial,
such as numeration (e.g., Bates et al., 2021; Casey et al., 2015; Clements, 1999; Gunderson et
al., 2012; Hawes et al., 2019b; Kyttild & Lehto, 2008; Silverman & Ashkenazi, 2022; Zhang
et al., 2014), algebra (e.g., Tolar et al., 2009), and data analysis and probability (e.g., Lowrie
& Diezmann, 2007).

While research with secondary school pupils suggests that spatial ability may be
important for solving certain types of word problems (Gilligan-Lee et al., 2022), few studies
have investigated the relationship between spatial ability and arithmetic word problem solving
in young children. The present study aims to contribute to addressing this gap in the literature
in two ways. First, theoretically, the present study proposes a conceptual framework for
categorizing one-step additive word problems, by integrating Thompson’s (1993) distinction
between quantity and quantitative relation, Davydov’s (1982) discussion of methods of
quantification, and Vergnaud’s (1982) classification of dynamic and static relations. This
framework provides a principled basis for examining how spatial ability may differentially
relate to distinct forms of quantitative structure, an issue that has been largely overlooked in

the spatial-mathematical literature.

Second, empirically, the present study investigates the relationship between spatial
visualization, visuospatial working memory, and different types of one-step additive word
problems in 6—7-year-old pupils in England. Applying the study’s conceptual framework, the

present study examines the following two research questions:

RQ1) To what extent do spatial visualization and visuospatial working memory predict
young primary school pupils’ (6—7-year-olds’) accuracy on one-step additive word

problems?

RQ?2) Do the relationships between spatial visualization, visuospatial working memory,
and accuracy on one-step additive word problems vary across different word problem
types?

3.2 Literature Review and Conceptual Framework
Prior studies indicate that there are many task features (e.g., number of words, semantic

complexity) and individual characteristics (e.g., age, gender, race, socioeconomic status,

general intelligence) affecting arithmetic word-problem-solving performance (for a review, see
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Verschaffel et al., 2020). In particular, the influence of language and numerical attributes has
received considerable attention in the fields of educational psychology and mathematics
education (for a review, see Daroczy et al., 2015; Vessonen et al., 2024). Language attributes
are important considerations as the problem solver must be able to translate the text of the
problem into a problem model (Hegarty et al., 1995; Ng & Lee, 2009). Therefore, the task’s
language features and the problem solver’s language ability can influence the success of
arithmetic word problem solving (Jaffe & Bolger, 2023). Likewise, although word problems
differ from computational tasks because they require the integration of several additional
cognitive processes, solving them still relies on executing mathematical operations, such that
both the numerical features of the problem and the problem solver’s numerical ability can

influence the success of arithmetic word problem solving (Strohmaier et al., 2022).

Furthermore, studies find that non-verbal fluid reasoning is also an important factor in
solving word problems (e.g., Fuchs et al., 2006; Fung & Swanson, 2017; Green et al., 2017,
Kyttdld & Lehto, 2008; Passolunghi et al., 2022; Peng et al., 2020; Wang et al., 2016). Non-
verbal fluid reasoning is the ability to identify patterns and relationships, infer and implement
rules, and do so independently of verbal and prior knowledge (McGrew, 2009). Although fluid
reasoning and spatial skills are highly correlated, they are distinct constructs (Reynolds &
Keith, 2017), relying on separable cognitive processes and brain regions (Atit et al., 2022). A
recent meta-analysis revealed that fluid reasoning is more strongly related to mathematics than
to reading, relates more strongly to more complex mathematical skills than to foundational

skills, and that its relationship with mathematics increases with age (Peng et al., 2019).

However, language and numerical abilities and fluid reasoning cannot explain all of the
variance in word-problem-solving performance. Even children who show good text
comprehension skills and computation skills may fail to solve arithmetic word problems
(Spencer et al., 2022). A recent meta-analysis of 45 studies found a significant positive
moderate association between spatial and mathematical skills (» = .36, robust standard error =
0.035, 7= 0.039), and that a unique, direct relationship between spatial and mathematical skills

remained even after including fluid reasoning and verbal skills in the model (Atit et al., 2022).

These findings suggest that successful word problem solving may require more than
the ability to decode text; it may also depend on children’s ability to construct representations
of the quantitative structure described in the problem. Previous research suggests spatial ability

may support the representation of quantitative relationships among quantities (e.g., Delgado &
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Prieto, 2004). For example, in a recent investigation with first-year university pupils, Reinhold
et al. (2020) found that spatial ability, measured using a three-dimensional mental rotation task,
made a unique contribution (f = .28) in complex word problem solving, even after accounting

for verbal ability (f = .34), numerical ability (f = .16) and fluid reasoning (f = .25).

Despite studies suggesting a potential role of spatial ability in mathematical word
problem solving, this remains an underexplored area of spatial-mathematical link research in
the context of early primary education. Two main challenges hinder efforts to delineate the
relationship between spatial ability and word-problem-solving accuracy in young children. The
first challenge is the diversity of spatial taxonomies and spatial measures (Subsection 3.2.1).
The second challenge is the limited use of structurally grounded word problem categorization

in spatial-mathematical research (Subsection 3.2.2). These challenges are reviewed in turn.

To address the limited use of structurally grounded approaches to categorizing word
problems, Subsection 3.2.3 outlines the theoretical foundations that provide a principled basis
for differentiating word problem types. Subsection 3.2.4 then examines how spatial ability may
relate to quantitative structure, establishing the relevance of these foundations for
understanding the spatial-mathematical link. Finally, building on these theoretical foundations
and their connection to spatial ability, Subsection 3.2.5 presents this study’s proposed

conceptual framework for categorizing one-step additive word problems.
3.2.1 First Challenge: Diversity of Spatial Taxonomies and Measures

The first challenge in investigating the relationship between spatial ability and word
problem solving in early primary education is the diversity of spatial taxonomies and spatial
measures. Intuitively, most people have a general understanding of what spatial ability entails.
This perhaps owes to the fact that “our world is a world that exists [literally] in space, ... [which
means] living in the world requires spatial functioning of some kind” (Newcombe & Shipley,
2015, p. 179). Yet, despite the ubiquity of spatial thinking, decades of research on spatial ability
have failed to reach a uniform agreement on its definition or structure (for a review, see

Schenck & Nathan, 2024).

While spatial ability is now recognized as distinct from general intelligence, there is
still debate over whether it is a unitary or multidimensional construct (Mix & Cheng, 2012).
Moreover, when considered as a multidimensional construct, spatial ability is subdivided,
defined, and named in multiple ways (Schenck & Nathan, 2024). Beyond the vast differences
in how spatial cognition is conceptualized, research on the spatial-mathematical link is further
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complicated by the sheer number of spatial tasks available. Given the complex nature of spatial
ability, the choice of spatial tasks may partly explain the mixed findings in this area. Given the
lack of cohesion and the multiplicity of spatial taxonomies, studies investigating the
relationship between word-problem-solving performance and spatial ability in the early
primary education context must be intentional about which spatial skills are measured and

which spatial tasks are used (Schenck & Nathan, 2024).

Two spatial skills that have been consistently identified as having a particularly strong
association with mathematical thinking are spatial visualization (Hawes & Ansari, 2020) and
visuospatial working memory (Allen et al., 2019). Spatial visualization is “the ability to
generate, recall, maintain, and manipulate visual-spatial images and solutions” (Hawes &
Ansari, 2020, p. 466). Typical measures of spatial visualization include two-dimensional
mental rotation tasks, three-dimensional mental rotation tasks, mental composition tasks, and
mental paper-folding tasks (Hawes & Ansari, 2020). An extensive body of literature suggests
that spatial visualization skills and mathematical performance share a correlational (Sorby &
Panther, 2020), causal (Hawes et al., 2022), and potentially even bi-directional (Geer et al.,
2019) relationship. Hawes and Ansari (2020) suggest four non-mutually exclusive mechanistic
accounts for the relationship between spatial visualization skills and basic numerical
competencies. One of them, the spatial modelling account, may be especially relevant when
considering the relationship between spatial visualization and word-problem-solving
competencies. According to this account, spatial visualization provides “a ‘mental blackboard’
on which numerical relations and operations can be modelled and visualized” (Hawes & Ansari,

2020, p. 472).

Visuospatial working memory is the ability to temporarily store and manipulate
visuospatial information (Baddeley & Hitch, 1974). There are two types of visuospatial
working memory: simultaneous and sequential (Allen et al., 2019). The distinction between
these two types is based on how stimuli are presented. In simultaneous visuospatial working
memory tasks, all information is presented at the same time. In contrast, in sequential
visuospatial working memory tasks, stimuli are presented in a sequence. A recent systematic
review of 35 independent studies on the relationship between visuospatial working memory
and mathematical performance indicates that sequential visuospatial working memory may be
particularly promising for studying the spatial-mathematical link (Allen et al., 2019).
Furthermore, the results of the review suggest that visuospatial working memory may have a

greater influence on solving word problems than on computation tasks. In another meta-
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analysis of 110 studies, Peng et al. (2019) found a significant medium correlation between
mathematics and working memory (r = .35, 95% CI [.32, .37]) and that this relationship was
strongest for word problem solving, while domains of working memory did not moderate the

effect.

Mix (2019) suggests that spatial visualization and visuospatial working memory may
be utilized differently depending on the problem solver’s level of experience with the
mathematical content. That is, while spatial visualization may be recruited for spatially
modelling novel mathematical content, visuospatial working memory may support procedural
Sfluency for familiar mathematical content. Furthermore, the recruitment of spatial visualization
and visuospatial working memory may be cyclical: spatial visualization is recruited whenever
new mathematical content is encountered, even at an older age, while visuospatial working
memory is recruited whenever familiar mathematical content is encountered, even at a younger

age (Mix et al., 2017).

Wang and colleagues (2022) investigated the role of both spatial visualization and
visuospatial working memory within word problem solving in the areas of geometry and
algebra with eighth-grade pupils, and the findings seem to support Mix’s (2019) proosition.
This study also varied the difficulty of the word problems, classifying them as either process-
open or process-closed. Unlike process-closed problems, which have a well-defined procedure
leading to a single correct answer (e.g., finding the average of a set of numbers), process-open
problems allow for “a range of different interpretations, methods, and acceptable answers”
(Wang et al., 2022, p. 1). Wang et al. (2022) found that both spatial visualization and
visuospatial working memory were significantly associated with process-open problems.
Furthermore, they found that spatial visualization was more strongly associated with solving
difficult geometry and algebra process-open problems, whereas visuospatial working memory
was more strongly associated with solving easier geometry and algebra process-open problems.
Whether this potentially nuanced relationship between specific spatial skills and specific

problem types also applies in the early primary education context remains to be investigated.

3.2.2 Second Challenge: Limited Use of Structurally Grounded Word Problem

Categorization in Spatial-Mathematical Research

In addition to the diversity of spatial taxonomies and measures, another challenge in
investigating the spatial-mathematical link in early primary education is the limited use of

structurally grounded approaches to categorizing word problems. Consideration of problem
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type may be important, as studies with older pupils suggest that certain mathematical word
problems require spatial ability more than others. For example, in a study with undergraduate
pupils, Strohmaier et al. (2022) found that spatial ability most reliably predicted success on
problems with visual representations, whereas other cognitive skills (verbal, arithmetic, and
general reasoning skills) better predicted performance on other types of problems (e.g., those
involving calculations or solvable using heuristics). Similarly, distinguishing between process-
open and process-closed problems (Wang et al., 2022) suggests that spatial ability may relate
differently across word problem types. Together, these examples suggest that differences in
how mathematical problems are characterized may partly explain why some studies have found
spatial ability to be important in solving mathematical word problems (e.g., Boonen et al.,

2013; Hegarty & Kozhevnikov, 1999), while others have not (e.g., Nunes et al., 2009a).

One categorization of word problems that has received considerable attention in this
area is the distinction between visual-spatial and verbal—analytical word problems (Casey et
al., 2015). The primary distinction between these two types is the extent to which visualization
is required for their solution (Kilpatrick, 1967; Krutetskii, 1976; Moses, 1977; Tillotson, 1984).
Visual-spatial word problems are solved “relatively easily by visual-pictorial means if the
correlation of the given elements in the problem is expressed visually” (Krutetskii, 1976, p.

156). An example of a visual—spatial problem is as follows:

“A balloon first rose 200 meters from the ground, then moved 100 meters to the east,
then dropped 100 meters. It then travelled 50 meters to the east, and finally dropped
straight to the ground, how far was the balloon from its original starting point?”

(Hegarty & Kozhevnikov, 1999, p. 680).

Verbal—analytical word problems can also be solved visually, but visual representations do not
necessarily aid the solution process. Instead, they can be solved using logical and algebraic
reasoning without relying on visualization of relations. An example of a verbal-analytical

problem is as follows:

“In a store there were 100 kg of berries. An analysis showed that the moisture in the
berries was 99%. Determine the total weight of the berries when, by a later analysis,

the moisture had decreased 1% and become 98% (Krutetskii, 1976, p. 160).

It is perhaps not surprising that success in visual-spatial problems may be related to
spatial ability given that they involve reasoning about relations that are literally spatial in nature.
Indeed, a body of research with older pupils suggests that spatial skills are linked to
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performance on visual-spatial word problems (e.g., Boonen et al., 2013, 2014; Casey et al.,
2015; Dufty et al., 2020; Hegarty & Kozhevnikov, 1999; Kozhevnikov & Blazhenkova, 2013;
Marschark et al., 2013; Oostermeijer et al., 2014; Van Garderen, 2006). It is theorized that
spatial ability supports performance on visual—spatial word problems through the generation,
manipulation, and transformation of accurate internal representations (e.g., mental imagery)
and external representations (e.g., visual-schematic representations) (Boonen et al., 2013, 2014;

Hegarty & Kozhevnikov, 1999; Kozhevnikov & Blazhenkova, 2013).

More noteworthy is the finding that success in solving verbal-analytical problems,
which do not appear to be inherently spatial, may also be related to spatial ability, as suggested
by a growing body of literature (e.g., Casey et al., 2015; Kyttdld & Lehto, 2008; Likhanov et
al., 2024; Meyer et al., 2010; Mix et al., 2016, 2017; Tillotson, 1984; Wang et al., 2022).
However, the role of spatial ability in verbal—-analytical problems remains uncertain, as findings
have been mixed (e.g., Kyttild & Bjorn, 2014; Pina et al., 2014; Swanson & Fung, 2016),
underscoring the need for further research to determine when spatial skills contribute to word

problem solving as a function of problem characteristics.

While the distinction between visual—spatial and verbal—analytical word problems has
helped delineate the relevance of spatial ability for older secondary school pupils, there is a
scarcity of research investigating how spatial ability relates to different word problem types for
younger primary school pupils. That is, in the context of early primary education, research on
word problems and the spatial-mathematical link remains largely separate. Most studies either
examine the relationship between spatial ability and mathematics using composite performance
measures or, if they report word-problem performance separately, do not account for
differences between word problem types. This absence of a structurally grounded approach
may help explain the mixed findings in the literature. For example, some studies have reported
positive associations between spatial ability and word-problem-solving performance in
primary school pupils (e.g., Chan & Wong, 2019; Fung & Swanson, 2017; Gilligan et al., 2017;
Kyttdld et al., 2014; Mix et al., 2017, 2021; Zhang & Lin, 2015, 2017; Zheng et al., 2011),
whereas others have not (e.g., Campos et al., 2013; Carr et al., 2008; Ching & Nunes, 2017,
Fuchs et al., 2010; Rodén et al., 2019). A theoretically grounded conceptual framework based
on quantitative structure may therefore provide clearer insight into when spatial ability relates

to word problem solving in the early primary years.
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In summary, while the spatial-mathematical link is considered “one of the most robust
and well-established findings in cognitive psychology” (Mix & Cheng, 2012, p. 198), there
remains a paucity of research delineating the relationship between spatial ability and word-
problem-solving performance, particularly in young children (Newcombe et al., 2019).
Clarifying this relationship requires a more targeted research approach. In particular, two
conditions must be met. First, spatial skills and their corresponding tasks must be selected
based on empirical evidence to ensure their suitability for the population and mathematical
skills under investigation (Schenck & Nathan, 2024). Second, a theoretically-grounded
conceptual framework for categorizing word problems should be applied in research on the

spatial-mathematical link.

The present study aims to address these issues by employing two spatial skills—spatial
visualization (Hawes & Ansari, 2020) and visuospatial working memory (Allen et al., 2019),
both of which have been consistently identified as strongly associated with mathematical
thinking—and by proposing and applying a conceptual framework for categorizing one-step
additive word problems according to their quantitative structure. To this end, the theoretical

foundations informing the proposed conceptual framework are reviewed next.
3.2.3 Theoretical Foundations

The reviewed literature indicates that a theoretically grounded framework for
differentiating word problem types is required to empirically examine how spatial ability
relates to young pupils’ word problem solving. To address this need, this subsection outlines
the theoretical foundation that provide a principled basis for such a framework, drawing on
Thompson’s (1993) distinction between quantity and quantitative relation (Subsection 3.2.3.1),
Davydov’s (1982) discussion of methods of quantification (Subsection 3.2.3.2), and

Vergnaud’s (1982) classification of dynamic and static relations (Subsection 3.2.3.3).
3.2.3.1 Quantity versus Quantitative Relation

The distinction between quantity and quantitative relation (Thompson, 1993) is
fundamental to a theoretically grounded framework for categorizing word problems because it
underlies quantitative structure. A quantity is an attribute of an object that can be measured,
such as the set size or the length (Thompson, 1993). In this regard, a quantity is an intrinsic
property as it does not depend on anything other than the object itself (Dos Santos, 2022). A

quantitative relation, in contrast, describes the connection between quantities (Nunes et al.,
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2009a). There are two types of quantitative relations: additive (part—-whole relation) and

multiplicative (one-to-many correspondence or proportions/ratios) (Nunes & Bryant, 2015).

When measured, both quantity and quantitative relation can be represented with
numbers. The distinction is that quantitative relation is best represented by “directed numbers”
(Vergnaud, 1982, p. 46). Consider the premise, ‘Ann has 8 books. Bob has 3 books. Ann has 5
more books than Bob.” The first two phrases describe quantities; the quantities of Ann and
Bob’s books have been measured and are represented by numbers, 8 and 3, respectively. The
last phrase describes the quantitative relation between the two quantities and is best represented
by the directed number, +5. Moreover, being a quantitative relation means having an inverse
(i.e., Bob has 5 less books than Ann), which can again be represented by the directed number,

-5 (Dos Santos, 2022).

Both quantities and quantitative relations can be further subdivided. Quantity may be
subdivided based on whether the measurement unit is predetermined or imposed by partitioning
a whole into equal parts (Davydov, 1982), whereas quantitative relation may be subdivided
based on whether the problem situation describes a dynamic transformation in state or a static

relationship between states (Vergnaud, 1982). These subdivisions are presented in turn below.
3.2.3.2 Subdivision of Quantity: Discrete versus Continuous

Building on Thompson’s (1993) notion of quantity, the present study draws on
Davydov’s (1982) discussion of measurement to further differentiate quantities. Measurement
is the process of representing a quantity with a numerical value through the reiteration of a
chosen unit (Davydov, 1982; Sophian 2008). In measurement, the unit defines what counts as
‘one,” and this can either be predetermined or imposed (Davydov, 1982). In the former case,
the whole discrete element itself functions as the unit (Mix et al., 2002). For example, when
measuring the numerosity of marbles, what is considered ‘one’ is the whole marble, such that
measuring numerosity requires only counting each marble. In contrast, in the latter case, the
unit must be imposed and reiterated. For example, when measuring the weight of marbles, one
must first determine the unit of measurement (e.g., grams, ounces, or stones) and then reiterate

the imposed unit to arrive at the numerical value representing the weight.

From this distinction in measurement, quantities can be broadly categorized as discrete
or continuous. Discrete quantities are specific and fixed, and measuring them involves only
counting the discrete units through a one-to-one mapping between a set of objects and an
ordered set of tags (e.g., set size). In contrast, continuous quantities describe entities measured
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on continuous dimensions (e.g., mass, length, distance, area, density, time, etc.; Newcombe et
al., 2015), using an imposed unit, such that measurement first involves dividing them into equal
units before enumeration (e.g., position). For example, 'Ann has 8 books' is a statement
presenting a discrete quantity, as the number of books Ann has is a specific, fixed quantity. On
the other hand, the statement, ‘Ann is 8§ steps from the wall,” presents a continuous quantity
given that Ann’s position is determined via an imposed measurement unit (i.e., steps). Both
discrete and continuous quantities, when measured, can both be integers (e.g., 6 candies and 8

steps) or rational values (e.g., 1/2 a box of candies and 3.5 meters).
3.2.3.3 Subdivision of Quantitative Relation: Dynamic versus Static

Quantitative relations in word problems can be broadly categorized as dynamic or static
(Vergnaud, 1982). In Vergnaud’s (1982) conceptualization of additive word problems, these
correspond to transformations in state and relationships between states. Similar distinctions
have been described by other researchers, such as active and static relationships (Carpenter &
Moser, 1982), dynamic and comparison texts (Nesher, 1982), and change and compare
situations (Riley et al., 1983). The difference between these two types can be illustrated using

representative word problems.

The following is an example of a problem involving a dynamic transformation of state
(or, as Vergnaud (1982) describes it, a ‘state-transformation-state’ problem): ‘Ann had 9
candies. She ate 2 candies. How many candies does she have now?’ There are two components
involved in such problem. One, there is a temporal sequence of events (71 < 72 < T3) (Nesher,
1982). Two, some change in the state of the nature is introduced at 7> (Carpenter & Moser,

1982), such that the quantity referred to in 71 is changed (Nesher, 1982).

In contrast, the following is an example of a problem involving static relationship
linking states (or, as Vergnaud (1982) describes it, a ‘state-relationship-state’ problem): ‘Ann
has 9 candies. She has 2 more than Bob. How many candies does Bob have?’ Here, no action
is implied (Carpenter & Moser, 1982). Instead, two disjoint quantities are compared on the

same attribute (Nesher, 1982).

From this distinction, quantitative relations can be broadly categorized as dynamic or
static, corresponding to transformations in state and relations between states (Vergnaud, 1982).
A dynamic relation describes the transformation in the state of nature over time. For example,
‘Ann played a game of marbles and won 10 more marbles,” describes a dynamic relation, or
the change in the quantity of Ann’s marbles (discrete quantity) over time. Similarly, ‘Ann
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walked 12 steps away from the wall,” describes a dynamic relation, or the change in Ann’s
position (continuous quantity) over time. In essence, a dynamic relation describes the

transformation linking the initial quantity and the final quantity.

A static relation, in contrast, describes the comparison of disjoint quantities. Simply
put, it represents the difference between the referent quantity and the compared quantity. For
example, the statement ‘Bob has 11 more marbles than Ann,’ illustrates a static relation, where
the number of marbles Bob possesses is compared to the number of marbles Ann possesses.
Similarly, the statement ‘Bob is 8 steps farther from the wall than Ann,” also describes a static

relation, with Bob’s position being compared to Ann’s position.

A summary of the theoretical foundations and their corresponding categories are
presented in Table 3-1. Following Thompson’s (1993) distinction, a problem’s quantitative
structure can be characterized along the dimensions of quantities and quantitative relations.
Quantities may be further subdivided into discrete and continuous categories based on the
method of measurement (Davydov, 1982), whereas quantitative relations may be categorized
as dynamic or static depending on whether the problem situation involves a transformation or

a relationship between states (Vergnaud, 1982).

Table 3-1
Two Dimensions of One-Step Additive Word Problems

Dimension Category Definition
Problems in which the quantities are specific and fixed,
measured through one-to-one counting (e.g., set size)

Discrete Quantity

uantit - ; " -
Q Y . .. Problems in which the quantities are measured using an
Continuous Quantity . . o
imposed unit (e.g., position)
. . Problems that describe the transformation in the
o Dynamic Relation . )
Quantitative quantity over time

Relation . . Problems that describe a comparison of disjoint
Static Relation "
quantitics

Together, these distinctions provide a principled basis for characterizing the
quantitative structure of word problems in terms of the types of quantities involved and the
types of relations linking them. Such distinctions are essential for differentiating word problem
types in a theoretically grounded manner. Importantly, they raise the question of how spatial

ability may support reasoning about different forms of quantitative structure.
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3.2.4 Spatial Ability and Quantitative Structure

Building on the theoretical distinctions outlined above, this subsection examines how
spatial ability may support reasoning about different forms of quantitative structure. First, the
literature on the association between spatial ability and reasoning about discrete and continuous
quantities is reviewed. Next, the literature on the association between spatial ability and

reasoning about dynamic and static relations is reviewed.

Existing literature suggests that spatial ability may be associated with reasoning about
both discrete and continuous quantities. First, numerical representations themselves may be
inherently spatial. For example, Dehaene and colleagues’ (1993) findings on the Spatial-
Numerical Association of Response Codes (SNARC) provide evidence for the mental number
line, “a metaphor used to describe the tendency for individuals from Western cultures to
conceive numbers as ordered magnitudes along a left-to-right axis” (Hawes & Ansari, 2020, p.
469). If numerical representations are spatially organized, even problems involving discrete
quantities may be reasoned about spatially. This possibility is further supported by meta-
analytic evidence indicating a strong association between number line estimation and
mathematical performance (r = .44; Schneider et al., 2018). This association is stronger than
those reported for other foundational numerical skills, such as symbolic (» = .28) and non-

symbolic (r = .22) number comparison (Schneider et al., 2017).

Second, the quantitative structure of arithmetic word problems—regardless of whether
they involve discrete or continuous quantities—may be spatially modeled. Solving word
problems requires constructing a representation of the problem situation, a process that makes
them more cognitively demanding than computation tasks (Jitendra et al., 2007; Wong & Ho,
2017). Research with older pupils suggests that spatial skills may support the construction of
schematic representations that capture the “mathematical gist” of the situation (Wong, 2021, p.

20) and accurately reflect its underlying quantitative structure.

However, it may also be argued that spatial ability is more naturally aligned with
reasoning about continuous quantities than discrete ones. Because space itself is fundamentally
a continuous dimension and “arguably the best candidate for ‘basic’ status, if there is a basic
dimension” (Newcombe et al., 2015, p. 495), representing continuous quantities such as length
may align more with spatial ability. From this perspective, spatial ability may support the

representation of continuous quantitative structure more readily than that of discrete
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quantitative structure, thereby facilitating problem solving. Nevertheless, empirical evidence

directly comparing these possibilities in young children remains limited.

Taken together, these perspectives suggest that spatial ability may plausibly contribute
to reasoning about both discrete and continuous quantitative structures, albeit potentially to
different extents and through different mechanisms. However, it remains unclear whether the
strength or nature of this contribution differs by quantity category, underscoring the need to
account for variation in quantity type in spatial-mathematical investigations. Notably, most
prior research with young primary school pupils has focused predominantly on discrete-
quantity problems (e.g., Casey et al., 2015; Gilligan et al., 2017; Mix et al., 2017, 2021; Zhang
& Lin, 2015, 2017), highlighting the importance of extending investigation to continuous-

quantity problems.

A parallel argument applies to quantitative relations. Existing literature suggests that
spatial ability may also be associated with reasoning about both dynamic and static relations.
First, dynamic-relation problems require mentally tracking transformation in quantity, whether
the quantities involved are discrete or continuous. Spatial ability, which supports reasoning
about relations between and within objects (Hawes et al., 2022), may facilitate such mental
transformations. In particular, spatial visualization—which enables the manipulation and
transformation of spatial relations—may be especially relevant, potentially more so than
visuospatial working memory, which is primarily involved in recalling and maintaining spatial

information (Hawes & Ansari, 2020).

At the same time, spatial ability may also be relevant for reasoning about static relations.
Static-relation problems are often more difficult for children than dynamic-relation problems
(Cummins et al., 1988; Riley & Greeno, 1988), possibly because of the difficulty of mentally
representing and comparing disjoint quantities (Mufiez et al., 2013). Unlike dynamic relations,
which describe a change that can be simulated (e.g., gaining or losing marbles, moving toward
or away from a reference point), static relations involve abstract comparisons such as ‘more
than,” ‘less than,” ‘father than,” or ‘closer than.” These comparisons do not involve a tangible
transformation and may therefore be more challenging to represent mentally (Gabler & Ufer,
2024). Given this, it is plausible that children with stronger spatial ability may be better able to

structure and coordinate these abstract relations.

Taken together, these considerations suggest that spatial ability may plausibly

contribute to reasoning about both dynamic and static relations, albeit potentially through
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different cognitive demands. However, it remains unclear whether spatial skills are more
strongly associated with one category of quantitative relation than the other, underscoring the

need for empirical investigation.
3.2.5 A 2 x 2 Conceptual Framework for Categorizing One-Step Additive Word Problems

Despite these theoretical and empirical suggestions that spatial ability may relate
differently to distinct forms of quantitative structure, the limited use of unified, theoretically
grounded approaches to categorizing word problems make it difficult to examine these
relationships systematically. To address this limitation, the present study proposes a conceptual
framework for categorizing one-step additive word problems based on their quantitative

structure, enabling their use in empirical investigation of the spatial-mathematical link.

It is important to note the scope of this conceptual framework. First, it only focuses on
one-step additive word problems, that is, problems that can be solved by finding either the sum
or the difference between two numerical values presented in the problem. Second, it is limited
to problems comprising two quantities and one quantitative relation linking them (Nunes et al.,
2009a). Other categories of one-step additive word problems, such as those comprising three

quantities or three quantitative relations (Vergnaud, 1982), are not considered.

By integrating the dimensions of (1) quantities and (2) quantitative relations, a 2 x 2
conceptual framework (Quantity X Quantitative Relation) is proposed. As shown in Figure 3-1,
the four resulting word problem types, beginning from the top-left quadrant, are: Discrete
Quantity—-Dynamic Relation, Discrete Quantity—Static Relation, Continuous Quantity—

Dynamic Relation, and Continuous Quantity—Static Relation problems.

To provide a more nuanced representation of quantitative structures, Vergnaud’s (1982)
notation system was adapted. Specifically, a distinction between discrete and continuous
quantities was introduced. Whereas Vergnaud uses upright squares ([J) to represent quantities
in general, the present framework uses upright squares to represent discrete quantities and
introduces tilted squares (<) to represent continuous quantities. Quantitative relations are
represented by circles (O). Dynamic relations are depicted with horizontal arrows (—),
symbolizing a transformation in quantity, whereas static relations are represented by vertical

arrows (1), symbolizing a comparison between disjoint quantities.
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Figure 3-1

A 2 x 2 Conceptual Framework for One-Step Additive Word Problem

Quantitative Relation

Quantity

Note. Two dimensions (quantity and quantitative relation) form this study’s 2 x 2 conceptual framework for one-step additive word problems, resulting in
four word problem types. Upright squares ([J) represent discrete quantities. Tilted squares (<) represent continuous quantities. Circles (O) represent
quantitative relations. Dynamic relations are represented horizontally, whereas static relations are represented vertically. When each word problem type
(Discrete Quantity—Dynamic Relation (top-left), Discrete Quantity—Static Relation (top-right), Continuous Quantity—Dynamic Relation (bottom-left), and
Continuous Quantity—Static Relation (bottom-right)) is framed as a one-step additive word problem, two of the three facts are provided, and the missing third
fact becomes the unknown to be solved. The unknown is either a quantity (LI or <) or a quantitative relation ( (_)) or 10).

Dynamic Relation

Static Relation
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Each word problem comprises two quantities and one quantitative relation. Of these
three elements, two are provided in the problem, while the third constitutes the unknown to be
solved. As illustrated in each quadrant of Figure 3-1, some problems involve a missing quantity
(i.e., indicated by a missing [J or <>), whereas others involve a missing quantitative relation
(i.e., indicated by a missingg orTQO). The proposed 2 x 2 conceptual framework provides a
theoretically grounded basis for differentiating one-step additive word problem types and

guides the construction of problem items used to address the research questions.
3.3 Methods

The proposed conceptual framework was used to empirically investigate the
relationship between spatial ability and word-problem-solving accuracy in early primary pupils.
A correlational, cross-sectional design was used to examine the two substantive research
questions: the extent to which spatial visualization and visuospatial working memory predict
one-step additive word-problem-solving accuracy in early primary pupils, and whether this
relationship varies by word problem type. Subsection 3.3.1 describes the participants, and
Subsection 3.3.2 describes the measures, including the development of word-problem items
based on the conceptual framework. Subsection 3.3.3 outlines the administration procedure,
and Subsection 3.3.4 presents the analytic approach used to address the substantive research

questions.
3.3.1 Participants

Data from 137 Year 2 pupils in England (50.4% female, 49.6% male; age range: 6.52—
7.74 years; mean age: 7.10 years) were used. This research was approved by the University of
Oxford’s Central University Research Ethics Committee and followed the ethical guidelines
for educational research as recommended by the British Educational Research Association
(2018) and the University of Oxford Policy on Research Involving Human Participants and
Data Protection (Central University Research Ethics Committee, 2022). A non-probabilistic
convenience sampling method was used to recruit participants. A two-step recruitment process
was used whereby four schools in South East England were recruited first, followed by the
pupils. Consent from appropriate gatekeepers (i.e., headteachers, teachers, and

parents/guardians) and assent from pupils were obtained prior to data collection.

Among the 137 participants, 27 (19.7%) were reported as having Special Education
Needs (SEN) and 21 (15.3%) were reported as having English as an Additional Language

(EAL). They were included in the analyses either because their SEN support needs were minor,
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or because their English proficiency was adequate. Therefore, there was no reason to believe
they would be unable to engage with the tasks. As SEN and EAL information was not always
available, it is possible that an even higher percentage of SEN and EAL pupils were included

in the research.
3.3.2 Measures

As summarized in Table 3-2, each pupil completed a total of seven tasks. Subsection
3.3.2.1 describes the word problem task developed based on the conceptual framework outlined
above. Subsection 3.3.2.2 then describes the three spatial ability measures used to assess the

independent variables. Finally, Subsection 3.3.2.3 describes the three covariate measures.
3.3.2.1 Word Problems Task

Informed by the 2 x 2 conceptual framework, 24 one-step additive word problems were
developed by adapting problems from the literature (Carpenter et al., 1999; Nunes et al., 2009a).
The full problem set is provided in Figure 3-2. The problems were developed through an
iterative process, which included two pilot studies and one round of expert review with a
psychologist specializing in children’s mathematical development and a lecturer in
mathematics education. Number facts with sums ranging from 11 to 19 were used in the word
problems, as they were considered appropriate based on the National Curriculum for Year 2
pupils in England (Department for Education, 2013) and consultations with primary school
teachers. (For a detailed description of the word problem development process, see Subsection

2.3.3.1 of the Methodology chapter.)

Each word problem type was associated with a different scenario. The Discrete
Quantity—Dynamic Relation problems (i.e., the top-left quadrant in Figure 3-2; Items 1-6)
involved Ann playing a game of marbles by herself. These problems required solving for the
number of marbles Ann had either at the end of the game (Items 1-2), at the start of the game
(Items 3—4), or the number of marbles she won or lost during the game (Items 5-6). The
Continuous Quantity—Dynamic Relation problems (i.e., the bottom-left quadrant in Figure 3-2;
Items 13—18) involved Ann playing a game by herself, where she could either walk toward or
away from the wall. These problems required solving for Ann’s position either at the end of

the game (Items 13—14), at the start of the game (Items 15-16), or the number of steps Ann
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Table 3-2
Study Measures
Variable Task Description Scoring
Wechsler While viewing a constructed model or a picture in the .
Abbreviated Scale  Stimulus Book, the participant uses red-and-white cubes : :22;22 g(l)lfleofrt(())n; ?Ot:tﬁef(;irngesS‘fzgfli:;i;ems'
of Intelligence— to recreate the design within a specified time limit of 30 to ) . }
Second Edition 120 seconds per design. There are 11 items for children * The total raw score is the sum of all item SCOTES.
(WASI-II) Block aged 6 to 8 years; testing is discontinued after two * The raw score can range from 0 to 57 for children
Spatial Design subtest consecutive scores of zero. aged between 6 to 8 years.
Visualization Four subtasks (five items per subtask) that require
reasoning about and visualizing solutions to problems e Each item is scored as either correct (1) or incorrect
Visual-Spatial involving parts of objects in relation to their whole: (0).
Reasoning task missing center, missing border, two-dimension shape o The total raw score is the sum of all item scores.
composition/decomposition, and paper folding problems. e The raw score can range from 0 to 20.
There are 20 items in total and all items are administered.
A digitized version of the Corsi Block-Tapping Task on an
iPad, in which the participant replicates a sequence of dots
that light up one at a time by tapping them in the same . .
Visuospatial order. The sequence length begins at two, and there are * Eehee:fé);z;sl;:st l(l)ll‘lgfees‘[ sequence length accurately
Working PathSpan two trials per sequence length. The sequence length p '
Memory increases by one if the participant correctly repeats the * The raw score can range from 0 to 9.
pattern on either of the two trials at a given length. Testing
is discontinued if the participant fails both trials at a given
sequence length. The maximum sequence length is nine.
Three subtasks that involve selecting the picture that
Wechsler . i
Individual matches a word (Receptive Vocgbulary, '16 items) or . . _ ‘
Achievement Test— sentence (Sentence Comprehensmq; 10 items) and e Each item is scored as either correct (1) or incorrect
Language Second UK Edition generating a word that matches a picture and oral (0).
Ability (WIAT-II%) description (Expressiw; Vocabulary; 15 items). Each of o The total raw score is the sum of all item scores.
Listening the three subtasks requires a basal set of three.consecutlve e The raw score can range from 0 to 41.
. correct responses, and each subtask is discontinued after
Comprehension

six consecutive scores of zero.
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Variable Task Description Scoring
Wechsler Identification and writing of numbers, counting using one-
Individual to-one correspondence, and solving written calculation e Each item is scored as either correct (1) or incorrect
. Achievement Test— problems and simple equations involving the basic (0).
Numerical o . o . TP . .
Abilit Second UK Edition operations of addition, subtraction, multiplication, and o The total raw score is the sum of all item scores.
y (WIAT-11"%) division. A basal set of three consecutive correct responses e The raw score can range from 0 to 54.
Numerical are required, and testing is discontinued after 6
Operations consecutive scores of zero. There are 54 items in total.
Wechsler o . . . . . . .
Abbreviated Scale While viewing an incomplete matrix or series, the e Each item is scored as either correct (1) or incorrect
. . participant selects the response option that would (0).
Fluid of Intelligence— . . . . .
. . complete the matrix or series from five options. There are o The total raw score is the sum of all item scores.
Reasoning  Second Edition . . S .
(WASI-II) Matrix 24 items for children aged 6 to 8, but testing is e The raw score can range from 0 to 24 for children
Reasoning subtest discontinued after three consecutive scores of zero. aged between 6 to 8 years.
Word- . L .
Additive word problems that require either the addition or . . . .
Problem- . . e Each item is scored as either correct (1) or incorrect
. Word Problems the subtraction of the values given the problem. There are
Solving : : : L (0).
24 items in total and all items are administered.
Accuracy

Note. Adapted from Table 2-2 (Chapter 2).
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Figure 3-2

One-Step Additive Word Problems

Quantitative Relation

Dynamic Relation Static Relation
SO GO B EIIO RIS, [ES TG (D sl¥e LEE G “Ann and Bob are going to play a game of marbles. So, Ann brought some
marbles. Then she played a game of marbles where she either won more 1 2
marbles, and Bob also brought some marbles to play with.
marbles or lost some of her marbles.”
Ann had x marbles. Then she played a game of marbles and Ann has x marbles. Bob has y more marbles than Ann. How
1 + 7
2z won y more marbles. How many marbles does she have now? many marbles does Bob have?
= Ann had y marbles. Then she played a game of marbles and Ann has y marbles. Bob has x marbles less than Ann. How
sl 2 - 8
E lost x marbles. How many marbles does she have now? many marbles does Bob have?
=
o Ann had some marbles. Then she played a game of marbles Ann has y marbles. She has x more marbles than Bob. How
8 3 | and won x more marbles. Now she has y marbles. How many - 9
S . L many marbles does Bob have?
o marbles did she have to begin with?
] .
2 Ann had some marbles. Then she played a game of marbles Ann has x marbles. She has y marbles less than Bob. How
R | 4 | and lost x marbles. Now she has y marbles left. How many + 10
. S many marbles does Bob have?
marbles did she have to begin with?
5 Ann had x marbles. Then she played a game of marbles. Now _ 1 Ann has y marbles. Bob has x marbles. How many less
she has y marbles. How many marbles did she win? marbles than Ann does Bob have?
6 Ann had y marbles. Then she played a game of marbles. Now _ 12 Ann has x marbles. Bob has y marbles. How many more
she has x marbles left. How many marbles did she lose? marbles than Ann does Bob have?
z An : ,
= n was playing a game. She first stood some distance from the wall. « . . . . .
g Then she played a game where she either walked towards or walked away 1;1?:?’ e
5 from the wall.” ’
13 Ann was x steps from the wall. Then she walked y steps away + 19 Ann is x steps from the wall. Bob is y steps farther from the
from the wall. How far is Ann from the wall now? wall than Ann. How far is Bob from the wall?
,‘E’ 14 Ann was y steps from the wall. Then she walked x steps _ 20 Ann is y steps from the wall. Bob is x steps closer to the wall
E towards the wall. How far is Ann from the wall now? than Ann. How far is Bob from the wall?
=
o Ann was some steps from the ?”““' Then she walked x steps Ann is y steps from the wall. She is x steps farther from the
» | 15 | away from the wall. Now she is y steps from the wall. How = 21 .
4 L wall than Bob. How far is Bob from the wall?
g far was Ann from the wall to begin with?
= Ann was some steps from the wall. Then she walked x steps . .
E 16 | towards the wall. Now she is y steps from the wall. How far + 22 Annis X steps fmm. the wall. She is y steps closer to the wall
3 L than Bob. How far is Bob from the wall?
&) was Ann from the wall to begin with?
Ann was x steps from the wall. Then she walked some steps. Ann is y steps from the wall. Bob is x steps from the wall.
17 | Now she is y steps from the wall. How many steps did Ann = 23 .
How many steps closer to the wall is Bob than Ann?
walk away from the wall?
Ann was ¥ steps from the wall. Then she walked some steps. Ann i x steps from the wall. Bob is  steps from the wall.
18 | Now she is x steps from the wall. How many steps did Ann - 24 .
How many steps is Bob farther from the wall than Ann?
walk towards the wall?

Note. Reproduced from Figure 2-9 (Chapter 2).
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took during the game (Items 17-18). Items 1-4 and 13—16 were quantity unknown problems,

while Items 5—6 and 17-18 were quantitative relation unknown problems.

The Discrete Quantity—Static Relation problems (i.e., the top-right quadrant in Figure
3-2; Items 7-12) involved Ann and Bob playing a game of marbles together. These problems
required solving for either the number of marbles Bob had (Items 7-10) or the difference in
the number of marbles Ann and Bob had (Items 11-12). The Continuous Quantity—Static
Relation problems (i.e., the bottom-right quadrant in Figure 3-2; Items 19-24) involved Ann
and Bob playing a game of red light, green light. These problems required solving for either
Bob’s position with respect to the finish line (Items 19-22) or the difference in Ann’s and
Bob’s positions (Items 23-24). Items 7-10 and 19-22 were quantity unknown problems, while

Items 11-12 and 23-24 were quantitative relation unknown problems.

As studies indicate that language and numerical task features affect word-problem-
solving success (Verschaffel et al., 2020), best efforts were made to control for them. First, to
minimize the effect of language features, the word problems were developed with minimal
variation in wording and structure. The continuous-quantity problems were designed to align
closely with their discrete-quantity counterparts to ensure consistency. Likewise, the dynamic-
relation problems were designed to align closely with their static-relation counterparts. The
word problems were condensed to make them as concise as possible without compromising

situational understanding (Stern & Lehrndorfer, 1992).

Second, to minimize the effect of numerical features, four alternative parallel versions
of the word problem sets (Forms A—D) were designed so that the wording and structure of the
items were identical across all forms, with the only difference being the specific numerical
values presented in each problem (for a review, see Daroczy et al., 2015; Vessonen et al., 2024).
This was done by selecting 24 unique number facts with sums ranging from 11 to 19 (as shown
in Figure 3-3) and subjecting them to a systematic randomization process (for details, see

Subsections 2.3.3.1.3 and 2.3.3.1.4). The full word problem sets (Forms A—D) are provided in

Subsection 2.3.3.2 in the Methodology chapter.

Figure 3-3

24 Number Facts up with Sums Ranging from 11 to 19
5,14,19 9,10, 19 8,10, 18 8,9,17 6,9, 15 5,8,13
6,13,19 5,13, 18 5,12,17 5,11, 16 7,8, 15 6,7,13
7,12, 19 6,12, 18 6,11, 17 6, 10, 16 5,9,14 5,7,12
8,11, 19 7,11, 18 7,10, 17 7,9, 16 6,8, 14 5,6, 11

Note. Reproduced from Figure 2-8 (Chapter 2).
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The measurement quality of the word problem—including heir reliability, structural
validity, and form equivalence—was evaluated through a series of empirical analyses. Analysis
of the items indicated that the four test forms were equivalent in terms of item difficulty and
discrimination. The structural validity of the proposed 2 % 2 conceptual framework was further
supported through confirmatory factor analysis; results indicated that the hypothesized four-
factor model—differentiating problems by both quantity and quantitative relation
dimensions—provided a better fit to the data compared to simpler alternatives. Taken together,
these findings provide empirical support for the conceptual framework, confirming that the
items reliably and consistently measure word-problem-solving ability according to the
specified dimensions (for a detailed description of the various statistical analyses conducted to
evaluate the reliability and validity of the word problems and the underlying conceptual

framework, see Subsection 2.3.3.5 of the Methodology chapter).
3.3.2.2 Spatial Measures

The two measures of spatial visualization were the WASI-II Block Design subtest (Atit
et al., 2022) and the Visual-Spatial Reasoning task (Hawes et al., 2015, 2017, 2019b). The
WASI-II Block Design subtest involves recreating a two-dimensional design shown in the
Stimulus Book using three-dimensional red-and-white cubes within a specified time limit. The
Visual-Spatial Reasoning task consists of four subtasks that require reasoning about and
visualizing solutions to problems involving parts of objects in relation to their whole: missing
center, missing border, two-dimension shape composition/decomposition, and paper-folding

problems.

These two measures have distinct strengths and limitations. The WASI-II Block Design
is a standardized test with high reliability and validity (Wechsler, 2011), frequently used to
assess spatial visualization since it involves “visualizing and/or mentally manipulating objects
or figures” (Atit et al., 2022, p. 708); however, it is occasionally used more broadly as a
measure of nonverbal problem-solving ability (e.g., Fuchs et al., 2005). Conversely, while the
Visual-Spatial Reasoning task has primarily been used with Canadian pupils, its subtasks align
closely with the conceptualization of spatial visualization adopted in this study. To address
these individual limitations and create a more parsimonious predictor, both measures were used
to derive a single composite score via Principal Component Analysis (PCA) (De Pauw et al.,
2009; Schenck & Nathan, 2024; for further detail, see Subsection 2.3.2.1.1 of the Methodology
chapter).
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To measure visuospatial working memory, PathSpan, a digitized version of the Corsi
Block-Tapping task designed for use on an iPad with primary school pupils, was used (e.g.,
Coolen & Castronovo, 2023; Hawes et al., 2019b; Rittle-Johnson et al., 2019; Valcan et al.,
2020). In this task, participants are presented with a sequence of buttons that flash one at a time
in a random pattern, which they must then replicate by touching the buttons in the same order

they flashed. As such, this is a measure of sequential visuospatial working memory.
3.3.2.3 Covariate Measures

The WIAT-IIY® Listening Comprehension subtest, which consists of three
subsections—Receptive Vocabulary (16 items), Sentence Comprehension (10 items), and
Expressive Vocabulary (15 items)—was used as a measure of language ability. Listening
comprehension was deemed a more relevant measure of language ability than reading
comprehension, as the one-step additive word problems were presented both in writing and

orally (Spencer et al., 2022).

The WIAT-IIV® Numerical Operations subtest was used as a measure of numerical
ability. This pencil-and-paper task assessed the ability to identify and write numbers, count
using one-to-one correspondence, and solve calculation problems and simple equations

involving the basic operations of addition, subtraction, multiplication, and division.

The WASI-II Matrix Reasoning subtest, which is modeled after a Raven’s Progress
Matrix Reasoning (Raven, 1938), was used as a measure of non-verbal fluid reasoning. While
fluid reasoning tests may involve some visualization or spatial working memory, they are
distinct from measures that primarily assess spatial ability because they require inductive and
deductive reasoning (Schneider & McGrew, 2012). Participants were required to select the
correct missing piece from five response options to complete the matrix or series (Atit et al.,

2022).
3.3.3 Procedure

Pupils were administered a battery of seven tasks one-on-one over two testing sessions,
each lasting approximately 30 minutes and typically spaced at least an hour apart (but no less
than 30 minutes) to minimize fatigue effects and ensure consistent performance across tasks.
The order of the seven tasks was randomized. The 24 word problems were divided evenly

across two sessions (i.e., 12 items per session).

Pupils were randomly assigned to one of the four forms of word problems (Forms A—

D). The word problems were presented on A4-size papers, with four problems arranged in each

100



Chapter 3: Study 1 Manuscript

quadrant of a page. Each problem item was read aloud to minimize the effect of reading fluency
(Nunes et al., 2015). Problems were read slowly and repeated if needed to reduce memory load
(Riley et al., 1983). Pupils were provided with 30 MathLink cubes, and a pencil. At the
beginning of the task, they were informed that they could use these materials if they found
them helpful and were reminded of the tools if they were stuck on a problem for more than a
minute (‘Think about how you would solve this problem. You can draw on the paper and use

these counters, if you would like.”).

Within each form, the order of the four problem types (i.e., scenarios) was randomized
subject to predefined sequencing constraints. Specifically, within each session, the two
discrete-quantity problems (top quadrants in Figure 3-2) were not administered consecutively,
nor were the two continuous-quantity problems (bottom quadrants in Figure 3-2), in order to

reduce boredom due to repetition.

All six problems belonging to the same word problem type were administered
consecutively. Before the first problem from each quadrant was introduced, the scenario
associated with that quadrant (shown in the blue shaded cells in Figure 3-2) was read aloud to
provide situational context (Stern & Lehrndorfer, 1992). Pupils’ comprehension of the
situational context was then checked by asking clarifying questions (e.g., “What does it mean

to walk towards something?”).

The order of the six problems within each problem type was randomized to control for
potential practice, fatigue, and carryover effects (Punch & Oancea, 2014). However, the easier
problem pair (i.e., Items 1-2, 7-8, 13—14, and 19-20) was always administered first to increase
pupil motivation by increasing the likelihood of early problem-solving success (Hattie, 2009).
The internal order of the two items was randomized (Hegarty et al., 1995; Langhorst et al.,
2012; Mayer & Hegarty, 1996; Rosenthal & Resnick, 1974). After the easier problem pair was
administered, the remaining problem items within the same quadrant were presented in
randomized order; however, the two items within each problem pair (i.e., [tems 3—4, 5-6, 9—
10, 11-12, 15-16, 17-18, 21-22, and 23-24) were always administered consecutively, with

their internal order randomized.

The interview-like procedure for administering word problems was adapted from
Hegarty and Kozhevnikov (1999) and Boonen et al. (2013, 2014). After solving each problem,

pupils were asked to report how they solved it; however, these strategy reports were not used
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in the present study. (The detailed administration procedure for the word problems is outlined

in Subsection 2.3.3.3 of the Methodology chapter.)

Ethical procedures were implemented to ensure pupils’ comfort and voluntary
participation. Testing was conducted in the presence of a familiar adult, and pupils provided
assent at each session. Participants were reminded that they could discontinue at any time
without consequence. Testing was stopped immediately if a pupil indicated discomfort or

withdrawal of assent.
3.3.4 Analytic Approach

Statistical analyses were conducted in R version 4.4.0 (R Core Team, 2024), using
RStudio version 2023.12.1.402 (Posit Team, 2024) and /me4 package (Bates et al., 2015). The
first substantive research question—examining the relationship between spatial ability (i.e.,
spatial visualization and visuospatial working memory) and one-step additive word-problem-
solving accuracy in 6-7-year-olds—was addressed using cross-classified mixed-effects
logistic regression. The second research question—whether the relationship between spatial
ability and word-problem-solving accuracy varies by word problem type—was examined by

adding interaction terms between spatial skills and word problem type.

Each word problem was scored as either correct (1) or incorrect (0), and the binary
outcome served as the dependent variable. Mixed-effects logistic regression models were
estimated using a logit link and maximum likelihood estimation. The bobyga optimizer was
used with an increased iteration limit (100,000 function evaluations) to facilitate convergence

(Powell, 2009).

Although test-level analyses provide an accessible summary, aggregating dichotomous
item responses into total scores obscures item-level information, as pupils with identical scores
may exhibit different problem-solving patterns. Moreover, when outcomes are derived from
dichotomous items, applying ordinary least squares (OLS) regression can be inappropriate, as
it may violate assumptions such as homoscedasticity and yield predicted probabilities outside
the [0, 1] range (Cohen et al., 2003). In contrast, item-level logistic regression appropriately

handles binary outcomes and avoids these limitations of OLS (Boonen et al., 2014).

To account for the cross-classified structure of the data, in which responses were nested
within both participants and items, the models included random intercepts for participants
(capturing between-participant variability in ability) and items (capturing between-item

variability in difficulty) (Baayen et al., 2008; Barr et al., 2013). In addition, a more complex
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random-effects structure was evaluated in which the effects of spatial visualization and
visuospatial working memory were allowed to vary across items through random slopes. This
specification was considered because the association between spatial skills and problem-
solving accuracy may differ across individual word problems. Model comparisons were
subsequently conducted to determine whether the additional random-effects complexity was

supported by the data.

Continuous variables were mean centered prior to analysis to facilitate interpretation of
main effects and reduce non-essential multicollinearity in models including interaction terms
(Aiken & West, 1991). The composite spatial visualization score was derived from a principal
component analysis of the Visual-Spatial Reasoning task and the WASI-II Block Design

subtest; the first principal component was retained as the spatial visualization index.

Model assumptions and robustness were evaluated using the performance (Liidecke et
al., 2021) and DHARMa (Hartig, 2024) packages, including checks for multicollinearity,
dispersion, residual patterns, influential observations, and convergence. Linearity of the logit
was assessed by comparing linear and restricted cubic spline specifications (2—5 degrees of
freedom) using AIC and BIC (Gauthier et al., 2020; Harrell, 2015), supplemented by visual
inspection of predicted probability curves (see Appendix 3A).

Because the outcome variable was binary, intraclass correlation coefficient (ICC) and
R? statistics were calculated using the latent-variable approach commonly applied in multilevel
logistic regression, which assumes a level-1 residual variance of ©%/3 ~ 3.29 on the logit scale
(Merlo et al., 2006). Accordingly, the marginal and conditional R? values reported should be
interpreted as pseudo-R2 measures rather than as directly comparable to R? from linear

regression models.
3.4 Findings

This section presents the findings from the mixed-effects logistic regression analyses.
Subsection 3.4.1 presents the preliminary analyses prior to examining the research questions.
Subsection 3.4.2 addresses RQ1 by examining whether spatial visualization and visuospatial
working memory predict one-step additive word-problem-solving accuracy in young children.
Subsection 3.4.3 addresses RQ2 by examining whether this relationship varies across word

problem types.

103



Chapter 3: Study 1 Manuscript

3.4.1 Preliminary Analyses

Table 3-3 presents descriptive statistics and bivariate correlations among variables.
Pearson correlations were used for continuous variables, while correlations involving the
binary variable (gender), which was dummy-coded, correspond to point-biserial correlations.
Total problem-solving accuracy was operationalized as the sum of correctly solved items (out
of 24) and treated as continuous for the purposes of these correlations. Spatial visualization
and visuospatial working memory were positively associated with word-problem-solving
accuracy (r = .44, p < .001; r = .35, p <.001). All other predictors were also significantly

associated with word-problem-solving accuracy, with the exception of gender.

Across the 24 word problems, the overall proportion of correct responses was .41. [tem-
level accuracy ranged from .18 to .80, indicating substantial variability in item difficulty. This
variability in item-level accuracy supported the use of a mixed-effects modeling framework

with random intercepts for items.

Mean problem-solving accuracy differed across problem types. Discrete Quantity—
Dynamic Relation problems showed the highest accuracy (M = .54, SD = .50), followed by
Discrete Quantity—Static Relation problems (M = .39, SD = .49) and Continuous Quantity—
Dynamic Relation problems (M = .34, SD = .47). Continuous Quantity—Static Relation
problems showed the lowest accuracy (M = .29, SD = .45). This variability in accuracy across
word problem types suggests potential differences in problem structure that may moderate the

association between predictors and word-problem-solving accuracy.
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Table 3-3

Descriptive Statistics and Bivariate Correlations

%%;l Min  Max 1 2 3 4 5 6 7 8

1. Spatial Visualization (‘1):88) ~1.90  3.53 Satt 26T 5T s 4t 2
2. Visuospatial Working Memory (‘1‘3?) 2 8 i i 16 39 29% 35 06 07
3. Language Ability (13?'8795‘) 8 27 i i L 36T &Y 46 -0l —1T
4. Numerical Ability (132.é761) 5 23 i i i S ST 68 19 16
5. Fluid Reasoning (491:(2)3) 2 20 i i i i St 23t 02
6. Word Problem Solving (33) 0 23 - - - - - - 24 14
7. Age (years) (31;8) 652 774 i i i i i i i 09
8. Gender (828) 0 1 - - - - - - - -

Note. N=137. SD = standard deviation. For gender, 0 = girls, and 1 = boys.

The spatial visualization score was derived from PCA of Visual-Spatial

Reasoning task and the WASI-II Block Design subtest. =~ p <.001, “p < .01, p < .05.
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3.4.2 RQ1: The Relationship between Spatial Skills and Word-Problem-Solving Accuracy

To address RQ1, an item-level mixed-effects logistic regression model was fitted with
random intercepts for participants and items. Diagnostic checks indicated low multicollinearity
(all VIFs < 2), no influential observations, and no evidence of overdispersion. Spline
specifications yielded limited or inconsistent improvements in model fit across predictors;
accordingly, linear specifications were retained for all continuous predictors. Table 3-4
summarizes the fixed effects (odds ratio and 95% confidence intervals), random effects, and

model fit indices for the main-effects model.

Table 3-4
Mixed-Effects Logistic Regression Predicting Word-Problem-Solving Accuracy (Main-Effects
Model)

Odds Ratios
B (SE) [95% CI] z
Fixed Effects
(Intercept) —-1.02 (0.28) —-3.66""
Spatial Visualization —0.02 (0.16) [0 7%918 35] —-0.10
VSWM 0.150.1) 9211645] 1.30
Language Ability 0.11 (0.04) 1 02'11220] 3117
Numerical Ability 0.27 (0.05) [l 118.311 45] 531"
Fluid Reasoning 0.10 (0.04) 1 012'111 19] 2.60™
2.51 «
Age 0.92 (0.42) [1.09, 5.92] 2.18
Gender 039025 g 9})'427 & 1.56
Random Effects
OParticipant 1.25
OTtem 1.07
1CC 32
Marginal R? / Conditional R? .29/.61
AIC 3039
BIC 3100
log L —1509

Note. Rparticipants = 137 Hitems = 24; Nobservations = 3288. f = log-odds coefficient; SE = standard error; ¢ =
standard deviation; ICC = intraclass correlation coefficient; AIC = Akaike information criterion;
BIC = Bayesian information criterion; log L = log-likelihood. ““p <.001, “p < .01, "p < .05.

Random intercept standard deviation was 1.25 for participants and 1.07 for items,

indicating variability in baseline problem-solving accuracy across both levels, with greater
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variation attributable to participants than items. The unadjusted intraclass correlation
coefficient (ICC = .32) suggested that approximately 32% of the variance in problem-solving
accuracy was attributable to clustering across participants and items. The fixed effects
accounted for 29% of the variance (marginal pseudo-R? = .29), while the full model including

random effects accounted for 61% of the variance (conditional pseudo-R? = .61).

Spatial visualization (OR = 0.98, 95% CI [0.72, 1.35]) and visuospatial working
memory (OR = 1.16, 95% CI [0.93, 1.45]) were not significant predictors of word-problem-
solving accuracy, controlling for covariates. In contrast, language ability was positively
associated with problem-solving accuracy (OR = 1.12, 95% CI [1.04, 1.20]), corresponding to
a 12% increase in the odds of solving a problem correctly for each one-unit increase in language
ability. Numerical ability was also positively associated with accuracy (OR = 1.31, 95% CI
[1.18, 1.45]), as was fluid reasoning (OR = 1.11, 95% CI [1.02, 1.19]). Age was positively
associated with accuracy (OR =2.51, 95% CI [1.09, 5.92]), whereas gender (OR = 1.47, 95%
CI[0.90, 2.43]) was not a significant predictor.

3.4.3 RQ2: Interaction Effects of Spatial Skills and Problem Type on Word-Problem-

Solving Accuracy

To examine whether the association between spatial skills and problem-solving
accuracy varied across word problem types, interaction terms were added to the main-effects
model described above. Discrete Quantity—Dynamic Relation problems were specified as the
reference category because they exhibited the highest average accuracy and thus served as a

meaningful benchmark.

A model allowing the effects of spatial visualization and visuospatial working memory
to vary across items was compared with a simpler random-intercept model. The likelihood-
ratio test indicated that the random slopes did not significantly improve model fit, ¥ 2(5) = 0.64,
p =.99. Consistent with this findings, the random-slope model exhibited a higher AIC (3046)
than the simple random-intercept model (3036). Accordingly, the more parsimonious random-
intercept model was retained. Table 3-5 summarizes the fixed effects (odds ratio and 95%

confidence intervals), random effects, and model fit indices for the interaction-effects model.

The interaction model provided a statistically significant improvement in fit relative to
the main-effects model, ¥*(9) = 20.58, p = .015. The AIC decreased slightly (AAIC = —2.58),
whereas BIC increased due to the additional parameters. Given the significant likelihood ratio

test and the theoretical motivation for examining moderation by word problem type, the
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Table 3-5
Mixed-Effects Logistic Regression Predicting Word-Problem-Solving Accuracy (Interaction-
Effects Model)
Odds Ratios
A(SE) [95% CIJ z
Main Effects
(Intercept) 0.10 (0.38) 0.25
Spatial Visualization 0.19 (0.19) [0 811'211 80] 1.03
Visuospatial Working Memory 0.07 (0.13) [0 812'017 40] 0.50
Language Ability 0.11 (0.04) N 011' 112 20] 3117
. o 1.30 -
Numerical Ability 0.27 (0.05) [1.18, 1.45] 5.30
: . 1.11 -
Fluid Reasoning 0.10 (0.04) [1.03, 1.20] 2.66
2.51 .
Age 0.92 (0.42) [1.09. 5.92] 2.18
1.47
Gender 0.39 (0.25) [0.90, 2.43] 1.56
Discrete Quantity—Static Relation —1.09 (0.49) [0 1%33 91] —2.22"
Continuous Quantity—Dynamic Relation —1.48 (0.49) [0 0%23 62] —2.99"
Continuous Quantity—Static Relation —1.86 (0.50) [0 0% lg 43] -3.75™"
Interaction Effects
Spatial Visualization X _ 0.85 _
Discrete Quantity—Static Relation 0.16 (0.16) [0.62, 1.16] 1.03
Spatial Visualization X _ 0.76 _1 7et
Continuous Quantity—Dynamic Relation 0.28 (0.16) [0.55, 1.03] 178
Spatial Visualization X _ 0.67 A et
Continuous Quantity—Static Relation 0.40 (0.16) [0.49, 0.91] 2.8
Visuospatial Working Memory X 1.03
Discrete Quantity—Static Relation 0.03 (0.12) [0.81, 1.32] 0.25
Visuospatial Working Memory X 1.09
Continuous Quantity—Dynamic Relation 0.08 (0.13) [0.84, 1.40] 0.67
Visuospatial Working Memory X 1.25 ¥
Continuous Quantity—Static Relation 0.22(0.13) [0.97, 1.61] 1.74
Random Effects
GParticipant 1.55
Oltem 067
Intraclass Correlation Coefficient (ICC) .26
Marginal R? / Conditional R? .35/.61
Akaike Information Criterion (AIC) 3036
Bayesian Information Criterion (BIC) 3152
Log-Likelihood (log L) —1499

Note. Npariicipanss = 1375 Ritems = 243 Nobservations = 3288. Reference category: Discrete Quantity—Dynamic

Relation. "p <.001, “p < .01, p <.05, Ip < .10.
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interaction model was retained. The addition of interaction terms led to a modest increase in
the variance explained by the fixed effects (marginal pseudo-R? = .35, up from .29), suggesting
that the interactions may capture additional systematic variance. The total variance explained

by the model, including random effects, remained stable (conditional pseudo-R? = .61).

Baseline accuracy differed across word problem types. Relative to Discrete Quantity—
Dynamic Relation problems, accuracy was significantly lower for Discrete Quantity—Static
Relation (OR = 0.33, 95% CI [0.12, 0.91]), Continuous Quantity—Dynamic Relation (OR =
0.23, 95% CI[0.08, 0.62]), and Continuous Quantity—Static Relation (OR =0.16, 95% CI [0.06,
0.43]) problems. Although the CIs are relatively wide, indicating some potential imprecision

in the estimates, they are consistently below 1, suggesting a stable directional effect.

There was a significant interaction between spatial visualization and word problem type.
Specifically, the interaction between spatial visualization and Continuous Quantity—Static
Relation problems (relative to the reference Discrete Quantity—Dynamic Relation problems)
was statistically significant (interaction OR = 0.67, 95% CI [0.49, 0.91]), indicating that the
association between spatial visualization and problem-solving accuracy differed between these

two problem types.

Simple slope analyses showed that, in the reference Discrete Quantity—Dynamic
Relation problems, spatial visualization was positively—but not statistically significantly—
associated with problem-solving accuracy (f = 0.19, 95% CI [-0.17, 0.56], SE = 0.19). In
contrast, in Continuous Quantity—Static Relation problems, the association with problem-
solving accuracy was non-significantly negative (= —0.21, 95% CI [-0.56, 0.14], SE = 0.18).
Thus, the significant interaction reflects a statistically reliable difference between conditional

effects rather than a significant predictive effect within any individual problem type.

Figure 3-4 illustrates the predicted probabilities of problem-solving accuracy across
levels of spatial visualization for each word problem type. Descriptively, the association
between spatial visualization and problem-solving accuracy was most positive for Discrete
Quantity—Dynamic Relation problems, near zero for Discrete Quantity—Static Relation
problems, and negative for Continuous Quantity—Dynamic Relation and Continuous Quantity—
Static Relation problems; however, these within-condition slopes were not statistically

significant.
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Figure 3-4
Predicted Probability of Problem-Solving Accuracy as a Function of Spatial Visualization
across Word Problem Types

Discrete Quantity—Dynamic Relation
0.4 -~ Discrete Quantity—Static Relation
— . i ~ Continuous Quantity—Dynamic Relation
— Continuous Quantity—-Static Relation

Predicted probability (correct)
|

Spatial Visualization (centered)

In contrast, none of the interaction terms involving visuospatial working memory were
statistically significant, indicating that its association with problem-solving accuracy did not
differ significantly across problem types relative to the reference Discrete Quantity—Dynamic

Relation problems.

Taken together, these findings indicate that the role of spatial visualization, but not
visuospatial working memory, in predicting problem-solving accuracy varied across problem
types as a function of their quantitative structure. Although the difference in slopes between
problem types was statistically significant, spatial visualization did not independently predict
accuracy within any single problem type. The interaction therefore reflects a relative difference

between problem types rather than a robust within-condition effect.
3.5 Discussion

This study aimed to contribute to the literature on delineating the relationship between
early primary pupils’ spatial visualization, visuospatial working memory, and accuracy in
solving one-step additive word problems in two ways. First, the study aimed to make a
theoretical contribution by proposing a conceptual framework for categorizing one-step

additive word problems comprising two quantities and one quantitative relation (Thompson,
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1993). Two dimensions—quantity (discrete vs. continuous; Davydov, 1982), and quantitative
relation (dynamic vs. static; Vergnaud, 1982)—were adapted and integrated to form a 2 x 2
conceptual framework, resulting in four word problem types: Discrete Quantity—Dynamic
Relation, Discrete Quantity—Static Relation, Continuous Quantity—Dynamic Relation, and
Continuous Quantity—Static Relation. 24 corresponding one-step additive word problems were

developed.

Second, the study aimed to make an empirical contribution by applying the proposed
conceptual framework to investigate two substantive research questions, using data from Year
2 pupils in England (6—7-year-olds). The first substantive research question investigated the
extent to which spatial visualization and visuospatial working memory predict accuracy in
solving one-step additive word problems. The second substantive research question examined
whether this relationship is more nuanced such that it varies across different word problem
types. To the best of our knowledge, few studies—if any—have examined how multiple spatial
skills operate across different quantitative structures in arithmetic word problem solving during
the early primary years. This study’s design therefore provides a more nuanced examination of
spatial-mathematical link than approaches that aggregate across word problem types. In
addition, the use of cross-classified mixed-effects logistic regression appropriately models
random effects for both participants and items, thereby accounting for the non-independence
of observations arising from each pupil responding to multiple word problems and each

problem being completed by multiple pupils.

The discussion proceeds as follows. First, in relation to RQ1 (Subsection 3.5.1), the
associations between spatial visualization, visuospatial working memory, and accuracy in
solving word problems are examined. Second, in relation to RQ2 (Subsection 3.5.2), the
moderating role of word problem type in the association between spatial skills and problem-
solving accuracy is discussed. Limitations of this study (Subsection 3.5.3) and directions for

future research (Subsection 3.5.4) are considered.

3.5.1 RQ1I: Interpreting the Relationship between Spatial Skills and Word-Problem-

Solving Accuracy

Neither spatial visualization nor visuospatial working memory independently predicted
word-problem-solving accuracy after controlling for language ability, numerical ability, fluid
reasoning, and demographic characteristics (i.e., age and gender). This pattern suggests that

the relationship between spatial skills and word-problem-solving accuracy may overlap
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substantially with broader cognitive abilities rather than reflecting a substantial unique

contribution of spatial skills to problem-solving accuracy.

Although the present study focused on the association between spatial skills and
problem-solving accuracy, prior research suggests that spatial skills may influence
mathematical performance indirectly through other cognitive abilities. For example, numerical
ability (Fischer & Shaki, 2014; Zhang et al., 2014), fluid reasoning, and language ability (Atit
et al., 2022; Kyttidld & Lehto, 2008) have all been proposed as potential mediators of the
association between spatial ability and mathematical achievement. In the current sample,
spatial visualization was weakly to strongly correlated with fluid reasoning, numerical ability,
and language ability, whereas visuospatial working memory was moderately correlated with
fluid reasoning and numerical ability. These associations suggest that indirect pathways linking
spatial skills and word-problem-solving accuracy are plausible. However, although such
cognitive abilities may statistically mediate the association between spatial skills and
mathematical performance, they provide limited insight into the specific cognitive processes

involved in solving arithmetic word problems.

A complementary, more process-oriented perspective involves examining children’s
problem-solving strategies as potential mediators. Both quantitative reasoning and arithmetic
skills are critical for successful word problem solving (Nunes et al., 2009a). Consequently, as
illustrated in Figure 3-5, problem-solving strategies that integrate quantitative reasoning and
arithmetic processes may help clarify the role of spatial ability in arithmetic word problem

solving while accounting for broader cognitive abilities (see Study 2).
Figure 3-5
Conceptual Model of Indirect Pathways from Spatial Ability to Word-Problem-Solving

Accuracy via Problem-Solving Strategies

Problem-Solving
Strategies

Quantitative Arithmetic
Reasoning Skills

Spatial Word Problem-
Ability Solving Accuracy
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This perspective may be particularly relevant in young children, for whom the problem-
solving process does not necessarily unfold in clearly separated phases of ‘representation’ and
‘computation’ (Carpenter & Moser, 1984; Mayer, 1985; Nunes & Bryant, 1996). Future
research should therefore examine children’s problem-solving strategies as a potential
mechanism through which spatial ability influences word-problem-solving accuracy, thereby
further elucidating whether spatial skills contribute to performance indirectly, beyond language

ability, numerical ability, and fluid reasoning (see Study 3).

In addition to the possibility that spatial skills influence problem-solving accuracy
indirectly through other cognitive processes, another potential explanation for the absence of a
significant association between spatial skills and problem-solving accuracy is the inclusion of
fluid reasoning as a covariate. Fluid reasoning was included because it is typically
conceptualized as distinct from spatial ability, despite their strong empirical association.
However, some research suggests that commonly used instruments, such as Matrix Reasoning
and Block Design, may not always clearly differentiate fluid reasoning from spatial ability
(Fuchs et al., 2005; Reynolds & Keith, 2017). Indeed, some scholars argued that Matrix
Reasoning partially taps spatial ability (Keith et al., 2006; Sattler, 2001; Sattler & Dumont,
2004). To mitigate this concern, an additional measure, the Visual-Spatial Reasoning task, was
included alongside the Block Design subtest to derive a composite measure of spatial

visualization (De Pauw et al., 2009; Schenck & Nathan, 2024).

Nevertheless, overlap between spatial visualization and fluid reasoning may persist. An
exploratory factor analysis of the Visual-Spatial Reasoning task, the WASI-II Block Design
subtest, and the WASI-II Matrix Reasoning subtest yielded a single-factor solution, indicating
substantial shared variance among the three measures. However, although Matrix Reasoning
loaded on the factor (.60), its loading was lower than those of the two spatial visualization
measures (.77 and .84). This pattern suggests that Matrix Reasoning shares variance with
spatial visualization while also reflecting broader fluid reasoning processes (Schneider &
McGrew, 2012). Future research should further refine the measurement of spatial visualization
and fluid reasoning to better delineate their theoretically distinct yet empirically related

contributions to mathematical performance.

Taken together, the present findings suggest that spatial visualization and visuospatial
working memory do not uniquely predict overall word-problem-solving accuracy once broader
cognitive abilities are taken into account. Future studies should examine whether the

association between spatial skills and problem-solving accuracy may operate indirectly
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through intermediate processes (see Studies 2 and 3). At the same time, it is possible that
aggregating performance across word problems with distinct quantitative structure may have
obscured more nuanced patterns of association. Accordingly, the next section examines
whether the relationship between spatial skills and word-problem-solving accuracy varies as a

function of word problem type.

3.5.2 RQ2: Interpreting Interaction Effects of Spatial Skills and Problem Type on Word-

Problem-Solving Accuracy

The findings for RQ2 indicated that the relationship between spatial visualization and
word-problem-solving accuracy depended on the quantitative structure of the problems.
Specifically, the slope of spatial visualization differed between Discrete Quantity—Dynamic
Relation and Continuous Quantity—Static Relation problems. This finding provides preliminary
support for the proposed 2 x 2 conceptual framework, suggesting that distinctions in quantity
category and quantitative-relation category may meaningfully shape the cognitive demands
placed on spatial processing in young children. Consistent with this interpretation, allowing
the association between spatial skills and accuracy to vary across problem types significantly
improved model fit and reduced unexplained item-level variance. This suggests that some
between-item differences reflect systematic differences in the underlying quantitative structure
of the problems rather than merely random variation in difficulty. These findings indicate that
the relationship between spatial skills and problem-solving accuracy is not uniform but

contingent upon quantitative structure.

In contrast to spatial visualization, the association between visuospatial working
memory and word-problem-solving accuracy did not vary significantly across word problem
types. None of the interaction terms reached statistical significance, suggesting that the
contribution of visuospatial working memory may be relatively uniform across structural forms
of word problems. The interaction between spatial visualization and problem type in predicting
word-problem accuracy is discussed first (Subsection 3.5.2.1), followed by the corresponding

interaction for visuospatial working memory (Subsection 3.5.2.2).

3.5.2.1 Interaction of Spatial Visualization and Problem Type in Predicting

Word-Problem-Solving Accuracy

While the data do not permit conclusions about underlying mechanisms, the significant
interaction suggests that the association between spatial visualization and problem-solving

accuracy was not uniform across problem types. One possible explanation is that different
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quantitative structures place different demands on the representation of quantitative
relationships. Spatial visualization has been described as a “mental blackboard” (Hawes &
Ansari, 2020, p. 472) on which quantitative structure can be internally represented and
manipulated. Previous research with older secondary school pupils has shown that spatial
visualization supports the construction and use of visual representations when reasoning about
quantitative relations (e.g., Boonen et al., 2013, 2014; Casey et al., 2015; Duffy et al., 2020;
Hegarty & Kozhevnikov, 1999; Kozhevnikov & Blazhenkova, 2013; Marschark et al., 2013;
Oostermeijer et al., 2014; Van Garderen, 2006). Consequently, the extent to which spatial
visualization is associated with word problem solving may depend on the demands that a

problem’s quantitative structure places on representation.

In addition to supporting the representation of quantitative structure, spatial
visualization may contribute to word problem solving by providing an internal workspace for
organizing numerical relations. Missing-term studies (Cheng & Mix, 2014; Gilligan et al., 2020)
have shown that even brief spatial visualization training can improve performance on
noncanonical arithmetic problems such as 3 + = 7, suggesting that spatial processes may
facilitate the internal organization of numerical relationships. If so, spatial visualization may
support word problem solving—even when the situation is not explicitly spatial—by enabling
children to represent and manipulate numerical relationships spatially, which is consistent with
findings with studies with older pupils (e.g., Mix et al., 2016). This aligns with earlier
arguments that even discrete-quantities may be spatially structured due to the spatial

organization of numerical representations (Dehaene et al., 1993).

An additional speculative possibility concerns the nature of the entities described in the
problems. The discrete-quantity problems involved permanent entities (e.g., marbles), whereas
the continuous problems described transient entities (e.g., steps taken). It is conceivable that
spatial visualization may be more readily engaged when reasoning about stable, manipulable
entities with permanence (vs. transience). However, this interpretation remains tentative and
warrants further empirical investigation, particularly given that dynamic-relation problems,
which describe transformations over time, can also be considered more transient relative to
static comparison problems. Thus, Discrete Quantity—Dynamic Relation problems may
simultaneously involve permanent entities (i.e., discrete quantity) while conveying transient

relations (i.e., dynamic relation).

Importantly, the conditional effects within individual problem types were not

statistically significant. Therefore, the present findings do not support strong conclusions
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regarding which specific problem types rely most heavily on spatial visualization. Rather, they
suggest that the association between spatial visualization and problem-solving accuracy may
vary according to the representational demands imposed by different quantitative structures.
This interpretation is broadly consistent with the possibility that spatial visualization
contributes to word-problem solving through representational processes, a possibility
examined more directly in Studies 2 and 3 through analyses of children’s problem-solving

strategies.

Taken together, the present findings indicate that the association between spatial
visualization and problem-solving accuracy is not uniform across problem types. Rather, the
role of spatial visualization appears to vary according to the quantitative structure of the
problem, consistent with the proposed 2 x 2 conceptual framework. Although the conditional
effects within individual problem types were not statistically significant, the reliable difference
between slopes suggests that different quantitative structures may place different demands on
the representation ad organization of quantitative relationships. These findings underscore the
importance of considering quantitative structure when examining the role of spatial skills in

arithmetic word problem solving.

3.5.2.2 Interaction of Visuospatial Working Memory and Problem Type in
Predicting Word-Problem-Solving Accuracy

The association between visuospatial working memory and word-problem-solving
accuracy did not vary significantly across word problem types. This differing pattern between
spatial visualization and visuospatial working memory is consistent with theoretical accounts
proposing that these spatial skills may serve distinct roles in mathematical thinking (Hawes et
al., 2019b; Mix, 2019). One account proposes that visuospatial working memory is primarily
engaged in supporting the procedural fluency for easier, familiar content, whereas spatial
visualization is more strongly recruited for modeling more difficult, novel content (Mix, 2019).
However, the present findings complicate a simple difficulty- or familiarity-based explanation.
Although static-relation problems are generally considered more difficult than dynamic-
relation problems (Cummins et al., 1988; Riley & Greeno, 1988), and continuous-quantity
problems may be less commonly encountered than discrete-quantity problems in early
mathematics instruction, visuospatial working memory did not show differential associations
across these problem types with distinct quantitative structures. This suggests that problem
difficulty or familiarity alone may not fully explain how visuospatial working memory is

engaged in mathematical problem solving.
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An alternative interpretation concerns the distinct cognitive functions of the two spatial
skills. Spatial visualization may be particularly important for coordinating and transforming
internal representations of quantitative structure, whereas visuospatial working memory may
play a more general role in maintaining intermediate information during problem solving
(Hawes & Ansari, 2020). All word problem types require children to hold quantitative
information in working memory, which may account for the relatively stable association
observed across word problem types. This distinction between representation coordination and
representation maintenance aligns with prior findings linking visuospatial working memory to

numerical reasoning more broadly (e.g., Hawes et al., 2019b; Mix et al., 2016, 2017).

Although the interaction between visuospatial working memory and Continuous
Quantity—Static Relation problems (relative to Discrete Quantity—Dynamic Relation problems)
approached statistical significance, its confidence interval included 1 and should therefore be
interpreted with caution. The positive interaction coefficient suggests that the association
between visuospatial working memory and problem-solving accuracy may have been
somewhat stronger in Continuous Quantity—Static Relation problems, which require
maintaining multiple magnitudes relative to the reference point. However, this difference did
not reach conventional levels of statistical significance, and further research with greater

statistical power is needed to determine whether it reflects a reliable effect.

Taken together, the present findings suggest that, unlike spatial visualization,
visuospatial working memory does not appear to vary systematically in its association with
word-problem-solving accuracy across quantitative structures. Rather, its contribution may be
relatively stable across problem types, consistent with the view that visuospatial working
memory primarily supports the maintenance and coordination of quantitative information
during problem solving. This pattern reinforces the conceptual distinction between spatial
visualization and visuospatial working memory in mathematical word problem solving, while
highlighting the need for further research to clarify how these spatial skills interact with

quantitative structure.
3.5.3 Limitations

Several limitations should be considered when interpreting the findings and designing
future research. The first limitation concerns the interpretation of the interaction effects.
Although the relationships between spatial visualization and problem-solving accuracy varied

reliably across word problem types, the simple slopes within each problem type were not
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statistically significant. Accordingly, these interaction effects should be interpreted with

caution.

Although spatial visualization was operationalized through tasks selected to align with
its theoretical definition, some degree of overlap with fluid reasoning may remain despite
efforts to differentiate these constructs. Such overlap could attenuate the conditional effects
observed within specific problem types. Accordingly, the present findings should be
interpreted as preliminary pending further refinement of measurement distinctions between

spatial visualization and related cognitive abilities.

It is also possible that the conditional effects within individual problem types were
subtle. Detecting such nuanced differences often requires larger samples than were available
in the present study. Thus, the absence of statistically significant simple slopes should not be
interpreted as evidence that spatial visualization plays no role within specific problem types,
but rather as an indication that its effects may be modest. Future studies with larger samples

are needed to clarify this issue.

The second limitation concerns the word problems. Although they were developed
through an iterative process (i.e., two pilot studies and consultation with experts) and rigorously
tested (e.g., confirmatory factor analyses), they would benefit from further validation with a
larger sample size. This would strengthen confidence in the reliability and validity of both the
word problems and the underlying 2 x 2 conceptual framework used to categorize them. In
particular, although continuous-quantity problems were developed based on previous literature
and pilot-tested with Year 2 children from England (who were not part of the final dataset),
and despite efforts to match them to their discrete quantity counterparts, the findings indicate
that continuous-quantity problems were more difficult than discrete-quantity problems. While
it is possible that pupils find continuous-quantity problems inherently more difficult than
discrete-quantity problems due to limited exposure or differences in cognitive processing (e.g.,
counting bias), it is also plausible that the matching process was not entirely successful in
equalizing the problem types. Testing the problems with a larger sample would help clarify the

source of this disparity between problem types.

The third limitation concerns the generalizability of the findings. The study's reliance
on a specific geographical area limits the extent to which the results can be generalized to
broader populations. On the other hand, because this study included pupils with diverse

learning profiles (including SEN and EAL pupils who were able to meaningfully engage with
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the tasks), it may have greater ecological validity than studies that are more selective (e.g.,
those focusing only on typically developing children). Nonetheless, conducting the study with
a larger and more geographically diverse sample would help increase the external validity of

future research in this domain (Cohen et al., 2018; Punch & Oancea, 2014).

3.5.4 Conclusion

This study contributes valuable insights into the relationship between young children’s
spatial ability and accuracy in solving one-step additive word problems by proposing and
empirically examining a 2 x 2 conceptual framework that captures structural variation in
quantity and quantitative relation. By examining spatial visualization and visuospatial working
memory simultaneously, controlling for key cognitive and demographic characteristics (Peng
et al., 2020; Verschaffel et al., 2020; Vessonen et al., 2024), and accounting for both between-
participant and between-item variability through cross-classified mixed-effects logistic

modeling, the study provides a more granular analysis of the spatial-mathematical link.

Although neither spatial visualization nor visuospatial working memory uniquely
predicted overall word-problem-solving accuracy, the findings reveal a more nuanced pattern.
The association between spatial visualization and accuracy varied as a function of problem
structure, consistent with the proposed framework. In contrast, visuospatial working memory
did not demonstrate systematic variation across problem types, suggesting a more general role

in maintaining quantitative information regardless of structural form.

Together, these findings reinforce the conceptual distinction between spatial
visualization and visuospatial working memory and underscore the importance of considering
quantitative structure when examining the relationship between spatial ability and early
arithmetic word problem solving. Future research should investigate children’s problem-
solving strategies, including arithmetic strategies and representations of quantitative structure
(Carpenter & Moser, 1982; Fuson, 1982; Nunes & Bryant, 2015; Steffe et al., 1988), to better
clarify how these spatial skills relate to problem-solving processes. Moreover, examining
problem-solving strategy use may help illuminate potential indirect pathways linking spatial

skills and word-problem-solving accuracy.
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4 Study 2: The Role of Spatial Skills in Young Children’s Arithmetic Word-Problem-

Solving Strategies

Abstract

A spatial-mathematical link has been widely documented (Hawes & Ansari, 2020; Lourenco
et al., 2018; Mix & Cheng, 2012), yet less is known about the association between spatial
ability and arithmetic word problem solving in the early primary years. The present study offers
an initial contribution to addressing this gap in two ways. Theoretically, it proposes a holistic
perspective on problem-solving strategies along two dimensions—arithmetic strategy
(counting-based or number-fact) and representation of quantitative structure (correct, incorrect,
or none). Empirically, it examines whether spatial visualization and visuospatial working
memory are associated with problem-solving strategy use and whether these associations vary
by the quantitative structure of word problems. Using data from 137 Year 2 pupils (6—7-year-
olds) in England and controlling for language ability, numerical ability, fluid reasoning, age,
and gender, cross-classified mixed-effects multinomial models indicated that, across word
problem types, higher spatial visualization was consistently associated with greater relative use
of ‘Quantitatively Correct Number Fact’ strategies compared with ‘Quantitatively Incorrect
Counting’ and ‘Quantitatively Correct Counting’ strategies. In contrast, higher visuospatial
working memory was associated with reduced use of ‘Non-Quantitative’ strategies across most
problem types; for comparison problems involving disjoint quantities measured using an
imposed unit, it was instead more consistently associated with reduced relative use of
‘Quantitatively Incorrect Counting’ strategies. These findings suggest that the two spatial skills
may play distinct yet complementary roles in arithmetic word problem solving and highlight
problem-solving strategies as a potential intermediary target for future investigation of the

relationship between spatial skills and arithmetic word problem solving.
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4.1 Introduction

Solving mathematical word problems, which are problems presented in verbal
descriptions and not as number sentences, is an important mathematical skill (OECD, 2023).
In particular, arithmetic word problems are a prime tool for teaching both the skills needed in
everyday situations, and the general heuristic and metacognitive skills needed in solving
difficult mathematical problems (Vicente et al., 2022). Given their importance, arithmetic word
problems are a key focus of early mathematics teaching, as reflected in key policy documents
such as the national curriculum in England (Department for Education, 2013) and the Common
Core State Standards for Mathematics in the United States (National Governors Association

Center for Best Practices & Council of Chief State School Officers, 2010).

A potential way to understand children’s arithmetic word problem solving is through
the lens of spatial ability, given the strong spatial-mathematical link, which is “one of the most
robust and well-established findings in cognitive psychology” (Mix & Cheng, 2012, p. 198).
Spatial ability is a constellation of related skills concerning “the locations of objects, their
shapes, their relations to each other, and the paths they take as they move” (Newcombe, 2017,
p. 6). Indeed, studies suggest that spatial ability may be one of the problem solver’s
characteristics—along with age, gender, language and numerical abilities, and fluid reasoning
(Verschaffel et al., 2020)—that make a unique contribution to arithmetic word-problem-
solving performance (e.g., Casey et al., 2015; Kozhevnikov & Blazhenkova, 2013; Reinhold
etal., 2020; Strohmaier et al., 2022). Furthermore, studies with secondary school pupils suggest
that producing visual representations that accurately capture the quantitative structure of the
solution-relevant elements is one way in which spatial ability facilitates arithmetic word

problem solving (e.g., Boonen et al., 2013, 2014; Hegarty & Kozhevnikov, 1999).

Despite growing evidence linking spatial ability to arithmetic word-problem-solving
performance in older pupils, there is limited research of this kind in the lower primary school
context (e.g., Study 1; Wong & Ho, 2017). Crucially, there is limited research on the cognitive
processes that provide an explanation for the association between spatial ability and problem-
solving performance in young pupils. One such process may be the use of problem-solving
strategies. This study characterizes problem-solving strategies as goal-directed procedures
(Lemaire & Siegler, 1995; Schoenfeld, 1985; Tzur et al., 2021) employed by problem solvers
to produce a numerical answer to one-step additive word problems—problems that describe a
part—whole relation and can be solved with a single addition or subtraction calculation (Nunes

& Bryant, 2015). These strategies range from formal mathematical heuristics to less structured

121



Chapter 4: Study 2 Manuscript

response approaches that may not involve engagement with the problem’s quantitative

structure.

The present study takes a first step toward identifying problem-solving strategies as a
potential target for future investigation into the association between lower primary school
pupils’ (6—7-year-olds) spatial skills and arithmetic problem solving. It makes both theoretical
and empirical contributions. Theoretically, it proposes a framework for characterizing young
pupils’ problem-solving strategies. Empirically, it applies this framework to address two
substantive research questions. Specifically, the study examines the distinct contributions of
spatial visualization and visuospatial working memory to young pupils’ problem-solving
strategies in one-step additive word problems (RQ3). It also investigates whether the
associations between these spatial skills and problem-solving strategies vary as a function of

the quantitative structure of the problems (RQ4).

This study examines spatial visualization and visuospatial working memory because
these two spatial skills have consistently been identified as having a particularly strong
association with mathematical thinking (for a review, see Allen et al., 2019; Hawes & Ansari,
2020). Spatial visualization is “the ability to generate, recall, maintain, and manipulate visual-
spatial images and solutions” (Hawes & Ansari, 2020, p. 466), whereas visuospatial working
memory is the ability to temporarily maintain and process visuospatial information (Baddeley
& Hitch, 1974). Prior research indicates that these two spatial skills may play distinct roles in
mathematical development and thinking (e.g., Hawes et al., 2019b; Mix et al., 2016, 2017,
2019), although the findings have not been consistent (e.g., Hegarty & Waller, 2005; Mix et
al., 2021; Nath & Sziics, 2014; Reuhkala, 2001).

4.2 Literature Review

Despite the breadth of literature on the spatial-mathematical link (for a review, see
Hawes & Ansari, 2020; Lourenco et al., 2018), little research has examined the relationship
between lower primary school pupils’ (6—7-year-olds’) spatial ability and problem-solving
strategies for arithmetic word problems. Most existing studies have focused on secondary
school pupils and predominantly on one form of problem-solving strategy: visual
representation. The first part of this literature review outlines the types of visual representations
produced by secondary school pupils when solving word problems (Subsection 4.2.1). It then

discusses how different types of visual representations can either facilitate or hinder problem
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solving and how spatial ability may be associated with the production of supportive visual

representations.

Given that the production of visual representations is uncommon among lower primary
school pupils, the second part reviews literature to identify the problem-solving strategies used
by children in this age group when solving one-step additive word problems, with the aim of
developing a holistic framework for categorizing them (Subsection 4.2.2). The final part of the
literature review considers how the relationship between spatial skills and problem-solving
strategies may vary by word problem type (Subsection 4.2.3). It therefore adopts the 2 x 2
conceptual framework from Study 1 for categorizing one-step additive word problems,
providing a basis for examining the potential moderating role of the problems’ quantitative

structure. Finally, the study’s research questions are presented (Subsection 4.2.4).
4.2.1 Spatial Ability and Visual Representations in Secondary School Pupils

One of the suggested ways in which spatial ability facilitates arithmetic word problem
solving in secondary school pupils is through the production of visual representations (e.g.,
Boonen et al., 2013, 2014; de Koning et al., 2022; Hegarty et al., 1995; Ng & Lee, 2009; Van
Garderen, 2006). Studies have specifically focused on visual representations taking the form
of external expressions such as gestures, drawings, and the use of manipulatives. In particular,
the link between spatial ability and the production of visual representations has been explored
specifically in the context of solving visual-spatial word problems, which are problems that
can be solved “relatively easily by visual-pictorial means if the correlation of the given
elements in the problem is expressed visually” (Krutetskii, 1976, p. 156). These differ from
verbal—-analytical word problems that can be solved using logical and algebraic reasoning
without relying on the visualization of relations. (Further details regarding the distinction

between these two word problem types are provided in Subsection 3.2.2 of Study 1.)

As summarized in Table 4-1, the visual representations have been categorized into two
types: iconic representation and schematic representation. Iconic representations focus on the
vivid and detailed visual appearance of the objects and persons (e.g., shape, color, and texture)
described in the problem (Aleman et al., 2005; Blazhenkova & Pechenkova, 2019; Farah et al.,
1988; Guarnera et al., 2019; Hegarty & Kozhevnikov, 1999; Kozhevnikov et al., 2005; Levine
et al., 1985). Studies found that the production of iconic representations is negatively related

to word-problem-solving performance (Ahmad et al., 2010; Hegarty & Kozhevnikov, 1999;
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Kozhevnikov et al., 2002; Krawec, 2014; Van Garderen, 2006; Van Garderen & Montague,
2003).

Table 4-1

Examples of Visual Representations

Iconic Schematic Representation
Representation Inaccurate Accurate
Problem 1: “At the Bijenkorf, jeans cost 45 euros. That is 17 euro less than at C&A. How
much will you pay at C&A?” (de Koning et al., 2022, p. 31)*

45 i I |

Problem 2: “A balloon first rose 200 meters from the ground, then moved 100 meters to
the east, then dropped 100 meters. It then travelled 50 meters to the east, and finally
dropped straight to the ground, how far was the balloon from its original starting point?”
(Hegarty & Kozhevnikov, 1999, p. 680)°

- Qo0 (60 o QLR

., i v
Note. *Adapted from “Model method drawing acts as a double-edged sword for solving inconsistent
word problems,” by B. B. de Koning, A. J. H. Boonen, J. Jongerling, F. van Wesel, & M. van der
Schoot, 2022, Educational Studies in Mathematics, 111(1), p. 32 & p. 34
(https://doi.org/10.1007/s10649-022-10150-8). Copyright 2022 by the authors. Reprinted with
permission.

®Adapted from “The role of visual representation type, spatial ability, and reading comprehension in
word problem solving: An item-level analysis in elementary school children,” by A. J. H. Boonen, F.
van Wesel, J. Jolles, & M. van der Schoot, 2014, International Journal of Educational Research, 68,
p. 32 & p. 18-19 (https://doi.org/10.1016/.ijer.2014.08.001). Copyright 2014 by Elsevier Ltd.
Reprinted with permission.

In contrast, schematic representations focus on the quantitative relations between the
solution-relevant elements (Boonen et al., 2014). They can either be an accurate or an
inaccurate portrayal of the quantitative relations. As can be seen in the examples in Table 4-1,
accurate schematic representations may facilitate problem solving by correctly reducing the
situation in the problem to its “abstract mathematical gist” (Wong, 2021, p. 20). On the other
hand, inaccurate schematic representations may be detrimental for solving problems,
particularly so for more difficult word problems, such that when an inaccurate schematic

representation is used, word-problem-solving success is close to zero (2.60%) (de Koning et
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al., 2022). In essence, accurate schematic representations facilitate problem solving whereas

iconic representations and inaccurate schematic representations hinder problem solving.

Spatial ability assists with the production of accurate schematic representations. For
example, Boonen et al. (2014) found in a study with 11-year-olds that spatial ability, as
measured by the Paper Folding task and the Picture Rotation task, predicted word-problem-
solving performance (r = .59, p < .001), and the production of accurate schematic
representations (» = .31, p < .001). Moreover, they found that spatial ability was the most
powerful predictor of problem-solving success when an accurate schematic representation was
produced (Odds Ratio = 2.22) but was the lowest predictor when iconic representation was
produced (Odds Ratio = 1.13). Through a path analysis, Boonen et al. (2013) found that 21%
of the relationship between spatial ability and word-problem-solving success was explained by

the production of schematic representations.

4.2.2 Spatial Ability and Additive Word-Problem-Solving Strategies in Lower Primary
School Pupils

Investigating the relationship between spatial ability and one-step additive word
problem solving in younger pupils requires a different focus from that adopted for older pupils.
First, young pupils rarely produce visual representations spontaneously when solving word
problems (Jitendra & Woodward, 2019). Second, even before formal mathematics instruction,
young pupils can solve word problems using informal methods, such that the problem-solving
process does not necessarily involve sequential phases of ‘representation’ and ‘computation,’
(Carpenter & Moser, 1984; Nunes & Bryant, 1996) as is often assumed for older pupils and
adults (Mayer, 1985). Therefore, rather than focusing narrowly on visual representation,
research on the role of spatial ability in young pupils’ problem solving should adopt a more
holistic perspective that considers the range of strategies used at this age. This can be achieved
by drawing on research indicating that both arithmetic skills (Subsection 4.2.2.1) and
quantitative reasoning (Subsection 4.2.2.2) are important for solving mathematical word
problems (Nunes et al., 2012). The literature on these two components of problem solving is
reviewed in turn. This review informs a proposed holistic framework for problem-solving
strategies that integrates the dimensions of (1) arithmetic strategy and (2) representation of

quantitative structure (Subsection 4.2.2.3).
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4.2.2.1 Arithmetic Strategies: Counting-Based versus Number-Fact Strategies

Younger children can solve arithmetic word problems using informal methods of direct
modeling (e.g., pretend play) and counting (Carpenter & Moser, 1984; Nunes & Bryant, 1996),
well before formal instruction in the corresponding mathematical knowledge and skills
(Verschaffel et al., 2020). In other words, young children can begin to solve additive word
problems without necessarily understanding the arithmetic operation (i.e., either addition or
subtraction) associated with the problem (Carpenter & Moser, 1982). With development,
children tend to move from externalized, typically less efficient, more error-prone, and
laborious counting-based strategies that are often “direct reflection or simulation of the
problem’s semantics” (Verschaffel et al., 2020, p. 4) through more economic (Carpenter &
Moser, 1982) and non-perceptual (Steffe et al., 1982) counting-based strategies, and eventually

to more efficient, flexible, and abbreviated number-fact strategies (Verschaffel et al., 2020).

As summarized in Table 4-2, there are various counting-based strategies that young
pupils can use to solve one-step additive word problems (Carpenter & Moser, 1982; Fuson,
1982). Count-all and count-on are strategies used to find the sum of two entities. Count-up,
separate-from, count-down, and matching are strategies used to find the difference of two
entities. These counting strategies can be executed using representational tools such as concrete
objects (e.g., fingers, counters, manipulatives), figural objects (e.g., nodding or pointing in the
air, eye-tracking, and gesturing), marks or drawing on paper, or mentally through vocal or

subvocal counting (Carpenter & Moser, 1982; Steffe et al., 1982).

Counting-based strategies can be used to either model the problem situation directly or
to keep track of the counting steps (Carpenter & Moser, 1984). For example, if a problem
presents the initial quantity and the change to the quantity, and asks for the final quantity,
children can directly enact this problem situation (e.g., either gaining or losing objects) to solve
the problem. In contrast, if a problem presents the initial and the final quantities, and asks for
the change in the quantity, the representational tools can be used to keep track of the counting

steps between the two quantities.

One of the major mathematical accomplishments during early primary school is
gradually moving away from inefficient and laborious counting-based strategies toward more
efficient and less effortful counting-based strategies (Carr & Alexeev, 2011). For example,
children move away from a count-all strategy, which requires them to count both quantities

and is more time-consuming and error-prone, toward a count-on strategy, which requires
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counting forward from one of the quantities in the problem. Even within count-on strategies,
children can move away from a count-on-from-first strategy to a count-on-from-larger strategy.
In the former, the child counts forward from the first quantity presented in the problem, whereas
in the latter, the child begins counting forward from the larger of the two quantities, thereby

requiring fewer counting steps (Carpenter & Moser, 1982).

Table 4-2
Counting-Based Arithmetic Strategies

Description Example

What is two plus six?
‘One, two, three, four, five, six, seven,
eight. The answer is eight.’

Counting from one to determine

Count-All the total of both numbers

Counting on from the first
Count-On- number and continuing for as
From-First many steps as indicated by the
second number

What is two plus six?
‘Two, three, four, five, six, seven, eight.
The answer is eight.’

Counting on from the larger
Count-On- number and continuing for as ~ What is two plus six?
From-Larger many steps as indicated by the “Six, seven, eight. The answer is eight.’
smaller number

Counting up from the smaller =~ What is six minus two?
Count-Up  number until reaching the larger ‘Two, three, four, five, six. The answer is
number four.’

Counting the remaining units ~ What is six minus two?

after taking away units (Constructs a set of six. Then takes two
corresponding to the smaller away, and counts the remaining units.)
number from the larger number ‘One, two, three, four. The answer is four.’

Separate-From

Counting backward from the

larger number, producing as What is six minus two?

many counting number words as ‘Six, five, four. The answer is four.’
indicated by the smaller number

Count-Down

. ) What is six minus two?
Pairing objects from two groups .
. (Constructs a set of six and a set of two.
one-to-one to determine the

Matching difference between the fwo Pairs the two sets. Counts the unmatched
numbers counters.) .
‘One, two, three, four. The answer is four.’
Note. Adapted from Table 2-10 (Chapter 2). Italics indicate the starting number; underlining indicates
the counting steps.

Moreover, with experience and practice, children will progress away from counting-
based strategies altogether toward number-fact strategies that are more advanced, internalized,
faster, accurate, and flexible (Verschaffel et al., 2020). As summarized in Table 4-3, there are

two types of number-fact strategies: recalled and derived (Carpenter & Moser, 1982; Fuson,
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1982). A child can recall a number fact if they have it committed to their memory (for an
alternative account for those with small operands (< 4), see Barrouillet & Thevenot, 2013). If
a number fact cannot be recalled directly (e.g., 6 + 8 = ?), the child may instead decompose the
problem into number facts they do have committed to memory (e.g., 6 + 6 = 12) and use these
to derive the final answer (e.g., two more than 12 is 14). Such a derived number-fact strategy
is more common than recalled number-fact strategies for complex problems, such as mixed-

digit (e.g., 13 + 8) and double-digit problems (e.g., 12 + 23) (Casey et al., 2017).

Table 4-3
Number-Fact Arithmetic Strategies

Description Example

Recalled Retrieve the answer directly What is six plus eight?
Number Fact from memorized number facts  ‘Fourteen. I know by heart.’

What is six plus eight?

‘Six plus six is twelve. So, six add eight
is just two more than twelve. The answer
is fourteen.’

Derive the answer by
decomposing the problem into
known number facts

Derived
Number Fact

The number-fact strategies are generally considered more advanced and sophisticated
than counting-based strategies for several reasons. First, as stated above, number-fact strategies
are more efficient because they require less time to arrive at the numerical solution than do
counting strategies (Ashcraft & Fierman, 1982). Second, number-fact strategies draw on
memory-based mental representations of numerical information and require applying prior
knowledge of mathematical facts (Geary, 2011). In addition, derived number-fact strategies
require active problem solving and a more complex series of reasoning processes, as they

involve more than just rote procedures (Casey & Fell, 2018).

It is important to note that children who have access to multiple arithmetic strategies
may adaptively use them (Siegler, 2005). That is, within the same session, they may use a mix
of counting-based and number-fact strategies when solving arithmetic tasks (Foley et al., 2017).
For example, depending on the characteristics of the problems, a child might use fingers to
carry out a count-on strategy for one problem (e.g., 8 + 3, as it does not require many counting
steps), derive a number fact for the next (e.g., 8 + 9, which can be solved using 8 + 8 + 1), and
then use counters to carry out a separate-from strategy for another (e.g., 13 — 5, as it can be
readily represented using counters but may be more difficult to recall) (Schiffman & Laski,

2018).
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Although children can use a mix of counting-based and number-fact strategies, the
relative frequency of these strategies has many implications. First, number-fact strategies are
associated with greater computational success than counting-based strategies (Geary, 2011),
especially after approximately age 68 years (Jordan et al., 2008; Krenger & Thevenot, 2025).
Second, cross-sectionally, pupils who frequently use number-fact strategies tend to have higher
overall mathematical achievement, beyond arithmetic fluency, than those who rely on
counting-based strategies (Carr et al., 2008). Finally, longitudinally, the use of number-fact
strategies in lower primary school years predicts not only later performance in arithmetic word
problem solving but overall mathematical achievement in later school years (Carr & Alexeev,

2011).

While research on young pupils’ spatial ability and strategy use in arithmetic word
problem solving is limited, an emerging body of literature has examined links between spatial
ability and arithmetic strategies in addition and subtraction computation tasks (for a review,
see Casey & Fell, 2018; Laski et al., 2013; Casey et al., 2017; Mohring et al., 2024; Vasilyeva
et al., 2025). This literature suggests that spatial ability positively predicts the frequency of
number-fact strategy use and negatively predicts the frequency of counting-based strategy use.
Spatial visualization and visuospatial working memory have individually received attention in

this area of research, although they have not been studied together in a single study.

For example, in a study with 127 first grade girls (6—7-year-olds), Laski et al. (2013)
found that spatial visualization—as measured by the WISC-IV Block Design subtest, 2-D
mental rotation and 3-D mental rotation tasks—in addition to predicting the overall accuracy,
also positively related to the frequency of derived and recall number-fact strategies, negatively
related to the count-all strategies, and unrelated to the count-on strategies when solving additive
computation tasks. Furthermore, while both spatial and verbal skills predicted the frequency
with which children used the derived number-fact strategies, only spatial visualization

predicted the frequency of the recalled number-fact strategies.

In another study, Foley et al. (2017) found that in second and fourth grade children (7—
8-year-olds, and 9-10-year-olds), simultaneous visuospatial working memory (i.e.,
remembering spatial patterns presented at the same time rather than in sequence; Allen et al.,
2019), as measured by a visual pattern task, predicted the frequency of derived number-fact
strategy use when solving additive computation tasks. They also found that the frequency of

derived number-fact strategy use mediated the relationship between visuospatial working
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memory and arithmetic performance. Interestingly, while verbal working memory also

predicted the arithmetic performance, it did not predict the arithmetic strategy use.

The relationship between spatial ability and number-fact strategies in young pupils may
stem from humans’ predisposition to associate numbers with space (for a review, see Cipora et
al., 2018). Spatial skills contribute critically to the early development of numerical reasoning
by supporting the acquisition of a meaningful mental representation of numbers—specifically,
the linear number line (Gunderson et al., 2012). Consequently, young pupils with higher spatial
skills may be better able to map numbers onto a mental number line and recognize their relative
spatial positions, which in turn enables them to use number-fact strategies. In contrast, pupils
with weaker spatial skills may struggle to mentally manipulate numerical magnitudes and
therefore rely more heavily on counting-based strategies (Laski et al., 2013). Moreover, spatial
skills may not only support the visualization of numerical magnitudes but also enable pupils to
flexibly segment and transform large magnitudes into smaller parts (Mohring et al., 2024) and
maintain intermediate solutions and procedures in mind (Foley et al., 2017), both of which

facilitate number-fact strategies.
4.2.2.2 Quantitative Reasoning: Representation of Quantitative Structure

In addition to the distinction between counting-based and number-fact arithmetic
strategies, another important distinction in young pupils’ word-problem-solving strategies is
their representation of the problem’s quantitative structure, which is reflective of their
quantitative reasoning. Unlike computation tasks in which the problems are presented in
number sentences, when solving word problems, children need to “represent quantitative
information and act on the representations to come to conclusions not previously known”
(Nunes et al., 2015, p. 178). In other words, solving one-step additive word problems involves
representing the quantitative structure. Quantitative structure can be defined as a network of
quantities (measurable intrinsic properties, e.g., set size, position) and quantitative relations
(connections between quantities, e.g., changes or comparisons of set size/position) (Dos Santos,
2022; Nunes et al., 2009a; Thompson, 1993). (For more details on quantitative structure, see
Subsection 1.3.) Correct representation of the quantitative structure increases the likelihood of
obtaining the correct solution, whereas incorrect representation, or failing to consider the

quantitative structure, decreases that likelihood (e.g., Boonen et al., 2014).

Akin to the categorization of visual representations presented in Subsection 4.2.1,

representations of quantitative structure can be classified into three types (see Table 4-4). When

130



Chapter 4: Study 2 Manuscript

problem solvers use a ‘Non-Quantitative’ strategy, engagement with the quantitative structure
is not evident. Nevertheless, these strategies remain goal-directed, involving superficial tactics
such as restating a number from the problem, random guessing, or producing an irrelevant or
iconic representation. In contrast, when problem solvers use either quantitatively-incorrect or
quantitatively-correct strategies, they do engage with the quantitative structure of the problem.
However, the difference between the two is that the former is an inaccurate representation of
the quantitative structure (akin to inaccurate visual representation), whereas the latter is an

accurate representation of the quantitative structure (akin to accurate visual representation).

Table 4-4

Representations of Quantitative Structure

Description

Non-Quantitative Does not represent the quantitative structure
Quantitatively-Incorrect ~ Inaccurately represents the quantitative structure

Quantitatively-Correct ~ Accurately represents the quantitative structure

Importantly, the correctness of the quantitative structure representation is independent
of the accuracy of the final numerical solution. Consider this additive problem: ‘Ann had five
marbles and won three more marbles. How many marbles does Ann have now?’ A child using
a quantitatively-correct strategy would identify that the final quantity, the unknown of interest,
must be greater than the initial quantity. They might carry out a counting strategy using their
fingers (e.g., counting on from five). However, while applying the quantitatively-correct
strategy, they may make an execution error—for example, folding the first finger while saying
‘five,” then stopping at the third finger and concluding the answer is seven—thus arriving at an
erroneous numerical conclusion. Then in the next problem, ‘Ann had five marbles and won
four more marbles. How many marbles does Ann have now?’ the child might use a derived
number-fact strategy to say that since three more than five was seven in the previous question,
four more than five must be one more than seven, which is eight. In both problems, the child
accurately represented the quantitative structure, though they did not arrive at the correct

numerical solution.

Although it is improbable that the use of a non-quantitative or quantitatively-incorrect
representation will result in the correct numerical solution, it is not impossible. However, what
is important to note is that arriving at the correct numerical solution following a quantitatively-
correct representation is qualitatively different than arriving at the correct numerical solution

despite using a non-quantitative or quantitatively-incorrect representation. Thus, the
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investigation of the correctness of the numerical solution is not sufficient to determine the
qualitative differences, since it alone cannot indicate whether the problem solver used a non-
quantitative, quantitatively-incorrect, or quantitatively-correct representation. In other words,
the assessment of the representation of quantitative structure cannot be conflated with the

problem-solving accuracy.

While there is limited research on the association between young pupils’ spatial skills
and their representation of quantitative structure, a potential link can be inferred from studies
with older pupils, as outlined above in Subsection 4.2.1. In older pupils, a key aspect of spatial
skill in solving word problems is the production of accurate schematic representations, which
support reasoning about the problem’s quantitative structure (Casey & Fell, 2018). By
extension, when young pupils solve one-step additive word problems, their spatial skills may
facilitate the representation of the quantitative structure (Thevenot, 2010). More specifically,
spatial visualization may facilitate the representation by providing a “mental blackboard” on
which quantitative structure can be coordinated and transformed, whereas visuospatial working
memory may support the temporary maintenance of this representation during problem solving

(Hawes & Ansari, 2020, p. 472).
4.2.2.3 Problem-Solving Strategies: A Holistic Perspective

Based on reviewed literature on young pupils’ (1) arithmetic strategies (counting-based
versus number-fact approaches) and (2) representations of quantitative structure (i.e., correctly
or incorrectly representing the quantitative structure, if at all), their problem-solving strategies
for solving one-step additive word problems can be synthesized as shown in Table 4-5. This
proposed problem-solving framework offers a more holistic perspective by integrating
arithmetic strategy use with the representation of quantitative structure, two dimensions that
have largely been examined separately in prior spatial-mathematical research. Moreover, it
reflects the idea that young pupils’ problem-solving processes do not necessarily unfold in
sequential phases of ‘representation’ and ‘computation,’ (Carpenter & Moser, 1984; Nunes &

Bryant, 1996) as is often assumed for older pupils and adults (Mayer, 1985).

As discussed above, prior research indicates that spatial ability is associated with the
use of number-fact strategies, although this work has primarily focused on computation tasks
(e.g., Casey et al., 2017; Foley et al., 2017; Laski et al., 2013; Mohring et al., 2024; Vasilyeva
et al., 2025). It is also associated with the accurate representation of quantitative structure,

although the research has primarily focused on secondary school pupils (e.g., Boonen et al.,
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2013, 2014). Taken together, the reviewed literature suggests that young primary school pupils’
spatial ability may be associated with a greater likelihood of using ‘Quantitatively Correct
Number Fact’ strategies, which involve correctly representing the quantitative structure of the

problem while using a number-fact strategy. However, such research has yet to be conducted.

Table 4-5
Problem-Solving Strategies for One-Step Additive Word Problems

Strategy Definition

Does not appear to actively engage with the problem’s
Non-Quantitative quantitative structure (e.g., guessing without attempting;
producing an iconic visual representation)

Represents the problem’s quantitative structure incorrectly while
Quantitatively Incorrect using a counting-based strategy (e.g., counting-all for a
Counting subtraction problem; using a counting strategy based on an
inaccurate schematic representation)

Represents the problem’s quantitative structure incorrectly while
Quantitatively Incorrect using a number-fact strategy (e.g., mentally subtracting for an
Number Fact addition problem; using a number-fact strategy based on an
inaccurate schematic representation)

Represents the problem’s quantitative structure correctly while
Quantitatively Correct  using a counting-based strategy (e.g., separate-from for a
Counting subtraction problem; using a counting strategy based on an
accurate schematic representation)

Represents the problem’s quantitative structure correctly while
Quantitatively Correct  using a number-fact strategy (e.g., mentally adding for an
Number Fact addition problem; using a number-fact strategy based on an
accurate schematic representation)

Note. Reproduced from Table 1-3 (Chapter 1).
4.2.3 Word Problem Type as a Moderator of the Spatial-Strategy Relationship

The relationship between young pupils’ spatial skills and their use of problem-solving
strategies may depend on the quantitative structure of the word problem. For example, consider
the following problem: ‘Ann is 5 steps away from the wall. Bob is 7 steps farther from the wall
than Ann. How far is Bob from the wall?” As depicted in Figure 4-1, although the defining
feature of this problem type is the use of continuous quantities measured through imposed units,
the present problem is also embedded in a spatial context involving positions relative to a
reference point (akin to visual-spatial word problems described in Subsection 4.2.1).
Consequently, spatial skills may facilitate the representation of the problem’s quantitative

structure. Moreover, because the quantitative structure maps directly onto the problem’s
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situation, children may be able to model the problem using concrete representational tools (e.g.,
fingers or counters). As a result, they may be able to rely on counting-based strategies to
generate the numerical solution even if they do not yet have the sum of 5 and 7 committed to

memory (Siegler, 2005).

Figure 4-1

Example of a Quantitative Structure Amenable to Direct Modeling

Wall

5 Ann +7 Bob

In contrast, consider the following problem: ‘Ann had some marbles. She played a
game of marbles and lost 7 marbles. Now she has 5 marbles. How many marbles did she have
to begin with?” As shown in Figure 4-2, the quantitative structure of this problem comprises
two quantities (represented as bars) and one quantitative relation linking them (represented as
a leftward-pointing arrow). Although the defining feature of this problem type is the use of
discrete quantities, a crucial aspect of solving it involves constructing a representation that
accounts for the inverse of the given quantitative relation (Dos Santos, 2022)—that is, the fact
that Ann has seven fewer marbles now can be represented as her having seven more marbles
at the beginning (a rightward-pointing arrow). Spatial visualization may support such
coordination and transformation of representations of a problem’s quantitative structure;
visuospatial working memory may, in turn, facilitate maintaining this representation during the
quantitative reasoning process (Hawes & Ansari, 2020). Unlike the previous example, this
problem may be difficult to model directly using concrete representations because the initial

quantity is the unknown (Carpenter & Moser, 1984; Riley et al., 1983).

Figure 4-2

Example of a Quantitative Structure involving the Inverse of a Quantitative Relation

< -
= -
+7
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As the two examples above illustrate, different word problems may require the same
operation (i.e., both can be solved by finding the sum of 5 and 7), yet differ in their quantitative
structure and thus in the demands they place on its representation. Therefore, to gain a more
nuanced understanding of the association between spatial skills and problem-solving strategies,
it is important to examine whether this association varies across word problem types that differ
in quantitative structure. Such investigation may be facilitated by the 2 X 2 conceptual
framework (Quantity x Quantitative Relation) for categorizing one-step additive word

problems proposed in Study 1 (see Figure 4-3).

This conceptual framework builds on Thompson’s (1993) distinction between quantity
and quantitative relation by integrating methods of quantification (Davydov, 1982) and
classification of quantitative relations (Vergnaud, 1982). The resulting framework categorizes
word problem types along two binary dimensions: (1) Quantity, and (2) Quantitative Relation.
First, if quantities are specific and fixed, measured through one-to-one counting (e.g., set size),
they are discrete; if they are measured using an imposed unit (e.g., position), they are
continuous. Second, if quantitative relations describe a transformation in quantity over time,
they are dynamic; if they describe a comparison between disjoint quantities, they are static. As
summarized in Figure 4-3, this 2 x 2 conceptual framework yields four word problem types:
Discrete Quantity—Dynamic Relation, Discrete Quantity—Static Relation, Continuous

Quantity—Dynamic Relation, and Continuous Quantity—Static Relation.

Consider first the potential moderating effect of the dimension of quantity, drawing on
the well-established link between spatial skills and problem solving in geometry and
measurement (Casey & Fell, 2018; Vasilyeva et al., 2009). Developing competence in
geometry and measurement requires understanding the spatial nature of these domains (e.g.,
measuring area and volume involves enumerating arrays of squares and cubes; Battista, 2003).
By extension, one hypothesis is that the relationship between spatial skills and ‘Quantitatively
Correct Number Fact’ strategy use may be stronger for continuous-quantity problems, as these
resemble geometry and measurement problems in that regard. Alternatively, the relationship
may also be strong for discrete-quantity problems if successful performance depends on

representing the quantitative structure, thereby drawing more heavily on spatial skills.
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Figure 4-3
Conceptual Framework for One-Step Additive Word Problems

Quantitative Relation

Dynamic Relation Static Relation
Ann had 6 marbles.® Ann has 4 marbles.®@
Ann won 8 more marbles.® Bob has 9 more marbles than Ann.®

Ann now has 14 marbles.© Bob has 13 marbles.© 13

Discrete
Quantity

E 4
s
5 Ann was 5 steps from the wall.® Ann is 3 steps from the wall.®
Ann walked 7 more steps Bob is 8 steps farther from
away from the wall.® the wall than Ann.® <>

Ann is now 12 steps from the wall.©© @ Bob is 11 steps from the wall.©© T

OO &

Note. When each word problem type (Discrete Quantity—Dynamic Relation, Discrete Quantity—Static Relation, Continuous Quantity—Dynamic Relation, and
Continuous Quantity—Static Relation) is framed as a one-step additive word problem, two of the three facts are provided, and the missing third fact becomes
the unknown to be solved. The unknown is either a quantity (a or ¢) or a quantitative relation (b). Upright squares ([J) represent discrete quantities. Tilted
squares (<) represent continuous quantities. Circles (O) represent quantitative relations. Dynamic relations are represented horizontally, whereas static
relations are represented vertically.

Continuous
Quantity
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Similarly, the relationship between spatial skills and ‘Quantitatively Correct Number
Fact’ strategy use may differ across the dimension of quantitative relation. On the one hand,
the association may be stronger for dynamic-relation problems, as solving these problems often
requires mentally transforming representations of quantitative structure—a process that spatial
skills are likely to facilitate (Mix & Cheng, 2012). On the other hand, the association may be
stronger for static-relation problems, as these problems may be more difficult to represent
(Riley et al., 1983), thereby increasing reliance on spatial skills that support the representation

of quantitative structure (Mix, 2019).

Taken together, the reviewed literature suggests that problem-solving strategies along
the dimensions of arithmetic strategy and representation of quantitative structure may provide
a more holistic perspective on how young pupils solve one-step additive word problems. There
is a need to examine the relationship between spatial ability and problem-solving strategies,
and whether this relationship is moderated by the quantitative structure of the problem, defined
by the dimensions of quantity and quantitative relation. The present study aims to examine this

relationship empirically.
4.2.4 Present Study

The present study aims to investigate whether young pupils’ spatial visualization and
visuospatial working memory are associated with their use of problem-solving strategies in
one-step additive word problems. It further examines whether these associations vary across
word problem types, thereby clarifying how the relationship between spatial ability and
problem-solving strategies depends on quantitative structure. To this end, the study addresses

the following research questions:

RQ3) To what extent do spatial visualization and visuospatial working memory predict

young primary school pupils’ (6—7-year-olds’) problem-solving strategy use?

RQ4) Do the relationships between spatial visualization, visuospatial working memory,

and problem-solving strategy use vary across different word problem types?

The present study extends previous research on the relationship between spatial ability
and problem-solving strategies in several ways. First, it focuses on lower primary school pupils
rather than secondary school pupils. Second, it examines strategy use in one-step additive word
problems rather than arithmetic computation tasks. Third, it investigates the unique
associations of both spatial visualization and visuospatial working memory while controlling

for other factors known to contribute to arithmetic problem solving, such as language ability,
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numerical ability, fluid reasoning, age, and gender (e.g., Daroczy et al., 2015; Fung & Swanson,

2017; Verschaffel et al., 2020; Vessonen et al., 2024).
4.3 Methods

This study employed a correlational, cross-sectional design to investigate the
relationship between spatial visualization, visuospatial working memory, and the use of
problem-solving strategies in one-step additive word problems. The following section
describes the participants (Subsection 4.3.1) and measures (Subsection 4.3.2). Next, it outlines
the data collection process, including task administration procedure (Subsection 4.3.3). Finally,
it details the coding of problem-solving strategies (Subsection 4.3.4) and the analytic approach

(Subsection 4.3.5) used to address the research questions.
4.3.1 Participants

A total of 149 Year 2 pupils in South East England were recruited using a non-
probabilistic convenience sampling method. The testing of 12 participants discontinued either
because they could not understand the tasks or because they expressed a desire to stop. The
analysis uses the data of 137 pupils (50.4% female, 49.6% male; age range: 6.52—7.74 years;
mean age: 7.10 years) who completed all seven tasks. Although Special Education Needs (SEN)
and English as an Additional Language (EAL) data were not available for all participants, 27
(19.7%) of the retained sample were reported as having SEN and 21 (15.3%) as having EAL,

meaning the true proportions may be higher.

Schools were recruited first, then the pupils were recruited through either an opt-out or
opt-in parental consent approach, as decided by the school. This research has received
university ethics approval and followed the ethical guidelines for educational research as
recommended by the British Educational Research Association (2018) and the University of
Oxford Policy on Research Involving Human Participants and Data Protection (Central

University Research Ethics Committee, 2022).
4.3.2 Measures

The seven measures used in the present study are summarized in Table 4-6. Spatial
visualization was assessed using two measures: the Wechsler Abbreviated Scale of
Intelligence—Second Edition (WASI-II) Block Design subtest (Atit et al., 2022) and the
Visual-Spatial Reasoning task (Hawes et al., 2015, 2017, 2019). In the Block Design subtest,
participants used red-and-white cubes to recreate target designs shown in the stimulus book

within a specified time limit. The Visual-Spatial Reasoning task comprised four subtasks that
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Table 4-6
Study Measures
Variable Task Description Scoring
. Within a specified time limit, recreate a * Scores depend on bOth accuracy and
Wechsler Abbreviated . . . . speed of construction, and can range
. design presented in the Stimulus Book using .
Scale of Intelligence— . . from O to 2 for the first four items, and 0
.S two, four, or nine red-and-white cubes )
Second Edition . : to 7 for the final seven items
A total of 11 items for children aged 6 to 8, . :
(WASI-II) Block . . . e The total raw score is the sum of all item
. but testing discontinued after two
. Design subtest ! scores, and can range from 0 to 57 for
Spatial consecutive scores of zero ;
LoE children aged between 6 to 8
Visualization T X
Reason and visualize solutions to problems
involving parts of objects in relation to their e Each item is scored as either correct (1)
Visual-Spatial whole (i.e., missing center, missing border, or incorrect (0)
Reasoning task shape composition/decomposition, and e The total raw score is the sum of all item
paper folding) scores, and can range from 0 to 20
A total of 20 items
Replicate a sequence of dots that light up
one at a time by tapping them in the same
order
. . The sequence length begins at two and e The total is the highest sequence length
Visuospatial . . . -
i PathSpan increases by one if successful on either of correctly repeated at least once, and it
Working Memory

the two trials in the previous length, up to
the maximum length of nine

Testing is discontinued if unsuccessful on
both trials at a given sequence length

can range from two to nine
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Variable Task

Description

Scoring

Wechsler Individual
Achievement Test—
Second UK Edition
(WIAT-IIUK)
Listening
Comprehension

Language Ability

Select the picture that matches either a word
(16 Receptive Vocabulary items) or
sentence (10 Sentence Comprehension
items), and generate a word that matches a
picture and oral description (15 Expressive
Vocabulary items)

Each of the three subtasks requires a basal
set of three consecutive correct responses,
and each subtask is discontinued after six
consecutive scores of zero

e Each item is scored as either correct (1)
or incorrect (0)

e The total raw score is the sum of all item
scores and can range from 0 to 41

Wechsler Individual
Achievement Test—
Second UK Edition
(WIAT-IIUK)
Numerical Operations

Numerical Ability

Identify and write numbers, count using
one-to-one correspondence, and solve
written calculation problems and simple
equations involving the basic operations of
addition, subtraction, multiplication, and
division.

e Each item is scored as either correct (1)
or incorrect (0)

e The total raw score is the sum of all item
scores and can range from 0 to 54

Wechsler Abbreviated
Scale of Intelligence—
Second Edition
(WASI-II) Matrix
Reasoning subtest

Fluid Reasoning

Complete the matrix or series by choosing
from five options

A total of 24 items for children aged 6 to 8,
but testing discontinued after three
consecutive scores of zero

e Each item is scored as either correct (1)
or incorrect (0)

e The total raw score is the sum of all item
scores, and can range from 0 to 24 for
children aged 6 to 8

Additive Word
Problems

Word-Problem-
Solving Strategies

Solve word problems that require either the
addition or subtraction of the values given
in the problem

Can use various representational tools such
as counters (MathLink cubes) and paper and
pencil

A total of 24 items

e The problem-solving strategy used for
each item is coded as:

o Non-Quantitative

o Quantitatively Incorrect Counting

o Quantitatively Incorrect Number Fact

o Quantitatively Correct Counting

o Quantitatively Correct Number Fact

Note. Adapted from Table 2-2 (Chapter 2).
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required reasoning and visualization of parts—whole relationships: missing center, missing
border, two-dimensional shape composition/decomposition, and paper folding. The two
measures of spatial visualization were combined into a single composite score using Principal
Component Analysis (PCA) (De Pauw et al., 2009). (The details of this spatial visualization
composite score, including its justification, development process, and findings, are presented

in Subsection 2.3.2.1.1 of the Methodology Chapter.)

Sequential visuospatial working memory was assessed using PathSpan, a digitized
version of Corsi Block-Tapping task on iPad (Hawes et al., 2019b). In this measure,
participants were presented with a sequence of dots that light up one at a time in a random

pattern, which they must then replicate by touching the dots in the same order they were lit.

Language ability was assessed using the Wechsler Individual Achievement Test—
Second UK Edition (WIAT-IIV¥) Listening Comprehension subtest, which involves selecting
a picture that matches a word or sentence and generating a word that matches a picture or oral
description. In this study, listening comprehension was deemed a more relevant measure of
language ability than reading comprehension because the one-step additive word problems are
read aloud to the participants (Spencer et al., 2022). Numerical ability was assessed using the
WIAT-IIY® Numerical Operations subtest, which involves identifying and writing numbers,
counting, and solving arithmetic computation tasks. Fluid reasoning—the ability to identify
patterns and relationships, infer and implement rules, and do so independently of verbal and
prior knowledge (McGrew, 2009)—was assessed using the WASI-II Matrix subtest, in which
the participants were required to select the response option that would complete the matrix or

series from five options (Atit et al., 2022).

Finally, the word-problem-solving strategies were assessed using the 24 one-step
additive word problem items adapted from Study 1. The problems used number facts with sums
ranging from 11 to 19 as the curriculum for Year 2 pupils in England focus on mastery of
addition and subtraction up to 20 (Department for Education, 2013). Of the 24 items, six
belonged to each of the four word problem types outlined in Subsection 4.2.3. (See Subsection

2.3.3.2 for the full problem set.)
4.3.3 Procedure

Pupils met individually with the primary author and completed a series of seven
measures. The measures were administered in a randomized order across two sessions, each

lasting approximately 30 minutes. Sessions were typically scheduled at least one hour apart,
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with a minimum interval of 30 minutes. All sessions took place in a quiet space, either in the
hallway or in an open area near the pupil’s classroom. Prior to testing, parental consent (either

opt-in or opt-out, based on the school’s discretion) and child assent were obtained.

Pupils were randomly assigned to one of the four forms of word problems (Forms A—
D). Within each form, half of the word problems (i.e., 12 items) were administered in the first
testing session, and the remaining half were administered in the second session. The problems
were presented on A4-size papers, with four problems arranged in each quadrant of a page.
Each problem was read aloud slowly and repeated if necessary. Pupils were provided with 30
MathLink cubes and a pencil and were informed that they could use them if they found them
helpful; they were also reminded that they could use these materials if they were stuck on a

problem for more than a minute.

While each pupil was solving a problem, overt signs of representational tool use and
arithmetic approaches (e.g., using counters to count-all) were documented. Additional
observations of behavior (e.g., the pattern and order in which counters were placed on the desk)
were noted on the paper, as no photographic or video recordings were made. After each
problem was solved and a numerical answer provided, pupils were asked to explain how they
arrived at their answer: ‘What were you thinking in your mind?’ The retrospective reports were
noted verbatim. (The detailed administration procedure for the word problems, including the

randomization of the item order, is outlined in Subsection 2.3.3.3 of the Methodology chapter.)
4.3.4 Coding of Problem-Solving Strategies

Pupils’ strategies for solving word problems were coded in three stages. The first stage
of coding was during testing. For each word problem item, the primary author coded the
representational tools and arithmetic approaches based on pupils’ observable behavior and
retrospective reports. This method of complementing observations with retrospective reporting
of the strategy was deemed most appropriate based on prior research, which indicates that such
an approach is a valid indicator of capturing the strategies children use (Carr et al., 2008; Cho
et al., 2011). (The final codes of representational tools and arithmetic approaches, as well as

the coding procedure are presented in Subsection 2.3.3.4 of the Methodology Chapter.)

The second stage of coding was done based on field notes—which included codes for
representational tools and arithmetic approaches, additional observations of behavior, and
verbatim retrospective reports from pupils. Using the field notes, the primary author identified

the problem-solving strategy used by each pupil for each problem item. The five mutually
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exclusive problem-solving strategy codes are summarized in Table 4-7. Only one final

problem-solving strategy code was assigned per item per pupil.

Importantly, problem-solving strategies were coded independently of problem-solving
accuracy (i.e., the correctness of the numerical solution). That is, even if the final numerical
solution was incorrect, as long as the representation of the quantitative structure was accurate,
the problem-solving strategy was coded as either a ‘Quantitatively Correct Counting’ or

‘Quantitatively Correct Number Fact’ strategy, depending on the arithmetic approach.

Furthermore, if there were multiple arithmetic approach codes, the final problem-
solving strategy code was determined by considering the relative sophistication of the multiple
codes. Consider this example: ‘Ann had 14 marbles. Then she played a game of marbles and
lost 6 marbles. How many marbles does she have now?” A pupil can solve this by first recalling
that six plus six is 12, then counting-on using their fingers to reach 14, and finally determining
that, because 14 is two more than 12, the answer is two more than six, which is eight. In this
case, the final problem-solving code was deemed to be ‘Quantitatively Correct Number Fact’
rather than ‘Quantitatively Correct Counting’ because decomposing the problem was the

critical step that enabled the pupil to reach the answer (Laski et al., 2013).

The third, and final, stage of coding was conducted to establish inter-rater reliability. A
second rater independently coded the problem-solving strategies for 20.4% of the data (28
participants X 24 items) using the primary author’s field notes of pupils’ observable behavior
and retrospective reports. From the total sample of 137 participants, 28 were selected at random.
Interrater reliability was high. The two raters showed 97.2% agreement, and Cohen’s k was .96,

95% CI [.95, .98], p <.001, indicating excellent reliability (Siegel & Castellan, 1988).
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Table 4-7

Problem-Solving Strategies and Examples

Strategy

Example

Discrete Quantity

Continuous Quantity

‘Non-Quantitative’:

Does not appear to actively engage
with the problem’s quantitative
structure

e.g., producing an irrelevant or iconic
representation, or guessing without
attempting to solve

11) Ann had 6 marbles. Then she played a game of marbles. Now she has 18
marbles. How many marbles did she win?

Drew a person.

Retrospective reporting: [Points to the number 18 on

the problem]

14) Ann is 19 steps from the wall. Bob is 6 steps closer to the wall than Ann.
How far is Bob from the wall?

Retrospective reporting: ‘Because it is.’
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Example
Strategy - : - -
Discrete Quantity Continuous Quantity
Quantitatively Incorrect 10) Ann had some marbles. Then she played a game of marbles and lost 5 22) Ann was some steps from the wall. Then she walked 5 steps towards the
Counting: marbles. NOV\Y,Sh? has 13 marbles left. How many marbles did she have to wall. Now she is 14 steps from the wall. How far was Ann from the wall to
g‘ begin with? R begin with?

- JRY XN
Represents the problem’s quantitative AL

structure incorrectly while using a Used fingers to count-down from 14.
counting-based strategy Retrospective reporting: ‘I minused 5 from 14.”

Drew 13 circles and crossed out five
Retrospective reporting: ‘It says some, so I don’t

©.8., USINg representatlpnal tools know what to draw. So, I start with 13 and take away
(concrete or figural objects, marks or 50

drawings, fingers) and/or vocal or
subvocal counting to carry out a
counting strategy based on flawed
quantitative reasoning

4) Ann has 5 marbles. She has 9 marbles less than Bob. How many marbles 22) Ann was some steps from the wall. Then she walked 6 steps towards the
does Bob have? 44— wall. Now she is 12 steps from the wall. How far was Ann from the wall to
' { begin with?
Quantitatively Incorrect Retrospective reporting: ‘Ann had 5. But 9 take |
Number-Fact: away 5 is 4, and that’s how many Bob has.
Represents the problem’s quantitative A<
structure incorrectly while using a

ber-fact strat : -
AUmbEr-iact Sategy Drew the wall. Then pointed with their finger and

glided it from left to right, starting at the wall and
moving once for each counted number while
counting aloud to six, then drew A1l (labeled by the
researcher). Repeated the gesture, counting to twelve
from the wall, and drew A2 (labeled by the
researcher). Finally, stated that the answer was six.
Retrospective reporting: ‘I know 12 minus 6 is 6.’

e.g., using derived or recalled
number facts based on flawed
quantitative reasoning
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Example

Strate - -
&y Discrete Quantity

Continuous Quantity

13) Ann is 5 steps from the wall. Bob is 13 steps farther from the wall than
Ann. How far is Bob from the wall? | {/

Used left hand to count-on from 13.
Retrospective reporting: ‘Because she has 5 steps.
He’s farther 13 steps. So, I added it up.’

Quantitatively Correct
Counting:

Represents the problem’s quantitative
structure correctly while using a
counting-based strategy

e.g., using representational tools
(concrete or figural objects, marks or
drawings, fingers) and/or vocal or
subvocal counting to carry out a
counting strategy based on correct
quantitative reasoning

16) Ann is 5 steps from the wall. She is 7 steps closer to the wall than Bob.
How far is Bob from the wall.

\a
\
\

\
{

Stacked three MathLink cubes to represent the wall,

two to represent Ann, and two to represent Bob.
Placed the MathLinks representing the wall down

first, then positioned Ann’s cubes arbitrarily to the

right of the wall, and Bob’s cubes arbitrarily right of
Ann (i.e., farther from the wall). Recreation:

Finally, used fingers to count on from five.

7) Ann had 9 marbles. Then she played a game of marbles and won 10 more
marbles. How many marbles does she have now? ||

Quantitatively Correct
Number-Fact:

Represents the problem’s quantitative
structure correctly while using a
number-fact strategy

Retrospective reporting: ‘Because 10 plus 10 is 20.
So, minus 1 is 19.”

e.g., Using derived or recalled
number facts based on correct
quantitative reasoning

24) Ann was 16 steps from the wall. Then she walked some steps. Now she is ‘1
5 steps from the wall. How many steps did Ann walk towards the wall?

o

[6

Retrospective reporting: ‘Cause if you have 16, take
away Sis 11.
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4.3.5 Analytic Approach

Statistical analyses were conducted in R version 4.4.0 (R Core Team, 2024) using
RStudio version 2023.12.1.402 (Posit Team, 2024). Both research questions—examining (1)
the relationship between spatial skills and problem-solving strategy use, and (2) the moderating
effect of word problem type—were investigated using mixed-effects multinomial logistic
regression models (Snijders & Bosker, 2012) implemented in the mclogit package (EIff, 2026).
Random intercepts for participants and items were included to account for the cross-classified
structure of the data, as each pupil solved all 24 word problems and each problem was
completed by all 137 participants (Baayen et al., 2008; Barr et al., 2013). Consistent with
findings from Study 1 indicating that item-level random slopes did not improve model fit, the
multinomial models retained a parsimonious random-intercept structure for participants and
items. The ‘Quantitatively Correct Number Fact’ strategy was used as the baseline category
based on the a priori hypothesis that spatial skills would most strongly predict the likelihood
of using this strategy.

In most previous studies, the relationship between spatial ability and problem-solving
strategies has been investigated using aggregated participant-level data and separate regression
analyses for each strategy (e.g., Casey et al., 2017; Laski et al., 2013; Mohring et al., 2024).
However, aggregating item-level responses to the participant level may obscure meaningful
variation, as individuals with identical scores may differ in how they use strategies across items,
potentially masking important differences in problem-solving patterns. This discards
informative within-participant and item-level variation and obscures the binomial response

structure of the data (Jaeger, 2008).

Furthermore, the use of proportions at the participant level introduces additional
statistical considerations, as strategy proportions are not independent but are constrained to
sum to one, resulting in compositional data (Aitchison, 1982). As a result, modeling each
strategy separately may not fully account for the dependency among outcomes, given that
selecting one strategy is inherently related to not selecting others. This, in turn, may lead to

biased estimates and inflated Type I error rates.

To address these limitations, the present study employed an item-level modeling
approach in which individual item responses served as the unit of analysis while accounting
for clustering across both participants and items through cross-classified mixed-effects models.

This approach allows the relationship between spatial skills and strategy use to be examined at
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the level at which strategy selection occurs (Boonen et al., 2014). Beyond addressing the
limitations associated with aggregation and model specification, this approach offers two
additional advantages. First, it can increase statistical power by retaining information contained
in individual item responses rather than aggregating performance across items. Second, by
modeling variability at both the participant and item levels, the analysis supports generalization
beyond the specific sample of pupils and set of word problems included in the study (DeBruine

& Barr, 2021).

RQ3 was investigated by fitting a cross-classified mixed-effects multinomial logistic
regression model with spatial skills (i.e., spatial visualization and visuospatial working
memory) as independent variables; language ability, numerical ability, fluid reasoning, age,
and gender as covariates; problem-solving strategy as the dependent variable; and participants
and problem items as crossed random effects. RQ4, examining the moderating effect of word
problem type, was addressed by adding interaction terms between word problem type and the
two spatial skills. Discrete Quantity—Dynamic Relation problems were used as the reference
category, as they provide a meaningful and interpretable baseline for comparing variation in
strategy use across problem types within the proposed framework (see Study 1). To facilitate
interpretation, conditional odds ratios were calculated by multiplying the main-effect odds ratio
by the interaction-term odds ratio; these should be interpreted as estimates of the conditional

effect for a given problem type relative to the reference word problem type.

All continuous predictors were standardized to place them on a common metric and
facilitate comparison of effect estimates across predictors. Age was mean centered rather than
standardized because its original metric (i.e., year) was considered substantively meaningful
and readily interpretable. Mean centering additionally improved the interpretability of model
intercepts and reduced potential multicollinearity (Enders & Tofighi, 2007). Model
assumptions were evaluated for the multinomial models, with full details provided in Appendix
4A. Diagnostics were conducted in R using relevant packages, including splines (R Core Team,

2024), car (Fox & Weisberg, 2019) and caret (Kuhn, 2024).
4.4 Findings

The findings from cross-classified mixed-effects multinomial logistic regression
analyses are reported below. Subsection 4.4.1 reports the association between pupils’ spatial

skills and their use of problem-solving strategies (RQ3). Subsection 4.4.2 reports the
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moderating effect of word problem type on these associations (RQ4) by presenting the final

model, which includes interaction terms between word problem type and spatial skills.
4.4.1 RQ3: The Relationship between Spatial Skills and Problem-Solving Strategy Use

RQ3) To what extent do spatial visualization and visuospatial working memory
predict young primary school pupils’ (6—7-year-olds’) problem-solving strategy

use?
4.4.1.1 Preliminary Analyses

Prior to presenting the main-effects model, preliminary analyses are reported, including
the distribution of problem-solving strategies (Subsection 4.4.1.1.1), between-pupil
(Subsection 4.4.1.1.2) and between-item (Subsection 4.4.1.1.3) variation in strategy use, and

descriptive statistics (Subsection 4.4.1.1.4).
4.4.1.1.1 Problem-Solving Strategy Distribution

Table 4-8 summarizes the overall distribution of problem-solving strategies across all
item-level responses. The largest proportion of problem items was solved using a ‘Non-
Quantitative’ strategy (34.2%), followed by ‘Quantitatively Correct Counting’ (29.1%) and
‘Quantitatively Correct Number Fact’ (20.2%) strategies. ‘Quantitatively Incorrect Counting’
strategies accounted for about 11.5% of responses, while ‘Quantitatively Incorrect Number

Fact’ strategies were used least frequently (5.1%).

Table 4-8

Distribution of Problem-Solving Strategies Across all Iltem-Level Responses

Frequency (n) Percent (%)
Non-Quantitative 1124 34.2%
Quantitatively Incorrect Counting 378 11.5%
Quantitatively Incorrect Number Fact 167 5.1%
Quantitatively Correct Counting 955 29.1%
Quantitatively Correct Number Fact 664 20.2%

Note. N = 3288 item-level responses (137 pupils X 24 problems).

Taken together, counting-based strategies (40.6%)—whether quantitatively correct or
incorrect—were used more frequently than number-fact strategies (25.3%). Moreover, pupils
relied on ‘Non-Quantitative’ strategies (34.2%) more often than on quantitatively-incorrect
strategies (counting-based and number-fact combined; 16.6%), suggesting that not

representing the quantitative structure was more common than representing it incorrectly.
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4.4.1.1.2 Between-Pupil Variation in Problem-Solving Strategy Distribution

Table 4-9 presents between-pupil variation in problem-solving strategy use. As
indicated by the coefficient of variation (CV), there was substantial between-pupil variability
across all five strategies. CVs were highest for ‘Quantitatively Incorrect Number Fact’ (1.51)
and ‘Quantitatively Incorrect Counting’ (1.24), followed by ‘Quantitatively Correct Number
Fact’ (1.23), ‘Non-Quantitative’ (1.05), and ‘Quantitatively Correct Counting’ (0.74).

Table 4-9
Between-Pupil Variation in Problem-Solving Strategy Use

Mean (%) SD (%) CV
Non-Quantitative 34.2 35.8 1.05
Quantitatively Incorrect Counting 11.5 14.3 1.24
Quantitatively Incorrect Number Fact 5.1 7.7 1.51
Quantitatively Correct Counting 29.1 21.5 0.74
Quantitatively Correct Number Fact 20.2 24.9 1.23

Note. N = 137 pupils. SD = Standard Deviation; CV = Coefficient of Variation (SD/Mean).
4.4.1.1.3 Between-Item Variation in Problem-Solving Strategy Distribution

Table 4-10 presents between-item variation in problem-solving strategy use, indicating
the extent to which problem-solving strategies varied by item. ‘Quantitatively Incorrect
Number Fact’ strategies exhibited the highest between-item variability (CV = 0.89), followed
by ‘Quantitatively Incorrect Counting’” (CV = 0.56), suggesting that certain items prompted
these strategies more frequently than others. ‘Quantitatively Correct Counting’ (CV = 0.35)
and ‘Quantitatively Correct Number Fact’ (CV = 0.35) strategies demonstrated moderate
variability across items. In contrast, ‘Non-Quantitative’ strategies showed relatively low
between-item variability (CV = 0.28), indicating that this strategy was used at more similar

rates across items.

Table 4-10
Between-Item Variation in Problem-Solving Strategy Use

Mean (%) SD (%) CV
Non-Quantitative 34.2 9.6 0.28
Quantitatively Incorrect Counting 11.5 6.5 0.56
Quantitatively Incorrect Number Fact 5.1 4.5 0.89
Quantitatively Correct Counting 29.1 10.1 0.35
Quantitatively Correct Number Fact 20.2 7.1 0.35

Note. Based on 24 items. SD = Standard Deviation; CV = Coefficient of Variation (SD/Mean).
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4.4.1.1.4 Descriptive Statistics and Correlations

Table 4-11 presents descriptive statistics and zero-order and partial correlations among
key variables. Zero-order correlations (above diagonal) indicated associations between spatial
skills and problem-solving strategies. Both spatial visualization and visuospatial working
memory were positively correlated with number-fact strategies, regardless of the correctness
of the representation of quantitative structure: ‘Quantitatively Incorrect Number Fact’ (r = .49,
p <.001; r= .26, p < .01, respectively) and ‘Quantitatively Correct Number Fact’ (» = .55, p
<.001; r=.37, p<.001, respectively). Both spatial skills were negatively correlated with ‘Non-
Quantitative’ strategies (r=—237,p <.001; r=—.31, p <.001, respectively). In addition, spatial
visualization was negatively correlated with ‘Quantitatively Incorrect Counting’ strategies (»

= .18, p <.05).

After controlling for language ability, numerical ability, fluid reasoning, age, gender,
and the other spatial skill (partial correlations; below diagonal) only spatial visualization
remained significantly associated with strategy use. Specifically, spatial visualization was
positively associated with ‘Quantitatively Incorrect Number Fact’ (r = .28, p < .01) and
‘Quantitatively Correct Number Fact’ (» = .22, p < .05). Although the zero-order correlation
between spatial visualization and ‘Quantitatively Correct Counting’ strategy use was not
significant, the partial correlation controlling for covariates and visuospatial working memory

was significant (r = —.21, p <.05).

Examination of zero-order correlations between covariates and problem-solving
strategies indicated that numerical ability and fluid reasoning were positively correlated with
number-fact strategies, regardless of the correctness of the representation of the problem’s
quantitative structure: ‘Quantitatively Incorrect Number Fact’ (r = .44, p <.001; » = .38, p
<.001, respectively) and ‘Quantitatively Correct Number Fact’ (r = .64, p <.001; r = .54, p
< .001, respectively). In contrast, language ability was positively correlated with both
quantitatively-correct strategies, regardless of the arithmetic strategy: ‘Quantitatively Correct
Counting’ (r = .26, p <.01) and ‘Quantitatively Correct Number Fact’ (»r = .32, p <.001). All
three covariates were negatively correlated with ‘Non-Quantitative’ strategies (» = —.60, p
<.001; r =—.48, p <.001; r = =39, p < .001, respectively). Moreover, age was negatively
associated with ‘Non-Quantitative’ strategy (r = —21, p < .05). Gender was positively
associated with ‘Quantitatively Correct Number Fact’ strategy (r = .20, p < .05) strategy,

indicating that boys tended to use this strategy more frequently than girls.

151



Chapter 4: Study 2 Manuscript

Table 4-11

Descriptive Statistics and Bivariate Correlations Among Variables

Mean

Variable (SD) Min  Max 1 2 3 4 5 6 7 8 9 10 11 12
1. Composite Spatlal 000 _ L L * sk _ ek s sk ek
Visualization (1.00) 1.90 3.53 - 42 37 18 .49 .08 .55 .26 55 53 .02 A1
2. Vlsuospatlal Worklng 439 2 8 _ _3 1*** _06 26** 03 ‘37*** 16 39*** ‘29*** 06 07
Memory (1.21)
3. ‘Non-Quantitative’ Strategies (2%8) 0 24 0.02 -0.09 - -377" =367 —.61"" —59"" -39 — 60" —48"" -21" -.10
4. ‘Quantitatively Incorrect 2.76 _ e oo e _ _ _
Counting’ Strategics (3.43) 0 16 0.13 0.00 - 27 45 34 .06 .03 .16 .03 .08
5. ‘Quantitatively Incorrect 122 sk _ sk sk sk sk
Number Fact’ Strategics (1.84) 0 11 0.28 0.02 - .26 58 .14 44 38 .06 .14
6. ‘Quantitatively Correct 6.97 P ) _ o _
Counting’ Strategics (5.16) 0 21 0.21° 0.03 16 .26 13 15 13 .06
7. ‘Quantitatively COITeCt 485 * sk sk sk *
Number Fact’ Strategics (5.98) 0 23 0.22 0.10 - 32 .64 54 15 .20
8. Language Ability (1375379% g 27 S 36T 4T -0l —17
. . 12.71 oh .
9. Numerical Ability (3.26) 5 23 - .57 .19 16
. . 9.03 >
10. Fluid Reasoning (4.22) 2 20 - 23 .02
7.10
11. Age (years) (0.30) 6.52 7.74 - .09
12. Gender (0 = girls; 0.50 0 1 i
1 = boys) (0.50)

Note. N=137. SD = standard deviation. The descriptive statistics reported for strategy variables (3—7) are the mean number of problems (out of 24) on which
each strategy type was used per pupil. The composite spatial visualization score was derived from the principal component analysis of the Visual-Spatial

Reasoning task and the WASI-II Block Design subtest. Above diagonal: zero-order correlations; below diagonal: partial correlations, controlled for the other
spatial skill, age, gender, language and numerical abilities, and fluid reasoning. Strategy variables are expressed as raw frequencies in the descriptive statistics

and as participant-level proportions in the correlations. ~ p <.001, “p < .01, "p < .05.

152



Chapter 4: Study 2 Manuscript

4.4.1.2 Inferential Analyses (Main-Effects Model)

A cross-classified mixed-effects multinomial logistic regression model was fitted to
examine whether young pupils’ spatial skills predicted problem-solving strategy use on
individual one-step additive word problems. The model converged without singularity. The
deviance-based pseudo-R? of .39 indicated a substantial improvement in fit relative to an

intercept-only model.

Random intercept standard deviations were nonzero at both the pupil (Gparicipant = 0.98—
2.00) and item levels (orem = 0.24-0.65), indicating that variability in strategy use was present
at both levels, with greater variability attributable to between-pupil differences than between-
item differences. This pattern is consistent with the descriptive analyses of between-pupil and
between-item variation. Model assumptions were largely satisfied (see Appendix 4A). Because
numerical ability exhibited evidence of nonlinearity, it was modeled using a natural spline term
(df = 2), which improved model fit relative to a linear specification (AAIC = —28.6; ABIC =
—4.22).

A pseudo-likelihood-ratio comparison between the main-effects model and a reduced
model excluding spatial visualization was significant (y*(4) = 10.75, p = .03), indicating that
spatial visualization significantly improved overall model fit. The corresponding comparison
excluding visuospatial working memory was not significant (y*(4) = 7.16, p = .13), suggesting
that visuospatial working memory did not explain additional variance in strategy use beyond
the other predictors. These findings were consistent with the partial correlation analyses, in
which spatial visualization showed stronger associations with strategy use than visuospatial

working memory.

Table 4-12 presents odds ratios (OR) and 95% confidence intervals for all predictors.
Examination of individual model coefficients indicated that, holding all other continuous
predictors at their mean values (i.e., zero after standardization) and gender at its reference
category (i.e., girls), higher spatial visualization was associated with reduced odds of using
‘Quantitatively Incorrect Counting’ (OR = 0.61, 95% CI [0.39, 0.95], p = .03) and
‘Quantitatively Correct Counting” (OR = 0.59, 95% CI[0.40, 0.87], p = .01) strategies relative
to the baseline ‘Quantitatively Correct Number Fact’ strategy. Spatial visualization was not
significantly associated with the odds of using ‘Non-Quantitative’ (OR = 0.90, 95% CI [0.52,
1.57], p = .71) or ‘Quantitatively Incorrect Number Fact’ (OR = 1.20, 95% CI [0.85, 1.67], p

=.30) strategies relative to the baseline.
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Table 4-12

RQ3: Cross-Classified Mixed-Effects Multinomial Model Odds Ratios and 95% Confidence Interval

Non-Quantitative

Quantitatively Incorrect

Quantitatively Incorrect

Quantitatively Correct

Predictor Counting Number Fact Counting
cdictors Odds Ratios Odds Ratios Odds Ratios Odds Ratios
[95% CI] p [95% CI] [95% CI] [95% CI]
e 0.90 0.61 1.20 0.59
Spatial Visualization [0.52, 1.57] 71 [0.39, 0.95] 03 085 1.677 =Y  [040 087 007
Visuospatial Working 0.75 2 0.81 24 0.87 36 0.88 42
Memory [0.47, 1.18] - [0.57, 1.15] ' [0.63,1.18] - [0.64,121] -
. 0.48 0.82 0.73 0.99
Language Ability [030,0.76] 002 [0.57, 1.18] 30 054100 %% 0721377 Y7
R 9.73 x 10°5 92.21 0.25 8.11
Numerical Ability (df=2)1 1y 037106 0017 <991 145 5869.09 03 001,603 =2 [027.23973] 23
o 495 x 10 0.01 0.41 0.03
Numerical Ability (df=2)2 1 55705 001 <001 000,010 <1 10082137 2 [0.00,0247 00!
. . 0.43 0.62 0.82 0.81
Fluid Reasoning (0240761 004 [0.40, 0.95] .03 058 1.16] 20 (0551177 26
0.33 1.07 0.91 139
Age [0.08. 1.37] 13 [0.34, 3.33] A1 [033.249] % [050.387] 3
0.37 0.48 0.68 0.55
Gender [0.16, 0.84] 02 [0.25, 0.92] 03 038,121 1 031100 9%
OParticipant 2.00 1.46 0.98 1.36
Gliem 0.65 0.46 0.24 0.65

Note. N = 137 pupils; 24 items; 3,288 item-level responses. ‘Quantitatively Correct Number Fact’ strategy is the baseline outcome category. Because spline
terms represent basis functions rather than the original predictor, their odds ratios are not directly interpretable; interpretation focuses on predicted

probabilities. Random effects: AIC = 6539, BIC = 6881.
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In contrast, visuospatial working memory did not significantly predict the likelihood of
using any problem-solving strategies relative to the baseline category. Figure 4-4 and Figure
4-5 illustrate the predicted probabilities of each problem-solving strategy across the observed
ranges of spatial visualization and visuospatial working memory scores, respectively, for pupils
in the reference gender category (girls), with other continuous covariates held at their mean

values.

Among the demographic variables, gender, but not age, significantly predicted pupils’
problem-solving strategy use. On individual one-step additive word problems, boys were less
likely than girls to use counting-based (‘Quantitatively Incorrect Counting’: OR = 0.48, 95%
CI[0.25, 0.92], p = .03; ‘Quantitatively Correct Counting’: OR = 0.55, 95% CI [0.31, 1.00], p
=.049) or ‘Non-Quantitative’ (OR = 0.37, 95% CI [0.16, 0.84], p = .02) strategies relative to

the baseline category.

All cognitive control variables (i.e., language ability, numerical ability, and fluid
reasoning) were also significantly associated with pupils’ problem-solving strategy use. Higher
language ability was associated with lower odds of using ‘Non-Quantitative’ (OR = 0.48, 95%
CI [0.30, 0.76], p = .002) and ‘Quantitatively Incorrect Number Fact’ (OR = 0.73, 95% CI
[0.54, 1.00], p = .047) strategies, relative to the baseline category. Numerical ability, modeled
with a natural spline term (df = 2), significantly predicted strategy use overall; predicted
probabilities across its observed range are presented in Appendix 4B for descriptive
interpretation. Finally, higher fluid reasoning was associated with lower odds of using a ‘Non-
Quantitative’ (OR = 0.43, 95% CI [0.24, 0.76], p = .004) and ‘Quantitatively Incorrect
Counting’ (OR =0.62, 95% CI [0.40, 0.95], p = .03) strategies relative to the baseline category.
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Figure 4-4
Predicted Probabilities of Problem-Solving Strategy Use across Spatial Visualization
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Note. Predicted probabilities were estimated from the multinomial mixed-effects logit model while holding continuous covariates at their mean values and
gender at the reference level (Female). Shaded bands indicate 95% confidence intervals.
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Figure 4-5
Predicted Probabilities of Problem-Solving Strategy Use across Visuospatial Working Memory
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Note. Predicted probabilities were estimated from the multinomial mixed-effects logit model while holding continuous covariates at their mean values and
gender at the reference level (Female). Shaded bands indicate 95% confidence intervals.
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4.4.2 RQ4: Interaction Effects of Spatial Skills and Problem Type on Problem-Solving
Strategy Use

RQA4) Do the relationships between spatial visualization, visuospatial working

memory, and problem-solving strategy use vary across different word problem

types?

4.4.2.1 Descriptive Statistics

Prior to examining the potential moderating effect of word problem type on the
relationship between spatial skills and problem-solving strategy use, descriptive distributions
of strategies across the four word problem types were examined. As summarized in Table 4-13,
strategy use varied across the four word problem types. Descriptively, Discrete Quantity—
Dynamic Relation problems exhibited a distinctive strategy profile compared to the other
problem types. Whereas ‘Non-Quantitative’ was the most common strategy for solving the
other three problem types, this problem type was solved primarily using ‘Quantitatively
Correct Counting’ (38.1%) and ‘Quantitatively Correct Number Fact’ (27.5%) strategies. It
also showed the lowest proportions of ‘Non-Quantitative’ (23.4%), ‘Quantitatively Incorrect

Counting’ (9.1%), and ‘Quantitatively Incorrect Number Fact’ (2.0%) strategies.

Table 4-13

Distribution of Problem-Solving Strategies across Problem Types

Discrete Quantity Discrete Quantity Continuous Quantity Continuous Quantity
—Dynamic Relation —Static Relation —Dynamic Relation —Static Relation

n (%) n (%) n (%) n (%)
Non-Quantitative (2?1.942%) (32.113%) (3%.681%) (43 §6§’A))
Quantitatively Incorrect 75 87 121 95
Counting (9.1%) (10.6%) (14.7%) (11.6%)
Quantitatively Incorrect 16 40 63 48
Number Fact (2.0%) (4.9%) (7.7%) (5.8%)
Quantitatively Correct 313 225 228 189
Counting (38.1%) (27.4%) (27.7%) (23.0%)
Quantitatively Correct 226 157 149 132
Number Fact (27.5%) (19.1%) (18.1%) (16.1%)

Note. Values represent frequencies (7) and percentages of each problem-solving strategy within each
problem type. Each column is based on 822 item-level responses (137 pupils x 6 problems per type).

In contrast, Continuous Quantity—Static Relation problems were characterized by the
highest use of ‘Non-Quantitative’ strategies (43.6%), and the lower use of ‘Quantitatively
Correct Counting’ (23.0%) and ‘Quantitatively Correct Number Fact’ (16.1%) strategies.

Across all problem types, quantitatively-incorrect strategies were generally used less
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frequently, with ‘Quantitatively Incorrect Number Fact’ being particularly rare (2.0%—7.7%).
Both quantitatively-incorrect strategies were most common in Continuous Quantity—Dynamic

Relation problems (14.7% and 7.7%, respectively).

Descriptively, strategy use differed across both the quantity and quantitative relation
dimensions. First, both discrete-quantity problems were associated with lower use of
quantitatively-incorrect strategies and higher use of quantitatively-correct strategies than
continuous-quantity problems. Second, both dynamic-relation problems showed lower use of
‘Non-Quantitative’ strategies and higher use of ‘Quantitatively Correct Counting’ strategies

than static-relation problems.
4.4.2.2 Inferential Analyses (Interaction Model)

To examine whether word problem type moderates the association between pupils’
spatial skills and problem-solving strategy use, the previous cross-classified mixed-effects
multinomial logit model was extended to include interaction terms for spatial visualization x
problem type and visuospatial working memory X problem type. Discrete Quantity—Dynamic

Relation problems served as the reference category.

The interaction model converged without singularity. Model fit improved modestly
relative to the main-effects model (deviance-based pseudo-R? = .41 from .39), indicating that
the inclusion of interaction terms provided additional explanatory value. Random intercept
standard deviations changed only slightly following the inclusion of interaction terms (Gparticipant
=1.00-2.07; o1em = 0.37-0.66), with between-pupil variability remaining substantially larger
than between-item variability. Table 4-14 summarizes the odds ratios, and 95% confidence

intervals for all predictors.
4.4.2.2.1 Spatial Visualization and Problem-Solving Strategy by Problem Type

A pseudo-likelihood-ratio comparison between the full interaction model and a
reduced model excluding the spatial visualization x problem type interaction term was
significant, ¥*(12) = 25.17, p = .01, indicating that the association between spatial visualization
and strategy use differed across problem types at the model level. However, none of the
individual interaction coefficients reached conventional levels of statistical significance. This
pattern suggests that the moderating effect of problem type is relatively modest and distributed

across interaction terms rather than concentrated in a single, large interaction effect.
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Table 4-14

RQA4: Cross-Classified Mixed-Effects Multinomial Model with Interaction Terms Odds Ratios and 95% Confidence Interval

Non-Quantitative

Quantitatively Incorrect

Quantitatively Incorrect

Quantitatively

Counting Number Fact Correct Counting
Predictors
Odds Ratios Odds Ratios Odds Ratios Odds Ratios
[95% CI] P [95% CI] P [95% CI] P [95% CI] p
Main Effects
A 0.85 0.51 0.93 0.63
Spatial Visualization [0.43, 1.68] 63 [0.29, 0.90] 02 [0.50, 1.73] 83 (041,096 3
. . . 0.50 1.09 1.11 0.87
Visuospatial Working Memory [0.28, 0.87] .01 [0.69, 1.72] .70 [0.59, 2.09] 75 [0.60, 1.25] 45
o 0.45 0.81 0.71 0.99
Language Ability [0.28, 0.74] 001 [0.57, 1.17] 26 [0.52, 0.97] 03 0.72,136]
. o B 6.83 x 10 76.13 0.21 6.42
Numerical Ability (df =2)1 1620 107,001] %1 [123.472060) % [0.01, 5.26] 34 1022, 18549] 28
. o B 2.49 x 104 0.01 0.35 0.03
Numerical Ability (df = 2)2 [5.15 x 10°¢, 0.01] <.001 [0.00, 0.09] <.001 [0.06, 1.85] 21 [0.00, 0.24] .001
. . 0.42 0.61 0.80 0.80
Fluid Reasoning [0.23, 0.76] 004 [0.40, 0.93] 02 [0.56, 1.13] 20 (055 1.16] >
0.35 1.05 0.88 1.34
Age [0.08, 1.50] 16 [0.34, 3.24] 4 [0.32, 2.43] 80 (049.371] 7
0.35 0.47 0.66 0.55
Gender [0.15, 0.82] 02 [0.24, 0.90] 02 [0.37, 1.18] 16 (031,098 %
. . . . 9.85 3.10 4.63 1.52
Discrete Quantity—Static Relation [4.33,22.41] <.001 [1.44, 6.67] .004 [1.99, 10.77] <.001 [0.66. 3.49] 33
. . . . 4.98 4.28 7.71 1.37
Continuous Quantity—Dynamic Relation [2.20, 11.27] <.001 [2.03,9.04] <.001 [3.49, 17.03] <.001 [0.60, 3.13] 46
. . . . 20.80 4.40 6.58 1.49
Continuous Quantity—Static Relation [9.06, 47.71] <.001 [2.05,9.47] <.001 [2.85. 15.16] <.001 [0.64, 3.44] .35
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Non-Quantitative

Quantitatively Incorrect

Quantitatively Incorrect

Quantitatively

Pred; Counting Number Fact Correct Counting
redictors
Odds Ratios Odds Ratios Odds Ratios Odds Ratios
[95% CI] P [95% CI] [95% CI] P [95% CI]
Interaction Effects
Spat%al V1suahzat%on ' . 0.66 15 0.84 57 1.32 41 0.70 07
x Discrete Quantity—Static Relation [0.37, 1.17] [0.46, 1.53] [0.68, 2.58] [0.47, 1.03]
Spatial .Vlsuahzatlon' . . 0.78 38 1.26 40 0.99 97 0.90 58
x Continuous Quantity—Dynamic Relation  [0.44, 1.37] [0.73, 2.18] [0.52, 1.86] [0.62, 1.31]
Spatial .Vlsuahzatlon' . ' 1.67 07 1.52 15 1.90 055 1.15 49
x Continuous Quantity—Static Relation [0.95, 2.94] [0.86, 2.68] [0.99, 3.65] [0.78, 1.69]
Visuospatial Working Memory 1.78 02 0.67 10 0.72 37 1.01 95
x Discrete Quantity—Static Relation [1.10, 2.88] ’ [0.41, 1.08] ) [0.35, 1.48] ’ [0.71, 1.45] )
Visuospatial Working Memory 1.61 05 0.89 62 1.06 g7 1.31 15
x Continuous Quantity—Dynamic Relation [1.00, 2.60] ’ [0.56, 1.41] ) [0.53, 2.11] ’ [0.91, 1.87] )
Visuospatial Working Memory 1.41 18 0.52 007 0.51 065 0.72 09
x Continuous Quantity—Static Relation [0.86, 2.30] ’ [0.32, 0.84] ’ [0.25, 1.04] ) [0.50, 1.05] )
Random Effects
GParticipant 2.07 1.45 1.00 1.35
Oltem 0.59 0.52 0.37 0.66

Note. N = 137 pupils; 24 items; 3,288 item-level responses. ‘Quantitatively Correct Number Fact’ strategy is the baseline outcome category. Discrete
Quantity—Dynamic Relation is the reference problem type. AIC = 6443, BIC = 7004. Because spline terms represent basis functions rather than the original

predictor, their odds ratios are not directly interpretable; interpretation focuses on predicted probabilities.
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For the reference Discrete Quantity—-Dynamic Relation problems, higher spatial
visualization was associated with reduced odds of using ‘Quantitatively Incorrect Counting’
(OR =0.51, 95% CI [0.29, 0.90], p = .02) and ‘Quantitatively Correct Counting’ (OR = 0.63,
95% CI[0.41, 0.96], p = .03) strategies relative to the baseline ‘Quantitatively Correct Number
Fact’ strategy. Spatial visualization was not significantly associated with the odds of using
‘Non-Quantitative’ (OR = 0.85, 95% CI [0.43, 1.68], p = .63) or ‘Quantitatively Incorrect
Number Fact’ (OR = 0.93, 95% CI [0.50, 1.73], p = .83) strategies relative to the baseline
strategy.

Three interaction terms approached conventional levels of statistical significance, two
of which involved Continuous Quantity—Static Relation problems. For ease of interpretation,
conditional odds ratios were calculated by multiplying main and interaction effects. There was
a weak evidence that the association between spatial visualization and the likelihood of
selecting a ‘Non-Quantitative’ (OR = 1.67, 95% CI [0.95, 2.94], p = .07) and a ‘Quantitatively
Incorrect Number Fact’ strategy (OR = 1.90, 95% CI [0.99, 3.65], p = .055), relative to
‘Quantitatively Correct Number Fact,” varied by problem type. The corresponding conditional
odds ratio (0.85 x 1.67 = 1.42; 0.93 x 1.90 = 1.77, respectively) suggest that, for Continuous
Quantity—Static Relation problems, higher spatial visualization may be associated with

increased odds of selecting these strategies.

A third interaction, observed for Discrete Quantity—Static Relation problems, suggested
weak evidence that the association between spatial visualization and the likelihood of selecting
a ‘Quantitatively Correct Counting’ strategy (relative to ‘Quantitatively Correct Number Fact’)
varied by problem type (OR = 0.70, 95% CI [0.47, 1.03], p = .07). The corresponding
conditional odds ratio (0.63 x 0.70 = 0.44) suggests that for this problem type, higher spatial

visualization may be associated with lower odds of using this strategy.

These effects should be interpreted with caution given their marginal statistical
evidence and the number of interaction parameters estimated. Figure 4-6 presents predicted
probabilities of each strategy across the observed range of spatial visualization for each
problem type. Although the overall pattern of associations appears broadly similar—higher
spatial visualization being associated with greater use of number-fact strategies and decreased
use of the counting-based strategies—the magnitude of these associations varies modestly
across problem types. These visual patterns are consistent with the omnibus interaction and the

relatively small individual interaction coefficients.
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Figure 4-6

Predicted Probabilities of Problem-Solving Strategies Use across Spatial Visualization by Word Problem Type
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4.4.2.2.2 Visuospatial Working Memory and Problem-Solving Strategy by Problem
Type

A pseudo-likelihood-ratio comparison between the full interaction model and a reduced
model excluding the visuospatial working memory X problem type interaction term was
significant, ¥*(12) = 35.37, p < .001, indicating that the association between visuospatial
working memory and strategy use differed across problem types. Several interaction terms
reached or approached statistical significance, suggesting that the moderation may vary across
strategy contrasts. Relative to the spatial visualization interaction, these effects appeared more
localized to specific contrasts. Figure 4-7 presents predicted probabilities across the observed

range of visuospatial working memory for each problem type.

For the reference Discrete Quantity—Dynamic Relation problems, higher visuospatial
working memory was associated with lower odds of using a ‘Non-Quantitative’ strategy
relative to a ‘Quantitatively Correct Number Fact’ strategy (OR = 0.50, 95% CI [0.28, 0.87], p
= .01). However, this association varied by problem type. For Discrete Quantity—Static
Relation problems, the interaction term (OR = 1.78, 95% CI [1.10, 2.88], p = .02) yielded a
conditional odds ratio of 0.89 (1.78 x 0.50), suggesting a weaker negative association. A
similar pattern was observed for Continuous Quantity—Dynamic Relation problems (OR =1.61,

95% CI[1.00, 2.60], p = .05), with a conditional odds ratio of 0.81 (1.61 x 0.50).

For the reference Discrete Quantity—Dynamic Relation problems, visuospatial working
memory was not significantly associated with the likelihood of selecting a ‘Quantitatively
Incorrect Counting” (OR = 1.09, 95% CI [0.69, 1.72], p = .70), or ‘Quantitatively Incorrect
Number Fact’ (OR =1.11, 95% CI [0.59, 2.09], p = .75), or ‘Quantitatively Correct Counting’
strategy (OR = 0.87, 95% CI [0.60, 1.25], p = .45), relative to the baseline ‘Quantitatively
Correct Number Fact’ strategy. However, a different pattern was observed for Continuous

Quantity—Static Relation problems.

For this problem type, higher visuospatial working memory was associated with lower
odds of using quantitatively-incorrect strategies and ‘Quantitatively Correct Counting’
strategies relative to ‘Quantitatively Correct Number Fact’. Specifically, the interaction for
‘Quantitatively Incorrect Counting’ was significant (OR = 0.52, 95% CI [0.32, 0.84], p =.007),
yielding a conditional odds ratio of 0.57 (0.52 % 1.09), indicating lower odds of using this
strategy.
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Figure 4-7
Predicted Probabilities of Problem-Solving Strategies Use across Visuospatial Working Memory by Word Problem Type
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The interaction for ‘Quantitatively Incorrect Number Fact’ approached statistical
significance (OR = 0.51, 95% CI [0.25, 1.04], p = .065), producing a similar conditional odds
ratio of 0.57 (1.11 x 0.51), suggesting a comparable tendency toward reduced use of this
strategy. In addition, the interaction for ‘Quantitatively Correct Counting’ was marginal (OR
=0.72, 95% CI [0.50, 1.05], p = .09), yielding a conditional odds ratio of 0.63 (0.87 % 0.72),

again indicating lower odds relative to the baseline category.

In sum, the results provide modest evidence that word problem type may moderate the
relationship between spatial skills and strategy use. Spatial visualization exhibited a small and
distributed moderating pattern, whereas visuospatial working memory showed more
pronounced, problem-type-specific moderation for particular strategy contrasts. All interaction
effects should be interpreted with caution given the number of comparisons and the modest

magnitude of the observed effects.
4.5 Discussion

The present study sought to advance understanding of the spatial-mathematical link in
two ways. First, it aimed to make a theoretical contribution by proposing a holistic framework
for categorizing problem-solving strategies that considers both arithmetic strategies and
representations of quantitative structure. Second, it aimed to make an empirical contribution
by examining the relationship between lower primary school pupils’ (6—7-year-olds’) spatial
visualization and visuospatial working memory and their use of problem-solving strategies in
one-step additive word problems. Together, this study represents an initial step toward
identifying problem-solving strategies as a potential target for future investigation into the

association between young pupils’ spatial ability and arithmetic word problem solving.

The discussion begins with the findings related to RQ3, focusing on the association
between spatial skills and problem-solving strategy use (Subsection 4.5.1). It then considers
RQ4, examining whether and how word problem type moderates these associations
(Subsection 4.5.2). Next, the section discusses the study’s limitations (Subsection 4.5.3), and

concludes with suggestions for future research (Subsection 4.5.4).

4.5.1 RQ3: Interpreting the Relationship between Spatial Skills and Problem-Solving
Strategy Use

Across all word problem types, higher spatial visualization was associated with greater
relative use of ‘Quantitatively Correct Number Fact’ strategies compared with both

‘Quantitatively Incorrect Counting’ and ‘Quantitatively Correct Counting’ strategies, but not

166



Chapter 4: Study 2 Manuscript

compared with ‘Quantitatively Incorrect Number Fact’ or ‘Non-Quantitative’ strategies. In
contrast, visuospatial working memory did not uniquely predict differences in problem-solving
strategy use. This finding aligns with prior research suggesting that spatial visualization is more
consistently associated with mathematical problem solving than visuospatial working memory
(e.g., LeFevre et al., 2010; Li & Geary, 2013; Mix et al., 2016). In light of these findings, the
following subsections discuss the association between spatial skills and arithmetic strategies
(Subsection 4.5.1.1) and the association between spatial skills and the representation of

quantitative structure (Subsection 4.5.1.2).
4.5.1.1 Spatial Skills and Arithmetic Strategy

The findings indicate that spatial visualization differentiates between counting-based
and number-fact strategies when solving arithmetic word problems. Specifically, higher spatial
visualization was associated with reduced reliance on both counting-based strategies relative
to ‘Quantitatively Correct Number Fact’ strategies. This pattern aligns with prior findings
linking spatial visualization to the use of higher-level arithmetic strategies (e.g., Laski et al.,
2013; Mohring, 2024). Importantly, this pattern of associations was specific to spatial
visualization, with fluid reasoning being associated with reduced reliance on ‘Quantitatively
Incorrect Counting’ strategies, but not with the use of ‘Quantitatively Correct Counting’

strategies.

In contrast, visuospatial working memory was not related to increased use of
‘Quantitatively Correct Number Fact’ strategies, a finding that extends previous work
suggesting a role for visuospatial working memory (Foley et al., 2017). One possible
explanation for the differing patterns in the association between visuospatial working memory
and arithmetic strategies is that Foley and colleagues (2017) controlled only for age and verbal
working memory, whereas the present study included spatial visualization and other important
cognitive covariates, including language ability, numerical ability and fluid reasoning. It is
possible that the association between visuospatial working memory and strategy use reflects
variance shared with spatial visualization or other cognitive abilities, such that its unique

contribution diminished once these factors are taken into account.

An alternative explanation is that Foley and colleagues (2017) focused on derived
number-fact strategies, whereas the present study grouped both derived and recalled number-
fact strategies into a single category. Some researchers suggest that these two number-fact

strategies may be related but not identical, particularly because deriving number facts involve
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a series of analytical steps and active problem solving (Casey & Fell, 2018). For instance,
studies indicate that children who use derived number-fact strategies demonstrate a deeper
understanding of addition and subtraction, including fundamental properties such as
commutativity and associativity (McNeil et al., 2025). Visuospatial working memory may
therefore be more closely related to derived number-fact strategies, which rely on the storage

of intermediate information during problem solving.

A related explanation concerns that Foley and colleagues’ (2017) study and the present
study differ in the type of visuospatial working memory and mathematics assessed. Foley et al.
(2017) measured simultaneous visuospatial working memory (i.e., all information presented at
the same time) and computation tasks, whereas the present study measured sequential
visuospatial working memory (i.e., information presented sequentially) and word problems. A
systematic review by Allen et al. (2019) suggests that visuospatial working memory may be
more strongly associated with mathematical reasoning (e.g., word problems) than numerical
operations (e.g., computation tasks), and provides some indication that different types of
visuospatial working memory may relate differently to mathematical performance. This raises
the possibility that sequential visuospatial working memory may be differentially associated
with specific word problem types, and that grouping these problems may obscure such
variation. However, the evidence remains limited and inconclusive. In particular, Allen et al.
(2019) note that, no studies have examined “the influence of sequential visuospatial working
memory on mathematical reasoning, highlighting a gap in the research” (p. 523). Thus, the
more nuanced account of the association between sequential visuospatial working memory and

word problem solving offered in the present study warrants further investigation.

The transition from counting-based to number-fact strategies represents a key
developmental progression in early arithmetic (Jordan et al., 2008; Krenger & Thevenot, 2025).
Number-fact strategies are generally considered more advanced and efficient than counting-
based strategies (Casey & Fell, 2018). Importantly, research suggests that this transition
becomes particularly important after approximately age 6.5: before this age, children who rely
on finger counting tend to outperform those who do not, whereas after this age, this pattern
reverses (Krenger & Thevenot, 2025). The pupils in the present study (6.52—-7.74 years)
therefore fall within this critical developmental window in which shifts toward number-fact
strategies are especially consequential. In this context, the observed association between spatial
visualization and greater use of number-fact strategies suggests that individual differences in

spatial visualization are related to variation in arithmetic strategy use. This, in turn, may help
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explain individual differences in problem-solving accuracy, which represents an important

avenue for future investigation.

Taken together, these findings suggest that spatial visualization is associated with
differences in arithmetic strategy use during a developmentally significant transition period
from counting-based to number-fact strategies. Although the present data do not permit causal
conclusions, the observed association suggests that spatial visualization may be meaningfully
linked to the use of more advanced arithmetic strategies in word problem solving. Future
research should investigate whether number-fact strategy use may act as a statistical mediator
of the association between spatial visualization and word-problem-solving performance,

ideally using longitudinal or experimental designs.
4.5.1.2 Spatial Skills and Representation of Quantitative Structure

Beyond its association with greater relative use of number-fact strategies, spatial
visualization may also be linked to pupils’ representations of quantitative structures. Spatial
visualization—but not visuospatial working memory—uniquely predicted greater use of
‘Quantitatively Correct Number Fact’ strategies compared to ‘Quantitatively Incorrect
Counting’ strategies, over and above maturational effects reflected in age, as well as cognitive
abilities known to support arithmetic fluency, such as numerical ability and fluid reasoning
(Daroczy et al., 2015; Fung & Swanson, 2017; Verschaffel et al., 2020; Vessonen et al., 2024).
The association is not merely attributable to storage capacity or general arithmetic proficiency,
as visuospatial working memory did not independently predict strategy use (Baddeley & Hitch,

1974), and numerical ability was controlled for in the analysis.

Instead, the contrast between ‘Quantitatively Incorrect Counting’ and ‘Quantitatively
Correct Number Fact’ strategies may reflect not only a shift in arithmetic strategy (i.e., from
counting-based to number-fact approaches) but also differences in how pupils represent
quantitative structures. Spatial visualization may function as a “mental blackboard” (Hawes &
Ansari, 2020, p. 472)—a representational space in which quantitative structure can be
coordinated and transformed. In that sense, spatial visualization may facilitate the construction
and manipulation of part-whole quantitative structure in one-step additive word problems, as
well as the flexible transformation and segmentation of quantities and numerical magnitudes

(Mix & Cheng, 2012; Mohring et al., 2024).

Importantly, the association between spatial visualization and problem-solving

strategies showed a distinct pattern compared to the other cognitive covariates. All cognitive
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covariates (i.e., language ability, numerical ability, and fluid reasoning), as well as spatial
visualization, were associated with reduced use of ‘Non-Quantitative’ strategies, which is
unsurprising. However, the covariates differed in how they related to quantitatively-incorrect
and counting-based strategies: language ability was associated with reduced use of
‘Quantitatively Incorrect Number Fact’ strategies, whereas numerical ability and fluid
reasoning were associated with reduced use of ‘Quantitatively Incorrect Counting’ strategies.
In contrast, spatial visualization was uniquely associated with reduced use of both
‘Quantitatively Correct Counting’ and ‘Quantitatively Incorrect Counting’ strategies. This
pattern suggests that spatial visualization may support the representation of quantitative

structure in a way that reduces reliance on counting-based strategies.

However, the finding that spatial visualization predicted reduced use of ‘Quantitatively
Incorrect Counting’ but not ‘Quantitatively Incorrect Number Fact’ strategies warrants careful
consideration. At first glance, this appears inconsistent with prior research linking spatial
visualization to quantitative reasoning (e.g., Boonen et al., 2013, 2014; de Koning et al., 2022;
Hegarty et al., 1995; Ng & Lee, 2009; Van Garderen, 2006). However, much of this research
has been conducted with older pupils within sequential models of problem solving that

distinguish ‘representation’ and ‘computation’ as separate phases (Mayer, 1985).

One possible explanation is that ‘Quantitatively Incorrect Number Fact’ strategies
reflect surface-level operation selection—essentially ‘guessing’ an operation based on the
numbers present without representing the problem’s underlying quantitative structure. In this
respect, they resemble ‘Non-Quantitative’ strategies in failing to engage meaningfully with the
problem’s quantitative structure, despite appearing numerically oriented. This interpretation is
consistent with the absence of an association between spatial visualization and reduced use of

‘Non-Quantitative’ strategies.

Alternatively, the null effect for ‘Quantitatively Incorrect Number Fact’ strategies may
reflect restricted between-pupil variability. Although these strategies accounted for
approximately 5% of responses, their occurrence was highly uneven across pupils, with a small
subset of children contributing a disproportionate number of instances, as indicated by a high
CV. While the mixed-effects models appropriately accounted for pupil-level variability
through random effects (Snijders & Bosker, 2012), the uneven distribution of strategy use may
have left limited systematic between-pupil variance for the model to explain. When variance
is restricted, the statistical power to detect associations with pupil-level predictors (i.e., spatial

visualization) is correspondingly reduced (Maas & Hox, 2005).
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Taken together, these findings suggest that spatial visualization may be linked to the
representation of quantitative structure in word problem solving. However, the absence of a
detectable association with reduced use of ‘Quantitatively Incorrect Number Fact’ strategies
highlights the complexity of this relationship and warrants cautious interpretation. It remains
unclear whether this reflects a genuine theoretical distinction—positioning ‘Quantitatively
Incorrect Number Fact’ strategies as a superficial approach akin to ‘Non-Quantitative’
strategies—or whether it reflects restricted between-pupil variability or other unmeasured
factors. Future research with larger or more targeted samples is needed to clarify whether this
null effect (i.e., the comparison between ‘Quantitatively Incorrect Counting” and
‘Quantitatively Incorrect Number Fact’ strategies) reflects substantive differences in the

representation of quantitative structure, limited statistical power, or alternative explanations.

In summary, the findings related to RQ3 indicate that spatial visualization plays a
distinct role in shaping young pupils’ problem-solving strategy use. Across word problem types,
higher spatial visualization was associated with greater relative use of number-fact strategies
during a developmentally significant period in which transitions in arithmetic strategy use are
especially consequential. This association appears to extend beyond general arithmetic
proficiency and storage capacity. Moreover, the results provide modest evidence that spatial
visualization is linked not only to the adoption of more advanced arithmetic strategies but also
to how pupils construct and manipulate representations of a problem’s quantitative structure
during word problem solving. In contrast, visuospatial working memory did not uniquely

predict differences in strategy use once other cognitive factors were controlled.

4.5.2 RQ4: Interpreting Interaction Effects of Spatial Skills and Problem Type on
Problem-Solving Strategy Use

Having established the overall association between spatial skills and strategy use, the
discussion now turns to whether these associations vary across word problem types. Across
most problem types, the pattern was broadly consistent with RQ3: higher spatial visualization
was associated with greater use of ‘Quantitatively Correct Number Fact’ strategies relative to
counting-based strategies, regardless of the correctness of the quantitative structure
representation. In contrast, visuospatial working memory—which did not uniquely predict
strategy use in the overall RQ3 model—was associated with reduced use of ‘Non-Quantitative’
strategies when variation across problem types was taken into account. Additionally, a different

pattern emerged for Continuous Quantity—Static Relation problems, with visuospatial working
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memory, rather than spatial visualization, showing a more consistent association with the use

of ‘Quantitatively Correct Number Fact’ strategies.

Taken together, these findings provide modest evidence that the relative contributions
of spatial visualization and visuospatial working memory vary as a function of the quantitative
structure of the problems. These patterns should be interpreted in light of descriptive
differences across problem types, whereby discrete-quantity and dynamic-relation problems
were generally associated with greater use of quantitatively-correct strategies and lower use of
‘Non-Quantitative’ strategies than continuous-quantity and static-relation problems. First,
Subsection 4.5.2.1 discusses how, for most problem types, the roles of spatial visualization and
visuospatial working memory appear to be complementary: spatial visualization differentiates
between ‘Quantitatively Correct Number Fact’ strategies and counting-based strategies,
whereas visuospatial working memory reduces reliance on ‘Non-Quantitative’ strategies.
Subsection 4.5.2.2 then examines how, for Continuous Quantity—Static Relation problems, this
pattern shifts, with visuospatial working memory showing a more consistent association with

the use of ‘Quantitatively Correct Number Fact’ strategies.
4.5.2.1 Patterns across Problem Types

Across Discrete Quantity—Dynamic Relation, Discrete Quantity—Static Relation, and
Continuous Quantity—Dynamic Relation problems, spatial visualization and visuospatial
working memory showed complementary patterns of association with problem-solving
strategy use. Higher spatial visualization was associated with lower relative use of counting-
based strategies, whereas higher visuospatial working memory was associated with lower
relatively use of ‘Non-Quantitative’ strategies. This pattern suggests that the two spatial skills
support distinct functional components of the problem-solving process, consistent with prior
evidence that they are separable constructs, each with independent pathways to mathematical

abilities (Hawes & Ansari, 2020; Mix et al., 2016, 2017; Mix, 2019).

One account proposes that spatial visualization supports the spatial modeling of novel
content, whereas visuospatial working memory supports the procedural fluency of familiar
content (Mix, 2019). The present findings offer partial support for this characterization.
Notably, visuospatial working memory was most strongly associated with reduced use of ‘Non-
Quantitative’ strategies for Discrete Quantity—Dynamic Relation problems, which are more
familiar quantitative structures for children in this age group (Carpenter & Moser, 1984; Riley

etal., 1983). This familiarity is reflected in the frequency with which this problem type appears
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in the optional Key Stage 1 National Curriculum Assessments (see Appendix 4C for samples
of this word problem type from the 2018-2025 exam papers, excluding 2020 and 2021).
Although this association was present across other problem types, it was attenuated, suggesting
that visuospatial working memory may indeed be especially recruited when children solve

problems with more familiar quantitative structure.

However, this familiarity-based account does not fully explain the role of spatial
visualization. Although its association with reduced reliance on counting-based strategies was
broadly consistent across word problem types, the magnitude of this association varied
modestly. For example, a marginally stronger effect was observed for Discrete Quantity—Static
Relation problems, which may be considered less prototypical in early instructional contexts
(see Appendix 4D for samples of this word problem type from the 2018-2025 Key Stage 1
National Curriculum Assessments, excluding 2020 and 2021). Yet this variation did not follow
a consistent familiarity gradient comparable to that observed for visuospatial working memory.
Notably, Continuous Quantity—Dynamic Relation problems are also relatively less frequently
encountered in early instruction, but no corresponding interaction effect was observed (see
Appendix 4E for samples of this word problem type). Thus, while spatial visualization
exhibited some sensitivity to variation in quantitative structure, its influence does not appear

to be systematically organized around familiarity per se.

This observation invites consideration of a second account, which proposes that spatial
visualization supports the coordination and transformation of representations, whereas
visuospatial working memory supports their maintenance (Hawes & Ansari, 2020). The
present findings are broadly consistent with this distinction but suggest an important refinement.
In particular, the marginally stronger association between spatial visualization and reduced
reliance on ‘Quantitatively Correct Counting’ strategies in Discrete Quantity—Static Relation

problems may reflect the specific representational demands of this word problem type.

That is, static-relation problems require representing comparative relations between
disjoint quantities simultaneously (e.g., more/less marbles or farther away/closer to reference)
within a coherent representation, which may not be readily reducible to stepwise temporal
simulation. In contrast, dynamic-relation problems (e.g., gain/loss or movement toward/away)
afford sequential mental simulation, allowing the representation to unfold procedurally over
time and making counting-based strategies structurally viable. Consistent with this
interpretation, prior research has shown that children more readily use direct modeling and

counting-based strategies for dynamic-relation (i.e., change) problems than for static-relation
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(i.e., comparison) problems (Carpenter & Moser, 1984; Riley et al., 1983). Under this
interpretation, spatial visualization may be especially beneficial when successful problem
solving depends on constructing a representation of quantitative structure, whereas visuospatial

working memory may play a stabilizing role by maintaining that model during problem solving.
4.5.2.2 Continuous Quantity—Static Relation Problems: A Distinct Pattern

Continuous Quantity—Static Relation problems showed a distinct pattern of associations.
Although spatial visualization continued to be associated with reduced reliance on counting-
based strategies, its advantage over ‘Quantitatively Incorrect Number Fact’ and ‘Non-
Quantitative’ strategies appeared attenuated, with marginal tendencies toward increased
relative odds of these strategies. In contrast, for this problem type, visuospatial working
memory was more consistently associated with reduced use of quantitatively-incorrect and
counting-based strategies. This pattern suggests that successful strategy selection in this
problem type may depend more heavily on visuospatial working memory than spatial
visualization. Given the modest magnitude of the interaction effects, the interpretations that

follow should be considered exploratory.

The attenuated protective effect of spatial visualization for this problem type is
particularly striking given the inherent spatial nature of this problem type. These problems
require reasoning about the relative positions of two people with respect to a reference point
(e.g., farther from or closer to a wall), situations that are fundamentally spatial in nature (Mix
& Cheng, 2012). If spatial visualization primarily supports the construction of spatial
representations (Hawes & Ansari, 2020), one might expect its influence to be especially
pronounced in this context, akin to findings in older pupils’ performance on spatial-visual
problems (Boonen et al., 2014). Moreover, although prior research has demonstrated that other
cognitive variables—such as language ability—account for substantial variance in word-
problem performance (Spencer et al., 2022), the structural demands of this problem type appear
to be deeply rooted in spatial reasoning. The attenuation of spatial visualization’s protective

effect in such a spatially grounded context therefore warrants further explanation.

One possible explanation for the attenuated effect of spatial visualization is that the
presence of countable units may have induced a “counting bias,” shifting attention away from
the continuous-quantity structure and toward salient numerical information (Vasilyeva et al.,
2025, p. 1161). For example, Jeong and colleagues (2007) found that young children (6-, 8-

and 10-year-olds) were able to judge proportions in the context of a probability reasoning task
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under continuous conditions (i.e., when the target and non-target regions were not divided) by
relying on the relative amounts of target and nontarget elements. However, under discrete
conditions (i.e., when the target and non-target regions were divided into same-sized
subregions), children adopted an erroneous counting strategy, focusing on the number of target
elements while neglecting the relational proportion between target and non-target elements. In
other words, when discrete units are available, children tend to focus on them rather than on
the underlying spatial-relational information, even when that relational information is more
central to solving the problem. This tendency to prioritize discrete, countable units over
relational magnitude information is consistent with research demonstrating a developmental
bias toward whole-number and discrete representations in early numerical cognition (Siegler

& Booth, 2004; Opfer & Siegler, 2007).

In the present context, the imposed discrete units in Continuous Quantity—Static
Relation problems may similarly have drawn attention toward countable elements at the
expense of relational structure, thereby diminishing the role of continuous quantity, as “they
are presented in such a way that there is no consideration for the possibility of taking anything
other than a single one as a unit” (Sophian, 2008, p. 61). As discussed earlier, ‘Quantitatively
Incorrect Number Fact’ strategies may reflect superficial operation selection—applying an
operation based on salient numerical cues without constructing a coherent representation of the
problem’s quantitative structure. Although spatial visualization may facilitate the coordination
and transformation of such representation, the coexistence of continuous quantities and discrete
cues may introduce representational conflict, thereby increasing the likelihood of superficial

responses, including ‘Quantitatively Incorrect Number Fact’ and ‘“Non-Quantitative’ strategies.

At the same time, the distinct pattern observed for visuospatial working memory may
reflect increased maintenance demands. Unlike Continuous Quantity—Dynamic Relation
problems, which involve transformation of a single position relative to the reference,
Continuous Quantity—Static Relation problems require simultaneously tracking the relative
positions of two entities (see Appendix 4F for samples of this word problem type). Maintaining
multiple spatial relations may impose greater working memory demands (Baddeley & Hitch,
1974). In such contexts, the ability to maintain a representation of the quantitative structure
may be especially critical. External visual representations can reduce cognitive load and
support relational reasoning (Boonen et al., 2013; Jitendra & Woodward, 2019), yet few pupils

in the present study spontaneously generated such representations. As a result, pupils with
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stronger visuospatial working memory may have been better equipped to maintain the internal

representation, which enabled them to use ‘Quantitatively Correct Number Fact’ strategies.

Taken together, Continuous Quantity—Static Relation problems may place heightened
demands on maintaining a representation of the quantitative structure while simultaneously
increasing the risk of surface-level strategy use due to discrete cues. Under such conditions,
spatial visualization may continue to support coordination and transformation of
representations, but its effectiveness may depend, in part, on maintenance of the
representation—a function more closely associated with visuospatial working memory. Given
the modest magnitude of the interaction effects, these interpretations should be considered
exploratory. Future research is needed to determine whether this pattern reflects genuine
structure-sensitive differences in the roles of spatial skills based on the quantitative structure
of the problems or is a byproduct or contextual (e.g., educational or cultural), statistical, or

measurement limitations.

In summary, the findings for RQ4 suggest that the association between spatial skills
and problem-solving strategy use is sensitive to differences in the quantitative structure of word
problems, though the magnitude of these differences was generally modest. For most
quantitative structures, spatial visualization and visuospatial working memory showed
complementary patterns of association. For Continuous Quantity—Static Relation problems,
however, this pattern shifted, with visuospatial working memory showing a more consistent
association with ‘Quantitatively Correct Number Fact’ strategy use. Further research is needed
to clarify the robustness and theoretical implications of these quantitative-structure-dependent

patterns.
4.5.3 Limitations

Despite the present study’s theoretical and methodological strengths, several
limitations should be acknowledged. First, several limitations relate to the scope of data
collection. Although this study controlled for age and gender, it did not include other
potentially important demographic variables such as socioeconomic status or information on
pupils’ SEN and EAL status (Casey et al., 2011; Verschaffel et al., 2020). It also did not
account for other potentially relevant factors, such as emotional factors (e.g., confidence and
anxiety), which are known to mediate the spatial-mathematical link (Casey & Ganley, 2021;
Mayer, 1998), or teachers’ instructional practices, which may influence the prevalence of

particular problem-solving strategies (Jitendra & Woodward, 2019). Although the mixed-
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effects design partially accounted for classroom-level differences, future research should

consider additional individual factors as well as teachers’ instructional practices.

Second, several limitations arise from measurement and coding decisions. Because no
video, audio, or photographic recordings were made during data collection, the coding of
problem-solving strategies was based on the researcher’s field notes. This decision was made
to minimize potential participant discomfort and to avoid reducing the sample size or
introducing systematic bias in participation. Although detailed notes were taken (e.g., precise
drawings of pupils’ use of MathLink cubes and verbatim notes of pupils’ retrospective reports),
the possibility of human error cannot be completely eliminated. High interrater reliability
mitigates concerns about coding consistency, but the absence of multimedia recordings and

reliance on field notes may limit the precision of strategy classification.

In addition, the granularity of the strategy classification may have constrained the
sensitivity of the analyses. The study focused broadly on the use of number-fact versus
counting-based strategies, and no fine-grained distinctions were made between the different
subtypes of these strategies. For example, derived number facts and recalled number facts were
aggregated into a single category because they are both advanced strategies using internal
mental solutions (Casey et al., 2017), and it was not always possible to reliably distinguish
between them based on behavioral observations and pupils’ retrospective reports. However,
prior research suggests that spatial ability may be more strongly associated with deriving
number facts than with recalling number facts (e.g., Casey et al., 2015, 2017; Foley et al., 2017,
Mohring et al., 2024) and that deriving number facts may represent a more adaptive strategy
because it involves active decision making and problem solving (Casey et al., 2017).
Aggregating these subtypes may therefore have obscured potentially differential associations

between spatial skills and specific forms of number-fact strategy use.

Similarly, all counting-based strategies were treated as a single category. Yet research
indicates that spatial ability may relate more strongly to advanced counting-based strategies
(e.g., count-on) than to more rudimentary ones (e.g., count-all) (e.g., Laski et al., 2013). A
more fine-grained categorization of counting-based strategies may therefore reveal additional

structure-sensitive patterns.

Measurement of response time may have helped differentiate between problem-solving
strategies, as they are often associated with different processing speeds (Siegler, 1987).

Although observable behavior and retrospective reports were used to infer strategies, the lack
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of latency data limits the ability to triangulate strategy classification using temporal indicators.
Instead, as noted above, detailed field notes were taken during word problem solving to ensure

accurate documentation of children’s responses and strategies.

Furthermore, the present study did not distinguish explicitly between ‘addition’ and
‘subtraction” word problems. Prior research suggests that direct number-fact strategies are used
less frequently in subtraction than in corresponding addition tasks (Barrouillet et al., 2008;
Robinson, 2001). However, in the present study, all word problems involving part-whole
relations were grouped together as additive problems, because pupils may conceptualize and
solve them in different ways—some interpreting a problem as requiring addition, others as
requiring subtraction. For example, given the same problem (e.g., 3+ = 7), one pupil may
approach it using a count-on strategy (i.e., ‘How much must be added to 3 to obtain 7?7’),
whereas another may conceptualize it using a count-down approach (i.e., ‘How much remains
after taking 3 away from 7?”). Collapsing across these solution interpretations may have

introduced additional heterogeneity into the strategy categories.

Third, limitations relate to the study’s correlational, cross-sectional design. The present
study represents an initial step toward identifying potential links between spatial skills and
problem-solving strategy use. Longitudinal or experimental research is needed to determine
whether spatial skills prospectively influence strategy use and whether differences in strategy

use precede improvements in performance (Bailey, 2017).

Finally, several limitations relate to the magnitude and statistical robustness of the
observed effects. The use of spline terms allows for flexible modelling of non-linear
relationships; however, results may be sensitive to modelling choices (e.g., knot placement and
degrees of freedom), which could influence their replicability. Additionally, the moderation
effects observed in the present study were generally modest in magnitude. While the patterns
were theoretically interpretable, any differences in word problem types in terms of spatial—
strategy associations should be interpreted with caution and require replication with larger

samples in future research.
4.5.4 Conclusion

The present study serves as an initial step toward identifying problem-solving strategies
as a potential target for future investigation into the association between lower primary school
pupils’ spatial skills and arithmetic word problem solving. It contributes valuable insights by

proposing a holistic problem-solving framework that integrates the dimensions of arithmetic
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strategies and representations of quantitative structure. It also provides a more fine-grained
analysis of this association, distinguishing between different spatial skills (i.e., spatial
visualization and visuospatial working memory) and word problem types (i.e., based on

varying quantitative structures).

Across word problem types, spatial visualization was consistently associated with
variation in arithmetic strategy use during a developmentally significant transition from
counting-based to number-fact strategies, as well as with accurate representations of the
problem’s quantitative structure. In contrast, higher visuospatial working memory was
associated with reduced use of ‘Non-Quantitative’ strategies across most problem types; for
comparison problems between disjoint quantities measured using an imposed unit, it was
instead more consistently associated with reduced use of quantitatively-incorrect and counting-
based strategies. Although the observed moderation effects were modest, they indicate that the
relationship between spatial skills and problem-solving strategy use may be sensitive to
differences in quantitative structure. Taken together, the findings suggest that spatial
visualization and visuospatial working memory may be differentially recruited depending on
the demands of the arithmetic word problem—specifically, whether representations of the
problem’s quantitative structure need to be coordinated and transformed or maintained. At the
same time, the correlational, cross-sectional design and modest interaction magnitudes

underscore the need for cautious interpretation and further investigation.

By identifying potential structure-sensitive links between spatial skills and problem-
solving strategy use, this study provides valuable insight into the spatial-mathematical link in
arithmetic word problem solving in the early primary years. Extending the present findings,
future research should test whether problem-solving strategies serve as mediators of the
spatial-mathematical association. Moreover, longitudinal and experimental designs are needed
to clarify the directionality of the relationships observed. Replication across diverse samples

and with more fine-grained strategy classifications may further shed light on this relationship.
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5 Study 3: Young Children’s Problem-Solving Strategies as a Mediator between Spatial
Skills and Arithmetic Word-Problem-Solving Accuracy

Abstract

Despite increasing interest in the mechanisms underlying the spatial-mathematical link, few
studies have examined the processes that mediate the relationship between spatial ability and
young pupils’ one-step additive word problem solving. The present study investigates whether
‘Quantitatively Correct Number Fact’ strategy use—a mental arithmetic strategy relying on
the accurate representation of a problem’s quantitative structure—mediates the relationship
between spatial skills (spatial visualization and visuospatial working memory) and problem-
solving accuracy. Using path analyses with data from 137 Year 2 pupils (6—7-year-olds) in
England and controlling for key covariates (language ability, numerical ability, fluid reasoning,
age, and gender), this study found that the indirect effects of spatial skills differed by word
problem type. The findings indicate that spatial visualization has an indirect effect on
arithmetic word-problem-solving performance, mediated through problem-solving strategy use,
for word problem types that place greater demands on coordinating and transforming the
representation of the problem’s quantitative structure. In contrast, visuospatial working
memory has an indirect effect for word problem types that place greater demands on

maintaining these representations.
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5.1 Introduction

Spatial ability, which concerns “the locations of objects, their shapes, their relations to
each other, and the paths they take as they move” (Newcombe, 2017, p. 6), has a strong
connection with mathematical achievement (for a review, see Lourenco et al., 2018; Mix, 2019;
Young et al., 2018). The spatial-mathematical link may be “one of the most robust and well-
established findings in cognitive psychology” (Mix & Cheng, 2012, p. 198). Cross-sectional
studies have established their associative relationship (for a review, see Cui & Guo, 2022).
Cross-lagged panel models in longitudinal studies indicate that early spatial ability predicts
later mathematical achievement (e.g., Fung et al., 2020; Kahl et al., 2022) and that this
relationship may be bidirectional (Geer et al., 2019; Lombardi et al, 2019). Experimental
studies of spatial training further suggest a far-transfer effect to mathematical performance (i.e.,
improvements in mathematical performance following spatial training; for a recent meta-

analysis, see Hawes et al., 2022).

However, there is a limited understanding of how spatial ability and mathematical
achievement are related (Lowrie et al., 2020; Mix, 2019; Mix & Cheng, 2012), which could,
in turn, inform how the relationship can be better leveraged in education. Although
experimental methods are required for establishing causal mechanisms (Bailey, 2017),
examining potential mediators cross-sectionally is an important first step in informing the
design and target of subsequent experimental work. Arithmetic word problem solving in the
early primary years remains an overlooked area within mechanistic accounts of the spatial—
mathematical link, partly due to the challenges posed by the diversity of word problems and

spatial taxonomies (for a review, see Subsection 3.2 of Study 1).

This study aims to contribute to addressing this gap in the literature by examining
whether young pupils’ (6—7-year-olds’) spatial skills are related to arithmetic word-problem-
solving accuracy through their usage of problem-solving strategies. Specifically, this study
adopts the one-step additive word problems from Study 1, which can be solved with a single
addition or subtraction calculation. It focuses on two spatial skills that have been consistently
identified as having a particularly strong association with mathematical thinking: spatial
visualization, “the ability to generate, recall, maintain, and manipulate visual-spatial images
and solutions” (Hawes & Ansari, 2020, p. 466), and visuospatial working memory, the ability

to temporarily maintain and process visuospatial information (Allen et al., 2019).
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This empirical investigation is important for both theoretical and practical reasons.
Theoretically, it advances understanding of the mechanisms underlying the relationship
between children’s spatial skills and mathematical performance. Practically, it provides
insights into how the spatial-mathematical link can be leveraged to inform mathematical

instruction.
5.2 Literature Review

Subsection 5.2.1 reviews literature on the relationship between spatial ability and
arithmetic word problem solving. In particular, it examines two mathematical abilities that are
critical for word problem solving—quantitative reasoning and arithmetic skills (Nunes et al.,
2012). It concludes by synthesizing how these strands of research inform the study’s focus on
problem-solving strategies as a potential mediator linking spatial ability and one-step additive
word problem solving. Subsection 5.2.2 reviews literature on path analysis, one of the most
frequently used approaches for estimating mediation models. Subsection 5.2.3 presents this

study’s two research questions.
5.2.1 Arithmetic Word Problems

Solving arithmetic word problems is an important mathematical skill (OECD, 2023).
They are different from arithmetic computation tasks in that the problems are presented in
verbal descriptions of a quantitative structure rather than number sentences (Verschaffel et al.,
2020). Young children can solve arithmetic word problems even before formal schooling
through informal strategies involving direct modeling of the situation described in the text of
the problem (Carpenter & Moser, 1982; Nunes & Bryant, 1996). Yet, solving arithmetic word
problems remains an area of mathematics in which pupils experience great difficulty in schools

(Thevenot & Barrouillet, 2015).

Solving arithmetic word problems requires both quantitative reasoning and arithmetic
skills (Nunes et al., 2012, 2015). Quantitative reasoning is needed to represent the problem’s
quantitative structure (Nunes et al., 2015), whereas arithmetic skills are required to understand
numerical relations and operate on them (Guedj, 1997). Prior research suggest that spatial
ability is associated with both quantitative reasoning (Subsection 5.2.1.1) and arithmetic skills
(Subsection 5.2.1.2). The following subsections review these links in turn, with the aim of
integrating evidence on quantitative reasoning and arithmetic skills to justify the study’s focus
on problem-solving strategies as the mechanism linking spatial ability and word-problem-

solving performance (Subsection 5.2.1.3).
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5.2.1.1 Quantitative Reasoning

Quantitative reasoning is important in word problem solving because it is required to
analyze the problem’s quantitative structure (i.e., network of quantities and quantitative
relations; Thompson, 1993). A quantity is an intrinsic attribute of an object, such as the set size
(e.g., Ann has 6 books) or position (e.g., Ann is 3 steps away from the wall), that is best
represented by a natural number (Vergnaud, 1982). In contrast, a quantitative relation
describes the connection between quantities. It may be additive (describing a whole as the sum
of its parts, e.g., Bob has 8 more books than Ann) or multiplicative (describing one-to-many
correspondence; Bob is twice as far from the wall as Ann) (Nunes et al., 2012). Such
quantitative relations are best represented by “directed numbers” (Vergnaud, 1982, p. 46) and
necessarily have an inverse (e.g., if Bob has 8 more books than Ann, then Ann has 8 fewer
books than Bob; if Bob is twice as far from the wall as Ann, then Ann is half as far from the

wall as Bob (or twice as close to the wall) (Dos Santos, 2022).

The relationship between spatial ability, quantitative reasoning, and arithmetic word-
problem-solving performance has been studied most widely in secondary pupils, although
authors have not explicitly used the term quantitative reasoning. Instead, this relationship has
typically been examined through analyses of the visual representations that problem solvers
produce, which provide insight into their representation of the problem’s quantitative structure.
These visual representations indicate whether the problem solver is engaging with the

quantitative structure and, if so, whether it is being represented accurately.

For example, in a seminal study, Hegarty and Kozhevnikov (1999) administered
visual—spatial word problems—problems that can be solved “relatively easily by visual-
pictorial means if the correlation of the given elements in the problem is expressed visually”
(Krutetskii, 1976, p. 156)—to 11-13-year-olds, and found that some visual representations
were more helpful than others in solving the problems (Boonen et al., 2013, 2014; de Koning
et al., 2022; Ng & Lee, 2009). As illustrated in Table 5-1, some pupils produced iconic
representations, that is, visual representations that focused on depicting the surface features of
the objects and persons described in the problem rather than its quantitative structure. In
contrast, other pupils produced schematic representations, which depicted the “abstract
mathematical gist” (Wong, 2021, p. 20), that is, the structure of quantities and the quantitative
relations relevant to the solution. Moreover, schematic representations could be either accurate

or inaccurate. Whereas accurate schematic representations correctly capture the quantitative
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structure inaccurate ones contain errors, which are detrimental to successful problem solving

(de Koning et al., 2022).

Table 5-1
Types of Visual Representations for Visual-Spatial Word Problems

Inaccurate Schematic Accurate Schematic
Representation Representation

“A balloon first rose 200 meters from the ground, then moved 100 meters to the east, then

dropped 100 meters. It then travelled 50 meters to the east, and finally dropped straight to

the ground, how far was the balloon from its original starting point?” (Hegarty &

Kozhevnikov, 1999, p. 680)

%4

Iconic Representation

Qo (60 0"
' 1 (60 i r(v £§%

Note. Adapted from Table 4-1 (Chapter 4).

Spatial ability may support children’s representation of the quantitative structure of a
problem. Solving arithmetic word problems requires identifying the relevant quantities and
quantitative relations described in the text and organizing them into a coherent representation
of the problem situation (Thevenot, 2010). Accordingly, spatial ability may facilitate solving
visual—spatial word problems—which explicitly describe situations containing spatial elements
(Vasilyeva et al., 2009)—Dby supporting the construction of a representation of the problem’s
quantitative structure during problem solving. Consistent with this account, Boonen et al.
(2013), using adapted versions of Hegarty and Kozhevnikov’s (1999) problems, found that
spatial visualization predicted the production of accurate schematic representations, which in
turn predicted successful problem solving. This evidence suggests that spatial ability may
influence word-problem-solving performance partly through its association with how children

represent and organize the quantitative structure of the problem.

An important question, however, concerns verbal-analytical word problems, which
can be solved using logical or algebraic reasoning without explicit reliance on visualizing the
problem’s quantitative structure (Krutetskii, 1976). As illustrated in Table 5-2, although
verbal—analytical word problems do not describe situations containing overt spatial elements,
their quantitative structure may nevertheless be represented spatially by the problem solver

(Further details regarding the distinction between visual—spatial and verbal-analytical word
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problems are provided in Subsection 3.2.2 of Study 1). From this perspective, spatial ability
may also support quantitative reasoning in verbal-analytical word problems by facilitating the

construction of representations of this type of quantitative structure.

Table 5-2
Types of Visual Representations for Verbal-Analytical Word Problems

Inaccurate Schematic Accurate Schematic

Representation® Representation®
Problem 1: “At the Bijenkorf, jeans cost 45 euros. That is 17 euro less than at C&A. How
much will you pay at C&A?” (de Koning et al., 2022, p. 31)

'} | |
N\ ; ||| |

Note. Adapted from Table 4-1 (Chapter 4).

Iconic Representation

45

The relationship between spatial ability, quantitative reasoning, and arithmetic word-
problem-solving performance has received relatively little attention in younger primary pupils,
perhaps due to the challenges of capturing their representations of the quantitative structure.
For instance, measuring quantitative reasoning through visual representations is difficult to do
with young pupils because they rarely produce such representations when solving
mathematical word problems (Jitendra & Woodward, 2019). Instead, studies involving young
pupils have assessed quantitative reasoning in alternative ways (e.g., Nunes et al., 2009a, 2012;
Wong & Ho, 2017; Yip et al., 2020). However, most do not explicitly use the term quantitative
reasoning; an exception is the Avon Longitudinal Study of Parents and Children (ALSPAC)
project conducted by Nunes and colleagues (2009a). The relationship between spatial ability
and quantitative reasoning has not been the primary focus of these studies, even though it may

be inferred from their findings. Three illustrative studies are outlined below.

First, as part of the ALSPAC project, Nunes and colleagues (2009a) assessed the
quantitative reasoning of a sub-sample of pupils at Year 4 (8-9-year-olds) using specifically
designed word problems that required simple calculations but posed a challenge in determining
which calculation (or counting strategy) was needed. Consider the following example,
illustrated in Figure 5-1 (right), from Nunes et al.’s (2009a) study: “Two friends were walking
on the beach. They started walking from the house. The boy walked 3 km one way. The girl
walked 5 km the other way. How far apart are the two friends?” (p. 20). Now consider a

comparable problem with a similar context, illustrated in Figure 5-1 (left): ‘Two friends were
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walking on the beach. They started walking from the house. The boy walked 6 km one way.
The girl walked 2 km in the same way. How far apart are the two friends?” As these examples
illustrate, the computations required in both problems (3 + 5 and 6 — 2, respectively) are well
within the range of arithmetic capabilities of 8-year-olds. Rather, the primary challenge lies in
reasoning about the relational structure of the problem, which determines the operation (or the

counting strategy) required for its solution.

Figure 5-1
Examples of Additive Quantitative Reasoning Problems Used in the ALSPAC Project

Note. Reprinted from “The relative importance of two different mathematical abilities to mathematical
achievement,” by T. Nunes, P. Bryant, R. Barros, & K. Sylva, 2011, British Journal of Educational
Psychology, 82(1), p. 137 (https://doi.org/10.1111/1.2044-8279.2011.02033.x). Copyright 2011 by
The British Psychological Society. Reprinted with permission.

In the ALSPAC project, quantitative reasoning was measured by scoring the
correctness of the final numerical answer to these word problems (Nunes et al., 2012). However,
in this case, quantitative reasoning cannot be fully disentangled from arithmetic skills, as pupils
were still required to produce a numerical answer, which inevitably involves arithmetic skills.
Nonetheless, Nunes and colleagues (2009a) found that Year 4 pupils’ spatial visualization was
correlated with their quantitative reasoning, and more strongly than with their arithmetic skills.
However, this association was not the primary focus of the project, as the authors were more
interested in whether arithmetic skills, quantitative reasoning, and spatial ability independently

predicted overall mathematical attainment.

Another way to measure young pupils’ quantitative reasoning is by examining their
number-sentence construction. Wong and Ho (2017) gave kindergarten pupils (M = 6.08 years,

SD = 0.33 years) 14 one-step and four multistep additive word problems and instructed them
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to construct a number-sentence for each. Scores were awarded for correctly written number
sentence (1 point for one-step problems and 2 points for multistep problems, with partial
scoring allowed). However, the limitation of this measure is that young children can use
informal methods to solve arithmetic word problems; thus, constructing a number sentence is
neither a necessary nor a typical step in their spontaneous problem-solving process (Hughes,
1986). As such, there may be a dissociation between pupils’ representation of the problem’s
underlying quantitative structure and their construction of number sentence. Although the
association between spatial ability and quantitative reasoning was again not the focus of this
study, the authors reported significant bivariate correlations between visuospatial working
memory and number-sentence construction (r = .22, p < .01), as well as between visuospatial

working memory and word-problem-solving accuracy (» = .20, p <.05).

Yet another way to measure quantitative reasoning is through what Wong (2021) terms
‘problem representation,” defined as the process of understanding the problem and forming a
mental representation of the situation that “extracts the targeted features of the word problems
(i.e., the operation involved as well as the semantic role of the unknown)” (Wong & Yip, 2023,
p. 5). For example, in a study by Yip et al. (2020), Grade 2 pupils (7—8-year-olds) in Hong
Kong were given a set of one-step additive word problems and were asked to match each
problem with a conceptual diagram that best represented it. For instance, given the word
problem ‘Arnold has 5 candies and Lily has 4 candies. How many more candies does Arnold
have compared to Lily?’, conceptual diagram D in Figure 5-2 best represents this compare
word problem. In contrast, the problem ‘Peter has 6 candies. His teacher has given him some
more, and he now has 9 candies. How many candies did his teacher give him?’, is best
represented by conceptual diagram B in Figure 5-2, as it describes a change problem involving
an increase over time. Although Wong, Yip and their colleagues do not explicitly refer to
quantitative reasoning, their measure—assessing pupils’ representation of arithmetic word
problems without involving computation—effectively captures pupils’ ability to identify the

underlying quantitative structure of word problems.

A limitation of this measure is that it provides a finite set of conceptual diagrams based
on the traditional classification of one-step additive word problems proposed by Riley and
colleagues (1983): combine (conceptual diagram A in Figure 5-2), change (conceptual
diagrams B and C in Figure 5-2), and compare (conceptual diagram D in Figure 5-2). Setting
aside the ecological strength of this classification system (Thevenot, 2010), the measure may

artificially constrain young pupils’ representation of quantitative structure by requiring them
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to conform to representations deemed appropriate by the researchers based on the semantic
structure of the problems.

Figure 5-2

Additive Conceptual Diagrams of Problem Representations from Yip et al. (2020)

Note. Reprinted from “Do children with mathematics learning disability in Hong Kong perceive word
problems differently?,” by E. S.-K. Yip, T. T.-Y. Wong, S.-H. Cheung, & K. K.-W. Chan, 2020,
Learning and Instruction, 68, p. 3 (https://doi.org/10.1016/j.learninstruc.2020.101352). Copyright
2020 by Elsevier Ltd. Reprinted with permission.

As in the previous two studies, the relationship between spatial ability and quantitative
reasoning was not the primary focus. Nevertheless, the authors reported that visuospatial
working memory positively predicted problem-representation matching (» = .27, p <.001), and
did so more strongly than verbal working memory (r = .18, p <.05). Furthermore, in a similar
study, Leung and Wong (2023) found that Grade 6 pupils’ (11-12-year-olds) performance on
matching one-step multiplicative word problems with conceptual representations mediated the
relationship between spatial ability (spatial visualization, perspective taking, spatial scaling,
and hidden figures) and overall mathematical performance, comprising numerical operations

and problem solving.

In summary, with the exception of Nunes et al. (2009a), the other studies do not

explicitly refer to quantitative reasoning, although they effectively measure it through various

188



Chapter 5: Study 3 Manuscript

means, such as visual representations (Boonen et al., 2013), number-fact construction (Wong
& Ho, 2017), or problem-representation matching (Leung & Wong, 2023; Yip et al., 2020).
None of these studies focused specifically on the relationship between spatial ability and
quantitative reasoning, despite measuring either spatial visualization or visuospatial working

memory.

To contribute to this gap in the literature, Study 2 of this thesis took an initial step by
investigating the relationship between spatial ability and quantitative reasoning in 6—7-year-
olds. In that study, quantitative reasoning was assessed by observing how pupils solved one-
step additive word problems—specifically, whether they engaged with the problem’s
quantitative structure and, if so, whether they reasoned about it accurately (i.e., non-
quantitative, quantitatively-incorrect, and quantitatively-correct strategies). Pupils were free to
express their representations of the quantitative structure in whatever way they chose, including

drawing, writing number sentences, using MathLink cubes, or using their fingers.

Study 2 found that, across all problem types, stronger spatial visualization was
associated with an increased likelihood of correctly representing the quantitative structure of
the problem while using a mental number-fact strategy (i.e., ‘Quantitatively Correct Number
Fact’ strategies). In contrast, higher visuospatial working memory was associated with a
reduced likelihood of failing to engage with the quantitative structure for most problem types
(i.e., ‘Non-Quantitative’ strategies). Moreover, the role of visuospatial working memory in
facilitating quantitative reasoning was especially pronounced in word problems involving
comparisons between disjoint quantities measured using an imposed unit, where it was

associated with reduced use of ‘Quantitatively Incorrect Counting’ strategies.
5.2.1.2 Arithmetic Skills

In addition to quantitative reasoning, arithmetic skills are also important for arithmetic
word problem solving (Nunes et al., 2012, 2015). The relationship between spatial ability and
arithmetic skills is well documented (Frick, 2019). Beyond simple association, intervention
studies suggest a potential causal relationship between spatial ability and arithmetic skills (e.g.,
Cheng & Mix, 2014; Vasilyeva et al., 2025). For instance, one intervention study found that a
single 40-minute training session involving a two-dimensional mental rotation task improved
6—8-year-old’s performance on a missing-term arithmetic task (e.g., 3 + = 7; Cheng & Mix,

2014). However, Hawes et al. (2015) did not replicate this finding in a delayed post-test when
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the intervention was digitized and delivered over a longer period of time (six weeks), indicating

inconsistency in the evidence.

Other intervention studies have focused less on far transfer from spatial training to
mathematical performance and more on training at the spatial-mathematical intersection (e.g.,
embedding spatial supports within mathematical instruction). For example, in an arithmetic
fluency intervention study with 6—7-year-olds, Vasilyeva et al. (2025) found that eight 30-
minute small-group training sessions using spatial materials (i.e., materials with lengths
proportional to numbers they represent) was more effective than training with non-spatial
materials (i.e., equal-sized square tiles regardless of the numerical value). Another example
comes from a substantive body of research building on Siegler and Ramani’s (2008) ‘The Great
Race’ boardgame, which indicates that playing linear board games (or computerized
derivatives) improves arithmetic skills, along with other mathematical competencies (for

examples of studies stemming from this paradigm, see Hawes et al., 2019a; Sella et al., 2017).

One way to better understand the link between spatial ability and arithmetic skills is to
examine the strategies children use when solving arithmetic tasks. Children’s arithmetic
strategies can be broadly grouped into two categories: counting-based strategies and number-
fact strategies. With development, children transition from laborious, external counting
strategies (e.g., Count-All, Separate-From), to more economical strategies (e.g., Count-On,
Count-Down; Carpenter & Moser, 1982) and non-perceptual strategies (e.g., nodding; Steffe
et al., 1982), and eventually to internalized number-fact strategies (Mdhring et al. 2024). (See

Subsection 4.2.2.1 of Study 2 for a comprehensive list of counting-based strategies.) Recalled

number facts are typically described as being retrieved directly from long-term memory
(Ashcraft & Fierman, 1982). However, alternative accounts propose that number facts with
small operands (< 4) may rely on automatized counting-based procedures (Baroody, 1983;
Barrouillet & Thevenot, 2013). In contrast, derived number facts involve decomposing a
problem into known facts (e.g., solving 6 + 8 as [6 + 6] + 2). Regardless of the theoretical
stance (for a review, see Andras & Macizo, 2026; Thevenot & Prado, 2026), number-fact
strategies are generally considered more advanced and sophisticated than counting-based
strategies because they are more efficient and less error prone (Casey & Fell, 2018).
Furthermore, derived number-fact strategies involve active problem solving that relies on the

application of prior mathematical knowledge (Casey & Fell, 2018; Geary, 2011).

The relationship between strategy choice (counting-based vs. number-fact strategies)

and arithmetic skills is developmental, a conclusion drawn from studies examining differences
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between finger users and non-finger users. In a longitudinal study, Jordan et al. (2008) followed
pupils from the beginning of kindergarten (M = 5.7 years) to the end of second grade across 11
testing points and assessed their addition and subtraction performance. They found that until
the beginning of the second grade (around age 7.8), finger-use frequency was positively
correlated with arithmetic accuracy, although this positive association gradually weakened
over time. By mid-second grade, however, finger counting was negatively correlated with

accuracy.

More recently, Krenger and Thevenot (2025) reported a similar pattern in a longitudinal
study focusing on addition tasks. They followed pupils from age 4.5 to 7.5 across seven testing
points and found that until the age 6.5, pupils who relied on finger counting outperformed those
who did not. After age 6.5, however, this relationship reversed. As Krenger and Thevenot
(2025) note, although the two studies differ in the age at which the relationship reverse (7.8 vs.
6.5 years), this discrepancy is likely attributable to differences in task materials and analytic
approaches. The critical point, however, is that the association between strategy choice
(counting-based vs. mental arithmetic strategies) and arithmetic accuracy changes across
development. Although both studies focused specifically on finger counting—without
providing pupils with alternatively representational tools—the findings may potentially extend
to other counting strategies involving concrete objects (e.g., counters, manipulatives), non-
perceptual objects (e.g., nodding or pointing the air, eye-tracking, and gesturing), or marks and

drawings on paper (L¢ et al., 2024).

Krenger and Thevenot (2025) further observed that many pupils who were non-finger
users at age 7 had previously relied on finger counting. These pupils appear to have internalized
the strategy such that they no longer required overt finger use to solve addition tasks. Notably,
they also outperformed both persistent finger users and pupils who had never relied on finger
counting. Although the authors did not explicitly determine whether these former finger users
were employing genuine number-fact strategies (recalled or derived facts) as opposed to covert
counting (e.g., non-perceptual, vocal, or subvocal counting), the findings suggest that pupils

who internalize arithmetic strategies may exhibit higher arithmetic accuracy past age 6.5.

Importantly, both studies locate this shift in the relationship between counting-based
and number-fact strategies and arithmetic accuracy within the early primary school years
(approximately ages 6—8). This period therefore represents a particularly informative
developmental window for examining factors that may influence children’s strategy use,

including individual differences in spatial ability. Indeed, a complementary body of research
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suggests that spatial ability may play an important role in explaining these individual
differences in arithmetic strategy use. In related research with children in this same age range,
number-fact strategy use has been shown to link spatial ability and arithmetic computation
accuracy (for a review, see Casey & Fell, 2018). Spatial ability positively predicts the
frequency of more sophisticated mental strategies (particularly derived number-fact strategies)
and negatively predicts the frequency of less sophisticated counting-based strategies such as
count-all strategies (e.g., Laski et al., 2013; Foley et al., 2017; Study 2). In addition, mediation
analyses from both cross-sectional and longitudinal studies suggest that derived number-fact
strategy use accounts for the association between spatial ability and arithmetic performance

(Casey et al., 2017; Foley et al., 2017; Mohring et al., 2024).

Among spatial skills, spatial visualization and visuospatial working memory have most
frequently been examined in relation to arithmetic strategies. Several explanations may account
for why number-fact strategies mediate the relationship between these spatial skills and
arithmetic accuracy. Spatial visualization has been implicated in mapping numbers onto space
via the mental number line, an internal spatial representation of numerical magnitude
(Gunderson et al., 2012). Through this spatial structuring of numerical magnitudes, spatial
visualization may support the consolidation and strengthening of numerical representations,
enabling children to rely more on efficient number-fact strategies rather than effortful counting-
based strategies (Barrouillet & Thevenot, 2013). Moreover, spatial visualization may facilitate
the organization of numerical relations in ways that support efficient arithmetic processing,
such as decomposing problems into smaller or simpler components (Mohring et al., 2024). In
addition, visuospatial working memory may support the maintenance of numerical
information—including intermediate numerals and relational transformations—during mental
calculation, which may facilitate the use of number-fact strategies (Casey & Fell, 2018; Foley

et al., 2017).

Taken together, the literature suggests that spatial ability is associated with children’s
arithmetic skills (Frick, 2019), but the mechanisms underlying this relationship remain unclear.
Research on arithmetic strategies indicates that children rely on a range of approaches when
solving arithmetic problems and that the effectiveness of these strategies changes across
development. Counting-based procedures can support early arithmetic performance (before
approximately age 7.8 or 6.5, Jordan et al., 2008; Krenger & Thevenot, 2025) but tend to give
way to more efficient number-fact strategies with development. Notably, this shift occurs

during the early primary school years, which is also the developmental period in which higher
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spatial ability has been shown to predict greater reliance on number-fact strategies and less
reliance on counting-based strategies (Casey et al., 2017; Foley et al., 2017; Laski, 2013;
Mohring et al.,, 2024). Together, these findings suggest that strategy use is a potential
mechanism linking spatial ability and arithmetic skills, as spatial skills may support how
children organize and operate on numerical relations during problem solving. However, most
existing studies have focused on arithmetic computation tasks rather than arithmetic word
problems. Whether similar mechanisms operate in the context of word problem solving

therefore remains unclear.
5.2.1.3 Spatial Ability and Problem-Solving Strategies

To summarize the literature reviewed above, spatial ability may be important for both
quantitative reasoning and arithmetic skills, which in turn are important for arithmetic word
problem solving (Nunes et al., 2012, 2015). Spatial visualization and visuospatial working
memory may support the representations of a problem’s quantitative structure (Hawes &
Ansari, 2020; Mix & Cheng, 2012). These two spatial skills may also relate to children’s
arithmetic strategy use, as spatial processes involved in organizing numerical relations may
facilitate reliance on more efficient number-fact strategies rather than effortful counting-based

strategies (e.g., Foley et al., 2017; Laski et al., 2013).

Based on the reviewed literature on young pupils’ quantitative reasoning and arithmetic
skills, their problem-solving strategies for one-step additive word problems can be synthesized
as shown in Table 5-3. Importantly, this synthesis reflects the fact that young pupils do not
necessarily solve arithmetic word problems in two distinct sequential phases of ‘representation’
and ‘computation’ (Carpenter & Moser, 1982; Nunes & Bryant, 1996), as is often assumed for
older pupils and adults (Mayer, 1985). This framework of problem-solving strategies, first
proposed in Study 2, offers a more holistic perspective by integrating two dimensions: (1)
representation of quantitative structure (i.e., whether the quantitative structure is represented
correctly, incorrectly, or not at all), and (2) arithmetic strategy (counting-based versus number-
fact strategies). (See Subsection 4.2.2 and Subsection 4.3.4 of Study 2 for a fuller discussion

of the problem-solving strategies and for examples of each strategy, respectively).

When pupils engage with the problem’s quantitative structure, they may represent it
either accurately or inaccurately. Independently of this accuracy, pupils may employ either a
counting-based strategy or a number-fact strategy. Considering these dimensions results in four

strategy types: ‘Quantitatively Incorrect Counting,” ‘Quantitatively Incorrect Number Fact,’
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‘Quantitatively Correct Counting,’ and ‘Quantitatively Correct Number Fact’ strategies. In
addition, ‘Non-Quantitative’ strategy is characterized by no clear evidence of engagement with

the problem’s quantitative structure (e.g., iconic representation).

Table 5-3
Problem-Solving Strategies for One-Step Additive Word Problems

Strategy Definition

Does not appear to actively engage with the problem’s
Non-Quantitative quantitative structure (e.g., guessing; repeating a number from
the problem statement)

Represents the problem’s quantitative structure incorrectly while
using a counting-based strategy (e.g., counting-all for a
subtraction problem)

Quantitatively Incorrect
Counting

Represents the problem’s quantitative structure incorrectly while
using a number-fact strategy (e.g., mentally subtracting for an
addition problem)

Quantitatively Incorrect
Number Fact

Represents the problem’s quantitative structure correctly while
using a counting-based strategy (e.g., counting-down for a
subtraction problem)

Quantitatively Correct
Counting

Represents the problem’s quantitative structure correctly while
using a number-fact strategy (e.g., mentally adding for an
addition problem)

Quantitatively Correct
Number Fact

Note. Reproduced from Table 1-3 (Chapter 1).

In light of the reviewed literature, this study hypothesizes that ‘Quantitatively Correct
Number Fact’ strategies mediate the relationship between spatial ability and problem-solving
accuracy. Problem solvers with higher spatial ability may be better able to correctly represent
a problem’s quantitative structure and rely more on number-fact strategies during word
problem solving. The hypothesized mediation model is illustrated in Figure 5-3. The present

study investigates this hypothesized pathway using path analysis.
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Figure 5-3
Hypothesized Mediation Model

'Quantitatively Correct
Number Fact'

a Strategy b
Spatial Visualization One-Step Additive
& .
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Memory y

Note. Path a represents the effect of spatial visualization and visuospatial working memory,
respectively, on ‘Quantitatively Correct Number Fact’ strategy use, controlling for the other
independent variable and all demographic and cognitive covariates (age, gender, language ability,
numerical ability, and fluid reasoning). Path b represents the effect of ‘Quantitatively Correct Number
Fact’ strategy use on one-step additive word-problem-solving accuracy, controlling for spatial
visualization and visuospatial working memory, and other covariates. Path ¢’ represents the direct
effect of spatial visualization and visuospatial working memory, respectively, on one-step additive
word-problem-solving accuracy, controlling for ‘Quantitatively Correct Number Fact’ strategy use
and other covariates.

5.2.2 Path Analysis

Mediation analysis is used to examine hypothesized causal mechanisms by which an
independent variable (i.e., spatial skills; hereafter denoted as X) is related to a dependent
variable (i.e., problem-solving accuracy; hereafter denoted as Y) through a mediator (i.e.,
‘Quantitatively Correct Number Fact’ strategy; hereafter denoted as M), by decomposing the
total effect (c) into indirect effect (ab) and direct effect (¢') (Cole & Maxwell, 2003). The
indirect effect explains the mechanism of interest (i.e., the degree with which a change in X
produces a change in Y by means of M) while the direct effect explains all the other unspecified
mechanisms. Path analysis is one of the most commonly used approaches for estimating
mediation models when examining manifest (observed) variables using a structural equation
modeling framework (MacKinnon, 2008; Rijnhart et al., 2021). This method can accommodate
multiple independent variables, mediators, and dependent variables, and it estimates all paths

simultaneously, in contrast to Baron and Kenny’s (1986) causal-steps approach.

Whereas path analysis directly estimates the indirect effect as the product of associated
paths, a (X — M) and b (M — Y) (VanderWeele, 2016), the Baron and Kenny approach does
not directly estimate or test the indirect effect but infers mediation based on a sequence of
statistical significance across multiple regression models (Baron & Kenny, 1986). This
traditional causal-steps approach of inferring mediation based on a significant total effect and

evidence that direct effect is reduced when the mediator is included in the model, has since
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been criticized for the following reasons. First, the claim that the total effect must be significant
has been criticized for overlooking the possibility that direct and indirect effects may
counteract and cancel each other out (MacKinnon, 2008). Instead, it has been argued that only
the indirect effect needs to be significant to establish mediation, and that the strength of
mediation should be measured by the size of the indirect effect only (Zhao et al., 2010). Second,
contrary to Baron and Kenny’s (1986) claim, it has been argued that the significance of the
direct effect neither establishes nor negates mediation; rather, it serves to classify the type of
mediation (Zhao et al., 2010). If the direct effect is non-significant, this is referred to as
indirect-only mediation, corresponding to what Baron and Kenny (1986) described as full
mediation. If the direct effect is significant, this corresponds to partial mediation. However, it
is important to note that the presence or absence of a direct effect does not by itself indicate
whether additional mediators are present, as mediation may occur through multiple pathways.
There are two cases of partial mediation, depending on whether the direct and indirect effects
have the same sign (i.e., complementary mediation) or the opposite sign (i.e., competitive

mediation).

The path-analytic approach to mediation, which focuses directly on the indirect effect,
addresses several limitations of the traditional causal-steps approach. Nevertheless, it entails
important caveats of its own. First, although confidence intervals (Cls) provide more
information than p-values by indicating a range of plausible values for the indirect effect
(Cumming, 2008; Sobel, 1982), traditional normal-theory CIs have been criticized because
they assume that the indirect effect is normally distributed. In practice, however, sampling
distribution of the indirect effect is typically asymmetric and skewed toward zero (MacKinnon,
2008). Second, evaluating mediation solely through a test of the indirect effect can yield
inflated Type I error rates (i.e., falsely concluding that there is mediation effect) in situations
where one component path is large while the other is absent or negligible (Biesanz et al., 2010;

Yzerbyt et al., 2018).

Several recommendations have been proposed to address these limitations. One
recommendation is the use of resampling methods, such as percentile-based and bias-corrected
and accelerated (BCa) bootstrap Cls, which estimate the sampling distribution empirically and
therefore do not rely on normality assumptions (MacKinnon,, 2008). Although BCa intervals
are often preferred because they adjust for both bias and skewness in the bootstrap distribution
(Efron & Tibshirani, 1993; Yzerbyt et al., 2018), simulation studies suggest that percentile-

based intervals may exhibit more stable Type I error rates in small samples (Biesanz et al.,
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2010; Chen & Fritz, 2021). A second recommendation is to evaluate the significance of both
path a and path b (Yzerbyt et al., 2018), given that evidence for mediation is most convincing

when both constituent paths are statistically significant (MacKinnon, 2008).

While path analysis based on bootstrapped confidence intervals addresses the issue of
inflated Type I error, arguably the biggest methodological limitation of path analysis is its
reliance of associational data for causal interpretation (Gelfand et al., 2009). As stated above,
mediation analysis is often used to examine hypothesized causal mechanisms. However, causal
interpretations of mediation analyses require several necessary but not sufficient conditions,
including evidence of association, non-spuriousness (i.e., the absence of unmeasured
confounding), and appropriate temporal ordering (Bollen, 1989). As summarized in Table 5-4,
these conditions must hold for each hypothesized causal link underlying the mediation model
(i.e., X—>M,M — Y, and X — Y). These conditions are most convincingly satisfied through
rigorous study designs; accordingly, some argue that the strongest evidence for mediation
comes from randomized controlled longitudinal studies that are replicated by independent
researchers across different contexts and measures (MacKinnon, 2008), while others take a
step even further and suggest double randomization (i.e., randomization of both X and M) when

possible along with other study design suggestions (Preacher, 2015).

Table 5-4
Necessary Conditions for Causal Interpretation
X—-M M—->Y X—=Y

. . . iation i lem-
Variation in spatial skills Z;?Si?llo;rl;froz:énjs
is associated with g gy

Association . associated with variation
variation in problem- . .
in problem-solving

lving strat
solving strategy use accuracy

Variation in spatial skills
is associated with
variation in problem-
solving accuracy

No unmeasured variable No unmeasured variable No unmeasured variable
that are correlated with  that are correlated with  that are correlated with

Non-. spatial skills and affect  problem-solving strategy spatial skills and affect
Spuriousness . }

problem-solving strategy use and affect problem- problem-solving

use solving accuracy accuracy

Spatial skills temporally Problem-solving strategy Spatial skills temporally
Temporal precede changes in use temporally precedes precede changes in
Ordering problem-solving strategy changes in problem- problem-solving

use solving accuracy accuracy
Note. X = spatial skills; M = ‘Quantitatively Correct Number Fact’ strategy; Y = problem-solving
accuracy.

Cross-sectional study designs can support evidence of association and address some

sources of confounding, but they provide limited evidence for appropriate temporal ordering.
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The evidence of association can be assessed statistically by examining the associations among
X, M, and Y, including the significance of path a and path b within the mediation model
(Gelfand et al., 2009). While the non-spuriousness condition is fundamentally untestable on
empirical data (Alfons & Schley, 2025), measuring potential covariates and controlling for
them statistically can partially address this concern. For instance, key covariates known to
explain differences in word-problem-solving strategy and accuracy, such as demographic (age
and gender), and cognitive factors (language ability, numerical ability, and fluid reasoning)
(for a review, see Atit et al., 2022; Daroczy et al., 2015; Vessonen et al., 2024), need to be
measured and controlled for. Moreover, testing the assumption of no interaction between X
and M in the outcome model helps assess whether the mediation model has been correctly
specified, ensuring that the estimated indirect effect is not distorted by an omitted moderation
effect—specifically, that the effect of the M on the Y does not depend on the level of X (Alfons
& Schley, 2025; MacKinnon et al., 2020). Alternatively, sensitivity analysis techniques help
to assess how strong an unmeasured confound would have to be related to both the M and Y to

substantially change conclusions being drawn about the indirect effects (VanderWeele, 2016).

The appropriate temporal ordering (i.e., X comes before M, which comes before Y),
however, cannot be established in a cross-sectional study design since it is not possible to rule
out that variables are changing simultaneously, or that the true causal directions are reversed
(Cole & Maxwell, 2003). When the study design does not give information regarding temporal
ordering, it must be assumed based on theory and previous empirical research (MacKinnon,
2008). Guided by prior literature and the generative structure of the task, the model is
parameterized such that spatial skills (spatial visualization and visuospatial working memory),
reflecting relatively stable cognitive abilities, are treated as antecedent to problem-solving
strategies enacted during task execution, with problem-solving accuracy treated as the task
outcome. This ordering reflects the logical sequence of the task rather than a claim of causal
direction. One approach to evaluating the plausibility of the assumed temporal ordering is to
compare the hypothesized model with theoretically plausible alternative orderings (Gelfand et
al., 2009). However, more recently, Rohrer et al. (2022) cautioned that a larger indirect effect
in the hypothesized model does not constitute evidence that the model is correct, as

misspecified models may also produce substantial indirect effects.
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5.2.3 Present Study

The present study goes beyond establishing whether a relationship exists between
spatial ability and word problem solving (Study 1) to examining how this relationship may
operate by identifying potential underlying mechanisms, namely children’s problem-solving
strategy use. Specifically, this is investigated by testing whether ‘Quantitatively Correct
Number Fact’ strategy use mediates the relationship between spatial skills (spatial visualization
and visuospatial working memory) and word-problem-solving accuracy (MacKinnon et al.,

2020). Accordingly, the first research question is as follows:

RQ5) To what extent do spatial visualization and visuospatial working memory exert
indirect effects on young primary school pupils’ (6—7-year-olds’) accuracy on one-step

additive word problems through ‘Quantitatively Correct Number Fact’ strategy use?

In addition to RQ5, Studies 1 and 2 found that the relationships between spatial skills and
problem-solving accuracy and strategies, respectively, vary depending on the word problem
type. As such, the mediation model may operate differently across word problem types.

Accordingly, the second research question is as follows:

RQ6) Do the indirect effects of spatial visualization and visuospatial working memory
on problem-solving accuracy through ‘Quantitatively Correct Number Fact’ strategy

use vary across different word problem types?

To investigate RQ6, this study adopts the 2 x 2 conceptual framework (Quantity x
Quantitative Relation) for categorizing one-step additive word problems proposed in Study 1.
This conceptual framework categorizes word problems based on their quantitative structure
(Thompson, 1993) by considering two categories of quantity (Davydov, 1982) and two
categories of quantitative relation (Vergnaud, 1982), which results in four word problem types:
Discrete Quantity—Dynamic Relation, Discrete Quantity—Static Relation, Continuous
Quantity—Dynamic Relation, and Continuous Quantity—Static Relation. Figure 5-4 summarizes

the definitions and examples of each word-problem type.
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Figure 5-4
Word Problem Types Based on Quantitative Structure
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Note. Reproduced from Figure 1-1 (Chapter 1).
5.3 Methods

To investigate whether lower primary pupils’ spatial visualization and visuospatial
working memory relate to their one-step additive word-problem-solving accuracy via their
‘Quantitatively Correct Number Fact’ strategy use, a sample of Year 2 pupils in England were
examined. This research has been approved by the Central University Research Ethics
Committee and adhered to the ethical guidelines for educational research as recommended by
the British Educational Research Association (2018) and the University of Oxford Policy on
Research Involving Human Participants and Data Protection (Central University Research
Ethics Committee, 2022). This section outlines the participants (Subsection 5.3.1), measures

(Subsection 5.3.2), procedure (Subsection 5.3.3), and analytic approach (Subsection 5.3.4).
5.3.1 Participants

Participants were 149 Year 2 pupils attending state schools across South East England.
To capture a wider range of mathematical skills and arithmetic word-problem-solving
strategies and accuracy, as well as enhance the generalizability of the findings to the broader
population, pupils were included in the study as long as they had sufficient proficiency in

English, and the required Special education Needs (SEN) support, if any, were minimal, such
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that there was no reason to believe that they could not engage meaningfully with the tasks.
Among the 149 pupils tested, 12 pupils discontinued either because they could not understand
the tasks or expressed a desire to stop. Among the remaining 137 pupils (50.4% female, 49.6%
male; age range: 6.52—7.74 years; mean age: 7.10 years), 27 (19.7%) were reported as SEN
and 21 (15.3%) were reported as English as an additional Language (EAL) pupils. As SEN and
EAL information was not always available, it is possible that an even higher percentage of SEN
and EAL pupils were included in the study. The schools were recruited first based on a non-
probabilistic convenience sampling method, followed by the pupils, either through opt-in or

opt-out parental consent, as deemed appropriate by the respective schools.
5.3.2 Measures

Pupils completed seven tasks designed to assess spatial skills (spatial visualization and
visuospatial working memory), problem-solving accuracy, problem-solving strategy use, and
relevant covariates. Spatial visualization was assessed using two measures: the Wechsler
Abbreviated Scale of Intelligence—Second Edition (WASI-II) Block Design subtest (Atit et al.,
2022) and the Visual-Spatial Reasoning task (Hawes et al., 2015, 2017, 2019). The Block
Design subtest involved recreating a design using red-and-white cubes within a specified time
limit. The Visual-Spatial Reasoning task involved reasoning about and visualizing solutions
to problems involving parts of objects in relation to their whole. Visuospatial working memory
was assessed using a digitized version of the Corsi Block-Tapping task on an iPad (Hawes et
al., 2019b), which involved replicating a sequence of flashing dots by tapping them in the same

order.

Problem-solving accuracy and strategy use were assessed using the 24 one-step additive
word problems adopted from Study 1. Of the 24 items, six belonged to each of the four word
problem types outlined in Subsection 5.2.3. The four parallel versions of the full problem set

(Forms A-D) are presented in Subsection 2.3.3.2.

The three covariates, language ability, numerical ability, and fluid reasoning were
measured using the following standardized tests, respectively: the Wechsler Individual
Achievement Test-Second UK Edition (WIAT-IIUX) Listening Comprehension and Numerical
Operations subtests, and WASI-II Matrix Reasoning subtest. The Listening Comprehension
subtest involved selecting the picture that matched a word or sentence and generating a word
that matched a picture and oral description. The Numerical Operations subtest involved

identifying and writing numbers, counting, and solving written calculation problems with basic
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operations of addition, subtraction, multiplication, and division. The Matrix Reasoning subtest
involved completing an incomplete matrix or series by selecting one of five response options.
(The detailed descriptions of the measures are presented in Subsection 2.3 of the Methodology

chapter.)
5.3.3 Procedure

Each pupil completed all seven tasks individually with the researcher at a quiet location
at school. The seven measures were administered in a randomized order across two 30-minute
sessions that were typically spaced one-hour apart, or a minimum, 30 minutes apart. Pupils
were randomly assigned to one of the four forms of one-step additive word problems (Forms
A-D). The 24 one-step additive word problems were divided between the two testing sessions
(i.e., 12 items per session). The administration order of the word-problem items was
randomized subject to predefined sequencing constraints. The problems were presented on A4-
size papers, with four problems arranged in each quadrant of a page. Each problem was read
aloud slowly and repeated if necessary. Pupils were provided with 30 MathLink cubes and a
pencil, informed that the materials could be used if helpful, and reminded that the materials
were available if they were stuck on a problem for more than one minute. The interview-like
procedure for administering word problems was adapted from Hegarty and Kozhevnikov (1999)
and Boonen et al. (2013, 2014). (The detailed administration procedure for the word problems,
including the randomization of item order, is outlined in Subsection 2.3.3.3 of the Methodology

chapter.)
5.3.4 Analytic Approach

Pupils’ numerical solutions to the word problems were scored as either incorrect (0) or
correct (1). Independently of the correctness of the numerical solutions, problem-solving
strategies were coded based on pupils’ observable behavior and retrospective reports (Carr et
al.,2008; Cho et al., 2011). When discrepancies arose between the two sources, the researcher’s
observations were used (Casey et al., 2017; Laski et al., 2013). As summarized in Table 5-3,
each problem-solving strategy was coded based on the dimensions of (1) the representation of
the quantitative structure (none, incorrect, or correct) and, where applicable, (2) arithmetic
strategy (counting-based or number-fact strategy): ‘Non-Quantitative,” ‘Quantitatively
Incorrect Counting,” ‘Quantitatively Incorrect Number Fact,” ‘Quantitatively Correct

Counting,” and ‘Quantitatively Correct Number Fact’ strategies.
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A second rater independently coded 20.4% of the data (28 pupils x 24 items), selected
at random, using the primary author’s field notes. The two raters showed 97.2% agreement,
and Cohen’s k was .96, 95% CI [.95, .98], p <.001, indicating excellent inter-rater reliability
(Siegel & Castellan, 1988). (The coding process is described in detail in Subsection 2.3.3.4 of
the Methodology chapter.)

The mediation models were estimated using path analysis to examine whether the use
of ‘Quantitatively Correct Number Fact’ strategies, in particular, mediates the relationship
between spatial skills (spatial visualization and visuospatial working memory) and problem-
solving accuracy (RQ5), and whether the mediation effect varied across word problem types
(RQ6). Although pupils were nested within classrooms, multilevel modeling was not pursued
because the number of clusters was very small (six classrooms). With so few clusters, some
with very small number of pupils, variance component estimates and cluster-robust standard
errors are known to be unstable (Huang & Li, 2022; McNeish & Stapleton, 2016). Therefore,
models were estimated at the individual level. Similarly, cluster-level fixed effects were not
included, as the small number of clusters and limited within-cluster sample sizes would
substantially reduce degrees of freedom and yield unstable estimates. To evaluate the potential
impact of nesting, Intraclass Correlation Coefficients (ICCs) were calculated for problem-

solving strategy use and problem-solving accuracy and reported in the Results section.

Statistical analyses were conducted in R version 4.4.0 (R Core Team, 2024) using
RStudio version 2023.12.1.402 (Posit Team, 2024), and with the /avaan package (Rosseel,
2012). Spatial visualization and visuospatial working memory were specified as the
independent variables. Problem-solving accuracy, operationalized as the total number of
correctly solved problems, served as the dependent variable. For RQS5, accuracy was calculated
across all 24 word problems. For RQ6, accuracy was calculated within each subset of 6 items
belonging to the same word problem type. The mediator was defined as the proportion of word
problems solved using the ‘Quantitatively Correct Number Fact’ strategy, computed across the
same set of items as the corresponding accuracy measure (i.e., 24 items for RQ5 and six items
for each RQ6 model). Key cognitive and demographic variables—language ability, numerical
ability, fluid reasoning, age, and gender—were included as covariates. Continuous predictor
variables were mean centered prior to analysis to facilitate interpretation of model estimates
while preserving the original metric of the variables. Standardization was not applied, as
comparisons of standardized effect sizes were not the focus of the analysis. The composite

spatial visualization score was derived from a principal component analysis of the Visual—
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Spatial Reasoning task and the WASI-II Block Design subtest (detailed in Subsection 2.3.2.1.1
of Methodology chapter).

Best practice recommendations outlined in Subsection 5.2.2 were followed, where
possible when evaluating the indirect effects of spatial visualization and visuospatial working
memory (MacKinnon, 2008). The mediation models were estimated using maximum
likelihood with 95% bias-corrected and accelerated bootstrapped confidence intervals (BCa
Cls) based on 5,000 resamples to account for the potentially non-normal distribution of indirect
effects. BCa Cls were deemed appropriate given the moderate sample size and the large number
of bootstrap resamples. Following current methodological recommendations for mediation
(Preacher & Hayes, 2008), statistical significance was determined by whether the BCa Cls
excluded zero, as this approach does not assume a normal sampling distribution for the indirect
effect. Although mediation was evaluated primarily based on the indirect effect, the component

paths were also examined to aid interpretation, as per recommendation by Yzerbyt et al. (2018).
5.4 Findings

The findings from the path analyses are presented in this section. Subsection 5.4.1
addresses RQS5 by examining the indirect effects of spatial skills (spatial visualization and
visuospatial working memory) on problem-solving accuracy via ‘Quantitatively Correct
Number Fact’ strategy use across all one-step additive word problems. Subsection 5.4.2

addresses RQ6 by examining these indirect effects separately by word problem type.
5.4.1 RQ5: Indirect Effects of Spatial Skills across Word Problem Types

RQ5) To what extent do spatial visualization and visuospatial working memory
exert indirect effects on young primary school pupils’ (6—7-year-olds’) accuracy
on one-step additive word problems through ‘Quantitatively Correct Number

Fact’ strategy use?
5.4.1.1 Preliminary Analyses

Prior to presenting the mediation model, preliminary analyses are reported, including
the descriptive statistics and correlations (Subsection 5.4.1.1.1), and examination of

assumptions and data structure (Subsection 5.4.1.1.2).
5.4.1.1.1 Descriptive Statistics and Correlations

Table 5-5 presents descriptive statistics and bivariate correlations for all variables, with

zero-order correlations presented above the diagonal and partial correlations presented below
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the diagonal. Descriptively, pupils exhibited substantial variability in their use of
‘Quantitatively Correct Number Fact’ strategies, using this strategy relatively infrequently on
average (M = 4.85, SD = 5.98). Problem-solving accuracy also varied widely across pupils (M
=9.77,SD =7.12).

At the zero-order level, both spatial visualization and visuospatial working memory
were positively associated with ‘Quantitatively Correct Number Fact’ strategy use (» = .55, p
<.001; »=.37, p <.001, respectively) and with problem-solving accuracy (» = .44, p <.001, r
= .35, p <.001, respectively). When controlling for covariates and the other spatial skill, the
unique relationship between spatial visualization and ‘Quantitatively Correct Number Fact’
strategy use remained significant but was substantially reduced in magnitude (r = .22, p <.05),
whereas the unique association between visuospatial working memory and strategy use became

non-significant (» = .10, p = .25).

‘Quantitatively Correct Number Fact’ strategy use was strongly positively associated
with problem-solving accuracy at both the zero-order (» = .74, p <.001) and partial (» = .50, p
<.001) levels, indicating a strong association that remained after controlling for spatial skills
and covariates. In contrast, the associations between the spatial skills and problem-solving
accuracy were no longer evident after adjustment (» = —.03, p = .74; r = .10, p = .25,
respectively), suggesting that their zero-order relationships with problem-solving accuracy
largely overlap with other cognitive factors and problem-solving strategy. These preliminary
partial correlations are consistent with the possibility that the association between spatial skills
and problem-solving accuracy is accounted for by problem-solving strategy use and other

control variables.
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Table 5-5

Descriptive Statistics and Bivariate Correlations

Mean .
(SD) Min Max 1 2 3 4 5 6 7 8 9
1. Spatial Visualization ((1)'88) ~1.90  3.53 LA SSTT 44t 6™ 55T 53T o2 I
2. ViSUOSpatial 439 sk sk seokok etk
Workine Memory o 2 8 i S 37T 35 16 39" 29 06 .07
3. Strategy (g"gg) 0 3 210 SaaTT 30T ea™ st 15 20"
4. Problem-Solving 9.77 _ - - - - -
Nocuraes o1y O 23 03 10 .50 S 46™ 68 6l 24 14
g 17.78 Hokok Hkokok *
5. Language Ability (3.89) 8 27 - - - - - .36 42 .01 17
6. Numerical Ability 21 5 23 i i i i i 57 19" 16
: (3.26) : : :
7. Fluid Reasoning 9.03 2 20 - - - - - - - 23" 02
: (4.22) : :
8. Age (years) 710 650 774 i i i i i i i i 09
AEE 030) ' :
9. Gender (0 = Female, 0.50 0 1 i i i i i i i i i

1 = Male) (0.50)
Note. N=137. SD = standard deviation; Strategy = ‘Quantitatively Correct Number Fact’ strategy. The composite spatial visualization score was derived
from principal component analysis of the Visual-Spatial Reasoning task and the WASI-II Block Design subtest. ‘Quantitatively Correct Number Fact’
strategy use and problem-solving accuracy are expressed as raw frequencies (out of 24 problems). Above diagonal: zero-order correlations; below diagonal:
partial correlations. Partial correlations involving the independent variables (spatial visualization and visuospatial working memory) were estimated by
controlling for the other independent variable and all covariates (age, gender, language ability, numerical ability, and fluid reasoning). The partial correlation
between the mediator (‘Quantitatively Correct Number Fact’ strategy use) and the outcome (problem-solving accuracy) was estimated by controlling for both
independent variables and all covariates. = p <.001, “p < .01, p < .05.
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5.4.1.1.2 Assumption Checks and Data Structure

Assumption diagnostics were conducted for the constituent regression models
underlying the mediation analysis. Specifically, linearity, homoscedasticity, normality of
residuals, multicollinearity, influential observations, homogeneous mediation, and clustering

were examined.

First, linearity was evaluated using component-plus-residual plots (see Appendix 5A).
Most predictors exhibited approximately linear and monotonic associations with their
respective outcomes. Some deviations from linearity were observed, particularly for spatial
visualization and numerical ability. However, these deviations did not follow a clear or
systematic pattern and were not considered sufficiently pronounced to warrant nonlinear
specification, particularly given that numerical ability served as a covariate rather than a focal

predictor.

In contrast, the association between ‘Quantitatively Correct Number Fact’ strategy use
and problem-solving accuracy—the focal path in the mediation model-——showed a more
systematic pattern suggestive of diminishing returns. A supplementary analysis therefore
compared linear and quadratic specifications of this relationship. The inclusion of a quadratic
term significantly improved model fit, (F(1, 127) = 6.55, p = .01). Consistent with this finding,
the quadratic SEM specification exhibited slightly lower AIC and BIC values (AIC = 704.21,
BIC = 756.77) than the linear specification (AIC = 709.11, BIC = 758.74). Nevertheless, the
linear specification was retained in the primary mediation model to facilitate interpretation of
the indirect effect. The quadratic specification was examined separately as a sensitivity analysis

(see Subsection 5.4.1.3).

Inspection of residual-versus-fitted plots indicated no substantial evidence of
heteroscedasticity. Normality of residuals was evaluated using Q-Q plots. Although residuals
exhibited modest departures from normality, particularly in the tails, these deviations were not
considered sufficiently severe to invalidate the analyses. Moreover, indirect effects were
evaluated using BCa Cls, which do not rely on normal-theory assumptions regarding the

sampling distribution of the indirect effect.

Multicollinearity was assessed using variance inflation factors (VIFs). All predictors
exhibited acceptable VIF values (all < 5), ranging from 1.10 to 1.89 in the mediator model and
from 1.12 to 2.14 in the outcome model, indicating no evidence of problematic

multicollinearity. Influential observations were evaluated using Cook’s distance. No cases
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exceeded conventional cutoff of (4/n ~ 0.03) in either the mediator or outcome models,

indicating that results were not driven by influential observations.

To evaluate the assumption of homogeneous mediation, interactions between spatial
skills (spatial visualization and visuospatial working memory) and ‘Quantitatively Correct
Number Fact’ strategy use were added to the outcome model. Neither interaction was
significant (ps > .05), indicating no evidence that the strategy—accuracy association varied as a

function of spatial skills.

Finally, intraclass correlation coefficients (ICCs) were examined to assess clustering
by classroom. ICCs indicated modest clustering for ‘Quantitatively Correct Number Fact’
strategy use (ICC = .08) and moderate clustering for problem-solving accuracy (ICC = .18).
Although the latter suggests some classroom-level variance in problem-solving accuracy, the
small number of available clusters (k = 6) precluded the use of multilevel modeling.
Consequently, the subsequent path analysis was conducted at the individual level. This

limitation is considered further in the Discussion.
5.4.1.2 Path Analysis

A path model was estimated to examine whether ‘Quantitatively Correct Number Fact’
strategy use mediated the relationship between spatial skills (spatial visualization and
visuospatial working memory) and problem-solving accuracy across all one-step additive word
problems. Model fit indices indicated acceptable to good fit (CFI = .98, TLI = .90, RMSEA
= .09, SRMR = .04). The model explained a substantial proportion of the variance in both
‘Quantitatively Correct Number Fact® strategy use (R? = .50) and problem-solving accuracy

(R? = .69).

Table 5-6 summarizes the path coefficients predicting ‘Quantitatively Correct Number
Fact’ strategy use and problem-solving accuracy. With respect to strategy use, neither spatial
visualization (B = 0.05, 95% CI [-0.002, 0.10]) nor visuospatial working memory (B = 0.02,
95% CI [-0.01, 0.04]) was significantly associated with strategy use. Among the covariates,
numerical ability (B = 0.03, 95% CI [0.01, 0.04]) and gender (B = 0.06, 95% CI[0.002, 0.12])

were significantly associated with strategy use.

With respect to problem-solving accuracy, neither spatial visualization (B =—0.84, 95%
CI [-1.74, 0.18]) nor visuospatial working memory (B = 0.22, 95% CI [-0.42, 0.79]) was
significantly associated with problem-solving accuracy when strategy use and other covariates

were included in the model, indicating no direct effect. In contrast, ‘Quantitatively Correct
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Table 5-6
Path Coefficients Predicting ‘Quantitatively Correct Number Fact’ Strategy use and Problem-Solving Accuracy

‘Quantitatively Correct Number Fact’ Strategy Problem-Solving Accuracy

B p SE 95% BCa CI B B SE 95% BCa CI
Spatial Visualization 0.05 21 0.03 [—0.002, 0.10] —0.84 -.12 0.49 [-1.74, 0.18]
Visuospatial Working Memory 0.02 .08 0.01 [-0.01, 0.04] 0.22 .04 0.31 [-0.42, 0.79]
Language Ability 0.01 .09 0.004 [—0.003, 0.01] 0.32 18 0.11 [0.12, 0.54]
Numerical Ability 0.03 35 0.01 [0.01, 0.04] 0.55 25 0.20 [0.17, 0.95]
Fluid Reasoning 0.01 .16 0.01 [—0.0002, 0.02] 0.31 19 0.12 [0.08, 0.54]
Age 0.03 .03 0.05 [—0.08, 0.13] 1.73 .07 1.32 [—0.94, 4.20]
Gender 0.06 13 0.03 [0.002, 0.12] 0.57 .04 0.74 [—0.83, 2.06]
Quantitatively Correct i . i . 13.04 45 227 [8.41,17.35]

Number Fact’ Strategy

Note. B = unstandardized coefficient; f = standardized coefficient. SE = standard error. The mediator is expressed as a proportion (0—1), such that a one-unit
increase represents a shift from no use to exclusive use of the strategy. In contrast, other predictors are mean centered but retain their original units.
Accordingly, unstandardized coefficients (B) may differ in magnitude due to scaling and should be interpreted in this context. Confidence intervals (Cls) are
bias-corrected and accelerated (BCa) bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% BCa ClIs and is
indicated by boldface.
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Number Fact’ strategy use was strongly associated with problem-solving accuracy (B = 13.04,
95% CI [8.41, 17.35]). Among the covariates, language ability (B =0.32, 95% CI[0.12, 0.54]),
numerical ability (B =0.55, 95% CI [0.17, 0.95]), and fluid reasoning (B = 0.31, 95% CI [0.08,

0.54]) were significantly associated with problem-solving accuracy.

As summarized in Table 5-7, neither the indirect effect of spatial visualization (B =
0.67, 95% BCa CI [—0.003, 1.58]) nor that of visuospatial working memory (B = 0.22, 95%
BCa CI [-0.10, 0.65]) was statistically significant. Percentile-based confidence intervals
yielded the same results (see Appendix 5B). These findings do not provide evidence for

mediation in the overall model.

Table 5-7
Indirect Effects of Spatial Skills on Problem-Solving Accuracy

Indirect Effect B S SE  95% BCa CI
Spatial Visualization
— ‘Quantitatively Correct Number Fact’ strategy 0.67 .09  0.39 [—0.003, 1.58]
— Problem-Solving Accuracy
Visuospatial Working Memory
— ‘Quantitatively Correct Number Fact’ strategy 0.22 .04  0.18 [-0.10, 0.65]
— Problem-Solving Accuracy
Note. B = unstandardized coefficient; f = standardized coefficient. SE = standard error. Confidence
intervals (Cls) are bias-corrected and accelerated (BCa) bootstrap intervals based on 5,000 resamples.
Statistical significance was evaluated based on 95% BCa Cls.

5.4.1.3 Sensitivity Analysis

To assess whether the mediation findings depended on imposing a directional
mediator—outcome path, an alternative model was estimated in which ‘Quantitatively Correct
Number Fact’ strategy use and problem-solving accuracy were treated as correlated processes,
while both were predicted by spatial skills and covariates. In this model, strategy use and
problem-solving accuracy exhibited a substantial residual correlation (» = .50), and the pattern
of associations between spatial skills and strategy use remained substantively unchanged. No
alternative pattern emerged that contradicted the hypothesized model, indicating that the main

findings were not driven by the directional specification of the mediator—outcome path.

In addition, a sensitivity analysis was conducted to examine whether the mediation
findings were robust to nonlinear specification of the mediator—outcome relationship.
Specifically, a quadratic term for ‘Quantitatively Correct Number Fact’ strategy use was

included in the outcome model. Results differed depending on model specification. In the linear
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model, indirect effects were not statistically significant. In contrast, when a quadratic term was
included, the indirect effect of spatial visualization reached statistical significance (B = 0.94
95% BCa CI[0.01, 2.08]). However, because the mediator—outcome relationship was modeled
nonlinearly, this indirect effect reflects only the linear component of the relationship and is
therefore not directly comparable to that from the primary linear model. Overall, these findings
indicate that evidence for mediation is sensitive to model specification and should be

interpreted with caution.
5.4.2 RQG6: Indirect Effects of Spatial Skills by Word Problem Type

RQ6) Do the indirect effects of spatial visualization and visuospatial working
memory on problem-solving accuracy through ‘Quantitatively Correct Number

Fact’ strategy use vary across different word problem types?
5.4.2.1 Descriptive Statistics by Word Problem Type

Table 5-8 presents descriptive statistics of ‘Quantitatively Correct Number Fact’
strategy use and problem-solving accuracy by word problem type. Descriptively, pupils were,
on average, most accurate when solving Discrete Quantity—Dynamic Relation problems (M =
3.35, SD = 1.94), followed by Discrete Quantity—Static Relation (M = 2.40, SD = 2.10),
Continuous Quantity—Dynamic Relation (M = 2.15, SD = 1.86), and Continuous Quantity—
Static Relation (M = 1.87, SD = 2.06) problems. A similar descriptive pattern was observed for
‘Quantitatively Correct Number Fact’ strategy use, with more frequent use in Discrete
Quantity—Dynamic Relation problems and less frequent use in Continuous Quantity—Static

Relation problems.

Table 5-8
Descriptive Statistics for Problem-Solving Accuracy and Strategy by Word Problem Type

Discrete Quantity  Discrete Quantity Continuous Quantity Continuous Quantity
—Dynamic Relation  —Static Relation —Dynamic Relation = —Static Relation

(SD) Min Max (SD) Min Max (SD) Min Max (SD) Min Max
1.65 1.15 1.09 0.96
Strategy 2o 0 % aesy O % sy O % (se OO
Problem-Solving 3.35 2.40 2.15 1.87
Accuracy aoe) 0 8 i O % age O ® og O O

Note. M = mean; SD = standard deviation; Strategy = ‘Quantitatively Correct Number Fact’ strategy.
‘Quantitatively Correct Number Fact’ strategy use and problem-solving accuracy are expressed as raw
frequencies (out of 6 problems for each word problem type).
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5.4.2.2 Path Analyses by Word Problem Type

Four separate mediation models were estimated for each word problem type to examine
whether the mediation effect varied as a function of the quantitative structure of the problems.
Table 5-9 summarizes the path coefficients for the mediation models, including paths from
spatial visualization and visuospatial working memory to ‘Quantitatively Correct Number Fact’
strategy use (i.e., path a), paths from strategy use to problem-solving accuracy (i.e., path b),
and the corresponding indirect effects. Full covariate results are reported in Appendix 5C.
Across problem types, the mediation models accounted for a substantial proportion of variance
in both ‘Quantitatively Correct Number Fact’ strategy use (R> = .44, .46, .35, and .36,
respectively) and problem-solving accuracy (R? = .54, .63, .62, and .58, respectively). Figure

5-5 illustrates the mediation models.

As summarized in Table 5-9, neither spatial visualization nor visuospatial working
memory had an indirect effect on accuracy of solving Discrete Quantity—Dynamic Relation
problems. On the other hand, spatial visualization showed a significant indirect effect on
problem-solving accuracy via ‘Quantitatively Correct Number Fact’ strategies for Discrete
Quantity—Static Relation (B = 20, 95% BCa CI [0.04, 0.45]) and Continuous Quantity—
Dynamic Relation (B = 0.29, 95% BCa CI [0.05, 0.57]) problems.

For both word problem types, higher spatial visualization was associated with greater
use of ‘Quantitatively Correct Number Fact’ strategies (B =0.07,95% CI[0.01, 0.13] for both).
In turn, ‘Quantitatively Correct Number Fact’ strategy use was positively associated with
problem-solving accuracy (B = 2.99, 95% CI [1.85, 4.07]; B = 4.00, 95% CI [2.90, 5.07],
respectively). These mediated models are illustrated in Figure 5-5 (top-right and bottom-left).

In contrast, for Continuous Quantity—Static Relation problems, visuospatial working
memory showed a significant indirect effect on problem-solving accuracy via ‘Quantitatively
Correct Number Fact’ strategy use (B = 0.15, 95% BCa CI [0.01, 0.34]). Higher visuospatial
working memory was associated with a small increase in ‘Quantitatively Correct Number Fact’
strategy use (B = 0.04, 95% BCa CI [0.0003, 0.08]), which, in turn, was strongly associated
with higher problem-solving accuracy (B = 3.89, 95% BCa CI [2.27, 5.54]). This mediated
model is illustrated in Figure 5-5 (bottom-right).
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Table 5-9
Path Coefficients and Indirect Effects for Mediation Models by Problem Type
Strategy Problem-Solving Accuracy Indirect Effect
B S SE  95% BCa CI B i3 SE  95% BCa CI B p SE  95% BCa CI
Discrete Quantity—Dynamic Relation
SV 0.05 15 0.04 [-0.02,0.12] 0.0004 .0004 0.16 [-0.31,0.30] 0.08 .04 0.07 [—0.03, 0.24]
VSWM 0.02 .05 0.02 [-0.02,0.06] 0.04 .02 0.11 [-0.20,0.25] 0.02 .01 0.03 [—0.03,0.10]
Strategy - - - - 1.56 27 0.41 [0.75, 2.34] - - - -
Discrete Quantity—Static Relation
SV 0.07 24 0.03  [0.01,0.13] -0.29 —.14 0.15 [-0.57,0.03] 0.20 10 0.10  [0.04, 0.45]
VSWM 0.02 .07 0.02 [-0.02,0.05] 0.03 .02 0.10 [-0.18,0.22] 0.05 .03 0.05 [-0.04, 0.16]
Strategy - - - - 2.99 40 0.57 [1.85, 4.07] - - - -
Continuous Quantity—Dynamic Relation
SV 0.07 29 0.03  [0.01,0.13] -0.27 —-.15 0.15 [-0.55,0.02] 0.29 .16 0.13  [0.05, 0.57]
VSWM —0.001 -.01 0.02 [-0.03,0.03] 0.15 .10 0.09 [-0.04,0.33] —0.01 —.004 0.07 [—0.14,0.12]
Strategy - - - - 4.00 55 0.55 2.90,5.07] - - - -
Continuous Quantity—Static Relation
SV 0.02 .06 0.03 [-0.04,0.07] -0.24 -.12 0.16 [-0.53,0.09] 0.06 .03 0.12 [—0.16,0.31]
VSWM 0.04 A8 0.02  [0.0003, 0.08] 0.01 .003 0.10 [-0.18,0.20] 0.15 .09 0.08  [0.01, 0.34]
Strategy - - - - 3.89 49 0.84  [2.27,5.54] - - - -

Note. SV = spatial visualization, VSWM = visuospatial working memory; Strategy = ‘Quantitatively Correct Number Fact’ strategy; B = unstandardized
coefficient; f = standardized coefficient; SE = standard error. The mediator is expressed as a proportion (0—1), such that a one-unit increase represents a shift
from no use to exclusive use of the strategy. In contrast, other predictors are mean centered but retain their original units. Accordingly, unstandardized
coefficients (B) may differ in magnitude due to scaling and should be interpreted in this context. Confidence intervals (Cls) are bias-corrected and accelerated
(BCa) bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% BCa CIs and is indicated by boldface. Covariate

effects are reported in Appendix 5B.
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Figure 5-5
Mediation Models for each Word Problem Type
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Note. Path coefficients are standardized estimates. Solid lines indicate effects whose 95% bias-corrected and accelerated (BCa) confidence intervals exclude
zero; dashed lines indicate non-significant relations. Blue lines represent paths involving spatial visualization, and red lines represent paths involving
visuospatial working memory. Covariates are omitted from the figure for clarity.
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Taken together, the findings indicate that the mediating role of ‘Quantitatively Correct
Number Fact’ strategy use varied across word problem types. No indirect effects were observed
for Discrete Quantity—Dynamic Relation problems. In contrast, spatial visualization showed
significant indirect effect for Discrete Quantity—Static Relation and Continuous Quantity—
Dynamic Relation problems, whereas visuospatial working memory showed a significant

indirect effect for Continuous Quantity—Static Relation problems.

A sensitivity analysis was conducted to examine whether these findings were robust to
nonlinear specification of the mediator—outcome relationship. Quadratic terms for
‘Quantitatively Correct Number Fact’ strategy use were included in each model. Across all
word problem types, the quadratic terms were not statistically significant, indicating that the
mediator—outcome relationship was approximately linear within each problem type. The
inclusion of quadratic terms did not alter the pattern of results, suggesting that the findings are

robust to the functional form of the mediator—outcome relationship.
5.5 Discussion

The primary aim of the present study was to contribute to mechanistic accounts of the
spatial-mathematical link by examining whether the relationship between spatial skills (spatial
visualization and visuospatial working memory) and word-problem-solving accuracy was
mediated by the use of a specific problem-solving strategy, namely the ‘Quantitatively Correct
Number Fact’ strategy. The ‘Quantitatively Correct Number Fact’ strategy is a mental
arithmetic strategy (involving derived or recalled number facts) that relies on an accurate
representation of a problems’ quantitative structure. To address RQS5, all word problem types
were analyzed together to test the general mediation model; these findings are discussed in
Subsection 5.5.1. For RQ6, word problem types were analyzed separately to provide a more
nuanced understanding of how the indirect pathway functions within specific word problem
types; these findings are discussed in Subsection 5.5.2. Finally, educational implications in
light of the findings are presented (Subsection 5.5.3), the study’s limitations are discussed

(Subsection 5.5.4), and suggestions for future research are provided (Subsection 5.5.5).
5.5.1 RQ5: Interpreting Indirect Effects of Spatial Skills across Word Problem Types

The findings for RQ5 provide limited evidence for the mediating role of ‘Quantitatively
Correct Number Fact’ strategy use in the relationship between spatial skills and problem-
solving accuracy. In the primary linear model, indirect effects were not statistically significant,

suggesting that this relationship is not explained by strategy use under a linear assumption.
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However, when a quadratic term was included, the indirect effect of spatial visualization—but
not visuospatial working memory—became statistically significant. This discrepancy likely
reflects a nonlinear association between strategy use and problem-solving accuracy, as

indicated by both visual inspection and the significant quadratic term in preliminary analyses.

It is noteworthy that a complementary analysis using a potential outcomes framework,
which simulates counterfactual scenarios based on observed data (Imai et al., 2010), also
provided evidence for an indirect effect of spatial visualization on problem-solving accuracy
via strategy use (Seo et al., in press). The discrepancy between these findings and those
obtained in the present linear path-analytic model suggests that conclusions regarding
mediation may depend on the analytical framework and underlying assumptions. In particular,
whereas the potential outcomes approach estimates average causal mediation effects, the
present model relies on assumptions of linearity and model specification, which may not fully

capture the conditional nature of the mediator—outcome relationship observed in the data.

Taken together, the findings do not provide conclusive evidence for a mediating role of
problem-solving strategy use between spatial visualization and problem-solving accuracy,
suggesting that any such role may be complex and sensitive to modeling assumptions. One
possible explanation is that problem-solving accuracy was aggregated across heterogeneous
word problem types that differ in their quantitative structure. Prior findings from Studies 1 and
2 indicate that the relationship between spatial skills and both problem-solving accuracy and
problem-solving strategy use varies across word problem types. Aggregating across these
heterogeneous structures may therefore obscure mediation effects that are specific to the
quantitative structure of word problem types. Accordingly, RQ6 examines whether mediation

patterns differ across word problem types.
5.5.2 RQG6: Interpreting Indirect Effects of Spatial Skills by Word Problem Type

Consistent with the suggestion that mediation effects may be obscured when
aggregating across problem types, RQ6 examined whether indirect effects differed by word
problem type. The results indicated that mediation effects were not uniform across problem
types but instead emerged selectively depending on the quantitative structure of the problem.
Specifically, ‘Quantitatively Correct Number Fact’ strategy use mediated the relationship
between spatial visualization and problem-solving accuracy for Discrete Quantity—Static
Relation and Continuous Quantity—Dynamic Relation problems. In contrast, this strategy use

mediated the relationship between visuospatial working memory and problem-solving
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accuracy for Continuous Quantity—Static Relation problems. No indirect effects were observed

for Discrete Quantity—Dynamic Relation problems.
5.5.2.1 Spatial Visualization Supports the Coordination of Representation

The two word problem types for which indirect effects of spatial visualization were
observed share a common feature: both place greater demands on the coordination of
representations of quantitative structure, either through comparison or transformation. Thus, as
problem solvers construct a representation of a quantitative structure, spatial visualization may
provide a “mental blackboard” on which such representations can be constructed, manipulated,

or transformed (Hawes & Ansari, 2020, p. 472).

For Discrete Quantity—Static Relation problems, spatial visualization may provide a
common representational space in which two disjoint sets can be compared (i.e., more or less).
Importantly, similar to verbal-analytical problems (Casey et al., 2015), although these
problems do not explicitly describe spatial situations, the network of quantities and quantitative
relations may nevertheless be organized spatially in the representation. In this way, spatial

visualization may be involved in the organization of representations of quantitative structure.

For Continuous Quantity—Dynamic Relation problems, which describe changes along
a continuous dimension (i.e., walking toward or away from a wall), spatial visualization may
support the transformation of representation. Solving such problems requires coordinating
initial and final positions and the change between them. Spatial visualization may facilitate this
process by supporting the organization and manipulation of these quantitative structures within

a representational space, thereby contributing indirectly to successful problem solving.

Notably, for these two problem types only, language ability predicted problem-solving
accuracy but did not predict the use of the ‘Quantitatively Correct Number Fact’ strategy. The
influence of linguistic task features (e.g., lexical, semantic, and structural complexity) and
problem solvers’ language ability in mathematical word problem solving has been well
documented (Jaffe & Bolger, 2023; Verschaffel et al., 2020; Vessonen et al., 2024), which is
unsurprising given that mathematical word problems are presented as verbal descriptions. It is
therefore noteworthy that the supportive role of spatial visualization extends beyond language
ability and appears to be unique in its mechanism. Spatial visualization predicted the use of the
‘Quantitatively Correct Number Fact’ strategy but did not directly predict accuracy (consistent
with prior findings from Study 1); instead, its influence on performance was indirect, operating

through strategy use.
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This dissociation—language ability predicting accuracy and spatial visualization
predicting strategy use—suggests that language ability and spatial visualization contribute
differently to mathematical word problem solving. Language ability may support
comprehension of the problem statement, whereas spatial visualization may support the
representation of quantitative structure, particularly in terms of coordinating and transforming
these representations. Future research is needed to further investigate the mechanisms through
which language ability and spatial visualization make distinct contributions to mathematical
word problem solving. Nonetheless, the present findings suggest that young pupils’ spatial
visualization supports quantitative reasoning, particularly in problem types that require
coordinating comparisons or transforming representations of quantitative structure, consistent
with previous descriptions of spatial visualization as enabling individuals to “perceive,
maintain, manipulate [emphasis added], and generate visual-spatial solutions” (Hawes &

Ansari, 2020, p. 475).

5.5.2.2 Visuospatial Working Memory Supports the Maintenance of

Representation

Visuospatial working memory’s indirect effect on solving Continuous Quantity—Static
Relation problems mediated through ‘Quantitatively Correct Number Fact’ strategy use may
be attributed to the representational demands of this word problem type, which emphasize
maintaining multiple quantitative components simultaneously. Continuous Quantity—Static
Relation problems describe a relational comparison (i.e., farther from or closer to the wall)
between two disjoint positions and require holding the reference point (the wall) and two
continuous quantities in mind at the same time. In contrast to word problem types that place
greater demands on the coordination and transformation of representations of quantitative
structure, successful problem solving on this problem type depends more on the capacity to
maintain multiple quantitative components within a representation—a function more closely

associated with visuospatial working memory.

The present findings therefore indicate distinct but complementary roles for spatial
visualization and visuospatial working memory in mathematical word problem solving,
consistent with the interpretation advanced in Study 2. Spatial visualization is primarily
associated with problems whose quantitative structure places greater demands on the
coordination and transformation of representations of quantitative structure, whereas
visuospatial working memory appears more strongly associated with problems whose

quantitative structure places greater demands on the maintenance of multiple quantitative
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components within representations. This interpretation may also help explain why this word
problem type had the highest levels of failure to engage with the quantitative structure but not
the highest incidence of quantitatively-incorrect representations (see Study 2). That is,
visuospatial working memory may function as a capacity- constraint: a sufficient level may be
necessary for problem solvers to meaningfully engage with the problem’s quantitative structure
at all. When visuospatial working memory resources are sufficient, solvers may be able to
maintain a representation, although this does not guarantee its accuracy. In contrast, when such
resources are insufficient, solvers may fail to maintain the representation and therefore fail to

engage with the problem’s quantitative structure altogether.

This distinction between spatial visualization and visuospatial working memory is
consistent with prior evidence suggesting that these two spatial skills contribute to
mathematical performance through partially independent pathways (Hawes & Ansari, 2020).
Factor-analytic studies indicate that, although the two spatial skills are highly related, they are
separable constructs. For example, Hawes et al. (2019b) identified spatial visualization and
visuospatial working memory as distinct latent factors contributing independently to
mathematical performance. Developmental findings further suggest that these abilities may
play different roles across age groups (Mix et al., 2016), although results have been mixed.
Nevertheless, converging evidence indicates that spatial visualization and visuospatial working
memory make unique contributions to mathematical problem solving (e.g., Holmes & Adams,

2006; Li & Geary, 2017; McKenzie et al., 2003).

One account proposes that spatial visualization supports the spatial modeling of novel
content, whereas visuospatial working memory supports the procedural fluency of familiar
content (Mix, 2019). The present findings do not fully align with this characterization.
Assuming that the Key Stage 1 National Curriculum Assessments reflect the types of problems
pupils typically encounter in classrooms, an analysis of these assessments suggests that
Continuous Quantity—Static Relation problems are relatively rare (see Study 2). As such, this
problem type may be better characterized as novel rather than familiar for this study’s sample
of pupils. A more precise interpretation is therefore that spatial visualization and visuospatial
working memory play distinct but complementary roles in mathematical problem solving,
corresponding respectively to the coordination and transformation of representations of

quantitative structure and to their maintenance.

The indirect effect of visuospatial working memory should nevertheless be interpreted

with caution. Although indirect effects were evaluated using bias-corrected and accelerated
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(BCa) bootstrap confidence intervals (Cumming, 2008; Efron & Tibshirani, 1993), which are
generally considered more appropriate for mediation than reliance on p-values alone, the p-
value associated with the indirect effect was marginal (p = .07). Furthermore, recent work
suggests that percentile-based bootstrap intervals may yield more conservative Type I error
rates in certain mediation contexts (Alfons & Schley, 2025; Biesanz et al., 2010; Chen & Fritz,
2021). In the present analyses, the indirect effect of visuospatial working memory was
statistically significant when evaluated using BCa intervals but not when evaluated using
percentile-based intervals (see Appendix 5D), indicating sensitivity to the choice of bootstrap
method. BCa intervals were retained because they adjust for both bias and skewness in the
sampling distribution of the indirect effect (Biesanz et al., 2010). Nevertheless, the indirect
effect should be interpreted with caution and warrants replication. It remains unclear whether
the discrepancy between the BCa intervals, the marginal p-value, and the percentile-based
intervals reflects limited statistical power or a potential Type I error. Future studies with larger

samples are needed to clarify this issue.

Finally, although not central to the study’s aims, gender emerged as a significant
predictor of ‘Quantitatively Correct Number Fact’ strategy use for Continuous Quantity—Static
Relation problems only, with boys more likely than girls to employ this strategy, even after
controlling for spatial skills, and other demographic and cognitive variables. Notably, gender
did not predict problem-solving accuracy, suggesting that gender-related differences may be
expressed at the level of strategy use rather than performance outcomes. One possibility is that
girls may be more likely to rely on ‘Quantitatively Correct Counting’ strategies for this problem
type. While both strategies involve accurate representations of quantitative structure, they
differ in their arithmetic approach. This interpretation is consistent with prior findings
indicating that girls are more likely to use counting-based strategies than boys (Casey et al.,
2017; Laski et al., 2013; Vasilyeva et al., 2025), partly because they tend to rely on strategies
that are more closely tied to formal instruction, whereas boys tend to use more inventive

strategies (Casey & Ganley, 2021).

As Casey et al. (2017) suggest, given parallel gender differences in spatial skills and
the use of advanced arithmetic strategies, arithmetic strategy may be a suitable target for early
intervention at the spatial-mathematical intersection to support girls’ mathematical
development. Such interventions may help reduce gender disparities in STEM-related fields,
particularly in domains that rely heavily on spatial reasoning (Wai et al., 2009). The reasons

why this gender difference emerged only for this problem type remain unclear. Because gender
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was not a primary focus of the present study, further research is needed to determine the

robustness and generality of this effect.

5.5.2.3 Limits of Strategy Mediation in Discrete Quantity—Dynamic Relation

Problems

An indirect effect of either spatial skills was not found for Discrete Quantity—Dynamic
Relation problems, which describe the winning or losing of marbles (e.g., a change in set size).
One potential explanation for this is that this word problem type allows for strategy
heterogeneity, inviting multiple successful approaches. For instance, pupils may directly model
the problem situation using counters or drawing (Verschaffel et al., 2020). Indeed, descriptively,
this problem-type had the highest incidence of ‘Quantitatively Correct Counting’ strategies
(see Study 2). It is therefore plausible that, in this word problem type—where problem can be
solved using an alternative strategy (e.g., ‘Quantitatively Correct Counting’)—the indirect
effect of spatial skills via ‘Quantitatively Correct Number Fact’ strategy use is attenuated.
Instead, it may be that the relationship between spatial skills and problem-solving accuracy in

this problem type is mediated through another intervening process.

Another possibility is that for this word problem type, which is frequently encountered
at Key Stage 1, problem solvers may have developed a repertoire of representational schemas
in long-term memory (Kintsch & Greeno, 1985; Riley et al., 1983), such that spatial skills are
not required to the same extent. However, this proposition appears inconsistent with the
findings of Study 1, which showed that, at least descriptively, the association between spatial
visualization and problem-solving accuracy was most positive for Discrete Quantity—Dynamic
Relation problems. Future research should further investigate whether the limits of mediation
observed for this word problem type arise from reduced representational demands, increased

familiarity, or the availability of alternative successful strategies.
5.5.3 Educational Implications

In addition to its theoretical significance for understanding how young pupils’ spatial
skills and arithmetic word-problem-solving performance are related, the present study also has
practical implications for instruction. Specifically, the findings identify problem-solving
strategies as a promising target for leveraging the spatial-mathematical link in educational
contexts and future intervention studies. The following instructional recommendations

highlight the potential value of embedding spatial supports within word-problem instruction.
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First, rather than targeting spatial skills directly or in isolation, young pupils may
benefit from support in using a range of tools (e.g., drawings, part—-whole models, number lines)
that scaffold the transition from counting-based strategies to number-fact strategies while also
supporting the coordination and transformation of representations of a problem’s quantitative
structure. Some educational practitioners may be wary that such externalized tools for
modeling the problems could inhibit progression towards internalized strategies. However,
findings from recent studies showing that finger counting facilitates the transition to
internalized mental arithmetic strategies (Krenger & Thevenot, 2025; Poletti et al., 2022)
suggest that externalized tools may help make explicit quantitative and numerical relationships
that are still fragile in children’s minds at an early age. As McNeil et al. (2025) put effectively,
“the pathway toward developing expertise does not begin with teaching children to emulate
experts. It begins with nurturing children’s understanding of the foundations and linking them
to the formal math symbols” (p. 27). The use of such tools should be especially beneficial for
pupils with lower working memory capacity (Thevenot & Barrouillet, 2015).

More than merely providing access to these tools, teachers should explicitly model and
teach how to use them, as well as explain their benefits. For example, young pupils are unlikely
to spontaneously produce visual representations when solving word problems (Jitendra &
Woodward, 2019), even when such representations would facilitate the coordination,
transformation, and maintenance of representations of quantitative structure. Indeed, the
present study also found that although pupils had access to paper and pencil, very few made
use of them, even after being explicitly told that they may be helpful. It is therefore important
to directly teach young pupils how to generate visual representations that highlight the
quantitative structure of the word problem, even when the problems do not describe situations

that are overtly spatial in nature.

Second, young pupils should be exposed to a wide variety of problems to challenge the
habitual use of familiar strategies. For example, problems should vary in terms of the
quantitative structure. Rather than practicing only final-quantity-unknown problems, pupils
should also encounter initial-quantity-unknown and dynamic-relation-unknown problems
(Verschaffel & De Corte, 1997). Similarly, instead of being given only comparison-quantity-
unknown problems, they should gain familiarity with referent-quantity-unknown and static-
relation-unknown problems (Mufiez et al., 2013). Moreover, rather than focusing solely on

one-step additive word problems comprising three quantities, or two quantities and one
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quantitative relation, pupils should also be exposed to problems comprising three quantitative

relations (Vergnaud, 1982).

Additionally, classroom instruction should include problems that can be solved using
both spatial and analytical strategies. For example, the continuous-quantity problems used in
this study require constructing a representation of the underlying spatial relation. In the
currently mathematics curriculum, however, emphasis is often placed on discrete-quantity
problems—particularly Discrete Quantity—Dynamic Relation problems—which the present
study suggests may be solved without the indirect effects of spatial ability. Another type of
problems that may encourage the use of spatial strategies is measurement problems, which
“bridges two main areas of school mathematics—geometry and number” (National Council of
Teachers of Mathematics, 2000, p. 103). More specifically, young pupils may benefit from
greater exposure to measurement problems that encourage the construction of mental models
(e.g., distance-estimation map problem), rather than solely the application of formulas (e.g.,

calculation of the perimeter) (Vasilyeva et al., 2009).
5.5.4 Limitations

It is important to acknowledge the study’s limitations when interpreting the findings
and drawing conclusions. First, the most prominent limitation is its correlational, cross-
sectional design. Although mediation analyses may be consistent with a causal process,
causality cannot be definitively established in cross-sectional data (Preacher, 2015). Moreover,
some research suggests that the relationship between spatial and mathematical abilities may be
bidirectional, further complicating causal interpretations (e.g., Geer et al., 2019; Lombardi et
al, 2019). Nevertheless, the present study grounds its hypothesized causal mechanism in strong
theoretical assumptions and demonstrates that the mediation results are consistent with the
proposed mechanism. Moreover, because “inference regarding a true mediating mechanism is
most likely to emerge based on a body of research evidence rather than one study” (MacKinnon,
2008, p. 10), the present findings provide a direction for future longitudinal and experimental

research.

Second, given the study’s sample size, the analysis employed manifest variables rather
than latent variable mediation models. Although latent variable approaches are not a panacea
for all sources of measurement error (Casey et al., 2017), they are generally more effective than
path analysis in accounting for measurement error, which can bias estimates (Hoyle & Kenny,

1999). In the present study, this limitation was partially mitigated by using well-validated
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measures (Alfons & Schley, 2005). Moreover, simulation studies suggest that unreliability in
the measures typically leads to underestimation of indirect effects (Cole & Maxwell, 2003).
Thus, the fact that significant indirect effects were observed despite the use of manifest
variables suggests that the mediated associations were sufficiently strong to be detected even

in the presence of measurement error.

Third, the assumption of independent observations was technically violated because
pupils were nested within classrooms. Multilevel modeling was not pursued due to the small
number of clusters and limited sample size within each cluster. When independence of
assumptions is violated, standard errors may be underestimated, potentially inflating Type I
error rates and producing overly narrow confidence intervals (Preacher, 2015). Conceptually,
it is possible that teachers in the present study differed in their instructional practices regarding
the teaching of representations of quantitative structure and arithmetic strategies. Future
research should therefore consider incorporating classroom-level variables to better understand

the influence of instructional context.

Finally, the present study examined mediation at the participant (between-person) level.
Strategy use was operationalized as the proportion of problems solved using the ‘Quantitatively
Correct Number Fact’ strategy, aggregated across all 24 items for RQS5 and across subsets of
six items for each of the four mediation models in RQ6. Although this approach was
appropriate for addressing the research questions and examining associations at the level of
individual differences, aggregating across items necessarily obscures within-person variability
and limits the examination of item-level processes. Consequently, the findings reflect
associations between pupils’ spatial skills and their overall tendency to use particular strategies,
rather than testing whether spatial skills have an indirect effect on accuracy at the item level
through the use of ‘Quantitatively Correct Number Fact’ strategies on those same items (Curran
& Bauer, 2011). In addition, strategy proportions are compositional in nature, meaning that
increases in one strategy necessarily imply decreases in others (Aitchison, 1982). Although the
mediation models focused on a theoretically central strategy, this approach does not fully
capture the interdependent structure of children’s broader strategy profiles. Future research
employing item-level or multilevel modeling approaches could provide a more fine-grained
test of the proposed mechanism by examining within-person processes and the full composition

of strategy use (Preacher et al., 2010).
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5.5.5 Conclusion

There are two different temporal perspectives for understanding the mechanistic
account of spatial-mathematical link. One concerns how the two domains relate in real-time,
and the other concerns how they relate across developmental time (Mix, 2019). The present
study focused on the former, examining the cognitive processes that may provide intervening
pathways between young pupils’ spatial ability and arithmetic word-problem-solving
performance. The findings indicate that spatial visualization had an indirect effect on one-step
additive word-problem-solving performance via problem-solving strategy use for word
problem types that place greater demands on the coordination and transformation of
representation of the quantitative structure. Visuospatial working memory, in contrast, had an
indirect effect for word problem types that place greater demands on maintaining the

representation.

Future research should investigate whether the proposed mechanism is truly causal
through carefully designed longitudinal and experimental studies. First, longitudinal designs in
which spatial ability is measured at Time 1 and problem-solving strategies and performance
are assessed at a later time point would help clarify the temporal ordering of spatial skills and
arithmetic word problem solving via strategy use. Likewise, intervention studies with active
control groups targeting the instructional approaches outlined above would provide stronger

evidence for causal claims.

Second, future research should examine the qualitative aspect of pupils’ representations
of quantitative structure. In the present study, young pupils’ quantitative reasoning was
assessed by observing how they represented the quantitative structure of word problem, rather
than requiring number-sentence construction (Wong & Ho, 2017) or restricting them to a fixed
set of conceptual diagrams (Yip et al., 2020). A next step would be to analyze these rich data
more systematically to gain a deeper understanding of children’s problem-solving strategies

and how they may relate to spatial skills.
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6 General Discussion

Arithmetic word problem solving, as a key component of early mathematics, is an
important mathematical skill that predicts later academic and career success (Duncan et al.,
2007; Murnane et al., 2001). Despite robust evidence of a spatial-mathematical link (Hawes &
Ansari, 2020; Uttal et al., 2013), there is relatively limited research that systematically
investigates the relationship between early primary school pupils’ spatial ability and arithmetic
word problem solving. Moreover, relatively little research has examined the cognitive
mechanisms underlying this relationship (Mix & Cheng, 2012), although some studies have
explored potential mechanisms in other mathematical domains (e.g., Foley et al., 2017,

Gunderson et al., 2012; Laski et al., 2013; Mohring et al., 2024).

The aim of this integrated thesis was to contribute to addressing this gap in the spatial—
mathematical literature by examining the relationship between young primary school pupils’
(6-7-year-olds’) spatial visualization and visuospatial working memory, and their one-step
additive word-problem-solving strategies and accuracy. To conclude this thesis, Subsection 6.1
summarizes the theoretical contributions. Subsection 6.2 summarizes the main empirical
findings from each of the three studies. Subsection 6.3 synthesizes the findings to highlight
their contribution to the nuanced understanding of the relationship between young primary
school pupils’ spatial ability and one-step additive word problem solving. Subsection 6.4
discusses the educational implications in light of the findings. Subsection 6.5 addresses
limitations of the thesis and suggests directions for future research, and the thesis closes with

Subsection 6.6, which presents concluding remarks.
6.1 Summary of Theoretical Contributions

This thesis contributes to the literature on the relationship between young primary
school pupils’ spatial ability and one-step additive word problem solving in two main
theoretical ways. First, the thesis proposes a 2 x 2 conceptual framework for categorizing one-
step additive word problems, comprising two quantities and a quantitative relation, based on
the problem’s quantitative structure. Through the integration of Thompson’s (1993) distinction
between quantity and quantitative relation, with Davydov’s (1982) discussion of quantification
methods (discrete and continuous quantities), and Vergnaud’s (1982) classification of
quantitative relations (dynamic and static relations), this 2 x 2 framework yields four distinct
word problem types: Discrete Quantity—Dynamic Relation, Discrete Quantity—Static Relation,

Continuous Quantity—Dynamic Relation, and Continuous Quantity—Static Relation. Moreover,
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as shown in Figure 3-1, this thesis adapted Vergnaud’s (1982) notation system such that upright
squares ([J) represented discrete quantities, tilted squares (<) represented continuous
quantities, while circles with a horizontal arrow (9)) represented dynamic relations and circles
with a vertical arrow ( TO ) represented static relations. Furthermore, informed by the
conceptual framework, four parallel forms of 24 word problems (six problems per word

problem type) were developed.

Second, the thesis proposes a holistic framework for categorizing problem-solving
strategies along the dimensions of arithmetic strategies and representations of quantitative
structure. This framework is based on the view that both arithmetic skills and quantitative
reasoning are important for solving mathematical word problems (Nunes et al., 2012), and
young pupils’ problem-solving processes do not necessarily unfold in sequential phases of
‘representation’ and ‘computation’ (Carpenter & Moser, 1984; Nunes & Bryant, 1996). This
framework yields five problem-solving strategies: ‘Non-Quantitative,” ‘Quantitatively
Incorrect Counting,” ‘Quantitatively Incorrect Number Fact,” ‘Quantitatively Correct

Counting,” and ‘Quantitatively Correct Number Fact.’
6.2 Summary of Empirical Findings

This thesis contributes to the literature on the relationship between young primary
school pupils’ spatial ability and one-step additive word problem solving through three main
empirical research themes. The first research theme investigates the association between spatial
skills and accuracy in word problem solving (Subsection 6.2.1). The second research theme
investigates the association between spatial skills and problem-solving strategy (Subsection
6.2.2). Finally, the third research theme examines the indirect effect of spatial skills on
problem-solving accuracy via problem-solving strategy (Subsection 6.2.3). Below, the main

findings of each research theme are summarized.

6.2.1 Findings of Research Theme 1: Spatial Skills and One-Step Additive Word-Problem-

Solving Accuracy

Neither spatial visualization nor visuospatial working memory independently predicted
word-problem-solving accuracy after controlling for language ability, numerical ability, fluid
reasoning, age, and gender. However, although the simple slopes within each word problem
type were not statistically significant, the association between spatial visualization and
problem-solving accuracy differed between Discrete Quantity—Dynamic Relation problems

and Continuous Quantity—Static Relation problems. In contrast, the association between
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visuospatial working memory and problem-solving accuracy did not vary significantly across

word problem types.
6.2.2 Findings of Research Theme 2: Spatial Skills and Problem-Solving Strategies

Across all word problem types, higher spatial visualization was associated with greater
relative use of ‘Quantitatively Correct Number Fact’ strategies compared to ‘Quantitatively
Correct Counting” and ‘Quantitatively Incorrect Counting’ strategies. In contrast, the
association between visuospatial working memory and problem-solving strategies varied
across word problem types. For most word problem types, visuospatial working memory was
associated with reduced relative use of ‘Non-Quantitative’ strategies. For Continuous
Quantity—Static Relation problems, visuospatial working memory was associated with reduced
relative use of ‘Quantitatively Incorrect Counting’ strategies, compared to Discrete Quantity—

Dynamic Relation problems.

6.2.3 Findings of Research Theme 3: Spatial Skills and One-Step Additive Word-Problem-
Solving Accuracy: The Mediating Role of Problem-Solving Strategies

The mediating effects of spatial visualization and visuospatial working memory, via the
use of ‘Quantitatively Correct Number Fact’ strategies, were not uniform across word problem
types. Instead, the presence and strength of mediation varied as a function of the problems’
quantitative structure. Spatial visualization showed significant indirect effects for Discrete
Quantity—Static Relation and Continuous Quantity—Dynamic Relation problems, indicating
that higher spatial visualization was associated with greater use of ‘Quantitatively Correct
Number Fact’ strategies, which in turn related to higher accuracy for solving these problem
types. In contrast, visuospatial working memory had an indirect effect on problem-solving
accuracy for Continuous Quantity—Static Relation problems via ‘Quantitatively Correct
Number Fact’ strategies. Neither spatial visualization nor visuospatial working memory had an
indirect effect on problem-solving accuracy via ‘Quantitatively Correct Number Fact’
strategies for Discrete Quantity—Dynamic Relation problems. Table 6-1 provides a summary

of all the main empirical findings related to each research theme.
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Table 6-1

Summary of Main Empirical Findings from each Study

Study Research Question Spatial Visualization Visuospatial Working Memory
RQ1: Spatial Skills and Word- s
Problem-Solving Accuracy s
Research
Theme 1 RQ2: Spatial Skﬂls and Word- Association differ between DQ-DR and CQ-
Problem-Solving Accuracy by ns
SR problems
Problem Type
RQ3: Spatial Skills and Word- Relatlyel}’/ less ‘ Quant}tat}vely Correct
. Counting’ and ‘Quantitatively Incorrect ns
Problem-Solving Strategy Use .2, .
Counting’ strategies
Research Relatively less ‘Non-Quantitative’ strategi
Theme 2 _ : . i elatively less ‘Non-Quantitative’ strategies
RQ4: Spatial Skﬂls and Word for DQ-DR, DQ-SR, and CQ-DR problems;
Problem-Solving Strategy Use ns . ) o
by Problem Tvpe Relatively less ‘Quantitatively Incorrect
Y P Counting’ strategies for CQ—SR problems
RQS5: Indirect Effect of Spatial
Skills on Word-Problem-Solving
Accuracy via ‘Quantitatively ns ns
Research Correct Number Fact’ Strategies
RQ6: Indirect Effect of Spatial
Theme 3

Skills on Word-Problem-Solving
Accuracy via ‘Quantitatively
Correct Number Fact’ Strategies
by Problem Type

Indirect effects in DQ—SR and CQ-DR
problems

Indirect effect in CQ—SR problems

Note. DQ-DR: Discrete Quantity—Dynamic Relation; DQ—SR: Discrete Quantity—Static Relation; CQ-DR: Continuous Quantity—Dynamic Relation; CQ—
SR: Continuous Quantity—Static Relation; ns = Non-Significant.
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6.3 Synthesis of Findings

Results across the three studies are synthesized to derive three key conclusions about
the role of spatial ability in young pupils’ arithmetic word problem solving. The key
conclusions are that: (1) the quantitative structure of the problem matters (Subsection 6.3.1),

(2) the type of spatial skill matters (Subsection 6.3.2), and (3) the problem-solving strategy use

matters (Subsection 6.3.3). They are elaborated below by first presenting the relevant findings
from the individual studies, then synthesizing them to draw overarching conclusions, and
finally discussing their broader significance. Subsection 6.3.4 summarizes the synthesis and

highlights the thesis’s contribution to the literature.
6.3.1 The Quantitative Structure of the Problem Matters

Study 1 showed that the association between spatial visualization and problem-solving
accuracy differed between Discrete Quantity—Dynamic Relation and Continuous Quantity—
Static Relation problems. Although the simple slopes within each of these problem types were
not statistically significant, the significant interaction between spatial visualization and word
problem type indicates that this difference between these problem types was reliable. Similarly,
Study 2 showed that the association between visuospatial working memory and problem-
solving strategy use also differed between these same problem types. In addition, findings from
Studies 1 and 3 showed that neither spatial visualization nor visuospatial working memory was
consistently associated with arithmetic word problem solving across different quantitative
structures after controlling for language ability, numerical ability, fluid reasoning, age, and
gender, regardless of whether problem-solving strategy use was included as an additional

covariate.

Taken together, these findings indicate that the quantitative structure of the problem

matters. In young pupils, spatial ability is not uniformly predictive of arithmetic word
problem solving; instead, its association varies systematically as a function of the

quantitative structure of the problems.

This finding contributes to the literature on the relationship between young pupils’
spatial ability and arithmetic word problem solving, an area of research that has been
underexplored. The limited research that does exist has yielded mixed findings with some
studies reporting a significant association (e.g., Chan & Wong, 2019; Fung & Swanson, 2017;
Gilligan et al., 2017; Kyttild et al., 2014; Mix et al., 2017, 2021; Zhang & Lin, 2015, 2017,
Zheng et al., 2011), while others report null findings (e.g., Campos et al., 2013; Carr et al.,
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2008; Ching & Nunes, 2017; Fuchs et al., 2010; Rodén et al., 2019). This inconsistency may
partly reflect the lack of integration between the spatial reasoning and quantitative reasoning

literatures, which have often been examined in isolation.

By systematically considering the quantitative structure of problems through a 2 x 2
conceptual framework for categorizing one-step additive word problems, this thesis shows that
the relationship between spatial ability and arithmetic word problem solving is not uniform
across word problem types. By controlling for key covariates known to contribute to word
problem solving (i.e., language ability, numerical ability, fluid reasoning, age, and gender;
Peng et al., 2020; Verschaffel et al., 2020; Vessonen et al., 2024), the thesis reduces the risk of
confounding due to shared variance, allowing for more precise estimation of the associations

between spatial ability and arithmetic word problem solving.
6.3.2 The Type of Spatial Skill Matters

Study 1 showed that the association between spatial visualization and problem-solving
accuracy varied as a function of quantitative structure, whereas visuospatial working memory
was not differentially associated with accuracy across problem types. Study 2 further showed
that spatial visualization was associated with the use of number-fact strategies and with the
correct representation of quantitative structure. In contrast, visuospatial working memory was
associated with engagement with the problem’s quantitative structure for most problems and,
for some problems, with the use of number-fact strategies and correct representation of

quantitative structure.

Taken together, these findings indicate that the type of spatial skill matters. In young

pupils, spatial visualization and visuospatial working memory contribute differently to

arithmetic word problem solving.

By examining these two spatial skills simultaneously, the thesis demonstrates that
spatial visualization and visuospatial working memory have distinct and complementary roles
in word problem solving, thereby extending prior work suggesting that spatial ability is
multifaceted (Mix & Cheng, 2012) and that specific spatial skills share unique processing with
specific mathematical skills (Hawes et al., 2019b; Mix, 2019). Spatial visualization and
visuospatial working memory appear to support distinct cognitive processes during arithmetic
word problem solving, and their relevance depends on the representational demands imposed

by the quantitative structure of the problem.
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In particular, the findings suggest that spatial visualization may contribute indirectly to
performance on problems that place greater demands on the coordination and transformation
of representations of quantitative structure, whereas visuospatial working memory may
contribute indirectly to performance on problems that place greater demands on the
maintenance of these representations. This refines existing characterizations of spatial
visualization as supporting the generation of novel visuospatial solutions for more difficult
problems and of visuospatial working memory as supporting the recall of familiar or easier
problem solutions (Hawes et al., 2019b; Mix, 2019; Mix et al., 2016, 2017). Moreover, these
findings challenge accounts that attribute the relationship between spatial visualization and
mathematical performance solely to visuospatial working memory (Hawes & Ansari, 2020),
suggesting instead that spatial visualization contributes beyond the functions typically

associated with working memory.
6.3.3 The Problem-Solving Strategy Use Matters

Study 2 showed that spatial visualization was consistently associated with reduced use
of counting-based and quantitatively-incorrect strategies. Visuospatial working memory, in
contrast, was associated with reduced use of ‘Non-Quantitative’ strategies across most problem
types, and for Continuous Quantity—Static Relation problems, was more consistently
associated with reduced use of counting-based and quantitatively-incorrect strategies. Study 3
showed that strategy use mediated the relationship between spatial visualization and problem-
solving accuracy for Discrete Quantity—Static Relation and Continuous Quantity—Dynamic
Relation problems, which may place greater demands on the coordination and transformation
of representations of quantitative structure. In contrast, strategy use mediated the relationship
between visuospatial working memory and problem-solving accuracy for Continuous
Quantity—Static Relation problems, which may place greater demands on the maintenance of
these representations. Study 3 further showed that, for Discrete Quantity—Dynamic Relation
problems, spatial skills did not operate through the strategy pathway examined in the present
thesis. One possible explanation is that these problems afford multiple successful solution

pathways, including counting-based approaches.

Taken together, these findings indicate that the problem-solving strategy use matters.

In young pupils, problem-solving strategy use provides a pathway linking spatial ability
and arithmetic word-problem-solving accuracy, as a function of the quantitative

structure of the problems and the type of spatial skill.
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More specifically, these findings indicate that the ‘Quantitatively Correct Number Fact’
strategy provides a pathway linking spatial ability and arithmetic word-problem-solving
accuracy, but this pathway is not uniform across problem types. Instead, the extent to which
problem-solving strategy use mediates this relationship depends on the quantitative structure

of the problem and the type of spatial skill.

More broadly, the results indicate that there is not a single underlying cognitive
mechanism that explains the spatial-mathematical link, reflecting the non-unitary nature of
spatial and mathematical abilities (Lourenco et al., 2018; Mix & Cheng, 2012). Instead,
problem-solving strategy use represents one of several pathways through which spatial ability
may relate to arithmetic word problem solving. This interpretation is consistent with prior
research in other mathematical domains, primarily arithmetic computation tasks, which has
identified additional mechanisms underlying the spatial-mathematical link, such as arithmetic
strategy use (Casey et al., 2017; Foley et al., 2017; Laski et al., 2013; Mohring et al., 2024) and
number line estimation (Gunderson et al., 2012; LeFevre et al., 2013; Tam et al., 2019). In
contrast, numerical magnitude knowledge has not been found to mediate the relationship
(Vasilyeva et al., 2025). Taken together, these findings suggest that spatial ability contributes
to word problem solving through multiple, structure-dependent pathways rather than a single

general process.

Regardless of whether strategy use functions as a mediator, it remains an important
component of word problem solving, consistent with literature highlighting the role of
quantitative reasoning (Nunes et al., 2012). In this thesis, the inclusion of the ‘Quantitatively
Correct Number Fact’ strategy was associated with a substantial increase in explained variance,
from a marginal pseudo-R? of .29 in the RQ1 model from Study 1 to an R? of .69 in the RQ5
model from Study 3, highlighting the potential importance of strategy use in accounting for
variability in word-problem-solving accuracy (Nunes et al., 2015). However, these values are
not directly comparable because they were derived from different statistical models (i.e., a
mixed-effects logistic regression model and a path-analytic model), represent different
measures of explained variance (marginal pseudo-R? versus R?), and were estimated at
different levels of analysis (item-level versus participant-level). Consequently, the comparison
should be interpreted as a broad indication of the potential contribution of strategy use rather

than a precise estimate of incremental variance explained.
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6.3.4 Contribution to Literature

In summary, these three conclusions highlight the importance of considering how the
quantitative structure of word problems shapes their representational demands and the spatial
skills recruited during problem solving. Rather than exerting a uniform influence, spatial ability
appears to support different aspects of problem solving depending on the problem’s
quantitative structure. In particular, different problem types place varying demands on how
representation of quantitative structure is coordinated, transformed, and maintained, which in
turn determines which spatial skills are most relevant and whether strategy use functions as a
pathway to successful problem solving. This perspective moves beyond viewing spatial ability
as a general predictor of mathematical performance and instead emphasizes the interaction

between spatial skills and mathematical task structure.

As such, a central contribution of this thesis is the more nuanced understanding it offers
of the spatial-mathematical link in arithmetic word problem solving during the early primary
years. By integrating quantitative structure, spatial skills, and problem-solving strategy use
within a unified framework, the thesis provides a more differentiated account of how spatial

ability contributes to one-step additive word problem solving.

This more nuanced perspective offers important implications for educational practice,
particularly in relation to how to harness the spatial-mathematical link in early primary
arithmetic word problem instruction. At the same time, it highlights important theoretical and
methodological considerations that delimit the scope and generalizability of these findings.
These considerations inform the educational implications discussed next, as well as the

limitations and directions for future research that follows.
6.4 Educational Implications

Two main approaches have been proposed for harnessing the spatial-mathematical link
in education: (1) directly training spatial ability to yield mathematical gains and (2) spatializing
the mathematics curriculum (Newcombe, 2017). This thesis lends support to the latter
approach, insofar as the present findings permit such claims. The empirical findings suggest
that problem-solving strategies may be a promising but structure-dependent intervening
process at the intersection of the spatial-mathematical link. As such, problem-solving
strategies may provide a potential means of spatializing the early primary mathematics
curriculum, particularly in the context of arithmetic word problem solving instruction.

Although the correlational, cross-sectional design of this thesis cannot provide causal evidence
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(Bailey, 2017), it identifies a promising target that may serve as a starting point for future
research and intervention studies. Moreover, problem-solving strategies represent a relatively
low-risk target: even if they are not ultimately viable for leveraging the spatial-mathematical
link, they may still improve arithmetic word problem solving and support later mathematical

competence.

The discussion section in Study 3 (Subsection 5.5.3) offers several suggestions for
using problem-solving strategies in the instruction of arithmetic word problems in the early
primary years. These include (1) providing access to, and explicitly modeling the use of,
various tools that scaffold the transition from counting-based strategies to number-fact
strategies while supporting the coordination, transformation, and maintenance of
representations of a problem’s quantitative structure, and (2) exposing young pupils to a wide
range of problems that vary in quantitative structure and in the type of strategies (spatial and
analytical strategies) useful for solving them. It also recommends using measurement problems
in early primary mathematics classrooms as they bridge “two main areas of school
mathematics—geometry and number” (National Council of Teachers of Mathematics, 2000, p.

103).

What was not explicitly discussed in Study 3, however, is how the continuous-quantity
problems used in this thesis may serve as useful, measurement-like problems that encourage
the representation of quantitative structures, rather than the types of measurement problems
that rely more on the application of formulas (e.g., finding area; Vasilyeva et al., 2009). Despite

their potential value, a clear disparity exists in the types of word problems young pupils

encounter in early primary mathematics education (see Appendices 4C—4F). In essence, Key
Stage 1 National Curriculum Assessments (2018-2025) indicate that young pupils encounter

far fewer continuous-quantity problems than discrete-quantity problems.

Continuous-quantity problems may offer several additional advantages for early
primary mathematics instruction. First, they foreground the concept of unit as it applies to
enumeration, a foundational aspect of early quantitative reasoning that is often overlooked
because children may not be aware that counted objects are treated as units (e.g., Sophian,
2008). Second, as demonstrated by the arithmetic approaches pupils used to solve these
problems (see Subsection 2.3.3.4.1), they emphasize the iteration of units, a foundational
concept in the development of measurement understanding that young pupils find challenging
(Nunes et al., 2009b). Third, they may support the transition from whole-number reasoning to

rational-number reasoning—a transition that young pupils often find difficult (Barros, 2020)—
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by foregrounding the partitioning and iteration of units, alongside the representation of
quantities as continuous magnitudes, which form the basis of the rational number system
(Lamon, 2020). Fourth, they mimic real-life measurement situations that encourage the use of
spatial thinking. Finally, they draw attention away from ‘keyword strategies,” which remain
prevalent in mathematics classrooms despite evidence that such strategies focus narrowly on
vocabulary (Peng et al., 2020), and redirect attention toward representing a problem’s
quantitative structure. Taken together, these features suggest that continuous-quantity
problems may serve as a means of spatializing the mathematics curriculum through a

measurement-based approach to early mathematics.

A final note on using problem-solving strategies as a means of spatializing the
curriculum concerns the implications of this approach for equity. Here, equity is understood as
encompassing (1) identity (i.e., whose ways of thinking mathematics validates; Gutiérrez, 2007)
and (2) access (i.e., whether all pupils have equal opportunities to acquire the tools needed to

participate in mathematical activities; Esmonde, 2009).

The first implication is that emphasizing problem-solving strategies shifts the focus
from arithmetic skills alone to broader forms of mathematical proficiency, including
quantitative reasoning and spatial reasoning (National Research Council, 2001). This aligns
with calls for more equitable mathematics instruction that values multiple ways of thinking
(National Council of Teachers of Mathematics, 2014; Boaler, 2016). From an equity
perspective, this shift is significant, as mathematics is often narrowly framed in terms of
numerical computation, which may disadvantage learners whose strengths lie in other domains,
such as spatial reasoning. Indeed, it is not uncommon for individuals who report strong spatial
reasoning to also report difficulties in mathematics, possibly because the mathematics they

have encountered overemphasizes arithmetic at the expense of quantitative reasoning.

Reorienting early mathematics toward quantitative reasoning, rather than primarily
focusing on counting, may therefore enable young pupils to engage with mathematics as more
than just numbers, draw on their intuitive thinking, and develop more positive mathematical
identities (Boaler, 2016; Gutiérrez, 2007). Although shifting the prevailing view that equates
mathematics with numbers may take time, as reflected in the tendency of even researchers to
use mathematical cognition and numerical cognition interchangeably (Davis et al., 2015b),
using problem-solving strategies to spatialize the curriculum may represent a step in this

direction.
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A second, related implication for equity is that broadening what counts as mathematics
may also broaden who is able to access it. As Casey and Ganley (2021) note, pupils with higher
spatial ability and/or richer spatial experiences outside school (e.g., playing with Lego) may
have an advantage in mathematical problem solving because “they can more easily draw on
spatial representations, spatial imagery, mental manipulation of images and other spatial
approaches for problem-solving strategies” (p. 12). Such differences reflect broader
opportunity gaps, whereby some pupils have greater access to experiences that support the
development of spatial thinking (Levine et al., 2012; National Council of Teachers of
Mathematics, 2014). In other words, these pupils may possess a broader repertoire of adaptive
strategies involving spatial thinking. By contrast, pupils with lower spatial ability or those who
rely primarily on school-taught strategies may have access to a more limited set of approaches,

often restricted to analytical procedures or algorithms (Casey et al., 2017; Casey & Fell, 2018).

However, spatial skills are malleable and responsive to instruction (Uttal et al., 2013),
suggesting that these disparities are not fixed. Providing explicit instruction in spatially
oriented problem-solving strategies from the outset of mathematics learning may therefore
serve as an equitable pedagogical approach, supporting pupils who have the capacity to reason
spatially but have not yet been taught how to develop or apply this capacity (Gutiérrez, 2007;
National Council of Teachers of Mathematics, 2014). This also underscores the importance of
exposing pupils to a wide variety of word problems. As this thesis shows, different problem
types may differentially afford the use of spatial strategies, thereby shaping pupils’
opportunities to engage in diverse forms of mathematical reasoning. In turn, this may influence

whose strengths are recognized and rewarded within mathematics education.
6.5 Limitations and Suggestions for Future Research

While this thesis contributes valuable insights into the relationship between young
primary school pupils’ spatial ability and their one-step additive word-problem-solving
accuracy and strategies, the findings should be interpreted in light of the thesis’s limitations.
With the aim of providing scope for future research, this section highlights the thesis’s
overarching limitations in addition to the ones already discussed in each of the respective

studies (Subsections 3.5.3, 4.5.3, and 5.5.4). Subsection 6.5.1 concerns theoretical limitations

and Subsection 6.5.2 concerns methodological limitations.
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6.5.1 Theoretical Limitations and Related Suggestions for Future Research

First, consistent with the aims of this thesis, the studies focus on the cognitive aspects
of arithmetic word problem solving. However, as Mayer (1998) argues, problem solving
requires three components: cognition (skill), metacognition (metaskill), and motivation (will).
Cognition refers to the problem-solver’s domain-specific knowledge, metacognition to the
ability to monitor cognitive processes, and motivation to the individual’s interest in the task.
Indeed, some studies suggest that emotional factors (e.g., confidence and anxiety) partially
mediate the spatial-mathematical link (Casey & Ganley, 2021). For example, Sokolowski et
al. (2019) suggest that commonly reported sex differences in mathematics anxiety may, in part,

stem from anxiety about or avoidance of spatial strategies when solving mathematical tasks.

Although this thesis did not formally assess pupils’ motivation, its definition of
problem-solving strategies as goal-directed procedures for producing numerical answers raises
the possibility that pupils’ goals may sometimes have been extrinsic (e.g., motivated to
complete the task quickly rather than understanding and solving the problem meaningfully). In
this sense, problem-solving strategies cannot be considered entirely independent of motivation.
Therefore, to better understand the role of problem-solving strategies as a potential intervening
process in the spatial-mathematical link, future research should consider the metacognitive and

motivational aspects of arithmetic word problem solving.

Second, this thesis focused on one-step additive word problems comprising two
quantities and a quantitative relation for reasons highlighted in Subsection 1.4.1. Due to that
limited focus, the findings of this thesis cannot attest to how spatial ability may relate to other
word problem categories, such as multi-step problems, multiplicative relations, or one-step
additive word problems involving different quantitative structures (e.g., three quantities or
three quantitative relations; Vergnaud, 1982). These remain important avenues for future

research.

For instance, consider the following problem comprising three discrete quantities: ‘Ann
has 8 books in her left hand. She has 6 books in her right hand. How many books does she have
altogether?” Now consider a problem comprising three dynamic quantitative relations: ‘Ann
played two games of marbles. She lost 3 marbles in the first game and won 5 marbles in the
second game. What was the change in the number of marbles?’ It may be hypothesized that
problems involving three quantitative relations, such as the second problem, are more strongly

associated with spatial ability than those involving three quantities, as they place greater
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demands on the representation of the problem’s quantitative structure. However, such problems
may also impose greater verbal or linguistic demands, which could partly account for
differences in performance. This hypothesis warrants further investigation in future research,

particularly to disentangle the relative contributions of spatial and verbal processing demands.

A similar study examining the relationship between spatial ability and multiplicative
word problems may be a worthwhile direction for future research. Multiplicative relations are
fundamentally proportional, involving one-to-many correspondences between two variables
(Nunes et al., 2016). Given this, spatial scaling—another type of spatial skill that involves
“mentally mapping between spaces of different scale” (Gilligan-Lee et al., 2022, p. 2) and
therefore relies on proportional reasoning (Newcombe et al., 2018)—may be particularly
relevant. Together, these points suggest that spatial scaling and multiplicative reasoning may
be linked through their shared reliance on proportional reasoning. Similar to how this thesis
systematically examined the quantitative structure of one-step additive word problems, future
research could undertake a similar effort, although this would be a meaningful yet challenging
endeavor, given that less is known about the categorization of multiplicative word problems

(Nunes & Bryant, 2015).

Finally, it may be argued that the continuous quantities used in this thesis are, in fact,
relational, as they describe positions that are defined relative to a reference point. However,
because these positions were specified with respect to a fixed zero (e.g., the wall), they function
more as quantities than as quantitative relations. Future research could build on these
competing perspectives by examining continuous quantities across a broader range of contexts

(e.g., weight, volume).
6.5.2 Methodological Limitations and Related Suggestions for Future Research

First and foremost, as described throughout the thesis, it uses a correlational, cross-
sectional design. While the findings add valuable insights about the association between spatial
ability, problem-solving strategies, and problem-solving accuracy, they cannot establish
causation (Bailey, 2017). The findings should therefore be interpreted with appropriate caution.
However, one key contribution of this thesis is to take the first steps toward identifying

problem-solving strategies as a potential target for future longitudinal and experimental studies.

Relatedly, future research could address the aforementioned limitation by
implementing a mediation design that involves “random assignment to conditions, theoretically

specified mediating mechanisms targeted that differ across interventions, longitudinal
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measurement, and good measures of mediating and outcome variables” (MacKinnon, 2008, p.
382). In addition, while this thesis concerned how the domains of spatial ability and word
problem solving relate in real-time, longitudinal studies should be employed to investigate how

they relate across developmental time (Mix, 2019).

Second, the findings of this thesis should be interpreted in light of limitations related to
sample size and statistical power. As noted in relation to the a priori power analysis
(Subsection 2.2.1), this thesis has a relatively small sample size, which may have resulted in
insufficient statistical power to detect small or moderate effects, particularly in mixed-effects

models and interaction terms, thereby increasing the likelihood of Type II error.

Third, a further limitation relates to measurement, particularly the reliability and
validity of the one-step additive word problems developed for this thesis. While most
instruments used in this thesis were either standardized tests or tasks previously validated in
research with young children, the one-step additive word problems developed for this thesis
raise potential concerns about their reliability and validity. However, to the best of the
researcher’s knowledge, no comparable measures exist for young children within this specific
conceptual framework, necessitating the development of a new instrument. As detailed in
Subsection 2.3.3.5, multiple steps were taken to strengthen its reliability and validity;
nevertheless, it cannot be assumed that the four alternative forms are fully equivalent. Future
research should therefore aim to replicate these findings with a larger sample, further validate
the one-step additive word problems measure, and examine the equivalence of the different

forms.

Fourth, as with most educational research, there are limitations concerning
generalizability. A non-probabilistic convenience sampling method was used to recruit
participants, which may limit generalizability (Cohen et al., 2018; De Vaus, 2001).
Participating schools differed from national averages in terms of pupil characteristics (e.g.,
ethnicity, first language, eligibility for free meals, SEN provision), and complete SEN and EAL

data was not always available (Subsection 2.2.3). To mitigate this limitation, testing proceeded

only when children were able to meaningfully engage with the tasks. At the same time,
including pupils with a wide range of spatial and mathematical abilities captures meaningful

variability, which may partially enhance generalizability.

A final set of limitations concerns several methodological trade-offs that may enhance

ecological validity at the expense of internal validity. There was minor variation in testing
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conditions across schools and classrooms: in some cases, testing occurred in quieter hallway
spaces, whereas in others, it took place in classroom-adjacent areas. This variation reflected an
ethical priority to ensure that children were assessed in environments where a familiar adult

was nearby and that testing did not disrupt essential classroom instruction.

In addition, the administration of the one-step additive word problems involved a
deliberate trade-off between strict experimental control and the ethical responsibility to
prioritize children’s positive experience with mathematics. Although it would have been
methodologically preferable to administer each problem under strictly timed conditions (e.g.,
limiting responses to one minute and then proceeding to the next item), this approach was not
adopted to minimize potential negative effects on participants’ motivation and engagement.
Instead, when a child struggled with a problem for more than one minute, they were reminded
of the available supports. While such reminders may have influenced problem-solving
strategies and accuracy, these reminders may also have helped sustain engagement and reduce
the likelihood that frustration with one item would discourage attempts on later items. This
procedural decision therefore represents a limitation, but one made deliberately to prioritize

children’s positive engagement with mathematics over strict procedural control.
6.6 Concluding Remarks

Spatializing the curriculum may be an effective way of leveraging the spatial—
mathematical link in early primary mathematics classrooms without adding spatial reasoning
as an additional topic. To effectively harness this link in educational contexts, it is important
to first identify the mechanisms underlying it. Despite increased attention to this question in
recent years, the spatial-mathematical link remains an underexplored area, partly because both
spatial and mathematical abilities are non-unitary. Importantly, arithmetic word problem
solving, which is an important early mathematics skill, has received relatively limited attention

in this regard.

To contribute to addressing this gap, this thesis took a first step toward investigating
the relationship between spatial visualization, visuospatial working memory, and one-step
additive word problem solving in young primary pupils. To this end, it examined: first, the
association between spatial skills and problem-solving accuracy; second, the association
between spatial skills and problem-solving strategies; and third, the association between spatial

skills and problem-solving accuracy, mediated through problem-solving strategies.
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By proposing a conceptual framework for categorizing one-step additive word
problems based on quantitative structure, this thesis offers a more nuanced account of the
spatial-mathematical link in early word problem solving. Although distinctions between
quantity and quantitative relation (Thompson, 1983), different types of quantities (Davydov,
1982), and different types of quantitative relations (Vergnaud, 1982) have been articulated in
prior theoretical work, they have rarely been systematically integrated into research on spatial
ability in early mathematics. In addition, by proposing a framework for categorizing problem-
solving strategies that integrates arithmetic strategies (e.g., Laski et al., 2013) and
representations of quantitative structure (Boonen et al., 2013), this thesis helps bridge the

spatial reasoning and quantitative reasoning literatures.

By systematically examining spatial skills that are strongly linked to mathematical
thinking, theoretically grounded word-problem structures, and problem-solving strategies that
integrate arithmetic skills and quantitative reasoning (Nunes et al., 2012), this thesis
demonstrates that the roles of spatial visualization, visuospatial working memory, and
problem-solving strategies are structure-dependent rather than uniform across word problem
types. Although the correlational, cross-sectional design precludes definitive causal claims
(Bailey, 2017), the findings identify problem-solving strategies as a promising, structure-
sensitive target for future research and intervention. More broadly, the thesis highlights the
importance of considering quantitative structure in understanding how spatial ability

contributes to early mathematical reasoning.
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Appendices

Appendix 2A: Headteacher Initial Recruitment Email

Dear headteacher,

I hope this email finds you well.

My name is Jisoo Seo, and I’'m an Ontario certified elementary school teacher who is now
pursuing a DPhil in the Department of Education at the University of Oxford.

I'm writing to ask if you could please kindly consider allowing me to conduct my research
study with your Year 2 students during school hours.

Under the supervision of Professor Gabriel Stylianides and Professor Maria Evangelou, I am
studying the extent to which young children’s spatial ability and representations (e.g., mental
images, drawings, etc.) facilitate arithmetic word problem-solving performance. The study has
been reviewed and received approval from Oxford’s Central University Research Ethics
Committee (CUREC) (Approval Reference: [CIA-2223-013]).

As part of this study, your students will complete a one-on-one testing with me. The testing
will take about an hour in total (split into two sessions lasting approximately 30 minutes each,
spaced at least 30 minutes apart) and involves various spatial and mathematics tasks that are
interesting, fun, and appropriately challenging. Furthermore, these activities are expected to
enrich your student’s mathematics learning experience.

I will provide the school with a summary of the research findings once I analyse the data. I will
also provide the participating classroom teachers with collated group assessment data for the
students who will take part in the study, which could be useful in the classroom teacher’s future
planning. In addition, participating classroom teachers will receive research-based
mathematics lesson plans developed by a research team at the University of Toronto.

I have attached a detailed information sheet for your consideration. I would be happy to discuss
my study further with you and answer any questions you may have.

I sincerely appreciate your time and consideration, and I look forward to hearing from you.

With thanks and best wishes,

Jisoo Seo
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Appendix 2B: Headteacher Follow-Up Recruitment Email

Dear Headteacher,

I hope this email finds you well.

I'm writing to follow up on an email I had sent earlier about the possibility of having your Year
2 students participate in my research study, which looks at the extent to which young children’s
spatial ability and representations (e.g., mental images, drawings, etc.) facilitate arithmetic
word problem-solving performance.

As part of this study, your students will complete a one-on-one testing session with me. The
testing will take about an hour in total, split into two sessions lasting approximately 30 minutes
each, spaced at least 30 minutes apart. It involves various spatial and mathematical tasks that
are interesting, fun, and appropriately challenging. Furthermore, these activities are expected
to enrich your student’s mathematics learning experience, especially as Year 2 students prepare
for the National Curriculum Assessments. Finally, I can assure that this study will be minimal
work for the school and the teachers.

I will provide the school with a summary of the research findings once I analyse the data. I will
also provide the participating classroom teachers with collated group assessment data for the
students who will take part in the study, which could be useful in the classroom teacher’s future
planning.

Furthermore, from a safeguarding perspective, I was a primary school teacher in Toronto
before coming to Oxford. I have completed an enhanced DBS check, and I am also a curriculum
tutor for the PGCE Mathematics Programme at the University of Oxford. Additionally, this
study has been reviewed and approved by Oxford's Central University Research Ethics
Committee. Both opt-in and opt-out procedures have been approved, but I am happy for the
school to decide what would work best for their parent population.

I have attached a detailed information sheet for your consideration. I would be happy to discuss
my study further with you and answer any questions you may have.

Thank you for taking the time to consider my request. I sincerely appreciate your time and
consideration, and I look forward to hearing from you. If you require any further information,
please do not hesitate to contact me.

With thanks and best wishes,

Jisoo Seo
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Appendix 2C: Headteacher information Sheet and Consent Form

UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027

general.enquiries@education.ox.ac.uk www.education.ox.ac.uk
UNIVERSITY OF

- - DEPARTMENT OF
Dr Gabriel Stylianides EDUCATION (0),420)238D)

email: gabriel.stylianides@education.ox.ac.uk
Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

HEADTEACHER PARTICIPANT INFORMATION SHEET
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013]

1. Why s this research being conducted?
This study aims to investigate (1) to what extent spatial ability predicts arithmetic word problem solving
performance, (2) the representations young children produce to solve arithmetic word problems, and
(3) whether the problem representations facilitate arithmetic word problem solving performance.

This study’s unique foci could lend insights into how to leverage spatial ability within the context of early
years mathematics classrooms. The findings of the study could shed light on where spatial ability is (and
is not) helpful for arithmetic word problem solving. It is hoped that this study will have implications for
efficiently and pragmatically improving mathematics teaching and learning through the spatialisation of
mathematics curriculum (Newcombe, 2017).

2. Why have | been invited to take part?
You have been invited because this study focuses on students in Year 2 (age range: 6 - 7 years old).

3. Dol have to take part?
No. You can ask questions about the research before deciding whether to take part. If you do agree to
take part, you may withdraw yourself from the study, without giving a reason, and without any negative
consequences, by advising us of this decision. The deadline by which you can withdraw any information
you have contributed to the research is within two months of giving consent. The data collected until
the point of withdrawal will be destroyed immediately and will not be shared, used or published in any
way.

4. What will happen to me if | take part in the research?
The school participating in this study will:
e choose between an ‘opt-in’ and an ‘opt-out’ consent approach for their parent/guardian
population
o [if ‘opt-out’ consent procedure is chosen,] send targeted email to parents of the
involved classes to inform them about the research, including parent information sheet
and opt-out form as attachments
e give permission for the researcher, Jisoo Seo, to enter the school property to work one-on-one
with the children whose parent/guardian has given consent
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UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
general.enquiries@education.ox.ac.uk www.education.ox.ac.uk

UNIVERSITY OF

. P DEPARTMENT OF
Dr G.abrlel S.tyllam.deé ) EDUCATION OXFORD
email: gabriel.stylianides@education.ox.ac.uk

Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

The teacher participating in this study will:

e disseminate the parent/guardian information sheet and consent / opt-out form; collect the
returned consent / opt-out forms and store them in a safe place until Jisoo comes to collect
them

e Provide Jisoo with participating students’ birth year and month, and sex

e introduce Jisoo to the class and that she is here to play some maths games with some students

e provide a quiet place within the classroom (or in the hallway) where Jisoo can work one-on-one
with each student

e select dates and times for Jisoo to complete two testing sessions, each lasting about 30 minutes

The children participating in this study will:
e complete a series of individual spatial and mathematical assessments over a span of two testing
sessions lasting about 30 minutes each (the two testing sessions will be at least 30 minutes
apart to minimise the cognitive strain on the students)

If the ‘opt-out’ consent approach is used, no video or audio recordings of any kind will be made. No
photographs will be taken.

If the ‘opt-in’ consent approach is used, with parent consent and child assent, an audio recording of the
child will be made only during one part of the session that involves arithmetic word problem solving.
This is to have an accurate record of the children’s thinking process. No photographs will be taken.

5. Are there any potential risks in taking part?

e To reduce the risk of COVID-19 transmission, the researcher, Jisoo Seo will always wear a mask.
Students will be asked to sanitise his/her hands before and after the one-on-one testing and
touching an instrument (e.g., iPad, pencil). Jisoo will also sanitise her hands repeatedly and
constantly during and in between interactions with the students.

e Students’ instruction time may be disrupted. To reduce this, Jisoo will always agree the testing
times with the teacher.

e To reduce safety concerns, the one-on-one testing will be done in an open area where another
adult familiar to the student is nearby (e.g., a quiet space within the classroom or in the hallway,
just outside of the classroom). In addition, Jisoo has completed her safeguarding clearance
check (i.e., Enhanced DBS check).

e To reduce the risk of breach of confidentiality, the personal data will be pseudonymised such
that you, your school, and your students are not identified in publication. All data collected for
this study will be kept in a locked filing cabinet. Any electronic files will be encrypted and housed
in password protected computer files.

279



Appendices

UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
general.enquiries@education.ox.ac.uk www.education.ox.ac.uk

UNIVERSITY OF

DEPARTMENT OF

Dr Gabriel Stylianides epucaTioN | OXFORD
email: gabriel.stylianides@education.ox.ac.uk

Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

6. Are there any benefits in taking part?
You will be provided with a summary of the research findings. Participating classroom teachers will
receive collated group assessment data for the students who will take part in the study. This assessment
data could be useful in the classroom teacher’s future planning. Furthermore, they will receive research-
based mathematics resources that were developed by a research team at the University of Toronto.

In addition, your students will benefit from the one-on-one instruction time with a certified teacher. The
activities chosen are interesting, fun and appropriately challenging and are likely to enrich the children’s
spatial and mathematics learning experience. Particularly, your students will have an opportunity to
practice a fundamental early mathematics skill, arithmetic word problem solving. This is a key skill
outlined in the national curriculum in England, which dictates that “the principal focus of mathematics
teaching in key stage 1 [5- to 7-year-olds] ... involve working with numerals, words and the four
operations” (DfE, 2013, p. 5).

Finally, by agreeing to participate you are helping to contribute to an emerging field of research that
looks at the role of spatial reasoning in the early years arithmetic word problem solving.

7. What happens to the data provided?

The information you provide during the study is the research data. Any research data from which you
can be identified (e.g., your name, your school’s name, your teachers’ names, and your students’ names,
birth year and month, sex and audio recording) is known as personal data.

Personal / sensitive data will be anonymised such that you, and your school, teachers and students are
not identifiable. Personal / sensitive data will be stored in a securely held locked filing cabinet for three
years after publication or public release of the research.

Only the researchers will have access to the research data. Responsible members of the University of
Oxford may be given access to data for monitoring and/or audit of the research.

8. Will the research be published?

The University of Oxford is committed to the dissemination of its research for the benefit of society and
the economy and, in support of this commitment, has established an online archive of research
materials. This archive includes digital copies of student theses successfully submitted as part of a
University of Oxford postgraduate degree programme. Holding the archive online gives easy access for
researchers to the full text of freely available theses, thereby increasing the likely impact and use of that
research.
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The research will be written up as a student’s thesis. On successful submission of the thesis, it may be
deposited both in print and online in the University archives to facilitate its use in future research. If so,
the thesis will be openly accessible.

The research may also be published in academic publications, conference presentations, publicly
available report and website publications.

9. Who has reviewed this study?

This study has been reviewed by, and received ethics clearance through, the University of Oxford Central
University Research Ethics Committee (Reference number: CIA-2223-013).

10. Who do I contact if | have a concern about the study or | wish to complain?
If you have a concern about any aspect of this study, please contact
- Jisoo Seo at jisoo.seo@education.ox.ac.uk or
- Professor Gabriel Stylianides at gabriel.stylianides@education.ox.ac.uk,
and we will do our best to answer your query. We will acknowledge your concern within 10 working
days and give you an indication of how it will be dealt with.

If you remain unhappy or wish to make a formal complaint, please contact the Chair of the Research
Ethics Committee at the University of Oxford who will seek to resolve the matter as soon as possible:
Chair, Social Sciences & Humanities Inter-Divisional Research Ethics Committee;

Email: ethics@socsci.ox.ac.uk;

Address: Research Services, University of Oxford, Wellington Square, Oxford OX1 2JD

11. Data Protection
The University of Oxford is the data controller with respect to your personal data, and as such will
determine how your personal data is used in the study. The University will process your personal data
for the purpose of the research outlined above. Research is a task that is performed in the public
interest. Further information about your rights with respect to your personal data is available from
http://www.admin.ox.ac.uk/councilsec/compliance/gdpr/individualrights/.

12. Further Information and Contact Details
If you would like to discuss the research with someone beforehand (or if you have questions
afterwards), please contact:
Professor Gabriel Stylianides
Department of Education
University of Oxford, 15 Norham Gardens, Oxford OX2 6PY, United Kingdom
University tel: +44 1865 611 002

University email: gabriel.stylianides@education.ox.ac.uk

281



Appendices

UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
general.enquiries@education.ox.ac.uk www.education.ox.ac.uk

UNIVERSITY OF

DEPARTMENT OF

Dr Gabriel Stylianides epucaTioN | OXFORD
email: gabriel.stylianides@education.ox.ac.uk

Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

HEADTEACHER PARTICIPANT CONSENT FORM (1/2)
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013]

[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

This study seeks to investigate the relationship between young children’s spatial ability and their
representations of and performance on arithmetic word problems. This information could lend insights
into how to leverage spatial ability within the context of early years mathematics classrooms.

Please initial each box

1 I confirm that | have read and understand the information sheet for
the above study. | have had the opportunity to consider the
information, ask questions and have had these answered
satisfactorily.

2 lunderstand that my participation is voluntary and that | am free to
withdraw within two months of giving consent, without giving any
reason, and without any adverse consequences or penalty.

3 lunderstand who will have access to personal data provided, how
the data will be stored and what will happen to the data at the end
of the project.

4 lunderstand that | will not be identifiable from any publications or
presentations.

5 lunderstand how to raise a concern or make a complaint.

6 |agreeto take part.

[Select one]

My school will use the ‘opt-in’ consent procedure.

Or

] ojobd ot U

My school can and will use the ‘opt-out’ consent procedure.
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HEADTEACHER PARTICIPANT CONSENT FORM (2/2)
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013]

[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

This study seeks to investigate the relationship between young children’s spatial ability and their
representations of and performance on arithmetic word problems. This information could lend insights
into how to leverage spatial ability within the context of early years mathematics classrooms.

Name of Headteacher Name of School
Date Signature
Jisoo Seo
Name of person taking consent Date Signature
6
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[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

TEACHER PARTICIPANT INFORMATION SHEET
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013)

1. Why is this research being conducted?
This study aims to investigate (1) to what extent spatial ability predicts arithmetic word problem solving
performance, (2) the representations young children produce to solve arithmetic word problems, and
(3) whether the problem representations facilitate arithmetic word problem solving performance.

This study’s unique fodi could lend insights into how to leverage spatial ability within the context of early
years mathematics classrooms. The findings of the study could shed light on where spatial ability is (and
is not) helpful for arithmetic word problem solving. It is hoped that this study will have implications for
efficiently and pragmatically improving mathematics teaching and learning through the spatialisation of
mathematics curriculum (Newcombe, 2017).

2. Why have | been invited to take part?
You have been invited because this study focuses on students in Year 2 (age range: 6 - 7 years old).

3. Dol have to take part?
No. You can ask questions about the research before deciding whether to take part. If you do agree to
take part, you may withdraw yourself from the study, without giving a reason, and without any negative
consequences, by advising us of this decision. The deadline by which you can withdraw any information
you have contributed to the research is within two months of giving consent. The data collected until
the point of withdrawal will be destroyed immediately and will not be shared, used or published in any
way.

4. What will happen to me if | take part in the research?
If you are happy to take part in the research, you will be invited to:

* disseminate the parent/guardian information sheet and consent / opt-out form; collect the
returned consent / opt-out forms and store them in a safe place until the researcher, Jisoo Seo,
comes to collect them

* Provide Jisoo with participating students’ birth year and month, and sex

* Introduce Jisoo to the class and that she is here to play some maths games with some students

* provide a quiet place within the classroom (or in the hallway) where Jisoo can work one-on-one
with each student

* select dates and times for Jisoo to complete two testing sessions, each lasting about 30 minutes
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The children participating in the study will:
* complete a series of individual spatial and mathematical assessments over a span of two testing
sessions lasting about 30 minutes each (the two testing sessions will be at least 30 minutes
apart to minimise the cognitive strain on the students)

If the ‘opt-out’ consent approach is used, no video or audio recordings of any kind will be made. No
photographs will be taken.

If the ‘opt-in’ consent approach is used, with parent consent and child assent, an audio recording of the
child will be made only during one part of the session that involves arithmetic word problem solving.
This is to have an accurate record of the children’s thinking process. No photographs will be taken.

5. Are there any potential risks in taking part?

* Your instruction time may be disrupted. To reduce this, the researcher, Jisoo Seo, will always
agree the testing times with you.

* Toreduce the risk of COVID-19 transmission, Jisoo will always wear a mask. Students will be
asked to sanitise his/her hands before and after the one-on-one testing and touching an
instrument (e.g., iPad, pencil). Jisoo will also sanitise her hands repeatedly and constantly during
and in between interactions with the students.

* Toreduce safety concerns, the one-on-one testing will be done in an open area where another
adult familiar to the student is nearby (e.g., a quiet space within the classroom or in the hallway,
just outside of the classroom). In addition, Jisoo has completed her safeguarding clearance
check (i.e., Enhanced DBS check).

* Toreduce the risk of breach of confidentiality, the personal data will be pseudonymised such
that you, your school, and your students are not identified in publication. All data collected for
this study will be kept in a locked filing cabinet. Any electronic files will be encrypted and housed
in password protected computer files.

6. Are there any benefits in taking part?
You will receive collated group assessment data for the students who will take part in the study. This
assessment data could be useful in your future planning. You will also be provided with a summary of
the research findings. Furthermore, you will receive research-based mathematics resources that were
developed by a research team at the University of Toronto.

In addition, your students will benefit from the one-on-one instruction time with a certified teacher. The
activities chosen are interesting, fun and appropriately challenging and are likely to enrich your
children’s spatial and mathematics learning experience. Particularly, your student will have an
opportunity to practice a fundamental early mathematics skill, arithmetic word problem solving. This is a
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key skill outlined in the national curriculum in England, which dictates that “the principal focus of
mathematics teaching in key stage 1 [5- to 7-year-olds] ... involve working with numerals, words and the
four operations" (DfE, 2013, p. 5).

Finally, by agreeing to participate you are helping to contribute to an emerging field of research that
looks at the role of spatial reasoning in the early years arithmetic word problem solving.

7. What happens to the data provided?
The information you provide during the study is the research data. Any research data from which you
can be identified (your name, your school’s name, and your students’ names, birth year and month, sex
and audio recording) is known as personal data.

Personal / sensitive data will be anonymised such that you, your school and your students are not
identifiable. Personal / sensitive data will be stored in a securely held locked filing cabinet for three
years after publication or public release of the research.

Only the researchers will have access to the research data. Responsible members of the University of
Oxford may be given access to data for monitoring and/or audit of the research.

8. Will the research be published?
The University of Oxford is committed to the dissemination of its research for the benefit of society and
the economy and, in support of this commitment, has established an online archive of research
materials. This archive includes digital copies of student theses successfully submitted as part of a
University of Oxford postgraduate degree programme. Holding the archive online gives easy access for
researchers to the full text of freely available theses, thereby increasing the likely impact and use of that
research.

The research will be written up as a student'’s thesis. On successful submission of the thesis, it may be
deposited both in print and online in the University archives to facilitate its use in future research. If so,
the thesis will be openly accessible.

The research may also be published in academic publications, conference presentations, publicly
available report and website publications.

9. Who has reviewed this study?

This study has been reviewed by, and received ethics clearance through, the University of Oxford Central
University Research Ethics Committee (Reference number: CIA-2223-013).
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10. Who do I contact if I have a concern about the study or | wish to complain?
If you have a concern about any aspect of this study, please contact
- Jisoo Seo at jisoo.seo@education.ox.ac.uk or
- Professor Gabriel Stylianides at gabriel.stylianides@education.ox.ac.uk,
and we will do our best to answer your query. We will acknowledge your concern within 10 working
days and give you an indication of how it will be dealt with.

If you remain unhappy or wish to make a formal complaint, please contact the Chair of the Research
Ethics Committee at the University of Oxford who will seek to resolve the matter as soon as possible:
Chair, Social Sciences & Humanities Inter-Divisional Research Ethics Committee;

Email: ethics@socsci.ox.ac.uk;

Address: Research Services, University of Oxford, Wellington Square, Oxford OX1 2JD

11. Data Protection

The University of Oxford is the data controller with respect to your personal data, and as such will
determine how your personal data is used in the study. The University will process your personal data
for the purpose of the research outlined above. Research is a task that is performed in the public
interest. Further information about your rights with respect to your personal data is available from
http://vsww.admin.ox.ac.uk/councilsec/compliance/gdpr/individualrights/.

12. Further Information and Contact Details
If you would like to discuss the research with someone beforehand (or if you have questions
afterwards), please contact:

Professor Gabriel Stylianides

Department of Education

University of Oxford, 15 Norham Gardens, Oxford OX2 6PY, United Kingdom
University tel: +44 1865 611 002

University email: gabriel.stylianides@education.ox.ac.uk
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TEACHER PARTICIPANT CONSENT FORM
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013)

[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

This study seeks to investigate the relationship between young children’s spatial ability and their
representations of and performance on arithmetic word problems. This information could lend insights
into how to leverage spatial ability within the context of early years mathematics classrooms.

Please initial each box

1 | confirm that | have read and understand the information sheet for
the above study. | have had the opportunity to consider the
information, ask questions and have had these answered
satisfactorily.

2 lunderstand that my participation is voluntary and that | am free to
withdraw within two months of giving consent, without giving any
reason, and without any adverse consequences or penalty.

3 lunderstand who will have access to personal data provided, how
the data will be stored and what will happen to the data at the end
of the project.

4 lunderstand that | will not be identifiable from any publications or
presentations.

5 lunderstand how to raise a concern or make a complaint.

6 |agreeto take part.

Juu dd i

Name of Teacher Name of School
Date Signature
Jisoo Seo
Name of person taking consent Date Signature
5
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[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

PARENT/GUARDIN PARTICIPANT INFORMATION SHEET
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013]

1. What are we trying to find out?
This research aims to learn more about how young children think when solving arithmetic word
problems. It investigates whether children’s spatial skills are important for problem solving. This is an
important research topic as arithmetic word problem solving is a fundamental early mathematics skill.

2. Why has my child been invited to take part?
Your child has been invited because this study focuses on children in Year 2 and between the ages of 6
and 7.

3. Does my child have to take part?
No. You can ask questions about the research before deciding whether to allow your child to participate.
If you do agree to participation, you may withdraw your child from the study, without giving a reason,
and without any negative consequences, by advising us of this decision. The deadline by which you can
withdraw any information your child has contributed to the research is xxx. The data collected until the
point of withdrawal will be destroyed immediately and will not be shared, used or published in any way.

4. What will happen if my child takes part?

Your child will complete a series of spatial and mathematical activities one-on-one with the researcher,
Jisoo Seo, who is an Ontario (Canada) certified primary school teacher.

The activities selected are similar to activities that children do in the classroom on a daily basis (e.g.,
counting, adding, iPad game) and most children generally find the kind of tasks selected interesting, fun
and appropriately challenging. As well, most children enjoy and benefit from the one-on-one instruction
time with a mathematics teacher.

The activities are split into two sessions lasting about 30 minutes each. The two sessions will be at least
30 minutes apart, so your child does not feel tired. Furthermore, the one-on-one activity will be
conducted where an adult familiar to your child will be nearby (e.g., a quiet space within the classroom
or in the hallway, just outside of the classroom).

No video or audio recordings of any kind will be made. No photographs will be taken.
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5. Are there any potential risks in taking part?
There is no serious risk to your child in taking part. You may wish to know that:

e to reduce the risk of COVID-19 transmission, the researcher, Jisoo Seo, will always wear a mask.
Your child will be asked to sanitise his/her hands before and after the one-on-one testing and
touching an instrument (e.g., iPad, pencil). The researcher will also sanitise her hands repeatedly
and constantly during and in between interactions with children.

e Jisoo will always agree the testing times with the teacher so that the interruptions to your
child’s classroom routines and instruction/play time are minimised.

e toreduce safety concerns, the one-on-one testing will be done in an open area where another
adult familiar to your child is nearby (e.g., a quiet space within the classroom or in the hallway,
just outside of the classroom).

o efforts will be made to ensure that your child is comfortable and enjoying him/herself. However,
if at any point during the assessment process your child feels uncomfortable, the assessment
will be stopped immediately, without any negative consequences.

e toreduce the risk of breach of confidentiality, the personal data will be pseudonymised such
that you, your child, and your child’s school and teacher are not identified in publication. Your
child’s name will not be attached to any assessment data that leave the classroom. All data
collected for this study will be kept in a locked filing cabinet.

e your child’s individual assessment scores will be kept confidential. The classroom teacher will
receive data on the average performance of all students in his/her class who participate in the
study. These scores will be held in confidence by him/her in the same way that he/she keeps
other data on your child confidential. The assessment data will not be used for evaluative
purposes and will not become part of your child’s official student record. This information may
be used by the classroom teacher to help him/her plan suitable activities for the class and your
child.

6. Are there any benefits in taking part?

Your child will benefit from the one-on-one instruction time with a certified teacher. The activities
chosen are interesting, fun and appropriately challenging and are likely to enrich your child’s spatial and
mathematics learning experience. As well, most children enjoy and benefit from the one-on-one
instruction time with a mathematics teacher.

In addition, your child will have an opportunity to practice a fundamental early mathematics skill,
arithmetic word problem solving. This is a key skill outlined in the national curriculum in England, which
dictates that “the principal focus of mathematics teaching in key stage 1 [5- to 7-year-olds] ... involve
working with numerals, words and the four operations” (DfE, 2013, p. 5).
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Furthermore, by agreeing to participate you are helping contribute to an emerging field of research that
looks at the role of spatial reasoning in the early years arithmetic word problem solving.

7. What happens to the data provided?
The information you provide during the study is the research data. Any research data from which you
can be identified (your name, your child’s name, birth year and month and sex, and your child’s school
and teacher) is known as personal data.

Personal / sensitive data will be anonymised such that you, your child, and your child’s school and
teacher are not identifiable. Personal / sensitive data will be stored in a securely held locked filing
cabinet for three years after publication or public release of the research.

Only the researchers will have access to the research data. Responsible members of the University of
Oxford may be given access to data for monitoring and/or audit of the research.

Opt-out forms will be retained by the school for the duration of the study, and for as long as the school
determines appropriate after research activities have concluded at the school.

8. Wiill the research be published?
The University of Oxford is committed to the dissemination of its research for the benefit of society and
the economy and, in support of this commitment, has established an online archive of research
materials. This archive includes digital copies of student theses successfully submitted as part of a
University of Oxford postgraduate degree programme. Holding the archive online gives easy access for
researchers to the full text of freely available theses, thereby increasing the likely impact and use of that
research.

The research will be written up as a student’s thesis. On successful submission of the thesis, it may be
deposited both in print and online in the University archives to facilitate its use in future research. If so,
the thesis will be openly accessible.

The research may also be published in academic publications, conference presentations, publicly
available report and website publications.

9. Who has reviewed this study?
This study has been reviewed by, and received ethics clearance through, the University of Oxford Central
University Research Ethics Committee (Reference number: CIA-2223-013).
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10. Who do I contact if | have a concern about the study or | wish to complain?
If you have a concern about any aspect of this study, please contact
- Jisoo Seo at jisoo.seo@education.ox.ac.uk or
- Professor Gabriel Stylianides at gabriel.stylianides@education.ox.ac.uk,
and we will do our best to answer your query. We will acknowledge your concern within 10 working
days and give you an indication of how it will be dealt with.

If you remain unhappy or wish to make a formal complaint, please contact the Chair of the Research
Ethics Committee at the University of Oxford who will seek to resolve the matter as soon as possible:
Chair, Social Sciences & Humanities Inter-Divisional Research Ethics Committee;

Email: ethics@socsci.ox.ac.uk;

Address: Research Services, University of Oxford, Wellington Square, Oxford OX1 2JD

11. Data Protection
The University of Oxford is the data controller with respect to your personal data, and as such will
determine how your personal data is used in the study. The University will process your personal data
for the purpose of the research outlined above. Research is a task that is performed in the public
interest. Further information about your rights with respect to your personal data is available from
http://www.admin.ox.ac.uk/councilsec/compliance/gdpr/individualrights/.

12. Your Child’s Assent
To help your child decide whether he/she would like to participate in this study, the researcher, Jisoo
Seo, will read the following assent script to your child before each activity session.

| am a teacher and | want to know more about how children like you think about maths. If you
decide to help, | will ask you to imagine making some figures and to answer some questions about
numbers. Some activities will be fun and easy, and some might be a little bit hard. It is okay if you
do not know the answers. | am mostly interested in your thinking.

I would like to use your ideas in a paper that | am writing. When | write about your ideas, | will not
use your name, so no one will know it is you. Instead, | will think of a made-up name to give you in
the paper.

If at any time you don’t want to do any more activities with me, you can just say you want to stop,
and we will. No one will be cross with you if you want to stop. It will be okay if you want to stop at

any point.

Thank you.
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13. What should I do next?

Please fill in the enclosed form and return it to your child’s class teacher by xxx if you would not like your
child to take part in this study. Please remember that you may withdraw your child by xxx, without any
penalty and without giving a reason, by notifying the researcher.

14. Further Information and Contact Details
If you would like to discuss the research with someone beforehand (or if you have questions
afterwards), please contact:

Professor Gabriel Stylianides

Department of Education

University of Oxford, 15 Norham Gardens, Oxford OX2 6PY, United Kingdom
University tel: +44 1865 611 002

University email: gabriel.stylianides@education.ox.ac.uk
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UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
general.enquiries@education.ox.ac.uk www.education.ox.ac.uk

UNIVERSITY OF
Dr Gabriel Stylianides eoucation B OXFORD
email: gabriel.stylianides@education.ox.ac.uk
Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

PARENT/GUARDIAN OPT-OUT FORM
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013]

[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

If you DO NOT want your child to participate in the above-named research study, please fill out the form
below and return it to the school by [xxx].

If we do not receive an opt-out form from you by this date, your child may be invited to take part in this
study, as described in the accompanying information sheet.

I, the undersigned, hereby DO NOT give permission for my child to take part in the study titled, The Role
of Spatial Ability and Representation in Early Childhood Arithmetic Word Problem Solving.

Name of child:

Name of parent/guardian:

Signature: Date:

Name of researcher:
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Appendix 2F: Parent Information Sheet and Opt-Out Consent Form
(Simplified Version)

UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
general.enquiries@education.ox.ac.uk

briel Styl d ECRRTRENT O UNIVERSITY OF
Dr Gabriel Stylianides
gabriel.stylianides@education.ox.ac.uk EDUCATION OXFORD
Jisoo Seo, DPhil student
jisoo.seo@education.ox.ac.uk

Dear Parent/Carer,

An opportunity has arisen for the year 2 children to take part in a maths research project with
Jisoo Seo, an Oxford University PhD student. The project will be looking at the relationship
between children’s spatial thinking and their ability to solve maths problems.

Your child will work on-on-one with Jisoo for one hour during the school day, with a break in
the middle. The activities involve doing puzzles and addition and subtraction, which will be
interesting, fun and appropriately challenging for your child.

The data will be anonymized so that your child, and your child’s school and teacher are not
identifiable in any published materials. No recordings or photos of any kind will be made.

If you DO NOT want your child to participate in this study, please fill out the below slip and
return to Reception or your child’s teacher by xxx. If we do not receive an opt-out form from you
by xxx, your child may be invited to take part in this study.

If you do agree to participation, you may withdraw your child from the study, without giving a
reason, and without any negative consequences, by advising us of this decision. The deadline by

which you can withdraw any information your child has contributed to the research is xxx.

If you have any questions or concerns about the study, please email Jisoo at
jisoo.seo@education.ox.ac.uk.

With thanks and best wishes,

Jisoo Seo

l:‘ I Do NOT give permission for my child to take part in the maths project.

Signed Name of Child
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Appendix 2G: Parent Information Sheet and Opt-In Consent Form (Extended Version)

UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
general.enquiries@education.ox.ac.uk www.education.ox.ac.uk

UNIVERSITY OF

Dr Gabriel Stylianides EEDPGRCTZ:'EI'NII)(;IF (0)4A0)3D)
email: gabriel.stylianides@education.ox.ac.uk

Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

PARENT/GUARDIAN PARTICIPANT INFORMATION SHEET
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013]

1. What are we trying to find out?
This research aims to learn more about how young children think when solving arithmetic word
problems. It investigates whether children’s spatial skills are important for problem solving. This is an
important research topic as arithmetic word problem solving is a fundamental early mathematics skill.

2. Why has my child been invited to take part?
Your child has been invited because this study focuses on children in Year 2 and between the ages of 6
and 7.

3. Does my child have to take part?
No. You can ask questions about the research before deciding whether to allow your child to participate.
If you do agree to participation, you may withdraw your child from the study, without giving a reason,
and without any negative consequences, by advising us of this decision. The deadline by which you can
withdraw any information your child has contributed to the research is within two months of giving
consent. The data collected until the point of withdrawal will be destroyed immediately and will not be
shared, used or published in any way.

4. What will happen if my child takes part?

Your child will complete a series of spatial and mathematical activities one-on-one with the researcher,
Jisoo Seo, who is an Ontario (Canada) certified primary school teacher.

The activities selected are similar to activities that children do in the classroom on a daily basis (e.g.,
counting, adding, iPad game) and most children generally find the kind of tasks selected interesting, fun
and appropriately challenging. As well, most children enjoy and benefit from the one-on-one instruction
time with a mathematics teacher.

The activities are split into two sessions lasting about 30 minutes each. The two sessions will be at least
30 minutes apart, so your child does not feel tired. Furthermore, the one-on-one activity will be
conducted where an adult familiar to your child will be nearby (e.g., a quiet space within the classroom
or in the hallway, just outside of the classroom).

With your consent and your child’s assent, an audio recording of your child will be made only during one
part of the session that involves arithmetic word problem solving. This is to have an accurate record of
your child’s thinking process.
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UNIVERSITY OF

DEPARTMENT OF

Dr Gabriel Stylianides EDUCATION OXFORD
email: gabriel.stylianides@education.ox.ac.uk

Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

5. Are there any potential risks in taking part?
There is no serious risk to your child in taking part. You may wish to know that:

e to reduce the risk of COVID-19 transmission, the researcher, Jisoo Seo, will always wear a mask.
Your child will be asked to sanitise his/her hands before and after the one-on-one testing and
touching an instrument (e.g., iPad, pencil). The researcher will also sanitise her hands repeatedly
and constantly during and in between interactions with children.

e Jisoo will always agree the testing times with the teacher so that the interruptions to your
child’s classroom routines and instruction/play time are minimised.

e toreduce safety concerns, the one-on-one testing will be done in an open area where another
adult familiar to your child is nearby (e.g., a quiet space within the classroom or in the hallway,
just outside of the classroom).

o efforts will be made to ensure that your child is comfortable and enjoying him/herself. However,
if at any point during the assessment process your child feels uncomfortable, the assessment
will be stopped immediately, without any negative consequences.

e toreduce the risk of breach of confidentiality, the personal data will be pseudonymised such
that you, your child, and your child’s school and teacher are not identified in publication. Your
child’s name will not be attached to any assessment data that leave the classroom. All data
collected for this study will be kept in a locked filing cabinet.

e your child’s individual assessment scores will be kept confidential. The classroom teacher will
receive data on the average performance of all students in his/her class who participate in the
study. These scores will be held in confidence by him/her in the same way that he/she keeps
other data on your child confidential. The assessment data will not be used for evaluative
purposes and will not become part of your child’s official student record. This information may
be used by the classroom teacher to help him/her plan suitable activities for the class and your
child.

6. Are there any benefits in taking part?

Your child will benefit from the one-on-one instruction time with a certified teacher. The activities
chosen are interesting, fun and appropriately challenging and are likely to enrich your child’s spatial and
mathematics learning experience. As well, most children enjoy and benefit from the one-on-one
instruction time with a mathematics teacher.

In addition, your child will have an opportunity to practice a fundamental early mathematics skill,
arithmetic word problem solving. This is a key skill outlined in the national curriculum in England, which
dictates that “the principal focus of mathematics teaching in key stage 1 [5- to 7-year-olds] ... involve
working with numerals, words and the four operations” (DfE, 2013, p. 5).
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UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
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UNIVERSITY OF

. Rt DEPARTMENT OF
Dr G.abrlel S.tyllanllde§ . EDUCATION OXFORD
email: gabriel.stylianides@education.ox.ac.uk

Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

Furthermore, by agreeing to participate you are helping contribute to an emerging field of research that
looks at the role of spatial reasoning in the early years arithmetic word problem solving.

What happens to the data provided?

The information you provide during the study is the research data. Any research data from which you
can be identified (your name, your child’s name, date of birth, sex and audio recording, and your child’s
school and teacher) is known as personal data.

Personal / sensitive data will be anonymised such that you, your child, and your child’s school and
teacher are not identifiable. Personal / sensitive data will be stored in a securely held locked filing
cabinet for three years after publication or public release of the research.

Only the researchers will have access to the research data. Responsible members of the University of
Oxford may be given access to data for monitoring and/or audit of the research.

Will the research be published?

The University of Oxford is committed to the dissemination of its research for the benefit of society and
the economy and, in support of this commitment, has established an online archive of research
materials. This archive includes digital copies of student theses successfully submitted as part of a
University of Oxford postgraduate degree programme. Holding the archive online gives easy access for
researchers to the full text of freely available theses, thereby increasing the likely impact and use of that
research.

The research will be written up as a student’s thesis. On successful submission of the thesis, it may be
deposited both in print and online in the University archives to facilitate its use in future research. If so,
the thesis will be openly accessible.

The research may also be published in academic publications, conference presentations, publicly
available report and website publications.

Who has reviewed this study?
This study has been reviewed by, and received ethics clearance through, the University of Oxford Central
University Research Ethics Committee (Reference number: CIA-2223-013).

Who do I contact if | have a concern about the study or | wish to complain?

If you have a concern about any aspect of this study, please contact

- Jisoo Seo at jisoo.seo@education.ox.ac.uk or

- Professor Gabriel Stylianides at gabriel.stylianides@education.ox.ac.uk,
and we will do our best to answer your query. We will acknowledge your concern within 10 working
days and give you an indication of how it will be dealt with.
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UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
general.enquiries@education.ox.ac.uk www.education.ox.ac.uk

UNIVERSITY OF
Dr Gabriel Stylianides eoucation B OXFORD
email: gabriel.stylianides@education.ox.ac.uk
Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

If you remain unhappy or wish to make a formal complaint, please contact the Chair of the Research
Ethics Committee at the University of Oxford who will seek to resolve the matter as soon as possible:
Chair, Social Sciences & Humanities Inter-Divisional Research Ethics Committee;

Email: ethics@socsci.ox.ac.uk;

Address: Research Services, University of Oxford, Wellington Square, Oxford OX1 2JD

Data Protection

The University of Oxford is the data controller with respect to your personal data, and as such will
determine how your personal data is used in the study. The University will process your personal data
for the purpose of the research outlined above. Research is a task that is performed in the public
interest. Further information about your rights with respect to your personal data is available from
http://www.admin.ox.ac.uk/councilsec/compliance/gdpr/individualrights/.

Your Child’s Assent

To help your child decide whether he/she would like to participate in this study, we ask that you discuss
the study with him/her. You can use text from below, which will also be read to your child before each
activity session.

| am a teacher and | want to know more about how children like you think about maths. If you
decide to help, | will ask you to imagine making some figures and to answer some questions about
numbers. Some activities will be fun and easy, and some might be a little bit hard. It is okay if you
do not know the answers. | am mostly interested in your thinking.

Also, | would like to audio record your voice while you solve some maths problems. But if you
don’t want to be audio recorded, you can say no, and we can still do maths together.

| would like to use your ideas in a paper that | am writing. When | write about your ideas, | will not
use your name, so no one will know it is you. Instead, | will think of a made-up name to give you in
the paper.

If at any time you don’t want to do any more activities with me, you can just say you want to stop,
and we will. No one will be cross with you if you want to stop. It will be okay if you want to stop at
any point.

Thank you.
From Jisoo Seo
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Jisoo Seo, DPhil student, jisoo.seo@education.ox.ac.uk

13. What should I do next?

Please fill in the enclosed form and return it to your child’s class teacher if you would like your child to
take part in this study. Please remember that you may withdraw your child within two months of giving
consent, without any penalty and without giving a reason, by notifying the researcher.

14. Further Information and Contact Details
If you would like to discuss the research with someone beforehand (or if you have questions
afterwards), please contact:

Professor Gabriel Stylianides

Department of Education

University of Oxford, 15 Norham Gardens, Oxford OX2 6PY, United Kingdom
University tel: +44 1865 611 002

University email: gabriel.stylianides@education.ox.ac.uk
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PARENT/GUARDIAN CONSENT FORM (1/2)
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013]

[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

This study investigates how young children think when solving arithmetic word problems.

Please initial each box

1 I confirm that | have read and understand the information sheet for
the above study. | have had the opportunity to consider the
information, ask questions and have had these answered
satisfactorily.

2 lunderstand that my child’s participation is voluntary and that | am
free to withdraw my child within two months of giving consent,
without giving any reason, and without any adverse consequences
or penalty.

3 lunderstand who will have access to personal data provided, how
the data will be stored and what will happen to the data at the end
of the project.

4 | understand that my child and | will not be identifiable from any
publications or presentations.

5 lunderstand how to raise a concern or make a complaint.

6 |agree to take part.

7 | have discussed the study with my child. My child gives his/her
assent to taking part in the study. My child understands the project
and that it’s okay to stop taking part at any time.

Jubu U b L
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PARENT/GUARDIAN CONSENT FORM (1/2)
Central University Research Ethics Committee (CUREC) Approval Reference: [CIA-2223-013]

[The Role of Spatial Ability and Representation
in Early Childhood Arithmetic Word Problem Solving]

This study investigates how young children think when solving arithmetic word problems.

[OPTIONAL]
| consent to my child being audio recorded, and my child assents to
being audio recorded.

If so, select one of the following options:
A) 1do not wish for my child to be quoted even though he/she will |:|
not be identifiable
or

| agree to the use of my child’s quotations in research outputs if he/she
is not identifiable

Girl / Boy
Name of Child Child’s date of birth Child’s Sex (circle one)
Name of Child’ Teacher Name of Child’s School
Name of Parent/Guardian Today’s Date Parent/Guardian’s Signature
Jisoo Seo
Name of person taking consent Date Signature
7
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Appendix 2H: Parent Information Sheet and Opt-In Consent Form (Simplified Version)

UNIVERSITY OF OXFORD

DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

Tel: +44(0)1865 274024 Fax: +44(0)1865 274027
general.enquiries@education.ox.ac.uk

DEPARTMENT OF UNIVERSITY OF

Dr Gabriel Stylianides

gabriel.stylianides@education.ox.ac.uk EDUCATION OXFORD
Jisoo Seo, DPhil student
jisoo.seo@education.ox.ac.uk

Dear parent/Carer,

An opportunity has arisen for the year 2 children to take part in a maths research project with
Jisoo Seo, an Oxford University PhD student. The project will be looking at the relationship
between children’s spatial thinking and their ability to solve maths problems.

Your child will work on-on-one with Jisoo for one hour during the school day, with a break in
the middle. The spatial and mathematical activities, such as puzzles and addition, are interesting,
fun and appropriately challenging.

The data will be anonymized so that your child, and your child’s school and teacher are not
identifiable in any published materials. No recordings or photos of any kind will be made.

If you would like for child to participate in this study, please return the signed consent form back
to the school by xxx. If you do agree to participation, you may withdraw your child from the
study, without giving a reason, and without any negative consequences, by advising us of this
decision. The deadline by which you can withdraw any information your child has contributed to
the research is xxx.

Please fill out the slip below and return it to xxx by xxx.

If you have any questions or concerns about the study, please email Jisoo at
jisoo.seo@education.ox.ac.uk.

With thanks and best wishes,

Jisoo Seo

Please tick one:

I:‘ I give permission for my child to take part in the maths project.
D I do not give permission for my child to take part in the maths project.

Signed Name of Child
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Appendix 2I: Item Difficulty and Discrimination Indices
Table 21-1

Item Difficulty and Discrimination Indices

Form A Form B Form C Form D Average

Difficulty Discrimination Difficulty Discrimination Difficulty Discrimination Difficulty Discrimination| Difficulty Discrimination
(SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD) (SD)

Item 1 .68(0.60) .54(0.60) .62(0.55) .55(0.55) .59(0.66) .66 (0.66) .59(0.56) .72(0.56) | .62 (0.04) .62 (0.09)
Item?2 .65(0.80) .52(0.80) .47(0.83) .45(0.83) .38(0.55) .74(0.55) .50(0.56) .77(0.56) | .50(0.11) .62 (0.16)
Item3 .48 (0.85) .51(0.85) .62(1.04) .32(1.04) .32(0.53) .51(0.53) .18(0.46) .34(0.46) | .40(0.19) .42 (0.10)
Item4 .42 (0.67) .59(0.67) .59(0.86) .49(0.86) .29(0.52) .41(0.52) .32(0.59) .62(0.59) | .41(0.13) .53 (0.10)
Item5 .58 (0.81) .50(0.81) .47(0.79) .26(0.79) .50 (0.56) .80 (0.56) .47 (0.51) .73(0.51) | .51(0.05) .57 (0.25)
Item 6 .35(0.55) .41(0.55) .59(0.99) .43(0.99) .44(0.79) .69 (0.79) .29 (0.46) .49 (0.46) | .42(0.13) .50(0.13)
Item7 .84 (0.45) .42(0.45) .62(0.49) .49(0.49) .76 (0.43) .51(0.43) .76 (0.50) .51(0.50) | .75(0.09) .48 (0.04)
Item8 .84 (0.45) .42(0.45) .71(0.52) .66(0.52) .88(0.69) .38(0.69) .79 (0.41) .60(0.41) | .81(0.08) .52(0.14)
Item9 .61 (0.84) .45(0.84) .29(0.63) 47(0.63) .56(0.79) .51(0.79) .50 (0.56) .56(0.56) | .49 (0.14) .50 (0.05)
Item 10 .71 (0.78) .54(0.78) .21 (0.41) .40(0.41) .41(0.50) .65(0.50) .50 (0.62) .45(0.62) | .46(0.21) .51(0.11)
Item 11 .35(0.55) .55(0.55) .38(0.78) .48(0.78) .32(0.47) .69 (0.47) .53(0.86) .55(0.86) | .40(0.09) .57 (0.09)
Item 12 .48 (0.51) .61(0.51) .71(0.68) .69 (0.68) .71(0.63) .57(0.63) .74(0.67) .39(0.67) | .66(0.12) .57 (0.13)
Item 13 .68 (0.83) .51(0.83) .65(1.01) .48(1.01) .50(1.05) .57(1.05) .79(0.23) .44(0.23) | .65(0.12) .50 (0.06)
Item 14 .29 (0.78) .35(0.78) .32(0.64) .59(0.64) .38(0.78) .63(0.78) .21 (0.41) .71(0.41) | .30(0.07) .57(0.15)
Item 15 .19 (0.40) .54 (0.40) .65(1.12) .32(1.12) .50(1.02) .29(1.02) .44(0.08) .32(0.08) | .45(0.19) .37(0.11)
Item 16 .42 (0.50)  .65(0.50) .56(0.70) .69 (0.70) .50 (1.05) .65(1.05) .44 (0.50) .71(0.50) | .48 (0.06) .68 (0.03)
Item 17 .35(0.49) .55(0.49) .29(0.63) .56(0.63) .29(0.46) .66 (0.46) .24 (0.43) .67 (0.43) | .29 (0.05) .61 (0.06)
Item 18 .35(0.80) .29(0.80) .59(0.99) .48(0.99) .41(0.78) .43(0.78) .32(0.47) .70(0.47) | 42(0.12) .47(0.17)
Item 19 .61 (0.50) .30(0.50) .68 (0.91) .50(0.91) .68(0.84) .51(0.84) .44(0.50) .58(0.50) | .60 (0.11) .47 (0.12)
Item20 .58 (0.56) .57(0.56) .32(0.47) .63(0.47) .29(0.46) .43(0.46) .32(0.47) .63(0.47) | 38(0.13) .57(0.09)
Item21 .52(1.03) .42(1.03) .41(0.61) .62(0.61) .26(0.45) .59(0.45) .32(0.64) .55(0.64) | .38(0.11) .55 (0.09)
Item22 .16 (0.37) .18 (0.37) .26(0.62) 43(0.62) .09(0.29) .14(0.29) .29(0.52) .36(0.52) | .20(0.09) .28 (0.14)
Item 23 .45(0.62) .62(0.62) .38(0.55) .48(0.55) .62(0.99) .52(0.99) .68(0.07) .35(0.07) | .53(0.14) .49(0.11)
Item24 .39 (0.56) .63(0.56) .47(0.90) .54(0.90) .50(0.79) .57(0.79) .47(0.83) .57(0.83) | .46(0.05) .58 (0.04)

Average .50 (0.18) 49(0.12) .49(0.16) .50 (0.11) .47(0.18) .55(0.15) .46(0.19) .55(0.14) | .48(0.17) .52 (0.13)

304



Appendices

Table 2J-1

M1 (One-Factor Model) Factor Loadings

Appendix 2J: Standardized Factor Loadings of Confirmatory Factor Analyses

Factor 1 (/) SE z p-value Lower CI Upper CI
Item1 79 0.07 10.73 <.001 .65 94
Item2 7 0.08 9.71 <.001 .61 92
Item3 74 0.06 12.00 <.001 .62 .86
Item4 .70 0.07 10.04 <.001 .56 .83
Item5 92 0.03 26.71 <.001 .85 98
Item6 72 0.07 9.90 <.001 58 .86
Item7 92 0.04 21.19 <.001 .84 1.01
Item8 .89 0.04 21.73 <.001 .81 97
Item9 .64 0.08 8.24 <.001 49 .80
Item10 75 0.06 11.66 <.001 .62 .88
Iteml11 .89 0.04 20.81 <.001 .80 97
Item12 .80 0.06 14.32 <.001 .69 .90
Item13 .55 0.09 6.34 <.001 38 72
Item14 .76 0.06 12.66 <.001 .64 .88
Item15 73 0.07 11.05 <.001 .60 .86
Item16 40 0.10 3.98 <.001 .20 .60
Item17 .81 0.05 14.99 <.001 .70 91
Item18 .83 0.05 17.89 <.001 74 93
Item19 .76 0.06 12.89 <.001 .64 .87
Item20 78 0.06 14.14 <.001 .67 .89
Item21 .70 0.07 9.97 <.001 .56 .83
Item22 .84 0.05 17.58 <.001 75 .93
Item23 .89 0.04 25.50 <.001 .82 .96
Item24 .84 0.05 18.00 <.001 74 .93

Note. Factor 1 = One-step additive word problems.
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Table 2J-2

M?2 (Two-Factors Model: Quantity) Factor Loadings

Factor 1 () Factor 2 (/) SE z p-value Lower CI Upper CI
Item1 .80 0.07 10.78 <.001 .65 .94
[tem2 77 0.08 9.82 <.001 .62 .93
Item3 75 0.06 12.22 <.001 .63 .87
[tem4 .70 0.07 10.16 <.001 57 .84
Item5 .93 0.03 27.16 <.001 .86 .99
[tem6 72 0.07 9.92 <.001 .58 .87
Item7 .93 0.04 21.77 <.001 .85 1.02
[tem8 .90 0.04 22.00 <.001 .82 .98
[tem9 .65 0.08 8.28 <.001 .50 .81
Item10 .76 0.07 11.72 <.001 .63 .89
Item11 .90 0.04 21.01 <.001 .81 .98
Item12 81 0.06 14.27 <.001 .69 .92
Item13 .56 0.09 6.32 <.001 .39 .73
Item14 77 0.06 12.79 <.001 .65 .89
Item15 74 0.07 11.15 <.001 .61 .87
Item16 41 0.10 3.96 <.001 21 .61
Item17 .82 0.05 15.21 <.001 71 .92
Item18 .85 0.05 18.08 <.001 .76 .94
Item19 77 0.06 13.06 <.001 .65 .88
Item20 79 0.06 14.23 <.001 .68 .90
Item21 71 0.07 10.02 <.001 57 .84
Item22 .86 0.05 17.49 <.001 .76 .95
Item23 91 0.03 26.40 <.001 .84 .97
Item24 .85 0.05 18.39 <.001 .76 .94

Note. Factor 1 = Discrete-Quantity problems; Factor 2 = Continuous-Quantity problems.
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Table 2J-3
M3 (Two-Factors Model: Quantitative Relation) Factor Loadings

Factor 1 ()  Factor 2 (f) SE z p-value Lower CI Upper CI
Item1 .81 0.08 10.72 <.001 .66 .96
Item2 78 0.08 9.78 <.001 .63 94
Item3 .76 0.06 12.25 <.001 .64 .88
Item4 71 0.07 10.26 <.001 58 .85
Item5 95 0.04 27.02 <.001 .88 1.01
Item6 73 0.07 10.04 <.001 .59 .88
Item13 .56 0.09 6.41 <.001 .39 74
Item14 78 0.06 12.92 <.001 .66 90
Item15 74 0.07 11.24 <.001 .61 .87
Item16 41 0.10 3.96 <.001 21 .61
Item17 .82 0.05 15.30 <.001 72 93
Item18 .85 0.05 18.50 <.001 76 94
Item7 94 0.04 21.27 <.001 .85 1.02
Item8 90 0.04 21.64 <.001 .82 98
Item9 .65 0.08 8.24 <.001 .50 .81
Item10 .76 0.07 11.74 <.001 .63 .89
Item11 90 0.04 20.84 <.001 .82 98
Item12 81 0.06 14.57 <.001 .70 91
Item19 77 0.06 12.99 <.001 .65 .88
Item20 .79 0.06 14.31 <.001 .68 90
Item21 71 0.07 10.00 <.001 57 .84
Item22 .85 0.05 17.91 <.001 .76 94
Item23 90 0.04 26.03 <.001 .83 97
Item24 .84 0.05 18.19 <.001 75 94

Note. Factor 1 = Dynamic-Relation problems; Factor 2 = Static-Relation problems.
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Table 2J-4
M4 (Four-Factors Model: Quantity x Quantitative Relation) Factor Loadings
Factor 1 (f) Factor2 () Factor 3 () Factor 4 (p) SE z p-value Lower CI Upper CI
Item1 .81 0.08 10.68 <.001 .66 .96
Item2 79 0.08 10.00 <.001 .63 .94
Item3 7 0.06 12.83 <.001 .65 .88
Item4 72 0.07 10.53 <.001 .58 .85
Item5 .95 0.04 24.39 <.001 .88 1.03
Item6 74 0.07 10.10 <.001 .60 .88
Item7 .93 0.04 22.04 <.001 .85 1.01
Item8 .89 0.04 21.70 <.001 81 .98
Item9 .65 0.08 8.19 <.001 49 81
Item10 .76 0.07 11.67 <.001 .63 .88
Item11 .89 0.04 20.42 <.001 81 .98
Item12 .80 0.06 14.12 <.001 .69 91
Item13 .58 0.09 6.49 <.001 40 75
Item14 79 0.06 13.11 <.001 .68 91
Item15 .76 0.07 11.31 <.001 .63 .89
Item16 42 0.11 3.94 <.001 21 .63
Item17 .84 0.06 15.40 <.001 73 95
Item18 .87 0.05 18.61 <.001 78 97
Item19 .79 0.06 13.52 <.001 .68 91
Item20 .81 0.06 14.54 <.001 .70 .92
Item21 73 0.07 10.10 <.001 .59 .87
Item22 .88 0.05 18.10 <.001 .79 .98
Item23 .93 0.03 28.11 <.001 .86 .99
Item24 .87 0.05 18.64 <.001 78 .96

Note. Factor 1 = [Discrete Quantity—Dynamic Relation] problems; Factor 2 = [Discrete Quantity—Static Relation] problems; Factor 3 = [Continuous Quantity—
Dynamic Relation] problems; Factor 4 = [Continuous Quantity—Static Relation] problems.
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Appendix 2K: Central University Research Ethics Committee Approval

UNIVERSITY OF OXFORD
DEPARTMENT OF EDUCATION

15 Norham Gardens, Oxford OX2 6PY

UNIVERSITY OF

student.curec@education.ox.ac.uk; staff.curec@education.ox.ac.uk DEPARTMENEOF
OXFORD

EDUCATION

DREC Chair: Professor Liam Gearon

CONFIDENTIAL

Jisoo Seo November 9, 2022
Dear lJisoo,

Research Ethics Approval — CUREC 1a

Ethics Approval Reference: CIA-2223-013

Study Title: The Role of Spatial Ability and Representation in Early Childhood Arithmetic Word
Problem Solving

The above application has been considered on behalf of the Departmental Research Ethics
Committee (DREC) in accordance with the procedures laid down by the University for Ethical
Approval of all research involving human participants.

| am pleased to inform you that, on the basis of the information provided to the DREC, the proposed
research has been judged as meeting appropriate ethical standards, and accordingly, approval has
been granted.

Please continue to follow COVID-19: CUREC guidance on research involving human participants
https://researchsupport.admin.ox.ac.uk/governance/ethics/coronavirus

If relevant, please also check the CUREC website for their best practice guidance:
https://researchsupport.admin.ox.ac.uk/governance/ethics/resources/bpg

Amendments

Should there be any subsequent changes to the study, you should submit details to the DREC for
consideration and approval. Details of changes must be listed on an amendment form.

Please do not hesitate to contact me if you have any queries.

Good luck with your research study.
Yours sincerely,

Dr Pinar Kolancali

Post-doctoral Researcher

Departmental Research Ethics Committee Member
Email: pinar.kolancali@education.ox.ac.uk
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Appendix 2L: Child Assent Script

Before the first testing session:

I am a teacher and I want to know more about how children like you think about maths. If you
decide to help, I will ask you to imagine making some figures and to answer some questions
about numbers. Some activities will be fun and easy, and some might be a little bit hard. It is
okay if you do not know the answers. I am mostly interested in your thinking.

I would like to use your ideas in a paper that I am writing. When I write about your ideas, I
will not use your name, so no one will know it is you. Instead, I will think of a made-up name
to give you in the paper.

If at any time you don’t want to do any more activities with me, you can just say you want to
stop, and we will. No one will be cross with you if you want to stop. It will be okay if you want
to stop at any point.

Thank you.

Before the second testing session:

Remember, if at any time you don’t want to do any more activities with me, you can just say
you want to stop, and we will. No one will be cross with you if you want to stop. It will be
okay if you want to stop at any point.
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Appendix 3A: Assumption Diagnostics for Linearity of the Logit

The linearity of the logit assumption for continuous predictors was assessed by refitting
the models using natural cubic splines with 2—5 degrees of freedom for each continuous
predictor (Gauthier et al., 2020; Harrell, 2015). Model improvement was evaluated using AIC
and BIC to determine whether nonlinear terms were warranted. They are summarized Table

3B-1.

Table 3B-1
AIC and BIC Comparisons for Linear and Spline Specifications of Continuous Predictors

Variable df AIC AAIC BIC ABIC
Composite 2 3041 1.85 3108 7.95
Spatial 3 3042 3.11 3115 15.31
Visualization 4 3040 1.35 3119 19.64
5 3042 2.97 3127 27.36

Visuospatial 2 3041 1.89 3108 7.99
Working 3 3037 -1.22 3111 10.97
Memory 4 3039 0.63 3119 18.93
5 3041 2.61 3127 27.00

2 3041 1.96 3108 8.06

Age 3 3043 3.83 3116 16.03

4 3045 5.83 3124 24.13

5 3044 5.02 3129 29.41

2 3040 1.69 3107 7.79

Language 3 3042 3.02 3115 15.22
Ability 4 3043 3.95 3122 22.25

5 3045 6.16 3130 30.55

2 3035 -3.27 3103 2.83

Numerical 3 3032 —6.65 3105 5.55
Ability 4 3026 —12.80 3105 5.49
5 3026 —13.09 3111 11.30

2 3040 1.74 3108 7.84

Fluid 3 3039 0.03 3112 12.22
Reasoning 4 3036 —2.85 3115 15.45
5 3034 —4.77 3119 19.63

For composite spatial visualization, visuospatial working memory, language ability,
fluid reasoning, and age, spline specifications yielded either negligible improvements or
increases in AIC and substantially higher BIC values relative to the linear model, indicating
limited evidence for meaningful nonlinearity. Predicted probability curves exhibited
approximately monotonic trends across the observed range of values. Accordingly, linear

specifications were retained for these predictors for parsimony (James et al., 2021).

311



Appendices

For numerical ability, spline models produced a large reduction in AIC (AAIC =—-12.80
for df = 4, and AAIC = —13.09 for df = 5), suggesting potential nonlinearity. However, BIC
increased, reflecting the added model complexity. Visual inspection of predicted probability
curves indicated that curvature was most pronounced in the extreme lower range of the
distribution, where observations were sparse and confidence intervals were wide. Across the
central range of observed values, the association between numerical ability and problem-
solving performance appeared approximately linear. Given the mixed model fit indices,
concentration of curvature in sparsely populated regions, and the principle of parsimony, the

linear specification was retained.
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Appendix 4A: Assumption Diagnostics of
Mixed-Effects Multinomial Logistic Regression Models

The following assumptions of cross-classified multinomial logistic regression were
evaluated: (1) linearity of the logit for continuous predictors, (2) absence of problematic
multicollinearity among fixed effects, and (3) absence of influential clusters (Field, 2018;
Hedeker, 2003; Gelman & Hill, 2007; Menard, 2010). Model assumptions were evaluated for

the full model including interaction terms (i.e., RQ4).
Linearity of the Logit

The linearity of the logit assumption for continuous predictors was assessed by refitting
the models using natural cubic splines with 2—5 degrees of freedom for each continuous
predictor (Gauthier et al., 2020; Harrell, 2015). Model improvement was evaluated using AIC
and BIC to determine whether nonlinear terms were warranted. As summarized in Table 4A-

1, all predictors except for numerical ability were adequately modeled as linear.

For numerical ability, the spline specification (df = 2) resulted in a substantial reduction
in AIC (AAIC = —28.6) and BIC (ABIC = —4.22), indicating evidence for nonlinearity. As
illustrated in Figure 4A-1, visual inspection of the predicted probability curves further
supported a nonlinear association between numerical ability and problem-solving strategy use.
Higher numerical ability was associated with an accelerated increase in the probability of using
‘Quantitatively Correct Number Fact’ strategies and a nonlinear decline in ‘Non-Quantitative’
strategies, whereas some strategies (e.g., ‘Quantitatively Incorrect Counting’) exhibited
relatively weak or approximately linear patterns. Given the substantial improvement in AIC
and BIC and the meaningful curvature observed in the predicted probabilities, the spline

specification (df = 2) was retained for numerical ability.
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Table 4A-1

AIC and BIC Comparisons for Linear and Spline Specifications of Continuous Predictors

Variable df AIC AAIC BIC ABIC
Composite 2 6570 2.13 6912 26.5
Spatial 3 6574 6.09 6940 54.9
Visualization 4 6572 4.06 6962 77.2
5 6578 10.4 6993 108

Visuospatial 2 6570 2.09 6912 26.5
Working 3 6575 6.79 6941 55.6
Memory 4 6580 12.3 6971 85.5
5 6585 16.7 6999 114

2 6574 5.71 6915 30.1

Age 3 6581 12.6 6947 61.4

4 6577 8.6 6967 81.8

5 6578 10.5 6993 108

2 6574 6.32 6916 30.7

Language 3 6578 9.75 6944 58.5
Ability 4 6583 15.4 6974 88.6

5 6589 21.3 7004 119

2 6539 -28.6 6881 -4.22

Numerical 3 6540 -28.2 6906 20.6
Ability 4 6535 -32.8 6925 40.4

5 6541 -27.3 6955 70.3

2 6567 -1.11 6908 233

Fluid 3 6568 0.199 6934 49
Reasoning 4 6566 -2.45 6956 70.7

5 6572 3.52 6986 101

Note. AIC of linear model = 6568; BIC of linear model = 6885. Each row replaces the listed variable
with a restricted cubic spline of the indicated degrees of freedom, keeping other predictors linear.
AAIC/ABIC are relative to the linear model. The shaded row marks the smallest df with meaningful
AIC and BIC improvement.

Note that the spline method was retained rather than applying mathematical
transformations to numerical ability (e.g., squaring, cubing, or square-root transformations).
Spline coefficients cannot be interpreted directly at the individual level in the same way as
logistic regression coefficients (Harrell, 2015). Instead, splines generate multiple coefficients
corresponding to basis functions that, when linearly combined, represent a smooth, piecewise
polynomial relationship. Increasing the degrees of freedom allows for more curvature, which
can better capture complex relationships; however, this also increases the risk of overfitting.
Conversely, decreasing the degrees of freedom leads to a smoother and more generalized curve
but may lead to fitting the data less precisely. Because two degrees of freedom were specified,
two basis functions were generated, yielding two coefficients. It is the joint contribution of

these coefficients that defines the specific non-linear functional form.
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Because spline coefficients cannot be interpreted individually, their interpretation is
less straightforward. Moreover, spline functions may be more difficult to replicate exactly
across studies, as the estimated functional form is partly data-driven. However, this trade-off
was considered acceptable because numerical ability was included as a covariate rather than as
a primary variable of interest. As well, when appropriately constrained (e.g., by limiting the
degrees of freedom, as done here with df = 2), splines can reduce the risk of overfitting relative
to higher-order polynomial transformations, which impose rigid functional-form assumptions

on the data, while still flexibly capturing non-linear relationships (Harrell, 2015).
Multicollinearity

The assumption of absence of problematic multicollinearity was evaluated by first
examining Pearson correlation coefficients among the continuous predictors. Correlations
ranged from .01 to .57, all below the conventional threshold of .70 (Tabachnick & Fidell, 2013).
Variance inflation factors (VIFs) were additionally computed from an auxiliary linear model

including all predictors. All VIF values were below 2, indicating negligible multicollinearity.
Influential Clusters

Cluster influence was assessed using the Euclidean (L») distance between the observed
and model-predicted response distributions for each participant and problem (Hedeker, 2003).
For participants, L values ranged from 0.02 to 0.16, and for problems, L. values ranged from
0.02 to 0.09. These values were small in magnitude and exhibited no extreme deviations,
indicating that no participants or problem items exerted disproportionate influence on the
model estimates. Thus, the model’s conclusions were considered robust to potential cluster-

level influence.
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Figure 4A-1

Predicted Probabilities of Strategy Use Across Numerical Ability: Linear and Spline Specifications
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Appendix 4B: RQ3 Predicted Probabilities of Problem-Solving Strategies as Nonlinear Functions of Numerical Ability
Figure 4B-1
Nonlinear Relationship Between Numerical Ability and Predicted Problem-Solving Strategy Probabilities
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Appendix 4C: Discrete Quantity—Dynamic Relation Problems

the Key Stage 1 National Curriculum Assessments

Year Problems

2018 :

Ben has 63 beads.

He gives 37 beads away.

20192 How many beads does Ben have left?
Yy
beads

2022 -
2023 -

There are 16 ducks on the pond. b Ajay had 18 strawberries. oy

—, A
5 ducks fly away. N — 4 He picked some more.
How many ducks stay on the pond? Ajay now has 24 strawberries.

How many more strawberries did he pick?

ducks
2024°
Sam has 90 marbles. strawberries
Wi 1
He gives 50 marbles to Ben.
How many marbles does Sam have left?
marbles

A shopkeeper has 15 apples in a
box. He sells 6 of the apples. How
many apples does he have left?

Kemi has 20 seeds. =

() |

LA‘ @] N\l
She gives some to Ben. A ST

&8 D)

Q0000
How many seeds does Kemi give to Ben? @ @ O Q O

seeds

&

2025¢ Kemi has 8 seeds left.

apples

Note. *“Contains material developed by the Standards and Testing Agency for 2019, 2024, and 2025
national curriculum assessments and licensed under Open Government Licence v3.0
(https://www.nationalarchives.gov.uk/doc/open-government-licence/version/3/). The Key Stage 1
National Curriculum Assessments were not administered in 2020 and 2021 due to the COVID-19
pandemic.
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Appendix 4D: Discrete Quantity—Static Relation Problems from

the Key Stage 1 National Curriculum Assessments

Year Problems
There are thirteen marbles 13 ’ =l
20182 in a jar. The jar can hold 20 -
marbles. How many more
marbles can fit in the jar?
marbles

Ben has twelve sweets. Amy has
seven more sweets than Ben.
How many sweets does Amy have?

12
2019°
sweets

2022 -

Ben wants to build a tower with 15 blocks.

He only has 9 blocks.
2023¢

How many more blocks does Ben need?

blocks

2024 -
2025 -

Note. *“Contains material developed by the Standards and Testing Agency for 2018, 2019, and 2023
national curriculum assessments and licensed under Open Government Licence v3.0
(https://www.nationalarchives.gov.uk/doc/open-government-licence/version/3/). The Key Stage 1
National Curriculum Assessments were not administered in 2020 and 2021 due to the COVID-19
pandemic.
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Appendix 4E: Continuous Quantity—Dynamic Relation problems from

the Key Stage 1 National Curriculum Assessments

Year Problems

Ajay’s plant was 11 centimetres tall.
It grows 7 centimetres taller.

20182 How tall is the plant now?

cm

2019 -

2022 -

2023 -

2024 -

2025 -

Note. *Contains material developed by the Standards and Testing Agency for 2018 national
curriculum assessments and licensed under Open Government Licence v3.0
(https://www.nationalarchives.gov.uk/doc/open-government-licence/version/3/). The Key Stage 1
National Curriculum Assessments were not administered in 2020 and 2021 due to the COVID-19
pandemic.
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Appendix 4F: Continuous Quantity—Static Relation problems from

the Key Stage 1 National Curriculum Assessments

Year Problems

2018 -

2019 -

2022 -

2023 -

Amy and Sam are flying paper
aeroplanes. Amy throws her aeroplane
eight metres. Sam throws his aeroplane
three metres. How much further did
Amy’s aeroplane fly than Sam’s?

Amy
20242 4 8 metres
Sam
4 3 metres

metres

2025 -

Note. *“Contains material developed by the Standards and Testing Agency for 2024 national
curriculum assessments and licensed under Open Government Licence v3.0
(https://www.nationalarchives.gov.uk/doc/open-government-licence/version/3/). The Key Stage 1
National Curriculum Assessments were not administered in 2020 and 2021 due to the COVID-19
pandemic.

321


https://www.nationalarchives.gov.uk/doc/open-government-licence/version/3/

Appendices

Appendix 5A: Assumption Diagnostics of Path Analysis
Linearity

Table SA-1
Component-Plus-Residual Plots for the Mediation Model

Component + Residual Plots

Age
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Note. Component-plus-residual plots showing the relationship between each predictor and the
mediator, controlling for other variables. The dashed blue line represents the linear fit, and the solid
pink line represents a LOESS smoother.
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Table SA-2
Component-Plus-Residual Plots for the Outcome Model
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Note. Component-plus-residual plots showing the relationship between each predictor and the

mediator, controlling for other variables. The dashed blue line represents the linear fit, and the solid
pink line represents a LOESS smoother.
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Appendix 5B: Path Coefficients (95% Percentile-Based CI) and Indirect Effects Across Problem Types

Table 5B-1

Path Coefficients (95% Percentile-Based CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy

‘Quantitatively Correct Number Fact’ Strategy

Problem-Solving Accuracy

;
B ; sg P ‘)/];::ﬁfg%lltﬂe' B ; SE bereuntile.
Based CI
Spatial Visualization 0.05 21 003  [-0.0050.10] -084  —12 049  [-1.80,0.11]
Visuospatial Working Memory 0.02 08 001  [-0.01,004] 022 04 031  [-0.42,0.80]
Language Ability 0.01 09 0004 [-0.002,001] 032 18 0.11 [0.11,0.53]
Numerical Ability 0.03 35 0.01 [0.01, 0.04] 0.55 25 020  [0.19, 0.98]
Fluid Reasoning 0.01 16 001  [-0.0002,002] 031 19 0.2 [0.08,0.55]
Age 0.03 03 005  [-0.08,0.13] 173 07 132 [-091,4.22]
Gender 0.06 13 0.03  [0.002,0.12] 057 04 074  [-0.87,2.01]
Quantitatively Correct i i i i 13.04 45 227 [833,17.29]

Number-Fact Strategy

Note. B = unstandardized coefficient; = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are percentile-based bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls

and is indicated by boldface.
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Table 5SB-2
Indirect Effects (95% Percentile-Based CI) of Spatial Skills on Problem-Solving Accuracy
95%
Indirect Effect B p SE  Percentile-
Based CI

Spatial Visualization
— ‘Quantitatively Correct Number Fact’ strategy 0.67 .09  0.39 [-0.07, 1.48]
— Problem-Solving Accuracy

Visuospatial Working Memory
— ‘Quantitatively Correct Number Fact’ strategy 0.22 .04  0.18 [-0.14, 0.58]
— Problem-Solving Accuracy

Note. B = unstandardized coefficient; § = standardized coefficient. SE = standard error. Confidence intervals (Cls) are percentile-based bootstrap intervals

based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls.
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Appendix 5C: Path Coefficients (95% BCa CI) and Indirect Effects by Problem Type

Table SC-1

Path Coefficients (95% BCa CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy of Discrete

Quantity—Dynamic Relation Problems

‘Quantitatively Correct Number Fact’ Strategy

Problem-Solving Accuracy

B B SE 95% BCa CI B B SE 95% BCa CI
Spatial Visualization 0.05 15 0.04 [-0.02, 0.12] 0.0004 .0004 0.16 [-0.31, 0.30]
Visuospatial Working Memory 0.02 .05 0.02 [-0.02, 0.06] 0.04 .02 0.11 [-0.20, 0.25]
Language Ability 0.01 .10 0.01 [-0.004, 0.02] 0.06 12 0.04 [-0.006, 0.13]
Numerical Ability 0.03 30 0.01 [0.01, 0.05] 0.19 32 0.05 [0.09, 0.30]
Fluid Reasoning 0.02 23 0.01 [0.003, 0.03] 0.08 18 0.04 [0.004, 0.15]
Age 0.03 .03 0.07 [-0.11, 0.17] 0.41 .06 0.45 [-0.49, 1.25]
Gender 0.08 12 0.05 [-0.01, 0.17] 0.22 .06 0.24 [-0.25, 0.69]
Quantitatively Correct i i i i 1.56 27 041 [0.75,2.34]

Number-Fact Strategy

Note. B = unstandardized coefficient; § = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are bias-corrected and accelerated (BCa) bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95%

BCa CIs and is indicated by boldface.
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Table 5C-2
Indirect Effects (95% BCa CI) of Spatial Skills on Problem-Solving Accuracy of Discrete Quantity—Dynamic Relation Problems

Indirect Effect B S SE  95% BCa CI

Spatial Visualization

— ‘Quantitatively Correct Number Fact’ strategy 0.08 .04  0.07 [-0.03, 0.24]

— Problem-Solving Accuracy

Visuospatial Working Memory

— ‘Quantitatively Correct Number Fact’ strategy 0.02 .01  0.03 [-0.03, 0.10]

— Problem-Solving Accuracy
Note. B = unstandardized coefficient; f = standardized coefficient. SE = standard error. Confidence intervals (Cls) are bias-corrected and accelerated (BCa)
bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% BCa Cls.
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Table 5C-3

Path Coefficients (95% BCa CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy of Discrete

Quantity-Static Relation problems

‘Quantitatively Correct Number Fact’ Strategy

Problem-Solving Accuracy

B p SE 95% BCa CI B B SE 95% BCa CI
Spatial Visualization 0.07 24 0.03 [0.01, 0.13] —0.29 —-.14 0.15 [-0.57, 0.03]
Visuospatial Working Memory 0.02 .07 0.02 [-0.02, 0.05] 0.03 .02 0.10 [-0.18, 0.22]
Language Ability —1.57 x10°-2.19 x 10 0.005 [-0.01, 0.01] 0.11 21 0.04 [0.04, 0.19]
Numerical Ability 0.03 31 0.01 [0.005, 0.05] 0.15 23 0.06 [0.03, 0.27]
Fluid Reasoning 0.01 21 0.01 [0.003, 0.03] 0.12 24 0.04 [0.04, 0.20]
Age 0.003 .003 0.06 [-0.11, 0.12] 0.60 .09 0.41 [-0.24, 1.37]
Gender 0.04 .07 0.04 [-0.04, 0.11] 0.27 .06 0.25 [-0.22, 0.77]
Quantitatively Correct i i i : 2.99 40 057  [1.85,4.07]

Number-Fact Strategy

Note. B = unstandardized coefficient; = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are bias-corrected and accelerated (BCa) bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95%

BCa CIs and is indicated by boldface.
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Table 5C-4
Indirect Effects (95% BCa CI) of Spatial Skills on Problem-Solving Accuracy of Discrete Quantity—Static Relation Problems

Indirect Effect B S SE  95% BCa CI

Spatial Visualization

— ‘Quantitatively Correct Number Fact’ strategy 0.20 .10  0.10 [0.04, 0.45]

— Problem-Solving Accuracy

Visuospatial Working Memory

— ‘Quantitatively Correct Number Fact’ strategy 0.05 .03 0.05 [-0.04, 0.16]

— Problem-Solving Accuracy
Note. B = unstandardized coefficient; f = standardized coefficient. SE = standard error. Confidence intervals (Cls) are bias-corrected and accelerated (BCa)
bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% BCa Cls and is indicated by boldface.
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Table 5C-5

Path Coefficients (95% BCa CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy of Continuous

Quantity—Dynamic Relation problems

‘Quantitatively Correct Number Fact’ Strategy

Problem-Solving Accuracy

B ; SE 95%BCaCl B I SE  95%BCa CI
Spatial Visualization 0.07 29 003  [0.01,0.13] 027 15 0.15  [-0.55,0.02]
Visuospatial Working Memory -0.001 —01 002  [-0.03,0.03]  0.I5 10 0.09  [-0.04,033]
Language Ability 0.01 09 001  [-0.004,0.02]  0.10 20 0.03  [0.04,0.16]

Numerical Ability 0.02 28 001  [0.001,0.04]  0.10 17 0.05  [0.001,0.21]
Fluid Reasoning 0.003 05 001  [-0.01,0.02]  0.06 13 0.04  [-0.01,0.13]
Age 0.03 03 006  [-0.09,0.15] 020 03 038  [-0.57,0091]
Gender 0.07 14 0.04  [-0.001,0.15] 0.8 02 021  [-032,051]
Quantitatively Correct i i i i 4.00 55 0.55  [2.90,5.07]

Number-Fact Strategy

Note. B = unstandardized coefficient; = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are bias-corrected and accelerated (BCa) bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95%

BCa CIs and is indicated by boldface.
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Table SC-6
Indirect Effects (95% BCa CI) of Spatial Skills on Problem-Solving Accuracy of Continuous Quantity—Dynamic Relation Problems

Indirect Effect B S SE  95% BCa CI

Spatial Visualization

— ‘Quantitatively Correct Number Fact’ strategy 0.29 .16  0.13  [0.05, 0.57]

— Problem-Solving Accuracy

Visuospatial Working Memory

— ‘Quantitatively Correct Number Fact’ strategy —0.01 —.004 0.07 [-0.14,0.12]

— Problem-Solving Accuracy
Note. B = unstandardized coefficient; f = standardized coefficient. SE = standard error. Confidence intervals (Cls) are bias-corrected and accelerated (BCa)
bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% BCa Cls and is indicated by boldface.
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Table SC-7

Path Coefficients (95% BCa CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy of Continuous

Quantity-Static Relation problems

‘Quantitatively Correct Number Fact’ Strategy

Problem-Solving Accuracy

B I SE 95%BCaClI B F; SE 95% BCa CI
Spatial Visualization 0.02 06 003  [-0.04,007]  —0.4 12 0.6  [-0.53,0.09]
Visuospatial Working Memory 0.04 18 002  [0.0003,0.08]  0.01 003 0.0 [-0.18,0.20]
Language Ability 0.01 12 001  [-0.004,002]  0.06 11 0.04  [-0.01,0.13]
Numerical Ability 0.03 35 001  [0.01,0.05] 0.14 2 007  [0.003,0.28]
Fluid Reasoning 0.003 04 001  [-001,001]  0.09 18 0.04  [0.02,0.16]

Age 0.04 05 006  [-007,0.17]  0.54 08 042 [-031,133]
Gender 0.07 13 003  [0.005,0.14]  0.04 o1 026  [-0.44,0.58]
Quantitatively Correct i i i i 3.89 49 084  [2.27,5.54]

Number-Fact Strategy

Note. B = unstandardized coefficient; = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are bias-corrected and accelerated (BCa) bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95%

BCa CIs and is indicated by boldface.
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Table SC-8
Indirect Effects (95% BCa CI) of Spatial Skills on Problem-Solving Accuracy of Continuous Quantity—Static Relation Problems

Indirect Effect B S SE  95% BCa CI

Spatial Visualization

— ‘Quantitatively Correct Number Fact’ strategy 0.06 .03  0.12 [-0.16, 0.31]

— Problem-Solving Accuracy

Visuospatial Working Memory

— ‘Quantitatively Correct Number Fact’ strategy 0.15 .09  0.08 [0.01, 0.34]

— Problem-Solving Accuracy
Note. B = unstandardized coefficient; f = standardized coefficient. SE = standard error. Confidence intervals (Cls) are bias-corrected and accelerated (BCa)
bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% BCa Cls and is indicated by boldface.
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Appendix 5D: Path Coefficients (95% Percentile-Based CI) and Indirect Effects by Problem Type
Table SD-1
Path Coefficients (95% Percentile-Based CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy of

Discrete Quantity—Dynamic Relation Problems

‘Quantitatively Correct Number Fact’ Strategy Problem-Solving Accuracy
95% 95%
B p SE Percentile- B p SE Percentile-
Based CI Based CI

Spatial Visualization 0.05 15 0.04 [—0.03, 0.12] 0.0004 .0004 0.16 [-0.31, 0.30]
Visuospatial Working Memory 0.02 .05 0.02 [-0.02, 0.05] 0.04 .02 0.11 [-0.19, 0.25]
Language Ability 0.01 .10 0.01 [—0.004, 0.02] 0.06 A2 0.04 [-0.009, 0.13]
Numerical Ability 0.03 .30 0.01 [0.01, 0.05] 0.19 32 0.05 [0.10, 0.30]
Fluid Reasoning 0.02 23 0.01 [0.003, 0.03] 0.08 18 0.04 [0.01, 0.16]
Age 0.03 .03 0.07 [-0.11,0.17] 0.41 .06 0.45 [—0.49, 1.25]
Gender 0.08 A2 0.05 [—0.01, 0.17] 0.22 .06 0.24 [—0.25, 0.69]
Quantitatively Correct i i i i 1.56 27 041  [0.75,2.33]

Number-Fact Strategy

Note. B = unstandardized coefficient; = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are percentile-based bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls
and is indicated by boldface.

334



Appendices

Table SD-2
Indirect Effects (95% Percentile-Based CI) of Spatial Skills on Problem-Solving Accuracy of Discrete Quantity—Dynamic Relation Problems
95%
Indirect Effect B p SE  Percentile-
Based CI

Spatial Visualization

— ‘Quantitatively Correct Number Fact’ strategy 0.08 .04  0.07 [-0.03, 0.22]

— Problem-Solving Accuracy

Visuospatial Working Memory

— ‘Quantitatively Correct Number Fact’ strategy 0.02 .01  0.03 [-0.04, 0.09]

— Problem-Solving Accuracy
Note. B = unstandardized coefficient; § = standardized coefficient. SE = standard error. Confidence intervals (Cls) are percentile-based bootstrap intervals
based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls.
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Table SD-3

Path Coefficients (95% Percentile-Based CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy of

Discrete Quantity—Static Relation problems

‘Quantitatively Correct Number Fact’ Strategy

Problem-Solving Accuracy

95% 95%
B S SE Percentile- B S SE Percentile-
Based CI Based CI

Spatial Visualization 0.07 24 0.03 [0.01, 0.13] -0.29 —.14 0.15 [-0.58, 0.02]
Visuospatial Working Memory 0.02 .07 0.02 [-0.02, 0.05] 0.03 .02 0.10 [-0.17,0.22]
Language Ability —-1.57 x10°-2.19 x 10> 0.005 [-0.01, 0.01] 0.11 21 0.04 [0.04, 0.18]
Numerical Ability 0.03 31 0.01 [0.005, 0.05] 0.15 23 0.06 [0.04, 0.28]
Fluid Reasoning 0.01 21 0.01 [0.002, 0.03] 0.12 24 0.04 [0.04, 0.20]
Age 0.003 .003 0.06 [-0.11, 0.12] 0.60 .09 0.41 [-0.25, 1.36]
Gender 0.04 .07 0.04 [-0.04, 0.11] 0.27 .06 0.25 [-0.24, 0.76]
Quantitatively Correct i i i i 2.99 40 0.57  [1.81,4.04]

Number-Fact Strategy

Note. B = unstandardized coefficient; = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are percentile-based bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls

and is indicated by boldface.
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Table SD-4
Indirect Effects (95% Percentile-Based CI) of Spatial Skills on Problem-Solving Accuracy of Discrete Quantity—Static Relation Problems
95%
Indirect Effect B p SE  Percentile-
Based CI

Spatial Visualization

— ‘Quantitatively Correct Number Fact’ strategy 0.20 .10  0.10  [0.02, 0.42]

— Problem-Solving Accuracy

Visuospatial Working Memory

— ‘Quantitatively Correct Number Fact’ strategy 0.05 .03  0.05 [-0.04, 0.15]

— Problem-Solving Accuracy
Note. B = unstandardized coefficient; § = standardized coefficient. SE = standard error. Confidence intervals (Cls) are percentile-based bootstrap intervals
based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls and is indicated by boldface.
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Table SD-5

Path Coefficients (95% Percentile-Based CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy of

Continuous Quantity—Dynamic Relation problems

‘Quantitatively Correct Number Fact’ Strategy

Problem-Solving Accuracy

95% 95%
B S SE Percentile- B p SE Percentile-
Based CI Based CI

Spatial Visualization 0.07 .29 0.03 [0.01, 0.13] -0.27 -.15 0.15 [-0.55, 0.02]
Visuospatial Working Memory —0.001 -.01 0.02 [-0.04, 0.03] 0.15 .10 0.09 [-0.03, 0.34]
Language Ability 0.01 .09 0.01 [-0.004, 0.02] 0.10 .20 0.03 [0.04, 0.15]
Numerical Ability 0.02 28 0.01 [0.001, 0.04] 0.10 17 0.05 [0.005, 0.21]
Fluid Reasoning 0.003 .05 0.01 [-0.01, 0.02] 0.06 13 0.04 [-0.02, 0.13]
Age 0.03 .03 0.06 [-0.09, 0.15] 0.20 .03 0.38 [-0.54, 0.94]
Gender 0.07 .14 0.04 [-0.003, 0.14] 0.08 .02 0.21 [-0.33, 0.50]
Quantitatively Correct i i i i 4.00 55 055  [2.89,5.06]

Number-Fact Strategy

Note. B = unstandardized coefficient; = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are percentile-based bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls

and is indicated by boldface.
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Table 5D-6
Indirect Effects (95% Percentile-Based CI) of Spatial Skills on Problem-Solving Accuracy of Continuous Quantity—Dynamic Relation Problems
95%
Indirect Effect B p SE  Percentile-
Based CI

Spatial Visualization

— ‘Quantitatively Correct Number Fact’ strategy 0.29 .16  0.13  [0.03, 0.54]

— Problem-Solving Accuracy

Visuospatial Working Memory

— ‘Quantitatively Correct Number Fact’ strategy —0.01 —004 0.07 [-0.15,0.11]

— Problem-Solving Accuracy
Note. B = unstandardized coefficient; § = standardized coefficient. SE = standard error. Confidence intervals (Cls) are percentile-based bootstrap intervals
based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls and is indicated by boldface.
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Table SD-7

Path Coefficients (95% Percentile-Based CI) Predicting Quantitative Correct Number-Fact Strategy use and Problem-Solving Accuracy of

Continuous Quantity—Static Relation problems

‘Quantitatively Correct Number Fact’ Strategy

Problem-Solving Accuracy

95% 95%
B p SE Percentile- B p SE Percentile-
Based CI Based CI

Spatial Visualization 0.02 .06 0.03 [-0.05, 0.07] -0.24 -.12 0.16 [-0.56, 0.06]
Visuospatial Working Memory 0.04 A8 0.02 [-0.002, 0.08] 0.01 .003 0.10 [-0.19, 0.19]
Language Ability 0.01 12 0.01 [-0.003, 0.02] 0.06 11 0.04 [-0.01, 0.13]
Numerical Ability 0.03 35 0.01 [0.01, 0.05] 0.14 22 0.07 [0.01, 0.29]
Fluid Reasoning 0.003 .04 0.01 [-0.01, 0.02] 0.09 18 0.04 [0.02, 0.16]
Age 0.04 .05 0.06 [-0.07, 0.17] 0.54 .08 0.42 [-0.27, 1.36]
Gender 0.07 13 0.03 [0.003, 0.13] 0.04 .01 0.26 [-0.49, 0.53]
Quantitatively Correct ] ] ] i 3.89 49 084  [2.30,5.59]

Number-Fact Strategy

Note. B = unstandardized coefficient; = standardized coefficient; SE = standard error; Strategy = ‘Quantitatively Correct Number Fact’ strategy. Confidence
intervals (Cls) are percentile-based bootstrap intervals based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls

and is indicated by boldface.
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Table 5D-8
Indirect Effects (95% Percentile-Based CI) of Spatial Skills on Problem-Solving Accuracy of Continuous Quantity—Static Relation Problems
95%
Indirect Effect B p SE  Percentile-
Based CI

Spatial Visualization

— ‘Quantitatively Correct Number Fact’ strategy 0.06 .03  0.12 [-0.18, 0.30]

— Problem-Solving Accuracy

Visuospatial Working Memory

— ‘Quantitatively Correct Number Fact’ strategy 0.15 .09  0.08 [-0.01, 0.32]

— Problem-Solving Accuracy
Note. B = unstandardized coefficient; § = standardized coefficient. SE = standard error. Confidence intervals (Cls) are percentile-based bootstrap intervals
based on 5,000 resamples. Statistical significance was evaluated based on 95% percentile-based Cls.
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