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ABSTRACT

A set of analytic solutions for the plunging region thermodynamics has been developed recently under the assumption that the
fluid undergoes a gravity-dominated geodesic plunge into the black hole. We test this model against a dedicated 3D global
general relativistic magnetohydrodynamics simulation of a thin accretion disc around a Schwarzschild black hole using the code
ATHENAK. Provided that we include the effects of non-adiabatic heating (plausibly from grid-scale magnetic dissipation), we find
excellent agreement between the analytic model and the simulated quantities. These results are particularly important for existing
and future electromagnetic black hole spin measurements, many of which do not include the plunging fluid in their emission
modelling. This exclusion typically stems from the assumption of a zero-stress boundary condition at the innermost stable
circular orbit (ISCO), forcing all thermodynamic quantities to vanish. Instead, we find a non-zero § ; & 5.3 per cent drop in the
angular momentum over the plunging region, which is consistent with both prior simulations and observations. We demonstrate
that this stress is small enough for the dynamics of the fluid in the plunging region to be well-described by geodesic trajectories,
yet large enough to cause measurable dissipation near to the ISCO — keeping thermodynamic quantities from vanishing. In the

plunging region, constant @-disc models are a physically inappropriate framework.

Key words: accretion, accretion discs —black hole physics.

1 INTRODUCTION

From the supermassive black holes at the centre of active galactic
nuclei to the stellar mass black holes found in X-ray binary systems,
disc accretion of matter onto black holes is a prominent source of
power in the Universe. Moreover, the emission of radiation close
to a black hole ‘shines a light’ on this strong gravity regime and is
therefore an important tool for understanding general relativity (GR),
complementing the recent advent of gravitational wave detection.

A feature of GR is the existence of a plunging region between
the innermost stable circular orbit (ISCO) and the event horizon of a
black hole. In this region, no stable circular orbits exist, yet it is still
a source of light and other material. The position of the ISCO and the
size of the plunging region are strongly dependent on the black hole
spin, denoted by the parameter a = ¢J /G M, where J is the angular
momentum of the black hole and M is its mass. Maximally prograde
black holes (a/M = 1) have the smallest plunging region (risco =
Thorizon = GM/ c?), whilst maximally retrograde black holes (a/M =
—1) have the largest plunging region (r1sco = 9 Thorizon = 9 GM/c?),

* E-mail: jake.rule@physics.ox.ac.uk

© The Author(s) 2025.

a dependence that has been used as the basis for measuring the black
hole spin.

Unlike the mass, the spin of a black hole has no Newtonian
counterpart and is most readily measured by probing the strong
gravity regime. A common technique for measuring the spin of a
black hole is based upon measuring the thermal continuum emission
of its accretion disc (e.g. Zhang, Cui & Chen 1997; McClintock,
Narayan & Steiner 2014; Reynolds 2021). Modelling this emission
allows one to constrain the location of the ISCO and hence the
spin. Using classical disc models, the most energetic emission in the
spectrum originates from just outside of the ISCO. Since the liberated
binding energy will increase as the ISCO moves closer to the black
hole, measuring the energy of this edge allows one to determine the
location of the ISCO.

Generally, this approach and all other accretion-based spin mea-
surement techniques, such as reflection spectroscopy, are dependent
on the disc model used and on the prescription used to model the
emission. Both of these are a source of systematic error for existing
and future spin measurements (Reynolds 2021).

The classical analytic model for steady disc accretion is the
Shakura & Sunyaev (1973) model, which describes a non-relativistic,
radiatively efficient, optically thick, and physically thin disc. This
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was then extended into full GR by Novikov & Thorne (1973) and
Page & Thorne (1974). To close these solutions, an assumption
must be made about the boundary condition at the inner edge of
the model’s validity (the point at which circular orbits become
unstable). For black holes, the traditional assumption is that there
is a zero-stress boundary condition at the ISCO. At the time, the
role of magnetic fields in accretion discs was uncertain, it was not
until the discovery of magnetorotational instability (MRI; Balbus &
Hawley 1991) and its crucial role in the turbulent transport of angular
momentum in discs (Balbus & Hawley 1998) that the possibility of
a finite stress at the ISCO from the magnetic fields was seriously
considered (Gammie 1999; Krolik 1999; Agol & Krolik 2000). Since
then, simulations with increasing sophistication have confirmed
the presence of a finite ISCO stress, including multiple global
general relativistic magnetohydrodynamics (GRMHD) simulations
(e.g. Hawley & Krolik 2001; Krolik & Hawley 2002; Shafee et al.
2008; Noble, Krolik & Hawley 2010; Penna et al. 2010; Zhu et al.
2012; Schnittman, Krolik & Noble 2016; Dhang, Dexter & Begelman
2025, amongst others).

One consequence of a zero-stress boundary condition is that it
forces all thermodynamic quantities to vanish at the ISCO and
remain zero throughout the plunging region. Such zero-stress models
are routinely used for the aforementioned thermal continuum fitting
method for measuring black hole spins, despite compelling numerical
evidence that there is a finite ISCO stress. As a consequence, they
completely ignore the plunging fluid (this is a widespread practice;
see e.g. McClintock et al. 2014, for a review, or e.g. Zhao et al.
2021, for a recent example). Mummery & Balbus (2023, hereafter
MB23) derived a full set of analytic thermodynamic solutions for
the plunging region flow, which can, among other things, be used
to include the radiation emitted by fluid in the plunging region into
the models used for continuum fitting. Crucially, MB23 find that
the most energetic radiation can originate from within the plunging
region, an effect that is a potential source of systematic error for
existing spin measurements using classical disc models. Radiation
from the plunging fluid provides a possible explanation for X-ray
spectra which did not fit well using the classical zero-stress models
(e.g. Fabian et al. 2020; Mummery et al. 2024b; Mummery, Jiang &
Fabian 2024c).

The calculation discussed here assumes that the plunging flow is
well-modelled by a gravity-dominated geodesic plunge for thin and
weakly magnetized discs. In practice, even when modelling thin,
weakly magnetized discs it is unclear a priori if thermal and magnetic
pressure gradients are dynamically important to the plunging flow.
Targeted global GRMHD simulations of the main disc and plunging
region are required to test the theory.

While being the simplest case to model analytically, thin discs are
demanding to simulate (e.g. Liska et al. 2022 for a recent discussion).
This is because one must adequately resolve the vertical extent
of the disc, which is, by definition, much smaller than the radial
extent. Increased spatial resolution also requires shorter time-steps
to satisfy the Courant-Friedrichs—Lewy condition. Moreover, the
diffusion time-scale of thin discs scales as g5 ~ (h/r)~2, where h/r
is the ratio of the scale height to the radius, meaning that for thinner
discs the simulation must run for longer to reach an equilibrium. The
plunging region itself also represents an intrinsically challenging
regime for simulations. The flow is highly relativistic, with a quickly
dropping thermal energy that must be recovered accurately despite
being several orders of magnitude smaller than the evolved total fluid
energy.

In this paper, we present and analyse an ATHENAK simulation of a
thin accretion disc, building on previous work done using the same
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code for the thick disc case by Mummery & Stone (2024). They found
good agreement even in that, more extreme, case. To keep the disc
thin, we introduce a cooling function (i.e. Shafee et al. 2008; Noble,
Krolik & Hawley 2009; Penna et al. 2010), mimicking rest-frame
isotropic radiative losses and counteracting the unavoidable grid-
scale numerical dissipation. Due to hardware and code advances over
the last decade, this simulation represents a numerical improvement
over the 2010 era simulations of the same kind (i.e. Noble et al.
2010; Penna et al. 2010). For instance, we do not artificially restrict
the domain in the azimuthal direction; our grid is locally isotropic
(with a cell aspect ratio of exactly 1:1:1 everywhere), yet we
achieve a better resolution in the mid-plane of the plunging region.
In this work, we evolve a single-temperature fluid. Hankla, Dexter
& Scepi (2025) have recently extended this, simulating the plunging
region with two-temperature physics.

We find good agreement between the simulated quantities and
the MB23 analytic model, provided that the analytic modelling
includes a prescription for the observed non-adiabatic heating of
the plunging flow. We also find a small but non-zero ISCO stress
(67 ~ 5.3 per cent), consistent with both previous simulations (No-
ble et al. 2010; Penna et al. 2010) and observations (Mummery et al.
2024b, c).

The layout of the paper is as follows. In Section 2, we briefly review
the MB23 model. In Section 3, we give an overview of our simulation
set-up before discussing the simulation results and comparing them
with the model in Section 4. We draw conclusions in Section 5.

2 PLUNGING REGION ACCRETION MODEL

2.1 Dynamics

The MB23 model assumes that within the ISCO, gravity is the
dominant acceleration term in the ideal GRMHD Euler equation.
Comparing the typical scales of the accelerations due to gravity,
pressure, and magnetic fields (ag, ap, and ag, respectively) within
the ISCO (which has radius ry), they find

& e V%
ag ~ — > ap~ —, ag~ —.
n A 4

As MB23 point out, within the ISCO, gravity is the dominant accel-
eration wherever the sound speed, cs, and the Alfven velocity, va,
are subrelativistic. For the pressure, they show that this assumption
is self-consistent with the eventual thermodynamic solutions (for
typical sub-Eddington choices of the accretion rate M). Since the
theory does not dynamically evolve the magnetic field, one can
check for the self-consistency of this assumption only with full
GRMHD simulations. MB23 posit that the Alfven velocity will be
subrelativistic except perhaps when the disc is in a magnetically
arrested disc state (Narayan, I[gumenshchev & Abramowicz 2003).

With gravitational accelerations dominant, the Euler equation is
nothing more than the geodesic equation, and so the fluid parcels
follow a test particle geodesic plunge. The specific energy and
specific angular momentum of a fluid parcel are given by the
covariant components of the four-velocity, —U, and Uy, respectively.
For geodesic motion in the Kerr metric, these are both conserved.
One can find plunging solutions to the geodesic equation with the
same energy and angular momentum as a particle on a circular orbit
at the ISCO (Cunningham 1975; Mummery & Balbus 2022). These
have a radial four-velocity,

. 2rg (17 3
U= —c —(7—1) . )
3rr \r



Formally, in this pure geodesic solution there is no radial velocity at
the ISCO radius itself since the solution must reduce to a circular orbit
there. Inreality, if this model is to describe an accretion scenario there
should be a non-zero radial velocity at the ISCO so that fluid elements
actually pass over it. Therefore, U, (or Up) cannot be exactly the
same as for a circular orbit at the ISCO. Some angular momentum is
passed back from the plunging flow to the main disc, and this angular
momentum is assumed to source a small but non-zero stress at the
ISCO. Without such a stress, one can also show from the relativistic
equations for the exterior disc (Balbus 2017; MB23) that the radial
velocity diverges at the ISCO, which is clearly unphysical. At the
same time, the stress is assumed small enough that it does not lead
to large departures from a geodesic plunge. The validity of such an
assumption is one of the key tests performed in this work.

This angular momentum transport must conspire to produce a
non-zero ISCO velocity, which can be approximately incorporated
by including an offset velocity, uy,

. 2rg (17 3
U = —c 3—(——1) . 2
It r

We can make this approximation because we expect that u; will be
on the scale of the sound speed (Mummery, Mori & Balbus 2024a),
which will be very small in comparison to the geodesic term once
the fluid has been rapidly accelerated by gravity to near the speed of
light.

2.2 Thermodynamics

MB23 assume a constant mass accretion rate, M. One may then use
the radial velocity (equation 2), to define a surface density X(r),
M

2mr(=UY)’

It is important to point out that in a zero-stress model, u; — oo and
the surface density vanishes, along with all other thermodynamic
variables. For a non-vanishing model of the plunging region thermo-
dynamics, it is therefore crucial to have a non-zero ISCO stress and
a finite uy.

MB23 assume that the plunging flow is well-approximated by
being adiabatic. This approximation, which we will test in this work,
is likely to be accurate if the energy loss/gain time-scales are longer
than the free-fall time of the flow, which we note is short (of order
the light crossing time) within the ISCO: t; ~ r;/c. With an ideal

gas equation of state,
P
Uy = ——.
=l y — 1

The conservation of entropy leads to

=(r) = 3

P =Kp, 4)

where y is the adiabatic index and K = Pp~7, which is closely
related to the specific entropy s o< In(K). In the above expression, u,
is the internal energy, P is the gas pressure, and p is the rest mass
density of the fluid. The model is one-dimensional (radial), with no
explicit vertical structure. However, it is still possible to introduce a
radially dependent scale height H (r). This enables one to also define
a radially dependent rest mass density from the surface density,

X
H®r)

(Note that since there is no explicit vertical dependence, this rest mass
density should be considered as an average over the scale height.)

p(r)
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MB23 determine H(r) in terms of the pressure and the density,
assuming that a vertical hydrostatic equilibrium is maintained and
that the fluid follows a geodesic plunge. This is another assumption
that we shall test in this work. This is sufficient to close the set of
equations. Ultimately, they find that

= ('7-‘—1)%“]71, 5)
ﬁ:(g)% (%)% [6" (a 1)%—1—1}_(&), (6)
% = (ITI)% (,%)ﬁ [6_1 (% - l)% + 1]7<%) , 7

L (2)% (g)* [ (-1t 1}_(ﬁ) L®

i _ ()~ () (Kﬁ)* [e_l (1-1)% + 1]7(5;}), ©)

where € is defined by

ez 3 (10)
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which should be viewed as a parameter of the model. We have
explicitly kept the dependence on the quantity K = Pp~7, so that
any effects of turbulent heating/radiative cooling can be accounted
for. We have also assumed that the system is gas pressure dominated,
so that the central temperature, 7. oc P/p. Note the self-similar
nature of these solutions for fixed €. The scaled solutions are exactly
the same for all black hole spins and depend only on the radius in
units of the ISCO.

3 GRMHD SIMULATION

To simulate a thin accretion disc around a black hole, we work within
the ideal GRMHD framework, solving the fluid equations using the
ATHENAK (Stone et al. 2024) code, which is based upon a previous
code called ATHENA++ (White, Stone & Gammie 2016; Stone et al.
2020). ATHENAK has been written using the KOKKOS performance
portability library (Trott et al. 2021), which aims to be hardware
agnostic and crucially means that ATHENAK can be run on GPU-
based systems as well as CPU-based ones, leading to a considerable
speed-up and the ability to run higher resolution studies.

ATHENAK uses Cartesian Kerr—Schild (CKS) coordinates
(t, x,y, z; Kerr & Schild 1965). It is, however, useful to analyse our
data in spherical Kerr—Schild (SKS) coordinates (z, r, 8, ¢). These
are defined from CKS coordinates in the following way:

x = (rcos¢ —asing)sind, (11)
y = (rsin¢g + acos ¢)siné, (12)
z=rcosé, 13)

where a is the black hole spin parameter and the time coordinate is
unchanged. SKS coordinates transform to the well-known Boyer—
Lindquist coordinates (gL, 7L, 081, ¢L; Boyer & Lindquist 1967)
in the following way:

2Mrdr
digp =dt - ———— 14
BL T (14)
drBL = dr, (15)
dépL. = db, (16)
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Table 1. SMR configuration. The spatial resolution doubles at each refine-
ment level.

Refinement level X,y € z € Cell spacing

0 [—64, 64] [-32,32] 0.2r4 cell ™!

1 [—64, 64] [—16, 16] 0.1rg cell™!

2 [-32,32] [-8, 8] 0.05 rg cell™!

3 [-16,16] [—4,4] 0.025 rg cell ™!

adr
dpg, =dp — ——F———. 17
¢pL = do oMr +a a7

Since the radial coordinates are identical, radial profiles in SKS
coordinates are identical to those in Boyer—Lindquist coordinates.
In the following, all distances are written in units of r, = GM/c?
and all times in units of , = GM /c?, scaling linearly with the black
hole mass M. Note that for a black hole, —r, < a < rg, and we take
a = 0 in this work. In code units, we then set GM =1 = c.

A major challenge when simulating thin discs is having sufficient
resolution to resolve the scale height of the disc. In our simulation,
this lies in the mid-plane (z = 0) of the domain. We use a static
mesh refinement (SMR) scheme to achieve this, which is detailed in
Table 1. A'1:1: 1 cell aspect ratio is maintained at all times. In the
mid-plane, there are a total of 1280 grid cells between x, y = 0 and
X,y = 64. Most relevantly, in the innermost regions, the minimum
cell spacing is 0.025r, cell”!. A lower resolution simulation is
presented in Appendix A.

We use a second-order accurate Runge—Kutta time evolution
scheme, with a Courant-Friedrichs—Lewy number of 0.3. For spatial
reconstruction, we use a fourth-order accurate piecewise parabolic
method (Colella & Woodward 1984). Finally, we use a Harten—Lax—
van Leer—Einfeldt approximate Riemann solver (Harten, Lax & van
Leer 1983; Einfeldt 1988). ATHENAK uses the total energy-based
conserved to primitive variable inversion scheme from Kastaun,
Kalinani & Ciolfi (2021).

To initialize the disc, we start with a Fishbone & Moncrief (1976)
torus, a hydrostatic equilibrium solution in the Kerr space—time. The
torus is parametrized by an inner edge and a maximum pressure
radius (along the z = 0 direction), which we set to rj, = 107, and
Tmax = 1675. The density is normalized in code units, so that it has
a value of pm,x = 1 at the density/pressure maximum, as shown
in Fig. 1. The density and pressure are related by P = Kiosp?,
where K5 1S @ constant specified by the size of the torus. We set
y = 13/9, which is intended to reflect the relativistic electrons and
non-relativistic ions in the accreting plasma (Shapiro 1973).

For numerical stability, we require the density and pressure to be
above floors which we set globally at pf = 1 x 1078 and p; = 3.33 x
107! in code units, so that they are several orders of magnitude
smaller than the smallest densities and pressures that naturally occur
in the disc. We also have an excised region within the black hole
(r < 1) where the density and pressure are held at their floor values
and the velocities are set to zero. For the Schwarzschild black hole
considered in this paper, this is well within the event horizon, r, = 2.

While in principle ATHENAK is solving the equations of ideal
GRMHD, there is unavoidable numerical dissipation when energy
turbulently cascades down to the grid scale. This dissipation heats the
disc, making it thicker. In reality, the thin discs that we aim to simulate
are efficiently cooled by radiation. Unfortunately, fully simulating
the radiation physics is computationally expensive. Therefore, we
use an ad hoc prescription to model these radiative losses and keep
the disc thin. Following the example of Shafee et al. (2008), Penna
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Figure 1. A cross-section of the initial Fishbone—Moncrief torus in the R—z
plane (R = r sin € is the cylindrical radius). The torus extends symmetrically
in the ¢ direction. The density is shown in colour, whilst the black lines mark
the initial four-loop poloidal magnetic field. The torus has an inner edge
at rip = 10rg and pressure maximum at ryax = 16y (z = 0). These fix the
outer edge to rou = 29.7 1.

et al. (2010), and Noble et al. (2009, 2010), the conservation of
stress—energy (7};) can be modified to include a source term

Vo (T) = Sy (18)
where V, represents the covariant derivative and S, is given by
S, = LU,, 19)

where £ is a cooling function that we borrow from Penna et al.
(2010),

L= —u, KK 20)

Tcool
where K = Pp~" is a quantity monotonically related to the specific
entropy s = kg In(K)/(y — 1), and K, is a target entropy constant
below which there is no cooling. Note that K is a dimensional
quantity which has units of ¢?pY, where pp.x is the dimensional
maximum rest mass density of the initial torus. As such, the
target entropy constant implicitly depends on the mass scale set
for the accreting matter. The cooling time-scale is set equal to

Teool = 27T (a + R¥ ng* 1/ 2), which is the coordinate time taken for

a single circular mid-plane orbit at the cylindrical radius R = r sin 6
(a is the black hole spin parameter). In the plunging region, this
expression no longer has a direct physical interpretation. None the
less, it remains smooth and well-behaved, so it is used at all radii,
ensuring a smooth transition through the ISCO. This differs from
other publications (e.g. Noble et al. 2009), which specify a separate
time-scale for the plunging fluid. Equation (20) aims to remove the
entropy generated by the grid-scale dissipation. It also has the benefit
of not including any prior prescription for the scale height, ensuring
that the disc settles naturally and without a prescribed H (r) profile.
This is important for our purposes, as we seek to test the MB23 scale
height prescription from first principles.

We initialize the torus with a weak magnetic field, from which the
MRI (Balbus & Hawley 1991) develops. We normalize the magnetic
field so that By, = min(ug/Umag)ioris = 100, which is the minimum
ratio of the thermal energy (u,) to the electromagnetic energy (Umag)
in the initial torus. The MRI destabilizes the hydrostatic equilibrium



after a few orbits, initiating a turbulent phase of accretion onto the
central black hole. It has been found that the choice of initial magnetic
field geometry can significantly alter the ultimate steady state (e.g.
Pennaetal. 2010). Since we wish to end up with a weakly magnetized
disc, we use a four-loop purely poloidal field configuration as our
magnetic field initial condition, as demonstrated in Fig. 1. To test
if we are resolving the MRI, we measure fluid frame MRI quality
factors in the vertical and azimuthal directions (as defined by Noble
etal. 2010; Hawley, Guan & Krolik 2011). We find that Qmry ¢ 2 10
and Qwmgi, ¢ 2 50 in the main bulk of the disc at late times. These
surpass the standard set by Hawley et al. (2011).

Where there is no initial torus, we specify an initial background
density that falls off with radius, p = 1072 x r—3/2. As before, the
pressure is related via an ideal gas equation of state, P = Kp?,
where K is the target specific entropy of the cooling function. This
ensures that the background is not initially cooled.

During the course of our simulations, we have found that in
the plunging region, the numerical scheme that we have outlined
above can lead to amplified grid-scale noise due to unavoidable
round-off error. Within the plunging region, the fluid is rapidly
accelerated, reaching radial velocities (near the horizon) approaching
the speed of light. For thin discs with weak thermal support, the
thermal component of the total energy is considerably smaller than
the kinetic component. Since the kinetic and thermal components
are evolved together (as part of the stress—energy tensor), any error
from the kinetic component (i.e. from round-off error) is therefore
amplified, in relative terms, for the thermal component. The fluid-
frame thermal energy that is recovered from the stress—energy tensor
can therefore become noisy. To stabilize against this difficulty, one
could impose a high floor so that the thermal energy does not become
too small. However, since the purpose of this work is to study the
thermodynamics of the plunging fluid, this is not a viable option.
For cells that fluctuate below the (low) thermal energy floor, we
replace the flux-calculated value by the average of well-behaved
neighbouring cells. This acts somewhat to smooth over the numerical
noise, but the underlying spatial structure of the thermal energy is
still obscured from instant to instant.

None the less, by averaging the thermal quantities (i.e. the pressure
or gas temperature) over time, azimuth, and scale height, we obtain
smooth radial profiles that do not exhibit large temporal variances
(these are presented in Section 4). Whilst there is noise in any given
snapshot of the simulated plunging region, the underlying radial
behaviour of the flow may still be extracted by averaging. We believe
that this therefore represents a robust benchmark against which to
test the MB23 model.

4 RESULTS

In this paper, we present results from a simulation with a
Schwarzschild (a/M = 0) black hole. We ran the simulation for
20000 ¢, (about 217 circular orbits at the ISCO). In this simulation,
we set K, = 0.001 and the disc settled to a scale height of i2/r ~ 0.06,
which we measure (at r = 107,) in the following way:

By e 10 = /20 p /Zeeges de dO
r I fOZﬂ P /8008pp A dO

Fig. 2 shows the time evolution of the mass accretion rate at the
horizon

2n

7T 27t
Mo = — / / U /2 dp do), 22)
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Figure 2. The time evolution of the mass accretion rate (right, logarithmic
scale) at the event horizon Mpor, and a normalized magnetic flux at the horizon

. ~1)2
(left, linear scale), ghor = Por (Mhmrg%)

where g = |detg,,| is the absolute value of the full metric
determinant, and a normalized magnetic horizon flux @no =

. -1/2
Dpor (Mhorr§c> , where

1 e 27
Phor = 5 / / |B"|/g d¢p do (23)
2 0 0

is the hemispherical magnetic horizon flux due to the factor of
1/2 (following Tchekhovskoy, Narayan & McKinney 2011). The
mass accretion rate has a brief spike at early times, but begins
to settle once the initial torus has been turbulently disrupted. By
t ~150001¢,, the mass inflow is steady enough to produce time-
averaged profiles. The normalized magnetic flux is a standard test for
magnetically arrested discs (MADs). Recent literature (e.g. Narayan
et al. 2022; Scepi, Begelman & Dexter 2024) suggests that MADs
typically have a normalized flux of about ¢po ~ 50. Although the
flux rises throughout the simulation, it remains firmly within the
weakly magnetized regime.

For the purposes of constructing radial profiles to test the MB23
model, we require a steady-state averaging window. We use the
window where 15000 < ¢/, < 20000, since there is a more-or-less
steady mass inflow and a stable, weak magnetic horizon flux.

We define our averages in the following way:

1 I 27 - d
/ |:f0 ZZ d+/ 8141 ¢:| d (24)
Ir—11 1 fO /81¢] dd)

is the mid-plane temporal and azimuthal average of g, where g4
is the absolute value of the determinant of the 7¢ submetric, or
equivalently the determinant of the induced metric on hypersurfaces
of constant r and 6:

21 6
1 /" o Jo. 4/Ciigo1 dp dO o
21 6
r— I 1 foﬂ fgu] /811961 d¢ do
is the temporal, azimuthal, and vertical average of ¢, where g40; is
the absolute value of the determinant of the 16 submetric. In the
vertical direction, we integrate from 6, = 76° to 6, = 104°, so as to
not include non-disc material. This is also the most refined region
centred about the mid-plane. Finally,

| /,f { 2 [ g0 /Sirga Ao de] @
=t Su [T ot 0B o de

(Gmid)p =

(25)

(‘I)me =

(@)p.190 = (26)
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Figure 3. The plunging region radial four-velocity (U") (left) and angular momentum (Uy ) (right) profiles. The dots in the upper left- and right-hand panels show
the density-weighted, temporally ([15, 201k t,), azimuthally ([0, 271]), and vertically ([76°, 104°]) averaged simulated quantities, (—U"), s¢0 and (Uy),,i¢6-
The shaded region represents +1o0 standard deviation o = |/ Var,49(—U") and o = |/ Var;49(Uy), respectively. The dot—dash lines in the left-hand panel are
geodesic solutions. The offset geodesic is from equation (2) and the pure geodesic is from equation (1). The horizontal solid line in the right-hand plot is the
angular momentum corresponding to a circular orbit at the ISCO. There is a § 7 = —5.3 per cent drop in the average angular momentum over the plunge.

is the density-weighted temporal, azimuthal, and vertical average of
q. Density weighting is useful for some physical quantities, where
(for example) we are only interested in the quantity evaluated in the
bulk of the disc flow, not including the background. We also define
the azimuthally and temporally averaged surface density:

27T
1 /lr { IS fju' 0./Sirgo1 dob d@} “
tr—1 )y [77 S do

To quantify the spread of the averaged radial profiles, we further
define the following femporal variances:
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The left-hand panel of Fig. 3 shows the averaged radial velocity
(—U") 100 plotted with dots. The offset geodesic model (equation 2)
and the pure geodesic model (equation 1) are plotted with dot—dash
lines. For the offset model, we fix uy to the value of the first point
on the simulated profile that is within the ISCO (u; = (0.0136 £
0.0007)c). As expected, this value is small and is quickly dwarfed by
the O(1)c geodesic term as the plunging flow approaches the horizon.
Both models show a remarkable agreement with the simulation, with
the residuals quickly dropping to the percentage level towards the
horizon. This demonstrates that in a weakly magnetized thin-disc
epoch, the dominant forcing term in the plunging region relativistic
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Euler equation is gravity. Pressure gradients and magnetic fields are
subdominant, which was a fundamental assumption of the MB23
model.

In the right-hand panel of Fig. 3, we plot the averaged radial
profile of the angular momentum, (Us), 0. We see a clear but
relatively small drop (867 = 5.3 per cent) in the angular momentum
over the plunge. Interestingly, this is consistent with the continuum
fitting results of Mummery et al. (2024b) who parametrize the
intra-ISCO thermodynamics in terms 87, and by fitting the X-ray
spectra of the black hole X-ray binary MAXI J1820+070, found
87 ~ 4 per cent. The horizontal line represents the constant angular
momentum associated with a circular orbit at the ISCO, which
approximates the true angular momentum to within a few per cent.
This drop in angular momentum is the result of the outward transport
of angular momentum from the plunging fluid to the main disc by
a non-zero stress. This transport is small enough so that geodesic
inspirals remain an excellent approximation to the dynamics of the
flow. None the less, this stress still extracts free energy from the
disc shear. When multiplied by the considerable shear gradient, it
leads to significant heating of the fluid as it passes over the ISCO
and begins to plunge. To illustrate the significance of this heating,
if one solves for the disc thermodynamics within the Novikov &
Thorne (1973) framework, including an ISCO stress equivalent to
what is found in our simulation, the central temperature is hottest
at the ISCO itself (see fig. E4 of MB23). This is in contrast to the
zero-stress limit where this temperature vanishes at the ISCO. In
this way, a dynamically unimportant stress in the plunging region is
thermodynamically crucial.

One may also understand this interplay in terms of the additional
radiative efficiency Ag, from the plunging fluid, of a disc with a non-
zero ISCO stress compared to that of a zero-stress disc truncated
at the ISCO (Agol & Krolik 2000). We find that the additional
change in the binding energy is Ae ~ 0.016, beyond the Novikov &
Thorne (1973) predictionof &g = 1 — «/g/3 ~ 0.0572 (a 27 per cent
increase). Whilst a large fraction of the radiation that is emitted
close to the horizon will be absorbed by the black hole, it is clear
that this extra dissipation will have a significant impact on the
thermodynamics of the plunging fluid.
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Figure 4. The plunging region specific entropy profile represented by K = Pp~" (upper left), magnetic energy profiles (upper right), and a snapshot of the
x = Oslice taken at t = 20000 ¢y (lower). In the upper left, dots show the temporally ([15, 20] k #y), azimuthally ([0, 27t]), and vertically ([76°, 104°]) averaged
simulated specific entropy. The shaded area represents a 1o standard deviation. We also plot a fitted power-law model K = Ki(r/r;)~". In the upper right, dots
show the similarly averaged electromagnetic energy density (imag = b*b,, /2) profile, with individual components in colour (note that b’ b;, which is not shown,
is negative). Below, the electromagnetic energy density is shown in colour, with magnetic field lines overlaid. A current sheet can be seen in the mid-plane of
the plunging region where oppositely directed field lines reconnect at the grid-scale.

The upper left-hand side of Fig. 4 shows the averaged specific
entropy profile, represented by (K) = (Pp~"),49. We notice that
(K) rises throughout the plunge and so contrary to the assumptions
of the MB23 model, the plunge is not perfectly adiabatic. We
find that this rise can be reasonably well-modelled as a radial
power law (K) = Ki(r/r;)™", where m is an index and Kj is a
normalization, both of which we fit for by minimizing the error-
weighted squared distance between the simulated data and the model.
These parameters (excluding normalizations) and their associated
errors are summarized in Table 2.

Physically, the rise in entropy is an interesting result as, naively,
it appears unlikely that the flow should be dissipating so much in a
region where the flow is well described by geodesic plunges onto
the black hole. We suggest that the extra heating is due to grid-scale
magnetic reconnection caused by the combination of a rapid radial

acceleration and vertical compression within the plunging region,
which causes field lines to be stretched (by flux freezing) towards the
equatorial plane. If field lines of opposing polarity (initially) above
and below the equatorial plane both undergo this same dynamical
evolution and meet, they will reconnect and heat the flow. To
demonstrate that this is indeed what is happening in our simulation,
the lower panel of Fig. 4 shows an extended current sheet in the
mid-plane of the plunging region (taken from a snapshot from the
latest time in our simulation), with reconnecting oppositely directed
field lines on either side. This heating via magnetic reconnection has
been noted before in the literature (e.g. Penna et al. 2010). In the
upper right-hand panel of Fig. 4, we also plot the electromagnetic
energy density profile um,e = b*b, /2 and its spatial constituents.
Here, b* are the covariant components of the magnetic field four-
vector (e.g. Gammie, McKinney & Téth 2003). Flux freezing is
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Figure 5. The plunging region surface density (top left), density (top right), pressure (bottom right), and temperature (bottom left) profiles. Dots show the
temporally ([15, 20]k ), azimuthally ([0, 27t]), and (for the density, pressure, and temperature) vertically ([76°, 104°]) averaged simulated quantities. The
shaded regions represent £ 1o standard deviations. In the top left-hand panel, we also plot the MB23 surface density model (equation 5), which follows directly
from mass conservation. In the other panels, we plot fitted MB23 models (equations 6-8). For these fits, K has been modelled with the power-law model shown
in Fig. 4. The density, pressure, and temperature profiles are fitted separately so that they each have their own € parameter (see Table 2). The index m is fixed to

the value found from the K profile.

Table 2. Summary of the best-fitting parameters for each model (excluding
normalizations). With the exception of the radial velocity, these are found
by minimizing the error-weighted squared distance to the simulated data.
An asterisk (x) indicates that the parameter was fixed at the given value
during the fitting process. The parameter € is related to the ISCO velocity
(equation 10). For the radial velocity, € is directly calculated from the first
point on the simulated profile that is within the ISCO and is not a fitted
parameter. The parameter m is the fitted index used to model the radial
dependence (K) = Ki(r/r))~"™.

Model Quantity € m
Equation (2) (=U" p.1g0 0.041 £ 0.002 -
Power law (K) g - 2.71
Equation (5) (X1 0.021 -
Equation (6) (0)1g0 0.015 2.71%
Equation (7) (P)igo 0.015 2.71%
Equation (8) (T) g0 0.044 2.71%
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clearly demonstrated by the sharp rise in the radial component as the
flow approaches the horizon. It is also clear that the magnetic field is
predominantly toroidal at this stage of the simulation.

The surface density, density, pressure, and temperature profiles
are plotted in Fig. 5. Using the power-law model to describe the
radial dependence of K, we plot the MB23 models for each quantity,
fitting € separately for each profile by minimizing the error-weighted
squared distance to the simulated data. The best-fitting € parameters
that we find for each model and quantity are summarized in Table 2.

We find excellent agreement between the MB23 model for the
surface density (equation 5) and the simulated data. This is unsurpris-
ing. We have already demonstrated excellent agreement between the
simulated radial velocity and the offset geodesic model (equation 2),
so it is clear that the surface density should also follow directly from
mass conservation (equation 3), provided that the mass accretion rate
(M) is constant. We continue to find good agreement between the
MB23 models for the other thermodynamic quantities (p, P, and
T) and the simulated data, provided that we adequately model the
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Figure 6. The inward radial velocity at the ISCO (—up) as a function of time (top left), vertical height (0, top right), azimuthal position (¢, bottom right),
and azimuthally averaged mid-plane sound speed at the ISCO ({cs,1,mid), » bottom left). To marginalize over other variables, the averaging procedure is slightly
different in each case. For the temporal variation, we plot the azimuthally averaged mid-plane ISCO velocity at each time. For the vertical variation, we plot the
azimuthally averaged ISCO velocity at the time ¢ /¢, = 20 000. For the azimuthal variation, we plot the mid-plane value at the time #/t; = 20 000. Finally, for
the sound speed, we plot the same quantity as for the temporal variation. Each point is measured at a common time.

radial dependence of K . This does not follow from mass conservation
alone, and demonstrates that the MB23 scale height prescription is
also robust. Note that we expect some level of disagreement for these
quantities due to the fact that our model for K is ad hoc.

Examining the best-fitting € parameters found for each quantity in
Table 2, we find close agreement between the density and pressure,
but some spread when one includes the temperature and surface
density (although these still agree at the factor of 3 level). This spread
is to be expected since we are fitting functions that each have a non-
linear dependence on € to the averaged data. For non-linear functions,
the average of the function is not equivalent to the function of the
average, so the best-fitting € is not a measurement of the average
radial velocity at the ISCO, but is likely to be broadly similar in
magnitude. More technically, this is because the first derivative of
the objective function (dx2/d¢), which is formally equal to zero for
the best-fitting €, will also be highly non-linear. The value of € should
instead be treated as an effective parameter of the MB23 model.

Fig. 6 shows the simulated radial velocity at the ISCO (u;) as
a function of time, height, azimuth, and the ISCO sound speed. It
rapidly fluctuates as a function of azimuth and time, highlighting that
the flow is still very much turbulent as it passes over the ISCO and is

yet to transition to the more laminar plunging flow (e.g. Mummery
et al. 2024a). In the lower left-hand panel, we find no correlation
between the azimuthally averaged mid-plane isothermal sound speed
and the azimuthally averaged ISCO velocity. A curious observation
is that the mid-plane ISCO velocity is outward flowing over a fraction
of the azimuth for the snapshot shown in the bottom right-hand panel.
Examining the upper left-hand panel, we also notice that the inward
ISCO velocity is at a minimum in the mid-plane and sharply rises
with scale height, on either side of the mid-plane.

One can interpret these observations as a series of layers ‘sliding’
over each other in the disc atmosphere and into the plunging flow.
Layers higher into the disc atmosphere experience less obstruction
from turbulent eddies and so slide in more quickly. Where fast
flowing layers of disc atmosphere meet at the mid-plane, they can be
occasionally pushed back into the main body of the disc, explaining
why there is sometimes observed outflow in mid-plane. Since all
of the simulated profiles in Fig. 5 are vertically averaged, € is best
thought of as an effective parameter that describes the entire vertical
structure. None the less, we expect that the averages will be skewed
towards the layers where the quantity is greatest, i.e. the mid-plane
in the case of the density. Due to the vertical stratification in the
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Figure 7. The plunging region « profile. Black dots show the density-
weighted temporally ([15,20]k?g), azimuthally ([0, 27]), and vertically
([76°,104°]) averaged simulated «. A clear order of magnitude rise is
observed.

flow speed, the best-fitting € should preferentially reflect these, for
example, overdense layers.

In Fig. 7, we plot the Shakura & Sunyaev (1973) angular momen-
tum transport parameter, (), ;4. as a function of radius. We define
this in the standard manner

7 mag
o7
_ i 3
* p+b%/2 (32)
where 7,2 is the r, ¢ component of the fluctuating, magnetic part

of the stress—energy tensor calculated in the local fluid rest frame,

T = el e Ty = ef'e} <b2UﬂUU + %bzgw - b,lbu> .33
In these expressions ¢ are the orthonormal basis vectors (Bardeen,
Press & Teukolsky 1972) of the local fluid rest frame (e.g. Kulkarni
etal.2011). Note that the first two terms vanish in the local rest frame
of the flow. We clearly observe that this is not a constant parameter
in the plunging region. This is not surprising, as the magnetic fields
are dragged by the relativistic flow into an ever-decreasing region,
amplifying their turbulent stress (this is just flux freezing once again;
Krolik 1999).

This flux freezing, which is a fundamentally magnetohydrody-
namic (MHD) effect, can of course not be captured by a phenomeno-
logical viscous model. It is inevitable that within the plunging region
the strength of the magnetic fields will always be amplified, owing
to the gravitational focussing of the flow and Alfvéns’ theorem. A
growing MHD stress can then transport a small amount of angular
momentum back to the main body of the disc, and have associated
with it a large dissipation owing to the large shear gradient. This
stress within the plunging region is small enough that the flow is
well approximated by geodesic dynamics, but not so small that the
transport (and the dissipation) is effectively zero. Effectively zero
transport is a prediction of the naive o framework, which is clearly
not valid in this regime.

A second, possibly less consequential but still important, short-
coming of the o framework is its assumption of locality. In the main
body of the disc, the mean radial velocity is an asymptotic order
smaller than the turbulent fluctuations in the velocities, which are
themselves an asymptotic order smaller than the azimuthal orbital
velocity. As a consequence of this scaling, the free energy, which is
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extracted from the shear flow by the stress, is dissipated locally. By
stark contrast, in the plunging region, the inward radial velocity is of
comparable magnitude to the azimuthal velocity, and so no equivalent
asymptotic scaling holds. The free energy that is extracted from the
shear need not be locally dissipated, and is in fact transported back
to the main body of the disc where it is dissipated in the near-ISCO
region. It is therefore clear that an «-style coupling between the
local stress and local pressure has no meaning within the plunging
region. As such, models for intra-ISCO flows based upon the a-
disc framework are physically inappropriate and have little physical
content.

5 CONCLUSIONS

In this paper, we have presented a thin, weakly magnetized global
simulation of the inner accretion disc around a Schwarzschild black
hole using the GRMHD code ATHENAK. There is a remarkable agree-
ment between the dynamics of the numerically simulated plunging
flow and those of an analytic geodesic plunge. Provided that we
modify the MB23 model to include non-adiabatic heating (plausibly
from magnetic dissipation), there is also a good agreement between
the modified analytic model and the simulated thermodynamic
quantities. One should remember that the simulation is 3D and
fully turbulent, so extracting simple self-similar solutions from its
thermodynamic variables is not a trivial result. This extends the work
of Mummery & Stone (2024), who did a similar study for thick discs.

We measure a small but significant (67 ~ 5.3 per cent) drop in
the angular momentum of the plunging fluid as it spirals inwards.
This drop in angular momentum from the ISCO to the horizon
barely affects the geodesic infall, but as a contributing factor to
the energy dissipation rate, the resulting angular momentum flux is
indicative of significant heating near the ISCO. This ensures that the
fluid retains non-vanishing thermodynamic quantities as it plunges
towards the black hole. We have also measured the Shakura &
Sunyaev (1973) angular momentum transport parameter, «, in the
local rest frame of the fluid. We find an order-of-magnitude rise over
the plunge. It is clear from this alone that a constant ¢-disc framework
is irrelevant in this region. Furthermore, we have argued that the
plunging region represents a distinct regime where the assumptions
of locality underpinning the o-disc model clearly no longer hold.

Analytically modelling the plunging region thermodynamics has
great potential utility for observers, particularly for calculating the
emission that originates from a full black hole accretion disc that has
not been artificially truncated at the ISCO. Such a calculation has
already been used to explain the high-energy tails of thermal X-ray
binary spectra (Mummery et al. 2024b, c). Such full disc models
should better inform our estimates of black hole spins and help us to
better probe the strong gravity regime.

It would be of great interest to explore the accuracy of these
emission models by post-processing radiative transport for our
existing GRMHD simulations, following the example of Noble et al.
(2011) and Zhu et al. (2012). Moreover, it is now possible within
ATHENAK to self-consistently evolve a directional grey radiation field
alongside GRMHD (White et al. 2023; Stone et al. 2024). This would
allow for a careful examination of the importance of the radiation
field on the dynamics of the plunging fluid and is an exciting avenue
for further study.

Finally, it is clear that there is a large parameter space to explore
beyond the Schwarzschild black hole simulation that we have
presented in this paper. We plan to present further simulations,
with different black hole spins, initial magnetic field geometries,
and cooling prescriptions in the near future.
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APPENDIX A: LOWER RESOLUTION
SIMULATION

As a proof of concept and to develop our analysis pipelines, we
also ran a lower resolution simulation with almost the same set-
up. We present the results of this simulation here for completeness.
Table Al describes the SMR configuration for this simulation. Of
particular note, this simulation has an extra refinement level and
double the minimum cell spacing when compared to the high-
resolution simulation presented in the main body of this paper.

The other notable difference is that in this simulation, we exper-
imented with an additional backup for computing the local thermal
energy when the standard inversion routine led to inaccurate values
(see Section 3). This was based on evolving the conserved entropy
(i.e. Vo(pKU%) =0) alongside the other GRMHD conservation
laws and using the independently evolved value of K to compute the
thermal energy for inaccurate cells. Unfortunately, this conservation
law only holds for ideal gases and is not valid near to shock fronts or
close to other non-ideal environments, such as reconnecting current
sheets as we find in the plunging region. We found that the physical
regimes where this backup was valid were too restrictive and rendered
it virtually useless, so we discarded this approach for the high-
resolution case to save on computational cost.

Fig. Al shows the evolution of the horizon mass accretion rate
and the magnetic horizon flux as a function of time for the low-
resolution simulation. We observe that the magnetic horizon flux
saturates at a lower level than in the high-resolution simulation
and that the mass accretion rate settles higher. These differences

Table A1. SMR configuration for the lower resolution simulation.

Refinement level X,y € ze Cell spacing
0 [—64, 64] [-32,32] 0.8 r cell ™!
1 [—64, 64] [~16, 16] 0.4rg cell™!
2 [—32,32] [-8, 8] 0.2rg cell ™!
3 [-16, 16] [—4,4] 0.1rgcell™!
4 [-8, 8] [-2,2] 0.05 rg cell ™!
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Figure A1. Identical to Fig. 2, showing the time evolution of both the high-
resolution simulation (HR) and the low-resolution simulation (LR).
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indicate that the development of the magnetic field in the turbulent
main body of the disc has probably not been fully captured by the
lower resolution simulation. Otherwise, the evolution is qualitatively
similar. In Fig. A2, we reproduce some of the profiles found in
Figs 3-5 for the lower resolution simulation, comparing them to
their high-resolution counterparts. We also fit MB23 models to the
low-resolution profiles. The fitted parameters for these models are
found in Table A2. Note that for these low-resolution radial profiles,
we time average between 12500 < ¢/f, < 17500. The high- and
low-resolution radial profiles are qualitatively similar. The main
difference is that € is systematically larger for the surface density,
density, and pressure, perhaps indicating that the effective mid-plane
ISCO velocity is greater in the low-resolution simulation. None the
less, we find that the vertically averaged radial velocity profiles are
very close. We still observe a sharp rise in the specific entropy,
albeit with a slightly shallower power-law index. As such, we do not
observe such a sharp rise in the temperature for the low-resolution
simulation.
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Figure A2. The plunging region radial velocity (top left), specific entropy (top right), surface density (mid left), density (mid right), temperature (bottom left),
and pressure (bottom right) profiles for both the low (LR) and high (HR) resolution simulations, made in analogy with Figs 3-5. Dots show the temporally
([12.5, 17.5]k tg), azimuthally ([0, 27t]) and (except for the surface density) vertically ([76°, 104°]) averaged simulated low-resolution quantities. The same
quantities are also shown for the high-resolution simulation. Unlike in Figs 4 and 5, we normalize the thermodynamic quantities to their values at the ISCO.
The shaded regions represent +10 standard deviations. In the upper right-hand panel, the low-resolution specific entropy, represented by K, is modelled with a
power law. In the other panels, fitted MB23 models (equations 6-8) are plotted using the low-resolution profiles. For these, we assume that K follows a power
law and that the index m is fixed to the value found from the K profile. The surface density, density, pressure, and temperature profiles are fitted separately so

that they each have their own € parameter (see Table A2).
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Table A2. A summary of the same best-fitting parameters as in Table 2, for the lower resolution simulation.

Model Quantity € m
Equation (2) (=U"p190 0.043 £ 0.004 -
Power law (K)igo - 2.08
Equation (5) (Z)1g 0.051 -
Equation (6) (0)igo 0.031 2.08x%
Equation (7) (P)igo 0.026 2.08x%
Equation (8) (T)ip0 0.042 2.08x%
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