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Abstract

This thesis covers three projects in the area of population genetics based on

models from the broad class of Λ-Fleming-Viot processes. The unifying idea

is that reproduction occurs through a sequence of events in which a proportion

of the population is replaced by a parental type sampled from the population

prior to the event.

The first work, joint with Julian Kern, introduces a Λ-Fleming-Viot model

with varying population size. In events, instead of replacing a proportion of the

population, first a random proportion is removed and then a random, not necessarily

equal, mass of the chosen parental type is added. Consequently, each reproduction

event may result in a change of the population size. This leads to a change in

behaviour for small and frequent events: a deterministic drift naturally arises

and the diffusive behaviour of the classical Λ-Fleming-Viot model is not possible

anymore. Additionally, the varying population size complicates the analysis of

genealogies - without knowledge of the population size the backwards in time

dynamic of ancestral lineages is not Markovian.

The second and third work, joint with Raphaël Forien, consider spatial Λ-

Fleming-Viot models. Events are now associated with a region in space in which the

sampling of a parental type and the replacement of a proportion of the population

takes place. We are interested in describing patterns of isolation by distance, the

decline of relatedness of individuals from a population as their spatial separation

increases. As individuals at different locations are only related if they had a common

ancestor, the patterns reveal the spatial behaviour of the ancestors of the samples. In

the second work, the size distribution of reproduction events follows various power-

law dispersal rules leading to ancestors originating from potentially far away. This

leads to much slower decay of genetic relatedness as a function of the separation than

in classical cases, in which the affected region was bounded. We show that a variety

of different behaviours is possible, in particular, when choosing different sizes for the



parental sampling and the area in which a proportion of the population is replaced.

The third project extends this approach to a model with varying population density.

The patterns of isolation by distance reveal that ancestors are more likely to have

originated from areas of high population density. Additionally, if the population

density is higher, the time to the common ancestor of the samples will be longer.

The analysis of all three projects will have a common element. Analytically, to

infer information about genealogies, so events in the past, it is normally useful to

reverse the flow of time and consider the behaviour of samples through the model

backwards in time. Here, however, we will use two forwards-in-time approaches to

deduce genealogical behaviour. The first, lookdown constructions, is well-known

and equips the model with exchangeable labels imposing a hierarchy on individuals

during reproduction events. As the initial labels are exchangeable, the model

without knowledge of the labels will still evolve by the same dynamics. The

second approach, used by the second and third project, uses neutral genetic types

under an infinite-alleles model to trace families. There, we will demonstrate a

profound relationship between central limit theorems and isolation by distance

and thus ancestral behaviour.



1
Introduction

1.1 Overview

Earth’s biosphere is inconceivably complex. Billions of years of evolution have

created an abundance of optimised organic machines, interacting on countless scales

to create the world we are witnessing. The basis of this beauty is lain by a central

property of life: different forms of imperfect self-replication allow for selection

of, often surprising, adaptations to certain environmental situations. In order to

self-replicate, information describing an organism needs to be stored; today we know

that this storage is provided by the DNA, whose functional units are known as genes.

The field of population genetics studies this self-replication mechanism of genes

with the aim of providing models, which elegantly describe the circumstances,

while still capturing the gist of a biological scenario. Naturally, the aforementioned

complexity needs to be reduced and individuals are often described by so called

types - subsuming their genetic information into a few or only a single value - and

interact in no or only an abstract space. Additionally, to account at least for some

of the disregarded complexity most modern models are stochastic.

This thesis will be concerned with Λ-Fleming-Viot processes, a class of population

genetics models, both with rich applications and mathematical ingenuity covered in

a large body of literature. Their common characteristic are reproduction events in

which a certain proportion of the population is replaced by a parental type. The

1



1. Introduction 2

parental type is typically chosen uniformly at random from the population prior to

the event or, in the spatial case, from the prior population in a neighbourhood.

In the analysis of population genetics models, one is often interested in a

backwards in time, genealogical, coalescing perspective. In most cases, we only

observe present genetic data, from which we would like to reconstruct past events.

As far as we know, all life on earth can be traced back to single cell organisms

which populated earth billions of years ago. Therefore, we can aim to relate genetic

samples through potential pasts in a backwards in time coalescing process, whose

behaviour we would like to describe. Fortunately for the analysis, the backwards

in time processes are often conveniently connected to the forwards in time model

through a mathematical relationship known as duality.

Incorporating new biological phenomena can pose challenges for backwards

in time duality arguments. This work will focus on varying population size as

the potentially easiest form of an ecological component. Already in this case, a

prominent difficulty is the loss of the Markov property of the backwards in time

lineage counting process. In addition, the population size might not be reversible

in time (see Chapter 2). Equally, in space, the past motion of ancestral lineages

can reveal information about the profile of the population and thus its forwards

trajectory. It becomes necessary to describe the joint dynamics of the time-reversal

of the population size and the contained lineages - interactions which are normally

too involved for meaningful progress.

Classically, the mathematical relationship to the dual process is often a sam-

pling duality, which relates the probability that a certain number of individuals

sampled from the present are of a specific type with the probability that all their

(mathematical) ancestors are of this type. This is only possible if parents essentially

pass their type to their offspring and there are no complex interactions of types

during reproduction events. One can imagine various reproductive mechanisms in

which potential parents, chosen from the population prior to the event, compete

for reproductive success based on their types ([CS20]). If the interaction of types
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becomes too complicated, such as a non-monotone fitness relationship, sampling

dualities are generally not available.

In this thesis, we will consider two approaches based on neutral ‘markers’ that

circumvent classical backwards in time arguments. Lookdown constructions, which

represent stochastic processes as an infinite ordered system of particles, are a

well-known approach based on neutral labels and are able to cover complicated

biological situations ([DK96], [EK19], [Eth+24]). Another approach, first studied

in [For22], is to relate patterns of ‘isolation by distance’ to central limit theorems

for spatial models. If individuals are of specific types, one can measure isolation

by distance by the probability of two individuals sampled at a given separation

being of the same type. This probability can be calculated from the fluctuations

described by central limit theorems. The resulting expressions reveal information

about the large scale behaviour of the ancestral lineages, as sampled individuals

can only be of the same type if no mutation occurred along either ancestral lineage

since their most recent common ancestor.

This thesis will present three works placed in this joint realm. Next, we

will introduce the three projects in more detail, while elaborating on the main

connecting themes.

1.2 A Λ-Fleming-Viot type model with intrinsi-
cally varying population size

1.2.1 Origin of the Λ-Fleming-Viot model

Even today the Wright-Fisher model is the most ubiquitous model in population

genetics. The premise is as follows: the population size is fixed and from one

generation to the next, each individual picks a parent uniformly at random from the

previous generation and inherits its type. Backwards in time, if several ancestral

lineages are offspring of the same ancestor in the previous generation, they coalesce.

The enormous time spans of evolution and the often high number of individuals

in nature allow for a fundamental idea: the large-time and large-population size

limit of the model will be a rather good approximation to the real-world scenario.
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If we consider large population sizes, the uniform parental choice leads to a faster

decay in the probability of three or more individuals of a sample choosing the

same parental type in the previous generation than for two individuals. In the

limit, only binary coalescence events are possible, leading to Kingman’s coalescent

([Kin82]). Forwards in time, the proportion of a single type then follows the

continuous Wright-Fisher diffusion allowing only infinitesimal changes over a single

generation. The term Fleming-Viot process originates from the paper [FV79], in

which Fleming and Viot introduced the measure-valued analogue of the real-valued

Wright-Fisher diffusion, assuming values in the probability measures M1(K) on a

potentially infinite type space K. At any point in time, a now random measure

ρt ∈ M1(K) describes the probability ρt(K) of finding a certain set of types K ⊆ K

in a sample from the population. Considering the proportion process ρt(K) for

set of types K ⊆ K allows to transition from the measure-valued process back to

the Wright-Fisher diffusion. Thus, we will use the term Wright-Fisher diffusion

even in the measure-valued context to achieve a clearer distinction from the term

Λ-Fleming-Viot model, which is introduced next.

Clearly, in a real population, more or less often events such as catastrophes or

invasions of a new type, will influence the genetic composition of a significant part

of the population in a rather short time frame; potentially a single generation. In

a Λ-Fleming-Viot model a non-zero fraction of individuals can be replaced at a

single point in time even in the infinite population limit ([Pit99], [Sag99], [DK99b]).

In an event of ‘impact’ u ∈ (0, 1] at time t, a proportion u of the population dies

and is replaced by an equal mass of a new type k0, sampled uniformly at random

from the distribution ρt− ∈ M1(K) of the population just before the event at time

t. We could describe this informally by a transition of form

ρt 7→ (1 − u)ρt + uδk0 , (1.1)

where δk0 denotes the Dirac measure on k0. A mixture of events of different impacts u

could be described by a mixing measure on (0, 1] giving ample flexibility for modelling

scenarios for a population. Ideally, to view this model as a generalisation of the
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Wright-Fisher model, we would like to incorporate the Wright-Fisher diffusion. How

could we parameterise the mixing measure to include the Wright-Fisher diffusion?

Let us first consider a process with only events of impact u. If we let u ↓ 0 and

simultaneously accelerate the process by u−2, the sequence of processes will converge

to the Wright-Fisher diffusion. Therefore, a natural choice for the mixing measure on

(0, 1] is u−2Λ(du), where Λ is a finite measure on (0, 1]. The Wright-Fisher diffusion

can then be seen as the ‘zero-impact’ process in the Λ-Fleming-Viot model. If Λ = δ0,

where δ0 denotes the Dirac-measure on zero, we therefore define the Λ-Fleming-

Viot process to be the Wright-Fisher diffusion. In the resulting Λ-Fleming-Viot

process, Λ determines the mixture of events of different impacts from (0, 1] and

Λ({0}) the strength of the Wright-Fisher component, which describes infinitesimal

changes in the composition of the population per generation. If Λ((0, 1]) ̸= 0,

the corresponding genealogy of a sample from the population, the Λ-coalescent,

contains again multi-mergers, in which several lineages come together at the same

time as they originated from the same ancestor.

1.2.2 Project 1: a Λ-Fleming-Viot model with intrinsically
varying population size

A project together with Julian Kern contained in Chapter 2 explores the con-

sequences of dropping the assumption that the ‘mass’ of offspring added in a

reproduction event equals the amount removed. This possibility was first mentioned

in [EK19, Section 4.2]. To this end, let zub be a non-constant random variable

with expectation u describing a (now random) new-born mass. We then consider

events of the form

ρt 7→ (1 − u)ρt + zub δk0 . (1.2)

The process (ρt)t≥0 describes now the total mass of different types and assumes values

in the finite measures MF (K). In parallel to the classical Λ-Fleming-Viot model,

we would like to answer the same two questions: what is the associated ‘zero-impact’

process, i.e. the limit we obtain for u ↓ 0? and then how can we parameterize the
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associated mixing measure to include this process? It turns out that, as u ↓ 0, we

need to accelerate the process corresponding to Equation (1.2) by u−1 instead of u−2

to achieve the convergence. The limiting ‘zero-impact’ process is characterized by

two dynamics: upward jumps and a drift. In between jumps, the total population

size experiences a deterministic drift towards a value γb ≥ 0 of the form

d

dt
ρt(K) =

(
γb − ρt(K)

)
ρt(K).

The drift of the population size influences all types in the population equally.

Additionally, there are upwards jumps of the population size, in which we choose

a parent and just add a mass of the parental type without removing any (see

Section 2.2.3, Equation (2.11)). In parallel to the classical model, to achieve

consistency with this ‘zero-impact’ process in a mixed impact process, we sample

events according to a finite-expectation measure Π(du) := u−1Λ(du), where Λ is

again a finite measure on (0, 1].

A similar argument can be carried out for processes in which the added mass

is always u, whereas the proportion removed zud equals u only in expectation.

Again, as u ↓ 0, if we accelerate by u−1 the sequence of processes converges to a

limiting process with deterministic drift and now jumps, in which we just remove

a random proportion of the population without adding any mass. In this case,

the deterministic drift is described by

d

dt
ρt(K) =

(
1 − γdρt(K)

)
ρt(K)

for a value γd ≥ 0.

Both observations combined motivated us to consider the following model,

which we call (γ,Π)-Fleming-Viot process. It is characterized by drift parameters

γ = (γd, γb) ≥ 0 and a finite-mean measure Π on [0, 1] × (0,∞) satisfying (for

each component) ∫
[0,1]×(0,∞)

z dΠ(z) < +∞.

This assumption corresponds to the previous parametrization of u−1Λ(du). The

arrival of events is governed by a Poisson process. In events, a pair z = (zd, zb) ∈
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[0, 1] × (0,∞) is sampled according to Π. The value zd denotes the random

proportion dying in the event and zb the mass of the newly born individuals.

This amounts to the transition

ρt 7→ (1 − zd)ρt + zbδk0 ,

where k0 is again a parental type sampled uniformly according to the normalized

distribution ρt−/ρt−(K). Resulting from the ‘zero-impact’ component, at any time,

the population size experiences a deterministic drift according to

d

dt
ρt(K) =

(
γb − γdρt(K)

)
ρt(K).

Jumps and drift result in the existence of a carrying capacity K which, if ρ0(K) = K,

is the expected population size at any time (see Section 2.2.1, Section 2.2.3).

The main challenge in the analysis of the model is the intrinsically varying

population size. The population not only acts as an extrinsic parameter varying with

time, but also each reproduction event can lead to a change in population size. We

explore various properties of the model. For example, under a natural convergence

criterion on the characterising parameters (γ,Π) the associated sequence of processes

converges to the process associated to the limiting parameter (see Theorem 2.2.5).

Notably, one might wonder whether the Wright-Fisher diffusion, the ‘zero-impact’

of the classical, constant population size, Λ-Fleming-Viot process can appear.

Theorem 2.2.6 demonstrates that, if the convergence of the sequence of parameters

(γ,Π) is such that the population size becomes constant, the Wright-Fisher diffusion

reappears and we can recover any standard Λ-Fleming-Viot process in the limit

(see Theorem 2.2.6). Combined, Theorem 2.2.5 and Theorem 2.2.6 illustrate that a

constant population size leads to additional cancellations. They are necessary to

consider the faster time scale leading to the emergence of a diffusion, which can be

regarded as very rapid, small scale changes in the population (see Equation (2.12)).
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1.2.3 Forwards in time approach 1: lookdown constructions

Even though this model might seem like only a slight deviation from the standard

Λ-Fleming-Viot process, an important difference arises when considering duality.

The special case of a population size with upwards jumps and a downward drift

indicates that the population size is not necessarily reversible. The current state

of the population will contain information about the sequence of past events. To

consider the backwards in time genealogy, it is not sufficient to work with a Poisson

process with the same intensities as the forwards in time process. Instead, one

requires the time-reversed population size. Both processes are linked, and a sampling

duality requires a conditioning on the whole evolution of the population size process.

In Section 2.7, we will illustrate that the lookdown construction of [DK99b]

is a suitable tool, with a more forwards in time flavour, for the analysis of the

coalescence behaviour. The duality conditional on the population size is embedded

in the construction. The approach allows one to represent the process as an infinite

sequence of exchangeable individuals. We assign to each label from the natural

numbers a type chosen at random from the type distribution of the population.

A change of fraction f ∈ (0, 1] of the composition of the population occurs as

follows. We first flip for each individual independently a biased coin which comes

up heads with probability f . All individuals for which the coin flip delivers a head

participate in the event. As the parent we choose the participating individual

with the lowest label. In other words, the individuals with the higher labels ‘look

down’ and adopt the type of the lowest-label individual. One can recover the model

without labels from the infinite sequence as the limit of the empirical averages for

an ever-increasing number of individuals. Due to the initial random assignment

of individuals to labels and the specific reproduction events, the dynamics of the

model without labels remain unchanged.

Through the lookdown framework we will be able to analyse properties such as

‘fixation’ of types (Theorem 2.2.7) and not coming down from infinity (Theorem 2.2.8)

(the latter property effectively describing that ‘fixation’ will require an infinite

amount of time). More of interest to readers already familiar with lookdown
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constructions, we also deduce the well-posedness of the martingale problem for

the process and show that one is able to reconstruct the driving noise from the

martingale problem (see Section 2.6).

1.3 Spatial central limit theorems describing iso-
lation by distance

1.3.1 Isolation by distance and the Wright-Malécot formula

Due to the limited time between birth and maturity, in most species, individuals

found the next generation at a position close to where they were born, and the

likelihood of having offspring at a certain location decreases as a function of the

distance to the birthplace. Naturally, the same heuristic holds true for the genes

carried by the individuals. With each replication of the genetic information from

one generation to the next, small deviations occur, most of which might not

significantly alter the fitness of individuals, so called neutral mutations. Combining

both observations, individuals further apart in space have, on average, also a larger

genetic distance. This phenomenon is known as isolation by distance.

To measure this isolation, let us assume that individuals carry specific genetic

types, and due to the vastness of the information on the DNA, any mutation leads

to new types, not previously observed. Then the probability to sample the same

type at two different locations provides a measure for the isolation, determined by

the movement of individuals relative to the time-frame provided by the mutation

rate. To find the same type, tracing back their ancestral lines, neither must have

seen a mutation since their coalescence. This is known as identity by descent.

Wright and Malécot ([Wri43], [Mal48]) calculated this probability of identity by

descent (POI) and discovered the formula

F (x) ≈
∫ ∞

0
e−2µtG2t(x)dt, (1.3)

where x is the vector describing the spatial separation of the sampled individuals, µ

the mutation rate along the ancestral lines and Gt the transition kernel of a Brownian

motion. As the transition kernel is invariant under rotation, so is the above formula
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under rotation of x. The exponential e−2µt captures the probability of not observing

a mutation along either ancestral lineage. The quantity G2t(x) describes the density

of the probability of finding ancestral lineages started at separation x at the same

place after time t. Coalescence is taken to occur instantaneously in the limit. Over

the large temporal and spatial scales of nature, spatial Brownian motion provides

a good approximation of the jump process described by the birth places of the

ancestors in the ancestral lineages due to the central limit theorem. Integrating

the probability of not seeing a mutation and the probability of coalescence over

the complete past from the present time (zero) to the distant past (at infinity),

one arrives at the probability of identity.

Two projects, contained in Chapter 3 and Chapter 4, which are joint work with

Raphaël Forien, will uncover generalisations of the Wright-Malécot formula (1.3)

to a wide class of spatial population models.

1.3.2 Spatial Λ-Fleming-Viot model

The spatial Λ-Fleming-Viot model (SLFV) offers an elegant extension of the Λ-

Fleming-Viot paradigm to space ([Eth08]). Effectively, a standard Λ-Fleming-Viot

process ρt(z) is associated to every point in space, say z ∈ Rd, with coordination

between the reproduction events at close positions. Instead of individual Poisson

point processes for each location, a Poisson process determines the space-time point

(x, t), event-region (typically ball-shaped, in which case events come along with

a radius r > 0) and impact u ∈ (0, 1]. In our ball-shaped case, a parent k0 is

sampled from the average type distribution

1
Vr

∫
B(x,r)

ρt−(z, dk)dz,

where B(x, r) denotes the ball of radius r and centre x and Vr its volume. The

previous replacement mechanism (1.1) of the standard Λ-Fleming-Viot model now

occurs for every position inside the affected ball

ρt(z) 7→

(1 − u)ρt(z) + uδk0 z ∈ B(x, r),
ρt(z) z /∈ B(x, r).
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This model has found widespread applications such as explaining different

genealogies and effective population sizes [BEV10], hybrid zones [EFP17], and

varying selection [BEK21].

1.3.3 Forwards in time approach 2: central limit theorem
approach

Based on SLFV models, in [For22] a fascinating connection between central limit

theorems and the POI/Wright-Malécot formula was found.

If we sample individuals at time t according to two probability densities ϕ, ψ

on Rd, the probability to find the same type is given by

Pt(ϕ, ψ) =
∫

(Rd×[0,1])2
1∆(k1, k2)ϕ(x)ψ(y)ρt(x, dk1)ρt(y, dk2)dxdy

= E
[〈
ρt ⊗ ρt,1∆(ϕ⊗ ψ)

〉]
,

where 1∆(k1, k2) = 1k1=k2 denotes the diagonal. The mass two copies ρt(x), ρt(y)

of the process place on the diagonal is precisely the probability of sampling the

same type from both positions x, y. The probability densities ϕ, ψ are necessary

as point-wise evaluation is not possible in the SLFV.

Suppose K = [0, 1] and that in addition to standard reproduction events, in

between consecutive events that affect the point x at times t1 and t2, mutation

occurs according to

ρt(x, dk) = e−µ(t−t1)ρt1(x, dk) +
(
1 − e−µ(t−t1)

)
dk,

where dk denotes the uniform distribution on [0, 1]. This exponential decay towards

a uniform distribution can be interpreted as individuals assuming new uniform

types on [0, 1] at rate µ and was first introduced in [VW15]. This mutation

mechanism captures the idea of the POI: at rate µ, as new types are created,

previous information vanishes and becomes irrelevant for the POI.

As mentioned previously, evolutionary time-scales and spatial scales are often

large compared to the life-span and age of individuals. Thus, we will ‘zoom out’

both in space and time and consider a diffusive scaling. This scaling is controlled by
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a sequence δN → 0 as N → ∞. For example, we rescale space by setting x′ = x/δN .

At the same time, we let the impact u ↓ 0 emulating an increase in population

size corresponding to a law of large numbers. This is achieved by considering

u′ = u/N as N → ∞. All other parameters will be rescaled in terms of N and

δN . Having two parameters determining the scaling gives us more flexibility in

identifying interesting regimes. We also let the mutation rate µ ↓ 0, in such a

way that the probability of mutation stays of order one on a time period one of

accelerated time. This assumption is justified by the low mutation rate observed in

nature. Under this scaling and assuming ρN0 = λ, the sequence of rescaled processes

ρNt converges to Lebesgue measure λ on Rd × [0, 1]. We can view λ as the element

of the statespace of ρNt , which is uniformly distributed on the type space [0, 1] for

all positions x ∈ Rd. The uniform distribution on types results from the mutation

mechanism, which dominates as the impact converges to zero. The deterministic

limit allows one to consider the fluctuations

ZN
t =

√
Nδ2−d

N (ρNt − λ),

where we assume
√
Nδ2−d

N → ∞ as N → ∞, with more precise information given in

Chapter 2 and Chapter 3. The existence of the limit of the sequence of fluctuation

processes ZN
t can be seen as a central limit theorem. The limit is given by a

stochastic partial differential equation (SPDE) of the form

dZt = (∆Zt − µZt)dt+ dWt, (1.4)

for the standard Laplace operator ∆ and a Gaussian noise Wt on R+ × Rd × [0, 1],

uncorrelated in space and time.

Returning now to the above POI calculation, sampling from the N -th rescaled

process, we can write

PN
t (ϕ, ψ) = E

[〈
ρNt ⊗ ρNt ,1∆(ϕ⊗ ψ)

〉]
= E

[〈
(ρNt − λ) ⊗ (ρNt − λ),1∆(ϕ⊗ ψ)

〉]
= (Nδ2−d

N )−1E
[〈
ZN
t ⊗ ZN

t ,1∆(ϕ⊗ ψ)
〉]
.
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Here, we used that as λ is uniform on the type space [0, 1], it does not contribute if

evaluated against the diagonal function 1∆ = 1k1=k2 . This establishes a connection

between the POI and the fluctuations. Taking limits on both sides

lim
t→∞

lim
N→∞

Nδ2−d
N PN

t (ϕ, ψ) = E
[〈
Z∞ ⊗ Z∞,1∆(ϕ⊗ ψ)

〉]
, (1.5)

where Z∞ denotes the stationary distribution of (1.4). In case of events having a fixed

radius R > 0 and impact u ∈ (0, 1], [For22] recovers the classical Wright-Malécot

formula (1.3), integrated with respect to the sampling densities ϕ, ψ, for the right-

hand side of Equation (1.5). However, if we choose the radius in events according to

ν(dr) = 1[1,∞)(r)
dr

r1+d+α , α ∈ (0, 2),

the formula for sampling individuals according to two locations x, y becomes

(ignoring the integration with respect to the densities ϕ, ψ)

F (x, y) =
∫ ∞

0
e−2µtGα

t (x− z1)Gα
t (y − z2)K(z1, z2)dz1dz2.

Compared to (1.3), the transition kernel Gt of a Brownian motion has been replaced

by the transition kernel of an α-stable process. This reflects an altered movement

of the ancestral lineages due to the long-range jumps. Additionally, the term

K(z1, z2) := 1
∥z1 − z2∥d+α

captures global coalescence through large jumps if the two ancestral lineages are at

two separate locations z1, z2. In the classical Wright-Malécot formula instead only

local coalescence K(z1, z2) = 1z1=z2 with both lineages at the same position was

possible. Accordingly, in the SPDE (1.4) the operator D is replaced by a fractional

Laplacian and the Gaussian noise has spatial correlations determined by K(z1, z2).

The two joint projects with Raphaël Forien will illustrate that this correspondence

of central limit theorems to the asymptotic motion and coalescence behaviour of

ancestral lineages is a more general phenomenon.
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1.3.4 Project 2: power-law dispersal

In Chapter 3, we generalise this approach to a much broader range of models.

Many works in biology have observed that species movement includes occasional

long-range displacement. In plants this may most prominently occur through seed

or pollen dispersal ([CMS00], [Val+17]). Similarly, in marine species eggs can

cross large distances ([Kel+14]) or, also in terrestrial animals, mature individuals

may carry out long-range migration ([FK07]). In any of these cases, exceptionally

large displacements might provide an advantage as they allow individuals to cross

less habitable regions.

In addition to choosing the radius of events according to heavy-tailed distribu-

tions, we introduce two modifications. First, we allow the impact to decay as a

function of the radius and, second, we allow different radii r1, r2 for the ball B(x, r1),

in which the parental type is sampled, and the ball B(x, r2), in which a proportion

of the population is replaced. For example, in what we call the one-tail regime, the

intensity measure ν governing the reproduction events is chosen as

νN(du, dr1, dr2) = 1r2≥1 δuNr
−c
2

(du) δrb
2
(dr1)

dr2

r1+d+a−c
2

,

where uN ∈ (0, 1], a ∈ (0,∞) and b, c ∈ [0,∞) are parameters. The name ‘one-tail’

is chosen to reflect that r1 is a deterministic function of r2. In another regime, the

two-tail regime, r1 and r2 will carry independent heavy-tails (see Section 3.3.1).

In [For22] regimes were obtained in which either ancestral lineages approximated

Brownian motions (a continuous diffusive process) or stable motions, which may

also include long-range jumps. Through the Wright-Malécot formula, one could

observe that the Brownian motions coalesce through being at the same position

(‘locally’, no spatial correlation in the noise driving the SPDE). In contrast, the

stable lineages coalesce through large-scale jumps (‘globally’, spatial correlations in

the noise term of the SPDE). This behaviour was also observed for the genealogy

consisting of stable lineages studied in [BEV13b]. In Chapter 2, we exhibit that

local and global coalescence (according to a variety of kernels) are possible for

any motion. For example, we demonstrate that stable ancestral lineages might
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coalesce only locally. Surprisingly and more of a mathematical interest, even

Brownian lineages might coalesce globally in dimension three and higher. The

new regimes complicate inference of potential parameters. In more biological

terms, these results indicate that, for example in the case of marine fish, it may be

difficult to distinguish from genetic patterns alone whether a slower than exponential

decay in relatedness originated from fish exhibiting power-law foraging patterns

or power-law dispersal of eggs.

1.3.5 Project 3: varying population size

In Chapter 4, we generalise the previous results to a SLFV model with varying

population size. The population size is denoted by

nt(x) = ρt([0, 1]) =
∫ 1

0
ρt(x, dk)

and, as for the process ρt, the population size is only defined up to a Lebesgue

null set. The impact u > 0 and radius R > 0 of reproduction events will be fixed

quantities again. To avoid the question of uniqueness and to simplify calculations,

we will work on a torus Td instead of the complete space Rd. To include the varying

population size, we will introduce three changes to the reproduction events:

1. Parental types will be sampled according to the composition of the population

inside the ball B(x,R) normalized by the average population size therein.

2. Reminiscent of Chapter 2, the newborn mass during events can differ from

the removed mass. The newborn mass is modulated by a so-called growth

function r : Td × R+ → [−1,∞), where r(z, n) depends on space z ∈ Td and

the average local population size n. The peculiarity of the growth function

being larger than minus one will become apparent soon. The average local

population size is defined as

nt(z,R) := 1
VR

∫
B(z,R)

nt(x)dx.

This ‘bar’ notation will be frequently used to denote spatial averages in this

thesis.
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3. We consider a population in which the relative fraction u of individuals being

replaced over a period of time of length one is independent of the local

population size n. This assumption could represent, for example, the death of

individuals through ageing. If the population size is larger, this fraction will

correspond to a larger total mass of new individuals. In turn, we would expect

more parents to contribute their genetic material as the pool of offspring

increases.

We could capture this behaviour by choosing more parents in an event as the

population size increases. Instead, we decided to increase the number of events

as the population size increases, while the impact of each event decreases

with the population size. We choose events to occur at rate n with each event

replacing a proportion u
n

of the population. Over a period of time of length

one, we then roughly expect n events of impact u
n
, replacing a fraction nu

n
= u.

In more mathematical terms, events fall at rate nt + 1 with the plus one being

explained shortly. In an event at (x, t), the population size nt(z) changes to(
1 − u

nt−(x,R) + 1

)
nt−(z) + u

nt−(x,R) + 1

(
1 + rx(nt−(x,R))

)
nt−(x,R),

if z ∈ B(x,R). Let use first come back to the lower bound of minus one of the

growth function rz(n−t). This prevents the new-born mass from being negative.

Adding plus one to the local average population size in the denominator, prevents

the term 1 − u
n

from becoming negative for small population sizes. Additionally, as

the plus one appears in the rate of events, it conveys the idea that there is always a

certain reproductive activity in the population, even for small population sizes.

In both the models of Chapter 2 and Chapter 4 each reproduction event leads

to a change of the population size and is not extrinsically prescribed. Biologically,

in the model of Section 1.2.2/Chapter 2, reproduction events, in which a proportion

dies and a potentially large offspring mass is added, are seen to occur at a fixed

rate. If started from the equilibrium, major changes in population size are caused

by events with either a high proportion of the population prior to the event dying or

an exceptionally large number of offspring. In the model introduced here, instead,
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for a certain local population size, the turnover rate and size of reproduction events

are almost constant. If started from the equilibrium, major changes in population

size originate from changes of the growth function r over time and different values

of the growth function at different event locations. The suitability of each model

depends on the biological circumstances.

Under an appropriate rescaling similar to the fixed radius case in Chapter 3, the

rescaled population size converges to the solution of a reaction-diffusion equation

∂tnt = uVR

(
R2

d+ 2∆nt + r(nt)nt
)
,

where r denotes again the growth function and may depend on space. In parallel

to Chapter 3, as the law of large numbers, we would expect the convergence of

the rescaled sequence of processes to ntλ, where by ntλ we denote the measure

on Td × [0, 1], which is uniform on types and whose spatial marginal is nt. We

will consider the fluctuations around Lebesgue measure on Td × [0, 1] times a

deterministic approximation mN
t of the population size

ZN
t :=

√
Nδ2−d

N

(
ρNt − λmN

t

)
,

where mN
t → nt as N → ∞. As the deterministic approximation we take

the compensating part of the semimartingale representation resulting from the

martingale problem for nNt . The limit of the sequence of the fluctuations is given

by the mild solution to the SPDE

dZt =
uVR

 R2

d+ 2∆ + r(nt)
Zt − µZt +

(
µ+ uVRntr

′(nt)
) ∫ 1

0
Zt(·, dk)

dt+ dWt,

for a Gaussian random field on R+ × Td × [0, 1] (see Theorem 4.3.3). The term

involving
∫ 1

0 Zt(·, dk) results from recentering by the deterministic approximation

instead of the stochastic population size. We will see that the resulting Wright-

Malécot formulae are invariant under terms containing
∫ 1

0 Zt(·, dk). Whereas

in Chapter 3 Wright-Malécot formulae could be guessed from the SPDEs, the

corresponding calculation is more involved in this case. The Wright-Malécot formula

shows that ancestral lineages experience a drift according to the population size
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profile and coalescence happens at a rate inversely proportional to the population

size once the ancestral lineages are at the same position (see Theorem 4.3.6).

This paper links mathematical papers, obtaining a motion of ancestral lineages

similar to [Eth+24], and more applied works such as [Rin+18], where barriers

to gene flow are inferred.

1.4 Outline

The next three chapters will contain the three projects presented above. Chapter 2

contains the manuscript "A Λ-Fleming-Viot type model with intrinsically varying

population size", which is joint work with Julian Kern. Chapter 3 and Chapter 4

contain joint works with Raphaël Forien, namely "Central limit theorems describing

isolation by distance under various forms of power-law dispersal" and "Central

limit theorems describing isolation by distance under varying population size".

Minor adaptations to the manuscripts have been made to increase the coherence

of this thesis and to cover the corrections specified by the examiners. Chapter 5

draws conclusions from these works and presents various challenges and future

research directions.
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2.1 Introduction

Genetics and Ecology Early mathematical models of evolution could often be

classified as belonging either to genetics or population dynamics. The former focusses

on the development of the genetic information carried by the population through

biological mechanisms, most prominently mutation, selection, recombination and

genetic drift. These effects already result in a high amount of stochasticity. In

order to handle the models, compromises are made in other areas such as the

interplay with the environment or other species. These, in turn, are the strongholds

of population dynamics, which often neglect the genetic code of individuals.

It has become a major endeavour of population modelling to weaken this

separation. A common characteristic of models at the intersection of ecology

19
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and genetics is to incorporate a form of varying population size required for the

implementation of ecological factors such as external catastrophes, selective sweeps,

interspecies relationships or competition for a fluctuating abundance of resources.

Conceptually, the population size can vary extrinsically or intrinsically. In the

first case, the population size enters as a parameter into the development of the

population and is driven by a randomness independent of the remaining stochasticity.

This lends itself to modelling external influences such as catastrophes or the loss of

habitat, see e.g. [KK03; CPS22; Cor+22]. Whereas the population size is assumed

to be only slowly varying in [KK03], it is taken to undergo drastic changes (so-called

bottlenecks) in [CPS22; Cor+22], leading to vastly different genealogies.

In contrast, models with intrinsically varying population size inextricably link

the reproductive dynamics with the population size. The recent works [EK19] and

[Eth+24] have emphasised the potential of the lookdown framework in analysing

intrinsically varying models (see also [DK96; DK99b; DK99a]). The former provides

a toolbox for population models and constructs a spatial Λ-Fleming-Viot model

with varying population size, which has been a major motivation for this work.

The latter analyses a locally regulated population with a two-step reproduction

mechanism with a juvenile and adult stage, which allows for a wide range of

population profile patterns to appear.

A varying size Λ-Fleming-Viot process We wish to further contribute to

the understanding of the implications of intrinsically varying population size by

considering a model based on a variation of the classical Λ-Fleming-Viot paradigm.

More precisely, the model will evolve through a series of reproduction events during

which a random proportion zd of the population is killed and a random mass zb of

offspring with a type chosen uniformly from the population prior to the event is

added. We will allow for a deterministic drift of the population size which arises

naturally from the random death proportions and birth masses (see the discussion

in Section 2.2.3). Although to our knowledge, this specific model has not yet been

considered, it fits into the general framework from [DK99b]. A similar model in
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the spatial context, but under much more restrictive assumptions can be found in

[EK19, Section 4.2]. Our model should also be compared to the model in [Sch03],

where individuals can be parental to large families, but the population size is

reduced to a fixed quantity after reproduction.

The model is not a generalisation of the Λ-Fleming-Viot model in a strict sense:

although it covers Λ-Fleming-Viot processes for a range of impact measures Λ, not

all are included. Instead, it should be viewed as the natural variant for which the

masses, which are removed and added in an event, do not need to be equal. This is

complemented by the fact that we can approximate any classical Λ-Fleming-Viot

process arbitrarily well. Despite this relatedness with classical models, the interplay

between varying population size and reproduction events will necessitate additional

care in the analysis. Even though duality is still available in a restricted sense,

the dual coalescent is time inhomogeneous, so that our analysis of genealogical

properties relies mainly on a forward-in-time approach.

The major tool in this analysis is the lookdown construction from [DK99b] which

allows one to represent the measure-valued model as a countable particle system,

where each individual has a unique label, or level, in N. The main advantage

of lookdown constructions is the fact that offspring always “look down" to their

parent: from all individuals participating in a reproduction event, the one with the

lowest level is parental. This incorporates the corresponding coalescent backwards

in time in a consistent way and allows one to trace lines of descent forward in

time, independently of their changing type.

Outline Section 2.2 contains the definition of the model, presents the main results

and closes with a discussion of the model choice. In Section 2.3, we will start our

analysis by collecting properties of the population size process. Section 2.4 shows

the closedness of the class of processes under a natural convergence condition. In

Section 2.5, we will see that any Λ-Fleming-Viot process can be recovered as a

limit of our processes. Section 2.6 recalls the lookdown construction of [DK99b]

and provides a well-posedness proof through the Markov Mapping Theorem. The
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genealogy of the process is studied in Section 2.7. Code for simulation is provided

at github.com/mushunrek/GammaPiModel.jl.

2.2 Model and main results

2.2.1 The (γ,Π)-Fleming-Viot process

Throughout this work, we consider measure-valued populations taking values in

the space MF (K) of finite measures on a compact Polish type space K, usually

K = {a,A} or K = [0, 1]. Denote by M1(K) ⊆ MF (K) the set of probability

measures on K.

Definition 2.2.1 (Events and Characteristics). In the context of deaths and births,

we will always denote pairs z,γ ∈ R2 by bold letters and their entries by (zd, zb)

and (γd, γb).

1. We denote by

Z :=
(

[0, 1] × [0,+∞)
)

\ {(0, 0), (1, 0)}

the event space. Throughout this chapter, its elements will be referred to as

events and be denoted by z =: (zd, zb). Here, zd denotes the proportion of

individuals to be killed, and zb the mass of offspring born during the event z.

2. We define the space C of characteristics to contain exactly the pairs (γ,Π) ∈

R2 × M(Z) satisfying

i) γ ≥ 0,

ii) the first moment condition

∫
Z
z dΠ(z) < +∞, (2.1)

iii) and the balance condition

γd +
∫

Z
zd dΠ(z) = γb +

∫
Z
zb dΠ(z). (2.2)

github.com/mushunrek/GammaPiModel.jl
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In the above, M(Z) denotes the set of σ-finite measures on Z. The inequalities

are to be understood entrywise. In analogy to z, we will write Πd and Πb for

the marginals of Π.

The events (0, 0) and (1, 0) are excluded to avoid trivialities: the first does

not change the population, whereas the second kills off all individuals without

replacing any. The second condition (2.1) guarantees a biologically reasonable finite

expected population size. It implies together with γ ≥ 0 that (γ,Π) ∈ C defines a

two-dimensional subordinator with drift γ and jump measure Π.

Definition 2.2.2 (The (γ,Π)-Fleming-Viot process). Let (γ,Π) ∈ C be a charac-

teristic. Define the operator

Lγ,ΠΦ(σ) =
(
γb − γdσ(K)

)
DΦ

(
σ,

σ

σ(K)

)

+
∫
K

∫
Z

[
Φ
(

(1 − zd)σ + zbδκ

)
− Φ(σ)

]
dΠ(z)dσ(κ)

σ(K)

(2.3)

for all bounded Fréchet-differentiable Φ ∈ C1
bMF (K) with bounded derivative.

Any MF (K)-valued solution σ to the martingale problem for Lγ,Π is called a

(γ,Π)-Fleming-Viot process.

Here, DΦ
(
σ, σ′

)
denotes the derivative of Φ at σ in direction σ′. To avoid

heavy notation, we designate here and afterwards both the stochastic process and

a typical element of the ambient space by the same symbol. In Section 2.2.3 we

give a detailed motivation of the model choice.

Any σ ∈ MF (K) \ {0} can be uniquely decomposed into σ = Nρ, where

N := σ(K) is the population size and the probability measure ρ ∈ M1(K) is the

type distribution. A Poisson construction of the population size process N can be

found in Theorem 2.3.1 and of the complete process in Section 2.6.1. If σ is a

(γ,Π)-Fleming-Viot process, then N is a solution to the martingale problem for

Lγ,Πf(N) =
(
γb − γdN

)
f ′(N) +

∫
Z

[
f
(

(1 − zd)N + zb

)
− f(N)

]
dΠ(z). (2.4)
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More precisely, σ is a (γ,Π)-Fleming-Viot process if and only if (N, ρ) is a solution

to the martingale problem for

Lγ,ΠF (N, ρ)

=
(
γb − γdσ(K)

)
∂NF (N, ρ)

+
∫
K

∫
Z

[
F
(

(1 − zd)N + zb, (1 − z) ρ+ zδκ

)
− F (N, ρ)

]
dΠ(z) dρ(κ),

(2.5)

where we denote by

z := z(N, z) := zb
(1 − zd)N + zb

the effective impact of an event z at population size N . We keep the dependence

on N implicit to improve the readability. In Equation (2.4) and Equation (2.5),

we abuse the notation for Lγ,Π by applying it to functions f ∈ C1
b ((0,∞)) and

F ∈ C1
b ((0,+∞) × M1(K)) respectively. Furthermore, the equivalence between

the martingale problems on MF (K) and (0,+∞) × M1(K) only holds because the

population does indeed not vanish, which we will prove rigorously in Section 2.3.

2.2.2 Main results

Properties of the model We show in Section 2.6 that the model can be

understood with the framework of [DK99b]. In particular, the following result

follows solely from studying the population size process.

Theorem 2.2.3. The martingale problem for the (γ,Π)-Fleming-Viot process is

well-posed for any characteristic (γ,Π) ∈ C. Furthermore, the unique solution is

strongly Markovian.

We will show existence of the (γ,Π)-Fleming-Viot process by approximation,

the uniqueness will follow from the uniqueness of the lookdown construction of

[DK99b], which can be conveyed to the underlying process by the Markov Mapping

theorem [KN11]. The application of the Markov Mapping theorem is contained in

Lemma 2.6.5. A discussion of the uniqueness argument of [DK99b] is in Section 2.6.1.

The uniqueness argument comes down to showing that in the lookdown construction
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Figure 2.1: Simulation of a (γ, Π)-Fleming-Viot process: we start with 20 different types
of equal mass 0.05, each represented by a different colour. Here, γ ≈ (0.74, 1) and the
marginals of Π are independent such that Πd has density 1[0.0001,0.3](x) 3

x , and Πb has
density ∝ 1[0.0001,0.4](x) 1

x .

the rate at which events affect a finite number of levels is finite. In [DK99b] this

is shown for varying population size using a localization argument up to stopping

times, these are in our case provided by Theorem 2.3.1. The concluding proof

is at the end of Section 2.6.

In the context of Λ-Fleming-Viot processes, reproduction events are parametrised

by an impact u ∈ (0, 1] representing the proportion of the population to be replaced.

Events of small impact u ≈ 0 are usually modelled to occur at an accelerated rate

of order u−2 as small reproduction events are expected to be much more frequent

in large populations than large scale, catastrophic events. In the limit u ↓ 0, the

dynamics can be approximated by the Wright-Fisher diffusion which therefore can

be thought of as “0-impact Fleming-Viot".

As soon as events are balanced only in mean (2.2), events z ≈ 0 can only

happen at rate proportional to |z|−1 (see the discussion in Section 2.2.3). This

is ensured by the first moment condition (2.1) which guarantees the existence of

the (γ,Π)-Fleming-Viot process. Mirroring the approach from the Λ-Fleming-Viot
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process, it is natural to ask whether an additional process is required to describe

the “0-impact" behaviour. The next theorem gives a negative answer: the class of

(γ,Π)-models is closed under a natural notion of the convergence of characteristics.

For a Polish space E, we denote by D[0,+∞)(E) the space of E-valued càdlàg

processes with the usual Skorokhod topology. On MF (K), we consider the Polish

topology of weak convergence induced by the topology on K.

Definition 2.2.4. For a sequence
(
(γ(n),Π(n))

)
n

⊂ C of characteristics and a

characteristic (γ,Π) ∈ C, we write (γ(n),Π(n)) −→
n

(γ,Π) if and only if

lim
n

γ(n) · ∇g(0) +
∫

Z
g(z) dΠ(n)(z) = γ · ∇g(0) +

∫
Z
g(z) dΠ(z) (2.6)

for all g ∈ Cb(R2) differentiable in 0 such that g(0) = 0.

This definition is equivalent to the convergence of γ(n) to γ and the vague

convergence of Π(n) to Π.

Theorem 2.2.5. The set of (γ,Π)-Fleming-Viot processes is closed under limits

of characteristics in C in the following sense: if σ(n)
0 converges weakly to some

σ0 ∈ MF (K)\{0} and if (γ(n),Π(n)) → (γ,Π) ∈ C, then the sequence of (γ(n),Π(n))-

Fleming-Viot processes started in σ
(n)
0 converges weakly in D[0,+∞)

(
MF (K)

)
to the

(γ,Π)-Fleming-Viot process started in σ0.

Additionally, it is of interest to understand the relation between the (γ,Π)-

and the classical Λ-Fleming-Viot model. The next result illustrates that any Λ-

Fleming-Viot process can be obtained by letting the jump measure concentrate

on the diagonal zd = zb.

Theorem 2.2.6. Let
(
(γ(n),Π(n))

)
n

⊂ C be a sequence of characteristics and Λ be

a finite measure on [0, 1]. Assume that

lim
n

∫
Z
g(z) dΠ(n)(z) =

∫ 1

0
g(u, u) dΛ(u)

u2 (2.7)

for all g ∈ Cb(R2) vanishing in a neighbourhood of the origin and that

lim
ϵ↓0

lim
n

∫
Z∩[0,ϵ]2

(
zb

1 − zd + zb

)2
dΠ(n)(z) = Λ({0}). (2.8)
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Let
(
(N (n)

0 , ρ
(n)
0 )

)
n

⊂ (0,+∞) × M1(K) be a sequence with weak limit (1, ρ0) ∈

(0,+∞) × M1(K), and denote by (N (n), ρ(n)) the (γ(n),Π(n))-Fleming-Viot process

started from (N (n)
0 , ρ

(n)
0 ). Then, (N (n), ρ(n)) converges weakly to (1, ρ), where ρ is a

Λ-Fleming-Viot process started from ρ0.

For any given finite measure Λ on [0, 1], an approximating sequence of char-

acteristics can be obtained by setting γ(n) = 0 and

dΠ(n)(dz) = n2Λ({0})δ( 1
n
, 1

n)(dz) +
∫ 1

1/n
δ(u,u)(dz) dΛ(u)

u2 du.

It is expected that one can prove corresponding statements to Theorem 2.2.5 and

Theorem 2.2.6 in terms of the induced genealogies.

Genealogy and duality As in our case, the process, as an infinite-population

limit, contains no notion of individuals, we will strengthen its biological interpreta-

tion by considering the model as a limit of individual-based models. In Section 2.7.1,

we prove the convergence of an individual-based lookdown process to our model

based on [DK99b, Theorem 3.2]. This allows us to view the coalescent originating

from tracing the lowest levels in the lookdown construction as providing a notion

of genealogy to the model. A construction based on marked metric measures

spaces, which would extend the lookdown framework in [Guf18] and [Bla+23],

goes beyond the scope of the present work.

The coalescent based on tracing the lowest levels, provides a dual process to the

type distribution process. Indeed, the lookdown construction from Section 2.6.1

implies a pathwise moment duality conditional on the reproduction events (see

[JK14, Definition 4.6, Section 4 Remark (Lookdown Construction)]). However, due

to the dependence on the population size, the type distribution is not Markovian

on its own, so that the duality is less exploitable. For this reason, we analyse two

fundamental properties of the coalescent, fixation and coming down from infinity,

by studying the genealogy through the lookdown process. We say that fixation

occurs at time t if the corresponding type distribution is a Dirac measure on a single

type. Through the graphical construction, this is equivalent to proving that at time
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Figure 2.2: Illustration of Theorem 2.2.6 in the case of a finite number of types. The
limiting process is a multi-type Wright-Fisher diffusion, the Λ-Fleming-Viot process
with Λ = δ0. On the left-hand side of each figure, we start with 20 different types
of equal proportions, each represented by a different colour. From the top left-hand
figure to the bottom right-hand figure, we have used Πi := δ0 ⊗ Unif([0, ki]), where
k1 = 1, k2 = 1/3, k3 = 1/10, k4 = 1/20. The drift γi is given by (γi)d = 1 and

(γi)b = 1 −
∫

Z
zb dΠ(z) = 1 − ki

2 .

In each of the figures, the time frame shown corresponds to the appropriate rescaling of
time given by Equation (2.8) as

τ i(t) =
(∫

[0,ki]

( zb
1 + zb

)2
dzb

)−1

t.

t for every n ∈ N, the n-th individual is a descendant of the lowest level individual.

We say that fixation occurs if the above random time is a.s. finite. Weakening the

above, we say that quasi-fixation occurs if for every n ∈ N, there exists an a.s. finite

time until the lowest n levels are descendants from the lowest level.

Theorem 2.2.7 (Quasi-fixation). Consider the graphical construction of the (γ,Π)-

Fleming-Viot process from Section 2.6. Assume that the population size process Nt is

ergodic (cf. Remark 2.3.3) and that the marginal Πb of Π governing the births does
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not only charge zero. Then, for any n ≥ 2, after an a.s. finite time, the individuals

associated to the lowest n levels will be descendants of the individual associated to

the lowest label.

Coming down from infinity describes the property that the coalescent started

from infinitely many lineages contains only finitely many lineages after a finite

amount of time. Fixation cannot occur if the associated coalescent does not come

down from infinity. To complement the above, we show that the coalescent contains

dust at all times, i.e. that the coalescent started from infinitely many lineages

contains infinitely many singletons at all times and does not come down from

infinity. For Λ-coalescents which are not star-shaped, i.e. with Λ({1}) = 0, this has

been shown in the acclaimed paper [Pit99] to be equivalent to

∫ 1

0

Λ( du)
u

< ∞. (2.9)

Heuristically, as u−2Λ(du) corresponds to the marginals of Π, the first moment

condition (2.1) ensures that the (γ,Π)-Fleming-Viot process satisfies Equation (2.9).

Theorem 2.2.8 (The coalescent contains dust). Consider the graphical construction

of the (γ,Π)-Fleming-Viot process from Section 2.6. Then, for any time t > 0, the

probability for the lowest lineage to not have had offspring before time t is positive.

If Πd does not charge 1, this guarantees that, at every time t, there are a.s. in-

finitely many ancestral lineages that do not coalesce in the time interval [0, t].

2.2.3 Discussion

The (γ,Π)-Fleming-Viot model is a natural extension of the Λ-Fleming-Viot

paradigm. To make this connection apparent, let us consider the following in-

termediate example between the Λ- and the full (γ,Π)-Fleming-Viot framework.

For small u ≈ 0, let νu be a distribution on [0,+∞) with mean u. In the

following, νu[f(zb)] will denote the expectation of f w.r.t. zb ∼ νu. The population
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size process of the (0, δu ⊗ νu)-Fleming-Viot model, then, has the generator

Luf(N) = νu
[
f
(
(1 − u)N + zub

)
− f(N)

]
≈ νu

[
f(N + zub ) − uNf ′(N + zub ) − f(N)

]
≈ −uNf ′(N) + νu

[
f(N + zub ) − f(N)

]
,

where we make use of the fact that E[f ′(N + zub )] ≈ f ′(N) as u ↓ 0. Whereas the

first term is of order u, this is not necessarily true for the second. Instead, we

will make the natural assumption that it behaves in the limit like a subordinator.

This is the same as asking that there are γb ≥ 0 and a σ-finite measure Πb on

(0,+∞) satisfying
∫+∞

0 zb dΠb(zb) < +∞ such that

lim
u↓0

1
u
νu[g(zub )] = γbg

′(0) +
∫ +∞

0
g(zb) dΠb(zb) (2.10)

for all g : R → R smooth enough and satisfying g(0) = 0. This is a particular

case of Equation (2.6). Consequently, if we consider a Lévy subordinator (Lt)t≥0

with characteristics (γb,Πb), the measures νu := Law(Lu) satisfy Equation (2.10).

Putting everything together, we obtain as a special case of Theorem 2.2.5 that

Luf(N) ≈ u ·
(

(γb −N)f ′(N) +
∫ +∞

0
f(N + zb) − f(N) dΠb(zb)

)
. (2.11)

Adding a non-constant death proportion does not alter the above substantially.

The only part, that becomes more subtle, is to exclude the possibility of deriving

a diffusion in the limit as zb − zdN can be both positive and negative. This

can be seen heuristically by the following Taylor expansion (that assumes both

zd and zb to be of order u):∫
Z
f(N − zdN + zb) − f(N) dΠu(z)

≈
∫

Z

[
(zb − zdN)f ′(N) + (zb − zdN)2f ′′(N)

]
dΠu(z)

=
(∫

Z
(zb − zdN) dΠu(z)

)
· f ′(N) +

(∫
Z

(zb − zdN)2 dΠu(z)
)

· f ′′(N).

(2.12)

If Πu is a probability measure, then the first integral is of order u whereas the

second is of order u2. In particular, whenever the first integral is non-zero, there is

no way to speed up the dynamics to see a diffusion. For a more complete treatment,
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see also [JS03, Chapter VII, Section 3]. In the Λ-Fleming-Viot paradigm, this does

not pose a problem as N ≡ 1 constantly, so that for zb ≡ u ≡ zd the first order

term vanishes. In the setting of a fluctuating population size, however, the first

term can only vanish for at most one value of N . More precisely, under the balance

condition (2.2), it vanishes exactly for N = 1. One should therefore see a diffusion

appear only in the setting where N is forced to stay infinitesimally close to 1, i.e. in

the setting of Theorem 2.2.6, leading back to the Λ-Fleming-Viot model.

The particular choice of the balance condition (2.2) is not relevant. The fraction

K := γb +
∫

Z zb dΠ(z)
γd +

∫
Z zd dΠ(z) (2.13)

captures the carrying capacity of the system to which the population experiences

a mean-reverting drift. If we consider a (γ,Π)-Fleming-Viot process (N, ρ) not

satisfying Equation (2.2), with K as in Equation (2.13), then we may define

N̂t := Nt

K
, γ̂ :=

(
γd,

γb
K

)
and

∫
Z
g(z) dΠ̂(z) :=

∫
Z
g
(
zd,

zb
K

)
dΠ(z)

to obtain a (γ̂, Π̂)-Fleming-Viot process (N̂ , ρ) that has carrying capacity 1.

Tracing the lowest levels in the lookdown construction provides the genealogy for

a single fixed time. However, if one considers several points in time, the information

contained in the labels about survival times, induces a bias in the genealogies.

The framework developed in [Guf18] and [Bla+23] fuses genealogies in the sense

of marked metric measure spaces with the lookdown space, allowing sampling

at several points in time. It seems possible and enticing to carry out a similar

construction for the present model in future work.

2.3 The population size process

Unsurprisingly, the population size process is crucial to the study of (γ,Π)-Fleming-

Viot processes. Hereafter, we will collect basic properties that we will use several

times in the remainder of the chapter.
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Let (γ,Π) ∈ C be a characteristic. We will consider the operator from

Equation (2.4)

Lγ,Πf(N) = (γb − γdN)f ′(N) +
∫

Z

(
f
(
(1 − zd)N + zb

)
− f(N)

)
dΠ(z),

defined for any f ∈ C2
c

(
(0,+∞)

)
.

Theorem 2.3.1 (Well-Posedness). The martingale problem for Lγ,Π is well-posed.

Furthermore, the unique solution for a given initial condition is a conservative

strong Markov process on (0,+∞). Furthermore, if we let

τϵ := inf{t ≥ 0 : Nt ̸∈ (ϵ, 1/ϵ) or Nt− ̸∈ (ϵ, 1/ϵ)}, (2.14)

for all finite time horizons T ≥ 0,

lim
ϵ↓0

P
(
τϵ ≤ T

)
= 0. (2.15)

If L is a Lévy process of characteristic (γ,0,Π), the solution can be constructed as

the strong solution to

dNt =
(

−Nt−, 1
)

· dLt.

Equivalently, one obtains the process by taking a Poisson point process ξ on [0,+∞)×

Z with mean intensity dt⊗ Π(dz) and considering the unique strong solution to

dNt = (γb − γdNt)dt+
∫

Z
(zb − zdNt−) ξ(dt, dz).

Furthermore, the process, viewed as a process on R, is a Feller process if and

only if the first marginal Πd has no atom on 1. Here, we understand a Feller process

to have a semigroup that maps the space of continuous functions vanishing at infinity

into itself.

Proof. Since the extension of Lγ,Π to C2
c (R) maps into Cb(R), [Kur11, Theo-

rem 2.3] ensures that any solution to the martingale problem on the one-point-

compactification of R is a weak solution to the SDE

dNt =
(

−Nt−, 1
)

· dLt
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and vice-versa. As the coefficient is globally Lipschitz, there exists a pathwise

unique, non-exploding, strong solution to this SDE. Weak uniqueness follows and

we may conclude the well-posedness of the martingale problem.

Next, we prove Equation (2.15). First, assume that Πd does not charge 1.

Enumerating the jumps of the driving noise L, we may bound Nt a.s. by

e−γdt

∏
ti≤t

(
1 − zid

)N0 ≤ Nt ≤ N0 + γbt+ (0, 1) · Lt.

Since the lower bound is non-increasing and the upper bound is non-decreasing, it

suffices to show that the lower bound is strictly positive and the upper bound is

finite. For the upper bound, this is immediate. For the lower bound, we note that

the product is nonzero if and only if ∑ti≤t z
i
d is finite, which follows from

E

∑
ti≤t

zid

 = t
∫

Z
zd dΠ(z) < +∞. (2.16)

If Πd charges 1, events with zd = 1 occur at a finite rate due to Equation (2.1).

We write IT = {i ∈ N : ti ≤ T, zid = 1} for the finite set of such events before the

horizon T . If i ∈ IT , then Nti has the law νb = Π({1} × ·)/Π({1} × (0,+∞)) and is

independent of both (Ns)0≤s<ti and the values of zid, i ̸∈ IT . As the set IT is finite,

N∗ := min
(

{N0} ∪
{
Nti : i ∈ IT

})
,

is almost surely positive. Hence, we have the strictly positive lower bound

Nt ≥ e−γdT

∏
ti≤T
i ̸∈IT

(1 − zid)

 ·N∗.

Finally, we apply [Küh18, Corollary 1.2] which states that the Feller property

for the process seen as a process on R is equivalent to

lim
|N |→+∞

Π
{
z ∈ R2 : zb −Nzd ∈ −B(N, r)

}
= 0

for all r > 0, where B(N, r) denotes the ball of radius r around N . This is exactly

the case if the first marginal of Π does not charge the point 1.
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The restriction for the process to be Feller becomes apparent, when noting that

an atom of Πd at 1 allows the process to jump from any point in (0,+∞) to the

distribution νb defined in the proof above. In particular, functions vanishing at

infinity will not be mapped onto functions that vanish at infinity. Similarly, the Feller

property cannot hold for the population size process viewed as a process on (0,+∞)

(in which case the test functions vanish also at zero). Indeed, from any infinitesimal

N0 ↓ 0, we may jump with a fixed rate to a macroscopic population size, as the deaths

are proportional to the current population size, whereas the offspring size is not.

The next result will be of practical interest when proving different tightness re-

sults.

Corollary 2.3.2 (Compact Containment). Let (γ(α),Π(α))α ⊂ C be a family of

characteristics satisfying

sup
α

(
γ

(α)
b +

∫
Z
zb dΠ(α)(z)

)
< +∞.

Furthermore, suppose that the family (N (α)
0 )α of (0,+∞)-valued random variables

is tight. Let (N (α)
t )t≥0 be the population size process with characteristic (γ(α),Π(α))

started in N
(α)
0 . Then, for any finite time horizon T ≥ 0 and any threshold ϵ > 0,

there exists a compact set ΓT,ϵ ⊆ (0,+∞) such that

inf
α
P
(
N

(α)
t ∈ Γ for all t ∈ [0, T ]

)
≥ 1 − ϵ.

Proof. Let L(α) denote the Lévy subordinator corresponding to N (α). As the strong

solution to

dN (α)
t =

(
−Nt−, 1

)
· dL(α),

the process N (α) is almost surely bounded from above by the Lévy subordinator

L
(α,2)
t := (0, 1) · Lα of characteristic

(
γ

(α)
b ,Π(α)

b

)
. Since subordinators are mono-

tonically increasing, we may bound L
(α,2)
t from above by L

(α,2)
T for any t ∈ [0, T ].

Now,

E
[
L

(α,2)
T

]
= T

(
γ

(α)
b +

∫
Z
zb dΠ(α)(z)

)
≤ CT
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for a constant CT depending only on T . This yields

P
(

sup
t∈[0,T ]

N
(α)
t ≤ 2CT

ϵ

)
≥ P

(
L

(α,2)
T ≤ 2CT

ϵ

)
≥ 1 − P

(
L

(α,2)
T ≥ 2CT

ϵ

)
≥ 1 − ϵ

2 .

Together with Equation (2.15), this implies the result for some compact interval of

the form ΓT,ϵ =
[
δT,ϵ,

2CT

ϵ

]
.

Lγ,Πf(N)

=
(
γb − γdN

)
+
∫

Z
[−zdN + zb] dΠ(z)

= −
(
γd +

∫
Z
zd dΠ(z)

)
N + γb +

∫
Z
zb dΠ(z)

Remark 2.3.3 (Ergodicity). For the proof of quasi-fixation (cf. Theorem 2.2.7),

we will assume that the long term behaviour of the population size is well-behaved.

More precisely, it is enough for the process to be ergodic, which is expected to hold

true under weak conditions on the jump measure. The interested reader may refer

to [Kul09] and the references therein for relevant results. Since this is not the main

focus of this chapter, it is left for future work.

2.4 Closedness in the space of characteristics

This section is concerned with the proof of Theorem 2.2.5. Recall that (σt)t≥0

is a (γ,Π)-Fleming-Viot process if and only if it is a MF (K)-valued solution

to the martingale problem for Lγ,Π defined in Equation (2.3). We will make

use of the uniqueness result from Section 2.6, which does not depend on this

section. For the rest of this section, we consider a weakly convergent sequence

σ
(n)
0 → σ0 ∈ MF (K)\{0} and a sequence of characteristics (γ(n),Π(n)) → (γ,Π) ∈ C

converging in the sense of Definition 2.2.4. Let σ(n) denote the (γ(n),Π(n))-Fleming-

Viot process started from σ
(n)
0 . The proof is divided into two lemmas.

Lemma 2.4.1 (Tightness). The sequence (σ(n))n is tight.
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Proof. Corollary 2.3.2 guarantees the compact containment condition for the

population size process, and thus for the process σ, as sets of measures on a compact

space that are uniformly bounded by a constant are compact. By [EK86, Theorem

3.9.4], it is then sufficient to show the uniform boundedness of the generator in

expectation over finite time intervals. For any fixed σ ∈ MF (K) and Φ ∈ C1
bMF (K),

we have by Equation (2.1) and Equation (2.3)

∣∣∣Lγ(n),Π(n)Φ(σ)
∣∣∣ ≤

(
γ

(n)
b + γ

(n)
d σ(K)

)
∥DΦ∥∞

+
∫

Z
∥DΦ∥∞

(
z

(n)
d σ(K) + z

(n)
b

)
dΠ(n)(z)

≤ 2C∥DΦ∥∞ ·
(
1 + σ(K)

)
.

We conclude by noting that the corresponding population size process N (n)
t = σ

(n)
t (K)

satisfies

E
[
N

(n)
t

]
≤ E

[
N

(n)
0

]
+ Ct,

which is uniformly bounded on any compact time interval.

Lemma 2.4.2. Any limit point of the family (σn)n≥1 is a (γ,Π)-Fleming-Viot

process.

Proof. The first few lines are similar to [Eth+24, Proposition 6.6]. By [EK86,

Theorem 4.8.10], it suffices to show

lim
n→∞

E

Φ(σ(n)
t+τ ) − Φ(σ(n)

t ) −
∫ t+τ

t
Lγ,ΠΦ(σ(n)

s ) ds
 k∏
i=1

hi(σ(n)
ti )

 = 0 (2.17)

for all k ≥ 0, 0 ≤ t1 < t2 < ... < tk ≤ t < t + τ and h1, ..., hk ∈ CbMF (K).

Equation (2.17) is satisfied in the prelimit in the sense that

E

Φ(σ(n)
t+τ ) − Φ(σ(n)

t ) −
∫ t+τ

t
Lγ(n),Π(n)Φ(σ(n)

s ) ds
 k∏
i=1

hi(σ(n)
ti )

 = 0

for every n. It is therefore sufficient to prove that

lim
n→∞

E

 ∫ t+τ

t

∣∣∣∣Lγ(n),Π(n)Φ(σ(n)
s ) − Lγ,ΠΦ(σ(n)

s )
∣∣∣∣ ds

k∏
i=1

hi(σ(n)
ti )

 = 0.
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Using the tower property of conditional expectation, this statement is satisfied

provided

lim
n→∞

E

∫ t+τ

t

∣∣∣∣Lγ(n),Π(n)Φ(σ(n)
s ) − Lγ,ΠΦ(σ(n)

s )
∣∣∣∣ ds

∣∣∣∣∣∣ Ft

 = 0.

Let us introduce the family of functions

fσΦ : R2 → R, (z1, z2) 7→
∫
K

Φ
(
(1 − z2)σ + z1δκ

)
− Φ(σ) dσ(κ)

σ(K) ,

which are continuously differentiable and satisfy fσΦ(0) = 0. Then,

∇fσΦ(0) = DΦ
(
σ,

σ

σ(K)

)(
1,−σ(K)

)
and thus

(γb − γdσ(K))DΦ
(
σ,

σ

σ(K)

)
= γ · ∇fΦ(0).

For σ ∈ MF (K), the difference between the prelimiting and limiting generator is

given by∣∣∣∣Lγ(n),Π(n)Φ(σ) − Lγ,ΠΦ(σ)
∣∣∣∣

≤

∣∣∣∣∣∣
(
γ

(n)
b − γ

(n)
d σ(K)

)
DΦ

(
σ,

σ

σ(K)

)
−
(
γb − γdσ(K)

)
DΦ

(
σ,

σ

σ(K)

)

+
∫

Z

∫
K

[
Φ
(

(1 − zd)σ + zbδκ

)
− Φ(σ)

] dσ(κ)
σ(K) dΠ(n)(z)

−
∫

Z

∫
K

[
Φ
(

(1 − zd)σ + zbδκ

)
− Φ(σ)

] dσ(κ)
σ(K) dΠ(z)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣γ(n) · ∇fΦ(0) +
∫

Z
fΦ(z) dΠ(n)(z) − γ · ∇fΦ(0) −

∫
Z
fΦ(z) dΠ(z)

∣∣∣∣∣∣.
Hence, by the convergence of the characteristics, we obtain the pointwise limit

lim
n→∞

∣∣∣∣Lγ(n),Π(n)Φ(σ) − Lγ,ΠΦ(σ)
∣∣∣∣ = 0.

Writing N := σ(K) for the population size, we have∣∣∣∣Lγ(n),Π(n)Φ(σ) − Lγ,ΠΦ(σ)
∣∣∣∣ ≤ ∥DΦ∥∞

(
sup
n

|γ(n)
b − γb| + sup

n
|γd − γ

(n)
d |N

)
+ sup

n
2∥DΦ∥∞

∫
Z

(zb + zd) dΠ(n)(z),

which has finite mean. The above is an integrable majorant and we may apply

Lebesgue’s Dominated Convergence to conclude.



2. A Λ-Fleming-Viot type model with intrinsically varying population size 38

2.5 Relation to the Λ-Fleming-Viot process

This section is devoted to the proof of Theorem 2.2.6, which illustrates that (γ,Π)-

Fleming-Viot processes can approximate Λ-Fleming-Viot processes arbitrarily well.

We prove the result in two steps. First, we prove that the population size concentrates

on the constant function 1 by viewing it as the solution to an SDE with large drift.

Then, we verify the convergence of the type distribution. More precisely, making

use of [BES04, Lemma 5.3], it is enough to show the convergence of the type

composition up to the stopping time τδ := inf{t ≥ 0 : Nt ≤ δ or Nt− ≤ δ}.

Lemma 2.5.1. Let
(
(γ(n),Π(n))

)
n

⊂ C be a sequence of characteristics satisfying the

assumptions of Theorem 2.2.6. Then the associated sequence (N (n))n of population

size processes converges weakly to 1 in D[0,+∞)(R).

Lemma 2.5.2. Let
(
(γ(n),Π(n))

)
n

⊂ C be a sequence of characteristics satisfying

the assumptions of Theorem 2.2.6 for a finite measure Λ on [0, 1], and suppose that

(N (n)
0 , ρ

(n)
0 ) → (1, ρ0) weakly. Denote by ρ(n) the associated sequence of measure-

valued type processes and write ρ for the Λ-Fleming-Viot process started in ρ0. For

every δ > 0, the sequences of processes ρ(n) stopped at τδ converges weakly to ρ

stopped at τδ.

As the total population size process converges to a deterministic function,

Slutsky’s Lemma ensures that the convergence of the components suffices for the

joint convergence of (N (n), ρ(n)) and Theorem 2.2.6 follows.

Remark 2.5.3. There is a subtlety in this application of Slutsky’s Lemma that is

worth pointing out more clearly: Slutsky’s Lemma yields the convergence of the

sequence in the product topology on D[0,+∞)((0,+∞)) × D[0,+∞)([0, 1]) which is

weaker than the Skorokhod topology on D[0,+∞)((0,+∞) × [0, 1]) ([JS03, VI.1.21,

p.329]). In order to conclude that (N (n), ρ(n)) does converge also in the latter, it

suffices to note that the continuity of the limiting process strengthens the convergence

automatically to uniform convergence on compact time intervals. Then, we make use

of the fact that there is no difference between the two spaces from the perspective

of uniform convergence on compacts.



2. A Λ-Fleming-Viot type model with intrinsically varying population size 39

Proof of Lemma 2.5.1. We distinguish two cases:

1. Suppose
∫ 1

0 u
−1dΛ(u) < +∞ and supn |γ(n)| < +∞. Then, necessarily

γ
(n)
d − γ

(n)
b → 0

and the convergence follows from the closedness of the model, see Theo-

rem 2.2.5.

2. If
∫ 1

0 u
−1dΛ(u) = ∞ or supn |γ(n)| = ∞, the proof relies on [Kat91] which

considers stochastic processes that are forced onto a manifold by a large drift.

In this case, the sequence Cn := γ
(n)
b +

∫
Z zb dΠ(n)(z) diverges to infinity. By

Theorem 2.3.1, we have that the population size process is a solution to

N
(n)
t = N

(n)
0 + Cn

∫ t

0
(1 −N

(n)
t ) dt+

∫ t

0

(
−N, 1

)
· dL(n)

t ,

where L(n) is a Lévy process with characteristic
(
−
∫

Z z dΠ(n)(z),0,Π(n)
)
.

In this setting, the second term forces the process onto the singleton manifold

{1}. The process L(n) is a martingale with quadratic variation

[L(n)]t = t
∫

Z
z2 dΠ(n)(z),

which is uniformly bounded in n, and thus uniformly integrable. In particular,

[Kat91, Condition (4.2)] is satisfied for Y = L(n) by choosing δ = ∞ and

M = L(n). This implies that [Kat91, Condition (C5.1)] holds, whereas [Kat91,

Condition (C5.2)] follows automatically. We apply [Kat91, Theorem 6.2] to

obtain the convergence N (n) → 1.

Proof of Lemma 2.5.2. The generator of the Fleming-Viot process is given by

A1Φ(ρ) := 1
2

∫
K

∫
K
D2Φ(ρ; δκ, δχ) (δκ − ρ) (dχ) ρ(dκ),

where D2 denotes the second order Fréchet derivative. The generator is defined

for all functions Φ ∈ C(M1(K)) for which the second derivative exists for all
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κ, χ ∈ K and is bounded and continuous. The generator of the Λ-Fleming-Viot is

AΦ(ρ) = AΛ
1 Φ(ρ) + AΛ

2 Φ(ρ), where

AΛ
1 := Λ({0})A1 and AΛ

2 Φ(ρ) :=
∫ 1

0

∫
K

[
Φ
(
(1 − u)ρ+ uδκ

)
− Φ(ρ)

]
dρ(κ) dΛ(u)

u2 .

Note that the solution to the martingale problem associated to A is unique

(which can be shown using a duality relationship, see [LB03, Section 5.2] and

the general explanation in [Eth00, Section 1.6]). Recall that the generator of the

type distribution process ρ(n) is given by

A(n)Φ(N, ρ) =
∫

Z

∫
K

Φ
(

(1 − z)ρ+ zδκ

)
− Φ(ρ) dρ(κ) dΠ(n)(z)

=
∫

Z∩[0,ϵ]2

∫
K

Φ
(

(1 − z)ρ+ zδκ

)
− Φ(ρ) dρ(κ) dΠ(n)(z)

+
∫

Z\[0,ϵ]2

∫
K

Φ
(

(1 − z)ρ+ zδκ

)
− Φ(ρ) dρ(κ) dΠ(n)(z)

=: A(n,ϵ)
1 + A

(n,ϵ)
2 .

with z := zb

(1−zd)N+zb
for functions Φ ∈ C1

b (M1(K)) depending only on ρ. Adapting

[BK93, Theorem 2.3] to our situation, the statement follows from

1. the sequence (ρ(n))n is tight in D[0,T ](M1(K)),

2. and for all Φ : M1(K) → R such that Φ is three times Fréchet differentiable

with bounded derivatives,

sup
n→∞

E
[

sup
t∈[0,T ]

∥∥∥A(n)Φ(N (n)
t , ·)

∥∥∥
∞

]
≤ CΦ (2.18)

with 0 < CΦ < +∞, and for any t ∈ [0, T ]

lim
n→∞

E
[∥∥∥A(n)Φ(N (n)

t , ·) − AΦ
∥∥∥

∞

]
= 0. (2.19)

These conditions present a slight modification of [BK93, Theorem 2.3], where we

have used that the three times Fréchet differentiable functions are dense in the

domain of A and that the proof remains valid if Equation (2.18) and Equation (2.19)

hold in expectation. Now, tightness of (ρ(n))n follows from Equation (2.18) and the

compactness of M1(K) in combination with [EK86, Theorem 3.9.4], so that we will

concentrate on proving Equation (2.18) and Equation (2.19).
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Applying Taylor’s expansion to the inner part, we obtain

A
(n,ϵ)
1 Φ(N, ρ)

=
∫

Z∩[0,ϵ]2

∫
K

[
z ·DΦ(ρ; δκ − ρ) + z2 · 1

2D
2Φ(ρ; δκ − ρ, δκ − ρ) + O

(
z3
)]

dρ(κ) dΠ(n)(z).

The first summand is equal to zero due to the identity
∫
K
DΦ(ρ; δκ − ρ) dρ(κ) =

∫
K

∫
K

[
DΦ(ρ; δκ) −DΦ(ρ; δχ)

]
dρ(κ) dρ(χ) = 0.

For the second summand, we can use
∫
K
D2Φ(ρ; δκ − ρ, δκ − ρ) dρ(κ)

=
∫
K

[
D2Φ(ρ; δκ, δκ − ρ) −D2Φ(ρ; ρ, δκ − ρ)

]
dρ(κ)

=
∫
K

∫
K
D2Φ(ρ; δκ, δχ) (δκ − ρ)(dχ) dρ(κ)

−
∫
K

∫
K

∫
K

[
D2Φ(ρ; δη, δκ) −D2Φ(ρ; δη, δθ)

]
dρ(η) dρ(θ) dρ(κ)

=
∫
K

∫
K
D2Φ(ρ; δκ, δχ) (δκ − ρ)(dχ) dρ(κ) = AΦ(ρ)

and the third can be bounded by

ϵ

(1 − ϵ)3
1
N3 · sup

n

∫
Z
z2
b dΠ(n)(z).

Altogether, we can write

A
(n,ϵ)
1 Φ(N, ρ) =

(∫
Z∩[0,ϵ]2

z2 dΠ(n)(z)
)

· A1Φ(ρ) + O
(
ϵ

N3

)
,

which is bounded up to the stopping time τδ. The boundedness of A(n,ϵ)
2 is immediate

from the fact that Π(n) is finite outside a neighbourhood of 0:

|A(n,ϵ)
2 Φ(N, ρ)| ≤ 2∥Φ∥∞ sup

n

∫
Z\[0,ϵ]2

dΠ(n)(z) < +∞.

To prove Equation (2.19) we first bound

lim
n

E
[∥∥∥A(n)Φ(N (n), ·) − AΦ

∥∥∥
∞

]
≤ lim sup

ϵ↓0
lim
n

E
[∥∥∥A(n,ϵ)

1 Φ − AΛ
1 Φ
∥∥∥

∞
+
∥∥∥A(n,ϵ)

2 Φ − A
(Λ,ϵ)
2,2 Φ

∥∥∥
∞

+
∥∥∥A(Λ,ϵ)

2,1 Φ
∥∥∥

∞

]
,

(2.20)



2. A Λ-Fleming-Viot type model with intrinsically varying population size 42

where we define

A
(Λ,ϵ)
2,1 Φ(ρ) :=

∫ ϵ

0

∫
K

[
Φ
(
(1 − u)ρ+ uδκ

)
− Φ(ρ)

]
dρ(κ) dΛ(u)

u2 ,

A
(Λ,ϵ)
2,2 Φ(ρ) :=

∫ 1

ϵ

∫
K

[
Φ
(
(1 − u)ρ+ uδκ

)
− Φ(ρ)

]
dρ(κ) dΛ(u)

u2 .

The first summand of the inequality (2.20) is bounded by
∣∣∣A(n,ϵ)

1 Φ(N, ρ) − AΛ
1 Φ(ρ)

∣∣∣
≤

∣∣∣∣∣∣
∫

Z∩[0,ϵ]2

( zb

(1 − zd)N (n)
t + zb

)2

−
(

zb
1 − zd + zb

)2
 dΠ(n)(z)

∣∣∣∣∣∣
∥∥∥A1Φ∥∞

+
∣∣∣∣∣
∫

Z∩[0,ϵ]2

(
zb

1 − zd + zb

)2
dΠ(n)(z) − Λ({0})

∣∣∣∣∣ ∥∥∥A1Φ
∥∥∥

∞
+ O

(
ϵ

N3

)

Here, the second part vanishes due to the assumption on Λ({0}). The first and the

third parts can be treated up to τδ by using the convergence of the population size

and by noting that∣∣∣∣∣∣
∫

Z∩[0,ϵ]2

( zb

(1 − zd)N (n)
t + zb

)2

−
(

zb
1 − zd + zb

)2
 dΠ(n)(z)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∫

Z∩[0,ϵ2]

2zb|1 −N
(n)
t |

(1 − ϵ)2N
(n)
t

· zb
1 − ϵ

(
(1 + 2ϵ)

(1 − ϵ)N (n)
t

+ 1
)

dΠ(n)(z)

∣∣∣∣∣∣
≤ 2|1 −N

(n)
t |

(1 − ϵ)3N
(n)
t

(
(1 + 2ϵ)

(1 − ϵ)N (n)
t

+ 1
)

sup
n

∫
Z∩[0,ϵ]2

z2
b dΠ(n)(z).

The convergence of the second summand of inequality (2.20) can be achieved in

a similar fashion, adding and subtracting a term without the population size and

using Taylor’s expansion. The third summand of the inequality (2.20) can be

expanded similarly to A(n,ϵ)
1 above and is bounded because of the boundedness of

the derivatives of Φ. Taking limits, the last term vanishes as well.

2.6 Lookdown construction

In this section, we will consider a lookdown construction of the (γ,Π)-Fleming-Viot

process, which represents the process as an infinite system of particles ([DK99b]).

We will abbreviate the martingale problem for the (γ,Π)-Fleming-Viot process as

FV-MP and for the lookdown process as L-MP. We have two major aims:
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Aim 1 Show that the FV-MP and L-MP are well-posed, i.e. existence and unique-

ness of solutions.

Aim 2 Show that the (γ,Π)-Fleming-Viot process has a representation as a system

of SDEs and a graphical representation.

A key ingredient will be the acclaimed Markov Mapping Theorem (first described

in [Kur98] and further developed in e.g. [KN11; EK19]), which essentially tells us

the following: suppose that the operators of the L-MP and FV-MP are consistent

in an appropriate sense. Then, the existence of solutions of the FV-MP implies

the existence of solutions to the L-MP. In turn, if uniqueness holds for the L-MP,

uniqueness also holds for the FV-MP. With this tool at hand, we address our

goals as follows:

Section 2.6.1 We introduce the lookdown construction, the system of SDEs (2.21)

and its graphical representation. We show that strong solutions to

the system (2.21) exist and that they solve the L-MP. Our lookdown

process/L-MP is a special case of the one considered in [DK99b,

Section 3.3], for which uniqueness has already been proven [DK99b,

Section 4]. As any weak solution to (2.21) solves the L-MP, the

uniqueness for the L-MP implies weak uniqueness for (2.21) and also

that the solution to the L-MP is given by the unique strong solution

to (2.21). This already shows the existence of solutions to the L-MP

without invoking the Markov Mapping Theorem.

Section 2.6.2 We show existence of a solution to the FV-MP through an approxi-

mation scheme, cf. Lemma 2.6.4.

Section 2.6.3 We apply the Markov Mapping Theorem: together with the existence

of solutions to the FV-MP this provides an alternative proof for the

existence of solutions to the L-MP. More crucially, together with the

uniqueness from Section 2.6.1, the uniqueness transfers to the FV-MP

and well-posedness follows for both martingale problems.
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Note that we do not follow the approach of [EK19] or [Bla+23], which consider

a lookdown containing additionally the system of SDEs in order to prove well-

posedness of the L-MP by an analysis of the SDEs. Instead, we use the "shortcut"

that uniqueness is known for the L-MP, in order to conclude that the unique solution

can be represented as the strong solution of a system of SDEs (2.21).

2.6.1 An infinite system of SDEs and its graphical rep-
resentation

We will first describe the system of SDEs in order to provide a fil d’Ariane. Whereas

the lookdown process itself comes from [DK99b, Section 3.3], we follow the more

modern presentation of [Bir+05], where the case of the usual Λ-Fleming-Viot

process has been treated.

The main idea will be to represent the type distribution ρ as the DeFinetti

measure of an exchangeable sequence k = (k(i))i∈N ∈ KN of types from individuals

sampled from the population. In order to describe the evolution of the population,

we need three pieces of information: how and when do reproduction events occur?

which individuals participate in a reproduction event? and who is the parent?

One advantage of the exchangeability of the sample is that we may choose

the parent freely. The descriptive term lookdown comes from the fact that the

individual, which has the lowest label i from all of those that participate in the

reproduction event, is chosen as the parent. This renders the system coherent for

different numbers of individuals: as the parental choice is unchanged, one can add

more individuals without changing the dynamics on the already present, lowest

label individuals. The two other parts are incorporated through a Poisson point

process ξ on [0,+∞) × Z × [0, 1]N with mean intensity dt⊗ Π(dz) ⊗ du⊗N, where Z

denotes the event space from Definition 2.2.1, dt is the Lebesgue measure on [0,+∞)

and du denotes the Lebesgue measure on [0, 1]. The interpretation is as follows: if

(t, z, u) ∈ ξ, a reproduction event z falls at time t. Then, every individual i ∈ N

participates in the reproduction event exactly if ui ≤ z, where z(N, z) = zb

(1−zd)N+zb

denotes the effective impact at the current population size N , cf. Equation (2.5)
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following. In order to ensure the exchangeability of the sample, however, we will

also shift the individuals that did not participate in the reproduction event onto

the next free slot. This is captured by the infinite system of SDEs

Nt = N0 +
∫ t

0

(
γb − γdNs

)
ds+

∫
[0,t]×Z×U

(
zb − zdNs−

)
ξ(ds, dz, du), (2.21a)

kt(i) = k0(i) +
∫

[0,t]×Z×U

(
ks−

(
θJ(z,u)(i)

)
− ks−(i)

)
ξ(ds, dz, du) ∀i ∈ N,

(2.21b)

where J(z, u) = {j ∈ N : uj ≤ z} denotes the set of individuals participating

in the reproduction event and

θJ(i) :=


i if i < min J
min J if i ∈ J

i− |J ∩ [i]| + 1 otherwise

describes the lookdown rule. Here and in the following, we write [n] for the set of

integers {1, . . . , n} and U := [0, 1]N for notational convenience. To stress the time

dependence of the effective impact, we will occasionally write zs− = zb

(1−zd)Ns−+zb
.

The remainder of this section is dedicated to giving a graphical construction

of strong solutions to Equation (2.21). This graphical construction has the major

advantage of encoding all genealogical information in such a way that types of

individuals can be added later by tracing the lines in the direction of the arrows.

First, let N be the unique strong solution to the SDE Equation (2.21a). In

particular, Nt is a measurable function of N0 and the restriction of ξ to [0, t] ×

Z. We build a graphical representation on the time-level picture [0,+∞) × N

as follows. If (t, z, u) ∈ ξ, define the set J(z, u) := {j ∈ N : uj ≤ z} as before

and draw for every i ∈ N an arrow from (t, i) to
(
t, θJ(z,u)(i)

)
if i ̸= θJ(z,u)(i).

Note here that z is a measurable function of Nt− and therefore of N0 and the

restriction of ξ to [0, t] × Z × U.

In order to build a solution to Equation (2.21), it is enough to mark the points

(0, i) with k0(i) and to update the types as follows: up to the next time t at

which an arrow leaves (t, i), the type k(i) stays constant; at the arrow it adopts

the type of the individual at which the arrow points; repeat. Crucially, we will



2. A Λ-Fleming-Viot type model with intrinsically varying population size 46

Label

...

Types before event

...

1

2

3

4

5

6

×

×
×

Types after event...

Figure 2.3: Illustration of a reproduction event: during the event, the particles with
labels 2, 4, 5 are chosen to participate. Offspring of the parental type are inserted. All
other levels have to shift upwards accordingly. Types are marked by colors, drawn arrows
indicate birth, dashed arrows the necessary shift.

show that every individual only changes its type a finite number of times in every

finite time horizon. For illustration purposes, Figure 2.3 shows the graphical

representation with only two types.

Lemma 2.6.1. For every initial condition (N0, k0) ∈ (0,+∞) × KN independent of

ξ, there exists a strong solution to Equation (2.21).

Proof. Consider the graph constructed from ξ and define for n ∈ N the process

Ln(t) :=
∫

Z×U×[0,t]

n∑
i=1

1[0,zs−](ui) ξ(dz, du, ds),

which is either infinite or jumps exactly when there is at least one individual in

[n] that participates in a reproduction event. In particular, as long as Ln is finite,

every individual i ∈ [n] changes type at most a finite number of times.

Now, writing ξ0 for the projection of ξ onto [0,+∞) × Z, we have that τϵ as
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defined in Equation (2.14) is measurable w.r.t. N0 and ξ0. We can bound

E[Ln(t ∧ τϵ)] = E
[∫

[0,t∧τϵ]×Z
nzs− ξ0(ds, dz)

]

≤ n · E
[∫

[0,t]×Z

zb
(1 − zd)ϵ+ zb

ξ0(ds, dz)
]

≤ tn
∫

Z

zb
(1 − zd)ϵ+ zb

dΠ(z)

≤ tn
∫

Z
1[1/2,1](zd) + 2zb

ϵ
dΠ(z) < +∞,

and deduce

P
(
Ln(t) = +∞

)
≤ P

⋂
ϵ↓0

{τϵ < t}

 = lim
ϵ↓0

P(τϵ < t) = 0.

We conclude that every individual a.s. changes its type only a finite number of times.

This in turn ensures that k is a strong solution to Equation (2.21) when considering

(N, ξ) as the driving noise. Since N is also a strong solution, we conclude that

(N, k) is a strong solution to Equation (2.21) started from (N0, k0).

The finiteness of the jump rates implies that the solution is weakly unique,

but this will follow anyway from the following consideration. First, Itô’s formula

implies that any weak solution to Equation (2.21) is also a solution to the lookdown

martingale problem (L-MP) for (A,D(A)) defined by

D(A) :=

(N, k) 7→ h(N, k) := f(N)
n∏
i=1

gi(ki)

: f ∈ C1
b ((0,+∞)), gi ∈ C(K), 1 ≤ i ≤ n, n ∈ N


(2.22)

and

Ah(N, k)

= (γb − γdN)f
′(N)
f(N) h(N, k)

+
∫

Z

∑
J⊆[n]

z|J |(1 − z)n−|J | ·
(
h
(
(1 − zd)N + zb, θJ(k)

)
− h(N, k)

)
dΠ(z),

(2.23)

where θJ(k) := k ◦ θJ as in Equation (2.21). The division by f(N) should be

interpreted as cancelling the corresponding factor in h(N, k).



2. A Λ-Fleming-Viot type model with intrinsically varying population size 48

Uniqueness for the L-MP for A has been shown in [DK99b, Section 4] using

the following idea: up to stopping times, the jump rates of the levels stay finite,

resulting in the uniqueness of the stopped martingale problems. If the sequence

of stopping times is increasing and exhausts the complete space, [EK86, Theorem

4.6.2] yields the uniqueness of the unstopped martingale problem. In our setting,

an example for an exhausting sequence is given by the τϵ of Theorem 2.3.1. As

the argument is based on ‘localisation’, it carries over to the local L-MP. We are

temporarily working with local martingale problems, as we will use a localized

version of the Markov Mapping Theorem ([KN11, Corollary 3.3]) in Lemma 2.6.5

(the reason will become apparent in its proof).

Combing that weak solutions to Equation (2.21) solve the L-MP for A with

the uniqueness for the local L-MP for A implies that

1. weak uniqueness holds for the system (2.21) and

2. the unique solution to the local martingale problem for A is given by the

strong solution to (2.21), which resulted from the graphical construction.

This gives us the following result:

Lemma 2.6.2 (See e.g. [DK99b, Section 4]). The local L-MP for (A,D(A))

is well-posed and the unique solution can be obtained as the strong solution to

Equation (2.21). In particular, every solution to the local L-MP is a solution to the

L-MP.

2.6.2 Existence of a solution for the FV-martingale problem

We first prove that paths of the (γ,Π)-Fleming-Viot process are càdlàg and the

existence of solutions for the FV-MP. Then, we will apply the Markov Mapping

Theorem to transfer the uniqueness of the L-MP to the uniqueness of the FV-MP.

This shows the well-posedness of the FV-MP.

Lemma 2.6.3. Every (γ,Π)-Fleming-Viot process has a càdlàg modification.
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Proof of Lemma 2.6.3. Note that B = (0,+∞) × M1(K) is separable and that

C1
b (B) is separating and contains a countable set that separates points. If (N, ρ) is

a (γ,Π)-Fleming-Viot, then N is the population size process studied in Section 2.3

and thus

P
(

(Nt, ρt) ∈ ΓT,ϵ × M1(K) for all t ∈ [0, T ]
)

≥ 1 − ϵ

for all T, ϵ > 0 and a compact ΓT,ϵ given by Corollary 2.3.2. Hence, [EK86, Theorem

4.3.6] yields the existence of a càdlàg modification.

Since any modification of a solution to a martingale problem is a solution itself,

we may and will assume in the following that any solution is càdlàg.

Lemma 2.6.4. For any given initial condition (N0, ρ0) ∈ S, there exists a (γ,Π)-

Fleming-Viot process started from (N0, ρ0).

Proof. Existence is immediate as soon as the jump measure Π is finite, as a

solution may be constructed as a piecewise deterministic Markov Process. For

general characteristics (γ,Π), set Π(n)(z) := 1∥z∥>1/nΠ(z) and choose γ(n) such

that (γ(n),Π(n)) ∈ C and γ(n) → γ. Then, (γ(n),Π(n)) → (γ,Π) in the sense of

characteristics and we may apply Theorem 2.2.5 to obtain a (γ,Π)-Fleming-Viot

process as the limit of (γ(n),Π(n))-Fleming-Viot processes, see also Section 2.4.

2.6.3 Application of the Markov Mapping Theorem

Next, we show that every (γ,Π)-Fleming-Viot process corresponds to a solution

to the L-MP for A defined in Equation (2.23) through an application of the

Markov Mapping Theorem ([Kur98; KN11; EK19]). Together with Lemma 2.6.4,

Lemma 2.6.2 and the uniqueness of the L-MP, this shows the well-posedness

of the FV-MP. In the following, we will refer to B := (0,+∞) × M1(K) as

the base state space and to E := (0,+∞) × KN as the extended state space.

First, define γ : E → B by

γ(N, k) := lim
n

(
N,

1
n

n∑
i=1

δk(i)

)
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when the limit exists and by γ(N, k) = (N, δκ) for some fixed, but arbitrary κ ∈ K

otherwise. Conversely, we define the Markov kernel α from B to E by

α(N, ρ; dN ′, dk) := δN(dN ′) ⊗ ρ⊗N(dk)

that maps every type distribution ρ to a random exchangeable sample with DeFinetti

measure ρ. The maps γ, α are chosen in way that

α
(
(N, ρ), γ−1(N, ρ)

)
= 1

for (N, ρ) ∈ B. This is one of the prerequisites of the Markov mapping theorem

[KN11, Corollary 3.3]. The Markov Mapping Theorem has the basic underlying

aim that an extended Markov process is projected to another Markov process.

This property ensures that the projection of the extended space E to the base

space B is consistent with this aim.

Lemma 2.6.5. Every solution (γ,Π)-Fleming-Viot process (N̂ , ρ̂) started from

some (N0, ρ0) corresponds to a solution (N, k) of the L-MP for
(
A,α(N0, ρ0, · )

)
in the sense that (N, ρ) := γ ◦ (N, k) has the same law as (N̂ , ρ̂) as elements in

D[0,+∞)(B). Furthermore, for every t ≥ 0, the distribution of (Nt, kt) conditionally

on (Ns, ρs)0≤s≤t is given by α(Nt, ρt · ).

Proof. In the following, we view α as the operator

αh(N, ρ) :=
∫
E
h(N ′, k) α(N, ρ; dN ′, dk)

defined for all bounded measurable functions h : E → R. We obtain for the test

function h = f
∏n
i=1 gi ∈ D(A) that

αh(N, ρ) = f(N)
n∏
i=1

gi(ρ),

where gi(ρ) :=
∫
K gi(κ) dρ(κ). Then, applying α to the operator A shows

αAh(N, ρ)
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= (γb − γdN)f
′(N)
f(N) αh(N, ρ)

+
∑
J⊆[n]

∫
Z
f
(
(1 − zd)N + zb

)
z|J |(1 − z)n−|J |

(∫
K

∏
i∈J

gi(κ∗) dρ(κ∗)
) ∏
i∈[n]\J

gi(ρ)

− αh(N, ρ) dΠ(z)

= (γb − γdN)f
′(N)
f(N) αh(N, ρ)

+
∫

Z

∫
K

f((1 − zd)N + zb
) n∏
i=1

(
(1 − z)gi(ρ) + zgi(κ∗)

)

− αh(N, ρ)
 dρ(κ∗) dΠ(z)

= (γb − γdN)f
′(N)
f(N) αh(N, ρ)

+
∫

Z

∫
K
αh
(

(1 − zd)N + zb, (1 − z)ρ+ zδκ∗

)
− αh(N, ρ) dρ(κ∗) dΠ(z),

which is Lγ,Π applied to αh.

In order to conclude by invoking the Markov Mapping Theorem [KN11, Corollary

3.3], we need to check the regularity assumption [KN11, Condition 2.1] for the

operator A. First, the domain D(A) is contained in the bounded continuous

functions on E by definition, separates points, is stable under multiplication and

contains the constant 1. Furthermore, A1 = 0 and in order to verify that A maps

into the continuous functions, note that the integrand

z|J |(1 − z)n−|J |
(
h
(

(1 − zd)N + zb, θJ(k)
)

− h(N, k)
)

is non-trivial only when |J | ≥ 2. In this case, it is continuous in (N, k) for fixed

z, so that we may apply Lebesgue’s Dominated Convergence with the integrable

upper bound z 7→ ∥h∥z, where z is computed w.r.t. a suitably chosen N . Next, we

obtain the uniform bound

|Ah(N, k)| ≤ (γb + γdN)∥f ′∥∞ + 2n · 2∥h∥∞

∫
Z
z dΠ(z)

≤ ch

(
1 +N + 1

N

)
︸ ︷︷ ︸

=:ψ(N,k)

,

where we use the same bound z ≤ 1[1/2,1](zd) + 2zb

N
as in the proof of Lemma 2.6.1.
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Now, let (N, ρ) be a (γ,Π)-Fleming-Viot process. Then, it is in particular a

solution to the local (γ,Π)-Fleming-Viot martingale problem. The same argument

as in the proof of Lemma 2.6.1 yields that
∫ t

0 αψ(Ns, ρs) ds is almost surely finite

for every t ≥ 0. This is what necessitates local martingale problems; if we had

instead a finite expectation of
∫ t

0 αψ(Ns, ρs) ds, we could apply the standard Markov

Mapping Theorem without the need for localisation. Then, [KN11, Corollary 3.3]

implies the existence of a solution (N, k) to the local L-MP for A such that (N̂ , ρ̂)

has the same law on D[0,+∞)(B) as (N, ρ) := γ ◦ (N, k). Now, since the local L-MP

for A is well-posed, and the unique solution is given by the strong solution to

Equation (2.21), we conclude that (N, k) is a solution to the L-MP, which concludes

the proof.

Proof of Theorem 2.2.3. The uniqueness of the (γ,Π)-Fleming-Viot martingale

problem (FV-MP) is an immediate consequence of the uniqueness of the L-MP for

A, which carries over to the averaged process by the Markov Mapping Theorem

in the previous Lemma 2.6.5. Existence of solutions to the FV-MP had already

been proven in Lemma 2.6.4. The strong Markov property, then, follows from the

well-posedness by the general theory of martingale problem see e.g. [EK86, Section

4.4].

2.7 Genealogy and duality

As we argued in the introduction, in our case, it is more natural to refer to a

coalescent of the infinite-population limit as its genealogy when it arises as the limit

of the genealogies of the corresponding individual-based models. We will conclude

this property for our model from the lookdown framework. Then, we will investigate

fixation of types and whether the associated coalescent comes down from infinity.

2.7.1 Individual-based model

Fix a characteristic (γ,Π), an initial condition N0 > 0 and m ∈ N which should be

thought of as carrying capacity of the population. Heuristically, we will consider
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the following model: we start with an initial population Nm
0 := ⌊mN0⌋ and impose

two dynamics on the individuals:

Continuous part Each individual carries an independent Poisson clock with rate γd.

When the clock rings, the individual dies. Independently, there is

one Poisson clock with rate mγb. Whenever it rings, an individual

is chosen at random to produce an offspring.

Discrete events Reproduction events fall as a Poisson point process on [0,+∞)×Z

with intensity measure dt ⊗ Π(dz). At an event (t, z), ⌊Nm
t zd⌋

individuals die and ⌊mzb⌋ individuals are born and carry the type

of an individual chosen uniformly at random from the population

immediately before the event.

Events with zd < 1/Nm
t and zb < 1/m do not appear at all, so only a finite number

of events occur on any compact time interval. In the following, we will assume the

process to be stopped at the first time the population size Nm
t = 0 reaches zero.

To fit the above into the setting of [DK99b], we decompose the population

process Nm
t = Nm

0 +Bm
t −Dm

t into births and deaths. The dynamics are described

by the generator

Lmf(n, b, d)

= mγb

(
f(n+ 1, b+ 1, d) − f(b, d)

)
+ nγd

(
f(n− 1, b, d+ 1) − f(b, d)

)
+
∫

Z

(
f(n− ⌊nzd⌋ + ⌊mzb⌋, b+ ⌊mzb⌋, d+ ⌊nzd⌋) − f(n, b, d)

)
dΠ(z).

The first part is a continuous birth and death generator, whereas the second part

implements reproduction events.

Similarly to the infinite population limit, we can construct this population

model as a lookdown process, see [DK99b, Section 1.2]. More precisely, we start

with an exchangeable sequence km0 ∈ Km. If the population changes at time t, we

denote by k := ∆Bm
t the number of births. Births work exactly as in the lookdown

construction from Section 2.6.1: first, choose k + 1 levels i0 < · · · < ik randomly

from 1, . . . , Nm
t ; then, insert individuals of the type kmt−(i0) at levels i1, . . . , ik and
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move all other individuals upwards. All individuals with level greater than Nm
t are

considered dead, which automatically takes care of death events.

We wish to prove that this lookdown construction converges in a suitable sense

to the one defined in Section 2.6.1. One verifies immediately that the the sequence

(Nm/m)m∈N converges in law to the population process N started from N0. However,

to apply [DK99b, Theorem 3.2], we need to prove a stronger convergence. More

precisely, writing [Bm] for the quadratic variation process of Bm, we define

Um
t := [Bm]t +Bm

t

m2 .

One then checks that (Nm/m,Um) converges weakly to (N,U), where

Ut =
∫

[0,t]×Z
z2
b ξ(dt, dz)

with ξ denoting the driving noise of N (see Theorem 2.3.1). Using the fact that

N does not reach 0 in finite time together with the remark just after Equation

(3.12) in [DK99b], we deduce the following result on genealogies.

Theorem 2.7.1 (see [DK99b, Theorem 3.2]). Let k0 ∈ KN be an exchangeable

sequence with DeFinetti measure ρ0 and set km0 := (k0(i))1≤i≤m. Consider the

lookdown process (kmt )t≥0 defined above and view it as a process on KN by setting

kmt (i) := k0(i) if maxs≤tNm
s ≤ i and kmt (i) := kmτm

i (t)−(i), where τmi (t) := sup{s <

t : Nm
s ≥ i} otherwise.

Write (Nt, kt)t≥0 for the lookdown process from Section 2.6.1 and let ρt be the

DeFinetti measure of kt. Then, setting

ρmt := 1
Nm
t

Nm
t∑

i=1
δkm

t (i)

up to the extinction time and as zero afterwards, the sequence
(
Nm

m
, N

m

m
ρm, km

)
converges in law to (N,Nρ, k). In particular, the genealogy of k approximates the

genealogy of the individual-based model.
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2.7.2 Fixation

We will first prove that the lowest levels of the lookdown process will eventually

all be of the same type and deduce afterwards the equivalence to fixation of a

certain type in the population.

Theorem 2.2.7 (Quasi-fixation). Consider the graphical construction of the (γ,Π)-

Fleming-Viot process from Section 2.6. Assume that the population size process Nt is

ergodic (cf. Remark 2.3.3) and that the marginal Πb of Π governing the births does

not only charge zero. Then, for any n ≥ 2, after an a.s. finite time, the individuals

associated to the lowest n levels will be descendants of the individual associated to

the lowest label.

Proof. For two constants 0 < C1 < C2 to be determined later and i ≥ 1, we define

σ0 := 0 and the down- and upcrossing stopping times

τi := inf{t ≥ σi−1 : Nt ≤ C1 or Nt− ≤ C1},

σi := inf{t ≥ τi : Nt ≥ C2 or Nt− ≥ C2}.

Due to the ergodicity, a stationary distribution µ exists, satisfying

1
T

∫ T

0
1[0,C1](Nt) dt −→

T→+∞
µ([0, C1]) a.s.

Choose C1 large enough such that µ([0, C1]) > 0. Then, the above implies that τ1

is a.s. finite. Assume for the moment that σ1 is a.s. finite. If C2 → +∞, then so

does σ1. For any fixed T0 > 0 and ϵ ∈ (0, 1), we may choose C2 = C2(T0, ϵ) large

enough so that σ1 − τ1 > T0 with probability at least 1 − ϵ. Enumerate the point

process ξ = {(ti, zi, ui)} from the graphical construction. Then,

P
(
There is a point (ti, zi, ui) with zib ≥ δ in the time interval [τ1, σ1]

)
≥ P

(
There is a point (ti, zi, ui) with zib ≥ δ in the time interval [τ1, τ1 + T0]

and σ1 − τ1 > T0

)
= 1 − P(There is no such point in [τ1, τ1 + T0]) − P(σ1 − τ1 ≤ T0)

≥ 1 − exp
(
−T0Πb

(
[δ,+∞)

))
− ϵ.
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As Πb ̸= 0, we may choose δ > 0 small enough such that Πb([δ,+∞)) is strictly

positive. Then, choose T0 large enough that the above remains bounded away from

0. Finally, by Theorem 2.2.3, the strong Markov property extends this argument

to the interval [τ2, σ2] etc. Hence, there will be a.s. infinitely many reproduction

events with effective impact

zi = zib
(1 − zid)Nti− + zib

≥ δ

C2 + δ
=: C > 0.

Consequently, the n lowest lineages are all effected by a common reproduction event

with probability at least Cn > 0 a.s. infinitely often and we may conclude that the

n lowest lineages are effected by a common reproduction event at an a.s. finite time.

Now, if σi = +∞ with positive probability, we may proceed in a more straight-

forward way. Indeed, this will imply that the interval [τi, σi] is infinite on this event,

and thus contains infinitely many reproduction events satisfying zi ≥ C. Therefore,

it suffices to choose ϵ := 1 − P(σi = +∞) and T0 large enough to compensate.

Corollary 2.7.2. Suppose that K ⊆ [0, 1] is closed. For a (γ,Π)-Fleming-Viot

process, let Ft(κ) := ρt([0, κ]) denote the cumulative distribution function of ρt.

Under the assumptions of Theorem 2.2.7, Ft(κ) converges for every κ ∈ K a.s. to a

random variable F∞(κ) supported on {0, 1} such that

P
(

lim
t→+∞

Ft(κ) = 1
∣∣∣∣ F0

)
= F0(κ).

Proof. Without loss of generality, we may consider K = {0, 1}, as Ft(κ) splits the

type space into two sets. We will write wt := ρt({1}) and it suffices to show that

wt → w∞ a.s. for a Bernoulli random variable w∞ with conditional mean w0, which

we may choose to be deterministic. For a test function f = f(w) independent of N ,

we obtain

Lγ,Πf(N,w) =
∫

Z

[
wf
(

(1 − z)w + z
)

+ (1 − w)f
(

(1 − z)w
)

− f(w)
]

dΠ(z).

In particular, wt is a bounded martingale and we may conclude that it converges

almost surely to its limit w∞. Additionally,

wnt =
(∫

K
κ dρt(κ)

)n
= E

[
n∏
i=1

κt(i)
∣∣∣∣∣ ρt

]
a.s.
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Hence, if we write τn for the almost surely finite time at which the n lowest lineages

are all descendants from the lowest lineage, then

wnτn
= E

[
n∏
i=1

κτn(i)
∣∣∣∣∣ ρτn

]
= E

[
n∏
i=1

κ0(0)
]

= E[κ0(0)] = w0.

This implies for all n ∈ N

E[wn∞] = lim
t→+∞

E[wnt ]

= lim
t→+∞

(
E [wnt 1τn≤t] + O(P(τn > t)

)
= w0 lim

t→+∞
P(τn ≤ t) = w0,

which concludes the proof.

2.7.3 Not coming down from infinity

Coming down from infinity addresses the question whether a coalescent started

from infinitely many lineages coalesces quickly enough to later have only finitely

many lineages. The next result shows that our coalescent contains a non-trivial

fraction of singleton lineages at any time, a situation know as containing dust. This

complements the previous result as it shows that fixation cannot occur in bounded

time. A related discussion can be found on [DK99b, p.196].

Theorem 2.2.8 (The coalescent contains dust). Consider the graphical construction

of the (γ,Π)-Fleming-Viot process from Section 2.6. Then, for any time t > 0, the

probability for the lowest lineage to not have had offspring before time t is positive.

If Πd does not charge 1, this guarantees that, at every time t, there are a.s. in-

finitely many ancestral lineages that do not coalesce in the time interval [0, t].

Proof. Let t ≥ 0 be arbitrary. Since the rate Πd({1}) at which the entire population

is replaced is finite, there is a positive probability that no such event takes place

before time t. As such, we may and will assume Πb({1}) = 0.

Conditionally on the events ξ0 = {(ti, zi)}, the first lineage does not jump until

time t with probability at least ∏ti≤t (1 − zi), where zi := zi
b

(1−zi
d
)Nti +zi

b
. Now,

∏
ti≤t

(1 − zi) > 0 if and only if
∑
ti≤t

zi < +∞.
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Denote by τϵ := inf{t ≥ 0 : Nt ≤ ϵ}. Then, for any K, ϵ > 0, we have

P

∑
ti≤t

zi < K

 ≥ P

{∑
ti≤t

zi < K
}

∩ {τϵ > t}


≥ P

{∑
ti≤t

zib
(1 − zid)ϵ+ zib

< K
}

∩ {τϵ > t}


= 1 − P

{∑
ti≤t

zib
(1 − zid)ϵ+ zib

≥ K
}

∪ {τϵ ≤ t}


≥ 1 − P

{∑
ti≤t

zib
(1 − zid)ϵ+ zib

≥ K
}− P(τϵ ≤ t)

≥ 1 −K−1E

∑
ti≤t

zib
(1 − zid)ϵ+ zib

− P(τϵ ≤ t)

= 1 −K−1t
∫

Z

zb
(1 − zd)ϵ+ zb

dΠ(z) − P(τϵ ≤ t).

The integral in the last line is finite as
∫

Z

zb
(1 − zd)ϵ+ zb

dΠ(z) ≤ 2
ϵ

∫
{zd≤1/2}

zd dΠ(z) +
∫

{zd≥1/2}
dΠ(z) < +∞.

If we choose K large enough and ϵ small enough, the above is bounded away from

zero and the statement follows.
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3.1 Introduction

Probability of identity by descent In most natural settings, the population’s

range is too broad to be covered by a single individual during its lifetime and several

generations are necessary to bridge large spatial distances. Consequently, in the

presence of neutral mutations, individuals further apart in space carry, on average,

more different genetic information; an effect which is known as isolation by distance.

In infinitely-many-alleles models, mutations are deemed unlikely to affect the same

nucleotide twice, such that mutation events create new types never seen before in

the population. Under this assumption relatedness of individuals can be measured

by the probability of identity by descent F (x), that is, the probability that two

individuals sampled from two locations at separation x are of the same type because

no mutation occured since their most recent common ancestor.

60
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Historically, the displacement distance between offspring and parents has been

assumed to be of finite variance. Wright and Malécot ([Wri43], [Mal48]) were

the first to observe that if Gt is a Gaussian transition kernel associated with

Brownian motion, F (x) is approximately given by the Wright-Malécot formula

(ignoring model specific parameters)

F (x) ≈
∫ ∞

0
e−2µtG2t(x)dt, (3.1)

where µ > 0 is the rate at which neutral mutations arise in a given lineage. This

formula reflects the idea of probability of identity by descent. Since µ > 0 is

the neutral mutation rate, e−2µt is the probability that no mutation occurred

on the line of descent of either individual since the time t of their most recent

common ancestor. Mutation rates estimated from biological data are often very

small. If we wish to detect mutations, we therefore need to consider large time

scales. Over large temporal and spatial scales, in turn, the central limit theorem

tells us that jump processes of ancestral lineages are approximated by Brownian

motions. Hence, the two ancestral lineages are at the same place and coalesce

with a rate proportional to G2t(x) after time t. The universality of the central

limit theorem in approximating jump processes and ancestral lineages explains why

the Wright-Malécot formula has been proven for a large variety of different spatial

models such as the stepping stone model or the Gaussian version of the spatial

Λ-Fleming-Viot model ([CD02], [BDE02], [BKE10]).

Long-range dispersal in biology Over the past decades, the assumption of

a finite-variance distance relationship between parents and offspring has been

challenged by many biological examples such as butterfly populations ([FK07]),

expansion behaviour of aquatic species ([Kel+14]) or the dispersal of plant seeds

([CMS00]) and the spread of pollen ([Val+17]). In plants, long-distance dispersal of

seeds has even been proposed to be an instance of the Levy foraging hypothesis

([Tre+20]), which supposes that long jumps are more efficient in the search for

sparse resources.
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Studying the effect of exceptionally large reproduction events on genealogy has

been one of the motivations for the introduction of the spatial Λ-Fleming-Viot

model (SLFV) and already [BEV10] explored deviations from Kingman’s coalescent.

However, only recently, the paper [For22] and Smith and Weissman [SW23] have

started to classify regimes of probability of identity by descent patterns under long-

range reproduction. Exceptionally large events can even persist in the limit and

lead to ancestral lineages described by stable processes. Additionally, coalescence

of lineages may not only happen locally when lineages meet, but globally, when

lineages are still separated in space. The first instance of a long-range Wright-Malécot

formula was established in [For22], in which a long-range behaviour of ancestral

lineages always occurred together with global coalescence. This was complemented

and confirmed by the simulation-based approach of [SW23]. Exploring dimensions

one and two, Smith and Weissman discovered that the same stable behaviour

of ancestral lineages can appear together with both local and global coalescence.

This chapter includes and considerably extends those previous classifications by

generalizing the new technique of [For22].

Novel central limit theorem technique The classical formula (3.1) contains

an innate mathematical difficulty: Brownian motions and thus ancestral lineages

do not meet in dimension two or higher. Wright and Malécot as well as [BDE02]

and [BKE10] circumvented this problem by introducing a parameter for the local

scale. Only recently, the paper [For22] provided a mathematically rigorous solution

to this obstacle. The key is the observation that even in higher dimensions, in all

prelimiting models a non-zero probability of coalescence remains, vanishing only in

the limit. By scaling the probability of identity by descent as the model converges to

the limit, [For22, Theorem 2.4] has been able to recover the classical Wright-Malécot

formula regardless of dimension. The arguments of [For22, Theorem 2.4] are based

on a central limit theorem for the SLFV with mutation. The SLFV process was first

introduced in [Eth08], while the mutation mechanism was envisioned by [VW15].

This process ρ = (ρt, t ≥ 0) evolves on Rd × [0, 1] and for each time and each
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spatial location x ∈ Rd, ρt(x) is a probability measure encoding the composition of

genetic types in the population at location x. To represent the infinite-alleles model

assumption, individuals carry a real number in [0, 1] as a label. Reproduction is

driven by a Poisson-point process and takes place through ball-shaped events of

random radius r in which first a parental type is chosen uniformly from the affected

ball (see Definition 3.2.1 below). Then a random proportion u of the population, i.e.

of the probability measures ρt(x) with x inside the ball, is replaced by the parental

type. The parameter u is called the impact parameter. Between reproduction

events, individuals mutate by assuming new uniform labels from the interval [0, 1]

with a certain mutation rate µ. This mutation mechanism is certainly reminiscent

of the uniform marker process in [DK99a, Section 6]. At the level of the process ρ,

an infinite-population limit, this results in an exponential decay of ρt(x) towards

the uniform distribution on [0, 1] between reproduction events.

Under appropriate scaling of space, time, impact parameter and mutation

rate (see Remark 3.3.3) and in a suitable topology the rescaled process ρN =

(ρNt , t ≥ 0) converges to Lebesgue measure λ on Rd × [0, 1]. This enables us

to consider the fluctuations

ZN
t =

√
NηN(ρNt − λ) (3.2)

around the deterministic limit. Here, ηN is a sequence of positive numbers such

that NηN converges to infinity. If ηN is appropriately chosen, ZN
t converges in

a distributional sense to the solution to a stochastic partial differential equation

(SPDE). It turns out that this SPDE has a straightforward connection to the

probability of identity by descent (see Section 3.3.4).

Formulae for short and long-range dispersal Crucially, this new approach

yielded a generalisation of the Wright-Malécot formula to populations with long-

range reproduction events, that is to say when the distribution of the radius of

balls in which events take place has a heavy tail r−(1+d+α)dr with α < 2. Under a

suitable spatial and temporal rescaling, ancestral lineages converge in the long-range
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case to stable processes instead of Brownian motions (see e.g. [FP17]). In this

result, the probability of identity by descent is evaluated for a pair of individuals

sampled at two locations chosen at random from two probability densities ϕ, ψ. Let

PN
t (ϕ, ψ) denote this probability for a population evolving according to the N -th

rescaled SLFV model (ρNt , t ≥ 0). It is shown in [For22] that

lim
t→∞

lim
N→∞

NηNP
N
t (ϕ, ψ) =

∫
(Rd)2

F (|x− y|)ϕ(x)ψ(y)dxdy,

for some function F : R+ → R+ which depends on the dispersal regime. The scaling

factor NηN from the central limit theorem (3.2) is precisely the scaling factor of the

probability of identity by descent to recover a non-trivial formula, i.e. ηN captures

how quickly the probability of identity by descent converges to zero as the limit is

approached. In the short-range case, where the event radius is a constant R > 0,

F (|x− y|) =
∫ ∞

0
e−2µtG2t(|x− y|)dt. (3.3)

This is the classical Wright-Malécot formula, see [BDE02]. In the long-range case,

where the event size distribution has a heavy tail r−(1+d+α)dr, ancestral lineages

become stable processes with parameter α ∈ (0, 2). In this case, it was shown that

F (|x− y|) =
∫ ∞

0

∫
(Rd)2

e−2µtGα
t (x− z1)Gα

t (y − z2)K(z1, z2)dz1dz2dt, (3.4)

where

K(z1, z2) = C

∥z1 − z2∥d+α . (3.5)

Reflecting the convergence of ancestral lineages, the Brownian transition kernel Gt is

replaced by a stable transition kernel Gα
t . The formula involves a new term K(z1, z2),

which appears as the spatial correlations of the noise of the SPDE arising in the

central limit theorem. The correlations K(z1, z2) encode the rate of coalescence

for ancestral lineages located at positions z1 and z2.
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New phenomena We will expand the technique of [For22] to more general models.

The broader regimes will unveil some new phenomena.

In [For22] there was a strong link between the behaviour of ancestral lineages

and asymptotic coalescence, while our regimes show that this is no necessity.

The short-range Wright-Malécot formula (3.3) can be interpreted as having a

coalescence/spatial correlation term K(x1, x2) = Cδx1(x2) for a constant C >

0. This indicates that coalescence happens only locally and ancestral lineages

need to be at the same position x1 = x2 in order to coalesce asymptotically. In

the long-range regime (3.4), ancestral lineages became stable processes and the

coalescence/correlation term K(x1, x2) of (3.5) indicated that coalescence happens

globally over large distances. In this work, we will see mixtures of both behaviours:

Brownian motions with global coalescence and stable ancestral lineages which still

only coalesce locally. More generally, in most cases, local coalescence or a range

of different powers α appearing in (3.5) is possible for a fixed either stable or

Brownian behaviour of ancestral lineages (see Theorem 3.3.4 and the corresponding

formulae in Theorem 3.3.7).

Furthermore, we will demonstrate that the coalescence/spatial correlation

behaviour shows a dimension-dependent phase transition. We will identify a

critical threshold for the tail behaviour below which global coalescence occurs

and above which only local coalescence takes place. The critical case will exhibit

local coalescence and requires a special scaling regime.

Our more general SLFV models involve two different radii r1 and r2 in repro-

duction events (Definition 3.2.1). Inside a ball of radius r1 a parental type will be

chosen. Thereafter, a proportion of the population will be replaced by the parental

type inside a ball of radius r2. Our new Wright-Malécot formulae show that the

joint distribution of r1 and r2 determines the asymptotic behaviour of lineages while

only the r2 marginal determines the coalescence regime. Moreover, if both tails have

independent heavy-tailed distributions, one of the tails dominates the parameter

of the resulting stable lineages (see (3.12), (3.14) and Table 3.1).
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For potential inference of long-range dispersal patterns, this new variety of

formulae has far-reaching consequences, which we hope to cover in future work.

The formulae illustrate that long-range reproduction leaves a clear trace in isolation

by distance patterns. However, as we obtain many situations which lead to similar

or even the exact same formulae, inference of more precise model parameters

might be hindered.

The information has been obtained entirely forwards in time, raising the hope

that the techniques can be applied to other complex spatial models, for example

those incorporating fluctuating population size. Many models in population genetics

assume a constant population size as this assumption facilitates the use of many

tools in particular the method of duality. As we will see in the next Chapter 4,

indeed, the strategy provides a route to obtaining tractable results on the behaviour

of ancestral lineages of varying population size genetics models.

Outline In Section 3.2, we introduce the SLFV models considered in this work.

The central limit theorem and the corresponding Wright-Malécot formulae are stated

in Section 3.3. In Section 3.4, we give an overview of the proof strategy of [For22] and

the adaptations needed in the present case. Section 3.5 provides proofs of all steps

requiring significant changes from [For22] to cover the new regimes. Appendix A.1

proves the existence and uniqueness of the SLFV models of Section 3.2.

3.2 Definition of the model

This chapter makes use of spatial Λ-Fleming-Viot (SLFV) processes, a framework

introduced in ([Eth08], [BEV10]) in which the evolution of a population is driven

by a family of reproduction events. These events affect balls of varying radius

and in each event, a fraction of the population inside the ball is replaced by the

offspring of one or a few individuals. The SLFV process presented here differs in

two ways from the most commonly studied version ([BEV10]): a different mutation

mechanism, introduced in [VW15], and different areas are chosen for the origin of
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parents and dispersal of offspring. We first define the state space Ξ of the process

(ρt, t ≥ 0), then we clarify its evolution.

Let M
(
[0, 1]

)
denote the set of probability measures on the interval [0, 1]. The

state space Ξ is defined as the set of maps

ρ : Rd → M
(
[0, 1]

)
,

where we identify two maps ρ1, ρ2, if {x ∈ Rd : ρ1(x) ̸= ρ2(x)} is a Lebesgue null

set. This space is in one-to-one correspondence with the space of measures on

Rd × [0, 1] with Lebesgue measure as a spatial marginal. At time t, the measure

ρt(x) describes the probability distribution of the type of an individual sampled

from position x. To introduce a suitable topology on the space Ξ, let (ϕn, n ≥ 1)

be a sequence of continuous functions with compact support on Rd, which separate

points in Ξ. For ρ1, ρ2 ∈ Ξ we define the metric d by

d(ρ1, ρ2) =
∞∑
n=1

1
2n
∣∣∣⟨ρ1, ϕn⟩ − ⟨ρ2, ϕn⟩

∣∣∣, (3.6)

which induces the vague topology on Ξ. It is useful, for later proofs, to define

p-norms as in [For22] only on the spatial argument of the test functions

∥ϕ∥p :=
∫

Rd
sup
k∈[0,1]

|ϕ(x, k)|pdx
1/p

. (3.7)

We can assume without loss of generality that for multi-indices κ ∈ Nd

sup
n∈N

{
∥∂κϕn∥p : |κ| ≤ 2, p ∈ {1,∞}

}
< ∞. (3.8)

The next definition describes the evolution of the spatial Λ-Fleming-Viot process. It

extends [For22, Definition 1.1] by introducing balls of different sizes for the selection

of parents and dispersal of offspring and allowing the impact of reproduction

events to be random.

Definition 3.2.1. Suppose we are given a positive constant µ and a σ-finite measure

ν on (0, 1]×(0,∞)2, which encodes the event impact and the event radii and satisfies∫
(0,1]×(0,∞)2

urd2 ν(du, dr1, dr2) < ∞. (3.9)
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Then let Π be a Poisson point process on R+ × Rd × (0, 1] × (0,∞)2 with intensity

dt⊗dx⊗ν(du, dr1, dr2). The spatial Λ-Fleming-Viot process with mutation (SLFV)

is defined as a stochastic process ρ = (ρt, t ≥ 0) taking values in Ξ which evolves

through reproduction and mutation.

1. Reproduction: For every point (t, x, u, r1, r2) ∈ Π, first choose a spatial

position y uniformly at random from within the parent search area B(x, r1)

and a parental type k0 ∈ [0, 1] according to ρt−(y, dk). Then, replace a

proportion u of the population inside the dispersal area B(x, r2), i.e. set

∀z ∈ B(x, r2), ρt(z, dk) = (1 − u)ρt−(z, dk) + uδk0(dk). (3.10)

2. Mutation: If a point x ∈ Rd is hit by events at times t1 and t2 with no events

in between, we set for t1 ≤ s < t2,

ρs(x, dk) = e−µ(s−t1)ρt1(x, dk) +
(
1 − e−µ(s−t1)

)
dk. (3.11)

In Figure 3.1, we show the effect of a reproduction event as described above on

the frequency of a single allele in two cases: if the parent search radius r1 is larger

than the replacement radius r2 and if the former is smaller than the latter.

Note that the mutation mechanism is specifically tailored to capture probabilities

of identity by descent. In infinite-alleles models, if an individual acquires a mutation

and a new type is created, the individual no longer contributes to the probability of

identity by descent. This can be described by a uniform distribution on [0, 1], as

specific points are not charged. Therefore, we can view neutral mutation of rate

µ as a constant decay towards a uniform distribution. In [For22], more general

mutation mechanisms are also considered.

Definition 3.2.1 allows us to define the infinitesimal generator of the SLFV

with mutations on a suitable set of functions. For ρ ∈ Ξ, x ∈ Rd, r ∈ (0,∞),

u ∈ (0, 1] and k0 ∈ [0, 1], define

Θx,r,u,k0(ρ)(z, dk) :=

(1 − u)ρ(z, dk) + uδk0(dk) if z ∈ B(x, r),
ρ(z, dk) if z /∈ B(x, r).
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Figure 3.1: Example of the effect of a single reproduction event on the frequency of one
allele in a spatial Λ-Fleming-Viot model with two alleles (0 and 1): on the left, the parent-
search radius r1 is larger than the replacement radius r2, allowing an individual carrying
allele 1 to send offspring far from its current location; on the right, the parent-search
radius r1 is smaller than the replacement radius r2, allowing an individual to recolonise a
large region.

Let D(G) denote the set of functions Ff,ϕ : Ξ → R of the form Ff,ϕ(ρ) = f(⟨ρ, ϕ⟩),

where ϕ : Rd → R is continuous and compactly supported, and f : R → R is contin-

uously differentiable. The infinitesimal generator of the SLFV of Definition 3.2.1

is the operator G, defined on D(G) as

GFf,ϕ(ρ)

:= µf ′(⟨ρ, ϕ⟩)⟨λ− ρ, ϕ⟩

+
∫
Rd

∫
(0,1]×(0,∞)2

1
|B(x, r1)|

∫
B(x,r1)

∫
[0,1]

(Ff,ϕ(Θx,r2,u,k(ρ)) − Ff,ϕ(ρ))

ρ(y, dk)dy ν(du, dr1, dr2) dx,

where |B(x, r1)| denotes the Lebesgue measure of B(x, r1) and λ denotes the constant

map which associates Lebesgue measure on [0, 1] to each x ∈ Rd, i.e. λ(x, dk) = dk.

We then say that a Ξ-valued process solves the martingale problem associated
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to (G, D(G)) if, for any F ∈ D(G),

F (ρt) − F (ρ0) −
∫ t

0
GF (ρs)ds

is an Ft-local martingale, where (Ft, t ≥ 0) is the natural filtration associated

to the process (ρt, t ≥ 0).

Theorem 3.2.2. Under condition (3.9), there exists a unique Markov process taking

values in Ξ which solves the martingale problem associated to (G, D(G)).

We prove Theorem 3.2.2 in Appendix A.1, extending the arguments used in the

proof of Theorem 1.2 in [EVY20]. Hereafter, the unique solution to the martingale

problem associated to (G, D(G)) is called the SLFV with mutations (or simply the

SLFV), with impact and radii intensity measure ν and mutation rate µ.

3.3 Main results

We generalise the results of [For22] to a spectrum of regimes exhibiting new phe-

nomena. Its centrepiece is a central limit theorem for the fluctuations of the process,

from which we deduce the asymptotic behaviour of pairs of ancestral lineages.

3.3.1 Choice of parameters

We consider two possible choices for the intensity measure ν, which are interpreted

in detail in view of the main results in Subsection 3.3.5. In the one-tail regime, the

intensity measure ν governing the reproduction events is chosen as

νN(du, dr1, dr2) = 1r2≥1 δuNr
− c
2

(du) δrb
2
(dr1)

dr2

r1+d + a − c
2

, (3.12)

where uN ∈ (0, 1], a ∈ (0,∞) and b, c ∈ [0,∞) are parameters. Here, ancestral

lineages will converge to symmetric α-stable processes with parameter

α = a ∧ a
b ∧ 2. (3.13)

The parameter c appears in the tail distribution of the radius r2 and the impact

u = uNr
− c
2 . When we consider the behaviour of lineages, both appearances
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annihilate each other, so that the parameter of the stable processes (3.13) does

not depend on c (see Subsection 3.3.5 for details). Introducing the parameter

c allows us to modulate the impact of large events. For example, if c = d the

number of offspring produced is the same for every reproduction event regardless

of the radius r2. Examples of realisations of the SLFV in the one-tail regime

are displayed in Figure 3.2.

In contrast, in the two-tails regime, the intensity measure ν has the form

νN(du, dr1, dr2) = 1r1≥1 1r2≥1 δuNr
− c1
1 r

− c2
2

(du) dr1dr2

r1+a1 − c1
1 r1+d + a2 − c2

2
, (3.14)

where uN ∈ (0, 1], a1, a2 ∈ (0,∞) and c1, c2 ∈ [0,∞) are parameters. In this case,

limiting ancestral lineages will be symmetric α-stable processes of parameter

α = a1 ∧ a2 ∧ 2. (3.15)

It can then easily be checked that both these measures satisfy (3.9). Indeed,

∫
(0,1]×(0,∞)2

urd
2 νN(du, dr1, dr2)

=


uN

∫+∞
1

dr2
r1+a

2
in the one-tail regime,

uN
∫+∞

1
dr1
r

1+a1
1

∫+∞
1

dr2
r

1+a2
2

in the two-tails regime.

In both regimes, the right hand side is finite.

Remark 3.3.1. The paper [For22] considers the one-tail regime with parameters

b = 1 and c = 0, which amounts to considering only a single radius r1 = r2

and constant impact. Our results augment the corresponding results of [For22]

to the above broader parameter setting and an interpretation thereof is given in

Section 3.3.5.

3.3.2 Law of large numbers

Our goal is to derive a central limit theorem for the process. To derive a law of

large numbers in Theorem 3.3.2, we apply the following scaling, identified in [For22],

to the process. The scaling will be explained in Remark 3.3.3. We first choose a
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Figure 3.2: Two realisations of the spatial Λ-Fleming-Viot model in two dimensions.
Each simulation is started with two alleles (1 and 0), with individuals carrying type
0 initially concentrated in a fixed ball. The plots show the proportion of individuals
carrying allele 1 after some time. The parameters of the SLFV are chosen according to
the one-tail regime, one where b = 2 (on the left) and one where b = 0.5 (on the right).
In both simulations, the parameter a is chosen so that α = 1.3.

sequence (δN , N ≥ 1) of positive real numbers which converges to zero as N → ∞.

Let (ρNt , t ≥ 0) be the SLFV of Definition 3.2.1, with

uN = u0

N
, µN = δαN

µ

N
,

where α is given by (3.13) in the one-tail regime and by (3.15) in the two-tails

regime. The rescaled process is then defined as

ρNt (x, dk) := ρNNt/δα
N

(
x

δN
, dk

)
.

The sequence of rescaled processes (ρNt , t ≥ 0) converges to a deterministic limit

given by Lebesgue measure λ. The convergence will be made precise in Theorem 3.3.2.

This allows us to consider the fluctuations

ZN
t :=

√
NηN(ρNt − λ), (3.16)

where ηN is a sequence of real numbers capturing the magnitude of fluctuations.

In the one-tail regime, we set

ηN :=


δα−a − c
N if a + c < d,

δα−d
N log(1/δN)−1 if a + c = d,

δα−d
N if a + c > d,



3. Isolation by distance under various forms of power-law dispersal 73

while in the two-tail regime,

ηN :=


δα−a2 − c2
N if a2 + c2 < d,

δα−d
N log(1/δN)−1 if a2 + c2 = d,

δα−d
N if a2 + c2 > d .

With those definitions at hand, we can formulate the law of large numbers extending

[For22, Proposition 3.6].

Theorem 3.3.2. Let (δN , N ≥ 1) be a sequence of positive numbers converging to

zero as N → ∞ and such that NηN → ∞ as N → ∞. Let ρNt be the SLFV started

from ρ0 = λ. Then, for each fixed T > 0,

lim
N→∞

E

 sup
t∈[0,T ]

d(ρNt , λ)
 = 0,

where d is the metric defined in (3.6).

Remark 3.3.3. We wish to clarify how our choice of scaling aligns with our aim

to show a central limit theorem for the process. To obtain a deterministic law of

large numbers, we require the impact uN to converge to zero and we would like to

consider large spatial scales. Without loss of generality, we can assume uN = u0/N

and scale space by 1/δN for a sequence of positive reals converging to zero.

Ancestral lineages need to be among the impacted individuals in order to jump,

which causes the effective speed of an ancestral lineage to be proportional to the

average impact of events ([BEV10]). If we sample individuals at distance D, which

in unrescaled spatial units is proportional to 1/δN , it will therefore take roughly

a time NDα ≈ N/δαN to cover this distance. We scale time by N/δαN , so that the

time to cover a distance D is of order O(1) and lineages are capable of movement

as we approach the limit. To be able to detect mutation and genetic events in the

population, the expected number of mutations along the lineages needs to be of

order O(1) and as 1/µ ∼ N/δαN we scale the mutations by the inverse.
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3.3.3 Central limit theorem

Prior to stating the theorem, we need to introduce a few notations. Let Vr denote

the volume of a ball of radius r > 0 in Rd and let Vr(x, y) denote the volume of

the intersection of B(x, r) and B(y, r) for x, y ∈ Rd. Let α, β, γ, σ and ζ be given

by Table 3.1. Define an operator Dα acting on twice-continuously differentiable

functions ϕ : Rd × [0, 1] → R by

Dαϕ(x, k) :=


ζ
∫∞

0

(
ϕ(x, k, r) − ϕ(x, k)

) dr

r1+α if α < 2,

σ2

2 ∆ϕ(x, k) if α = 2,
(3.17)

where ϕ(x, k, r) is defined as the average of y 7→ ϕ(y, k) over the ball B(x, r)

of radius r, i.e.

ϕ(x, k, r) = 1
Vr

∫
B(x,r)

ϕ(y, k)dy, (3.18)

and the Laplacian operator ∆ acts only on the spatial coordinates, i.e.

∆ϕ(x, k) =
d∑
i=1

∂2ϕ

∂x2
i

(x, k).

In the case α < 2, Dαϕ(x, k) can be seen as equal to

ζ

V1(d+ α) lim
r→0

∫
Rd\B(x,r)

ϕ(z, k) − ϕ(x, k)
∥z − x∥d +α dz,

which in turn, if multiplied by ζ−1V1(d +α)2απ− d /2Γ(d +α
2 )|Γ(−α

2 )|−1, is the frac-

tional Laplacian applied to x 7→ ϕ(x, k) (see [Kwa17]). Furthermore, define a

measure Kβ on (Rd)2 by

Kβ(dx1, dx2) :=


δx2(dx1)dx2 if β ≥ d,

1
∥x1 − x2∥β

dx1dx2 if β < d.
(3.19)

Our next result shows the convergence of the fluctuations (3.16) to the solution

of a stochastic partial differential equation (SPDE). A majority of this work will be

dedicated to proving this result. The SPDE is of a common form, and mirrors the

corresponding result of [For22, Theorem 2.1, Theorem 2.3]. However, for certain
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One tail regime Two tail regime

α a ∧ a
b ∧ 2 a1 ∧ a2 ∧2

β a + c a2 + c2

γ

u2
0V

2
1

a + c − d if β > d

u2
0V

2
1 if β = d

u2
0C

(2)
d,β if β < d

u2
0V

2
1

(a1 + c1)(a2 + c2 − d) if β > d
u2

0V
2

1
a1 + c1

if β = d

u2
0C

(2)
d,β

a1 + c1
if β < d

σ2 u0V1

d +2

( 1
a −2 b + 1

a −2

)
u0V1

d +2

(
1

(a1 −2) a2
+ 1

a1(a2 −2)

)

ζ

u0V1

1 ∨ b if b ̸= 1

C
(1)
d,α

V1(d +α) if b = 1

u0V1

a1 ∨ a2
if a1 ̸= a2

u0V1

( 1
a1

+ 1
a2

)
if a1 = a2

Table 3.1: Expressions for the different parameters of the limiting fluctuations. The
constants C

(1)
d,α and C

(2)
d,β are given by

C
(1)
d,α :=

∫ ∞

0

Vr(0, e1)
V 2
r

dr

r1+α , C
(2)
d,β :=

∫ ∞

0
Vr(0, e1) dr

r1+d +β ,

where e1 denotes an arbitrary point of the unit sphere in Rd.

parts of the parameter space the SPDE takes new forms specified in Table 3.1. We

denote the space of tempered distributions acting on S(Rd × [0, 1]) by S ′(Rd ×

[0, 1]). The proof of the result is given in Section 3.4.2 and differences to [For22]

are detailed in Section 3.4.2.

Theorem 3.3.4. Let ZN
t be the fluctuations of an SLFV process with mutation as

defined in (3.16). Suppose that the assumptions of Theorem 3.3.2 are satisfied and

that, in addition,

lim
N→∞

√
ηN
N
δd∧c
N = 0, in the one-tail regime, (3.20)

lim
N→∞

√
ηN
N
δd∧c2
N = 0, in the two-tail regime. (3.21)

Then the sequence (ZN
t , t ≥ 0), N = 1, 2, ... converges in distribution in
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D(R+,S ′(Rd × [0, 1])) to a process (Zt, t ≥ 0) solving the mild form of the equationdZt = [DαZt − µZt]dt+ √
γ dW (t),

Z0 = 0.
(3.22)

Here, (W (t), t ≥ 0) denotes a Wiener process on Rd × [0, 1], uncorrelated in time,

with covariation measure

Q(dx1dk1dx2dk2) = Kβ(dx1, dx2)
(
dk1δk1(dk2) − dk1dk2

)
.

Remark 3.3.5. The results of [For22] appear in Theorem 3.3.4 as a special case of

the one-tail regime when b = 1, c = 0 and a + c < d.

Remark 3.3.6. The assumptions (3.20) and (3.21) on the convergence speed of

the sequence (δN , N ≥ 1) can be omitted in many situations, e.g. if either c ≥ d or

if α = a, except if a = d and c = 0.

3.3.4 Wright-Malécot Formulae

From the central limit theorem, we can derive expressions for the probability of

identity for two individuals sampled from a population evolving according to our

SLFV model (see Section 3.4.3). The connection was established in [For22, Theorem

2.4], and the main idea can be described as follows: Let ϕ, ψ be two smooth

and compactly supported probability densities. Recall from the introduction that

PN
t (ϕ, ψ) denotes the probability that two individuals sampled according to ϕ, ψ

from the N -th rescaled SLFV model (ρNt , t ≥ 0) are of the same type. We can write

PN
t (ϕ, ψ) = E

[ 〈
ρNt ⊗ ρNt , (ϕ⊗ ψ)1∆

〉 ]
where 1∆ : [0, 1]2 → R is defined as 1∆(k1, k2) = 1k1=k2 . It was observed in

[For22, p.33f] that

PN
t (ϕ, ψ) = (NηN)−1E

[ 〈
ZN
t ⊗ ZN

t , (ϕ⊗ ψ)1∆
〉 ]
,

since Zt :=
√
NηN(ρNt − λ) and Lebesgue measure λ does not charge the diagonal

{(k1, k2) : k1 = k2}. This implies

lim
N→∞

NηNP
N
t (ϕ, ψ) = E

[ 〈
Zt ⊗ Zt, (ϕ⊗ ψ)1∆

〉 ]
,
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and connects PN
t (ϕ, ψ) to the fluctuations enabling us to recover Wright-Malécot for-

mulae.

Theorem 3.3.7. Let Gα
t be the fundamental solution associated to ∂t − Dα. Then

the Wright-Malécot formula is given by

lim
t→∞

lim
N→∞

NηNP
N
t (ϕ, ψ) =

∫
(Rd)2

Fd,α,β

(
|x− y|

)
ϕ(x)ψ(y)dxdy, (3.23)

where the function Fd,α,β : R+ → R+ is defined as

Fd,α,β

(
|x− y|

)
:= γ

∫ ∞

0

∫
(Rd)2

e−2µtGα
t (x− z1)Gα

t (y − z2)Kβ(dz1, dz2)dt. (3.24)

3.3.5 Interpretation

For a given set of parameters of the one- or two-tail regime, Table 3.1 provides

the values of α and β, from which we deduce the form of Dα, Kβ(dx1, dx2) and

the corresponding Wright-Malécot formula (3.23). The generator Dα, α ∈ (0, 2]

reflects either a stable process or Brownian behaviour of ancestral lineages. The

correlations Kβ(dx1, dx2) are either of the form δx1(x2), indicating local coalescence,

i.e. asymptotically ancestral lineages need to meet to coalesce, or are of the form

Kβ(dx1, dx2) = 1
∥x1 − x2∥β

dx1dx2.

This quantity reflects the rate of long range coalescence after noting that

γKβ(x1, x2) = u2
0C

(2)
d,βKβ(x1, x2) = u2

0

∫ ∞

|x1−x2|/2
Vr(x1, x2)

dr

r1+d + a + cdx1dx2.

Ancestral lineages at positions x1 and x2 coalesce precisely if they are affected

by a reproduction event of radius bigger than |x1 − x2|/2, whose centre falls into

the intersection of B(x1, r) and B(x2, r) of volume Vr(x1, x2). This happens at a

rate proportional to the squared impact u2
0/r

2 c, as both ancestral lineages need

to be affected by the event. Integrating with respect to r we arrive at the above

expression. Our results reveal two main new phenomena.



3. Isolation by distance under various forms of power-law dispersal 78

0.0 2.5 5.0 7.5 10.0 12.5 15.0
distance between sampled individuals

10 5

10 4

10 3

10 2

10 1

100

Pr
ob

ab
ilit

y 
of

 id
en

tit
y

d = 2
=1.5, =1.5
=1.5, =2.2
=2.0, =2.2
=2.0, =3.0

0.0 2.5 5.0 7.5 10.0 12.5 15.0
distance between sampled individuals

10 5

10 4

10 3

10 2

10 1

100

d = 3
=1.5, =1.5
=1.5, =2.2
=2.0, =2.2
=2.0, =3.0

Figure 3.3: Graph of the function r 7→ Fd,α,β(r) defined in (3.24) in two and three
dimensions for several choices of α and β. The function is computed after setting ζ = 1,
σ2 = 1, µ = 0.2, and γ is chosen in order to normalise the functions at r = 3. On the
left, d = 2, and four curves are plotted: the red curve corresponds to long range dispersal
(α = 1.5 < 2) and long range coalescence (β = 1.5 < d), the blue curve corresponds
to long range dispersal (α < 2) with short range coalescence (β = 2.2 ≥ d), the purple
and grey curve correspond to short range dispersal (α = 2) and short range coalescence
(β ≥ d). The last two curves are superposed because of the normalisation. On the right
plot, four curves of the same parameters are plotted in dimension d = 3: the red and
blue curves correspond to long range dispersal (α = 1.5 < 2) and long range coalescence
(β < d), the purple curve corresponds to short range dispersal (α = 2) and long range
coalescence (β = 2.2 < d), and the grey curve corresponds to short range dispersal (α = 2)
and short range coalescence (β = 3 ≥ d). It can be noted that having either long range
dispersal or long range coalescence significantly slows down the decrease of the probability
of identity with geographic distance, and that this effect is more pronounced for small
values of α and β.

Decorrelation of ancestral motion and coalescence behaviour Most notably,

a phase transition occurs at β = d. If a + c =: β ≥ d or a2 + c2 =: β ≥ d no

spatial correlations persist and coalescence happens locally, while if β < d the

spatial correlations are of non-trivial form Kβ(dx1, dx2) = ∥x1 − x2∥−βdx1dx2

and coalescence happens at long range. Crucially, the correlations/coalescence

behaviour Kβ(x1, x2) and the parameter α of stable ancestral lineages are not as

closely linked as suggested by the results of [For22]. Fractional Brownian lineages

can now appear with only local coalescence, e.g. by choosing in the one-tail

regime in dimension d = 2,

a = 1.5, b = 1, c = 0.7.
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By Theorem 3.3.4, ancestral lineages are fractional (α = a = 1.5) and coalescence

happens locally as β = a + c = 2.2 > 2 = d and therefore K(x1, x2) = u2
0V

2
1 δx1(x2).

Even more surprisingly, in dimension d ≥ 3 we can obtain Brownian lineages,

while still maintaining long range coalescence. For example, we can choose in

the one-tail regime in d = 3,

a = 2, b = 0.5, c = 0.2.

Again, by Theorem 3.3.4, ancestral lineages are Brownian α = 2
1∨0.5 ∧ 2 = 2 and

because β = a + c = 2.2 < 3 = d the spatial correlations/coalescence rate is

K(dx1, dx2) = u2
0C

(2)
d,2

dx2dx2

∥x1 − x2∥β
.

Both of the above cases can be found in Figure 3.3.

Asymmetric influence of r1 and r2 The operator Dα is a fractional or standard

Laplacian depending on the value of α. We can note that α is governed by the tails

of the two marginal distributions of r1 and r2. More precisely, the radius with the

heaviest tail dominates and determines the dispersal regime of the ancestral lineages

(with a correction by a factor rd2 in the tail of r2 coming from the rate at which a

reproduction event affects a given spatial location, see Section A.1.1 below).

On the other hand, the coalescence regime (i.e. whether Kβ is concentrated on

the diagonal or not) is only determined by the tail of the replacement radius r2.

Long range coalescence can only originate from reproduction events with a very

large replacement radius. This is why b does not appear in the formula for β in

the one-tail regime, and neither do a1 and c1 in the two-tail regime.

The parameter c (or c1 and c2 in the two-tail regime) describes how the impact

of a reproduction event depends on its size. For instance, if c = 0 in the one-tail

regime, the impact is constant, and the number of offspring produced during an

event is proportional to rd2, while if c = d, the number of offspring produced is

independent of its size. The parametrisation of the two regimes in the definition

of νN (see (3.12) and (3.14)) is such that these parameters do not affect the value
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of α, but they do impact β. Hence the parameter c (or c2) is another way of

decoupling the dispersal from the coalescence regime.

3.4 Proof of the main results

At the heart of the present work lies Theorem 3.3.4, a central limit theorem for the

SLFV process. First, we represent the SLFV process as a semimartingale driven by

worthy martingale measures in Section 3.4.1. Worthy martingale measures were

used by [Wal86] to generalise classical stochastic integrals to include space. In

turn, this theory allows us to write the sequence of SLFV processes as a sequence

of stochastic integrals. Second, in Section 3.4.2, we proceed by proving tightness

of the sequence and uniqueness of limit points, which proves Theorem 3.3.4. The

Wright-Malécot formulae will follow almost immediately from the corresponding

central limit theorems (Section 3.4.3).

The overall strategy of the proofs follows [For22]. Non-trivial adaptations

to cover the new regimes are necessary in several intermediate lemmas, which we

introduce in the overall context in this section. We will summarize these adaptations

in Section 3.4.2, before proving the lemmas in Section 3.5.

3.4.1 Semimartingale decomposition

We characterize the SLFV via a martingale problem adapting the calculations of

[For22, Proposition 3.3] to include two different radii and varying impact. Let

Ep := Lp(Rd × [0, 1]) ∩ L∞(Rd × [0, 1])

be the space of uniformly bounded Lp-functions. For ϕ ∈ Ep, the averaged function

ϕ was defined in (3.18). Accordingly, the double averaged function is for radii

r1, r2 > 0 defined as

ϕ(x, k, r1, r2) := 1
Vr1Vr2

∫
B(x,r1)

∫
B(y,r2)

ϕ(z, k)dzdy.
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For r1, r2 > 0 and ρ ∈ Ξ, we define [ρ]r1,r2 : Rd × Rd → M([0, 1]) by

[ρ]r1,r2(x1, x2, dk)

=


1

Vr2(x1, x2)

∫
B(x1,r2)∩B(x2,r2)

1
Vr1

∫
B(y,r1)

ρ(z, dk)dzdy if |x1 − x2| < 2r2,

0 otherwise;

where once more Vr(x1, x2) := Vol(B(x1, r) ∩ B(x2, r)) for r > 0. Furthermore,

we define the map

Γν(ρ)(x1, x2, dk1, dk2)

=
∫

(0,1]×(0,∞)2
u2Vr2(x1, x2)

[
[ρ]r1,r2(x1, x2, dk1)δk1(dk2)

− ρ(x1, dk1)[ρ]r1,r2(x1, x2, dk2) − [ρ]r1,r2(x1, x2, dk1)ρ(x2, dk2)

+ ρ(x1, dk1)ρ(x2, dk2)
]
ν(du, dr1, dr2).

(3.25)

The symbols [ρ]r1,r2 and Γν are used to express the predictable variation process in

the semimartingale below. More precisely, [ρ]r1,r2 is the distribution of the parental

type in an event given that both x1 and x2 are in the replacement ball of the event

and Γν measures the rate at which the covariance between ρt(x1, dk) and ρt(x2, dk)

increases over time due to these reproduction events.

Lemma 3.4.1. Let (ρt, t ≥ 0) be the SLFV with mutations. For any test function

ϕ ∈ E1,

Mt(ϕ) :=
〈
ρt, ϕ

〉
−
〈
ρ0, ϕ

〉
−
∫ t

0

µ 〈λ− ρs, ϕ
〉

+
∫

(0,1]×(0,∞)2
uVr2

〈
ρs, ϕ(·, r1, r2) − ϕ

〉
ν(du, dr1, dr2)

ds (3.26)

is a square-integrable martingale adapted to the natural filtration (Ft, t ≥ 0) with

predictable quadratic variation process

t 7→
∫ t

0

〈
Γν(ρs), ϕ⊗ ϕ

〉
ds.

Proof. The proof is a straightforward adaptation of the calculations of [For22, p.18f]

to reproduction events with two radii r1 and r2. The finite variation term is a
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consequence of

lim
δt→0

1
δt
E [⟨ρt−δt, ϕ⟩ − ⟨ρt, ϕ⟩|ρt = ρ]

= µ⟨λ− ρ, ϕ⟩

+
∫
Rd

∫
(0,1]×(0,∞)2

1
Vr1

∫
B(x,r1)×[0,1]

⟨u1B(x,r2)(δk0 − ρ), ϕ⟩

ρ(y, dk0)dyν(du, dr1, dr2)dx

and the exchange of the order of integration. The four terms of (3.25) originate

from a similar calculation applied to

lim
δt→0

1
δt
E
[
(⟨ρt−δt, ϕ⟩ − ⟨ρt, ϕ⟩)2|ρt = ρ

]
=
∫
Rd

∫
(0,1]×(0,∞)2

1
Vr1

∫
B(x,r1)×[0,1]

⟨u1B(x,r2)(δk0 − ρ), ϕ⟩2

ρ(y, dk0)dyν(du, dr1, dr2)dx.

As a next step, we will consider the martingale problem under the rescaling

introduced in Section 3.3.2. For this purpose, we define the rescaled measure ναN by∫
(0,N ]×(0,∞)2

f(u, r1, r2)ναN(du, dr1, dr2)

:=
∫

(0,1]×(0,∞)2
f(Nu, δNr1, δNr2)δ−(α+d)

N νN(du, dr1, dr2),

and the operator LN acting on E1 by

LNϕ(x, k) :=
∫

(0,N ]×(0,∞)2
uVr2

(
ϕ(x, k, r1, r2) − ϕ(x, k)

)
ναN(du, dr1, dr2).

The idea to determine the rescaled martingale problem is to use the equation
〈

ρNt , ϕ
〉

=
〈
ρNt

δα
N

, ϕN
〉
,

where ϕN (x, k) := δd
Nϕ(δNx, k), i.e. rewrite

〈
ρNt , ϕ

〉
as a version of (ρt, t ≥ 0) with

accelerated time integrated against test functions with the correct spatial scaling.

Lemma 3.4.2 (extends [For22, p.19f]). Let (ρNt , t ≥ 0) be the rescaled SLFV model

as described in Section 3.3.2. Then for any ϕ ∈ E1

⟨ρNt , ϕ
〉

=
〈

ρ0, ϕ
〉

+
∫ t

0

µ 〈λ− ρNs , ϕ
〉

+
〈

ρNs ,LNϕ
〉ds+ MN

t (ϕ),



3. Isolation by distance under various forms of power-law dispersal 83

where MN
t (ϕ) is a square-integrable martingale with predictable quadratic variation

given by 〈
MN

t (ϕ)
〉
t

= 1
N

∫ t

0

〈
Γνα

N (ρNs ), ϕ⊗ ϕ
〉
ds.

Hereafter, we apply the scaling of the fluctuations

ZN
t :=

√
NηN(ρNt − λ) (3.27)

to the martingale problem. The resulting martingale problem falls within the

martingale measures framework developed by Walsh in [Wal86]. Martingale measures

generalise the notation of martingales and stochastic integrals to involve a spatial

component (Definition A.2.1). Additionally, for a suitable class called worthy (see

Definition A.2.2), powerful theorems about the convergence of stochastic integrals

exist (see Theorem A.3.1, Theorem A.3.3). In this framework, we can rewrite the

fluctuations as a sequence of stochastic integrals, and applications of the convergence

theorems will lead to Theorem 3.3.4. For functions f : [0, T ] × Rd × [0, 1] → R and

a worthy martingale measure M , we will use the abbreviation

Mt(f) :=
∫

[0,t]×Rd×[0,1]
f(s, x, k)M(ds, dx, dk).

Rewriting the semimartingale decomposition in Lemma 3.4.2 with this new termi-

nology and applying the scaling of the fluctuations (3.16) results in the following

representation.

Proposition 3.4.3 (extends [For22, Proposition 3.1]). Assume that ρN0 = λ. For

any ϕ ∈ E1, the fluctuations ZN
t :=

√
NηN(λ− ρNt ) can be written as

〈
ZN
t , ϕ

〉
=
∫ t

0

〈
ZN
s ,LN(ϕ) − µϕ

〉
ds+MN

t (ϕ),

where MN is a worthy martingale measure on Rd × [0, 1] with

〈
MN(ϕ)

〉
t

= ηN

∫ t

0

〈
Γνα

N (ρNs ), ϕ⊗ ϕ
〉
ds.
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Proof. The calculations and argumentation of [For22, p.19f] readily carry over to

the new SLFV models. A dominating measure for the martingale measures is given

by

DN(dt, dx1, dk1, dx2, dk2) := ηN |Γ|νN
α (ρNt−)(x1, x2, dk1, dk2)dx1dx2dt, (3.28)

where we define
|Γ|ν(ρ)(x1, x2, dk1, dk2)

:=
∫

(0,1]×(0,∞)2
u2Vr2(x1, x2)

[
[ρ]r1,r2(x1, x2, dk1)δk1(dk2)

+ ρ(x1, dk1)[ρ]r1,r2(x1, x2, dk2) + [ρ]r1,r2(x1, x2, dk1)ρ(x2, dk2)

+ ρ(x1, dk1)ρ(x2, dk2)
]
ν(du, dr1, dr2).

The operator

LNϕ(x, k) =
∫

(0,1]×(0,∞)2
uVr2

(
ϕ(x, k, r1, r2) − ϕ(x, k)

)
ναN(du, dr1, dr2)

can be interpreted as the generator of a continuous-time jump process (XN
t , t ≥ 0)

describing the spatial motion of an ancestral lineage in the process with behaviour

as follows. At rate ∫
(0,1]×(0,∞)2

uVr2ν
α
N(du, dr1, dr2)

the process jumps, if located at position x, to position x+ (Y1R1 + Y2R2), where

(R1, R2) is a random variable taking values in (0,∞)2 with distribution∫
(0,1] uVR2ν

α
N(du, dR1, dR2)∫

(0,1]×(0,∞)2 uVr2ν
α
N(du, dr1, dr2)

,

and Y1, Y2 are two independent uniform random variables on B(0, 1). The operator

LN − µ generates the strongly-continuous semigroup PN
t acting on E1, defined as

PN
t ϕ(x, k) := e−µtEx

[
ϕ(XN

t , k)
]
. (3.29)

Now, the semimartingale decomposition in Proposition 3.4.3 enables us to represent〈
ZN
t , ϕ

〉
as a stochastic integral with respect to a martingale measure. Indeed,

by [Wal86, Theorem 5.1], we can write

⟨ZN
t , ϕ⟩ =

∫
[0,t]×Rd×[0,1]

PN
t−sϕ(x, k)MN(ds, dx, dk). (3.30)
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This representation, together with a convergence theorem which can be found in

[Wal86], will play a crucial role in the proof of the central limit theorem.

3.4.2 Central limit theorem

In this subsection, we prove the convergence of (ZN , N ≥ 1), i.e. the central limit

theorem for our SLFV models, following the overall strategy of [For22, Section

3]. Classically, tightness of the sequence will show that any subsequence admits

limit points, and we shall conclude by proving uniqueness of the finite-dimensional

distributions of these limit points. Afterwards, in Section 3.4.2 we highlight the

main points where additional arguments are needed compared to [For22]. In turn,

the proofs of these main points are detailed in Section 3.5.

Tightness of the stochastic integrals

Here, we will apply Mitoma’s theorem:

Theorem 3.4.4 ([Wal86, Theorem 6.13]). Let X = ((XN
t )t∈[0,1], N ≥ 1) be a

sequence of stochastic processes in D([0, 1],S ′(Rd)). Then X is tight if and only if

for each Schwartz function ϕ ∈ S(Rd), the evaluated sequence ((XN
t (ϕ))t∈[0,1], N ≥ 1)

is tight in D([0, 1],R).

This allows us to reduce tightness of (ZN , N ≥ 0) to tightness of

(〈
ZN
t , ϕ

〉
t≥0
, N ≥ 1

)
⊂ D(R+,R)

for ϕ ∈ S(Rd × [0, 1]). Theorem A.3.1 will show tightness of the latter sequences,

when written in the stochastic integral form of (3.30). The vague convergence

ρNt → λ will be an additional byproduct of a bound in this theorem and we give a

short proof below. To apply Theorem A.3.1 to the sequence of stochastic integrals

(3.30) we need to verify three conditions. The first one requires the dominating

measures of the integrators MN to be uniformly bounded, whereas the other two

conditions describe sufficient properties of the integrands PN
t−sϕ.
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Lemma 3.4.5 (extends [For22, Lemma 3.4]). Condition 1 of Theorem A.3.1: Let

DN be the dominating measure from (3.28). Then in the one-tail and two-tail

regimes, we can find a constant C > 0 such that for all N ≥ 1, 0 ≤ s ≤ t and

ϕ, ψ ∈ S(Rd × [0, 1]),
〈
DN ,1[s,t]ϕ⊗ ψ

〉
≤ C|t− s|

(
∥ϕ∥1∥ψ∥1 + ∥ϕ∥2∥ψ∥2

)
. (3.31)

Lemma 3.4.6 (extends [For22, Lemma 3.5]). Conditions 2 - 3 of Theorem A.3.1 +

convergence of the semigroups: Let PN
t and Pt be the semigroups associated with

LN − µ and Dα − µ according to (3.29).

1. If ϕ ∈ S(Rd × [0, 1]), then PN
t ϕ ∈ S(Rd × [0, 1]) and t 7→ PN

t ϕ is continuous.

2. Then for all t ≥ 0, N ≥ 1, p ≥ 1 and ϕ ∈ S(Rd × [0, 1])
∥∥∥PN

t ϕ
∥∥∥
p

≤ e−µt∥ϕ∥p

and for any κ ∈ Nd, the derivatives are bounded by
∥∥∥∂κPN

t ϕ
∥∥∥
p

≤ e−µt∥∂κϕ∥p.

3. Furthermore, there exists constants C > 0 and θ > 0 such that for all N ≥ 1

and t ≥ 0 ∥∥∥PN
t ϕ− Ptϕ

∥∥∥
p

≤ CδθN te
−µt max

|κ|≤4
∥∂κϕ∥p.

The convergence of the semigroups will be required to identify limit points in

the next subsection. The proof of Lemma 3.4.6 will require the boundedness and

convergence of the corresponding generators.

Lemma 3.4.7 (extends [FP17, Prosition A.3]). Let Dα be the generator (3.17) and

ϕ : Rd → R be a twice continuously-differentiable function with max|κ|≤4 ∥∂κϕ∥p <

∞ for 1 ≤ p ≤ ∞. Then there exists constants θ, C, C ′ > 0 such that
∥∥∥LNϕ

∥∥∥
p

≤ C max
|κ|≤2

∥∂κϕ∥p (3.32)

and ∥∥∥LNϕ− Dαϕ
∥∥∥
p

≤ C ′δθN max
|κ|≤4

∥∂κϕ∥p. (3.33)
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To cover our new regimes, the proofs of Lemma 3.4.5 and Lemma 3.4.7 require

significant changes and will therefore be detailed in Section 3.5. The remainder

of this subsection aligns with the arguments of [For22, p.22f].

Proof of Lemma 3.4.6. Recall the definition of PN
t ϕ in (3.29). As the random walk

is invariant by translation

Ex
[
ϕ(XN

t , k)
]

= E0
[
ϕ(x+XN

t , k)
]
,

which by Fubini’s theorem implies
∫
Rd

Ex
[
ϕ(XN

t , k)
]
dx =

∫
Rd
ϕ(x, k)dx.

This allows us to write, by Jensen’s inequality,

∥PN
t ϕ∥p ≤

∫
Rd

sup
k∈[0,1]

∣∣∣e−µtEx
[
ϕ(XN , k)

] ∣∣∣pdx
1/p

≤ e−µt

∫
Rd

Ex
[

sup
k∈[0,1]

∣∣∣ϕ(XN
t , k)

∣∣∣p] dx
1/p

≤ e−µt∥ϕ∥p.

The bounds on the derivatives and that the PN
t ϕ are Schwartz functions follows

from similar calculations. To prove property 3., let us consider the difference

gNt = PN
t ϕ− Ptϕ

whose time derivative is

∂tg
N
t = (uLN,α − µ)gNt + u(LN − Dα)Ptϕ.

As the difference gN0 is zero, this yields the representation

gNt = u
∫ t

0
PN
t−s(LN − Dα)Psϕds.

Taking the Lp-norm on both sides, we get

∥gNt ∥p ≤ u
∫ t

0
e−µ(t−s)

∥∥∥∥(LN − Dα)Psϕ
∥∥∥∥
p
ds,

and we can apply (3.33) in Lemma 3.4.7.
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We are now in a position to apply Theorem A.3.1 to obtain the tightness of

the stochastic integrals and the convergence to Lebesgue measure.

Corollary 3.4.8. Under the assumptions of Theorem A.3.1, the sequence

( 〈
ZN
t , ϕ

〉
t≥0
, N ≥ 1

)
⊂ D(R+,R)

is tight for any ϕ ∈ S(Rd × [0, 1]).

Proof. With minor adaptations (see [For22, Proof of Proposition 3.6]), Lemmas

3.4.5 and 3.4.6 prove conditions 1 - 3 of Theorem A.3.1, which yields the tightness

of the stochastic integrals (3.30).

Proof of Theorem 3.3.2. In addition to the tightness, Theorem A.3.1 shows that

there exists a constant C∗ > 0 such that for all T > 0, N ≥ 1 and ϕ ∈ S(Rd × [0, 1]),

E

 sup
t∈[0,T ]

∣∣∣∣ 〈ZN
t , ϕ

〉 ∣∣∣∣2
1/2

≤ C∗ max
p∈{1,2}

max
|κ|≤2

∥∂κϕ∥p. (3.34)

This allows us to bound

E

 sup
t∈[0,T ]

d(ρNt , λ)
 ≤ C∗

√
NηN

∞∑
n=1

1
2n max

q∈{1,2}
max
|κ|≤2

∥∂κϕn∥p,

where d is the vague metric on Ξ defined in (3.6) and ϕn the corresponding sequence

of test functions. Using equation (3.8), the right-hand side is bounded by C√
NηN

for

some C > 0, proving the result.

Uniqueness of finite-dimensional distributions

We need to prove the convergence of the integrands and integrators of (3.30) to

show convergence of the finite-dimensional distributions. In the last subsection, we

have seen the Lp-convergence of the integrand PN
t → Pt. The convergence in law

of the martingale measures MN will follow from Theorem A.3.2 applied to MN(ϕ)

for test functions ϕ ∈ S(Rd × [0, 1]) with the limit given by

M(ϕ) = √
γ
∫
Rd×[0,1]

ϕ(x, k)W (dxdk)
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for the Wiener process W of Theorem 3.3.4. With both convergence of integrands

and integrators at hand, by an adaptation Theorem A.3.3 of [Wal86, Theorem 7.12]

this suffices for the convergence of the finite dimensional distributions

(〈
ZN
ti
, ϕi

〉)
i=1,...,n

d−−−→
N→∞

∫
[0,ti]×Rd×[0,1]

Pti−sϕi(x, k)M(ds, dx, dk)

i=1,...,n

for t1, ..., tn ≥ 0 and functions ϕ1, ..., ϕn ∈ S(Rd × [0, 1]). In turn, by [Wal86,

Theorem 6.15] we will conclude that the sequence ((ZN
t )t≥0, N ≥ 1) converges in

law in D(R+,S ′(Rd × [0, 1])) to the solution (Zt, t ≥ 0) of (3.22) defined by

〈
Zt, ϕ

〉
=
∫

[0,t]×Rd×[0,1]
Pt−sϕ(x, k)M(ds, dx, dk). (3.35)

We separate the prerequisites of the martingale convergence theorem into

two lemmas:

Lemma 3.4.9 (extends [For22, Lemma 3.10 Part 1]). For any Schwartz function

ϕ ∈ S(Rd × [0, 1]) the jumps of the martingale measures

sup
t≥0

∣∣∣∣MN
t (ϕ) −MN

t−(ϕ)
∣∣∣∣ −−−→
N→∞

0

vanish almost surely.

Lemma 3.4.10 (extends [For22, Lemma 3.10 Part 2]). Let Q be defined as

Q(dx1dk1dx2dk2) = γKβ(dx1, dx2)
(
dk1δk1(dk2) − dk1dk2

)
, (3.36)

where γ and Kβ(x1, x2) are defined as in Table 3.1 and (3.19). Then for any fixed

t ≥ 0 and for any Schwartz function ϕ ∈ S(Rd × [0, 1]) the covariation process

converges in probability

〈
MN(ϕ)

〉
t

−−−→
N→∞

t
〈

Q, ϕ⊗ ϕ
〉
.

We postpone the proofs of Lemma 3.4.9 and Lemma 3.4.10 to Section 3.5.3, as

both require adaptations to hold for the generalised regimes. Following [For22], the

limiting martingale measure of (MN , N ≥ 1) is then characterised by:
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Lemma 3.4.11 (extends [For22, Lemma 3.9]). Suppose M is a continuous martin-

gale measure on R+ × Rd × [0, 1] with covariation

dtδt(ds)γKβ(dx1, dx2)
(
dk1δk1(dk2) − dk1dk2

)
.

Then the sequence (MN , N ≥ 1) converges in distribution to M in D(R+,S ′(Rd ×

[0, 1])).

Proof. Let ϕ ∈ S(Rd × [0, 1]) be a Schwartz function and consider the sequence

((MN
t (ϕ)t≥0, N ≥ 1). Lemma 3.4.9 and Lemma 3.4.10 amount to the two conditions

of Theorem A.3.2, yielding the convergence of (MN
t (ϕ), t ≥ 0) to (Mt(ϕ), t ≥ 0) in

distribution in D(R+,R).

Now let ϕ1, ..., ϕk ∈ S(Rd × [0, 1]) be Schwartz functions. Since both
〈
MN(ϕi)

〉
t

and
〈
MN (ϕj)

〉
t

converge, the covariation
〈
MN (ϕi),MN (ϕj)

〉
t

converges by polar-

ization. Applying Theorem A.3.2 again, we get convergence of finite-dimensional

distributions (MN
t (ϕ1), ...,MN

t (ϕk), t ≥ 0). Consequently, (MN , N ≥ 1) satisfies the

prerequisites of [Wal86, Theorem 6.15] and the convergence of (MN , N ≥ 1) to M

follows.

Summary of significant changes required to the proofs of [For22]

In order to unify the arguments, we will generalise the various lemmas of the

proof of [For22] to the one- and two-tail regimes. While the general form of the

lemmas has been preserved, the proofs require non-trivial adaptations, which we

provide in Section 3.5. In summary:

1. Lemma 3.4.5 deals with the bound on the dominating measures. Here, we are

able to use the same bounds in new combinations to cover the new regimes.

2. Prior calculations cannot be transfered to Lemma 3.4.7, because in the one-

and two-tail regime one of the averages of LN vanishes asymptotically.

3. For general sequences (δN , N ≥ 1) converging to zero, the proof of Lemma 3.4.9

does not carry over. It is necessary to impose the new conditions (3.20) and

(3.21) on the convergence speed of δN relative to N in the one- respectively

two-tail regime.
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4. Lemma 3.4.10 analyses the quadratic variation of the martingale measures. If

β < d, convergence becomes much harder to justify, which led us to develop

the auxiliary Corollary 3.5.1. The case β > d has been adapted to two different

radii and the case β = d involves new calculations to account for the novel

logarithmic scaling ηN = δα−d
N log−1(1/δN).

3.4.3 Derivation of the Wright-Malécot formulae

Let us explain how one derives the Wright-Malécot formula from the central limit

theorem, analogously to [For22, Section 4]. We are interested in PN
t (ϕ, ψ), the

probability that two individuals sampled according to ϕ, ψ from the N -th rescaled

SLFV model (ρNt , t ≥ 0) are of the same type. The probability densities ϕ, ψ are

assumed to be smooth and compactly supported. Recall from Section 3.3.4 that

PN
t (ϕ, ψ) = E

[ 〈
ρNt ⊗ ρNt , (ϕ⊗ ψ)1∆

〉 ]
where 1∆ : [0, 1]2 → R is defined as 1∆(k1, k2) = 1k1=k2 . Since ZN

t :=
√
NηN (ρNt −λ)

and Lebesgue measure λ does not charge the diagonal {(k1, k2) : k1 = k2},

this is equal to

PN
t (ϕ, ψ) = (NηN)−1E

[ 〈
ZN
t ⊗ ZN

t , (ϕ⊗ ψ)1∆
〉 ]
.

As a first step, we need to justify that the exchange of the limit N → ∞ with

the expectation is possible.

Lemma 3.4.12. For t ≥ 0, two compactly supported and smooth densities ϕ, ψ and

Zt the solution to (3.22) we have

lim
N→∞

NηNP
N
t (ϕ, ψ) = E

[ 〈
Zt ⊗ Zt, (ϕ⊗ ψ)1∆

〉 ]
.

Proof. From Proposition 3.4.3 and Equation (3.30) we know

NηNP
N
t (ϕ, ψ) = E

[
ηN

∫ t

0

〈
Γνα

N (ρNs ),
(
PN
t−sϕ⊗ PN

t−sψ
)
1∆

〉
ds
]
.

Combining Lemma 3.4.5 and Lemma 3.4.6 yields∣∣∣∣ 〈 ηNΓνα
N (ρNs ),

(
PN
t−sϕ⊗ PN

t−sψ
)
1∆

〉
−
〈
ηNΓνα

N (ρNs ),
(
Pt−sϕ⊗ Pt−sψ

)
1∆

〉 ∣∣∣∣
≤ C|t− s|3δθNe−2µ(t−s).
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As in Lemma 3.4.10 one can then deduce

ηN

∫ t

0

〈
Γνα

N (ρNs ),
(
Pt−sϕ⊗ Pt−sψ

)
1∆

〉
ds −−−→

N→∞

∫ t

0

〈
Q,
(
Psϕ⊗ Psψ

)
1∆

〉
ds.

Again by Lemma 3.4.5 and Lemma 3.4.6, the dominated convergence theorems

allows to exchange limit and expectation.

Proof of Theorem 3.3.7. From the previous proof we know

E
[ 〈
Zt ⊗ Zt, (ϕ⊗ ψ)1∆

〉 ]
=
∫ t

0

〈
Q,
(
Psϕ⊗ Psψ

)
1∆

〉
ds.

The integral on the right-hand side stays finite by Lemma 3.4.5 and Lemma 3.4.6

as t → ∞, which shows

lim
t→∞

E
[ 〈
Zt ⊗ Zt, (ϕ⊗ ψ)1∆

〉 ]
=
∫ ∞

0

〈
Q,
(
Psϕ⊗ Psψ

)
1∆

〉
ds.

If we let Gα
t be the fundamental solution associated to ∂t − Dα, we can rewrite the

above equation with the representation

Ptϕ(x, k) = e−µt
∫
Rd
Gα
ut(x− y)ϕ(y, k)dy.

The expressions of Theorem 3.3.7 follow as 1∆ integrated with respect to the types

part of Q found in (3.36) yields
∫

[0,1]2
1∆(k1, k2)(δk1(dk2)dk1 − dk1dk2) = 1.

3.5 Proofs of the lemmas

This section collects all proofs requiring significant changes to generalise [For22]

to the new regimes.

3.5.1 Bound on dominating measures

Proof of Lemma 3.4.5. The first estimates are the same as in [For22, p.20f], then

we use new combinations of the bounds for the various cases. Recall

〈
DN ,1[s,t]ϕ⊗ ψ

〉
=
∫ t

s

〈
ηN |Γ|να

N (ρNv ), ϕ⊗ ψ
〉
dv.
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Considering the four summands of |Γ|να
N separately, we can bound

〈
DN ,1[s,t]ϕ⊗ψ

〉
by

4|t− s|
∫

(0,1]×(0,∞)2
ηN(Nu)2

∫
(Rd)2

VδNr2(x1, x2)

× sup
k∈[0,1]

|ϕ(x1, k)| sup
k∈[0,1]

|ψ(x2, k)|dx1dx2δ
−(d +α)
N νN(du, dr1, dr2).

(3.37)

We defined Lp-norms in (3.7) to involve the supremum over k ∈ [0, 1] and thus

applying VδNr2(x1, x2) ≤ VδNr2 the inner integral is bounded by VδNr2∥ϕ∥1∥ψ∥1.

Alternatively, the Cauchy-Schwarz inequality results in∫
(Rd)2

VδNr2(x1, x2) sup
k∈[0,1]

|ϕ(x1, k)| sup
k∈[0,1]

|ψ(x2, k)|dx1dx2 ≤ V 2
δNr2∥ϕ∥2∥ψ∥2, (3.38)

since ∫
Rd
VδNr2(x1, x2)dx2 = V 2

δNr2 .

We only demonstrate how the two estimates can be used to bound (3.37) for the

one-tail regime. The two-tail regime follows in a similar fashion, as the double

integrals can be written as a product of two integrals.

One-tail regime If β = a + c < d, we split the integral in (3.37) and apply both

bounds to obtain

4|t− s|


∫ 1/δN

1
δα−a − c
N

u2
0

r2 c
2
V 2
δNr2δ

−(d +α)
N

dr2

r1+d + a − c
2

∥ϕ∥2∥ψ∥2

+
∫ ∞

1/δN

δα−a − c
N

u2
0

r2 c
2
VδNr2δ

−(d +α)
N

dr2

r1+d + a − c
2

∥ϕ∥1∥ψ∥1

.
The first integral can be bounded by a finite quantity independent of N∫ 1/δN

1
δα−a − c
N

u2
0

r2 c
2
V 2
δNr2δ

−(d +α)
N

dr2

r1+d + a − c
2

= u2
0

∫ 1/δN

1
V 2
δNr2δN

dr2

(δNr2)1+d + a + c

= u2
0V

2
1

∫ 1

δN

dr2

r1+β−d
2

≤ u2
0V

2
1

d −β
,

since β < d. The second integral is equal to∫ ∞

1/δN

δα−a − c
N

u2
0

r2 c
2
VδNr2δ

−(d +α)
N

dr2

r1+d + a − c
2

= u2
0

∫ ∞

1/δN

VδNr2δN
dr2

(δNr2)1+d + a + c

= u2
0V1

∫ ∞

1

dr2

r1+a + c
2

= u2
0V1

β
.
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Similarly, if β = d, the first integral is bounded by

∫ 1/δN

1

δα−d
N

log(1/δN)
1
r2 c

2
V 2
δNr2δ

−(d +α)
N

dr2

r1+d + a − c
2

∥ϕ∥2∥ψ∥2

= log(1/δN)−1V 2
1

∫ 1/δN

1

dr2

r2
∥ϕ∥2∥ψ∥2

= V 2
1 ∥ϕ∥2∥ψ∥2,

and the second integral can be bounded by

∫ ∞

1/δN

δα−d
N

log(1/δN)
1
r2 c

2
VδNr2δ

−(d +α)
N

dr2

r1+d + a − c
2

∥ϕ∥1∥ψ∥1

= δ− d
N

log(1/δN)V1

∫ ∞

1/δN

dr2

r1+d
2

∥ϕ∥1∥ψ∥1

= V1∥ϕ∥1∥ψ∥1

d log(1/δN) .

If β > d, we can apply the Cauchy-Schwarz bound directly to (3.37)

∫ ∞

1
δα−d
N

1
r2 c

2
V 2
δNr2δ

−(d +α)
N

dr2

r1+d + a − c
2

∥ϕ∥2∥ψ∥2 = V 2
1

∫ ∞

1

dr2

r1+a + c − d
2

∥ϕ∥2∥ψ∥2

= V 2
1 ∥ϕ∥2∥ψ∥2

β − d .

This concludes the proof of the lemma.

In the proof of Lemma 3.4.10, we will require a version of Lemma 3.4.5 for

functions Ψ ∈ S((Rd)2 × [0, 1]2).

Corollary 3.5.1. Let DN be the dominating measure from (3.28). Then in the

one-tail and two-tail regimes we can find constants C > 0, q > 1 such that for all

N ≥ 1, 0 ≤ s ≤ t and Ψ ∈ S((Rd)2 × [0, 1]2)

〈
DN ,1[s,t]Ψ

〉
≤ C|t− s|

∥Ψ∥1 +
∫
Rd

( ∫
Rd

∣∣∣Ψ(x1, x2)
∣∣∣qdx2

)1/q
dx1

, (3.39)

where we abbreviate supk1,k2∈[0,1]2 Ψ(x1, x2, k1, k2) by Ψ(x1, x2).

Proof. To prove (3.39), we need to bound the inner integral of (3.37) for functions

Ψ ∈ S((Rd)2 × [0, 1]2). Using VδNr2(x1, x2) ≤ VδNr2 , we obtain the bound VδNr2∥Ψ∥1.
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Alternatively, we can use Hölder’s inequality with 1
p

+ 1
q

= 1 and set ξ = 1/p ∈ [0, 1)∫
(Rd)2

VδNr2(x1, x2)Ψ(x1, x2)dx1dx2

≤
∫
Rd

(∫
Rd
VδNr2(x1, x2)pξdx2

)1/p
∫

Rd
V
q(1−ξ)
δNr2 (x1, x2)︸ ︷︷ ︸

≤VδN r2

∣∣∣Ψ(x1, x2)
∣∣∣qdx2

1/q

dx1

≤ V
2
p

+ 1
q

δNr2

∫
Rd

(∫
Rd

∣∣∣∣Ψ(x1, x2)
∣∣∣∣qdx2

)1/q
dx1.

We can choose 2
p

+ 1
q

arbitrarily close to 2, which allows us to apply the same

arguments as in Lemma 3.4.5.

3.5.2 Convergence of generators

In this section, we show the convergence of the generator LN from (3.27) given by

LNϕ(x) = Nδ−α
N

∫
(0,N ]×(0,∞)2

uVr2

(
ϕ(x, δNr1, δNr2) − ϕ(x)

)
νN(du, dr1, dr2)

to the fractional Laplacians Dα defined in (3.17). Since the operators LN only act

on the spatial variable, we omit the dependence on the second variable k in this

whole section. The main idea of the proof is that under our scaling one of the

averaging radii is much smaller than the other, and in the limit only the largest

averaging radius matters. The only case where the two radii are precisely the same,

that is b = 1 in the one-tail regime, was already covered by [FP17, Appendix A].

The proof will require the following lemmas.

Lemma 3.5.2. Assume that ϕ : Rd → R has continuous derivatives up to the

second order and max|κ|≤2 ∥∂κϕ∥q is finite for 1 ≤ q ≤ ∞. Then for all 1 ≤ p ≤ ∞∥∥∥∥ϕ(r) − ϕ
∥∥∥∥
p

≤ min
{

2∥ϕ∥p,
d
2r

2 max
|κ|=2

∥∂κϕ∥p
}
. (3.40)

Proof. The first estimate of (3.40) stems from ∥ϕ(r)∥p ≤ ∥ϕ∥p. The second estimate

of (3.40) is derived by Taylor’s theorem in [FP17, Proposition A.1].

Lemma 3.5.3. Assume that ϕ : Rd → R has continuous derivatives up to the

fourth order and maxp∈[1,∞] max|κ|=4 ∥∂κϕ∥p is finite. Then for all 1 ≤ p ≤ ∞ and

all r, s ∈ [0,∞)∥∥∥∥∥∥ϕ(x, r, s) − ϕ(x) − r2 + s2

2(d+ 2)∆ϕ(x)

∥∥∥∥∥∥
p

≤ d3

3! max
|κ|=4

∥∂κϕ∥p(r4 + s4). (3.41)
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Proof. This is a generalization of [FP17, Proposition A.1] to two radii.

Proof of Lemma 3.4.7. In the following proof, we focus on the more difficult second

bound (3.33). The first bound (3.32) can be shown using the same estimates.

One-tail regime In the one-tail regime, substituting νN by its expression in

(3.12), we can write

LNϕ(x) = δ−α
N

∫ ∞

1

u0

rc
Vr
(
ϕ(x, δNrb, δNr) − ϕ(x)

) dr

r1+d+a−c

= u0V1δ
−α
N

∫ ∞

1

(
ϕ(x, δNrb, δNr) − ϕ(x)

) dr

r1+a .

(3.42)

The Brownian case Suppose that a > 2 and a
b
> 2, then α = 2. Let σ > 0

be defined as

σ2 = u0V1

d+ 2

∫ ∞

1
(r2 b + r2) dr

r1+a

= u0V1

d+ 2

( 1
a −2 b + 1

a −2

)
.

Let also (AN , N ≥ 1) denote a sequence taking values in (1,∞] which will be chosen

later. We can then bound, using the definition of σ2,∥∥∥∥∥∥LNϕ− σ2

2 ∆ϕ

∥∥∥∥∥∥
p

≤ u0V1

∫ AN

1

∥∥∥∥∥ϕ(·, δNrb
2 , δNr) − ϕ− δ2

Nr
2 b + δ2

Nr
2

2(d +2) ∆ϕ
∥∥∥∥∥
p

δ−2
N

dr

r1+a

+ u0V1

∫ ∞

AN

∥∥∥∥ϕ(·, δNrb, δNr) − ϕ

∥∥∥∥
p
δ−2
N

dr

r1+a + u0V1

2(d+ 2)

∫ ∞

AN

(r2b + r2) dr

r1+a ∥∆ϕ∥p.

Using (3.41) in the first integral and (3.40) in the second we obtain∥∥∥∥∥LNϕ− σ2

2 ∆ϕ
∥∥∥∥∥
p

≤ C

(
δ2
N

∫ AN

1
(r4b + r4) dr

r1+a + 2
∫ ∞

AN

(r2b + r2) dr

r1+a

)
max

0≤|κ|≤4
∥∂κϕ∥p,

(3.43)

for some constant C > 0. First note that, since a > 2b and a > 2,
∫ ∞

AN

(r2b + r2) dr

r1+a = 1
(a− 2b)Aa−2b

N

+ 1
(a− 2)Aa−2

N

.
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On the other hand

∫ AN

1
r4 dr

r1+a =


A4−a

N −1
4−a a ̸= 4,

log(AN) a = 4,
,

∫ AN

1
r4b dr

r1+a =


A4b−a

N −1
4b−a a ̸= 4b,

log(AN) a = 4b.

We can thus choose AN = ∞ if a > 4 ∨ 4b, and AN = δ−ξ
N with 0 < ξ < 2

4−a if a ≤ 4

and 0 < ξ < 2
4b−a if a ≤ 4b. In each case, the right hand side of (3.43) is bounded

by CδθN max0≤|κ|≤4 ∥∂κϕ∥p for some constant C > 0.

The stable case When b < 1 and a < 2, α = a and, changing variables in

the integral over r in (3.42), we obtain

LNϕ(x) = u0V1

∫ ∞

δN

(
ϕ(x, δ1−b

N rb, r) − ϕ(x)
) dr

r1+a . (3.44)

On the other hand, if b > 1 and a
b
< 2, α = a

b
and we instead write

LNϕ(x) = u0V1

b

∫ ∞

δN

(
ϕ(x, r, δ1−1/b

N r1/b) − ϕ(x)
) dr

r1+ a
b
.

Note that the two expressions above are of the same form, with 1/b in the second

one playing the role of b in the first one, so that the case b > 1 can be treated in

exactly the same way as the case b > 1. The case b = 1 has already been covered in

[FP17].

We start by detailing the case b < 1. We see that, in (3.44), δ1−b
N rb → 0 as

N → ∞. Let us set

DNϕ(x) := u0V1

∫ ∞

δN

(
ϕ(x, r) − ϕ(x)

) dr

r1+a .

As a result,

∥LNϕ− DNϕ∥p ≤ u0V1

∫ ∞

δN

∥ϕ(·, δ1−b
N rb, r) − ϕ(·, r)∥p

dr

r1+a .

If b = 0, we can use (3.40) to obtain

∥LNϕ− DNϕ∥p ≤ Cδ2
N

∫ ∞

δN

dr

r1+a max
|κ|=2

∥∂κϕ∥p

≤ Cδ2−a
N max

|κ|=2
∥∂κϕ∥p.
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If b > 0, using (3.40) for r ≤ δ
− 1−b

b
N , we obtain, for a ̸= 2b,

∥LNϕ− DNϕ∥p ≤ C

δ2(1−b)
N max

|κ|=2
∥∂κϕ∥p

∫ δ
− 1−b

b
N

δN

r2b−a−1dr + 2∥ϕ∥p
∫ ∞

δ
− 1−b

b
N

dr

r1+a


≤ C

δ2(1−b)
N

δ
−(2b−a) 1−b

b
N − δ2b−a

N

2b− a
+ 2
a
δ

a(1−b)
b

N

 max
0≤|κ|≤2

∥∂κϕ∥p

≤ C
(
δ

a(1−b)
b

N + δ2−a
N

)
max

0≤|κ|≤2
∥∂κϕ∥p.

If a = 2b, we instead obtain

∥LNϕ− DNϕ∥p ≤ C
(
δ

2(1−b)
N | log(δN)| + δ

a(1−b)
b

N

)
max

0≤|κ|≤2
∥∂κϕ∥p.

Since a < 2 and b < 1, the right hand side is of the form CδθN max0≤|κ|≤2 ∥∂κϕ∥p for

some constant C > 0.

It thus remains to bound ∥DNϕ− Dαϕ∥p. Using (3.40),

∥DNϕ− Dαϕ∥p ≤ u0V1

∫ δN

0
∥ϕ(·, r) − ϕ∥p

dr

r1+a

≤ C
∫ δN

0
r2−a −1drmax

|κ|=2
∥∂κϕ∥p

≤ Cδ2−a
N max

|κ|=2
∥∂κϕ∥p,

for some constant C > 0. This concludes the proof of (3.33).

Two-tails regime In the two-tails regime, similar calculations as in (3.42) lead to

LNϕ(x) = u0V1δ
−α
N

∫ ∞

1

∫ ∞

1

(
ϕ(x, δNr1, δNr2) − ϕ(x)

) dr1dr2

r1+a1
1 r1+a2

2
. (3.45)

The Brownian case Suppose that a1 > 2 and a2 > 2. Then α = 2 and we

set

σ2 = u0V1

d+ 2

∫ ∞

1

∫ ∞

1
(r2

1 + r2
2) dr1dr2

r1+a1
1 r1+a2

2

= u0V1

d+ 2

(
1

(a1 −2) a2
+ 1

a1(a2 −2)

)
.
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Then for AN ∈ (1,∞],∥∥∥∥∥LNϕ− σ2

2 ∆ϕ
∥∥∥∥∥
p

≤ u0V1

∫ AN

1

∫ AN

1

∥∥∥∥∥ϕ(·, δNr1, δNr2) − ϕ− δ2
Nr

2
1 + δ2

Nr
2
2

2(d+ 2) ∆ϕ
∥∥∥∥∥
p

δ−2
N

dr1dr2

r1+a1
1 r1+a2

2

+ u0V1

∫ AN

1

∫ ∞

AN

(∥∥∥ϕ(·, δNr1, δNr2) − ϕ
∥∥∥
p
δ−2
N + r2

1 + r2
2

2(d+ 2)∥∆ϕ∥p
)

dr1dr2

r1+a1
1 r1+a2

2

+ u0V1

∫ ∞

AN

∫ ∞

1

(∥∥∥ϕ(·, δNr1, δNr2) − ϕ
∥∥∥
p
δ−2
N + r2

1 + r2
2

2(d+ 2)∥∆ϕ∥p
)

dr1dr2

r1+a1
1 r1+a2

2
.

Using (3.41) and (3.40), we obtain∥∥∥∥∥LNϕ− σ2

2 ∆ϕ
∥∥∥∥∥
p

≤ C
∫ AN

1

∫ AN

1
δ2
N(r4

1 + r4
2) dr1dr2

r1+a1
1 r1+a2

2
max
|κ|=4

∥∂κϕ∥p

+ C

(∫ AN

1

∫ ∞

AN

(r2
1 + r2

2) dr1dr2

r1+a1
1 r1+a2

2
+
∫ ∞

AN

∫ ∞

1
(r2

1 + r2
2) dr1dr2

r1+a1
1 r1+a2

2

)
max
|κ|=2

∥∂κϕ∥p.

The bracketed term is equal to

1 − A− a2
N

a2(a1 −2)Aa1 −2
N

+ 1 − A
−(a2 −2)
N

a1(a2 −2)Aa1
N

+ 1
(a1 −2) a2 A

a2
N

+ 1
a1(a2 −2)Aa2 −2

N

≤ CA−θ
N ,

for some constants C > 0 and θ > 0. On the other hand, if a1 ̸= 4,∫ AN

1

∫ AN

1
δ2
Nr

4
1

dr1dr2

r1+a1
1 r1+a2

2
= δ2

N

1 − A− a2
N

a2
× A4−a1

N − 1
4 − a1

,

while if a1 = 4, ∫ AN

1

∫ AN

1
δ2
Nr

4
1

dr1dr2

r1+a1
1 r1+a2

2
= δ2

N

1 − A− a2
N

a2
log(AN).

The same integral with r4
2 instead of r4

1 is computed in the same way. As a result, if

both a1 > 4 and a2 > 4, we can take AN = ∞, otherwise we chose AN = δ−ξ
N where

ξ is such that

0 < ξ <
2

(4 − a1)+ ∧ 2
(4 − a2)+ .

This yields ∥∥∥∥∥LNϕ− σ2

2 ∆ϕ
∥∥∥∥∥
p

≤ CδθN max
0≤|κ|≤4

∥∂κϕ∥p,

for some C > 0 and θ > 0.
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The stable case Let us now treat the case where a1 ∧ a2 < 2. From (3.45), it

is clear that a1 and a2 play symmetric roles, so let us assume that a1 < a2. In this

case, α = a1 and we change variables in the integral over r1 to obtain

LNϕ(x) = u0V1

∫ ∞

δN

∫ ∞

1

(
ϕ(x, r1, δNr2) − ϕ(x)

) dr1dr2

r1+a1
1 r1+a2

2
.

Then, setting

DNϕ(x) = u0V1

a2

∫ ∞

δN

(
ϕ(x, r) − ϕ(x)

) dr

r1+a1
,

and using (3.40), we write

∥LNϕ− DNϕ∥p ≤ u0V1

∫ ∞

δN

∫ ∞

1
∥ϕ(·, r1, δNr2) − ϕ(·, r1)∥p

dr1dr2

r1+a1
1 r1+a2

2

≤ C
∫ ∞

δN

∫ ∞

1
(1 ∧ (δNr2)2) dr1dr2

r1+a1
1 r1+a2

2
max

0≤|κ|≤2
∥∂κϕ∥p

≤ Cδ− a1
N

(
δ2
N

∫ 1/δN

1
r1−a2dr +

∫ ∞

1/δN

dr

r1+a2

)
max

0≤|κ|≤2
∥∂κϕ∥p.

If a2 ̸= 2, this yields

∥LNϕ− DNϕ∥p ≤ Cδ− a1
N

δ2
N

δ
−(2−a2)
N − 1

2 − a2
+ δa2

N

 max
0≤|κ|≤2

∥∂κϕ∥p

≤ Cδ− a1
N

(
δa2
N − δ2

N

2 − a2
+ δa2

N

)
max

0≤|κ|≤2
∥∂κϕ∥p.

The right hand side above is of the form CδθN max0≤|κ|≤2 ∥∂κϕ∥p for C > 0 and

θ > 0 since a1 < a2 and a1 < 2. If a2 = 2, the above yields instead

∥LNϕ− DNϕ∥p ≤ Cδ− a1
N

(
δ2
N | log(δN)| + δa2

N

)
max

0≤|κ|≤2
∥∂κϕ∥p,

which can be bounded by CδθN max0≤|κ|≤2 ∥∂κϕ∥p for some C > 0 and θ > 0 for the

same reasons.

3.5.3 Convergence of the martingales measures
Martingale Jumps

We now prove that the martingale measures become continuous in the limit.
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Proof of Lemma 3.4.9. We start as in [For22, p.26f] and then adapt bounds to

implement our regimes. Note

MN
t (ϕ) −MN

t−(ϕ) =
〈
ZN
t − ZN

t−, ϕ
〉

−
∫ t

t−

〈
ZN
s ,LN(ϕ) − µϕ

〉
ds

=
√
NηN

〈
ρNt − ρNt−, ϕ

〉
=
√
NηN

(〈
ρNNt/δα

N
, ϕN

〉
−
〈
ρN(Nt/δα

N )− , ϕN
〉)

.

If (t, x0, u, r1, r2) ∈ Π,

∣∣∣〈 ρNt , ϕN 〉−
〈
ρNt− , ϕN

〉∣∣∣
≤ u sup

k0∈[0,1]

∣∣∣∣∣
∫
Rd×[0,1]

ϕN(x, k)1|x−x0|<r2 (δk0(dk) − ρNt−(x, dk))dx
∣∣∣∣∣

≤ 2u
∫
Rd
δd
N sup
k∈[0,1]

|ϕ(δNx, k)|1|x−x0|<r2dx.

Using 1|x−x0|<r2 ≤ 1 on the one hand and |ϕ(δNx, k)| ≤ ∥ϕ∥∞ on the other we get

∫
Rd
δd
N sup
k∈[0,1]

|ϕ(δNx, k)|1|x−x0|≤r2dx ≤ min
{

∥ϕ∥1, Vr2δ
d
N∥ϕ∥∞

}
.

As a result, in the one-tail regime, there exists a constant C > 0, depending only

on ϕ and d, such that

sup
t≥0

∣∣∣∣MN
t (ϕ) −MN

t−(ϕ)
∣∣∣∣ ≤ C

√
ηN
N

sup
r2>1

(
1 ∧ (δNr2)d

rc
2

)

≤ C

√
ηN
N

(δN)d∧c.

Here, we used the fact that, if (t, x0, u, r1, r2) ∈ Π, then u = u0/(rc
2N). In the

two-tails regime, there exists a constant C > 0 such that

sup
t≥0

∣∣∣∣MN
t (ϕ) −MN

t−(ϕ)
∣∣∣∣ ≤ C

√
ηN
N

sup
r1>1,r2>1

(
1 ∧ (δNr2)d
rc1

1 r
c2
2

)

≤ C

√
ηN
N

(δN)d∧c2 .

In both regimes, the right-hand side converges to zero as N → ∞ by (3.20) and

(3.21), which concludes the proof of the lemma.
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Spatial Correlations

In this section, we prove Lemma 3.4.10 to characterize the correlations of the limiting

noises in (3.22). We first give a motivating calculation. We have already seen that

〈
MN(ϕ)

〉
t

= ηN

∫ t

0

〈
ΓνN

α (ρNs ), ϕ⊗ ϕ
〉
ds,

where Γν was defined in (3.25), and claim

ηN

∫ t

0

〈
ΓνN

α (ρNs ), ϕ⊗ ϕ
〉
ds −−−→

N→∞
t
〈

Q, ϕ⊗ ϕ
〉
,

where Q is defined as

Q(dx1dk1dx2dk2) = γKβ(dx1, dx2)(dk1δk1(dk2) − dk1dk2). (3.46)

The measure Kβ(dx1, dx2) encodes the spatial correlations and coalescence rates

in each regime and was defined in (3.19). The form of (3.46) follows from ΓνN
α

by letting ρNt → λ. Recall that

ηNΓνN
α (ρNs )(x1, x2, dk1, dk2)

= ηN

∫
(0,1]×[0,∞)2

(Nu)2
∫
Rd
1B(x1,δNr2)∩B(x2,δNr2)(x) 1

VδNr1

∫
B(x,δNr1)ρNs (y, dk1)δk1(dk2) − ρNs (y, dk1)ρNs (x2, dk2)

− ρNs (x1, dk1)ρNs (y, dk2) + ρNs (x1, dk1)ρNs (x2, dk2)


dydx
1

δd +α
N

νN(du, dr1, dr2). (3.47)

If we replace ρNs by λ, the right-hand side of (3.47) should converge to

ηN

∫
(0,1]×[0,∞)2

(Nu)2
∫
Rd
1B(x1,δNr2)∩B(x2,δNr2)(x) 1

VδNr1

∫
B(x,δNr1)[

dk1δk1(dk2) − dk1dk2

]
dydx

1
δd +α
N

νN(du, dr1, dr2)

= ηN

∫
(0,1]×(0,∞)2

(Nu)2VδNr2(x1, x2)
1

δd +α
N

νN(du, dr1, dr2)︸ ︷︷ ︸
[
dk1δk1(dk2) − dk1dk2

]
.
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The term in brackets contains all spatial information and will equal γKβ(dx1, dx2).

For example, in the one-tail regime, if β = a + c < d, we obtain

ηN

∫
(0,1]×(0,∞)2

(Nu)2VδNr2(x1, x2)δ−(d +α)
N νN(du, dr1, dr2)

= δα−a − c
N u2

0

∫ ∞

1

1
r2 c

2
VδNr2(x1, x2)δ−(d+α)

N

dr2

r1+d + a − c
2

= u2
0

∫ ∞

1
VδNr2(x1, x2)δN

dr2

(δNr2)1+d + a + c

= u2
0

∫ ∞

δN

Vr2(x1, x2)
dr2

r1+d + a + c
2

.

Taking the limit δN → 0 and abbreviating x1−x2
∥x1−x2∥ = e1, this converges to

u2
0

∫ ∞

0
Vr2(x1, x2)

dr2

r1+d + a + c
2

= u2
0

∫
Rd

∫ ∞

0
1{|x1−x2−y|<r2}1{|0−y|<r2}

dr2

r1+d +β
2

dy

= u2
0

∫
Rd

∫ ∞

0
1{|e1−y|<r2/∥x2−x1∥}1{|y|<r2/∥x2−x1∥}

dr2

r1+d +β
2

∥x1 − x2∥ddy

= u2
0

∫
Rd

∫ ∞

0
1{|e1−y|<r2}1{|y|<r2}

1
∥x1 − x2∥β

dr2

r1+d +β
2

dy

= u2
0C

(2)
d,βKβ(x1, x2).

If β > d, we instead arrive at

ηN

∫
(0,1]×(0,∞)2

u2Vr2(x1, x2)ναN(dr1, dr2)

= u2
0ηN

∫
(0,1]×(0,∞)2

(Nu)2VδNr2(x1, x2)δ−(d +α)
N νN(du, dr1, dr2)

= u2
0δ
α−d
N

∫ ∞

1
VδNr2(x1, x2)δ−(d +α)

N

dr2

r1+d +α+c
2

= u2
0V

2
1

∫ ∞

1

VδNr2(x1, x2)
V 2
δNr2

dr2

r1+α+c − d
2

,

and as this quantity is integrated against test functions

u2
0V

2
1

∫ ∞

1

∫
(Rd)2

ϕ(x1, k1)ϕ(x2, k2)
VδNr2(x1, x2)

V 2
δNr2

dx1dx2
dr2

r1+α+c − d
2

−−−→
N→∞

u2
0V

2
1

∫ ∞

1

dr2

r1+α+c − d
2

∫
Rd
ϕ(x, k1)ϕ(x, k2)dx.

Noting
∫∞

1 r
−(1+α+c − d)
2 dr2 = (α + c − d)−1 the above expression matches the

corresponding result in Table 3.1. The spatial correlations vanish and the noise
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becomes white in space. A similar calculation holds in the case β = d. The next

proof will demonstrate that all these calculations are rigorously justified.

Proof of Lemma 3.4.10. In this proof, we will focus on the one-tail regime as the

two-tail regime can be treated with similar arguments. First, we will consider the

case β = a + c < d extending [For22, Subsection 3.5, Proof of Lemma 3.10 (3.32),

stable case]. Second, we will adapt [For22, Subsection 3.5, Proof of Lemma 3.10

(3.32), fixed case] to analyse the case β > d, where the spatial correlations vanish.

Afterwards, we will treat the case β = d. The covariation process can be written as

〈
MN(ϕ)

〉
t

(3.48)

= ηN

∫ t

0

∫
(0,1]×[0,∞)2

(Nu)2
〈

Γ(δNr1,δNr2)(ρNs ), ϕ⊗ ϕ
〉
δ

−(α+d)
N νN(du, dr1, dr2)ds,

(3.49)

where Γ(δNr1,δNr2) is short for evaluation of Γν at the Dirac measure at (1, δNr1, δNr2).

Case β < d Substituting integrals, (3.48) translates to:

〈
MN(ϕ)

〉
t

=
∫ t

0
u2

0

∫ ∞

δN

〈
Γ(δ1−b

N rb
2 ,r2)(ρNs ), ϕ⊗ ϕ

〉 dr2

r1+d + a + c
2

ds. (3.50)

In (3.50) we can change the limit of integration of the inner integral from [δN ,∞)

to [0,∞), as the difference converges to zero:
∫ t

0
u2

0

∫ δN

0

〈
Γ(δ1−b

N rb
2 ,r2)(ρNs ), ϕ⊗ ϕ

〉 dr2

r1+d + a + c
2

ds

≤ 4u0t∥ϕ∥2
2

∫ δN

0
V 2
r2

dr2

r1+d + a + c
2

−−−→
N→∞

0,

where we used again (3.38). Defining

Qr2(x1, x2, dk1, dk2) := Vr2(x1, x2)(dk1δk1(dk2) − dk1dk2)

it remains to show∫ t

0
u2

0

∫ ∞

0

〈
Γ(δ1−b

N rb
2 ,r2)(ρNs ), ϕ⊗ ϕ

〉 dr2

r1+d + a + c
2

ds

−−−→
N→∞

∫ t

0
u2

0

∫ ∞

0

〈
Qr2 , ϕ⊗ ϕ

〉 dr2

r1+d + a + c
2

ds.
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We proceed by dominated convergence. Calculations in Lemma 3.4.5 provide us

with the necessary bound in (r1, r2). To see pointwise convergence of the integrand,

note we can write

〈
Γ(r1,r2)(ρ), ϕ⊗ ϕ

〉
= V 2

r2

〈
ρ,Ψ(1)

(r1,r2)

〉
+
〈

ρ ⊗ ρ,Ψ(2)
(r1,r2)

〉

for two functions Ψ(1)
(r1,r2)(x1, k1),Ψ(2)

(r1,r2)(x1, x2, k1, k2). The first function is defined

as

Ψ(1)
(r1,r2)(x1, k1) := 1

Vr1

∫
B(x1,r1)

ϕ(x, k1, r2)2dx

and the second function as

Ψ(2)
(r1,r2)(x1, x2, k1, k2)

:= Vr2(x1, x2)ϕ(x1, k1)ϕ(x2, k2) − Vr2

Vr1

ϕ(x1, k1)
∫
B(x1,r1)∩B(x2,r2)

ϕ(y, k2, r2)dy

− Vr2

Vr1

ϕ(x2, k2)
∫
B(x1,r1)∩B(x2,r2)

ϕ(y, k1, r2)dy.

Since Ψ(1) ∈ S(R × [0, 1]), we know from (3.34) that

E

 sup
t∈[0,T ]

∣∣∣∣ 〈ZN
t ,Ψ(1)

〉 ∣∣∣∣2
1/2

≤ C max
q∈{1,2}

max
|κ|≤2

∥∂κΨ(1)∥p. (3.51)

The derivatives on the right-hand side are

∂

∂x1
V 2
r2Ψ(1)

(r1,r2)(x1, k1) =
2V 2

r2

Vr1

∫
B(x1,r1)

ϕ(y, k1, r2)ϕx(y, k1, r2)dy

and

∂2

∂x2
1
V 2
r2Ψ(1)

(r1,r2)(x1, k1) =
2V 2

r2

Vr1

∫
B(x1,r1)

ϕx(y, k1, r2)2 + ϕ(y, k1, r2)ϕxx(y, k1, r2)dy.

The Schwartz space S(Rd × [0, 1]) is closed under multiplication and averages. This,

together with Lemma 3.5.2, allows us to bound (3.51) for Ψ(1) independently of

r1 and show pointwise convergence for the first summand. To see the pointwise

convergence of the second summand note

E
[ 〈

ZN
t ⊗ ZN

t ,Ψ(2)
〉 ]

≤ E
[ 〈

DN ,1[0,t]Ψ(2)
〉 ]
.
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Corollary 3.5.1 provides us with a uniform bound on the right-hand side. This

implies the pointwise convergence of
〈
(ρNt − λ) ⊗ (ρNt − λ),Ψ(2)

〉
. The identity

ρNt ⊗ ρNt − λ⊗ λ = λ⊗ (ρNt − λ) + (ρNt − λ) ⊗ λ+ (ρNt − λ) ⊗ (ρNt − λ)

allows us to make the transition to
〈

ρNt ⊗ ρNt − λ⊗ λ,Ψ(2)
〉

= (NηN)−1/2
〈
ZN
t , Ψ̃

〉
+(NηN)−1

〈
ZN
t ⊗ ZN

t ,Ψ(2)
〉
.

(3.52)

Here, Ψ̃(x, k) =
〈
λ,Ψ(2)(·, x, k)

〉
+
〈
λ,Ψ(2)(x, ·, k)

〉
and it remains to prove the

pointwise convergence of the middle term. We can represent
〈
λ,Ψ(2)(·, x, k)

〉
through averaged functions
〈
λ,Ψ(2)(·, x2, k2)

〉
=
∫
Rd
Vr2(x1, x2)

∫ 1

0
ϕ(x1, k1)dk1dx1ϕ(x2, k2)

− Vr2

Vr1

∫
Rd

∫ 1

0
ϕ(x1, k1)dk1

∫
B(x1,r1)

1B(x2,r2)ϕ(y, k2, r2)dydx1

− Vr2

Vr1

ϕ(x2, k2)
∫
Rd

∫
B(x1,r1)

1B(x2,r2)(y)
∫ 1

0
ϕ(y, k1, r2)dk1dydx1

= ϕ(x2, r2)ϕ(x2, k2)V 2
r2 − V 2

r2ϕ(·, r1)ϕ(·, k2, r2)(x2, r2) − V 2
r2ϕ(x2, r2)ϕ(x2, k2).

Again, this time for
〈
λ,Ψ(2)(·, x, k)

〉
, we can bound the right-hand side of the

inequality (3.51) independently of r1 and the missing term of (3.52) converges.

Case β > d We use a separate strategy, which extends [For22] to different radii

r1, r2 for the impacted area and range from where to choose parents. Our strategy is

to approximate the four summands of
〈

Γ(r1,r2)(ρ), ϕ⊗ ϕ
〉

by more tractable terms.

The first summand equals

V 2
r2

〈
ρr1 , ϕ(·, r2)2

〉
,

where we define for r > 0

ρr(x, dk) := 1
Vr

∫
B(x,r)

ρ(z, dk)dz.

The second term is of the form∫
Rd

∫
[0,1]

∫
B(x,r2)

ϕ(x1, k1)dx1ρr1(x, dk1)
∫
B(x,r2)

∫
[0,1]

ϕ(x2, k2)ρ(x2, dk2)dx2dx. (3.53)
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If we replace ϕ(x1, k1) by ϕ(x, k1) and ϕ(x2, k2) by ϕ(x, k2) in (3.53), the distance

between the new expression

V 2
r2

〈
ρr1 · ρr2 , ϕ⊗ ϕ

〉
= V 2

r2

∫
Rd×[0,1]2

ϕ(x, k1)ϕ(x, k2)ρr1(x, dk1)ρr2(x, dk2)dx

and (3.53) is smaller than

min
{

2r2V
2
r2∥ϕ∥1 max

|κ|=1
∥∂κϕ∥∞, 4V 2

r2∥ϕ∥1∥ϕ∥∞

}
.

This can be seen by applying∣∣∣∣∣∣
∫
B(x,r)×[0,1]

(ϕ(x1, k1) − ϕ(x, k1))ρ(x1, dk1)dx1

∣∣∣∣∣∣ ≤ min
{
rVr max

|κ|=1
∥∂κϕ∥1, 2Vr∥ϕ∥∞

}
.

The last two terms of
〈

Γ(r1,r2), ϕ ⊗ ϕ
〉

can be approximated in the same way to

obtain ∣∣∣∣ 〈Γ(r1,r2)(ρ), ϕ⊗ ϕ
〉

−V 2
r2

( 〈
ρr1 , ϕ(·, r2)2

〉
−
〈
ρr1 · ρr2 , ϕ⊗ ϕ

〉 )∣∣∣∣
≤ min

{
8r2V

2
r2 max

|κ|=1
∥∂κϕ∥∞∥ϕ∥1, 16V 2

r2∥ϕ∥∞∥ϕ∥1

}
.

In total, if a + c > d this leads to∣∣∣∣∣∣⟨MN(ϕ)
〉
t
−u2

0δ
−2d
N

∫ t

0

∫ ∞

1
V 2
δNr2

(〈
(ρNs )δNr

b
2
, ϕ(·, δNr2)2

〉

−
〈

(ρNs )δNr
b
2

· (ρNs )δNr2
, ϕ⊗ ϕ

〉) dr2

r1+d + a + c
2

ds

∣∣∣∣∣∣
≤ u2

0tδ
−2 d
N 8∥ϕ∥1

∫ ∞

1
min

{
δNr2V

2
δNr2 max

|κ|=1
∥∂κϕ∥∞, 2V 2

δNr2∥ϕ∥∞

}
dr2

r1+d + a + c
2

≤ u2
0tδ

a + c − d
N 8∥ϕ∥1

∫ ∞

δN

min
{
r2V

2
r2 max

|κ|=1
∥∂κϕ∥∞, 2V 2

r2∥ϕ∥∞

}
dr2

r1+d + a + c
2

≤ u2
0tδ

a + c − d
N 8∥ϕ∥1 max

|κ|=1
∥∂κϕ∥∞

∫ 1

δN

r2V
2
r2

dr2

r1+d + a + c
2

+ u2
0tδ

a + c − d
N 16∥ϕ∥1∥ϕ∥∞

∫ ∞

1
V 2
r2

dr2

r1+d + a + c
2

.

This right-hand side converges to zero as N → ∞. Again from Theorem 3.3.2 we

know ρNt → λ in probability, which implies (ρNs )δNr
b
2

→ λ and (ρNs )δNr2
→ λ in the

same sense. This shows〈
MN

t (ϕ)
〉
t

−−−→
N→∞

u2
0V

2
1

∫ t

0

∫ ∞

1

(〈
λ, ϕ2

〉
−
〈
λ · λ, ϕ⊗ ϕ

〉) dr1

r1+a + c − d
1

ds

=
〈

Q, ϕ⊗ ϕ
〉
.
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Case β = d Similar to the argument following (3.37), we can show the bound
∣∣∣∣ 〈Γ(r1,r2)(ρ), ϕ⊗ ϕ

〉 ∣∣∣∣ ≤ 4Vr2∥ϕ∥2
1.

The following distance vanishes as N → ∞:∣∣∣∣∣∣⟨MN(ϕ)
〉
t
−u2

0
δ−2d
N

log(1/δN)

∫ t

0

∫ 1/δN

1
V 2
δNr2

(〈
(ρNs )δNr

b
2
, ϕ(·, δNr2)2

〉

−
〈

(ρNs )δNr
b
2

· (ρNs )δNr2
, ϕ⊗ ϕ

〉) dr2

r1+d + a + c
2

ds

∣∣∣∣∣∣
≤ u2

0t
δ−2 d
N

log(1/δN)8∥ϕ∥1

∫ 1/δN

1
δNr2V

2
δNr2 max

|κ|=1
∥∂κϕ∥∞

dr2

r1+d + a + c
2

+ u2
0t

δ−2 d
N

log(1/δN)

∫ ∞

1/δN

∣∣∣∣ 〈Γ(δNr1,δNr2)(ρNs ), ϕ⊗ ϕ
〉 ∣∣∣∣ dr2

r1+d + a + c
2

≤ u2
0t

δ−2 d
N

log(1/δN)8∥ϕ∥1

∫ 1/δN

1
δNr2V

2
δNr2 max

|κ|=1
∥∂κϕ∥∞

dr2

r1+d + a + c
2

+ u2
0t

δ−2 d
N

log(1/δN)4∥ϕ∥2
1

∫ ∞

1/δN

VδNr2

dr2

r1+d + a + c
2

→ 0.

Substituting u := log(r2)
log(1/δN ) we obtain

u2
0

δ−2d
N

log(1/δN)

∫ t

0

∫ 1/δN

1
V 2
δNr2

(〈
(ρNs )δNr

b
2
, ϕ(·, δNr2)2

〉
−
〈

(ρNs )δNr
b
2

· (ρNs )δNr2
, ϕ⊗ ϕ

〉) dr2

r1+d + a + c
2

ds

= u2
0V

2
1

∫ t

0

∫ 1/δN

1

(〈
(ρNs )δNr

b
2
, ϕ(·, δNr2)2

〉
−
〈

(ρNs )δNr
b
2

· (ρNs )δNr2
, ϕ⊗ ϕ

〉) dr2

log(1/δN)r2
ds

= u2
0V

2
1

∫ t

0

∫ 1

0

(〈
(ρNs )δ1−b u

N
, ϕ(·, δ1−u

N )2
〉

−
〈

(ρNs )δ1−b u
N

· (ρNs )δ1−u
N
, ϕ⊗ ϕ

〉)
duds.

Following a similar argument based on dominated convergence as in the case β > d,

we can conclude the proof.
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Isolation by distance under varying

population size
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4.1 Introduction

Isolation by distance The genetic patterns of a scattered population are spatially

correlated if individuals move across space and successfully reproduce at positions

different to their origin. In many species, individual movements during their

lifetime will not exhaust the complete range of the species due to environmental,

behavioural or energetic constraints. New genetic information created by mutation

and recombination is therefore diffusing over space at a finite rate. The genetic

similarity of individuals separated in space will decrease as a function of their

separation. This phenomenon is called isolation by distance and the patterns of

genetic isolation will reflect the spatial gene flow in the population.

110
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Wright-Malécot formula To quantify patterns of genetic isolation we need to

find an appropriate scale of genetic similarity. The simplest measure for the genetic

relatedness of two individuals is to ask whether they are identical or not. While

in reality the genetic information of an individual from a non-clonal species rarely

matches any other individual, considering only a part of the genetic information

such as a single locus renders the measure applicable. We could then measure

isolation by distance by the probability of identity.

Wright and Malécot ([Wri43], [Mal48]) observed that the decay of the probability

of identity with spatial separation is roughly exponential. This approximation

holds for many models and is today named after them. The universality of the

approximation reflects the fact that ancestral lineages, the sequences of spatial

positions of the ancestors, are as jump processes well-approximated by Brownian

motions over sufficiently large scales. To see the same type in two sampled

individuals, tracing backwards in time ancestral lineages need to have coalesce

before either acquiring mutations. In turn, the Brownian motions approximating

their motion are described by Gaussian transition kernels leading to the observed

exponential decay in relatedness. Later works noticed that some of their assumptions

were inconsistent ([Fel75]) and reproduced the results more convincingly in space

([KW64], [BDE02]).

Natural forces An exact exponential decay in real populations is unlikely, due

to influences such as the local structure, rare events or inhomogenous dispersal

dynamics. Ideally, we would like to be able to describe isolation by distance under

the multifarious forces acting on natural populations to provide a tool to infer

information about the population from its genetic patterns. Simulation-based

approaches have incorporated different influences on isolation by distance with

recent examples found in ([Rin+18], [Sga+22]).

A first step towards an analytical description of new influences was undertaken

with the introduction of the class of spatial Λ-Fleming-Viot processes ([BEV10],

[BEV13a]). In this framework, it was shown how long-range reproduction events
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might alter the genealogy. Several ancestral lineages of sampled individuals can

merge at the same time, as the contained ancestors were offspring to the same parent

of a long-range event. This is accompanied by a slower than exponential decay

of the probability of identity. Corresponding long-range Wright-Malécot formulae

were discovered in [SW23], [For22] and Chapter 3. Here, ancestral lineages behave

according to stable processes, which can be thought of as a generalization of Brownian

motion with larger jumps. Moreover, even if ancestral lineages are still separated in

space, there exists a positive rate of coalescence due to large spatial events.

Aim and motivation of this work In this paper, we derive a Wright-Malécot

formula to quantify isolation by distance under the influence of varying population

size. To this end, we propose a spatial Λ-Fleming-Viot type model with a reproduc-

tion mechanism which might change the local population density. In reproduction

events, a proportion of the population in a region dies and is replaced by a not

necessarily equal mass governed by a so-called growth function that depends on

the local population size. If the carrying capacity is larger, more individuals are

expected to have reproductive success. We model this by letting the frequency

of events increase with higher population size while reducing the relative fraction

replaced by offspring in the population. Our motivation is twofold:

1. The resulting formula is more realistic than previous results, as it explains for

example the increased genetic isolation if the population is separated through

barriers to gene flow such as by unfavourable terrain (see Figure 4.2). This

is an important step towards bridging the gap between the aforementioned

analytical work and more applied papers incorporating precisely these effects

such as [Rin+18]. Additionally, although in this paper the bias in the gene

flow results from differences in population size, we expect a similar formula

to hold if there are general biases in the displacement of individuals. For

example, octopus dispersal patterns are more likely to follow the circular drift

of the Antarctic circumpolar current (see [Lau+23]).
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2. Mathematically, the varying population size makes it more difficult to find

duality relationships with link the forwards in time process with a correspond-

ing backwards in time structure. Ancestral lineages might be non-Markovian

and correlated in a complicated way, as the paths of ancestral lineages might

contain information about the population profile. In such a setting, only few

rigorous mathematical results have been obtained so far ([BCD16], [Eth+24],

[BDS24]). Notably, in [Eth+24] the motion of ancestral lineages is extracted

from a complex spatial model using lookdown constructions. We will arrive at

a comparable motion of ancestral lineages from a completely different angle

using a strategy based on a central limit theorem ([For22]).

In previous papers ([For22], Chapter 3), the considered process was of

population size one allowing one to derive the probability of identity and

associated behaviour of ancestral lineages in a rather straight-forward manner

from a corresponding central limit theorem. In the present paper, we will

consider a central limit theorem originating from a process which is of varying

population size. This renders the derivation of the formula for the probability

of identity more complex, but demonstrates the feasibility of the technique in

a much wider context.

Forwards in time central limit theorem The main tool of this work will

be a connection between the probability of identity and central limit theorems.

Individuals will be equipped with neutral genetic types, tracing related individuals

in the population. Mutation then corresponds to assuming uniform new types from

the real interval [0, 1] with a neutral mutation rate µ. As two uniform samples on the

real interval [0, 1] are never equal, in this way, two individuals are only of the same

type if neither has experienced mutation since their most recent common ancestor.

The process describing the limiting fluctuations of a spatial model is given as

the solution of an SPDE driven by a Gaussian random field. A spatial differential

operator such as the Laplacian disperses the ‘spikes’ of the Gaussian random field

across space. The genetic fluctuations of the SPDE in two distinct spatial positions
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can only be correlated if individuals from those positions had a common ancestor back

in the past. This explains the emergence of the coalescence behaviour of the ancestral

lineages of two samples in the central limit theorem. The differential operator carries

the fluctuations across space and is therefore linked to the behaviour of ancestral

lineages. A coalescence will cause a significant deviation from the average behaviour,

and hence the noise and its spatial correlations reflect the coalescence behaviour.

This work illustrates that the correspondence between central limit theorems

and the probability of identity and the behaviour ancestral lineages is a general

phenomenon, while providing more realistic analytical expressions to approximate

isolation by distance.

Outline The next section introduces and motivates our model. In Section 4.3

we state and interpret our main results. In Section 4.4 we deduce the convergence

of the population size to the solution of a reaction-diffusion equation. Section 4.5

starts analysing the evolution of genetic types under the model by stating and

scaling the corresponding martingale problems. The proof of the central limit

theorem is contained in Section 4.6, and in Section 4.7 we deduce the corresponding

Wright-Malécot formula. In Appendix B.1 we will provide details on Figure 4.2,

which illustrates the accuracy of the predicted probability of identity by comparing

to simulations. Further appendices deal with technical details.

4.2 Definition of the model

Class of models Our analysis will use a spatial Λ-Fleming-Viot (SLFV) model, a

class of measure-valued stochastic processes first developed in [Eth08] and [BEV10].

Up to null-sets, at every space-time position the process assigns a distribution on

a type space, representing the composition of the population at this point. The

population is driven by a Poisson point process that determines the time and

location of events, the region affected and the ‘impact’ u of the event. Inside the

area affected by an event, first a parental type is sampled from the population, and

then a proportion u of the population is replaced by this type.
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Varying population size SLFV models were first defined rigorously in [EK19].

There a general offspring mechanism was considered based on the assumption that

the ‘mass’ of offspring is random and has an expectation given by the affected

area multiplied by the event impact. This idea is also present in our more specific

choice of reproduction events. Additionally, events fall at a rate proportional to

the local population size and the replaced proportion of the population decreases

if the population size is larger. Another modification of our model compared to

the classical SLFV model is a mutation mechanism, which was first studied in

[VW15]. Although the population is already an infinite-population limit, it can

be thought of as each individual mutating with a certain rate µ to a new type

represented by a uniform choice from the real interval [0, 1]. To guarantee existence

of the model, we will work on the d-dimensional torus Td.

Choice of events Throughout this work, we will denote the population size

by n (defined almost everywhere) and the local average of the population size

over a ball B(x,R) with radius R > 0 as

n(x,R) := 1
VR

∫
B(x,R)

nt(z)dz.

Heuristically, during a time period of length one, we wish to replace a certain pro-

portion u of the population reflecting the turnover through death and reproduction.

However, if the local population size n is larger, we expect more individuals have

reproductive success and to be parental to some part of the proportion u of new

individuals. There are two different ways of implementing this in the SLFV:

1. Either we have events replacing a proportion u ∈ (0, 1), but allow a number

of parents proportional to the local population size n,

2. or we could have the rate of events proportional to the local population

size n, each with a single parent and replacing only a proportion u/n of the

population.
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We opted for the second possibility. Events will cover a ball B(x,R) of radius

R > 0 around the centre x of the event. To be exact, for each spatial position

y ∈ B(x,R) the population size changes according to

n(y) 7→
(

1− u

n(x,R) + 1

)
n(y)+ u

n(x,R) + 1

(
1+rx(n(x,R))

)
n at rate n+1, (4.1)

where r : Td × R+ → R+ is a function capturing the regulation of the population

size. The first argument of rx(n) allows the population growth to depend on space,

whereas the second is the local population size. Typically, the growth function

will be positive if local population size is smaller than the carrying capacity of the

location and negative if the local population size is larger.

One might note that in (4.1) we accelerate by n + 1 instead of n and replace

a proportion of u/(n+ 1) instead of u/n. Adding one to the rate of reproduction

events captures that there is always reproductive activity even if the local population

density is low. The same replacement in the denominator also prevents the

population size from becoming negative, as otherwise for small n the term (1 −u/n)

could be negative.

To provide a precise definition, we will now first clarify the state space Ξ of the

process and then describe its evolution (similar to [For22, Section 1]).

State space We will choose the growth function in such a way that the population

size does not pass a threshold nmax > 0. The type space will be the real interval

[0, 1]. At any location, the population can be thought of assuming values in

Mnmax([0, 1]), the set of all measures with mass smaller or equal to nmax on [0, 1].

The full state space Ξ = (Ξ′, d) will be

Ξ′ =
{
ρ : Td → Mnmax([0, 1]) is a measurable function

}∣∣∣∣
∼

under the equivalence relationship

ρ1 ∼ ρ2 ⇔ {z ∈ Td : ρ1(z) ̸= ρ2(z)} is a Lebesgue null set.
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We equip Ξ′ with the topology of weak convergence. To this end, let (ϕn)n≥1 be

a sequence of test functions such that

∃k : ⟨ρ1, ϕk⟩ ≠ ⟨ρ2, ϕk⟩ ⇔ ρ1 ̸= ρ2 in Ξ′.

To simplify some of the later calculations, in the same way as [For22], we in-

troduce p-norms as

∥ϕ∥p :=
∫

Td
sup
k∈[0,1]

|ϕ(z, k)|pdz
1/p

. (4.2)

and additionally assume a uniform bound of the partial derivatives for indices κ ∈ Nd

sup
n∈N

{
∥∂κϕn∥p : |κ| ≤ 2, p ∈ {1,∞}

}
< ∞. (4.3)

The weak metric d inducing the topology is given by

d(ρ1, ρ2) :=
∞∑
n=1

1
2n
∣∣∣⟨ρ1, ϕn⟩ − ⟨ρ2, ϕn⟩

∣∣∣. (4.4)

In the same way as for the local population size n, we will write

ϕ(x, k, R) := 1
VR

∫
B(x,R)

ϕ(y, k)dy

for the average of a function ϕ : Td × [0, 1] → R over a ball of radius R with volume

VR. Suppose a stochastic process evolves in Ξ. For a space-time position (z, t), the

value ρt(z) can be interpreted as assigning masses to genetic types of the interval

[0, 1] (up to a Lebesgue null-set). The total mass

nt(z) =
∫ 1

0
ρt(z, dk) := Hρt(z)

encodes the population size. We will use the symbol H to denote the mass of a

measure M ∈ M([0, 1]) or a function ϕ : [0, 1] → R if interpreted as a density, i.e.

HM :=
∫ 1

0
M(dk), Hϕ :=

∫ 1

0
ϕ(k)dk. (4.5)
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Restrictions on the growth function We wish to make three additional

assumption on our model, which we can guarantee by assuming certain properties

of the growth function. Recall from (4.1) that we add a mass of size

u

n(x,R) + 1

(
1 + rx(n(x,R))

)
n

of the sampled parental type in reproduction events.

1. It is natural to assume that the new-born mass in events is positive. Strictly

speaking, the above term 1+rx(n) requires the growth function to be bounded

from below by minus one. As we will scale the growth function by a term

converging to zero (4.7), a lower bound will suffice to ensure this property for

the scaled processes.

2. We wish to ensure upper and lower bounds on the population size 0 <

nmin ≤ nmax. If the growth function rx(n) is positive, the population grows

locally. To ensure a lower bound it is therefore enough to assume that as

the local population size n becomes small, the growth function stays larger

than a positive value for all locations. An upper bound can be guaranteed by

assuming that (1 + rx(n))n stays bounded.

These assumptions significantly reduce the technicalities required for the

proofs in this paper. For example, if the population size had no upper bound,

one would need to establish a control on large values in order to ensure

convergence of the sequence of rescaled population size processes.

3. In addition, we will make a regularity assumption on the growth function.

This allows us to follow the arguments of [FP17] for the convergence of the

population size and ensures that the limit, which will be a solution to a

reaction-diffusion equation, exists.

Each of these ideas can be formalized as follows.

Assumption 4.2.1. We assume the following properties of the growth function

r : Td × R+ → R+:
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1. (Positive birth) There exists a lower bound C ∈ R on the growth function

such that ∀x ∈ Td and ∀n > 0

rx(n) ≥ C.

If we consider the model without rescaling, we assume C = −1.

2. (Upper and lower bound on the population size) There exists C ′ > 0 such

that ∀x ∈ Td we have

lim
n→0+

rx(n) > C ′

and there exists nmax > 0 such that all population sizes n > 0 and all locations

x ∈ Td

(1 + rx(n))n < nmax.

3. (Regularity of the growth function) Assume that for all population sizes n > 0

the function r·(n) ∈ C(Td) and that

sup
x∈Td

sup
n≥0

sup
0≤|κ|≤4

∣∣∣∣ ∂κ∂nκ rx(n)
∣∣∣∣ < ∞.

Definition 4.2.2. Let µ,R be positive constants, u ∈ (0, 1), r : Td × R+ → R+ a

growth function satisfying Assumption 4.2.1 and Π be a Poisson point process on

R+ × Td × [0, 1] with intensity (nmax + 1)(dt⊗ dx⊗ dw).

We define the modified spatial Λ-Fleming-Viot process (mSLFV) as the stochastic

process ρ = (ρt, t ≥ 0) with population size nt(z) = Hρt(z), which evolves in Ξ

according to:

1. Reproduction: For any point (t, x, w) ∈ Π we perform the following steps. In

case w ≥ (nt(x) + 1)/(nmax + 1), we ignore the event. Otherwise, we choose

a parental type k0 according to the normalized mass distribution in the ball

B(x,R), i.e. with respect to

1∫
B(x,R) nt−(z)dz

∫
B(x,R)

ρt−(y, dk)dy.
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Then we remove a proportion

u′ := u

n(x,R) + 1

of the population inside the affected area B(x,R) and introduce a mass

u′
(

1 + r(n(x,R))
)
n(x,R)

of offspring of type k0, i.e. for every z ∈ B(x,R) we set

ρt(z, dk) = (1 − u′)ρt−(z, dk) + u′
(

1 + rx(n(x,R))
)
n(z,R)δk0(dk).

2. Mutation: If t1 and t2 are two consecutive times at which a spatial location

z ∈ Td is affected by events, we set for times s with t1 ≤ s < t2,

ρs(z, dk) = e−µ(s−t1)ρt1(z, dk) + nt1(z)
(
1 − e−µ(s−t1)

)
dk.

An interpretation of the mutation mechanism was given in Section 4.1 If there is

no ambiguity, we will abbreviate n(z,R) by n. As the core Dcore(G) of the domain

D(G) of the generator G of the mSLFV process, we use the set of functions

Dcore(G) :=
{
Ff,ϕ : Ξ → R, ρ 7→ f(⟨ρ, ϕ⟩) : ϕ ∈ Cc(Td), f ∈ C1(R)

}
.

The generator of the process acting on functions in Dcore(G) is

GFf,ϕ(ρ)

= µ
〈
ρ,
∫

[0,1]
(ϕ(·, k′) − ϕ(·, k))dk′

〉
f ′(⟨ρ, ϕ⟩)

+
∫
Td

1∫
B(x,R)×[0,1] ρ(y, dk)dy

∫
B(x,R)×[0,1]

(n+ 1)
(
f
(〈

ρ+ u

n+ 11B(x,R)(δk0 [1 + r(n)]n− ρ), ϕ
〉)

− f(⟨ρ, ϕ⟩)
)

ρ(y, dk0)dydx.
(4.6)

We are working on the torus Td and our assumptions ensure a finite total rate of

events.

Proposition 4.2.3. Under Assumption 4.2.1, the martingale problem associated to

(G, D(G)) is well-posed, i.e. there exists a unique solution.
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Remark 4.2.4. The model could be generalised; this remark presents some of the

possibilities.

As we will see in the next section, ancestral lineages follow the gradient of the

population size. This vector field is irrotational. There are situations such as the

aforementioned octopus population subject to the circular drift around Antarctica

[Lau+23], where one can imagine rotational biases of the ancestral lineages. In

general, an additional vector field might be used to describe biases in the dispersal

patterns. One could implement this in the model, for example, by incorporating a

bias in the sampling location of the parental type.

As already mentioned, weakening the existence of nmax would require more work

to control how rarely large population sizes are attained to prove e.g. tightness

of the sequence of processes under scaling. Removing the assumed lower bound

nmin on the population size, would complicate any bound used on the inverse of the

population.

Currently, as we fix the impact u and the radius R > 0, given the population

profile n and event centre z ∈ Td the mass added in an event is deterministic.

We could incorporate a random factor ξ with E(ξ) = 1 in the mass added in

reproduction.

Remark 4.2.5. Working on a torus Td ensures uniqueness of the process, as events

then occur at a finite rate. Existence of the process can be guaranteed even on Rd

using a sequence of approximating processes. Uniqueness of a varying population

size SLFV on Rd has yet to be shown. To our knowledge uniqueness for SLFV

processes has been obtained so far using either duality with a simpler process or

lookdown constructions, where the process is constructed as the De-Finetti measure

of an exchangeable sequence. The varying population size renders the dual process

intractable in our case. A potential lookdown construction of our model could be

based on [EK19, Section 4.2]. Unfortunately, the varying population size leads to a

particle representation in which individuals change level in every event (so at an

infinite rate), which prevents a uniqueness proof.
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4.3 Main results

The centrepiece of this work is a central limit theorem for the process. We will

see that it allows us to calculate the probability of identity by descent and reflects

the behaviour of ancestral lineages. These results generalise the findings of the

fixed radius case of [For22] to varying population size.

4.3.1 Law of large numbers for the population size

We will apply the following scaling to the process. As N → ∞, we will let the impact

u → 0. This corresponds to letting the strength of the genetic drift become smaller

and smaller, which in turn emulates a larger population size (even though the model

is already an infinite-population limit). As ‘individuals’ participate in events at

a rate proportional to the impact, we will accelerate time by a scaling inverse to

the scaling of the impact. In addition, we rescale space and time in the usual way

to obtain a Brownian motion from a jump process. The mutation rate is scaled

inversely to time, so that mutation remains of an order visible in the limit. Equally,

the growth function needs to decrease to behave reasonably as we accelerate time.

Under this scaling the population size will converge to the solution nt of a reaction-

diffusion equation, while the typed process ρNt converges to Lebesgue measure λ on

Td × [0, 1] multiplied by the limiting population size nt. Lebesgue measure appears

as the mutation mechanism dominates in the limit. Equivalently, we could view λ as

the element of Ξ associating to almost every position a uniform distribution on [0, 1].

More formally, let δN be an arbitrary sequence of positive numbers converging

to zero. We define the rescaled process ρNt (z, dk) in two steps.

1. First, we let pN = (pNt , t ≥ 0) be the mSLFV process with rescaled parameters

and growth function

uN := u0

N
, µN := δ2

N

µ

N
, rNz := δ2

NrδNz (4.7)

for z ∈ δ−1
N Td.
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2. Then, for z ∈ Td, we apply the spatial and temporal scaling

ρNt (z, dk) := pNNt/δ2
N

(
z

δN
, dk

)
. (4.8)

As we see in Lemma 4.3.1 the evolution of the rescaled population size can

be characterised by a martingale problem. The parental choice and subsequent

dispersal of offspring results in the double average operator

LNψ(z) := uVRδ
−2
N

V 2
δNR

∫
B(z,δNR)

∫
B(x,δNR)

[
ψ(y) − ψ(z)

]
dydx

= uVRδ
−2
N

(
ψ(z, δNR) − ψ(z)

)
,

(4.9)

whereas the growth of the population size will be described by

RN
n ψ(z) := uVR

1
V 2
δNR

∫
B(z,δNR)

rx(n(x, δNR))
∫
B(x,δNR)

ψ(y)dydx

= uVRr(n)ψ(z, δNR).
(4.10)

Lemma 4.3.1. Let ϕ ∈ L1(Td). Then,

Y N
t (ϕ) :=

〈
nNt , ϕ

〉
−
〈
nN0 , ϕ

〉
−uVR

∫ t

0

〈
nNs , (LN + RN

nN
s

)ϕ
〉
ds

is a square-integrable martingale with predictable quadratic variation〈
Y N(ϕ)

〉
t

=
∫ t

0

u2

δd+2
N

∫
Td

1
(nNs (x, δNR) + 1)N∫

Td
1B(x,δNR)(z)

(
[1 + δ2

Nrx(nNs (x, δN)]nNs (x, δNR) − nNs (z)
)
ϕ(z)dz

2

dxds.

(4.11)

In the limit as N → ∞, the first operator LN will result in a Laplacian, and

the growth operator RN
n in a reaction term so that the population size converges

to the solution of a reaction-diffusion equation.

Proposition 4.3.2. Fix T > 0, and let nNt denote the population size of the rescaled

process ρNt . Then,

lim
N→∞

E

 sup
t∈[0,T ]

d
(
nNt , nt

) = 0, (4.12)
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where nt solves the reaction-diffusion equation
dnt
dt

= uVR

(
R2

d+ 2∆nt + r(nt)nt
)
, (4.13)

and d is the metric defined in (4.4).

The proof of this theorem is contained in Section 4.4. It follows from [FP17,

Section 3.2-4.3], but we included it as the preliminary result Lemma 4.4.3 plays

a crucial role in the later proof of the central limit theorem.

4.3.2 Central limit theorem

We will consider the fluctuations of ρNt around Lebesgue measure on Td × [0, 1]

multiplied by a deterministic approximation mN
t to the population size nNt

ZN
t :=

√
Nδ2−d

N

(
ρNt − λmN

t

)
. (4.14)

Underlying this scaling is the idea that the process ρNt converges to λnt - although

we will not explicitly formulate this as a result. Naturally, we assume that the

sequence δN is chosen in such a way that Nδ2−d
N → ∞ as N → ∞. In fact, for

the proof of Lemma 4.6.4, we will assume even

N
1
2 δ

1+ d
2

N
N→∞−−−→ ∞. (4.15)

The deterministic approximation to the population size that we take is defined by〈
mN
t , ϕ

〉
:=
〈
mN

0 , ϕ
〉

+
∫ t

0

〈
mN
s , (LN + RN

mN
s

)ϕ
〉
ds. (4.16)

Comparing to Lemma 4.3.1, this formula differs from a representation of nNt by a

missing martingale term which would contain the randomness. The scaling (4.14)

is the same as in specific settings of [For22] and Chapter 3. The term Nδ2−d
N ,

the square of
√
Nδ2−d

N , will compensate a corresponding term in the predictable

quadratic variation term (4.11) of Lemma 4.3.1, which results form a change

of variables of (4.11).

We denote by D(Td × [0, 1]) functions ϕ : Td × [0, 1] → R which are smooth

in the spatial component. Let D′(Td × [0, 1]) be the dual space of generalised

functions and D(R+,D′(Td × [0, 1])) the space of càdlàg paths in the dual space.

Recall from (4.5) that HZ(·) :=
∫ 1

0 Zt(·, dk).



4. Isolation by distance under varying population size 125

Theorem 4.3.3. The sequence of fluctuations (ZN
t , t ≥ 0), N = 1, 2, . . . converges

in distribution in D(R+,D′(Td × [0, 1])) to the mild solution (Zt, t ≥ 0) of the

stochastic partial differential equation
dZt =

uVR
 R2

d+ 2∆ + r(nt)
Zt − µZt +

(
µ+ uVRntr

′(nt)
)
HZt

dt+ dWt,

Z0 = 0.
(4.17)

The Gaussian random field W is uncorrelated in time and its covariation measure

acts on functions ϕ ∈ D(Td × [0, 1]) through

〈
Qt, ϕ⊗ ϕ

〉
:= u2V 2

R

∫
Td

nt(z)2

nt(z) + 1

∫
[0,1]

ϕ(z, k) −
∫

[0,1]
ϕ(z, k′)dk′

2

dkdz. (4.18)

We will prove the theorem in Section 4.6. The arguments synthesise and

generalise ideas of [For22] and [FP17].

Remark 4.3.4. The idea behind the classical central limit theorem is to recentre by

the mean of the random variables involved. In fact, there is more freedom regarding

the recentring, as long the sequence used to recentre converges to the ‘limiting

mean’. The same freedom is present in the spatial central limit theorems considered

here. In Equation (4.14), recentring by λnNt would equally have been possible and

would result in the above SPDE without the term involving HZt. We chose to

recentre by the deterministic approximation λmN
t as the calculations will illustrate

that the Wright-Malécot formula is the same with or without the terms involving

HZt, so invariant under the recentring.

4.3.3 Wright-Malécot formula

Next, we explain how the fluctuations ZN
t can be related to the probability of identity.

As the processes assume values in Ξ and are only unique up to a spatial nullset, the

probability of identity PN
t (ψ1, ψ2) will depend on two probability densities ψ1, ψ2

describing the sampling location. The probability of sampling the same type from

two probability distributions d1, d2 is given by evaluating the distributions d1, d2
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with respect to the indicator of the diagonal 1⧹(k1, k2) := 1k1=k2 . Accounting for

the varying population size, we hence define the probability of identity as

PN
t (ψ1, ψ2)

= E

 1
⟨nNt , ψ1⟩⟨nNt , ψ2⟩

∫
(Td)2

1⧹(k1, k2)ψ1(z1)ψ2(z2)ρNt (z1, dk1)ρNt (z2, dk2)dz1dz2


= E


〈
ρNt ⊗ ρNt , (ψ1 ⊗ ψ2)1⧹

〉
⟨nNt , ψ1⟩⟨nNt , ψ2⟩

 .
(4.19)

We think of this sampling scheme as giving weight ψ1(z) to all individuals in location

z ∈ Td, and then sampling an individual proportionally to these weights. The

procedure is repeated with ψ2 for the second sampled individual.

The question still remains how the probability of identity is related to the central

limit theorem Theorem 4.3.3. The key observation, made in [For22], is that as

Lebesgue measure does not charge the diagonal, we can utilize the relationship

ZN
t :=

√
Nδ2−d

N

(
ρNt − λmN

t

)
, to rewrite (4.19) as

PN
t (ψ1, ψ2) = 1

Nδ2−d
N

E


〈
ZN
t ⊗ ZN

t , (ψ1 ⊗ ψ2)1⧹

〉
⟨nNt , ψ1⟩⟨nNt , ψ2⟩

 .
Rearranging,

Nδ2−d
N PN

t (ψ1, ψ2) = E


〈
ZN
t ⊗ ZN

t , (ψ1 ⊗ ψ2)1⧹

〉
⟨nNt , ψ1⟩⟨nNt , ψ2⟩

 . (4.20)

The above equation shows that the scaling factor Nδ2−d
N of the central limit

theorem is precisely the scaling factor required for PN
t (ψ1, ψ2) to converge to

a non-trivial limit.

To use the central limit theorem, we would like to take the limit N → ∞ on both

sides of (4.20) and exchange limit and expectation on the right-hand side to obtain

lim
N→∞

Nδ2−d
N PN

t (ϕ, ψ) = E


〈
Zt ⊗ Zt, (ψ1 ⊗ ψ2)1⧹

〉
⟨nt, ψ1⟩⟨nt, ψ2⟩

 .
When the population size is constant, this can be achieved via an application

of the dominated convergence theorem (see [For22]). As we will elaborate in

Remark 4.3.8, in the general case there remains a technicality resulting from the
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intrinsically varying population size, which prevented us from applying dominated

convergence. Replacing the dependency of the growth function on the population

size nN in Definition 4.2.2 by a dependency on the deterministic approximation

mN would eliminate this technicality. In this case, bounding the population size

would become more involved as(
1 + r(mN

t )
)
nNt

could potentially grow to infinity under our current assumption. As this would

not add to the biological interpretation of this work, we refrain from dealing with

this additional technicality.

Conjecture 4.3.5. For any t ≥ 0, any ψ1, ψ2 ∈ D(Td), we have

lim
N→∞

NηNP
N
t (ψ1, ψ2) = E

⟨Zt ⊗ Zt,1⧹ψ1 ⊗ ψ2⟩
⟨nt, ψ1⟩⟨nt, ψ2⟩

.
Our aim is now to compute the right-hand side. To avoid dealing with the

fraction ⟨nt, ψi⟩, we choose

ϑi := ntψi
⟨nt, ψi⟩

,

which transforms the quantity to

E

⟨Zt ⊗ Zt,1⧹ψ1 ⊗ ψ2⟩
⟨nt, ψ1⟩⟨nt, ψ2⟩

 = E
[〈
Zt ⊗ Zt,1⧹

(
ϑ1

nt
⊗ ϑ2

nt

)〉]
.

In Section 4.7, we will use this expression to prove the following theorem.

Theorem 4.3.6. Let Gs,t be the fundamental solution associated to

− d

ds
Gs,tψ = A∗

sGs,tψ,

where A∗
s is the adjoint of

Asϕ = uVRR
2

d+ 2

(
∆ϕ+ 2∇ns

ns
· ∇ϕ

)
(4.21)

and let ϑi be as above. Then the Wright-Malécot formula for two probability densities

ψ1, ψ2 is given by

E

⟨Zt ⊗ Zt,1⧹ψ1 ⊗ ψ2⟩
⟨nt, ψ1⟩⟨nt, ψ2⟩

 = u2V 2
R

∫ t

0

∫
Td

e−2µ(t−s)

ns(z) + 1Gs,tϑ1(z)Gs,tϑ2(z)dzds.

(4.22)
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The function ϑi = ntψi

⟨nt,ψi⟩ can be seen as being the limiting density according

to which the sampling of positions occurs.

Remark 4.3.7. There is at least one more way in which one could define the proba-

bility of identity. Informally, we could instead sample two positions z1, z2 according

to two the densities ψ1, ψ2. Then, the probability that two individuals sampled

according to the probability measures (nNt (z1))−1ρNt (z1) and (nNt (z2))−1ρNt (z2) are

of the same type is again given by the integral with respect to 1⧹(k1, k2) = 1k1=k2 .

Formally, this would correspond to the integral

PN
t (ψ1, ψ2) = E

 ∫
(Td)2

1⧹(k1, k2)ψ1(z1)ψ2(z2)
ρNt (z1, dk1)
nNt (z1)

ρNt (z2, dk2)
nNt (z2)

dz1dz2


= E

〈ρNt
nNt

⊗ ρNt
nNt

, (ψ1 ⊗ ψ2)1⧹

〉 .
Our choice of sampling circumvents some problems with this approach arising from

the regularity of ρNt /nNt , whose fractional character was leading to difficulties.

Remark 4.3.8. Here, we wish to elaborate on the technicalities which prevented

us from proving Conjecture 4.3.5. We will represent the fluctuations ⟨ZN , ϕ⟩ as a

stochastic integral plus error terms, which result from the varying population size

and vanish in the limit (see (4.31)). The martingale problem associated to ZN ⊗ZN

would contain very similar error terms. Basically each error term would involve an

additional copy of ZN . The additional ZN becomes problematic as it is not spatially

averaged, preventing an application of Lemma 4.5.5 or an appropriate generalization.

One might consider the test function Φ′ = 1⧹ϕ1⊗ϕ2 to gain the additional regularity

in form of a spatial average. In the probability of identity, this would correspond

to sampling a position and then adding a uniformly distributed vector from the

unit ball. Unfortunately, most of the representations of the fluctuations used in

this work involve choosing solutions to differential equations as test function to

eliminate parts of the generator. If the growth term is among the eliminated ones,

so is featured in the differential equation, the solution of the differential equation

with averaged initial condition is not the same as the average of the original solution.

This prevents the average from being transferred from the test function onto ZN .
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4.3.4 Interpretation and simulation

Next, we wish elaborate on how Theorem 4.3.6 reflects the behaviour of the ancestral

lineages in the process and provide visualizations of the corresponding Wright-

Malécot formulae.

Behaviour of two ancestral lineages

Remember that in Theorem 4.3.6 we describe a probability of identity: in order for

two individuals sampled from two different locations at time t to have the same

type, we need to track both their ancestral lineages to a common ancestor at some

time s < t and require that neither lineage acquires a mutation up to this point.

The formula (4.22) can then be interpreted as follows:

Mutation From an individual-based perspective each individual mutates at rate

µ. Hence, backwards in time starting from time t the probability that

neither ancestral lineage has seen a mutation at time s in the past is

given by e−2µ(t−s).

Motion We can write

Gs,tϑ(z) =
∫
Td
ps,t(z, x)ϑ(x)dx,

where z 7→ pt−u,t(z, x) is the transition density of (Xu)u∈[0,t], started

from X0 = x and with the generator u 7→ At−u comprising the Lapla-

cian and the drift according to twice the gradient of the population

profile from (4.21). The quantity Gs,tϑ1(z)Gs,tϑ2(z) can be seen as

the ‘probability’ for both lineages to be at the same position z a time

t− s in the past. This illustrates that the lineages behave according

to Brownian motions with a drift according to the gradient given by

the population profile.

Coalescence The term (ns(z)+1)−1 captures the fact that once both lineages are at

the same position z, coalescence occurs at a rate inversely proportional

to the population size ns(z). This fits the intuition that with a larger
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local population size, the time to the most recent common ancestor

while staying in the same deme should be longer.

Notably, the motion of ancestral lineages is very much comparable to [Eth+24,

Theorem 2.24, Corrollary 2.28 and Examples 3.2]. For example, in the case of

profile w of the population behaving according to a travelling wave solution to the

Fisher-KPP equation the authors obtain for the generator of ancestral lineages

Lf = ∂xxf + 2∂xw
w

∂x + 2∂xf.

The 2∂xf originates from the moving frame of the travelling wave with the remainder

precisely equalling (4.21). Their work is based on the lookdown framework and

we arrive at a similar expression from a central limit theorem perspective. We

can even go further and describe the behaviour of two ancestral lineages with

coalescence happening inversely proportional to the population size. A hint that

this is heuristically similar in their framework can be found in the discussion of

Terence Tsui Ho Lung’s Phd thesis [Tsu23, Section 8.1.1].

Simulation and analytical prediction

Aim In this section, we visualize the accuracy of the analytical result Theo-

rem 4.3.6 by comparing it to simulated probabilities of identity in Figure 4.2. We

consider a scenario in which the population density is much lower at a central location

(see Figure 4.1). In nature, this might be caused by, for example, a mountain range

and will present in our model a barrier to gene flow. Ancestral lineages are attracted

by higher population density, as we sample the parental type uniformly among the

individuals in the affected region, so more likely from a densily populated area.

We will need to discretize space in both cases and will consider the interval

{0, 1, 2, . . . , 99, 100}. The analytical result Theorem 4.3.6 was telling us the motion

and coalescence behaviour of ancestral lineages. Discretizing this behaviour, we can

calculate the analytical prediction Θ of the Wright-Malécot-Formula given by (4.22).

We will compare this prediction with the probability of identity P resulting from

forwards in time simulations of the typed process from Definition 4.2.2. To compare
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the analytical (limiting) result Θ with the simulated (prelimiting) probabilities,

we ‘undo’ the scaling. Our analyis predicts

NδNPN(x) ≃ Θ
(
N

δ2
N

µN , NuN , δNx
)
.

The full details of prediction and simulation will be given in Appendix B.1.

Setting We discretize space and consider the interval {0, 1, 2, ..., 99, 100}. As

illustrated by Figure 4.1, the population size profile will be at stationarity for

the following choice of growth function

rx(n) = max

min
{

14 |x− 50|
50 , 7

}
+ 1 − n,−1

. (4.23)
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Figure 4.1: Comparison between the population size of the process run for a time of 125
on the left and the analytical solution on the right, both corresponding to (4.23). As the
radius of events is positive, in events which fall right next to the edge of the valley, the
growth function is positive leading to folds on the rim of the population density valley.
The analytical solution depicts the solution to a discretized version of (4.13).

To simulate the probability of identity, we consider a discretization of the

dynamics given in Definition 4.2.2 and follow the proportions of up to 2000 types.

For more details, please see Appendix B.1.

The analytical prediction Θ of Figure 4.1 is based on calculating the transi-

tion probabilities of the lineages of sampled individuals backwards in time and

incorporating the coalescence at a rate inversely proportional to the population
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size plus one. The lineages are diffusive with a drift according to the population

size profile given in (Figure 4.1).

In Figure 4.2 we consider three reference positions 45, 60 and 75. For each

location x0 on the x-axis, representing space, we visualize probability of identity

of a sample from x0 and a sample from the reference position. The prediction

from the analytical solution is shown by the continuous line. The dashed line

represents the mean of the probability of identity in 2000 simulations of the process

from Definition 4.2.2, whereas the darker and lighter area of the same colour show

the 50-th and 90-th percentiles.
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Figure 4.2: Comparison of the probabilities of identity (on a logarithmic scale) from
three reference positions 45, 60, 75 relative to all other locations. For example, red captures
the probability of identity sampling one individual from 45 and one from the population
at the corresponding position on the x-axis. The continuous line shows the prediction
Θ from the analytical calculation based on a calculation of the transition probabilities
of ancestral lineages. The dotted lines illustrate the average probability of identity from
the simulations of the process, with the lighter regions representing the 50-th and 90-th
percentiles after 2000 simulations.
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Interpretation The analytical calculation predicts the simulated probabilities

of identities well.

The valley in the population density leads to ancestral lineages on the left of

the central position 50 being attracted to the left and lineages on the right being

attracted to the right. Consequently, we would expect a rapid decorrelation of the

probabilities of identity by descent around position 50, which is confirmed by both

a simulation of the process and the analytical prediction (see Figure 4.2).

The mean of the simulated probabilities of identity, represented by the dashed

line, is in the centre of the 50-th and 90-th percentiles close to reference positions

45, 60 and 75. This illustrates that in fact even without the expectation

⟨Zt ⊗ Zt,1⧹ψ1 ⊗ ψ2⟩
⟨nt, ψ1⟩⟨nt, ψ2⟩

≃ E

⟨Zt ⊗ Zt,1⧹ψ1 ⊗ ψ2⟩
⟨nt, ψ1⟩⟨nt, ψ2⟩


for sampling positions described by ψ1 and ψ2 being not too far apart. For locations

further away from the reference positions a divergence of the mean from the

median of the probabilities of identity occurs (particularly visible in the purple

part on the left-hand side).

4.4 Convergence of the population size process

In this section, we will explain how the law of large numbers/Proposition 4.3.2

for the population size can be proven by adapting the strategy of [FP17, Section

3.2-4.3]. We consider test functions ϕ : Td → R depending only on space, so that

the process evaluated against them describes the evolution of the population size.

In other words, taking ϕ(x, k) = ϕ(x), we define
〈
nNt , ϕ

〉
:=

〈
ρNt , ϕ

〉
under the

scaling (4.7) and (4.8). We start with the characterisation via a martingale problem.

Proof of Lemma 4.3.1. If we apply the generator (4.6) to test functions only acting

on space, we get

GF1,ϕ(n) =
∫
Td

(n+ 1)
(〈
n+ u

n+ 11B(x,R)

(
[1 + rx(n)]n− n

)
, ϕ
〉

−
〈
n, ϕ

〉)
dx.
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The scaling (4.7) and (4.8) amounts to considering

〈
ρNt , ϕ

〉
=
〈
pNNt/δ2

N
(δN ·), ϕN

〉

for ϕN = δdNϕ(δN ·). Recall that pN denotes the mSLFV with uN = u/N and

rN· = δ2
NrδN · on δ−1

N Td. In the following calculation, we will apply the formula for

multidimensional substitution

∫
Td
ϕ(x)dx =

∫
δ−1

N Td
ϕ(δNx)δdNdx.

Indeed, we arrive at the desired expression:

GNF1,ϕ(n(δN ·))

= N

δ2
N

GF1,ϕN (n(δN ·))

= N

δ2
N

∫
δ−1

N Td
(n(δN ·)(x,R) + 1)

〈n(δN ·) + uN

n(δN ·)(x,R) + 1
1B(x,R)

(
[1 + rNx (n(δN ·)(x,R))]n(δN ·)(x,R) − n(δN ·)

)
, ϕN

〉
−
〈
n(δN ·), ϕN

〉 dx
= u

δd+2
N

∫
Td

〈
1B(x/δN ,R)(

[1 + rNx/δN
(n(δN ·)(x/δN , R))]n(δN ·)(x/δN , R) − n(δN ·)

)
, ϕN

〉
dx

= u

δd+2
N

∫
Td

∫
δ−1

N Td
1B(x,δNR)(δNz)(

[1 + δ2
Nrx(n(δN ·)(x/δN , R))]n(δN ·)(x/δN , R) − n(δNz)

)
δdNϕ(δNz)dzdx

= u

δd+2
N

∫
Td

∫
Td
1B(x,δNR)(z)(

[1 + δ2
Nrx(n(δN ·)(x/δN , R))]n(δN ·)(x/δN , R) − n(z)

)
ϕ(z)dzdx

= u

δd+2
N

∫
Td

∫
Td
1B(x,δNR)(z)

(
[1 + δ2

Nrx(n(x, δNR))]n(x, δNR) − n(z)
)
ϕ(z)dzdx

= uVδNR

δd+2
N

∫
Td

 1
VδNR

∫
B(z,δNR)

[1 + δ2
Nrx(n(x, δNR))]n(x, δNR)dx− n(z)

ϕ(z)dz

= uVRδ
−2
N

〈
[1 + δ2

Nr(n)]n− n, ϕ
〉

= uVR
〈
n, (LN + RN

n )ϕ
〉
.
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The last step uses that both LN and RN
n are self-adjoint operators (which we show

in the proof of Lemma 4.5.2). Similarly, for the quadratic variation

N

δd+2
N

∫
Td

(n(x, δNR) + 1)(〈
n+ u

(n(x, δNR) + 1)N 1B(x,δNR)

(
[1 + δ2

Nrx(n(x, δN)]n(x, δN) − n
)
, ϕ
〉

−
〈
n, ϕ

〉)2
dx

= u2

δd+2
N

∫
Td

1
(n(x, δNR) + 1)N∫

Td
1B(x,δNR)(z)

(
[1 + δ2

Nrx(n(x, δN)]n(x, δNR) − n(z)
)
ϕ(z)dz

2

dx.

The main idea of the proof of Proposition 4.3.2 is to separate the convergence

of the population size into steps:

1. The deterministic approximation mN of (4.16) given by
〈
mN
t , ϕ

〉
:=
〈
mN

0 , ϕ
〉

+
∫ t

0

〈
mN
s , (LN + RN

mN
s

)ϕ
〉
ds,

can be seen to converge to the solution of the reaction-diffusion equation.

2. Then, we will prove |nN −mN | → 0 by defining fluctuations

FN
t =

√
Nδ2−d

N (nNt −mN
t )

and showing that they are sufficiently bounded. Note that

FN
t =

√
Nδ2−d

N (nNt −mN
t ) =

∫ 1

0

√
Nδ2−d

N (ρNt −mN
t λ)(dk) = HZN

t ,

which will become crucial in later sections.

The first step is established by the next lemma. As its proof is similar to

several results in Appendix B.2, which we will require for the proof of the main

Theorem 4.3.3, we only provide a sketch.

Lemma 4.4.1 (cf. [FP17, Proposition 4.6]). There exist constants C,C ′ > 0, such

that for any multi-index 0 ≤ |κ| ≤ 4

sup
0≤t≤T

∥∂κmN
t ∥∞ ≤ C,
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and uniform convergence holds

sup
0≤t≤T

∥mN
t − nt∥∞ ≤ δNC

′.

Proof. Let Gt be the Gaussian kernel with variance uVRR
2

d+2 . Then the population

size can be represented as

nt(x) = Gt ∗ n0(x) +
∫ t

0
(Gt−s ∗ r(ns)ns)(x)ds.

Similarly, if GN
t denotes the semigroup associated to the generator LN , we get

mN
t = GN

t ∗mN
0 +

∫ t

0
(GN

t−s ∗ r(mN
s )mN

s )(x)ds.

The difference between the two terms can now be bounded using Grönwall’s

inequality. Using Assumption 4.2.1 the argument of [FP17, Section B.1, Proof of

Proposition 4.6] carries over.

To perform the second step first note that if we assume the same initial conditions

nN0 = mN
0 a.s. the fluctuations satisfy the following semimartingale decomposition

〈
FN
t , ϕ

〉
= uVR

√
Nδ2−d

N

∫ t

0

〈
(LN + RnN

s
)(nNs ) − (LN + RmN

s
)(mN

s ), ϕ
〉
ds

+
√
Nδ2−d

N Y N
t (ϕ)

= uVR

∫ t

0

〈
LNFN

s +
√
Nδ2−d

N

(
r(nNs )nNs − r(mN

s )mN
s

)
(δNR), ϕ

〉
ds

+
√
Nδ2−d

N Y N
t (ϕ).

The martingale Y N
t (ϕ) had been defined in Lemma 4.3.1. This equation is of the

same form as [FP17, Equation (45)]. The next lemma controls the martingale part.

Lemma 4.4.2 (cf. [FP17, Lemma 4.4]). There exists C > 0 such that for all

ϕ : R+ → L2(Td) we have

E

(√Nδ2−d
N

∫
[0,t]×Td

ϕs(x)Y N(dx ds)
)2
 ≤ C

∫ t

0
∥ϕs∥2

2 ds. (4.24)
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Proof. Let VR(z1, z2) denote the volume of the intersection of two balls of radius R

centred at positions z1 and z2. From Lemma 4.3.1 we know that the left-hand side

is equal to

E

 ∫ t

0

u2

δ2d
N

∫
Td

1
(n(x, δNR) + 1)∫

Td
1B(x,δNR)(z)

(
[1 + δ2

Nrx(nN(x, δNR))]nN(x, δNR) − nN(z)
)
ϕs(z)dz

2

dxds


≤ E

 ∫ t

0

u2

δ2d
N

∫
Td

∫
Td
1B(x,δNR)(z) 2nmax |ϕs(z)|dz

2

dxds


≤ 4n2

maxu
2V 2

RE

 ∫ t

0

∫
Td

 1
VδNR

∫
B(x,δNR)

|ϕs(z)|dz
2

dxds


≤ 4n2

maxu
2V 2

R

∫ t

0
∥ϕ∥2

2 ds,

where we have used ∥ϕ∥2 ≤ ∥ϕ∥2 in the last line.

The crucial idea to control the fluctuations FN is that the square of the

spatial average is uniformly controlled. To prove the convergence of ZN , we

will use Lemma 4.5.5, which can be seen of a generalisation of the next result

to involve types.

Lemma 4.4.3 (cf. [FP17, Lemma 4.5]). There exists a constant C > 0 such that

sup
0≤t≤T

sup
z∈Td

E
[
FN
t (z, δNR)2

]
≤ C

VδNR

.

Proof. The remainder of Taylor’s expansion to the k-th order of a function r ∈ Ck(R)

about the point x is given by

Tk(x, y, r) =
∫ 1

0

(1 − t)k−1

(k − 1)! r(k)(x+ t(y − x))dt. (4.25)

Applying Taylor’s expansion to r = r(x)x yields

〈
FN
t , ϕ

〉
= uVR

∫ t

0

〈
LNFN

s + FN
s T1(nNs ,mN

s , r), ϕ
〉
ds+

√
Nδ2−d

N Y N
t (ϕ). (4.26)
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We wish to remove LN by using an appropriate test function - a technique which

we will use frequently. Let GN
t be again the semigroup associated to the operator

LN . Substituting the time-dependent test function GN
t−s ∗ ϕ in (4.26) yields〈

FN
t , ϕ

〉
= uVR

∫ t

0

〈
GN
t−s ∗

(
FN
s T1(nNs ,mN

s , r)
)
, ϕ
〉
ds

+
∫ t

0

∫
Td

(GN
t−s ∗ ϕ)(z)

√
Nδ2−d

N Y N(dz ds).

Choosing ϕ = 1
VR
1|·−z|<δNR, the left-hand side ⟨FN

t , ϕ⟩ equals FN
t (z, δNR). Squaring

the equation, and using Jensen’s inequality as well as Lemma 4.4.2 to bound the

martingale part, one can set up an application of Grönwall’s inequality. We provide

details of these steps in the more general setting of Lemma 4.5.5 (in which we

include genetic types) and so we omit the details here.

Lemma 4.4.4 (cf. [FP17, Lemma 4.7]). There exists a constant C > 0 such that

for any twice continuously differentiable function ϕ with

max
p∈{1,2}

max
{

∥ϕ∥p, max
0≤|κ|≤2

∥∂κϕ∥p
}

≤ 1, (4.27)

we have

E

 sup
0≤t≤T

∣∣∣∣ 〈FN
t , ϕ

〉 ∣∣∣∣
 ≤ C. (4.28)

Proof. Similar to [FP17, Section 3.2], using Taylor’s expansion of r = r(x)x, this

time to the second order〈
FN
t , ϕ

〉
= uVR

∫ t

0

〈
FN
s ,LNϕ+ r′(mN

s )ϕ(δNR)
〉
ds

+ 1√
Nδ2−d

N

∫ t

0

〈
(FN

s )2,T2(nNs ,mN
s , r)ϕ

〉
ds+

√
Nδ2−d

N Y N
t (ϕ)

(4.29)

where the last line is of the same form as [FP17, Equation (48)]. To obtain (4.28),

we would like to take absolute values, supremum over time and expectation on

both sides of (4.29). Inescapably, this will lead to E
∣∣∣ 〈FN

s ,LNϕ+ r′(mN
s )ϕ(δNR)

〉 ∣∣∣
on the right-hand side. We therefore require first a bound on E|⟨FN

s , ϕ⟩|. Indeed,

choosing ϕN to be the time-dependent solution to
∂sϕ

N(x, s, t) + LNϕN(x, s, t) − r′(mN
s )ϕN(s, t)(x, δNR) = 0

ϕN(x, t, t) = ϕ(x)
,
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one obtains instead the equation (see [FP17, Section 4.1])

〈
FN
t , ϕ

〉
= 1√

Nδ2−d
N

∫ t

0

〈
(FN

s )2,T2(nNs ,mN
s , r)ϕN(s, t)

〉
ds

+
∫ t

0

∫
Td
ϕN(x, s, t)

√
Nδ2−d

N Y N(dx ds),
(4.30)

which is of the same form as [FP17, Equation (58)]. The first term is of the shape

necessary to apply Lemma 4.4.3, whereas the second can again be controlled by

Lemma 4.4.2. Returning to (4.29) above, one can then apply this bound to the

function LNϕ+ r′(mN
s )ϕ(δNR). Using in addition to Lemma 4.4.2 and Lemma 4.4.3

bounds on LN , the result follows.

We can now conclude the law of large numbers for the population size.

Proof of Proposition 4.3.2. We proceed with the same argument as [FP17, Section

4.3] by combining Lemma 4.4.1 and Lemma 4.4.4. Without loss of generality, we

assume the existence of a constant C s.t. the sequence of test functions satisfies

max0≤|κ|≤2 ∥∂κϕn∥p < C uniformly for all n ≥ 1 and p ∈ {1, 2} (see (4.3)). We can

now bound

E

 sup
0≤t≤T

d(nNt , nt)


≤
∞∑
i=1

1
2n

E[ sup
0≤t≤T

∣∣∣∣ 〈nNt , ϕi 〉−
〈
mN
t , ϕi

〉 ∣∣∣∣]+ sup
0≤t≤T

∣∣∣∣ 〈mN
t , ϕi

〉
−
〈
nt, ϕi⟩

∣∣∣∣


≤
∞∑
i=1

1
2n

(Nδ2−d
N )−1/2E

[
sup

0≤t≤T

∣∣∣∣ 〈FN
t , ϕi

〉 ∣∣∣∣]+ sup
0≤t≤T

∥∥∥mN
t − nt

∥∥∥
∞

∥ϕn∥1

,
where the right-hand side converges to zero as N → ∞ due to Lemma 4.4.1 and

Lemma 4.4.4.

4.5 Semimartingale decomposition of the fluctu-
ations

In this section, we will derive a representation of the fluctuations and prove some

auxiliary results, in preparation for the convergence proofs in the next section.
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4.5.1 Rescaled martingale problem for the process

We start by rescaling the martingale problem for the mSLFV process.

Lemma 4.5.1. Let (ρt, t ≥ 0) be an mSLFV process and G be the generator given

by (4.6). Then, for any test function ϕ ∈ L1(Td × [0, 1]),

Mt(Ff,ϕ) := f(⟨ρt, ϕ⟩) − f⟨ρ0, ϕ⟩) −
∫ t

0
GFf,ϕ(ρs)ds

is a square integrable martingale with quadratic variation
∫
Td

1∫
B(x,R)×[0,1] ρ(y, dk)dy

∫
B(x,R)×[0,1]

(n+ 1)
[
f(⟨ρ+ u

n+ 11B(x,R)(δk0 [1 + r(n)]n− ρ), ϕ⟩) − f(⟨ρ, ϕ⟩)
]2

ρ(y, dk0)dydx

In very much the same way as for the population size, the dynamics can be

expressed with the operators LN and RN
n . Again, we will abbreviate notation

by shortening n(x, δNR) to n.

Lemma 4.5.2. Let (ρNt , t ≥ 0) be an mSLFV process under the scaling (4.7) and

(4.8). Then, for ϕ ∈ L1(Td × [0, 1]),

MN
t (ϕ) :=

〈
ρNt , ϕ

〉
−
〈
ρN0 , ϕ

〉
−
∫ t

0

[
µ
〈
nNs λ− ρNs , ϕ

〉
+
〈

LN
(
ρNs
)

+ RN
nN

s

(
ρNs
)
, ϕ
〉 ]
ds

is a martingale with predictable variation process

∫ t

0

N

δ2+d
N

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

(nNs (x, δNR) + 1)〈ρNs + u

(nNs (x, δNR) + 1)
1B(x,δNR)(·)

(δk0 [1 + δ2
Nrx(nNs (x, δN))]nNs (x, δNR) − ρNs ), ϕ

〉
−
〈
ρNs , ϕ

〉2

ρNs (y, dk0)dydxds.
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Proof. We have

lim
δt↓0

1
δt
E
[ 〈

ρt+δt, ϕ
〉

−
〈
ρt, ϕ

〉 ∣∣∣∣ρt = ρ
]

=
∫
Td

 1∫
B(x,R) n(y)dy

∫
B(x,R)×[0,1]

(n+ 1)
[〈
ρ+ u

(n+ 1)1B(x,R)(δk0 [1 + r(n)]n− ρ), ϕ
〉

−
〈
ρ, ϕ

〉]

ρ(y, dk0)dy
dx+ µ

〈
λ · n− ρ, ϕ

〉

= u
∫
Td

 1∫
B(x,R) n(y)dy

∫
B(x,R)×[0,1]

〈
1B(x,R)(δk0 [1 + r(n)]n− ρ), ϕ

〉
ρ(y, dk0)dy

dx
+ µ

〈
λ · n− ρ, ϕ

〉
.

Again we wish to apply (4.7) and (4.8). Defining the rescaled test functions

ϕN(x) = δdNϕ(δNx), the rescaled generator will be

GNFf,ϕ(ρ) = N

δ2
N

GFf,ϕN
(ρ(δN ·)).

Recall that we scale impact by uN = u/N and mutation rate by µN = δ2
Nµ/N . The

rescaled growth function was defined as rN· = δ2
NrδN ·. For the mutation part, we

obtain

N

δ2
N

δ2
Nµ

N

∫
δ−1

N Td

(
λ · n(δNz) − ρ(δNz)

)
ϕ(δNz)δdNdz

= µ
∫
Td

(
λ · n(z) − ρ(z)

)
ϕ(z)dz.

In a similar way to our calculations for the population size, we can calculate,

abbreviating n(x, δNR) by n,

u

N

N

δd+2
N

∫
Td

1∫
B(x,δNR) n(y)dy

∫
B(x,δNR)×[0,1]

∫
B(x,δNR)

[1 + δ2
Nrx(n)]nϕ(z, k0)

−
∫

[0,1]
ϕ(z, k)ρ(z, dk)

dzρ(y, dk0)dydx

= u

δd+2
N

∫
Td

1∫
B(x,δNR) n(y)dy

∫
B(x,δNR)×[0,1]

∫
B(x,δNR)[

[1 + δ2
Nrx(n)]nϕ(z, k0)

]
dzρ(y, dk0)dydx
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−
∫
Td

∫
B(x,δNR)

∫
[0,1]

ϕ(z, k)ρ(z, dk)dzdx

= u

δd+2
N

∫
Td×[0,1]

∫
B(y,δNR)

1∫
B(x,δNR) n(y)dy

∫
B(x,δNR)

[1 + δ2
Nrx(n)]nϕ(z, k0)dzdxρ(y, dk0)dy

− VδNR

∫
Td×[0,1]

ϕ(z, k)ρ(z, dk)dz

= u

δd+2
N

∫
Td×[0,1]

 ∫
B(z,δNR)

1
VδNR

∫
B(x,δNR)

[1 + δ2
Nrx(n)]ϕ(w, k)dwdx

− VδNRϕ(z, k)
ρ(z, dk)dz

=
〈
ρ(·, dk), (LN + RN

n )(ϕ(·, k))
〉
.

Additionally, together with the corresponding calculation for the population size

in the proof of Lemma 4.3.1, this shows that the operators LN and RN
n are self-

adjoint.

4.5.2 Representations of the fluctuations

Finally, let us return to the fluctuations defined by

ZN
t =

√
Nδ2−d

N

(
ρNt −mN

t λ
)
.

The process ρNt and the deterministic approximation to the population size mN
t λ

have the following representations

⟨ρNt , ϕ⟩ = ⟨ρN0 , ϕ⟩ +
∫ t

0

[
µ⟨nNs − ρNs , ϕ⟩ + ⟨ρNs ,LN(ϕ) + RnN

s
(ϕ)⟩

]
ds+MN

t (ϕ),

⟨mN
t λ, ϕ⟩ = ⟨mN

0 λ, ϕ⟩ +
∫ t

0
⟨mN

s λ,LN(ϕ) + RmN
s
ϕ⟩ds.

The are now different options for how to summarize the resulting terms for the

fluctuations. Let us define

MN
t (ϕ) :=

√
Nδ2−d

N MN
t (ϕ).

We will use

⟨ZN
t , ϕ⟩
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=
√
Nδ2−d

N

⟨ρN0 , ϕ⟩ +
∫ t

0

[
µ⟨nNs λ− ρNs , ϕ⟩ + ⟨ρNs ,LN(ϕ) + RN

nN
s

(ϕ)⟩
]
ds+MN

t (ϕ)

− ⟨mN
0 λ, ϕ⟩ −

∫ t

0
⟨mN

s λ,LN(ϕ) + RN
mN

s
ϕ⟩ds


= ⟨ZN

0 , ϕ⟩ + MN
t (ϕ) +

∫ t

0
⟨ZN

s ,LN(ϕ)⟩ds

+
∫ t

0

[
− µ⟨ZN

s , ϕ⟩ +
√
Nδ2−d

N µ
〈
(nNs −mN

s )λ, ϕ
〉]
ds

+
∫ t

0

[
⟨ZN

s ,RnN
s

(ϕ)⟩ +
√
Nδ2−d

N

〈
mN
s λ,

(
RN
nN

s
− RN

mN
s

)
ϕ
〉]
ds

= ⟨ZN
0 , ϕ⟩ + MN

t (ϕ) +
∫ t

0

〈
ZN
s ,LN(ϕ) + RN

nN
s

(ϕ) − µϕ
〉
ds

+
∫ t

0
µ
〈
ZN
t ,Hϕ

〉
ds

+
√
Nδ2−d

N uVR

∫ t

0

〈
mN
s λ, r(nNs )ϕ(·, δNR) − r(mN

s )ϕ(·, δNR)
〉
ds

= ⟨ZN
0 , ϕ⟩ + MN

t (ϕ) +
∫ t

0

〈
ZN
s ,LN(ϕ) + RN

nN
s

(ϕ) + µ(Hϕ− ϕ)
〉
ds

+
√
Nδ2−d

N uVR

∫ t

0

〈
mN
s λ, [r(nNs ) − r(mN

s )]ϕ(·, δNR)
〉
ds,

where again Hϕ(x, k) =
∫ 1

0 ϕ(x, k)dk. The last summand will make a non-trivial

contribution to the central limit theorem. To see this, we apply Taylor’s ex-

pansion to obtain
√
Nδ2−d

N uVR

∫ t

0

〈
mN
s λ,

[
r′(mN

s )(nNs −mN
s ) + T2(nNs ,mN

s , r)(nNs −mN
s )2

]
ϕ
〉
ds

= uVR

∫ t

0

〈
mN
s r

′(mN
s )ZN

s ,Hϕ
〉
ds

+ uVR

∫ t

0

〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,Hϕ
〉
ds.

Returning to the complete expression, this yields

⟨ZN
t , ϕ⟩

= ⟨ZN
0 , ϕ⟩ +

∫ t

0

〈
ZN
s ,LN(ϕ) + RN

nN
s

(ϕ) + µ(Hϕ− ϕ) + uVRmN
s r

′(mN
s )Hϕ

〉
ds

+ MN
t (ϕ) + uVR

∫ t

0

〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,Hϕ
〉
ds.

From now on, we will choose the initial condition ρ0 = λ and m0 = n0 leading to

Z0 = 0 almost surely. At this stage, we are already able to read off the familiar

terms of the SPDE in Theorem 4.3.3. Again, for later analysis, we would like to
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eliminate the term involving LN by choosing an appropriate test function. For

a time-dependent test function

g : {(s, t) : 0 ≤ s ≤ t ≤ T} → L1(Td × [0, 1])

the representation becomes

⟨ZN
t , gt,t⟩

=
∫ t

0

〈
ZN
s , ∂sgs,t + LN(g) + RN

nN
s

(gs,t) + µ(Hgs,t − gs,t) + uVRmN
s r

′(mN
s )Hgs,t

〉
ds

+
∫ t

0

〈
gs,t, dM

N
s

〉
+uVR

∫ t

0

〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,Hgs,t
〉
ds.

We now take gN to be the solution to


−∂sgNs,t = LN(gNs,t) + RN

mN
s

(gNs,t) + µHgNs,t

− µgNs,t + uVRmN
s r

′(mN
s )HgNs,t,

gNt,t = ϕ,

where we have replaced RN
nN

s
by RN

mN
s

. Then we get

⟨ZN
t , g

N
t,t⟩ =

∫ t

0

〈
gNs,t, dM

N
s

〉
+
∫ t

0

〈
ZN
s ,RnN

s
(gNs,t) − RmN

s
(gNs,t)

〉
ds

+ uVR

∫ t

0

〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,HgNs,t
〉
ds.

(4.31)

We need to use RN
nN

s
instead of RN

mN
s

in the definition of gN , so that the stochastic

integral with respect to MN is well-defined.

We can regard the martingales MN
t (ϕ) as evaluations of a single martingale

measure MN
t . In [Wal86] a theory of stochastic integration with respect to worthy

martingale measures has been developed, which we will use to prove the central

limit theorem. The definition of worthy martingale measures can be found in

Definition A.2.1 and Definition A.2.2.

Lemma 4.5.3. The martingale MN
t (ϕ) =

√
Nδ2−d

N MN
t (ϕ) is square-integrable with
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quadratic variation〈
MN(ϕ)

〉
t

= u2

δ2d
N

∫ t

0

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

1
nNs (x, δNR) + 1

 ∫
B(x,δNR)

[
[1 + δ2

Nrx(nNs (x, δNR))]nNs (x, δNR)ϕ(z, k0)

−
∫

[0,1]
ϕ(z, k)ρNs (z, dk)

]
dz

2

ρNs (y, dk0)dydxds

and MN is a worthy martingale measure.

Proof. The quadratic variation is given by

Nδ2−d
N N

δd+2
N

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

(nNs (x, δNR) + 1)〈ρNs + u

(nNs (x, δNR) + 1)N
1B(x,δNR)(·)

(δk0 [1 + δ2
Nrx(nNs (x, δNR))]nNs (x, δNR) − ρ), ϕ

〉

−
〈
ρNs , ϕ

〉2

ρNs (y, dk0)dydx

= u2

δ2d
N

∫ t

0

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

1
nNs (x, δNR) + 1 ∫

B(x,δNR)

[
[1 + δ2

Nrx(nNs (x, δNR))]nNs (x, δNR)ϕ(z, k0)

−
∫

[0,1]
ϕ(z, k)ρNs (z, dk)

]
dz

2

ρNs (y, dk0)dydxds.

Using Assumption 4.2.1 a dominating measure DN satisfying Definition A.2.2 is

given by
〈
DN , ϕ⊗ ϕ

〉
= u2n2

max
δ2d
N

∫ t

0

∫
Td

1∫
B(x,δNR) n

N
s−(y)dy

∫
B(x,δNR)×[0,1] ∫

B(x,δNR)

(
ϕ(z, k0) +

∫
[0,1]

ϕ(z, k)ρNs−(z, dk)
)
dz

2

ρNs−(y, dk0)dydxds.
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Here, nmax is the upper bound on the population size guaranteed by Assumption 4.2.1.

Lemma 4.5.4. The sequence of dominating measures DN of Lemma 4.5.3 are

uniformly bounded in the sense that there exists a constant C such that for any

0 ≤ s ≤ t and ϕ ∈ D(Td × [0, 1])
〈
DN ,1[s,t]ϕ⊗ ϕ

〉
≤ C|t− s|∥ϕ∥2

2 a.s. (4.32)

Proof. Indeed, we can bound the dominating measure by〈
DN , ϕ⊗ ϕ

〉
= u2n2

max
δ2d
N

∫ t

0

∫
Td

1∫
B(x,δNR) n

N
s−(y)dy

∫
B(x,δNR)×[0,1] ∫

B(x,δNR)

(
ϕ(z, k0) +

∫
[0,1]

ϕ(z, k)ρNs−(z, dk)
)
dz

2

ρs−(y, dk0)dydxds

≤ 4u2n2
max

δ2d
N

∫ t

0

∫
Td

 ∫
B(x,δNR)

sup
k∈[0,1]

|ϕ(z, k)|dz
2

dxds

≤ 4u2n2
max∥ϕ∥2

2,

where the last step used the identity (see [For22, Proof of Lemma 3.4])∫
(Td)2

VδNR(z1, z2) sup
k∈[0,1]

|ϕ(z1, k)| sup
k∈[0,1]

|ϕ(z2, k)|dz1dz2 ≤ V 2
δNR

∥ϕ∥2
2.

4.5.3 Bound on the square of local averages of the fluc-
tuations

We end this section with a result, which will be the crucial ingredient for proving

tightness of the sequence ZN .

Lemma 4.5.5. Let h : [0, 1] → R be a measurable test function acting only on types

and assume

∥h∥∞ = sup
k∈[0,1]

|h(k)| < ∞.

Then there exists a constant K > 0, independent of h, such that

sup
0≤t≤T

sup
x∈Td

E

 1
VδNR

∫
B(x,δNR)×[0,1]

h(k)ZN
t (y, dk)dy

2 ≤ K
∥h∥2

∞
VδNR

.
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Corollary 4.5.6. Suppose h : Td × [0, 1] → R and assume

∥h∥2 =
∫

Td
sup
k∈[0,1]

|h(x, k)|2dx
 1

2

< ∞.

Then there exists a constant K > 0, independent of h, such that

sup
0≤t≤T

∫
Td

E

 1
VδNR

∫
B(x,δNR)×[0,1]

h(x, k)ZN
t (y, dk)dy

2dx ≤ K
∥h∥2

2
VδNR

.

Proof of Lemma 4.5.5. This proof can be seen as a generalization of [FP17, Lemma

4.5] to include types and to accomodate our setting. We will be using the

representation

⟨ZN
t , ϕ⟩ = MN

t (ϕ) +
∫ t

0

〈
ZN
s ,LN(ϕ) + RN

nN
s

(ϕ) + µ(Hϕ− ϕ)
〉
ds

+
√
Nδ2−d

N uVR

∫ t

0

〈
mN
s λ, [r(nNs ) − r(mN

s )]ϕ(·, δNR)
〉
ds,

(4.33)

which we deduced in Section 4.5.2. Ultimately, we wish to set up an application of

Grönwall’s inequality. We would like to substitute the solution to−∂sζNs,t = LN(ζNs,t) − µζNs,t + µHζNs,t,

ζNt,t = ϕ,

to remove the corresponding operators from the first integral. If we let GN
t be the

semigroup of the operator LN , one can see that the differential equation is solved by

ζNs,t = GN
t−s ∗

(
e−µ(t−s)ϕ+

(
1 − e−µ(t−s

)
Hϕ

)
.

We intend to choose the test function ϕN(z, k) = h(k) 1
VδN R

1|x−z|<δNR, so that the

evaluation ⟨ZN
t , ϕ⟩ will lead to the average in the statement of the lemma. This

leads to

GN
t−s ∗

(
e−µ(t−s)ϕN +

(
1 − e−µ(t−s

)
HϕN

)
(z, k)

=
GN

t−s ∗ 1
VδNR

1|x−·|<δNR

(z)
(
e−µ(t−s)h(k) +

(
1 − e−µ(t−s)

)
Hh

)
.

Let us define

ht−s(k) :=
(
e−µ(t−s)h(k) +

(
1 − e−µ(t−s

)
Hh

)



4. Isolation by distance under varying population size 148

and for n,m ≥ 0 the quotient

qz(n,m) :=


rz(n) − rz(m)

n−m
n ̸= m,

r′
z(n) n = m.

(4.34)

Inserting ζNs,t into (4.33) and using RN
mN

s
(ζNs,t) = uVRr(mN

s )ζNs,t(·, δNR) yields

⟨ZN
t , ϕ⟩ =

∫ t

0

∫
[0,t]×Td×[0,1]

ζNs,t(z, k)MN(ds dz dk) + uVR

∫ t

0

〈
ZN
s , r(nNs )ζNs,t⟩ds

+ uVR

∫ t

0

〈
mN
s λ, F

N
s q(nNs ,mN

s )ζNs,t
〉
ds.

If we now choose ϕN(z, k) = h(k) 1
VδN R

1|x−z|<δNR, we obtain

⟨ZN
t , ϕ

N⟩ =
∫

[0,t]×Td×[0,1]
GN
t−s(x− z)ht−s(k)MN(ds dz dk)

+ uVR

∫ t

0

〈
ZN
s , r(nNs )GN

t−s(x− ·)ht−s⟩ds

+ uVR

∫ t

0

〈
mN
s λ, F

N
s q(nNs ,mN

s )GN
t−s(x− ·)ht−s

〉
ds.

Applying the inequality ( n∑
i=1

ai

)2
≤ n

( n∑
i=1

a2
i

)
,

we arrive at

⟨ZN
t , ϕ

N⟩2

≤ 3
∫

[0,t]×Td×[0,1]
GN
t−s(x− z)ht−s(k)MN(ds dz dk)

2

+ 3u2V 2
R

∫ t

0

∫
Td×[0,1]

ZN
s (z, dk)r(nNs (z))GN

t−s(x− z)ht−s(k)dzds
2

+ 3u2V 2
R

∫ t

0

∫
Td
mN
s (z)FN

s (z)q(nNs (z),mN
s (z))GN

t−s(x− z)Hh dzds
2

.

(4.35)

One is able to apply Jensen’s inequality as
∫
Td GN

t−s(z)dz = 1, which we will use to

treat the second and third term. For the second term we get the bound

3u2V 2
R∥r∥2

∞t
∫ t

0

∫
Td

∫
[0,1]

ht−s(k)ZN
s (z, dk)

2

GN
t−s(x− z)dzds.
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In turn, using Jensen’s inequality
∫

[0,1]
ht−s(k)ZN

s (z, dk)
2

=
e−µ(t−s)

∫
[0,1]

h(k)ZN
s (z, dk) +

(
1 − e−µ(t−s)

)
Hh · FN

s (z)
2

≤

∫
[0,1]

h(k)ZN
s (z, dk)

2

+ ∥h∥2
∞F

N
s (z)2,

where we used ∥h∥1 ≤ ∥h∥∞. The third term of (4.35) results in

3u2V 2
R∥h∥2

∞n
2
max∥r′∥2

∞t
∫ t

0

∫
Td
FN
s (z)2GN

t−s(x− z)dzds,

where the square of the quotient (4.34) was bounded by supz∈Td ∥r′
z∥2

∞. Taking

expectations on both sides of (4.35) and exchanging integral and expectation, we

arrive at

E

∫
[0,1]

h(k)ZN
t (x, dk)

2
≤ 3E

∫
[0,t]×Td×[0,1]

GN
t−s(x− z)ht−s(k)MN(ds dz dk)

2
+ 3u2V 2

R∥r∥2
∞t
∫ t

0

∫
Td

E

∫
[0,1]

h(k)ZN
s (z, dk)

2GN
t−s(x− z)dzds

+ 3u2V 2
R∥h∥2

∞∥r∥2
∞t
∫ t

0

∫
Td

E
[
FN
s (z)2

]
GN
t−s(x− z)dzds

+ 3u2V 2
R∥h∥2

∞n
2
max∥r′∥2

∞t
∫ t

0

∫
Td

E
[
FN
s (z)2

]
GN
t−s(x− z)dzds.

By Lemma 4.5.4, the term involving the martingale can be bounded by

E

∫ t

0

∫
Td×[0,1]

GN
t−s(x− z)ht−s(k)MN(dz, dk)

2
≤ C

∫ t

0

∫
Td

sup
k∈[0,1]

∣∣∣∣GN
t−s(x− z)ht−s(k)

∣∣∣∣2dzds
≤ C∥h∥2

∞

∫ t

0

∥∥∥∥GN
t−s(x− z)

∥∥∥∥2

2
ds.

If we let (XN
t−s)0≤s≤t be a random walk started in the origin with generator LN , we
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can write

∥∥∥∥GN
t−s(x− z)

∥∥∥∥2

2
=
∫ t

0

∫
Td

E0

 1
VδNR

1|XN
t−s−(x−z)|<δNR

2

dzds

≤
∫ t

0
E0

 ∫
Td

 1
VδNR

1|XN
t−s−(x−z)|<δNR

2

dz

ds
= t

VδNR

.

Summarizing, we obtain

E

∫
[0,1]

h(k)ZN
t (x, dk)

2
≤ 3C∥h∥2

∞
t2

VδNR

+ 3u2V 2
R∥r∥2

∞t
∫ t

0
sup
z∈Td

E

∫
[0,1]

h(k)ZN
s (z, dk)

2ds
+ 3u2V 2

Rt
2∥h∥2

∞

(
∥r∥2

∞ + n2
max∥r′∥2

∞

)
sup
s∈[0,t]

sup
z∈Td

E
[
FN
s (z)2

]
.

(4.36)

In turn, by Lemma 4.4.3, there exists a constant C ′ > 0 such that

sup
s∈[0,t]

sup
z∈Td

E
[
FN
s (z)2

]
≤ C ′

VδNR

.

As the right-hand side of (4.36) does not depend on x, we can take a supremum on

the left-hand side

sup
x∈Td

E

∫
[0,1]

h(k)ZN
t (x, dk)

2
≤ ∥h∥2

∞
VδNR

3t2
(
C + u2V 2

R

(
∥r∥2

∞ + n2
max∥r′∥2

∞

)
C ′
)

+ 3u2V 2
R∥r∥2

∞t
∫ t

0
sup
x∈Td

E

∫
[0,1]

h(k)ZN
s (x, dk)

2ds.
The function

t 7→ sup
x∈Td

E

∫
[0,1]

h(k)ZN
t (x, dk)

2
is bounded as ∣∣∣∣∣∣

∫
[0,1]

h(k)ZN
t (x, dk)

∣∣∣∣∣∣ ≤ 2∥h∥∞

√
Nδ2−d

N nmax.
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Hence, by Grönwall’s inequality

sup
x∈Td

E

∫
[0,1]

h(k)ZN
t (x, dk)

2
≤ ∥h∥2

∞
VδNR

[
3T 2

(
C + u2V 2

R

(
∥r∥2

∞ + n2
max∥r′∥2

∞

)
C ′
)]
e3u2V 2

R∥r∥2
∞Tt

≤ C ′′ ∥h∥2
∞

VδNR

.

4.6 Proof of the central limit theorem

Recall the representation (4.31)

⟨ZN
t , ϕ⟩ =

∫ t

0

〈
gNs,t, dM

N
s

〉
+
∫ t

0

〈
ZN
s ,RnN

s
(gNs,t) − RmN

s
(gNs,t)

〉
ds

+ uVR

∫ t

0

〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,HgNs,t
〉
ds.

The first part will be the essential one, the second and third part are error terms

which will vanish. The proof classically separates into:

Tightness We show compact containment and control of the modulus of conti-

nuity of the fluctuations to apply the Aldous-Rebolledo criterion.

Uniqueness We will show convergence of the finite-dimensional distributions by

proving the convergence of gN , as well as the convergence of the

martingale measures MN to a Gaussian random field.

Our strategy will be an adaptation and synthesis of the ideas of [FP17] and [For22].

4.6.1 Properties of the functions gN

An important prerequisite is the control of the behaviour of the functions gN .

Recall that gN is the solution to


−∂sgNs,t = LN(gNs,t) + RmN
s

(gNs,t) − µgNs,t

+ µHgNs,t + uVRmN
s r

′(mN
s )HgNs,t,

gNt,t = ϕ,
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where HgN =
∫ 1

0 g
N(·, k)dk. Unsurprisingly, the limit g is the solution to

−∂sgs,t = uVR

(
R2

d+ 2∆ + r(ns)
)
gs,t − µgs,t

+ µHgs,t + uVRnsr
′(ns)Hgs,t,

gNt,t = ϕ.

Let us remind ourselves that in (4.2) we defined the Lp-norm to involve the supremum

over types. The proofs of the following lemmas can be found in Appendix B.2. The

first result provides uniform bounds on the Lp-norms of the functions and derivatives.

Lemma 4.6.1. For p ∈ [1, 2] and β ∈ Nd, |β|1 ≤ 4, for any T > 0 there exists

constants C,C ′ > 0 with C being independent of ϕ such that

sup
0≤s≤t≤T

∥∥∥gNs,t∥∥∥p ≤ C∥ϕ∥p,

sup
0≤s≤t≤T

∥∥∥∂βgNs,t∥∥∥p ≤ C ′.

The next lemma confirms our intuition that g should be the limit of gN

as N → ∞.

Lemma 4.6.2. For any T > 0, there exists a constant C > 0, depending on ϕ,

such that for p ∈ [1, 2]

sup
0≤s≤t≤T

∥∥∥∥gNs,t − gs,t

∥∥∥∥
p

≤ CδN .

We end this interlude with a characterisation of the continuity of gN in the

second time component.

Lemma 4.6.3. For any T > 0, there exists C > 0 depending on ϕ such that for

0 ≤ s, t, t′ ≤ T and p ∈ [1, 2] ∥∥∥∥gNs,t′ − gNs,t

∥∥∥∥
p

≤ C|t′ − t|.

4.6.2 Tightness

By Theorem 4.6.8, the tightness of the processes (ZN)N≥1 can be reduced to the

tightness of ((⟨ZN
t , ϕ⟩)t≥0, N ≥ 1) for any ϕ ∈ D(Td × [0, 1]). We will conclude

by Aldous’ criterion [Ald78]. The bounds on the error terms we develop in the

compact containment proof will also show that these terms vanish in L1 uniformly

in time as N → ∞.
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Compact containment and vanishing error terms

Lemma 4.6.4. There exists a constant C > 0, independent of N ≥ 1, such that

for any ϕ : Td × [0, 1] → R with supp∈{1,2} ∥ϕ∥p < 1

E

 sup
0≤t≤T

∣∣∣ 〈ZN
t , ϕ

〉 ∣∣∣
 ≤ C.

Proof of Lemma 4.6.4. Again, for convenience, let us recall the representation from

(4.31) given by

⟨ZN
t , ϕ⟩ =

∫ t

0

〈
gNs,t, dM

N
s

〉
+
∫ t

0

〈
ZN
s ,RnN

s
(gNs,t) − RmN

s
(gNs,t)

〉
ds

+ uVR

∫ t

0

〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,HgNs,t
〉
ds.

For the integral with respect to the martingale measure we can use Theorem A.3.1,

whose prerequisites have been verified in Lemma 4.5.4, Lemma 4.6.1 and

Lemma 4.6.3. To treat the second integral, recall that the remainder in Taylor

expansion was defined in Equation (4.25). We can write for the integrand of the

second integral for ψ : Td × [0, 1] → R

〈
ZN
s ,
[
r(nNs ) − r(mN

s )
]
ψ
〉

=
〈
ZN
s ,
[
r(nNs ) − r(mN

s )
]
ψ
〉

=
∫
Rd×[0,1]

ZN
s (x, dk)(nNs (x) −mN

s (x))T1(nNs (x),mN
s (x), rx)ψ(x, k)dx

= 1√
Nδ2−d

N

∫
Td

∫
[0,1]

ψ(x, k)ZN
s (x, dk)FN

s (x)T1(nNs (x),mN
s (x), rx)dx

≤ 1√
Nδ2−d

N

∫
Td

∫
[0,1]

ψ(x, k)ZN
s (x, dk)

2

dx

1/2

∫
Td
FN
s (x)2T1(nNs (x),mN

s (x), rx)2dx

1/2

.

Taking the expectation on both sides and using the Cauchy-Schwarz inequality



4. Isolation by distance under varying population size 154

again

E
[∣∣∣〈ZN

s ,
[
r(nNs ) − r(mN

s )
]
ψ
〉∣∣∣]

≤ 1√
Nδ2−d

N

E

 ∫
Td

∫
[0,1]

ψ(x, k)ZN
s (x, dk)

2

dx

1/2

E

 ∫
Td
FN
s (x)2T1(nNs (x),mN

s (x), rx)2dx

1/2

≤ 1√
Nδ2−d

N

√
K∥ψ∥2√
VδNR

· sup
z∈Td

∥r′
z∥∞V ol(Td)1/2

 sup
x∈Td

E
[
FN
s (x)2

]1/2

≤
(
N1/2δ

1+ d
2

N

)−1
√
KC ′

VR
sup
z∈Td

∥r′
z∥∞V ol(Td)1/2∥ψ∥2.

Here, we used Corollary 4.5.6 and Lemma 4.4.3 and denote the constants in the

corresponding bounds by K and C ′ respectively. Returning to the integral over

time

E

 sup
0≤t≤T

∣∣∣∣ ∫ t

0

〈
ZN
s ,
[
r(nNs ) − r(mN

s )
]
gNs,t(·, δNR)

〉
ds
∣∣∣∣


≤ E

 ∫ T

0

∣∣∣∣ 〈ZN
s ,
[
r(nNs ) − r(mN

s )
]
gNs,t(·, δNR)

〉 ∣∣∣∣ds


≤ T
(
N1/2δ

1+ d
2

N

)−1
√
KC ′

VR
sup
z∈Td

∥r′
z∥∞V ol(Td)1/2 sup

0≤s≤T

∥∥∥∥gNs,t∥∥∥∥
2
.

We assumed in (4.15) that (δN)N≥1 is chosen in such a way that N−1/2δ
−(1+ d

2 )
N

vanishes. The norm of the average of gN can be bounded noting ∥ψ∥p ≤ ∥ψ∥p and∫
Td

sup
k∈[0,1]

∣∣∣gNs,t∣∣∣2dx =
∫
Td

(
sup
k∈[0,1]

∣∣∣gNs,t∣∣∣)2
dx ≤

∥∥∥gNs,t∥∥∥2

2
,

which is bounded by Lemma 4.6.1.

For the integrand of the third integral we can use〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,HgNs,t
〉

= 1√
Nδ2−d

N

∫
Td
mN
s T2(nNs (x),mN

s (x), rx)
[
F
N
s (x)

]2
HgNs,t(x)dx,

which can be bounded similarly to the previous term. As HgN =
∫ 1

0 g
Ndk we have

no dependence on the types, which simplifies the calculation. We are thus able
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to bound the expectation of the supremum over time of the three parts of the

representation (4.31), which concludes the proof.

Bound on the modulus of continuity

Lemma 4.6.5. For any function ϕ ∈ D(Td × [0, 1]), sequence of stopping times

(TN)N≥1 in [0, T ] and sequence of positive reals (γN)N≥1 converging to zero,

⟨ZN
TN +γN

, ϕ⟩ − ⟨ZN
TN
, ϕ⟩ N→∞−−−→ 0

in probability.

Proof. We will use a strategy from [Wal86, Theorem 7.13] as in [FP17, Proposition

4.8]. We extend gN from 0 ≤ s ≤ t ≤ T to arbitrary s, t ∈ [0, T ] by defining

gNs,t(x, k) := gNs∧t,t(x, k),

and define

V N
t =

∫ T

0
⟨gNs,t, dMN

s ⟩.

We can then write
∫ TN +γN

0

〈
gNs,TN +γN , dMN

s

〉
−
∫ TN

0

〈
gNs,TN , dMN

s

〉
= (V N

TN +γN − V N
TN ) +

∫ TN +γN

TN

〈
ϕ, dMN

s

〉
,

where we used gN (x, k, s, t) = ϕ for s ≥ t. Thus, the representation (4.31) results in

⟨ZN
TN +γN , ϕ⟩ − ⟨ZN

TN , ϕ⟩

= (V N
TN +γN − V N

TN ) +
∫ TN +γN

TN

〈
ϕ, dMN

s

〉
+ uVR

∫ TN +γN

0

〈
ZN
s ,
[
r(nNs ) − r(mN

s )
]
gNs,TN +γN

〉
ds

+ uVR

∫ TN +γN

0

〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,HgNs,TN +γN

〉
ds

− uVR

∫ TN

0

〈
ZN
s ,
[
r(nNs ) − r(mN

s )
]
gNs,TN

〉
ds

− uVR

∫ TN

0

〈
mN
s T2(nNs ,mN

s , r)(nNs −mN
s )ZN

s ,HgNs,TN

〉
ds.
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Note that the four error terms converge to zero in L1 using the same bounds as in

the compact containment proof. By Lemma 4.5.4 and Lemma 4.6.3 we obtain for

any t′ ≥ t

E
[∣∣∣V N

t′ − V N
t

∣∣∣2] = E

∫ T

0

∫
Rd

(gNs,t′(x, k) − gNs,t(x, k))MN(dxdkds)
2

≤ C
∫ T

0

∥∥∥∥gNs,t′ − gNs,t

∥∥∥∥2

2
ds

≤ C ′T |t′ − t|2.

Hence, by Kolomogorov’s continuity criterion, there exists a random variable BN

such that for any 0 ≤ t, t′ ≤ T

|V N
t′ − V N

t | ≤ BN |t′ − t|

and E
[
(BN )2

]
< C ′′, where the constant C ′′ ≥ 0 is independent of N ≥ 1. Therefore,

we get

E
[∣∣∣V N

TN +γN − V N
TN

∣∣∣2] ≤ E
[
(BN)2

]
γN ≤ C ′′γN .

Additionally, again by Lemma 4.5.4

E

∫ TN +γN

TN

〈
ϕ, dMN

s

〉2 ≤ CE

 ∫ TN +γN

TN
∥ϕ∥2

2ds


≤ CγN∥ϕ∥2

2.

Both terms converge to zero in L2 and thus in probability.

Lemma 4.6.4 gives, by the Markov inequality, the tightness of fixed time

marginals. Together with Lemma 4.6.5 this amounts precisely to the requisites

of Aldous’ criterion [Ald78] and tightness follows.

4.6.3 Convergence of the martingale measures

The convergence of (MN )N≥1 is the last missing ingredient for the convergence of the

finite-dimensional distributions, as we have already convergence of the integrands

gN of the stochastic integrals with respect to MN .

Theorem 4.6.6 ([JS03, VIII Theorem 3.11]). Suppose ((XN
t )t∈[0,T ], N ≥ 1) is a

sequence of local martingales in D(R+,Rd) such that
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1. there exists C > 0, such that for any N ≥ 1,
∣∣∣XN

t −XN
t−

∣∣∣ ≤ C,

2. the jumps vanish, i.e. supt∈[0,T ]

∣∣∣XN
t −XN

t−

∣∣∣ P−−−→
N→∞

0,

3. there exists a continuous Gaussian martingale (Xt)t≥0 such that for any

rational time t
〈
XN,i, XN,j

〉
t

−−−→
N→∞

〈
X i, Xj

〉
t

in probability.

Then XN converges to X in distribution with limit X in C(R+,Rd).

Lemma 4.6.7. In D(R+,D′(Td × [0, 1]), the sequence of martingale measures MN

converges in distribution to a continuous Gaussian martingale limit M, such that

for any ϕ ∈ D(Td × [0, 1])

〈
Mt(ϕ)

〉
= t

〈
Q, ϕ⊗ ϕ

〉
, (4.37)

where Q is given in (4.18).

Proof. The uniform upper and lower bounds nmin, nmax on the population size allow

one to check the first two assumptions of Theorem 4.6.6 for Mt(ϕ) in a similar

way to [For22, Lemma 3.10, fixed radius case], which also inspired the strategy of

the rest of this proof. Let us recall the expression for the covariation of MN from

Lemma 4.5.3:〈
MN(ϕ)

〉
t

= u2

δ2d
N

∫ t

0

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

1
nNs (x, δNR) + 1

 ∫
B(x,δNR)

[
[1 + δ2

Nrx(nNs (x, δNR))]nNs (x, δNR)ϕ(z, k0)

−
∫

[0,1]
ϕ(z, k)ρNs (z, dk)

]
dz

2

ρNs (y, dk0)dydxds

We start by proving that the term involving δ2
Nr(nNs ) does not contribute in the
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limit. Bounding the term in question, we can see∣∣∣∣∣∣ u
2

δ2d
N

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

1
nNs + 1

 ∫
B(x,δNR)

δ2
Nr(nNs )nNs ϕ(z, k0)dz


 ∫

B(x,δNR)

[
[1 + δ2

Nr(nNs )]nNs ϕ(z, k0) −
∫

[0,1]
ϕ(z, k)ρNs (z, dk)

]
dz


ρNs (y, dk0)dydx

∣∣∣∣∣∣
≤ u2

δ2d
N

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

1
nNs + 1

δ2
N∥r∥∞nmax∫

B(x,δNR)
sup
k∈[0,1]

∣∣∣ϕ(z, k)
∣∣∣dz(2nmax + δ2

N∥r∥∞)∫
B(x,δNR)

sup
k∈[0,1]

∣∣∣ϕ(z, k)
∣∣∣dz ρNs (y, dk0)dydx.

The integrand no longer depends on k0 anymore and the integral with respect to

ρNs (y, dk0)dy cancels with the average of the population size over the ball B(x, δNR).

As before, let VδNR(z1, z2) denote the volume of the intersection of two balls of

radius δNR centreed at z1 and z2. Then, using the Cauchy-Schwarz inequality and∫
Rd Vr(x1, x2)dr = V 2

r as in Lemma 4.5.4, we obtain the upper bound

f(δN) u
2

δ2d
N

∫
Td

∫
B(x,δNR)

sup
k∈[0,1]

∣∣∣ϕ(z, k)
∣∣∣dz ∫

B(x,δNR)
sup
k∈[0,1]

∣∣∣ϕ(z, k)
∣∣∣dz dx

≤ f(δN) u
2

δ2d
N

∫
(Td)2

VδNR(z1, z2) sup
k∈[0,1]

∣∣∣ϕ(z1, k)
∣∣∣ sup
k∈[0,1]

∣∣∣ϕ(z2, k)
∣∣∣dz1dz2

≤ f(δN)u2V 2
R∥ϕ∥2

2,

where we set f(δN) := δ2
N∥r∥∞nmax(2nmax + δ2

N∥r∥∞). We can therefore focus our

analysis on
u2

δ2d
N

∫ t

0

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

1
nNs + 1

∫
(Td)2

1B(x,δNR)(z1)1B(x,δNR)(z2)
(
nNs ϕ(z1, k0) −

∫
[0,1]

ϕ(z1, k)ρNs (z1, dk)
)

(
nNs ϕ(z2, k0) −

∫
[0,1]

ϕ(z2, k)ρNs (z2, dk)
)
dz1dz2ρ

N
s (y, dk0)dydxds.

(4.38)

The product of the two brackets in (4.38) will result in four terms, which we will

treat separately. Introducing the average

ρ(x, dk, δNR) = 1∫
B(x,δNR) n(y)dy

∫
B(x,δNR)

ρ(y, dk)dy,
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the first term can be written as

u2

δ2d
N

∫
Td

1∫
B(x,δNR) n

N
s (y)dy

∫
B(x,δNR)×[0,1]

1
nNs + 1

∫
(Td)2

1B(x,δNR)(z1)1B(x,δNR)(z2)nNs (x)ϕ(z1, k0)nNs (x)ϕ(z2, k0)

dz1dz2ρ
N
s (y, dk0)dydx

= u2V 2
R

〈
ρNs (·, δNR), nNs

2

nNs + 1
ϕ(·, δNR)2

〉
.

The second term is given by

u2

δ2d
N

∫
Td

1
nNs + 1

∫
(Td)2

1B(x,δNR)(z1)1B(x,δNR)(z2)

×
∫

[0,1]
nNs (x)ϕ(z1, k0)ρNs (x, dk0, δNR)

∫
[0,1]

ϕ(z2, k)ρNs (z2, dk)dz1dz2dx.

(4.39)

Replacing ϕ(zi, k) by ϕ(x, k) in the second term results in

u2V 2
R

∫
Td×[0,1]2

1
nNs (x) + 1

nNs (x)2ϕ(x, k0)ϕ(x, k)ρNs (x, dk0, δNR)ρNs (x, dk, δNR)dx

= u2V 2
R

〈
ρNs (·, δNR) ⊗ ρNs (·, δNR), nNs

2

nNs + 1
ϕ⊗ ϕ

〉
.

(4.40)

We can control the error made by the replacement as∣∣∣∣∣∣
∫
B(x,δNR)×[0,1]

(
ϕ(z2, k) − ϕ(x, k)

)
ρNs (z2, dk)dz2

∣∣∣∣∣∣ ≤ VδNRnmax · δNRmax
|κ|=1

∥∂κϕ∥∞.

To bound the distance between the original second term (4.39) and the modified

one (4.40), we can add and subtract an intermediate term with only one of the

replacements. This allows us to bound the distance by

2 u
2

δ2d
N

· nmaxVδNR∥ϕ∥1 · VδNRnmaxδNRmax
|κ|=1

∥∂κϕ∥∞

= δN2u2n2
maxRV

2
R max

|κ|=1
∥∂κϕ∥∞∥ϕ∥1.

The third term is of the same form as the second, and the fourth term can be seen

to equal

u2V 2
R

〈
ρNs (·, δNR) ⊗ ρNs (·, δNR), nNs

2

nNs + 1
ϕ⊗ ϕ

〉
.
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We conclude ∣∣∣∣∣∣
〈
MN

t (ϕ)
〉

−u2V 2
R

∫ t

0

〈ρNs (·, δNR), nNs
2

nNs + 1
ϕ(·, δNR)2

〉

−
〈
ρNs (·, δNR) ⊗ ρNs (·, δNR), nNs

2

nNs + 1
ϕ⊗ ϕ

〉ds
∣∣∣∣∣∣

≤ δN4tu2n2
maxRV

2
R max

|κ|=1
∥∂κϕ∥∞∥ϕ∥1.

Observe that ∣∣∣∣∣∣ nNs
2

nNs + 1
− mN

s

2

mN
s + 1

∣∣∣∣∣∣
≤
∣∣∣∣nNs 2(mN

s + 1) −mN
s

2(nNs + 1) ± nNs
2(nNs + 1)

∣∣∣∣
=
∣∣∣∣nNs 2(mN

s − nNs ) + (nNs −mN
s )(nNs +mN

s )(nNs + 1)
∣∣∣∣

≤ n2
max

∣∣∣nNs −mN
s

∣∣∣+ ∣∣∣nNs −mN
s

∣∣∣2nmax(nmax + 1)

≤ 3nmax(nmax + 1)
∣∣∣nNs −mN

s

∣∣∣.
Setting C = 3nmax(nmax + 1), we obtain the bound

E

∣∣∣∣∣∣
〈
ρNs (·, δNR),

 nNs
2

nNs + 1
− mN

s

2

mN
s + 1

ϕ(·, δNR)2
〉∣∣∣∣∣∣

≤ C√
Nδ2−d

N

E

 ∫
Td
FN
s (x, δNR)2dx

1/2

E

 ∫
Td

∫
[0,1]

∣∣∣ϕ(x, δNR)
∣∣∣2ρNs (x, dk, δNR)

2

dx

1/2

≤
(
Nδ2

N

)− 1
2
C

√
C ′

VR
∥ϕ∥2

4,

which converges to zero by assumption (4.15). The same bound also holds for

E

∣∣∣∣∣∣
〈
ρNs (·, δNR) ⊗ ρNs (·, δNR),

 nNs
2

nNs + 1
− mN

s

2

mN
s + 1

ϕ⊗ ϕ

〉∣∣∣∣∣∣.
As N → ∞, the convergence ρNs → nsλ in probability is implied by the central

limit theorem. The same convergence follows for the averages ρNs (·, δNR) by

Proposition 4.3.2 for the averaged population size nNs (·, δNR). As we are evaluating
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against deterministic test functions, the complete expression

u2V 2
R

∫ t

0

〈ρNs (·, δNR), mN
s

2

mN
s + 1

ϕ(·, δNR)2
〉

−
〈
ρNs (·, δNR) ⊗ ρNs (·, δNR), mN

s

2

mN
s + 1

ϕ⊗ ϕ

〉ds
and thus ⟨MN (ϕ)⟩t converges to (4.37). We can now proceed as in [FP17, Section 4.5].

By Theorem 4.6.6, the sequence (MN
t (ϕ))t≥0 converges in distribution to (Mt(ϕ))t≥0

in D(R+,D′(Td×[0, 1])) and is in particular tight. Additionally, Theorem 4.6.6 yields

the convergence of finite-dimensional distributions of MN , as ⟨MN(ϕi),MN(ϕj)⟩t

is uniquely described by ⟨MN (ϕi + ϕj)⟩t and ⟨MN (ϕi − ϕj)⟩t using the polarization

identity. An application of Theorem 4.6.8 finishes this proof.

4.6.4 Conclusion of the proof of the central limit theorem

In the previous subsections we have collected all the ingredients for a proof of

Theorem 4.3.3. Tightness of the sequences ((⟨ZN
t , ϕ⟩)t≥0, N ≥ 1) has been proven

in Section 4.6.2. The convergence of finite-dimensional distributions follows from

an application of Theorem A.3.3. Its prerequisites are the convergence properties

of the integrands gN (Lemma 4.6.1, Lemma 4.6.2) and the convergence of the

martingale measures Lemma 4.4.1. Theorem 4.3.3 now follows from an application

of the following theorem.

Theorem 4.6.8 ([Wal86, Theorem 6.15]). Suppose for a sequence ((XN
t )t≥0, N ≥ 0)

of distribution-valued stochastic processes in D([0, T ],D′(Td))

1. for every test function ϕ ∈ D(Td) the sequence ((XN
t (ϕ))t≥0, N ≥ 0) is tight,

2. for all test functions ϕ1, . . . , ϕk ∈ D(Td) and times t1, . . . , tk ∈ [0, T ], the

vector (XN
t1 (ϕ1), . . . , XN

tk
(ϕk)) converges weakly in distribution.

Then there exists limit X = (Xt)t≥0 in distribution of XN in D([0, T ],D′(Td)).
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4.7 Proof of the Wright-Malécot formula

We can describe the probability of identity by descent for two probability densities

functions ψ1, ψ2 ∈ D(Td) by

NηNP
N
t (ϕ, ψ) = E

⟨ZN
t ⊗ ZN

t ,1⧹ψ1 ⊗ ψ2⟩
⟨nNt , ψ1⟩⟨nNt , ψ2⟩

.
A potential exchange of the limit N → ∞ and the expectation was discussed in

Remark 4.3.8. Here, we will compute the limiting Wright-Malécot formula

E

⟨Zt ⊗ Zt,1⧹ψ1 ⊗ ψ2⟩
⟨nt, ψ1⟩⟨nt, ψ2⟩

 (4.41)

given in Theorem 4.3.6.

Proof of Theorem 4.3.6. For ϕ ∈ D(Td × [0, 1]), the mild solution to the SPDE

(4.17) can be written as

⟨Zt, ϕ⟩ =
∫

[0,t]×Td×[0,1]
gs,t(z, k)M(ds dz dk),

where g is the solution to
−∂sgs,t = uVR

(
R2

d+ 2∆ + r(ns)
)
gs,t − µgs,t

+ µHgs,t + uVRnsr
′(ns)Hgs,t,

gt,t = ϕ.

As M is Gaussian, ⟨Zt, ϕ⟩ is also Gaussian with variance

E
[ 〈
Zt ⊗ Zt, ϕ1 ⊗ ϕ2

〉 ]
=
∫ t

0

∫
(Td)2

∫
[0,1]2

fs,t(x1, k1, x2, k2)Qs(dx1dk1dx2dk2)ds,

(4.42)

for the covariation measure Qs given in (4.18). Here,

(gs,t ⊗ gs,t)
(
ϕ1 ⊗ ϕ2

)
(x1, k1, x2, k2) := fs,t(x1, k1, x2, k2)

is defined as the solution fs,t to

−∂sfs,t = uVR

(
R2

d+ 2(∆ ⊗ Id+ Id⊗ ∆) + rx1(ns(x1)) + rx2(ns(x2))
)
fs,t

+ µ
(
(H − Id) ⊗ Id

)
fs,t + µ

(
Id⊗ (H − Id)

)
fs,t

+ uVRns(x1)r′
x1(ns(x1))

(
H ⊗ Id

)
fs,t

+ uVRns(x2)r′
x2(ns(x2))

(
Id⊗ H

)
fs,t,

ft,t = ϕ1 ⊗ ϕ2.
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The operators ∆ ⊗ Id and H ⊗ Id act on the first space and type parameter

- correspondingly Id ⊗ ∆ and Id ⊗ H act on the second. Using linearity and

approximating sequences, we can generalise the expression (4.42) to functions

Φ ∈ D
(
(Td × [0, 1])2

)
. We obtain

E
[ 〈
Zt ⊗ Zt,Φ

〉 ]
=
∫ t

0

∫
(Td)2

∫
[0,1]2

fs,t(x1, k1, x2, k2)Qs(dx1dk1dx2dk2)ds,

where Q is now defined as〈
Qs,Φ

〉
= u2V 2

R

∫
Td

ns(z)2

ns(z) + 1

∫
[0,1]

Φ(z, k, z, k)dk −
∫

[0,1]2
Φ(z, k1, z, k2)dk1dk2

dz.
(4.43)

Let us now return to the quantity (4.41). Again we define ϑi = ntψi

⟨nt,ψi⟩ , where ψi
only depends on space, and set Φ = 1⧹ψ1 ⊗ ψ2. We get

E

⟨Zt ⊗ Zt,1⧹ψ1 ⊗ ψ2⟩
⟨nt, ψ1⟩⟨nt, ψ2⟩


= E

[〈
Zt ⊗ Zt,1⧹

ϑ1

nt
⊗ ϑ2

nt

〉]
=
∫ t

0

∫
(Td)2

∫
[0,1]2

(gs,t ⊗ gs,t)
(
1⧹

ϑ1

nt
⊗ ϑ2

nt

)
Qs(dx1dk1dx2dk2)ds.

We can show with a calculation, which we provide in Lemma 4.7.1 below, that this

is equal to∫ t

0

∫
(Td)2

∫
[0,1]2

1⧹(k1, k2)Ps,t
(
ϑ1

nt

)
(x1)Ps,t

(
ϑ2

nt

)
(x2)Qs(dx1dk1dx2dk2)ds, (4.44)

where Ps,tϑ solves, for ϑ ∈ D(Td),
− d

ds
Ps,tϑ = uVRR

2

d+ 2 ∆Ps,tϑ+ uVRr(ns)Ps,tϑ− µPs,tϑ,

Pt,tϑ = ϑ.

(4.45)

The indicator 1⧹ was defined as 1k1=k2 and hence∫
[0,1]

1⧹(k, k)dk = 1,
∫

[0,1]2
1⧹(k1, k2)dk1dk2 = 0.

Therefore, under Φ = 1⧹ψ1 ⊗ ψ2 the negative term of (4.43) vanishes and (4.44) is

equal to

u2V 2
R

∫ t

0

∫
Td

ns(z)2

ns(z) + 1Ps,t
(
ϑ1

nt

)
(z)Ps,t

(
ϑ2

nt

)
(z)dzds. (4.46)
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Similar to Doob’s h-transform we define

P̃s,tϑ := nsPs,t

(
ϑ

nt

)
.

We will see in Lemma 4.7.2 below that P̃s,tϑ solves the equation− d

ds
P̃s,tϑ = A∗

sP̃s,tϑ− µP̃s,tϑ,

P̃t,t = ϑ,

(4.47)

where the operator As is defined as

Asϑ = uVRR
2

d+ 2

(
∆ϑ+ 2∇ns

ns
· ∇ϑ

)
.

Finally, the solution P̃s,tϑ to (4.47) can be written as e−µ(t−s)Gs,tϑ, where Gs,tϑ

solves − d

ds
Gs,tϑ = A∗

sGs,tϑ,

Gt,tϑ = ϑ.

Substituting e−µ(t−s)Gs,tϑ in (4.46) results in Theorem 4.3.6.

We end this section with the two lemmas we used in the proof of Theorem 4.3.6.

Lemma 4.7.1. For ϑ1, ϑ2 ∈ D(Td), the following equality holds

(gs,t ⊗ gs,t)
(
1⧹ϑ1 ⊗ ϑ2

)
= 1⧹Ps,t

(
ϑ1
)
Ps,t

(
ϑ2
)
,

where Ps,tϑ is defined as the solution to
− d

ds
Ps,tϑ = uVRR

2

d+ 2 ∆Ps,tϑ+ uVRr(ns)Ps,tϑ− µPs,tϕ,

Pt,tϑ = ϑ.

(4.48)

Proof. Recall that

(gs,t ⊗ gs,t)
(
1⧹ϑ1 ⊗ ϑ2

)
:= fs,t(x1, k1, x2, k2),

where fs,t satisfies the differential equation

− d

ds
fs,t = uVR

(
R2

d+ 2(∆ ⊗ Id+ Id⊗ ∆) + rx1(ns(x1)) + rx2(ns(x2))
)
fs,t

+ µ
(
(H − Id) ⊗ Id

)
fs,t + µ

(
Id⊗ (H − Id)

)
fs,t

+ uVRns(x1)r′
x1(ns(x1))

(
H ⊗ Id

)
fs,t

+ uVRns(x2)r′
x2(ns(x2))

(
Id⊗ H

)
fs,t,

ft,t = 1⧹ϑ1 ⊗ ϑ2.
(4.49)
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We aim to show

(H ⊗ Id)fs,t = (Id⊗ H)fs,t = 0.

Abbreviating (H ⊗ Id)fs,t by f̃s,t, its derivative and initial condition are

− d

ds
f̃s,t = uVR

(
R2

d+ 2(∆ ⊗ Id+ Id⊗ ∆) + rx1(ns(x1)) + rx2(ns(x2))
)
f̃(s, t)

+ µ
(
Id⊗ (H − Id)

)
f̃s,t

+ uVRns(x1)r′
x1(ns(x1))f̃s,t + uVRns(x2)r′

x2(ns(x2))
(
Id⊗ H

)
f̃s,t,

f̃t,t = (H ⊗ Id)
(
1⧹ϑ1 ⊗ ϑ2

)
= 0.

For the initial condition we used H(1⧹) =
∫ 1

0 1(k1, k2)dk1 = 0. Indeed, as the initial

condition is zero, we obtain that f̃s,t = 0. Returning to (4.49), this shows
− d

ds
fs,t = uVR

(
R2

d+ 2(∆ ⊗ Id+ Id⊗ ∆) + rx1(ns(x1)) + rx2(ns(x2))
)
fs,t

− 2µfs,t,

ft,t = 1⧹ϑ1 ⊗ ϑ2.

As the operator only depends on the spatial components, we can now write

(gs,t ⊗ gs,t)
(
1⧹ϑ1 ⊗ ϑ2

)
= (Ps,t ⊗ Ps,t)

(
1⧹ϑ1 ⊗ ϑ2

)
= 1⧹(Ps,t ⊗ Ps,t)

(
ϑ1 ⊗ ϑ2

)
= 1⧹Ps,t

(
ϑ1

)
Ps,t

(
ϑ2
)
.

Lemma 4.7.2. For any ϑ ∈ D(Td), define

P̃s,tϑ := nsPs,t

(
ϑ

nt

)
,

where (nt)t≥0 solves the differential equation Proposition 4.3.2. Then P̃s,tϑ solves

the differential equation − d

ds
P̃s,tϑ = A∗

sP̃s,tϑ− µP̃s,tϑ,

P̃t,t = ϑ,

where the operator As is defined as

Asϕ = uVRR
2

d+ 2

(
∆ϑ+ 2∇ns

ns
· ∇ϑ

)
.
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Proof. Integrating by parts,
∫ ∂xn

n
∂xϑ · ϕ = −

∫
ϑ · ∂x

(
∂xn

n
· ϕ
)

= −
∫
ϑ
(
∂xxn

n
− (∂xn)2

n2

)
ϕ−

∫
ϑ
∂xn

n
∂xϕ

the adjoint of A will be of form

A∗ϑ = uVRR
2

d+ 2

(
∆ϑ− 2∆n

n
ϑ+ 2∥∇n∥2

n2 ϑ− 2∇n
n

· ∇ϑ
)
.

Recall that ∂tnt = uVRR
2

d+2 ∆nt + uVRr(nt)nt and

d

ds
Ps,tϑ = −

(
uVRR

2

d+ 2 ∆Ps,tϑ+ uVRr(ns)Ps,tϑ− µPs,tϑ
)
.

Then we can calculate

d

ds
P̃s,tϑ =

(
d

ds
ns

)
Ps,t

(
ϑ

nt

)
+ ns

d

ds
Ps,t

(
ϑ

nt

)

=
(
uVRR

2

d+ 2 ∆ns + uVRr(ns)ns
) 1
ns
P̃s,tϑ

− ns

(
uVRR

2

d+ 2 ∆ + uVRr(ns) − µ
)( 1

ns
P̃s,tϑ

)

= uVRR
2

d+ 2

∆ns
ns

· P̃s,tϑ− ns∆
( 1
ns
P̃s,tϑ

)+ µP̃s,tϑ.

To calculate ∆
(

1
ns
P̃s,tϑ

)
note that

∂x

(
ϕ

ns

)
= ∂xϕ

ns
− ∂xns

n2
s

· ϕ,

∂xx

(
ϕ

ns

)
= ∂xxϕ

ns
− ∂xns

n2
s

∂xϕ− ∂xxns
n2
s

ϕ− ∂xns
n2
s

∂xϕ+ 2(∂xns)2

n3
s

ϕ

= ∂xxϕ

ns
− 2∂xns

n2
s

∂xϕ− ∂xxns
n2
s

ϕ+ 2(∂xns)2

n3
s

ϕ.

This implies first

ns∂xx

( 1
ns
P̃s,tϑ

)
= ∂xxP̃s,tϑ− 2∂xns

ns
∂xP̃s,tϑ− ∂xxns

ns
P̃s,tϑ+ 2(∂xns)2

n2
s

P̃s,tϑ

and in turn

ns∆
( 1
ns
P̃s,tϑ

)
= ∆P̃s,tϑ− 2∇ns

ns
∇P̃s,tϑ− ∆ns

ns
P̃s,tϑ+ 2∥∇n∥2

n2
s

P̃s,tϑ.
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In total, we can conclude

d

ds
P̃s,tϑ

= uVRR
2

d+ 2

∆ns
ns

· P̃s,tϑ− ns∆
( 1
ns
P̃s,tϑ

)
ϑ

+ µP̃s,tϑ

= uVRR
2

d+ 2

∆ns
ns

· P̃s,tϑ− ∆P̃s,tϑ+ 2∇ns
ns

∇P̃s,tϑ+ ∆ns
ns

P̃s,tϑ− 2∥∇n∥2

n2
s

P̃s,tϑ


+ µP̃s,tϑ

= uVRR
2

d+ 2

− ∆P̃s,tϑ+ 2∇ns
ns

∇P̃s,tϑ+ 2∆ns
ns

P̃s,tϑ− 2∥∇n∥2

n2
s

P̃s,tϑ

+ µP̃s,tϑ

= −(A∗ − µ)P̃s,tϑ.
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5
Conclusion and outlook

In this thesis, we have seen how forwards in time approaches to describing genealogies

can allow insights into complex models placed in the realm of Λ-Fleming-Viot

processes. In Chapter 2, lookdown constructions were used to deal with the

implications of a non-reversible population size, which conveys information about

past events - and thus renders a standard sampling duality intractable. In Chapter 3

and Chapter 4, we have demonstrated that profound connections between central

limit theorems and the pairwise asymptotic behaviour of ancestral lineages exist.

The application to real-world data and the incorporation of novel biological

effects are potential research continuations. In this discussion, I wish to focus on

two other topics. The first one is how the techniques in this document relate to

one another and to the wider literature on genealogies of population models. The

second are research ideas related to generalised Wright-Malécot formulae.

5.1 Potential connections between genealogical
approaches

We have seen two approaches to recovering backwards in time information through

a forwards in time construction. The notable parallel is the use of ‘neutral tracers’.

In the lookdown construction, one might argue that the exchangeable labels have an

effect on reproduction events, while on the other hand their uniform assignment and

non-existing influence on the average process justify viewing them as neutral. The

genetic types of Chapter 3 and Chapter 4 can clearly be seen as tracers of families in
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the population and do not influence reproduction events. Is there a way to view the

central limit theorem technique from a lookdown perspective? Or is the similarity

merely a product of requiring tracers of relationships in forwards in time approaches?

The mutation mechanism of Chapter 3 and Chapter 4 is reminiscent of [DK99a,

Section 6], which constructs markers on the space [0, 1]∞ with each of the components

assuming new uniform values from the interval [0, 1] at unit rate. While this

construction is used to trace ancestors in a lookdown model, the precise construction

is introduced to allow uniform sampling from all possible paths in the model and

seems more of a technical nature.

As mentioned in Section 4.3.4, [Eth+24] derives a very similar motion of ancestral

lineages using the lookdown framework and the DPhil thesis of Terence Tsui Ho Lung

[Tsu23, Conclusion] indicates an extension to two lineages. Indeed, an underlying

idea is to quantify the number of individuals at the present location of interest,

which have originated from a position in the past. This tracer idea has also been

in used in, for example, in [BEK21] and [HN08].

Tracer dynamics are arguably the more natural approach to calculating prob-

abilities of identity than the central limit theorems of Chapter 3 and Chapter 4.

The central limit theorems are a particularly nice solution to dealing with the

limiting effects of ancestral lines not meeting - but are they necessary? Could the

same be achieved by applying the correct scaling to the probability of identity

and using the tracers directly?

Apart from the genealogies based on lookdown constructions, as mentioned

in Chapter 2, marked metric measure spaces [DGP11] can be used to describe

genealogies - and have even been fused with the lookdown framework in [Bla+23].

Can the central limit theorem approach be interpreted from the perspective of

genealogies as metric spaces? In the context of marked metric measures spaces,

it has been proven fruitful to consider typical particles, so-called spines of the

population ([FS23]). Does the Wright-Malécot formula relate to spinal particles?
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5.2 Wright-Malécot formulae continuations

While the Wright-Malécot formula has an interpretation as the limiting behaviour

of two ancestral lineages, at least two interesting questions remain to be studied:

what is the influence of sampling at a ‘smaller’ or ‘larger’ separation? how does the

Wright-Malécot formula relate to the complete genealogy of the model?

5.2.1 Sampling at different scales

In this subsection, we will outline a strategy for sampling individuals from a smaller

distance than in Chapter 3 and Chapter 4.

Let us first introduce a notation for the limiting behaviour of the probability of

identity PN
t (ϕ, ψ). Recall that in the fixed radius case of Chapter 3, we saw

the existence of the limit

lim
N→∞

Nδ2−d
N PN

t (ϕN , ψN) = lim
N→∞

E
[〈
ZN
t ⊗ ZN

t ,1∆ϕN ⊗ ψN
]
.

Informally, we will denote this relationship by

PN
t (ϕN , ψN) ∼ 1

Nδ2−d
N

,

indicating that both quanties are of the same order as N → ∞.

As N → ∞, in the setting of Chapter 2 and Chapter 3, the densities ϕ, ψ

according to which the positions are sampled for the probability of identity remain

the same - while the process and thus space is rescaled. This effectively corresponds

to sampling individuals from further and further apart in space or as we scale space

by 1/δN on the order O(1/δN). By scaling the densities ϕN , ψN simultaneously

as we scale space and time, one can generate different behaviours for how the

separation between samples evolves as the model approaches its limit. We could

introduce the scaling

ϕN(x) = 1
δ

(1−β)d
N

ϕ(x/δ1−β
N )

with ψN defined correspondingly. This would allow us to interpolate between

our setting of Chapter 3 and Chapter 4, corresponding to β = 1, in which the
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distance between samples is O(1/δN), and β = 0, in which the distance remains

of O(1) as N → ∞. What is the order of PN
t (ϕN , ψN) for different values of

β ∈ [0, 1] as N → ∞?

Again note that the fixed radius, r1 = r2 case of Chapter 2 (corresponding

to β = 0) indicates

PN
t (ϕN , ψN) ∼ 1

Nδ2−d
N

∼



1
NδN

d = 1,

1
N

d = 2,
1

Nδ−1
N

d ≥ 3.

(5.1)

Heuristic calculations with Raphaël Forien for the fixed radius case with general

β ∈ [0, 1] suggest

PN
t (ϕN , ψN) ∼



1
NδN

d = 1,

1 +
∣∣∣ log

(
δ

2(1−β)
N

)∣∣∣
N

d = 2,
1

Nδ2−d
N

δ
(1−β)(2−d)
N d ≥ 3.

(5.2)

Reassuringly, the behaviour of (5.2) generalises (5.1). In one dimension, 1
NδN

is

independent of β and thus the separation between samples does not change the order

of the probability of identity. This is likely explained by the recurrent behaviour of

Brownian motions in one dimension. In contrast, (5.2) suggests that in dimension

two and three at a separation of distance O(1/δN) the probability of identity is

much lower than for samples chosen at distance O(1). Again, this might be linked

to the neighborhood-recurrent or transient behaviour of the Brownian motions.

The asymptotics of (5.2) might also allow a closer alignment to small separation

regimes of the physics paper [SW23], mentioned in the introduction of Chapter 3

and Chapter 4. In any case, these observations indicate that future works might

be able to unravel more precise behaviours.

5.2.2 Wright-Malécot and genealogies

Stemming from the idea of probability of identity by descent, it is natural to

interpret the Wright-Malécot formula in terms of the behaviour of ancestral lineages.
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However, there are situations such as in [Eth+24], in which the same profile

of the population might give rise to different genealogies. What would be the

Wright-Malécot formula in such a scenario? More evidence is necessary to deduce

that the Wright-Malécot formula is equivalent to pairwise behaviour of lineages

within the genealogy of a model.

Another exciting question is whether the central limit theorem approach of

Chapter 3 and Chapter 4 can be used to calculate the probability of finding the

same type in a higher number n ≥ 3 of initial samples. This would amount

to determining limits of form

lim
N→∞

γNE

〈 n⊗
i=1

ρNt ,1∆

n⊗
i=1

ϕi

〉, (5.3)

where 1∆ = ∏n−1
i=1 1ki=ki+1 and ϕi : Rd → R+ are probability densities. The scaling

sequence γN is yet to be identified, though in light of Chapter 3 and Chapter 4

the n-th power of
√
Nδ2−d

N is a candidate. The resulting formulae would reflect

the asymptotic genealogies of the process.

In view of the difficulties of Chapter 4, it might be challenging to prove sufficient

bounds to ensure the convergence of prelimiting probabilities to their limiting

quantity. On the other hand, credibility to this aim has been added by a recent work

of Peter Koepernick, which introduces a generalisation of sampling-consistency to

spatial coalescents ([Koe24]). The resulting canonical object, the spatial Brownian

coalescent, connects, conditionally on the coalescence locations and times, the

samples by Brownian bridges. It is described by the terms one would expect for a

Wright-Malécot formula for a higher number of samples (see [Koe24, Example 1.9]).

The coalescent tree of two samples is described by the coalescence location and

time. The Wright-Malécot formula contains an exponential for the probability of not

observing a mutation until the coalescence and a Gaussian transition kernel for the

displacement, which the ancestral lineages need to cover to the coalescence location.

The exponential stems from the mutation, but effectively provides a time-frame

for coalescence. For a higher number of samples, one requires the locations and

times of all coalescence events. The density of the Brownian spatial coalescent
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then incorporates exponential terms for each of the waiting times until the next

coalescence and again a Gaussian term for each of the spatial distances lineages

need to cover in between coalescence events (see e.g. [Koe24, Figure 1]).

It would be fascinating to understand how one could use the probability of

identity to uncover complete genealogies underlying a spatial population model.

5.3 Closing remarks

In view of the complexity of biology mentioned in the introduction, mathematical

genetics will continue to amaze generations of scientists. Even a rather simple

heuristic idea such as the original Wright-Malécot formula can unveil a complex

underlying dynamic. Surely, we have only witnessed the beginning of the synthesis

of models from ecology and genetics. The development of more realistic models will

constantly pose analytical challenges, while the availability of empirical evidence

will increase with each scientific generation. It has been an honour to contribute

a small part to our understanding of our wonderful world.
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A
Appendix

A.1 Existence and uniqueness of the SLFV with
mutations

The aim of this section is to prove Theorem 3.2.2. We adapt the arguments used to

prove Theorem 1.2 in [EVY20] to the setting of the SLFV with different dispersal

and parent search radius. We start by proving uniqueness of the solution to the

martingale problem associated to (G, D(G)), using a duality argument.

A.1.1 The dual of the SLFV with mutations

We define an ancestral process (At, t ≥ 0) taking values in
((ξ1, S1), (ξ2, S2), . . . , (ξl, Sl)

)
∈

N0⋃
n=1

(
Rd × {∂}

)n
× P({1, . . . , N0})

:
l⋃

i=0
Si = {0, 1, 2, . . . , N0} and ∀0 ≤ i ̸= j ≤ l ≤ N0 : Si ∩ Sj = ∅

.
At each time t, At consists of a finite collection of lineages in Rd × {∂}. Their

locations are denoted by (ξjt , 1 ≤ j ≤ Nt), where Nt is the number of lineages in

At at time t. By {∂} we denote a cemetery state for the lineages. Each of the

lineages ξj comes along with an element Sj of P({1, . . . , N0}) indicating the labels

of initial samples descended from the lineage.
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Definition A.1.1. Let Π be a Poisson point process on R+ × Rd × (0, 1] × (0,∞)2

with intensity measure dt⊗ dx⊗ ν(du, dr1, dr2). The initial condition is given by

A0 =
(
(ξ1, {1}), (ξ2, {2}), . . . , (ξN0 , {N0})

)
,

where ξj ∈ Rd and N0 ∈ N. At each event (t, x, u, r1, r2) ∈ Π,

1. pick a location y uniformly at random from B(x, r1), the parent search area,

2. for each lineage which finds itself in the replacement area just before the event,

i.e. such that ξjt− ∈ B(x, r2), mark this lineage independently of the others

with probability u, and let J ⊂ {1, . . . , N0} denote the set of marked lineages,

3. all marked lineages coalesce at time t, so the entries {(ξjt−, Sjt−), j ∈ J} are

replaced by the single entry (y,∪j∈JS
j
t−).

Moreover, each lineage is killed at rate µ independently of each other, and killed

lineages instantly jump to ∂, where they are no longer affected by reproduction

events.

Notice that each lineage jumps when it finds itself in the replacement area of

an event and when it is marked, which happens at rate
∫

(0,1]×(0,∞)2
u |B(0, r2)| ν(du, dr1, dr2).

By (3.9), this rate is finite, and since we consider only finitely many lineages, the

jump rate of (At, t ≥ 0) is almost surely bounded by a deterministic constant (the

number of lineages cannot increase). Hence the above definition gives rise to a

well-defined process. The following proposition states the duality relation between

the SLFV with mutations and the ancestral process defined above. Its proof is

omitted as it is very similar to the proof of the corresponding result in [EVY20]

(Proposition 2.2), see also [VW15, Theorem 1].

Proposition A.1.2. Any Ξ-valued Markov process (ρt, t ≥ 0) solution to the

martingale problem associated to (G, D(G)) is dual to the ancestral process (At, t ≥ 0)
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in the sense that, for any N0 ∈ N, for any ψ : Rd → R continuous and compactly

supported and any χ : [0, 1] → R continuous,

Eρ0

[
⟨ρt, ψ ⊗ χ⟩N0

]

=
∫

(Rd)N0
E(x1,...,xN0 )

 Nt∏
i=1

∫
[0,1]

(χ(k))|Si
t |ρ0(ξit, dk)

 N0∏
j=1

ψ(xj)dx1 . . . dxN0 ,

with the convention that ρ0(∂, dk) = λ(dk). Here, Eρ0 [·] denotes the expectation

with respect to the law of (ρt, t ≥ 0) with initial condition ρ0. The cardinality of the

set S is denoted by |S| and E(x1,...,xN0 )[·] is the expectation with respect to the law of

the ancestral process started from A0 =
(
(x1, {1}, . . . , (xN0 , {N0})

)
.

Since the ancestral process is well defined and the expectation of the set of

functions of the form ρ 7→ ⟨ρ, ψ⊗χ⟩N0 characterises the distribution of ρ (it is dense

in the set of continuous real-valued functions on Ξ, see Lemma 2.1 in [VW15]),

Proposition A.1.2 ensures that the solution to the martingale problem associated

to (G, D(G)) is unique (if it exists).

A.1.2 Proof of Theorem 3.2.2

To prove the existence of a solution to the martingale problem associated to

(G, D(G)), we follow the argument of [EVY20, Theorem 1.2], i.e. we construct a

sequence of processes (ρ(n), n ≥ 0) which converges in distribution to a solution of

the martingale problem. The processes (ρ(n), n ≥ 0) will be constructed as solutions

to a sequence of approximating martingale problems, (G(n), D(G(n))), such that the

overall jump rate of (ρ(n)
t , t ≥ 0) is bounded almost surely for each n ≥ 0.

To achieve this, consider an increasing sequence of compact subsets of Rd,

(En, n ≥ 0), such that ∪n≥0En = Rd, and an increasing sequence (νn, n ≥ 0) of

finite measures on (0, 1] × (0,∞)2 which converges to ν as n → ∞. We then set,
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for any F = Ff,ϕ ∈ D(G(n)) := D(G),

G(n)Ff,ϕ(ρ)

:= µf ′(⟨ρ, ϕ⟩)⟨λ− ρ, ϕ⟩

+
∫
En

∫
(0,1]×(0,∞)2

1
|B(x, r1)|

∫
B(x,r1)

∫
[0,1]

(
Ff,ϕ(Θx,r2,u,k(ρ)) − Ff,ϕ(ρ)

)
ρ(y, dk)dy νn(du, dr1, dr2) dx.

We then define (ρ(n)
t , t ≥ 0) as the unique Ξ-valued Markov process which solves

the martingale problem associated to (G(n), D(G(n))). This martingale problem is

well posed because the overall jump rate of (ρ(n)
t , t ≥ 0) is almost surely bounded

(note that the definition of (ρ(n)
t , t ≥ 0) amounts to replacing Π by a Poisson

point process with intensity 1x∈Endt ⊗ dx ⊗ νn(du, dr1, dr2) - which is a finite

measure - in Definition 3.2.1).

To prove Theorem 3.2.2, it remains to show that ρ(n) converges in distribution

as n → ∞ to a solution to the martingale problem associated to (G, D(G)).

Lemma A.1.3. For any T > 0, the sequence of Ξ-valued Markov processes (ρ(n), n ≥

0) is tight in D([0, T ],Ξ).

Proof. First recall that, by Lemma 2.1 in [VW15], Ξ is a compact space. Therefore,

by the Aldous-Rebolledo criterion (see e.g. [Eth00, Theorem 1.17]), it is enough

to show that both the finite variation parts and the quadratic variations of the

real-valued processes (Ff,ϕ(ρ(n)
t ), t ≥ 0) are tight, for any f ∈ C1(R) and ϕ ∈ Cc(Rd).

By the definition of (ρ(n)
t , t ≥ 0), the finite variation part of (Ff,ϕ(ρ(n)

t ), t ≥ 0) is

given by

∫ t

0
G(n)Ff,ϕ(ρ(n)

s )ds. (A.1)

First note that, for any ρ ∈ Ξ,

|f ′(⟨ρ, ϕ⟩)⟨λ− ρ, ϕ⟩| ≤ 2∥ϕ∥1 sup
|x|≤∥ϕ∥1

|f ′(x)|. (A.2)
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In addition,

|Ff,ϕ(Θx,r,u,k(ρ)) − Ff,ϕ(ρ)| ≤ u sup
|x|≤∥ϕ∥1

|f ′(x)|
∣∣∣⟨1B(x,r)(δk − ρ), ϕ⟩

∣∣∣
≤ 2u sup

|x|≤∥ϕ∥1

|f ′(x)|
∫
B(x,r)

sup
k∈[0,1]

|ϕ(y, k)|dy.

Since ϕ is continuous and compactly supported, there exists a constant C > 0

(depending only on f and ϕ) such that, for any ρ ∈ Ξ,

|Ff,ϕ(Θx,r,u,k(ρ)) − Ff,ϕ(ρ)| ≤ Cu(rd ∧ 1)1B(x,r)∩supp(ϕ)̸=∅. (A.3)

Using (A.2), (A.3) and the fact that there exists a constant C > 0 such that∫
Rd
1B(x,r)∩supp(ϕ)̸=∅dx ≤ C(rd ∨ 1), (A.4)

we see that ∣∣∣G(n)Ff,ϕ(ρ)
∣∣∣ ≤ C

∫
(0,1]×(0,∞)2

u(r2)dνn(du, dr1, dr2) + C ′,

for some constants C,C ′ > 0. As a result, under condition (3.9), the modulus of

continuity of (A.1) is almost surely uniformly bounded over all n ∈ N, hence the

finite-variation parts of (Ff,ϕ(ρ(n)
t ), t ≥ 0) are tight.

The quadratic variation of (Ff,ϕ(ρ(n)
t ), t ≥ 0) is given by∫ t

0
Γ(n)Ff,ϕ(ρ(n)

s )ds,

where

Γ(n)Ff,ϕ(ρ) :=
∫
En

∫
(0,1]×(0,∞)2

1
|B(x, r1)|

∫
B(x,r1)

∫
[0,1]

(
Ff,ϕ(Θx,r2,u,k(ρ))−Ff,ϕ(ρ)

)2

ρ(y, dk)dy νn(du, dr1, dr2) dx.

But, using (A.3) and the fact that u ∈ (0, 1], there exists a constant C > 0 such

that, for all ρ ∈ Ξ,

|Ff,ϕ(Θx,r,u,k(ρ)) − Ff,ϕ(ρ)|2 ≤ Cu(rd ∧ 1)1B(x,r)∩supp(ϕ)̸=∅.

As a result there exists a constant C > 0 such that, for all ρ ∈ Ξ,∣∣∣Γ(n)Ff,ϕ(ρ)
∣∣∣ ≤ C,

and this shows that the quadratic variation processes of (Ff,ϕ(ρ(n)
t ), t ≥ 0) are tight.

By the Aldous-Rebolledo criterion, this concludes the proof of the lemma.
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We can now conclude the proof of Theorem 3.2.2.

Proof of Theorem 3.2.2. Uniqueness of the solution to the martingale problem

associated to (G, D(G)) follows by the duality relation of Proposition A.1.2. To prove

existence, by Lemma A.1.3, there exists a converging subsequence of the sequence

(ρ(n), n ≥ 0), and it is enough to show that the limit of any such subsequence

must solve the martingale problem associated to (G, D(G)) (we will also obtain the

convergence in distribution of the whole sequence (ρ(n), n ≥ 0)). By Theorem 4.8.10

in [EK86], it suffices to prove that, for any Ff,ϕ ∈ D(G),

G(n)Ff,ϕ(ρ) → GFf,ϕ(ρ) as n → ∞, uniformly in ρ ∈ Ξ.

But, using (A.3) and the fact that νn ≤ ν, for any ρ ∈ Ξ,

∣∣∣G(n)Ff,ϕ(ρ) − GFf,ϕ(ρ)
∣∣∣

≤ C
∫
Ec

n

∫
(0,1]×(0,∞)2

u(rd2 ∧ 1)1B(x,r2)∩supp(ϕ) ̸=∅ν(du, dr1, dr2)dx

+ C
∫
Rd

∫
(0,1]×(0,∞)2

u(rd2 ∧ 1)1B(x,r2)∩supp(ϕ)̸=∅(ν − νn)(du, dr1, dr2).

The first term on the right hand side tends to zero as n → ∞ by Lebesgue’s

dominated convergence theorem, using (3.9), and so does the second term, using

(A.4). Since the right hand side does not depend on ρ, the convergence is uniform

on Ξ, and the result is proved.

A.2 Definition of worthy of martingale measures

Definition A.2.1 ([Wal86, Chapter 2], [Cho95, Definition 1.1]). Let (Ω,F ,Ft,P)

be a filtered probability space and B(Rd) be the Borel-σ-algebra on Rd. A random

set function M : R+ × Rd → R is a martingale measure if the following three

properties are satisfied:

1. For disjoint A,B ∈ B(Rd), A ∩ B = ∅ the set function M is additive, i.e.

M(t, A ∪B) = M(t, A) +M(t, B) almost surely.

2. For A ∈ B(Rd),
(
M(t, A), t ≥ 0

)
is a martingale.
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3. There exists an increasing sequence (En, n ≥ 1) where En ∈ B(Rd) whose

union is Rd such that

(i) for every t > 0, if En = B(En) then supA∈En
E
(
M(t, A)2

)
< ∞;

(ii) and for every t > 0, if (Ak, k ≥ 1) is a sequence of En decreasing to ∅,

then

E
(
M(t, Ak)2

)
→ 0.

Definition A.2.2 ([Wal86, p.291]). A martingale measure M is worthy if there

exists a random σ-finite measure D on B(R+×Rd×Rd) with the following properties:

1. D is symmetric with respect to the two spatial marginals and for fixed

A,B ∈ B(Rd) the process
(
D([0, t] × A×B), t ≥ 0

)
is predictable.

2. For any (s, t] × A×B ⊂ R+ × Rd × Rd the covariance functional is bounded

by D, i.e.∣∣∣∣ 〈M(A),M(B)
〉
t
−
〈
M(A),M(B)

〉
s

∣∣∣∣ ≤ D
(
(s, t] × A×B

)
.

A.3 Convergence Theorems

Theorem A.3.1 ([For22, Theorem 3.7]). Let (MN , N ≥ 1) be a sequence of

worthy martingale measures on Rd × [0, 1] with corresponding dominating measures

(DN , N ≥ 1). Let

ψN :
{
(s, t) : 0 ≤ s ≤ t

}
× Rd × [0, 1] → R (A.5)

be a sequence of functions and UN
t be the sequence of stochastic integrals

UN
t :=

∫
[0,t]×Rd×[0,1]

ψNs,t(x, k)MN(ds, dx, dk).

If (ψN , N ≥ 1) and (DN , N ≥ 1) satisfy the conditions below with constants

C1, C2, C3 > 0 and k ∈ N, the sequence UN
t is tight in D(R+,R) and for all T > 0

there exists a constant C(T ) such that for all N ≥ 1

E

 sup
t∈[0,T ]

|UN
t |2

 ≤ C(T )C1k(C2
2 + C2

3).

The conditions are:
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1. There exists C1 > 0 and k ∈ N such that for any 0 ≤ s ≤ t, for all N ≥ 1 and

any Schwartz function ϕ ∈ S(Rd × [0, 1])∫
[s,t]×(Rd×[0,1])2

ϕ(x1, k1)ϕ(x2, k2)DN(ds, dx1, dk1, dx2, dk2) ≤ C1|t−s|
k∑
p=1

∥ϕ∥2
p.

(A.6)

2. For any 0 ≤ s ≤ t and for all N ≥ 1 the function ψNs,t is in S(Rd × [0, 1]) and

the functions t 7→ ψNs,t and s 7→ ψNs,t are both continuous.

3. There exist C2, C3, µ > 0 such that for all N ≥ 1, 0 ≤ s ≤ t and p ∈ [1, k]∥∥∥ψNs,t∥∥∥p ≤ C2e
−µ(t−s),

and for all N ≥ 1, 0 ≤ s′ ≤ s ≤ t ≤ t′, p ∈ [1, k]∥∥∥ψNs,t′ − ψNs,t
∥∥∥
p

≤ C3|t′ − t|e−µ(t−s),
∥∥∥ψNs′,t − ψNs,t

∥∥∥
p

≤ C3|s′ − s|e−µ(t−s).

Theorem A.3.2 ([JS03, Theorem VIII 3.11]). Let ((XN
t )t≥0, N ≥ 1) be a sequence

of càdlàg, locally square-integrable, d-dimensional martingales and let (Xt, t ≥ 0) be

a continuous, d-dimensional Gaussian martingale. We write XN
t =

(
XN,1
t , ..., XN,d

t

)
and Xt =

(
X1
t , ..., X

d
t

)
for the corresponding vectors. Suppose that

1. supt≥0

∣∣∣XN
t −XN

t−

∣∣∣ is uniformly bounded for N ≥ 1 and converges to zero in

probability,

2. for each t ∈ Q and 1 ≤ i, j ≤ d, the pairwise predictable quadratic variations〈
XN,i, XN,j

〉
t

−−−→
N→∞

〈
X i, Xj

〉
t

converge in probability.

Then XN converges to X in distribution in C(R+,Rd).

Theorem A.3.3 ([For22, Proposition E.1]). Consider a sequence of worthy martin-

gale measures (MN , N ≥ 1) on Rd × [0, 1] with corresponding dominating measures

(DN , N ≥ 1). Suppose that (MN , N ≥ 1) converges in distribution to a martingale

measure M in D(R+,S ′(Rd × [0, 1])) and that the dominating measures are bounded

in the sense of (A.6) for a k ≥ 1. If a family of deterministic real-valued functions

(fNi , N ≥ 1, i ≤ n) on [0, T ] × Rd × [0, 1] satisfies
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1. for all N ≥ 1, 1 ≤ i ≤ n and s ∈ [0, T ] the function fNi (s, ·) is contained in

S(Rd × [0, 1]),

2. the functions fNi are uniformly bounded in Lp for any p ∈ [1, k] and 1 ≤ i ≤ n,

sup
N≥1

sup
s∈[0,T ]

∥∥∥fNi (s, ·)
∥∥∥
p
< +∞,

3. there exists limiting functions fi : [0, T ] × Rd × [0, 1] → R, 1 ≤ i ≤ n such

that the convergence is uniform in Lp for p ∈ [1, k],

lim
N→∞

sup
s∈[0,T ]

∥∥∥fNi (s, ·) − fi(s, ·)
∥∥∥
p

= 0,

then the finite-dimensional distributions
(
MN

t (fN1 ), ...,MN
t (fNn )

)
t∈[0,T ]

−−−→
N→∞

(
Mt(f1), ...,Mt(fn)

)
t∈[0,T ]

converge in distribution in D([0, T ],Rn).
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B.1 Details on the simulation

This section details the principles underlying Figure 4.2.

B.1.1 Simulation of the process

We consider a discretized version of the process defined by Definition 4.2.2 on

{0, 1, 2, ..., 99, 100}. We represent the uniform proportion of the population by one

type, while allowing for up to 2000 other types in the population. If the uniform

proportion type is chosen as the parental type in an event, we choose instead

the next still empty type or replace the type with the smallest total mass in the

population. We start the process with a uniform mass of three everywhere and

let it evolve for a time of 125 under the growth function

rx(n) = max

min
{

14 |x− 50|
50 , 7

}
+ 1 − n,−1

.
Additionally, we choose

µ = 0.0001, u = 0.04, R = 4.

B.1.2 Analytical prediction

For the analytical part we consider ancestral lineages backwards in time. Again,

we consider the discretized space {0, ..., 100}. We consider the population at

189
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stationarity solving

uVRR
2

3

(
n(x+ 1) + n(x− 1) − 2n(x)

)
+ rx(n(x))n(x) = 0 ∀x ∈ {1, ..., 99},

with boundary condition n(0) = 8 = n(100) and precisely the same growth function

r as for the process simulation. To describe the movement of ancestral lineages,

we consider the continuous time random walk with transition rates

Q(i, j) =



n(j)
n(i) j = i± 1,

−n(i+ 1)
n(i) − n(i− 1)

n(i) j = i,

0 else.

This corresponds to a discretization of the lineages evolving according to the

operator (4.21). We can calculate the transition probabilities of the ancestral

lineages as the matrix exponential

P = eQ.

We can then consider the sequence K0 = diag{1, ..., 1}, the 100 × 100 matrix with

only ones on the diagonal, and Kt = Kt−1P. The (i, j) entry of Kt will encapsulate

the probability to transition from i to j over the period t. We can therefore describe

the probability of identity by descent for two positions l1, l2 by

Θ(l1, l2) =
tmax∑
t≥1

∑
0≤z≤100

e−2µi 1
n(z) + 1Ki(l1, z)Ki(l2, z).

Defining the diagonal matrix D(n) = {(n(0) + 1)−1, ..., (n(100) + 1)−1}, we can

calculate the probability of identity between all possible combinations of posi-

tions as the matrix

Θ =
tmax∑
t≥1

e−2µtKtD(n)(Kt)T ,

where (Kt)T is the transposition of Kt. For Figure 4.2 we chose tmax = 28 as due

to the finite range the ancestral lineages start to equilibriate, leading to a much

shallower decay as on would expect on a large domain.
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B.1.3 Alignment of simulation and prediction

As mentioned in the introduction, The analytical result A corresponds to the

limiting Wright-Malecot formula (in particular not necessarily being a probability),

whereas we obtain probabilities of identity P from the simulation of the process.

The outcome of simulation PN (x) and analytical prediction Θ(µ, u, x) for locations

at distance x can be connected through

NδNPN(x) ≃ Θ
(
N

δ2
N

µN , NuN , δNx
)
,

corresponding to our scaling of the probability of identity, space and the parameters.

As we do not consider a sequence of processes, in our case we can set µN = µ = 0.0001

and uN = u = 0.04, the same parameters as we used for the simulation of the

process. To avoid complications about the spatial scaling, we set simply set δN = 1.

Choosing N = 2.8 led to the observed alignment of simulation and prediction.

B.2 Properties of gN

B.2.1 Boundedness

Proof of Lemma 4.6.1. Similar to [FP17, Lemma 4.3], we can represent the solution

as

gNs,t(x, k) = GN
t−s ∗ ϕ(x, k) +

∫ t

s
GN
u−s ∗

(
RmN

u
(gNu,t) − µgNu,t

+ µHgNu,t + uVRmN
u r

′(mN
u )HgNu,t

)
(x, k)du,

again with GN being the semigroup associated to LN . The inequality ∥GN
t−s ∗ϕ∥p ≤

∥ϕ∥p for functions ϕ ∈ D(Td) extends to our functions ϕ ∈ D(Td × [0, 1]) with a
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type component and the extended p-norms of (4.2)

∥GN
t−s ∗ ϕ∥p =

∫
Td

sup
k∈[0,1]

∣∣∣∣∣∣
∫
Td
GN
t−s(z − y)ϕ(y, k)dy

∣∣∣∣∣∣
p

dz

1/p

≤

∫
Td

sup
k∈[0,1]

∫
Td
GN
t−s(z − y)

∣∣∣ϕ(y, k)
∣∣∣pdydz

1/p

≤

∫
Td

∫
Td
GN
t−s(z − y) sup

k∈[0,1]

∣∣∣ϕ(y, k)
∣∣∣pdydz

1/p

=
∫

Td
sup
k∈[0,1]

∣∣∣ϕ(y, k)
∣∣∣pdy

1/p

= ∥ϕ∥p.

Applying (a+ b)2 ≤ 2a2 + 2b2 and Jensen’s inequality again

∥∥∥gNs,t∥∥∥pp ≤ (2(t− s))p−1
∫ t

s

∥∥∥∥uVRr(mN
t )gNu,t − µgNu,t

+ µHgNu,t + uVRmN
u r

′(mN
u )HgNu,t

∥∥∥∥p
p
du+ 2p−1

∥∥∥ϕ∥∥∥p
p

≤ (2(t− s))p−1
∫ t

s

(
uVRrmax + 2µ+ uVRnmax sup

z∈Td

∥r′
z∥∞

)∥∥∥gNs,t∥∥∥ppdu
+ 2p−1

∥∥∥ϕ∥∥∥p
p
.

We also used that ∥ϕ∥p ≤ ∥ϕ∥p and that, as [0, 1] is finite,

∣∣∣HgNu,t∣∣∣ ≤ sup
k∈[0,1]

∣∣∣gNu,t∣∣∣.
Grownwall’s inequality allows us to conclude the statement and an inductive

argument shows the generalization to the derivatives.

B.2.2 Convergence

Lemma B.2.1. Let mN be the sequence of deterministic approximate population

sizes of (4.16) converging to the solution n of the reaction-diffusion equation (4.13)

by Lemma 4.4.1. Let ϕ : Td → R be a four times continuously-differentiable function

and assume max|κ|≤4 ∥∂κϕ∥p < ∞ for 1 ≤ p ≤ ∞. Then there exists constants

C1, C2 > 0 such that

∥∥∥(LN + RN
mN

t

)
ϕ
∥∥∥
p

≤ C1 max
|κ|≤2

∥∂κϕ∥p (B.1)
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and ∥∥∥∥∥(LN + RN
mN

t

)
ϕ− uVR

(
R2

d+ 2∆ + r(ns)
)
ϕ

∥∥∥∥∥
p

≤ δNC2. (B.2)

Proof. From ([FP17, Proposition A.1]) we know∥∥∥∥∥∥LNϕ− uVR
R2

d+ 2∆ϕ

∥∥∥∥∥∥
p

≤ uVRR
4d

3

3 (δN)2 max
|κ|≤4

∥∂κϕ∥p

and ∥∥∥∥ϕ(·, δNR) − ϕ
∥∥∥∥
p

≤ d

2(δNR)2 max
|κ|=2

∥∂κϕ∥p. (B.3)

The growth operator RN
mN

t
was defined as

RN
mN

t
ϕ(z) = uVR

1
VδNR

∫
B(z,δNR)

1
VδNR

∫
B(x,δNR)

rx(mN
s (x, δNR))ϕ(y)dydx

= uVRr(mN
t )ϕ(·, δNR).

Adding and substracting terms, we obtain
∥∥∥∥r(mN

t )ϕ(·, δNR) − r(nt)ϕ
∥∥∥∥
p

≤
∥∥∥∥r(mN

t )ϕ(·, δNR) − r(nt)ϕ(·, δNR)
∥∥∥∥
p

+
∥∥∥∥r(nt)ϕ(·, δNR) − r(nt)ϕ

∥∥∥∥
p

≤
∥∥∥∥[r(mN

t ) − r(nt)
]
ϕ(·, δNR)

∥∥∥∥
p

+
∥∥∥∥r(nt)ϕ(·, δNR) − r(nt)ϕ

∥∥∥∥
p

+
∥∥∥∥r(nt)ϕ− r(nt)ϕ

∥∥∥∥
p

+
∥∥∥∥r(nt)ϕ− r(nt)ϕ

∥∥∥∥
p

≤ sup
z∈Td

∥r′
z∥∞

∥∥∥|mN
t − nNt |ϕ

∥∥∥
p

+ d

2(δNR)2 max
|κ|=2

∥∥∥∥∂κ(r(nt)ϕ)∥∥∥∥
p

+ rmax
d

2(δNR)2 max
|κ|=2

∥∂κϕ∥p + sup
z∈Td

∥r′
z∥∞

∥∥∥∥∣∣∣nt − nt
∣∣∣ϕ∥∥∥∥

p

≤ sup
z∈Td

∥r′
z∥∞δNC∥ϕ∥p + d

2(δNR)2 max
|κ|=2

∥∥∥∥∂κ(r(nt)ϕ)∥∥∥∥
p

+ rmax
d

2(δNR)2 max
|κ|=2

∥∂κϕ∥p + sup
z∈Td

∥r′
z∥∞ δNRmax

|κ|=1
∥∂κnt∥∞∥ϕ∥p,

where we used Lemma 4.4.1.

Lemma B.2.2. For any twice-continuously differentiable function ϕ : Td → R there

exists a constant C > 0 such that
∥∥∥∥uVRmN

u r
′(mN

u )ϕ− uVRnur
′(nu)ϕ

∥∥∥∥
p

≤ δNC.
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Proof. We can write∥∥∥∥mN
u r

′(mN
u )ϕ− nur′(mN

u )ϕ
∥∥∥∥
p

+
∥∥∥∥nur′(mN

u )ϕ− nur′(nu)ϕ
∥∥∥∥
p

+
∥∥∥∥nur′(nu)ϕ− nur′(nu)ϕ

∥∥∥∥
p

+
∥∥∥∥nur′(nu)ϕ− nur

′(nu)ϕ
∥∥∥∥
p

≤
∥∥∥∥(mN

u − nu)r′(mN
u )ϕ

∥∥∥∥
p

+
∥∥∥∥nu(r′(mN

u ) − r′(nu))ϕ
∥∥∥∥
p

+
∥∥∥∥nur′(nu)(ϕ− ϕ)

∥∥∥∥
p

+
∥∥∥∥nur′(nu)ϕ− nur

′(nu)ϕ
∥∥∥∥
p

≤ δNC sup
z∈Td

∥r′
z∥∞∥ϕ∥p + nmax sup

z∈Td

∥r′′
z∥∞δNC∥ϕ∥p

+ nmax sup
z∈Td

∥r′
z∥∞

d

2(δNR)2 max
|κ|=2

∥∂kϕ∥p + d

2(δNR)2 max
|κ|=2

∥∥∥∂κ(nur′(nu)ϕ)
∥∥∥
p
.

We used Lemma 4.4.1 for the first and second term and the inequality on ∥ϕ− ϕ∥p
from the previous lemma for the third and fourth term.

Proof of Lemma 4.6.2. To show the convergence, we use the representation

gs,t = Gt−s ∗ ϕ(x) +
∫ t

s
Gu−s ∗

(
uVRr(nu)(gu,t) − µgu,t

+ µHgu,t + uVRnur
′(nu)Hgu,t

)
du,

gNs,t = Gt−s ∗ ϕ(x) +
∫ t

s
Gu−s ∗

(
LN(gNu,t) − uVR

R2

d+ 2∆gNu,t + RmN
s

(gNu,t)

− µgNu,t + µHgNu,t + uVRmN
u r

′(mN
u )HgNu,t

)
du.

Here, Gt denotes the Gaussian kernel associated to the Laplacian uVR
R2

d+2∆. With

the help of Lemma B.2.1 and Lemma B.2.2, we obtain∥∥∥∥gNs,t − gs,t

∥∥∥∥
p

≤
∫ t

s

∥∥∥∥∥∥LN(gNu,t) − uVR
R2

d+ 2∆gNu,t + RmN
s

(gNu,t) − uVRr(nu)(gu,t)

− µ
(
gNu,t − gu,t

)
+ µ

(
HgNu,t − Hgu,t

)
+ uVRmN

u r
′(mN

u )HgNu,t − uVRnur
′(nu)Hgu,t

∥∥∥∥∥∥
p

du

≤ (t− s)δNC +
∫ t

s

∥∥∥∥uVRr(nu)(gNu,t) − uVRr(nu)(gu,t) − µ
(
gNu,t − gu,t

)
+ µ

(
HgNu,t − Hgu,t

)
+ uVRnur

′(nu)HgNu,t − uVRnur
′(nu)Hgu,t

∥∥∥∥
p
du

≤ (t− s)δNC +
(
uVR(sup

z∈Td

∥r∥∞ + nmax sup
z∈Td

∥r′
z∥∞) + 2µ

) ∫ t

s

∥∥∥∥gNu,t − gu,t

∥∥∥∥
p
du.
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Again Grownwall’s inequality yields the desired result.

B.2.3 Continuity in the second time component

Proof of Lemma 4.6.3. This proof is similar to [FP17, Lemma 4.9]. As in

Lemma 4.6.5, we extend gN to s, t ∈ [0, T ] by setting

gNs,t(x, k) = gNs∧t,t(x, k),

and assume t′ > t ≥ s. We can then write

gNs,t(x, k)

= GN
t−s ∗ ϕ(x, k)

+
∫ T

s
GN
u−s ∗

(
RN
mN

u
(gNu,t) − µgNu,t + µHgNu,t + uVRmN

u r
′(mN

u )HgNu,t
)

(x, k)du

−
∫ T

t
GN
u−s ∗

(
RN
mN

u
(ϕ) − µϕ+ µHϕ+ uVRmN

u r
′(mN

u )Hϕ
)

(x, k)du.

This transforms the difference into(
gNs,t′ − gNs,t

)
(x, k)

= GN
t′−s ∗ ϕ(x, k) −GN

t−s ∗ ϕ(x, k)

+
∫ T

s
GN
u−s ∗

RmN
u

(gNu,t′) − µgNu,t′ + µHgNu,t′ + uVRmN
u r

′(mN
u )HgNu,t′

− RmN
u

(gNu,t) − µgNu,t + µHgNu,t + uVRmN
u r

′(mN
u )HgNu,t

(x, k)du

+
∫ t′

t
GN
u−s ∗

(
RmN

u
(ϕ) − µϕ+ µHϕ+ uVRmN

u r
′(mN

u )Hϕ
)

(x, k)du.

We continue similar as in the proof of Lemma 4.6.1∥∥∥∥gNs,t′ − gNs,t

∥∥∥∥p
p

≤ 3
∥∥∥∥GN

t′−s ∗ ϕ−GN
t−s ∗ ϕ

∥∥∥∥p
p

+ 3p−1(T − s)p−1
∫ T

s

∥∥∥∥RmN
u

(gNu,t′) − µgNu,t′ + µHgNu,t′ + uVRmN
u r

′(mN
u )HgNu,t′

− RmN
u

(gNu,t) − µgNu,t + µHgNu,t + uVRmN
u r

′(mN
u )HgNu,t

∥∥∥∥p
p
du

+ 3p−1(t′ − t)p−1
∫ t′

t

∥∥∥∥RmN
u

(ϕ) − µϕ+ µHϕ+ uVRmN
u r

′(mN
u )Hϕ

∥∥∥∥p
p
du.
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The bound on ∥ϕ− ϕ∥∞ from (B.3), yields for the first term

∥∥∥∥GN
t′−s ∗ ϕ−GN

t−s ∗ ϕ
∥∥∥∥p
p

=

∥∥∥∥∥∥
∫ t′

t
GN
u−s ∗ LNϕdu

∥∥∥∥∥∥
p

p

= (t′ − t)p−1
∫ t′

t

∫
Td

sup
k∈[0,1]

∣∣∣LNϕ(x, k)
∣∣∣pdxdu

≤ C(t′ − t)pV ol(Td)
(

sup
k∈[0,1]

max
|β|=2

∥∂βϕ(·, k)∥∞

)p
.

Both the second and the third summand can be bounded similar to the previous

lemma resulting in∥∥∥∥gNs,t′ − gNs,t

∥∥∥∥p
p

≤ 3p−1C(t′ − t)p + 3p−1(t′ − t)p(uVR(rmax + nmax∥r′∥∞) + 2µ)
∥∥∥ϕ∥∥∥p

p

+ 3p−1(T − s)p−1
(
uVR(sup

z∈Td

∥r∥∞ + nmax sup
z∈Td

∥r′
z∥∞) + 2µ

) ∫ T

s

∥∥∥∥gu,t′ − gu,t

∥∥∥∥p
p
du.

A final application of Grönwall’s inequality completes this section.
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