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HOMOTOPY PROPERTIES OF HORIZONTAL
LOOP SPACES AND APPLICATIONS TO CLOSED
SUB-RIEMANNIAN GEODESICS

ANTONIO LERARIO AND ANDREA MONDINO

ABSTRACT. Given a manifold M and a proper sub-bundle A C T'M, we inves-
tigate homotopy properties of the horizontal free loop space A, i.e., the space
of absolutely continuous maps 7 : S1 — M whose velocities are constrained to
A (for example: legendrian knots in a contact manifold).

In the first part of the paper we prove that the base-point map F : A — M
(the map associating to every loop its base-point) is a Hurewicz fibration for
the W12 topology on A. Using this result we show that, even if the space
A might have deep singularities (for example: constant loops form a singular
manifold homeomorphic to M), its homotopy can be controlled nicely. In
particular we prove that A (with the W12 topology) has the homotopy type
of a CW-complex, that its inclusion in the standard free loop space (i.e., the
space of loops with no non-holonomic constraint) is a homotopy equivalence,
and consequently that its homotopy groups can be computed as mg(A) =~
TFk(M) X 7’l’k+1(M) for all k Z 0.

In the second part of the paper we address the problem of the existence of
closed sub-Riemannian geodesics. In the general case we prove that if (M, A)
is a compact sub-Riemannian manifold, each non-trivial homotopy class in
w1 (M) can be represented by a closed sub-Riemannian geodesic.

In the contact case, we prove a min-max result generalizing the celebrated
Lyusternik-Fet theorem: if (M, A) is a compact, contact manifold, then ev-
ery sub-Riemannian metric on A carries at least one closed sub-Riemannian
geodesic. This result is based on a combination of the above topological re-
sults with the delicate study of an analogue of a Palais-Smale condition in the
vicinity of abnormal loops (singular points of A).

1. INTRODUCTION

1.1. The horizontal loop space. In this paper we study the topology of the
space of loops 7 : S' — M whose velocities are constrained in a non-holonomic
way (we call these loops horizontal). The constraint is made explicit by requiring
that the loops should be absolutely continuous curves (hence differentiable almost
everywhere) and that their velocity should belong a.e. to a totally non-integrable
distribution A C T M.

Received by the editors March 25, 2016, and, in revised form, September 14, 2018.

2010 Mathematics Subject Classification. Primary 53C17, 53C22, 53D10, 58B05, 58E10.

Most of the research presented in this paper was developed while the first author was visiting
the Forschungsinstitut fiir Mathematik at the ETH Ziirich. The authors would like to thank the
institute for the hospitality and the excellent working conditions.

The second author was supported by ETH and SNSF. In the final steps of the revision, the
second author was supported by the EPSRC First Grant EP/R004730/1.

The cost for the open access publishing was covered by RCUK.

(©2019 by the authors under [Creative Commons Attribution 3.0 Licensel (CC BY 3.0)

187


https://www.ams.org/btran/
https://www.ams.org/btran/
https://doi.org/10.1090/btran/33
https://creativecommons.org/licenses/by/3.0/

188 ANTONIO LERARIO AND ANDREA MONDINO

The case A = T'M clearly imposes no constraint. The case when A is integrable
imposes a constraint which is still holonomic (loops are confined on leaves of a
foliation, by the Frobenius theorem) and can be reduced to the previous one. The
totally non-integrable (or non-holonomic) case arises by requiring that the given
distribution satisfies the Hormander condition: a finite number of iterated brackets
of smooth sections of A should span all the tangent space TM (see [2,22]). Contact
manifolds are probably the most well known non-holonomic geometries, and their
(smooth) horizontal loops are called legendrian knots [26].

In this paper we require our loops to have square-integrable velocity. This re-
quirement determines a natural topology on the loop space, as follows. Consider
first the set of all horizontal paths:

Q= {y:[0,1] = M |~ is absolutely continuous, ¥ € A a.e., and is L*-integrable}.

The space 2 endowed with the W2 topology is a Hilbert manifold modeled on
L2(I,RY) x R™ (where d = rank(A) and m = dim(M)), and the endpoint map is
the smooth function

F: Q> MxM, v~ (v0),v(1)).
The object of our interest, the free horizontal loop space, will thus be defined as
A = F~!(diagonal in M x M) < Q

and endowed with the induced topology.

In the non-holonomic case, the loop space A is a highly singular object. For ex-
ample, constant loops form a whole singular manifold (homeomorphic to M itself).
In the contact case these are the “only” singularities (Proposition [I8 below), but
in general the presence of abnormal curves might imply other (deep) singularities;
see [2L[TT] and [22] Section 5]. The structure of these singularities is at the origin of
Liu and Sussmann’s minimality theorem [I9] (see the proof of this theorem given
in [2] and the discussion in [22, Section 3.8]).

Remark 1. The uniform convergence topology on ) has been studied in [25] and
the Wbl in [12]. The WP topology with p > 1 has been investigated by the
first author and F. Boarotto in [8]. For the scope of calculus of variations the case
p > 1 is especially interesting, as one can apply classical techniques from critical
point theory to many problems of interest. All these topologies are equivalent from
the point of view of homotopy theory [8, Theorem 5], but in the W1> topology
the so-called rigidity phenomenon appears: some curves might be isolated (up to
reparametrization); see [9].

1.2. Homotopy properties of the horizontal loop space. One of the main
technical ingredients in order to understand the topological structure of the hori-
zontal loop space A is the Hurewicz fibration property for the endpoint map. Recall
that a map between topological spaces is a (Hurewicz) fibration if it has the homo-
topy lifting property with respect to any space (see Section 27 below and [24127] for
more details). Our first result proves this property for the endpoint map restricted
to the loop space (in the following statement we identify M with the diagonal
in M x M, where F|, takes values). The techniques for the proof use a novel
combination of quantitative control theory and classical homotopy theory.
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Theorem (The Hurewicz fibration property). The map F|x : A — M that asso-
ciates to every horizontal loop its base-point is a Hurewicz fibration for the W12
topology on A.

As a consequence of this property, strong information on the homotopy of the
horizontal loop space can be deduced. What is remarkable at this point is that
even if A might be extremely singular, its homotopy is very well controlled.

Theorem (The homotopy of the horizontal loop space). The horizontal loop space
A has the homotopy type of a CW-complex, and its inclusion in the standard loop
space is a homotopy equivalence; in particula forallk > 0:

(1) T (A) = 7 (M) % 71 (M).

One immediate but remarkable corollary of the fact that A has the homotopy
type of a CW-complex is that every loop has a neighborhood which is contractible
in A (Corollary [Ilbelow). This gives a remarkable sharpening of the local structure
of A near a singular curve.

Remark 2 (The legendrian fundamental group). Notice that the homotopy groups
of the standard loop space have the same structure () of the horizontal ones. This
fact is in sharp contrast with the situation of legendrian regular homotopies of
legendrian knots in a contact manifold: given a contact manifold (M,A), a C*
horizontal loop 7 : S* — M which is also an immersion is called a legendrian knot.
Two legendrian knots are legendrian-homotopically equivalent if there exists a C!
homotopy between them all made of legendrian knots. The legendrian fundamental
group is then defined as the group whose elements are the equivalence classes of
legendrian knots under the equivalence relation of being legendrian-homotopically
equivalent. By using the h-principle it is possible to show [13] Section 3.3] that there
is a surjection of the legendrian fundamental group into the standard fundamental
group and (for the sake of simplicity, here we consider dim(M)=3) the kernel of the
surjection is Z. Roughly, this means that it is highly not true in general that two
horizontal knots inducing the same class in mo(A) ~ 71 (M) are also legendrian-
homotopically equivalent. This is due to the much stronger constraint, in the
legendrian setting, that the loop (and the homotopy at a fixed time) is an immersion.

1.3. The calculus of variation on the horizontal loop space. Once a sub-
Riemannian structure (i.e., a smooth scalar product) on A is fixed, on the space of
horizontal paths we can define the length functional:

(2) Length(y) = /[o : [5(®)|dt Yy € Q(M).

A horizontal loop is called a sub-Riemannian closed geodesic if it has constant speed
and it is locally length minimizing (see Definition[I4]). On the horizontal path space
we can also define the energy functional:

Q Jo)=35 [ H@OPa v o)

The link between the two functionals ([2)-(3) is well known as well as the fact that
the functional J fits with the W2 topology of  better than the length (e.g. it is
coercive and weakly lower semicontinuous).

IThe product in () is semidirect possibly only for k = 1. In all other cases the homotopy
group on the left is abelian and the product is indeed direct; see Remark [l below.
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It should be clear that the singularities of the space A, which in our problem act
as a “constraint” for the functional J, will cause serious problems in extending the
classical setup for finding critical points of J|5. We nevertheless notice (Proposition
[[3)) that solutions of the normal Lagrange multiplier equation for J constrained to A
are indeed sub-Riemannian geodesics (but the converse is false). Therefore in order
to show existence of closed sub-Riemannian geodesics it will be enough to show
existence of solutions to the previous equation (which locally can be written as in
([I8)). This will be done in two different ways: by minimization and by min-max.

1.4. Closed sub-Riemannian geodesics. We will first show that if 71 (M) is not
trivial, then there always exists a closed sub-Riemannian geodesic, extending the
celebrated theorem of Cartan (proved in the Riemannian framework) to arbitrary
sub-Riemannian structures. This result will be achieved via a minimization process,
well known in the literature as “direct method in the calculus of variations”, based
on the compatibility of the functional J with the strong and weak W12 topologies
on A.

Theorem (Existence of closed sub-Riemannian geodesics in m1(M)). Let M be a
compact, connected sub-Riemannian manifold. Then for every non-zero o € my (M)
there exists a closed sub-Riemannian geodesic vy : S — M such that [y] = « and 7y
minimizes J in its homotopy class.

In case the manifold M is simply connected, i.e., if w1 (M) = {0}, the existence of
a closed geodesic is more subtle: indeed a minimization procedure would trivialize
and give just a constant curve. To handle this case we then argue via min-max:
given a € mi(A), k > 1, we define

co = inf sup J(f(0)).
fE€agegk
The goal is to prove that if ¢, > 0, then ¢, is a critical value; i.e., there exists a
closed geodesic with energy c,.

The two technical tools needed are the Palais-Smale property (which roughly
says that if a sequence of “approximate critical points” weakly converges, then
actually it converges strongly) and the deformation lemma (if there are no critical
values in an interval [a, b], then it is possible to continuously deform the sub-level
set corresponding to b to the one corresponding to a).

For the min-max part of the paper, we will restrict ourselves to contact sub-
Riemannian structures (see [22], Section 6.1.2] for more details). Under this assump-
tion the space of horizontal loops A is still singular, but the singularities correspond
to constant loops. From the technical viewpoint, the proof of the Palais-Smale
property in the contact case (see Theorem [[9) is perhaps the most challenging and
original part of the paper, and it will be achieved by a sort of “blow-up” argument
based on the choice of good coordinates.

Once the Palais-Smale property is settled, in order to apply the well-known
min-max techniques and get the existence of a closed geodesic, we still need to
prove that the min-max level ¢, is strictly positive under the assumption that M
is compact. In the Riemannian case this part is quite straightforward, since small
loops are contractible. In the sub-Riemannian case this is less obvious (recall that
the homotopy must be a horizontal loop for every time slice) but still true thanks
to the fine topological properties of A established in the first part of the paper (see
in particular Theorem [[2] and Corollary [I3]).
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The combination of all the tools discussed so far will allow us to prove the
following theorem.

Theorem (Existence of closed sub-Riemannian geodesics in contact manifolds).
Let (M, A) be a compact, contact sub-Riemannian manifold. Then there exists at
least one non-constant closed sub-Riemannian geodesic.

This result is the counterpart, in contact geometry, of the celebrated Lyusternik-
Fet theorem [20] asserting the existence of a closed geodesic in any compact Rie-
mannian manifold. The result of Lyusternik-Fet (obtained in 1951) opened the door
to an entire beautiful research field in mathematics on the existence and multiplic-
ity of closed geodesics in Riemannian manifolds. It is our hope (and challenge for
the future) that the present paper will serve as a solid basis in order to investigate
these questions also in the sub-Riemannian setting.

1.5. Structure of the paper. The first part of Section2lis devoted to the general
constructions (mostly the study of the topology of the whole horizontal path space).
In Section we discuss the properties of what we call the “global chart”, a useful
technical device to reduce the problem when a set of vector fields generating the
distribution is given. The Hurewicz fibration property is Theorem 8 and the result
on the homotopy of the loop space is a combination of Theorems [0 and [0l Closed
sub-Riemannian geodesics are introduced in Section 210, and the existence of a
minimizer for each non-zero homotopy class in 71 (M) is proved in Theorem
Section [3lis devoted to the contact case. The Palais-Smale property is discussed in
Section and the deformation lemma and the min-max procedure in Section [3.3]
The existence of a closed sub-Riemannian geodesic in the compact, contact case is
proved in Theorem

2. GENERAL THEORY

In this section we discuss the relationship between the topology of the manifold
and the horizontal path space. The theory applies to sub-Riemannian manifolds in
general (we will restrict to contact manifolds only in the next section).

2.1. The horizontal path space. Let M be a smooth manifold of dimension m
and let A C T'M be a smooth sub-bundle of rank k. The horizontal path space 2
is defined by

Q = {y:]0,1] = M |~ is absolutely continuous, ¥ € A a.e., and is L*-integrable}.

This definition requires the choice of a sub-Riemannian structure on A in order to
integrate the square of the norm of 4, but the fact of being integrable is independent
of the chosen structure (we refer the reader to [2,22] for more details). In the
following we set I = [0, 1].

2.2. Topologies on the horizontal path space. In what follows we always make
the assumption that the Hormander condition is satisfied and that the distribution
A is bracket-generating (see [2] for the geometrical implications of this assumption).
For every v € Q the vector bundle v*A is trivializable; hence there exist smooth
time-dependent vector fields X (-, t),..., Xx(+,t) and an open neighborhood W C
M containing y(I) such that for every ¢ € I and every x € W,

A, =span{ Xy (x,t),..., Xg(z,t)}
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(if a sub-Riemannian structure on A has been chosen we can pick these vector fields
to be orthonormal for every ¢t € I).
Since «y is horizontal, we can write

k
A1) =D vi(t) Xi(y(t),t), forae te[0,1], 7(0)=uy.
i=1
Let U,y =V xW C L?(I,R*) x M be an open set containing (vy,...,vs,y) such
that for every u = (u1,...,ux) € V and every x € W the solution ~(, ,) of the
Cauchy problem

k
(4) i(t) = Zui(t) X;(x(t),t), forae. tel0,1], =z(0)=uz,

is defined at time ¢t = 1. The vector function w is usually called the control.
Consider the set of all curves {x : I — M} arising as solutions of (@) for
(u,z) € Ugyyy C L2(I,R¥) x M: we declare sets of this type to be a basis of open
neighborhoods for a topology on €. Note that the correspondence (u,x) — z(-) is
a homeomorphism (the fact that this map is one-to-one follows from [22] Appendix
E]; this comprises the existence and uniqueness for the solution of (). Clearly
the topology induced on € depends on the topology we have fixed on L?(I,R¥).
If L2(I,R¥) is given the strong topology, the resulting topology on the horizontal
path space will be denoted by Q"2 and called the strong topology. If L2(I,R¥) is
endowed with the weak topology, the resulting topology will be denoted (£21:2)weak
and called the weak topology. Unless specified we will work with the strong topol-

ogy.
2.3. Hilbert manifold structure on the horizontal path space. The choice
of coordinates ¢» : W — R™ on a neighborhood in M and of a (possibly time-

dependent) trivializing frame F = {X71,..., X} for A|w define an open chart on
Q:

Dy 7)1 U — L*(I,RF) x R™.

Here U consists of those curves that are solutions of the Cauchy problem
k
A(t) = Zuz(t) Xi(v(¢t),t), forae. te[0,1], ~(0)=u=,
i=1

for (u,z) € V. x W C L*(I,R¥) x R™. The fact that the collection {®, 7} is a
Hilbert manifold atlas for 2 follows from [22] Appendix E].
The endpoint map F is defined by

F:Q—MxM, ~~ (7(0),(1)).

Given a (locally) trivializing frame and a coordinate chart on an open set U ~
L2(I,R¥) we denote by

F!(u) = the solution at time ¢ of the Cauchy problem (@) for a fixed x€W C M.

We recall the following result. For the reader’s convenience we will give a proof of
the first part of the statement in Lemma [I7] below (in the “global cart”, defined in
Section 2.5); the second part of the statement is [8, Theorem 23]. For more details
we refer the reader to [2].
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Proposition 1. If v, — v in (QV2)Veak then ~,, converges uniformly to v. In
particular, the map F : Q — M x M is continuous (smooth indeed) for the
strong topology and continuous for the weak topology. Moreover the map Q@ —
hom(L?(I,R*) x R™ R™ x R™) defined by v — d.,F is continuous when § is
endowed with the weak topology and hom(L?(I,R¥) x R™ R™ x R™) the strong
topology. The same is true for the map L*(I,R¥) x R™ x R — hom(L2(I, R¥),R™)
defined by (u,z,T) — d FI (weak topology on the source, strong topology on the
target).

2.4. Sub-Riemannian structures and the energy of a path. A sub-Riemann-
ian structure on (M, A) is a Riemannian metric on A, i.e., a scalar product on A
which smoothly depends on the base point. If A is endowed with a sub-Riemannian
structure, we can define the energy:

1/,
J:QoR, J(H) = i/lh(t)\zdt.

The energy is a smooth map on €, but it is only lower semicontinuous on (Q1:2)weak,
If in the above construction {X;};=1, .., was chosen orthonormal, in local coordi-
nates we have J(v) = 1||u|?, and its differential is given by d(, ,)J = (u, ), where
of course || - || denotes the L?-norm and (-,-) the L2-scalar product. By a slight
abuse of notation (identifying a Hilbert space with its dual) we will sometimes

simply write d(, ,)J = (u,0) € L*>(I,RF) x R™.

2.5. The global “chart” and the minimal control. Assume M is a compact
manifold. Given a sub-Riemannian structure on A C T'M, there exists a family of
vector fields Xq,...,X; with [ > k globally defined on M such that

A, =span{X;(x),..., X;(x)} Vo e M.

Moreover the previous family of vector fields can be chosen such that for all x € M
and u € A, we have [2, Corollary 3.26]

(5) |u|? = inf {u%—i——i—ulz

l
U= ZuZXl(x)} ,
i=1

where |-| denotes the modulus w.r.t. the fixed sub-Riemannian structure. Denoting
by U = L*(I,R") x M, we define the map A : U — ) by
(6) l

A(u, x) =the curve solving the Cauchy problem "y:Z u; () X;(y(t)) and ~v(0)==.
i=1
(We use the compactness of M to guarantee that the solution of the Cauchy problem
is defined for all ¢ € [0,1].)
We will consider this construction fixed once and for all and call it the “global
chart”. The endpoint map for this global chart will be denoted by

(7) F:U—MxM, F(uz)=F(A(u,z)).
We also set
(8) F-U — M, Fl(u,z)=F'(A(u,z)) = Alu,z)(t).

In words, F(u,z) is the evaluation at time ¢ of the curve A(u,z) defined in (@).
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The map A is continuous (both for the strong and the weak topologies on
L*(I,R¥)) and has a right inverse y : Q — U defined by

n(y) = (u*(v),7(0)),

where u* () is the control realizing the minimum of || - ||* on A=1(v). This control
is called the minimal control |2 Section 3.1.1]; its existence and uniqueness follow
from the next lemma.

Lemma 2. The set A7 (y) = {u € L*(I,RY) |4 = 3, u; X;} x {7(0)} is convex
and closed.

Proof. Since A is continuous, A71(%) is closed. Moreover, if (u,v(0)), (v,~(0)) €
A~1(v), then
1

l
F=MAA=N)F =2 wXi+(1-X1)) vX;
i=1 i=1

l
Z )\uz z)Xi>
which means that the convex combination Au + (1 — A)v is still an element of
A7) O

It is also useful to give a pointwise characterization of the minimal control. This
is the aim of the next lemma.

Lemma 3. Let v € Q be an admissible curve and let u* be the associated minimal
control. Then for a.e. t € I (more precisely at every point of differentiability of ~)
u*(t) is uniquely characterized as

!
9) u*(t) = argmin {|’U|Rl v € R! satisfies 4(t) = Zvi Xi('y(t))} )

where | - | denotes the euclidean norm in R'.

Proof. First of all, analogously to the proof of Lemma 2] one can show that {v €

R! ¢ 4(t) = Zizl v; X;i(7(t))} is a closed convex subset of R', so there exists a
unique element of minimal norm. This shows the existence and uniqueness of the
minimizer in ([@). For the moment let us denote with %(t) such a minimizer; we are
then left to prove that @(t) = u*(¢) for a.e. t € I. The measurability of @ is proved
in [2 Lemma 3.11]. Moreover by the definition of @ we have

|a(t) gt < |u*(t)|pe for a.e. t €]0,1],

which gives that @ € L2(I,R!) with ||a|| < ||u*||. Since by construction 7 € A~1(y),
the definition of u* as a unique element of minimal L%-norm implies that @ = u*
a.e. (]

Notice that the combination of (B and Lemma Bl yields
1 *
(10) J(0) = Slw (I,
a fact which will be useful in the next proposition.

Proposition 4. The map p: Q — U = L*(I,R') x M is strong-strong continuous.
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Proof. Let {yn}nen C Q be strongly converging to v € 2 and let u;,, ul € L2(I,RY)
be the associated minimal controls. First of all it is clear that ~,,(0) — v(0), so we
have to prove that u,, — ul strongly in L2(I,RY).

On the one hand, the strong convergence combined with ([I0) implies that

1 * (12 1 _ 1 . * 112
(1) Sl = 76) = lim () = 3 Tim s

On the other hand, since the sequence u’ is bounded in L%, there exists us, €
L?(I,RY) such that u? weakly converges to us, in L?(I,R'). By the weak-strong
continuity of the endpoint map stated in Proposition [Il we get that A(us) = or,
in other terms, us € A7 (7). The definition of u* then implies that [|u} ]| < ||t ||
with equality if and only if u] = ux a.e.

But the lower semicontinuity of the L?-norm under weak convergence gives

Jrtoell < timin g | = Tim s | = 3]

where we used (). Therefore uo = u and uj, — u? strongly in L*(I,R') as
desired. 0

2.6. The loop space. We say that a horizontal curve v : I — M is closed if
~v(0) = ~(1); in this case ~ is also called a loop. The horizontal base-point free loop
space is defined by
A = F~!(diagonal in M x M).
In local coordinates U ~ L?(I,R¥) x R™ we have
ANU = {(u,2) | Fy(u) —z =0},
where F! was defined in (§). We also set
A = F~Y(diagonal in M x M) C U,

the counterpart of A in the global chart & = L?(I,R!) x M.

The loop space is a closed subset of €2 both for the strong and the weak topology,
but in general it is not a sub-manifold (the endpoint map may not be a submersion).
We say that a loop « is regular if

(12) G(u,z) = F}(u) —x is a submersion at (u.,7(0)),

x

ie., if diy (0)G : L?(I,RF) x R™ — R™ is surjective. Note that this is in contrast
to the Riemannian case, where the loop space is a smooth sub-manifold. However
at least in the contact case we can characterize the set Sing(A) of its singular points:
it coincides with the set of constant curves (see Proposition [I8 below).

Remark 3 (On the various definitions of endpoint maps). It is worthwhile at this
point to collect the notation used so far for endpoint maps. On the path space
F:Q — M x M (no coordinates have been fixed) the endpoint map takes a curve
v and gives its endpoints (y(0),v(1)). We will also use F*' : Q — M to denote
the map giving only the final point. Fix a coordinate chart U ~ L? x R™; the
map F'(u,z) gives the final point (i.e., (1)) of the solution of the Cauchy problem
). Similarly, fixing just a (locally) trivializing frame for A and charts on an open
subset of L2(I,R¥), F!(u) gives the value of the solution at time ¢ of the Cauchy
problem (). In the global chart &/ the analogous maps F and ﬁ‘; are defined by,
respectively, () and (). Finally notice that all these definitions make sense for
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u € L%([0,T],R*) as long as t < T (we will be using this observation in the section
on the Hurewicz property).

2.7. The Hurewicz fibration property. Recall that a map F' : X — Y is a
Hurewicz fibration [I8] if it has the homotopy lifting property for every space Z:
for every homotopy H : Z x I — Y and every lift Hy : Z — X (i.e., every map
Hy:7Z — X satisfying F(Hoy(-)) = H(-,0)), there exists a homotopy H:ZxI—X
lifting H; i.e., F(H(z,t)) = H(z,t) for all (z,t) € Z x I, with H(-,0) = Ho(-).

In order to prove that the restricted endpoint map F|j : A = M is a Hurewicz
fibration, we will need two technical results from [§] (strictly speaking, the image
of the map F' is contained in the diagonal in M x M, but we can identify it with
M itself).

Proposition 5 ([8], Proposition 2). Every point in M has a neighborhood W and
a continuous map

6:W x W — L*([0,00),R") x R
(z,y) = (o(z,9), T (z,y))
such that Fy ™Y (o(z,y)) =y and 6(z,z) = (0,0) for every z,y € W.

Proposition 6 ([8], Proposition 3). The map C : L?(I) x L?([0, +00)) x R — L*(I)
defined below is continuous:

(T + Du(t(T + 1)), 0<t < +—,
Cu, v, T)(t) = L
(T4 DT+ 1t -1), g <t<l

Moreover (extending the definition componentwise to controls with value in R') we
also have EX T (ux v) = FX(C(u,v,T)) for every x € M (here u * v denotes the
usual concatenation).

We will also need the following variation of the map C defined above:
C™ : L([0,00)) x L*(I) x R — L*(I).
In order to define C~ we first define for a control u € L?([0,T],R!) the backward
control B(u)(t) = u(T —t). Notice that if F (u) = y, then F(B(u)) = . We
define then
C (u,v,T)=1B (C(B(v),B(uhQT]),T)) .

Since B : L? — L? is continuous, Proposition ] implies that C~ is continuous as
well. Essentially the flow associated to the control C~ first goes through w7 and
then goes through v; note that if T'= 0 it just reduces to the flow of v. In the next
lemma we prove that F |z : A — M is a Hurewicz fibration (as above, the image
of F is in the diagonal in M x M, which we identify with M itself); this will be
the key technical property in order to investigate the topological structure of A.
After this technical step, in Theorem B we will prove that F|, itself is a Hurewciz
fibration. Recall that A :== F~1(M) c L*(I,R!) x M.

Lemma 7. The map F|]\ : A = M is a Hurewicz fibration.

Proof. By the Hurewicz uniformization theorem [I8], it is enough to show that the
homotopy lifting property holds locally; i.e., every point « € M has a neighborhood
W such that F | 5 LW has the homotopy hftlng property with respect to any space.
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Pick x € M and let W be the neighborhood given by Proposition Bl together
with the corresponding & = (0,T). Consider a homotopy H : Z x I — W (here
Z is any topological space) and a lift Hy : Z — A (i.e., F(Hy(z)) = H(z,0) for all
z € 7).

Set?cing T(z,t) = T(H(2,0),H(z,t)) and denoting by p; : L?(I,R)) x M —
L?(I,R!) the projection on the first factor, we define the lifting homotopy H :
Z xI—U by

H(z,t) = (€7 (o(H(2,t), H(2,0)),€ (pr(Ao(2)), 0 (H(=,0), H(z,1), T(2,1)) , T(2,1)) , H(,1)).
By construction H is continuous, it lifts H, and H (Zx1I)C A. This proves that

F | P w) has the homotopy lifting property with respect to any space, and since
we can cover M with neighborhoods of the form W as above, the result follows. [

Theorem 8. The endpoint map F|p : A — M is a Hurewicz fibration.

Proof. Let H : Z x I — M be a homotopy and let Hy : Z — A be a lift of H.
Consider the map R R )
Hy: 7 — Z/{, H()(Z) = /L(H()(Z))
Since 4 is a continuous right inverse for A (by Proposition ),
F(Ho(2)) = F(A(u(Ho(2)))) = F(Ho(2)) = H(z,0),

and Hy is a lift of Ho. By the previous lemma there exists a lifting homotopy
H:ZxI—AforH:ZxI— M. The map

H:ZxI—A H(zt)=A(H(z 1))
is a homotopy lifting H. |

2.8. Homotopy type of the loop space. As a corollary of Theorem 8 we can
derive the following result, which is an analogue of the classical one in Riemannian
geometry (we refer the reader to [23] for a survey of the classical results).

Theorem 9. For every k > 0 we have the following isomorphismE

(13) Ti(A) >~ (M) X 71 (M).

Proof. Since F|p : A — M is a Hurewciz fibration, we have a long exact sequence
27]

(14) o T () = TR(A) 5 (M) = T Q) =

where ), » denotes the set of admissible curves starting and ending at a fixed point
x. Recall that [8, Section 2.3]

Trk(Qa:,w) ~ 1 (M) VE>0.
Also notice that the map s: M — A defined by
(15) s(z) = constant curve 7, such that v,(t) =z

is continuous and defines a section of F' (i.e., it is a right inverse of F'). In particular
F, is surjective, and the sequence in (4] splits as

0 = Thi1(M) = mp(A) 25 mp (M) = 0,

and the result follows. O

2See Remark Hlon the semidirect product.
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The homotopy of A can be compared with the homotopy of the “standard” (non-
horizontal) loop space Agq, endowed with the W12 topology. In fact we have the
following much stronger result, asserting that the inclusion of one space into the
other is a strong homotopy equivalence. (Notational remark: Often in the literature
“strong homotopy equivalence” is simply referred to as “homotopy equivalence”;
here we prefer to use the term “strong” in order to stress the difference with “weak
homotopy equivalence”.)

Theorem 10. The horizontal loop space has the homotopy type of a CW-complez,
and the inclusion i : A — Agq is a strong homotopy equivalence.

Proof. Since the map F|p : A — M is a Hurewicz fibration and the base M has
the homotopy type of a CW-complex as well as any fibre F|X1($) = Qo (by
[8, Theorem 5]), then the total space A has the homotopy type of a CW-complex
by [24], Proposition 5.4.2].

Since Agiq has the homotopy type of a CW-complex, to prove that the inclusion
i : A — Agq is a strong homotopy equivalence it is enough to prove that the map
ix : T (A) = Tk (Asta) is an isomorphism. The result will then follow from Milnor’s
extension of Whitehead’s theorem [2I, Lemma 5.1] (see also [24, Lemma 5.3.2]).

The fact that i, is an isomorphism immediately follows from the naturality of
the long exact sequences of Hurewicz fibrations and the fact that the splitting in
([I4)) yields for every k > 0 a commutative diagram:

0 —— mpr1(M) —— mp(A) —— (M) —— 0
(10 | Ji |
0 —— 7Tk+1(M) e Wk(Astd) e Wk(M) — 0

Since the two extremal vertical arrows are isomorphisms, i, is also an isomorphism.
|

Remark 4. Notice that in the statement of Theorem [ the group 7 (A) is abelian
for k > 2; hence the action of 7 (M) on w1 (M) in (I3) is trivial. The semidirect
product description is especially interesting only in the case k = 1, for which the
action of m (M) on mo(M) is the same one as results from the short exact sequence

F
0— 7Tk+1(M) — '/Tk(Astd) — ’iTk(M) — 0.
This last statement follows from the fact that the diagram (I6]) is commutative.
The following corollary sharpens the local structure of A near a singular loop.

Corollary 11. FEvery loop v € A (in particular a singular point of A) has a neigh-
borhood U such that the inclusion U < A is homotopic to a trivial loop (i.e., a
constant).

Proof. Since A has the homotopy type of a CW-complex by Theorem [I0] above, the
result follows from [24], Proposition 5.1.2]. O

2.9. Deformation of homotopy classes with small energy.

Theorem 12. Let M be a compact sub-Riemannian manifold. There exists € > 0
such that if f: S* — A is a continuous function satisfying

sup J(f(0)) <,
0eSk



HOMOTOPY PROPERTIES OF HORIZONTAL LOOP SPACES 199

then f is homotopic to a map f’ with values in the set of constant curves s(M) C A:
f~f, forsomef :S*— s(M),

where the map s : M — A was defined in ([{T). More precisely, one can choose
f(0) = s(£(6)(0)).
Proof. Let us consider a splitting TM = A @ A+ and a Riemannian metric g on
T M such that

gla = the given sub-Riemannian metric.
Let us denote by B(z,e¢) the Riemannian ball centered at x of radius e and by
B (z,€) the sub-Riemannian one. Since M is compact there exists € such that for

every € M the ball B(xz, v/2¢) is geodesically convex (with respect to g). Moreover
since dy(z,y) < ds(x,y) we can also assume that for such an € and for all z € M:

By (x,v/2€) C B(z,V2€).

Now the hypothesis that J(f(¢)) < e implies that the sub-Riemannian length of
the path f(6) is smaller than v/2¢ and consequently

F(0)(t) € Bo(£(0)(0),V2€) € B(£(6)(0), V2¢) Vit € [0,1].
Now define the map
H(0)(s,t) = 71.6(5),
where v, 0(+) : [0,1] — M is the unique Riemannian length minimizing the geodesic

1]
from f(0)(t) to f(6)(0). Because of its uniqueness, ;9 depends continuously on ¢
and 6, and

H:S* T = Aga, (0,8) — 7.0(5)
defines a homotopy in Agq between H(-,0) = f and the map f’ = H(-,1) defined
by
£1(0) = s(£(6)(0)).
In other words, denoting by h : S¥ — M the map h() = £(6)(0), we have
(17) [retera) = [Fmctrua) =[50 Alap(dsa) = S+ [Blm,n)-
By the naturality and commutativity of the right square in (I6) we have the fol-
lowing commutative diagram (vertical arrows are isomorphisms):
TR(A) —— ™ (M)
l =]
A@td (M)
r\/

Sx

The commutativity of this diagram, together with i.([f]r,(A) = [flre(Awa) =
S«[h]r.(ar) (this is the content of the chain of equalities in (I7)), and Theorem
finally give

ey = sx[Mlrpary = [f )
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Corollary 13. Let M be a compact sub-Riemannian manifold and let k € N be
such that mp11(M) # 0 and 7 (M) = 0. Then there exists € > 0 such that for every
non-zero « € m(A):

inf sup J(f(0)) >,

[fl=a gegk
where the inf is taken over all continuous maps f : S* — A such that [flrea) = .

Proof. First of all, thanks to Theorem [ we have that m(A) ~ 71 (M) # 0.
Assume that for some non-zero o € m(A) we have inf[;_, supgegr J(f(6)) = 0.
Let € > 0 be given by Theorem 2 and consider f : S¥ — A representing o such
that

sup J(f(0)) <e.
0eSk

Then, by Theorem [[2, f ~ f’ with f/ = soh and h: S¥ — M. Thus
@ = [flepr) = [f'Trea) = s«[Blrp(ar)-

On the other hand, by assumption on k, we have that m(M) is zero and conse-
quently [h] = 0, contradicting a # 0. O

2.10. Closed sub-Riemannian geodesics. Let us start with the definition of
closed sub-Riemannian geodesics (to be compared with [8, Section 4.1]).

Definition 14 (Closed sub-Riemannian geodesic). A non-constant curve v : S1 —
M is called a closed sub-Riemannian geodesic if it satisfies the following properties:

(1) it is absolutely continuous,

(2) its derivative (which exists a.e.) belongs to the sub-Riemannian distribu-
tion,

(3) it is parametrized by constant speed,

(4) it is locally length minimizing, in the sense that for every § € S! there
exists §(¢)) > 0 such that 7|jg_s(9)64s(6) is length minimizing; i.e., the
restriction Yg_s(9),0+5(6)] has minimal length among all horizontal curves
joining (0 — 6(6)) with v(6 + §(9)).

The following proposition gives a sufficient condition for a regular curve v € A
(in the sense of (I2)) to be a closed geodesic. Let us mention that (I8]) below
corresponds to the (normal) Lagrange multiplier rule associated to the problem
of extremizing (i.e., finding a minimum or more generally a critical point of) the
energy functional J among all loops (with no fixed base point). Clearly the global
minimum is 0, but here, in the spirit of Morse theory, one is interested in more
general critical points (typically local minima or of saddle type), which are non-
trivial.

Notice also that (I8) is equivalent to V(J|x) =0 at (u, ).

Proposition 15. Let M be a sub-Riemannian manifold and let v : I — M be a
closed horizontal curve such that there exists a non-zero A € R™ with the property
that in some local coordinates around v = Yy ) we have

where G(u,x) = F}(u) — z. Then v is the projection of a periodic trajectory for
the sub-Riemannian Hamiltonian vector field (i.e., it is the projection of a periodic
sub-Riemannian normal extremal). In particular v is smooth and, identifying the
endpoints of the interval [0,1], it extends to a closed sub-Riemannian geodesic.
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Proof. Given coordinates on a neighborhood U ~ L?(I,RF) x R™ of y € €2, we can
write
ANU = {(u,r)|G(u,z) = F}(u) — x = 0}.
Let us denote by ¢! : W — M the flow from time s to time ¢ of the (time-
dependent) vector field ), u; X;. Then we can write

dw)G = (duF},dypy' —1)  and  d(y . J = (u,0).
Thus equation (I8]) can be rewritten as
(19) M F!=u and Mdo%' —1)=0.
The equation on the left of (I9]) says that u is the projection of the normal extremal
[2, Proposition 8.9]:
AT —T*M, At) = (ob)*A
The equation on the right of (1)) is equivalent to
M0) = (py!)" A=A = A1),
which tells exactly that the extremal A(¢) is periodic.

On the other hand, [2, Theorem 4.61] (see also [8, Proposition 14]) implies that
the curve 7 is locally length minimizing and parametrized by constant speed. Since
it is the projection of a periodic trajectory of the sub-Riemannian Hamiltonian
field, identifying the endpoints of the interval of definition gives a map v : S* — M
satisfying properties (1)-(4) above. O

2.11. Closed geodesics realizing a given class in 71 (M). Before going to the
core of the paper, which will consist of the min-max construction of a closed geodesic
in simply connected contact manifolds, in this short section we show that if 71 (M)
is non-trivial, then there always exists a closed geodesic, no matter whether the sub-
Riemannian structure is contact or not. This will be achieved by a minimization
process, well known in the literature as “direct method in the calculus of variations”.

Theorem 16. Let M be a compact, connected sub-Riemannian manifold such
that m (M) # 0. Then for every non-zero « € m (M) there exists a closed sub-
Riemannian geodesic 7y, : St — M such that Yalm (ar) = «. Moreover, 7o min-
imizes the energy J (and thus also the sub-Riemannian length) in its homotopy
class:

J(Ya) = min{J(7) : y € a}.
Proof. First of all, since by assumption M is connected, we have mo(M) = 0. By
Theorem @it follows that mo(A) ~ 71 (M), and the two will be identified in the rest
of the proof. Moreover, the assumption that a € mg(A) is non-null implies, thanks
to Corollary [[3] that there exists € = () > 0 such that
inf J(a) =€, > 0.

YEQ

Let v, € a be a minimizing sequence for J (i.e., J(yn) — €o as n — oo0) and
call (u},z, = v,(0)) € U the associated minimal controls and the initial points,
respectively. By the relation (I0) we clearly have that

1
5””2”2 =J(1m) = € asn — oo.

In particular the sequence {u}},en C L2(I,RY) is bounded and thus weakly con-
verges, up to sub-sequences, to some control @ € L2(I,Rl). On the other hand,
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the compactness of M ensures that, again up to sub-sequences, there exists T such
that x,, — Z. Called ¥ = A(@,Z), the associated limit curve as in (@), the lower-
semicontinuity of the norm under weak convergence gives

1 1
) < Zg 2 < Zlimi * 112 — Tim _
J(A) = gllall” < 5 liminf o ||° = iminf J(yn) = €a.

Thus, in order to conclude the proof, it is enough to show that 5 € «.
To this end, using that Lemma [I7] below yields the uniform convergence of -,
to 4, we infer that

ix(@) = G ([Ynlro(a)) = [Mlmo(Acea) = Dro(haa) = G (W mo(a))-

But now i, : mo(A) = mo(Asta) is an isomorphism thanks to Theorem[I0l Therefore
we conclude that [¥],a) = a, as desired.

Since 4 minimizes the functional J in its homotopy class, we have that V(J|a) =
0 at 4, and thus 7 is a smooth closed sub-Riemannian geodesic by virtue of Propo-
sition O

In the proof of Theorem we have used the following result, well known to
experts but whose proof we recall for the reader’s convenience.

Lemma 17. Let (u,, ), (4,7) € U = L*(I,R") x M be pointed controls in the
global chart and let v, = A(un, 2n), 57 = A(4, T) be the associated curves as in (G).
Assume that

Tp =7,(0) = 7(0) =2 in M and wu, —a weakly in L*(I,RY).
Then 7y, — 7 uniformly.

Proof. 1t is enough to show that there exists

i=1,.

T=T( sup | Xilcr(ny,sup [luall) >0
1,....0 neN

such that v, |j0,77 = 7/[0,7) uniformly.
Since by assumption u, — u, by the Banach-Steinhaus theorem we know that
sup,, ||un|| < oo and therefore the Cauchy-Schwartz inequality gives

t t 1/2
snn (@000 < [ Bl <07 ([1aP) < VBRIV < 0025 |
0 0 n

where dgr is of course the sub-Riemannian distance. In particular, as z,, — T,
there exists 7" = T'(sup,, ||ul|») > 0 such that v,|jo,7 are all contained in a fixed
coordinate neighborhood W of Z. Observe also that there exists Cp, > 0 such that

(20) |Xz($1) — Xz(I2)| < CL|1‘1 — l‘2| VIl,IQ cW.

For ¢t € [0, T] we can then estimate

() —m@®)] < [7(0) =7 (0)] +

t 1
/O 3 () Xi(3(5)) = tn(3) Xi () ds

t
< Jz—al+ / S (@1(5) — wni(s)) Xi(3(s)) ds
tz_ll
][ S a(Xil3(6) = X)) s
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Now the integral in the first line converges to 0 as n — oo due to the weak conver-
gence u, — % in L?(I,R!). The integral in the second line can be easily estimated
using (20) and the Cauchy-Schwarz inequality as

¢+
/ > wi(s)(Xi(3(s) = Xi(ya(s))) ds| < CVT al| sup |yu(s) = 3(s)],
0 ;=1 s€[0,T]
where C depends only on C, and dimensional constants. Since by lower semicon-
tinuity we know that ||z|| < liminf, ||u,| < sup, ||un|/, the combination of the last
three inequalities gives
sup [3(t) = 1 (t)] < €0 + Csup unl| VT sup [3(t) = 1 (b)),
t€[0,7 neN te[0,T]
where €, — 0 as n — oco. Choosing finally T' = T'(C, sup,,cy ||un||) > 0 such that
C'sup,,en |[un|| VT < 1/2, we can absorb the rightmost term into the left hand side
and get

sup |3(t) — 1 ()] < 2¢, — 0,
te(0,T]

as desired. 0

3. CONTACT SUB-RIEMANNIAN MANIFOLDS

A contact sub-Riemannian manifold is a sub-Riemannian manifold (M, A) such
that A C TM is a contact distribution (see [22, Section 6.1.2] for more details).

3.1. Singularities of the loop space in the contact case. Recall that a loop
v € A is said to be regular (or smooth) if the following holds: denoted with U ~
L?(I,R*)xR™ aneighborhood of v and with G(u,z) = F}(u)—=, G is a submersion
at v. The set of regular points of A is denoted by Reg(A). If instead « is not
regular, then it is called singular, and the family of singular points of A is denoted

by Sing(A).
Proposition 18. If M is a contact manifold, then
Sing(A) = {v: 1 = M|[~(t) =~(0)}.

Proof. Let us fix coordinates on a neighborhood U ~ L?(I,R*) x R™ of a curve 7.
Then we can write

ANU = {(u,7)|G(u,z) = F}(u) — x = 0}.

Denoting as above by %! : W — M the flow from time s to ¢ of the vector field
> ui X;, the differential of G acts as

(21) Ao, G, &) = do Foi + dppiy' & — .

Recall that in the contact case the only critical point of the endpoint map F} is
the zero control ([2 Corollary 4.40]; see also [22, Chapter 5]). In particular if
is not a constant curve, then d, F}! is a submersion, and consequently diu,z)G is a
submersion as well, implying that - is a regular point of A. On the other hand, if v is
a constant curve, then u = 0 and the differential do F} is not a submersion (its image
equals A, ). Moreover ¢! = idys and consequently dwgpg’lds = &. Substituting this
into (2I)) we get
im(d(,)G) = Ay,

which shows that «y is a singular point of A. O
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3.2. Palais-Smale property. We denote by g the restriction of J to A:

g:A=R, g(v)=J().

Notice that on Reg(A) the gradient of g, denoted by Vg € L?(I,R¥), is well
defined and coincides with the projection of dJ on the tangent space to A. On the
other hand, if v € Sing(A) and (M, A) is contact, then by Proposition [I8 we know
that v is a constant curve and thus d,J = 0. It is then natural (and we will use
this convention) to set V.,g = 0 in this case.

The following theorem is one of the new main technical tools introduced in this
paper and will play a crucial role in the proof of the existence of a closed geodesic
in contact sub-Riemannian manifolds.

Theorem 19 (Palais-Smale property holds for contact manifolds). Let M be a
compact, connected, contact sub-Riemannian manifold and let {yn}nen C A be a
sequence such that

g(wm) <E and vang” — 0.

Then there exist 7 € A and a sub-sequence {Yn, tren such that y,, — 7 strongly in
Qb2

Proof. First of all if v, is a constant curve for infinitely many n’s, then trivially
the compactness of M ensures the existence of a limit constant curve 4 such that
the thesis of the theorem holds. Therefore without loss of generality we can assume
Yn € Reg(A) for every n € N.

Consider a global chart ¢ and set u), = u*(7y,) the minimal control associated
to v,. Since by [I0) we know that 1|ui||? = g(7,) < E, there exists a weakly
converging sub-sequence of {u} }nen (still call it ). Using the compactness of M,
we can assume also that the sequence of starting points converges z,, = 7, (0) — T:

(uy,xy) — (4, ).

The weak-strong continuity of F stated in Proposition [l then implies that

F(w,z) = lim F(u},z,) = lim (2,,2,) = (Z,1),
n—oo n—oo
which proves that 7 = A(w, ) is a closed curve. Now two possibilities arise:
(1) 7 is a regular point of A;

(2) 7 is a singular point of A, and in particular by Proposition[I§it is a constant
curve.

We will deal with these two cases separately.

3.2.1. The case 7 is a reqular point of A. In this case the proof proceeds in a
similar way as in [8, Proposition 10]; we sketch it here for the reader’s convenience.
Let U ~ L*(I,R?*) x R?¢*! be a chart containing ¥ = (u,Z) (here k = 2a and
m = 2a + 1 since we are in the contact case); in this chart

5 = Y mOXE.0,  (0) =7

Since 7, converges to 7 uniformly, eventually there exists a sequence of associated
controls {(un, Tn)}n>w in this chart such that v, = vy, z,) for all n > 7.

After possibly shrinking U, we have that AN U = G~1(0), where G was defined
by G(u,z) = F}(u) — o and the equation G = 0 is regular in U (because ¥ is a
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regular point of A, the differential of G is therefore submersive on a neighborhood
of (T, T)); see Section

Let {e1,...,e2411} be a fixed basis for R?***! and for every n € N and i =
1,...,2a + 1 define

n __ * n __ n n
w;' = d(y, 2, )G e; and W™ =span{wy,...,wy, 1},

where d(y, ., )G* : R™ — L*(I,R*) x R***! is the adjoint operator (here we
identify a Hilbert space with its dual). The condition that the point (@,Z) is a
regular point of A ensures that d(y z)G is a submersion; hence d (5 z)G* has maximal
rank (i.e., it is injective).

Using the notation of Proposition I8, we can write d, G = (duFy,do0"
— 1), and since both (un, 2y) = dy, Fy, and (un, @) — do, ¢} are weak-strong
continuous,

(22) wp 2y = dg G Yi=1,...,2a+ 1.
Notice that T, »,)A = (Wn™)+ and V(un,zn)d = (Un,0); hence we can decompose

(uru 0) = V(un,zn)g + prOjW" (un7 0)

By assumption V(y, .9 — 0 and [u,|| is bounded. Moreover the fact that ¥
is a regular point of A implies that dz) ™" has maximal rank and the vectors
{W1,...,Waq+1} in ([22) form a linearly independent set. In particular (up to sub-
sequences) we can assume that the sequence {projyn»(tyn,0)},en converges to a
limit @ € W. Putting all this together we obtain (up to sub-sequences)

strong __

(up,0) — w,

and consequently (u,,z,) — (W,T).

3.2.2. The case 7 is a singular point of A. In order to deal with this case we will
need to use special coordinates centered at 7, coordinates provided by the next
lemma.

Lemma 20. Let M be a contact sub-Riemannian manifold and fir T € M. There
ezist Hilbert manifold coordinates (u,x) on a neighborhood U ~ L?(I,R?%) x R2e+1
centered at the constant curve v € Q, y(t) =T, such that

1
(23) Pluo)=L(e P)) and Ju)=gulP+ | (u(t) RO ®)u(0) dt.

where:

(1) The map L : R?e+L x R2e+L — R2e+L 4s gffine in each variable (more
precisely, L is the left-translation in a Heisenberg group).

(2) The map F : L*(I,R?*) — R2*t! (which corresponds to the endpoint map
centered at zero for the Heisenberg group above) is given by

(24) F(u) = (/Olu(s) ds,/ol <u(s),A/Osu(T)dT> ds).

(Here A is the 2a x 2a skew-symmetric matriz, representing the bracket
structure in the above Heisenberg group.)
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(3) The map R :R?*T! — Sym(2a,R) is smooth and satisfies
R(0)=0 and doR=0.

Proof. By [4, Theorem 6.9] there existdd an open neighborhood W with coordinates
(z,y,2) € R* x R* X R centered at Z = (0,0,0) such that A|y is spanned by a
sub-Riemannian orthonormal frame {X,..., X,,Y1,...,Y,} of the form

Xl' = 81-7 + ’72%82 +b1,iZ1,i, Y; = 5‘% — 72%@ +b271‘Z27i Vi = ]., e, Q.
5’—/ 5,—/
X; Y;

For all i« = 1,...,a we have that 0 # +; € R, Z;; and Z,; are bounded vector
fields on W, and by ;,b2; : W — R are functions such that b, ;(0) = b3 ;(0) = 0 and
dObl,i = d()bgﬁi =0.

Denoting by A = span{f(i,ffi,i =1,...,a}, we can write (again by [4 Theo-
rem 6.9])

A =ker | dz — Z fi(0)(zidy; — yidx;)
i=1

w

a
and A =ker | dz— Z filxidy; — yidaxy)

i=1

w
for some smooth functions fi,..., fa.
We consider now the family of differential forms:

wr = (1 —t)o + tw.

We want to build a family of diffeomorphisms 1; of a neighborhood W' of the
origin, fixing the origin, such that ;w; = wo and

(25) do1 = id + terms of order two.

Notice that on a sufficiently small neighborhod of the origin w; is a contact form
for all t € [0, 1].

In the new coordinates induced by ¢; we will have that (R?**1 A) is a con-
tact Carnot group (a Heisenberg group; see [5] for more details on the geometry
of endpoint maps for Carnot groups). This choice of coordinates on W’ and the
trivializing frame {X], Yii=1,... ,a} for Al define coordinates on a neighbor-
hood of 7 in the Hilbert manifold €2. The endpoint map centered at zero writes
exactly as in ([24]) (see [5, Section 2.2]), and the endpoint map centered at a point
x is obtained by composition with the left-translation by z in the Carnot group.

3The three-dimensional case is proved in [3, Theorem 2.1] (see also [7, Theorem 19]). In
fact the statement of [4, Theorem 6.9] claims something much stronger than what we need (the
existence of a normal form), but it also makes a slightly stronger assumption (the contact structure
should be “strongly nondegenerate”). However, it follows from the proof of [4, Theorem 6.9] that
relaxing their hypothesis to general contact structures still provides a frame in the form that we
need. Alternatively one can redo the proof of [3| Theorem 2.1] for the 2a 4+ 1-dimensional case
and notice that the weaker conclusions still guarantee the existence of the required frame.
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Using ([28) we can write the matrix S, representing the scalar product on A
induced by pulling back the metric from A using 1, as

S(p) = Jur(p)* T (p) = 1 + terms of order two,

which will imply the claim.

It remains to prove the existence of such a family ;. We use the classical Moser’s
trick, realizing 1; as the flow of a non-autonomous vector field X;. We adapt the
proof of [14, Theorem 2.5.1]. For the rest of the proof let us use the convention
that the symbol €(k) denotes “terms of order k” in p as p — 0.

Since the flow of a vector field admits the expansion

(o) =p+ / X, (p)dt + e(2),

it is clearly enough to prove that we can find X satisfying X; = €(2).

We write X; = HyR; + Y;, where R; is the Reeb vector field of w; (which in
this case just equals 0.), H; is a smooth function, and Y; € ker(w;). We can look
for X; € ker(w;), thus setting H; = 0 in the proof of [14] Theorem 2.5.1]. Then
Yiwy = wo simply writes as
This is in turn equivalent to the pair of equations
(27) (wt =+ Z'ytdwt)(az) = O and (wt + thdwt)|kerwt = O
By construction iy, dw:0, = Ly,w(9,) — d(wi(Y:))(9,) = 0 and

a

(28) Wr =Y _(fi = £(0) (widy; — yida;) = €(2).

i=1
Consequently R; = 0, € ker(w;), and thus the first equation in (27]) is automatically
satisfed. The non-degeneracy of dwt|ker(w,) implies then that we can find a unique
Y; solving the above equation (as in the proof of Gray’s stability theorem; see
[14, Theorem 2.2.2]). Using matrix and vector notation for differential forms, there
exist & and € such that

d-}t|kerwt (’U) = gE’U and dwt|kerwt (Uh U2) = ”{Qtv}
We see that (20) is equivalent to
(29) 0 =&,

Note that & = €(2) by ([28)) and, since dw; = dw+€(1), we also have Q; = Q¢ +¢€(1).
Denoting by P; the orthogonal projection on the image of the operator € :
ker(w;) — R2%T1 we can write (29) as

MY, =&, M= PfY.

Now M; : ker(wy) — im(€);) is an invertible operator and by construction M; =
My + ¢(1). As a consequence:

Yy =M = (Mo+e(1) "6 = (My ! +€(1)&
My + (1) = €2) + (3) = (2).

This proves the existence of X; = Y, satisfying our requirements. The flow of X,
is defined for all ¢ € [0, 1] at p = 0 (simply because it fixes the origin); hence it is
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also defined for all ¢ € [0, 1] on a sufficiently small neighborhood W' of the origin.
This concludes the proof. ([l

Going back to the proof of Theorem[I9in the case 7 is a singular point of A, we fix
the coordinates given by Lemma 20l and we proceed to show the next intermediate
lemma. Note that in such coordinates J is not equal to the L? squared norm of the
control, so one should not expect the usual formula d, ,)J = u.

Lemma 21. Let vy, »,) — 7, where ¥ = I, and consider the coordinates given in
Lemma centered at T. Then
strong

(30) v(un@n)‘] = (u7l7 O) + Tn wzth Th — O

Proof. In coordinates, the differential of J can be computed as
1 1
1) = [ (a0).u(®)t +2 [ (000), RO (O)u(t)
1
+/ u(t), (dy,, ()R d@o F (0, &) ) ut) ) dt = (x).
) < ( Vo) (8) 1 A u,z) ) >

In this equation F* denotes the time-t endpoint map F*(u,x) = 7(y4)(t) in this
chart (such a map was previously denoted by F(u); this slight abuse will simplify
the notation in the next computations) and its differential can be computed as

Ay F' (0, &) = d Fhie + dppt .

In particular,

Ri(u,x)t

+ /01 <u(t)7 (dww(t)RduF;u) u(t)> dt + /01 <u(t), (dwum(t)Rdw@%tjz) u(t)> dt.

Ro(u,x)u R3(u,x)d

We will prove below that if (u,,z,) — (0,0), then the three linear operators
Ri(un,xy), Ro(tn, x,), and Rs(u,, z,) all converge to zero (strongly); this directly

implies (B0)).
Consider first Ri(un,,). Notice that since 7(,, »,) converges uniformly to 7
(by Proposition [Il) for every e > 0 there exists ny such that

Sup ”R(’Y(un,mn)(t))||Sym(2a,]R) <e for all n > niy,
te(0,1]

where || - |lsym(2q,r) denotes the operatorial norm in the space of the symmetric
matrices Sym(2a,R). Then for all n > ny we have

|1 (ins )| = sup R (tn; 2a)i] < sup / [(a(t), R(Y(up ) (1)) un (t))] dt

llall= llu]=1
1
< sup e/ [6(t)||un(t)|dt < sup e(/ |a(t)] dt) (/ un(t)|2dt)
llall=1 flull=1 0

CO>

1/2 1/2
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where Cy = sup,, ||u,|| < co by the Banach-Steinhaus theorem since u,, — 0. This
proves in particular that || Ry (uy,,z,)|| — 0.

As for the term Ry, notice that the uniform convergence of 7, implies that for
every € > 0 there exists ny such that

st] ||d'7(un z,,) t)RHHom(Rz‘“rl Sym(2a, R)) < € fOI‘ all n > no,
te|0,

where || - |[Hom(r2a+1,8ym(2q,r)) denotes the norm in the space of linear maps from
R2%+1 with values in Sym(2a, R). Thus for all n > ny we can estimate

1 1
/ [(un®), (A, ) R P ) (1))t < € / ()2 |du,, P 1] dt
0 0
1
(31) ge/ lun ()2 (|doFiar] + C1) dt,
0

where in the last line we have used Proposition [[lto infer that u ~ d, F} is weakly-
strongly continuous (and the convergence is uniform in ¢; see [8, Proposition 21
and Lemma 24]). On the other hand, using the expression given in [22], Proposition
5.25] for the differential of the endpoint map (at the zero control), we have

t 2a
|do Fi| = ‘/ 0)u;(t)dt

< 02/ [i(#)|dt < Gl
Plugging the last estimate into ([BII) gives

/01 Kun(t), (o R, L, ) (t)>‘ dt < ¢ Co(Cy + Callil]),  Vn > na,

which proves that ||Rz(un,zy)| — 0.

Concerning R3 we use the fact that the maps (u, z) — %! (z) and (u, ) — d %
are weakly-strongly continuous, with uniform convergence in ¢. The first statement
is just the weak-strong continuity of the endpoint map as a function of both v and
x, as in Proposition [[l The second statement follows from the fact that F(u,z)
is differentiable in z ([I, Section 2.4.1]) and hence its differential 9, F*(x,t) solves
the ODE obtained linearizing (). In particular Proposition III applies to this new
control system, and if (un, #,) — (%, T), then the matrix d,, ¢%! converges to dxcpu
uniformly in ¢. Thus, for every e > 0 and n > ng we have

[R5 (un, 2n) || = Sup | R3(tn, )|
1

/ ‘ Un 'Y(un,mn)(t)Rdmn @2’:1‘) 'U,n(t)>‘ dt

S/o |un( )| ”d’y(u",mn)(t)R”Hom(H@“‘*’l,Sym(2a7R))|dzn(p2fj;|dt
(32) S € - 0004,

which shows that ||R3(un,x,)|| — 0 and together with the previous two estimates
finally gives (B0). d

We can now conclude the proof of Theorem [I9
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Consider the tangent space T(,, . A C L?(I,R?**) x R?¢*! in the charts of
Lemma 20

T, o)A = {(, %) | du,, 2,) G (1, &) = 0}
oL - OL . .
= {(u,x) %(:cn,F(un)):c + a—y(:cn,F(un))dunFﬂ —&= 0} ,
where I was introduced in (23). We first claim that (uy,0) € T{y,, 2, A, i.e., that
OL

(33) a—y(zn, F(uyp))dy, Fu, = 0.

In order to show (B3), we compute the differential of F' using equation (24):
(34)

d Fi = (/Olu(s) ds,/ol <’[L(S),A/Osu(7')d7'> ds+/01 <u(s),A/Osu(T)dT> ds>.

Notice now that since the curve 7, 5, is a loop, we must have F'(uy,, T, ) =x,. Writ-

ing this condition in the coordinates [23)) gives that L(x,, F(u,)) = F(tun, Tn) = Zn,
which in turn implies that F(u,) = 0: this is because L(x,, F(u,)) = x, is the
element F'(u,) left-translated by z,, in a Lie group where 0 is the identity element.

Writing the condition F (un) = 0 using the explicit expression ([24)) yields

(35) /Olun(s) ds=0 and /01 <un(s),A/Os un(T)dT> ds = 0.

Evaluating d.,, F'u,, using relations (38) in equation (34) with @ = u,, implies (33).

We now use claim (B3] in order to conclude the proof. Let us denote by p, :
L3(I,R?*) x R2a+L — Tu, .« the orthogonal projection. Using the fact that
(tn,0) € T(y, o)\, we rewrite equation ([B0) as

(uvu O) = Pn (una 0) = pn(v(ummn) J) - va(Tn)
(36) = v(un7gn)g - pn(rn)'

By assumption V,, 419 — 0; moreover since p, has norm one (it is a projection
operator) and r, — 0 strongly by Lemma B0 also p,(r,) — 0 strongly. Together
with (B8] this finally proves that (u,,0) — (0,0) strongly and finishes the proof of
Theorem O

3.3. A min-max principle and the existence of a closed geodesic. Let a €
7,(A) and observe that an element f € « is a continuous map from S* with values
into A = A(M), the space of horizontal loops. Set

(37) o = jal sup J(F(0).

The goal of the present section is to prove the following general min-max principle.

Theorem 22. Let (M,A) be a compact contact sub-Riemannian manifold, fix a
class o € m(A), and consider the min-magz level ¢, defined in BT). If co is strictly
positive, then there exists a closed geodesic v, € A realizing the min-max level, i.e.,

J(’Ya) = Cq-

Remark 5. Notice that if ¢, > 0, then it must be a # 0. Indeed, if @ = 0, then
every f € « is homotopic to a constant map and therefore ¢, = 0. In this case
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the min-max level ¢, is trivially realized by constant curves which, by virtue of
Definition [I4] are not closed geodesics.

For every a > 0 let us denote
A*={yeA:J(y)<a} and A’ =A"\A® for0<a<b.

We say that ¢ > 0 is a critical value if there exists a curve v which is a critical point
for g = J|a, i.e., a horizontal loop such that g(v) = J(v) = c and Vg = 0 (since
¢ > 0, A is smooth near v and the classical definition of critical point applies, as
proved in Proposition [I3]).

In order to prove Theorem we will use the following deformation lemma,
which says that if there are no critical values in the interval [a,b], then we can
continuously deform A’ into A® without moving the elements in A%/2.

Lemma 23 (Deformation lemma). Let (M,A) be a compact connected contact
manifold. Let 0 < a < b and assume that g = J|p has no critical values in the
interval [a,b]. Then there exists a homotopy H : [0,1] x A® — A" such that

(1) H(0,-) = Idpe,

(2) H(1,7) € A® for every v € A°,

(3) H(t,y) =7 for every v € A*? and every t € [0, 1].

Proof. First of all, since Sing(A) = A°, we have that A} N Sing(A) = @ and A} is a
smooth sub-manifold of Q. Moreover, by Theorem [I9 we know that g satisfies the
Palais-Smale condition. Notice indeed that if {7, },en is a Palais-Smale sequence
as in Theorem [[9 then a limit 7 still has energy 0 < a < J(7) < b. It follows
that g ar = Jlpp is a C! functional on a Hilbert manifold and one can apply the
standard theory of pseudo-gradient vector fields [10, Lemma 3.2] (equivalently, see
[6] or [28]) to conclude. O

Proof of Theorem 22l First of all observe that since by assumption ¢, > 0 and
(M, A) is contact, every v € g~ *(cq) is regular in the sense of (I2)). Note also that
condition (I8)) in Proposition [[Hlis equivalent to Vg = 0. Therefore it is enough to
show that ¢, is a critical value for g = J|5. Assume by contradiction the opposite.
We first claim that if ¢, is not a critical value, then
(38)
there exists 0 > 0 such that [c, — J,¢q + 0] does not contain any critical value.

Indeed otherwise there would exist a sequence of critical values ¢,, — ¢,; i.e., there
would exist

(39) {Vn}neny € A such that V,, g=0 and g(vn) = J(1m) =cn = ca-

By the Palais-Smale property proved in Theorem [I9 we get that -y, strongly con-
verges, up to sub-sequences, to a limit 4 € A. But since the functional g : A —» R
is O, the properties [B9) force 4 to be a critical point of g with energy c,. This
proves (B8)), since we are assuming c¢,, is not a critical value.

Now we can apply the deformation lemma, Lemma 23] with a = [¢,, — §], b =
[co+0], get the homotopy H deforming A*+9 into A% ~% and show a contradiction
with the definition of ¢,. To this end, call n : A®*9 — A ~?% the deformation
defined by n(v) = H(1,), and observe that by the very definition (1) of ¢, there
exists f € a with f(S*) C AT, Therefore no f is still an element of the homotopy
class a (since homotopic to f via H), but now (o f)(S*) c A9,
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It follows that

inf sup J((0)) < sup J((no [)(0)) < ca 5.
feapegr fesk

contradicting the definition of c,,. |

We can now prove the main result of this section, namely, the existence of a
closed geodesic. Such a result extends the classical and celebrated theorem of
Lyusternik-Fet [20] to the case of contact manifolds (for a self-contained proof in
the Riemannian case, the interested reader can see [17,23L28]). The proof involves
all the tools developed in the paper and follows from the combination of the min-
max Theorem and the homotopy properties of the loop spaces established in
Section 2.9

Theorem 24. Let (M,A) be a compact, contact sub-Riemannian manifold. Then
there exists at least one non-constant closed sub-Riemannian geodesic.

Proof. First of all, if 71 (M) # {0}, then the claim follows by Theorem Notice
that in this case the proof was achieved by a minimization procedure.

If instead 71 (M) = {0}, ie., if M is simply connected, then a minimization
procedure would trivialize and give just a constant curve. To handle this case we
then argue via min-max: thanks to Theorem 22]it is enough to show that the min-
max level ¢, defined in [B7) is strictly positive for some k € N and a € 7, (A). To
this aim recall that given a compact n-dimensional manifold there exists at least
one number 1 < k < n such that m;(M) # 0 (see [27] for a proof). Let k > 2
be the minimal one with this property; i.e., £k € N is the smallest number such
that 7, (M) # {0} but mx_1(M) = {0}. But then Corollary [[3] implies that for
any 0 # « € mp_1(A), the corresponding min-max value ¢, is strictly positive,
concluding the proof. ]
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