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Abstract

The evolution and development of multicellular organisms requires cells to differentiate, 
interact and "collaborate". Our understanding of the molecular mechanisms is still hazy. 
In this dissertation mathematical modelling is used to integrate available experimental data 
and to make testable predictions about such mechanisms. The thesis is split into three 
parts, each of which addresses one of the three challenges: differentiation, adhesion and 
collaboration.

In the first part, a mathematical model is developed to explain how, in the absence of 
polarizing cues from the environment, sister cells with identical genomes can follow distinct 
routes of differentiation. It is shown that difference in cell size, resulting from asymmetric 
cell division, is sufficient to induce differential cell fate in Bacillus subtilis. The model pre­ 
dicts that this effect depends on the allosteric behaviour of a kinase and the low catalytic 
rate of the corresponding phosphatase; both properties were subsequently confirmed in ex­ 
periments. During the development of multicellular organisms, differentiation can arise in 
response to gradients. By example of dorso-ventral patterning it is shown how a shallow 
maternal gradient can be converted into a sharp pattern.

In the second part, a model for cell adhesion via integrins is developed, and it is shown 
that, for physiological parameters, binding of a ligand and of a stabilizing factor such as 
talin are insufficient for ligand-dependent integrin activation, and that a positive signaling 
feedback is required.

In the final part, antibody affinity maturation is studied as an example for division of 
labour between collaborating cells. A novel B cell selection mechanism, based on competi­ 
tion for T cell help rather than for antigen, is proposed and shown to reconcile heretofore 
inexplicable experimental observations. Such a mechanism requires B cells to discriminate 
among different affinities of binding, and it is further shown that this can be achieved if B cell 
signaling is initiated by antigen-dependent receptor-inhibitor segregation. The predictions 
of the model match experimental measurements quantitatively.
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Chapter 1

Introduction

One of evolution's most important experiments was the creation of multicellular organisms 
(Gilbert, 2000).

While unicellular organisms are impressively successful in adapting to a variety of differ­ 

ent environments, multicellular organisms have many advantages over unicellular organisms 

because collaboration and division of labour enables them to exploit resources that are diffi­ 

cult to access for single cells. The association of unicellular organisms into colonies is likely 

to have been an early step in the evolution of multicellular organisms. The formation of truly 

multicellular organisms then required increasing cell specialization and division of labour 

and eventually 'led to the complexity and diversity observed in the many types of cells that 

make up present-day plants and animals, including human beings' 1 . Instead of duplicating 

each somatic cell, reproduction of multicellular organisms only requires the creation of a 

single cell, the fertilized egg, from which the offspring develops. The developmental program 

involves a large number of mitotic cell divisions and subsequent differentiation of cells into 

many different cell types. In a few cases, such as the mammalian red blood cell, cell differ­ 

entiation involves loss of genetic material but the majority of cells retain the original genetic 

information of the fertilized egg and differentiate into different directions by changing their 

program of gene expression. A major challenge in developmental biology is to understand 

how different programs of gene expression are induced, a problem that we consider in the 

first part of this thesis.

1 quoted from (Cooper, 2000)
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1.1 Cell differentiation by differential gene expression

The ability to change the program of gene expression is inherent to all forms of life and 

enables organisms to adapt to changing environmental conditions and needs. Cell differenti­ 

ation requires not only a change in gene expression in response to cues from the environment 

or neighbouring cells but also the maintenance of expression programs once these cues have 

disappeared. Emerging characteristics of regulatory networks that govern cell differentiation 

are therefore bistability and hysteresis (Ferrell, 1999; Slepchenko & Terasaki, 2004).

While cell differentiation is much more common in eukaryotes it can also be observed in 

prokaryotes which provide a paradigm for cell differentiation because they are much easier 

to study. The principles of gene regulation are the same in prokaryotes and eukaryotes 

although gene regulation is much more complex in the latter and the packaging of DNA 

into chromatin provides for additional regulatory potential. This is likely to explain why 

eukaryotic rather than prokaryotic cells are the building blocks of complex multicellular 

organisms.

Both in prokaryotes and eukaryotes gene transcription is performed by the RNA poly- 

merase which is recruited to the promoter that precedes genes. The eukaryotic RNA poly- 

merase alone cannot initiate transcription at the promoter and also the prokaryotic RNA 

polymerase needs to form a holoenzyme with transcription factors to achieve efficient tran­ 

scription. In prokaryotes so-called a factors bind to the RNA polymerase and mediate the 

contact with two conserved hexamers in the -10 and -35 DNA elements of the promoter2 . 

Once established, the closed promotor complex melts the DNA duplex around the -10 region 

and transcription is initiated. After about 9-12 nucleotides of RNA have been synthesized, 

a conformational change results in the dissociation of the a factor and leads to a highly 

processive elongation complex (Borukhov & Nudler, 2003).

Gene transcription can be regulated at various stages. The regulation of the different 

a factors enables the control of gene expression because different a factors direct the RNA

2 The numbers refer to the distance of these elements from the first transcribed DNA base ( + 1).
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polymerase to different sets of promotors/genes. Moreover, binding of the RNA polymerase 

holoenzyme to the promoter can be blocked by binding of a represser to an operator sequence 

contained within the promoter or can be enhanced by binding of activator proteins to the 

promoter sequence.

In eukaryotes transcription factors need to assemble at the promoter to enable tran­ 

scription, and regulatory sequences that are far away from the promoter can still regulate 

eukaryotic gene expression such that a single promoter can in principle be regulated by 

an almost unlimited number of regulatory interactions; insulator sequences are required to 

limit the effects of regulatory sequences. Eucaryotes can co-express or regulate groups of 

genes by a complex signalling network while prokaryotes, in general, organize such genes 

in an operon so that all genes are under the control of the same promoter. The pattern of 

gene expression can be maintained by feedback signalling even once the original cues and 

influences have disappeared.

Daughter cells of differentiated cells, in general, inherit the specialized character of 

the cell. The necessary information can be passed on either by cytoplasmic proteins that 

maintain the feedback signalling or, in eukaryotes, also by the packaging of the chromatin. 

The latter can involve a variety of1 mechanisms. Gene regulatory proteins and general 

chromatin structural components may bind cooperatively to the DNA strand such that the 

fraction of proteins that is inherited by each DNA strand is sufficient to recruit the full set 

of proteins from the cytoplasmic pool. Alternatively, the chromatin proteins or the DNA 

itself may be modified enzymatically. DNA methylation patterns are maintained after cell 

division by de novo DNA methyltransferases which methylate the cytosines in CG (cytosine- 

guanine) sequences on the newly synthesized strand if the cytosines on the parental strand 

are methylated. Methylation appears to maintain genes in an inactive state.

Because each cell can 'remember' earlier cues the final expression program is not the 

consequence of the final environment but is determined by the sequence of cues received 

over the entire lifespan. Thus the full complexity of the body is specified only gradually
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during the development of a multicellular organism.

1.2 Development of multicellular organisms from a single cell

The need to generate the many different cell types of an organism from a single cell poses a 

challenge in the reproduction of multicellular organisms. Cell division leads to an exact copy 

of the mother cell (up to randomly occurring mutations), and mechanisms therefore needed 

to evolve to subject the two daughter cells to a different program of cell differentiation de­ 

spite their identical content of genetic and, in principle, cellular material including proteins 

and lipids. The simplest possible guidance factors are environmental cues. In particular, 

once at least two different cell types have been established the differentiation of further 

cells can be directed by the influences of these differentiated cells. As studied thoroughly 

in appropriate model organisms such as the fruit fly Drosophila and discussed in the first 

part of this dissertation, the mother organism can generate such a polarized environment to 

guide cell differentiation and development in the offspring. Looked at from an evolutionary 

point of view this is of course only possible once a mother organism has evolved. Therefore 

mechanisms must have evolved at an earlier evolutionary stage that enabled sister cells to 

follow different paths of development in the absence of any environmental clues.

Asymmetric cell division is a conserved mechanism that enables different cell fates during 

development. Dividing the cell at the side rather than at the midline leads to differently- 

sized daughter cells, and the concentration of molecular components can become imbalanced 

between the two compartments by use of sophisticated mechanisms and even a transient 

genetic imbalance can arise in prokaryotes (Frandsen et a/., 1999). The mechanism by which 

cells divide asymmetrically has not yet been elucidated. Prokaryotes and eukaryotes nec­ 

essarily employ very different mechanisms since the position of the mitotic spindle (which 

does not exist in prokaryotes) is crucial in eukaryotes (an asymmetric position within the 

cell leads to daughter cells of unequal size (McCarthy &: Goldstein, 2006)). A combina­ 

tion of experimental and theoretical studies of cell division in E.coli has recently improved
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our understanding of bacterial mid-cell division. The high accuracy by which the mid- 

plane is defined is achieved by a sophisticated oscillatory mechanism which involves only 

three proteins MinC, MinD, and MinE (Howard et a/., 2001; Meinhardt & de Boer, 2001; 

Kruse, 2002; Huang et al, 2003; Howard & Kruse, 2005). However, E.coli does not divide 

asymmetrically, and Bacillus subtilis employs a slightly different mechanism to define the 

midplane such that the E.coli models cannot be extrapolated to Bacillus subtilis (Howard, 

2004). Finally, even if cells can divide asymmetrically, how are cell-fate determinants then 

partitioned unequally? Again, different mechanisms are invoked in different organisms, and 

in Part I of the dissertation we will study spore formation in Bacillus subtilis as an example.

1.3 Compartmentalisation by cell cohesion

Humans are made of approximately 10 14 cells (Stryer, 1995). These need to organize into 

compartments and controlled internal environments in which specialized functions can be 

performed by differentiated cells. The simplest way of binding cells together is to prevent 

(full) cell detachment after division, and in the green algae Volvox and in higher plants 

cells are indeed connected by cytoplasmic bridges. These are unusual in animals which 

rely on large extracellular matrix molecules (made of proteins and sugars) which form a 

loose meshwork that binds the cells together. Multicellular sheets (epithelia) are built 

by side-to-side attachments between cells. Tight binding between cells is, however, often 

insufficient; cells need to retain the ability to loosen themselves and to migrate. Such 

flexibility is achieved by employing proteins whose binding strength can be regulated. The 

most important class of proteins for the attachment of cells to the extracellular matrix are 

integrins, and their regulation will be discussed in detail in the second part of the thesis.

1.4 Cell-cell communication

The large advantage of multicellular organisms is their opportunity to divide labour between 

cells such that each can specialize in a particular function. This enables a multicellular
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organism to evolve highly sophisticated means to acquire and process nutrients, to move and 

defend themselves, to reproduce and to receive and use information, which may even enable 

it to work out strategies to increase performance. Division of labour between cells requires 

cells to communicate with each other. This is achieved by production of extracellular 

signal molecules that bind to cell receptors. In general these receptors are expressed on 

the cell surface but if the signal molecule is sufficiently small and hydrophobic then it 

may cross the cell membrane and bind to intracellular receptors. In most cases signalling 

molecules are secreted and diffuse either only in the local tissue (paracrine signalling) or are 

transported by the bloodstream (endocrine signalling). In the case of autocrine signalling, 

signalling molecules can bind back to receptors on the secreting cells. This is an important 

feedback mechanism during development. In some cases the acquisition of signal molecules 

requires cell contacts such that the signal molecule can be targeted to a cell as observed in 

neurological and immunological synapses or in the case of gap junctions.

Independent of its delivery, the mechanical binding of ligand needs to be translated into 

a chemical or electrical signal. This can be accomplished by ligand induced conformational 

changes which may either affect the conductivity of ion channels or enable enzymatic re­ 

actions, as is the case of G protein coupled receptors. Alternatively, ligand binding can 

induce receptor clustering which brings together kinases that can autophosphorylate prox­ 

imal substrate and thus initiate signalling, as observed for EGF receptors (Schlessinger, 

2002). By studying integrins (Part II) and the B cell receptor (Part III) we will show that 

both a conformational change or receptor clustering are not always sufficient to translate 

the signal and that more intricate mechanisms can be necessary.

1.5 Defence

Organisms, no matter how simple, seem to be liable to invasion by even simpler forms of life 

that exploit their resources. Multicellular organisms face a high cost in that the loss of only 

a fraction of their constituents can mean death to the entire organism. On the other hand
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they can evolve more elaborate defence strategies by dividing the work. A successful defence 

requires a reliable discrimination between self and non-self and a subsequent elimination of 

the non-self. In higher organisms, this task is carried out by the immune system which also 

serves to supervise the body's cell ensemble and to eliminate misbehaving cells that may 

otherwise lead to cancer or other problems.

The immune system employs two different strategies to identify non-self and abnormal 

cells. The innate immune system relies on the quick recognition of common surface patterns 

of microorganisms while the adaptive immune system is reactive to a wide range of non-self 

and abnormal pattern but requires days to weeks to raise an effective defence. The innate 

immune system can act as a first line of defence against most invaders while leaving the 

complete clearance of the invader (especially of those that escaped by mutating the common 

surface pattern) to the adaptive immune system. Effectors of the innate immune system 

are phagocytes which can eliminate the invader by internalization and subsequent digestion 

and the complement system which leads to the lysis (disintegration) of invader cells.

There are two different types of adaptive immune responses, the humoral and the cellular 

immune response; they are triggered by different infections. If the infection enters cells (as 

in the cases of viruses and some bacteria), it is hidden from most monitoring which only 

considers extracellular parts of the body. Specialised cells, termed T cells, can nevertheless 

identify the infected cells and kill them thus prohibiting the spreading of the infection. This 

response is called the cellular immune response.

Invaders which reside outside cells, e.g. swimming in the blood or in the lymph, can be 

recognised by either components of the innate immune system or by those of the humoral 

immune response. As already mentioned, the innate immune response can only react against 

a subset of invaders while the effector cells of the humoral immune response (B lymphocytes) 

are capable of raising an immune response against almost every foreign compound. The 

main players of the humoral immune response are the so-called B cells which produce 

antibodies. Antibodies are proteins that can firmly and specifically bind to the invader.
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Binding of the antibody prevents the invader from interacting with other body structures, 

a process called neutralisation. Further on, antibodies mark the object to which they bind 

for destruction by either phagocytes or the complement system. In order to only attack 

the invader and not body cells themselves, it is indispensable that antibodies bind very 

specifically. In addition, they need to bind very firmly since rash detachment would not 

allow the destruction of the invader. How B cells collaborate with other cells to manufacture 

these highly specific proteins with the extraordinary affinity for its target is the subject of 

the third part of this dissertation.

1.6 Aim of the study

In this thesis a wide range of mathematical modelling techniques are employed in order to 

explore critical steps in the development and evolution of multicellular organisms, that is 

cell differentiation (Part I), cell adhesion (Part II), and division of labour by example of 

the immune system (Part III). In the case of cell differentiation we will first concentrate 

on the evolutionary problem of how daughter cells can differentiate into two different cell 

types without any cues from the environment. Sporulation in Bacillus subtilis serves as a 

paradigm for such a process, and in the first part of this thesis we show how asymmetric 

cell division can trigger two different gene transcription programs in the two compartments. 

We will then turn to the problem of how maternal cues can guide the developmental pat­ 

terning process of a multicellular off-spring by example of dorso-ventral patterning during 

the development of the Drosophila embryo.

The development and functioning of multicellular organisms requires the controlled mi­ 

gration and adhesion of cells. Cell adhesion strongly relies on integrins and in the second 

part of this thesis we develop a mathematical model of integrin regulation to explain these 

processes.
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Multicellular organisms have the great advantage that they can divide labour. The 

defence system that multicellular organisms had to evolve in order to cope with infectious 

and much faster reproducing microorganisms and viruses provides a good example. A large 

fraction of blood cells is devoted to protection from infections and we will concentrate on 

a small subset that is important in the production of high affinity antibodies, the humoral 

arm of the immune response. The system is analysed on the cellular and molecular level in 

order to understand both the selection of single cells for certain tasks as well as the informa­ 

tion processing of each cell within the network necessary to evaluate its aptitude for the task.



Part I: Developmental Biology 
Cell differentiation



Chapter 2

Introduction to the regulation of 
cell differentiation in Bacillus 
subtilis

A key question in developmental biology is how two sister cells with identical genomes 

follow different patterns of gene expression. The sporulation of Bacillus subtilis is an ex­ 

ceptionally favourable system for studying this question. Early in sporulation the cell 

divides asymmetrically into two compartments, a smaller prespore and a larger mother-cell 

(Fig. 2.1 A). These remain attached but initiate different programmes of transcription, us­ 

ing compartment-specific transcription factors (sigma factors) that associate with the RNA 

polymerase and direct the complex to the relevant gene promoters (Hilbert & Piggot, 2004). 

The first of these, aF , is crucial, since its correct activation is essential for regulating the 

other sigma factors of sporulation. aF is inactive in the pre-divisional cell and the mother- 

cell where it is trapped in a complex with SpoilAB, but is activated in the prespore where it 

associates with the RNA polymerase. While the pathways that lead to aF dissociation are 

well-defined (Fig. 2.IB), it is not clear how aF association with the core RNA polymerase 

is restricted to the prespore (Hilbert & Piggot, 2004).

2.1 The regulation of the transcription factor aF

aF regulation depends on three other proteins, SpoIIAB (AB), SpoIIAA (AA) and SpoIIE 

(HE). AB keeps aF in an inactive complex from which it is released upon binding of Spol-

11
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Figure 2.1: Regulation of aF release during sporulation. (A) Nutrient deprivation triggers 

asymmetric septation; the smaller, prespore compartment develops into a spore. (B) Simplified 

regulatory network that controls <J F activity in the prespore; for details see text. Figure is courtesy 

of I.D. Campbell.

IAA (A A). Bound A A is phosphorylated by the kinase AB. This inactivates A A and its 

reactivation requires dephosphorylation by the phosphatase SpoIIE (HE). Crystallography 

has revealed the details of these interactions (Fig. 2.2). One molecule of ap binds asymmet­ 

rically across the two subunits of the AB dimer (Campbell et al., 2002). The binding of aF 

prevents access of Spoil A A (hereafter referred to as AA) to one monomer of AB, but allows 

docking of A A on the other monomer (Ho et al. , 2003). Steric and electrostatic clashes are 

caused by the docking of AA, and <JF is subsequently displaced from AB (Masuda et al., 

2004; Ho et al., 2003). AA binds across the nucleotide-binding pocket of AB, and is phos­ 

phorylated when this binding pocket contains ATP, yielding inactive phosphorylated AA 

(AA-P) and AB-ADP. AB-ADP can either be sequestered in an AA-AB-ADP complex or 

exchange ADP for ATP. Free AB (in both its ATP and ADP forms) can rebind aF', and 

sustained aF release is thus expected to require reactivation of AA-P by SpoIIE-mediated 

dephosphorylation (Magnin et al., 1997).



CHAPTER 2. INTRODUCTION TO CELL DIFFERENTIATION 13

B

Figure 2.2: A model of the crF -AB-AA complex. (A) A model of the crF -AB-AA complex, 
obtained by superimposing the crystal structure of aF in complex with AB-ADP (Campbell et al., 
2002) and the structure of A A in complex with AB-ATP (Masuda et al, 2004); note that each AB 
monomer can bind one AA while aF binds to both monomers; the binding sites of AA and <J F partly 
overlap so that binding of AA reduces the affinity of OF for AB. (B) Simplified symbols, representing 
the component proteins in (A); simple variants of these symbols are used in the complete reaction 
scheme depicted in Fig. 3.2. Figure is courtesy of J. Clarkson and I.D. Campbell.

2.2 Models for compartment-specific crF activation

As <7F-holoenzyme appears in the prespore and not in the mother-cell, the attack of AA on 

the aF • AB-ATP complex must be compartment-specific. Although this specificity is crucial 

to the success of sporulation, its mechanism is not clear. One suggestion is that, since the 

volume of the mother cell is at least four-fold greater than that of the prespore, HE, which 

is displayed only on the asymmetric septum, will have higher phosphatase activity in the 

smaller compartment, leading to a greater concentration of A A in the prespore than in 

the mother cell (Duncan et al, 1995). However, compartment-specific <JF activation is still 

observed when HE cannot accumulate on the septum (Arigoni et al, 1999), and several 

other mechanisms have been proposed (Hilbert &; Piggot, 2004).

These include effects of the transient genetic imbalance which arises after septation, 

when only about 30% of the chromosome is initially included in the prespore; the remaining 

70% is imported only 10-20 minutes after septum closure (Wu et al, 19986). Given that 

the origin of replication (ori) is anchored at the poles of the cell, it is always the same 

fraction of the chromosome that is excluded and this contains the spoIIA operon which 

encodes the genes for SpoIIAA, SpoIIAB, and aF . Expression of these proteins in the
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prespore is therefore impossible immediately after septation and it has been argued that 

the rapid degradation of unbound AB (Pan et a/., 2001; Dworkin & Losick, 2001) may 

sufficiently reduce the AB concentration in the prespore such that reassociation of a and 

AB is prevented. A further proposed result of the genetic imbalance is the degradation 

and loss of a HE inhibitor from the prespore, which would further accelerate a release 

(Prandsen et a/., 1999). The nature of such an inhibitor is, however, elusive, and while the 

concentration of HE on the septum and the initial exclusion of spoil AB from the prespore 

have both been shown to be important for successful sporulation, interference with either 

one of them does not abolish sporulation (Dworkin &; Losick, 2001; Arigoni et a/., 1999).

No model yet explains how these small and transient differences act together to maintain 

the release of aF for at least Ih. Moreover, without a quantitative analysis it is unclear 

whether these processes are sufficient for the initiation of sporulation or whether other, still 

unidentified, factors play a role (Hilbert & Piggot, 2004). Another quantitative difficulty 

involves the binding of aF to the core RNA polymerase. In the pre-divisional cell nearly all 

the RNA polymerase is in the form of tr^-holoenzyme; thus the formation of crF-holoenzyme 

requires aF to compete with aA . But the affinity of core RNA polymerase for aA is 25-fold 

greater than for <JF , and the maximum concentration of <JF is only about two-fold greater 

than that of aA (Lord et a/., 1999). So how can crF-holoenzyme be formed in the prespore?

2.3 Scope of the study

The scope of this study is to explain how the compartment-specific formation of crF- 

holoenzyme is achieved. We employ a combination of experimental and mathematical 

modelling tools and derive the regulatory circuit that controls crF release. The quanti­ 

tative model identifies the difference in volume between the two cell types as the primary 

trigger for determining cell fate. It shows that this effect depends on the allosteric behaviour 

of a key protein kinase and on a low rate of dephosphorylation by the corresponding phos- 

phatase; both predicted effects are confirmed experimentally. In a mathematical analysis of
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a simplified version of the detailed model we further show how allostery enables ultrasensi- 

tivity, bistability and hysteresis in this small protein network.

The value of any mathematical model depends critically on the accuracy of the pa­ 

rameters used. This study has benefited greatly from the close interaction of theory and 

experiments and the large body of data available from the literature. The resulting model 

accounts for numerous published results and correctly predicts the phenotype of essentially 

all mutants for which the biochemical effect of the mutation is known.

The high accuracy of the model enabled us to reveal a number of further, sophisti­ 

cated features of the regulatory system that optimise its ability to regulate the initiation 

of sporulation. For example, it is extremely efficient in its use of ATP because forma­ 

tion of AB-ADP-AA complexes prevents OF from re-binding to AB after dissociation of 

crF -AB-ATP. Several mechanisms are employed to control the ratios of cr F and its regula­ 

tory proteins as well as the timing of septation; as a result the system is highly robust to 

stochastic fluctuations in gene expression, while remaining very sensitive to small changes 

in the concentration of HE and AA-P. Moreover, spontaneous initiation of sporulation is 

prevented by keeping the concentrations of OF and its regulators low in the vegetative cell. 

The model also makes predictions about a number of features whose role had been unclear, 

including the accelerated degradation of AB (Arigoni et a/., 1999; Pan et a/., 2001; Dworkin 

&; Losick, 2001), the transient genetic asymmetry (Frandsen et a/., 1999; Dworkin & Losick, 

2001) and the pre-septational AB-ADP-AA complex formation (King et a/., 1999; Carniol 

et a/., 2004).



Chapter 3

A quantitative model for the 
regulation of cell differentiation in 
Bacillus subtilis

3.1 Construction of the mathematical model 

3.1.1 Principles of the model setup

Based on the scheme depicted in Figure 2.IB, the mathematical model was obtained by 

translating the interactions into sets of ordinary differential equations (ODEs). Thus the 

interaction X <=± Y —>  Z would translate into the following set

X = kYXY-kXYX

Y =  kXYX-(kYX + kYZ)Y

Z = kYZY

where the dot denotes time derivative and kij is the reaction rate constant from i to j. 

Once good estimates had been obtained for all the reaction rate constants this set of stiff, 

non-linear ODEs was solved using the Matlab solver ode!5s, which uses an implicit linear 

multistep algorithm (I st order with an error of the order of (At)5 , where At is the time 

step). The reaction rates kij were based on the literature or on new experimental data that 

was obtained by Joanna Clarkson in the laboratory of Michael Yudkin in the Biochemistry 

Department in Oxford.

16
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3.1.2 Spoil AB is an allosteric protein

The first result from estimating the reaction rate constants based on published and new 

data was the insight that AB is an allosteric protein (see Fig. 3.1 A for an explanation of 

allostery). Early hints to the allosteric behaviour of AB came from the failure to fit fluores­ 

cence quenching data on AB-AA binding with the non-cooperative binding mechanism of 

published models (Fig. 3.IB). Thus when 1 /zM AB-F97W, a fluorescent derivative of AB 

(Clarkson et al, 2004 c), was mixed with different A A concentrations, less than an equimolar 

AA concentration was needed to quench half the fluorescence (Fig. 3.1 B, circles). The ef­ 

fect was even stronger with the lower affinity AA mutant, AA-S58A, (Fig. 3.1 B, squares). 

A non-cooperative binding mechanism considers only one AB conformation, that is only 

one site of the reaction scheme (either balls or squares) in Figure 3.1 A, and accordingly

x10 (

10" 

SpollAA [nM]
10 L 10' 0.5 1.5

Figure 3.1: SpoIIAB is an allosteric protein. (A) A A can bind to either of the two binding 

sites on the dimeric kinase AB. In the absence of AA, AB exists predominantly in its low affinity 

conformation (balls). Binding of the first A A shifts the equilibrium to the high affinity conformation 

such that binding of the second AA is facilitated. (B) Fraction of AB (1 /zM total) unbound 

as a function of the concentration of AA, as determined by fluorescence quenching experiments 

with fluorescent mutant AB-F97W and wildtype AA (o) in the presence of 100 ^M ADP or the 

non-phosphorylatable mutant A58S (D) in the presence of 100 /zM ATP (Clarkson et a/., 2004c). 

The points show previously unpublished experimental results; the line represents the binding curve 

expected from the kinetic constants employed in the mathematical model based on Figure 3.2 (which 

includes allostery of AB). (C) Scatchard plot obtained by determining the fraction of bound AB 

(v) when 4/zM AA-S58A is mixed with different concentrations of AB (0.1-20 /iM). The points show 

previously unpublished experimental results; the lines represent the predicted Scatchard plot based 

on the assumption that AB is an allosteric protein (continuous line) or non-allosteric (dotted) with 

an affinity for AA-S58A-AB 3.7 times less than for AB-AA (Table B.I). For details see text. Note 

that a 1.3-fold higher AB concentration than measured had to be used to keep v < 2.
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AB quenching can only be achieved by dire.ct binding of AA to an AB monomer with the 

consequence that at least an equimolar AA concentration would be required to quench half 

of the fluorescence of the AB dimers. This is also apparent from the theoretical prediction 

of the curve for an AB-AA association constant K = 40 nM (Magnin et a/., 1997) (Fig. 3.1 

B, grey line); for details on the calculation see Appendix B.I.

A cooperative binding mechanism on the other hand can fit the experimental data (Fig. 

3.IB, black line). This binding mechanism is described mathematically by translation of 

the scheme in Fig. 3.1A into a set of ordinary differential equations (ODEs). As can be seen 

from Fig. 3.1 A the model comprises 7 variables and 14 reactions which are governed by 8 

different kinetic rate constants given in Table B.I (for their derivation see below). In order 

to fit the binding data we have to assume that the fluorescence is quenched both when AA is 

bound and when AB is in its high affinity conformation (squares in Fig. 3.1 A). A facilitated 

conformational change of AB into the high affinity conformation upon binding of the first 

AA then results in quenching of the fluorescence on the second non-bound monomer. Note 

that the fit between model and experiment could be further improved if the bias towards 

the high affinity conformation when one AA is bound was slightly higher than estimated 

by surface plasmon resonance (SPR).

A Scatchard analysis confirmed the allosteric behaviour of AB (Fig. 3.1 C). In a 

Scatchard plot the fraction of bound AB v over the concentration of AA is plotted ver­ 

sus v. In the case of a non-cooperative binding mechanism one obtains a straight line with 

slope   Ks = — \AB AA\ and an intersection at -^ with the vertical axis (y = 0) (Fig. 3.1 

C, dotted line), where n is the number of independent binding sites on AB. In the case of 

a positive cooperative binding mechanism, on the other hand, the curve is concave-down 

(Fig. 3.1 C, solid line); see Appendix B.2 for an explanation.

In order to determine the shape of the experimental Scatchard plot for AA-AB binding 

Joanna Clarkson determined the concentration-dependent fraction of AA that was bound 

to AB, v, using SPR as has been described before (Magnin et a/., 1997). The concentration
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of free AA in solution was determined with the use of AB as a reporter immobilised on the 

sensor chip. A standard curve of AA concentration against response units was produced 

with known concentrations of AA. The amount of free AA in AB-AA mixtures was then 

determined by comparison with this standard curve. The amount of bound AA was calcu­ 

lated from the total concentration of AA in the mixture. The experiment had to be carried 

out with the AA-S58A mutant to avoid AA phosphorylation by trace amounts of ATP. The 

mutant's slightly lower affinity for AB (Magnin et a/., 1997) was an advantage because the 

effects of positive cooperativity are therefore observable already at higher concentrations 

of free A A; this allowed us to measure a full Scatchard plot within the range of sensitivity 

of the equipment which modelling predicts would not have been possible for the wildtype. 

Note that the AA/AB ratio is apparently overestimated by a factor of about 1.3, presum­ 

ably because of systematic errors in the determination of protein concentrations, and these 

probably explain the i/ > 2 result.

A further experimental finding in favour of AB allostery is that SPR binding kinetics 

obtained with AB bound to the sensor chip are better fitted by an allosteric model (see 

below). Consistent with the hypothesis that AB is an allosteric protein, crystallographic 

structures of AB in complex with either aF or AA (Campbell et al., 2002; Masuda et a/., 

2004) have shown it to be a flexible molecule. However, conformational changes that could 

account for the differences in the allosteric states are not visible on comparing the crystal 

structures of the AA-bound and the crF-bound forms. Since it is possible that this result 

might be due to constraints imposed on the AB molecule by crystallisation, Joanna Clarkson 

and Michael Yudkin have studied conformational changes in solution by the use of steady- 

state fluorescence and FRET (Clarkson and Yudkin, submitted for publication). The results 

reveal that AB can adopt alternative conformations that are not visible in the crystal 

structures, which could correspond to the different forms described here.
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Figure 3.2: Model for the regulation of <J F release. The symbols represent simple variants of 

those in Figure 2.2B. B refers to SpoIIAB (red squares and circles), A to SpoIIAA (blue triangles), 

E to SpoIIE (yellow square) and R to the RNA polymerase core enzyme; OF is depicted as a green 

oval, aA as a yellow oval. The SpoIIAB conformation that binds SpoIIAA with low affinity (tense 

state (Fersht, 1998)) is depicted as circles and the high affinity (relaxed (Fersht, 1998)) state as 

squares. ATP-bound SpoIIAB is depicted as a filled icon, ADP-bound SpoIIAB as a dotted icon, 

and nucleotide-free SpoIIAB as a white icon. Green arrows represent reactions to which the model 

is insensitive, red arrows those to which the model is highly sensitive, black arrows those that are 

considered neither sensitive nor insensitive. See section 3.2.2 for details.
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3.1.3 Defining the regulatory network that controls aF activity

Because of the positive cooperative of AB-AA binding the number of reactions that need 

to be considered in the model increases considerably as a comparison of the basic model in 

Figure 2.IB and our final model scheme in Figure 3.2 demonstrates. The shaded part of 

the scheme in Figure 3.2 summarizes the interactions of one AB conformer and therefore 

includes only the well-known reactions that have been reviewed extensively (see Hilbert 

and Piggot (2004) and references therein). In brief, the binding of crF to AB-ATP (arrow 

91/92 - all following numbers in round brackets refer to reactions in Fig. 3.2) leads to the 

formation of a cr^-AB-ATP complex (Duncan &; Losick, 1993). OF in this complex cannot 

bind to core RNA polymerase and is thus termed inactive (Duncan & Losick, 1993; Min 

et al, 1993). &F binds asymmetrically across the two subunits of the AB dimer (Campbell 

et al, 2002) (Fig. 2.2) and is rapidly displaced (93/94) (Clarkson et al, 2004a) by steric 

and electrostatic clashes caused by the docking of SpoIIAA (AA) (41/42) (Masuda et al, 

2004; Ho et al, 2003), which initially forms <rF -AB-ATP-AA. Consistent with structural 

information derived from crystallography (Fig 2.2; (Campbell et al, 2002; Masuda et al, 

2004)), binding of two A A to the AB dimer while aF is still bound is impossible (Ho 

et al, 2003). A A binds across the nucleotide-binding pocket of AB, and is phosphorylated 

when this binding pocket contains ATP, yielding inactive phosphorylated AA (AA-P) and 

AB-ADP. The bound A A can be phosphorylated either immediately (138) or after a further 

AA has bound (142) (Min et al., 1993). AA-P can be reactivated by the phosphatase action 

of HE (146-150; (Duncan et al, 1995; Arigoni et al, 1996)). AB-ADP can either bind AA 

(23-26), or bind aF (105/106), or exchange ADP for ATP (1-4; 123-126) (Magnin et al, 

1997). ADP-ATP exchange involves the opening of a "lid" (Clarkson et al, 2004c) and is 

overall a rather slow process. Binding of AA (21/22) or OF (95/96) accelerates lid closure 

(127-129). ADP-ATP exchange is also possible when AA is bound to AB-ADP (130-135). 

Finally, dimers with two different nucleotides form (15-18, 31-34, 49-52, 99-104, 139, 144) 

when only one AB monomer phosphorylates A A (138), when only one monomer exchanges
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nucleotides (130, 132) or when a mixture of ADP and ATP leads to the formation of mixed 

forms during nucleotide exchange. The last of these reactions is not considered in the main 

model as this path has substantial impact only under very special in vitro conditions (e.g. 

Fig. 3.5) that we will discuss.

Given the allosteric behaviour of AB, the scheme had to be extended to include a second 

conformation of AB (non-shaded part) as well as interconversions between AB states (57- 

90). This leads to a duplication of almost all the interactions mentioned so far, and the 

total model comprises 50 dependent variables, each of which is described by one ordinary 

differential equation. In the diagram, the conformation that binds AA with low affinity and 

aF with higher affinity is depicted as circles, and the other state as squares. As is usual for 

descriptions of allosteric proteins (e.g. Fersht, 1998) these two states may be referred to as 

the tense (T) and the relaxed (R) state respectively.

3.1.4 Parameter determination

Lack of quantitative data and experimental detail have often restricted the predictive power 

of mathematical models. This study has greatly benefited from the large amount of pub­ 

lished experimental information and the availability of a well-established in vitro system 

(Yudkin & Clarkson, 2005). Values for essentially all the key parameters could thus be 

determined experimentally. The more than 150 reactions included in the scheme are char­ 

acterized by 25 different rate constants (Tables B.I & 3.2). This small number of rate 

constants is sufficient because it is assumed that the kinetic constants of one AB monomer 

are not affected by ADP, ATP or AA being bound to the other monomer other than through 

a change in the relative concentration of the R and T states.

The 21 kinetic rate constants for the in vitro model (Table B.I) can be grouped into those 

characterising nucleotide binding (Fig. 3.2 reactions 1-4) and exchange (123-135), the AB- 

AA interaction (5-56), the interconversion between the R and the T state (57-90), the AB- 

aF interaction (91-122), and finally the phosphorylation (136-145) and dephosphorylation 

(146-150) of A A. The values of many of these parameters have already been published.
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However, most of the on- and off-rates have been determined by SPR; this technique requires 

the proteins analysed to be attached to a sensor chip, which may alter their behaviour. 

Fluorescence quenching experiments do not have this shortcoming, and a re-analysis of 

important kinetic parameters was carried out by fluorescence spectroscopy with the help 

of fluorescent mutants (Clarkson et a/., 2004a; Clarkson et al., 2004c). Constants that had 

been determined on the assumption that AB is not an allosteric protein were refined to fit 

the model shown in Figure 3.2.

Nucleotide binding

AB binds its binding partners AA and aF with notable affinity only if bound to nucleotides 

(Clarkson et al, 2001). The affinity of AB for ATP and ADP has been determined to be 

KD ~ 200 //M (Lord et al., 1996). Assuming that the on-rate (1, 2) for this interaction is 

in the range found for other associations between proteins and small ligands (107 M^s" 1 

(Fersht, 1998)) we use 2 x 103 s" 1 for the off-rate (3, 4). Nucleotides can only bind and 

dissociate while the AB nucleotide binding pocket is not covered by a "lid" (Campbell 

et al., 2002; Clarkson et al., 2004c). From the measured low affinity for nucleotides we can 

conclude that the lid remains predominantly open when the open form of AB is mixed with 

nucleotides. Lid closure is induced by binding partners of AB (Clarkson et al., 2004c) as is 

discussed below.

AB-AA binding constants

The interaction of AB and AA (5-56) has been studied in detail. The rate constants for 

the formation of the AB-AA complex in the presence of ADP (23-38) can be determined by 

SPR following the protocol established by Magnin et al (1997). These measurements can 

be carried out with either AB or AA bound to the sensor chip. However, AA-interactions 

with both AB monomers will occur only when AB is bound to the chip, since the spacing 

of chip-bound A A is unlikely to be appropriate for AB to bind to two molecules of A A. For 

the monomeric interaction when A A is chip-bound a total of 15 experiments were pooled
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from Shu et al (2004) together with other unpublished results from this laboratory. The on- 

and off-rates were determined as fc*n = 1.6 x 105 M^s" 1 (±2.1 x 105 standard deviation) 

and k*fj = 6.85 x 10~3 s" 1 (±4 x 10~ 3 standard deviation) respectively. Here the off-rate 

will correspond to the high affinity state, since upon binding of AA, AB will undergo a 

confermational change to the high affinity form.

To facilitate the fitting of the binding of two AA molecules to one chip-bound AB 

molecule by means of the Biacore software we exploited the fact that one conformation of the 

AB and AB-AA2 dimers is particularly favoured; we thus simplified the binding reaction to a 

3-step mechanism involving an initial binding of one AA to the AB dimer (in the low affinity 

state), a subsequent conformational switch and the binding of a second A A to AB-AA in 

the high affinity state. Fitting of SPR data with this 3-step mechanism was substantially 

improved over that with a single step (non-allosteric) model, with the average x2 value of 

the fit being reduced by approximately 10-fold. (In contrast fitting was not improved by 

the 3-step mechanism when AA was bound to the chip.) The estimates obtained from 5 

unpublished experiments for the on- and off-rates of the two binding steps were fconi = 

1.1 x 106 M-V1 (± 106 standard deviation), fcon2 = 4 x 104 M'V 1 (±2.9 x 104 standard 

deviation), fc0//i = 2.4 s" 1 (±2.2 standard deviation), /c0//2 = 8.4 x 10~ 3 s" 1 (±1.7 x 10~ 3 

standard deviation). The conformational change occurs at 7.4 s" 1 (±5.6 standard deviation) 

and 2 s" 1 (±1 standard deviation) towards the high and low affinity states respectively. 

The affinity of the second bound A A will probably have been underestimated by SPR since 

attachment of AB to the grid is likely to obscure at least one binding site. Equally the AA- 

AB on-rate will have been underestimated when AA is fixed to the grid. This may be due 

to alterations of A A on attachment to the grid. We therefore used an intermediate value 

k0ni = 8 x 105 M^s" 1 as the general AA-AB on-rate in our simulations, and 7.4 x 10~3 

s" 1 as the off-rate in the high affinity state, which is the average value of all measurements 

made. /c0//i was used as determined by SPR above. It should be noted that our simulations 

are a better fit to the kinetics that are obtained by fluorescence quenching experiments if
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we use a higher AA-AB on-rate (~ 4 x 106 M^s" 1 ).

The binding constants in the presence of ATP (5-22) are more difficult to measure 

since AB-ATP-AA complexes are not stable because of phosphorylation of A A under these 

conditions. SPR measurements of the interaction of AB with the AA-S58A mutant of A A, 

which cannot be phosphorylated by AB, revealed a higher affinity in the presence of ATP 

than in the presence of ADP (Magnin et a/., 1997). However, the affinity of the AA-S58A 

mutant in the presence of ADP is lower than for the wild type, which prevents us from 

directly using the values that have been determined for this mutant. Thus according to 

the Scatchard plot (Fig. 3.1C) the affinity of each AB monomer for AA-S58A is 3.7-fold 

lower than for the wild type, and according to published SPR data (which was analysed 

with a one-step instead of an allosteric three-step mechanism) the affinity is 62-fold lower 

(Magnin et a/., 1997). On remeasuring the affinities by SPR in 15 independent experiments 

and analysing the data with a 1-step mechanism we found an approximately 10-fold lower 

affinity for AA-S58A than for wild-type AA (e.g. K& = 481 nM for AA-S58A compared to 

Kd ~ 40 nM for the wild type (Magnin et a/., 1997)). This is in good agreement with our 

estimate from the Scatchard plot.

For the reasons just explained, for the wild type we could not use the off-rate obtained 

with AA-S58A in the presence of ATP. However, we note that two independent studies 

find the affinity in the presence of ATP to be 5.2-fold (Magnin et a/., 1997) and 8.8-fold 

(Shu et al, 2004) higher than in the presence of ADP. We therefore used 0.001 s" 1 for the 

second off-rate, a value that is 7.4-times lower than the one used in the presence of ADP. 

In practice, the control coefficient for this reaction is low (-0.03 - Table B.I), so that this 

rate has relatively little impact on the behaviour of the system in vivo.

In the absence of nucleotides AA-AB binding is weak and NMR experiments (Clarkson 

et a/., 2001) suggest a value for Kd of around 1 mM; this value was calculated by comparing 

the intensities of the resonances obtained for free and bound AA at fixed concentrations 

of A A and AB. We therefore neglect this reaction in the main model and consider it only
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in one in vitro experiment aimed at measuring such interactions (Fig. 3.5). Our NMR 

experiments reveal a similar low affinity between AB and phosphorylated AA (unpublished 

data), which is also neglected in the model.

While, according to structural information, there are clashes between AA and aF when 

both are bound to AB (Campbell et a/., 2002; Masuda et a/., 2004) biochemical data suggest 

that these clashes mainly affect the crF -AB interaction (Clarkson et a/., 2004a). We therefore 

assume that the presence of aF does not affect the AB-AA affinity (39-56).

Rates for AB conformational changes

The SPR experiments on AB-AA binding provide the only rates available for the intercon- 

version between R- and T-states, and we used 2s" 1 as the rate for the unfavoured direction 

throughout (74-90). In order to fit AA-AB binding as measured in fluorescence quenching 

experiments (Fig. 3.1) the conformational change towards the favoured state had to be 

taken to be higher than estimated by SPR, and we used 30 s" 1 . A likely explanation for 

the lower value found in SPR measurements is that fixation to the chip impairs AB confor­ 

mational changes. In the two symmetrical states (unbound or fully bound by ligand) the 

favoured direction (58-74) must be attained at a much higher rate in order to fit Figure 

3.IB. The lowest possible rate is 5 x 103 s" 1 , and 5 x 104 s" 1 is used in the model for all 

other states. Higher rates do not alter the predictions of the simulation.

<7 F-AB binding

The next group of constants for which SPR data have been published (Magnin et a/., 1997; 

Ho et a/., 2003) are those that characterize the crF-AB interaction (100-122). According to 

published SPR measurements the affinities are very similar in the presence of ATP and ADP 

(Kd=12-14 nM and Kd= 31 nM respectively (Magnin et al, 1997; Ho et al, 2003)). This 

stands in apparent contradiction to data from fluorescence quenching measurements (Fig. 

3.3) which suggest both a lower on-rate and a lower affinity of binding in the presence of 

ADP (Shu et al, 2004). Our unpublished SPR binding results confirm that the association
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is much slower in the presence of ADP, although fitting of the data with the Biacore software 

had led to the estimate of a high on-rate. This discrepancy can be accounted for by the 

use of a one-step mechanism to fit the SPR data. However, while a one-step mechanism 

provides a good fit for the kinetics of o-F-AB binding in the presence of ATP (Fig. 3.3B),
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Figure 3.3: aF-SpoIIAB binding. (A) A model for <r F -SpoIIAB binding. The symbols represent 
simple variants of those in Figure 2.2B. Circles represent AB monomers that bind nucleotides if filled; 
the lines indicate the conformation of the "ATP lid". The green ovals represent aF'. (B) Kinetics 
of <7 F-SpoIIAB-ATP binding. The grey line gives the experimental output from the recorder when 
1.3 pM aF and 1 /zM AB were mixed in the presence of 100 pM ATP. The black line represents 
the predicted binding curves for a one-step mechanism, that is all rate constants in panel A are set
to zero apart from k\\ = 4 x 10 Ms and k\2 = 5 x 10 s which are the rate constants as 
determined by SPR. (C) Kinetics of <7 F-SpoIIAB-ADP binding. The grey line is the experimental 
output from the recorder when 1.3 /zM <J F and 1 //M AB were mixed in the presence of 100 /zM 
ADP. The broken lines represent the predicted binding curves for a one-step mechanism (all rate
constants except rates 11 and 12 are zero) if either the on-rate is lowered (k\\ = 2.7 x 104 M~*s 
- dashed line) or the off-rate is increased (k\2 = 0.08 s" 1 - dotted line) as compared to the rates in 
the presence of ATP. The solid line represents the prediction for the multistep mechanism. We use 
rates of binding of nucleotide (rates 1-4) and OF (9-14) as determined before; however, O F binding- 
is weak in the absence of nucleotides (Clarkson et a/., 2001) such that k\Q = 4 x 103 s" 1 . Moreover 
we use A:? = 30 s" 1 , /eg = 10~ 5 s" 1 for the lid closing and opening rates in the presence of a 1".
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it does not in the presence of ADP (compare dashed and dotted lines with experimental 

curves in Fig. 3.3C). We find that the <JF binding curve in the presence of ADP can only 

be reproduced by a multistep mechanism that takes into account the details of nucleotide 

binding as depicted in Figure 3.3A. Thus we have to assume that binding of aF results in 

slow lid closure and opening (kj ~ 30 s" 1 , k$ ~ 5 x 10~4 s~~ l in Fig. 3.3A). The closing of 

the lid is important for aF binding because the affinity between aF and nucleotide-free AB 

is very low. In the case of ATP binding crF-mediated lid closure must be rapid (k-j ~ 104 

s" 1 in Fig. 3.3A). Both SPR and fluorescence spectroscopy therefore agree that, as long as 

the lid is shut, the affinity between nucleotide-bound AB and aF is high, irrespective of the 

nucleotide bound. When the lid is open, however, aF binding is very slow in the presence 

of ADP.

During the dissociation of phosphorylated A A and the change of AB-ADP to the tense 

conformation (especially if AA dissociates stepwise from AB-ADP-AA2) the lid has time to 

open. AB-ADP and AB-ADP-AA will therefore generally bind <J F with a low on-rate, but 

will show a high affinity once the lid is shut (as will apply upon rebinding). In order to 

capture these two behaviours without having to introduce many more states to describe the 

lid opening process in detail, we use the same affinity for both the aF-AB-ADP and OF- 

AB-ATP interaction but a 100-fold lower rate for both the on- and off-rates for <7F-AB-ADP 

binding.

Since in the absence of AA, AB is predominantly in the tense state, the above-determined 

rate constants for the cr^-AB interaction reflect the binding of AB only in its tense state. 

Because binding of AA biases the equilibrium to the relaxed conformation we can obtain an 

estimate of the affinities in the relaxed state by incubating crF -AB with AA. The kinetics of 

AA-dependent aF release in the presence of ATP can be fitted only by an crF-AB off-rate 

that is about 100 times higher than in the tense conformation (compare Fig. 3.4A with 

Fig. 3.4B). Accordingly the off-rate in the relaxed conformation was set to 0.4 s" 1 , which 

corresponds to a micromolar K^. That the affinity of a for AB is lower in the presence of



CHAPTER 3. A QUANTITATIVE MODEL FOR CELL DIFFERENTIATION 29 

AA has been noted previously (Clarkson et al, 2004a). 

AA phosphorylation rates

The phosphorylation of AA (136-145) exhibits a biphasic time course (Fig. 3.5) (Najafi 

et al, 1997; Magnin et al., 1997). The initial rate is equal to the A A phosphorylation 

rate, and the subsequent reduction in rate is due to the sequestering of AA and AB in 

AB-ADP-AA complexes. The phosphorylation rate of AA can thus be estimated from the 

initial slope of the biphasic phosphorylation reaction as 0.013 s" 1 , a value that is close to 

previous estimates (Ho et al., 2003; Shu et al, 2004). ATP hydrolysis will be much slower 

than AA phosphorylation and was therefore ignored.

Nucleotide exchange

AB-ATP can be restored by nucleotide exchange, which requires the opening and closing 

of a "lid" (Clarkson et al, 2004c). The rates for lid opening and closure (123-135) can be 

estimated from the data on AA-dependent aF release. In order to reproduce the kinetics 

of <7 F -AB re-formation after AA addition we require a lid opening rate of 0.02 s" 1 . This is 

much smaller than the value (1 s~ l ) that was estimated previously (Clarkson et al, 2004c),
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Figure 3.4: SpoIIAB-<jF binding in the presence of SpoIIAA. Measured (recorder output) 
and predicted (smooth lines) OF release from AB-ATP upon addition of AA; on the vertical axis we 
record the fraction of O F in aF -AB complexes. The different lines show the predictions for different 
concentrations of AA. The measured values are for 0.4 (red); 0.7 (yellow); 1 (blue); 1.5 (cyan); 2 
(green); 3 (black) /xM AA when 1.3 /xM aF and 1 /xM AB were mixed in the presence of 100 //M 
ATP. (A) The predictions are made using the parameters given in Table B.I. (B) The predictions 
are made on the assumption that the SpoIIAB-crF affinity was the same in the tense and the relaxed 
state. (C) The predictions are made on the assumption that the lid opening rate was Is" 1 .
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but for a rate as high as 1 s" 1 , re-formation of <7F -AB is too fast (compare Fig. 3.4A with 

Fig. S3.4C). The previous estimate of 1 s" 1 was based on a simple steady-state model, while 

we see from this more elaborate model that the lid opening rate in particular affects the 

kinetics of the reaction. Finally, in order to obtain a sufficient (1000-fold) bias to the open 

form to justify the low affinity for nucleotides, we use 0.001 s" 1 as the closing rate; rates 

up to 100 s~ l do not change the predictions of the model. We note that such low rates are 

in agreement with observations of GTPases in the absence of nucleotide exchange factors. 

Dissociation constants can then be as low as 10~5 s" 1 (Klebe et a/., 1995). Nucleotide 

exchange factors induce a conformational change in two loop regions to allow dissociation 

of GDP and accelerate the rate of exchange with GTP to rates of 10 s -1 (Klebe et a/., 1995; 

Vetter & Wittinghofer, 2001).

The rate of AA-P production when AB-ADP-AA complexes have already formed is 

much higher than the rate of dissociation of the AB-ADP-AA complex (Fig. 3.5). ADP- 

ATP exchange must therefore be possible while AA is bound to AB-ADP (130-135) - though 

at a reduced rate. Modelling of the steady-state rate of phosphorylation (Fig. 3.5) requires 

a ADP-ATP exchange rate for AB-AA of 1.2 x 10~3 s" 1 .
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Figure 3.5: Phosphorylation of AA. Phosphorylation of AA by AB when AB is directly incu­ 
bated with 40 /uM AA and 100 /nM ATP (o) or pre-incubated for 5 minutes with either 5 ^M ADP 
( ) or 5 //M ADP and 40 p-M AA (D). The symbols show the experimental results (Clarkson et a/., 
2004c), normalised by the factor 1.3 to take account of inaccuracies in the protein determination 
(see main text). The lines show the predictions of the mathematical model.
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We can further conclude from the measured rate of AA phosphorylation that AA facili­ 

tates the closing of the lid (128, 129). AA-dependent lid closure has a notable effect in vitro 

when AB is pre-incubated for 5 minutes with 5/j,M ADP before addition of 100 pM ATP. 

If the preincubation is carried out in the presence of AA then the biphasic phosphorylation 

time course can be directly transformed into a linear time course with the lower phosphory­ 

lation rate throughout (Fig. 3.5 D); by contrast, pre-incubation with 5//M ADP alone has 

only a minor effect (Fig. 3.5  ). From these results it can be concluded that while ADP-AB 

binding is weak (Lord et a/., 1996) it can be facilitated by AA, which itself binds weakly 

to AB when no nucleotide is bound (Clarkson et a/., 2001). The small effect seen when 

adding 5//M ADP is the result of mixed dimers that bind one ADP and one ATP. These 

yield only one instead of two phosphates before being captured in AB-ADP-AA complexes, 

whose production can be further stimulated if one AA binds to the ADP-bound monomer 

while another A A is phosphorylated on the other monomer. We conclude that in order to 

form AA-AB-ATP complexes as rapidly as observed after ATP addition AA must facilitate 

lid closure; we use 104 s" 1 as the AA-dependent lid closing rate to capture the kinetics 

in Fig. 3.5. This is the same rate as we found above for the <rF-dependent lid closing 

rate in the presence of ATP. The same high values for both rates follows from the need to 

exceed the respective dissociation rates of more than 103 s" 1 . Whilst all these states need 

to be included in order to model the results shown in Fig. 3.5 we can simplify our general 

model by neglecting the A A bound state without nucleotides, and we can then lower our 

AA-dependent lid closing rate to 10 s" 1 ; however, we note that higher rates do not alter 

the model predictions.

The affinity of IIE-AA-P and the rate of dephosphorylation

Dephosphorylation of AA-P (150) in vitro with HE domain III has been reported to proceed 

at 0.085 s" 1 (Lucet et al., 2000). However, when repeating the measurements we found that 

these experiments underestimated the rate of the reaction, presumably because the results 

were not fitted directly with a Michaelis-Menten model. Our new data show that failure
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to fit the data with a Michaelis-Menten model results in a large error because the reaction 

proceeds very fast and the velocities estimated after 10 minutes do not represent maximum 

reaction velocities. When we fit the reactions with a Michaelis-Menten model we obtain 

the lowest least-square deviations from the experimental data with 6 x 104 M^s" 1 for the 

IIE-AA-P on-rate (148), 0.58 s" 1 for the off-rate (149), and 0.75 s" 1 for the catalytic rate 

(150). This on-rate is very low, especially given the small sizes of the two proteins, but a 

higher on-rate worsens the fit of the data considerably (compare solid and dotted lines in 

Fig. 3.6). It has previously been shown that AA-P dimerizes (146, 147)) (Clarkson et a/., 

2003), and using analytic ultracentrifugation we have determined the affinity constant as 

Kd = 3.7 ± 2.1/zM (unpublished data, for methods see Clarkson et al., 2003). Affinities 

are difficult to measure accurately in the lower range, but even if we use KJ = 10/uM as a 

conservative estimate (105 M-1 s~ 1 for the on-rate (146), 1 s -1 for the off-rate (147)) we find 

higher rate constants for the IIE-AA-P interaction, e.g. 105 M^s" 1 for the IIE-AA-P on- 

rate (148), 0.58 s" 1 for the off-rate (149), and 1.25 s" 1 for the catalytic rate (Fig. 3.7). We
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Figure 3.6: The AA-P-IIE on-rate is low. Accumulation of phosphate when 5^,M (black), 
10/zM (blue), 20/xM (green), or 75/xM (red) of AA-P are mixed with 100 nM HE in 2.5 mM Mn2+ . 
The circles represent measured values. Given that our assays for the determination of protein 
concentrations are more accurate than the assay for the phosphate concentration, all curves were 
scaled before fitting the model so that no point would exceed the maximal substrate concentration. 
The lines represent the fit of the Michaelis-Menten type model (Fig. 3.7A) with k(m = 6 x 10"1 
M'V 1 , koff = 0.58 s" 1 and kcat = 0.75 s~ l (solid lines), or kon = 6 x 105 M'V 1 , kaff = 5.8 s~' 
and kcat = 0.75 s" 1 (dotted lines).
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use these parameter values and include AA-P dimerization with the above rate constants 

in the model. We conclude that the affinity of the IIE-AA-P interaction is remarkably low 

(Kd ~ 5   10/iM) as confirmed by measurements under different salt conditions. Thus if we 

use magnesium instead of manganese we obtain the same affinity but an almost 150-fold 

lower reaction rate (kcat = 0.0087 s" 1 ) (Fig. 3.8).
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Figure 3.7: The kinetics of AA-P dephosphorylation. (A) A scheme of the dephosphorylation 

reaction. The complex between HE and AA-P is formed at rate kon and dissociates at rate fc0//- 

AA and phosphate are formed at rate kcat . (B-D) Accumulation of phosphate when (B) 5, (C) 20, 

or (D) 75 /zM AA-P are mixed with 100 nM HE in 2.5 mM Mn2+ . The circles represent measured 

values that are scaled as in Fig. 3.6. The lines represent results from a Michaelis-Menten type model 

as depicted in (A) with the kinetic rate constants that gave the smallest least squares deviation, 

that is, kon = 9.3 x 104 M^s" 1 , koff = 0.58 s" 1 and fccat = 1.26 s' 1 . The rate constants for AA-P 

dimerization are kon = 105 M~ 1 s~ 1 , k0 ft = 1 s~ l .
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Figure 3.8: The impact of Mg2+ on the kinetics of AA-P dephosphorylation. Accumulation 

of phosphate when (A) 5, (B) 10, (C) 20, or (D) 30 //M AA-P are mixed with 1/iM HE in 1 mM 

Mg2+ and 0.1 mM Mn2+ . The circles represent measured values that are scaled as discussed in Fig. 

3.6. The lines represent results from a Michaelis-Menten type model as depicted in Figure 3.7A with 

the kinetic rate constants that gave the smallest least squares deviation, that is, kon = 9.3 x 104 

M^s" 1 , k0ff = 0.58 s" 1 and kcat = 0.0087 s" 1 . The rate constants for AA-P dimerization are

kon = 105 M^S- 1 , koff = 1 S -1 .
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3.2 Verification of the model by comparison to in vitro data

3.2.1 The model quantitatively reproduces experimental results of <JF • AB 
sensitivity to variations in AA and HE.

With all the kinetic parameters determined we first sought to reproduce biochemical in vitro 

results (shown as blue circles in Fig. 3.9A) which revealed that <7F -AB-ATP complexes are 

highly sensitive to changes in HE activity (Clarkson et al, 20046), thus lending support to

2.5 )uM
B

CD

10
-i

10' 10 
SpollE [nM]

10-

0.75 
0.5 
0.25 

0 
1(

ATP consumption 
per minute 
per a F released^ -z- ^

AB.ADP/AA
total AB

3~ 1 10° 10 1 10 2 10 3

D 1
m 0.75 
< 0.5
b 0.25 

0

0 2 4 6 8 10 12 14 16 
Time [min]

0 10
SpollE [nM]

20 30 40 
Time [min]

50

Figure 3.9: The dissociation of OF AB complexes is sensitive to changes in the con­ 
centration of HE and AA. (A) Steady state after IIE-dependent dissociation of aF -AB-ATP
(1.3/zM aF , IpM AB dimer) in the presence of 2.5/^M (blue) or 4/xM (red) AA. Circles represent 
experimental results. Continuous lines show the predictions of the mathematical model based on the 
interactions shown in Figure 3.2, which includes the formation of the AB-ADP-AA complex. Broken 
lines show simulations based on the assumption that the formation of such a complex is impossible 
(dotted lines) or that there is no AB allostery (dashed lines). (B) Kinetics of IIE-dependent dis­ 
sociation of crF -AB-ATP (1.3/ttM crF , IpM AB dimer) in the presence of 2.5/zM AA, in the absence 
of HE (black lines) or with 10 (green), 40 (red) or 100 (blue) nM HE. Experimental results are 
shown as output from a recorder. Note that three experiments were run in the absence of HE. The 
smooth continuous lines show simulations from the mathematical model. (C) Simulations of the 
proportion of AB sequestered into AB-ADP-AA complexes (continuous lines) and ATP consumption 
per minute per aF released (dashed lines) in the presence of 2.5/xM (blue) or 4//M (red) AA. (D) 
cr F -AB complex formation on mixing of 1 pM AB and 1.3 pM aF with no (grey), 2 //M (blue), 4 /zM 
(green), or 6 //M (red) A A. Experimental results (two for each concentration of AA) are shown as 
output from a recorder; the black lines show simulations from the mathematical model at the same 
concentrations of AA. All the experimental results are taken from Clarkson et al, 2004b.
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the hypothesis that the septation-dependent increase in HE activity may lead to aF release 

in the prespore (Duncan et a£, 1995). As long as AB allostery was included (compare 

dashed and continuous curves in Fig. 3.9A) the high sensitivity of cr F -AB-ATP complexes 

to changes in HE activity could be reproduced quantitatively. Moreover, the complexes were 

predicted to be sensitive to changes in the AA concentration, and this could be confirmed 

by experiments (compare 2.5 p,M and 4 pM curves in Fig. 3.9A). The model also captured 

the kinetics of crF -AB complex formation upon addition of ATP, the dissociation of the 

complex upon addition of AA and the effect of HE on re-formation of the complex (Fig. 

3.9B). The considerable variation in the experimental time courses (compare the three black 

curves for IIE=0 nM in Fig. 3.9B) may be due to the high sensitivity of the kinetics to 

concentration. Comparison with the results in Fig. 3.4A suggests that the slower recovery 

rate found in the simulation is the more realistic one. The values for the steady-state 

dissociation of the complex are more robust, and the standard deviations between three 

independent experiments, as indicated by error bars in Figure 3.9A, are generally small. 

In both cases the modelling results are within the experimental range. The close fit of 

simulation and experiment, despite inherent experimental errors in the parameters including 

protein concentration, can be attributed to the robustness of the model (see below) and to 

the fact that the constants for the various on- and off-rates were all derived from similar 

experimental protocols.

3.2.2 The robustness of the mathematical model to variations in param­ 
eters.

The regulatory network can be regarded as robust if small changes in the parameter values 

lead to only small changes in the response. Given the availability of experimental data, the 

sensitivity of the model to variations in the kinetic parameters can be assessed by deter­ 

mining the deviation Aj of the simulation values Si from the N experimental equilibrium 

results 6i (Fig. 3.9A) in response to a change in the kinetic parameter value kj as
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Those reactions j for which Aj did not increase by more than 1% when kj was either 

set to zero or varied between 10~ 3 and 106 in multiples of 10, are plotted as green arrows in 

Figure 3.2. Those for which even a small (10-fold) change in the parameter led to an increase 

in Aj by more than 1% are depicted as red arrows. Inspection of Figure 3.2 shows that 

about half of all reactions have little impact on the overall dynamics of the system. Those 

parameters that do affect the dynamics of the model are the key reaction pathways. These 

include the formation and AA-dependent dissolution of crF -AB complexes, phosphorylation 

and dephosphorylation of AA, as well as those reactions that lead to ADP-ATP exchange.

3.2.3 Predictions of the effect of AB-ADP-AA complex formation.

AB-ADP-AA complex formation coincides with aF release from the crF -AB-ATP complex 

(compare Figs. 3.9A and C) and is important for the high sensitivity of cr F release to changes 

in the AA concentration (Fig. 3.9A compare solid and dotted lines). The formation of 

AB-ADP-AA complexes also minimizes the need for cycling between A A and AA-P (Magnin 

et a/., 1997) and associated ATP consumption. Thus, the ATP consumption per minute 

per aF released does not increase monotonically with increasing HE concentrations, but 

reaches a minimum (Fig. 3.9C, dashed line) when sufficient unbound AA is available to 

sequester AB in AB-ADP-AA complexes (Fig. 3.9C, solid line).

The AA-dependent trapping of AB-ADP in AB-ADP-AA complexes can be observed 

experimentally in the form of an increasing delay in cr F -AB complex re-formation when 

equimolar concentrations of AB and aF are mixed with increasing molar ratios of AA (Fig. 

3.9D). The model reveals that the non-linear increase in the delay times with increasing AA 

concentrations reflects the non-linear AA-dependence of AB-ADP-AA complex formation. 

It should be noted that the extent to which this delay increases with increasing AA con­ 

centration would be smaller if the AA-AB-ADP affinity were lower. The small difference
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between experiment and model predictions can be accounted for by the high sensitivity of 

the speed of crF-AB rebinding to the protein concentration which resulted in rather large 

deviations in experiments (as the black curves in Figure 3.9B demonstrate); the parame­ 

ters relevant to crF-AB rebinding were based on the experiments in Fig. 3.4A since these 

had been measured most carefully once the high sensitivity to small changes in the protein 

concentrations had been realized.

3.3 Application of the model to the sporulating cell in vivo

With a model that reproduces the in vitro data quantitatively we are now in a position to 

investigate the physiological situation. Relatively few alterations have to be made to the 

model to take account of the differences between the in vitro and in vivo conditions. The 

membrane location of IIE in the cell does not need to be considered explicitly in the model 

since, given the dimensions of the forespore, spatial concentration gradients on the timescale 

of the reactions would be expected to be negligible. A change has, however, to be made to 

the ATP and protein concentrations, which are higher in vivo at the time of septation than 

in the in vitro experiments. The ATP concentration was set to 1 mM because the lower end 

of the experimentally reported ATP concentration range (0.85 mM to 3 mM) for vegetative 

B. subtilis (Jolliffe et al., 1981; Guffanti et al., 1987; Hecker et al, 1988) is likely to apply 

to the starving sporulating condition. The ADP concentration was set to 100 fjM, which is 

a tenth of the ATP concentration.

The concentrations of the four sporulation proteins have been determined in three inde­ 

pendent experiments (Magnin et al., 1997; Lord et al., 1999; Lucet et al, 1999). We note 

that the two later publications find substantially higher protein concentrations, a difference 

that can be accounted for by the more accurate techniques that were used. We therefore 

base our estimates on this later work; however, we note that for expression rates that are 

half as high comparable results are obtained. Starting without protein expression at time 

-120 minutes we used an expression rate of 6 x 10~ 9 M s" 1 for AA and AB, and 2 x 10~ 9
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M s" 1 for aF and HE, and obtain the protein concentrations that are found experimentally 

after 120 minutes, the presumed time of septation (Fig. 3.10A). We note that according to 

the experimental data the expression rates are not constant but increase with time (Magnin 

et al., 1997; Lord et al., 1999; Lucet et al., 1999). Our simplification of using constant 

expression rates may therefore overestimate the protein concentration at early times of the 

expression process. This will not affect our predictions of the mechanism of septation- 

dependent aF release since only the protein concentrations at the time of septation affect 

this mechanism. We may, however, underestimate the robustness of the mechanism, be­ 

cause the lower expression levels of HE at early times and the higher expression rate of HE 

after septation will protect against premature activation of aF'. Similarly, our predictions 

of ATP consumption before septation will be affected by the exact expression dynamics 

and be valid only qualitatively. However, in the important time period, after septation, the 

predictions of the model are unlikely to be much affected by our uncertainty about the exact 

expression rates, especially since the transient genetic imbalance (Frandsen et al., 1999) and 

repression of SpoOA (Arabolaza et al., 2003) largely inhibit the expression of sporulation 

proteins in the prespore.

Septation (a 4-fold increase in HE and associated AA-P) was introduced after 120 min­ 

utes (Magnin et al., 1997; Lord et al., 1999; Lucet et al., 1999) unless otherwise stated. The 

transient genetic imbalance, which arises upon septum formation and which results in the 

prespore lacking the spoIIA operon for 10-20 minutes after septation (Frandsen et al., 1999; 

Dworkin & Losick, 2001), was modelled by prohibiting expression of AA, AB and aF for 15 

minutes after septation. The emergence of unphosphorylated AA (Fig. 3.10B) further leads 

to repression of spoIIE and the spoil A operon via inactivation of SpoOA (Arabolaza et al., 

2003). We assume that the genes are repressed once the concentration of unphosphorylated 

A A exceeds 1 ^M. Note that in agreement with experimental observations (Arigoni et al., 

1996; Magnin et al., 1997; King et al, 1999; Carniol et al, 2004) a substantial amount 

of AA (about 15% of the total, that is about 5 jiM AA) is unphosphorylated even before
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Figure 3.10: The time-dependent concentration of the sporulation proteins in the model.
(A) Increase in the concentration of sporulation proteins during sporulation (AA- dashed; AB - 
continuous black; HE - dotted; O F - grey). (B) Fraction of AA that is unphosphorylated (solid 
line), unbound and unphosphorylated (dotted line) or bound in IIE-AA-P complexes (dashed line). 
In both panels, sporulation-dependent protein expression is started at -120 minutes; a four-fold 
increase in HE and associated AA-P (to simulate the effect of asymmetric septation) is introduced 
at t=0.

septation (Fig. 3.10B). However, the unphosphorylated AA is mainly bound to AB and 

therefore does not repress the spoIIA operon (Fig. 3.10B, dotted line).

An amino-acid sequence in the extreme C-terminus of AB markedly increases the AB 

degradation rate in vivo (Pan et al, 2001). In the simulations unbound AB was therefore 

associated with a degradation rate of 4.1 x 10~4 s" 1 , which gives rise to the experimentally 

observed half-life of about 28 minutes (Pan et a/., 2001).

The only rate constant that needs to be altered from the in vitro model is the HE 

phosphatase rate, which experiments suggest is lower in vivo (Feucht et a/., 2002). Modelling 

predicts that in order to avoid septation-independent release of aF while still permitting 

septation-dependent release, the phosphorylation rate needs to be reduced by 75- to 150-fold 

(3.11A). It has previously been noted that the phosphatase rate is substantially higher in the 

presence of Mn2+ (Schroeter et a/., 1999), and indeed for a physiological salt concentration 

(1 mM Mg2+ , 0.1 mM Mn2+ (Eisenstadt et a/., 1973; Kehres & Maguire, 2003)) we find 

that the phosphatase rate is almost 150-fold lower (0.0087 s" 1 , Fig. 3.11B) as discussed in 

section 3.1.4 and shown in Figure 3.8. Further alterations to the HE environment or an 

unknown HE inhibitor (King et al, 1999; Feucht et al., 2002) are not necessary.

Under physiological conditions the RNA polymerase and the general transcription factor
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Figure 3.11: A lower in vivo HE turn-over rate. (A) Predicted concentration of AB-free 
(active) a F before (dashes) and after (continuous line) septation, dependent on how much lower the 
HE phosphatase rate is in vivo than under in vitro conditions. (B) Velocity of the HE reaction as a 
function of the concentration of its substrate AA-P in 2.5 mM Mn2+ (filled circles) or 1 mM Mg2+ , 
0.1 mM Mn2+ (open circles).

crA also need to be taken into account. The affinity between the core RNA polymerase and 

aF has been measured to be 560 nM (Lord et a/., 1999); the transcription factor aA competes 

with OF and binds the polymerase with a 25-fold higher affinity (22.5 nM) (Lord et a/., 1999). 

We assumed a normal protein on-rate of 106 M" 1 s" 1 for both transcription factors and 

adjusted the off-rates to reproduce the affinity constants. The cellular concentrations of aA 

and the core RNA polymerase have both been determined as ~ 7.5//M (Lord et al, 1999).

3.4 HE accumulation on the septum, AB allostery and a 
short half-life enable compartment-specific gene transcrip­ 
tion

While septal accumulation of HE (Duncan et al., 1995) and a short half-life of unbound AB 

(Pan et a/., 2001) have been established experimentally as key components of the mechanism 

that enables prespore-specific aF release, it is unclear how they contribute and whether they 

are sufficient given that the HE activity increase in the prespore is small and that the half- 

life of unbound AB strongly exceeds the time scale on which O F is activated. Moreover, how 

released aF can displace <J A on the RNA polymerase despite the (unfavourable) competition 

of O F with the transcription factor aA (Lord et a/., 1999) has so far been a paradox.

We will show in section 3.4.1 that septal accumulation of HE is sufficient because HE 

accumulates on the septum together with its substrate AA-P and AB allostery enables
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an exceptional high sensitivity to such small changes in AA production (section 3.4.3 and 

Chapter 4). Accelerated degradation of unbound AB is important to tune the protein 

concentrations in a way that small changes can act as a trigger without rendering the 

regulatory network vulnerable to fluctuations in protein expression (sections 3.6-3.8). The 

relative affinities of the RNA polymerase for aF and OA are shown to be optimized to allow 

for a coexistence of both holoenzymes (section 3.4.2). Other proposed mechanisms such as 

the removal of a HE inhibitor or effects of the transient genetic imbalance are shown to be 

not necessary (section 3.6).

3.4.1 Accumulation of HE (in association with its substrate AA-P) at the 
septum is sufficient to induce <J F release in the prespore.

Contrary to previous suggestions, the model demonstrates that septal accumulation of HE 

is sufficient to induce aF release in the prespore; it is not necessary to increase the HE phos- 

phatase rate in the prespore (for example by the removal of an inhibitor). As AA production 

is equal to the phosphatase rate multiplied by the concentration of HE-AA-P complexes, 

it is sufficient to increase the substrate and enzyme concentrations by accumulation on the 

septum (Fig. 3.12A). Substrate and enzyme increase together when HE accumulates on the 

septum because, owing to a low phosphatase rate and the slightly higher total AA concen­ 

tration relative to the HE concentration in the cell, 60% of all HE is associated with AA-P 

before septation (Fig. 3.12B).

An increase in either the HE activity or AA-P concentration alone is insufficient even 

if the phosphatase rate is set to the highest physiological possible value (Fig. 3.12A). It is 

therefore necessary for HE to be present before septation, since that is the only way in which 

septal accumulation of HE could also increase the A A concentration in the prespore. In 

fact asymmetric septation appears to require the presence of a significant HE concentration 

(Barak & Youngman, 1996; Khvorova et a/., 1998; Feucht et a/., 1999; Ben-Yehuda & Losick, 

2002).
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Figure 3.12: Simulations showing that a septation-dependent increase in IIE-AA-P is 
sufficient for <J F release. (A) aF release in response to a 4-fold increase in HE alone (dashes) in 
AA-P alone (dotted), or in HE and AA-P (continuous line) imposed at t=0. (B) Time-dependent 
fraction of HE in HE-AA-P complexes. In both panels, septation was induced at t=0 (see text).

3.4.2 Formation of the crF-RNA polymerase holoenzyme

Prespore-specific aF release is only a first step to differential gene expression. In order to 

direct gene expression aF needs to bind to the RNA polymerase, from where it needs to 

displace aA . The mechanism of the latter has so far been unclear given the (unfavourable) 

competition of aF with <J A (aA binds to the polymerase with a 25-fold higher affinity (560 

nM and 22.5 nM for aF and CTA respectively), but it is only slightly less abundant (~ 7.5//M) 

than released aF (Lord et al., 1999)). As the core RNA polymerase concentration is compar­ 

atively high (~ 7.5/iM), the mathematical model predicts that micromolar concentrations 

of crF -RNApol holoenzyme can form spontaneously in response to asymmetric septation, 

and that these complexes co-exist with micromolar concentrations of cr^-RNApol holoen­ 

zyme (Fig. 3.13A). This result mimics the known situation in the sporulating cell, where 

both cr^-holoenzyme and <7F-holoenzyme are active (Fujita & Sadaie, 1998). If core RNA 

polymerase had the same affinity for aF as it has for aA , formation of cr F-holoenzyme would 

not require a septation-dependent increase in HE activity (Fig. 3.13B). There would then 

be a risk that <7F-specific transcription could occur in the predivisional cell once the con­ 

centrations of the sporulation proteins had increased sufficiently to permit the formation of 

micromolar concentrations of cr F-holoenzyme but before they had triggered septation.
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Figure 3.13: Predicted concentrations of RNA polymerase holoenzymes upon septa- 
tion. (A) RNA polymerase holoenzyme formed with aF (lower curves) or aA (upper curves) as 
a function of an increase in HE (including HE complexed with AA-P) relative to the other sporu- 
lation proteins after 120 minutes of protein expression if AB is either allosteric (continuous lines) 
or not (broken lines)). (B) Predicted preseptational <7 F -RNApol concentration when the sporula- 
tion proteins increase in parallel, with parameters as given in tables B.I, 3.2 (continuous line) or 
with kf,//(cr F -RNApol) = 0.02 s" 1 (dashes). On the horizontal axis, the concentration of cr F is 
representative of aF , A A, AB and HE.

Figure 3.13A further shows that HE (and the AA-P bound to it) needs to increase by at 

least three-fold in order to ensure the formation of micromolar crF -RNApol concentrations. 

Given the difference in volume between the two compartments, accumulation of HE on the 

septum will result in at least a 2.5-fold increase (see Appendix B.3). However, as discussed 

in Appendix B.3, a 4-fold increase is a more realistic description of the sporulating cell and 

is therefore used in all the simulations presented here.

3.4.3 AB allostery enables high sensitivity to HE

AB allostery is the key to the high sensitivity to changes in the HE-AA-P concentration 

(Fig. 3.13). <7F -AB complexes are stable at low AA concentration but, through allostery of 

AB, they become rapidly dissociated once the A A concentration reaches a critical threshold 

after septation. This effect is achieved by having different AA and aF affinities for the two 

AB conformations. The conformation that is stable in the absence of AA has a low affinity 

for AA and a high affinity for aF while the conformation that is stable in the presence of 

A A has a high affinity for A A and a low affinity for aF . Once a critical A A concentration is 

exceeded A A binding results in rapid OF dissociation and prevents the formation of <7F -AB
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complexes.

Allostery is necessary because aF binds with similar affinity to both AB forms, AB-ADP 

and AB-ATP (Magnin et al, 1997). As a result aF can efficiently rebind AB that still has 

ADP in its binding pocket. Unless A A binding reduced the <7F -AB affinity aF would 

always outcompete AA in binding because a large fraction of AA becomes inactivated 

through phosphorylation when releasing aF from its complex with AB-ATP. Accordingly, 

AA-dependent dissolution of cr^-AB-ADP is important (Fig. 3.2, note the red arrows), and 

if we alter the simulation in such a way that the cr^-AB affinity is reduced selectively in the 

presence of ADP, <JF is released in response to septation even without AB allostery (Fig. 

3.14).

We conclude that allostery is particularly important in controlling the fate of AB-ADP 

and in facilitating AA-dependent aF release. This observation can be confirmed in a smaller 

mechanistic model that can be studied with analytical tools (Chapter 4).

0
-10 0 10 20 30 40

Time [min]

Figure 3.14: AB allostery is necessary because AB-ADP binds a F with high affinity. The
simulations show the effect of a four-fold increase at t=0 min of HE, together with its associated 
AA-P, on formation of RNApol(cr f ) holoenzyme assuming that AB is allosteric (continuous line) 
or not allosteric (broken lines). The O F • AB-ADP affinity is reduced by 100-fold in the case of the 
dashed line.
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3.5 Economic efficiency

AB allostery also reduces the consumption of ATP during sporulation (Fig. 3.15C) by 

favouring the formation of AB-ADP-AA complexes (Fig. 3.15B) once cr F -RNApol holoen- 

zyme is formed (Fig. 3.15A). If the simulation is altered so as to prohibit the formation of 

these complexes, AB accumulates instead in AB-ATP-AA complexes; but the consumption 

of ATP is then greatly increased (Fig. 3.15C). Observing that in the case of the wild type 

about one ATP is consumed in order to release one aF for 10 minutes and that successful 

sporulation requires micromolar concentrations of free crF , we estimate that the wild type 

uses about 10 //mols per litre cell volume (each cell has a volume of about 10~ 16 litre (Nakano 

& Kawabata, 2000)) during sporulation. Without the formation of the AB-ADP-AA com­ 

plex the usage would be more than 100 times higher (~ 1 mmol per litre). Considering 

that the cellular ATP concentration is about 1 mM (Jolliffe et a/., 1981; Guffanti et al, 

1987; Hecker et a/., 1988) such a difference would be substantial. We conclude that, for 

<7F -RNApol holoenzyme to be formed and to persist without excessive waste of ATP, the 

(allosterically-enhanced) formation of AB-ADP-AA complexes is important. These com­ 

plexes play an important role in acting as a sink for AB after the increase in HE (and 

associated AA-P) that occurs in the prespore at asymmetric septation. The avoidance of 

"ATP wastage" can be expected to be particularly important once nutrients are scarce, as 

is the case at the onset of sporulation. The regulatory network that controls O F release 

appears therefore to be optimized to limit ATP wastage.

3.6 Evaluation of alternative models for crF activation

A number of further mechanisms have been proposed to explain compartmentalized acti­ 

vation of crF , especially because aF activation is still restricted to the prespore even when 

HE is prevented from accumulating on the septum (Arigoni et a/., 1999). Two prominent 

suggestions are based on possible effects of the transient genetic imbalance (Frandsen et a/., 

1999). The transient genetic imbalance arises because about 70% of the chromosome (in-
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Figure 3.15: AB allostery reduces ATP consumption. The simulations show the effect of 
a four-fold increase at t=0 min of HE, together with its associated AA-P, on (A) formation of 
RNApol(<7F ) holoenzyme, (B) fraction of AB in AA2-AB-ADP complexes, (C) ATP consumption 
per minute per a F released, assuming that AB is allosteric (continuous line) or not allosteric (dotted), 
or that AB-ADP cannot bind AA (dashes).

eluding the spoIIA operon on which AB is coded) is initially excluded from the forespore 

and is imported only 10-20 minutes after septum closure (Wu et al, 1998a). As a result AB 

cannot be expressed in the prespore immediately after septation (Dworkin &: Losick, 2001), 

and it has been proposed that the accelerated degradation of unbound AB (Pan et al., 2001) 

results in a net decrease in AB concentration in the prespore and in the prespore-specific
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release of crF (Dworkin &; Losick, 2001). A further proposed result of the genetic imbal­ 

ance is the degradation and loss of an elusive HE inhibitor from the prespore, which would 

further accelerate aF release (Frandsen et a/., 1999).

The transient genetic imbalance is too brief to affect <JF release via AB 
degradation

In agreement with experimental observations (Dworkin & Losick, 2001), micromolar con­ 

centrations of crF -RNA polymerase holoenzyme still form when there is no transient genetic 

imbalance, that is when all proteins are continuously expressed in the prespore (Fig. 3.16A). 

Equally, the additional exclusion of the spoIIE gene from the prespore for the first 10-20 

minutes after septation does not affect the phenotype either in vivo (Dworkin &: Losick, 

2001) or in silico (Table 3.3). The simulation further reveals that under physiological con­ 

ditions the difference in the AB concentration is marginal in the presence or absence of 

the transient genetic imbalance (Fig. 3.16B). We therefore conclude that the time span for 

which the transient genetic imbalance exists (10   20 minutes) is too short to substantially 

affect CTF release in the prespore.

The physiological role of the transient genetic imbalance remains unclear. One possibil­ 

ity is that it exerts a protective role in the mother cell which may be important because,
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Figure 3.16: The effect of the transient genetic imbalance. (A) The predicted concentration 
of cr F -RNApolymerase holoenzyme, and (B) the predicted SpoIIAB concentration assuming that 
with (solid line) and without (dashed line) a transient genetic imbalance. The concentration of HE, 
together with its associated AA-P, was increased by four-fold at t=0 min to model the effect of 
septation.
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contrary to what is assumed in the simulation, the rate of HE expression is not constant but 

increases sharply before septation (Lucet et a/., 1999). As a consequence the ratio between 

the expression of HE and the spoIIA genes increases also in the mother cell. Such continuing 

increase in the spoIIE/spoIIA expression ratio until after septation could, in principle, even­ 

tually trigger aF release also in the mother cell, and the availability of two spoIIA copies 

(as a result of the transient genetic imbalance) may be important to compensate for this. A 

short transient genetic imbalance can be expected to be sufficient in this case because once 

aF has been activated in the prespore the developmental fate of the mother cell is sealed by 

crisscross activation of transcription factors in the two compartments (Losick & Stragier, 

1992).

The role of SpoIIAB degradation

Although the AB half-life is too long for AB degradation to enable rapid aF release after 

septation, simulation (Fig. 3.17A) and experiments (Pan et a/., 2001) agree that degradation 

of AB is necessary for successful,sporulation. The quantitative model further reveals that 

AB degradation substantially reduces the AB concentration before septation (Fig. 3.17 B). 

If the AB expression rate is lowered in the AB degradation mutant to an extent that the 

wildtype protein concentration is regained then septation-dependent <JF release is obtained 

(Fig. 3.17A, B - red lines). AB degradation thus appears to be necessary in order to tune 

the AB to AA ratio before rather than after septation.

Experiments support the prediction of the model that AB is expressed at a much higher 

level than AA, and that a substantial fraction of AB is already degraded before septation 

(Magnin et a/., 1997). Thus the ratio of AB monomers to A A is initially much larger than 

one but decreases towards one over the 90-120 minutes until the septum forms (Fig. 3.17C). 

While the experimentally observed AB/AA ratios greater than one could, in principle, be 

accounted for by limitations in the accuracy of the method, the method, even if inaccurate, 

should still be self-consistent and therefore give a constant AB/AA ratio.

The time-dependent concentrations of the sporulation proteins have been measured in
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three independent biochemical studies (Magnin et a/., 1997; Lucet et a/., 1999; Lord et a/., 

1999), which, however, do not fully agree. We have so far followed the two later experimental 

works whose measurements at the time point of septation can be approximated by the 

constant expression rates 6 x 10~9 M s" 1 for AA and the AB dimer, and 2 x 1CT9 M s" 1 

for <JF and HE. These rate constants imply that AB monomers are expressed at higher 

(twice as high) levels compared to AA (Fig. 3.17A, B). This is at odds with the widely 

accepted hypothesis that AB and AA are translationally coupled and therefore expressed at 

exactly the same level (Fort &; Piggot, 1984). We note, however, that septation-dependent 

aF release is still possible when AA and AB monomers are expressed at 6 x 10~ 9 M s-1 as 

long as the aF and HE expression rates are halved (10~9 Ms" 1 ). At the time of septation 

there are then ~ 44/^M AA, ~ 13/zM AB dimer and ~ 7/j.M <JF and HE. AB degradation 

is therefore important no matter what the exact expression rates are.

The model predicts that degradation of AB before septation is important in order to tune 

the relative protein concentrations. It is unclear why such an energetically costly mechanism
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Figure 3.17: The role of accelerated degradation of SpoIIAB. (A) The predicted concentra­ 

tion of <7F -RNApolymerase holoenzyme, and (B) the predicted concentrations of SpoIIAA (dashed 

lines) and SpoIIAB (solid lines) assuming that AB has a half-life of 28 minutes (black lines), or AB 

is stable (grey lines), or AB is stable and has an expression rate two thirds of what is common for 

the wildtype (red lines) while the AA expression rate is identical to that of the wild type (black 

lines). The continued expression of the sporulation proteins in the absence of AB degradation (grey 

lines) after septation (t = 0) is due to the lack of free unphosphorylated AA that would repress 

spoil A. The concentration of HE, together with its associated AA-P, was increased by four-fold at 

t=0 min to model the effect of septation. (C) The ratio of AB monomers to AA in experiments 

(balls) and simulation (line) assuming that the septum forms after 90 minutes; t = 0 corresponds to 

the activation of SpoOA, that is to t=-120 minutes in (A, B). The experimental values were obtained 

by reading off the values from Figure 2 in Magnin et al (1997).



CHAPTER 3. A QUANTITATIVE MODEL FOR CELL DIFFERENTIATION 51

is employed. One explanation is that AB degradation is important in the mother cell; this 

would explain the loss of AB after septum formation, which has been found consistently in 

two independent studies (Magnin et al., 1997; Lucet et a/., 1999), and which is too strong 

to be the result of degradation in the smaller prespore alone. Another possible explanation 

is the increased robustness when the expression of AA and AB is co-regulated as discussed 

in section 3.8.1. More experiments that provide further and more accurate data on the 

cellular protein concentrations are clearly needed to fully understand the role of the operon 

structure and of AB degradation.

aF release without an increase in the HE activity

The central role of a septation-induced increase in HE activity has been questioned by ex­ 

periments which revealed that aF release was still restricted to the prespore even if HE 

remained homogeneously distributed upon septation (Arigoni et al., 1999). Accumulation 

of HE on the septum was prevented in these experiments by expressing only the solu­ 

ble, homogeneously distributed, phosphatase domain of HE, without the membrane anchor 

(IIEAmem). Importantly, however, <jF-dependent transcription was observed only with 

a substantial delay of about 1 hour. Successful sporulation requires that crF is released 

within 10 minutes after septation (Hilbert & Piggot, 2004) and the sporulation efficiency 

was therefore reduced for this mutant.

The delayed formation of crF -RNA polymerase complexes can be reproduced in the 

simulation (Fig. 3.ISA), and is a consequence of the continuous loss of AB in the prespore 

(Fig. 3.18B). The dependency on AB degradation explains why aF release is delayed so 

much. Because <J F release now requires loss of AB from the prespore, it is important that 

AB is not expressed in this compartment, explaining why the transient genetic imbalance 

is important in IIEAmem mutants. Accordingly, experiments and simulations agree that 

mutants in which both HE accumulation, and the transient genetic imbalance, are abolished 

are unable to form spores (Fig. 3.18D).

A similar conclusion can be drawn from division mutants. In these mutants, both a
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septation-dependent increase in HE and the block in the AB expression are impossible. 

Accordingly these mutants fail to form spores, and the simulation predicts that a -RNA 

polymerase complexes do not form within the timespan required for successful sporulation 

(Table 3.3). Simultaneous HE overexpression results in crF-dependent transcription, though 

with a considerable delay (Arigoni et a/., 1999). Such delayed formation of micromolar 

concentrations of RNApol-crF complexes is also observed in silico.

We conclude that the observation that aF can be also released without the septation- 

dependent increase in HE activity does not imply that HE is not the physiological trigger 

of compartmentalized <JF release. Since mutants in which both HE accumulation and the 

transient genetic imbalance are abolished are effectively spo~, we can further conclude that 

additional mechanisms that can enable compartment-specific aF release seem not to exist.
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Figure 3.18: cr F can be released compartment-specific without an increase in HE ac­ 
tivity. (A) The predicted concentration of cr F -RNApolymerase holoenzyme, (B) the predicted 
concentrations of SpoIIAB, and (C) the predicted fraction of AA that is unbound and unphospho- 
rylate assuming that the concentration of HE, together with its associated AA-P, either increases 

by four-fold at t=0 min (solid line), or does not increase (dotted line), or HE neither increases nor 
is spoil A transported into the prespore after septation (dashed line). (D) The predicted concentra­ 
tion of cr F -RNApolyrnerase holoenzyme assuming that the concentration of HE, together with its 
associated AA-P, either increases by four-fold at t=0 min (solid line) or HE neither increases nor is 
there a transient genetic imbalance (dashed line).
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The simulations hint to an additional important detail of the regulatory mechanism. 

Whilst expression of the spoil A genes is repressed in the wildtype prespore because of the 

emergence of unphosphorylated A A (Arabolaza et a/., 2003), the A A concentration is too 

low to explain the block in the IIEAmem mutant (Fig. 3.18C). Moreover, the simulation 

suggests that in the mutant only the spoil A genes are repressed but not spoIIE (Fig. 3.18 A). 

The simulation therefore predicts that the septal location of HE is necessary for the transfer 

of the chromosome into the prespore.

This proposition is in agreement with the experimental observation that although sep- 

tation is rapid, spore engulfment takes more time, and the structure of the septum (which 

needs to permit DNA translocation) is severely altered in the mutant (Arigoni et a/., 1999). 

Moreover, a mutant that co-expresses a phosphatase deficient version of HE on the mem­ 

brane with the soluble phosphatase domain leads to a lower rather than a higher sporulation 

efficiency (Arigoni et a/., 1999). This observation is in good agreement with the notion that 

HE facilitates transfer of spoIIA into the prespore but is difficult to explain otherwise.

Is there a HE inhibitor?

It has been suggested that the transient genetic imbalance may also support compartmental­ 

ized activation of aF by the prespore-specific depletion of an elusive IIE-inhibitor (Frandsen 

et al., 1999). The idea that HE is regulated by a HE inhibitor has received support from 

the observation that a HE mutation that 4oes not give rise to an altered phosphatase rate 

in vitro leads to premature aF release in.vivo (Feucht et a/., 2002) as well as from HE 

overexpression experiments (Arigoni et a/., 1996).

Although we find a low HE turn-over, rate under in vivo conditions (Fig. 3.8) this is 

not the result of a HE inhibitor but of the physiological salt conditions (~ ImM Mg2+ , and 

0.1 mM Mn2+ (Eisenstadt et a/., 1973)) which reduce the activity of serine phosphatases 

(Schroeter et a/., 1999). Moreover, a septation-dependent increase of the HE turn-over rate 

(as may be achieved by the removal of a HE inhibitor) is not required for compartment- 

specific aF release (Fig. 3.19).



CHAPTEK 3. A QUANTITATIVE MODEL FOR CELL DIFFERENTIATION 54

While the simulation therefore does not support a role for a HE inhibitor in aF regulation 

under physiological conditions, we note that the premature transcription of a -dependent 

genes in response to overexpression of HE (Arigoni et a/., 1996) can only be reproduced 

if these genes are either already transcribed at an intermediate RNApol-crF concentration 

(~ 0.3 p,M instead of 1 /zM), or if the HE activity increases (Fig. 3.19). An increase in the 

HE concentration alone is insufficient to give rise to micromolar RNApol-crF concentrations 

because the substrate of the phosphatase is limiting as well, and no substrate-saturation of 

the enzyme is achieved if only the concentration of the enzyme is increased.

In light of our previous finding that the salt conditions are responsible for the low phos­ 

phatase rate the existence of a HE inhibitor is very unlikely because an inhibitor would 

only further reduce the HE turn-over rate and its removal would not lead to an increase 

beyond the low salt-dependent rate. The apparent increase in the HE activity in response to 

HE overexpression and to the reported mutation must therefore result from an activating 

process, such as the formation of HE aggregates, which may process the substrate more 

efficiently.

We conclude that mechanisms other than the septation-dependent HE activity increase
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Figure 3.19: The effect of HE overexpression. The predicted concentration of 

a 1' -RNApolymerase holoenzyme assuming that HE is expressed at its normal rate (solid line), at a 

five-fold increased rate (dashed line), or at a five-fold increased rate in conjunction with a five-fold 

increased turn-over rate (dotted line). The concentration of TIE, together with its associated AA-P, 

was increased by four-fold at t=0 min to model the effect of septation.
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in the smaller prespore are unlikely to play an important role in the compartment-specific 

activation of crF , and that the elusive HE inhibitor most likely does not exist. Given the 

intriguing arrangement of the sporulation genes, it will be interesting to learn of other roles 

for the transient genetic imbalance. More experiments, which also address the different 

protein concentrations in mother cell and prespore, will be important in that endeavour.

3.7 Phenotypes of mutants

Given that all parameters of the model are based on good experimental data we have tested 

whether our model correctly predicts the phenotype of mutants. Table 3.3 shows that for 

those mutants for which the biochemical effect of the mutation is known the simulation 

succeeds in predicting the physiological effect very well. The predictions of the model for 

those mutants whose cell division, transient genetic imbalance, AB degradation, and HE 

localisation or expression had been affected have been discussed in detail in the previous 

section. In the following we discuss those mutantions that affect the interactions of AB and 

A A, and the phosphorylation and dephosphorylation of A A.

The AAL61A and the AAL90A mutations both prohibit spore formation. The AAL61A 

mutation results in slower A A dephosphorylation and a 10-fold lower AB-ADP-AA affinity 

(Lee et a/., 2001). According to the simulation, a 10-fold lower affinity has no impact, but 

even a three-fold reduction in the phosphatase rate prohibits the formation of micromolar 

RNApol-<7F concentrations on the relevant time scale of several hours.

The AAL90A mutation on the other hand increases the phosphorylation rate by three­ 

fold and decreases the AB-ADP-AA affinity by at least 100-fold (Lee et al, 2001). While 

the increase in the phosphorylation rate has no notable effect in the model, a 104 lower 

AB-ADP-AA affinity will prohibit rapid RNApol-crF formation. If (as unpublished exper­ 

iments suggest) the AB-ATP-AA affinity is also affected, then even a smaller reduction in 

affinity will affect RNApol-crF formation.

The AAS58A mutant cannot be 'phosphorylated, and this mutation induces RNApol-crF
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complex formation even in division mutants (Diederich et a/., 1994; King et a/., 1999; 

Carniol et a/., 2004). While the lower AB-ADP-AA affinity (Magnin et a/., 1997) has no 

effect in the simulation, the inability to phosphorylate AAS58A is sufficient to enable strong 

RNApol-<7 F complex formation (as long as AAS58A does not repress spoOA too early, since 

otherwise insufficient protein is produced to form enough RNApol-crF ). The lower a -AB 

affinity further increases the concentration of active af'.

AB-R105A induces premature aF activity in vivo (Ho et al, 2003; Shu et a/., 2004). It 

has a higher catalytic rate than the wild type, but a much lower ADP-ATP exchange rate 

(Shu et al, 2004). Assuming that the ADP-ATP exchange rate is limited by a reduced lid 

opening rate, the model correctly simulates the phenotype of this mutant.

3.8 Robustness

Biological networks need to be organized a way that they are sensitive to regulatory input 

but robust to the small variations that may arise from changes in environmental conditions 

or from stochastic fluctuations within the cell. As shown in the following, the sporulation 

network meets both conditions to an impressive degree.

3.8.1 Robustness to variations in protein expression rates

During the vegetative phase, the concentrations of cr F , AA, AB, and HE are too low to allow 

sufficient cr F -RNApol formation to drive prespore development (Fig. 3.20). This efficiently 

protects the cell from premature OF activation. The triggering of differential gene expression 

requires the formation of IIE-AA-P complexes, and therefore the expression of AA and HE, 

prior to septation. In order to avoid premature aF activation all sporulation proteins (crF , 

AA, AB and HE) need to be expressed in parallel (Fig. 3.21A). Given the low numbers of 

proteins expressed, the process is inherently stochastic, and variations in the environmental 

conditions can further affect the global protein expression rates. It is therefore important 

to investigate the robustness of the network to such fluctuations.

The analysis reveals that as long as the protein expression rates for all four sporulation
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Figure 3.20: The protein concentration dependency of cr F RNA polymerase holoenzyme
formation. Concentration of <7 F -RNA polymerase holoenzyme as a function of the reference protein 
concentrations (as exemplified by the a F concentration). The relative concentration of TIE (and the 
associated AA-P) was either increased by four-fold (dotted line) or left unchanged (continuous line).

proteins are increased in parallel, that is by a common factor as denoted on the horizontal 

axis in Figure 3.21B, the sporulation efficiency is not affected by stochastic variation in gene 

expression; only a minimal expression rate is required to provide sufficient aF for binding 

to the RNA polymerase (Fig. 3.21B, grey lines). While the genes for AA, AB and aF are 

organized in an operon (spoilA), HE is expressed separately from a distant locus (spoIIE) 

(Fig. 3.21 A). Accordingly, in the cell the expression of HE may vary independently from 

AA, AB and aF'. The simulation reveals that an independent increase of up to 2.5-fold in 

the expression of spo/L4-encoded proteins can still be tolerated; for higher spoIIA/spoIIE 

ratios the relative activity of the phosphatase becomes too weak (Fig. 3.21B, black lines). 

An even higher independent increase in the expression of the spoil A genes can be tolerated 

if we assume that the expression of the spoil A and spoIIE genes is at least weakly correlated 

such that a large increase in the expression of the spoil A genes is accompanied by at least a 

small increase in the expression of the spoIIE genes (Fig. 3.21C). Such a correlation is not 

unexpected considering that variations in gene expression are the result of both intrinsic 

and extrinsic noise. The latter, which reflects cell-to-cell variation in the concentration of 

other molecular species such as the RNA polymerase, will affect all genes similarly. We 

can conclude that the independent regulation of the spoIIA and spoIIE genes is unlikely to
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Figure 3.21: The impact of parallel and random variations in the expression of 
spoIIE and spoIIA genes on OF release. (A) The spoIIA operon comprises the genes 
for SpoIIAA, Spoil AB, and crF . The genes for Spoil A A and Spoil AB overlap; the genes for 
SpoIIAB and aF are separated by 11 basepairs. (B) The regulatory network is robust to 
parallel variations in gene expression. The predicted concentration of a^-RNApolymerase 
holoenzyme before (dashed lines) and after (continuous lines) septum formation if either 
all (grey lines) or all protein expression rates except for the one of SpoIIE (black lines) 
were increased by the factor on the horizontal axis compared to the standard reference 
rates (6 x lO^Ms" 1 for SpoIIAA and SpoIIAB dimers and 2 x lO^Ms" 1 for OF and 
SpoIIE). (C, D) The expression rate combinations for which septation-dependent aF release 
is possible (between the lines) or not (outside the area marked by lines). (C) The impact 
of differential regulation of spoIIE and spoIIA expression. The vertical and horizontal axes 
indicate the fold variation in the spoIIE and spoIIA expression rates respectively, compared 
to the standard reference rates. (D) The impact of differential regulation of the expression 
of genes encoded in the spoIIA operon. The vertical axis indicates the fold variation in the 
expression of AA (circles), <JF (black lines), or A A and OF (grey lines). The horizontal axis 
indicates the fold variation in the expression of SpoIIAB and of any other protein whose 
expression is coupled to the one of SpoIIAB (which are those genes in the spoIIA operon 
not reported on the vertical axis). The sudden jump observed at a high SpoIIAB to <J F 
ratio (lower black line) is the consequence of impaired aF release when the relative SpoIIAB 
concentration is too high.
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generate a major risk of failed sporulation. Separation of the spoil A and spoIIE genes on 

the bacterial chromosome, on the other hand, has benefits because it ensures that, upon 

septation, each compartment retains one copy of spoIIE while initially (for the first 10   20 

minutes) two copies of spoIIA are in the mother cell but none in the prespore (Prandsen 

et a/., 1999). This initial transient genetic imbalance may protect the mother cell from a 

relative increase of spoIIE to spoil A gene products as is discussed in section 3.6.

Although the genes in the spoil A operon are co-transcribed into a single mRNA, con­ 

stant expression ratios are only obtained if translation is perfectly coupled as well. Coupled 

translation is achieved when two genes are translated by the same ribosome. Reinitiation 

of translation at a nearby start codon after termination at the upstream gene is possible 

because ribosome dissociation from the mRNA is a slow and energy-dependent process 

(McCarthy &; Gualerzi, 1990). There is currently no direct experimental evidence for cou­ 

pled translation of the spoIIA operon. Coupling can, however, be postulated based on the 

arrangement of genes (Fort & Piggot, 1984). The first two genes in the spoIIA operon (en­ 

coding A A and AB) overlap by four basepairs, while the genes for AB and aF are interspaced 

by 11 basepairs (Fig. 3.21A); coupled translation has been documented for intercistronic 

distances of more than 60 basepairs (McCarthy &; Gualerzi, 1990). The efficiency of reini­ 

tiation depends on the distance as well as the strength of the Shine-Dalgarno sequence 

(McCarthy & Gualerzi, 1990; Adhin & van Duin, 1990) which is, in general, located 5-13 

basepairs upstream of a start codon and which binds to the homologous 3' end of the 16S 

rRNA, a component of the 30S ribosomal subunit. Moreover, the secondary structure of 

the mRNA can affect lateral diffusion of the ribosomes (Adhin & van Duin, 1990).

According to the protein expression data for the spoIIA operon it appears that the last 

gene in the operon, <JF , is expressed at much lower levels than are A A and AB, while AB 

monomers may be expressed at equal or up to 3-times higher levels compared to AA (Magnin 

et a/., 1997; Lucet et al., 1999; Lord et al., 1999). The weaker expression of a downstream 

gene (as is the case for &F ] can, in general, be accounted for by a weaker ribosomal binding
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site which is removed far enough from the termination codon of the upstream cistron that 

a considerable fraction of ribosomes dissociate from the mRNA before translation can be 

reinitiated (McCarthy & Gualerzi, 1990). It should be noted that while the transcriptional 

and translational coupling will reduce the noise in the relative AB to <JF expression levels 

the unbinding of ribosomes is necessarily a stochastic process and will therefore add a (low 

level) of noise. The stronger expression of a downstream gene (as may be the case for 

AB relative to AA) can, in general, only be observed if a strong initiation sequence for the 

downstream gene is occluded by mRNA secondary structure which is melted by the ribosome 

that transcribes the upstream gene (McCarthy & Gualerzi, 1990). Such a condition does 

not seem to be met by the gene for AB, and more accurate expression data will be necessary 

to establish whether more AB than A A is expressed.

The impact of different degrees of translational coupling between the genes in the spoil A 

operon can be assessed by analyising the effect of varying the expression levels of the genes 

in the spoIIA operon independently of each other. We find that the network is already 

sensitive to low levels of variation if the expression of AB and AA is no longer co-regulated, 

(Fig. 3.21D, grey lines and circles). Thus if the AA expression rate remains fixed and 

the AB expression rate increases by 60% (corresponding to the factor 1.6 on the horizontal 

axis in Fig. 3.21D), then sporulation is predicted to fail; 60% variation from the mean is 

a noise level observed in bacterial (E. coli] expression systems (Elowitz et a/., 2002). On 

the other hand, if the expression of A A and AB remains co-regulated but aF expression 

is regulated independently, the network is rather robust to variations in gene expression as 

long as the expression of AB is increased more than the expression of aF and the overall OF 

concentration remains high enough to form micromolar concentrations of the holoenzyme 

(Fig. 3.21D, black lines). The transcriptional coupling together with a strong translational 

coupling of AA and AB therefore substantially increases the robustness of the network to 

fluctuations in gene expression. Stochastic variations in the relative rate of aF translation, 

on the other hand, is not as detrimental as long as the translation efficiency for aF is lower
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than for A A and AB, as can be achieved by a weaker ribosomal binding site and the result­ 

ing (stochastic) dissociation of ribosomes. An advantage of preferential dissociation of the 

ribosomes before translating the gene for aF is that the bacterium saves the energy that 

would otherwise be required to translate, and subsequently degrade, unnecessary (harmful) 

copies of aF . Considering that aF comprises 255 amino acids and linkage of each amino acid 

requires the equivalent of 4 ATPs, the energy gained by not translating and degrading 10 

\M. aF corresponds to more than 10 mM ATP, which is a considerable amount considering 

that the bacterial ATP concentration is 1-3 mM (Jolliffe et a/., 1981; Guffanti et a/., 1987; 

Hecker et a/., 1988) and sporulation is a response to starvation, that is, energy depriva­ 

tion. Coupled translation of AA and AB and decoupled translation of <JF therefore ensure 

maximal robustness to stochastic variations while being economical in that no more a is 

expressed than is required in the network.

The particular organisation of the sporulation genes thus appears to increase the sporu­ 

lation efficiency. This effect can be quantified. For this we assume that the gene expression 

levels in the cell population follow a normal distribution with variance 77 around the mean 

value. Given the complex regulation pattern of gene expression, gene expression levels are 

unlikely to be distributed exactly normally. A normal distribution is, however, still likely to 

provide an approximation no worse than what could be obtained with a detailed model of 

the regulatory process in the absence of sufficient data to determine all required parameter 

values (Swain, 2004). Sporulation efficiency is determined as the fraction of simulation runs 

for which the concentration of aF - RNA polymerase holoenzyme does not exceed 0.4 fjM 

before septation and exceeds one micromolar after septation. For each condition the mean 

sporulation efficiency and standard deviation are calculated from 100 independent runs 

that are carried out 10 times. In each run the protein expression rates were set randomly 

such that overall the respective distributions of the protein expression rates were obtained. 

Determination of the sporulation efficiency for 77 e [0, 1] shows that as long as the sporu­ 

lation genes are translationally coupled, even high variances hardly affect the sporulation
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Figure 3.22: The impact of stochastic variation in gene expression on sporula- 
tion efficiency. (A) The fraction of successful sporulation events (as denned in the text) 

dependent on the variance in gene expression if expression of the spoIIA genes is coupled 

(black lines), the expression of SpoIIAB and aF is coupled (grey lines), or the expression 

of AA and aF is coupled (blue lines). SpoIIE is expressed throughout at the standard rate 

of 2 x 10~9 M-1 s" 1 . The broken lines show the effect of an additional independent normal 

variation in the rate of aF expression with 775- = 0.1 (dashed lines) or 775 = 0.3 (dotted 

lines) from the coupled rates. If aF is one of the coupled rates then aF expression is varied 

both together with its coupling partner and additionally independently to reflect the addi­ 

tive levels of noise acting at the initiation of translation and the re-initiation/dissociation 

step. (B) The fraction of successful sporulation events (as defined in the text) dependent 

on the variance in gene expression if expression of the spoIIA and spoIIE genes is coupled 

(to assess the benefits of correlated expression), and an additional noise term TIE is added 

to the expression of spoIIE with T\E   0.1 (black continuous line), T\E — 0.3 (dotted line), 

or TIE = 0.6 (dashed line); TJE assesses the effects of independent promoters and spatial 

heterogeneity in the concentration of transcription and translation factors. The red line is 

identical to the continuous black line in panel A (noise in coupled spoIIA expression, SpoIIE 

expressed at 2 x 10~9 M" 1 s" 1 ). Mean and standard deviation are based on 10 times 100 

independent runs.

efficiency (Fig. 3.22A, black lines). The sporulation efficiency is even higher at high noise 

level, 77, if spoIIE expression co-varies with spoIIA expression, at least weakly (Fig. 3.22B). 

A lengthening of the transcription time, (that is a delay in septation) when transcription 

levels are too low to generate sufficient aF until septation will further increase robustness 

to fluctuations in the rate of protein expression. Such a dependency of the time point of 

septation on the protein (and in particular the SpoIIE) concentration is in agreement with 

experiments (Khvorova et ai, 1998; Ben-Yehuda & Losick, 2002) and might explain the 

large variance in the delay between the onset of sporulation and septation that is observed 

under different sporulation conditions. Low levels of additional stochastic noise in a F ex-
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pression (broken lines), as may arise because of the stochastic dissociation of ribosomes, also 

has rather little impact and confirms that the weak coupling of AB and aF translation does 

not substantially reduce sporulation efficiency. If, on the other hand, spoil AB is removed 

from the operon and controlled independently by the same promoter then the sporulation 

efficiency drops rapidly (Fig. 3.22A, blue lines). This is in good quantitative agreement 

with experiments which find that the sporulation efficiency drops to 40   80% of wildtype 

levels (Dworkin &; Losick, 2001), especially when considering that 77 ~ [0.3,0.6] for these 

expression levels (Elowitz et al., 2002). If A A is moved instead, then the effect is reduced 

(Joanna Clarkson, personal communication) as also predicted by the model (Fig. 3.22A, 

grey lines).

It should be noted that the drop in sporulation efficiency has previously been accounted 

for by the loss of the transient genetic imbalance when spoilA B is moved to a chromosomal 

position close to the origin of replication (Dworkin & Losick, 2001). The transient lack of 

AB expression in the prespore together with accelerated degradation of unbound AB (Pan 

et al., 2001) had been suggested to enable aF release (Dworkin &; Losick, 2001). However, 

as shown in section 3.6, the transient genetic imbalance does not affect aF release on the 

timescale on which it persists, and the stochastic effects are therefore a much more likely 

explanation for the observed phenotype of the mutants.

We conclude that the protection from stochastic variation in the expression rates of the 

spoIIA proteins substantially increases viability. This demonstrates the optimized character 

of gene regulation and suggests that co-regulation of genes can serve to optimize cellular 

network dynamics in spite of the inherent noise in all biological processes.

3.8.2 Robustness to stochastic fluctuations after septation.

Because the volume of each bacterium is small (~ 10~ 15 1) the total number of protein 

molecules is still small at the time of septation. We therefore also analysed a stochastic 

version of the model. If we start the model with the protein concentrations that are used 

in the deterministic model at the time of septation and increase the concentration of HE
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and IIE-bound AA-P four-fold as in the deterministic model, we, however, find a similar 

behaviour in both the stochastic and the deterministic models (Fig. 3.23A) and little vari­ 

ance between individual runs in the stochastic simulation. The main difference between the 

stochastic and the deterministic models is the brief delay and subsequently faster formation 

of RNApol-<7F complexes. Larger differences will be apparent only when analysing mutants 

where protein concentrations are further reduced. There they may explain the intermediate 

sporulation efficiencies. The simulations were carried out with Matlab Simbiology using the 

stochastic simulation algorithm SSA, which is equivalent to solving the chemical Master 

equation for the system.

0 5 
Time [min]

10 2 3 4 5 6 8 10 
variance

Figure 3.23: The robustness of the regulatory network to stochastic flucuations. (A)
Predicted concentration of RNApol-o~F in a deterministic (grey line) and in stochastic (black lines) 
simulations of the model. (B) Fraction of successful sporulation events if either all binding rates 
(dashed), all enzymatic rates (dotted), all binding and enzymatic rates (solid) are varied randomly 
by the factor given on the horizontal axis. Standard deviations are based on 10 sets of 100 runs each. 
In each run kinetic parameters were varied randomly within the set range; successful sporulation 
events are defined as those with a concentration of RNApol-<rF holoenzyme less than 0.4 /uM without, 
and greater than 1 /u-M with, a 4-fold increase in HE (and associated AA-P).

3.8.3 Critical parameters that determine the behaviour of the regulatory 
network

The additional robustness of the network to random changes in values of kinetic parameters 

and enzymatic rates (Fig. 3.23B) justifies our approach of using the kinetic parameters that 

were determined from in vitro experiments. It should be noted that differences between in 

vitro and in vivo conditions will, in general, lead to only small changes, and most reaction 

rates can be changed by an even greater margin than suggested by Fig. 3.23B. Which
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reactions have the greatest impact on the model behaviour can be analysed by means of 

control coefficients, as previously suggested for the analysis of signaling networks by Lee 

and co- workers (Lee et al., 2003). Control coefficients can be used to quantify the relative 

change in a model variable in response to (small) relative changes in a parameter value k{. 

Here they were determined from

- RNApol} _ &[VF • RNApol] kj
F • RNApol} 6ki

allowing the impact of parameter perturbations on the concentration of <J F - RNApol com­ 

plexes to be ascertained. To understand the relative impact of the different interactions we 

studied the 25 independent rate constants listed in Tables B.I and 3.2. Control coefficients 

were obtained by numerical determination of the response to a change of the rate constants 

of all steps by 0.01% at the steady state before septation. Smaller relative changes of the 

rate constants did not lead to a significant improvement of the control coefficient values. 

We used 15 juM crF , 30 //M AA, 22.5 //M AB, and 15 fiM HE for the concentrations of 

the sporulation proteins before septation, which reflect the experimentally observed ratios 

between them and are within the experimental concentration range (Magnin et a/., 1997; 

Lord et a/., 1999; Lucet et a/., 1999). As required by the summation theorem for concen­ 

tration control (Heinrich & Rapoport, 1974) the control coefficients sum to zero. Several 

reactions exert strong control (|CJa | > 1), most notably A A phosphorylation and 

dephosphorylation, but the reactions responsible for lid opening and the binding of the 

transcription factors also have a strong effect (Tables B.I, 3.2).



3.9 Tables

Table 3.1: Kinetic rate constants employed in the in vitro simulation. The deter­ 
mination of control coefficients c^F ' RNApd] is described in section 3.8.3. The units of the

i/

kinetic rate constants are either s" 1 or M" 1 s" 1 , dependent on whether the rate constant 
is used in a first-order or second-order reaction. References to a particular figure show that 
a parameter value was derived from results presented in that figure rather than from pre­ 
viously published results. Numerical references refer to the following papers: [1] (Magnin 
et al, 1997), [2] (Shu et al, 2004), [3] (Ho et al, 2003), [4] (Lord et a/., 1996), [5] (Clarkson 
et al., 2003).
rates
AA-AB on-rate

AA-AB off-rate (T-state)
AA-AB-ADP off-rate (R-state)

AA-AB-ATP off-rate (R-state)

a 1" -AB on-rate

a F-AE (tense state) off-rate

<7 F-AB- (relaxed state) off-rate
AB conformational change
AB conformational change
AB conformational change
lid opening
lid closure
nucleotide-AB on-rate
nucleotide-AB off-rate
ATP-ADP exchange for AB-AA
AA phosphorylation
AA-P-IIE on-rate
AA-P-IIE off-rate
AA-P diraer on-rate
AA-P dimer off-rate
AA dephosphorylation

r,[<r f -RNApol] 
C 7 .

2 x 1(T 4

-0.13
-0.03

0.03

-0.71

0.23

0.22
4 x 10~ a

0.12
-0.12
-0.66

3 x 10~ 4

-0.03
0.03

-7x 10~ J

-1.23
0.93
-0.91
-0.34
0.34

see Table 3.2

simulation value
8 x 10s

2.4
7.4 x 10~ J

10~J

4x 105

5 x 10~ J

0.4
5 x 104

30
2

0.02
10~ J
10 f

2 x 10J
1.2 x 10~ d

0.013
105

0.58
105

1
1.25

exp value
1.1 ± 1 x 10° 

1.6 ±2.1 x 105
2.4 ±2.2

8.4 ± 1.7 x 10~ J 
6.85 ±4 x 10~ 3

5.2x lower than ADP 
8.8x lower than ADP

4 x 105 

3.1 x 105
5.5 x 10~J 

3.8 x 10~ 3

7.4 ±5.6
2±1

lid predominantly open
KD ~ 200 /zM
KD ~ 200 nM

2 x 10-*

0.01-0.013
9 x 104

0.58
Kd = 3.7±2.1/zM
Kd = 3.7±2.1/LiM

1.26

Ref
SPR 
SPR
SPR
SPR 
SPR

[1] 
[2]
[1] 
[3]
[1] 
[3]

Fig. S3.4A
Fig. S3.1

SPR, Fig. S3.1
SPR

Fig. S3.4B
[4]
[4]
[4]

Fig. 3c, [2]
Fig. 3c , [2, 3]

Figs. S3.6, S3. 7
Figs. S3.6, S3.7

[5]
[5] -

Fig. S3. 7

Table 3.2: Kinetic rate constants employed in the in vivo simulation. The deter­ 
mination of control coefficients C° is described in section 3.8.3.
rates
AA dephosphorylation
cr-RNApol on-rate
a* -RNApol off-rate
(T A-RNApol off-rate
AB degradation

^\a t • RNApol}

2.26
0.34
-0.8

0.46
n/a

simulation value
0.0087

10°

0.55
0.02

4.1 x 10' 4

exp value
0.0087

normal protein on-rate
7^=561 nM
Kd=22.5 nM

ti/2 = 28 minutes

Ref
Fig. S3.8

(Lord et ai, 1999)
(Lord et al., 1999)
(Lord et al, 1999)
(Pan et al, 2001)
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Chapter 4

Mathematical analysis of a 
simplified version of the model in 
Chapter 3

The detailed quantitative model revealed that allostery is responsible for the exceptional 

sensitivity of this small signaling network. The mechanism by which allostery enables 

non-linear responses is well-understood (Fersht, 1998; Changeux & Edelstein, 2005) and 

has been documented in many regulatory proteins (Rousseau & Schymkowitz, 2005) that 

control a wide range of signal transduction pathways and physiological responses, including 

adhesion (Arnaout et a/., 2005), bacterial chemotaxis (Bray et al, 1998) and transcription 

(Courey, 2001). According to the MWC-model that was proposed by Monod, Wyman and 

Changeux in 1965 to describe the binding characteristics of allosteric proteins, allosteric 

proteins assume at least two different conformations that bind ligand with different affinities 

(Monod et a/., 1965; Changeux & Edelstein, 2005). In the absence of ligand the protein is 

mainly in the low-affinity conformation (referred to as the tense state) and ligand binding 

stabilizes the high affinity conformation (referred to as the relaxed state) so that the binding 

of a second ligand is facilitated. As a consequence ligand binding is disfavoured at low 

ligand concentrations but ligand occupation increases steeply once the ligand concentration 

sufficiently increases.

While allostery enhances the sensitivity of biological networks, the impact of a dimer 

is comparably small and alone cannot explain the high sensitivity of the network that

68
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C 2

Figure 4.1: A simplified model of the sporulation network. The model corresponds to the 
simple model shown in Fig. 2.IB. s refers to aF , a to AA, ap to AA-P, b to AB-ATP, 6d to AB-ADP, 
c to <JF -AB-ATP, and c\ to <rF -AB-ATP-AA. The rate constants are summarized in Table 4.1.

controls the activity of aF'. While the sensitivity of biological signaling networks can be 

further increased in long cascades (Goldbeter & Koshland, 1981; Heinrich et a/., 2002), the 

sporulation network is too small and other effects must therefore be responsible for the 

observed ultrasensitivity.

The allosteric protein employed in the sporulation network is unusual in that it not 

only binds its substrate A A allosterically, but also the affinity of the second ligand, crF , is 

affected by the conformation of the kinase. In the absence of A A, AB is in a conformation 

that binds AA with low and aF with high affinity. AA binding stabilizes the second AB 

conformation which binds AA with high and <JF with low affinity. Allostery therefore 

facilitates AA-dependent release of aF'. The regulatory mechanism is complicated further 

by the formation of long-lived AB • ADP • AA complexes that prevent the reformation of 

<7 F • AB. Complexes in which the two subunits of AB bind different nucleotides also play 

an important role in the detailed model.

In order to investigate the impact of these unusual properties and to delineate the mech­ 

anism by which the ultrasensitivity is achieved we analyse a simple version of the previously 

developed model (Figure 4.1). The mathematical analysis reveals that the cooperative bind­ 

ing of two ligands to the kinase with converse affinities is sufficient to generate both the 

exceptional high sensitivity of the regulatory system as well as bistability and hysteresis; 

substrate-dependent sequestration of the kinase also leads to bistability and hysteresis.
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4.1 The Model

The detailed model of the sporulation network comprises about 50 dependent variables 

and 150 reactions (Fig. 3.2). The complexity of the model prevents an in-depth analysis 

of the impact of AB allostery on the network behaviour. We therefore consider a very 

much simplified model of the regulatory network (Fig. 4.1) that considers only eight key 

components: <JF (s), AB-ATP (6), AB-ADP (6d ), <rF -AB-ATP (c), <7F -AB-ATP-AA (ci), 

AB-ADP-AA (02), AA (a), AA-P (ap). The scheme in Figure 4.1 can be translated, using 

the law of mass action, into the following set of eight differential equations

c = ki\ci + k$bs   l\ac (4-1)

6 - k2 bd -k5 bs (4.2)

bd = k^ci + kiQC-2 - (kea + k2 )bd (4.3)

c'i = l\ac — (ku + £4)01 (4.4)

P2 = keabd - kiQC2 (4.5)

dp = k4 ci - kzdp (4.6)

s = k^ci — k$bs (4.7)

a = kuci + kiQCz + kzdp - (k6 bd + /ic)a (4.8)

The dot refers to the time derivative (e.g. c = ^f ) such that equations (4.1-4.8) model 

the dynamics of c, 6, bd, ci, 02, ap , s, a respectively. Thus, binding of AA (a) to aF -AB-ATP 

(c) at rate k\ leads to the formation of aF -AB-ATP-AA (c\) which either unbinds a at rate 

ku or binds s at rate £4. In the cell, unbinding of aF permits the binding of a second AA. 

This step is neglected here in order to keep the model simple, and it is instead assumed 

that unbinding of s coincides with the phosphorylation of the bound a. It should be noted 

that the mere binding of a second a would not notably affect the dynamics, and the effect 

of the full allosteric binding mechanism (for instance with respect to hysteresis) is discussed 

in detail in section 4.2.5. Phosphorylated a can be reactivated at rate k$; k$ reflects the
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product of the turn-over rate and the concentration of the phosphatase SpoIIE. AB-ADP 

(&d) either binds a at rate k& to form AB-ADP-AA (c<z) or exchanges ADP for ATP at rate 

&2 to form b. b and s can rebind at rate k$ to form c.

As compared to the detailed model (Fig. 3.2) this model makes several important sim­ 

plifications. The most important one is that only binding of one AA per AB is considered. 

The impact of allostery can nonetheless be explored since its main effect and importance in 

the detailed model was to facilitate AA-dependent <JF release. This effect can be captured 

by the choice of the parameter value for k±. Thus, without allostery, k± would correspond 

to the normal <JF -AB off-rate which is so small (5.5 x 10~3 s" 1 ) that the back-reaction 

from c to b and s is not included here (k\^ = 0 - note that the impact of a non-zero rate 

will, however, be analysed at a later stage). The allosteric conformational change increases 

the crF-AE off-rate such that £4 = 0.4 s" 1 , and the impact of such a difference in k± can 

be studied. Direct rebinding of <J F after its release from cr^-AB-ATP-AA is ignored in 

the simple model since we know from the detailed model that in the presence of sufficient 

AA to release aF the neglected binding of the second AA and phosphorylation of AA are 

more efficient than the rebinding reaction. Equally we neglect binding of aF to AB-ADP 

because the quantitative model demonstrates that this interaction is disfavoured, because 

of the inefficient and slow cr^-dependent closure of the nucleotide-"lid" in the presence of 

ADP (Section 3.1.4) and because of the efficient AA-dependent release of aF from crF -AB 

complexes when sufficient AA is available to bind AB (Fig. 3.14). Another important sim­ 

plification concerns the phosphatase SpoIIE which is not modelled explicitly, but which is 

assumed to be sufficiently scarce compared to SpoIIAA-P that the phosphatase turn-over 

rate rather than the SpoIIE-SpoIIAA-P binding reaction is rate-limiting. In fact the HE 

concentration is about 15 /uM at the time of septation (Lucet et al, 1999) and the IIE-AA- 

P on-rate has been estimated as 105 M~ 1 s~ 1 (Section 3.1.4) such that the effective rate at 

which AA-P becomes bound by HE is 105 M~ 1 s~ 1 x 15 x 1CT 6 M =1.5 while the in vivo 

phosphatase rate has been estimated as 0.0087 s" 1 (Section 3.1.4), which is two orders of
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Table 4.1: Kinetic rate constants and protein concentrations employed in the 
simplified sporulation model (4.1-4.8).

parameter
fci
kn
kz
k3
&4

fcs
fee
fcie
OT
&T
sT

functional significance
AB-ATP-AA on-rate
AB-ATP-AA off-rate

ADP-ATP exchange rate
effective rate of AA-P dephosphorylation

a^'-AB-AA off-rate

a"   AB on-rate
AB-ADP-AA on-rate
AB-ADP-AA off-rate

total AA concentration
total AB concentration
total a* concentration

simulation value
8 x 10s M~ x S" 1

0.001 s" 1
0.02s" 1

0.003 s- 1
0.4 s^ 1

4 x 105 1VT 1 s" 1
8 x 105 M- 1 s- 1

0.0074 s" 1
30/xM
25/^M
15/zM

magnitude lower. Accordingly, in the detailed quantitative model about 60% of all SpoIIE 

is bound by Spoil AA-P at the time of septation such that this is a reasonable assumption. 

Asymmetric septation results in a sudden increase of the HE concentration in the prespore 

by at least 2. 5- fold (Appendix B.3). Since we are interested only in the effect of this sud­ 

den septation-dependent increase in the HE activity in the prespore we can neglect protein 

expression and degradation which do not play a role on this timescale. Accordingly the 

total concentrations of aF ', AB and A A are conserved, and there are only five independent 

variables in the model since we have

= const, bj> = b+bd-\-c+c\-\-C2 = const, a? = a+ap +ci+C2 = const.

(4.9)

When solving the model we can use the parameter values that we estimated before for 

the detailed model (Tables B.I, 3.2). The value for k±, the maximal rate of AA-dependent 

crF -AB-ATP dissociation, has been discussed above. We further have k§ = 4x 105 M~ 1 s~ 1 for 

the crF-AB-ATP on-rate. &2 represents the rate limiting steps in the AB ADP-ATP exchange 

reaction which we have estimated as 0.02 s" 1 (Section 3.1.4). As discussed above the 

phosphatase reaction rather than IIE-AA-P binding is rate limiting in AA phosphorylation, 

and this rate has been estimated as 0.0087 s" 1 . However, since only 60% of all HE is bound 

to its substrate this rate would be an overestimate for /c3 , and £3 = 0.003s" 1 would be a 

more realistic estimate for the pre-septational situation. Any increase in HE and AA-P is
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assumed to translate into a direct increase in k$, the rate at which AA-P is turned over, 

since enzyme is the limiting factor and the more enzyme that is available to bind and process 

the substrate the higher the turn-over rate. The concentration of SpoilAB and aF at the 

time of septation have been measured as bT ~ 25 x 10~6 M and ST ~ 15 x 10~ 6 M (Ho et a/., 

2003; Lucet et a/., 1999; Lord et a/., 1999). The SpoIIAA concentration is about twice the 

concentration of SpoIIAB at the time of septation (Magnin et al., 1997). However, given 

that in the model binding of only one AA per AB is considered we are using aT = 30 x 10~ 6 

M.

4.2 Results

4.2.1 A numerical bifurcation analysis of the model

aF is sensitive to very small changes in HE activity, and indeed also in this simple model

j—i _

a -AB-ATP complexes dissolve in response to a small change in fc3 , and the sensitive range 

lies within the physiological range for fc3 (Fig. 4.2A). As in the detailed model this high

c*
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Figure 4.2: A numerical bifurcation analysis. (A) The steady state value of c dependent on 

the bifurcation parameter k3 if fc3 is increased (solid lines) or decreased (dotted lines) for parameters 

as in Table B.I (black lines), with /c6 = 0 s" 1 (grey line) or fc4 = 5.5 x 1(T 3 s~ l (red lines). Note 

that the two grey lines overlay. (B) A bifurcation diagram for the detailed quantitative model 

that is described in Chapter 3: the concentration of RNApol-aF holoenzyme is reported 15 minutes 

after the concentration of SpoIIE (and any bound substrate AA-P) is either increased (blue lines) 

or decreased (black lines) to the concentration that is indicated on the horizontal axis; initially, 

before the first run, the simulation is run for 2 hours in the pre-septational mode as described in 

Chapter 3. The continuous line represents simulations when AB-ADP can bind to its normal binding 

partners; the broken line represents the case when it cannot. The bullets mark the simulated SpoIIE 

concentrations.
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sensitivity is the result of AB allostery and the facilitated AA-dependent dissolution of aF 

that it enables. Thus if the rate of aF unbinding from the crF -AB-ATP-AA complex is 

as low as is the case for the crF -AB-ATP complex (that is k± = 5.5 x 10~3 s"1 instead of 

£4 = 0.4 s" 1 ) then a 100-fold increase in £3 is required to dissolve crF (Fig. 4.2A, red lines). 

From the numerical solution we further notice that the dynamical system exhibits hys­ 

teresis, that is, its state not only depends on the current values of the parameters but also on 

their previous values. Thus when £3 is either increased or decreased the dynamical system 

changes between the lower and the higher steady state value for c at two different A^-values 

(Fig. 4.2A, note the two different places at which the switch occurs). As a consequence the 

septation-dependent switch is robust to fluctuations in k^ because the steady state value of 

c will remain close to zero even if k$ is subsequently slightly reduced. Hysteresis is obtained 

in this model although we consider binding of only one AA and it requires AB-ADP-AA 

complex (02) formation (Fig. 4.2 A, grey line). Hysteresis with respect to changes in the 

concentration of SpoIIE (and any bound substrate AA-P) is also obtained in the detailed 

model (Fig. 4.2B, solid lines). Unlike in the small model, however, the hysteretic behaviour 

is also observed without AB-ADP-AA complex formation (Fig. 4.2B, broken lines). We 

conclude that the overall behaviour of the small model captures that of the detailed model, 

and we will come back to this small but important deviation at a later stage.

4.2.2 Phase Plane analysis

In order to understand how AB allostery and AB-ADP-AA complex (02) formation con­ 

tribute to the exceptional sensitivity and hysteresis of the signaling network it is helpful to 

analyse the steady states of the dynamical system in some more detail. Because of (4.9) 

we can use 6^ = br — c - c\ — c2 , ap = CLT - a   c\ — C2, and s = ST — c — c\. Using these 

relations we then find for the c\- and C2-nullclines

Cl = Q^ Cl = = Liac; LI = (4.10) KU + £4 KU + £4 v '
. ft _ _ - 6 - c - ci - c2 ) k§a(bT - b - c - c\]

• ( • )
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The steady states, by definition, are in the subspace determined by c\ = 0, c2 = 0, and it will 

suffice to study this subspace to see the hysteretic effect. We can determine the functional 

form of the a-, &-, and c-nullclines in the a, 6, c-parametrized subspace by inserting the above 

expressions into (4.1), (4.2), and (4.8) to obtain

a = k,aT -al + Ll c+ -k.L1 ac (4.12) 
V V £3 + a ))

b = k2 (bT -b-c(l + Lla}}---k5 b(sT -c(l + L 1 a))- L3 = (4.13)a -f L3 KG
c = k$b(sT — c(l + L\a)} — k^Liac, (4.14)

and by setting the time derivatives to zero such that

6 = 0^c = bk5 sT (a + L3}-k2 L3 (bT -b}
° l ° j

c = 04»c=. (4.16)

k3 (a,T — a — ?T (for ~ b}}
a = 0^»c = V .  a+Ls V    . (4.17) r /J A'° +fc4 )-fc "

According to equation 4.16 the c- value of the c-nullcline approaches its maximal value ST 

as a goes to zero, and it goes to zero when b goes to zero and a is greater than zero, as 

well as when a takes large values (Fig. 4.4, yellow plane). The shape of the fe- nullcline is 

more complicated. As for the c-nullcline it goes to zero for large a. However, for small a, 

c attains values greater than ST (which lie outside the physiological domain) if 6 is either 

very small or close to its maximal value br- The maximal values of c are attained at the 

extremes 6 = 0 and b = 6^ ? and c therefore decreases as b is taking intermediate values. 

In particular, as 6 decreases from 6^ the value of c becomes negative when the nominator 

of the nullcline turns negative (bk$ - k2 (^^) < 0, for a = 0) while the denominator is

still positive (6fc5 - k2 > 0, for a = 0). This will happen while r2 < b < fe br Once5

b < jg the c-value becomes positive again, and there is therefore a discontinuity in c at 

b = || = 0.05^M, ± = 0.002, for a = 0. A plot of the nullcline confirms this analysis (Fig. 

4.4, blue plane). Finally, for the a- nullcline we see that c   > oo as a   > 0 because of the 

factor a in the denominator, and c < 0 as a   -> aj; the impact of 6 is very small (Fig. 4.4,
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Figure 4.3: The a-b-c phase plane. The nullclines d = 0 (black), 6 = 0 (blue) and c = 0 (yellow) 
are shown in the physiologically meaningful subset of the a-b-c plane when all other variables are in 
the steady state and (A) k3 = 0.0005 s" 1 , (B,C) fc3 = 0.005 s" 1 , and (D) A;3 = 0.05 s" 1 .

black plane). ^3 determines how fast c goes to infinity as a goes to zero.

Since the a-nullcline shows little dependency on b and attains all physiological c-values 

while the intersection between the 6- and c-nullclines is a continuous curve the three null­ 

clines must intersect at least once within the physiological domain. That the intersection 

between the 6- and c-nullclines is a continuous curve follows from the shape of the null­ 

clines discussed above as well as from the algebraic equation that is obtained when the

fc2 (&r-c(l+Lia))-£a-
expression for the 6-nullcline, b = — j-     -    3   , is inserted into the expression

-

for the c-nullcline which yields a second-order polynomial in c. For large k$ the c-value of 

the a-nullcline increases already for smaller a-values, and accordingly the intersection will 

happen for comparably large a and small c. For small /ca, on the other hand, the increase 

in the c-value comes late, and the a-nullcline will intersect the intersection of the other two 

nullclines only for large c-values. Inspection of the plot of the three nullclines for three
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Figure 4.4: The a-c phase plane. The nullclines d = 0 (black lines) and c = 0 (grey line) are 
shown in the physiologically meaningful subset of the a-c plane when all other variables are in the 
steady state and k3 = 0.0005 s" 1 (dotted line), k3 = 0.005 s-1 (continuous line), or /c3 = 0.05 s" 1 
(dashed line). Panel A and B show the same plot with linearly and logarithmically scaled vertical 
axis respectively.

different values of k$ confirms this (Fig. 4.3 A,D), and further shows that there are three 

intersections for intermediate values (Fig. 4.3 B,C).

The intersections are, however, difficult to see in the 3-dimensional plot, and since we 

are particularly interested in how the steady state values of a and c depend on each other, 

it is sensible to inspect the a — c phase plane. This can be constructed by inserting the
fc2 (6r-c(l+Lia))^-

expression for the 6-nullcline, b = —j-.      ^—^— , in the above equations for a and
fc2

c, and we obtain

c = 0<^>c =

d = 0 <^ c =

-pi ± p -

2 - 4<?2

(4.18)

(4.19)

where

Pi =
+ + £3)) + + Lid)(bT + ST)

k5 (l a + L3 ) + /c2 L3 (l

P2 =
k3 (aT - a

k2 L3 (l
l + Lia)(a + L3 )

/c3 ((aT - a

a)(a + L 3 )

- a))

Lia)(a + L3 )

(4.20)

(4.21)

(4.22)

(4.23)
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In the physiological range (a,6,c e [0,1]) there is one nullcline for each variable (Fig. 

4.4). The a-nullcline intersects with the c- nullcline either once or three times, depending 

on the value of fc3 . The intersections of the nullclines correspond to steady states. The 

fcs-dependent steady state values can, in principle, be determined by making use of the 

method of resultants (Section 13.3.1). Calculating the steady state values involves, however, 

the determination of the roots of a polynomial of degree 11 in a which is only possible by 

use of numerical methods and which cannot be expected to yield any further insight.

The local stability of the steady states can be derived from the sign of the time derivatives 

of the variables in arbitrarily small neighborhoods of the steady state. From such an analysis 

we see that the two outer steady states are stable while the inner steady state is unstable. 

This dynamical system therefore shows bistability and hysteresis as seen in the numerical 

bifurcation analysis.

4.2.3 AB-ADP-AA complex formation leads to hysteresis

We can now investigate the impact of AB-ADP-AA complex formation. Without AB-ADP-AA 

complex formation the equation for the c- nullcline remains the same as above (4.16) but 

the expressions for the nullclines of a and b simplify to

a = (4.24)

A n^h k2 (bT - c(lb = 0 «=> 6 = -              7-    =   rr. (4.25)

Inserting this new equation for b into equation (4.16) we obtain for the c-nullcline

(4.26)t,

where p$ and 53 are identical to p\ and q\ except that the Z/3-containing terms are missing, 

such that

_ ST ) 
P3 ~ k2 (l ( '
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Figure 4.5: The impact of AB-ADP AA complex formation. (A) The nullclines d = 0 
(black) ,6 = 0 (blue and red) and c = 0 (yellow) are shown in the physiologically meaningful subset 
of the a-b-c plane when all other variables are in the steady state and k% = 0.005. The blue plane 
marks the nullcline b = 0 for the standard model, and the red plane marks the same nullcline when 
AB-ADP-AA complex formation (GZ) is ignored. (B) The nullclines d = 0 (black lines) and c = 0 
(grey line) are shown in the a-c plane for the model without AB-ADP-AA complex formation (02); 
all other variables are in the steady state and k$ = 0.005 (dotted line), k% = 0.01 (continuous line), 
and k3 = 0.05 (dashed line).

A plot of the nullclines reveals that there is only one steady state for all values of ^3 

(Fig. 4.5). The system is therefore no longer bistable and there is no hysteresis in the 

absence of AB-ADP-AA complex formation. Comparison of the plots with and without C2 

formation reveals that it is mainly the shallower slope of the c-nullcline with respect to   

that removes bistability. It is therefore the change in the equation for the 6-nullcline that 

is crucial. One may therefore be tempted to alter the equation for the dynamics of b in a 

way to achieve the same form for the 6-nullcline also without 02 formation. A further term 

for GI formation from direct binding of 6, s and a does indeed achieve this:

a +

b = - c - a)

- c- ci)(a + L4 )

(4.29)

(4.30)

here 1/4 is a constant. However, such an extra term for the formation of c\ also alters 

the equations for c\ and a, and as a numerical bifurcation analysis of such a modified 

model demonstrates, this alteration does not produce hysteresis. This is not surprising 

since only AB-ADP-AA complexes can act as a storage device that can "suck" up AA;
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AB-ATP-AA complexes, on the other hand, also dissolve by phosphorylation of AA and 

are therefore much more unstable. Hysteretic behaviour emerges because the "inactive" 

AB-ADP-AA complexes persist at a lower phosphatase activity than that at which they 

originally form, simply because once formed less AA goes through cycles of phosphoryla­ 

tion and dephosphorylation and as a consequence less HE activity is required to achieve 

a sufficient concentration of free AA to maintain AB-ADP-AA complexes and to keep AB 

and aF apart.

4.2.4 AB allostery is necessary for the high sensitivity

As a consequence of AB allostery, binding of AA modulates the affinity of binding for 

both A A and crF '. In this much simplified model which considers binding of only one AA, 

the main effect of AB allostery is captured by using a much higher rate for aF — AB-AA 

unbinding than for <7F -AB dissociation (fc4 » £15), that is the AA-favoured conformation 

of AB binds aF with lower affinity. Different affinities for AA, on the other hand, are not 

as important, and we only use the AB-ATP-AA off-rate, fcn, that reflects the conformation 

of AB which binds AA with high affinity; the low-affinity conformation is ignored here. We 

have so far neglected aF — AB dissociation but in order to study the impact of different 

aF — AB affinities, we now have to include the back-reaction (£15), and we obtain instead of 

equations 4.1 and 4.2

c = kuci + k$bs — (lia + /cis)c (4-31) 

b = k2 bd - k5 bs + ki5c. (4.32)

This leads to a small change in the equations for pi and p2 that determine the c— nullcline 

in the a-c plane in that the k^Lia factor is expanded to k^Lia + ki$ such that now

_ (a + £3)) + k^k2 L3 (l + Lia)(bT + ST ) 
Pl ~ ( j

k2 L3 bT sT
( '

The impact on the a- nullcline is very small and therefore ignored.
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Figure 4.6: The impact of SpoIIAB allostery. (A) The nullclines d = 0 (black and blue lines) 

and c = 0 (grey and red lines) are shown in the physiologically meaningful subset of the a-c plane 

when all other variables are in the steady state and £3 = 0.0005 s" 1 (dotted line), k^ = 0.005 s-1 

(continuous lines), and k$ = 0.05 s~ l (dashed line). The blue and red line represent the standard 

case £4 = 0.4 s" 1 while the black and grey curves illustrate the change for £4 = 0.001 s" 1 . (B) The 

nullclines d = 0 (black lines) and c = 0 (grey lines) are shown in the a-c plane when all other variables 

are in the steady state and k$ = 0.0005 s" 1 (dotted black line), ^3 = 0.005 s" 1 (continuous black 

line), /cs = 0.05 s^ 1 (dashed black line), and ki$ — 0.001 s" 1 (continuous grey line), ^15 = 0.1 s~ 1 
(dashed grey line), £15 = 1 s" 1 (dotted grey line). Note that the impact of £15 on the a-nullcline is 

very small such that we used £15 = 0 for the a-nullclines. Equally £3 does not affect the c-nullclines.

We can now explore the effects of allostery by investigating the impact of different 

relative values for k$ and ^15. We find that if k± is lowered from 0.4 s~ l to 10~ 3 s~ l the 

shape of the c-nullcline changes (compare the red and grey lines in Figure 4.6A). As a 

consequence the outer steady state c ~ 1 remains stable for lower c-values such that the 

sharp transition from c-values close to one to c-values close to zero is lost. Accordingly the 

network is less sensitive to changes in £3 as can also be seen in the numerical bifurcation 

diagram in Figure 4.2. If, on the other hand, k\s is increased from its low value to values 

close to 1 then little c forms even at low £3. From this we see that AB allostery and the 

change in aF -AB affinity is essential for the high sensitivity to changes in HE activity.

4.2.5 The impact of inversely proportional affinities on the sensitivity of 
an allosteric protein

We now consider the allosteric part of the network separately (depicted in Figure 4.9A) in 

order to delineate to what extent inversely proportional affinities increase the sensitivity 

of the allosteric mechanism to changes in the ligand concentration. In the MWC model
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only one ligand is considered and the following cycle conditions between the equilibrium 

constants (as defined in Figure 4.9A) are imposed

L _TZLi ~' ( }

as a result of which the equilibrium of each interaction can be determined independently 

because the equilibria with other complexes in the network do not factor in. The fraction of 

occupied enzyme sites, Y^wc ̂ can then be expressed by the simple formula (Fersht, 1998)

MWC _ <*(! + a) + L0ca(l + cot) _ a _ Kr

where a refers to the concentration of free ligand ( AA) . If we extend the model to include the 

second ligand aF as depicted in Figure 4.9A, then following the MWC modeling approach 

we need to impose the additional cycle condition

(4.37) { }.Kp

Comparison with experimental data suggests that binding of aF does not substantially 

affect the conformational equilibrium of AB (Section 3.1.4), and we therefore set MQ = LQ 

and MI = LI such that Ks = Kp (Eq 4.37). The fraction of enzyme sites occupied by AA 

can then be expressed as

= _____ a(l + a + (3) + LQ ca(l + ca + (3d] _____ n=— d = ^H = 
A ~ ' ~ ~

(4.38) 

while the fraction of enzyme sites occupied by aF is given by

( }(1 + a} 2 + L0 (l + ca) 2 + (3(1 + 2a + LQ d(l + 2ac))

where s refers to the concentration of free aF . We can rewrite Eq. 4.36 as 

J{(*\ , , Eq. 4.38 as YA = "/(,a) +57 . . and Eq. 4.39 as 1 - Ys =   ^^ ̂ \ ,af(a)+g(a) ' H ^ af(a)+g(a)+s(av+w) ^ ^ af(a)+g(a)+s(av+w) '

where / and g are functions of a while v and w are constant expressions that neither depend 

on a nor s. For s = 0 and/or a = 0, Y^ wc (a) = YA(CL,S) and for a   » oo and ,s finite, 

f wc (a) -> 1. For a > 0, s > 0 we have Y%IWC (a} > YA (a,s). Binding of the
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Figure 4.7: Sensitivities of different allosteric mechanisms. (A) The fraction of AB sites 

not occupied by aF , 1 - Y~5 , according to Eq. 4.39 (black curves) or occupied by AA according to 

Eq. 4.36 (red curve) or according to Eq. 4.38 (blue curves) dependent on the concentration of free 

AA, a. The concentration of s was increased by factors of 10 from 10~9 M to 1CT 2 M; curves to the 

left were obtained at the lowest and curves on the right at the highest concentration of s. L0 = 103 , 

Kt = 1(T 6 M and Kr = 10~9M, , Ks = 10~ 8 , Kp = Ks . For comparison, the green line gives the 

fraction of free <7 F , £±^, at different concentrations of free AA, a, according to the model described 

by Eqs. 4.1-4.8 with parameters as given in Table B.I. (B) The fraction of AB sites not occupied 

by <T F , 1 - YS, according to Eq. 4.39 (black curves) or occupied by AA according to Eq. 4.38 (blue 

curves) dependent on the concentration of free AA, a. s = 10~ 5 M, L0 = 103 , Kt = 10~ 6 M and 

Kr = 10~ 9 M, Ks = 10~ 9 . The continuous lines were obtained with Kp = 10~9 M, the broken line 

with Kp = 10" 6 M.

second ligand, crF , therefore reduces the sensitivity to changes in a as can also be seen from 

a plot of Y$*wc i YA and Ys (Fig. 4.7A).

Such simple formula as given in (4.38) and (4.39) can no longer be found when the above 

cycle relations cease to hold as is the case for the inversely proportional affinity case studied 

here. In that case the network as displayed in Figure 4.9A needs to be translated into a set of 

ordinary differential equations and solved numerically. We use the same AB-AA equilibrium 

constants as before and set all on-rates to 106 M^s" 1 . Although we still use M0 = L0 and 

MI = LI, for the aF -AB affinities we now have Ks > Kp while the opposite is true if the 

crF -AB affinities correlate in strength with the AB-AA affinities, that is if the conformation 

that binds AA weakly also binds aF weakly and vice versa. Comparison of the sensitivities 

of an allosteric protein that binds two ligands with inversely proportional affinities with one 

that obeys the cycle conditions of the MWC model (Eqs. 4.35, 4.37) shows that inversely 

proportional affinities do indeed increase the sensitivity to changes in the concentration of
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Figure 4.8: The impact if two ligands bind the different conformations of an allosteric 
protein with inversely proportional affinities. (A) The fraction of free aF , £, dependent on 

the relative A A to OF concentration, f£, if aT is either increased (solid lines) or decreased (broken 

lines); the off-rates are set to ksu = kpn = 0.001 s~ l (blue lines), /csn = kPll = 1 s~ l (red lines), 

ksu = 0.001 s- 1 , fcpn = 1 s- 1 (black lines), ksu = I s" 1 , kpu = 0.001 s' 1 (green lines). (B) The 

kinetics of OF release if ksu = kpu = 0.001 s' 1 (black broken line), ksu = kpn = I s" 1 (grey 

broken line), ksu = 0.001 s" 1 , kpn = I s' 1 (black continuous line), fcsn = 1 s" 1 , kpu = 0.001 s" 1 

(grey continuous line). All protein concentrations were 10//M unless specified otherwise.

a (Figs. 4.7B, 4.8A). The speed at which aF -AE complexes dissolve in response to addition 

of AA is much higher when the CJ F affinity for the AB conformation that binds AA with 

high affinity is low (Fig. 4.8B). Correlated affinities increase the sensitivity in the same 

way as inversely proportional affinities but result in substantial "background" aF release 

at low AA concentrations (Fig. 4.8A). Finally, the numerical bifurcation diagram provides 

evidence for hysteresis with respect to the total AA concentration as bifurcation parameter 

(Fig. 4.8A). This explains the hysteretic behaviour of the detailed model which is observed 

with respect to changes in the concentration of HE (and bound AA-P) also in the absence 

of AB-ADP-AA complex formation (Fig. 4.2B).

4.3 Conclusion

The analysis of the simple model reveals how an ultrasensitive switch can be generated from 

a single allosteric protein with only two subunits. According to the well-established theory 

on allostery, dimeric proteins can enable only limited sensitivity because the Hill coefficient 

can be no larger than two (Fersht, 1998). This limitation is overcome by a combination 

of two sophisticated mechanisms: the allosteric protein binds two ligands with inversely
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Figure 4.9: The mechanism by which AB allostery ensures ultrasensitivity and hystere­ 
sis. (A) The allosteric kinase AB binds two ligands with inversely proportional affinities in its two 

conformations. Thus one AB conformation binds AA (blue triangle) with high and aF (green oval) 

with low affinity (relaxed state, depicted as balls), and one conformation binds A A with low and 

aF with high affinity (tense state, depicted as squares). In the absence of A A most AB is in its 

tense conformation (squares) and binding of aF is strong. Upon binding of AA the conformational 

equilibrium is shifted to the relaxed conformation (balls) and aF is displaced rapidly. Binding of 

a second A A prevents the rebinding of aF . (B) The key paths in the regulation of aF activity. 

Unbound AB is mainly in the tense conformation (squares) where it is bound firmly by aF . Binding 

of AA shifts the AB conformation to the relaxed state (balls) and results in rapid displacement of 

O F'. In its ATP-bound form (dark red), AB phosphorylates A A. ADP-bound AB (light red) can 

either rebind aF or AA, or exchange ADP for ATP. In the presence of sufficient AA, aF is displaced 

rapidly from AB-ADP.

proportional affinities in its two conformations, and the allosteric protein can be sequestered 

in an inactive form (Fig. 4.9). The inversely proportional affinities enable the switch-like 

displacement of the transcription factor aF in response to the septation-dependent increase 

in the competing ligand A A, while the sequestration reaction ensures that <JF is kept off 

and does not rebind AB.

While the main mechanistic details were revealed already by the detailed model (Section 

3.4.3), the value of an additional analysis of a much simplified model is that it can confirm 

that these mechanisms are sufficient to explain the observed network behaviour. A detailed 

model alone rapidly becomes intractable to visualize and "as complex as the problem that 

it seeks to solve" such that key mechanisms are difficult to discern, especially for those 

who have not built and extensively analysed the model themselves; there is then a risk
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that phenomena which are hidden in the complex model structure may be overlooked even 

when they play an important role. A simple model, on the other hand, has, in general, 

little predictive or explanatory power, because the experimental validation is difficult and 

limitations of simple models are difficult to gauge. Although model predictions can of 

course be compared to experimental observations, it is, in general, next to impossible to 

judge whether observed deviations are the consequence of the simplicity of the model, which 

necessarily leads to inaccuracies, or whether these are significant and also of qualitative 

importance. When derived from a detailed model, however, the limits of the model's validity 

can be set out in detail and its applicability, for instance to certain mutant data sets, can 

therefore be judged. The combination of a detailed quantitative model and a subsequent 

mathematical analysis of a much simpler model that focuses on the key steps identified by 

the detailed model therefore constitutes a powerful approach to understanding the dynamics 

of complex biological networks.

So far most mathematical models in molecular biology are simplistic, and sketchy, and 

often focus on the qualitative analysis of the steady state behaviour of dynamical biologi­ 

cal systems. This is done with the hope that such analysis can unravel general properties 

of the network for different parts of the parameter space and therefore bypass the need 

to know parameter values in detail. The limitations of this approach are illustrated by 

another recently published model (Igoshin et a/., 2006) of the same sporulation network. 

Although based on the same sets of published data, it fails to predict AB allostery, and 

does not resolve the long-standing question about the significance of AB-ADP-AA complex 

formation and the role of a structural 'lid' in AB. Their model predicts that AB-ADP-AA 

complex formation may be essential to achieve hysteretic behaviour; however, our quan­ 

titative model reveals that, because of AB allostery, hysteresis can be obtained without 

AB-ADP-AA complex formation (Figs. 4.2B, 4.8A). If the model of Igoshin and co-workers 

had been sufficiently quantitative to assess the impact of their proposed evolutionary alter­ 

native of a lower catalytic rate they probably would not have questioned our argument that
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AB-ADP-AA complex formation is important for limiting ATP consumption. Our detailed 

quantitative model immediately reveals that AB-ATP-AA complexes are not turned over 

sufficiently rapidly and <JF will be freed prematurely if the kinase rate is lower.

It might be argued that a simple, sketchy model could have revealed a number of proper­ 

ties that the quantitative model exposes if important quantitative aspects such as the time 

scales of the different processes had been respected. For instance, while the assumption 

of quasistationarity for the ADP-ATP exchange reaction greatly facilitates the analysis, 

evaluation of kinetic data suggests that this assumption is not valid because the exchange 

reaction does not proceed substantially faster than other processes such as AB-ADP-AA 

complex formation. Neglect of this important kinetic interplay explains why the model 

misses the importance of the AB lid which also leads to a questionable interpretation of the 

R105 mutant data (Ho et al, 2003; Carniol et al, 2004; Shu et a/., 2004). Comparison of 

model predictions with mutant data did not reveal the inadequacy of the model because of 

the widely recognised problem that a wide range of sufficiently complicated but very dif­ 

ferent models can generate a similar qualitative response. This stresses the importance of 

quantitative modelling (and quantitative experimentation) to advance our understanding in 

molecular biology - much as it did in physics. As Richard Feynman notes (Feynman, 2006) 

"One might also say that the development of the physical sciences to their present form has 

depended to a large extent on the emphasis which has been placed on the making of quan­ 

titative observations. Only with quantitative observations can one arrive at quantitative 

relationships which are the heart of physics."



Chapter 5

Discussion

Complex biological networks are difficult to understand from verbal descriptions, and math­ 

ematical modelling is a promising tool to integrate the available information. However, 

realistic models cannot be built without quantitative experimental data. The system stud­ 

ied here offered several unusual advantages in that the entire regulatory network could be 

reconstituted in vitro and specific fluorescence probes were available to study all relevant 

interactions. This enabled realistic values for all kinetic parameters that affect the model 

to be estimated from experiments, and allowed the derivation of a very detailed model of 

the process that reproduced the experimental data quantitatively. In applying the model 

to the physiological situation the phosphatase rate of HE, which we showed exhibits a lower 

rate in vivo than in vitro, was the only parameter that had to be changed.

We began with a simple, basic circuit from published schemes but this rapidly grew into 

a large network after mathematical modelling predicted that AB is an allosteric protein. 

Here the combination of theory and experiment became particularly fruitful because theo­ 

retical predictions led to new experiments and analysis. Some rate constants, such as the 

phosphorylation rate and the <7F -AB-ADP binding rates, which had been estimated from 

previous experiments using simple models, also needed to be re-evaluated as the regulatory 

scheme became more complex. Once the rate and binding constants had been determined, 

the time-dependent variation in the system variables (e.g. concentrations of the pathway 

components and their complexes) could be analysed by translating the interactions into a

88
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set of ordinary differential equations, which could be solved numerically. Comparison of the 

model predictions with data derived in vitro confirmed that the model was realistic and a 

perturbation study revealed that the model is robust to variations in the kinetic parameter 

values which justified a direct application of the model to the physiological situation.

Extrapolation of the model to the physiological situation enabled us to evaluate many 

effects that had been associated with the regulation of aF release in the prespore and to 

integrate them into a mechanistic picture of the regulatory process. We conclude that cell 

size determines cell fate. Thus IIE accumulation on the asymmetrically placed septum 

is sufficient to trigger aF release in the smaller prespore because IIE association with its 

substrate AA-P maximises AA production in the prespore while AB allostery generates the 

required sensitivity. Alternative mechanisms such as a block in AB expression or the removal 

of an (elusive) IIE inhibitor, possibly through a transient genetic imbalance, are unlikely to 

be of physiological relevance. The critical importance of AB allostery, the low phosphatase 

rate and the simultaneous accumulation of IIE and its substrate AA-P as well as the need 

to render septation dependent on the protein (and in particular IIE) concentration would

probably have remained unnoticed without mathematical modelling. To the contrary it had
i 

already been reasoned that the release of the product AA from IIE was inhibited before

septation (King et a/., 1999).

While asymmetric cell division, and the resulting difference between the two compart­ 

ments, is an elegant mechanism for achieving compartmentalized gene expression, other 

symmetry-breaking mechanisms must exist to induce compartmentalized gene expression 

in those sporulating bacteria, such as Sporosarcina ureae, that divide symmetrically during 

sporulation (Zhang et al., 1997). A deeper insight into such alternative mechanisms will be 

of great interest.

The regulatory system that leads to compartmentalized gene expression in B. subtilis 

is optimized to the needs of the organism in many ways. It is tuned to ensure both high 

sensitivity to stimuli and robustness to random fluctuations. First of all the effect of the
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septation-induced difference in the ratio of surface area to volume is maximized between the 

two compartments by concentrating the phosphatase HE on the asymmetric septum, that is 

on the common interface. Given the small size of the bacterium, a homogeneous distribution 

of HE on the surfaces of both compartments would have led to only a small change in 

the relative phosphatase activities. Association of HE and AA-P ensures a simultaneous 

increase in concentration of both enzyme and substrate in the prespore, which in turn 

ensures the strong increase in AA production that leads to aF release. Secondly, the protein 

concentrations are tuned such that minute changes in HE and AA can tip the balance while 

robustness to fluctuations in gene expression is ensured by coupled expression combined 

with protein degradation. Thirdly, the previously unnoticed allosteric behaviour of the 

AB dimer enables bistability, hysteresis, and an exceptionally high sensitivity to changes 

in HE and AA. Fourthly, the formation of AB-ADP-AA complexes after septation serves 

as a sophisticated mechanism for preventing crF from rebinding to the released AB, thus 

providing rapid and prolonged aF release while minimizing cycling and associated wastage 

of ATP. AB-ADP-AA complexes thus serve to remove AB (AB sink (Lee et a/., 2000; Lee 

et a/., 2001)) rather than AA (AA sink (Carniol et a/., 2004)). Finally, the relative affinities 

of the transcription factors crF and aA for the core RNA polymerase are tuned to prevent 

premature activation whilst enabling the system to be triggered by small perturbations. 

Interestingly, cr^-RNApol holoenzyme remains present when cr F -RNApol emerges in such a 

way that general transcription programs can still be carried out.

The network exhibits an impressive robustness to stochastic fluctuations despite its 

exceptional sensitivity to input. Robustness to fluctuations in gene expression appears 

to be achieved by a sophisticated arrangement of genes which probably ensures that the 

expression of AA and AB is coupled while the expression of aF is lower than that of AB 

(Fort & Piggot, 1984). The need to couple the expressions of AB and A A is likely to resolve 

the paradox of why degradation of unbound AB is necessary for sporulation although the 

AB half-life (~ 28 minutes) strongly exceeds the time scale on which aF needs to be released
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(~ 10 minutes) (Pan et a/., 2001; Hilbert & Piggot, 2004). Degradation of unbound AB will 

sufficiently lower the AB concentration before septation such that small changes in the AA 

concentration can trigger aF release upon septation. A HE dependency of septation may 

further ensure that sufficient protein has been expressed such that septation can trigger the 

formation of micromolar cr^-RNApol holoenzyme concentrations. Overall, the robustness 

of the regulatory circuit to alterations in concentration and values of kinetic parameters is 

such that the process can be deregulated only by mutation.

The regulatory network is impressive in that an ultrasensitive switch is generated from 

a single allosteric protein with only two subunits. According to the well-established theory 

on allostery, dimeric proteins can enable only limited sensitivity because the Hill coefficient 

can be no larger than two (Fersht, 1998). This limitation is overcome by a combination 

of two sophisticated mechanisms: the allosteric protein binds two ligands with inversely 

proportional affinities in its two conformations, and the allosteric protein can be sequestered 

in an inactive form (Fig. 4.9). The inversely proportional affinities enable the switch-like 

displacement of the transcription factor aF in response to the septation-dependent increase 

in the competing ligand A A, while the sequestration reaction ensures that aF is kept off 

and does not rebind AB.

Early studies of the basis of sensitivity in biological systems led to the discovery that a 

higher sensitivity could be gained when the converting enzymes were saturated (Goldbeter 

&; Koshland, 1981). In metabolic pathways this can be achieved by high substrate con­ 

centrations relative to the enzyme concentration. In signaling networks the substrate is in 

general a protein, and substrate and enzyme concentrations are therefore rather comparable. 

Near enzyme saturation can, however, still be achieved by virtue of a low Michaelis-Menten 

constant and a low turn-over rate. This is indeed an important feature of this regulatory 

network. The detailed model of the regulatory network predicts that for the experimentally 

determined IIE-AA-P equilibrium constant and phosphatase activity ~ 60% of all HE is 

bound by its substrate at the cellular protein concentrations that have been estimated at the
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time point of septation. Here it should be noted that a relatively low affinity (Kd ~ 5//M) 

is sufficient because the protein concentrations exceed this value. Whilst an accumulation 

of AA-P on the septum has so far not been observed in published fluorescence studies this 

is not too surprising considering that antibodies that are specific for AA-P, but not for A A, 

can be expected to fail to bind to IIE-bound AA-P, and antibodies that are specific for AA 

will label all cellular AA; the model predicts that not more than 20% of all AA is bound to 

HE apart from a short timespan immediately after septation when the fraction reaches 50%. 

Experiments will therefore need to be repeated specifically to access this crucial timespan.

When enzymes are fully saturated by substrate any increase in the enzyme concentration 

translates immediately into an increase in the turnover rate. Here enzyme saturation has a 

second important effect in that IIE-AA-P complex formation leads to the accumulation of 

both enzyme and substrate on the septum which is crucial because both concentrations are 

limiting. As well as being a protein and therefore of limited concentration, the substrate 

concentration cannot be saturating before septation because the substrate can only be 

expressed in its unphosphorylated form. The formation of the substrate therefore involves 

AB binding, and this would result in premature aF release if the concentration was much 

higher. The concerted increase in both the enzyme and the substrate concentrations and the 

particular allosteric mechanism therefore markedly increase the sensitivity under conditions 

that are characteristic of signaling networks but which fail to yield ultasensitivity in the 

simple model originally studied by Goldbeter and Koshland (Goldbeter &; Koshland, 1984).

Earlier work by Goldbeter and Koshland revealed that cycles of phosphorylation and 

dephosphorylation (as employed in the aF network) can increase the sensitivity of networks 

(Goldbeter & Koshland, 1981). In the aF network phosphorylation of AA serves a further 

purpose in that it increases the robustness of the network. Because of AA phosphorylation, 

the concentrations of both AA and HE need to increase in order to liberate aF for a 

sufficiently long time to trigger the spore-specific genetic programs. Since the expression 

of these two proteins is not linked, sufficiently large random parallel increases in these two
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proteins relative to the AB concentration are unlikely to occur other than by septation. This 

increases the robustness of the mechanism to stochastic fluctuations in gene expression.

Bistability and hysteresis are important to achieve reliable cell fate decisions and these 

are therefore emerging characteristics of regulatory networks that govern cell differentiation 

(Ferrell, 1999; Xiong & Ferrell, 2003; Slepchenko & Terasaki, 2004). A condition for bista- 

bility is the existence of some non-linearity that leads to a kind of "vicious cycle" which 

locks a response in one of the possible steady states (Ferrell &; Xiong, 2001). This can 

be obtained in many different ways (Ferrell & Xiong, 2001; Angeli et al., 2004), and it is 

achieved here by the co-operative binding of AA as well as by the self-enforcing formation of 

AB-ADP-AA complexes. Remarkably, the network that controls crF activity is small in size 

(4 proteins) and highly sensitive. The same network topology can also be found in other 

bacterial signaling pathways such as the general stress response of gram-positive bacteria 

(Chen et al., 2003), and mitochondria have proteins with homology to AB (Machius et al., 

2001; Steussy et al., 2001). This simple network architecture is therefore likely to represent 

a rather widely used mechanism to obtain robust bistability and ultrasensitivity in small 

protein networks. It will be interesting to see whether similar network architectures are also 

employed in higher organisms, especially in their mitochondria.



Chapter 6

Cell differentiation during the 
development of multicellular 
organisms

6.1 Introduction

During the development of a multicellular organism cells assume different fates in a position- 

and time-dependent manner. Cell fate is determined in response to cell signaling which can 

be triggered either by cell-cell interactions or by binding of signaling molecules, so called 

morphogens, whose concentration differs in time and space. More than half a century ago 

spatial gradients of morphogens were suggested to be established by diffusion (Turing, 1952). 

The role of diffusion has subsequently been questioned because strong receptor binding im­ 

pedes morphogen diffusion and thus the establishment of a gradient (Kerszberg &; Wolpert, 

1998). However, this effect can be alleviated by ligand internalization and degradation 

(Lander et a/., 2002; Merkin &; Sleeman, 2005), and the comparison of model predictions to 

experimental data strongly suggests a role for diffusion in generating these patterns, if in a 

different way than envisaged by Turing more than fifty years ago. Alternative mechanisms 

that are based on cell-to-cell transfer of morphogens (Kerszberg &; Wolpert, 1998) are not 

in agreement with experimental observations (Lander et a/., 2002). Similarly there is no 

experimental evidence in support of a 'signaling gradient' that might arise if cells integrated 

receptor occupation over time (Kerszberg & Wolpert, 1998). Hence morphogen distribution 

by diffusion is the most plausible mechanism.
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The formation of a gradient is the simplest of all possible patterns and is intensively 

studied in the context of anterior-posterior (Houchmandzadeh et a/., 2002; Gregor et a/., 

2005) as well as wing patterning (Lander et a/., 2002). The specification of the dorso-ventral 

axis in the Drosophila embryo involves a more complicated pattern in that strong signaling 

is induced abruptly in a small domain around the dorsal midline (Dorfman & Shilo, 2001; 

Ross et al., 2001) (Fig. 6.1). Although the signaling network is complicated and only known 

in parts, mathematical models can make important contributions because spatial effects are 

difficult to comprehend by verbal models alone. Experimental techniques are available to 

challenge model predictions, and this has permitted the development of increasingly realistic 

mathematical models for this important biological phenomenon.

The morphogen Decapentaplegic (Dpp), which triggers signaling in a sharp domain 

around the dorsal midline is expressed almost in the entire dorsal half of the embryo 

(St Johnston & Gelbart, 1987; Ray et a/., 1991) and its receptor Thickveins (Tkv) is ex­ 

pressed everywhere, even in the ventral part of the embryo. Mechanisms must therefore 

exist that concentrate the ligand in the dorsal midline. Three further proteins Sog (Short 

gastrulation), Tsg (Twisted gastrulation) and Tld (Tolloid), which differ in their expres­ 

sion pattern (Fig. 6.1), have been shown to play crucial roles in the process (Shimmi & 

O'Connor, 2003; De Robertis & Kuroda, 2004; Yamamoto & Oelgeschlager, 2004). Sog is 

expressed only in the ventral part (Francois et a/., 1994; Srinivasan et a/., 2002), and it 

has been proposed that it acts as a carrier protein for Dpp by preventing its capture by 

receptors and by diffusing with the ligand to the midline where Tld-dependent degradation 

of Sog (Shimmi & O'Connor, 2003) releases the ligand and enables receptor binding (Holley 

et a/., 1995; Marques et a/., 1997). Tsg expression follows a similar pattern as Dpp, and 

Tsg needs to bind to Sog in order to enable Sog to bind to Dpp (Ross et al, 2001; Shimmi 

& O'Connor, 2003).

Mizutani and co-workers have recently shown that these protein interactions (Fig. 6.2) 

and dynamics are sufficient to give rise to the sudden formation of receptor-ligand com-
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Figure 6.1: A schematic model of dorsoventral embryonic expression pattern. (A) Dpp, 
Tsg and Tld are expressed in the dorsal part (shaded in light grey), Sog is expressed in a region 
between the dorsal and ventral part (shaded in dark grey); the ventral part is depicted in white and 
the midline is marked as a light grey stripe. (B) For simplicity, in the simulation the dorsal genes 
are assumed to be expressed in the entire upper half of the embryo while Sog is expressed in the 
entire lower half of the embryo.

plexes in the midline (Mizutani et a/., 2005). While model and experiments agree remark­ 

ably well, the numerical studies are insufficient to understand the underlying mechanism. 

Consequently, it remains unclear which parameters determine the timing of the event and 

the strength of the response. We therefore sought to analyse the Mizutani model in more 

detail.

We will first review the Mizutani model and illustrate key properties of the dynamics 

of the system with numerical results. We then derive and analyse a dimensionless and 

simplified version of the Mizutani model. We define the mechanism that gives rise to the 

observed dynamics, and we determine the parameter values that affect the timing and 

width of the peak. Moreover, we show that the behaviour of the model is very sensitive to 

small variations in some parameter values, including the receptor concentration, the ligand 

degradation rate and the carrier diffusion and cleavage rates. The analysis is confirmed by 

numerical studies of the model.
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6.2 A model for dorso- ventral morphogen patterning

Mizutani and co- workers (Mizutani et a/., 2005) have proposed the reaction scheme that is 

depicted in Figure 6.2 as the core that drives Dpp concentration in the midline, and this 

scheme translates into the following following set of reaction-diffusion equations

-jm [L][ST\ + (Jo// + r)[LST\ + VL (x] (6.1)

= kon [L](RQ ~[LR\)-(kof} + kde9 }(LR] (6.2)

} (6.3)

-Jon(L}(ST}+joff [LST] (6.4)

) (6.5) 

(6.6)

where [ ] denotes the concentration of a component; the parameter values are summarized in 

Table 6.1. L refers to the morphogen that binds to the receptor R; the concentration of the 

receptor is assumed to be constant (RQ — 3//M). Binding to the receptor results in ligand 

degradation at rate kdeg which is a novel feature of the Mizutani model as compared to earlier 

models (Eldar et a/., 2002; Shimmi et al, 2005). The degradation rate of receptor-bound

Figure 6.2: An overview of the molecular interactions that are considered by Mizutani 
and co-workers (2005). Ligand, L, can either bind receptor, R, to form ligand-receptor complexes, 
LR, or Sog-Tsg complexes, ST, to generate ligand-Sog-Tsg complexes, Tsg. Receptor-bound ligand 
is degraded at rate kdeg , and Sog in ligand-Sog-Tsg complexe is cleaved at rate T.
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Table 6.1: Kinetic rate constants and protein concentrations as used by Mizutani 
and co-workers for their model (equations 6.1-6.6).

parameter
 Cor?

k<>ff
TT-on

noff
3 on

Joff

Kde.g
T

Vs
VT
VL
DL-, Ds, DST, DI.ST
Ro

functional significance
ligand-receptor on-rate
ligand-receptor off-rate

Sog-Tsg on-rate
Sog-Tsg off-rate

ligand-Sog/Tsg on-rate
ligand-Sog/Tsg off-rate

degradation rate of ligand-receptor complexes
degradation rate of Sog in LST complexes

expression rate of Sog
expression rate of Tsg

expression rate of ligand
diffusion constants

total receptor concentration

simulation value
0.4/iM" 1 s" 1
4 x 10"" s" 1
4//M- 1 s~ l

4 x 10~ 5 s" 1
QSfiM" 1 s" 1
4 x l(T b s" 1
5 x 1CT 4 s" 1

0.54 s" 1

80 nM S' 1
4 nM s" 1
1 nM s -1

85p.m J s -1

3/xM

ligand, LR, kdeg = 5 x 10 4s Ms based on experiments (Mizutani et al., 2005). Ligand also 

binds to a complex, 5T, formed of Sog, 5, and Tsg, T. The affinity of ligand both for the 

receptor (fc^ = 0.4/LiM~ 1 s~ 1 , fc0// = 4 x lO"" 6^" 1 ) and for the Sog-Tsg complex is very high 

(Jan = 95//M~ 1 s~ 1 ,jo/y = 4x 10~6s~ 1 ). This can be justified with the dimeric nature of the 

ligand which permits rebinding and thus reduces the off-rate; similarly Sog has four potential 

binding sites for the ligand. A similar argument has to be used to justify the high affinity 

between Sog and Tsg (non = 4/zM~ 1 s~ 1 , n0// = 4 x lO"5 *" 1 ). The carrier protein Sog [5] is 

only expressed in the ventral half (Vs(x) = SOnMs" 1 for x e V, Vs(x) = 0 for x e £>) while 

Tsg and Dpp are only expressed in the dorsal half (Vr(x) = 4nMs~ 1 , V£,(z) = lnMs~l for 

x e V and VT(X) = VL (x] = 0 for x e V). The degradation rate of Dpp-bound Sog has not 

yet been determined by experiments and in order to keep the model simple, Mizutani and 

co-workers assume the Tolloid activity to be constant and use a first-order rate constant 

for the degradation term (r = 0.54s" 1 ). All components except for the receptors that are 

membrane-bound diffuse at DL = DS = DST = DLST = 85/im2 s~ 1 .

The equations are solved on a 1-dimensional domain of length C = 550/zm with periodic 

boundary conditions. The domain represents the circumference of the embryo; given that 

the pattern is homogeneous along the anterior-posterior axis one dimension is sufficient to 

study the mechanism. We note a symmetry around the midline and therefore set x = 0 in
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Figure 6.3: Ligand-receptor dynamics. Ligand-receptor profiles as calculated from equations 
6.1-6.6 are given at 300 second intervals starting at 5 minutes (lowest curve) for the parameter values 
that are given in the text. The figure is essentially the same as Figure 4 in Mizutani et al., 2005.

the midline such that the dorsal and ventral half are defined by

V = --,-C 
4'4

V = ""2'"! — — 4' 2 (6.7)

respectively (Fig. 6.IB).

6.3 Ligand is transported to the midline by LST

The key property of the Mizutani model is the sudden formation of the peak of ligand- 

receptor complexes in the midline (Fig. 6.3). More than ten years ago Ferguson and 

co-workers suggested that ligand is transported to the midline by ligand-Sog-Tsg complexes 

(Holley et al., 1995). Comparison of the total concentration of ligand in the midline with 

ligand expression and ligand transport rates shows that in the Mizutani model this mech­ 

anism is indeed responsible for the rapid increase in the ligand concentration once the 

signaling peak begins to form (Fig. 6.4). Thus once the peak forms (after about 1000 

seconds) the ligand concentration in the midline increases more than can be achieved by 

ligand expression alone (compare dotted and dashed lines in Fig. 6.4a); ligand diffusion 

without carrier binding is negligible because of the high affinity of ligand-receptor binding.
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Figure 6.4: Ligand is transported into the midline by LST. (a) The total concentration of 

ligand in the midline for parameters as given in the text (solid line) or if kdeg = 0 (dashed line), and 

the total concentration of ligand achieved by expression (dotted line) in the midline over time, (b) 

The curvature of LST, A[LST], inverts twice. A[L5T] was approximated by a central difference 

scheme 5 Mm away from the midline. (c) The spatial distribution of [1ST] after 12 seconds (dashed 

line), 300 seconds (black line), and 1080 seconds (grey line). The curve at 12 seconds is magnified 

by 100-fold in order to facilitate comparison.
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Interestingly, before the signaling peak emerges ligand is transported out of the midline by 

LST complexes (the solid line has a smaller slope than the dotted line in Fig. 6.4a). The 

initial increase in the ligand concentration is therefore solely the result of ligand expression 

in the dorsal domain and is diminished rather than enhanced by LST-dependent diffusive 

transport (Fig. 6.4). This effect has so far been ignored but is a consequence of the curva­ 

ture of the LST curve which is initially negative ( ^ ' < 0) and which inverts only once 

the signaling peak forms (Fig. 6.4b,c). According to Fick's second law

!-»£•
such that the concentration of a diffusive species c increases because of diffusive transport 

only if the curvature of c is positive (|j§ > 0). It should be noted that we have  Q^T~^ > 0 

also at the very onset of the reaction. However, the morphogen concentration is still too 

low to enable this to lead to a notable increase of the morphogen concentration in the 

midline (Fig. 6.4). In the intermediate time regime, when the curvature of the LST 

function is negative ( ^.2 > < 0), we note that receptor-dependent ligand degradation has 

a substantial effect (Fig. 6.4a, compare curves with and without degradation). We conclude 

that the total amount of ligand in the midline is initially limited both by degradation and by 

outward diffusion. After about 1000 seconds the LST gradient suddenly inverts and ligand 

is transported to the midline by diffusion leading to the abrupt formation of the signaling 

peak.

6.4 Determinants of the timing of peak formation

Figure 6.5 shows that the sudden increase of ligand-receptor complexes in the midline after 

about 1000 seconds coincides with a sudden loss in ligand-carrier complexes. The loss in 

the ligand-carrier concentration (grey, continuous line) is preceded by a sudden drop in the 

carrier concentration (black, continuous line) which itself is preceded by a drop in the Sog 

concentration (black, dotted line) and a simultaneous increase in Tsg (black, dashed line). 

The sudden loss in Sog from the midline is the consequence of Tolloid-dependent cleavage
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of Dpp-bound Sog in the midline. There is a net loss of Sog once the cleavage rate of Sog
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(r[LST}} exceeds the rate of Sog production. From equations 6.3, 6.4, 6.6 we have

d[S} d[ST} d[LST] _ 
dt + dt + dt ~ ' ov~' >l~^ J ' ~° 5x2

such that at the unique turning point where -J^ -f

[LST} = — ~ 0.15//M, 
r

+DLST dx2 , (6.9)

+ ^T! = O

(6.10)

if we neglect the diffusion terms. This can be justified because diffusion is fast relative 

to the other processes and the gradients are therefore shallow on the relevant time scale 

(before the turning point is reached) as confirmed by numerical simulations (Figs. 6.4B, 

6.6A). The level of Sog-containing complexes will therefore decrease in the midline once the 

critical LST concentration [LST] C = ^ ~ 0.15/uM is attained in the midline.

The corresponding critical time point can be estimated by solving the differential equa­ 

tion for [LST}. Equation 6.6 can be simplified by observing that j0ff <C r, and by again 

neglecting the diffusion terms to obtain

d[LST} 
dt jon [L}[ST} - r[LST}. (6.11)

The numerical solution reveals that before the turning point is reached the ligand concentra­ 

tion is very much constant while the concentration of ST increases linearly (Fig. 6.5A, B).
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That the ligand concentration is about constant on the relevant time scale follows because 

the ligand binding reactions are fast compared to ligand production as long as little receptor 

is occupied. As a consequence a low stable ligand concentration will be attained quickly. 

This can be confirmed analytically by using regular perturbation methods and a scaling 

argument (Appendix B.4). The kinetics of [ST] are estimated in the following. Noting that 

the off-rates and the diffusion term are very small on the relevant timescale and neglecting 

these terms, we obtain from equation 6.4

nm [S\[T\ - jm [L][ST\. (6.12) 

The numerical solution shows that also the product of [S] and [T] increases about linearly
_ of ol pr1!

before the turning point (Fig. 6.6B), and we can therefore write [S][T] « ^ >t = ct where 

c is a constant such that

^^ ̂  nmct - jm [L][ST\. (6.13)

We can then solve equation 6.15 to obtain

ro/rii on , 1 \ , , non C[ST] « -   - t - — — — + const = - — -t (6.14)
lonL V (JonL)J JonL

because [ST] = 0 at t = 0. Since we assume that c and L are constant, we have

d(ST]
dt

We can then rewrite equation 6.11 as

= const. (6.15)

(6,6)

and obtain
f)\ ̂ "Tl ft\ Q1 fT1!

[L5T] « jonL * (t -±}+ const = U°n * t (6.17) 
T \ r ) T '

because [LST] = 0 at t = 0. For the critical time we then have

r[LST)c _ VS_c ~
d[S\[T\ ~ d[S]\T] •
_ _t _ J L. J ry\ I J L Jdt non Qt
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There is no simple way of approximating ^|JP, but the numerical solution reveals that 

~ 2.1 x 10~VM2 s- 1 (Fig. 6.6B). We then have

SGnMs~ l
-* x 2.1 x 10-

The numerical simulation of the model, confirms the value of tc as well as the dependency 

of tc on Vs, although the slope is slightly underestimated because of our linear approxima-
r\ T Q~l trrrt

tions (Fig. 6.7 B). We cannot determine how ~4^M depends on the parameter values but 

we note from the numerical solution that there is also a linear dependency between tc and 

#o and VL (Fig. 6.7). We conclude that the time at which the critical LST concentration 

is attained depends on the concentration of free ligand and therefore on the concentration 

of receptors as well as on the Sog and ligand expression rates.

6.5 The mechanistic basis of the abrupt increase of the ligand 
concentration in the midline

We have concluded in section 6.3 from the numerical analysis of the model that the sudden
i

formation of receptor-ligand complexes in the midline is enabled by a sudden influx of 

ligand. This influx is the consequence of an inversion in the curvature of the LST graph. 

From Figure 6.4b we see that the gradient inverts twice. Initially LST forms preferentially 

at the boundary of the ventral and dorsal domain where sufficient Sog, Tsg, and ligand are 

available and accordingly minima form at the midline of the ventral and dorsal domains 

(Fig. 6.8a,b). Because of the high level of Sog expression and fast diffusion, Sog becomes 

distributed almost homogeneously throughout. Accordingly LST forms in the entire dorsal 

domain and diffuses into the ventral domain such that the maximum is now attained in the 

dorsal midline and the minimum in the ventral midline (Fig. 6.8c). This explains the first 

inversion of the LST curvature.

In the following we define the mechanism and the parameter dependency of the second 

gradient inversion that enables abrupt peak formation. If we rewrite equation 6.6 to obtain

= -Jon[L}[ST] + (jo// + r)[LST] + (6 . 20)
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the lines represent linear least square fits to the data points. We find (A) t c — 320/?o, (B) tc = 
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CHAPTER 6. CELL DIFFERENTIATION IN MULTICELLULAR ORGANISMS 107

x10'

B

c
8
o u

o

c
8
o

3.5 

3

I 2.5

2

1.5

1

0.5

0

0.08

0.06

0.04

0.02

2
1.8
1.6
1.4
1.2

1

0.8
0.6
0.4
0.2
0

2.5

§

§

8 0.5

-200 -100 0 100 
Distance [jam]

200

-V
-200 -100 0 100 

Distance [jim]
200

-200 -100 0 100 
Distance [jim]

200

-200 -100 0 100 
Distance [jim]

200

Figure 6.8: The spatial distribution. The spatial distribution of L (black, dashed line), LR 

(grey dashed line), ST (grey continuous line), and LST (black continuous line) after (a) 4 seconds 

(b) 30 seconds, (c) 900 seconds (d) 1080 seconds.



CHAPTER 6. CELL DIFFERENTIATION IN MULTICELLULAR ORGANISMS 108

we see that before the formation of the signaling peak we have DLST — QXI < 0 because 

[LST] < [ST]. A negative curvature of [LST] leads to LST efflux from the midline and 

this reduces the concentration of LST in the midline. At t = tc , [LST] = [LST] C is attained 

and the ventral production and diffusion of Sog is no longer sufficient to replenish cleaved 

Sog. Because LST achieves its maximum in the midline, [LST] = [LST] C is attained there 

first. As a consequence ST decreases rapidly in the midline (Fig. 6.5). According to (6.20) 

the curvature of LST inverts once

Jon[L][ST] < (joff + r}[LST] + . (6.21)

LST then flows into rather than out of the midline where Tolloid cleaves the complex and 

releases the ligand. We conclude that the sudden loss of Sog from the midline leads to the 

sudden accumulation of ligand and the formation of the signaling peak.

In order to achieve the sudden formation of the full signaling peak it is important that 

the LST gradient inverts only once sufficient ligand is available to rapidly fill the receptors. 

This delay is achieved by a two-component carrier. The carrier concentration is limited 

by the Tsg expression rate while the time point of gradient inversion is determined by 

the Sog expression rate. In the case of a one-component carrier the concentration of the 

carrier cannot be efficiently limited because a lower carrier expression rate results in an 

even earlier inversion of the gradient for the ligand-carrier complex and therefore in an even 

earlier formation of the signaling peak. This can be seen when modifying the Mizutani 

model such that the equations (6.3-6.5) for Sog, Tsg and Sog-Tsg are replaced by a new 

equation for a carrier that can bind the ligand directly. If, for simplicity, we continue to 

refer to this carrier as 5T and to the formed complex as LST although Tsg is not contained 

we obtain as an additional equation to equations 6.1, 6.2, 6.6

V£. (6.22)

Figure 6.9 shows that with a one-component carrier the peak forms early. While the 

time at which the peak reaches its maximum can be delayed by reducing the expression
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Figure 6.9: A two-component carrier complex is necessary for abrupt peak formation.

The signaling peaks where obtained by solving either equations 6.1-6.6 (dotted line), or equations 

6.1, 6.2, 6.6, 6.22 with V£ = Vs (solid line) or V£ = 0.5 Vs (dashed line). The lower set of peaks is 

obtained after 300 seconds, and the other set of peaks is obtained after 1500 seconds for the solid 

line and after 2100 seconds for the other two conditions.

rate of the carrier, this will lead to an even earlier inversion of the ligand-carrier gradient 

and therefore to an even earlier onset of peak formation.

Since the transport of LST is important for the sudden formation of the peak, the 

diffusion coefficient can be expected to affect the formation of the signaling peak. As 

numerical studies confirm, a minimal value for the LST diffusion coefficient in the range 

employed in the Mizutani model is indeed required in order to obtain the rapid formation 

of a signaling peak (Fig. 6.10a). Larger values do not affect the signaling peak because 

transport is limited by the gradient.

Similarly, based on (6.21) the model can be predicted to be very sensitive to r. For 

values larger or smaller than order 1 gradient inversion happens either too late or too early. 

In both cases a peak will not form as indeed confirmed by numerical simulation (Fig. 6.10b).

6.6 The width of the signaling peak

The width of the signaling peak is determined by the gradient of the LST curve. The steeper 

the LST gradient the smaller is the domain in which ligand accumulates and ligand-receptor



CHAPTER 6. CELL DIFFERENTIATION IN MVLTICELLULAR ORGANISMS 110

Aj•g
E 
E

10
-i

vir 10
-2

B

1/1

I 
U

1
in

(U '•B

ro 
CTl 

QC

<u

£ o

u'£
ur>

a

2 en 
QC

10
-3

10
-4

0

C g

£ 

o

'£
in

TO
2 w 
cc

50 100 150 200 250 300 350 
diffusion coefficients

12 x10

Figure 6.10: Parameter dependencies of the model behaviour. LR gradient at 5 /^m from the 

midline if (A) DLST (black line), DST (grey line), (B) r, or (C) kdeg are varied. Stripe formation 

in the midline requires an LR gradient of about 0.01. Dots indicate the analysed parameter values.



CHAPTER 6. CELL DIFFERENTIATION IN MULTICELLULAR ORGANISMS 111

complexes form. A high degradation rate limits the amount of free ligand and therefore LST 

formation. Consequently the LST gradient is not as steep and the peak widens. Thus raising 

kdeg from 10~ 8 per second to 1 per second we note that the peak widens once kdeg exceeds 

10~4 per second until the formation of a signaling peak becomes impossible altogether (Fig. 

6.10c). The timing of peak formation is, on the other hand, not affected (Fig. 6.4a). The 

form of the LST curve is affected also by the distribution of ST. Accordingly, a larger 

Sog-Tsg diffusion coefficient results in peak widening (Fig. 6.10a) because the carrier is 

distributed more widely.

6.7 Discussion

We conclude from the detailed analysis of the Mizutani model that the sudden formation 

of ligand-receptor complexes in the midline is the consequence of a chain reaction that is 

started when the rate of cleavage of ligand-carrier complexes in the midline exceeds the rate 

of Sog replenishment by ventral expression and diffusion. The rapid net loss of Sog at the 

midline lowers the concentration of Dpp-Sog-Tsg at the midline. This in turn results in 

the inversion of the Dpp-Sog-Tsg gradient! This inversion enables Dpp-Sog-Tsg diffusion 

into the midline which leads to a rapid increase in the ligand concentration in the midline. 

Because the concentration of Sog is limited by Tolloid-dependent cleavage, the free ligand 

binds preferentially to receptors which results in the rapid formation of the signaling peak. 

Our detailed analysis of the Mizutani model has led to the important mechanistic insight 

that the sudden formation of the signaling peak is the consequence of the inversion of 

the gradient formed by Dpp-Sog-Tsg complexes. Whilst a prominent role of Dpp-Sog-Tsg 

complexes in the transport of ligand to the midline had been proposed before (Holley et a/., 

1995), previous discussions did not consider a change in the direction of the flux of Dpp-Sog- 

Tsg complexes. Only because Dpp-Sog-Tsg complexes initially diffuse out of the midline 

can the signaling peak form abruptly. Moreover, we propose a novel role for the Tsg protein 

which at first sight appeared to serve a rather redundant function in the model proposed
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by Mizutani and co-workers. According to our analysis, Tsg is necessary to delay gradient 

inversion such that, once the gradient inverts, sufficient ligand is available to rapidly fill the 

receptors in the midline. In the case of a one-component carrier the final ligand-receptor 

peak would be similar in shape but the peak would no longer form abruptly. In a previous 

model (Eldar et a/., 2002) which, however, is based on a number of unrealistic assumptions 

- in particular in view of recent data - a different role, namely the selection between the two 

ligands Dpp and Sew, had been proposed.

Our analysis identifies a number of parameter values to which the simulation is highly 

sensitive. Thus the time of peak formation sensitively depends on the relative rates of 

Sog and Dpp production and on the total receptor concentration. This result is in good 

agreement with the observation that mutants which are heterozygous for both the sog and 

dpp genes have a much higher viability than mutants that are heterozygous only in dpp 

(Francois et al, 1994). Whether the time of peak formation is affected in the heterozygotes 

has not been reported. Regulatory processes will need to exist to control the receptor 

concentration as well as the ratio of these expression rates, which will be subject to stochastic 

fluctuations (Kaern et al, 2005).

Even more interesting, perhaps, is our observation that the simulation is highly sensi­ 

tive to even small variations in r, the rate of Tolloid-dependent cleavage of Sog in Dpp- 

Sog-Tsg complexes. This sensitivity is a considerable weakness of the model since the 

Tolloid-dependent cleavage has been modelled only phenomenologically. In reality Tolloid 

is expressed alongside the other proteins and there is some evidence that the activity of 

Tolloid is regulated (Yamamoto &; Oelgeschlager, 2004). As a consequence the rate of 

Tolloid-dependent cleavage of Sog is unlikely to be constant. Similarly, the peak width is 

very sensitive to the receptor-dependent ligand degradation rate which can be affected by 

many physiological processes.

The high sensitivity of the Mizutani model to small changes in a number of parameter 

values suggests that important details that stabilize the regulatory network have been ne-
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glected. These may include ligand heterodimers (Shimmi et al., 2005), intracellular signaling 

networks (Wang &; Ferguson, 2005), and further protein interactions. Further refined mod­ 

els that build on the Mizutani model are clearly needed to fully understand the mechanistic 

basis of dorsoventral patterning.



Part II: Cell adhesion



Chapter 7

Introduction

Cell adhesion and migration are fundamental requirements for the working of multicellular 

organisms. Because of the complexity of the process, which involves a large number of 

proteins, a detailed understanding is lacking, and even very basic mechanistic details about 

key components are still elusive. In particular the initial step of receptor-mediated adhesion 

is badly understood because the receptors themselves are large, complicated proteins.

An important class of cell adhesion receptors are integrins, large membrane-spanning 

heterodimeric proteins which participate in a wide-range of biological interactions, including 

development, tissue repair, angiogenesis, inflammation and hemostasis (Horwitz &; Webb, 

2003). Their name derives from their ability to link the extracellular and intracellular 

skeletons (Tamkun et a/., 1986). Integrins are key components of focal adhesions, dynamic 

multi-protein complexes that are involved in the regulation of cell adhesion and migration. 

Focal adhesions (Zamir & Geiger, 2001) provide a physical link between integrins and the 

actin cytoskeleton as well as sites for signal transduction into the cell interior. Information 

about identified interactions and players in these complexes is ever-increasing but our overall 

understanding of how the ensemble works remains relatively poor.

According to the current model of integrin activation, ligand binding shifts the equilib­ 

rium between different integrin conformations to the active one (Hynes, 2002). The two 

extreme conformations of this allosteric protein are a bent or 'closed' conformation which 

represents the low affinity state for ligand and an 'open' conformation that will bind with
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Figure 7.1: A simple model of integrin activation. Integrins are transmembrane proteins and 

exist in either a closed (LHS) or open conformation (RHS); the open, high affinity form, in which the 

intracellular part of the a- and /3 chains are separated, can be stabilized by binding of extracellular 

ligand (oval) or intracellular proteins (ball). The open conformation triggers downstream signaling 

and is termed active.

high affinity to ligand (Fig. 7.1). Conformational changes in the extracellular domain affect 

the cytoplasmic tails, which are separated in the open conformation but not in the closed 

conformation. Separation of the cytoplasmic domains promotes their interaction with cy-
/ *

toskeletal and signal transduction molecules, and thus the activation of integrins and down­ 

stream signaling. The conformational equilibrium can be influenced both by ligand binding 

to the extracellular domain (outside-in signaling) and by binding of cytoplasmic proteins 

to the separated cytoplasmic domains (inside-out signaling). Talin, a large intracellular 

protein that binds integrin cytoplasmic tails and the actin cytoskeleton, is, for example, 

essential for integrin activation (Campbell & Ginsberg, 2004). As well as changes in affinity 

induced by structural changes, integrins can also modulate their avidity by clustering, thus 

changing the valency of their interactions with ligand (Carman &; Springer, 2003).

Previous theoretical studies have addressed the mechanism of integrin clustering (Ward 

&; Hammer, 1994; Irvine et al, 2002) but they have not yet explored whether ligand binding
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is sufficient or if other factors such as clustering are necessary for integrin activation. In 

principle, ligand-dependent integrin activation can be enabled by any of the four different 

mechanisms depicted in Figure 7.2. A) Extracellular ligand alone is sufficient to activate 

integrins and other factors are only important for downstream signaling (Fig. 7.2A); B) 

Ligand-dependent integrin activation requires the binding of an intracellular stabilizing 

factor that interacts with and stabilizes the on state (Fig. 7.2B); C) A positive feedback, 

provided either by integrin-ligand pairs themselves or by self-interactions, is important 

(Li et a/., 2003)) (Fig. 7.2C); D) A positive feedback that increases the activity of an 

intracellular stabilizing factor is required (Fig. 7.2D). The latter would need to be based 

on a larger intracellular signaling network.

In Chapter 8 mathematical modelling is used to evaluate the physiological potential of 

these mechanisms. The analysis suggests that, at least for some physiological conditions, 

binding of ligand (even if it is preclustered) and/or a stabilizing factor (Fig. 7.2A, B) is 

insufficient for ligand-dependent integrin activation; a positive feedback (Fig. 7.2C, D) 

is required which results in the further stabilization of the active conformation. Integrin 

clustering is a likely consequence of such a positive feedback.
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Figure 7.2: Four possible mechanisms for integrin activation. (A) Ligand-binding is suffi­ 
cient for integrin activation; other factors are only important for downstream signaling events. (B) 
A stabilizing factor (such as talin) is necessary in addition to ligand binding. (C) A ligand induced 
positive feedback (based for instance on integrin self-interaction) induces integrin activation. (D) 
A positive feedback involving further signaling molecules is necessary for integrin activation. The 
symbols represent simple variants of those in Figure 7.1. L refers to ligand, 5 to a stabilizing factor. 
The rate constants correspond to those used in the models discussed in Section 8.



Chapter 8

A model for integrin activation

Broadly speaking, integrins can be taken to exist in one of two states, a closed low affinity 

or an open high affinity conformation. In the absence of ligand the equilibrium is biased 

towards the inactive, low affinity conformation (Tadokoro et a/., 2003). Binding of ligand 

(L) stabilizes the active, high affinity conformation. Under physiological conditions integrin 

activation therefore requires ligand binding and accordingly the physiological relevance of 

the mechanisms depicted in Figure 7.2 can be evaluated by analysing the extent to which 

they promote ligand binding. While the relationship between ligand binding and cellular 

action in response to integrin activation is unlikely to be linear we will show that the 

mechanisms differ substantially in the level to which they promote integrin-ligand binding 

such that they can be readily classified as 'non-supportive' or 'activating'. The analysis 

can be greatly simplified if we determine the fraction of ligands bound by integrins rather 

than the fraction of integrins bound to ligands. In this case, integrins in the closed, low 

affinity conformation do not have to be considered explicitly. We will assume that there 

is a constant number of unbound integrins in the high affinity conformation since any 

integrin that binds to ligand can be replaced rapidly from the integrins in the low affinity 

conformation by conformational changes. While ligand binding will eventually deplete the 

pool of unbound integrins, this does not need to be included in an analysis of mechanisms for 

integrin signal initiation: if integrin-ligand binding occurs to a level that integrin depletion 

becomes relevant the activation mechanism can be considered successful independently of
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the exact final number of integrin-ligand complexes.

Under physiological conditions, the ligand is expected to be sufficiently dense that spatial 

details and diffusion constraints can be neglected in the initial steps of focal adhesion 

assembly. Transport of integrins from parts of the cell that are not in contact with the 

substrate is not relevant for the initial activation of cell adhesion signaling cascades and is 

not considered in this model.

The model follows the binding of single integrins to ligands; the probability of integrin- 

ligand complex formation can be calculated by solving the appropriate master equation. The 

master equation is a gain-loss equation for the probabilities of the separate states with n 

integrin-ligand complexes (van Kampen, 1992), from which the macroscopic kinetic equation 

can be derived when the density fluctuations are negligible. In order to decide which of the 

four mechanisms depicted in Figure 7.2 is sufficient for ligand-dependent integrin activation, 

the fraction of ligand bound by integrin is determined for each case.

8.1 Ligand engagement is not sufficient for integrin activa­ 
tion

According to the first mechanism (Fig. 7.2A), ligand-dependent integrin activation does 

not require any further supporting processes and interactions. The master equation for the 

formation of i integrin-ligand complexes is thus given as

Pi = k-(i + l)pi+i + k+(L - i + \)pi-i - (k-i + k+(L - i))pi, ie(0,L) (8.1)

with pi = 0 if i ^ (0, L). pi is the probability that i (open) integrins are bound to a ligand 

with L sites. k+ , k- refer respectively to the on- and off-rates of the integrins. The on-rate 

includes the density of integrins which are taken to be constant (see previous section). The

first two terms in (8.1) represent the gains of state i due to the transition from other states,
i

that is, due to unbinding of an integrin from a complex with i + 1 integrins (first term) or 

the binding to a complex with i - 1 integrins (second term). The bracketed term is the loss
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due to transitions from i into other states either by unbinding or binding of an integrin. 

For the steady state (pi = 0) we obtain

Pi =

L
i

(8.2)

The steady state is stable because Y^iPi — 0 an^ Pi   0- Since the sum of all pi is bounded 

and no Pi can become negative, no pi can grow exponentially, and the linear system must be 

globally stable. Y^iPi = 0 is an immediate consequence of the requirement that the sum of 

all probabilities is one (and therefore constant), but also follows from adding all differential 

equations and noting that the coefficients add to zero. Starting with pi > 0, pi cannot take 

negative values because when pi = 0, pi > 0 and pi cannot decrease further.

The expectation value for the number of integrins bound to a given ligand with L binding 

sites is given by < /& >= ^i=0 ipi- Integrin activation therefore requires pi » p$ (i > 0)

and thus ^ > 1 (Fig. 8.1), which corresponds to a high on- and low off-rate. This is

because the probability of i bound integrins is proportional to the ith power of ^ and only 

for j^- > 1 does this probability increase with increasing i, that is with increasing numbers 

of integrins bound.

1 1 
I 0.9
.1 0.8 
-Q 0.7 
§ 0.6 
£ 0.5 
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£ icf 10' 10 
k+ 
k.
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Figure 8.1: Ligand engagement is not sufficient for integrin activation. The integrin 

saturation of the ligand, < ^ > , is plotted against the integrin-ligand association constant Ka = |^-; 

L=10. As discussed in the text, experimental data suggest that ^ <C 1 such that the fraction of 
activated integrins would be very small.
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k- ~ 1 s" 1 has been established experimentally (Vitte et al, 2004); the 2-dimensional 

on-rate is more difficult to determine and has to be calculated from the 2-dimensional 

dissociation constant which itself is difficult to measure and is often obtained via its 3- 

dimensional counterpart (K^f ~ 6 x 10~8 M for the high affinity conformation (Faull et al, 

1993; Suehiro et al, 1997) and K^ > 1/uM for the low affinity conformation (Faull et al, 

1993)). It is generally assumed that the two dissociation constants are linearly related such 

that K^j = r]K^). The value of the conversion factor 77 is, however, still a matter of de­ 

bate (Moy et al, 1999), since theoretical estimates are not in complete agreement with the 

latest experimental results. According to theoretical estimates for a protein complex that 

spans a distance d, 77 = dNA, where NA is the Avogardo constant (Bell, 1978). Accordingly 

for d = 20 nm, 77 = 1.2 x 1019ra~2 M" 1 . Studies employing protein-coated beads report 

77 = 8 x 1024m~2 M" 1 (Moy et al., 1999) and 77 = 1022m~2 M- 1 (Kuo & Lauffenburger, 

1993). The lower 77 value is corroborated by measurements of the 2-dimensional dissocia­ 

tion constant for the LFA-3/CD2 adhesion pair that were carried out using cells instead of 

beads (Dustin et al., 1996). While there are experimental difficulties involved in obtaining 

an exact measurement of this parameter, the discrepancy between the theoretical and ex­ 

perimental estimates may well reflect a lower affinity of integrins when membrane bound, 

possibly due to steric constraints which will have a profound impact on this allosteric pro­ 

tein. We will therefore follow Moy and co-workers (1999) who used 77 = 1022ra~2 M" 1 rather 

than their own estimate for converting integrin dissociation constants. For 77 = 1022m~2 

M" 1 we find kon ~ 2 x 10~ 3^m2 s" 1 . In order to determine the frequency of integrin-ligand 

bond formation the density of open integrins needs to be taken into consideration. The 

average total (closed and open) integrin density on the cell surface has been estimated as 

p ~ 1   3 x 102 /^m~ 2 (Wiseman et al, 2004). At least in some cells (e.g. platelets) more 

than 95% of all integrins are in the closed inactive conformation in the absence of ligand 

(Tadokoro et al, 2003); the density of integrin in the open conformation is therefore small 

(po < 10//m~ ). Given that k+ = konp0 this implies, using the experimental estimate for 77,
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that k+ ~ 10" 1 - 10~2 s" 1 such that jg±- < 1, which is insufficient to drive integrin activa­ 

tion. A larger k+ can be achieved if a larger fraction of integrins is in the open conformation 

already in the absence of ligand. However, this leads to ligand-independent integrin activa­ 

tion. We can conclude that for experimentally determined parameters the model predicts 

that ligand-dependent integrin activation will not occur without further supporting inter­ 

actions.

8.2 A stabilizing factor is not sufficient for ligand-dependent 
integrin activation

Proteins that bind and stabilize the active integrin conformation have been suggested to be 

important for integrin activation (Fig. 7.2B). The master equation derived in the previous 

section can be extended to include such factors that stabilize integrin-ligand binding. While 

talin is an excellent candidate for such a protein (and we will therefore call this factor talin 

in the following), the analysis is kept sufficiently general such that it could be extended 

to any cytoplasmic protein that prolongs the open active conformation by binding to the 

active integrin.

Much as in the case of integrins, talins can be considered to exist in two forms of 

different activity. Cytoplasmic talin is inactivated by self-interactions and only the 'open' 

conformation can bind to the membrane (PIP2), integrins and other proteins. Therefore we 

can again simplify the model by only considering the open active form, whose concentration 

can again be taken to be constant, since any open talin bound to integrins can be expected 

to be rapidly replenished from the pool of closed talins. Given the low abundance of both 

open talin and integrin, complexes of the two are taken to be absent in the absence of 

ligand. The gains and losses of the state with i integrins and t talins bound can again be 

translated into the linear master equation
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pitt = k-(i^l-t)pi+ltt + k*_(t + l)pi+i,t+i (8.3)

-(k-(i -t} + k*_t + k+(L - i) + f+(* - i) + f

with Pijt = 0 if t > i] t, i < 0; t, i > L. Here pij is the probability that i (open) integrins 

and t (open) talins are bound to the ligand with L sites, p^t = 0 if t > i reflects the fact 

that talins can only attach to the ligand indirectly by binding to integrins. fc+, &_,£+,/_ 

refer to the on- and off-rates of the integrins and talins respectively. The on-rates include 

the density of integrin and talin which are taken to be constant (see above). k*_ refers to 

the integrin off-rate when talin is bound (k*_ < k-). 

For the steady state (p^ = 0) we obtain from (8.3)

=L,t=L ( L W L -1 \ aL-ibi_t 
=o,t=o ^ t J ^ i_ t J

with a = n-^-^"-^~r"+ n'- ^ b _ 21=1 n fqri>t and Pi tt = 0 for i < t. From an argument 

similar to that given above it follows that this steady state is stable. The expectation value 

for the number of integrins and talins bound to a given ligand with L binding sites is given
/" T -r r

by < h >= lL,i=oilL,t=oPi,t and < 2& >= I3t=o * Si=oP*,* respectively. For strong ligand 

binding in the absence of talin binding (PLQ > Po,o) we require b > a and we recover the 

condition k+ » k- found in the previous section. If talin binds the condition becomes 

]Ct=o PL,t > Po,o and thus a < b + 1. This condition can be met if either a < 6 or a < 1. 

Assuming that the integrin-ligand off-rate in the presence of talin is very small (fc!_ <C 1), 

a < b still requires fc_ < k+ (high integrin-ligand affinity) which we have found above to 

disagree with experimental estimates. The condition a < 1 can be met if either k- <C k+ 

or if fc_ > k+ and /_  C /+, that is integrin activation would be possible despite a low
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integrin-ligand affinity if the integrin-talin affinity were sufficient high (Fig. 8.2). However, 

such high integrin-talin affinity would also lead to integrin activation in the absence of 

ligand binding. We can therefore conclude that a stabilizing factor alone is not sufficient 

for ligand-dependent integrin activation.

Figure 8.2: A stabilizing factor is not sufficient for ligand-dependent integrin activation.

The fraction of ligand bound by integrin, < ^ > , is plotted against the integrin-ligand association 

constant Ka = ^ and the integrin-talin association constant Ka = j*- for k*_ = 0; L=10. For 

experimental estimates of these association constants the activated fraction is small.

8.3 A positive-feedback is required for ligand-dependent in­ 
tegrin activation

The remaining two mechanisms in Fig. 7.2 both involve a positive feedback. Here, Fig­ 

ure 7.2C considers a feedback mechanism that only involves the integrin-ligand pair itself 

while according to Figure 7.2D a larger network would be necessary. Both mechanisms are 

analysed below.

8.3.1 A positive feedback that is based on the integrin-ligand pair

A positive feedback only involving the integrin-ligand pair (Fig. 7.2C) could either be 

enabled by integrin-integrin interactions in the open form (Li et al, 2003) or by a ligand- 

induced conformational change that leads to a higher affinity of binding. In both cases this 

positive feedback ought to be triggered once a certain (small) number of integrins is engaged 

in close proximity. Such interaction can thus be captured in the model by replacing fc_ with
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f f k°k_ in (8.1) and setting k_ = - — £cin x , where k°_ refers to the integrin-ligand off-rate in the

absence of a positive feed-back. kc determines the strength with which the feedback reduces 

the integrin-ligand off-rate, and K and n limit the effect of integrin-integrin interactions 

to local interactions. The model does not contain any spatial information and it is thus 

assumed that integrins either bind to pre-clustered ligand, or preferentially in the vicinity of 

other bound integrins. Note that the assumption that ligand-integrin interactions are short­ 

lived in the absence of integrin-integrin interaction will lead to such preferential binding in 

the vicinity of bound integrins. For the steady state (pi = 0) we then obtain from (8.1)

Pi = . ———— ; ———————————— • (8-5)k±Ynl n i , kcjn
k- Llj=o( i+ (j

Given that K and n need to be chosen such that only local integrin-integrin interactions 

reduce the ligand-integrin off-rate, we, in general, have i » K, and for sufficiently large 

kc (and i) (8.5) can be approximated by

( L\ f k+kc \i
\ i J \ k-

P^ = ^ x k+kc 
k-

Equations (8.6) and (8.2) are similar and only differ in the factor kc . The same argument 

thus applies such that kc » ^- ~ 102 — 103 is required to enable ligand-dependent integrin 

activation (Fig 8.1). In the analysis of (8.2), -^ was determined for the high affinity 

integrin-ligand interaction and a further ligand-induced affinity increase by 100-1000 fold 

is impossible. Integrin-integrin interactions sufficiently strong to reduce the high affinity 

dissociation constant by a further factor of 102 — 103 are also unlikely. Thus a feedback 

loop only involving integrins is unlikely to drive ligand-dependent integrin activation.

8.3.2 A positive feedback loop based on a regulatory network can enable 
ligand-dependent integrin activation

The last mechanism (Fig. 7.2D) to be analysed is one that considers a regulatory network 

that mediates the positive feedback. This mechanism involves a stabilizing factor whose
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activity is increased in response to ligand binding. Such positive feedback has indeed been 

reported in the form that ligand-bound integrins as well as talins trigger an increase in 

PIP2, which in turn increases the recruitment of talin to the membrane, and thereby talin- 

integrin complex formation (1+) (Garcia-Alvarez et a/., 2003; Martel et al., 2001). The talin 

density on the membrane will thus be very small when integrins are inactive and increase 

when ligands increase the integrin activity. This positive feedback can be incorporated into 

the model as

)

such that the talin on-rate, l+, depends on the number of talins in the integrin-ligand 

complex with K being the Hill constant, n the Hill coefficient and lc some proportionality 

factor. While many other formulations of such feedback are possible, this saturation form 

captures the likely talin dependence of the membrane PIP2 concentration, which will be 

low below a certain talin threshold and eventually become saturated.

The steady state for pij is now more difficult to derive but the numerical solution shows 

that such positive feedback indeed enables ligand-induced integrin activation as long as 

K/L < 1 (Fig. 8.3). Note that, as in the case of integrin-integrin interactions, ligand- 

dependent integrin activation requires the proportionality factor lc to be of order 102 — 103 . 

In case of talin recruitment this is reasonable since local PIP2 production may lead to a 

100-1000 fold increase in the local membrane talin density. A ligand-independent increase 

in /+, due to a signaling dependent increase in a factor that stabilizes the open integrin 

conformation, will also lead to integrin activation. This is likely to provide the mechanistic 

basis for inside-out signaling.

We thus conclude that ligand-dependent integrin activation requires fc_ » fc+, /_ ~^> 1+ 

in the resting, and /c_ <|C fc+, I- <C 1+ in the active state. The first condition is met by the 

binding of the stabilizing factor which reduces fc_ , and the second condition is enabled by 

a positive feedback that leads to an increase in l+ in the presence of ligand.
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n=1
..,...,..,.. n=5
----- no feedback

Figure 8.3: A positive feedback enables ligand-dependent integrin activation. The fraction 

of ligand bound by integrin, < ^ > , is plotted in the absence (- -) or presence of a talin feedback 

regulation against the Hill constant K (Eq. 8.7) normalized by the number of binding sites L for 

different Hill coefficients. Parameters were set to L = 10, fc+ = 0.1, l c = 102 , fc_ = 5, k*_ = 10" 3 , 

/_ = 1. It can be seen that as long as positive feedback is initiated upon binding of few integrins 

(small y-), a large active integrin fraction is obtained.
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Discussion

The analysis of possible mechanisms for integrin activation suggests that a positive feed­ 

back is required for ligand-dependent integrin activation. Thus the ligand-integrin affinity 

appears to be too low to stabilize the active integrin conformation in the absence of a fur­ 

ther stabilizing factor such as talin. To ensure that ligand-independent integrin activation 

by such a stabilizing factor alone is impossible a positive feedback that upregulates the 

stabilizing factor upon ligand binding is required.

This conclusion strongly depends on the order of magnitude of the conversion factor rj 

between the 2- and 3-dimensional dissociation constants and further careful measurements 

of this parameter will be important. While ligand-dependent integrin activation would be 

possible in the absence of further stabilizing interactions if the theoretical rather than the 

experimental estimates for 77 were correct (that is if 77 were 1000 times smaller), available 

experimental information is very much in favour of the experimental estimate that has been 

used in this study. In addition to the argument already given (see above) further exper­ 

imental observations corroborate the notion that the physiological integrin-ligand affinity 

is tuned such that integrin activation depends on supporting factors. Thus mutations in 

the /?-tail that disrupt the talin-integrin interaction markedly reduce the fraction of active 

integrins (Tadokoro et a/., 2003). This reduction can be overcome by binding of an antibody 

that stabilizes the high affinity conformation (Tadokoro et al., 2003) which is in agreement 

with the model prediction that a higher ligand-integrin affinity can enable talin-independent

131
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integrin activation. With integrin activation balanced on a knife-edge small changes in the 

affinity, density and conformational bias of integrins can have a large impact on the cell's 

adhesiveness and motility - as is observed in experiments (Palecek et a/., 1997).

An advantage of a positive feedback regulation is the regulatory potential. Signaling 

processes can affect the positive feedback, providing a basis for inside-out signaling. It is 

likely that the observed integrin clustering is a result of such a positive feedback mechanism; 

a local increase in the density of a stabilizing factor will facilitate the formation of further 

integrin-ligand bonds in the vicinity of existing ones. Clustering would then result from a 

process that enables long-lived integrin-ligand interactions but is not of itself essential. The 

concept that ligand binding and clustering are independent processes is in agreement with 

the observation in Drosophila that integrins can still bind to the extracellular matrix in the 

absence of talin but fail to cluster (Brown et al., 2002).

The feedback loop that is considered in the current model only comprises a stabilizing 

factor (such as talin) and a way of increasing the concentration of the stabilizing factor, 

such as by PIP2 formation. Many more players are known to be involved and understanding 

their relative contributions will be important. Here, the role of PIPKI/y will be of special 

interest. While PIPKI7 produces PIP2 and thus increases talin recruitment to the mem­ 

brane, PIPKPy itself is recruited to the membrane by talin (Di Paolo et al, 2002) and 

competes with the integrin (3 tail for talin binding (de Pereda et al, 2005). Integrin activa­ 

tion leads to FAK activation and a FAK-enlianced Src-mediated phosphorylation of PIPKPy 

further increases its affinity for talin (Ling et al, 2002; Arias-Salgado et al, 2003). PIPKPy 

therefore appears to play an important role both in integrin activation and the turnover of 

focal contacts. A combination of modelling and experiment, of the sort described here, is 

expected to shed more light on this complex regulatory network.
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Chapter 10

Introduction

Proteins evolve by the iterative alternation of mutation and selection over evolutionary time. 

Yet in a matter of days, the vertebrate immune system generates novel antibodies with high 

affinity for cognate antigen. This is accomplished by somatic mutation of a diverse pool of 

antibody genes and clonal selection of high-affinity antibody producing B cells - a process 

of somatic rather than the familiar germ-line evolution.

Targeting of mutations increases the fraction of effective mutations, that is of mutations 

that alter the binding characteristics to the antigen at hand (Jolly et a/., 1996). However, 

in the immune system, much as in evolutionary biology, the great majority of all effective 

mutations are unfavorable. Such mutations may not only lead to loss of antigen specificity, 

but worse still may engender significant affinity to an autoantigen. On-going selection is 

therefore essential both to eliminate self-reactivity and to select pathogen-specific antibodies 

that have acquired affinity enhancing mutations (MacLennan et a/., 2000). While in the 

case of adaptive genome evolution selective forces derive from challenges from the external 

environment across generations, this cannot apply to a somatic evolution process. Rather, 

selective forces must originate from within the organism. The immune system thus did not 

only have to evolve an elaborate mutation mechanism to generate variation in antibody 

genes but also an anatomic framework and a signaling infrastructure to enable selection of 

high affinity variants.
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10.1 The basic principles of selection in the immune system

The selective forces applied to the B cell are similar to those experienced at the whole 

organism level. For natural selection to drive genome evolution, entities must be able to 

produce similar offspring with variations in individual characteristics that affect the fitness 

of the offspring - that is its reproductive success. Likewise in the immune system, selection 

cannot act directly on antibodies (which cannot reproduce) but must act on B cells, which 

express the rearranged and possibly mutated antibody gene as B cell receptor (BCR). B 

cells increase their proliferative rate upon stimulation by antigen via their BCRs but low 

affinity as well as self-reactive B cells are ultimately doomed to death by apoptosis. While 

apoptosis of autoreactive clones is crucial to guard against autoimmunity, apoptosis of low 

affinity B cells increases the stringency of selection (Takahashi et a/., 1999; Takahashi et a/., 

2001). The reproductive success of B cell clones is thus represented by their ability both to 

proliferate and to avoid apoptotic death.

In order to survive and proliferate, B cells need to pass a two-step selection process 

during which they first acquire antigen and subsequently present fragments of this antigen 

to T helper cells (MacLennan, 1994). The first step is dependent on BCR recognition 

of antigen, and thus serves to demonstrate binding capabilities of the BCR. The second 

step of recruiting T cell help requires B cells to internalize BCR-bound antigen and target 

the antigen to specialized compartments (the MIIC) where the antigen is proteolytically 

processed into shortened peptides (Clark et a/., 2004). These peptides are subsequently 

loaded onto MHC class II molecules and transported to the B cell surface. Antigen specific 

T helper cells can recognize the peptide-MHC molecules (pMHC) and rescue the pMHC- 

presenting B cells from apoptosis. While antigen presentation by "professional" cells (which 

also provide co-stimulation) is likely to reduce the risk for B cells to acquire self-reactivity, 

it seems to be the requirement for B cell-T cell interaction which mainly helps guard against 

auto-immunity. This is because self-reactive T cells are eliminated during their development 

in the thymus (Palmer, 2003) and should thus not be available in the periphery.
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10.2 A place to meet

Antibody affinity maturation requires multiple interactions between antigen, B cells and T 

cells. Usually antigen and antigen-specific B and T lymphocytes are scarce at the onset of an 

infection and thus it is insufficient to rely on chance encounters. The immune system solves 

this problem of first contact by concentrating antigen in local lymph nodes through which 

lymphocytes pass. After a proliferative burst in primary foci, a small number of B cells and 

T cells enter primary follicles and seed germinal centres (GCs) (MacLennan et a/., 1997). 

These GCs are microenvironments for antibody affinity maturation and greatly facilitate 

B cell selection and survival by increasing the number of B cell-antigen and B cell-T cell 

encounters. It should be noted that affinity maturation can, however, also be observed in 

the absence of GC reactions, though not with the same efficiency (Matsumoto et a/., 1996). 

The GC reaction is complex, as shown by Figure 10.1, and a full review can be found in 

MacLennan, 1994. Briefly, GCs are initially seeded by a small number of blasting B cells, 

that bind the antigen with at least low affinity (Kroese et a/., 1987; Jacob et al., 1991; Liu 

et al., 1991 a). Once the primary follicles are filled with proliferating B cells, the B cell blasts 

differentiate into so-called centroblasts (CB) (Liu et al., 19§la). CB are thought to express 

activation-induced cytidine deaminase (AID) and thus to hypermutate their antibody genes 

before they differentiate into centrocytes (CC). CC increase the expression of surface im- 

munoglobulin and are selected upon their BCR's affinity for antigen. Importantly, B cell 

selection relies on the rescue of high affinity clones rather than on the active elimination of 

low affinity clones. Thus CC are prone to apoptosis (Liu & Arpin, 1997) and will die rapidly 

unless they are rescued by follicular dendritic cells (FDCs), which provide temporary sur­ 

vival signals to antigen-specific CC (Tew et al., 1997; Kosco-Vilbois, 2003); GCs formed in 

the absence of FDCs fail to support affinity maturation and rapidly regress (Koni &; Flavell, 

1999). While FDCs retain antigen in the form of immune complexes (composed of anti­ 

gen, antibodies and complement) (MacLennan, 1994) it is currently controversial whether 

antigen trapped on FDCs as opposed to soluble antigen is critical in the selection process
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Ig-V-region 
Hypermutation

Figure 10.1: A simple model of the germinal centre reaction. A small mimber of B blasts 
(Bb) initially seeds the GC reaction and exponentially expands before differentiating (0) into cen- 
troblasts (CB). Due to the rapid proliferation, this area is densely packed with centroblasts and 
appears dark in the light microscope, thus leading to its name dark zone. The rapidly proliferating 
centroblasts (CB) are characterized by a low expression of surface immunoglobulin and the expres­ 
sion of AID which allows them to hypermutate their antibody genes (1). Centroblasts differentiate 
(2) into centrocytes (CC) which constitute the light zone. Centrocytes upregulate the expression of 
surface immunoglobulin and are selected according to their affinity for antigen. Selection involves 
antigen acquisition from follicular dendritic cells (FDC) and subsequent presentation of antigen 
fragments in the form of peptide-MHCs to T cells (T) (3). Failure to either acquire antigen or to 
find T cell help results in B cell apoptosis (4). Selected B cells on the other hand either leave the 
GC reaction to become memory B cells (mB) or plasma cells (pc) (5), or back-differentiate into 
centroblasts thus enabling several rounds of mutation and selection (6). The recycled centroblasts 
most likely stay in the light zone but migration back to the former dark zone has not been ruled out 
experimentally, and this route is therefore marked by a question mark.
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(Haberman & Shlomchik, 2003; Kosco-Vilbois, 2003). In a final selection step B cells need 

to present the acquired antigen to antigen-specific T cells (Liu et al, 1991a; Arpin et a/., 

1995) which most probably have entered the GCs together with the antigen specific B cells 

(MacLennan et a/., 2000). Non-selected CC undergo apoptosis and are quickly engulfed by 

macrophages; selected CC may leave the GC reaction to become memory or plasma cells 

(Liu et a/., 1997). Back-differentiation of selected CC into CB enables a B cell clone to 

go through multiple rounds of mutation and selection (MacLennan et a/., 2000; Kepler & 

Perelson, 1993).

10.3 The mechanism of B cell selection

For affinity to increase during the course of the GC reaction the affinity threshold for 

selection needs to increase, i.e. a higher affinity must be required for survival as selection 

proceeds over time. The extent of increase required for survival appears to be determined 

by clonal competition within the B cell population. Accordingly, low affinity B cell clones 

can persist when competition with high affinity B cell clones is reduced (Dal Porto et a/., 

2002; Shih et al, 2002).

Principally, B cell clones might compete for antigen or for T cell help - or both. Older 

models have particularly stressed the role of B cell competition for scarce antigen (Siskind 

&; Benacerraf, 1969) and suggest that antigen removal during the immune response as well 

as emerging serum antibodies would lead to a gradual increase of the affinity threshold 

(Tarlinton & Smith, 2000; Iber &; Maini, 2002). However, affinity maturation is hardly 

compromised by alterations in the initial amount of antigen deposited on FDCs (Haberman 

& Shlomchik, 2003; Manser, 2004) or by lack of secreted antibodies (Hannum et al, 2000). 

Competition for antigen thus appears inadequate to explain B cell selection for all the 

conditions under which it occurs.

The alternative model of a clonal competition for binding sites instead of antigen (Kesmir 

& De Boer, 2003) requires affinity maturation to strictly depend on antigen being encoun-



CHAPTER 10. INTRODUCTION 138

tered membrane-bound, which is the subject of controversy (Haberman & Shlomchik, 2003). 

Also, antigen localization would have to be restricted to a small number of places within 

the large dendritic network. Despite many electron microscopy studies, such localization 

restriction has not yet been reported.

Without competition for access to antigen or FDCs, higher affinity B cell clones could 

be favoured on the level of antigen binding, either because of differential signaling of B 

cells in response to different affinities of binding (KouskofT et a/., 1998) or because high 

affinity B cells require fewer encounters with the FDC to establish an immunological synapse 

and to extract antigen (Batista et a/., 2001). Here, immunological synapse refers to the 

supramolecular segregation of proteins in lymphoid cell-cell contact zones (Kupfer & Kupfer, 

2003), which enable long-term signaling and effector functions (Huppa et al., 2003).

Finally, T cell help may be competitive. In vitro assays show that higher affinity B cells 

are more able to recruit T cell help (Batista & Neuberger, 1998), which may be crucial 

in the GC environment, where T cells constitute only 5 — 10% of the GC cell population 

(Kelsoe, 1996a). Given that T cell responsiveness to antigen-challenged B cells correlates 

with binding affinity (Batista & Neuberger, 1998), it is conceivable that the BCR binding 

affinity is translated into a cellular signal that affects the ability of B cells to recruit T cell 

help. One way B cell signaling strength may affect T cell responsiveness is an enhanced 

presentation of pMHC (Harding &; Unanue, 1990; Grakoui et a/., 1999), which may be 

enabled by an improved targeting of antigen to the processing compartments. Targeting to 

and accession of the processing compartments requires signaling through Iga, Syk (as well 

as downstream effectors) (Clark et a/., 2003). The degree of Iga and Syk phosphorylation is 

affinity-dependent (Kouskoff et a/., 1998) thus suggesting a link between BCR affinity and 

the level of pMHC presentation on the B cell surface.
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10.4 The mechanism of affinity discrimination

The mechanism by which B cells discriminate between a wide range of binding affinities 

(Ka ~ 104 —10 10 M" 1 ) (Batista &; Neuberger, 2000) is elusive as is the mechanism by which 

the mechanical binding of antigen is translated into a cellular signal (Reth et al., 2000). 

Receptor clustering has long been recognised to be essential for B cell activation (Seed, 1995) 

and it has been proposed that clustering of receptors results in cross-activation of the kinases 

that are bound by each receptor. Clustering is necessary because the autoactivating Src- 

family kinases and Syk, which are bound to the resting BCR (Yamanashi et al, 1991; Clark 

et al., 1992; Hutchcroft et al., 1992), phosphorylate substrate in trans but not in cis on the 

same receptor (Sotirellis et al., 1995). Receptor clustering alone is however unlikely to result 

in B cell activation since the resting BCR is not only bound by Src-family kinases and Syk 

but also by SHP-1, a key phosphatase (Pani et al, 1995). Given that phosphatases exhibit
i i

in general a 10-100 times higher activity than the kinases (Reth &; Wienands, 2004), even 

at closest proximity the kinase efficiency will remain minute compared to the phosphatase
I ; . ' ' '•

efficiency. Reth and co-workers have taken the effect of inhibitors into account and propose 

that the BCR exists on the B cell surface as an oligomeric complex and that antigen binding 

distorts the complex, resulting in the exposure of residues that lead to a relocation of the 

receptor to a different membrane environment where the NADPH oxidase resides (Reth 

et al, 2000; Reth, 2002). NADPH oxidases produce H2O2, which inhibits phosphatases 

(Lee et al, 1998). This inhibition would then lead to B cell activation. Both the distortion 

of the BCR complex as well as its antigen-induced colocalisation with NADPH oxidase 

remain to be shown.

10.5 Scope of the study

The failure of experiments to define the B cell selection mechanism and to explain how B cells 

are activated by antigen binding in an affinity-dependent manner can largely be attributed 

to major experimental difficulties that are associated with the investigation of such complex
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systems. In order to delineate the mechanism of B cell selection I collaborated with Michael 

Meyer-Hermann (FIAS, University of Frankfurt, Germany) to extend a previously described 

agent-based model for GC reactions (Meyer-Hermann, 2002a) and to investigate the effects 

of each of the discussed potential selection mechanisms separately. Experimental data were 

available to define most parameter values; those for .which data were not available were 

studied in detail to exclude the possibility that qualitatively different results could emerge 

from a different (but still physiological) set of parameters.

The simulations reveal that both a competition for access to FDCs as well as a compe­ 

tition for antigen (even in the presence of antibodies) does not enable affinity maturation 

to the experimentally observed degree. On the other hand, both slow CC-FDC interactions 

and competition for T cell help can drive affinity maturation - especially when the acqui­ 

sition of antigen and survival signals from the FDCs are uncompetitive. Both selection 

mechanisms enable affinity maturation over a wide range of antigen densities and possibly 

even if antigen is encountered in soluble form. One or both of these are likely to be the phys­ 

iological mechanism of B cell selection. Experiments are suggested to test this unexpected 

result.

Both mechanisms require B cells to discriminate between the affinities of binding in 

the first step. Different lines of evidence suggest that receptor clustering plays a role in 

B cell activation, but the organisation of B cell receptors on the cell membrane has not 

yet been resolved. Integrating available experimental information by use of techniques 

from statistical physics suggests that for physiological parameters BCRs mainly polymerize 

into small open chains. The polymerization would depend on the receptor density, and 

accordingly, the cluster size would be strongly reduced at the receptor densities that are 

generally observed for anergic MD4 B cells (Goodnow et al, 1988; Goodnow et a/., 1991). 

The failure to form BCR clusters may explain the unresponsiveness of anergic B cells to 

immunogenic reagents unless these are highly cross-linking.

Based on the BCR organization that is predicted by the model I show in a further
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B cell activation

binding of 
(large)

protein 
antigen

Bcell 
activation

binding of 
hapten- 
coated 
polymer.

binding of
(small)
hapten

no response

Figure 10.2: A model for B cell activation. In the absence of antigen, inhibitors inactivate 
BCR-bound kinases (middle). While binding of (large) protein antigens can separate inhibitors 
and kinases to a sufficient extent to trigger B cell signaling (LHS) binding of haptens is insufficient 
to block access for inhibitors to the BCRs (bottom). Binding of hapten-coated polymers (top) 
stabilizes the pre-formed BCR clusters from whose interior inhibitors are excluded, thus enabling B 
cell activation. Inhibitors are depicted as striped rectangle, Ig-a/Ig-/? as black rectangle, kinases as 
ovals and the phosphatase as checkered rectangle.

step that differential B cell signaling can be explained with an antigen-induced separation 

of receptors and inhibitors (Fig. 10.2, left). This mechanism is reminiscent of the one 

suggested for T cells (Davis & van der Merwe, 2006) with the important difference that in 

the T cell contact zone segregation can be achieved by size while a different mechanism is 

required for B cells because the BCR-antigen complex is of similar length as the inhibitory 

co-receptors. The model, which makes use of concepts from statistical mechanics, is shown 

to reproduce available data quantitatively and to provide explanations for a number of 

previously counterintuitive experimental observations. Moreover, the unresponsiveness of 

B cells to haptens can be understood in light of the segregation concept by noting that a 

sufficient antigen size is necessary to separate BCRs and inhibitors (Fig. 10.2, bottom);
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attachment of the hapten to a larger carrier protein can circumvent the problem and lead 

to B cell activation (Fig. 10.2, top).

In a final part the model is used to solve the long-standing question about the nature 

of the 'immunon' (Dintzis et al., 1976; Vogelstein et a/., 1982).



Chapter 11

A model for B cell selection during 
the GC reaction

11.1 In silico germinal centre simulations

In collaboration with Michael Meyer-Hermann I employed in silico simulations of the GC 

reaction to analyse the B cell selection mechanisms. The simulations were performed using a 

previously described stochastic hybrid agent-based model (Meyer-Hermann, 2002 a; Meyer- 

Hermann &: Maini, 2005) which we extended to test the different selection mechanisms. 

The basic idea was to rebuild a GC in silico and to study how its spatial organization, 

dynamics and output depend on the assumptions that are made on the comprised cells 

and their interactions. The GC is represented by a regular lattice whose nodes represent 

cells. With the exception of pre-plasma and memory cells the GC cells are confined to 

the area of the GC as defined by the mantle zone. The cell-lattice is supplemented by a 

second grid for soluble signals. These satisfy reaction-diffusion equations which are solved 

numerically. Given that the analysis of three-dimensional models leads to similar results 

(Meyer-Hermann & Beyer, 2002) we restrict our analysis to two dimensions in order to 

gain better statistics because of substantially shorter computation times. We include CB, 

CC, FDCs and output cells such as plasma and memory cells in all our simulations and 

study the effect of T helper cells on CC selection in an additional set of simulations. The 

different cell types are encoded in the simulation by defining differently sized objects that 

are associated with distinct sets of rules which reflect their biological properties. The rules

143
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determine the cellular dynamics by defining motility, cell-cell interactions, cell-cycle times, 

cellular lifetimes and similar properties. A comprehensive list of these properties is given 

below. Despite the complexity of the GC reaction only a limited set of parameters is 

required to respect commonly accepted GC properties and to capture available quantitative 

experimental data. Reasonable estimates can be obtained for most of the parameters (Table 

11.1), and the few exceptions are studied in detail. While most of the experimental data 

stems from lymph nodes of mice or rats the model applies to all GCs that exhibit similar 

GC morphology and cell dynamics.

11.2 Antibody representation

In order to analyse B cell affinity maturation we need to define the affinity and thus quality 

of antibodies. Antibodies are represented in a four-dimensional shape space (Perelson &: 

Oster, 1979). The antigen defines the position of the optimal antibody (maximum affinity) 

in the shape space. The distance dab of an arbitrary antibody to this optimal clone is 

calculated as a 1-norm in the shape space and is assumed to be a measure for its affinity 

to the antigen Kab. The latter is calculated as a Gaussian function with the distance as 

argument and a width of F = 2.8 mutations such that

. (11.1)

The power and the width of the affinity function have been estimated based on experimental 

data which relate the number of mutations in GC reactions to the increase in affinity (Meyer- 

Hermann et a/., 2001).

11.3 Cell movement

In agreement with recent two-photon imaging data collected in vivo from mice lymph nodes 

(Miller et a/., 2002) cells are assumed to perform an undirected and active movement. Unless 

stated otherwise, every cell is attributed to a single node. All cell states include a mean 

speed vceii, a polarity ~$ cM and a persistence time Aicej/, where cell denotes the different
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cell types. The probability of displacement of a cell to a next (unoccupied) neighbour node 

is determined by v^u. The direction of movement is set by l?^//, and the polarity changes 

with a rate according to A^M. The new polarity is chosen randomly, i.e. without any 

memory effect. The values of these motility parameters are taken from experiment (Miller 

et al, 2002) and are given in Table 11.1. Note that while these are the best data available 

they were not obtained for GC reactions and the values may therefore not be accurate for 

GC cells. The actual movement of the cells may be less than expected from vcen when 

contact inhibition by other cells suppresses the movement.

11.4 Cell types

The following list provides a comprehensive description of all cells and their specificities. 

All parameters without explicitly given value are of importance for the selection process 

and are discussed in Chapter 12.

11.4.1 FDC

The soma of each FDC is represented as a single lattice node. Each FDC is assumed to 

have four (two per space dimension) dendrites. Every dendrite is attached to the soma 

and extends to neighbouring nodes. Given that dendrites are flexible the lattice nodes 

to which dendrites are attributed are not exclusive, i.e. other cells can move onto these 

nodes. This is not possible for other cell types or the FDC soma. FDCs are assumed to 

produce a differentiation signal for CBs with a rate rsignai (see below). In order to reduce 

computational effort FDCs are assumed to be immobile. This is a reasonable approximation 

because the interaction frequency with centrocytes is dominantly determined by the typical 

distance between FDC binding sites and CCs. This corresponds to the density of the 

FDC network which is determined by the number of FDCs, NpDc, and the length of the 

dendrites, dp DC- A suitable quantity to measure the density of the FDC network is the 

number of nodes, XFDC, from which access to FDC sites is possible in the GC area, where

(11.2)
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and D is the dimension, Ax = lO^m the resolution of the lattice (chosen as the average 

B cell diameter). The physiological range is 48 < XFDC < I44 ; this corresponds to 100 

FDCs per GC (Kesmir & De Boer, 1999) (NFDC = 4 in the two-dimensional simulation) 

with a total length of dendrites of each FDC 1DdFDC = 40 - 120/rni. The number of FDCs 

in two dimensions is calculated by comparing the FDC density of a spherical GC in three 

dimensions to the FDC density in a GC slice of thickness Ax = 10//m.

11.4.2 Centroblasts

CBs are a subpopulation of B cells in the GC. CBs divide with a cycle time of 6 hours (Liu 

et a/., 19916) and, owing to somatic hypermutation, acquire in each cell division non-silent 

mutations with probability 0.5 (Nossal, 1992). Mutations are modelled by a jump to a next 

neighbour in the shape space (in an arbitrary direction); wider jumps are excluded. The 

transcription factors for susceptibility to apoptosis are already up-regulated in CBs (Klein 

et al, 2003) but we assume CBs not to be affected by these. Equally, CBs are assumed not 

to interact with FDCs or T cells, thus neglecting possible rescue mechanisms acting directly 

on CBs. CBs differentiate to CCs at rate fdiff once the local concentration of differentiation 

signal (which is produced by FDCs and diffuses over the lattice) exceeds a threshold value. 

Given that neither the exact signal nor its threshold concentration are known the signal 

production rate by FDC is given in units of this threshold. Because of their larger size we 

expect CBs to move at a lower mean speed than naive B cells and we estimate the speed 

by use of Stokes' friction law (which predicts that the speed scales with the inverse ratio of 

the radii of CBs and naive B cells) to be VCB = 1.5/mi/min and AtcB=2min.

11.4.3 Centrocytes

CCs differentiate from CBs and neither divide nor mutate. CCs are in an activated state 

of apoptosis and they have a lifetime of 10 hours (Liu et al., 1994), within which they need 

to receive a rescue signal to avoid death. Dead CCs are rapidly removed from the lattice 

assuming a fast clearance of apoptotic bodies. The exact nature of the rescue signal depends
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on the selection mechanism. CCs can be in one of the following states: unselected, in contact 

with FDC, selected by FDC, in contact with T cell, selected. Thus the subpopulation of 

CCs is rather heterogeneous (Klein et al., 2003).

Unselected CCs need to find one of the XFDC sites. Once they have access to an FDC 

site, they try to bind the antigen. The binding probability is proportional to the antibody- 

antigen affinity. In the standard configuration unsuccessful CCs have to wait for 6 minutes 

before they can try binding again. This short refractory time ensures independence of 

the binding process from the time resolution in the simulations. Experimental data is not 

available to define this refractory time and this parameter is therefore explored in detail 

in section 12.2. Successful CCs switch to the state in contact with FDC and are rescued 

from apoptosis. The CC remains bound to the FDC for two hours (Lindhout et a/., 1995). 

During this time the rescue signals are thought to be provided by the FDC and the CCs 

turn into the state selected by FDC. Note that the FDCs are assumed to only provide rescue 

signals; negative selection of unsuccessful CCs via FasL-Fas (Verbeke et a/., 1999) or other 

pathways is neglected.

How CCs are selected depends on the details of the selection mechanism and is discussed 

in detail in Chapter 12.

Selected CCs further differentiate within 7 hours to pre-plasma cells or memory cells 

(both summarised as output cells in the following), or, alternatively, they recycle back to 

CBs. No data yet exists to relate the relative receptor quality of the CC to its probability 

of entering either differentiation path. In fact, available experimental data (Han et al., 

1995) can be reproduced by assuming that this probability does not depend on receptor 

quality (Meyer-Hermann et al, 2001) and as in Meyer-Hermann et al (2001) we therefore 

assume that selected CCs recycle with probability 0.8 and differentiate to output cells with 

probability 0.2.

CC motility characteristics are assumed to be identical to those of naive B cells (Miller 

et al., 2002) and to be the same in all states, i.e. vcc = 5/mi/min and Atcc=2min.



CHAPTER 11. A MODEL FOR D CELL SELECTION 148

11.4.4 T cells

T cells are only included in one set of simulations in which they are part of the selection 

process of CC. As the relative amount of specific and unspecific T cells is not known, only 

T cells that are specific for the antigen are included, such that all NTC T cells will be able 

to interact with CCs selected by FDC. Consequently, the number of included T cells may 

underestimate the total number of T cells present in the GC. The error introduced by this 

simplification is restricted to spatial effects of T cells, which can be assumed to be small 

in view of the comparably small total number of T cells in GCs. When T cells interact 

with CC that have encountered antigen on FDC they develop a polarity towards the CC. 

If more than one CC selected by FDC simultaneously interact with a T cell, the T cell is 

assumed to polarize towards the CC with highest affinity to the antigen. Without CC the 

polarity of the T cell is random. The T cell motility characteristics are VTC = 10.8/im/min 

and AiTc=2min (Miller et a/., 2002).

11.4.5 Output cells

Pre-plasma cells and memory B cells are collected in a cell pool denoted by output cells. 

These cells are assumed to have the same motility characteristics as CCs. In contrast to 

CCs, output cells can leave the GC environment when reaching the border of the GC. These 

cells may be thought of as crossing the mantle zone and entering the marginal zone. The 

total number of output cells produced will be taken as a measure of GC success independent 

of their presence in the GC at the end of the reaction.

11.5 Diffusion of molecular signals and soluble antibodies

The model includes diffusing CB differentiation signals as well as soluble antibodies. The 

discretised diffusion equation is solved on the square lattice with Dirichlet boundary condi­ 

tions and with constant diffusion coefficient using the Crank-Nicholson 0-method. Dirichlet 

boundary conditions are imposed because due to diffusion out of the GC the effective concen­ 

tration will be zero on the boundary. Note that the diffusion coefficients Aft// = 200/zm2 /hr
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and Dab = 2000//m2 /hr are chosen to be very small in order to respect the high cell density 

in GC that act as obstacles for free diffusion of molecules. However, the results are robust 

against different choices. In one selection mechanism antigen masking by antibodies is con­ 

sidered. Antibodies (6) are produced by output cells at some rate rab, diffuse on the lattice, 

and locally bind to antigen (a) on FDCs to form immune complexes (c) according to the

rate equation
dc
— = k+a(t)b(t)-k-c(t). (11.3)
lit/

While the affinity of the secreted antibodies will increase during the course of the immune 

response, we simplified the simulation by using binding rates characteristic of high affinity 

antibodies, e.g. k+ = 106 M^s" 1 and fc_ = 10~3s~ 1 (Batista & Neuberger, 1998; Fersht, 

1998). This simplification is appropriate as we show that even under such conditions anti­ 

body production at a physiological rate does not sufficiently increase affinity maturation. 

The total amount of antigen and antibody is conserved in the antibody-antigen binding 

reaction, but the concentration of antigen will nonetheless decrease because it is consumed 

by CCs that bind to FDC, and antibodies are produced by output cells. Equation 11.3 is 

solved using a simple Euler method at every node.

11.6 Initial configuration

The GC reaction is seeded by a small number of B blasts that expand rapidly and fill the 

GC with about 104 B cells before somatic hypermutation starts and enables the evolution 

of higher affinity antibodies. In general a small number of clones dominate the reaction 

after this expansion. We start the GC simulation after this expansion phase with 1100 CBs 

(which correspond to the 104 B cells in three dimensions) that stem from three different low 

affinity clones (binding probability 0.04). The antibodies of these clones all have a distance 

of 5 mutations to the optimal clone in the shape space; that is, they require a minimum 

of 5 mutations to gain the optimal affinity. However, most sequences of mutations will not 

follow such optimal antibody affinity evolution path. In fact we observe about 9 mutations
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in most output cells, which is in agreement with experimental data (Kuppers et a/., 1993). 

The CBs are distributed randomly within the GC. We assume a polarised morphology of 

the GC in the sense that the FDCs are placed at arbitrary nodes on 2/3 of the total GC 

volume (Camacho et a/., 1998). If T cells are included then they are distributed randomly 

within the GC.

11.7 Simulations and analysis of the results

In order to achieve comparability between the different selection mechanisms, two param­ 

eters that affect CB to CC differentiation were varied within physiological limits, while 

all other parameters were kept constant throughout all simulations (see Table 11.1), such 

that the experimentally determined GC kinetics and dark zone duration were reproduced. 

These two GC characteristics were chosen since both are well established by experiments 

and variations of these strongly affect the output of the reaction (Meyer-Hermann, 2002 a).

We assume the differentiation of CB to CC to be initiated by an FDC-derived signal. 

A signal for CB to CC differentiation has not yet been identified experimentally. However, 

this mechanism - unlike other mechanisms - gives rise to the experimentally observed GC 

zoning (Meyer-Hermann &; Maini, 2005), and a realistic GC morphology is important for a 

realistic investigation of selection mechanisms. Beyond the effects stemming from the spatial 

organisation of the GC, this parameter does not affect B cell selection. The differentiation 

signal production rate per FDC, rsignai, widely determines the persistence of the dark zone 

and is adjusted such that the dark zone vanishes between days 8 and 9 (~200 hours - solid 

line in panel D in the figures in Chapter 12) after immunization (Kuppers et a/., 1993).

The second adjusted parameter, the duration of CB-CC differentiation, Atdt//, governs 

the total population dynamics and is chosen such that GC kinetic data (Liu et a/., 19916; 

Hollowood &: Macartney, 1992) are reproduced with sufficient accuracy (Fig. 11.1 A). The 

deviation 77 from the experimental data is calculated according to

(N -
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where N is the number of experimental values, ti denotes the time in the reaction at which 

the value is taken, n(ti) is the corresponding volume in the simulation, and nmal is the 

peak population averaged over all 50 simulations. We find acceptable GC kinetics when 77 

is smaller than 0.3 (Fig. 11.IB). Note that A^;// must be less than 7 hours since CBs are 

found in the light zone as CCs within 6-7 hours (Liu et a/., 19916). A minimal value is not 

known.

B
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Figure 11.1: GC kinetics in simulation and experiment. (A) GC kinetics (line) and one 
standard deviation (shading) taken from 50 simulations with site competition as selection mechanism 
(XFDC — 80, Section 12.1). Dots and triangles represent data read off from published experiments 
(Liu et aL, 19916; Hollowood & Macartney, 1992). (B) Deviation r\ (see Eq. 11.4) of simulations 
from experimental GC kinetics.

The GC reaction is expected to end after 21 days. Given that the simulation was tuned 

to reproduce the GC kinetics, the cell number within the GC decreases below 100 cells after 

300-400 hours for all analysed selection mechanisms (dotted line in panel D in the figures in 

Chapter 12). The final cell numbers at day 21 vary for different selection regimes between 

almost zero and less than 100 (dashed dotted line in panel D in the figures in Chapter 12).

There are further characteristics of GC reactions to which the simulation was not fitted, 

but which had to be reproduced by the simulation in order to ensure the model's physiologi­ 

cal relevance. Thus the ratio of CCs to CBs at day 12 after immunization needs to be larger 

than 2 in order to agree with the experimental observation that CCs greatly outnumber



CBs during the GC reaction (MacLennan et al., 1990) and the ratio q^2 of produced output 

cells (i.e. pre-plasma and memory B cells) at day 12 to day 6 after immunization should be 

the order of 6 (Han et a/., 1995) (dotted line in panel B in the figures in Chapter 12). The 

factor <?e2 can be interpreted as a measure for the steepness of the output production.

Unless stated otherwise all simulations remain in agreement with the aforementioned 

experimental constraints. The selection mechanisms that rescue CCs from apoptosis have 

to rely on some affinity dependent competition between different CCs to achieve affinity 

maturation. Therefore, the success of a GC reaction is measured by the affinity of the 

output cells averaged over all cells produced during the reaction (in panel A in the figures 

in Chapter 12). This quantity is an indicator of the entire GC reaction and is not restricted 

to arbitrary time points of the reaction. The total number of output cells produced is 

monitored since a stable population will need to be formed to enable robust antibody 

production.
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Chapter 12

Results from the GC simulation

12.1 Competition for binding sites on FDC allows for mod­ 
erate affinity maturation

According to the simplest of all suggested models, B cells are selected in a competition for 

access to antigen and/or survival factors that are provided by the FDC. Accordingly, the 

number of FDC sites XFDC (see Eq. 11.2) on which antigen is presented would be the 

limiting factor for which different clones would compete. As described in Chapter 11.2 we 

assume that CC bind antigen held on FDC with a probability proportional to the affinity of 

the antibody. CC selected by FDC do not need any further steps to be positively selected 

and thus are already selected CC. Given that no further limiting resources are considered 

in this very simple model, CC that have been selected by FDC (e.g. CC selected by FDC 

in the language of the model, see Chapter 11) do not need any further steps to be positively 

selected and can follow the differentiation paths of successfully selected CC.

By variation of the site number XFDC the simulation indeed reveals that affinity mat­ 

uration is enforced when the number of FDC sites is low (Fig. 12.1 A). Affinity maturation 

can be observed for a physiological number of FDC sites (48 < XFDC < 144 - see Eq. 11.2); 

the extent of the process (less than 50% high affinity output cells) is however rather low 

compared to other selection mechanisms investigated here and not robust to changes in the 

number of accessible sites. The GC characteristics are reproduced in silica (Fig. 12.1C, D). 

Importantly the two characteristics to which the simulation is not fitted, the CC to CB ratio

154
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at day 12, as well as the output ratio at day 12 to day 6, are in agreement with experimental 

data for the entire physiological range (Fig. 12.IB). The duration of CB-CC differentiation 

^tdiff, which decreases from 7 hours to 1 hour with increasing site numbers (Fig. 12.1C), 

remains within its expected range for the physiological FDC site numbers. Short CB to CC 

differentiation times had to be employed in order to reproduce the experimentally observed 

GC kinetics (Fig. 11.1) because the selection method is not stringent enough to reduce the 

volume of the GC reaction considerably. We conclude that whilst B cell competition for 

access to FDC can give rise to the observed GC kinetics and properties, affinity maturation 

is relatively poor and not robust against small variations in the number of binding sites.

12.2 Limiting the interactions with FDC by introducing a 
refractory time results in strong affinity maturation.

If CC can reinitiate binding to FDC every 6 minutes (as assumed in our analysis of site 

competition) then the total number of encounters is considerable during a CC lifetime 

of 10 hours. Any mechanism that limits the total number of encounters will lower the 

probability of a successful interaction within a CC's lifetime and will favour higher affinity 

clones because they have a higher chance of binding successfully in an early attempt. We 

therefore speculate that an increase in the refractory time (At^e/ay - the time during which 

B cells that failed to bind during a previous contact with a FDC are unable to bind again) 

will increase the selection pressure.

By increasing the refractory time from 6 minutes to 4 hours we find that a refractory 

time as low as 0.5 hours is sufficient to induce affinity maturation of extent similar to that 

with site competition but for a wide range of FDC site numbers. Thus at Xp^c = 120, 

when competition for antigen presenting FDC sites is weak, affinity maturation reaches a 

level previously only seen at low (Xpoc = 40) site numbers (compare full lines in Figs. 

12.1A and 12.2A). A refractory time of 4 hours leads to rather efficient affinity maturation 

(60-70% of all output cells are of high affinity) while allowing an even better reproduction 

of the other GC characteristics (kinetics, dark zone duration, ratio of CC to CB at day 12
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Figure 12.1: Competition for FDC sites is too weak for affinity maturation. In silico GC 

experiments with different numbers of FDC sites. Vertical bars indicate the physiological range. (A) 

Extent of affinity maturation (measured as average binding probability and number of output cells), 

(B) CC/CB ratio at day 12 of the reaction (continuous line), and the ratio q™ of number of output 

cells at day 12 to 6 (dotted line), (C) parameter values for the duration of CB differentiation (solid 

line) and the FDC signal production rate, raignal (note that the jumps in the per FDC production 

rate of the differentiation signal correspond to a change in the number of FDC in the simulation), 

(D) dark zone persistence (solid line), time when the total GC population drops below 100 cells for 

the first time (dotted line), number of cells remaining after 21 days (dash-dotted line). The shaded 

area denotes one standard deviation in 50 simulations.

and output ratio at day 12 to day 6 (Fig. 12.2C-E)) than competition for FDC sites (Figs. 

11.IB, 12.1C, D).

Given that the binding probability depends on both the affinity dependent binding 

probability per encounter as well as the number of encounters per CC lifetime, affinity 

maturation can also be fostered by reducing the binding probability per encounter by a 

certain factor for all affinities (Fig. 12.3). However, the effect is smaller than in the case of
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Figure 12.2: A limitation of centrocyte-FDC interaction allows for robust affinity mat­ 

uration. In silica GC experiments with 10 FDC and 120 FDC sites, and for different refractory 

times of CC after FDC encounters. (A) Extent of affinity maturation (measured as average binding 

probability and number of output cells) when the probability that an optimal clone binds to antigen 

presented on FDC is 1 (solid line) or 0.5 (dotted line). (B) CC/CB ratio at day 12 of the reaction 

(continuous line), and the ratio q\ 2 of number of output cells at day 12 to 6 (dotted line), (C) pa­ 

rameter values for the duration of CB differentiation (solid line) and the FDC signal production rate, 

rS i9nai, (D) dark zone persistence (solid line), time when the total GC population drops below 100 

cells for the first time (dotted line), number of cells remaining after 21 days (dash-dotted line). The 

shaded area denotes one standard deviation in 50 simulations. (E) Deviation r, from experimental 

GC kinetics. (F) The fraction of high affinity cells (defined as cells with antigen binding probability 

of more than 0.3) over time shown for CB, CC, and output cells separately averaged for simulations 

with a refractory time of 2 hours.
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Figure 12.3: An affinity-independent reduction of binding probability reduces the neces­ 
sary refractory time. In silico GC experiments with 10 FDC and 120 FDC sites, and for different 
refractory times of CC after FDC encounters. The simulations differ from those presented in Fig. 
12.2 by an additional affinity-unspecific reduction of the binding probability of the optimal clone 
from 1 to 0.5. The regime of good affinity maturation is shifted to shorter refractory times. (A) 
Extent of affinity maturation (measured as average binding probability and number of output cells), 
(B) CC/CB ratio at day 12 of the reaction (continuous line), and the ratio q™ of number of output 
cells at day 12 to 6 (dotted line), (C) parameter values for the duration of CB differentiation (solid 
line) and the per FDC signal production rate, rsignai, (D) dark zone persistence (solid line), time 
when the total GC population drops below 100 cells for the first time (dotted line), number of cells 
remaining after 21 days (clash-dotted line). The shaded area denotes one standard deviation in 50 
simulations. (E) Deviation r? from experimental GC kinetics. (F) The fraction of high affinity cells 
(defined as cells with antigen binding probability of more than 0.3) over time shown for CB, CC, 
and output cells separately averaged for simulations with a refractory time of 2 hours.
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an increased CC refractory time since such a general reduction in the binding probability also 

strongly reduces the selection probability for high affinity clones. These are little affected 

by a reduction in the number of encounters since they will bind with high probability on 

their first or second trial. A combination of both effects can however reduce the refractory 

time required to gain good affinity maturation to more reasonable physiological values (Fig. 

12.2A, dotted line).

The agreement with general GC properties, the efficient affinity maturation and the 

robustness to variations in the antigen presenting FDC site number, make this a candidate 

mechanism for B cell selection in vivo.

12.3 Competition for antigen presented on FDC fails to im­ 
prove affinity maturation and is not robust.

In the two previous scenarios antigen is presented by FDC on a limited number of sites 

where it is available in limitless supply., However, it has been proposed that antigen is 

widely spread but that the total amount is limiting such that antigen consumption can 

drive affinity maturation (Sidman &: Unanue, 1975). Using a sufficiently dense FDC network 

(XFDC = 120) to avoid site competition, we can study this selection mechanism in silico 

by homogeneously distributing a number of antigen portions, Nag , on all FDC sites and 

by removing one portion from each site on which CC have successfully interacted with the 

FDC. The binding probability is expected to decrease with decreasing amounts of antigen 

remaining on the FDC sites. As a simple approximation we assume a linear decrease of the 

CC-binding probability for antigen amounts below some threshold 6ag . For larger antigen 

amounts the binding probability is constant and solely determined by the antibody-antigen 

affinity. This assumption corresponds to a saturation of the binding probability when 

antigen is abundant.

While the selection pressure indeed increases over time as a result of this (Fig. 12.4F), 

the extent of affinity maturation is rather worse than for site competition alone (compare 

Fig. 12.1 A for XFDC = 120 and Fig. 12.4A). This is due to the initial abundance of antigen
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and the inferred low selection pressure which in turn results in the production of a large 

number of low affinity output cells before antigen consumption can increase the selection 

pressure (compare Figs. 12.4F and 12.2F).

If the size of the removed antigen portions per CC-FDC interaction is constant, antigen 

consumption is insufficient to increase the selection pressure in the case of large initial 

antigen densities (more than 80 antigen portions per FDC site, compare Figs. 12.4A and 

12.1 A); at lower antigen density, antigen is rapidly consumed and the GC reaction declines 

early, before high affinity clones are found (Fig. 12.4A). In the case of antigen consumption 

proportional to the level of presented antigen a scenario comparable to antigen masking 

by antibodies arises (see section 12.4). Experiments have revealed a high robustness to 

variations in the initial antigen density (Hannum et a/., 2000; Vora et al, 1997). If in the 

simulation the antigen-threshold to the maximum binding probability Oag is fixed and not 

scaled with the amount of initially deposited antigen (Oag = Nag ), then such robustness can 

be observed on a low level (see Figs. 12.5 and 12.6). It should be noted that successful 

affinity maturation at lower antigen densities results from a reduced binding probability 

for all affinities (as discussed in the previous section) such that the observed robustness 

is the result of two different mechanisms acting in different antigen density ranges. We 

conclude that in silico antigen consumption does not improve affinity maturation over site 

competition alone. At low antigen densities the general properties of the GC reaction can 

no longer be reproduced. Affinity maturation is therefore unlikely to be driven by antigen 

consumption even when combined with site competition.

12.4 The impact of antigen masking by competing antibodies

Plasma cells outside the GC produce antibodies at rates of up to rab = 2 x 103 antibody 

molecules per second (Randall et a/., 1992). These antibodies may mask antigen in the 

GCs and thereby increase the selection pressure on B cells and simultaneously provide a 

feedback mechanism that enables a robustness towards alterations in the initial antigen
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Figure 12.4: Affinity maturation is not induced by competition for antigen. In silico GC 

experiments with 10 FDC. Oag is set to the initial amount of antigen per FDC site in each simulation. 

(A) Extent of affinity maturation (measured as average binding probability and number of output 

cells), (B) CC/CB ratio at day 12 of the reaction (continuous line), and the ratio q™ of number of 

output cells at day 12 to 6 (dotted line), (C) parameter values for the duration of CB differentiation 

(solid line) and the per FDC signal production rate, rsignal , (D) dark zone persistence (solid line), 

time when the total GC population drops below 100 cells for the first time (dotted line), number of 

cells remaining after 21 days (dash-dotted line). The shaded area denotes one standard deviation in 

50 simulations. (E) Deviation rj from experimental GC kinetics. (F) The fraction of high affinity 

cells (denned as cells with antigen binding probability of more than 0.3) over time in simulations 

with 40 antigen portions per FDC shown for CB, CC, and output cells.
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Figure 12.5: Competition for antigen with fixed antigen threshold. The simulations are 
run as in Fig. 12.4 but with 0 = 20 fixed independent of the amount of initial antigen. A clear 
transition is observed between two classes of results: If antigen is limiting, affinity maturation is 
poor and the whole GC reaction is disrupted too early. If antigen is abundant, selection pressure is 
too weak to increase affinity maturation with respect to competition for antigen sites. (A) Extent 
of affinity maturation (measured as average binding probability and number of output cells), (B) 
CC/CB ratio at day 12 of the reaction (continuous line), and the ratio q^ 2 of number of output 
cells at day 12 to 6 (dotted line), (C) parameter values for the duration of CB differentiation (solid 
line) and the per FDC signal production rate, rs ignai, (D) dark zone persistence (solid line), time 
when the total GC population drops below 100 cells for the first time (dotted line), number of cells 
remaining after 21 days (dash-dotted line). The shaded area denotes one standard deviation in 50 
simulations. (E) Deviation 77 from experimental GC kinetics.
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Figure 12.6: Competition for antigen with binding probability independent of presented 
antigen amount. The same as in Fig. 12.4 with 6 = 1. The amount of antigen necessary to 
reproduce the correct GC kinetics is even higher as compared to a dynamic binding probability. 
(A) Extent of affinity maturation (measured as average binding probability and number of output 
cells), (B) CC/CB ratio at day 12 of the reaction (continuous line), and the ratio q^ 2 of number of 
output cells at day 12 to 6 (dotted line), (C) parameter values for the duration of CB differentiation 
(solid line) and the per FDC signal production rate, ra ignai, (D) dark zone persistence (solid line), 
time when the total GC population drops below 100 cells for the first time (dotted line), number of 
cells remaining after 21 days (dash-dotted line). The shaded area denotes one standard deviation in 
50 simulations. (E) Deviation rj from experimental GC kinetics.
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density (Vora et al, 1997; Tarlinton & Smith, 2000; Iber & Maini, 2002). Assuming that 

plasma cells produce high affinity antibodies in the GC at a rate of rab = 102 per output 

cell (thus overestimating a realistic production of soluble antibody in GCs), we find that 

the above considerations hold true: A physiological GC kinetic can be obtained for antigen 

amounts between 20 and 200 antigen portions per FDC site. A small improvement in 

affinity maturation is observed relative to site and antigen competition alone (Fig. 12.7A). 

As before, affinity maturation approaches the site competition value for 120 sites when 

antigen is abundant (Fig. 12.7A and Fig. 12.1A).

The effect of strong antibody production is an early reduction in free antigen, and thus 

an early increase in the selection pressure (Fig. 12.7F). For example, in the case of 40 

antigen portions per FDC site (i.e. for optimal affinity maturation) only 25% of the antigen 

is used during the GC reaction, but free antigen is kept in the limiting regime throughout 

the reaction (Fig. 12.7F). In that way the inefficient time course of affinity maturation found 

in the case of antigen consumption without soluble antibodies (Fig. 12.4F) is restored.

While antigen masking leads to the correct kinetics and a small improvement of affinity 

maturation, the number of produced output cells is low (Fig. 12.7A), the ratio of CC to 

CB is rather small, and q^ <C 6 (Fig. 12.7B). We conclude that antigen masking resolves 

some of the problems in the antigen competition scenario, but some major GC properties 

are still not reproduced. In addition this mechanism is not robust to a substantial (10-fold) 

decrease in the antibody production rate, which is more realistic than the rate assumed in 

the present in silico experiment.

12.5 Competition for T cell help

Interactions between antigen specific CC and T cells are necessary for CC survival and 

differentiation (de Vinuesa et al., 2000). Given that T cells only constitute 5 — 10% of the 

GC cell population (Kelsoe, 1996a) this interaction may be competitive. While T cells can 

bind to several B cells simultaneously, they can only polarize to one (Kupfer et al, 1994),
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as average binding probability and number of output cells), (B) CC/CB ratio at day 12 of the 
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which we assume to be the CC that has previously bound antigen with highest affinity. In 

our simulation, polarization has to be maintained for a minimum time (Atrescue ) t° rescue 

a B cell. Cells that bind to T cells for longer than Atapop and do not receive rescue signals 

for at least AtreScu,e are doomed to apoptosis. Note that all CC need to be selected by FDC 

before they can compete for T cell help.

We find that the extent of affinity maturation is only slightly enhanced as compared to 

site competition alone (A>DC = 120 sites) if 5 - 10% of all GC cells are antigen-specific 

T cells (50-100 T cells per GC) to which antigen-presenting CC can bind (Fig. 12.8A). 

However, given that each antigen-specific T cell only recognizes a certain antigen epitope 

and different CC will process the antigen differently and therefore present different epitopes, 

only a small fraction of GC T cells will be reactive to a given CC. The simulation reveals 

that affinity maturation is strongest (60-70% of all output cells are of high affinity) when 

only about 0.5-1% of all GC cells (5-10 T cells per GC in the 2-dimensional simulation) can 

rescue a given antigen presenting CC (Fig. 12.8A). The GC characteristics are reproduced 

(Fig. 12.8B-E). The mechanism is robust to large variations in antigen availability and will 

still work when antigen is encountered in soluble form since the simulations were performed 

in a regime where antigen acquisition and interactions with FDC are uncompetitive.

The time span A£apop for which CC can survive while binding to T cells without receiving 

rescue signals has a major impact on the level of affinity maturation (Fig. 12.9A). Thus 

a small increase in Atapop from 2.1 to 4 hours already reduces affinity maturation to a 

level comparable to site competition. A combination of T cell competition with a general 

reduction of the binding probability to 50% of its value (see above) has no major effect on 

the result (Fig. 12.10). However, a combination of competition for T cell help with a longer 

CC refractory time makes affinity maturation more robust against changes in the T cell 

density (Fig. 12.11).
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Figure 12.8: Competition for T cell help allows for robust affinity maturation. In silico 

GC experiments with 10 FDC and 120 FDC sites. Neither antigen nor antibody is included ex­ 

plicitly. The number of T cells is varied, where A* rcscuc = 2 hours and Atapop = 2.1 hours. (A) 

Extent of affinity maturation (measured as average binding probability and number of output cells). 

Combining competition for T cell help with a CC refractory time of 0.5 hours and a reduction of the 

binding probability to 0.5 leads to more robust affinity maturation (squares and diamonds). (B) 

CC/CB ratio at day 12 of the reaction (continuous line), and the ratio g£ 2 of number of output 

cells at day 12 to 6 (dotted line), (C) parameter values for the duration of CB differentiation (solid 

line) and the per FDC signal production rate, raignat , (D) dark zone persistence (solid line), time 

when the total GC population drops below 100 cells for the first time (dotted line), number of cells 

remaining after 21 days (clash-dotted line). The shaded area denotes one standard deviation in 50 

simulations. (E) Deviation 7; from experimental GC kinetics.



CHAPTER 12. RESULTS FROM THE GC SIMULATION 168

0.7

Si
43 0.5o

bf 0.4

0.3
O

Sf2 0.2

0.1

0.0

affinity maturation
"~— RverRRe binding probability 
•••— Diunbn of output crlls

10 25 50
number of T cells

100

2000 B 10

1800

1600
J2

1400 g

10 25 50
number of T cells

I7
J.

c« '•§5

0) D

M

o 
§2

1,

1 CB differentiation 
signal production

50

40 p
fa

35 \

30 S

G 
20 -^

15 -O 
O

10 »•

5 bO

10 25 50
number of T cells

100 10 25 50
number of T cells

100

E '-0

0.9 

0.8

"0.6 
>o>•a 0.5

0.2 

0.1 

0.0
10 25 50
number of T cells

100

Figure 12.9: The impact of a prolonged time span before induction of apoptosis by T 
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line) and the per FDC signal production rate, raignal , (D) dark zone persistence (solid line) time 

when the total GC population drops below 100 cells for the first time (dotted line) number of cells 

remaining after 21 days (dash-clotted line). The shaded area denotes one standard deviation in 50 

simulations. (E) Deviation r? from experimental GC kinetics.



CHAPTER 12. RESULTS FROM THE GC SIMULATION 169

affinity maturation

10 25 50 100
number of T cells

—— CCtoCBjUilav 12
-•••" ratio of output at day 12 to rt»y 6

10 25 50
number of T cells

100

.57

<u 
tl

CQ

O 
§2

—— CB differentiation 
...... signal production

10 25 50
number of T cells

100

50

45 f
u

40 Q 
fc

35^
(S

30 §

20 -2

15 -a o
10 &-a
, a5 bfl

500

400

0>

200

100

• dark zone duration 
first time* Irss than 100 crlls 
number of cells at day 21

5 10 25 50
number of T cells

100

200
180

160 r-lcs
140 §"-a
120 ta

en 
100 "g

80 ^ 

60 I 

40 C 

20 

0

E '-0
0.9

0.8

gO.7

0)•a 0.5

^0.3 

0.2 

0.1 

0.0
10 25 50
number of T cells

100

Figure 12.10: Competition for T cell help with reduced unspecific binding probability

to FDC. In silica GC experiments with 10 FDC and 120 FDC sites. Neither antigen nor antibody 

is included explicitly. The number of T cells is varied, where AtrC8CUC = 2 hours and Ata 0 =21 

hours. In addition to Fig. 12.8 the binding probability of the optimial CC to FDC has beeTreduced 

from 1 to 0.5. The latter slightly increases affinity maturation when T cell help is non-limiting 

and leaves the results unchanged when T cell help is limiting. (A) Extent of affinity maturation 

(measured as average binding probability and number of output cells). (B) CC/CB ratio at day 

12 of the reaction (continuous line), and the ratio ^ of number of output cells at day 12 to 6 

(dotted line), (C) parameter values for the duration of CB differentiation (solid line) and the per 
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Figure 12.11: Combining competition for T cell help with a refractory time. In silico GC 
experiments with 10 FDC and 120 FDC sites. Neither antigen nor antibody is included explicitly. 
The number of T cells is varied, where Atrcscuc = 2 hours and Atapop = 2.1 hours. The refractory 
time is set to 0.5 hours and the binding probability of the optimial CC to FDC to 0.5. Combining 
competition of T cell help with a CC refractor}' time increases the range of acceptable affinity 
maturation. (A) Extent of affinity maturation (measured as average binding probability and number 
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number of output cells at day 12 to 6 (dotted line), (C) parameter values for the duration of CB 
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12.6 Conclusion

The systematic comparison of different B cell selection mechanisms in GC reactions pre­ 

sented here reveals current models of B cell selection (competition for access to FDC or 

antigen) to be incompatible with available experimental information. We propose two novel 

mechanisms, a refractory time between CC-FDC engagements as well as competition for T 

cell help. Both mechanisms enable strong affinity maturation in silica while reproducing all 

available experimental information on GC dynamics. In agreement with experiments (Vora 

et a/., 1997; Hannum et a/., 2000), the mechanisms are robust to variations in the amount 

of initially deposited antigen. As competition for antigen held on FDC is assumed to be 

non-limiting in both mechanisms, it is likely that these mechanisms also work with soluble 

antigen which would be in agreement with results from recent experiments that call into 

question the concept that antigen presentation by FDC is essential (Hannum et a/., 2000; 

Haberman & Shlomchik, 2003). However, in the present simulations an FDC-independent 

pre-selection of CC with soluble antigen has not been tested.

Competition for access to FDC or antigen does not provide a sufficient selection pressure 

to enable a high level of affinity maturation in the simulation. While antigen consumption 

does lead to an increase in the selection pressure, this increase comes too late so that many 

low affinity output cells have already been produced and the remaining cell numbers are 

insufficient for successful affinity maturation. Moreover, for low antigen densities the GC 

reaction ends prematurely since antigen consumption then removes too much antigen. While 

antigen masking by emerging antibodies can, in principle, increase the selection pressure 

earlier, the antibody production rate would need to be unphysiologically high. Even then 

the available data on GCs could not be reproduced and, in addition, affinity maturation is 

not as strong as that produced by the alternative mechanism. Given that evolution tends to 

optimise performance, this latter limitation may also be interpreted as an argument against 

these mechanisms.

In an earlier work I concluded from an ODE model that antibody masking can drive
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affinity maturation (Iber & Maini, 2002). The apparent discrepancy can be accounted for 

by the use of only two affinity levels, low and high affinity. Accordingly, the model revealed 

that maximal affinity maturation is achieved when high affinity clones leave the GC early 

(and produce antibodies). This, however, obviously only works for a two-step process. In 

a multistep process (as realistic and modelled here) loss of high affinity clones in the early 

phase will hamper the entire affinity maturation process which requires several rounds of 

mutation and selection.

At first sight, less than 200 output cells (that is less than 8000 cells in three dimensions) 

may seem low. Given the efficient expansion of output cells the success of an immune 

response can, however, be expected to primarily depend on the size of the high affinity 

fraction; this is therefore a physiologically realistic result. Note that the level of affinity 

maturation that is achieved in the simulations (60-70% of all output cells are of high affinity) 

is in qualitative agreement with the experimentally observed domination of high affinity 

clones (Smith et a/., 1997). We had to restrict ourselves to two-dimensional simulations 

to generate the results with sufficient statistics, which prevents us from a quantitative 

comparison of this result.

The model is based on available GC kinetics and cell motility data (see Chapter 11) and 

the parameters have been evaluated carefully using data from mice and rat lymph nodes 

(see Table 11.1). We did not find any experimentally uncertain parameter which would 

change our results qualitatively. The only critical assumption is the shape space concept 

combined with a smooth affinity function. Changes of the width F of the function for the 

affinity dependent selection probability in the shape space has important consequences for 

GC development. For small variations of the width all the constraints that the experi­ 

mental findings impose can be respected by a corresponding adaption of other parameters. 

However, this becomes impossible when the width is altered substantially. Such sensitivity 

is not a weakness of the model but most likely a realistic feature; affinity maturation and 

the germinal centre reaction can be expected to be sensitive to the rate at which affin-



CHAPTER 12. RESULTS FROM THE GC SIMULATION 173

ity enhancing or decreasing mutations appear. While the suitability of the shape space 

concept for antigen-antibody affinity may be questioned, insufficient molecular information 

on antigen-antibody interaction is currently available to allow a more accurate model of 

mutation-dependent increases in antibody-antigen affinity.

Autoreactive B cells have not been considered in the present simulations because under 

normal circumstances they are not positively selected by T cells and are therefore eliminated 

by apoptosis similar to other antigen-unspecific CC. We therefore assumed autoreactive B 

cells to be part of the pool of low affinity BC that emerge from the seeder cells by disad­ 

vantageous mutations. This may shift the proportion of advantageous and disadvantageous 

mutations. However, we believe that this approximation remains within the error intro­ 

duced by the shape space concept itself which most likely will inaccurately reproduce this 

proportion.

We conclude that a combination of T cell competition together with slow CC-FDC 

interactions and a sub-optimal binding probability of high affinity clones can drive B cell 

selection in GCs under the experimentally established conditions. Further insight into GC 

dynamics and affinity maturation should be gained by combining the powerful predictions 

of these agent based simulations with the latest imaging techniques.



Chapter 13

The mechanistic basis of 
affinity-dependent B cell signaling

13.1 Overview

The first step in the selection of B cells is the activation of B cells by antigen which leads 

to antigen extraction and presentation to T cells (Batista et a/., 2001; Iber, 2005). Despite 

intense efforts no model for B cell activation yet exists that agrees with the relevant exper­ 

imental observations (see section 10.4). I propose that B cell activation is the result of an 

antigen-induced spatial separation of receptors and inhibitors (Fig. 13.1).

That B cells are activated once the key inhibitors are silenced has been shown in various 

experiments. Thus an increased reactivity of B cells has been observed when an inhibitory 

receptor (CD22) was ligated in a way to prevent its coaggregation with the BCR (Doody 

et a/., 1995). Moreover, the attenuation of the effects of phosphatases has been found to 

trigger B cell signaling. Thus reconstitution of the early B cell signaling circuit comprising a 

single-chain BCR, Syk and BLNK in Drosophila Schneider S2 cells results in autoactivation 

if the phosphatase SHP-1 is not co-expressed (Rolli et a/., 2002); co-expression of SHP-1 

prevents autoactivation. Similarly, pervanadate, which inhibits phosphatases by oxidation, 

elicits B cell signaling without any need for antigen binding (Wienands et a/., 1996).

In this chapter it is shown that within this novel framework the concentration and 

affinity dependency of B cell signaling can be predicted quantitatively and several so far 

counterintuitive experimental observations can be explained. The BCR is unique in that

174
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Figure 13.1: The segregation model for B cell activation. Antigen binding leads to the seg­ 

regation of receptors (red stickers) and inhibitor (grey stickers) thus enabling B cell signal initiation.

it can be activated by a large number of different ligands (antigens) that may bind with 

very different affinities (Kouskoff et al., 1998; Batista &; Neuberger, 1998). Moreover, the 

antigen can be encountered in many different forms, i.e. soluble, on surfaces, monomeric 

or polymeric. All these ways of displaying antigen have been studied in vitro, and I will 

show that the results obtained under these very different conditions can all be understood 

within this novel framework. Finally, the correlation of receptor downregulation and B 

cell unresponsiveness (which is observed in anergic MD4 B cells (Goodnow et al., 1988; 

Goodnow et al., 1991)) as well as the nature of the immunon and other observations with 

haptens can be understood in this framework.

While it is relatively straightforward to imagine how polymeric antigen may induce local 

segregation structures (a problem that we will turn to at the end of this chapter) this is not 

as easy to accomplish with monomeric antigen (Batista &; Neuberger, 1998), the problem 

that we will consider first. It is likely that the organisation of BCRs into pre-formed clusters 

plays an important role but while experiments suggest their existence (Schamel &; Reth, 

2000) little is known about their exact size and structure. We therefore first develop a simple 

mathematical model in section 13.2.2 based on physiological parameters which predicts that,
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B

Figure 13.2: B cell activation by soluble antigen (A) Antigen of sufficient size separates 

inhibitors from BCRs. (B) Binding of soluble or membrane antigen to pre-formed BCR clusters 

can efficiently protect BCR-bound kinases from inhibitory interactions (discussed in Section 13.3). 

Engagement of at least three neighbouring receptors by antigen is sufficient to initiate B cell sig­ 

naling (RHS) even if the cluster partial dissociates and opens on the LHS such that inhibitors can 

intercalate. The Y-shaped elements represent receptors, the balls antigens; inhibitors are depicted 

by the striped rectangles, Ig-Q/Ig-/? as black rectangles, kinases as ovals and the phosphatase as 

checkered rectangles.

according to the information available from experiments, BCRs most likely polymerize into 

small open chains. In such a configuration, soluble antigen of sufficient size can, in principle, 

block access of inhibitory co-receptors to the BCR-bound kinases (Fig. 13.2). Inhibition 

of inhibitors has been shown before to result in spontaneous B cell signaling (see above). 

In agreement with earlier work (Vogelstein et a/., 1982) the model predicts that a tenth of 

all receptors need to be engaged by soluble antigen to trigger a response, and it reproduces 

available experimental data on the affinity and concentration dependency of B cell signaling 

quantitatively (Section 13.3).

Artificial antigen-covered surfaces have been studied as a model for membrane antigen 

(Batista &; Neuberger, 2000). These eliminate potential effects of additional proteins such 

as integrins. Unlike in the case of mobile antigen, inhibitory receptors can be expelled from
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Figure 13.3: B cell activation by inhibitor expulsion. Antigen, if immobilized on a surface 

(as is discussed in Section 13.4), can lead to molecular crowding in the contact zone (shaded area) 

which then results in inhibitor (I) expulsion and receptor (R) activation.

the contact zone by molecular crowding (Fig. 13.3). The assumption that antigen binding 

results in receptor-inhibitor segregation is supported by experiments. Thus macroscopic 

segregation structures have been observed to evolve in the B cell contact zone upon en­ 

counter of membrane-tethered antigen (Batista et a/., 2001; Iber, 2005). The generated 

pattern (which is generally referred to as immunological synapse (Kupfer &; Kupfer, 2003)) 

is characterized by an accumulation of activating proteins such as BCR, Syk and PLC7 in 

the contact zone, while proteins with a known inhibitory function (CD22,C45, Fc receptor, 

SHP-1) are excluded (Batista et a/., 2001; Iber, 2005). Receptor-inhibitor segregation has 

so far not been studied in response to soluble antigen, but a patching of the BCR has been 

reported (Schreiner & Unanue, 1976).

While both the mature B cell synapse as well as large caps in response to soluble 

reagents are the result of active transport processes (De Petris, 1974; Ryan et a/., 1974), IgM 

accumulation in the contact zone as well as the formation of small BCR patches in response 

to soluble reagents can still be observed when active transport processes are inhibited (Ryan 

et a/., 1974; Iber, 2005). The initial cluster formation thus appears to be driven by passive 

processes and may then trigger signaling and thereby the subsequent active reorganisations, 

thus determining the extent of capping in response to soluble antigen and the structure of 

the mature synapse in response to membrane antigen.

Accordingly we can use concepts from statistical mechanics to predict the affinity-
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dependent spatial segregation of receptors and inhibitors in the contact zone (Section 13.4). 

The predicted distributions correlate quantitatively with the degree of B cell activation ob­ 

served in experiments. Even more importantly the model explains the previously counter­ 

intuitive observation that antigen arrayed on a smaller particle triggers maximal B cell 

activation already at a lower affinity.

An extension of this model in section 13.5 makes predictions on the structure of the 

immunon that has been elusive for the past 30 years (Dintzis et a/., 1976).

13.2 The organization of the B cell receptor on the cell mem­ 
brane

The spatial arrangement of B cell receptors and inhibitors is likely to be of great importance 

in B cell signaling, and it is of particular importance in the context of our model. Only indi­ 

rect information is, however, available from experiments (Matsuuchi & Gold, 2001). In the 

following we therefore develop a mathematical model to synthesize the available information 

and to derive a likely structure of the BGR arrangements on the B cell membrane.

Experiments suggest that IgMs interact with each other and form small clusters (Mat­ 

suuchi & Gold, 2001). Whilst only one side of the helix appears to mediate direct IgM-IgM 

interactions, the other side has been found to be responsible for interactions with Iga/Ig/3 

(Matsuuchi &; Gold, 2001) which are here assumed to also lead to IgM-IgM interactions, 

though in the form IgM-Iga/Ig/?-Iga/Ig/?IgM. Each IgM is thus assumed to interact non- 

covalently with two other IgMs. It is currently unclear how Iga/Igfi binds to IgM (Matsu­ 

uchi &: Gold, 2001) because each IgM can in principle bind to either one or two Iga/Ig/3 

heterodimers. However, given that IgM can only get to the surface when Iga/Ig/3 covers 

the polar helix surface and the ratio of IgM to Iga/Ig/3 is 1:1 (Schamel &; Reth, 2000) 

each Iga/Ig/3 must either cover both binding sites or each Iga/Ig/3 binds only one binding 

site per IgM but binds to two IgMs. It is likely that, if geometrically possible, both forms 

exist. In an IgM pair, however, each Iga/Ig/3 is most likely to be shared between two IgM 

because each IgM pair is then bridged by two instead of three non-covalent bonds and no
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self-interactions between Iga/Ig/3 heterodimers are required. Moreover, such a configura­ 

tion is in agreement with FRET experiments which show that Iga chains are not in close 

proximity to each other (Tolar et a/., 2005) as would be the case if the heterodimers in­ 

teracted with each other. Because of the lower number of non-covalent bonds, the direct 

interaction between two IgMs is likely to be stronger than the interaction via Iga/Ig/?, and 

the IgM polymer will break preferentially at the Iga/Ig/3 interaction.

13.2.1 IgM cluster size distribution

In order to facilitate the analysis we will initially ignore the details of the IgM-IgM in­ 

teraction and instead consider IgM monomers that can each interact with two other IgM 

monomers directly, with equal binding probability p. If, in a first step, we also ignore any 

ring formation then, according to (Flory, 1953; van der Gucht, 2004), we can estimate the 

cluster length distribution as

c(n) = e( - pfpn-1 (13.1)

where c(n) is the density (number per area) of clusters of length n, Q is the total IgM density 

(IgM per area), and p is the probability of forming a bond between two monomers. The
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Figure 13.4: Cluster length distribution. The cluster length distribution c(n) weighted by the 
length ?i and normalized with the IgM density Q, nc(-") , dependent on the cluster length n for binding 
probabilities p — 0.93 (continuous line) or p — 0.73 (broken line).
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number density, < n >, of clusters follows as

and nc(n) attains a maximum at n = — 7-7-7, which is the polymer length into which the
in\p)

majority of monomers organizes. A plot of the nc(n) curve for two different values of p is 

shown in Figure 13.4.

The binding probability p can be related to the binding constant K (van der Gucht, 

2004) by observing that the total density of all bonds is given as [B] = pg and the density 

of all free sites on the monomers is [F] = 2(1 — p)g such that

k+ ^ P6 p
k- [F]2 (2(l-p)0)2 4(1 -p)V 

Three-dimensional protein-protein on-rates are in the range 106 — 107 M" 1 ; the two-dimensiona 

counterpart can therefore be expected to be of the order k^ e [0.1-1] /zm2 (using 

Kf = rjKJd and rj = 1.2 x lO^m^M" 1 (Bell et a/., 1984; May et a/., 1999)). Due to 

diffusion limitations we in general expect fc+ ^ fcon. According to Keizer (Keizer, 1982) the 

effect of diffusion limitations on the two-dimensional on-rate can be estimated as

g, ____k+ = ————— - —— ————— (13.4)

where KQ(X) is the zero-order modified Bessel function of the second kind. D ~ 0.1 ^-
S

represents the TCR-based estimate for the diffusion constant (Favier et aJ., 2001), and 

d ~ 0.02 fim the lateral distance on which receptors can interact. The implicit equation 

13.4 can be solved numerically (Fig. 13.5); this shows that for k^ e [0.1 — 1] /zm2 s" 1 and 

Q e [50,500] /^m~2 , k+ ~ 0.1 ^m2 s" 1 . In order to determine < n > we need to estimate 

the physiological values of the employed parameters. The approximate IgM density on B 

cell surfaces is Q = 500/im~2 . While the affinity for BCR-BCR interactions has not yet 

been determined it is likely to be rather low (as observed for self-interactions between other 

large membrane proteins (Li et a/., 2003)) such that the off-rate fc_ will be high (fc_ ~ 1 

s- 1 ) and #~0.1 /zm2 .
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Figure 13.5: Estimate of diffusion effects on the BCR-BCR binding rate. Receptor density- 
(Q) dependent on-rate (fc+) if the on-rate without limitations is either kon — 1 (solid line) or kon = 0.1 
(dashed line). The dotted line marks the estimated BCR density on the B cell surface.

For sufficiently large Q it follows from (13.3) that p = I - (^Kg) °- 5 = 1 - (4 x 0.1 x 

500)~°'5 = 0.93 (van der Gucht, 2004). Accordingly the number density of IgM clusters on 

the B cell surface in the absence of any ring formation would be < n >= y^— « 2^/Kg =14.3 

and the distribution peaks at n = — r^s. = 13.8 (Fig. 13.4). At lower IgM density p is much

smaller and has to be determined from p = 1 + g^ — */(!+ g^)2 — 1. If IgM is reduced

to 5% of its normal density then for K = 0.1 /mi2 , p = 1 + ^ - A/(! + ^)2 — 1 = 0.73 such 

that < n >= 3.7 and the distribution peaks at n = — ^4-r = 3.2 (Fig. 13.4). The chains 

therefore shorten at lower receptor density approximately with the square root of Q.

A reduction in IgM density has been observed for anergic MD4 B cells that are specific 

for hen egg lysozyme (Goodnow et al, 1988; Goodnow et al, 1991). Anergic B cells are 

characterized by a lower responsiveness towards an immunogenic antigen challenge and arise 

when B cells are exposed to a relatively weak, co-stimulatory-deficient antigenic stimulus 

for sufficiently long time (Goodnow et al., 1988; Goodnow et al., 1991; Goodnow, 1996). 

The basis of their unresponsiveness is so far not understood because proteins important for 

BCR-induced signal transduction such as Syk, Lyn, CD45, and SHP-1 are expressed at a 

normal level and with normal basal activity (Weintraub et al., 2000). The reduced IgM 

density may explain their unresponsiveness if IgM clustering is indeed crucial for B cell
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signal initiation.

13.2.2 The impact of ring formation on IgM cluster organization

So far we have neglected any ring formation but IgM clusters on the B cell membrane 

have been suggested to form similar structures as secreted IgM which would include the 

formation of closed rings (Matsuuchi & Gold, 2001). We can extend the above model to 

include ring formation, and we obtain for the length distribution of closed chains

and for the length distribution of open chains

p) 2pn- l (l- Pr) (13.6)

where pr is the probability that a chain closes into a ring. For small n, pr can be expected 

to be very low. Experimental data is, however, not available to judge whether (and if, how) 

pr depends on n at larger polymer length. We therefore only consider the simplest case, 

that pr does not depend on n. We note by comparison with (13.2) that in this case the 

formation of rings does not affect the number density < n > of clusters which is given by

The probability pr with which a chain closes therefore only determines the fraction, F, of 

chains that are closed as can be seen from

v ">OO / \ \ "^OO /i \ 9 YI — 12_^ _-, cc (n) / „ =1 g(L — p) p Pr

13.2.3 The impact of co-receptors on IgM clustering

We have so far neglected co-receptors that have been found to interact with the resting BCR. 

For example CD22, an inhibitory receptor, has been noted to interact with membrane IgM 

both at the receptor stem as well as at the "arms" (Zhang & Varki, 2004). If CD22 binds 

to the arms it is unlikely to affect BCR clustering. In case it interacts with the stem it
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may either intercalate and become integrated into the polymer or it may block interactions 

between IgMs and thus prohibit IgM clustering. If CD22 blocks receptor interactions it 

may do so either only on one or on both sites. Given that ring formation does not affect 

the number density < n >, we neglect ring formation in the following and modify Eq 13.1 

to

c(n) = e(l - p(l - PiYf(p(l - Pi}T~l (13-9)

where pi is the probability for an inhibitor to bind to an IgM site and i is the number 

of inhibitor interaction sites per IgM. The number density in the presence of co-receptors 

follows as

. (13.10)

We therefore see that for pi — > 1 the cluster size will be reduced substantially. Experiments 

find that 15% of all IgM are bound by CD22 (Zhang & Varki, 2004), and (1 - piY = 0.85 

is therefore a reasonable estimate; other co-receptors that bind with a lower probability 

will make up for the fraction of CD22 that binds to the antibody arms. For parameter

values as used before we then have < n >='•= — /r — \i = 4.8. We conclude that the modeli-p(i-p/r

predicts IgM clusters of similar size as found in experiments if the IgM-IgM affinity is about 

K=0.1 /mi2 .

If the receptor density is reduced then the ratio of inhibitor to IgM increases and so will 

the fraction of IgM that is bound by inhibitor. As a consequence the cluster size will shrink 

even further.

13.2.4 Iga/Ig/? co-clustering

Antigen-bound IgMs translate antigen binding into cellular signaling via Iga/Ig/3 and co- 

precipitation studies show that each IgM binds on average one Iga/Ig/? complex (Schamel 

&: Reth, 2000). It has been found in experiments that a large fraction of IgMs (50 - 80%) 

on anergic B cells does not firmly interact with Iga/Ig/3 (Vilen et a/., 1999). We can use 

our modelling approach to judge whether this is a consequence of IgM downregulation.
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Figure 13.6: Fraction of IgM bound to Iga-Ig/5. Fraction of IgM bound to lga-lg/3 (|) 
dependent on the off-rate /_ of the interaction if the IgM density is normal (g = 500/um~ 2 - continuous 
line) or reduced to 5% (g = 25//m~ 2 - broken line).

Monomeric interactions between IgM (m) and Iga/Ig/3 (a) can be modelled as

b = l+ma — l- (13.11)

where b denotes the density of IgM-Iga/Ig/3 complexes, and 1+ and I- are the rate con­ 

stants for the binding and unbinding reactions respectively. Since IgMs and Iga/Ig/? are 

transported together to the cell surface (Hombach et a/., 1990), the total Iga/Ig/3 density 

is taken to be equal to the receptor density, Q. We can then rewrite (13.11) as

b - b -. (13.12)

In equilibrium (| = 0) we then have

2 -l (13.13)

where we set Kd = -^. For the forward rate constant the estimate by Keizer can be used 

again such that /+ = k+ = O.l/m^s" 1 (Fig. 13.5). No experimental estimate exists for the 

off-rate but plotting | against the off-rate /_ reveals that, as long as the receptor density

is high (0 = 500/rni ), for the physiological low-affinity range (/_ ~ 1 s" 1 ), - > 0.8 (Fig. 

13.6, continuous line), which means that more than 80% of all monomeric IgM is bound by
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Iga/Ig/?. The physiological figure may even be higher if conformational constraints in the 

IgM polymer further reduce IgM-Iga/Ig/3 unbinding. For Q = 25/mi~~2 , on the other hand, 

we find that, in agreement with experiments (Vilen et a/., 1999), less than 50% of all IgM 

is bound by Iga/Ig/3, and, given that at lower IgM density there is substantially less IgM 

polymer formation, further constraints are unlikely to increase this figure.

A reduction in the IgM density therefore reduces both IgM-IgM and IgM-Iga/Ig/3 inter­ 

actions. The latter not only reduces the number of signaling proteins in the vicinity of the 

receptor but also reduces the fraction of IgM which can interact with other IgMs on both 

sides; this will further reduce IgM clustering, below the value estimated in the previous sec­ 

tion. If, as we argue below, BCR clustering is important for B cell signaling then these two 

effects together may explain the experimentally observed lower responsiveness of anergic B 

cells.

13.3 B cell activation by soluble monomeric antigen

Following the above analysis we will assume IgMs to be organized into small open polymeric 

chains on the cell surface which comprise Iga/Ig/3 and which are limited in size by binding 

of inhibitory co-receptors that will downregulate any spontaneous antigen-independent B 

cell activation. Inhibitory receptors can interact with IgM not only at the stem but also 

at the arms, and according to our model, soluble antigen of sufficient size blocks the latter 

interaction (by increasing the distance between inhibitory receptor and the antibody arm) 

and thereby access of inhibitory receptors to the BCR bound kinases (Fig. 13.2A). In the 

absence of inhibitors the BCR is activated spontaneously (Wienands et a/., 1996; Rolli 

et a/., 2002). BCR signaling is generally assumed to be initiated by autophosphorylation 

of Src-kinases at the Ig-a/Ig-/? heterodimer and therefore at least one cluster with two 

neighbouring, fully protected Ig-a/Ig-/? will need to form in order to initiate B cell signaling 

(Fig. 13.2B). The activation of a very small number of Ig-a/Ig-/3 pair(s) can be expected 

to be sufficient for a B cell response because T cells are very sensitive to even very low
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densities of peptide-MHC complexes. Moreover, B cell signaling can be "stabilized" by 

signaling-dependent inhibitor inactivation (possibly by activation of the NADPH oxidase) 

and downstream signals can be amplified by feedback loops (Reth & Brummer, 2004). A 

maximal response can be expected to be attained once essentially all receptors are bound by 

antigen. B cell responsiveness should therefore correlate with the extent of antigen binding. 

In the following we estimate the affinity and concentration dependency of antigen binding 

to pre-formed BCR clusters and compare the predictions of the model to experimental data.

13.3.1 The affinity and concentration dependency of antigen binding to 
pre-formed BCR clusters

The probabilities P1 and P2 that in equilibrium a randomly chosen receptor is occupied 

by one or two bound antigens respectively can be determined as (Appendix B.5)

Pfq = 2Ka c/(l + Ka c) 2 , (13.14)

P2eq = (Ka c} 2 /(\ + Ka cf, (13.15)2 

which depend only on the equilibrium association constant

Ka = k0n/koS . (13.16) 

and the antigen concentration

c = (NL - (Pfq + 2P2eq )AT/0)/V , (13.17)

where NL denotes the total number of antigens, NR the total number of B cell receptors 

and V the total volume. Using the substitution z = Pj +2P2 q or the method of resultants 

(Eisenbud, 1995) Eqs. 13.14, 13.15, 13.17 can be solved exactly for Pfq , P®q . The method 

of resultants can be used to determine the intersection of two polynomials in two variables 

also when the problem cannot be simplified by appropriate substitutions. Because of its 

general applicability the technique will be discussed and used here.

The idea of the technique is as follows. Consider two polynomials in two variables, 

f(x,y), g(x,y). We want to find the set of pairs (z,y) such that f(x,y) = 0, g(x,y) = 0.
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Think of /(x, y) and g(x, y] as polynomials in x with coefficients that are polynomials in y. 

For any given value in x, f(x,y) and g(x,y) both equal zero if and only if as polynomials 

in y, F(y) and G(y\ they have a common root. The method of resultants enables us to 

determine these values of x for which this holds. Two polynomials F(y], G(y) have common 

root R(y] = y — a if and only if

F(y) = RMFM deg(Fl (y)) < deg(F(y)) (13.18) 

<3(y) = R(y)Gi(y) deg(Gl (y}) < deg(G(y}}. (13.19)

But then F(y)Gi(y) = G(y)Fi(y}. This implies that there is a linear dependency, in the 

vector space of polynomials in y, amongst -F(y), yF(y), y2F(y), ..., yde9 (Gl (y^F(y], and G(y), 

yG(y), y2 G(y), ..., ydes(F^(y^G(y}. This can be interpreted as a deg(F) + deg(G) square 

matrix with vanishing determinant.

In our case we have, by combining Eq. 13.17 with Eq. 13.14 and Eq. 13.15, and by 

setting x = Pfq , y = P2eq and / = ^, r = ^,

-2K(l-1ry) (13.20) 

g(x, y} = K2r2 (y - l)x2 + Kr(-2y(l + K(l - 2ry)) + 2K(l - 2ry))x

+y(l + K(l - 2ry)) 2 - K2 (l - 2ry}2 . (13.21)

Rewriting the polynomials as /(x,y) = Ei=o a»(z/) x*i 9(x iU) = Y^o ri(y)xl we obtain for 

the matrix

5 =

ao aj a2 03 0 \
0 OQ ai 0*2 as

60 61 62 0 0
0 60 bi &2 0

\ 0 0 60 b\ b<2 j

(13.22)

We obtain as determinant

det(S) = tfV(-4ff2rV + ((1 + Kl}2 -f 4Kr(l + Kr})y - K2 r2 l2 } = 0. (13.23)

The zeros of this polynomial of degree 2 can be determined exactly, yielding two solutions 

for y. Only one of the two solutions is, however, in the range between zero and one, and
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Figure 13.7: Antigen concentration and affinity dependency of B cell activation 
by soluble monomeric antigen. (A) Fraction of BCRs bound by antigens in equilibrium, 
POC 5 for different antigen concentrations, Ag, and affinities, Ka . (B) Antigen concentration- 
affinity phase plane. The lower graph (solid line) marks the antigen concentration and 
affinity pairs at which 10% of all BCRs are bound by antigen, and separates the regions 
where B cell activation is possible (above the graph) from where it is not (below the graph). 
Above the higher graph (dotted line), which marks the antigen concentration and affinity 
pairs at which 80% of all BCRs are bound by antigen, B cells are maximally activated while 
in between the two graphs affinity discrimination is possible. The symbols represent the 
experimentally determined thresholds (squares) and ceilings (dots) for B cell activation and 
have been read off from published experimental work (Batista & Neuberger, 1998).

this is our solution for P. By inserting P either in equation 13.14 or equation 13.15 we 

find P1 , and we obtain as unique solution between zero and one

pp =
K(/-2rP2eq)(P2eq -

p-

(13.24)

(13.25)

where

p = 4r2 ' (13.26)

The occupation probability POc for a single binding site is given by POc = \ P\ -f P% . The 

equilibrium occupation probability P^q = \ Pfq + P2eq , which is equivalent to the fraction 

of receptors that is bound by antigen in equilibrium, is plotted in Figure 13.7 for varying 

antigen concentration and affinity.
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13.3.2 Comparison of model predictions with experimental data

Experiments carried out to determine the antigen concentration and affinity dependency 

of B cell reactivity showed that B cells can discriminate between a wide range of binding 

affinities (K%* 6 [106 ,5 x 10 10 ] M" 1 ) and antigen concentrations (0.1-100 nM); at higher 

antigen concentrations unspecific responses can be observed which can be accounted for by 

fluid phase uptake (Batista &; Neuberger, 1998). The experiments used 105 B cells each 

carrying an estimated 5 x 104 BCRs (NR = 5 x 109 ) in a reaction volume V = 2 x 10~4 1. The 

analysed antigen concentration range of 0.1-100 nM corresponds to about NL = [1010 ,1013] 

antigens per experiment.

The range in which the model predicts the fraction of antigen-bound receptors to vary 

can be seen to correlate with the experimentally observed concentration dependent range 

of affinity discrimination (Fig. 13.7). The discrimination range (e.g. the distance between 

the two curves in Fig. 13.7B) is independent of the exact antigen concentration as is also 

observed in the corresponding experiments (Batista &; Neuberger, 1998). While the model 

predicts that the affinity threshold could fall below Ka = 105 M if the antigen concentra­ 

tion was sufficiently high, this prediction cannot be tested in experiments because antigen 

concentrations that exceed 100 nM lead to unspecific responses.

The quantitative analysis further reveals that the experimentally observed thresholds 

and ceilings for a B cell response to antigen correspond to a certain occupation of receptors 

by antigen. Thus a response is observed when 10% of the BCRs are engaged by antigen 

(and 0.2% are engaged by two antigens), and a maximal response is obtained when about 

80% of the BCRs are engaged by antigen (25% are engaged by two antigens). The threshold 

occupation of 10% is in good agreement with a previous estimate made in a different exper­ 

imental system (Vogelstein et a/., 1982), and can therefore be considered as independent of 

the particular details of the system studied.

The predicted threshold occupation required for B cell activation depends on the total 

number of IgM pairs that interact via the Iga/Ig/3 heterodimer, and therefore on the total
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Figure 13.8: Affinity dependent fraction F of IgM pairs that interact via Iga/Ig/3 
heterodimers. The fraction, F = ^, was determined from ^ = kon (T — D)2 — k0ffD = 0 
where D denotes the density of IgM pairs that interact via Iga/Ig/? heterodimers, T = 
100^m~ 2 is used for the total density of IgM-IgM pairs, kon = 0.1/mi s" 1 is the appar­ 
ent on-rate for the IgM2-IgM2 interactions via Iga/Ig/3 heterodimers; this rate represents 
the standard 2-dimensional on-rate and takes diffusion limitations into account (Keizer, 
1982). That IgM pairs, which interact via Iga/Ig/3 heterodimers, require two non-covalent 
interactions is, however, neglected. k0ff is the off-rate.

receptor number and the fraction of IgM pairs that are formed via the Iga/Ig/3 heterodimer. 

The affinity of the IgM-Iga/Ig/3 interaction is unknown but BCR clusters have been esti­ 

mated to comprise about 5-6 receptors on average (Schamel & Reth, 2000) which would 

suggest that at most two thirds of all IgM interact with other IgMs via the Iga/Ig/3 het­ 

erodimer if we assume that the direct IgM-IgM interaction is stronger as discussed above. 

This corresponds to a low IgM-Iga/Ig/3 affinity (fc0// ~ 1 — 10 s" 1 - Fig. 13.8) as is realistic 

for such interaction. For a cell with 5 x 104 receptors an antigen occupation of 10% then 

gives rise to an expected number of 5 x 104 x O.I 2 x | x ^ x ^ ~ 80 IgM-IgM pairs that 

share two Iga/Ig/3 heterodimers and where both IgM are bound by at least one antigen on 

the appropriate side. In a further 5 x 104 x 0.002 x | x \ ~ 33 IgM-IgM pairs at least 

one IgM is bound by two antigens. A total number of about 120 protected IgM pairs per 

cell may appear high for a threshold value. However, antigen processing may be inefficient 

such that this number of antigen-bound receptors may be required to generate a sufficient 

number of pMHC to activate the T cell. Moreover, we note that the number of clusters in
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which two neighbouring IgM-IgM pairs are both protected by antigen binding is no larger 

than 5 x 104 x O.I4 x i x £ ~ 0.4. Whether such local clustering of protected receptors is 

necessary for B cell activation or whether the low density of isolated protected IgM pairs is 

sufficient cannot be judged from current experimental data. Both alternative explanations 

are, however, within a realistic physiological range, and more experiments will be required 

to distinguish between these two possibilities.

The difference between modelling and experimental results at high affinities can be 

accounted for by the different read-outs in model and experiments. While the model predicts 

the level of B cell activation (and thus signaling) the experiments determine the level of 

B-cell dependent T cell activation, i.e., the level of antigen presentation by B cells. At high 

affinity only few antigens are required to occupy 10% of all receptors (and activate the B cell) 

but the total available antigen amount is then too low for successful antigen presentation
% j

to T cells. The low experimental ceiling of 80% occupation observed in experiments can be 

accounted for by the saturation of antigen presentation to T cells.

We conclude that the model predictions are in agreement with available experimental 

results. This model therefore demonstrates that (and how) soluble, monomeric antigen 

can trigger B cell activation. Measurements of the extent of phosphorylation of proximal 

signaling proteins such as Syk in response to different antigen concentrations and affinities 

will be important in order to test the model predictions with more accurate B-cell-specific 

(and T-cell independent) affinity thresholds and ceilings.

13.4 Surface-bound antigen at high density - a grand canon­ 
ical ensemble description

As a model for membrane antigen, experiments have been carried out with antigen be­ 

ing either displayed on small particles (beads) or tethered on plastic surfaces (Batista & 

Neuberger, 2000). This experimental system is ideal to test the hypothesis that B cell 

activation is elicited by receptor-inhibitor segregation with surface antigen since detailed 

data on the affinity dependence of B cell responsiveness are available and due to the artifi-
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cial way in which the antigen is displayed interactions between other cell surface molecules 

(such as integrins) do not affect the conclusions. Antigen-dependent B cell signaling can 

thus be assumed to be mainly triggered by the BCR itself and not by early integrin binding, 

which may otherwise activate cellular transport processes. Moreover, given the high antigen 

density, kinetic constraints in establishing a stable contact zone (Bell, 1978) can be ignored. 

The immobilization of antigen on a surface by a chemical linkage will result in two dif­ 

ferences as compared to soluble or cell membrane-bound antigen. First of all because the 

spacing between antigen is fixed and random, BCRs are unlikely to engage both binding 

sites. Secondly, given the fixed spacing, pre-formed BCR clusters (Schamel &; Reth, 2000) 

are unlikely to remain intact and protection from inhibitors will therefore require a macro­ 

scopic separation of receptors and inhibitors, that is, the expulsion of the inhibitors from 

the contact zone. Molecular crowding may drive such an expulsion (Fig. 13.3), in which 

case B cell responsiveness should correlate with the equilibrium number of receptors and 

inhibitors in the contact zone.

13.4.1 Derivation of the equilibrium distribution of receptors and in­ 
hibitors

The patterning of surface receptors has been studied in great detail for the T cell synapse 

(Qi et a/., 2001; Burroughs & Wulfing, 2002; Lee et a/., 2002; Weikl & Lipowsky, 2004) 

using a variety of methods, including systems of partial differential equations (Qi et al., 

2001; Burroughs & Wulfing, 2002) as well as a lattice gas and grand-canonical description 

(Weikl & Lipowsky, 2004). The affinity dependent equilibrium number of B cell receptors 

(BCRs) and inhibitors in the contact zone can best be estimated with the help of statistical 

mechanics, and in particular by employing the grand canonical ensemble. We define Aj, as 

the maximal number of proteins that can be accommodated in the contact zone (where the 

receptor can interact with antigen) and Au& as the maximal number of proteins that can be 

accommodated on the remaining part of the B cell (where such interactions are impossible). 

The B cell surface can thus be modelled as a lattice with A = A& + Au& lattice sites. Each
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lattice site can either be free or occupied by either a receptor or an inhibitor; sites that are 

occupied by other B cell surface proteins count as empty. If a receptor occupies one of the 

A{> lattice sites in the contact zone then it binds antigen with a binding energy of magnitude 

UR > 0, an inhibitor binds with a binding energy of magnitude Uj > 0. The contact zone 

with the target cell is thus modelled as an affinity field of the size of the contact zone which 

attracts the BCR (and possibly also the inhibitor). Direct interactions between BCR and 

inhibitor are ignored in this model up to sterical exclusion.

In the grand canonical ensemble (Guenault, 1995) the probability that N^ receptors 

are bound in the contact zone is proportional to exp[(^R + URjNft/kT], and the probabil­ 

ity that NJIi receptors reside outside the contact zone is proportional to exp[///?7V^6 //cT]; 

k is the Boltzmann factor and \ij refers to the chemical potential of the component j. 

Accordingly, the probability that NR receptors are bound in the contact zone while NRb 

receptors reside outside the contact zone is proportional to the product of these two terms, 

W(NbR,N%b ) = exp[(/zH + UR}NbR/kT}Gxp[^LRN^b/kT]. The probability that in addition 

there are Nb inhibitors in and Nfb inhibitors outside the contact zone is proportional to

W(Nb , Nf] = n exp[(Mj 4- Uj)NJ/kT\ exp^-ATf /kT] (13.27)
j 3

with j = R, I. The grand canonical partition function of the whole system is the sum over 

all configurations weighted with the corresponding functions W(ATj*, TV"6 )

N}b ) 1 (13.28)

where Nb € [0,A6]; N^ € [0,Aub] and ft(JV£, ATjf, JV76 , Nfb ) is the number of ways the 

7V£, Njf, Nj, Nfb particles can be arranged on the lattice. Note that Z is calculated from 

the product of the sum of all receptor and inhibitor configurations because only this will 

lead to the inclusion of all possible combinations. For illustration consider the difference 

between Hj=i Z^i=i aij = (aii + ^21X012 + ^22) = ana12 + ana22 + 021012 + a2 ia22 and 

?=1 Oj=i °y = anai2 + 021022- Combining Eqs. 13.27 and 13.28 we obtain the standard
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representation of the grand canonical partition function as

Z = H
3

(13.29)

with j = R, /; Nb G [0, A6]; AT/6 e [0, Au6]; fi(AT^, ATjf , Nb , Nf) is the number of ways the 

JV£ receptors and N% inhibitors can be distributed inside and the N%b receptors and Nfb 

inhibitors can be arranged outside the contact zone, k is the Boltzmann factor and \LJ refers 

to the chemical potential of the component j. Eq. 13.29 can be rewritten as

Z = (1 + (R exp(UR/kT} + 0 exp(t///A;T)) Ab (l + C/z + C/) Au"> ( 13 - 3°)

where we used Cj = exp(/^/fcT) to simplify the notation. Since lattice sites must either be 

free or occupied (by one receptor or one inhibitor) the derivation of Eq. 13.30 from Eq. 

13.29 follows a similar route as used for Fermi-Dirac gases (Guenault, 1995); by multiplying 

out both Eqs. 13.29 and 13.30 it can be seen that both notations for Z add all possible 

microstates, that is the contributions of all possible combinations of unoccupied, receptor- 

occupied and inhibitor-occupied sites.

Again by using standard techniques (Guenault, 1995) averages can be expressed in terms 

of Z and its derivatives. Thus the mean density of bound receptors can be determined as

R . (13.31)

Using Eqs. 13.30 and 13.31 one has nbR = 

and similarly n] =

CeXP
1Kfiexp(fl /fcp(t/;/fcT)

The ratio of receptor to

inhibitor in the contact zone is then given as

bn ( J

While the B cell receptor is internalized and downregulated at later stages of the response, 

the receptor number can be regarded as conserved at the onset of the response and £j can 

therefore be determined by inverting the equations for the average density of BCRs and
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inhibitors, HR and n/ respectively, which follow in a way analogous to the derivation of nR

as

J A i j • j -*« * \ •***/ / • .»••• .* \ •" / / "

(13.33)

where u>b — ^ was used. Basic algebraic manipulations yield a forth-order polynomial 

for v, whose positive, real roots are plotted in Figure 13.9 dependent on the BCR-antigen 

binding energies UR for different contact zone sizes u^; the inhibitor binding energy in the 

contact zone was set to zero (£// = 0); a higher inhibitor binding energy would shift the 

curve to the right.

13.4.2 The model captures experimental results

Most importantly, the model captures the experimentally observed (Batista & Neuberger, 

2000) but so far counter-intuitive sensitivity of the receptor-inhibitor ratio to the size of 

the contact zone uJb (Fig. 13.9). The size of the contact zone will be different if antigen is 

either presented on a plate or a small particle. In the case of the plate the contact zone size 

will only be restricted by cell volume and membrane stiffness constraints, which prevent 

the formation of a flat cell geometry (u;& ~ 0.5), such that the maximal contact zone size 

observed with antigen-displaying cells will not exceed 1% of the cell surface (cuj, = 0.01) 

(Delon et al, 1998). The employed particles measure only 4.5 /mi and 2.8 /mi in diameter 

compared to antigen-displaying cells which measure between 10 and 50 /mi in diameter 

(Batista &: Neuberger, 2000). We therefore assume that the contact zone with beads is 

5-fold smaller than the contact zone with a plate; note that this exact value does not affect 

the qualitative observation described below.

The model reveals that for sufficiently large BCR-antigen binding energies UR the re­ 

ceptor to inhibitor density v is larger in a smaller contact zone. Importantly, this property 

is also independent of the exact values of the two binding energies Uj, the binding energy 

with which inhibitors bind in the contact zone, and UR, which will depend on whether or



CHAPTER 13. AFFINITY-DEPENDENT B CELL SIGNALING 196

10'

B

co b =0.002/

maximal segregation

v

10

10 0 2 4 6 8 10 12 14 16 18 20

C > ±i

UR/kT

Figure 13.9: Affinity dependent receptor and inhibitor density in the contact 
zone. Affinity dependent (A) receptor/inhibitor ratio v, (B) receptor density, and (C) 
inhibitor density in the contact zone. The overall receptor and inhibitor density was set to 

= HI = 0.01; the contact zone size to Wb = 0.01 ( —) and wi = 0.002 (— —).

not both arms of the BCRs can bind to antigen that is fixed on a bead. (Given the random 

spacing of immobilized antigen on the beads most BCRs can be expected to only bind one 

antigen at a time. Binding of two antigens by a small fraction of BCRs will lead to a small 

increase of the average affinity.) Alternative models of B cell activation that do not rely on 

inhibitor expulsion predict a smaller rather than a higher reactivity to a smaller antigen- 

covered particle because the number of engaged BCRs is smaller under such conditions. 

However, the total number of engaged receptors is in any case a weak measure of the bind­ 

ing quality since this can also be increased by the binding of several particles to a single B
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cell. The level of B cell activation indeed depends on the concentration of the beads (and 

not only on the density of the immobilized antigen) (Batista &; Neuberger, 2000).

Our model also reproduces the experimentally determined affinity threshold and ceiling 

of the B cell response to surface antigen (Batista & Neuberger, 1998; Batista & Neuberger, 

2000; Batista et al, 2001). The affinity threshold is denned as the binding energy that 

needs to be exceeded for antigen binding to elicit B cell signaling. B cell responsiveness 

then increases with increasing affinity until the affinity ceiling is reached.

The affinity threshold can be estimated from the observation that phosphatases exhibit 

in general 10-1000 times higher catalytic rates than kinases (Fischer et a/., 1991), and B cell 

activation will therefore require a comparable increase in the density of receptors (which 

are bound by autocatalytic kinases) relative to the inhibitors. The model predicts this 

threshold binding energy to be about 2-4 kT (Fig. 13. 9A, intersection with lower shaded 

area) which corresponds to the experimental threshold affinity of about KD = 10~5 — 10~ 6 

M (Batista & Neuberger, 2000). Note that the 3-dimensional dissociation constant can be

calculated from the binding energy as K^f = ^ exp (— ^) with PR = 500^m~2 being the

7 ~ 2 ~ 1approximate BCR density on the cell membrane and 77 = 1.2 x 107/im~2 M~ 1 being the 

conversion factor between the 2-dimensional and the 3-dimensional dissociation constant 

(Kff = rjKff) (for details see Appendix B.6).

According to our model of B cell activation the affinity ceiling will be attained once 

maximal segregation of receptors and inhibitors has been achieved. For a high, non-limiting 

antigen density in the contact zone (as characteristic for the in vitro experiments (Batista 

& Neuberger, 2000)), this corresponds to an exclusion of inhibitors from the A& lattice sites. 

(At lower antigen density the A& and Au& lattice sites are no longer spatially separated 

and an exclusion from the A& lattice sites thus does not automatically correspond to an 

inhibitor-receptor segregation, explaining the high sensitivity to a high antigen density that 

is observed in the experiments (Batista & Neuberger, 2000)). Cell-cell contact zones similar 

to those of B cells and antigen-displaying cells have been found to span about 1% of the
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B cell surface (ub = 0.01) (Delon et ai, 1998). Given that the BCRs cover about 1% of 

the B cell surface (Bell, 1988) (and together with co-receptors a slightly larger fraction of 

the cell surface) maximal receptor-inhibitor segregation will be achieved once almost all 

receptors accumulate in the contact zone and the receptor to inhibitor ratio approaches 

5 x 104 (Fig. 13.9A, intersection with upper shaded area).

The corresponding binding energy ceiling is UR ~ 15 — 16 kT which corresponds to 

KD ~ 2 x 10~n M, the affinity ceiling noted in experiments for antigen displayed on a large 

surface (Batista & Neuberger, 2000). Reducing the contact zone size to a fifth (u>& = 0.002) 

reduces the ceiling to UR ~ 8 kT, which corresponds to KD ~ 10~8 M, the maximal 

affinity at which a differential response could be observed when antigen was displayed at 

high antigen density on small particles (beads) (Batista & Neuberger, 2000).

We conclude that a model which relates BCR activation to the extent of receptor- 

inhibitor segregation captures the sensitivity to the mode of antigen presentation (plate 

versus bead) in terms of the different contact zone sizes independently of the exact choice 

of the two parameters UR and Ui (which depend on the correct value for 77), and reproduces 

the experimentally observed affinity thresholds and ceilings in terms of receptor to inhibitor 

ratios for the employed (and physiological justifiable) parameter values.

13.5 What is the immunon? - Lessons from polymeric anti­ 
gen

Early efforts to understand how antigen binding is translated into a cellular signal made 

use of polymeric rather than monomeric antigen. By using hapten-covered polymers, total 

numbers and spacing could be controlled and it was concluded that at least 10-20 (Vogelstein 

et al., 1982) (7-15 in a later re-analysis (Sulzer & Perelson, 1997)) hapten groups from the 

same polymer needed to bind to the BCR in order to trigger a B cell. This requirement was 

explained by invoking the 'immunon', the conformation to which the BCRs would change 

once a sufficient number was engaged by the same polymer (Dintzis et al, 1976; Vogelstein 

et a/., 1982). However, a structural change, has remained elusive and no model yet explains
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why this number of receptors would need to be engaged to trigger such conformational 

change.

How does this experimental observation fit with our model of B cell activation? We 

have shown above that in the framework of the model monomeric antigen can also activate 

B cells. However, the monomeric antigen in that case was a protein while the polymers are 

covered by haptens which alone can only bind but not trigger a B cell. According to the 

segregation concept this is due to the size which is insufficient to separate receptors and 

inhibitors. So why would hapten-covered polymers then activate although the polymers are 

much too thin to sufficiently increase the distance between receptors and inhibitors? As 

is illustrated in Figure 10.2, inhibitors could be separated from receptor-bound kinases if 

the polymers stabilized a closed ring conformation of the receptor cluster. According to 

section 13.2.2 this would require that the hapten-covered polymers increase the ring closure 

rate kr (corresponding to the ring closure probability pr ] to form closed rings that prevent 

inhibitors from accessing kinases that locate to the inner core of the cluster. Moreover the 

closed ring structure would need to be maintained for a sufficiently long time to enable 

cross-phosphorylation between kinases and downstream signaling which could then lead to 

the permanent inactivation of the inhibitors, possibly by activation of the NADPH oxidase 

as discussed above.

Assuming that BCR rings close at rate kr and open by IgM-IgM unbinding at rate fc_ 

we can estimate pr by determining the steady state of its evolution (or Markov or Master) 

equation
fifJ K*
- = kr (l - Pr ] - nk.pr = 0 => Pr = ~~'

Since low affinity haptens can also activate B cells a reduction of the IgM-IgM off-rate, fc_, 

by binding of the hapten-covered polymer seems not to be essential for B cell activation. 

Accordingly, we use k- = 1 s~ l as in section 13.2.1. n denotes the average length of the 

polymer, and reflects the fact that unbinding at any IgM-IgM bond will open the polymer. 

The rate of ring closure, kr , in the absence of hapten-coated polymers has not been defined
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experimentally, and we therefore use the standard diffusion-limited on-rate kr = k+ = 0.1 

s" 1 as derived in section 13.2.1. We then predict that in the absence of hapten-coated 

polymers about 2% of all BCR polymers (assuming n = 5, Section 13.2.3) are closed. The 

polymer-dependent increase in the ring closure rate is not easy to estimate because little 

is known about the flexibility of the IgM suprapolymer. The only available indication is 

the increase in the size of the volume,in which reactions between the two ends of the chain 

become possible. Thus the minimal spacing between haptens on the activating polymers is 

10 nm (Dintzis et al, 1976) while the receptors are unlikely to bind on distances longer than 

1 nm. The polymer therefore has a much wider reach than the receptors and the volume in 

which binding reactions are possible therefore increases. Given that the volume scales with 

the cube of the radius this would imply a possible increase in the reaction rate by 103-fold 

such that kr = k+ = 0.1 s" 1 in the absence of the hapten-coated polymer and kr ~ 100 s" 1 . 

For such high ring closure rate almost all BCR clusters will be closed (pr ~ 1).

For B cell activation the kinetics of the process will, of course, also be of importance 

since if the rings open (and then re-close) before the BCRs have been activated and nearby 

inhibitors have been inactivated then insertion of inhibitors could interfere with B cell 

activation. This constraint may explain the experimentally observed requirement that one 

polymer must engage about 7-15 BCR sites in order to activate a B cell (Sulzer &; Perelson, 

1997). Thus, considering that BCR clusters will comprise about 5 IgMs (see section 13.2.3), 

engagement of 7-15 BCR sites by a polymer will greatly reduce the ring opening rate. In 

the absence of polymers any spontaneously formed closed rings will disintegrate at a rate 

of 5 s" 1 . Binding of a polymer in such a way that the polymer winds around the cluster 

and at least one receptor binds the polymer twice will strongly reduce the rate at which 

inhibitors gain access since now several bonds need to be broken before the ring opens up 

for inhibitors.

The number of receptors that are bound by one polymer can be affected by the con­ 

centration and length of the polymer, as well as the spacing of hapten groups. Dependent
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on the spacing of hapten groups, polymers may either form many large loops when binding 

BCRs or rather long trains, where segments of the polymer attach tightly to the surface. 

Correlation of experimental data with theoretical models suggests that B cell signaling re­ 

quires that the loop length is limited (Perelson & Wiegel, 1981) and our model explains 

this with the need to tightly link BCRs in the cluster.

The inhibitory effect of short polymers (Dintzis et a/., 1982) can be explained with 

the failure to link an entire cluster together such that the ring closure rate is too slow to 

enable B cell signaling. While several polymers could in principle bind in an overlapping 

manner diffusion effects will favour smaller entities and the non-uniform polymer length in 

experiments will make overlapping binding even more difficult.

Finally, at high concentrations several polymers may bind to the same cluster, which 

leads to an effect similar to that predicted for the case where the polymers are too short. 

At low polymer concentrations the ligand becomes depleted (Vogelstein et a/., 1982; Sulzer 

& Perelson, 1997).

13.6 Conclusion

I propose that antigen-induced receptor inhibitor segregation triggers B cell activation and 

gives rise to the experimentally observed affinity and antigen density/concentration depen­ 

dency of B cell signaling. According to this novel concept, B cells discriminate between 

different affinities of binding based on the extent to which inhibitor-free receptor-antigen 

complexes form. This activation mechanism therefore does not require any conformational 

changes to explain antigen-dependent B cell activation. This is an important difference from 

the activation mechanism for other well-studied membrane receptors (such as G-protein- 

linked receptors or enzyme-linked receptors including the EGF receptor, PDGF receptor, 

and integrins) which are activated upon ligand induced structural changes; in the case 

of enzyme-linked receptors, the conformational change is in general followed by receptor 

oligomerization (Burgess et ai, 2003; Kirn et a/., 2004).
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The model is based on quantitative data and captures the affinity thresholds and ceilings 

for both surface and soluble antigen. One of the previously counter-intuitive observations 

which the model can explain is that smaller particles (which form a smaller contact zone with 

the B cell) trigger full B cell activation at a lower affinity (Batista & Neuberger, 2000). The 

explanation that inhibitors are expelled from the smaller contact zone at a lower affinity does 

not depend on the exact choice of the parameter values. This is important since, although 

all employed parameter values are derived from the experimental literature, their accuracy 

remains limited by the accuracy of the available experimental methods. Alternative models 

of B cell activation which relate activity to the extent of IgM engagement and not to the 

extent of IgM separation from inhibitors cannot explain this result. Such models would 

predict that a smaller contact zone triggers less B cell signaling because less IgM is engaged 

by antigen; binding of several small particles should still not trigger a stronger response 

than large particles.

The segregation concept also addresses the long ongoing dispute of whether soluble 

monomeric antigen can trigger a B cell response or whether B cells are triggered by ag­ 

gregates. Our model shows how soluble monomeric antigen of sufficient size can elicit a 

response by separating receptor and inhibitors. In this it is important that BCRs are pre- 

clustered (Schamel &; Reth, 2000) as the interactions of at least two protected Ig-a/Ig-/? 

will be necessary for B cell activation, and in our model this level of protection is only 

achieved when three neighbouring receptors bind antigen (Fig. 13.2A, B). The importance 

of Ig-a/Ig-/3 co-clustering is demonstrated by experiments in which about 15% of all IgM 

are mutated in a way that they could not bind Ig-a/Ig-/?; this affects signal transduction 

by Ig-o;/Ig-/?-bound IgM (Vilen et al, 2002). The need for pre-clustering may also explain 

how a point mutation in the constant region of an Ig-light chain can prohibit BCR signaling 

(Sun et a/., 2002); the point mutation was characterized to introduce a hydrophobic patch 

which may affect receptor aggregation.

The need for receptor clustering to trigger B cell signaling also provides an explanation
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as to how IgM downregulation can render MD4 B cells anergic. Given that the pre-clustering 

of the BCR is isotype-specific (Schamel & Reth, 2000) a reduction in the IgM density will 

preclude IgM cluster formation. In the absence of BCR clusters there are no neighbouring, 

protected Ig-a/Ig-/3 and antigen-triggered B cell activation becomes impossible. That toler­ 

ance can be broken by membrane antigen (Hartley et al., 1991) and cross-linking substances 

can be explained with the higher local IgM density (30-fold in experiments with lipid bilay- 

ers (Carrasco et al., 2004)) and the enforced cluster formation, respectively. Anergic B cells 

have been found to express IgM dissociated from Ig-a/Ig-/3 (Vilen et al, 1999; Vilen et al., 

2002) which modelling suggests is a consequence of less IgM clustering which destabilizes the 

BCR. Control of B cell reactivity on the level of receptor densities is an elegant mechanism 

as it is simple and prevents any difficult signal integration at later steps. Moreover, IgM 

downregulation by a block in transport from the endoplasmic reticulum (Bell & Goodnow, 

1994) is a rapid process that can also be quickly reversed. It should, however, be noted that 

anergic B cells that are specific for single-stranded DNA have been found to express almost 

normal IgM levels (Erikson et al., 1991; Benschop et a/., 2001). There must therefore exist 

alternative ways to induce IgM destabilization when IgM is expressed at almost normal 

levels.

Small antigenic compounds - so-called haptens - fail to induce a B cell response although 

they can still bind the receptor; linkage of the hapten to a larger carrier restores the abil­ 

ity to trigger a B cell response. Why antigen size matters has so far been a conundrum 

but can now be understood in terms of receptor segregation which will only be achieved 

if the antigen exceeds a certain size. Small protein antigens, such as hen egg lysozyme, 

will introduce a sufficient separation (~ 2nm (Fiedler et a/., 1998)) to initiate BCR sig­ 

naling. However, because of the instability of BCR clusters, inhibition of the inhibitors by 

subsequent chemical modifications can be expected to be required in order to maintain the 

active state. Inactivation of phosphatases can be achieved by reactive oxygen species such 

as H2O2 which oxidizes the cysteines of phosphatases (Reth, 2002). H2O2 is produced by
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NADPH oxidase which is activated by PI3K which itself is activated by the (BCR-bound) 

Src kinases (Vlahos et al, 1995). A role for H2 O2 in lymphocyte signaling has recently be 

reported for both T cells (Kwon et al, 2005) and B cells (Singh et al, 2005). The need 

for inhibitor inhibition provides an explanation for the experimental observation that a 

response to soluble antigen requires a signaling competent BCR while a response to partic- 

ulated antigen, where inhibitors can be pushed out, does not (Batista &: Neuberger, 2000). 

A response to particulated antigen on the other hand requires that tight IgM clusters can 

form and therefore that the antigen density on the particle is sufficiently high. Reduction of 

the antigen density in experiments indeed prohibits B cell activation, even at high affinity.

The segregation concept also resolves the long-standing paradoxes which emerged from 

experiments with hapten-coated polymers that led to the immunon concept (Dintzis et al, 

1976; Vogelstein et al, 1982). In this novel framework the immunon can be interpreted as a 

cluster of BCR that is stabilized by binding to a single polymer in a way that all receptors 

are bound and at least one receptor is bound twice. All receptors need to be bound by a 

single polymer because only this can sufficiently increase the ring closure rate and, probably 

even more importantly, lower its opening rate. This stabilization of the cluster is proposed 

to be important to prevent access of inhibitors to the kinases; inhibitor exclusion for a 

sufficient time can enable B cell activation by kinase autophosphorylation. Experiments 

could test the prediction that stable BCR clusters trigger B cell signaling by altering the 

site that mediates the BCR-BCR interaction in a way that the affinity is increased. An 

increase in the affinity should result in antigen-independent B cell activation.

We conclude that B cell activation by receptor-inhibitor segregation can explain several 

previously counter-intuitive features of B cell biology while capturing and explaining avail­ 

able in vitro results. The model also provides an explanation for why haptens can elicit a 

B cell response only when bound to a larger carrier protein. Several experiments support 

the hypothesis that receptor-inhibitor segregation triggers B cell activation; more intricate 

experiments will be necessary to obtain direct evidence and to assess its role in B cell affinity
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discrimination.



Chapter 14

Discussion

In this third part of the thesis a novel framework has been developed to explain affinity- 

dependent B cell activation and selection in germinal centres. This has been necessitated 

by our thorough computational analysis of the germinal centre reaction which revealed that 

current models of B cell selection, which are all based on a competition for (or access to) 

antigen held on FDCs, are not in agreement with available experimental data. In light of 

our studies I suggest that B cells are selected in a competition for T cell help. Such a 

mechanism requires B cells to be able to discriminate between different affinities of binding, 

and I also provide an explanation of how this can be achieved. Altogether I propose the 

following comprehensive model of the molecular events that lead to the selection of high 

affinity B cells.

14.1 The mechanism of B cell selection in germinal centres

During the selection process B cells first acquire antigen in a non-competitive manner. The 

efficiency of antigen processing then depends on the affinity of binding, such that high 

affinity B cells will present peptide-MHC complexes at a higher density, and this will give 

them a higher chance of being rescued by T helper cells. In the following I discuss the 

molecular details of this process.

How the mechanical binding of antigen to the B cell receptor is translated into a chemical 

signal has long been a conundrum. I propose that activation is achieved by an antigen-

206
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induced receptor-inhibitor segregation. For this to be possible either the antigen or the 

receptor needs to be pre-clustered. Experiments suggest that most receptors are indeed pre- 

clustered (Schamel & Reth, 2000), and our mathematical analysis further suggests that these 

clusters are of polymeric structure with 5-6 receptors per polymer. Given the arrangement 

of IgMs in this polymer, two sides of the IgM-bound Iga/Ig/3 heterodimer can be expected to 

be protected from interactions with phosphatases that are bound to inhibitory co-receptors 

(Fig. 13.2). Antigen binding can increase the distance between IgM and inhibitory receptors 

on the other two sides. Inhibition of inhibitors has been shown to result in spontaneous 

B cell activation (Wienands et al, 1996; Rolli et a/., 2002), and it is therefore conceivable 

that this physical separation is sufficient for B cell signal initiation. If the antigen is pre- 

clustered, either in a soluble aggregate or on a surface, then inhibitors can be excluded by 

molecular crowding. For this it is important that the antigen is sufficiently dense and that 

the contact zone is sufficiently small such that segregation is efficient. Both aspects indeed 

determine the strength of the B cell response in experiments (Batista & Neuberger, 2000). 

The affinity of binding determines the fraction of B cell receptors that are protected from 

the action of inhibitors in our model. Experiments demonstrate that antigen, which has been 

bound by signaling-active receptors, will be presented more efficiently to T cells (Aluvihare 

et a/., 1997). Accordingly, the higher fraction of signaling-active B cell receptors would 

directly translate into a higher presentation efficiency, that is a higher density of peptide- 

bound MHC complexes. On the molecular level the higher presentation efficiency is likely 

to reflect more efficient targeting of internalized antigen-bound receptors to a compartment 

that is rich in newly expressed MHC class II (MIIC) (Clark et a/., 2003). The targeting to 

such a compartment increases the efficiency with which antigenic peptides are presented to 

T cells on MHC class II complexes (pMHC) because circulating MHC class II complexes 

are already loaded with competing peptides, and this reduces presentation efficiency for 

the new peptide (Harding & Unanue, 1990). Here it is interesting to note that the efficient 

delivery of antigen-bound IgM relies, in particular, on signaling through Syk and Iga (Clark
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et al, 2003), whose degree of phosphorylation has been shown to depend on the affinity 

of antigen binding (Kouskoff et al, 1998). In order to retain the affinity-dependency it is 

of crucial importance that signal activation happens locally and does not spread to non­ 

protected receptors; otherwise all receptors would be activated and targeted once at least 

one receptor becomes activated. The later re-organisations of receptors and the cytoskeleton 

must therefore serve other purposes such as the exchange of further information, for instance 

by co-receptor engagement, which may modulate the response.

In a final step B cells need to recruit T cell help. Given that there are only very few 

T cells in each GC (5-10% (Kelsoe, 19966)) of which only a fraction will be specific for a 

given peptide, several CCs can be expected to bind to a single T cell. These will enter 

a competition for the attraction of the microtubule organizing centre (MTOC) since the 

reorientation of the MTOC is required for the secretion of survival factors such as interleukin 

(IL)-4 (Kupfer et al, 1991) and only the B cell that faces the MTOC receives cytokines 

and enters mitosis (Kupfer et al, 1994). The reorientation of the MTOC is dependent on 

and directed towards the site of TCR signaling (Sedwick et al, 1999). T cell responsiveness 

depends on the number of pMHC that are presented on the B cell surface (Harding &: 

Unanue, 1990; Grakoui et al, 1999), and, when interacting with several B cells, T cells 

polarize to the B cell with the highest density of specific pMHC (Depoil et al, 2005). As 

discussed above, I propose that a higher affinity of interaction results in increased pMHC 

presentation, as a consequence of which the highest affinity CC interacting with a T cell 

has the highest chance of being rescued. At low BCR affinity, affinity-dependent CD86 

expression on the B cell (Kouskoff et al, 1998) may further amplify the difference between 

B cells as co-engagement of CD28 by CD86 amplifies TCR signaling (Michel et al, 2001), 

enables MTOC reorientation also under less favorable conditions (Sedwick et al, 1999) 

and triggers IL2 production close to the contact zone (Reichert et al, 2001). Rescue by 

T cells takes several hours (Kupfer et al, 1994) such that the polarization will need to be 

maintained over longer times, which again most likely favours the highest affinity B cell
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that presents the most pMHC.

The ability of T cells to confer both death and survival signals is likely to enhance 

the efficiency of B cell selection. The example of the cytokine IL4 and Fas (a receptor of 

the tumour necrosis factor (TNF) receptor family, which is triggered upon binding of Fas 

ligand (FasL) expressed on T cells (van Eijk et al., 2001)) illustrates how survival may be 

restricted to high affinity B cells while all others are killed by the T cell. While IL4 is 

targeted to one B cell at a time, Fas-FasL complexes are likely to form in each contact 

zone. IL4 (synergistically with BCR cross-linking) rescues B cells from Fas-dependent 

apoptosis (Foote et al, 1996; Rothstein et al., 2000) such that Fas-FasL interactions will only 

negatively select low affinity B cells, which do not receive IL4. Indeed, in Fas-deficient Ipr 

mice and in transgenic mice that overexpress Bcl-x, a suppressor of Fas mediated apoptosis, 

low affinity B cells persist in the GC reaction and the selection of high-affinity B cells is 

impaired (Takahashi et al., 1999; Takahashi et al., 2001).

T cells not only select/rescue B cells, they also subsequently direct B cell proliferation 

and differentiation. A key regulatory protein is CD40 ligand (CD40L), which engages 

CD40 on the B cell and supports survival (although it does not protect from Fas-mediated 

apoptosis), promotes proliferation, and directs CC differentiation (Arpin et al., 1995; Liu 

et al., 1997; Bishop & Hostager, 2003). Accordingly, germinal centres are abrogated upon 

addition of anti-CD40L antibody (Han et al., 1995).

14.2 What makes antibody affinity maturation so efficient?

Antibodies evolve new binding specificities in a matter of days. Several features enable 

such efficiency. First of all, the detrimental nature of the increased mutation rate is limited 

by targeting of mutations to those regions of the antibody (complementarity-determining 

regions (CDRs) in the V-region) that mediate contact with the antigen; this limits the 

number of mutations that may disrupt other essential structural elements of the antibody 

- a cause for a large proportion of detrimental mutations in other proteins. The affinity
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of antibody binding is altered both by direct changes in the binding site as well as by 

mutations that lie more distant and alter the conformation of the binding site. While some 

single mutations can increase an antibody's affinity by tenfold, affinity maturation is the 

result of several additive changes; high-affinity antibodies harbor on average six to eight 

mutations (Berek et al, 1991). Considering that in protein engineering approximately six 

to eight appropriately targeted mutations are required to alter binding specificity (Scrutton 

et al., 1990), the optimized character of antibody affinity maturation becomes clear.

While the multiple rounds of mutation and selection enable a stepwise affinity matura­ 

tion process, which strongly facilitates the generation of high affinity antibodies (Kepler & 

Perelson, 1993), analysis of fitness landscapes in evolutionary biology suggests that a po­ 

tential danger of such a stepwise evolution process is trapping in local optima (KaufFman, 

1993). The parallel but spatially separate evolution of many GC reactions in the follicle 

(each seeded by few B blasts) avoids trapping all lineages of B cells in what may prove to 

be an unfavourable local optima that lacks paths to high affinity antibodies.

The combination of an evaluation of BCR affinity in absolute terms together with a 

second competitive step to compare the relative affinity between different B cell clones 

within the GC reaction will ensure a higher robustness to variations in antigen concen­ 

tration. While B cell responsiveness depends on both affinity and concentration, affinity 

discrimination is still possible at antigen concentrations that would be so high as to permit 

an intraclonal competition for antigen. At very high antigen concentration antibody affinity 

maturation becomes impossible because B cells either die or are tolerized (Pulendran et a/., 

1995a; Pulendran et a/., 19956). Our model agrees that at high antigen abundance affinity 

discrimination becomes impossible if antigen is encountered in soluble form, as is the case 

in these experiments. However, under such condition it will probably be the unspecific 

fluid phase antigen uptake (Batista & Neuberger, 1998) which renders the process entirely 

affinity-independent. Contrary to the suggestion of earlier models antigen consumption 

(Sidman & Unanue, 1975) or masking by emerging antibodies (Tarlinton &; Smith, 2000;
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Iber & Maini, 2002) cannot provide the experimentally observed robustness (Vora et al, 

1997; Hannum et al., 2000) to variations in antigen concentration.

B cells must not only be selected for their ability to produce high-affinity antibodies, 

there also must be a mechanism that guards against emerging auto-reactivity. This challenge 

is met by the second key feature of the selection strategy, that B cell selection depends not 

only on the acquisition of antigen but also on T cell help. The requirement for T cell help 

therefore also assures that those B cells that alter their binding specificity in a way that 

they recognize and acquire self-antigen will not be selected.

14.3 The role of soluble versus membrane antigen

The possible roles of soluble or membrane antigen for B cell antibody affinity maturation 

are currently controversial (Haberman &; Shlomchik, 2003). On the one hand, displaying 

antigen on a large surface considerably reduces the affinity threshold (without lowering 

the ceiling), which is likely to be important especially at the onset of an immune response 

(Batista & Neuberger, 2000). On the other hand, affinity maturation has also been observed 

when membrane deposition of antigen was not detectable (Matsumoto et al., 1996; Hannum 

et al., 2000), and even when the formation of immune complexes, which reduce the threshold 

for B cell activation, was also not possible (Hannum et al, 2000). However, this is only true 

for large (but not low) doses of injected antigen suggesting that membrane presentation of 

antigen on FDCs is important for an early and efficient onset of the immune response.

14.4 Experiments to be done

Although the ideas that B cells are activated by antigen-dependent receptor-inhibitor seg­ 

regation and that high affinity B cells are selected in a competition for T cell help are 

attractive they suffer one important shortcoming - lack of experimental evidence. More 

experiments that test the segregation concept and which investigate the role of clonal com­ 

petition for either antigen or T cell help are needed. It will be of particular importance
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to test whether an increased number of T cells in a GC relaxes selection and consequently 

blunts affinity maturation as suggested by the hypothesis of a clonal competition for T cell 

help. Moreover, the duration of low affinity CC-FDC interactions needs to be measured in 

order to find out about a potential refractory time. Combined with details on the affinity 

and antigen density (concentration) dependent interaction of B cells with either antigen 

presenting cells or T cells as well as further work on B cell signaling initiation, this may 

help to eventually resolve how high affinity B cells are preferentially selected.



Chapter 15

Conclusion

The recent data explosion in the biological sciences has given birth to a new field called 

'Systems Biology', which is concerned with the integration of the available molecular infor­ 

mation into a coherent framework in order to reveal the principles and details of biological 

information processing. With the creation of this new field both new technical opportu­ 

nities and mathematical challenges have emerged. The formulation of quantitative models 

offers the exciting opportunity to inform experiments with quantitative predictions and to 

understand nonlinear cellular behaviours which are difficult to grasp by experiments and 

verbal reasoning alone. On the other hand quantitative predictions are only possible if 

the model contains a sufficient level of detail. As a consequence mathematical models in 

systems biology tend to include a large number of variables, reactions and parameters, even 

if they only describe the smallest biological module amenable to a quantitative analysis, as 

illustrated by the sporulation model in Part I of this thesis which requires about 50 variables 

to describe the dynamics of 4 proteins. While the parameters can be defined by experi­ 

ments (or can be expected to be so soon for most problems), a general criticism of such an 

approach remains that a model that is as complicated as the underlying process can not be 

expected to yield new insights or deeper understanding. However, as also illustrated by the 

sporulation project, with a realistic model at hand simulations can reveal interdependencies 

and causalities that would have been difficult if not impossible to define in experiments. 

A simple model that includes only the interactions that are of major importance will, in
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general, not be sufficiently accurate to predict small effects (as that of the accumulation of 

HE on the asymmetrically placed septum - Part I) and may also not be reliable when inves­ 

tigating the effects of mutants because neglected parts of the model may suddenly become 

important under such conditions. The thorough analysis of simple models can, however, 

have explanatory power as demonstrated in the case of the sporulation model. To do so it 

is important that the simple model is realistic and that its range of validity is known. This 

will rarely be the case unless it is based on a detailed, validated model. Simple models also 

provide a good starting point to understand the general behaviour of a system, especially 

if it exhibits complex spatial-temporal dynamics. However, very often the main benefit of 

such models is that they force one "to think clearly" (May, 2004) rather than that they 

reveal features that could not have been revealed without the help of mathematics.

The routine generation of large models, possibly also by experiments themselves, poses 

several challenges, one of which is the understanding of the underlying principles that 

determine the architecture of signaling pathways. Very often this requires insights into the 

mechanistic basis of robustness and sensitivity which can in general only be obtained by 

an exploration of the parameter space. Such exploration is daunting if not computationally 

impossible with the large parameter spaces employed in recent models. Current studies 

therefore restrict the exploration of the parameter space to 1-parameter perturbations which 

is, generally speaking, unsatisfactory.

A compromise between large, detailed and small, mathematically tractable models may 

be the reduction of the large model to smaller submodels whenever a specific question allows 

the neglect of certain parts of the model. The question could then be studied in detail in the 

smaller subsystem and predictions could subsequently be tested in the larger model before 

subjected to an experimental analysis. However, unlike in the case of modules, the definition 

of these submodels will no longer be guided by biological insight but rather mathematical 

studies will need to define these submodels, for instance based on different time scales which 

themselves may depend on the population of certain states of the system. The development
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of new techniques to define such subsystems routinely may be of great help. However, even 

such subsystems are unlikely to reduce to two or three equations and it will therefore be 

important to improve mathematical techniques to enable an efficient stability analysis in 

more than two or three dimensions.

While the methods that are employed in systems biology appear to be no different from 

(if not simpler than) those routinely used in mathematical biology, this field represents 

an entirely new paradigm in theoretical biology. While the predictive power has led to 

a dramatic increase in the acceptance of quantitative methods in molecular biology the 

difficulties in comprehensively analysing the models with mathematical methods has made 

the field less popular with mathematicians. This thesis illustrates the interdisciplinary 

nature of the challenge in that methods from mathematics (differential equations, linear 

stability analysis, probability), numerical analysis (numerical solution of sets of differential 

equations, agent-based simulations), and physics (statistical mechanics) are used to explore 

a wide range of questions on many different aspects of the development and evolution of 

multicellular organisms. Last but not least, a good knowledge of experimental techniques 

is important since experiments need to be carried out during the process of model building 

in order to improve and validate the model during its construction.

By use of these techniques in this thesis, several long-standing questions have been 

resolved and novel models have been proposed that now await testing by experiments. 

The thesis is split into three parts which address different aspects of the development and 

evolution of multicellular organisms, their development and evolution from a single cell, the 

basis of cohesion and migration, and the division of labour between billions of specialized 

cells by example of the humoral immune response.

The first part of the thesis has provided us with an understanding of how asymmet­ 

ric cell division can be translated into two different routes of cell differentiation, a basic 

requirement when generating a multicellular organism from a single cell. It is impressive 

that small volume differences as found in the bacterium can be sufficient to reliably trig-
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ger compartment-specific gene expression, and it will be interesting to learn about the 

mechanism by which asymmetric cell division translates into differential gene expression in 

eukaryotic single-celled organisms, the origin of all multicellular organisms. Self-renewing 

stem cells also employ asymmetric cell division but here extrinsic cues such as hormones 

and local interactions between stem cells and their neighboring cells play an important role. 

How the first step, the asymmetric division of the cell, is directed is so far unknown. Whilst 

intuitively it may appear simpler to divide asymmetrically than to divide symmetrically, 

it is not sufficient for cell division planes to be positioned randomly, and while a simple 

oscillating mechanism can determine the cell middle (Howard et a/., 2001; Meinhardt & 

de Boer, 2001; Kruse, 2002; Huang et a/., 2003; Howard & Kruse, 2005) it is currently un­ 

clear which simple mechanism could mark the poles (Howard, 2004). The mechanisms that 

enable asymmetric cell division in prokaryotes and eukaryotes are necessarily very different, 

and more experimental information will be required before real progress can be made on 

the latter.

Whilst in each generation multicellular organisms develop from a single cell, this pro­ 

cess becomes simpler once the first multicellular organism has evolved because the mother 

organism can provide cues that direct cell differentiation in the offspring. Understanding 

the cues that direct the development of complex organisms such as flies, worms and hu­ 

mans is a difficult task. Even simple patterns that are created by morphogen gradients are 

only understood in a rudimentary fashion but the combination of mathematical modeling 

with experiments shows great promise in this area (Lander et a/., 2002; Kruse et al, 2004; 

Mizutani et al, 2005). Because of the combination of spatial and temporal effects it will be 

of particular importance to subject realistic detailed models to a thorough mathematical 

analysis in order to understand the underlying mechanism of an observed and modelled 

biological behaviour as is illustrated in Chapter 6.

An important difference between loose colonies and multicellular organisms is the co­ 

hesion of cells. This shapes the organism into a well-defined form and thereby enables
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cell specialization and a division of labour. While many components that are involved in 

adhesion and migration have been determined in experiments our understanding of the 

molecular properties of the involved proteins (such as integrins and their binding partners) 

as well as of the signaling processes that integrate cues from many sources is very limited. 

Mathematical modelling can guide experiments by ruling out hypotheses and by stating 

constraints based on the quantitative information that is available, as described in Chapter 

8. Eventually, continual updating of models with new experimental information can be 

expected to lead to a quantitative understanding of this complex process. Such quantita­ 

tive models can be expected to be of great help in medical applications as deregulated cell 

adhesion and migration is at the heart of many diseases and responses to them, including 

tissue repair, angiogenesis, inflammation and hemostasis (Horwitz & Webb, 2003).

Any process in a multicellular organism is the result of cellular cooperation and division 

of labour. The adaptive immune response that is discussed in Chapters 10-14 provides a 

particularly good example as it is an almost self-contained system which illustrates both the 

evolution of function in a living organism as well as the degree of division of labour up to the 

death of "useless" cells by apoptosis. As illustrated, quantitative tools can be of great use 

in investigating processes that are too complex to be dissected in experiments. However, 

without experimental validation such models lack predictive power and therefore provide 

only limited insights. The simulations described in Chapters 11-12 suggest a number of 

feasible experiments. It is now important that these experiments are carried out and that
i i

the experimental results are fed back into the simulation. Only then will the simulation 

become a truly useful tool in informing experimentalists which experiments to do to obtain 

informative results despite the limitation that in experiments the entire system can never 

be dissected and controlled at once.

The thesis illustrates how different techniques have to be used dependent on the scale 

of the problem and the quantitative details known. It also illustrates how quickly models 

become rather philosophical when quantitative data is not known. Whilst providing inter-
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esting conceptual insights, all models on the immunological project will require much more 

quantitative information before they can provide a comprehensive mechanistic picture of 

the processes involved. Because of the many different aspects studied the thesis also illus­ 

trates how very different biological processes (integrin and B cell activation for example) 

can be described by very similar mathematical tools. As a result of this it can be hoped 

that quantitative studies will also lead to an exchange of ideas and concepts between such 

otherwise disparate biological disciplines.

Systems Biology is a very young discipline with enormous potential. An integrative 

understanding of biology will not be possible without quantitative methods - but quanti­ 

tative methods will also be of no use unless they are used by people who understand both 

the quantitative aspects and the biology. Intense collaborations between scientists from all 

branches in the natural sciences will be important. Biologists will need to be trained so that 

they appreciate the potential and limitations of quantitative methods and are prepared to 

also publish their raw data, hopefully in a (still-to-be-created) database. Similarly, math­ 

ematicians, physicists, computer scientists, and engineers will need to be prepared for the 

meaningful analysis of large models. Currently we would still fail to understand even if 

given a CD rom that contained a complete quantitative description of all the processes that 

make up a human.
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Appendix A

Glossary

Adaptive immune response is the response of antigen-specific lymphocytes to antigen, 
including the development of immunological memory. Adaptive immune responses are 
generated by clonal selection of lymphocytes. Adaptive immune responses are distinct 
from innate and non-adaptive phases of immunity, which are not mediated by clonal 
selection of antigen-specific lymphocytes. Adaptive immune responses are also known 
as acquired immune responses

Affinity is the strength of binding of one molecule to another at a single site, such as the 
binding of a monovalent Fab fragment of antibody to a monovalent antigen.

Affinity maturation refers to the increase in affinity of the antibodies produced during 
the course of a humoral immune response. It is particularly prominent in secondary 
and subsequent immunizations.

Allosteric regulation, regulation of a protein's activity by binding of a ligand to a place 
distant from the active site.

Anergy Anergic B cells are characterized by a lower responsiveness towards an immuno- 
genic antigen challenge and arise when B cells are exposed to a relatively weak, co- 
stimulatory-deficient antigenic stimulus for sufficiently long time.

anterior, near the front of an animal

Antibody (Ab) is a protein which binds specifically to a particular substance - the antigen. 
Each antibody molecule has a unique structure, that enables it to bind specifically 
to its corresponding antigen, but all antibodies have the same overall structure and 
are known collectively as immunoglobulins. Antibodies are produced by plasma cells 
in response to infection or immunization, and bind to and neutralize pathogens or 
prepare them for uptake and destruction by phygocytes.

Antigen (Ag) is any molecule that can bind specifically to an antibody.

antigen receptors, T and B lymphocytes collectively bear on their surface highly diverse 
antigen receptors capable of recognizing a wide diversity of antigens. Each individual 
lymphocyte bears receptors of a single antigen specificity.

Antigen presentation describes the display of antigen as peptide fragments bound to 
MHC molecules on the surface of a cell; all T cells recognize antigen only when it is 
presented in this way.

Antigen presenting cells are highly specialized cells that can process antigens and 
display peptide fragments on the cell surface together with molecules required for
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lymphocyte activation. The main antigen-presenting cells for T cells are dendritic 
cells, macrophages, and B cells, whereas the main antigen-presenting cells for B cells 
are follicular dendritic cells.

Apoptosis, or programmed cell death, is a form of cell death in which the cell activates 
an internal death program.

B cells or B lymphocytes, are one of the two major types of lymphocyte. The antigen 
receptor on B lymphocytes, sometimes called the B-cell receptor, is a cell-surface 
immunoglobulin. On activation by antigen, B cells differentiate into cells producing 
antibody molecules of the same antigen-specificity as this receptor.

cellular selection A cell is said to be selected by antigen when its receptors bind that 
antigen. If the cell starts to proliferate as a result, this is called clonal selection, and 
the cell founds a clone; if the cell is killed as a result of binding antigen, this is called 
negative selection or clonal deletion.

Centroblasts (CB) are large, rapidly dividing cells found in germinal centres, and are the 
cells in which somatic hypermutation is believed to occur. Antibody-secreting and 
memory B cells derive from these cells.

Centrocytes (CC) are small, non-proliferating B cells in germinal centres that derive 
from centroblasts. They may mature into antibody-secreting plasma cells or memory 
B cells, or may undergo apoptosis, depending on their receptor's interaction with 
antigen.

cooperative binding, binding of ligand to a multimeric protein with several binding 
sites makes the binding of the next ligand easier (positive cooperativity) or harder 
(negative cooperativity).

dorsal, near the rear surface of an animal

Effector cells are lymphocytes that can mediate the removal of pathogens from the body 
without the need for further differentiation , as distinct from naive lymphocytes, 
which must proliferate and differentiate before they can mediate effector functions, 
and memory cells, which must differentiate and often proliferate before they become 
effector cells.

Follicular dendritic cells (FDC) are found in lymphoid follicles and are cells of uncertain 
origin with long branching processes that make intimate contact with many different 
B cells. They have Fc receptors that are not internalized by receptor-mediated en- 
docytosis and thus hold antigen:antibody complexes on the surface for long periods. 
These cells are crucial in selecting antigen-binding B cells during antibody responses.

Fluorescence resonance energy transfer FRET describes an energy transfer mecha­ 
nism between two fluorescent molecules. A fluorescent donor is excited at its specific 
fluorescence excitation wavelength. By a long-range dipole-dipole coupling mecha­ 
nism, this excited state is then nonradiatively transferred to a second molecule, the ac­ 
ceptor. The donor returns to the electronic ground state (http://en.wikipedia.org/wiki/FRET).

Germinal centres (GC) in secondary lymphoid tissues are sites of intense B-cell prolifer­ 
ation, selection, maturation, and death during antibody responses. Germinal centres 
form around follicular dendritic cell networks when activated B cells migrate into 
lymphoid follicles.

Haptens are molecules which can bind antibody but cannot by themselves elicit an im­ 
mune response. Haptens must be chemically linked to protein carriers to elicit anti­ 
body and T-cell responses.
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Immune response, the response by a host to an immunogenic challenge. Different types 
of responses are referred to as innate immune response or as adaptive/acquired 
immune response.

Immunological tolerance, failure of an immunocompetent host to respond to an im­ 
munogenic challenge with a specific antigen.

Major histocompatibility complex (MHC), a large, polymorphic genomic region or 
gene family found in most vertebrates. Major histocompatibility complex molecules 
bind antigen fragments and present them to T cells to induce an adaptive immune 
response (see antigen presentation).

Plasmablast, a B cell in a lymph node that already shows some features of a plasma cell.

Plasma cells are terminally differentiated B lymphocytes and are the main antibody- 
secreting cells of the body. They are found in the medulla of the lymph nodes, in 
splenic red pulp, and in bone marrow.

posterior, near the rear of an animal

Primary focus During T-dependent antibody responses, a primary focus (plural, pri­ 
mary foci) of B-cell activation forms in the vicinity of the margin between T and B 
cell areas of lymphoid tissue. Here, the T and B cells interact and B cells can directly 
into antibody-forming cells or migrate to lymphoid follicles for further proliferation 
and differentiation.

Primary follicles Lymphoid tissues contain lymphoid follicles made up of follicular den­ 
dritic cells and B lymphocytes. The primary follicles contain resting B lymphocytes 
and are the site at which germinal centres form when they are entered by activated 
B cells, forming secondary follicles.

Primary immune response, the adaptive immune response to an initial exposure to 
antigen.

Primary immunization, also known as priming, generates both the primary immune 
response and immunological memory.

a factor In prokaryotes so-called a factors bind to the RNA polymerase and mediate 
the contact with the promoter. After about 9-12 nucleotides of RNA have been 
synthesized, a conformational change results in the dissociation of the a factor and 
leads to a highly processive elongation complex (see page 2).

Surface plasmon resonance SPR is a phenomenon which occurs when light is reflected 
off thin metal films. A fraction of the light energy incident at a sharply defined angle 
can interact with the delocalised electrons in the metal film (plasmon) thus reducing 
the reflected light intensity. The precise angle of incidence at which this occurs is 
determined by a number of factors, but in the commercial BIACORE devices the 
principal determinant becomes the refractive index close to the backside of the metal 
film, to which target molecules are immobilised and addressed by ligands in a mobile 
phase running along a flow cell. If binding occurs to the immobilised target the local 
refractive index changes, leading to a change in SPR angle, which can be monitored 
in real-time by detecting changes in the intensity of the reflected light, producing a 
sensorgram. The rates of change of the SPR signal can be analysed to yield apparent 
rate constants for the association and dissociation phases of the reaction. The ratio of 
these values gives the apparent equilibrium constant (affinity). The size of the change 
in SPR signal is directly proportional to the mass being immobilised and can thus be 
interpreted crudely in terms of the stoichiometry of the interaction. Signals are easily
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obtained from sub-microgram quantities of material. Since the SPR signal depends 
only on binding to the immobilised template, it is also possible to study binding events 
from molecules in extracts; i.e. it is not necessary to have highly purified components. 
(http://www.astbury.leeds.ac.uk/facil/SPR/spr_intro2004.htm)

T cells, or T lymphocytes, are a subset of lymphocytes defined by their development in 
the thymus and by heterodimeric receptors associated with the proteins of the CD3 
complex.

Ultrasensitivity, a term which was coined by Goldbeter and Koshland to refer to "an 
output response that is more sensitive to change in stimulus than the hyperbolic 
(Michaelis-Menten) equation" (Goldbeter & Koshland, 1981).

ventral, near the forward surface of an animal

The definitions of immunological terms in this Glossary follow by and large those given 
in (Janeway &; Travers, 1997) and the majority have been submitted before as part of 
the glossary of my thesis for the MRes/MSc in Applied and Computational Mathematics 
(University of Oxford, 2001). The definition of FRET is a direct quote from Wikipedia 
(http://en.wikipedia.org/wiki/FRET), and the definition of SPR is a direct quote from the 
webpage of the Astbury Centre for Structural Molecular Biology in Leeds 
(http://www.astbury.leeds.ac.uk/facil/SPR/sprJntro2004.htm).



Appendix B

Details on calculations

B.I AA-AB binding in a non-cooperative binding mecha­ 
nism

The non-cooperative binding mechanism considers only one AB conformation that is only 
one site of the reaction scheme (either balls or squares) in Figure 3.1 A. A plot of the 
fraction of free AB sites m-r versus the total AA concentration OT can best be obtained
by determining the total A A concentration that results in 6 = n[AB] + [AB • A A] free AB 
sites if the total AB concentration is [Bo\ = [AB] + [AB • AA] + [AB • AA2 ] and there are 
n = 2 binding sites for A A; [x] denotes the concentration of x. In equilibrium the total A A 
concentration OT = [A A] + [AB • A A] + 1[AB • AA2 ] can be expressed in terms of b and the
binding constants for the binding of the first (K\ = \AB]\AA} ) anc^ second 
AA as

aT = [AA] + [AB • AA} + [AB • AA2 ]
= [A A] + K! [AB] [A A] + K2 [AB • A A] [AA]
= [AA}(\ + Ki[AB\(\

The concentration of free AA can be expressed dependent on the parameters
[BQ] and on the variable b by translating the scheme in Figure 3.1 A into a set of ODEs,
substituting and solving for the equilibrium concentration. We obtain

K2 ( b ~ -j ' V \K2 \ b ')) ' K,K2

B.2 The Scat chard plot
If AB has n independent binding sites for AA then the binding can be described by the 
reaction scheme A A + AB «=* AB • AA; Ks = fcffi^fj where [AA],[AB], and [AB • A A] 
are the concentrations of unbound A A, AB monomers, and of the complex between AB 
monomers and AA (AB-AA) respectively. If [BQ] is the total concentration of AB we can 
write n[B0] = [AB] + [AB • AA] such that [AB • AA] = n[B0][AA]/([AA] -f K3 ), which can 
be rewritten as [AB • AA] = n[Bo[ — K9 \ r,.i ^ or

241
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,. = [*"4 (B3) 
[Bo] '

From (B.3) we see that a plot of r^y against v will result in a straight line where Ks is 
the slope of the graph and -%- is the intersection with the vertical axis at v = 0 (Fig. 3.1C, 
dotted line).

If the binding sites of AA on AB are not independent as assumed above but interact 
then the Scatchard plot no longer forms a straight line. In the case of positive cooperativity, 
binding to the first binding site is more difficult and accordingly at low AA concentrations 
v is sublinear small, thus resulting in a bell-shaped curve (Fig. 3.1C, solid line) as also 
predicted by a model based on the interactions depicted in Figure 3.1 A. Both graphs in 
Figure 3.1C were obtained with off-rates 3.7-fold higher than for wildtype AA (Table B.I) 
which is in agreement with the lower affinity of AA-A58S for AB described in previous work 
(Magnin et a/., 1997).

B.3 Comments on how to estimate the septation-dependent 
HE activity change

Given that HE accumulates on the septum (together with any AA-P that is bound to it) 
the number of IIE-AA-P complexes present per unit volume increases in the prespore and 
decreases in the mother cell. A lower limit for the septation-dependent increase in HE 
activity in the prespore can be determined by assuming a) that all the HE locates, together 
with its substrate, on to the septum in such a way that its activity is displayed equally on 
both faces, and b) that the, cell is cuboid. Insertion of a septum at a fraction x along the 
length of the cuboid will give rise to two compartments, with the smaller having an xth of 
the total volume. If half of all IIE-AA-P is present in the smaller volume then there is an 
effective |-fold increase in IIE-AA-P per unit volume of the smaller compartment. Septa 
form at one-fifth or less of the length of the cell (Illing &; Errington, 1991) and the minimal 
increase in HE activity is therefore 2.5.

While not all HE may locate to the septum, each of the other assumptions mentioned 
above underestimates the probable increase in HE activity: the total quantity of HE is 
slightly greater on the prespore face than on the mother-cell face of the septum (Wu et al., 
1998a; King et a/., 1999); and the prespore is not a cuboid but has rounded ends (Ryter, 
1965). Thus, although a 2.5-fold increase in HE activity is sufficient to ensure the formation 
of enough crF -RNApol to permit transcription in the prespore (Fig. 3.12C), the 4-fold 
increase that we have assumed throughout this paper is a more realistic representation of 
the physiological situation.

B.4 A simplified and dimensionless version of the Mizutani 
model

Below a simplified and dimensionless version of the Mizutani model (equations 6.1-6.6) is 
derived. We adopt a single-letter code for the dependent variables to simplify the notation, 
and we use r for the ligand-receptor complex, s for Sog (5), g for Tsg (T), u for the ligand, 
v for the Sog-Tsg complex (ST), and w for the ligand-Sog-Tsg complex (LST). Moreover, 
we neglect unbinding of the Sog-Tsg and ligand-Sog-Tsg complexes because the off-rates 
are much smaller than the other loss rates. By writing k = kon , n = non , j = jon , and
6 — kdeg as well as D = DL = D$ = DT — DST — DLST and 77 = VL = -£• and £ = V§ we 
obtain from (6.1-6.6)
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r = ku(Ro — r) — 6r
s = —nsg + C + -DAs
<7 = — nsg + TW + 477
u = —juv + TW + 77 — ku(Ro — r) 4-
v = nsg — juv + DAv

it; = juv — TW + DAu>. (B.4)

We can make equations (B.4) dimensionless by writing

r =

t =

r
^'

<o<,

x
L'

s =

r =

D-

s
IV
rt0

Dt"
L2 '

« ^P = —

1€ = - ———
jRoU

nt— '

He

'

T'

0
|€

u v w 
u=—, v = —, w = — JRo
k = kRatn, n =

RO^ e 

Applying (B.5) in equations (B.4) gives the dimensionless version of the model as

f = ku(l-f}-c6f (B.6)
_!___ , IT , ~ A _ ,„ „,s = —e 2 nsg + e 3 £ + I/As (^-'j

i __!_ ___ __ _ fS A - /!-> 0\^ =: —e 2 nsg-i~ TW-}-4cTi-\-D&g (B.8) 
^ _ 1__ ___-__-

i; = e~insg — -uv + DAv (B.10) 

•u) = -Hi; — f u) + DAiD. (B.ll)

We have k = kon = 0.4 /zM^s" 1 , j = J0n ~ 102 /zM~ 1 s~ 1 , n = non = 4 /zAf~ 1 s~ 1 , 
5 = 5 x IQ-4 *- 1 , .Ro = 3/zM, 77 = VL (z), C = Vs (x) such that

ry = 10~3 /zMs~ 1 , C = 0 for x e £>
C = 0.08 //Ms" 1 , r? = 0 for x 6 V. (B.12)

By setting <o = ~ 3.2s, L = \fDtQ ~ 13/zm (which corresponds to the approximate
width of a cell) all parameters apart from e are of order 1. e = . • = — — — W—^ ~ 0.001
(Table B.I). For convenience we will drop the bars in the following.

Using regular perturbation methods and a scaling argument it can be shown that u = 
O(e) while t < tc . Thus since the initial conditions are u(0) = v(Q) = w(Q) = r(0) = 0, we 
rescale (B.6- B.ll) with u = € Qu,v = e"v,w = e&w, r = epf, g = t^g, s = eff s, t = t0i to 
obtain

eP-0f = ke°u(l - epf) - €p+l 6f

(B.15)
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Table B.I: Kinetic rate constants and protein concentrations employed in the 
simplified dimensionless form of the Mizutani model.

parameter
k
n
6

5
f
C•n
D

functional significance
ligarid-receptor on-rate

Sog-Tsg on-rate
ligand-Sog/Tsg on-rate

degradation rate of ligand-receptor complexes
degradation rate of Sog in LST complexes

expression rate of Sog
expression rate of ligand

diffusion constant

rounded value
3.8
3.9

0.001
1.4
1.7

0.82
1

1.6

.16) 

.17)
'w = -l -

Since formation of v requires expression of s and g the total amount of v is bounded 
and, if we ignore diffusion for a start v < et, that is, v > 1 + 0; similarly, (3 > 1 + 0. By 
rewriting equation B.16 as

u =
°- eu(l - r)

we see that the loss term is always greater than the gain term if a < 1. Therefore u = O(e] 
until diffusion leads to the transport of ligand into the midline.

B.5 Derivation of the antigen concentration and affinity de­ 
pendency of B cell activation by soluble monomeric anti­ 
gen - by Reinhard Lipowsky

In the following, we estimate the affinity and concentration dependence of antigen binding 
to B-cell receptors and compare the predictions of the model to experimental data. In order 
to do so, we first calculate the probabilities that a randomly chosen receptor is occupied by 
one or two bound antigens. Thus, let us consider NR B-cell receptors which interact with 
a solution of antigens with concentration c. Each receptor has two binding sites for antigen 
and can attain three different states corresponding to no, one, and two bound antigens; these 
states will be denoted by |0), |1), and |2), respectively. This representation automatically 
ensures that each binding site of the receptors can only be occupied by at most one antigen. 

At any moment in time, the ensemble of NR B-cell receptors can be divided up into 
NRQ, NRI, and Nft2 receptors without any bound antigen, with one bound antigen, and 
with two bound antigens, respectively. The probability to find a randomly chosen receptor 
in state \i) is then given by PI = NRI/NR. These probabilities satisfy the normalization 
condition

Po + PI + P2 = 1. (B.19)
The probabilities Pi change with time t because of adsorption and desorption processes. 

The simultaneous adsorption or desorption of two antigens are highly unlikely events which 
can be ignored. The probability PQ is then decreased by adsorption of one antigen to a 
receptor in state |0) and increased by desorption of one antigen from a receptor in state |1). 
The corresponding evolution (or Markov or Master) equation for PQ has the general form

dPQ „—— = FIU;IO - PO^OI (B.20)
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with transition rates WIQ and WQI • In general, the transition rate uty- counts the number of 
transitions from state \i} to state |j) per unit time. In the present case, one has

where fcOn and kQg are the adsorption and desorption rates for a single antigen binding 
site. The factor 2 in the second equation arises because, in state |0), the receptor has two 
unoccupied binding sites.

Likewise, the probabilities PI and PI to find a randomly chosen receptor in state |1) 
and 1 2) are governed by the evolution equations

Q r>
1 (B.22)

(B.23)

at
and

i'at
The additional transition rates uo\2 and ^21 are given by

u;12 = fconc and uj^i = 2fcnflp. (B.24)
\JiL

The factor 2 in the latter equation again arises because the receptor has two occupied 
binding sites in state |2).

Note that the three evolution equations Eq. B.20, Eq. B.22, and Eq. B.23 are not lin­ 
early independent but satisfy dPi/dt = —dPo/dt — dP2/dt which reflects the normalization 
condition PI + P2 + PS = 1 as given by Eq. B.19.

The equilibrium state of the system corresponds to a steady state with dPi/dt = 0.
This steady state is characterized by time-independent probabilities Pi which satisfy the 
detailed balance relations P^Uij = P ujji, see, e.g., (Lipowsky & Klumpp, 2005). It
then follows from Eq. B.20 that Pfq = (woiMo)-Po q and from Eq. B.23 that P2eq =

eo (<jo\2/^2\)P\ • Combining these two relations with the normalization condition Eq. B.19,
one obtains the equilibrium probabilities

P0eq = l/(l + Ka c) 2 , (B.25)
Pfq = 2Ka c/(l + Ka c) 2 , (B.26)
P2eq = (tf0 c) 2 /(l + tfac)2 (B.27)

which depend only only on the antigen concentration c and the equilibrium association 
constant Ka = fcOn/^off-

It is instructive to consider a few special cases of the general solution as given by 
Eq. B.25, Eq. B.26, and Eq. B.27. In the limit of small antigen concentration c, the 
probabilites Pfq and P2eq vanish as Pfq ss Ka c and P2eq w (Ka c) 2 . In the limit of large 
c, the probabilities P<fq and PI vanish as P^q « l/(Ka c} 2 and Pfq w 2/(Ka c). Finally, 
if we consider the occupation probability Poc for a single binding site, which is given by 
POC = \ PI + P2, and we take c to be constant, we obtain the equilibrium value

a c. (B.28) 

The latter relation is equivalent to the classical formula for Langmuir-type adsorption.
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B.6 The relation of 2- and 3-dimensional affinity constants
The binding energies U used in the mathematical models can be translated into 3-dimensional 
affinity constants as Kj? = ^exp-^, where pR - SOO^m"2 is the approximate BCR
density on the cell membrane and 77 = 1.2 x 107 /Lim~2 M~ 1 the conversion factor between the 
2-dimensional and the 3-dimensional dissociation constant (K$ = rjKffl. The conversion 
factor 77 is still a matter of debate (Moy et al, 1999), since theoretical estimates are not in 
complete agreement with the latest experimental results. According to theoretical estimates 
for a protein complex that spans about 20 nm (extracellularly), rj = 1.2 x 1019m~ M~ 
(Bell, 1978). Experiments using beads suggest rj = 8 x 1024m~2 M~ 1 but this result is con­ 
sidered unlikely to reflect the cellular situation (Moy et al., 1999). An intermediate value 
of 77 = 1022m~2M~ 1 has been obtained by Kuo and Lauffenburger (Kuo & Lauffenburger, 
1993). The discrepancy between the experimental values can be accounted for by general 
experimental difficulties as well as by differences between the studied systems such as the 
different degrees by which access to ligand may be restricted. Because of the large size of 
the BCR and the flexibility of the cell membrane we use the theoretical estimate in this 
paper.
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The mechanism of cell differentiation in 
Bacillus subtilis
Dagmar Iber 1 , Joanna Clarkson2, Michael D. Yudkin2 & lain D. Campbell 3

Sporulation in Bacillus subtilis serves as a model for the develop­ 
ment of two different cell types from a single cell1 . Although much 
information has been accumulated about the mechanisms that 
initiate the developmental programmes2, important questions 
remain that can be answered only by quantitative analysis. Here 
we develop, with the help of existing and new experimental 
results, a mathematical model that reproduces published in vitro 
experiments and explains how the activation of the key transcrip­ 
tion factor is regulated. The model identifies the difference in 
volume between the two cell types as the primary trigger for 
determining cell fate. It shows that this effect depends on the 
allosteric behaviour of a key protein kinase and on a low rate of 
dephosphorylation by the corresponding phosphatase; both 
predicted effects are confirmed experimentally.

A key question in developmental biology is how two sister cells 
with identical genomes follow different patterns of gene expression. 
The sporulation of Bacillus subtilis is an exceptionally favourable 
system for studying this question. Early in sporulation the cell divides 
asymmetrically into two compartments, a smaller prespore and a 
larger mother cell (Fig. la). These remain attached but initiate 
different programmes of transcription, using compartment-specific 
transcription factors (a factors) 1 . The first of these, aF, is crucial, 
because its correct activation is essential for regulating the other 
sigma factors of sporulation. O F is inactive in the predivisional cell 
and the mother cell, but is activated in the prespore. Its regulation 
depends on three other proteins, SpoIIAB (AB), SpoIIAA (AA) and

a F-AB Nutrient 
deprivation

Spore 
formation

Figure 11 Regulation of O F release during sporulation. a, Nutrient 
deprivation triggers asymmetric septation; the smaller, prespore 
compartment develops into a spore, b, Simplified regulatory network that 
controls aF activity in the prespore; for details see the text. RNApol, RNA 
polymerase.

SpoIIE (HE). AB is bifunctional: it can form a complex with, and thus 
inactivate, O F, and it can act as a specific protein kinase that 
phosphorylates AA to AA-P (Supplementary Fig. SI). AA-P is 
hydrolysed to AA by HE, a serine phosphatase. AA interacts with 
the oF-AB-ATP complex, releasing aF, which then binds to the core 
RNA polymerase to form the active a F holoenzyme2 . The key 
reactions are summarized in Fig. Ib.

As O F holoenzyme appears in the prespore and not in the mother 
cell, the attack of AA on the oF-AB-ATP complex must be compart­ 
ment-specific. Although this specificity is crucial to the success of 
sporulation, its mechanism is not clear. One suggestion is that, 
because the volume of the mother cell is at least fourfold that of 
the prespore, HE, which is displayed only on the asymmetric septum, 
will have higher phosphatase activity in the smaller compartment, 
leading to a greater concentration of AA in the prespore than in the 
mother cell3 . However, without a mathematical analysis it is unclear 
whether such a small difference could account for compartment- 
specific OF activation, and several other mechanisms have been 
proposed 1 . Another quantitative difficulty involves the binding of 
O F to the core RNA polymerase. In the predivisional cell nearly all the 
RNA polymerase is in the form of OA holoenzyme; the formation of 
OF holoenzyme therefore requires OF to compete with aA. But the 
affinity of core RNA polymerase for aA is 25-fold that for aF, and the 
maximum concentration of a F is only about double that of OA (ref. 4), 
so how can O F holoenzyme be formed?

We have now constructed a mathematical model that provides the 
answer to these two questions and many others. The model was first 
developed and refined by fitting to numerous in vitro experiments 
(Supplementary Information) before being applied to the situation 
expected in the living cell. A first success of this rigorous analysis was 
the insight that AB is an allosteric protein. Positive cooperativity in 
AB-AA binding, predicted by the model, could be shown experi­ 
mentally by a Scatchard plot (Fig. 2), obtained by measuring the 
binding of a non-phosphorylatable derivative of AA (AA-S58A) 5 to

12

^T B -£' °

|s 4

0.5 1.0 1.5 2.0

Figure 2 | SpoIIAB is an allosteric protein. Experimental (circles) and 
predicted Scatchard plot if AB is an allosteric (solid line) or non-allosteric 
(dotted line) protein; v is the fraction of AB that has bound AA.
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Figure 3 | Verification of the model with in vitro data, a, Measured (grey 
recorder output) and predicted (smooth lines) fraction F of aF in aF-AB 
complexes when 1.3 jxM aF and 1 \t.M AB were mixed in the presence of 
100 |xM ATP (continuous line) or ADP (dashed line), b, Measured (recorder 
output) and predicted (smooth lines) aF release from AB-ATP on addition 
of AA. Black lines show the predictions for the indicated concentrations of 
AA. The measured values are for 0.4 (xM (red), 0.7 (xM (yellow), 1 (xM (blue), 
1.5 (xM (cyan), 2 (xM (green) and 3 H.M (black), each carried out in duplicate. 
e, Measured (symbols) and predicted (lines) phosphorylation of AA by AB 
when AB is directly incubated with 40 \iM AA and 100 jxM ATP (open 
circles) or preincubated for 5 min with either 5 (xM ADP (filled circles) or 
5 (xM ADP and 40 (xM AA (open squares). The kinetics of phosphorylation of 
AA by AB was followed by measuring the uptake of radioactivity from 
[-Y-32P]ATP into the protein over time, as described previously9. The 
experimental results are normalized by the factor 1.3 to take account of a

10° 10 1 102 
SpollE (nM)

systematic error in the determination of protein concentrations (see 
Supplementary Information), d, Measured (recorder output) and predicted 
(black lines) o -AB complex formation on mixing of 1 (xM AB and 1.3 |xM aF 
with no (grey), 2 ^M (blue), 4 (xM (green) or 6 (xM (red) AA. Measurements 
were carried out in duplicate, e, Measured (recorder output) and predicted 
(smooth line) kinetics of IIE-dependent dissociation of a -AB-ATP (1.3 (xM 
a ,1 jxM AB dimer) by 2.5 jxM AA, in the absence of HE (five repeats as black 
lines) or with 10 nM (duplicates as green lines), 40 nM (red) or 100 nM 
(duplicates as blue lines) HE. f, Measured (open circles) and predicted 
(lines) equilibrium fraction of aF complexed to AB as a function of different 
HE concentrations, in the presence of 2.5 |xM (blue) or 4 (xM (red) AA, 
assuming that AB is allosteric (continuous line) or not allosteric with both 
AA and a F binding at high affinity (dashed). Error bars show s.d. from three 
experiments.

AB by surface plasmon resonance (SPR). We further find that the 
conformation of AB with high affinity for AA binds O F with low 
affinity and that the conformation with high affinity for O F binds AA 
with low affinity (Supplementary Information); this explains how 
AA binding to AB can result in the rapid dissociation of O F.

Because of AB allostery the different AB conformers and the 
interconversions between them have to be taken into account, and 
the simple description above grew into the more realistic regulatory 
scheme shown in Supplementary Fig. S2. Experimentally determined 
values were used for all the 25 rate constants (Supplementary Tables 1 
and 2) that characterize the more than 150 reactions included in 
Supplementary Fig. S2.

Over the past few years numerous in vitro experiments have 
yielded much information about interactions between the compo­ 
nents of the system2 . The use of fluorescent derivatives of AB and a F 
has been particularly fruitful in allowing the formation and dis­ 
sociation of various complexes to be followed in real time6"9 . 
Translation of the scheme of Supplementary Fig. S2 into a set of 
differential equations enabled us to simulate and predict the results 
of these experiments. As long as AB allostery was included, simu­ 
lations and results agreed remarkably well for all experiments, for 
example those in which o F-AB complexes were made (Fig. 3a) and 
challenged (Fig. 3b) with different concentrations of AA. Simulations 
also gave excellent agreement with experiments in which AA was 
phosphorylated in the presence of AB, either with or without 
preincubation with ADP (Fig. 3c). Similarly, there was good agree­ 
ment between the simulations and results of experiments in which 
AB and O F were mixed in the presence of different concentrations of 
AA (Fig. 3d). Here the model captured the increasing delay in the 
formation of the AB-o F complex with increasing concentrations of 
AA. This delay is due to the trapping of AA and AB-ADP in complexes,

which are important in the regulation of a F (refs 6,10,11). The model 
was highly successful in simulating the results of experiments in 
which a F-AB complexes were incubated with AA in the presence 
of different concentrations of HE; the resemblance between experi­ 
ment and simulation held for both the kinetics (Fig. 3e) and the 
equilibrium (Fig. 3f) of the process.

The success of the model in simulating in vitro experiments gave us 
confidence to apply it to the situation in the sporulating cell. Given 
that the model is relatively insensitive (robust) to small perturbations 
in most parameters (Supplementary Information, Supplementary 
Tables 1 and 2, and Supplementary Figs S2 and Si2), parameter 
values derived from in vitro experiments could be used to model the 
physiological situation. The only exception was the rate of HE 
phosphatase activity. The model predicted that this needed to be 
75-150-fold smaller than measured in vitro to avoid septation- 
independent a F release (Fig. 4a). Earlier work had suggested that 
HE activity might well be much lower in the cell than measured 
in vitro 12 , at least partly because of the predominance of Mg2+ over 
Mn2+ (ref. 13). We tested this prediction of the model and found that 
for physiological salt concentrations (1 mM Mg24" and 0.1 mM Mn2+ 
(ref. 14)) the phosphatase rate is indeed almost 150-fold lower than 
under in vitro conditions (2.5 mM Mn2+ ) (Fig. 4b; Supplementary 
Information and Supplementary Figs S6-S8).

As a result of the accumulation of HE on the asymmetrically 
positioned septum, the concentration of HE increases in the smaller 
prespore3 . To see whether such an increase is sufficient to account for 
the prespore-specific release of a F, we modelled the system with the 
known intracellular concentrations of the proteins (Supplementary 
Information and Supplementary Fig. S9) and then studied the effect of 
a fourfold increase in the HE concentration (Supplementary Infor­ 
mation). The simulation shows that little O F is released (Fig. 4c, dashed

372 © 2006 Nature Publishing Group
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Figure 4 | Mechanism of prespore-specific 0 F-RNA-polymerase 
holoenzyme formation, a, Predicted concentration of AB-free (active) aF 
before (dashed line) and after (continuous line) septation, dependent on 
how much lower the HE phosphatase rate is in vivo than under in vitro 
conditions, b, Velocity of the HE reaction as a function of the concentration 
of its substrate AA-P in 2.5 mM Mn2+ (filled circles) or 1 mM Nig2"1" and 
0.1 mM Mn2+ (open circles). e, Predicted aF release in response to a fourfold 
increase in HE alone (dashed line), AA-P alone (dotted line) or HE and AA-P 
(solid line) imposed at t = 0. d, Predicted fraction of HE bound by AA-P. 
e, Predicted a -RNApol concentration during sporulation assuming that 
AB is allosteric (continuous line) or not allosteric with both AA and ap 
binding with high affinity (dashed line), f, Predicted concentration of <J F 
(lower curves) or aA (upper curves) RNA polymerase holoenzyme formed 
90 min after septation, as a function of an increase in HE (including HE 
complexed with AA-P) relative to the other sporulation proteins after 
120 min of protein expression, assuming that AB is allosteric 
(continuous lines) or not allosteric with both AA and O F binding with high 
affinity (dashed lines), g, Predicted preseptational o F-RNApol 
concentration when the sporulation proteins increase in parallel, with 
parameters as given in Supplementary Tables 1 and 2 (continuous line) or 
with fcoff{a F-RNApol) = 0.02 s~' (dashed line). On the horizontal axis, the 
concentration of aF is representative of a?, AA, AB and HE. h, Predicted 
concentration of oF-RNApol in a deterministic simulation (grey line) and in 
stochastic simulations (black lines) of the model.

line). However, if the increase in HE is accompanied by an equimolar 
increase in its substrate, AA-P, almost all the O F is rapidly released 
(Fig. 4c, solid line); an increase in AA-P alone is not sufficient (Fig. 4c, 
dotted line). For the enzyme/substrate ratios found in the sporulat- 
ing cell4 ' 12 ' 15 and the measured phosphatase rate and IIE-AA-P 
affinity (Supplementary Tables 1 and 2) the model predicts that 
enzyme and substrate will indeed appear together at the face of 
the asymmetric septum as the septum is being formed (Fig. 4d). The 
predicted increases in concentration of these two proteins in the 
smaller prespore are sufficient to trigger compartment-specific 
release of O F; an increase in HE phosphatase rate, for example by 
the removal of an inhibitor, is not required.

The model can also be applied to the competition of a and a for 
.. re RNA polymerase. It predicts the rapid formation of micromolar 
concentrations of a F holoenzyme (Fig. 4e) whenever the HE concen­ 
tration increases at least threefold over that in the predivisional ceU 
(Fig. 4f). However, aF holoenzyme does not wholly supplant a 
holoenzyme. The simulation mimics the known situation in the 
sporulating cell, in which both aA holoenzyme and OF holoenzyme 
are active 16. If core RNA polymerase had the same affinity for a as it 
has for O A , formation of a F holoenzyme would not require a 
septation-dependent increase in HE activity (Fig. 4g). There would 
then be a risk that o F-specific transcription could occur in the 
predivisional cell once the concentrations of the sporulation proteins 
had increased sufficiently to permit the formation of micromolar 
concentrations of a F holoenzyme but before they had triggered 
septation.

The exceptional sensitivity of the model to a small increase in 
the concentration of AA derives from AB allostery (Fig. 4e, f). AA 
binding stabilizes the AB conformation that binds CT F with low 
affinity; this enables the release of O F and prevents <J F from rebinding 
once a critical AA concentration has been reached (Supplementary 
Information and Supplementary Fig. S10). Allostery also reduces the 
consumption of ATP by favouring the formation of AB-ADP-AA 
complexes, which reduces cycles of AA phosphorylation and dephos- 
phorylation (Supplementary Information and Supplementary 
Fig. SI 1).

The model reveals several further, sophisticated features of the a 
system that optimize its ability to regulate the initiation of sporula­ 
tion. For example, several mechanisms are employed to control the 
ratios of aF and its regulatory proteins as well as the timing of 
septation; as a result the system is highly robust to stochastic 
fluctuations in gene expression that might arise because of low 
copy numbers 17 (Fig. 4h; Supplementary Information and Sup­ 
plementary Fig. SI2), but it remains very sensitive to small changes 
in the concentrations of HE and AA-P. Moreover, spontaneous 
initiation of sporulation is prevented by keeping the concentrations 
of a F and its regulators low in the vegetative cell. A detailed account of 
these features of the model will be published elsewhere, as will its 
predictions about the role of the transient genetic asymmetry18' 19, 
AB degradation20 and preseptational AB-ADP-AA complex 
formation21 '22 .

The value of any mathematical model depends critically on the 
accuracy of the parameters used. This study has benefited greatly 
from our knowledge of intracellular concentrations of the relevant 
components4' 12 ' 15 and from the fact that all the relevant kinetic 
constants are available from investigations of well-established 
in vitro systems2 . The resulting model accounts for numerous 
published results and correctly predicts the phenotype of essentially 
all mutants for which the biochemical effect of the mutation is 
known (Supplementary Information and Supplementary Table 3). In 
addition it has succeeded in predicting two novel features, AB 
allostery and a very low phosphatase rate in vivo, both of 
which prove to be essential components of the mechanisms that 
establish differential gene expression in this widely studied model 
system.

METHODS
Scatchard plot. A Scatchard plot was generated from AB-AA binding data 
obtained by SPR analysis. For the SPR measurements, concentrations of free AA 
in solution were determined with the use of AB as a reporter immobilized on the 
sensor chip. A standard curve of AA concentration against response units was 
produced with known concentrations of AA. The amount of free AA in AB-AA 
mixtures was then determined by comparison with this standard curve. The 
amount of bound AA was calculated from the total concentration of AA in the 
mixture. For this analysis the non-phosphorylatable mutant AA-S58Awas used 
Measurements with wild-type AA were also attempted. However, we were unable 
to obtain reliable data at the very high AB/AA ratios required for some of the 
measurements because it was not possible to eliminate phosphorylation of the 
AA by traces of ATP in the mixture.
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SPR methods have been described previously 15 . AA-AB mixtures were 
generated with 4 u.M AA and 0.1-20 nM AB. Because of a systematic error in 
the determination of protein concentrations the results have been scaled by a 
factor of 1.3 so that v < 2 in Fig. 2.
Fluorescence spectroscopy and enzyme kinetics. Fluorescence spectroscopy and 
measurements of enzyme kinetics were performed as described previously6'8 . 
Some of the results in Fig. 3 are derived from previously published data6-8 . 
Numerical methods. The set of stiff ordinary differential equations (ODE) was 
solved by employing suitable Matlab ODE solvers. The stochastic simulation 
was performed with Matlab Simbiology using the stochastic simulation algo­ 
rithm SSA, which is equivalent to solving the chemical Master equation for the 
system.
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Sporulation in Bacillus subtilis serves as paradigm for the development of 
two different cell types (mother cell and prespore) from a single cell. 
Differential gene expression is achieved by restricting the activation of the 
key transcription factor aF to the smaller prespore. By use of a combination 
of mathematical and experimental techniques we have recently shown that 
the volume difference determines cell fate and that the accumulation of the 
phosphatase SpoIIE on the asymmetrically placed septum is sufficient for 
prespore-specific aF activation. Since compartmentalized gene expression is 
still obtained when SpoIIE cannot accumulate on the septum a number of 
alternative mechanisms have been proposed. These mechanisms focus on 
the difference in gene content between mother cell and prespore 
immediately after septation. Here the computational model is employed 
to show that under physiological conditions the transient genetic imbalance 
is unlikely to affect the septation-dependent release of aF. The duration of 
the transient genetic imbalance is too short for the degradation of SpoIIAB 
to have an impact on the release of aF. Moreover, the existence of an elusive 
HE inhibitor, which has been proposed to become depleted in the prespore 
because of the transient genetic imbalance, is shown to be inconsistent with 
available experimental data. We conclude that the volume difference 
between the two compartments is the main determinant of cell fate.

© 2006 Elsevier Ltd. All rights reserved.
Keywords: Sporulation; asymmetric septation; degradation; SpoIIAB; SpoIIE

Spore formation in Bacillus subtilis has long 
served as a paradigm for an important develop­ 
mental process, the differentiation of two daugh­ 
ter cells into different cell types. 1 Spore formation 
is induced when nutrient deprivation and high 
cell densities result in the phosphorylation of the 
transcription factor SpoOA. Phosphorylated SpoOA 
upregulates the expression of many genes, in­ 
cluding SpoIIAA, SpoIIAB, SpoIIE, and CJ F, and 
results in the formation of an asymmetrically 
positioned septum 90-120 min after the new 
transcription program has been initiated. Asym­ 
metric cell division gives rise to two compart­ 
ments, the larger mother cell and the smaller 
prespore. The distinct developmental programs in 
the two compartments are initiated when the

E-mail address of the corresponding author: 
iber@maths.ox.ac.uk

transcription factor aF is selectively activated in 
the smaller prespore but not in the larger mother 
cell. Once active, aF initiates a cascade of events 
necessary for successful spore formation, both in 
the prespore and in the mother cell compartment.

A long-standing question concerns the mecha­ 
nism by which activation of aF is restricted to the 
smaller compartment. With the help of a detailed 
quantitative model of the protein network that 
controls aF we have recently shown that the dif­ 
ference in cell size is sufficient in order to determine 
cell fate. 2

The mechanism by which cell size affects cell fate 
is elaborate. The network that controls aF activity 
comprises only three other proteins (Figure 1), a 
kinase (SpoIIAB), which binds and inactivates aF, its 
substrate (SpoIIAA), which can release CT F from the 
inhibitory interaction with SpoIIAB at the expense of 
being phosphorylated and thereby inactivated, and 
the corresponding phosphatase (SpoIIE), which 
reactivates SpoIIAA. HE ("Spo" is omitted from all

0022-28367$ - see front matter © 2006 Elsevier Ltd. All rights reserved.
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AA-AB-ADP

Figure 1. An overview of the interactions in the 
network that controls of activity in Bacillus subtilis. For 
details see the text. The figure is an adaptation of Figure 1 
in Hilbert & Piggot. 1

protein names hereafter) is a membrane protein and 
accumulates homogenously on both sides of the 
septum. 3 Since the volume of the prespore is smaller 
than that of the mother cell there is a net increase in 
IIE per volume in the smaller prespore. Moreover, 
because the phosphatase rate is very low, most IIE 
accumulates on the septum together with its 
substrate. 2 As a consequence the total IIE and AA 
concentrations increase in the smaller compartment. 
Although small, the resulting increase in unpho- 
sphorylated AA is sufficient to release aF because 
the dimeric kinase AB is allosteric and binds its two 
ligands, aF and AA, in its two conformations with 
converse affinities. 2 Thus in the absence of AA, AB is 
in the conformation that binds aF with high and AA 
with low affinity. Binding of AA biases AB to its 
other conformation, which binds aF with low and 
AA with high affinity. The conformational change 
therefore promotes a F dissociation and the binding 
of a second AA; binding of the second AA blocks 
further access of aF to AB.4

A number of further mechanisms have been 
proposed to explain compartmentalized activation 
of a F, especially since aF activation is still restricted 
to the prespore even when IIE is prevented from 
accumulating on the septum.5 Two prominent 
suggestions are based on possible effects of the 
transient genetic imbalance.6 The transient genetic 
imbalance arises because about 70% of the chromo­ 
some (including the spoIIA operon on which AB is 
encoded) is initially excluded from the forespore and 
is imported only 10-20 min after septum closure.7 As 
a result AB cannot be expressed in the prespore 
immediately after septation, 8 and it has been 
proposed that the accelerated degradation of un­ 
bound AB9 results in a net decrease in the concen­ 
tration of AB in the prespore and in the prespore- 
specific release of a F. 8 A further proposed result of 
the genetic imbalance is the degradation and loss of 
an elusive IIE inhibitor from the prespore, which 
would further accelerate a F release.6

Our computational model was described in detail 
by Iber et al. 2 It accurately predicts essentially all 
available in vitro results as well as the phenotype of 
those mutants for which the biochemical defect is

known. The high level of accuracy of the model's 
predictions was achieved by the high level of detail 
that was incorporated in the model and by the 
accuracy of the parameter values used. The model 
comprises 50 dependent variables and 150 reactions, 
and we carried out experiments to determine the 
kinetic parameters for all reactions if these had not 
yet been published. The computational model is 
therefore well suited to assess the relevance of the 
transient genetic imbalance, of the short half-life of 
unbound AB, and of a IIE inhibitor for sustained and 
compartment-specific aF release.

As in our previous work we start the simulations 
of the sporulation reaction without protein. The 
proteins are expressed at a rate such that the 
experimentally observed protein concentrations are 
obtained at the time of septum formation, that is 90- 
120 min after the initiation of protein expression, 
dependent on the detailed experimental con­ 
ditions. 10" 12 In the simulation we assume that the 
protein concentrations increase linearly. While 
experiments suggest otherwise the data are too 
inaccurate and in parts contradictory to be modeled 
exactly. It should be noted that this approximation 
will not affect our conclusions since for the compart­ 
ment-specific activation of a F only the protein 
concentrations at the time of septation are relevant, 
and these match the experimentally observed values. 
Moreover, the more realistic non-linear expression 
pattern will further enhance rather than reduce the 
already remarkable robustness of the regulatory 
network to perturbations in the protein expression 
levels before septation2 because it is IIE whose 
concentration remains initially particularly low, 11 
and the lower relative IIE levels will protect the cell 
from spontaneous aF release. The accumulation of 
IIE on the septum is modelled as a fourfold increase 
in the concentration of IIE, together with any AA-P 
that may be bound. Unbound AB has a half-life of 
about 28 min9 and the degradation rate was set 
accordingly. The transient genetic imbalance is 
incorporated as a transient block in the expression 
of the genes in the spoIIA operon. Moreover, spoIIE 
and the spoIIA operon are repressed by high 
concentrations of unphosphorylated AA 13 , and as 
before2 we use a threshold concentration of 1 \iM.

The transient genetic imbalance is too brief to 
affect Q F release via SpollAB degradation

We have shown before2 that, in agreement with 
experimental studies, a septation-dependent increase 
of IIE and associated substrate by at least threefold 
results in abrupt a F release and in the formation of 
micromolar concentrations of aF -RNA polymerase 
holoenzyme in our model (Figure 2(a)). It has been 
argued that the transient genetic imbalance may play 
an important role for the regulation of O F because it 
reduces the AB concentration specifically in the 
prespore.8 However, in agreement with experimental 
observations,8 this abrupt response is still obtained 
also without a transient genetic imbalance, that is 
when all proteins are continuously expressed in the
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Figure 2. The effect of the tran­ 
sient genetic imbalance, (a) The pre­ 
dicted concentration of a -RNApo- 
lymerase holoenzyme, and (b) the 
predicted SpoIIAB concentration 
with (continuous line) and without 
(broken line) a transient genetic 
imbalance. The concentration of 
HE, together with its associated 
AA-P, was increased by fourfold at 
t = 0 min to model the effect of 
septation.

prespore (Figure 2(a)). Moreover, the simulation 
reveals that under physiological conditions the 
difference in the AB concentration is marginal in 
the presence or absence of the transient genetic 
imbalance (Figure 2(b)). We conclude that the time 
span for which the transient genetic imbalance exists 
(10-20 min) is too short to substantially affect OF 
release in the prespore.

The physiological role of the transient genetic 
imbalance remains unclear. One possibility is that it 
exerts a protective role in the mother cell which may 
be important because, contrary to what is assumed 
in the simulation, the rate of HE expression is not 
constant but increases sharply before septation. 11 As 
a consequence the ratio between the expression of 
HE and the spoIIA genes increases also in the mother 
cell. Such continuing increase in the spoIIE/spoIIA 
expression ratio until after septation could, in 
principle, eventually trigger aF release also in the 
mother cell, and the availability of two spoIIA copies 
(as a result of the transient genetic imbalance) may 
be important to compensate for this. A short 
transient genetic imbalance can be expected to be 
sufficient in this case because once aF has been 
activated in the prespore the developmental fate of 
the mother cell is sealed by crisscross activation of 
transcription factors in the two compartments. 14

•€

The role of SpoIIAB degradation

Although the AB half-life is too long for AB 
degradation to enable rapid aF release after septa­ 
tion, simulation (Figure 3(a)) and experiments9 agree 
that degradation of AB is necessary for successful 
sporulation. The quantitative model further reveals 
that AB degradation substantially reduces the AB 
concentration before septation (Figure 3(b)). If the 
AB expression rate is lowered in the AB degradation 
mutant to an extent that the wild-type protein 
concentration is regained then septation-dependent 
aF release is obtained (Figure 3(a) and (b), red lines). 
AB degradation thus appears to be necessary in 
order to tune the AB to AA ratio before rather than 
after septation.

Experiments strongly support the prediction of 
the model that AB is expressed at a much higher 
level than AA, and that a substantial fraction of AB 
is degraded already before septation. 10 Thus the 
ratio of AB monomers to AA is initially much larger 
than one but decreases towards one over the 90- 
120 min until the septum forms (Figure 3(c)). While 
the experimentally observed AB/AA ratios greater 
than one could, in principle, be accounted for by 
limitations in the accuracy of the experimental 
method, the method, even if inaccurate, should
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Figure 3. The role of SpoIIAB degradation, (a) The predicted concentration of 0 F -RNApolymerase holoenzyme and 
(b) the predicted concentrations of AA (broken lines) and AB (continuous lines) assuming that AB has a half-life of 28 min 
(black lines), or AB is stable (grey lines), or AB is stable and has an expression rate two thirds of what is common for the 
wild-type (red lines) while the AA expression rate is identical to that of the wild-type (black lines) The continued 
expression of the sporulation proteins in the absence of AB degradation (grey lines) after septation (t = 0) is due to the lack of 
free unphosphorylated AA that would repress spoIIA. The concentration of HE, together with its associated AA-P was 
increased by fourfold at t = 0 min to model the effect of septation. (c) The ratio of AB monomers to AA in experiments (balls) 
and simulation (line) assuming that the septum forms after 90 min; t = 0 corresponds to the activation of SpoOA that is to t = 
-120 min in (a) and (b). The experimental values were obtained by reading off the values from Figure 2 of Magnin et a\ 10
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still be self-consistent and therefore give a constant 
AB/AA ratio. The experiments therefore strongly 
support the model prediction that a large fraction of 
AB is degraded already before septum formation.

The time-dependent concentrations of the sporula- 
tion proteins have been measured in three indepen­ 
dent biochemical studies10"12 which, however, do not 
fully agree. Here (as in our previous work2 ) we follow 
the two later experimental works whose measure­ 
ments at the time point of septation can be approx­ 
imated by the constant expression rates 6 x 10~9 M s"1 
for AA and the AB dimer, and 2 x 1CT9 M s'1 for aF 
and IIE. These rate constants imply that AB mono­ 
mers are expressed at higher (twice as high) levels 
compared to AA (Figure 3(a) and (b)). This is at odds 
with the widely accepted hypothesis that AB and AA 
are translationally coupled and therefore expressed at 
exactly the same level. 15 We note, however, that 
septation-dependent aF release is still possible when 
AA and AB monomers are expressed at 6 x 10~9 M s"1 
as long as the CJ F and IIE expression rates are halved 
(10~9 M s" 1 ). At the time of septation there are then 
-44 jaM A A, -13 uM AB dimer and ~7 uM aF and 
IIE. AB degradation is therefore important, irrespec­ 
tive of the exact expression rates.

The model predicts that degradation of AB before 
septation is important in order to tune the relative 
protein concentrations. It is unclear why such an 
energetically costly mechanism is employed. One 
possible explanation is that AB degradation is 
important in the mother cell; this would explain 
the loss of AB after septum formation, which has 
been found consistently in two independent 
studies, 10 - 11 and which is too strong to be the result 
of degradation in the smaller prespore alone. 
Alternatively, enhanced AB degradation may have 
evolved to enable the translational coupling of AA 
and AB expression. More experiments, that provide 
further and more accurate data on the cellular
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protein concentrations, are clearly needed to fully 
understand the role of the operon structure and of 
AB degradation.

<TF Release without an increase in the SpollE 
activity

The central role of a septation-induced increase in 
IIE activity has been questioned by experiments that 
revealed that CJ F release was still restricted to the 
prespore even if IIE remained homogeneously 
distributed upon septation.5 Accumulation of IIE 
on the septum was prevented in these experiments 
by expressing only the soluble, homogeneously 
distributed, phosphatase domain of HE, without 
the membrane anchor (IIEAmem). Importantly, 
however, aF-dependent transcription was observed 
only with a substantial delay of about 1 h. Successful 
sporulation requires that a F is released within 
10 min after septation, 1 and accordingly the sporu­ 
lation efficiency was reduced for this mutant.

The delayed formation of aF -RNA polymerase 
complexes can be reproduced in the simulation 
(Figure 4(a)), and is a consequence of the continuous 
loss of AB in the prespore (Figure 4(b)). The 
dependency on AB degradation explains why CJ F 
release is so much delayed. Because aF release now 
requires loss of AB from the prespore, it is important 
that AB is not expressed in this compartment, 
explaining why the transient genetic imbalance is 
important in IIEAmem mutants. Accordingly, 
experiments and simulations agree that mutants in 
which both IIE accumulation, and the transient 
genetic imbalance are abolished are unable to form 
spores (Figure 4(d)).

We conclude that the observation that <J F can be 
released also without the septation-dependent in­ 
crease in IIE activity does not imply that IIE is not 
the physiological trigger of compartmentalized a F

Figure 4. aF can be released 
compartment-specifically without 
an increase in IIE activity, (a) The 
predicted concentration of a -RNA- 
polymerase holoenzyme, and (b) 
the predicted concentrations of 
SpoIIAB, and (c) the predicted 
fraction of AA that is unbound and 
unphosphorylated assuming that 
the concentration of IIE, together 
with its associated AA-P, either 
increases by fourfold at t = 0 min 
(continuous line), or does not in­ 
crease (dotted line), or neither IIE 
increases nor is spoIIA transported 
into the prespore after septation 
(dashed line), (d) The predicted 
concentration of a F -RNApolyme- 
rase holoenzyme assuming that the 
concentration of IIE, together with 
its associated AA-P, either increases 
by fourfold at f = 0 min (continuous 
line) or neither IIE increases nor is 
there any genetic imbalance 
(dashed line).
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release. Since mutants in which both HE accumula­ 
tion and the transient genetic imbalance are abol­ 
ished are effectively spo~, we can further conclude 
that additional mechanisms that can enable com­ 
partment-specific aF release seem not to exist.

The simulations hint to an additional important 
detail of the regulatory mechanism. Whilst expres­ 
sion of the spoIIA genes is repressed in the wild-type 
prespore because of the emergence of unphosphory- 
lated A A, 13 the A A concentration is too low to 
explain the block in the IIEAmem mutant (Figure 4 
(c)). Moreover, the simulation suggests that in the 
mutant only the spoIIA genes are repressed but not 
spoIIE (Figure 4(a)). The simulation therefore pre­ 
dicts that the septal location of HE is necessary for 
the transfer of the chromosome into the prespore.

This proposition is in agreement with the exper­ 
imental observation that although septation is rapid, 
spore engulfment takes more time, and the structure 
of the septum (which needs to permit DNA 
translocation) is severely altered in the IIEAmem 
mutant. 5 Moreover, a mutant that co-expresses a 
phosphatase-deficient version of HE on the mem­ 
brane with the soluble phosphatase domain leads to 
a lower rather than a higher sporulation efficiency.5 
This observation is in good agreement with the 
notion that HE facilitates transfer of spoIIA into the 
prespore but is difficult to explain otherwise.

Is there a SpoIIE inhibitor?

It has been suggested that the transient genetic 
imbalance may also support compartmentalized 
activation of aF by the prespore-specific depletion 
of an elusive IIE-inhibitor. 6 The idea that HE is 
regulated by a HE inhibitor has received support 
from the observation that a HE mutation that does 
not give rise to an altered phosphatase rate in vitro 
leads to premature CJ F release in vivo™ as well as 
from HE overexpression experiments. 17

We have recently shown that the IIE turn-over rate 
is indeed very low in vivo. 2 However, this low rate is 
not the result of a IIE inhibitor but of the 
physiological salt conditions ~1 mM Mg2+, and 
0.1 mM Mn2+ ) 18 which reduce the activity of serine 
phosphatases. 2 - 19 Moreover, a septation-dependent 
increase of the IIE turn-over rate (as may be 
achieved by the removal of a IIE inhibitor) is not 
required for compartment-specific CT F release. 2

While the simulation therefore does not support a 
role of a IIE inhibitor in CJ F regulation under 
physiological conditions, we note that the prema­ 
ture transcription of (independent genes in re­ 
sponse to overexpression of IIE 17 can only be 
reproduced if these genes are either transcribed 
already at an intermediate aF -RNApol concentra­ 
tion (~0.3 uM instead of 1 uM), or if the IIE activity 
increases (Figure 5). An increase in the IIE concen­ 
tration alone is insufficient to give rise to micromolar 
a F -RNApol concentrations because the substrate of 
the phosphatase is limiting as well, and no 
substrate-saturation of the enzyme is achieved if 
only the concentration of the enzyme is increased.

2

1 1 5

? 1

I 0.5

-100 -50 0 50 100 
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Figure 5. The effect of IIE overexpression. The 
predicted concentration of aF -RNApolymerase holoen- 
zyme assuming that IIE is expressed at its normal rate 
(continuous line), at a fivefold increased rate (dashed line), 
or at a fivefold increased rate in conjunction with a fivefold 
increased turn-over rate (dotted line). The concentration of 
IIE, together with its associated AA-P, was increased by 
fourfold at t = 0 min to model the effect of septation.

In light of our previous finding that the salt 
conditions are responsible for the low phosphatase 
rate, the existence of a IIE inhibitor is very unlikely 
because an inhibitor would only further reduce the 
IIE turn-over rate and its removal would not lead to 
an increase beyond the low salt-dependent rate. The 
apparent increase in the IIE activity in response to 
IIE overexpression and to the reported mutation 
must therefore result rather from an activating 
process, such as the formation of IIE aggregates, 
which may process the substrate more efficiently.

We conclude that mechanisms other than the 
septation-dependent IIE activity increase in the 
smaller prespore are unlikely to play an important 
role in the compartment-specific activation of a F, 
and that the elusive IIE inhibitor most likely does 
not exist. Given the intriguing arrangement of the 
sporulation genes, it will be interesting to learn of 
other roles for the transient genetic imbalance. More 
experiments, which also address the different 
protein concentrations in mother cell and prespore, 
will be important in that endeavor.
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The distribution of most genes is not random, and functionally linked genes are often found in 
clusters. Several theories have been put forward to explain the emergence and persistence of 
operons in bacteria. Careful analysis of genomic data favours the co-regulation model, where gene 
organization into operons is driven by the benefits of coordinated gene expression and regulation. 
Direct evidence that coexpression increases the individual's fitness enough to ensure operon 
formation and maintenance is, however, still lacking. Here, a previously described quantitative 
model of the network that controls the transcription factor GF during sporulation in Bacillus snbtilis 
is employed to quantify the benefits arising from both organization of the sporulation genes into the 
spoIIA operon and from translational coupling. The analysis shows that operon organization, 
together with translational coupling, is important because of the inherent stochastic nature of gene 
expression, which skews the ratios between protein concentrations in the absence of co-regulation. 
The predicted impact of different forms of gene regulation on fitness and survival agrees 
quantitatively with published sporulation efficiencies. 
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Introduction
The available genome sequences demonstrate that many 
genes are clustered on chromosomes according to their 
function. Genes in bacteria are clustered but can also be 
organized into operons such that the expression of a group of 
genes is regulated by the same genetic control element. When 
operons were first discovered, it was assumed that the benefit 
of co-transcription led to operon assembly (Jacob and Monod, 
1961). Other models have since been proposed, and these 
belong to one of three classes, the natal model, the Fisher 
model, or the selfish operon model (Lawrence, 1997). 
According to the natal model, clustering of genes is the 
consequence of gene duplication. However, as operons 
comprise genes that belong to very distant families and the 
majority of paralogues do not cluster, this model is insufficient 
to explain operon origin (Lawrence, 1997; Dandekar et al, 
1998). A recast of the Fisher model, adapted to prokaryotes, 
proposes that clustering of genes reduces the likelihood that 
co-adapted genes become separated by recombination. How­ 
ever, this does not explain how operons can emerge, as 
recombination is as likely to generate clusters as to disrupt 
them. According to the selfish operon model, operons facilitate 
the horizontal transfer of functionally related genes (Lawrence 
and Roth, 1996). The physical proximity of genes thus does not

necessarily provide a selective advantage to the individual 
organism but rather to the gene cluster itself, because it can be 
efficiently transmitted horizontally as well as vertically. Recent 
studies have, however, failed to observe the gene cluster 
pattern predicted by the model, and this strongly suggests that 
the selfish operon model does not explain the emergence and 
persistence of operons (Pal and Hurst, 2004; Price et al, 2005). 
So what drives operon assembly?

The idea that co-transcription of genes provides a selective 
advantage to the individual organism has never been contra­ 
dicted. It has been questioned only because it remains unclear 
whether the benefits of co-transcription could be strong 
enough to drive the assembly of operons by rare recombina­ 
tion events (Lawrence and Roth, 1996; Lawrence, 1997). 
A genotype that confers higher fitness will dominate in a 
population with bounded total population size only if selection 
acts on a timescale that is substantially shorter than the 
timescale on which recombination and mutation events could 
negate the benefits.

There are a number of potential selective advantages given 
by co-transcription. In the case of operons that code for multi- 
protein complexes, co-transcription enables co-translational 
folding (Dandekar et al, 1998), it limits the half-life of toxic 
monomers (Pal and Hurst, 2004), and it reduces stochastic 
differences in gene expression (Swain, 2004). Operons that do
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not code for interacting proteins may be advantageous because 
of the co-regulation of protein expression (Price et al, 2005). 
Many examples of this class of operons are associated with 
metabolic operons (Lawrence and Roth, 1996) where co- 
regulated expression is likely to optimize the flux and to 
facilitate the regulation of functions, especially if these are 
required only under certain environmental conditions, or if 
complex regulatory structures are employed (Price et al, 2005).

Evidence in favour of any of these proposed driving forces 
has so far largely been obtained from comparative genomics. 
Here we use a previously derived quantitative model for the 
network that controls the transcription factor CTF during 
sporulation in Bacillus subtilis (Iber et al, 2006) to quantify 
the benefits of coexpression. Spore formation in B. subtilis is 
a response to nutrient deprivation at high cell density and 
involves asymmetric septation and compartment-specific 
initiation of gene expression (Hilbert and Piggot, 2004). The 
different gene programs in the larger mother cell and the 
smaller prespore are both directed by the transcription factor 
crF, which, although only active in the smaller prespore, affects 
the transcriptional programs across the septum also in the 
mother cell, a phenomenon that is referred to as criss-cross 
regulation (Losick and Stragier, 1992). Successful sporulation 
therefore requires the rapid septation-dependent and prespore- 
specific activation of <JF. aF is kept inactive by binding to 
SpoIIAB and is released upon binding of SpoIIAA (Figure 1). 
SpoIIAA is phosphorylated by SpoIIAB (Min et al, 1993) and 
reactivated by the serine phosphatase SpoIIE (Duncan et al, 
1995). The balance between kinase and phosphatase activity 
thus determines whether or not aF is released from its inactive 
complex with SpoIIAB. SpoIIE accumulates on both sides of 
the asymmetrically positioned septum and therefore has an 
increased activity in the smaller compartment (Arigoni et al, 
1995). A quantitative model of the regulatory network predicts 
that because of the low turnover rate, most SpoIIE is bound by 
its substrate such that enzyme and substrate increase together 
in the smaller compartment (Iber et al, 2006). According to the 
model, this combined increase is sufficient to trigger the 
formation of micromolar concentrations of OF holoenzyme 
in the prespore.

It is obvious from the above that the protein concentration 
ratio is important. An excess of aF or SpoIIAA compared 
to SpoIIAB will result in free aF and (/-dependent gene 
expression, whereas an excess of SpoIIAB will prevent

F-AB-ATP \

X' 
r \ o'-RNApol'

I A,i----ATP

\A-PA.
AE-ADP—-

II
AA-AB-ADP

Figure 1 An overview of the interactions in the network that controls af activity 
m B. subtilis. For details, see text. The figure is a reproduction of Figure 1 of 
Iber et al (2006).

SpoILAA-dependent aF release. In the vegetative cell, the 
sporulation proteins are not detectable, and septation is 
preceded by 90-120min of gene expression, dependent on 
the exact experimental conditions (Magnin et al, 1997; Lord 
et al, 1999; Lucet et al, 1999). Limiting the stochastic noise 
inherent in protein expression can be expected to be crucial for 
avoiding variations in the relative protein concentrations and 
the resulting sporulation defects. Three of the four proteins in 
the network are transcribed from genes in the spoIIA operon 
(Figure 2A). These genes are not only co-transcribed into a 
single mRNA but are also most likely to be coexpressed, as the 
translation of the three proteins appears to be coupled, at least 
to some degree. This system therefore offers an excellent 
opportunity to analyse the influence of transcriptional and 
translational co-regulation of the sporulation genes on an 
individual's survival and fitness.

Coupled translation is achieved when two genes are 
translated by the same ribosome. Reinitiation of translation 
at a nearby start codon after termination at the upstream gene 
is possible because ribosome dissociation from the mRNA is a 
slow and energy-dependent process (McCarthy and Gualerzi, 
1990). There is currently no direct experimental evidence for 
coupled translation of the spoIIA operon. Such coupling can, 
however, be postulated based on the arrangement of genes 
(Fort and Piggot, 1984). The first two genes in the spoZIA 
operon (encoding SpoIIAA and SpoIIAB) overlap by 4bp, 
whereas the genes for SpoIIAB and crF are interspaced by 11 bp 
(Figure 2A); coupled translation has been documented for 
intercistronic distances of more than 60 bp (McCarthy and 
Gualerzi, 1990). The majority of genes that are organized in 
operons are separated by distances comparable to those found 
in the spoHA operon (Salgado et al, 2000), so that the studied 
system can be considered as representative of operons in 
general. The efficiency of reinitiation depends on the distance 
as well as the strength of the Shine-Dalgarno sequence (Adhin 
and van Duin, 1990; McCarthy and Gualerzi, 1990), which is, 
in general, located 5-13 bp upstream of a start codon and 
which binds to the homologous 3' end of the 16S rRNA, 
a component of the 305 ribosomal subunit. Moreover, the 
secondary structure of the mRNA can affect lateral diffusion of 
the ribosomes (Adhin and van Duin, 1990).

According to the protein expression data for the spoIIA 
operon, it appears that the last gene in the operon which 
encodes aF, is expressed at much lower levels than are spoZIAA 
and spolIAB, whereas SpoIIAB monomers may be expressed at 
equal or up to three times higher levels compared to SpoIIAA 
(Magnin et al, 1997; Lord et al, 1999; Lucet et al, 1999). The 
weaker expression of a downstream gene (as is the case for aFj 
can, in general, be accounted for by a weaker ribosomal 
binding site, which is removed far enough from the termina­ 
tion codon of the upstream cistron that a considerable fraction 
of ribosomes dissociate from the mRNA before translation can 
be reinitiated (McCarthy and Gualerzi, 1990). It should be 
noted that whereas the transcriptional and translational 
coupling will reduce the noise in the relative SpoIIAB to OF 
expression levels, the unbinding of ribosomes is necessarily a 
stochastic process and will therefore add a low level of noise. 
The stronger expression of a downstream gene (as may be the 
case for SpoIIAB relative to SpoIIAA) can, in general, only be 
observed if a strong initiation sequence for the downstream
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Figure 2 The impact of parallel and random variations in the expression of 
spo//Eand spollA genes on crF release. (A) The spollA operon comprises the 
genes for SpollAA, SpollAB, and aF . The genes for SpollAA and SpollAB overlap; 
the genes for SpollAB and CTF are separated by 11 bp. (B) The regulatory network 
is robust to parallel variations in gene expression. The predicted concentration of 
<TF-RNA polymerase holoenzyme before (dashed lines) and after septum formation 
(continuous lines) if either all (grey lines) or all protein expression rates except that 
of SpollE (black lines) were increased by the factor on the horizontal axis compared 
to the standard reference rates (6 x 1(T9 M s~ 1 for SpollAA and SpollAB dimers 
and 2 x 1(T9 Ms~ 1 for aF and SpollE; Iber etal, 2006). (C, D) The expression 
rate combinations for which septation-dependent aF release is possible (between 
the lines) or not possible (outside the area marked by lines). (C) The impact of 
differential regulation of spot IE and spollA expression. The vertical and 
horizontal axes indicate the fold variation in the spot IE and spollA expression 
rates respectively, compared to the standard reference rates. (D) The impact of 
differential regulation of the expression of genes encoded in the spollA operon. 
The vertical axis indicates the fold variation in the expression of SpollAA (circles), 
OF (black lines), or SpollAA and aF (grey lines). The horizontal axis indicates the 
fold variation in the expression of SpollAB and of any other protein whose 
expression is coupled to that of SpollAB (which are those genes in the spollA 
operon not reported on the vertical axis). The sudden jump observed at a high 
SpollAB to a ratio (lower black line) is the consequence of impaired O F release 
when the relative SpollAB concentration is too high.

gene is occluded by mRNA secondary structure, which is 
melted by the ribosome that transcribes the upstream gene 
(McCarthy and Gualerzi, 1990). Such a condition does not 
seem to be met by the gene for SpollAB, and more accurate 
expression data will be necessary to establish whether more 
SpollAB than SpollAA is expressed.

Available expression data can best be captured by an 
expression rate for SpollAB dimers and SpollAA of 
6xlO~9 Ms~ 1 and 2xlO~9 Ms~ 1 for CTF and SpollE (Iber 
et al, 2006); it should be noted that the simulation yields 
qualitatively similar results if SpollAB monomers and SpollAA 
are expressed at equal rates (6 x KT9 M s" 1 ), as long as the crF 
and SpollE expression rate is then reduced to 10~ 9 M s" 1 (Iber, 
2006). As discussed by Iber (2006), the linear increase in the 
protein concentration assumed here does not fully match the 
experimental observations. There are, nonetheless, two good 
reasons to use a linear model. First of all, the data are too 
inaccurate and, in parts, contradictory to be modelled exactly. 
Secondly, the chosen rates correspond to the protein concen­ 
trations measured at the time of septation (Magnin et al, 1997; 
Lord et al, 1999; Lucet et al, 1999), the critical time point to 
judge sporulation success. This is because, in the cell, the HE 
concentration increases more slowly than the other protein 
concentrations and only increases sharply immediately before 
septation (Feucht et al, 2002). As a consequence, the greatest 
danger of spontaneous uncompartrnentalized activation of CTF 
is just before septation, and this risk is fully assessed by the 
linear expression model. As our analysis focuses mainly at 
what happens minutes before and after septation, individual 
fluctuations in the global expression rates during the 2h 
preceding septation are not important and the linear protein 
expression rates used should be considered as an averaged 
protein expression rate per bacterium.

Our quantitative ordinary differential equation model is very 
detailed—it comprises 50 dependent variables and 150 kinetic 
constants to describe the dynamics of only four proteins; the 
reader is referred to a detailed discussion of the model in 
Supplementary information of Iber et al (2006). Given its high 
level of detail and accuracy, the model predicts the phenotypes 
of essentially all mutants for which the biochemical effect is 
known. We can therefore expect that the predicted sporulation 
efficiencies in response to changes in parameter values are 
realistic. In the following, we employ the model to quantify 
how far different levels of stochastic noise in gene expression, 
as modulated by different degrees of coupling of protein 
expression (that is by the coupling of both transcription and 
translation), affect the sporulation efficiency, that is the 
survival chances.

Results and discussion
In addressing how variations in the protein expression rates 
affect the sporulation efficiency we will look at the effect of 
parallel changes in all protein expression rates as well as at the 
effects of independent changes that skew the ratios of protein 
concentrations. As the standard,'wild-type' protein expression 
rates, we use 6 x KT 9 Ms""' for SpollAA and SpollAB dimers 
and 2 x 10~ 9 Ms~' for aF and SpollE (Iber et al, 2006). After 
120 min of protein expression, the septum forms and SpollE

© 2006 EMBO and Nature Publishing Group Molecular Systems Biology 2006 msb4100084-E3



A quantitative study of the benefits of co-regulation 
Dlber

accumulates on both sides of this septum. This is modelled by 
a four-fold increase in the concentration of SpoIIE, together 
with its associated substrate (phosphorylated SpoIIAA) in the 
prespore. As before, we define a successful sporulation event 
by the requirement that before septation the concentration 
of crF. RNA polymerase holoenzyme does not exceed 0.4 uM, 
whereas after septation the concentration exceeds 1 \iM (Iber 
etal, 2006).

If the protein expression rates are all varied in parallel, that 
is by a common factor as denoted on the horizontal axis in 
Figure 2B, we find that the predicted sporulation efficiency 
is not affected as long as a minimal expression rate is kept to 
provide sufficient crF for binding to the RNA polymerase 
(Figure 2B, grey lines). If the expression of SpoIIE is kept 
constant (in order to reflect that this protein is transcribed from 
a different locus and may therefore vary independently), then 
an independent 2.5-fold increase in the other sporulation 
proteins can still be tolerated before the relative activity of the 
phosphatase becomes too weak (Figure 2B, black lines). An 
even higher independent increase in the expression of the 
spoILA. genes can be tolerated if we assume that the expression 
of the spoUA and spolIE genes is at least weakly correlated such 
that a large increase in the expression of the spoILA genes is 
accompanied by a small increase in the expression of the spolIE 
genes (Figure 2C). Such a correlation is not unexpected, 
considering that variations in gene expression are the result 
of both intrinsic and extrinsic noise. The latter, which reflects 
cell-to-cell variation in the concentration of other molecular 
species such as the RNA polymerase, will affect all genes 
similarly. We can conclude that the independent regulation of 
the spoILA and spolIE genes is unlikely to generate a major risk 
of failed sporulation. Separation of the spoILA. and spolIE genes 
on the bacterial chromosome, on the other hand, has benefits 
because it ensures that, upon septation, each compartment 
retains one copy of spolIE while initially (for the first 10- 
15min) two copies of spoILA are in the mother cell but none 
in the prespore (Frandsen et al, 1999). This initial transient 
genetic imbalance may protect the mother cell from a relative 
increase ofspoIIE to spoILA gene products (Iber, 2006).

If the expression levels of the genes in the spoILA operon 
are varied independently of each other, the tolerance of the 
network to variations in gene expression drops substantially. 
In particular, if expression of SpoILAB and SpoIIAA is no longer 
co-regulated, the network is sensitive to rather small changes 
(Figure 2D, grey lines and circles). Thus, if the SpoIIAA 
expression rate remains fixed and the SpoILAB expression rate 
increases by 60% (corresponding to the factor 1.6 on the 
horizontal axis in Figure 2D), then sporulation is predicted to 
fail; 60% variation from the mean is a noise level observed 
in bacterial (Escherichia coli) expression systems (Elowitz 
et al, 2002). On the other hand, if expression of SpoIIAA and 
SpoIIAB remains co-regulated but <JF expression is regulated 
independently (Figure 2D, black lines), the network is rather 
robust to variations in gene expression as long as the 
expression of SpoILAB is increased more than the expression 
of crF and the overall CTF concentration remains high enough 
to form micromolar concentrations of the holoenzyme. The 
transcriptional coupling together with a strong translational 
coupling of SpoIIAA and SpoILAB therefore substantially 
increases the robustness of the network to fluctuations in

gene expression. Stochastic variations in the relative rate of cr 
translation, on the other hand, are not as detrimental as long as 
the translation efficiency for CTF is lower than for SpoIIAA and 
SpoIIAB, as can be achieved by a weaker ribosomal binding 
site and the resulting (stochastic) dissociation of ribosomes. 
An advantage of preferential dissociation of the ribosomes 
before translating the gene for aF is that the bacterium saves 
the energy that would otherwise be required to translate, and 
subsequently degrade, unnecessary (harmful) copies of </. 
Considering that CTF comprises 255 amino acids and linkage 
of each amino acid requires the equivalent of four ATPs, the 
energy by not translating and degrading 10 uM crF corresponds 
to more than 10 mM ATP, which is a considerable amount
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msb4100084-E4 Molecula' Systems Biology 2006 2006 EMBO and Nature Publishing Group



A quantitative study of the benefits of co-regulation
Dlber

considering that the bacterial ATP concentration is 1-3 mM 
(Jolliffe et al, 1981; Guffanti et al, 1987; Hecker et al, 1988) 
and sporulation is a response to starvation, that is energy 
deprivation.

In a last step, we can now quantify the impact of gene 
organization on sporulation efficiency, and therefore fitness. 
For this, we assume that the gene expression levels in the cell 
population follow a normal distribution with variance rj 
around the mean value. Given the complex regulation pattern 
of gene expression, gene expression levels are unlikely to be 
distributed exactly normally. A normal distribution is, how­ 
ever, still likely to provide an approximation no worse than 
what could be obtained with a detailed model of the regulatory 
process in the absence of sufficient data to determine all 
required parameter values (Swain, 2004). Sporulation effi­ 
ciency is determined as the fraction of simulation runs for 
which the concentration of CTF. RNA polymerase holoenzyme 
does not exceed 0.4uM before septation and exceeds one 
micromolar after septation (Iber et al, 2006). For each 
condition, the mean sporulation efficiency and standard 
deviation are calculated from 100 independent runs that are 
carried out 10 times. In each run, the protein expression rates 
were set randomly such that overall the respective distribu­ 
tions of the protein expression rates were obtained. Determi­ 
nation of the sporulation efficiency for r|e[0,l] shows that 
as long as the sporulation genes are translationally coupled, 
even high variances hardly affect the sporulation efficiency 
(Figure 3A, black lines). The sporulation efficiency is even 
higher at high noise level, r|, if spoIIE expression co-varies with 
spoIIA expression, at least weakly (Figure 3B). A lengthening 
of the transcription time (that is a delay in septation), when 
transcription levels are too low to generate sufficient aF until 
septation, will further increase robustness to fluctuations in 
the rate of protein expression. Such a dependency of the time 
point of septation on the protein (and in particular the SpoIIE) 
concentration is in agreement with experiments (Khvorova 
et al, 1998; Ben-Yehuda and Losick, 2002) and might explain 
the large variance in the delay between the onset of 
sporulation and septation that is observed under different 
sporulation conditions. Low levels of additional stochastic 
noise in aF expression (broken lines), as may arise because of 
the stochastic dissociation of ribosomes, also has rather little 
impact and confirms that the weak coupling of SpoIIAB and 
aF translation does not substantially reduce sporulation 
efficiency. If on the other hand, spoIIAB is removed from the 
operon and controlled independently by the same promoter, 
then the sporulation efficiency drops rapidly (Figure 3A, blue 
lines). This is in good quantitative agreement with experi­ 
ments, which find that the sporulation efficiency drops to 
40-80% of wild-type levels (Dworkin and Losick, 2001), 
especially when considering that ri~[0.3, 0.6] for these 
expression levels (Elowitz et al, 2002). If spoIIAA is moved 
instead, then the effect is reduced (J Clarkson, personal 
communication), as also predicted by the model (Figure 3A, 
grey lines).

It should be noted that this drop in sporulation efficiency has 
previously been accounted for by the loss of the transient 
genetic imbalance when spoIIAB is moved to a chromosomal 
position close to the origin of replication (Dworkin and Losick, 
2001). The transient lack of SpoIIAB expression in the prespore

together with accelerated degradation of unbound SpoIIAB 
(Pan et al, 2001) had been suggested to enable crF release 
(Dworkin and Losick, 2001). However, we have shown 
previously that the transient genetic imbalance does not affect 
aF release on the timescale on which it persists (Iber, 2006), 
and stochastic effects are therefore a much more likely 
explanation for the observed phenotype of the mutants.

We conclude from the analysis of this well-studied model 
system that the protection from stochastic variation in the 
expression rate of interacting proteins can substantially 
increase viability, and therefore constitutes a driving force 
for gene clustering and co-regulation. Although the impor­ 
tance of gene dosage had been recognized before (Veitia, 
2002), and underexpression and overexpression of protein 
complex subunits in yeast had been shown to lower fitness 
(Papp et al, 2003), this study reveals that much smaller 
variances, as can result from stochastic effects, can already 
have substantial detrimental effects. The detailed analysis of 
the expression of the sporulation proteins therefore demon­ 
strates the optimized character of gene regulation and suggests 
that co-regulation of genes serves to optimize cellular network 
dynamics in spite of the inherent noise in all biological 
processes.
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Supplementary information is available at the Molecular Systems 
Biology website (www.nature.com/msb).
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Abstract Integrins mediate cell adhesion and are essential receptors for the devel­ 
opment and functioning of multicellular organisms. Integrin activation is known to 
require both ligand and talin binding and to correlate with cluster formation but 
the activation mechanism and precise roles of these processes are not yet resolved. 
Here mathematical modeling, with known experimental parameters, is used to 
show that the binding of a stabilizing factor, such as talin, is alone insufficient to 
enable ligand-dependent integrin activation for all observed conditions; an addi­ 
tional positive feedback is required.

Keywords Talin • Integrin • Receptor activation • Master equation • Positive 
feedback

1. Introduction

Integrins, large membrane-spanning heterodimeric proteins, were so named for 
their ability to link the extracellular and intracellular skeletons (Tamkun et al., 
1986). As an important class of cell adhesion receptors they participate in a wide 
range of biological interactions, including development, tissue repair, angiogene- 
sis, inflammation and hemostasis (Horwitz and Webb, 2003). Cell adhesion and 
detachment as well as controlled actin polymerization inside the cell are of par­ 
ticular importance in cell migration. The speed of cell movement depends on 
the density of integrins and ligands as well as their affinity of binding (Palecek 
et al., 1997). Integrins are key components of focal adhesions, dynamic multipro- 
tein complexes that are involved in the regulation of cell adhesion and migration. 
Focal adhesions (Zamir and Geiger, 2001) provide a physical link between inte­ 
grins and the actin cytoskeleton as well as sites for signal transduction into the cell
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Fig. 1 A simple model of integrin activation. Integrins exist in either a closed (LHS) or open 
conformation (RHS); the open, high affinity form, can be stabilized by binding of extracellular lig- 
and or intracellular proteins. The open conformation triggers downstream signaling and is termed 
active.

interior. Information about identified interactions and players in these complexes 
is ever-increasing but our overall understanding of how the ensemble works re­ 
mains relatively poor.

According to the current model of integrin activation, ligand binding shifts the 
equilibrium between different integrin conformations to the active one (Hynes, 
2002). The two extreme conformations of this allosteric protein are a bent or 
"closed" conformation which represents the low affinity state for ligand and an 
"open" conformation that will bind with high affinity to ligand (Fig. 1). Confor- 
mational changes in the extracellular domain affect the cytoplasmic tails, which 
are separated in the open conformation but not in the closed. Separation of the 
cytoplasmic domains promotes their interaction with cytoskeletal and signal trans- 
duction molecules, and thus the activation of integrins and downstream signaling. 
The conformational equilibrium can be influenced both by ligand binding to the 
extracellular domain (outside-in signaling) and by binding of cytoplasmic proteins 
to the separated cytoplasmic domains (inside-out signaling). Talin, a large intra­ 
cellular protein that binds integrin cytoplasmic tails and the actin cytoskeleton is, 
for example, essential for integrin activation (Campbell and Ginsberg, 2004). As 
well as changes in affinity induced by structural changes, integrins can also modu­ 
late their avidity by clustering, thus changing the valency of their interactions with 
ligand (Carman and Springer, 2003).

Previous theoretical studies have addressed the mechanism of integrin clus­ 
tering (Ward and Hammer, 1994; Irvine et al., 2002) but they have not yet ex­ 
plored whether ligand binding is sufficient or if other factors such as clustering are
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B

Fig. 2 Four possible mechanisms for integrin activation. (A) Ligand-binding is sufficient for in- 
tegrin activation, other factors are only important for down-stream signaling events. (B) A sta­ 
bilizing factor (such as talin) is necessary in addition to ligand binding. (C) A ligand induced 
positive feedback (based for instance on integrin self-interaction) induces integrin activation. (D) 
A positive feedback involving further signaling molecules is necessary for integrin activation. The 
symbols represent simple variants of those in Fig. 1. L refers to ligand, 5 to a stabilizing factor. 
The rate constants correspond to those used in the models.

necessary for integrin activation. In principle, ligand-dependent integrin activa­ 
tion can be enabled by any of the four different mechanisms depicted in Fig. 2. (A) 
Extracellular ligand alone is sufficient to activate integrins and other factors are 
only important for downstream signaling (Fig. 2A); (B) Ligand-dependent integrin 
activation requires the binding of an intracellular stabilizing factor that interacts 
with and stabilizes the on state (Fig. 2B). (C) A positive feedback, provided either 
by integrin-ligand pairs themselves or by self-interactions, is important (Li et al., 
2003) (Fig. 2C); (D) A positive feedback that increases the activity of an intracel­ 
lular stabilizing factor is required (Fig. 2D). The latter would need to be based on 
a larger intracellular signaling network.

Mathematical modeling is used in the following to evaluate the physiological 
potential of these mechanisms. The analysis suggests that, at least for some physi­ 
ological conditions, binding of ligand (even if it is preclustered) and/or a stabilizing 
factor (Fig. 2A,B) are insufficient for ligand-dependent integrin activation; a pos­ 
itive feedback (Fig. 2C,D) is required which results in the further stabilization of 
the active conformation. Integrin clustering is a likely consequence of such a posi­ 
tive feedback.
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2. A model for integrin activation

Overly simplified, integrins can be taken to exist in one of two states, a closed 
low affinity or an open high affinity conformation. In the absence of ligand the 
equilibrium is biased towards the inactive, low affinity conformation (Tadokoro 
et al, 2003). Binding of ligand (L) stabilizes the active, high affinity conforma­ 
tion. Under physiological conditions integrin activation therefore requires ligand 
binding and accordingly the physiological relevance of the mechanisms depicted in 
Fig. 2 can be evaluated by analyzing the extent to which they promote ligand bind­ 
ing. While the relationship between ligand binding and cellular action in response 
to integrin activation is unlikely to be linear we will show that the mechanisms dif­ 
fer substantially in the level to which they promote integrin-ligand binding such 
that they can be readily classified as "non-supportive" or "activating." The analysis 
can be greatly simplified if we determine the fraction of ligands bound by integrins 
rather than the fraction of integrins bound to ligands. In this case, integrins in the 
closed, low affinity conformation do not have to be considered explicitly. We will 
assume that there is a constant number of unbound integrins in the high affinity 
conformation since any integrin that binds to ligand can be replaced rapidly from 
the integrins in the low affinity conformation by conformational changes. While 
ligand binding will eventually deplete the pool of unbound integrins, this does not 
need to be included in an analysis of mechanisms for integrin signal initiation: if 
integrin-ligand binding occurs to a level that integrin depletion becomes relevant 
the activation mechanism can be considered successful independently of the exact 
final number of integrin-ligand complexes.

Under physiological conditions, the ligand is expected to be sufficiently dense 
that spatial details and diffusion constraints can be neglected in the initial steps 
of focal adhesion assembly. Transport of integrins from parts of the cell that are 
not in contact with the substrate is not relevant for the initial activation of cell 
adhesion signaling cascades and is not considered in this model.

The model follows the binding of single integrins to ligands; the probability of 
integrin-ligand complex formation can be calculated by solving the appropriate 
Master equation. The Master equation is a gain-loss equation for the probabilities 
of the separate states with n integrin-ligand complexes (van Kampen, 1992), from 
which the macroscopic kinetic equation can be derived when the density fluctua­ 
tions are negligible. In order to decide which of the four mechanisms depicted in 
Fig. 2 is sufficient for ligand-dependent integrin activation, the fraction of ligand 
bound by integrin is determined for each case.

2.1. Ligand engagement is not sufficient for integrin activation

According to the first mechanism (Fig. 2 A), ligand-dependent integrin activation 
does not require any further supporting processes and interactions. The Master 
equation for the formation of i integrin-ligand complexes is thus given as

k+(L - i))pi (I)
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with pi = 0 if i £ [0, L], where pt is the probability that / (open) integrins are 
bound to a ligand with L sites, k+, k- refer to the on- and off-rate of the inte­ 
grins. The on-rates include the density of integrins which are taken to be constant 
(see previous section). The first two terms in (1) represent the gains of state / due 
to the transition from other states, that is due to unbinding of an integrin from a 
complex with i + 1 integrins (first term) or the binding to a complex with / - 1 in­ 
tegrins (second term). The bracketed term is the loss due to transitions from i into 
other states either by unbinding or binding of an integrin. 

For the steady state (/>/ = 0) we obtain from (1)

Pi = (fl (fr) (2)

The expectation value for the number of integrins bound to a given ligand with 
L binding sites is given by (/b) = Y^t=o^Pi- Integrin activation therefore requires 
Pi ^ Po(* > 0) and thus -^ » 1 (Fig. 3), which corresponds to a high on- and low 
off-rate. This is because the probability of / bound integrins is proportional to the 
/th power of ^ and only for =• > 1 this probability increases with increasing /, that 
is with increasing numbers of integrins bound.

k- ~ 1 s" 1 has been established experimentally (Vitte et al., 2004); the two- 
dimensional on rate is more difficult to determine and has to be calculated from 
the two-dimensional dissociation constant which itself is difficult to measure and 
often obtained via its three-dimensional counterpart K^ ~ 6 x 10~8 M for the 
high affinity conformation (Faull et al., 1993; Suehiro et al., 1997) and K^ > 1 /xM 
for the low affinity conformation (Faull et al., 1993). It is generally assumed 
that the two dissociation constants are linearly related such that K^ = r]K^f, 
the value of the conversion factor 77 is, however, still a matter of debate (Moy

10

Fig. 3 Ligand engagement is not sufficient for integrin activation. The integrin saturation of the 
ligand, ^, is plotted against the integrin-ligand association constant Ka = jj^-; L = 10. As dis­ 
cussed in the text, experimental data suggest that ^ <£ 1 such that the fraction of activated inte­ 
grins would be very small.
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et ah, 1999), since theoretical estimates are not in complete agreement with 
latest experimental results. According to theoretical estimates for a protein com­ 
plex that spans about 20 nm, 77 = 1.2 x lO^m^M'1 (Bell, 1978). Studies em­ 
ploying protein-coated beads report r\ = 8 x W24 m~2 M~l (Moy et al., 1999) and 
T] = 1022 m~2 M" 1 (Kuo and Lauffenburger, 1993). The lower 77 value is corrobo­ 
rated by measurements of the two-dimensional dissociation constant for the LFA- 
3/CD2 adhesion pair that were carried out using cells instead of beads (Dustin et 
al., 1996). While there are experimental difficulties involved in getting an exact 
measurement of this parameter, the discrepancy between the theoretical and ex­ 
perimental estimates may well reflect a lower affinity of integrins when membrane 
bound, possibly due to steric constraints which will have a profound impact on 
this allosteric protein. We will therefore follow Moy et al. (1999) who used 77 = 
1022 m~2 M"1 rather than their own estimate for converting integrin dissociation 
constants. For 77 = 1022 m~2 M" 1 we find Aon ~2 xlO~3 /nm2 s" 1 . In order to deter­ 
mine the frequency of integrin-ligand bond formation the density of open inte­ 
grins needs to be taken into consideration. The average total (closed and open) 
integrin density on the cell surface has been estimated as p ~ 1-3 x 102 /xm~2 
(Wiseman et al., 2004). At least in some cells (e.g., platelets) more than 95% 
of all integrins are in the closed inactive conformation in the absence of ligand 
(Tadokoro et al., 2003); the density of integrin in the open conformation is there­ 
fore small (po < lO^imr2 ). Given that k+ = kon p0 this implies, using the experi­ 
mental estimate for 77, that k+ ~ 10" 1 to 10~2 s" 1 such that ^ 4C1, which is insuf­ 
ficient to drive integrin activation. A larger k+ can be achieved if a larger fraction 
of integrins is in the open conformation already in the absence of ligand. How­ 
ever, this leads to ligand-independent integrin activation. We can conclude that for 
experimentally determined parameters the model predicts that ligand-dependent 
integrin activation will not occur without further supporting interactions.

2.2. A stabilizing factor is not sufficient for ligand-dependent integrin activation

Proteins that bind and stabilize the active integrin conformation have been sug­ 
gested to be important for integrin activation (Fig. 2B). The Master equation de­ 
rived in the previous section can be extended to include such factors that stabilize 
integrin-ligand binding. While talin is an excellent candidate for such a protein 
(and we will therefore call this factor talin in the following), the analysis is kept 
general enough such that it could be extended to any cytoplasmic protein that pro­ 
longs the open active conformation by binding to the active integrin.

Much as in the case of integrins, talins can be considered to exist in two forms 
of different activity. Cytoplasmic talin is inactivated by self-interactions and only 
the "open" conformation can bind to the membrane (PIP2), integrins and other 
proteins. Therefore, we can again simplify the model by only considering the open 
active form, whose concentration can again be taken to be constant, since any open 
talin bound to integrins can be expected to be rapidly replenished from the pool of 
closed talins. Given the low abundance of both open talin and integrin, complexes 
of the two are taken to be absent in the absence of ligand. The gains and losses of 
the state with i integrins and t talins bound can again be translated into the linear
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Master equation

pi, t = k-(i + l-, 0#+u + ** (r + I)A-+U+I (3)

i - t)

with /?,- t , = 0 if t > i;t,i <Q;t,i > L. Here pitt is the probability that i (open) in- 
tegrins and t (open) talins are bound to the ligand with L sites, pitt = 0 if / > i 
reflects the fact that talins can only attach to the ligand indirectly by binding to 
integrins. k+ ,k-,l+J_ refer to the on- and off-rates of the integrins and talins re­ 
spectively. The on-rates include the density of integrin and talin which are taken 
to be constant (see above). k?_ refers to the integrin off-rate when talin is bound

For the steady state (pi<t = 0) we obtain from (3)

(4)

.., _--+* , k*+L f . ^ ^ , A _ . ^ _,, , .
with a = /+A/ , b = -^— for i > t and pitt = 0 for i < t. The expectation 
value for the number of integrins and talins bound to a given ligand with L binding 
sites is given by {/b } = £)/L0 z £,L=0 p/,, and (rb ) = £r=o'£/=o A\/» respectively. 
For strong ligand binding in the absence of talin binding /?L,O ^> Po,o we require 
b > a and we recover the condition k+ » k- found in the previous section. If talin 
binds the condition becomes £^£ PL,I 3> Po,o and thus a <b + l. This condition 
can be met if either a < b or a < 1. Assuming that the integrin-ligand off-rate 
in the presence of talin is very small (k*_ <£ 1), a < b still requires k_ < k+, (high 
integrin-ligand affinity) which we have found above to disagree with experimental 
estimates. The condition a < 1 can be met if either k- <£ k+ or if k- > k+ and 
/_ < /+, that is integrin activation would be possible despite a low integrin-ligand 
affinity if the integrin-talin affinity were sufficient high (Fig. 4). However, such 
high integrin-talin affinity would also lead to integrin activation in the absence 
of ligand binding. We can therefore conclude that a stabilizing factor alone is not 
sufficient for ligand-dependent integrin activation.

2.3. A positive-feedback is required for ligand-dependent integrin activation

The remaining two mechanisms in Fig. 2 both involve a positive feedback. Here, 
Fig. 2C considers a feedback mechanism that only involves the integrin-ligand 
pair itself while according to Fig. 2D a larger network would be necessary. Both 
mechanisms are analysed in the following.
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Fig. 4 A stabilizing factor is not sufficient for ligand-dependent integrin activation. The frac­ 
tion of ligand bound by integrin, ^-, is plotted against the integrin-ligand association constant 

â = £1 anc* the integrin-talin association constant Ka — j±. for k*_ = 0; L = 10. For experimental 
estimates of these association constants the activated fraction is small.

2.4. A positive feedback that is based on the integrin-ligand pair

A positive feedback only involving the integrin-ligand pair (Fig. 2C) could either 
be enabled by integrin-integrin interactions in the open form (Li et al, 2003) or 
by a ligand-induced conformational change that leads to a higher affinity of bind­ 
ing. In both cases this positive feedback ought to be triggered once a certain (small) 
number of integrins is engaged in close proximity. Such interaction can thus be cap­ 
tured in the model by replacing k- with /£_ in (1) and setting kf_ = k°_/(l + ( .^ ), 
where /£ refers to the integrin-ligand off-rate in the absence of a positive feed­ 
back, kc determines the strength with which the feedback reduces the integrin- 
ligand offrate, and K and n limit the effect of integrin-integrin interactions to local 
interactions. The model does not contain any spatial information and it is thus 
assumed that integrins either bind to preclustered ligand, or preferentially in the 
vicinity of other bound integrins. Note that the assumption that ligand-integrin in­ 
teractions are short-lived in the absence of integrin-integrin interaction will lead 
to such preferential binding in the vicinity of bound integrins. For the steady state 
(pi = 0) we then obtain from (1)

Pi =
+

(5)

Given that K and n need to be chosen such that only local integrin-integrin in­ 
teractions reduce the ligand-integrin off-rate, for sufficiently large ^ (5) can be 
approximated by



Bulletin of Mathematical Biology (2006) 68: 945-956 953

Pi = —MTX———-, (6)

(6) and (2) are similar and only differ in the factor /^. The same argument thus 
applies such that AC » |=- ~ 102-103 is required to enable ligand-dependent in-
tegrin activation (Fig. 3). In the analysis of (2) ^ was determined for the high 
affinity integrin-ligand interaction and a further ligand-induced affinity increase 
by 100-1000 fold is impossible. Integrin-integrin interactions strong enough to re­ 
duce the high affinity dissociation constant by a further factor of 102-103 are also 
unlikely. Thus, a feedback loop only involving integrins is unlikely to drive ligand- 
dependent integrin activation.

2.5. A positive feedback loop based on a regulatory network can enable 
ligand-dependent integrin activation

The last mechanism (Fig. 2D) to be analyzed is one that considers a regulatory 
network that mediates the positive feedback. This mechanism involves a stabiliz­ 
ing factor whose activity is increased in response to ligand binding. Such positive 
feedback has indeed been reported in the form that ligand-bound integrins as well 
as talins trigger an increase in PIP2, which in turn increases the recruitment of talin 
to the membrane, and thereby the talin-integrin complex formation (/+ ) (Garcia- 
Alvarez et al., 2003; Martel et al., 2001). The talin density on the membrane will 
thus be very small when integrins are inactive and increase when ligands increase 
the integrin activity. This positive feedback can be incorporated into the model as

(t

such that the talin on-rate /+ depends on the number of talins in the integrin- 
ligand complex with K being the Hill constant, n the Hill coefficient and /c some 
proportionality factor. While many other formulations of such feedback are pos­ 
sible, this saturation form captures the likely talin dependence of the membrane 
PIP2 concentration, which will be low below a certain talin threshold and eventu­ 
ally become saturated.

The steady state for /?/,, is now more difficult to derive but numerical studies 
show that such positive feedback indeed enables ligand-induced integrin activation 
as long as K/L <£ 1 (Fig. 5). Note that, as before in the case of integrin-integrin 
interactions, ligand-dependent integrin activation requires the proportionality fac­ 
tor /c to be of order 102-103 In case of talin recruitment this is reasonable since 
local PIP2 production may lead to a 100-1000 fold increase in the local membrane 
talin density. A ligand-independent increase in /+, due to a signaling dependent 
increase in a factor that stabilizes the open integrin conformation, will also lead 
to integrin activation. This is likely to provide the mechanistic basis for inside-out 
signaling.
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Fig. 5 A positive feedback enables ligand-dependent integrin activation. The fraction of ligand
bound by integrin, ^, is plotted in the absence (-) or presence of a talin feedback regulation 
against the Hill constant K (Eq. 7) normalized by the number of binding sites L for different 
Hill coefficients [n = l(-);n = 5(- • •)]• Parameters were set to L = 10, k+ = 0.1, /c = 102 , /c_ = 
5, k*_ = 10~3 ,/_ = 1 It can be seen that as long as positive feedback is initiated upon binding 
of few integrins (small -f), a large active integrin fraction is obtained.

We thus conclude that ligand-dependent integrin activation requires k- ^> 
k+, /_ » /+ in the resting and &L_ <£ k+, I- <£ /+ in the active state. The first con­ 
dition is met by the binding of the stabilizing factor which reduces &_, and the 
second condition is enabled by a positive feedback that leads to an increases in /+ 
in the presence of ligand.

3. Conclusion

The analysis of possible mechanisms for integrin activation suggests that a posi­ 
tive feedback is required for ligand-dependent integrin activation. Thus the ligand- 
integrin affinity appears to be too low to stabilize the active integrin conformation 
in the absence of a further stabilizing factor such as talin. To ensure that ligand- 
independent integrin activation by such a stabilizing factor alone is impossible a 
positive feedback that upregulates the stabilizing factor upon ligand binding is 
required.

This conclusion strongly depends on the order of magnitude of the conversion 
factor 77 between the two- and three-dimensional dissociation constants and further 
careful measurements of this parameter will be important. While ligand-dependent 
integrin activation would be possible in the absence of further stabilizing interac­ 
tions if the theoretical rather than the experimental estimates for rj were correct 
(that is if 77 were 1000 times smaller), available experimental information is very 
much in favour of the experimental estimate that has been used in this study. In 
addition to the argument already given (see above) further experimental observa­ 
tions corroborate the notion that the physiological integrin-ligand affinity is tuned 
such that integrin activation depends on supporting factors. Thus, mutations in the 
^-tail that disrupt the talin-integrin interaction markedly reduce the fraction of
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active integrins (Tadokoro et al, 2003). This reduction can be overcome by bind­ 
ing of an antibody that stabilizes the high affinity conformation (Tadokoro et al., 
2003) which is in agreement with the model prediction that a higher ligand-integrin 
affinity can enable talin-independent integrin activation. With integrin activation 
balanced on a knife-edge small changes in the affinity, density and conformational 
bias of integrins can have a large impact on the cell's adhesiveness and motility—as 
is observed in experiments (Palecek et al., 1997).

An advantage of a positive feedback regulation is the regulatory potential. Sig­ 
naling processes can affect the positive feedback, providing a basis for inside-out 
signaling. It is likely that the observed integrin clustering is a result of such a posi­ 
tive feedback mechanism; a local increase in the density of a stabilizing factor will 
facilitate the formation of further integrin-ligand bonds in the vicinity of existing 
ones. Clustering would then result from a process that enables long-lived integrin- 
ligand interactions but is not of itself essential. The concept that ligand binding 
and clustering are independent processes is in agreement with the observation in 
Drosophila that integrins can still bind to the extracellular matrix in the absence 
of talin but fail to cluster (Brown et al., 2002).

The feedback loop that is considered in the current model only comprises a sta­ 
bilizing factor (such as talin) and a way of increasing the concentration of the sta­ 
bilizing factor, such as by PIP2 formation. Many more players are known to be 
involved and understanding their relative contributions will be important. Here, 
especially the role of PIPKIy will be of interest. While PIPKIy produces PIP2 and 
thus increases talin recruitment to the membrane, PIPKIy itself is recruited to the 
membrane by talin (Di Paolo et al., 2002) and competes with the integrin /5 tail for 
talin binding (de Pereda et al., 2005). Integrin activation leads to FAK activation 
and a FAK-enhanced Src-mediated phosphorylation of PIPKIy further increases 
its affinity for talin (Ling et al., 2002; Arias-Salgado et al., 2003). PIPKIy therefore 
appears to play an important role both in integrin activation and the turnover of 
focal contacts. A combination of modeling and experiment, of the sort described 
here, is expected to shed more light on this complex regulatory network.
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Affinity maturation of antibodies during immune responses is achieved by multiple rounds of somatic 
hypermutation and subsequent preferential selection of those B cells that express B cell receptors with 
improved binding characteristics for the antigen. The mechanism underlying B cell selection has not yet 
been defined. By employing an agent-based model, we show that for physiologically reasonable parame­ 
ter values affinity maturation can be driven by competition for neither binding sites nor antigen—even in 
the presence of competing secreted antibodies. Within the tested mechanisms, only clonal competition for 
T cell help or a refractory time for the interaction of centrocytes with follicular dendritic cells is found to 
enable affinity maturation while generating the experimentally observed germinal centre characteristics 
and tolerating large variations in the initial antigen density.

Keywords: germinal centre; lymphocytes; B cell selection.

1. Introduction
During the course of an immune response, antibodies evolve that bind with increased affinity to an anti­ 
gen (Jerne, 1951; Eisen & Siskind, 1964). This phenomenon, termed affinity maturation, is based on 
multiple rounds of somatic hypermutation targeted to the antibody genes and subsequent selection for 
increased binding affinity (MacLennan et al., 2000). Both the latter processes are in general confined to 
germinal centres (GCs) (Jacob et al., 1991b). Selection acts on B cells that express as B cell receptor the 
rearranged and possibly mutated antibody gene. Recent experiments suggest that B cells are selected in 
a clonal competition, since low-affinity B cells can persist in the GC reaction when competition is re­ 
duced (Dal Porto et al., 2002; Shih et al., 2002). Although the key cellular dynamics of the GC reaction 
are by now well-characterised (Liu et al., 1991; Hollowood & Macartney, 1992; MacLennan, 1994), the 
mechanism enabling clonal competition and thus B cell selection has not yet been defined and is the 
subject of this paper.

GCs are initially seeded by a small number of proliferating B cells that bind the antigen with at least 
low affinity (Kroese etal., 1987; Jacob etal., 199la; Liu etal., 1991). After a phase of B cell expansion, 
somatic hypermutation is initiated in so-called centroblasts (CBs) which are characterised by a low
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expression of surface immunoglobulin M (IgM). Upon differentiation into so-called centrocytes (CCs), 
the IgM expression increases and CCs are selected according to the quality of antigen binding. CCs 
are in a state of activated apoptosis (Liu & Arpin, 1997) and in order to survive, they need to acquire 
antigen and present it to antigen-specific T cells that most probably have entered the GCs together with 
the antigen-specific B cells (MacLennan et al., 2000; Aydar et al., 2005).

Whether antigen trapped on follicular dentritic cells (FDCs), as opposed to soluble antigen, is critical 
in the selection process is currently controversial (Aydar et al., 2005; Haberman & Shlomchik, 2003; 
Kosco-Vilbois, 2003). Selected CCs differentiate into either memory cells or plasma cells or recycle, i.e. 
differentiate back into CBs, which enables them to go through multiple rounds of mutation and selection.

Early models of affinity maturation have focused on the selective effect of clonal competition for 
FDC-presented antigen (Siskind & Benacerraf, 1969). This view has been challenged by the recently 
observed robustness of affinity maturation towards large variation in the amount of initially deposited 
antigen (Vora et al, 1997; Hannum et al, 2000; Manser, 2004). Given that secreted antibodies appear to 
be dispensable for affinity maturation (Hannum et al, 2000), this robustness is unlikely to derive from a 
competition with emerging serum antibodies (Vora et al, 1997; Tarlinton & Smith, 2000; Iber & Maini, 
2002).

The alternative model of a clonal competition for binding sites instead of antigen (Kesmir & 
De Boer 2003) requires affinity maturation to strictly depend on antigen being encountered mem­ 
brane bound, which is the subject of controversy (Haberman & Shlomchik, 2003). Also, antigen 
localisation would have to be restricted to a small number of places within the large dendritic network. 
Despite many electron microscopy studies, such localisation restriction has not yet been reported.

Without competition for access to antigen or FDCs, higher-affinity B cell clones could be favoured 
on the level of antigen binding, either because of differential signalling of B cells in response to different 
affinities of binding (Kouskoff et al, 1998) or because high-affinity B cells require fewer encounters 
with the FDC to establish an immunological synapse and to extract antigen (Batista et al, 2001; Meyer- 
Hermann, 2002a). Here, immunological synapse refers to the supramolecular segregation of proteins 
in lymphoid cell-cell contact zones (Kupfer & Kupfer, 2003), which enable long-term signalling and 
effector functions (Huppa et al, 2003).

Finally, recruitment of T cell help may be competitive. In vitro assays show that higher-affinity B 
cells are more able to recruit T cell help (Batista & Neuberger, 1998), which may be crucial in the GC 
environment, where T cells constitute only 5-10% of the GC cell population (Kelsoe, 1996).

While experiments have addressed the various hypotheses, they have not yet succeeded in ruling 
out any of the above mechanisms. This is largely due to the experimental difficulties that are associa­ 
ted with the investigation of such complex systems. We therefore employed an extended version of a 
previously described agent-based model for GC reactions (Meyer-Hermann, 2002a; Meyer-Hermann & 
Maini, 2005b), which allowed us to investigate the impact of each factor separately. Model assumptions 
are based on experimental data mostly stemming from lymph nodes of mice or rats and the results are 
robust against physiologically conceivable variations in the parameter values.

We find that both a competition for access to FDCs as well as a competition for antigen (even in 
the presence of antibodies) does not enable affinity maturation to the experimentally observed degree. 
On the other hand, both a CC refractory time for interaction with FDCs and competition for T cell help 
can drive affinity maturation—especially when the acquisition of antigen and survival signals from the 
FDCs is uncompetitive. Given that both selection mechanisms enable affinity maturation over a wide 
range of antigen densities, even if antigen is encountered in soluble form, we suggest either one or both 
of these to be the physiological mechanism of B cell selection. Experiments are suggested to test this 
unexpected model prediction.
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2. Model
2.1 In silico GC simulations

We employ in silico simulations of the GC reaction to analyse the B cell selection mechanisms. The 
simulations are performed using a previously described stochastic hybrid agent-based model (Meyer- 
Hermann, 2002a; Meyer-Hermann & Maini, 2005b), which has been extended to test the different se­ 
lection mechanisms. The basic idea is to rebuild a GC in silico and to study how its spatial organisation, 
dynamics and output depend on the assumptions that are made about the comprised cells and their 
interactions. The GC is represented by a lattice whose nodes represent cells. With the exception of pre- 
plasma and memory cells, the GC cells are confined to the area of the GC as defined by the mantle zone. 
The cell-lattice is supplemented by a second grid for soluble signals. These satisfy reaction-diffusion 
equations which are solved numerically. Given that the analysis of 3D models leads to similar results 
(Meyer-Hermann & Beyer, 2002), we restrict our analysis to 2D in order to gain better statistics because 
of substantially shorter computation times. We include CBs, CCs, FDCs and output cells such as plasma 
and memory cells in all our simulations and study the effect of T helper cells on CC selection in an ad­ 
ditional set of simulations. The different cell types are encoded in the simulation by defining differently 
sized objects that are associated with distinct sets of rules which reflect their biological properties. The 
rules determine the cellular dynamics by defining motility, cell-cell interactions, cell-cycle times, cel­ 
lular lifetimes and similar properties. A comprehensive list of these properties is given below. Despite 
the complexity of the GC reaction, only a limited set of parameters is required to respect commonly 
accepted GC properties and to capture available quantitative experimental data. Reasonable estimates 
can be obtained for most of the parameters (Table 1), and the few exceptions are studied in detail. While 
most of the experimental data stem from lymph nodes of mice or rats, the model applies to all GCs that 
exhibit similar GC morphology and cell dynamics.

2.2 Antibody representation
In order to analyse B cell affinity maturation, we need to define the affinity and thus quality of antibodies. 
Antibodies are represented in a 4D shape space (Perelson & Oster, 1979). According to the principle 
of complementarity, the antigen defines the position of the antibody of maximum affinity to it in the 
shape space. The distance of an arbitrary antibody to this optimal clone is calculated as a one-norm in 
the shape space (the minimum number of mutations to reach the optimal clone) and is assumed to be a 
measure for its affinity to the antigen. The latter is calculated as a Gaussian function with the distance as 
argument and a width of 2.8 mutations. The power and the width of the affinity function are calculated 
on the basis of experimental data relating the number of mutations in GC reactions to the increase in 
affinity (for more details, see Meyer-Hermann, 2002a; Meyer-Hermann & Beyer, 2004).

2.3 Cell motility
In agreement with recent two-photon imaging data collected in vivo from mice lymph nodes (Miller 
et al, 2002), cells are assumed to perform an undirected and active movement. Unless stated otherwise, 
every cell is attributed to a single node. All cell states include a mean speed uce ii, a polarity pce ii and a 
persistence time Arceii, where 'cell' denotes the different cell types. The probability of displacement of 
a cell to a next neighbour node is determined by D ce i|. The direction of movement is set by pceu, and the 
polarity changes with a rate according to Arce ii. The new polarity is chosen randomly, i.e. without any 
memory effect. The values of these motility parameters are taken from experiment (Miller et al, 2002) 
and are given in the subsequent list of cell types and in Table 1. However, the two-photon experiment
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TABLE 1 Collection of all parameters of the model with references to the literature on which the values 
are based. The parameters are classified in the two categories fixed and variable. Fixed parameters 
remain unchanged throughout all simulations presented in this work. Variable parameters have been 
varied according to the selection process under consideration. If a value is stated, then this is the value 
employed in all selection scenarios where this parameter is fixed. Symbols correspond to the ones used 
in the text

Parameter and reference Symbol
Lattice constant A*
Lattice dimension D
Radius of reaction

volume
Shape space 

dimension 
Width of Gaussian 

affinity weight 
function

Duration of 
optimisation phase

Value
10(j.m
2

220 (j-m

4 

2.8

48 h

Type
Fixed
Fixed
Fixed

Fixed 

Fixed

Fixed

References

Perelson&Oster(1979), 
Lapedes & Farber (2001) 

Meyer-Hermann etal. (2001)

Jacob etal. (1993), 
Pascutietal. (1994),

Number of
seeder clones 

CB velocity 
CB persistence

time 
Cell cycle

time of CB 
Mutation probability

ofCB 
Duration of CB

differentiation to CC 
CC velocity

CC persistence time

Duration of
FDC-CC contact 

CC refractory time 
Duration of

differentiation
of selected CC 

Probability of
recycling for
selected CC 

Lattice constant 
CC lifetime 
Number of T cells 
T cell velocity

A?CB
1.5 |u.m/min 
2 min

9h 

0.5

1 / r^

A*

Meyer-Hermann (2002a) 
Fixed Kroese et al. ( 1987)

Fixed Miller et al. (2002), Wei et al. (2003) 
Fixed Miller^ al. (2002),

Meyer-Hermann & Maini (2005a) 
Fixed L'metal. (1991)

Fixed Berek & Milstein (1987),
Nossal(1992) 

Variable Liu et al. (1991),
Meyer-Hermann (2002b) 

Fixed Miller et al (2002),
Wei et al. (2003) 

Fixed Miller et al. (2002),
Meyer-Hermann & Maini (2005a) 

Fixed van Eijk et al. (2001)

Variable 
Fixed Meyer-Hermann (2002a)

Fixed Hanera/. (1995b)

10 M-m Fixed Meyer-Hermann et al. (2001)
10 h Fixed Liu et al. (1994)
10 Variable Kelsoe(1996)
10.8 M-m/min Fixed Miller et al. (2002),
_____________ Wei et al. (2003)

5

2 min 

2h

6 min 
7h

0.8

Continued
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TABLE 1 Continued
Parameter and reference
T cell persistence time

Symbol
A?TC 2

Value
min

Type
Fixed

References
Miller et al. (2002) i

Duration of CC-T cell
interaction before
apoptosis 

Duration of CC-T cell
interaction before
selection 

Number of FDCs 
Length of FDC

dendrites 
Rate of differentiation

signal production
by FDCs 

Diffusion constant
of signal molecules
in tissue 

Number of antigen
portions per
FDC site 

Antigen threshold for
maximum binding
probability 

Antibody production
by output cells 

Immune complex
association rate 

Immune complex
dissociation rate

Ar,rescue

2.1 h

2.0 h

WFDC 10

'"signal

200

Wag 0 

t/ ag = /Vag

OM/(hcell) 

k+ 106 /(Ms) 

k- 10-3 /s

Variable

Variable

Meyer-Hermann & Maini (2005a)

Variable 
Variable

Variable Meyer-Hermann (2002a)

Fixed Meyer-Hermann (2002a)

Variable

Variable

Variable Randall et al ( 1992)

Fixed Batista & Neuberger (1998),
Fersht(1998) 

Fixed Batista & Neuberger (1998),
Fersht(1998)

does not necessarily apply to GC reactions, such that this has to be considered as an assumption. Note 
that the actual movement of the cells may be less than expected from uceii when contact inhibition by 
other cells suppresses the movement.

2.4 Cell types
The following list provides a comprehensive description of all cells and their specificities. All parameters 
without explicitly given value are of importance for the selection process and are discussed within 
Section 3.

2.4.1 Follicular dentritic cell The soma of each FDC is represented as a single lattice node. Each 
FDC is assumed to have four (two per space dimension) dendrites. Every dendrite is attached to the 
soma and extends to neighbouring nodes. Given that dendrites are flexible, the lattice nodes to which 
dendrites are attributed are not exclusive, i.e. other cells can move onto these nodes. This is not possible 
for other cell types or the FDC soma. FDCs are assumed to produce a differentiation signal for CBs with
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a rate rsignai (see below). In order to reduce computational efforts, FDCs are assumed to be immobile. 
This is a sufficient approximation because the interaction frequency with CCs is dominantly determined 
by the typical distance between FDC-binding sites and CCs. This corresponds to the density of the FDC 
network which is determined by the number of FDCs, NFDC, and the length of the dendrites, <a?FDC- 
A suitable quantity to measure the density of the FDC network is the number of nodes, XFDC> from 
which access to FDC sites is possible in the GC area. We assume access points to be at the position of 
the dendrites and on all neighbour lattice points. This yields

XFDC = WFDC — T —— . U ) Ax
with D the dimension of the lattice and AJC = 10 pirn the resolution of the lattice (chosen as the average 
B cell diameter). The physiological range is 48 ^ XFDC ^ 144; this corresponds to 100 FDCs per GC 
(Kesmir & De Boer, 1999) (NFDC = 4 in the 2D simulation) with a total length of dendrites of each 
FDC 2DJpDC = 40-120 |j.m. The FDC number in 2D is calculated by comparing the FDC density of a 
spherical GC in 3D to the FDC density in a GC slice of thickness AJC = 10 |im.

2.4.2 Centroblasts. CBs are a subpopulation of B cells in the GC. CBs divide with a cycle time of 
6 h (Liu et al, 1991) (i.e. 9 h in 2D) and, owing to somatic hypermutation, acquire in each cell division 
non-silent mutations with probability 0.5 (Nossal, 1992). Mutations are modelled by a jump to a next 
neighbour in the shape space (in an arbitrary direction); wider jumps are excluded. The transcription 
factors for susceptibility to apoptosis are already upregulated in CB (Klein et al., 2003). We assume CBs 
not to be affected by these before they differentiate to CCs. Equally, CBs are assumed not to interact with 
FDCs or T cells, thus neglecting possible rescue mechanisms acting directly on CBs. CBs differentiate 
to CCs at rate rdiff once the local concentration of differentiation signal (which is produced by FDCs and 
diffuses over the lattice) exceeds a threshold value. Given that neither the exact signal nor its threshold 
concentration is known, the signal production rate by FDC is given in units of this threshold. Because of 
their larger size, we expect CBs to move at a lower mean speed (UCB = 1.5 |am/min and A fee = 2 min) 
than measured for naive B cells (Miller et al, 2002). Assuming that the mean speed scales according to 
Stokes' friction law, i.e. with the inverse ratio of the radii of CBs and naive B cells, we obtain a realistic 
approximation of real motility properties. This assumption might be wrong in view of observed rather 
motile large B cells (Gunzer et al., 2004). However, the motility of CBs does not significantly influence 
the selection mechanisms which are primarily related to the CC motility.

2.4.3 Centrocytes. CCs differentiate from CBs and neither divide nor mutate. CCs are in an activated 
state of apoptosis and they have a lifetime of 10 h (Liu et al, 1994), within which they need to receive 
a rescue signal to avoid death. Dead CCs are rapidly removed from the lattice assuming a fast clearance 
of apoptotic bodies. The exact nature of the rescue signal depends on the selection mechanism. CCs can 
be in one of the following states: 'unselected', 'in contact with FDC', 'selected by FDC', 'in contact 
with T cell', 'selected'. Thus, the subpopulation of CCs is rather heterogeneous (Klein et al, 2003).

'Unselected' CCs need to find one of the XFDC sites. Once they have access to an FDC site, 
they try to bind the antigen. The binding probability is proportional to the antibody-antigen affinity! 
Unsuccessful CCs have to wait for 6 min before they can try binding again. This short refractory time 
ensures independence of the binding process from the time resolution in the simulations. Note that one 
investigated selection mechanism consists of a prolongation of this refractory time (see Section 3). Suc­ 
cessful CCs switch to the state 'in contact with FDC' and are rescued from apoptosis. The CC remains
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bound to the FDC for 2 h (Lindhout et al., 1995). During this time, the rescue signals are thought to be 
provided by the FDC and the CCs turn into the state 'selected by FDC'. Note that the FDCs are assumed 
to provide rescue signals and not to negatively select unsuccessful CCs via, e.g. the FasL-Fas pathway 
(Verbekeefa/., 1999).

All investigated selection mechanisms act on CCs and define how CCs in the state 'selected by 
FDC' reach the state 'selected'. This process is described when the different selection mechanisms are 
introduced in Section 3.

'Selected' CCs further differentiate within 7 h to pre-plasma cells or memory cells (both summarised 
as output cells in the following), or, alternatively, they recycle back to CBs. No data yet exist to relate 
the relative receptor quality of the CC to its probability of entering either differentiation path. In fact, 
available experimental data (Han et al., 1995b) can be reproduced by assuming that this probability does 
not depend on receptor quality (Meyer-Hermann et al., 2001) and as in Meyer-Hermann et al. (2001), 
we therefore assume that 'selected' CCs recycle with probability 0.8 and differentiate to output cells 
with probability 0.2.

CC motility characteristics are assumed to be identical to those of naive B cells (Miller et al., 2002) 
and to be the same in all states, i.e. DCC = 5 n.m/min and A fee = 2 min.

2.4.4 T cells. T cells are only included in one set of simulations in which they are part of the selection 
process of CCs. As the relative amount of specific and unspecific T cells is not known, only T cells that 
are specific for the antigen are included, such that all A^rc T cells will be able to interact with CCs 
selected by FDC. Consequently, the number of included T cells may underestimate the total number of 
T cells present in the GC. The error introduced by this simplification is restricted to spatial effects of 
T cells, which can be assumed to be small in view of the comparably small total number of T cells in 
GCs. When T cells interact with CCs that have encountered antigen on FDC they develop a polarity 
towards the CC. If more than one CC selected by FDC simultaneously interact with a T cell, the T cell 
is assumed to polarise towards the CC with highest affinity to the antigen. Without CC the polarity of 
the T cell is random. The T cell motility characteristics are UTC = 10.8 vim/min and Af-rc = 2 min 
(Miller etal., 2002).

2.4.5 Output cells. Pre-plasma cells and memory B cells are collected in a cell pool denoted by 
output cells. These cells are assumed to have the same motility characteristics as CCs. In contrast to 
CCs, output cells can leave the GC environment when reaching the border of the GC. These cells may 
be thought of as crossing the mantle zone and entering the marginal zone. The total number of output 
cells produced will be taken as a measure of GC success independent of their presence in the GC at the 
end of the reaction.

2.5 Diffusion of molecular signals and soluble antibodies

The model includes diffusing CB differentiation signals as well as soluble antibodies. The discretised 
diffusion equation is solved on the lattice with Dirichlet boundary conditions and with constant diffusion 
coefficient. Note that the diffusion coefficients Ddiff = 200 |j.m2 /h and Dab = 2000 |j.m2 /h are chosen 
to be very small in order to respect the high cell density in GC that acts as obstacles for free diffusion of 
molecules. However, the results are robust against different choices of parameter values. Numerically, 
the Crank-Nicholson and the alternating direction implicit method are used in 2D and 3D, respectively. 

In one selection mechanism, antigen masking by antibodies is considered. Antibodies, b, are pro­ 
duced by output cells at some rate rab, diffuse on the lattice and locally bind to antigen, a, on FDCs to
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form immune complexes, c, according to the rate equation

While the affinity of the secreted antibodies will increase during the course of the immune response, 
we simplified the simulation by using binding rates characteristic of high-affinity antibodies, e.g. k+ = 
106 /(Ms) and k- = 10~ 3 /s (Batista & Neuberger, 1998; Fersht, 1998). This simplification is appro­ 
priate as we show that even under such conditions antibody production at a physiological rate does not 
sufficiently increase affinity maturation. The total amount of antigen and antibody is conserved in re­ 
action (2), but these will nonetheless not remain constant since free antigen is consumed by CCs that 
bind to FDC, and antibodies are produced by output cells. This equation is solved using a simple Euler 
method at every node.

2.6 Initial configuration

The GC reaction is seeded by a small number of activated B cells that expand rapidly and fill the GC 
with about 104 B cells before somatic hypermutation starts (McHeyzer-Williams et al., 1993; Toellner 
et al, 2002) and enables the evolution of higher-affinity antibodies. In general, a small number of clones 
dominate the reaction after this expansion. We start the GC simulation after this expansion phase with 
1 100 CBs (which correspond to the 104 B cells in 3D) that stem from three different low-affinity clones 
(binding probability 0.04). The antibodies of these clones all have a distance of five mutations to the op­ 
timal clone in the shape space; i.e. they require a minimum of five mutations to gain the optimal affinity. 
However, most sequences of mutations will not follow such an optimal antibody affinity evolution path. 
In fact, we observe about nine mutations in most output cells, which is in agreement with experimental 
data (Kueppers et a/., 1993). The CBs are distributed randomly within the GC. We assume a polarised 
morphology of the GC in the sense that the FDCs are placed at arbitrary nodes on two-thirds of the 
total GC volume (Camacho et a/., 1998, Fig. 1C, D). If T cells are included, then they are distributed 
randomly within the GC. Note, however, that the bias of B cell-flow from dark to light zone induces an 
inhomogeneous T cell distribution which are then concentrated in the outer light zone as observed in 
experiment (Hardie et al, 1993), without additional assumptions.

2.7 Simulations and analysis of the results

In order to achieve comparability between the different selection mechanisms, two parameters that affect 
CB to CC differentiation were varied within physiological limits, while all other parameters are kept 
constant throughout all simulations (see Table 1), such that the experimentally determined GC kinetics 
and dark zone duration were reproduced. These two GC characteristics were chosen since both are well 
established by experiments and variations of these strongly affect the output of the reaction (Meyer- 
Hermann, 2002a).

FIG. 1. Competition for FDC sites is too weak for affinity maturation. In silica GC experiments with different numbers of FDC 
sites. (A) Parameter adaptation: 'duration of CB differentiation' and differentiation 'signal production' rate per FDC (note that 
the jumps in the latter correspond to different numbers of FDCs), (B) extent of affinity maturation (measured as average binding 
probability and number of output cells), (C) CC/CB ratio at day 12 of the reaction, ratio q^ 2 of number of output cells at day 
12 to 6, (D) GC kinetics taken from 50 simulations with 80 FDC sites including one standard deviation compared to data read 
off from Liu et al. (1991); Hollowood & Macartney (1992), (E) deviation r\ (see (3)) from experimental GC kinetics and (F) end 
of dark zone, GC population drops below 100 cells for the first time, remaining cell number after 21 days. The hatched area in 
(A,B,C,E,F) indicate the physiological range. The shaded area denotes one standard deviation in 50 simulations.
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We assume the differentiation of CB to CC to be initiated by an FDC-derived signal. A signal for 
CB to CC differentiation has not yet been identified experimentally. However, this mechanism—unlike 
other mechanisms—gives rise to the experimentally observed GC zoning (Meyer-Hermann & Maini, 
2005b), and a realistic GC morphology is important for a realistic investigation of selection mechanisms. 
Beyond the effects stemming from the spatial organisation of the GC, this parameter does not affect B 
cell selection. The differentiation signal production rate per FDC, rsignai, widely determines the duration 
of the dark zone and is adjusted such that the dark zone vanishes between day 8 and 9 (~200 h—full line 
in Fig. IF, and in panel C in Figs 2-11 in the Supplementary Information) after immunisation (Camacho 
etal., 1998).

The second adjusted parameter, the duration of CB-CC differentiation, Afdiff, governs the total 
population dynamics and is chosen such that GC kinetic data (Liu et al., 1991; Hollowood & Macartney, 
1992) are reproduced with sufficient accuracy (Fig. ID). The deviation r\ from the data is calculated 
according to

1 (*expO/)-«('/)/«max) 2

where N is the number of experimental values, f, denotes the time in the reaction at which the value 
is taken, «(?/) is the corresponding volume in the simulation and « max is the peak population averaged 
over all 50 simulations. We find acceptable GC kinetics when r\ is smaller than 0.3 (Fig. IE and panel 
B of Figs 2-11 in the Supplementary Information). Note that Afaiff must be less than 7 h since CBs are 
found in the light zone as CCs within 6-7 h (Liu et al, 1991). A minimal value is not known.

The GC reaction is expected to end after 21 days. Given that the simulation was tuned to reproduce 
the GC kinetics, the cell number within the GC decreases below 100 cells after 300-400 h for all 
analysed selection mechanisms (Fig. IF dotted line and panel C in Figs 2-11 in the Supplementary 
Information). The final cell numbers at day 21 vary for different selection regimes between almost zero 
and less than 100 (see the same figures, dashed dotted lines).

There are further characteristics of GC reactions to which the simulation was not fitted, but which 
had to be reproduced by the simulation in order to ensure the model's physiological relevance. Thus, 
the ratio of CCs to CBs at day 12 after immunisation needs to be larger than 2 in order to agree with the 
experimental observation that CCs greatly outnumber CBs during the GC reaction (MacLennan et al., 
1990) and the ratio <?612 of produced output cells (i.e. pre-plasma and memory B cells) at day 12 to day 
6 after immunisation should be the order of 6 (Han et al, 1995a) (Fig. 1C, and panel D of Figs 2-11 in 
the Supplementary Information). The factor <?612 can be interpreted as a measure for the steepness of the 
output production.

Unless stated otherwise, all simulations remain in agreement with the aforementioned experimental 
constraints (compare figures in the Supplementary Information where the full data sets are shown). The 
selection mechanisms that rescue CCs from apoptosis have to rely on some affinity-dependent compe­ 
tition between different CCs to achieve affinity maturation. Therefore, the success of a GC reaction is 
measured by the affinity of the output cells averaged over all cells produced during the reaction (panel 
B of Figs 1,2,4-6, and panel E of Figs 2-11 in the Supplementary Information). This quantity is an 
indicator of the entire GC reaction and is not restricted to arbitrary time points of the reaction. The 
total number of output cells produced is monitored since a stable population will need to be formed to 
enable robust antibody production. Note that the full data sets are shown only in the case of site com­ 
petition. For all other scenarios, we show only the most important data and refer to the Supplementary 
Information for the full data sets.
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FIG. 2. A limitation of CC-FDC interaction allows for robust affinity maturation. In silica GC experiments with 10 FDC and 
120 FDC sites, and for different refractory times of CC after FDC encounters (see Fig. 2 in the Supplementary Information for 
the full data set). (A) Parameter adaptation: 'duration of CB differentiation' and differentiation 'signal production' rate per FDC, 
(B) extent of affinity maturation (measured as average binding probability and number of output cells) with the probability of an 
optimal clone to bind an antigen presented on FDC of 1 (circles and triangles) and 0.5 (squares and diamonds, and Fig. 3 in the 
Supplementary Information).

3. Results

3.1 Competition for binding sites on FDCs

According to the simplest of all suggested models, B cells are selected only in a competition for ac­ 
cess to antigen and/or survival factors that are provided by the FDCs; other potentially limiting factors 
are ignored (Fig. 1A in the Supplementary Information). Accordingly, the number of FDC sites XFDC 
(see (1)) on which antigen is presented would be the limiting factor for which different clones would 
compete. As described in Section 2, we assume that CCs bind antigen held on FDC with a probability 
proportional to the affinity of the antibody. Given that no further limiting resources are considered in 
this very simple model, CCs that have been selected by FDCs (e.g. CC selected by FDC in the language 
of the model, see Section 2) do not need any further steps to be positively selected and can follow the 
differentiation paths of successfully selected CC.

By variation of the site number XFDC, the simulation indeed reveals that affinity maturation is en­ 
forced when the number of FDC sites is low (Fig. IB). Affinity maturation can be observed for a phys­ 
iological number of FDC sites (48 ^ XFDC ^ 144—see (1)); the extent of the process (less than 50% 
high-affinity output cells) is however rather low compared to other selection mechanisms investigated 
here and not robust to changes in the number of accessible sites.

The GC characteristics are reproduced in silico. Thus, the CC to CB ratio at day 12, as well as the 
output ratio at day 12 to day 6, are in agreement with experimental data for the entire physiological range 
(Fig. 1C). The duration of CB-CC differentiation Afdiff, which decreases from 7 to 1 h with increasing 
site numbers (Fig. 1 A), remains within its expected range for the physiological FDC site numbers. Short 
CB to CC differentiation times had to be employed in order to reproduce the experimentally observed 
GC kinetics because the selection method is not stringent enough to reduce the volume of the GC 
reaction considerably.
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refractory time for CC-FDC interaction of 2 h (taken from Fig. 2), while in (B) selection is based on competition for antigen with 
40 antigen portions per FDC site (taken from Fig. 4). In (C) the time course of free and total antigen on FDC, and soluble antibody 
is shown for the same experiment as in (B) but including soluble antibody (taken from Fig. 5). Soluble antibody induces an early 
reduction of free antigen and thereby increases competition for antigen as compared to (B). The shaded area denotes one standard 
deviation in 50 simulations.

We conclude that while B cell competition for access to FDCs can give rise to the observed GC 
kinetics and properties, affinity maturation is relatively poor and not robust against small variations in 
the number of binding sites.

3.2 Limiting the interactions with FDCs by introducing a refractory time

If CCs can reinitiate binding to FDCs every 6 min (as assumed in our analysis of site competition), then 
the total number of encounters is considerable during a CC lifetime of 10 h. Any mechanism that limits 
the total number of encounters will lower the probability of a successful interaction within a CC lifetime
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FIG. 5. Antigen masking by soluble antibodies increases competition for antigen in the early phase of GC reaction. In silico GC 
experiments as in Fig. 4 with antibody production of 102 antibodies per second and per plasma cell (see Fig. 7 in the Supple­ 
mentary Information for the full data set). (A) Parameter adaptation: 'duration of CB differentiation' and differentiation 'signal 
production' rate per FDC, (B) extent of affinity maturation (measured as average binding probability and number of output cells).

and will favour higher-affinity clones because they have a higher chance of binding successfully in an 
early attempt. We therefore speculate that an increase in the refractory time (Afdelay—the time during 
which B cells that failed to bind during a previous contact with a FDC are unable to bind again) will 
increase the selection pressure (see also Fig. IB in the Supplementary Information).
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FIG. 6. Competition for T cell help allows for robust affinity maturation. In silica GC experiments with 120 FDC sites, abundant 
antigen, and T cells as indicated on the axis (A/rescue = 2 h and A/apop = 2.1 h) (see Fig. 8 in the Supplementary Information for 
the full data set). (A) Parameter adaptation: 'duration of CB differentiation' and differentiation 'signal production' rate per FDC, 
(B) extent of affinity maturation (measured as average binding probability and number of output cells. Combining competition 
for T cell help with a CC refractory time of 0.5 h and a reduction of the binding probability to 0.5 leads to more robust affinity 
maturation (squares and diamonds, and Fig. 11 in the Supplementary Information) than in the standard case (circles and triangles).

Increasing the refractory time from 6 min to 4 h, we find that a refractory time as low as 0.5 h is 
sufficient to induce affinity maturation of extent similar to that with site competition but for a wide range 
of FDC site numbers. Thus at XFDC = 120 (Fig. 2), when competition for antigen-presenting FDC sites 
is weak, affinity maturation reaches a level previously only seen at low (Xpoc = 40) site numbers (com­ 
pare full lines in Fig. IB and 2B). A refractory time of 4 h leads to rather efficient affinity maturation 
(60-70% of all output cells are of high affinity) while allowing an even better reproduction of the other 
GC characteristics (kinetics, dark zone duration, ratio of CC to CB at day 12 and output ratio at day 12 
to day 6 (Fig. 2 in the Supplementary Information)) than competition for FDC sites (Fig. 1).

Given that the binding probability depends on both the affinity-dependent binding probability per 
encounter as well as the number of encounters per CC lifetime, affinity maturation can also be fostered 
by reducing the binding probability per encounter by a certain factor for all affinities. However, the 
effect is smaller than in the case of an increased CC refractory time since such a general reduction in 
the binding probability also strongly reduces the selection probability for high-affinity clones. These are 
little affected by a reduction in the number of encounters since they will bind with high probability on 
their first or second trial. A combination of both effects can however reduce the refractory time required 
to gain good affinity maturation to more reasonable physiological values (Fig. 2B dashed line, and 
Fig. 3 in the Supplementary Information).

The agreement with general GC properties, the efficient affinity maturation, and the robustness to 
variations in the antigen-presenting FDC site number, make this a candidate mechanism for B cell 
selection in vivo.

3.3 Competition for antigen presented on FDCs

In the two previous scenarios, antigen is presented by FDCs on a limited number of sites where it is 
available in limitless supply. Instead, it has been proposed that antigen is widely spread but that the total
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amount is limiting such that antigen consumption can drive affinity maturation (Sidman & Unanue, 
1975). Using a sufficiently dense FDC network (XFDC = 120) to avoid site competition, we can study 
this selection mechanism in silico by homogeneously distributing a number of antigen portions, A^g, on 
all FDC sites and by removing one portion from each site on which CCs have successfully interacted 
with the FDC (see also Fig. 1C in the Supplementary Information). The binding probability is expected 
to decrease with decreasing amounts of antigen remaining on the FDC sites. As a simple approxi­ 
mation, we assume a linear decrease of the CC-binding probability for antigen amounts below some 
threshold <9ag . For larger antigen amounts, the binding probability is constant and solely determined 
by the antibody-antigen affinity. This assumption corresponds to a saturation of the binding probability 
when antigen is abundant.

While the selection pressure indeed increases over time as a result of this (Fig. 3B), the extent of 
affinity maturation is rather worse than for site competition alone (compare Fig. IB for XFDC = 120 and 
Fig. 4B). This is due to the initial abundance of antigen and the inferred low selection pressure which in 
turn results in the production of a large number of low-affinity output cells before antigen consumption 
can increase the selection pressure (compare Fig. 3A and B).

If the size of the removed antigen portions per CC-FDC interaction is constant, antigen consumption 
is insufficient to increase the selection pressure in the case of large initial antigen densities (more than 
80 antigen portions per FDC site, compare Figs IB and 4B); at lower antigen density, antigen is rapidly 
consumed and the GC reaction declines early, before high-affinity clones are found (Fig. 4, and Fig. 4 
in the Supplementary Information). In the case of antigen consumption proportional to the level of 
presented antigen, a scenario comparable to antigen masking by antibodies arises (see Section 3.4).

Experiments have revealed a high robustness to variations in the initial antigen density (Vora 
et al, 1997; Hannum et al., 2000). If, in the simulation, the antigen threshold to the maximum binding 
probability <9ag is fixed and not scaled with the amount of initially deposited antigen (<9ag = Nag)» then 
such robustness can be observed on a low level (see Figs 5 and 6 in the Supplementary Information). 
It should be noted that successful affinity maturation at lower antigen densities results from a reduced 
binding probability for all affinities (as discussed in Section 3.3) such that the observed robustness is the 
result of two different mechanisms acting in different antigen density ranges.

We conclude that in silico antigen consumption does not improve affinity maturation over site com­ 
petition alone. At low antigen densities, the general properties of the GC reaction can no longer be 
reproduced. Affinity maturation is therefore unlikely to be driven by antigen consumption even when 
combined with site competition.

3.4 The impact of antigen masking by competing antibodies
Plasma cells outside the GC produce antibodies at rates of up to rab = 2 x 103 antibody molecules per 
second (Randall et al., 1992). These antibodies may mask antigen in the GCs and thereby increase the 
selection pressure on B cells and simultaneously provide a feedback mechanism that enables robustness 
towards alterations in the initial antigen density (Vora et al., 1997; Tarlinton & Smith, 2000; Iber & 
Maini, 2002) (see also Fig. ID in the Supplementary Information). Assuming that plasma cells produce 
high-affinity antibodies in the GC at a rate of rab = 102 per output cell (thus overestimating a realistic 
production of soluble antibody in GCs), we find that the above considerations do indeed hold true: A 
physiological GC kinetic can be obtained for antigen amounts between 20 and 200 antigen portions per 
FDC site (Fig. 7 in the Supplementary Information). A small improvement in affinity maturation is ob­ 
served relative to site and antigen competition alone (Fig. 5). As before, affinity maturation approaches 
the site competition value for 120 sites when antigen is abundant (Fig. 5B and IB).
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The effect of strong antibody production is an early reduction in free antigen, and thus an early 
increase in the selection pressure (Fig. 3C). For example, in the case of 40 antigen portions per FDC site 
(i.e. for optimal affinity maturation), only 25% of the antigen is used during the GC reaction, but free 
antigen is kept in the limiting regime throughout the reaction (Fig. 3C). In that way the inefficient time 
course of affinity maturation found in the case of antigen consumption without soluble antibodies (Fig. 
3B) is restored to some extent.

While antigen masking leads to the correct kinetics and a small improvement of affinity maturation, 
the number of produced output cells is rather small (Fig. 5B), as is the ratio of CC to CB, and q\ <3C 6 
(Fig. 5B in the Supplementary Information). We conclude that antigen masking resolves some of the 
problems in the antigen competition scenario, but some major GC properties are still not reproduced. 
In addition, this mechanism is not robust to a substantial (10-fold) decrease in the antibody production 
rate, which is more realistic than the rate assumed in the present in silico experiment.

3.5 Competition for T cell help
Interactions between antigen-specific CCs and T cells are necessary for CC survival and differentiation 
(de Vinuesa et al, 2000). Given that T cells only constitute 5-10% of the GC cell population (Kelsoe, 
1996), this interaction may be competitive. While T cells can bind to several B cells simultaneously, they 
can only polarise to one (Kupfer et al, 1994), which we assume to be the CC that has previously bound 
antigen with highest affinity (see also Fig. IE in the Supplementary Information). In our simulation, 
polarisation has to be maintained for a minimum time (A?rescue) to rescue a B cell. Cells that bind to 
T cells for longer than Afapop > Afrescue and do not receive rescue signals for at least Arrescue are doomed 
to apoptosis. Note that all CCs need to be selected by FDCs before they can compete for T cell help.

We find that the extent of affinity maturation is only slightly enhanced as compared to site competi­ 
tion alone (Xpoc = 120 sites), if 5-10% of all GC cells are antigen-specific T cells (50-100 T cells per 
GC in the 2D simulation) to which antigen-presenting CCs can bind (Fig. 6B full line). However, given 
that each antigen-specific T cell only recognises a certain antigen epitope and different CCs will process 
the antigen differently and therefore present different epitopes, only a small fraction of GC T cells will be 
reactive to a given CC. The simulation reveals that affinity maturation is strongest (60-70% of all output 
cells are of high affinity) when only about 0.5-1 % of all GC cells (5-10 T cells per GC in the 2D simula­ 
tion) can rescue a given antigen-presenting CC (Fig. 6B full line). The GC characteristics are reproduced 
(Fig. 6A, and Fig. 8 in the Supplementary Information). The mechanism is robust to large variations in 
antigen availability and may still work when antigen is encountered in soluble form since the simulations 
were performed in a regime where antigen acquisition and interactions with FDCs are uncompetitive.

The time span Arap0p for which CCs can survive while binding to T cells without receiving rescue 
signals has a major impact on the level of affinity maturation. Thus a small increase in A?apop from 2.1 to 
4 h already reduces affinity maturation to a level comparable to site competition (see Fig. 9 in the Sup­ 
plementary Information). A combination of T cell competition with a general reduction of the binding 
probability to 50% of its value (see above) has no major effect on the result (see Fig. 10 in Supplemen­ 
tary Information). However, a combination of competition for T cell help with a longer CC refractory 
time makes affinity maturation more robust against changes in the T cell density (Fig. 6B dashed line).

4. Discussion

The simulation results presented here reveal current models of B cell selection (competition for access 
to FDCs or antigen) to be incompatible with available experimental information. We propose two novel 
mechanisms, a refractory time between CC-FDC engagements as well as competition for T cell help.
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Both mechanisms enable strong affinity maturation in silico while reproducing all available experimen­ 
tal information on GC dynamics. In agreement with experiments (Vora et al, 1997; Hannum et al, 
2000), the mechanisms are robust to variations in the amount of initially deposited antigen. As com­ 
petition for antigen held on FDC is assumed to be non-limiting in both mechanisms, it is likely that 
these mechanisms also work with soluble antigen which would be in agreement with results from recent 
experiments that call into question the concept that antigen presentation by FDCs is essential (Hannum 
et al, 2000; Haberman & Shlomchik, 2003). However, in the present simulations, an FDC-independent 
preselection of CCs with soluble antigen has not been tested. Note that this in silico simulation is not 
able to cover all possible cellular interactions that might serve as suitable mechanisms for affinity mat­ 
uration. Thus, the two highlighted novel mechanisms have to be considered as propositions.

Competition for access to FDCs or antigen does not provide a sufficient selection pressure to enable 
a high level of affinity maturation in the simulation. While antigen consumption does lead to an increase 
in the selection pressure, this increase comes too late so that many low-affinity output cells have al­ 
ready been produced and the remaining cell numbers are insufficient for successful affinity maturation. 
Moreover, for low antigen densities, the GC reaction ends prematurely since antigen consumption then 
removes too much antigen. While antigen masking by emerging antibodies can, in principle, increase 
the selection pressure earlier, the antibody production rate would need to be unphysiologically high. 
Even then the available data on GCs could not be reproduced and, in addition, affinity maturation is 
not as strong as that produced by the alternative mechanism. Given that evolution tends to optimise 
performance, this latter limitation may also be interpreted as an argument against these mechanisms.

At first sight, less than 200 output cells (i.e. less than 8000 cells in 3D) may seem low. Given the 
efficient expansion of output cells, the success of an immune response can, however, be expected to 
primarily depend on the size of the high-affinity fraction; this is therefore a physiologically realistic 
result. Note that the level of affinity maturation that is achieved in the simulations (60-70% of all output 
cells are of high affinity) is in qualitative agreement with the experimentally observed domination of 
high-affinity clones (Smith et al, 1997). We had to restrict ourselves to 2D simulations to generate the 
results with sufficient statistics, which prevent us from a quantitative comparison of this result.

To our knowledge, this theoretical investigation is the first systematic comparison of different B 
cell selection mechanisms in GC reactions as well as the first theoretical work to investigate a pos­ 
sible role of T cells in the selection process. Previous models have concentrated on single selection 
mechanisms (Iber & Maini, 2002; Meyer-Hermann, 2002a; Meyer-Hermann & Maini, 2005b; Oprea & 
Perelson, 1997; Oprea et al, 2000; Beyer et al, 2002; Kesmir & De Boer, 1999; Meyer-Hermann 
et al, 2001) and have, in general, described them only phenomenologically, i.e. without including 
details of cell interactions. The impact of the spatial cell distribution has only been investigated in a few 
models (Kesmir & De Boer, 2003; Meyer-Hermann, 2002a; Meyer-Hermann & Maini, 2005b; Beyer et 
al, 2002). The present model is based on available GC kinetics and cell motility data (see Section 2) and 
the parameters have been evaluated carefully using data from mice and rat lymph nodes (see Table 1). 
We did not find any experimentally uncertain parameter which would change our results qualitatively.

The only critical assumption is the shape space concept combined with a smooth affinity function. 
Changes of the width of the function for the affinity-dependent selection probability in the shape space 
has important consequences for GC development. For small variations of the width, all constraints from 
experiment can be respected by a corresponding adaption of other parameters. However, this becomes 
impossible when the width is strongly varied. This shows that our choice for the width is well-defined. 
While the suitability of the shape space concept for antigen-antibody affinity may be questioned, 
insufficient molecular information on antigen-antibody interaction is currently available to allow a more 
accurate model of mutation-dependent increases in antibody-antigen affinity.
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Autoreactive B cells have not been considered in the present simulations because under normal 
circumstances, they are not positively selected by T cells and are therefore eliminated by apoptosis 
similar to other antigen-unspecific CCs. We therefore assumed autoreactive B cells to be part of the 
pool of low-affinity B cells that emerges from the seeder cells by disadvantageous mutations. This may 
shift the proportion of advantageous and disadvantageous mutations. However, we believe that this 
approximation remains within the error introduced by the shape space concept itself which most likely 
will inaccurately reproduce this proportion.

The CC refractory time and the competition for T cell help are equally attractive selection mecha­ 
nisms to explain antibody affinity maturation in GCs and are both likely to play a role in B cell selection. 
The CC refractory time limits the number of selection trials per CC lifespan such that only high-affinity 
B cells which bind with high probability on the first or second trial are efficiently selected. The CC 
refractory time will be a consequence of IgM-independent interactions between CCs and FDCs. While 
the exact duration of such interactions still has to be determined in studies that employ CCs and FDCs, 
a refractory time between two CC-FDC encounters as long as 4 h appears to be unlikely. However, we 
have also shown that an additional general (i.e. affinity independent) reduction of the CC-FDC-binding 
probability to 0.5 may reduce the necessary refractory time to 15-30 min. One may speculate that inte- 
grin interactions may result in such a refractory time. LFA-l/ICAM-1 and VLA-4/VCAM-1 have been 
described to mediate adhesion of B cells to FDCs (Koopman et al, 1991). Even though unspecific con­ 
tacts are dissolved in the range of minutes (Gunzer et al, 2004), experiments with lipid bilayers have 
also shown that especially at low- to medium-affinity, antigen binding may fail to induce the formation 
of an immunological synapse but can still result in a firm integrin-dependent attachment of B cells 
(Carrasco et al, 2004). The speed at which these integrin-dependent contacts form and dissolve if B 
cells fail to establish an immunological synapse (which is generally believed to enable B cell activation 
and antigen extraction, Batista et al, 2001) may determine the refractory time. A different possibility is 
a reduced CC motility after an unsuccessful binding event. This might reduce the subsequent interaction 
frequency of CCs with FDCs. l

An additional competition for T cell help further reduces the necessary CC refractory time. It has 
been shown in vitro that specific T cell help is essential for affinity maturation in the case of NP 
((4-hydroxy-3-nitrophenyl)acetyl) (Aydar et al, 2005), and more generally the role of T cells in the 
selection process has been highlighted (de Vinuesa et al, 2000). While their is, as yet, no direct ex­ 
perimental evidence for competition for T cell help nor have antigen-specific T helper cells in the GC 
so far been suggested as a limiting factor for affinity maturation, what is known about B cell-T cell 
interactions strongly supports such a model. Thus, T cells have been observed to interact with sev­ 
eral B cells at a time but to only activate the B cell towards which the microtubule organising centre 
(MTOC) (and the colocalised Golgi apparatus) is reorganised (Kupfer et al, 1994, 1991; Poo et al, 
1988). Reorientation of the MTOC is dependent on and directed towards the site of T cell receptor 
signalling (Sedwick et al, 1991), and, when interacting with several B cells, T cells polarise to the 
B cell with the highest density of specific major histocompatibility complex loaded with specific pep- 
tide (pMMC) (Depoil et al, 2005). We propose that a higher affinity of interaction results in increased 
pMHC presentation such that only the highest affinity CC interacting with a T cell is rescued. Such a 
causal relationship is in agreement with the earlier observations that T cell responsiveness to B cells 
depends on both the antigen concentration and affinity (Batista & Neuberger, 1998) as well as on the 
(antigen availability dependent) number of MHC class II molecules loaded with antigenic peptide that 
are presented on the B cell surface (Harding & Unanue, 1990; Grakoui et al, 1999). It is not an essential

1 We thank the reviewer for this suggestion.
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element of the present model but a plausible hypothesis is that apoptosis is induced in all other B cells 
to which the T cell does not sufficiently polarise. This negative selection by T helper cells could in 
principle be mediated by FasL-Fas as interactions which can be expected to form in all contact zones 
independent of T cell polarisation. Whether FasL is at all upregulated on GC T cells is, however, cur­ 
rently unclear since the spatial distribution of FasL in GCs from patients with lymphofollicular hy- 
perplasia correlates with the FDC network rather than with the distribution of CD4-positive T cells 
(Verbekeefa/., 1999).

While simultaneous interactions of T cells with several B cells in a lymph node environment have 
been reported as transient (Okada et al, 2005), all B cells and T cells used in that study were of the same 
specificity and T cells rather than B cells were abundant. It will be important to repeat these studies under 
conditions that are more representative of GC reactions and to access the affinity dependence of T cell- 
B cell interactions in far greater detail. Imaging of T cell interactions with B cells that have recognised 
antigen with different affinity should help to clarify whether the MTOC does indeed reorganise to the 
highest affinity B cell and whether Fas-FasL accumulate in the contact zones to induce apoptosis in the 
outcompeted CC. Moreover, it will be interesting to test whether an (artificial) expansion of antigen- 
specific GC T cell clones can hamper antibody affinity maturation.

B cell selection in competition for T cell help challenges the presently held view that FDCs play a 
pivotal role in B cell selection. In this novel mechanistic framework, FDCs only play a role in supporting 
fragile CCs with general survival and differentiation signals but do not drive affinity maturation by 
negatively selecting B cells.

A competition for T cell help and a long CC refractory time both enable affinity maturation un­ 
der conditions when acquisition of FDC signals is uncompetitive such as for a wide range of antigen 
concentrations. Accordingly, these mechanisms are in agreement with experiments that show that a re­ 
duction of antigen densities on FDCs by at least 400-fold does not prevent antibody affinity maturation 
(Hannum etal., 2000).

We conclude that within the selection mechanisms tested, thus using a restricted set of possible 
interaction mechanisms, a combination of T cell competition together with slow CC-FDC interactions 
and a suboptimal binding probability of high-affinity clones can drive B cell selection in GCs under 
the experimentally established conditions. Further insight into GC dynamics and affinity maturation 
should be gained by combining the powerful predictions of these agent-based simulations with the latest 
imaging techniques.

Supplementary data
Supplementary Figures 1-11 can be found at www.imammb.oxfordjournals.org.
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Overview

Proteins evolve by the iterative alternation of mutation and selection over evolu­ 
tionary time. Yet in a matter of days, the vertebrate immune system generates novel 
antibodies with high affinity for cognate antigens. This is accomplished by somatic 
mutation of the diverse pool of antibody genes generated from gene fragments as 
described in chapter 9, and clonal selection of high-affinity antibody producing B 
cells—a process of somatic rather than the familiar germline evolution. A sponta­ 
neously occurring process in DNA—deamination of deoxycytidine to deoxyuri- 
dine (C—>U)—is catalyzed to produce mutations in antibody genes. A competitive 
environment is generated within the organism to select for mutations conferring 
high affinity—and to guard against self-reactivity. Thus the capability to produce 
high-affinity antibodies is an implicit property of the vertebrate genome.

The Biological Problem

Ehrlich's famous dictum, corpora non agunt nisi fixata ('a body will not work 
unless it is bound'), 1 poses a problem to the immune system: how can the germline 
genome encode the potential to bind to a vast array of distinct, rapidly evolving, 
infectious agents? Whereas the "innate" immune system attacks the problem by 
using receptors which bind to molecules substantially conserved amongst many 
different microorganisms,2 the "adaptive" immune system attempts the more ambi­ 
tious enterprise of evolving specific antibodies to recognize essentially any antigen 
that may be associated with a pathogen.

Antibodies consist of an amino-terminal antigen binding region called the V 
(variable) region and a carboxy-terminal C (constant) region, which mediates the 
effector properties of the antibody by directing other components of the immune 
system to eliminate the pathogen. The initial diversity generated by VDJ recombina­ 
tion is vast, but not so vast that high-affinity antibodies to every possible pathogen 
are created (see chapter 9). Fortunately, vertebrates have evolved a mechanism
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capable of generating high-affinity antibodies from low-affinity antibodies. This 
process, known as affinity maturation, is achieved by means of multiple cycles of 
somatic hypermutation and clonal selection. Somatic hypermutation is character­ 
ized by point mutations in the V region at all four bases at a rate approaching 10"3 
per nucleotide, many orders of magnitude above background. Most mutations do 
not improve affinity, but some give rise to increased affinity variants (and also to 
variants that are self-reactive). A clonal competition process therefore selects those 
B-cell clones that are capable of producing higher-affinity antibodies and also 
guards against the possibility of selecting high-affinity self-reactive clones, as these 
might pre-dispose to autoimmune diseases such as rheumatoid arthritis.

The mechanism of somatic mutation and the means by which selection is achieved 
have provided immunologists with a formidable series of interrelated problems in 
molecular, cellular, and mathematical biology. Recent data regarding how the balance 
of activity of multiple DNA repair proteins affects the spectrum of mutations observed 
in the immunoglobulin variable region has shed considerable light on the mutation 
mechanism. This chapter therefore presents a fair amount of detail regarding the steps 
from initial mutagenic insult to the observed mutation. After discussing the mutation 
mechanism we then summarize what is known about targeting of this mutation, and 
finally address the problem of how high-affinity B-cell clones are selected.

Somatic Hypermutation

Deamination as A Mutagenic Process

The mechanism of somatic hypermutation of the immunoglobulin genes has been 
a conundrum for many years. This important problem has been partially solved in 
an elegant manner, and we thus present the key experiments below in approxi­ 
mately chronological order. Whereas many puzzles still remain, it is now generally 
accepted that somatic hypermutation is initiated by the enzymatically catalyzed 
deamination of cytosine in DNA. Before describing the experimental basis for the 
conclusion that catalyzed deamination of cytosine initiates hypermutation, it is 
worth considering how DNA cytosine deamination might lead to mutation. When 
C is deaminated, it becomes U. This process occurs spontaneously, and usually 
triggers a nonmutagenic base excision repair response. Initially in this response, 
uracil is recognized by a DNA repair enzyme, uracil DNA glycosylase (UDG), 
which excises the uracil to leave an abasic site, and ordinarily this is subsequently 
repaired correctly (see chapter 2). However, if replication takes place either before 
uracil excision or over the abasic site, a mutation can occur. When uracil is present 
in DNA it is read as thymidine—hence a C->T transition mutation will result; and 
as incorporation of any base is possible at an abasic site a C->T, C->A, or C->G 
mutation can occur. Thus a C:G pair can be changed first to a U:G mismatch, then 
an abasic site:G mismatch and either subsequently fixed as T:A, A:T or G:C muta­ 
tions or repaired to the original C:G. Clearly, deamination of C could be responsi­ 
ble for mutations at C and/or G, depending upon whether the deaminated C is on 
the coding or template strand. This idea provided the inspiration for the experi­ 
ments that demonstrate that somatic hypermutation is initiated by catalyzed DNA 
cytosine deamination. Of course, the above scheme can only account for mutations
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at C/G—the mechanism by which mutations at A/T occur is currently unknown. 
Mutations at C/G are called phase 1 mutations, and mutations at A/T are known as 
phase 2 mutations, for reasons discussed below.

Mutation, Recombination, or Conversion

Somatic mutation is the exclusive means by which mice and humans further diver­ 
sify their antigen-binding repertoire after VDJ recombination. However, this does 
not represent the full extent of somatic modifications to antibody genes. Two other 
B-cell specific processes are mechanistically related to somatic hypermutation: anti­ 
body gene conversion and class-switch recombination. These apparently dissimilar 
processes arise as a result of differential repair of a common initiating lesion.

Antibody Gene Conversion

In contrast to mice and humans, some species (such as the chicken) utilize gene 
conversion templated on a number of pseudogenes downstream of the rearranged 
V gene to introduce additional diversity to the rearranged variable region (see also 
chapter 5 for a discussion of the use of pseudogenes to generate diversity). This 
appears especially important in the chicken since VDJ rearrangement generates 
little diversity in this species. Gene conversion is accompanied by somatic muta­ 
tion and the relationship between the two has long been suspected to be intimate.

Class-switch Recombination

Class-switch recombination, which involves the deletion of some C-region genes, 
brings the V region next to constant regions with more appropriate properties for 
combating the infection at hand (see chapter 11; reviewed in reference 3). Thus the 
processes of antibody gene conversion and class-switch recombination give rise to 
very different final outcomes (see figure 10.1). However, both are initiated in the 
same way as somatic hypermutation, by the deamination of cytosine, and muta­ 
tions occur during both processes. They are poorly understood at a mechanistic 
level after the initial events, and will be discussed here only in as much as they 
relate to somatic hypermutation.

The Importance of Editing

An important breakthrough occurred when a single gene called activation-induced 
deaminase (AID) with homology to an RNA editing enzyme called APOBEC1 was 
discovered to be necessary for both hypermutation and class switch recombination 
in both mice and humans.4 Furthermore, the generation of V-region diversity by 
gene conversion in the chicken cell line DT40 also was shown to depend on AID.5 -6 
As APOBEC1 was known to edit RNA, initial speculation centered on the possi­ 
bility that distinct RNA targets would be edited and altered to generate the com­ 
plex machinery hypothesized to be responsible for the apparently very different 
processes of point mutation and gene conversion. However, an alternative explana­ 
tion was that AID's deaminating activity was focused directly on DNA encoding 
the V region, rather than on RNA.
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Figure 10.1. Somatic mutation, gene conversion, and hypermutaton occur after VDJ 
rearrangement. After antigen encounter in human and mouse, the VDJ rearranged genes in 
those B cells which express an antigen specific low affinity IgM antibody are subjected to a 
second wave of diversification, this time by hypermutation. In chickens and rabbits, V region 
diversification is achieved by using neighboring genes as templates. Short gene conversion 
tracts are observed. In CSR, the constant (C) region for IgM can be looped out and a differ­ 
ent C region can be brought into proximity with the V region, and thus new antibodies with 
the same antigen specificity but different effector properties can be formed. (VDJ rearrange­ 
ment is discussed in chapter 9, and class switch recombination in Chapter 11.)

DMA Suffers A C Change

AID is now known to be part of a DNA deaminase family of enzymes that act on retro- 
viral DNA (see chapter 14). However, the prototypical family member APOBEC1 has 
an established physiological role as an RNA deaminase. The first strong evidence for 
AID acting directly on DNA, rather than on special RNAs expressed in lymphocytes 
about to undergo hypermutation, came when expression of AID in Escherichia coli 
gave rise to a mutator phenotype.7 The mutator phenotype resulted from an increase 
in G/C to A/T point mutations (transition mutations at C/G). This is exactly as one 
would expect if the increase in mutation were due to deamination of C to U, as dur­ 
ing replication A is inserted into the complementary strand opposite any U in DNA 
that is not repaired prior to replication. In E. coli, as in higher organisms, multiple 
mechanisms exist to repair G:U mismatches that arise from spontaneous deamination 
of C to U. In the base-excision repair pathway, uracil DNA glycosylase (UDG) rec­ 
ognizes U in DNA and excises it, leaving an abasic site. The abasic site triggers a 
repair response in which an AP-endonuclease nicks the DNA strand at the abasic site, 
an exonuclease chews back a patch of nucleotides thereby excising the abasic site, and 
a polymerase inserts the correct base using information retained in the undamaged 
complementary DNA strand (see figure 10.2). The mutator effect of AID was greatly 
enhanced in E.coli that, due to UDG deficiency, lack the ability to remove U prior to 
replication. This strongly suggested that AID is able to cause mutations by directly 
deaminating C in DNA. Subsequently, this was shown biochemically when human 
AID was shown to deaminate single-stranded DNA.8
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Figure 10.2. DNA deamination model of antibody diversification. AID deaminates C-U 
in DNA. Phase la mutation arises directly from deamination by reading of U as T by a 
replicative polymerase and results in C-T and G-A transition mutations only. Phase Ib 
arises as a result of replication over an abasic site, and thus can cause a C-N or G-N 
mutation. Phase II is dependent on MSH2/6, exonuclease I and polymerase Eta. It may 
arise from patch repair directed by MSH2/6 recognition of a G:U mismatch or a G:aba­ 
sic site mismatch. It might also arise from AP-endonuclease dependent base excision 
repair. Gene conversion is predominantly triggered at a stage downstream of UDG, and is 
dependent on factors involved in homologous recombination such as XRCC2. CSR is 
partially dependent on MSH2/6 and exonuclease I, but shows a more pronounced depen­ 
dence on UDG. It depends on nonhomologous end joining rather than homologous 
recombination. Finally, correct repair of the lesion may be achieved by base excision 
repair machinery. (AP endonuclease, apyrimidinic endonuclease; dRPase, 5'-deoxyri- 
bophosphodiesterase.)
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Though provocative, the demonstration that AID had DNA cytidine deaminase 
activity did not prove that this was its physiological mechanism of action in lym­ 
phocytes. Independent evidence that AID deaminates V-region DNA came from 
testing the predictions of the model by examining of the effect of inhibiting, or 
genetically ablating, UDG on the observed pattern of V-region mutations. Whilst 
C-VT (or G-»A) transition mutations result from replication over unrepaired U 
(phase la mutations, see figure 10.2), as described above mutations from C to G or 
A (or from G to C or T) could be generated from the same initial lesion if U was 
removed by UDG, thus generating an abasic site, followed by the action of a poly- 
merase capable of adding any nucleotide opposite an abasic site (phase Ib muta­ 
tions, see figure 10.2).

As noted in chapter 2, the nucleotide insertion preference of the polymerases 
that replicate across the abasic site would influence the observed mutation spec­ 
trum. However, the spectrum of mutations observed will also be heavily influenced 
by the balance of different DNA repair pathways acting on a G:U mismatch. For 
example, if UDG activity were decreased, fewer abasic sites will be generated 
while more U remains in place, so mutation will be biased towards transition muta­ 
tions (C to T or G to A) that result from insertion of an A opposite an unrepaired 
U on either the coding or complementary strand. A strong prediction would there­ 
fore be that if UDG were inhibited or knocked out, there would be a dramatic 
increase in the ratio of transitions to transversions at G/C (see figure 10. 2).

Of Mice and Men—and Chickens

As described above, chickens normally undergo gene conversion as well as point 
mutation in their V regions. The chicken cell line DT40 provided the first confir­ 
mation for the model presented in figure 10.2. This remarkable line exhibits con­ 
stitutive AID-dependent antibody gene conversion, and its hyperrecombinogenic 
phenotype enables gene disruption by homologous recombination, facilitating 
experimentation. Both the gene conversion and hyperrecombinogenic phenotype 
are dependent on DNA repair enzymes which mediate homologous recombination, 
such as the Rad51 paralogues.9 When DT40 cells are genetically deficient in either 
of two of these Rad51 paralogues (XRCC2 and XRCC3) the balance between point 
mutation and gene conversion is altered, greatly increasing the rate of point muta­ 
tion at C/G. 10 However, unlike the human and mouse, in which mutations at C/G 
are predominantly transitions, as would be expected if much of the U was left unre­ 
paired, mutations in the XRCC2 deficient DT40 are predominantly G/C^C/G 
transversions. This suggests that, in wild-type DT40, most Us are processed into 
abasic sites that then trigger gene conversion. In the XRCC2 deficient lines used in 
this experiment, translesion synthesis by a polymerase capable of adding 
nucleotides opposite the abasic site results in a high proportion of G/C->C/G trans- 
version mutations (as discussed in chapter 2). If UDG were inhibited in the XRCC2 
deficient DT40, one would expect a shift towards G/C->A/T transitions because 
the U that resulted from the deamination of C would remain in place and thus direct 
insertion of A on the new strand. In order to test this, the inhibitor of uracil DNA 
glycosylase (UGI) (found in bacteriophage which utilize U rather than T in their
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genomes) was expressed in XRCC2-negative DT40 and the pattern of antibody 
hypermutation was examined. Indeed, G/C—>A/T transitions now predominated, 11 
exactly as one would expect according to the model in figure 10.2.

This model was further tested by targeted disruption of the UNG gene coding 
for UDG in mice. An examination of the sequence of the Immunoglobulin V 
regions of these mice lent support to the model. 12 As expected, if U is left unre­ 
paired prior to DNA replication due to the absence of UDG, 95% of their mutations 
at G/C are transitions to A/T, as opposed to only about 50% in litter mate controls. 
Intriguingly, pointing to its dependence upon the same initiating event, these mice 
were also seriously defective in class switch recombination. Latterly, a group of 
patients have been identified with mutations in the gene for UDG who have a phe- 
notype similar to that of the mice. 13

Hypermutation Hotspots

It had long been observed that antibody hypermutation especially targets C and G 
in particular nucleotide contexts. These sequences correspond to the preferred 
DNA targets of AID in biochemical assays. Biochemical14- 15 and bacterial genetic16 
studies have shown that the local sequence specificity of AID and the local 
sequence context of mutations at G/C in the V region are congruent. These studies 
now identify WRC (A or T, purine, C) to be the preferred target of AID. WRC 
motifs are concentrated not just in the V regions, but are enriched in the parts of 
the V regions that encode antigen binding regions of the antibody. Thus the 
residues most critical to the generation of a broad range of combining site diversity 
are especially likely to mutate. Intriguingly, the hottest hotspots are invariably 
WGCW, a sequence formed from overlapping WRC motifs on opposite strands, 
suggesting AID may simultaneously engage both DNA strands. 16

Phase 2—A/T Mutations

Whilst AID's ability to deaminate cytosine in DNA can, as described above, read­ 
ily account for mutations at C/G pairs, A/T pairs also undergo hypermutation. The 
initial hypothesis put forward to explain somatic hypermutation was erratic repli­ 
cation by especially error-prone polymerases misincorporating opposite all four 
base pairs (Brenner and Milstein 1966). 17

However, it now appears that mutation takes place in two discrete phases. Most 
of what we know about somatic hypermutation concerns phase 1—mutations at C/G 
as discussed above—since these are directly dependent on the deamination of C in 
a C/G pair. The mechanism by which AID triggers hypermutation at A/T pairs 
remains a mystery. Deficiency, in mice and humans, of components of mismatch 
repair recognition and the exonuclease and repair proteins that follow it, do give 
some clues as to how it might proceed. For example, mice deficient in either of the 
two components of the eukaryotic single-base mismatch recognition heterodimer 
mutS (i.e., MSH2 or MSH6) have C/G biased hypermutation—mutation appears to 
proceed normally at C/G but not at A/T (in addition, they have defective class- 
switch recombination, reviewed by Martin and Scharff)- 18 This was perhaps the first
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evidence in favor of two distinct phases of mutation, with all mutation initiated by 
AID and a second phase that involves mismatch repair. 19 In addition, mice deficient 
in exonuclease 1 exhibit a very similar phenotype to the mismatch repair-deficient 
mice. Exonuclease 1 is thought to excise a short patch of DNA adjacent to the mis­ 
match recognized by the MSH2/6 heterodimer, which is replaced by the action of 
polymerases based on information in the complementary strand. Patients who are 
deficient in polymerase eta also have normal C/G mutations (and normal class- 
switch recombination), but reduced mutations at A/T. Thus genetic deficiencies in 
the mismatch repair pathway or DNA polymerase eta18-20- 21 all reduce phase 2 muta­ 
tion but leave phase 1 intact. Furthermore, mice and humans deficient in UDG have 
normal mutations at A/T but all the C/G mutations are transitions (i.e., phase la, 
replication over U). The phenotype of mice deficient in both UDG and MSH2 is 
very instructive.22 Whereas Msh2-/- mice show reduced mutations at A/T base 
pairs, these doubly deficient mice show a complete absence of mutation at A/T, and 
all the mutations at C/G are transitions—only phase la mutations (i.e., insertion of 
A opposite U) occur in these mice. These findings suggest that the G:U mismatch 
arising from a deaminated G:C pair is either recognized by UDG and the uracil is 
excised leading to a phase 1 mutation as discussed, or it is recognized as a mismatch 
by MSH2/6 and this leads to mutations at A/T mutations (i.e., phase 2 mutations). 

The A/T specific nature of phase 2 mutations has prompted an intriguing sug­ 
gestion that they arise as a result of misincorporation of U opposite A during 
MSH2/6-triggered repair in the region of a G-U mismatch.22-23 According to this 
attractive but at present entirely speculative scheme, phase 1 mutation is triggered 
by deamination of C to form U, and phase 2 mutation is triggered by misincorpo­ 
ration of U. Both phases of mutation would then be dependent on excision of U and 
synthesis over the resultant abasic site to generate a full spectrum of mutations.

Targeting of Mutations

The very high levels of mutation seen in the V region could presumably not be tol­ 
erated genome-wide in lymphocytes. Early observations suggested that m-acting 
elements were sufficient to direct hypermutation to any DNA sequence placed in 
the genomic context of the recombined V region.24 On the other hand, some AID 
induced mutations are found outside the antibody locus, albeit at a much lower 
level (less than one tenth the level of somatic hypermutation in the V).

BCL-6 was the first such gene described as undergoing mutation in vivo, and it 
seems possible that many actively transcribed genes in mutating B cells may accu­ 
mulate mutations with a WRC preference, suggesting AID dependence. 
Hypermutation is transcription linked, with the probability of acquiring a mutation 
increasing rapidly shortly after the promoter and then tailing off with further dis­ 
tance.25 Biochemically AID acts on single-stranded DNA but not on double- 
stranded DNA. Since C and G seem equally likely to mutate, then both the 
transcribed and the nontranscribed strand must become accessible in the B cell. It 
has been suggested that supercoiling may possibly have the effect of promoting 
DNA deamination on both DNA strands.26 There is some indirect evidence that 
increasing the single-strandedness of the DNA in the V region may be partly
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responsible for targeting of mutations. A single-stranded DNA binding protein, 
replication protein A (RPA), has been identified as a binding partner of AID which 
stimulates the DNA deamination activity of AID on transcribed substrates in 
vitro. 27 It seems possible that a combination of transcription, supercoiling, and 
association with RPA could be sufficient to target mutations to the V region, but it 
is more likely that major components of the targeting mechanism are as yet undis­ 
covered. There is no evidence at the time of writing for a V-region specific factor 
which recruits AID. Thus the mechanism by which targeting of mutations to the V 
region is achieved is currently unknown, and remains an important focus for 
research.

Selection

Targeting of mutations to the V region increases the fraction of effective mutations, 
that is of mutations that alter binding to the antigen at hand. However, in the 
immune system, much as in evolutionary biology, the great majority of all effective 
mutations are unfavorable. Such mutations may not only lead to loss of antigen 
specificity, but worse still may engender significant affinity to an autoantigen. On­ 
going selection is therefore essential, both to eliminate self-reactivity and to select 
pathogen-specific antibodies that have acquired affinity-enhancing mutations.28 
While in the case of adaptive genome evolution selective forces derive from chal­ 
lenges from the external environment across generations, this cannot apply to a 
somatic evolution process. Rather, selective forces must originate from within the 
organism. The immune system thus had to evolve not only an elaborate mutation 
mechanism to generate variation in antibody genes but also an anatomic framework 
and a signaling infrastructure to enable selection of high-affinity variants.

The Basic Principles of Selection in the Immune System

The selective forces applied to the B cell are similar to those experienced at the 
whole organism level. For natural selection to drive genome evolution, entities must 
be able to produce similar offspring with variations in individual characteristics that 
affect the fitness of the offspring—that is its reproductive success. Likewise in the 
immune system, selection cannot act directly on antibodies (which cannot repro­ 
duce) but must act on B cells, which express the rearranged and possibly mutated 
antibody gene as B-cell receptor (BCR). B cells increase their proliferative rate upon 
stimulation by antigen via their BCRs, but low-affinity as well as self-reactive B 
cells are ultimately doomed to death by apoptosis. While apoptosis of autoreactive 
clones is crucial to guard against autoimmunity, apoptosis of low-affinity B cells 
increases the stringency of selection. The reproductive success of B-cell clones is 
thus represented by their ability both to proliferate and avoid apoptotic death.

In order to survive and proliferate, B cells need to pass a two-step selection 
process, during which they first acquire antigen and subsequently present frag­ 
ments of this antigen to T helper cells. 29 The first step is dependent on BCR recog­ 
nition of antigen, and thus serves to demonstrate binding capabilities of the BCR.
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The second step of recruiting T cell help requires B cells to internalize BCR-bound 
antigen and target the antigen to specialized compartments (the MIIC) where the 
antigen is proteolytically processed into shortened peptides.

These peptides are subsequently loaded onto MHC class n molecules and trans­ 
ported to the B cell surface. Antigen specific T helper cells can recognize the 
peptide-MHC molecules (pMHC) and rescue the pMHC-presenting B cells from 
apoptosis. While antigen presentation by "professional" cells (cells that also pro­ 
vide co-stimulation) is likely to reduce the risk for B cells to acquire self-reactivity, 
it seems to be the requirement for B cell-T cell interaction that mainly helps 
guard against autoimmunity. This is because self-reactive T cells are eliminated 
during then- development in the thymus30 and should thus not be available in the 
periphery.

A Place to Meet

Antibody affinity maturation requires multiple interactions between antigen, B 
cells, and T cells. Usually antigen and antigen-specific B and T lymphocytes are all 
scarce at the onset of an infection and thus it is insufficient to rely on chance 
encounters. The immune system solves this problem of first contact by concentrat­ 
ing antigen in local lymph nodes through which lymphocytes pass.

After a proliferative burst in primary foci, a small number of B cells and T cells 
enter primary follicles and seed germinal centers. These germinal centers are 
microenvironments for antibody affinity maturation and greatly facilitate B cell 
selection and survival by increasing the number of B cell-antigen and B cell-T 
cell encounters. It should be noted that affinity maturation can, however, also be 
observed in the absence of germinal center reactions, though not with the same 
efficiency.31

The germinal center reaction is complex, as shown by figure 10.3, and fully 
reviewed by MacLennan.29 Briefly, once the primary follicles are filled with pro­ 
liferating B cells, the B cell blasts differentiate into so-called centroblasts.32 
Centroblasts are the cells that are thought to express AID and thus to hypermutate 
their antibody genes. Centroblasts differentiate into centrocytes, increase the 
expression of surface immunoglobulin, and are selected upon their BCR's affinity 
for antigen. Centrocytes are prone to apoptosis and will die rapidly unless they are 
rescued by follicular dendritic cells (FDCs), which retain the antigen in form of 
immune complexes (composed of antigen, antibodies, and complement)29 and 
which provide temporary survival signals to antigen-specific centrocytes.3334 While 
germinal centers formed in the absence of FDCs fail to support affinity maturation 
and rapidly regress,35 FDCs are not sufficient for long-term B-cell selection and 
survival. T cells need to finally rescue and select antigen presenting B cells.32- 36 
Nonselected centrocytes undergo apoptosis and are quickly engulfed by 
macrophages; selected centrocytes may leave the germinal center reaction to 
become memory or plasma cells. 37 Back-differentiation of selected centrocytes into 
centroblasts enables a B-cell clone to go through multiple rounds of mutation and 
selection.28 - 38
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Figure 10.3. A simple model of the GC reaction. A small number of B blasts (Bb) initially 
seed the germinal centre reaction and exponentially expands before differentiating into 
centroblasts (Cb). Centroblasts (Cb) continue to strongly proliferate (1), start hypermutating 
their antibody genes and eventually differentiate (2) into centrocytes (Cc). Centrocytes 
re-express IgM and are selected according to their affinity for antigen. Selection involves 
antigen acquisition from follicular dendritic cells (FDCs) and subsequent presentation to 
T cells (3). Failure to either acquire antigen or to find T-cell help results in apoptosis of B cells 
(4). Selected B cells, on the other hand, either leave the germinal centre reaction to become 
memory cells or plasma cells (5), or back-differentiate into centroblasts, thus enabling 
several rounds of mutation and selection (6). It is currently unclear whether these back- 
differentiated centroblasts migrate back to the initial pool of centroblasts which in some (but 
not all) germinal centre reactions segregate into a so-called dark zone, while centrocytes and 
FDCs are found in a so-called light zone.
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The Mechanism of B-cell Selection 

For affinity to increase during the course of the germinal center reaction, the affin­
ity threshold for selection needs to increase (i.e., a higher affinity must be required 
for survival as selection proceeds over time). The extent of increase required for sur­
vival appears to be determined by clonal competition within the B-cell population. 
Accordingly, low-affinity B-cell clones can persist when competition with high­
affinity B-cell clones is reduced. Experimentally, this is achieved in germinal cen­
ters of transgenic mice that bear a prerecombined antigen-specific (low-affinity) 
V HDJH transgene, which is also not well-targeted by somatic hypermutation.39.40 

Principally, B-cell clones might compete for antigen or for T-cell help-or both. 
Older models have particularly stressed the role of B-cell competition for scarce 
antigen41 and suggest that antigen removal during the immune response as well as 
emerging serum antibodies would lead to a gradual increase of the affinity thresh-
0Id.42.43 However, affinity maturation is hardly compromised by alterations in the 
initial amount of antigen deposited on FDCS44.45 or by lack of secreted antibodies.46 

Competition for antigen thus appears inadequate to explain B-cell selection for all 
the conditions under which it occurs. 

In contrast, recent experiments suggest that B cells can discriminate between 
different affinities of binding on an individual basis and signal accordingly.47 

Given that T-cell responsiveness to antigen-challenged B cells correlates with bind­
ing affinity,48 it is conceivable that the BCR binding affinity is translated into a cellu­
lar signal that affects the ability of B cells to recruit T-cell help. One way that the 
signaling strength of B cells may affect T-cell responsiveness is an enhanced presen­
tation of pMHC,49.50 which may be enabled by an improved targeting of antigen to the 
processing compartments. Targeting to and accession of the processing compartments 
requires signaling through Iga and Syk (as well as downstream effectors).51 The 
degree of Iga and Syk phosphorylation is affinity dependent47 thus suggesting a link 
between BCR affinity and the level of pMHC presentation on the B-cell surface. 

The Basis for the Efficiency of the 
Somatic Evolution of Antibodies 

Starting with weak binders, the immune system is capable of generating high-affinity 
antibodies with remarkably few mutation and selection steps. Key to this efficiency 
are both the evolved antibody structure, which permits large (targeted) mutation 
rates, and the stringency of the selection mechanism. 

Antibodies Evolved to Evolve 

Increased mutation rates are in general harmful as most mutations are detrimental 
(as discussed in chapter 4). In the case of antibodies, mutations are targeted to the 
V region, and in particular to the complementarity-determining regions (CDRs). 
The CDRs form loops that mediate contact with the antigen (chapter 9). Targeting 
of mutations to the CDRs increases the fraction of mutations which alter affinity 
and limits the number of mutations that may disrupt other essential structural elements 
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of the antibody-a cause for a large proportion of detrimental mutations in other 
proteins. 52 The affinity of antibody binding is increased both by direct changes in 
the binding site as well as by mutations that lie more distant and alter the confor­
mation of the binding site. While some single mutations can increase an antibody's 
affinity by tenfold, affinity maturation is the result of several additive changes; 
high-affinity antibodies harbor on average six to eight mutations.53 Considering 
that in protein engineering approximately six to eight appropriately targeted muta­
tions are required to alter binding specificity,54 the optimized character of antibody 
affinity maturation becomes clear. 

Efficient Selection 

Another evolved feature of the immune system is its effective selection strategy. 
There are several key features. First of all, and most importantly, the multiple rounds 
of mutation and selection enable a stepwise affinity maturation process, which 
strongly facilitates the generation of high-affinity antibodies.38 Analysis of fitness 
landscapes in evolutionary biology suggests that a potential danger of such stepwise 
evolution process is the trapping in local optima.55 However, the parallel but spa­
tially separate evolution of many germinal center reactions in the follicle (each 
seeded by few B blasts) avoids trapping all lineages of B cells in what may prove to 
be an unfavourable local optimum that lacks paths to high-affinity antibodies. 

But B cells must not only be selected for their ability to produce high-affinity 
antibodies. There also must be a mechanism that guards against emerging autore­
activity. This challenge is met by the second key feature of the selection strategy, 
that B-cell selection depends not only on the acquisition of antigen but also on 
T-cell help. The requirement for T-cell help may also enable the large robustness 
of affinity maturation to variations in the initial amount of available antigen since 
competition for interaction with T cells (which only make up 5-10% of all 
germinal center cells) may drive affinity maturation over a wide range of antigen 
concentrations. 

The third feature is the short lifespan of centrocytes, and the ability of T cells to 
confer both death and survival signals increases the efficiency of B-cell selection. 
In mice in which apoptosis is impaired either by decreased ability to generate an 
apoptotic signal (mice that lack Fas) or by increased suppression of apoptosis 
(mice that overexpress Bel-x), low-affinity B cells persist in the germinal centre 
reaction and the selection of high-affinity B cells is impaired.56

.
57 

Conclusions 

The vertebrate immune system must adapt to pathogens that are both rapidly repro­
ducing and evolving. Adaptation on the time scale of host generations is not suffi­
cient. What has evolved, on the time scale of host generations, is an immune system 
that is organized to generate the diversity required to adapt to pathogens rapidly 
within the lifetime of an individual. Rapid adaptation can be enabled by a situation­
dependent increase in the local mutation rate, which generates functional variation. 
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As a result of targeted mutation and an efficient somatic selection mechanism, 
antibodies somatically evolve that will bind with high affinity to any attacking pathogen, 
including one never before encountered in the evolutionary history of the host.

Whilst an organism inherits a single genome, it can generate B cells with varied 
genomes. This is achieved by VDJ recombination as described in chapter 9 and a 
subsequent targeted mutation mechanism that exploits fundamental properties of 
DNA mutability and repair, and which acts on an easy-evolvable antibody struc­ 
ture. The selection mechanism is fine-tuned to avoid autoreactivity and promote 
rapid generation of high-affinity antibodies. Although our current understanding of 
these processes appears to be sufficient to generate and select high-affinity anti­ 
bodies to a desired specificity in vitro, this requires a much longer time span and 
far more cumbersome selection methods than employed by the immune system. 58 
The elegance of the biological process thus belies its bewildering complexity.
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