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Abstract

Recent work of Bambozzi, Ben-Bassat, and Kremnitzer suggests that derived an-
alytic geometry over a valued field k£ can be modelled as geometry relative to the
quasi-abelian category of Banach spaces, or rather its completion Ind(Bany).
In this thesis we develop a robust theory of homotopical algebra in Ch(E) for

£ any sufficiently ‘nice’ quasi-abelian, or even exact, category.

Firstly we provide sufficient conditions on weakly idempotent complete exact
categories E such that various categories of chain complexes in E are equipped
with projective model structures. In particular we show that as soon as E
has enough projectives, the category Chy(E) of bounded below complexes is
equipped with a projective model structure. In the case that £ also admits
all kernels we show that it is also true of Chs((E), and that a generalisation
of the Dold-Kan correspondence holds. Supplementing the existence of kernels
with a condition on the existence and exactness of certain direct limit functors
guarantees that the category of unbounded chain complexes Ch(E) also admits
a projective model structure. When £ is monoidal we also examine when these

model structures are monoidal.

We then develop the homotopy theory of algebras in Ch(E). In particular
we show, under very general conditions, that categories of operadic algebras in
Ch(E) can be equipped with transferred model structures. Specialising to quasi-
abelian categories we prove our main theorem, which is a vast generalisation of
Koszul duality. We conclude by defining analytic extensions of the Koszul dual

of a Lie algebra in Ind(Bang).
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Chapter 1

Introduction

1.1 Background and Motivation
Derived Geoemetry

Derived geometry has proved crucial for understanding intersection theory, deformation
theory and moduli theory in algebraic, smooth, and, recently, complex analytic geometry.

There are two dominating abstract models for derived geometry. Lurie’s approach [49]
uses a higher-categorical generalization of ringed spaces, namely structured (oo, 1)-topoi.

This is an (00, 1)-topos X together with a limit-preserving functor
O:6-4&

where G is a geometry - an (o0, 1)-category satisfying certain properties. For example taking
(G)°P to be the (o0, 1)-category of simplicial rings gives a reasonable notion of derived alge-
braic stacks. David Spivak [76] considers derived smooth manifolds by taking as (G)° the
category of simplicial C°-rings. Mauro Porta and Tony Yue Yu [60],[57] [58], [59],[63], [61],
[62] are developing derived analytic geometry by taking G to be the category of simpli-
cial rings equipped with a holomorphic functional calculus. In particular they have proven
GAGA, base-change, and Riemann Hilbert type theorems. They have also announced a
Hochschild-Kostant-Rosenberg theorem.

Toén and Vezzosi’s model for derived geometry is inspired by the theory of (non-derived)
geometry relative to a symmetric monoidal category (developed for instance in [2I] and
[6]). This is a category-theoretic framework which views geometry as the unification of
algebra and topology. The algebra describes local pieces and a Grothendieck topology
allows one to glue these local pieces and obtain global objects. In [79] they introduce
the notion of a homotopical algebraic geometry context. Up to some technical details,
a homotopical algebraic geometry context consists of a monoidal model category M such

that the category Alg, . (M) of unital commutative monoids in M is a model category



with the transferred model structure, and (Afy,..(M)) is equipped with a homotopy
Grothendieck topology 7. We regard Aff ,, := (A gy (M) as a category of affine spaces.
The category of derived stacks on M is then the category of functors X' : Aff — sSet
satisfying descent for T-hypercovers. For derived algebraic geometry one considers either
the category M = Ch(R) of chain complexes of modules over a ring R (in characteristic
zero), or the category M = spMod of simplicial R-modules.

We expect that a good model of derived analytic geometry along the lines of [79] would
vastly simplify and conceptually clarify many results of Porta, Yu, and collaborators. Gen-
eralisations of notions such as shifted symplectic structures would also become obvious. The
main results of this work on Koszul duality also suggests that it provides a very convenient

formal setup for analytic deformation theory.

Monoidal Categories and Analytic Geometry

A systematic formulation of derived analytic geometry using homotopical algebraic geom-
etry contexts is the subject of a forthcoming work [8] and will not appear in this thesis.
However for the purposes of motivation we will give a brief overview of one approach to it.
Let (X,Ox) be a complex manifold. For each open set U the set Ox(U) has a canonical
structure of a Fréchet space. Moreover, the restriction maps Ox (V) — Ox(U) are contin-
uous. Let # be a coherent sheaf on X. Cartan’s Theorem B implies that on a coordinate

neighbourhood (or more generally a Stein neighbourhood), there is an exact sequence
Ox(V) = Ox(V) = #(V) =0

The quotient topology on 7 (V') makes it a Fréchet space. Thus sheaves on complex spaces
have natural topological structures.

It is therefore tempting to view (non-derived) complex analytic geometry as geometry
relative to the symmetric monoidal category of Fréchet spaces. Unfortunately this does not
seem possible. However in [5] the authors construct a Grothendieck topology 7/ on a
subcategory St of (Al g, (F7))F. St is equivalent to the category of (dagger) Stein spaces
and when k = C the coverings in their topology correspond to coverings of Stein spaces by
Stein spaces. In particular the category of complex analytic spaces embeds in the category
of schemes on this site.

This construction is somewhat ad hoc but as usual passing to the derived world proves
enlightening. The Grothendieck topology /"4 of [5] makes use of the homological structure
on Fr which is a quasi-abelian, and therefore exact, category. It is an additive category with
classes of admissible monomorphisms and admissible epimorphisms which provide a well-

defined notion of homology. There are also notions of projective objects, exact functors,



derived categories, and derived functors. If E is a monoidal exact category with a left-
derivable tensor product ®, then we say a map A — B of commutative monoids in E is a
homotopy epimorphism if the map B ®HA B — B is a quasi-isomorphism. The opposites
of these maps make up the covers in 7/"Z. The obstacle to such covers defining a topology on
the entire category (A, um(F7)) is that they are not stable under base-change (because
of the derived tensor product).

If Ch(¥r) were a good enough monoidal model category then we could easily extend
the definition of a homotopy epimorphism. Moreover as a homotopy cover in such a model
category the issue of base change would disappear and would give a genuine model topology
on (Ao um(Ch(F7)))P. Tragically #r is not good enough. It is neither complete nor
cocomplete and does not have enough projectives. Fortunately it does nicely embed in
a complete and cocomplete exact category with enough projectives, namely the category
CBorng of complete bornological spaces over C. It is sometimes convenient to pass to the
even bigger category Ind(Banc), the formal completion of the category of Banach spaces

by filtered colimits.

1.2 Goals and Layout

Our goal in this thesis is to put the local theory of derived analytic geometry, i.e. homo-
topical algebra in Ch(Ind(Banc)), on a firm footing. Much more generally we develop a
robust theory of homotopical algebra in Ch(E) for £ any sufficiently ‘nice’ quasi-abelian,
or even exact, category. We also connect with future work on derived analytic geometry by

proving a vast generalisation of Koszul duality.

Exact Category Generalities

Building on work of [14] in Chapter [2| we establish some technical results about exact cate-
gories in general which we will need in subsequent chapters. After recalling some basic facts
we introduce various useful notions of acyclicity. We then discuss bounded and unbounded
resolutions in exact categories. In particular we generalize the famous result of Spaltenstein

[75] to exact categories satisfying very general conditions.

Theorem 1.2.1 (Corollary . Let E be an exact category with kernels in which the
direct limit functor lim_, exists and is exact. Let P be a class of objects such that for each
object X in E there is an object P in P together with an admissible epimorphism P — X.
Suppose further that P is closed under N-indexed extensions. Then for any compler X, in
Ch(E) there is a complex Py in Ch(P) and an admissible epimorphism Py — X4 which is a

quasi-isomorphism. Moreover, X, is the limit of a Chy(P)-special direct system.



We then introduce a suitable idea of generators, before defining so-called elementary and
weakly elementary exact categories. These technical notions will be crucial for controlling
the homotopy theory of an exact category and avoiding set-theoretic smallness concerns.
Next we define monoidal exact categories and establish some basic properties of them. In
particular we prove the existence of an induced exact structure on modules for commutative
monoids internal to such categories. More generally we study monads on exact categories

and their categories of algebras.

Model Structures on Exact Categories

In Chapter [3| we discuss model structures on exact categories. In particular we give very
general conditions on an exact category E such that its category of complexes Ch(E) is
equipped with the projective model structure. There is a general theory of model structures
on weakly idempotent complete exact categories due to [40], [31] and [78] using cotorsion
pairs. A pair of classes of objects (£, R) in an exact category £ is said to be a cotorsion pair
if L € £if and only if Ext'(L, R) = 0 for all R € R, and R € R if and only if Ext' (L, R) = 0
for all L € £. The example we have in mind is (Proj(€),Ob(E)) where Proj(E) is the
class of projective objects in Z. In [28] Gillespie suggests a strategy for producing a model
structure on Ch(‘E), given a cotorsion pair on an abelian category £, which can easily be
adapted to exact categories more generally. There are no general results regarding when

this strategy works. However we prove the following result.

Theorem 1.2.2 (Theorem |3.2.3). Let E be an exact category satisfying the following con-

ditions
1. E has enough projectives.
2. E has kernels.

3. Let Funggm (N, E) be the full subcategory of the functor category Fun(N, E) consisting
of functors F such that for each i < j the map F(i < j) is an admissible monic. We

suppose that colim : Fungg, (N, E) — E exists and is exact.

Then, applied to the cotorsion pair (Proj(‘E), Ob(E)), Gillespie’s strategy produces a model
structure on Ch(E).

We call this the projective model structure on Ch(E). If E = pMod is the category
of R-modules over a ring R then this is the usual projective model structure. Under some
stronger assumptions, namely that the category £ has generators which are compact relative

to the class of admissible monics, the result of the above theorem can be deduced from results



of [78]. An advantage of our result is that it avoids many set-theoretic concerns and we
suggest examples where this is useful. In particular at the end of the chapter we give natural
examples of exact categories with very different set-theoretic properties which satisfy the
conditions of Theorem [3.2.3

In order to study the homotopy theory of algebras in monoidal exact categories we need
to know how the monoidal structure interacts with the model structure. We call a monoidal
exact category monoidal elementary if it is elementary and its projectives are flat and

closed under the tensor product.

Theorem 1.2.3 (Theorem [3.2.13)). Let E be a monoidal elementary exact category. Then

the projective model structure on Ch(‘E) is monoidal and satisfies the monoid axiom.
We then prove a generalisation of the Dold-Kan correspondence.

Theorem 1.2.4 (Theorem [3.2.23). Let E be a small elementary exact category. Endow

Ch=o(E) and sE with their projective model structures. Then the functors
I': Chso(E) — sE

and

N : sE — Chso(E)
form a Quillen equivalence.

We then discuss model structures for graded and filtered objects in quasi-abelian cat-
egories before concluding with some comments about homotopy theory in additive model
categories. Note that a preprint [45] based on a large proportion of the first two chapters

is available.

Homotopy Theory of Operads and Koszul Duality

Chapter [4 is the main event. The existence of a monoidal model structure on the category
Ch(E), for £ monoidal elementary, allows us to investigate the homotopy theory of operadic
algebras. Precisely, let B be either a symmetric or non-symmetric operad in Ch(E), and
Algys(Ch(E)) the category of P-algebras in Ch(E). Under certain conditions on ‘B the
free-forgetful adjunction may be used to endow Algy(Ch(E)) with the transferred model
structure. Recall that a symmetric operad is split if for each n the action of the symmetric
group 3, ® P(n) — P(n) has a splitting which is compatible with operadic composition.
We show, generalising results of [36], that the transferred model structure exists on algebras

over split operads in such categories. More generally we have the following.



Theorem 1.2.5 (Theorem [4.1.19). Let E be a monoidal elementary exact category and let
R € Al um(Ch(E)).

1. If B is a non-symmetric operad in pMod then the transferred model structure exists
on Algy(rMod).

2. If B is a split symmetric operad in pMod then the transferred model structure exists

on Algg(rMod).

We then set about proving a vast generalisation of Vallete’s co-operadic Koszul duality
[82] for monoidal elementary quasi-abelian categories. Before outlining our results we first
review some of the vast history of Koszul duality and its various manifestiations. Vallette’s
work generalises previous work of Hinich [37] which interprets duality between Lie algebras
and cocommutative coalgebras in terms of formal stacks. This in turn generalises results
from the seminal work of Quillen [69] on rational homotopy theory. Getzler and Jones [27]
have also done crucial work on Koszul duality. Motivated by studying differential forms on
interated loops spaces they in particular study duality for F,-algebras. In the process of
establishing chiral Koszul duality, Francis and Gaitsgory [24] prove a general Koszul duality
result in the context of pro-nilpotent oco-categories. An operadic version of Koszul duality
has been established by Ginzburg and Kapranov [32]. There is also a curved operadic
version due to Hirsh and Milles [39]. Ching and Harper have recently proved a spectral
version of Koszul duality [I7]. The relationship between Koszul duality and deformation
theory has also been extensively studied by Kontsevich and Soibelman in [47] and [46], as
well as by Lurie [50] and Hennion [35].

Let us now recall Vallette’s Theorem 2.1 in [82]. In any complete and cocomplete
monoidal additive category £ a twisting morphism « : € — 3 from a co-operad to an

operad in (Ch(E)) induces the bar-cobar adjunction
Qq: coﬂ[ggil < Al :Ba

where caﬂ[gg” is the category of co-nilpotent co-algebras over € and leé%J3 is the category of
algebras over . In the case that £ = Mod for some field k and « is a so-called Koszul
morphism Vallette shows that there is a model category structure on coﬂ[g’éil and that the
adjunction is a Quillen equivalence.

With significant modification we show that Vallette’s version generalises to monoidal
elementary quasi-abelian categories. Let ﬂéq,% denote the full subcategory of cofibrant alge-
bras. We say that a conilpotent €-co-algebra is cof-nilpotent if, equipped with its coradical
filtration, it is cofibrant as a filtered object. Denoting the full subcategory of cof-nilpotent

coaglebras by Cof , we prove the following:



Theorem 1.2.6 (Corollary [4.2.28)). Let a be a Koszul morphism.The bar-cobar adjunction

duces a equivalence of relative categories.
Qq: Cofe 2 ﬂ[g% :B,

Next we discuss operadic Koszul duality. Given a Koszul morphism « : € — B we
consider the dual operad €¥ and the composite functor C,, := (—)¥ 0 By : Al — (A, )P
(strictly speaking we consider a shift of this functor). Assuming that Afy,, is equipped

with a transferred model structure we show the following

Theorem 1.2.7 (Theorem |4.2.33). The functor C., induces a functor of (o0, 1)-categories
C,: Algy — (Alge )P which admits a right adjoint Dy,

We then specialise to operadic Koszul duality between Lie algebras and augmented
commutative algebras and generalise results of [50] and [35]. We show in Proposition [4.3.3]
that the underlying complex of D, (A) is naturally equivalent to the shifted tangent complex
of A at its canonical point. We conclude by showing that under certain boundedness
conditions on a Lie algebra g, the unit g — Daéa(g) is an equivalence. To conclude
the thesis we introduce the notion of the analytic Koszul dual augmented commutative
algebra of a Banach Lie algebra. Precisely, we define a contravariant functor C¢™* from
the category of Banach Lie algebras g concentrated in negative degrees to the category
of augmented commutative algebras concentrated in positive degrees. If g is degree-wise
finite dimensional then the degree 0 part of C'4™*(g) is naturally isomorphic to the algebra
of entire analytic functions on g¥;. Moreover the shifted tangent complex of C{™*(g) is

equivalent to g.

Appendices

The appendices include both recollections of some standard results and also some original
and non-trivial results which do not fit neatly in to the main body of work. Appendix [A]
includes some rudimentary facts about model categories, transferred model structures, and
(00, 1)-categories which we use throughout this thesis. In Appendix [B| we establish some
basic facts about operads and algebras over them in monoidal additive categories. Many of
these follow mutatis-mutandis from the corresponding results in categories of vector spaces
proved in [48] and so we do not reproduce those proofs. Finally in Appendix |C| we discuss
spaces of holomorphic functions between Banach spaces. In particular we recall notions
of holomorphy types. We also introduce contracting and multiplicative holomorphy types
before giving a novel description of algebras of holomorphic functions of bounded type as

objects in the category Pro(Banc) of Pro-Banach spaces.



1.3 Future Work

A major application of this work will be to develop derived analytic and smooth geometry.
In a forthcoming work [8] we establish the foundations of derived analytic geometry. In
particular we prove descent properties for the topology which mixes homotopy monomor-
phisms and formal étale morphisms. With this infrastructure in hand standard results
such as an analytic Hochschild-Kostant-Rosenberg theorem along the lines of [80] and base
change should be easily accessible. We also expect that the techniques of Chapter 2 can
be modified to prove the existence of a flat model structure for categories of sheaves, and
indeed that we can prove a Koszul duality theorem as in Chapter 3 using the flat model
model structure. This could potentially lead to generalisations of chiral Koszul duality in-
cluding, by considering categories of bornological C* rings and modules, a smooth version.
Finally we expect that our operadic Koszul duality results for Lie algebras and commutative

algebras should also work for E,-duality and duality for Fy- and Loo- algebras.

1.4 Notation and Conventions

Throughout this work we will use the following notation.

e l-categories will be denoted using the mathpzc font C, D, E, etc. In particular we
denote by A4b the category of abelian groups and g%ect the category of Q-vector
spaces. If M is a model category, or a category with weak equivalences, its associated

(o0, 1)-category will be denoted M.

e Operads and co-operads will be denoted using capital fractal letters €, B, etc. Alge-
bras over an operad will generally be denoted using small fractal letters g, b, etc. The

category of (co)algebras over a (co)operad will be denoted (w)ﬂlégq3

e We denote the operads for unital associative algebras, unital commutative algebras,
non-unital commutative algebras, and Lie algebras by ss, Comm, Comm™*, and Lie
respectively. We also denote by co€omm and co€omm™ the co-operads of cocommu-

tative and non-unital cocommutative coalgebras.

e If P is a (co)operad in category E and V is an objet of E, then typically we will
denote the (co)free (co)algebra on V by (V). For the operad Ass, Comm, Lie we will
denote the corresponding free algebras by T'(V'),S(V), and L(V) respectively. We
also denote by S (V') the commutative algebra of formal power series on an object V'

and by U(L) the universal enveloping algebra of a Lie algebra L.



e Unless stated otherwise, the unit in a monoidal category will be denoted by k, the
tensor functor by ®, and for a closed monoidal category the internal hom functor will
be denoted by Hom. Monoidal categories will always be assumed to be symmetric,

with symmetric braiding o.
e Filtered colimits will be denoted by lim_,. Projective limits will be denoted lim. .
Let us now introduce some conventions for chain complexes.

Definition 1.4.1. A chain complex in a pre-additive category ‘E is a Sequence

d dn—1
Ke=..—K,—%K, 1—>K;, o——...

where the K; are objects and the d; are morphisms such that d,—1 od, = 0. The
morphisms are called differentials. A morphism of chain complexes f, : Ko, — L, is
a collection of morphisms f, : K, — L, such that the following diagram commutes for each

n.

a¥ dK
n+1
e T Nyl K, - K, 1
fn+1J/ f"J/ f"li
b dL
n+1 n
Ln+1 Ln Ln,1

The category whose objects are chain complexes and whose morphisms are as described
above is called the category of chain complexes in Z, denoted Ch(E). We also define
Z) to be the full subcategory of Ch(‘E) on complexes A, such that A, =0 for n <0,
Z) to be the full subcategory of Ch(E) on complexes A, such that A,, = 0 for n > 0,
Chy (), the full subcategory of chain complexes A, such that A,, = 0 for n << 0, Ch_(E),

Chxo(
Ch<o(

the full subcategory of chain complexes A, such that A, = 0 for n >> 0 and Ch(E) to be
the full subcategory of Ch(E) on complexes A, such that A, # 0 for only finitely many n.
A lot of the statements in the rest of this document apply to several of these categories at
once. In such cases we will write Ch,(E), and specify that * can be any element of some
subset of {=0,<0,+,—,b, &}, where by definition Chg(E) = Ch(E).

We will frequently use the following special chain complexes.

Definition 1.4.2. If E is an object of a pointed category E we let S"(E) € Ch(E) be the
complex whose nth entry is E, with all other entries being 0. We also denote by D™(E) €
Ch(E) the complex whose nth and (n — 1)st entries are E, with all other entries being 0,
and the differential d,, being the identity.



Let us also introduce some notation for truncation functors.

Definition 1.4.3. Let ‘E be an additive category which has kernels. For a complex X, we
denote by 1=, X the complex such that (TsnX)m =0 if m < n, (750, X)m = X if m >n
and (1 X)n = Ker(dy,). The differentials are the obvious ones. The construction is clearly

functorial.

All of the above categories are naturally enriched over C'h(46). We denote the enriched

hom by Hom(—, —). For notational clarity we recall its definition here.

Definition 1.4.4. Let X.,Y, € Ch(E). We define Hom(X.,,Y,.) € Ch(4b) to be the complex
with

Hom(X.,Y.)y, = | [ Homz(X;, Yiin)
€7
and differential dy, defined on Homz(X;,Yitn) by

df = dlfp 0 f— (1) f o d¥

Let (£,®, k) be a monoidal additive category, i.e. ® is an additive bifunctor. There is
an induced monoidal structure on Chy(E) for * € {= 0,< 0,4, —, b, &}. The unit is S°(k).

If X, and Y, are chain complexes then we set

i+j=n

If i + j = n, then we define the differential on the summand X; ® Y; of (X, ®Y,), by

dg «®Ys

Xy, = di* @idy, + (—1)'idx, @ dj*

If € {>0,<0,+,—,b, &} then (Chs(E),®, S(k)) is a monoidal additive category.

If (£,®, k,Hom) is a closed monoidal additive category then we define a functor
Hom(—,—) : Ch(E)? x Ch(E) — Ch(E)
Hom(X.,Ys)n = | [Homy (X, Yiin)

€L
and differential d,, defined on Homg (X5, Yiyy) by

d = Hom(d;**,id) + (—1)'Hom(id, d.*,)

Y i+n

This does define an internal hom on the monoidal category

10



(Ch(£),®, S°(k))

The internal hom on chain complexes also restricts to a bifunctor

Hom(—, =) : Chy(E)? x Chy(E) — Chy(E)

Then

(Chb(£)7 X, So(k)a I—Ioinﬂ

is a closed monoidal additive category. In fact, in both of these categories there are natural

isomorphisms of chain complexes of abelian groups.
Hom(X,,Hom(Y,, Z.)) ~ Hom(X, ® Y, Z,)

The categories Chy(E) for = € {+,—,b, I} also come equipped with a shift functor.
It is given on objects by (Al[1]); = A;y1 with differential df‘[l] = —d#,. The shift of a
morphism f* is given by (fe[1]); = fit+1. [1] is an auto-equivalence with inverse [—1]. We

set [0] =Id and [n] = [1]™ for any integer n.

Finally, we define the mapping cone as follows.

Definition 1.4.5. Let X, and Y, be chain complexes in an additive category E and f, :
Xo — Y,. The mapping cone of f., denoted cone(f.) is the complex whose components

are

cone(fo)n = Xn1 @Yy,

X
cone(f) _ _dn—l 0
% ( —fa1 dy )

There are natural morphisms 7 : Y, — cone(f) induced by the injections Y; — X;_1®Y;,

and whose differential is

and 7 : cone(f) — Xo[—1] induced by the projections X;_1 ®Y; — X,;_;. The sequence
Y. — cone(f) — Xo[—1]

is split exact in each degree.
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Chapter 2

Constructions in Exact Categories

In this chapter we will establish some technicalities about exact categories which will be
used throughout the thesis. In particular we will discuss acyclicity of complexes and the
existence of unbounded resolutions. We will also discuss various notions of generation and
compactness in such categories, and introduce the notion of a monoidal exact category.
Finally we will see when exact structures can be lifted to categories of algebras for some
monad acting on an exact category. The results in this chapter will prove crucial for studying

the homotopy theory of exact categories in Chapter

2.1 Exact Category Generalities

In this section we review the rudiments of exact categories, following [14]. In the following
E will be an additive category. A kernel-cokernel pair in £ is a pair of composable maps
(i,p), 1 : A — B,p: B — C such that i = Ker(p) and p = Coker(i). If Q is a class of
kernel-cokernel pairs and (i,p) € Q, then we say that ¢ is an admissible monic and p is an

admissible epic with respect to Q.

Definition 2.1.1. A Quillen exact structure on an additive category E is a collection

Q of kernel-cokernel pairs such that
1. Isomorphisms are both admissible monics and admissible epics.

2. Both the collection of admissible monics and the collection of admissible epics are
closed under composition.

3. If
f

A——-B
XLY

is a push out diagram, and f is an admissible monic, then [’ is as well.

12



4. 1If
fl

A——DB
x—1.vy

1s a pullback diagram, and f is an admissible epic, then f' is as well.

Let (£, Q) be an exact category. We call a null sequence

0—s=A—>B- 2.0 50

short exact if (7, p) is a kernel-cokernel pair in Q. We will use interchangeably the notion of
kernel-cokernel pair and short exact sequence. In the context of diagrams in exact categories
— will be used to denote an admissible monic, and — an admissible epic. When it is not
likely to cause confusion, we will suppress the notation (£, Q) to E.

When studying exact categories it is natural to consider so-called exact functors:

Definition 2.1.2. Let (£,P), (F, Q) be exact categories. A functor F : E — F is said to

be exact (with respect to P and Q) if for any short exact sequence
0-X->Y—>27-50

mn P,
0->FX)>FY)>FZ) —0

1 a short exact sequence in Q.

Definition 2.1.3. Let (‘E,P) be an exact category. An exact subcategory of (‘E,P) is an

exact category (F, Q) where F is a subcategory of E and the inclusion functor is exvact.

On any additive category one can define the split exact structure for which the kernel-
cokernel pairs are the split exact sequences. Any exact category contains this is an exact

subcategory. At the other extreme we have quasi-abelian exact structures.

Definition 2.1.4. An additive category E with all kernels and cokernels is said to be quasi-

abelian if the class qac of all kernel-cokernel pairs forms an exact structure on E.
The following is then tautological.

Proposition 2.1.5. Let E be a quasi-abelian category, and let Q be a class of kernel-
cokernel pairs on ‘E such that (E, Q) is an exact category. Then the identity functor idg is

an ezact functor (E,Q) — (E, qac).
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We will study quasi-abelian structures in more detail later. For now let us note that
abelian categories are quasi-abelian. In an abelian category all monics are kernels of their
cokernels, and all epics are cokernels of their kernels. It therefore trivially follows that
both classes are closed under composition. It is also clear that both classes contain all
isomorphisms. It is a standard exercise that in an abelian category, monomorphisms are
pushout-stable and epimorphisms are pullback-stable. See for example [26] Theorem 2.54.

Let us now record some basic results about exact categories which will prove useful.

Proposition 2.1.6. Let
A—.p

Tl

AT g
be a commutative diagram in which the horizontal morphisms are admissible monics. Then

the following are equivalent
1. The square above is a push-out.
2. The sequence
(<) (i)
0—=A—B@®A—+B ——=0
is short exact.

3. The square above is bicartesian.

4. The square is part of a commutative diagram

bl
with short exact rows.
Proof. See [14] Proposition 2.12. O

Proposition 2.1.7. Let £ be an exact category and 4 < ‘E a full additive subcategory.
Suppose that for every morphism f : A — B which is admissible in ‘E, a kernel and cokernel
of f in E exist in 4. Then the collection of all kernel-cokernel pairs (i : A — B,p: B — C)
which are exact in E where A, B,C € 4 defines an exact structure on 4 which makes it an

exact subcategory of E.

14



Proof. Tt is clearly sufficient to show that this collection of kernel-cokernel pairs endows 4

with an exact structure. The first and second conditions are clearly satisfied. Let

A—-B
yob
A/ ZH, B/
be a pushout diagram in £ with f an admissible monic, and ¢ and ¢ in 4. We need to show
that Y is (isomorphic to) and object of 4. But there is an exact sequence
() (y7)
0—=A—-B®A ——-B ——=0

in E£. Now a cokernel of the map A — B@® A’ in E exists in 4, so B’ is isomorphic to an

object of 4. The last condition is dual to this one. O

For technical reasons, unless stated otherwise we will assume from now on that all exact
categories are weakly idempotent complete. This means that every retraction has a
kernel, or equivalently, that every coretraction has a cokernel. Note that the condition is
self-dual. Quasi-abelian categories are in particular weakly idempotent complete. In weakly
idempotent complete exact categories, we then have the following useful result, often called

the Obscure Axiom.

Proposition 2.1.8 (The Obscure Axiom). 1. Suppose that i : A — B is a morphism.
If there exists a morphism j : B — C such that the composite ji : A — C is an

admissible monic, then i is an admissible monic.

2. Suppose that i : A — B is a morphism. If there exists a morphism j : C — A such

that i o j is an admissible epic, then i is an an admissible epic.

Proof. See [14] Proposition 2.16. O

2.1.1 Abelianizations

Let (£, Q) be an exact category. Let F be a full subcategory of . Suppose that ¥ is closed
under extensions, that is if

0-A—-B—->C—-0

is a short exact sequence in (E,Q) with A and C objects of ¥, then B is an object of F
as well. Let Qg consist of those kernel-cokernel pairs (i : A — B,q: B — C) in ¥ which
when regarded as pairs of morphisms in £ are kernel-cokernel pairs in Q. It is then straight-

forward to show ([7]) that (¥, Qg) is an exact subcategory of (£, Q). It turns out that any
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small exact category can be obtained as a full subcategory of an abelian category which
is closed under extensions. This is the main content of the Quillen Embedding Theorem

which provides an invaluable tool for studying exact categories.

Theorem 2.1.9 (The Quillen Embedding Theorem). Let E be a small exact category. Then
there is an abelian category A(E) and a fully faithful additive functor I : E — A(E) which
is exact, reflects exactness, and preserves all kernels. Moreover the essential image of I
is closed under extensions. A(E) may be chosen to be the category of left-exact functors
E — 4b. If in addition E is weakly idempotent complete then a morphism f: E — F in E
is an admissible epic if and only if I(f) is an epic in A(E).

Proof. See Appendix A in [14]. O

Definition 2.1.10. We call an embedding I : £ — 4 of an exact category into an abelian

category a left abelianization of E if
1. I is fully faithful.
2. I s exact.
3. I reflects exactness.
4. The essential image of I is closed under extensions.
5. I preserves all kernels which exist.
6. If f is a morphism in E, then f is an admissible epic if and only if I(f) is an epic.

In particular, Theorem [2.1.9]says that any compact exact category admits a left abelian-
ization. There is an obvious dual notion of a right abelianization. It is clear that right
abelianizations of small exact categories exist. Indeed, if E°? — 4 is a left-abelianization of

E°P, then E — A° is a right-abelianization of .

2.1.2 Generation of Exact Subcategories

Let £ be a locally small additive category and 4 a small full subcategory. By an argument
similar to [42] we can find a small full exact subcategory of £ containing 4. In the rest of
the section we assume that given a small subcategory ‘E of 4 one can choose direct sums for
finite collections of objects in ‘E, and kernels and cokernels of morphisms in E. For example
one might assume that such limits and colimits can be made functorial in the ambient

category (e.g. if £ is locally presentable).

Proposition 2.1.11. There is a small full additive subcategory ¥(4;E) of ‘E containing A.
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Proof. We let X(4;E) be the full subcategory whose objects are the zero object and a
choice of a direct sum in E for each finite collection of objects of 4. This is clearly additive,

contains 4, and is small. ]
Now let E be an exact category and 4 a full subcategory.
Proposition 2.1.12. There is a small full exact subcategory Ex(A4,E) of E containing A.

Proof. By Proposition [2.1.11| we may assume that 4 is additive. Let Ez'(4, €) denote the
full subcategory of ‘E consisting of a choice of kernels and cokernels of morphisms f : A — A’

which are admissible in £. We set Ex"*!(4; £) := Ez'(E«"(4; E); £) We claim that
o0
Ex(#; %) = | | Ba(#; E)
n=1

works. Since Ez'(4; ) is small for 4 small this would prove the claim. (J7_, E2"(4; E) is
clearly closed under taking kernels and cokernels of those morphisms which are admissible

in £. By Proposition [2.1.7]it is an exact subcategory. O

The point of this is that even if a category £ is not small, when working with small

diagrams in £ we can pass to an abelianization.

2.1.3 Notions of Acyclicity

In a general exact category, arbitrary kernels and cokernels may not exist. Therefore it is
not in general possible even to write down candidates for the homology objects of a chain
complex. Even if all kernels and cokernels do exist, then there are multiple candidates for

the homology which are not isomorphic in general. For example, given a null sequene
r-gl.r-*.¢

i.e. gof =0, one could consider both Coker(Im(f) — Ker(g)) and Im(Ker(g) — Coker(f)).
In an abelian category these are isomorphic, but for general additive categories this is not
the case. Despite these ambiguities, there are still various useful notions of acyclicity in

exact categories, which we discuss below. First let us define several classes of morphisms.

Definition 2.1.13. A morphism f : E — F in an exact category is said to be

1. weakly left admaissible if it has a kernel and the map
Ker(f) - E

18 admissible.
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2. weakly right admissible if it has a cokernel, and the map
F — Coker(f)

is admissible.

3. weakly admissible if it is both weakly left admissible and weakly right admissible.

The following characterisation of weakly admissible morphisms is immediate.

Proposition 2.1.14. A morphism f : E — F in an exact category E is weakly admissible

if and only if it admits a decomposition

E F

N I

Ker(f) Coim(f) L. Im(f) Coker(f)

where the sequences

Ker(f) — E — Coim(f)

and
Im(f) — F — Coker(f)

are short exact.

Definition 2.1.15. Let f be a morphism in exact category. Then f is said to be admissible

if it is weakly admissible and the map Coim(f) — Im(f) is an isomorphism.

Remark 2.1.16. Admissible epimorphisms and admissible monomorphisms are admisssible

morphisms in the sense above.

This is not how admissible morphisms are usually defined (see e.g. [14]). However the

notions are equivalent:

Proposition 2.1.17. Let f : E — F be a morphism in an exact category E. Then the

following are equivalent.
1. f is admissible.

2. f admits a decomposition
E—-»1—F

18



3. There is a commutative diagram

POV

Kerf Cokerf

where the sequences
Kerf — E — 1

and
I — F — Coker(f)

are short exact.

Proof. 1 and 3 are clearly equivalent thanks to Proposition 2.1.14] Also 3 = 2 trivially.
Let us show that 2 = 1. Since I — F' is an admissible monic, the kernel of f exists, and
coincides with the kernel of E — I. Hence Ker(f) — F is an admissible monic and in
particular £ — I is a coimage of f. Dually, the cokernel of f exists, it coincides with the

cokernel of G — F, and I — F is an image of f. O

Corollary 2.1.18. A morphism f: E — F in an exact category is an isomorphism if and

only if it is both an admissible epic and an admissible monic.

Proof. Axiomatically an isomorphism is both an admissible monic and an admissible epic.
Conversely, suppose f is both an admissible monic and an admissible epic. Since it is an
admissible monic the map £ — Coim(f) is an isomorphism. Since it is an admissible epic
the map Im(f) — E is an isomorphism. Since f is admissible the map Coim(f) — Im(f)

is an isomorphism. The claim now follows from the commutative diagram

Coim(f) —~— Im(f)

We are now ready to introduce our various notions of acyclic sequences.

Definition 2.1.19. A null-sequence

x- Ity 9. g4

1s said to be
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1. weakly acyclic if f is weakly right admissible, g has a kernel, and the natural map

Im(f) — Ker(g) is an isomorphism.

2. weakly coacyclic if g is weakly left admissible, f has a cokernel, and the natural map

Coker(f) — Coim(g) is an isomorphism.
3. admissibly acyclic if it is weakly acyclic and f is admissible,
4. admissibly coacyclic if it is weakly coacyclic and g is admissible
5. admaissible if both f and g are admissible.
6. acyclic if it is both admissibly acyclic and admissibly coacyclic.

Remark 2.1.20. If a null sequence

f g

X—Y —»7

1s weakly acyclic then g is automatically weakly left admissible.

Definition 2.1.21. A complex

fn f'nfl
1

Xn Xn— Xo

is said to be weakly acyclic/ weakly coacyclic/ admissibly acyclic/ admissibly coacyclic/
admissible/ acyclic if for each 1 < i <n—1 each sequence

Xit1 fn, Xi Aty Xi1

is weakly acyclic/ weakly coacyclic/ admissibly acyclic/ admissibly coacyclic/ admissible/

acyclic.

Let us now set up some tools for determining whether a complex is acyclic. We can

partially test acyclicity by passing to a left abelianisation:
Proposition 2.1.22. Let [ : £ — A4 be a left abelianization of E.

1. If
X, I X, X,
is admissibly acyclic in E then

I(fn) I(fn-1)

1(X,) I(Xn 1) . ——I(Xo)

1s exact in A.
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2. If f; is weakly admissible for 2 <i<n and

I(fn) I(fa-
I(X,) ) I(Xp_1) L 1(Xo)
is exact, then
X, —Ix, L x,

is admissibly acyclic.
3. If f; is weakly left admissible for 1 <i<n—1 and

1(fn) L(fn-1)

I1(X,) ——I(X,,—1) .. ——1(X))
is exact in A, then
X, —Iwx, L X,

is admissibly acyclic.
Proof. Clearly it is sufficient to prove the claims for sequences
x Ity 2.z

1. Suppose the above sequence is admissibly acyclic. Since f is admissible I preserves

Im(f). By assumption I preserves all kernels. Hence

1(x) 2L 1(v) 2 12
s exact.
2. Suppose now that
1) 2% rvy L9 1z

is exact and that f is weakly admissible. Since I preserves all kernels, and cokernels

of admissible morphisms, we have I(Coim(f)) = Coim/(f). Now
Coim/(f) = ImI(f) =~ KerI(g)

Since [ is fully faithful, Coim(f) is a kernel of g. Finally, note that we have a factori-
sation of Coim(f) — Ker(g)

Coim(f) — Im(f) — Ker(g)

By Proposition Im(f) — Ker(g) is also an (admissible) epic. By Corollary[2.1.18
it is an isomorphism. Therefore Coim(f) — Im(f) is as well. By Proposition [2.1.17]

we are done.
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3. We can factor f as

X L Ker(g) —>v

with Ker(g) — Y an admissible monic. We need to show f’ is an admissible epic.

Since I preserves kernels, it sends the diagram above to

1(x) 22 Ker1(g) — 1(Y)

Since

1(f) 1(g)

I(X) I(Y) 1(Z)
is exact, I(f’) is an epic. thus f’ is an admissible epic, and we are done.

O

Part 1) of the above proposition says that the functor I is admissibly exact. This is a

stronger notion than exactness. It will be useful in later contexts, so we make a definition.

Definition 2.1.23. A functor F : € — F between exact categories is said to be admissibly

(co)exact if for any admissibly (co)acyclic sequence
X->Y -7

i E, the sequence
F(X)—>F(Y)— F(2)

is admissibly (co)acyclic. A functor which is both admissibly exact and admissibly coexact

1s said to be strongly exact.
Moreover, the proof of Part 1) also gives the following result.

Proposition 2.1.24. Let F : € — D be an exact functor which preserves kernels. Then F

18 admissibly exact.

Example 2.1.25. [t is easy to show that taking finite direct sums is a strongly exact functor.

Indeed being both a limit and a colimit, this functor commutes with all limits and colimits.

Although the functor I reflects short exact sequences, it need not in general reflect

acyclicity of unbounded complexes. However it does for a certain nice class of complexes.

Definition 2.1.26. A complex X, in an exact category is said to be good if for each n
there is m < n such that d,, has a kernel. X, is said to be cogood if for each n there is

m > n such that d,, has a cokernel.
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Example 2.1.27. Bounded below complexes are good.
We will frequently use the following trick for good complexes.

Proposition 2.1.28. Let X, be a good complex in an exact category. Suppose that for any

n such that dX has a kernel, the induced map
diiq1: Xng1 — Zn X
1s an admissible epic. Then X, is acyclic.

Proof. Suppose d,, has a kernel. By assumption d,,+1 factors as
Xmi1 > ZmX — X

A priori Z,,X — X,, is not admissible. However it is a monomorphism. Therefore, since
Xmi1 — Z, X is admissible its kernel exists and it coincides with the kernel Z,,,1X of
dims1. Since X141 — Z;, X is admissible it is in particular weakly left admissible. Therefore

dm+1 is also weakly left admissible. Now consider d,,12. By assumption it factors as
dnt2 : Xmyo = Zim1 X — X

Thus dp,42 is an admissible morphism whose image is Z,,11X. An easy induction then

shows that X, is acyclic. O

Since I preserves kernels and reflects admissible epimorphisms, Proposition [2.1.28] gives
the following.

Corollary 2.1.29. Let (X.,ds) be a complex in E. Let I : £ — A be a left abelianisation
of E. Suppose X, is good. Then X, is acyclic if and only if I(X,) is.

Proof. Suppose I(X.) is a acyclic, and d;f has a kernel Z,X. By assumption I(d},_,) :
I(Xp41) = ZpI(X) = I(Z,X) is an epimorphism. Thus dj,,; : Xp11 — Z,X is an

admissible epimorphism. O

2.1.4 Homotopies and Quasi-Isomorphisms
Let us now discuss homological properties of maps between complexes.

Definition 2.1.30. A homotopy between morphisms of chain complexes fo, ge : K¢ — Lo

is a collection of morphisms D; : A; — B;y1 such that
fi —3gi = Di,1 Odll( + diL-&-l o Dz
We then say fo ~ e
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Definition 2.1.31. Two complexes Ko and Lo are said to be homotopy equivalent if

there are maps g : K¢ — Lo and f: Ly — Ko such that fog ~ idg, and go f ~ idy,.

If

is a diagram with the top and bottom row being null-sequences, we will also say that it is
homotopic to zero if there are two maps D : B — X and D' : C' — Y such o = foD—D'oq.

We can use homotopies in an exact category to test for acyclicity.

Proposition 2.1.32. Let E be an exact category, and let

x-t.y 9. 4

be a null sequence. Suppose that g has a kernel. Then the induced map f': X — Ker(g) is

an admissible epimorphism if and only there is a diagram

A-Lt.p- 2.

N

X1y 9.7

which is homotopic to zero, and such that the induced map & : Ker(q) — Ker(g) is an

admassible epic.

Proof. Suppose that g has a kernel and that the induced map f' : X — Ker(g) is an

admissible epimorphism. Consider the diagram

—X—0

L]

oy .7

By assumption the induced map f : X — Ker(g) is an admissible epic. Moreover the
diagram is clearly homotopic to 0 via the maps D =id : X - X and D' =0:0 —» Y.

Conversely suppose we have a diagram

ALt 1.0

7/ /
D , D,
ool
XLy~ 9.z
such that ¢ has a kernel, « = fo D — D' oq, and & is an admissible epic. We have the

factorisation of f

x L Ker(g9) —Y
Moreover, & = f o D\Ker(q). By Proposition f is an admissible epic. O
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Corollary 2.1.33. Let E be an exact category, and let
xt.oy 9.7

be a null sequence. The sequence is admissibly acyclic if and only if g is weakly left admissible

and there is a diagram

p q
—_— —_

A B C
Lol
x 1oy 9.7
which is homotopic to zero, and such that the induced map & : Ker(q) — Ker(g) is an

admassible epic.

Proof. Suppose the sequence is admissibly acyclic. By Remark g is weakly left
admissible.
For the converse, note that by Proposition [2.1.32| and the fact that Ker(g) — Y is

admissible, we have a decomposition of f
X — Ker(g) - Y
By Proposition [2.1.17| f is an admissible morphism whose image is Ker(g). O

We can also test split exactness by looking at homotopy.

Proposition 2.1.34. Let E be an exact category, and let
r=x’t .y 9.7

be a null-sequence. The sequence is admissibly acyclic in the split exact structure if and

only if g is weakly left admissible and the diagram

f g

e — 7

X %
o oo
Xty

ey .7

18 homotopic to zero.

Proof. Suppose the diagram is homotopic to the zero. If we can show that g is also weakly
left admissible in the split exact structure, then the claim follows from Corollary By
Corollarywe already know that the sequence is admissibly acyclic, so Im(f) = Ker(g).
Let D :Y — X and D' : Z — Y be maps such that idy = fo D — D’ og. The map
foD:Y — Y factors as

(foD)I

Y m(f) =Y
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where 7 is the inclusion. But
foDoi=foDoi—Dogoi=1

since goi = 0. It follows that (foD)oi = Idpm(s). This implies that the map Ker(g) =

O

Im(f) — Y is split, and so is an admissible monic in the split exact structure.
Corollary 2.1.35. Let X, be a good complex.

1. X, is acyclic whenever there is a complex Yo, a morphism of complexes fo : Yo — X,
which is homotopic to 0, and such that the induced maps f, : Ker(d}) — Ker(dX)

are admissible epimorphisms.

2. X ts split exact whenever idx, is homotopic to 0.

Proof. The first assertion follows from Proposition [2.1.28] and Proposition [2.1.32] For the

second assertion note that X, is acyclic by the first. In particular each
Xpy1 — Xy = Xy

is acyclic, and X,, — X,_1 is (weakly left) admissible. Thus we may use Proposition

2134 O

Quasi-isomorphisms

Recall that in an abelian category a map of complexes induces a map on homology. The
map is said to be a quasi-isomorphism if the induced map on homology is an isomorphism.
Quasi-isomorphisms can also be characterised in terms of their mapping cone. A map of
chain complexes in an abelian category is a quasi-isomorphism if and only if its mapping
cone is acyclic. As remarked previously, in an exact category we cannot in general define
the homology of a complex. However the construction of the mapping cone makes sense in

any additive category. By the previous remarks, the following definition is sensible.

Definition 2.1.36. Let E be an exact category. A map fo : Xe — Yo of complexes of E is

said to be a quasi-isomorphism if cone(f.) is acyclic.
Proposition 2.1.37. Homotopy equivalences are quasi-isomorphisms.

Proof. See [14] Proposition 10.9. O

The next proposition is an immediate consequence of Corollary [2.1.29

Proposition 2.1.38. Let I : E — A4 be a left abelianisation of an exact category E. Let
fo : Xo — Yo be a morphism of complexes. Suppose cone(f) is good. Then f is a quasi-
isomorphim if and only if I1(f) is.
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Remark 2.1.39. As for abelian categories, one can define the derived category Dy (E) of
an exact category E by localizing Chy(E) at the quasi-isomorphisms. For details see for

example [17)].

2.1.5 Ext Groups

In order to study cotorsion pairs in exact categories in Section [3] we will need the notion of
Ext groups in exact categories. Recall for an abelian category 4 one can define the groups
Ext™(A, B) for any pair of objects A, B € 4 regardless of whether 4 has enough projectives
by the Yoneda construction. This construction goes through mutatis-mutandis for exact
categories. The elements are Yoneda equivalences classes of n-extensions and the binary
operation is the Baer sum. All the proofs for the above facts work as the abelian case. The
interested reader can adapt the relevant proofs in [13] for example. The first ext group
Ext!(A, B) can also be computed by passing to a left abelianization. More generally we

have the following straight-forward result.

Proposition 2.1.40. Let ‘£ and F be exact categories. Let F': E — F be a fully faithful
exact functor which reflects exactness. Suppose that the essential image of E is closed under

extensions. Then F induces a natural isomorphism of abelian groups
Exty(—,—) = Eaty (F(=),F(-))

Remark 2.1.41. In the above we make the implicit assumption that each Ext" (A, B) is a
set. This always holds for exact categories with enough projectives, which can be seen from

the discussion in the following section.

2.1.6 Projective Objects and Resolutions in Exact Categories

At this point we recall the notion of a projective object in an exact category, and mention

how they relate to the Ext functor.

Definition 2.1.42. An object P in an exact category E is said to be projective if the
functor Hom(P, —) : E — 4b is ezact.

Remark 2.1.43. By Proposition|2.1.24), for any projective object P the functor Hom(P, —)

1s admissibly exact.
Example 2.1.44. In the split exact structure every object is projective.
As in the abelian case one has the following result.

Proposition 2.1.45. The following are equivalent.
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1. P 1is projective.

IS

. Given a map f : P — C and an admissible epic e : B — C, there is a morphism

g : P — B such that the following diagram commutes

B
e
I

3. Any admissible epic with codomain P splits.

P

4. Ext'(P, A) vanishes for any object A.
5. Ext" (P, A) vanishes for any object A and any n > 1.

We will need some results about projective resolutions in exact categories later.

Bounded Resolutions

Definition 2.1.46. An exact category E is said to have enough projectives if for any

object X of E,there is a projective object P and an admissible epimorphism P — X.

Lemma 2.1.47. Let P be a subclass of Ob(‘E), the object of E. Assume that for any object
E of E there is an object P € P and an admissible epimorphism P — E. Then, for any
bounded below complex E of Chy(E), there is a bounded below complex P whose entries are

objects of P, and a quasi-isomorphism
u:P—->FE

where each uy, : P, — Ej is an admissible epimorphism. Moreover, this construction can be

made functorial if the choice of admissible epimorphism P — E can be made functorial.

Proof. This is proved in [I4] for the case that P is the class of projectives in an exact

category with enough projectives. However the proof goes through the same. ]

Lemma 2.1.48. Let A, B be objects in an exact category E. Let f : A — B be a morphism.
Let P, be a complex with P_y = A, P, = 0 for n < —1 and P, projective for n > 0. Also
let Qo be an acyclic complex with Q—1 = B and Q, =0 for n < —1. Then there is a chain
map fo: Po — Qo with f_1 = f. Moreover, fo, is unique up to homotopy.

Proof. See [14] Theorem 12.4. O
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As in the abelian case one can define derived functors between derived categories of
exact categories. There are also notions of adapted classes for functors. Proposition
and Lemma [2.1.47] essentially say that as in the abelian case, if a category £ has enough
projectives, then the class of projective objects is adapted to the functor Hom(—, A) : £P —
4b. It can be shown that R"Hom(—, A) := H,(RHom(—, A)) = Ext"(—, A).

Unbounded Resolutions

When dealing with the model structures on unbounded chain complexes., we will also need
to have unbounded resolutions. For this we will modify the famous Theorem 3.4 in [75] and
it proof to work for more general exact categories. In the following we shall let B be a class
of complexes in E which is stable under shifts, and we shall assume that for any bounded
below complex X, there is a bounded below complex B, in B and a quasi-isomorphism
B, — X, which is an admissible epimorphism in each degree. We will call such a class a
bounded resolving class.

Before continuing we introduce some terminology. Let Z be a category, £ an exact

category and S a class of morphisms in E.

Definition 2.1.49. We say that ‘E has (Z;5)-(co)limits if for any functor D : T — E
such that D(i — j) is in S for any morphism i — j in I, a (co)limit of D exists.

Let Ch(S) denote the class of morphisms in Ch(E) consisting of those morphisms f, :
A, — B, such that f, € S for each n. Clearly if £ has (Z;5)-(co)limits then Ch(E) has
(Z; Ch(S))-(co)limits.

Definition 2.1.50. Suppose that E has (Z;5)-(co)limits. We say that (Z;S)-(co)limits are
exact in E if for any functor
F:7 — Ch(E)

with F(i < j) € CWS) for anyi < j inZ and F (i) acyclic for any object i in I, the (co)limit
lim_, F(i)
1s acyclic.
Let us now recall some notions from Splatenstein’s paper.

Definition 2.1.51. Let B be a class of complexes. A direct system (P}')ner in Ch(E) is a

B-special direct system if it satisfies the following conditions.
1. FE is well-ordered.

2. If n e E has no predecessor then P} = lim_,  _ P)".
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3. If n e E has a predecessor n — 1 then the natural chain map PP~' — PP is injective,

its cokernel C7 belongs to B, and the short exact sequence
0-PrlprCr—0
is split exact in each degree.

We denote by lim_,B the class of complexes which are limits of B-special direct systems.

Proposition 2.1.52. Let E be an exact category which has kernels. Suppose that B is a
bounded resolving class. Then for any complexr Xo there exists a B-special direct system

(P)p>—1 and a direct system of chain maps f" : P}’ — 7>, Xe such that

1. f™ is a quasi-isomorphism for every n = 0.
2. f™ is an admissible epimorphism in each degree.

Proof. We construct the data (P}'),>—1 and (f")n,>—1 by induction. For n = —1 we take
P! =0andso f~! = 0. Let nown > 1, and suppose that P,;*, ..., PP~ tand f~!,..., f*!
have been constructed. Let P, = P* ! and Y, = 7-,X,. Denote by f the composite
Pt — 7, 1X, — Y,. By assumption we can find a quasi-isomorphism ¢ : Q, —
cone(f)[1] which is an admissible epimorphism in each degree, and Q.[—1] € B. Now
we have a degree wise splitting, cone(f)[1] = P, @ Y.[1]. We therefore get two maps
g i Qe — P, and ¢” : Qo — Y,[1] which are admissible epimorphisms in each degree, and
such that ¢’ is a chain map. Define P" := cone(—¢’) and let f™ : cone(—¢') = Q[1]®P —» Y
be defined by f™ = ¢”[1] + f. As in [75], by direct calculation f™ is a chain map and

cone(f™) = cone(g)[1]. Since g is a quasi-isomorphism f" is as well. Moreover the sequence
0PIl = PP - Qu[1] -0
is split exact in each degree. O

Corollary 2.1.53. Let E be an exact category with kernels and such that (No, AdMon)-
colimits exist and are exact. Let B be a bounded resolving class. Then any chain complex

Xo in E admits a lim_ B resolution which is an admissible epimorphism in each degree.

Proof. Fix a B-special direct system (P]'),>_1 and a direct system of chain maps f" : P’ —

T>nXe such that
1. f™ is a quasi-isomorphism for every n = 0.

2. f™is an admissible epimorphism in each degree.
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Let P, be the direct limit of the special direct system. For each n the composition P}’ —
P, — X, is an admissible epimorphism in degrees > n. Thus P, — X, is an admissible

epimorphism in all degrees. O

Now let P be any class of objects in E. Suppose that for each object X in E there
is an object P in P together with an admissible epimorphism P — X. By Lemma [2.1.47
the class Chy(P) of chain complexes with entries in P is a bounded resolving class. Let us

introduce the following notion.

Definition 2.1.54. Let ‘E be an exact category such that for some ordinal \, A-indezed
transfinite compositions of admissible monomorphisms exist. We say that a class of objects
P in E is closed under \-indexed extensions if for any continuous functor X : A - E
functor such that for each i < j in X the map X; — X; is an admissible monic whose

cokernel is in P, then the limit Xy is in P.
From the proof of Corollary [2.1.53| we then immediately have the following.

Corollary 2.1.55. Let E be an exact category with kernels in which (No, AdMon)-colimits
exist and are exact. Let P be a class of objects such that for each object X in E there
18 an object P in P together with an admissible epimorphism P — X. Suppose further
that P is closed under N-indexed extensions. Then for any complex Xo in Ch(E) there
is a complex P, in Ch(P) and an admissible epimorphism P, — Xo which is a quasi-

isomorphism. Moreover, X, is the limit of a Chy(P)-special direct system.
We will also need the following acyclicity result, also proved in [75] for abelian categories.

Proposition 2.1.56. Let T be a class of complexes in Ch(E). The class of all complexes
As € Ch(E) such that Hom(A.,Ts) is acyclic for every Ty in T is closed under special

direct limits.

Proof. 1t is clear from the definition of the contravariant functor Hom(—, 7, ) that it trans-
forms colimits into limits. If (P}'),ep is a B-special direct system then

(Hom(P}",T,))ner is a B-special inverse system of acyclic complexes of abelian groups,
where we use the terminology of [75]. Lemma 2.3 in [75] says that the inverse limit of such

a system is again acyclic. O

2.1.7 Exact Structures on Chain Complexes

Let £ be an exact category and consider the category Chy(E) for » € {F,b, >, <, +,—}. Say
that a sequence 0 > A, —> B, — (s — 0 is exact precisely if for each i € Z the sequence
0 > A; »> B; —» C; — 0 is exact. Since limits and colimits in Chy(E) are computed

degree-wise this is an exact structure on Ch(E).
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Proposition 2.1.57. Let F' : A — B be a fully faithful exact functor which reflects exactness
and whose essential image is closed under extensions. Then for = € {= 0,< 0,4+, —,b, J}

the induced functor

Chu(F) : Chy(A) — Chy(B)

18 a fully faithful exact functor which reflects exactness and whose essential image is closed

under extensions.

Proof. Since exactness of chain complexes is defined level wise, Ch,(F') is clearly exact and
reflects exactness. It is clearly faithful. Let us check that it is full. Let (X,,ds) and (Y, de)
be chain complexes in A. Let fo : F(X.) — F(Y.) be a chain map. For each n there is
some g, : X, — Y, with f,, = F(g,). Moreover

F(Qn odnt1) = F(gn) © F(dn-i-l) = fno F(dn+1) = F(5n+1) © fny1 = F(dpy10 9n+1>

Since F' is faithful, g, o dy41 = 011 © gne1. It remains to show that the essential image
of Chy(F) is closed under extensions. So suppose we have an exact sequence of chain

complexes.

0—> F(Xe,ds) 2> (Qu,70) — 2> F(Y.,6.) —=0

For each n pick an object P, € A and an isomorphism p,, : Q,>F(P,). Let 7/, = pp—1 0
Y oppt i F(P,) — F(P,—1). Then (P,,~,) is a chain complex. Moreover by construction

we have an isomorphism p, : Qs — F'(P,) whose nth component is p,. ]

Corollary 2.1.58. Let I : E — A(E) is a left abelianization of E. Then Chy(I) : Chy(E) —
Ch«(A(E)) is a left abelianization of Chy(E).

Proof. By the previous proposition, it remains to check that Ch(I) preserves kernels, and
Ch(I)(fe) is an admissible epimorphism if and only if f, is. However this is clear since

everything is computed degree-wise. O

A Useful Example: The Degree-Wise Exact Structure

Let £ be an additive category, and endow it with the split exact structure. The induced
exact structure on Ch(E) is called the degree-wise split exact structure, and we denote
the ext functors in this structure by Ext);,. We conclude this section with a brief discussion
of the relation between extensions in the degree-wise split exact structure and the CA(Ab)-
enriched structure on CA(‘E). This is also done in a model theoretic context for modules

over a ring in [31].
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Proposition 2.1.59. A sequence of chain complexes X, oz .y, 0 15

split exact in each degree if and only if it is isomorphic to a complex of the form
0— Xo— cone(fs) > Ye —0

for some morphism of complexes fo : Yo[1] — Xa.

Proof. The sequence
0 — Xo — cone(fs) > Ye =0

is clearly split exact in each degree, so any complex isomorphic to it is split exact in each

degree as well. Suppose

0 X, oz .y, 0

is split exact in each degree. Let o, : Z,, — X, be such that a,op, =idx, and 8, : Y, — Z,
be a map such that g, o 8, = idy,. We may assume also that a, o 8, = 0. Define
fo : Yo[l] —» X by fr, = an o dTZL+1 o Bpy1- This is easily seen to be a map of chain
complexes. Let oy, @ Z, — X,, @Y, denote the isomorphism induced by the degree-wise
splitting. A straight-forward computation shows that this gives a map of chain complexes

Qe : Zo — cone(fs). Thus we get an isomorphism of exact sequences.

q

0 X, .7,

=

0—— Xo——>cone(fs) —=Y,——0

Y, 0

O]

Proposition 2.1.60. A map of chain complexes fo : Xo — Y, is homotopic to 0 if and
only if the sequence
0 — Y, — cone(fs) = Xo[—1] = 0

1s split exact.

Proof. Suppose that f, is homotopic to 0. Let {D,, : X,, — Y11} be a homotopy. We then
get a map ay, = (idx, ,,Dn—1) : Xpn—1 — cone(f),. It is straight-forward to check that
this gives a chain map a. : Xo[—1] — cone(f,). Moreover it obviously gives a splitting of
cone(fs) — Xo[—1]. Conversely suppose the sequence is split exact. Let aq @ Xo[—1] —
cone(f,) be a splitting of the map cone(fs) — X¢[—1]. It is an easy computation to
check that the collection of compositions {D,,_1 : X;,—1 — cone(f.), — Y,,} is a homotopy
between f and 0. 0
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We recover the following standard result

Corollary 2.1.61. For chain complezes X,o,Y, in an additive category E. we have
Exty,(X,Y[n — 1]) = H,Hom(X,,Y.) = Homcyz)(X,Y[n])/ ~
where ~ is chain homotopy.

Proof. By direct computation, one finds that f € [ [, Hom(Xj;,Yi;,) defines a chain map
fo : Xo — Yo[n] if and only if f € Ker(d,). Similarly, f, is then null-homotopic if and only

if it is in Im(dp+1). This gives the isomorphism
H,Hom(X,,Y,) = Homgyz)(X,Y[n])/ ~

The isomorphism Ext} (X,Y[n — 1]) = Hom ¢y (X, Y [n])/ ~ follows from Proposition
2.1.59| and Proposition [2.1.60 O

2.1.8 Monoidal Exact Categories and Monads in Exact Categories

We conclude this section with a brief note on monoidal exact categories, and exact structures
on categories of modules over monoids. More generally we put an exact structure on the
category of algebras for an additive monad which is compatible in a precise sense with the

exact structure on the underlying category. First we need a general definition.

Definition 2.1.62. A covariant functor F : E — F between exact categories is said to be

right exact if for any short exact sequence
0> X->Y—>27->0

i E, the sequence
FX)->FY)—>F(Z)—0

18 admissibly coacyclic in F.
A contravariant functor F : E — F between exact categories is said to be right exact
if for any short exact sequence

0-X->Y—->27-0

in E, the sequence

F(Z) > F(Y) = F(X) >0

18 admissibly coacyclic in F.
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Dually one defines left exactness.

Definition 2.1.63. Let E be an exact category. A symmetric monoidal structure with
additive tensor functor ® is said to be compatible if for any object X of E the functor
X ®(—) preserves all colimits which exist and is right exact. A monoidal exact category
is a symmetric monoidal category (E,®, k) where E is an exact category and the monoidal

structure is compatible.

Definition 2.1.64. Let £ be an exact category. A closed symmetric monoidal structure
with additive tensor functor ® and additive internal hom Hom is said to be compatible
with E if for each object X of E, the functor X ® (=), is right exact and the functors
Hom(A,—) and Hom(—, A) are left exact. A closed monoidal exact category is a closed
symmetric monoidal category (E,®, Hom, k) where E is an exact category and the closed

monoidal structure is compatible.

Note that if (£,®, Hom, k) is a closed monoidal exact category, then (£,®, k) is auto-
matically a monoidal exact category. Indeed for each object X, X ® (—) is a left adjoint so

it preserves colimits.

Definition 2.1.65. Let (E,®,k) be an exact category equipped with a (not necessarily
compatible) symmetric monoidal structure where the tensor functor is additive. An object

F of E is said to be (strongly) flat if the functor F ® (—) is (strongly) exact.

In the familiar category of R-modules over some ring R with the usual monoidal struc-
ture, projectives are always flat. Moreover the tensor product of two projective R-modules
is again projective. This is not always guaranteed for an arbitrary monoidal exact category.
However it is a useful property to have, in particular when dealing with the projective model

structure later. We therefore make a definition.

Definition 2.1.66. A monoidal exact category in which projective objects are flat and
P ® P’ is projective whenever both P and P’ are is said to be projectively monoidal .
A projectively monoidal exact category is said to be strongly projectively monoidal if

projectives are strongly flat.
In closed exact categories we have the following observation.

Observation 2.1.67. Let (£,®,k, Hom) be a closed monoidal exact category with enough
projectives such that the underlying monoidal category is projectively monoidal. Then for
any projective P, the functor Hom(P,—) : E — E is exact. The proof follows immediately
from the adjunction between ® and Hom. It is shown in the quasi-abelian case in [72], for

example, and the proof works identically in the exact case.
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Now let R be a unital associative monoid internal to a monoidal exact category (£, ®, k).
It turns out that there is an exact structure on the additive category rMod where a null
sequence

0-X—-Y—>272->0

in gMod is exact if and only if it is a short exact sequence when regarded as a null-sequence

in E. This follows from a more general result about compatible monads in exact categories.

Definition 2.1.68. An additive monad T on an exact category E is said to be compatible

if it preserves all colimits and is a right exact functor.

Proposition 2.1.69. Let £ be an exact category and let T : E — E be a compatible monad.

There is an exact structure on EL where a null sequence
0> X->Y—->27Z-0

in £ is exact if and only if it is a short exact sequence when regarded as a null-sequence

m ‘E. We call this exact structure the tnduced exact structure.

Proof. This follows from the general fact that if 7" is a cocontinuous monad on any category
£ then the forgetful functor £7 — E creates limits and colimits and reflects isomorphisms.

For a proof see [I2] Proposition 4.3.1 and Proposition 4.3.2. O

This exact structure inherits a lot from the exact structure on €. In fact we have the

following lemma.

Lemma 2.1.70. Let | — | : D — E be a functor between exact categories which reflects
exactness and creates both kernels and cokernels. Then | — | reflects admissible monomor-
phisms, admissible epimorphisms, weakly admissible morphisms, admissible morphisms, and

admissibly acyclic sequences.

Proof. Let f : X — Y be a morphism in 9. Supposethat |f| is an admissible monomor-

phism. Then there is an exact sequence
0— |X|— Y| — Coker(|f]) = 0
Since | — | creates cokernels and reflects exactness

0—>X —>Y — Coker(f) >0

is an exact sequence in ©. Thus f is an admissible monomorphism. That | — | reflects
admissible epimorphisms is proved similarly. Note in particular that this means | — | reflects
isomorphisms.
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Suppose now that |f|: |X| — |Y] is weakly admissible. Then there is a decomposition

\ |/

X

Ker(|/1) Coim([ f[) = Im COker(lfl)
Since | — | reflects exactness and creates both kernels and cokernels there is a decomposition
in D
X
Ker(f) Coim( f g Im( Coker(f)

Thus f is weakly admissible. If in addition |f| is admissible then | f | is an isomorphism.
Since | — | reflects isomorphisms f is an isomorphism, so f is admissible.
Finally suppose

|71

lg]
| X| ——

Y] —12]

is admissibly acyclic. Then |f]| is admissible, |g| has a kernel and the map Im(|f|) — Ker(|g|)
is an isomorphism. By the above f is admissible. Since | — | creates kernels and cokernels

and also reflects isomorphisms Im(f) — Ker(g) is also an isomorphism. O

As a consequence of this and Remark later, if £ is (quasi)-abelian, then so is
7. In particular categories of modules for monoid objects in monoidal (quasi)-abelian
categories are themselves (quasi)-abelian.

Before concluding this discussion of monoidal exact categories, let us briefly mention
induced monoidal structures on chain complexes. So, let (£,®,k) be a monoidal ex-
act category. Recall from Section there is an induced additive monoidal structure
(Chy(E),®,S°(k)) on Chy(E) for x € {= 0,< 0,+,—,b, J}. Since colimits of chain com-
plexes are computed degreewise, finite direct sums are strongly exact, and a null-sequence
of chain complexes is admissibly coacyclic if and only if it is so in each degree, it is clear
that this monoidal structure is compatible, so that (Chs(E),®, S%(k)) is a monoidal exact
category for * € {>0,<0,+, —, b}.

Now suppose (£, ®, SY(k), Hom) is a closed monoidal exact category. Then

(Chb(‘z)v®a So(k)vm)

is a closed monoidal exact category. Note that the closed symmetric monoidal category
(Ch(£),®, S°(k), Hom)
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need not be a closed monoidal exact category since infinite direct sums/ products need not
be admissibly coexact/ admissibly exact. When we deal with unbounded complexes later
we shall assume this to be the case. We shall see shortly that this is guaranteed for a closed

monoidal structure on a quasi-abelian category.

2.1.9 Quasi-Abelian Categories

Let us apply what we have seen so far to the particular case of quasi-abelian categories.
The theory of quasi-abelian categories is developed significantly in [72] which is our main

reference here. Applications to categories of topological vector spaces can be found in [67].

Strict Morphisms

First we show that Definition is equivalent to the one given in [72]. Recall that in a
finitely bicomplete additive category, any morphism f : F — F gives rise to a commutative

diagram

E F

L]

Coim(f) ——Imf

In any abelian category the map Coim(f) — Im(f) is an isomorphism. However
this is not true in general. For example, consider the standard example of the category
#r of Fréchet spaces. Then Coim(f) = E/f~1(0), Im(f) = f(E) and the natural map

E/f_l(O) — f(F) is the obvious one. By the Open Mapping Theorem Coim(f) — Im(f)

is an isomorphism if and only if f has closed range, which is not always the case.

Definition 2.1.71. Let E be an additive category with all kernels and cokernels. A mor-

phism f: E — F in E is said to be strict if Coim(f) — Im(f) is an isomorphism.
Proposition 2.1.72. Let E be a finitely bicomplete additive category.

1. A monic is strict if and only if it is the kernel of some morphism. In this case it is

the kernel of its cokernel.

2. An epic is strict if and only if it is the cokernel some morphism. In this case it is the

cokernel of its kernel.

Proof. 1. Let f: E — F and write is : Ker(f) — E for the canonical map. Let us show
that iy is strict. First note that for any monic A — B, the coimage is id : A — A.

Let us compute the image of i;. It is given by

Ker(Coker(Ker(f) - E) - E
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By some abstract nonsense this is just Ker(f) — E. Conversely suppose m : X — F
is a strict monic. Then the maps E — Coim(m) — Im(m) are all isomorphisms, i.e.

we get a commutative diagram
X T E

o]

Coim(m) —— Im(m)

Since Im(m) — E is a kernel of Coker(m), sois m: X — E.

2. This is dual to the first part.
O

Proposition 2.1.73. The class of strict epics (resp. monics) in a quasi-abelian category

E 1is stable by composition.
Proof. See [72] Proposition 1.1.7. O

Corollary 2.1.74. A finitely bicomplete additive category ‘E is quasi-abelian if and only if

the following two conditions hold:

1. If

A N B
|, |
18 a push out diagram, and f is a strict monic, then f’ is as well.

2. If

A-L.p
x—1oy
1s a pullback diagram, and f is a strict epic, then f' is as well.

Let us now describe the admissible morphisms in the quasi-abelian exact structure.

Proposition 2.1.75. Let E be a finitely bicomplete additive category. A morphism f : E —
F in £ is strict if and only if it can be written as f =iop where p: E — I is a strict epic

and i : I — F s a strict monic.
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Proof. Suppose f admits a decomposition f = i o p as in the statement. Then Ker(f) =
Ker(p). So Coim(f) = Coim(p). Since p is strict Coim(p) = Im(p). Since p is an epic,
Im(p) = I. Similarly Im(f) = Im(é) = I. Conversely suppose f is a strict morphism. Now
E — Coim(f) is a strict epic, and Im(f) — F' is a strict monic. But since f is strict,

Coim(f) =~ Im(f), so this gives the decomposition of f. O

Corollary 2.1.76. A morphism in a quasi-abelian category is admissible in the quasi-

abelian exact structure if and only if it is strict.

Remark 2.1.77. An exact structure on a finitely bicomplete additive category coincides
with the quasi-abelian structure if and only if every morphism is weakly admissible. Then
as a consequence of Proposition a finitely bicomplete additive category is abelian if

and only if every morphism is admissible.

The Left Heart

Homology in quasi-abelian is significantly easier than in more general exact categories. For

example, there is an even stronger abelian embedding.

Theorem 2.1.78. Let E be a quasi-abelian category. There exists a left abelianization
I:E— LH(E) of E such that I has a left adjoint C : LH(E) — E with C o I = idg, i.e. E

is a reflective subcategory of LH(E). Moreover the induced functor on derived categories
D(I): D(E) - D(LH(E))
s an equivalence.

Proof. See [72] Proposition 1.1.26, Corollary 1.2.27, Proposition 1.2.28, and Proposition
1.2.31. O

LH(E) is called the left heart of £. The embedding of Z into its left heart also behaves

extremely well with respect to projectives, namely:

Proposition 2.1.79. 1. An object P of E is projective if and only if I(P) is projective
in LH(E).

2. E has enough projectives if and only if LH(‘E) has enough projectives. In this case
an object of LH(‘E) is projective if and only if it is isomorphic to I(P) where P is

projective in E.

Proof. See [72] Proposition 1.3.24. O
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Moreover left abelianizations of quasi-abelian categories allow us to test acyclicity of
any unbounded complex. Indeed as a consequence of Remark [2.1.77] and Corollary [2.1.29

we get.

Corollary 2.1.80. Let [ : £ — A4 be a left abelianisation of E where E is a quasi-abelian
category. Then a complex Xo in E is acyclic if and only if 1(X,) is acyclic. In particular

a map of complexes f : X — 'Y is a quasi-isomorphism if and only if I(f) is.

Monoidal Quasi-Abelian Categories

Let us briefly discuss (strongly) projectively monoidal quasi-abelian categories, i.e. a
(strongly) projectively monoidal exact category in which the underlying exact category

is quasi-abelian. We first make the following observation.

Observation 2.1.81. An additive functor F : E — F between quasi-abelian categories is

right exact if and only if it preserves cokernels of strict morphisms.

This implies that if (£, ®, k) is a monoidal category with £ quasi-abelian and ® additive,
then it is a monoidal quasi-abelian category if and only if X ® (—) preserves colimits for
each object X of £. In particular if (£,®,Hom, k) is a closed monoidal category with £
quasi-abelian and ®, Hom additive functors, then (£, ®, Hom, k) is in fact a closed monoidal

quasi-abelian category.

Proposition 2.1.82. Let (E,®, Hom, k) be a bicomplete closed monoidal quasi-abelian cat-
egory which is also projectively monoidal. Then there is a monoidal structure &, Hom on
LH(E) such that (LH(E),®, Hom, I(k)) is a closed monoidal abelian category. Moreover
I:E — LH(E) is a lax monoidal functor. If (E,®, Hom, k) is strongly projectively monoidal
then (LH(E),&®, Hom, I(k)) is projectively monoidal.

Proof. See [72] Proposition 1.5.3 and Corollary 1.5.4. O

2.2 Generators in Exact Categories

In this section we will introduce suitable notions of a generating set in an exact category.
This will come into play later when we discuss cofibrant generation of model structures,
where some compactness assumptions are required. For our definition of generating set we
will generalise an equivalent characterisation ([72] Proposition 2.1.7) of Schneiders’ notion
of a strictly generating set in a quasi-abelian caegory, [72] Definition 2.1.5. If G is a
collection of objects in an exact category we denote by PG the collection of all small
coproducts of objects in G. We will use the word ‘collection’ because we will also be

interested in proper classes of generators.
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Definition 2.2.1. A collection of objects G in an exact category E is said to be an admis-
stble generating collection if for each object E of E there is an object Q of PG and
an admissible epimorphism Q — E. An admissible generating collection G is said to be a

projective generating collection if all objects in G are projective.

The next two results are adaptations of the proof of [72] Proposition 1.3.23 to the exact

case.

Proposition 2.2.2. Let G be an admissible generating collection. Suppose f: E — F is a
morphism such that for each G in G then map Hom(G, E) — Hom(G, F) is an epimorphism.

Then f is an admissible epimorphism.

Proof. Pick an admissible epimorphism € : P — F where P € @ G. By assumption there is
a morphism ¢ : P — E such that € = f o ¢’. By Proposition f is then an admissible

epimorphism. O
Proposition 2.2.3. Let G be a generating collection in an exact category E. A complex

0 E-S~FE—-°S>F

with €” weakly left admissible is admissibly acyclic if and only if for each G € G the sequence
0 —— Hom(G, E') —— Hom(G,E) — Hom(G, E")

1s acyclic in 4b. If in addition the objects of G are projective, then a sequence

E—2-pE—<sp"
with €” weakly left admissible is admissibly acyclic if and only if for each P € G the sequence
Hom(P,E") —— Hom(P, E) —— Hom(P, E")

s acyclic in Ab.

Proof. Suppose that for each G € G the sequence
0 —— Hom(G, E') —— Hom(G, F) — Hom(G, E")

is acyclic in 46. Since €” is weakly left admissible it is sufficient to show that €’ is a kernel
of €”. Then €’ is automatically an admissible monic. To show this one can follow the proof
n [72]. At one point in that proof the existence of a resolution of X by objects of @G is

used. Here instead we may use Lemma [2.1.47
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Finally let us consider the assertion about projective generators. Proposition
implies that
Hom(P, E') —— Hom(P, E) —— Hom(P, E")

is acyclic. For the converse first consider the sequence

0 —=Ker(¢") —= E —<~ E"

Since Hom(P, —) preserves kernels, Proposition implies that
E-“~E-“~F
is admissibly acyclic. O

In particular if £ is quasi-abelian, then every morphism is weakly admissible, so in this
case one has that a sequence

oy B
is admissibly acyclic if and only if for each P € P the sequence
Hom(P, E') —— Hom(P, F) —— Hom(P, E")
is acyclic in 4b. For general exact categories we still have the following result.

Corollary 2.2.4. Let G be a projective generating collection in an ezxact category E. Let
Xo be a complex. Suppose that Xo is good. Then Xo is acyclic if and only if Hom(G, X.,)

is acyclic for each G € G.

Proof. Since each G € G is projective the functors Hom(G, —) preserve acyclic complexes.
Conversely suppose Hom(G, X,) is acyclic for each G € G, and d;X has a kernel Z,X.
By assumption Hom(G,d,, ;) : Hom(G, X,11) — Z,Hom(G,X) = Hom(G, Z,X) is an
epimorphism for each n. Thus d;,,; : X,41 — Z,X is an admissible epimorphism. Now

apply Proposition [2.1.28 O

2.2.1 Elementary Exact Categories

It is convenient to have generators satisfying some compactness conditions. Recall that a
poset J is said to be M-filtered for a cardinal X if any subset S of J with |S| < A has an
upper bound.

Definition 2.2.5. Let E be an additive category, S a class of morphisms in ‘E, and K a

cardinal. An object E of ‘E is said to be
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6.

(S, k)-small if the canonical map lim_,, Hom(E, F;) — Hom(E, lim_,,_,F;) is an iso-

morphism for any regular cardinal A = k and any A-indexed transfinite sequence.
S-small if it is (S, k)-small for some cardinal k
(8, k)-compact if the natural map

lim_,,., Hom(E, F;) — Hom(E, lim_,,_, F})

is an isomorphism for any A-filtered inductive system E : T — E whose direct limits

exists where \ = K is regular, and such that E(«) € S for any morphism o in Z.

. S-compact if it is (S, k)-compact for some cardinal k.

S-tiny if it is (S, k)-compact for alll cardinals k (i.e. if Hom(E,—) commutes with

all direct limits whose morphisms are in S ).

tiny if it is S-tiny for S = Mor(E).

The terminology is inspired by [72].

Definition 2.2.6. Let E be an exact category E is said to be

1.

2.

4.

5.

projectively generated if it has a projective generating set.

S-elementary if it is complete, cocomplete and has a projective generating set con-

sisting of S-tiny objects.

quasi-elementary if it is complete, cocomplete and has a projective generating set

consisting of S-tiny objects, where S is the class of split monomorphisms.
AdMon-elementary if it is elementary for the class of admissible monomorphisms.

elementary if it is S-elementary for S = Mor(‘E).

Proposition 2.2.7. A cocomplete quasi-abelian category is (quasi)-elementary if and only

if its left heart is (quasi)-elementary.

Proof. See [72] Proposition 2.1.12. O

The following proposition is immediate from Proposition and Corollary but

it has a useful consequence.

Proposition 2.2.8. Let E be a complete and cocomplete elementary(resp. quasi-elementary)

exact category. Then filtering inductive limits (resp. direct sums) in E are exact. If in ad-

dition ‘E is quasi-abelian elementary (resp. quasi-elementary), then filtering inductive limits

(resp. direct sums) are admissibly exact.

44



This also motivates a more general definition below.

Definition 2.2.9. Let £ be an exact category and S a collection of morphisms in E. € is

said to be

1. weakly S-elementary if for any ordinal X\ E has (X\;§)-colimits and (X\;S)-colimits

are eract.
2. weakly AdMon-elementary if it is weakly S-elementary for S = AdMon.
3. weakly elementary if it is weakly S-elementary for S = Mor(E).
In particular S-elementary exact categories are weakly S-elementary.

Proposition 2.2.10. Let ‘E be a weakly AdMon-elementary exact category. Then transfi-

nite compositions of admissible monics are admissible monics.

Proof. The proof is by transfinite induction. Since finite compositions of admissible monics
are admissible, the successor case is clear. For the limit case let A be a limit ordinal, and

consider the commutative diagram

Ey Ey Ey
P |
Eo E\ By

. |

0 —— Coker(cy) — Coker(cy) — ...
with short exact columns. Taking the direct limit over A, we get a short exact sequence
0—>FEy—>FE—>C-—>0
In particular £y — F is admissible. O

2.2.2 Generators in Categories of Chain Complexes

Our goal now is to show that if £ is an elementary exact category then so is Chy(E), for

€ {+,<0,—,b,>0,}. Much of this is based on the following technical result.

Lemma 2.2.11. Let E be a weakly idempotent complete exact category. For any object

C e E and X,Y € Ch(E) we have natural isomorphisms:
1. Homz(C,Yy) = Homey)(D"(C),Y)

2. Homg(Xy—1,C) = Homey£) (X, D"(C))
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3. Ker(Homz(C,dY)) = Hom ey () (S™(C),Y). In particular if Ker(dY) ewists
then Homg(C, Ker(dY)) = Homey) (S™(C),Y)

4. Ker(Homg(dpy, 1, C)) = Homeys) (X, S™(C)) In particular if Coker(dy, ) exists then
Homg(Coker(dyY, ), C) = Homgpz) (X, S™(C))

5. Eaty(C,Yn) = Extpy, ) (D"C,Y)
6. Eaty(Xn, O) = Extgy, (X, D"1O)
7. Let X be a complex such that Kerd exists. Then there is a monomorphism
Ext'(C, Ker(dX)) < Ezt'(S"C, X)
If X is acyclic then this is an isomorphism.

8. Let X be a complex such that Coker(d;, ) exists. Then there is a monic
Eaxt' (Coker(dyy, ), C) — Ext'(X,S"C)
If X is acyclic then this is an isomorphism.

Proof. By Proposition [2.1.40] and Corollary [2.1.58] it is sufficient to prove statements 1 —
3,5,6,7 under the assumption that £ is abelian. In this context the result is Lemma 3.1 in

[28] and Lemma 4.2 in [30]. Statement 4 is dual to to 3, and statement 8 is dual to 7. [

Remark 2.2.12. [t is possible to prove most of this lemma internally in an exact category

without passing to an abelianisation.

At this point we can prove the following lemma. It provides one of our main applications
of generating sets, namely a convenient method for testing acyclicity. It is a modification

of Lemma 3.7 in [29].

Lemma 2.2.13. Let E be an exact category with a collection of generators G. Let X be
a chain complex. Suppose that Xe is good. If for every G € G each map f : S"(G) —» X
extends to D"1(Q), then X is acyclic.

Proof. By Proposition [2.1.28| it is enough to show that whenever d,, has a kernel, the
induced map
d: X1 — ZmX

is an admissible epic. For this it is enough to show that for each G € G,
Hom(G, d') : Hom(G, X;+1) — Hom(G, Z,, X)
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is surjective, i.e. that any map f: G — Z,, X lifts to a diagram

Xm+1

A

G——7,X

But this is equivalent to showing that the chain map S™(G) — X induced by f extends to
a morphism D"*1(G) — X.
O

Next we characterise projective objects in categories of chain complexes. It is well
known that projective objects in the category of chain complexes in an abelian category are
precisely the split exact complexes with projective entries. See for example [41] Proposition

2.3.10. We generalise the result to exact categories.

Proposition 2.2.14. Let E be a weakly idempotent complete exact category, and let = €
{>0,<0,+,—,b,F}. Then split exact complexes of projectives are projective objects in
Ch(E). In addition, if P is projective in E then S°(P) is projective in Chso(E). Con-
versely, if a complexr X, is a projective in Chy(E) for = € {+,—,0,= 0,< 0, F} then every
Xy, 1s projective. Moreover, if x € {+,—,b, J} and Xo is good then X, is a split exact
complex of projective objects of E. In particular if E has all kernels then the projective
objects in Chy(E), for x € {+,—,b, I} are precisely the split exact complezes of projectives

contained in Chy(E).

Proof. By Lemma [2.2.11] split exact complexes of projectives are projective objects in
Chy(E) for * € {+,—,b,> 0,< 0,F}. Let us show that S°(P) is a projective object in
Ch=o(E) whenever P is projective in . Indeed in this case, Lemma implies that
Hom ¢y, (S°(P),Y,) = Homg (P, Yp). Since P is projective, SY(P) is as well. Conversely if
a complex X, is a projective complex, then it follows immediately from Lemma that
each X, is projective in E. Suppose that = € {+, —, b, &} and that X, is good. Let P be
the cone of the identity id : Xo — X,. Consider the surjection P — X,[—1]. Since X,[—1]
is projective this map splits by Proposition The second factor of this splitting gives
a homotopy between idx,[_1 and the 0 map. By Corollary Xo[—1] is split acyclic

so X, is as well. O

We can now show that Chy(‘E) has enough projectives. (This is well known for Ch(4)
with 4 abelian. See for example [83] Exercise 2.2.2).

Corollary 2.2.15. Let ‘E be an exact category with enough projectives. Then Chy(‘E) has
enough projectives for = € {+,—,b,<0,> 0, &}
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Proof. By Proposition D™(P) is projective in Chy(E) for = € {+,—,b, &} whenever
P is projective. Also D"(P) for n < 0 is projective in Ch<o(E). Let Xo € Chy(E) for
* € {+,—,b,< 0,g}. For each n pick a projective P, and an admissible epimorphism
P, — X,,. This induces a map D"(P,,) — X, which is an admissible epimorphism in degree
n. Let Py = @, D"(P,). By the above discussion we have an admissible epimorphism
P, - X,.

Now let X, € Ch=o(E). For n > 0 the object D"(P) is projective in Chso(E). S°(P)
is also projective in Chso(E). For n > 0, as before there is a projective object P, and
a morphism D"(P,) — X, which is an admissible epimorphism in degree n. For n = 0
pick a projective object Py and an admissible epimorphism Py — Xg. Since X_1 = 0,
this induces a map S°(Py) — X. which is an admissible epimorphism in degree 0. Let
P, = ( @D,~0 D" (Pn)) @ SO(Py). Then we have an admissible epimorphism P, — X,.

]

In particular we have shown that Ch,(E) has a set of projective generators whenever £

does.

Corollary 2.2.16. Suppose P is a collection of admissible generators for an exact category
E. Then D*(P) = {D"(P): Pe P,ne€ Z}n Chy(E) is a collection of generators for Chy(E)
and * € {+,—,b,< 0, F}. Forx € {= 0}, D*(P) := D*(P)u{S°(P) : P € P} is a collection

of generators for Chy(E). They are projective generating collections if P is.

Proof. The proof of Corollary shows that the collection in the statement of the
proposition are admissible generating collection. Proposition [2.2.14] establishes the second

assertion. ]

We are nearly ready to show that Chy(E) is elementary for = € {+,> 0,<0,—,b, J}. It
remains to identify some suitably compact objects in complexes. However by Lemma [2.2.11

we have the following.

Proposition 2.2.17. Let E be an object satisfying one of the smallness conditions of Def-
inition[2.2.5, Then D"(E) and S™(E) satisfy the same smallness condition in Ch(E).

As a consequence we have

Corollary 2.2.18. Let E be an elementary exact category. Then Chy(E) is elementary for
* € {+7< 0)2 07_7b7®}'

Proof. Let P be a projective generating set consisting of compact objects. The sets D*(P)
(resp. D*(P)) are projective generating sets in Chy(E) for * € {< 0,+,—,b, &} (resp.
x € {= 0}). For each n € Z D™(P) is tiny, as is S™(P), by Proposition O
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2.2.3 Generators in Monoidal Exact Categories

Let us briefly mention a useful compatibility condition between generators and monoidal

structure.

Definition 2.2.19. A monoidal exact category which has a collection of flat admissible

generators is said to be flatly generated.

Definition 2.2.20. A projectively monoidal exact category which is also (quasi)-elementary

is said to be monoidal (quasi)-elementary

Proposition 2.2.21. Suppose that (E,®, k) is a flatly generated monoidal exact category

in which direct sums are exact. Then every projective object is flat.
Proof. In this case every projective will be a summand of a flat object, and therefore flat. [

In particular to check that a category is projectively monoidal, it suffices to find a

collection of flat generators.

2.2.4 Generators and Adjunctions

We conclude this section with a note about passing generating collections through adjunc-
tions. The specific application we have in mind is to categories of algebras over compatible
monads. We have the following general setup F': £ — D and | — | : D — E are additive
functors between exact categories. Moreover these functors form an adjoint pair F — | — |.

We have the following result which is standard for abelian categories.

Proposition 2.2.22. Let F' - |—| be an adjunction as above. Suppose that |—| is an exact

functor. If P is a projective object of E then F(P) is a projective object of D.

Proof. Let
0-X->Y—>7-50

be a short exact sequence in D, and let P be projective in €. Then we have a diagram

0 — Hom(F(P), X) — Hom(F(P),Y) —= Hom(F(P), Z) —= 0

| | i

0 —— Hom(P, | X|) Hom(P,|Y|) Hom(P, |Z]) ——0
The vertical arrows are isomorphisms and the bottom row is exact since | — | is exact and
P is projective. Hence the top row is short exact as well. O

We know how adjunctions act on projectives. Let us now see what happens on generating

collections.
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Proposition 2.2.23. Let F' - | — | be an adjunction as above. Suppose that | — | reflects
admissible epimorphisms, and that E has an admissible generating collection G. Let F(G)
denote the collection {F(G) : G € G} of objects of D. Then F(G) is an admissible generating

collection in D.

Proof. Let X be an object of D. Suppose there is some object @ of £ and an admissible
epimorphism p : @@ — |X|. There is an induced morphism p : F(Q) — X. Then p coincides
with the composition Q@ — |F(Q)| — |X|. By Proposition[2.1.8 the map [p| is an admissible
epimorphism. Since | — | reflects admissible epimorphisms, p is an admissible epimorphism
in D.

Now let G be an admissible generating collection in £, and let X be an object of D.
Since G is an admissible generating collection, there is an object G of @ G and an admissible
epimorphism G — |X|. The induced morphism F(G) — X is an admissible epimorphism

by the above remarks. Since F is a left adjoint it preserves colimits, so F'(G) is an element

of @ F(G). O
Proposition 2.2.24. Let F - | — | be an adjunction as above.
1. Suppose that | — | is exact and reflects admissible epimorphisms. If G is a projective

generating collection in E then F(G) is a projective generating collection in D.

2. Suppose that | — | is exact, reflects epimorphisms and preserves direct sums (resp.
filtered colimits). If E satisfies any of the smallness properties of Definition

then so does D.
Proof. 1. The first assertion follows from Proposition [2.2.22] and Proposition [2.2.23

2. This follows since | — | preserves direct sums (resp. filtered colimits).
O

Example 2.2.25. Let T be a compatible monad on an exact category E. Then the forgetful
functor | — | : € — £ has a right adjoint F : € — ET assigning to an object the free T-
algebra on it. By construction of the exact structure on EX in Proposz'tion the functor
| — | is admissibly exact and reflects exactness. Moreover it creates limits and colimits. By

Lemma |2.1.70), Proposition s applicable in such categories.
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2.3 Examples

In the final section of this chapter we give examples of interesting exact categories which sat-
isfy have very different set-theoretic properties but which are all weakly AdMon-elementary.
In the next section we shall see that £ being weakly AdMon-elementary and having kernels
is enough for the category Ch(‘E) to be equipped with the projective model structure. The
moral of the story is that often difficult to check set-theoretic assumptions can be ignored

to some extent when discussing such model structures.

2.3.1 Categories of Topological Vector Spaces

In this section we let & be a Banach ring, that is, a unital commutative ring k together with

amap | — | : k — R-¢ such that for all z,y € k we have
l. |z =0<2=0
2. |z +yl <l +y|
3. |yl < |zlly]
4. k is complete with respect to the topology defined by | — |.

k is said to be non-Archimedean if |z + y| < max{|z|, |y|} and Archimedean otherwise.
Over such rings we can consider categories of topological k-modules. For details of claims

made in this section consult [72], [4], [10], and [5].

Categories of Normed and Banach Modules

Definition 2.3.1. A normed k-module is a k-module V' together with a map ||—|| : V —
R~q such that for all A € k and for all x,y € V we have

1. ||z]|=0<2=0
2. |z +yll <l + Iyl
3 Azl < [l

If V is complete with respect to the metric defined by || — || then V is said to be a Banach

k-module.

If k is non-Archimedean then V is said to be non-Archimedean if ||z+y|| < max{||z|,||y||}.
We denote by Normy, the category whose objects are normed k-modules and whose mor-
phisms are bounded k-linear maps. Bang is the full subcategory of Norm; on Banach

k-modules. For k non-Archimedean we also consider the full subcategories N ormZA and
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BanZA of non-Archimedean normed and Banach spaces respectively. All of these categories

are additive, finitely complete, and finitely cocomplete. The inclusions

Bany, — Normy, Bani* — Normp#

have left-adjoint functors given by completion.
They are also symmetric monoidal. If E and F are objects in Normy, then we define

E ®,; F to be their usual module tensor product endowed with the cross-norm

lull = inf{ Y llealllfill:w = ) e @ i}
i=1 i=1

If £ and F are objects in NormP4 we define E @4 F to be their usual module tensor

product endowed with the norm.
lallr = inf{mac{llal |5l }er = & = ) 0 @b}
i=1

We refer to both of these constructions as the projective tensor product. If F and
F are Banach spaces then F®,F is the completion of their projective tensor product as
normed spaces. These constructions are functorial in each of the categories defined above
and form part of symmetric monoidal structures on them with unit the ground ring k.
These monoidal structures are in fact closed. The module Homy(E, F') of bounded maps
between E and F' can be given the structure of a normed space. The norm of T': E — F'is

T(e
1] = supee oy L |i||>]!F
This gives an internal Hom functor, which we denote by Hom. Thus (Bang,®,, Hom) is
a monoidal quasi-abelian category. Finally, the projective objects I!(I) are flat by [4]. By
Proposition this category is projectively monoidal. There are unfortunately some
problems with this category. Although it is finitely complete and cocomplete it does not
even have countable colimits in general. The larger category 7. of complete locally convex

topological spaces is complete and cocomplete, but tragically it is not quasi-abelian ([72]).

Instead we pass to the formal completion Ind(Bany) of Bany by filtered colimits.

Ind and Pro Categories

Recall that if ¢ is a U-compact category for some universe U, and V is a universe, then the
V-ind-completion of C is a category constructed as follows. Objects are diagrams F : Z — C
where 7 is a V-compact filtrant category. If E: Z — C and F' : J — ( are objects in Ind(C)

(where we suppress universes in the notation) then we write

Homyp,q(c)(E, F) = lim. lim_, ;Hom(E;, F})
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Proposition 2.3.2. Let E be a quasi-abelian category with enough projectives. Then Ind(E)
18 a cocomplete elementary quasi-abelian category. Moreover, if E is a closed monoidal exact
category, then its ind-completion has a canonical exact closed monoidal structure extending

the one on E. Finally if ‘E is projectively monoidal then so is Ind(E).
Proof. See [(2] Proposition 2.1.16 and Proposition 2.1.19. O

Corollary 2.3.3. The category Ind(Bany) is a locally presentable, closed monoidal ele-

mentary quasi-abelian category.

The category Ind(Banyg) is not concrete. However it does have a natural concrete full
subcategory Ind™(Bany). An object of Ind™(Banyg) is a formal colimit “lim_,” E; such
that any map E; — E; is a monomorphism (not necessarily admissible!). It is shown in [4]
that this category is equivalent to the concrete category C'Bornj of complete bornological
k-modules. These are spaces equipped with an appropriate notion of ‘bounded subsets’.
To a (complete) locally convex space E one can functorially assign both the von Neumann
bornology vN(E) and the compact bornology Cpt(F). The von Neumann bornology is
composed of the subsets of F absorbed by all zero neighbourhoods. The compact bornology
is composed of subsets with compact closure. There is a natural transformation of functors
Cpt — vN. For details see [54].

There is also the dual notion of the V-pro-completion of ¢, which is defined to be

Pro(c) = Ind(c?)%

It is the formal completion of C by projective limits.

For k a Banach ring Pro(Bany) contains ’7A2/f as a full subcategory. Indeed if E is
an object of ﬁk defined by a family of seminorms P then define PB(F) = “limﬁpep”EAp
where Ep is the completion of E with respect to the metric defined by the semi-norm p.
This construction is functorial, lax monoidal, and PB : ’7Azk — Pro(Bany,) is fully faithful.

If £ is a quasi-abelian category enough projectives and injectives then by Proposition

2.1.15 in [72] both Ind(E) and Pro(E) are both complete and cocomplete. In particular by

an obvious Kan extension there is a canonical functor
PI : Pro(E) — Ind(E)

Again this is lax monoidal. There is a natural isomorphism of functors PI o PB =~ vN (see
[5]), and therefore a natural transformation Cpt — PI o PB. Let k = C In [68] for k = C
the composite functor

T. o CBorng — Ind(Bang)
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is denoted I B. It is lax monoidal. When restricted to the category of nuclear Fréchet spaces
it is strong monoidal and fully faithful (again see [6§] and [54]). Moreover in this case the
functor C'pt — PI o PB is an isomorphism. In particular the category of nuclear Fréchet
algebras over C embeds fully faithfully in the category of commutative complete bornological
algebras. Since the category C Bornc has good categorical properties, in particular it is
closed monoidal elementary, this is evidence that it provides a convenient setting in which

to study analytic algebra.

2.3.2 The Non-Expanding Normed and Banach Categories

Each of the normed and Banach categories considered in the previous section has a corre-
sponding ‘non-expanding’ subcategory. If F and F' are normed spaces and s € R then we
denote by Hom*(E, F) = Homy(E, F) the set of maps of k-modules of norm at most s.

Composition gives a map

Hom7"(E,F)® Hom;*(F,G) — Hom;"*(F,G)

In particular there wide subcategories of Normyg, Bang, N orm’,gA, B(mZA consisting of maps

of norm at most 1 which we denote by Norm,fl, Banfl, NormZA’Q, BanZA’gl. They are
equipped with closed symmetric monoidal structures by restricting the ones on the larger
categories. If k is non-Archimedean then these categories are also additive and in fact
quasi-abelian.

In both the Archimedean and non-Archimedean case these categories are complete and

co-complete. Details of this can be found in [I0]. For convenience we recall how to construct

arbitrary coproducts in ch,f1 and, for k£ non-Archimedean, chZA’gl. For k£ Archimedean
the coproduct ]_[fe{, A; of a collection {A;};c; of Banach spaces in Ban,fl is
1 Mod
{(a)ier = [ Ai: ] llasl] < 0}
1€l i€l
with the norm ||(a;)|| = Yic; |Jai]|. Here [T denotes the set-theoretic product in the

category of k-modules. For k non-Archimedean the coproduct in both B(m,fl’nA and Ban,f1

the coproduct ]_[fell A; of a collection {A;};er of Banach spaces is the subspace

kMOL{
{(ai)ie[ c H Al : hmie[””i” = 0}
i€l
endowed with the norm ||(a;)ier|| = sup;er||aill-
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Rescaling Functors

For r € R~ we denote by (=), : Normy — Norm, the endofunctor which sends a normed
space F to E, which has the same underlying k-vector space as E but with norm rescaled
by r. On morphisms it does nothing. It is evidently an autoequivalence, and in fact an
automorphism, with inverse given by (—)1. Moreover it restricts to an auto-equivalence on
all the normed and Banach categories de%ned above. These functors satisfy the following
sueful property.

s

=3

Proposition 2.3.4. Let E and F be Banach k-modules. Homy"(Es, Fy) = Hom,f (E,F)

Proof. Let f: Es — F; have norm at most r, so that for any e € F,

1 T sr
F@llr = $1F @l < Slellz. = Zliells

Conversely suppose f : E — F has norm at most % . Then we get the same inequality as
above. O

The Quasi-Abelian Exact Structure

A

Proposition 2.3.5. In both Norm,fl’"A and Ban,fl’" we have the following.

1. A monomorphism f : A — B is admissible in the quasi-abelian exact structure if and

only if it is an isometry with closed image.

2. An epimorphism g : B — C' is admissible in the quasi-abelian exact structure if and

only if it is a set-theoretic epimorphism and ||g()|| = infoeker(g)|lb — all-

Proof. 1. Suppose that f : A — B is admissible in the quasi-abelian exact structure.
Then it is the kernel of its cokernel g : B — C. Therefore f induces an isometric
isomorphism with the normed subspace K = {b € B : g(b) = 0}. In particular f
is an isometry. Conversely suppose that f is an isometry with closed image. Then
A= f(A)in Norm,fl’"A. The cokernel of f is isometrically isomorphic to the quotient
space B/f(A), and the kernel of B — B/f(A) is {b€ B : g(b) = 0} = f(A) = A,

2. Suppose that g : B — C is an admissible epimorphism in the quasi-abelian exact
structure. Then it is the cokernel of its kernel, which is the subspace A = {b € B :

g(b) = 0}. In particular g induces an isometric isomorphsim g : B / A=>=C. So

lg(@)[| = [[[b][] = nfacallb — al|
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Moreover B — B / A is a set-theoretic epimorphism, so g is as well. Conversely suppose
that g is a set-theoretic epimorphism, and that ||g(b)|| = inf,cker(g)|[b — al|. Then g
clearly induces an isometric isomorphism.

O]

nA . . .
we may remove the assumption in Proposition

Remark 2.3.6. In the case of Ban,f1
1) that f has closed image, since an isometry of Banach spaces always has closed

1mage.

The Strong Exact Structure

<1,nA

S (resp. Bang ™).

We introduce a different exact structure on Norm,;

A

Definition 2.3.7. 1. We say that a morphism f : A — B in NOTmlfl s a strong

monomorphism if it is an isometry, and any b € B has a closest point a € f(A).

A s g strong epmorphism if for

2. We say that a morphism g : B — C in Nm“mlf1
any c € C there is a b. € B with g(b.) = ¢ and ||b|| = ||¢||.

A

3. We say that a morphism f: A — B in ch,fl is a strong monomorphism (resp.

strong monomorphism) if it is a strong monomorphism (resp. strong epimorphism)

. <1,nA
in Norm """,

Corollary 2.3.8. A strong monomorphism is an admissible monomorphism in the quasi-
abelian exact structure. A strong epimorphism is an admissible epimorphism in the quasi-

abelian exact structure.

Proposition 2.3.9. A map f: A — B is a strong monomorphism if and only if it is the
kernel of a strong epimorphism. A map g : B — C' is a strong epimorphism if and only if

it 1s the cokernel of a strong monomoprhism.

Proof. Suppose that f : A — B is a strong monomorphism. Then in particular it is
an admissible monomorphism in the quasi-abelian exact structure so it is the kernel of its
cokernel g : B — C'. Let us show that g is a strong epimorphism. Let ¢ = [b] € C' = B/ f(A).
Now ||[b]|| = infaeal|b—f(a)||. By assumption there is some a; such that ||[b]|| = ||b—f(ap)]].
Moreover g(b — f(ap)) = [b]. So g is a strong epimorphism. Conversely suppose that
f : A — B is the kernel of a strong epimorphism g : B — C. Let b e B. Thereis b’ € B
such that g(b) = g(b') and ||g(b)|| = ||V/||. Now b — b € A. We claim that b — b’ is a closest
point to b in A. Indeed for any a € A

b= (& =) = ][l = llg@) = llg(b = a)|| < [|b - al]
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So we get a class of kernel-cokernel pairs

f g

0 A B c 0

where f is a strong monomorphism and g is a strong epimorphism. We denote this class by

strong. We are going to prove the following.

Theorem 2.3.10. The collection strong of strong kernel-cokernel pairs is an exact structure

<1, <1,
on both Norm; " ond Bany; nA

We do this in several steps. It is clear that isomorphisms are strong epimorphisms
and strong monomorphisms. It is also clear that the projection A@® B — B is a strong

epimorphism and the inclusion A — A @ B is a strong monomorphism.
Proposition 2.3.11. Let
A N B
g g

x-I.yv

<1,nA

Lnd o Ban, . f f is a strong monomorphism then so

be a pushout diagram in Norm,f
is f'.

Proof. We shall prove it for Norm,fl’"A. The case of Ban,fl’"A is similar. The space Y is

isometrically isomorphic to the quotient normed space
X @ B/{~g(a), f(a)}
Let us show that the map
X = X @ B/{-g(a), f(a)},z — [(2,0)]
is an isometry with closed image. First we show that it is an isometry

I[(z, 0)]I = infacall(z—g(a), f(a)|| = infacamax{[[z—g(a)]], [[f(a)|[} = infocamax{|lz—g(a)l, ||all}

Now if [[a]| < [|z|| then [|g(a)[| < [[z]], so ||z — g(a)[| = [|z]], and max{]|[x — g(a)[l, [|al[} =
[zl If [[a][ = [|z[| then [[z — g(a)|| < |lal|, and so max{[|z — g(a)]],[a|[} < [|al|. Hence

infye gmax{||x — g(a)ll,||al|} = ||z||, so the map is an isometry.

Now let us show that it has closed image. Let [(zy,0)] converge to some [(x,y)]. Then for

every € > 0 there is an N, such that for every n > N there is an a, € A such that
|2 — 2 — glan)|| <€ [ly — flan)|| <€
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In particular there is a sequence (a,) in A with (f(ay,)) converging to y. Since f has closed

image this means y = f(a). Therefore

[(z,9)] = [(z, f(a))] = [(z + g(a),0)]

which is in the image of X — X @ B/{—g(a), f(a)}. O
Proposition 2.3.12. Let
A AN B
L
f
X —Y
. . <1,nA <1,nA . . . .
be a pullback diagram in Norm,, or Ban, . If f is a strong epimorphism then so is

1.

Proof. A is (isometrically isomorphic to) the subspace {(z,b) : f(a) = g(b)} of X ® B, with
f! being (z,b) — b. Let b e B and let x € X be such that f(x) = g(b) and ||g(b)|| = ||z||-
Then (x,b) € A and f'(z,b) = b. Moreover ||(z,b)|| = max{||z||,||b]|}. If ||z|| < ||b]| then
we are done. Suppose ||| = [[b]|. Then [[b]] < [|z[| = [lg(0)[| < [[b]] so [[z]| = [[b]]. In either
case [|(x, b)[| = [0]]- O

It is clear that the composition of strong epimorphisms is a strong epimorphism. To
conclude the proof of Theorem [2.3.10|let us next show that compositions of strong monomor-

phisms are strong. More generally we have the following.

Proposition 2.3.13. Let (C,d) be an ultrametric space and A < B < C be subspaces. Let
c e C. Suppose that ¢ has a nearest point b. in B and that b. has a nearest point a. € A.

Then c has a nearest point in A.

Proof. Let a € A. If d(a,c) = d(be,c) then a is a nearest point to C' in B and hence
therefore in A. Hence we may assume that d(a,c) > d(b.,c) for all a € A. In particular
d(be,a) = d(a,c). So d(ac,c) = d(be,a.) < d(be,a) = d(a,c) for all a € ¢ and a, is a closest
point to ¢ in A. ]

Corollary 2.3.14. The composition of strong monomorphisms f: A —- B and g : B — C

. <1l,nA . <1,nA
in Normpy =", and hence in Bany, ™"

18 a stromg monomorphism.
Now let us establish some properties of this exact structure. The following is clear.

Proposition 2.3.15. Let f : A — B be a strong monomorphism. Then for [b] € B/f(A)
we have ||[b]]| = ||b — f(a)|| where f(a) is a closest point to b in f(A).
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Proposition 2.3.16. In both Norm,fl’"A and Ban,fl’"A products and coproducts preserve
strong monomorphisms, strong epimorphisms and kernels. Coproducts preserve cokernels
and products preserve cokernels of admissible monomorphisms. In particular they are exact
for the strong exact structures.

Proof. Let us first prove the claims about products. It suffices to show this for Norm,fl’"A.

First note that products always commute with kernels. Now let

fi

0 A; B -, 0

be a strong exact sequence. We write the product sequence

f g

0 A B c 0

We need to show that this sequence is exact.

Let us show that the map ¢ is a strong epimorphism. Indeed by Proposition [2.3.15
[|([6:])]] = sup;es||bi — fi(a;)|| where a; is such that f;(a;) is a closest point to b; in f;(A;).
Now

aill = [ fiCa)ll = [|(fi(ai) — bi) + bil| < max{]|fi(ai) — bill, [[ba][} < ]bs]]
So (a;) € A. Moreover ||(b; — fi(a;))|| = ||([b:])|| and 7 ((b; — fi(a;)) = ([b;]). Now let us show
that f is a strong monomorphism. It is clearly an isometry. Let ¢ = (¢;) € [[;c; Ci. For
each i pick b; € B; with ¢;(b;) = ¢; and ||¢;|| = ||b;]|.- Then clearly sup;c;||bi|| = sup;esl|cill.
Set b = (b;) € [ [;c; Bi- Then g(b) = ¢ and ||c|| = ||b]|. A sequence (b}') converges to (b;) in
[ Lic; Bi if and only if each b} converges to b; in B;. It follows that the image of f is closed
in B. Finally let (b;) € B and for each i pick a closest point f;(a;) to b; in f;(A4;). Now
[([o:D)I] = supjerinfa;ea,||bs — fi(ai)ll

Pick a; such that f;(a;) is a closest point to b; in f;(A;). Then ||([b;])|| = sup;es||bi — fi(as)
By a computation similar to the previous part of the proof sup;||a;|| < sup;||bi|| < oo and

(a;) € A. Moreover for any (a;) € A we have

[1(6:) = F((@i))|| = supier|[bi = filai)ll < supie|lbi — fi(ai)l| = [I(bi) — (ai)l]

So f((a;)) is a closest point to (b;) in f(A).

Finally it is clear that f is a kernel of g and therefore the sequence is exact.

Coproducts always preserve cokernels. It is obvious that coproducts preserve strong epi-

morphisms in Norm,fl’nA and for Ban,fl’nA the proof is similar to the proof that products
preserve strong epimorphisms. It is clear that coproducts preserve kernels. ]
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Corollary 2.3.17. In NO'/“mZA’gl and Ban}:A’<1 products are admissibly coexact and co-

products are strongly exact for the strong exact structure.

Completion Functors

There is a completion functor Cpl : Normi* — Banl* which sends a normed space A to

its separated completion A. It is left adjoint to the inclusion functor ¢ : BanZA — NormZA.

It restricts to a functor CplS! : Norm,fl’"A — Ban,fl’"A. Again it is left adjoint to the
inclusion functor (<! : Ban,fl’"A — Norm,fl’nA. From the

Proposition 2.3.18. The functor Cpl is exact for the quasi-abelian exact structure.
Proof. This is in [67] 3.1.13 for k = C, but the proof works for any Banach ring. O
We are going to show the following.
Proposition 2.3.19. The functor CplS! is exact for the strong exact structure.
First we need two basic facts about Cauchy sequences in non-Archimedean fields.

Proposition 2.3.20. Let (ay) be a sequence in k such that ||an4+1 — an|| — 0. Then (ay)

is a Cauchy sequence.

Proof. For any pair m > n we have ||a, — an|| < sup,<icm_1{llai+1 — ail|}. Let § > 0
and let N be such that ||aj11 — a;||] < 6 for j > N. Then for m > n > N we have

[lam — an|| < 9. O]
By Lemma 2.19 in [3] we have

Proposition 2.3.21. Let (a,) be a Cauchy sequence in k. If (a,) does not converge to zero

then the sequence (|ay|) is eventually constant.
Combining these two propositions we get the following.

Proposition 2.3.22. Let

0 Al p_ 9 ¢ 0
. <1,nA
be an strong exact sequence in Norm,, . Then

0 At .p_ 9. ¢ 0

. . <1,nA
is a strong exact sequence in Ban .
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Proof. By Proposition [2.3.18|the complex is a kernel-cokernel pair. Thus it remains to show
that hat ¢ is a strong epimorphism. Let [(¢,,)] be a non-zero equivalence class of Cauchy

sequences in C. By Proposition [2.3.21| we may assume that ||¢,|| is a constant r. Pick bo

such that g(bo) = co and ||bo|| = ||co||. For each n+1 pick b,11 such that g(bps1) = g1 —cn
and |‘Bn+1|| = |len+1 — cnl|. Write b, = > 0_, b,,. Then g(bn) = ¢,. Moreover

r = [enl] < |[ball < maxy.<n|[ba]| = max{||col], maxi<renller — cx-1l]} <7
Hence ||b,|| = 7. Moreover ||bpi1 — bnl| = ||busil] = |/ens1 — cal| = 0, so by Proposition
2.3.20} (by) is a Cauchy sequence. O
Proposition 2.3.23. For each r € R~ the object k. is projective in both Norm,fl’nA and
ch,fl’"A. In particular the strong exact structures on both Norm,fl’”A and ch,fl’nA have

enough functorial projectives.

Proof. Let us first prove the proposition for Norm,fl’nA

. It suffices to show that the functor
Hom(k,, —) : Norm,fl’nA — 4b preserves cokernels. Let f: A — B be a strong monomor-

phism with cokernel g : B — C'. We need to show that the map

1 1
Bo(0.7) = (o)
T T

on open balls is an epimorphism. This follows immediately from the definition of strong
epimorphism.
For the second assertion, let F € Normlfl’nA. Write P(E) := @, k|¢||- There is a map

P(E) — E induced by the isometry
k‘HeH i E, A= e

This is clearly a strong epimorphism.

For Ban,fl’"A we use the fact that CplS! is exact and preserves projectives since it is
left adjoint to an exact functor. O

Compactness and Smallness

Let D:7 — Norm,fl’nA be a diagram with 7 a directed category and f}; isometries. Write
A; = D(i) and fj; = D(i < j) The direct limit A := lim_, A; is constructed as follows. The
underlying vector space lim_, A; is the direct limit of the underlying vector spaces of the
A;. Namely it is the disjoint union of the A; quotient by the relation a; ~ fji(a;) for any
j>1i. If a; € A; and aj € A then [a;] + [a;] == [fri(a:) + fxj(aj)] where K is any upper
bound of i and j. If A € k then A[a;] := [Aa;]. We define a norm on this vector space by
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[|/[as]]| == ||a;||. This is well-defined because if a; ~ a; then a; = fji(a;), so ||a;|| = ||a|.
Clearly ||[a;]|| = 0 if and only if a; = 0 and if A € k then ||A[a;]|| = |\|||a;||. Finally

I[ai] + [as]l| = |I[fri(a:i) + frj(az)]l]
= || fxiai) + frj(a;)l|
< max{|| fxi(ai)|l; || fxj(az)|[}

= max{]|ai[, [[a;|[}
= max{][[aq][, [[[a;][}

So this is a non-Archimedean norm. The map f; : A; — A sends a; to [a;].

Proposition 2.3.24. The normed space described above is the direct limit in Norm,fl’nA.

Proof. Let g; : A; — C be a cocone from D. There is a unique map of vector spaces
g: A — C such that go f; = g;. It remains to show that g is bounded with ||g|| < 1. Let
[ai] € A with [a;] = fi(a;). Then |[g([a:])[| = [lgi(ai)|| < |lail| = [|[a:]]]. O

Corollary 2.3.25. 1. Suppose that for each j < k, fr; : Aj — Ay is an admissible
monomorphism in the quasi-abelian exact structure on Norm,fl’"A. Then for each i

the map A; — A is an admissible monomorphism in the quasi-abelian exact structure.

2. Suppose that for each j < k, fr; : A;j — Ay is an admissible monomorphism in
<1,nA

the strong exact structure on Norm Then for each i the map A; — A is an

admissible monomorphism in the strong exact structure.

Proof. 1. It is clear from the definition of the norm on A that f; is an isometry. Suppose
that (f;(al')) converges to [a;] with a; € A;. Let K be an upper bound of i and j.
Then ([fxi(a})]) converges to [fx;(a;)]. But by the definition of the norm on A this

clearly means that fg;(a}

) converges to frj(a;) in Ag. Since fg; has closed image,
[rj(a;) = fri(a;). Since fr; is an isometry (a;') converges to a;, so (fi(aj')) converges

to fi(a;), and f; has closed image.

2. Let [aj] € A with a; € A;. Let K be an upper bound of ¢ and j. The map fx; :
A; — Ak is a strong monomorphism. Therefore fx;(a;) has a closest point f;(a;) in
fKi(A;). We claim that [a;] is a closest point to [a;] in f;(A;). Indeed let [a}] € f;(A;)
with a € A;. Then

Ilas] = [adlll = I[fxj(a;) — fri(a)]ll = || fxj(a;) — fri(ai)l|
> [|fxjaj) — fri(ai)ll = [[la;] = [adlll
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Proposition 2.3.26. For r € R.q the objects k, are compact with respect to the class of

. . . <1,nA
admissible monomorphisms in the strong ezact structure on Normy """,

Proof. We need to show that for any r € R.g the map
lim_, B4, (0,7) — Biim_, 4,(0,7)

is an isomorphism. It suffices to prove that it is an epimorphism. Let [a;] € lim_, A; be such

that [|[a;]|| = ||ai|| < 7. Then a; € Bya,(0,r) — lim_, By, (0,r) maps to [a;]. O

Proposition 2.3.27. For any r € R~q the k-Banach space k, is not compact with respect
to the class of admissible monomorphisms in the strong exact structure (or even the split

exact structure). However every object is Ryi-small.

Proof. Consider the sequence with X; = k% and the map X; ~ X;;1 being the inclusion
of the first ¢ copies of k. The group lim_,Hom(k,, X;) is the ascending union of the closed
balls in X; of radius 7, while Hom(k,, lim_, X;) is the closed ball of radius 7 in lim_, X;. The
map

lim_,Hom(k,, X;) — Hom(k,,lim_, X;)

is the obvious inclusion. Consider the example with X; = k% with X; — X,,1 being the
split injection & — k**! which is the inclusion of the first i copies of k. Then lim_, X;
is the space of sequences in k converging to 0 with the supremum norm. The group
lim_,Hom(k,, X;) is the group of finite sequences of norm at most %, while Hom(k,, lim_, X;)
is the group of sequences converging to 0 with norm at most % It is clear that for a non-

discrete field the map
lim_,Hom(k,, X;) — Hom(k,,lim_, X})
is not an epimorphism. The last claim is [I] 1.48. O

Recall that a Banach space F is said to have the Hahn-Banach extension property
if for every subspace D of F, every bounded functional f : D — k there is an extension
g:E —kof fwith [|g]| = [|f]].

Theorem 2.3.28 ([65] Theorem 4.12). If k is spherically complete then every Banach space

over k has the Hahn-Banach extension property.

Proposition 2.3.29. Let E be a non-zero Banach space with the Hahn-Banach extension
property and let e € E. Then there is a Banach space E' and an isometric isomorphism
E>~FE® kje)|- In particular if k is spherically complete then there are no non-nonzero

. . <1,
compact objects in ch,j A,
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Proof. Let <e> be the span of e in £. The map f :<e> — kjj¢)| sending e to 1 is an isometric
isomorphism with inverse g sending 1 to e. Therefore f extends to a map f : E — K|l
with ||f|| = 1. Moreover fog = Idy, . Since Ban,fﬂle” is quasi-abelian and in particular

weakly-idempotent complete this gives a splitting. O

The Monoidal Structure
The following is straightforward.
Proposition 2.3.30. Consider the functors
Cplo @y : Norm* ® Normi* — Bani”

and

®x 0 Cpl x Cpl: NormZA ® NormZA — BanﬁA
There is a natural isometric isometric isomorphism
¢ : Cplo ®r — Ry 0 Cpl x Cpl
In particular we get a natural isomorphism
o<1 Ot 0@, — &y 0 CpIst x Cpis!
Proposition 2.3.31. Let r € R.g. Consider the functors
(—)ro Cpl: NormZA — BanZA

and
Cplo (=), : Normp* — Banp
Then there is a natural isometric isomorphism
C:(=)ro Cpl— Cplo (=),

In particular this induces a natural isomorphism of functors

¢ (<)o OISt = Cpt<t o (-),
Proposition 2.3.32. Let s,r7 € Rog and consider the functors
nA

(=)rs © @ : Norm? x NormiA — Normp

and

®r o (=)r x (—)s: NormZ’A X NormZA — NOT‘mZA
Then there is an natural isometric isomorphism
7 ®nr 0 (_)T X (_)5 - (_)7‘8 0 Qnr
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At this point let us make the following remark

Remark 2.3.33. The rescaling functors are exact for both the quasi-abelian and strong

exact structures.

By Proposition [2.3.31] and Proposition [2.3.30] we get

Corollary 2.3.34. Let s,r € R~ and consider the functors
(—)rs © R chZA X chZA — BanZA

and

®r o (—=)r x (—)s: chZA X BanzA — BanZA

Then there is an natural isometric isomorphism

n:&®gr 0 (_)r X (_)s - (_)rs o ®r

nA

Corollary 2.3.35. Projective objects in Norm,fl an Ban,fl’”A are flat in both the quasi-

abelian and strong exact structures.

Proof. By Proposition [2.3.32]and Corollary we only need to note that tensoring with

k is the identity functor and hence is exact. O

<1,nA <1,nA i

Corollary 2.3.36. The tensor product of projective objects in Norm, an Bang s

a projective object.
Proof. Tt suffices to prove this in Norm,fl’"A for objects of the form k, with r € Ryg. But

kr ® ks = ks which is projective. O
We summarise this section with the following result.

Theorem 2.3.37. Ban,fl is a projectively monoidal weakly AdMon-elementary exact cat-
egory which is Ny-presentable but not Ny-presentable. Norm,fl 1s a monoidal elementary

exact category.

2.3.3 The Split Exact Structure

We conclude with an example of a category which has no small generating set whatsoever
but is still weakly AdMon-elementary. Let £ be an additive category and endow it with

the split exact structure.

Proposition 2.3.38. If £ is an additive category with kernels and countable coproducts

then for the split exact structure (Rg, AdMomn) colimits exist and are exact.
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Proof. 1t has kernels by assumption. It trivially has enough projectives since every object
is projective. The fact (g, AdMon) colimits exist and are exact is similar to the proof of

Lemma [B.1.1] in the next section. O

For £ = 45 this category has no small generating set by [I§]. This can be generalised

to other exact structures defined by projective classes as discussed in the same paper.
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Chapter 3

Model Structures on Exact
Categories

In this chapter we discuss model structures on categories of chain complexes in exact cat-
egories. We give very general conditions under which unbounded complexes are equipped
with the projective model structure. We also investigate when such a model structure is
monoidal and satisfies the monoid axiom, which will be crucial for studying homotopical
algebra in exact categories in the next section. Finally we generalise the Dold-Kan corre-

spondence.

3.1 Cotorsion Pairs

In [40], Hovey introduced the notion of a compatible model structure on an abelian
category. He showed that there is a 1-1 correspondence between such model structures
and purely homological data now known as Hovey triples. Gillespie noticed that this
correspondence generalises to weakly idempotent complete exact categories, and explains
in [31] how to adapt Hovey’s proofs. In the next two subsections we will recall some
of Hovey’s/ Gillespie’s results both for the reader’s convenience and because we will need
many of the individual propositions later anyway. We shall modify the exposition somewhat,
by first extracting from Hovey’s proof a bijection between cotorsion pairs and compatible
weak factorisation systems (this has been noticed in [78] ). For basic facts about weak
factorisation systems and model structures in general see Appendix [A]

Let S be a class of objects in an exact category Z. We shall denote by S the class of
all objects X such that Ext}(X,S) = 0 for all S € S, and by S* the class of all objects X
such that Ext!(S, X) = 0 for all S € S. The class S* is called the class of S-injectives,
and the class 1S is called the class of S-projectives. The following technical result will

be useful. The proof is a straightforward generalisation of Lemma 6.2 in [40].
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Lemma 3.1.1. Let E be an exact category. Let S be a class of objects in ‘E, and let £ = +S.
Then £ is closed under retracts and finite extensions. If E is cocomplete it is closed under

transfinite extensions.

Proof. First we show that £ is closed under retracts. Note that it is sufficient to show that
for a given Y € £, the collection of objects X such that Ext!(X,Y) = 0 is closed under
retracts. Let X be such that Ext!(X,Y) = 0 and let X’ be a retract of X. Then X' is a
summand of X, and so Ext!(X’,Y) = 0.

Let us show that £ is closed under transfinite extensions. Again it is sufficient to show
that for any object Y € £ the collection of all X with Ext'(X,Y) = 0 is closed under
transfinite extensions and retracts. More generally, suppose ¢ is an ordinal such that for
any ¢/ < ¢, E has ¢’-colimits. Suppose A is an ordinal with A < ¢ and X : A —> E is a
colimit-preserving functor such that Extl(Xo, Y) =0, X4 > X441 is an admissible monic
for all @ < X\ and Ext!(Coker(X, — X,11),Y) = 0 for all @ < X\. We shall prove by
transfinite induction that Extl(Xﬁ, Y) =0 for all B < A, where X, = colim,)\X,. If A =0
then this is clear. Suppose that A is a successor ordinal, so that A = a + 1 for some ordinal
a. We have Ext!(X,,Y) = 0 and Ext!(Coker(X, — X)),Y) = 0. The long exact Ext
sequence then shows that Ext!(X,,Y) = 0.

Now suppose that § < X is a limit ordinal, and that Ext!(X,,Y) = 0 for all & < 3. Let

0—>y-_—Jton_2

X 0

represent an element of Extl(X 3,Y). For each o < 3, pull this short exact sequence back
Y

through the map j, : Xo — Xg for a < 8. For a < v < 8 we get a commutative diagram.

0—y TN -Pox, 0
S
0~y TN Px o
kMT Jay
0— Y T N, P2 X, 0

Since f is an admissible monic, f, is as well by Proposition Since Ext!(X,,Y) =0
there is some splitting £, : X, — N, of po. We are going to modify the t, to s, so that they
are compatible, i.e. kqy~Sq = Syja,, for all a <. We will do this by transfinite induction.

Set sp = to. If v is a limit ordinal let s, : colimy<, X, — N, be the map whose
restriction to X, is ko Sa, Where ko~ @ No — N, is the transfinite composition of the

continuous functor v — £, 3+ Ng. Then by construction ko S0 = Syja,y-
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Now for the successor case. Suppose we have constructed s,. Let us construct sq.1.
We have

poe+1(ka,a+13a - ta+1jo¢,a+1) = ja,oz-‘rl OPa ©Sa — Pa+1 © t()é-‘rl o joe,oz-i—l

= ja,a-‘rl - ja,a+1

=0

Therefore there is a map h : X, — Y such that fo11h = kao+150 — tat1Ja,a+1- Since
Jaa+1 @ Xa — Xa41 is an admissible monic and Extl(Coker(ja,aH),Y) = 0, the long
exact Ext sequence implies that there is a map ¢g : Xo41 — Y such that gj,.a+1 = h. Let

Sa+1 = ta+1 + fa+19. Then clearly s,+1 is a section of py41. Moreover

3a+1ja,a+1 =1ta+10 ja,a+1 + fat190© ja,aJrl
= ka,a+150 — far10h + fay10h

= koe,oz+1 Sa
as required. O

Let us now define cotorsion pairs, and discuss their relation with weak factorisation

systems. We shall largely follow the notation of [78].

Definition 3.1.2. Let ‘E be an exact category. A cotorsion pair on E is a pair of families
of objects (£,R) of E such that £ = *R and R = £+,

Definition 3.1.3. A cotorsion pair (£,R) is said to have enough (functorial) projec-
tives if for every X € E there is an admissible epic p : Y — X, (functorial in X ), such
that Y € £ and Ker(p) € R. It is said to have enough (functorial) injectives if, for
every X, there is an admissible monic i : X — Z, (functorial in X ), such that Z € R and
Coker(i) € £. A cotorsion pair is said to be (functorially) complete if it has enough

(functorial) projectives and enough (functorial) injectives.

Example 3.1.4. Our main ezample is the projective cotorsion pair. Let E be an exact cat-
egory. Let Proj(‘E) denote the collection of projective objects of E. Then (Proj(‘E), Ob(E))
is clearly a cotorsion pair. Suppose that E has enough (functorial) projectives. Then the

cotorsion pair (Proj(E), Ob(E)) is trivially (functorially) complete.

Notation 3.1.5. Let E be an exact category and (L, R) a weak factorisation system on E.
Denote by CokerL the collection of objects L such L is a cokernel of some map in, L and
by KerR the collection of objects R such that R is the kernel of some map in R.

Given classes of objects 2,8 in E, we denoteby Infi(A) the class of admissible monics
with cokernel in A and by Defl(B) the class of admissible epics with kernel in 5.
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Definition 3.1.6. Let E be an exact category. A weak factorisation system (L, R) on ‘E is

said to be compatible if
1. fe L if and only if f is an admissible monic and 0 — Coker(f) belongs to L.
2. feR if and only if f is an admissible epic and Ker(f) — 0 belongs to R.
The following result is Theorem 5.13 in [78§].

Theorem 3.1.7. Let E be an exact category. Then
(L, R) — (CokerL, KerR) and (2,B) — (Infi(A), Defi(B))

define mutually inverse bijective mappings between compatible weak factorisation systems
and complete cotorsion pairs. The bijections restrict to mutually inverse mappings between

compatible functorial weak factorisation systems and functorially complete cotorsion pairs.

3.1.1 Compatible Model Structures

Having described the bijection between cotorsion pairs and compatible weak factorisation
systems, we now introduce compatible model structures, and explain how they too corre-
spond to purely homological data. Remember that we do not assume our model categories
are complete or cocomplete.

Let (C, F,W) be a model structure on an additive category .

Definition 3.1.8. Let E be an exact category. Let (C, F, W) be a model structure on ‘E. The
model structure is said to be compatible if both (C "W, F) and (C,F nW) are compatible

weak factorisation systems.

Let us now define the corresponding homological data. As for abelian categories, we

will call a subcategory D of an exact category E thick if whenever
0-A—->B—->C—-0
is a short exact sequence and two of the objects are in D, then so is the third.

Definition 3.1.9. A Howvey triple on an exact category ‘E is a triple (€,20,§) of collections
of objects of E such that the full subcategory on 20 is closed under retracts and thick, and
that both (€,§ N W) and (€ N W, F) are complete cotorsion pairs.

We then have the following theorem (Theorem 6.9 in [78]). It is originally due to [40]

in the abelian case and [31] in the more general exact case.
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Theorem 3.1.10. Let E be a weakly idempotent complete exact category. Then there is a
bijection between Hovey triples and compatible model structures. The correspondence assigns

to a Hovey triple (€,20,5§) the model structure (C,W,F) such that
1. C = Infi(€)
2. F = Defi(3)
3. W consists of morphisms of the form poi where i € Infl(€ N2 and p € Defi(F n2).

Before we move on let us mention a more general notion than compatible model struc-

tures. We will need it when we consider the projective model structure on Chso(E).

Definition 3.1.11. Let £ be an exact category. A model structure (C, F, W) on E is said
to be left pseudo-compatible if there are classes of objects € and 2 such that

1. The full subcategory on 203 is thick.

2. A map f isinC (resp. C n W) if and only if it is an admissible monic with cokernel
in € (resp. €N W).

3. An admissible monic is in W if and only if its cokernel is in 0.

As before €/ 90 /€N are called the cofibrant /trivial/ trivially cofibrant objects. The
pair (€,200) will be called the left homological Waldhausen pair of the model structure.
Dually one defines right pesudo-compatible model structures and right homological

Waldhausen pairs

The terminology comes from the notion of a Waldhausen category, in which classes of
weak equivalences and cofibrations are specified. Clearly any compatible model structure

is left pseudo-compatible.

Definition 3.1.12. Let E be an exact category. A left-pseudo compatible model structure
on ‘E defined by a left homological Waldhausen pair (€,20) is said to be strong if a map
f B — Cis an acyclic fibration if and only if it is an admissible epimorphism whose kernel

s in W. The corresponding Waldhausen pair is then also called strong.

3.1.2 Small Cotorsion Pairs and Cofibrant Generation

When working with model categories, it is computationally convenient that they be gen-
erated by suitably compact objects (see Appendix [A| for exactly what we mean here). In
this section, we study what conditions on the cotorsion pairs defining a compatible model
structure guarantee that the model structure is cofibrantly small. The material here is

adapted from [40] §6 to exact categories.
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Definition 3.1.13. Let E be an exact category. A cotorsion pair (£,R) on E is said to be
cogenerated by a set if there is a set of objects G in £ such that X € R if and only if
Ext (G, X) =0 for all G e gG.

Definition 3.1.14. Suppose ‘E is an exact category. A cotorsion pair (£,9R) is said to be

small if the following conditions hold
1. £ contains a set of admissible generators.
2. (£,R) is cogenerated by a set G.

3. For each G € G there is an admissible monic i with cokernel G such that, if Homg (i, X)
is surjective for all G € G, then X € fR.

The set of ig together with the maps 0 — U; for some generating set {U;} contained in £ is

called a set of generating morphisms of (£,9R).
There is an easy example.

Example 3.1.15. Recall the projective cotorsion pair (Proj(E), Ob(E)). Suppose that the
category E is projectively generated, with P a generating set of projectives. We claim that
in this case the projective cotorsion pair is small. Indeed by assumption Proj(E) contains
a set of generators P. This set trivially cogenerates the cotorsion pair as well. The third

condition s also trivial.

We now come to the connection between cofibrantly small model structures and cotorsion

pairs. The proof of the following is a straightforward modification of [40] Lemma 6.7.

Lemma 3.1.16. Let E be an exact category together with a compatible weak factorisation
system (L, R) with corresponding cotorsion pair (£,R). If the cotorsion pair is small, then
this weak factorisation system is cofibrantly small. If in addition the generating morphisms

have compact domain, the weak factorisation system is cellular.

3.1.3 Cotorsion Pairs on Monoidal Exact Categories

In this section (£,®, k) is a monoidal exact category.
We will now study sufficient conditions on cotorsion pairs defining a model category
structure so that the resulting structure is monoidal. We generalise the work of [40] §7 to

exact categories.

Definition 3.1.17. A short exact sequence in a monoidal exact category ‘E is said to be
pure if it remains exact after tensoring with any object of E. An admissible monic is said

to be pure if it remains an admissible monic after tensoring with any object of E.
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Theorem 3.1.18. Let E be a closed symmetric monoidal exact category. Suppose that ‘E
has a left pseudo-compatible model structure with Waldhausen pair (€,20). Suppose the

following conditions are satisfied.

1. Ewvery cofibration is pure.
2. If XY e€ then XQY e €.
3. If X, Y € € and one of them is in W, then X ®Y € € n W.

4. The unit I of the monoidal structure is in €.

Then E is a monoidal model category.
In order to prove this we need the following two results

Proposition 3.1.19. Let £ be a weakly idempotent complete exact category, Suppose we

have a diagram

0 Xty .z 0
b
0 Pprl.g-*.R 0

with the top and bottom rows being short eract and the vertical arrows being admissible

morphisms. Then there is an exact sequence
0 — Ker(d) — Ker(e) —> Ker(¢) —e»> Coker(d) —> Coker(e) — Coker(¢) — 0

Proof. This is [I4] Corollary 8.13. O

Proposition 3.1.20. Let

0 Xty .z 0
bl
0 Prl.g-*.R 0

be a commutative diagram with short-exact rows. Suppose that the map ¢ : Z — R is an
admissible monomorphism with cokernel I : R — S and that § is an isomorphism. Then

€:Y — Q is an admissible monomorphism with cokernellok : Q — S.

Proof. This can be proven by passing to an abelianisation. O
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Proof of Theorem[3.1.18 Let i : A — B and j : A — B’ be cofibrations with respective
cokernels f : B — C and g; B — C. Consider the commutative diagram

0 AQA -2 AeB 2 A0 — =0

=

0——=B®A P ARC' ——0

o
0—>BRA -2 BB 2% B0 —0
where the top left square is a push-out. Since cofibrations are pure by assumption, the rows
of the diagram are exact. Moreover, both i®id s and i®idcr are admissible monomorphisms,
and the cokernel of i ® idc is C ® C'. By Proposition i [X] 7 is an admissible
monomorphism with cokernel C' ® C’. By assumption C ® C’ € €, so that i [X]j is a
cofibration. Again by assumption, if either of C' or C’ is in 20 then so is C ® C’, and hence

in this case i[x]j is a trivial cofibration. O

Remark 3.1.21. The statement of Theorem also holds without the assumption that
the monoidal structure is compatible with the exact structure, since it was not used at all in

proof. This is also shown in [78]. However the remaining results do require this assumption.

The next lemma says that if cofibrant objects are flat then condition 1 in Theorem|[3.1.18

is automatically satisfied.

Lemma 3.1.22. Suppose E is a symmetric monoidal exact category with enough flat objects.

If C' € £ is flat then every short exact sequence
0-A—-B->C-0
1S pure.
Proof. Suppose Z is arbitrary and let
0> X->Y—->27Z-0

be a short exact sequence with Y flat. We have a diagram
BR®X—BRY —BRZ——0

CRIX—CRY —(C®7Z—0
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with admissibly coacyclic rows and columns. The bottom row is short exact since C' is flat.
Since Y is flat the middle column is short exact. We need to prove that the right-hand
column is short exact. In order to do this we may pass to a right abelianization of £, and so
without loss of generality assume that E is abelian. Then the argument becomes a simple

diagram chase. O
Proposition 3.1.23. Pure monics are stable under push out.

Proof. Let i : A — B be a pure monic. Consider a pushout diagram
A B
X Y

Since tensoring with Z preserves colimits,

R

P

ARZ——=BR®Z

.

XQ®Z—YQRZ

is a push out. But by assumption AQ Z — B® Z is an admissible monic. Hence X ® Z —

Y ® Z is also an admissible monic. O

Theorem 3.1.24. Let E be a bicomplete, monoidal exact category Suppose that E has a left
pseudo-compatible model structure satisfying the hypotheses of Theorem|5.1.18 In addition,
suppose that the following conditions hold

1. If Xe€nW and Y s arbitrary, then X ®Y is in 2.

2. Transfinite compositions of weak equivalences which are also pure monics are still weak

equivalences.
Then the model structure satisfies the monoid axiom.

Proof. The first condition implies that if ¢ is an acyclic cofibration, then i ® Y is a weak
equivalence. By Propositions|3.1.23|and the fact that pushouts commute with cokernels any
push out of i ® Y is a weak equivalence as well as a pure monic. By the second condition,

any transfinite composition of such maps is a weak equivalence. O

If in £ transfinite compositions of admissible monics are admissible monics (e.g. if E is
weakly AdMon-elementary) then one can replace the second condition by requiring that

the class 27 is closed under transfinite compositions of pure monomorphisms. By this we
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mean that if A is some ordinal, and X : A — ‘£ a continuous functor such that 0 — X is a
weak equivalence, and for each 7 < j in A the map X; — Xj is a pure monic which is also a
weak equivalence, then X is in 20. (This is the condition used in [40] Theorem 7.4). Since
2 forms a thick subcategory and Xy — X is an admissible monic, this is equivalent to the
cokernel of the map Xg — X being in 20 which in turn is equivalent to Xy — X being a

weak equivalence.

3.1.4 Model Structures on Chain Complexes

Generalising results of [28], in this section we describe a method for constructing compatible
model structures on categories of chain complexes Chy(E) from cotorsion pairs on £. Note
that what we describe below will not always produce a model structure. However we will
show in the next chapter that it does in the case that £ has enough projectives, and the
cotorsion pair is the projective one (Example . First we define the collections of objects
which will be candidates for the (trivially) fibrant and (trivially) cofibrant objects.

Definition 3.1.25. Let (£,R) be a cotorsion pair on an exact category E. Let X € Ch(E)

be a chain complex.

1. X is called an £ complez if it is acyclic and Z,X € £ for all n. The collection of all

£ complezes is denoted £.

2. X is called an R complex if it is acyclic and Z, X € R for all n. The collection of all
R complezes is denoted R.

3. X is called a dg€ complez if X,, € £ for each n, and Hom(X, B) is exact whenever
B is an R complex. The collection of all dg complezes is denoted dg}!l.

4. X is called a dgR complez if X,, € R for each n, and Hom(A, X) is exact whenever
A is an £ complex. The collection of all dgR complexes is denoted dg~9%.

Notation 3.1.26. We define the collections £,9R, dg~£, dg~9% similarly in the categories
Chy(E) for = € {= 0,< 0,+,—,b}. We will use the same notation for these collections

irrespective of which category of chain complexes we are working in.

Remark 3.1.27. In Chi(E) for = € {+,—,> 0,b,J} all of the above classes are closed
under shifts [n] for n < 0. For x € {+,—,< 0,b,J} they are closed under shifts [n] for

n = 0.
Let us start to populate these collections. We first make the following easy observation.

Proposition 3.1.28. Let X be an R-complex. Then X,, € R for each n.
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Proof. For each n we have a short exact sequence
0-2,X—->X,—>2Z,1X—-0
and Z, X, Z,_1X € R. By Proposition R is closed under extensions. ]
With this in hand the result belows generalises immediately from [28] Lemma 3.4.
Lemma 3.1.29. 1. Bounded below complexes with entries in £ are dgf complexes.
2. Bounded above complex with entries in R are dgR complexes.

Gillespie’s crucial Proposition 3.6 in [28] does not hold in arbitrary exact categories.

However some of it can be salvaged to give the following two results.

Proposition 3.1.30. Let (£,9R) be a cotorsion pair in an exact category E. Then in Chy(E)
for x € {+,—,b, I} we have

1. dg& = 1%,
2. dgR = ¢+

3. R (dgf)*

4. £< H(dgR)

5. Suppose E has enough £-objects. Let X € (dgfl)L be good. Then X is an R-complex.

6. Suppose ‘E has enough R-objects. Let X € Ldg(ifi) be cogood. Then X is an £-

complex.

Proof. Parts 1) and 3) are easily seen to generalise to the exact case from the Gillespie’s

proof.

1. Let X € 1%. Then Ext!(X,B) = 0 whenever B is an /& complex. In particular
Ext} (X,B) = 0. Hence Hom(X, B) is exact whenever B is an 9% complex by
Corollary [2.1.61] It remains to show X, € £. Let B € fi. By Lemma [2.2.11] we have

Ext!(X,, B) = Ext'(X, D" "' B) = 0

since D"11B e R. So X,, € £, and +9R < dg€. Now let X € dg€. Since the entries of

X are in &, for any Y € R, any short exact sequence

0 Y A X 0

is split exact in each degree. But also Ext}iw (X,Y) = 0. Hence, any sequence as above

must be split exact, i.e. Ext!(X,Y) = 0.
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2. This is dual to the previous part.

3. Let X € % and A € dg€. Note that since X,, € R, Ext'(X, 4) = Ext} (X, A). Now
since Hom(A4, X) is exact, Ext}, (X, A) = 0.

4. This is dual to the previous part.

5. Let us show that X is acyclic. We will again use Proposition[2.1.28] Let n be such that
dy, has a kernel. Since we have enough £-objects, we may choose an admissible epic
fl+ A" — Z, X for some A’ € £. By Lemma[2.2.11|this induces a map f : S"(4’) — X.
Now Ext}, (S™(A)[-1], X) < Ext}(S™(A")[~1], X) = 0 by assumption. Hence f is
homotopic to 0. Applying Proposition the map d),,; : Xpy1 — Z,X is an
admissible epic. By Proposition X is acyclic. To see that Z,X € R, we note

that since X is acyclic, we have for any A € £,
Extl(A, Z,X) = Ext!(S"A4,X) =0
Since (£,9R) is a cotorsion pair, Z,X € R. Hence X € R and so (dg€)+ < .

6. The proof for the second part is dual.

We also have the following

Proposition 3.1.31. Let « € {> 0}, and let (£,R) be a cotorsion pair in E with enough
L-objects. Then dgfl = 1R and R = (dgfl)L. Dually, if the cotorsion pair has enough
R-objects, then for x € {< 0} dgR = &+ and £ = Ldg(R).

Proof. The proofs of parts (3) and (5) in the previous proposition go through here, as does
the proof that dgf‘, c 1R Now let X € L. The same proof as in part (1) of the
previous proposition shows that each X,, must be an object in £. Thus X is a bounded

below complex of objects in £ and hence a dg€ complex. O
We get as an immediate corollary:

Corollary 3.1.32. Let (£,R) be a cotorsion pair on an exact category E with enough
L-objects and enough R-objects.

1. (dg€,9R) is a cotorsion pair on Chso(E) and Chy(E). If £ has all kernels then it is

a cotorsion pair on Ch(E).

2. (£,dgR) is a cotorsion pair on Che<o(E) and Ch_(E). If E has all cokernels then it

is a cotorsion pair in Ch(E).
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3. (£,dgR) and (dgL,R) are cotorsion pairs in Chy(E).

4. If £ has all kernels and cokernels, in particular if E is quasi-abelian, then (fl, dg?f%)
and (dg&,R) are cotorsion pairs in Ch(E).

Existence of dg-Model Structures
The hope now is that the class 2J of acyclic complexes satisfies
£=dg€n W, R=dgRnW

and that the cotorsion pairs (dg€, R) and (£, dgR) are functorially complete. It is not at all
clear that this will be the case. In [84] it is shown that for a bicomplete abelian category in
which infinite products are exact (i.e. an AB4* abelian category) it is always the case. We
suspect this result can be easily adapted for bicomplete exact categories satisfying a similar
condition. In general we do not know how to give useable conditions on a cotorsion pair
(£,9%) which guarantee that (dg€,R) and (£, dgR) induce a model structure. However we
will obtain some partial results in this direction. First we need acyclic complexes to form a

thick subcategory.

Proposition 3.1.33. Let E be an exact category. Then for = € {= 0,< 0,+,—, b} the full
subcategory on W is a thick subcategory of Chy(E). If ‘E has all kernels then this is also

true for x = {}.

Proof. One may assume that £ is abelian by passing to a left abelianization for = € {>
0,+,b}, (or a right abelianization for = € {< 0, —}). The result in this case follows from the

long exact sequence on homology. O

It turns out that we always have the inclusions £ < dg€ n 20, and R < dgR n 20. This

follows from the next result, which is an easy modification of the proof of [28] Lemma 3.9.
Lemma 3.1.34. Every chain map from an £ complex to an R complex is homotopic to 0.

Corollary 3.1.35. Let (£,9R) be a cotorsion pair in an exact category. Then £ c dgf}mﬂﬁ,
and R < dgif% N 2.

In order to have any chance of getting the reverse inclusion, we’ll need the cotorsion
pair on E to be hereditary. The following definition and the subsequent proposition are

immediate generalisations of [71] §1.2.3 from abelian categories to exact categories.
Definition 3.1.36. A cotorsion pair (£,%R) is said to be hereditary if
Ezt'(A,B) =0

forany Ae £, BeR and i = 1.
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Example 3.1.37. Clearly the projective cotorsion pair is hereditary.

Proposition 3.1.38. Let (£,R) be a hereditary cotorsion pair on an exact category E.

Then

1. £ is resolving. That is £ is closed under taking kernels of admissible epis.

2. SR is coresolving. That is R is closed under taking cokernels of admissible monics.

If £ has enough R-projectives then (£,9R) is hereditary if and only if £ is resolving. Dually
if £ has enough L£-injectives then (£,%R) is hereditary if and only if R is coresolving.

With this result in hand [28] Theorem 3.12 generalises immediately to the exact setting.

Theorem 3.1.39. Let (£,R) be a hereditary cotorsion pair in an eract category E. If E
has enough projectives then in Chy(E) for € {= 0,+, &}, dgR n W = R. If £ has enough
injectives then in Chy(E) for » € {<0,—, I} dg€ N2 = £. In particular, if E has enough

projectives and injectives, then the induced cotorsion pairs on ‘E are compatible.

Lemma 3.14 in [28], which partially handles the case in which we may not have enough

injectives or projectives also passes essentially unaffected to exact categories.

Lemma 3.1.40. Let ‘E be an exact category and (£,R) a cotorsion pair on E. Consider

the categories Chy(E) for any =€ {= 0,<0,+,—,b, J}.

1. If (i:, dgi)?i) s a cotorsion pair with enough projectives and dgff% A0 = R then dgfi N
W = £.

2. If (dgé, DNQ) is a cotorsion pair with enough injectives and dg€n20 = £ then dgRn20 =
R.

These next two results partially deal with the issue of completeness.

Lemma 3.1.41. Let E be an ezxact category. Suppose

0 B At x 0

18 a short exact sequence of complexes in the degree wise exact structure with both B and

cone(f) either good or cogood. Then B is acyclic if and only if f is a quasi-isomorphism.

Proof. Let I : £ — 4 a suitable abelianization . Then by [83] Exercise 1.59 there is a long

exact sequence

> Hyr (Ker(I(f.))) — Hi,(cone(I(f.))) —— H(Coker(I(f.)) — ...

Hyo1(Ker(I(f)) ——— ...
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If fo is a quasi-isomorphism, then cone(I(f.)) is acyclic. It is also an admissible epimor-
phism, so Coker(I(f.)) = 0. Hence Ker(I(f,)) = I(B) is acyclic.
If B is acyclic then again since Coker(I(f,)) = 0, Hyp(cone(I(f,))) = 0 as well. Thus
I(f) is a quasi-isomorphism, so f is as well.
O

Proposition 3.1.42. Let (£,R) be a functorially complete cotorsion pair on an exact cat-
egory E. Then the cotorsion pair (dg€,R) on both Chso(E) and Chy(E) has enough func-

torial projectives.

Proof. Let X, be an object of Chy(E) where * € {= 0,+}. By an easy adaptation of
the proof of Lemma one can find a (functorial) quasi-isomorphism f, : Le — X,
with each L, an object of £, which is an admissible epimorphism, and whose kernel is a
complex R, with R, € R. Now L, is a dg£ complex by Lemma By Lemma [3.1.41
R, is acyclic, and therefore an PR-complex. So the cotorsion pair has enough (functorial)

projectives. O

This is essentially all that can be said at this level of generality.

Properties of dg-Model Structures

Definition 3.1.43. Let £ be an exact category and (£,R) a cotorsion pair on E. If
(£,dgR) and (dgL,R) are (functorially) complete cotorsion pairs on Chy(E) for = € {=
0,< 0,b,+,—@} satisfying dg€ n W = £ and dgR ~ W = R, then we say (£,R) is
dgs« — compatible.

In particular, if (£,9R) is dg.-compatible, then there is an induced compatible model
structure on Chy(E). The resulting model structure will have quasi-isomorphisms as its

weak equivalences.

Proposition 3.1.44. Suppose that * € {= 0,< 0,+, —,b} cotorsion pair on an exact cat-
egory E. The weak equivalences in the induced model structure are precisely the quasi-

isomorphisms. If E has all kernels then this is also true for = € {}.

Proof. First we show that admissible monics and admissible epics which are weak equiva-
lences are quasi-ismorphisms. We will show it for monics, the case of epics being dual. Let
f A — B be an an admissible monic which is a weak equivalence. It is sufficient to show
that I(f) is quasi-isomorphism, where I : £ — 4(E) is a suitable abelianization. Now we

have an exact sequence
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with C € 20. In particular, C is acyclic. By (the dual of) Lemma f is a quasi-
isomorphism.

Let f be a morphism of Ch,(E). Factor it as poi where i is a fibration, p is a cofibration
and either p or i is trivial, and therefore a quasi-isomorphism. By the exact triangle (after

passing to an abelianisation)

cone(i) — cone(f) — cone(p) — 1!

and the fact that acyclic complexes form a thick subcategory, we find that f is a quasi-

isomorphism if and only the other factor is trivial. O

Remark 3.1.45. The previous result says that the homotopy category of a model structure

arising from a dg-compatible cotorsion pair is the derived category (for = € {+,—,b, J}).

Such model structures are also both left and right proper. More generally, we have the

following.

Proposition 3.1.46. Let E be an exact category. Let = € {= 0,<0,+,—,b}. Suppose there
is a model structure on Chy(‘E) whose weak equivalences are the quasi-isomorphisms and
such that any cofibration is an admissible monomorphism in each degree. Then the model
structure is left proper. If E has all kernels then this is also true for Ch(E). Dually, if
any fibration is an admissible epimorphism in each degree then the model structure is right

proper.

Proof. The dual case is slightly easier to write down, so we will prove that. We need to

check that, given a pull-back diagram

A.LB.

.

X0L>Yo

where p is an admissible epic, and ¢ is a quasi-isomorphism, then ¢’ is a quasi-isomorphism.
By Lemma without loss of generality, we may assume that the category E is actually

abelian. We argue by elements. A, is isomorphic to

{(x,b) € Xo x By : p(x) = q(b)}

with ¢’ and p’ being the restrictions of the projections. Suppose (z,b) € K(—:-rd;;1 is such that
¢(z,b) = x = 0. But then ¢(b) = p(z) = 0. So b = dZ ,(b) for some b, and (x,b) =
d1((0,b)). Now suppose = € KerdX. Then p(z) € Kerd), . Thus there is a b € Kerd? and
a § € Yp41 such that ¢(b) = p(x) + dY,,(§). Now, p is an epic, so there is € X,,4+1 such
that § = p(Z). Write a = (z + d;*,1(#),b). Then a € A, and ¢'(a) = x + dX,1(Z). This

shows that ¢’ is a quasi-isomorphism. ]
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Small dg-Cotorsion Pairs

Let us now examine when the cotorsion pair (fl, dgi)?{) is small.

Proposition 3.1.47. Let (£,R) be a cotorsion pair in an exact category E which has a
set of admissible generators G. Suppose that (£,R) is cogenerated by a set {A;}icr. Then
(dg£,%R) is cogenerated by the set

S={S"(G):GeG,neZ}u{S"(A;) :neZ,icl}
for x € {+} (and. = € {J} if E has kernels) and
S={S"(G):GeG,n=0}u{S"(4;) :n=0,iel}

for x € {=0}.
Furthermore, suppose (£,R) is small with generating morphisms the map {0 — G : G €

G} together with monics k; as below (one for each i€ I):

0 Y; Z; A; 0

Then (dg$,9R) is small with generating morphisms the set
I=1{0—D"G)}u{S"(G) - D"(G)} v {S"(k:) : S™(Y;) — S™(Z:)}
for « € {+} (and. * € {&} if T has kernels) and
I={0—5S°G)} u{0—D"G):n>0}u{S"HG) - D™(G):n > 0}
O{S" (ki) = S™(Yi) — S™(Zi) : n = 0}
for = € {=0}.

Proof. For = € {+,J} the proof of [29] Proposition 3.8 generalises immediately to exact
categories. Now consider the case * € {= 0}. The only difference in the proof is that now
the generating set for Chso(E) is {D™(G) : G€ G :n > 0} U {S°(G) : G € G}. This is also
a subset of dg)NZ. O

Remark 3.1.48. In the situation of the previous proposition, if the domains of the gener-

ating morphisms for the cotorsion pair (£,R) are compact, then the domains of the maps
in I are also compact by Proposition [2.2.17
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3.2 The Projective Model Structure and the Dold-Kan Cor-
respondence

3.2.1 The Projective Model Structure

In this section £ is an exact category with enough functorial projectives. We denote the

collection of all projective objects in £ by Proj(E)

Definition 3.2.1. Let E be an exact category. If it exists, the projective model structure

on Chy(E), for = € {4+, I} is the model structure in which
o Weak equivalences are quasi-isomorphisms.
e Fibrations are degree-wise admissible epics.

o (Cofibrations are maps which have the left-lifting property with respect to acyclic fibra-

tions.

Proposition 3.2.2. Let E be an exact category. Suppose that the cotorsion pair (ngrojj(f), Ol;(f))
on Chy(E) for = € {+,= 0, J} has enough functorial projectives. Then it has enough func-

torial injectives.

Proof. Let X, be an object of Chy(E), and let f, : Ls — X, be a quasi-isomorphism and
admissible epimorphism with acyclic kernel, and L, € ngro}(f).

We have a short exact sequence
0 — X, — cone(fs) = Lo[—1] = 0
cone(f,) is an acyclic complex, so it is in Ob(Z). Clearly L.[—1] € dgProj(E). O
We are now ready to prove the following theorem.

Theorem 3.2.3. Let E be an exact category with enough projectives. Then the projec-
tive model structure exists on Chy(E) and is compatible. It is functorial if E has enough
functorial projectives. It is cellular if E is elementary, and combinatorial if E is locally
presentable. If £ has all kernels and (No, AdMon)-colimits exist and are exact, then this
is all true for Ch(E) as well.

Proof. Consider the projective cotorsion pair (Proj(Z), Ob(Z)) on E. By Corollary |3.1.32
(ngro}(f), OB(Z)) is a cotorsion pair on Chy(E). It is functorially complete by Proposi-

tion [3.1.42| and Proposition
We claim that (Proj(Z),dgOb(£)) is also a cotorsion pair on Chy (Ob(£)). First note

that Pro~j(£) consists of split exact complexes of projectives. By Proposition [2.2.14] this is
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precisely the class of projective objects in Ch, (E). Then by Proposition ngb~(£) =
Ch.(Ob(Z)). Hence (Proj(E),dgOb(Z)) is just the projective cotorsion pair. Now Ob(E)
is the class of all acyclic complexes, 20. Thus dgOb(Z) N0 = Ch. () 2 = 2 = Ob(£).
Moreover Ch. (E) has enough projectives by Corollary By Lemma it remains
to prove that (Proj(£), dgOb(£)) is (functorially) complete. But in a category with enough
(functorial) projectives the projective cotorsion pair is always (functorially) complete by
Example [3.1.4

Assume further that £ is elementary. Then by Example the cotorsion pair
(Proj(£), dgOb(E)) is small and by Propositionthe cotorsion pair (dgProj(£), Ob(Z))
is small. By Lemma [3.1.16] the model structure is cellular. The fact about combinatoriality
is clear.

The proof for unbounded complexes works in almost exactly the same way. All that
needs to be verified in this case is that (dgProj(Z), Ob(ZE)) is complete. Now the class of
projectives is closed under N-indexed extensions by Lemma Completeness therefore
follows from from Corollary Proposition and Proposition [3.2.2

O

Remark 3.2.4. The existence of the projective model structure on bounded below chain
complezes on a quasi-abelian category with enough projectives was already known to Buhler
[15] (see Appendiz C). The proof there is more direct. In fact the proof works for any
idempotent complete exact category in which the class of all kernel-cokernel pairs forms the

exact structure (all kernels and cokernels need not exist).

Recall that if £ is (quasi)-elementary quasi-abelian, then Proposition says that
LH(E) is as well. Thus the projective model structure exists on Ch(LH(E)). Moreover the
induced functor I : Ch(E) — Ch(LH(E)) is then right Quillen. Indeed it is left adjoint to
the induced functor C' : Ch(LH)(E) — Ch(E). It preserves fibrations since I : £ — LH(E)
is a left abelianization, and it preserves quasi-isomorphisms by Corollary Moreover
by Theorem [2.1.78] Proposition [2.1.79 and Proposition [3.1.44] it induces an equivalence

between the homotopy categories. We therefore have

Proposition 3.2.5. Let E be an elementary quasi-abelian category. Then the adjunction

is a Quillen equivalence between the projective model structures.
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We claim that the projective model structure exists also on Chso(E) for £ an exact

category with kernels. It will be strongly left pseudo-compatible, but not compatible.

Definition 3.2.6. Let E be an exact category. If it exists, the projective model structure

on Chso(E), is the model structure in which
o Weak equivalences are quasi-isomorphisms.
e Fibrations are degree-wise admissible epics in each strictly positive degree.

e Cofibrations are maps which have the left-lifting property with respect to acyclic fibra-

tions.

Theorem 3.2.7. Let E be an exact category with enough projectives and which has all
kernels. Then the projective model structure ezists on Ch=o(E). Moreover it is a strong left
pseudo-compatible model structure with Waldhausen pair (dgProj(£),20). In particular the
acyclic cofibrations are the degree-wise admissible monics whose cokernels are split exact
complezes of projectives. If E is elementary then it is cellular. In particular if E is locally

presentable and elementary then the projective model structure is combinatorial.

Proof. The class of weak equivalences satisfies the 2-out-of-6 property since it does so in
Ch4(E). Denote the class of fibrations by F and of weak equivalences by W. Also denote
the class of admissible monomorphisms with degree-wise projective cokernel by C. Let us
show that F n W consists of quasi-isomorphisms which are admissible epimorphisms in
each degree. In order to do this, one may first pass to a left abelianization and assume
that £ is abelian. Here the argument is a simple diagram chase. By Proposition [3.1.42] and
Proposition it follows (C,F n W) is a (compatible) weak factorisation system with
corresponding cotorsion pair (ngr:) J(E),20). In particular the cofibrations in the sense of
Definition coincide with the class C. It therefore remains to check that (C n W, F) is
a weak factorisation system.

Let us first check the lifting conditions. First suppose a map As — B, in Ch=((E) has
the left lifting property with respect to maps Xo — Y, in Chso(‘E) which are admissible
epimorphisms in each strictly positive degree. Let E, — F, be a map between any complexes

in Ch(E) which is an admissible epimorphism in all degrees. Consider a diagram

04>Eo

[

.HF.



Since A, and B, are in Ch=o we can factor the above diagram as

Ae —> 1>0FE, — E,

R

By —— 1>0Fs —— F,

Now the map 7>¢9F. — 7>0F. is an epimorphism in each strictly positive degree. By

assumption we can find a lift as follows.

Ay —150F, — E,

L

B.HTZOFOHF.

Thus the map A, — B, has the left-lifting property with respect to all degree-wise epi-
morphisms in Chy(E). By Theorem A, — B, is an admissible monic whose cok-
ernel is a split exact complex of projectives. Now, any acyclic cofibration is of the form
A, — A.@( ®n>0 D"(Pn)) where each P, is a projective object in £, and the map is the
inclusion into the first factor of the direct sum. Clearly then it is enough to show that the
collection of maps {0 — D"(P) : n > 0, P is projective } has the left lifting property with
respect to F, and that a map is in F if and only if it has the right-lifting property with
respect to these maps. However this follows from Lemma [2.2.11] and Proposition [2.2.2]

It remains to find a (functorial) factorisation. Let f, : Xo — Y, be a map in Ch=o(E).

We can factor it in Chy(E) as
Xe — X.(—B((—ano Dn(Pn)> — Y,

where X, — X.@( ®n=0 D”(Pn)) is the inclusion into the first factor, and X.G—)( ®n>0

D"(Pn)) — Y, is an admissible epimorphism in each degree. Then
X, = X@( @m0 D"(P)) = Vi

is also a factorisation of f,, X, — X.@(G—)n>o D"(Pn)> is an acyclic cofibration in Ch=o(E),

and X.® <€|—)n>0 D"(Pn)) — Y, is an admissible epimorphism in each strictly positive degree.

We prove the statement about cellularity. Suppose that P is a projective generating set
consisting of compact objects. It follows from Proposition [3.1.47] that the weak factorsiation
system (C, F n W) is cellular. From our proof above that (C n W, F) is a weak factorisation
system, it follows that {0 — D™(P) : n > 0, P € P} is a set of generating morphisms for (Cn
W, F), so it is also a cellular weak factorisation system. The claim about combinatoriality

is clear. O

87



Remark 3.2.8. The existence of the projective model structure on Chso(E) in the case
that E is quasi-abelian was also known. This is mentioned in a math.stackexchange.com

exchange, [81], as an adaptation of the proof for Chy(E) in [1]].
3.2.2 The Projective Model Structure on Monoidal Exact Categories

We now turn our attention to monoidal model structures on categories of chain complexes.

Proposition 3.2.9. Let (E,®,k) be an additive symmetric monoidal category with E an
exact category. For x € {= 0,< 0,b,+,—} the flat objects in (Ch(E),®,S°(k)) are pre-
cisely the complexes Fy in Chy(‘E) such that for each n € Z, F, is flat. If in addition
countable direct sums exist and are exact, then the flat objects in (Ch(E),®, S°(k)) are also
the complexes F, that for each n € Z, F,, is flat

Proof. Let

0 X Y, Ze 0

be a short exact sequence in Chy(E). Let F, be a complex. Then the nth row of
0HX.®FQHY;®FQHZQ®FQHO

is
0*)®i+j=nXi®Fj 4’@1‘+3‘=nn®Fj 4’@1'+j=nzi®Fj —0
Since the direct sums involved are exact, this sequence is short exact if for each i, j,

0—X;QF, —Y,®F;, —=Z;, F; —=0

is short exact. It follows immediately that a complex whose entries are flat in E is itself
a flat object in Chy(E). To see that a flat complex must have flat entries, simply take a
short exact sequence in ‘£, and regard it as a short exact sequence in Chy(E) concentrated

in degree 0. O

We are going to use Theorem [3.1.18 In order to deal with the third condition of that

theorem we are going to need the following notion.

Definition 3.2.10. An acyclic complex Fy € Ch(E) is said to be ®-stably acyclic if for any
compler Xo, Fo ® X, is acyclic. An acyclic complex Fy € Ch(E) is said to be Hom-stably
acyclic if for any complex Xo, Hom(F,, X,) is acyclic.

Proposition 3.2.11. Let F be a flat object in E. Then for all n, the complex D™ (F) is ®-
stably acyclic. In particular, split exact complexes of flat objects are ®-stably acyclic. If F
is projective then D™(F') is Hom-stably acyclic. Hence split exact complexes of projectives

are Hom-stably acyclic.
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Proof. Clearly it is sufficient to prove the proposition for n = 1. In this case, D(F) ®
Xo = F ®cone(idy,). Since F is flat this complex is acyclic. The proof for projectives is

similar. O

We would also like our model structure to satisfy the monoid axiom. Towards this we

note the following.

Proposition 3.2.12. Let E be an ezxact category and S a class of morphisms in ‘E closed
under direct sums. Suppose that E is weakly S-elementary. Then transfinite compositions

of quasi-isomorphisms in Ch(‘E) which are also maps in S are quasi-isomorphisms.

Proof. The proof is by transfinite induction. Since a finite composition of quasi-isomorphisms
is a quasi-isomorphism, the successor part of the induction is finished. Now let A be a limit
ordinal and F : A — Ch(E) a continuous functor with F(a < (), € § for any morphism
a < fBin Aand n e Z. For a < 8 < A denote by f, g the map F,, — Fg. For 3 < \ write
fs = fo,s- It is clear that

cone(fy) = lim_, ;_, cone(f3)

Since each fg is a quasi-isomorphism, cone(fg) is acyclic. Since £ is weakly S-elementary,
this implies lim_, ,_, cone(f3) is acyclic, means that cone(fy) is acyclic and hence that f) is

a quasi-isomorphism. O
We are now ready to prove the following

Theorem 3.2.13. Let E be a projectively monoidal exact category with enough projectives.
Then the projective model structure on Chy(E) is monoidal. If E also has kernels, then the
projective model structure on Chso(‘E) is monoidal. If in addition E is weakly AdMon-

elementary then Ch=o(‘E) satisfies the monoid axiom.

Proof. By Propososition the cofibrant objects are flat. By Lemma all cofibra-
tions are pure. Now since Proj(£) is closed under ®, ngron(E) is closed under ® by
Lemma Now let L, L’ be dgProj(Z)-complexes with L' acyclic. We have to show
that L ® L' is acyclic. However any complex in Pr0~j(£) is a split exact complex of objects
in Proj(‘£). By Proposition such an object is ®-stably acyclic.

For the assertions about the monoid axiom we must check the conditions of Theorem
3.1.24] The first condition is guaranteed, again because the trivially cofibrant objects are
®-stably acyclic. The second condition follows from Proposition and by Proposition
B.1.44 O

We would like a version for unbounded complexes. We are going to prove the following.
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Theorem 3.2.14. Let (E,®,k) be a projectively monoidal, weakly AdMomn-elementary
exact category which has a projective gemerating set, such that countable product functors
are admissibly exact and and countable coproduct functors are admissibly coexact. Then

(Ch(E),®, Hom, S°(k)) is a monoidal model category which satisfies the monoid axiom.

Proof. The condition on products and coproducts guarantee that (Ch(E),®,Hom, S°(k))
is actually a monoidal exact category. Now the proof goes through in almost exactly the
same way as Proposition All that remains to prove is that the tensor product of two
complexes in ngron(f) is again in ngroj(f). This is a consequence of the proposition

below, and its corollary. d

Proposition 3.2.15. Let £ be a projectively monoidal exact category with a projective
generating set P. If X, is in ngro}(Z) then for any acyclic complex Yo, Hom(X,,Ys) is

acyclic.

Proof. Let P be a generating set of projectives. Then by Observation [2.1.67] for each P € P,
Hom(S%(P),Y,) is acyclic. Moreover S°(P) € dgProj(Z), so Hom(S(P), Y,)is acyclic by

assumption. Now

Hom(S"(P),Hom(X,,Y,)) =~ Hom(S°(P) ® X.,Y.)
~ Hom(X,, Hom(S°(P),Y,))

Since X, is in ngro}(f), Hom(X., Hom(S%(P),Y,)) is acyclic. Since P is a projective

generating set in a quasi-abelian category Hom(X,, Y,) is acyclic. ]
Corollary 3.2.16. If X, and Z, in ngrojj(Z), 50 18 Xe ® Zs

Proof. Since Proj(E) is closed under countable direct sums the entries of the tensor product

are objects in Proj(£). Let Y, be an acyclic complex.
Hom(X, ® Z.,Y,) =~ Hom(X,,Hom(Z,,Y,))

By the Proposition, Hom(Z,, Y,) is acyclic. Since X, is in dgProj(Z), Hom(X,, Hom(Z,,Y.))

is acyclic. O

Duality

In any closed monoidal category (E,®, k, Hom) one can consider the functor
(=) :E—> £ E~— Hom(E,k)

This functor is contravariantly self-adjoint.
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Proposition 3.2.17. Let E be a monoidal elementary exact category. The functor (=) :
Ch«(E) — Chy(E)P is left Quillen for the projective model structure on the left and its

opposite model structure on the right.

Proof. Since any object of Chy(E)° is cofibrant and Hom(—, k) clearly preserves degree-
wise split exact sequences all that remains to prove is that it sends trivially cofibrant objects
to acyclic objects. Indeed if P, is trivially cofibrant then P, — 0 is a homotopy equivalence.

Hence 0 — (P,)" is a homotopy equivalence and we’re done. O

3.2.3 The Dold-Kan Correspondence

In this section we generalise the Dold-Kan correspondence for abelian groups to elementary
exact categories. If C is a category, we denote by sC the functor category [A°P, C], where
A is the usual simplicial category. We use this to show that when Z is elementary the
projective model structure on Ch(E) and Chxo(E) are Kan complex-enriched.

Let us recall the Dold-Kan correspondence for abelian categories. The exposition here

follows [83] 8.4. For an abelian category 4, there are functors
I': Ch=9(4) — s4, N :s4 — Ch=o(4)

constructed as follows:

Given an object A € s4 set

n—1
NA, = (] Ker(d;)
1=0

Define a differential §,, = (—1)"d,, : NA,, —> NA,_1. It follows from the simplicial relations
that NA, is a chain complex. Moreover, since by definition a map of simplicial objects
commutes with the face maps, this construction is functorial.

The construction of ' is more involved. For a chain complex C' € Ch=y(4), one sets
rOn.= @ o
n:[n]—[pl.p<n

where for n : [n] - [p], C;) = Cp. Given a morphism « : [n] — [m] in A, define a morphism
I'(C)(a) : ') (C) — T'n(C) by its restriction I'(or, ) : €y, — I'(C') to each summand C,, as

follows. For each surjection 7 : [n] — [p] we consider its epi-mono factorisation en’ of na.

«
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If p = ¢ so that no = i’ then we take I'(cr, 7) to be the natural identification of C,, with the
summand C,y of I'y,. If p = ¢+ 1 and € = ¢, so that the image of na is {0,...,p — 1}, then

we take I'(a, ) to be the composition
d
Cy = Cp—>Cp1 = Cp —=T'p(C)
Otherwise we take I'(ar,n7) to be 0.
The Dold-Kan Correspondence says the following

Theorem 3.2.18 (Dold-Kan for Abelian Categories). Let 4 be an abelian category. Then
the functors

I': Ch=0(4) — s4, N :s4 — Ch=0(A4)
form an equivalence of categories.

Proof. See [83] §8.4. O

The constructions of I' and N make sense in any exact category which has kernels. Thus

for an exact category E with kernels we get functors
I': Ch=o(E) —> SE, N :sE — Chso(E)
constructed mutatis mutandis as above.

Corollary 3.2.19 (Dold-Kan for Exact Categories). Let E be an elementary exact category.
The functors
I': Ch=o(E) > sE, N :sE — Ch=(E)

defined above are weakly inverse to each other. In particular they give equivalences of

categories.

Proof. Pick a left abelianization I : £ — 4. Then I extends to functors sE — s4 and
Ch=o(E) — Chs0(4), which we will also denote by I. Since I preserves kernels we get a
commutative diagram.

s4—2X Cheo(a)

IT IT
SE —% Cheo(E)

It is also clear from the construction of I' that the following diagram commutes

SA ~— Ch=o(4)

[

SE~— Ch=o(E)

Since the functor I is fully faithful, Theorem |3.2.18|implies the result. O
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Remark 3.2.20. This result is actually overkill. It has been pointed out to us by Theo
Buehler that the Dold-Kan equivalence is valid for any weakly idempotent complete additive
category. A proof (which in fact works on the level of quasi-categories) can be found in [[]|]

Section 35.

If 2 = 4b is just the category of abelian groups, then there is a well-known model
structure on the category s46. The weak equivalences (resp. fibrations) are those maps of
simplicial abelian groups which are weak equivalences (resp. fibrations) on the underlying
simplicial set. As usual, the cofibrations are maps of simplicial abelian groups which have
the left-lifting property with respect to the trivial fibrations. Moreover, the category 46
is an elementary abelian category. As a set of compact projective generators we can take
P = {Z}. Thus there is a projective model structure on Chs((A46). In this case the functors
N and T also form a Quillen equivalence between these model categories. For a proof see
[33] Chapter 3 Section 2. The model structure on s4b is a special case of a much more

general model structure.

Notation 3.2.21. 1. Let Z be an object in a category C. We denote by sZ the constant
simplicial object in sC which is Z in each degree, and such that the face and degeneracy

maps are all idy.
2. If C is additive, then the category sC is enriched over s4b in an obvious way. We

denote the enriched hom functor by Homyg,

Theorem 3.2.22. Suppose that C is a small bicomplete category, and let Z = {Z; : i € I}
be a set of compact objects of C. Then sC is a simplicial model category with A — B a weak

equivalence (respectively fibration) if and only if the induced map
Homyg(sZ;, A) - Homsc(sZ;, B)
is a weak equivalence (respectively fibration) for all I € I.
Proof. See [33] Theorem 6.9. O
In particular if £ is a small bicomplete elementary exact category, then there is a model
category structure on sE where for the set Z in Theorem [3.2.22| we take a generating set

P of compact projective objects. We shall call this the projective model structure on

sE. We are now going to show the following

Theorem 3.2.23 (Model Dold-Kan for Elementary Exact Categories). Let E be a small
bicomplete elementary exact category. Endow Chso(E) and sE with their projective model

structures. Then the functors

I': Ch=0(E) — sE, N : sE — Ch>o(E)
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form a Quillen equivalence.
We use the following notion:

Definition 3.2.24. Let M, N[ be model categories. M is said to be generated by a collection
of functors {F; : M — N }ier if amap f: X — Y in M is a fibration (resp. weak equivalence)
if and only if F;(f) is a fibration (resp. weak equivalence) for each i € I.

By construction the model structure on s is generated by the functors
{Homgs(sP, —) : SE — s4b} pep

where we endow s.46 with its projective model structure.

The model structure on Ch=((E) is generated by a similar set of functors:

Proposition 3.2.25. Let E be an elementary exact category with a projective generating

set P. The projective model structure on Ch=o(E) is generated by the functors
{Hom(S°(P), —) : Ch=o(E) — Ch=o(4a6) : P € P}
where we endow Chso(Ab) with its projective model structure.

Proof. The fibrations in Ch=o(E) are the degree-wise admissible epics in positive degree,
and the fibrations in Ch=(A46) are the degree-wise epics in positive degree. Let fo : Xo — Y,
be a morphism in Chso(Z). Then the components of Hom(S°(P), f,) are Homgz (P, f,,).
Now f, is a fibration if and only if each f, is an admissible epimorphism for n > 0. This is
true if and only if Homg (P, f,,) is an epic for each n > 0 and each P € P, i.e. if and only if
Hom(SY(P), f.) is a fibration for each P € P.

It is clear that Hom(S°(P),cone(f,)) = cone(Hom(S°(P), f.)). Now by Corollary
cone(f.) is acyclic if and only if Hom(S°(P),cone(f.)) is acyclic for all P € P.
Equivalently, f, is a weak equivalence if and only if Hom(SY(P), f,) is a weak equivalence
for each P € P. O

With these structures in hand, we will use the following result in order to prove the

theorem.

Proposition 3.2.26. Let M, N, M', N\ be model categories. Suppose M is generated by
functors {F; : M — N}ier, and M’ is generated by functors {F] : M’ — N'}ier. Let
G:M—> M and H: M — M be adjoint functors

GHH
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Suppose also that there is a Quillen adjunction P - Q, with P : N — N and Q : N/ — N
such that for each i € I the diagram

M <~—— M’

H

-~ !
A< N
commutes. Then G - H is a Quillen adjunction.

Proof. We need to show that H preserves (acyclic) fibrations. Let f be an (acyclic) fibration
in M. By assumption, for each i, F/(f) is an (acyclic) fibration in . Since @ is right
Quillen, @ o F/(f) is an (acyclic) fibration. By commutativity of the diagram

M <~— M

H
e

!

N < N
F;o0H(f) is an (acyclic) fibration for each i € I. Again by assumption, H(f) is an (acyclic)
fibration. ]

Before proving the theorem, we shall make the following easy observation.

Proposition 3.2.27. Let M and M’ be model categories, and G : M — M’ and H : M’ —

M be Quillen adjoint functors
GHH

Suppose further that
1. The unit and counit maps of the adjunction are weak equivalences.

2. G preserves weak equivalences of the form X — HY where X is cofibrant and Y is

fibrant.

3. H preserves weak equivalences of the form GX — Y where X is cofibrant and Y is

fibrant.
Then G - H is a Quillen equivalence.

Proof. Let X be a cofibrant object of M and Y a fibrant object of M’. Suppose that
f: GX — Y is a weak equivalence. Then by assumption HGX — HY is a weak equiva-

lence. Also by assumption X — HGX is a weak equivalence. Hence X — HY is a weak

equivalence.
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Conversely suppose that X — HY is a weak equivalence. Then GX — GHY is a weak
equivalence by assumption. Also by assumption GHY — Y is a weak equivalence. Thus

GX — Y is a weak equivalence.
O

Proof of Theorem[3.2.23. We first note that the following diagrams commute (up to natural
isomorphism).
SE <—— Ch=0(E)
Homsz(spv)l iHom(SO(P)v—)

SAb ~—— Ch=0(46)

sE — 2% Ch=0(E)
Homss(sP,—) Hom(S°(P),-)

sa6 —% Cho(46)
The second diagram follows from the fact that Hom(P, —) : € — 46 preserves kernels (and
therefore intersections). The first diagram follows from the fact that Hom(P, —) : £ — 46
preserves finite direct sums. By Proposition the adjunction is a Quillen adjunc-
tion. Let us now check the hypotheses of Proposition The unit and counit maps
are isomorphisms. In particular they are weak equivalences. In the Dold-Kan correspon-
dence for abelian groups, it can be shown that the functors N : s46 — Ch=((46) and
I': Ch=((4b) — sA4b both preserve all weak equivalences. By the commutativity of the above
diagrams, this also implies that the functors N : sE — Ch=o(E) and I' : Chxo(E) — SE

also preserve all weak equivalences. O

3.2.4 The Simplicial Model Structure

In this section we show that for £ elementary the projective model structure on Ch(E) is

simplicial.

Definition 3.2.28. Let M be a monoidal model category. A functor F : sSet — M which
preserves colimits and sends (acyclic) cofibrations to (acyclic) cofibrations will be called a

simplicial enrichment functor.

Let a simplicial enrichment functor F' be given. Define bifunctors as follows
®: M x sSet > M, ERQX :=FEQ®F(X)

Now also define
(_)(_) M X sSet’P? — M, EX = @(F(X%E)
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and
Map : MP x M — sSet, Map(M, N),, := Hom(M ® A", N)

Proposition 3.2.29. The functors defined above endow M with the structure of a simplicial

model category.
Proof. First let us check that they give a two-variable adjunction. The isomorphism
Hom (E ® X, F) =~ Homy, (E, F*)
is tautological. For the other, note that we have
Homg (E ® A", F) = Map(M, N),
= Homygs,, (A", Map(M, N))

Since E ® — : sSet — M preserves colimits, and every simplicial set is a colimit of the

standard simplicial sets A™, we get isomorphisms
Homg (F ® X, F) ~ Homg,, (X, Map(E, F))

The pushout-product axiom follows from the one for the monoidal structure on M and the

fact that F' preserves (acyclic) cofibrations. O

If ¢ is a closed monoidal category with all small coproducts then there is a strong
monoidal functor k[—] : Set — C. It sends a set X to the object [ [,y k of . This induces
a strong monoidal functor

k[—] : sSet — sC

Let Z = {Z; :i € I} be a set of compact objects in ¢, and consider the model structure
on sC induced by Z. Theorem 6.9 in [33] in fact says that k[—] is an enrichment functor.

The following is clear.

Proposition 3.2.30. Let F' : sSet — M be an enrichment functor. Let N be a model
category, and suppose that there are functors G : M — N and H : N - M such that

G:MZ2N:H
is a Quillen adjunction. Then G o F' is an enrichment functor.

Corollary 3.2.31. Let E be a monoidal elementary exact category. The projective model

structures on Ch=o(E) and Ch(E) are Kan complex-enriched.

Proof. By Proposition [3.2.23| and Proposition [3.2.30] the model structures are simplicial. In
fact they are enriched in simplicial abelian groups, and all simplicial abelian groups are Kan

complexes. ]
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3.2.5 Examples and the Injective Model Structure

Examples

Example 3.2.32. 1. All the examples of Section satisfy the assumptions of Theorem
[3.2.5 such that their categories of unbounded complexes have projective model struc-
tures. The model structures for Ch(Ind(Bany)), Ch(CBorny), and for unbounded
complexes in the contracting normed and Banach categories are monoidal and satisfy

the monoid axiom.

2. In fact if any quasi-abelian category has enough projectives then the projective model
structure exists on Ch(Ind(E)).

The Injective Model Structure

Definition 3.2.33. Let E be an exact category. If it exists, the injective model structure

on Chy(E), for = € {+,b, &} is the model structure in which

o Weak equivalences are quasi-isomorphisms.
o Cofibrations are degree-wise admissible monics.

o Fibrations are maps which have the right lifting property with respect to acyclic cofi-

brations.
By duality we have the following.

Proposition 3.2.34. If a quasi-abelian category ‘E has enough injectives then Ch(Pro(E))

s equipped with the injective model structure.

This was proven by Pridham for £ = Banc in [64]. In [78], St’ovicek introduces the
notions of efficient exact categories and exact categories of Grothendieck type and shows that
they are equipped with injective model structures. Essentially such categories generalise
Grothendieck abelian categories, and as in that case one shows that such categories have
enough injectives. It is not clear to us whether the categories we are interested in, namely

CBorny, and Ind(Bany) are of Grothendieck type.

3.3 Filtered and Graded Model Structures

In [72] Schneiders shows that the category of filtered abelian groups is an elementary quasi-
abelian category. In particular the category of unbounded chain complexes of filtered abelian
groups is equipped with the projective model structure. In this section we generalise this
result to any quasi-abelian category. This will be useful for establishing a version of Koszul

duality in the final chapter
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3.3.1 Model Structures on Graded Objects

Let £ be an additive category with kernels and cokernels.

Definition 3.3.1. The category of No-graded objects in Gr(E) is the full subcategory of

Ch=o(E) on the chain complexes whose differentials are all zero.

This is an exact subcategory of Ch(E) (but it is not extension closed). There is also
an exact functor | — | : Ch(E) — Gr(E) which just sends differentials to 0. Both functors
preserve admissible monomorphisms and epimorphisms. In particular we get the following

result.
Proposition 3.3.2. If £ is an elementary exact category then so is Gr(E).

Proof. If P is a generating set of compact projective objects in Z, then {|S™(P)|:n€Z,P €

P} is a generating set of compact projective objects in Gr(‘E). O

Corollary 3.3.3. If £ is an elementary exact category then the projective model structure

exists on Ch(Gr(E)).

If £ is monoidal, then Gr(E) inherits the monoidal structure from Ch(E). Moreover | — |

preserves flatness, so we get

Proposition 3.3.4. If E is a (closed) monoidal, elementary exact category then so is Gr(E).

3.3.2 Model Structures on Filtered Objects
Filtered Objects

Let £ be an exact category.

Definition 3.3.5. Let A be an object of E. A admissible subobject of E is an ad-
missible monomorphism s : A’ — A. A filtration of A consists of a collection of ad-
missible subobjects of A, {a; : Ai — A}ien, together with morphisms a; @ A;i — A1
such that ;11 0 a; = «;. A filtered object of E is tuple of data (Aw, a;,a;) where Ag
is an object of E and («;,a;) is a filtration of Ay,. A morphism of filtered objects
g : (Aw, a4,a;) — (Bw, Bi, b;) consists of a collection of morphisms {g; : A; — Bi}ien.,, and
Joo : Ay — By such that g;11 0 a; = b; 0 g; and g 0 a; = ;0 g; for all i € Ny. Filtered

objects and morphisms of filtered objects can then be organised into a category Filt(E).

We often extend an Ny-indexed filtration as in the definition to a Z-indexed filtration

by declaring A; = 0 for ¢ < 0.
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Definition 3.3.6. A filtration («;,a;) of an object Ay is said to be exhaustive if Ay

together with the maps oy : A; — Ay is a direct limit of the diagram

ag ai

Ao A, Ay

The full subcategory of Filt(E) on objects equipped with an exhaustive filtration will be de-
noted by Filt(E). Note that a morphism g : (Aw, ai,a;) — (Bw, Bi, b;) of exhaustively filtered

objects is completely determined by the maps g; : A; — B; for 0 < i < 0.
Proposition 3.3.7. The inclusion functor i : Filt(E) — Filt(E) has a right adjoint.

Proof. Let A = (Ay, a4, a;) be an object of #ilt(E). Define A as a follows. A; = A; and
@; = a;, while Ay = lim_,A; and @; : A; — A are the canonical colimit maps. By the
universal property of the colimit there is a unique map ey (A) : Ap — Ay which satisfies
€n(A) o@; = ;. In particular @; is an admissible monomorphism. Hence A = (Ao, @;, a;)
is a well-defined object of Fift(£). This construction is clearly functorial. We denote the
functor by (—). It remains to check that it is a right adjoint. Let us construct a unit and a

counit. The unit 7 : Id — (—)oi is defined on an exhaustively filtered object A = (Ao, i, a;)
as the inverse of the canonical isomorphism lim_,A; — As. The counit € : 7 o (T) — Id is
constructed as follows. For a filtered object A = (Aw, a;,a;), €;(A) : (i0 A); — A; is the
identity. €x(A) : Ay, — Ay is the map constructed above. The unit and counit identities

are easy to check. O

Filtered and Graded Objects

There is a functor Fift : Gr(E) — Filt(E). It sends a graded object A, to the filtered object
Filt(As) which has Filt(As)oo = @D A;, and Filt(As); = D, ; A;. The inclusions which give
the filtered structure are the obvious ones. The functor acts on maps in the obvious way.

There is also a functor gr : Filt(E£) — Gr(E), called the associated graded functor
defined as follows. To a filtered object A = (Ao, a4, a;) it assigns the graded object gr(A).
with gr(A); = A; / A; 1. Again it acts on morphisms in the obvious way.

Limits and Colimits of Filtered Objects

We want to put an exact structure on the categories Filt(E) and ﬁ(f) In order to
do this we first examine limits and colimits in these categories. Let D : J — Filt(‘E) be a
diagram. For each object j € J denote the object D(j) by (Do (4),0i(4),di(j)), and for each
morphism « : j — j' in J, denote the induced morphism D(«) : (D (j),0:(4),di(j)) —
(Do (5"),0i(37),di (")) by (ae, ;). For each 0 < i < oo, there is an induced diagram
D; : J — E sending an object j to D;(j) and a morphism « : j — j' to «;.
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Proposition 3.3.8. Let D : J — Filt(E) be a diagram. Suppose that for each 0 < i < o0
the induced maps (co)lim(6;(j)) : (co)lim;D;(j) — (co)lim;D;y1(j) and (co)lim(d;(j)) :
(co)lim;D;(j) — (co)lim;D(j) are admissible monos. Then

((co)lim;Des(5), (co)lim(6:(5)), (co)lim(di(5)))

is a (co)limit of D in Filt(E). If each D(j) is exhaustively filtered, and (co)limits of diagrams
of shape J commute with transfinite compositions of admissible monos, then the formula

above is also a (co)limit in Filt(E).

Proof. By assumption ((co)lim; D (), (co)lim(d;(5)), (co)lim(d;(j))) is an object of Filt(E).
The universal property is checked directly. O

Proposition 3.3.9. Let E be an elementary quasi-abelian category. ThenFilt(E) is complete

and cocomplete

Proof. By Proposition Filt(E) has filtered colimits and kernels. It remains to show that
cokernels and products exist. As for filtered abelian groups in [72], the cokernel of a map g :
(A, iy a;) — (By, Bi, b;) is given by (coker(gs), Vi, gi) where ~; : Im(A; — coker(gs)) —
coker(go) is the obvious inclusion. The product [[, A* of a family (A¥)gex of filtered
objects is constructed as follows. Write A¥ = (Ak  oF a¥) Define ([]icx A%)i = [Trer AF
and set ([Trepe A% = lim_ (I Tpex A%)i- There are obvious maps p; : ([[rex A¥)i —
(I Tkex A¥),. Since infinite products in an elementary quasi-abelian category are exact

they are admissible monomorphisms, and this gives the filtered structure. O

The Exact Structure on Filtered Objects

Let £ be an exact category. We denote by AdMon the class of admissible monomorphisms.
We say that £ has admissible intersections if the class AdMon is AdMon-pullback
stable. We say that £ has admissible preimages if the class AdMon is pullback stable
along admissible morphisms. These notions are in fact equivalent due to the following result,

which is Proposition 2.15 in [14].

Proposition 3.3.10. Let E be a weakly idempotent complete exact category. Then the pull-
back of an admissible monomorphism along an admissible epimorphism yields an admissible

monic.
By pasting for pullback squares we immediately get the following.

Corollary 3.3.11. A weakly idempotent complete exact category E has admissible inter-

sections if and only if it has admissible preimages.

101



Proposition 3.3.12. Let E be a quasi-abelian category. Then E has admissible preimages.

Proof. By Corollary [3.3.11]it suffices to show that £ has admissible intersections. Let
A-L.p
g g

X—>Y

be a pullback diagram with f and g being admissible monics. Then A — Y is the kernel of
the composition
Y —2 Y @®Y —> coker(g) @ coker(f)

In particular it is an admissible monic.

Definition 3.3.13. A null sequence

f@vfz 0HY1
Y2 dd (B 81, Y29 (Cooy iy ) —— O

0 I (AW7 Qg al)

in Filt(E) is said to be exact if each null sequence

0 A; B; Ci 0

is exact for 0 < i < ©

Proposition 3.3.14. Suppose that E be an elementary quasi-abelian category. Then with

the class of short exact sequences defined above, Filt(‘E) is an exact category.

Proof. Clearly the classes of admissible monics and admissible epics both contain isomor-
phisms and are closed under composition. By Proposition the required pushouts and

pullbacks exist. Now let
(foor i)

(Awuai7a%) (BOO7527 )
(XOO7 Xis xz) (fSO’fl) (YOOa 517 yz)

be a push-out diagram with (fo, f;) an admissible monic. By Proposition the diagram

Joo

Ay —— By

|

XCOHYCO

is a pushout diagram. The filtration on Y is given by Y; = Im(B;® X;) — Y. It remains to
see that X; — I'm(B; @ X;) is an admissible monomorphism. But X; - Im(B; ® X;) - Y

102



coincides with the composition X; - X — Y. X — Y is an admissible monomorphism

as the pushout of an admissible monomorphism. The axiom for pushouts follow from
Proposition [3.3.8 O

Proposition 3.3.15. Let

00— (Aw, oy, ai)M (B, Bi bi) (90,9 (Co, iy ) —=0

be a short exact sequence of filtered objects. Suppose that (N, AdMomn)-colimits exist and

are exact. If (Aw, i, a;) and (Co, i, c;) are exhaustive then so is (Bo, B, ;).

Proof. Consider the diagram of short exact sequences

0 ——lim A, —lim ,B;, —lim ,C; ——0

L

0 Ay By Co 0

The two outer vertical maps are isomorphisms so the middle one is as well. O

In particular the category #ift(E) is an extension-closed subcategory of #ift(£), and so is
an exact category. Let us now classify the projective objects in the category Filt(E). First

consider the following functors. For each [ € N we denote by (—); the exact functor
Filt(E) > E

which sends a filtered object
(AOO7 a’ia ai)

to A;. It sends a morphism (fo, fi) : (Ao, i, ai) — (By, Bi, bi) to fi. This functor is clearly
exact. We denote by Q; : Filt(E) — E defined on objects by

QZ(A007 a’ia ai) = AOO/AZ

It is defined on morphisms in the obvious way. Finally we denote by F; : £ — Filt(E) the
functor which sends an object A of £ to the following filtered object. (Fj(A)); is 0 for j <
and (Fj(A)); = A for i < j < c0. with the structure maps being the obvious ones. Again it

is defined on morphisms in the obvious way, and this functor is clearly exact.

Proposition 3.3.16.
Qi 4 Fip1 = (—)is1
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Proof. Let us first prove the second adjunction. Fix an object A of £, and a filtered object
(Bw, B, bi). Let f: A — (B)i11 be a map in E. There is an induced map f : Fj;;A — B
defined as follows. f] =0for j <¢+1 and f] is the composition A — B;;1 — Bj for

i+1<j<o0. fyis given by the composition Bi1 o f. This gives a map
Homg (A, (B)i+1) — Homygig () (Fir1 4, B)

It is straightforward to verify that it is natural in both A and B. It is clearly an isomorphism
of abelian groups.

Let us now show the first adjunction. Let (Bo, 5, b;) be a filtered object, and let
[+ Bx/B; — A be a morphism in €. There is an induced map f i (Bw, Bisbi) — Fi A

defined as follows. fj isOforj<i+1l,andfori+1<j < fj is given by the composition
Bj —» By — BOO/BZ»H — A
This gives a homomorphism of abelian groups
Homg (Qi( By, Bis bi), A) — Homg(£) (B, Bis bi), Fit14)
which is clearly natural in (By, 8;,b;) and A. It is also clearly an isomorphism. ]

Proposition 3.3.17. Assume that E is a cocomplete elementary quasi-abelian category. If
a filtered object (Aw, s, a;) is projective in Filt(E) then Ay /A; is projective in E for all
i€ Z. In Filt(E) A is projective if and only if Aoo/Ai is projective for each i = 0.

Proof. The first assertion is a consequence of the fact that the functor Q; : Filt(E) — E
is left adjoint to the exact functor F;i1 : £ — Filt(E). Thus Q;(Aw, a;,a;) = AOO/Ai is
projective. The second assertion is a consequence of Proposition and the fact that

the functor (—) is right adjoint to an exact functor, and so preserves projectives. ]
Next we classify the compact objects.

Proposition 3.3.18. Let A = (Ay, oy, a;) be an object of Filt(E). Suppose that each A;
and Axis satisfy one of the smallness conditions of Definition [2.2.5, and for sufficiently

large i, a; is an isomorphism. Then A satisfies the same smallness condition in Filt(‘E).

Proof. Let D : T — #ilt(E) be a relevant filtered diagram. By Proposition the colimit
is computed by taking the colimit in each degree of the filtration. For each k € Ny, there
is an i € Z such that Ay — colim(—)x o D factors through (—)x(ix). Let n be such
that A,, — A,; is an isomorphism for any ¢ € N. Let ¢ = mazo<i<nti,- Then the map

A — colimD factors through D(i). O
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Proposition 3.3.19. Let G be an admissible generating set. Suppose that transfinite com-
positions of admissible monomorphisms indexed by N are exact. Then | J; F;(G) is an ad-

missible generating set for Filt(E).
Proof. Let (Aq, v, a;) be a filtered object. For each i pick some G; € G and an admissible

epimorphism G; - A;. Then @, F;G; — A is an admissible epimorphism. O

Corollary 3.3.20. If E is an elementary cocomplete quasi-abelian category then Filt(E) is

an elementary exact category.

The Monoidal Structure on Filtered Objects

Recall in an additive category € a morphism is said to be a regular monomorphism if
it is the kernel of a morphism. A subobject v : X — A in an additive category is said to be

regular if u is a regular monomorphism.

Definition 3.3.21. Let {u; : X; — A}7_, be reqular subobjects of an object A in an additive
category ‘E which has kernels and cokernels. The regular union of X;, denoted u : | J!_, —

A is the image of the induced map @ : P;_; X; — A.
Unions satisfy the following universal property

Proposition 3.3.22. Let {m; : X; — A}l be regular subobjects of an object A in an
additive category which has kernels and cokernels. There is a regular monomorphism u :
Ui, Xi — A together with monomorphisms u; : X; — Uiy X which satisfy wou; = m;.
If v:V — A is a reqular monomorphism together with monomorphisms v; : X; — V which

satisfy v o v; = u; then there is a map w : U?:I X; —» V such that vow = u.

Proof. The image of a map is a regular monomorphism by its definition. Let v; : X; — V
and v : V — A be as in the statement of the proposition. There is an induced map

W : @ X; — V which fits into a commutative diagram

@Xi%‘/

b

Taking images, and noting that v is regular, we get a commutative diagram

UXZ.LV

N

A
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Definition 3.3.23. Let S be a class of reqular monomorphisms in a additive category with
kernels and cokernels. We say that S admits regular unions if whenever {m; : X; —

A} is a collection of morphisms in S, then the induced map | J;—; Xi — A isin S.

Definition 3.3.24. An exact category E is said to have admissible unions if the class

AdMon admits regular unions.
Remark 3.3.25. A quasi-abelian category has admissible unions.

Let (£,®, k) be a monoidal exact category with kernels and cokernels. Suppose that
for any pair of admissible monos s : E — F, t: X — Y, the map Im(s®t) > X ®Y is is
an admissible monomorphism, and for any finite collection of monomorphisms {s; : X; —
X}, the induced map (J_; X; — X is an admissible monomorphism. Note that this is
automatically true for the class of admissible monomorphisms in a quasi-abelian category.

For filtered objects A = (Aq, v, a;) and B = (B, i, b;), define a filtered object A®Q B
as follows. (A® B)y := Ay ® By.

(A®@B)n = | ) Im(4; ® Bj > A ® By)
i+j=n
The maps («®f), : (AQB), — A®B and (a®b),, : (AQB), — (A®B),1 are constructed
as follows. Write T' = A® B and T} ; = Im(A; ® Bj - AQ B). Denote by ¢;; : T; j — Tiy15
the map induced from o ®IdBj : A; ® Bj — A; ® Bj+1 and by 95 : T; j — T; j41 the map
induced from Idy, ® B : A; ® Bj — A;41 ® B;. Also denote by w;; : T; ; — T the map

induced from a; ® b; : A; ® Bj - A® B. Finally write T}, =  J T; ;. There is a unique

i+j=n
map wy, : T, — T such that the canonical inclusions u;; : T; ; — T, for ¢ + j = n satisfy
wnoui,j = wi,j. Now the COmpOSitiOHS ui+1,jo¢i7j : T’i,j — Tn+1 and ui,j+1owi,j : Ti,j —> Tn+1
induce maps ¢nnt1 @ T — Tny1 and Yy py1 @ T — Thy1. We claim that these maps
coincide. Indeed it is sufficient to show that the maps ;41 ;o ¢; j and u; j41 05 ; coincide.
But wy 10w j+10%i 5 = wij+10%;; = wij and Wp+10Ui41,;0Pi; = wit1,j0¢;; = w; ;. Since
Wn+1 is a monomorphism we get the required result. We set (s ® t)n, = dnn+1 = Ynn+ti-

This is an admissible mono. Moreover the following diagrams commute

Ui, j

T

l@',j
Uit

Tiv1;—>Ths1

Ty
l (a®B)n

Ui, j

T

l¢@j

Ui,j+1
Tijr1——=Thy1

Ty
\L (a®B)n
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Proposition 3.3.26. (A ® By, (@ ® B)n, (a®b)y) is a filtered object. Suppose that
1. Filtered colimits commute with kernels.
2. ® preserves colimits in each variable.

If A and B are exhaustive, then so is AQ B.

Proof. By the preceding remarks there is a factorisation.

lim, lim, Tm(A;®@B; — A®B) — lim_,, (A®B),, = lim_,,, | | Im(4:®B; — Ax®Bx) — A®B

i+j=n
Since each map in the factorisation is an admissible monomorphism it suffices to show

that the composite is an isomorphism.

lim_, lim_, ; Im(A; ® Bj — Ap ® By) = Im(lim_,,lim_,; 4; ® Bj — Ay @ By)
= Aoo ® Boo

O]

Proposition 3.3.27. A filtered object (Hy,t;, hi) in an elementary quasi-abelian category
is flat if Hyp, and HOO/H,; are flat.

Proof. Suppose that (Hy,t;, h;) is flat. Let

0 A B c 0

Then
0 A FyB FoC 0

is exact in Filt(E). Therefore
0—HRFWA—HQFyB— HX FC——0
is exact. In particular
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is exact. Hence Hy, is flat. Moreover, by assumption we have the following diagram with

exact columns and exact top two rows.

0—Im(H;®A > Hy®A) —Im(H;® B> Hy®B) —=Im(H;®C - H,, ® C) —=0

0 H,®A H,®B Hy,®C
0 (Hoo/H:) ® A (Hoo/H:) @ B (Heo/Hi) @ C
0 0 0
Therefore the third row is exact, so Hyp / H; is flat. ]

We’re not sure how to precisely classify flat objects. However we have the following.

Proposition 3.3.28. Let X be a flat object of E. Then for any i = 0, F;X is a flat object
of Filt(E).

Proof. If X is flat and A = (Aw, a4, a;) is an object of Filt(E), then (F;X ® A); is 0 for
j<iand X ®A;j for j > 4. From the definition of exact sequenecs in FiltE it is clear that
F; X ® A is exact. ]

Corollary 3.3.29. Let E be a monoidal elementary quasi-abelian category. Then Filt(E)

s a monoidal elementary quasi-abelian category.
Model Structure on Filtered Chain Complexes
The results in the previous sections imply the following.

Proposition 3.3.30. Let £ be an elementary quasi-abelian category. Then the projective

model structure exists on Ch(Filt(E)) and is cellular and combinatorial.

Proposition 3.3.31. Let f: A — B be a map of exhaustively filtered complexes. Then
1. gr(f) is an admissible monic if and only if f is.
2. gr(f) is an admissible epic if and only if f is.

3. gr(f) is a cofibration then so is f.
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4. gr(f) is a quasi-isomorphism if and only if f is.

Proof. 1. Suppose that gr(f) is an admissible monic. Let C be the cokernel of f. Let us

show by induction that for each ¢
0—- A, —-B,—-C;, —0

is exact. For ¢ = 0 this is true by assumption. Suppose it has been shown for i < n.

Consider the following commutative diagram

0 0 0 0
0 An+1 Bn+1 CnJrl —0

OHAn-‘rl/An HBn-‘rl/Bn *)Cn-‘rl/cn —0

0 0 0 0

The columns are exact. By assumption the bottom row is exact. By the inductive
step the top row is exact. Hence by the 3 x 3 lemma the middle row is exact. The
converse is proved similarly, by applying the 3 x 3 lemma this time with the top two

rows exact.
2. This is proved in exactly the same way as part 1.

3. By Part 1 it remains to show that each C; is cofibrant. Again we do this by induction.
For ¢ = 0 again this is true by assumption. Suppose it has been shown that C; is

cofibrant for i < n. There is an exact sequence

0 Chn Cn+1 CnJrl/Cn —0

The first and last terms are cofibrant. Hence the middle term is as well.

4. By Parts 1 and 2 the functor gr reflects admissible morphisms. Thus it is sufficient
to show that it reflects short exact sequences. This is proved in exactly the same way

as Part 1.
O
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3.4 Homotopy in Additive Model Categories

In this section the goal is to investigate when homotopy equivalences in additive model
categories are in fact weak equivalences. Let us first make the following straightforward

observations.

Proposition 3.4.1. Let E be an additive category. Let M be a class of morphisms in E.
Then the classes of morphisms MZ and # M are closed under taking direct sums.

Immediately we get the following result.

Corollary 3.4.2. Let f : X - Y and g : A —> B be weak equivalences. Then f @ g :
XPA—-Y®B is a weak equivalence.

Proposition 3.4.3. Let f : X — Y be a weak equivalence, and let g : X — Y be a map
which factors through a trivial object W. Then f + g is a weak equivalence.

Proof. Write g = qop where p: X — W and ¢: W — Y, with W being a trivial object.
We can factor f + g as

X—XoW —YoW —Y

The middle map is a weak equivalence by assumption. It therefore suffices to show that
the maps X - X @ W and Y @ W — Y are weak equivalences. By duality, it is sufficient
to show that X — X @ W is a weak equivalence. Now the projection X W — X is a
weak equivalence by Corollary The composition X — X @ W — X is the identity,
and is therefore a weak equivalence. By the 2-out-of-3 property, X — X @ W is a weak

equivalence. ]
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Chapter 4

Homotopy Theory of Algebras in
Exact Categories

In this chapter we develop the homotopy theory of algebras in monoidal elementary exact
categories. We begin showing that transferred model structures exist on categories of al-
gebras over operads in very general additive model categories. We then study co-operadic
and operadic versions of Koszul duality in monoidal elementary quasi-abelian categories.
We show that many results known for categories of vector spaces work in this very broad
setting. In particular we give an interpretation of Koszul duality for Lie and commutative
algebras in terms of the shifted cotangent complex. We conclude by studying analytic (non-
formal) fattenings of formal neighbourhoods of differentially graded Lie algebras. For basic
definitions and results about operads and their algebras in monoidal additive categories
consult Appendix

4.1 Higher Algebra Settings

In this section we will let £ be a complete and cocomplete, locally presentable additive
category. We further assume that Z is endowed with an additive Kan-complex enriched
monoidal model structure which satisfies the monoid axiom, is combinatorial, is proper,
and has an additive homotopy category. We do not assume that either the model structure
or the monoidal structure are compatible with the exact structure. An additive category
satisfying all of the above assumptions will be called a higher algebra setting (HAS)
(c.f. the notion of HAG in [79]). An HAS is said to be a strong HAS if there is a set
of generating acyclic cofibrations which are split monomorphisms with trivially cofibrant
cokernel. A strong HAS is said to be a rigid HAS if tensoring with cofibrant objects
preserves weak equivalences. Note that by [51] Theorem 5.5.1.1 a HAS presents a locally
presentable (o0, 1)-category E. We have the following obvious but extremely useful technical

property of strong higher algebra settings.
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Proposition 4.1.1. Let E be a strong HAS. Then any acyclic cofibration f: A — B is a
retract of a map of the form X — X ®Y where Y is trivially cofibrant.

Example 4.1.2. Let (E,®, Hom, k) be a locally presentable closed monoidal elementary
ezact category. Then (Chso(E),®,S°(k)) is a rigid HAS. If countable coproducts are ad-
missibly coezact and countable products are admissibly exact then (Ch(E),®, Hom, S°(k))
is also a rigid HAS.

Proof. By Theorem and Theorem these are monoidal model categories which
satisfy the monoid axiom. By Theorem [3.2.3]and Theorem [3.:2.7)they are combinatorial, and
have generating acyclic cofibrations which are split monomorphisms with trivially cofibrant
cokernel. The standard proof that derived categories of abelian categories are additive
goes through for exact categories. By Corollary the projective model structure on
Ch(E) is Kan complex-enriched. To see that this HAS is rigid, let C' be cofibrant. Then
0 — C is a cofibration. In particular C' is the cokernel of a cofibration. Thus it suffices
to show that tensoring with the cokernel of a cofibration preserves weak equivalences. It
in fact suffices to show that tensoring with cokernels of generating cofibrations preserves
weak equivalences. But the cokernel of a generating cofibration is either S™(P) or D™ (FP’)
for P, P' projective. Since projectives are flat, tensoring with such objects clearly preserves

weak equivalences. ]

4.1.1 Familiar Homotopical Algebra in Higher Algebra Settings
Modules

Proposition 4.1.3. Let (£,®,k) be a HAS and let R be a commutative monoid in E.
Then with its transferred model structure and induced closed symmetric monoidal structure,

(rRMod ,®pr, Homp) is a HAS. If (E,®, k) is a rigid or strong HAS then so is (rMod ,@r, Homp).

Proof. The transferred model structure exists by Theorem and is cofibrantly gener-
ated by Corollary Also by Theorem it is monoidal and satisfies the monoid
axiom. pMod is locally presentable by [53]. To see that its homotopy category is additive,
let M and N be R-modules. We may assume that M is cofibrant, and in fact that it is free
on a cofibrant object P in £. Then Homg,(,a04) (R ® P, N) = Hompqg) (P, N) which is
an abelian group by assumption. Finite biproducts are constructed in the obvious way.
Suppose that I is a set of generating acyclic cofibrations for £ which are split monomor-
phisms. Then {idg®?1 : i € I} is a set of generating acyclic cofibrations in pMod. Tensoring
with R clearly preserves split exactness of a sequence, so pMod also has a set of generating

acyclic cofibrations which are split monomorphisms with trivially cofibrant cokernel.
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Finally suppose that E is rigid. Let X be a cofibrant object of pMod. Then X is a
retract of an object of the form R® A where A is a cofibrant object of £. Thus it suffices

to show that tensoring with R ® A over R preserves weak equivalences. This is clear. [

Let (£,®,Hom, k) be a locally presentable closed, projectively monoidal, elementary
exact category. Suppose that countable coproducts are admissibly coexact and countable
products are admissibly exact and let R be a commutative monoid in £. By Proposition
[2.2.24) RpMod is again an elementary exact category, and it is locally presentable. Thus
Ch(rMod) is equipped with a combinatorial projective model structure, and has a set of
generating acyclic cofibrations which are split monomorphisms with trivially cofibrant cok-
ernel. However the induced monoidal structure on pMod, namely — ®r — need not be
compatible with the exact structure. This one of our motivations for considering higher
algebra settings rather than just pseudo-compatible model structures on monoidal exact
categories. We also want to consider model structures on modules over commutative differ-
ential graded algebras. It is however useful to know that in these cases the model structures

are left pseudo-compatible (resp. compatible).

Categories of Algebras

Recall that if we have an adjunction F': ¢ 2 D :G and C is a model category, we can
investigate when the transferred model structure exists on D. For details see Section
We are interested in the case of the free-forgetful adjunction for algebras over an

operad.

Definition 4.1.4. An operad B in E is said to be admissible if the transferred model

structure exists on ﬂ[gm(f).
The next result follows immediately from Theorem
Proposition 4.1.5. Let E be a HAS. Then the associative operad Ass is admissible.

Now we turn to commutative monoids. If a (strong/ rigid) HAS £ is enriched over
Vectg rather than just 46, we shall call it a (strong/ rigid) Q-HAS. We denote the category

of unital commutative monoids by A4, . (£) and of non-unital commutative monoids by

“q[gﬁomm”“ (‘Z) :

Proposition 4.1.6. Let E be a strong Q-HAS. Then the operads Comm and Comm™ are

admissible.
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Proof. The forgetful functor 4l (E) — E preserves filtered colimits. Thus we may apply
Corollary The transferred model structure exists on 4ss(Z) by Proposition
In particular the functor T' : £ — 4ss(‘E) preserves acyclic cofibrations. By Proposition
for any map X — Y in £, the map S(X) — S(Y) is a retract of T'(X) - T'(Y). In
particular if X — Y is an acyclic cofibration in £, then S(X) — S(Y) is a weak equivalence
in £. Now suppose g is a generating acyclic cofibration in £. We may assume g is an
inclusion as a direct summand, i.e. of the form X — X @ Z where Z is trivially cofibrant.
Since S is a left adjoint it preserves colimits, so S(X @ Z) = S(X)® S(Z), and S(g) is the
map idg(x) ® 1g(z) where 1g(z is the unit of the commutative monoid S(Z). Consider a

push-out diagram

S(X) A
ls(g) LS(Q)'
S(X)®S(Z)——=B

Then B is isomorphic to A ®g(x) (S(X) ® S(Z)) = A® S(Z) and under this isomorphism
S(g) isida®1 s(z)- Any transfinite composition of such maps will again be of the form
t:A— A®S(Y) with Y trivially cofibrant, since both ® and S preserve colimits and
coproducts of trivially cofibrant objects are trivially cofibrant. Now k = S(0) — S(Y)
is a split monomorphism with cokernel P,,~; S"(Y). @,>,S"(Y) is trivially cofibrant.
Therefore S(0) — S(Y) is an acyclic cofibration. By assumption (—) ® A sends acyclic
cofibrations to weak equivalences. In particular t is a weak equivalence.

For the category Algy,...nu(E) the proof is similar. In this category the coproduct of
two non-unital commutative monoids A and Bis A@BPARB. If g: X - X P Zisa
generating acyclic cofibration as before Then S™(X) — S"™(X @ Z) = S"(X)DS™(Z)®
S™(X)®S™(Z). The map S™(g) is the natural inclusion. If

ls(g) ls(g)’

s™(X) @ s™(Z) @ (S"(X)® 5™ (Z)) — B

Then B is isomorphic to A@® S™(Z)® A® S™(Z) and S(g)’ is the natural inclusion. The
cokernel of this map is S™(Z) ® (A ® S™(Z)) which is trivially cofibrant by the first part
of the proof. O

Finally we turn to Lie monoids.

Proposition 4.1.7. Let (E,®,k) be a Q-HAS. Then Lie is admissible.
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Proof. Let f: X — Y be a generating trivial cofibration in £ and suppose

LX)t 4

iL(g) lg’
f/

LyY)l—~nB

is a pushout diagram in Lie(E). Since U is a left-adjoint the following diagram

vy 2L By

is a pushout in 4ss(E). Now as a left adjoint, the functor U preserves colimits. Thus if m
is a transfinite composition of pushouts of images L(g) of generating acyclic cofibrations
g, then U(m) is a transfinite composition of pushouts of images T'(g) of generating acyclic
cofibrations g. By Theorem and Theorem U(m) is acyclic. But m is a retract
of U(m) by Theorem [B.1.2] Hence m is also a weak equivalence. O

In strong pseudo-left compatible model structures we also have the following technical,

but useful, fact.

Proposition 4.1.8. Let E be a Q-HAS whose underlying model structure is a strong left
pseudo-compatible model structure. Then the model category ﬂgqam(z) is left proper.

Proof. Let f: X — Y be a weak equivalence and g : X — Z a cofibration. Consider the

P,

7L 7oy Y

pushout diagram

Since acyclic cofibrations are stable under pushout along any map we may assume that f
is an acyclic fibration. So there is an exact sequence 0 - W — X — Y — 0 with W € 2.
Then Z ®x Y = coker(W — Z). The map W — Z is an admissible mono, so there is an
exact sequence 0 - W — Z — Z®x Y — 0. In particular f’ is an admissible epimorphism

with kernel W € 2, and is in fact an acyclic fibration. O

4.1.2 Interval Higher Algebra Settings

To prove that categories of algebras over more general operads are equipped with transferred

model structures we need our model category to have an interval object (see Section [A.1.5)).
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Definition 4.1.9. An interval higher algebra setting (IHAS) is a rigid HAS to-
gether with a good coassociative coalgebra interval object ([0, 1], A, €), and a generating set of

acyclic cofibrations of the form {0 — C,} er such that the objects C, are [0,1]-contractible.

Our main example is of course chain complexes in a monoidal elementary quasi-abelian

category.

Example 4.1.10. Let £ be a monoidal exact category. Consider in Ch=o(E) — Ch(E) the
complex [0, 1]

04>kq4d>kp1 ® kp, —>0

Here for each index o € {q,p1,p2} ka is just a copy of k. The differential kg — kp, @ kp, is

= (i)

As in the case of R-modules (see for example [T]]) this can be endowed with a coassoca-

given by

tive coalgebra structure. If E is a monoidal elementary exact category then it is a good

coassociative coalgebra interval object for the projective model structure.

Proposition 4.1.11. Let E be an IHAS Let f : A —> B and g : A — B be maps such that

f ~l[0 1 9- If g is a weak equivalence then so is f.

Proof. The map f — g is homotopic to 0, so it factors through coker(k® A — [0,1] ® A) =~

coker(k — [0,1]) ® A. By assumption this is a trivial object, so we conclude by Proposition

B.4.3 O

In particular we have that homotopy equivalences relative to [0,1] are in fact weak

equivalences.

Proposition 4.1.12. Let E be an THAS and f : A — B a homotopy equivalence relative to

[0,1]. Then f is a weak equivalence.

Proof. Pick a homotopy inverse g for f. Then go f ~l[071] Idg and fog ~l[0’1] Idp. By
Proposition [4.1.11] f o g and g o f are weak equivalences. By the 2-out-of-6 property, f and

g are weak equivalences. O

Let us briefly discuss properties of [0, 1]-contractible objects in interval higher algebra
settings. Let M be [0, 1]-contractible. That is the 0 map M — 0 is a homotopy equivalence
relative to [0,1]. This means that there is a map H : [0,1] ® M — M with Hy = 0 and
Hy = Idyy.

Proposition 4.1.13. Let Y = X ®C. IfY is [0, 1]-contractible then so is X.
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Proof. Let H : [0,1]®Y — Y be a map such that Hy = 0 and H; = Idy. Consider the
map Hx : [0,1] ® X — X defined by the composition.

0,11 X —= ([0,1]@X)®([0,1]®Y) = [0,1]|(X®C) —EX®C—= X
This gives a homotopy between ¢dx and 0. O

Proposition 4.1.14. Let £ be an IHAS and f : A — B an trivial cofibration in ‘E with
cokernel C. Then C is [0, 1]-contractible. In particular trivially cofibrant objects in E are

[0, 1]-contractible.

Proof. By Proposition[f.1.]] f is a retract of a trivial cofibration map of the form X — X@Y
where the map includes X as a direct summand and Y is a coproduct of the objects {C }er-

In particular C' is a summand of Y. O

Proposition 4.1.15. Let ‘E be an IHAS and R a commutative monoid object in ‘E. Then
RMod is an IHAS.

Proof. Let ([0,1],V,€) be a coalgebra interval in £. The functor R® (—) : £ — gpMod is
strong monoidal, so (R®|0, 1], R®V, R®¢€) is a co-associative coalgebra interval in pMod .
Moreover the functor R® preserves cofibrations and weak equivalences between cofibrant

objects, so the coalgebra interval is good. O

Homotopy of Y-modules

Let £ be an IHAS with coassociative coalgebra interval ([0, 1], A, €), and a generating set
of acyclic cofibrations of the form {0 — C,},er with C, being [0, 1]-contractible. Consider
the category Gr(‘E). This can be endowed with a monoidal model structure in which weak
equivalences, fibrations and cofibrations are defined degree-wise. It is clearly a higher al-
gebra setting. Regarding ([0, 1], A, €) as a graded object concentrated in degree 0 gives a
good coassociative coalgebra interval in Gr(E). A generating set of acyclic cofibrations is
given by {0 — C,},ern>0 and each of these is [0, 1]-contractible. In particular Gr(Z) is an
THAS.

Moreover as modules over an associative monoid in Gr(‘E) the category of ¥-modules

(see Appendix [Bf) has a transferred model structure.

Proposition 4.1.16. 1. Let f : M — N be a morphism of ¥-modules and X an object

of E. If f is an acyclic cofibration then f o Idx is a weak equivalence.

2. Let f: M — N be a morphism in E and X a X-module. If X is cofibrant and f is

an acyclic cofibration then idx o f is a weak equivalence.
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Proof. 1. We may assume f is a generating acyclic cofibration, so it is of the form
0 - P® 3, where P is trivailly cofibrant in E£. Then f o Idx is 0 except in arity n,

where it is 0 — P ® X®" which is a weak equivalence by assumption.

2. This is similar to part 1, again noting that X is a retract of an object of the form
Y ® ¥ with Y cofibrant in Gr(E).
O

Homotopy of Operadic Algebras

Let (A,~v4,n4) be an algebra over an operad 3. Since the unit 14 satisfies y4 o g = Ida

we immediately get the following.

Proposition 4.1.17. Let A be a P-algebra. The map v4 : P(A) — A is a split epimor-

phism. Moreover, Ker(y4) is the regqular ideal generated by the image of the endomorphism
Id‘ﬁ(A) —1NAaO0YAE Endg(‘B(A))
Split Operads

Recall the adjunction between the categories of symmetric and non-symmetric operads.

(—=)*: 0p,, = Op:|—|

As we shall see it is reasonably straightforward to put a model structure on categories of
algebras over a non-symmetric operad. If a symmetric operad 3 were ‘split’, i.e. the counit
of the adjunction |(8)*| — P had a section then it would also be easy to put a model
category structure on ﬂ[gm. Following [36] this is possible even with a weaker notion of
splitting. Denote by < n > the ordered set {1,...,n} and by X,, the nth symmetric group.
A monotone injective map f :< s >—< n > induces an injective group homomorphism

Ly Xg — X, as follows

K i¢ Im(f)
slo) = {f(p(j)) i = £)

It also induces a map of sets ps : £, — X5 by p = ps(0) precisely if

p(i) < p(j) = o(f(0)) <o(f(5))
Also define the set

Tf={oceX,:00f:<s>-><n> is monotone }
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By a Lemma in [36] any o € ¥,, can be written uniquely as

o =T1is(p)

where 7 € Ty and p € ¥,. Moreover p = ps(0). If M is a ¥,-module then we also denote
by ps the map

given by

®,
MY, L Moy,

where 7 is the automorphism of M determined by 7 € ¥,,.

Definition 4.1.18. Let B be an operad in E. A Y-splitting of P is a collection t(n) :
B(n) — |B|*(n) of maps in E such that

1. t(n) is Xy, -equivariant.

2. mot(n) =id:P(n) — P(n)

3. For any m,n > 0 and 1 < k < n the diagram below commutes.

B(n) @ P(m) - B(n+m—1)
t®id
PB(n) ® k[X,] @ P(m) t
ps®id PBn+m—1)Qk[En+m—1]
B(n) ® k[Zn—1] @ P(m) Py
” 0L®id

P(n) @P(m) @ k[X,-1] PBn+m—1)Qk[X,_1]
An operad which admits a X-splitting is said to be X-split.

If £ is a Q-HAS then any operad is split via the map

1
t(n) = Z o '®c

T oex,

We are going to prove the following generalization of [36] Theorem 4.1.1.

Theorem 4.1.19. Let E be an IHAS.
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1. If B is a non-symmetric operad then the transferred model structure exists on ,‘Zl[gm.

2. Suppose that the underlying additive category of E is quasi-abelian. If B is a split

symmetric operad then the transferred model structure exists on ﬂ[gm.

Proof. 1. We need to check that for a B-algebra A, and for X trivially cofibrant, the
map i: A — AJ[B(X) is a weak equivalence. We may assume that 0 — X is a gen-
erating trivial cofibration which is [0, 1]-contractible. We are going to prove the more
general statement that for an [0, 1]-contractible object X, the map A — A][B(X)

is a homotopy equivalence.

Write V = |A|@®X. Let h: [0,1]® X — X be a homotopy between the identity of X
and the map 0 : X — X. Then the map h given by the composition

~ Qid) 4| Dh
_—

[0, 1]® (|A]® X) — ([0, 1]® [A]) @ ([0, 1] ® X) Al@ X

gives a homotopy between idy and the endomorphism « which is given by the following
composition

V-X->V

with the first map being the projection and the second the inclusion. Now there is
a natural map p : A[[P(X) — A defined as follows. Its restriction to A is the
identity while it restriction to (X)) is the unique map of algebras induced by the
0 map X — A. By construction poi = idg. We claim that i o p is homotopy
equivalent to id 4 yp(x). The map p can also be described as follows. Consider the
map P(V) — P(A) induced by the projection V' — |A|. Let K be the kernel of the
map P(|4]) — A. Its preimage J in P(V) is the ideal in P(V) generated by K.
Moreover B/J is A][PB(X), and the induced map

A [B(x) - A

is p. Now by Proposition h extends to a homotopy H between idyy) and the
composition p
PBV) = B(AD) — BV)

It is sufficient to show that H |[071]® g factors through K. Now since J is gener-
ated by ImPB(ia) o (Idy(a) — 14 © v4), by Propositions [B.3.14| and [B.3.15| it is suf-
ficient to check that H o Idjg 1) ® (B(ia) o (Idypa) — na ©7v4)) factors through K,
i.e. that y4 o H o Idyy.) ® (Idpay —na ©ya) = 0. But by construction of H,
Holdr ® (Idgay —nacvya):[0,1] ®P(A) — P(A) is just p® (Idgpay — 14 © 7a).
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The composition is then clearly 0.

2. Consider the composition

Id®(toidy)

H=1[0,1]® (BoV) [0, 1] (BOT)o V) ——[0,1]® (B o V)

H

c/anOV mov

Here 13"° is the non-symmetric operad associated to 3. H is the homotopy between

idspns vy and the composition

PV) = P(A]) — B (V)

and the map PRV — PRV is given in each arity n by the projection P(n)QVE" —
PB(n) s, V. Since t is not a morphism of operads we cannot mimic the proof
for non-symmetric operads. For each r € N let +/"® denote the restriction of the
composition P o A — Po A — A to P(r) ® A", and let K"* denote the image of

the composition

Udy ()@ a®r —4°71")

P(r) @ A®" (B(r) @ AP ) ®@B(1) @ A — (P 0 A) ® (B 0 A)2—= P 0 A

where the last map is the diagonal, and the second last map is the natural inclusion.

For r,s € N let J;'§ denote the image of the composition

01®1dy, m+s—1

Ps) @ K @V —— @, Fls) ©P(m) @ Vot 2

P, Bm+s-1)® ymts—l___pns o |/

s

J =2 sJrs A tedious diagram chase using condition (3) of Definition [4.1.18 shows
that H maps [0,1] ® Jy.s to Jy.,. Therefore H maps [0,1]® J to J and we are done.
O

Finally let J; s denote the image of J;'; under the projection P"* oV — Po V. Then

Corollary 4.1.20. Let E be a Q-IHAS and P any operad. Then B is admissible

4.1.3 Homotopical Algebra Contexts

Before moving on let us make a connection with geometry. Recall that in [79] Toén and Vez-
zosi introduce an abstract categorical framework in which one can ‘do’ homotopical algebra,

namely a homotopical algebra context. Let us recall the (slightly modified) definition.
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Definition 4.1.21. Let M be a combinatorial symmetric monoidal model category. We say

that M is an homotopical algebra context (or HA context) if for any A€ Al . (M).

1. The model category M is proper, pointed and for any two objects X and Y in M the

natural morphisms

Qx[[Qv > X][]Y > RX xRY
are equivalences.
2. Ho(M) is an additive category.

3. With the transferred model structure and monoidal structure —® 4, the category sMod

is a combinatorial, proper, symmetric monoidal model category.

4. For any cofibrant object M € sMod the functor
— Qa4 M : gMod — s Mod
preserves equivalences.

5. With the transferred model structures Alge, . (aMod) and Alge,. . (aMod) are com-

binatorial proper model categories.
6. If B is cofibrant in Ay, . (aMod) then the functor
B®a — : poMod — sMod
preserves equivalences.
Proposition 4.1.22. Let E be a rigid Q-HAS. Then it is a homotopical algebra context.

Proof. E is assumed to be proper, and its homotopy category is assumed to be additive. It

is clearly pointed. Since it is additive the natural maps
QX[[Qv > X][]Y »>RX xRY

are clearly equivalences. All that remains to prove is the final claim. Now if B is a cofibrant
A-algebra then it is a retract of the free A-algebra on a cofibrant A-module. But the free
A-algebra on a cofibrant A-module is cofibrant as an A-module. Hence B®y4 (—) preserves

equivalences by 4). O
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The Cotangent Complex

By [79] Section 1.2 a homotopical algebra context has sufficient structure to define the
relative cotangent complex of a map f : A — B in A, . (E). Let us briefly recall the
discussion here. For a commutative monoid B write gy (3 Mod) := Alg,,  (pMod) /B

Comm

for the category of augmented commutative B-algebras. There is an adjunction

K: Ay, ou(pMod) 2 Agats (pMod)

Comm

where K is the trivial extension functor and I sends an algebra C to the kernel of the
map C' — B. This is both an equivalence of categories and a Quillen equivalence of model

categories. There is also a Quillen adjunction
Q: A g o (BMod ) = pMod :Z
where Q(C) is defined by the pushout

C®pC

c
|
(©)

and Z just equips a module M with the trivial non-unital commutative monoid structure.

Q

Now given a map f : A — B in 4l .. () we define the relative cotangent complex by

]LB/A = LQRI(B ®Y% B)

It is shown in [79] that L 5/a corepresents the functor of (oo, 1)-categories

sMod — sSet, Mb—»MapAlg B,Bx M)
Comm

(AMac{)/B(

where B x M is the square-zero extension of B by M (see Section [B.3.2)). Here Map is the

simplicial mapping space. We also write Lp := L Now let C' be any A-algebra and

B/k
consider the category Alggomm(4Mod)/C. There is a functor

Alggomm(aMod) /C — cMod, B — L /4 Q% C

It is left adjoint to the functor sending a C-module M to the square zero extension C' x M.
When C = A = k so that Alggynm(aMod)/k = Algg,d we denote this functor by Lo.
For cofibrant algebras we have the following result. The proof for vector spaces over a field
is standard (for more general operads it can be found in Section 12.3.19, [48]), and goes

through with minor modifications.
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Proposition 4.1.23. Let A — k be a cofibrant augmented algebra. ThenILg(A) = coker(I®
I — I) where I = Ker(A — k) is the augmentation ideal. Suppose further that Lo(A) is
cofibrant. Then Ly = AQLy(A).

Proof. Since A is a cofibrant we may assume everything is underived. We need to show that
the functor sending A to the k-module coker(I ® I — I) is left adjoint to the square-zero
extension functor. Let f: A — k x M be map of augmented algebras. This induces a map
I — M of augmentation ideals which clearly descends to a map f : coker(I®I — I) — M.
Conversely suppose we are given a map ¢ : coker(I ® I — I) — M. Consider the map of
modules A = k[[I — k[[I/I* — k][ M. This is in fact a map of algebras A — k x M.
These maps on hom sets are inverse, realising the adjunction. For the second assertion note

that A is cofibrant in the slice category over A. Thus we need to show that
Homﬂg] /A(A,A X M) = Hom ,aps(A®Lo(A), M) = Homg(Lo(A), M)

~ Homp(I/I?, M)
This computation is entirely similar to the first part. O

We will repeatedly make use of the following facts which constitute Proposition 1.2.1.6
in [79].

Proposition 4.1.24. 1. Let f : A— B and g : B — C be morphisms of algebras. Then

there is a homotopy cofiber sequence in cMod .
L
]LB/A ®pC— I[‘C/A - LC/B

2. If
A— =B

L

A ——- D
is a homotopy pushout in ’q[ﬂ@mm(z) then the natural map LB/A ®p B — ILB,/A, 18

an equivalence.

Homotopy Epimorphisms

Let us now briefly discuss the homotopy epimorphisms which appear in the covers of the
Stein topology studied in [5]. Recall that in a category ¢ with pushouts a map A — B
is an epimorphism if and only if the induced map B[], B — B is an isomorphism. This

motivates the following derived notion of an epimorphism.
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Definition 4.1.25. Let M be a model category. A morphism f: A — B in M is said to be

a homotopy epimorphism if the induced map B ]_[H;‘ B — B is an equivalence.
Let us make the following straightforward observation.

Proposition 4.1.26. Let f : A — B be a homotopy epimorphism. Let g : X — Y and
h: X — A be any maps. Then the induced map

L L
AHYHBHY
X X

is a homotopy epimorphism. In particular if M is left proper and g is a cofibration then the

AHYHBHY
X X

map

s a homotopy epimorphism.

Proof. We have

L L L L L L
B[y [] B][n=@][»]]]][)=B]]Y
X Allky X A X Y X

The second assertion follows because in this case the normal pushout is the homotopy

pushout. ]
The following is an obvious generalisation of a calculation in [I0] Lemma 4.40

Proposition 4.1.27. Let f: A — B be a map. Then f is a homotopy epimorphism if and
only if for any map g : B — C the map

L
B][c—-cC
A
s an equivalence.
Proof. We have
L L L L
Bl[[c=B]]B]][c=B]][C=C
A A B B

Proposition 4.1.28. Let h be the composition
A I B—21-C

If h and f are homotopy epimorphisms then so is g. If f and g are homotopy epimorphisms

then so is h.
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Proof. Suppose that h and f are a homotopy epimorphisms. Then we have

L L L L
cxc|Jc=c]]B]]Jc=c]]C
A B A B

Now suppose that f and g are homotopy epimorphisms. Then we have

L L L
C;CHC;C ]_[ C’;CHC
B BHHAB A

The following is clear and applies to all the higher algebra settings we consider.

Proposition 4.1.29. Suppose that direct limits preserve weak equivalences in M. Let A :
L —> M, B:T— M be direct systems and f : A — B a natural transformation. Suppose
that for each i the map f; : A; — B; is a homotopy epimorphism. then

lim_,fi : lim_,Ai — lim_,Bi
s a homotopy epimorphism.

We will exploit the following relationship between homotopy epimorphisms and cotan-
gent complexes. It is a direct consequence of [T9] Corollary 1.2.6.6. Note that chain com-

plexes are stable model categories.

Proposition 4.1.30. Let £ be a homotopical algebra context which is stable as a model
category and let f : A — B be a homotopy epimorphism. Then ]LB/A ~0and Ly ®% B —

Lp is an equivalence.

4.2 Koszul Duality

In this section £ we will be a monoidal elementary quasi-abelian category. We shall consider
operads and their algebras in the category Ch(E). We fix an operad 3, a co-operad € and
a twisting morphism « : € — B. Recall (see Appendix [B| for details) that this gives rise to
the bar-cobar ajdunction

Qa: collgy" < Algyy : By

Our goal is to generalize Koszul duality results of [82] which for £ = jVect say that this is

a Quillen equivalence.
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4.2.1 Cofibrant Co-operads and Cof-nilpotent Coalgebras

First we need to refine the class of coalgebras under consideration.

Definition 4.2.1. A filtered co-operad (€, A) in Ch(Filt(E)) is said to be cofibrant if its
underlying filtered YX-module is cofibrant.

Definition 4.2.2. A filtered €-coalgebra (€, A) is said to be cofibrant if it is cofibrant as a
filtered object.

From now on we shall assume that our co-operad is weight graded, € = @80 ¢« where
@% = I. There is of course an associated weight filtration. A coalgebra C is equipped

with a canonical coradical filtration, where C,, is given by the following pullback

Chn C

|

Dimp €(C) —=€(0)

We also write Ag := Ac —i where i : C — I o C — € o C is the inclusion.

Definition 4.2.3. A coalgebra C is said to be conilpotent if its coradical filtration is

ezhaustive.
We need a more homotopical notion.

Definition 4.2.4. Let € be a co-operad. A C-colgebra C' is said to be cof-nilpotent if

it is a conilpotent €-coalgebra, and with its coradical filtration is cofibrant as an object of

Ch(¥ilt(E)).

Proposition 4.2.5. Let (€,A) be a filtered cofibrant co-operad. Then for any cofibrant
object V of E, €0V is cof-nilpotent.

Proof. Since € is cofibrant as a filtered Y-module, it is a retract of a 3-module of the form
P ® k[X] for some filtered cofibrant object P. Thus € o V is a retract of P o,s V which is
filtered cofibrant. Let K denote the cokernel of the map A : € — € o €. Then K is also
filtered cofibrant. Moreover, o preserves cokernels, so coker(AoIdy) = KoV. By the same

proof as before, this is cofibrant. O
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4.2.2 Koszul Morphisms

In this and the following section we generalize Theorem 2.1 parts (1) and (3) of [82] to
monoidal elementary quasi-abelian categories. Essentially we shall set up the necessary
technical machinery so that we can generalise the proof in [82] (and also some of the proofs
in [39]) to quasi-abelian categories. As will become clear, some of the proof goes through
with only minor modifications, while some requires significant effort to generalise. We
regard Ch(‘E) as an IHAS using the interval object [0, 1] defined in Example

Definition 4.2.6. Let a: € — P be a twisting morphism.

1. A morphism f: C — D of €-coalgebras is said to be a a-weak equivalence if Q) f

s a quasi-ismorphism of P-algebras.

2. A morphism f : C — D between filtered coalgebras is said to be a cofibration if |f|
is a cofibration of filtered objects.

3. A morphism f : C — D of filtered coalgebras is said to be a a-fibration if it has
the right lifting property with respect to those maps which are both cofibrations and

a-weak equivalences.

We are specifically interested in the case that « is a Koszul morphism. We shall assume
from now on that P is a filtered operad with Fy'8 =~ I. However when we consider the

category of algebras over P8 we shall forget this filtration.
Definition 4.2.7. A twisting morphism is said to be Koszul if

1. B is split, has cofibrant entries, and the differential lowers the filtration.

2. € is filtered cofibrant when equipped with its weight filtration, and the differential lowers
the weight filtration.

3. « preserves the filtration, and o|p,e = 0.
4. PoyConP — P is a filtered homotopy equivalence relative to [0,1].

5. I > P o, Cis a filtered acyclic cofibration.

Note that this indeed gives the usual definition of a Koszul morphism from [82] when
E = pVect, for k a field.

Theorem 4.2.8. Let o : € — P be Koszul. Then in Cof ; every morphism can be factored
into admissible monomorphisms followed by a-acyclic fibrations, or admissible monomor-
phisms which are a-acyclic followed by fibrations. If all objects in Ch(E) are cofibrant then

this forms a model structure.

128



We shall prove this in several steps.

Definition 4.2.9. A filtered quasi-isomorphism of filtered coalgebras is a quasi-isomorphism

of the underlying filtered chain complexes.

With the machinery of filtered objects in quasi-abelian categories developed earlier, the

next two propositions generalise easily from [82].

Proposition 4.2.10. Suppose that B is an admissible operad. Then filtered quasi-isomorphisms

are a-weak equivalences.

Proof. Let f : C'— D be a filtered quasi-isomorphism of filtered € co-algebras. Consider
the following filtration on Q4 (C) = (P(C), d1 + da):

F,Q.C = > Pk) s, (F,CR...® F,C)

k=1, ni+...4+np<n

Recall that d; = B o do. Moreover by inspecting the formula defining ds it lowers the
filtration. Thus gr(Q2.(C)) = (B(gr(C))). By assumption gr(f) : gr(C) — gr(D) is a
weak-equivalence of graded objects. Hence gr(Qq.f) = PB(gr(f)) is a weak-equivalence. By
Proposition Q. f is a quasi-isomorphism. O

Proposition 4.2.11. Suppose f : A — A’ is a quasi-isomorphism of dg B-algebras whose
underlying chain complexes are cofibrant. Then B f is a filtered quasi-isomorphism of dg

€-coalgebras.

Proof. The weight filtration on the underlying graded object of B, A is given by
(BaA)n = @ Q:(w) (A)
w=0

Its differential is given by the sum dgold s+ Idgo’d s +ds where ds is the unique coderivation

extending the map
aoldy

Q:OA—>‘BOA’YA—>A

The formula defining this coderivation implies that dy lowers the filtration. By assumption

dg o Idy also lowers the filtration. So
gr(Baf) = €(f) : (€(A),Idg o' da) — (€(A), Idg o’ da)
which is a quasi-isomorphism. O

Proposition 4.2.12. Let « be a Koszul morphism and C' a cof-nilpotent €-coaglebra. Then

the unit v, (C) : C — BoQaC is an a-weak equivalence and an admissible monomorphism.
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Proof. On underlying graded objects, the unit is the composition

c =

CC)=ColoG——=CoPol

Both of these maps are clearly admissible monomorphisms.
Let us now show that v,(C) is an a-weak equivalence. Consider the filtration on ,C
given by
FQ,C = > EnB(k) ®s, (Fr,C®...QF, C)

k=1,m+ni+..4+np<n

and the one on ,B,,C given by

FpQ0Bo,C = > (F, B 0 Fy€o FpyP) (k) ®s, (Fr,C®...® Fy,C)

k=1,p+q+m+ni+..+ni<n

Qa0 (vo(C)) preserves these filtrations. Passing to associated graded objects gives
gr(Qa(va(C))) : gr(QaC) — gr(Q2aBa2.C)

The underlying object on the left-hand side is gr () o gr(C) and the underlying object on
the right-hand side is gr( o € 0 P) o grr(C). Now consider the filtration on gr(Q2,C) given
by

Fogr(@C)= >, gr(Bk) ®grmy(C)®...® grn, (O)

k=1lni+...4n<n

and the filtration on gr(Qy,B..C) given by

anT(QaBaQaC) = Z (‘43 o€o ‘B)(k) Ry, (grm (C) ®...®grn, (C))

k=1ni+..4+np<n

Then ¢gr(Q4(va(C))) preserves these filtrations. The associated graded of the filtration on
gr(Q,C) is gr(P) o gr(C), and the associated graded of the filtration on gr(QyBaQ.C) is
gr(P o €onP) o gr(C). Denote by gr(Q.(vo(C))) the associated graded of gr(Q,(va(C))).

The composite

gr(Qa(va(C)))

gr(P) o gr(C) gr(P oa €oq P) 0 gr(C) ——gr(P) o gr(C)

is the identity. The map gr(B o, ConB)ogr(C) — gr(P)ogr(C) is a homotopy equivalence
relative to [0, 1] and hence is a weak equivalence. By the 2-out-of-3 property gr(Qq (v (C)))
is an equivalence. Therefore Q, (v, (C)) is an equivalence.

0
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Standard Cofibrations

Because complexes in a general quasi-abelian category don’t split the discussion of standard
cofibrations as defined in [82] Section 2.4 is significantly more involved Let (Vi,dy) be a
cofibrant object in Ch(E), (A.,da) a PB-algebra, and o : V' — A be a degree —1 map of
graded objects. There is then an induced map of graded objects

VoA A[[BOV)
By Proposition [B.3.11] there is then a unique derivation of degree —1
do: A][BV) — AT [B(V)

whose restriction to V' is a. We denote this algebra equipped with the derivation given by
da+da by AL, B(V).

Proposition 4.2.13. Suppose that o : V1] — A is a morphism of chain complexes. Then
AT, B(V) is a chain complex.

Proof. The derivation A[[B(V) — A[[B(V)[1] is induced from the derivation
dy o Idagp + Idyp oy (da + a +dp) : ‘B(A® B) — B(A@ B)[1]

Therefore it suffices to show that this derivation squares to 0. This is a straightforward

computation. O
Lemma 4.2.14. The embedding A — A[ [, B(V) is a cofibration of *B-algebras.

First let us prove some auxiliary results. Let (V4,dy) and (W,,dw ) be chain complexes,
and let f: Vo — W, be a morphism of chain complexes. Suppose there are degree —1 maps

v:Ve—> A, and w: W, — A, such that wo f = v, and both
A][B(V) and A [BW)

are complexes. Then clearly the morphism Id4 [ [P(f) induces a morphism of chain com-

plexes

AT[BV) = A [BV)

Now, let V} be a diagram of chain complexes. Suppose there is a degree —1 map
a : colimV} — A. Composing with the maps f; : V; — colimV{ gives degree —1 maps

a; = ao f;: V; > A. Suppose that for each i A ]—Iai B(V?) is a chain complex.
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Proposition 4.2.15. There is an isomorphism of algebras
colim(A] [PVH) = A] [B(V)

Proof. By the above remarks there is a map of algebras colim(A] [, BVH) = AT, B(V).
To see that is is an isomorphism we may forget the differentials, it which case it reduces to

the fact that coproducts and colimits commute. ]

Let f:V > W and v : V — A be degree 0 maps and let w : W — A be a degree —1
map. There is an induced degree —1 map v + w : cone(f) — A. There is also a degree —1

map

(v:=1)

v YL aew —— AT BW)

which we denote by v U (—f).

Proposition 4.2.16. Suppose that w : W[1] — A is a map of complezes and that v satisfies
Wp © fn = d;? oV — yn_ldx
Then
1. vu (—f) is a map of chain complexes.

2. There is an isomorphism

AT ] B(cone(f)) = (A [BOW) [ [BV[1])
v+w —w vuf
Proof. The first part is a direct computation. For the second part, let us forget the differ-

entials for the moment. Then we have

(Al [ [ B =A] [B0) ] [BEA]) = A] [BW @ V1))

vuf

= A] [B(cone(f)) = A ] [ Blcone(f))

v+w

We need to check that this isomorphism preserves the differentials. Again this is a direct

computation. O

Proof of Lemma[{.2.1]] In fact we are going to show the following. Suppose that f: V —
W is a cofibration of chain complexes. Let oo : W — A be a degree —1 map. Then the

induced map

AT BV = AT [BW)
& aof
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is a cofibration of B-algebras. By Proposition [4.2.15] it is sufficient to show that this is
the case for the generating cofibrations S™(P) — D"t!(P). First note that D"*1(P) =
cone(idgn(py). Therefore by Proposition we reduce to showing that, given a degree
—1 map o : S*(P) — A, the map A — A[[,B(S"(P)) is a cofibration. But in this case

we have pushout diagram

vaB(a[-1])

PS5 H(P) A

PD"(P)) ——= AL, B(5"(P))

The left-hand vertical map is a cofibration, so as a pushout of a cofibration the right-hand
map is also a cofibration.
O

This result has numerous applications. Following [48] B.6.13 we define triangulated

quasi-free algebras.

Definition 4.2.17. A B-algebra A is said to be quasi-free if there is a cofibrant object
V of Ch(E) such that the underlying graded algebra of A is isomorphic to the underlying
graded algebra of P(V'). A quasi-free algebra A is said to be triangulated if V is equipped
with a cofibrant filtration V; such that d|y, factors through B(Vi—1).

In particular quasi-free algebras on bounded below cofibrant objects are triangulated.
Corollary 4.2.18. A triangulated quasi-free algebra is cofibrant.

Proof. 1t is clear that the map 0 — A is a standard cofibration, which is a cofibration by
Lemma [£.2.14] ]

Immediately we get the following result.

Corollary 4.2.19. If A is quasi-free on a bounded below complex of projectives then A is
a cofibrant *P-algebra.

This also allows us to generalise Proposition 2.8 of [82].

Proposition 4.2.20. Let (C,A¢) and (C',Acr) be €-coalgebras, and let i : C' — C
be a morphism of coalgebras whose cokernel is a cofibrant chain complex. Suppose that

Im(Ac(C)) factors through €(C"). Then Q4(i) is a cofibration of B-algebras.
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Proof. As graded objects there is an isomorphism C' =~ C' @ E for some graded-projective
E, so (as graded objects)

Q.0 =B [ [B(E)

Under the decomposition C' = C' @ E, d¢ is the sum of three degree —1 maps
der :C' - C',dg:E— E,a:E— ('

By assumption the composition

68:FE C A¢

inducing the twisted differential on ,C factors through B(C”). Thus Q,C" — Q,C is given
by the standard cofibration Q,C" — QaC'[[,, 3 B(E) which is a cofibration by Lemma
4.2.14 O

Theorem 4.2.21. 1. The cobar construction £, preserves cofibrations and weak equiv-

alences between cofibrant objects.

2. The bar construction B, preserves fibrations and weak equivalences between objects

whose underlying chain complex is cofibrant.

Proof. 1. Q, preserves weak equivalences by definition. Now let f : C' — D be a cofi-
bration of conilpotent €-coalgebras with cokernel F. For any n € N consider the sub
coalgebra of D defined by

DM — f(C) + F,1D

for n > 1 and
pll — ¢

The definition of the weight filtration implies that A pp.1y (D) < (D). Tt
remains to check that DIl — DI+l hag a cofibrant cokernel. Let g : D — E be the
cokernel of f. We claim that coker(D™ — DI**1) = gr (E). Since E is a cofibrant
object of Fift(E) this proves the claim. Let us first show that the map C®F, D — D is
admissible. It is sufficient to show that it is admissible after forgetting the differentials.

In this case D = C @ E, as filtered objects. and we have the following commutative

diagram
Co®F,D D
CeF,CeOF,F—COEFE
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The bottom map is clearly admissible, so the top one is as well. Consider the map
(0,9n) : C®F,D — gr,(E)
Co®F,D = F,C is contained in its kernel, so we get a well defined map
C+ F,D — gr,(E)
which is an admissible epimorphism. We claim that its kernel is the map
pl _, pln+1]

Again we may ignore differentials. Then in the direct sum composition this map

corresponds to the inclusion
COF, 1E—>C®F,FE
which clearly has cokernel equal to gr,, (E).

2. The fact that B, preserves fibrations follows from the Part 1, definition of fibration
and the fact that B, is a right adjoint. The second assertion follows from Proposition
4.2.10[ and Proposition 4.2.11

O

Proposition 4.2.22. Let € be a cooperad in a monoidal elemetnary exact category so that
each €(n) is a retract of an object of the form €(n) ® ¥, with €(n) being flat in E. Let
f:A—> Band g: X — Y be morphisms of cof-nilpotent coalgebras which are admissible

monomorphisms in E. Then g x f: Ax X — B xY is an admissible monomorphism in E.
Proof. The construction of products of coalgebras is dual to the construction of coproducts

of algebras. We therefore have a commutative diagram

cae )Y ¢Bay)

T T

Ax X > BxY

The top horizontal map is an admissible monomorphism. An explicit construction of the
product A x X realises the map Ax X — €(A@X) as a kernel so it is anadmissible monomor-
phism. By the obscure lemma the bottom horizontal map is an admissible monomorphism

as well. ]

Using this proposition, we have the following version of Lemma B.1 from [82] which can

be proved in the same way as in [82] .
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Lemma 4.2.23. Let D be a cofibrant €-coalgebra and p : A — QoD be a fibration of
PB-algebras. Then in the following pullback diagram

BaA XBaQaD D D
e
ByA— 2" _ B Q.D

the map j is an a-weak equivalence and an admissible monomorphism.

Remark 4.2.24. We expect that j should also be a cofibration. We originally had a proof
but found a gap shortly before submission. It is definitely true if all complexes involved are
bounded below. We expect the optimum set-up is to also consider the filtered model structure

on the B-algebra side.

With the technology developed above the proof of theorem 2.1 1) works in our setup,

as we show below.

Proof of Theorem [{.2.8 Suppose that f : C' — D is a morphism of cof-nilpotent €-coalgebras.

In /‘Zl[gq3 we get the the following commutative diagram

Q, O _Q.D
i /
A

where ¢ is a cofibration, p a fibration, and one of them is a quasi-isomorphism. Applying

B, we get the following commutative diagram.

B, C—2%  _paDp

e
B, A

and using the universal property we get the following commutative diagram

B.,C Bola f Bo,D
Bap
Bat
vaC BaA vaD
C - ! D



We first show that ¢ is an admissible monomorphism and p is a fibration.  is a fibra-
tion since it is the pullback of B,p, which is a fibration by Proposition The map
B,iov,C is given by the composite PB(ic) o Ac where i is the restriction of i to C. It is
clearly an admissible monomorphism. By Lemma f is an admissible monomorphism.
Hence ¢ is as well. Suppose that i is a weak equivalence. Then By,i is a weak equivalence
by Proposition By the two out of three-property i is a weak-equivalence. A similar

proof shows that p is a weak equivalence assuming p is.

Now suppose that all complexes are cofibrant. Then cofibrations are just admissible monomor-
phisms so we get the factorisation axioms for a model category. It remains to prove the

lifting property. Consider the following commutative diagram in Cof?éil

. C
a/q
c if

v

F——D

where c is a cofibration and f is a fibration. The right lifting property for fibrations against
acyclic cofibrations is built into the definition of fibration. Thus it remains to check the
right lifting property for acyclic fibrations against cofibrations. Therefore we suppose now
that f is a weak equivalence. By the previous part of the proof we may factor f as po ¢
where 7 is a cofibration, p is a fibration, and by the 2-out-of-3 property, both are weak

equivalences. Again by the definition of fibration, there is a lift in the following diagram

ide

7

C
r ~
~ -
7 -~ !
-

BuA xp.a.p D—=D

It therefore remains to find a lift in the diagram

—_— BaA XB&QQD D

7
- ~
o T
~

F= D

By the universal property of the pullback, it is sufficient to find a lift in the diagram

B,A
7
Cc e 7 \LBQP
F >~ B.,Q.D
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By adjunction we can instead consider the diagram

Qo F

~
e
Qac // P
e

F. -~ B,Q.D

By Proposition Qqc is a fibration, and by assumption p is an acyclic fibration. Using
the model category structure on ﬂ[g543 gives the required lifting. O

4.2.3 The ‘Quillen’ Adjunction

We denote by ﬂ[g;'f;' the full subcategory of ﬂl[gm consisting of PB-algebras whose underlying
chain complex is cofibrant. It inherits classes of fibrations, cofibrations and weak equivalec-
nes from the full category ﬁl@m, but this does not necessarily form a model structure. We
also denote by ﬂ% the full subcategory of ﬂ(gm consisting of cofibrant objects. This is a

model category with the model structure inherited from ,‘4@]‘13.

Proposition 4.2.25. Suppose that an operad B is split and each B(n) is cofibrant. Then
the forgetful functor | — | : Al — Ch(E) preserves cofibrant objects.

Proof. Suppose that A is a cofibrant B-algebra. Then |A| is a retract of [B(V)| for some
cofibrant V' in Ch(E). Therefore it is sufficient to check that |J(V')| is cofibrant. Since 9 is
split, it is sufficient to check that |(PRX) (V)] is cofibrant. But this is just B2, B(n)@VE™.
By assumption each (n) is cofibrant, as is V. O

Proposition 4.2.26. Let a : € — P be a Koszul morphism, and let A be a P-algebra
which is cofibrant as a chain complex. Then By A is cof-nilpotent. If C is a cof-nilpotent

€-coalgebra then Q,C is a cofibrant algebra.

Proof. By Proposition [3.3.31] it is sufficient to show that gr(ByA) is cof-nilpotent. But
gr(BaA) = gr(€(A)). Therefore it is sufficient to prove that €(A) is cof-nilpotent for any
cofibrant chain complex A. This is obvious. The second assertion follows from the fact that

Q. is a left adjoint functor which preserves cofibrations. O

With our slightly more complicated definition of a Kosuzl morphism, we can generalise
the proof of [48] Theorem Corollary 11.3.8 to our setting.

lel

Proposition 4.2.27. Let A € Alyyy. The counit eq(A) : QaBaA — A is a weak equivalence.

Proof. We filter the complex Q,B,A as follows. The underlying graded object of 2,B,A
is P oo A. We filter it by

FnQaBo A = Z (B) (k) ), (Fr,€(4)®...® Fn, ¢(A))

k=1ni+...4+n<n
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This induces a filtration of the chain complex Q,B,A. We regard A as a filtered algebra
via the functor Fy. The counit then gives a morphism of filtered complexes. We consider
the spectral sequence associated to these filtered complexes. For a filterd complex C, we
denote by E%(C,) the direct sum of the complexes on the ith page of the spectral sequence
associated to C,. Then E°(Q4ByA) = (P o, €) o A, while E°(Fy(A)) =~ A=~ To A. Since
a is a Koszul morphism, the map j : I — B o, € is an acyclic cofibration. Therefore
the map j4 : A - (P o, €) o A is a weak equivalence by Proposition Moreover
E%(eq(A)) 0ja = Ids. Therefore E%(e,(A)) is also a quasisomorphism. We now apply the
convergence theorem for spectral sequences of filtered complexes which can be bootstrapped

from the abelian version by passing to an abelianization. O

Corollary 4.2.28. The bar and cobar constructions restrict to adjunctions
Qg Cofg“ = ,‘Zl[glg :Bg,

Qu: Cofgﬂ =2 ﬁl@% :B,

In both cases ), preserves cofibrations and acyclic cofibrations, while B, preserves fibrations
and acyclic fibrations. Moreover the counit €,(A) is a weak equivalence for any algebra A,

and the unit v, (C) is a weak equivalence for any cof-nilpotent coalgebra €.

In particular if £ = 9kct;, for a field k then the first adjunction recovers the Koszul
duality theorem of [82]. We regard Cof , and ﬂl{g% as relative categories By Corollary 2.9 in

[34] we have the following result.

Theorem 4.2.29. There is an adjoint equivalence of (00, 1)-categories.
Qa: COfQ: = Algcp :Ba

4.2.4 The Koszul Dual Operad

Let € be a co-operad. The dualizing functor (—)" : Hom(—, k) : £ — £° is lax monoidal,
so it induces a functor

(=)7 : coAlgy — (Alge.)?
Now let o : € — P be a Koszul morphism.

Proposition 4.2.30. The functor ()" : Cof y — (Algy. ) sends a-weak equivalences to

quasi-isomorphisms.

Proof. Dualizing preserves quasi-isomorphisms between cofibrant complexes and a-weak

equivalences are in particular quasi-ismorphisms. O
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Definition 4.2.31. A Koszul morphism « : € — B is said to be operadic if € is an

admissible operad.

From now on « : € — ¥ will be an operadic Koszul morphism. We let

A~

Cy: /‘Zl[gm — ’q[ﬂGC@H@v

denote the composition [—1]o(—)" o B,. Here ®p is the Hadamard tensor product defined
in Appendix 2.

Remark 4.2.32. The hat notation is supposed to invoke comparisons with formal power
series. This will be clear in the case of duality for the Lie operad as we shall see later.
The underlying graded algebra of Cy(g) is [1,((6%(n) ® €(n)) ®s,, ¢®"[1])V. This has a
graded ‘polynomial’ subalgebra @, ((&¢(n) ® €(n)) ®sx,, ¢®"[1])V. One can check that it is
closed under the differential on C’a(g) whenever P and A are nuclear objects. We denote

this subalgebra by Cu(g).

By Corollary [4.2.28 and Proposition there is an induced functor of co-categories

Ca . Algqn i Alg6c®H€v

We are going to prove the following. The approach is a generalisation of [50] Proposition
2.2.12.

Theorem 4.2.33. The functor C, : Algy — (Alge. )P admits a right adjoint Dq
Before doing so we note the following technical result

Proposition 4.2.34. Let M be an (o0, 1)-categor, E a monoidal elementary quasi-abelian
category, and F : M — Ch(Filt(E)) a functor. If gro F and (=)o o F' preserve sifted

colimits then so does F'.

Proof. The proof is an easy induction. We show that each (—), o F' preserves sifted colimits.
Then we conclude by Proposition [3.3.8] By assumption it is true for n = 0. We suppose it

has been shown for n = k. Now there is a homotopy fiber sequence of functors
(ko F = (=)k+10F = grip10F

Since the left and right-hand functors preserves sifted colimits so does the middle functor O

Proof of Theorem [{.2.33. Using Lurie’s (o0, 1)-adjoint functor theorem and noting that
Alggy, is locally presentable, we need to show that Ca preserves colimits. Since the functor

| —|: Algg. — Ch(Z) is conservative, and preserves and reflects limits, and preserves sifted
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colimits by Section it suffices to show that | — | o Cq : Algy — (Ch(£)) preserves
colimits. Let us first show that it preserves sifted colimits. Now we have a commutative

diagram

_\Vv

Algy —22> Cof Alg,.
lBa lu
Cofe — L ch(z) = ch(z)»

and both compositions are equal to C,. The functor (—)¥ : Ch(Z) — Ch(Z)% is a left
adjoint so it preserves all colimits. Therefore we reduce to showing that | — | o B, preserves

sifted colimits. There is a factorisation of | — | o B,

[=| st (=)o
N

Algy 22> Cofy Filt(Ch(Z))

Ch(E)

where | — | i+ is the forgetful functor. The functor (—)s is colimit preserving. Therefore
it remains to show that | — |fy: 0 B preserves colimits. Now (—)oo | — |z 0 Ba = | — |
which preserve sifted colimits. By Proposition we finally reduce to showing that the
composition gr o | — |y 0 By is colimit preserving. But this functor is equivalent to the
composition

Algy, — - ch(z) =S cn(z)

All the functors in this composition preserve sifted colimits by Section so we are done.
It remains to show that Cq preserves products. Now by Section the category Algy
is generated under sifted colimits by free objects (V') on cofibrant objects V. Thus it is
enough to show that C, preserves coproducts of the form PB(V)][[B(W) = B(V @ W).
But

Ca(B(V)) = (Coq B(V))" =V

So if

P(0) BV)

l |

PW) —=BV W)

is a coproduct diagram in Algy then applying Ca gives the diagram

Vvewy —Vv

L

wY 0

which is a product diagram in Algg. . O
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Since we use the adjoint functor theorem the proof of the existence of D, is not con-
structive. However for Koszul duality between Lie algebras and commutative algebras we

will give an interpretation of D, in terms of the shifted tangent complex.

4.3 Main Example: The Lie Operad

Recall that in the category g%ect of vector spaces over Q there is a Koszul morphism
Kk : 6°®yg coComm™ — Lie

This follows from the fact, which we will not explore in detail here, that G°®g coComm™ is
the quadratic dual co-operad of Lie. See [48] and [20] for details. This duality also extends

to monoidal elementary quasi-abelian categories.

4.3.1 Lie Algebras and Commutative Algebras

If £ is a monoidal elementary quasi-abelian category then we can bootstrap the Koszul

morphism in g %ect to one in E.

Proposition 4.3.1. Let o : € — B be a Koszul morphism in Ch(gVect). Let E be a

monoidal elementary quasi-abelian category with unit k. Then
EQa:k®C—->ERP
is a Koszul morphism in Ch(E).

Proof. Together with Proposition this follows immediately from the fact that k®(—) is
a strong monoidal, kernel and cokernel preserving functor whose image consists of cofibrant

objects. O

In particular if x : 6° @y coComm — Lie is the canonical Koszul morphism in gMod

then we get a Koszul morphism
S°®p (k® coComm) — k ® (6 @ coComm) ek @ Lie

in Ch(E). This generalises classical Koszul duality between Lie algebras and cocommutative
coalgebras, and between Lie algebras and (non-unital) commutative algebras, to arbitrary

elementary quasi-abelian categories. Let us now study this example in greater detail.
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The Shifted Tangent Complex

Recall the functor Lo : Alge,mm(Ch(E)) — Ch(F) defined in section The shifted
tangent complex functor is the composition Ty := (—)¥ o Ly. We shall abuse no-
tation and write D, : Algeomm(Ch(E)) — Alge (Ch(E))% for the composite D, o I :
Alggsomm (Ch(E)) = Algeommnu (Ch(E)) — Algei (Ch(E))°P. In classical Koszul duality for

Lie algebras and commutative algebras the functor
| — oDy : Algepmm(Ch(Veck)) — Algg (Ch(Vecy))? — Ch(Vecy,)

is equivalent to the shifted tangent complex. We will now see that this generalises to

monoidal elementary quasi-abelian categories enriched over Q.

Proposition 4.3.2. Let E be a monoidal elementary quasi-abelian category. Let A €
aug

’q[g%mm
Lo(A) 2V and Ly = AQV

(Ch(E)) be a quasi-free object on a bounded below cofibrant complex V. Then

Proof. Since A by is cofibrant by Corollary [4.2.19] we may use Proposition [£.1.23] This

gives Lo @ V. Now V is cofibrant so again by Proposition Li=A®V. O
Proposition 4.3.3. The functor | — | o D, is naturally equivalent to the shifted tangent

complex functor To[1].

Proof. We show that | — | o D, and Ty are both right adjoint to the same functor. Now
| — | o D, is right adjoint to the functor C, o Lie(—) which is equivalent to the functor
k® (—)Y[—1]. But this functor is left adjoint to To[1]. O

Definition 4.3.4. A Lie algebra g is said to be very good if the underlying complez |g| is
cofibrant and is of the form @;-, kPi[i]. g is said to be good if it is equivalent to a very

good algebra.
Let us populate this class of algebras.

Example 4.3.5. 1. Say that a Lie algebra g is cellular finite if g = lim_, L, where

Lo =0, for each n = 0 there is a pushout diagram

L(S™n = (kPmn ) —— L,

| |

LD (kPrn)) —— L1

where my, < —1, and for each integer | < —1 there are only finitely many n such that
my, — 1 = 1. Then g is very good. The last condition is automatically satisfied if the

filtration L, terminates.
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2. Consider the categories yVect for k a field and Ind(Bany) for k a Banach field. Then
if g is concentrated in negative degrees and each g, is free of finite rank, g is very good.
Indeed in these cases any complex of free objects of finite rank is split. In particular
it is a coproduct of objects of the form S™(k™) and D"(k®), so it is cofibrant. In

particular this recovers Lurie’s conditions in Lemma 2.3.5 of [50)].

Definition 4.3.6. Let E be a rigid Q-HAS. We say that E is decent if for any object V

which is free of finite rank there is an equivalence

lle
o

L
V)/s(v) s &
in Ch(E).
This assumption holds in the case that £ = pMod for R a Noetherian ring. We shall

see later that it also holds for £ = Ind(Bany) for k any Banach ring. In fact in this case
=~ ( holds. Recall the subalgebra

by Proposition [4.5.10 the stronger condition L
Cy(g) © Cx(g) considered in Remark [4.2.32

V) /5(v)

~

Proposition 4.3.7. Let g be very good. The map S(gil) ®H§(gvl) Cy(g) — Ck(g) is an

equivalence.

Proof. The map S(g¥;) — Cx(g) is a (standard) cofibration. Therefore the tensor product
doesn’t need to be derived. Thus it remains to check that the map S(g¥,) ®s(gv,) Cr(9) —

Cy(g) is a degreewise isomorphism. This is clear. O

The abstract machinery we have set up allows us to generalise Lurie’s [50] Lemma 2.3.5

and its proof.

Theorem 4.3.8. Let E be a monoidal elementary quasi-abelian category such that Ch(E)
is decent, and let g be a good Lie algebra in Ch(E). Then the unit ng : g — D, o C,.(g) is

an equivalence.

Proof. Without loss of generality we may assume that g is very good. It suffices to show

that the map of complexes |g| — To(C(g))[1] is an equivalence. This is dual to the map

Lo(Cy(9)) — |g"[[-1]

so it suffices to show that this is an equivalence. By Proposition we have a an equiva-

lence L 5%, /5" C’,_i( V) = L, @)/ Cele) Tensoring with k over Cy(g) and using

S(g
that C’h( ) is decent then gives }L @ /C ®IL bnta )k ~ 0. Finally, considering the homotopy
cofiber sequence

(@/cnie Dok~ Lo(Cul(@) = Lo(Ck(g))
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gives that Lo(Ck(g)) — Lo(Cx(g)) is an equivalence. In particular it suffices to show that

Lo(Ck(g)) — [g”[[-1]

is an equivalence.This follows from Proposition Since g is degree-wise free of finite

rank, C'(g) is quasi-free on a cofibrant complex. O
We conclude this section with some remarks.

Remark 4.3.9. 1. Essentially all of this chapter generalises to interval higher algebra
settings of the form pMod for R a cdga in Ch(E) for E elementary quasi-abelian. If
E = oMod then rMod is decent if R is concentrated in non-negative degrees and is
Noetherian. This recovers Lemma 1.4.12 of [35]. If £ = Ind(Bany) for some Banach
ring k containing Q, then rMod is decent if R is concentrated in non-negative degrees,

Rg is a Banach ring (or more generally Ry -filtered) and R is flat over Ry.

2. We expect that results above extends to the situation that o : € — P is a Koszul
morphism, P(n) is concentrated in degree at most n, is bounded, each B (n) is free of
finite type, and € is the augmentation coideal of a counital cooperad. This could be

useful for Loy, and Ey duality over rings which do not contain Q.

3. We expect that operadic Koszul duality works in exact categories which are not quasi-

abelian, since we did not need to use the filtered exact structure.

4.4 Analytic and Derived Analytic Algebra

In this section we specialise to the monoidal elementary quasi-abelian category Ind(Bany,)
where k is a fixed Banach ring. We are going to study the homotopy theory of algebras in
this category and establish some foundational results which in the future will be applied
to study derived analytic geometry. We will begin by studying analytic notions of algebras
over Banach operads in general (with a view to dealing with E.-operads in the future)

before focusing on the commutative operad.

4.4.1 Algebras of Power Series
Let us begin by introducing some classes of operads and algebras we wish to consider.

Definition 4.4.1. Let E be a complete and cocomplete monoidal category. For V € E we

denote by

o0

BOV) =] [B(0) ®@s, V&

n=0

the free power series P-algebra on V.
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If V is a Banach module regarded as an object of Ind(Bany) and B is an operad in
Bany, then PB(V) is a bornological k-module. An element of P(V) is a formal sum YoV
where v; € P(n) s, V. For € € RN we let B. = {37 v; : ||vi]| < &}. These sets
precisely constitute the bounded sets forming the bornology on ‘J}(V) We are particularly
interested in subalgebras of this bornological algebra. From now on we suppose that 8 is
non-expanding, namely that the partial composition maps PB(m) ® P(n) — P(m + n — 1)

are of norm at most 1. In particular it may also be regarded as an operad in Ban,fl.

Definition 4.4.2. Let V be a Banach k-module. The free contracting B-algebra on V,
denoted SBSY(V) is the free algebra on V' taken in the category Ban,fl, and then included
into Bany. For r € (0,00) we write PS"(V) := PSY(V,) where V. is the rescaling of V.

There is clearly a monomorphism PB<" (V) — PB(V) in CBorny, < Ind(Bany,).

Definition 4.4.3. Let P be a contracting operad in Banach k-modules. A B-algebra A is

said to be almost contracting if there is a C' = 0 such that for each n € N, the map
Wi Pln) @ A% — A

is bounded by C™~ 1. If A is almost contracting the magnitude of A is ya = min{C :
||[uh]] < C" L ¥n = 1}. A B-algebra A is said to be contracting if it is almost contract-
ing of magnitude y4 < 1. The full subcategory of Algy,...(Ban) consisting of contracting

algebras is denoted Algq\<31.
Note that there is a faithful functor Algy (Ban<!) — Alg%l(ch). It is not full.
Proposition 4.4.4. There is an equivalence of categories Alg§1 (Ban) = Algy’(Ban).

Proof. The inclusion of Alg;i1 (Ban) into Algy is clearly fully faithful. It remains to show
that it is essentially surjective. Let A be almost contracting of magnitude v4. Then A, is
a contracting algebra which is isomorphic to A in Algf’pc. Note that the functor sending A

to A, is a quasi-inverse for the inclusion. O
Let us show that free almost contracting algebras are in some sense left adjoints.

Proposition 4.4.5. For V a Banach space the algebra 3<"(V) is almost contracting of
magnitude r. Moreover if F' is an almost contracting algebra of magnitude vr then there is

a natural isomorphism

1
Homgﬁ(mgmp (E), F) ~ Homgr(E, F)
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Proof. Let ¢ : PS"F(E) — F be a map of norm at most 7% Now i : E — PS"F(E)
has norm ryp. Thus ¢ o4 is of norm at most r. Conversely suppose we are given a map

f+ E — F of norm r. Consider the induced map of algebras in the category of vector

spaces P(n)(f) : P(n)(E) - F

1B (Np@er1®...@en)llr = [, (@ fle1) ® ... ® flen))llF

< Pl rllenlle - verllenl|

1
= ,TFHPHm(n)HeleF o lenllrye
1
= ’Y?Hp@el ®... ®en|’q3<'yFr(n;E)

Thus B (n)(f) is bounded of norm at most 7% as a map from F., ., to F. It therefore extends

to a continuous map PSF"(F) — F of norm at most ﬂ%F O

Next we consider algebras which are intended as analogues of algebras of holomorphic

functions (at least over C). Let E be a Banach k-module and consider the projective system.
By > FE,—...> FE— F

in ch,fl. We get an object
PO () = limn, B ()

in Pro(Algy (Bany)) < Prolnd(Algyy (Bany)). We shall see shortly that these are the free

algebras in the category of pro-multiplicatively convex -algebras.

Definition 4.4.6. The category of pro-multiplicatively convex P-algebras is the category
pmcAlgy = Prolnd(Algyy (Ban)y,)

In particular “B*”(E) is a pro-multiplicatively convex algebra. The assignment E —
“pen®”(E) for E' a Banach module is in fact functorial. Since Ind(Algy (Ban)) has filtering

inductive limits, Prolnd(Algy’(Ban)) does as well. Thus there is an induced functor
SR 2 Ind(Ban) — Prolnd(Algy (Ban))

It sends an object “lim_,, F;” to lim_,, “lim. ,,”PS"(E;). There is a natural ‘forgetful’
functor | —| : Prolnd(Algy (Bany)) — Ind(Bany). We claim that this has a left adjoint. In

fact we are going to prove the following.

Theorem 4.4.7. There is an adjunction
ccgpan,OOw l_ | _ ‘
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Proof. We prove this in several steps. First suppose that E is a Banach space, and F' is
an almost contracting -algebra of magnitude vg. First note that hmHNHomf;Zn(E ,F) —
Hompg,(F, F) is an isomorphism. By the previous proposition it is sufficient to show that

the obvious map
1
lim_,,Hom ™3 (P<"77(E), F) — lim_,,Hom(P<"77 (E), F)

is an isomorphism. Since monomorphisms are stable under direct limits in Set it remains to
show that the map is surjective. Let [f,, : PS7F"*(E) — F]bein lim_, Hom ggae (BSTFY(E), F),
with || fn]] < = for some integer m. We claim that the map PS"IF(E) — F is of norm at
most %F But by Proposition this follows from the fact that the map F — RS (F)
is of norm at most nyp. This shows that the map is surjective.

Now suppose E is a Banach space and F' is an inductive limit of Banach B3-algebras.

So, write F' = “lim_, ;" F;. Then

Hom(“P**”(E), F) = Hom(“lim._,, "B~ (E), “lim_, ;" F})
Hom(P<"(E), F)

= lim_, ,Hompan(E, |F})

= Hom p,q( Ban) (£, | F|)

=lim_, lim, _.,

Finally we prove the general case.Let E = “lim_, " F; be an inductive system, and let

F = “lim. " F};, with Fy € Ind(Algg’) be a pro-multiplicatively convex ‘B-algebra. Then

Hom(“pe™®” (E), F) = lim._, lim., Hom(“P**” (E;), F})
= lim._lim , Hom ,,4( gany (Eis | Fi|)
= HomInd(Ban) ( “lim_>17’ Ei, lim(_K ’Fk’)

= Hom[nd(Ban) ( “lim_,l” Ei; ’hHL_KFk’)
[

Note that there is a natural isomorphism “B*»®”(F) =~ “limereﬂgo”msr(E). For each

e € (0,0] and each Banach space E one can also define

cc;pan,ew (E) — “limgrg(o,g) 7>q3<r (E)

In general for € < oo this only defines a functor on the category Ban,fl.

Finally for ¢ € (0,00] we define B¢ := PT o “R” : Banys' — Ind(Bany). Since
the projective limit of monomorphisms is a monomorphism the map B*¢(V) — ‘iff(V) isa

monomorphism for any e € (0, 0], so these are power series algebras.
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Example: The Commutative Operad

We now give our main example which is a consequence of Proposition Let Kk =C
and P = Comm. Let F be a Banach space. First we introduce a holomorphy type from EY
to C (for details on holomorphy types see Section [C.2)).

Definition 4.4.8. Let E and F be Banach spaces. For m € N write E=™ = (EY)™™.
We define the tame holomorphy type, T from EV to F to be subspace of P™(EY,F)
consisting of maps of the form Apx™, where Ay, : ET™ — F is in the image of E" Q F —
Hom(E~™, F).

Recall that a Banach space F is said to have the A-approximation property for some
1 < A < o if for every compact set K < X and every € > 0 there is a finite rank operator
T : E — E sothat ||T]| < A and ||[Te —e|| < € for all e € E. E is said to have the
approximation property if it it has the A-approximation property for some < A < 0.

The Proposition below can be found in [16] Section 3.

Proposition 4.4.9. Let E be a Banach space. If EVV has the approzimation property then
the map
XWXV S5 (XR...X)VY

1s an tsometric embedding. In particular it is an admissible monomorphism.

In particular the image of the map E™ — Hom(E~"™,C) is isomorphic to E™. Using
Proposition we immediately get the following result.

Corollary 4.4.10. There is a natural transformation
“§mE() = PBHY(-)")

If E has the approximation property it is an isomorphism. In particular if E is finite-

dimensional then there is a (non-canonical) isomorphism.
“SUO(E) ~ PB(H(FE))
and therefore an isomorphism
SUO(E) =~ IB(H(E))

This gives an interpretation of the algebra of holomorphic functions on a finite dimen-
sional Banach space as a ‘free’ commutative algebra in the category of pro-multiplicatively

convex algebras.
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Dagger Analytic Algebras

Let E be a Banach space and e € [0,00). There corresponds an object “lim_, _. " E, of
Ind(Ban') and hence an object P1(E) := lim_, _ "PB(E,) of Ind(Algg(Bany)). This

construction gives a functor
RH(=) : Bang! — Ind(ag)

Since filtered colimits commute with finite limits in Ind(Ban) the map PHe(E) — P(V) is

a monomorphism. Hence these are power series algebras.

Note that foroo > (>e>d =~ > 5 > a = 0 we get canonically defined maps

B(V) — B™(V) - BS(V) —» BH(V) - B(V) > B (V) - B(V) - B(V)

4.5 Analytic Commutative Algebras

We now specialise this discussion to the case P = Comm. We shall write SS"(E) :=
CommS"(E), S(E) := Comm™(E), and ST¢(E) := Comm"¢(E). Let us establish some

identities between these algebras.

4.5.1 N;-Filtered Objects

Following [54], an object V' € Ind(Bany) is said to be Afiltered if it can be written as
“limjes"V; where J is Afiltered. In a forthcoming work [9] Ben-Bassat and Kremnitzer
study Ny-filtered objects in detail. By using explicit descriptions of products in the category

Ind(Bany) they prove the following crucial results.

Proposition 4.5.1. Let {Vi}lrex be a countable collection of Banach k-modules. Then
[ Tier Vi is Ry-filtered.

Proposition 4.5.2. If V is Xy-filtered and for each i € T, W; is an object of Ind(Bany),

then the natural map

Ve[ [wi— [ [(Ver W)
i€l €l

s an tsomorphism.

As a consequence they can prove a result which allows one to commute tensor products

and projective limits.
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Proposition 4.5.3. Let A: T — A, . (E) be a projective diagram where I has countably
many objects and morphisms. Suppose that for any countable collection of J of objects of
7, Hjej Aj is Ny-filtered. Let E : T — E and F : T — E be projective systems of A-modules
such that for any countable collection of J of objects of T Hjej F}; is Nq-filtered. Then the
natural map

Rlim. E; ®gjim. 4, Rlim F; — Rlim(E; &% F;)
s an equivalence.

The idea of their proof is to use clever deformation functors for the tensor product and
projective limit functors. For the derived tensor product one uses the Bar complex (defined
for example in [I0]) which give free resolutions over A. For the derived projective limit
one uses the Roos complex (defined in [66]). The left hand-side of the isomorphism in the
statement of Proposition [4.5.3] is computed by totalising a double complex after taking a
bar resolution and then a Roos resolution. The right-hand side is computed by first taking
a Roos resolution, then a bar resolution, and totalising. Proposition and Proposition
ensure that the double complexes are naturally isomorphic, so their totalisations are

equivalent.

Remark 4.5.4. The result of Ben-Bassat and Kremnitzer actually proves that the map
F®q lim‘_ieIEi — lim‘_iel (F XA Ez)

is an isomorphism whenever F and A are Ny -filtered, I is transverse to E; over A for each
i, and the system E; is lim-acyclic. Their proof essentially uses the argument presented

above. Then, under their assumptions, everything becomes underived.

Corollary 4.5.5. Let A:1 — Alg,, . (E) and B: L — Alg,, . (E) be projective diagrams
where  has countably many objects and morphisms. Suppose that for any countable collec-
tion of J of objects of I, | [;e; Aj and [];c; Bj are Ry-filtered. Let f : A — B be a map
such that f; : A; — B; is a homotopy epimorphism for each i. Then the induced map

jeJ

Rf : Rlim. A4 — Rlim. B
s a homotopy epimorphism.

4.5.2 Relations Between Algebras

We introduce some notation. For V. = (V1,...,V,) a tuple of Banach modules and € €
(0,00)" we set SSE(V) = SSY@L,(Vi)e,) where D! (V;),, is equipped with the norm
[[(v1,...,00)|| = mazi<i<nel|vi||. For & € (0,00]" we write S¥9(V) := “limgig”SgE(Z).

For r € [0,00)" we write ST2(V) := “lim_, _ " SS¢(V).
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Proposition 4.5.6. Let {V;}icr be a collection of flat Banach spaces. Then (—Bfell V; is flat.

Proof. Let 0 > F — F — G — 0 be an exact sequence of Banach spaces. By rescaling
we may assume that all maps are non-expanding. Now in the category B(m,fl the tensor

product is a left adjoint, so it commutes with contracting direct sums. So (@fl V)®(—)
is a composition of the functors (V;®(—)) : Bang' — (Bang')? and @) : (Banyh)? —
Ban,fl. Since each V; is flat the first functor is kernel and cokernel preserving. The second

functor is clearly kernel and cokernel preserving. This implies that the composite is exact.

O
Corollary 4.5.7. Let V be a flat k-module. Then S<"(V') and ST™9(V) are flat.

Proposition 4.5.8. Let k be a Banach ring and Vi, ..., V, flat k-modules. Then the natural

maps
S @Y ... @Y S (V) — SSUim)(Vy L V)
SV ... @"S(V,) > S(Vid...®&V,)
St 1) @F ... @Y ST (V) — STt (v, L V)
RS (V1) @ -+ @ RS¥™ (V) — RS™™(m)(Vy, L V)
are equivalences. In particular for k = C and V1, ...,V, finite dimensional then

S (V) ®]L o @L Saen(V,) — S‘m’(q""’e")(vl, s Vi)
is an equivalence.

Proof. We prove the result by induction. For n = 1 all results are trivial. Suppose they
have been proven for some k and let n = k + 1. The first assertion follows from Proposition
and the universal property of coproducts and the symmetric algebra in Ban,fl. The
second isomorphism is not formal. For example it is not true in the algebraic category.
However it follows from Proposition Proposition and the assumption that V is
flat. The third assertion follows from the first and the fact that direct limits are exact and
commute with the tensor product. The fourth assertion agains follows from Proposition
For the final assertion we use the fourth assertion, Lemma 3.60, and Corollary 3.80
in [5], and Montel’s theorem. O
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4.5.3 Homotopical Power Series Algebras

Let us write k[21, ..., 2] := S(k®) and k[[z1, ..., zn]] := S(k®"). Denote by s : k[[y, z]] —
k[[y, z]] the map which sends a power series f to W This is well-defined (i.e.
bounded). Indeed it can be defined in any complete and cocomplete additive category. In

[9] Ben-Bassat and Kremnitzer prove the following.

Proposition 4.5.9. Let k be a Banach ring. Then the map S(k®") — SSL(k®) is q

homotopy epimorphism.
Their proof can be distilled into the following two points.
Proposition 4.5.10. Let k[z] € B < k[[z]] be a power series algebra. Suppose that
1. The map k[z] — B is an epimorphism (i.e. polynomials are dense in B).
2. BR“B —> B® B is an equivalence.
3. B® B — kl[[y, z]] is a monomorphism.

4. The composition
B® B ——kl[[y, 2]] = k[[y, 2]]

factors through B ® B.

Then for each n the map

s a homotopy epimorphism.

Let us sketch their proof. The second condition means that we only have to check this
for n = 1. Let A = k[z]. It suffices to prove that B ®g B — B® B is an equivalence.
To prove this they consider the Koszul resolution K4 — A of the algebra A = k[z]. Then
using this resolution of A as an A ® A-module one finds that B ®Y B is the complex
in degrees [1,0] B ®x B — B ®; B where the differential is given by multiplication by
(y — z). Then s gives a splitting which completes the proof of Proposition To prove
Proposition it remains to show that S<!(k) satisfies the conditions of Proposition
The only remaining point to check is the last one. Ben-Bassat and Kremnitzer show
this as follows. For convenience let us write k{rizy,..., ey} = SSU1m)(k®")  Note
that for f(y,z) € k{y, z}, f(y,z) — f(z,2) € k{y,z}. Consider the isomteric isomorphism
¢ k{2¢,n} — k{y, z} sending £ to y — z and 7 to z. Let ¢ be its inverse. Then

gl lgowl 1

(y—2)lg  |¢gov| 2
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In particular if ¢ is a formal power series such that (y — z)g is in k{y, z} then g € {y, z}.
Thus for an element f € k{y, z}, s(f) € k{y, z}.

Corollary 4.5.11. Let oo =2 (>e>=§ =7 > > a = 0 There is a sequence of homotopy

epimorphisms
S(K®") — S=(KP") — ST (KP") — 5 (KE) — Sh(RE) — S(KE")
which for k = C can be extended to sequence of homotopy epimorphisms
S(k@Bn) N Sa”’c(k:@") _ SSe(kGL)n) N ST,é(kG)n) N Sa"”(k:@") N Sgﬁ(k@)”) N ST,a(kGr)n) N

Proof. Using the two-out-of-three property for homotopy epimorphisms Proposition
Proposition 4.5.9, Proposition|4.5.5] and Proposition|4.1.29, all that remains to prove is that
S(k®m) — S’(k@") is a homotopy epimorphism. However using Proposition and the
fact that S (k) is clearly closed under the map s, this follows from Proposition O

4.5.4 Analytic Koszul Duality

Let g be a very good Lie algebra and S(g¥;) € A < S(gil) a power series algebra. Since
S(gY,) — Ck(g) is a cofibration we have Cy 4 = A®H§(gil) Cr(g) = A®s(gv,) Ck(g). As
established in Remark we have C_4(g) = Cy(g). The map Cy(g) — Cx(g) then factors

as

~

Ck(g) = Ck,a(g) — Ck(g)
We also write
C5"(9) = Crs=r(gv,)(8) s Co™(9) = Cr seme(gv)(8), CL*(9) == Cpr s1gv ) (0)

where r € (0,00),€ € (0,0], € [0,0). Using Corollary |4.5.11| and Proposition [4.1.26| we
immediately get the following.

Theorem 4.5.12. Let © =2 ( >e =20 =27 > 6 > a = 0 and let g be a very good Lie

algebra. Then in the following diagram all maps are homotopy epimorphisms.
Cr(g) = C(g) — CL(9) — C57(g) — CL*(9) — Culg)

If k = C then this sequence can be extended to

Ci(g) = C2™(g) — Cs(g) — CH(g) — C2™7(g) — CP(g) — CL*(g) — Cilg)

In particular for each of the algebras A above we have Lo(Ca(g)) = ¢¥[1], To(Ca(g))[1] =
g, and L, () = Ca ®g¥[1]. The algebras C'4 may be interpreted as analytic ‘fattenings’

of the formal Koszul dual.
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Appendix A

Model Categories and
(00, 1)-Categories

A.1 Model Categories
A.1.1 Weak Factorization Systems and Model Structures

Here we briefly recall the definition of a model structure by means of weak factorisation

systems. Details can be found in [70].

Definition A.1.1. Let C be a class of morphisms in a category M. A morphism f in M is
said to have the left lifting property with respect to C if in any diagram of the form

Q

A——

!

-
o

N

B——
with c € C, there exists a morphism h : B — C' such that the following diagram commutes

A— -

c
7
P &
/s

B——D

We denote the class of all morphisms which have the left-lifting property with respect to C
by . Dually one defines the morphisms having the right lifting property with respect to
C. The class of all such morphisms is denoted cH.

The following is straightforward

Proposition A.1.2. Let C be a class of morphisms in a category M. Then #C is closed

under retracts, push-outs and transfinite composition (whenever they exist).

Proof. See [70] Lemma 11.1.4. O
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Definition A.1.3. A weak factorisation system on a category C is a pair (L, R) such

that
1. Any map in C can be factored as a map in L followed by a map in R.
2. L= PR andR=1L".

A weak factorisation system is said to be functorial if the factorisation in (1) can be made

functorial.

We can now give a definition of the notion of a model structure in terms of weak

factorisation systems.

Definition A.1.4. A model structure on a category M is a collection of three wide

subcategories (C, F, W) such that
1. The class W satisfies the 2-out-of-6 property (see [70]).
2. Both (C nW,F) and (C,)W n F) are weak factorization systems.
We do not assume completeness or cocompleteness of M.

Definition A.1.5. A model structure on a category M is said to be functorial if the

factorisation systems are functorial.

Definition A.1.6. A (functorial) model category a category together with a (functorial)

model structure.

A.1.2 Cofibrant Generation
We state here our conventions regarding cofibration generation.

Definition A.1.7. Let C be a category. A weak factorisation system (L,R) on C is said
to be cofibrantly small if there is a set I of maps in L such that R = 17 . I is called a
set of generating morphisms. If in addition I admits the small object argument then the
weak factorisation system is said to be cofibrantly generated. If I can be chosen such that
the domains are compact with respect to L, then the weak factorisation system is said to be
cellular. If C is locally presentable and cofibrantly generated, then the weak factorisation
system is said to be combinatorial. A model category (C,W,F) is said to be cofibrantly
bsmall/ cofibrantly generated/ cellular/ combinatorial if both the weak factorisation systems
(C,FnW) and (C nW,F) are cofibrantly small/ cellular/ combinatorial.

Remark A.1.8. A cofibrantly generated weak factorisation system (resp. model structure)

on a locally presentable category is automatically cellular.
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A.1.3 Monoidal Model Categories

Definition A.1.9. Let M, N\, P be model categories. A bifunctor —Q — : M x AL — P is
said to be left Quillen if whenever i : m — m’/ and j : n — n' are cofibrations then so is

i®7, and it is an acyclic cofibration if either i or j is. Here i®j is the following map

@1
m@n&m’(@n

|

men’ P

where the square is a push out.

Definition A.1.10. A (closed) monoidal model category is a (closed) symmetric
monoidal category (V,®,k) (V,®,k, Hom)) with a model structure so that the monoidal
product is a left Quillen bifunctor, and the maps

Qk)®v—->k®v=v

and

vRQk) > v®kxv

are weak equivalences whenever v is cofibrant. Here Q) is the cofibrant replacement functor.

Another condition that is often asked of a monoidal model category is that it satisfies
the so-called monoid axiom. Under certain additional technical assumptions on the model
category, this guarantees the existence of a model structure on the category of algebras over

any cofibrant operad.

Definition A.1.11. A monoidal model category (V,®, k, Hom) is said to satisfy the monoid
axiom if every morphisms which is obtained a a transfinite composition of pushouts of ten-

sor products of acyclic cofibrations with any object is a weak equivalence.

A.1.4 Transferred Model Structures

Definition A.1.12. Let D and E be categories with D a model category. Suppose F' : D — E
and G : E — D are functors with F' < G. If it exists, the transferred model structure

on E is the one defined as follows.
1. A map f in E is a weak equivalence precisely if G(f) is a weak equivalence in D.

2. A map f in E is a fibration precisely if G(f) is a fibration in D.
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3. A map f in E is a cofibration precisely if it has the left lifting property with respect to

acyclic cofibrations.

Remark A.1.13. If the transferred model structure exists on E then F - G is a Quillen

adjunction.
We need the following important result, which is Theorem 3.3 in [19].

Theorem A.1.14. Let D and E be categories, with D a cocomplete cellular model category
and E having finite limits and all colimits. Suppose F': D — E and G : E — D are functors
with F' o G. If F preserves compact objects, then the transferred model structure on E
exists if and only if the weak equivalences in E contain any sequential colimit of pushouts
of images F(g), where g is allowed to vary over the generating trivial cofibrations in D.

Moreover the transferred model structure is cellular.

Remark A.1.15. Note that in [19] it is actually proved that if an adjunction satisfying the
above condition then the transferred model structure exists. The converse is clear however

since as a left Quillen functor F preserves acyclic cofibrations and colimits.
We will actually use the following immediate corollary.

Corollary A.1.16. Let D and E be categories, with D a cococomplete cellular model cat-
egory and E having finite limits and all colimits. Suppose F': D — E and G : E — D are
functors with F' - G. If G preserves filtered colimits, then the transferred model structure
on E exists if and only if the weak equivalences in E contain any transfinite composition
of pushouts of images F(g), where g is a generating trivial cofibration in D. Moreover the

transferred model structure is cellular.

A.1.5 Cylinder Objects and Interval Objects

In this section we follow [38] and [I1].

Definition A.1.17. Let M be a model category and M an object of M. A cylinder object
for M is a factorization
MM — cyiM)>M

of the fold map M| M — M such that Cyl(M)>M is a weak equivalence. The cylinder
object is said to be good if M || M — Cyl(M) is a cofibration, and very good if in addition
Cyl(M)=>M is a fibration.

158



Cylinder objects allow us to define (left) homotopies of maps. Let M be an object and
MM 2 cyl(M) P M

a cylinder object for M. Denote by ig : M — M [ [ M the inclusion of M as the first factor
of the coproduct and i1 : M — M the inclusion as the second factor. Let N be any other
object and H : Cyl(M) — N a map. We write Hy for the composition H o jps o ip and Hy

for the composition H o jas o i1.

Definition A.1.18. Let f,g: M — N be maps and Cyl(M) a cylinder object for M. f is
said to be left homotopic to g relative to Cyl(M) if there is a map H : Cyl(M) — N such
that Hy = f and Hy = g.

The following result about the interaction of coproducts and homotopic maps is obvious,

but usefl.

Proposition A.1.19. Let {M,} cr be a collection of objects. Suppose that coproducts of

acyclic fibrations are acyclic fibrations. For each M., let

PMy

Jm
M, 1] M, — Cyl(M,) — M,
be a very good cylinder object for M., .
1.

L1, 3ny L1, pn,,

(LT, Mo) TI(LT, My) = 11, (M5 [T M) L1, Cyl(M) [T, M,
is a very good cylinder object for ]_[7 M.

2. Suppose that f, gy : My, — N, are maps such that f is left homotopic to g, relative
to Cyl(My). Then [, fy is left homotopic to | [, gy relative to [ [, Cyl(Ms).

Typically we would like our cylinder objects to be functorial.

Definition A.1.20. A (good/very good) cylinder functor for a model category M is
an endofunctor Cyl : M — M together with natural transformations p : Cyl — Id and
j:(=]]-)oA — Cyl such that for each object M of M

MM 24 oy P M
is a (good/ very good) cylinder object for M.

In a monoidal model category one can define cylinder objects using so-called interval-

objects.
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Definition A.1.21. Let (E,®,k) be a monoidal model category. A (good/ very good)
coassociative coalgebra interval is a coassociative comonoid ([0,1],A,n) together with

morphisms of coalgebras iy, : k @k — [0,1] and py, : [0,1] — k such that
KTk —%-10,1] 2>k
is a (good/ very good) cylinder object for k.

The next results follows directly from the definitions.

Proposition A.1.22. Let (E,®, k) be a monoidal model category which satisfies the monoid
aziom, with a very good interval object ([0,1],A,n). Suppose in addition that whenever
A — B is an acyclic fibration between cofibrant objects and C is any object, the map
C®A — CQ® B is a weak equivalence. Then the functor Cyl = [0,1] ® (—) together with
the natural transformations ir ® (—) :< — ]_[—) oA — Cyl and pr, ® (=) : Cyl — Id is
a cylinder object. Moreover the restriction of Cyl to cofibrant objects provides a functorial

good cylinder object.

Definition A.1.23. If two maps f,g: A — B are left homotopic using the cylinder object
induced by an interval object [0,1], we say that f and g are homotopic relative to [0,1],

and we write f ~l[0 1 9-

A map f: A — B is said to be a homotopy equivalence relative to [0, 1] if there
isamap g: B — A such that fog ~l[0 1] Idp and go f ~l[0 1] Idy. If = is the terminal
object then an object A is said to be [0, 1]-contractible if the map A — # is a homotopy

equivalence relative to [0, 1].

Proposition A.1.24. Let (C,®, k) be a symmetric monoidal model category which satis-
fies the monoid aziom, and let ([0,1],V,€) be a very good coassociative coalgebra interval.
Suppose f,g: A — B and s,t : X — Y are maps, that f ~l[0’1] g and s ~l[071] t, and that
both B and Y are fibrant. Then f® s ~l[071] g®t.

Proof. There exists a left homotopy using [0,1]® X and [0,1]®A. Let nx : [0,1]®X - Y
realise the left homotopy between f and g, and 14 : [0,1] ® A — B realise the homotopy

between s and t. Consider the composition

0,1]® (X ®4) ™24 ([0,1]©[0,1]) @ (X ® 4) — ([0, 1] ® X) ® ([0, 1] S 4]*—

Y®B

This gives a left homotopy between f ® s and g ®t relative to I. O
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A.1.6 Algebra in Monoidal Model Categories

Let (C,®) be a monoidal model category. We recall here a major result regarding the
existence of transferred model structures on categories of monoids and modules internal to

C.

Theorem A.1.25 ([73]). Let (C,®) be a bicomplete monoidal model category and R a
monoid object in C. Suppose that

1. (C,®) satisfies the monoid aziom.
2. C is a combinatorial model category.
Then
1. The transferred model structure on pMod exists and is cofibrantly generated.

2. If R is commutative, then the transferred model structure on pMod is monoidal and

satisfies the monoid axiom.

3. If R is commutative then the transferred model structure exists on the category of
monoids in gMod. Moreover it is cofibrantly generated. FEwvery cofibration of R-

algebras whose source is cofibrant is also a cofibration of R-modules.

Proof. This is Theorem 4.1 in [73]. O

A.2 (oo, 1)-Categories
Quasi-Categories and Localization of Model Cateogries

For concreteness we fill fix as quasi-categories our model for (oo, 1)-categories. If M is
a model category we can associated to it a quasi-category M. If M is a combinatorial
simplicial model category then M is a locally presentable (o0, 1)-category by Proposition
A.3.7.6 in [51].

Generation under Sifted Colimits

Let C be a cocomplete (o0, 1)-category and Cy a full subcategory. We denote by Px(Cy) the
free cocompletion of Cy by sifted colimits, i.e. by filtered colimits and geometric realisations.
There is a natural functor

Px(Cp) — C
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Let T be a monad on C which preserves sifted colimits and let C7T its category of Eilenberg-

Moore algebras. Consider the corresponding adjunction.
Freep: C 2 CT:| — |1

Let Freep(Cg) denote the full subcategory of CT spanned by free T-algebras on Cj.

Ps(Co) — Px(Freer(Co))
C c’

Suppose that the left-hand vertical map is essentially surjective. By Proposition 4.7.3.14 in
[52] every object in C7T can be obtained as a colimit of a simplicial diagram of objects in the
image of Freer. Therefore by the previous proposition every object in C” can be obtained
as a sifted colimit of objects in Freeq(Cy). In particular the functor Ps(Freer(Cp)) — CT
is essentially surjective.

We are particularly interested in the case that C is presented by a Kan complex enriched
monoidal model category ¢ and B is an admissible operad on C. This gives rise to a monadic

Quillen adjunction
P(-): € 2 Ay (C) ¢ ~ |

which by localization induces an adjunction of (oo, 1)-categories

P(—): C 2 Algy(0) :[ — |

According to [43] this is also a monadic adjunction. Since C is cofibrantly generated C is
generated under sifted colimits by some small subcategory Cgy of cofibrant objects in C.
Therefore Algy(C) is generated under sifted colimits by the full category of free P-algebras

on objects in Cy.

Remark A.2.1. The argument given above is a significant component of the one in [35]
Proposition 1.2.2, which shows that the category of chain complexes of vector spaces over a
field, and the category of Lie algebras over it, are in fact the formal completion of subcate-

gories of certain compact objects by sifted colimits.
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Appendix B

Algebra in Additive Categories

Throughout this section (£, ®, k) is a symmetric monoidal category, with monoidal functor
®. The symmetric braiding will be denoted by o. We further assume that € is finitely
bicomplete. What follows is largely standard. Much of it can be found in [I0] for example.

B.1 Familiar Algebras
Associative Monoids

We denote the category of (unital) associative monoids internal to £ by Ass(E). There is a
faithful forgetful functor |— |4 : Ass(E) — E. If £ has countable products then |—| has a left
adjoint T' constructed in the usual way as the tensor algebra. Namely, T(V) = @, Tn(V)
with T, (V) = Ve,

Commutative Monoids

We denote the category of (unital) commutative monoids by Comm(E). If £ has finite
coequalizers and countable coproducts then the forgetful functor | — |comm : Comm(E) — E
has a left-adjoint, which can be constructed explicitly as follows. The symmetric group on n
letters ¥, acts on T,,(V) = V®. Let S, (V) = T,(V)s,, be the coinvariants for this action.
We then set S(V) = @, Sn(V). The associative monoid structure on 7'(V') descends to
an associative monoid structure on S(V). One checks easily that it is commutative and

that it is a left adjoint.

Modules

Given objects A and B of 4ss(E) we denote by 4Mod the category of left modules for A, by
Mod 4 the category of right modules for A, and by 4Mod g the category of A — B bimodules.
There is a forgetful functor | — |, aps : AMod — E. This functor has a left adjoint. It sends
an object E to the object A ® E with the obvious left action of A.
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Let E be a right A-module with action morphism ag : EQA — E and F a left A-module
with action morphism ap : AQ F — F. If the category E has finite equalisers, then we

define £ ®4 F to be the coequaliser of the maps

ap

— T
EQARQF . E®F
— "

This defines a bifunctor
R4 Mod 4 X sAMod — E

If Fis a B — A bimodule and F' is an A — C bimodule, then E ® 4 F' is naturally a B — C-

bimodule, i.e. ®4 gives a bifunctor
BMod g4 X gsMod o — pMod ¢
If A is a commutative monoid then this gives a bifunctor
AMod x AMod — 4Mod

which endows 4 Mod with a monoidal structure.

Suppose further that the monoidal structure is closed, and let Hom(—, —) denote the
internal hom functor. Then one can also construct an internal hom, Hom 4 (—, —) functor
on 4Mod by a similar method as used to construct ® 4. This makes (£,®4, Hom 4(—, —), 4)

a closed monoidal category. See for example [10] for details.

Lie Monoids

Now we suppose (E,®, k) is a monoidal additive category. Then one can define the category
of Lie monoids internal to E. Denote the symmetric braiding by o. A Lie monoid in E is
a pair (L, [—, —]) consisting an object L of £ together with a morphism [—,—] : LQL — L
satisfying the Jacobi identity

[= [ -1+ [ [ -1le(ide®or,) + [~ [ —]l o (or,L ®idL) o (idL ®oL,L) = 0
and the antisymmetry condition
[_7 _] + [_7 _] & oL,L = 0

Morphisms of Lie monoids are defined in the obvious way. This gives a category Lie(E) of

Lie monoids internal to €.
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There is of course a forgetful functor | — |1 : Lie(E) — E. If £ is enriched over gVect
rather than 46 we will also see that this functor has a left adjoint L which can be constructed
explicitly.

Now let A be an associative monoid in £ with multiplication m. Define [—, —] : AQA —
Aby [—,—] =m—mooya. Itis easy to see that (A4, [—, —]) is a Lie monoid. Moreover
this structure is clearly functorial, and we get a faithful functor 4ss(£) — Lie(‘E). As we

shall see later, if Z is enriched over g%ect then this functor has a left adjoint U.

Algebra in g7ect-Enriched Symmetric Monoidal Categories

We now assume that our monoidal additive category E is enriched over g%ct rather than
just 46. We also assume that E is finitely bicomplete and has countable coproducts. Let
us relate the functors U, L, T, S.

The easiest identity is U o L = T'. This follows from the fact that both U o L and T are
left adjoints to the forgetful functor | — |4 : 4ss(E) — E.

Now consider T" and S. The following is an easy generalisation of the same fact for

Q-vector spaces. It is done for dg-vector spaces in [69] for example.
Proposition B.1.1. The natural transformation | — |a50T — | — |comm © S admits a section.

Proof. Let V be an object of E. Define a map py : T'(V) — T(V) of graded objects in E by

1
PVin = Z o:T(V)—T,(V)

" oex,

This clearly induces a map
Tn(V)s, = Sp(V) = Tn(V)

n

which is a section of the projection T, (V) — S, (V). It is also clear that py is natural in
V, i.e. we get a natural transformation p : | — |comm © S — | — |25 © T which is a section of

|_|,’7LssOT—>|_|CommOS O

Let us now explain how U and S are related. In [22] it is shown that if £ is Q-linear
then a left adjoint U to the forgetful functor 4ss(E) — Lie(‘E) exists, and there is a natural
isomorphism

’_’%SOU;’_’CommOSO‘_’Lie

U(L) is called the universal enveloping algebra of L. The proof in fact works in the

following setup
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Theorem B.1.2 (Poincaré-Birkhoff-Witt). Let (£,®,k) a monoidal additive category en-
riched over g%Vect with countable coproducts and finite coequalizers. Then a left adjoint U

to the forgetful functor Ass(€) — Lie(€) exists, and there is a natural isomorphism
|—|,q550U§ |_|CammOSO|_ |Lie

Corollary B.1.3. Let g be a Lie monoid and let i : g — U(g) denote the natural map in

E. Then the map g — Im(i) is an isomorphism.

Finally we relate T" and L. First we give an explicit construction of L. Consider the
tensor algebra T'(V') as a Lie algebra with Lie bracket [—,—] the one induced from the
associative algebra structure. Let Lo(V) = V — T(V). Inductively define a subobject
L,4+1(V) of T(V) as the image of the restriction of [—, —] to V ® L, (V). Define

L) = (i)o L.(V)

The Lie bracket on T'(V') pulls back to one on L(V'). The construction is clearly functorial.
To see that it is a left adjoint we follow the method of [77]. Suppose g is a Lie monoid
and V' — g is a morphism in £. This induces a morphism V' — g — U(g) and therefore
a morphism of associative algebras T'(V) — U(g). The image of L(V) under this map is
clearly contained in the image of g in U(g). But by Corollary this is isomorphic to
g. Thus we get a lift of V' — g to a map of Lie algebras L(V) — g. Such a map is clearly
unique.

We are going to show that the natural inclusion L(V) <— T'(V) is split. First we
introduce some notation. Let g be a Lie monoid with bracket [—, —]. Define [—, —], :
g®" — g inductively as follows. We set [—, —]1 = [—, —] and define [—, —],41 to be the

composite.

n id ®[_7_]’ﬂ [_7_]
g®ntl — g9 g

We then get the following result, which is a generalisation of Lemma 2.2 in [69].

Lemma B.1.4. The graded natural transformation p : | — |as 0T — | — |Lic © L of graded
objects in ‘E given by
p _{ 0 n=>0
" [-,—], n>0

is a left inverse for the map L(V) — T(V).
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Proof. Fix an object V' of £. Denote the Lie bracket on L(V) by [—,—]. Define a Lie
monoid endomorphism D of L(V') whose action on L, (V') is multiplication by n. Consider
the Lie monoid L'(V) = L(V) @ k with Lie bracket

[-—]:(LV)®k)R(L(V)®k) = LV)QLV)®LV)®L(V)®k — LV)®Dk

given by the matrix

[--] D —-D 0
0 0 0 O
The inclusion L(V) — L(V) @ k is a morphism of Lie monoids whose image is an ideal

of L(V)@® k. Thus L(V) @ k is an L(V)-module, and hence a U(L(V')) = T(V) module.

Consider the composition
TWV)=2T(V)@k—>T(V)QL (V) — L'(V)

In degree n this map is np,. But when restricted to L, (V) it is given by D,, = nidp, .
Thus pn|Ln(V) = idLn(V)‘ O

B.2 Operadic Algebra in Additive Categories

In this section we recall some basic results on operads and co-operads. Our reference is[48]
where, unless stated otherwise, anything left unproved in this section can be found. While
the book works in the context of vector spaces, most of the proofs work mutatis mutandis
for monoidal additive categories with some mild assumptions. Note that all the algebras

studied in the previous section are algebras over certain operads.

Discrete Groups in Monoidal Categories

Let (£,®, k) be a symmetric monoidal category with all small coproducts. We denote by
k[—] : Set — E the functor which sends a set S to the object k[S] = Dgk. If f: S - T'is
a map of sets, then k[f] : k[S] — k[T] is the morphism which sends the copy of k indexed
by s € S to the copy indexed by f(s) € T. Objects and morphisms in the essential image of
the functor k[—] : Set — £ will be called discrete.

Proposition B.2.1. Let (E,®,k) be a symmetric monoidal category. Suppose that ®
preserves all coproducts. Endow Set with its Cartesian monoidal structure. Then the functor

k[—] : Set — E is strong monoidal.
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Proof. Let S and T be sets. Then

O

In particular Set — E sends groups to Hopf monoids. If G is a group we call k[G] the

group monoid of G in E.

The Category of >-Modules

We denote by k[X] the monoid in Gr(E) defined as follows. In degree n it is given by the

monoid k[%,], the free monoid on the symmetric group in n letters.
Definition B.2.2. The category of X-modules in E is the category of k[X]-modules.

Definition B.2.3. Let M be a ¥-module. Its associated Schur functor is the endofunctor
M : £ — £ defined by
M(V) =@ M(n)®s, V&

n=0

The assignment M +— M s functorial in a natural way. We denote the functor Mody —
End(E, E) by Sch.

The Tensor Product of >-Modules
We are going to define a monoidal structure on the category of 3-Modules.

Definition B.2.4. Let M and N be two Y-modules. The tensor product of M and N,
denote M ® N, is the X-module define by

(M®N)(n) = D Indsl,s (M(i)®N(j))

i+j=n
Definition B.2.5. The ¥X-module I is defined by M (i) =0 fori # 1 and M(1) = k.

The following can be proven as in [48]

Proposition B.2.6. (Modx,®, I) is a symmetric monoidal category. Moreover if we endow

[, E] with its object wise monoidal structure, Sch is a strong monoidal functor.
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The Composite of ¥-Modules

Definition B.2.7. Let M and N be two Y-modules. The composite product of M and
N, denote M o N is defined by

Mo N(n) = @(M(k) ®s, N(n)
k=0

Proposition B.2.8. (Modx,0,1) is a monoidal category.
Another useful notion is the infinitesimal composite product of Y-modules

Definition B.2.9. The functor —o(—; —) : Mods, — Mod's; is the subfunctor of —o(—@—) :

Mod's, — Mod's, which is linear in the last variable.

Definition B.2.10. The infinitesimal composite product functor — oy — : Moc[% —
Mod s, is the functor

—oq) —=—0o(l;-)

Definition B.2.11. Let f : M1 — My an g : N1 — No be morphisms of X-modules. The

infinitesimal composite of f and g, denoted f o' g is the map
fO/gZMloNl —>M20(N1;N2)
given by the formula

flg=YfeoIdy®.. . ®Idy, ®g®Idy, ® ... ® Id,)

Operads and Co-Operads

Definition B.2.12. The category of operads denoted Op is the category of associative
monoids (B, 7, n) in the monoidal category (Modyx,I,0). The category of cooperads de-

noted coOp is the category of coassociative comonoids in the monoidal category (Modx, I, 0).

Definition B.2.13. Let (B6,v,n) be an operad. The infinitesimal composition map
Y1) s P oy P — P given by the composition.

Idypo(n+Idy)
Poy B=—=F o (LP—>Po[OP) ——>PoP P
Definition B.2.14. Let (€, A, €) be a co-operad. The infinitesimal decomposition map
A€ — Coyy € given by the composition.

Idgo'Idg Idgo(e;lde)
_—

Col

Co (¢; Q) Co([;€)—=¢,,.C

o)
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Partial Compositions

An operadic structure on a YX-module (B3, ~,n) can also be described by the so-called partial
composition maps. Let 3 be an operad. For m,n € N and 1 < i < m we define the partial

composition map
i+ B(m) @ P(n) — P(m +n — 1)

as the composition

PBm)@P(n) 2= P(M)RLER .. kX P(N) QLR ...k —
— Pm) P @ ... OF1) @ P(m) OP() ®... (L) = FoP — P — Pm +n 1)
It turns out that the operadic structure can be completely recovered from these maps.
The Hadamard Tensor Product

If © and P are Y-modules then we define their Hadamard tensor product by (O ®p
PB)(n) = O(n) ®P(n) equipped with the diagonal action of ¥,,. If O and P are operads
then so is their Hadamard tensor product. By duality the Hadamard tensor product of two

co-operads is a co-operad.

Operadic Modules and Ideals

Definition B.2.15. Let B be an operad. A (non-unital) left P-module is a X-module
M together with a map

pr s Po (P M) > M
such that the following diagrams commutes

Idygo(Idysynr)

Po (B;Po (P; M)))

l~ im
pspo(Id;1d)

(B oB) o (B; M) PBo (P; M) M

a

There is an obvious notion of a morphism of B-modules, and this gives a category
B — Mod.

Let M be a P-module and jps : N — M a sub-%-module. Consider the composition

v =Po (B N) - Bo(P;M) > M
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Write <N>1 = Im(vyy). Inductively define <N>k+1 =<<N>k>1. Finally define <N> =

limﬂ<N >k Let us endow <N > with a left P3-module structure. First note that the natural

map

5 (3 (), ) = o (), )
is an isomorphism. We now construct a map lim_,*J3 o (°I3; <N >k) — lim_,<N >k We have

the following commutative diagram

Bo (B (V) ) —=Bo (F:(N) )

l |
.. (¥)...

which induces the desired map.

Proposition B.2.16. <N> s a left P-module. There is a monomorphismj< > : N <—><N>
N

which satisfies the following universal property. ¢y oj<N> = jum.

Suppose further that transfinite compositions of reqgular monomorphisms are regular. Then

j s a regular monomorphism. If there is a commutative diagram
()
jN/
Nl
M
(NG
M

with all maps being reqular monomorphisms and N’ being a sub-R3-module of M, then there

N

is a unique map of P-modules Py :<N> — N’ such that the following diagram commutes

In particular, if ¢pr is a reqular monomorphism then <N> s the reqular sub-Bmodule of

M generated by N. Further suppose that E is quasi-abelian. Then <N> =<N>1.
Proof. 1t is clear that vy o mas|n = in. In particular the inclusion iy factors as

N - Im(ywy) - M
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We let j be the composite
()

N — Im(yy) =<N>1 - lim_,<N>k

It follows from the construction of the map ¢a; that ¢pr o j < > = jyr. Suppose there is a
N

commutative diagram

NN N

M
NG

M

with all maps being monomorphisms and N’ being a sub-3-module of M. Then the follow-

ing diagram commutes

Tdsyo(Idsy:jn !
I o (o N e N

liN/

M

Po(B;N)

This implies that <N >1 = Im(yy) < M factors (uniquely) through iy,. To prove the
second claim we check that <N >1 = Im(+yy) is a sub-module. To do this we must show that

the map ’y< > factors through <N> . The map P o (P; N)) —><N> is an epimorphism
N 1 1

1

since £ is quasi-abelian. Therefore the map B o (P;P o (P; N)) — P o (P; <N>1)) is an

epimorphism. Moreover, the following diagram commutes

o (Idsp;yN)

T o (P59 o (P; NS T o (P; M)

P

Po (PB;(N) ) M

Thus it is sufficient to prove that the image of the composition

dyo(Iday; y
po(ldyivn) mo(m;M)’YM M

P o (P3P o (; N)

factors through Im(vy). But we also have the following commutative diagram.

Idgpo(Idy;yN)

Po (B Po(B;N))) Po (B; M)

i~ l’YM
wypo(Id;Id)

(BoP)o (P;N) PBo (P; N) X M

This proves the claim. ]



B.3 Algebras Over Operads

Definition B.3.1. Let (B,v,7n) be an operad. A B-algebra is a pair (A,v4) where A of
E and 4 : P(A) — A is a morphism in ‘E such that the following diagrams commute

(9 0 ) (A) —— PER(A) Ao p(4)

J{V(A) J/'YA

B(A) ik A

1(4) 2L p(a)

\ |
A
Definition B.3.2. Let € be a cooperad. A €-coalgebra is an object C of E together with
a map Ac : C — €o C such that (CP,A®) is a € algebra in the category E°P.

There are obvious notions of morphisms of algebras and coalgebras, giving categories

ﬂ[ﬂ‘-ﬁ and coﬂ(gm.

B.3.1 Modules Over Algebras and Ideals

Definition B.3.3. Let (B,v,n) be an operad and (A,va) an algebra over P. A module
over A together with maps ~yar : Po (A; M) — M and nyr : M — B o (A; M) such that the

following diagrams commute

(9 0 ) o (4; M) — 5 o (P(A); P o (4; BN g3 6 (4; M)
l'yo(ld;ld) l’YM
Po(4;M) gL M

M —"2%3 0 (A; M)
\ l’YM
M

Note that A is canonically a module over itself. An ideal of A is a module I over A

which is a submodule of A regarded as a module over itself.

Definition B.3.4. Let M be an A-module and N — M a (regular) subobject in the ambient
quasi-abelian category E. A (regular) sub-A-module K — M is said to be generated by N
if the inclusion N — M factors through K — M, and K is universal with this property.
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Proposition B.3.5. Let M be an A-module and N — M a subobject in the ambient

quasi-abelian category. Consider the composition
N =PB(AN) > P(AM) > M
Then Im(yn) is athe regular submodule of M generated by N .

Proof. Similar (in fact easier than) Proposition |B.2.16 O

B.3.2 Derivations

For most of this section we follow [2]

Definition B.3.6. Let P be an operad, A a B-algebra and M an A-module. Then the
square zero extension of A by M is the P-algebra A x M whose underlying object is

A® M and whose algebra structure is given by the composite
PAOM) > PA)OP(AM) - Ao M

The algebra A x M is equipped with a map of algebras A x M — A which on underlying
objects is just the projection A@ M — A. This gives an object A x M — A in ,‘Zl[gm/A.

Definition B.3.7. Let B be an object in ﬂ[gm/A and let M be an A module. The abelian

group of derivations from B to M is
Deryp 4(B, M) = Homﬂ[gm/A(B,A x M)

Proposition B.3.8. An element of Deryp a(B, M) is determined by a morphism D : B —

M in E so that the following diagram commutes

B(B)—2Po(B;B) 21" oo (B )

lvB l'm

B D M

In the case that A =B(V) is a free algebra one can show the following (see [48])

Proposition B.3.9. Let V € E. Suppose we are given a map ¢ : V. — B(V). There is a
unique derivation dy on the free B-algebra P(V') which extends ¢. It is given by the formula

dy = dyp o Idy + (’7(1) oIdy)(Idy o' V)
where we have used the isomorphism
Po (ViB(V)) = (Bon) B)(V)
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In fact, by Observation.4.4.2, [25] one has

Proposition B.3.10. Let V € E. Then there is a natural isomorphism
Hom(V, M) = Derg g0)(B(V), M)

Proposition B.3.11. Let A and B be B-algebras and M an A [ B-module. In particular it
is both an A-module and a B-module. Suppose d: A — M and § : B — M are derivations.
There is a unique derivation d + 6 : A[[ B — M whose restriction to A is d and whose

restriction to B is 4.

Proof. A]] B can be constructed as a quotient of B(A@ B). There is a map of X-modules
d+¢6: A® B — M which uniquely extends to a derivation B(A @ B) — M. One checks
that this descends to a map A[[ B — M. O

B.3.3 Twists by Coalgebras

Throughout this section P will be a non-symmetric operad and (C, A, €) a coassociative
coalgebra. This section provides a useful formalism for dealing with homotopies of -
algebras.

Let us define maps
dow (k) : COPk) @V — F(k) @ (COV)™*
The symmetric monoidal structure gives a canonical isomorphism
o: C¥RP(k) @V = P(k) ® (CRV)®F

The isomorphism does not swap any of the Cs past each other. We now define dc.1 (k) to
be 0 0 AF1. So we get a map doy : C @ P(V) —» B(C ®V). It is natural in C and V.

Proposition B.3.12. Let P be a non-symmetric operad, V an object of E, and (C,A €) a

coassociative coalgebra. The following diagram commutes

CROPV)—— PR V)
e®Idy(v)
\ %dv)
V)

Definition B.3.13. Let A and B be B-algebras and C' a coalgebra. A C-twisted mor-
phism of P-algebras from A to B is a map

¢p:C®A—B
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such that the following diagram commutes

Idc®va

C®P(A) C®RA
J{éc,A l¢
pCcoAP . pyB) 22 B

Proposition B.3.14. Let C be a coassociative coalgebra, V,W objects of E and h : CQV —
W a map. Then the map P(h)odc,y : CROP(V) — P(W) is a C-twisted map of *B-algebras
from P(V') to P(W).

Proof. Let ¢ : P(C RP(V)) — P(W) denote the unique map of algebras extending P(h) o

dc,v. The coassociativity of C' implies that the following diagram commutes

dopv
C® (BB(V)) - PO RB(V))
ifd@vmw lw
dov B(h)
CRP(V) BCRV) BW)
which says precisely that (h) o dy is a C-twisted morphism. O

Proposition B.3.15. Let E be a closed monoidal quasi-abelian category, A and B be -
algebras, C' a coassociative coalgebra, and suppose that H : C ® A — B is a C-twisted
morphism of RB-algebras. Let K — A be a subobject of A and L. — B an admissible sub-
algebra of B. If H|cgk factors through L, then so does H | .

ca(x)

Proof. First note that we have the following commutative diagram

C'@%B(K)HC@<K>—>C®A—>B

|

PO K) ——P(L) L B

Since in quasi-abelian category any map is an epimorphism onto its image, and the tensor
product preserves cokernels, the first horizontal map is an epimorphism. Therefore the

image of the top horizontal map coincides with the image of the composition
C&(K)—>C®A—B

But by the commutativity of the diagram the image of the top map factors through the

image of L — B which is L, since L is a regular subobject. O
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B.4 (Co)Operads in Chain Complexes

In this section we let (£,®, k) be a monoidal additive category with kernels and cokernels,

and consider operads and co-operads in the monoidal additive category C'h(E).

B.4.1 The Convolution Operad

Let (€, A, €) be a cooperad and (3,,n) be an operad in E, and consider the collection in
Ch(4b) given by
Hom(&,B)(n) = Home(&(n), P(n))
It is a (right) ¥ module in Ch(46). For f € Homg(€(n),B(n)) o € X, acts on the right
by

f»—>aofoor_1

Using the methods of [48] Section 6.4.1 this ¥-module in Ch(46) can be made into an
operad, called the convolution operad of € and 8. Recall that to any dg-operad B there

is an associated dg pre-Lie algebra whose underlying differentially graded abelian group is
[1,B(n). Denote by

Homy (€, %) := | | Homy, (€(n), B(n))

n=0

the subobject of [ [,-, Hom(&(n),B(n)) consisting of X-equivariant maps.

Proposition B.4.1. Homyx(€,P) is a sub dg pre-Lie algebra of the dg pre-Lie algebra

associated to the convolution operad.
Definition B.4.2. Homy(€,B) is called the convolution dg pre-Lie algebra.

B.4.2 Twisting Morphisms and Twisted Composite Products

Details for the next two sections can be found in Chapter 11 of [4§]. Let € be a cooperad
and P an operad. We consider the convolution operad Hom(€,B) in Ch(45).

Definition B.4.3. A twisting morphism is a Maurer-Cartan element in the convolution
dg pre-Lie algebra Homs(€,B).

Typically the twisting morphisms we consider on additive categories are induced from

ones in Ch(4b) (or Ch(gMod)). To this end we note the following result.

Proposition B.4.4. Let D and E be monoidal additive categories and F : D — E a strict
monoidal functor. Let a: € — P be a twisting morphism in Ch(E). Then F(a) : F(€) —
F(B) is a twisting morphism.
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Proof. This follows from the fact that F' induces a homomorphism of convolution Lie alge-
bras, and homomorphisms of Lie algebras send Maurer-Cartan elements to Maurer-Cartan

elements. O

Let a: € — B be a degree —1 morphism. Denote by d/, the unique derivation on € o3

which extends the composition

A Idgo(ya
¢—eon € oy —>CoP

Denote by d!, the unique derivation on B o € the unique derivation which extends

aoldg

¢S o Epoc
Lemma B.4.5. On B o € the derivation d, satisfies

2 !
doz = d&(a)-‘roz*a
On € o P the derivation d, satisfies

dQZdT

o 0(a)+axa

Corollary B.4.6. If « is a twisting morphism then

Pos€:=(Pod,dy)

and
Con P = (Co*P,da)

are chain complezes.

Finally we denote by B o, € o, B the complex whose underlying graded Y-module is
given by P o € o P, with differential given by dpocoyp + Idyp o' df, — d ol dyz. This is called
the two-sided twisted composite product. It is a complex by [4§].

B.4.3 Bar and Cobar Constructions for Algebras

Let a: € —» P be a twisting morphism. There is an construct an adjoint pair of functors.

Qq: coﬂ[ggil < Algy < Ba

Let C be a €-coalgebra. The underlying graded algebra of Q,C is the free algebra B (C')

on C. The differential however is augmented using the twisting morphism. Namely, it is the

sum of the derivations d; = —dy o C and da, where —ds is the unique derivation extending
the map
c—Acoc®yoc
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Proposition B.4.7. There is a natural isomorphism of algebras with derivations
(P(C), —di — d2) = (B oq €) o€ C,da)
In particular di + da is a square-zero derivation.

Definition B.4.8. (P(C),d; + d2) is called the cobar construction of A with respect

to «.

Now let A be a P-algebra. The underlying graded algebra of B, A is the co-free co-
algebra €(A). Denote by d; the square zero coderivation dg o Id4. There is a unique

coderivation dy extending the degree —1 map

aoldy

CoA 2ot g
Proposition B.4.9. There is a natural isomorphism
(€(A).dy +do) = (€00 ) o Ay da)
In particular di + do is a square zero coderivation.

Definition B.4.10. B, A := (€(A),d + d2) is called the bar construction of A with

respect to «.

Proposition B.4.11. There is an adjunction

Qu: coalgy = Alyy, :Ba

In the context of the bar-cobar adjunction it is convenient to introduce the following

operad.

Definition B.4.12. The shifting cooperad, denoted &¢, is the cooperad with &(n) =
S"1(k). The shifting operad & is the dual operad of &, with &(n) = S~ (k).

By [48] Page 187 we have the following.

Proposition B.4.13. For any complex V- € Ch(E) and any X-module B there is an iso-

morphism, natural in 'V,

P[] = (6@ B)(V[L])
In particular in P is an operad the shift functor induces an equivalence of categories
Similarly If € is a co-operad the shift functor induces an equivalence of categories.

[—1] : coRAlge — coUlggew,, ¢
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B.4.4 Non-Symmetric Operads

There is a non-symmetric version of the theory detailed above, where we just consider
N-graded objects of £ without any X-action. Recall from Section this is a monoidal

category.

Definition B.4.14. Let M and N be graded objects. The non-symmetric composite
product of M and N, denoted M o™ N 1is the graded object given by

(M o™ N)(n) = Qk-) M (k) ® N® (n)

Definition B.4.15. The graded object I is defined by M (i) =0 for ¢ # 1 and M(1) = k.

With these the preceding constructions on results for (symmetric) operads go through

mutatis mutandis. We denote the category of non-symmetric operads by Op, .

As with any module category there is an adjunction
k2] ® (—): Grad (E) 2 % — Mod :| — |

which induces an adjunction

b — .
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Appendix C

Holomorphic Functions on Banach
Spaces

In this appendix we recall some notions from the theory of holomorphic functions on Banach
spaces of possibly infinite dimension. We then introduce contracting and multiplicative
holomorphy types before giving a description of algebras of holomorphic functions after
embedding them in the category Pro(Ban) introduced in Section . Our main references
are [50] and [55]. Proofs of all unproven claims can be found there. We will consider the

category Bangc of Banach spaces over C with its projective closed monoidal structure.

C.1 Definitions and Basic Properties

If F is a Banach space space there is for each n € N a continuous map
AL E — E®" ¢ &

which is natural in the following sense. Whenever f : ' — F'is a linear map the following
diagram commutes

E—2% pon

if if .

F i Fer
Let A € Hompa,(E®™, F). Denote by Az™ : E — F the map of topological spaces given
by the composition A o A%.

Definition C.1.1. A continuous homogeneous polynomial of degree M from E to
F is a map P : E — F of the form Ax™ for some A € Hompa,(E®™, F). We then write
P = A. The space of such maps is denoted P™(E, F).

We endow this space with the topology of uniform convergence on bounded subsets of

E, and denote the resulting topological vector space by P (E, F). It is a Banach space [23].
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Let us now define holomorphic functions.

Definition C.1.2. A power series from E to F about x € E is a sum of the form

where P, € P"(E,F).

Definition C.1.3. Let E and F be Banach spaces and U < E open. A mapping f : U — F

is said to be holomorphic on U if for every € € U there is a power series

from E to F about x and some p > 0 such that B,(§) < U, and

@)= ) Pule —x)

m=0

converges uniformly on B,(x).

It can be shown that the sequence P,, is unique at every point y. We then write
dmf(X) = m!Py
As in the finite dimensional case we have the Cauchy integral theorem

Proposition C.1.4. Let fe H(U;F), x€ U, x € E and p > 0 be such that x + A\x € U for
every A€ C, |\| < p. Then

1 5 1 f(x + Az)
—gm - LT TN
0@ = 55 | P

for all m € Zxy.
which gives the Cauchy estimates

Corollary C.1.5.
1., 1
Hﬁd f(X)H S p*msupuxfxu:pllf(@ll

for all m € Zy.

In infinite dimensions it is not necessarily true that the radius of convergence of the
power series of a holomorphic function f at a point x is the maximal radius of an open ball

around x on which f is holomorphic.
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Definition C.1.6. Let f € H(U; F) and x € U. The radius of boundedness of f at x is
the largest r, 0 < r < o0, such that B,(x) < U and f is bounded on every B,(x), 0 < p <.

We then have the following.

Proposition C.1.7. Let f € H(U; F') and x € U. The radius of boundedness ry of f at x is
the infimum of the radius of convergence r. of the Taylor series of f at x and the distance

d of x to the boundary of U,

Definition C.1.8. Let U < E be an open set. A < U is said to be U-bounded if A is
bounded and d(A, E\U) > 0.

Definition C.1.9. A mapping f € H(U; F') is said to be of bounded type if f is bounded
on all U-bounded sets. The linear subspace of all such holomorphic mappings is denoted by
HO(U; F).

Remark C.1.10. The radius of convergence of the power series of a holomorphic function
f of bounded type at a point x is the mazrimal radius of an open ball around x on which f

s holomorphic.

We endow H?(E, F) with the topology of uniform convergence on bounded sets.
It is defined by the following system of semi-norms. For each integer n, let B,, denote the

open ball around 0 of radius n. Then the seminorm pp, is

pB, (f) = subsep, ||If(2)l|

We denote this topology by w.

C.2 Holomorphy Types

It is useful to consider more manageable subspaces of the space of all holomorphic functions

between Banach spaces.

Definition C.2.1. Let E and F be Banach spaces. A holomorphy type © from E to F is
for each n a linear subspace PE(E, F) of P"(E, F) which is a Banach space when equipped

with a norm || — ||e, such that
1. PY(E; F) = F as a normed linear space.

2. There is a 0 =1 such that for anyn € N, k <n, a€ E and P € P§(E; F), the kth
differential d*P(a) is in PE(E; F) and it satisfies

1 -
|d P, <o lIPllollal"*
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Example C.2.2. The current holomorphy type is given by (Po(E™ F),| — |lo) =
Pu(E™ F).

Definition C.2.3. Let E and F be Banach spaces, U < E open and © a holomorphy type
from E to F. fe H(U; F) is said to be of ©-holomorphy type at § € U if

1. d™f(&) e PR(E,F) formeN
2. There are real numbers C' = 0 and ¢ = 0 such that
H—dmf )|, < cem
for m e N,

f is said to be of ©-holomorphy type on U if it is of ©-holomorphy type at every point
of U. The linear subspace consisting of all such functions is denoted Ho(FE, F).

We're going to define a topology on He (U, F).

Proposition C.2.4. Let p be a seminorm on He(U; F') and K be a compact subset of U.

Then the following conditions are equivalent

1. Given any real number € > 0 we can find a real number c(e) > 0 such that

) D st |~ £ (e

m=0

©
for every f € Ho(U; F).

2. Given any real number € > 0 and any open subset V of U containing K, we can find
a real number c(e, V') > 0 such that

§) < cle V) Y, Psupey|| s

m=0

(S
for every f € Ho(U; F).

Definition C.2.5. A seminorm on He(U; F) is said to be ported by a compact subset
K of U if the equivalent conditions of the preceding proposition are satisfied. The topology

generated by all such seminorms is denoted 1, .

We are now going to define a notion of holomorphic functions of ©-bounded type.
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Definition C.2.6. A function f € Ho(FE,F) is said to be of ©-bounded type if for each
n € N there is a Cy, = 0 such that for each m e N

1 - 1
— L <Cp—
|—d"f(O)lle < Cu—

We write
. 1 m 1

We define H2(E, F) to be the subspace of He(E,F) consisting of functions of ©-
bounded type. The following is clear.

Proposition C.2.7. p, is a semi-norm on HY(E, F).
We endow ’H% (E, F) with the topology generated by the seminorms p,,.
Proposition C.2.8. 1. Endow He(E, F) with the topology I,e. Then the inclusion
HY(E,F) — Ho(E, F) is continuous.
2. Let f € HY(E, F). Then under the inclusion H%(E, F) — Ho(E,F) — H(E,F), f
is in HP(E, F). Moreover the inclusion HY(E, F) — H*(E, F) is continuous.

3. Let © be the current holomorphy type. Then HY(E,F) = HY(E,F) as topological

vector spaces.

Proof. 1. Let p be a seminorm ported by a compact subset K and let 0 < € < 1. Let
n € Z be such that K < B,,(0). Then

1 .
I=dm ()| <

for all m € Z. Then for any = € B,,(0) and any m € Z,

|-sdm p@)lle < 24 (7Y

1—0 n

pn(f)

nm

Choose r > ¢ so that the sequence {( } is summable.
Pn

o) < (o2 S em(7)”

mO
on

:(C(@m)%(f)

2. Fix r € R and let n be such that ro < n. We have || dmf( e < pulf)=
Therefore ||-Ld™ £(0)|| < pn(f )(ﬁ)m and so for  with |[z||z < r, || Ld™ f(0)2™|| <

on(£)(22)". S0

s, (f Z pB,( dmf 0))
pn(f)

<

n—ro
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3. By Part (2) the inclusion H&(E, F) — HP(E, F) is continuous. Conversely let f €
HY(E, F). Then clearly f € HY(E, F) and p,(f) < pB, (f).
0

Corollary C.2.9. There is a commutative diagram of topological spaces

HY(E, F) —= He(E, F)

| |

Hb(E7F) 4>,H(E7F)
Next we introduce the notion of contracting holomorphy types.

Definition C.2.10. Let E and F be Banach spaces. A contracting holomorphy type
from E to F is for each r € (0,0) a holomorphy type O, from E, to F such that

1. For any r,s >0 and m € N there is an isomorphism
¢T7S : Pgr(Eer) = P(gnS(EsaF)
such that the following diagram commutes

PE (B, F) ——P™(E,, F)

l%,s iwr,s

Pe. (Es, F) ——=P"(Es, F)

where 1, 5 is the isomorphism induced from the isomorphism of Banach spaces Idg :
E; > E,

2. For anyr,s >0 and P € Pg,(FEs, F) one has
1Plle, = r™[[¢s.rs(P)llo,.

We clearly have the following result.

Proposition C.2.11. Let © be a holomorphy type from E to F. For r € (0,00) define a
holomorphy type ©, from E. to F as follows. The space Pg (E., F) is the (isomorphic)
image of P (E, F) under the map yn, : P"(E,F) — P™(E,, F). The norm is

1
I1Plle, = —[IPlle
Then this defines a contracting holomorphy type from E to F.

Let F be a Banach space and F' a Banach algebra.
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Definition C.2.12. Let E be a Banach space and F' a Banach algebra. A holomorphy type
O from E to F is said to be mutliplicative if for each m,n € N the image of the restriction

of the product map to PG (E, F) x P&(E,F) is in PG (E, F).

Proposition C.2.13. 1. The tame (defined in Deﬁm’tion and current holomorphy

types are contracting.

2. Suppose that F is a Banach algbera. The tame and current holomorphy types are

multiplicative.

Proposition C.2.14. Let © be a contracting holomorphy type from E to F. There is a

natural isomorphism

“lim o @, P8 (1, F) = PB(HY(E, F))
If F' is a Banach algebra and © is multiplicative then this is an isomorphism of algebras.
Proof. Let P, € P™(E, F). Then by assumption

|5z 2o @) < o™ Pl

O.m
~ T l1Pulle,

1Palle,
=

Hence p.(Pn) < ||P|le , This induces a map
@P@ E 1 , H@(E F)

and in turn a map
“lime,o,"@, PE(EL,F) — PB(H(E,F))

If F' is a Banach algebra and © is multiplicative then this map is clearly multiplicative. To

construct an inverse map, consider a globally convergent power series
= Z Anx™
For any s,r € R one has
1Ana™llo , = o™s™|[Ana™|e
< (078) o)

Thus for 72 <1,

Yl Ama™ | < ——pr ()

so we get a bounded map HY (E, F)p, — @mPgL (Eﬁ’ F). In the projective limit this gives

an inverse. O
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