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Abstract

Recent work of Bambozzi, Ben-Bassat, and Kremnitzer suggests that derived an-

alytic geometry over a valued field k can be modelled as geometry relative to the

quasi-abelian category of Banach spaces, or rather its completion IndpBankq.

In this thesis we develop a robust theory of homotopical algebra in ChpEq for

E any sufficiently ‘nice’ quasi-abelian, or even exact, category.

Firstly we provide sufficient conditions on weakly idempotent complete exact

categories E such that various categories of chain complexes in E are equipped

with projective model structures. In particular we show that as soon as E

has enough projectives, the category Ch`pEq of bounded below complexes is

equipped with a projective model structure. In the case that E also admits

all kernels we show that it is also true of Chě0pEq, and that a generalisation

of the Dold-Kan correspondence holds. Supplementing the existence of kernels

with a condition on the existence and exactness of certain direct limit functors

guarantees that the category of unbounded chain complexes ChpEq also admits

a projective model structure. When E is monoidal we also examine when these

model structures are monoidal.

We then develop the homotopy theory of algebras in ChpEq. In particular

we show, under very general conditions, that categories of operadic algebras in

ChpEq can be equipped with transferred model structures. Specialising to quasi-

abelian categories we prove our main theorem, which is a vast generalisation of

Koszul duality. We conclude by defining analytic extensions of the Koszul dual

of a Lie algebra in IndpBankq.
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Chapter 1

Introduction

1.1 Background and Motivation

Derived Geoemetry

Derived geometry has proved crucial for understanding intersection theory, deformation

theory and moduli theory in algebraic, smooth, and, recently, complex analytic geometry.

There are two dominating abstract models for derived geometry. Lurie’s approach [49]

uses a higher-categorical generalization of ringed spaces, namely structured p8, 1q-topoi.

This is an p8, 1q-topos X together with a limit-preserving functor

O : G Ñ X

where G is a geometry - an p8, 1q-category satisfying certain properties. For example taking

pGqop to be the p8, 1q-category of simplicial rings gives a reasonable notion of derived alge-

braic stacks. David Spivak [76] considers derived smooth manifolds by taking as pGqop the

category of simplicial C8-rings. Mauro Porta and Tony Yue Yu [60],[57] [58], [59],[63], [61],

[62] are developing derived analytic geometry by taking Gop to be the category of simpli-

cial rings equipped with a holomorphic functional calculus. In particular they have proven

GAGA, base-change, and Riemann Hilbert type theorems. They have also announced a

Hochschild-Kostant-Rosenberg theorem.

Toën and Vezzosi’s model for derived geometry is inspired by the theory of (non-derived)

geometry relative to a symmetric monoidal category (developed for instance in [21] and

[6]). This is a category-theoretic framework which views geometry as the unification of

algebra and topology. The algebra describes local pieces and a Grothendieck topology

allows one to glue these local pieces and obtain global objects. In [79] they introduce

the notion of a homotopical algebraic geometry context. Up to some technical details,

a homotopical algebraic geometry context consists of a monoidal model category M such

that the category AlgCommpM q of unital commutative monoids in M is a model category

1



with the transferred model structure, and pAlgCommpM qq
op is equipped with a homotopy

Grothendieck topology τ . We regard Aff M
..“ pAlgCommpM qq

op as a category of affine spaces.

The category of derived stacks on M is then the category of functors X : Aff M Ñ sSet

satisfying descent for τ -hypercovers. For derived algebraic geometry one considers either

the category M “ ChpRq of chain complexes of modules over a ring R (in characteristic

zero), or the category M “ sRMod of simplicial R-modules.

We expect that a good model of derived analytic geometry along the lines of [79] would

vastly simplify and conceptually clarify many results of Porta, Yu, and collaborators. Gen-

eralisations of notions such as shifted symplectic structures would also become obvious. The

main results of this work on Koszul duality also suggests that it provides a very convenient

formal setup for analytic deformation theory.

Monoidal Categories and Analytic Geometry

A systematic formulation of derived analytic geometry using homotopical algebraic geom-

etry contexts is the subject of a forthcoming work [8] and will not appear in this thesis.

However for the purposes of motivation we will give a brief overview of one approach to it.

Let pX,OXq be a complex manifold. For each open set U the set OXpUq has a canonical

structure of a Fréchet space. Moreover, the restriction maps OXpV q Ñ OXpUq are contin-

uous. Let F be a coherent sheaf on X. Cartan’s Theorem B implies that on a coordinate

neighbourhood (or more generally a Stein neighbourhood), there is an exact sequence

OmX pV q Ñ OnXpV q Ñ F pV q Ñ 0

The quotient topology on F pV q makes it a Fréchet space. Thus sheaves on complex spaces

have natural topological structures.

It is therefore tempting to view (non-derived) complex analytic geometry as geometry

relative to the symmetric monoidal category of Fréchet spaces. Unfortunately this does not

seem possible. However in [5] the authors construct a Grothendieck topology τ fhZ on a

subcategory St of pAlgCommpFr qqop. St is equivalent to the category of (dagger) Stein spaces

and when k “ C the coverings in their topology correspond to coverings of Stein spaces by

Stein spaces. In particular the category of complex analytic spaces embeds in the category

of schemes on this site.

This construction is somewhat ad hoc but as usual passing to the derived world proves

enlightening. The Grothendieck topology τ fhZ of [5] makes use of the homological structure

on Fr which is a quasi-abelian, and therefore exact, category. It is an additive category with

classes of admissible monomorphisms and admissible epimorphisms which provide a well-

defined notion of homology. There are also notions of projective objects, exact functors,
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derived categories, and derived functors. If E is a monoidal exact category with a left-

derivable tensor product b, then we say a map A Ñ B of commutative monoids in E is a

homotopy epimorphism if the map BbL
AB Ñ B is a quasi-isomorphism. The opposites

of these maps make up the covers in τ fhZ . The obstacle to such covers defining a topology on

the entire category pAlgCommpFr qqop is that they are not stable under base-change (because

of the derived tensor product).

If ChpFr q were a good enough monoidal model category then we could easily extend

the definition of a homotopy epimorphism. Moreover as a homotopy cover in such a model

category the issue of base change would disappear and would give a genuine model topology

on pAlgCommpChpFr qqqop. Tragically Fr is not good enough. It is neither complete nor

cocomplete and does not have enough projectives. Fortunately it does nicely embed in

a complete and cocomplete exact category with enough projectives, namely the category

CBornC of complete bornological spaces over C. It is sometimes convenient to pass to the

even bigger category IndpBanCq, the formal completion of the category of Banach spaces

by filtered colimits.

1.2 Goals and Layout

Our goal in this thesis is to put the local theory of derived analytic geometry, i.e. homo-

topical algebra in ChpIndpBanCqq, on a firm footing. Much more generally we develop a

robust theory of homotopical algebra in ChpEq for E any sufficiently ‘nice’ quasi-abelian,

or even exact, category. We also connect with future work on derived analytic geometry by

proving a vast generalisation of Koszul duality.

Exact Category Generalities

Building on work of [14] in Chapter 2 we establish some technical results about exact cate-

gories in general which we will need in subsequent chapters. After recalling some basic facts

we introduce various useful notions of acyclicity. We then discuss bounded and unbounded

resolutions in exact categories. In particular we generalize the famous result of Spaltenstein

[75] to exact categories satisfying very general conditions.

Theorem 1.2.1 (Corollary 2.1.55). Let E be an exact category with kernels in which the

direct limit functor limÑN exists and is exact. Let P be a class of objects such that for each

object X in E there is an object P in P together with an admissible epimorphism P � X.

Suppose further that P is closed under N-indexed extensions. Then for any complex X‚ in

ChpEq there is a complex P‚ in ChpPq and an admissible epimorphism P‚ Ñ X‚ which is a

quasi-isomorphism. Moreover, X‚ is the limit of a Ch`pPq-special direct system.
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We then introduce a suitable idea of generators, before defining so-called elementary and

weakly elementary exact categories. These technical notions will be crucial for controlling

the homotopy theory of an exact category and avoiding set-theoretic smallness concerns.

Next we define monoidal exact categories and establish some basic properties of them. In

particular we prove the existence of an induced exact structure on modules for commutative

monoids internal to such categories. More generally we study monads on exact categories

and their categories of algebras.

Model Structures on Exact Categories

In Chapter 3 we discuss model structures on exact categories. In particular we give very

general conditions on an exact category E such that its category of complexes ChpEq is

equipped with the projective model structure. There is a general theory of model structures

on weakly idempotent complete exact categories due to [40], [31] and [78] using cotorsion

pairs. A pair of classes of objects pL,Rq in an exact category E is said to be a cotorsion pair

if L P L if and only if Ext1pL,Rq “ 0 for all R P R, and R P R if and only if Ext1pL,Rq “ 0

for all L P L. The example we have in mind is pProjpEq, ObpEqq where ProjpEq is the

class of projective objects in E . In [28] Gillespie suggests a strategy for producing a model

structure on ChpEq, given a cotorsion pair on an abelian category E , which can easily be

adapted to exact categories more generally. There are no general results regarding when

this strategy works. However we prove the following result.

Theorem 1.2.2 (Theorem 3.2.3). Let E be an exact category satisfying the following con-

ditions

1. E has enough projectives.

2. E has kernels.

3. Let FunadmpN,Eq be the full subcategory of the functor category FunpN,Eq consisting

of functors F such that for each i ď j the map F pi ď jq is an admissible monic. We

suppose that colim : FunadmpN,Eq Ñ E exists and is exact.

Then, applied to the cotorsion pair pProjpEq, ObpEqq, Gillespie’s strategy produces a model

structure on ChpEq.

We call this the projective model structure on ChpEq. If E “ RMod is the category

of R-modules over a ring R then this is the usual projective model structure. Under some

stronger assumptions, namely that the category E has generators which are compact relative

to the class of admissible monics, the result of the above theorem can be deduced from results
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of [78]. An advantage of our result is that it avoids many set-theoretic concerns and we

suggest examples where this is useful. In particular at the end of the chapter we give natural

examples of exact categories with very different set-theoretic properties which satisfy the

conditions of Theorem 3.2.3.

In order to study the homotopy theory of algebras in monoidal exact categories we need

to know how the monoidal structure interacts with the model structure. We call a monoidal

exact category monoidal elementary if it is elementary and its projectives are flat and

closed under the tensor product.

Theorem 1.2.3 (Theorem 3.2.13). Let E be a monoidal elementary exact category. Then

the projective model structure on ChpEq is monoidal and satisfies the monoid axiom.

We then prove a generalisation of the Dold-Kan correspondence.

Theorem 1.2.4 (Theorem 3.2.23). Let E be a small elementary exact category. Endow

Chě0pEq and sE with their projective model structures. Then the functors

Γ : Chě0pEq Ñ sE

and

N : sE Ñ Chě0pEq

form a Quillen equivalence.

We then discuss model structures for graded and filtered objects in quasi-abelian cat-

egories before concluding with some comments about homotopy theory in additive model

categories. Note that a preprint [45] based on a large proportion of the first two chapters

is available.

Homotopy Theory of Operads and Koszul Duality

Chapter 4 is the main event. The existence of a monoidal model structure on the category

ChpEq, for E monoidal elementary, allows us to investigate the homotopy theory of operadic

algebras. Precisely, let P be either a symmetric or non-symmetric operad in ChpEq, and

AlgPpChpEqq the category of P-algebras in ChpEq. Under certain conditions on P the

free-forgetful adjunction may be used to endow AlgPpChpEqq with the transferred model

structure. Recall that a symmetric operad is split if for each n the action of the symmetric

group Σn b Ppnq Ñ Ppnq has a splitting which is compatible with operadic composition.

We show, generalising results of [36], that the transferred model structure exists on algebras

over split operads in such categories. More generally we have the following.
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Theorem 1.2.5 (Theorem 4.1.19). Let E be a monoidal elementary exact category and let

R P AlgCommpChpEqq.

1. If P is a non-symmetric operad in RMod then the transferred model structure exists

on AlgPpRMod q.

2. If P is a split symmetric operad in RMod then the transferred model structure exists

on AlgPpRMod q.

We then set about proving a vast generalisation of Vallete’s co-operadic Koszul duality

[82] for monoidal elementary quasi-abelian categories. Before outlining our results we first

review some of the vast history of Koszul duality and its various manifestiations. Vallette’s

work generalises previous work of Hinich [37] which interprets duality between Lie algebras

and cocommutative coalgebras in terms of formal stacks. This in turn generalises results

from the seminal work of Quillen [69] on rational homotopy theory. Getzler and Jones [27]

have also done crucial work on Koszul duality. Motivated by studying differential forms on

interated loops spaces they in particular study duality for En-algebras. In the process of

establishing chiral Koszul duality, Francis and Gaitsgory [24] prove a general Koszul duality

result in the context of pro-nilpotent 8-categories. An operadic version of Koszul duality

has been established by Ginzburg and Kapranov [32]. There is also a curved operadic

version due to Hirsh and Milles [39]. Ching and Harper have recently proved a spectral

version of Koszul duality [17]. The relationship between Koszul duality and deformation

theory has also been extensively studied by Kontsevich and Soibelman in [47] and [46], as

well as by Lurie [50] and Hennion [35].

Let us now recall Vallette’s Theorem 2.1 in [82]. In any complete and cocomplete

monoidal additive category E a twisting morphism α : C Ñ P from a co-operad to an

operad in pChpEqq induces the bar-cobar adjunction

Ωα : coAlgnilC Õ AlgP :Bα

where coAlgnilC is the category of co-nilpotent co-algebras over C and AlgP is the category of

algebras over P. In the case that E “ kMod for some field k and α is a so-called Koszul

morphism Vallette shows that there is a model category structure on coAlgnilC and that the

adjunction is a Quillen equivalence.

With significant modification we show that Vallette’s version generalises to monoidal

elementary quasi-abelian categories. Let Alg cP denote the full subcategory of cofibrant alge-

bras. We say that a conilpotent C-co-algebra is cof-nilpotent if, equipped with its coradical

filtration, it is cofibrant as a filtered object. Denoting the full subcategory of cof-nilpotent

coaglebras by Cof C we prove the following:
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Theorem 1.2.6 (Corollary 4.2.28). Let α be a Koszul morphism.The bar-cobar adjunction

induces a equivalence of relative categories.

Ωα : CofC Õ Alg cP :Bα

Next we discuss operadic Koszul duality. Given a Koszul morphism α : C Ñ P we

consider the dual operad C_ and the composite functor Ĉα ..“ p´q_ ˝Bα : AlgP Ñ pAlgC_q
op

(strictly speaking we consider a shift of this functor). Assuming that AlgC_ is equipped

with a transferred model structure we show the following

Theorem 1.2.7 (Theorem 4.2.33). The functor Ĉα induces a functor of p8, 1q-categories

Ĉα : AlgP Ñ pAlgC_q
op which admits a right adjoint Dα.

We then specialise to operadic Koszul duality between Lie algebras and augmented

commutative algebras and generalise results of [50] and [35]. We show in Proposition 4.3.3

that the underlying complex of DαpAq is naturally equivalent to the shifted tangent complex

of A at its canonical point. We conclude by showing that under certain boundedness

conditions on a Lie algebra g, the unit g Ñ DαĈαpgq is an equivalence. To conclude

the thesis we introduce the notion of the analytic Koszul dual augmented commutative

algebra of a Banach Lie algebra. Precisely, we define a contravariant functor Can,8α from

the category of Banach Lie algebras g concentrated in negative degrees to the category

of augmented commutative algebras concentrated in positive degrees. If g is degree-wise

finite dimensional then the degree 0 part of Can,8α pgq is naturally isomorphic to the algebra

of entire analytic functions on g_´1. Moreover the shifted tangent complex of Can,8α pgq is

equivalent to g.

Appendices

The appendices include both recollections of some standard results and also some original

and non-trivial results which do not fit neatly in to the main body of work. Appendix A

includes some rudimentary facts about model categories, transferred model structures, and

p8, 1q-categories which we use throughout this thesis. In Appendix B we establish some

basic facts about operads and algebras over them in monoidal additive categories. Many of

these follow mutatis-mutandis from the corresponding results in categories of vector spaces

proved in [48] and so we do not reproduce those proofs. Finally in Appendix C we discuss

spaces of holomorphic functions between Banach spaces. In particular we recall notions

of holomorphy types. We also introduce contracting and multiplicative holomorphy types

before giving a novel description of algebras of holomorphic functions of bounded type as

objects in the category PropBanCq of Pro-Banach spaces.
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1.3 Future Work

A major application of this work will be to develop derived analytic and smooth geometry.

In a forthcoming work [8] we establish the foundations of derived analytic geometry. In

particular we prove descent properties for the topology which mixes homotopy monomor-

phisms and formal étale morphisms. With this infrastructure in hand standard results

such as an analytic Hochschild-Kostant-Rosenberg theorem along the lines of [80] and base

change should be easily accessible. We also expect that the techniques of Chapter 2 can

be modified to prove the existence of a flat model structure for categories of sheaves, and

indeed that we can prove a Koszul duality theorem as in Chapter 3 using the flat model

model structure. This could potentially lead to generalisations of chiral Koszul duality in-

cluding, by considering categories of bornological C8 rings and modules, a smooth version.

Finally we expect that our operadic Koszul duality results for Lie algebras and commutative

algebras should also work for En-duality and duality for E8- and L8- algebras.

1.4 Notation and Conventions

Throughout this work we will use the following notation.

• 1-categories will be denoted using the mathpzc font C ,D,E , etc. In particular we

denote by Ab the category of abelian groups and QVect the category of Q-vector

spaces. If M is a model category, or a category with weak equivalences, its associated

p8, 1q-category will be denoted M.

• Operads and co-operads will be denoted using capital fractal letters C,P, etc. Alge-

bras over an operad will generally be denoted using small fractal letters g, h, etc. The

category of (co)algebras over a (co)operad will be denoted pcoqAlgP

• We denote the operads for unital associative algebras, unital commutative algebras,

non-unital commutative algebras, and Lie algebras by Ass,Comm,Commnu, and Lie

respectively. We also denote by coComm and coCommnu the co-operads of cocommu-

tative and non-unital cocommutative coalgebras.

• If P is a (co)operad in category E and V is an objet of E , then typically we will

denote the (co)free (co)algebra on V by PpV q. For the operad Ass , Comm ,Lie we will

denote the corresponding free algebras by T pV q, SpV q, and LpV q respectively. We

also denote by ŜpV q the commutative algebra of formal power series on an object V

and by UpLq the universal enveloping algebra of a Lie algebra L.
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• Unless stated otherwise, the unit in a monoidal category will be denoted by k, the

tensor functor by b, and for a closed monoidal category the internal hom functor will

be denoted by Hom. Monoidal categories will always be assumed to be symmetric,

with symmetric braiding σ.

• Filtered colimits will be denoted by limÑ. Projective limits will be denoted limÐ.

Let us now introduce some conventions for chain complexes.

Definition 1.4.1. A chain complex in a pre-additive category E is a sequence

K‚ “ . . . // Kn
dn // Kn´1

dn´1 // Kn´2
// . . .

where the Ki are objects and the di are morphisms such that dn´1 ˝ dn “ 0. The

morphisms are called differentials. A morphism of chain complexes f‚ : K‚ Ñ L‚ is

a collection of morphisms fn : Kn Ñ Ln such that the following diagram commutes for each

n:

. . . // Kn`1

fn`1

��

dKn`1 // Kn

fn

��

dKn // Kn´1

fn´1

��

// . . .

. . . // Ln`1

dLn`1 // Ln
dLn // Ln´1

// . . .

The category whose objects are chain complexes and whose morphisms are as described

above is called the category of chain complexes in E , denoted ChpEq. We also define

Chě0pEq to be the full subcategory of ChpEq on complexes A‚ such that An “ 0 for n ă 0,

Chď0pEq to be the full subcategory of ChpEq on complexes A‚ such that An “ 0 for n ą 0,

Ch`pEq, the full subcategory of chain complexes A‚ such that An “ 0 for n ăă 0, Ch´pEq,

the full subcategory of chain complexes A‚ such that An “ 0 for n ąą 0 and ChbpEq to be

the full subcategory of ChpEq on complexes A‚ such that An ‰ 0 for only finitely many n.

A lot of the statements in the rest of this document apply to several of these categories at

once. In such cases we will write Ch˚pEq, and specify that ˚ can be any element of some

subset of tě 0,ď 0,`,´, b,Hu, where by definition ChHpEq “ ChpEq.

We will frequently use the following special chain complexes.

Definition 1.4.2. If E is an object of a pointed category E we let SnpEq P ChpEq be the

complex whose nth entry is E, with all other entries being 0. We also denote by DnpEq P

ChpEq the complex whose nth and pn ´ 1qst entries are E, with all other entries being 0,

and the differential dn being the identity.
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Let us also introduce some notation for truncation functors.

Definition 1.4.3. Let E be an additive category which has kernels. For a complex X‚ we

denote by τěnX the complex such that pτěnXqm “ 0 if m ă n, pτěnXqm “ Xm if m ą n

and pτěnXqn “ Kerpdnq. The differentials are the obvious ones. The construction is clearly

functorial.

All of the above categories are naturally enriched over ChpAbq. We denote the enriched

hom by Homp´,´q. For notational clarity we recall its definition here.

Definition 1.4.4. Let X‚, Y‚ P ChpEq. We define HompX‚, Y‚q P ChpAbq to be the complex

with

HompX‚, Y‚qn “
ź

iPZ
HomEpXi, Yi`nq

and differential dn defined on HomEpXi, Yi`nq by

df “ dYi`n ˝ f ´ p´1qnf ˝ dXi

Let pE ,b, kq be a monoidal additive category, i.e. b is an additive bifunctor. There is

an induced monoidal structure on Ch˚pEq for ˚ P tě 0,ď 0,`,´, b,Hu. The unit is S0pkq.

If X‚ and Y‚ are chain complexes then we set

pX‚ b Y‚qn “
à

i`j“n

Xi b Yj

If i` j “ n, then we define the differential on the summand Xi b Yj of pX‚ b Y‚qn by

dX‚bY‚n |XibYj “ dX‚i b idY‚ ` p´1qiidX‚ b d
Y‚
j

If ˚ P tě 0,ď 0,`,´, b,Hu then pCh˚pEq,b, S0pkqq is a monoidal additive category.

If pE ,b, k,Homq is a closed monoidal additive category then we define a functor

Homp´,´q : ChpEqop ˆ ChpEq Ñ ChpEq

HompX‚, Y‚qn “
ź

iPZ
HomEpXi, Yi`nq

and differential dn defined on HomEpXi, Yi`nq by

d “ HompdX‚i , idq ` p´1qiHompid, dY‚i`nq

This does define an internal hom on the monoidal category
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pChpEq,b, S0pkqq

The internal hom on chain complexes also restricts to a bifunctor

Homp´,´q : ChbpEqop ˆ ChbpEq Ñ ChbpEq

Then

pChbpEq,b, S0pkq,Homq

is a closed monoidal additive category. In fact, in both of these categories there are natural

isomorphisms of chain complexes of abelian groups.

HompX‚,HompY‚, Z‚qq – HompX‚ b Y‚, Z‚q

The categories Ch˚pEq for ˚ P t`,´, b,Hu also come equipped with a shift functor.

It is given on objects by pA‚r1sqi “ Ai`1 with differential d
Ar1s
i “ ´dAi`1. The shift of a

morphism f‚ is given by pf‚r1sqi “ fi`1. r1s is an auto-equivalence with inverse r´1s. We

set r0s “ Id and rns “ r1sn for any integer n.

Finally, we define the mapping cone as follows.

Definition 1.4.5. Let X‚ and Y‚ be chain complexes in an additive category E and f‚ :

X‚ Ñ Y‚. The mapping cone of f‚, denoted conepf‚q is the complex whose components

are

conepf‚qn “ Xn´1 ‘ Yn

and whose differential is

dconepfqn “

ˆ

´dXn´1 0
´fn´1 dYn

˙

There are natural morphisms τ : Y‚ Ñ conepfq induced by the injections Yi Ñ Xi´1‘Yi,

and π : conepfq Ñ X‚r´1s induced by the projections Xi´1 ‘ Yi Ñ Xi´1. The sequence

Y‚ Ñ conepfq Ñ X‚r´1s

is split exact in each degree.
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Chapter 2

Constructions in Exact Categories

In this chapter we will establish some technicalities about exact categories which will be

used throughout the thesis. In particular we will discuss acyclicity of complexes and the

existence of unbounded resolutions. We will also discuss various notions of generation and

compactness in such categories, and introduce the notion of a monoidal exact category.

Finally we will see when exact structures can be lifted to categories of algebras for some

monad acting on an exact category. The results in this chapter will prove crucial for studying

the homotopy theory of exact categories in Chapter 3.

2.1 Exact Category Generalities

In this section we review the rudiments of exact categories, following [14]. In the following

E will be an additive category. A kernel-cokernel pair in E is a pair of composable maps

pi, pq, i : A Ñ B, p : B Ñ C such that i “ Kerppq and p “ Cokerpiq. If Q is a class of

kernel-cokernel pairs and pi, pq P Q, then we say that i is an admissible monic and p is an

admissible epic with respect to Q.

Definition 2.1.1. A Quillen exact structure on an additive category E is a collection

Q of kernel-cokernel pairs such that

1. Isomorphisms are both admissible monics and admissible epics.

2. Both the collection of admissible monics and the collection of admissible epics are

closed under composition.

3. If

A

��

f // B

��
X

f 1 // Y

is a push out diagram, and f is an admissible monic, then f 1 is as well.
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4. If

A

��

f 1 // B

��
X

f // Y

is a pullback diagram, and f is an admissible epic, then f 1 is as well.

Let pE ,Qq be an exact category. We call a null sequence

0 // A
i // B

p // C // 0

short exact if pi, pq is a kernel-cokernel pair in Q. We will use interchangeably the notion of

kernel-cokernel pair and short exact sequence. In the context of diagrams in exact categories

� will be used to denote an admissible monic, and � an admissible epic. When it is not

likely to cause confusion, we will suppress the notation pE ,Qq to E .

When studying exact categories it is natural to consider so-called exact functors:

Definition 2.1.2. Let pE ,Pq, pF ,Qq be exact categories. A functor F : E Ñ F is said to

be exact (with respect to P and Q) if for any short exact sequence

0 Ñ X Ñ Y Ñ Z Ñ 0

in P,

0 Ñ F pXq Ñ F pY q Ñ F pZq Ñ 0

is a short exact sequence in Q.

Definition 2.1.3. Let pE ,Pq be an exact category. An exact subcategory of pE ,Pq is an

exact category pF ,Qq where F is a subcategory of E and the inclusion functor is exact.

On any additive category one can define the split exact structure for which the kernel-

cokernel pairs are the split exact sequences. Any exact category contains this is an exact

subcategory. At the other extreme we have quasi-abelian exact structures.

Definition 2.1.4. An additive category E with all kernels and cokernels is said to be quasi-

abelian if the class qac of all kernel-cokernel pairs forms an exact structure on E.

The following is then tautological.

Proposition 2.1.5. Let E be a quasi-abelian category, and let Q be a class of kernel-

cokernel pairs on E such that pE ,Qq is an exact category. Then the identity functor idE is

an exact functor pE ,Qq Ñ pE , qacq.
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We will study quasi-abelian structures in more detail later. For now let us note that

abelian categories are quasi-abelian. In an abelian category all monics are kernels of their

cokernels, and all epics are cokernels of their kernels. It therefore trivially follows that

both classes are closed under composition. It is also clear that both classes contain all

isomorphisms. It is a standard exercise that in an abelian category, monomorphisms are

pushout-stable and epimorphisms are pullback-stable. See for example [26] Theorem 2.54.

Let us now record some basic results about exact categories which will prove useful.

Proposition 2.1.6. Let

A //
i //

f
��

B

f 1

��
A1 //

i1 // B1

be a commutative diagram in which the horizontal morphisms are admissible monics. Then

the following are equivalent

1. The square above is a push-out.

2. The sequence

0 // A

´

i
´f

¯

// B ‘A1
p f 1 i1 q// B1 // 0

is short exact.

3. The square above is bicartesian.

4. The square is part of a commutative diagram

A //
i //

f
��

B

f 1

��

p // // C

A1 //
i1 // B1

p1 // // C

with short exact rows.

Proof. See [14] Proposition 2.12.

Proposition 2.1.7. Let E be an exact category and A Ă E a full additive subcategory.

Suppose that for every morphism f : AÑ B which is admissible in E, a kernel and cokernel

of f in E exist in A. Then the collection of all kernel-cokernel pairs pi : AÑ B, p : B Ñ Cq

which are exact in E where A,B,C P A defines an exact structure on A which makes it an

exact subcategory of E.
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Proof. It is clearly sufficient to show that this collection of kernel-cokernel pairs endows A

with an exact structure. The first and second conditions are clearly satisfied. Let

A

f
��

i // B

f 1

��
A1

i1 // B1

be a pushout diagram in E with f an admissible monic, and i and i1 in A. We need to show

that Y is (isomorphic to) and object of A. But there is an exact sequence

0 // A

´

i
´f

¯

// B ‘A1
p f 1 i1 q// B1 // 0

in E . Now a cokernel of the map A Ñ B ‘ A1 in E exists in A, so B1 is isomorphic to an

object of A. The last condition is dual to this one.

For technical reasons, unless stated otherwise we will assume from now on that all exact

categories are weakly idempotent complete. This means that every retraction has a

kernel, or equivalently, that every coretraction has a cokernel. Note that the condition is

self-dual. Quasi-abelian categories are in particular weakly idempotent complete. In weakly

idempotent complete exact categories, we then have the following useful result, often called

the Obscure Axiom.

Proposition 2.1.8 (The Obscure Axiom). 1. Suppose that i : A Ñ B is a morphism.

If there exists a morphism j : B Ñ C such that the composite ji : A Ñ C is an

admissible monic, then i is an admissible monic.

2. Suppose that i : A Ñ B is a morphism. If there exists a morphism j : C Ñ A such

that i ˝ j is an admissible epic, then i is an an admissible epic.

Proof. See [14] Proposition 2.16.

2.1.1 Abelianizations

Let pE ,Qq be an exact category. Let F be a full subcategory of E . Suppose that F is closed

under extensions, that is if

0 Ñ AÑ B Ñ C Ñ 0

is a short exact sequence in pE , Qq with A and C objects of F , then B is an object of F

as well. Let QF consist of those kernel-cokernel pairs pi : A Ñ B, q : B Ñ Cq in F which

when regarded as pairs of morphisms in E are kernel-cokernel pairs in Q. It is then straight-

forward to show ([7]) that pF ,QF q is an exact subcategory of pE ,Qq. It turns out that any
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small exact category can be obtained as a full subcategory of an abelian category which

is closed under extensions. This is the main content of the Quillen Embedding Theorem

which provides an invaluable tool for studying exact categories.

Theorem 2.1.9 (The Quillen Embedding Theorem). Let E be a small exact category. Then

there is an abelian category ApEq and a fully faithful additive functor I : E Ñ ApEq which

is exact, reflects exactness, and preserves all kernels. Moreover the essential image of I

is closed under extensions. ApEq may be chosen to be the category of left-exact functors

E Ñ Ab. If in addition E is weakly idempotent complete then a morphism f : E Ñ F in E

is an admissible epic if and only if Ipfq is an epic in ApEq.

Proof. See Appendix A in [14].

Definition 2.1.10. We call an embedding I : E Ñ A of an exact category into an abelian

category a left abelianization of E if

1. I is fully faithful.

2. I is exact.

3. I reflects exactness.

4. The essential image of I is closed under extensions.

5. I preserves all kernels which exist.

6. If f is a morphism in E, then f is an admissible epic if and only if Ipfq is an epic.

In particular, Theorem 2.1.9 says that any compact exact category admits a left abelian-

ization. There is an obvious dual notion of a right abelianization. It is clear that right

abelianizations of small exact categories exist. Indeed, if Eop Ñ A is a left-abelianization of

Eop, then E Ñ Aop is a right-abelianization of E .

2.1.2 Generation of Exact Subcategories

Let E be a locally small additive category and A a small full subcategory. By an argument

similar to [42] we can find a small full exact subcategory of E containing A. In the rest of

the section we assume that given a small subcategory E of A one can choose direct sums for

finite collections of objects in E , and kernels and cokernels of morphisms in E . For example

one might assume that such limits and colimits can be made functorial in the ambient

category (e.g. if E is locally presentable).

Proposition 2.1.11. There is a small full additive subcategory ΣpA; Eq of E containing A.
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Proof. We let ΣpA; Eq be the full subcategory whose objects are the zero object and a

choice of a direct sum in E for each finite collection of objects of A. This is clearly additive,

contains A, and is small.

Now let E be an exact category and A a full subcategory.

Proposition 2.1.12. There is a small full exact subcategory ExpA,Eq of E containing A.

Proof. By Proposition 2.1.11 we may assume that A is additive. Let Ex1pA,Eq denote the

full subcategory of E consisting of a choice of kernels and cokernels of morphisms f : AÑ A1

which are admissible in E . We set Exn`1pA; Eq ..“ Ex1pExnpA; Eq; Eq We claim that

ExpA; Eq ..“

8
ď

n“1

ExnpA; Eq

works. Since Ex1pA; Eq is small for A small this would prove the claim.
Ť8
n“1 ExnpA; Eq is

clearly closed under taking kernels and cokernels of those morphisms which are admissible

in E . By Proposition 2.1.7 it is an exact subcategory.

The point of this is that even if a category E is not small, when working with small

diagrams in E we can pass to an abelianization.

2.1.3 Notions of Acyclicity

In a general exact category, arbitrary kernels and cokernels may not exist. Therefore it is

not in general possible even to write down candidates for the homology objects of a chain

complex. Even if all kernels and cokernels do exist, then there are multiple candidates for

the homology which are not isomorphic in general. For example, given a null sequene

Γ “ E
f // F

g // G

i.e. g˝f “ 0, one could consider both CokerpImpfq Ñ Kerpgqq and ImpKerpgq Ñ Cokerpfqq.

In an abelian category these are isomorphic, but for general additive categories this is not

the case. Despite these ambiguities, there are still various useful notions of acyclicity in

exact categories, which we discuss below. First let us define several classes of morphisms.

Definition 2.1.13. A morphism f : E Ñ F in an exact category is said to be

1. weakly left admissible if it has a kernel and the map

Kerpfq Ñ E

is admissible.
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2. weakly right admissible if it has a cokernel, and the map

F Ñ Cokerpfq

is admissible.

3. weakly admissible if it is both weakly left admissible and weakly right admissible.

The following characterisation of weakly admissible morphisms is immediate.

Proposition 2.1.14. A morphism f : E Ñ F in an exact category E is weakly admissible

if and only if it admits a decomposition

E

$$ $$

f // F

$$ $$
Kerpfq

;;

;;

Coimpfq
f̂ // Impfq

<<

<<

Cokerpfq

where the sequences

Kerpfq� E � Coimpfq

and

Impfq� F � Cokerpfq

are short exact.

Definition 2.1.15. Let f be a morphism in exact category. Then f is said to be admissible

if it is weakly admissible and the map Coimpfq Ñ Impfq is an isomorphism.

Remark 2.1.16. Admissible epimorphisms and admissible monomorphisms are admisssible

morphisms in the sense above.

This is not how admissible morphisms are usually defined (see e.g. [14]). However the

notions are equivalent:

Proposition 2.1.17. Let f : E Ñ F be a morphism in an exact category E. Then the

following are equivalent.

1. f is admissible.

2. f admits a decomposition

E � I � F
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3. There is a commutative diagram

E

�� ��

f // F

## ##
Kerf

<<

<<

I
@@

@@

Cokerf

where the sequences

Kerf � E � I

and

I � F � Cokerpfq

are short exact.

Proof. 1 and 3 are clearly equivalent thanks to Proposition 2.1.14. Also 3 ñ 2 trivially.

Let us show that 2 ñ 1. Since I � F is an admissible monic, the kernel of f exists, and

coincides with the kernel of E � I. Hence Kerpfq Ñ E is an admissible monic and in

particular E Ñ I is a coimage of f . Dually, the cokernel of f exists, it coincides with the

cokernel of G� F , and I � F is an image of f .

Corollary 2.1.18. A morphism f : E Ñ F in an exact category is an isomorphism if and

only if it is both an admissible epic and an admissible monic.

Proof. Axiomatically an isomorphism is both an admissible monic and an admissible epic.

Conversely, suppose f is both an admissible monic and an admissible epic. Since it is an

admissible monic the map E Ñ Coimpfq is an isomorphism. Since it is an admissible epic

the map Impfq Ñ E is an isomorphism. Since f is admissible the map Coimpfq Ñ Impfq

is an isomorphism. The claim now follows from the commutative diagram

E
f //

„

��

F

Coimpfq
„ // Impfq

„

OO

We are now ready to introduce our various notions of acyclic sequences.

Definition 2.1.19. A null-sequence

X
f // Y

g // Z

is said to be
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1. weakly acyclic if f is weakly right admissible, g has a kernel, and the natural map

Impfq Ñ Kerpgq is an isomorphism.

2. weakly coacyclic if g is weakly left admissible, f has a cokernel, and the natural map

Cokerpfq Ñ Coimpgq is an isomorphism.

3. admissibly acyclic if it is weakly acyclic and f is admissible,

4. admissibly coacyclic if it is weakly coacyclic and g is admissible

5. admissible if both f and g are admissible.

6. acyclic if it is both admissibly acyclic and admissibly coacyclic.

Remark 2.1.20. If a null sequence

X
f // Y

g // Z

is weakly acyclic then g is automatically weakly left admissible.

Definition 2.1.21. A complex

Xn
fn // Xn´1

fn´1 // . . . // X0

is said to be weakly acyclic/ weakly coacyclic/ admissibly acyclic/ admissibly coacyclic/

admissible/ acyclic if for each 1 ď i ď n´ 1 each sequence

Xi`1
fi`1 // Xi

fi // Xi´1

is weakly acyclic/ weakly coacyclic/ admissibly acyclic/ admissibly coacyclic/ admissible/

acyclic.

Let us now set up some tools for determining whether a complex is acyclic. We can

partially test acyclicity by passing to a left abelianisation:

Proposition 2.1.22. Let I : E Ñ A be a left abelianization of E.

1. If

Xn
fn // Xn´1

fn´1 // . . . // X0

is admissibly acyclic in E then

IpXnq
Ipfnq// IpXn´1q

Ipfn´1q // . . . // IpX0q

is exact in A.
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2. If fi is weakly admissible for 2 ď i ď n and

IpXnq
Ipfnq// IpXn´1q

Ipfn´1q // . . . // IpX0q

is exact, then

Xn
fn // Xn´1

fn´1 // . . . // X0

is admissibly acyclic.

3. If fi is weakly left admissible for 1 ď i ď n´ 1 and

IpXnq
Ipfnq// IpXn´1q

Ipfn´1q // . . . // IpX0q

is exact in A, then

Xn
fn // Xn´1

fn´1 // . . . // X0

is admissibly acyclic.

Proof. Clearly it is sufficient to prove the claims for sequences

X
f // Y

g // Z

1. Suppose the above sequence is admissibly acyclic. Since f is admissible I preserves

Impfq. By assumption I preserves all kernels. Hence

IpXq
Ipfq // IpY q

Ipgq // IpZq

is exact.

2. Suppose now that

IpXq
Ipfq // IpY q

Ipgq // IpZq

is exact and that f is weakly admissible. Since I preserves all kernels, and cokernels

of admissible morphisms, we have IpCoimpfqq – CoimIpfq. Now

CoimIpfq – ImIpfq – KerIpgq

Since I is fully faithful, Coimpfq is a kernel of g. Finally, note that we have a factori-

sation of Coimpfq Ñ Kerpgq

Coimpfq Ñ Impfq� Kerpgq

By Proposition 2.1.8 Impfq� Kerpgq is also an (admissible) epic. By Corollary 2.1.18

it is an isomorphism. Therefore Coimpfq Ñ Impfq is as well. By Proposition 2.1.17

we are done.
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3. We can factor f as

X
f 1 // Kerpgq // Y

with Kerpgq Ñ Y an admissible monic. We need to show f 1 is an admissible epic.

Since I preserves kernels, it sends the diagram above to

IpXq
Ipf 1q// KerIpgq // IpY q

Since

IpXq
Ipfq // IpY q

Ipgq // IpZq

is exact, Ipf 1q is an epic. thus f 1 is an admissible epic, and we are done.

Part 1) of the above proposition says that the functor I is admissibly exact. This is a

stronger notion than exactness. It will be useful in later contexts, so we make a definition.

Definition 2.1.23. A functor F : E Ñ F between exact categories is said to be admissibly

(co)exact if for any admissibly (co)acyclic sequence

X Ñ Y Ñ Z

in E, the sequence

F pXq Ñ F pY q Ñ F pZq

is admissibly (co)acyclic. A functor which is both admissibly exact and admissibly coexact

is said to be strongly exact.

Moreover, the proof of Part 1) also gives the following result.

Proposition 2.1.24. Let F : E Ñ D be an exact functor which preserves kernels. Then F

is admissibly exact.

Example 2.1.25. It is easy to show that taking finite direct sums is a strongly exact functor.

Indeed being both a limit and a colimit, this functor commutes with all limits and colimits.

Although the functor I reflects short exact sequences, it need not in general reflect

acyclicity of unbounded complexes. However it does for a certain nice class of complexes.

Definition 2.1.26. A complex X‚ in an exact category is said to be good if for each n

there is m ă n such that dm has a kernel. X‚ is said to be cogood if for each n there is

m ą n such that dm has a cokernel.
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Example 2.1.27. Bounded below complexes are good.

We will frequently use the following trick for good complexes.

Proposition 2.1.28. Let X‚ be a good complex in an exact category. Suppose that for any

n such that dXn has a kernel, the induced map

d1n`1 : Xn`1 Ñ ZnX

is an admissible epic. Then X‚ is acyclic.

Proof. Suppose dm has a kernel. By assumption dm`1 factors as

Xm`1 � ZmX Ñ Xm

A priori ZmX Ñ Xm is not admissible. However it is a monomorphism. Therefore, since

Xm`1 � ZmX is admissible its kernel exists and it coincides with the kernel Zm`1X of

dm`1. Since Xm`1 � ZmX is admissible it is in particular weakly left admissible. Therefore

dm`1 is also weakly left admissible. Now consider dm`2. By assumption it factors as

dm`2 : Xm`2 � Zm`1X � Xm`1

Thus dm`2 is an admissible morphism whose image is Zm`1X. An easy induction then

shows that X‚ is acyclic.

Since I preserves kernels and reflects admissible epimorphisms, Proposition 2.1.28 gives

the following.

Corollary 2.1.29. Let pX‚, d‚q be a complex in E. Let I : E Ñ A be a left abelianisation

of E. Suppose X‚ is good. Then X‚ is acyclic if and only if IpX‚q is.

Proof. Suppose IpX‚q is a acyclic, and dXn has a kernel ZnX. By assumption Ipd1n`1q :

IpXn`1q Ñ ZnIpXq “ IpZnXq is an epimorphism. Thus d1n`1 : Xn`1 Ñ ZnX is an

admissible epimorphism.

2.1.4 Homotopies and Quasi-Isomorphisms

Let us now discuss homological properties of maps between complexes.

Definition 2.1.30. A homotopy between morphisms of chain complexes f‚, g‚ : K‚ Ñ L‚

is a collection of morphisms Di : Ai Ñ Bi`1 such that

fi ´ gi “ Di´1 ˝ d
K
i ` d

L
i`1 ˝Di

We then say f‚ „ g‚.
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Definition 2.1.31. Two complexes K‚ and L‚ are said to be homotopy equivalent if

there are maps g : K‚ Ñ L‚ and f : L‚ Ñ K‚ such that f ˝ g „ idK‚ and g ˝ f „ idL‚.

If

A
p //

��

B

α
��

q // C

��
X

f // Y
g // Z

is a diagram with the top and bottom row being null-sequences, we will also say that it is

homotopic to zero if there are two maps D : B Ñ X and D1 : C Ñ Y such α “ f ˝D´D1˝q.

We can use homotopies in an exact category to test for acyclicity.

Proposition 2.1.32. Let E be an exact category, and let

X
f // Y

g // Z

be a null sequence. Suppose that g has a kernel. Then the induced map f 1 : X Ñ Kerpgq is

an admissible epimorphism if and only there is a diagram

A
p //

��

B

α
��

q // C

��
X

f // Y
g // Z

which is homotopic to zero, and such that the induced map α̃ : Kerpqq Ñ Kerpgq is an

admissible epic.

Proof. Suppose that g has a kernel and that the induced map f 1 : X Ñ Kerpgq is an

admissible epimorphism. Consider the diagram

0 //

��

X

f
��

// 0

��
X

f // Y
g // Z

By assumption the induced map f̃ : X Ñ Kerpgq is an admissible epic. Moreover the

diagram is clearly homotopic to 0 via the maps D “ id : X Ñ X and D1 “ 0 : 0 Ñ Y .

Conversely suppose we have a diagram

A
p //

��

B

α
��

q //

D

~~

C

��

D1

~~
X

f // Y
g // Z

such that g has a kernel, α “ f ˝ D ´ D1 ˝ q, and α̃ is an admissible epic. We have the

factorisation of f

X
f̃ // Kerpgq // Y

Moreover, α̃ “ f̃ ˝D|Kerpqq. By Proposition 2.1.8 f̃ is an admissible epic.
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Corollary 2.1.33. Let E be an exact category, and let

X
f // Y

g // Z

be a null sequence. The sequence is admissibly acyclic if and only if g is weakly left admissible

and there is a diagram

A
p //

��

B

α
��

q // C

��
X

f // Y
g // Z

which is homotopic to zero, and such that the induced map α̃ : Kerpqq Ñ Kerpgq is an

admissible epic.

Proof. Suppose the sequence is admissibly acyclic. By Remark 2.1.20 g is weakly left

admissible.

For the converse, note that by Proposition 2.1.32 and the fact that Kerpgq Ñ Y is

admissible, we have a decomposition of f

X � Kerpgq� Y

By Proposition 2.1.17 f is an admissible morphism whose image is Kerpgq.

We can also test split exactness by looking at homotopy.

Proposition 2.1.34. Let E be an exact category, and let

Γ :“ X
f // Y

g // Z

be a null-sequence. The sequence is admissibly acyclic in the split exact structure if and

only if g is weakly left admissible and the diagram

X
f //

idX
��

Y

idY
��

g // Z

idZ
��

X
f // Y

g // Z

is homotopic to zero.

Proof. Suppose the diagram is homotopic to the zero. If we can show that g is also weakly

left admissible in the split exact structure, then the claim follows from Corollary 2.1.33. By

Corollary 2.1.33 we already know that the sequence is admissibly acyclic, so Impfq – Kerpgq.

Let D : Y Ñ X and D1 : Z Ñ Y be maps such that idY “ f ˝ D ´ D1 ˝ g. The map

f ˝D : Y Ñ Y factors as

Y
˜pf˝Dq// Impfq

i // Y
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where i is the inclusion. But

f ˝D ˝ i “ f ˝D ˝ i´D ˝ g ˝ i “ i

since g ˝ i “ 0. It follows that ˜pf ˝Dq ˝ i “ IdImpfq. This implies that the map Kerpgq –

Impfq Ñ Y is split, and so is an admissible monic in the split exact structure.

Corollary 2.1.35. Let X‚ be a good complex.

1. X‚ is acyclic whenever there is a complex Y‚, a morphism of complexes f‚ : Y‚ Ñ X‚

which is homotopic to 0, and such that the induced maps f̃n : KerpdYn q Ñ KerpdXn q

are admissible epimorphisms.

2. X‚ is split exact whenever idX‚ is homotopic to 0.

Proof. The first assertion follows from Proposition 2.1.28 and Proposition 2.1.32. For the

second assertion note that X‚ is acyclic by the first. In particular each

Xn`1 Ñ Xn Ñ Xn´1

is acyclic, and Xn Ñ Xn´1 is (weakly left) admissible. Thus we may use Proposition

2.1.34.

Quasi-isomorphisms

Recall that in an abelian category a map of complexes induces a map on homology. The

map is said to be a quasi-isomorphism if the induced map on homology is an isomorphism.

Quasi-isomorphisms can also be characterised in terms of their mapping cone. A map of

chain complexes in an abelian category is a quasi-isomorphism if and only if its mapping

cone is acyclic. As remarked previously, in an exact category we cannot in general define

the homology of a complex. However the construction of the mapping cone makes sense in

any additive category. By the previous remarks, the following definition is sensible.

Definition 2.1.36. Let E be an exact category. A map f‚ : X‚ Ñ Y‚ of complexes of E is

said to be a quasi-isomorphism if conepf‚q is acyclic.

Proposition 2.1.37. Homotopy equivalences are quasi-isomorphisms.

Proof. See [14] Proposition 10.9.

The next proposition is an immediate consequence of Corollary 2.1.29.

Proposition 2.1.38. Let I : E Ñ A be a left abelianisation of an exact category E. Let

f‚ : X‚ Ñ Y‚ be a morphism of complexes. Suppose conepfq is good. Then f is a quasi-

isomorphim if and only if Ipfq is.
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Remark 2.1.39. As for abelian categories, one can define the derived category D˚pEq of

an exact category E by localizing Ch˚pEq at the quasi-isomorphisms. For details see for

example [14].

2.1.5 Ext Groups

In order to study cotorsion pairs in exact categories in Section 3, we will need the notion of

Ext groups in exact categories. Recall for an abelian category A one can define the groups

ExtnpA,Bq for any pair of objects A,B P A regardless of whether A has enough projectives

by the Yoneda construction. This construction goes through mutatis-mutandis for exact

categories. The elements are Yoneda equivalences classes of n-extensions and the binary

operation is the Baer sum. All the proofs for the above facts work as the abelian case. The

interested reader can adapt the relevant proofs in [13] for example. The first ext group

Ext1pA,Bq can also be computed by passing to a left abelianization. More generally we

have the following straight-forward result.

Proposition 2.1.40. Let E and F be exact categories. Let F : E Ñ F be a fully faithful

exact functor which reflects exactness. Suppose that the essential image of E is closed under

extensions. Then F induces a natural isomorphism of abelian groups

Ext1Ep´,´q – Ext1F pF p´q, F p´qq

Remark 2.1.41. In the above we make the implicit assumption that each ExtnpA,Bq is a

set. This always holds for exact categories with enough projectives, which can be seen from

the discussion in the following section.

2.1.6 Projective Objects and Resolutions in Exact Categories

At this point we recall the notion of a projective object in an exact category, and mention

how they relate to the Ext functor.

Definition 2.1.42. An object P in an exact category E is said to be projective if the

functor HompP,´q : E Ñ Ab is exact.

Remark 2.1.43. By Proposition 2.1.24, for any projective object P the functor HompP,´q

is admissibly exact.

Example 2.1.44. In the split exact structure every object is projective.

As in the abelian case one has the following result.

Proposition 2.1.45. The following are equivalent.
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1. P is projective.

2. Given a map f : P Ñ C and an admissible epic e : B Ñ C, there is a morphism

g : P Ñ B such that the following diagram commutes

B

e
��

P

g
??

f // C

3. Any admissible epic with codomain P splits.

4. Ext1pP,Aq vanishes for any object A.

5. ExtnpP,Aq vanishes for any object A and any n ě 1.

We will need some results about projective resolutions in exact categories later.

Bounded Resolutions

Definition 2.1.46. An exact category E is said to have enough projectives if for any

object X of E,there is a projective object P and an admissible epimorphism P � X.

Lemma 2.1.47. Let P be a subclass of ObpEq, the object of E. Assume that for any object

E of E there is an object P P P and an admissible epimorphism P � E. Then, for any

bounded below complex E of Ch`pEq, there is a bounded below complex P whose entries are

objects of P, and a quasi-isomorphism

u : P Ñ E

where each uk : Pk Ñ Ek is an admissible epimorphism. Moreover, this construction can be

made functorial if the choice of admissible epimorphism P � E can be made functorial.

Proof. This is proved in [14] for the case that P is the class of projectives in an exact

category with enough projectives. However the proof goes through the same.

Lemma 2.1.48. Let A,B be objects in an exact category E. Let f : AÑ B be a morphism.

Let P‚ be a complex with P´1 “ A,Pn “ 0 for n ă ´1 and Pn projective for n ą 0. Also

let Q‚ be an acyclic complex with Q´1 “ B and Qn “ 0 for n ă ´1. Then there is a chain

map f‚ : P‚ Ñ Q‚ with f´1 “ f . Moreover, f‚ is unique up to homotopy.

Proof. See [14] Theorem 12.4.

28



As in the abelian case one can define derived functors between derived categories of

exact categories. There are also notions of adapted classes for functors. Proposition 2.1.45

and Lemma 2.1.47 essentially say that as in the abelian case, if a category E has enough

projectives, then the class of projective objects is adapted to the functor Homp´, Aq : Eop Ñ

Ab. It can be shown that RnHomp´, Aq ..“ HnpRHomp´, Aqq – Extnp´, Aq.

Unbounded Resolutions

When dealing with the model structures on unbounded chain complexes., we will also need

to have unbounded resolutions. For this we will modify the famous Theorem 3.4 in [75] and

it proof to work for more general exact categories. In the following we shall let B be a class

of complexes in E which is stable under shifts, and we shall assume that for any bounded

below complex X‚ there is a bounded below complex B‚ in B and a quasi-isomorphism

B‚ Ñ X‚ which is an admissible epimorphism in each degree. We will call such a class a

bounded resolving class.

Before continuing we introduce some terminology. Let I be a category, E an exact

category and S a class of morphisms in E .

Definition 2.1.49. We say that E has pI; Sq-(co)limits if for any functor D : I Ñ E

such that DpiÑ jq is in S for any morphism iÑ j in I, a (co)limit of D exists.

Let ChpSq denote the class of morphisms in ChpEq consisting of those morphisms f‚ :

A‚ Ñ B‚ such that fn P S for each n. Clearly if E has pI; Sq-(co)limits then ChpEq has

pI; ChpSqq-(co)limits.

Definition 2.1.50. Suppose that E has pI; Sq-(co)limits. We say that pI; Sq-(co)limits are

exact in E if for any functor

F : I Ñ ChpEq

with F pi ď jq P ChpSq for any i ď j in I and F piq acyclic for any object i in I, the (co)limit

limÑIF piq

is acyclic.

Let us now recall some notions from Splatenstein’s paper.

Definition 2.1.51. Let B be a class of complexes. A direct system pPn‚ qnPE in ChpEq is a

B-special direct system if it satisfies the following conditions.

1. E is well-ordered.

2. If n P E has no predecessor then Pn‚ “ limÑmănP
m
‚ .
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3. If n P E has a predecessor n´ 1 then the natural chain map Pn´1
‚ Ñ Pn‚ is injective,

its cokernel Cn‚ belongs to B, and the short exact sequence

0 Ñ Pn´1
‚ Ñ Pn‚ Ñ Cn‚ Ñ 0

is split exact in each degree.

We denote by limÑB the class of complexes which are limits of B-special direct systems.

Proposition 2.1.52. Let E be an exact category which has kernels. Suppose that B is a

bounded resolving class. Then for any complex X‚ there exists a B-special direct system

pPn‚ qně´1 and a direct system of chain maps fn : Pn‚ Ñ τěnX‚ such that

1. fn is a quasi-isomorphism for every n ě 0.

2. fn is an admissible epimorphism in each degree.

Proof. We construct the data pPn‚ qně´1 and pfnqně´1 by induction. For n “ ´1 we take

P´1
‚ “ 0 and so f´1 “ 0. Let now n ě 1, and suppose that P´1

‚ , . . . , Pn´1
‚ and f´1, . . . , fn´1

have been constructed. Let P‚ “ Pn´1
‚ and Y‚ “ τěnX‚. Denote by f the composite

Pn´1
‚ Ñ τěn´1X‚ Ñ Y‚. By assumption we can find a quasi-isomorphism g : Q‚ Ñ

conepfqr1s which is an admissible epimorphism in each degree, and Q‚r´1s P B. Now

we have a degree wise splitting, conepfqr1s “ P‚ ‘ Y‚r1s. We therefore get two maps

g1 : Q‚ Ñ P‚ and g2 : Q‚ Ñ Y‚r1s which are admissible epimorphisms in each degree, and

such that g1 is a chain map. Define Pn ..“ conep´g1q and let fn : conep´g1q “ Qr1s‘P Ñ Y

be defined by fn “ g2r1s ` f . As in [75], by direct calculation fn is a chain map and

conepfnq “ conepgqr1s. Since g is a quasi-isomorphism fn is as well. Moreover the sequence

0 Ñ Pn´1
‚ Ñ Pn‚ Ñ Q‚r1s Ñ 0

is split exact in each degree.

Corollary 2.1.53. Let E be an exact category with kernels and such that pN0,AdMonq-

colimits exist and are exact. Let B be a bounded resolving class. Then any chain complex

X‚ in E admits a limÑB resolution which is an admissible epimorphism in each degree.

Proof. Fix a B-special direct system pPn‚ qně´1 and a direct system of chain maps fn : Pn‚ Ñ

τěnX‚ such that

1. fn is a quasi-isomorphism for every n ě 0.

2. fn is an admissible epimorphism in each degree.
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Let P‚ be the direct limit of the special direct system. For each n the composition Pn‚ Ñ

P‚ Ñ X‚ is an admissible epimorphism in degrees ą n. Thus P‚ Ñ X‚ is an admissible

epimorphism in all degrees.

Now let P be any class of objects in E . Suppose that for each object X in E there

is an object P in P together with an admissible epimorphism P � X. By Lemma 2.1.47

the class Ch`pPq of chain complexes with entries in P is a bounded resolving class. Let us

introduce the following notion.

Definition 2.1.54. Let E be an exact category such that for some ordinal λ, λ-indexed

transfinite compositions of admissible monomorphisms exist. We say that a class of objects

P in E is closed under λ-indexed extensions if for any continuous functor X : λÑ E

functor such that for each i ă j in λ the map Xi Ñ Xj is an admissible monic whose

cokernel is in P, then the limit Xλ is in P.

From the proof of Corollary 2.1.53 we then immediately have the following.

Corollary 2.1.55. Let E be an exact category with kernels in which pN0,AdMonq-colimits

exist and are exact. Let P be a class of objects such that for each object X in E there

is an object P in P together with an admissible epimorphism P � X. Suppose further

that P is closed under N-indexed extensions. Then for any complex X‚ in ChpEq there

is a complex P‚ in ChpPq and an admissible epimorphism P‚ Ñ X‚ which is a quasi-

isomorphism. Moreover, X‚ is the limit of a Ch`pPq-special direct system.

We will also need the following acyclicity result, also proved in [75] for abelian categories.

Proposition 2.1.56. Let T be a class of complexes in ChpEq. The class of all complexes

A‚ P ChpEq such that HompA‚, T‚q is acyclic for every T‚ in T is closed under special

direct limits.

Proof. It is clear from the definition of the contravariant functor Homp´, T‚q that it trans-

forms colimits into limits. If pPn‚ qnPE is a B-special direct system then

pHompPn‚ , T‚qqnPE is a B-special inverse system of acyclic complexes of abelian groups,

where we use the terminology of [75]. Lemma 2.3 in [75] says that the inverse limit of such

a system is again acyclic.

2.1.7 Exact Structures on Chain Complexes

Let E be an exact category and consider the category Ch˚pEq for ˚ P tH, b,ě,ď,`,´u. Say

that a sequence 0 Ñ A‚ Ñ B‚ Ñ C‚ Ñ 0 is exact precisely if for each i P Z the sequence

0 Ñ Ai Ñ Bi Ñ Ci Ñ 0 is exact. Since limits and colimits in Ch˚pEq are computed

degree-wise this is an exact structure on ChpEq.
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Proposition 2.1.57. Let F : AÑ B be a fully faithful exact functor which reflects exactness

and whose essential image is closed under extensions. Then for ˚ P tě 0,ď 0,`,´, b,Hu

the induced functor

Ch˚pF q : Ch˚pAq Ñ Ch˚pBq

is a fully faithful exact functor which reflects exactness and whose essential image is closed

under extensions.

Proof. Since exactness of chain complexes is defined level wise, Ch˚pF q is clearly exact and

reflects exactness. It is clearly faithful. Let us check that it is full. Let pX‚, d‚q and pY‚, δ‚q

be chain complexes in A. Let f‚ : F pX‚q Ñ F pY‚q be a chain map. For each n there is

some gn : Xn Ñ Yn with fn “ F pgnq. Moreover

F pgn ˝ dn`1q “ F pgnq ˝ F pdn`1q “ fn ˝ F pdn`1q “ F pδn`1q ˝ fn`1 “ F pδn`1 ˝ gn`1q

Since F is faithful, gn ˝ dn`1 “ δn`1 ˝ gn`1. It remains to show that the essential image

of Ch˚pF q is closed under extensions. So suppose we have an exact sequence of chain

complexes.

0 // F pX‚, d‚q
f‚ // pQ‚, γ‚q

g‚ // F pY‚, δ‚q // 0

For each n pick an object Pn P A and an isomorphism pn : QnÑ̃F pPnq. Let γ1n “ pn´1 ˝

γn ˝ p
´1
n : F pPnq Ñ F pPn´1q. Then pP‚, γ

1
‚q is a chain complex. Moreover by construction

we have an isomorphism p‚ : Q‚ Ñ F pP‚q whose nth component is pn.

Corollary 2.1.58. Let I : E Ñ ApEq is a left abelianization of E. Then Ch˚pIq : Ch˚pEq Ñ

Ch˚pApEqq is a left abelianization of Ch˚pEq.

Proof. By the previous proposition, it remains to check that ChpIq preserves kernels, and

ChpIqpf‚q is an admissible epimorphism if and only if f‚ is. However this is clear since

everything is computed degree-wise.

A Useful Example: The Degree-Wise Exact Structure

Let E be an additive category, and endow it with the split exact structure. The induced

exact structure on ChpEq is called the degree-wise split exact structure, and we denote

the ext functors in this structure by Extndw. We conclude this section with a brief discussion

of the relation between extensions in the degree-wise split exact structure and the ChpAbq-

enriched structure on ChpEq. This is also done in a model theoretic context for modules

over a ring in [31].
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Proposition 2.1.59. A sequence of chain complexes 0 // X‚
p‚ // Z‚

q‚ // Y‚ // 0 is

split exact in each degree if and only if it is isomorphic to a complex of the form

0 Ñ X‚ Ñ conepf‚q Ñ Y‚ Ñ 0

for some morphism of complexes f‚ : Y‚r1s Ñ X‚.

Proof. The sequence

0 Ñ X‚ Ñ conepf‚q Ñ Y‚ Ñ 0

is clearly split exact in each degree, so any complex isomorphic to it is split exact in each

degree as well. Suppose

0 // X‚
p‚ // Z‚

q‚ // Y‚ // 0

is split exact in each degree. Let αn : Zn Ñ Xn be such that αn˝pn “ idXn and βn : Yn Ñ Zn

be a map such that qn ˝ βn “ idYn . We may assume also that αn ˝ βn “ 0. Define

f‚ : Y‚r1s Ñ X‚ by fn “ αn ˝ d
Z
n`1 ˝ βn`1. This is easily seen to be a map of chain

complexes. Let αn : Zn Ñ Xn ‘ Yn denote the isomorphism induced by the degree-wise

splitting. A straight-forward computation shows that this gives a map of chain complexes

α‚ : Z‚ Ñ conepf‚q. Thus we get an isomorphism of exact sequences.

0 // X‚
p‚ // Z‚

q‚ //

α‚
��

Y‚ // 0

0 // X‚ // conepf‚q // Y‚ // 0

Proposition 2.1.60. A map of chain complexes f‚ : X‚ Ñ Y‚ is homotopic to 0 if and

only if the sequence

0 Ñ Y‚ Ñ conepf‚q Ñ X‚r´1s Ñ 0

is split exact.

Proof. Suppose that f‚ is homotopic to 0. Let tDn : Xn Ñ Yn`1u be a homotopy. We then

get a map αn “ pidXn´1 , Dn´1q : Xn´1 Ñ conepfqn. It is straight-forward to check that

this gives a chain map α‚ : X‚r´1s Ñ conepf‚q. Moreover it obviously gives a splitting of

conepf‚q Ñ X‚r´1s. Conversely suppose the sequence is split exact. Let α‚ : X‚r´1s Ñ

conepf‚q be a splitting of the map conepf‚q Ñ X‚r´1s. It is an easy computation to

check that the collection of compositions tDn´1 : Xn´1 Ñ conepf‚qn Ñ Ynu is a homotopy

between f and 0.
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We recover the following standard result

Corollary 2.1.61. For chain complexes X‚, Y‚ in an additive category E. we have

Ext1dwpX,Y rn´ 1sq – HnHompX‚, Y‚q “ HomChpEqpX,Y rnsq
L

„

where „ is chain homotopy.

Proof. By direct computation, one finds that f P
ś

i HompXi, Yi`nq defines a chain map

f‚ : X‚ Ñ Y‚rns if and only if f P Kerpdnq. Similarly, f‚ is then null-homotopic if and only

if it is in Impdn`1q. This gives the isomorphism

HnHompX‚, Y‚q “ HomChpEqpX,Y rnsq
L

„

The isomorphism Ext1
dwpX,Y rn ´ 1sq – HomChpEqpX,Y rnsq

L

„ follows from Proposition

2.1.59 and Proposition 2.1.60.

2.1.8 Monoidal Exact Categories and Monads in Exact Categories

We conclude this section with a brief note on monoidal exact categories, and exact structures

on categories of modules over monoids. More generally we put an exact structure on the

category of algebras for an additive monad which is compatible in a precise sense with the

exact structure on the underlying category. First we need a general definition.

Definition 2.1.62. A covariant functor F : E Ñ F between exact categories is said to be

right exact if for any short exact sequence

0 Ñ X Ñ Y Ñ Z Ñ 0

in E, the sequence

F pXq Ñ F pY q Ñ F pZq Ñ 0

is admissibly coacyclic in F .

A contravariant functor F : E Ñ F between exact categories is said to be right exact

if for any short exact sequence

0 Ñ X Ñ Y Ñ Z Ñ 0

in E, the sequence

F pZq Ñ F pY q Ñ F pXq Ñ 0

is admissibly coacyclic in F .
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Dually one defines left exactness.

Definition 2.1.63. Let E be an exact category. A symmetric monoidal structure with

additive tensor functor b is said to be compatible if for any object X of E the functor

Xbp´q preserves all colimits which exist and is right exact. A monoidal exact category

is a symmetric monoidal category pE ,b, kq where E is an exact category and the monoidal

structure is compatible.

Definition 2.1.64. Let E be an exact category. A closed symmetric monoidal structure

with additive tensor functor b and additive internal hom Hom is said to be compatible

with E if for each object X of E, the functor X b p´q, is right exact and the functors

HompA,´q and Homp´, Aq are left exact. A closed monoidal exact category is a closed

symmetric monoidal category pE ,b,Hom, kq where E is an exact category and the closed

monoidal structure is compatible.

Note that if pE ,b,Hom, kq is a closed monoidal exact category, then pE ,b, kq is auto-

matically a monoidal exact category. Indeed for each object X, X b p´q is a left adjoint so

it preserves colimits.

Definition 2.1.65. Let pE ,b, kq be an exact category equipped with a (not necessarily

compatible) symmetric monoidal structure where the tensor functor is additive. An object

F of E is said to be (strongly) flat if the functor F b p´q is (strongly) exact.

In the familiar category of R-modules over some ring R with the usual monoidal struc-

ture, projectives are always flat. Moreover the tensor product of two projective R-modules

is again projective. This is not always guaranteed for an arbitrary monoidal exact category.

However it is a useful property to have, in particular when dealing with the projective model

structure later. We therefore make a definition.

Definition 2.1.66. A monoidal exact category in which projective objects are flat and

P b P 1 is projective whenever both P and P 1 are is said to be projectively monoidal .

A projectively monoidal exact category is said to be strongly projectively monoidal if

projectives are strongly flat.

In closed exact categories we have the following observation.

Observation 2.1.67. Let pE ,b, k,Homq be a closed monoidal exact category with enough

projectives such that the underlying monoidal category is projectively monoidal. Then for

any projective P , the functor HompP,´q : E Ñ E is exact. The proof follows immediately

from the adjunction between b and Hom. It is shown in the quasi-abelian case in [72], for

example, and the proof works identically in the exact case.
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Now let R be a unital associative monoid internal to a monoidal exact category pE ,b, kq.

It turns out that there is an exact structure on the additive category RMod where a null

sequence

0 Ñ X Ñ Y Ñ Z Ñ 0

in RMod is exact if and only if it is a short exact sequence when regarded as a null-sequence

in E . This follows from a more general result about compatible monads in exact categories.

Definition 2.1.68. An additive monad T on an exact category E is said to be compatible

if it preserves all colimits and is a right exact functor.

Proposition 2.1.69. Let E be an exact category and let T : E Ñ E be a compatible monad.

There is an exact structure on ET where a null sequence

0 Ñ X Ñ Y Ñ Z Ñ 0

in ET is exact if and only if it is a short exact sequence when regarded as a null-sequence

in E. We call this exact structure the induced exact structure.

Proof. This follows from the general fact that if T is a cocontinuous monad on any category

E then the forgetful functor ET Ñ E creates limits and colimits and reflects isomorphisms.

For a proof see [12] Proposition 4.3.1 and Proposition 4.3.2.

This exact structure inherits a lot from the exact structure on E . In fact we have the

following lemma.

Lemma 2.1.70. Let | ´ | : D Ñ E be a functor between exact categories which reflects

exactness and creates both kernels and cokernels. Then | ´ | reflects admissible monomor-

phisms, admissible epimorphisms, weakly admissible morphisms, admissible morphisms, and

admissibly acyclic sequences.

Proof. Let f : X Ñ Y be a morphism in D. Supposethat |f | is an admissible monomor-

phism. Then there is an exact sequence

0 Ñ |X| Ñ |Y | Ñ Cokerp|f |q Ñ 0

Since | ´ | creates cokernels and reflects exactness

0 Ñ X Ñ Y Ñ Cokerpfq Ñ 0

is an exact sequence in D. Thus f is an admissible monomorphism. That | ´ | reflects

admissible epimorphisms is proved similarly. Note in particular that this means |´| reflects

isomorphisms.
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Suppose now that |f | : |X| Ñ |Y | is weakly admissible. Then there is a decomposition

|X|

$$ $$

|f | // |Y |

$$ $$
Kerp|f |q

::

::

Coimp|f |q
ˆ|f | // Imp|f |q

;;

;;

Cokerp|f |q

Since |´ | reflects exactness and creates both kernels and cokernels there is a decomposition

in D

X

$$ $$

f // Y

$$ $$
Kerpfq

;;

;;

Coimpfq
f̂ // Impfq

<<

<<

Cokerpfq

Thus f is weakly admissible. If in addition |f | is admissible then |f̂ | is an isomorphism.

Since | ´ | reflects isomorphisms f̂ is an isomorphism, so f is admissible.

Finally suppose

|X|
|f | // |Y |

|g| // |Z|

is admissibly acyclic. Then |f | is admissible, |g| has a kernel and the map Imp|f |q Ñ Kerp|g|q

is an isomorphism. By the above f is admissible. Since | ´ | creates kernels and cokernels

and also reflects isomorphisms Impfq Ñ Kerpgq is also an isomorphism.

As a consequence of this and Remark 2.1.77 later, if E is (quasi)-abelian, then so is

ET . In particular categories of modules for monoid objects in monoidal (quasi)-abelian

categories are themselves (quasi)-abelian.

Before concluding this discussion of monoidal exact categories, let us briefly mention

induced monoidal structures on chain complexes. So, let pE ,b, kq be a monoidal ex-

act category. Recall from Section 1.4 there is an induced additive monoidal structure

pCh˚pEq,b, S0pkqq on Ch˚pEq for ˚ P tě 0,ď 0,`,´, b,Hu. Since colimits of chain com-

plexes are computed degreewise, finite direct sums are strongly exact, and a null-sequence

of chain complexes is admissibly coacyclic if and only if it is so in each degree, it is clear

that this monoidal structure is compatible, so that pCh˚pEq,b, S0pkqq is a monoidal exact

category for ˚ P tě 0,ď 0,`,´, bu.

Now suppose pE ,b, S0pkq,Homq is a closed monoidal exact category. Then

pChbpEq,b, S0pkq,Homq

is a closed monoidal exact category. Note that the closed symmetric monoidal category

pChpEq,b, S0pkq,Homq
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need not be a closed monoidal exact category since infinite direct sums/ products need not

be admissibly coexact/ admissibly exact. When we deal with unbounded complexes later

we shall assume this to be the case. We shall see shortly that this is guaranteed for a closed

monoidal structure on a quasi-abelian category.

2.1.9 Quasi-Abelian Categories

Let us apply what we have seen so far to the particular case of quasi-abelian categories.

The theory of quasi-abelian categories is developed significantly in [72] which is our main

reference here. Applications to categories of topological vector spaces can be found in [67].

Strict Morphisms

First we show that Definition 2.1.4 is equivalent to the one given in [72]. Recall that in a

finitely bicomplete additive category, any morphism f : E Ñ F gives rise to a commutative

diagram

E
f //

��

F

Coimpfq // Imf

OO

In any abelian category the map Coimpfq Ñ Impfq is an isomorphism. However

this is not true in general. For example, consider the standard example of the category

Fr of Fréchet spaces. Then Coimpfq “ E
L

f´1p0q, Impfq “ fpEq and the natural map

E
L

f´1p0q Ñ fpEq is the obvious one. By the Open Mapping Theorem Coimpfq Ñ Impfq

is an isomorphism if and only if f has closed range, which is not always the case.

Definition 2.1.71. Let E be an additive category with all kernels and cokernels. A mor-

phism f : E Ñ F in E is said to be strict if Coimpfq Ñ Impfq is an isomorphism.

Proposition 2.1.72. Let E be a finitely bicomplete additive category.

1. A monic is strict if and only if it is the kernel of some morphism. In this case it is

the kernel of its cokernel.

2. An epic is strict if and only if it is the cokernel some morphism. In this case it is the

cokernel of its kernel.

Proof. 1. Let f : E Ñ F and write if : Kerpfq Ñ E for the canonical map. Let us show

that if is strict. First note that for any monic A Ñ B, the coimage is id : A Ñ A.

Let us compute the image of if . It is given by

KerpCokerpKerpfq Ñ Eq Ñ E

38



By some abstract nonsense this is just Kerpfq Ñ E. Conversely suppose m : X Ñ E

is a strict monic. Then the maps E Ñ Coimpmq Ñ Impmq are all isomorphisms, i.e.

we get a commutative diagram

X

„

��

m // E

Coimpmq
„ // Impmq

OO

Since Impmq Ñ E is a kernel of Cokerpmq, so is m : X Ñ E.

2. This is dual to the first part.

Proposition 2.1.73. The class of strict epics (resp. monics) in a quasi-abelian category

E is stable by composition.

Proof. See [72] Proposition 1.1.7.

Corollary 2.1.74. A finitely bicomplete additive category E is quasi-abelian if and only if

the following two conditions hold:

1. If

A

��

f // B

��
X

f 1 // Y

is a push out diagram, and f is a strict monic, then f 1 is as well.

2. If

A

��

f 1 // B

��
X

f // Y

is a pullback diagram, and f is a strict epic, then f 1 is as well.

Let us now describe the admissible morphisms in the quasi-abelian exact structure.

Proposition 2.1.75. Let E be a finitely bicomplete additive category. A morphism f : E Ñ

F in E is strict if and only if it can be written as f “ i ˝ p where p : E Ñ I is a strict epic

and i : I Ñ F is a strict monic.
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Proof. Suppose f admits a decomposition f “ i ˝ p as in the statement. Then Kerpfq “

Kerppq. So Coimpfq “ Coimppq. Since p is strict Coimppq – Imppq. Since p is an epic,

Imppq “ I. Similarly Impfq “ Impiq “ I. Conversely suppose f is a strict morphism. Now

E Ñ Coimpfq is a strict epic, and Impfq Ñ F is a strict monic. But since f is strict,

Coimpfq – Impfq, so this gives the decomposition of f .

Corollary 2.1.76. A morphism in a quasi-abelian category is admissible in the quasi-

abelian exact structure if and only if it is strict.

Remark 2.1.77. An exact structure on a finitely bicomplete additive category coincides

with the quasi-abelian structure if and only if every morphism is weakly admissible. Then

as a consequence of Proposition 2.1.72, a finitely bicomplete additive category is abelian if

and only if every morphism is admissible.

The Left Heart

Homology in quasi-abelian is significantly easier than in more general exact categories. For

example, there is an even stronger abelian embedding.

Theorem 2.1.78. Let E be a quasi-abelian category. There exists a left abelianization

I : E Ñ LHpEq of E such that I has a left adjoint C : LHpEq Ñ E with C ˝ I – idE , i.e. E

is a reflective subcategory of LHpEq. Moreover the induced functor on derived categories

DpIq : DpEq Ñ DpLHpEqq

is an equivalence.

Proof. See [72] Proposition 1.1.26, Corollary 1.2.27, Proposition 1.2.28, and Proposition

1.2.31.

LHpEq is called the left heart of E . The embedding of E into its left heart also behaves

extremely well with respect to projectives, namely:

Proposition 2.1.79. 1. An object P of E is projective if and only if IpP q is projective

in LHpEq.

2. E has enough projectives if and only if LHpEq has enough projectives. In this case

an object of LHpEq is projective if and only if it is isomorphic to IpP q where P is

projective in E.

Proof. See [72] Proposition 1.3.24.
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Moreover left abelianizations of quasi-abelian categories allow us to test acyclicity of

any unbounded complex. Indeed as a consequence of Remark 2.1.77 and Corollary 2.1.29

we get.

Corollary 2.1.80. Let I : E Ñ A be a left abelianisation of E where E is a quasi-abelian

category. Then a complex X‚ in E is acyclic if and only if IpX‚q is acyclic. In particular

a map of complexes f : X Ñ Y is a quasi-isomorphism if and only if Ipfq is.

Monoidal Quasi-Abelian Categories

Let us briefly discuss (strongly) projectively monoidal quasi-abelian categories, i.e. a

(strongly) projectively monoidal exact category in which the underlying exact category

is quasi-abelian. We first make the following observation.

Observation 2.1.81. An additive functor F : E Ñ F between quasi-abelian categories is

right exact if and only if it preserves cokernels of strict morphisms.

This implies that if pE ,b, kq is a monoidal category with E quasi-abelian and b additive,

then it is a monoidal quasi-abelian category if and only if X b p´q preserves colimits for

each object X of E . In particular if pE ,b,Hom, kq is a closed monoidal category with E

quasi-abelian and b, Hom additive functors, then pE ,b,Hom, kq is in fact a closed monoidal

quasi-abelian category.

Proposition 2.1.82. Let pE ,b,Hom, kq be a bicomplete closed monoidal quasi-abelian cat-

egory which is also projectively monoidal. Then there is a monoidal structure b̃, ˜Hom on

LHpEq such that pLHpEq, b̃, ˜Hom, Ipkqq is a closed monoidal abelian category. Moreover

I : E Ñ LHpEq is a lax monoidal functor. If pE ,b,Hom, kq is strongly projectively monoidal

then pLHpEq, b̃, ˜Hom, Ipkqq is projectively monoidal.

Proof. See [72] Proposition 1.5.3 and Corollary 1.5.4.

2.2 Generators in Exact Categories

In this section we will introduce suitable notions of a generating set in an exact category.

This will come into play later when we discuss cofibrant generation of model structures,

where some compactness assumptions are required. For our definition of generating set we

will generalise an equivalent characterisation ([72] Proposition 2.1.7) of Schneiders’ notion

of a strictly generating set in a quasi-abelian caegory, [72] Definition 2.1.5. If G is a

collection of objects in an exact category we denote by
À

G the collection of all small

coproducts of objects in G. We will use the word ‘collection’ because we will also be

interested in proper classes of generators.
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Definition 2.2.1. A collection of objects G in an exact category E is said to be an admis-

sible generating collection if for each object E of E there is an object Q of
À

G and

an admissible epimorphism Q � E. An admissible generating collection G is said to be a

projective generating collection if all objects in G are projective.

The next two results are adaptations of the proof of [72] Proposition 1.3.23 to the exact

case.

Proposition 2.2.2. Let G be an admissible generating collection. Suppose f : E Ñ F is a

morphism such that for each G in G then map HompG,Eq Ñ HompG,F q is an epimorphism.

Then f is an admissible epimorphism.

Proof. Pick an admissible epimorphism ε : P Ñ F where P P
À

G. By assumption there is

a morphism ε1 : P Ñ E such that ε “ f ˝ ε1. By Proposition 2.1.8 f is then an admissible

epimorphism.

Proposition 2.2.3. Let G be a generating collection in an exact category E. A complex

0 // E
e1 // E

e2 // E2

with e2 weakly left admissible is admissibly acyclic if and only if for each G P G the sequence

0 // HompG,E1q // HompG,Eq // HompG,E2q

is acyclic in Ab. If in addition the objects of G are projective, then a sequence

E
e1 // E

e2 // E2

with e2 weakly left admissible is admissibly acyclic if and only if for each P P G the sequence

HompP,E1q // HompP,Eq // HompP,E2q

is acyclic in Ab.

Proof. Suppose that for each G P G the sequence

0 // HompG,E1q // HompG,Eq // HompG,E2q

is acyclic in Ab. Since e2 is weakly left admissible it is sufficient to show that e1 is a kernel

of e2. Then e1 is automatically an admissible monic. To show this one can follow the proof

in [72]. At one point in that proof the existence of a resolution of X by objects of ‘G is

used. Here instead we may use Lemma 2.1.47
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Finally let us consider the assertion about projective generators. Proposition 2.1.24

implies that

HompP,E1q // HompP,Eq // HompP,E2q

is acyclic. For the converse first consider the sequence

0 // Kerpe2q // E
e2 // E2

Since HompP,´q preserves kernels, Proposition 2.2.2 implies that

E
e1 // E

e2 // E2

is admissibly acyclic.

In particular if E is quasi-abelian, then every morphism is weakly admissible, so in this

case one has that a sequence

E
e1 // E

e2 // E2

is admissibly acyclic if and only if for each P P P the sequence

HompP,E1q // HompP,Eq // HompP,E2q

is acyclic in Ab. For general exact categories we still have the following result.

Corollary 2.2.4. Let G be a projective generating collection in an exact category E. Let

X‚ be a complex. Suppose that X‚ is good. Then X‚ is acyclic if and only if HompG,X‚q

is acyclic for each G P G.

Proof. Since each G P G is projective the functors HompG,´q preserve acyclic complexes.

Conversely suppose HompG,X‚q is acyclic for each G P G, and dXn has a kernel ZnX.

By assumption HompG, d1n`1q : HompG,Xn`1q Ñ ZnHompG,Xq “ HompG,ZnXq is an

epimorphism for each n. Thus d1n`1 : Xn`1 Ñ ZnX is an admissible epimorphism. Now

apply Proposition 2.1.28.

2.2.1 Elementary Exact Categories

It is convenient to have generators satisfying some compactness conditions. Recall that a

poset J is said to be λ-filtered for a cardinal λ if any subset S of J with |S| ă λ has an

upper bound.

Definition 2.2.5. Let E be an additive category, S a class of morphisms in E, and κ a

cardinal. An object E of E is said to be
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1. pS, κq-small if the canonical map limÑλ
HompE,Fiq Ñ HompE, limÑiPIFiq is an iso-

morphism for any regular cardinal λ ě κ and any λ-indexed transfinite sequence.

2. S-small if it is pS, κq-small for some cardinal κ

3. pS , κq-compact if the natural map

limÑiPIHompE,Fiq Ñ HompE, limÑiPIFiq

is an isomorphism for any λ-filtered inductive system E : I Ñ E whose direct limits

exists where λ ě κ is regular, and such that Epαq P S for any morphism α in I.

4. S-compact if it is pS , κq-compact for some cardinal κ.

5. S-tiny if it is pS , κq-compact for alll cardinals κ (i.e. if HompE,´q commutes with

all direct limits whose morphisms are in S).

6. tiny if it is S-tiny for S “ Mor pEq.

The terminology is inspired by [72].

Definition 2.2.6. Let E be an exact category E is said to be

1. projectively generated if it has a projective generating set.

2. S-elementary if it is complete, cocomplete and has a projective generating set con-

sisting of S-tiny objects.

3. quasi-elementary if it is complete, cocomplete and has a projective generating set

consisting of S-tiny objects, where S is the class of split monomorphisms.

4. AdMon-elementary if it is elementary for the class of admissible monomorphisms.

5. elementary if it is S-elementary for S “ Mor pEq.

Proposition 2.2.7. A cocomplete quasi-abelian category is (quasi)-elementary if and only

if its left heart is (quasi)-elementary.

Proof. See [72] Proposition 2.1.12.

The following proposition is immediate from Proposition 2.2.3 and Corollary 2.2.4 but

it has a useful consequence.

Proposition 2.2.8. Let E be a complete and cocomplete elementary(resp. quasi-elementary)

exact category. Then filtering inductive limits (resp. direct sums) in E are exact. If in ad-

dition E is quasi-abelian elementary (resp. quasi-elementary), then filtering inductive limits

(resp. direct sums) are admissibly exact.
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This also motivates a more general definition 2.2.9 below.

Definition 2.2.9. Let E be an exact category and S a collection of morphisms in E. E is

said to be

1. weakly S-elementary if for any ordinal λ E has pλ; Sq-colimits and pλ; Sq-colimits

are exact.

2. weakly AdMon-elementary if it is weakly S-elementary for S “ AdMon.

3. weakly elementary if it is weakly S-elementary for S “ Mor pEq.

In particular S-elementary exact categories are weakly S-elementary.

Proposition 2.2.10. Let E be a weakly AdMon-elementary exact category. Then transfi-

nite compositions of admissible monics are admissible monics.

Proof. The proof is by transfinite induction. Since finite compositions of admissible monics

are admissible, the successor case is clear. For the limit case let Λ be a limit ordinal, and

consider the commutative diagram

E0
//

��

E0

��

// E0
//

��

. . .

E0

��

cλ // Eλ //

��

Eλ1 //

��

. . .

0 // Cokerpcλq // Cokerpcλ1q // . . .

with short exact columns. Taking the direct limit over Λ, we get a short exact sequence

0 Ñ E0 Ñ E Ñ C Ñ 0

In particular E0 Ñ E is admissible.

2.2.2 Generators in Categories of Chain Complexes

Our goal now is to show that if E is an elementary exact category then so is Ch˚pEq, for

˚ P t`,ď 0,´, b,ě 0,Hu. Much of this is based on the following technical result.

Lemma 2.2.11. Let E be a weakly idempotent complete exact category. For any object

C P E and X,Y P ChpEq we have natural isomorphisms:

1. HomEpC, Ynq – HomChpEqpD
npCq, Y q

2. HomEpXn´1, Cq – HomChpEqpX,D
npCqq
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3. KerpHomEpC, d
Y
n qq – HomChpEqpS

npCq, Y q. In particular if KerpdYn q exists

then HomEpC,KerpdYn qq – HomChpEqpS
npCq, Y q

4. KerpHomEpd
X
n`1, Cqq – HomChpEqpX,S

npCqq In particular if CokerpdXn`1q exists then

HomEpCokerpdXn`1q, Cq – HomChpEqpX,S
npCqq

5. Ext1EpC, Ynq – Ext1ChpEqpD
nC, Y q

6. Ext1EpXn, Cq – Ext1ChpEqpX,D
n`1Cq

7. Let X be a complex such that KerdXn exists. Then there is a monomorphism

Ext1pC,KerpdXn qq ãÑ Ext1pSnC,Xq

If X is acyclic then this is an isomorphism.

8. Let X be a complex such that CokerpdXn`1q exists. Then there is a monic

Ext1pCokerpdXn`1q, Cq ãÑ Ext1pX,SnCq

If X is acyclic then this is an isomorphism.

Proof. By Proposition 2.1.40 and Corollary 2.1.58 it is sufficient to prove statements 1 ´

3, 5, 6, 7 under the assumption that E is abelian. In this context the result is Lemma 3.1 in

[28] and Lemma 4.2 in [30]. Statement 4 is dual to to 3, and statement 8 is dual to 7.

Remark 2.2.12. It is possible to prove most of this lemma internally in an exact category

without passing to an abelianisation.

At this point we can prove the following lemma. It provides one of our main applications

of generating sets, namely a convenient method for testing acyclicity. It is a modification

of Lemma 3.7 in [29].

Lemma 2.2.13. Let E be an exact category with a collection of generators G. Let X be

a chain complex. Suppose that X‚ is good. If for every G P G each map f : SnpGq Ñ X

extends to Dn`1pGq, then X is acyclic.

Proof. By Proposition 2.1.28 it is enough to show that whenever dm has a kernel, the

induced map

d1 : Xm`1 Ñ ZmX

is an admissible epic. For this it is enough to show that for each G P G,

HompG, d1q : HompG,Xm`1q Ñ HompG,ZmXq
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is surjective, i.e. that any map f : GÑ ZmX lifts to a diagram

Xm`1

d1

��
G

f //

<<

ZnX

But this is equivalent to showing that the chain map SnpGq Ñ X induced by f extends to

a morphism Dn`1pGq Ñ X.

Next we characterise projective objects in categories of chain complexes. It is well

known that projective objects in the category of chain complexes in an abelian category are

precisely the split exact complexes with projective entries. See for example [41] Proposition

2.3.10. We generalise the result to exact categories.

Proposition 2.2.14. Let E be a weakly idempotent complete exact category, and let ˚ P

tě 0,ď 0,`,´, b,Hu. Then split exact complexes of projectives are projective objects in

Ch˚pEq. In addition, if P is projective in E then S0pP q is projective in Chě0pEq. Con-

versely, if a complex X‚ is a projective in Ch˚pEq for ˚ P t`,´, b,ě 0,ď 0,Hu then every

Xn is projective. Moreover, if ˚ P t`,´, b,Hu and X‚ is good then X‚ is a split exact

complex of projective objects of E. In particular if E has all kernels then the projective

objects in Ch˚pEq, for ˚ P t`,´, b,Hu are precisely the split exact complexes of projectives

contained in Ch˚pEq.

Proof. By Lemma 2.2.11, split exact complexes of projectives are projective objects in

Ch˚pEq for ˚ P t`,´, b,ě 0,ď 0,Hu. Let us show that S0pP q is a projective object in

Chě0pEq whenever P is projective in E . Indeed in this case, Lemma 2.2.11 implies that

HomChpEqpS
0pP q, Y‚q – HomEpP, Y0q. Since P is projective, S0pP q is as well. Conversely if

a complex X‚ is a projective complex, then it follows immediately from Lemma 2.2.11 that

each Xn is projective in E . Suppose that ˚ P t`,´, b,Hu and that X‚ is good. Let P be

the cone of the identity id : X‚ Ñ X‚. Consider the surjection P Ñ X‚r´1s. Since X‚r´1s

is projective this map splits by Proposition 2.1.45. The second factor of this splitting gives

a homotopy between idX‚r´1s and the 0 map. By Corollary 2.1.35, X‚r´1s is split acyclic

so X‚ is as well.

We can now show that Ch˚pEq has enough projectives. (This is well known for ChpAq

with A abelian. See for example [83] Exercise 2.2.2).

Corollary 2.2.15. Let E be an exact category with enough projectives. Then Ch˚pEq has

enough projectives for ˚ P t`,´, b,ď 0,ě 0,Hu
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Proof. By Proposition 2.2.14 DnpP q is projective in Ch˚pEq for ˚ P t`,´, b,Hu whenever

P is projective. Also DnpP q for n ď 0 is projective in Chď0pEq. Let X‚ P Ch˚pEq for

˚ P t`,´, b,ď 0,Hu. For each n pick a projective Pn and an admissible epimorphism

Pn � Xn. This induces a map DnpPnq Ñ X‚ which is an admissible epimorphism in degree

n. Let P‚ “
À

nD
npPnq. By the above discussion we have an admissible epimorphism

P‚ � X‚.

Now let X‚ P Chě0pEq. For n ą 0 the object DnpP q is projective in Chě0pEq. S0pP q

is also projective in Chě0pEq. For n ą 0, as before there is a projective object Pn and

a morphism DnpPnq Ñ X‚ which is an admissible epimorphism in degree n. For n “ 0

pick a projective object P0 and an admissible epimorphism P0 Ñ X0. Since X´1 “ 0,

this induces a map S0pP0q Ñ X‚ which is an admissible epimorphism in degree 0. Let

P‚ “
´

À

ną0D
npPnq

¯

‘ S0pP0q. Then we have an admissible epimorphism P‚ � X‚.

In particular we have shown that Ch˚pEq has a set of projective generators whenever E

does.

Corollary 2.2.16. Suppose P is a collection of admissible generators for an exact category

E. Then D˚pPq “ tDnpP q : P P P, n P ZuXCh˚pEq is a collection of generators for Ch˚pEq

and ˚ P t`,´, b,ď 0,Hu. For ˚ P tě 0u, D̃˚pPq ..“ D˚pPqYtS0pP q : P P Pu is a collection

of generators for Ch˚pEq. They are projective generating collections if P is.

Proof. The proof of Corollary 2.2.15 shows that the collection in the statement of the

proposition are admissible generating collection. Proposition 2.2.14 establishes the second

assertion.

We are nearly ready to show that Ch˚pEq is elementary for ˚ P t`,ě 0,ď 0,´, b,Hu. It

remains to identify some suitably compact objects in complexes. However by Lemma 2.2.11

we have the following.

Proposition 2.2.17. Let E be an object satisfying one of the smallness conditions of Def-

inition 2.2.5. Then DnpEq and SnpEq satisfy the same smallness condition in ChpEq.

As a consequence we have

Corollary 2.2.18. Let E be an elementary exact category. Then Ch˚pEq is elementary for

˚ P t`,ď 0,ě 0,´, b,Hu.

Proof. Let P be a projective generating set consisting of compact objects. The sets D˚pPq
(resp. D̃˚pPq) are projective generating sets in Ch˚pEq for ˚ P tď 0,`,´, b,Hu (resp.

˚ P tě 0u). For each n P Z DnpP q is tiny, as is SnpP q, by Proposition 2.2.17.
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2.2.3 Generators in Monoidal Exact Categories

Let us briefly mention a useful compatibility condition between generators and monoidal

structure.

Definition 2.2.19. A monoidal exact category which has a collection of flat admissible

generators is said to be flatly generated.

Definition 2.2.20. A projectively monoidal exact category which is also (quasi)-elementary

is said to be monoidal (quasi)-elementary

Proposition 2.2.21. Suppose that pE ,b, kq is a flatly generated monoidal exact category

in which direct sums are exact. Then every projective object is flat.

Proof. In this case every projective will be a summand of a flat object, and therefore flat.

In particular to check that a category is projectively monoidal, it suffices to find a

collection of flat generators.

2.2.4 Generators and Adjunctions

We conclude this section with a note about passing generating collections through adjunc-

tions. The specific application we have in mind is to categories of algebras over compatible

monads. We have the following general setup F : E Ñ D and | ´ | : D Ñ E are additive

functors between exact categories. Moreover these functors form an adjoint pair F % | ´ |.

We have the following result which is standard for abelian categories.

Proposition 2.2.22. Let F % |´| be an adjunction as above. Suppose that |´ | is an exact

functor. If P is a projective object of E then F pP q is a projective object of D.

Proof. Let

0 Ñ X Ñ Y Ñ Z Ñ 0

be a short exact sequence in D, and let P be projective in E . Then we have a diagram

0 // HompF pP q, Xq //

��

HompF pP q, Y q //

��

HompF pP q, Zq //

��

0

0 // HompP, |X|q // HompP, |Y |q // HompP, |Z|q // 0

The vertical arrows are isomorphisms and the bottom row is exact since | ´ | is exact and

P is projective. Hence the top row is short exact as well.

We know how adjunctions act on projectives. Let us now see what happens on generating

collections.

49



Proposition 2.2.23. Let F % | ´ | be an adjunction as above. Suppose that | ´ | reflects

admissible epimorphisms, and that E has an admissible generating collection G. Let F pGq
denote the collection tF pGq : G P Gu of objects of D. Then F pGq is an admissible generating

collection in D.

Proof. Let X be an object of D. Suppose there is some object Q of E and an admissible

epimorphism p : QÑ |X|. There is an induced morphism p̃ : F pQq Ñ X. Then p coincides

with the composition QÑ |F pQq| Ñ |X|. By Proposition 2.1.8, the map |p̃| is an admissible

epimorphism. Since | ´ | reflects admissible epimorphisms, p̃ is an admissible epimorphism

in D.

Now let G be an admissible generating collection in E , and let X be an object of D.

Since G is an admissible generating collection, there is an object G of
À

G and an admissible

epimorphism G � |X|. The induced morphism F pGq Ñ X is an admissible epimorphism

by the above remarks. Since F is a left adjoint it preserves colimits, so F pGq is an element

of
À

F pGq.

Proposition 2.2.24. Let F % | ´ | be an adjunction as above.

1. Suppose that | ´ | is exact and reflects admissible epimorphisms. If G is a projective

generating collection in E then F pGq is a projective generating collection in D.

2. Suppose that | ´ | is exact, reflects epimorphisms and preserves direct sums (resp.

filtered colimits). If E satisfies any of the smallness properties of Definition 2.2.6

then so does D.

Proof. 1. The first assertion follows from Proposition 2.2.22 and Proposition 2.2.23.

2. This follows since | ´ | preserves direct sums (resp. filtered colimits).

Example 2.2.25. Let T be a compatible monad on an exact category E. Then the forgetful

functor | ´ | : ET Ñ E has a right adjoint F : E Ñ ET assigning to an object the free T -

algebra on it. By construction of the exact structure on ET in Proposition 2.1.69, the functor

| ´ | is admissibly exact and reflects exactness. Moreover it creates limits and colimits. By

Lemma 2.1.70, Proposition 2.2.24 is applicable in such categories.
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2.3 Examples

In the final section of this chapter we give examples of interesting exact categories which sat-

isfy have very different set-theoretic properties but which are all weakly AdMon-elementary.

In the next section we shall see that E being weakly AdMon-elementary and having kernels

is enough for the category ChpEq to be equipped with the projective model structure. The

moral of the story is that often difficult to check set-theoretic assumptions can be ignored

to some extent when discussing such model structures.

2.3.1 Categories of Topological Vector Spaces

In this section we let k be a Banach ring, that is, a unital commutative ring k together with

a map | ´ | : k Ñ Rą0 such that for all x, y P k we have

1. |x| “ 0 ô x “ 0

2. |x` y| ď |x| ` |y|

3. |xy| ď |x||y|

4. k is complete with respect to the topology defined by | ´ |.

k is said to be non-Archimedean if |x` y| ď maxt|x|, |y|u and Archimedean otherwise.

Over such rings we can consider categories of topological k-modules. For details of claims

made in this section consult [72], [4], [10], and [5].

Categories of Normed and Banach Modules

Definition 2.3.1. A normed k-module is a k-module V together with a map ||´ || : V Ñ

Rą0 such that for all λ P k and for all x, y P V we have

1. ||x|| “ 0 ô x “ 0

2. ||x` y|| ď ||x|| ` ||y||

3. ||λx|| ď |λ|||x||

If V is complete with respect to the metric defined by || ´ || then V is said to be a Banach

k-module.

If k is non-Archimedean then V is said to be non-Archimedean if ||x`y|| ď maxt||x||, ||y||u.

We denote by Normk the category whose objects are normed k-modules and whose mor-

phisms are bounded k-linear maps. Bank is the full subcategory of Normk on Banach

k-modules. For k non-Archimedean we also consider the full subcategories NormnA
k and
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BannAk of non-Archimedean normed and Banach spaces respectively. All of these categories

are additive, finitely complete, and finitely cocomplete. The inclusions

Bank Ñ Normk, BannAk Ñ NormnA
k

have left-adjoint functors given by completion.

They are also symmetric monoidal. If E and F are objects in Normk then we define

E bπ F to be their usual module tensor product endowed with the cross-norm

||u|| “ inf
!

n
ÿ

i“1

||ei||||fi|| : u “
n
ÿ

i“1

ei b fi

)

If E and F are objects in NormnA
k we define E bnAπ F to be their usual module tensor

product endowed with the norm.

||x||π “ inf
!

maxt||ai||||bi||u
n
i“1 : x “

n
ÿ

i“1

ai b bi

)

We refer to both of these constructions as the projective tensor product. If E and

F are Banach spaces then Eb̂πF is the completion of their projective tensor product as

normed spaces. These constructions are functorial in each of the categories defined above

and form part of symmetric monoidal structures on them with unit the ground ring k.

These monoidal structures are in fact closed. The module HomkpE,F q of bounded maps

between E and F can be given the structure of a normed space. The norm of T : E Ñ F is

||T || “ supePEzt0u
||T peq||F
||e||E

This gives an internal Hom functor, which we denote by Hom. Thus pBank, b̂π,Homq is

a monoidal quasi-abelian category. Finally, the projective objects l1pIq are flat by [4]. By

Proposition 2.2.21 this category is projectively monoidal. There are unfortunately some

problems with this category. Although it is finitely complete and cocomplete it does not

even have countable colimits in general. The larger category T̂c of complete locally convex

topological spaces is complete and cocomplete, but tragically it is not quasi-abelian ([72]).

Instead we pass to the formal completion IndpBankq of Bank by filtered colimits.

Ind and Pro Categories

Recall that if C is a U-compact category for some universe U, and V is a universe, then the

V-ind-completion of C is a category constructed as follows. Objects are diagrams E : I Ñ C

where I is a V-compact filtrant category. If E : I Ñ C and F : J Ñ C are objects in IndpCq

(where we suppress universes in the notation) then we write

HomIndpCqpE,F q “ limÐI limÑJ HomC pEi, Fjq
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Proposition 2.3.2. Let E be a quasi-abelian category with enough projectives. Then IndpEq

is a cocomplete elementary quasi-abelian category. Moreover, if E is a closed monoidal exact

category, then its ind-completion has a canonical exact closed monoidal structure extending

the one on E. Finally if E is projectively monoidal then so is IndpEq.

Proof. See [72] Proposition 2.1.16 and Proposition 2.1.19.

Corollary 2.3.3. The category IndpBankq is a locally presentable, closed monoidal ele-

mentary quasi-abelian category.

The category IndpBankq is not concrete. However it does have a natural concrete full

subcategory IndmpBankq. An object of IndmpBankq is a formal colimit “limÑ”Ei such

that any map Ei Ñ Ej is a monomorphism (not necessarily admissible!). It is shown in [4]

that this category is equivalent to the concrete category CBornk of complete bornological

k-modules. These are spaces equipped with an appropriate notion of ‘bounded subsets’.

To a (complete) locally convex space E one can functorially assign both the von Neumann

bornology vNpEq and the compact bornology CptpEq. The von Neumann bornology is

composed of the subsets of E absorbed by all zero neighbourhoods. The compact bornology

is composed of subsets with compact closure. There is a natural transformation of functors

CptÑ vN . For details see [54].

There is also the dual notion of the V-pro-completion of C , which is defined to be

PropCq “ IndpCopqop

It is the formal completion of C by projective limits.

For k a Banach ring PropBankq contains T̂c,k as a full subcategory. Indeed if E is

an object of T̂c,k defined by a family of seminorms P then define PBpEq “ “limÐpPP”Êp

where Êp is the completion of E with respect to the metric defined by the semi-norm p.

This construction is functorial, lax monoidal, and PB : T̂c,k Ñ PropBankq is fully faithful.

If E is a quasi-abelian category enough projectives and injectives then by Proposition

2.1.15 in [72] both IndpEq and PropEq are both complete and cocomplete. In particular by

an obvious Kan extension there is a canonical functor

PI : PropEq Ñ IndpEq

Again this is lax monoidal. There is a natural isomorphism of functors PI ˝PB – vN (see

[5]), and therefore a natural transformation Cpt Ñ PI ˝ PB. Let k “ C In [68] for k “ C
the composite functor

T̂c
Cpt // CBornC // IndpBanCq
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is denoted IB. It is lax monoidal. When restricted to the category of nuclear Fréchet spaces

it is strong monoidal and fully faithful (again see [68] and [54]). Moreover in this case the

functor Cpt Ñ PI ˝ PB is an isomorphism. In particular the category of nuclear Fréchet

algebras over C embeds fully faithfully in the category of commutative complete bornological

algebras. Since the category CBornC has good categorical properties, in particular it is

closed monoidal elementary, this is evidence that it provides a convenient setting in which

to study analytic algebra.

2.3.2 The Non-Expanding Normed and Banach Categories

Each of the normed and Banach categories considered in the previous section has a corre-

sponding ‘non-expanding’ subcategory. If E and F are normed spaces and s P Rě0 then we

denote by Homďsk pE,F q Ă HomkpE,F q the set of maps of k-modules of norm at most s.

Composition gives a map

Homďrk pE,F q bHom
ďs
k pF,Gq Ñ Homďrsk pF,Gq

In particular there wide subcategories of Normk, Bank, Norm
nA
k , BannAk consisting of maps

of norm at most 1 which we denote by Normď1
k , Banď1

k , NormnA,ď1
k , BannA,ď1

k . They are

equipped with closed symmetric monoidal structures by restricting the ones on the larger

categories. If k is non-Archimedean then these categories are also additive and in fact

quasi-abelian.

In both the Archimedean and non-Archimedean case these categories are complete and

co-complete. Details of this can be found in [10]. For convenience we recall how to construct

arbitrary coproducts in Banď1
k and, for k non-Archimedean, BannA,ď1

k . For k Archimedean

the coproduct
šď1
iPI Ai of a collection tAiuiPI of Banach spaces in Banď1

k is

tpaiqiPI Ă
kMod
ź

iPI

Ai :
ÿ

iPI

||ai|| ă 8u

with the norm ||paiq|| “
ř

iPI ||ai||. Here
ś

kMod denotes the set-theoretic product in the

category of k-modules. For k non-Archimedean the coproduct in both Banď1,nA
k and Banď1

k

the coproduct
šď1
iPI Ai of a collection tAiuiPI of Banach spaces is the subspace

tpaiqiPI Ă
kMod
ź

iPI

Ai : limiPI ||vi|| “ 0u

endowed with the norm ||paiqiPI || “ supiPI ||ai||.
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Rescaling Functors

For r P Rą0 we denote by p´qr : Normk Ñ Normk the endofunctor which sends a normed

space E to Er which has the same underlying k-vector space as E but with norm rescaled

by r. On morphisms it does nothing. It is evidently an autoequivalence, and in fact an

automorphism, with inverse given by p´q 1
r
. Moreover it restricts to an auto-equivalence on

all the normed and Banach categories defined above. These functors satisfy the following

sueful property.

Proposition 2.3.4. Let E and F be Banach k-modules. Homďrk pEs, Ftq “ Hom
ď sr

t
k pE,F q

Proof. Let f : Es Ñ Ft have norm at most r, so that for any e P E,

||fpeq||F “
1

t
||fpeq||Ft ď

r

t
||e||Es “

sr

t
||e||E

Conversely suppose f : E Ñ F has norm at most sr
t . Then we get the same inequality as

above.

The Quasi-Abelian Exact Structure

Proposition 2.3.5. In both Normď1,nA
k and Banď1,nA

k we have the following.

1. A monomorphism f : AÑ B is admissible in the quasi-abelian exact structure if and

only if it is an isometry with closed image.

2. An epimorphism g : B Ñ C is admissible in the quasi-abelian exact structure if and

only if it is a set-theoretic epimorphism and ||gpbq|| “ infaPKerpgq||b´ a||.

Proof. 1. Suppose that f : A Ñ B is admissible in the quasi-abelian exact structure.

Then it is the kernel of its cokernel g : B Ñ C. Therefore f induces an isometric

isomorphism with the normed subspace K “ tb P B : gpbq “ 0u. In particular f

is an isometry. Conversely suppose that f is an isometry with closed image. Then

A – fpAq in Normď1,nA
k . The cokernel of f is isometrically isomorphic to the quotient

space B
L

fpAq, and the kernel of B Ñ B
L

fpAq is tb P B : gpbq “ 0u “ fpAq – A.

2. Suppose that g : B Ñ C is an admissible epimorphism in the quasi-abelian exact

structure. Then it is the cokernel of its kernel, which is the subspace A “ tb P B :

gpbq “ 0u. In particular g induces an isometric isomorphsim g : B
L

A – C. So

||gpbq|| “ ||rbs|| “ infaPA||b´ a||

55



Moreover B Ñ B
L

A is a set-theoretic epimorphism, so g is as well. Conversely suppose

that g is a set-theoretic epimorphism, and that ||gpbq|| “ infaPKerpgq||b ´ a||. Then g

clearly induces an isometric isomorphism.

Remark 2.3.6. In the case of Banď1,nA
k we may remove the assumption in Proposition

2.3.5 1) that f has closed image, since an isometry of Banach spaces always has closed

image.

The Strong Exact Structure

We introduce a different exact structure on Normď1,nA
k (resp. Banď1,nA

k ).

Definition 2.3.7. 1. We say that a morphism f : A Ñ B in Normď1,nA
k is a strong

monomorphism if it is an isometry, and any b P B has a closest point ab P fpAq.

2. We say that a morphism g : B Ñ C in Normď1,nA
k is a strong epmorphism if for

any c P C there is a bc P B with gpbcq “ c and ||bc|| “ ||c||.

3. We say that a morphism f : AÑ B in Banď1,nA
k is a strong monomorphism (resp.

strong monomorphism) if it is a strong monomorphism (resp. strong epimorphism)

in Normď1,nA
k .

Corollary 2.3.8. A strong monomorphism is an admissible monomorphism in the quasi-

abelian exact structure. A strong epimorphism is an admissible epimorphism in the quasi-

abelian exact structure.

Proposition 2.3.9. A map f : A Ñ B is a strong monomorphism if and only if it is the

kernel of a strong epimorphism. A map g : B Ñ C is a strong epimorphism if and only if

it is the cokernel of a strong monomoprhism.

Proof. Suppose that f : A Ñ B is a strong monomorphism. Then in particular it is

an admissible monomorphism in the quasi-abelian exact structure so it is the kernel of its

cokernel g : B Ñ C. Let us show that g is a strong epimorphism. Let c “ rbs P C “ B
L

fpAq.

Now ||rbs|| “ infaPA||b´fpaq||. By assumption there is some ab such that ||rbs|| “ ||b´fpabq||.

Moreover gpb ´ fpabqq “ rbs. So g is a strong epimorphism. Conversely suppose that

f : A Ñ B is the kernel of a strong epimorphism g : B Ñ C. Let b P B. There is b1 P B

such that gpbq “ gpb1q and ||gpbq|| “ ||b1||. Now b´ b1 P A. We claim that b´ b1 is a closest

point to b in A. Indeed for any a P A

||b´ pb´ b1q|| “ ||b1|| “ ||gpbq|| “ ||gpb´ aq|| ď ||b´ a||
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So we get a class of kernel-cokernel pairs

0 // A
f // B

g // C // 0

where f is a strong monomorphism and g is a strong epimorphism. We denote this class by

strong . We are going to prove the following.

Theorem 2.3.10. The collection strong of strong kernel-cokernel pairs is an exact structure

on both Normď1,nA
k and Banď1,nA

k .

We do this in several steps. It is clear that isomorphisms are strong epimorphisms

and strong monomorphisms. It is also clear that the projection A ‘ B Ñ B is a strong

epimorphism and the inclusion AÑ A‘B is a strong monomorphism.

Proposition 2.3.11. Let

A
f //

g

��

B

g1

��
X

f 1 // Y

be a pushout diagram in Normď1,nA
k or Banď1,nA

k . If f is a strong monomorphism then so

is f 1.

Proof. We shall prove it for Normď1,nA
k . The case of Banď1,nA

k is similar. The space Y is

isometrically isomorphic to the quotient normed space

X ‘B
L

t´gpaq, fpaqu

Let us show that the map

X Ñ X ‘B
L

t´gpaq, fpaqu, x ÞÑ rpx, 0qs

is an isometry with closed image. First we show that it is an isometry

||rpx, 0qs|| “ infaPA||px´gpaq, fpaqq|| “ infaPAmaxt||x´gpaq||, ||fpaq||u “ infaPAmaxt||x´gpaq||, ||a||u

Now if ||a|| ă ||x|| then ||gpaq|| ă ||x||, so ||x ´ gpaq|| “ ||x||, and maxt||x ´ gpaq||, ||a||u “

||x||. If ||a|| ě ||x|| then ||x ´ gpaq|| ď ||a||, and so maxt||x ´ gpaq||, ||a||u ď ||a||. Hence

infaPAmaxt||x´ gpaq||, ||a||u “ ||x||, so the map is an isometry.

Now let us show that it has closed image. Let rpxn, 0qs converge to some rpx, yqs. Then for

every ε ą 0 there is an Nε such that for every n ą N there is an an P A such that

||x´ xn ´ gpanq|| ă ε, ||y ´ fpanq|| ă ε
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In particular there is a sequence panq in A with pfpanqq converging to y. Since f has closed

image this means y “ fpaq. Therefore

rpx, yqs “ rpx, fpaqqs “ rpx` gpaq, 0qs

which is in the image of X Ñ X ‘B
L

t´gpaq, fpaqu.

Proposition 2.3.12. Let

A
f 1 //

g1

��

B

g

��
X

f // Y

be a pullback diagram in Normď1,nA
k or Banď1,nA

k . If f is a strong epimorphism then so is

f 1.

Proof. A is (isometrically isomorphic to) the subspace tpx, bq : fpaq “ gpbqu of X ‘B, with

f 1 being px, bq ÞÑ b. Let b P B and let x P X be such that fpxq “ gpbq and ||gpbq|| “ ||x||.

Then px, bq P A and f 1px, bq “ b. Moreover ||px, bq|| “ maxt||x||, ||b||u. If ||x|| ď ||b|| then

we are done. Suppose ||x|| ě ||b||. Then ||b|| ď ||x|| “ ||gpbq|| ď ||b|| so ||x|| “ ||b||. In either

case ||px, bq|| “ ||b||.

It is clear that the composition of strong epimorphisms is a strong epimorphism. To

conclude the proof of Theorem 2.3.10 let us next show that compositions of strong monomor-

phisms are strong. More generally we have the following.

Proposition 2.3.13. Let pC, dq be an ultrametric space and A Ă B Ă C be subspaces. Let

c P C. Suppose that c has a nearest point bc in B and that bc has a nearest point ac P A.

Then c has a nearest point in A.

Proof. Let a P A. If dpa, cq “ dpbc, cq then a is a nearest point to C in B and hence

therefore in A. Hence we may assume that dpa, cq ą dpbc, cq for all a P A. In particular

dpbc, aq “ dpa, cq. So dpac, cq “ dpbc, acq ă dpbc, aq “ dpa, cq for all a P c and ac is a closest

point to c in A.

Corollary 2.3.14. The composition of strong monomorphisms f : AÑ B and g : B Ñ C

in Normď1,nA
k , and hence in Banď1,nA

k is a strong monomorphism.

Now let us establish some properties of this exact structure. The following is clear.

Proposition 2.3.15. Let f : A Ñ B be a strong monomorphism. Then for rbs P B
L

fpAq

we have ||rbs|| “ ||b´ fpaq|| where fpaq is a closest point to b in fpAq.
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Proposition 2.3.16. In both Normď1,nA
k and Banď1,nA

k products and coproducts preserve

strong monomorphisms, strong epimorphisms and kernels. Coproducts preserve cokernels

and products preserve cokernels of admissible monomorphisms. In particular they are exact

for the strong exact structures.

Proof. Let us first prove the claims about products. It suffices to show this for Normď1,nA
k .

First note that products always commute with kernels. Now let

0 // Ai
fi // Bi

gi // Ci // 0

be a strong exact sequence. We write the product sequence

0 // A
f // B

g // C // 0

We need to show that this sequence is exact.

Let us show that the map g is a strong epimorphism. Indeed by Proposition 2.3.15

||prbisq|| “ supiPI ||bi ´ fipaiq|| where ai is such that fipaiq is a closest point to bi in fipAiq.

Now

||ai|| “ ||fipaiq|| “ ||pfipaiq ´ biq ` bi|| ď maxt||fipaiq ´ bi||, ||bi||u ď ||bi||

So paiq P A. Moreover ||pbi´fipaiqq|| “ ||prbisq|| and πppbi´fipaiqq “ prbisq. Now let us show

that f is a strong monomorphism. It is clearly an isometry. Let c “ pciq P
ś

iPI Ci. For

each i pick bi P Bi with gipbiq “ ci and ||ci|| “ ||bi||. Then clearly supiPI ||bi|| “ supiPI ||ci||.

Set b “ pbiq P
ś

iPI Bi. Then gpbq “ c and ||c|| “ ||b||. A sequence pbni q converges to pbiq in
ś

iPI Bi if and only if each bni converges to bi in Bi. It follows that the image of f is closed

in B. Finally let pbiq P B and for each i pick a closest point fipaiq to bi in fipAiq. Now

||prbisq|| “ supiPI infaiPAi ||bi ´ fipaiq||

Pick ai such that fipaiq is a closest point to bi in fipAiq. Then ||prbisq|| “ supiPI ||bi ´ fipaiq

By a computation similar to the previous part of the proof supi||ai|| ď supi||bi|| ă 8 and

paiq P A. Moreover for any pãiq P A we have

||pbiq ´ fppaiqq|| “ supiPI ||bi ´ fipaiq|| ď supiPI ||bi ´ fipãiq|| “ ||pbiq ´ paiq||

So fppaiqq is a closest point to pbiq in fpAq.

Finally it is clear that f is a kernel of g and therefore the sequence is exact.

Coproducts always preserve cokernels. It is obvious that coproducts preserve strong epi-

morphisms in Normď1,nA
k and for Banď1,nA

k the proof is similar to the proof that products

preserve strong epimorphisms. It is clear that coproducts preserve kernels.
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Corollary 2.3.17. In NormnA,ď1
k and BannA,ď1

k products are admissibly coexact and co-

products are strongly exact for the strong exact structure.

Completion Functors

There is a completion functor Cpl : NormnA
k Ñ BannAk which sends a normed space A to

its separated completion Â. It is left adjoint to the inclusion functor ι : BannAk Ñ NormnA
k .

It restricts to a functor Cplď1 : Normď1,nA
k Ñ Banď1,nA

k . Again it is left adjoint to the

inclusion functor ιď1 : Banď1,nA
k Ñ Normď1,nA

k . From the

Proposition 2.3.18. The functor Cpl is exact for the quasi-abelian exact structure.

Proof. This is in [67] 3.1.13 for k “ C, but the proof works for any Banach ring.

We are going to show the following.

Proposition 2.3.19. The functor Cplď1 is exact for the strong exact structure.

First we need two basic facts about Cauchy sequences in non-Archimedean fields.

Proposition 2.3.20. Let panq be a sequence in k such that ||an`1 ´ an|| Ñ 0. Then panq

is a Cauchy sequence.

Proof. For any pair m ą n we have ||am ´ an|| ď supnďiďm´1t||ai`1 ´ ai||u. Let δ ą 0

and let N be such that ||aj`1 ´ aj || ă δ for j ą N . Then for m ą n ą N we have

||am ´ an|| ă δ.

By Lemma 2.19 in [3] we have

Proposition 2.3.21. Let panq be a Cauchy sequence in k. If panq does not converge to zero

then the sequence p|an|q is eventually constant.

Combining these two propositions we get the following.

Proposition 2.3.22. Let

0 // A
f // B

g // C // 0

be an strong exact sequence in Normď1,nA
k . Then

0 // Â
f̂ // B̂

ĝ // Ĉ // 0

is a strong exact sequence in Banď1,nA
k .
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Proof. By Proposition 2.3.18 the complex is a kernel-cokernel pair. Thus it remains to show

that hat ĝ is a strong epimorphism. Let rpcnqs be a non-zero equivalence class of Cauchy

sequences in C. By Proposition 2.3.21 we may assume that ||cn|| is a constant r. Pick b̃0

such that gpb̃0q “ c0 and ||b0|| “ ||c0||. For each n`1 pick b̃n`1 such that gpb̃n`1q “ cn`1´cn

and ||b̃n`1|| “ ||cn`1 ´ cn||. Write bn “
řn
k“0 b̃n. Then gpbnq “ cn. Moreover

r “ ||cn|| ď ||bn|| ď maxkďn||b̃n|| “ maxt||c0||,max1ďkďn||ck ´ ck´1||u ď r

Hence ||bn|| “ r. Moreover ||bn`1 ´ bn|| “ ||b̃n`1|| “ ||cn`1 ´ cn|| Ñ 0, so by Proposition

2.3.20, pbnq is a Cauchy sequence.

Proposition 2.3.23. For each r P Rą0 the object kr is projective in both Normď1,nA
k and

Banď1,nA
k . In particular the strong exact structures on both Normď1,nA

k and Banď1,nA
k have

enough functorial projectives.

Proof. Let us first prove the proposition for Normď1,nA
k . It suffices to show that the functor

Hompkr,´q : Normď1,nA
k Ñ Ab preserves cokernels. Let f : A Ñ B be a strong monomor-

phism with cokernel g : B Ñ C. We need to show that the map

BB

´

0,
1

r

¯

Ñ BC

´

0,
1

r

¯

on open balls is an epimorphism. This follows immediately from the definition of strong

epimorphism.

For the second assertion, let E P Normď1,nA
k . Write PpEq ..“

À

ePE k||e||. There is a map

PpEq Ñ E induced by the isometry

k||e|| Ñ E, λ ÞÑ λe

This is clearly a strong epimorphism.

For Banď1,nA
k we use the fact that Cplď1 is exact and preserves projectives since it is

left adjoint to an exact functor.

Compactness and Smallness

Let D : I Ñ Normď1,nA
k be a diagram with I a directed category and fji isometries. Write

Ai “ Dpiq and fji “ Dpi ď jq The direct limit A ..“ limÑAi is constructed as follows. The

underlying vector space limÑAi is the direct limit of the underlying vector spaces of the

Ai. Namely it is the disjoint union of the Ai quotient by the relation ai „ fjipaiq for any

j ą i. If ai P Ai and aj P Aj then rais ` rajs ..“ rfKipaiq ` fKjpajqs where K is any upper

bound of i and j. If λ P k then λrais ..“ rλais. We define a norm on this vector space by
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||rais|| ..“ ||ai||. This is well-defined because if ai „ aj then aj “ fjipaiq, so ||aj || “ ||ai||.

Clearly ||rais|| “ 0 if and only if ai “ 0 and if λ P k then ||λrais|| “ |λ|||ai||. Finally

||rais ` rajs|| “ ||rfKipaiq ` fKjpajqs||

“ ||fKipaiq ` fKjpajq||

ď maxt||fKipaiq||, ||fKjpajq||u

“ maxt||ai||, ||aj ||u

“ maxt||rais||, ||rajs||u

So this is a non-Archimedean norm. The map fi : Ai Ñ A sends ai to rais.

Proposition 2.3.24. The normed space described above is the direct limit in Normď1,nA
k .

Proof. Let gi : Ai Ñ C be a cocone from D. There is a unique map of vector spaces

g : A Ñ C such that g ˝ fi “ gi. It remains to show that g is bounded with ||g|| ď 1. Let

rais P A with rais “ fipaiq. Then ||gpraisq|| “ ||gipaiq|| ď ||ai|| “ ||rais||.

Corollary 2.3.25. 1. Suppose that for each j ă k, fkj : Aj Ñ Ak is an admissible

monomorphism in the quasi-abelian exact structure on Normď1,nA
k . Then for each i

the map Ai Ñ A is an admissible monomorphism in the quasi-abelian exact structure.

2. Suppose that for each j ă k, fkj : Aj Ñ Ak is an admissible monomorphism in

the strong exact structure on Normď1,nA
k . Then for each i the map Ai Ñ A is an

admissible monomorphism in the strong exact structure.

Proof. 1. It is clear from the definition of the norm on A that fi is an isometry. Suppose

that pfipa
n
i qq converges to rajs with aj P Aj . Let K be an upper bound of i and j.

Then prfKipa
n
i qsq converges to rfKjpajqs. But by the definition of the norm on A this

clearly means that fKipa
n
i q converges to fKjpajq in AK . Since fKi has closed image,

fKjpajq “ fKipaiq. Since fKi is an isometry pani q converges to ai, so pfipa
n
i qq converges

to fipaiq, and fi has closed image.

2. Let rajs P A with aj P Aj . Let K be an upper bound of i and j. The map fKi :

Ai Ñ AK is a strong monomorphism. Therefore fKjpajq has a closest point fKipaiq in

fKipAiq. We claim that rais is a closest point to rajs in fipAiq. Indeed let ra1is P fipAiq

with a1i P Ai. Then

||rajs ´ ra
1
is|| “ ||rfKjpajq ´ fKipa

1
iqs|| “ ||fKjpajq ´ fKipa

1
iq||

ě ||fKjpajq ´ fKipaiq|| “ ||rajs ´ rais||
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Proposition 2.3.26. For r P Rą0 the objects kr are compact with respect to the class of

admissible monomorphisms in the strong exact structure on Normď1,nA
k .

Proof. We need to show that for any r P Rą0 the map

limÑBAip0, rq Ñ BlimÑAip0, rq

is an isomorphism. It suffices to prove that it is an epimorphism. Let rais P limÑAi be such

that ||rais|| “ ||ai|| ď r. Then ai P BAip0, rq ãÑ limÑBAip0, rq maps to rais.

Proposition 2.3.27. For any r P Rą0 the k-Banach space kr is not compact with respect

to the class of admissible monomorphisms in the strong exact structure (or even the split

exact structure). However every object is ℵ1-small.

Proof. Consider the sequence with Xi “ kir and the map Xi � Xi`1 being the inclusion

of the first i copies of k. The group limÑHompkr, Xiq is the ascending union of the closed

balls in Xi of radius r, while Hompkr, limÑXiq is the closed ball of radius r in limÑXi. The

map

limÑHompkr, Xiq Ñ Hompkr, limÑXiq

is the obvious inclusion. Consider the example with Xi “ k‘i with Xi Ñ Xi`1 being the

split injection ki Ñ ki`1 which is the inclusion of the first i copies of k. Then limÑXi

is the space of sequences in k converging to 0 with the supremum norm. The group

limÑHompkr, Xiq is the group of finite sequences of norm at most 1
r , while Hompkr, limÑXiq

is the group of sequences converging to 0 with norm at most 1
r . It is clear that for a non-

discrete field the map

limÑHompkr, Xiq Ñ Hompkr, limÑXiq

is not an epimorphism. The last claim is [1] 1.48.

Recall that a Banach space E is said to have the Hahn-Banach extension property

if for every subspace D of E, every bounded functional f : D Ñ k there is an extension

g : E Ñ k of f with ||g|| “ ||f ||.

Theorem 2.3.28 ([65] Theorem 4.12). If k is spherically complete then every Banach space

over k has the Hahn-Banach extension property.

Proposition 2.3.29. Let E be a non-zero Banach space with the Hahn-Banach extension

property and let e P E. Then there is a Banach space E1 and an isometric isomorphism

E – E1 ‘ k||e||. In particular if k is spherically complete then there are no non-nonzero

compact objects in Banď1,nA
k .
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Proof. Let
〈
e
〉

be the span of e in E. The map f :
〈
e
〉
Ñ k||e|| sending e to 1 is an isometric

isomorphism with inverse g sending 1 to e. Therefore f extends to a map f : E Ñ k||e||

with ||f || “ 1. Moreover f ˝ g “ Idk||e|| . Since Banď1
k||e||

is quasi-abelian and in particular

weakly-idempotent complete this gives a splitting.

The Monoidal Structure

The following is straightforward.

Proposition 2.3.30. Consider the functors

Cpl ˝ bπ : NormnA
k bNormnA

k Ñ BannAk

and

b̂π ˝ Cplˆ Cpl : NormnA
k bNormnA

k Ñ BannAk

There is a natural isometric isometric isomorphism

φ : Cpl ˝ bπ Ñ b̂π ˝ Cplˆ Cpl

In particular we get a natural isomorphism

φď1 : Cplď1 ˝ bπ Ñ b̂π ˝ Cplď1 ˆ Cplď1

Proposition 2.3.31. Let r P Rą0. Consider the functors

p´qr ˝ Cpl : NormnA
k Ñ BannAk

and

Cpl ˝ p´qr : NormnA
k Ñ BannAk

Then there is a natural isometric isomorphism

ζ : p´qr ˝ Cpl Ñ Cpl ˝ p´qr

In particular this induces a natural isomorphism of functors

ζď1 : p´qr ˝ Cplď1 – Cplď1 ˝ p´qr

Proposition 2.3.32. Let s, r P Rą0 and consider the functors

p´qrs ˝ bπ : NormnA
k ˆNormnA

k Ñ NormnA
k

and

bπ ˝ p´qr ˆ p´qs : NormnA
k ˆNormnA

k Ñ NormnA
k

Then there is an natural isometric isomorphism

η : bπ ˝ p´qr ˆ p´qs Ñ p´qrs ˝ bπ
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At this point let us make the following remark

Remark 2.3.33. The rescaling functors are exact for both the quasi-abelian and strong

exact structures.

By Proposition 2.3.31 and Proposition 2.3.30 we get

Corollary 2.3.34. Let s, r P Rą0 and consider the functors

p´qrs ˝ bπ : BannAk ˆ BannAk Ñ BannAk

and

bπ ˝ p´qr ˆ p´qs : BannAk ˆ BannAk Ñ BannAk

Then there is an natural isometric isomorphism

η : bπ ˝ p´qr ˆ p´qs Ñ p´qrs ˝ bπ

Corollary 2.3.35. Projective objects in Normď1,nA
k an Banď1,nA

k are flat in both the quasi-

abelian and strong exact structures.

Proof. By Proposition 2.3.32 and Corollary 2.3.34, we only need to note that tensoring with

k is the identity functor and hence is exact.

Corollary 2.3.36. The tensor product of projective objects in Normď1,nA
k an Banď1,nA

k is

a projective object.

Proof. It suffices to prove this in Normď1,nA
k for objects of the form kr with r P Rą0. But

kr b ks – krs which is projective.

We summarise this section with the following result.

Theorem 2.3.37. Banď1
k is a projectively monoidal weakly AdMon-elementary exact cat-

egory which is ℵ1-presentable but not ℵ0-presentable. Normď1
k is a monoidal elementary

exact category.

2.3.3 The Split Exact Structure

We conclude with an example of a category which has no small generating set whatsoever

but is still weakly AdMon-elementary. Let E be an additive category and endow it with

the split exact structure.

Proposition 2.3.38. If E is an additive category with kernels and countable coproducts

then for the split exact structure pℵ0,AdMonq colimits exist and are exact.
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Proof. It has kernels by assumption. It trivially has enough projectives since every object

is projective. The fact pℵ0,AdMonq colimits exist and are exact is similar to the proof of

Lemma 3.1.1 in the next section.

For E “ Ab this category has no small generating set by [18]. This can be generalised

to other exact structures defined by projective classes as discussed in the same paper.
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Chapter 3

Model Structures on Exact
Categories

In this chapter we discuss model structures on categories of chain complexes in exact cat-

egories. We give very general conditions under which unbounded complexes are equipped

with the projective model structure. We also investigate when such a model structure is

monoidal and satisfies the monoid axiom, which will be crucial for studying homotopical

algebra in exact categories in the next section. Finally we generalise the Dold-Kan corre-

spondence.

3.1 Cotorsion Pairs

In [40], Hovey introduced the notion of a compatible model structure on an abelian

category. He showed that there is a 1-1 correspondence between such model structures

and purely homological data now known as Hovey triples. Gillespie noticed that this

correspondence generalises to weakly idempotent complete exact categories, and explains

in [31] how to adapt Hovey’s proofs. In the next two subsections we will recall some

of Hovey’s/ Gillespie’s results both for the reader’s convenience and because we will need

many of the individual propositions later anyway. We shall modify the exposition somewhat,

by first extracting from Hovey’s proof a bijection between cotorsion pairs and compatible

weak factorisation systems (this has been noticed in [78] ). For basic facts about weak

factorisation systems and model structures in general see Appendix A.

Let S be a class of objects in an exact category E . We shall denote by KS the class of

all objects X such that Ext1pX,Sq “ 0 for all S P S, and by SK the class of all objects X

such that Ext1pS,Xq “ 0 for all S P S. The class SK is called the class of S-injectives,

and the class KS is called the class of S-projectives. The following technical result will

be useful. The proof is a straightforward generalisation of Lemma 6.2 in [40].
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Lemma 3.1.1. Let E be an exact category. Let S be a class of objects in E, and let L “ KS.

Then L is closed under retracts and finite extensions. If E is cocomplete it is closed under

transfinite extensions.

Proof. First we show that L is closed under retracts. Note that it is sufficient to show that

for a given Y P E , the collection of objects X such that Ext1pX,Y q “ 0 is closed under

retracts. Let X be such that Ext1pX,Y q “ 0 and let X 1 be a retract of X. Then X 1 is a

summand of X, and so Ext1pX 1, Y q “ 0.

Let us show that L is closed under transfinite extensions. Again it is sufficient to show

that for any object Y P E the collection of all X with Ext1pX,Y q “ 0 is closed under

transfinite extensions and retracts. More generally, suppose φ is an ordinal such that for

any φ1 ď φ, E has φ1-colimits. Suppose λ is an ordinal with λ ď φ and X : λ Ñ E is a

colimit-preserving functor such that Ext1pX0, Y q “ 0, Xα Ñ Xα`1 is an admissible monic

for all α ă λ and Ext1pCokerpXα Ñ Xα`1q, Y q “ 0 for all α ă λ. We shall prove by

transfinite induction that Ext1pXβ, Y q “ 0 for all β ď λ, where Xλ “ colimαăλXα. If λ “ 0

then this is clear. Suppose that λ is a successor ordinal, so that λ “ α` 1 for some ordinal

α. We have Ext1pXα, Y q “ 0 and Ext1pCokerpXα Ñ Xλq, Y q “ 0. The long exact Ext

sequence then shows that Ext1pXλ, Y q “ 0.

Now suppose that β ď λ is a limit ordinal, and that Ext1pXα, Y q “ 0 for all α ă β. Let

0 // Y
f // N

p // Xβ
// 0

represent an element of Ext1pXβ, Y q. For each α ď β, pull this short exact sequence back

through the map jα : Xα Ñ Xβ for α ď β. For α ď γ ă β we get a commutative diagram.

0 // Y
f // N

p // Xβ
// 0

0 // Y
fγ // Nγ

pγ //

kγ

OO

Xγ

jγ

OO

// 0

0 // Y
fα // Nα

kα,γ

OO

pα // Xα
//

jα,γ

OO

0

Since f is an admissible monic, fα is as well by Proposition 2.1.8. Since Ext1pXα, Y q “ 0

there is some splitting tα : Xα Ñ Nα of pα. We are going to modify the tα to sα so that they

are compatible, i.e. kα,γsα “ sγjα,γ for all α ď γ. We will do this by transfinite induction.

Set s0 “ t0. If γ is a limit ordinal let sγ : colimαăγXα Ñ Nγ be the map whose

restriction to Xα is kα,γsα, where kα,γ : Nα Ñ Nγ is the transfinite composition of the

continuous functor γ Ñ E , β ÞÑ Nβ. Then by construction kα,γsα “ sγjα,γ .
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Now for the successor case. Suppose we have constructed sα. Let us construct sα`1.

We have

pα`1pkα,α`1sα ´ tα`1jα,α`1q “ jα,α`1 ˝ pα ˝ sα ´ pα`1 ˝ tα`1 ˝ jα,α`1

“ jα,α`1 ´ jα,α`1

“ 0

Therefore there is a map h : Xα Ñ Y such that fα`1h “ kα,α`1sα ´ tα`1jα,α`1. Since

jα,α`1 : Xα Ñ Xα`1 is an admissible monic and Ext1pCokerpjα,α`1q, Y q “ 0, the long

exact Ext sequence implies that there is a map g : Xα`1 Ñ Y such that gjα,α`1 “ h. Let

sα`1 “ tα`1 ` fα`1g. Then clearly sα`1 is a section of pα`1. Moreover

sα`1jα,α`1 “ tα`1 ˝ jα,α`1 ` fα`1g ˝ jα,α`1

“ kα,α`1sα ´ fα`1 ˝ h` fα`1 ˝ h

“ kα,α`1sα

as required.

Let us now define cotorsion pairs, and discuss their relation with weak factorisation

systems. We shall largely follow the notation of [78].

Definition 3.1.2. Let E be an exact category. A cotorsion pair on E is a pair of families

of objects pL,Rq of E such that L “ KR and R “ LK.

Definition 3.1.3. A cotorsion pair pL,Rq is said to have enough (functorial) projec-

tives if for every X P E there is an admissible epic p : Y Ñ X, (functorial in X), such

that Y P L and Kerppq P R. It is said to have enough (functorial) injectives if, for

every X, there is an admissible monic i : X Ñ Z, (functorial in X), such that Z P R and

Cokerpiq P L. A cotorsion pair is said to be (functorially) complete if it has enough

(functorial) projectives and enough (functorial) injectives.

Example 3.1.4. Our main example is the projective cotorsion pair. Let E be an exact cat-

egory. Let ProjpEq denote the collection of projective objects of E. Then pProjpEq,ObpEqq

is clearly a cotorsion pair. Suppose that E has enough (functorial) projectives. Then the

cotorsion pair pProjpEq,ObpEqq is trivially (functorially) complete.

Notation 3.1.5. Let E be an exact category and pL,Rq a weak factorisation system on E.

Denote by CokerL the collection of objects L such L is a cokernel of some map in, L and

by KerR the collection of objects R such that R is the kernel of some map in R.

Given classes of objects A,B in E, we denoteby InflpAq the class of admissible monics

with cokernel in A and by DeflpBq the class of admissible epics with kernel in B.
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Definition 3.1.6. Let E be an exact category. A weak factorisation system pL,Rq on E is

said to be compatible if

1. f P L if and only if f is an admissible monic and 0 Ñ Cokerpfq belongs to L.

2. f P R if and only if f is an admissible epic and Kerpfq Ñ 0 belongs to R.

The following result is Theorem 5.13 in [78].

Theorem 3.1.7. Let E be an exact category. Then

pL,Rq ÞÑ pCokerL,KerR q and pA,Bq ÞÑ pInflpAq,DeflpBqq

define mutually inverse bijective mappings between compatible weak factorisation systems

and complete cotorsion pairs. The bijections restrict to mutually inverse mappings between

compatible functorial weak factorisation systems and functorially complete cotorsion pairs.

3.1.1 Compatible Model Structures

Having described the bijection between cotorsion pairs and compatible weak factorisation

systems, we now introduce compatible model structures, and explain how they too corre-

spond to purely homological data. Remember that we do not assume our model categories

are complete or cocomplete.

Let pC,F ,Wq be a model structure on an additive category E .

Definition 3.1.8. Let E be an exact category. Let pC,F ,Wq be a model structure on E. The

model structure is said to be compatible if both pCXW,Fq and pC,F XWq are compatible

weak factorisation systems.

Let us now define the corresponding homological data. As for abelian categories, we

will call a subcategory D of an exact category E thick if whenever

0 Ñ AÑ B Ñ C Ñ 0

is a short exact sequence and two of the objects are in D, then so is the third.

Definition 3.1.9. A Hovey triple on an exact category E is a triple pC,W,Fq of collections

of objects of E such that the full subcategory on W is closed under retracts and thick, and

that both pC,FXWq and pCXW,Fq are complete cotorsion pairs.

We then have the following theorem (Theorem 6.9 in [78]). It is originally due to [40]

in the abelian case and [31] in the more general exact case.
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Theorem 3.1.10. Let E be a weakly idempotent complete exact category. Then there is a

bijection between Hovey triples and compatible model structures. The correspondence assigns

to a Hovey triple pC,W,Fq the model structure pC,W,Fq such that

1. C “ InflpCq

2. F “ DeflpFq

3. W consists of morphisms of the form p ˝ i where i P InflpCXWq and p P DeflpFXWq.

Before we move on let us mention a more general notion than compatible model struc-

tures. We will need it when we consider the projective model structure on Chě0pEq.

Definition 3.1.11. Let E be an exact category. A model structure pC,F ,Wq on E is said

to be left pseudo-compatible if there are classes of objects C and W such that

1. The full subcategory on W is thick.

2. A map f is in C (resp. C XW) if and only if it is an admissible monic with cokernel

in C (resp. CXW).

3. An admissible monic is in W if and only if its cokernel is in W.

As before C/ W /CXW are called the cofibrant /trivial/ trivially cofibrant objects. The

pair pC,Wq will be called the left homological Waldhausen pair of the model structure.

Dually one defines right pesudo-compatible model structures and right homological

Waldhausen pairs

The terminology comes from the notion of a Waldhausen category, in which classes of

weak equivalences and cofibrations are specified. Clearly any compatible model structure

is left pseudo-compatible.

Definition 3.1.12. Let E be an exact category. A left-pseudo compatible model structure

on E defined by a left homological Waldhausen pair pC,Wq is said to be strong if a map

f : B Ñ C is an acyclic fibration if and only if it is an admissible epimorphism whose kernel

is in W. The corresponding Waldhausen pair is then also called strong.

3.1.2 Small Cotorsion Pairs and Cofibrant Generation

When working with model categories, it is computationally convenient that they be gen-

erated by suitably compact objects (see Appendix A for exactly what we mean here). In

this section, we study what conditions on the cotorsion pairs defining a compatible model

structure guarantee that the model structure is cofibrantly small. The material here is

adapted from [40] §6 to exact categories.
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Definition 3.1.13. Let E be an exact category. A cotorsion pair pL,Rq on E is said to be

cogenerated by a set if there is a set of objects G in L such that X P R if and only if

Ext1pG,Xq “ 0 for all G P G.

Definition 3.1.14. Suppose E is an exact category. A cotorsion pair pL,Rq is said to be

small if the following conditions hold

1. L contains a set of admissible generators.

2. pL,Rq is cogenerated by a set G.

3. For each G P G there is an admissible monic iG with cokernel G such that, if HomEpiG, Xq

is surjective for all G P G, then X P R.

The set of iG together with the maps 0 Ñ Ui for some generating set tUiu contained in L is

called a set of generating morphisms of pL,Rq.

There is an easy example.

Example 3.1.15. Recall the projective cotorsion pair pProjpEq,ObpEqq. Suppose that the

category E is projectively generated, with P a generating set of projectives. We claim that

in this case the projective cotorsion pair is small. Indeed by assumption ProjpEq contains

a set of generators P. This set trivially cogenerates the cotorsion pair as well. The third

condition is also trivial.

We now come to the connection between cofibrantly small model structures and cotorsion

pairs. The proof of the following is a straightforward modification of [40] Lemma 6.7.

Lemma 3.1.16. Let E be an exact category together with a compatible weak factorisation

system pL,Rq with corresponding cotorsion pair pL,Rq. If the cotorsion pair is small, then

this weak factorisation system is cofibrantly small. If in addition the generating morphisms

have compact domain, the weak factorisation system is cellular.

3.1.3 Cotorsion Pairs on Monoidal Exact Categories

In this section pE ,b, kq is a monoidal exact category.

We will now study sufficient conditions on cotorsion pairs defining a model category

structure so that the resulting structure is monoidal. We generalise the work of [40] §7 to

exact categories.

Definition 3.1.17. A short exact sequence in a monoidal exact category E is said to be

pure if it remains exact after tensoring with any object of E. An admissible monic is said

to be pure if it remains an admissible monic after tensoring with any object of E.
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Theorem 3.1.18. Let E be a closed symmetric monoidal exact category. Suppose that E

has a left pseudo-compatible model structure with Waldhausen pair pC,Wq. Suppose the

following conditions are satisfied.

1. Every cofibration is pure.

2. If X,Y P C then X b Y P C.

3. If X,Y P C and one of them is in W, then X b Y P CXW.

4. The unit I of the monoidal structure is in C.

Then E is a monoidal model category.

In order to prove this we need the following two results

Proposition 3.1.19. Let E be a weakly idempotent complete exact category, Suppose we

have a diagram

0 // X
h //

δ
��

Y
i //

ε
��

Z //

φ
��

0

0 // P
j // Q

k // R // 0

with the top and bottom rows being short exact and the vertical arrows being admissible

morphisms. Then there is an exact sequence

0 Ñ Kerpδq� Kerpεq Ý̋Ñ Kerpφq Ý̋Ñ Cokerpδq Ý̋Ñ Cokerpεq� Cokerpφq Ñ 0

Proof. This is [14] Corollary 8.13.

Proposition 3.1.20. Let

0 // X
h //

δ
��

Y
i //

ε
��

Z //

φ
��

0

0 // P
j // Q

k // R // 0

be a commutative diagram with short-exact rows. Suppose that the map φ : Z Ñ R is an

admissible monomorphism with cokernel l : R Ñ S and that δ is an isomorphism. Then

ε : Y Ñ Q is an admissible monomorphism with cokernel l ˝ k : QÑ S.

Proof. This can be proven by passing to an abelianisation.
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Proof of Theorem 3.1.18. Let i : A Ñ B and j : A1 Ñ B1 be cofibrations with respective

cokernels f : B Ñ C and g;B1 Ñ C. Consider the commutative diagram

0 // AbA1

ib1
��

1bj // AbB1

��

1bg // Ab C 1 // 0

0 // B bA1 // P //

ibj
��

Ab C 1 //

ib1
��

0

0 // B bA1
1bj // B bB1

1bg // B b C 1 // 0

where the top left square is a push-out. Since cofibrations are pure by assumption, the rows

of the diagram are exact. Moreover, both ibidA1 and ibidC1 are admissible monomorphisms,

and the cokernel of i b idC1 is C b C 1. By Proposition 3.1.20, i b j is an admissible

monomorphism with cokernel C b C 1. By assumption C b C 1 P C, so that i b j is a

cofibration. Again by assumption, if either of C or C 1 is in W then so is C bC 1, and hence

in this case ib j is a trivial cofibration.

Remark 3.1.21. The statement of Theorem 3.1.18 also holds without the assumption that

the monoidal structure is compatible with the exact structure, since it was not used at all in

proof. This is also shown in [78]. However the remaining results do require this assumption.

The next lemma says that if cofibrant objects are flat then condition 1 in Theorem 3.1.18

is automatically satisfied.

Lemma 3.1.22. Suppose E is a symmetric monoidal exact category with enough flat objects.

If C P E is flat then every short exact sequence

0 Ñ AÑ B Ñ C Ñ 0

is pure.

Proof. Suppose Z is arbitrary and let

0 Ñ X Ñ Y Ñ Z Ñ 0

be a short exact sequence with Y flat. We have a diagram

AbX //

��

Ab Y //

��

Ab Z

��

// 0

B bX //

��

B b Y //

��

B b Z

��

// 0

C bX //

��

C b Y //

��

C b Z //

��

0

0 0 0
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with admissibly coacyclic rows and columns. The bottom row is short exact since C is flat.

Since Y is flat the middle column is short exact. We need to prove that the right-hand

column is short exact. In order to do this we may pass to a right abelianization of E , and so

without loss of generality assume that E is abelian. Then the argument becomes a simple

diagram chase.

Proposition 3.1.23. Pure monics are stable under push out.

Proof. Let i : AÑ B be a pure monic. Consider a pushout diagram

A

��

// B

��
X // Y

Since tensoring with Z preserves colimits,

Ab Z

��

// B b Z

��
X b Z // Y b Z

is a push out. But by assumption AbZ Ñ BbZ is an admissible monic. Hence X bZ Ñ

Y b Z is also an admissible monic.

Theorem 3.1.24. Let E be a bicomplete, monoidal exact category Suppose that E has a left

pseudo-compatible model structure satisfying the hypotheses of Theorem 3.1.18. In addition,

suppose that the following conditions hold

1. If X P CXW and Y is arbitrary, then X b Y is in W.

2. Transfinite compositions of weak equivalences which are also pure monics are still weak

equivalences.

Then the model structure satisfies the monoid axiom.

Proof. The first condition implies that if i is an acyclic cofibration, then i b Y is a weak

equivalence. By Propositions 3.1.23 and the fact that pushouts commute with cokernels any

push out of ib Y is a weak equivalence as well as a pure monic. By the second condition,

any transfinite composition of such maps is a weak equivalence.

If in E transfinite compositions of admissible monics are admissible monics (e.g. if E is

weakly AdMon-elementary) then one can replace the second condition by requiring that

the class W is closed under transfinite compositions of pure monomorphisms. By this we
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mean that if λ is some ordinal, and X : λÑ E a continuous functor such that 0 Ñ X0 is a

weak equivalence, and for each i ă j in λ the map Xi Ñ Xj is a pure monic which is also a

weak equivalence, then Xλ is in W. (This is the condition used in [40] Theorem 7.4). Since

W forms a thick subcategory and X0 Ñ Xλ is an admissible monic, this is equivalent to the

cokernel of the map X0 Ñ Xλ being in W which in turn is equivalent to X0 Ñ Xλ being a

weak equivalence.

3.1.4 Model Structures on Chain Complexes

Generalising results of [28], in this section we describe a method for constructing compatible

model structures on categories of chain complexes Ch˚pEq from cotorsion pairs on E . Note

that what we describe below will not always produce a model structure. However we will

show in the next chapter that it does in the case that E has enough projectives, and the

cotorsion pair is the projective one (Example 3.1.4). First we define the collections of objects

which will be candidates for the (trivially) fibrant and (trivially) cofibrant objects.

Definition 3.1.25. Let pL,Rq be a cotorsion pair on an exact category E. Let X P ChpEq

be a chain complex.

1. X is called an L complex if it is acyclic and ZnX P L for all n. The collection of all

L complexes is denoted L̃.

2. X is called an R complex if it is acyclic and ZnX P R for all n. The collection of all

R complexes is denoted R̃.

3. X is called a dgL complex if Xn P L for each n, and HompX,Bq is exact whenever

B is an R complex. The collection of all dgL complexes is denoted ˜dgL.

4. X is called a dgR complex if Xn P R for each n, and HompA,Xq is exact whenever

A is an L complex. The collection of all dgR complexes is denoted ˜dgR.

Notation 3.1.26. We define the collections L̃, R̃, ˜dgL, ˜dgR similarly in the categories

Ch˚pEq for ˚ P tě 0,ď 0,`,´, bu. We will use the same notation for these collections

irrespective of which category of chain complexes we are working in.

Remark 3.1.27. In Ch˚pEq for ˚ P t`,´,ě 0, b,Hu all of the above classes are closed

under shifts rns for n ď 0. For ˚ P t`,´,ď 0, b,Hu they are closed under shifts rns for

n ě 0.

Let us start to populate these collections. We first make the following easy observation.

Proposition 3.1.28. Let X be an R-complex. Then Xn P R for each n.
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Proof. For each n we have a short exact sequence

0 Ñ ZnX Ñ Xn Ñ Zn´1X Ñ 0

and ZnX,Zn´1X P R. By Proposition 3.1.1 R is closed under extensions.

With this in hand the result belows generalises immediately from [28] Lemma 3.4.

Lemma 3.1.29. 1. Bounded below complexes with entries in L are dgL complexes.

2. Bounded above complex with entries in R are dgR complexes.

Gillespie’s crucial Proposition 3.6 in [28] does not hold in arbitrary exact categories.

However some of it can be salvaged to give the following two results.

Proposition 3.1.30. Let pL,Rq be a cotorsion pair in an exact category E. Then in Ch˚pEq

for ˚ P t`,´, b,Hu we have

1. dgL̃ “ KR̃.

2. dgR̃ “ L̃K

3. R̃ Ď pdgL̃qK

4. L̃ Ď KpdgR̃q

5. Suppose E has enough L-objects. Let X P pdgL̃qK be good. Then X is an R-complex.

6. Suppose E has enough R-objects. Let X P KdgpR̃q be cogood. Then X is an L-

complex.

Proof. Parts 1) and 3) are easily seen to generalise to the exact case from the Gillespie’s

proof.

1. Let X P KR̃. Then Ext1pX,Bq “ 0 whenever B is an R complex. In particular

Ext1
dwpX,Bq “ 0. Hence HompX,Bq is exact whenever B is an R complex by

Corollary 2.1.61. It remains to show Xn P L. Let B P R. By Lemma 2.2.11 we have

Ext1pXn, Bq “ Ext1pX,Dn`1Bq “ 0

since Dn`1B P R̃. So Xn P L, and KR̃ Ă dgL̃. Now let X P dgL̃. Since the entries of

X are in L, for any Y P R̃, any short exact sequence

0 // Y // Z // X // 0

is split exact in each degree. But also Ext1
dwpX,Y q “ 0. Hence, any sequence as above

must be split exact, i.e. Ext1pX,Y q “ 0.
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2. This is dual to the previous part.

3. Let X P R̃ and A P dgL̃. Note that since Xn P R, Ext1pX,Aq “ Ext1
dwpX,Aq. Now

since HompA,Xq is exact, Ext1
dwpX,Aq “ 0.

4. This is dual to the previous part.

5. Let us show that X is acyclic. We will again use Proposition 2.1.28. Let n be such that

dn has a kernel. Since we have enough L-objects, we may choose an admissible epic

f 1n : A1 Ñ ZnX for some A1 P L. By Lemma 2.2.11 this induces a map f : SnpA1q Ñ X.

Now Ext1
dwpS

npA1qr´1s, Xq Ă Ext1pSnpA1qr´1s, Xq “ 0 by assumption. Hence f is

homotopic to 0. Applying Proposition 2.1.32 the map d1n`1 : Xn`1 Ñ ZnX is an

admissible epic. By Proposition 2.1.28 X is acyclic. To see that ZnX P R, we note

that since X is acyclic, we have for any A P L,

Ext1
EpA,ZnXq – Ext1pSnA,Xq “ 0

Since pL,Rq is a cotorsion pair, ZnX P R. Hence X P R̃ and so pdgL̃qK Ď R̃.

6. The proof for the second part is dual.

We also have the following

Proposition 3.1.31. Let ˚ P tě 0u, and let pL,Rq be a cotorsion pair in E with enough

L-objects. Then dgL̃ “ KR̃ and R̃ “ pdgL̃qK. Dually, if the cotorsion pair has enough

R-objects, then for ˚ P tď 0u dgR̃ “ L̃K and L̃ “ KdgpR̃q.

Proof. The proofs of parts (3) and (5) in the previous proposition go through here, as does

the proof that dgL̃ Ă KR̃. Now let X P KR̃. The same proof as in part (1) of the

previous proposition shows that each Xn must be an object in L. Thus X is a bounded

below complex of objects in L and hence a dgL̃ complex.

We get as an immediate corollary:

Corollary 3.1.32. Let pL,Rq be a cotorsion pair on an exact category E with enough

L-objects and enough R-objects.

1. pdgL̃, R̃q is a cotorsion pair on Chě0pEq and Ch`pEq. If E has all kernels then it is

a cotorsion pair on ChpEq.

2. pL̃, dgR̃q is a cotorsion pair on Chď0pEq and Ch´pEq. If E has all cokernels then it

is a cotorsion pair in ChpEq.
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3. pL̃, dgR̃q and pdgL̃, R̃q are cotorsion pairs in ChbpEq.

4. If E has all kernels and cokernels, in particular if E is quasi-abelian, then pL̃, dgR̃q

and pdgL̃, R̃q are cotorsion pairs in ChpEq.

Existence of dg-Model Structures

The hope now is that the class W of acyclic complexes satisfies

L̃ “ dgL̃XW, R̃ “ dgR̃XW

and that the cotorsion pairs pdgL̃, R̃q and pL̃, dgR̃q are functorially complete. It is not at all

clear that this will be the case. In [84] it is shown that for a bicomplete abelian category in

which infinite products are exact (i.e. an AB4˚ abelian category) it is always the case. We

suspect this result can be easily adapted for bicomplete exact categories satisfying a similar

condition. In general we do not know how to give useable conditions on a cotorsion pair

pL,Rq which guarantee that pdgL̃, R̃q and pL̃, dgR̃q induce a model structure. However we

will obtain some partial results in this direction. First we need acyclic complexes to form a

thick subcategory.

Proposition 3.1.33. Let E be an exact category. Then for ˚ P tě 0,ď 0,`,´, bu the full

subcategory on W is a thick subcategory of Ch˚pEq. If E has all kernels then this is also

true for ˚ “ tHu.

Proof. One may assume that E is abelian by passing to a left abelianization for ˚ P tě

0,`, bu, (or a right abelianization for ˚ P tď 0,´u). The result in this case follows from the

long exact sequence on homology.

It turns out that we always have the inclusions L̃ Ă dgL̃XW, and R̃ Ă dgR̃XW. This

follows from the next result, which is an easy modification of the proof of [28] Lemma 3.9.

Lemma 3.1.34. Every chain map from an L complex to an R complex is homotopic to 0.

Corollary 3.1.35. Let pL,Rq be a cotorsion pair in an exact category. Then L̃ Ă dgL̃XW,

and R̃ Ă dgR̃XW.

In order to have any chance of getting the reverse inclusion, we’ll need the cotorsion

pair on E to be hereditary. The following definition and the subsequent proposition are

immediate generalisations of [71] §1.2.3 from abelian categories to exact categories.

Definition 3.1.36. A cotorsion pair pL,Rq is said to be hereditary if

ExtipA,Bq “ 0

for any A P L, B P R and i ě 1.
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Example 3.1.37. Clearly the projective cotorsion pair is hereditary.

Proposition 3.1.38. Let pL,Rq be a hereditary cotorsion pair on an exact category E.

Then

1. L is resolving. That is L is closed under taking kernels of admissible epis.

2. R is coresolving. That is R is closed under taking cokernels of admissible monics.

If E has enough R-projectives then pL,Rq is hereditary if and only if L is resolving. Dually

if E has enough L-injectives then pL,Rq is hereditary if and only if R is coresolving.

With this result in hand [28] Theorem 3.12 generalises immediately to the exact setting.

Theorem 3.1.39. Let pL,Rq be a hereditary cotorsion pair in an exact category E. If E

has enough projectives then in Ch˚pEq for ˚ P tě 0,`,Hu, dgR̃XW “ R̃. If E has enough

injectives then in Ch˚pEq for ˚ P tď 0,´,Hu dgL̃XW “ L̃. In particular, if E has enough

projectives and injectives, then the induced cotorsion pairs on E are compatible.

Lemma 3.14 in [28], which partially handles the case in which we may not have enough

injectives or projectives also passes essentially unaffected to exact categories.

Lemma 3.1.40. Let E be an exact category and pL,Rq a cotorsion pair on E. Consider

the categories Ch˚pEq for any ˚ P tě 0,ď 0,`,´, b,Hu.

1. If pL̃, dgR̃q is a cotorsion pair with enough projectives and dgR̃XW “ R̃ then dgL̃X

W “ L̃.

2. If pdgL̃, R̃q is a cotorsion pair with enough injectives and dgL̃XW “ L̃ then dgR̃XW “

R̃.

These next two results partially deal with the issue of completeness.

Lemma 3.1.41. Let E be an exact category. Suppose

0 // B // A
f // X // 0

is a short exact sequence of complexes in the degree wise exact structure with both B and

conepfq either good or cogood. Then B is acyclic if and only if f is a quasi-isomorphism.

Proof. Let I : E Ñ A a suitable abelianization . Then by [83] Exercise 1.59 there is a long

exact sequence

. . . // Hn`1pKerpIpf‚qqq // HnpconepIpf‚qqq // HnpCokerpIpf‚qqq // . . .

// Hn´1pKerpIpfqqq // . . .
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If f‚ is a quasi-isomorphism, then conepIpf‚qq is acyclic. It is also an admissible epimor-

phism, so CokerpIpf‚qq “ 0. Hence KerpIpf‚qq “ IpBq is acyclic.

If B is acyclic then again since CokerpIpf‚qq “ 0, HnpconepIpf‚qqq “ 0 as well. Thus

Ipfq is a quasi-isomorphism, so f is as well.

Proposition 3.1.42. Let pL,Rq be a functorially complete cotorsion pair on an exact cat-

egory E. Then the cotorsion pair pdgL̃, R̃q on both Chě0pEq and Ch`pEq has enough func-

torial projectives.

Proof. Let X‚ be an object of Ch˚pEq where ˚ P tě 0,`u. By an easy adaptation of

the proof of Lemma 2.1.47, one can find a (functorial) quasi-isomorphism f‚ : L‚ Ñ X‚

with each Ln an object of L, which is an admissible epimorphism, and whose kernel is a

complex R‚ with Rn P R. Now L‚ is a dgL complex by Lemma 3.1.29. By Lemma 3.1.41

R‚ is acyclic, and therefore an R-complex. So the cotorsion pair has enough (functorial)

projectives.

This is essentially all that can be said at this level of generality.

Properties of dg-Model Structures

Definition 3.1.43. Let E be an exact category and pL,Rq a cotorsion pair on E. If

pL̃, dgR̃q and pdgL̃, R̃q are (functorially) complete cotorsion pairs on Ch˚pEq for ˚ P tě

0,ď 0, b,`,´Hu satisfying dgL X W “ L̃ and dgR X W “ R̃, then we say pL,Rq is

dg˚ ´ compatible.

In particular, if pL,Rq is dg˚-compatible, then there is an induced compatible model

structure on Ch˚pEq. The resulting model structure will have quasi-isomorphisms as its

weak equivalences.

Proposition 3.1.44. Suppose that ˚ P tě 0,ď 0,`,´, bu cotorsion pair on an exact cat-

egory E. The weak equivalences in the induced model structure are precisely the quasi-

isomorphisms. If E has all kernels then this is also true for ˚ P tHu.

Proof. First we show that admissible monics and admissible epics which are weak equiva-

lences are quasi-ismorphisms. We will show it for monics, the case of epics being dual. Let

f : AÑ B be an an admissible monic which is a weak equivalence. It is sufficient to show

that Ipfq is quasi-isomorphism, where I : E Ñ ApEq is a suitable abelianization. Now we

have an exact sequence

0 // A
f // B

g // C // 0

81



with C P W. In particular, C is acyclic. By (the dual of) Lemma 3.1.41, f is a quasi-

isomorphism.

Let f be a morphism of Ch˚pEq. Factor it as p˝ i where i is a fibration, p is a cofibration

and either p or i is trivial, and therefore a quasi-isomorphism. By the exact triangle (after

passing to an abelianisation)

conepiq Ñ conepfq Ñ coneppq Ñ`1

and the fact that acyclic complexes form a thick subcategory, we find that f is a quasi-

isomorphism if and only the other factor is trivial.

Remark 3.1.45. The previous result says that the homotopy category of a model structure

arising from a dg-compatible cotorsion pair is the derived category (for ˚ P t`,´, b,Hu).

Such model structures are also both left and right proper. More generally, we have the

following.

Proposition 3.1.46. Let E be an exact category. Let ˚ P tě 0,ď 0,`,´, bu. Suppose there

is a model structure on Ch˚pEq whose weak equivalences are the quasi-isomorphisms and

such that any cofibration is an admissible monomorphism in each degree. Then the model

structure is left proper. If E has all kernels then this is also true for ChpEq. Dually, if

any fibration is an admissible epimorphism in each degree then the model structure is right

proper.

Proof. The dual case is slightly easier to write down, so we will prove that. We need to

check that, given a pull-back diagram

A‚
p1 //

q1

��

B‚

q

��
X‚

p // Y‚

where p is an admissible epic, and q is a quasi-isomorphism, then q1 is a quasi-isomorphism.

By Lemma 2.1.6 without loss of generality, we may assume that the category E is actually

abelian. We argue by elements. A‚ is isomorphic to

tpx, bq P X‚ ˆB‚ : ppxq “ qpbqu

with q1 and p1 being the restrictions of the projections. Suppose px, bq P KerdAn is such that

q1px, bq “ x “ 0. But then qpbq “ ppxq “ 0. So b “ dBn`1pb̃q for some b, and px, bq “

dAn`1pp0, b̃qq. Now suppose x P KerdXn . Then ppxq P KerdYn . Thus there is a b P KerdBn and

a ỹ P Yn`1 such that qpbq “ ppxq ` dYn`1pỹq. Now, p is an epic, so there is x̃ P Xn`1 such

that ỹ “ ppx̃q. Write a “ px ` dXn`1px̃q, bq. Then a P A‚ and q1paq “ x ` dXn`1px̃q. This

shows that q1 is a quasi-isomorphism.
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Small dg-Cotorsion Pairs

Let us now examine when the cotorsion pair pL̃, dgR̃q is small.

Proposition 3.1.47. Let pL,Rq be a cotorsion pair in an exact category E which has a

set of admissible generators G. Suppose that pL,Rq is cogenerated by a set tAiuiPI . Then

pdgL̃, R̃q is cogenerated by the set

S “ tSnpGq : G P G, n P Zu Y tSnpAiq : n P Z, i P Iu

for ˚ P t`u (and. ˚ P tHu if E has kernels) and

S “ tSnpGq : G P G, n ě 0u Y tSnpAiq : n ě 0, i P Iu

for ˚ P tě 0u.

Furthermore, suppose pL,Rq is small with generating morphisms the map t0 Ñ G : G P

Gu together with monics ki as below (one for each i P I):

0 // Yi
ki // Zi // Ai // 0

Then pdgL̃, R̃q is small with generating morphisms the set

Ĩ “ t0 Ñ DnpGqu Y tSn´1pGq Ñ DnpGqu Y tSnpkiq : SnpYiq Ñ SnpZiqu

for ˚ P t`u (and. ˚ P tHu if E has kernels) and

Ĩ “ t0 Ñ S0pGqu Y t0 Ñ DnpGq : n ą 0u Y tSn´1pGq Ñ DnpGq : n ą 0u

YtSnpkiq : SnpYiq Ñ SnpZiq : n ě 0u

for ˚ P tě 0u.

Proof. For ˚ P t`,Hu the proof of [29] Proposition 3.8 generalises immediately to exact

categories. Now consider the case ˚ P tě 0u. The only difference in the proof is that now

the generating set for Chě0pEq is tDnpGq : G P G : n ą 0u Y tS0pGq : G P Gu. This is also

a subset of dgL̃.

Remark 3.1.48. In the situation of the previous proposition, if the domains of the gener-

ating morphisms for the cotorsion pair pL,Rq are compact, then the domains of the maps

in I are also compact by Proposition 2.2.17.
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3.2 The Projective Model Structure and the Dold-Kan Cor-
respondence

3.2.1 The Projective Model Structure

In this section E is an exact category with enough functorial projectives. We denote the

collection of all projective objects in E by ProjpEq

Definition 3.2.1. Let E be an exact category. If it exists, the projective model structure

on Ch˚pEq, for ˚ P t`,Hu is the model structure in which

• Weak equivalences are quasi-isomorphisms.

• Fibrations are degree-wise admissible epics.

• Cofibrations are maps which have the left-lifting property with respect to acyclic fibra-

tions.

Proposition 3.2.2. Let E be an exact category. Suppose that the cotorsion pair pdg ˜ProjpEq, ˜ObpEqq

on Ch˚pEq for ˚ P t`,ě 0,Hu has enough functorial projectives. Then it has enough func-

torial injectives.

Proof. Let X‚ be an object of Ch˚pEq, and let f‚ : L‚ Ñ X‚ be a quasi-isomorphism and

admissible epimorphism with acyclic kernel, and L‚ P dg ˜ProjpEq.

We have a short exact sequence

0 Ñ X‚ Ñ conepf‚q Ñ L‚r´1s Ñ 0

conepf‚q is an acyclic complex, so it is in ˜ObpEq. Clearly L‚r´1s P dg ˜ProjpEq.

We are now ready to prove the following theorem.

Theorem 3.2.3. Let E be an exact category with enough projectives. Then the projec-

tive model structure exists on Ch`pEq and is compatible. It is functorial if E has enough

functorial projectives. It is cellular if E is elementary, and combinatorial if E is locally

presentable. If E has all kernels and pN0,AdMonq-colimits exist and are exact, then this

is all true for ChpEq as well.

Proof. Consider the projective cotorsion pair pProjpEq,ObpEqq on E . By Corollary 3.1.32,

pdg ˜ProjpEq, ˜ObpEqq is a cotorsion pair on Ch`pEq. It is functorially complete by Proposi-

tion 3.1.42 and Proposition 3.2.2

We claim that p ˜ProjpEq, dg ˜ObpEqq is also a cotorsion pair on Ch`pObpEqq. First note

that ˜ProjpEq consists of split exact complexes of projectives. By Proposition 2.2.14 this is
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precisely the class of projective objects in Ch`pEq. Then by Proposition 3.2.11 dg ˜ObpEq “

Ch`pObpEqq. Hence p ˜ProjpEq, dg ˜ObpEqq is just the projective cotorsion pair. Now ˜ObpEq

is the class of all acyclic complexes, W. Thus dg ˜ObpEqXW “ Ch`pEqXW “W “ ˜ObpEq.

Moreover Ch`pEq has enough projectives by Corollary 2.2.15. By Lemma 3.1.40 it remains

to prove that p ˜ProjpEq, dg ˜ObpEqq is (functorially) complete. But in a category with enough

(functorial) projectives the projective cotorsion pair is always (functorially) complete by

Example 3.1.4.

Assume further that E is elementary. Then by Example 3.1.15, the cotorsion pair

p ˜ProjpEq, dg ˜ObpEqq is small and by Proposition 3.1.47 the cotorsion pair pdg ˜ProjpEq, ˜ObpEqq

is small. By Lemma 3.1.16, the model structure is cellular. The fact about combinatoriality

is clear.

The proof for unbounded complexes works in almost exactly the same way. All that

needs to be verified in this case is that pdg ˜ProjpEq, ˜ObpEqq is complete. Now the class of

projectives is closed under N-indexed extensions by Lemma 3.1.1. Completeness therefore

follows from from Corollary 2.1.55, Proposition 2.1.56 and Proposition 3.2.2.

Remark 3.2.4. The existence of the projective model structure on bounded below chain

complexes on a quasi-abelian category with enough projectives was already known to Bühler

[15] (see Appendix C). The proof there is more direct. In fact the proof works for any

idempotent complete exact category in which the class of all kernel-cokernel pairs forms the

exact structure (all kernels and cokernels need not exist).

Recall that if E is (quasi)-elementary quasi-abelian, then Proposition 2.2.7 says that

LHpEq is as well. Thus the projective model structure exists on ChpLHpEqq. Moreover the

induced functor I : ChpEq Ñ ChpLHpEqq is then right Quillen. Indeed it is left adjoint to

the induced functor C : ChpLHqpEq Ñ ChpEq. It preserves fibrations since I : E Ñ LHpEq

is a left abelianization, and it preserves quasi-isomorphisms by Corollary 2.1.80. Moreover

by Theorem 2.1.78, Proposition 2.1.79 and Proposition 3.1.44 it induces an equivalence

between the homotopy categories. We therefore have

Proposition 3.2.5. Let E be an elementary quasi-abelian category. Then the adjunction

ChpLHpEqq

C
))
ChpEq

I

ii

is a Quillen equivalence between the projective model structures.
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We claim that the projective model structure exists also on Chě0pEq for E an exact

category with kernels. It will be strongly left pseudo-compatible, but not compatible.

Definition 3.2.6. Let E be an exact category. If it exists, the projective model structure

on Chě0pEq, is the model structure in which

• Weak equivalences are quasi-isomorphisms.

• Fibrations are degree-wise admissible epics in each strictly positive degree.

• Cofibrations are maps which have the left-lifting property with respect to acyclic fibra-

tions.

Theorem 3.2.7. Let E be an exact category with enough projectives and which has all

kernels. Then the projective model structure exists on Chě0pEq. Moreover it is a strong left

pseudo-compatible model structure with Waldhausen pair p ˜dgProjpEq,Wq. In particular the

acyclic cofibrations are the degree-wise admissible monics whose cokernels are split exact

complexes of projectives. If E is elementary then it is cellular. In particular if E is locally

presentable and elementary then the projective model structure is combinatorial.

Proof. The class of weak equivalences satisfies the 2-out-of-6 property since it does so in

Ch`pEq. Denote the class of fibrations by F and of weak equivalences by W. Also denote

the class of admissible monomorphisms with degree-wise projective cokernel by C. Let us

show that F X W consists of quasi-isomorphisms which are admissible epimorphisms in

each degree. In order to do this, one may first pass to a left abelianization and assume

that E is abelian. Here the argument is a simple diagram chase. By Proposition 3.1.42 and

Proposition 3.2.2, it follows pC,F XWq is a (compatible) weak factorisation system with

corresponding cotorsion pair p ˜dgProjpEq,Wq. In particular the cofibrations in the sense of

Definition 3.2.6 coincide with the class C. It therefore remains to check that pC XW,Fq is

a weak factorisation system.

Let us first check the lifting conditions. First suppose a map A‚ Ñ B‚ in Chě0pEq has

the left lifting property with respect to maps X‚ Ñ Y‚ in Chě0pEq which are admissible

epimorphisms in each strictly positive degree. Let E‚ Ñ F‚ be a map between any complexes

in ChpEq which is an admissible epimorphism in all degrees. Consider a diagram

A‚

��

// E‚

��
B‚ // F‚
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Since A‚ and B‚ are in Chě0 we can factor the above diagram as

A‚

��

// τě0E‚

��

// E‚

��
B‚ // τě0F‚ // F‚

Now the map τě0E‚ Ñ τě0F‚ is an epimorphism in each strictly positive degree. By

assumption we can find a lift as follows.

A‚

��

// τě0E‚

��

// E‚

��
B‚ //

<<

τě0F‚ // F‚

Thus the map A‚ Ñ B‚ has the left-lifting property with respect to all degree-wise epi-

morphisms in Ch`pEq. By Theorem 3.2.3 A‚ Ñ B‚ is an admissible monic whose cok-

ernel is a split exact complex of projectives. Now, any acyclic cofibration is of the form

A‚ Ñ A‚‘
´

‘ną0 D
npPnq

¯

where each Pn is a projective object in E , and the map is the

inclusion into the first factor of the direct sum. Clearly then it is enough to show that the

collection of maps t0 Ñ DnpP q : n ą 0, P is projective u has the left lifting property with

respect to F , and that a map is in F if and only if it has the right-lifting property with

respect to these maps. However this follows from Lemma 2.2.11 and Proposition 2.2.2.

It remains to find a (functorial) factorisation. Let f‚ : X‚ Ñ Y‚ be a map in Chě0pEq.

We can factor it in Ch`pEq as

X‚ Ñ X‚‘
´

‘ně0 D
npPnq

¯

Ñ Y‚

where X‚ Ñ X‚‘
´

‘ně0 D
npPnq

¯

is the inclusion into the first factor, and X‚‘
´

‘ně0

DnpPnq
¯

Ñ Y‚ is an admissible epimorphism in each degree. Then

X‚ Ñ X‚‘
´

‘ną0 D
npPnq

¯

Ñ Y‚

is also a factorisation of f‚, X‚ Ñ X‚‘
´

‘ną0D
npPnq

¯

is an acyclic cofibration in Chě0pEq,

and X‚‘
´

‘ną0D
npPnq

¯

Ñ Y‚ is an admissible epimorphism in each strictly positive degree.

We prove the statement about cellularity. Suppose that P is a projective generating set

consisting of compact objects. It follows from Proposition 3.1.47 that the weak factorsiation

system pC,FXWq is cellular. From our proof above that pCXW,Fq is a weak factorisation

system, it follows that t0 Ñ DnpP q : n ą 0, P P Pu is a set of generating morphisms for pCX
W,Fq, so it is also a cellular weak factorisation system. The claim about combinatoriality

is clear.
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Remark 3.2.8. The existence of the projective model structure on Chě0pEq in the case

that E is quasi-abelian was also known. This is mentioned in a math.stackexchange.com

exchange, [81], as an adaptation of the proof for Ch`pEq in [15].

3.2.2 The Projective Model Structure on Monoidal Exact Categories

We now turn our attention to monoidal model structures on categories of chain complexes.

Proposition 3.2.9. Let pE ,b, kq be an additive symmetric monoidal category with E an

exact category. For ˚ P tě 0,ď 0, b,`,´u the flat objects in pCh˚pEq,b, S0pkqq are pre-

cisely the complexes F‚ in Ch˚pEq such that for each n P Z, Fn is flat. If in addition

countable direct sums exist and are exact, then the flat objects in pChpEq,b, S0pkqq are also

the complexes F‚ that for each n P Z, Fn is flat

Proof. Let

0 // X‚ // Y‚ // Z‚ // 0

be a short exact sequence in Ch˚pEq. Let F‚ be a complex. Then the nth row of

0 // X‚ b F‚ // Y‚ b F‚ // Z‚ b F‚ // 0

is

0 //
À

i`j“nXi b Fj //
À

i`j“n Yi b Fj
//
À

i`j“n Zi b Fj
// 0

Since the direct sums involved are exact, this sequence is short exact if for each i, j,

0 // Xi b Fj // Yi b Fj // Zi b Fj // 0

is short exact. It follows immediately that a complex whose entries are flat in E is itself

a flat object in Ch˚pEq. To see that a flat complex must have flat entries, simply take a

short exact sequence in E , and regard it as a short exact sequence in Ch˚pEq concentrated

in degree 0.

We are going to use Theorem 3.1.18. In order to deal with the third condition of that

theorem we are going to need the following notion.

Definition 3.2.10. An acyclic complex F‚ P ChpEq is said to be b-stably acyclic if for any

complex X‚, F‚ bX‚ is acyclic. An acyclic complex F‚ P ChpEq is said to be Hom-stably

acyclic if for any complex X‚, HompF‚, X‚q is acyclic.

Proposition 3.2.11. Let F be a flat object in E. Then for all n, the complex DnpF q is b-

stably acyclic. In particular, split exact complexes of flat objects are b-stably acyclic. If F

is projective then DnpF q is Hom-stably acyclic. Hence split exact complexes of projectives

are Hom-stably acyclic.
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Proof. Clearly it is sufficient to prove the proposition for n “ 1. In this case, D1pF q b

X‚ – F b conepidX‚q. Since F is flat this complex is acyclic. The proof for projectives is

similar.

We would also like our model structure to satisfy the monoid axiom. Towards this we

note the following.

Proposition 3.2.12. Let E be an exact category and S a class of morphisms in E closed

under direct sums. Suppose that E is weakly S-elementary. Then transfinite compositions

of quasi-isomorphisms in ChpEq which are also maps in S are quasi-isomorphisms.

Proof. The proof is by transfinite induction. Since a finite composition of quasi-isomorphisms

is a quasi-isomorphism, the successor part of the induction is finished. Now let λ be a limit

ordinal and F : λ Ñ ChpEq a continuous functor with F pα ď βqn P S for any morphism

α ď β in λ and n P Z. For α ď β ď λ denote by fα,β the map Fα Ñ Fβ. For β ď λ write

fβ “ f0,β. It is clear that

conepfλq – limÑβăλ
conepfβq

Since each fβ is a quasi-isomorphism, conepfβq is acyclic. Since E is weakly S-elementary,

this implies limÑβăλ
conepfβq is acyclic, means that conepfλq is acyclic and hence that fλ is

a quasi-isomorphism.

We are now ready to prove the following

Theorem 3.2.13. Let E be a projectively monoidal exact category with enough projectives.

Then the projective model structure on Ch`pEq is monoidal. If E also has kernels, then the

projective model structure on Chě0pEq is monoidal. If in addition E is weakly AdMon-

elementary then Chě0pEq satisfies the monoid axiom.

Proof. By Propososition 3.2.9 the cofibrant objects are flat. By Lemma 3.1.22, all cofibra-

tions are pure. Now since ProjpEq is closed under b, dg ˜ProjpEq is closed under b by

Lemma 3.1.29. Now let L,L1 be dg ˜ProjpEq-complexes with L1 acyclic. We have to show

that LbL1 is acyclic. However any complex in ˜ProjpEq is a split exact complex of objects

in ProjpEq. By Proposition 3.2.11 such an object is b-stably acyclic.

For the assertions about the monoid axiom we must check the conditions of Theorem

3.1.24. The first condition is guaranteed, again because the trivially cofibrant objects are

b-stably acyclic. The second condition follows from Proposition 3.2.12 and by Proposition

3.1.44.

We would like a version for unbounded complexes. We are going to prove the following.
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Theorem 3.2.14. Let pE ,b, kq be a projectively monoidal, weakly AdMon-elementary

exact category which has a projective generating set, such that countable product functors

are admissibly exact and and countable coproduct functors are admissibly coexact. Then

pChpEq,b,Hom, S0pkqq is a monoidal model category which satisfies the monoid axiom.

Proof. The condition on products and coproducts guarantee that pChpEq,b,Hom, S0pkqq

is actually a monoidal exact category. Now the proof goes through in almost exactly the

same way as Proposition 3.2.13. All that remains to prove is that the tensor product of two

complexes in dg ˜ProjpEq is again in dg ˜ProjpEq. This is a consequence of the proposition

below, and its corollary.

Proposition 3.2.15. Let E be a projectively monoidal exact category with a projective

generating set P. If X‚ is in dg ˜ProjpEq then for any acyclic complex Y‚, HompX‚, Y‚q is

acyclic.

Proof. Let P be a generating set of projectives. Then by Observation 2.1.67, for each P P P,

HompS0pP q, Y‚q is acyclic. Moreover S0pP q P dg ˜ProjpEq, so HompS0pP q, Y‚qis acyclic by

assumption. Now

HompS0pP q,HompX‚, Y‚qq – HompS0pP q bX‚, Y‚q

– HompX‚,HompS0pP q, Y‚qq

Since X‚ is in dg ˜ProjpEq, HompX‚,HompS0pP q, Y‚qq is acyclic. Since P is a projective

generating set in a quasi-abelian category HompX‚, Y‚q is acyclic.

Corollary 3.2.16. If X‚ and Z‚ in dg ˜ProjpEq, so is X‚ b Z‚

Proof. Since ProjpEq is closed under countable direct sums the entries of the tensor product

are objects in ProjpEq. Let Y‚ be an acyclic complex.

HompX‚ b Z‚, Y‚q – HompX‚,HompZ‚, Y‚qq

By the Proposition, HompZ‚, Y‚q is acyclic. SinceX‚ is in dg ˜ProjpEq, HompX‚,HompZ‚, Y‚qq

is acyclic.

Duality

In any closed monoidal category pE ,b, k,Homq one can consider the functor

p´q_ : E Ñ Eop, E ÞÑ HompE, kq

This functor is contravariantly self-adjoint.
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Proposition 3.2.17. Let E be a monoidal elementary exact category. The functor p´q_ :

Ch˚pEq Ñ Ch˚pEqop is left Quillen for the projective model structure on the left and its

opposite model structure on the right.

Proof. Since any object of Ch˚pEqop is cofibrant and Homp´, kq clearly preserves degree-

wise split exact sequences all that remains to prove is that it sends trivially cofibrant objects

to acyclic objects. Indeed if P‚ is trivially cofibrant then P‚ Ñ 0 is a homotopy equivalence.

Hence 0 Ñ pP‚q
_ is a homotopy equivalence and we’re done.

3.2.3 The Dold-Kan Correspondence

In this section we generalise the Dold-Kan correspondence for abelian groups to elementary

exact categories. If C is a category, we denote by sC the functor category r∆op, C s, where

∆ is the usual simplicial category. We use this to show that when E is elementary the

projective model structure on ChpEq and Chě0pEq are Kan complex-enriched.

Let us recall the Dold-Kan correspondence for abelian categories. The exposition here

follows [83] 8.4. For an abelian category A, there are functors

Γ : Chě0pAq Ñ sA, N : sA Ñ Chě0pAq

constructed as follows:

Given an object A P sA set

NAn “
n´1
č

i“0

Kerpdiq

Define a differential δn “ p´1qndn : NAn Ñ NAn´1. It follows from the simplicial relations

that NA‚ is a chain complex. Moreover, since by definition a map of simplicial objects

commutes with the face maps, this construction is functorial.

The construction of Γ is more involved. For a chain complex C P Chě0pAq, one sets

ΓpCqn “
à

η:rns�rps,pďn

Cη

where for η : rns� rps, Cη “ Cp. Given a morphism α : rns Ñ rms in ∆, define a morphism

ΓpCqpαq : ΓmpCq Ñ ΓnpCq by its restriction Γpα, ηq : Cη Ñ ΓpCq to each summand Cη as

follows. For each surjection η : rns Ñ rps we consider its epi-mono factorisation εη1 of ηα.

rms
α //

η1

��

rns

η

��
rqs

ε // rps
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If p “ q so that ηα “ η1 then we take Γpα, ηq to be the natural identification of Cη with the

summand Cη1 of Γm. If p “ q` 1 and ε “ εp, so that the image of ηα is t0, . . . , p´ 1u, then

we take Γpα, ηq to be the composition

Cη “ Cp
d // Cp´1 “ Cη1 // ΓmpCq

Otherwise we take Γpα, ηq to be 0.

The Dold-Kan Correspondence says the following

Theorem 3.2.18 (Dold-Kan for Abelian Categories). Let A be an abelian category. Then

the functors

Γ : Chě0pAq Ñ sA, N : sA Ñ Chě0pAq

form an equivalence of categories.

Proof. See [83] §8.4.

The constructions of Γ and N make sense in any exact category which has kernels. Thus

for an exact category E with kernels we get functors

Γ : Chě0pEq Ñ sE , N : sE Ñ Chě0pEq

constructed mutatis mutandis as above.

Corollary 3.2.19 (Dold-Kan for Exact Categories). Let E be an elementary exact category.

The functors

Γ : Chě0pEq Ñ sE , N : sE Ñ Chě0pEq

defined above are weakly inverse to each other. In particular they give equivalences of

categories.

Proof. Pick a left abelianization I : E Ñ A. Then I extends to functors sE Ñ sA and

Chě0pEq Ñ Chě0pAq, which we will also denote by I. Since I preserves kernels we get a

commutative diagram.

sA N // Chě0pAq

sE

I

OO

N // Chě0pEq

I

OO

It is also clear from the construction of Γ that the following diagram commutes

sA Chě0pAq
Γ

oo

sE

I

OO

Chě0pEq

I

OO

Γ
oo

Since the functor I is fully faithful, Theorem 3.2.18 implies the result.
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Remark 3.2.20. This result is actually overkill. It has been pointed out to us by Theo

Buehler that the Dold-Kan equivalence is valid for any weakly idempotent complete additive

category. A proof (which in fact works on the level of quasi-categories) can be found in [44]

Section 35.

If A “ Ab is just the category of abelian groups, then there is a well-known model

structure on the category sAb. The weak equivalences (resp. fibrations) are those maps of

simplicial abelian groups which are weak equivalences (resp. fibrations) on the underlying

simplicial set. As usual, the cofibrations are maps of simplicial abelian groups which have

the left-lifting property with respect to the trivial fibrations. Moreover, the category Ab

is an elementary abelian category. As a set of compact projective generators we can take

P “ tZu. Thus there is a projective model structure on Chě0pAbq. In this case the functors

N and Γ also form a Quillen equivalence between these model categories. For a proof see

[33] Chapter 3 Section 2. The model structure on sAb is a special case of a much more

general model structure.

Notation 3.2.21. 1. Let Z be an object in a category C . We denote by sZ the constant

simplicial object in sC which is Z in each degree, and such that the face and degeneracy

maps are all idZ .

2. If C is additive, then the category sC is enriched over sAb in an obvious way. We

denote the enriched hom functor by HomsC

Theorem 3.2.22. Suppose that C is a small bicomplete category, and let Z “ tZi : i P Iu

be a set of compact objects of C. Then sC is a simplicial model category with AÑ B a weak

equivalence (respectively fibration) if and only if the induced map

HomsC psZi, Aq Ñ HomsC psZi, Bq

is a weak equivalence (respectively fibration) for all I P I.

Proof. See [33] Theorem 6.9.

In particular if E is a small bicomplete elementary exact category, then there is a model

category structure on sE where for the set Z in Theorem 3.2.22 we take a generating set

P of compact projective objects. We shall call this the projective model structure on

sE . We are now going to show the following

Theorem 3.2.23 (Model Dold-Kan for Elementary Exact Categories). Let E be a small

bicomplete elementary exact category. Endow Chě0pEq and sE with their projective model

structures. Then the functors

Γ : Chě0pEq Ñ sE , N : sE Ñ Chě0pEq
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form a Quillen equivalence.

We use the following notion:

Definition 3.2.24. Let M ,N be model categories. M is said to be generated by a collection

of functors tFi : M Ñ N uiPI if a map f : X Ñ Y in M is a fibration (resp. weak equivalence)

if and only if Fipfq is a fibration (resp. weak equivalence) for each i P I.

By construction the model structure on sE is generated by the functors

tHomsEpsP,´q : sE Ñ sAbuPPP

where we endow sAb with its projective model structure.

The model structure on Chě0pEq is generated by a similar set of functors:

Proposition 3.2.25. Let E be an elementary exact category with a projective generating

set P. The projective model structure on Chě0pEq is generated by the functors

tHompS0pP q,´q : Chě0pEq Ñ Chě0pAbq : P P Pu

where we endow Chě0pAbq with its projective model structure.

Proof. The fibrations in Chě0pEq are the degree-wise admissible epics in positive degree,

and the fibrations in Chě0pAbq are the degree-wise epics in positive degree. Let f‚ : X‚ Ñ Y‚

be a morphism in Chě0pEq. Then the components of HompS0pP q, f‚q are HomEpP, fnq.

Now f‚ is a fibration if and only if each fn is an admissible epimorphism for n ą 0. This is

true if and only if HomEpP, fnq is an epic for each n ą 0 and each P P P, i.e. if and only if

HompS0pP q, f‚q is a fibration for each P P P.

It is clear that HompS0pP q, conepf‚qq – conepHompS0pP q, f‚qq. Now by Corollary

2.2.4, conepf‚q is acyclic if and only if HompS0pP q, conepf‚qq is acyclic for all P P P.

Equivalently, f‚ is a weak equivalence if and only if HompS0pP q, f‚q is a weak equivalence

for each P P P.

With these structures in hand, we will use the following result in order to prove the

theorem.

Proposition 3.2.26. Let M ,N ,M 1,N 1 be model categories. Suppose M is generated by

functors tFi : M Ñ N uiPI , and M 1 is generated by functors tF 1i : M 1 Ñ N 1uiPI . Let

G : M Ñ M 1 and H : M 1 Ñ M be adjoint functors

G % H
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Suppose also that there is a Quillen adjunction P % Q, with P : N Ñ N 1 and Q : N 1 Ñ N

such that for each i P I the diagram

M

Fi
��

M 1

F 1i
��

H
oo

N N 1

Q
oo

commutes. Then G % H is a Quillen adjunction.

Proof. We need to show that H preserves (acyclic) fibrations. Let f be an (acyclic) fibration

in M 1. By assumption, for each i, F 1i pfq is an (acyclic) fibration in N 1. Since Q is right

Quillen, Q ˝ F 1i pfq is an (acyclic) fibration. By commutativity of the diagram

M

Fi
��

M 1

F 1i
��

H
oo

N N 1

Q
oo

Fi ˝Hpfq is an (acyclic) fibration for each i P I. Again by assumption, Hpfq is an (acyclic)

fibration.

Before proving the theorem, we shall make the following easy observation.

Proposition 3.2.27. Let M and M 1 be model categories, and G : M Ñ M 1 and H : M 1 Ñ

M be Quillen adjoint functors

G % H

Suppose further that

1. The unit and counit maps of the adjunction are weak equivalences.

2. G preserves weak equivalences of the form X Ñ HY where X is cofibrant and Y is

fibrant.

3. H preserves weak equivalences of the form GX Ñ Y where X is cofibrant and Y is

fibrant.

Then G % H is a Quillen equivalence.

Proof. Let X be a cofibrant object of M and Y a fibrant object of M 1. Suppose that

f : GX Ñ Y is a weak equivalence. Then by assumption HGX Ñ HY is a weak equiva-

lence. Also by assumption X Ñ HGX is a weak equivalence. Hence X Ñ HY is a weak

equivalence.
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Conversely suppose that X Ñ HY is a weak equivalence. Then GX Ñ GHY is a weak

equivalence by assumption. Also by assumption GHY Ñ Y is a weak equivalence. Thus

GX Ñ Y is a weak equivalence.

Proof of Theorem 3.2.23. We first note that the following diagrams commute (up to natural

isomorphism).

sE

HomsE psP,´q

��

Chě0pEq
Γ

oo

HompS0pP q,´q
��

sAb Chě0pAbq
Γ

oo

sE

HomsE psP,´q

��

N // Chě0pEq

HompS0pP q,´q
��

sAb N // Chě0pAbq

The second diagram follows from the fact that HompP,´q : E Ñ Ab preserves kernels (and

therefore intersections). The first diagram follows from the fact that HompP,´q : E Ñ Ab

preserves finite direct sums. By Proposition 3.2.26 the adjunction is a Quillen adjunc-

tion. Let us now check the hypotheses of Proposition 3.2.27. The unit and counit maps

are isomorphisms. In particular they are weak equivalences. In the Dold-Kan correspon-

dence for abelian groups, it can be shown that the functors N : sAb Ñ Chě0pAbq and

Γ : Chě0pAbq Ñ sAb both preserve all weak equivalences. By the commutativity of the above

diagrams, this also implies that the functors N : sE Ñ Chě0pEq and Γ : Chě0pEq Ñ sE

also preserve all weak equivalences.

3.2.4 The Simplicial Model Structure

In this section we show that for E elementary the projective model structure on ChpEq is

simplicial.

Definition 3.2.28. Let M be a monoidal model category. A functor F : sSet Ñ M which

preserves colimits and sends (acyclic) cofibrations to (acyclic) cofibrations will be called a

simplicial enrichment functor.

Let a simplicial enrichment functor F be given. Define bifunctors as follows

b : M ˆ sSet Ñ M , E bX ..“ E b F pXq

Now also define

p´qp´q : M ˆ sSetop Ñ M , EX ..“ HompF pXq, Eq
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and

Map : M op ˆM Ñ sSet , MappM,Nqn ..“ HompM b∆n, Nq

Proposition 3.2.29. The functors defined above endow M with the structure of a simplicial

model category.

Proof. First let us check that they give a two-variable adjunction. The isomorphism

HomM pE bX,F q – HomM pE,F
Xq

is tautological. For the other, note that we have

HomM pE b∆n, F q “ MappM,Nqn

“ HomsSet p∆
n,MappM,Nqq

Since E b ´ : sSet Ñ M preserves colimits, and every simplicial set is a colimit of the

standard simplicial sets ∆n, we get isomorphisms

HomM pE bX,F q – HomsSet pX,MappE,F qq

The pushout-product axiom follows from the one for the monoidal structure on M and the

fact that F preserves (acyclic) cofibrations.

If C is a closed monoidal category with all small coproducts then there is a strong

monoidal functor kr´s : Set Ñ C . It sends a set X to the object
š

xPX k of C . This induces

a strong monoidal functor

kr´s : sSet Ñ sC

Let Z “ tZi : i P Iu be a set of compact objects in C , and consider the model structure

on sC induced by Z. Theorem 6.9 in [33] in fact says that kr´s is an enrichment functor.

The following is clear.

Proposition 3.2.30. Let F : sSet Ñ M be an enrichment functor. Let N be a model

category, and suppose that there are functors G : M Ñ N and H : N Ñ M such that

G: M Õ N :H

is a Quillen adjunction. Then G ˝ F is an enrichment functor.

Corollary 3.2.31. Let E be a monoidal elementary exact category. The projective model

structures on Chě0pEq and ChpEq are Kan complex-enriched.

Proof. By Proposition 3.2.23 and Proposition 3.2.30 the model structures are simplicial. In

fact they are enriched in simplicial abelian groups, and all simplicial abelian groups are Kan

complexes.
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3.2.5 Examples and the Injective Model Structure

Examples

Example 3.2.32. 1. All the examples of Section 2.3 satisfy the assumptions of Theorem

3.2.3 such that their categories of unbounded complexes have projective model struc-

tures. The model structures for ChpIndpBankqq, ChpCBornkq, and for unbounded

complexes in the contracting normed and Banach categories are monoidal and satisfy

the monoid axiom.

2. In fact if any quasi-abelian category has enough projectives then the projective model

structure exists on ChpIndpEqq.

The Injective Model Structure

Definition 3.2.33. Let E be an exact category. If it exists, the injective model structure

on Ch˚pEq, for ˚ P t`, b,Hu is the model structure in which

• Weak equivalences are quasi-isomorphisms.

• Cofibrations are degree-wise admissible monics.

• Fibrations are maps which have the right lifting property with respect to acyclic cofi-

brations.

By duality we have the following.

Proposition 3.2.34. If a quasi-abelian category E has enough injectives then ChpPropEqq

is equipped with the injective model structure.

This was proven by Pridham for E “ BanC in [64]. In [78], Št’ov́ıček introduces the

notions of efficient exact categories and exact categories of Grothendieck type and shows that

they are equipped with injective model structures. Essentially such categories generalise

Grothendieck abelian categories, and as in that case one shows that such categories have

enough injectives. It is not clear to us whether the categories we are interested in, namely

CBornk and IndpBankq are of Grothendieck type.

3.3 Filtered and Graded Model Structures

In [72] Schneiders shows that the category of filtered abelian groups is an elementary quasi-

abelian category. In particular the category of unbounded chain complexes of filtered abelian

groups is equipped with the projective model structure. In this section we generalise this

result to any quasi-abelian category. This will be useful for establishing a version of Koszul

duality in the final chapter
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3.3.1 Model Structures on Graded Objects

Let E be an additive category with kernels and cokernels.

Definition 3.3.1. The category of N0-graded objects in Gr pEq is the full subcategory of

Chě0pEq on the chain complexes whose differentials are all zero.

This is an exact subcategory of ChpEq (but it is not extension closed). There is also

an exact functor | ´ | : ChpEq Ñ Gr pEq which just sends differentials to 0. Both functors

preserve admissible monomorphisms and epimorphisms. In particular we get the following

result.

Proposition 3.3.2. If E is an elementary exact category then so is Gr pEq.

Proof. If P is a generating set of compact projective objects in E , then t|SnpP q| : n P Z, P P
Pu is a generating set of compact projective objects in Gr pEq.

Corollary 3.3.3. If E is an elementary exact category then the projective model structure

exists on ChpGr pEqq.

If E is monoidal, then Gr pEq inherits the monoidal structure from ChpEq. Moreover |´ |

preserves flatness, so we get

Proposition 3.3.4. If E is a (closed) monoidal, elementary exact category then so is Gr pEq.

3.3.2 Model Structures on Filtered Objects

Filtered Objects

Let E be an exact category.

Definition 3.3.5. Let A be an object of E. A admissible subobject of E is an ad-

missible monomorphism s : A1 Ñ A. A filtration of A consists of a collection of ad-

missible subobjects of A, tαi : Ai Ñ AuiPN0 together with morphisms ai : Ai Ñ Ai`1

such that αi`1 ˝ ai “ αi. A filtered object of E is tuple of data pA8, αi, aiq where A8

is an object of E and pαi, aiq is a filtration of A8. A morphism of filtered objects

g : pA8, αi, aiq Ñ pB8, βi, biq consists of a collection of morphisms tgi : Ai Ñ BiuiPNě0, and

g8 : A8 Ñ B8 such that gi`1 ˝ αi “ bi ˝ gi and g8 ˝ ai “ βi ˝ gi for all i P N0. Filtered

objects and morphisms of filtered objects can then be organised into a category FiltpEq.

We often extend an N0-indexed filtration as in the definition to a Z-indexed filtration

by declaring Ai “ 0 for i ă 0.
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Definition 3.3.6. A filtration pαi, aiq of an object A8 is said to be exhaustive if A8

together with the maps αi : Ai Ñ A8 is a direct limit of the diagram

A0
a0 // A1

a1 // A2
// . . .

The full subcategory of FiltpEq on objects equipped with an exhaustive filtration will be de-

noted by FiltpEq. Note that a morphism g : pA8, αi, aiq Ñ pB8, βi, biq of exhaustively filtered

objects is completely determined by the maps gi : Ai Ñ Bi for 0 ď i ă 8.

Proposition 3.3.7. The inclusion functor i : FiltpEq ãÑ FiltpEq has a right adjoint.

Proof. Let A “ pA8, αi, aiq be an object of FiltpEq. Define A as a follows. Ai “ Ai and

ai “ ai, while A8 “ limÑAi and αi : Ai Ñ A8 are the canonical colimit maps. By the

universal property of the colimit there is a unique map ε8pAq : A8 Ñ A8 which satisfies

ε8pAq ˝ αi “ αi. In particular αi is an admissible monomorphism. Hence A “ pA8, αi, aiq

is a well-defined object of FiltpEq. This construction is clearly functorial. We denote the

functor by p´q. It remains to check that it is a right adjoint. Let us construct a unit and a

counit. The unit η : IdÑ p´q˝i is defined on an exhaustively filtered object A “ pA8, αi, aiq

as the inverse of the canonical isomorphism limÑAi Ñ A8. The counit ε : i ˝ p´q Ñ Id is

constructed as follows. For a filtered object A “ pA8, αi, aiq, εjpAq : pi ˝ Aqj Ñ Aj is the

identity. ε8pAq : A8 Ñ A8 is the map constructed above. The unit and counit identities

are easy to check.

Filtered and Graded Objects

There is a functor Filt : Gr pEq Ñ FiltpEq. It sends a graded object A‚ to the filtered object

FiltpA‚q which has FiltpA‚q8 “
À

Ai, and FiltpA‚qi “
À

jďiAj . The inclusions which give

the filtered structure are the obvious ones. The functor acts on maps in the obvious way.

There is also a functor gr : FiltpEq Ñ Gr pEq, called the associated graded functor

defined as follows. To a filtered object A “ pA8, αi, aiq it assigns the graded object grpAq‚

with grpAqi “ Ai
L

Ai´1. Again it acts on morphisms in the obvious way.

Limits and Colimits of Filtered Objects

We want to put an exact structure on the categories FiltpEq and FiltpEq. In order to

do this we first examine limits and colimits in these categories. Let D : J Ñ FiltpEq be a

diagram. For each object j P J denote the object Dpjq by pD8pjq, δipjq, dipjqq, and for each

morphism α : j Ñ j1 in J , denote the induced morphism Dpαq : pD8pjq, δipjq, dipjqq Ñ

pD8pj
1q, δipj

1q, dipj
1qq by pα8, αiq. For each 0 ď i ď 8, there is an induced diagram

Di : J Ñ E sending an object j to Dipjq and a morphism α : j Ñ j1 to αi.
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Proposition 3.3.8. Let D : J Ñ FiltpEq be a diagram. Suppose that for each 0 ď i ă 8

the induced maps (co)limpδipjqq : (co)limjDipjq Ñ (co)limjDi`1pjq and (co)limpdipjqq :

(co)limjDipjq Ñ (co)limjD8pjq are admissible monos. Then

p(co)limjD8pjq, (co)limpδipjqq, (co)limpdipjqqq

is a (co)limit of D in FiltpEq. If each Dpjq is exhaustively filtered, and (co)limits of diagrams

of shape J commute with transfinite compositions of admissible monos, then the formula

above is also a (co)limit in FiltpEq.

Proof. By assumption p(co)limjD8pjq, (co)limpδipjqq, (co)limpdipjqqq is an object of FiltpEq.

The universal property is checked directly.

Proposition 3.3.9. Let E be an elementary quasi-abelian category. ThenFiltpEq is complete

and cocomplete

Proof. By Proposition 3.3.8 FiltpEq has filtered colimits and kernels. It remains to show that

cokernels and products exist. As for filtered abelian groups in [72], the cokernel of a map g :

pA8, αi, aiq Ñ pB8, βi, biq is given by pcokerpg8q, γi, giq where γi : ImpAi Ñ cokerpg8qq Ñ

cokerpg8q is the obvious inclusion. The product
ś

k A
k of a family pAkqkPK of filtered

objects is constructed as follows. Write Ak “ pAk8, α
k
i , a

k
i q Define p

ś

kPK A
kqi

..“
ś

kPK A
k
i

and set p
ś

kPK A
kq8

..“ limÑp
ś

kPK A
kqi. There are obvious maps pi : p

ś

kPK A
kqi Ñ

p
ś

kPK A
kq8. Since infinite products in an elementary quasi-abelian category are exact

they are admissible monomorphisms, and this gives the filtered structure.

The Exact Structure on Filtered Objects

Let E be an exact category. We denote by AdMon the class of admissible monomorphisms.

We say that E has admissible intersections if the class AdMon is AdMon-pullback

stable. We say that E has admissible preimages if the class AdMon is pullback stable

along admissible morphisms. These notions are in fact equivalent due to the following result,

which is Proposition 2.15 in [14].

Proposition 3.3.10. Let E be a weakly idempotent complete exact category. Then the pull-

back of an admissible monomorphism along an admissible epimorphism yields an admissible

monic.

By pasting for pullback squares we immediately get the following.

Corollary 3.3.11. A weakly idempotent complete exact category E has admissible inter-

sections if and only if it has admissible preimages.
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Proposition 3.3.12. Let E be a quasi-abelian category. Then E has admissible preimages.

Proof. By Corollary 3.3.11 it suffices to show that E has admissible intersections. Let

A
f 1 //

g1

��

B

g

��
X

f // Y

be a pullback diagram with f and g being admissible monics. Then AÑ Y is the kernel of

the composition

Y
∆ // Y ‘ Y // cokerpgq ‘ cokerpfq

In particular it is an admissible monic.

Definition 3.3.13. A null sequence

0 // pA8, αi, aiq
pf8,fiq// pB8, βi, biq

pg8,giq// pC8, γi, ciq // 0

in FiltpEq is said to be exact if each null sequence

0 // Ai // Bi // Ci // 0

is exact for 0 ď i ď 8

Proposition 3.3.14. Suppose that E be an elementary quasi-abelian category. Then with

the class of short exact sequences defined above, FiltpEq is an exact category.

Proof. Clearly the classes of admissible monics and admissible epics both contain isomor-

phisms and are closed under composition. By Proposition 3.3.8 the required pushouts and

pullbacks exist. Now let

pA8, αi, aiq

��

pf8,fiq// pB8, βi, biq

��
pX8, χi, xiq

pf 18,fiq // pY8, ξi, yiq

be a push-out diagram with pf8, fiq an admissible monic. By Proposition 3.3.8, the diagram

A8
f8 //

��

B8

��
X8

f 18 // Y8

is a pushout diagram. The filtration on Y is given by Yi “ ImpBi‘Xiq Ñ Y . It remains to

see that Xi Ñ ImpBi ‘Xiq is an admissible monomorphism. But Xi Ñ ImpBi ‘Xiq Ñ Y
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coincides with the composition Xi Ñ X Ñ Y . X Ñ Y is an admissible monomorphism

as the pushout of an admissible monomorphism. The axiom for pushouts follow from

Proposition 3.3.8.

Proposition 3.3.15. Let

0 // pA8, αi, aiq
pf8,fiq// pB8, βi, biq

pg8,giq// pC8, γi, ciq // 0

be a short exact sequence of filtered objects. Suppose that pN,AdMonq-colimits exist and

are exact. If pA8, αi, aiq and pC8, γi, ciq are exhaustive then so is pB8, βi, biq.

Proof. Consider the diagram of short exact sequences

0 // limÑAi

��

// limÑBi

��

// limÑCi

��

// 0

0 // A8 // B8 // C8 // 0

The two outer vertical maps are isomorphisms so the middle one is as well.

In particular the category FiltpEq is an extension-closed subcategory of FiltpEq, and so is

an exact category. Let us now classify the projective objects in the category FiltpEq. First

consider the following functors. For each l P N we denote by p´ql the exact functor

FiltpEq Ñ E

which sends a filtered object

pA8, αi, aiq

to Al. It sends a morphism pf8, fiq : pA8, αi, aiq Ñ pB8, βi, biq to fl. This functor is clearly

exact. We denote by Qi : FiltpEq Ñ E defined on objects by

QipA8, αi, aiq “ A8
L

Ai

It is defined on morphisms in the obvious way. Finally we denote by Fi : E Ñ FiltpEq the

functor which sends an object A of E to the following filtered object. pFipAqqj is 0 for j ă i

and pFipAqqj “ A for i ď j ď 8. with the structure maps being the obvious ones. Again it

is defined on morphisms in the obvious way, and this functor is clearly exact.

Proposition 3.3.16.

Qi % Fi`1 % p´qi`1
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Proof. Let us first prove the second adjunction. Fix an object A of E , and a filtered object

pB8, βi, biq. Let f : A Ñ pBqi`1 be a map in E . There is an induced map f̃ : Fi`1A Ñ B

defined as follows. f̃j “ 0 for j ă i ` 1 and f̃j is the composition A Ñ Bi`1 Ñ Bj for

i` 1 ď j ă 8. f̃8 is given by the composition βi`1 ˝ f . This gives a map

HomEpA, pBqi`1q Ñ HomFiltpEqpFi`1A,Bq

It is straightforward to verify that it is natural in both A and B. It is clearly an isomorphism

of abelian groups.

Let us now show the first adjunction. Let pB8, βi, biq be a filtered object, and let

f : B8
L

Bi Ñ A be a morphism in E . There is an induced map f̃ : pB8, βi, biq Ñ Fi`1A

defined as follows. f̃j is 0 for j ă i`1, and for i`1 ď j ď 8 f̃j is given by the composition

Bj Ñ B8 Ñ B8
L

Bi`1 Ñ A

This gives a homomorphism of abelian groups

HomEpQipB8, βi, biq, Aq Ñ HomFiltpEqppB8, βi, biq, Fi`1Aq

which is clearly natural in pB8, βi, biq and A. It is also clearly an isomorphism.

Proposition 3.3.17. Assume that E is a cocomplete elementary quasi-abelian category. If

a filtered object pA8, αi, aiq is projective in FiltpEq then A8
L

Ai is projective in E for all

i P Z. In FiltpEq A is projective if and only if A8
L

Ai is projective for each i ě 0.

Proof. The first assertion is a consequence of the fact that the functor Qi : FiltpEq Ñ E

is left adjoint to the exact functor Fi`1 : E Ñ FiltpEq. Thus QipA8, αi, aiq “ A8
L

Ai is

projective. The second assertion is a consequence of Proposition 3.1.1, and the fact that

the functor p´q is right adjoint to an exact functor, and so preserves projectives.

Next we classify the compact objects.

Proposition 3.3.18. Let A “ pA8, αi, aiq be an object of FiltpEq. Suppose that each Ai

and A8is satisfy one of the smallness conditions of Definition 2.2.5, and for sufficiently

large i, ai is an isomorphism. Then A satisfies the same smallness condition in FiltpEq.

Proof. Let D : I Ñ FiltpEq be a relevant filtered diagram. By Proposition 3.3.8 the colimit

is computed by taking the colimit in each degree of the filtration. For each k P N0, there

is an ik P I such that Ak Ñ colimp´qk ˝ D factors through p´qkpikq. Let n be such

that An Ñ An`i is an isomorphism for any i P N. Let i “ max0ďkďniik . Then the map

AÑ colimD factors through Dpiq.
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Proposition 3.3.19. Let G be an admissible generating set. Suppose that transfinite com-

positions of admissible monomorphisms indexed by N are exact. Then
Ť

i FipGq is an ad-

missible generating set for FiltpEq.

Proof. Let pA8, αi, aiq be a filtered object. For each i pick some Gi P G and an admissible

epimorphism Gi � Ai. Then
À

i FiGi Ñ A is an admissible epimorphism.

Corollary 3.3.20. If E is an elementary cocomplete quasi-abelian category then FiltpEq is

an elementary exact category.

The Monoidal Structure on Filtered Objects

Recall in an additive category E a morphism is said to be a regular monomorphism if

it is the kernel of a morphism. A subobject u : X Ñ A in an additive category is said to be

regular if u is a regular monomorphism.

Definition 3.3.21. Let tui : Xi ãÑ Auni“1 be regular subobjects of an object A in an additive

category E which has kernels and cokernels. The regular union of Xi, denoted u :
Ťn
i“1 ãÑ

A is the image of the induced map ũ :
Àn

i“1Xi Ñ A.

Unions satisfy the following universal property

Proposition 3.3.22. Let tmi : Xi ãÑ Auni“1 be regular subobjects of an object A in an

additive category which has kernels and cokernels. There is a regular monomorphism u :
Ťn
i“1Xi ãÑ A together with monomorphisms ui : Xi Ñ

Ťn
i“1Xi which satisfy u ˝ ui “ mi.

If v : V Ñ A is a regular monomorphism together with monomorphisms vi : Xi Ñ V which

satisfy v ˝ vi “ ui then there is a map w :
Ťn
i“1Xi Ñ V such that v ˝ w “ u.

Proof. The image of a map is a regular monomorphism by its definition. Let vi : Xi Ñ V

and v : V Ñ A be as in the statement of the proposition. There is an induced map

w̃ :
À

Xi Ñ V which fits into a commutative diagram

À

Xi
w̃ //

ũ

""

V

v

��
A

Taking images, and noting that v is regular, we get a commutative diagram

Ť

Xi
w //

u

!!

V

v

��
A
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Definition 3.3.23. Let S be a class of regular monomorphisms in a additive category with

kernels and cokernels. We say that S admits regular unions if whenever tmi : Xi ãÑ

Auni“1 is a collection of morphisms in S, then the induced map
Ťn
i“1Xi Ñ A is in S.

Definition 3.3.24. An exact category E is said to have admissible unions if the class

AdMon admits regular unions.

Remark 3.3.25. A quasi-abelian category has admissible unions.

Let pE ,b, kq be a monoidal exact category with kernels and cokernels. Suppose that

for any pair of admissible monos s : E Ñ F , t : X Ñ Y , the map Impsb tq Ñ X b Y is is

an admissible monomorphism, and for any finite collection of monomorphisms tsi : Xi Ñ

Xuni“1 the induced map
Ťn
i“1Xi Ñ X is an admissible monomorphism. Note that this is

automatically true for the class of admissible monomorphisms in a quasi-abelian category.

For filtered objects A “ pA8, αi, aiq and B “ pB8, βi, biq, define a filtered object AbB

as follows. pAbBq8 :“ A8 bB8.

pAbBqn “
ď

i`j“n

ImpAi bBj Ñ A8 bB8q

The maps pαbβqn : pAbBqn Ñ AbB and pabbqn : pAbBqn Ñ pAbBqn`1 are constructed

as follows. Write T “ AbB and Ti,j “ ImpAibBj Ñ AbBq. Denote by φij : Ti,j Ñ Ti`1,j

the map induced from αi b IdBj : Ai bBj Ñ Ai bBj`1 and by ψij : Ti,j Ñ Ti,j`1 the map

induced from IdAi b βj : Ai b Bj Ñ Ai`1 b Bj . Also denote by ωij : Ti,j Ñ T the map

induced from aib bj : AibBj Ñ AbB. Finally write Tn “
Ť

i`j“n Ti,j . There is a unique

map ωn : Tn Ñ T such that the canonical inclusions ui,j : Ti,j Ñ Tn for i ` j “ n satisfy

ωn˝ui,j “ ωi,j . Now the compositions ui`1,j˝φi,j : Ti,j ãÑ Tn`1 and ui,j`1˝ψi,j : Ti,j ãÑ Tn`1

induce maps φn,n`1 : Tn Ñ Tn`1 and ψn,n`1 : Tn Ñ Tn`1. We claim that these maps

coincide. Indeed it is sufficient to show that the maps ui`1,j ˝φi,j and ui,j`1 ˝ψi,j coincide.

But ωn`1˝ui,j`1˝ψi,j “ ωi,j`1˝ψi,j “ ωi,j and ωn`1˝ui`1,j ˝φi,j “ ωi`1,j ˝φi,j “ ωi,j . Since

ωn`1 is a monomorphism we get the required result. We set ps b tqn “ φn,n`1 “ ψn,n`1.

This is an admissible mono. Moreover the following diagrams commute

Ti,j
ui,j //

φi,j
��

Tn

pαbβqn
��

Ti`1,j
ui`1,j // Tn`1

Ti,j
ui,j //

ψi,j
��

Tn

pαbβqn
��

Ti,j`1
ui,j`1 // Tn`1
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Proposition 3.3.26. pA8 bB8, pαb βqn, pab bqnq is a filtered object. Suppose that

1. Filtered colimits commute with kernels.

2. b preserves colimits in each variable.

If A and B are exhaustive, then so is AbB.

Proof. By the preceding remarks there is a factorisation.

limÑi limÑj ImpAibBj Ñ AbBq Ñ limÑnpAbBqn “ limÑn

ď

i`j“n

ImpAibBj Ñ A8bB8q Ñ AbB

Since each map in the factorisation is an admissible monomorphism it suffices to show

that the composite is an isomorphism.

limÑi limÑj ImpAi bBj Ñ A8 bB8q – ImplimÑi limÑjAi bBj Ñ A8 bB8q

– ImpA8 bB8 Ñ A8 bB8q

“ A8 bB8

Proposition 3.3.27. A filtered object pH8, ti, hiq in an elementary quasi-abelian category

is flat if H8, and H8
L

Hi are flat.

Proof. Suppose that pH8, ti, hiq is flat. Let

0 // A // B // C // 0

Then

0 // F0A // F0B // F0C // 0

is exact in FiltpEq. Therefore

0 // H b F0A // H b F0B // H b F0C // 0

is exact. In particular

0 // H8 bA // H8 bB // H8 b C // 0
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is exact. Hence H8 is flat. Moreover, by assumption we have the following diagram with

exact columns and exact top two rows.

0

��

0

��

0

��
0 // ImpHi bAÑ H8 bAq //

��

ImpHi bB Ñ H8 bBq //

��

ImpHi b C Ñ H8 b Cq //

��

0

0 // H8 bA //

��

H8 bB //

��

H8 b C //

��

0

0 //
´

H8
L

Hi

¯

bA //

��

´

H8
L

Hi

¯

bB //

��

´

H8
L

Hi
¯

b C //

��

0

0 0 0

Therefore the third row is exact, so H8
L

Hi is flat.

We’re not sure how to precisely classify flat objects. However we have the following.

Proposition 3.3.28. Let X be a flat object of E. Then for any i ě 0, FiX is a flat object

of FiltpEq.

Proof. If X is flat and A “ pA8, αi, aiq is an object of FiltpEq, then pFiX b Aqj is 0 for

j ă i and X b Aj for j ě i. From the definition of exact sequenecs in FiltE it is clear that

FiX bA is exact.

Corollary 3.3.29. Let E be a monoidal elementary quasi-abelian category. Then FiltpEq

is a monoidal elementary quasi-abelian category.

Model Structure on Filtered Chain Complexes

The results in the previous sections imply the following.

Proposition 3.3.30. Let E be an elementary quasi-abelian category. Then the projective

model structure exists on ChpFiltpEqq and is cellular and combinatorial.

Proposition 3.3.31. Let f : AÑ B be a map of exhaustively filtered complexes. Then

1. grpfq is an admissible monic if and only if f is.

2. grpfq is an admissible epic if and only if f is.

3. grpfq is a cofibration then so is f .
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4. grpfq is a quasi-isomorphism if and only if f is.

Proof. 1. Suppose that grpfq is an admissible monic. Let C be the cokernel of f . Let us

show by induction that for each i

0 Ñ Ai Ñ Bi Ñ Ci Ñ 0

is exact. For i “ 0 this is true by assumption. Suppose it has been shown for i ď n.

Consider the following commutative diagram

0

��

0

��

0

��

0

0 // An //

��

Bn //

��

Cn //

��

0

0 // An`1
//

��

Bn`1
//

��

Cn`1
//

��

0

0 // An`1

L

An //

��

Bn`1

L

Bn //

��

Cn`1

L

Cn //

��

0

0 0 0 0

The columns are exact. By assumption the bottom row is exact. By the inductive

step the top row is exact. Hence by the 3 ˆ 3 lemma the middle row is exact. The

converse is proved similarly, by applying the 3ˆ 3 lemma this time with the top two

rows exact.

2. This is proved in exactly the same way as part 1.

3. By Part 1 it remains to show that each Ci is cofibrant. Again we do this by induction.

For i “ 0 again this is true by assumption. Suppose it has been shown that Ci is

cofibrant for i ď n. There is an exact sequence

0 // Cn // Cn`1
// Cn`1

L

Cn // 0

The first and last terms are cofibrant. Hence the middle term is as well.

4. By Parts 1 and 2 the functor gr reflects admissible morphisms. Thus it is sufficient

to show that it reflects short exact sequences. This is proved in exactly the same way

as Part 1.
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3.4 Homotopy in Additive Model Categories

In this section the goal is to investigate when homotopy equivalences in additive model

categories are in fact weak equivalences. Let us first make the following straightforward

observations.

Proposition 3.4.1. Let E be an additive category. Let M be a class of morphisms in E.

Then the classes of morphisms Mä̋ and ä̋M are closed under taking direct sums.

Immediately we get the following result.

Corollary 3.4.2. Let f : X Ñ Y and g : A Ñ B be weak equivalences. Then f ‘ g :

X ‘AÑ Y ‘B is a weak equivalence.

Proposition 3.4.3. Let f : X Ñ Y be a weak equivalence, and let g : X Ñ Y be a map

which factors through a trivial object W . Then f ` g is a weak equivalence.

Proof. Write g “ q ˝ p where p : X Ñ W and q : W Ñ Y , with W being a trivial object.

We can factor f ` g as

X // X ‘W // Y ‘W // Y

The middle map is a weak equivalence by assumption. It therefore suffices to show that

the maps X Ñ X ‘W and Y ‘W Ñ Y are weak equivalences. By duality, it is sufficient

to show that X Ñ X ‘W is a weak equivalence. Now the projection X ‘W Ñ X is a

weak equivalence by Corollary 3.4.2. The composition X Ñ X ‘W Ñ X is the identity,

and is therefore a weak equivalence. By the 2-out-of-3 property, X Ñ X ‘W is a weak

equivalence.
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Chapter 4

Homotopy Theory of Algebras in
Exact Categories

In this chapter we develop the homotopy theory of algebras in monoidal elementary exact

categories. We begin showing that transferred model structures exist on categories of al-

gebras over operads in very general additive model categories. We then study co-operadic

and operadic versions of Koszul duality in monoidal elementary quasi-abelian categories.

We show that many results known for categories of vector spaces work in this very broad

setting. In particular we give an interpretation of Koszul duality for Lie and commutative

algebras in terms of the shifted cotangent complex. We conclude by studying analytic (non-

formal) fattenings of formal neighbourhoods of differentially graded Lie algebras. For basic

definitions and results about operads and their algebras in monoidal additive categories

consult Appendix B.

4.1 Higher Algebra Settings

In this section we will let E be a complete and cocomplete, locally presentable additive

category. We further assume that E is endowed with an additive Kan-complex enriched

monoidal model structure which satisfies the monoid axiom, is combinatorial, is proper,

and has an additive homotopy category. We do not assume that either the model structure

or the monoidal structure are compatible with the exact structure. An additive category

satisfying all of the above assumptions will be called a higher algebra setting (HAS)

(c.f. the notion of HAG in [79]). An HAS is said to be a strong HAS if there is a set

of generating acyclic cofibrations which are split monomorphisms with trivially cofibrant

cokernel. A strong HAS is said to be a rigid HAS if tensoring with cofibrant objects

preserves weak equivalences. Note that by [51] Theorem 5.5.1.1 a HAS presents a locally

presentable p8, 1q-category E. We have the following obvious but extremely useful technical

property of strong higher algebra settings.
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Proposition 4.1.1. Let E be a strong HAS. Then any acyclic cofibration f : A Ñ B is a

retract of a map of the form X Ñ X ‘ Y where Y is trivially cofibrant.

Example 4.1.2. Let pE ,b,Hom, kq be a locally presentable closed monoidal elementary

exact category. Then pChě0pEq,b, S0pkqq is a rigid HAS. If countable coproducts are ad-

missibly coexact and countable products are admissibly exact then pChpEq,b,Hom, S0pkqq

is also a rigid HAS.

Proof. By Theorem 3.2.13 and Theorem 3.2.14 these are monoidal model categories which

satisfy the monoid axiom. By Theorem 3.2.3 and Theorem 3.2.7 they are combinatorial, and

have generating acyclic cofibrations which are split monomorphisms with trivially cofibrant

cokernel. The standard proof that derived categories of abelian categories are additive

goes through for exact categories. By Corollary 3.2.31 the projective model structure on

ChpEq is Kan complex-enriched. To see that this HAS is rigid, let C be cofibrant. Then

0 Ñ C is a cofibration. In particular C is the cokernel of a cofibration. Thus it suffices

to show that tensoring with the cokernel of a cofibration preserves weak equivalences. It

in fact suffices to show that tensoring with cokernels of generating cofibrations preserves

weak equivalences. But the cokernel of a generating cofibration is either SnpP q or DmpP 1q

for P, P 1 projective. Since projectives are flat, tensoring with such objects clearly preserves

weak equivalences.

4.1.1 Familiar Homotopical Algebra in Higher Algebra Settings

Modules

Proposition 4.1.3. Let pE ,b, kq be a HAS and let R be a commutative monoid in E.

Then with its transferred model structure and induced closed symmetric monoidal structure,

(RMod ,bR,HomRq is a HAS. If pE ,b, kq is a rigid or strong HAS then so is (RMod ,bR,HomRq.

Proof. The transferred model structure exists by Theorem A.1.25. and is cofibrantly gener-

ated by Corollary A.1.16. Also by Theorem A.1.25 it is monoidal and satisfies the monoid

axiom. RMod is locally presentable by [53]. To see that its homotopy category is additive,

let M and N be R-modules. We may assume that M is cofibrant, and in fact that it is free

on a cofibrant object P in E . Then HomHopRMod qpR b P,Nq – HomHopEqpP,Nq which is

an abelian group by assumption. Finite biproducts are constructed in the obvious way.

Suppose that I is a set of generating acyclic cofibrations for E which are split monomor-

phisms. Then tidRb i : i P Iu is a set of generating acyclic cofibrations in RMod . Tensoring

with R clearly preserves split exactness of a sequence, so RMod also has a set of generating

acyclic cofibrations which are split monomorphisms with trivially cofibrant cokernel.
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Finally suppose that E is rigid. Let X be a cofibrant object of RMod . Then X is a

retract of an object of the form R b A where A is a cofibrant object of E . Thus it suffices

to show that tensoring with RbA over R preserves weak equivalences. This is clear.

Let pE ,b,Hom, kq be a locally presentable closed, projectively monoidal, elementary

exact category. Suppose that countable coproducts are admissibly coexact and countable

products are admissibly exact and let R be a commutative monoid in E . By Proposition

2.2.24 RMod is again an elementary exact category, and it is locally presentable. Thus

ChpRMod q is equipped with a combinatorial projective model structure, and has a set of

generating acyclic cofibrations which are split monomorphisms with trivially cofibrant cok-

ernel. However the induced monoidal structure on RMod , namely ´ bR ´ need not be

compatible with the exact structure. This one of our motivations for considering higher

algebra settings rather than just pseudo-compatible model structures on monoidal exact

categories. We also want to consider model structures on modules over commutative differ-

ential graded algebras. It is however useful to know that in these cases the model structures

are left pseudo-compatible (resp. compatible).

Categories of Algebras

Recall that if we have an adjunction F : C Õ D :G and C is a model category, we can

investigate when the transferred model structure exists on D. For details see Section

A.1.4. We are interested in the case of the free-forgetful adjunction for algebras over an

operad.

Definition 4.1.4. An operad P in E is said to be admissible if the transferred model

structure exists on AlgPpEq.

The next result follows immediately from Theorem A.1.25

Proposition 4.1.5. Let E be a HAS. Then the associative operad Ass is admissible.

Now we turn to commutative monoids. If a (strong/ rigid) HAS E is enriched over

VectQ rather than just Ab, we shall call it a (strong/ rigid) Q-HAS. We denote the category

of unital commutative monoids by AlgCommpEq and of non-unital commutative monoids by

AlgCommnupEq.

Proposition 4.1.6. Let E be a strong Q-HAS. Then the operads Comm and Commnu are

admissible.
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Proof. The forgetful functor AlgCommpEq Ñ E preserves filtered colimits. Thus we may apply

Corollary A.1.16. The transferred model structure exists on AsspEq by Proposition 4.1.5.

In particular the functor T : E Ñ AsspEq preserves acyclic cofibrations. By Proposition

B.1.1, for any map X Ñ Y in E , the map SpXq Ñ SpY q is a retract of T pXq Ñ T pY q. In

particular if X Ñ Y is an acyclic cofibration in E , then SpXq Ñ SpY q is a weak equivalence

in E . Now suppose g is a generating acyclic cofibration in E . We may assume g is an

inclusion as a direct summand, i.e. of the form X Ñ X ‘ Z where Z is trivially cofibrant.

Since S is a left adjoint it preserves colimits, so SpX ‘Zq – SpXq b SpZq, and Spgq is the

map idSpXq b 1SpZq where 1SpZq is the unit of the commutative monoid SpZq. Consider a

push-out diagram

SpXq

Spgq

��

// A

Spgq1

��
SpXq b SpZq // B

Then B is isomorphic to AbSpXq pSpXq b SpZqq – Ab SpZq and under this isomorphism

Spgq1 is idA b 1SpZq. Any transfinite composition of such maps will again be of the form

t : A Ñ A b SpY q with Y trivially cofibrant, since both b and S preserve colimits and

coproducts of trivially cofibrant objects are trivially cofibrant. Now k “ Sp0q Ñ SpY q

is a split monomorphism with cokernel
À

ně1 S
npY q.

À

ně1 S
npY q is trivially cofibrant.

Therefore Sp0q Ñ SpY q is an acyclic cofibration. By assumption p´q b A sends acyclic

cofibrations to weak equivalences. In particular t is a weak equivalence.

For the category AlgCommnupEq the proof is similar. In this category the coproduct of

two non-unital commutative monoids A and B is A ‘ B ‘ A b B. If g : X Ñ X ‘ Z is a

generating acyclic cofibration as before Then SnupXq Ñ SnupX‘Zq – SnupXq‘SnupZq‘

SnupXq b SnupZq. The map Snupgq is the natural inclusion. If

SnupXq

Spgq

��

// A

Spgq1

��
SnupXq ‘ SnupZq ‘ pSnupXq b SnupZqq // B

Then B is isomorphic to A‘ SnupZq ‘Ab SnupZq and Spgq1 is the natural inclusion. The

cokernel of this map is SnupZq ‘ pAb SnupZqq which is trivially cofibrant by the first part

of the proof.

Finally we turn to Lie monoids.

Proposition 4.1.7. Let pE ,b, kq be a Q-HAS. Then Lie is admissible.
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Proof. Let f : X Ñ Y be a generating trivial cofibration in E and suppose

LpXq

Lpgq

��

f // A

g1

��
LpY q

f 1 // B

is a pushout diagram in LiepEq. Since U is a left-adjoint the following diagram

T pXq

T pgq

��

Upfq // UpAq

Upg1q
��

T pY q
Upf 1q // UpBq

is a pushout in AsspEq. Now as a left adjoint, the functor U preserves colimits. Thus if m

is a transfinite composition of pushouts of images Lpgq of generating acyclic cofibrations

g, then Upmq is a transfinite composition of pushouts of images T pgq of generating acyclic

cofibrations g. By Theorem 4.1.5 and Theorem A.1.14 Upmq is acyclic. But m is a retract

of Upmq by Theorem B.1.2. Hence m is also a weak equivalence.

In strong pseudo-left compatible model structures we also have the following technical,

but useful, fact.

Proposition 4.1.8. Let E be a Q-HAS whose underlying model structure is a strong left

pseudo-compatible model structure. Then the model category AlgCommpEq is left proper.

Proof. Let f : X Ñ Y be a weak equivalence and g : X Ñ Z a cofibration. Consider the

pushout diagram

X
f //

g

��

Y

g1

��
Z

f 1 // Z bX Y

Since acyclic cofibrations are stable under pushout along any map we may assume that f

is an acyclic fibration. So there is an exact sequence 0 Ñ W Ñ X Ñ Y Ñ 0 with W PW.

Then Z bX Y – cokerpW Ñ Zq. The map W Ñ Z is an admissible mono, so there is an

exact sequence 0 ÑW Ñ Z Ñ ZbX Y Ñ 0. In particular f 1 is an admissible epimorphism

with kernel W PW, and is in fact an acyclic fibration.

4.1.2 Interval Higher Algebra Settings

To prove that categories of algebras over more general operads are equipped with transferred

model structures we need our model category to have an interval object (see Section A.1.5).
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Definition 4.1.9. An interval higher algebra setting (IHAS) is a rigid HAS to-

gether with a good coassociative coalgebra interval object pr0, 1s,∆, εq, and a generating set of

acyclic cofibrations of the form t0 Ñ CγuγPΓ such that the objects Cγ are r0, 1s-contractible.

Our main example is of course chain complexes in a monoidal elementary quasi-abelian

category.

Example 4.1.10. Let E be a monoidal exact category. Consider in Chě0pEq ãÑ ChpEq the

complex r0, 1s

0 // kq
d // kp1 ‘ kp1

// 0

Here for each index α P tq, p1, p2u kα is just a copy of k. The differential kq Ñ kp1 ‘ kp2 is

given by

d “

ˆ

Id
´Id

˙

As in the case of R-modules (see for example [74]) this can be endowed with a coassoca-

tive coalgebra structure. If E is a monoidal elementary exact category then it is a good

coassociative coalgebra interval object for the projective model structure.

Proposition 4.1.11. Let E be an IHAS Let f : AÑ B and g : AÑ B be maps such that

f „l
r0,1s g. If g is a weak equivalence then so is f .

Proof. The map f ´ g is homotopic to 0, so it factors through cokerpkbAÑ r0, 1s bAq –

cokerpk Ñ r0, 1sqbA. By assumption this is a trivial object, so we conclude by Proposition

3.4.3.

In particular we have that homotopy equivalences relative to r0, 1s are in fact weak

equivalences.

Proposition 4.1.12. Let E be an IHAS and f : AÑ B a homotopy equivalence relative to

r0, 1s. Then f is a weak equivalence.

Proof. Pick a homotopy inverse g for f . Then g ˝ f „l
r0,1s IdA and f ˝ g „l

r0,1s IdB. By

Proposition 4.1.11 f ˝ g and g ˝ f are weak equivalences. By the 2-out-of-6 property, f and

g are weak equivalences.

Let us briefly discuss properties of r0, 1s-contractible objects in interval higher algebra

settings. Let M be r0, 1s-contractible. That is the 0 map M Ñ 0 is a homotopy equivalence

relative to r0, 1s. This means that there is a map H : r0, 1s bM Ñ M with H0 “ 0 and

H1 “ IdM .

Proposition 4.1.13. Let Y “ X ‘ C. If Y is r0, 1s-contractible then so is X.
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Proof. Let H : r0, 1s b Y Ñ Y be a map such that H0 “ 0 and H1 “ IdY . Consider the

map HX : r0, 1s bX Ñ X defined by the composition.

r0, 1s bX // pr0, 1s bXq ‘ pr0, 1s b Y q – r0, 1s b pX ‘ Cq
H// X ‘ C // X

This gives a homotopy between idX and 0.

Proposition 4.1.14. Let E be an IHAS and f : A Ñ B an trivial cofibration in E with

cokernel C. Then C is r0, 1s-contractible. In particular trivially cofibrant objects in E are

r0, 1s-contractible.

Proof. By Proposition 4.1.1 f is a retract of a trivial cofibration map of the form X Ñ X‘Y

where the map includes X as a direct summand and Y is a coproduct of the objects tCγuγPΓ.

In particular C is a summand of Y .

Proposition 4.1.15. Let E be an IHAS and R a commutative monoid object in E. Then

RMod is an IHAS.

Proof. Let pr0, 1s,∇, εq be a coalgebra interval in E . The functor R b p´q : E Ñ RMod is

strong monoidal, so pRbr0, 1s, Rb∇, Rb εq is a co-associative coalgebra interval in RMod .

Moreover the functor Rb preserves cofibrations and weak equivalences between cofibrant

objects, so the coalgebra interval is good.

Homotopy of Σ-modules

Let E be an IHAS with coassociative coalgebra interval pr0, 1s,∆, εq, and a generating set

of acyclic cofibrations of the form t0 Ñ CγuγPΓ with Cγ being r0, 1s-contractible. Consider

the category Gr pEq. This can be endowed with a monoidal model structure in which weak

equivalences, fibrations and cofibrations are defined degree-wise. It is clearly a higher al-

gebra setting. Regarding pr0, 1s,∆, εq as a graded object concentrated in degree 0 gives a

good coassociative coalgebra interval in Gr pEq. A generating set of acyclic cofibrations is

given by t0 Ñ CγuγPΓ,ně0 and each of these is r0, 1s-contractible. In particular Gr pEq is an

IHAS.

Moreover as modules over an associative monoid in Gr pEq the category of Σ-modules

(see Appendix B) has a transferred model structure.

Proposition 4.1.16. 1. Let f : M Ñ N be a morphism of Σ-modules and X an object

of E. If f is an acyclic cofibration then f ˝ IdX is a weak equivalence.

2. Let f : M Ñ N be a morphism in E and X a Σ-module. If X is cofibrant and f is

an acyclic cofibration then idX ˝ f is a weak equivalence.
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Proof. 1. We may assume f is a generating acyclic cofibration, so it is of the form

0 Ñ P b Σn where P is trivailly cofibrant in E . Then f ˝ IdX is 0 except in arity n,

where it is 0 Ñ P bXbn which is a weak equivalence by assumption.

2. This is similar to part 1, again noting that X is a retract of an object of the form

Y b Σ with Y cofibrant in Gr pEq.

Homotopy of Operadic Algebras

Let pA, γA, ηAq be an algebra over an operad P. Since the unit ηA satisfies γA ˝ ηA “ IdA

we immediately get the following.

Proposition 4.1.17. Let A be a P-algebra. The map γA : PpAq Ñ A is a split epimor-

phism. Moreover, KerpγAq is the regular ideal generated by the image of the endomorphism

IdPpAq ´ ηA ˝ γA P EndEpPpAqq.

Split Operads

Recall the adjunction between the categories of symmetric and non-symmetric operads.

p´qΣ : Opns Õ Op :| ´ |

As we shall see it is reasonably straightforward to put a model structure on categories of

algebras over a non-symmetric operad. If a symmetric operad P were ‘split’, i.e. the counit

of the adjunction |pPqΣ| Ñ P had a section then it would also be easy to put a model

category structure on AlgP. Following [36] this is possible even with a weaker notion of

splitting. Denote by ă n ą the ordered set t1, . . . , nu and by Σn the nth symmetric group.

A monotone injective map f :ă s ąÑă n ą induces an injective group homomorphism

ιf : Σs Ñ Σn as follows

ιf pρq “

#

i i R Impfq

fpρpjqq i “ fpjq

It also induces a map of sets ρf : Σn Ñ Σs by ρ “ ρf pσq precisely if

ρpiq ă ρpjq ô σpfpiqq ă σpfpjqq

Also define the set

Tf “ tσ P Σn : σ ˝ f :ă s ąÑă n ą is monotone u
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By a Lemma in [36] any σ P Σn can be written uniquely as

σ “ τιf pρq

where τ P Tf and ρ P Σs. Moreover ρ “ ρf pσq. If M is a Σn-module then we also denote

by ρf the map

ρf : M b Σn ÑM b Σs

given by

M b Σn
τbρf //M b Σs

where τ is the automorphism of M determined by τ P Σn.

Definition 4.1.18. Let P be an operad in E. A Σ-splitting of P is a collection tpnq :

Ppnq Ñ |P|Σpnq of maps in E such that

1. tpnq is Σn-equivariant.

2. π ˝ tpnq “ id : Ppnq Ñ Ppnq

3. For any m,n ą 0 and 1 ď k ď n the diagram below commutes.

Ppnq bPpmq

tbid
��

˝k // Ppn`m´ 1q

t

��

Ppnq b krΣns bPpmq

ρfbid

��

Ppn`m´ 1q b krΣn`m´1s

ρg

��

Ppnq b krΣn´1s bPpmq

σ23
��

Ppnq bPpmq b krΣn´1s
˝kbid // Ppn`m´ 1q b krΣn´1s

An operad which admits a Σ-splitting is said to be Σ-split.

If E is a Q-HAS then any operad is split via the map

tpnq “
1

n!

ÿ

σPΣn

σ´1 b σ

We are going to prove the following generalization of [36] Theorem 4.1.1.

Theorem 4.1.19. Let E be an IHAS.
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1. If P is a non-symmetric operad then the transferred model structure exists on AlgP.

2. Suppose that the underlying additive category of E is quasi-abelian. If P is a split

symmetric operad then the transferred model structure exists on AlgP.

Proof. 1. We need to check that for a P-algebra A, and for X trivially cofibrant, the

map i : AÑ A
š

PpXq is a weak equivalence. We may assume that 0 Ñ X is a gen-

erating trivial cofibration which is r0, 1s-contractible. We are going to prove the more

general statement that for an r0, 1s-contractible object X, the map A Ñ A
š

PpXq

is a homotopy equivalence.

Write V “ |A| ‘X. Let h̃ : r0, 1s bX Ñ X be a homotopy between the identity of X

and the map 0 : X Ñ X. Then the map h given by the composition

r0, 1s b p|A| ‘Xq
– // pr0, 1s b |A|q ‘ pr0, 1s bXq

εbid|A|‘h̃ // |A| ‘X

gives a homotopy between idV and the endomorphism α which is given by the following

composition

V Ñ X Ñ V

with the first map being the projection and the second the inclusion. Now there is

a natural map p : A
š

PpXq Ñ A defined as follows. Its restriction to A is the

identity while it restriction to PpXq is the unique map of algebras induced by the

0 map X Ñ A. By construction p ˝ i “ idA. We claim that i ˝ p is homotopy

equivalent to idA
š

PpXq. The map p can also be described as follows. Consider the

map PpV q Ñ PpAq induced by the projection V Ñ |A|. Let K be the kernel of the

map Pp|A|q Ñ A. Its preimage J in PpV q is the ideal in PpV q generated by K.

Moreover P
L

J is A
š

PpXq, and the induced map

A
ž

PpXq Ñ A

is p. Now by Proposition A.1.24 h extends to a homotopy H between idPpV q and the

composition p̃

PpV q Ñ Pp|A|q Ñ PpV q

It is sufficient to show that H|r0,1sbJ factors through K. Now since J is gener-

ated by ImPpiAq ˝ pIdPpAq ´ ηA ˝ γAq, by Propositions B.3.14 and B.3.15 it is suf-

ficient to check that H ˝ Idr0,1s b pPpiAq ˝ pIdPpAq ´ ηA ˝ γAqq factors through K,

i.e. that γA ˝ H ˝ Idr0,1s b pIdPpAq ´ ηA ˝ γAq “ 0. But by construction of H,

H ˝ IdI b pIdPpAq ´ ηA ˝ γAq : r0, 1s bPpAq Ñ PpAq is just p b pIdPpAq ´ ηA ˝ γAq.
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The composition is then clearly 0.

2. Consider the composition

H̃ “ r0, 1s b pP ˝ V q
Idbpt˝idV q // r0, 1s b ppPb Σq ˝ V q

„ // r0, 1s b pPns ˝ V q

H // Pns ˝ V // P ˝ V

Here Pns is the non-symmetric operad associated to P. H is the homotopy between

idPnspV q and the composition

PnspV q Ñ Pnsp|A|q Ñ PnspV q

and the map PnsbV Ñ PbV is given in each arity n by the projection PpnqbV bn Ñ

Ppnq bΣn V
bn. Since t is not a morphism of operads we cannot mimic the proof

for non-symmetric operads. For each r P N let γnsr denote the restriction of the

composition Pns ˝ A Ñ P ˝ A Ñ A to Pprq b Abr, and let Kns
r denote the image of

the composition

Pprq bAbr
pIdPprqbAbr ,´η

ns
A ˝γ

ns
r q// pPprq bAbrq ‘Bp1q bA // pPns ˝Aq b pPns ˝Aq

∆ // Pns ˝A

where the last map is the diagonal, and the second last map is the natural inclusion.

For r, s P N let Jnsr,s denote the image of the composition

Ppsq bKns
r b V s´1 //

À

mPpsq bPpmq b V m`s´1

À

m ˝1bIdVm`s´1 //

//
À

mPpm` s´ 1q b V m`s´1 // Pns ˝ V

Finally let Jr,s denote the image of Jnsr,s under the projection Pns ˝ V Ñ P ˝ V . Then

J “
ř

r,s Jr,s. A tedious diagram chase using condition (3) of Definition 4.1.18 shows

that H̃ maps r0, 1s b Jr,s to Jr,s. Therefore H̃ maps r0, 1s b J to J and we are done.

Corollary 4.1.20. Let E be a Q-IHAS and P any operad. Then P is admissible

4.1.3 Homotopical Algebra Contexts

Before moving on let us make a connection with geometry. Recall that in [79] Toën and Vez-

zosi introduce an abstract categorical framework in which one can ‘do’ homotopical algebra,

namely a homotopical algebra context. Let us recall the (slightly modified) definition.
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Definition 4.1.21. Let M be a combinatorial symmetric monoidal model category. We say

that M is an homotopical algebra context (or HA context) if for any A P AlgCommpM q.

1. The model category M is proper, pointed and for any two objects X and Y in M the

natural morphisms

QX
ž

QY Ñ X
ž

Y Ñ RX ˆRY

are equivalences.

2. HopM q is an additive category.

3. With the transferred model structure and monoidal structure ´bA, the category AMod

is a combinatorial, proper, symmetric monoidal model category.

4. For any cofibrant object M P AMod the functor

´bAM : AMod Ñ AMod

preserves equivalences.

5. With the transferred model structures AlgCommpAMod q and AlgCommnu
pAMod q are com-

binatorial proper model categories.

6. If B is cofibrant in AlgCommpAMod q then the functor

B bA ´ : AMod Ñ AMod

preserves equivalences.

Proposition 4.1.22. Let E be a rigid Q-HAS. Then it is a homotopical algebra context.

Proof. E is assumed to be proper, and its homotopy category is assumed to be additive. It

is clearly pointed. Since it is additive the natural maps

QX
ž

QY Ñ X
ž

Y Ñ RX ˆRY

are clearly equivalences. All that remains to prove is the final claim. Now if B is a cofibrant

A-algebra then it is a retract of the free A-algebra on a cofibrant A-module. But the free

A-algebra on a cofibrant A-module is cofibrant as an A-module. Hence BbA p´q preserves

equivalences by 4).
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The Cotangent Complex

By [79] Section 1.2 a homotopical algebra context has sufficient structure to define the

relative cotangent complex of a map f : A Ñ B in AlgCommpEq. Let us briefly recall the

discussion here. For a commutative monoid B write AlgaugCommpBMod q ..“ AlgCommpBMod q
L

B

for the category of augmented commutative B-algebras. There is an adjunction

K : AlgCommnupBMod qÕ AlgaugCommpBMod q :I

where K is the trivial extension functor and I sends an algebra C to the kernel of the

map C Ñ B. This is both an equivalence of categories and a Quillen equivalence of model

categories. There is also a Quillen adjunction

Q: AlgCommnupBMod qÕ BMod :Z

where QpCq is defined by the pushout

C bB C

��

// C

��
‚ // QpCq

and Z just equips a module M with the trivial non-unital commutative monoid structure.

Now given a map f : AÑ B in AlgCommpEq we define the relative cotangent complex by

L
B
L

A
..“ LQRIpB bL

A Bq

It is shown in [79] that L
B
L

A
corepresents the functor of p8, 1q-categories

BMod Ñ sSet, M ÞÑMap
AlgCommpAMod q

L

B
pB,B ˙Mq

where B ˙M is the square-zero extension of B by M (see Section B.3.2). Here Map is the

simplicial mapping space. We also write LB ..“ L
B
L

k
. Now let C be any A-algebra and

consider the category AlgCommpAMod q
L

C. There is a functor

AlgCommpAMod q
L

C Ñ CMod, B ÞÑ L
B
L

A
bL
B C

It is left adjoint to the functor sending a C-module M to the square zero extension C ˙M .

When C “ A “ k so that AlgCommpAMod q
L

k “ AlgaugComm we denote this functor by L0.

For cofibrant algebras we have the following result. The proof for vector spaces over a field

is standard (for more general operads it can be found in Section 12.3.19, [48]), and goes

through with minor modifications.
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Proposition 4.1.23. Let AÑ k be a cofibrant augmented algebra. Then L0pAq – cokerpIb

I Ñ Iq where I “ KerpA Ñ kq is the augmentation ideal. Suppose further that L0pAq is

cofibrant. Then LA – Ab L0pAq.

Proof. Since A is a cofibrant we may assume everything is underived. We need to show that

the functor sending A to the k-module cokerpI b I Ñ Iq is left adjoint to the square-zero

extension functor. Let f : AÑ k ˙M be map of augmented algebras. This induces a map

I ÑM of augmentation ideals which clearly descends to a map f̃ : cokerpI b I Ñ Iq ÑM .

Conversely suppose we are given a map g : cokerpI b I Ñ Iq Ñ M . Consider the map of

modules A – k
š

I Ñ k
š

I
L

I2 Ñ k
š

M . This is in fact a map of algebras A Ñ k ˙M .

These maps on hom sets are inverse, realising the adjunction. For the second assertion note

that A is cofibrant in the slice category over A. Thus we need to show that

Hom
Alg E

L

A
pA,A˙Mq – Hom

AMod pAb L0pAq,Mq – HomEpL0pAq,Mq

– HomEpI
L

I2,Mq

This computation is entirely similar to the first part.

We will repeatedly make use of the following facts which constitute Proposition 1.2.1.6

in [79].

Proposition 4.1.24. 1. Let f : AÑ B and g : B Ñ C be morphisms of algebras. Then

there is a homotopy cofiber sequence in CMod .

L
B
L

A
bL
B C Ñ L

C
L

A
Ñ L

C
L

B

2. If

A

��

// B

��
A1 // B1

is a homotopy pushout in AlgCommpEq then the natural map L
B
L

A
bL
B B

1 Ñ L
B1
L

A1
is

an equivalence.

Homotopy Epimorphisms

Let us now briefly discuss the homotopy epimorphisms which appear in the covers of the

Stein topology studied in [5]. Recall that in a category C with pushouts a map A Ñ B

is an epimorphism if and only if the induced map B
š

AB Ñ B is an isomorphism. This

motivates the following derived notion of an epimorphism.
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Definition 4.1.25. Let M be a model category. A morphism f : AÑ B in M is said to be

a homotopy epimorphism if the induced map B
šL
AB Ñ B is an equivalence.

Let us make the following straightforward observation.

Proposition 4.1.26. Let f : A Ñ B be a homotopy epimorphism. Let g : X Ñ Y and

h : X Ñ A be any maps. Then the induced map

A
L
ž

X

Y Ñ B
L
ž

X

Y

is a homotopy epimorphism. In particular if M is left proper and g is a cofibration then the

map

A
ž

X

Y Ñ B
ž

X

Y

is a homotopy epimorphism.

Proof. We have

pB
L
ž

X

Y q
ž

A
šL
X Y

pB
L
ž

X

Y q – pB
L
ž

A

Bq
L
ž

X

pY
L
ž

Y

Y q – B
L
ž

X

Y

The second assertion follows because in this case the normal pushout is the homotopy

pushout.

The following is an obvious generalisation of a calculation in [10] Lemma 4.40

Proposition 4.1.27. Let f : AÑ B be a map. Then f is a homotopy epimorphism if and

only if for any map g : B Ñ C the map

B
L
ž

A

C Ñ C

is an equivalence.

Proof. We have

B
L
ž

A

C – B
L
ž

A

B
L
ž

B

C – B
L
ž

B

C – C

Proposition 4.1.28. Let h be the composition

A
f // B

g // C

If h and f are homotopy epimorphisms then so is g. If f and g are homotopy epimorphisms

then so is h.
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Proof. Suppose that h and f are a homotopy epimorphisms. Then we have

C – C
L
ž

A

C – C
L
ž

B

B
L
ž

A

C – C
L
ž

B

C

Now suppose that f and g are homotopy epimorphisms. Then we have

C – C
L
ž

B

C – C
L
ž

B
šL
AB

C – C
L
ž

A

C

The following is clear and applies to all the higher algebra settings we consider.

Proposition 4.1.29. Suppose that direct limits preserve weak equivalences in M . Let A :

I Ñ M , B : I Ñ M be direct systems and f : A Ñ B a natural transformation. Suppose

that for each i the map fi : Ai Ñ Bi is a homotopy epimorphism. then

limÑfi : limÑAi Ñ limÑBi

is a homotopy epimorphism.

We will exploit the following relationship between homotopy epimorphisms and cotan-

gent complexes. It is a direct consequence of [79] Corollary 1.2.6.6. Note that chain com-

plexes are stable model categories.

Proposition 4.1.30. Let E be a homotopical algebra context which is stable as a model

category and let f : AÑ B be a homotopy epimorphism. Then L
B
L

A
– 0 and LA bL

A B Ñ

LB is an equivalence.

4.2 Koszul Duality

In this section E we will be a monoidal elementary quasi-abelian category. We shall consider

operads and their algebras in the category ChpEq. We fix an operad P, a co-operad C and

a twisting morphism α : CÑ P. Recall (see Appendix B for details) that this gives rise to

the bar-cobar ajdunction

Ωα : coAlgnilC Õ AlgP :Bα

Our goal is to generalize Koszul duality results of [82] which for E “ kVect say that this is

a Quillen equivalence.
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4.2.1 Cofibrant Co-operads and Cof-nilpotent Coalgebras

First we need to refine the class of coalgebras under consideration.

Definition 4.2.1. A filtered co-operad pC,∆q in ChpFiltpEqq is said to be cofibrant if its

underlying filtered Σ-module is cofibrant.

Definition 4.2.2. A filtered C-coalgebra pC,∆q is said to be cofibrant if it is cofibrant as a

filtered object.

From now on we shall assume that our co-operad is weight graded, C “
À8

0 Cpωq where

C0 “ I. There is of course an associated weight filtration. A coalgebra C is equipped

with a canonical coradical filtration, where Cn is given by the following pullback

Cn

��

// C

∆
��

Àn
ω“0 C

pωqpCq // CpCq

We also write ∆C
..“ ∆C ´ i where i : C Ñ I ˝ C Ñ C ˝ C is the inclusion.

Definition 4.2.3. A coalgebra C is said to be conilpotent if its coradical filtration is

exhaustive.

We need a more homotopical notion.

Definition 4.2.4. Let C be a co-operad. A C-colgebra C is said to be cof-nilpotent if

it is a conilpotent C-coalgebra, and with its coradical filtration is cofibrant as an object of

ChpFiltpEqq.

Proposition 4.2.5. Let pC,∆q be a filtered cofibrant co-operad. Then for any cofibrant

object V of E, C ˝ V is cof-nilpotent.

Proof. Since C is cofibrant as a filtered Σ-module, it is a retract of a Σ-module of the form

P b krΣs for some filtered cofibrant object P . Thus C ˝ V is a retract of P ˝ns V which is

filtered cofibrant. Let K denote the cokernel of the map ∆ : C Ñ C ˝ C. Then K is also

filtered cofibrant. Moreover, ˝ preserves cokernels, so cokerp∆˝ IdV q – K ˝V . By the same

proof as before, this is cofibrant.
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4.2.2 Koszul Morphisms

In this and the following section we generalize Theorem 2.1 parts (1) and (3) of [82] to

monoidal elementary quasi-abelian categories. Essentially we shall set up the necessary

technical machinery so that we can generalise the proof in [82] (and also some of the proofs

in [39]) to quasi-abelian categories. As will become clear, some of the proof goes through

with only minor modifications, while some requires significant effort to generalise. We

regard ChpEq as an IHAS using the interval object r0, 1s defined in Example 4.1.10.

Definition 4.2.6. Let α : CÑ P be a twisting morphism.

1. A morphism f : C Ñ D of C-coalgebras is said to be a α-weak equivalence if Ωαf

is a quasi-ismorphism of P-algebras.

2. A morphism f : C Ñ D between filtered coalgebras is said to be a cofibration if |f |

is a cofibration of filtered objects.

3. A morphism f : C Ñ D of filtered coalgebras is said to be a α-fibration if it has

the right lifting property with respect to those maps which are both cofibrations and

α-weak equivalences.

We are specifically interested in the case that α is a Koszul morphism. We shall assume

from now on that P is a filtered operad with F0P – I. However when we consider the

category of algebras over P we shall forget this filtration.

Definition 4.2.7. A twisting morphism is said to be Koszul if

1. P is split, has cofibrant entries, and the differential lowers the filtration.

2. C is filtered cofibrant when equipped with its weight filtration, and the differential lowers

the weight filtration.

3. α preserves the filtration, and α|F0C “ 0.

4. P ˝α C ˝α PÑ P is a filtered homotopy equivalence relative to r0, 1s.

5. I Ñ P ˝α C is a filtered acyclic cofibration.

Note that this indeed gives the usual definition of a Koszul morphism from [82] when

E “ kVect , for k a field.

Theorem 4.2.8. Let α : CÑ P be Koszul. Then in Cof C every morphism can be factored

into admissible monomorphisms followed by α-acyclic fibrations, or admissible monomor-

phisms which are α-acyclic followed by fibrations. If all objects in ChpEq are cofibrant then

this forms a model structure.
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We shall prove this in several steps.

Definition 4.2.9. A filtered quasi-isomorphism of filtered coalgebras is a quasi-isomorphism

of the underlying filtered chain complexes.

With the machinery of filtered objects in quasi-abelian categories developed earlier, the

next two propositions generalise easily from [82].

Proposition 4.2.10. Suppose that P is an admissible operad. Then filtered quasi-isomorphisms

are α-weak equivalences.

Proof. Let f : C Ñ D be a filtered quasi-isomorphism of filtered C co-algebras. Consider

the following filtration on ΩαpCq “ pPpCq, d1 ` d2q:

FnΩαC “
ÿ

kě1, n1`...`nkďn

Ppkq bΣk pFn1C b . . .b FnkCq

Recall that d1 “ P ˝1 dC . Moreover by inspecting the formula defining d2 it lowers the

filtration. Thus grpΩαpCqq – pPpgrpCqqq. By assumption grpfq : grpCq Ñ grpDq is a

weak-equivalence of graded objects. Hence grpΩαfq “ Ppgrpfqq is a weak-equivalence. By

Proposition 3.3.31 Ωαf is a quasi-isomorphism.

Proposition 4.2.11. Suppose f : A Ñ A1 is a quasi-isomorphism of dg P-algebras whose

underlying chain complexes are cofibrant. Then Bαf is a filtered quasi-isomorphism of dg

C-coalgebras.

Proof. The weight filtration on the underlying graded object of BαA is given by

pBαAqn “
n
à

ω“0

CpωqpAq

Its differential is given by the sum dC˝IdA`IdC˝
1dA`d2 where d2 is the unique coderivation

extending the map

C ˝A
α˝IdA// P ˝A

γA // A

The formula defining this coderivation implies that d2 lowers the filtration. By assumption

dC ˝ IdA also lowers the filtration. So

grpBαfq “ Cpfq : pCpAq, IdC ˝
1 dAq Ñ pCpAq, IdC ˝

1 dAq

which is a quasi-isomorphism.

Proposition 4.2.12. Let α be a Koszul morphism and C a cof-nilpotent C-coaglebra. Then

the unit ναpCq : C Ñ BαΩαC is an α-weak equivalence and an admissible monomorphism.
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Proof. On underlying graded objects, the unit is the composition

C
∆C // CpCq – C ˝ I ˝ C // // C ˝P ˝ C

Both of these maps are clearly admissible monomorphisms.

Let us now show that ναpCq is an α-weak equivalence. Consider the filtration on ΩαC

given by

FnΩαC “
ÿ

kě1,m`n1`...`nkďn

FmPpkq bΣk pFn1C b . . .b FnkCq

and the one on ΩαBαΩαC given by

FnΩαBαΩαC “
ÿ

kě1,p`q`m`n1`...`nkďn

pFpP ˝ FqC ˝ FmPqpkq bΣk pFn1C b . . .b FnkCq

ΩαpναpCqq preserves these filtrations. Passing to associated graded objects gives

grpΩαpναpCqqq : grpΩαCq Ñ grpΩαBαΩαCq

The underlying object on the left-hand side is grpPq ˝ grpCq and the underlying object on

the right-hand side is grpP ˝ C ˝Pq ˝ grpCq. Now consider the filtration on grpΩαCq given

by

FngrpΩαCq “
ÿ

kě1,n1`...`nkďn

grpPpkqq b grn1pCq b . . .b grnkpCq

and the filtration on grpΩαBαΩαCq given by

FngrpΩαBαΩαCq “
ÿ

kě1,n1`...`nkďn

pP ˝ C ˝Pqpkq bΣk pgrn1pCq b . . .b grnkpCqq

Then grpΩαpναpCqqq preserves these filtrations. The associated graded of the filtration on

grpΩαCq is grpPq ˝ grpCq, and the associated graded of the filtration on grpΩαBαΩαCq is

grpP˝α C˝αPq ˝grpCq. Denote by g̃rpΩαpναpCqqq the associated graded of grpΩαpναpCqqq.

The composite

grpPq ˝ grpCq
g̃rpΩαpναpCqqq // grpP ˝α C ˝α Pq ˝ grpCq // grpPq ˝ grpCq

is the identity. The map grpP˝αC˝αPq˝grpCq Ñ grpPq˝grpCq is a homotopy equivalence

relative to r0, 1s and hence is a weak equivalence. By the 2-out-of-3 property g̃rpΩαpναpCqqq

is an equivalence. Therefore ΩαpναpCqq is an equivalence.
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Standard Cofibrations

Because complexes in a general quasi-abelian category don’t split the discussion of standard

cofibrations as defined in [82] Section 2.4 is significantly more involved Let pV‚, dV q be a

cofibrant object in ChpEq, pA‚, dAq a P-algebra, and α : V Ñ A be a degree ´1 map of

graded objects. There is then an induced map of graded objects

V Ñ AÑ A
ž

PpV q

By Proposition B.3.11 there is then a unique derivation of degree ´1

dα : A
ž

PpV q Ñ A
ž

PpV q

whose restriction to V is α. We denote this algebra equipped with the derivation given by

dA ` dα by A
š

αPpV q.

Proposition 4.2.13. Suppose that α : V r1s Ñ A is a morphism of chain complexes. Then

A
š

αPpV q is a chain complex.

Proof. The derivation A
š

PpV q Ñ A
š

PpV qr1s is induced from the derivation

dP ˝ IdA‘B ` IdP ˝p1q pdA ` α` dBq : PpA‘Bq Ñ PpA‘Bqr1s

Therefore it suffices to show that this derivation squares to 0. This is a straightforward

computation.

Lemma 4.2.14. The embedding AÑ A
š

αPpV q is a cofibration of P-algebras.

First let us prove some auxiliary results. Let pV‚, dV q and pW‚, dW q be chain complexes,

and let f : V‚ ÑW‚ be a morphism of chain complexes. Suppose there are degree ´1 maps

ν : V‚ Ñ A‚ and ω : W‚ Ñ A‚ such that ω ˝ f “ ν, and both

A
ž

ν

PpV q and A
ž

ω

PpW q

are complexes. Then clearly the morphism IdA
š

Ppfq induces a morphism of chain com-

plexes

A
ž

ν

PpV q Ñ A
ž

ω

PpW q

Now, let V i
‚ be a diagram of chain complexes. Suppose there is a degree ´1 map

α : colimV i
‚ Ñ A. Composing with the maps fi : Vi Ñ colimV i

‚ gives degree ´1 maps

αi “ α ˝ fi : Vi Ñ A. Suppose that for each i A
š

αi
PpV iq is a chain complex.
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Proposition 4.2.15. There is an isomorphism of algebras

colimpA
ž

αi

PpV iqq – A
ž

α

PpV q

Proof. By the above remarks there is a map of algebras colimpA
š

αi
PpV iqq – A

š

αPpV q.

To see that is is an isomorphism we may forget the differentials, it which case it reduces to

the fact that coproducts and colimits commute.

Let f : V Ñ W and ν : V Ñ A be degree 0 maps and let ω : W Ñ A be a degree ´1

map. There is an induced degree ´1 map ν ` ω : conepfq Ñ A. There is also a degree ´1

map

V r1s
pν,´fq// A‘W // A

š

´ωPpW q

which we denote by ν Y p´fq.

Proposition 4.2.16. Suppose that ω : W r1s Ñ A is a map of complexes and that ν satisfies

ωn ˝ fn “ dAn ˝ νn ´ νn´1d
V
n

Then

1. ν Y p´fq is a map of chain complexes.

2. There is an isomorphism

A
ž

ν`ω

Ppconepfqq – pA
ž

´ω

PpW qq
ž

νYf

PpV r1sq

Proof. The first part is a direct computation. For the second part, let us forget the differ-

entials for the moment. Then we have

pA
ž

ω

PpW qq
ž

νYf

PpV r1sq – A
ž

PpW q
ž

PpV r1sq – A
ž

PpW ‘ V r1sq

“ A
ž

Ppconepfqq “ A
ž

ν`ω

Ppconepfqq

We need to check that this isomorphism preserves the differentials. Again this is a direct

computation.

Proof of Lemma 4.2.14. In fact we are going to show the following. Suppose that f : V Ñ

W is a cofibration of chain complexes. Let α : W Ñ A be a degree ´1 map. Then the

induced map

A
ž

α

PpV q Ñ A
ž

α˝f

PpW q
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is a cofibration of P-algebras. By Proposition 4.2.15 it is sufficient to show that this is

the case for the generating cofibrations SnpP q Ñ Dn`1pP q. First note that Dn`1pP q “

conepidSnpP qq. Therefore by Proposition 4.2.16 we reduce to showing that, given a degree

´1 map α : SnpP q Ñ A, the map A Ñ A
š

αPpS
npP qq is a cofibration. But in this case

we have pushout diagram

PpSn´1pP qq
γAPpαr´1sq //

��

��

A

��
PpDnpP qq // A

š

αPpS
npP qq

The left-hand vertical map is a cofibration, so as a pushout of a cofibration the right-hand

map is also a cofibration.

This result has numerous applications. Following [48] B.6.13 we define triangulated

quasi-free algebras.

Definition 4.2.17. A P-algebra A is said to be quasi-free if there is a cofibrant object

V of ChpEq such that the underlying graded algebra of A is isomorphic to the underlying

graded algebra of PpV q. A quasi-free algebra A is said to be triangulated if V is equipped

with a cofibrant filtration Vi such that d|Vi factors through PpVi´1q.

In particular quasi-free algebras on bounded below cofibrant objects are triangulated.

Corollary 4.2.18. A triangulated quasi-free algebra is cofibrant.

Proof. It is clear that the map 0 Ñ A is a standard cofibration, which is a cofibration by

Lemma 4.2.14

Immediately we get the following result.

Corollary 4.2.19. If A is quasi-free on a bounded below complex of projectives then A is

a cofibrant P-algebra.

This also allows us to generalise Proposition 2.8 of [82].

Proposition 4.2.20. Let pC,∆Cq and pC 1,∆C1q be C-coalgebras, and let i : C 1 Ñ C

be a morphism of coalgebras whose cokernel is a cofibrant chain complex. Suppose that

Imp∆CpCqq factors through CpC 1q. Then Ωαpiq is a cofibration of P-algebras.
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Proof. As graded objects there is an isomorphism C – C 1 ‘ E for some graded-projective

E, so (as graded objects)

ΩαC – PpC 1q
ž

PpEq

Under the decomposition C – C 1 ‘ E, dC is the sum of three degree ´1 maps

dC1 : C 1 Ñ C 1, dE : E Ñ E,α : E Ñ C 1

By assumption the composition

β : E // // C
∆C // CpCq

αpCq // PpCq

inducing the twisted differential on ΩαC factors through PpC 1q. Thus ΩαC
1 Ñ ΩαC is given

by the standard cofibration ΩαC
1 � ΩαC

1
š

α`β PpEq which is a cofibration by Lemma

4.2.14

Theorem 4.2.21. 1. The cobar construction Ωα preserves cofibrations and weak equiv-

alences between cofibrant objects.

2. The bar construction Bα preserves fibrations and weak equivalences between objects

whose underlying chain complex is cofibrant.

Proof. 1. Ωα preserves weak equivalences by definition. Now let f : C Ñ D be a cofi-

bration of conilpotent C-coalgebras with cokernel E. For any n P N consider the sub

coalgebra of D defined by

Drns “ fpCq ` Fn´1D

for n ě 1 and

Dr0s “ C

The definition of the weight filtration implies that ∆Drn`1spDrn`1sq Ă CpDrnsq. It

remains to check that Drns Ñ Drn`1s has a cofibrant cokernel. Let g : D Ñ E be the

cokernel of f . We claim that cokerpDrns Ñ Drn`1sq “ grnpEq. Since E is a cofibrant

object of FiltpEq this proves the claim. Let us first show that the map C‘FnD Ñ D is

admissible. It is sufficient to show that it is admissible after forgetting the differentials.

In this case D – C ‘ E, as filtered objects. and we have the following commutative

diagram

C ‘ FnD //

„

��

// D

„

��
C ‘ FnC ‘ FnE // C ‘ E
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The bottom map is clearly admissible, so the top one is as well. Consider the map

p0, gnq : C ‘ FnD � grnpEq

C ‘ FnD “ FnC is contained in its kernel, so we get a well defined map

C ` FnD Ñ grnpEq

which is an admissible epimorphism. We claim that its kernel is the map

Drns Ñ Drn`1s

Again we may ignore differentials. Then in the direct sum composition this map

corresponds to the inclusion

C ‘ Fn´1E ãÑ C ‘ FnE

which clearly has cokernel equal to grnpEq.

2. The fact that Bα preserves fibrations follows from the Part 1, definition of fibration

and the fact that Bα is a right adjoint. The second assertion follows from Proposition

4.2.10 and Proposition 4.2.11.

Proposition 4.2.22. Let C be a cooperad in a monoidal elemetnary exact category so that

each Cpnq is a retract of an object of the form C̃pnq b Σn with C̃pnq being flat in E. Let

f : A Ñ B and g : X Ñ Y be morphisms of cof-nilpotent coalgebras which are admissible

monomorphisms in E. Then gˆ f : AˆX Ñ BˆY is an admissible monomorphism in E.

Proof. The construction of products of coalgebras is dual to the construction of coproducts

of algebras. We therefore have a commutative diagram

CpA‘Xq
Cpf‘gq// CpB ‘ Y q

AˆX

OO

fˆg // B ˆ Y

OO

The top horizontal map is an admissible monomorphism. An explicit construction of the

product AˆX realises the map AˆX Ñ CpA‘Xq as a kernel so it is anadmissible monomor-

phism. By the obscure lemma the bottom horizontal map is an admissible monomorphism

as well.

Using this proposition, we have the following version of Lemma B.1 from [82] which can

be proved in the same way as in [82] .
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Lemma 4.2.23. Let D be a cofibrant C-coalgebra and p : A � ΩαD be a fibration of

P-algebras. Then in the following pullback diagram

BαAˆBαΩαD D

j

��

// D

ναD
��

BαA
Bαp // BαΩαD

the map j is an α-weak equivalence and an admissible monomorphism.

Remark 4.2.24. We expect that j should also be a cofibration. We originally had a proof

but found a gap shortly before submission. It is definitely true if all complexes involved are

bounded below. We expect the optimum set-up is to also consider the filtered model structure

on the P-algebra side.

With the technology developed above the proof of theorem 2.1 1) works in our setup,

as we show below.

Proof of Theorem 4.2.8. Suppose that f : C Ñ D is a morphism of cof-nilpotent C-coalgebras.

In AlgP we get the the following commutative diagram

ΩαC
Ωαf //

!!
i

!!

ΩαD

A

p
<< <<

where i is a cofibration, p a fibration, and one of them is a quasi-isomorphism. Applying

Bα we get the following commutative diagram.

BαΩαC
BαΩαf //

%%
Bαi

%%

BαΩαD

BαA

Bαp
99 99

and using the universal property we get the following commutative diagram

BαΩαC BαΩαD

BαA

C D

BαAˆBαΩαD D

BαΩαf

Bαi

Bαp

ναC

f

ĩ

ναD

p̃
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We first show that ĩ is an admissible monomorphism and p̃ is a fibration. p̃ is a fibra-

tion since it is the pullback of Bαp, which is a fibration by Proposition 4.2.21. The map

Bαi ˝ ναC is given by the composite PpiCq ˝∆C where iC is the restriction of i to C. It is

clearly an admissible monomorphism. By Lemma 4.2.23 f is an admissible monomorphism.

Hence ĩ is as well. Suppose that i is a weak equivalence. Then Bαi is a weak equivalence

by Proposition 4.2.11. By the two out of three-property ĩ is a weak-equivalence. A similar

proof shows that p̃ is a weak equivalence assuming p is.

Now suppose that all complexes are cofibrant. Then cofibrations are just admissible monomor-

phisms so we get the factorisation axioms for a model category. It remains to prove the

lifting property. Consider the following commutative diagram in CofnilC

E��

c
��

// C

f
����

F

α

>>

// D

where c is a cofibration and f is a fibration. The right lifting property for fibrations against

acyclic cofibrations is built into the definition of fibration. Thus it remains to check the

right lifting property for acyclic fibrations against cofibrations. Therefore we suppose now

that f is a weak equivalence. By the previous part of the proof we may factor f as p̃ ˝ ĩ

where ĩ is a cofibration, p̃ is a fibration, and by the 2-out-of-3 property, both are weak

equivalences. Again by the definition of fibration, there is a lift in the following diagram

C��

ĩ
��

idC // C

f
����

BαAˆBαΩαD D

r

88

p̃ // // D

It therefore remains to find a lift in the diagram

E��

c
��

// BαAˆBαΩαD D

p̃
����

F

88

// D

By the universal property of the pullback, it is sufficient to find a lift in the diagram

E��

c

��

// BαA

Bαp
��

F //

;;

BαΩαD
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By adjunction we can instead consider the diagram

ΩαE��

Ωαc
��

// A

p

��
F //

99

BαΩαD

By Proposition 4.2.21 Ωαc is a fibration, and by assumption p is an acyclic fibration. Using

the model category structure on AlgP gives the required lifting.

4.2.3 The ‘Quillen’ Adjunction

We denote by Alg |c|P the full subcategory of AlgP consisting of P-algebras whose underlying

chain complex is cofibrant. It inherits classes of fibrations, cofibrations and weak equivalec-

nes from the full category AlgP, but this does not necessarily form a model structure. We

also denote by Alg cP the full subcategory of AlgP consisting of cofibrant objects. This is a

model category with the model structure inherited from AlgP.

Proposition 4.2.25. Suppose that an operad P is split and each Ppnq is cofibrant. Then

the forgetful functor | ´ | : AlgP Ñ ChpEq preserves cofibrant objects.

Proof. Suppose that A is a cofibrant P-algebra. Then |A| is a retract of |PpV q| for some

cofibrant V in ChpEq. Therefore it is sufficient to check that |PpV q| is cofibrant. Since P is

split, it is sufficient to check that |pPbΣqpV q| is cofibrant. But this is just
À8

i“0 PpnqbV
bn.

By assumption each Ppnq is cofibrant, as is V .

Proposition 4.2.26. Let α : C Ñ P be a Koszul morphism, and let A be a P-algebra

which is cofibrant as a chain complex. Then BαA is cof-nilpotent. If C is a cof-nilpotent

C-coalgebra then ΩαC is a cofibrant algebra.

Proof. By Proposition 3.3.31 it is sufficient to show that grpBαAq is cof-nilpotent. But

grpBαAq – grpCpAqq. Therefore it is sufficient to prove that CpAq is cof-nilpotent for any

cofibrant chain complex A. This is obvious. The second assertion follows from the fact that

Ωα is a left adjoint functor which preserves cofibrations.

With our slightly more complicated definition of a Kosuzl morphism, we can generalise

the proof of [48] Theorem Corollary 11.3.8 to our setting.

Proposition 4.2.27. Let A P Alg |c|P . The counit εαpAq : ΩαBαAÑ A is a weak equivalence.

Proof. We filter the complex ΩαBαA as follows. The underlying graded object of ΩαBαA

is P ˝ C ˝A. We filter it by

FnΩαBαA “
ÿ

kě1,n1`...`nkďn

pPqpkq bΣk pFn1CpAq b . . .b FnkCpAqq
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This induces a filtration of the chain complex ΩαBαA. We regard A as a filtered algebra

via the functor F0. The counit then gives a morphism of filtered complexes. We consider

the spectral sequence associated to these filtered complexes. For a filterd complex C‚ we

denote by EipC‚q the direct sum of the complexes on the ith page of the spectral sequence

associated to C‚. Then E0pΩαBαAq – pP ˝α Cq ˝ A, while E0pF0pAqq – A – I ˝ A. Since

α is a Koszul morphism, the map j : I Ñ P ˝α C is an acyclic cofibration. Therefore

the map jA : A Ñ pP ˝α Cq ˝ A is a weak equivalence by Proposition 4.2.6. Moreover

E0pεαpAqq ˝ jA “ IdA. Therefore E0pεαpAqq is also a quasisomorphism. We now apply the

convergence theorem for spectral sequences of filtered complexes which can be bootstrapped

from the abelian version by passing to an abelianization.

Corollary 4.2.28. The bar and cobar constructions restrict to adjunctions

Ωα : CofnilC Õ Alg |c|P :Bα

Ωα : CofnilC Õ Alg cP :Bα

In both cases Ωα preserves cofibrations and acyclic cofibrations, while Bα preserves fibrations

and acyclic fibrations. Moreover the counit εαpAq is a weak equivalence for any algebra A,

and the unit ναpCq is a weak equivalence for any cof-nilpotent coalgebra C.

In particular if E “ Vectk for a field k then the first adjunction recovers the Koszul

duality theorem of [82]. We regard Cof C and Alg cP as relative categories By Corollary 2.9 in

[34] we have the following result.

Theorem 4.2.29. There is an adjoint equivalence of p8, 1q-categories.

Ωα : CofC Õ AlgP :Bα

4.2.4 The Koszul Dual Operad

Let C be a co-operad. The dualizing functor p´q_ : Homp´, kq : E Ñ Eop is lax monoidal,

so it induces a functor

p´q_ : coAlgC Ñ pAlgC_q
op

Now let α : CÑ P be a Koszul morphism.

Proposition 4.2.30. The functor p´q_ : Cof C Ñ pAlgC_q
op sends α-weak equivalences to

quasi-isomorphisms.

Proof. Dualizing preserves quasi-isomorphisms between cofibrant complexes and α-weak

equivalences are in particular quasi-ismorphisms.
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Definition 4.2.31. A Koszul morphism α : C Ñ P is said to be operadic if C_ is an

admissible operad.

From now on α : CÑ P will be an operadic Koszul morphism. We let

Ĉα : AlgP Ñ AlgScbHC_

denote the composition r´1s ˝ p´q_ ˝Bα. Here bH is the Hadamard tensor product defined

in Appendix 2.

Remark 4.2.32. The hat notation is supposed to invoke comparisons with formal power

series. This will be clear in the case of duality for the Lie operad as we shall see later.

The underlying graded algebra of Ĉαpgq is
ś

nppS
cpnq b Cpnqq bΣn gbnr1sq_. This has a

graded ‘polynomial’ subalgebra
À

nppS
cpnq b Cpnqq bΣn gbnr1sq_. One can check that it is

closed under the differential on Ĉαpgq whenever P and A are nuclear objects. We denote

this subalgebra by Cαpgq.

By Corollary 4.2.28 and Proposition 4.2.30 there is an induced functor of 8-categories

Ĉα : AlgP Ñ AlgScbHC_

We are going to prove the following. The approach is a generalisation of [50] Proposition

2.2.12.

Theorem 4.2.33. The functor Ĉα : AlgP Ñ pAlgC_q
op admits a right adjoint Dα

Before doing so we note the following technical result

Proposition 4.2.34. Let M be an p8, 1q-categor, E a monoidal elementary quasi-abelian

category, and F : M Ñ ChpFiltpEqq a functor. If gr ˝ F and p´q0 ˝ F preserve sifted

colimits then so does F .

Proof. The proof is an easy induction. We show that each p´qn˝F preserves sifted colimits.

Then we conclude by Proposition 3.3.8. By assumption it is true for n “ 0. We suppose it

has been shown for n “ k. Now there is a homotopy fiber sequence of functors

p´qk ˝ F Ñ p´qk`1 ˝ F Ñ grk`1 ˝ F

Since the left and right-hand functors preserves sifted colimits so does the middle functor

Proof of Theorem 4.2.33. Using Lurie’s p8, 1q-adjoint functor theorem and noting that

AlgP is locally presentable, we need to show that Ĉα preserves colimits. Since the functor

|´| : AlgC_ Ñ ChpEq is conservative, and preserves and reflects limits, and preserves sifted
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colimits by Section A.2, it suffices to show that | ´ | ˝ Ĉα : AlgP Ñ pChpEqqop preserves

colimits. Let us first show that it preserves sifted colimits. Now we have a commutative

diagram

AlgP

Bα
��

Bα // CofC
p´q_ // AlgC_

|´|

��
CofC

|´| // ChpEq
p´q_ // ChpEqop

and both compositions are equal to Ĉα. The functor p´q_ : ChpEq Ñ ChpEqop is a left

adjoint so it preserves all colimits. Therefore we reduce to showing that | ´ | ˝Bα preserves

sifted colimits. There is a factorisation of | ´ | ˝Bα

AlgP
Bα // CofC

|´|filt // FiltpChpEqq
p´q8 // ChpEq

where | ´ |filt is the forgetful functor. The functor p´q8 is colimit preserving. Therefore

it remains to show that | ´ |filt ˝ Bα preserves colimits. Now p´q0 ˝ | ´ |filt ˝ Bα “ | ´ |

which preserve sifted colimits. By Proposition 4.2.34 we finally reduce to showing that the

composition gr ˝ | ´ |filt ˝ Bα is colimit preserving. But this functor is equivalent to the

composition

AlgP

|´| // ChpEq
|´|˝Cp´q// ChpEq

All the functors in this composition preserve sifted colimits by Section A.2 so we are done.

It remains to show that Ĉα preserves products. Now by Section A.2 the category AlgP

is generated under sifted colimits by free objects PpV q on cofibrant objects V . Thus it is

enough to show that Ĉα preserves coproducts of the form PpV q
š

PpW q – PpV ‘W q.

But

ĈαpPpV qq – pC ˝α PpV qq_ – V _

So if

Pp0q //

��

PpV q

��
PpW q // PpV ‘W q

is a coproduct diagram in AlgP then applying Ĉα gives the diagram

V _ ‘W_ //

��

V _

��
W_ // 0

which is a product diagram in AlgC_ .
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Since we use the adjoint functor theorem the proof of the existence of Dα is not con-

structive. However for Koszul duality between Lie algebras and commutative algebras we

will give an interpretation of Dα in terms of the shifted tangent complex.

4.3 Main Example: The Lie Operad

Recall that in the category QVect of vector spaces over Q there is a Koszul morphism

κ : Sc bH coCommnu Ñ Lie

This follows from the fact, which we will not explore in detail here, that ScbH coCommnu is

the quadratic dual co-operad of Lie. See [48] and [20] for details. This duality also extends

to monoidal elementary quasi-abelian categories.

4.3.1 Lie Algebras and Commutative Algebras

If E is a monoidal elementary quasi-abelian category then we can bootstrap the Koszul

morphism in QVect to one in E .

Proposition 4.3.1. Let α : C Ñ P be a Koszul morphism in ChpQVectq. Let E be a

monoidal elementary quasi-abelian category with unit k. Then

k b α : k b CÑ k bP

is a Koszul morphism in ChpEq.

Proof. Together with Proposition B.4.4, this follows immediately from the fact that kbp´q is

a strong monoidal, kernel and cokernel preserving functor whose image consists of cofibrant

objects.

In particular if κ : Sc bH coComm Ñ Lie is the canonical Koszul morphism in QMod

then we get a Koszul morphism

Sc bH pk b coCommq
– // k b pSc bH coCommq

kbα // k b Lie

in ChpEq. This generalises classical Koszul duality between Lie algebras and cocommutative

coalgebras, and between Lie algebras and (non-unital) commutative algebras, to arbitrary

elementary quasi-abelian categories. Let us now study this example in greater detail.
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The Shifted Tangent Complex

Recall the functor L0 : AlgCommpChpEqq Ñ ChpEq defined in section 4.1.3. The shifted

tangent complex functor is the composition T0
..“ p´q_ ˝ L0. We shall abuse no-

tation and write Dκ : AlgCommpChpEqq Ñ AlgLiepChpEqq
op for the composite Dκ ˝ I :

AlgCommpChpEqq Ñ AlgCommnupChpEqq Ñ AlgLiepChpEqq
op. In classical Koszul duality for

Lie algebras and commutative algebras the functor

| ´ | ˝Dκ : AlgCommpChpVeckqq Ñ AlgLiepChpVeckqqop Ñ ChpVeckq

is equivalent to the shifted tangent complex. We will now see that this generalises to

monoidal elementary quasi-abelian categories enriched over Q.

Proposition 4.3.2. Let E be a monoidal elementary quasi-abelian category. Let A P

AlgaugCommpChpEqq be a quasi-free object on a bounded below cofibrant complex V . Then

L0pAq – V and LA – Ab V

Proof. Since A by is cofibrant by Corollary 4.2.19 we may use Proposition 4.1.23. This

gives L0 – V . Now V is cofibrant so again by Proposition 4.1.23 LA – Ab V .

Proposition 4.3.3. The functor | ´ | ˝ Dκ is naturally equivalent to the shifted tangent

complex functor T0r1s.

Proof. We show that | ´ | ˝Dκ and T0 are both right adjoint to the same functor. Now

| ´ | ˝ Dκ is right adjoint to the functor Ĉκ ˝ Liep´q which is equivalent to the functor

k ‘ p´q_r´1s. But this functor is left adjoint to T0r1s.

Definition 4.3.4. A Lie algebra g is said to be very good if the underlying complex |g| is

cofibrant and is of the form
À8

i“1 k
piris. g is said to be good if it is equivalent to a very

good algebra.

Let us populate this class of algebras.

Example 4.3.5. 1. Say that a Lie algebra g is cellular finite if g “ limÑLn where

L0 “ 0, for each n ě 0 there is a pushout diagram

LpSmn´1pkpmn qq

��

// Ln

��
LpDmnpkpmn qq // Ln`1

where mn ď ´1, and for each integer l ď ´1 there are only finitely many n such that

mn ´ 1 “ l. Then g is very good. The last condition is automatically satisfied if the

filtration Ln terminates.
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2. Consider the categories kVect for k a field and IndpBankq for k a Banach field. Then

if g is concentrated in negative degrees and each gn is free of finite rank, g is very good.

Indeed in these cases any complex of free objects of finite rank is split. In particular

it is a coproduct of objects of the form Snpkmq and Drpksq, so it is cofibrant. In

particular this recovers Lurie’s conditions in Lemma 2.3.5 of [50].

Definition 4.3.6. Let E be a rigid Q-HAS. We say that E is decent if for any object V

which is free of finite rank there is an equivalence

L
ŜpV q

L

SpV q
bL
ŜpV q

k – 0

in ChpEq.

This assumption holds in the case that E “ RMod for R a Noetherian ring. We shall

see later that it also holds for E “ IndpBankq for k any Banach ring. In fact in this case

by Proposition 4.5.10 the stronger condition L
ŜpV q

L

SpV q
– 0 holds. Recall the subalgebra

Cκpgq Ă Ĉκpgq considered in Remark 4.2.32.

Proposition 4.3.7. Let g be very good. The map Ŝpg_´1q b
L
Spg_

´1q
Cκpgq Ñ Ĉκpgq is an

equivalence.

Proof. The map Spg_´1q Ñ Cκpgq is a (standard) cofibration. Therefore the tensor product

doesn’t need to be derived. Thus it remains to check that the map Ŝpg_´1q bSpg_´1q
Cκpgq Ñ

Ĉκpgq is a degreewise isomorphism. This is clear.

The abstract machinery we have set up allows us to generalise Lurie’s [50] Lemma 2.3.5

and its proof.

Theorem 4.3.8. Let E be a monoidal elementary quasi-abelian category such that ChpEq

is decent, and let g be a good Lie algebra in ChpEq. Then the unit ηg : g Ñ Dκ ˝ Ĉκpgq is

an equivalence.

Proof. Without loss of generality we may assume that g is very good. It suffices to show

that the map of complexes |g| Ñ T0pĈpgqqr1s is an equivalence. This is dual to the map

L0pĈκpgqq Ñ |g_|r´1s

so it suffices to show that this is an equivalence. By Proposition 4.3.7 we have a an equiva-

lence L
Ŝpg_

´1q

L

Spg_
´1q
bL
Ŝpg_

´1q
Ĉκpg

_
´1q – L

Ĉκpgq
L

Cκpgq
. Tensoring with k over Ĉκpgq and using

that ChpEq is decent then gives L
Ĉκpgq

L

Cκpgq
bL
Ĉκpgq

k – 0. Finally, considering the homotopy

cofiber sequence

L
Ĉκpgq

L

Cκpgq
bL
Ĉκpgq

k Ñ L0pCκpgqq Ñ L0pĈκpgqq
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gives that L0pCκpgqq Ñ L0pĈκpgqq is an equivalence. In particular it suffices to show that

L0pCκpgqq Ñ |g_|r´1s

is an equivalence.This follows from Proposition 4.3.2. Since g is degree-wise free of finite

rank, Cpgq is quasi-free on a cofibrant complex.

We conclude this section with some remarks.

Remark 4.3.9. 1. Essentially all of this chapter generalises to interval higher algebra

settings of the form RMod for R a cdga in ChpEq for E elementary quasi-abelian. If

E “ QMod then RMod is decent if R is concentrated in non-negative degrees and is

Noetherian. This recovers Lemma 1.4.12 of [35]. If E “ IndpBankq for some Banach

ring k containing Q, then RMod is decent if R is concentrated in non-negative degrees,

R0 is a Banach ring (or more generally ℵ1-filtered) and R is flat over R0.

2. We expect that results above extends to the situation that α : C Ñ P is a Koszul

morphism, Ppnq is concentrated in degree at most n, is bounded, each Ppnq is free of

finite type, and C is the augmentation coideal of a counital cooperad. This could be

useful for L8 and E8 duality over rings which do not contain Q.

3. We expect that operadic Koszul duality works in exact categories which are not quasi-

abelian, since we did not need to use the filtered exact structure.

4.4 Analytic and Derived Analytic Algebra

In this section we specialise to the monoidal elementary quasi-abelian category IndpBankq

where k is a fixed Banach ring. We are going to study the homotopy theory of algebras in

this category and establish some foundational results which in the future will be applied

to study derived analytic geometry. We will begin by studying analytic notions of algebras

over Banach operads in general (with a view to dealing with E8-operads in the future)

before focusing on the commutative operad.

4.4.1 Algebras of Power Series

Let us begin by introducing some classes of operads and algebras we wish to consider.

Definition 4.4.1. Let E be a complete and cocomplete monoidal category. For V P E we

denote by

P̂pV q ..“

8
ź

n“0

Ppnq bΣn V
bn

the free power series P-algebra on V .
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If V is a Banach module regarded as an object of IndpBankq and P is an operad in

Bank then P̂pV q is a bornological k-module. An element of P̂pV q is a formal sum
ř8
i“0 vi

where vi P Ppnq bΣn V
bn. For ε P RN0 we let Bε “ t

ř8
i“0 vi : ||vi|| ď εiu. These sets

precisely constitute the bounded sets forming the bornology on P̂pV q. We are particularly

interested in subalgebras of this bornological algebra. From now on we suppose that P is

non-expanding, namely that the partial composition maps Ppmq bPpnq Ñ Ppm ` n ´ 1q

are of norm at most 1. In particular it may also be regarded as an operad in Banď1
k .

Definition 4.4.2. Let V be a Banach k-module. The free contracting P-algebra on V ,

denoted Pď1pV q is the free algebra on V taken in the category Banď1
k , and then included

into Bank. For r P p0,8q we write PďrpV q ..“ Pď1pVrq where Vr is the rescaling of V .

There is clearly a monomorphism PďrpV q Ñ P̂pV q in CBornk Ă IndpBankq.

Definition 4.4.3. Let P be a contracting operad in Banach k-modules. A P-algebra A is

said to be almost contracting if there is a C ě 0 such that for each n P N, the map

µnA : Ppnq bAbn Ñ A

is bounded by Cn´1. If A is almost contracting the magnitude of A is γA “ mintC :

||µnE || ď Cn´1 @n ě 1u. A P-algebra A is said to be contracting if it is almost contract-

ing of magnitude γA ď 1. The full subcategory of AlgCommpBanq consisting of contracting

algebras is denoted Algď1
P .

Note that there is a faithful functor AlgPpBan
ď1q Ñ Algď1

P pBanq. It is not full.

Proposition 4.4.4. There is an equivalence of categories Algď1
P pBanq – AlgacP pBanq.

Proof. The inclusion of Algď1
P pBanq into AlgacP is clearly fully faithful. It remains to show

that it is essentially surjective. Let A be almost contracting of magnitude γA. Then AγA is

a contracting algebra which is isomorphic to A in AlgacP . Note that the functor sending A

to AγA is a quasi-inverse for the inclusion.

Let us show that free almost contracting algebras are in some sense left adjoints.

Proposition 4.4.5. For V a Banach space the algebra PďrpV q is almost contracting of

magnitude r. Moreover if F is an almost contracting algebra of magnitude γF then there is

a natural isomorphism

Hom
ď 1
γF pPďrγF pEq, F q – HomďrpE,F q
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Proof. Let φ : PďrγF pEq Ñ F be a map of norm at most 1
γF

. Now i : E Ñ PďrγF pEq

has norm rγF . Thus φ ˝ i is of norm at most r. Conversely suppose we are given a map

f : E Ñ F of norm r. Consider the induced map of algebras in the category of vector

spaces Ppnqpfq : PpnqpEq Ñ F

||Ppnqpfqppb e1 b . . .b enq||F “ ||µ
F
n ppb fpe1q b . . .b fpenqq||F

ď ||p||Ppnqγ
n´1
F r||e1||E . . . γF r||en||

“
1

γF
||p||Ppnq||e1||rγF . . . ||en||rγF

“
1

γF
||pb e1 b . . .b en||PďγF rpn;Eq

Thus Ppnqpfq is bounded of norm at most 1
γF

as a map from EγF r to F . It therefore extends

to a continuous map PďγF rpEq Ñ F of norm at most 1
γF

.

Next we consider algebras which are intended as analogues of algebras of holomorphic

functions (at least over C). Let E be a Banach k-module and consider the projective system.

. . . En`1 Ñ En Ñ . . .Ñ E2 Ñ E1

in Banď1
k . We get an object

“Pan,8”pEq ..“ “limÐNop”Pď1pEnq

in PropAlgacP pBankqq Ă ProIndpAlgacP pBankqq. We shall see shortly that these are the free

algebras in the category of pro-multiplicatively convex P-algebras.

Definition 4.4.6. The category of pro-multiplicatively convex P-algebras is the category

pmcAlgP
..“ ProIndpAlgacP pBanqkq

In particular “Pan,8”pEq is a pro-multiplicatively convex algebra. The assignment E ÞÑ

“Pan,8”pEq for E a Banach module is in fact functorial. Since IndpAlgacP pBanqq has filtering

inductive limits, ProIndpAlgacP pBanqq does as well. Thus there is an induced functor

“Pan,8” : IndpBanq Ñ ProIndpAlgacP pBanqq

It sends an object “limÑIEi” to limÑI“limÐNop”PďnpEiq. There is a natural ‘forgetful’

functor | ´ | : ProIndpAlgacP pBankqq Ñ IndpBankq. We claim that this has a left adjoint. In

fact we are going to prove the following.

Theorem 4.4.7. There is an adjunction

“Pan,8” $ | ´ |
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Proof. We prove this in several steps. First suppose that E is a Banach space, and F is

an almost contracting P-algebra of magnitude γF . First note that limÑNHomďn
BanpE,F q Ñ

HomBanpE,F q is an isomorphism. By the previous proposition it is sufficient to show that

the obvious map

limÑNHom
ď 1
γF pPďnγF pEq, F q Ñ limÑNHompPďnγF pEq, F q

is an isomorphism. Since monomorphisms are stable under direct limits in Set it remains to

show that the map is surjective. Let rfn : PďγFnpEq Ñ F s be in limÑNHomAlgacP
pPďγFnpEq, F q,

with ||fn|| ď
m
γF

for some integer m. We claim that the map PďmnγF pEq Ñ F is of norm at

most 1
γF

. But by Proposition 4.4.5 this follows from the fact that the map E Ñ Pďnγf pEq

is of norm at most nγF . This shows that the map is surjective.

Now suppose E is a Banach space and F is an inductive limit of Banach P-algebras.

So, write F “ “limÑJ ”Fj . Then

Homp“Pan,8”pEq, F q “ Homp“limÐnPNop”PďrpEq, “limÑJ ”Fjq

“ limÑJ limÑnPNopHompPďnpEq, Fjq

“ limÑJ HomBanpE, |Fj |q

“ HomIndpBanqpE, |F |q

Finally we prove the general case.Let E “ “limÑI”Ei be an inductive system, and let

F “ “limÐK”Fk with Fk P IndpAlgacP q be a pro-multiplicatively convex P-algebra. Then

Homp“Pan,8”pEq, F q “ limÐI limÐKHomp“Pan,8”pEiq, Fkq

“ limÐI limÐKHomIndpBanqpEi, |Fk|q

“ HomIndpBanqp“limÑI”Ei, limÐK |Fk|q

“ HomIndpBanqp“limÑI”Ei, |limÐKFk|q

Note that there is a natural isomorphism “Ban,8”pEq – “limÐrPRą0
”PďrpEq. For each

ε P p0,8s and each Banach space E one can also define

“Pan,ε”pEq ..“ “limÐrPp0,εq
”PďrpEq

In general for ε ă 8 this only defines a functor on the category Banď1
k .

Finally for ε P p0,8s we define Ban,ε ..“ PI ˝ “Pan,ε” : Banď1
k Ñ IndpBankq. Since

the projective limit of monomorphisms is a monomorphism the map Pan,εpV q Ñ P̂pV q is a

monomorphism for any ε P p0,8s, so these are power series algebras.
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Example: The Commutative Operad

We now give our main example which is a consequence of Proposition C.2.14. Let k “ C
and P “ Comm. Let E be a Banach space. First we introduce a holomorphy type from E_

to C (for details on holomorphy types see Section C.2).

Definition 4.4.8. Let E and F be Banach spaces. For m P N write E´m ..“ pE_q´m.

We define the tame holomorphy type, τ from E_ to F to be subspace of PmpE_, F q
consisting of maps of the form Amx

m, where Am : E´m Ñ F is in the image of EmbF Ñ

HompE´m, F q.

Recall that a Banach space E is said to have the λ-approximation property for some

1 ď λ ă 8 if for every compact set K Ă X and every ε ą 0 there is a finite rank operator

T : E Ñ E so that ||T || ď λ and ||Te ´ e|| ď ε for all e P E. E is said to have the

approximation property if it it has the λ-approximation property for some ď λ ă 8.

The Proposition below can be found in [16] Section 3.

Proposition 4.4.9. Let E be a Banach space. If E__ has the approximation property then

the map

X__ b . . . X__ Ñ pX b . . .bXq__

is an isometric embedding. In particular it is an admissible monomorphism.

In particular the image of the map Em Ñ HompE´m,Cq is isomorphic to Em. Using

Proposition C.2.14 we immediately get the following result.

Corollary 4.4.10. There is a natural transformation

“San,8p´q” Ñ PBpHbτ pp´q_qq

If E has the approximation property it is an isomorphism. In particular if E is finite-

dimensional then there is a (non-canonical) isomorphism.

“San,8pEq” – PBpHpEqq

and therefore an isomorphism

San,8pEq – IBpHpEqq

This gives an interpretation of the algebra of holomorphic functions on a finite dimen-

sional Banach space as a ‘free’ commutative algebra in the category of pro-multiplicatively

convex algebras.
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Dagger Analytic Algebras

Let E be a Banach space and ε P r0,8q. There corresponds an object “limÑrąε”Er of

IndpBanď1
k q and hence an object P:,εpEq ..“ limÑrąε”PpErq of IndpAlgacP pBankqq. This

construction gives a functor

P:,εp´q : Banď1
k Ñ IndpAlgacP q

Since filtered colimits commute with finite limits in IndpBanq the map P:,εpEq Ñ P̂pV q is

a monomorphism. Hence these are power series algebras.

Note that for 8 ě ζ ą ε ě δ ě γ ą β ą α ě 0 we get canonically defined maps

BpV q Ñ Ban,ζpV q Ñ BďεpV q Ñ B:,δpV q Ñ BpV q Ñ BďβpV q Ñ B:,αpV q Ñ BpV q

4.5 Analytic Commutative Algebras

We now specialise this discussion to the case P “ Comm. We shall write SďrpEq ..“

CommďrpEq, San,εpEq ..“ Comman,εpEq, and S:,εpEq ..“ Comm:,εpEq. Let us establish some

identities between these algebras.

4.5.1 ℵ1-Filtered Objects

Following [54], an object V P IndpBankq is said to be λ-filtered if it can be written as

“limjPJ ”Vj where J is λ-filtered. In a forthcoming work [9] Ben-Bassat and Kremnitzer

study ℵ1-filtered objects in detail. By using explicit descriptions of products in the category

IndpBankq they prove the following crucial results.

Proposition 4.5.1. Let tVkukPK be a countable collection of Banach k-modules. Then
ś

kPK Vk is ℵ1-filtered.

Proposition 4.5.2. If V is ℵ1-filtered and for each i P I, Wi is an object of IndpBankq,

then the natural map

V bk
ź

iPI
Wi Ñ

ź

iPI
pV bk Wiq

is an isomorphism.

As a consequence they can prove a result which allows one to commute tensor products

and projective limits.
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Proposition 4.5.3. Let A : I Ñ AlgCommpEq be a projective diagram where I has countably

many objects and morphisms. Suppose that for any countable collection of J of objects of

I,
ś

jPJ Aj is ℵ1-filtered. Let E : I Ñ E and F : I Ñ E be projective systems of A-modules

such that for any countable collection of J of objects of I
ś

jPJ Fj is ℵ1-filtered. Then the

natural map

RlimÐEi bL
RlimÐAi RlimÐFi Ñ RlimÐpEi bL

Ai Fiq

is an equivalence.

The idea of their proof is to use clever deformation functors for the tensor product and

projective limit functors. For the derived tensor product one uses the Bar complex (defined

for example in [10]) which give free resolutions over A. For the derived projective limit

one uses the Roos complex (defined in [66]). The left hand-side of the isomorphism in the

statement of Proposition 4.5.3 is computed by totalising a double complex after taking a

bar resolution and then a Roos resolution. The right-hand side is computed by first taking

a Roos resolution, then a bar resolution, and totalising. Proposition 4.5.1 and Proposition

4.5.2 ensure that the double complexes are naturally isomorphic, so their totalisations are

equivalent.

Remark 4.5.4. The result of Ben-Bassat and Kremnitzer actually proves that the map

F bA limÐiPIEi Ñ limÐiPI pF bA Eiq

is an isomorphism whenever F and A are ℵ1-filtered, F is transverse to Ei over A for each

i, and the system Ei is lim-acyclic. Their proof essentially uses the argument presented

above. Then, under their assumptions, everything becomes underived.

Corollary 4.5.5. Let A : I Ñ AlgCommpEq and B : I Ñ AlgCommpEq be projective diagrams

where I has countably many objects and morphisms. Suppose that for any countable collec-

tion of J of objects of I,
ś

jPJ Aj and
ś

jPJ Bj are ℵ1-filtered. Let f : A Ñ B be a map

such that fi : Ai Ñ Bi is a homotopy epimorphism for each i. Then the induced map

Rf : RlimÐA Ñ RlimÐB

is a homotopy epimorphism.

4.5.2 Relations Between Algebras

We introduce some notation. For V “ pV1, . . . , Vnq a tuple of Banach modules and ε P

p0,8qn we set SďεpV q ..“ Sď1p
Àn

i“1pViqεiq where
Àn

i“1pViqεi is equipped with the norm

||pv1, . . . , vnq|| “ max1ďiďnεi||vi||. For δ P p0,8sn we write San,δpV q ..“ “limÐεăδ
”SďεpV q.

For r P r0,8qn we write S:,rpV q ..“ “limÑεąr”S
ďεpV q.
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Proposition 4.5.6. Let tViuiPI be a collection of flat Banach spaces. Then
Àď1

iPI Vi is flat.

Proof. Let 0 Ñ E Ñ F Ñ G Ñ 0 be an exact sequence of Banach spaces. By rescaling

we may assume that all maps are non-expanding. Now in the category Banď1
k the tensor

product is a left adjoint, so it commutes with contracting direct sums. So p
Àď1

i Viqb̂p´q

is a composition of the functors pVib̂p´qq : Banď1
k Ñ pBanď1

k q
I and

Àď1
iPI : pBanď1

k q
I Ñ

Banď1
k . Since each Vi is flat the first functor is kernel and cokernel preserving. The second

functor is clearly kernel and cokernel preserving. This implies that the composite is exact.

Corollary 4.5.7. Let V be a flat k-module. Then SďrpV q and S:,δpV q are flat.

Proposition 4.5.8. Let k be a Banach ring and V1, . . . , Vn flat k-modules. Then the natural

maps

Sďr1pV1q b
L . . .bL SďrnpVnq Ñ Sďpr1,...,rnqpV1, . . . , Vnq

ŜpV1q b
L . . .bL ŜpVnq Ñ ŜpV1 ‘ . . .‘ Vnq

S:,δ1pV1q b
L . . .bL S:,δnpVnq Ñ S:,pδ1,...,δnqpV1, . . . , Vnq

RSan,ε1pV1q b
L ¨ ¨ ¨ bL RSan,εnpVnq Ñ RSan,pε1,...,εnqpV1, . . . , Vnq

are equivalences. In particular for k “ C and V1, . . . , Vn finite dimensional then

San,ε1pV1q b
L ¨ ¨ ¨ bL San,εnpVnq Ñ San,pε1,...,εnqpV1, . . . , Vnq

is an equivalence.

Proof. We prove the result by induction. For n “ 1 all results are trivial. Suppose they

have been proven for some k and let n “ k` 1. The first assertion follows from Proposition

4.5.7 and the universal property of coproducts and the symmetric algebra in Banď1
k . The

second isomorphism is not formal. For example it is not true in the algebraic category.

However it follows from Proposition 4.5.3, Proposition 4.5.1, and the assumption that V is

flat. The third assertion follows from the first and the fact that direct limits are exact and

commute with the tensor product. The fourth assertion agains follows from Proposition

4.5.3. For the final assertion we use the fourth assertion, Lemma 3.60, and Corollary 3.80

in [5], and Montel’s theorem.
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4.5.3 Homotopical Power Series Algebras

Let us write krx1, . . . , xns ..“ Spk‘nq and krrx1, . . . , xnss ..“ Ŝpk‘nq. Denote by s : krry, zss Ñ

krry, zss the map which sends a power series f to fpy,zq´fpz,zq
y´z . This is well-defined (i.e.

bounded). Indeed it can be defined in any complete and cocomplete additive category. In

[9] Ben-Bassat and Kremnitzer prove the following.

Proposition 4.5.9. Let k be a Banach ring. Then the map Spk‘nq Ñ Sď1pk‘nq is a

homotopy epimorphism.

Their proof can be distilled into the following two points.

Proposition 4.5.10. Let krxs Ă B Ă krrxss be a power series algebra. Suppose that

1. The map krxs Ñ B is an epimorphism (i.e. polynomials are dense in B).

2. B bL B Ñ B bB is an equivalence.

3. B bB Ñ krry, zss is a monomorphism.

4. The composition

B bB // krry, zss
s // krry, zss

factors through B bB.

Then for each n the map

krx1, . . . , xns Ñ Bbn

is a homotopy epimorphism.

Let us sketch their proof. The second condition means that we only have to check this

for n “ 1. Let A “ krxs. It suffices to prove that B bL
A B Ñ B bA B is an equivalence.

To prove this they consider the Koszul resolution KA Ñ A of the algebra A “ krxs. Then

using this resolution of A as an A b A-module one finds that B bL
A B is the complex

in degrees r1, 0s B bk B Ñ B bk B where the differential is given by multiplication by

py´ zq. Then s gives a splitting which completes the proof of Proposition 4.5.10. To prove

Proposition 4.5.9 it remains to show that Sď1pkq satisfies the conditions of Proposition

4.5.10. The only remaining point to check is the last one. Ben-Bassat and Kremnitzer show

this as follows. For convenience let us write ktr1x1, . . . , rnxnu ..“ Sďpr1,...,rnqpk‘nq. Note

that for fpy, zq P kty, zu, fpy, zq ´ fpz, zq P kty, zu. Consider the isomteric isomorphism

φ : kt2ξ, ηu Ñ kty, zu sending ξ to y ´ z and η to z. Let ψ be its inverse. Then

|g|

|py ´ zq|g
“
|g ˝ ψ|

|ξg ˝ ψ|
“

1

2
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In particular if g is a formal power series such that py ´ zqg is in kty, zu then g P ty, zu.

Thus for an element f P kty, zu, spfq P kty, zu.

Corollary 4.5.11. Let 8 ě ζ ą ε ě δ ě γ ą β ą α ě 0 There is a sequence of homotopy

epimorphisms

Spk‘nq Ñ Sďεpk‘nq Ñ S:,δpk‘nq Ñ Sďβpk‘nq Ñ S:,αpk‘nq Ñ Ŝpk‘nq

which for k “ C can be extended to sequence of homotopy epimorphisms

Spk‘nq Ñ San,ζpk‘nq Ñ Sďεpk‘nq Ñ S:,δpk‘nq Ñ San,γpk‘nq Ñ Sďβpk‘nq Ñ S:,αpk‘nq Ñ Ŝpk‘nq

Proof. Using the two-out-of-three property for homotopy epimorphisms Proposition 4.1.28,

Proposition 4.5.9, Proposition 4.5.5, and Proposition 4.1.29, all that remains to prove is that

Spk‘nq Ñ Ŝpk‘nq is a homotopy epimorphism. However using Proposition 4.5.8, and the

fact that Ŝpkq is clearly closed under the map s, this follows from Proposition 4.5.10.

4.5.4 Analytic Koszul Duality

Let g be a very good Lie algebra and Spg_´1q Ă A Ă Ŝpg_´1q a power series algebra. Since

Spg_´1q Ñ Cκpgq is a cofibration we have Cκ,A ..“ A bL
Spg_

´1q
Cκpgq – A bSpg_

´1q
Cκpgq. As

established in Remark 4.3.7 we have Cκ,Ŝpgq – Ĉκpgq. The map Cκpgq Ñ Ĉκpgq then factors

as

Cκpgq Ñ Cκ,Apgq Ñ Ĉκpgq

We also write

Cďrκ pgq
..“ Cκ,Sďrpg_

´1q
pgq , Can,εκ pgq ..“ Cκ,San,εpg_

´1q
pgq, C: ,δκ pgq ..“ Cκ,S:,δpg_

´1q
pgq

where r P p0,8q, ε P p0,8s, δ P r0,8q. Using Corollary 4.5.11 and Proposition 4.1.26 we

immediately get the following.

Theorem 4.5.12. Let 8 ě ζ ą ε ě δ ě γ ą β ą α ě 0 and let g be a very good Lie

algebra. Then in the following diagram all maps are homotopy epimorphisms.

Cκpgq Ñ Cďεκ pgq Ñ C:,δκ pgq Ñ Cďβκ pgq Ñ C:,ακ pgq Ñ Ĉκpgq

If k “ C then this sequence can be extended to

Cκpgq Ñ Can,ζκ pgq Ñ Cďεκ pgq Ñ C:,δκ pgq Ñ Can,γκ pgq Ñ Cďβκ pgq Ñ C:,ακ pgq Ñ Ĉκpgq

In particular for each of the algebrasA above we have L0pCApgqq – g_r1s, T0pCApgqqr1s –

g, and LCApgq – CA b g_r1s. The algebras CA may be interpreted as analytic ‘fattenings’

of the formal Koszul dual.
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Appendix A

Model Categories and
p8, 1q-Categories

A.1 Model Categories

A.1.1 Weak Factorization Systems and Model Structures

Here we briefly recall the definition of a model structure by means of weak factorisation

systems. Details can be found in [70].

Definition A.1.1. Let C be a class of morphisms in a category M . A morphism f in M is

said to have the left lifting property with respect to C if in any diagram of the form

A

f
��

// C

c
��

B // D

with c P C, there exists a morphism h : B Ñ C such that the following diagram commutes

A

f
��

// C

c
��

B //

h

>>

D

We denote the class of all morphisms which have the left-lifting property with respect to C
by ä̋C. Dually one defines the morphisms having the right lifting property with respect to

C. The class of all such morphisms is denoted Cä̋.

The following is straightforward

Proposition A.1.2. Let C be a class of morphisms in a category M . Then ä̋C is closed

under retracts, push-outs and transfinite composition (whenever they exist).

Proof. See [70] Lemma 11.1.4.
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Definition A.1.3. A weak factorisation system on a category C is a pair pL,Rq such

that

1. Any map in C can be factored as a map in L followed by a map in R.

2. L “ ä̋R and R “ Lä̋.

A weak factorisation system is said to be functorial if the factorisation in p1q can be made

functorial.

We can now give a definition of the notion of a model structure in terms of weak

factorisation systems.

Definition A.1.4. A model structure on a category M is a collection of three wide

subcategories pC,F ,Wq such that

1. The class W satisfies the 2-out-of-6 property (see [70]).

2. Both pC XW,Fq and pC,W X Fq are weak factorization systems.

We do not assume completeness or cocompleteness of M .

Definition A.1.5. A model structure on a category M is said to be functorial if the

factorisation systems are functorial.

Definition A.1.6. A (functorial) model category a category together with a (functorial)

model structure.

A.1.2 Cofibrant Generation

We state here our conventions regarding cofibration generation.

Definition A.1.7. Let C be a category. A weak factorisation system pL,Rq on C is said

to be cofibrantly small if there is a set I of maps in L such that R “ Iä̋. I is called a

set of generating morphisms. If in addition I admits the small object argument then the

weak factorisation system is said to be cofibrantly generated. If I can be chosen such that

the domains are compact with respect to L, then the weak factorisation system is said to be

cellular. If C is locally presentable and cofibrantly generated, then the weak factorisation

system is said to be combinatorial. A model category pC,W,Fq is said to be cofibrantly

bsmall/ cofibrantly generated/ cellular/ combinatorial if both the weak factorisation systems

pC,F XWq and pC XW,Fq are cofibrantly small/ cellular/ combinatorial.

Remark A.1.8. A cofibrantly generated weak factorisation system (resp. model structure)

on a locally presentable category is automatically cellular.
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A.1.3 Monoidal Model Categories

Definition A.1.9. Let M ,N ,P be model categories. A bifunctor ´ b ´ : M ˆ N Ñ P is

said to be left Quillen if whenever i : m Ñ m1 and j : n Ñ n1 are cofibrations then so is

ib̂j, and it is an acyclic cofibration if either i or j is. Here ib̂j is the following map

mb n
ib1 //

1bj
��

m1 b n

��
1bj

��

mb n1 //

ib1
22

P
ib̂j

%%
m1 b n1

where the square is a push out.

Definition A.1.10. A (closed) monoidal model category is a (closed) symmetric

monoidal category pV,b, kq (pV,b, k,Homq) with a model structure so that the monoidal

product is a left Quillen bifunctor, and the maps

Qpkq b v Ñ k b v – v

and

v bQpkq Ñ v b k – v

are weak equivalences whenever v is cofibrant. Here Q is the cofibrant replacement functor.

Another condition that is often asked of a monoidal model category is that it satisfies

the so-called monoid axiom. Under certain additional technical assumptions on the model

category, this guarantees the existence of a model structure on the category of algebras over

any cofibrant operad.

Definition A.1.11. A monoidal model category pV,b, k,Homq is said to satisfy the monoid

axiom if every morphisms which is obtained a a transfinite composition of pushouts of ten-

sor products of acyclic cofibrations with any object is a weak equivalence.

A.1.4 Transferred Model Structures

Definition A.1.12. Let D and E be categories with D a model category. Suppose F : D Ñ E

and G : E Ñ D are functors with F % G. If it exists, the transferred model structure

on E is the one defined as follows.

1. A map f in E is a weak equivalence precisely if Gpfq is a weak equivalence in D.

2. A map f in E is a fibration precisely if Gpfq is a fibration in D.
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3. A map f in E is a cofibration precisely if it has the left lifting property with respect to

acyclic cofibrations.

Remark A.1.13. If the transferred model structure exists on E then F % G is a Quillen

adjunction.

We need the following important result, which is Theorem 3.3 in [19].

Theorem A.1.14. Let D and E be categories, with D a cocomplete cellular model category

and E having finite limits and all colimits. Suppose F : D Ñ E and G : E Ñ D are functors

with F % G. If F preserves compact objects, then the transferred model structure on E

exists if and only if the weak equivalences in E contain any sequential colimit of pushouts

of images F pgq, where g is allowed to vary over the generating trivial cofibrations in D.

Moreover the transferred model structure is cellular.

Remark A.1.15. Note that in [19] it is actually proved that if an adjunction satisfying the

above condition then the transferred model structure exists. The converse is clear however

since as a left Quillen functor F preserves acyclic cofibrations and colimits.

We will actually use the following immediate corollary.

Corollary A.1.16. Let D and E be categories, with D a cococomplete cellular model cat-

egory and E having finite limits and all colimits. Suppose F : D Ñ E and G : E Ñ D are

functors with F % G. If G preserves filtered colimits, then the transferred model structure

on E exists if and only if the weak equivalences in E contain any transfinite composition

of pushouts of images F pgq, where g is a generating trivial cofibration in D. Moreover the

transferred model structure is cellular.

A.1.5 Cylinder Objects and Interval Objects

In this section we follow [38] and [11].

Definition A.1.17. Let M be a model category and M an object of M . A cylinder object

for M is a factorization

M
ž

M Ñ CylpMqÑ̃M

of the fold map M
š

M Ñ M such that CylpMqÑ̃M is a weak equivalence. The cylinder

object is said to be good if M
š

M Ñ CylpMq is a cofibration, and very good if in addition

CylpMqÑ̃M is a fibration.
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Cylinder objects allow us to define (left) homotopies of maps. Let M be an object and

M
š

M
jM // CylpMq

pM //M

a cylinder object for M . Denote by i0 : M ÑM
š

M the inclusion of M as the first factor

of the coproduct and i1 : M Ñ M the inclusion as the second factor. Let N be any other

object and H : CylpMq Ñ N a map. We write H0 for the composition H ˝ jM ˝ i0 and H1

for the composition H ˝ jM ˝ i1.

Definition A.1.18. Let f, g : M Ñ N be maps and CylpMq a cylinder object for M . f is

said to be left homotopic to g relative to CylpMq if there is a map H : CylpMq Ñ N such

that H0 “ f and H1 “ g.

The following result about the interaction of coproducts and homotopic maps is obvious,

but usefl.

Proposition A.1.19. Let tMγuγPΓ be a collection of objects. Suppose that coproducts of

acyclic fibrations are acyclic fibrations. For each Mγ let

Mγ
š

Mγ

jMγ // CylpMγq
pMγ //Mγ

be a very good cylinder object for Mγ.

1.

p
š

γMγq
š

p
š

γMγq –
š

γpMγ
š

Mγq

š

γ jMγ //
š

γ CylpMγq

š

γ pMγ //
š

γMγ

is a very good cylinder object for
ś

γMγ.

2. Suppose that fγ , gγ : Mγ Ñ Nγ are maps such that fγ is left homotopic to gγ relative

to CylpMγq. Then
š

γ fγ is left homotopic to
š

γ gγ relative to
š

γ CylpMγq.

Typically we would like our cylinder objects to be functorial.

Definition A.1.20. A (good/very good) cylinder functor for a model category M is

an endofunctor Cyl : M Ñ M together with natural transformations p : Cyl Ñ Id and

j : p´
š

´q ˝∆ Ñ Cyl such that for each object M of M

M
š

M
jM // CylpMq

pM //M

is a (good/ very good) cylinder object for M .

In a monoidal model category one can define cylinder objects using so-called interval-

objects.
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Definition A.1.21. Let pE ,b, kq be a monoidal model category. A (good/ very good)

coassociative coalgebra interval is a coassociative comonoid pr0, 1s,∆, ηq together with

morphisms of coalgebras ik : k ‘ k Ñ r0, 1s and pk : r0, 1s Ñ k such that

k
š

k
ik // r0, 1s

pk // k

is a (good/ very good) cylinder object for k.

The next results follows directly from the definitions.

Proposition A.1.22. Let pE ,b, kq be a monoidal model category which satisfies the monoid

axiom, with a very good interval object pr0, 1s,∆, ηq. Suppose in addition that whenever

A Ñ B is an acyclic fibration between cofibrant objects and C is any object, the map

C b A Ñ C b B is a weak equivalence. Then the functor Cyl “ r0, 1s b p´q together with

the natural transformations ik b p´q :
´

´
š

´

¯

˝ ∆ Ñ Cyl and pk b p´q : Cyl Ñ Id is

a cylinder object. Moreover the restriction of Cyl to cofibrant objects provides a functorial

good cylinder object.

Definition A.1.23. If two maps f, g : AÑ B are left homotopic using the cylinder object

induced by an interval object r0, 1s, we say that f and g are homotopic relative to r0, 1s,

and we write f „l
r0,1s g.

A map f : A Ñ B is said to be a homotopy equivalence relative to r0, 1s if there

is a map g : B Ñ A such that f ˝ g „l
r0,1s IdB and g ˝ f „l

r0,1s IdA. If ˚ is the terminal

object then an object A is said to be r0, 1s-contractible if the map AÑ ˚ is a homotopy

equivalence relative to r0, 1s.

Proposition A.1.24. Let pC ,b, kq be a symmetric monoidal model category which satis-

fies the monoid axiom, and let pr0, 1s,∇, εq be a very good coassociative coalgebra interval.

Suppose f, g : A Ñ B and s, t : X Ñ Y are maps, that f „l
r0,1s g and s „l

r0,1s t, and that

both B and Y are fibrant. Then f b s „l
r0,1s g b t.

Proof. There exists a left homotopy using r0, 1sbX and r0, 1sbA. Let ηX : [0, 1sbX Ñ Y

realise the left homotopy between f and g, and ηA : r0, 1s b A Ñ B realise the homotopy

between s and t. Consider the composition

r0, 1s b pX bAq
∇bId // pr0, 1s b r0, 1sq b pX bAq // pr0, 1s bXq b pr0, 1s bAq

ηXbηA //

// Y bB

This gives a left homotopy between f b s and g b t relative to I.
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A.1.6 Algebra in Monoidal Model Categories

Let pC ,bq be a monoidal model category. We recall here a major result regarding the

existence of transferred model structures on categories of monoids and modules internal to

C .

Theorem A.1.25 ([73]). Let pC ,bq be a bicomplete monoidal model category and R a

monoid object in C . Suppose that

1. pC ,bq satisfies the monoid axiom.

2. C is a combinatorial model category.

Then

1. The transferred model structure on RMod exists and is cofibrantly generated.

2. If R is commutative, then the transferred model structure on RMod is monoidal and

satisfies the monoid axiom.

3. If R is commutative then the transferred model structure exists on the category of

monoids in RMod . Moreover it is cofibrantly generated. Every cofibration of R-

algebras whose source is cofibrant is also a cofibration of R-modules.

Proof. This is Theorem 4.1 in [73].

A.2 p8, 1q-Categories

Quasi-Categories and Localization of Model Cateogries

For concreteness we fill fix as quasi-categories our model for p8, 1q-categories. If M is

a model category we can associated to it a quasi-category M. If M is a combinatorial

simplicial model category then M is a locally presentable p8, 1q-category by Proposition

A.3.7.6 in [51].

Generation under Sifted Colimits

Let C be a cocomplete p8, 1q-category and C0 a full subcategory. We denote by PΣpC0q the

free cocompletion of C0 by sifted colimits, i.e. by filtered colimits and geometric realisations.

There is a natural functor

PΣpC0q Ñ C
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Let T be a monad on C which preserves sifted colimits and let CT its category of Eilenberg-

Moore algebras. Consider the corresponding adjunction.

FreeT : C Õ CT :| ´ |T

Let FreeTpC0q denote the full subcategory of CT spanned by free T-algebras on C0.

PΣpC0q

��

// PΣpFreeTpC0qq

��
C // CT

Suppose that the left-hand vertical map is essentially surjective. By Proposition 4.7.3.14 in

[52] every object in CT can be obtained as a colimit of a simplicial diagram of objects in the

image of FreeT. Therefore by the previous proposition every object in CT can be obtained

as a sifted colimit of objects in FreeTpC0q. In particular the functor PΣpFreeTpC0qq Ñ CT

is essentially surjective.

We are particularly interested in the case that C is presented by a Kan complex enriched

monoidal model category C and P is an admissible operad on C . This gives rise to a monadic

Quillen adjunction

Pp´q: C Õ AlgPpCq :| ´ |

which by localization induces an adjunction of p8, 1q-categories

Pp´q: C Õ AlgPpCq :| ´ |

According to [43] this is also a monadic adjunction. Since C is cofibrantly generated C is

generated under sifted colimits by some small subcategory C0 of cofibrant objects in C .

Therefore AlgPpCq is generated under sifted colimits by the full category of free P-algebras

on objects in C0.

Remark A.2.1. The argument given above is a significant component of the one in [35]

Proposition 1.2.2, which shows that the category of chain complexes of vector spaces over a

field, and the category of Lie algebras over it, are in fact the formal completion of subcate-

gories of certain compact objects by sifted colimits.
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Appendix B

Algebra in Additive Categories

Throughout this section pE ,b, kq is a symmetric monoidal category, with monoidal functor

b. The symmetric braiding will be denoted by σ. We further assume that E is finitely

bicomplete. What follows is largely standard. Much of it can be found in [10] for example.

B.1 Familiar Algebras

Associative Monoids

We denote the category of (unital) associative monoids internal to E by AsspEq. There is a

faithful forgetful functor |´|Ass : AsspEq Ñ E . If E has countable products then |´| has a left

adjoint T constructed in the usual way as the tensor algebra. Namely, T pV q “
À8

n“0 TnpV q

with TnpV q “ V bn.

Commutative Monoids

We denote the category of (unital) commutative monoids by CommpEq. If E has finite

coequalizers and countable coproducts then the forgetful functor | ´ |Comm : CommpEq Ñ E

has a left-adjoint, which can be constructed explicitly as follows. The symmetric group on n

letters Σn acts on TnpV q “ V bn. Let SnpV q “ TnpV qΣn be the coinvariants for this action.

We then set SpV q “
À8

n“0 SnpV q. The associative monoid structure on T pV q descends to

an associative monoid structure on SpV q. One checks easily that it is commutative and

that it is a left adjoint.

Modules

Given objects A and B of AsspEq we denote by AMod the category of left modules for A, by

Mod A the category of right modules for A, and by AMod B the category of A´B bimodules.

There is a forgetful functor | ´ |
AMod : AMod Ñ E . This functor has a left adjoint. It sends

an object E to the object Ab E with the obvious left action of A.
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Let E be a right A-module with action morphism aE : EbAÑ E and F a left A-module

with action morphism aF : A b F Ñ F . If the category E has finite equalisers, then we

define E bA F to be the coequaliser of the maps

E bAb F

aE
**

aF 44E b F

This defines a bifunctor

bA : Mod A ˆ AMod Ñ E

If E is a B ´A bimodule and F is an A´C bimodule, then E bA F is naturally a B ´C-

bimodule, i.e. bA gives a bifunctor

BMod A ˆ AMod C Ñ BMod C

If A is a commutative monoid then this gives a bifunctor

AMod ˆ AMod Ñ AMod

which endows AMod with a monoidal structure.

Suppose further that the monoidal structure is closed, and let Homp´,´q denote the

internal hom functor. Then one can also construct an internal hom, HomAp´,´q functor

on AMod by a similar method as used to construct bA. This makes pE ,bA,HomAp´,´q, Aq

a closed monoidal category. See for example [10] for details.

Lie Monoids

Now we suppose pE ,b, kq is a monoidal additive category. Then one can define the category

of Lie monoids internal to E . Denote the symmetric braiding by σ. A Lie monoid in E is

a pair pL, r´,´sq consisting an object L of E together with a morphism r´,´s : LbLÑ L

satisfying the Jacobi identity

r´, r´,´ss ` r´, r´,´ss ˝ pidL b σL,Lq ` r´, r´,´ss ˝ pσL,L b idLq ˝ pidL b σL,Lq “ 0

and the antisymmetry condition

r´,´s ` r´,´s b σL,L “ 0

Morphisms of Lie monoids are defined in the obvious way. This gives a category LiepEq of

Lie monoids internal to C.
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There is of course a forgetful functor | ´ |Lie : LiepEq Ñ E . If E is enriched over QVect

rather than Ab we will also see that this functor has a left adjoint L which can be constructed

explicitly.

Now let A be an associative monoid in E with multiplication m. Define r´,´s : AbAÑ

A by r´,´s “ m ´m ˝ σA,A. It is easy to see that pA, r´,´sq is a Lie monoid. Moreover

this structure is clearly functorial, and we get a faithful functor AsspEq Ñ LiepEq. As we

shall see later, if E is enriched over QVect then this functor has a left adjoint U .

Algebra in QVect-Enriched Symmetric Monoidal Categories

We now assume that our monoidal additive category E is enriched over QVect rather than

just Ab. We also assume that E is finitely bicomplete and has countable coproducts. Let

us relate the functors U,L, T, S.

The easiest identity is U ˝L – T . This follows from the fact that both U ˝L and T are

left adjoints to the forgetful functor | ´ |Ass : AsspEq Ñ E .

Now consider T and S. The following is an easy generalisation of the same fact for

Q-vector spaces. It is done for dg-vector spaces in [69] for example.

Proposition B.1.1. The natural transformation |´ |Ass ˝T Ñ |´|Comm ˝S admits a section.

Proof. Let V be an object of E . Define a map ρV : T pV q Ñ T pV q of graded objects in E by

ρV, n “
1

n!

ÿ

σPΣn

σ : TnpV q Ñ TnpV q

This clearly induces a map

TnpV qΣn “ SnpV q Ñ TnpV q

which is a section of the projection TnpV q Ñ SnpV q. It is also clear that ρV is natural in

V , i.e. we get a natural transformation ρ : | ´ |Comm ˝ S Ñ | ´ |Ass ˝ T which is a section of

| ´ |Ass ˝ T Ñ | ´ |Comm ˝ S

Let us now explain how U and S are related. In [22] it is shown that if E is Q-linear

then a left adjoint U to the forgetful functor AsspEq Ñ LiepEq exists, and there is a natural

isomorphism

| ´ |Ass ˝ U – | ´ |Comm ˝ S ˝ | ´ |Lie

UpLq is called the universal enveloping algebra of L. The proof in fact works in the

following setup
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Theorem B.1.2 (Poincaré-Birkhoff-Witt). Let pE ,b, kq a monoidal additive category en-

riched over QVect with countable coproducts and finite coequalizers. Then a left adjoint U

to the forgetful functor AsspCq Ñ LiepCq exists, and there is a natural isomorphism

| ´ |Ass ˝ U – | ´ |Comm ˝ S ˝ | ´ |Lie

Corollary B.1.3. Let g be a Lie monoid and let i : g Ñ Upgq denote the natural map in

E. Then the map gÑ Impiq is an isomorphism.

Finally we relate T and L. First we give an explicit construction of L. Consider the

tensor algebra T pV q as a Lie algebra with Lie bracket r´,´s the one induced from the

associative algebra structure. Let L0pV q “ V ãÑ T pV q. Inductively define a subobject

Lr`1pV q of T pV q as the image of the restriction of r´,´s to V b LrpV q. Define

LpV q “
8
à

r“0

LrpV q

The Lie bracket on T pV q pulls back to one on LpV q. The construction is clearly functorial.

To see that it is a left adjoint we follow the method of [77]. Suppose g is a Lie monoid

and V Ñ g is a morphism in E . This induces a morphism V Ñ g Ñ Upgq and therefore

a morphism of associative algebras T pV q Ñ Upgq. The image of LpV q under this map is

clearly contained in the image of g in Upgq. But by Corollary B.1.3 this is isomorphic to

g. Thus we get a lift of V Ñ g to a map of Lie algebras LpV q Ñ g. Such a map is clearly

unique.

We are going to show that the natural inclusion LpV q ãÑ T pV q is split. First we

introduce some notation. Let g be a Lie monoid with bracket r´,´s. Define r´,´sn :

gbn Ñ g inductively as follows. We set r´,´s1 “ r´,´s and define r´,´sn`1 to be the

composite.

gbn`1 idgbr´,´sn // gb g
r´,´s // g

We then get the following result, which is a generalisation of Lemma 2.2 in [69].

Lemma B.1.4. The graded natural transformation ρ : | ´ |Ass ˝ T Ñ | ´ |Lie ˝ L of graded

objects in E given by

ρn “

"

0 n “ 0
r´,´sn n ą 0

is a left inverse for the map LpV q Ñ T pV q.
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Proof. Fix an object V of E . Denote the Lie bracket on LpV q by r´,´s. Define a Lie

monoid endomorphism D of LpV q whose action on LnpV q is multiplication by n. Consider

the Lie monoid L1pV q “ LpV q ‘ k with Lie bracket

r´.´s1 : pLpV q ‘ kq b pLpV q ‘ kq – LpV q b LpV q ‘ LpV q ‘ LpV q ‘ k Ñ LpV q ‘ k

given by the matrix

ˆ

r´,´s D ´D 0
0 0 0 0

˙

The inclusion LpV q Ñ LpV q ‘ k is a morphism of Lie monoids whose image is an ideal

of LpV q ‘ k. Thus LpV q ‘ k is an LpV q-module, and hence a UpLpV qq “ T pV q module.

Consider the composition

T pV q – T pV q b k Ñ T pV q b L1pV q Ñ L1pV q

In degree n this map is nρn. But when restricted to LnpV q it is given by Dn “ nidLnpV q.

Thus ρn|LnpV q “ idLnpV q.

B.2 Operadic Algebra in Additive Categories

In this section we recall some basic results on operads and co-operads. Our reference is[48]

where, unless stated otherwise, anything left unproved in this section can be found. While

the book works in the context of vector spaces, most of the proofs work mutatis mutandis

for monoidal additive categories with some mild assumptions. Note that all the algebras

studied in the previous section are algebras over certain operads.

Discrete Groups in Monoidal Categories

Let pE ,b, kq be a symmetric monoidal category with all small coproducts. We denote by

kr´s : Set Ñ E the functor which sends a set S to the object krSs “
À

S k. If f : S Ñ T is

a map of sets, then krf s : krSs Ñ krT s is the morphism which sends the copy of k indexed

by s P S to the copy indexed by fpsq P T . Objects and morphisms in the essential image of

the functor kr´s : Set Ñ E will be called discrete.

Proposition B.2.1. Let pE ,b, kq be a symmetric monoidal category. Suppose that b

preserves all coproducts. Endow Set with its Cartesian monoidal structure. Then the functor

kr´s : Set Ñ E is strong monoidal.
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Proof. Let S and T be sets. Then

´

ž

S

k
¯

b

´

ž

T

k
¯

–
ž

S

ž

T

k b k –
ž

S

ž

T

k –
ž

SˆT

k

In particular Set Ñ E sends groups to Hopf monoids. If G is a group we call krGs the

group monoid of G in E .

The Category of Σ-Modules

We denote by krΣs the monoid in Gr pEq defined as follows. In degree n it is given by the

monoid krΣns, the free monoid on the symmetric group in n letters.

Definition B.2.2. The category of Σ-modules in E is the category of krΣs-modules.

Definition B.2.3. Let M be a Σ-module. Its associated Schur functor is the endofunctor

M̃ : E Ñ E defined by

M̃pV q “
à

ně0

Mpnq bΣn V
bn

The assignment M ÞÑ M̃ is functorial in a natural way. We denote the functor Mod Σ Ñ

EndpE ,Eq by Sch.

The Tensor Product of Σ-Modules

We are going to define a monoidal structure on the category of Σ-Modules.

Definition B.2.4. Let M and N be two Σ-modules. The tensor product of M and N ,

denote M bN , is the Σ-module define by

pM bNqpnq “
à

i`j“n

IndΣn
ΣiˆΣj

pMpiq bNpjqq

Definition B.2.5. The Σ-module I is defined by Mpiq “ 0 for i ‰ 1 and Mp1q “ k.

The following can be proven as in [48]

Proposition B.2.6. pMod Σ,b, Iq is a symmetric monoidal category. Moreover if we endow

rE ,Es with its object wise monoidal structure, Sch is a strong monoidal functor.
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The Composite of Σ-Modules

Definition B.2.7. Let M and N be two Σ-modules. The composite product of M and

N , denote M ˝N is defined by

M ˝Npnq “
à

kě0

pMpkq bΣk N
bkpnq

Proposition B.2.8. pMod Σ, ˝, Iq is a monoidal category.

Another useful notion is the infinitesimal composite product of Σ-modules

Definition B.2.9. The functor ´˝p´;´q : Mod 3
Σ Ñ Mod Σ is the subfunctor of ´˝p´‘´q :

Mod 3
Σ Ñ Mod Σ which is linear in the last variable.

Definition B.2.10. The infinitesimal composite product functor ´ ˝p1q ´ : Mod 2
Σ Ñ

Mod Σ is the functor

´ ˝p1q ´
..“ ´ ˝ pI;´q

Definition B.2.11. Let f : M1 Ñ M2 an g : N1 Ñ N2 be morphisms of Σ-modules. The

infinitesimal composite of f and g, denoted f ˝1 g is the map

f ˝1 g : M1 ˝N1 ÑM2 ˝ pN1;N2q

given by the formula

f ˝1 g “
ÿ

i

f b pIdN1 b . . .b IdN1 b g b IdN1 b . . .b IdN1q

Operads and Co-Operads

Definition B.2.12. The category of operads denoted Op is the category of associative

monoids pP, γ, ηq in the monoidal category pMod Σ, I, ˝q. The category of cooperads de-

noted coOp is the category of coassociative comonoids in the monoidal category pMod Σ, I, ˝q.

Definition B.2.13. Let pP, γ, ηq be an operad. The infinitesimal composition map

γp1q : P ˝p1q PÑ P given by the composition.

P˝p1qP P ˝ pI;Pq // // P ˝ pI ‘Pq
IdP˝pη`IdPq // P ˝P

γ // P

Definition B.2.14. Let pC,∆, εq be a co-operad. The infinitesimal decomposition map

∆p1qCÑ C ˝p1q C given by the composition.

C
∆ // C ˝ C

IdC˝
1IdC // C ˝ pC;Cq

IdC˝pε;IdCq // C ˝ pI;Cq C˝p1qC
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Partial Compositions

An operadic structure on a Σ-module pP, γ, ηq can also be described by the so-called partial

composition maps. Let P be an operad. For m,n P N and 1 ď i ď m we define the partial

composition map

˝i : Ppmq bPpnq Ñ Ppm` n´ 1q

as the composition

Ppmq bPpnq – Ppmq b k b . . .b k bPpnq b k b . . .b k Ñ

Ñ Ppmq bPp1q b . . .bPp1q bPpnq bPp1q b . . .bPp1q ãÑ P ˝PÑ PÑ Ppm` n´ 1q

It turns out that the operadic structure can be completely recovered from these maps.

The Hadamard Tensor Product

If O and P are Σ-modules then we define their Hadamard tensor product by pO bH

Pqpnq ..“ Opnq b Ppnq equipped with the diagonal action of Σn. If O and P are operads

then so is their Hadamard tensor product. By duality the Hadamard tensor product of two

co-operads is a co-operad.

Operadic Modules and Ideals

Definition B.2.15. Let P be an operad. A (non-unital) left P-module is a Σ-module

M together with a map

ρM : P ˝ pP;Mq ÑM

such that the following diagrams commutes

P ˝ pP;P ˝ pP;Mqqq
IdP˝pIdP;γM q //

„

��

P ˝ pP;Mq

γM

��
pP ˝Pq ˝ pP;Mq

µP˝pId;Idq
// P ˝ pP;Mq

γM //M

a

There is an obvious notion of a morphism of P-modules, and this gives a category

P´Mod .

Let M be a P-module and jM : N ãÑM a sub-Σ-module. Consider the composition

γN “ P ˝ pP;Nq Ñ P ˝ pP;Mq ÑM
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Write
〈
N
〉

1
“ ImpγN q. Inductively define

〈
N
〉
k`1

“

〈〈
N
〉
k

〉
1
. Finally define

〈
N
〉
“

limÑ

〈
N
〉
k
. Let us endow

〈
N
〉

with a left P-module structure. First note that the natural

map

limÑP˝
´

P;
〈
N
〉
k

¯

Ñ P˝
´

P; limÑ

´〈
N
〉
k

¯¯

is an isomorphism. We now construct a map limÑP ˝ pP;
〈
N
〉
k
q Ñ limÑ

〈
N
〉
k
. We have

the following commutative diagram

P ˝ pP;
〈
N
〉
k
q //

��

P ˝ pP;
〈
N
〉
k`1
q

��〈
N
〉
k`1

//
〈
N
〉
k`2

which induces the desired map.

Proposition B.2.16.
〈
N
〉

is a left P-module. There is a monomorphism j〈
N

〉 : N ãÑ

〈
N
〉

which satisfies the following universal property. φM ˝ j〈
N

〉 “ jM .

Suppose further that transfinite compositions of regular monomorphisms are regular. Then

j〈
N

〉 is a regular monomorphism. If there is a commutative diagram

N
jN 1 //

jM

  

N 1

iN 1}}
M

with all maps being regular monomorphisms and N 1 being a sub-P-module of M , then there

is a unique map of P-modules φN 1 :
〈
N
〉
Ñ N 1 such that the following diagram commutes

〈
N
〉

φM

  

φN 1 // N 1

iN 1��
M

In particular, if φM is a regular monomorphism then
〈
N
〉

is the regular sub-Pmodule of

M generated by N . Further suppose that E is quasi-abelian. Then
〈
N
〉
“

〈
N
〉

1
.

Proof. It is clear that γ̃N ˝ ηM |N “ iN . In particular the inclusion iN factors as

N Ñ ImpγN q ÑM
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We let j〈
N

〉 be the composite

N Ñ ImpγN q “
〈
N
〉

1
Ñ limÑ

〈
N
〉
k

It follows from the construction of the map φM that φM ˝ j〈
N

〉 “ jM . Suppose there is a

commutative diagram

N
jN 1 //

jM

  

N 1

iN 1}}
M

with all maps being monomorphisms and N 1 being a sub-P-module of M . Then the follow-

ing diagram commutes

P ˝ pP;Nq

++

IdP˝pIdP;jN 1 q// P ˝ pP;N 1q
γ1N // N 1

iN 1
��
M

This implies that
〈
N
〉

1
“ ImpγN q ãÑ M factors (uniquely) through iN 1 . To prove the

second claim we check that
〈
N
〉

1
“ ImpγN q is a sub-module. To do this we must show that

the map γ〈
N

〉
1

factors through
〈
N
〉

1
. The map P ˝ pP;Nqq Ñ

〈
N
〉

1
is an epimorphism

since E is quasi-abelian. Therefore the map P ˝ pP;P ˝ pP;Nqq Ñ P ˝ pP;
〈
N
〉

1
qq is an

epimorphism. Moreover, the following diagram commutes

P ˝ pP;P ˝ pP;Nqq
IdP˝pIdP;γN q //

��

P ˝ pP;Mq

γM

��
P ˝ pP;

〈
N
〉

1
qq

γ〈
N

〉
1 //M

Thus it is sufficient to prove that the image of the composition

P ˝ pP;P ˝ pP;Nqq
IdP˝pIdP;γN q // P ˝ pP;Mq

γM //M

factors through Impγ̃N q. But we also have the following commutative diagram.

P ˝ pP;P ˝ pP;Nqqq
IdP˝pIdP;γN q //

„

��

P ˝ pP;Mq

γM

��
pP ˝Pq ˝ pP;Nq

µP˝pId;Idq
// P ˝ pP;Nq

γN //M

This proves the claim.
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B.3 Algebras Over Operads

Definition B.3.1. Let pP, γ, ηq be an operad. A P-algebra is a pair pA, γAq where A of

E and γA : PpAq Ñ A is a morphism in E such that the following diagrams commute

pP ˝PqpAq

γpAq

��

PpPpAqq
PpγAq // PpAq

γA

��
PpAq

γA // A

IpAq
ηpAq // PpAq

γA
��
A

Definition B.3.2. Let C be a cooperad. A C-coalgebra is an object C of E together with

a map ∆C : C Ñ C ˝ C such that pCop,∆op
C q is a Cop algebra in the category Eop.

There are obvious notions of morphisms of algebras and coalgebras, giving categories

AlgP and coAlgP.

B.3.1 Modules Over Algebras and Ideals

Definition B.3.3. Let pP, γ, ηq be an operad and pA, γAq an algebra over P. A module

over A together with maps γM : P ˝ pA;Mq ÑM and ηM : M Ñ P ˝ pA;Mq such that the

following diagrams commute

pP ˝Pq ˝ pA;Mq
„ //

γ˝pId;Idq

��

P ˝ pPpAq;P ˝ pA;Mqq
Id˝pγA;γM q // P ˝ pA;Mq

γM

��
P ˝ pA;Mq

γM //M

M
ηM// P ˝ pA;Mq

γM
��
M

Note that A is canonically a module over itself. An ideal of A is a module I over A

which is a submodule of A regarded as a module over itself.

Definition B.3.4. Let M be an A-module and N ãÑM a (regular) subobject in the ambient

quasi-abelian category E. A (regular) sub-A-module K ãÑM is said to be generated by N

if the inclusion N ãÑM factors through K ãÑM , and K is universal with this property.
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Proposition B.3.5. Let M be an A-module and N ãÑ M a subobject in the ambient

quasi-abelian category. Consider the composition

γN “ PpA;Nq Ñ PpA;Mq ÑM

Then ImpγN q is athe regular submodule of M generated by N .

Proof. Similar (in fact easier than) Proposition B.2.16.

B.3.2 Derivations

For most of this section we follow [2]

Definition B.3.6. Let P be an operad, A a P-algebra and M an A-module. Then the

square zero extension of A by M is the P-algebra A ˙M whose underlying object is

A‘M and whose algebra structure is given by the composite

PpA‘Mq Ñ PpAq ‘PpA;Mq Ñ A‘M

The algebra A˙M is equipped with a map of algebras A˙M Ñ A which on underlying

objects is just the projection A‘M Ñ A. This gives an object A˙M Ñ A in AlgP
L

A.

Definition B.3.7. Let B be an object in AlgP
L

A and let M be an A module. The abelian

group of derivations from B to M is

DerP,ApB,Mq “ Hom
AlgP

L

A
pB,A˙Mq

Proposition B.3.8. An element of DerP,ApB,Mq is determined by a morphism D : B Ñ

M in E so that the following diagram commutes

PpBq

γB
��

∆ // P ˝ pB;Bq
IdP˝pIdB ,Dq // P ˝ pB,Mq

γM
��

B
D //M

In the case that A “ PpV q is a free algebra one can show the following (see [48])

Proposition B.3.9. Let V P E. Suppose we are given a map φ : V Ñ PpV q. There is a

unique derivation dφ on the free P-algebra PpV q which extends φ. It is given by the formula

dφ “ dP ˝ IdV ` pγp1q ˝ IdV qpIdP ˝
1 V q

where we have used the isomorphism

P ˝ pV ;PpV qq – pP ˝p1q PqpV q
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In fact, by Observation.4.4.2, [25] one has

Proposition B.3.10. Let V P E. Then there is a natural isomorphism

HompV,Mq – DerP,Pp0qpPpV q,Mq

Proposition B.3.11. Let A and B be P-algebras and M an A
š

B-module. In particular it

is both an A-module and a B-module. Suppose d : AÑM and δ : B ÑM are derivations.

There is a unique derivation d ` δ : A
š

B Ñ M whose restriction to A is d and whose

restriction to B is δ.

Proof. A
š

B can be constructed as a quotient of PpA‘Bq. There is a map of Σ-modules

d` δ : A ‘ B Ñ M which uniquely extends to a derivation PpA ‘ Bq Ñ M . One checks

that this descends to a map A
š

B ÑM .

B.3.3 Twists by Coalgebras

Throughout this section P will be a non-symmetric operad and pC,∆, εq a coassociative

coalgebra. This section provides a useful formalism for dealing with homotopies of P-

algebras.

Let us define maps

δC;V pkq : C bPpkq b V bk Ñ Ppkq b pC b V qbk

The symmetric monoidal structure gives a canonical isomorphism

σ : Cbk bPpkq b V bk – Ppkq b pC b V qbk

The isomorphism does not swap any of the Cs past each other. We now define δC;V pkq to

be σ ˝∆k´1. So we get a map δC,V : C bPpV q Ñ PpC b V q. It is natural in C and V .

Proposition B.3.12. Let P be a non-symmetric operad, V an object of E, and pC,∆, εq a

coassociative coalgebra. The following diagram commutes

C bPpV q
δC,V //

εbIdPpV q

%%

PpC b V q

PpεbIdV qyy
PpV q

Definition B.3.13. Let A and B be P-algebras and C a coalgebra. A C-twisted mor-

phism of P-algebras from A to B is a map

φ : C bAÑ B
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such that the following diagram commutes

C bPpAq
IdCbγA //

δC,A
��

C bA

φ

��
PpC bAq

Ppφq // PpBq
γB // B

Proposition B.3.14. Let C be a coassociative coalgebra, V,W objects of E and h : CbV Ñ

W a map. Then the map Pphq˝δC,V : CbPpV q Ñ PpW q is a C-twisted map of P-algebras

from PpV q to PpW q.

Proof. Let ψ : PpC bPpV qq Ñ PpW q denote the unique map of algebras extending Pphq ˝

δC,V . The coassociativity of C implies that the following diagram commutes

C b pPpPpV qqq

IdbγPpV q
��

δC,PpV q // PpC bPpV qq

ψ

��
C bPpV q

δC,V // PpC b V q
Pphq // PpW q

which says precisely that Pphq ˝ δV is a C-twisted morphism.

Proposition B.3.15. Let E be a closed monoidal quasi-abelian category, A and B be P-

algebras, C a coassociative coalgebra, and suppose that H : C b A Ñ B is a C-twisted

morphism of P-algebras. Let K ãÑ A be a subobject of A and L Ñ B an admissible sub-

algebra of B. If H|CbK factors through L, then so does H|
Cb

〈
K

〉.

Proof. First note that we have the following commutative diagram

C bPpKq

��

// Cb
〈
K

〉
// C bA // B

PpC bKq // PpLq // L // B

Since in quasi-abelian category any map is an epimorphism onto its image, and the tensor

product preserves cokernels, the first horizontal map is an epimorphism. Therefore the

image of the top horizontal map coincides with the image of the composition

Cb
〈
K

〉
Ñ C bAÑ B

But by the commutativity of the diagram the image of the top map factors through the

image of LÑ B which is L, since L is a regular subobject.
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B.4 (Co)Operads in Chain Complexes

In this section we let pE ,b, kq be a monoidal additive category with kernels and cokernels,

and consider operads and co-operads in the monoidal additive category ChpEq.

B.4.1 The Convolution Operad

Let pC,∆, εq be a cooperad and pP, γ, ηq be an operad in E , and consider the collection in

ChpAbq given by

HompC,Pqpnq “ HomEpCpnq,Ppnqq

It is a (right) Σ module in ChpAbq. For f P HomEpCpnq,Ppnqq σ P Σn acts on the right

by

f ÞÑ σ ˝ f ˝ σ´1

Using the methods of [48] Section 6.4.1 this Σ-module in ChpAbq can be made into an

operad, called the convolution operad of C and P. Recall that to any dg-operad P there

is an associated dg pre-Lie algebra whose underlying differentially graded abelian group is
ś

nPpnq. Denote by

HomΣpC,Pq ..“
ź

ně0

HomΣnpCpnq,Ppnqq

the subobject of
ś

ně0 HompCpnq,Ppnqq consisting of Σ-equivariant maps.

Proposition B.4.1. HomΣpC,Pq is a sub dg pre-Lie algebra of the dg pre-Lie algebra

associated to the convolution operad.

Definition B.4.2. HomΣpC,Pq is called the convolution dg pre-Lie algebra.

B.4.2 Twisting Morphisms and Twisted Composite Products

Details for the next two sections can be found in Chapter 11 of [48]. Let C be a cooperad

and P an operad. We consider the convolution operad HompC,Pq in ChpAbq.

Definition B.4.3. A twisting morphism is a Maurer-Cartan element in the convolution

dg pre-Lie algebra HomΣpC,Pq.

Typically the twisting morphisms we consider on additive categories are induced from

ones in ChpAbq (or ChpQMod q). To this end we note the following result.

Proposition B.4.4. Let D and E be monoidal additive categories and F : D Ñ E a strict

monoidal functor. Let α : C Ñ P be a twisting morphism in ChpEq. Then F pαq : F pCq Ñ

F pPq is a twisting morphism.

177



Proof. This follows from the fact that F induces a homomorphism of convolution Lie alge-

bras, and homomorphisms of Lie algebras send Maurer-Cartan elements to Maurer-Cartan

elements.

Let α : CÑ P be a degree ´1 morphism. Denote by drα the unique derivation on C ˝P

which extends the composition

C
∆p1q// C ˝p1q C

IdC˝p1qα// C ˝p1q P // C ˝P

Denote by dlα the unique derivation on P ˝ C the unique derivation which extends

C
∆ // C ˝ C

α˝IdC // P ˝ C

Lemma B.4.5. On P ˝ C the derivation dα satisfies

d2
α “ dlBpαq`α‹α

On C ˝P the derivation dα satisfies

d2
α “ drBpαq`α‹α

Corollary B.4.6. If α is a twisting morphism then

P ˝α C ..“ pP ˝ C, dαq

and

C ˝α P ..“ pC ˝P, dαq

are chain complexes.

Finally we denote by P ˝α C ˝α P the complex whose underlying graded Σ-module is

given by P ˝ C ˝P, with differential given by dP˝C˝P ` IdP ˝
1 drα ´ d

l
α ˝ IdP. This is called

the two-sided twisted composite product. It is a complex by [48].

B.4.3 Bar and Cobar Constructions for Algebras

Let α : CÑ P be a twisting morphism. There is an construct an adjoint pair of functors.

Ωα : coAlgnilC Õ AlgP :Bα

Let C be a C-coalgebra. The underlying graded algebra of ΩαC is the free algebra PpCq

on C. The differential however is augmented using the twisting morphism. Namely, it is the

sum of the derivations d1 “ ´dP ˝C and d2, where ´d2 is the unique derivation extending

the map

C
∆ // C ˝ C

α˝IdC // P ˝ C
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Proposition B.4.7. There is a natural isomorphism of algebras with derivations

pPpCq,´d1 ´ d2q – ppP ˝α Cq ˝C C, dαq

In particular d1 ` d2 is a square-zero derivation.

Definition B.4.8. pPpCq, d1 ` d2q is called the cobar construction of A with respect

to α.

Now let A be a P-algebra. The underlying graded algebra of BαA is the co-free co-

algebra CpAq. Denote by d1 the square zero coderivation dC ˝ IdA. There is a unique

coderivation d2 extending the degree ´1 map

C ˝A
α˝IdA// P ˝A

γA // A

Proposition B.4.9. There is a natural isomorphism

pCpAq, d1 ` d2q – ppC ˝α Pq ˝P A, dαq

In particular d1 ` d2 is a square zero coderivation.

Definition B.4.10. BαA ..“ pCpAq, d1 ` d2q is called the bar construction of A with

respect to α.

Proposition B.4.11. There is an adjunction

Ωα : coAlgnilC Õ AlgP :Bα

In the context of the bar-cobar adjunction it is convenient to introduce the following

operad.

Definition B.4.12. The shifting cooperad, denoted Sc, is the cooperad with Spnq “

Sn´1pkq. The shifting operad S is the dual operad of S, with Spnq “ S´n`1pkq.

By [48] Page 187 we have the following.

Proposition B.4.13. For any complex V P ChpEq and any Σ-module P there is an iso-

morphism, natural in V ,

PpV qr1s – pSbH PqpV r1sq

In particular in P is an operad the shift functor induces an equivalence of categories

r1s : AlgP Ñ AlgSbHP

Similarly If C is a co-operad the shift functor induces an equivalence of categories.

r´1s : coAlgC Ñ coAlgScbHC
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B.4.4 Non-Symmetric Operads

There is a non-symmetric version of the theory detailed above, where we just consider

N-graded objects of E without any Σ-action. Recall from Section 3.3 this is a monoidal

category.

Definition B.4.14. Let M and N be graded objects. The non-symmetric composite

product of M and N , denoted M ˝ns N is the graded object given by

pM ˝ns Nqpnq “
à

k

Mpkq bNbkpnq

Definition B.4.15. The graded object I is defined by Mpiq “ 0 for i ‰ 1 and Mp1q “ k.

With these the preceding constructions on results for (symmetric) operads go through

mutatis mutandis. We denote the category of non-symmetric operads by Opns.

As with any module category there is an adjunction

krΣs b p´q: Grad pEqÕ Σ´Mod :| ´ |

which induces an adjunction

p´qΣ : Opns Õ Op :| ´ |
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Appendix C

Holomorphic Functions on Banach
Spaces

In this appendix we recall some notions from the theory of holomorphic functions on Banach

spaces of possibly infinite dimension. We then introduce contracting and multiplicative

holomorphy types before giving a description of algebras of holomorphic functions after

embedding them in the category PropBanq introduced in Section 2.3.1. Our main references

are [56] and [55]. Proofs of all unproven claims can be found there. We will consider the

category BanC of Banach spaces over C with its projective closed monoidal structure.

C.1 Definitions and Basic Properties

If E is a Banach space space there is for each n P N a continuous map

∆n
E : E Ñ Ebn, e ÞÑ ebn

which is natural in the following sense. Whenever f : E Ñ F is a linear map the following

diagram commutes

E

f
��

∆n
E // Ebn

fbn

��
F

∆n
F // Fbn

Let A P HomBanpE
bm, F q. Denote by Axm : E Ñ F the map of topological spaces given

by the composition A ˝∆m
E .

Definition C.1.1. A continuous homogeneous polynomial of degree M from E to

F is a map P : E Ñ F of the form Axm for some A P HomBanpE
bm, F q. We then write

P “ Â. The space of such maps is denoted PmpE,F q.

We endow this space with the topology of uniform convergence on bounded subsets of

E, and denote the resulting topological vector space by Pmω pE,F q. It is a Banach space [23].
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Let us now define holomorphic functions.

Definition C.1.2. A power series from E to F about χ P E is a sum of the form

8
ÿ

m“0

Pmpx´ χq

where Pm P PmpE,F q.

Definition C.1.3. Let E and F be Banach spaces and U Ă E open. A mapping f : U Ñ F

is said to be holomorphic on U if for every ξ P U there is a power series

8
ÿ

m“0

Pmpx´ χq

from E to F about χ and some ρ ą 0 such that Bρpξq Ă U , and

fpxq “
8
ÿ

m“0

Pmpx´ χq

converges uniformly on Bρpχq.

It can be shown that the sequence Pm is unique at every point χ. We then write

d̂mfpχq “ m!Pm

As in the finite dimensional case we have the Cauchy integral theorem

Proposition C.1.4. Let f P HpU ;F q, χ P U , x P E and ρ ą 0 be such that χ`λx P U for

every λ P C, |λ| ď ρ. Then

1

m!
d̂mfpχqpxq “

1

2πi

ż

|λ|“ρ

fpχ` λxq

λm`1
dλ

for all m P Zě0.

which gives the Cauchy estimates

Corollary C.1.5.
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

m!
d̂mfpχq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
ď

1

ρm
sup||x´χ||“ρ||fpxq||

for all m P Zě0.

In infinite dimensions it is not necessarily true that the radius of convergence of the

power series of a holomorphic function f at a point χ is the maximal radius of an open ball

around χ on which f is holomorphic.
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Definition C.1.6. Let f P HpU ;F q and χ P U . The radius of boundedness of f at χ is

the largest r, 0 ă r ď 8, such that Brpχq Ă U and f is bounded on every Bρpχq, 0 ď ρ ă r.

We then have the following.

Proposition C.1.7. Let f P HpU ;F q and χ P U . The radius of boundedness rb of f at χ is

the infimum of the radius of convergence rc of the Taylor series of f at χ and the distance

d of χ to the boundary of U ,

Definition C.1.8. Let U Ă E be an open set. A Ă U is said to be U -bounded if A is

bounded and dpA,EzUq ą 0.

Definition C.1.9. A mapping f P HpU ;F q is said to be of bounded type if f is bounded

on all U -bounded sets. The linear subspace of all such holomorphic mappings is denoted by

HbpU ;F q.

Remark C.1.10. The radius of convergence of the power series of a holomorphic function

f of bounded type at a point χ is the maximal radius of an open ball around χ on which f

is holomorphic.

We endow HbpE,F q with the topology of uniform convergence on bounded sets.

It is defined by the following system of semi-norms. For each integer n, let Bn denote the

open ball around 0 of radius n. Then the seminorm ρBn is

ρBnpfq “ supxPBn ||fpxq||E

We denote this topology by ω.

C.2 Holomorphy Types

It is useful to consider more manageable subspaces of the space of all holomorphic functions

between Banach spaces.

Definition C.2.1. Let E and F be Banach spaces. A holomorphy type Θ from E to F is

for each n a linear subspace PnΘpE,F q of PnpE,F q which is a Banach space when equipped

with a norm || ´ ||Θ, such that

1. P0
ΘpE;F q “ F as a normed linear space.

2. There is a σ ě 1 such that for any n P N, k ď n, a P E and P P PnΘpE;F q, the kth

differential d̂kP paq is in PkΘpE;F q and it satisfies

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

k!
d̂kP paq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Θ
ď σn||P ||Θ||a||

n´k
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Example C.2.2. The current holomorphy type is given by pPΘpE
n, F q, || ´ ||Θq “

PωpEn, F q.

Definition C.2.3. Let E and F be Banach spaces, U Ă E open and Θ a holomorphy type

from E to F . f P HpU ;F q is said to be of Θ-holomorphy type at ξ P U if

1. d̂mfpξq P PmΘ pE,F q for m P N

2. There are real numbers C ě 0 and c ě 0 such that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

m!
d̂mfpξq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Θ
ď C.cm

for m P N.

f is said to be of Θ-holomorphy type on U if it is of Θ-holomorphy type at every point

of U . The linear subspace consisting of all such functions is denoted HΘpE,F q.

We’re going to define a topology on HΘpU,F q.

Proposition C.2.4. Let p be a seminorm on HΘpU ;F q and K be a compact subset of U .

Then the following conditions are equivalent

1. Given any real number ε ą 0 we can find a real number cpεq ą 0 such that

ppfq ď cpεq
8
ÿ

m“0

εmsupxPK

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

m!
d̂mfpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Θ

for every f P HΘpU ;F q.

2. Given any real number ε ą 0 and any open subset V of U containing K, we can find

a real number cpε, V q ą 0 such that

ppfq ď cpε, V q
8
ÿ

m“0

εmsupxPV

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

m!
d̂mfpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Θ

for every f P HΘpU ;F q.

Definition C.2.5. A seminorm on HΘpU ;F q is said to be ported by a compact subset

K of U if the equivalent conditions of the preceding proposition are satisfied. The topology

generated by all such seminorms is denoted Iω,Θ.

We are now going to define a notion of holomorphic functions of Θ-bounded type.
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Definition C.2.6. A function f P HΘpE,F q is said to be of Θ-bounded type if for each

n P N there is a Cn ě 0 such that for each m P N

||
1

m!
d̂mfp0q||Θ ď Cn

1

nm

We write

ρnpfq “ inftCn P R : ||
1

m!
d̂mfp0q||Θ ď Cn

1

nm
@m ě 0u

We define HbΘpE,F q to be the subspace of HΘpE,F q consisting of functions of Θ-

bounded type. The following is clear.

Proposition C.2.7. ρn is a semi-norm on HbΘpE,F q.

We endow HbΘpE,F q with the topology generated by the seminorms ρn.

Proposition C.2.8. 1. Endow HΘpE,F q with the topology Iω,Θ. Then the inclusion

HbΘpE,F q Ñ HΘpE,F q is continuous.

2. Let f P HbΘpE,F q. Then under the inclusion HbΘpE,F q Ñ HΘpE,F q Ñ HpE,F q, f
is in HbpE,F q. Moreover the inclusion HbΘpE,F q ãÑ HbpE,F q is continuous.

3. Let Θ be the current holomorphy type. Then HbΘpE,F q “ HbpE,F q as topological

vector spaces.

Proof. 1. Let p be a seminorm ported by a compact subset K and let 0 ă ε ă 1. Let

n P Z be such that K Ă Bnp0q. Then

||
1

m!
d̂mfpxq|| ď

ρnpfq

nm

for all m P Z. Then for any x P Bnp0q and any m P Z,

||
1

m!
d̂mfpxq||Θ ď

ρnpfq

1´ σ

´σ

n

¯m

Choose r ą σ so that the sequence
!´

σ
n

¯m)

m
is summable.

ppfq ď cpεq
ρnpfq

1´ σ

8
ÿ

m“0

εm
´σ

n

¯m

“

´

cpεq
σn

p1´ σqpn´ σq

¯

ρnpfq

2. Fix r P R and let n be such that rσ ă n. We have || 1
m! d̂

mfp0q||Θ ď ρnpfq
1
nm .

Therefore || 1
m! d̂

mfp0q|| ď ρnpfq
´

σ
n

¯m
, and so for x with ||x||E ď r, || 1

m! d̂
mfp0qxm|| ď

ρnpfq
´

rσ
n

¯m
. So

ρBrpfq ď
ÿ

ρBrp
1

m!
d̂mfp0qq

ď
n

n´ rσ
ρnpfq
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3. By Part (2) the inclusion HbΘpE,F q Ñ HbpE,F q is continuous. Conversely let f P

HbpE,F q. Then clearly f P HbΘpE,F q and ρnpfq ď ρBnpfq.

Corollary C.2.9. There is a commutative diagram of topological spaces

HbΘpE,F q

��

// HΘpE,F q

��
HbpE,F q // HpE,F q

Next we introduce the notion of contracting holomorphy types.

Definition C.2.10. Let E and F be Banach spaces. A contracting holomorphy type

from E to F is for each r P p0,8q a holomorphy type Θr from Er to F such that

1. For any r, s ą 0 and m P N there is an isomorphism

φr,s : PmΘrpEr, F q – P
m
ΘspEs, F q

such that the following diagram commutes

PmΘrpEr, F q //

φr,s
��

PmpEr, F q

ψr,s
��

PmΘspEs, F q // PmpEs, F q

where ψr,s is the isomorphism induced from the isomorphism of Banach spaces IdE :

Es Ñ Er

2. For any r, s ą 0 and P P PΘspEs, F q one has

||P ||Θs “ rm||ψs,rspP q||Θrs

We clearly have the following result.

Proposition C.2.11. Let Θ be a holomorphy type from E to F . For r P p0,8q define a

holomorphy type Θr from Er to F as follows. The space PmΘrpEr, F q is the (isomorphic)

image of PmΘ pE,F q under the map ψ1,r : PmpE,F q Ñ PmpEr, F q. The norm is

||P ||Θr “
1

rm
||P ||Θ

Then this defines a contracting holomorphy type from E to F .

Let E be a Banach space and F a Banach algebra.
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Definition C.2.12. Let E be a Banach space and F a Banach algebra. A holomorphy type

Θ from E to F is said to be mutliplicative if for each m,n P N the image of the restriction

of the product map to PmΘ pE,F q ˆ PnΘpE,F q is in Pm`nΘ pE,F q.

Proposition C.2.13. 1. The tame (defined in Definition 4.4.8) and current holomorphy

types are contracting.

2. Suppose that F is a Banach algbera. The tame and current holomorphy types are

multiplicative.

Proposition C.2.14. Let Θ be a contracting holomorphy type from E to F . There is a

natural isomorphism

“limÐrPN” ˆà

m
PmΘ pE 1

σr
, F q – PBpHbΘpE,F qq

If F is a Banach algebra and Θ is multiplicative then this is an isomorphism of algebras.

Proof. Let Pm P PmpE,F q. Then by assumption
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

m!
d̂lPmp0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Θ
ď σm||Pm||Θ

“
σm

rm
||Pm||Θ 1

r

“

||Pm||Θ 1
σr

rm

Hence ρrpPmq ď ||P ||Θ 1
σr

This induces a map

ˆà

m

PmΘ pE 1
σr
, F q Ñ HΘpE,F qBr

and in turn a map

“limÐrPN” ˆà

m
PmΘ pE 1

σr
, F q Ñ PBpHbΘpE,F qq

If F is a Banach algebra and Θ is multiplicative then this map is clearly multiplicative. To

construct an inverse map, consider a globally convergent power series

fpxq “
ÿ

Amx
m

For any s, r P R one has

||Amx
m||Θ 1

σs

“ σmsm||Amx
m||Θ

ď

´σs

r

¯m
ρrpfq

Thus for σs
r ă 1,

ÿ

||Amx
m|| ď

r

r ´ σs
ρrpfq

so we get a bounded map HbΘpE,F qBr Ñ ˆÀ
mPmΘ pE 1

σs
, F q. In the projective limit this gives

an inverse.
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