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years ago by Azrieli and Shmaya. They showed via the probabilistic method that n-player
Lipschitz games with m strategies per player have e-approximate pure Nash equilibria, for
€ > 24/8nlog(2mn). Here we provide the first hardness result for the corresponding computational
problem, showing that even for a simple class of Lipschitz games (Lipschitz polymatrix games),
finding e-approximate pure equilibria is PPAD-complete, for suitable pairs of values e(n), A(n).
Novel features of this result include both the proof of PPAD hardness (in which we apply a
population game reduction from unrestricted polymatrix games) and the proof of containment
in PPAD (by derandomizing the selection of a pure equilibrium from a mixed one). In fact,
our approach implies containment in PPAD for any class of Lipschitz games where payoffs
from mixed-strategy profiles can be deterministically computed. When instead considering games
where only payoffs from action profiles can be deterministically computed, we provide two
equivalent definitions of “randomized PPAD” and show that the generalized problem belongs
to this class.

1. Introduction

The basic setting of game theory models a finite game as a finite set of players, each of whom chooses from a finite set of allowed
actions (or pure strategies). Such a game maps every action profile (a combination of strategies, one for each player) to a payoff for each
player. It follows that if players are allowed to randomize over their actions, there is a well-defined notion of expected payoff for
each player. Nash’s famous theorem [30] states that there exist randomized (or “mixed”) strategies for the players so that no player
can improve their expected payoff by unilaterally deviating to play some alternative strategy. In this paper we make a standard
assumption that all payoffs lie in the range [0, 1], and we take an interest in e-approximate Nash equilibria, in which no single player
can improve their expected payoff by more than some small additive ¢ > 0 by deviating.

The defining property of a A-Lipschitz game is that, given an action profile, a unilateral deviation by any single player to another
action affects every other player’s payoff by at most an additive A. This property of a multiplayer game is of course analogous to the
notion of Lipschitz continuity in mathematical analysis. As shown by Azrieli and Shmaya [2], for A <e/4/8nlog(2mn), any n-player,
m-action, A-Lipschitz game has an e-approximate Nash equilibrium in pure strategies. This is shown by taking a mixed-strategy Nash
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equilibrium, known to exist by [30], and showing that when pure strategies are sampled from it, there is a positive probability that
it will be e-approximate. As observed in [2], solutions based on mixed strategies are often criticized as being unrealistic in practice,
and pure strategy solutions are more plausible. However the existence proof of [2] is non-constructive, raising the question of how
hard they are to discover.

Here we study the problem of computing approximate pure equilibria of Lipschitz games. It is not always sufficient to know that
an object exists but not how hard it is to find. Because there is a simple algorithm for verifying approximate Nash equilibria, many
versions of this problem belong to TFNP, the class of problems that always have a solution that is polynomial-time verifiable. A few
subclasses of TFNP have been found to be most relevant when it comes to finding Nash equilibria, each based on the proof technique
that can be used to show that every instance of the problem has a solution:

« PPAD [31], the main class we consider in this work, is the class of problems that are proven total via a parity argument on
directed graphs.

+ The class PLS [26] contains the problems typically associated with polynomial local search and is more frequently the relevant
class when considering pure equilibria.

+ The class CLS [11] (recently shown equivalent to PPAD N PLS) also frequently arises in Nash equilibrium-finding contexts, and
is now known to capture the complexity of gradient descent [17].

Significant progress has been made on classifying various subclasses of Lipschitz games (see Section 1.1).

In a Lipschitz polymatrix game (the primary subclass we consider in this work), the effect of any one player A’s action on the
payoffs of any other player B is both bounded and independent of what the remaining players are doing. For each of B’s available
actions, B’s payoff is just the sum of a collection of contributions (each at most 1) associated with the action of each other player,
plus some constant shift. For these simple games, we identify values of 1 and ¢ (as functions of n) for which this problem is PPAD-
complete, and thus unlikely to have a polynomial-time algorithm. Containment in PPAD holds for more general subclasses of Lipschitz
games; in essence, any for which one can deterministically and efficiently compute payoffs associated with mixed-strategy profiles.
However, for Lipschitz games whose payoff function is computed by a general circuit (or more abstractly, a payoff oracle for action
profiles), we instead show containment in BPPPAD - a randomized analogue of PPAD defined in Section 4.

1.1. Background, related work

Due to the guaranteed existence [30] of a mixed Nash equilibrium that can be easily checked (either an exact one, or an e-
approximate one for some ¢ > 0), finding such an equilibrium cannot be NP-hard unless NP = co-NP [28]. Beginning with [10,8],
the complexity class PPAD (defined below) emerged as the means of identifying whether a class of games is likely to be hard to
solve. Until recently, PPAD-completeness has mostly been used to identify computational obstacles to finding mixed equilibria rather
than pure ones. There are, however, some examples of Bayesian games, as well as games with an infinite action space, for which
PPAD-completeness has been established for finding pure Nash equilibria.

In the setting of Bayes-Nash equilibrium, Filos-Ratsikas et al. [18] obtain a PPAD-completeness result for pure strategy solutions
of a class of first-price auctions. Closer to the present paper is a PPAD-completeness result of Papadimitriou and Peng [32] for a
class of public goods games with divisible goods, where the continuous action-space of the players can represent probabilities in the
solution of a corresponding 2-player game. Here instead we approximate continuous values (those taken at the gates of an arithmetic
circuit for which we seek a fixed point) by the actions of a subset of the players, interpreting a given estimate as the fraction of
players in such a subset who play some action.

1.1.1. Lipschitz games

Lipschitz games are a well-studied topic formally introduced by Azrieli and Shmaya in [2] as a natural class of games that admit
approximate pure Nash equilibria. Such games are often successful at modeling interactions between a large number of agents and
arise in many common situations such as financial markets and various types of network games. For example, consider a traffic
interaction in which a large number of drivers are attempting to travel from home to work. In a simple enough model, no single
driver can have that much impact on any other driver, but collective action can certainly affect the overall congestion [2]. Similarly,
in a large economic interaction, any given individual’s choice to purchase or not purchase an item may barely affect any other
individual’s utility, but as the collective demand increases the price is likely to rise, beginning to affect the payoffs of all involved
in a continuous manner [20]. In general, the Lipschitz parameter is interpreted as the slope of a player’s utility as a (more or less)
continuous function of the other players’ actions.

These games are assumed to have a large number of players, and introduce the (Lipschitz) restriction that every player can have
at most a bounded impact on the payoffs of any other player. They exhibit many fascinating properties, such as various metrics of
fault tolerance (explored in [24]) and ex-post stability of equilibria (studied in [13]).

Following their introduction, further work on equilibria of Lipschitz games by Daskalakis and Papadimitriou [12] shows that
for anonymous Lipschitz games (e.g. the driving example from above, where all other drivers’ actions can be permuted and a given
player’s payoff remains the same, or the economic interaction example where it doesn’t matter who makes the purchases so long
as they are made), approximate pure equilibria can be computed in polynomial time via reduction to MaxFLow, even for an
approximation factor independent of the number of players (i.e. € = O(Am) for A-Lipschitz, m-action games). When such games are
restricted to 2 actions, there is an algorithm that can find such equilibria making polynomially-many approximate queries [22] (where
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the query may be off by some additive error), and even a randomized algorithm running in polynomial time using only best-response
queries [3]. Cummings et al. [9] exploit a concentration argument to generalize [12] and identify approximate pure equilibria in
aggregative games.

In [19], Goldberg and Katzman study Lipschitz games from the perspective of query complexity, in which an algorithm has black-
box access to the game’s payoff function. They identify exponential lower bounds on the number of payoff queries needed to find an
equilibrium. This leaves open the problem of computing an equilibrium of a Lipschitz game that has a concise representation: if a game
is known to be concisely representable, then its query complexity is low [21]. Here we show that for concisely-representable Lipschitz
games, there remains a computational obstacle. Prior to [19], [20] gave a query-based algorithm for computing 1/8-approximate
Nash equilibria in 1/n-Lipschitz games; there may be scope to improve on the constant of 1/8, but the present paper indicates a limit
to further progress.

1.1.2. Polymatrix games

Another line of work explores the computational properties of equilibria in polymatrix games introduced in [25], in which each
pair of players play a different bimatrix game and a player’s payoff is the sum of the payoffs from each bimatrix game they play.
[7]1 and [11] show that, for coordination-only polymatrix games (games in which each of the bimatrix games always result in the
same payoff for both players) finding pure Nash equilibria is PLS-complete while finding mixed Nash equilibria is contained in CLS.
Furthermore, [33] and [14] show that the problem of finding e-approximate Nash equilibria of general polymatrix games is PPAD-
complete for e < 0.088. To complement this lower bound, [16] provide an upper bound in the form of an algorithm running in time
polynomial in the number of players to find an e-approximate Nash equilibrium of such games for any constant ¢ > 0.5 independent of
the number of actions, while in the binary-action case [14] once again improve this result to a polynomial-time algorithm for finding
a %-WSNE (see the definition of a WSNE in Section 2). Polymatrix games are known to be hard to solve even for sparse win-lose
matrices [27], and for tree polymatrix games [15].

1.2. Our contributions

In its most general form, the problem we address is, for A < e/+/8nlog(2mn):

Given as input an n-player, m-action game, find either an e-approximate pure Nash equilibrium, or a witness that the game is not
A-Lipschitz for the above A (a witness consists of two action profiles whose payoffs show the game is not A-Lipschitz).

In particular, we extend the PPAD-hardness results of [14] to games having the Lipschitz property in addition to being polymatrix
and binary-action. We show PPAD containment for the problem of finding approximate pure Nash equilibria of this class. We will
consider m, €, and A to be parameters of the problem statement rather than provided in the input, however the problem is similar if
these are instead passed in as input.

Notice that the two alternative kinds of solutions (an equilibrium or a witness against the A-Lipschitz property) avoid a promise
problem: there is no hard-to-check promise that a given game is Lipschitz. The problem statement can be taken to apply in general
to any class of games whose payoff functions are efficiently computable (e.g. circuit games [34]). Efficient computability of payoffs
is also a sufficient condition to guarantee that solutions are easy to check, allowing us to check the validity of either kind of solution.
In the special case of Lipschitz polymatrix games of interest here, they can be presented in a straightforward format for which we can
check the A-Lipschitz property.

A PPAD-completeness result consists of containment in PPAD as well as PPAD-hardness. We will rely on the following Lemma
taken from the proof technique of [10]:

Lemma 1 ([10]). In the context of mixed-strategy Nash equilibrium computation, the following property of a class of games is sufficient for
containment in PPAD:

— Given a mixed-strategy profile, it is possible to deterministically compute the payoffs with additive error O(e), in time polynomial in the
representation size of the game.
— 1/e is of size polynomial in the representation size of the game.

This property is shared by most well-studied classes of multiplayer games, such as graphical games or polymatrix games. It does
not hold for unrestricted Lipschitz games,! but it of course holds for Lipschitz polymatrix games. In this paper we obtain PPAD
containment for approximate pure equilibria. The technique of [2] places the problem in a notion of “randomized PPAD”, which we
rigorously define and explore in greater depth in Section 4. We instead establish containment in PPAD via a deterministic method to
selecting an approximate pure equilibrium (Lemma 4). Our approach requires 4 to be a smaller-growing function of ¢ and » than

1 For Lipschitz games presented in terms of unrestricted circuits that compute payoffs from action profiles, one cannot deterministically and efficiently compute
approximate payoffs to mixed-strategy profiles unless P = RP. For games abstractly presented via a payoff query oracle, this is unconditionally not possible to achieve
(regardless of any complexity class collapses).
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that of [2], however there is overlap between the (e, 1) regime where the problem is contained in (deterministic) PPAD and the one
where the problem is hard for PPAD.

PPAD-hardness applies to the binary-action case where each player has two actions {1,2}. We reduce from the polymatrix games
of [14], by considering an induced population game (see Section 3.2), which has the Lipschitz property.

For any fixed number of actions m > 2, PPAD-completeness (Theorem 3 and Corollary 1) holds for carefully-chosen functions
e(n) and A(n). In particular, A(n) needs to be sufficiently small relative to e(n) in order for our derandomization approach to achieve
containment in PPAD (see Section 3.1, Theorem 4). At the same time A(n) needs to be large enough that we still have hardness
for PPAD (Section 3.2, Theorem 5). Theorem 3 and Corollary 1 identify e(n), A(n) for which both of these requirements hold. In
particular, taking A = ®(en~%), we present below the current state of the problem for various values of a:

a< % No pure equilibrium guarantee [2]

12

a € (5, 5) PPAD-hard, upper bound unknown (Theorem 5)

a€E (%, 1) PPAD-complete (Corollary 1)

a>1 P (trivial to find)

Finally, in Section 4 we initiate our discussion of randomized analogies of PPAD and formalize this concept. We present definitions
based on both randomized mapping reductions and on randomized Turing reductions, and show that (in the same way as the
deterministic versions [6]) the definitions are equivalent. With the concept well-defined, we prove that the more general problem
of finding approximate pure equilibria of Lipschitz games belongs to randomized PPAD via a combination of the techniques of [10]
and [2].

2. Preliminaries

We use the following basic notation throughout.

- Boldface letters denote vectors; the symbol a is used to denote an action profile, and p is used when the profile may contain
mixed strategies.

- [n] and [m] denote the sets {1,...,n} of players and {1, ...,m} of actions, respectively. Furthermore, i € [rn] will always refer to a
player, and j € [m] will always refer to an action.

2.1. Basic game theoretic and complexity concepts

We first introduce standard concepts of strategy profiles, payoffs, regret, and pure/mixed equilibria, followed by the complexity
class PPAD. We mostly consider binary-action games (where m = 2) with actions labeled 1 and 2 (for more general results considering
m> 2, see Section 3.1.2).

Types of strategy profile

— An action profile (or, used interchangeably throughout this work, a pure strategy profile) a=(a,,...,a,) € [m]" is an assignment
of one action to each player. We use a_; = (aj,...,a;_1,0;,1, ... a,) € [m]"~! to denote the set of actions played by players in
[n]\ {i} (whenever no player has more than m possible actions, we can assume without loss of generality that every player has
exactly m actions as “dummy” actions can always be added that do not affect payoffs or equilibria).

— A (possibly mixed) strategy profile p=(p,,....,p,) € (A([m]))", where A([m]) is the probability simplex over [m] and p; represents
the probability distribution player i assigns over the m actions. When m =2, we abuse the notation p; to explicitly denote the
numerical probability with which player i plays action 2. When m > 2, we more generally use p; ; to represent the probability
that player i allocates to action j. The set of distributions for players in [x] \ {i} is denoted p_; = (p, ..., p;_1,Pis1> .-+ P,)- When
p contains just 0-1 values, p is equivalent to some action profile a € [m]".

- One can consider a tuple of » random variables a = (ay, ...,a,), where g; = j € [m] with probability p; ;. Hence, a random realiza-
tion of those random variables according to a given strategy profile is an action profile. We denote this by a ~ p, and similarly,
we definea_; ~p_;.

Notation for payoffs Given player i, action j, and action profile a,
- u;(j,a_;) is the payoff that player i obtains for playing action j when all other players play the actions given in a_;.
- u;(a) =u;(a;,a_;) is the payoff that player i obtains when all players play the actions given in a.

— Similarly for mixed-strategy profiles: u;(j,p_;) = Ea ,~p_, (G a)] and u;(p) = By .plu;(a)].

4
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Solution concepts

Definition 1 (Best response). Given a player i and a strategy profile p, define the best response
br;(p) = argmax u;(j, p_;)-
J€Elm]
In addition, for ¢ > 0, any action j satisfying
w(P)—u;(j',p_)) <e
is called an e-best response.

Note that the best response is defined specifically as an action (or set of actions), rather than potentially mixed strategies, as any
action in the support of a mixed strategy that maximizes the utility of player i must also maximize player i’s utility.

Definition 2 (Regret). Given a player i and a strategy profile p, define the regret
reg;(p) = max u;(j, P_;) — u;(P)
Jj€lm]

to be the difference between the payoffs of player i’s best response to p_; and i’s strategy p;.

Definition 3 (Equilibria). We consider the following three types of Nash equilibrium:

— An e-approximate Nash equilibrium (¢-ANE) is a strategy profile p* such that, for every player i € [n], reg;(p*) <e.

- An e-well supported Nash equilibrium (e-WSNE) is an e-ANE p* for which every action j in the support of p; is an e-best response
to p*..

- An e-approximate pure Nash equilibrium (e-PNE) is an action profile a such that, for every player i € [n], reg;(a) <e.

The complexity class PPAD We assume the reader is familiar with the classes of problems P and NP and the concepts of asymptotic
behavior (for an introduction to these concepts, see e.g. [1]). Below we provide the detailed definition of PPAD, introduced in [31].
PPAD is defined by a problem that is complete for the class, the END OF LINE problem.

Definition 4 (END OF LINE). Define END OF LINE to be the problem taking as input a graph G = (V, E), where the vertex set V is the
exponentially-large set {0, 1}", and E is encoded by two circuits P and S, where G contains directed edge (u, v) if and only if S(u) =v
and P(v) = u. Every vertex has both in-degree and out-degree at most one, and 0" € V has indegree 0, outdegree 1. The problem is to
output another vertex v with total degree (i.e. sum of indegree and outdegree) 1.

Definition 5 (PPAD). PPAD is the set of problems many-one reducible to END OF LINE in polynomial time. A problem belonging to
PPAD is PPAD-complete if END OF LINE reduces to that problem.

Here we do not use END OF LINE directly; we reduce from another pre-existing PPAD-complete problem (the general polymatrix
mixed Nash equilibrium problem of [14], which in turn reduces from the PURE CIRCUIT problem).
As a final notational comment, throughout the work we use poly(n) wherever any polynomial function in » may be used.

2.2. Lipschitz polymatrix games

In this section we define the classes of games we consider, followed by the associated problem we solve. We will first define
binary-action Lipschitz games, before extending the definition to more actions.

Definition 6 (Lipschitz games [2]). For any value 4 € (0, 1], a binary-action A-Lipschitz game is a game in which a change in action of
any given player can affect the payoffs of any other player by at most an additive 4, i.e. for every player i and pair of action profiles
a,a’ with ¢, =4/,

lu;(@) — ;@) < Alla_; — a,_,-||0

(equivalently, since action profiles are 0-1 vectors, the #; norm can be used, and is indeed more relevant when it comes to mixed
strategies). Note that, under the definition of payoffs to mixed strategies presented above, because mixed strategies of binary-action
games are still represented as vectors (of scalars), this can be easily extended to mixed profiles p, p’ with p; = p!:

lu;(P) — u; (PN < Allp_; — P11
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The above definition, while presented in a different way, is mathematically equivalent to that given by [2] (just provided here in
a form more relevant to the current work).
In order to extend the definition above to m > 2 actions, we will require a measure of distance for probability distributions:

Definition 7 (Total variation distance). The total variation distance between distributions D, and D, over discrete sample space X
(each represented by m-dimensional vectors) is

! _1 r_ r_
dry(Dy.Dy) = 31|y =Dyl = 5%‘,\) o (=0 = Pr (=)

Definition 8. For m > 2, the pure strategy definition remains the same as in the m =2 case. However, now that mixed strategies are
represented by vectors of distributions, the Lipschitz property becomes

|u;(P) — u;(p")| < 4 Z dTV(p[,,p;,)

i'=1

where dpy is the total variation distance between two distributions (i.e. an extension of the #; norm definition above).
We will rely on the total variation distance implicitly throughout the remainder of this work via the following Lemma.

Lemma 2. Given any player i, the payoff function u; is A-Lipschitz with respect to the total variation distance of the mixed strategies of every
other player. Furthermore, the regret function reg; is 2A-Lipschitz in this same measure.

Proof. The first statement follows directly as a restatement of Definition 8 - when a player i moves probability p between actions in
a mixed strategy profile, every other player’s payoffs may be affected by at most an additive Ap.

Furthermore, a player’s best-response payoff function, being the max of a finite number of A-Lipschitz functions, is itself a
A-Lipschitz function. As such, player i’s regret (the difference between player i’s payoff and player i’s best-response payoff) is 24-
Lipschitz in the same way. []

With Lipschitz games now defined, we move on to polymatrix games, first introduced in [25]. We begin with the simpler concept
of bimatrix games:

Definition 9 (Bimatrix games). An m-action bimatrix game is a game between two players defined by two m x m matrices of payoffs
(one for player 1 and one for player 2) for each action-action pair.

With these defined, we can extend the definition to polymatrix games:

Definition 10 (Polymatrix games). A degree-D, n-player, m-action polymatrix game G is an undirected graph (V, E) of degree D in
which each vertex represents a player and each edge (i}, i,) € E a bimatrix game between players i; and i,. There is a set of payoffs
By, i.jy.j, fOT every such bimatrix game and every pair of actions jj, j, € [m] such that each player’s payoff in G is the sum of their
payoffs from each of the (at most D) bimatrix games they play.

Note that, as defined, such a game is A-Lipschitz for any

4z i,i’e[nlg'l,?ix-/éﬂm] Pust i i Puat 4
(i.e. the maximum payoff change any player experiences from any other player’s change of action).

In order to analyze these games, it is helpful to understand the size required to represent them. Given a payoff oracle, it is easy
to verify that a polymatrix game is A-Lipschitz just by querying each of the nDm? payoffs B,y ;» and ensuring the above inequality
holds. ;s ; » represents a small contribution, possibly negative, that i’ makes to i (when i plays j) by playing j’. To be valid, all
total payoffs must lie in [0, 1], which can be checked from a game presented via the quantities f; s ; » by performing the following
additional checks for every i € [n], j € [m]:

There are 2nm such calculations, each of which requires O(nm) operations, so an invalid game can be uncovered in polynomial time.

Remark 1. Lipschitz polymatrix games are a strict subset of Lipschitz games and require only O(n*m?) queries to learn completely

and can thus be concisely represented in O(n*>m?) space (by providing the value of each Biy ininoin)-

6
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We now define the main problem we consider in this work.

Definition 11. Define (m, e, 1)-PURELPG to be the problem of finding ¢-PNEs of n-player, m-action, A-Lipschitz polymatrix games, or
alternatively finding a witness that the game is not A-Lipschitz (note once more that m, ¢, and 4 are parameters of the problem while
n is provided as input). Similarly, define (m, ¢, 1)-MIXEDLPG to be the corresponding problem for mixed equilibria.

Remark 2. Note that, while we will often fix the number of actions m, both ¢ and A are often functions of the number of players n.
We generally think of these as being decreasing functions of n.

We are interested in the complexity of the problem, for various pairs of functions e(n), A(n).

Remark 3. One basic observation we make is that, for any a € (0,1), (m, ¢, A)-PURELPG reduces to (m, ac,aA)-PURELPG, by rescaling
payoffs.

We extend the following results of [33] and, more recently, of [14] to pure equilibria in Lipschitz polymatrix games:
Theorem 1 ([33]). There exists some constant ¢ > 0 such that given a binary-action polymatrix game, finding an ¢-ANE is PPAD-complete.

Theorem 2 ([14]). It is PPAD-complete to find a 0.088-ANE of an n-player, m-action, degree-D polymatrix game, even when m =2 and
D =3.

3. Results
The result we achieve is as follows:

Theorem 3 (Main result). For every constant m > 2, there exists some constant ¢ > 0 such that, for all functions A(n) = ©(n=3/%),
(m, €, A)-PURELPG is PPAD-complete.

In fact, for any constant « € (%, 1), Theorem 3 holds for A(n) = ©(n~%). In order to prove Theorem 3, we will need to show both
containment in PPAD and PPAD-hardness under these ranges of the parameters.

3.1. Containment in PPAD

Theorem 4. For all functions e(n), A(n) satisfying

Aln) = - e(n) = w(A(mn?/?)
poly(n)

(m,e, A)-PURELPG € PPAD.

In particular, we prove this when e(n) > 6A(n) 3/nDmlog(3m), where D < n is the degree of the game being considered.

3.1.1. Warmup

We will begin with the proof for m = 2. The proof of this theorem is broken down further into two smaller steps. First, we
will exhibit sufficient settings of the parameters such that the problem of computing a mixed approximate Nash equilibrium of a
Lipschitz polymatrix game is contained in PPAD. Second, with the parameters set as in the statement of Theorem 4, we describe a
derandomization technique for deriving an approximate pure equilibrium from the mixed one in polynomial time. More formally:

Lemma 3. Whenever A(n) = , (2 A)-MIXEDLPG € PPAD.

poly(n) X
Proof. This follows from Lemma 1. We require a deterministic computation of mixed payoffs with additive error O(e) in time
polynomial in n and ~. Since ¢ is an inverse polynomial in n (by the inverse polynomial assumption placed on 1), the key requirement
is the ability to answer mixed payoff queries in time polynomial in »n. Because the payoffs to a player i in polymatrix games are linear
in the actions of every other player, any mixed payoff query can be answered in time O(n*m?) (or simply O(n?) since we are keeping

the number of actions fixed). Thus (2, 2 A(n))-MIXEDLPG € PPAD. []

Lemma 4 (Main technical lemma). For functions e(n), A(n) satisfying e(n) > 1\3/ 70nD, an e-PNE of an n-player, binary-action, A-Lipschitz,
degree-D polymatrix game G can be derived from an g—ANE of G in polynomial time.
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Proof. Throughout this proof we implicitly use the assumption that payoffs from mixed strategy profiles can be computed in poly-
nomial time (as discussed in the proof of Lemma 1). We will consider the (signed) discrepancy

d;(p)=u;(2,p_;) —u;(1,p_;)

(d; is a 24-Lipschitz function via the same argument as Lemma 2).
Take some g—ANE p* of G. The reduction is performed in three steps:

(1) Constructing from p* a well-supported Nash equilibrium p. This step is required because we will use a player’s discrepancy as a
linear proxy for regret, and general approximate equilibria may allow players to allocate small probabilities to bad actions, thus
decoupling the two measures (in contrast with exact equilibria, in which any mixed strategy by definition implies no discrepancy
between the two actions). Well-supported equilibria do not suffer from this same decoupling.

(2) Iteratively converting p® into an action profile a that is “close” to an equilibrium. To achieve this step, we will bound the rate
at which the sum of all players’ discrepancies is allowed to increase, ensuring that few players experience large regret.

(3) Correcting a to obtain an approximate pure equilibrium a*. Because of the guarantees from the previous step, we can achieve
this by allowing every player with high regret to change to their best response.

Step 1: Mixed equilibrium to WSNE In this first step we construct WSNE p© from p*. The idea here is to ensure that all players
fall into one of the following two categories:

— Players with discrepancy that is small in absolute value
- Players playing pure strategies

In order to do this, consider any player i such that |d;(p*)| > % D; without loss of generality we can assume the discrepancy is
negative, i.e. action 1 is significantly better. Then, using the fact that when action 1 is the best response

reg;(p*) = u;(1,pZ) — (Pfu; (2, pE) + (1 = p)uy(1,p%))
=p;kui(1’ pi,) —P,-*“i(27pi,-)
= —Pfd,-(P*)

we obtain
K Sk * 3 A’
reg;(p*) = —p; d;(p*) > p; 3 VD

so, since p* is a %-approximate equilibrium (and therefore reg;(p*) < %),

p* < ;
" 4D
To construct p), every such player (at most »n) should change to playing their pure best response. In this case, every player’s

discrepancy will increase by at most 2D 4p; (recall that discrepancy is 24-Lipschitz), so in this new profile p©, no player playing a
mixed strategy can experience discrepancy greater than

% D+2Di—— =D

4D

while no player playing a pure strategy can experience regret greater than

1 _
0+2Di—— = 2+/D.
4/p 2

Thus p© is a 1v/D-WSNE, and for any player i playing a mixed strategy, d,(p*) < A1y/D. We call this Ay/D-WSNE p©.

Step 2: WSNE to action profile In this step, we iteratively define intermediate strategy profiles p’ and intermediate sets of
players S® who have, at any point, experienced small discrepancy (defined below to ensure that players not in S cannot have
high regret in profile p”). Informally, for every player i, p"” is a strategy profile in which players 1, ...,i are playing pure strategies
and players i + 1,...,n may not be. Furthermore, the set S® is the set of players who, in at least one of the profiles p?, ..., p) have
experienced discrepancy at most /1\/5. These will be iteratively computed to ultimately arrive at a=p: an action profile that is in
some sense “close” to an approximate pure equilibrium.

Counterintutively, this will not always involve assigning each player to play their best response. Instead, we will instruct each
player to play the action that allows us to bound the effect on the other players. Roughly, we identify below a measure of badness C
that is quadratic in the probability p assigned by a player to action 2 as opposed to action 1. In setting p to 0 or 1, we minimize the
linear term in this measure, choosing 0 or 1 depending on the sign of the derivative with respect to p, and the measure increases by
the relatively small second-order term.
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More formally, take p© as above and define

SO=1{i": |dy (™) < VD)

(i.e. a superset of the players playing mixed strategies in p(¥) while

SO = 5Dy (i |dy(p™)] < VD)

(adding at each step the set of players playing pure strategies in p(’’ but experiencing small discrepancy for the first time at step i;
note that, due to the Lipschitz property, no player’s discrepancy can change sign without that player’s discrepancy first falling below
AV D and that player joining S, so any player not in S must be playing their pure best response). Furthermore, define the sum of
squared discrepancies cost function (which considers only the players in S©):

cph= Y d@e".
i’es®
Note that C only considers players in the set S, as it is meant to be a proxy for how far we are from equilibrium, and players in
[#]\ S have high discrepancies but are playing their best responses and hence should not contribute to this distance to equilibrium.
It is difficult to minimize C itself, and regardless C is already only a proxy for the true objective we must minimize to achieve an
approximate pure equilibrium. However, since d; is a multi-linear function (in fact, in the case of polymatrix games, linear), we can
write

di/(p(i)) =c+7p;

where ¢ is some constant dependent only on p<_'3 and 7 is a coefficient with absolute value at most 24 (the Lipschitz parameter of
(i—1) ()

d;r). Squaring this, and keeping in mind that p?'; ' = p_';, we can expand (for every i’ € SE=Dy;
dy ") = dy @) =a()” - o)+ 27 - ()
()

for some value a; =2c# dependent only on p'). Taking the sum over all players i’ € S, this yields

) - e = A6 - o)+ A - () + K

where

- A may be negative or non-negative.

— A <44%D (and obviously (pl(,i))2 - (pl(,i_l))2 <.

- K, represents the one-time contribution of at most 42D each from any player in S \ §U~1 whose discrepancy will be counted in
this and all future costs. While we can’t say anything about each individual K; (since we don’t know when exactly every player’s
discrepancy will dip to this level), we note that there are at most n such contributions of 42D (one for every time a player joins
the set of small-discrepancy players), i.e.:

Y K, <A*nD

i€[n]

(this bound is the reason we needed to start from a WSNE).

(i-1) B =) (3 . . . . .

If p;~ " €{0,1}, then set p® =pl=D (if a player is already playing a pure strategy, we can avoid addl.ng to C at all on thel.r turn).
Otherwise, since we can efficiently compute A and decide whether it is negative or not, we can select pf.') such that A(pl(.') — pﬁ"”) <0
) e {0, 1} must exist). This bounds

i

(one such option for p

cp)-cp")<44’D + K,

and a quick induction achieves

c(p™)<44’nD + Z K; <44*nD+ A>nD = 54*nD.

i€[n]

Furthermore, a = p is an action profile.

Step 3: Action profile to pure equilibrium  Here we distinguish between players in S and players not in S,

The players not in S™ must be playing their best response in a. This is because they were playing their best response in p©,
and their discrepancy never approached 0 or changed sign, so their best response must never have changed. Therefore, none of these
players suffer any regret.

We now consider the players in S™. Note that we have bounded the sum of the squares of the discrepancies of the players in this
set to be at most 542nD. We can now also bound the number of players with regrets that are too high and fix them. To begin this

final step, define § = 43/20nD and consider the number of players i € S™ such that d,(a) > 6. This will be at most C;f), since C(a)
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is the sum of squared discrepancies. So have every player with regret at least 6 in profile a (a subset of those with high discrepancy)
simultaneously switch actions. Then, once more invoking Lemma 2, the maximum regret any player (in S" or otherwise) can
experience is

3
5+ 21% <65+ 10/{15_;,0 < 43/70nD.

In other words, the action profile a* obtained after these players switch actions is a 43/70nD-PNE. This completes the proof of
Lemma 4. [

Finally, because a violation of the Lipschitz property can be uncovered in a quick check before commencing the above algorithm
simply by ensuring all the coefficients are smaller than A, and [6] shows that PPAD is closed under Turing reductions, the binary-
action version of Theorem 4 clearly follows from combining the two Lemmas above.

3.1.2. Containment in PPAD for additional actions
We will now modify the proof of Theorem 4 to values of m > 2. Once again, the proof of this theorem is broken down further into
two smaller steps:

Lemma 5 (Extension of Lemma 3). For any fixed m > 2, A(n) = pol;y(n),

2
(m, (2= )" 2, 4)-MIXEDLPG € PPAD.
The proof of Lemma 5 is essentially the same as that of Lemma 3.

Lemma 6 (Extension of Lemma 4). For functions e(n), A(n) satisfying

e(m) > 64(m) 3/ nmlog(3m)

2
an e(n)-PNE of an n-player, m-action, A-Lipschitz polymatrix game G can be derived from an ('"T_l) A-ANE of G in polynomial time.
Remark 4. Unlike the m =2 case, setting D < n does not improve the quality of the equilibrium we can obtain, so we will assume a
general degree-(n — 1) polymatrix game.

Proof. We will use the following values in this proof. Let

m—1)2
=(——) 4
o=(")
€1 =24/2nle.

Then, in order to prove Lemma 6, we need to convert an ¢,-ANE to an e¢-PNE. We will do so in the same three steps as in the proof
of Lemma 4, but more care must be taken when generalizing the proof.

The primary generalization required is the transition from considering discrepancy to considering variance. Whereas in Lemma 4
there was a well-defined notion of discrepancy that could be expressed as quadratic in the probabilities assigned to the actions of
a given player, such a concept does not easily translate to games with more actions. In order to rely on similar techniques, we will
instead consider the variance of a subset of each player’s actions. The exact subset to be considered will be described below, and
throughout this proof will be referred to as the “relevant” set, as it will contain the set of actions that may become relevant in our
analysis of the algorithm.

We will proceed along the same lines as the proof of Lemma 4 with the modified approach.

Step 1: Mixed equilibrium to WSNE = We begin with an ¢),-ANE p*. Consider any player i and assume that player i puts probability
p on actions with regret greater than

69 =V2n—-1)Ae.

The regret of this player is at least pé,, so it must be the case that p <¢,/8§.

This being the case, if every player simultaneously moves the probability from such actions to their best response, then any given
player’s worst-case regret becomes
2(n—-1)4

(n—1)4eg <
)

24/2nkey =¢€.

Thus an ¢)-ANE can be converted easily to an ¢;-WSNE.

8o+2n—1)Ap <8y +

Step 2: WSNE to action profile This is, once again, the most involved step. Unlike Step 1 (which occurred simultaneously) and
Step 3 (which will do the same), this step will take place for each player in turn. We will iteratively define intermediate strategy

10
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profiles p@) in which players 1,...,i’ are playing pure strategies and players i’ + 1,...,n may not be. Ultimately, we will arrive at
a=p™": an action profile that is in some sense “close” to an approximate pure equilibrium.

Counterintuitively, this will not always involve instructing each player to play their best response when their turn arises. Instead,
we will instruct each player to play the action that allows us to bound its effect on the other players. Roughly, we identify a measure
of badness that is quadratic in the probability assigned by a player to each action. In selecting an action, we minimize the linear term
in this measure depending on the direction of the gradient, and the measure increases by the relatively small second-order term. The
quadratic measure we select will be the sum of the variances of subsets of the players’ actions.

More specifically, we define the following concepts:

Notation | Definition

S,.(i/) Player i’s relevant set of actions
(defined below) after step i’

B )
m,(.‘ ) ‘Sf’ )‘, i.e. the number of relevant
actions player i has after step i’

u, (S,1) the length-|S| restriction of player i’s payoff
vector after step ¢ to the actions in set .S

H; (S, 1) the average value of u, (S, 1), i.e. the payoff to
player i after step ¢ for playing the uniform mixed
strategy over all actions in player set .S

0'[.2 (S,1) the variance of the values in u; (S,7)

reg; (j,1) | the regret player i experiences
for playing action j after step ¢

Now, we will define the relevant set via the following recurrence relation. The base case will be:

SO = {j|reg,(j,0) < ey}

The recurrence is:

Listing 1.1. Relevant set recurrence.

() _ o)
s =5
w=u(SE+ 1
while (max o WG+ 1) > p):

/41 (i +1 .
SUHD = gDy {argmax  gewn o' + 1))
H=p (ST + 1)

In other words, S,.(i/Jrl) is the superset of S[.(i/) obtained by repeatedly adding player i’s highest-paying action to Sf'hrl) and

recalculating the value of ui(S[("/“), i’ + 1) until doing so would decrease its value. We call SI.(i/) the relevant set because it consists of
the actions that, at any point during the algorithm’s run, are worth consideration in our attempt to bound the total regret experienced
by all players.

Step 2 of the algorithm will thus proceed as follows. During step i’, player i’ will first change their strategy to the action
that has the least impact on the linear term of the sum of the variances of all other players’ relevant sets. Then every player will
recalculate their relevant sets using the new payoffs considering the changed action of player i’.

There are three values we need to bound here:

1. The sum of the variances of SI.(O), the players’ initial relevant sets:

n
Y o7 (s%.0).

i=1
o !
2. How much larger the sum of the variances of Sl.(' *D can be than the sum of the variances of S,.(' ) (between steps), adding to a
total over all n steps of:

n n

Z Z ‘7:'2 (Si(i')’ i’) _ Uiz (Si(i’—l)’l-/) ]

i=1i'=1

11
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i
3. How much the sum of the variances of Si(‘ ), can increase during step i/, adding to a total over all n steps of:
n o n , ,
¥ 3o (S ) o (s 1),
i=1i'=1
Note that the sum of these three values is

et 57

i.e. the sum of the variances of the relevant sets at the end of the entire Step 2.
We begin with quantity (1). The variance of any set of points within the interval [, b] is at most (b— a)?/4 (see, for example, [5]),
so quantity (1) is at most

€2 Am — 2
1 nA(m—1)
T —2}’12/150 =2 <T>

(note that this n> cannot be reduced to nD when the degree of the polymatrix game is reduced, limiting the savings we can get by

restricting the degree). Next, we bound quantity (2). Quantity (2) considers no change in the strategy profile - all payoffs considered
N . il . . .

are based on strategy p’. Then, for every player, actions are added to the set SI.(’ ) one by one (each time increasing the average

value of the payoffs) to form the set S,.(i,J'l). The critical observation is that, in addition to providing a lower bound (the current
average) on the payoff of this newly added action, we can also ensure an upper bound of y; (Si("’), i’ ) + 24, as the action must not

have been relevant in the previous step. So specifically, consider a set of k points {x,,...,x;} with mean u and variance o> and
consider adding a point x, ., that is within an additive 24 of y. We calculate the change in variance below, keeping in mind that if
we subtract u from every point the variance remains the same:

var(xy,..., X, ) — 62

=Var(x) — f, ..., X4 —/4)—62

| K+l | k 2
—(k+1j§‘1(x, m) k+1</_§‘1(x, u)) o

< e ((xm w? +J§‘1<x —ﬂ)2>>

2
k+1 <(xk+1 ﬂ)+2(x —M)> -o?

Jj=1

_ g - w? k5 (e - u)? i
k+1 k+1 (k+1)?

__1 (kK 22

_k+1(k+l(x"+' “ ‘7)

where we can go from line 4 to line 5 using the fact that

k
2 =) =0.
=1
So, since |x;,; — u| <24, the largest possible increase in variance is
4k 2?
(k+1)2

(and, in fact, adding a point will usually decrease the variance, but there’s no need to get that specific because this bounded increase
will serve our purpose for constant values of m). If we add this contribution for the maximum possible m — 1 actions (the relevant set
will never start empty) and all » players, we see

n m—1 —
4k A? Z 42 2
> 2 = 4na’H,,_; <4nA*(log(m— 1)+ 1).
perie S GRS D B

o
Finally, we need to bound quantity (3). Note that, given u; (S,.(' D - 1), the quantity u; (S(' -b, ) and its mean and variance are
all functions of the strategy vector p, of player i’. In particular, we can write:

(S(‘ 1) IM(S(‘ =D /)_ : L(I )p(i

12
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(GE))

o il i’ — . . .
for some constant m; x 1 vector c(‘ ) (which may depend on the known values u, (S.(’ D il = 1)) and mf.’ D« m coefficient matrix

L(' in which each element has magnitude no more than =L 1. Propagating this expression:

Z(S(I—l) "= S(t—l) " — IMI(S(A—U )“2

(’ 1)H

_ @|? @D 2 el 1) (@)

_T—n<Hcf H2+HL,- Py H2+2ci L) M
m.

1

If we specifically consider the mixed term:
. "o " "o
26 1p) = 26 (10p)
! - N
o) gt
_b(i’)T () 2
-V p‘-/ ( )

ot
for some vector b(.' ) € R™. So now we can consider the quantity we're really after. We focus on (for some i’ € [n]) the sum over all

players i € [n] of the changes in o; (S(’ b ) after step i’

n
Yo (sE0i) = (500 -1). ©)

i=1

We want to minimize this value as best we can, as our goal is to end up with small variance among the set of relevant actions.
While the variance is not a very good proxy for the regret (see Equation (5) below), it is a value that we will be able to successfully
bound. So, substituting Equations (1) and (2) into Equation (3), we see that the change in this value across step i’ is

n
2~ ([l
(,/ 1)
i=
" 1 ’ ’
=Z T (H L (z)” +b(’ )T <, ”Lo) (i —1>H b(:)f (i —1))
i=1 m[
c 1 il 2 ! ! 7
_ L@ <z> (i") <:—1) @7 () _ -1
_Zmu/—l) (H H HL H2+b" (p,., Py ))
i=1 i

n

<3 () e (o))

i=1

| ~|[ep (z—l)H b (z—l))

‘ +|[L"p o)H +bp¢) e

n 2

_ 1T (@) _ (=D 1 <m—1 )

=b ( —p! )+,-— — (M 4)
= i

for some vector b%? € R” (the sum of the vectors b“ ). So, ultimately, our algorithm aims to minimize this upper bound by

<’ )

(@"=1)

ensurlng that the first term is not positive. Recall that p,  is a (given) vector of non-negative real numbers with Hp

-
while pl_, is a (desired) vector containing m — 1 zeros and a single one. Consider the element » (at index j) of b with the smallest

o !
value among those indices in the relevant set Sl(,’ ) (note that player i"’s entire support will be contained in Sl(,’ )).Setb=e ; (the standard
basis vector in dimension j). This ensures that the first term in Equation (4) is not positive.
So, proceeding iteratively as described, this ensures

2

n n 2
2 ( Q=1 o 2 (=D ; 1 m—1
B Fer (s (1)< B B s () = ()

i=1i'=1

We can now bound:

2
— The maximum initial sum of variances of all players at 2 (%_1))
— The maximum contribution to the sum of variances of all players from adding actions to the relevant set at 4n/12(10g(m -D+1

— The maximum contribution to the sum of variances of all players from purifying the equilibrium at (—nﬂ)

Adding these together, the maximum sum of variances of actions in the relevant sets of players in p™ is

2
("" lnﬂ) +4n2(og(m— D)+ 1)+2 <"’1(”’ ”)
m m

13
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2
=3(’"_ ln/1> +4nA2 (log(m — 1) + 1))
m

< 8n2 A% log(3m)

for m> 2.

Step 3: Action profile to pure equilibrium  Finally, for any value of §,, if any player has regret at least §;, the variance of their
relevant actions must be at least
2
o
2m
(there must be at least a pair of relevant actions that are a distance of §, apart to achieve this regret, so the lowest-variance option is

realized when all remaining actions yield regret 5, /2). So allow every player with regret greater than §, to instead change to playing
their best response (there will be at most

)

16n% A2mlog(3m)
2
&
such players). As each of these players can add at most 24 to the regret of any other player (the payoff of the best response could
increase by A while that of the chosen action could decrease by 1), the maximum regret any player can experience is

16n% A2mlog(3m)

2
61

5 +24

Optimizing for §;, this value is at most

641/ n?mlog(3m). [
3.2. Hardness for PPAD

3.2.1. The induced population game

This section introduces the approach that will be used to show PPAD-hardness. The technique involves artificially converting a
general game into a Lipschitz game by treating every player i as a collection of many different players, each with a say in i’s strategy.
This reduction was used by [2] in an alternative proof of Nash’s Theorem, and by [4] to upper bound the support size of ¢-ANEs.
More recently, [19] used a query-efficient version of this reduction to lower-bound the query complexity of computing e-PNEs of
general Lipschitz games.

Definition 12. Given a game G with payoff function u, we define the population game induced by G, G’ = g;(L) with payoff function
u’ in which every player i is replaced by a population of L players - u"[ for £ € [L] - each playing G against the aggregate behavior
of the other n — 1 populations. More precisely, for p’ a mixed profile of G/,

’ N _ /
uU;(P )=y (PU,-/P—z)
where
| &
/
by == ZP it
L=
for all i #1i.

Remark 5. Note that, regardless of the Lipschitz parameter of G, the induced population game G’ = g;(L) is %—Lipschitz.

Population games date back even to Nash’s thesis [29], in which he uses them to justify the consideration of mixed equilibria as
a solution concept. To date, the reduction to the induced population game has been focused on proofs of existence. We show that the
reduction can also be used to obtain the first PPAD-hardness result for a pure Nash equilibrium problem for a class of non-Bayesian
games with discrete action spaces.

Remark 6. Note that any e-PNE of g;(L) induces a lL-uniform2 €-WSNE (and thus e-ANE) of G in which each player in G plays the
aggregate behavior of their population.

2 a k-uniform mixed strategy is one in which each action of each player is assigned a probability that is a discrete multiple of k.

14
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3.2.2. Proof of hardness
In Theorem 5, we only consider binary-action games (clearly the hardness results can be extended to games with more actions,
as “dummy” actions can be added for each player that do not induce additional equilibria).

Theorem 5. For ¢ <0.088 and a € (%, 1), (2,e,en~*)-PURELPG is PPAD-hard (note that if a < % the pure equilibrium guarantee of [2] does
not hold).

Proof of Theorem 5. By Theorem 2, when e < 0.088 it is PPAD-hard to find e¢-ANEs of polymatrix games (we may assume for
simplicity that % € N). We reduce the problem of computing an ¢-ANE of polymatrix game G to finding an ¢-PNE of Lipschitz
polymatrix game G’ as follows. WLOG assume a =1 — % for some integer k > 2, and consider the induced population game G’ = g5 (L)
for L =n*~!/ek, This game has N = (n/e)* players and is ¢ N~/ Lipschitz. Thus (for large enough n) it is guaranteed to have an
e-PNE. Furthermore, G’ is still a polymatrix game, as the payoff to any player u; is simply the sum of the payoffs from N — L games
played with the players u; for i’ #i.

Now, because the payoffs of any action profile of G’ can be derived from payoffs of mixed strategy profiles of G (which can
be computed in polynomial time), this entire reduction occurs in polynomial time. Thus, whenever ¢ < 0.088 and A(n) = en~*~=D/k,
(2,€,1)-PURELPG is PPAD-hard. []

Combining Theorems 4 and 5 yields Theorem 3. In fact, by scaling the payoffs in Theorem 3 as described in Remark 3, we obtain:

Corollary 1. Fix some constant «a € (%,1). For any constant m > 2, non-increasing function e(n) = , and A(n) = O(en™%),

(m, €, A)-PURELPG is PPAD-complete.

1
poly(n)

4. Randomized PPAD

As noted above, (m, e, A)-PURELPG and the more general version relaxing the polymatrix constraint to any game with concisely-
representable Lipschitz payoff functions seems to naturally belong to some randomized version of PPAD. However, unlike classes
such as P or BPP, we have no real definition of a PPAD algorithm. As such, it’s difficult to define randomized PPAD analogously to
how the definition of BPP is often derived from the definition of P.

We certainly have other options to explore. In the coming sections we discuss a few such options and how they relate to each
other. These definitions are based on the definition of search-BPP presented in [23]:

Definition 13 (search-BPP). Take a search problem defined by relation R. If there exists a polynomial-time randomized algorithm A
such that

2

Pr{R(x, A) =112 3
and a polynomial-time randomized algorithm B such that

R(x,A(x)) =0 - Pr[B(x, A(x))=0] > %, Pr[B(x,A(x))=1]>

N =

and whenever there is no y such that R(x,y)=1,
2
Pr[A(x)=1]> 3

then R € search-BPP (where the probability is taken over the randomness of A and B).

4.1. Definition of RPPAD via mapping reductions

This definition is the simplest, and is a natural extension to the standard PPAD class.

Definition 14 (RPPAD). Take a total search problem defined by relation R. If there exists a polynomial-time computable randomized
function f : {0,1}* - {0, 1}* and deterministic algorithm A solving END OF LINE such that

2
Pr[R(x, A(f(x)) =1] = 3
for any x € {0, 1}*, as well as a polynomial-time randomized algorithm B such that

R(x, A(f(x))) =0 — Pr[B(x, A(f(x))) = 0] > % Pr[B(x, A(f(x))) =112

N —

then R € RPPAD (where the probability is taken over the randomness of f and B).

15
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4.2. Definition of BPPPAD via Turing reductions

The next definition we present of “randomized PPAD” is, at first glance, a superset of the mapping reduction-based definition
above.

Definition 15 (BPPPAD). We present here the definition of BPPPAD = search-BPP*PAP. Take a total search problem defined by
relation R. If there exists a polynomial-time randomized algorithm A with oracle access to END OF LINE such that

PrRG, AG) =112 3
for every x € {0,1}* and a polynomial-time randomized algorithm B such that

R(x, A(x)) =0 — Pr[B(x, A(x)) = 0] 2 Pr[B(x,A(x)) =112

[SSIRS)
N —

then R € BPPPAD (where the probability is taken over the randomness of A and B).

Remark 7. Note that both of the above definitions support amplification of the correctness probability, as

1. First, the correctness of decision algorithm B can be amplified.
2. With that completed, the algorithm can be run an appropriate number of times such that, with appropriately high probability,
one of the runs outputs a correct answer that is accepted by B.

4.3. Pure Nash equilibria
To begin this section, we point out the following equivalence:
Theorem 6. RPPAD = BPPPAD.

This theorem is the randomized analogue of [6] (which shows that PPAD is closed under Turing reductions), and we provide a
proof and example below:

Proof. Obviously, RPPAD C BPPPAD, so what remains is to prove that
BPPPAD C RPPAD. In order to do so, we must take a relation R € BPPPAD solved by algorithm A and present an RPPAD algorithm
B that mimics its behavior.

The essence of this proof consists of condensing the (polynomially-many) PPAD oracle calls into a single call that itself encodes
much of the logic of algorithm A. In order to reduce to the standard (deterministic) version of this proof, we will also fix a random
string r and show that

R(x, A(x,r)) = R(x, B(x,r))

for all x € {0, 1}*.

So assume that, on input x € {0,1}" and r € {0,1}*®™ (for some polynomial #), A makes p(n) END OF LINE queries for some
polynomial p (note that, because the END OF LINE queries still return deterministically, the entire sequence of queries is uniquely
determined by a given value for r).> The i query, denoted A,(x,r), consists of a successor circuit .S; and a predecessor circuit P,,
each of size at most #(n) acting on inputs (and outputting strings) of size at most g(n) for polynomials ¢, q. To successfully convert A
to B, we need to construct circuits .S and P (and an interpretation function g) satisfying the following constraints:

- P(0O)=0

- S(0)#0

y# P(S() - g(y) = A(x,r)

- #EOAY#S(P®H) = g(y) = A(x,r)

In other words, we should be able to use g to interpret the output of this single instance as a solution to R on instance x. Note that it
suffices to describe polynomial-time algorithms for S and P, since P C P/poly.
So consider strings y of the form

a1y - @y by
where
3 We will assume there are always exactly p(n) queries, as if there are fewer we can simply pad with trivial queries.
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Us 6

B
®
®
&

Fig. 1. END OF LINE instance to be queried three times. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

g, @y €10,1) @ by b€ {0,1}9,

Each g; will represent an instance A;(x,r) encoding functions S; and P;. Each b; will represent a solution to the instance of g;, or (in
intermediate steps) the working space in which a solution is being computed.
We consider a string y to be well-formed if and only if it satisfies both of the following properties:

1. For any nonzero a;, A;(x,r) = a; when simulating A(x, r) by providing b ; as the answer to oracle call A ;(x,r) for all j <i (because
A can be simulated in polynomial-time when the oracle answers are provided, this too is a polynomial-time checkable property).

2. For any nonzero g; and any j <i, b; is a solution to query a; (because END OF LINE € FNP this is a polynomial-time checkable
property).

For any ill-formed y (not satisfying both of the above), we will define S(y) = P(y) = y to effectively remove these strings from
consideration.

Now we define S and P on the remaining strings. Note that, while typically S is a “successor” circuit and P is a “predecessor”,
these roles do occasionally reverse. This is required to ensure that non-invertible strings of both functions are actually ultimately
solutions to our entire query, and not just solutions to the first instance.

In order to define the functions formally, we present the following example. For simplicity, assume that A(x,r) performs three
oracle calls, all querying the same END OF LINE instance (we omit the g;’s as they should behave as described above and only include
the b,’s) (Fig. 1).

Figs. 2-16 show the resulting graph from combining these three queries. Solutions are represented by , blue
triangles, teal octagons, and and cases of concern represented by red 10-pointed stars (these cases are the reason
that sometimes F and G must switch roles).

start —»( Yooo @ @

@ @ U330

o —0—@

Fig. 2. The standard END OF LINE solution.

Any other string is not well-formed and is assigned a self-loop.
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Essentially, Figs. 2-16 illustrate the need to ensure that the predecessor of a “4” in any query prior to the final one needs to exist
and move smoothly into the next query. Consider any line in query i that does not contain “0”: we will paste a forwards copy of
query i + 1 stemming from the end of the line, and a backwards copy of query i + 1 stemming from the beginning of the line (for
example, see rows 2 and 4 of Fig. 3). Thus the red 10-pointed star nodes are no longer solutions: they are instead the middle of paths
for which each solution solves all queries. Note that there are 3% = 27 possible solutions to this joint query: 3 for each index (“3”, “4”,
and “7”). Furthermore, each well-defined triplet z is either a solution or admits a single consistent value for S(z) and P(z).

So, we define .S and P below. Because we assume that the strings are well-formed (otherwise we have already defined their
behaviors), this will be relatively simple. Take an input z to S. First, confirm this string is well-formed by performing the following
verification (for simplicity we assume that 0 is not a well-formed END OF LINE instance, though this can be easily handled):

Listing 1.2. Check well-formed strings.

For i=1 To p(n):
Run A(x,r) until query i;
If A(x,r)==gq;:
If (a;,b;) € END OF LINE:
Continue;
If i==p(n) Or a,,==0:
Return True;
Return False;
Else If a4,==0:
Return True;
Return False;

In other words, ensure that the two properties for well-formed strings (described above) are satisfied, i.e.:

1. The strings a; are exactly the queries that A(x,r) makes (up to this point)
2. The strings b; are valid solutions to the instances a; (up to this point)

Us20 U410

£

Usoo @ U700

@ @ U730

U731 @ § U733 ;

Fig. 3. The END OF LINE solution returning an end of the alternate line for the first query.
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° Usap U341

¢

U350 U360 U370

G

Fig. 4. The END OF LINE solution returning an end of the alternate line for the second query.

NG/

Fig. 5. The END OF LINE solution returning an end of the alternate line for the third query.

Uss0

0

Fig. 6. The END OF LINE solution returning the start of the alternate line for the first query and an end of the alternate line for the second query.

o e o

&

2

U750 \7-60/ U770

U771 @

Fig. 7. The END OF LINE solution returning the end of the alternate line for the first query and an end of the alternate line for the second query.
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° Usz6 Ug3s Vg4

Fig. 8. The END OF LINE solution returning the start of the alternate line for the first query and an end of the alternate line for the third query.

5

NN

Fig. 9. The END OF LINE solution returning the end of the alternate line for the first query and an end of the alternate line for the third query.

D

o o o o

Fig. 10. The END OF LINE solution returning the start of the alternate line for the second query and an end of the alternate line for the third query.

NN

Fig. 11. The END OF LINE solution returning the end of the alternate line for the second query and an end of the alternate line for the third query.

©

NS AANG

Fig. 12. The END OF LINE solution returning the start of the alternate line for the first and second queries and an end of the alternate line for the third query.

©

[

o Us76 Va5 Ua7a

Fig. 13. The END OF LINE solution returning the start of the alternate line for the first query, the end of the alternate line for the second query, and an end of the
alternate line for the third query.

o U746 U745 Ur44

Fig. 14. The END OF LINE solution returning the end of the alternate line for the first query, the start of the alternate line for the second query, and an end of the
alternate line for the third query.

NN

Fig. 15. The END OF LINE solution returning the end of the alternate line for the first and second queries and an end of the alternate line for the third query.
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Fig. 16. The remaining well-formed strings involving nodes on the loop.

If the above is true, then take i to be the query we are currently working on (note that this can also be easily calculated from a
well-formed string). The following algorithm is encoded as circuit .S. The colors of specific lines correspond to the nodes at which
they apply in the example above:

Listing 1.3. Definition of circuit .S.

=
—H O WVWKENOUAWNR

If i==1 Or an even number of {b,...,b,_,} are beginnings of line:
If b, is end of line in g;:
If i==pn):
Return Si(b;); '
If b, is beginning of line in q;:
If i==pn):
Return A,H(x,’r);
- describes when we have found an end of line solution to the final query.
- describes when we have found an end of line solution to an intermediate query.
- Line 6 describes the standard case - we have not yet found a solution and simply use the successor function from instance a;.
- describes when we have found a beginning of line solution to the final query (with an odd number of beginnings of lines
found prior).
- Line 10 describes when we have found a beginning of line solution to an intermediate query (it is at these nodes that the successor
and predecessor circuits swap roles).
- describes when we have not yet found a solution and (because the successor and predecessor circuits are currently
swapped) we use the predecessor function from the instance q;.
The circuit P is defined very similarly:
Listing 1.4. Definition of circuit P.
If i==1 Or an even number of {b,,...,b,_,} are beginnings of line:
If b, is beginning of line in a;:
If i==pn):
Return z;
Return A, (x,r);
Return Pi(b);
If b, is end of line in q;:
If i==pn):
Return z;
Return A, (x,r);

O W WNOU A WN -

In addition to the descriptions already associated with circuit S:
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— Line 4 describes when we have found a beginning of line solution to the final query.

— Line 9 describes when we have found an end of line solution to the final query (with an odd number of beginnings of lines found
prior).

— Line 10 describes when we have found an end of line solution to an intermediate query.

Finally, g is simply defined by the remainder of algorithm A(x,r) after the final query. Algorithm B simply queries the instance
of END OF LINE with circuits S and P and applies g to the output.

Let’s not lose sight of the fact that we are proving the equivalence of randomized mapping and Turing reductions. The key insight
here is that the reduction itself depends on the random string. So, for a given r, the output of B(x,r) is identical to the output of
A(x,r). This completes the proof. []

Theorem 7. For a fixed m € N, consider the problem of finding e-PNEs of n-player, m-action, A-Lipschitz games presented in the form of
payoff circuits (allowed to err if the game is not A-Lipschitz) where

e =0(Ay/nlogn).

This problem is contained in BPPPAD.
This is proven in two steps:

Lemma 7. For a fixed m € N, consider the problem of finding mixed approximate Nash equilibria of n-player, m-action games presented in
the form of payoff circuits. This problem is contained in BPPPAD.

Remark 8. Note that this problem is not covered by [10] as (a) the input variable is the number of players rather than the number
of actions and (b) the input is provided as a circuit, not a complete list of payoffs.

Proof. Recall from the proof of Lemma 3 that, in order to successfully find a mixed Nash equilibrium in PPAD, we need efficient
access to mixed strategy payoffs. More specifically, we need to successfully compute an O(¢)-approximation of these payoffs in time
polynomial in n, m, and é (we already assume e is inverse polynomial so we need not worry about it). [20] tells us that we can
successfully replace such a query with

64m? < 8n >
log| —
€2 n

profile queries and be correct with probability at least 1 — 5. In particular, for any polynomial p(n,m, %), we can guarantee an e-

1
approximation for any given payoff with probability 277 nm. 5) making a polynomial number of profile queries. Since we only care

about exponentially many possible mixed profiles, we can ensure all queries needed by the PPAD algorithm are e-approximations
with failure probability inverse polynomial in n, m, and é via a union bound.
We can construct the required algorithm B confirming the equilibrium in the exact same way. []

From here, we simply need to show that a random realization of this mixed equilibrium is a pure equilibrium.

Proof of Theorem 7. This is similar to the work of [2], but starts with an approximate equilibrium rather than an exact one. It is
very difficult to adapt the proof in this way, but much more feasible when starting from a WSNE. As such, we maintain Step 1 of the
algorithm in the proof of Lemma 6. In doing so, we can start from an ¢,-WSNE p* for

€ = /l\/;.
The rest of the proof closely resembles that of [2]: defining
n— * A
E;, =[m]x {a_[ € ml"" - Ju(h,a_) —u(h,p*))| < E\/8nlog(2n)}
and applying their concentration inequality,

(4 vBrtoan)’

Pr [ag¢ E; ;] <2exp|—
arpe 2 Funl < 2exp 2>n—1)2?

< 2exp(—log(2n)) = RS
2n

so there must exist an action profile a* in the support of p* such that no deviation by any player to any action affects their payoff
by more than O(44/8nlog(2n)) which can be found with constant probability as a random realization of p*. As such, for any player i
and deviation d,
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ui(d,a’) <ui(d,p’)) + Av/8nlog(2n)
<u(a;,p*,)+ Ay/8nlog(2n) + Z\/;
<u;(@*) +344/8nlog(2n))

where the first inequality comes from the fact that player i’s deviation to d affects their payoff by at most A4/8rnlog(2n)), the second
from the fact that p* is a A\/E-WSNE, and the third from the fact that player i’s deviation to a} once again affects their payoff by at

most A4/8nlog(2n)). As such, with constant probability, a random realization of our ¢;-WSNE is an O(414/nlogn)-PNE.

Finally, it can be confirmed in deterministic polynomial time that this profile is an equilibrium (since we can deterministically
compute the payoffs from this action profile and compare them to all nm individual deviations), so the required decision algorithm
B is easy to construct. []

5. Discussion

Our PPAD-hardness result is rather strongly negative, since Lipschitz polymatrix games are quite a restricted subset of either
Lipschitz or polymatrix games in general. There may be scope to broaden the (e, 1) values for which Lipschitz games are hard to
solve. On the other hand, there are more positive results for computing approximate Nash equilibria of Lipschitz games (see, for
example, [20]), with further scope for progress.

In particular, Theorem 4 is unable to place the problem of finding ¢-PNEs of A-Lipschitz polymatrix games in PPAD for the total
range of values guaranteed by [2] (while they guarantee existence for ¢ > AQ(4/nlogn), the above successfully computes equilibria
when e > 1Q (nz/ 3)). It would be of future interest to determine if this is a characteristic of our choice of algorithm/analysis, or an
indication of a barrier to the complete derandomization of computing these equilibria.

Furthermore, it may even be the case that Lipschitz polymatrix games, like anonymous Lipschitz games ([12]), guarantee pure
equilibria for a smaller value of e. It would be interesting to determine how close to a complete derandomization we are able
to achieve. There are obvious obstacles to finding a deterministic lower bound asymptotically stronger than that of [2], as such a
discovery would resolve the P vs. BPP question, presenting a problem solvable in randomized polynomial time but not in deterministic
polynomial time (this is not only a major open question in complexity theory, but it is believed by many that P = BPP and no such
problem exists).
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