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Abstract

This thesis is a wide-ranging investigation of convergence properties in topological spaces,

primarily Fréchet-Urysohn and radial spaces. The former are spaces such that every point

in a closure of a subset is the limit of a sequence from within that set. The latter is a gen-

eralisation, defined by replacing ‘sequence’ with ‘transfinite sequence’. Although not all

spaces have these properties, they form a large enough class to encompass many impor-

tant examples of spaces.

These convergence properties can and should be studied locally and structurally. The

first is achieved by removing the quantification over points in the definitions. For the sec-

ond, we introduce the notion of spokes for points in topological spaces, which are sub-

spaces for which the point has a descending neighbourhood base.

In Chapter I, we introduce several convergence properties, and recall how they are

connected and characterised by particular quotient maps. We also introduce p-character

and quasi-isolation, to give our results full generality by not assuming the T1-axiom.

Our main focus is the development of the theory of spokes in Chapter II. Here, we study

how spokes can be used to approximate the neighbourhood base of a radial point and

how (transfinite) sequences converge. We prove several characterisation theorems for ra-

dial and Fréchet-Urysohn points and their relationship with independently-based points,

which are described through nests. We also use spokes in productivity problems and vari-

ants of the Fréchet-Urysohn property.

In the final chapter, we demonstrate how properties of spokes manifest in different

5



settings. For example, in compactifications of locally-compact spaces, spoke structures at

the point-at-infinity reflect into the compact structure of the original space. Other exam-

ples are obtained by dualities, characterising radiality in ring spectra or Stone spaces alge-

braically. Such results justify using internal structures to investigate convergence proper-

ties and the author wishes to continue this line of investigation for the foreseeable future.
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Chapter I

A hierarchy of convergence properties

I.1 Introduction

Convergent sequences have played an important role since the beginnings of topology

— not only are sequences abundant throughout analysis, some of the first abstract pre-

topological structures were Fréchet’s L-spaces, and later Urysohn’s L∗-spaces, which ax-

iomatise a relation between sequences and their formal limits. Although sequences are

adequate (in a formal sense) to describe many spaces, they are insufficient for general

topological spaces. A simple example is the space ω1 +1 with the order topology, because

ω1 ∈ ω1, but there is no sequence in the subspace ω1 converging to the point ω1. A more

important example would be βω, the Stone-Čech compactification of a countably infinite

discrete space.

However, the classes of spaces determined by their sequential structure (the Fréchet-

Urysohn spaces, and in a weaker sense, the sequential spaces) are prevalent enough to war-
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rant independent study, in order to further our understanding of these properties and how

they arise. In 1965, Stanley Franklin published his celebrated “Spaces in which sequences

suffice” paper in which he showed that sequential spaces are the quotients of metrisable

spaces and gave a proof of Alexander Arhangel’skĭı’s claim that Fréchet-Urysohn spaces

are the pseudo-open images of metrisable spaces [Fra65, Corollary 1.14, Proposition 2.4].

Even as topologists looked beyond metrisable and sequential spaces, the concrete pic-

ture given by these spaces remained appealing: in 1967, Horst Herrlich defined pseudora-

dial and radial spaces for the first time [Her67], which include the class of linearly-ordered

and generalised-ordered topological spaces. These are the ‘spaces in which transfinite se-

quences suffice’.

In Section I.2 we will discuss what will be referred to as the pseudoradial hierarchy (Fig-

ure I.1), as well as preservation and external characterisation theorems for various classes

of maps and spaces (Figures I.2, I.3). While new results for semiradial spaces that parallel

known theorems for pseudoradial and radial spaces will be proven, but most of the results

in this section are known.

In Section I.3 we introduce the notions of p-character and quasi-isolation, which work

in tandem to describe the ‘depth’ of neighbourhood filters. In addition to proving some

basic properties of these concepts, we will also use them in investigations of convergence

properties which do not assume the T1-axiom.
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Figure I.1: The pseudoradial hierarchy.
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Figure I.3: Maps corresponding to the pseudoradial hierarchy.
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I.1.1 Notation and definitions

We refer to [Eng89; Kun11] for general topology and set-theory background. For all sets X

and Y , we denote the set of functions from X to Y by X Y . For every set X and cardinal κ,

define

[X ]≤κ := {Y ⊆ X : |Y | ≤ κ},

[X ]<κ := {Y ⊆ X : |Y | < κ},

[X ]κ := {Y ⊆ X : |Y | = κ}.

A net whose domain is a non-zero ordinal λ is called a transfinite sequence, or more pre-

cisely a λ-sequence. We call the domain of a transfinite sequence t its length, denoted

len(t ). It is said to lie in a set A if its range is contained in A. We will often switch be-

tween a functional notation t : λ → X and a sequential notation (xα)α<λ for transfinite

sequences.

A transfinite sequence t in a topological space X is said to converge to a point x ∈ X

if it converges as a net; that is, for all neighbourhoods U of x, there exists an α < len(t )

such that t [len(t )\α] ⊆ U . We call x a limit of t and denote this by t → x. We say that

a transfinite sequence in a subset A of a topological space X escapes A if it converges to

a point outside of A. A subsequence of a transfinite sequence t is a transfinite sequence

of the form t ◦ f , where f : α→ len(t ) is a strictly increasing, cofinal function from some

ordinalα. In particular, t ◦ f is a subnet of t , but not every subnet of a transfinite sequence

is a subsequence.
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Definition I.1.1 (Radially-closed). Let X be a topological space and let A ⊆ X be given.

We say that A is radially-closed if it contains the limits of all transfinite sequences within

A. If we only require this to hold for transfinite sequences of length ≤κ / <κ, where κ is a

cardinal, then we say that A is κ-radially-closed / <κ-radially-closed. The complements of

radially-closed subsets are called radially-open.

Lemma I.1.2. Let X be a topological space and let U ⊆ X be given. Then U is radially-

open if and only if for every transfinite sequence t in X , if U contains a limit of t , then

t [[α, len(t ))] ⊆U for some α< len(t ).

Proof. Note that U is radially-open if and only if X \U is radially-closed, which in turn is

equivalent to the limits of every transfinite sequence in X \U lieing in X \U . So if U is

radially-open and t is a transfinite sequence in X with limit x ∈U , if t [[α, len(t ))] 6⊆U for all

α< len(t ) then t has a subsequence in X \U that converges to x, which is a contradiction.

Hence there exists an α < len(t ) such that t [[α, len(t ))] ⊆ U . Now suppose that U is not

radially-open, so there exists a transfinite sequence t in X \U that escapes. Then there

exists an x ∈U such that t → x and for all β< len(t ), t [[β, len(t ))] 6⊆U .

Definition I.1.3 (LOTS and GO spaces). A topological space X is a LOTS (Linearly Or-

dered Topological Space) if there exists a linear order < on X such that {(−∞, x) : x ∈ X }∪

{(x,∞) : x ∈ X } is a subbase for the topology on X . A subspace of a LOTS is called a GO-

(Generalised-Ordered) space.

Definition I.1.4 ((Pseudo)radial, sequential and Fréchet-Urysohn). Let X be a topological

space. We say that X is sequential if every non-closed subset has an escaping sequence. If
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we replace ‘sequence’ with ‘transfinite sequence’, then we have the definition of a pseudo-

radial space. Pseudoradial spaces are also known as chain-net or folgenbestimmt spaces.

Let x ∈ X be given. We say that X is Fréchet-Urysohn at x if for all A ⊆ X with x ∈ A, there

is a sequence in A that converges to x. By replacing ‘sequence’ with ‘transfinite sequence’

we obtain the definition of a radial point. If X is radial / Fréchet-Urysohn at every point

then we say that X is radial / Fréchet-Urysohn. Radial spaces are also known as Fréchet

chain-net or stark folgenbestimmt spaces.

The class of radial spaces includes all metrisable spaces and all GO-spaces (see Corol-

lary II.1.15).

Note that by taking a cofinal subsequence, we can assume that the lengths of the trans-

finite sequences are regular ordinals and since 1-sequences can be replaced by constant

α-sequences for any non-zero ordinal α, we can replace 1 with any other non-zero ordi-

nal. In fact, we can even take a set of regular ordinals: if X is a topological space and t is

a transfinite sequence in X whose length is a regular ordinal strictly greater than |X |, then

by regularity it has a constant subsequence which maps to a point x. Thus, if t converges

to a point y , then so does any constant transfinite sequence with value x. Therefore we

only need consider the transfinite sequences whose lengths are regular ordinals α≤ |X |.

Definition I.1.5 (Radial character). Let X be a topological space and let x ∈ X be given.

Then we define the radial character of x to be the least cardinalκ such that for every A ⊆ X ,

if there exists a transfinite sequence in A that converges to x then there is one of length at

most κ. We denote it by RχX (x).
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We define the radial character of X to be Rχ(X ) := sup(RχX (x) : x ∈ X ). Equivalently,

Rχ(X ) is the least cardinal κ such that every κ-radially-closed subset is radially-closed.

Note that by the paragraph preceding the above definitions, Rχ(X ) is well-defined and

Rχ(X ) ≤ |X |. To close this section, we define the rest of the pseudoradial hierarchy.

Definition I.1.6. Let X be a topological space.

• Let t be a transfinite sequence in X . Then we say that t converges strictly to x ∈ X if

t → x and and for all α< len(t ), x ∉ t [α]. We denote this by t → x. These transfinite

sequences are also referred to as t-, thin or strict.

• X is strictly pseudoradial if every non-closed subset A has a transfinite sequence

that converges strictly to a point outside of A. These were first introduced in [AIT85]

(quoted in [DIT87, pg. 752]) as almost-radial spaces.1

• Let κ be a cardinal and A ⊆ X be given. We say that A is κ-closed if for every B ∈

[A]≤κ,B ⊆ A. The complements of κ-closed subsets are called κ-open.

• X is semiradial if for every cardinalκ, everyκ-radially-closed subset isκ-closed. This

notion was first introduced in [BG92].

• Let x ∈ X be given and let B be a neighbourhood base for x that is well-ordered by

⊇. We call B a well-ordered neighbourhood base for x. Moreover, if the order type of

(B,⊇) is a regular ordinal, then we say that B is regular.

1We are using this alternative name to avoid confusion, since semiradial spaces are almost-radial / strictly
pseudoradial (see Figure 2)
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A transfinite sequence of subsets (Bα)α<λ of X is also called a well-ordered neigh-

bourhood base provided that {Bα :α< λ} is a well-ordered neighbourhood base and

Bβ$Bα for all α<β<λ.

• If X has a well-ordered neighbourhood base for x ∈ X , then we say that X is well-

based at x. Moreover, if X is well-based at every point, we say that X itself is well-

based. We can replace ‘well-ordered’ with ‘linearly-ordered’ in the definition of well-

ordered neighbourhood base and obtain an equivalent formulation of ‘well-based’.

These spaces are also known as funnel-shaped, lob- or wob-spaces.

• X is R-monolithic if X is pseudoradial and for all A ⊆ X , Rχ(A) ≤ |A|, or equivalently

for every C ⊆ X closed, Rχ(C ) ≤ d(C ), where d(C ) is the density of C . This condition

was first introduced in [Bel91].

I.2 The pseudoradial hierarchy

I.2.1 Structure of the hierarchy

We now explore the relationship between various classes of pseudoradial spaces. First,

we need to prove that ‘pseudoradial’ is a closed-hereditary property. We can then easily

show the implications in Figure I.1 (see Theorem I.1), which are either referenced results

or ‘folklore’, but we include proofs here for completeness.

Lemma I.2.1. Let X be a pseudoradial space, C ⊆ X be closed. Then C is pseudoradial.

14



Proof. Let A ⊆C be non-closed in C . Then A is not closed in X , so there exists an escaping

transfinite sequence in A with respect to X . Since A
X = A

C
and convergence is absolute

between subspaces, it follows that A is not radially-closed in C . Therefore C is pseudora-

dial.

Theorem I.2.2. Let X be a topological space and let x ∈ X be given.

(1) If X well-based at x then X is radial at x. [Her67, Theorem 2]

(2) If X is radial then X is semiradial. [BG92, Lemma 1]2

(3) If X is R-monolithic then X is semiradial. [BG92, Lemma 2] 2

(4) If X is semiradial then X is strictly pseudoradial. [BG92, Lemma 1]

(5) If X is strictly pseudoradial then X is pseudoradial.

(6) If X is T1 and well-based then X is R-monolithic.

Proof.

(1) Assume X is well-based at x and let A ⊆ X be given such that x ∈ A. Then there

exists a well-ordered neighbourhood base (Bα)α<λ for x. Now for each α < λ, pick

yα ∈ A∩Bα. Then (yα)α<λ converges to x. Therefore X is radial at x.

(2) Assume X is radial and let κ be a cardinal and A ⊆ X be non-κ-closed, so there is

some B ∈ [A]≤κ with a point x ∈ B\A. Then there exists a transfinite sequence u with

2Stated but not proven.
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regular length len(u) ≤ |B | ≤ κ that converges to x. Hence A is not κ-radially-closed

and therefore X is semiradial.

(3) Assume X is R-monolithic and let κ be a cardinal and A ⊆ X be non-κ-closed. Then

there exists a B ∈ [A]≤κ such that B 6⊆ A and so A ∩B is not closed in B . As X is R-

monolithic, Rχ(B) ≤ |B | ≤ κ, and thus there is an escaping transfinite sequence in

A ∩B with respect to B , whose length is at most κ. Hence A is not κ-radially-closed

and therefore X is semiradial.

(4) Assume X is semiradial and let A ⊆ X be non-closed. Let κ be the least cardinal such

that A is not κ-closed. Then by semiradiality, there exists a transfinite sequence

t in A with len(t ) ≤ κ that converges to a point x ∈ X \A. By minimality of κ, A is

<κ-closed, so it must be the case that len(t ) = κ. Hence for all α < κ, t [α] ⊆ A as

|t [α]| ≤ |α| < κ, so in particular x ∉ t [α]. Therefore X is strictly pseudoradial.

(5) This follows by definition.

(6) Suppose Y is well-based and T1, and let A ⊆ Y be non-closed, so there exists an

y ∈ (A\A)∩Y . Assume A is d(Y )-radially-closed and let (Bα)α<λ be a regular well-

ordered neighbourhood base for y . For all α<λ, choose a t (α) ∈ Bα∩ A. Then t → y

and so λ> d(Y ).

Pick a dense D ∈ [Y ]d(Y ) and define D ′ := D\{y}, so for all z ∈ D ′ there exists anαz <λ

such that z ∉ Bαz . Define α := sup(αz : z ∈ D ′) < λ, so Bα∩D ′ =;. Note that since Y

is T1,λ must be infinite and thus there exists a z ∈ Bα\Bα+1 and a neighbourhood U

16



of z such that y ∉U . Then (Bα∩U )∩D =;, which is a contradiction. Therefore A is

not d(Y )-radially-closed and hence Rχ(Y ) ≤ d(Y ).

Now suppose X is T1 and well-based and let C ⊆ X be closed. Then C is also T1

and well-based, so by the previous paragraphs Rχ(C ) ≤ d(C ). As radial spaces are

pseudoradial, it follows that X is R-monolithic.

Regarding the other implications:

• There is an compact, Hausdorff, R-monolithic space that isn’t radial. [Bel93, pg. 638]

• The class of strictly pseudoradial spaces is properly contained between the classes

of radial and pseudoradial spaces. [Bel91, pg. 125]

• There exists a compact Hausdorff strictly pseudoradial space that is not semiradial.

[Bel96, pg. 115–6]

• Under CH, there is a compact, Hausdorff, radial space that isn’t R-monolithic.[Bel93,

pg. 638]

• Under CH, there exists a compact, Hausdorff, semiradial space that is neither radial

nor R-monolithic. [Bel96, pg. 115]

To show that the assumption of T1 in part 2 cannot be removed, consider the spaceR∪{?},

where? ∉R is isolated and for every x ∈R, the neighbourhoods of x are of the form U∪{?},

where U is an R-neighbourhood of x.
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I.2.2 Restricted quotient maps

Many of the spaces in the pseudoradial hierarchy are characterised in terms of certain

continuous images of well-based spaces or LOTS. We will provide another such charac-

terisation for semiradial spaces in terms of a new class of quotient maps — the restricted

quotient maps:

Definition I.2.3 (Restricted quotient). Let X ,Y be topological spaces and let f : X → Y be

a continuous surjection. If for every cardinal κ and all A ⊆ X , A is κ-closed if and only if

f −1[A] is κ-closed, then we call f a restricted quotient map.

We observe that the forward implication in the definition holds for all continuous func-

tions:

Lemma I.2.4. Let X ,Y be topological spaces, f : X → Y be continuous and let κ be a cardi-

nal, A ⊆ Y be κ-closed. Then f −1[A] is κ-closed.

Proof. Let B ∈ [ f −1[A]]≤κ be given. Then f [B ] ∈ [A]≤κ, so since A is κ-closed and f is

continuous, f [B ] ⊆ f [B ] ⊆ A. Hence B ⊆ f −1[A] and thus f −1[A] is κ-closed.

Another type of quotient map that characterises radial spaces (see Figure I.3) are the

pseudo-open maps:

Definition I.2.5 (Pseudo-open). Let X ,Y be topological spaces, f : X → Y be a continuous

surjection such that for all y ∈ Y and all U ⊆ X open, if f −1[{y}] ⊆U then y ∈ f [U ]◦. Then

we say that f is pseudo-open.
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Thus, every open map is pseudo-open. The following lemma provides alternative char-

acterisation of pseudo-open maps.

Lemma I.2.6. [Eng89, Exercise 2.4.F(a)] Let X ,Y be topological spaces, f : X → Y be con-

tinuous and surjective. Then f is pseudo-open if and only if f is hereditarily quotient, i.e.

for every Z ⊆ Y , f | f −1[Z ] : f −1[Z ] → Z is a quotient map.

Proof. Assume f is pseudo-open and let Z ⊆ Y ,U ⊆ Z be given such that f −1[U ]

= f |−1
f −1[Z ]

[U ] is open in f −1[Z ], so there exists an open V ⊆ X such that f −1[U ] = V ∩

f −1[Z ]. As f is pseudo-open, U ⊆ f [V ]◦ and moreover f [V ]∩ Z ⊆ U , so it follows that

U = f [V ]◦∩Z is open in Z . Therefore f | f −1[Z ] is a quotient map.

Now assume f is hereditarily quotient and let U ⊆ X be open, y ∈ Y be given such that

f −1[{y}] ⊆U . Define Z := (Y \ f [U ])∪ {y}. Then

U ∩ f −1[Z ] = f −1[{y}] = f |−1
f −1[Z ][{y}].

Hence {y} is open in Z , so there exists an open V ⊆ Y such that {y} =V ∩Z = {y}∪(V \ f [U ]).

Therefore y ∈V ⊆ f [U ] and thus y ∈ f [U ]◦.

We are now ready to prove the rest of the implications in Figure I.2. The following

lemma characterising κ-open subsets will prove useful:

Lemma I.2.7. Let X be a topological space, κ be a cardinal and let A ⊆ X be given. Then A

is κ-open if and only if for every B ∈ [X ]≤κ with A ⊆ X \B , A ⊆ (X \B)◦.

Proof. By definition, A isκ-open if and only if for all B ∈ [X \A]≤κ,B ⊆ X \A, or equivalently,

for every B ∈ [X ]≤κ, if A ⊆ X \B then A ⊆ X \B = (X \B)◦.
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Definition I.2.8 (Tκ
1 ). Let X be a topological space and κ be a cardinal such that every

subset of size strictly less than κ is closed. Then we say that X is Tκ
1 . Note that a T1 space

is Tℵ0
1 .

Theorem I.2.9. Let X ,Y be topological spaces and let f : X → Y be a continuous surjection.

(1) If f is a restricted quotient map then f is a quotient map.

(2) Let κ be an infinite cardinal such that Y is T κ
1 . If f is pseudo-open and has fibres of

cardinality at most κ, then f is a restricted quotient map.

(3) If f is closed then f is a restricted quotient map and pseudo-open.

(4) Let κ be a cardinal such that X is T κ
1 and suppose f is a restricted quotient map. Then

Y is T κ
1 .

(5) Let Y be a non-discrete, T1 topological space. Then there exists a topological space X

and an open, continuous surjection f : X → Y that is not a restricted quotient map.

In particular, if Y =ω+1 then we can take X to be a normal Tℵ1
1 -space.

Proof.

(1) Assume f is a restricted quotient map and let A ⊆ X non-closed. Then A is not |A|-

closed and so f −1[A] is not |A|-closed. In particular, f −1[A] is not closed, so f is a

quotient map.

(2) Assume f is pseudo-open and let λ be a cardinal, A ⊆ Y be given such that f −1[A]

is λ-closed and define A′ := Y \A. If λ < κ then since Y is Tκ
1 , A is λ-closed. Now
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suppose λ ≥ κ and note that f −1[A′] = X \ f −1[A] is λ-open. Let B ∈ [Y ]≤λ be given

such that A′ ⊆ Y \B . By assumption,

| f −1[B ]| =
∣∣∣∣ ⋃

b∈B
f −1[{b}]

∣∣∣∣= ∑
b∈B

| f −1[{b}]| ≤λ ·κ=λ.

As f −1[A′] ⊆ f −1[Y \B ] = X \ f −1[B ] and f −1[A′] is λ-open, it follows that f −1[A′] ⊆

(X \ f −1[B ])◦. So as f is pseudo-open

A′ ⊆ f [(X \ f −1[B ])◦]◦ ⊆ f [X \ f −1[B ]]◦ = (Y \B)◦.

Therefore A′ is λ-open and hence A is λ-closed. By Lemma I.2.4, it follows that f is

a restricted quotient map.

(3) Assume f is closed and let κ be a cardinal, A ⊆ Y be given such that f −1[A] is κ-

closed. Let B ∈ [A]≤κ be given. As f is surjective, for all b ∈ B there exists a cb ∈

f −1[{b}]. Define C := {cb : b ∈ B} ∈ [ f −1[A]]≤κ. Then since f is closed,

B = f [C ] = f [C ] ⊆ f [ f −1[A]] = A.

Therefore A is κ-closed and thus by Lemma I.2.4, f is a restricted quotient map.

Furthermore, observe that by the Lemma I.2.6 and [Eng89, Exercise 2.4.F(a)], every

closed map is also pseudo-open.

(4) Let A ∈ [Y ]<κ be given. As X is Tκ
1 , f −1[A] is |A|-closed and hence A is closed. There-

fore Y is Tκ
1 .

(5) Let A ⊆ Y be non-closed and define

B := A\A, κ := max(ℵ0, |A|), X := (κ+× (Y \B))∪ ({κ+}×B).
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We topologise X by specifying a base as follows:

• For every U ⊆ Y open, if U ∩B 6= ;, then let ({κ+}× (U ∩B))∪ ((κ+\C )× (U \B))

be a basic open set for every C ∈ [κ+]≤κ.

• For every U ⊆ Y open, if U ∩B = ;, let {α}×U be a basic open set for each

α< κ+.

Define f : X → Y to be the projection onto the second coordinate. Then f is con-

tinuous, open and surjective. However, A is not κ-closed whereas f −1[A] = κ+× A is

κ-closed. Therefore f is not a restricted quotient map.

If Y = ω+ 1 and A = ω, then B = {ω},κ = ℵ0 and X is a Tℵ1
1 -space with a unique,

non-isolated point, so is normal.

Corollary I.2.10. Let X ,Y be topological spaces such that Y is T1, and let f : X → Y be

pseudo-open with countable fibres. Then f is a restricted quotient map.

As quotient maps arise from decompositions of the domain space, we will characterise

restricted quotient maps in terms of certain types of decomposition maps.

Definition I.2.11 (Decomposition map). Let X be a topological space and D be a decom-

position (i.e. partition) of X . Define π : X → D by mapping each x ∈ X to the unique

element of D containing x. We call π the decomposition map of D and consider D as a

topological space by endowing it with the quotient topology.

Proposition I.2.12. Let X be a topological space, D be a decomposition of X and π : X →D

be the decomposition map. Then π is a restricted quotient map if and only if for all A⊆D
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and cardinals κ, if
⋃A is κ-closed then for every D ∈D\A and all B ∈ [A]≤κ, there exists an

open U ⊆D such that D ∈U and U ∩B =;.

Proof. Note that a decomposition map is a quotient map; in particular it is continuous and

surjective. Thus π is a restricted quotient map if and only if for all A⊆D and cardinals κ,

if π−1[A] = ⋃A is κ-closed then A is κ-closed. The statement of this proposition is an

alternative expression of this equivalence.

To close this section, we show that the quotient maps in Figure I.3 are closed under

composition.

Theorem I.2.13. Let X ,Y , Z be topological spaces, f : X → Y , g : Y → Z be continuous sur-

jections.

(1) If f , g are quotients then g ◦ f is a quotient map.

(2) If f , g are restricted quotient maps, then g ◦ f is a restricted quotient map.

(3) If f , g are pseudo-open then g ◦ f is pseudo-open. [Eng89, Exercise 2.4.F(b)]

Proof. First, suppose that f and g are both (restricted-)quotient maps and let κ be a car-

dinal. Assume that (g ◦ f )−1[U ] = f −1[g−1[U ]] is (κ-)closed. Then g−1[U ] is (κ-)closed and

hence U is (κ-)closed. Therefore g ◦ f is a (restricted-)quotient map.

Now assume that f and g are pseudo-open and let A ⊆ Z be given. Then g |g−1[Z ] :

g−1[Z ] → Z and f |(g◦ f )−1[Z ] : (g ◦ f )−1[Z ] → g−1[Z ] are quotient maps, so it follows that

(g ◦ f )|(g◦ f )−1[Z ] = g |g−1[Z ] ◦ f |(g◦ f )−1[Z ] is a quotient map. Therefore by Lemma I.2.6 g ◦ f is

pseudo-open.
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I.2.3 Quotient characterisation and preservation theorems

We are now ready to prove the results stated in Figure I.3. To characterise topological

spaces that are determined by a type of convergence, the usual approach is to take a cer-

tain topological sum of directed sets that are topologised in an appropriate way and define

an appropriate quotient (see [Fra65; Her67], [Nyi92, pg. 543–545]). Instead of taking sums,

we will consider families of maps and final topologies, which will require a translation of

certain quotient-map properties.

But first, we will present the preservation theorems, which utilise the following equiv-

alent characterisation of radiality.

Lemma I.2.14. Let X be a topological space. Then X is radial if and only if X is hereditarily

pseudoradial.

Proof.

(⇒) Assume X is radial and let Y ⊆ X , A ⊆ Y be non-closed in Y . Then there exists an

x ∈ A
Y

\A ⊆ A
X

\A, so by radiality there exists a transfinite sequence in A converging

to x. Therefore Y is pseudoradial and hence X is hereditarily pseudoradial.

(⇐) Assume X is hereditarily pseudoradial and let A ⊆ X be non-closed, x ∈ A\A be given.

Then A is non-closed in A ∪ {x}, which is pseudoradial, so there exists an escaping

transfinite sequence in A, with respect to A∪{x}. This must converge to x and hence

X is radial.

Corollary I.2.15. Radiality is a hereditary property.
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Theorem I.2.16. Let X ,Y be topological spaces, f : X → Y be surjective.

(1) If X is pseudoradial and f is a quotient map then Y is pseudoradial. [Her67, Theorem

2]

(2) If X is semiradial and f is a restricted quotient map then Y is semiradial.

(3) If X is radial and f is pseudo-open then Y is radial. [Ark80, pg. 50]

Proof.

(1) Assume X is pseudoradial and f is a quotient map. Let A ⊆ Y be non-closed, so

f −1[A] is also non-closed. Then there exists a transfinite sequence t in f −1[A] that

converges to some point x ∈ f −1[A]\ f −1[A] and so f ◦t → f (x) ∈ f [ f −1[A]]\A ⊆ A\A.

Thus A is not radially-closed and therefore Y is pseudoradial.

(2) Assume X is semiradial and f is a restricted quotient map. Let κ be a cardinal

and A ⊆ Y be non-κ-closed, so f −1[A] is non-κ-closed. Then there exists a trans-

finite sequence u in f −1[A] with length at most κ that converges to some point

x ∈ f −1[A]\ f −1[A], so f ◦u → f (x) ∈ f [ f −1[A]]\A ⊆ A\A. Therefore Y is semiradial.

(3) Note that by Lemma I.2.6, f | f −1[Z ] : f −1[Z ] → Z is a quotient map for all Z ⊆ Y . So

by Lemma I.2.14 and (1), it follows that Y is radial.

Now we shall develop the machinery for the characterisation theorems. We will show

how to translate between families of maps and final topologies to quotient maps, so that

we can state our characterisation theorems in terms of families. First, we shall define the

topological sum of spaces and co-diagonal maps.
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Definition I.2.17 (Topological sum). Let (Xi )i∈I be a family of topological spaces and de-

fine

X :=
⋃
i∈I

({i }×Xi ),

∀i ∈ I , ιi : Xi → X , x 7→ 〈i , x〉.

Topologise X with the final topology with respect to (ιi )i∈I , the finest topology on X mak-

ing those maps continuous, i.e. a subset U of X is open if and only if ι−1
i [U ] is open for all

i ∈ I . We say that X is the topological sum of (Xi )i∈I and denote it by
∑

i∈I Xi . We shall refer

to (ιi )i∈I as the family of inclusion maps.

Definition I.2.18 (Co-diagonal map). Let Y be a set and let ( fi : Xi → Y )i∈I be a family of

functions. Then we define the co-diagonal map ∇i∈I fi :
∑

i∈I Xi → Y of ( fi )i∈I as follows:

∀i ∈ I ,∀x ∈ Xi ,

(
∇
i∈I

fi

)
(i , x) := fi (x).

Lemma I.2.19. Let X be a topological space, (Yi )i∈I be a family of topological spaces and let

( fi )i∈I be a family of continuous maps from Yi to X respectively such that
⋃

i∈I ran( fi ) = X .

Then f :=∇i∈I fi is a continuous surjection.

Proof. Note that for every open U ⊆ X , f −1
i [U ] is open in Yi and moreover

f −1[U ] =
⋃
i∈I

({i }× f −1
i [U ]).

Therefore f −1[U ] is open in Y and so f is continuous. Furthermore, f is surjective because

ran( f ) =⋃
i∈I ran( fi ) = X .
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Definition I.2.20 (P family). Let X be a topological space, (Yi )i∈I be a family of topological

spaces and let ( fi )i∈I be a family of continuous maps from Yi to X respectively such that

⋃
i∈I ran( fi ) = X . Let P be a class of continuous surjections. Then we say that (Yi , fi )i∈I is

a P family if ∇i∈I fi ∈P when considered as a map from
∑

i∈I Yi to X .

For 1-element families, the notions of P map and P family coincide.

Proposition I.2.21. Let X ,Y be topological spaces, f : X → Y be a continuous surjection

and let P be a class of continuous surjections closed under pre-composition by homeomor-

phisms. Then f ∈P if and only if ( fi )i∈{0} is a P family for Y , where f0 := f .

Proof. Note that
⋃

{ran( f )} = Y , so the preliminary condition for the previous lemma is

satisfied. Let π : {0}×X → X be the projection map, which is a homeomorphism. Then

f ∈P ⇐⇒ f ◦π ∈P ⇐⇒ ( fi )i∈{0} is a P family.

The particular classes P that will be used here are the classes of quotient, restricted

quotient and pseudo-open maps. We now seek some characterisations of their families.

Lemma I.2.22. Let (Xi )i∈I be a family of topological spaces and let X be the topological sum

with inclusion maps (ιi )i∈I . Then for all cardinals κ and A ⊆ X , A is κ-closed if and only if

ι−1
i [A] is κ-closed for all i ∈ I .

Proof. As (ιi )i∈I is a family of continuous maps, the forward implication follows from

Lemma I.2.4. Let A ⊆ X ,κ be a cardinal such that A is not κ-closed, so there exists a

B ∈ [A]≤κ such that B 6⊆ A. Then since (ran(ιi ))i∈I is a discrete cover of X ,

B =
⋃
i∈I

(B ∩ ran(ιi )) =
⋃
i∈I

B ∩ ran(ιi ) =
⋃
i∈I
ιi [ι−1

i [B ]].
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Thus there exists an i ∈ I such that ιi [ι−1
i [B ]] 6⊆ A ∩ ran(ιi ) = ιi [ι−1

i [A]]. Since ιi is injective,

ι−1
i [B ] 6⊆ ι−1

i [A]. As ι−1
i [B ] ⊆ ι−1

i [A] and |ι−1
i [B ]| = |B ∩ ran(ιi )| ≤ |B | ≤ κ, it follows that ι−1

i [A]

is not κ-closed.

Lemma I.2.23. Let X be a topological space, (Yi )i∈I be a family of topological spaces, ( fi )i∈I

be a family of continuous maps from Yi to X respectively such that
⋃

i∈I ran( fi ) = X . Then:

(1) (Yi , fi )i∈I is a quotient family for X if and only if X has the final topology generated

by ( fi )i∈I ; that is, for every open U ⊆ X , if f −1
i [U ] is open for all i ∈ I , then U is open.

(2) (Yi , fi )i∈I is a restricted quotient family for X if and only if for every A ⊆ X and all

cardinals κ, if f −1
i [A] is κ-closed for every i ∈ I , then A is κ-closed.

(3) (Yi , fi )i∈I is a pseudo-open family for X if and only if for all x ∈ X , i ∈ I and open

Ui ⊆ Xi with f −1
i [{x}] ⊆Ui , x ∈ (⋃

i∈I fi [Ui ]
)◦.

Proof. Let Y be the topological sum of (Yi )i∈I with inclusion maps (ιi )i∈I and define f :=

∇i∈I fi . Note that for all i ∈ I , f ◦ ιi = fi and by Lemma I.2.19 f is continuous.

(1) Let U ⊆ X be given. Then

f −1[U ] is open ⇐⇒ ∀i ∈ I , ι−1
i [ f −1[U ]] = ( f ◦ ιi )−1[U ] = f −1

i [U ] is open.

Since f is continuous and surjective, it follows that (Yi , fi )i∈I is a quotient family for

X if and only if for all U ⊆ X , if f −1[U ] is open then U is open, or equivalently X has

the final topology generated by ( fi )i∈I .
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(2) Let A ⊆ X ,κ be a cardinal. Then by the previous lemma

f −1[A] is κ-closed ⇐⇒ ∀i ∈ I , ι−1
i [ f −1[A]] = f −1

i [A] is κ-closed.

As f is continuous and surjective, it follows that (Yi , fi )i∈I is a restricted quotient

family for X if and only if for every A ⊆ X and all cardinals κ, if f −1[A] is κ-closed

then A is κ-closed, or equivalently, if f −1
i [A] is κ-closed for all i ∈ I , then A is κ-

closed.

(3) Suppose (Yi , fi )i∈I is a pseudo-open family for X . Let x ∈ X be given and for all i ∈ I ,

let Ui ⊆ Yi be open such that f −1
i [{x}] ⊆Ui . Define U :=⋃

i∈I ιi [Ui ], which is open in

Y since for all i ∈ I , ιi is open. Then

f −1[{x}] =
⋃
i∈I

(
f −1[{x}]∩ ran(ιi )

)
=

⋃
i∈I
ιi

[
ι−1
i

[
f −1[{x}]

]]
=

⋃
i∈I
ιi

[
f −1

i [{x}]
]

⊆U .

Since f is pseudo-open, x ∈ f [U ]◦.

Now suppose that for all x ∈ X , i ∈ I and for every open Ui ⊆ Yi with f −1
i [{x}] ⊆Ui , x ∈(⋃

i∈I fi [Ui ]
)◦. Let U ⊆ Y be open, x ∈ X be given such that f −1[{x}] ⊆U . Then for all

i ∈ I , f −1
i [{x}] = ι−1

i [ f −1[{x}]] ⊆ ι−1
i [U ] and ι−1

i [U ] is open in Yi , so it follows that

x ∈
(⋃

i∈I
fi [ι−1

i [U ]]

)◦
= f

[⋃
i∈I
ιi [ι−1

i [U ]]

]◦
= f [U ]◦.
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Therefore f is a pseudo-open map and thus (Yi , fi )i∈I is a pseudo-open family for

X .

We now construct the domain space to quotient over and show how convergence prop-

erties of the codomain correlate with properties of the quotient map.

Lemma I.2.24. A topological sum of well-based spaces is well-based.

Proof. Let (Xi )i∈I be a family of well-based spaces and define X to be the topological sum

of X with inclusion maps (ιi )i∈I . Let i ∈ I be given. Then the inclusion map ιi : Xi → X is

an embedding with open range, since ‘well-based’ is a local property, it follows that every

point in ran(ιi ) is well-based in X and therefore X is well-based.

Definition I.2.25 (Sκ). Let κ be a non-zero, regular ordinal. We define a topology on κ+1

by setting every point in κ to be isolated and letting {[α,κ] : α ∈ κ} be a neighbourhood

base system for κ. We denote this topological space by Sκ.

Lemma I.2.26. [Nyi92, Lemma 2.7] Let X be a topological space, κ be a non-zero regular

ordinal and let f : Sκ→ X be given. Then f is continuous if and only if f |κ→ f (κ).

Theorem I.2.27. Let X be a topological space and define

• S := {κ : κ is a non-zero, regular cardinal,κ≤ |X |},

• Σ :=⋃
κ∈S κX ,

• For every t ∈Σ,Lt := {x ∈ X : t → x},

• I := {〈t , x〉 : t ∈Σ, x ∈ Lt },
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• For all 〈t , x〉 ∈ I ,Y〈t ,x〉 := Slen(t ),

• For all 〈t , x〉 ∈ I , f〈t ,x〉 := t ∪ {〈len(t ), x〉} : Y〈t ,x〉 → X .

Then:

(1) For all i ∈ I , fi is continuous.

(2)
⋃

i∈I ran( fi ) = X .

(3) X is pseudoradial if and only if (Yi , fi )i∈I is a quotient family for X .

(4) X is semiradial if and only if (Yi , fi )i∈I is a restricted quotient family for X .

(5) X is radial if and only if (Yi , fi )i∈I is a pseudo-open family for X .

Proof.

(1) By definition and the previous lemma, fi is continuous for every i ∈ I .

(2) Let x ∈ X be given. Then 1 ∈ S , t := {〈0, x〉} ∈ Σ and x ∈ Lt . Thus f〈t ,x〉(1) = x and so

⋃
i∈I ran( fi ) = X .

(3) Suppose that X is pseudoradial and let U ⊆ X be non-open, so X \U is non-closed.

Then by the pseudoradiality of X , there exists an x ∈ X \U \(X \U ) and there exists

a t ∈ Σ such that x ∈ Lt and ran(t ) ⊆ X \U . Then f −1
〈t ,x〉[U ] is not open. Therefore

(Yi , fi )i∈I is a quotient family for X .

(4) Suppose that X is semiradial and let κ be a cardinal, A ⊆ X be non-κ-closed. Letλ be

the least cardinal such that there exists an escaping λ-sequence t in A with a limit
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x ∈ X \A. Note that λ is regular and λ ≤ min(κ, |X |). Then 〈t , x〉 ∈ I and f −1
〈t ,x〉[A] =

λ is not λ-closed in Y〈t ,x〉 and in particular not κ-closed. Therefore (Yi , fi )i∈I is a

restricted quotient family for X .

(5) Suppose that X is radial. Let x ∈ X be given and for all i ∈ I , let Ui ⊆ Yi be open such

that f −1
i [{x}] ⊆Ui . Define U := ⋃

i∈I fi [Ui ] and note that x ∈U . Suppose x ∉U ◦, so

x ∈ X \U \(X \U ). As X is radial, there exists a t ∈Σwith ran(t ) ⊆ X \U such that t → x.

Define λ := len(t ). Then λ ∈ f −1
〈t ,x〉[{x}] ⊆ f −1

〈t ,x〉[U ], so there exists an α < λ such that

(λ+1)\α⊆ f −1
〈t ,x〉[U ]. Hence t (α) = f〈t ,x〉(α) ∈U , which is a contradiction. Therefore

x ∈U ◦ and thus (Yi , fi )i∈I is a pseudo-open family for X .

We now arrive at the final statement of characterisation for these spaces. The char-

acterisation for pseudoradial spaces was originally given in [Her67] and used a similar

construction as above. This was observed for radial spaces in [Ark80].

Corollary I.2.28 (Quotient characterisation theorem). Let X be a topological space. Then

X is (pseudoradial / semiradial / radial) if and only if X is the (quotient / restricted quotient

/ pseudo-open) image of a well-based space.

I.3 Quasi-isolation and p-character

To aid our understanding of pseudoradiality and related properties, we investigate when

intersections of neighbourhoods are again neighbourhoods and the effect this has on con-

verging transfinite sequences. To do this, we introduce two related properties: quasi-

isolation, which is a generalisation of isolated points to a non-T1-setting, and p-character,
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which captures how badly quasi-isolation fails. We start this section with some theory of

these two properties.

I.3.1 Quasi-isolation

A point x in a topological space is isolated if and only if {x} is open. This implies that it has

a ‘minimal neighbourhood’. We are going to take this minimal neighbourhood property to

define a new property generalising isolated points.

Definition I.3.1 (Quasi-isolated and quasi-discrete). Let X be a topological space and let

x ∈ X be given. If x has a principal neighbourhood filter, i.e. the intersection of all its

neighbourhoods is again a neighbourhood, then we say that x is quasi-isolated. We denote

the (open) neighbourhood filter by (UX
x ) N X

x and define the neighbourhood core of x to be

N X
x :=⋂N X

x =⋂UX
x . The superscripts will be dispensed with if the underlying topological

space is unambiguous.

If every point in a topological space is quasi-isolated then we say that the space is

quasi-discrete. These are also known as Alexandroff spaces.

Definition I.3.2 (T1). Let X be a topological space and let x ∈ X be given. We say that x is

T1 if Nx = {x}. Note that X is T1 if and only if every point is T1.

If ‘isolated point’ translates as ‘there is a neighbourhood separating it from all other

points’, then quasi-isolated point translates as ‘there is a neighbourhood separating it from

all possible points’. In fact, for T1-points these notions coincide.

Proposition I.3.3. Let X be a topological space, x ∈ X be given.
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(1) x is quasi-isolated if and only if Nx is open.

(2) If x is isolated then x is quasi-isolated.

(3) If x is quasi-isolated and T1 then x is isolated.

Proof.

(1) If Nx is open then Nx ∈Nx , so x is quasi-isolated. Now assume x is quasi-isolated.

Then N ◦
x ∈Nx also, so Nx ⊆ N ◦

x ⊆⋂Nx . Therefore Nx = N ◦
x is open.

(2) Assume x is isolated, so {x} is open. Then Nx = {x} is open and therefore x is quasi-

isolated.

(3) If x is quasi-isolated and T1, then Nx = {x} is open, so x is isolated.

Corollary I.3.4. Let X be a topological space.

(1) If X is discrete then X is quasi-discrete.

(2) If X is quasi-discrete and T1 then X is discrete.

We now generalise the proof that finite T1 spaces are discrete, using the notion of κ-

additivity.

Definition I.3.5 (κ-additive). Let X be a topological space and κ be a cardinal such that

for every non-empty collection U of open sets with cardinality strictly less than κ,
⋂U is

open. Then we say that X is κ-additive.
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Lemma I.3.6. Let X be a topological space and κ be a cardinal such that X is κ-additive

and let x ∈ X be given such that |X \Nx | < κ. Then x is quasi-isolated in X .

Proof. Let y ∈ X \Nx be given, so there exists a Uy ∈ Ux such that y ∉ Uy . Then |{Uy : y ∈

X \Nx}| < κ, so
⋂

y∈X \Nx Uy = Nx is open. Therefore x is quasi-isolated in X .

Corollary I.3.7. Let X be a topological space, κ be a cardinal such that |X | < κ and X is

κ-additive. Then X is quasi-discrete.

Corollary I.3.8. Every finite topological space is quasi-discrete.

Proof. Every topological space is ℵ0-additive by definition.

Now we show how quasi-isolated points in subspaces and products arise and charac-

terise them for the latter.

Lemma I.3.9. Let X be a topological space, Y ⊆ X , x ∈ Y be given. Then N Y
x = N X

x ∩Y .

Proof. N Y
x =⋂N Y

x =⋂
{N ∩Y : N ∈N X

x } = (⋂N X
x

)∩Y = N X
x ∩Y .

Theorem I.3.10. Let X be a topological space, Y ⊆ X , x ∈ Y be quasi-isolated in X . Then x

is quasi-isolated in Y .

Proof. As x is quasi-isolated in X , N X
x ∈ N X

x and so N Y
x = N X

x ∩Y ∈ N Y
x . Therefore x is

quasi-isolated in Y .

Lemma I.3.11. Let (Xi )i∈I be a non-empty family of topological spaces and define X :=
∏

i∈I Xi . Let x ∈ X be given. Then N X
x =∏

i∈I N Xi
πi (x).
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Proof. First, note that

N X
x = 〈UX

x 〉

=
〈 ⋂

j∈J
π−1

j [U j ] : J ⊆ I finite and non-empty and ∀ j ∈ J ,U j ∈UX j

π j (x)

〉

= 〈
π−1

i [Ui ] : i ∈ I ,Ui ∈UXi
πi (x)

〉
,

where 〈A〉 denotes the smallest filter containing A. Thus

N X
x =

⋂
i∈I

⋂
U∈UXi

πi (x)

π−1
i [U ] =

⋂
i∈I
π−1

i [N Xi
πi (x)] =

∏
i∈I

N Xi
πi (x).

Theorem I.3.12. Let (Xi )i∈I be a non-empty family of topological spaces and define X :=
∏

i∈I Xi . Let x ∈ X be given. Then x is quasi-isolated in X if and only if for every i ∈ I ,πi (x)

is quasi-isolated in Xi and I ′ := {i ∈ I :N Xi
πi (x) 6= {Xi }} is finite.

Proof.

(⇒) Assume x is quasi-isolated and let i ∈ I be given. Define

∀ j ∈ I ,Y j :=


Xi if j = i

{π j (x)} otherwise

 ,

Y :=
∏
j∈I

Y j .

Then πi |Y : Y → Xi is a homeomorphism. Since x is quasi-isolated in X , it is also

quasi-isolated in Y and thus πi (x) is quasi-isolated in Xi .

Suppose I ′ is infinite and let i ∈ I ′ be given. Then there exists a yi ∈ Xi and Mi ∈

N Xi
πi (x) such that yi ∉ Mi . Since x is quasi-isolated,

⋂
i∈I ′ π

−1
i [Mi ] ∈N X

x , so there exists
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a finite and non-empty L ⊆ I , and for every l ∈ L there exists an open Ul ⊆ Xl such

that x ∈⋂
l∈Lπ

−1
l [Ul ] ⊆⋂

i∈I ′ π
−1
i [Mi ]. Define:

y : I →
⋃
i∈I

Xi , i 7→


yi if i ∈ I ′\L

πi (x) otherwise

Then y ∈ ⋂
l∈Lπ

−1
l [Ul ]. However, as I ′ is infinite, there exists an i ∈ I ′\L and πi (y) =

yi ∉ Mi , which is a contradiction. Therefore I ′ is finite.

(⇐) Assume for all i ∈ I ,πi (x) is quasi-isolated in Xi and I ′ is finite. Then

N X
x =

∏
i∈I

N Xi
πi (x) =

⋂
i∈I ′

π−1
i [N Xi

πi (x)].

Now for all i ∈ I ′, N Xi
πi (x) is open, so it follows that N X

x is also open. Therefore x is

quasi-isolated in X .

I.3.2 p-character

Here we define a cardinal function that encodes the failure of a point to be quasi-isolated.

Thus quasi-isolation and p-character work together to capture information about inter-

sections of neighbourhoods.

Definition I.3.13 (p-character). Let X be a topological space, x ∈ X be non-quasi-isolated.

Then we define the p-character of x in X to be the least cardinality of a collection of neigh-

bourhoods of x whose intersection is not a neighbourhood. We designate this cardinal by

pX (x). If the surrounding space is unambiguous then we will dispense with the subscript.
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If x ∈ X is quasi-isolated, then we say that pX (x) =∞ with the convention that ∞> κ

for every cardinal κ. In particular, [A]<∞ =P(A) for any set A.

Theorem I.3.14. Let X be a topological space, x ∈ X be non-quasi-isolated. Then p(x) is

infinite and regular.

Proof. AsNx is a filter, κ := p(x) must be infinite. Since x is non-quasi-isolated, there exists

A = {Aα : α < κ} ∈ [Nx]κ such that
⋂A ∉ Nx . Now let (αβ)β<CF(κ) be a cofinal, strictly-

increasing sequence in p(x). Suppose κ is singular, so B := {
⋂
α≤αβ Aα : β < CF(κ)} ⊆Nx

and
⋂A=⋂B ∈Nx , which is a contradiction. Therefore p(x) is regular.

The next proposition provides an alternative characterisation of p-character.

Proposition I.3.15. Let X be a topological space, x ∈ X be given and let κ be a cardinal.

Then the following are equivalent:

(1) p(x) ≥ κ.

(2) Nx is a κ-complete filter, i.e.
⋂U ∈Nx for all U ∈ [Nx]<κ.

Proof.

(1 ⇒ 2) Let U ∈ [Nx]<κ be given. If x is quasi-isolated then
⋂Nx ⊆ ⋂U and

⋂Nx ∈Nx , so

⋂U ∈Nx . If not then since p(x) ≥ κ,
⋂U ∈Nx .

(2 ⇒ 1) If x is not quasi-isolated then by definition p(x) ≥ κ. Otherwise, p(x) =∞≥ κ.

We now prove some results for subspaces and products.

Theorem I.3.16. Let X be a topological space, Y ⊆ X , x ∈ Y be given. Then pX (x) ≤ pY (x).
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Proof. Let A ∈ [N Y
x ]<pX (x) be given. Then for every A ∈A, there exists a B A ∈N X

x such that

A = B A ∩Y . As |A| < pX (x), it follows that

⋂
A∈A

B A ∈N X
x ⇒

⋂
A=

( ⋂
A∈A

B A

)
∩Y ∈N Y

x .

Therefore by the previous proposition, pX (x) ≤ pY (x).

Theorem I.3.17. Let (Xi )i∈I be a non-empty family of topological spaces and define X :=
∏

i∈I Xi . Let x ∈ X be non-quasi-isolated and define

I ′ := {i ∈ I :N Xi
πi (x) 6= {Xi }},

I∗ := {i ∈ I :πi (x) is non-quasi-isolated in Xi }.

Then:

pX (x) =


min(pXi (πi (x)) : i ∈ I∗) if I ′is finite

ℵ0 otherwise

Proof. We divide our argument depending on the cardinality of I ′.

Case 1: Assume I ′ is infinite, so there exists a countably infinite J ⊆ I ′. Then for all j ∈ J ,

there exists y j ∈ X j and M j ∈N X j

π j (x) such that y j ∉ M j . Suppose
⋂

j∈J π
−1
j [M j ] ∈N X

x ,

so for some finite and non-empty F ⊆ I and for every f ∈ F , there exists an open

U f ⊆ X f such that x ∈⋂
f ∈F π

−1
f [U f ] ⊆⋂

j∈J π
−1
j [M j ]. Define:

y : I →
⋃
i∈I

Xi , i 7→


yi if i ∈ J\F

πi (x) otherwise
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Then y ∈⋂
f ∈F π

−1
f [U f ]. As J is infinite, there exists a j ∈ J\F and so π j (y) = y j ∉ M j ,

which is a contradiction. Therefore
⋂

j∈J π
−1
j [M j ] ∉ N X

x and thus pX (x) ≤ ℵ0. As

pX (x) is infinite, it follows that pX (x) =ℵ0.

Case 2: Assume I ′ is finite and note that since x is not quasi-isolated, by Theorem I.3.12

I∗ 6= ;. Then there exists an i ∈ I∗ such that

min(pX j (π j (x)) : j ∈ I∗) = pXi (πi (x)).

Define

∀ j ∈ I ,Y j :=


Xi if j = i

{π j (x)} otherwise

 ,

Y :=
∏
j∈I

Y j

Then πi |Y : Y → Xi is a homeomorphism and x ∈ Y . Thus

pX (x) ≤ pY (x) = pXi (πi (x)).

Now let A ∈ [N X
x ]<pXi (πi (x)) be given, so for all A ∈A there exists a finite and non-

empty J A ⊆ I and for every j ∈ J A, there exists an open UA, j ⊆ X j such that x ∈
⋂

j∈J A π
−1
j [UA, j ] ⊆ A. Define

J :=
⋃

A∈A
J A,

∀ j ∈ J ,B j := {UA, j : A ∈A, j ∈ J A}.

Since I∗ ⊆ I ′, by our choice of i it follows that for all j ∈ J ,
⋂B j ∈ N X j

π j (x) and so

⋂
B∈B j π

−1
j [B ] = π−1

j [
⋂B j ] ∈N X

x . Observe that
⋂B j = X j for every j ∈ J\I ′. Hence,
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as p-characters are infinite,

⋂
A⊇

⋂
A∈A

⋂
j∈J A

π−1
j [UA, j ] ⊇

⋂
j∈J
π−1

j

[⋂B j
]= ⋂

j∈J∩I ′
pi−1

j

[⋂B j
] ∈N X

x .

Thus
⋂A ∈N X

x and so pX (x) = pXi (πi (x)) = min(pX j (π j (x)) : j ∈ I∗).

We now conclude this section by introducing the familiar pseudocharacter cardinal

function in a general, non-T1-setting, and prove some relations between pseudocharacter

and p-character.

Definition I.3.18 (Pseudocharacter). Let X be a topological space, x ∈ X ,P ⊆Nx be non-

empty such that
⋂P = Nx . Then we say that P is a pseudobase for x. We denote the least

cardinality for a pseudobase for x asψX (x). Note that in T1-spaces, this coincides with the

standard definition since Nx = {x}.

If the surrounding space is unambiguous, then we denote the pseudocharacter of x by

ψ(x).

Theorem I.3.19. Let X be a topological space and let Y ⊆ X , x ∈ Y be given. Then ψY (x) ≤

ψX (x).

Proof. By definition, there exists a pseudobase P ∈ [N X
x ]ψX (x) for x in X . Then

N Y
x = N X

x ∩Y = (⋂P)∩Y =
⋂

P∈P
(P ∩Y ).

Thus {P ∩Y : P ∈P} is a pseudobase for x in Y . Therefore ψY (x) ≤ψX (x).

Theorem I.3.20. Let X be a topological space, x ∈ X be non-quasi-isolated. Then p(x) ≤

ψ(x).
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Proof. Let P ∈ [Nx]ψ(x) be a pseudo-base for x. Since x is not quasi-isolated,
⋂P ∉Nx , so

p(x) ≤ψ(x).

I.3.3 Applications to the pseudoradial hierarchy

In this final section, we demonstrate some applications of p-character to the study of the

pseudoradial hierarchy. In particular, we show failures of productivity in radial spaces,

give conditions to ensure semiradiality, and characterise sequentiality in terms of strict

pseudoradiality and countable tightness. First, we will characterise the well-based spaces.

Definition I.3.21 (Cofinality). Let (X ,<) be a linearly ordered set, A ⊆ X be given. Then A

is cofinal if and only if for all x ∈ X , there exists an a ∈ A such that x ≤ a. We define the

cofinality of (X ,<) to be the least cardinality of a cofinal subset. This is denoted by cf(X ,<).

Of course, cf(α,∈) = cf(α) for every ordinal α.

Definition I.3.22 (Character). For a point x in a topological space X , we denote the small-

est cardinality of a neighbourhood base of x by χX (x), called the character of x in X . If the

surrounding space is unambiguous, we will dispense with the subscript.

Lemma I.3.23. Let X be a topological space, x ∈ X ,B be a well-ordered neighbourhood base

for x. Then there exists a B′ ⊆ B cofinal in (B,%) that is a regular well-ordered neighbour-

hood base for x and |B′| = cf(B,%).

Proof. First, there exists an ordinal α and an order isomorphism f : (α,∈) → (B,⊇). Fur-

thermore g : cf(α) → α strictly increasing and cofinal. Define B′ := ran( f ◦ g ), so B′ is

cofinal in (B,%) and hence (B′,%) has order type cf(α) = cf(B,%). Now by cofinality, 〈B′〉 =
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〈B〉 =Nx . Therefore B′ is a regular well-ordered neighbourhood base for x and further-

more |B′| = cf(B,%).

Theorem I.3.24. Let X be a topological space and let x ∈ X have a regular well-ordered

neighbourhood base B. Then |B| =ψ(x) and if x is not quasi-isolated, |B| = p(x).

Proof. Let B = {Bα :α< |B|}, where Bβ$Bα for all α<β< |B|. Assumeψ(x) < |B|, so there

exists a pseudobase P ∈ [Nx]<|B| for x. Then for every P ∈P , there exists an αP < |B| such

that BαP ⊆ P . Define α := sup(αP : P ∈P) < |B|, so Bα ⊆⋂P = Nx . As ψ(x) < |B| and |B| is

regular, it follows that α+1 < |B| and Nx ⊆ Bα+1 $ Bα, which is a contradiction. As every

neighbourhood base is a pseudobase, it follows that ψ(x) = |B|.

Now assume that x is not quasi-isolated and let A ∈ [Nx]<|B| be given. Then for all A ∈

A, there exists a βA < |B| such that BβA ⊆ A. Define β := sup(βA : A ∈A) < |B|, so Bβ ⊆
⋂A.

Thus
⋂A is a neighbourhood of x and so p(x) ≥ |B|. Finally, note that

⋂B = Nx ∉Nx as x

is not quasi-isolated. Therefore p(x) = |B|.

Theorem I.3.25. Let X be a topological space and let x ∈ X be a non-quasi-isolated point

such that χ(x) = p(x). Then x has a well-ordered neighbourhood base of size χ(x).

Proof. LetB = {Bα :α<χ(x)} be a neighbourhood base of x and define for allα< |B|, Aα :=
⋂
β≤αBβ. Then since χ(x) = p(x),A := {Aα : α< χ(x)} is a collection of neighbourhoods of

x. Moreover, for every U ∈ Nx there exists an α < χ(x) such that Bα ⊆ Aα ⊆ U , so A is

a well-ordered neighbourhood base for x. If |A| < p(x), then Nx = ⋂A ∈Nx , which is a

contradiction as x is not quasi-isolated. Therefore p(x) ≤ |A| ≤ |B| ≤ χ(x) = p(x) and thus

|A| =χ(x).
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Corollary I.3.26. Let X be a topological space. Then X is well-based if and only if every

point is either quasi-isolated or has equal character and p-character.

Proof. Note that for every quasi-isolated x ∈ X , {Nx} is a well-ordered neighbourhood base

for x, so the statement follows from the previous two theorems.

The following theorem provides an important separation of p-character and pseu-

docharacter and will be used to demonstrate some failures of radiality.

Theorem I.3.27. Let X be a topological space with a well-based point x ∈ X and let t be a

transfinite sequence in X \Nx with regular length. Then:

(1) If t clusters at x then p(x) ≤ len(t ).

(2) If t converges to x then len(t ) ≤ψ(x).

Proof.

(1) First, note that x is not quasi-isolated in X , so p(x) is defined. Assume t clusters

at x and suppose len(t ) < p(x). Since ran(t )∩Nx = ;, it follows that for every α <

len(t ), there exists a Uα ∈ Nx such that t (α) ∉ Uα. As len(t ) < p(x), it follows that

U :=⋂
α<len(t )Uα ∈Nx . However, U ∩ ran(t ) =;, which is a contradiction. Therefore

p(x) ≤ len(t ).

(2) Suppose t converges to x and choose a pseudobase P ∈ [Nx]ψ(x) for x. Assume

len(t ) > ψ(x). Since t → x, for every P ∈ P , there exists an αP < len(t ) such that

t [len(t )\αP ] ⊆ P . Define α := sup(αP : P ∈P) < len(t ). Then

t (α) ∈
⋂

P∈P
t [len(t )\αP ] ⊆

⋂
P = Nx .
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This is a contradiction. Hence ψ(x) ≥ len(t ).

Corollary I.3.28. Let x be a well-based point in a topological space and let t be a transfinite

sequence in X \Nx that converges to x. Then t → x and len(t ) =χ(x).

Proof. By the previous theorem and Corollary I.3.26,

p(x) ≤ len(t ) ≤ψ(x) ≤χ(x) = p(x).

Hence len(t ) =χ(x).

Now for allα< len(t ), X \{t (α)} ∈Nx and so for allβ< len(t ), X \t [β] =⋂
α<β(X \{t (α)}) ∈

Nx and thus x ∉ t [β]. Therefore t → x.

Theorem I.3.29. Let x be a well-based point in a topological space and let t : χ(x) → X \Nx

cluster at x. Then t has a subsequence that converges to x.

Proof. Define κ :=χ(x) and let (Aα)α<κ be a regular, well-ordered neighbourhood base for

x. Define by recursion

g : κ→ κ,α 7→ min(β ∈ κ\sup(g (α′)+1 :α′ <α) : t (β) ∈ Aα).

As κ is regular, g is well-defined and moreover strictly increasing. Let U ∈ Nx be given,

so there exists an α < κ such that Aα ⊆ U . Then there exists a β < κ such that for every

γ ∈ [β,κ), g (γ) ≥α and so (t ◦ g )(γ) ∈ Ag (γ) ⊆ Aα. Therefore t ◦ g converges to x.

We now demonstrate how a failure of radiality can occur in general for T1-spaces. Ra-

diality behaves particularly badly under products.
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Proposition I.3.30. Let X ,Y be topological spaces with non-quasi-isolated points x ∈ X , y ∈

Y respectively such that ψX (x) < pY (y). Then (x, y) is not radial in X ×Y .

Proof. Define A := (X \N X
x )× (Y \N Y

y ), so (x, y) ∈ X \N X
x ×Y \N Y

y = A. Suppose there exists

a transfinite sequence t in A with regular length that converges to (x, y). Then πX ◦ t →

x,πY ◦ t → y and ran(πX ◦ t ) ∩ N X
x = ; = ran(πY ◦ t ). Thus by Theorem I.3.27 pY (y) ≤

len(t ) ≤ψX (x), which is a contradiction. Therefore (x, y) is not radial in X ×Y .

This easily shows that (ω+ 1)× (ω1 + 1) is not radial, where each space has the order

topology. Products of radial spaces can fail to be pseudoradial, as was shown in [OT95,

Example 2.2] using the space [0,1]×L(ℵ1), where L(ℵ1) is the one-point Lindelöfisation of

a discrete space of size ℵ1. [Sha93] showed that, for the class of compact Hausdorff spaces,

pseudoradiality is consistently equivalent to sequential compactness; consequently, com-

pact, Hausdorff pseudoradial spaces are consistently countably productive. Whether ZFC

proves this is an open question; see [Tir06] for a general survey.

The following theorem is a generalisation of the result that every sequential space is

semiradial (Corollary I.3.33). Note that in a T1-space, the condition amounts to the space

being TRχ(X )
1 .

Theorem I.3.31. Let X be a pseudoradial space such that for every F ∈ [X ]<Rχ(X ) and x ∈

F \F, x is quasi-isolated in F ∪ {x}. Then X is semiradial.

Proof. Let κ be a cardinal and let A ⊆ X be κ-radially-closed. If κ ≥ Rχ(X ) then A is

radially-closed, so by pseudoradiality is also closed; in particular it is κ-closed. Assume

κ < Rχ(X ) and let F ∈ [A]≤κ be given. Suppose F 6⊆ A and choose x ∈ F \A ⊆ F \F . Then
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N F∪{x}
x is open in F ∪ {x}, so there exists a y ∈ N F∪{x}

x ∩F ⊆ N X
x ∩F . Hence {〈0, y〉} → x and

since A is κ-radially-closed (and κ > 0 because F 6= ;), it follows that x ∈ A, which is a

contradiction. Therefore A is κ-closed and so X is semiradial.

The assumption in the previous theorem is technical and can be simplified to give the

following corollary:

Corollary I.3.32. Let X be a pseudoradial space such that for every F ∈ [X ]<Rχ(X ),F is quasi-

discrete. Then X is semiradial.

Proof. Let F ∈ [X ]<Rχ(X ), x ∈ F \F be given. Then |F ∪ {x}| < max(Rχ(X ),ℵ0), so it follows

that F ∪ {x} is quasi-discrete. Hence by the previous theorem, X is semiradial.

Corollary I.3.33. Every sequential space is semiradial.

Proof. Every sequential space has countable radial character and by Corollary I.3.8, ev-

ery finite subset is quasi-discrete. Therefore by Corollary I.3.32, every sequential space is

semiradial.

To finish this chapter, we present a slight improvement on Arhangel’skĭı’s result that in

the class of T1-spaces, the sequential spaces are precisely the strictly pseudoradial spaces

of countable tightness ([AIT85], quoted in [DIT87, pg. 752]), by removing the T1 assump-

tion.

Definition I.3.34 (Countably-tight). If X is a topological space such that for every A ⊆

X and each x ∈ A there exists a countable B ⊆ A such that x ∈ B , then we say that X is

countably-tight.
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Theorem I.3.35. Let X be a topological space. Then X is sequential if and only if X is strictly

pseudoradial and countably-tight.

Proof. By the corollary above, every sequential space is semiradial and hence strictly pseu-

doradial. Let A ⊆ X be given and define C :=⋃
B∈[A]≤ℵ0 B . Note that A ⊆C ⊆ A. Suppose X

is sequential and C 6= A, so C is not closed. Then there exists a sequence s in C and a limit

x ∈C \C of s and thus for every n ∈ω, there exists a countable Bn ⊆ A such that s(n) ∈ Bn .

Define B := ⋃
n∈ωBn ∈ [A]≤ℵ0 and let U ∈Nx be given. Then there is some n ∈ω such that

s[ω\n] ⊆U , so in particular s(n) ∈U . Hence ; 6= N ∩Bn ⊆ N ∩B and thus x ∈ B ⊆C , which

is a contradiction. Therefore X is countably-tight.

Now assume that X is strictly pseudoradial and countably-tight and let A ⊆ X be non-

closed. Then there exists a transfinite sequence t in A with regular length and an x ∈ A\A

such that t → x. Then x ∈ ran(t ), so by countable-tightness there exists a countable A ⊆

len(t ) such that x ∈ t [A]. If t has uncountable length then A is bounded in len(t ) and thus

x ∉ t [A], which is a contradiction. Hence t has countable length. If t is a 1-sequence, it

can be replaced with a constant ω-sequence, as shown in Section I.1.1. Therefore X is

sequential.
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Chapter II

Radiality and spoke systems

II.1 Introduction to nests and spokes

In the previous chapter, we presented some external characterisations of spaces in the

pseudoradial hierarchy (Corollary I.2.28). However, they are insufficient to (1) truly gain

an understanding of these spaces and properties and (2) prove useful theorems. In this

chapter we will develop the theory of spokes and spokes systems, which allows us to inves-

tigate radiality internally, leading to a deeper understanding of how this property arises.

The most common examples of radial spaces are LOTS, GO-spaces and well-based

spaces (e.g. first-countable spaces). These can be viewed as having neighbourhoods gen-

erated by nests — sets ordered linearly by inclusion. We will generalise from these spaces

to create the class of independently-based spaces. Independently-based spaces have a

clear picture of convergence and, although they do not coincide with radial spaces (as

we will show), a slight weakening of the definition gives an exact characterisation of radi-
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ality. Informally, radial spaces have ‘neighbourhood generators’ that describe the different

approaches a sequence may take to converge to a point.

In this section, we will introduce and prove some basic properties of nests, spokes

and their respective systems, which are collections that generate the neighbourhood filter

of a point in a formal sense. We will show that all GO-spaces and well-based points are

independently-based.

In Section II.2 we will construct spokes and spoke systems for radial points, giving a

characterisation radiality in terms of almost-independent spoke systems. The construc-

tion of spoke systems scales well when considering a restricting set of order-types, so as

to characterise Fréchet-Urysohn points as well. We will also order the spokes via ‘local

containment near a point’, thus giving a different characterisation of radiality.

In Section II.3 we will investigate spoke systems in greater detail, and in particular in-

dependent systems. By splitting spoke systems into components of common character, we

construct cofinal collections of spokes and prove that the minimal cardinality of a spoke

system for an independently-based point is attained by an independent spoke system. We

will also look at truncations of spoke systems and provide sufficient conditions such that,

when searching for an independent spoke system, we may find one by truncation. This

section concludes by comparing independently-based points with strongly Fréchet points

and show that, although they are in some sense ‘orthogonal’, they are not complementary.

In the last section, we will characterise radiality in products, as well as some variations

of the Fréchet-Urysohn property: strongly Fréchet and Fréchet-Urysohn for n-point sets

(where n is a positive natural number).
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The results in Sections II.1, II.2.1, II.2.2 and II.3.3 are based on [Lee14].

II.1.1 Nests

Our first attempt at characterising radiality considers spaces with points that are locally-

generated by nests:

Definition II.1.1 (Chains and nests). Let X be a set, C be a non-empty collection of non-

empty subsets of X linearly-ordered by ⊆. Then we say that C is a chain on X .

If X is a topological space and L is a chain of neighbourhoods for a point x ∈ X then

we say that L is a nest of x.

Definition II.1.2 (Selection). LetAbe a non-empty set consisting of non-empty sets. Then

a selection of A is a choice function for A; that is, a function f with domain A such that

f (A) ∈ A for all A ∈A. We will use the notation (aA)A∈A for a selection of A with output aA

for input A ∈A.

Similarly, a selection for an indexed family (Ai )i∈I is a family (ai )i∈I such that ai ∈ Ai

for each i ∈ I .

Definition II.1.3 (Nest system). For a non-empty collection of chainsC, we define its mesh

to be

M(C) :=
{ ⋂
C∈C

AC : (AC)C∈C is a selection of C

}
.

If it is understood that each of the chains consists of subsets of some fixed set X , then for

each C ∈C we define the C-th spoke of C to be CsC :=⋂
D∈C\{C} (

⋂D).
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ω+1

ω1 +1

(ω,ω1)

Lω := {(n,ω]× (ω+1) : n <ω}

Lω1 := {(ω+1)× (α,ω1] :α<ω1}

Figure II.1: A nest system L := {Lω,Lω1 } for (ω,ω1).

Let X be a space, x ∈ X be given and let L be a non-empty family of nests of x. We shall

call L a nest system of x if M(L) is a neighbourhood base for x.

As was proven in Chapter 1 (see Theorem I.2.2), well-based points are radial and clearly

have a nest system consisting of one nest. In the case of spaces with neighbourhoods

generated by two nests, consider the Tychonoff plank X := (ω+1)× (ω1 +1), where each

factor is topologised by the the linear ordinal ordering. As observed in Proposition I.3.30

and its following paragraph, X is not radial at (ω,ω1), but still has a nest system with two

nests (Figure II.1).

However, every LOTS is radial and each point in a LOTS has a nest system consisting

of at most two nests. The main difference between LOTS and the Tychonoff plank is that

each neighbourhood (a,b) of x in a LOTS can be split into two parts, (a, x] and [x,b), each

acting independently from the other in the sense that A = A∩ (a, x]∪ A∩ [x,b) and both
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(a, x] and [x,b) are well-based at x. LOTS are the inspiration for the definition of this new

class of spaces.

Definition II.1.4 (Independence). Let X be a space, x ∈ X and let C be a non-empty family

of chains. We say that C is independent if for every selection (UC)C∈C of C,

⋂
C∈C

UC =
⋃
C∈C

(UC ∩CsC).

A point is said to be independently-based if it has an independent nest system and a space

is called independently-based if each of its points is independently-based.

To justify this definition and its motivation, we now show that well-based and GO-

spaces are independently-based.

Theorem II.1.5. Every well-based point is independently-based.

Proof. Let X be a topological space and let x ∈ X be well-based. Then there exists a well-

ordered neighbourhood base B for x. Thus {B} is obviously an independent nest system

of x, so x is independently-based.

Theorem II.1.6. Every LOTS is independently-based.

Proof. Let (X ,<) be a linearly ordered set and endow X with the order topology inherited

from <. Let x ∈ X be given and define,

L := {(−∞, y) : z ∈ (x,∞]}, R := {(y,∞) : y ∈ [−∞, x)}.
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Then L= {L,R} is a family of nests of neighbourhoods of x. Note that

M(L) = {(y, z) : y ∈ [−∞, x), z ∈ (x,∞]},

LsL = (−∞, x],

LsR = [x,∞).

Hence L is a nest system of x. Moreover, for every y ∈ [−∞, x) and z ∈ (x,∞],

(y,∞)∩ (−∞, z) = (y, z) = (y, x]∪ [x, z) = ((y,∞)∩LsL)∪ ((−∞, z)∩LsR).

Therefore L is independent and hence X is independently-based.

The following lemma now implies that all GO-spaces are independently-based:

Lemma II.1.7. Let X be a space, Y ⊆ X and let y ∈ Y be independently-based with respect

to X . Then y is independently-based with respect to Y .

Proof. Pick an independent nest system L of y with respect to X . For every L ∈L, define

ML := {U ∩ Y : U ∈ L}. Then M := {ML : L ∈ L} is a non-empty family of nests of Y -

neighbourhoods of y and MsML =LsL∩Y for all L ∈L.

Select (UM)M∈M from M, so there exists a selection (VL)L∈L of L such that VL∩Y =

UML for all L ∈L. Then

⋂
M∈M

UM =
( ⋂
L∈L

VL

)
∩Y ∈N Y

y

=
( ⋃
L∈L

(VL∩LsL)

)
∩Y =

⋃
M∈M

(UM∩MsM).

Thus M(M) ⊆N Y
y and M is independent.
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x

Figure II.2: A generic neighbourhood in a GO-space and two nests L = {(−∞, y) : z ∈ (x,∞]} and
R= {(y,∞) : y ∈ [−∞, x)}, forming an independent nest system.

Finally, select (UL)L∈L from L and for all M ∈M, let LM ∈L be given such that M =

MLM . Then

( ⋂
L∈L

UL

)
∩Y =

( ⋂
L∈L

(UL∩LsL)

)
∩Y

=
⋃
L∈L

(UL∩MsML)

⊇
⋃

M∈M
(ULM ∩MsM)

=
⋂

M∈M
(ULM ∩Y ).

Therefore M(M) is a neighbourhood base for y with respect to Y ; hence M is an indepen-

dent nest system of y with respect to Y . Thus y is independently-based in Y .

II.1.2 Spokes

Rather than approximating a point from outside via nests, we can build up a neighbour-

hood base using spokes as a primitive notion.

Definition II.1.8 (Spoke systems). Let X be a topological space with a point x ∈ X . If S is a
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subspace such that Nx ⊆ S and S is well-based at x, then we say that S is a spoke of x in X .

We denote the set of spokes at x by SpX (x) and we will dispense with the subscript if the

space is unambiguous.

Let S be a non-empty collection of spokes of x, such that

{ ⋃
S∈S

US : (US)S∈S is a selection of (N S
x )S∈S

}
(∗)

is a neighbourhood base for x. Then we say that S is a spoke system of x. Note that (∗) will

always form a network3 of x for any collection of spokes.

IfS is a non-empty collection of spokes of x such that S∩T = Nx for all distinct S,T ∈S,

then we say that S is independent.

The following lemma demonstrates that the spokes of a nest system do in fact form

spokes of the point, linking the two definitions. The second part of the lemma will be used

to convert independent nest systems to independent spoke systems in the next theorem.

Lemma II.1.9. Let X be a space, x ∈ X and let L be a nest system of x.

(1) For all L ∈L,LsL ∈ Sp(x).

(2) If L is independent then for all distinct L1,L2 ∈L,LsL1 ∩LsL2 = Nx .

Proof.

(1) For every L ∈L,L⊆Nx and so Nx =⋂Nx ⊆⋂L. Hence

LsL =
⋂

M∈L\{L}

(⋂M)⊇ Nx .

3A non-empty collection of subsets A, each containing x, is a network of x if for each U ∈Nx , there exists
an A ∈A such that A ⊆U .

56



Furthermore, {U ∩LsL : U ∈L} is a linearly-ordered neighbourhood base for x with

respect to LsL, so x is well-based in LsL. Therefore LsL ∈ Sp(x).

(2) Let L1,L2 ∈L be distinct. Then since M(L) is a neighbourhood base for x,

LsL1 ∩LsL2 =
( ⋂
M∈L\{L1}

(⋂M))∩( ⋂
M∈L\{L2}

(⋂M))

=
⋂

M∈L

(⋂M)
= Nx .

Theorem II.1.10. Let X be a space and let x ∈ X be given.

(1) Let L be an independent nest system of x. Then S := {LsL : L ∈L} is an independent

spoke system of x.

(2) Let S be an independent spoke system of x, so for every S ∈ S there exists a well-

ordered neighbourhood base BS for x with respect to S. For all S ∈S, define

LS := {
B ∪

⋃
(S\{S}) : B ∈BS

}
.

Then L := {LS : S ∈S} is an independent nest system of x.

Proof.

(1) Select (US)S∈S from (N S
x )S∈S, so there exists a selection (VL)L∈L of L such that VL∩

LsL ⊆ULsL for all L ∈L. Then

⋃
S∈S

US ⊇
⋃
L∈L

(VL∩LsL) =
⋂
L∈L

VL ∈N X
x
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Therefore S is a spoke system of x. Moreover, it is independent by the previous

lemma.

(2) Select (UL)L∈L from L, so there exists a selection (BS)S∈S from (BS)S∈S such that

ULS = BS ∪
⋃

(S\{S}) for all S ∈S. Then since S is independent,

⋂
L∈L

UL =
⋂

S∈S

(
BS ∪

⋃
(S\{S})

)= ⋃
S∈S

BS ∈N X
x (∗)

Note that for distinct S,T ∈S,

(⋂LS
)
∆

(⋂LT
)= (

Nx ∪
⋃

(S\{S})
)
∆

(
Nx ∪

⋃
(S\{T })

)= (S∆T )\Nx .

Since Nx ⊆ S ∩T , it follows that (S∆T )\Nx 6= ; and hence LS 6= LT . It follows from

(∗) that for every selection (US)S∈S of (N S
x )S∈S, there exists a selection (BS)S∈S of

(BS)S∈S such that BS ⊆ US for each S ∈ S, and a selection (VL)L∈L of L such that

⋂
L∈LVL =⋃

S∈SBS ⊆⋃
S∈SUS . Therefore L is a nest system of x.

Finally, note that for all S ∈S,

LsLS =
⋂

T∈S\{S}

(⋂LT
)= ⋂

T∈S\{S}

(
Nx ∪

⋃
(S\{T })

)= S.

So since S is independent, from (∗) it follows that for every selection (BS)S∈S of

(BS)S∈S,

⋂
S∈S

(
BS ∩

⋃
(S\{S})

)= ⋃
S∈S

BS =
⋃

S∈S

((
BS ∪

⋃
(S\{S})

)∩LsLS

)
Therefore L is independent.
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x

Figure II.3: A generic neighbourhood in a GO-space and two spokes (−∞, x], [x,∞) forming an
independent spoke system.

Using the previous theorem and applying it to the spoke systems of a GO-space (X ,<)

obtained from the nest system in Figure II.2, we see that {(−∞, x], [x,∞)} is an indepen-

dent spoke system of x ∈ X (Figure II.3). As another demonstration of Theorem II.1.10, we

consider the sequential hedgehog.

Definition II.1.11 (Sequential hedgehog). Define S(ω) := {?}∪(ω×ω), where? ∉ω×ω. We

topologise S(ω) by letting {{?}∪ {(m,n) ∈ ω×ω : n ≥ f (m)} : f ∈ ωω} be a neighbourhood

base of ? and let all other points be isolated. We call S(ω) the sequential hedgehog.

It is easy to see that S(ω) is independently-based, as demonstrated in Figure II.4.

Corollary II.1.12. A point is independently-based if and only if it has an independent spoke

system.

Thus instead of considering neighbourhood bases created by meshing nests, we can

build them by gluing suitable subspaces together. The former viewpoint has it’s advan-

tages (for example, we could consider a global collection of nests of open sets, which

generates an independent nest system for each point); however, from this point onwards
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Figure II.4: L := {Ln : n <ω} is an independent nest system of ? in S(ω), where for each n <ω we
define Ln := {S(ω)\({n}×m) : m ∈ω}. The spokes of this system are LsLn = {?}∪ ({n}×ω).

we will use spoke systems in place of nest systems, as they are more amenable to ma-

nipulation and have lower complexity, consisting of subspaces rather than collections

thereof, and also characterise radiality exactly (see Corollary II.2.7, paragraph after Theo-

rem II.2.10, Theorem II.3.23, Theorem II.3.24).

The following theorem provides an alternative characterisation of spoke systems,

which shows that points with spoke systems are radial.

Theorem II.1.13. Let X be a topological space, x ∈ X be given and let S be a non-empty

collection of spokes at x. Then S is a spoke system of x if and only if for every A ⊆ X with

x ∈ A, there exists an S ∈S such that x ∈ A∩S.

Proof. Suppose S is a spoke system of x and let A ⊆ X be given such that x ∉ A∩S for

every S ∈S. Then U :=⋃
S∈S(S\A∩S) is an X -neighbourhood of x disjoint from A, and so

x ∉ A.
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Now suppose that S is not a spoke system of x, so for all S ∈ S , there exists a US ∈N S
x

such that U :=⋃
S∈SUS ∉N X

x , hence x ∈ X \U . Furthermore, S\U ⊆ S\US and x ∉ S\US for

all S ∈S, so x ∉ S\U .

Corollary II.1.14. Every point with a spoke system is radial.

Proof. Let X be a topological space, x ∈ X be given and let S be a spoke system of x. Let

A ⊆ X be given such that x ∈ A, so by the previous theorem there exists an S ∈S such that

x ∈ A∩S. As x is well-based in S, it is also radial in S by Theorem I.2.2, so there exists a

transfinite sequence in A∩S ⊆ A that converges to x. Therefore x is radial.

Corollary II.1.15. Every independently-based point is radial. In particular, every GO-space

is radial.

Theorem II.1.13 allows us to push spoke systems down to subspaces:

Corollary II.1.16. Let S be a spoke system of a point x in a topological space X and let

Y ⊆ X be given with x ∈ Y . Then {S ∩Y : S ∈S} is a spoke system of x.

Proof. First, note that by Lemma I.3.9 N Y
x = N X

x ∩Y , so S ∩Y ∈ SpY (x) for all S ∈S. Let

A ⊆ Y be given such that x ∈ A
Y ⊆ A

X
, so by Theorem II.1.13 there exists an S ∈S such

that x ∈ A∩S
X ∩Y = A∩ (S ∩Y )

Y
. Therefore, applying Theorem II.1.13 again, {S ∩Y : S ∈

S}.

It is worth observing at this point that any collection of spokes that extends a spoke

system is also a spoke system:
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Lemma II.1.17. Let S be a spoke system of a point x in a topological space X and let T be a

collection of spokes of x that extends S. Then T is also a spoke system of x.

Proof. Select (UT )T∈T from (N T
x )T∈T, so

⋃
T∈TUT ⊇ ⋃

S∈SUS ∈N X
x . Thus

⋃
T∈TUT ∈N X

x

and therefore T is a spoke system of x.

Corollary II.1.18. If a point x has a spoke system, then Sp(x) is a spoke system of x.

II.2 An internal characterisation of radiality

In this section, we will construct several characterisations of radial and Fréchet-Urysohn

points using spokes and spoke systems. We first need to show how radial points give rise

to spokes via strictly convergent sequences.

II.2.1 Basic spokes

Recall that a transfinite sequence t converges strictly to a point x, denoted by t → x, if

t → x and x ∉ t [α] for all α< len(t ). We can restrict the transfinite sequences that witness

radiality to those that strictly converge.

Lemma II.2.1. Let x be a point in a topological space X and let t be a transfinite sequence

that converges strictly to x with regular length. Then len(t ) ≤ |X |.

Proof. Suppose len(t ) > |X |, so there exists an unbounded A ⊆ len(t ) such that t |A is con-

stant. Then t |A → x and so y := t (min(A)) ∈ Nx . Since t → x, it follows that len(t ) = 1,

which is a contradiction. Therefore len(t ) ≤ |X |.
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Theorem II.2.2. Let X be a space, x ∈ X be radial and let A ⊆ X be given such that x ∈ A.

Then there exists a regular cardinal λ ≤ |A| and an injective transfinite sequence in A that

converges strictly to x.

Proof. If A ∩Nx 6= ;, pick y ∈ A ∩Nx , so {〈0, y〉} → x. Now suppose otherwise, so by radi-

ality there exists a transfinite sequence t in A that converges to x. Assume that len(t ) has

minimal length. Note that if len(t ) is not regular then there is an γ< len(t ) and a strictly in-

creasing, cofinal map f : γ→ len(t ), so t ◦ f → x. This is a contradiction by the minimality

of len(t ). Hence len(t ) is regular and moreover infinite.

Let α < len(t ) be given and suppose x ∈ t [α]. By the above conclusion, there exists a

transfinite sequence u with regular length contained in t [α] that converges to x. By min-

imality κ ≥ len(t ) > |α| ≥ |ran(u)|, so by regularity there exists an unbounded A ⊆ len(u)

such that for all α,β ∈ A,u(α) = u(β). Thus u|A → x and so u(min(A)) ∈ A ∩Nx , which is

a contradiction. Hence x ∉ t [α] and therefore t → x. Moreover, for all α < len(t ), ran(t ) 6⊆

t [α].

Now for every α< len(t ), define by transfinite recursion,

g (α) := min(β< len(t ) :β> sup(g [α]) and t (β) ∉ (t ◦ g )[α]).

Then g : len(t ) → len(t ) is strictly increasing, and t ◦ g is injective and converges strictly to

x. Furthermore, len(t ) ≤ |A| by injectivity.

Before constructing spokes with these strictly convergent transfinite sequences, we

observe that they interact well with spoke systems.
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Lemma II.2.3. Let S be a spoke system of a point x in a topological space X , and let t be a

transfinite sequence in X , with regular length, that converges strictly to x. Then there exists

an S ∈S that contains a subsequence of t .

Proof. By Theorem II.1.13, there exists an S ∈ S such that x ∈ ran(t )∩S. Since t → x, it

follows that A := t−1[S] is unbounded in len(t ), so there exists a strictly increasing bijection

f : len(t ) → A and thus ran(t ◦ f ) ⊆ S.

Strictly convergent transfinite sequences allow us to construct spokes:

Theorem II.2.4. Let X be a topological space, x ∈ X be given, and let t be a transfinite

sequence that converges strictly to x with regular length. Define Bα := Nx ∪ t [len(t )\α] for

all α < len(t ). Then (Bα)α<len(t ) is a regular well-ordered neighbourhood base for x with

respect to St := ran(t )∪Nx . In particular, St is a spoke of x.

Proof. Let α < len(t ) be given. Then x ∉ t [α], so Bα ⊇ St \t [α] ∈NSt
x . Since (Bα)α<len(t ) is

a network at x, it follows that it is a regular well-ordered neighbourhood base for x with

respect to St , and therefore St is a spoke of x.

We refer to spokes of the formSt as basic spokes of x, the collection of which is denoted

by BSpX (x) or BSp(x) if the space is unambiguous. If we need to indicate the surrounding

space, we will use SX
t instead of St .

If a spoke system consists of basic spokes, we shall call it a basic spoke system. Similarly,

if a property P relates spaces to points, written X P x, we shall say that a spoke system S

for a point x in a topological space is a P spoke system provided S P x for all S ∈ S. For
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example, we will characterise the Fréchet-Urysohn property in terms of first-countable

spokes (Corollary II.2.17).

II.2.2 Neighbourhood characterisation of radiality

Corollary II.1.14 suggests the following question:

Does every radial point admit a spoke system, independent or otherwise?

If we weaken the condition for independence slightly, we do indeed have an exact charac-

terisation of radiality.

Definition II.2.5 (Almost-independent). Let S be a non-empty collection of spokes for a

point x in a topological space. Then we say that S is almost-independent if x ∉ (S ∩T )\Nx

for all distinct S,T ∈S .

Observe that for an independent collection S of spokes, (S ∩T )\Nx =; for all distinct

S,T ∈S .

The following theorem shows that any almost-independent collection of basic spokes

can be extended to an almost-independent spoke system. We will use this extension the-

orem in Section II.4 to characterise stronger versions of the Fréchet-Urysohn property.

Theorem II.2.6. LetS be an almost-independent collection of basic spokes for a radial point

x in a topological space X . Then there exists an almost-independent, basic spoke system that

extends S .

Proof. If x is quasi-isolated then {Nx} is a spoke system for x and Nx = S{〈0,x〉}. Thus by

Lemma II.1.17 S∪ {Nx} is an almost-independent, basic spoke system for x.
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Now suppose that x is not quasi-isolated. For each S ∈ S , pick a transfinite sequence

tS with regular length that converges strictly to x such that S =StS . Define

T := {tS : S ∈S},

U := {t : t is a transfinite sequence in X \Nx , len(t ) is regular and t → x},

A := {V ⊆U : T ⊆V and for all distinct u, v ∈V , x ∉ (Su ∩Sv )\Nx}.

Note that by Lemma II.2.1 and radiality, U and A are non-empty sets. Thus by Tukey’s

Lemma there exists a maximal V ∈A. Define S := {Sv : v ∈V} ⊇S . Note that given distinct

u, v ∈V , x ∉ (Su ∩Sv )\Nx , and since x ∈Su\Nx ∩Sv \Nx , it follows thatSu 6=Sv . Therefore

the map V →S, v 7→Sv is bijective.

Now select (US)S∈S from (N S
x )S∈S, so there exists a selection (αv )v∈V of (len(v))v∈V

such that NSv
x ∪ v[[αv , len(v))]∪Nx ⊆USv for all v ∈V . Define

U :=
⋃

S∈S
US ,

V :=
⋃

v∈V
(v[len(v)\αv ]∪Nx).

Note that V ⊆ U and suppose V 6∈N X
x . Then by Theorem II.2.2 there exists a transfinite

sequence u in X \V that converges strictly to x. Let v ∈ V be given. Then since ran(u) ⊆

X \V and v[[αv , len(v))] ⊆U , it follows that (Su ∩Sv )\Nx ⊆ v[αv ] and so x ∉ (Su ∩Sv )\Nx .

Hence by maximality, u ∈ V , which is a contradiction because u(αu) ∈ V . Therefore V ∈

N X
x and thus S is an almost-independent, basic spoke system for x.

Applying this theorem to the empty collection, we arrive at a characterisation of radi-

ality:
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Theorem II.2.7. Let x be a point in a topological space. Then the following are equivalent:

(1) x is radial.

(2) Sp(x) is a spoke system of x.

(3) x has a spoke system.

(4) x has an almost-independent, basic spoke system.

Proof. The previous theorem, applied to the empty collection of basic spokes, shows that

(1) implies (4), which in turn vacuously implies (3). Then by Corollary II.1.18, (3) implies

(2), which, by Corollary II.1.14, implies (1).

II.2.3 Radial spectrum

We learn more about radial points by considering characters of spokes and partitioning

spoke systems into sub-collections with common character. For instance, we scale the

result of the previous theorem to characterise Fréchet-Urysohn points without needing

to create a whole new construction. To achieve this, we introduce the notion of radial

spectrum, which is a measure of which lengths of transfinite sequences are necessary as

witnesses for the radial property.

Definition II.2.8 (Radial spectrum). Let x be a radial point in a topological space X and

let Λ be a class of regular, non-zero ordinals such that for all A ⊆ X with x ∈ A, there exists

a transfinite sequence in A with length in Λ that converges to x. Then we say that x is

Λ-radial.
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We define the radial spectrum of x, denoted by Σrad
X (x), to be the intersection of all sets

of regular ordinals Λ such that x is Λ-radial. We will dispense with the subscript if the

surrounding space is unambiguous.

Note that every radial point is

{λ ∈ |X |+ :λ is a regular, non-zero ordinal}-radial,

by Theorem II.2.2, so the radial spectrum is well-defined.

Theorem II.2.9. Let x be a radial point in a topological space X and define

T := {t : t is a transfinite sequence in X \Nx , len(t ) is regular and t → x},

Λ := {len(t ) : t ∈ T }.

(1) If x is quasi-isolated then Σrad(x) =;.

(2) If x is non-quasi-isolated then x is Λ-radial.

(3) Σrad(x) =Λ.

Proof. Define

M := {M ⊆ |X |+ : M is a set of regular ordinals and x is M-radial}

and let t ∈ T be given, so by Lemma II.2.1 len(t ) ≤ |X |. Let M ∈ M be given, so since

x ∈ ran(t ), there exists a transfinite sequence u in ran(t ) ⊆ St ∈ Sp(x) that converges to

x with len(u) ∈ M . Then by Corollary I.3.28, λ = χSt (x) = len(u) ∈ M and therefore λ ∈
⋂M=Σrad(x). Hence Λ⊆Σrad(x).
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Note that if y ∈ Nx thenλ×{y} → x for all regular ordinalsλ. Suppose x is quasi-isolated

and let A ⊆ X be given such that x ∈ A. Then there exists a y ∈ A ∩ Nx , so 1× {y} and

ω× {y} both converge to x. Hence x is {1}-radial and {ω}-radial, so Σrad(x) ⊆ {1}∩ {ω} =;.

Therefore Λ=Σrad(x).

Now assume that x is non-quasi-isolated, so x ∈ X \Nx and thus by Theorem II.2.2 Λ 6=

;. Let A ⊆ X be given such that x ∈ A. If x ∈ A\Nx then by Theorem II.2.2 there exists a

transfinite sequence in A\Nx with length inΛ that converges to x. If x ∈ A∩Nx then there

exists a y ∈ A ∩Nx and a λ ∈ Λ, so λ× {y} → x. Therefore x is Λ-radial and so Λ ∈M by

Lemma II.2.1. Hence Σrad(x) =Λ and thus x is Σrad(x)-radial.

Recall that the radial character of a radial point x in a space X is the least ordinal Rχ(x)

such that for every A ⊆ X , if x ∈ A then there exists a transfinite sequence t in A that

converges to x with len(t ) ≤ Rχ(x). The radial spectrum allows us to calculate the radial

character and p-character of a radial point, as well as a lower bound for the pseudochar-

acter.

Theorem II.2.10. Let x be a non-quasi-isolated radial point in a topological space X . Then:

(1) p(x) = min(Σrad(x)).

(2) Rχ(x) = sup(Σrad(x)).

(3) ψ(x) ≥ sup(Σrad(x)), with equality if x is independently-based.

Proof. First, note that by Theorem II.2.9 Σrad(x) 6= ;. Let U ∈ [Nx]<min(Σrad(x)) be given.

By Theorem II.2.7 and Lemma II.2.12, there exists a non-trivial spoke system S of x, and
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by Corollary I.3.26 {χS(x) : S ∈ S} = {pS(x) : S ∈ S} = Σrad(x). Hence for all S ∈ S,US :=

S ∩⋂U =⋂
U∈U (U ∩S) ∈N S

x and so
⋃

S∈SUS ⊆⋂U . Therefore
⋂U ∈N X

x , so by Proposition

I.3.15 pX (x) ≥ min(Σrad(x)). However by Theorem II.2.9, there exists a transfinite sequence

t in X \Nx that converges strictly to x with length min(Σrad(x)). Then X \ran(t ) ∉N X
x but

X \{t (α)} for all α< min(Σrad(x)). Therefore pX (x) = min(Σrad(x)).

By Theorem II.2.9, x is Σrad(x)-radial and so by definition Rχ(x) ≤ sup(Σrad(x)). Let t

be a transfinite sequence in X \Nx that converges strictly to x, with regular length. Then

x ∈ ran(t ), so there exists a transfinite sequence u in ran(t ) ⊆ St that converges to u with

len(u) < Rχ(x). By taking a cofinal subsequence, we assume without loss of generality that

len(u) is regular. Hence by Corollary I.3.28, len(u) = χSt (x) = len(t ) and so by Theorem

II.2.9, Σrad(x) ⊆ Rχ(x). Therefore Rχ(x) = sup(Σrad(x)).

Let U ∈ [Nx]<sup(Σrad(x)) be given, so there exists a λ ∈Σrad(x) such that |U | <λ. Then by

Theorem II.2.13 there exists an S ∈S such that ψS(x) = χS(x) = λ. Hence Nx 6= ⋂
U∈U (U ∩

S) ⊆⋂U and therefore ψ(x) ≥ sup(Σrad(x)).

Finally, suppose that x has an independent spoke sysetm S. For each λ ∈ Σrad(x) and

S ∈ Cλ(S), pick a well-ordered neighbourhood base (B S
α)α<λ for x with respect to S. Then

by independence:

⋂
λ∈Σrad(x)

⋂
α<λ

(
Nx ∪

(⋃
(S\(C1(S)∪Cλ(S)))

)∪( ⋃
S∈Cλ(S)

B S
α

))

=
⋂

λ∈Σrad(x)

(
Nx ∪

⋃
(S\(C1(S)∪Cλ(S)))

)
=Nx

Therefore ψ(x) ≤ |Σrad(x)| · sup(Σrad(x)) = sup(Σrad(x)), since Σrad(x) is non-empty and in-
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finite by the previous theorem. Hence ψ(x) = sup(Σrad(x)).

It now follows that there are radial points that are not independently-based. For in-

stance, let X = D∪{?} be the one-point compactification of an uncountable discrete space

(sometimes referred to as a Fort space). Then X is Fréchet-Urysohn so Rχ(?) = ℵ0, but

ψ(?) = |D| > ℵ0. In the next section we will construct counterexamples with stronger prop-

erties.

If a spoke is quasi-isolated at its well-based point then it is in effect redundant. We call

these spokes trivial.

Definition II.2.11 (Trivial spokes). A spoke S for a point x in a topological space X is trivial

if x is quasi-isolated in S. A spoke system for a point x is said to be non-trivial if each of its

spokes is non-trivial.

Thus a spoke system S is almost-independent precisely when the intersection of any

two distinct spokes is trivial.

Every radial point that is not quasi-isolated has a non-trivial spoke system by the fol-

lowing lemma:

Lemma II.2.12. Let S be a spoke system for a non-quasi-isolated point x in a topological

space X and define T := {S ∈S : S is non-trivial}. Then T is a spoke system for x.

Proof. If T=; then Nx ∈N S
x for each S ∈S, so Nx =⋃

S∈S Nx ∈N X
x , which is a contradic-

tion. Thus T is non-empty.

Select (UT )T∈T from (N T
x )T∈T and note that Nx ⊆UT for each T ∈T. Define US := Nx ∈

71



N S
x for each S ∈S\T. Then

⋃
T∈TUT = ⋃

S∈SUS ∈N X
x . Therefore T is a spoke system for

x.

We can identify the radial spectrum of a point by using the characters of spokes, rather

than the lengths of strictly convergent transfinite sequences as in Theorem II.2.9.

Theorem II.2.13. Let x be a point in a topological space X and let S be a spoke system for

x. Then Σrad(x) = {χS(x) : S ∈S is non-trivial}.

Proof. First, note that if x is quasi-isolated then every spoke is trivial and by Theorem II.2.9

Σrad(x) =;. Suppose x is not quasi-isolated and define

Λ := {χS(x) : S ∈S is non-trivial}.

Let A ⊆ X \Nx be given such that x ∈ A. Then by Theorem II.1.13 there exists an S ∈S such

that x ∈ A∩S, so by Theorem II.2.2 and Corollary I.3.28 there exists a transfinite sequence

in A ∩ S ⊆ S\Nx with length χS(x) that converges strictly to x. Hence by Theorem II.2.9,

χS(x) ∈Σrad(x). Therefore Λ⊆Σrad(x).

Now let t be a transfinite sequence in X \Nx , with regular length, that converges strictly

to x. Then by Lemma II.2.3 there exists a subsequence u of t contained in an S ∈S that

converges to x. Therefore by Corollary I.3.28 and regularity, len(t ) = len(u) =χS(x). More-

over, x ∈ S\Nx , so S in non-trivial and hence len(t ) ∈ Λ. Therefore by Theorem II.2.9

Σrad(x) =Λ.

Corollary II.2.14. Let x be a point in a topological space and let S,T be spoke systems for

x. Then {χS(x) : S ∈S is non-trivial} = {χT (x) : T ∈T is non-trivial}.
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The previous corollary can be improved slightly when two spokes overlap arbitrarily

close to the radial point.

Lemma II.2.15. Let x be a point and S,T ∈ Sp(x) be non-trivial such that x ∈ (S ∩T )\Nx .

Then χS(x) =χT (x).

Proof. By Theorem I.2.2, x is radial in S, so since x ∈ (S ∩T )\Nx
S

, there exists a transfinite

sequence t in (S∩T )\Nx that converges to x. By Corollary I.3.28,χS(x) = len(t ) =χT (x).

Using the radial spectrum, we can scale Theorem II.2.7 to characteriseΛ-radial spaces

for any classΛ of non-zero regular ordinals. This is summarised in the following theorem:

Theorem II.2.16. Let Λ be a non-empty class of regular, non-zero ordinals and let x be a

point in a topological space X . Then the following are equivalent:

(1) x is Λ-radial.

(2) x has a spoke system S such that χS(x) ∈Λ for each non-trivial S ∈S.

(3) x has an almost-independent, basic spoke systemS such thatχS(x) ∈Λ for every non-

trivial S ∈S.

Proof. Note that by Theorems II.2.7 and II.2.13, (1) implies (3), which in turn vacuously

implies (2). Now suppose that (2) holds and let S be such a spoke system. Let A ⊆ X be

given such that x ∈ A, so by Theorem II.1.13 there exists an S ∈S such that x ∈ A∩S. If

S is non-trivial then there exists a transfinite sequence in A ∩S with length χS(x) ∈Λ that

converges to x. Otherwise, there exists a y ∈ A∩N x
X and a λ ∈Λ, so λ× {y} → x. Therefore

x is Λ-radial.
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Since a point is Fréchet-Urysohn if and only if it is {ω}-radial, we have the following

characterisation for Fréchet-Urysohn points:

Corollary II.2.17. Let x be a point in a topological space X . Then the following are equiva-

lent:

(1) x is Fréchet-Urysohn.

(2) x has a first-countable spoke system.

(3) x has an almost-independent, first-countable, basic spoke system.

II.2.4 Ordering spokes

We conclude this section by proving a characterisation of radiality in terms of cofinal col-

lections of spokes with respect to local-containment. In fact, this will provide conditions

for when a subspace is radial at a point.

Definition II.2.18 (Locally contained). Let X be a topological space, x ∈ X , A,B ⊆ X be

given. Then we say that near x, A is locally-contained in B , denoted by A ⊆X
x B , if there

exists U ∈N X
x such that A ∩U ⊆ B , or equivalently x ∉ A\B . If A ⊆X

x B ⊆X
x A then we say

that A and B are locally-equal near x and denote this by =X
x . Otherwise, we say that A and

B are locally-distinct near x, denoted by 6=X
x . Note that A =X

x B if and only if there exists a

U ∈N X
x such that A ∩U = B ∩U . If x ∈ A ∩B then A =X

x B if and only if N A
x ∩N B

x 6= ;. We

will dispense with the superscripts if the surrounding space is unambiguous.

Given a collection S ⊆ Sp(x), we say that S is (basically) cofinal if for every T ∈ Sp(x)

(T ∈ BSp(x)), there exists an S ∈S such that T ⊆x S.

74



Given a spoke system, we can select one representative from each =x-equivalence-

class and still obtain a spoke system. Thus we can convert any spoke system to a spoke

system that is pairwise locally-distinct near x.

Lemma II.2.19. Let S be a spoke system for a point x in a topological space X and select

(TE )E∈S/=x from S/=x . Then T := {TE : E ∈S/=x} is a spoke system of x.

Proof. First note that for distinct E1,E2 ∈S/=x ,TE1 6=x TE2 and so TE1 6= TE2 .

Select (UE )E∈S/=x from N X
x and let S ∈S be given, so T[S]=x

=x S. Then there exists a

VS ∈N X
x such that VS ∩T[S]=x

=VS ∩S. Define WS :=U[S]=x
∩VS ∈N X

x . Then

⋃
S∈S

(WS ∩S) =
⋃

E∈S/=x

⋃
S∈E

(UE ∩VS ∩S)

=
⋃

E∈S/=x

(
UE ∩TE ∩

( ⋃
S∈E

VS

))

⊆
⋃

E∈S/=x

(UE ∩TE )

Therefore
⋃

E∈S/=x (UE ∩TE ) ∈N X
x and thus T is a spoke system of x.

When considering cofinal collections of spokes, for trivial spokes the core spoke Nx

suffices by the following lemma:

Lemma II.2.20. Let S be a spoke for a point x in a topological space X . Then the following

are equivalent:

(1) S is trivial.

(2) S =x Nx .
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(3) S ⊆x Nx .

Proof. Suppose S is trivial, so N X
x = N S

x ∈N S
x . Thus there exists a U ∈N X

x such that U ∩S =

N X
x =U ∩N X

x . Hence S =x N X
x , which in turn implies that S ⊆x N X

x .

Now suppose that S ⊆x N X
x , so there exists a U ∈ N X

x such that U ∩ S ⊆ N X
x . Hence

N S
x = N X

x ∈N S
x , so x is quasi-isolated in S. Therefore S is trivial.

We can characterise radiality of points using (basically) cofinal collection of spokes.

Moreover, we will provide conditions for when a subspace is radial at a point in terms of

the spokes of the larger space. First, we need the following lemma to lift spokes from a

subspace to a larger space.

Lemma II.2.21. Let X be a topological space, Y ⊆ X , x ∈ Y ,S ∈ SpY (x) be given. Then S ∪

N X
x ∈ SpX (x). Furthermore, if S ∈ BSpY (x) then S ∪N X

x ∈ BSpX (x).

Proof. Let (Bα)α<λ be a well-ordered neighbourhood base for x with respect to Y and let

U ∈N X
x be given, so there exists α<λ such that Bα ⊆U ∩S. Then Bα∪N X

x ⊆U ∩ (S∪N X
x ).

Moreover, for all α < λ, there exists a V ∈N X
x such that Bα = V ∩S and so Bα∪N X

x = V ∩

(S∪N X
x ) ∈N S∪N X

x
x since N X

x ⊆V . Therefore (Bα∪N X
x )α<λ is a well-ordered neighbourhood

base for x with respect to S ∪N X
x . Hence S ∪N X

x ∈ SpX (x).

Finally, assume S = SY
t for some transfinite sequence t in Y that converges strictly to

x. Then by Lemma I.3.9,

S ∪N X
x = (ran(t )∪N Y

x )∪N X
x = ran(t )∪N X

x =SX
t ∈ BSpX (x)
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Theorem II.2.22. Let X be a topological space, Y ⊆ X , x ∈ Y be given. Then Y is radial at x

if and only if Y ⊆X
x

⋃S for all (basically) cofinal S ⊆ SpX (x).

Proof. Suppose Y is radial at x, so by Theorem II.2.7 there exists a basic spoke system S

for x with respect to Y . Let S ⊆ SpX (x) be basically cofinal, so by the previous lemma for

all S ∈S, there exists a TS ∈ S such that S ∪ N X
x ⊆X

x TS , and thus there exists a US ∈N X
x

such that (S ∩US)∪N X
x = (S ∪N X

x )∩US ⊆ TS ∩US . Define U :=⋃
S∈S (S ∩US) ∈N Y

x so there

exists a V ∈N X
x such that U =V ∩Y . As U ⊆⋃S , it follows that Y ⊆X

x
⋃S .

Note that every cofinal collection of spokes is trivially basically cofinal, so now suppose

that for every cofinal S ⊆ SpX (x),Y ⊆X
x

⋃S . We will show that SpY (x) is a spoke system

of x with respect to Y . Select (US)S∈SpY (x) from (N S
x )S∈SpY (x), so there exists a selection

(VS)S∈SpY (x) from N X
x such that US = VS ∩ S for every S ∈ SpY (x). Since {S ∩VS∩Y : S ∈

SpX (x)} is cofinal in SpX (x), it follows that there exists a W ∈N X
x such that

W ∩Y ⊆
⋃

S∈SpX (x)
(S ∩VS∩Y )

⇒W ∩Y ⊆
⋃

S∈SpX (x)
(S ∩Y ∩VS∩Y ) =

⋃
S∈SpY (x)

(S ∩VS).

Thus W ∩Y ∈N Y
x and so SpY (x) is a spoke system of x with respect to Y . Therefore x is

radial in Y by Theorem II.2.7.

Corollary II.2.23. Let X be a topological space, x ∈ X be given. Then X is radial at x if and

only if for all (basically) cofinal collections of spokes S ,
⋃S is a neighbourhood of x.

Proof. Note that for all A ⊆ X , X ⊆x A if and only if there exists a U ∈N X
x such that U =

U ∩ X ⊆ A, that is, precisely when A is a neighbourhood of x. Therefore the statement of
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the corollary follows immediately from the previous theorem.

We now demonstrate how to use the Theorem II.2.22 and the previous corollary by

investigating the Tychonoff plank (ω+ 1)× (ω1 + 1). Intuitively, all transfinite sequences

that converge to (ω,ω1) must have an eventually constant projection, and any subspace

which is radial at (ω,ω1) must avoid ω×ω1. This is formalised below:

Example II.2.24. Define

P := (ω+1)× (ω1 +1),

Sω := (ω+1)× {ω1},

Sω1 := {ω}× (ω1 +1).

Then {Sω,Sω1 } is a cofinal collection of spokes of (ω,ω1). Furthermore, for all X ⊆ P contain-

ing (ω,ω1), X is radial at (ω,ω1) if and only if X ⊆(ω,ω1) Y := Sω∪Sω1 .

Proof. Let S ∈ Sp((ω,ω1)) be given and assume that (ω,ω1) ∈ S\Y . Then by Theorem I.2.2

there exists a transfinite sequence in S\Y ⊆ ω×ω1 that converges to (ω,ω1), which is a

contradiction as observed in Section II.1.1. Thus S ⊆(ω,ω1) Y , so there exists an n <ω and

anα<ω1 such that U ∩S ⊆ Y , where U := (n,ω]×(α,ω1]. Now assume that U ∩S 6⊆(ω,ω1) Sβ

and so (ω,ω1) ∈ (U ∩S)\Sβ, for both β = ω,ω1. Since (U ∩S)\Sω ⊆ Sω1 and (U ∩S)\Sω1 ⊆

Sω, it follows that x ∈ (S ∩Sω)\N(ω,ω1) ∩ (S ∩Sω1 )\N(ω,ω1), and thus by Lemma II.2.15 ℵ0 =

χSω((ω,ω1)) = χS((ω,ω1)) = χSω1
((ω,ω1)) = ℵ1, which is a contradiction. Therefore U ∩

S ⊆(ω,ω1) Sβ for some β=ω,ω1, so there exists a V ∈N(ω,ω1) such that (U ∩V )∩S ⊆ Sβ and

thus {Sω,Sω1 } is cofinal.
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Now by Theorem II.2.22, if X ⊆ P is radial at (ω,ω1) ∈ X then X ⊆(ω,ω1) Y . Note that

if A ⊆ Y is such that (ω,ω1) ∈ A
Y

then there is a β = ω,ω1 such that (ω,ω1) ∈ A∩Sβ
Y

, so

it follows that {Sω,Sω1 } is a spoke system of (ω,ω1) with respect to Y by Theorem II.1.13.

Thus by Theorem II.2.7, Y is radial at (ω,ω1).

Let X ⊆ P be given such that (ω,ω1) ∈ X ⊆(ω,ω1) Y , so there exists a U ∈N(ω,ω1) such that

U ∩X ⊆ Y . Let A ⊆ X be given such that (ω,ω1) ∈ A
X

. Then (ω,ω1) ∈U ∩ A
Y

and thus there

exists a transfinite sequence in U ∩A ⊆ A that converges to (ω,ω1). Therefore X is radial at

(ω,ω1).

Of course, not every spoke system is basically cofinal; for instance, {E ∪ {ω},O ∪ {ω}} is

a spoke system of ω in ω+1, where E and O are the set of even and odd natural numbers

respectively. However, t := (3n)n<ω → ω and St 6⊆ω A ∪ {ω} for both A = E ,O. However,

for independent spoke systems we can coalesce ‘small’ collections from the components

of a spoke system to form a cofinal collection of spokes — this will be explored in the next

section.

II.3 Independence

In this section, we will investigate independent spoke systems and independently-based

points. We first show that for independently-based points, we can find (independent)

spoke systems of minimal cardinality by using the components of a spoke system corre-

sponding to spokes of common character. Then we will investigate the truncation of spoke

systems, that is, the process of (potentially) converting an almost-independent spoke sys-
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tem into an independent one. Finally, we construct several Fréchet-Urysohn spaces with

non-independently-based points, showing that the assumption of almost-independence

in Theorem II.2.7 cannot be weakened.

II.3.1 Components

Having shown the usefulness of radial spectra, we continue by splitting spoke systems into

components with common character.

Definition II.3.1 (Components). Let S be a spoke system for a point x and for every reg-

ular, non-zero ordinal λ, define

Cλ(S) := {S ∈S :χS(x) =λ}

We call Cλ(S) the λ-component of S. Note that the 1-component of a spoke system con-

sists of the trivial spokes.

By focusing on the components of a spoke system, we show that certain independent

spoke systems have the smallest cardinality amongst all spoke systems. The following

lemma is the first step to paring down the number of spokes.

Lemma II.3.2. Let x be a point in a topological space X and let λ be a regular, non-zero

ordinal and S be a non-empty collection of spokes of x, each of character λ at x. Suppose

p(x) ≥λ and |S| <λ. Then T :=⋃S ∈ Sp(x) and χT (x) =λ.

Proof. For each S ∈S , choose a well-ordered neighbourhood base (B S
α)α<λ. Then for each
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S ∈S and α<λ, there exists a U S
α ∈N X

x such that B S
α =U S

α∩S. Define for every α<λ,

Bα :=
⋃

S∈S
B S
α.

Then for every α<λ, ( ⋂
S∈S

U S
α

)
∩T ⊆

⋃
S∈S

U S
α∩S = Bα.

Since p(x) ≥λ, it follows that Bα ∈N T
x .

Now let U ∈N T
x be given, so for every S ∈ S ,U ∩S ∈N S

x and thus there exists an α< λ

such that B S
α ⊆U ∩S. By regularity of λ,α := sup(αS : S ∈S) <λ, so it follows that

Bα ⊆
⋃

S∈S
(U ∩S) =U .

Therefore (Bα)α<λ is a well-ordered neighbourhood base for x with respect to T . Thus

T ∈ Sp(x). Moreover, since Bsup(A) ⊆
⋂
α∈A Bα for every A ∈ [λ]<λ, by Corollary I.3.26 we

have λ≤ pT (x) =χT (x) ≤λ.

Corollary II.3.3. Let λ be a non-zero, regular ordinal and let x be a {λ}-radial point in

a topological space with a spoke system S such that |S| < λ. Then x is well-based and

χ(x) ∈ {1,λ}.

Proof. Define S := {S ∈ S : S is non-trivial}, so by Theorem II.2.13 χS(x) = λ for all S ∈

S . Define S := Nx ∪
⋃S , so by the preceding lemma S is a spoke of x and if S 6= ; then

χS(x) = λ; otherwise, χS(x) = 1. As S is a spoke system, S ∈N X
x , so x is well-based in X

and χX (x) =χS(x).

Of course, we can also split a spoke into a ‘small’ number of spokes.
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Proposition II.3.4. Let S be a non-trivial spoke at x and let κ≤ χS(x) be a non-zero cardi-

nal. Then there exists an independent collection of spokes S ∈ [Sp(x)]κ such that S =⋃S .

Proof. Define λ :=χS(x) and let (Bα)α<λ be a well-ordered neighbourhood base for x with

respect to S, where Bβ$Bα for all α<β<λ. Define for all α<λ,

Cα :=
⋂
β<α

Bβ.

Note that by Corollary I.3.26, (Cα)α<λ is again a well-ordered neighbourhood base for x

and moreover, Cβ$Cα for all α<β<λ.

As S is non-trivial, λ is infinite and so λ= λ ·κ. Hence there exists a partition P ⊆ [λ]λ

of cardinality κ. Define for all P ∈ P ,SP := Nx ∪
⋃
α∈P (Cα\Cα+1). Then SP is a spoke at

x and
⋃

P∈P SP = S. Moreover, since {Cα\Cα+1 : α < λ} is a partition of S\Nx , it follows

that S := {SP : P ∈ P} is independent and SP1 6= SP2 for all distinct P1,P2 ∈ P . Therefore

|S| = |P | = κ.

Using Lemma II.3.2, we can collapse the small components of an independent spoke

system to obtain a new spoke system.

Theorem II.3.5. Let S be a non-trivial, independent spoke system for a point x in a topo-

logical space X . Define

Λ := {λ ∈Σrad(x) : |Cλ(S)| <λ},

T := {⋃
Cλ(S) :λ ∈Λ}∪ ⋃

λ∈Σrad(x)\Λ

Cλ(S).
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Then T is a non-trivial, independent spoke system for x. Furthermore, for all λ ∈Σrad(x):

Cλ(T) =


{⋃

Cλ(S)
}

if λ ∈Λ

Cλ(S) otherwise

Proof. Let λ ∈ Λ be given and define Sλ := ⋃
Cλ(S). Note that Cλ(S) 6= ; by Corollary

II.2.13. Let U ∈ [N Sλ
x ]<λ be given, so for every U ∈ U , there exists a selection (VU ,S)S∈S of

(N S
x )S∈S such that ⋃

S∈Cλ(S)
VU ,S =

( ⋃
S∈S

VU ,S

)
∩Sλ ⊆U .

Then by Corollary I.3.26, for each S ∈ Cλ(S),WS :=⋂
U∈U VU ,S ∈N S

x . Thus

(( ⋃
S∈Cλ(S)

WS

)
∪

⋃
(S\Cλ(S))

)
∩Sλ =

⋃
S∈Cλ(S)

WS ⊆
⋂

U .

Therefore
⋂U ∈N Sλ

x and hence by Proposition I.3.15, pSλ(x) ≥ λ. Since Cλ(S) ⊆ SpSλ(x),

it follows from Lemma II.3.2 that Sλ is a spoke of x and χSλ(x) =λ.

Now let A ⊆ X be given such that x ∈ A. Then by Corollary II.1.13, there exists an S ∈S

such that x ∈ A∩S. If χS(x) ∉Λ then S ∈T. Otherwise, x ∈ A∩S ⊆ A∩SχS (x). Therefore, by

Corollary II.1.13 again, T is a non-trivial spoke system for x.

Let T1,T2 ∈T be distinct and define λi := χTi (x) for i = 1,2. If λ1,λ2 ∉Λ then T1,T2 ∈S

and so T1 ∩T2 = Nx . If λ j ∉Λ 3 λi for distinct i , j ∈ {1,2} then for each S ∈ Cλi (S),S ∩T j =

Nx , and so Ti ∩T j = Nx . Finally, note that for distinct µ1,µ2 ∈Λ,χSµ1
(x) =µ1 6=µ2 =χSµ2

(x)

and thus Sµ1 6= Sµ2 . Thus, if λ1,λ2 ∈ Λ then Ti = Sλi for i = 1,2 and Cλ1 (S)∩Cλ2 (S) = ;.

Hence by the independence of S,T1 ∩T2 =; and therefore T is independent.

Finally, note that each χSλ(x) = λ for all λ ∈ Λ, from which the final statement of the

theorem follows immediately.
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We will now show that all independently-based points have a spoke system of the form

of T from above. In fact, these will have the smallest cardinality of all spoke systems for

that point.

As spokes prescribe the different approaches convergence may take, it is possible that

a spoke may overlap with one or many spokes from a system, even arbitrarily close to the

radial point. This is formalised in the following definition:

Definition II.3.6 (Thread). Let x be a point in a topological space and let S ∪ {T } be a

collection of spokes of x. Then we define the thread of T through S to be

ThrS (T ) := {S ∈S : x ∈ (S ∩T )\Nx}.

Observe that for all collections of spokes S ,T and all S ∈ S ,T ∈ T ,S ∈ ThrS (T ) if and

only if T ∈ ThrT (S).

Lemma II.3.7. Let S be a spoke system of a point x in a topological space. Then for all

non-trivial spokes T of x,; 6= ThrS(T ) ⊆ CχT (x)(S).

Proof. As x ∈ T \Nx , by Theorem II.1.13 there exists an S ∈S such that x ∈ (S ∩T )\Nx and

hence S ∈ ThrS(T ). Finally, note from Lemma II.2.15 that ThrS(T ) ⊆ CχT (x)(S).

Theorem II.3.8. Let x be a point in a topological space X and let S be a spoke and T be a

spoke system for x.

(1) If T is almost-independent then |ThrT(S)| 6=χS(x).

(2) If T is independent then |ThrT(S)| <χS(x).
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Proof. First, suppose that T is almost-independent and |ThrT(S)| = λ := χS(x) and enu-

merate ThrT(S) = {Tα : α < λ}. As ThrT(S) 6= ;, it follows that S and all spokes in ThrT(S)

are non-trivial, so by Lemma II.2.15 χTα(x) =λ for all α<λ.

Let (Bα)α<λ be a well-ordered neighbourhood base for x with respect to S. For α <

β < λ, x ∉ (Tα∩Tβ)\Nx and thus Tβ\(Tα\Nx) ∈N Tβ
x . By Corollary I.3.26, pTβ(x) = λ and

so for β < λ,
⋂
α<β(Tβ\(Tα\Nx)) = Nx ∪ (Tβ\(

⋃
α<βTα)) ∈N Tβ

x . Hence there exists an xβ ∈

(Tβ∩Bβ)\(Nx∪
⋃
α<βTα). Then (xβ)β<λ→ x by Corollary I.3.28, so by Theorem II.1.13 there

exists a T ∈ T such that x ∈ {xα :α<λ}∩T . Thus {α < λ : xα ∈ T } is unbounded in λ and

T ∈ ThrT(S), so there exists an α < λ such that T = Tα. But then there exists a β ∈ (α,λ)

such that xβ ∈ T = Tα, which is a contradiction. Therefore |ThrT(S)| 6=λ.

Now suppose that T is independent and |ThrT(S)| ≥ λ, so for all α < λ, there exists

a Tα ∈ T and an xα ∈ (Bα∩Tα)\Nx such that Tα 6= Tβ for all distinct α,β < λ. Note that

x ∈ (S ∩T0)\Nx , so x is not quasi-isolated in S and thus λ is infinite. Then by Corollary

I.3.28, (xα)α<λ → x and thus by Lemma II.2.3, there exists a strictly increasing f : λ→ λ

and a T ∈T such that {x f (α) :α< λ} ⊆ T . By independence, it follows that T = T f (α) for all

α<λ, so f must be constant, which is a contradiction. Therefore |ThrT(S)| <χS(x).

For an almost-independent spoke system T and spoke S for which |ThrT(S)| > χS(x),

consider an infinite maximal almost-disjoint familyA of infinite subsets ofω (see pg. 134),

which must be uncountable [Kun11, Lemma III.1.19, pg. 159]. Then T := {{ω}∪A : A ∈A} is

an uncountable, almost-independent spoke system of ω in ω+1 and |ThrT(ω+1)| = |A| >

ℵ0 =χω+1(ω).
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Theorem II.3.9. Let x be a point in a topological space with a non-trivial, independent

spoke system S such that for all λ ∈ Σrad(x), either |Cλ(S)| = 1 or |Cλ(S)| ≥ λ. Then every

spoke system of x has cardinality at least |S|.

Moreover, every non-quasi-isolated, independently-based point has such a spoke system.

Proof. Let T be a spoke system for x. Note that there is an S ∈ S and x ∈ S\Nx , so x is

not quasi-isolated. By Lemma II.2.12, we can without loss of generality assume that T is

non-trivial, and by Corollary II.2.13,

Λ := {χS(x) : S ∈S} = {χT (x) : T ∈T}.

We claim that |Cλ(S)| ≤ |Cλ(T)| for every λ ∈ Λ. From this, it immediately follows that

|S| = |⋃λ∈ΛCλ(S)| ≤ |⋃λ∈ΛCλ(T)| = |T|.

Let λ ∈Λ be given. If |Cλ(S)| = 1 then vacuously |Cλ(S)| ≤ |Cλ(T)|. Suppose otherwise,

so by assumption |Cλ(S)| ≥ λ. Note that by the previous theorem, |ThrS(T )| < λ for each

T ∈ Cλ(T). Let S ∈ Cλ(S) be given. Then since S is non-trivial, by Lemma II.3.7 there exists

a T ∈ ThrT(S) ⊆ Cλ(T) and hence S ∈ ThrS(T ). Therefore Cλ(S) ⊆ ⋃
T∈Cλ(T) ThrS(T ) and

so |Cλ(S)| ≤ |Cλ(T)| · |ThrS(T )| ≤ |Cλ(T)| ·λ= |Cλ(T)|. Thus |S| ≤ |T|.

To finish the proof, let x be a non-quasi-isolated point and let S be an independently-

based spoke system for x. Without loss of generality (by Lemma II.2.12) and by Theorem

II.3.5, we can create a new independent spoke system T such that either |Cλ(T)| = 1 or

|Cλ(T)| ≥λ for all λ ∈Σrad(x).

We conclude this section by constructing cofinal collections of spokes from the threads

of an independent spoke system.
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Lemma II.3.10. Let S be a spoke system of a point x in a topological space X and let T be a

spoke of x. Then T ⊆x
⋃

ThrS(T ).

Proof. Suppose T 6⊆x
⋃

ThrS(T ), so x ∈ T \
⋃

ThrS(T ) and thus by Theorem II.1.13 there

exists an S ∈S such that x ∈ (S ∩T )\
⋃

ThrS(T ) ⊆ (S ∩T )\Nx . But then S ∈ ThrS(T ), which

is a contradiction. Therefore T ⊆x
⋃

ThrS(T ) .

Theorem II.3.11. Let S be an independent spoke system for a point x in a topological space

X and define

S := {Nx}∪{⋃
T :λ ∈Σrad(x),T ∈ [Cλ(S)]<λ

}
.

Then S is a cofinal collection of spokes of x.

Proof. Let T be a non-trivial spoke of x and define λ := χT (x). Then by Theorem II.3.8

ThrS(T ) ∈ [Cλ(S)]<λ, so
⋃

ThrS(T ) ∈ Sp(x) by Lemma II.3.2. As T is non-trivial, by Theo-

rem II.2.13 λ ∈Λ and hence
⋃

ThrS(T ) ∈ S . Since every trivial spoke is locally-contained

at x in Nx , it follows from the previous lemma that S is a cofinal collection of spokes of

x.

II.3.2 Truncation

We now investigate how to convert a spoke system to an independent one, if possible. The

simplest process of (potential) conversion involves ‘truncating’ the spokes.

Definition II.3.12 (Truncation). Let S be a collection of spokes for a point x and select

(US)S∈S from (N S
x )S∈S . Then we call {US : S ∈S} a truncation of S .
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We see that every truncation of a spoke system is a spoke system once again.

Lemma II.3.13. Let S be a spoke system for a point x in a topological space X and select

(US)S∈S from (N S
x )S∈S. Then {US : S ∈S} is a spoke system of x.

Proof. Define T := {US : S ∈ S} and select (VT )T∈T from (N T
x )T∈T. For all S ∈ S, define

WS := VUS ∈NUS
x ⊆N S

x . Then
⋃

T∈TVT = ⋃
S∈SWS ∈N X

x . Therefore T is a spoke system of

x.

Theorem II.3.14. Let x be a point in a topological space X and let S be a spoke system of x

that is pairwise locally-distinct near x. Then S has no independent truncation if and only

if for every selection (US)S∈S of (N S
x )S∈S,

x ∈
( ⋃

{S,T }∈[S]2

(US ∩UT )

)
\Nx .

Proof. First, suppose that S has no independent truncation. Let V ∈ N X
x be given and

select (US)S∈S from (N S
x )S∈S. Then {US ∩V : S ∈ S} is not independent, so there exist

distinct S,T ∈S such that (US∩UT )∩V 6= Nx , and thus V ∩((
⋃

{P,Q}∈[S]2 (UP ∩UQ ))\Nx) 6= ;.

Therefore x ∈ (
⋃

{S,T }∈[S]2 (US ∩UT ))\NX .

Now suppose that there exists a selection (US)S∈S of (N S
x )S∈S such that {US : S ∈S} is

independent and define U :=⋃
S∈SUS ∈N X

x . Since S is pairwise locally-distinct near x, it

follows that US ∩UT = Nx for all distinct S,T ∈S and thus

x ∉;=
( ⋃

{S,T }∈[S]2

(US ∩UT )

)
\Nx .

Lemma II.3.15. Let S be a spoke system for a point x in a topological space X and sup-

pose S has an independent truncation. Then for all distinct S,T ∈ S, either S =x T or
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x ∉ (S ∩T )\Nx . In particular, if S is pairwise locally-distinct near x then S is almost-

independent.

Proof. Select (US)S∈S from (N S
x )S∈S such that T := {US : S ∈S} is independent. Then there

exists a selection (VS)S∈S of N X
x such that US =VS ∩S for all S ∈S. Let S,T ∈S be distinct,

so either US = UT or US ∩UT = Nx . If US = UT then (VS ∩VT )∩ S = US ∩T = UT ∩ S =

(VS ∩VT )∩T , so S =x T . If US ∩UT = Nx then (VS ∩VT )∩ (S ∩T ) = US ∩UT = Nx and so

x ∉ (S ∩T )\Nx .

This suggests, together with Lemma II.2.19, that our study of truncating spoke systems

can be restricted to pairwise locally-distinct, almost-independent spoke systems.

The next lemma shows that, for ‘small’ collections of spokes of equal character, we can

perform a diagonalisation procedure and find an independent truncation.

Lemma II.3.16. Let x be a point in a topological space X and let λ ∈ Σrad(x),S ∈ [Sp(x)]≤λ

be almost-independent, where each S ∈ S has character λ at x. Then there is a selection

(US)S∈S of (N S
x )S∈S such that US ∩US′ = Nx for all distinct S,S′ ∈S . In particular, S has an

independent truncation.

Proof. Enumerate S = {Sα : α < κ}, where κ ≤ λ, and let α < β < κ be given. Then x ∉

(Sα∩Sβ)\Nx , so Sβ\(Sα\Nx) ∈ N Sβ
x . Define USβ := Sβ\((

⋃
α<βSα)\Nx) and note that by

Theorem I.3.26 USβ ∈N
Sβ
x . Moreover, for distinct β,γ< κ,USβ ∩USγ = Nx . Therefore {USβ :

β< κ} is an independent truncation of S .

The following technical theorem allows us to limit the search for an independent spoke

system to finding an independent truncation. We will be using it in the next section to
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construct a strong example of a Fréchet-Urysohn space with a non-independently-based

point.

Theorem II.3.17. Let S be an almost-independent, non-trivial spoke system for a point x

in a topological space X such that S ∩S′ = Nx for all S,S′ ∈S with χS(x) 6= χS′(x). Suppose

there exists an independent, non-trivial spoke system T such that for all λ ∈Σrad(x) and all

T ∈ Cλ(T), |ThrS(T )| ≤λ. Then S has an independent truncation.

Proof. Let λ ∈ Σrad(x),S ∈ Cλ(S) be given and note that |ThrS(T )| < λ by Theorem II.3.8.

By Lemma II.3.10, S ⊆x
⋃

ThrT(S), so US := S ∩ (
⋃

ThrT(S)) ∈ N S
x . Let S,S′ ∈ Cλ(S) be

distinct such that US ∩US′ 6= Nx , so there exist T ∈ ThrT(S) and T ′ ∈ ThrT(S′) such that

T ∩T ′ 6= Nx . As T is independent, it follows that T = T ′ ∈ ThrT(S)∩ThrT(S′) and so S′ ∈

ThrS(T ) ⊆⋃
R∈ThrT(S) ThrS(R). Define for all S ∈ Cλ(S),

US := {US′\Nx : S′ ∈ Cλ(S)\{S},US ∩US′ 6= Nx}.

Then by the regularity of λ, for all S ∈ Cλ(S),

|US | ≤
∣∣∣∣ ⋃

R∈ThrT(S)
ThrS(R)

∣∣∣∣≤ ∑
R∈ThrT(S)

|ThrS(R)| <λ.

By almost-independence, for all distinct S,S′ ∈ Cλ(S) with US ∩US′ 6= Nx ,

US\(US′\Nx) ∈N S
x ⇒VS :=US\(

⋃
US) ∈N S

x .

Now let S1,S2 ∈ S be distinct. If χS1 (x) 6= χS2 (x) then by assumption, S1 ∩ S2 = Nx and

so VS1 ∩VS2 = Nx . If not define λ := χS1 (x) = χS2 (x). If US1 ∩US2 = Nx then VS1 ∩VS2 = Nx .

Otherwise, US2 \Nx ∈US1 and so VS1∩VS2 ⊆ (US1 \(US2 \Nx))∩US2 = Nx , hence VS1∩VS2 = Nx .

Therefore {VS : S ∈S} is an independent truncation of S.
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Corollary II.3.18. Let S be an almost-independent, non-trivial spoke systems for a point x

in a topological space X such that S ∩S′ = Nx for all S,S′ ∈S with χS(x) 6= χS′(x). Suppose

for every spoke T ∈ Sp(x), |ThrS(T )| ≤ χT (x). Then x is independently-based if and only if

S has an independent truncation.

Proof. By Lemma II.3.13, if S has an independent truncation then x is independently-

based, so suppose that x has an independent spoke system T. As there exists an S ∈S and

x ∈ S\Nx , it follows that x is non-quasi-isolated in X and thus by Lemma II.2.12 we can

without loss of generality assume that T is non-trivial. Therefore by the previous theorem,

S has an independent truncation.

II.3.3 Strongly Fréchet spaces

The characterisation of Fréchet-Urysohn points in Corollary II.2.17 is optimal for indep-

endence, since for any topological space being independently-based and strongly Fréchet

is equivalent to first-countability.

Definition II.3.19 (Strongly Fréchet). Let x be a point in topological space. Then x is

strongly Fréchet if for every decreasing sequence of sets (An)n<ω with x ∈ ⋂
n∈ω An , there

exists a selection (xn)n<ω of (An)n<ω that converges to x.

The property that every point in a topological space is strongly Fréchet is also known as

countably-bisequential, and is equivalent to the space being Fréchet-Urysohn and having

Arhangel′skĭı’s α4 (see Definition II.4.6).
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Lemma II.3.20. [Arh81, Proposition 5.11, Theorem 5.23] Every topological space is strongly

Fréchet at each of its first-countable points.

Theorem II.3.21. Let X be a topological space, x ∈ X be given such that x is independently-

based and strongly Fréchet. Then x is first-countable.

Proof. Suppose otherwise. Then there exists an independent spoke system S for x and

without loss of generality (by Lemma II.2.12), assume that S is non-trivial. As x is strongly

Fréchet, it follows that Σrad(x) = {ω} so S must be infinite by Corollary II.3.3. Choose

S = {Sn : n < ω} ⊆ S, where each Sn is distinct from the others, and define for every

n < ω, An := (
⋃

m≥n Sm)\Nx . As x ∈ Sn\N X
x for each n < ω, it follows that (An)n<ω is de-

scending sequence of subsets of X with x ∈ ⋂
n<ω An . Since x is strongly Fréchet, there

exists a selection (xn)n<ω of (An)n<ω that converges to x and thus there exists a unique

jn ∈ [n,ω) such that xn ∈ S jn . Hence for all m < ω, {xn : n ∈ ω} ∩ Sm is finite, so there

exists a Um ∈ N Sm
x disjoint from {xn : n < ω}. Then U := (

⋃
m<ωUm)∪⋃

(S\S) is an X -

neighbourhood of x and U ∩ {xn : n < ω} = ;, which is a contradiction. Therefore x is

first-countable.

Recall from Figure II.4 that S(ω) was independently-based. However, it is not first-

countable at ?: define for all f : ω → ω,U f := {?} ∪ {(m,n) : n ≥ f (m)}. Let (Vn)n<ω ⊆

N S(ω)
? be given, so there exists a sequence ( fn)n<ω ⊆ ωω such that U fn ⊆ Vn . Define for

all n < ω, g (n) := max( f0(n), . . . , fn(n))+ 1. Then Vn 6⊆ Ug for all n < ω, so {Vn : n < ω} is

not a neighbourhood base of ? with respect to S(ω). Thus ? is not first-countable in S(ω)

and so by the previous theorem, S(ω) is not strongly Fréchet at ?. Since the property of
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a point being strongly Fréchet is hereditary, it implies that if X is a topological space and

x ∈ Y ⊆ X , if Y ∼= S(ω) and x is non-isolated in A, then x is not strongly Fréchet in X .

Using this previous theorem, we now show how the classes of strongly Fréchet and

independently-based spaces intersect. In Section II.4, we will characterise the strongly

Fréchet points using spoke systems, from which we will also obtain the following corollary:

Corollary II.3.22. Let X be a topological space and let x ∈ X be given. Then X is first-

countable at x if and only if X is independently-based and strongly Fréchet at x.

An example of a strongly Fréchet space that is not first-countable is the one-point com-

pactification of an uncountable discrete space (see [Arh81, Example 5.12]) and, as we saw

earlier, the one-point is not independently-based.

The previous corollary could be understood as saying that Fréchet-Urysohn, indep-

endently-based spaces and strongly Fréchet spaces are ‘orthogonal’. However, they are

not ‘complementary’.

Theorem II.3.23. There exists a Fréchet-Urysohn space with a point that is neither strongly

Fréchet nor independently-based.

Proof. Define X to be the space obtained by quotienting the non-isolated points of

α(D(ℵ1)) = D(ℵ1)∪{?1} and S(ω) = (ω×ω)∪{?2} together and let? ∈ X be the unique non-

isolated point, whereα(D(ℵ1)) denotes the one-point compactification of a discrete space

D(ℵ1) of size ℵ1. Then ? is not first-countable in D(ℵ1)∪ {?}, nor is it strongly-Fréchet in

(ω×ω)∪ {?} ∼= S(ω). However, ? is strongly-Fréchet in D(ℵ1)∪ {?} (given a descending se-

quence (Bn)n<ω in D(ℵ1) with ? ∈⋂
n<ωBn , any selection (xn)n<ω from (Bn)n<ω converges
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to ?), so by the previous corollary ? is not independently-based in D(ℵ1)∪ {?}. As both of

these properties are hereditary, it follows that ? is not strongly Fréchet nor independently

based in X . However, Y :=ℵ(D(ℵ1))∪S(ω) is Fréchet-Urysohn and {?1,?2} is closed in X ,

so the quotient map from Y to X is closed. Therefore by Theorem I.2.16, X is Fréchet-

Urysohn.

We conclude this section by creating another example. This space cannot be decom-

posed around the specified point into finitely-many subspaces, in each of which the point

is either strongly Fréchet and not independently-based, or vice versa. Furthermore, this

has many of the properties of a Fréchet-Urysohn, independently-based space.

Theorem II.3.24. There exists a Fréchet-Urysohn space X with a point x that is neither

strongly Fréchet nor independently-based in X . Moreover:

(1) ψ(x) =ℵ0.

(2) If Y is a subspace containing x that is strongly Fréchet at x then χY (x) ≤ℵ0.

(3) If Y is a finite collection of subspaces, each containing x, such that
⋃Y is a neigh-

bourhood of x then there exists a Y ∈ Y such that x is neither strongly Fréchet nor

independently-based in Y .

Proof. Let ‖·‖ be the Euclidean norm on R2 and for each x ∈R2 and ε> 0, let Bε(x) denote

the open ε-ball around x given by the norm. Denote the origin by 0 and for every x ∈
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Figure II.5: A(n approximation to a) basic neighbourhood of 0.

R2\{0}, define

Sx := {y ∈R2 : ‖y −x‖ = ‖x‖},

∀x ∈R2\{0},∀ε> 0,B x
ε := Bε(0)∩Sx ,

B :=
{ ⋃

x∈R2\{0}

B x
εx

: (εx)x∈R2\{0} is a selection of (0,∞)

}
.

EndowR2 with the unique topology with neighbourhood baseB at the origin, and all other

points isolated. Denote this space by X . Let x, y ∈ R2\{0} be distinct. Then since distinct

circles intersect in at most two points, there exists an εy > 0 such that B y
εy
∩Sx = {0}. Thus

for all δ> 0, (
B x
δ ∪

⋃
y∈R2\{0,x}

B y
εy

)
∩Sx = B x

δ .

Hence {B x
δ

: δ> 0} is a neighbourhood base for 0 with respect to Sx , so Sx is well-based at

0. Therefore S := {Sx : x ∈ R2\{0}} is a spoke system of 0, so by Theorem II.2.7 X is radial.
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Furthermore, χSx (0) = ℵ0 for all x ∈ R2\{0}, so by Corollary II.2.17 X is Fréchet-Urysohn.

Note that N0 = {0} and define for all F ⊆R2\{0},

YF := {S ∈S : |S ∩F | ≥ 3}.

Claim. ThrS(T ) is finite for every T ∈ Sp(0).

Proof of claim. Let T ∈ Sp(0) and note that by Theorem II.2.7 and II.2.13, T is first-count-

able at 0. Let (Cn)n<ω be a descending T -neighbourhood base of 0. Suppose ThrS(T ) is

infinite and for every n <ω, pick an xn ∈ ThrS(T ) and a

yn ∈ ((Cn ∩Sxn )\{0})\
(⋃

{Sx : x ∈ Y{y j : j<n}}
)

such that for all distinct m,k < ω, xm 6= xk . Then (yn)n<ω → 0 so by Lemma II.2.3 there

exists a strictly increasing f : ω→ ω and a y ∈ R2\{0} such that {y f (n) : n < ω} ⊆ Sy . Then

y ∈ Y{y j : j<g (3)}, so yg (3) ∉ Sy , which is a contradiction. Therefore ThrS(T ) is finite.

So by Corollary II.3.18, if 0 is independently-based then S has an independent trunca-

tion. We now show that the latter is not the case. Select (εx)x∈R2\{0} from (0,∞) and assume

{B x
εx

: x ∈R2\{0}} is independent. Since

{x ∈R2 : ‖x‖ > 1} =
⋃

n∈N+

{
x ∈R2 : ‖x‖ > 1 and εx ≥ 1

n

}
,

the Baire category theorem implies that there exists an n ∈N+ such that

Z :=
{

x ∈R2 : ‖x‖ > 1 and εx ≥ 1

n

}

is not nowhere-dense in the Euclidean topology. Thus there exists an open, non-empty

subset U ofR2 such that U∩Z is dense in U with respect to the Euclidean topology. Pick an
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x ∈U , so there exists an ε ∈ (0,1) and a θ ∈R such that Bε(x) ⊆U and x = ‖x‖(cos(θ),sin(θ)).

By continuity of the sine function, there exists a δ ∈ (−π/2,π/2) such that for all a ∈ (−δ,δ),

|sin(a)| < ε

4n‖x‖(‖x‖+ε)
.

Define L := Span(x), which is closed in R2. Note that

V := {c(cos(ϕ),sin(ϕ)) : c ∈ (‖x‖+ε/2,‖x‖+ε),ϕ ∈ (θ−δ,θ+δ)}

is open in R2 and (U ∩V )\L is a non-empty open subset of U with respect to the Euclidean

topology. Thus there exists a c ∈ (‖x‖+ ε/2,‖x‖+ ε) and ϕ ∈ (θ−δ,θ+δ) such that y :=

c(cos(ϕ),sin(ϕ)) ∈ (V ∩Z )\L. Define ρ :R2 →R2, (x, y) 7→ (−y, x), which is the anticlockwise

rotation about the origin by π/2 radians. Also define

z := 2(y •ρ−1(x))

‖x − y‖2
ρ(y −x).

By the choice of y , it follows that y •ρ−1(x) = ‖x‖‖y‖cos(π/2± (θ−ϕ)) and z 6= 0. Hence

‖z‖ ≤ 2‖x‖(‖x‖+ε)|sin(θ−ϕ)|
ε/2

< 1

n
.
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Now let x = (x1, x2), y = (y1, y2), z = (z1, z2). Then:

2(y •ρ−1(x))

‖x − y‖2
= 2(y1x2 − y2x1)

(x1 − y1)2 + (x2 − y2)2

z1 =
2(y1x2 − y2x1)(x2 − y2)

(x1 − y1)2 + (x2 − y2)2

z2 =
2(y1x2 − y2x1)(y1 −x1)

(x1 − y1)2 + (x2 − y2)2

⇒ z2
1 + z2

2 =
4(y1x2 − y2x1)2

(x1 − y1)2 + (x2 − y2)2

= 2 · 2(y1x2 − y2x1)

(x1 − y1)2 + (x2 − y2)2
((x2 − y2)x1 + (y1 −x1)x2)

= 2(z1x1 + z2x2)

⇒ (z1 −x1)2 + (z2 −x2)2 = z2
1 + z2

2 +x2
1 +x2

2 −2(z1x1 + z2x2)

= x2
1 +x2

2 .

Therefore ‖z −x‖ = ‖x‖, so z ∈ B x
εx

. Since ρ is an isometry,

2(x•ρ−1(y))

‖y −x‖2
ρ(x − y) = 2(ρ−1(x)•ρ−2(y))

‖x − y‖2
(−ρ(y −x)) = z.

So by symmetry z ∈ B y
εy

, which is a contradiction. Hence 0 has no independent spoke

system and is therefore not independently-based.

∗∗∗

We now move on to proving parts (1–3) of the theorem. First, observe that {B1/n(0) :

n ∈ N+} is a pseudobase of 0 which is not quasi-isolated, so ψ(0) = ℵ0. Now let Y ⊆ X be

given such that 0 ∈ Y and 0 is not first-countable in Y . Then {S ∩Y : S ∈ S} is a spoke

system of 0 with respect to Y by Corollary II.1.16, so by Lemma II.2.12, T := {S ∩Y : S ∈

S,0 ∈ (S ∩Y )\{0}} is also a spoke system of 0 with respect to Y . By Corollary II.3.3 there

exists an injective sequence (Tn)n<ω in T and by Theorem I.2.2 for each n <ω, there exists
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a sequence (xn,m)m<ω in (Tn ∩Y )\{0} that converges to 0. Define C := {xn,m : n,m <ω} and

note that YC =⋃
F∈[C ]3 YF is countable. Enumerate

{x ∈ YC : Sx 6= Tn for all n <ω} = {yn : n <α}

where α≤ω (possibly α= 0). Define for all l <ω,

Dl :=C \

( ⋃
k<min(α,l )

Syk

)
.

Observe that (Dl )l<ω is a descending chain of subsets. Furthermore, since distincts circles

intersect in at most two points, it follows that Dl contains a tail of (xl ,m)m<ω for each l <ω

and so 0 ∈ Dl .

Suppose there exists a selection (zl )l<ω of (Dl )l<ω that converges (strictly) to 0. With-

out loss of generality, by Corollary II.2.3 there exists a w ∈R2\{0} such that Sw that contains

Z := {zl : l <ω}. Then w ∈ YZ ⊆ YC and for all l <ω, Z ∩Dl is finite, so Sw 6= Tl . Thus there

exists an m < α such that w = ym . But zm+1 ∈ Dm+1, so zm+1 ∉ Sym = Sw , which is a con-

tradiction. Therefore 0 is not strongly Fréchet in Y . Moreover, as 0 is not independently-

based in X , it is also not first-countable and thus not strongly Fréchet.

Finally, let Y be a finite collection of subspaces, each containing 0, such that
⋃Y ∈N X

0

and assume that for each Y ∈Y ,0 is either strongly Fréchet or independently-based with

respect to Y . Since first-countable points are independently-based, it follows that 0 is

independently-based with respect to each Y ∈Y . For every non-empty Z ⊆Y , define

PZ := ((⋂Z)
\
(⋃

(Y\Z)
))∪ {0}.

Note that {PZ\{0} :Z ∈P(Y)\{;}} is a partition of (
⋃Y)\{0} and for each non-emptyZ ⊆Y ,
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there exists a Z ∈Z and so PZ ⊆ Z . Hence 0 is also independently-based in every PZ by

Lemma II.1.7.

For each non-empty Z ⊆Y , choose an independent spoke system TZ of 0 with respect

to PZ and define T := ⋃
;6=Z⊆Y TZ . Let Z0,Z1 ∈ P(Y)\{;} be distinct, so there exists a

Z ∈Zi∆Z1−i . Then

PZ1 ∩PZ2 ⊆ (Z ∪ {0})∩ ((X \Z )∪ {0}) = {0}.

Hence T is an independent collection of spokes of 0.

Now let A ⊆ X be given such that 0 ∈ A. Then since
⋃

{PZ : Z ∈ P(Y)\{;}} = ⋃Y ∈

N X
0 and Y is finite, there exists a non-empty Z ⊆ Y such that 0 ∈ A∩PZ and thus by

Theorem II.1.13 there exists a T ∈ TZ ⊆ T such that 0 ∈ A∩T . By the same theorem, T is

an independent spoke system of 0, which is a contradiction. Therefore there exists a Y ∈Y

such that 0 is neither strongly Fréchet nor independently-based with respect to 0.

We conclude with a few open questions concerning independently-based spaces and

spoke systems.

Question II.3.25. Is there a ‘natural’ characterisation of radial spaces in terms of nests?

Question II.3.26. Do independently-based spaces coincide with a subclass of radial spaces

with stronger convergence properties?

II.4 Products and strong convergence properties

In this last section, we will show how certain strong convergence properties are reflected

into spokes. As some of these properties are equivalently characterised by preservation
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theorems under products, we first investigate how to take appropriate products of spoke

systems.

II.4.1 Productivity

The obvious ‘product’ of a collection C of spoke systems would be

{ ∏
S∈C

SS : (SS)S∈C is a selection from C

}
.

However, for this to form a spoke system, we must ensure that these products do form

spokes.

Definition II.4.1 (Coherence). Let (Xi )i∈I be a finite non-empty family of topological

spaces and select (xi )i∈I from (Xi )i∈I and (Si )i∈I from (SpXi
(xi ))i∈I . Then we say that

(Si )i∈I is coherent if
∏

i∈I Si is a spoke of (xi )i∈I ∈
∏

i∈I Xi .

Lemma II.4.2. Let (Xi )i∈I be a finite non-empty family of topological spaces and select

(xi )i∈I from (Xi )i∈I and (Si )i∈I from (SpXi
(xi ))i∈I . Then (Si )i∈I is coherent if and only if

for all i , j ∈ I where Si and S j are non-trivial, χSi (xi ) =χS j (x j ).

Proof. First, define

X :=
∏
i∈I

Xi ,

x := (xi )i∈I ,

J := {i ∈ I : Si is non-trivial}.
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Note that by Lemma I.3.11 N X
x =∏

i∈I N Xi
xi

⊆ S :=∏
i∈I Si . Suppose there exists i , j ∈ J such

that χSi (xi ) 6= χS j (x j ). Then by Theorem I.3.20, Corollary I.3.26 and Proposition I.3.30,

Si × S j is not radial at (xi , x j ). Since there is an embedding of Si × S j into S that carries

(xi , x j ) to x, it follows that S is not radial at x; in particular (by Theorem I.2.2) S is not a

spoke of x.

Now suppose there exists a non-zero cardinal λ such that χS j (x j ) = λ for all j ∈ J and

let (B j
α)α<λ be well-ordered neighbourhood base of x with respect to S j . By Lemma I.3.23,

we can assume without loss of generality that λ is regular and infinite. Define

∀α<λ,∀i ∈ I \J ,B i
α := N Xi

xi
,

B :=
{∏

i∈I
B i
α :α<λ

}

Then B ⊆N S
x is well-ordered with respect to %. Let U ∈N S

x be given, so for all i ∈ I , there

exists a Vi ∈N Si
xi

such that
∏

i∈I Vi ⊆U . Then for all i ∈ I , there exists an αi < λ such that

B i
αi

⊆Vi . Defineα := max(αi : i ∈ I ) <λ, so then
∏

i∈I B i
α ⊆U . Therefore B is a well-ordered

neighbourhood base for x with respect to S, so S is a spoke at x.

Definition II.4.3 (Product of spoke systems). Let (Xi )i∈I be a finite non-empty family of

topological spaces and select (xi )i∈I from (Xi )i∈I and (Si )i∈I from (P(SpXi
(xi )))i∈I . Then

we define the (coherent) product of (Si )i∈I to be

⊗
i∈I

Si :=
{∏

i∈I
Si : (Si )i∈I is a coherent selection from (Si )i∈I

}
.

If Xi = X , xi = x and Si =S for all i ∈ I , then we denote this product by S⊗n .

If (Xi )i<n is a finite non-empty sequence of topological spaces, with n ≥ 2, and (xi )i<n
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is a selection of (Xi )i<n and (Si )i<n is a selection of (P(SpXi
(xi )))i<n , then we define

S0 ⊗·· ·⊗Sn−1 :=
⊗
i<n

Si .

If there are two factors where the projections are non-quasi-isolated then the produc-

tivity of radiality could fail if they have different radial spectra. The following shows that

the radial spectrum of the product and the non-quasi-isolated factors indeed coincide if

the product point is radial.

Lemma II.4.4. Let (Xi )i∈I be a finite non-empty family of topological spaces and select x :=

(xi )i∈I from (Xi )i∈I . Suppose x is radial and non-quasi-isolated in X := ∏
i∈I Xi , and that

there are at least two i ∈ I where xi is non-quasi-isolated in Xi . Then Σrad
X (x) is a singleton

and for all i ∈ I , if xi is non-quasi-isolated then Σrad
Xi

(xi ) ⊆Σrad
X (x).

Proof. First note that by Lemma I.3.11, N X
x = ∏

i∈I N Xi
xi

. Let i , j ∈ I be distinct such that

xi , x j are both non-quasi-isolated in Xi , X j respectively and let λ ∈Σrad
Xi

(xi ),µ ∈Σrad
X j

(x j ) be

given. Then by Theorem II.2.9 there exist transfinite sequences t ,u in Xi \N Xi
xi

and X j \N
X j
x j

that converge strictly to xi , x j respectively, with len(t ) = λ and len(u) = µ. Then xi , x j are

non-quasi-isolated in St ,Su respectively. As there exists an embedding from Xi × X j into

X that maps (xi , x j ) to x, it follows that (xi , x j ) is radial in St ×Su . Hence by Proposition

I.3.30, Theorem I.3.24 and Corollary I.3.26, λ = pSt (xi ) ≤ψSu (x j ) = χSu (x j ) = pSu (x j ) = µ

and vice versa. Therefore Σrad
Xi

(xi ) = Σrad
X j

(x j ) is a singleton, so there exists a unique non-

zero regular ordinal ν such that Σrad
Xi

(xi ) = {ν} for all i ∈ I where xi is non-quasi-isolated in

X .
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Now let t be a transfinite sequence in X \N X
x with regular length that converges strictly

to x and let i ∈ I be given. As projections are open and continuous, πi [St ] ∈ SpXi
(xi ) and

χπi [St ](xi ) ≤χSt (x) = len(t ). However,St ⊆
∏

i∈I πi [St ] and so len(t ) ≤∏
i∈I χπi [St ](xi ). As t

must have infinite length, it follows that there exists an i ∈ I such that len(t ) =χπi [St ](xi ).

Define A := (πi ◦t )−1[Xi \N Xi
xi

] and note thatπi [St ] = N Xi
xi
∪ran(πi ◦t ), so it follows that A

is unbounded in len(t ). By Corollary I.3.26, pπi [St ](xi ) = len(t ) and thus by Corollary I.3.28

(πi ◦ t )|A → xi . Therefore len(t ) ∈Σrad
Xi

(xi ) and hence Σrad
X (x) ⊆Σrad

Xi
(xi ) = {ν}. Furthermore,

by Theorem II.2.9 Σrad
X (x) 6= ;, completing the proof.

Theorem II.4.5. Let (Xi )i∈I be a finite non-empty family of topological spaces and let x :=

(xi )i∈I be a selection of radial points from (Xi )i∈I . Then the following are equivalent:

(1) x is radial in X :=∏
i∈I Xi .

(2) There exists a selection (Si )i∈I , where Si is a spoke system of xi in Xi for all i ∈ I , such

that ⊗i∈ISi is a spoke system of x.

(3) For every selection (Si )i∈I , where Si is a spoke system of xi in Xi for all i ∈ I ,⊗i∈ISi

is a spoke system of x.

Proof. By Theorem II.2.7, each xi has a spoke systems, so it follows that (3) ⇒ (2) ⇒ (1).
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Assume x is radial in X and for each i ∈ I , let Si be a spoke system of xi . Define

J := { j ∈ I : x j is non-quasi-isolated in X j },

S :=
⊗
i∈I

Si ,

∀i ∈ I ,Ui :=


Xi if i = j ,

N Xi
xi

otherwise.

Let A ⊆ X be given such that x ∈ A. As U :=∏
i∈I Ui ∈N X

x , it follows that x ∈ A∩U .

Case 1: J is empty. Select (Si )i∈I from (Si )i∈I . By Theorem I.3.12, x is quasi-isolated in

X and thus quasi-isolated in S := ∏
i∈I Si by Theorem I.3.10. Hence S ∈ S, and by

Theorem I.3.11, N X
x =∏

i∈I N Xi
xi

⊆ S, so x ∈ A∩S.

Case 2: J has a unique element j . As x j ∈π j [A∩U ], there exists an S j ∈S j such that x j ∈

π j [A∩U ]∩S j . Select (Si )i∈I \{ j } from (Si )i∈I \{ j }, so by Lemma II.4.2 S := ∏
i∈I Si ∈

S. Let V ∈N X
x be given, so there exists a selection (Vi )i∈I from (N Xi

xi
)i∈I such that

∏
i∈I Vi ⊆V . Then there exists an a ∈ A ∩U such that π j (a) ∈ S j ∩V j and, moreover,

πi (a) ∈ N Xi
xi

⊆ Si ∩Vi for each i ∈ I \{ j }. Hence a ∈ A∩S ∩V and thus x ∈ A∩S.

Case 3: |J | ≥ 2. Then by Theorem I.3.12, x is non-quasi-isolated and so there exists an

infinite regular cardinal λ such that Σrad
X (x) = {λ} and Σrad

X j
(x j ) = {λ} for each j ∈ J .

By Theorem II.2.9, x is Σrad
X (x)-radial, so there exists a λ-sequence t in A ∩U that

converges to x. Enumerate J = { jk : k < m} and let k < m be given such that there ex-

ists a selection (S jl )l<k of (S jl )l<k and a subsequence u from t such that ran(π jl ◦

u) ⊆ S jl for all l < k. As x ∈ ran(π jk ◦u), there exists an S jk ∈ S jk such that x ∈
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ran(π jk ◦u)∩S jk . By Corollary II.2.10 pX jk
(x jk ) = λ, so it follows Z := (π jk ◦u)−1[S jk ]

is unbounded in λ. Therefore by induction, there exists a subsequence u of t and a

selection (S j ) j∈J of (S j ) j∈J such that ran(π j ◦u) ⊆ S j . For all i ∈ I \J , there exists an

Si ∈Si and so ran(u) ⊆ S :=∏
i∈I Si . By Lemma II.4.2, S ∈S and x ∈ A∩S.

Therefore by Theorem II.1.13, S is a spoke system of x.

II.4.2 Strongly Fréchet

Recall that a point x in a topological space X is strongly Fréchet if whenever (An)n<ω is a

descending sequence of subsets of X with x ∈⋂
n<ω An , there exists a selection (xn)n<ω of

(An)n<ω that converges to x. The following definition was first investigated in [Arh81].

Definition II.4.6 (α4). A point x in a topological space X isα4 if wheneverS is a countably-

infinite collection of disjoint sequences in X \Nx , each converging to x, there exists a se-

quence t in X \Nx that converges to x such that {s ∈S : ran(s)∩ ran(t ) 6= ;} is infinite.

Theorem II.4.7. [Mic72, Proposition 4.D.5, pg. 113] [Arh81, Theorem 5.23, pg. 190] Let x be

a point in a topological space. Then the following are equivalent:

(1) x is strongly Fréchet.

(2) x is Fréchet-Urysohn and α4.

(3) (x,ω) is Fréchet-Urysohn in X × (ω+1).4

4The original proofs use the unit interval in place of ω+ 1 and characterise when the whole space is
strongly Fréchet, but they are easily adapted to prove this theorem.
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Using Theorem II.4.5 and adapting the α4 definition to spokes, we get the following

characterisation for strongly Fréchet points:

Theorem II.4.8. Let x be a Fréchet-Urysohn point in a topological space X . Then the fol-

lowing are equivalent:

(1) x is strongly Fréchet.

(2) For every almost-independent spoke system S of x and all collections of non-trivial

spokes S ∈ [S]ℵ0 , there exists a T ∈S such that {S ∈S : S ∩T 6= Nx} is infinite.

(3) There exists a spoke system S of x,S⊗ {ω+1} is a spoke system of (x,ω) in X × (ω+1).

(4) For every spoke system S of x,S⊗ {ω+1} is a spoke system of (x,ω) in X × (ω+1).

Proof. The equivalence of (1), (3) and (4) follows from Theorems II.4.5 and II.4.7. Suppose

x is strongly Fréchet and let S be an almost-independent spoke system, S ∈ [S]ℵ0 be a

collection of non-trivial spokes. Then by Lemma II.3.16, there exists a selection (US)S∈S of

(N S
x )S∈S such that US ∩US′ = Nx for all distinct S,S′ ∈S .

For each S ∈ S , x ∈ US\Nx , so there exists a sequence tS in US\Nx that converges to

x. By Theorem II.4.7 x is α4, so there exists a sequence u in X \Nx such that R := {S ∈ S :

ran(tS)∩ ran(u) 6= ;} is infinite. Thus x ∈ ran(u)∩ (
⋃S), so by Theorem II.1.13 there exists

a T ∈S such that x ∈ ran(u)∩T ∩ (
⋃S). Hence A := u−1[T ∩(

⋃S)] is infinite and therefore

{S ∈S : S ∩T 6= Nx} is infinite.

Now assume (2) and let S be a countably infinite collection of disjoint sequences in

X \Nx that converge (strictly) to x. Then by Lemma II.2.6, there exists an almost-indep-
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endent, basic spoke system S of x that contains Ss for all s ∈ S . So by assumption, there

exists a T ∈ S such that {s ∈ S : Ss ∩T 6= Nx} is infinite. Then there exists a transfinite

sequence t that converges strictly to x such that T =St and T is non-trivial. It follows that

t has infinite length and we can assume that ran(t )∩ Nx = ; without loss of generality.

Then by Theorem II.2.13, len(t ) ∈ Σrad(x) ⊆ {ω} and hence {s ∈ S : ran(s)∩ ran(t ) 6= ;} is

infinite. Therefore x is α4.

II.4.3 Fréchet-Urysohn for n-point sets

We can strengthen the Fréchet-Urysohn property by considering networks and sequences

of finite subsets. This idea was first introduced in [GS05].

Definition II.4.9. Let x be a point in a topological space X and let (An)n<ω be a sequence

of subsets of X . Then we say that (An)n<ω converges to x, written (An)n<ω→ x, if for every

U ∈ Nx , there exists an N < ω such that An ⊆ U for all n ∈ [N ,ω). Thus, a sequence of

points (xn)n<ω in X converges in the usual sense to x precisely when ({xn})n<ω converges

to x.

Let n be a positive natural number. Then we say that x is Fréchet-Urysohn for n-point

sets if for every networkA⊆ [X ]n of x, there exists a sequence (Am)m<ω inA that converges

to x. Thus a point is Fréchet-Urysohn if and only if it is Fréchet-Urysohn for 1-point sets.

Ol’ga Sipacheva gave the following characterisation of Fréchet-Urysohn for n-point

sets in terms of the n-fold product.

Theorem II.4.10. [Sip02, Proposition 1, pg. 308] Let x be a point in a topological space X
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and let n be a positive natural number. Then x is Fréchet-Urysohn for n-point sets if and

only if (x, . . . , x) is Fréchet-Urysohn in X n .

The following characterisation follows immediately by Theorem II.4.5:

Theorem II.4.11. Let x be a Fréchet-Urysohn point in a topological space X and let n be a

positive natural number. Then the following are equivalent:

(1) x is Fréchet-Urysohn for n-point sets.

(2) There exists a spoke system S of x such that S⊗n is a spoke system of (x, . . . , x) in X n .

(3) For all spoke systems S of x,S⊗n is a spoke system of (x, . . . , x) in X n .

II.5 Future directions

II.5.1 Convergence spaces

Throughout this chapter, we have developed the theory of spokes for points in topological

spaces but we did not use the full strength of a topology. We can express our ideas in the

weaker setting of pretopologies. First, we require a few definitions. We refer to [Dol09] for

the background on convergence spaces and pretopologies.

Definition II.5.1 (Filters). Let X be a set and F be a collection of subsets of X with the

following properties:

• ;∉F 6= ;.
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• For all A,B ∈F , A∩B ∈F .

• For all A ∈F and B ⊆ X , if A ⊆ B then B ∈F .

Then we call F a filter on X . We define F(X ) to be the set of all filters on X . For each x ∈ X ,

we define the principal ultrafilter of x to be Px := {A ⊆ X : x ∈ A}.

Given a collection B of subsets of X , we say that B has the finite-intersection property

if for every finite F ⊆ B,
⋂F 6= ;. If B has the finite-intersection property then we define

the filter generated by B to be

〈B〉 := {
A ⊆ X :

⋂
G ⊆ A for some finite G ⊆B}

.

A filter F is generated by B, if F = 〈B〉. Moreover, if B is well-ordered by ⊇, then we say that

F is well-based.

A filter F is principal if there exists a non-empty subset A ⊆ X such that F = 〈{A}〉.

Given an arbitrary non-principal filter F , define F◦ := 〈F ∪ {X \(
⋂F )}〉. We call F◦ the free

part of F . Note that since F is non-principal, its free part is again a filter on X .

We define an ordering on F(X ) given by ⊆. This turns F(X ) into a complete meet-

semilattice (i.e. every non-empty collection of filters has an infimum), where the meet is

given by intersection.

Definition II.5.2 (Convergence space). Let X be a set and let F(X ) denote the set of all

proper filters on X . Then a convergence on X is a relation ξ between F(X ) and X that

satisfies the following properties:

(1) For all x ∈ X ,Px ξ x.
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(2) For all F ,G ∈F(X ) and all x ∈ X , if F ξ x and F ⊆G then G ξ x.

We will typically write F →ξ x instead of F ξ x and will dispense with the subscript ξ if the

convergence is clear. We refer to (X ,ξ) as a convergence space.

Definition II.5.3 (Pretopology). Let (X ,ξ) be a convergence space such that for all G ⊆

F(X ) and all x ∈ X , ifG→ x for eachG ∈G then
⋂
G→ x. Then we say that ξ is a pretopology

and (X ,ξ) is a pretopological space.

If (X ,ξ) is a pretopological space and x ∈ X , then since Px → x it follows that Vξ
x → x,

where Vξ
x is the intersection of all filters on X that converge to x. We call Vξ

x the vicinity

filter of x and will dispense with the subscript if the convergence is unambiguous.

Thus a convergence ξ on X is a pretopology if and only if for all F ∈ F(X ) and all x ∈

X ,F →ξ x precisely when Vξ
x ⊆F .

Definition II.5.4 (Mesh and adherence). Let (X ,ξ) be a convergence space and let A ⊆

X ,F ∈ F(X ) be given. Then we say that F meshes with A, denoted F#A, if for all F ∈

F ,F ∩ A 6= ;.

Given A ⊆ X , we define the adherence of A to be

adhξ(A) :=
⋃

{F ∈F(X ) :F#A}.

It is an easy exercise to prove that for all x ∈ X , x ∈ adhξ(A) if and only if Vξ
x #A.[Dol09,

Remark 21, pg. 128]

Definition II.5.5 (Trans-sequential filter). Let X be a set and let t be a transfinite sequence

in X . Then we define Tt := {T ⊆ X : ∃α < λ such that t [[α,λ)] ⊆ T } and call it the trans-
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sequential filter based on t . Given a filter F ∈ F(X ), we say that F is trans-sequential if

there exists a transfinite-sequence t on X such that F = Tt .

Given a transfinite sequence t and a convergence ξ on X , we say that t ξ-converges to

x (written t →ξ x) if Tt →ξ x. If ξ is a pretopology, then we say that t strictly ξ-converges to

x (written t →ξ x) if t ξ-converges to x and for all α< len(t ), x ∉ adhξ(t [α]).

Definition II.5.6 (Radial). Let (X ,ξ) be a convergence space and let x ∈ X be given. Then

we say that x is radial if for all A ⊆ X with x ∈ adh(A), there exists a transfinite sequence t

on A that converges to x.

If F is a filter on X , then we say that F is radial if whenever there is a subset A ⊆ X

which meshes with F , there exists a transfinite sequence on A such that F ⊆ Tt . Thus, if ξ

is a pretopology, x is radial precisely when Vξ
x is radial.

Given a pretopological space (X ,ξ) and a radial point x ∈ X , we can adapt the proof

of Theorem II.2.2 to show that if x ∈ adhξ(A) then there exists a transfinite sequence on A

that converges strictly to x.

Theorem II.5.7. Let (X ,ξ) be a pretopological space and let x ∈ X be given. Then x is radial

if and only if there exists a non-empty collection S of subspaces of X such that:

• For all S ∈S,V ξ
x ⊆ S and 〈Vξ

x ∪ {S}〉 is well-based.

• Vξ
x =∧

S∈S〈Vξ
x ∪ {S}〉.

Moreover, S can be taken to also satisfies the following conditions:

• For all distinct S,T ∈S,〈Vξ
x ∪ {S,T }〉 is principal.

112



• For every S ∈ S, if 〈Vξ
x ∪ {S}〉 is non-principal then its free part is strictly trans-

sequential for each S ∈S.

Proof. Define a topology τ on X by declaring every point apart from x isolated and let Vξ
x

be the neighbourhood filter of x with respect to X . Then for all A ⊆ X , x ∈ adhξ(A) if and

only if x ∈ A
τ

. Therefore by Theorem II.2.7, x is radial with respect to ξ if and only if there

exists an almost-independent spoke system S for x with respect to (X ,τ).

Observe that Vξ
x = N (X ,τ)

x and thus V ξ
x = N (X ,τ)

x . Moreover, given a subspace S con-

taining N (X ,τ)
x , x is well-based in S (with respect to (X ,τ)), if and only if 〈N (X ,τ)

x ∪ {S}〉 is

well-based.

Let S be a non-empty collection of subspaces of x. Then Vξ
x ⊆ 〈Vξ

x ∪{S}〉 for each S ∈S.

Moreover, Vξ
x =∧

S∈S〈Vξ
x∪{S}〉 if and only if for each V ∈Vξ

x there exists a selection (WS)S∈S

fromVξ
x such that

⋃
S∈S(WS∩S) ⊆V . ThereforeS satisfies the first two conditions precisely

when S is a spoke system of x with respect to (X ,τ). Hence by Theorem II.2.7, x is radial

with respect to ξ if and only if an S with the first two properties exists.

Now suppose that x is ξ-radial, so by Theorem II.2.7 there exists an almost-indep-

endent, basic spoke system S of x with respect to (X ,τ). Then for all distinct S,T ∈ S,

there exists a V ∈N τ
x = Vξ

x such that V ∩S ∩T = Nτ
x = Vξ

x , i.e. 〈V ξ
x ∪ {S,T }〉 is principal. Fi-

nally, let S ∈S be given, so there exists a transfinite sequence t in S that converges strictly

to x such that S = Sτt . By strict convergence, it follows that if 〈Vξ
x ∪ {S}〉 is non-principal

then its free part is Tt .

We conclude by demonstrating a characterisation of independently-based points in
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terms of the convergence space of a topological space, thus allowing us to extend this

notion to pretopological spaces.

Theorem II.5.8. Let X be a topological space, x ∈ X be given. Then x is independently-

based if and only if there exists a non-empty collection W of well-based filters contained in

Nx such that

Nx =
〈 ⋂

W∈W
UW : (UW )W∈W is a selection from W

〉
=

∧
W∈W

〈W ∪ {WsW }〉,

where WsW =⋂
W ′∈W\{W}

⋂W ′.

Proof. Suppose there exists such a collection W. Then

{ ⋃
W∈W

(UW ∩WsW ) : (UW )W∈W is a selection from W

}

is a neighbourhood base for x with respect to X . Moreover, for each selection (UW )W∈W

from W,

( ⋃
W ′∈W

(UW ′ ∩WsW ′)

)
∩WsW = (UW ∩WsW )∪

( ⋂
W ′∈W

⋂
W ′

)

= (UW ∩WsW )∪Nx

=UW ∩WsW .

Therefore {W ∩WsW : W ∈W} is a neighbourhood base for x with respect to WsW . As

W is well-based, it follows that WsW is a spoke of x. Furthermore, for distinct W ,W ′ ∈

W,WsW ∩WsW ′ = Nx .

Define S := {WsW : W ∈W} and select (US)S∈S from (N S
x )S∈S. Then for each W ∈W,
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there exists a VW ∈W such that VW ∩WsW ⊆UWsW . Thus

⋃
S∈S

US ⊇
⋃

W∈W
(VW ∩WsW ) ∈

∧
W∈W

〈W ∪ {WsW }〉 =N X
x .

Therefore S is an independent spoke system for x, so by Corollary II.1.12 x is independ-

ently-based.

Now suppose that x is independently-based. If x is quasi-isolated then define W :=

{〈{Nx}〉}. Otherwise, by Theorem II.1.10 and Lemma II.2.12 there exists a non-trivial, in-

dependent spoke system S. Define for all S ∈S,WS := 〈{U ∪⋃
(S\{S}) : U ∈N S

x }〉. As x is

well-based in each S ∈S, it follows that WS is well-based and is contained in N X
x .

Define W := {WS : S ∈S} and note that WsWS = S for each S ∈S. Since S non-trivial,

it follows that WS 6=WT for distinct S,T ∈S. Finally

∧
W∈W

〈W ∪ {WsW }〉 =
∧

S∈S
〈WS ∪ {S}〉

=
〈 ⋃

S∈S
(US ∩S) : (US)S∈S is a selection from (N S

x )S∈S

〉

=N X
x .

II.5.2 D-radiality

Instead of taking well-ordered nets in the definition of radiality, we can generalise to an

arbitrary class of nets, as shown in [Nyi92, pg. 543–5].

Definition II.5.9 (D-radiality). Let D be a non-empty class of directed nets and let X be

a topological space and x ∈ X be given. Then we say that x is D-radial if for every subset

A ⊆ X with x ∈ A, there exists a D ∈D a net f : D → A that converges to x.
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Given a direct set D , a net f : D → X converges strictly to x, written f → x, if f → x and

for all d ∈ D, x ∉ {e ∈ D : d 6≤ e}. If we request that the net in the definition of D-radiality

strictly converges then we say that x is strictly D-radial.

Examples of potentially interesting classes include the class of nets based on directed

sets of cardinality less than a specific infinite cardinal, or the κ-nets as studied in [Hod10].

Theorem II.5.10. Endow withω×ω1 with the product order. Then there exists a topological

space with a {ω×ω1}-radial point that is not strictly {ω×ω1}-radial.

Proof. Define X := (ω×ω1)∪{?}, where? ∉ω×ω1. We endow X with a topology by making

each point in ω×ω1 isolated, and let {X \(n ×ω1) : n <ω} be a neighbourhood base for ?.

Let A ⊆ω×ω1 be given such that ? ∈ A, so for each n <ω, there exists an (αn ,βn) ∈ A

such that αn ≥ n. Define for all m <ω and γ<ω1, f ((m,γ)) := xm . Then f is a {ω×ω1}-net

in A that converges to ? and hence ? is {ω×ω1}-radial.

Now let f :ω×ω1 →ω×ω1 converge to?. Then for all n <ω, there exists an mn <ω and

αn <ω1 such that πω( f (k,β)) ≥ n for all (k,β) ∈ω×ω1 such that (k,β) ≥ (mn ,αn). Define

α := sup(αn : n < ω)+ 1 < ω1. Then ? ∈ { f ((mn ,αn)) : n <ω} ⊆ f [ω× (ω1\α)], so f →6 ?.

Therefore ? is not strictly {ω×ω1}-radial.

There are three potential fixes for this problem:

(1) Focus exclusively on strictly D-radial points / spaces.

(2) Find conditions that ensure that D-radiality and its strict version coincide.

(3) Enlarge the class D such that these versions agree.
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The author feels that the last solution might be most useful and could involve analysing

the Tukey reduction structure on directed sets (see [Tuk40]). A particularly amenable case

would be D = {1,ω,ω1,ω×ω1, ([ω1]<ℵ1 ,⊆)} – Stevo Todorčević has shown that under PFA,

all directed sets of cardinality at most ℵ1 are Tukey equivalent to one inD [Tod85, Theorem

9, pg. 718]. More specifically,

Question II.5.11. Let D be a class of directed sets that contains well-ordered sets of every

non-zero, regular order type. Does D-radiality and strict D-radiality coincide for all points

in all topological spaces?
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Chapter III

Compactifications and dualities

III.1 Introduction

The previous chapter exhibited some local characterisations of radiality using spokes and

spoke systems. In this chapter, we will use these characterisations to investigate radiality

of compactifications, ring spectra and Stone spaces.

Closed spokes and spoke systems are better behaved than arbitrary spokes or systems;

for instance, they reflect into properties of the ideal of compact subsets for compactifica-

tions, of ideals for ring spectra, and of filters and quotient algebras for Stone spaces. In this

first section, we will show that, for semi-regular spaces, closure of spokes are also spokes.

Consequently, closed spokes suffice to characterise radiality for these spaces.

In Section III.2, we investigate compactifications that are radial or Fréchet-Urysohn in

their remainder, focusing exclusively on locally compact spaces. In this setting, having a

radial compactification implies that the one-point compactification is also radial. By us-

118



ing radiality at the point-at-infinity, we can improve these compactification results, first

considering finite, countable and ordinal compactifications, then using small cardinals

(cardinals that describe some form of infinite combinatorics on countable sets) to achieve

consistently stronger theorems. We also prove some results for pseudoradial and sequen-

tial compactifications.

In the last section of this chapter, we discuss radiality of points in ring spectra and

Stone spaces. We first state our spoke-characterisation theorems in the general context

of spectra of commutative rings with identity. This requires a translation of the notions

of spokes, spoke systems and cofinal collections of spokes into ideal-theoretic language,

using generalisations of the radical of an ideal. Consequently we obtain an algebraic char-

acterisation of the radiality of the Stone-Čech compactification of a Tychonoff space X ,

using the ring of bounded, continuous, real-valued functions C∗(X ). Next we translate

our results for Stone spaces of Boolean algebras, which is a specific case of the previous

work on ring spectra. We state these results with filters instead of ideals, as is usual when

dealing with Stone spaces of Boolean algebras. Finally, we useω∗, the Stone-Čech remain-

der of a countably-infinite discrete space, as a test case and show some strong negative

results on constructing radial, non-well-based points in ω∗.

The material in Sections III.2 and III.3 (excluding III.2.2) is based on [Lee15].

III.1.1 Enlarging spokes

We conclude this introduction by showing how to enlarge spokes by taking their closure,

which is fundamental to the rest of this chapter. Besides paring down the possibilities a

119



spoke may take (thus aiding our search for a spoke system / cofinal collections of spokes),

it also allows some algebraic characterisations of radiality, which we will prove later.

The simplest method of enlarging spokes is to take a neighbourhood base and try to lift

it to a neighbourhood base of a larger space. If the neighbourhood base consists of open

sets, we can attempt to take the largest such extension.

Definition III.1.1 (Lift). Let X be a topological space and let U ⊆ Y ⊆ X be given, where U

is open in Y . Then we define the lift of U to X , denoted U↑X
Y , to be the largest open subset

of X such that U↑X
Y ∩Y = X , that is,

U↑X
Y :=

⋃
{V ⊆ X open : V ∩Y =U }.

Thus we consider conditions ensuring that if B is a neighbourhood base for x ∈ Y ⊆ X

with respect to Y , then {B↑X
Y : B ∈B} is a neighbourhood base of x with respect to X . First,

let us describe some properties of the lift operation.

Proposition III.1.2. Let X be a topological space and let U ⊆V ⊆ Z ⊆ Y ⊆ X be given, where

U ,V is open in Z . Then:

(1) U↑Y
Z = Y \Z \U .

(2) U↑Y
Z ⊆V ↑Y

Z .

(3) U↑Y
Z =U↑X

Z ∩Y .

Proof. First, note that Y \Z \U is open in Y and Z ∩ (Y \Z \U ) = Z \Z \U
Z = U since U is

open in Z . Thus Y \Z \U ⊆ U↑Y
Z by definition. However, U↑Y

Z ⊆ Y and U↑Y
Z ∩ (Z \U ) =
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(U↑Y
Z ∩Z )\U =;. Since U↑Y

Z is open in Y , it follows that U↑Y
Z ⊆ Y \Z \U

Y = Y \Z \U . There-

fore U↑Y
Z = Y \Z \U .

From this, we immediately get

U↑Y
Z = Y \Z \U ⊆ Y \Z \V =V ↑Y

Z ,

U↑Y
Z = Y \Z \U = (X \Z \U )∩Y =U↑X

Z ∩Y .

Definition III.1.3 (Regular open and semi-regular). Let X be a topological space and let

U ⊆ X be given such that U
◦ = U . Then we say that U is a regular open set. If a point

x ∈ X has a neighbourhood base consisting of regular open subsets, then we say that x is

semi-regular. If every point of x is semi-regular, then we say that X is semi-regular.

Lemma III.1.4. Let X be a topological space and let Y ⊆ X be dense, U ⊆ X be regular open.

Then U = X \Y \U = (U ∩Y )↑X
Y .

Proof. Since Y is dense, V =V ∩Y for all open V ⊆ X . Thus

X \U = X \U
◦ = X \U = Y \U ⊆ Y \U ⊆ X \U .

Therefore by the previous proposition, U = X \Y \U = (U ∩Y )↑X
Y .

Now we define a ‘weak-closure’ of a space, which is an upper bound for superspaces

such that neighbourhood bases lift, for a fixed point.

Definition III.1.5 (Weak closure). Let X be a topological space and let Y ⊆ X , x ∈ Y be

given. Then we define the weak closure of Y with basepoint x (with respect to X ) to be

LX
x (Y ) := N X

x ∪
⋃

U∈N Y
x

Y \U .
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If the ambient space X is unambiguous, then we will dispense with the superscript.

Theorem III.1.6. Let X be a topological space and let x ∈ Y ⊆ Z ⊆ X be given. Let B be a

neighbourhood base of x with respect to Y and define B↑ := {B↑Z
Y : B ∈B}.

(1) If B↑ is a neighbourhood base of x with respect to Z then Z ⊆ Lx(Y ).

(2) If x is semi-regular in X and Z ⊆ Y ∪N X
x then B↑ is a neighbourhood base of x with

respect to Z .

(3) If x is semi-regular in X then Lx(Y ) = Y ∪N X
x .

Proof.

(1) Suppose B↑ is a neighbourhood base of x with respect to Z and let z ∈ Z \N X
x be

given. Then there exists a U ∈N X
x such that z ∉U and so there exists a B ∈ B such

that B↑Z
Y ⊆U . Thus z ∈ Z \B↑Z

Y = Y \B ⊆ Lx(Y ) and therefore Z ⊆ Lx(Y ).

(2) Assume x is semi-regular with respect to X and Z ⊆ Y ∪N X
x . Define W := Y ∪N Z

x ,

which is dense in Z , and let U ∈N X
x be regular-open, so there exists a B ∈ B such

that B ⊆U ∩Y . Then B ∪N Z
x ⊆ (U ∩Y )∪N Z

x =U ∩W , so by the previous lemma

B↑Z
Y = Z \Y \B ⊆ Z \W \(B ∪N Z

x ) ⊆ Z \W \(U ∩W ) = (U ∩W )↑Z
W =U ∩Z .

Therefore B↑ is a neighbourhood base of x with respect to Z .

(3) By applying (2) to Z = Y ∪N X
x , it follows from (1) that Y ∪N X

x = Lx(Y ).

Applying this to spokes and spoke systems, we see that in semi-regular spaces we can

take the spokes in a system to be closed. We denote the collection of closed spokes of a
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point x by SpX (x), removing the subscript if the surrounding space is unambiguous. The

following theorem summarises the characterisation theorems for semi-regular points:

Theorem III.1.7. Let x be a semi-regular point in a topological space X .

(1) If S is a spoke of x then S is a spoke of x and χS(x) =χS(x).

(2) If S is a spoke system of x then {S : S ∈S} is a spoke system of x.

(3) Let S ⊆ Sp(x) be given such that for all T ∈ Sp(x), there exists an S ∈ S such that

T ⊆x S. Then S is cofinal.

(4) If Y ⊆ X and x ∈ Y then x is radial in Y if and only Y ⊆x
⋃S for all cofinal collections

S of closed spokes of x in X .

(5) The following are equivalent:

(a) x is radial.

(b) Sp(x) is a spoke system of x.

(c) x has a closed spoke system.

(d)
⋃S ∈N X

x for all cofinal collections S of closed spokes of x.

Proof.

(1) Let S be a spoke of x, so by Corollary I.3.26 and Theorem I.3.25, there exists a well-

ordered neighbourhood base B of x with respect to S, whose cardinality is χS(x).

Without loss of generality, assume that all elements of B are open. Then by the pre-

vious theorem and Proposition III.1.2, {B↑S
S : B ∈B} is a well-ordered neighbourhood
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base of x with respect to S. As N X
x ⊆ S ⊆ S, it follows that S is also a spoke of x. Fur-

thermore, χS(x) ≤ |B| =χS(x) and since S ⊆ S, it follows that χS(x) =χS(x).

(2) Let S be a spoke system of x and define T := {S : S ∈ S}. Select (UT )T∈T from

(N T
x )T∈T. Then U := ⋃

S∈S(US ∩S) ⊆ ⋃
T∈TUT and U ∈N X

x . Therefore T is a spoke

system of x.

(3) Let S ∈ Sp(x) be given, so by (1) S ∈ Sp(x) and hence there exists a T ∈ S such that

x ∉ S\T ⊇ S\T . Therefore S is cofinal.

(4) Let Y ⊆ X be given such that x ∈ Y , and suppose that Y ⊆x
⋃S for all cofinal collec-

tionsS of closed spokes of x with respect to X . We aim to show that SpY (x) is a spoke

system of x with respect to Y . Select (US)S∈SpY (x) from (N S
x )S∈SpY (x), so there exists a

selection (VS)S∈SpY (x) from N X
x such that US =VS ∩S. Then {VS∩Y ∩S : S ∈ SpX (x)} is

a cofinal collection of spokes of x in X , so there exists a W ∈N X
x such that

W ∩Y ⊆
⋃

S∈SpX (x)

(VS∩Y ∩S) ⇒W ∩Y ⊆
⋃

S∈SpX (x)

(VS∩Y ∩S ∩Y ) =
⋃

S∈SpY (x)

US .

Therefore as W ∩Y ∈N Y
x , it follows that SpY (x) is a spoke system of x with respect

to Y and hence x is radial in Y . The converse follows from Theorem II.2.22.

(5) By applying (2) and (3) to Theorem II.2.7 and noting that X ⊆x A if and only if A ∈N X
x

for any A ⊆ X , (4) is proven.

In the next section we will be considering locally-compact, non-compact, Hausdorff

spaces exclusively. However, we do not necessarily have a spoke system that is both closed

and almost-independent, even for compact Hausdorff spaces.
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We need to introduce some more notation: we denote the one-point compactification

of a space X by αX , with its point-at-infinity denoted by ?. Also, let K(X ) denote the set

of compact subsets of a topological space X .

In Theorem II.4.5 we found equivalent conditions for when the finite product of radial

points is again radial in the product space. The next theorem shows that the property of

the one-point compactification being radial at infinity is preserved by products of locally-

compact Hausdorff spaces.

Theorem III.1.8. Let (Xi )i∈I be a non-empty family of locally-compact Hausdorff spaces

such that αXi = Xi ∪ {?i } is radial at ?i for all non-compact Xi . If X := ∏
i∈I Xi is non-

compact and locally-compact5 then αX = X ∪ {?} is radial at ?.

Proof. Assume X is non-compact and locally-compact and define

F := {i ∈ I : Xi is non-compact},

which is finite and non-empty Let A ⊆ X be given such that ? ∈ A
αX

and suppose for all

i ∈ F,?i ∉ πi [A]
αXi , so πi [A]

Xi is compact. Then A ⊆ ⋂
i∈F π

−1
i

[
πi [A]

Xi ] which is compact

and thus we have a contradiction. Therefore there exists an i ∈ F such that ?i ∈ πi [A]
αXi .

As αXi is radial at ?i , there exists a transfinite sequence t in A such that πi ◦ t →?i .

Let K ∈K(X ) be given. Then πi [K ] is compact, so there exists α ∈ len(t ) such that for

all β ∈ [α, len(t )),πi (t (β)) ∉ πi [K ] and hence t (β) ∉ K . Therefore t → ? and ? is radial in

αX .
5Which only occurs precisely only a non-zero, finite number of factors is non-compacts - see [Eng89,

Theorem 3.3.13].
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Theorem III.1.9. There exists a compact Hausdorff space X and a radial point x ∈ X with

no closed, almost-independent spoke system.

Proof. Define X := α(ω1 ×ω2) and note that for all K ∈ K(ω1 ×ω2),πω1 [K ],πω2 [K ] are

bounded in ω1,ω2 respectively, and hence K ⊆ α×β for some α < ω1 and β < ω2. In

particular, every σ-compact subset of ω1 ×ω2 has compact closure, i.e. ? is a p-point.6

Observe that X is radial at ? by the previous theorem since αω1
∼=ω1 +1 and αω2

∼=ω2 +1

are radial.

Assume there exists a closed, almost-independent spoke system S for ? and define

Λ := {λ<ω2 : cf(λ) =ω1}. We claim that for all λ ∈Λ, there exists an αλ <ω1, a βλ < λ and

an Sλ ∈S such that [αλ,ω1)× [βλ,λ) ⊆ Sλ. Before proving this claim, we will show how it

allows us to derive a contradiction.

Suppose that {Sλ : λ ∈ Λ} is uncountable and pick f : ω1 → Λ strictly increasing such

that for all distinct α,β<ω1,S f (α) 6= S f (β). Define λ := sup(ran( f )) ∈Λ. Then f is cofinal in

λ, so there exists a γ<ω1 such that f (γ) >βλ. Thus for all δ ∈ [γ,ω1),

[max(α f (δ),αλ),ω1)× {max(β f (δ),βλ)} ⊆ S f (δ) ∩Sλ.

Hence ? ∈ (S f (δ) ∩Sλ)\{?}. Since S is almost-independent, it follows that S f (δ) = Sλ and

in particular S f (γ) = S f (γ+1), which is a contradiction. Therefore {Sλ : λ ∈ Λ} is countable

and so there exists an L ⊆Λ of cardinality ℵ2 such that Sλ = Sµ for all λ,µ ∈ L. As each Sλ

contains anω1-sequence converging to?, it follows from Corollary I.3.28 that χSλ(?) =ℵ1.

However, since L is unbounded inΛ, |Smin(L)| = ℵ2 and any injectiveω2-sequence in Smin(L)

6A point x in a topological space is a p-point if countable intersections of neighbourhoods of x are again
a neighbourhood. Equivalently, p(x) ≥ℵ1.

126



converges to ?, which is a contradiction again by Corollary I.3.28. Therefore ? does not

have a closed, almost-independent spoke system.

We now prove our claim. Fix a λ ∈Λ and let t : ω1 → ω1 ×λ be given such that t → ?.

Then ? ∈ ran(t ) and thus by Theorem II.1.13 there exists an S ∈S such that ? ∈ ran(t )∩S.

Since ? is a p-point, it follows that ran(t )∩S is uncountable.

Now let h : ω1 → λ be cofinal, strictly increasing and continuous. Define for all α <

ω1, t (α) := (α,h(α)). Then t → ?, so by the work above there exists an Sλ ∈ S such that

ran(t )∩ Sλ is uncountable. Define A := πω1 [ran(t )∩ Sλ] and suppose that for all α < ω1,

there exists an xα ∈ ([α,ω1) × [h(α),λ))\Sλ. Then (xα)α<ω1 → ?, so again there exists a

T ∈S such that B := πω1 [{xα : α < ω1}∩T ] is uncountable. Since {xα : α < ω1}∩Sλ = ;,

it follows that T is distinct from Sλ, so (Sλ ∩T )\{?} has compact closure in ω1 ×ω2. In

particular its projection onto ω1 is bounded.

Let β < ω1 be given. As λ has uncountable cofinality, A′∩B ′ is a club in ω1, where C ′

is defined to be the set of limit points of C ⊆ω1. Let γ ∈ [β,ω1)∩ A′∩B ′ be given, so there

exist strictly increasing sequences (δn)n<ω ⊆ A, (εn)n<ω ⊆ B with supremum γ. Then by

the continuity of h,

(γ,h(γ)) ∈ {(δn ,h(δn)) : n <ω} ⊆ ran(t )∩Sλ ⊆ Sλ.

Moreover, for each n < ω there exists an αn < ω1 such that xαn ∈ T and πω1 (xαn ) = εn .

Therefore, since λ is sequentially compact (by virtue of being an ordinal with uncountable

cofinality), there exists a subsequence of (πω2 (xαn ))n<ω that converges to some ordinal

θ < λ, and thus (γ,θ) ∈ {xα :α ∈ B}∩T ⊆ T . Hence γ ∈ πω1 [(Sλ ∩T )\{?}]. But this then

127



shows thatπω1 [(Sλ∩T )\{?}] is unbounded, which is a contradiction. Therefore there exists

an αλ < ω1 such that [αλ,ω1)× [h(αλ),λ) ⊆ Sλ. By defining βλ := h(αλ), we conclude the

proof of our claim and the theorem.

III.2 Compactifications

For this section, we assume (unless otherwise stated) that our spaces are locally-compact,

non-compact and Hausdorff. We will use our characterisations from the previous section

to characterise radiality in compactifications, starting with one-point compactifications.

III.2.1 One-point compactifications

Using closed spokes, we can reflect radiality of compactifications down to the structure

of the compact subsets of X . We first show considering the points in the remainder is

sufficient.

Lemma III.2.1. Let X be a topological space, U ⊆ X be open. If U is radial and X is radial

at every point outside U then X is radial.

Proof. Let u ∈U , A ⊆ X be given such that u ∈ A. Then for each open V ⊆ X , if u ∈V then

V ∩ A 6= ;. In particular, for each open V ⊆ U ,V ∩ A 6= ; and so u ∈ A∩U
U

. Thus there

exists a transfinite sequence contained in A ∩U that converges to u and therefore X is

radial at u.

Thus to find radial compactifications, it suffices to find remainders which are radial in
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the whole compactification. If we only require that there is some radial compactification,

the one-point compactification suffices by Theorem I.2.16, since the one-point compacti-

fication is the continuous (and hence closed) image of every compactification, and closed

maps are pseudo-open — see Figure I.2.

Thus we will be investigating when ? is radial in αX . For this, we need to translate

spokes the notions of spokes of ? in αX into the internal language of compact subsets of

X . Note that since ? is not (quasi-)isolated in αX , when considering spokes and spokes

systems of ? we may restrict ourselves to non-trivial ones by Lemma II.2.12. This moti-

vates the following definition.

Definition III.2.2 (Spoke at infinity). Let S ⊆ X be given such that S ∪ {?} is a non-trivial

spoke at ? in αX . Then we say that S is a spoke at infinity of X . We denote the set of

(closed) spokes at infinity by Sp∞(X ) (Sp
∞

(X )).

A collection S⊆ Sp∞(X ) is called a spoke system at infinity if {S ∪ {?} : S ∈S} is a spoke

system of ? in αX . We say that S is closed if it consists of closed spokes at infinity.

Lemma III.2.3. Let S ⊆ X be closed. Then S is a spoke at infinity if and only if S is non-

compact and there exists a cofinal chain in (K(S),⊆).

Proof. Assume S is a spoke at infinity, so there exists a well-ordered neighbourhood base

B of ? in S ∪ {?}. By taking interiors, we can assume that B consists of open sets. Then

{S\B : B ∈ B} is a chain in K(S). Moreover, for all K ∈K(S), there exists a B ∈ B such that

B ⊆ αX \K and so K ⊆ S\B . Therefore {S\B : B ∈ B} is cofinal in (K(S),⊆). Furthermore,

since? is not (quasi-)isolated in S∪{?}, it follows that? ∈ S
αX

and thus S is non-compact.
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Now assume that S is non-compact and there exists a cofinal chain in (K(S),⊆), so by

considering its cofinality, there exists an increasing, cofinal, transfinite sequence (Kα)α<λ

⊆K(S). Then (S∪{?})\Kα is a neighbourhood of? in S for eachα<λ. Let V ⊆αX be open

with? ∈V , so X \V is compact and hence S\V has compact closure in S. Thus there exists

an α< λ such that S\V ⊆ Kα and so (S ∪ {?})\Kα ⊆ S ∩V . Therefore ((S ∪ {?})\Kα)α<λ is a

well-ordered neighbourhood base for ? in S ∪ {?}. Finally, as S is non-compact, ? ∈ S
αX

and hence S ∪ {?} is a non-trivial spoke of ? in αX .

Theorem III.2.4. Let S⊆ Sp
∞

(X ) be given. Then S is a spoke system at infinity if and only

if
⋃

S∈S(S\KS) has co-compact7 interior for every selection (KS)S∈S from (K(S))S∈S.

Proof. By definition, S is a spoke system at infinity if and only if
⋃

S∈SUS ∈N αX
? for every

selection (US)S∈S from (US∪{?}
? )S∈S. SinceαX is compact, this is equivalent to

⋃
S∈S(S\KS)

having co-compact interior in X for all selections (KS)S∈S from (K(S))S∈S.

The following theorem uses just the radiality property to characterise radiality of ? in

αX .

Theorem III.2.5. αX is radial at ? if and only if for all Y ⊆ X with non-compact closure in

X , there exists an S ∈ Sp
∞

(X ) such that S ⊆ Y and Kα = Kα∩S for all α< λ, where (Kα)α<λ

is a cofinal chain in (K(S),⊆).

Proof. Suppose that αX is radial at ? and let Y ⊆ X have non-compact closure in X , so

? ∈ Y . Then by Theorem II.2.2, there exists an injective transfinite sequence t :λ→ Y that

7A subset is co-compact if its complement is compact.
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converges strictly to ?, and by Theorem III.1.7, SαX
t ∈ SpαX (?) and (t [β])β<λ is a cofinal

chain in (K(ran(t )
X

),⊆). Let β<λ be given. Then

t [β] ⊆ t [β]∩Y ⊆ t [β] ⇒ t [β] = t [β]∩Y .

Moreover, ran(t )
X

is non-compact, since ? ∈ ran(t )
αX

.

Now suppose the latter holds and let A ⊆ X be given such that ? ∈ A, so A has non-

compact closure in X . Then there exists an S ∈ Sp
∞

(X ) and a strictly increasing, cofinal

chain (Kβ)β<λ in K(S) such that Kβ = Kβ∩ A for all β< λ. Since S is non-compact, λ must

be a limit ordinal.

Let β < λ be given, so Kβ∩ A = Kβ $ Kβ+1 = Kβ+1 ∩ A and hence there exists an xβ ∈

(Kβ+1\Kβ)∩A. Since ({?}∪(S\Kβ))β<λ is a neighbourhood base for?with respect to S∪{?}

(by the proof of Lemma III.2.3), it follows that (xβ)β<λ converges to ? and is contained in

A. Therefore αX is radial at ?.

Corollary III.2.6. Suppose αX is radial at ?. Then for all A ⊆ X closed and non-compact,

there exists an S ∈ Sp
∞

(X ) contained in A.

Proof. By picking S and (Kα)α<λ from the previous theorem, it follows that Kα = Kα∩ A ⊆ A

for all α<λ and so S =⋃
α<λKα ⊆ A.

The preceding corollary is not surprising when our spokes at infinity are σ-compact,

as we can then take an ω-sequence converging to ?. However, this is an artefact of the

T1 condition implying that finite subsets are closed. If ? is a p-point, then the spokes

will contain closures of countably-infinite subsets, which could be potentially large. Un-
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fortunately, even though this corollary is a more natural condition, it is not equivalent to

radiality at ?.

Theorem III.2.7. There exists a locally-compact, non-compact Hausdorff space such that

for all A ⊆ X closed and non-compact, there exists an S ∈ Sp
∞

(X ) with S ⊆ A, yet αX is not

radial at ?.

Proof. Define the deleted Tychonoff plank to be X := ((ω+1)× (ω1 +1))\{(ω,ω1)} and ob-

serve that αX ∼= (ω+1)× (ω1 +1), so αX is not radial at ? = (ω,ω1) (as noted in the com-

ments after Proposition I.3.30). Let A ⊆ X be closed and non-compact and supposeπω[A∩

(ω× {ω1})] and πω1 [A∩ ({ω}×ω1)] are bounded in ω and ω1 respectively. Then there exists

an n <ω and α<ω1 such that

A ⊆ ((ω+1)× (ω1 +1))\([n,ω]× [α,ω1]) = (n × (ω1 +1))∪ ((ω+1)× (α+1)).

Thus A has compact closure in X , which is a contradiction. Therefore either πω[A ∩ (ω×

{ω1})] is unbounded inω or πω1 [A∩({ω}×ω1)] is unbounded inω1. As {ω}×ω1 andω×{ω1}

are easily seen to be spokes at infinity, it follows that one of A∩ (ω× {ω1}), A∩ ({ω}×ω1) is

a closed spoke at infinity, completing the proof.

Now we translate the ordering on spokes of ? to spokes at infinity.

Definition III.2.8. Let X be a non-compact, locally-compact Hausdorff space. For all

S,T ∈ Sp∞(X ), we define S ≤K T if S\T has compact closure. Observe that for S,T ∈

Sp∞(X ),S ∪ {?} ⊆αX
? T ∪ {?} if and only if S ≤K T . We endow Sp∞(X ) with this quasi-order

and say that a collection S ⊆ Sp∞(X ) is cofinal if it is cofinal in this order, that is, for all

T ∈ Sp∞(X ), there exists an S ∈ Sp∞(X ) such that T ≤K S.
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By translating the characterisation of spoke systems from Theorem III.1.7, we have the

following characterisations of radiality at ?:

Theorem III.2.9. The following are equivalent:

(1) αX is radial at ?.

(2) There exists a collection S ⊆ Sp
∞

(X ) such that
⋃

S∈S(S\KS) has co-compact interior

for every selection (KS)S∈S from (K(S))S∈S.

(3) For every cofinal collection S ⊆ Sp
∞

(X ),
⋃S has co-compact interior.

Proof. The equivalence of (1) and (2) follows Theorem III.2.5, noting that if T is a closed,

non-trivial spoke system of ? in αX , then {T \{?} : T ∈T} is a closed spoke system at infin-

ity, by Lemma II.2.12.

Now observe that for every collection S ⊆ Sp
∞

(X ),S is cofinal in (Sp∞(X ),≤K ) if and

only if {S ∪ {?} : S ∈ S} ⊆ SpαX (?) is cofinal in (SpαX (?),⊆αX
? ). Moreover, for every S ⊆

Sp
∞

(X ),
⋃S has co-compact interior if and only if

⋃
S∈S (S∪{?}) ∈N αX

? . Therefore by The-

orem III.1.7, (1) implies (3). Now suppose (3) and let S be a cofinal collection of closed

spokes of ? in αX and let T ∈ Sp
∞

(X ) be given. Then T ∪ {?} is a closed spoke at infinity,

so there exists an S ∈ S such that T ∪ {?} ⊆αX
? S and thus T ≤K S\{?} and S\{?} is non-

compact. Therefore T := {S\{?} : S ∈ S is non-trivial} ⊆ Sp
∞

(X ) is cofinal, and thus
⋃T

has co-compact interior and
⋃T ⊆⋃

S∈S (S\{?}). Therefore
⋃S ∈N αX

? and so by Theorem

III.1.7, ? is radial in αX .

We conclude this section with an investigation of one-point compactifications of

Mrówka spaces and their spokes at infinity.
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Mrówka spaces

Let A be an infinite almost-disjoint family of subsets of ω; that is, a collection of infinite

subsets ofω such that any two distinct elements intersect finitely. We define a topology on

ω∪A as follows: let each n ∈ω be isolated and for all A ∈A, let {{A}∪(A\F ) : F ∈ [ω]<ℵ0 } be

a neighbourhood base for A. We denote this space by ΨA and call it a Mrówka space.

Observe that it is locally-compact, Hausdorff and non-compact, since A is an infinite,

closed, discrete subset of ΨA. For every countably-infinite set X and every collection C ⊆

P(X ), we define the perpendicular ideal of C to be

C⊥X := {D ⊆ X : C ∩D is finite, for all C ∈ C}.

Also given a collection C and a set D , we define the trace of C on D to be

C↓D := {C ∩D : C ∈ C,C ∩D is infinite}.

Proposition III.2.10. S := {B∪C : B ∈ [A]ℵ0 ,C ∈ (A\B)⊥ω} is a cofinal collection of closed

spokes at infinity for αΨA.

Proof. Let B ∈ [A]ℵ0 ,C ∈ (A\B)⊥ω be given. Then for all A ∈A\B, {A}∪ (A\C ) is an open

neighbourhood of A disjoint from B∪C , so B∪C is closed and countable. We claim that

B∪C is anti-compact, that is, K(B∪C ) = [B∪C ]<ℵ0 . Then we can trivially construct a

countable, cofinal chain in (K(B∪C ),⊆). As B∪C is non-compact (because it contains the

infinite, closed, discrete subset B), this shows that B∪C is a closed spoke at infinity.

Let K ⊆ B∪C be compact, so K ∩A is finite since A is closed and discrete in ΨA. If

K ∩ω is infinite then there exists an B ∈ K ∩ω\(K ∩ω) ⊆A. But then B ∈ B and C ∩B is
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infinite, which is a contradiction. Therefore K ∩ω is also finite, so K is finite, proving that

B∪C is anti-compact.

We now show that S is cofinal. Let S ∈ Sp
∞

(ΨA) be given. Define λ := cf(K(S),⊆) and

let (Kα)α<λ be a strictly increasing, cofinal chain in (K(S),⊆). Observe that K∩A is finite for

all K ∈K(ΨA) and thus all such K are countable. As (Kα)α<λ is a strictly increasing chain, it

follows that it also must be countable and hence λ=ω. Therefore S∩A=⋃
n<ω(Kn ∩A) is

countable, so we may pick a B ∈ [A]ℵ0 such that S ∩A⊆B. Define C := S ∩ω and note that

since S is closed, C ∈ (A\S)⊥ω ⊆ (A\B)⊥ω. Hence S ⊆B∪C ∈S and thus S ≤K B∪C .

Theorem III.2.11. Let X ⊆αΨA be given such that ? ∈ X is non-isolated. Then the follow-

ing are equivalent:

(1) X is radial at ?.

(2) X is Fréchet-Urysohn at ?.

(3) S := [A∩X ]ℵ0 ∪ ((A∩X )⊥(X∩ω) ∩ [X ]ℵ0 ) is a closed spoke system at infinity.

(4) (A∩X )↓Y is not m.a.d. for any Y ∈ [X ∩ω]ℵ0 .

Proof. Assume X is radial at? and note that by the previous proposition, S is a collection

of closed spokes at infinity because they are all non-compact. We claim that it is a spoke

system at infinity. Let D ⊆ X \{?} be given such that ? ∈ D
X = D ∩AX ∪D ∩ωX

. If ? ∈

D ∩AX
then there exists a B ∈ [D ∩A]ℵ0 and so ? ∈ BX

. Otherwise, ? ∈ D ∩ωX
, so by

Theorem II.2.2 there exists an injective sequence (xn)n<ω in D ∩ω that converges to ?.

Define C := {xn : n <ω} and let A ∈A be given. Then ({A}∪ A)∩C = A ∩C must be finite,
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so it follows that C ∈ (A∩X )⊥(X∩ω). Thus in any case, there exists an S ∈ S such that

? ∈ D ∩S
X

and therefore by Theorem II.1.13, S is a closed spoke system at infinity. As

each spoke in S is σ-compact, it follows from Theorem II.2.13 that Σrad
X (?) = {ω} and so X

is Fréchet-Urysohn at ?. Therefore (1–3) are equivalent.

Let Y ∈ [X ∩ω]ℵ0 be given and suppose (A∩ X )↓Y is m.a.d., and in particular infinite.

Thus for all finite F ⊆A∩X ,Y \(
⋃F ) is still infinite, so ? ∈ Y

X
. However, for all Z ∈ [Y ]ℵ0 ,

there exists an A ∈ (A∩ X )↓Y such that A ∩ Z is infinite and thus Z is not the range of a

sequence in Y that converges to ?. Therefore ? is not Fréchet-Urysohn in X .

Finally, assume (A∩X )↓Y is not m.a.d. for all Y ∈ [X ∩ω]ℵ0 and let D ⊆ X \{?} be given

such that ? ∈ D
X = D ∩AX ∪D ∩ωX

. If ? ∈ D ∩AX
then D ∩A is infinite, so D ∩A ∈

S. Otherwise, D ∩ω is infinite. Define B := (A∩ X )↓D∩ω. Note that D
X \{?} = B∪D is

non-compact. If B is finite, it follows that E := (D ∩ω)\(
⋃B) is infinite. Otherwise, by

assumption there exists an E ∈ [D ∩ω]ℵ0 such that E ∩B is finite for all B ∈B. In any case,

E ∈ (A∩X )⊥(X∩ω), showing that S is a spoke system at infinity.

III.2.2 Countable core

In [Arh07], Arhangel′skĭı developed the concept of the core of a space and showed that

for non-compact, locally-compact Hausdorff spaces X with countable core, ? is Fréchet-

Urysohn in αX precisely when it has a countable neighbourhood base (see III.2.17). We

will show how the core concept connects with spokes at infinity.

Definition III.2.12. Let X be a topological space and A ⊆ X be given.
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• A is saturated if A is closed and for all C ⊆ X closed and non-compact, A∩C 6= ;.

• A is compact in X from inside if A is open and for all closed C ⊆ X , if C ⊆ A then C is

compact.

Lemma III.2.13 ([Arh07, Lemma 1.7, pg. 626]). Let X be a topological space, A ⊆ X be given.

Then A is saturated if and only if X \A is compact in X from inside.

Definition III.2.14 (Core). Let X be a non-compact, locally-compact Hausdorff space.

Then we define the core of X to be the least cardinality core(X ) of a family of saturated

subsets with empty intersection. Equivalently, core(X ) is the least cardinality of an open

cover of subsets that are compact in X from inside.

As every compact subset of X is compact in X from inside, the core of X is well-defined.

Proposition III.2.15 ([Arh07, Proposition 1.5, pg. 626]). Let Y ⊆ X be closed and non-

compact. Then core(Y ) ≤ core(X ).

We will extend Arhangel′skĭı’s theorem to include the condition ‘αX is radial at ?’ to

the list of equivalent statements. To achieve this, we show how the core of a space interacts

with its closed spokes at infinity.

Lemma III.2.16. Let S ∈ Sp
∞

(X ) be given. Then χS∪{?}(?) = core(S).

Proof. Let (Bβ)β<λ be a well-ordered neighbourhood base of ? with respect to S ∪ {?}. By

Lemma I.3.23, Theorem I.3.24 and Corollary I.3.26, we can assume that λ is regular and

each Bβ is open in S ∪ {?}. Then {S\Bβ :β<λ} is cofinal in (K(S),⊆), so core(X ) ≤λ.
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Let S be a collection of saturated subsets of S with cardinality core(S) such that
⋂S =

;. Assume without loss of generality that S is closed under finite intersection.

Let β<λ be given. As
⋂

S∈S (S ∪ {?}) = {?}, it follows by compactness that there exists a

finite non-empty subset F of S such that
⋂

S∈F (S ∪ {?}) ⊆ Bβ. Define Sβ :=⋂F ∈ S . If λ>

core(S) then by regularity there exists S ∈ S such that Λ := {β < λ : Sβ = S} has cardinality

λ and thus S ⊆ ⋂
β∈Λ(Bβ\{?}) = ⋂

β<λ(Bβ\{?}) = ;, which is a contradiction. Therefore

core(S) =λ.

The equivalence of the last three statements in following theorem is stated in [Arh07,

Corollary 3.17, pg. 633]. We present here a full proof.

Theorem III.2.17. Let X be a non-compact, locally-compact, Hausdorff space with count-

able core. Then the following are equivalent:

(1) αX is radial at ?.

(2) αX is Fréchet-Urysohn at ?.

(3) αX is first-countable at ?.

(4) X is σ-compact.

Proof. It is obvious that the reverse implications hold, so assume that αX is radial at ?.

Then by Proposition III.2.15 and Lemma III.2.16, every closed, non-compact spoke at

infinity S is σ-compact and thus χS∪{?}(?) = ℵ0. Hence by Theorems II.2.16, III.2.4 and

III.2.9, ? is {ω}-radial in αX , i.e. ? is Fréchet-Urysohn in αX .
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Now assume that αX is Fréchet-Urysohn at ? and let U ⊆ X be compact in X from

inside. Suppose U
X

is not compact, so? ∈U
αX

. Then there exists a sequence (xn)n<ω ⊆U

that converges to ?. But then {xn : n < ω} is closed in X and contained in U , and so is

compact, which is a contradiction since ? ∈ {xn : n <ω}. Hence U has compact closure in

X and therefore since X has countable core it is σ-compact.

The equivalence of σ-compactness of X and first-countability of ? in αX is trivial by

[Eng89, Problem 3.1.F(a), pg. 135].

We can obtain a similar implication as (2) implies (4) in the above theorem for arbitrary

cores — however, this requires? to be independently-based inαX . Under this hypothesis,

we prove that χαX (?) = core(X ), i.e. if we take an open cover of X of cardinality core(X )

consisting of subsets that are compact in X from inside, we cannot improve upon taking

compact sets.

Lemma III.2.18. core(X ) ≤χαX (?).

Proof. Let B be a closed neighbourhood base of ? with respect to αX and define S :=

{B\{?} : B ∈B}. Then for every closed and non-compact C ⊆ X ,? ∈C
αX

and thus (B\{?})∩

C 6= ; for every B ∈ B. Therefore S is a collection of saturated subsets of X with empty

intersection and thus core(X ) ≤χαX (?).

Theorem III.2.19. Suppose αX is independently-based at ?. Then core(X ) =χαX (?).

Proof. Let S be an independent spoke system of ? with respect to αX . By Lemma II.2.12

we can assume that S is non-trivial. Then by Lemma III.2.16, Proposition III.2.15 and
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Theorem III.1.7,

χS∪{?}(?) =χ
S

X ∪{?}
(?) = core(S

X
) ≤ core(X ).

Hence by Theorems II.2.10 and II.2.13, ψαX (?) = sup(Σrad
αX (?)) ≤ core(X ). However, by

[Eng89, Problem 3.1.F(a), pg. 135] ψαX (?) = χαX (?), so by the previous lemma χαX (?) =

core(X ).

III.2.3 Finite, countable and ordinal compactifications

We will now investigate larger compactifications, assuming that αX is radial at?. We start

with finite and countable compactifications; in fact, we will demonstrate results for ordi-

nal compactifications — those whose remainder is homeomorphic to some ordinal. Recall

that an ordinal space α is compact if and only if α is a non-limit ordinal [Eng89, Problem

3.12.3(a), pg. 221]. We also obtain conditions for the existence of sequential and pseudo-

radial compactifications.

We can construct the one-point compactification of X by identifying the remainder of

any compactification to a single point (see [Eng89, Theorems 3.5.12 & 3.5.13, pg. 170]). We

will be implicitly using this identification from now on.

The following lemma is fundamental to our study of spaces X where αX is radial at ?:

Lemma III.2.20. Let γX be an ordinal compactification of X and suppose αX is radial at

?. Let t : λ→ X be a transfinite sequence that converges to ? in αX . Then there exists a

subsequence of t that converges to some point in γX \X .

Proof. Pick an ordinal α such that γX \X ∼= α+ 1 and identify γX \X with α+ 1. Assume
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t has no such subsequence, so α must be non-zero. Define λ := len(t ) and suppose there

exists an m <ω, a strictly decreasing sequence of ordinals (βn)n≤m inα+1, and a sequence

of open subsets (Un)n<m of γX such that:

• β0 =α,

• βm > 0,

• Un\X = (βn+1,βn] for all n < m,

• D :=λ\t−1[
⋃

n<m Un] is unbounded.

Then since no subsequence of t converges to βm , there exists an open subset V ⊆ γX such

thatβm ∈V and D\t |−1
D [V ] =λ\t−1[V ∪⋃

n<m Un] is unbounded. Assume [0,βm) ⊆V . Then

U := V ∪⋃
n<m Un is a neighbourhood of γX \X and λ\t−1[U ] is unbounded, which is a

contradiction since t →? in αX . Thus there exists a βm+1 ∈ (0,βm) such that [βm+1,βm] ⊆

V , and furthermore there exists an open subset W ⊆ γX such that (βm+1,βm] = W \X .

Define Um :=V ∩W and note thatλ\t−1[
⋃

n≤m Un] is unbounded, and (βm+1,βm] =Um\X .

Therefore by recursion, we produce a strictly decreasing sequence in α+1, which is a

contradiction. Hence there is a subsequence of t that converges to some point in γX \X .

Using the previous lemma, we now prove several compactification theorems. Recall

that a compactification is finite / countable if it has finite / countable remainder.

Theorem III.2.21. Suppose αX is radial at ? and let ϕX be a finite compactification of X .

Then ϕX is radial on ϕX \X .
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Proof. Let A ⊆ ϕX , z ∈ ϕX \X be given such that z ∈ A
ϕX

and z ∉ A. Since ϕX is a finite

compactification, there exists a closed neighbourhood C ⊆ ϕX such that {z} = C \X , and

thus z ∈ A∩C ∩X
ϕX

. Then ? ∈ A∩C ∩X
αX

, so by radiality there exists a transfinite se-

quence t contained in A ∩C ∩ X that converges to ?. By the previous lemma, t has a

subsequence that converges to some point in ϕX \X . This point must be z, and so ϕX is

radial on ϕX \X .

Corollary III.2.22. If αX is radial then every finite compactification of X is radial.

Proof. This follows from the previous theorem and Lemma III.2.1.

We now show how we can obtain sequential and pseudoradial compactifications. As

both proofs are similar, we define some new notation to simplify matters.

Definition III.2.23 (Λ-pseudoradial). Let X be a topological space and let Λ be a non-

empty set of regular, non-zero ordinals. Then we say that X is Λ-pseudoradial if for every

non-closed A ⊆ X , there exists an x ∈ A\A and a transfinite sequence t in A such that t → x

and len(t ) ∈Λ.

Thus a space is pseudoradial if it is {regular, non-zero ordinals}-pseudoradial and is

sequential if it is {ω}-pseudoradial. Recall that a countable, compact Hausdorff space is

homeomorphic to an ordinal [Sou04, pg. 351].

Lemma III.2.24. LetΛ be a non-empty set of regular, non-zero ordinals and suppose X isΛ-

pseudoradial and every closed, non-compact subset of X contains a closed spoke at infinity S
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such thatχS∪{?}(?) ∈Λ8. LetγX be a compactification of X withΛ-pseudoradial remainder.

Suppose for every transfinite sequence in X , with length inΛ, that converges to ? in αX has

a subsequence that converges to some point in γX \X . Then γX is Λ-pseudoradial.

Proof. Let A ⊆ γX be non-closed and suppose A ∩ X is not closed in X . Then since X is

Λ-pseudoradial, there is a transfinite sequence in A ∩ X , with length in Λ, that converges

to a point in X \A. Now assume that A ∩ X is closed in X . If A\X is not closed, then since

γX \X isΛ-pseudoradial, there exists a z ∈ A\X
γX

\A and a transfinite sequence contained

in A\X that converges to z, with length in Λ.

Finally, assume that A\X is closed. Then because A is not closed in γX , there exists a

z ∈ A
γX

\A and thus z ∈ γX \(A ∪ X ). As A\X is closed, it follows that there is some closed

neighbourhood C ⊆ γX of z such that C ∩ (A\X ) = ; and so z ∈ A∩C
γX = A∩C ∩X

γX
.

Hence ? ∈ A∩C ∩X
αX

, so A∩C ∩X
X

is closed and non-compact. By assumption, there

exists an S ∈ Sp
∞

(X ) such that S ⊆ A ∩C ∩ X and χS∪{?}(?). Then S ∪ {?} is a non-trivial

spoke of? inαX , so by Corollary I.3.28 there exists a transfinite sequence t in S ⊆ A∩C∩X

that converges to ? in αX with length in Λ. By assumption, there then exists a w ∈ γX \X

and a subsequence u of t that converges to w . As C is closed in γX , it follows that w ∈ C

and so w ∉ A. Therefore γX is Λ-pseudoradial.

Theorem III.2.25. Suppose X is pseudoradial and αX is radial at ?. Then every ordinal

compactification of X is pseudoradial.

Proof. Note that every ordinal is (pseudo)radial by Corollary II.1.15, so by Lemmas III.2.20

8Observe that the second condition is strictly weaker than αX beingΛ-radial at? by Corollary III.2.6 and
Theorem III.2.7.
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and III.2.24, we conclude our proof.

Theorem III.2.26. Let Λ be a set of non-zero regular ordinals with ω ∈Λ and suppose X is

Λ-pseudoradial and every closed, non-compact subset of X contains a closed spoke at infin-

ity S with χS∪{?}(?) ∈Λ. Then every countable compactification of X is Λ-pseudoradial.

Proof. As γX \X is homeomorphic to an ordinal, it is sequential and thusΛ-pseudoradial.

By Lemmas III.2.20 and III.2.24, we conclude our result.

Corollary III.2.27. If X is sequential and every closed, non-compact subset of X contains a

σ-compact, closed spoke at infinity. Then every countable compactification of X is sequen-

tial.

III.2.4 Using small cardinals

In this section, we will use small cardinals to improve the results from the last section.

These are uncountable cardinals bounded above by c := 2ℵ0 . The small cardinals we will

be using are defined below.

Definition III.2.28 (Small cardinals).

• For f , g : ω→ ω, we say that f is eventually bounded by g if {n ∈ ω : f (n) > g (n)} is

finite. We denote this relation by f ≤∗ g . Observe that ≤∗ is a quasi-order on ωω.

The bounding number, denoted by b, is the smallest cardinality of an unbounded

subset of (ωω,≤∗).
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• For A,B ⊆ω, we say that A is almost-contained in B , written A ⊆∗ B , if A\B is finite.

If F is a family of subsets of ω, then a subset P ⊆ ω is a pseudo-intersection of P if

P ⊆∗ F for all F ∈F .

• A family P of infinite subsets of ω has the strong finite intersection property if
⋂F

is infinite for all finite and non-empty F ⊆P . The pseudo-intersection number, de-

noted by p, is the smallest cardinality of a family of infinite subsets of ω with the

strong finite intersection property, yet has no infinite pseudo-intersection.

• A tower is a transfinite sequence (Tα)α<λ of infinite subsets of ω such that Tβ ⊆∗

Tα 6⊆∗ Tβ for allα<β<λ. The tower number, denoted by t, is the smallest cardinality

of a tower with no infinite pseudo-intersection.

All three cardinals b,p,t are well-defined small cardinals - see [Dou84]. Furthermore,

it was proven in [MS15, Theorem 14.1, pg. 58] that p= t. However, in our theorems we will

use the small cardinal that corresponds to the relavent property for our proof.

We also need a ‘not so small’ cardinal:

Definition III.2.29 (Novak number). We define the Novak number, denoted by n, to be the

smallest cardinality of a nowhere-dense cover ofω∗. Recall that a subset A of a topological

space X is nowhere-dense if A
◦ =;.

We recall the following from [BN10]: t< n≤ 2c and it is independent of ZFC whether 2t

is less than or equal to n, or vice versa. Moreover, if we define µ to be the least cardinality

of a compact Hausdorff space that is not sequentially compact, then µ is well-defined and
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max(2t,n) ≤ µ ≤ 2c. Furthemore, under Martin’s axiom p = t = b = c and µ = 2c [Kun11,

Lemma III.3.22, pg. 176].

We now use these cardinals to obtain Fréchet-Urysohn and sequential compactifica-

tions, provided we know that our remainder is already Fréchet-Urysohn and sequential

respectively. The following theorems are similar in spirit and can be summarised by the

following meta-theorem:

We can use conditions that imply certain convergence properties (e.g. sequen-

tiality implying Fréchet-Urysohn, subsequentiality, sequential compactness)

to obtain compactification results.

First, we investigate sequential compactifications:

Theorem III.2.30. Assume X is sequential and every closed, non-compact subset of X con-

tains a σ-compact, closed spoke at infinity. Then every compactification of X with sequen-

tial remainder of cardinality strictly less than µ is sequential.

Proof. Let γX be a compactification of X such that γX \X is sequential and |γX \X | < µ.

Note that if A ⊆ X is a sequence that converges to ? in αX , then A
γX = A ∪ (A

γX
\X ), so

|AγX | < µ and hence is sequentially compact. Therefore by Lemma III.2.24 γX is sequen-

tial.

Theorem III.2.31. Suppose X is sequential, χX (x) < b for all x ∈ X , and every closed, non-

compact subset of X contains a σ-compact, closed spoke at infinity. Let γX be a compactifi-

cation of X such that:
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• γX \X is sequential.

• |γX \X | <µ.

• χγX (y) < b for all y ∈ γX \X .

Then γX is Fréchet-Urysohn.

Proof. By Theorem III.2.30, γX is sequential, so by [BBM13, Proposition 3.4, pg. 534] it

follows that γX is Fréchet-Urysohn, because χX (x) =χγX (x) for all x ∈ X since X is locally-

compact and thus open in γX .

Now we show that certain compactifications of countable spaces are Fréchet-Urysohn.

We first observe some simple facts about sequential-density and sequential-separability:

Definition III.2.32 (Sequentially-dense and sequentially-separable). Let X be a topolog-

ical space, D ⊆ X be given. We say that D is sequentially-dense if every point in X is a

limit of a sequence in D . We say that X is sequentially-separable if it has a countable,

sequentially-dense subset.

Note that if X is countable and γX is a Fréchet-Urysohn compactification, then X is

sequentially-dense in γX and therefore γX is sequentially-separable.

The following theorem is an adaptation of [Dou84, Theorem 6.2, pg. 129], from which

we recall the definition of a subsequential point:

Definition III.2.33 (Subsequential). Let X be a topological space and let x ∈ X be given

such that for all countable A ⊆ X , if x ∈ A then there exists a sequence in A that converges
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to x. Then we say that x is subsequential9. Equivalently, x is subsequential if every se-

quence that clusters at x has a subsequence that converges to x.

Theorem III.2.34. Let X be a topological space and let x ∈ X be given such that χX (x) < p.

Then x is subsequential.

Proof. Let A ∈ [X ]ℵ0 be given such that x ∈ A. If there exists a y ∈ A∩Nx then (y)n<ω→ x, so

suppose Nx ∩A =;. Let B be a neighbourhood base for x with |B| < p. Then {A∩B : B ∈B}

has the strong finite intersection property, so there exists an infinite subset C ⊆ A such

that C ⊆∗ B for all B ∈B. Hence (cn)n<ω→ x for any enumeration {cn : n ∈ω} =C and so x

is subsequential.

Lemma III.2.35. Assume X is countable and let γX be a compactification of X such that

χγX (y) < p for all y ∈ γX \X . Then for all A ⊆ X and every x ∈ A
γX

, there exists a sequence in

A that converges to x.

Proof. As αX is homeomorphic to an ordinal, X is Fréchet-Urysohn. Let A ⊆ X , x ∈ A
γX

be given. If x ∈ X then x ∈ A
X

and so there exists a sequence in A that converges to x. If

x ∉ X then by the previous theorem there exists a sequence in A that converges to x.

Theorem III.2.36. Suppose X is countable and let γX be a compactification of X such that

γX \X is Fréchet-Urysohn and χγX (x) < p for all x ∈ γX \X . Then γX is Fréchet-Urysohn.

Proof. As αX is homeomorphic to an ordinal, X is Fréchet-Urysohn. Let A ⊆ γX , x ∈ A\A

be given. If x ∈ X then there exists a sequence contained in A ∩ X that converges to x.

9Subsequential has also been used for spaces which can be embedded into a sequential space. We will
only use the definition taken from [Dou84] given above.
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Suppose x ∉ X . Then x ∈ A = A∩X ∪A\X . If x ∈ A\X then there exists a sequence in A that

converges to x, since γX \X is Fréchet-Urysohn. Otherwise, by the previous lemma, there

also exists a sequence in A∩X that converges to x. Therefore γX is Fréchet-Urysohn.

III.2.5 Open questions

The focus so far in this section has been on building up compactifications from below,

starting with the one-point compactification and extending results beyond there. The fol-

lowing question is crucial to understanding these compactifications:

Question III.2.37. Does every Tychonoff space that has a radial / Fréchet-Urysohn compact-

ification have a maximal or greatest such compactification? If not, what conditions ensure

its existence?

Question III.2.38. Are any of the bounds in Section III.2.4 strict?

To give a partial answer to Question III.2.37, we require the following simple lemma:

Lemma III.2.39. The infinite T1 quotients of ω+1 are homeomorphic to ω+1.

Proof. Let f : ω+1 → X be a quotient map, so X is compact. Let x, y ⊆ X be distinct, so

f −1[{x}], f −1[{y}] are closed and disjoint. Then either ω ∉ f −1[{x}] or ω ∉ f −1[{y}], so one

of f −1[{x}], f −1[{y}] must be clopen. Therefore if X is infinite it has a unique non-isolated

point x ∈ X . Moreover, we must have x = f (ω) and hence the neighbourhoods of x are

co-finite. Thus X ∼=ω+1.
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Theorem III.2.40. X := (ω+ 1) ×ω1 is a locally-compact, non-compact, first-countable

Hausdorff space with no infinite radial compactification, yet αX is radial. Consequently,

X has no maximal radial compactification.

Proof. Asω+1 is compact,αω1
∼=ω1+1 and both are radial, it follows from Theorem III.1.8

that αX is radial at ?. Furthermore, by Corollary III.2.22, every finite compactification of

X is radial.

Let γX be a compactification of X with infinite remainder, so there exists a continuous

surjection f : P → γX that extends idX . Then f |P\X : P\X → γX \X is a closed surjection

and thus a quotient map. As P\X ∼=ω+1, it follows from the previous lemma that γX \X ∼=

ω+1. Let δ ∈ γX \X be the unique non-isolated point and define A := πω+1[ f −1[{δ}]],B :=

X \(A ×ω1). We claim that δ ∈ B
γX

but no transfinite sequence in B converges to δ, thus

showing that there is no infinite radial compactification of X .

Let U ⊆ γX be an open neighbourhood of δ. If f (ω,ω1) 6= δ then f −1[{ f (ω,ω1)}] is

an open neighbourhood of (ω,ω1) and so contains [n,ω]× {ω1} for some n < ω. But then

f [P\X ] = γX \X is finite, which is a contradiction. Therefore f (ω,ω1) = δ and so there

exists an n <ω and an ε<ω1 such that [n,ω]×[ε,ω1] ⊆ f −1[U ]. Moreover, γX \X is infinite,

so there exists an m ∈ [n,ω] such that f ((m,ω1)) 6= δ and hence (m,ε) ∈U . Thus δ ∈ B
γX

.

Now suppose that there exists a transfinite sequence t in B that converges to δ. Then t

converges to? in αX , so by Lemma III.2.20 there exists an m ≤ω+1 and a subsequence u

of t that converges to (m,ω1) in P . However, by Proposition I.3.30 and following paragraph,

no transfinite sequence in ω×ω1 converges to (ω,ω1) in P . Since f (ω,ω1) = δ, it follows
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that m < ω. Moreover, f ◦u → f ((m,ω1)), so f ((m,ω1)) = δ and hence m ∈ A. But {m}×

(ω1 + 1) is an open neighbourhood of (m,ω1) disjoint from B , which is a contradiction.

Therefore no transfinite sequence in B converges to δ, so γX is not radial, proving our

claim.

Finally, note that by [Eng89, Problem 3.12.20(c), pg. 237] the Tychonoff plank P :=

(ω+1)× (ω1 +1) is the Stone-Čech compactification of X with remainder homeomorphic

to ω+1. Thus X has no maximal finite compactifications — every compactification of X

is obtained by forming a closed partition of ω+1 and any finite, closed partition can be

refined to a larger, finite closed partition. Thus X also has no maximal radial compactifi-

cation.

Any future investigation of the structure of radial / Fréchet-Urysohn compactifications

must seriously consider the following question:

Question III.2.41. Do the radial / Fréchet-Urysohn compactifications form an ideal in the

join-semilattice of compactifications? If not, what conditions ensure this?

III.3 Spectra and dualities

In this section, we apply a few categorial dualities to obtain algebraic characterisations of

radiality. As shown at the start of this chapter, in semi-regular spaces it suffices to consider

closed spokes. As closed subsets pass through the dualities we consider nicely, we will

restrict our attention to semi-regular spaces.
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III.3.1 Ring spectra

Throughout this section, let R be a commutative ring with identity. We first recall some

basic facts about rings, ideals and their spectra — [AM69, Chapter 1] will be our reference

for this material.

Definition III.3.1 (Rings and spectra). A unit is an element r ∈ R such that r s = 1 for some

s ∈ R. We denote the set of units of R by R×.

A subset I ⊆ R is an ideal, written I CR, if it satisfies the following properties:

• 0 ∈ I .

• x + y ∈ I for all x, y ∈ I .

• x y ∈ I for all x ∈ I and y ∈ R.

We say that I is proper if I 6= R.

A proper ideal pCR is called prime if for all r, s ∈ R, if r s ∈ p then either r ∈ p or s ∈ p.

A proper ideal is said to be maximal if it is a maximal with respect to inclusion amongst

all proper ideals of R. The prime and maximal spectra are the collections of all prime /

maximal ideals of R and are denoted by Spec(R) and Max(R) respectively. We note that

Max(R) ⊆ Spec(R).

Define for every subset A ⊆ R,V R (A) = {p ∈ Spec(R) : A ⊆ p}. We will use V R ({r }) instead

of V R (r ) for each r ∈ R, and will dispense with the superscripts if the ring is unambiguous.

Note that by primeness, V (r )∪V (s) = V (r s) for all r, s ∈ R and also V (A) = ⋂
a∈A V (a) for

each A ⊆ R. Therefore {V (A) : A ⊆ R} is the collection of closed subsets of a unique topol-
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ogy on Spec(R) with base {V (r ) : r ∈ R}, which we call the Zariski topology. We implicitly

endow Spec(R) with this topology and consider Max(R) as a subspace of Spec(R).

To study radiality in ring spectra, we ideally want to characterise it using closed spokes

(since these correspond to ideals of the ring) and thus we require the semi-regular ring

spectra. However, we still want non-Hausdorff ring spectra, as ‘most’ ring spectra are not

Hausdorff. To this end, we will construct a non-Hausdorff, semi-regular maximal ring

spectrum.

Wolfgang Rump has characterised maximal spectra of Bézout domains — integral do-

mains such that every finitely-generated ideal is principal. We first need to define the serial

property of a topological space.

Definition III.3.2 (Serial). A collection A of subsets of a topological space X is serial if for

all A,B ∈A and for all x ∈ X , either A ⊆x B or B ⊆x A. We then say that a topological space

is serial if it has a serial base.

Theorem III.3.3 ([Rum14a, Section 4, Theorem 4, pg. 2215]). A topological space X is

homeomorphic to the maximal spectrum of a Bézout domain R if and only if it is compact,

T1 and serial.

We note here some facts that will prove useful:

• [Rum14b, pg. 322] A base B is serial if and only if A\B ∩B\A =; for all A,B ∈B.

• [Rum14a, Section 3, Example 1, pg. 2212] The base {(q,r ) : q ∈ Q,r ∈ R\Q} for R is

serial.
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• [Rum14a, Section 3, Proposition 6, pg. 2211] If B is a serial base for a space X and

Y ⊆ X , then {B ∩Y : B ∈B} is a serial base for Y .

Theorem III.3.4. There exists a second countable, semi-regular, non-Hausdorff space that

is homeomorphic to the maximal spectrum of a Bézout domain.

Proof. Define

α := 1

4
∈

(
0,

1

2

)
∩Q,β := 1p

2
∈

(
1

2
,1

)
\Q,

X := {(0,0), (1,0)}∪
(
[0,1]×

{
1

n
: n ∈N+

})
,

∀n ∈N+,B0,n := {(0,0)}∪
(
[0,β)×

{
1

m
: m ∈N+,m ≥ n

})
,

∀n ∈N+,B1,n := {(1,0)}∪
(
(α,1]×

{
1

m
: m ∈N+,m ≥ n

})
,

B0 := {B0,n : n ∈N+},B1 := {B1,n : n ∈N+},

B2 :=
{

((q,r )∩ [0,1])×
{

1

n

}
: q ∈Q\{0},r ∈R\Q, q < r,n ∈N+

}
.

Then B :=B0∪B1∪B2 is a base for a topology on X , which we endow X with. Note that

every element of B2 is regular-open and for all n ∈N+,

B0,n = {(0,0), (1,0)}∪
(
[0,β]×

{
1

m
: m ∈N+,n ≥ m

})

Hence every element of B0 is also regular-open and similarly so is every element of B1.

Therefore X is semi-regular. Moreover, Nx = {x} for all x ∈ X , so X is T1. However, for all

m,n ∈N+,

(
1

2
,

1

max(m,n)

)
∈ B0,m ∩B1,n ,
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α β

q r

Figure III.1: Basic open subsets of X .

so X is not Hausdorff. To show that X is compact, observe that for every basic open cover

U , there exists n ∈N+ and U0,U1 ∈U such that X \([0,1]× (1/n,1]) ⊆U0 ∪U1, and since the

subspace topology on X ∩ ([0,1]× (1/n,1]) = [0,1]× {1/k : k ∈N+,k ≤ n} is also induced by

the Euclidean metric on R2, it must be compact.

Now note that B2 is serial. Also, for all m,n ∈N+ with m ≤ n,

B0,m\B1,n ∩B1,n\B0,m =
[

{(0,0)}∪
(
[0,α]×

{
1

k
: k ∈N+,k ≥ n

})
∪

(
[0,β]×

{
1

k
: k ∈N+,m ≤ k < n

})]
∩

[
{(1,0)}∪

(
[β,1]×

{
1

k
: k ∈N+,k ≥ n

})]
=;

Thus by fixing U ∈B0 and V ∈B2, we only need to check that U \V ∩V \U =;. By symmetry,
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this will imply that this condition holds also when U ∈B1 and hence that B is serial.

Let q ∈Q\{0},r ∈R\Q,m,n ∈N+ be given and define

V := ((q,r )∩ [0,1])×
{

1

n

}
.

Without loss of generality, assume V 6⊆ B0,m and note that

B0,m ⊆ {(0,0), (1,0)}∪
(
[0,β]×

{
1

k
: k ∈N+,k ≥ m

})
,

V ⊆ ([q,r ]∩ [0,1])×
{

1

n

}
.

Therefore if either m > n or q >β then B0,m ∩V =;, so assume m ≤ n and q ≤β and thus

q <β. As V 6⊆ B0,m , it follows that r >β and hence

B0,m\V ∩V \B0,m ⊆ (
[0,β)\(q,r )∩ ((q,r )∩ [0,1])\[0,β)

)×{
1

n

}
⊆ ([0, q]∩ [β,1])×

{
1

n

}
=;.

Therefore B is serial.

We now characterise the radiality of points in subspaces of X ⊆ Spec(R). It will prove

useful to limit the choices of A ⊆ R witnessing closed subsets C = V (A)∩ X of X . Recall

that for every ideal I CR, there is a natural bijection between

{J CR : I ⊆ J } ←→ {J CR/I } (∗)

given by sending J CR with I ⊆ J to J/I . Furthermore, this correspondence restricts to

a bijection between V R (I ) and Spec(R/I ) and also to a bijection between V R (I )∩Max(R)

and Max(R/I ).
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Definition III.3.5 (X -radical). Let X ⊆ Spec(R) and A ⊆ R be given. Then we define the

X -radical of A to be rX (A) := ⋂
(V (A)∩ X ). As an intersection of ideals is again an ideal,

rX (A)CR. Of course, if this intersection is empty then we take rX (A) to be R. We denote

rSpec(R)(A) by r (A) and rMax(R)(A) by rM(A).

We say that an ideal I CR is X -radical if I = rX (I ).

Proposition III.3.6. Let A ⊆ R, X ⊆ Spec(R) be given. Then:

(1) V (A)∩X =V (rX (A))∩X .

(2) rX (A) is X -radical.

Proof. First, note that A ⊆ rX (A) for all A ⊆ R and by definition of rX (A), an ideal p ∈ X ex-

tends A if and only if it extends rX (A). Therefore V (A)∩X =V (rX (A))∩X and rX (rX (A)) =

rX (A).

We can characterise the radicals and max-radicals of ideals using (∗) and the nilradical

and Jacobson radical of rings, defined below.

Definition III.3.7 (Nilpotent and nilradical). Let R be a ring and n ∈ R be given. Then we

say that n is nilpotent if there exists an m ∈N such that nm = 0R . We define the nilradical

of R to be the set of nilpotent elements of R and denote it by N(R).

Definition III.3.8 (Jacobson radical). Let R be a ring and defineR(R) to be the intersection

of all maximal ideals of R. We call R(R) the Jacobson radical of R. Observe that R(R) =

rM({0}).

Proposition III.3.9 ([AM69, Proposition 1.8, pg. 5]). Let R be a ring. Then N(R) = r ({0}).
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Proposition III.3.10 ([AM69, Proposition 1.9, pg. 6]). Let R be a ring. Then

R(R) = {r ∈ R : ∀s ∈ R,1− r s ∈ R×}.

Corollary III.3.11. Let R be a ring and let I CR be given. Then:

(1) r (I ) = {r ∈ R : r n ∈ I for some n ∈N}. [AM69, Chapter 1, Proposition 1.14]

(2) rM(I ) = {r ∈ R : ∀s ∈ R,∃t ∈ R such that (1− r s)t −1 ∈ I }.

Proof. By (∗) and the two previous propositions,

r (I ) = {r ∈ R : r + I ∈N(R/I )}

= {r ∈ R : (r + I )n = r n + I = I for some n ∈N}

= {r ∈ R : r n ∈ I for some n ∈N},

rM(I ) = {r ∈ R : r + I ∈R(R/I )}

= {r ∈ R : ∀s ∈ R,∃t ∈ R such that ((1+ I )− (r + I )(s + I ))(t + I ) = 1+ I }

= {r ∈ R : ∀s ∈ R,∃t ∈ R such that (1− r s)t −1 ∈ I }.

We now translate the characterisation of radiality given in Theorem III.1.7 into ring-

theoretic language. First, we need to describe the neighbourhood core and spokes of

points in a subspace of Spec(R).

Lemma III.3.12. Let X ⊆ Spec(X ),p ∈ X be given. Then

N X
p = {q ∈ X : q ⊆ p}.
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Proof. By definition,

NSpec(R)
p =

⋂
N Spec(R)

p

= {q ∈ Spec(R) : ∀U ∈N Spec(R)
p ,q ∈U }

= {q ∈ Spec(R) : p ∈ qSpec(R)}.

By [AM69, Chapter 1, Exercise 18], qSpec(R) = V (q) for all q ∈ Spec(R), so it follows that

NSpec(R)
p = {q ∈ Spec(R) : q ⊆ p}. We conclude this proof by applying Lemma I.3.9.

Thus in our notation, the T1-points of prime spectra are the minimal prime ideals.

Lemma III.3.13. Let X be a topological space, x ∈ X be well-based and let B be a neigh-

bourhood base for x. Then there exists a well-ordered neighbourhood base (Bα)α<λ of x

contained in B.

Proof. As x is well-based, by Lemma I.3.23 and Theorem I.3.24, there exists a well-ordered

neighbourhood base (Aα)α<λ of x such that λ is regular and p(x) ≥λ.

Let γ<λ be given and let (αβ)β<γ be a strictly increasing sequence in λ and let (Bβ)β<γ

be a transfinite sequence in B such that:

• For all β< γ,Bβ ⊆ Aαβ .

• For all β< γ with β+1 < γ, Aαβ+1 ⊆ Bβ.

Then since p(x) ≥λ, there exists a Bγ ∈B such that Bγ ⊆
⋂
β<γ Aαβ and hence by regularity

there exists an αγ < λ such that Aαγ ⊆ Bβ and αγ > sup(αβ : β < γ). Therefore by recur-

sion, there exists a transfinite sequence (Bα)α<λ in B such that Bβ ⊆ Bα for all α < β < λ
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and for all α < λ, there exists a β < λ such that Bβ ⊆ Aα. Thus (Bα)α<λ is a well-ordered

neighbourhood base of x.

Lemma III.3.14. Let X ⊆ Spec(R),p ∈ X be given and let I be an ideal of R contained in p.

Then V (I )∩ X is a well-based at p if and only if there exists a transfinite sequence (xα)α<λ

in R\p such that:

(1) For all α<β<λ, xβ ∈ rX (I ∪ {xα}).

(2) For every y ∈ R\p, there exists a γ<λ such that xγ ∈ rX (I ∪ {y}).

Proof. Firstly, we note that for x, y ∈ R, if x ∈ rX (I ∪ {y}) then rX (I ∪ {x}) ⊆ rX (I ∪ {y}).

Suppose we have a transfinite sequence (xα)α<λ with these properties and define for all

α<λ,Uα := (V (I )∩X )\V (xα), which is a neighbourhood of p with respect to V (I )∩X . Let

α < β < λ be given, so in particular rX (I ∪ {xβ}) ⊆ rX (I ∪ {xα}), and hence by Proposition

III.3.6

(V (I )∩X )∩V (xα) =V (I ∪ {xα})∩X

=V (rX (I ∪ {xα}))∩X

⊆V (rX (I ∪ {xβ}))∩X

=V (I ∪ {xβ})∩X

= (V (I )∩X )∩V (xβ).

Therefore Uβ ⊆Uα.
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Now let W ⊆ X be an open neighbourhood of p, so there exists y ∈ R\p such that

X \V (y) ⊆W . Then there exists γ<λ such that rX (I ∪ {xγ}) ⊆ rX (I ∪ {y}) and hence

V (I )∩V (y)∩X =V (I ∪ {y})∩X

=V (rX (I ∪ {y}))∩X

⊆V (rX (I ∪ {xγ}))∩X

=V (I ∪ {xγ})∩X

=V (I )∩V (xγ)∩X

⇒Uγ = (V (I )∩X )\V (xγ)

⊆ (V (I )∩X )\V (y)

⊆V (I )∩X ∩W.

Therefore {Uγ : γ<λ} is a well-ordered neighbourhood base for p with respect to V (I )∩X .

Now suppose that p is well-based in V (I ) ∩ X . Then by the previous lemma, since

{(V (I )∩X )\V (x) : x ∈ R\p} is a neighbourhood base of p with respect to V (I )∩X , there ex-

ists a transfinite sequence (xα)α<λ in R\p such that ((V (I )∩X )\V (xα))α<λ is a well-ordered

neighbourhood base of x with respect to V (I )∩X . Moreover, for all α<β<λ,

V (I ∪ {xα})∩X =V (I )∩V (xα)∩X ⊆V (I )∩V (xβ)∩X =V (I ∪ {xβ})∩X

⇒ xα ∈ rX (I ∪ {xα}) ⊆ rX (I ∪ {xβ}).

Finally, let y ∈ R\p be given, so (V (I )∩ X )\V (y) is a neighbourhood of p with respect to
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V (I )∩X . Then there exists a α<λ such that

(V (I )∩X )\V (xα) ⊆ (V (I )∩X )\V (y)

⇒V (I ∪ {y})∩X =V (I )∩V ({y})∩X ⊆V (I )∩V (xα)∩X =V (I ∪ {xα})∩X

⇒ xα ∈ rX (I ∪ {xα}) ⊆ rX (I ∪ {y}).

Thus, if p ∈ X ⊆ Spec(R) and LCR is such that V (L)∩X ∈ SpX (p), then we can view L as

‘lineariser’ of p in the sense that p/L has a linear structure (or rather (R/L)\(p/L) has such

a structure, given by the previous lemma) in R/L.

Definition III.3.15 (Lineariser). Let R be a ring and let X ⊆ Spec(R),p ∈ X be given. An

X -radical ideal L contained in p is called an X -lineariser of p if V (L)∩ X is a spoke of p.

Note that by Lemma III.3.12, we must have L ⊆ q for every q ∈ X with q ⊆ p. We denote the

collection of X -linearisers of p by LinX (p).

If X = Spec(R) we refer to X -linearisers as prime linearisers and if X = Max(R) then

we call them maximal linearisers. We write Lin(p),LinM(p) for LinSpec(R)(p),LinMax(R)(p)

respectively.

Observe that by Proposition III.3.6, if S is a closed spoke of p ∈ X ⊆ Spec(R) with respect

to X , there is a unique lineariser L of p with respect to X such that S =V (L)∩X .

To utilise the ‘cofinal’ characterisation of radiality, we also need to translate the locally-

contained ordering:

Lemma III.3.16. Let X ⊆ Spec(R),p ∈ X , I , J CR be given. Then V (I )∩X ⊆X
p V (J )∩X if and

only if there exists an x ∈ R\p such that rX (x J ) ⊆ rX (I ).10

10x J := {x j : j ∈ J }CR.
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Proof. Suppose V (I )∩X ⊆X
p V (J )∩X , so there exists an x ∈ R\p such that

(V (I )∩X )\V (x) ⊆V (J )∩X

⇒V (I )∩X ⊆ (V (J )∪V (x))∩X =V (x J )∩X

⇒ rX (x J ) ⊆ rX (I ).

Now suppose there exists an x ∈ R\p such that rX (x J ) ⊆ rX (I ). Then by Proposition III.3.6,

(V (J )∪V (x))∩X =V (x J )∩X =V (rX (x J ))∩X ⊇V (rX (I ))∩X =V (I )∩X

⇒ (V (I )∩X )\V (x) ⊆ (V (J )∩X )\V (x).

Since X \V (x) ∈N X
p , it follows that V (I )∩X ⊆X

p V (J )∩X .

Definition III.3.17. Let R be a ring and let X ⊆ Spec(R),p ∈ X be given. Let I , J CR be

X -radical. Then we write I vX
p J if and only if there exists an x ∈ R\p such that x J ⊆ rX (I ).

Since I is X -radical, by the previous lemma this is equivalent to V (I )∩X ⊆X
p V (J )∩X .

If L is a collection of X -linearisers of p ideals, then we say that L is X -cofinal at p if

for every X -lineariser K of p, there exists an L ∈L such that K vX
p L; that is, L is cofinal in

(LinX (p),vX
p ).

Thus by the previous lemma and the observation preceding it, the following is an

order-isomorphism:

(LinX (p),vX
p ) → (SpX (p),⊆X

p ), (†)

L 7→V (L)∩X .

Now we are in a position to translate Theorem III.1.7.
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Theorem III.3.18. Let R be a ring, X ⊆ Spec(R),p ∈ X be given such that p is semi-regular

in X . Then the following are equivalent:

(1) p is a radial in X .

(2) There exists a non-empty collectionL of X -linearisers of p such that for every selection

(xL)L∈L from R\p, there is some y ∈ R\p such that for every q ∈ X , either y ∈ q or

xL ∉ q ⊇ L for some L ∈L.

(3) For every selection (xL)L∈LinX (p) from R\p, there is some y ∈ R\p such that for every

ideal q ∈ X , either y ∈ q or xL ∉ q ⊇ L for some L ∈ LinX (p).

(4) For every collection L⊆ LinX (p) that is X -cofinal at p, there is some x ∈ R\p such that

for every q ∈ X , either x ∈ q or L ⊆ q for some L ∈L.

Proof. Let L be a non-empty set of X -linearisers of p with the property stated in (2). We

claim that S := {V (L)∩ X : L ∈ L} is a spoke system of p with respect to X . First, note

that from Proposition III.3.6, if L1,L2 ∈ L are distinct then V (L1)∩ X 6= V (L2)∩ X . Select

(UL)L∈L from N X
p , so there exists a selection (xL)L∈L from R\p such that X \V (xL) ⊆UL for

each L ∈L. Then there exists an y ∈ R\p such that X ⊆V (y)∪⋃
L∈L((V (L)∩X )\V (xL)) and

hence ⋃
L∈L

(UL ∩ (V (L)∩X )) ⊇
⋃

L∈L
((V (L)∩X )\V (xL)) ⊇ X \V (y) ∈N X

p .

Therefore S is a closed spoke system of p with respect to X .

Now let T be a closed spoke system of p with respect to X , so by Proposition III.3.6

there exists a selection (LT )T∈T from LinX (p) such that T = V (LT )∩ X for every T ∈ T.
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Figure III.2: The universal property of the Stone-Čech compactification.

Observe that for distinct T1,T2 ∈ T,LT1 6= LT2 . Define L := {LT : T ∈ T} and select (xT )T∈T

from R\p. Then (T \V (xT ))T∈T is a selection from (N T
p )T∈T, so U :=⋃

T∈T(T \V (xT )) ∈N X
p .

Thus there exists an y ∈ R\p such that X \V (y) ⊆U and hence X ⊆ V (y)∪U . Therefore L

has the property given in (2).

Applying Theorem III.1.7 to the translations above and by the definition of lineariser,

we see that (1–3) are equivalent. Finally, by Theorem III.1.7 and the isomorphism (†), (1)

and (4) are equivalent.

Rings of continuous functions

Recall that the Stone-Čech compactification of a Tychonoff space X is a compact Hausdorff

space βX and a dense embedding β : X → βX with the property that if Y is a compact

Hausdorff space and f : X → Y is continuous, then there exists a unique continuous map

β f :βX → Y such that β f ◦β= f . Usually we think of X as a subspace of βX and β as the

inclusion map.

There are several approaches to proving the existence of the Stone-Čech compactifi-
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cation. One is to take the supremum over all compactifications [Eng89, Theorem 3.5.9,

pg. 169]. However, we can also construct it explicitly — this is the approach taken in

[GJ60, 6.5, pg. 86–8] and [GJ60, 7.10–11, pg. 105–6]. The former constructs βX using z-

ultrafilters, whilst the latter essentially shows that βX ∼=Max(C∗(X )), where C∗(X ) is the

ring of bounded, continuous real-valued functions on X with pointwise algebra opera-

tions. The embedding is defined as

β : X →Max(C∗(X )),

x 7→ { f ∈C∗(X ) : f (x) = 0}.

Moreover, Max(C∗(X )) ∼=Max(C∗(βX )); the isomorphism is given as

Max(C∗(X )) →Max(C∗(βX )),

m 7→ {β f : f ∈ m}.

In fact, the maximal ideals of C∗(X ) are of the form mp := { f ∈C∗(X ) : (β f )(p) = 0}, where

p ∈βX [GJ60, Theorem 7.2, pg. 101].

By applying the previous theorem to the ring C∗(X ), we obtain an algebraic character-

isation of radial points in βX . Of course, βX ∼= Max(C (X )) also [GJ60, 7.11, pg. 105] but

here we only focus on C∗(X ) to simplify matters. There are several descriptions of the

max-radical of ideals; we quote a few below.

Theorem III.3.19. [GJ60] Let X be a Tychonoff space, ICC∗(X ) be given. Then the following

are equivalent:

(1) I is an intersection of maximal ideals, i.e. I is max-radical.
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(2) I is closed in C∗
u (X ), the space C∗(X ) endowed with the uniform norm topology.

(3) I is an e-ideal; that is, given f ∈C∗(X ), if for every ε> 0 there exists a g ∈ I and δ> 0

such that f −1[[−ε,ε]] = g−1[[−δ,δ]], then f ∈ I .

Proof.

(1) ⇒ (3): By [GJ60, Problem 2L.4 & 2L.9, pg. 33], every maximal ideal is an e-ideal and

every intersection of e-ideals is again an e-ideal.

(2) ⇒ (1): [GJ60, Problem 6A.2, pg. 93].

(3) ⇒ (2): [GJ60, Problem 2M.5, pg. 34].

Since the max-radical of an ideal is the smallest max-radical ideal containing it, then,

for example, the max-radical is the closure in C∗
u (X ).

In future research, we hope to use similar ideas for other rings of continuous functions

to investigate, for example, the ideal of compactifications of X (see e.g. Questions III.2.37

& III.2.41).

III.3.2 Stone duality

We now focus our attention on Stone spaces and Boolean algebras. A Stone space is a

compact Hausdorff space with a base of clopen sets. Before discussing Stone spaces and

Stone duality, we first need to recall some material on Boolean algebras. We refer to [CN74,

Chapter 2] for the basic background on Boolean algebras. There are several equivalent

definitions — we take the following as our formal definition:
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Definition III.3.20 (Boolean algebra). Let B be a non-empty set with a partial order ≤.

Then we say that (B,≤) is a Boolean algebra if the following properties hold:

• Every pair of elements a,b ∈B has a supremum a ∨b and infimum a ∧b.

• There is a greatest element 1 and a least element 0.

• Every element b ∈ B has a (unique) complement ¬b ∈ B, which has the defining

property b ∨¬b = 1 and b ∧¬b = 0.

• ∧ and ∨ distribute over each other; that is, for every a,b,c ∈B,

a ∧ (b ∨ c) = (a ∧b)∨ (a ∧ c),

a ∨ (b ∧ c) = (a ∨b)∧ (a ∨ c).

An example of such a Boolean algebra is the powerset algebra P(X ) of any set X , with the

ordering given by ⊆.

We can extend the binary suprema and infima to finitary suprema and infima, desig-

nated by
∧

B and
∨

B for a finite set B ⊆ B, and define the symmetric difference of a,b ∈ B

to be

a∆b := (a ∧¬b)∨ (¬a ∧b).

We will usually refer to B as a Boolean algebra, leaving the order implicit.

Every Boolean algebra B is a commutative ring, with addition∆, multiplication ∧, zero

element 0 and identity element 1 [AM69, Chapter 1, Problem 24, pg. 14]; with this struc-

ture, we refer to B as a Boolean ring. However, rather than discussing ideals on Boolean

rings, it is more usual to discuss filters on Boolean algebras.
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Definition III.3.21 (Filters and filter bases). Let B be a Boolean algebra, B ⊆ B be given.

Then we say that B is a filter-base on B if it is non-empty and for every x, y ∈B, there exists

a z ∈B such that z ≤ x ∧ y . Moreover, if for all a ∈B and b ∈B, a ≤ b implies b ∈B, then we

say that B is a filter on B.

If F is a filter and 0 ∉F , then we say that F is a proper filter on B; otherwise, F =B and

we call F the improper filter. We say that a proper filter U is an ultrafilter if it is not strictly

contained in another proper filter.

Given a collection B ⊆ B, we define the filter generated by B to be the intersection of

all filters that contain B, which we denote by 〈B〉. Note that 〈B〉 is a proper filter precisely

when B has the finite-intersection property: for every finite B ⊆ B,
∧

B 6= 0. If F is a filter

on B and B ⊆F is a filter-base such that F = 〈B〉, then we say that B is a filter-base for F .

There is a natural correspondence between ideals in the Boolean algebra ring structure

and filters. Given a subset A ⊆B, define ¬ [A] := {¬a : a ∈ A}. Then for any filterF and ideal

I on B,¬ [F ] is an ideal and ¬ [I ] is a filter. Moreover, if either A ⊆ B is a maximal ideal /

ultrafilter, then ¬ [A] is an ultrafilter / maximal ideal. A simple consequence of this is that

every prime ideal of B is maximal (see [CN74, Theorem 2.19, pg. 39]) and every filter is the

intersection of all ultrafilters extending it. Thus every ideal is radical.

Definition III.3.22 (Quotient algebra). LetB be a Boolean algebra, F be a filter onB. Then

we define the quotient algebra ofB overF , denoted byB/F , as follows: for all a,b ∈B, a ∼F

b if and only if there exists c ∈F such that a∧c = b∧c. Then ∼F is an equivalence relation

on B. Denote by [a]F the ∼F -equivalence class of a ∈ B and let B/F be the set of all ∼F -
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equivalence classes. Define for all a,b ∈ B, [a]F ≤F [b]F if and only if there exists c ∈ F

such that a ∧ c ≤ b. Then B/F is a Boolean algebra and the operations commute with

taking equivalence classes:

• 1B/F = [1B]F =F .

• 0B/F = [0B]F =¬ [F ].

• For all a,b ∈B,

[a]F ∧B/F [b]F = [a ∧B b]F ,

[a]F ∨B/F [b]F = [a ∨B b]F ,

¬B/F [a]F = [¬Ba]F .

For each ultrafilter U on B that contains F ,U/F :=πF [U ] is an ultrafilter on B/F .

We are now ready to discuss Stone duality and radiality in Stone spaces. We refer to

[AHS] for the basic background on categories.

Definition III.3.23 (Stone duality). We define BoolAlg to be the category whose objects

are Boolean algebras and whose arrows are Boolean algebra homomorphisms. We also

define Stone to be the full subcategory of Top, the category of topological spaces, whose

objects are Stone spaces and whose arrows are continuous maps.

For each Boolean algebra B, we define St(B) to be the topological space whose domain

consists of all ultrafilters on B and whose basic (cl)open subsets are of the form

{b}↑ := {U ∈ St(B) : b ∈U }
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for each b ∈B. By [CN74, Theorem 2.21, pg. 40] and [CN74, Lemma 2.24, pg. 43], St(B) is a

Stone space.

For each topological space X , we define Cl(X ) to be the Boolean algebra of clopen

subsets of X , whose ordering is ⊆ and suprema, infima and complement are given by ∪,∩

and X \C for each C ∈Cl(X ) respectively. Moreover, 0Cl(X ) =; and 1Cl(X ) = X .

By [CN74, Theorem 2.29, pg. 46], it is possible to extend the maps St and Cl to arrows of

BoolAlg and Stone in such a way that St : BoolAlg→ Stone and Cl : Stone→BoolAlg

are contravariant functors that form a dual equivalence between BoolAlg and Stone. In

particular, St(Cl(X )) ∼= X and Cl(St(B)) ∼=B for all Stone spaces X and Boolean algebras B.

We are finally in a position to investigate radiality in Stone spaces. By the definition of

spectrum and Stone space of a Boolean algebra B,

¬ [·] : St(B) → Spec(B),U 7→ ¬ [U ]

is a homeomorphism. Using this, we can transfer over the concepts from Section III.3.1.

For example, for every collection B ⊆B, define

B↑ := {U ∈ St(B) :B ⊆U }.

Then {¬ [U ] :U ∈B↑} =V (¬ [B]). Furthermore,

¬ [r (B)] =¬[(⋂
{p : p ∈ Spec(B),B ⊆ p}

)]
=

⋂
{¬[

p
]

: p ∈ Spec(B),B ⊆ p}

=
⋂

{U :U ∈ St(B) : ¬ [B] ⊆U }

= 〈¬ [B]〉.
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Definition III.3.24 (Well-based). Let F be a filter on a Boolean algebra B. A well-ordered

filter base of F is a transfinite sequence (bα)α<λ in F such that {bα :α<λ} is a filter-base of

F and bβ < bα for allα<β<λ. We say that the filterF is well-based if it has a well-ordered

filter base. This generalises the previous definition, since a point x in a topological space

X is well-based precisely when Nx is well-based in P(X ).

Lemma III.3.25. LetB be a Boolean algebra and letF be a filter onB,U ∈F↑ be given. Then

U is well-based in F↑ if and only if U/F is well-based.

Proof. First, note thatU is well-based inF↑ if and only if¬ [U ] is well-based in V (¬ [F ]). By

Lemma III.3.14, this is in turn equivalent to the existence of a transfinite sequence (xα)α<λ

in B\¬ [U ] =U such that:

• For each α<β<λ,

xβ ∈ r (¬ [F ]∪ {xα}) = r (¬ [F ∪ {¬xα}]) =¬ [〈F ∪ {¬xα}〉] .

• For all y ∈B\¬ [U ] =U , there exists an γ<λ such that

xγ ∈ r (¬ [F ]∪ {y}) =¬[〈F ∪ {¬y}〉] .

Given y, z ∈B,

y ∈¬ [〈F ∪ {¬z}〉] ⇐⇒ ¬y ∈ 〈F ∪ {¬z}〉

⇐⇒ ∃w ∈F such that ¬y ≥ w ∧¬z

⇐⇒ [¬y]F ≥F [¬z]F

⇐⇒ [y]F ≤F [z]F .
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Therefore U is well-based in F↑ if and only if there exists a transfinite sequence (xα)α<λ in

U such that:

• For all α<β<λ, [xβ]F ≤F [xα]F .

• For all y ∈U , there exists a γ<λ such that [xγ]F ≤F [y]F .

The latter is equivalent to U/F being well-based in B/F .

Definition III.3.26 (Lineariser). Let B be a Boolean algebra, F be a filter on B and let U ∈

F↑ be given. Then we say that F is a lineariser of U if U/F is well-based. We denote the

set of linearisers of U be Lin(U ).

Lemma III.3.27. Let B be a Boolean algebra, F and G be filters on B and let U ∈ St(B) be

given. Then F↑ ⊆U G↑ if and only if there exists an x ∈U such that G ⊆ 〈F ∪ {x}〉.

Proof. By Lemma III.3.16,

F↑ ⊆St(B)
U G↑ ⇐⇒ V (¬ [F ]) ⊆Spec(B)

¬[U ] V (¬ [G])

⇐⇒ ∃x ∈B\¬ [U ] =U such that r (x ·¬ [G]) ⊆ r (¬ [F ])

⇐⇒ ∃x ∈U such that {x ∧¬y : y ∈G} ⊆¬ [F ]

⇐⇒ ∃x ∈U such that {¬x ∨ y : y ∈G} ⊆F

⇐⇒ G ⊆ 〈F ∪ {x}〉.

For the last equivalence, let y ∈ B be given and suppose that ¬x ∨ y ∈ F . Then x ∧ y =

x ∧ (¬x ∨ y) ≤ y , so y ∈ 〈F ∪ {x}〉. Now assume that there exists z ∈F such that z ∧ x ≤ y .
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Then z = (z ∧¬x)∨ (z ∧ x) ≤ ¬x ∨ (z ∧ x) ≤ ¬x ∨ y , so ¬x ∨ y ∈ F . Therefore the last two

statements are equivalent.

Definition III.3.28. Let B be a Boolean algebra and let U ∈ St(B),L,M ∈ Lin(U ) be given.

We define LvU M if and only if there exists an x ∈U such that M⊆ 〈L∪ {x}〉. This gives a

quasi-order on Lin(U ). We say that a collection L⊆ Lin(U ) is cofinal provided it is cofinal

with respect to this ordering; that is, for every M ∈ Lin(U ), there exists an L ∈L such that

MvU L.

Notice that for a filter F on a Boolean algebra B and an ultrafilter U ∈ St(B),F ∈ Lin(U )

if and only if ¬ [F ] ∈ Lin(¬ [U ]). Thus we arrive at the characterisation theorem:

Theorem III.3.29. Let B be a Boolean algebra, U ∈ St(B) be given. Then the following are

equivalent:

(1) U is radial in St(B).

(2) There exists a non-empty collection of linearisers L of U such that for every selection

(xL)L∈L fromU , there is some y ∈U such that everyV ∈ {y}↑ containsL∪{xL} for some

L ∈L.

(3) For every selection (xL)L∈Lin(U ) from U , there is some y ∈ U such that every V ∈ {y}↑

contains L∪ {xL} ⊆V for some L ∈ Lin(U ).

(4) For every cofinal L ⊆ Lin(U ), there exists an x ∈ U such that every V ∈ {x}↑ contains

some L ∈L.
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Proof. This follows from Theorem III.3.18, noting that for every ultrafilter U ∈ St(B),

B\¬ [U ] =U , so for all x ∈B, x ∈U if and only if x ∉¬ [U ].

III.3.3 Radial points inω∗

As a test case, we investigate radial points in ω∗ := βω\ω. It is known that βω is not pseu-

doradial [Dow+96, pg. 191]; furthermore, the only radial points in βω are the isolated

points, sinceω is dense inβω yet there are no (transfinite) sequences inω that converge to

any point in ω∗ because every convergent sequence in βω is eventually constant [Eng89,

Corollary 3.6.15, pg. 175].

Define ι : ω→ St(Cl(ω)) = St(P(ω)),n 7→ {A ⊆ ω : n ∈ A}. Then by [CN74, Lemma 2.23,

pg. 42], βι : βω→ St(P(ω)) is a homeomorphism. We identify βω with St(P(ω)) via this

homeomorphism. Since ran(ι) consists of all the fixed ultrafilters onω,ω∗ will then consist

of all free ultrafilters on ω.11 By [CN74, Lemma 7.2, pg. 144] and the discussion preceding

it, an ultrafilter on ω is free if and only if it contains Fr := 〈ω\F : F ∈ [ω]<ℵ0〉, which we call

the Fréchet filter on ω. Hence ω∗ =Fr↑.

Proposition III.3.30. Let X ⊆ω∗, x ∈ X be radial in X . Then x is a p-point in X .

Proof. If x is isolated in X then p(x) =∞, so x is a p-point. Otherwise, by Theorem II.2.9,

x isΣrad
X (x)-radial and since there are no non-trivial convergent sequences inω∗, it follows

that ω ∉Σrad(x). Hence by Theorem II.2.10, pX (x) = min(Σrad
X (x)) is uncountable, i.e. x is a

p-point in X .
11We say that U is a filter on a set X if it is a filter on P(X ). Similarly, an ultrafilter on X is an ultrafilter of

P(X ).
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p-points exist under the Continuum Hypothesis [Rud56, Theorem 4.2, pg. 415] and

it is possible (assuming t= c, which follows from Martin’s Axiom) to construct well-based

points inω∗ with character c, by adapting Walter Rudin’s construction. Thus it is consistent

that radial points exist in ω∗. However, Saharon Shelah has proven that it is consistent

with ZFC that there are no p-points and thus no radial points in ω∗ [Wim82, Theorem

6.5, pg. 47]. So the existence of radial points in ω∗ is independent of ZFC. However, in

these models, the radial points constructed are all well-based, which raises the following

question:

Question III.3.31. Is it consistent with ZFC that there exists a radial, non-well-based point

in ω∗?

The simplest method of constructing such a point is to have a spoke system consisting

of two spokes with different characters. Andreas Blass, Heike Mildenberger and Saharon

Shelah claim to have proven that it is consistent there are well-based points in ω∗ of dif-

ferent characters — in particular, with characters ℵ1 and ℵ2.12 There may be a way to

combine these two ultrafilters to produce a radial, non-well-based point in ω∗.

Question III.3.32. If there exists well-based points in ω∗ with different characters, does

there exist a radial, non-well-based point in ω∗?

We describe one such attempt, using the product of ultrafilters.

12A gap was identified in Andreas Blass and Saharon Shelah’s proof [BS87, Theorem 6.1, pg. 239] by Alan
Dow (credited in [BMS15, pg. 2]). The authors, together with Heike Mildenberger, have released a preprint
[BMS15] claiming to have fixed the flaw.
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Definition III.3.33 (Filter product). Let F ,G be two filters on ω. Then we define the (Fu-

bini) product of F and G to be

F ⊗G := {A ⊆ω×ω : {m ∈ω : {n ∈ω : (m,n) ∈ A} ∈G} ∈F }.

A base of F ⊗G is given by sets of the form

⋃
m∈F

({m}×Gm)

where F ∈F and (Gm)m∈F is a selection from G.

By [CN74, Lemmas 7.20 & 7.21, pg. 156–157], the filter product of filters is always a filter

onω×ω and ifU ,V are ultrafilters onω thenU⊗V is an ultrafilter onω×ω. Sinceω×ω∼=ω,

it follows that (ω×ω)∗ ∼= ω∗, so we work with the former instead. Of course, if we are to

construct a radial point, it needs to be a p-point.

Definition III.3.34 (p-filter). Let F be a filter on a set X . Then we say that F is a p-filter if

for every countable C ⊆F , there exists an F ∈F such that F ⊆∗ C for each C ∈ C.

Thus if F is a free filter on ω then it is a p-filter if and only if F/Fr is countably-closed,

that is for every countable C ⊆F/Fr, there exists an F ∈F/Fr such that F ≤Fr C for each

C ∈ C. Consequently, a free ultrafilter on ω is a p-filter precisely when it is a p-point in ω∗.

Lemma III.3.35. Let F ,G be filters on ω.

(1) If F is free then F ⊗G is not a p-filter.

(2) If F ,G are free p-filters, then (F ⊗G)/Fr⊗2 is countably closed.
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Proof.

(1) Assume F is free, so (ω\n)×ω ∈F ⊗G for each n <ω. Let F ∈F be given and select

(Gm)m∈F from G. If H := ⋃
m∈F ({m}×Gm) ⊆∗ (ω\n)×ω then F ∩n = ;. Thus there

exists an n <ω such that H 6⊆∗ (ω\n)×ω, so F ⊗G is not a p-filter.

(2) Assume F ,G are free p-filters, so Fr⊗2 ⊆F ⊗G. Let H ⊆F ⊗G be countable and let

H ∈H be given, so there exists an FH ∈F and a selection (GH ,m)m∈FH from G such

that ⋃
m∈Fk

({m}×GH ,m) ⊆ H .

As F and G are p-filters, there exists an F ∈F and a G ∈G such that F ⊆∗ FH for each

H ∈H and G ⊆∗ GH ,m for each H ∈H and m ∈ FH .

Let H ∈H be given and define

CH := ((ω\F )×ω)∪
⋃

m∈F∩FH

({m}× (ω\(G\GH ,m))) ∈Fr⊗2.

Then (F ×G)∩CH = ⋃
m∈F∩FH ({m}× (G ∩GH ,m)) ⊆ H and thus [F ×G]Fr⊗2 ≤ [H ]Fr⊗2 .

Therefore (F ⊗G)/Fr⊗2 is countably closed.

So although we cannot create radial points in ω∗ by this method, it seems like it might

be possible for this to work in Fr⊗2↑. The next theorem shows this is impossible:

Theorem III.3.36. Let U ,V be well-based points in ω∗ with distinct characters. Then (U ⊗

V)/Fr⊗2 is a non-radial p-point in Fr⊗2↑.

Proof. Define D := Fr⊗2,W := (U ⊗V)/D and note that by the previous lemma, W is a p-

point in D↑. Also define κ := χ(U ),λ := χ(V) and let ([Uα]Fr)α<κ, ([Vβ]Fr)β<λ be descending
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filter-bases for U/Fr and V/Fr respectively, which exist by Lemma III.3.13. Define W :=

(U ⊗V)/D and let W ∈ U ⊗V be given, so there exists an A ∈ U and a selection (Bm)m∈A

from V such that ⋃
m∈A

({m}×Bm) ⊆W.

Then there is some α< κ such that Uα ⊆∗ A and for each m ∈ A∩Uα, there is some βm <λ

such that Vβm ⊆∗ Bm .

Define β := sup(βm : m ∈ Uα). Since there are no non-trivial convergent sequences

in ω∗,V/Fr is not first-countable and thus λ is uncountable. Hence β < λ, so for all m ∈

Uα,Vβ ⊆∗ Bm . Define

D := ((ω\Uα)×ω)∪
⋃

m∈A∩Uα

({m}× (ω\(Vβ\Bm))) ∈D

⇒ (Uα×Vβ)∩D =
⋃

m∈A∩Uα

({m}× (Vβ∩Bm)) ⊆W.

Thus [Uα×Vβ]D ≤W , so {[Uα×Vβ]D :α< κ,β<λ} is a filter base for W .

Define K := 〈[ω×Vβ]D :β<λ〉 and L := 〈[Uα×ω]D :α< κ〉. Then {[[Uα×ω]D]K :α< κ}

and {[[ω×Vβ]D]L :β<λ} are filter-bases forW/K andW/L respectively, soK,L ∈ Lin(W).

We claim that {K,L} is cofinal. Suppose this is the case and let α < κ,β < λ be given.

Then since Uα+1 ⊆∗ Uα 6⊆∗ Uα+1 and Vβ+1 ⊆∗ Vβ 6⊆∗ Vβ+1, it follows that W := (Uα\Uα+1)×

(Vβ\Vβ+1) is infinite and meshes with D, so there exists a Z ∈D↑ that contains W . Then

(ω×Vβ+1)∩W =;= (Uα+1 ×ω)∩W ⇒ [ω×Vβ+1]D, [Uα+1 ×ω]D ∉Z/D.

Hence K 6⊆Z/D 6⊇L, so by Theorem III.3.29 Z/D is not radial in D↑.

Now we prove our claim. Let M ∈ Lin(W) be given and define µ := χ(W/M), so µ ≤
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max(κ,λ). Let (Wγ)γ<µ ⊆W be given such that ([Wγ]M)γ<µ is a descending filter-base for

W/M.

Case 1: µ= κ. Then for each β<λ, there exists a γβ <µ such that Wγβ ≤M [ω×Vβ]D.

If λ < κ then by regularity γ := sup(γβ : β < λ) < κ and thus for every β < λ,Wγ ≤M

[ω×Vβ]D. If λ > κ then by regularity there exists a Λ ∈ [λ]λ such that γβ = γβ′ for

all β,β′ ∈ Λ. Thus for all β < λ, there exists a β′ ∈ Λ such that β ≤ β′ and hence

Wmin(Λ) =Wβ′ ≤M Wβ ≤M [ω×Vβ]D.

In any case, there exists a δ< λ such that Wδ ≤M [ω×Vβ]D for each β< λ. So given

a β < λ, there exists an M ∈ M such that Wδ ∧ M ≤ [ω×Vβ]D and therefore K ⊆

〈M∪ {Wδ}〉; i.e. MvW K.

Case 2: µ=λ. This is similar to Case 1 – in this case, MvW L.

Case 3: µ 6= κ,λ. Then for each γ < µ, there exists αγ < κ and βγ < λ such that [Uαγ ×

Vβγ]D ≤ Wγ. By similar arguments as those above, there exists an α < κ and β < λ

such that [Uα×Vβ]D ≤ Wγ for each γ < λ. Thus {[[Uα×Vβ]D]M} is a filter-base for

W/M, so µ= 1. Thus 〈M∪ {[Uα×Vβ]D}〉 =W ⊇K, so KvW M.

Therefore {K,L} is cofinal, completing our proof.

The method used above cannot be extended to a product of three or more p-points

with different characters. By a theorem of Peter Nyikos, any well-based point in ω∗ has

character b or d [BS87, pg. 214], where d is the dominating number, defined to be the least
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cardinal of a family D ⊆ ωω such that for every f : ω→ ω, there exists a d ∈ D such that

f ≤∗ d .
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Notation

(xα)α<λ, 10

[X ]κ, 10

[X ]<κ, 10

[X ]≤κ, 10

X Y , 10

len(t ), 10

RχX (x), Rχ(X ), 12–13

t → x, 13

Tκ
1 , 20

Sκ, 30

N X
x , Nx , 33

N X
x , Nx , 33

UX
x , Ux , 33

pX (x), p(x), 37

ψX (x), ψ(x), 41

χX (x), χ(x), 42

M(C), M(L), 51

(aA)A∈A, (Ai )i∈I , 51

CsC , 51

SpX (x), Sp(x), 56

S(ω), 59

SX
t , St , 64

BSpX (x), BSp(x), 64

Σrad
X (x), Σrad(x), 68

=X
x , =x , 6=X

x , 6=x , 74

⊆X
x , ⊆x , 74

Cλ(S), 80

ThrS (T ), 84⊗
i∈I

Si , S0 ⊗·· ·⊗Sn−1, S⊗n , 102

(An)n<ω→ x, 108

F(X ), 110

F◦, 110

〈B〉, 110

Px , 110

ξ, →ξ, 110–111

adhξ(A), adh(A), 111

F#A, 111

Tt , 111

Vξ
x , Vx , 111

U↑X
Y , 120

LX
x (Y ), Lx(Y ), 121

SpX (x), Sp(x), 122
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αX ,?, 124

K(X ), 124

Sp∞(X ), Sp
∞

(X ), 129

≤K , 132

ΨA, 134

C⊥X , 134

C↓D , 134

core(X ), 137

c, 144

b, 144

≤∗, 144

p, 145

⊆∗, 145

t, 145

µ, 145

n, 145

V R (A), V R (x), V (A), V (x), 152

Spec(R), Max(R), 152

R×, 152

N(R), R(R), 157

rX (A), r (A), rM(A), 157

LinX (p), Lin(p), LinM(p), 162

vX
p , 163

a∆b, 168

B/F , U/F , 169–170

BoolAlg, 170

Stone, 170

St(B), 170–171

Cl(X ), 171

B↑, 171

Lin(U ), 173

vU , 174

Fr, 175

F ⊗G, 176

d, 180–181
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Almost-contained, 145

Almost-disjoint family, 134, 135

Almost-independent family, 85
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B

b, bounding number, 144, 146, 147

Bézout domain, 153, 154

βω, 175

Boolean algebra, 168

quotient algebra, 169–170

C
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Closed map, 9, 20

Co-diagonal map, 26
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sequential, 144
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d, dominating number, 180, 181
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free, 177

free part, 110, 112
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meshes with set, 111

product, 176, 177

Filter-base, 169

Finite-intersection property, 110, 169

First-countable, 9, 91–94

Fréchet filter, 175, 177

Fréchet-Urysohn, 7–9, 12, 71, 74, 93, 94,
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at infinity, 138

compactification, 146, 148, 149, 151

one-point, 135
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product, 106–108

remainder, 148

Fréchet-Urysohn compactification, 147

G
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space
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independently-based, 54

independently-based, 55
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spoke system, 58, 59
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Ideal, 152, 156, 166, 167

Inclusion maps, 26, 27

Independently-based, 53, 69, 71, 91–94,

100, 114

at infinity, 139

hereditary, 54

implies radial, 61

J

Jacobson radical, 157, 158
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κ-additive, 34, 35

κ-closed, 13, 18, 22, 23, 27, 28

κ-open, 13, 19

(κ / < κ)-radially-closed, 11

L

Λ-pseudoradial, 142–144

remainder, 142, 143
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Length, see transfinite sequence
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Lineariser, 162, 164, 173, 174
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independently-based, 53

M

Max-radical, 166, 167
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µ, 145–147

N

Neighbourhood core, 33–35, 158

Nest, 51, 100

Nest system, 51, 52, 57, 59
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spoke, 56

Nilpotent, 157

Nilradical, 157

Novak number, 145

O
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Open map, 9, 20

Ordinal compactification, 140, 143
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P family, 27

p, pseudo-intersection number, 145, 148

p-character, 37–39, 41, 43, 44, 46, 69, 80

p-filter, 177

p-point, 175–178

Perpendicular ideal, 134

Pretopological space, 111, 112

Principal filter, 110
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Pseudobase, 41

Pseudocharacter, 41, 43, 46, 69, 94

Pseudoradial, 9, 11, 12, 14, 15, 17, 24, 25,

30–32, 46, 47, 142, 175

compactification, 143

Q

Quasi-discrete, 33–35, 47
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hereditarily, see pseudo-open

Quotient map, see also decomposition
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R-monolithic, 9, 14, 15, 17
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Radial spectrum, 68, 69, 72, 86, 103

Radially-closed, 10

Radially-open, 11

Radical, 157, 158, 160, 162, 169
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28, 30–32
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Saturated, 137
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remainder, 146, 147
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closed, 123

coherence, 101

collection of

almost-independent, 65, 89

(basically) cofinal, 74, 77, 79, 87,

123

independent, 56, 82

(non-)trivial, 71, 73, 75, 76, 101

product, 102

trivial, 71

Spoke system, 56, 60–62, 64, 65, 67, 73–

75, 79, 81, 87, 88

almost-independent, 65, 67, 71, 73,

74, 84, 88, 90, 91, 107, 126

at infinity, 129, 130, 133, 135

basic, 64, 65, 67, 73, 74

closed, 123, 126

first-countable, 64, 74

independent, 57, 59, 65, 82, 84, 86,

87, 90

non-trivial, 71–73

P spoke system, 64

product, 104, 107, 109

Stone space, 170, 174, 175

Strict convergence, 111, 115

Strictly D-radial, 115–117

Strictly pseudoradial, 9, 13, 15, 17, 48

Strong finite intersection property, 145

Strongly Fréchet, 91–94, 106, 107

187



Subsequential, 147, 148

T

T1 point, 33

t, tower number, 145

Thread, 84, 87, 90, 91

Topological sum, 26, 30

Tower, 145

Trace, 134

Trans-sequential filter, 111, 112

Transfinite sequence, 10, 44, 45, 111

clusters, 44, 45

convergence, 30, 45, 140, 142, 143

convergent, 10, 44

escapes, 10

length, 10, 44, 45, 62, 63, 68

strict convergence, 13, 45, 62–64, 68

subsequence, 10, 45, 140, 142, 143

Truncation, 87–91

Tychonoff plank, 78, 149

U

Ultrafilter, 169, 172, 173, 177, 178

Unit, 152, 158

V

Vicinity filter, 111

W

Weak closure, 121, 122

Well-based, 9, 14, 15, 30, 44, 45, 53, 81,

160, 176, 178, 180, 181

filter, 110, 112, 114, 172

Well-ordered neighbourhood base, 13,

14, 42, 43, 159

regular, 13

Z

Zariski topology, 152, 153
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