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Abstract

This thesis is a wide-ranging investigation of convergence properties in topological spaces,
primarily Fréchet-Urysohn and radial spaces. The former are spaces such that every point
in a closure of a subset is the limit of a sequence from within that set. The latter is a gen-
eralisation, defined by replacing ‘sequence’ with ‘transfinite sequence’. Although not all
spaces have these properties, they form a large enough class to encompass many impor-
tant examples of spaces.

These convergence properties can and should be studied locally and structurally. The
first is achieved by removing the quantification over points in the definitions. For the sec-
ond, we introduce the notion of spokes for points in topological spaces, which are sub-
spaces for which the point has a descending neighbourhood base.

In Chapter I, we introduce several convergence properties, and recall how they are
connected and characterised by particular quotient maps. We also introduce p-character
and quasi-isolation, to give our results full generality by not assuming the T -axiom.

Our main focus is the development of the theory of spokes in Chapter II. Here, we study
how spokes can be used to approximate the neighbourhood base of a radial point and
how (transfinite) sequences converge. We prove several characterisation theorems for ra-
dial and Fréchet-Urysohn points and their relationship with independently-based points,
which are described through nests. We also use spokes in productivity problems and vari-
ants of the Fréchet-Urysohn property.

In the final chapter, we demonstrate how properties of spokes manifest in different



settings. For example, in compactifications of locally-compact spaces, spoke structures at
the point-at-infinity reflect into the compact structure of the original space. Other exam-
ples are obtained by dualities, characterising radiality in ring spectra or Stone spaces alge-
braically. Such results justify using internal structures to investigate convergence proper-

ties and the author wishes to continue this line of investigation for the foreseeable future.



Chapter I

A hierarchy of convergence properties

I[.1 Introduction

Convergent sequences have played an important role since the beginnings of topology
— not only are sequences abundant throughout analysis, some of the first abstract pre-
topological structures were Fréchet’s L-spaces, and later Urysohn’s L* -spaces, which ax-
iomatise a relation between sequences and their formal limits. Although sequences are
adequate (in a formal sense) to describe many spaces, they are insufficient for general
topological spaces. A simple example is the space w; + 1 with the order topology, because
w1 € w1, but there is no sequence in the subspace w, converging to the point w,. A more
important example would be Sw, the Stone-Cech compactification of a countably infinite
discrete space.

However, the classes of spaces determined by their sequential structure (the Fréchet-

Urysohn spaces, and in a weaker sense, the sequential spaces) are prevalent enough to war-



rant independent study, in order to further our understanding of these properties and how
they arise. In 1965, Stanley Franklin published his celebrated “Spaces in which sequences
suffice” paper in which he showed that sequential spaces are the quotients of metrisable
spaces and gave a proof of Alexander Arhangel’skii’s claim that Fréchet-Urysohn spaces
are the pseudo-open images of metrisable spaces [Fra65, Corollary 1.14, Proposition 2.4].
Even as topologists looked beyond metrisable and sequential spaces, the concrete pic-
ture given by these spaces remained appealing: in 1967, Horst Herrlich defined pseudora-
dial and radial spaces for the first time [Her67], which include the class of linearly-ordered
and generalised-ordered topological spaces. These are the ‘spaces in which transfinite se-
quences suffice’.

In Section 1.2 we will discuss what will be referred to as the pseudoradial hierarchy (Fig-
ure I.1), as well as preservation and external characterisation theorems for various classes
of maps and spaces (Figures 1.2, 1.3). While new results for semiradial spaces that parallel
known theorems for pseudoradial and radial spaces will be proven, but most of the results
in this section are known.

In Section 1.3 we introduce the notions of p-character and quasi-isolation, which work
in tandem to describe the ‘depth’ of neighbourhood filters. In addition to proving some
basic properties of these concepts, we will also use them in investigations of convergence

properties which do not assume the T;-axiom.
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I.1.1 Notation and definitions

We refer to [Eng89; Kun11] for general topology and set-theory background. For all sets X
and Y, we denote the set of functions from X to Y by Xy. For every set X and cardinal «,

define

[X]1¥¥:={Y < X:|Y|<«k},
X1 :={Y < X:|Y|<xk},

(X" ={YcX:|Y|=x«}

A net whose domain is a non-zero ordinal A is called a transfinite sequence, or more pre-
cisely a A-sequence. We call the domain of a transfinite sequence ¢ its length, denoted
len(#). It is said to lie in a set A if its range is contained in A. We will often switch be-
tween a functional notation 7 : A — X and a sequential notation (x,)q<) for transfinite
sequences.

A transfinite sequence ¢ in a topological space X is said to converge to a point x € X
if it converges as a net; that is, for all neighbourhoods U of x, there exists an a < len(?)
such that t[len(#)\a] < U. We call x a limit of t and denote this by t — x. We say that
a transfinite sequence in a subset A of a topological space X escapes A if it converges to
a point outside of A. A subsequence of a transfinite sequence 1 is a transfinite sequence
of the form ¢ o f, where f : @ — len(?) is a strictly increasing, cofinal function from some
ordinal a. In particular, fo f is a subnet of ¢, but not every subnet of a transfinite sequence

is a subsequence.

10



Definition 1.1.1 (Radially-closed). Let X be a topological space and let A < X be given.
We say that A is radially-closed if it contains the limits of all transfinite sequences within
A. If we only require this to hold for transfinite sequences of length <x / <x, where x is a
cardinal, then we say that A is x-radially-closed / <k-radially-closed. The complements of

radially-closed subsets are called radially-open.

Lemma I.1.2. Let X be a topological space and let U < X be given. Then U is radially-
open if and only if for every transfinite sequence t in X, if U contains a limit of t, then

tlla,len(?))] € U for some a < len(t).

Proof. Note that U is radially-open if and only if X\U is radially-closed, which in turn is
equivalent to the limits of every transfinite sequence in X\U lieing in X\U. So if U is
radially-open and ¢ is a transfinite sequence in X with limit x € U, if ¢[[a,len(?))] € U for all
a < len(?) then ¢ has a subsequence in X\U that converges to x, which is a contradiction.
Hence there exists an a < len(#) such that ¢[[a,len(¢))] < U. Now suppose that U is not
radially-open, so there exists a transfinite sequence ¢ in X\U that escapes. Then there

exists an x € U such that t — x and for all  <len(t), t[[B,len(t))] € U. O

Definition I.1.3 (LOTS and GO spaces). A topological space X is a LOTS (Linearly Or-
dered Topological Space) if there exists a linear order < on X such that {(-oo,x) : x € X} U
{(x,00) : x € X} is a subbase for the topology on X. A subspace of a LOTS is called a GO-

(Generalised-Ordered) space.

Definition 1.1.4 ((Pseudo)radial, sequential and Fréchet-Urysohn). Let X be a topological
space. We say that X is sequential if every non-closed subset has an escaping sequence. If

11



we replace ‘sequence’ with ‘transfinite sequence’, then we have the definition of a pseudo-
radial space. Pseudoradial spaces are also known as chain-net or folgenbestimmt spaces.
Let x € X be given. We say that X is Fréchet-Urysohn at x if for all A< X with x € A, there
is a sequence in A that converges to x. By replacing ‘sequence’ with ‘transfinite sequence’
we obtain the definition of a radial point. If X is radial / Fréchet-Urysohn at every point
then we say that X is radial | Fréchet-Urysohn. Radial spaces are also known as Fréchet

chain-net or stark folgenbestimmt spaces.

The class of radial spaces includes all metrisable spaces and all GO-spaces (see Corol-
lary I1.1.15).

Note that by taking a cofinal subsequence, we can assume that the lengths of the trans-
finite sequences are regular ordinals and since 1-sequences can be replaced by constant
a-sequences for any non-zero ordinal a, we can replace 1 with any other non-zero ordi-
nal. In fact, we can even take a set of regular ordinals: if X is a topological space and ¢ is
a transfinite sequence in X whose length is a regular ordinal strictly greater than | X|, then
by regularity it has a constant subsequence which maps to a point x. Thus, if ¢ converges
to a point y, then so does any constant transfinite sequence with value x. Therefore we

only need consider the transfinite sequences whose lengths are regular ordinals a < | X|.

Definition 1.1.5 (Radial character). Let X be a topological space and let x € X be given.
Then we define the radial character of x to be the least cardinal x such that for every A € X,
if there exists a transfinite sequence in A that converges to x then there is one of length at

most k. We denote it by Ry x (x).

12



We define the radial character of X to be Ry(X) := sup(Ryx(x) : x € X). Equivalently,

Ry (X) is the least cardinal x such that every x-radially-closed subset is radially-closed.

Note that by the paragraph preceding the above definitions, Ry (X) is well-defined and

Ry (X) < |X]|. To close this section, we define the rest of the pseudoradial hierarchy.
Definition I.1.6. Let X be a topological space.

* Let ¢ be a transfinite sequence in X. Then we say that ¢ converges strictly to x € X if
t — x and and for all a < len(?), x ¢ t[a]. We denote this by ¢ - x. These transfinite

sequences are also referred to as ¢-, thin or strict.

* X is strictly pseudoradial if every non-closed subset A has a transfinite sequence
that converges strictly to a point outside of A. These were first introduced in [AIT85]

(quoted in [DIT87, pg. 752]) as almost-radial spaces."

* Let x be a cardinal and A € X be given. We say that A is x-closed if for every B €

[A]=¥, B < A. The complements of k-closed subsets are called k -open.

* X is semiradialif for every cardinal x, every kx-radially-closed subset is k-closed. This

notion was first introduced in [BG92].

e Let x € X be given and let 3 be a neighbourhood base for x that is well-ordered by
2. We call B a well-ordered neighbourhood base for x. Moreover, if the order type of

(B,2) is a regular ordinal, then we say that B3 is regular.

'We are using this alternative name to avoid confusion, since semiradial spaces are almost-radial / strictly
pseudoradial (see Figure 2)

13



A transfinite sequence of subsets (By)q<) of X is also called a well-ordered neigh-
bourhood base provided that {B, : @ < A} is a well-ordered neighbourhood base and

Bs S By foralla<f<A.

e If X has a well-ordered neighbourhood base for x € X, then we say that X is well-
based at x. Moreover, if X is well-based at every point, we say that X itself is well-
based. We can replace ‘well-ordered’ with ‘linearly-ordered’ in the definition of well-
ordered neighbourhood base and obtain an equivalent formulation of ‘well-based’.

These spaces are also known as funnel-shaped, lob- or wob-spaces.

e X is R-monolithicif X is pseudoradial and for all A< X, Ry(A) < |A|, or equivalently
for every C < X closed, Ry(C) < d(C), where d(C) is the density of C. This condition

was first introduced in [Bel91].

I.2 The pseudoradial hierarchy

I.2.1 Structure of the hierarchy

We now explore the relationship between various classes of pseudoradial spaces. First,
we need to prove that ‘pseudoradial’ is a closed-hereditary property. We can then easily
show the implications in Figure 1.1 (see Theorem I.1), which are either referenced results

or ‘folklore’, but we include proofs here for completeness.

Lemmal.2.1. Let X be a pseudoradial space, C < X be closed. Then C is pseudoradial.

14



Proof. Let A< Cbenon-closed in C. Then A is not closed in X, so there exists an escaping
. . . . =X —=C .

transfinite sequence in A with respect to X. Since A = A~ and convergence is absolute

between subspaces, it follows that A is not radially-closed in C. Therefore C is pseudora-

dial. O
Theorem 1.2.2. Let X be a topological space and let x € X be given.

(1) If X well-based at x then X is radial at x. [Her67, Theorem 2]

) IfX is radial then X is semiradial. [BG92, Lemma 1J?

(3) If X is R-monolithic then X is semiradial. [BG92, Lemma 2] 2

(4) If X is semiradial then X is strictly pseudoradial. [BG92, Lemma 1]

(5) If X is strictly pseudoradial then X is pseudoradial.

(6) If X is T1 and well-based then X is R-monolithic.
Proof.

(1) Assume X is well-based at x and let A € X be given such that x € A. Then there
exists a well-ordered neighbourhood base (By)4<) for x. Now for each a < A, pick

Ya € AN Bgy. Then (y4)q<2 converges to x. Therefore X is radial at x.

(2) Assume X is radial and let x be a cardinal and A < X be non-x-closed, so there is

some B € [A]=¥ with a point x € B\ A. Then there exists a transfinite sequence u with

ZStated but not proven.
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regular length len(u) < | B| < x that converges to x. Hence A is not k-radially-closed

and therefore X is semiradial.

(3) Assume X is R-monolithic and let k¥ be a cardinal and A < X be non-«x-closed. Then

there exists a B € [A]=¥ such that B ¢ A and so An B is not closed in B. As X is R-
monolithic, Ry(B) < |B| < k, and thus there is an escaping transfinite sequence in
An B with respect to B, whose length is at most x. Hence A is not x-radially-closed

and therefore X is semiradial.

(4) Assume X is semiradial and let A < X be non-closed. Let x be the least cardinal such

)

(6)

that A is not x-closed. Then by semiradiality, there exists a transfinite sequence
t in A with len(#) < « that converges to a point x € X\ A. By minimality of «, A is

<x-closed, so it must be the case that len(#) = x. Hence for all a < x, t[a] < A as

[tla]| < |a] <k, so in particular x ¢ t[a]. Therefore X is strictly pseudoradial.
This follows by definition.

Suppose Y is well-based and T;, and let A < Y be non-closed, so there exists an
y € (A\A)NY. Assume A is d(Y)-radially-closed and let (By)q<2 be a regular well-
ordered neighbourhood base for y. For all « < A, choose a t(a) e BN A. Then t — y

andso A >d(Y).

Pickadense D € [Y]Y) and define D' := D\{y}, so forall z € D’ there exists an a, < A
such that z ¢ By,. Define @ :=sup(a;:z€ D') < A, so B, n D' = . Note that since Y

is T1, A must be infinite and thus there exists a z € By \By+1 and a neighbourhood U

16



of zsuch that y ¢ U. Then (B, N U) N D = @, which is a contradiction. Therefore A is

not d(Y)-radially-closed and hence Ry(Y) < d(Y).

Now suppose X is Ty and well-based and let C < X be closed. Then C is also T,
and well-based, so by the previous paragraphs Ry(C) < d(C). As radial spaces are

pseudoradial, it follows that X is R-monolithic. O

Regarding the other implications:

There is an compact, Hausdorff, R-monolithic space that isn’t radial. [Bel93, pg. 638]

* The class of strictly pseudoradial spaces is properly contained between the classes

of radial and pseudoradial spaces. [Bel91, pg. 125]

* There exists a compact Hausdorff strictly pseudoradial space that is not semiradial.

[Bel96, pg. 115-6]

e Under CH, there is a compact, Hausdorff, radial space that isn't R-monolithic.[Bel93,

pg. 638]

e Under CH, there exists a compact, Hausdorff, semiradial space that is neither radial

nor R-monolithic. [Bel96, pg. 115]

To show that the assumption of T} in part 2 cannot be removed, consider the space Ru {x},
where * ¢ Risisolated and for every x € R, the neighbourhoods of x are of the form Uu{x},

where U is an R-neighbourhood of x.

17



I.2.2 Restricted quotient maps

Many of the spaces in the pseudoradial hierarchy are characterised in terms of certain
continuous images of well-based spaces or LOTS. We will provide another such charac-
terisation for semiradial spaces in terms of a new class of quotient maps — the restricted

quotient maps:

Definition 1.2.3 (Restricted quotient). Let X, Y be topological spaces andlet f: X — Y be
a continuous surjection. If for every cardinal x and all A € X, A is x-closed if and only if

f~1[A]is x-closed, then we call f a restricted quotient map.

We observe that the forward implication in the definition holds for all continuous func-

tions:

Lemma I.2.4. Let X,Y be topological spaces, f : X — Y be continuous and let x be a cardi-

nal, ACY bex-closed. Then f ~L1A] isx-closed.

Proof. Let B € [f~![A]]=* be given. Then f[B] € [A]=¥, so since A is x-closed and f is

continuous, f[E] c fIB] < A. Hence Bc f‘l[A] and thus f‘l[A] is x-closed. O

Another type of quotient map that characterises radial spaces (see Figure 1.3) are the

pseudo-open maps:

Definition 1.2.5 (Pseudo-open). Let X, Y be topological spaces, f: X — Y be a continuous
surjection such that for all y € Y and all U < X open, if f~![{y}] € U then y € f[U]°. Then

we say that f is pseudo-open.

18



Thus, every open map is pseudo-open. The following lemma provides alternative char-

acterisation of pseudo-open maps.

Lemma 1.2.6. [Eng89, Exercise 2.4.F(a)] Let X,Y be topological spaces, f : X — Y be con-
tinuous and surjective. Then f is pseudo-open if and only if f is hereditarily quotient, i.e.

forevery Z< Y, fl-117 : f7Z) — Z is a quotient map.

Proof. Assume f is pseudo-open and let Z < Y,U < Z be given such that f~1[U]
= f|}}1[Z][U] is open in f~![Z], so there exists an open V < X such that f~1[U] =V n
f‘l[Z]. As f is pseudo-open, U < f[V]° and moreover f[V]n Z < U, so it follows that
U= fIVI°nZisopenin Z. Therefore f|;-1,, is a quotient map.

Now assume f is hereditarily quotient and let U < X be open, y € Y be given such that

f~ iy} € U. Define Z := (Y\ f[U]) U {y}. Then
Unfz1=F1n = 1L L.

Hence {y} is openin Z, so there exists an open V < Y such that {y} = VnZ = {ylu(V\ f[U]).

Therefore y € V < f[U] and thus y € f[U]°. O

We are now ready to prove the rest of the implications in Figure 1.2. The following

lemma characterising x-open subsets will prove useful:

Lemma I.2.7. Let X be a topological space, x be a cardinal and let A < X be given. Then A

is x-open if and only if for every B € [ X]=* with A< X\B, A< (X\B)°.

Proof. By definition, Ais x-open if and only if for all B € [X\ A]=¥, B € X\ A, or equivalently,
for every B € [X]=¥,if Ac X\B then A< X\B = (X\B)°. O

19



Definition 1.2.8 (T{). Let X be a topological space and x be a cardinal such that every
subset of size strictly less than « is closed. Then we say that X is T{. Note that a T; space

. TR

is T,".

Theorem 1.2.9. Let X,Y be topological spaces and let f : X — Y be a continuous surjection.
(1) If f is a restricted quotient map then f is a quotient map.

(2) Letx be an infinite cardinal such that Y is T{. If f is pseudo-open and has fibres of

cardinality at most x, then f is a restricted quotient map.

(3) If f is closed then f is a restricted quotient map and pseudo-open.

(4) Letx bea cardinal such that X is T{ and suppose f is a restricted quotient map. Then
Y is TT.

(5) LetY be a non-discrete, T topological space. Then there exists a topological space X
and an open, continuous surjection f : X — Y that is not a restricted quotient map.

In particular, if Y = w + 1 then we can take X to be a normal T?l -space.
Proof.

(1) Assume f is a restricted quotient map and let A < X non-closed. Then A is not | A|-
closed and so f![A] is not | A|-closed. In particular, f~1[A] is not closed, so f is a

quotient map.

(2) Assume f is pseudo-open and let A be a cardinal, A < Y be given such that f~![A]
is A-closed and define A’ := Y\A. If A < x then since Y is Ti‘,A is A-closed. Now

20



3)

4)

)

suppose A = x and note that f~! = X\f~1[A] is A-open. Let B € [Y]*" be given

such that A’ € Y\ B. By assumption,

If Bl =

U £ by ’= Y U= Ak = A

beB beB

Asf A]Cfl[Y\B] X\f B]andf A]1S/l0pen,1tfollowsthatf1[A]C

(X\f1[B])°. So as f is pseudo-open
< fIX\fUBD®° < FIX\f[B]I° = (Y\B)°.

Therefore A’ is A-open and hence A is A-closed. By Lemma 1.2.4, it follows that f is

arestricted quotient map.

Assume f is closed and let x be a cardinal, A € Y be given such that f~![A] is k-
closed. Let B € [A]=* be given. As f is surjective, for all b € B there exists a ¢j, €

f~{b}]. Define C := {c},: b€ B} € [f ' [A]]=. Then since f is closed,
B=fICl=fICIc fIf A=A

Therefore A is x-closed and thus by Lemma 1.2.4, f is a restricted quotient map.
Furthermore, observe that by the Lemma [.2.6 and [Eng89, Exercise 2.4.F(a)], every

closed map is also pseudo-open.

Let A€ [Y]<¥ be given. As X is T¥, f‘1 [A] is | Al-closed and hence A is closed. There-

fore Y is TT.
Let A< Y be non-closed and define
B:=A\A, K = max(Ro, | A]), X =" x(Y\B)uU(x*}xB).

21



We topologise X by specifying a base as follows:

» Forevery U € Y open, if UNn B # @, then let ({k*} x (UN B)) U ((k*\C) x (U\B))

be a basic open set for every C € [k t]=¥.

e For every U € Y open, if Un B = @, let {a} x U be a basic open set for each

a<x".

Define f : X — Y to be the projection onto the second coordinate. Then f is con-
tinuous, open and surjective. However, A is not k-closed whereas f1[A] =k x Ais

kx-closed. Therefore f is not a restricted quotient map.

fY=w+1and A =w, then B = {w},x =Xp and X is a T?l-space with a unique,

non-isolated point, so is normal. O

Corollary I.2.10. Let X,Y be topological spaces such that'Y is Ty, and let f : X — Y be

pseudo-open with countable fibres. Then f is a restricted quotient map.

As quotient maps arise from decompositions of the domain space, we will characterise

restricted quotient maps in terms of certain types of decomposition maps.

Definition I.2.11 (Decomposition map). Let X be a topological space and D be a decom-
position (i.e. partition) of X. Define n : X — D by mapping each x € X to the unique
element of D containing x. We call # the decomposition map of D and consider D as a

topological space by endowing it with the quotient topology.

Proposition 1.2.12. Let X be a topological space, D be a decomposition of X andn : X — D
be the decomposition map. Then 1 is a restricted quotient map if and only if for all A < D
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and cardinals x, if U A is x -closed then for every D € D\A and all B € [A]=¥, there exists an

openU <D such thatD el andUNB=@.

Proof. Note that adecomposition map is a quotient map; in particular it is continuous and
surjective. Thus 7 is a restricted quotient map if and only if for all .A < D and cardinals «,
if 71[A] = UA is x-closed then A is x-closed. The statement of this proposition is an

alternative expression of this equivalence. O

To close this section, we show that the quotient maps in Figure 1.3 are closed under

composition.

Theorem 1.2.13. Let X, Y, Z be topological spaces, f : X — Y,g: Y — Z be continuous sur-

jections.
(1) If f, g are quotients then g o f is a quotient map.
(2) If f, g arerestricted quotient maps, then g o f is a restricted quotient map.
(3) If f, g are pseudo-open then go f is pseudo-open. [Eng89, Exercise 2.4.F(b)]

Proof. First, suppose that f and g are both (restricted-)quotient maps and let x be a car-
dinal. Assume that (gOf)_1 U] = f‘1 [g_1 [U]] is (x-)closed. Then g_l[U] is (x-)closed and
hence U is (k-)closed. Therefore go f is a (restricted-)quotient map.

Now assume that f and g are pseudo-open and let A < Z be given. Then glg-1( :
g '[Z] — Z and Fligoptiz - (go f)~'1Z] — g '[Z] are quotient maps, so it follows that
(8° Nligop)-1121 = &lg-1121© fl(go -1z IS @ quotient map. Therefore by Lemma1.2.6 go f is
pseudo-open. O
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I.2.3 Quotient characterisation and preservation theorems

We are now ready to prove the results stated in Figure 1.3. To characterise topological
spaces that are determined by a type of convergence, the usual approach is to take a cer-
tain topological sum of directed sets that are topologised in an appropriate way and define
an appropriate quotient (see [Fra65; Her67], [Nyi92, pg. 543-545]). Instead of taking sums,
we will consider families of maps and final topologies, which will require a translation of
certain quotient-map properties.

But first, we will present the preservation theorems, which utilise the following equiv-

alent characterisation of radiality.

Lemmal.2.14. Let X be a topological space. Then X is radial if and only if X is hereditarily

pseudoradial.
Proof.

(=) Assume X isradial andlet Y € X, A € Y be non-closed in Y. Then there exists an
—Y —X .- . . . .
xe A \Ac A \A, so by radiality there exists a transfinite sequence in A converging

to x. Therefore Y is pseudoradial and hence X is hereditarily pseudoradial.

(<) Assume X is hereditarily pseudoradial and let A < X be non-closed, x € A\Abe given.
Then A is non-closed in AU {x}, which is pseudoradial, so there exists an escaping
transfinite sequence in A, with respect to AU {x}. This must converge to x and hence

X is radial. O

Corollary I.2.15. Radiality is a hereditary property.
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Theorem 1.2.16. Let X, Y be topological spaces, f: X — Y be surjective.

(1) IfX is pseudoradial and f is a quotient map then Y is pseudoradial. [Her67, Theorem

2]
(2) If X is semiradial and f is a restricted quotient map then Y is semiradial.

(3) If X isradial and f is pseudo-open then Y is radial. [Ark80, pg. 50]
Proof.

(1) Assume X is pseudoradial and f is a quotient map. Let A < Y be non-closed, so
f ~11A] is also non-closed. Then there exists a transfinite sequence t in f ~11A] that
converges to some point x € f~1[A]\f~'[A] and so fot — f(x) € f[fL[A]\AC A\A.

Thus A is not radially-closed and therefore Y is pseudoradial.

(2) Assume X is semiradial and f is a restricted quotient map. Let x be a cardinal
and A € Y be non-k-closed, so f~![A] is non-k-closed. Then there exists a trans-
finite sequence u in f~![A] with length at most x that converges to some point

X€ f—l[A]\f_l[A], so fou— f(x) e f[f—l[A]]\AQZ\A. Therefore Y is semiradial.

(3) Note that by Lemma 1.2.6, flf—l[Z] : f‘1 [Z] — Z is a quotient map forall Z< Y. So

by LemmaI.2.14 and (1), it follows that Y is radial. O

Now we shall develop the machinery for the characterisation theorems. We will show
how to translate between families of maps and final topologies to quotient maps, so that
we can state our characterisation theorems in terms of families. First, we shall define the
topological sum of spaces and co-diagonal maps.
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Definition I.2.17 (Topological sum). Let (X;);e; be a family of topological spaces and de-

fine

X =it x Xy,

iel

Vielt: X;— X, x— (i,x).

Topologise X with the final topology with respect to (t;) ¢y, the finest topology on X mak-
ing those maps continuous, i.e. a subset U of X is open if and only if Ll._l [U] is open for all
i € I. We say that X is the topological sum of (X;);e; and denote it by Y ;c; X;. We shall refer

to (t;)jes as the family of inclusion maps.

Definition I.2.18 (Co-diagonal map). Let Y be a set and let (f; : X; — Y);cr be a family of

functions. Then we define the co-diagonal map Vie;fi 1Y ic; Xi — Y of (fi)ies as follows:

Vie I,VxeXi,(Vf,-)(i,x) = fi(x).

iel
Lemmal.2.19. Let X be a topological space, (Y;)c1 be a family of topological spaces and let
(fi)ier be a family of continuous maps from Y; to X respectively such that;c;ran(f;) = X.

Then f := Ve fi is a continuous surjection.

Proof. Note that for every open U < X, fl._1 [U] is open in Y; and moreover

=Y = 7.

i€l
Therefore f~1[U]is openin Y and so f is continuous. Furthermore, f is surjective because

ran(f) =Ujerran(f;) = X. O
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Definition 1.2.20 (P family). Let X be a topological space, (Y;);c; be a family of topological
spaces and let (f;);e; be a family of continuous maps from Y; to X respectively such that
Uierran(f;) = X. Let P be a class of continuous surjections. Then we say that (Yj, f;)ies is

a P family if Vic; f; € P when considered as a map from }_;¢; Y; to X.
For 1-element families, the notions of P map and P family coincide.

Proposition 1.2.21. Let X,Y be topological spaces, f : X — Y be a continuous surjection
and let'P be a class of continuous surjections closed under pre-composition by homeomor-

phisms. Then f € P if and only if (fi)icio} is a'P family for Y, where fo:= f.

Proof. Note that U{ran(f)} = Y, so the preliminary condition for the previous lemma is

satisfied. Let 7 : {0} x X — X be the projection map, which is a homeomorphism. Then
feP < foneP < (fi)icioy is a P family. O

The particular classes P that will be used here are the classes of quotient, restricted

quotient and pseudo-open maps. We now seek some characterisations of their families.

Lemmal.2.22. Let (X;);c; be a family of topological spaces and let X be the topological sum
with inclusion maps (1;)ie;. Then for all cardinals xk and A < X, A is x-closed if and only if

17 [A] isk-closed foralli€ I.

Proof. As (1;) ;e is a family of continuous maps, the forward implication follows from
Lemma [.2.4. Let A € X,x be a cardinal such that A is not x-closed, so there exists a

B € [A]=¥ such that B € A. Then since (ran(t;))je; is a discrete cover of X,

B=U®Bnran(:) = JBaranG) = Yuli; B

iel iel iel
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Thus there exists an i € I such that Li[ti_l [B]] € Anran(i;) = t; [ti_l [A]]. Since (; is injective,

171 [BI £ ;' [Al. As i; '[B] i [A] and ¢ ' [B]| = |Bnran(i;)| < |B| <, it follows that ;7! [A]

is not x-closed. 0

Lemmal.2.23. Let X be a topological space, (Y;)ic1 be a family of topological spaces, (f;)icr

be a family of continuous maps from Y; to X respectively such thatJ;c;ran(f;) = X. Then:

(1) (Y;, fi)ier is a quotient family for X if and only if X has the final topology generated

by (fi)ie1; that is, for every open U < X, iffl.‘1 (Ul is open for alli € I, then U is open.

(2) (Yj, fi)ier is a restricted quotient family for X if and only if for every A < X and all

cardinals x, if fi_1 [A] isxk-closed for every i € I, then A is x-closed.

(3) (Y;, fi)ier is a pseudo-open family for X if and only if for all x € X,i € I and open

U; < X; with ;7 [{x}] € Uy, x € (Ujer £;1U31)°.

Proof. Let Y be the topological sum of (Y;);e; with inclusion maps (¢;);e; and define f :=

Vierfi. Note thatforalli € I, fot; = f; and by Lemma 1.2.19 f is continuous.

(1) Let U < X be given. Then
f'Ulisopen <> Vie L' [f ' [UIl = (fou;) ' [Ul = f'[U]is open.

Since f is continuous and surjective, it follows that (Y3, f;);es is a quotient family for
X if and only if for all U < X, if f~![U] is open then U is open, or equivalently X has

the final topology generated by (f;)er .
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(2) Let A< X,« be a cardinal. Then by the previous lemma

3)

f‘l[A] isx-closed < Vie I,Ll-_l[f_l[A]] = fl._l[A] is x-closed.

As f is continuous and surjective, it follows that (Y;, f;);es is a restricted quotient
family for X if and only if for every A € X and all cardinals x, if f~![A] is x-closed
then A is x-closed, or equivalently, if fl.‘l[A] is x-closed for all i € I, then A is k-

closed.

Suppose (Y;, fi)icr is a pseudo-open family for X. Let x € X be given and for all i € I,
let U; < Y; be open such that fl._l[{x}] c U;. Define U = ;e ti[U;], which is open in

Y since for all i € I,1; is open. Then

i = U (Ftix nran(y)

iel

Ul [ 1]

iel

U [ 1]

iel

cU.

Since f is pseudo-open, x € f[U]

Now suppose that for all x € X, i € I and for every open U; < Y; with fl._1 [{x}1cU;,x€
(Uiez filU:1)°. Let U < Y be open, x € X be given such that f~![{x}] € U. Then for all

iel, f [{x}] = [f_l[{x}]] c Ll._l[U] and Li_l[U] is openin Y;, so it follows that

e(Uﬁu;l[Un)o [ULZ ‘I[U]] = flU)".

iel iel
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Therefore f is a pseudo-open map and thus (Y3, f;)ies is a pseudo-open family for

X. O

We now construct the domain space to quotient over and show how convergence prop-

erties of the codomain correlate with properties of the quotient map.

Lemma 1.2.24. A topological sum of well-based spaces is well-based.

Proof. Let (X;);e; be a family of well-based spaces and define X to be the topological sum
of X with inclusion maps (t;)je;. Let i € I be given. Then the inclusion map ¢; : X; — X is
an embedding with open range, since ‘well-based’ is a local property, it follows that every

point in ran(s;) is well-based in X and therefore X is well-based. O

Definition I1.2.25 (Si). Let x be a non-zero, regular ordinal. We define a topology on x +1
by setting every point in x to be isolated and letting {[a, k] : @ € x} be a neighbourhood

base system for k. We denote this topological space by Sk.

Lemma 1.2.26. [Nyi92, Lemma 2.7] Let X be a topological space, x be a non-zero regular

ordinal and let f : Sx — X be given. Then f is continuous if and only if f|x — f(x).

Theorem 1.2.27. Let X be a topological space and define

S :={x : « is a non-zero, regular cardinal, x < |X|},

2= Ukes X,

e ForeveryteZ,L; ={x€ X:t— x},

I'={t,x):teZ,x€ L},
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o Forall(t,x)€I,Yqx = Sten(t),
e Forall(t,x) €I, fi.x =tuU{len(r),x)}: Y — X.
Then:
(1) Forallie€ I, f; is continuous.
@) Ujerran(fi) = X.
(3) X is pseudoradial if and only if (Y;, fi)ier is a quotient family for X.
(4) X is semiradial if and only if (Y;, fi)ier is a restricted quotient family for X.

(5) X isradial if and only if (Y;, fi)ier is a pseudo-open family for X.

Proof.
(1) By definition and the previous lemma, f; is continuous for every i € I.

(2) Let x€ X be given. Then 1€ S, :={(0,x)} € £ and x € L;. Thus fi; x)(1) = x and so

Uierran(f;) = X.

(3) Suppose that X is pseudoradial and let U < X be non-open, so X\U is non-closed.
Then by the pseudoradiality of X, there exists an x € X\U\(X\U) and there exists
a t € X such that x € L; and ran(¢) < X\U. Then f(_t,lx) [U] is not open. Therefore

(Y, fi)ier is a quotient family for X.

(4) Suppose that X is semiradial and let x be a cardinal, A € X be non-kx-closed. Let A be
the least cardinal such that there exists an escaping A-sequence ¢ in A with a limit
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x € X\ A. Note that A is regular and A < min(x,|X][). Then (t,x) € I and f(_t,lx) [A] =
A is not A-closed in Y(; xy and in particular not x-closed. Therefore (Y;, fi)ier is a

restricted quotient family for X.

(5) Suppose that X is radial. Let x € X be given and for all i € I, let U; < Y; be open such
that fl.‘l[{x}] c U;. Define U = Uj¢; filU;] and note that x € U. Suppose x ¢ U°, so
x € X\U\(X\U). As X is radial, there exists a f € X with ran(f) € X\U such that t — x.
Define A :=len(#). Then A € f<_;,1x> [{x}] < f<;1x> [U], so there exists an a < A such that
A+1\ac f<;,1x> [U]. Hence t(a) = fi1,x (a) € U, which is a contradiction. Therefore

x € U° and thus (Y;, fi)ies is a pseudo-open family for X. O

We now arrive at the final statement of characterisation for these spaces. The char-
acterisation for pseudoradial spaces was originally given in [Her67] and used a similar

construction as above. This was observed for radial spaces in [Ark80].

Corollary I1.2.28 (Quotient characterisation theorem). Let X be a topological space. Then
X is (pseudoradial / semiradial / radial) if and only if X is the (quotient / restricted quotient

/ pseudo-open) image of a well-based space.

I.3 Quasi-isolation and p-character

To aid our understanding of pseudoradiality and related properties, we investigate when
intersections of neighbourhoods are again neighbourhoods and the effect this has on con-
verging transfinite sequences. To do this, we introduce two related properties: quasi-
isolation, which is a generalisation of isolated points to a non-T;-setting, and p-character,
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which captures how badly quasi-isolation fails. We start this section with some theory of

these two properties.

I.3.1 Quasi-isolation

A point x in a topological space is isolated if and only if {x} is open. This implies that it has
a ‘minimal neighbourhood’. We are going to take this minimal neighbourhood property to

define a new property generalising isolated points.

Definition I.3.1 (Quasi-isolated and quasi-discrete). Let X be a topological space and let
x € X be given. If x has a principal neighbourhood filter, i.e. the intersection of all its
neighbourhoods is again a neighbourhood, then we say that x is quasi-isolated. We denote
the (open) neighbourhood filter by /) NX and define the neighbourhood core of x to be
NX:=NNZX =NuUZ. The superscripts will be dispensed with if the underlying topological
space is unambiguous.

If every point in a topological space is quasi-isolated then we say that the space is

quasi-discrete. These are also known as Alexandroff spaces.

Definition I.3.2 (T;). Let X be a topological space and let x € X be given. We say that x is

T if N = {x}. Note that X is T; if and only if every point is T.

If ‘isolated point’ translates as ‘there is a neighbourhood separating it from all other
points’, then quasi-isolated point translates as ‘there is a neighbourhood separating it from

all possible points’. In fact, for T;-points these notions coincide.

Proposition 1.3.3. Let X be a topological space, x € X be given.
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(1) x is quasi-isolated if and only if Ny is open.

(2) Ifx isisolated then x is quasi-isolated.

(3) Ifx is quasi-isolated and T, then x is isolated.

Proof.

(1) If N, is open then Ny € N, so x is quasi-isolated. Now assume x is quasi-isolated.

Then N$ € N also, so Ny € Ny <N N,. Therefore N, = Ny is open.

(2) Assume x is isolated, so {x} is open. Then N, = {x} is open and therefore x is quasi-

isolated.

(3) If xis quasi-isolated and Ty, then N, = {x} is open, so x is isolated. O

CorollaryI.3.4. Let X be a topological space.

(1) If X is discrete then X is quasi-discrete.

(2) If X is quasi-discrete and Ty then X is discrete.

We now generalise the proof that finite Ty spaces are discrete, using the notion of x -

additivity.

Definition 1.3.5 (x-additive). Let X be a topological space and x be a cardinal such that
for every non-empty collection U/ of open sets with cardinality strictly less than x, N/ is

open. Then we say that X is x-additive.
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Lemma 1.3.6. Let X be a topological space and x be a cardinal such that X is x-additive

and let x € X be given such that | X\ Ny| < «x. Then x is quasi-isolated in X.

Proof. Let y € X\N, be given, so there exists a Uy, € Uy such that y ¢ U,. Then |[{U : y €

X\Ny} <x, 80 Nyex\n, Uy = Ny is open. Therefore x is quasi-isolated in X. O

Corollary 1.3.7. Let X be a topological space, x be a cardinal such that |X| < x and X is

k-additive. Then X is quasi-discrete.
Corollary I.3.8. Every finite topological space is quasi-discrete.
Proof. Every topological space is Xy-additive by definition. O

Now we show how quasi-isolated points in subspaces and products arise and charac-

terise them for the latter.
Lemma1.3.9. Let X be a topological space, Y < X,x € Y be given. Then NY = NXnY.
Proof. NY =NNY =NINNY:Ne NS} =(NNX)nY=NEnY. O

Theorem 1.3.10. Let X be a topological space, Y < X, x € Y be quasi-isolated in X. Then x

is quasi-isolatedin 'Y .

Proof. As x is quasi-isolated in X, NX € NX and so N} = NXnY € NY. Therefore x is

quasi-isolated in Y. O

Lemma 1.3.11. Let (X;);c; be a non-empty family of topological spaces and define X :=

[licr Xi. Let x € X be given. Then NX = HieINX"

mi(x)”
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Proof. First, note that

NE =Wk

<ﬂjn‘1[U] ] : J < I finite and non-empty and V j € J, U; EU,,J(X)>
]€

=(n;'Ul:ie LU €U, m}

where (A) denotes the smallest filter containing .A. Thus

ﬂ ﬂ T ﬂ” [NXl(x)] lHNfl(x) =

ZEIUeuﬂ . iel
Theorem 1.3.12. Let (X;);c; be a non-empty family of topological spaces and define X =
[licr Xi. Let x € X be given. Then x is quasi-isolated in X if and only if for everyi € I,m;(x)

is quasi-isolated in X; and I' := {i € I:./\/;T}i"(x) #1{X;}} is finite.
Proof.

(=) Assume x is quasi-isolated and let i € I be given. Define

X; ifj=i
Vjel,Yj:=

{mj(x)} otherwise

Y =]]Y;.

jel
Then 7;|ly : Y — X; is a homeomorphism. Since x is quasi-isolated in X, it is also

quasi-isolated in Y and thus 7;(x) is quasi-isolated in X;.

Suppose I is infinite and let i € I’ be given. Then there exists a y; € X; and M; €
N

.00 such that y; ¢ M;. Since x is quasi-isolated, N;je JTi_l [M;] € ./\/,?(, so there exists
L
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a finite and non-empty L < I, and for every [ € L there exists an open U; < X; such
that x € Mier 7} (U] € Nier ;' [M;]. Define:

Vi ifie I'\L
y:[—>UX,',l"—>

iel
7m;(x) otherwise

Then y € Njer nl_l[Ul]. However, as I’ is infinite, there exists an i € I'\L and 7;(y) =

yi ¢ M;, which is a contradiction. Therefore I’ is finite.

(<) Assume for all i € I,7;(x) is quasi-isolated in X; and I’ is finite. Then

X _ Xi _ -1 X;
Nx - HNnil(x) - ﬂ T[i [Nn,-l(x)]'
iel iel

Now foralli e I ,Nf"(x) is open, so it follows that fo is also open. Therefore x is
1

quasi-isolated in X. O

I.3.2 p-character

Here we define a cardinal function that encodes the failure of a point to be quasi-isolated.
Thus quasi-isolation and p-character work together to capture information about inter-

sections of neighbourhoods.

Definition 1.3.13 (p-character). Let X be a topological space, x € X be non-quasi-isolated.
Then we define the p-character of x in X to be the least cardinality of a collection of neigh-
bourhoods of x whose intersection is not a neighbourhood. We designate this cardinal by

px(x). If the surrounding space is unambiguous then we will dispense with the subscript.
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If x € X is quasi-isolated, then we say that px(x) = co with the convention that co > x

for every cardinal k. In particular, [A]=*° =P (A) for any set A.

Theorem 1.3.14. Let X be a topological space, x € X be non-quasi-isolated. Then p(x) is

infinite and regular.

Proof. As N is afilter, x := p(x) must be infinite. Since x is non-quasi-isolated, there exists
A = {Aq : @ <k} € [N,]* such that NA ¢ N;. Now let (@p)p<crx) be a cofinal, strictly-
increasing sequence in p(x). Suppose « is singular, so B := {q<q 5 Ag : B < CF(K)} € Ny

and N.A =N B e Ny, which is a contradiction. Therefore p(x) is regular. O
The next proposition provides an alternative characterisation of p-character.

Proposition 1.3.15. Let X be a topological space, x € X be given and let x be a cardinal.

Then the following are equivalent:

(1) p(x)=«x.

2) Ny is ax-complete filter, i.e. \U € Ny for allld € [N ]<¥.
Proof.

(1=2) LetU € [N,]<¥ be given. If x is quasi-isolated then NN, € N and NN, € Ny, so

NU € N. If not then since p(x) = x,NU € N.
(2=1) If xis not quasi-isolated then by definition p(x) = x. Otherwise, p(x) =oco=«. [
We now prove some results for subspaces and products.

Theorem 1.3.16. Let X be a topological space, Y < X,x €Y be given. Then px(x) < py (x).
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Proof. Let A€ [NY1<Px™ be given. Then for every A € A, there exists a B4 € N'X such that

A=BsnY.As|A|l < px(x), it follows that

N BAeNj(:ﬂA:( N BA)mYeNxY.
AeA AeA

Therefore by the previous proposition, px(x) < py (x). O

Theorem 1.3.17. Let (X;);c; be a non-empty family of topological spaces and define X :=

[l;er Xi. Let x € X be non-quasi-isolated and define

I'={ie I:Néi(x) #{Xil},

I'":={i € I:7m;(x) is non-quasi-isolated in X;}.

Then:

min(px, (w;(x)):i € I*) ifI'is finite
px(x) =

No otherwise

Proof. We divide our argument depending on the cardinality of I'.

Case 1: Assume I’ is infinite, so there exists a countably infinite J < I'. Then for all j € J,
there exists y; € X; and M; EN;j(x) such that y; ¢ M;. Suppose Nje; ;' [M;] € N,
so for some finite and non-empty F < I and for every f € F, there exists an open
Ur < X such that x € ﬂfepﬂ}l[Uf] c ﬂjejn]_.l [M]. Define:

yi  itie\F
y:I-JXi—

iel .
7m;(x) otherwise
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Then y e ﬂfepn]:l[Uf]. As ] is infinite, there exists a j € J/\F and so 7(y) = y; ¢ M;,
which is a contradiction. Therefore Mje; 7' [M;] € N and thus px(x) = Ro. As

px(x) is infinite, it follows that px (x) = Ro.

Case 2: Assume [’ is finite and note that since x is not quasi-isolated, by Theorem 1.3.12

I'" # . Then there exists an i € I* such that
min(px; (;(x)) : j € I) = px, (m; (x)).
Define

X; if j=i
Vjely,:= ,

{mj(x)} otherwise

v=[1y,

Jel

Then ;|ly : Y — X; is a homeomorphism and x € Y. Thus

px(x) < py(x) = px, (7;(x)).

Now let A € [NX]<P%i ") he given, so for all A € A there exists a finite and non-
empty J4 € I and for every j € J,, there exists an open Uy ; S X; such that x €

Njesa ;' [Ua ] € A. Define

J=U Ja
AeA

Vie],Bj:={Uyj: A€ A, je ]l

Since I* < I', by our choice of i it follows that for all j € J,NB; € N;ij(x) and so

ﬂBegj n]TI[B] = n]_.l[ﬂl’j’j] 6/\/2(. Observe that NB; = X; for every j € J\I'. Hence,
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as p-characters are infinite,

NA2 () 7' Ua 02 ]Q]n;-l (NB;]= N pi;' [NB;]eN;.

AeAjeja jeinr

Thus NA € N and so px(x) = px, (7;(x)) = min(px; (;(x)) : j € I*). O

We now conclude this section by introducing the familiar pseudocharacter cardinal
function in a general, non-T -setting, and prove some relations between pseudocharacter

and p-character.

Definition 1.3.18 (Pseudocharacter). Let X be a topological space, x € X, P < N, be non-
empty such that P = N,. Then we say that P is a pseudobase for x. We denote the least
cardinality for a pseudobase for x as ¥ x (x). Note that in T, -spaces, this coincides with the
standard definition since N, = {x}.

If the surrounding space is unambiguous, then we denote the pseudocharacter of x by

w(x).

Theorem 1.3.19. Let X be a topological space and let Y < X,x € Y be given. Then ¢y (x) <

Wx(X).

Proof. By definition, there exists a pseudobase P € [NX]¥*™ for x in X. Then

N =NfnYy=(OP)nY=[(PnY).
PeP

Thus {PNY : P €P}isapseudobase for x in Y. Therefore yy (x) < yx(x). O

Theorem 1.3.20. Let X be a topological space, x € X be non-quasi-isolated. Then p(x) <
v(x).

41



Proof. Let P € [N, ]¥™ be a pseudo-base for x. Since x is not quasi-isolated, NP ¢ N, so

px) =w(x). O

I.3.3 Applications to the pseudoradial hierarchy

In this final section, we demonstrate some applications of p-character to the study of the
pseudoradial hierarchy. In particular, we show failures of productivity in radial spaces,
give conditions to ensure semiradiality, and characterise sequentiality in terms of strict

pseudoradiality and countable tightness. First, we will characterise the well-based spaces.

Definition I.3.21 (Cofinality). Let (X, <) be a linearly ordered set, A < X be given. Then A
is cofinal if and only if for all x € X, there exists an a € A such that x < a. We define the
cofinality of (X, <) to be the least cardinality of a cofinal subset. This is denoted by cf(X, <).

Of course, cf(a, €) = cf(a) for every ordinal a.

Definition 1.3.22 (Character). For a point x in a topological space X, we denote the small-
est cardinality of a neighbourhood base of x by y x(x), called the character of x in X. If the

surrounding space is unambiguous, we will dispense with the subscript.

Lemmal.3.23. Let X be a topological space, x € X, B be a well-ordered neighbourhood base
for x. Then there exists a B' < B cofinal in (B, 2) that is a regular well-ordered neighbour-

hood base for x and |B'| = cf(B, 2).

Proof. First, there exists an ordinal a and an order isomorphism f: (a,€) — (13,2). Fur-
thermore g : cf(a) — a strictly increasing and cofinal. Define B’ := ran(f o g), so B’ is
cofinal in (B, 2) and hence (5, 2) has order type cf(a) = cf(53, 2). Now by cofinality, (B') =
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(B) = Ny. Therefore B’ is a regular well-ordered neighbourhood base for x and further-

more |B'| = cf(B,2). O

Theorem 1.3.24. Let X be a topological space and let x € X have a regular well-ordered

neighbourhood base B. Then |B| = w(x) and if x is not quasi-isolated, |B| = p(x).

Proof. Let B={B,:a < |Bl}, where Bg ; By forall @ < 8 < |B|. Assume v (x) < |B], so there
exists a pseudobase P € [Ny]<'8! for x. Then for every P € P, there exists an ap < |B| such
that B,, S P. Define a :=sup(ap: P € P) <|B|, so B, S (P = Nx. As y(x) <|B| and |B]| is
regular, it follows that @ + 1 < |B| and N, € By ;Cé B,, which is a contradiction. As every
neighbourhood base is a pseudobase, it follows that v (x) = | B|.

Now assume that x is not quasi-isolated and let A € [N,]<'®! be given. Then for all A e
A, there exists a 4 < |B| such that Bg, < A. Define $:=sup(f4: A€ A) <|B|,so Bg <N A.
Thus N.A is a neighbourhood of x and so p(x) = |B|. Finally, note that 8 = Ny ¢ Ny as x

is not quasi-isolated. Therefore p(x) = |5|. O

Theorem 1.3.25. Let X be a topological space and let x € X be a non-quasi-isolated point

such that x(x) = p(x). Then x has a well-ordered neighbourhood base of size y (x).

Proof. Let B={B,:a < y(x)} be aneighbourhood base of x and define for all @ < |B|, A, :=
Mp<a Bp- Then since y(x) = p(x), A:={Aq : @ < x(x)} is a collection of neighbourhoods of
x. Moreover, for every U € N, there exists an a < y(x) such that B, € A, € U, so A is
a well-ordered neighbourhood base for x. If | 4| < p(x), then N, = N.A € Ny, which is a
contradiction as x is not quasi-isolated. Therefore p(x) < |A| < |B]| < x(x) = p(x) and thus
Al = x(x). O
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Corollary 1.3.26. Let X be a topological space. Then X is well-based if and only if every

point is either quasi-isolated or has equal character and p-character.

Proof. Note that for every quasi-isolated x € X, {N,} is a well-ordered neighbourhood base

for x, so the statement follows from the previous two theorems. O

The following theorem provides an important separation of p-character and pseu-

docharacter and will be used to demonstrate some failures of radiality.

Theorem 1.3.27. Let X be a topological space with a well-based point x € X and let t be a

transfinite sequence in X\ Ny with regular length. Then:

(1) If't clusters at x then p(x) < len(t).

(2) Ift converges to x thenlen(t) < w(x).
Proof.

(1) First, note that x is not quasi-isolated in X, so p(x) is defined. Assume ¢ clusters
at x and suppose len(?) < p(x). Since ran(z) N Ny = @, it follows that for every a <
len(?), there exists a U, € N, such that t(a) ¢ U,. As len(t) < p(x), it follows that
U :=Na<ien(r) Ua € Ny. However, U nran(¢) = @, which is a contradiction. Therefore

p(x) <len(y).

(2) Suppose t converges to x and choose a pseudobase P € [Ny]¥™® for x. Assume
len(t) > w(x). Since t — x, for every P € P, there exists an ap < len(¢) such that

tllen(t)\ap] < P. Define a := sup(ap: P € P) <len(t). Then

t(@) e () tllen()\apl <[P = Ny.
PeP
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This is a contradiction. Hence y(x) = len(¥). O

Corollary1.3.28. Let x be a well-based point in a topological space and let t be a transfinite

sequence in X\ Ny that converges to x. Then t — x andlen(t) = y(x).

Proof. By the previous theorem and Corollary 1.3.26,

p(x) <len(?) =y (x) < x(x) = p(x).

Hence len(f) = y(x).
Now for all @ < len(z), X\{r(a)} € N, and so for all § <len(z), X\t[f] = Na<pX\{t(@)}) €

Ny and thus x ¢ ¢[f]. Therefore ¢ - x. O

Theorem 1.3.29. Let x be a well-based point in a topological space and let t : y(x) — X\ Ny

cluster at x. Then t has a subsequence that converges to x.

Proof. Define x := y(x) and let (Ay) o<« be a regular, well-ordered neighbourhood base for

x. Define by recursion

g:x —x,a—min(fex\sup(g(a)+1:a'<a): t(B) € Ag).

As « is regular, g is well-defined and moreover strictly increasing. Let U € N, be given,
so there exists an a < x such that A, < U. Then there exists a f < x such that for every

Y€(B,x),g(y) = aand so (to g)(y) € Ag(y) S Aq. Therefore t o g converges to x. O

We now demonstrate how a failure of radiality can occur in general for T;-spaces. Ra-

diality behaves particularly badly under products.
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Proposition 1.3.30. Let X, Y be topological spaces with non-quasi-isolated pointsx € X,y €

Y respectively such that yx(x) < py(y). Then (x,y) is not radial in X x Y.

Proof. Define A:= (X\N;) x (Y\N)), s0 (x,) € X\N{ x YAN) = A. Suppose there exists
a transfinite sequence ¢ in A with regular length that converges to (x,y). Then txot —
x,myot — yand ran(mx o ) N NX = ¢ = ran(mwy o t). Thus by Theorem 1.3.27 py(y) <

len(#) < y¥x(x), which is a contradiction. Therefore (x, y) is not radial in X x Y. O

This easily shows that (w + 1) x (w; + 1) is not radial, where each space has the order
topology. Products of radial spaces can fail to be pseudoradial, as was shown in [OT95,
Example 2.2] using the space [0, 1] x L(X;), where L(X;) is the one-point Lindel6fisation of
a discrete space of size X;. [Sha93] showed that, for the class of compact Hausdorff spaces,
pseudoradiality is consistently equivalent to sequential compactness; consequently, com-
pact, Hausdorff pseudoradial spaces are consistently countably productive. Whether ZFC
proves this is an open question; see [Tir06] for a general survey.

The following theorem is a generalisation of the result that every sequential space is
semiradial (Corollary 1.3.33). Note that in a T;-space, the condition amounts to the space

. Ry(X)
being T, ",

Theorem 1.3.31. Let X be a pseudoradial space such that for every F € [ X]<*XX gnd x €

F\FE, x is quasi-isolated in F U {x}. Then X is semiradial.

Proof. Let x be a cardinal and let A € X be «k-radially-closed. If x = Ry(X) then A is
radially-closed, so by pseudoradiality is also closed; in particular it is x-closed. Assume
k < Ry(X) and let F € [A]=* be given. Suppose F ¢ A and choose x € F\A c F\F. Then
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NEY™ s open in F U {x}, so there exists a y € Nf"") 0 F < NX 0 F. Hence {(0, )} — x and
since A is k-radially-closed (and x > 0 because F # @), it follows that x € A, which is a

contradiction. Therefore A is x-closed and so X is semiradial. O

The assumption in the previous theorem is technical and can be simplified to give the

following corollary:

Corollary1.3.32. Let X be a pseudoradial space such that for every F € [ X]<*XX) | F is quasi-

discrete. Then X is semiradial.

Proof. Let F € [X]<RYX) x ¢ F\F be given. Then |F U {x}| < max(Ry(X),No), so it follows

that F U {x} is quasi-discrete. Hence by the previous theorem, X is semiradial. O
Corollary1.3.33. Every sequential space is semiradial.

Proof. Every sequential space has countable radial character and by Corollary 1.3.8, ev-
ery finite subset is quasi-discrete. Therefore by Corollary 1.3.32, every sequential space is

semiradial. O

To finish this chapter, we present a slight improvement on Arhangel’skii’s result that in
the class of T;-spaces, the sequential spaces are precisely the strictly pseudoradial spaces
of countable tightness ([AIT85], quoted in [DIT87, pg. 752]), by removing the T; assump-

tion.

Definition 1.3.34 (Countably-tight). If X is a topological space such that for every A <
X and each x € A there exists a countable B < A such that x € B, then we say that X is
countably-tight.
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Theorem1.3.35. Let X be a topological space. Then X is sequential if and only if X is strictly

pseudoradial and countably-tight.

Proof. By the corollary above, every sequential space is semiradial and hence strictly pseu-
doradial. Let A € X be given and define C := Upgc 420 B. Note that A< C < A. Suppose X
is sequential and C # A, so C is not closed. Then there exists a sequence s in C and a limit
x € C\C of s and thus for every n € w, there exists a countable B, < A such that s(n) € B,.
Define B := U,,e,, By € [A]=N0 and let U € Ny be given. Then there is some n € w such that
slw\n] € U, so in particular s(n) € U. Hence @ # NN B,, € Nn B and thus x € B < C, which
is a contradiction. Therefore X is countably-tight.

Now assume that X is strictly pseudoradial and countably-tight and let A € X be non-
closed. Then there exists a transfinite sequence ¢ in A with regular length and an x € A\ A
such that ¢ - x. Then x € ran(f), so by countable-tightness there exists a countable A <
len(#) such that x € t[A]. If ¢ has uncountable length then A is bounded in len(¢) and thus
x ¢ t[A], which is a contradiction. Hence ¢ has countable length. If ¢ is a 1-sequence, it
can be replaced with a constant w-sequence, as shown in Section I.1.1. Therefore X is

sequential. O
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Chapter I1

Radiality and spoke systems

II.1 Introduction to nests and spokes

In the previous chapter, we presented some external characterisations of spaces in the
pseudoradial hierarchy (Corollary 1.2.28). However, they are insufficient to (1) truly gain
an understanding of these spaces and properties and (2) prove useful theorems. In this
chapter we will develop the theory of spokes and spokes systems, which allows us to inves-
tigate radiality internally, leading to a deeper understanding of how this property arises.
The most common examples of radial spaces are LOTS, GO-spaces and well-based
spaces (e.g. first-countable spaces). These can be viewed as having neighbourhoods gen-
erated by nests — sets ordered linearly by inclusion. We will generalise from these spaces
to create the class of independently-based spaces. Independently-based spaces have a
clear picture of convergence and, although they do not coincide with radial spaces (as

we will show), a slight weakening of the definition gives an exact characterisation of radi-
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ality. Informally, radial spaces have ‘neighbourhood generators’ that describe the different
approaches a sequence may take to converge to a point.

In this section, we will introduce and prove some basic properties of nests, spokes
and their respective systems, which are collections that generate the neighbourhood filter
of a point in a formal sense. We will show that all GO-spaces and well-based points are
independently-based.

In Section II.2 we will construct spokes and spoke systems for radial points, giving a
characterisation radiality in terms of almost-independent spoke systems. The construc-
tion of spoke systems scales well when considering a restricting set of order-types, so as
to characterise Fréchet-Urysohn points as well. We will also order the spokes via ‘local
containment near a point, thus giving a different characterisation of radiality.

In Section I1.3 we will investigate spoke systems in greater detail, and in particular in-
dependent systems. By splitting spoke systems into components of common character, we
construct cofinal collections of spokes and prove that the minimal cardinality of a spoke
system for an independently-based point is attained by an independent spoke system. We
will also look at truncations of spoke systems and provide sufficient conditions such that,
when searching for an independent spoke system, we may find one by truncation. This
section concludes by comparing independently-based points with strongly Fréchet points
and show that, although they are in some sense ‘orthogonal’, they are not complementary.

In the last section, we will characterise radiality in products, as well as some variations
of the Fréchet-Urysohn property: strongly Fréchet and Fréchet-Urysohn for n-point sets

(where n is a positive natural number).
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The results in Sections I1.1, I11.2.1, 11.2.2 and I1.3.3 are based on [Leel4].

II.1.1 Nests

Our first attempt at characterising radiality considers spaces with points that are locally-

generated by nests:

Definition II.1.1 (Chains and nests). Let X be a set, C be a non-empty collection of non-
empty subsets of X linearly-ordered by <. Then we say that C is a chain on X.
If X is a topological space and £ is a chain of neighbourhoods for a point x € X then

we say that L is a nest of x.

Definition II.1.2 (Selection). Let.A be a non-empty set consisting of non-empty sets. Then
a selection of A is a choice function for .4; that is, a function f with domain A such that
f(A) € Aforall Ae A. We will use the notation (a4) ac 4 for a selection of A with output a4
forinput A€ A.

Similarly, a selection for an indexed family (A;);e; is a family (a;);e; such that a; € A;

foreachie I

Definition I1.1.3 (Nest system). For a non-empty collection of chains &, we define its mesh
to be

M(C) := { () Ac : (Ac)cec is a selection of @}.
CeC

If it is understood that each of the chains consists of subsets of some fixed set X, then for

each C € € we define the C-th spoke of € to be €| ¢ :=Npeevic; (ND).
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w+1 (w,w1)

N

Loy={nwlxw+1):n<w}

w;+1

Loy ={w+1)x(a,0]]:a<w}

N

Figure II.1: A nestsystem £:={L,, L} for (w,w1).

Let X be a space, x € X be given and let £ be a non-empty family of nests of x. We shall

call £ a nest system of x if M(£) is a neighbourhood base for x.

As was proven in Chapter 1 (see Theorem 1.2.2), well-based points are radial and clearly
have a nest system consisting of one nest. In the case of spaces with neighbourhoods
generated by two nests, consider the Tychonoff plank X := (w + 1) x (w; + 1), where each
factor is topologised by the the linear ordinal ordering. As observed in Proposition 1.3.30
and its following paragraph, X is not radial at (w,w), but still has a nest system with two
nests (Figure I1.1).

However, every LOTS is radial and each point in a LOTS has a nest system consisting
of at most two nests. The main difference between LOTS and the Tychonoff plank is that

each neighbourhood (a, b) of x in a LOTS can be split into two parts, (a, x] and [x, b), each

acting independently from the other in the sense that A= An(a,x]U An|[x,b) and both
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(a,x] and [x, b) are well-based at x. LOTS are the inspiration for the definition of this new

class of spaces.

Definition I1.1.4 (Independence). Let X be a space, x € X and let € be a non-empty family

of chains. We say that € is independent if for every selection (U¢)cee of €,

ﬂ Uec = U (UenC€le).
Ce€ Ce€

A point is said to be independently-based if it has an independent nest system and a space

is called independently-based if each of its points is independently-based.

To justify this definition and its motivation, we now show that well-based and GO-

spaces are independently-based.
Theorem I1.1.5. Every well-based point is independently-based.

Proof. Let X be a topological space and let x € X be well-based. Then there exists a well-
ordered neighbourhood base B for x. Thus {53} is obviously an independent nest system

of x, so x is independently-based. O
Theorem I1.1.6. Every LOTS is independently-based.

Proof. Let (X, <) be alinearly ordered set and endow X with the order topology inherited

from <. Let x € X be given and define,

£:: {(—OO,J/)5Z€(X»OO]}, R:: {(y,OO)IJ/E[—OO;x)}-
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Then £ = {£,R} is a family of nests of neighbourhoods of x. Note that

M('S) = {(yy Z) :yE [_w) x)yz € (xyoo]}’
'Ql,C = (_Oo)x])

Llr = [x,00).

Hence £ is a nest system of x. Moreover, for every y € [—o0, x) and z € (x,00],

(y,00) N (=00,2) = (3,2) = (¥, x1 U [x,2) = ((y,00) N £ ) U (00, 2) N £[R).

Therefore £ is independent and hence X is independently-based. O

The following lemma now implies that all GO-spaces are independently-based:

Lemma II.1.7. Let X be a space, Y < X and let y € Y be independently-based with respect

to X. Then y is independently-based with respect to Y .

Proof. Pick an independent nest system £ of y with respect to X. For every £ € £, define
Mp={UnY :Uce€ L} Then M :={M,: L e £} is a non-empty family of nests of Y-
neighbourhoods of y and M| r, =Ll nY forall L€ £.

Select (Ua) pmeon from 901, so there exists a selection (V) cce of £ such that V,nY =

Um, forall L€ £. Then

N UM:(ﬂ Vﬁ)mYeNyY
MeM Leg
:(U(Vﬁﬂglﬁ) nY= {J (UmnM| ).
Leg MeM

Thus M) < N, yY and 9 is independent.
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Figure I1.2: A generic neighbourhood in a GO-space and two nests £ = {(—o0, y) : z € (x,00]} and
R ={(y,00) : y € [-00, x)}, forming an independent nest system.

Finally, select (Ur)ce from £ and for all M € 901, let L4 € £ be given such that M =

Mg, Then

(ﬂ UE)OY:(ﬂ(ULmS}lL))nY

Lel Leg

= JWenMm,)
Lef

2> |J Wy nMm)
MeM

= [ We,,NY).
Mem

Therefore M(901) is a neighbourhood base for y with respect to Y; hence 9 is an indepen-

dent nest system of y with respect to Y. Thus y is independently-based in Y. O

II.1.2 Spokes

Rather than approximating a point from outside via nests, we can build up a neighbour-

hood base using spokes as a primitive notion.

Definition I1.1.8 (Spoke systems). Let X be a topological space with a pointxe€ X. If Sisa
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subspace such that N, < S and S is well-based at x, then we say that S is a spoke of x in X.
We denote the set of spokes at x by Spy(x) and we will dispense with the subscript if the
space is unambiguous.

Let G be a non-empty collection of spokes of x, such that

{ U Us: (Us)ses is a selection of (N,f)5e6} (%)
SeS

is a neighbourhood base for x. Then we say that G is a spoke system of x. Note that (*) will
always form a network? of x for any collection of spokes.
If S is anon-empty collection of spokes of x such that SNnT = N, for all distinct S, T € G,

then we say that G is independent.

The following lemma demonstrates that the spokes of a nest system do in fact form
spokes of the point, linking the two definitions. The second part of the lemma will be used

to convert independent nest systems to independent spoke systems in the next theorem.
LemmaIl.1.9. Let X be a space, x € X and let £ be a nest system of x.

(1) ForallLe £,£] € Sp(x).

(2) If£ is independent then for all distinct L1,L,€ £,£|, N L]z, = Ny.
Proof.

(1) Forevery L€ £,L <N, andso N, =NNy;<NL. Hence

Lle= N (MM)2N,.

MeL\{L}

3A non-empty collection of subsets A, each containing x, is a network of x if for each U € N, there exists
an A€ Asuchthat Ac U.
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Furthermore, {UN L], : U € L} is a linearly-ordered neighbourhood base for x with

respect to £, so x is well-based in £] .. Therefore £| € Sp(x).

(2) Let L4,L; € £ be distinct. Then since M(£) is a neighbourhood base for x,

slensle=( N OM)a[ N OM)

MES\{[&} MES\{CQ}

=1 (MM)

Meg

:Nxo D

Theorem I1.1.10. Let X be a space and let x € X be given.

(1) Let £ be an independent nest system of x. Then S = {£| 0 : L € £} is an independent

spoke system of x.

(2) Let G be an independent spoke system of x, so for every S € G there exists a well-

ordered neighbourhood base B for x with respect to S. For all S € G, define
Ls:={BulJ(S\{S}): B e Bs}.
Then £ :={Lgs: S € G} is an independent nest system of x.
Proof.

(1) Select (Us)sea from (/\/'xs)geg, so there exists a selection (V) zee of £ such that V- n

£l cUg, forall L€ £. Then

U Us> U (VenLlp) = ﬂ VgEN]g(
Ses LeL Lel

S7



2)

Therefore G is a spoke system of x. Moreover, it is independent by the previous

lemma.

Select (Ur) cee from £, so there exists a selection (Bg) ses from (Bs)ses such that

Uz, = BsUU(G\{S}) for all S € &. Then since G is independent,

N Uz= ) (BsulJ@&\{Sh) = | Bse N¥ (%)

Leg SeS SeS

Note that for distinct S, T € G,
(MLs)A(NLr) = (N ulUG\SH) A (Nyu[JGTY) = (SAT)\N,.

Since N, € SN T, it follows that (SAT)\N, # @ and hence Lg # L. It follows from
(x) that for every selection (Us)seg of (WV, xS) se, there exists a selection (Bs)ses of
(Bs)ses such that Bs < Ug for each S € G, and a selection (V) zce of £ such that

Nree Ve =Uses Bs €Uses Us. Therefore £ is a nest system of x.

Finally, note thatforall Se G,

o= N (Ne)= N (oUG\T) =S,

TeG\{S} TeG\{S}

So since G is independent, from (x) it follows that for every selection (Bs)ses of

(BS)SEG)
M (BsnU@G\ishH) = U Bs= U ((BsulUG\isp) n L)
Se6 Se6& SeS
Therefore £ is independent. O
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Figure I1.3: A generic neighbourhood in a GO-space and two spokes (—co, x], [x,00) forming an
independent spoke system.

Using the previous theorem and applying it to the spoke systems of a GO-space (X, <)
obtained from the nest system in Figure I1.2, we see that {(—oo, x], [x,00)} is an indepen-
dent spoke system of x € X (Figure I1.3). As another demonstration of Theorem I1.1.10, we

consider the sequential hedgehog.

Definition I1.1.11 (Sequential hedgehog). Define S(w) := {x} U (w x w), where * ¢ w x w. We
topologise S(w) by letting {{x} U {(m,n) ew xw: n= f(m)}: f € “w} be a neighbourhood

base of x and let all other points be isolated. We call S(w) the sequential hedgehog.
It is easy to see that S(w) is independently-based, as demonstrated in Figure I1.4.

CorollaryIl.1.12. A point is independently-based if and only if it has an independent spoke

system.

Thus instead of considering neighbourhood bases created by meshing nests, we can
build them by gluing suitable subspaces together. The former viewpoint has it’s advan-
tages (for example, we could consider a global collection of nests of open sets, which
generates an independent nest system for each point); however, from this point onwards
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Figure I1.4: £:={L, : n < w} is an independent nest system of x in S(w), where for each n < w we
define £, := {S(w)\({n} x m) : m € w}. The spokes of this system are £ = {*x} U ({n} x w).

we will use spoke systems in place of nest systems, as they are more amenable to ma-
nipulation and have lower complexity, consisting of subspaces rather than collections
thereof, and also characterise radiality exactly (see Corollary I1.2.7, paragraph after Theo-
rem I1.2.10, Theorem I1.3.23, Theorem I1.3.24).

The following theorem provides an alternative characterisation of spoke systems,

which shows that points with spoke systems are radial.

Theorem I1.1.13. Let X be a topological space, x € X be given and let S be a non-empty
collection of spokes at x. Then G is a spoke system of x if and only if for every A < X with

X € A, there existsan S€ & such thatx € ANS.

Proof. Suppose G is a spoke system of x and let A € X be given such that x ¢ An S for
every S€ G. Then U :=Ugeg(S\AN S) is an X-neighbourhood of x disjoint from A, and so

x¢ A
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Now suppose that G is not a spoke system of x, so for all S € S, there exists a Us € N3
such that U :=Ugeg Us ¢ /\/f, hence x € X\U. Furthermore, S\U < S\Ug and x ¢ S\Ug for

allSe G,so x¢ S\U. O
Corollary I1.1.14. Every point with a spoke system is radial.

Proof. Let X be a topological space, x € X be given and let G be a spoke system of x. Let
A< X be given such that x € A, so by the previous theorem there exists an S € & such that
x € AnS. As x is well-based in S, it is also radial in S by Theorem 1.2.2, so there exists a

transfinite sequence in AN S € A that converges to x. Therefore x is radial. O

CorollaryI1.1.15. Every independently-based point is radial. In particular, every GO-space

is radial.
Theorem II.1.13 allows us to push spoke systems down to subspaces:

Corollary II.1.16. Let S be a spoke system of a point x in a topological space X and let

Y S X begivenwithxeY. Then{SNY :S e G} is a spoke system of x.

Proof. First, note that by Lemma 1.3.9 Ng = Nf NY,soSNY € Spy(x) forall Se G. Let
A C Y be given such that x € A< ZX, so by Theorem II.1.13 there exists an S € G such
that xe An SX NY=AnNn(Sn Y)Y. Therefore, applying Theorem II.1.13 again, {SNY :S€

G O

It is worth observing at this point that any collection of spokes that extends a spoke

system is also a spoke system:
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Lemmall.1.17. Let S be a spoke system of a point x in a topological space X and let'T be a

collection of spokes of x that extends G. Then X is also a spoke system of x.

Proof. Select (Ut)rex from (N]) res, 0 Ures Ur 2 Uses Us € NX. Thus Ures Ur € NX

and therefore ¥ is a spoke system of x. O

CorollaryI1.1.18. If a point x has a spoke system, then Sp(x) is a spoke system of x.

I.2 Aninternal characterisation of radiality

In this section, we will construct several characterisations of radial and Fréchet-Urysohn
points using spokes and spoke systems. We first need to show how radial points give rise

to spokes via strictly convergent sequences.

II.2.1 Basic spokes

Recall that a transfinite sequence t converges strictly to a point x, denoted by ¢ - x, if

t — xand x ¢ t[a] for all @ <len(t). We can restrict the transfinite sequences that witness

radiality to those that strictly converge.

Lemma II.2.1. Let x be a point in a topological space X and let t be a transfinite sequence

that converges strictly to x with regular length. Thenlen(t) < |X]|.

Proof. Suppose len(f) > |X]|, so there exists an unbounded A < len(¢) such that ¢| 4 is con-
stant. Then #|4 — x and so y := t(min(A)) € N,. Since ¢ - x, it follows that len(?) = 1,

which is a contradiction. Therefore len(t) < | X]|. O
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Theorem I1.2.2. Let X be a space, x € X be radial and let A< X be given such that x € A.
Then there exists a regular cardinal A < |A| and an injective transfinite sequence in A that

converges strictly to x.

Proof. If An N, # @, pick y € An Ny, so {0, y)} —> x. Now suppose otherwise, so by radi-
ality there exists a transfinite sequence ¢ in A that converges to x. Assume that len(z) has
minimal length. Note that iflen(#) is not regular then there is an y < len(#) and a strictly in-
creasing, cofinal map f :y — len(t), so to f — x. This is a contradiction by the minimality
of len(#). Hence len(t) is regular and moreover infinite.

Let a < len(#) be given and suppose x € t[a]. By the above conclusion, there exists a
transfinite sequence u with regular length contained in ¢[«a] that converges to x. By min-
imality x = len(#) > |a| = |ran(u)|, so by regularity there exists an unbounded A < len(u)
such that for all @, f € A, u(a) = u(f). Thus u|4 — x and so u(min(A)) € An Ny, which is
a contradiction. Hence x ¢ t[a] and therefore t - x. Moreover, for all @ < len(t),ran(¢) &

tlal.

Now for every a < len(?), define by transfinite recursion,

g(a):=min(B <len(r): B >sup(glal]) and t(B) ¢ (to g)lal).

Then g :len(¢) — len(¥) is strictly increasing, and ¢ o g is injective and converges strictly to

x. Furthermore, len(#) < | Al by injectivity. O

Before constructing spokes with these strictly convergent transfinite sequences, we

observe that they interact well with spoke systems.
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Lemma II.2.3. Let G be a spoke system of a point x in a topological space X, and let t be a
transfinite sequence in X, with regular length, that converges strictly to x. Then there exists

an S € G that contains a subsequence of t.

Proof. By Theorem I1.1.13, there exists an S € & such that x € ran(¢)n S. Since ¢ — x, it
follows that A := t~1[S] isunbounded in len(t), so there exists a strictly increasing bijection

f:len(t) = Aand thusran(zo f) < S. O
Strictly convergent transfinite sequences allow us to construct spokes:

Theorem 11.2.4. Let X be a topological space, x € X be given, and let t be a transfinite
sequence that converges strictly to x with regular length. Define B, := N, U t[len(f)\a] for
all a <len(r). Then (Bg)qa<len(r) iS a regular well-ordered neighbourhood base for x with

respect to S :=ran(t) U Ny. In particular, S; is a spoke of x.

Proof. Let a <len(t) be given. Then x ¢ t[a], so B, 2 S;\t[a] € J\/'xgt. Since (Bg) a<len(r) 1S
a network at x, it follows that it is a regular well-ordered neighbourhood base for x with

respect to S;, and therefore S, is a spoke of x. O

We refer to spokes of the form S; as basic spokes of x, the collection of which is denoted
by BSp x (x) or BSp(x) if the space is unambiguous. If we need to indicate the surrounding
space, we will use Sf instead of S;.

If a spoke system consists of basic spokes, we shall call it a basic spoke system. Similarly,
if a property P relates spaces to points, written X P x, we shall say that a spoke system &

for a point x in a topological space is a P spoke system provided S P x for all S € &. For
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example, we will characterise the Fréchet-Urysohn property in terms of first-countable

spokes (Corollary I1.2.17).

I1.2.2 Neighbourhood characterisation of radiality

Corollary I1.1.14 suggests the following question:
Does every radial point admit a spoke system, independent or otherwise?

If we weaken the condition for independence slightly, we do indeed have an exact charac-

terisation of radiality.

Definition II.2.5 (Almost-independent). Let S be a non-empty collection of spokes for a
point x in a topological space. Then we say that S is almost-independent if x ¢ (SN T)\ Ny

for all distinct S, T € S.

Observe that for an independent collection S of spokes, (SN T)\ N, = @ for all distinct
S, TeS.

The following theorem shows that any almost-independent collection of basic spokes
can be extended to an almost-independent spoke system. We will use this extension the-

orem in Section II.4 to characterise stronger versions of the Fréchet-Urysohn property.

TheoremI1.2.6. LetS be an almost-independent collection of basic spokes for a radial point
x in a topological space X . Then there exists an almost-independent, basic spoke system that

extends S.

Proof. If x is quasi-isolated then {N,} is a spoke system for x and Ny = Sy(o,x);. Thus by
Lemma II.1.17 S U {N,} is an almost-independent, basic spoke system for x.
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Now suppose that x is not quasi-isolated. For each S € S, pick a transfinite sequence

ts with regular length that converges strictly to x such that S = S;. Define

T :={ts:SeS},
U :={t: tis a transfinite sequence in X\ Ny, len(¢) is regular and ¢ --» x},

A=V clU:T cVandforall distinct u,ve V,x¢ (S,NS,)\ Nyl

Note that by Lemma I1.2.1 and radiality, ¢/ and A are non-empty sets. Thus by Tukey’s

Lemma there exists a maximal V € A. Define G :={S, : v € V} 2 5. Note that given distinct

u,veV,x¢ (Sy,NnS,)\Ny, and since x € $S,\N, NS, \ Ny, it follows that S, # S,. Therefore
themap V — G, v — S, is bijective.
Now select (Us)ses from (N, f)5€6, so there exists a selection (a,) ey of (len(v)),ey

such that Nf“ U vllay,len(v))]u Ny € Us, forall v € V. Define

U:= U Us,
Sed

V= (wllen(w)\a,] U Ny).
vey

Note that V < U and suppose V ¢ NX. Then by Theorem I1.2.2 there exists a transfinite
sequence u in X\V that converges strictly to x. Let v € V be given. Then since ran(u) <
X\V and v[[a,,len(v))] € U, it follows that (S, NS,)\Ny € via,] and so x ¢ (S, NS,)\ Ny.
Hence by maximality, u € V, which is a contradiction because u(a,) € V. Therefore V €

N:X and thus & is an almost-independent, basic spoke system for x. O
Applying this theorem to the empty collection, we arrive at a characterisation of radi-
ality:
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Theorem I1.2.7. Let x be a point in a topological space. Then the following are equivalent:
(1) x isradial.
(2) Sp(x) is a spoke system of x.
(3) x has a spoke system.
(4) x has an almost-independent, basic spoke system.

Proof. The previous theorem, applied to the empty collection of basic spokes, shows that
(1) implies (4), which in turn vacuously implies (3). Then by Corollary 11.1.18, (3) implies

(2), which, by Corollary I1.1.14, implies (1). O

II.2.3 Radial spectrum

We learn more about radial points by considering characters of spokes and partitioning
spoke systems into sub-collections with common character. For instance, we scale the
result of the previous theorem to characterise Fréchet-Urysohn points without needing
to create a whole new construction. To achieve this, we introduce the notion of radial
spectrum, which is a measure of which lengths of transfinite sequences are necessary as

witnesses for the radial property.

Definition I1.2.8 (Radial spectrum). Let x be a radial point in a topological space X and
let A be a class of regular, non-zero ordinals such that for all A< X with x € A, there exists
a transfinite sequence in A with length in A that converges to x. Then we say that x is
A-radial.
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We define the radial spectrum of x, denoted by Zg‘;‘d(x), to be the intersection of all sets
of regular ordinals A such that x is A-radial. We will dispense with the subscript if the

surrounding space is unambiguous.
Note that every radial point is
{A € |X|" : Ais a regular, non-zero ordinal}-radial,
by Theorem I1.2.2, so the radial spectrum is well-defined.

Theorem 11.2.9. Let x be a radial point in a topological space X and define

T :={t: t is a transfinite sequence in X\ Ny,len(t) is regular and t - x},

A={len(®):teT}.
(1) Ifx is quasi-isolated then 2™ (x) = .
(2) If x is non-quasi-isolated then x is A-radial.
(3) =d(x) = A.
Proof. Define
M :={M < |X|": Mis aset of regular ordinals and x is M-radial}

and let t € T be given, so by Lemma II.2.1 len(#) < | X|. Let M € M be given, so since
X € m, there exists a transfinite sequence u in ran(f) < S; € Sp(x) that converges to
x with len(u) € M. Then by Corollary 1.3.28, A = yxs,(x) = len(u) € M and therefore A €
NM =x%4(x). Hence A < £"4(x).
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Note thatif y € N, then A x{y} — x for all regular ordinals A. Suppose x is quasi-isolated
and let A € X be given such that x € A. Then there exists a y € An Ny, so 1 x {y} and
w x {y} both converge to x. Hence x is {1}-radial and {w}-radial, so yrd(x) c (11 n{w! = @.
Therefore A = 3™ (x).

Now assume that x is non-quasi-isolated, so x € m and thus by Theorem I1.2.2 A #
@. Let A< X be given such that x € A. If x € A\N, then by Theorem II.2.2 there exists a
transfinite sequence in A\ N, with length in A that converges to x. If x € An N, then there
existsaye AnNyanda A € A, so A x {y} — x. Therefore x is A-radial and so A € M by

Lemma I1.2.1. Hence 24 (x) = A and thus x is 29 (x)-radial. O

Recall that the radial character of a radial point x in a space X is the least ordinal Ry (x)
such that for every Ac X, if x € A then there exists a transfinite sequence t in A that
converges to x with len(#) < Ry(x). The radial spectrum allows us to calculate the radial
character and p-character of a radial point, as well as a lower bound for the pseudochar-

acter.

Theorem I1.2.10. Let x be a non-quasi-isolated radial point in a topological space X. Then:
(1) p(x) =min(Z"%(x)).
(2) Ry(x) = sup(Z"(x)).
(3) w(x) = sup(Z(x)), with equality if x is independently-based.

Proof. First, note that by Theorem 11.2.9 =4(x) # . Let U € [Ny]<™nE™ @) pe given.

By Theorem I1.2.7 and Lemma I1.2.12, there exists a non-trivial spoke system & of x, and
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by Corollary 1.3.26 {ys(x) : S € &} = {ps(x) : S € &} = 2™ (x). Hence for all S€ &, Us :=
SNNU =Nye(UNS) € NS and so Useg Us € NU. Therefore NU € N'X, so by Proposition
[.3.15 px(x) = min (2?4 (x)). However by Theorem I1.2.9, there exists a transfinite sequence
t in X\ N, that converges strictly to x with length min(=™4(x)). Then X\ran(¢) ¢ NX but
X\{t(a)} for all @ < min(Z™94(x)). Therefore px(x) = min (224 (x)).

By Theorem I1.2.9, x is £4(x)-radial and so by definition Ry (x) < sup(Z4(x)). Let ¢
be a transfinite sequence in X\ N, that converges strictly to x, with regular length. Then
x € ran(1), so there exists a transfinite sequence u in ran(t) < S, that converges to u with
len(u) < Ry(x). By taking a cofinal subsequence, we assume without loss of generality that
len(u) is regular. Hence by Corollary 1.3.28, len(u) = xs,(x) = len(¢) and so by Theorem
11.2.9, 24(x) € Ry (x). Therefore Ry (x) = sup(Z™9(x)).

LetU € [V, x]<5“p(zrad(x” be given, so there exists a A € 2™ (x) such that |I{| < A. Then by
Theorem I1.2.13 there exists an S € G such that yg(x) = ys(x) = A. Hence Ny # Ny (U N
S) € NU and therefore y(x) = sup(Z™4(x)).

Finally, suppose that x has an independent spoke sysetm &. For each A € £4(x) and
S € C)(©), pick a well-ordered neighbourhood base (Bcsr)ad for x with respect to S. Then

by independence:

N N Ncu (UGG (S)uCr(S&))u

Aexrad () a<A

)

SeC)(6)

= N (N:ulJB\(C1 (&) uCr(&))))
Aexrad(x)

=N,
Therefore y(x) < |zrad ()] sup(Zrad (x)) = sup(Zrad(x)), since ™4 (x) is non-empty and in-
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finite by the previous theorem. Hence v (x) = sup(Z™4(x)). O

It now follows that there are radial points that are not independently-based. For in-
stance, let X = DU{*} be the one-point compactification of an uncountable discrete space
(sometimes referred to as a Fort space). Then X is Fréchet-Urysohn so Ry(x) = Ry, but
w(x) = |D| > Ry. In the next section we will construct counterexamples with stronger prop-
erties.

If a spoke is quasi-isolated at its well-based point then it is in effect redundant. We call

these spokes trivial.

Definition I1.2.11 (Trivial spokes). A spoke S for a point x in a topological space X is trivial
if x is quasi-isolated in S. A spoke system for a point x is said to be non-trivial if each of its

spokes is non-trivial.

Thus a spoke system G is almost-independent precisely when the intersection of any
two distinct spokes is trivial.
Every radial point that is not quasi-isolated has a non-trivial spoke system by the fol-

lowing lemma:

Lemma I1.2.12. Let G be a spoke system for a non-quasi-isolated point x in a topological

space X and define¥ :={S € & : S is non-trivial}. Then ¥ is a spoke system for x.

Proof. If T = @ then Ny € /\/;‘ foreach Se€ G, so Ny =Ugeg Ny € ./\/'Jf(, which is a contradic-
tion. Thus ¥ is non-empty.

Select (Ut) rex from (NXT) ret and note that Ny, € Uy for each T € . Define Ug := Ny €
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NJ;S for each S € G\T. Then Ures Ur = Uses Us € N,g( Therefore ¥ is a spoke system for

X. O

We can identify the radial spectrum of a point by using the characters of spokes, rather

than the lengths of strictly convergent transfinite sequences as in Theorem I1.2.9.

Theorem 11.2.13. Let x be a point in a topological space X and let S be a spoke system for

x. Then 2™ (x) = {ys(x) : S € & is non-trivial}.

Proof. First, note that if x is quasi-isolated then every spoke is trivial and by Theorem I1.2.9

rrad(x) = @. Suppose x is not quasi-isolated and define
A:={ys(x):S € G is non-trivial}.

Let A< X\N, be given such that x € A. Then by Theorem II.1.13 there exists an S € S such
that x€ AN S, so by Theorem II.2.2 and Corollary I.3.28 there exists a transfinite sequence
in An S < S\N, with length ys(x) that converges strictly to x. Hence by Theorem II.2.9,
xs(x) € >rad () Therefore A < ™4 (x).

Now let ¢ be a transfinite sequence in X\ Ny, with regular length, that converges strictly
to x. Then by Lemma I1.2.3 there exists a subsequence u of ¢ contained in an S € & that
converges to x. Therefore by Corollary 1.3.28 and regularity, len(#) =len(u) = ys(x). More-
over, x € S\N, so S in non-trivial and hence len(t) € A. Therefore by Theorem I1.2.9

srady = A, 0

Corollary I1.2.14. Let x be a point in a topological space and let S,T be spoke systems for
x. Then {ys(x): S € G is non-trivial} = {y7(x) : T € ¥ is non-trivial}.
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The previous corollary can be improved slightly when two spokes overlap arbitrarily

close to the radial point.

Lemma I1.2.15. Let x be a point and S, T € Sp(x) be non-trivial such that x € (SN T)\ Ny.

Then ys(x) = yr(x).

——
Proof. By Theorem 1.2.2, x is radial in S, so since x € (SN T)\ N, , there exists a transfinite

sequence ¢ in (SNT)\ N, that converges to x. By Corollary1.3.28, ys(x) =len(#) = yr(x). O

Using the radial spectrum, we can scale Theorem I1.2.7 to characterise A-radial spaces

for any class A of non-zero regular ordinals. This is summarised in the following theorem:

Theorem I1.2.16. Let A be a non-empty class of regular, non-zero ordinals and let x be a

point in a topological space X . Then the following are equivalent:
(1) xis A-radial.
(2) x has a spoke system S such that ys(x) € A for each non-trivial S € G.

(3) x has an almost-independent, basic spoke system G such that y s(x) € A for every non-

trivial Se S.

Proof. Note that by Theorems 11.2.7 and 11.2.13, (1) implies (3), which in turn vacuously
implies (2). Now suppose that (2) holds and let S be such a spoke system. Let A < X be
given such that x € A, so by Theorem II.1.13 there exists an S € & such that x€ AnS. If
S is non-trivial then there exists a transfinite sequence in An S with length ys(x) € A that
converges to x. Otherwise, there existsa y € AN Ny anda A € A, so A x {y} — x. Therefore
x is A-radial. O
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Since a point is Fréchet-Urysohn if and only if it is {w}-radial, we have the following

characterisation for Fréchet-Urysohn points:

Corollary I1.2.17. Let x be a point in a topological space X. Then the following are equiva-

lent:

(1) x is Fréchet-Urysohn.
(2) x has a first-countable spoke system.

(3) x has an almost-independent, first-countable, basic spoke system.

II.2.4 Ordering spokes

We conclude this section by proving a characterisation of radiality in terms of cofinal col-
lections of spokes with respect to local-containment. In fact, this will provide conditions

for when a subspace is radial at a point.

Definition I1.2.18 (Locally contained). Let X be a topological space, x € X, A, B < X be
given. Then we say that near x, A is locally-contained in B, denoted by A <X B, if there
exists U € VX such that AnU < B, or equivalently x ¢ A\B. If AcX B c¥ A then we say
that A and B are locally-equal near x and denote this by =%. Otherwise, we say that A and
B are locally-distinct near x, denoted by #X. Note that A =X B if and only if there exists a
UeNXsuchthat AnU=BnU.If xe AnBthen A=X Bifand onlyif V2 nNE £ @. We
will dispense with the superscripts if the surrounding space is unambiguous.

Given a collection § < Sp(x), we say that S is (basically) cofinal if for every T € Sp(x)
(T € BSp(x)), there exists an S € S such that T <, S.
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Given a spoke system, we can select one representative from each =,-equivalence-
class and still obtain a spoke system. Thus we can convert any spoke system to a spoke

system that is pairwise locally-distinct near x.

Lemma I1.2.19. Let G be a spoke system for a point x in a topological space X and select

(TE)Ees )=, from S/=y. Then T :={Tg: E € §/=,} is a spoke system of x.

Proof. First note that for distinct Ey, E» € G/ =y, Tg, #x Tg, and so Tg, # TE,.
Select (Ug)ges/=, from N f and let S € & be given, so Tjs)_ =y S. Then there exists a

Vs EN)g( such that Vgn T[S]=x = Vsn S. Define Wy := U[S]zx N Vs E./\cg( Then

UwsnS= U YJWUenvsnS

SeS EeG/=,SeE
= U (UEI"ITEO(U Vs))
EeS/=, SeE
c |J WenTe)
EeS/=,
Therefore Uges/= (Ug N TE) € ./\/'f and thus ¥ is a spoke system of x. O]

When considering cofinal collections of spokes, for trivial spokes the core spoke N

suffices by the following lemma:

Lemma II.2.20. Let S be a spoke for a point x in a topological space X. Then the following

are equivalent:
(1) Sis trivial.

(2) S=x Ny.
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3) Scx Ny.

Proof. Suppose Sis trivial, so N¥ = N3 € N2. Thus there exists a U € N such that UnS =
NX=UnNZL. Hence S =, NX, which in turn implies th X
. = - =x Ny, plies that Sc, N} .

Now suppose that S €, N, so there exists a U € N'X such that Un S ¢ NX. Hence

N{ = NX e N3, so x is quasi-isolated in S. Therefore S is trivial. O

We can characterise radiality of points using (basically) cofinal collection of spokes.
Moreover, we will provide conditions for when a subspace is radial at a point in terms of
the spokes of the larger space. First, we need the following lemma to lift spokes from a

subspace to a larger space.

Lemma I1.2.21. Let X be a topological space, Y < X,x € Y,S € Spy (x) be given. Then Su

fo € Spy (x). Furthermore, if S € BSpy (x) then SU fo € BSpx (x).

Proof. Let (By)q<a be a well-ordered neighbourhood base for x with respect to Y and let
U € N ¥ be given, so there exists a < A such that B, € UnS. Then B, UNX c Un (SUN).
Moreover, for all & < A, there exists a V € VX such that B, = VnSandso B,UNX =Vn

X
(SUNX) e NSUNs

since NV ff c V. Therefore (B,UN ff )a< is awell-ordered neighbourhood
base for x with respect to SU NX. Hence SU N € Sp (x).

Finally, assume S = S} for some transfinite sequence t in Y that converges strictly to

x. Then by Lemma 1.3.9,

SUNY = (ran() UN))UNZ =ran(r) UNY =S¥ e BSp (x) O
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Theorem 11.2.22. Let X be a topological space, Y < X,x € Y be given. Then Y is radial at x

ifand only if Y <X US for all (basically) cofinal S < Sp y (x).

Proof. Suppose Y is radial at x, so by Theorem I1.2.7 there exists a basic spoke system &
for x with respect to Y. Let S < Spx(x) be basically cofinal, so by the previous lemma for
all S € G, there exists a Ts € S such that SUNY <X T, and thus there exists a Us € N¥
such that (SN Us) UNX = (SUN)nUs € Tsn Us. Define U := Uses(SNUs) € VY so there
existsa Ve NX suchthat U=V nY.As U cUS, it follows that Y <X JS.

Note that every cofinal collection of spokes is trivially basically cofinal, so now suppose
that for every cofinal S < Spy(x), Y <X US. We will show that Spy (x) is a spoke system
of x with respect to Y. Select (Us)sesp, (x) from W, ;CS)SESpY(x), so there exists a selection

(Vs)sespy (x) from j\/;g( such that Us = Vsn S for every S € Spy (x). Since {SNVsny : S €

Spx (x)} is cofinal in Spy (x), it follows that there exists a W € NX such that

wnye J (SnVsay)
SeSpy (x)

>WnYc | SnYnVsay)= U SnVs).
SeSpyx (x) SeSpy (x)

Thus WnY € NY and so Spy (x) is a spoke system of x with respect to Y. Therefore x is

radial in Y by Theorem I1.2.7. O

Corollary I1.2.23. Let X be a topological space, x € X be given. Then X is radial at x if and

only if for all (basically) cofinal collections of spokes S,US is a neighbourhood of x.

Proof. Note that for all A< X, X <, A if and only if there exists a U € N'.X such that U =
Un X c A, that is, precisely when A is a neighbourhood of x. Therefore the statement of
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the corollary follows immediately from the previous theorem. O

We now demonstrate how to use the Theorem I1.2.22 and the previous corollary by
investigating the Tychonoff plank (w + 1) x (w; + 1). Intuitively, all transfinite sequences
that converge to (w, ;) must have an eventually constant projection, and any subspace

which is radial at (w, w;) must avoid w x w;. This is formalised below:

Example I1.2.24. Define

P=(w+1)x(w;+1),
Sp = (w+1) x{w},

Sw, = {w} x (w1 +1).

Then{S,, Sw,} is a cofinal collection of spokes of (w,w1). Furthermore, for all X < P contain-

ing (w,w1), X is radial at (w,w1) ifand only if X C,m) Y = S0 U Sw,-

Proof. Let S € Sp((w,w1)) be given and assume that (w,w;) € S\Y. Then by Theorem 1.2.2
there exists a transfinite sequence in S\Y € w x w; that converges to (w,w;), which is a
contradiction as observed in Section II.1.1. Thus S S, 4,) Y, so there exists an n < w and
an a <w; suchthat UnSc Y, where U := (n,w] x (&, w1]. Now assume that UNS Z(y,w,) Sp

and so (w,w1) € (UNS)\Sp, for both f = w,w;. Since (UNS\Sy, € Sy, and (UNH\S,, S

Sw, it follows that x € (SN Sy)\Nw,w;) N (SN Sw,)\Nw,»,), and thus by Lemma I1.2.15 Ry =
xs, (W,01)) = ys((w,w1)) = xs,, (@,w1)) = N1, which is a contradiction. Therefore U n
S S(w,wy) Sp for some B = w,w;, so there exists a V € Ny, such that (UnV)nS< Sgand

thus {S,, Sw,} is cofinal.
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Now by Theorem 11.2.22, if X < P is radial at (w,w;) € X then X £(,,) Y. Note that
if A< Y is such that (w,w) € 4" then there is a B = w,w; such that (w,w1) € my, SO
it follows that {S,, S, } is a spoke system of (w,w;) with respect to Y by Theorem I1.1.13.
Thus by Theorem 11.2.7, Y is radial at (w, w;).

Let X < P be given such that (w,w;) € X Sy, Y, so there exists a U € Ny ;) such that
UnXcY.Let A< X be given such that (w,w;) € ZX. Then (w,w;) € my and thus there
exists a transfinite sequence in Un A < A that converges to (w, w;). Therefore X is radial at

(w,w1). O

Of course, not every spoke system is basically cofinal; for instance, {E U {w}, O U {w}} is
a spoke system of w in w + 1, where E and O are the set of even and odd natural numbers
respectively. However, ¢ := (3n) < — w and S; £, AU {w} for both A = E,O. However,
for independent spoke systems we can coalesce ‘small’ collections from the components
of a spoke system to form a cofinal collection of spokes — this will be explored in the next

section.

I.3 Independence

In this section, we will investigate independent spoke systems and independently-based
points. We first show that for independently-based points, we can find (independent)
spoke systems of minimal cardinality by using the components of a spoke system corre-
sponding to spokes of common character. Then we will investigate the truncation of spoke

systems, that is, the process of (potentially) converting an almost-independent spoke sys-
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tem into an independent one. Finally, we construct several Fréchet-Urysohn spaces with
non-independently-based points, showing that the assumption of almost-independence

in Theorem I1.2.7 cannot be weakened.

[1.3.1 Components

Having shown the usefulness of radial spectra, we continue by splitting spoke systems into

components with common character.

Definition II.3.1 (Components). Let G be a spoke system for a point x and for every reg-

ular, non-zero ordinal A, define

Cr(B)={SeG:xys(x)=A}

We call Cy(S) the A-component of S. Note that the 1-component of a spoke system con-

sists of the trivial spokes.

By focusing on the components of a spoke system, we show that certain independent
spoke systems have the smallest cardinality amongst all spoke systems. The following

lemma is the first step to paring down the number of spokes.

Lemma I1.3.2. Let x be a point in a topological space X and let A be a regular, non-zero
ordinal and S be a non-empty collection of spokes of x, each of character A at x. Suppose

p(x)=Aand|S|< A. Then T =S € Sp(x) and y7(x) = A.

Proof. For each S € S, choose a well-ordered neighbourhood base (BS),<,. Then for each
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Se S and a < A, there exists a Uy € N'X such that B = U n S. Define for every a < 1,

By = BS.
SeS

Then for everya < A,

nT<|JUSNS=B,.
SeS

(N

SeS

Since p(x) = A, it follows that By € NI
Nowlet U € ./\/XT be given, so for every Se S,UNS e ./\/';Cg and thus there existsan a < A

such that B € Un S. By regularity of A, a := sup(as: S€ S) < A, so it follows that

BocJWn9=U.
Se$

Therefore (By)q<y is a well-ordered neighbourhood base for x with respect to T. Thus
T € Sp(x). Moreover, since Bsyp(a) S [aes Bq for every A € [A]<A, by Corollary 1.3.26 we

have A < pr(x) =yr(x) <A. O

Corollary I1.3.3. Let A be a non-zero, regular ordinal and let x be a {A}-radial point in

a topological space with a spoke system G such that |G| < A. Then x is well-based and

x(x) €{1,A}.

Proof. Define S := {S € G : Sis non-trivial}, so by Theorem 1I.2.13 ys(x) = A for all S €
S. Define S := N, UulUS, so by the preceding lemma S is a spoke of x and if § # @ then
¥s(x) = A; otherwise, ys(x) = 1. As & is a spoke system, S € VX, so x is well-based in X

and yx(x) = ys(x). O
Of course, we can also split a spoke into a ‘small’ number of spokes.
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Proposition 11.3.4. Let S be a non-trivial spoke at x and let x < ys(x) be a non-zero cardi-

nal. Then there exists an independent collection of spokes S € [Sp(x)]* such that S =US.

Proof. Define A := ys(x) and let (By) <) be a well-ordered neighbourhood base for x with

respect to S, where Bg ;Cé By forall a < f < A. Define forall a < A,

Cq = ﬂ Bg.

B<a
Note that by Corollary 1.3.26, (Cy)a<a is again a well-ordered neighbourhood base for x
and moreover, Cg ; Cqforalla<p<A.

As S is non-trivial, A is infinite and so A = A - k. Hence there exists a partition P < K
of cardinality x. Define for all P € P,Sp := Ny UUqep(Cy\Cqr+1). Then Sp is a spoke at
x and Upep Sp = S. Moreover, since {Cy\Cy41 : @ < A} is a partition of S\N,, it follows
that G := {Sp : P € P} is independent and Sp, # Sp, for all distinct P;, P, € P. Therefore

S| =P|=x. O

Using Lemma I1.3.2, we can collapse the small components of an independent spoke

system to obtain a new spoke system.

Theorem 11.3.5. Let S be a non-trivial, independent spoke system for a point x in a topo-

logical space X. Define

A={AeX(x):|CL(S)| < AL,

‘ZZZ{UC&(G):AEA}U U C,(6).
Aezrad(x)\ A
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Then T is a non-trivial, independent spoke system for x. Furthermore, for all A € £ (x):

{Ucr®)} ifren
C(D) =

C1(©) otherwise
Proof. Let A € A be given and define S, := [JC,(S). Note that C3(S) # @ by Corollary
[1.2.13. LetU € [./\/',f‘]“’l be given, so for every U € U, there exists a selection (V7 s)seg of
(NV3)seq such that

NnS;cU.

U ws= ( U Vus

SeCy(6) Se6s

Then by Corollary 1.3.26, for each S € Cy (S), Ws :=Nyey Vu,s € ./\f);9 Thus

NSy = U Ws < ﬂu.
SEC;L(G)

(U w)ouece

S€C,1 (G)

Therefore U € Nf‘ and hence by Proposition 1.3.15, ps, (x) = A. Since C(6) < SpSA (x),
it follows from Lemma I1.3.2 that S, is a spoke of x and y s, (x) = A.

Now let A € X be given such that x € A. Then by Corollary I1.1.13, there exists an S € &

such that x€ AnS. If ys(x) ¢ A then S € T. Otherwise, x€e ANS< An Sys- Therefore, by
Corollary I1.1.13 again, ¥ is a non-trivial spoke system for x.

Let T7, T» € T be distinct and define A; := yr,(x) fori =1,2. If A1,A, ¢ Athen T7, T, € S
and so Ty N Tz = Ny. If A; ¢ A 5 A; for distinct i, j € {1,2} then for each S€ Cy,(5),Sn T =
Ny, and so T; N Tj = Ny. Finally, note that for distinct y;, 2 € A’Xsm (X)=p1 # M2 = XS, (x)
and thus S, # Sy,. Thus, if 11,12 € A then T; = Sy, for i = 1,2 and Cj, (6) N Cy, (6) = ¢.
Hence by the independence of G, T; N T, = @ and therefore ¥ is independent.

Finally, note that each ys, (x) = A for all A € A, from which the final statement of the
theorem follows immediately. O
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We will now show that all independently-based points have a spoke system of the form
of T from above. In fact, these will have the smallest cardinality of all spoke systems for
that point.

As spokes prescribe the different approaches convergence may take, it is possible that
a spoke may overlap with one or many spokes from a system, even arbitrarily close to the

radial point. This is formalised in the following definition:

Definition I1.3.6 (Thread). Let x be a point in a topological space and let SuU {T} be a

collection of spokes of x. Then we define the thread of T through S to be

Thrs(T):={Se€S:xe (SN T)\N,}.

Observe that for all collections of spokes S,7 and all Se S, T € T, S € Thrg(T) if and

only if T € Thry(S).

Lemma I1.3.7. Let G be a spoke system of a point x in a topological space. Then for all

non-trivial spokes T of x, # Thrg(T) € Cy ;) (S).

Proof. As x € T\ Ny, by Theorem I1.1.13 there exists an S € G such that x € (SN T)\N, and

hence S € Thrg (7). Finally, note from Lemma I1.2.15 that Thrg (T) € Cy ;) (6). O

Theorem I1.3.8. Let x be a point in a topological space X and let S be a spoke and T be a

spoke system for x.
(1) If ¥ is almost-independent then |Thrz(S)| # ys(x).
(2) If T isindependent then |Thrg(S)| < ys(x).
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Proof. First, suppose that ¥ is almost-independent and |Thr(S)| = A := ys(x) and enu-
merate Thrz(S) = {T, : a < A}. As Thrs(S) # @, it follows that S and all spokes in Thrz(S)
are non-trivial, so by Lemma I.2.15 y 7, (x) = A forall a < A.

Let (Bg)a<) be a well-ordered neighbourhood base for x with respect to S. For a <
B<A x¢ m and thus Tg\(Ty\Ny) € ./\/xTﬂ. By Corollary 1.3.26, pr, (%) = A and
so for B < A, Na<p(Tp\(Ta\Nx)) = Ny U (T\ (Ua<p Ta)) e/\/'xT’S. Hence there exists an xg €

(TgNBp)\(NxUUq<p Ta). Then (xg) g<p -~ x by Corollary 1.3.28, so by Theorem I1.1.13 there

existsa T € Tsuchthat x € {xq:a<A}nT. Thus {& < A: x4 € T} is unbounded in A and
T € Thrs(S), so there exists an @ < A such that T = T,. But then there exists a € (a, 1)
such that xg € T = Ty, which is a contradiction. Therefore |Thrz(S)| # A.

Now suppose that ¥ is independent and |Thrs(S)| = A, so for all a < A, there exists
a Ty € T and an xq € (Bq N Ty)\Ny such that T, # Tp for all distinct @, f < A. Note that
X € m, so x is not quasi-isolated in S and thus A is infinite. Then by Corollary
[.3.28, (Xg)a<a - x and thus by Lemma I1.2.3, there exists a strictly increasing f: A — A
and a T € T such that {xf(q) : @ <A} € T. By independence, it follows that T = T for all

a < A, so f must be constant, which is a contradiction. Therefore |Thrz(S)| < ys(x). O

For an almost-independent spoke system ¥ and spoke S for which [Thrg(S)| > ys(x),
consider an infinite maximal almost-disjoint family .4 of infinite subsets of w (see pg. 134),
which must be uncountable [Kun11, Lemma III.1.19, pg. 159]. Then ¥ := {{w}UA: Ae A} is

an uncountable, almost-independent spoke system of w in w + 1 and |Thrg(w + 1)| = | A| >

Ro = Xow+1(W).
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Theorem 11.3.9. Let x be a point in a topological space with a non-trivial, independent
spoke system S such that for all A € Y1y, either |C)(S)| =1 or |CA(S)| = A. Then every
spoke system of x has cardinality at least |S|.

Moreover, every non-quasi-isolated, independently-based point has such a spoke system.

Proof. Let T be a spoke system for x. Note that there is an S € &G and x € S\ Ny, so x is
not quasi-isolated. By Lemma I1.2.12, we can without loss of generality assume that ¥ is

non-trivial, and by Corollary I1.2.13,
AN={ysx):SeS}={yr(x): Te%}.

We claim that |C)(S)| < |Cy ()] for every A € A. From this, it immediately follows that
161 =1Urea CA(B)| = [Urea CA (D) = 1.

Let A € A be given. If |Cy (6)| = 1 then vacuously |Cy (G)| < |Cy (T)|. Suppose otherwise,
so by assumption |Cy(S)| = A. Note that by the previous theorem, |Thrg(7)| < A for each
T € Cx(%). Let S € Cy(O) be given. Then since S is non-trivial, by Lemma I1.3.7 there exists
a T € Thrg(S) € Cy (%) and hence S € Thrg(T). Therefore Cy(6) € Urec, (5 Thre(T) and
$0 |CA(S) = |CA (D) IThrg(T)| = ICA(3)]- A =|Cx(F)]. Thus |6 = [F].

To finish the proof, let x be a non-quasi-isolated point and let G be an independently-
based spoke system for x. Without loss of generality (by Lemma I1.2.12) and by Theorem
I1.3.5, we can create a new independent spoke system ‘€ such that either |Cy ()| =1 or

IC1(%)| = A forall A € =74 (x). O

We conclude this section by constructing cofinal collections of spokes from the threads
of an independent spoke system.
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LemmalIl.3.10. Let S be a spoke system of a point x in a topological space X and let T be a

spokeof x. Then T < UThrg(T).

Proof. Suppose T £, UThrg(T), so x € T\UThrg(T) and thus by Theorem I1.1.13 there

existsan S € G suchthat x € (SN T)\UThrg(T) < (SN T)\N,. But then S € Thrg(T), which

is a contradiction. Therefore T <, UThrg(T) . O

Theorem I1.3.11. Let S be an independent spoke system for a point x in a topological space
X and define

S={NJU{UT:1e2™(x), T €[C1(S)}.
Then S is a cofinal collection of spokes of x.

Proof. Let T be a non-trivial spoke of x and define A := y7(x). Then by Theorem I1.3.8
Thrg(T) € [C1(8)]<4, so UThrg (T) € Sp(x) by Lemma I1.3.2. As T is non-trivial, by Theo-
rem I1.2.13 1 € A and hence UThrg(7T) € S. Since every trivial spoke is locally-contained
at x in Ny, it follows from the previous lemma that S is a cofinal collection of spokes of

X. O

I1.3.2 Truncation

We now investigate how to convert a spoke system to an independent one, if possible. The

simplest process of (potential) conversion involves ‘truncating’ the spokes.

Definition I1.3.12 (Truncation). Let S be a collection of spokes for a point x and select

(Ug) ses from (/\/'Jf)kg. Then we call {Ug : S € S} a truncation of S.
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We see that every truncation of a spoke system is a spoke system once again.

LemmaIl.3.13. Let S be a spoke system for a point x in a topological space X and select

(Us)ses from (N3)ses. Then{Us: S € &} is a spoke system of x.

Proof. Define ¥ = {Us : S € G} and select (Vr) reg from (J\/’XT) rex. Forall S € G, define
Ws = Vyq € NYS € NS, Then Ures Vi = Uses Ws € NX. Therefore ¥ is a spoke system of

X. O

Theorem 11.3.14. Let x be a point in a topological space X and let S be a spoke system of x
that is pairwise locally-distinct near x. Then & has no independent truncation if and only

if for every selection (Us)ses of (VD) ses,

XE€E U (UsnU7) |\ Ny.
(S, T}e[S)?

Proof. First, suppose that & has no independent truncation. Let V € NX be given and
select (Us)ses from (W, f) ses- Then {UsnV : S € G} is not independent, so there exist

distinct S, T € & such that (UsnUr)NV # Ny, and thus VN (U;pgye(@2(UpNUQ))\Ny) # @.

Therefore x € (U{S,T}E[G]Z(US N UT))\NX
Now suppose that there exists a selection (Us) ses of (V] )f) ses such that {Ug: Se G} is
independent and define U := Ugeg Us € N, § . Since & is pairwise locally-distinct near x, it

follows that Us n Ut = N, for all distinct S, T € © and thus

x¢p= |J UsnUp)|\Ny. m
(S, T}e[&)?

Lemma I1.3.15. Let & be a spoke system for a point x in a topological space X and sup-
pose & has an independent truncation. Then for all distinct S,T € &, either S =, T or
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x ¢ (SNT)\Nyx. In particular, if G is pairwise locally-distinct near x then S is almost-

independent.

Proof. Select (Us)ses from (N, f) sea such that T :={Us: S € G} is independent. Then there
exists a selection (Vs)geg 0of NV, ;CX suchthat Us = VgnSforall Se &. Let S, T € G be distinct,
so either Us = Uy or UsNn Ut = Ny. If Ug = Ur then (VsnVp)NnS=UsnT=UrnS =
VsnVp)nT,so0S=,T. f UsnU7r = Ny, then (Vsn V)N (SN T) =UgnUr = N, and so

x ¢ (SN T)\Ny. O

This suggests, together with Lemma I1.2.19, that our study of truncating spoke systems
can be restricted to pairwise locally-distinct, almost-independent spoke systems.
The next lemma shows that, for ‘small’ collections of spokes of equal character, we can

perform a diagonalisation procedure and find an independent truncation.

Lemma I1.3.16. Let x be a point in a topological space X and let A € 2%(x),S € [Sp(x)]=*
be almost-independent, where each S € S has character A at x. Then there is a selection
(Us)ses of(/\/’)f)ges such that Usn Ug = Ny, for all distinct S,S' € S. In particular, S has an

independent truncation.

Proof. Enumerate S = {S, : a < x}, where x < A, and let @ < § < x be given. Then x ¢
(Sa N SE)\Ny, s0 Sp\(Sq\Ny) € N;ﬁ. Define Us, = Sp\((Ua<p Sa)\Nx) and note that by
Theorem 1.3.26 Us, € J\/'xsﬁ. Moreover, for distinct 8,y <k, Us, NUs, = Ny. Therefore {Us,

B < «}is an independent truncation of S. O

The following technical theorem allows us to limit the search for an independent spoke
system to finding an independent truncation. We will be using it in the next section to
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construct a strong example of a Fréchet-Urysohn space with a non-independently-based

point.

Theorem I1.3.17. Let S be an almost-independent, non-trivial spoke system for a point x
in a topological space X such that SNS' = Ny for all S,S' € & with ys(x) # ys(x). Suppose
there exists an independent, non-trivial spoke system X such that for all A € ™% (x) and all

T eCy(%),|Thrg(T)| < A. Then S has an independent truncation.

Proof. Let L€ >rad(x) S e Cy(S) be given and note that |[Thrg(T)| < A by Theorem 11.3.8.
By Lemma I1.3.10, S <, UThr<(S), so Us := SN (UThrs(S)) € V3. Let S,S" € C1(S) be
distinct such that Usn Ug # Ny, so there exist T € Thrs(S) and T’ € Thr(S) such that
TNnT' # N, As ¥ is independent, it follows that T = T’ € Thrs(S) N Thrs(S') and so S’ €

Thrg (T) € Ugethrs (5) Thrs (R). Define for all S € C4(6),
Us:={Ug\Ny: S € C1(G)\{S}, Us N Ug # Nyl
Then by the regularity of A, for all S€ C, (S),

Usl<| U Thrg®|= > [Thrs(®)<A.
ReThrs (S) ReThr<(S)

By almost-independence, for all distinct S, S’ € Cy (&) with Usn Ug # Ny,
Us\(Us'\Ny) e N3 = V= Us\(JUs) e N3

Now let S1,S, € G be distinct. If yg, (x) # xs,(x) then by assumption, S; NSz = N, and
so Vs, N Vs, = N,. If not define A := yg, (x) = ys,(x). If Us, N Us, = N, then Vs, N Vs, = Ny.
Otherwise, Us, \Ny € Us, and so Vs, NVs, < (Us, \(Us, \N,))NUs, = Ny, hence Vs NVs, = Ny.
Therefore {Vs: S € G} is an independent truncation of G. O
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CorollaryI1.3.18. Let G be an almost-independent, non-trivial spoke systems for a point x
in a topological space X such that SNS' = Ny forall S,S' € & with ys(x) # xs (x). Suppose
for every spoke T € Sp(x),|Thrg(T)| < y7(x). Then x is independently-based if and only if

G has an independent truncation.

Proof. By Lemma 11.3.13, if & has an independent truncation then x is independently-
based, so suppose that x has an independent spoke system . As there exists an S € S and
X € rNx, it follows that x is non-quasi-isolated in X and thus by Lemma I11.2.12 we can
without loss of generality assume that ¥ is non-trivial. Therefore by the previous theorem,

G has an independent truncation. O

I1.3.3 Strongly Fréchet spaces

The characterisation of Fréchet-Urysohn points in Corollary 11.2.17 is optimal for indep-
endence, since for any topological space being independently-based and strongly Fréchet

is equivalent to first-countability.

Definition I1.3.19 (Strongly Fréchet). Let x be a point in topological space. Then x is
strongly Fréchet if for every decreasing sequence of sets (A;) ,<» With X € (e, Ap, there

exists a selection (x,) ;< 0f (A,) n<w that converges to x.

The property that every point in a topological space is strongly Fréchet is also known as
countably-bisequential, and is equivalent to the space being Fréchet-Urysohn and having

Arhangel’skii’s a4 (see Definition 11.4.6).
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LemmaI1.3.20. [Arh81, Proposition 5.11, Theorem 5.23] Every topological space is strongly

Fréchet at each of its first-countable points.

Theorem I1.3.21. Let X be a topological space, x € X be given such that x is independently-

based and strongly Fréchet. Then x is first-countable.

Proof. Suppose otherwise. Then there exists an independent spoke system & for x and
without loss of generality (by Lemma I1.2.12), assume that G is non-trivial. As x is strongly
Fréchet, it follows that £™(x) = {w} so & must be infinite by Corollary I1.3.3. Choose

S =1{S, : n < w} € G, where each §,, is distinct from the others, and define for every

n<w Ay = Um=nSm)\Ny. As x € S,,\NZ for each n < w, it follows that (A,) <, is de-
scending sequence of subsets of X with x € N,<, A,. Since x is strongly Fréchet, there
exists a selection (x,),<e 0f (A,) < that converges to x and thus there exists a unique
jn € [n,w) such that x, € S;,. Hence for all m < w,{x, : n € w} NS, is finite, so there
exists a U, € Nf’” disjoint from {x, : n < w}. Then U := (Um<ew Um) UU(G\S) is an X-
neighbourhood of x and Un {x, : n < w} = @, which is a contradiction. Therefore x is

first-countable. O

Recall from Figure 11.4 that S(w) was independently-based. However, it is not first-
countable at x: define for all f: w — w, Uy := {(x}u{lm,n) : n = f(m)}. Let (Vy)n<w S
/\/’f © pe given, so there exists a sequence (f)n<w S “ such that Uy, < V;. Define for
all n < w,g(n) = max(fo(n),..., fu(n)) +1. Then V;, £ Ug for all n < w, so {V, : n < w} is
not a neighbourhood base of * with respect to S(w). Thus * is not first-countable in S(w)

and so by the previous theorem, S(w) is not strongly Fréchet at x. Since the property of
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a point being strongly Fréchet is hereditary, it implies that if X is a topological space and

xeYcX,if Y = S(w) and x is non-isolated in A, then x is not strongly Fréchet in X.
Using this previous theorem, we now show how the classes of strongly Fréchet and

independently-based spaces intersect. In Section II.4, we will characterise the strongly

Fréchet points using spoke systems, from which we will also obtain the following corollary:

Corollary I1.3.22. Let X be a topological space and let x € X be given. Then X is first-

countable at x if and only if X is independently-based and strongly Fréchet at x.

An example of a strongly Fréchet space that is not first-countable is the one-point com-
pactification of an uncountable discrete space (see [Arh81, Example 5.12]) and, as we saw
earlier, the one-point is not independently-based.

The previous corollary could be understood as saying that Fréchet-Urysohn, indep-
endently-based spaces and strongly Fréchet spaces are ‘orthogonal’. However, they are

not ‘complementary’.

Theorem 11.3.23. There exists a Fréchet-Urysohn space with a point that is neither strongly

Fréchet nor independently-based.

Proof. Define X to be the space obtained by quotienting the non-isolated points of
a(D(R1)) = D(R1)U{*;} and S(w) = (w x w) U{x,} together and let x € X be the unique non-
isolated point, where a(D(X;)) denotes the one-point compactification of a discrete space
D(X1) of size X;. Then * is not first-countable in D(X1) U {*}, nor is it strongly-Fréchet in
(w x w) U {x} = S(w). However, * is strongly-Fréchet in D(X;) U {*} (given a descending se-
quence (Bj,) n<w in D(R7) with x € (<4 B, any selection (x,) ;< from (By) ,<, converges
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to x), so by the previous corollary * is not independently-based in D(X;) U {x}. As both of
these properties are hereditary, it follows that * is not strongly Fréchet nor independently
based in X. However, Y := X(D(R})) U S(w) is Fréchet-Urysohn and {*, x»} is closed in X,
so the quotient map from Y to X is closed. Therefore by Theorem 1.2.16, X is Fréchet-

Urysohn. O

We conclude this section by creating another example. This space cannot be decom-
posed around the specified point into finitely-many subspaces, in each of which the point
is either strongly Fréchet and not independently-based, or vice versa. Furthermore, this

has many of the properties of a Fréchet-Urysohn, independently-based space.

Theorem 11.3.24. There exists a Fréchet-Urysohn space X with a point x that is neither

strongly Fréchet nor independently-based in X. Moreover:
(D y(x) =Ro.
(2) IfY is a subspace containing x that is strongly Fréchet at x then yy (x) < Xp.

(3) If Y is a finite collection of subspaces, each containing x, such thatJ)Y is a neigh-
bourhood of x then there exists a Y € ) such that x is neither strongly Fréchet nor

independently-basedin Y .

Proof. Let |- | be the Euclidean norm on R? and for each x € R? and € > 0, let B (x) denote

the open e-ball around x given by the norm. Denote the origin by 0 and for every x €
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Figure I1.5: A(n approximation to a) basic neighbourhood of 0.

R2\{0}, define

Sy={yeR:ly—xl=lxl}
Vx € R*\{0},Ve >0, B} := B,(0) N Sy,

B:= { U B}, :(€x)eme\j0) s a selection of (0,00) }
xeR2\{0}

Endow R? with the unique topology with neighbourhood base B at the origin, and all other

points isolated. Denote this space by X. Let x, y € R?\{0} be distinct. Then since distinct

circles intersect in at most two points, there exists an €, > 0 such that Bg/y N Sy = {0}. Thus

forall 6 >0,

X y _ pX
Bfu U B! |nSx=Bj.
ye[RZ\{O,x}

Hence {Bj : § > 0} is a neighbourhood base for 0 with respect to Sy, so Sy is well-based at

0. Therefore S = {S, : x € R*\{0}} is a spoke system of 0, so by Theorem I1.2.7 X is radial.
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Furthermore, x5, (0) = R, for all x € R*\{0}, so by Corollary I1.2.17 X is Fréchet-Urysohn.

Note that Ny = {0} and define for all F < R>\{0},
Yr={Se&:|SNnF|=3}
Claim. Thrg(T) is finite for every T € Sp(0).

Proof of claim. Let T € Sp(0) and note that by Theorem I1.2.7 and 11.2.13, T is first-count-
able at 0. Let (C,) < be a descending T-neighbourhood base of 0. Suppose Thrg(T) is

infinite and for every n < w, pick an x, € Thrg(7T) and a

Yn€((Cpn an)\{o})\(U{Sx tXE Y{yj:j<n}})

such that for all distinct m, k < w, x;;, # xx. Then (y,) < ~ 0 so by Lemma 11.2.3 there
exists a strictly increasing f : @ — w and a y € R?\{0} such that { Vfm :n <w}<Sy. Then

Y € Yiy;:j<g@3) SO Yg(3) € Sy, which is a contradiction. Therefore Thrg (T) is finite. O

So by CorollaryI1.3.18, if 0 is independently-based then G has an independent trunca-
tion. We now show that the latter is not the case. Select (¢y) ycg2\(o; from (0,00) and assume

{Bf :x € R?\{0}} is independent. Since

1
xeR:|xI>13= {x€R2:||x||>land£xzz},

neN*

the Baire category theorem implies that there exists an n € N* such that
2 ].
Z=12xeR°:|x||>1and &, = —
n

is not nowhere-dense in the Euclidean topology. Thus there exists an open, non-empty
subset U of R? such that Un Z is dense in U with respect to the Euclidean topology. Pick an
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x e U, sothereexistsan € € (0,1) and a0 € Rsuch that B.(x) € U and x = | x||(cos(8), sin(8)).

By continuity of the sine function, there exists a § € (—n/2,7/2) such that forall a € (-6, 9),

|sin(a)| < .
an|x|(lx| + &)

Define L := Span(x), which is closed in R?. Note that
V :={c(cos(p),sin(p)) : ce (x|l +&/2,||x]| +€),p € (0 —65,0+0)}

is open in R? and (U N V)\L is a non-empty open subset of U with respect to the Euclidean
topology. Thus there exists a ¢ € (| x| + /2, ]|x]| + €) and ¢ € (8 — 5,0 + 6) such that y :=
c(cos(g),sin(g)) € (VN Z)\L. Define p : R> — R?, (x, ) — (-, x), which is the anticlockwise

rotation about the origin by 7/2 radians. Also define

_2yp ()

x—yp PO

By the choice of y, it follows that y-,o_1 (x) = llxllllyllcos(m/2+ (0 — ¢)) and z # 0. Hence

2llxlI(Nlxll + &) sin(@ — )] - 1

el2 n

Izl <
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Now let x = (x1,x2), ¥y = (¥1, ¥2), 2 = (21, 22). Then:

2~ X)) _ _ 20n%— yex1)
lx— yll (X1 — y1)% + (2 — y2)?
_ 21 x2 = y2x1) (X2 — y2)
21 =
(x1— y1)? + (X2 — ¥2)?
_ 2(1x2 = y2x1) (Y1 —x1)
Zo =
(x1 = y1)? + (X2 — ¥2)?
4(y1x2 — y2x1)?
(X1 = y1)? + (X2 — y2)?
_ 2(y1Xx2 — y2x1)
(X1 = y1)% + (x2 — ¥2)?

= zi+25=

= ((x2 = y2)x1 + (1 — x1)X2)
=2(z1x1 + 22X2)

= (z1 — x1)2 + (29 — xg)2 = zf + zg + xf + x% —2(z1x1 + 22X2)

_ 2, 2
= X7 +X5.

Therefore |z— x| = || x||, so z € ng. Since p is an isometry,

2(xp” (1) 2(p”' (0)p"2()
(x=y) = (=p(y—x)) =z

ly—x2 P E T e Y
So by symmetry z € Bgyy, which is a contradiction. Hence 0 has no independent spoke

system and is therefore not independently-based.

We now move on to proving parts (1-3) of the theorem. First, observe that {B;,,(0) :
n € N*} is a pseudobase of 0 which is not quasi-isolated, so ¥ (0) = Xy. Now let Y € X be
given such that 0 € Y and 0 is not first-countable in Y. Then {SNnY : S € G} is a spoke
system of 0 with respect to Y by Corollary II.1.16, so by Lemma 11.2.12, T :={SNnY : S €
S,0 € (SN Y)\{0}} is also a spoke system of 0 with respect to Y. By Corollary I1.3.3 there
exists an injective sequence (7},) <, in T and by Theorem 1.2.2 for each n < w, there exists

98



a sequence (X,,m) m<w in (T, N Y)\{0} that converges to 0. Define C := {x, ,; : n, m < w} and

note that Y¢ = Upe(cps Yr is countable. Enumerate
fxeYo:Sy#Tpforalln<w}={y,:n<a}

where a < w (possibly a = 0). Define for all / < w,

m:c% U @J

k<min(a,1)
Observe that (D;) ;< is a descending chain of subsets. Furthermore, since distincts circles
intersect in at most two points, it follows that D; contains a tail of (x;,,,,) < foreach I < w
and so 0 € D;.

Suppose there exists a selection (z;);<, of (D;);<, that converges (strictly) to 0. With-
out loss of generality, by Corollary I1.2.3 there exists a w € R?\{0} such that S,, that contains
Z:={z;:l<w}. Then we Y, < Yo and for all ] < w, Z n D, is finite, so S, # T;. Thus there
exists an m < « such that w = yp,. But 2,41 € D41, 80 Zm+1 € Sy, = Sw, which is a con-
tradiction. Therefore 0 is not strongly Fréchet in Y. Moreover, as 0 is not independently-
based in X, it is also not first-countable and thus not strongly Fréchet.

Finally, let ) be a finite collection of subspaces, each containing 0, such that ()Y € /\/'OX
and assume that for each Y € )/, 0 is either strongly Fréchet or independently-based with
respect to Y. Since first-countable points are independently-based, it follows that 0 is

independently-based with respect to each Y € ). For every non-empty Z < )/, define

Pz:=((M2)\(UON2))u o).

Note that {Pz\{0} : Z € P())\{®}} is a partition of (U))\{0} and for each non-empty Z < ),
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there exists a Z € Z and so Pz < Z. Hence 0 is also independently-based in every Pz by
LemmaII.1.7.

For each non-empty Z < ), choose an independent spoke system ¥ z of 0 with respect
to Pz and define T := UpxzcyTz. Let Zy, Z; € P(Y)\{@} be distinct, so there exists a
Z€ZiAZ;_;. Then

Pz NPz, < (Zu{0h)n((X\Z)u{0}) ={0}.
Hence ¥ is an independent collection of spokes of 0.

Now let A € X be given such that 0 € A. Then since U{Pz : Z € PO)\{g}} =UY €
N and Y is finite, there exists a non-empty Z < ) such that 0 € AnPz and thus by
Theorem I1.1.13 there existsa T € Tz < T such that 0 € ANT. By the same theorem, ¥ is
an independent spoke system of 0, which is a contradiction. Therefore there existsa Y € Y

such that 0 is neither strongly Fréchet nor independently-based with respect to 0. O

We conclude with a few open questions concerning independently-based spaces and

spoke systems.
Question 11.3.25. Is there a ‘natural’ characterisation of radial spaces in terms of nests?

Question 11.3.26. Do independently-based spaces coincide with a subclass of radial spaces

with stronger convergence properties?

II.4 Products and strong convergence properties

In this last section, we will show how certain strong convergence properties are reflected
into spokes. As some of these properties are equivalently characterised by preservation
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theorems under products, we first investigate how to take appropriate products of spoke

systems.

II.4.1 Productivity

The obvious ‘product’ of a collection € of spoke systems would be

{ H Se: (Sg)aee is a selection from QZ}.
Gee

However, for this to form a spoke system, we must ensure that these products do form

spokes.

Definition I1.4.1 (Coherence). Let (X;);e; be a finite non-empty family of topological
spaces and select (x;);e; from (X;)jer and (S;)je; from Spx, (xi))ier Then we say that

(Si)ier is coherent if [];c; Si is a spoke of (x;)ier € [1;e1 Xi.

Lemma I1.4.2. Let (X;)ie; be a finite non-empty family of topological spaces and select
(x1)ier from (Xi)ier and (Sj)ier from (Spx, (xi))ier. Then (S;)ies is coherent if and only if
foralli, j € I whereS; and S are non-trivial, ys;(x;) = xs; (x;).
Proof. First, define

X:=[]X,

iel

X = (Xi)ier

J:={i €I:S;isnon-trivial}.
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Note that by Lemma 1.3.11 NX = [];¢; Ngi < S:=[l;e; Si. Suppose there exists i, j € J such
that ys; (x;) # xs;(xj). Then by Theorem 1.3.20, Corollary 1.3.26 and Proposition 1.3.30,
S; x §j is not radial at (x;, x;). Since there is an embedding of S; x S; into S that carries
(xi,Xj) to x, it follows that S is not radial at x; in particular (by Theorem 1.2.2) S is not a
spoke of x.

Now suppose there exists a non-zero cardinal A such that ys;(x;) = A for all j € J and
let (BC];)(%< 21 be well-ordered neighbourhood base of x with respect to S;. By Lemma 1.3.23,

we can assume without loss of generality that A is regular and infinite. Define

Va<AVie\],B} =Ny,

B::{HBé:a</1}

iel
Then B < N} is well-ordered with respect to 2. Let U € N/ be given, so for all i € I, there
exists a V; € \V, fi" such that [];c; V; € U. Then for all i € I, there exists an a; < A such that
Béi c V;. Define @ :=max(a;:i € I) < A, sothen [];¢; B! < U. Therefore B is a well-ordered

neighbourhood base for x with respect to S, so S is a spoke at x. O

Definition 11.4.3 (Product of spoke systems). Let (X;);e; be a finite non-empty family of
topological spaces and select (x;);e; from (X;);er and (S;j)jer from (P(prl_ (x:)))ier. Then

we define the (coherent) product of (S;) ;e to be

®Si = { l_[ S; : (S;);es is a coherent selection from (S,-)iel}.

iel iel
If X; = X,x; =xand S; =S forall i € I, then we denote this product by S®”.
If (X;)i<p is a finite non-empty sequence of topological spaces, with n =2, and (x;) ;<
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is a selection of (X;);<, and (S;) ;< is a selection of (P(pri (%)) i<n, then we define

So®88,-1:=Q)S,.

i<n
If there are two factors where the projections are non-quasi-isolated then the produc-
tivity of radiality could fail if they have different radial spectra. The following shows that
the radial spectrum of the product and the non-quasi-isolated factors indeed coincide if

the product point is radial.

Lemmall.4.4. Let (X;);cs be a finite non-empty family of topological spaces and select x :=
(xi)ier from (X;)ie;. Suppose x is radial and non-quasi-isolated in X = [1;¢; X;, and that
there are at least two i € I where x; is non-quasi-isolated in X;. Then ngfd(x) is a singleton

and for alli € I, if x; is non-quasi-isolated then Z;?id(xi) c Z;?d(x).

Proof. First note that by Lemma 1.3.11, NX = [];¢; Nfé". Let 7, j € I be distinct such that
X, xj are both non-quasi-isolated in X;, X; respectively and let A € foaid(xi), UE Zg?jd (x;) be
given. Then by Theorem I1.2.9 there exist transfinite sequences ¢, u in X; \Ng‘ and X; \Nii.j
that converge strictly to x;, x; respectively, with len(#) = A and len(u) = y. Then x;, x; are
non-quasi-isolated in S, S, respectively. As there exists an embedding from X; x X; into
X that maps (x;, x;) to x, it follows that (x;, x;) is radial in S; x S;,. Hence by Proposition
1.3.30, Theorem 1.3.24 and Corollary 1.3.26, A = ps, (x;) < ¥s,(x;) = xs,(X;) = ps,(xj) = p
and vice versa. Therefore Zg?id(xi) = Z;?in(x ) is a singleton, so there exists a unique non-
zero regular ordinal v such that Zg(aid(xi) = {v} for all i € I where x; is non-quasi-isolated in

X.
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Now let ¢ be a transfinite sequence in X\ N2 with regular length that converges strictly
to x and let i € I be given. As projections are open and continuous, 7;[S;] € Spy, (x;) and
Xni15. (X)) < xs,(x) =len(z). However, S; € [[;e; 7 [S,] and so len(?) < [I;e; Xn;15,1(xi). As ¢
must have infinite length, it follows that there exists an i € I such thatlen(¢) = y,s,1(x;).

Define A= (m;jot) " [X; \Ngi] and note that 7; [S;] = Néi uran(m;ot), so it follows that A
is unbounded in len(#). By Corollary 1.3.26, py;s, (x;) =len(#) and thus by Corollary 1.3.28
(mjot)| 4~ x;. Thereforelen(t) € Zr}(*‘lfi(xi) and hence Zg‘g‘d (x) Zg?id(xi) = {v}. Furthermore,

by Theorem I1.2.9 Z;?d (x) # @, completing the proof. O

Theorem 11.4.5. Let (X;);c; be a finite non-empty family of topological spaces and let x :=

(x;)ier be a selection of radial points from (X;);e;. Then the following are equivalent:
(1) xisradialin X :=[l;e; X;.

(2) There exists a selection (S;) jc1, where S; is a spoke system of x; in X; foralli € I, such

that ® ;c1S; is a spoke system of x.

(3) For every selection (G;) e, where S; is a spoke system of x; in X; foralli € I,®;¢;S;

is a spoke system of x.

Proof. By Theorem I1.2.7, each x; has a spoke systems, so it follows that (3) = (2) = (1).
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Assume x is radial in X and for each i € I, let G; be a spoke system of x;. Define

J:={j € I:xj is non-quasi-isolated in X},

G = ®6i,

iel
X, ifi=j,
Yiel,U;:=

X; .
Ny otherwise.

Let A< X be given such that x € A. As U := [];e; U; € N, it follows that xe AN U.

Case 1: ] is empty. Select (S;);er from (S;);e;. By Theorem 1.3.12, x is quasi-isolated in
X and thus quasi-isolated in S := [];c;S; by Theorem 1.3.10. Hence S € G, and by

Theorem 1.3.11, N))f =TTier Ng" cS,soxe ANS.

Case 2: ] has a unique element j. As x; € m, there exists an S; € G such that x; €
m Select (Si)ienjy from (S;)ienyjy, so by Lemma 11.4.2 S := [[;¢;S; €
&. Let V € N¥ be given, so there exists a selection (V;);e; from (V. é") ;e7 such that
[lie; Vi < V. Then there exists an a € An U such that 7;(a) € S; N V; and, moreover,

n,-(a)EN,g" cSinV;foreachieI\{j}. Henceae AnSNnV and thus xe AnS.

Case 3: |/| = 2. Then by Theorem 1.3.12, x is non-quasi-isolated and so there exists an

infinite regular cardinal A such that Zr}‘g‘d(x) ={A} and Zgﬁ‘jfi(x i) ={A}foreach je J.

By Theorem I1.2.9, x is Zgﬁ‘d(x)-radial, so there exists a A-sequence ¢ in An U that
converges to x. Enumerate J = {ji : k < m} and let k < m be given such that there ex-
ists a selection (S;,);<x of (&;,);<x and a subsequence u from ¢ such that ran(z;, o
u) < Sj, forall I < k. As x € W, there exists an S;, € &, such that x €
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ran( j o u) N Sj,. By Corollary I1.2.10 px; (x;,) = A, so it follows Z:= (7, o WS ]
is unbounded in A. Therefore by induction, there exists a subsequence u of t and a
selection (S;) je; of (G;) jey such thatran(zjou) € S;. For all i € I\], there exists an

SieS;andsoran(u) € S:=[];e;S;. ByLemmalIl.4.2, Se Sand x€ AnS.

Therefore by Theorem I1.1.13, & is a spoke system of x. O

I1.4.2 Strongly Fréchet

Recall that a point x in a topological space X is strongly Fréchet if whenever (A;) <y is @
descending sequence of subsets of X with x € ;<. A, there exists a selection (x,,) ,<, Of

(An) n<w that converges to x. The following definition was first investigated in [Arh81].

Definition I1.4.6 (a4). A point x in a topological space X is a4 if whenever S is a countably-
infinite collection of disjoint sequences in X\ Ny, each converging to x, there exists a se-

quence t in X\ N, that converges to x such that {s € S : ran(s) nran(¢) # @} is infinite.

Theorem 11.4.7. [Mic72, Proposition 4.D.5, pg. 113] [Arh81, Theorem 5.23, pg. 190] Let x be

a point in a topological space. Then the following are equivalent:
(1) x is strongly Fréchet.
(2) x is Fréchet-Urysohn and a,.

(3) (x,w) is Fréchet-Urysohn in X x (v +1).*

“The original proofs use the unit interval in place of w + 1 and characterise when the whole space is
strongly Fréchet, but they are easily adapted to prove this theorem.
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Using Theorem I1.4.5 and adapting the a4 definition to spokes, we get the following

characterisation for strongly Fréchet points:

Theorem I1.4.8. Let x be a Fréchet-Urysohn point in a topological space X. Then the fol-

lowing are equivalent:
(1) x is strongly Fréchet.

(2) For every almost-independent spoke system S of x and all collections of non-trivial

spokes S € [G]™, thereexistsa T € S such that{S€ S:SN T # Ny} is infinite.
(3) There exists a spoke system S of x, & ® {w + 1} is a spoke system of (x,w) in X x (w+1).
(4) For every spoke system G of x, & ® {w + 1} is a spoke system of (x,w) in X x (w+1).

Proof. The equivalence of (1), (3) and (4) follows from Theorems II.4.5 and I1.4.7. Suppose
x is strongly Fréchet and let & be an almost-independent spoke system, S € [G]™ be a
collection of non-trivial spokes. Then by Lemma I1.3.16, there exists a selection (Us) ses of
(N3 ses such that Usn Ug = N, for all distinct S, S’ € S.

For each S € S, x € Ug\ Ny, so there exists a sequence fs in Ug\ N, that converges to
x. By Theorem I1.4.7 x is a4, so there exists a sequence u in X\ N, such that R :={S€S:

ran(zg) Nran(u) # @} is infinite. Thus x € ran(u) N (JS), so by Theorem I1.1.13 there exists

a T € & such that xeran(u) n TN (US). Hence A:= u~ [T n(JS)] is infinite and therefore
{SeS:SN T # N,} is infinite.
Now assume (2) and let S be a countably infinite collection of disjoint sequences in

X\N, that converge (strictly) to x. Then by Lemma II.2.6, there exists an almost-indep-

107



endent, basic spoke system & of x that contains S; for all s € S. So by assumption, there
existsa T € G such that {s€ S : S;N T # N} is infinite. Then there exists a transfinite
sequence ¢ that converges strictly to x such that T = S; and T is non-trivial. It follows that
t has infinite length and we can assume that ran(¢) N Ny = @ without loss of generality.
Then by Theorem 11.2.13, len(z) € >rad () < {w} and hence {s € S : ran(s) Nran(z) # @} is

infinite. Therefore x is a4. O

II.4.3 Fréchet-Urysohn for n-point sets

We can strengthen the Fréchet-Urysohn property by considering nefworks and sequences

of finite subsets. This idea was first introduced in [GS05].

Definition I1.4.9. Let x be a point in a topological space X and let (A,),<» be a sequence
of subsets of X. Then we say that (A;) <o converges to x, written (A;) <, — X, if for every
U € N, there exists an N < w such that A, € U for all n € [N,w). Thus, a sequence of
points (x,)n<e in X converges in the usual sense to x precisely when ({x,}) ,<,» converges
to x.

Let n be a positive natural number. Then we say that x is Fréchet-Urysohn for n-point
setsif for every network A c [X]" of x, there exists a sequence (A;;) m<e in A that converges

to x. Thus a point is Fréchet-Urysohn if and only if it is Fréchet-Urysohn for 1-point sets.

Ol'ga Sipacheva gave the following characterisation of Fréchet-Urysohn for n-point

sets in terms of the n-fold product.

Theorem 11.4.10. [Sip02, Proposition 1, pg. 308] Let x be a point in a topological space X
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and let n be a positive natural number. Then x is Fréchet-Urysohn for n-point sets if and

only if (x,...,x) is Fréchet-Urysohn in X".

The following characterisation follows immediately by Theorem I1.4.5:

Theorem I1.4.11. Let x be a Fréchet-Urysohn point in a topological space X and let n be a

positive natural number. Then the following are equivalent:

(1) x is Fréchet-Urysohn for n-point sets.

(2) There exists a spoke system & of x such that &®" is a spoke system of (x, ..., x) in X".

(3) For all spoke systems S of x, 5®" is a spoke system of (x,...,x) in X".

I1.5 Future directions

II.5.1 Convergence spaces

Throughout this chapter, we have developed the theory of spokes for points in topological
spaces but we did not use the full strength of a topology. We can express our ideas in the
weaker setting of pretopologies. First, we require a few definitions. We refer to [Dol09] for

the background on convergence spaces and pretopologies.

Definition I1.5.1 (Filters). Let X be a set and F be a collection of subsets of X with the

following properties:

* Q¢ F#£QP.
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e Forall A, Be F,AnBe F.
e ForallAe Fand Bc X,if Ac Bthen Be F.

Then we call F a filter on X. We define §(X) to be the set of all filters on X. For each x € X,
we define the principal ultrafilter of x tobe P, :={A< X : x € A}.

Given a collection B of subsets of X, we say that B has the finite-intersection property
if for every finite F < B,N.JF # @. If B has the finite-intersection property then we define

the filter generated by B to be

(B):={Ac X:[g < Afor some finite G < B}.

Afilter F is generated by B, if F = (B). Moreover, if 3 is well-ordered by 2, then we say that
F is well-based.

A filter F is principal if there exists a non-empty subset A € X such that F = ({A}).
Given an arbitrary non-principal filter F, define F° := (F U {X\(NF)}). We call F° the free
part of F. Note that since F is non-principal, its free part is again a filter on X.

We define an ordering on §(X) given by <. This turns §(X) into a complete meet-
semilattice (i.e. every non-empty collection of filters has an infimum), where the meet is

given by intersection.

Definition I1.5.2 (Convergence space). Let X be a set and let §(X) denote the set of all
proper filters on X. Then a convergence on X is a relation ¢ between §(X) and X that

satisfies the following properties:

(1) Forall xe X, Py ¢& x.
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(2) Forall F,Geg(X)andall xe X,if F¢é xand F <G then G ¢ x.

We will typically write /' —¢ x instead of F ¢ x and will dispense with the subscript ¢ if the

convergence is clear. We refer to (X, ¢) as a convergence space.

Definition I1.5.3 (Pretopology). Let (X,¢) be a convergence space such that for all & <
S(X)andall x€ X, ifG — xforeach G € & then® — x. Then we say that ¢ is a pretopology
and (X, ¢) is a pretopological space.

If (X,¢) is a pretopological space and x € X, then since P, — x it follows that Vf: — X,
where ij is the intersection of all filters on X that converge to x. We call sz the vicinity

filter of x and will dispense with the subscript if the convergence is unambiguous.

Thus a convergence ¢ on X is a pretopology if and only if for all 7 € §(X) and all x €

X, F —¢ x precisely when Vi F.

Definition I1.5.4 (Mesh and adherence). Let (X,¢) be a convergence space and let A <
X, F € §(X) be given. Then we say that F meshes with A, denoted F#A, if for all F €
F,FNA#Q.

Given A < X, we define the adherence of A to be
adh¢(A) == U{}"E F(X) : F#A}L

It is an easy exercise to prove that for all x € X, x € adh¢(A) if and only if Vi#A.[DolOQ,

Remark 21, pg. 128]

Definition I1.5.5 (Trans-sequential filter). Let X be a set and let ¢ be a transfinite sequence
in X. Then we define 7; := {T < X : da < A such that t[[a,A)] € T} and call it the trans-
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sequential filter based on t. Given a filter F € §(X), we say that F is trans-sequential if
there exists a transfinite-sequence ¢ on X such that F =7;.

Given a transfinite sequence ¢ and a convergence ¢ on X, we say that ¢ {-converges to
x (written ¢t —¢ x) if T; —¢ x. If { is a pretopology, then we say that ¢ strictly { -converges to

x (written 7 ¢ x) if £ {-converges to x and for all a <len(?), x ¢ adh(z[a]).

Definition II.5.6 (Radial). Let (X,¢) be a convergence space and let x € X be given. Then
we say that x is radial if for all A< X with x € adh(A), there exists a transfinite sequence ¢
on A that converges to x.

If F is a filter on X, then we say that F is radial if whenever there is a subset A < X
which meshes with F, there exists a transfinite sequence on A such that F < 7;. Thus, if ¢

is a pretopology, x is radial precisely when Vf; is radial.

Given a pretopological space (X,¢) and a radial point x € X, we can adapt the proof
of Theorem I1.2.2 to show that if x € adh;(A) then there exists a transfinite sequence on A

that converges strictly to x.

Theorem I1.5.7. Let (X,¢) be a pretopological space and let x € X be given. Then x is radial

if and only if there exists a non-empty collection G of subspaces of X such that:
e ForallSeS, Vf c Sand (Vﬁ U {S}) is well-based.
* Vi=Ases(VEUISH.

Moreover, S can be taken to also satisfies the following conditions:

e ForalldistinctS, T €O, (sz ui{S, T}) is principal.
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e For every S € G, if (V,”Z U {S}) is non-principal then its free part is strictly trans-

sequential for each S € G.

Proof. Define a topology 7 on X by declaring every point apart from x isolated and let sz
be the neighbourhood filter of x with respect to X. Then for all A € X, x € adh¢(A) if and
onlyif x € A’. Therefore by Theorem I1.2.7, x is radial with respect to ¢ if and only if there
exists an almost-independent spoke system & for x with respect to (X, 7).

Observe that sz =N, )EX’T) and thus V)f = N,(CX’T). Moreover, given a subspace S con-
taining N7, x is well-based in S (with respect to (X, 7)), if and only if (N U {8}y is
well-based.

Let G be a non-empty collection of subspaces of x. Then V,”z c (V,‘: u{S}) foreach S € G.
Moreover, Vi =Nses (sz u{S}) ifand onlyifforeach V e Vﬁ there exists a selection (Ws) ses
from sz such that Useg (WsnS) < V. Therefore G satisfies the first two conditions precisely
when G is a spoke system of x with respect to (X, 7). Hence by Theorem I1.2.7, x is radial
with respect to ¢ if and only if an & with the first two properties exists.

Now suppose that x is ¢-radial, so by Theorem II.2.7 there exists an almost-indep-
endent, basic spoke system G of x with respect to (X, 7). Then for all distinct S,T € G,
there existsa V e NT = Vf; suchthat VNnSnNnT =N} = sz, ie. (V;f U {S, T}) is principal. Fi-
nally, let S € G be given, so there exists a transfinite sequence ¢ in S that converges strictly
to x such that S = S}. By strict convergence, it follows that if (sz U {S}) is non-principal

then its free part is 7;. O

We conclude by demonstrating a characterisation of independently-based points in
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terms of the convergence space of a topological space, thus allowing us to extend this

notion to pretopological spaces.

Theorem 11.5.8. Let X be a topological space, x € X be given. Then x is independently-
based if and only if there exists a non-empty collection 20 of well-based filters contained in

N, such that

N;= < () Uw : (Un)wesy is a selection from QIT> = N\ Wuslwh,
Wel Wel

where 20 [yy = Myreampvy AWV,

Proof. Suppose there exists such a collection 25. Then

{ U (Own20|w) : (Un) ey is a selection from QU}
WeJ

is a neighbourhood base for x with respect to X. Moreover, for each selection (Uyy)yyeoy

from 20,

U (U 00w [ n Wy = (U nW ) U
W'e2

N Nw)

W'e g

= (Uyy Nn2W|w) U Ny

= Uy N W |w.

Therefore {W Nn20|yy : W € W} is a neighbourhood base for x with respect to 20 |yy. As
W is well-based, it follows that 20|y is a spoke of x. Furthermore, for distinct W, W' €
2,20 |y Nn2W |y = Ny.

Define & := {20y : W € 20} and select (Us) ses from (N)‘g)seg. Then for each YV € 20,
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there exists a V) € W such that Vjy N2 |y < Uyy,, - Thus

UUs2 U wnWlpwe A OVUBiwh =N
Se& Weg We

Therefore G is an independent spoke system for x, so by Corollary I1.1.12 x is independ-
ently-based.

Now suppose that x is independently-based. If x is quasi-isolated then define 27 :=
{({N})}. Otherwise, by Theorem I1.1.10 and Lemma I1.2.12 there exists a non-trivial, in-
dependent spoke system &. Define for all Se€ G, Ws = {UUUG\{S}H) : U € /\/';CS}). As x is
well-based in each S € &, it follows that Ws is well-based and is contained in NX.

Define 20 := {Ws : S € G} and note that 20|y, = S for each S € &. Since & non-trivial,

it follows that Ws # Wr for distinct S, T € G. Finally

N\ Wuiwh = \ Wsu{sh
WeJ Ses

= < Lé(US NS): (Us)ses is a selection from (Nf)s<—:6>
Se

=NX. O

I.5.2 D-radiality

Instead of taking well-ordered nets in the definition of radiality, we can generalise to an

arbitrary class of nets, as shown in [Nyi92, pg. 543-5].

Definition I1.5.9 (D-radiality). Let D be a non-empty class of directed nets and let X be
a topological space and x € X be given. Then we say that x is D-radial if for every subset
A< X with x € A, there exists a D € D anet f : D — A that converges to x.
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Given a direct set D, anet f: D — X converges strictly to x, written f - x, if f — x and
foralld e D,x ¢ {ec D:d £ e}. If we request that the net in the definition of D-radiality

strictly converges then we say that x is strictly D-radial.

Examples of potentially interesting classes include the class of nets based on directed

sets of cardinality less than a specific infinite cardinal, or the x-nets as studied in [Hod10].

Theorem I1.5.10. Endow with w x w; with the product order. Then there exists a topological

space with a{w x w}-radial point that is not strictly {w x w,}-radial.

Proof. Define X = (wxw1)U{x}, where x ¢ w x w;. We endow X with a topology by making
each pointin w x w; isolated, and let {X\ (7 x w;) : n < w} be a neighbourhood base for *.
Let A S w x w, be given such that x € A, so for each n < w, there exists an (a,, 8,) € A
such that a,, = n. Define for all m < w and y < w, f((m,y)) := x. Then fis a {w x w1}-net
in A that converges to * and hence * is {w x w;}-radial.
Now let f: wxw; — wxw; converge to *x. Then for all n < w, there exists an m, < w and

a, < w; such that 7, (f(k, B)) = n for all (k, B) € w x wy such that (k, B) = (m,, a,). Define

a:=sup(a,:n<w)+1<w;. Then x € {f((m,,ay) : n<w} < flowx (@ \a)], so f -/ *.

Therefore x is not strictly {w x w;}-radial. O

There are three potential fixes for this problem:

(1) Focus exclusively on strictly D-radial points / spaces.

(2) Find conditions that ensure that D-radiality and its strict version coincide.

(3) Enlarge the class D such that these versions agree.
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The author feels that the last solution might be most useful and could involve analysing
the Tukey reduction structure on directed sets (see [Tuk40]). A particularly amenable case
would be D = {1, 0, w1, w x w1, (01N, <)} - Stevo Todoréevié has shown that under PFA,
all directed sets of cardinality at most X; are Tukey equivalent to one in D [Tod85, Theorem

9, pg. 718]. More specifically,

Question I1.5.11. Let D be a class of directed sets that contains well-ordered sets of every
non-zero, regular order type. Does D-radiality and strict D-radiality coincide for all points

in all topological spaces?
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Chapter III

Compactifications and dualities

III.1 Introduction

The previous chapter exhibited some local characterisations of radiality using spokes and
spoke systems. In this chapter, we will use these characterisations to investigate radiality
of compactifications, ring spectra and Stone spaces.

Closed spokes and spoke systems are better behaved than arbitrary spokes or systems;
for instance, they reflect into properties of the ideal of compact subsets for compactifica-
tions, of ideals for ring spectra, and of filters and quotient algebras for Stone spaces. In this
first section, we will show that, for semi-regular spaces, closure of spokes are also spokes.
Consequently, closed spokes suffice to characterise radiality for these spaces.

In Section III.2, we investigate compactifications that are radial or Fréchet-Urysohn in
their remainder, focusing exclusively on locally compact spaces. In this setting, having a

radial compactification implies that the one-point compactification is also radial. By us-
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ing radiality at the point-at-infinity, we can improve these compactification results, first
considering finite, countable and ordinal compactifications, then using small cardinals
(cardinals that describe some form of infinite combinatorics on countable sets) to achieve
consistently stronger theorems. We also prove some results for pseudoradial and sequen-
tial compactifications.

In the last section of this chapter, we discuss radiality of points in ring spectra and
Stone spaces. We first state our spoke-characterisation theorems in the general context
of spectra of commutative rings with identity. This requires a translation of the notions
of spokes, spoke systems and cofinal collections of spokes into ideal-theoretic language,
using generalisations of the radical of an ideal. Consequently we obtain an algebraic char-
acterisation of the radiality of the Stone-Cech compactification of a Tychonoff space X,
using the ring of bounded, continuous, real-valued functions C*(X). Next we translate
our results for Stone spaces of Boolean algebras, which is a specific case of the previous
work on ring spectra. We state these results with filters instead of ideals, as is usual when
dealing with Stone spaces of Boolean algebras. Finally, we use w*, the Stone-Cech remain-
der of a countably-infinite discrete space, as a test case and show some strong negative
results on constructing radial, non-well-based points in w*.

The material in Sections II1.2 and I11.3 (excluding I11.2.2) is based on [Leel5].

III.1.1 Enlarging spokes

We conclude this introduction by showing how to enlarge spokes by taking their closure,
which is fundamental to the rest of this chapter. Besides paring down the possibilities a
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spoke may take (thus aiding our search for a spoke system / cofinal collections of spokes),
it also allows some algebraic characterisations of radiality, which we will prove later.

The simplest method of enlarging spokes is to take a neighbourhood base and try to lift
it to a neighbourhood base of a larger space. If the neighbourhood base consists of open

sets, we can attempt to take the largest such extension.

Definition III.1.1 (Lift). Let X be a topological space and let U € Y < X be given, where U
isopenin Y. Then we define the [lift of U to X, denoted U1 )é , to be the largest open subset

of X such that UT};O Y = X, that is,
Uty = JiVvcXopen:VnY=Ul.

Thus we consider conditions ensuring that if B is a neighbourhood base for xe Y ¢ X
with respect to Y, then {B1 i,( : B € B} is a neighbourhood base of x with respect to X. First,

let us describe some properties of the lift operation.

PropositionII1.1.2. Let X be a topological spaceandletU <V < Z <Y < X be given, where

U,V isopenin Z. Then:
(D) UL =Y\Z\U.
2) UtLcVvty.

3) U, =U13nY.

Proof. First, note that Y\Z\U is open in Y and Zn (Y\Z\U) = Z\Z\U’ = U since U is

open in Z. Thus Y\Z\U < UT; by definition. However, UTg c Y and UTE N (Z\U) =
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(UTng)\U = @. Since UTg isopenin Y, it follows that UI? c Y\Z\UY =Y\Z\U. There-
fore U1} = Y\Z\U.

From this, we immediately get

Ul =Y\Z\U<Y\Z\V =V1},

UtL=Y\Z\U=(X\Z\U)nY =U1%nY. 0

Definition II1.1.3 (Regular open and semi-regular). Let X be a topological space and let
U < X be given such that U’ = U. Then we say that U is a regular open set. If a point
x € X has a neighbourhood base consisting of regular open subsets, then we say that x is

semi-regular. If every point of x is semi-regular, then we say that X is semi-regular.

Lemmalll.1.4. Let X be a topological space and letY < X be dense, U < X be regular open.

ThenU =X\Y\U = (UnY)17.

Proof. Since Y is dense, V = VN Y for all open V € X. Thus

X\U=X\U =X\U=Y\UcY\UcX\U.
Therefore by the previous proposition, U = X\Y\U = (Un Y)1 § O

Now we define a ‘weak-closure’ of a space, which is an upper bound for superspaces

such that neighbourhood bases lift, for a fixed point.

Definition II1.1.5 (Weak closure). Let X be a topological space and let Y € X,x € Y be

given. Then we define the weak closure of Y with basepoint x (with respect to X) to be

LYV)=NSu |J Y\U.
UeNY
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If the ambient space X is unambiguous, then we will dispense with the superscript.

Theorem III.1.6. Let X be a topological space and let x € Y < Z < X be given. Let B be a

neighbourhood base of x with respect to Y and define B} := {B1 5 :Be B}

(1) IfB1 is a neighbourhood base of x with respect to Z then Z < Ly(Y).

(2) If x is semi-regular in X and Z €Y U NX then B1 is a neighbourhood base of x with

respect to Z.
(3) Ifx is semi-regular in X thenLy(Y) =Y U N,
Proof.

(1) Suppose B1 is a neighbourhood base of x with respect to Z and let z € Z\NX be
given. Then there exists a U € NX such that z ¢ U and so there exists a B € B such

that BTZ cU.Thusze Z\BT% =Y\B cL,(Y) and therefore Z < L, (Y).

(2) Assume x is semi-regular with respect to X and Z € Y U N¥X. Define W := Y U NZ,
which is dense in Z, and let U € N¥ be regular-open, so there exists a B € B such

that B UNY. Then BU NxZ cUnY)u NxZ = Un W, so by the previous lemma
B1Z = Z\Y\B< Z\W\(BUNZ) C Z\W\UnW) = (UnW)1%, =UnZ.
Therefore B1 is a neighbourhood base of x with respect to Z.
(3) Byapplying (2) to Z = Yu Nf, it follows from (1) that Y U fo =L, (Y). O

Applying this to spokes and spoke systems, we see that in semi-regular spaces we can
take the spokes in a system to be closed. We denote the collection of closed spokes of a
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point x by Spy (x), removing the subscript if the surrounding space is unambiguous. The

following theorem summarises the characterisation theorems for semi-regular points:
Theorem I11.1.7. Let x be a semi-regular point in a topological space X .

(1) IfS is a spoke of x then S is a spoke of x and X5(x) = xs(x).

) IfS is a spoke system of x then {S: S € &} is a spoke system of .

(3) Let S < ﬁ(x) be given such that for all T € 5()6), there exists an S € S such that

T <4 S. Then S is cofinal.

(4) IfY<XandxeY then x isradialin Y ifand only Y <, US for all cofinal collections

S of closed spokes of x in X.
(5) The following are equivalent:

(a) x isradial.
(b) g(x) is a spoke system of x.
(¢) x has a closed spoke system.

@d) US e NX for all cofinal collections S of closed spokes of x.

Proof.

(1) Let S be a spoke of x, so by Corollary 1.3.26 and Theorem 1.3.25, there exists a well-
ordered neighbourhood base B of x with respect to S, whose cardinality is ys(x).
Without loss of generality, assume that all elements of 3 are open. Then by the pre-
vious theorem and Proposition I11.1.2, {B TE : B € B} is awell-ordered neighbourhood
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base of x with respect to S. As NX ¢ Sc S, it follows that S is also a spoke of x. Fur-

thermore, Xs(x) = |B| = xs(x) and since S < S, it follows that X5(x) = xs(x0).

(2) Let G be a spoke system of x and define ¥ := {S:Se &) Select (Up) Tet from
(NxT) res. Then U = Uses(UgnN S) S UresUr and U € ./\/'f Therefore ¥ is a spoke

system of x.

(3) Let S € Sp(x) be given, so by (1) S € Sp(x) and hence there exists a T € S such that

xé §\_T 2 S\T. Therefore S is cofinal.

(4) Let Y < X be given such that x € Y, and suppose that Y <, S for all cofinal collec-
tions S of closed spokes of x with respect to X. We aim to show that Spy (x) is a spoke
system of x with respect to Y. Select (Us) SeSpy () from (V. xs) seSpy ()’ SO there exists a
selection (Vs)g g5 () from NZX such that Us = Vs S. Then {Vsny NS: S € Spy(x)} is

a cofinal collection of spokes of x in X, so there exists a W € N, )f( such that

wnyYc |J (VsrynS=>WnYes |J (VsaynSnYV)= |J Us.
SeSpy (x) SeSpy (x) SeSpy (x)

Therefore as Wn'Y € /Y, it follows that Spy (x) is a spoke system of x with respect

to Y and hence x is radial in Y. The converse follows from Theorem 11.2.22.

(5) Byapplying (2) and (3) to Theorem I1.2.7 and noting that X <, Aifand onlyif Ae N'X

for any A € X, (4) is proven. O

In the next section we will be considering locally-compact, non-compact, Hausdorff
spaces exclusively. However, we do not necessarily have a spoke system that is both closed
and almost-independent, even for compact Hausdorff spaces.
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We need to introduce some more notation: we denote the one-point compactification
of a space X by a X, with its point-at-infinity denoted by *. Also, let XC(X) denote the set
of compact subsets of a topological space X.

In Theorem I1.4.5 we found equivalent conditions for when the finite product of radial
points is again radial in the product space. The next theorem shows that the property of
the one-point compactification being radial at infinity is preserved by products of locally-

compact Hausdorff spaces.

Theorem I11.1.8. Let (X;);e; be a non-empty family of locally-compact Hausdorff spaces
such that a X; = X; U {%;} is radial at x; for all non-compact X;. If X := [l;e; X; is non-

compact and locally-compact® then aX = X U {} is radial at *.

Proof. Assume X is non-compact and locally-compact and define
F:={iel:X;isnon-compact},

—aX
which is finite and non-empty Let A € X be given such that x € A" and suppose for all
. —aX; —X; . X S 1.
i€ Ex;¢mi[A] ,som;[A] " is compact. Then A< NierT; [n,-[A] ] which is compact
—_— Xi
and thus we have a contradiction. Therefore there exists an i € F such that x; € 7; [A]a .
As a X; is radial at x;, there exists a transfinite sequence ¢ in A such that ;o t — *;.
Let K € K(X) be given. Then 7;[K] is compact, so there exists a € len(¢) such that for
all g € [a,len(1)),m;(t(B)) ¢ n;[K] and hence t(f) ¢ K. Therefore t — % and x is radial in

aX. O

SWhich only occurs precisely only a non-zero, finite number of factors is non-compacts - see [Eng89,

Theorem 3.3.13].
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Theorem I11.1.9. There exists a compact Hausdorff space X and a radial point x € X with

no closed, almost-independent spoke system.

Proof. Define X = a(w; x w2) and note that for all K € K(w; x wy), 7, [K],7,,[K] are
bounded in w;,w, respectively, and hence K < a x § for some a < w; and f < w,. In
particular, every o-compact subset of w; x w, has compact closure, i.e. * is a p-point.®
Observe that X is radial at x by the previous theorem since aw; = w; + 1 and aw; = wy + 1
are radial.

Assume there exists a closed, almost-independent spoke system G for x and define
A :={A <wy:cf(1l) = w;}. We claim that for all A € A, there exists an aj < w;,a f) <A and
an Sy € G such that [ay,w;) x [B), 1) < S). Before proving this claim, we will show how it
allows us to derive a contradiction.

Suppose that {S) : A € A} is uncountable and pick f : w; — A strictly increasing such
that for all distinct a, f < w1, Sf(q) # Sf(p)- Define A := sup(ran(f)) € A. Then f is cofinal in

A, so there exists a y < w; such that f(y) > . Thus for all 6 € [y, w,),

[max(a r(s), @p), w1) x {max(B ), Bt € Sre) N Sa.

Hence * € (Sr@) N Sp)\{*}. Since & is almost-independent, it follows that S¢s) = Sy and
in particular S¢(,) = Sf(y+1), which is a contradiction. Therefore {S) : A € A} is countable
and so there exists an L < A of cardinality X, such that Sy = S, forall A, u € L. As each S,
contains an w-sequence converging to x, it follows from Corollary 1.3.28 that y g, (x) = R;.

However, since L is unbounded in A, |Smin(r)| = X2 and any injective w,-sequence in Smin(r,)

6A point x in a topological space is a p-point if countable intersections of neighbourhoods of x are again
aneighbourhood. Equivalently, p(x) = X;.
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converges to %, which is a contradiction again by Corollary 1.3.28. Therefore * does not
have a closed, almost-independent spoke system.

We now prove our claim. Fixa A € A and let ¢ : w; — w; x A be given such that ¢ — *.
Then % € ran(#) and thus by Theorem II.1.13 there exists an S € & such that x € ran(z) N S.
Since * is a p-point, it follows that ran(z) N S is uncountable.

Now let /1 : w; — A be cofinal, strictly increasing and continuous. Define for all a <
w1, t(a@) := (a, h(a)). Then t — *, so by the work above there exists an Sy € G such that
ran(f) N S, is uncountable. Define A := 7, [ran(f) N S;] and suppose that for all « < wy,
there exists an x, € ([a,w;) x [h(a),A))\Sy. Then (xq)a<w, — *, SO again there exists a
T € G such that B := m, [{xq : @ < w1} N T] is uncountable. Since {x,: @ <w1}NS) = @,
it follows that T is distinct from S, so (Sy N T)\{*} has compact closure in w; x w». In
particular its projection onto w; is bounded.

Let B < w; be given. As A has uncountable cofinality, A'n B’ is a club in w,, where C’
is defined to be the set of limit points of C € w;. Let y € [3,w;) N A'n B be given, so there
exist strictly increasing sequences (6,)<w S A, (En)n<w S B with supremum y. Then by

the continuity of #,

(v, h() €{(0n, h(0p)) : n<w}<Sran(t)NSy < S,.

Moreover, for each n < w there exists an a, < w; such that x,, € T and 7, (xq,) = €p.
Therefore, since A is sequentially compact (by virtue of being an ordinal with uncountable

cofinality), there exists a subsequence of (7, (X4,))n<» that converges to some ordinal

0 < A, and thus (y,0) € {xq:a€ BinT < T. Hence y € 7, [(Sy N T)\{*}]. But this then
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shows that 7, [(SpN T)\{x*}] is unbounded, which is a contradiction. Therefore there exists
an a) < w; such that [ay,w;) x [h(ay),A) € S). By defining 8, = h(a,), we conclude the

proof of our claim and the theorem. O

III.2 Compactifications

For this section, we assume (unless otherwise stated) that our spaces are locally-compact,
non-compact and Hausdorff. We will use our characterisations from the previous section

to characterise radiality in compactifications, starting with one-point compactifications.

II.2.1 One-point compactifications

Using closed spokes, we can reflect radiality of compactifications down to the structure
of the compact subsets of X. We first show considering the points in the remainder is

sufficient.

Lemma III.2.1. Let X be a topological space, U < X be open. If U is radial and X is radial

at every point outside U then X is radial.

Proof. Let ue U, A< X be given such that u € ‘A. Then for each open Vc X, if ue V then
VNnA#@. In particular, for eachopen VU, VNnA# @ andso ue An U". Thus there
exists a transfinite sequence contained in An U that converges to u and therefore X is

radial at u. O

Thus to find radial compactifications, it suffices to find remainders which are radial in
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the whole compactification. If we only require that there is some radial compactification,
the one-point compactification suffices by Theorem 1.2.16, since the one-point compacti-
fication is the continuous (and hence closed) image of every compactification, and closed
maps are pseudo-open — see Figure 1.2.

Thus we will be investigating when x is radial in aX. For this, we need to translate
spokes the notions of spokes of x in a X into the internal language of compact subsets of
X. Note that since * is not (quasi-)isolated in a X, when considering spokes and spokes
systems of * we may restrict ourselves to non-trivial ones by Lemma I1.2.12. This moti-

vates the following definition.

Definition III.2.2 (Spoke at infinity). Let S < X be given such that SuU {x} is a non-trivial
spoke at x in ¢ X. Then we say that S is a spoke at infinity of X. We denote the set of
(closed) spokes at infinity by Sp*°(X) (ﬁoo(X)).

A collection & < Sp*°(X) is called a spoke system at infinity if {Su {x} : S € G} is a spoke

system of x in a X. We say that G is closed if it consists of closed spokes at infinity.

Lemma II1.2.3. Let S < X be closed. Then S is a spoke at infinity if and only if S is non-

compact and there exists a cofinal chain in (K(S),<).

Proof. Assume S is a spoke at infinity, so there exists a well-ordered neighbourhood base
B of % in SU {x}. By taking interiors, we can assume that 3 consists of open sets. Then
{S\B : B € B} is a chain in X(S). Moreover, for all K € K(S), there exists a B € BB such that
B < aX\K and so K < S\B. Therefore {S\B : B € 13} is cofinal in (X(S),<). Furthermore,

. . .y . . <aX .
since « is not (quasi-)isolated in SU{x}, it follows that x € S*" and thus S is non-compact.
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Now assume that S is non-compact and there exists a cofinal chain in (K(S), <), so by
considering its cofinality, there exists an increasing, cofinal, transfinite sequence (Ky)q<)
< KC(S). Then (Su{*x}\Ky is a neighbourhood of x in S for each @ < 1. Let V < a X be open
with x € V, so X\V is compact and hence S\V has compact closure in S. Thus there exists
an a < A such that S\V € K, and so (Su {x})\K, € Sn V. Therefore ((SU {*})\Ky)g<1 is a
well-ordered neighbourhood base for x in Su {x}. Finally, as S is non-compact, * € 5

and hence SuU {x} is a non-trivial spoke of x in a X. O

Theorem I11.2.4. Let S < Sp (X) be given. Then G is a spoke system at infinity if and only

ifUses (S\Ks) has co-compact’ interior for every selection (Ks)ses from (K(S)) ses-

Proof. By definition, G is a spoke system at infinity if and only if Useg Us € N2 for every
selection (Ug) g from (L{;EU{*}) sea- Since a X is compact, this is equivalent to Ugeg (S\Ks)

having co-compact interior in X for all selections (Kg) seg from (K(S)) ses- O

The following theorem uses just the radiality property to characterise radiality of x in

aX.

Theorem I11.2.5. a X is radial at % if and only if for all Y < X with non-compact closure in
X, thereexistsan S€ Sp (X) suchthatS<Y and K, = K, NS forall a < A, where (Ky) g<)

is a cofinal chain in (KC(S), ©).

Proof. Suppose that a X is radial at x and let Y € X have non-compact closure in X, so

x € Y. Then by Theorem I1.2.2, there exists an injective transfinite sequence ¢: A — Y that

A subset is co-compact if its complement is compact.
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converges strictly to *, and by Theorem I11.1.7, $%% € Sp, x(*) and (t[B]) p<a is a cofinal

chain in (IC(ran(t)X), <). Let f < A be given. Then

tlBl < tiflnY < t[Bl = tIPl = t[BINY.

Moreover, mx is non-compact, since x € ran(t)aX.

Now suppose the latter holds and let A € X be given such that x € A, so A has non-
compact closure in X. Then there exists an S € ﬁoo(X) and a strictly increasing, cofinal
chain (Kg) <y in K(S) such that Kg = m for all g < A. Since S is non-compact, A must
be a limit ordinal.

Let B < A be given, so m =Kp ;Ct Kgi1 = m and hence there exists an xg €
(Kp+1\Kp)N A. Since ({x}U(S\Kp)) <1 is a neighbourhood base for x with respect to SU{x}
(by the proof of Lemma III.2.3), it follows that (xg) s<x converges to * and is contained in

A. Therefore a X is radial at x. O

Corollary I11.2.6. Suppose aX is radial at x. Then for all A< X closed and non-compatct,

there existsan S € 500 (X) contained in A.

Proof. By picking S and (K,) o< from the previous theorem, it follows that Ky = K,n A< A

foralla <A andso S =Uy<y Ky S A. O

The preceding corollary is not surprising when our spokes at infinity are o-compact,
as we can then take an w-sequence converging to x. However, this is an artefact of the
T; condition implying that finite subsets are closed. If % is a p-point, then the spokes

will contain closures of countably-infinite subsets, which could be potentially large. Un-
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fortunately, even though this corollary is a more natural condition, it is not equivalent to

radiality at *.

Theorem III.2.7. There exists a locally-compact, non-compact Hausdorff space such that
forall A< X closed and non-compact, there existsan S € Sp (X) with S < A, yet aX is not

radial at *.

Proof. Define the deleted Tychonoff plank to be X := ((w + 1) x (w1 + 1)) \{(w, w1)} and ob-
serve that a X = (w + 1) x (w7 + 1), so aX is not radial at x = (w,w;) (as noted in the com-
ments after Proposition 1.3.30). Let A < X be closed and non-compact and suppose 7,[AN
(w x {w1})] and 7,,, [AN ({w} x w1)] are bounded in w and w; respectively. Then there exists

an n < w and a < w; such that
AC ((w+1) x (w1 + I)\([n,0] x [a,w1]) = (nx (w1 + 1)) U ((w+1) x (@+1)).

Thus A has compact closure in X, which is a contradiction. Therefore either 7, [A N (w x
{w1})] isunbounded in w or 7, [AN ({w} x w1)] is unbounded in w;. As {w} x w7 and w x {w}
are easily seen to be spokes at infinity, it follows that one of An (w x {w1}), AN ({w} x w1) is

a closed spoke at infinity, completing the proof. O
Now we translate the ordering on spokes of x to spokes at infinity.

Definition II1.2.8. Let X be a non-compact, locally-compact Hausdorff space. For all
S, T € Sp*(X), we define S <x T if S\T has compact closure. Observe that for S,T €
Sp™(X), Su {*} c2X Ty {x}ifand only if S <x T. We endow Sp*°(X) with this quasi-order
and say that a collection & < Sp*°(X) is cofinal if it is cofinal in this order, that is, for all
T € Sp™(X), there exists an S € Sp*°(X) such that T <g S.
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By translating the characterisation of spoke systems from Theorem II1.1.7, we have the

following characterisations of radiality at *:
Theorem I11.2.9. The following are equivalent:

(1) aX isradial at .

(2) There exists a collection S < Sp (X) such that Uses (S\Ks) has co-compact interior

for every selection (Kg) ses from (K(S))ses-

(3) For every cofinal collection S < Sp  (X),US has co-compact interior:

Proof. The equivalence of (1) and (2) follows Theorem III.2.5, noting that if ¥ is a closed,
non-trivial spoke system of x in a X, then {T\{x}: T € ¥} is a closed spoke system at infin-
ity, by Lemma I1.2.12.

Now observe that for every collection § < @OO (X),S is cofinal in (Sp™(X), <g) if and
only if {SU {*} : S € S} < Sp, x(*) is cofinal in (Sp,y (%), c%X). Moreover, for every S <
5‘”(}(), S has co-compact interior if and only if Uges(SU{*}) € /\/’fx. Therefore by The-
orem II1.1.7, (1) implies (3). Now suppose (3) and let S be a cofinal collection of closed
spokes of x inaX andlet T € %OO(X) be given. Then T U {*} is a closed spoke at infinity,
so there exists an S € S such that T U {x} €%X S and thus T <k S\{x} and S\{x} is non-
compact. Therefore 7 := {S\{x} : S € S is non-trivial} < 500 (X) is cofinal, and thus U7
has co-compact interior and U7 S Uses(S\{*}). Therefore US € . fX and so by Theorem

II1.1.7, x isradial in a X. O

We conclude this section with an investigation of one-point compactifications of
Mrowka spaces and their spokes at infinity.
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Mréwka spaces

Let A be an infinite almost-disjoint family of subsets of w; that is, a collection of infinite
subsets of w such that any two distinct elements intersect finitely. We define a topology on
wU A as follows: let each 1 € w be isolated and for all A € A, let {{A}U (A\F) : F € [w] <X} be
a neighbourhood base for A. We denote this space by ¥ 4 and call it a Mréwka space.
Observe that it is locally-compact, Hausdorff and non-compact, since .4 is an infinite,
closed, discrete subset of ¥ 4. For every countably-infinite set X and every collection C <

P(X), we define the perpendicular ideal of C to be

C*:={D<c X:Cn Dis finite, for all C € C}.

Also given a collection C and a set D, we define the trace of C on D to be

Clp={CnD:Ce(C,Cn D isinfinite}.

Proposition I1L.2.10. S := {BuC: B e [A]®,C € (A\B)} is a cofinal collection of closed

spokes at infinity for a'V¥ 4.

Proof. Let B e [A]®,C e (A\B)** be given. Then for all A € A\B,{A} U (A\C) is an open
neighbourhood of A disjoint from Bu C, so BUC is closed and countable. We claim that
BuU C is anti-compact, that is, (B U C) = [BU C]<X. Then we can trivially construct a
countable, cofinal chain in (KX (BuC),<). As BuC is non-compact (because it contains the
infinite, closed, discrete subset I3), this shows that B U C is a closed spoke at infinity.

Let K € Bu C be compact, so KN A is finite since A is closed and discrete in ¥ 4. If
K Nw is infinite then there exists an B € KNnw\(K Nw) < A. But then Be€ Band Cn B is
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infinite, which is a contradiction. Therefore K nw is also finite, so K is finite, proving that
Bu C is anti-compact.

We now show that S is cofinal. Let S € @oo (¥ 4) be given. Define A := cf(K(S),<) and
let (Ky) o< be astrictly increasing, cofinal chain in (1C(S), €). Observe that Kn.A is finite for
all K € IC(¥ 4) and thus all such K are countable. As (K,)4<, is a strictly increasing chain, it
follows that it also must be countable and hence A = w. Therefore SN A =U,,<, (K, N A) is
countable, so we may pick a 5 € [A4] ®o such that Sn.A < B. Define C := SN w and note that

since S is closed, C € (A\S)™ < (A\B)™*. Hence S BUC € S and thus S<x BuUC. O

Theorem I11.2.11. Let X < aVV 4 be given such that x € X is non-isolated. Then the follow-

ing are equivalent:
(1) X isradial at *.
(2) X is Fréchet-Urysohn at x.
3) &:=[AnXI® U (AN X)X A [X]R0) s a closed spoke system at infinity.
4) (AnX)|y isnotm.a.d. foranyY € [X N w0,

Proof. Assume X is radial at x and note that by the previous proposition, G is a collection

of closed spokes at infinity because they are all non-compact. We claim that it is a spoke

—X X X
system at infinity. Let D € X\{x} be given such that x€e D" = DnA uUDnw . If x€
—X . N _X - —X
DN A then there exists a B € [DN .A]™ and so x € B . Otherwise, x € DNnw , so by
Theorem I1.2.2 there exists an injective sequence (x;),<» in D Nw that converges to *.

Define C := {x,, : n < w} and let A € A be given. Then ({A} U A) n C = An C must be finite,

135



so it follows that C € (AN X)*¥") " Thus in any case, there exists an S € & such that
x€DnS " and therefore by Theorem I1.1.13, & is a closed spoke system at infinity. As
each spoke in G is o-compact, it follows from Theorem I1.2.13 that Zg?d(*) ={w}and so X
is Fréchet-Urysohn at x. Therefore (1-3) are equivalent.

Let Y € [X nw]™ be given and suppose (AN X)|y is m.a.d., and in particular infinite.
Thus for all finite F < An X, Y\(UJF) is still infinite, so x € 7X. However, for all Z € [Y]X0,
there exists an A € (An X)|y such that An Z is infinite and thus Z is not the range of a
sequence in Y that converges to x. Therefore x is not Fréchet-Urysohn in X.

Finally, assume (AN X) |y isnot m.a.d. for all Y € [X nw]™ and let D < X\{*} be given

such that % € BX = DOAX UmeX. If x € mx then DN A is infinite, so DN A €
S. Otherwise, D Nw is infinite. Define B = (AN X)|pny. Note that D™ - BuDis
non-compact. If B is finite, it follows that E := (D nw)\(UB) is infinite. Otherwise, by
assumption there exists an E € [D N w]™ such that E N B is finite for all B € B. In any case,

E € (An X)1X9) showing that & is a spoke system at infinity. O

I11.2.2 Countable core

In [Arh07], Arhangel’skii developed the concept of the core of a space and showed that
for non-compact, locally-compact Hausdorff spaces X with countable core, * is Fréchet-
Urysohn in a X precisely when it has a countable neighbourhood base (see I11.2.17). We

will show how the core concept connects with spokes at infinity.

Definition II1.2.12. Let X be a topological space and A < X be given.
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e Ais saturated if Ais closed and for all C < X closed and non-compact, AnC # @.

e Ais compactin X from insideif A is open and for all closed C € X, if C < A then C is

compact.

Lemmalll.2.13 ([Arh07, Lemma 1.7, pg. 626]). Let X be a topological space, A < X be given.

Then A is saturated if and only if X\ A is compact in X from inside.

Definition III.2.14 (Core). Let X be a non-compact, locally-compact Hausdorff space.
Then we define the core of X to be the least cardinality core(X) of a family of saturated
subsets with empty intersection. Equivalently, core(X) is the least cardinality of an open

cover of subsets that are compact in X from inside.
As every compact subset of X is compactin X from inside, the core of X is well-defined.

Proposition III.2.15 ([Arh07, Proposition 1.5, pg. 626]). Let Y < X be closed and non-

compact. Then core(Y) < core(X).

We will extend Arhangel’skii’s theorem to include the condition ‘a X is radial at x’ to
the list of equivalent statements. To achieve this, we show how the core of a space interacts

with its closed spokes at infinity.
Lemma II1.2.16. LetS€ Sp (X) be given. Then ysui«; (%) = core(S).

Proof. Let (Bg)g<a be a well-ordered neighbourhood base of x with respect to SU {x}. By
Lemma 1.3.23, Theorem 1.3.24 and Corollary 1.3.26, we can assume that A is regular and

each Bg is openin SU {x}. Then {S\Bg : § < A} is cofinal in (K(S), <), so core(X) < A.
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Let S be a collection of saturated subsets of S with cardinality core(S) such that NS =
@. Assume without loss of generality that S is closed under finite intersection.

Let < A be given. As Nges(SU {*}) = {x}, it follows by compactness that there exists a
finite non-empty subset F of S such that Nse 7(SU {x}) € Bg. Define Sg:=NF e S. If 1 >
core(S) then by regularity there exists S € S such that A := {f < 1: Sg = S} has cardinality
A and thus S € Ngea(Bg\ix}) = MNp<a(Bp\{x}) = @, which is a contradiction. Therefore

core(S) = A. O

The equivalence of the last three statements in following theorem is stated in [Arh07,

Corollary 3.17, pg. 633]. We present here a full proof.

Theorem I11.2.17. Let X be a non-compact, locally-compact, Hausdorff space with count-

able core. Then the following are equivalent:

(1) aX isradial at .

(2) aX is Fréchet-Urysohn at *.

(3) aX is first-countable at *.

(4) X iso-compact.

Proof. 1t is obvious that the reverse implications hold, so assume that a X is radial at *.
Then by Proposition I11.2.15 and Lemma III.2.16, every closed, non-compact spoke at
infinity S is o-compact and thus y sy} (*) = Xg. Hence by Theorems 11.2.16, 111.2.4 and

[I1.2.9, * is {w}-radial in a X, i.e. x is Fréchet-Urysohn in a X.
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Now assume that a X is Fréchet-Urysohn at x and let U < X be compact in X from
. —=X . —aX .
inside. Suppose U is not compact, so x € U . Then there exists a sequence (x;) ,<w S U
that converges to x. But then {x, : n < w} is closed in X and contained in U, and so is
compact, which is a contradiction since * € {x, : n < w}. Hence U has compact closure in
X and therefore since X has countable core it is o-compact.

The equivalence of o-compactness of X and first-countability of x in a X is trivial by

[Eng89, Problem 3.1.F(a), pg. 135]. O

We can obtain a similar implication as (2) implies (4) in the above theorem for arbitrary
cores — however, this requires * to be independently-based in a X. Under this hypothesis,
we prove that y,x(*) = core(X), i.e. if we take an open cover of X of cardinality core(X)
consisting of subsets that are compact in X from inside, we cannot improve upon taking

compact sets.
LemmaIIL.2.18. core(X) < yqx(%).

Proof. Let BB be a closed neighbourhood base of x with respect to @ X and define S :=
{B\{x}: B € B}. Then for every closed and non-compact C < X, x € Eax and thus (B\{*})n
C # ¢ for every B € B. Therefore S is a collection of saturated subsets of X with empty

intersection and thus core(X) < y,x (). O
Theorem I11.2.19. Suppose a X is independently-based at x. Then core(X) = yqx(*).

Proof. Let G be an independent spoke system of x with respect to ¢ X. By Lemma 11.2.12

we can assume that & is non-trivial. Then by Lemma II1.2.16, Proposition I11.2.15 and
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Theorem II1.1.7,

—X
Xsuix(x) = XEXu{*}(*) =core(S ) < core(X).

Hence by Theorems 11.2.10 and I1.2.13, yg4x(*) = sup(fo)‘(i(*)) < core(X). However, by
[Eng89, Problem 3.1.F(a), pg. 135] o x(*) = yax (%), so by the previous lemma y,x(x) =

core(X). O

III.2.3 Finite, countable and ordinal compactifications

We will now investigate larger compactifications, assuming that a X is radial at x. We start
with finite and countable compactifications; in fact, we will demonstrate results for ordi-
nal compactifications — those whose remainder is homeomorphic to some ordinal. Recall
that an ordinal space a is compact if and only if & is a non-limit ordinal [Eng89, Problem
3.12.3(a), pg. 221]. We also obtain conditions for the existence of sequential and pseudo-
radial compactifications.

We can construct the one-point compactification of X by identifying the remainder of
any compactification to a single point (see [Eng89, Theorems 3.5.12 & 3.5.13, pg. 170]). We
will be implicitly using this identification from now on.

The following lemma is fundamental to our study of spaces X where a X is radial at *:

Lemma I11.2.20. Let yX be an ordinal compactification of X and suppose a X is radial at
*. Let t: A — X be a transfinite sequence that converges to % in aX. Then there exists a
subsequence of t that converges to some point iny X\ X.

Proof. Pick an ordinal a such that yX\X = a + 1 and identify y X\ X with a + 1. Assume
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t has no such subsequence, so @ must be non-zero. Define A :=len(¢) and suppose there
exists an m < w, a strictly decreasing sequence of ordinals (8,) ,<m in @+1, and a sequence

of open subsets (U,) ,<mn of y X such that:
* fo=aq,
* Bmn>0,
e U \X =(Bn+1,Pnlforall n<m,
o D:= A\t U< Upl is unbounded.

Then since no subsequence of ¢ converges to f8,,, there exists an open subset V < y X such
that §,, € Vand D\ tIB1 [V] =2\t [VUU;<m Unl is unbounded. Assume [0, 5,,) < V. Then
U = VUlUy<m Uy is a neighbourhood of yX\X and A\ t~1[U] is unbounded, which is a
contradiction since ¢ — x in @ X. Thus there exists a ,,+1 € (0, 8,,) such that [B,,+1, Bm] <
V, and furthermore there exists an open subset W < yX such that (8,,+1,Bm] = W\X.
Define Uy, := VN W and note that A\ ¢~} [U,,<,, Uy] is unbounded, and (B,,+1, Bm] = U\ X.

Therefore by recursion, we produce a strictly decreasing sequence in a + 1, which is a
contradiction. Hence there is a subsequence of ¢ that converges to some point in y X\ X.

O

Using the previous lemma, we now prove several compactification theorems. Recall

that a compactification is finite / countable if it has finite /| countable remainder.

Theorem I11.2.21. Suppose a X is radial at * and let ¢ X be a finite compactification of X.

Then ¢ X is radial on p X\ X.
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Proof. Let A< ¢X,z € @X\X be given such that z € 27 and z ¢ A. Since @ X is a finite
compactification, there exists a closed neighbourhood C < ¢ X such that {z} = C\X, and
thus z€ ANCN X' Then € m”‘x, so by radiality there exists a transfinite se-
quence t contained in An Cn X that converges to x. By the previous lemma, ¢ has a
subsequence that converges to some point in ¢ X\ X. This point must be z, and so ¢ X is

radial on p X\ X. 0
Corollary II1.2.22. Ifa X is radial then every finite compactification of X is radial.
Proof. This follows from the previous theorem and Lemma IIL.2.1. O

We now show how we can obtain sequential and pseudoradial compactifications. As

both proofs are similar, we define some new notation to simplify matters.

Definition III.2.23 (A-pseudoradial). Let X be a topological space and let A be a non-
empty set of regular, non-zero ordinals. Then we say that X is A-pseudoradial if for every
non-closed A € X, there exists an x € A\ A and a transfinite sequence ¢ in Asuchthat t — x

and len(?) € A.

Thus a space is pseudoradial if it is {regular, non-zero ordinals}-pseudoradial and is
sequential if it is {w}-pseudoradial. Recall that a countable, compact Hausdorff space is

homeomorphic to an ordinal [Sou04, pg. 351].

Lemmalll.2.24. Let A be a non-empty set of regular, non-zero ordinals and suppose X is A\ -

pseudoradial and every closed, non-compact subset of X contains a closed spoke at infinity S
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such that y sy (%) € A8, Lety X be a compactification of X with A-pseudoradial remainder.
Suppose for every transfinite sequence in X, with length in A, that converges to x in a X has

a subsequence that converges to some point in yX\X. ThenyX is A-pseudoradial.

Proof. Let A< yX be non-closed and suppose An X is not closed in X. Then since X is
A-pseudoradial, there is a transfinite sequence in An X, with length in A, that converges
to a point in X\ A. Now assume that An X is closed in X. If A\X is not closed, then since
YX\X is A-pseudoradial, there existsa z € A\X" "\ A and a transfinite sequence contained
in A\ X that converges to z, with length in A.

Finally, assume that A\ X is closed. Then because A is not closed in y X, there exists a

ZE ZYX\A and thus z € Y X\(AU X). As A\ X is closed, it follows that there is some closed

neighbourhood C < yX of z such that Cn(A\X) =@ andso z€ An CYX =An CﬂXYX.
Hence x € m“x, s0 ANCNX - is closed and non-compact. By assumption, there
exists an S € @OO(X) such that S€ AnCn X and y sy} (*). Then SuU {x} is a non-trivial
spoke of x in a X, so by Corollary 1.3.28 there exists a transfinite sequence tin S AnCnX
that converges to x in a X with length in A. By assumption, there then exists a w € y X\ X
and a subsequence u of ¢ that converges to w. As C is closed in y X, it follows that w € C

and so w ¢ A. Therefore y X is A-pseudoradial. O

Theorem III.2.25. Suppose X is pseudoradial and a X is radial at x. Then every ordinal

compactification of X is pseudoradial.

Proof. Note that every ordinal is (pseudo)radial by Corollary I1.1.15, so by Lemmas I11.2.20

80bserve that the second condition is strictly weaker than @ X being A-radial at x by Corollary II.2.6 and
Theorem II1.2.7.
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and I11.2.24, we conclude our proof. O

Theorem I11.2.26. Let A be a set of non-zero regular ordinals with w € A and suppose X is
A-pseudoradial and every closed, non-compact subset of X contains a closed spoke at infin-

ity S with y sy (%) € A. Then every countable compactification of X is A-pseudoradial.

Proof. As yX\X is homeomorphic to an ordinal, it is sequential and thus A-pseudoradial.

By Lemmas II1.2.20 and I11.2.24, we conclude our result. O

Corollary II1.2.27. If X is sequential and every closed, non-compact subset of X contains a
o -compatct, closed spoke at infinity. Then every countable compactification of X is sequen-

tial.

III.2.4 Using small cardinals

In this section, we will use small cardinals to improve the results from the last section.
These are uncountable cardinals bounded above by ¢ := 2%, The small cardinals we will

be using are defined below.
Definition II1.2.28 (Small cardinals).

e For f,g:w — w, we say that f is eventually bounded by g if {(n€ w : f(n) > g(n)} is
finite. We denote this relation by f <* g. Observe that <* is a quasi-order on “w.
The bounding number, denoted by b, is the smallest cardinality of an unbounded

subset of (Yw, <™).
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e For A, B < w, we say that A is almost-contained in B, written A <* B, if A\B is finite.
If 7 is a family of subsets of w, then a subset P € w is a pseudo-intersection of P if

Pc* Fforall Fe F.

* A family P of infinite subsets of w has the strong finite intersection property if (JF
is infinite for all finite and non-empty F < P. The pseudo-intersection number, de-
noted by p, is the smallest cardinality of a family of infinite subsets of w with the

strong finite intersection property, yet has no infinite pseudo-intersection.

* A tower is a transfinite sequence (Tg)q<2 of infinite subsets of w such that Ty <*
To " Tgforall a < § < A. The tower number, denoted by t, is the smallest cardinality

of a tower with no infinite pseudo-intersection.

All three cardinals b, p, t are well-defined small cardinals - see [Dou84]. Furthermore,
it was proven in [MS15, Theorem 14.1, pg. 58] that p = t. However, in our theorems we will
use the small cardinal that corresponds to the relavent property for our proof.

We also need a ‘not so small’ cardinal:

Definition I11.2.29 (Novak number). We define the Novak number, denoted by n, to be the
smallest cardinality of a nowhere-dense cover of w*. Recall that a subset A of a topological

space X is nowhere-dense if A =g

We recall the following from [BN10]: t < n < 2¢ and it is independent of ZFC whether 2!
is less than or equal to n, or vice versa. Moreover, if we define u to be the least cardinality

of a compact Hausdorff space that is not sequentially compact, then p is well-defined and
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max(2t,n) < p < 2°. Furthemore, under Martin’s axiom p = t = b = ¢ and p = 2° [Kunl1,
Lemma II1.3.22, pg. 176].

We now use these cardinals to obtain Fréchet-Urysohn and sequential compactifica-
tions, provided we know that our remainder is already Fréchet-Urysohn and sequential
respectively. The following theorems are similar in spirit and can be summarised by the

following meta-theorem:

We can use conditions that imply certain convergence properties (e.g. sequen-
tiality implying Fréchet-Urysohn, subsequentiality, sequential compactness)

to obtain compactification results.
First, we investigate sequential compactifications:

Theorem I11.2.30. Assume X is sequential and every closed, non-compact subset of X con-
tains a o -compact, closed spoke at infinity. Then every compactification of X with sequen-

tial remainder of cardinality strictly less than y is sequential.

Proof. Let yX be a compactification of X such that yX\X is sequential and |y X\ X| < p.
Note that if A € X is a sequence that converges to x in a X, then ZYX =AU (ZYX\X), o)
IZYXI < ¢ and hence is sequentially compact. Therefore by Lemma I11.2.24 y X is sequen-

tial. O

Theorem I11.2.31. Suppose X is sequential, y x(x) < b for all x € X, and every closed, non-
compact subset of X contains a o -compact, closed spoke at infinity. Let y X be a compactifi-

cation of X such that:
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* yX\X is sequential.

o [y X\X| < pu.

* Xyx(y)<b forallyeyX\X.
Then y X is Fréchet-Urysohn.

Proof. By Theorem II1.2.30, yX is sequential, so by [BBM13, Proposition 3.4, pg. 534] it
follows that y X is Fréchet-Urysohn, because y x (x) = xyx (x) for all x € X since X is locally-

compact and thus open in y X. O

Now we show that certain compactifications of countable spaces are Fréchet-Urysohn.

We first observe some simple facts about sequential-density and sequential-separability:

Definition III.2.32 (Sequentially-dense and sequentially-separable). Let X be a topolog-
ical space, D € X be given. We say that D is sequentially-dense if every point in X is a
limit of a sequence in D. We say that X is sequentially-separable if it has a countable,

sequentially-dense subset.

Note that if X is countable and y X is a Fréchet-Urysohn compactification, then X is
sequentially-dense in y X and therefore y X is sequentially-separable.
The following theorem is an adaptation of [Dou84, Theorem 6.2, pg. 129], from which

we recall the definition of a subsequential point:

Definition 111.2.33 (Subsequential). Let X be a topological space and let x € X be given

such that for all countable A < X, if x € A then there exists a sequence in A that converges
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to x. Then we say that x is subsequential’. Equivalently, x is subsequential if every se-

quence that clusters at x has a subsequence that converges to x.

Theorem 111.2.34. Let X be a topological space and let x € X be given such that y x(x) < p.

Then x is subsequential.

Proof. Let A€ [XTX be given such that x € A. If there exists a y € AnN, then (¥) <o — X, SO
suppose N,yN A= @. Let B be a neighbourhood base for x with |B| < p. Then {ANB: B € 15}
has the strong finite intersection property, so there exists an infinite subset C < A such
that C <* B for all B € B. Hence (c;,) 1< — X for any enumeration {c,, : n € w} = C and so x

is subsequential. 0

Lemma I11.2.35. Assume X is countable and let yX be a compactification of X such that
Xyx(y) <p forally e yX\X. Then forall A< X and every x € ZYX, there exists a sequence in

A that converges to x.

Proof. As aX is homeomorphic to an ordinal, X is Fréchet-Urysohn. Let Ac X, x € ZYX
—X
be given. If x € X then x € A" and so there exists a sequence in A that converges to x. If

x ¢ X then by the previous theorem there exists a sequence in A that convergesto x. [

Theorem I11.2.36. Suppose X is countable and let y X be a compactification of X such that

yX\X is Fréchet-Urysohn and yyx (x) <p forall x € yX\X. ThenyX is Fréchet-Urysohn.

Proof. As aX is homeomorphic to an ordinal, X is Fréchet-Urysohn. Let AC yX,x€ A\A

be given. If x € X then there exists a sequence contained in An X that converges to x.

9Subsequential has also been used for spaces which can be embedded into a sequential space. We will
only use the definition taken from [Dou84] given above.
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Suppose x ¢ X. Then x€ A= An XUA\X. If x € A\ X then there exists a sequence in A that
converges to x, since y X\ X is Fréchet-Urysohn. Otherwise, by the previous lemma, there

also exists a sequence in An X that converges to x. Therefore y X is Fréchet-Urysohn. O

II1.2.5 Open questions

The focus so far in this section has been on building up compactifications from below,
starting with the one-point compactification and extending results beyond there. The fol-

lowing question is crucial to understanding these compactifications:

Question I11.2.37. Does every Tychonoff space that has a radial / Fréchet-Urysohn compact-
ification have a maximal or greatest such compactification? If not, what conditions ensure

its existence?
Question I11.2.38. Are any of the bounds in Section III.2.4 strict?

To give a partial answer to Question I11.2.37, we require the following simple lemma:
LemmaII1.2.39. The infinite Ty quotients of w + 1 are homeomorphic tow + 1.

Proof. Let f: w+1 — X be a quotient map, so X is compact. Let x, y < X be distinct, so
F i, £y} are closed and disjoint. Then either w ¢ f~'[{x}] or w ¢ f~'[{y}], so one
of f~1[{x}], f~'[{y}] must be clopen. Therefore if X is infinite it has a unique non-isolated
point x € X. Moreover, we must have x = f(w) and hence the neighbourhoods of x are

co-finite. Thus X Zw + 1. O
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Theorem II1.2.40. X = (w + 1) x wy is a locally-compact, non-compact, first-countable
Hausdorff space with no infinite radial compactification, yet a X is radial. Consequently,

X has no maximal radial compactification.

Proof. Asw+11iscompact, aw; = w1 +1 and both are radial, it follows from Theorem I11.1.8
that a X is radial at x. Furthermore, by Corollary I11.2.22, every finite compactification of
X is radial.

Let y X be a compactification of X with infinite remainder, so there exists a continuous
surjection f : P — yX that extends idx. Then f|p\x : P\X — yX\X is a closed surjection
and thus a quotient map. As P\ X = w + 1, it follows from the previous lemma that y X\ X =
w +1. Let § € yX\X be the unique non-isolated point and define A := 7w, [f ' [{6}]],B =
X\(A x w1). We claim that § € B"” but no transfinite sequence in B converges to §, thus
showing that there is no infinite radial compactification of X.

Let U < yX be an open neighbourhood of §. If f(w,w;) # 6 then [~ [{f(w,w)}] is
an open neighbourhood of (w,w;) and so contains [7n,w] x {w} for some n < w. But then
fIP\X] = yX\X is finite, which is a contradiction. Therefore f(w,w;) = 6 and so there
exists an 7 < w and an € < w; such that [n,w] x [¢,w1] € £~ [U]. Moreover, YX\X isinfinite,
so there exists an m € [n,w] such that f((m,w,)) # 6 and hence (m,¢) € U. Thus 6 € EYX.

Now suppose that there exists a transfinite sequence ¢ in B that converges to 6. Then ¢
converges to x in @ X, so by Lemma II1.2.20 there exists an m < w + 1 and a subsequence u
of ¢ that converges to (m,w;) in P. However, by Proposition I.3.30 and following paragraph,

no transfinite sequence in w x w; converges to (w,w;) in P. Since f(w,w;) = 6, it follows
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that m < w. Moreover, fou — f((m,wy)), so f((m,w,)) = and hence m € A. But {m} x
(wy + 1) is an open neighbourhood of (m,w;) disjoint from B, which is a contradiction.
Therefore no transfinite sequence in B converges to §, so yX is not radial, proving our
claim.

Finally, note that by [Eng89, Problem 3.12.20(c), pg. 237] the Tychonoff plank P :=
(w+1) x (w; + 1) is the Stone-Cech compactification of X with remainder homeomorphic
to w + 1. Thus X has no maximal finite compactifications — every compactification of X
is obtained by forming a closed partition of w + 1 and any finite, closed partition can be
refined to a larger, finite closed partition. Thus X also has no maximal radial compactifi-

cation. O

Any future investigation of the structure of radial / Fréchet-Urysohn compactifications

must seriously consider the following question:

Question I11.2.41. Do the radial / Fréchet-Urysohn compactifications form an ideal in the

join-semilattice of compactifications? If not, what conditions ensure this?

III.3 Spectra and dualities

In this section, we apply a few categorial dualities to obtain algebraic characterisations of
radiality. As shown at the start of this chapter, in semi-regular spaces it suffices to consider
closed spokes. As closed subsets pass through the dualities we consider nicely, we will

restrict our attention to semi-regular spaces.
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III.3.1 Ring spectra

Throughout this section, let R be a commutative ring with identity. We first recall some
basic facts about rings, ideals and their spectra — [AM69, Chapter 1] will be our reference

for this material.

Definition I11.3.1 (Rings and spectra). A unitis an element r € R such that rs =1 for some
s € R. We denote the set of units of R by R™.

A subset I € R is an ideal, written I < R, if it satisfies the following properties:
e 0el.

e x+yelforallx,yel.

e xyelforallxeIand yeR.

We say that I is properif I # R.

A proper ideal p < R is called prime if for all r,s € R, if rs € p then either r € p or s € p.
A proper ideal is said to be maximal if it is a maximal with respect to inclusion amongst
all proper ideals of R. The prime and maximal spectra are the collections of all prime /
maximal ideals of R and are denoted by Spec(R) and Max(R) respectively. We note that
Max(R) < Spec(R).

Define for every subset A€ R, VRA) = {p € Spec(R) : A< p}. We will use VR({r}) instead
of VE(r) for each r € R, and will dispense with the superscripts if the ring is unambiguous.
Note that by primeness, V(r)u V(s) = V(rs) for all r,s € R and also V(A) = (4ea V(a) for

each A < R. Therefore {V(A) : A< R} is the collection of closed subsets of a unique topol-

152



ogy on Spec(R) with base {V (r) : r € R}, which we call the Zariski topology. We implicitly

endow Spec(R) with this topology and consider Max(R) as a subspace of Spec(R).

To study radiality in ring spectra, we ideally want to characterise it using closed spokes
(since these correspond to ideals of the ring) and thus we require the semi-regular ring
spectra. However, we still want non-Hausdorff ring spectra, as ‘most’ ring spectra are not
Hausdorff. To this end, we will construct a non-Hausdorff, semi-regular maximal ring
spectrum.

Wolfgang Rump has characterised maximal spectra of Bézout domains — integral do-
mains such that every finitely-generated ideal is principal. We first need to define the serial

property of a topological space.

Definition II1.3.2 (Serial). A collection .A of subsets of a topological space X is serial if for
all A,B € A and for all x € X, either A<, B or B <, A. We then say that a topological space

is serial if it has a serial base.

Theorem III.3.3 ([Rum1l4a, Section 4, Theorem 4, pg. 2215]). A topological space X is
homeomorphic to the maximal spectrum of a Bézout domain R if and only if it is compact,

Ty and serial.

We note here some facts that will prove useful:

e [Ruml4b, pg. 322] A base B is serial if and only if ABNB\A=¢ forall A,BeB.

e [Ruml4a, Section 3, Example 1, pg. 2212] The base {(q,7) : g € Q,r € R\Q} for R is
serial.
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e [Ruml4a, Section 3, Proposition 6, pg. 2211] If B is a serial base for a space X and

Y c X,then {BnY :Be B}isaserial base for Y.

Theorem I11.3.4. There exists a second countable, semi-regular, non-Hausdorff space that

is homeomorphic to the maximal spectrum of a Bézout domain.

Proof. Define

=L E(O l)n@ B:= ! e(l 1)\@
a = 4 )2 ) K \/E 2) )
1
X = {(0,0),(1,0)}U([0,1] X {EIHENJF}),
1
VneN*, By, :=1{0,0)} U ([0,[3) X {E meN", m= n}),
+ 1 +
VneN", B, :=1{(1,0)}uU ((a,l] X {E meN" ,m= n}),
Bo:={Bo,n:n€N'}, B :={By,:neN"},
1
By = {((q,r)ﬂ [0,1]) x {;} 1qeQ\0}, reR\Q,g<r,ne N+}.
Then B := Byu B, UB; is a base for a topology on X, which we endow X with. Note that

every element of 3, is regular-open and for all n € N*,
J— 1 +
By, =1{(0,0),(1,0}U|[0,B] xy—:meN" , n=m
m

Hence every element of B is also regular-open and similarly so is every element of B;.
Therefore X is semi-regular. Moreover, Ny = {x} for all x € X, so X is T;. However, for all

m,neNt,

1 1
—— — |eByunBi.
(2 maX(m,n)) Om 1 2Ln
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Figure II1.1: Basic open subsets of X.

so X is not Hausdorff. To show that X is compact, observe that for every basic open cover
U, there exists n € N* and Uy, U; € U such that X\([0,1] x (1/n,1]) € Uy U Uj, and since the
subspace topology on X N ([0,1] x (1/n,1]) = [0,1] x {1/k : k € N*, k < n} is also induced by
the Euclidean metric on R?, it must be compact.

Now note that B35 is serial. Also, for all m, n € N* with m < n,

1
Bo.m\B1. N By, \Bom = [{(0,0)} U ([O,a] x {E ckeN* k= n})

U([O,ﬁ]x{]—t:kEN+,msk<n})

N

(1,0} u ([/3,11 . {% kEN' k> n})

Thus by fixing U € By and V € B,, we only need to check that U\VNV\U = @. By symmetry,
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this will imply that this condition holds also when U € 3; and hence that B is serial.

Let g € Q\{0}, r e R\Q, m, n € N* be given and define
1
V:i=((g,r)nI0,1]) x {;}
Without loss of generality, assume V € By ;,;, and note that
_ 1
BO,m g {(0,0), (1)0)} U ([O) ﬁ] X {E . k € N+, k Z m}),
— 1
Vg, rInl0,1]) x {;}

Therefore if either m > n or ¢ > B then By ,, NV = @, so assume m < n and g < f and thus

q < p.AsV & By, it follows that r > f and hence

1
Bo,m\V N V\By,n < (10, H)\(q,7) N ((g,7) N [0,1)\[0, B)) x {;}
1
c ([0,g1n[B,1]) x {—}
n
Therefore B is serial. O

We now characterise the radiality of points in subspaces of X < Spec(R). It will prove
useful to limit the choices of A € R witnessing closed subsets C = V(A) N X of X. Recall

that for every ideal I < R, there is a natural bijection between
{JXR:Ic ]} — {J<RIIL} (%)

given by sending /<1 R with I < J to J/I. Furthermore, this correspondence restricts to
a bijection between VE(I) and Spec(R/I) and also to a bijection between VE(I) n Max(R)
and Max(R/1I).
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Definition I11.3.5 (X-radical). Let X < Spec(R) and A € R be given. Then we define the
X -radical of A to be rx(A) :=N(V(A) n X). As an intersection of ideals is again an ideal,
rx(A) < R. Of course, if this intersection is empty then we take rx(A) to be R. We denote
I'spec(r) (A) by r(A) and rvaxr) (A) by ron(A).

We say that an ideal I <R is X -radicalif I = rx(I).

Proposition I11.3.6. Let A< R, X < Spec(R) be given. Then:

(1) VIAANX=V(rx(A)nX.

2) rx(A) is X -radical.

Proof. First, note that A < rx(A) for all A< R and by definition of rx(A), an ideal p € X ex-
tends A if and only if it extends rx(A). Therefore V(A) N X = V(rx(A))n X and rx(rx(A)) =

rx(A). O

We can characterise the radicals and max-radicals of ideals using (*) and the nilradical

and Jacobson radical of rings, defined below.

Definition III.3.7 (Nilpotent and nilradical). Let R be aring and n € R be given. Then we
say that n is nilpotent if there exists an m € N such that n'” = 0z. We define the nilradical

of R to be the set of nilpotent elements of R and denote it by 91(R).

Definition II1.3.8 (Jacobson radical). Let R be aring and define 9i(R) to be the intersection
of all maximal ideals of R. We call SR(R) the Jacobson radical of R. Observe that JR(R) =

rop ({03).

Proposition I11.3.9 ([AM69, Proposition 1.8, pg. 51). Let R be a ring. Then J1(R) = r ({0}).

157



Proposition I11.3.10 ([AM69, Proposition 1.9, pg. 6]). Let R be aring. Then
RMR)={reR:VseR,1-rseR"}.
Corollary III.3.11. Let R be a ring and let I < R be given. Then:
(1) r(I)={reR:r" eI for someneN}. [AM69, Chapter 1, Proposition 1.14]
@) rogn()={reR:VseR,At€ Rsuch that(1—rs)t—1¢€ I}.
Proof. By (*) and the two previous propositions,

r(D={reR:r+IeY R/}
={reR:(r+D"=r"+1=1forsome neN;}
={reR:r"eIforsomeneNj},

rop(I) ={reR:r+1e€RR/D}
={reR:VseR,Ate Rsuchthat (1+)—-(r+D(s+D)(t+) =1+ 1}

={reR:VseR,Ate Rsuchthat(1-rs)t—1€ I}. O

We now translate the characterisation of radiality given in Theorem III.1.7 into ring-
theoretic language. First, we need to describe the neighbourhood core and spokes of

points in a subspace of Spec(R).

LemmaIIl.3.12. Let X < Spec(X),p € X be given. Then

NI),(:{qEX:qu}.
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Proof. By definition,

Spec(R) _ Spec(R)
NP = (1

={q € Spec(R): VUENSpeC(R),qE U}

= {q € Spec(R) : p e g-P Py,

By [AM69, Chapter 1, Exercise 18], g°P*® = V(q) for all q € Spec(R), so it follows that

NspeC(R) = {q € Spec(R) : q  p}. We conclude this proof by applying Lemma 1.3.9. O

Thus in our notation, the T;-points of prime spectra are the minimal prime ideals.

Lemma II1.3.13. Let X be a topological space, x € X be well-based and let B be a neigh-
bourhood base for x. Then there exists a well-ordered neighbourhood base (By)q<) Of X

contained in BB.

Proof. As x is well-based, by Lemma 1.3.23 and Theorem 1.3.24, there exists a well-ordered
neighbourhood base (Ay) <) of x such that A is regular and p(x) = A.
Let y < A be given and let (ag) g<, be a strictly increasing sequence in A and let (Bg) g<y

be a transfinite sequence in B such that:
* Forall f<y,Bp S Aq.
* Forall f<ywith f+1<7y,Aq,,, < Bg.

Then since p(x) = A, there exists a By € B such that By =Np<y Aa, and hence by regularity
there exists an ay < A such that Ay, = Bg and ay > sup(ag: f <7). Therefore by recur-

sion, there exists a transfinite sequence (Bg)q<y in B such that Bg € By foralla < f < 4
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and for all a < A, there exists a f < A such that Bg S Ay. Thus (Bg)q<y is a well-ordered

neighbourhood base of x. O

Lemma I11.3.14. Let X < Spec(R),p € X be given and let I be an ideal of R contained in p.
Then V(I) N X is a well-based at p if and only if there exists a transfinite sequence (Xq)q<)

in R\p such that:

(1) Foralla<fB <A, xg€rx(IU{xq}).

(2) Foreveryy € R\p, there exists a’y < A such that x, € rx(IU{y}).

Proof. Firstly, we note that for x,y € R, if x € rx(IU{y}) then rx(Iu {x}) < rx(I U {y}).
Suppose we have a transfinite sequence (x,),<1 With these properties and define for all
a <A, Uy := V()N X)\V(xq), which is a neighbourhood of p with respect to V(1) n X. Let
a < ff < A be given, so in particular rx (I U {xg}) S rx(I U {xo}), and hence by Proposition

I11.3.6

(VIDNX)NV(xg) =V{IU{xhNnX
= V(rxUUlx) N X
S V(rx(Iuixgh) N X
=VIu{xghnX

= (VI NnX)NV(xp).

Therefore Ug € Uy.
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Now let W < X be an open neighbourhood of p, so there exists y € R\p such that

X\V(y) € W. Then there exists y < A such that rx (I U {x,}) € rx(IU{y}) and hence

VIDNV()nX=VIu{yhnX
=VixTu{yhnX
SVrx(Tu{x))nX
=VIUulx)nX
=V(IDNV(x)nX

= Uy = (VD) N X)\V(xy)
c (VDN X\V(p)

cSVIDnXnW.

Therefore {Uy : y < A} is a well-ordered neighbourhood base for p with respect to V(1) n X.

Now suppose that p is well-based in V (/) n X. Then by the previous lemma, since
{(V()NnX)\V(x): x € R\p} is a neighbourhood base of p with respect to V(I) n X, there ex-
ists a transfinite sequence (xg) <) in R\p such that (V(I)NX)\V(x4))q<y is a well-ordered

neighbourhood base of x with respect to V(I) n X. Moreover, foralla < f < A,

VIUu{x ) nX=VINnVxg )N X<sVIDNVxgnX=V{Iu{xghnX

= xg € rx(IU{xe}) S rx(TU{xg}).

Finally, let y € R\p be given, so (V(I) n X)\V(y) is a neighbourhood of p with respect to
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V() n X. Then there exists a & < A such that

VIDNXN\V(xe) (V) NX\V(y)
>VIu{yhnX=VIOnNnVHyHhnXcVI)NVx )N X=V{IU{xh)nX

= Xq €rx(TU{xq}) STx(TU{y}). O

Thus, if p € X € Spec(R) and L<IR is such that V(L) n X € Sp (p), then we can view L as
‘lineariser’ of p in the sense that p/L has a linear structure (or rather (R/L)\(p/L) has such

a structure, given by the previous lemma) in R/L.

Definition II1.3.15 (Lineariser). Let R be a ring and let X < Spec(R),p € X be given. An
X-radical ideal L contained in p is called an X-lineariser of p if V(L) n X is a spoke of p.
Note that by Lemma I11.3.12, we must have L < q for every q € X with q < p. We denote the
collection of X-linearisers of p by Linx (p).

If X = Spec(R) we refer to X-linearisers as prime linearisers and if X = Max(R) then
we call them maximal linearisers. We write Lin(p), Lingy (p) for Lingpec(r) (p), Linpaxr) (p)

respectively.

Observe that by Proposition I11.3.6, if S is a closed spoke of p € X < Spec(R) with respect
to X, there is a unique lineariser L of p with respect to X such that S = V(L) n X.
To utilise the ‘cofinal’ characterisation of radiality, we also need to translate the locally-

contained ordering:

Lemmalll.3.16. Let X < Spec(R),p€ X, I,/ <R be given. Then V(I)n X gif VU)nX ifand

only if there exists an x € R\p such that rx(xJ]) < rx(I).1°

WxJ:={xj:jeJ}<R.
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Proof. Suppose V(I)n X gff V(J) n X, so there exists an x € R\p such that

VIOnNnXN\Vx)cVU)nX
>VIOnXes(VOOHuVu)nX=Vx/)nX

=rx(x]) srx().
Now suppose there exists an x € R\p such that rx(xJ) < rx(I). Then by Proposition III.3.6,

VAHuVoNNX=VuxHnX=Vixx)HnX2Virx(DHD)nX=VI)nX

> VIDHNX\VxX) (V) n X\ V(x).
Since X\V (x) € /\/’If(, it follows that V(I) n X gl)f VU)nX. O

Definition II1.3.17. Let R be a ring and let X < Spec(R),p € X be given. Let I,/ <R be
X-radical. Then we write [ l;if J if and only if there exists an x € R\p such that xJ < rx(I).
Since I is X-radical, by the previous lemma this is equivalent to V(1) n X gff VihnX.

If £ is a collection of X-linearisers of p ideals, then we say that £ is X -cofinal at p if
for every X-lineariser K of p, there exists an L € £ such that K I;I)f L; that is, £ is cofinal in

(Liny (p), =X).

Thus by the previous lemma and the observation preceding it, the following is an

order-isomorphism:

(Linx (p), ;) — (Spx(P), <), (1)

L—-V(L)nX.

Now we are in a position to translate Theorem III.1.7.
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Theorem I11.3.18. Let R be a ring, X < Spec(R),p € X be given such that p is semi-regular

in X. Then the following are equivalent:
(1) pisaradialin X.

(2) There exists a non-empty collection L of X -linearisers of p such that for every selection
(xp)rec from R\p, there is some y € R\p such that for every q € X, either y € q or

xp¢q2L forsomeLe L.

(3) For every selection (X)eLinyp) from R\p, there is some y € R\p such that for every

idealq e X, either ye q or xp ¢ q=2 L for some L € Liny (p).

(4) For every collection L < Linx (p) that is X -cofinal at p, there is some x € R\p such that

foreveryqe X, either xe q or L< q for some L€ L.

Proof. Let £ be a non-empty set of X-linearisers of p with the property stated in (2). We
claim that G = {V(L)n X : L € L} is a spoke system of p with respect to X. First, note
that from Proposition I11.3.6, if L, L, € £ are distinct then V(L) n X # V(L) N X. Select
(Up) per from ./\/’If(, so there exists a selection (x7) e, from R\p such that X\V (x;) < Uy, for
each L€ L. Then there exists an y € R\p such that X € V(y) UUre (VL) N X)\V(x1)) and
hence

UW0nvinxn2 J (VL) nX\V(x)) 2 X\V(y) e Ny
Lel Lel

Therefore G is a closed spoke system of p with respect to X.
Now let ¥ be a closed spoke system of p with respect to X, so by Proposition I11.3.6

there exists a selection (L7)reg from Liny(p) such that T = V(L1) n X for every T € ¥.
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Xc X
LBf

Y

Figure II1.2: The universal property of the Stone-Cech compactification.

Observe that for distinct Ty, T> € T, L1, # Lt,. Define £ := {L7 : T € T} and select (X7) rex
from R\p. Then (T\V (x1))res is a selection from (N ) reg, 50 U = Ures(T\V (x7)) € Ny
Thus there exists an y € R\p such that X\V(y) < U and hence X < V(y) U U. Therefore £
has the property given in (2).

Applying Theorem III.1.7 to the translations above and by the definition of lineariser,
we see that (1-3) are equivalent. Finally, by Theorem III.1.7 and the isomorphism (1), (1)

and (4) are equivalent. O

Rings of continuous functions

Recall that the Stone-Cech compactification of a Tychonoff space X is a compact Hausdorff
space fX and a dense embedding : X — BX with the property that if Y is a compact
Hausdorff space and f: X — Y is continuous, then there exists a unique continuous map
Bf:BX — Y suchthat ffof = f. Usually we think of X as a subspace of X and f as the
inclusion map.

There are several approaches to proving the existence of the Stone-Cech compactifi-
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cation. One is to take the supremum over all compactifications [Eng89, Theorem 3.5.9,
pg. 169]. However, we can also construct it explicitly — this is the approach taken in
[GJ60, 6.5, pg. 86-8] and [GJ60, 7.10-11, pg. 105-6]. The former constructs X using z-
ultrafilters, whilst the latter essentially shows that X = Max(C* (X)), where C*(X) is the
ring of bounded, continuous real-valued functions on X with pointwise algebra opera-

tions. The embedding is defined as

B: X — Max(C* (X)),

x—{feC*"(X): f(x) =0}

Moreover, Max(C* (X)) = Max(C* (BX)); the isomorphism is given as

Max(C* (X)) — Max(C* (X)),

m~— {ff: femj.

In fact, the maximal ideals of C*(X) are of the form m,, := {f € C*(X) : (Bf)(p) = 0}, where
p € X [GJ60, Theorem 7.2, pg. 101].

By applying the previous theorem to the ring C*(X), we obtain an algebraic character-
isation of radial points in X. Of course, X = Max(C(X)) also [GJ60, 7.11, pg. 105] but
here we only focus on C*(X) to simplify matters. There are several descriptions of the

max-radical of ideals; we quote a few below.

Theorem I11.3.19. /GJ60] Let X be a Tychonoff space, [I<A<C* (X) be given. Then the following

are equivalent:

(1) I is an intersection of maximal ideals, i.e. I is max-radical.
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(2) 1isclosed in C;,(X), the space C*(X) endowed with the uniform norm topology.

(3) I is an e-ideal; that is, given f € C*(X), if for every e > 0 there existsa g € I and 6 >0

such that f~'[[-€,€]] = g 1[[-6,6]], then f € I.

Proof.

(1) = (3): By [GJ60, Problem 2L.4 & 2L.9, pg. 33], every maximal ideal is an e-ideal and

every intersection of e-ideals is again an e-ideal.
(2) = (1): [GJ60, Problem 6A.2, pg. 93].
(3) = (2): [GJ60, Problem 2M.5, pg. 34]. O

Since the max-radical of an ideal is the smallest max-radical ideal containing it, then,
for example, the max-radical is the closure in C;, (X).

In future research, we hope to use similar ideas for other rings of continuous functions
to investigate, for example, the ideal of compactifications of X (see e.g. Questions I11.2.37

& I11.2.41).

III.3.2 Stone duality

We now focus our attention on Stone spaces and Boolean algebras. A Stone space is a
compact Hausdorff space with a base of clopen sets. Before discussing Stone spaces and
Stone duality, we first need to recall some material on Boolean algebras. We refer to [CN74,
Chapter 2] for the basic background on Boolean algebras. There are several equivalent
definitions — we take the following as our formal definition:
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Definition III.3.20 (Boolean algebra). Let B be a non-empty set with a partial order <.

Then we say that (B, <) is a Boolean algebra if the following properties hold:

* Every pair of elements a, b € B has a supremum a Vv b and infimum a A b.

There is a greatest element 1 and a least element O.

Every element b € B has a (unique) complement —b € B, which has the defining

property bv-b=1and bA-b=0.

A and V distribute over each other; that is, for every a, b, c € B,

anbvc)=(anb)vianc),

av(bnanc)=(avb)A(aVo).

An example of such a Boolean algebra is the powerset algebra P (X) of any set X, with the
ordering given by <.

We can extend the binary suprema and infima to finitary suprema and infima, desig-
nated by A\ B and V/ B for a finite set B < B, and define the symmetric difference of a,b € B
to be

aAb:=(an—b)Vv(naAnDb).
We will usually refer to B as a Boolean algebra, leaving the order implicit.

Every Boolean algebra B is a commutative ring, with addition A, multiplication A, zero
element O and identity element 1 [AM69, Chapter 1, Problem 24, pg. 14]; with this struc-
ture, we refer to B as a Boolean ring. However, rather than discussing ideals on Boolean
rings, it is more usual to discuss filters on Boolean algebras.
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Definition II1.3.21 (Filters and filter bases). Let B be a Boolean algebra, B < B be given.
Then we say that B is a filter-base on B if it is non-empty and for every x, y € 3, there exists
a z € Bsuch that z < x A y. Moreover, if for all a € B and b € B, a < b implies b € 13, then we
say that B is a filter on B.

If Fis afilter and O ¢ F, then we say that F is a proper filter on B; otherwise, 7 = B and
we call F the improper filter. We say that a proper filter I/ is an ultrafilter if it is not strictly
contained in another proper filter.

Given a collection B < B, we define the filter generated by B to be the intersection of
all filters that contain 3, which we denote by (3). Note that (3 is a proper filter precisely
when B has the finite-intersection property: for every finite B < B, AB # 0. If F is a filter

on B and B < F is a filter-base such that 7 = (B3), then we say that B is a filter-base for F.

There is a natural correspondence between ideals in the Boolean algebra ring structure
and filters. Given a subset A < B, define = [A] := {—a: a € A}. Then for any filter 7 and ideal
I on B, [F] is an ideal and —[I] is a filter. Moreover, if either A € B is a maximal ideal /
ultrafilter, then —[A] is an ultrafilter / maximal ideal. A simple consequence of this is that
every prime ideal of B is maximal (see [CN74, Theorem 2.19, pg. 39]) and every filter is the

intersection of all ultrafilters extending it. Thus every ideal is radical.

Definition I11.3.22 (Quotient algebra). Let B be a Boolean algebra, F be a filter on B. Then
we define the quotient algebra of B over F, denoted by B/ F, as follows: foralla,b € B,a ~ r
b if and only if there exists ¢ € F such that aA ¢ = bAc. Then ~ r is an equivalence relation

on B. Denote by [a] r the ~ r-equivalence class of a € B and let B/ F be the set of all ~r-
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equivalence classes. Define for all a, b € B, [a] r < [b] r if and only if there exists ¢ € F
such that a A ¢ < b. Then B/F is a Boolean algebra and the operations commute with

taking equivalence classes:

* lp/r=plr=7F.

* Op/r =[0glr="[FI.

e Forall a,beB,

[a]l 7 A/ F [DlF = [ang D] F,
[al 7 Ve, [blF =la Ve D] F,

w/rlalF=["pal F.

For each ultrafilter I/ on B that contains F,U / F := n z[U] is an ultrafilter on B/ F.

We are now ready to discuss Stone duality and radiality in Stone spaces. We refer to

[AHS] for the basic background on categories.

Definition II1.3.23 (Stone duality). We define BoolAlg to be the category whose objects
are Boolean algebras and whose arrows are Boolean algebra homomorphisms. We also
define Stone to be the full subcategory of Top, the category of topological spaces, whose
objects are Stone spaces and whose arrows are continuous maps.

For each Boolean algebra B, we define St(B) to be the topological space whose domain

consists of all ultrafilters on B and whose basic (cl)open subsets are of the form

{b}1:={UeSt®) :beld}
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for each b € B. By [CN74, Theorem 2.21, pg. 40] and [CN74, Lemma 2.24, pg. 43], St(B) isa
Stone space.

For each topological space X, we define Cl(X) to be the Boolean algebra of clopen
subsets of X, whose ordering is < and suprema, infima and complement are given by U, N
and X\C for each C € CI(X) respectively. Moreover, Oc|x) = ¢ and 1¢x) = X.

By [CN74, Theorem 2.29, pg. 46], it is possible to extend the maps St and Cl to arrows of
BoolAlg and Stone in such a way that St : BoolAlg — Stone and Cl : Stone — BoolAlg
are contravariant functors that form a dual equivalence between BoolAlg and Stone. In

particular, St(Cl(X)) = X and CI(St(B)) = B for all Stone spaces X and Boolean algebras B.

We are finally in a position to investigate radiality in Stone spaces. By the definition of

spectrum and Stone space of a Boolean algebra B,
7[]:St(B) — Spec®),U — 1 [U]

is a homeomorphism. Using this, we can transfer over the concepts from Section III.3.1.

For example, for every collection B < B, define
Bl ={{eStB): Bl
Then {=[U]:U € B1} = V(~[B]). Furthermore,

2B =" ((Vp:p e Spec®), B<pi)]
=(){~[p] : p € Spec®), B < p}
= :UeStB®): Bl U}
= (2 [BD.
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Definition III.3.24 (Well-based). Let F be a filter on a Boolean algebra B. A well-ordered
filter base of F is a transfinite sequence (by)4<) in F such that {b, : a < A} is a filter-base of
J and bg < b, forall @ < f < A. We say that the filter 7 is well-based if it has a well-ordered
filter base. This generalises the previous definition, since a point x in a topological space

X is well-based precisely when N, is well-based in P(X).

Lemmalll.3.25. LetB be a Boolean algebra and let F be a filter onB,U € F 1 be given. Then

U is well-based in F1 if and only ifU | F is well-based.

Proof. First, note that!{ is well-based in F1 if and only if = [{/] is well-based in V (= [F]). By
Lemma III.3.14, this is in turn equivalent to the existence of a transfinite sequence (xy) <2

in B\— [(/] =U such that:
e Foreacha< f< A,

xper([FlUfxe)) = r(0[FU{nxgd]) = " KF U{nxeD].

e Forall y e B\~ [U] =U, there exists an y < A such that

xy€r(IFluiyh = [(Fui-yh].

Given y,z € B,

ye1(FuU{nzh)] & ye(Fui{nz})
<= Jwe Fsuchthat"y=wA-z
= [WlrzFlzlr

= [ylr=FrlzlF.
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Therefore U is well-based in F 1 if and only if there exists a transfinite sequence (x4)q<y in

U such that:
e Forall a < <A, [xglr <F [Xal F.
 Forall y e U, there exists a y < A such that [x,] 7 <r [y] .
The latter is equivalent to U// F being well-based in B/ .F. O

Definition III.3.26 (Lineariser). Let B be a Boolean algebra, F be a filter on B and let I/ €
F1 be given. Then we say that F is a lineariser of U if U/ F is well-based. We denote the

set of linearisers of I/ be Lin(/).

Lemma I11.3.27. Let B be a Boolean algebra, F and G be filters on B and let U € St(B) be

given. Then F1 <y G1 if and only if there exists an x € U such that G < (F U {x}).

Proof. By Lemma II1.3.16,

FISH® G = v 1) <25® vng)

< Axe B\ [/] =U such that r(x-[G]) < r(— [F])

< dxeU suchthat {xA-y:yeG}c[F]
< dxeUsuchthat{-xvy:yegGicF

— G (Fuix}.

For the last equivalence, let y € B be given and suppose that "xv y € F. Then xA y =

XA (TxVy) <y, s0ye(FUi{x}). Now assume that there exists z € F such that zA x < y.
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Thenz=(zAXx)V(zAX) <xV(z2AX)<xVYy, soxVyeF. Therefore the last two

statements are equivalent. O

Definition II1.3.28. Let B be a Boolean algebra and let U € St(B), £, M € Lin(lA{) be given.
We define £ =, M if and only if there exists an x € U such that M < (L U {x}). This gives a
quasi-order on Lin(/). We say that a collection £ < Lin({) is cofinal provided it is cofinal

with respect to this ordering; that is, for every M € Lin({/), there exists an £ € £ such that

Mgy L.

Notice that for a filter 7 on a Boolean algebra B and an ultrafilter I/ € St(B), F € Lin(lA)

if and only if = [F] € Lin(— [(/]). Thus we arrive at the characterisation theorem:

Theorem II1.3.29. Let B be a Boolean algebra, U € St(B) be given. Then the following are

equivalent:

(1) U isradial in St(B).

(2) There exists a non-empty collection of linearisers £ of U such that for every selection
(x2) ceg fromU, thereis somey € U such that everyV € {y}1 contains LU{x } for some

LegL.

(3) For every selection (xz) cerinw) fromU, there is some y € U such that every V € {y}1

contains LU{x;} <V for some L € LinA).

(4) For every cofinal £ < Lin(l{), there exists an x € U such that every V € {x}1 contains

someL € L.
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Proof. This follows from Theorem II1.3.18, noting that for every ultrafilter U € St(B),

B\ [4] =U, so for all x € B, x € { if and only if x ¢ = [I/]. O

III.3.3 Radial points in v*

As a test case, we investigate radial points in w* := fw\w. It is known that fw is not pseu-
doradial [Dow+96, pg. 191]; furthermore, the only radial points in fw are the isolated
points, since w is dense in fw yet there are no (transfinite) sequences in w that converge to
any point in o* because every convergent sequence in fw is eventually constant [Eng89,
Corollary 3.6.15, pg. 175].

Define ¢ : w — St(Cl(w)) = St(P(w)),n— {A < w: n € A}. Then by [CN74, Lemma 2.23,
pg. 42], Bt : Bw — St(P(w)) is a homeomorphism. We identify fw with St(P(w)) via this
homeomorphism. Since ran(t) consists of all the fixed ultrafilters on w,w* will then consist
of all free ultrafilters on w.!! By [CN74, Lemma 7.2, pg. 144] and the discussion preceding
it, an ultrafilter on w is free if and only if it contains §t:= (w\F: F € [w] <%0y, which we call

the Fréchet filter on w. Hence w* = §t1.
Proposition I11.3.30. Let X Cw™*,x € X beradial in X. Then x is a p-point in X.

Proof. 1f x is isolated in X then p(x) = 0o, so x is a p-point. Otherwise, by Theorem I1.2.9,
xis Zg'?d (x)-radial and since there are no non-trivial convergent sequences in w*, it follows
that w ¢ 24 (x). Hence by Theorem I1.2.10, px(x) = min(Zg?d (x)) is uncountable, i.e. x is a

p-pointin X. O

'We say that U is a filter on a set X if it is a filter on P(X). Similarly, an ultrafilter on X is an ultrafilter of
PX).
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p-points exist under the Continuum Hypothesis [Rud56, Theorem 4.2, pg. 415] and
it is possible (assuming t = ¢, which follows from Martin’s Axiom) to construct well-based
points in * with character ¢, by adapting Walter Rudin’s construction. Thus it is consistent
that radial points exist in w*. However, Saharon Shelah has proven that it is consistent
with ZFC that there are no p-points and thus no radial points in w* [Wim82, Theorem
6.5, pg. 47]. So the existence of radial points in w* is independent of ZFC. However, in
these models, the radial points constructed are all well-based, which raises the following

question:

Question I11.3.31. Is it consistent with ZFC that there exists a radial, non-well-based point

inw*?

The simplest method of constructing such a point is to have a spoke system consisting
of two spokes with different characters. Andreas Blass, Heike Mildenberger and Saharon
Shelah claim to have proven that it is consistent there are well-based points in w* of dif-
ferent characters — in particular, with characters X; and R».!? There may be a way to

combine these two ultrafilters to produce a radial, non-well-based point in w*.

Question I11.3.32. If there exists well-based points in w* with different characters, does

there exist a radial, non-well-based point in w* ?

We describe one such attempt, using the product of ultrafilters.

127 gap was identified in Andreas Blass and Saharon Shelah’s proof [BS87, Theorem 6.1, pg. 239] by Alan
Dow (credited in [BMS15, pg. 2]). The authors, together with Heike Mildenberger, have released a preprint
[BMS15] claiming to have fixed the flaw.
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Definition II1.3.33 (Filter product). Let F,G be two filters on w. Then we define the (Fu-

bini) product of F and G to be

FeGg={Acwxw:imew:{new:(m,n) € A} € G} e F}.

A base of F ®§ is given by sets of the form

U (tm} x Gp)

meF

where F € F and (G,;) mer is a selection from G.

By [CN74, Lemmas 7.20 & 7.21, pg. 156-157], the filter product of filters is always a filter
on wxw and if U/, ) are ultrafilters on w then {/ ® ) is an ultrafilter on w x w. Since w xw = w,
it follows that (w x w)* = w™, so we work with the former instead. Of course, if we are to

construct a radial point, it needs to be a p-point.

Definition II1.3.34 (p-filter). Let F be a filter on a set X. Then we say that F is a p-filter if

for every countable C < F, there exists an F € F such that F <* C for each CeC.

Thus if F is a free filter on w then it is a p-filter if and only if F/§t is countably-closed,
that is for every countable C < F/§v, there exists an F € F/§t such that F <3, C for each

C € C. Consequently, a free ultrafilter on w is a p-filter precisely when it is a p-point in w*.
Lemma II1.3.35. Let F,G be filters on w.

(1) IfF is free then F ® G is not a p-filter.

) IfF,G are free p-filters, then (F ® G)/Ft** is countably closed.
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Proof.

1)

2)

Assume F is free, so (w\n) x w € F ® G for each n < w. Let F € F be given and select
(G mer from G. If H :=U,ep({m} x G,,) €* (w\n) x w then Fnn = @. Thus there

exists an n < w such that H ¢* (w\n) x w, so F ® G is not a p-filter.

Assume F, (G are free p-filters, so Ft®2 c FeG. Let H < F ® G be countable and let
H € H be given, so there exists an Fy € F and a selection (G, m) mer, from G such
that

U m}x Gm) < H.

mekF;

As F and G are p-filters, there exists an F € F and a G € G such that F c* Fy for each

HeHand G<* Gy, foreach HeH and m € Fy.

Let H € H be given and define

Cu=(\F)xw)u |J {m}x\(G\Gy,m) € Tt

meFNnFy

Then (F x G) N Cy = Umernr, (1m} x (GN Gp,;,)) € H and thus [F x G]Stw < [Hl g2

Therefore (F ® G)/ St®2 is countably closed. O

So although we cannot create radial points in ®* by this method, it seems like it might

be po

ssible for this to work in Ft®21. The next theorem shows this is impossible:

Theorem I11.3.36. LetU,V be well-based points in w* with distinct characters. Then (U ®

V)I§t®? is a non-radial p-point in Fr

®2T-

Proof. Define D := §t®%, W = ({ ® V)/D and note that by the previous lemma, W is a p-

point

in D1. Also define x := y (U), A := (V) and let ([Ug]gc) a<x, ([Vplg:) p<a be descending
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filter-bases for U//§t and V/§t respectively, which exist by Lemma II1.3.13. Define W :=
UeV)ID and let W e Y ® V be given, so there exists an A € U and a selection (B;,) mea

from V such that

U 4m} x By) < W.

meA

Then there is some a < x such that U, <* A and for each m € An Uy, there is some f,, < A
such that Vg,, ©* Byy.

Define f := sup(B,, : m € U,). Since there are no non-trivial convergent sequences
in w*,V/§v is not first-countable and thus A is uncountable. Hence < A, so for all m €

Uq, Vg S* By Define

D= (w\Uy) x w) U U ({m} x (w\(Vg\Bp))) € D

meAnUy

= UgxVpnD= |J (m}x(VsnBy) < W.

meAnUy
Thus [Ug x Vglp = W, so {[Ug x Vglp : @ <k, B < A} is a filter base for WV.
Define K :=([w x Vglp: f < A) and L :=([Uy x w]lp : @ <x). Then {[[Uy x w]pli : @ <k}
and {[[w x Vglpl, : B < A} are filter-bases for VW/K and W/ L respectively, so K, £ € Lin(WV).
We claim that {/C, £} is cofinal. Suppose this is the case and let a < «, 8 < A be given.
Then since Ug+1 €* Ug £ Ugy1 and Vg SF Vg £F Vg4, it follows that W= (Ug\Ug41) %

(V\Vp41) is infinite and meshes with D, so there exists a Z € D1 that contains W. Then
(w % Vﬁ+1) NW=0¢=Ug1 x0)NW = [w x Vﬁ+1]D, [Ug+1 xwlp € Z/D.

Hence K £ Z/D 2 L, so by Theorem I11.3.29 Z/D is not radial in D1.
Now we prove our claim. Let M € Lin(W) be given and define p := y(OWW/ M), so u <
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max(x, ). Let (Wy)y<, S VV be given such that ([Wy]r()y<y is a descending filter-base for

WIM.

Case 1: p=x«. Then for each f < A, there exists a yp < p such that Wy, < [w x Vglp.

If A <« then by regularity y := sup(ys : B < A) <« and thus for every f < 1, Wy <
[w x Vglp. If A >« then by regularity there exists a A € [A]} such that Y = vp for
all B,p € A. Thus for all < A, there exists a f’ € A such that f < / and hence
Winina) = W < Wp < [0 x Vglp.

In any case, there exists a § < A such that W5 < [w x Vglp for each < A. So given
a f < A, there exists an M € M such that Ws A M < [w x Vg]p and therefore K <

(MU {Wghy;ie. MEy K.
Case 2: u = A. This is similar to Case 1 - in this case, M Cyy L.

Case3: u # x,A. Then for each y < p, there exists @y < x and fy < A such that [Ug, x
Vg,Ip = Wy. By similar arguments as those above, there exists an @ <« and f < A
such that [U, x Vglp < Wy, for each y < A. Thus {[[Uy x Vglpla} is a filter-base for

WIM,so p=1. Thus (M U{[Uy x Vglph) =W 2K, so K5y M.
Therefore {/C, L} is cofinal, completing our proof. O

The method used above cannot be extended to a product of three or more p-points
with different characters. By a theorem of Peter Nyikos, any well-based point in w* has

character b or 0 [BS87, pg. 214], where 0 is the dominating number, defined to be the least
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cardinal of a family D < “w such that for every f : w — w, there exists a d € D such that

f<*d.
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Notation

(Xa)a<a, 10

[(X]%, 10

[X]<%, 10

[X]5%, 10

Xy, 10

len(?), 10
Ryx(x), Ry(X), 12-13
t->x,13

Ty, 20

Sk, 30

NX, N, 33

NX N, 33

Ux, Uy, 33
px(x), p(x), 37
vx(x), w(x), 41
xx(x), x(x), 42
M(C), M(£), 51
(aa) ae s, (Aidier, 51
¢lc, 51

Sp(x), Sp(x), 56
S(w), 59
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SX, S, 64

BSp (x), BSp(x), 64
zrad(y), 21d(x), 68
=%, =x #ar #x T4
<X c,, 74

CA(5), 80

Thrs(T), 84

QSi, So®--®S,-1,S®", 102

iel

(An)n<w — X, 108
F(X), 110

F°, 110

(By, 110

Py, 110

&, —¢, 110-111
adh;(A), adh(4), 111
F#A, 111

T;, 111

Vi, Vy, 111

Uty, 120

LX(Y), Ly(Y), 121
Spy (%), Sp(x), 122



aX,*, 124

K(X), 124

Sp™(X), Sp_(X), 129
<k, 132

W4, 134

CtX 134

Clp, 134

core(X), 137

¢, 144

b, 144

<*, 144

p, 145

c*, 145

t, 145

u, 145

n, 145

VRA), VR(x), V(A), V(x), 152
Spec(R), Max(R), 152
R*, 152

N(R), R(R), 157

rx(A), r(A), ron(A), 157
Liny (p), Lin(p), Lingy (p), 162
=y, 163

alb, 168
B/F,UIF,169-170
BoolAlg, 170

Stone, 170

St(B), 170-171

Cl(X), 171
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B1,171
Linl), 173
=y, 174
§t, 175
F®yG, 176
0, 180-181



Index

A

Adherence, 111
Almost-contained, 145
Almost-disjoint family, 134, 135
Almost-independent family, 85
a4, 106

B

b, bounding number, 144, 146, 147
Bézout domain, 153, 154

Pw, 175

Boolean algebra, 168

quotient algebra, 169-170

C
Chain, 51
mesh, 51

Character, 42-45, 72, 73, 80-82, 84, 89—
91, 101, 137, 139, 146-148, 176,
180, 181

Closed map, 9, 20

Co-diagonal map, 26

Cofinality, 42
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Compactin X from inside, 137
Compactification, 148, 149

countable, 144

one-point, 125

sequential, 144

Stone-Cech, 165, 166, 175
Component, 80, 82, 84, 86, 87, 90
Convergence of sets, 108
Convergence space, see also pretopologi-

cal space, 110, 111

Core, 137-139
Core spoke, 75, 76
Countably-tight, 47, 48

D

0, dominating number, 180, 181
D-radial, 115-117

Decomposition map, see also quotient

map, 22, 23

F
Filter, 109, 110, 169, 173, 177

countably-closed, 177



free, 177

free part, 110, 112

generated, 110

meshes with set, 111

product, 176, 177
Filter-base, 169
Finite-intersection property, 110, 169
First-countable, 9, 91-94
Fréchet filter, 175, 177
Fréchet-Urysohn, 7-9, 12, 71, 74, 93, 94,

106, 107
at infinity, 138
compactification, 146, 148, 149, 151
one-point, 135

for n-point sets, 108, 109

product, 106-108

remainder, 148

Fréchet-Urysohn compactification, 147

G
Generalised-Ordered space, see GO-
space
GO-space, 11
independently-based, 54
independently-based, 55
radial, 61

spoke system, 58, 59

I
Ideal, 152, 156, 166, 167

185

Inclusion maps, 26, 27
Independently-based, 53, 69, 71, 91-94,
100,114
at infinity, 139
hereditary, 54

implies radial, 61

]
Jacobson radical, 157, 158

K

x-additive, 34, 35

x-closed, 13, 18, 22, 23, 27, 28
x-open, 13, 19

(x / < «)-radially-closed, 11

L

A-pseudoradial, 142-144
remainder, 142, 143

A-radial, 67, 68, 73, 81

A-sequence, 10

Length, see transfinite sequence

Lift, 120-122

Lineariser, 162, 164, 173, 174
cofinal collection, 163, 164

Linearly Ordered Topological Spaces, see

LOTS

Locally-contained, 74-76, 162

Locally-distinct, 74, 88

Locally-equal, 74-76, 88

LOTS, 11, 52



independently-based, 53

M

Max-radical, 166, 167
Mroéwka space, 134, 135
u, 145-147

N

Neighbourhood core, 33-35, 158

Nest, 51, 100

Nest system, 51, 52, 57, 59
independent, 53, 56
spoke, 56

Nilpotent, 157

Nilradical, 157

Novak number, 145

0
w*, 175-177, 180, 181
Open map, 9, 20

Ordinal compactification, 140, 143

P

P family, 27

p, pseudo-intersection number, 145, 148
p-character, 37-39, 41, 43, 44, 46, 69, 80
p-filter, 177

p-point, 175-178

Perpendicular ideal, 134

Pretopological space, 111, 112

Principal filter, 110

186

Pseudo-intersection, 145

Pseudo-open, 9, 18-20, 22, 23, 25, 28,
30-32

Pseudobase, 41

Pseudocharacter, 41, 43, 46, 69, 94

Pseudoradial, 9, 11, 12, 14, 15, 17, 24, 25,
30-32, 46, 47, 142,175

compactification, 143

Q
Quasi-discrete, 33-35, 47
Quasi-isolated, 33-36, 46, 68, 103
Quotient, 9, 20, 23, 25

hereditarily, see pseudo-open
Quotient map, see also decomposition

map, 28, 30-32

R
R-monolithic, 9, 14, 15, 17
Radial, 9, 12, 15, 17, 24, 25, 30-32, 46, 52,
61, 63, 65, 67,71, 77, 100, 103,
123, 125,175,176, 178
at infinity, 138, 140, 141, 143, 149
compactification, 128, 135, 141, 142,
149, 151
one-point, 130-133, 149
convergence space, 112
filter, 112
product, 104
Radial character, 12, 46, 69



Radial spectrum, 68, 69, 72, 86, 103

Radially-closed, 10

Radially-open, 11

Radical, 157, 158, 160, 162, 169

Regular-open, 121

Restricted quotient, 9, 18, 20, 22, 23, 25,
28, 30-32

Ring of continuous functions, 166, 167

Ring spectrum, 153, 154, 156, 158, 160,
162, 164

S
Saturated, 137
Selection, 51
Semi-regular, 121-123, 154
Semiradial, 9, 13, 15, 17, 25, 30-32, 46, 47
Sequential, 7,9, 11, 47, 48, 142, 144, 146,
147
remainder, 146, 147
Sequential hedgehog, 59, 60, 92, 93
Sequentially-dense, 147
Sequentially-separable, 147
Serial, 153, 154
o-compact, 138
Spoke, 51, 56, 76, 80, 82
at infinity, 129-134, 137, 142-144,
146, 147
basic, 64, 76
C-th spoke, 51

187

closed, 123
coherence, 101
collection of
almost-independent, 65, 89
(basically) cofinal, 74, 77, 79, 87,
123
independent, 56, 82
(non-)trivial, 71, 73, 75, 76, 101
product, 102
trivial, 71
Spoke system, 56, 60-62, 64, 65, 67, 73—
75,79, 81, 87, 88
almost-independent, 65, 67, 71, 73,
74, 84, 88,90, 91, 107, 126
at infinity, 129, 130, 133, 135
basic, 64, 65, 67, 73, 74
closed, 123, 126
first-countable, 64, 74
independent, 57, 59, 65, 82, 84, 86,
87,90
non-trivial, 71-73
P spoke system, 64
product, 104, 107, 109
Stone space, 170, 174, 175
Strict convergence, 111, 115
Strictly D-radial, 115-117
Strictly pseudoradial, 9, 13, 15, 17, 48
Strong finite intersection property, 145

Strongly Fréchet, 91-94, 106, 107



Subsequential, 147, 148

T
T, point, 33
t, tower number, 145
Thread, 84, 87, 90, 91
Topological sum, 26, 30
Tower, 145
Trace, 134
Trans-sequential filter, 111, 112
Transfinite sequence, 10, 44, 45, 111
clusters, 44, 45
convergence, 30, 45, 140, 142, 143
convergent, 10, 44
escapes, 10
length, 10, 44, 45, 62, 63, 68
strict convergence, 13, 45, 62-64, 68
subsequence, 10, 45, 140, 142, 143
Truncation, 87-91

Tychonoff plank, 78, 149

U
Ultrafilter, 169, 172, 173, 177, 178
Unit, 152, 158

\Y
Vicinity filter, 111

w
Weak closure, 121, 122

188

Well-based, 9, 14, 15, 30, 44, 45, 53, 81,
160, 176, 178, 180, 181
filter, 110, 112, 114, 172
Well-ordered neighbourhood base, 13,
14, 42, 43, 159

regular, 13

Z
Zariski topology, 152, 153
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