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Abstract
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equations. Then an overlapping typology of models of thgstems is examined and methods for analyzing
econometric models are described. General to simple niogealirategies are briefly considered.

Running head:
Dynamic Typologies
Key Words: linear dynamic systems; cointegrated processedel typology; econometric modelling.
AMS Classification Numbers: 62 M10, 62 P 20, 90 A 16
Address for correspondence:

David F. Hendry,
Nuffield College,
Oxford, OX1 INF,
UK.

*This research was financed in part by grants R000233447 a8#1R2 from the UK Economic and Social Research Council. Help
ful comments and suggestions from Mike Clements, Sgrenndeina Grayham Mizon, V.K. Srivastava and two referees aaeefyily
acknowledged.



1 Introduction

Economic behaviour is inherently dynamic for many reasanbiding inertia, expectations, inter-temporal op-
timization, stock-flow relations, time to produce, and sthowy to mitigate the impact of unanticipated events.
Economists seek to explain observed outcomes using dyreystiems which characterize the joint distributions
of the variables under analysis. A dynamic system is any-tiegendent representation of the variables to be
explained in terms of available information. Spanos (19@®&rs to the system as the Haavelmo distribution,
after Haavelmo (1944). Often economic theory induces a fitaition of the economic mechanism in terms of
sets of simultaneous equations which impose restrictiartt® dynamic system, and we refer to any such repre-
sentation as a model. A system is therefore a model of itselfiais well known that all models which impose
no over-identifying restrictions on a common set of varatdorrespond to the same system.

This paper formulates and analyzes a double typology adifidgnamic systems and models thereof, focusing
on the implications for empirical modelling of economic &rseries. The former builds on the typology in Hendry
and Richard (1983) and Hendry, Pagan and Sargan (1984hdmtetheir analysis for individual dynamic equa-
tions to linear systems. It highlights the basic propemiesertain system types and cautions against assuming
any specific form without investigating its implicationshd latter aims to clarify relations between such osten-
sibly different model forms as vector autoregressionstoregrror correction systems, simultaneous equations,
reduced forms, conditional models, causal chains, bleckwsive representations and triangular systems. It is
shown that in a linear formulation, when a common informaset is given throughout, all the available model
types impose testable restrictions on the dynamic systdm.analysis is conducted for closed, open, complete
and incomplete systems for both stationary and integrateel $eries (i.el (0), | (1) andl (2) data, wheré (d)
denotes a series which is integrated of ordeand so is stationary only after differencing exactltimes). We
consider what hypothetical experiments are feasible ih eaadel form, and hence how each model type can be
analyzed. Thus, the paper is also a follow-up to Hendry, &leald Srba (1988), Hendry and Ericsson (1991),
Hendry and Mizon (1993), Doornik and Hendry (1994) and Hgaad Doornik (1994). The introduction defines
the notation and introduces the general linear dynamiesyst

It is desired to model a vector af observable real random variables= (1, . ..z,;)" defined on a proba-
bility space(2, F, P) and characterized by the continuous joint data densitytfom®y (-) for 7' observations:

Dx (x1...x7 | Xo,Qp,0) wheref € © CR* (1)

whenX, denotes the (pre-sample) initial conditiohsgparates the outcomes from the conditioningQét,=
(a1 ...qr) is a set ofm deterministic conditioning variables (such as constagisenals, trend and dummy
variables) and there akeparameters i with a parameter spa¢g which is a subset of-dimensional real space
R¥.

Denote the history ofx,;} by X;_; = (X, : X{_;) whereX}_, = (x1...x;_1) andX;_; is a shorthand
for the sigma-field generated by the past of the process wstddy. Write the sequential conditional density of
the outcome; at timet asD, (x;|X}{_, Qr, 8), then from (1) for the complete samp¥e}, = (x; ... x7):

Dx (X7 | Xo,Q7,60) = [ Dx (x¢ | Xi-1,Q}.,6) . 2
t=1
Because of the dynamic nature of an economy, no assumptiordependence is made about the successive
drawings of{x:}. Nevertheless, the factorization in (2) generates a meaavation process defined by (see
Hendry, 1995):
€ — Xt — E[Xt | thl] .

The forms ofDx (-) andDy () could be very different: for example, when autoregressatetoscedastic (ARCH)

errors are present (see Engle, 1982)(-) could be a normal density althoudk (-) is not a multivariate normal.
In (2), @ is allowed to contain transient parameters, namely paemsmief dummy variables (perhaps inter-

active with lagged elements af). The parameters of interest to the investigator comprisebset) € ¥ of



A =g (0) € Awhereg(-) is a 1-1 function of. Since:
Dx (X7 | X0, Q. 6) = Dx (X7 | X0, QF, A) 3

thenDx (-) is invariant under 1-1 parameter transformations and theltieg class of densities is isomorphic.
Such a result is regularly used in derivations, as when anee or a standard deviation is thought to be the more
useful parameter to consider. A major objective of econoimetodelling is to discover and estimate sustainable
relationships between economic magnitudes. The parangeieassumed to be structural in that it is invariant
and directly characterizes the relations of the economyguandalysis (see Hendry, 1993). Consequedgtlyust

be constant over time, invariant to policy interventiomg] &e unaltered by extensions of the information set.

It is unclear how it could be knowa priori that the elements d®?. are valid conditioning variables when
more than just a constant and linear trend are included dergmy variables for policy changes) and we assume
that no such difficulty arises in the following analysis. Hawer, we only require conditioning ag to be valid,
which is a weaker (albeit not unexceptional) assumptiothat the following reduction is valid and is sufficient
for modelling:

Dy (Xt | X1, Q1T70) =Dy (Xt | Xt—l;qhe) (4)

Thus, only contemporaneous information on the deterninistms is used. It might be thought that by their
deterministic nature, future values éf;} are known with certainty. This is certainly true of polynatsiin
time, but not of (say) dummy variables for special eventg.(the oil crisis, a government’s political persuasion
etc.). When conducting dynamic analyses of systems (eardic simulation), the treatment of such dummies
can play a crucial role in the ostensible performance. Byguad shown below, the way; enters the system is
important for its properties and for parameter estimateee €.g. Johansen, 1988).

Finally, a maximum lag length or memory efperiods is imposed for tractability: it may prove possilvie i
practice to obtain more parsimonious representationgusinving average components but that aspect will not
be considered here. Combining all of these ingredientsgweesent the data generating process (DGP) as:

Dx (X7 | X0, Q7. 60) = [ Du (x¢ | X[ 75, ar,7) - (5)
t=1
WhenD, (-) is close to joint normality, the resulting system is a veetotoregressive representation (VAR), but
no issue of principle is involved in extending this to havetee moving average errors (see e.g. Lutkepohl, 1991).

First, we note four major categorizations common to all sucidels, namely whether the model is open or
closed (meaning that all variables are modelled), whethisrgomplete or incomplete (i.e. whether there are
as many equations as variables to be modelled), whether dldelris linear or non-linear and whether the data
are stationaryt (0) or are integrated of order 1 or 2(() or | (2)). Other forms of non-stationarity (such as
regime shifts) are assumed to be adequately accounted fthrebiptroduction of transient parameters and the
presence of;;. We are mainly concerned with systems which are linear ivéliables, although it is recognized
that the generic form of model in macro-econometrics mushdr@linear due to linear accounting identities,
multiplicative price, quantity and value relations andu@i$y) log-linear behavioural equations. Further, we will
only analyze complete models, taking incomplete modeldésimable by omitting some of the equations while
retaining knowledge that the associated variables aregambus to the system and are determined by a subset
of non-modelled or lagged variables (see Hendry and RicH&&B3). Finally, thd (0) formulation is the general
one, withl (1) or | (2) being obtained as restrictions on the basic form, as sholewiligee Johansen, 1992a).

Many possible system forms could be adopted to characttrezéehaviour of thgx;} and learn about
1. To formulate these, we next extend the single equationldégyan Hendry and Richard (1983) to systems,
briefly commenting on the styles of system that result. Rliogia common information set is maintained, a clear
‘ordering’ in complexity, or nesting, between types resugliven the contents of the vecter, the VAR embeds
all conditional systems (see Hendry and Mizon, 1993).

Finally, we develop the analysis specifically for differemtdel representations of the same system, including
error-correction models, open and closed simultaneougobnditional models, causal chains, block-recursive
models and triangular representations. The relationsdmtihese ‘rival’ model forms are examined and related
to the properties of the assumed DGP. The two typologiedagwén the extent that some systems are their own
model.



2 Closed linear systems

2.1 Formulation

Given the restriction of the analysis to linear models, th&ibclosed form ob, (x;|-) in (5) is a VAR. The second
typology below will consider special cases of this formiglat Assuming that normality is a good approximation
to the shape db (-), consistent with linearity of conditional models:

x; =Y Ajx;_;+Fq, +v; wherev, ~IN[0,Q]. (6)
j=1

In (6), v+ ~ IN[0, 2] denotes am-dimensional independent normal density with mean zerocawvdriance
matrix 2 assumed to be (symmetric) positive definite. Clearlyis also a mean innovation process. Despite the
presence of deterministic (non-modelled) variables in\&) refer to it as a closed model. To keep the notation
simple, we have not explicitly allowed for interactions ween theq; and lagged{x;_,}, but have assumed
that the parametef\; ... A, F, Q) are constant in the postulated representation. In pradtigractions such
asq;x;:—; may be used, especially whep is a regime shift dummy, so that; ,_; is zero for a proportion

of the sample, but little seems to be gained in a theoretieakment by their retention. Then relative to (1),
k = n(ns+m+ 1 (n+1)) so that even for (e.g.) 4 equations with 2 lags and 2 dumnties, 50; for 8
equations with 4 lags and 5 dummy variables; 332 and hence the dimensionality of the parameter space rises
rapidly. This curse of dimensionality is a major driving derbehind the desire to develop more parsimonious
representations of the initial specification as discussegction [5].

2.2 Invariance under linear transfor mations

We now consider the set of non-singular linear transforometof (6) which are isomorphic in that they retain the
same basic innovation procefs, } and hence the same likelihood. This also generates theaflaiquivalent
models of (6). We take = 2 andm = 0 for simplicity, so the system can be written as:

xt = A1xp—1 + Aoxy2 + 1 (7)
Letf/ = (x} : x;_; : X}_,) and rewrite (7) as:
Gf; =v, whereG = (I:—-A;:—Ay). (8)

Longer lags merely exterfil. Two types of linear transform are feasible. MtandP be knownn x n and? x ¢
non-singular matrices whe¥e= (s + 1) n and consider:

MGP_lpft = MVt or G*ft* = I/: (9)
wheref} = Pf; andv} ~ IN (0, MOQM) with:
G*=MGP = (M: —A%: —A}).

Clements and Hendry (1993) refer to theseldsand P-transforms. No restrictions are imposed by these re-
versible transforms, so the systems (8) and (9) are isonwepid have the same likelihood) -transforms
combine contemporaneous elementxgfand can induce simultaneity. When elementdvbfare unknown,
statistical equivalence need not hold, and such casessmesdied in section [5]: in particular, there must be suffi-
cient restrictions on the resulting coefficient matricesrnsure unique identification (for an example, see Hendry
and Mizon (1993); Koopmans (1950) provides the classicudision of identification conditions in econometric
systems) P-transforms induce inter-temporal data combinationsh sisacreating differences. All types of model
are generated by alternative choicesXérandP. If scale-preservation is also desiratls M| = 1 andP should
be upper block-triangular with an x »n unit matrix in the top-left position (for details, see Esos, 1993).

A transformation to levels and differences is achievablé’blyansforms and so leaves the system invariant.
One useful reformulation of the system (6) is (see Herdligl, 1984, Engle and Granger, 1987, Johansen, 1988,



and Banerjee, Dolado, Galbraith and Hendry, 1993):

s—1

Ax; = Z A;Axt,j +7mxi—1 + Fq, + vy. (20)

j=1
No restrictions are imposed by this transform and the riegultystem is called a vector error correction sys-
tem (VECS). Its parameterization is more orthogonal thaat it (6) since the variables are usually less inter-
correlated after transformation from levels to differehemd differentials: the resulting parameters are often
more interpretable. When= 2, (10) becomes:

AXt = ATAXt—l + TXi_1 + qu + vy (11)
Althoughitis less usual to consider ‘structural’ reprdsg¢ions of closed systema/-transforms of (11) yield:
MAx; = MiAx;_1 + 7"x-1 + F g, + vy (12)

We refer to (12) as a structural VAR, recognizing that theessf its actual structurality remains to be resolved.
WhenM is known:
Ax; = AVAX; | + 7%, + FOqf + v} (13)

wherex; = Mx;, qf = Mq;, A = MAM~!, 7% = MaM %, F* = MFM ! andv; = v} ~

IN [0, MQM’]. In effect, thex; are the linear data combinations of economic interest. cAlgfh the result-
ing system is invariant, its parameterization is equivarifor example, the maximum likelihood (or any linear)
estimatorz” of 7 is equal oMz M and hence varies in line with the parameter transforms. Béttand
P-transforms are used below.

2.3 Cointegration

The data{x,} are said to be integrated of ordérdenoted (d), when the maximal order of integration of any
element isd. This formulation is needed to accommodate the invariafidi@eear systems to linear transforms.
When the datgx;} are integrated of order 1,(1), then Ax; is 1 (0) and the system specification in (10) is
balanced only ifrx;_; is I (0): otherwise there arises a contradiction between the leftraght hand sides.
Clearlyw cannot be full rank in such a state of nature since that woaidradict the assumption thaf wasl (1),

so letrank (w) = r < n. Thenmt = a3’ wherea and3 aren x r matrices of rank, and3’x; must comprise
cointegrating ((0)) relations, inducing a restrictdd0) representation; when= 1, this has the form (see Engle
and Granger, 1987 and Johansen, 1988):

AXt = ATAXt—l + o (6/Xt—1) + qu —+ vy (14)

Following Davidson, Hendry, Srba and Yeo (1978), this isexhh vector error-correction representation.
To ensure thak, is notl (2), a further requirement is that:

rank (aj_@ﬁl) =n—r when ® = — ZjAj
j=1

so® is the general mean-lag matrix,, and3, aren x (n — r) matrices such that’, « = 0, 8, 3 = 0 with
(a: ap)and(B: B, ) full rank (n) matrices. Should the analysis commenck(®) space, theax; 3, = v4’
is also reduced rank, so some linear combinations first egiate from (2) to | (1) and then- others (perhaps
with 1 (1) differences ofl (2) variables) cointegrate tb(0) (see Johansen, 1992a). Thus, bbth) and| (1)
impose reduced rank restrictions on the initial formulaiio (10), and the former imposes further restrictions on
(14).

The behaviour of the system depends greatly on the propeftleg,. We consider the case whetk= (1, t)
so thatFq, = f; + fot. Whenf; is unrestricted, there will be a quadratic trend in the Is\#lthe variables in
(14), so to ensure only a linear trend we must fart@enter the cointegration space: ife.= ayp say, wherep
isr x 1. Thus, (14) becomes:

Ax, = AJAX 1 + o (ﬁ/Xt_l + got) + 1 + vy (15)



There is at most a linear trend in levels in (15). A similaatreent could be given to the intercept, and would
force driftless processes on any variables which did nattegrate: this would be acceptable for interest rates,
but not for say GNP (see section [5.2]).

3 Open linear systems

3.1 Conditional systems

Letx] = (y; : z;) wherey; andz, aren; x 1 andny x 1 vectors of endogenous and non-modelled variables
respectively withny + ny = n. PartiionX” = (A} : A3) conformably with(y; : z;) and factorize the joint
sequential density (conditional @p) as:

Dx (Xt | X;:ivqta)‘) = Dy|z (yt | Ztvxttf:ivqthl) Dz (Zt | Xz:ivqta)@) . (16)

The validity of conditioning depends on the weak exogengityz, : q,) for the parameters of interest in (19) as
discussed in Engle, Hendry and Richard (1983). In terms @&, ¢ is weakly exogenous fap if (i) 1 = £ (A1)
alone and (iD)A = A; x Ay where; € A; andXs € As, so that the joint parameter space is the Cartesian
product of the conditional and marginal parameter spaessKsicsson, 1992 for an exposition).

Keeping to linear systems conditional ghandq;:

vi=2q,+ Tz +Tize1 4+ + Tz s+ Pryr1+ -+ Poyis + 14 (17)

Given data up to and including time-1 on (Y?_, : Z?_,) together with(z, : q;) and the values of the parameters
(Ty,Ty,..., T, ®q,....,P,), the next value of, is generated by equation (17). Whep- 1:

Y =2q, + Loz + Tz + Pry—1 + vy (18)

One lag is in fact fully general and is the only case we needdadwosider as follows. Lefy, =
(Yi:¥ii i 1 Yi_ey1) andz; = (z}:2z;_, :---:2z,_,), then stack the coefficients in the second line of
(17) in conformabler; s x nes andnys x nys) matrices:

ro y --- T, P P - D, D,
0 o --- 0 I o --- 0 0
-l 0o 0o - o | gger=] 0 T - 0o o0
o --- 0 0 0 o --- I 0

By direct multiplication (ignoring the deterministic tesnfior simplicity), it can be checked that (17) maps into
(foro, =W} :0:...: O')/):

yi=T%z, +®"y, 1+ 1y,
where the top block delivers (17), augmented by identitiethe formy,_; = y;—;. In some respects the

resulting notation can be awkward, so we will concentratel dag in both typology expositions. Equally, 2-
equation systems will be used to illustrate the later modalyses.

3.2 Simultaneous equations
Interest in economics often centers on a simultaneousgeptation such as:
Boy: +Biyi—1 + - +Byyi—s = Yq, + Coz; + C1zy—1 +- - + Coz—s + € (19)

whereBy is then; x n; matrix of coefficients of all the endogenous variabBs,is the coefficient matrix of the
1-lagged endogenous variablesCy, is thens x no matrix of the current dated non-modelled variables etc, and
€ ~ IN(0,X). As it stands, (19) is a partial or incomplete model unlegpkmented by a marginal model for
the{z;} process. Fos = 1 lag:

Boy: +Biyi—1 = Yq; + Coz; + C1241 + € (20)



The conditionBy| # 0 is needed to ensure that the system of equations is compket@$ many independent
equations as endogenous variables) and that the equateomaigually consistent with none redundant. Sufficient
restrictions on the coefficient matrices are required taieng unique representation. The model in (19) is a
special case of a structural form, which claims to model #ggion equations of the relevant agents: as before,
the structurality of the representation is a claim that nbeséstablished.

The reduced, or solved, form expresgesis a function of the parameters, non-modelled variable$eayuydd
variables:

Yt = f(}’t—h e Yi—syZyy 2Ly, . .. 7Zt—S)qt7Vt) . (21)

When the system is linear amg}, is non-singular, the solution to (19) is:

yi = By'Yq, +B;' (Cozi + -+ Cszi—s) — By (Biyi—1 + -+ Bsyi—s) + By le

(22)
= EBq,+Toze +Thize1+ -+ Tz s+ Prye1 + -+ Psyr—s + v

which returns us to a restricted version of the original eystepresentation and reveals the implicit, testable,
restrictions imposed by the simultaneous formulation (deefort and Rabemananjara, 1990 for an analysis of
open stationary systems).

3.3 Cointegration

In practice,y; andz, are oftenl(1) and the balance of (20) must be checked since combirsatiborders of
integration forys andzs need not be mutually consistent with the claim teats 1(0). For example, whew;
is I(1), the unit roots must cancel betwegB,y;} and{Cyz; + C1z:—1 — B1y:—1}. One possibility is when
B; = —Bp andC; = —Cj so (20) holds in differences:

BoAy: = CpAz: + Yq; + €. (23)

All terms arel(0) when the levels data atél), and balance occurs. Notice that the system has not hfern d
enced: rather, the model happens to satisfy coefficieniegghs which sustain a differenced representation. In
particular, its error process remaiti$[0, 3] and no negative moving average has been induced as would occu
when the data are differenced. This is an important prddssae and can be clarified by expressing the system
in lag-operator notation as:

(BO + BlL) Yt = (CO + ClL) Zs + qu + € (24)

whereL*z, = z,_;,. Imposing the parameter restrictions tlat = —B, andC; = —C,, yields:
(Bo —BoL)y: = (Co —CoL)z; + Yq; + €

or:
BQ (1—L)yt:CQ (1—L)Zt+th+€t (25)

leading to (23). As a consequence, the reduced form (18)heso
yt =TLozt —Tozi—1 +yi—1 + Yq, + v (26)

This is obviously a restrictive parameterization, and wihenhighest order of polynomial in time & is h, then
(26) includes a polynomial of ordér+ 1.

More generally, whery; andz,; arel(1) and cointegrate (see Engle and Granger, 1987), then Boeze
combinations aré(0): we denote these by, = (y: — ¥z;). Many possibilities arise depending on the dimen-
sionality ofy; andz; (n; andns) and the number of cointegrating relations. We assume cetepbintegration
for simplicity here, so the system can be written as (seed3awi and Hall, 1991):

BoAy, = CoAz, — Do (yi—1 — ¥zi—1) + Yq, + €, (27)

where every term i§0), Dy — By = B; andDy¥ = Cy + C;. WhenDy induces a full-rank stable process, the
system adjusts to the equilibrium or steady-state path- ¥z*) = ¢ (q) driven by the vector error-correction
mechanism (VECM]}y;_1 — ¥z;_1). If only a subset ofn; < n; equations cointegrates, then these alone have



‘levels equilibria’ and the remaining variables have steathte growth rates (of the forf[Ay;:] = ¢;). The
behaviour of the system depends greatlyXod, as in the closed case.

We now consider the typology of open linear systems. At most lag is allowed (generalizations may
change the resultant type) and deterministic factors afittem{depending on how they enter as discussed above,
no major surprises result from their inclusion). From thegading analysis it should be clear that conditioning
induces a reduction in the system under analysis from-dimensional to am-dimensional density and weak
exogeneity ensures that such a reduction is without losgoifmation about the parameters of interest. Thus, the
closed system is; is the most general under consideration and the open systgnconditional ore, is a special
case; naturally, the closed systemyinis even more specialized and does not entail that an opeansy(gthich
includesz,) is somehow more general than a closed one. Further, thesitigroof a ‘structure’ via simultaneity
also entails restrictions on the system and again is lessrgkemhese points are important in understanding the
two typologies that follow.

4 A typology of open linear dynamic systems

In this section, the conditional statistical generatingchanism is given by (28) without deterministic compo-
nents:
vt = Lozy + Tz 1 + @rys—1 + vy (28)

wherev; ~ IN(0,Q). We refer to (28) as a vector autoregressive-distributgd dgstem denoted by
VAD (1,1;n1,n9) where the first two arguments note the maximum lags and thendetsvo the dimensions
of they, andz; vectors; information on the detailed lags of each variaglef course, thereby lost. Each system
is postulated as a stochastic economic model of a DGP whighkeown to the system’s proprietor. When the
system coincides with the DGP, then usually it will work walid estimation and forecasting will deliver the
anticipated results. The case of interest in practice iswthe system does not coincide with the DGP, but is an
invalid reduction of it.

Many economic models fail to specify the complete distitnuf all the random variables under analysis,
due to implicit exogeneity assumptions. A necessary cardior valid analysis of (28) is that; is weakly
exogenous for the parameters of inter¢stSuch a requirement already precludes many possible sysieice
no cointegration vector relevant to (28) may enter the nmaigirocess fog,. The systems are ‘reduced forms’:
pre-multiply by By # I to obtain the simultaneous form. This ease of transform éetwsystem types and
corresponding model types is one reason why the typologiedap. Nevertheless, as will be seen, models of
systems raise new issues.

The distributions of estimators and tests often differ gsttically between (0) andl (1) processes, although
in finite samples it can be difficult to discriminate betweeats close to, but less than, unity (the unit root case is
also a shorthand for near non-stationarity). The analgsienditional on the initial valug, = (yo : zg)’, S0 the
process is only asymptotically stationary f@0). As can be seen from Table 1, the system typology is an exact
analogy of the individual equation one. The restrictiondisied are dependent on maintaining the contents of
(y: : z¢): as stressed above, the VAR nests the VAD wher= x;. We briefly comment on each system type in
turn.



Table 1: Vector autoregressive-distributed lag systeroltgy”

Type System Restrictions
VAD N I‘OZt + I‘1Zt71 + (I)lyt,1 + €t None
VECM Ayt =TyAz; — Dy (yt,1 — ‘I’thl) + € None
Static system ye = Lozs + e P, =T =0
Levels VAR N ‘ﬁlytfl —+ vy I‘O = I‘l =0
Differenced Ay, =TgAzy + vy P =1,
system I'n=-T9y
Leading ye =T12zi1 + &, P, =Ty=0
indicator
Partial Y = Toz; + 4’1yt_1 + & I''=0
adjustment
Common y: = Loz + uy, ' =-®.I
factor u =P+
Finite yve =Toz: + 1241 + Wy b, =0
distributed lag
Dead start yi =Tz 1 + Pryi—1 + 6 I'o=0

@ For simplicity, the typology is illustrated byWdAD(1, 1; n1, no) without deterministic elements.

4.1 Vector error-correction system

The VECS is isomorphic to the VAD witDo¥ =T'; + I'y andDy = I — ®;. We have discussed its forms
and related problems in section [3.3] above. Wheis weakly exogenous fap, then the cointegration vectors
(I, : ®) (y, : z;)" = B)x, must coincide with a non-singular linear transformatiorhafse in the VAR forx;
other than vectors entering only the marginal process.

4.2 Static system

Such a system might be used to investigate cointegratienEsgle and Granger, 1987, and Phillips, 1991), with
{e:} generally being highly autocorrelated. This type recuthésecond typology as part of a triangular system
representation.

4.3 Vector autoregression

When the information set is restricted {g;} alone, a VAR is unlikely to provide a dominant system form.
Allowing the information to be{x;} often leads to a system that accurately characterizes titalle data,
albeit with a profligate parameterization. There are sésatations to that dilemma, including constructing
parsimonious VARSs (see Hendry and Mizon, 1993) and imposkagt or loose prior information as in Bayesian
VARs (see Doan, Litterman and Sims, 1984). The main problesmg from not conditioning om; is usually
apparent parameter change: this seems likely to arise wharcludes policy determined variables which are
not well represented by linear autoregressions. The apiptesolution need not be to condition on the variables
which are difficult to model and hope that weak exogeneityoisviolated; instead, modelling the regime shifts
(e.g. by adding dummy variables) allows tests for the absefthe additional variables in the marginal system
from the conditional system and hence evaluates an aspsapef exogeneity (see Engle and Hendry, 1993).
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4.4 Differenced system

Estimating a system in levels entails estimating any urotgdhat may be present and may require the use of
Dickey and Fuller (1979) type critical values for hypotlsetgists (see Sims, Stock and Watson, 1990). Conse-
guently, some investigators consider systems in the fifirdinces of the original variables, thereby imposing
all the unit roots and sustaining conventional inferencenvthe levels aré(1). However, as noted above, if a
subset of the levels cointegrate, then the difference@sysicludes these, which may induce a negative moving-
average error that reflects the loss of long-run informat@ements and Hendry (1994) find that such a loss can
be important for forecasting even in 2-dimensional systems

4.5 Leading indicator

Leading indicator systems have seen a revival of interesintty (seanter alia Neftci, 1979, Stock and Wat-
son, 1989, 1992, Diebold and Rudebusch, 1991, and ArtigjeBlddovell, Osborn, Smith and Zhang, 1993).
The evidence that there exist systematic leading and lgdiiks that can be exploited for forecasting without
econometric modelling of the relevant system is scanty ésge Emerson, 1994). This is unsurprising in that
theV AD is just a generalized ‘leading indicator’ system which ipmrates both economic theory and empirical
information.

4.6 Partial adjustment

The exclusion of lagged non-modelled variables can be setbie isystem context to be an unwarranted restriction,
dependent on the timing of measurements and the length efhadifon intervals. The rationale for the partial
adjustment principle is discussed in Hendry (1995) andivel#o a VECS does not seem sustainable. Should the
lag length restrictions on non-modelled variables be yakisnmencing from th& AD (1, 1; -, -) allows them to

be tested.

4.7 Common factor

As in individual equations, autoregressive errors impasaroon factor restrictions on the dynamics and do not
represent a generalization of the system. The common fébatT; = —$,T"y) can be seen using lag-operator
notation, since:

(I-®1L)y: =(To+1 L)z + €= (I —®1L) Tz + € (29)

or:
yi =Toz: +wy (30)
wu =®w_+e

which holds only if the lag polynomial matric€® — &, L) and (T'x+T'; L) have the matrix common factor

(I — ®,L). Further®, = Iis the restriction for no cointegration, and hence inducdiff@renced representation

(see Hendry and Mizon, 1978, and Mizon, 1993).

4.8 Finitedistributed lag

Again, the system context suggests that the restrictiorxoluding all lagged endogenous information is un-
tenable:y;_; is almost certain to matter in time-series economics. Argnits for long lags on non-modelled
variables may be based on a misconception about dynamidagionu This is sometimes used as a model evalu-
ation device, and it is clear that improved performance qgoear to result from replacing endogenous dynamics
by non-modelled variables: however, such an outcome is@miunless the non-modelled variables are both
strongly exogenous and the assumed information on themdamlavailable in an operational context. For a
general critique, see Chong and Hendry (1986).
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4.9 Dead start

The presence or absence of the contemporaneous vaketafns on three considerations. Firstzisweakly
exogenous forp in the resulting system; secondly, if so, is the coefficiesttnm I'y # 0; finally, if so is

I’y constant over time and across regimes? A positive answdl tor@e questions entails that the dead-start
model is a reduced form and hence it may omit important inédrom if theory testing is an objective of the
analysis. Interestingly, a negative answer to the first tiso precludes the possibility that dead start is a struttura
representation in its own right, noting that the presencg of the conditional model is irrelevant to its exogeneity
status.

A great deal more could be written about each of the typologyns, their empirical performance, specifica-
tion tests, and detailed interpretations. Most of thedaisiths of each type as a single equation model carry over
to the system context when that type does not coincide watDiBP (see Hendry, 1995). Some of these issues
will arise in the typology concerned with alternative morgresentations of linear systems.

5Modelsof linear systems

Reconsider the formulation of th€0) VAR in (6) whens = 1 written as:
x; = Ax¢—1 + Fq, + v: wherev, ~IN|0,Q]. (32)

There are a number of potentially different models of thisi®&AR, including error-correction models, open and
closed simultaneous systems, conditional models, cabsaig, block-recursive models and triangular represen-
tations. These alternatives are generated by the opesaifazonditioning and/- and P-transforms. Whereas
members of the system typology were not equivalent to edwdranany model types are isomorphic in a world
of constant parameters. In each case, we will note the nuailparameters and hence whether restrictions are or
are not being imposed.

A 2-equation maquette will illustrate each type. Althoulgé equations in each model form could be any type
from a single equation typology matching that in section {4 focus on unrestricted AD(1,1;, -) forms. The
basic system is whem = 2 and there is only one deterministic component, namely amdapt, so that (31) can
be expressed as:

Xt =AXy 1+ p+ vy

<$1t):<a11 a12><$1t—1>+<u1>+<V1t> (32)
Toy az1 Q92 To—1 2 Vo
Vi 0 Wil wi2
<V2t>NINK0)’<W12 w22 ﬂ (33)

There are 9 parameters in (32) and (33) nantely, a1z, as1, ase; p1, pi2; w11, w1z, was), and these are assumed
to be variation free. The parameter values differ acrossibeel types but all parameter spaces are subspaces of
R?, with w11 > 0, wee > 0 andw?, < wiijwee. The values taken b1, a1z, a1, aze) determine whether the

systemid (1) or | (0). We now consider each type in turn.

or:

where:

5.1 Vector autoregressive representations

Under the present assumptions, both (31) and the spetiafiza (32) are first-order VARs. There is no condi-
tioning, M = I andP = 1. The system is stationary when the latent rootAddre within the unit circle (subject
to appropriate initial condition distributions), given bglving|A\I — A| = 0 or:

‘ A-en —en ) (A —a11) (A — ags) — atzas; = A% — tr (A) A+ |A| = 0.

—az1 A — a2

This yields the quadratic equatiol — (a1 + az2) A + (ai1a22 — ai2a21) = 0 with roots:

3 [(au + azn) + \/(au +a)? — 4 (a11022 — a12a21)
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When eitherai5 0Or as; is zero, the roots are simply;; andas2, so for stationarity we requirg;;| < 1 and
|ase| < 1. The conditiorue; = 0 entails thatr; does not Granger-cause (vice versa for,2 = 0: see Granger,
1969). More generally, when the latent rootsfflie within the unit circle, the matrixI — A) is non-singular,
SO on average:

Efx]=(I-A)"p (34)

Thus, a stationary VAR converges on a unique equilibriunmpair steady-state growth path if a linear determin-
istic trend is allowed. To consider non-stationarity, wetto the next member of the typology.

5.2 Vector error corrections

Re-express (32) in a vector error correction formMek=£ I butP differs from a unit matrix by-TI as its top right

block):
Axiy ) ( ai; —1 ai2 ) < T1t-1 ) ( 1 ) ( V1t )
— + + 35
( Axgy as1 az —1 Tot—1 2 Vot (35)

which is a special case of (10), revealing that (A — I). Thus,rank (7) = 2 is necessary for stationarity and
matches (34). When;; # 1 andas; # 0 (assumptions made for convenience of normalization), €35)be

written as:
( Axyy ) _ < (@11 — 1) (@11 — 6124 1) )+ < M1 )+< V1t ) (36)
Axay az (T1i—1 — G224 1) M2 Voy
whered; = aja/ (1 —aq1) andds = (1 — aqz) /az1. This has a more familiar error correction form, and with 9
unrestricted parameters remains isomorphic to (32) (dttaar the non-zero requirements for normalizing). The
static equilibrium defined by taking unconditional expéiotas yields two equations linking; andzxs inducing
a point as the solution as in (34).

Whend; = 2, weak exogeneity of either regressor for the parameterstefdst of the other equation is
violated, and the system beconi¢s) sincerank (w) = 1 (see Boswijk, 1992, and Johansen, 1992b). Explicitly:

Az \ [ (a1 —1) i M1 Vi
< Ay > B ( as > (@101 = 0e-1) + ( 2 > * ( Voy > 37)

and lettingg; = E [Az;], the long-run solution is the relation:

E[z1: — 0xay] = ((Zln__ui; e (gza_le) = K. (38)

Since (38) also entails th&t[Ax1;] = 0E [Aza], theng; = dgo and saxz: grows at the rate:

asipr — (@11 — 1) po
[5&21 — (CLM — 1)]

with 21, growing atd times this rate. Thus, thig1) solution set is a line, rather than the point that resulted fo
[(0). However, (36) also becomé$l) under other restrictions which do not violate weak exoggr(siich as
whenass = 1 andag; = 0) so the presence or absence of weak exogeneity conditioies iged to the degree of
integration.

In (38), whenu; = (a11 — 1) ¢ andpuz = az21¢ thengs = 0 from (39) and:

A -1
( Axu ) _ ( (a11 —1) ) (101 — Sze_1 + ) + ( Vit )
Tot azy Vat
Thus, the system exhibits no growth when the intercept vdiete in the cointegration space: as noted above,
such a restriction might hold for variables like interedesaor the acceleration of the price leval?p,), but
seems unlikely for real flow magnitudes like income.

In general, lettingr = a3’ wherea and3 aren x r matrices of rank: < n, the general VECM representation
was noted above as:

g2 = (39)

s—1
Ax; =Y ASAX j+ o (B'%-1) + Fq, + vy (40)

j=1
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This model form is in (0) space when correctly formulated, so inference about thenpeters can be conducted
using conventional procedures. Identification restritdiust be imposed giito ensure uniqueness afandg.

The parameterization in terms of short-run dynamics and-lam disequilibria is closer to orthogonality than in
(31), but the innovation process is unaltered. Restricking to lie in the cointegration space /= ay when

q: = 1 (an intercept) yields an ECM ef (3'x¢_1 + ¢) S0 has zero long-run growth, as seen for the 2-equation
illustration.

5.3 Simultaneous models

Haavelmo (1943) described how to estimate this representathich is often adopted to capture the structure
of economic agents’ decisions rules. A non-diagonal n matrix By premultipliesAx; to allow contempo-
raneous connections between the variables. Since tharsysteains isomorphic for all non-singular matrices,
normalization and identification requirements must be isggoon the model to ensure a unique representation.
Here, identification involves all three attributes of urégess, interpretability given the prior theory, and corre-
spondence to the agents’ decisions rules. The first can baesiedpby arbitrary restrictions (which may even be
suggested by theory) but is then unlikely to correspond toreamous relations. This problem led Sims (1980) to
suggest that such restrictions were ‘incredible’, but Hgrathd Mizon (1993) argue that his critique lacks force
since even the VAR is a model and there are almost bound toligereatrictions between elements of tha,; }:
cointegration restrictions are one possible example. Mesdully, the first-order VAR is defined by:

Ex: | x¢—1] = Axi—14+p (41)

and we construe modelling as attempting to represent thiglitonal expectation more parsimoniously (see
Clements and Mizon, 1991). One possibility, among manyrsthis thatA = —B~'C say, where{B, C} are
sparse matrices. In the 2-equatidf) case, consider:

()(30)-(2 ) () () e
0 1 AR C21  C22 Tor1 JIEs Vot
This model is one just-identified representation of (6) batyrbe more interpretable. Under stationarity it is

observationally equivalent to the VAR, but it may be validingpose (say)s: = 0. For anl (1) system, an
interesting possibility is:

1 bio Az \ [ el _ _ wy V1t
( 0 1 ) ( Az ) B ( C32 (lltil 5x2t71)+ s * Vot . (43)

However, this ‘triangular’ system is unidentified withoutther restrictions (it has 9 parameters for a cointegrated
representation with only 8), and e, = 0 corresponds to a normalization in the original parametacsp
The general simultaneous equations form is:

s—1
BoAx; = Y BjAx,;j+ " (B'x,-1) + F*q; + v; wherev, ~IN[0,X]. (44)
j=1

Notice that3 is unaffected by the switch of model form and is an invaridihe transformation, but that all other
parameters are transformed, includm. Such a formulation can be more interpretable than (40) setfewer
parameters, allowing tests of over-identifying restans by checking whether (44) parsimoniously encompasses
(40) (see Hendry and Richard, 1989, and Hendry and Mizor3)199

5.4 Conditional models

Conditional models correspond to the special case (takipgs the conditioning variable from the 2-equation

VAR):
1 ¢ Tt di1  di2 ) ( T1t—1 ) ( n? ) ( €1t )
= + + 45
( 0 1 ) ( Tot ) ( da1  daa Tor—1 u9 €2¢ (45)
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()=o) 03 )] “

There are still 9 parameters so an isomorphic representagjain results prior to imposing further restrictions.
When the system is a cointegrated VAR, we have:

1 ¢ Azyy aly 0 €1t
= 1 — bxop 47
which is just identified (8 parameters). However, conditignis valid only whenay, = 0 which entails a
restriction that can be evaluated against the data evidefben it is acceptable, the resulting model yields an
ECM as its first equation, with tHg 1) completing model of the conditioning variable being a randealk with

drift.
From (6) conditional orz;:

where:

s—1
Ay: = CoAz, + Z CjAxi—; + ag (B'x4-1) + Foaqr + €1 (48)

Jj=1

wheree;; ~ IN[0,3;;] andX;; depends on the elements@f,. As it stands, (48) is a partial or incomplete
model, but could be supplemented by marginal models fof zhp process. The validity of conditioning depends
on the weak exogeneity af for the parameters of interest in (48) as discussed abovéefse,3 remains an
invariant of the reformulated system.

5.5 Conditional ssmultaneous models

It is not possible to represent this case in a 2-equationidgypsince these models combine the two preceding

types in the form:
s—1

BoAy; = GoAz; + Z G;AX_; + a (ﬁ/xt,l) +Fia: + €7, (49)
j=1

wheree}, ~ IN [0, X%, ]. The simultaneity is between elementg¥f; and the conditioning is on elementsivg:;
so a 3-variable system is the smallest that can manifestdiatitacteristics. The generic ‘structural simultaneous
system’ is usually written in the form of (49). Often (48) eferred to as the reduced form of (49). Sometimes,
models such as (49) have been postulatpdori without checking the validity of the entailed reductiorsfrthe
joint sequential density, then tested against their owivedéreduced form when the latter may not be congruent.
Such an approach seems unlikely to deliver useful reprasens of the economy. It is, of course, proceeding
from simple to general and either relies on an initial carspecification, or on a sequential testing process that
hopes to uncover a congruent specificagorroute

5.6 Causal chains

Wold and Juréen (1953) placed considerable emphasis ®regiesentation which they argued was closer to the
autonomous decision rules of economic agents than Haavel848) simultaneous system. They proved that
a causal chain could always be developed, but did not showthbaesulting model embodied the underlying
structure. Indeed, since their proof also applies to ahjtorderings of equations, some other criterion must be
used to select between the resulting isomorphic forms. ér2tlequation| (0) illustration, one possible causal

chain is:
(1 0><x1t):<011 P12><x1t1>+</€)+(771t) (50)
h 1 Tot P21 P22 Tat—1 2 2t
N1 0 wir 0 )}
~IN , . 51
(o)~ {(0) (5 o =)

where:
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As before, there remain 9 parameters, although some ofth)é could be restricted. In thi(1) system with

cointegration:
1 0 Az oty I Mt
= _ — — 2
(h 1)(Am) (o@ ez = 0r) g ) 2

S0 no testable restrictions are imposed relative to the W& &ak exogeneity of the first variable for the parameters
of the second equation require$, = 0.
In general, leX2~'= HH' whereH is upper triangular and pre-multiply (6) &§’:

H'x; =Y H'Ajx,_; + HFq, + Hv, where H'v; =n, ~ IN[0,1]. (53)
j=1
Then (53) provides a causal chain in that the error covagiamatrix is diagonal (and normalized for simplicity)
and each equation in the representation can treat contamgous variables as previously determined. However,
none of the resulting systems need satisfy weak exogerfedtyaln equation’s contemporaneous variables for the
parameters of interest (see Engteal,, 1983). If so, no equation will in fact embody structure. lititly, causal
chains impose conditioning in a recursive order over equati

5.7 Block recursiverepresentations

Both (50) and (45) are in fact block recursive, in that onénef(single equation) blocks can be taken as determined
prior to the other. In a larger system, subsystems couldrbelsineous internally, but block recursive externally.
Thus, this is an intermediate step towards a causal chaigemeral (for 2 blocks only, to save cumbersome
notation):

0 B22 AZt

€1 - 0 X 0 >}
()=l 00 =)l e

is a possible block recursive system, willz; being predetermined (see Fisher, 1965).

B B A s—1
( 11 12 > < Y ) = ZPJ‘AXt—j + af (ﬁlxtfl) +Foaq: + € (54)
j=1

where:

5.8 Triangular representations

Phillips (1991) considers this as a basic formulation foaraiing long-run relations. Omitting deterministic
factors, a triangular representation has the form:

X1t _ ,3/2X2t 3
() =07 )+ () )

whereg, is assumed to be a stationary process which satisfies suitabiogeneity and memory conditions (such
as mixing). However, (56) only focuses on the long run andsdae consider modelling the short-run dynamics
as well. When{¢,} has a finite autoregressive representation, as assumeeefottter members of the typology
above, such tha& (L) &, = u; whereR, = I then:

R(L)( Z;Z’t > =u, ~IN[0,9,] (57)

This expresses the system in terms of the two set§0fvariables 3'x; andAx,; and lagged values thereof, but
could be reparameterized to a VEC by rearranging lags afetelifces.
In the 2-equation example wh@ (L) £, = u, and there is only one lag:

Ty — 0Ty r1 0 Typ—1 — 0To—1 ) ( 7 ) ( (0 )
— + + 58
( Azt ) ( ro1 0 ) ( Azar_1 2 Uy (58)
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(o)~ (0)- (o 22)) )
Uy 0 012 022

This imposes the one cointegration vector, but withouttaithl restrictions (such ag; = 0) the system requires
joint analysis and no direction of weak exogeneity hold8) (5 readily seen to be a reparameterization of (37).

where:

6 Analyzing dynamic models

Once a model form is selected as optimal given the theory atalffocess, the issue of how to analyze it arises.
In particular, closed models entail that contemporaneausgb derivatives are hard to interpret, since it is far
from obvious which experiment could feasibly hold ‘all othiings constant’ to examine the link in question.
When conditioning is valid, analysis of the conditional rabid straightforward in that derivatives of the form:

yt
aZt,j

are well defined as shown below. Here we consider possibleadstfor closed systems which have non-diagonal
error covariance matrices.

Write the original formulation in (14) in lag polynomial éamgular form as in (57) but retaining deterministic
terms, and under stationarity invat(L) = ijl R; L’ to obtain:

(85 ) =R (Fa+u) =S (L), +6 (60)

where¢, = S(L)u, andS (L)= R (L)~'. WhenQ, is non-diagonal, the reformulation underlying a causal
chain could be used by writin@;, '= H,H/, (say) and treating each elementwf = H’,u, as analyzing
‘autonomous’ changes im;;. This introduces conditioning indirectly and camoufladesresulting loss of struc-
turality should the selected ordering not coincide with taderlying the economic mechanism. In particular, al-
though the invariance & (L) derives from that of the parameters of the structural meishgrihey are no longer
structural and changes in any element of the structureaelto alter many elements 8f( L) (see Hendry and
Mizon, 1993, for further details). Valid conditional modeire easier to analyze from this perspective.

The analysis of simultaneous models has also posed probdeseme commentators (see e.g. Pearl, 1993 for
a good summary of recent debates). First, granted that tt@mitig on contemporaneous variables is admissible,
then the simultaneous system is a model of the conditiond@ation of the endogenous vector given the weakly
exogenous and lagged variables as discussed above. Howaeetannot consider the first equation as being
(say)E[Axz1¢|Axat, x:—1]. FOr example, (42) corresponds to the system:

( Axiy ) _ < c11 —biacar  —biacar ) ( T1¢—1 )+ < Mg )+< Vgt ) 61)
Azoy C21 C22 Tat—1 o Uy

To see the hidden proportionality between the two equatiomssider the case wheeg, = 0. There are then

9 coefficients in (61) whereas the simultaneous representass 8 parameters: more dramatic ‘savings’ result
in larger systems. However, ‘simultaneity’ is not invatiander linear transformations; when,, zo; represent
(say) consumption and income wit, = ¢ then the first equation in (43) becomes saving, leading tontbdel:

( A (214 — 0x21) ) = ( Cil ) (T11-1 — 6x20-1) + ( M’l* ) * ( o ) ©
o )y 10 Vg

which is not simultaneous, but could be structural. Oncewrderstands how to analyze (62), then (42) should
not prove problematical by following the reverse steps.

7 Modelling dynamic systems

The final issue concerns modelling strategies and althcduggetare the subject of Hendry and Doornik (1994), a
brief discussion is useful.



17

General to simple methods have played a major role in ecotrmmmeodelling and previous analyses have
considered their research efficiency (directed versusitilindess strategies; interpreting test outcomes; angidi
the non sequiturof adopting the alternative when a test rejects; determittie baseline innovation error; and
correcting flaws as against commencing from a congruent haodee methodological basis for general to simple
modelling is discussed in Hendry and Doornik (1994) who @nésen inter-related arguments for commencing
econometric analyses of economic time series from the gensity. These include the obvious points that the
economy is a system; marginalization cannot otherwisedieddincluding hypotheses about Granger causality —
see Granger (1969) and Cook and Hendry (1993)); simultgriedtts of weak exogeneity; checking identification
(i.e. the uniqueness of the representation); cointegratasts of cross equation dependencies; and conducting
h-step forecasts wheh > 1. There are also less obvious requirements such as enshdhgéesting entails
encompassing; and testing super exogeneity and invar{gecoeralizing the tests in Engle and Hendry, 1993).
The above analysis reveals the further argument that dymadjustment of an individual equation need not be
interpretable outside of the system context.

8 Conclusion

The key element of ‘choice’ between the preceding reprasents must be the ones which capture the invariants
of the economic mechanism. The two typologies are valuatilein so far as they facilitate useful specifications
of systems and models for empirical research. There do erat $& be high-level considerations for any one form
being dominant, although some forms (such as VARs ) seem likehg to be derived than autonomous whereas
others (such as conditional VECMSs) could correspond marsety to the underlying economic structure. The
properties of the various system types have been studiedsxely in single equation forms, although rather less
has been written about their comparative behaviour in tasgstems. Similarly, a complete comparative study
of the properties of models can throw light on specificatioobfems. The next step would be to implement all
of the members of the two typologies in both empirical and MdDarlo analyses (extending the single equation
findings in Hendry, 1995) to investigate the extent to whiuéytdo or do not capture structure in practice and to
examine their behaviour in samples of the size relevantiie-Series econometrics.
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