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Abstract

We construct a mathematical model of an order driven market where traders can
submit limit orders and market orders to buy and sell securities. We adapt the
notion of no free lunch of Harrison and Kreps and Jouini and Kallal to our setting
and we prove a no-arbitrage theorem for the model of the order driven market.
Furthermore, we compute signatures of order books of different financial markets.
Signatures, i.e. the full sequence of definite iterated integrals of a path, are one of
the fundamental elements of the theory of rough paths. The theory of rough paths
provides a framework to describe the evolution of dynamical systems that are driven
by rough signals, including rough paths based on Brownian motion and fractional
Brownian motion (see the work of Lyons). We show how we can obtain the solution
of a polynomial differential equation and its (truncated) signature from the signa-
ture of the driving signal and the initial value.

We also present and analyse an ODE method for the numerical solution of rough
differential equations. We derive error estimates and we prove that it achieves the
same rate of convergence as the corresponding higher order Euler schemes studied
by Davie and Friz and Victoir. At the same time, it enhances stability. The method
has been implemented for the case of polynomial vector fields as part of the CoRoPa
software package which is available at http://coropa.sourceforge.net. We de-
scribe both the algorithm and the implementation and we show by giving examples
how it can be used to compute the pathwise solution of stochastic rough differential

equations driven by Brownian rough paths and fractional Brownian rough paths.
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Chapter 1

Introduction

This thesis covers a range of topics related to order book models, signatures and
numerical approximations of rough differential equations.

Financial markets function like auctions (see Smith et al. [44]). Traders submit
limit orders and market orders to buy and sell securities. The outstanding orders
are stored in an order book until execution or withdrawel and the transaction prices
arise as a consequence of supply and demand. In chapter 2, we construct a math-
ematical model of such an order driven market which replicates the real trading
mechanisms (see also [44]). We adapt the notion of no free lunch of Harrison and
Kreps [29] and Jouini and Kallal [30] to our setting and we prove a no-arbitrage
theorem for the model of the order driven market.

The theory of rough paths provides a framework to describe the evolution of dy-
namical systems that are driven by rough signals, including rough paths based on
Brownian motion and fractional Brownian motion (see Lyons [36], Lyons et al. [37],
Lyons and Qian [39] or Friz and Victoir [22]). Signatures, i.e. the full sequence
of definite iterated integrals of a path, are one of the fundamental elements of the
theory of rough paths. As an example, we compute the (log-) signatures of data of
order books from different financial markets, including the FTSE 100 stock index

future contract which is traded on the London International Financial Futures and



Options Exchange (LIFFE). The order book data has kindly been provided by Man
Investments. The examples for signatures of order books are presented in chapter 3.
In addition, chapter 3 deals with probability measures on signatures. A compactly
supported probability measure on signatures is uniquely determined by its expecta-
tion. This result has already been known to Chen [12] and Fawcett [20]. We give a
different proof which is based on the Stone-Weierstrass Theorem.

In chapter 4, we study the relationship between polynomial differential equations
driven by paths with bounded variation and their signatures. It follows from Hambly

and Lyons [28] that the value y, of the solution of a polynomial differential equation

dy, = P(?Jt) dy, Yo = =

is uniquely determined by the signature I'y; of the driving signal v over the interval
[0,¢] and the initial value z. For small ¢, we derive series expansions that show how
we can actually obtain the solution y; and its truncated signature Yo[fy] for arbitrary
integers M > 1 from the signature I'y; of the driving signal and the initial value z.
For linear differential equations, such series expansions can be found in [36]. It turns
out that every polynomial differential equation can be reduced to a quadratic dif-
ferential equation on (truncated) signatures. Furthermore, we provide an algorithm
for the numerical computation of the solution of a polynomial differential equation
and its signature.

In chapter 5, we present and analyse an ODE method for the numerical solution of
rough differential equations which has also been studied by Gyurké [26]. It is an ex-
tension of a method described by Gaines and Lyons [24] and Gyurké and Lyons [27]
for stochastic differential equations driven by Brownian motion. The basic idea is
to approximate the solution of the rough differential equation over a small time
step by the solution of an ordinary differential equation (see Castell [10] or Castell

and Gaines [11] for the case of stochastic differential equations driven by Brownian



motion). We derive error estimates for this ODE method. Similar results have been
obtained by Gyurké [26] for the case of ~-Lipschitz vector fields and polynomial
vector fields. We use a different set-up and we work with vector fields that are
only locally v-Lipschitz. It turns out that the ODE method achieves in general the
same rate of convergence as the corresponding higher order Euler schemes for rough
differential equations in Davie [17] and Friz and Victoir [23] or [22], chapter 10. At
the same time, it enhances stability (see Gyurké and Lyons [27]).

The numerical method has been implemented for the case of polynomial vector fields
as part of the CoRoPa software package (see http://coropa.sourceforge.net)
which has been jointly developed by various members of the Stochastic Analysis
Group of the University of Oxford under the guidance of Terry Lyons, including
Stephen Buckley, Djalil Chafai, Greg Gyurké, Christian Litterer, Chang Liang Xu,
Rahul Raghuram and the author of this thesis. We also describe the implementa-
tion and we show by giving examples how it can be used to compute the pathwise
solution of stochastic rough differential equations driven by Brownian rough paths

and fractional Brownian rough paths.



Chapter 2

Arbitrage in order driven markets

In the classical securities market model of Harrison and Kreps (see [29]), the asset
price is described by a real-valued process (St)te[ng]. Traders can buy and sell as-
sets at this price. Harrison and Kreps show that, under certain assumptions, their
model is arbitrage-free if and only if there exists an equivalent probability measure
under which the price process S is a martingale (see Harrison and Kreps [29], sec-
tion 3). Delbaen and Schachermayer [18] have generalised this no-arbitrage result
to semi-martingale models. For securities market models with transaction costs, a
detailed study of consistent price systems can be found in Guasoni, Rasonyi and
Schachermayer [25].

The work of Harrison and Kreps has been extended by Jouini and Kallal [30]. In
their model, they assign to an asset a bid price process and an ask price process for
which the asset can be sold or bought respectively. Then, the absence of arbitrage
is equivalent to the existence of an equivalent probability measure and a process
between the bid price process and the ask price process which is a martingale under
the new probability measure (see Jouini and Kallal [30], Theorem 3.2).

Most financial markets operate in a different way than the above models. They func-
tion like certain types of auctions (see Smith et al. [44]). In this chapter we construct

a mathematical model for a market which replicates the real trading mechanisms



(see also [44]) and we extend the no-arbitrage results of Harrison and Kreps [29] and
Jouini and Kallal [30] to this model of an order driven market. For simplicity, we
model a financial market which comprises only one security. In our model traders
can submit buy and sell orders for shares of this security. The orders that cannot
be executed immediately are stored in an order book until execution or withdrawal.
We allow two different types of orders: market orders and limit orders. Market or-
ders are requests to buy or sell a specified number of shares immediately at the best
available price. Limit orders are also requests to buy or sell shares but they include
a limit price. The limit price is the worst price at which the trader is willing to
buy or sell. In many cases, limit orders do not result in immediate transactions and
they remain in the order book until they are executed or withdrawn. We assume
that all traders can see the entire order book at any time. In our model, they know
exactly which orders are outstanding. In reality, there is a time lag with which
information is accessible and there are some further restrictions on the availability
of information.

For the model, we assume that at most one order can be placed at a time and that
orders can also be withdrawn. Thus, there is a natural order of the outstanding buy
and sell limit orders in the order book according to their limit prices and arrival
times. Orders which are placed by traders are matched against the outstanding
orders in the order book according to this order. For instance, a buy order which is
submitted by a trader is matched against the sell limit orders in the order book in
order of their limit prices. The sell limit order with the lowest limit price is executed
first. If there is more than one limit order in the order book with the same limit
price, priority will be given according to the arrival times. Sell orders that are placed
by traders are treated respectively. It is possible that limit orders can be executed
in parts. If that happens, they will remain in the order book with a reduced size.
There exist financial markets with other matching rules, too. For example in some

short-term interest rate futures markets, limit orders with the same limit price are



filled proportionally to their size (see Field and Large [21] for an extensive study of
these markets).

Limit prices at real financial markets are integer multiples of a tick, i.e. they are
elements of the discrete set {1A,,2A,, ...}, where A, denotes the tick size. In this
chapter, we assume that the limit prices can take any positive real value. Further-
more, we assume that there are no transaction costs and that limit orders can be
submitted and withdrawn without any fee.

The highest limit price of all the buy limit orders in the order book is called the
best bid. Likewise, the lowest limit price of all the sell limit orders in the order
book is called the best ask. The distance between the best ask and the best bid is
called the spread. We call a buy limit order with limit price greater than (or equal
to) the best ask a crossing limit order. The same name is used for a sell limit order
with limit price less than (or equal) to the best bid. Crossing limit orders lead to
immediate transactions. For example, Kiithn and Stroh [32] model the best bid and
best ask price processes as geometric Brownian motions and they assume that the
bid-ask spread is proportional to the best bid price. With these assumptions, they
find optimal trading strategies in their rather simplistic model of an order driven
market.

In this chapter, we mainly focus on arbitrage in a general model. We define arbitrage
as free lunch in a similar way as Harrison and Kreps [29] and Jouini and Kallal [30].
In section 2.1, we revisit Jouini and Kallal’s model of securities markets with bid
ask spread (see [30]) and we generalise their result in such a way that we can use it
for our study of order driven markets. In section 2.2, we construct the mathematical
model of the order driven market. We adapt the notion of no free lunch of Harrison
and Kreps [29] and Jouini and Kallal [30] to our setting and we prove a no-arbitrage
theorem.

The main difficulty is to deal with the discontinuities that arise from the use of both

limit and market orders. Whenever a market order is submitted, a trader, who has



submitted a matching limit order beforehand, buys or sells shares for less than the
best ask price or more than the best bid price respectively. This opportunity exists
only at the moment of submission of the market order. Therefore, price processes oc-
cur which are neither right-continuous nor left-continuous. Furthermore, the trading
strategies need to handle asymmetric information. A trader who submits a market
order buys/sells shares immediately and knows the share price before he submits his
order. On the other hand, a trader who submits a limit order needs to wait until
another trader submits a matching order that executes his limit order. At the time
of submission he does not know when (or if at all) his order will be executed. In

exchange, he can potentially achieve a better price.

2.1 Securities markets with bid-ask spread

Jouini and Kallal have studied securities markets with bid-ask spread in [30]. In
this section we generalise one of their results, which is part of [30], Theorem 3.2, to
a more general setting. In particular, we do not assume that the bid price process
and the ask price process are right-continuous.

We consider a market which consists of one security and a bank account which we
use as the numeraire. Assume that shares of the security can be bought for Z(t)
and sold for Z](t) < Z(t) at every time . We assume that agents can trade a
finite number of shares at each time t and that short selling is possible. For sim-
plicity, we neglect interest. A unit of money in the bank account has the value
Zy(t) = Z4(t) = 1 at every time t. The results of this section can easily be extended
to securities markets with more than one security.

Let T' > 0 be a finite time horizon and let (2, Fr, (F¢)ico,1), P) be a filtered proba-
bility space which satisfies the usual conditions, i.e. the filtration is right-continuous

and complete. We assume that Z; and Z] are positive adapted processes which are



progressively measurable and have second moments
E(Z,(t)*) < oo and E(Z)(t)%) < o0

for all ¢ € [0, 7.
Let Z = (2) and 7' = (?) Let G denote the set of all pairs (W', W) of R?-valued

%) and W = (%) that satisfy the same assumptions

stochastic processes W/ = (
as Z' and Z. Note that in particular Wi(t) = Wa(t) = 1 for all ¢t € [0, 7.

From now on, we call the model, which we have defined above, the securities market
model (Z', Z). The processes Z' and Z indicate which bid price process and which
ask price process underlie the model.

We define simple trading strategies in a slightly more general way than Jouini and
Kallal [30], Definition 3.1. Let 6;(t) denote the total number of shares which we
have bought before time ¢ and let 0(t) denote the total number of shares which
we have sold before time t respectively. Define 05(t) and 65(¢) analogously for the

amount of money in the bank account.

Definition 2.1 A simple trading strategy is a pair (0,0") of R*-valued processes
0= (g;) and 0 = (Zjl) such that
(i) (0,0') is adapted to the filtration (F)icjor),

(i1) Ok and 0, are non-negative and non-decreasing processes for every k € {1,2},

(7ii) the second moments

B((0u(t) Zu(1))?) < o0, E((6(1) Z4(1))*) < o,

E((0x(t) Z;(t)*) < 00 and  E((0;(t) Zk(1))*) < o0

ezist for every t € [0,T] and each k € {1,2},



(iv) there exists an integer N and stopping times 0 < 7 < -+ < v < T
such that (0(w), 0 (w)) is constant in the intervals [0, 7 (w)], (7n(w),T] and

(Tn(w), Tng1(w)] foralln=1,...,N —1 for every w € Q.

This definition differs from Jouini and Kallal [30], Definition 3.1, in the fact that
we allow the times 71, ..., 75 to be stopping times. Jouini and Kallal assume that
they are prespecified, fixed dates. While pursuing a simple trading strategy, we buy
and sell shares only at the times 7q,...,7y. Note that we hold 6;(7x41) — 61 (7r11)
shares at time 7 and 6,(7T") — 0} (T) shares at time 7.

Now, we adapt the definition of self-financing trading strategies (see [30], Defini-

tion 3.2) to our setting.

Definition 2.2 Let 7y 1 = T. A simple trading strategy (0,0") is self-financing if

(O(Ti1 (W), w)=0(Tn (W), w))-Z (70 (w), W) < (0 (Ta11(w), W) =0 (Ta(w), w))-Z"(Tn (w), W)

holds for every w € Q and for everyn € {1,...,N}.

This means that we pay for the shares we buy with money from the bank account
and that we put the proceeds from the sale of shares back into it. Also, we allow
that money can be taken out of the bank account for consumption.

Not every contingent claim is necessarily attainable by simple self-financing trad-
ing strategies. Let R denote the set of square-integrable, Fr-measurable random
variables. We define the set of claims which can be hedged or dominated by simple

self-financing trading strategies in the following way (see also [30], Definition 3.3).

Definition 2.3 A contingent claim X € R is called marketed if there exists a simple

self-financing trading strategy (0,0") such that the hedging portfolio has the value

(O(T,w) — 0'(T,w))* - Z(T,w) — (0(T,w) — O(T,w))" - Z(T,w) > X(w) (2.1)

at time T for every w € €.



Let M C R denote the set of marketed contingent claims and let R denote the set

of random variables Y € R which satisfy P(Y > 0) = 1 and P(Y > 0) > 0. Now,

we can define the notion of free lunch (see also [30], Definition 3.4).

Definition 2.4 A multiperiod free lunch in the securities market model (Z',Z) is

a sequence of marketed contingent claims X,, € M, n € N, and a contingent claim

X €

(i)
(i)

(iii)

This

Rt such that
X, converges to X P-almost surely,

there exists an integrable, non-positive minorant g such that X, (w) > g(w) for

all w € Q and all n € N,
there exists a sequence of self-financing simple trading strategies (0™, 0'™),

n € N, such that the values of the hedging portfolios satisfy

(Q(n) (Tu w)_el(n) (T7 w))+'Z/(T7 w)_(e(n) (T7 w)_el(n) (va»_'Z(Ta w) > Xn(w>
(2.2)
at time T for every w € ) and for every n € N and the costs of setting up

these portfolios satisfy

limsup (6™ (0,w) - Z(0,w) — ¢'™(0,w) - Z'(0,w)) <0 (2.3)

n—oo
at time 0 for every w € Q2.

means that it is possible to get arbitrarily close to a risk-free profit by using

self-financing simple trading strategies.

Note that condition (ii), i.e. the existence of the integrable minorant, says that the

trading strategy needs to be admissible. For example, traders may have a finite

credit line so that the value of the portfolio must always satisfy

(9(") (t,w) — 6/(")(t,w))+ 7' (t,w) — (9(")(t,w) — 9/(")(t,w))* - Z(t,w) > —c

10



for every ¢t € [0,7] and every w € 2 for some constant ¢ > 0.
The following theorem extends the result of Jouini and Kallal [30], Theorem 3.2.
We consider a wider class of trading strategies and in part (i), we do not assume

that the bid price process and the ask price process are right-continuous.
Theorem 2.5 Consider bid and ask price processes (Z',Z) € G.

(i) The securities market model (Z', Z) admits no multiperiod free lunch if there
exists a probability measure () equivalent to P with Ep ((%)3 < o0 and an
adapted process (Z{(t))wcpr) satisfying Z1(t,w) < Z{(t,w) < Zi(t,w) for all

w e N and allt € [0,T] such that Z* is a martingale under Q).

(ii) If the processes Z' and Z are right-continuous, then the converse of (i) does

also hold.

Bion-Nadal proves a similar result in the context of dynamic pricing procedures
(see [2], Theorem 2.1).

Note that part (ii) of Theorem 2.5 is Jouini and Kallal’s result (see [30], Theo-
rem 3.2). For their proof, the right-continuity of Z’ and Z is required for the
construction of the martingale (Z;) as the limit of discretisations.

We need the following lemmas for the proof of Theorem 2.5.

Lemma 2.6 Let (Z',Z) € G and (W', W) € G be stochastic processes which satisfy
Zi(t,w) < W (t,w) < Wi(t,w) < Zy(t,w) (2.4)

for every w € Q and every t € [0,T). If the securities market model (Z',Z) admits
a multiperiod free lunch, then the securities market model (W', W) also admits a

multiperiod free lunch.

Proof: It follows from (2.4) that the same trading strategies generate bigger profits

in the model (W', W) than in the model (Z’, Z). This implies that a contingent claim

11



which is marketed in the model (Z’, Z) is also marketed in the model (W', W). Thus,
contingent claims and trading strategies which lead to a multiperiod free lunch in

the model (Z, Z’) form a multiperiod free lunch in the model (W, W) as well. O

Lemma 2.7 Let (W', W) € G be stochastic processes such that W' = W. Then,

the securities market model (W', W) admits no multiperiod free lunch if there exists

a probability measure Q) equivalent to P with Ep ((%)2> < o0 such that Wy is a

martingale under ¢ with respect to the filtration (Fi)icjor)-

Proof: By contradiction. Assume that there exists a probability measure @) equiv-
alent to P such that W) is a martingale under () and that there is a multiperiod free

lunch in the securities market model (W', W) = ((V[l/l), (Wl/l)) Then, there exists a

sequence of contingent claims X € M, k € N, and X € R™ such that X} converges
to X P-almost surely. Furthermore, there exists a sequence of self-financing simple

trading strategies (6*), 9"®)) such that (2.2) and (2.3) are satisfied.

By Definition 2.1, there are stopping times 0 < Tl(k) < < 7‘](\2)

< T forevery k € N
at which shares are bought or sold in course of the trading strategy (6%, ¢*)). In
between, no trading takes places.

For k € Nand n € {1,..., Ni}, define

i =00 () - 00 (), s =00 (n) - 60 (),

Ky, (k) \ pk k) _(k k
) =007 = 000 () and w® = 63" (7)) — 03 (),

where 7y, 41 =T

While pursuing the simple trading strategy (8%, 6*)), b > 0 shares are bought

and s > 0 shares are sold at time s Furthermore, pgﬂ) > 0 units of money are

put into the bank account and wr(f“') > 0 units are withdrawn at time Tr(Lk).

By Definition 2.1, (%) and 6'®)) are left-continuous and piecewise constant. Hence,

BB ) Gk )

n s Sn s D ) and w are F ) +—measurab1e. Since the filtration is right-continuous,

they are also fT<k)—measurable.

12



Since the simple trading strategy (8%, 9'®)) is self-financing, it follows from Defini-

ngé:;:w?)((w))) | (wm&’j(w),w)) 0

holds for every w € Q and every n € {1,..., Ny} as Wy = W].

tion 2.2 that

At time 7', the hedging portfolio for X}, consists of 9%16) (0)— ,(k ( )—I—Z ( &) —snk))
shares and Hék)(O) ( )+ 3N 1(pn — wﬁlk)) units of money in the bank account.
For each k € N, let Vt " denote the value of the hedging portfolio for X at time
t € [0, 7). The initial costs 6% (0) - W (0) — §'*®)(0) - W'(0) of setting up the portfolio

satisfy (2.3) and we have
VR < o™ (0) - W (0) — 0*)(0) - W(0). (2.5)

The value of the hedging portfolio for X at time T is

N (k) (k)
k k bn — Sn Wl(T)
v =3 (1 )

n=1 Pn” — Wn 1

(k) _ (k)
where (;)(k) (k)) is F_y-measurable. Recall that W; and bT(lk) are non-negative by

definition. The expectation of b\ W, (T') under @Q exists for every n € {1,..., Ny}
because of Definition 2.1 and the Cauchy-Schwarz inequality. It follows in the same
way that the expectations of s%k)Wl( T), p wl) and V ) exist under Q. Therefore,
the expectation of V}k) exists under @) for every k£ € N.

For every k € N, define

AkZ{WEQ

supVO(j) < 1} .

>k

The set Ar C Q is an element of ;. Hence, the indicator function 14, is F, -

measurable for every n € {1,..., Ni}. The expectation of VT(k)l 4, under @) does
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also exist and it satisfies

Eq(ViP14,) = Eo(Vi"14,)
N, (k) (k)
bn — Snp Wl(T)
E E 1 .
3 (2 (1 (i o0 (") e

Ny (k) (k) Wi (%)
k z : 1

n=1

Eq(Vi"14,)

IA

as W) is a martingale under ). By inequality (2.2), we have Xj(w) < VT(k) (w) for
every w € () and every integer £ € N. Hence, the expectations under () satisfy
Eo(Xila,) < Eq(ViP1,4,) < Eq(V{"14,) for every k € N.

The random variables X}, converge to X P-almost surely and 14, converges to 1
P-almost surely. Therefore, X;14, converges to X P-almost surely. Since P and @)
are equivalent, X314, also converges to X (Q-almost surely.

Recall that, by Definition 2.4, there exists an integrable, non-positive minorant g.
Since it is non-positive, it satisfies g(w) < Xj(w)1la, (w) for all w € @ and all k € N.

Now, Fatou’s lemma shows that

< limsup Eg(X;1l4,) < limsup EQ(VO(k)lAk) (2.6)

k—o00 k—o0

< Eg(limsup Vo(k)lAk) = Eg(limsup Vo(k)) <0

k—o00 k—o00

as limsupy_, Vo(k) (w) <0 holds for every w € Q by (2.3) and (2.5).

On the other hand, we have X € R*t. We get Q(X > 0) =1 and Q(X > 0) > 0,
since P and @ are equivalent. This implies Eo(X) > 0 which contradicts (2.6).
Thus, Lemma 2.7 holds. ]
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Proof of Theorem 2.5: Assume that there exist () and Z* as described in The-
orem 2.5 (i). By Lemma 2.7, the securities market model ( (Zlf), (le)) admits no
multiperiod free lunch. Since Z{(t,w) < Z{(t,w) < Z;(t,w) holds for every w € Q
and every ¢ € [0,77], it follows from Lemma 2.6 that the securities market model
(7', Z) admits no multiperiod free lunch either. This proves part (i).

Part (ii) follows from [30], Theorem 3.2, since no multiperiod free lunch in our model

implies no multiperiod free lunch in their setting. O

Remark 2.8 Theorem 2.5 can be extended to a securities market with m > 1 secu-

rities and the same proof works for such a market with more than one security.

2.2 Free lunch in order driven markets

In this section, we prove a no-arbitrage result for a model of an order driven market
for a small trader. First, we define the mathematical model.

Consider a market with a single security as described in the introduction to this
chapter. We assume that the market comprises a group of noise traders and a
small trader. At every time ¢, the traders can submit buy/sell limit and market
orders which are stored in the order book and matched according to the matching
rule explained at the beginning of this chapter. Outstanding limit orders can be
withdrawn from the order book at every time ¢.

We assume liquidity. By this, we mean that there are outstanding buy limit orders
and sell limit orders in the order book at every time ¢t which have been submitted by
noise traders. Let Et be the best bid price of the noise traders and let a; be the best
ask price of the noise traders at time t. We assume that the matching of orders is
carried out immediately whenever an order is submitted and that a; and Et are the
best ask and the best bid prices directly after the orders have been executed. Thus,
we have a; > Z;t > (0 for every time t. Note that a and b stem from the limit orders

of the noise traders only. They do not necessarily represent the best bid b and best
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ask a in the market since they do not take the outstanding limit orders into account
which have been submitted by the small trader.

Assume that the sizes of the orders of the small trader are considerably smaller than
the sizes of the orders of the noise traders. Therefore, we can assume that an order
of the small trader never completely fills an order of one of the noise traders. So the
small trader cannot alter G and b.

For the same reason, we assume that every limit order of the small trader is executed
either in full or not at all by the orders of the noise traders. In our model, we do not
allow that the orders of the small trader can be partially executed by orders of the
noise traders. Furthermore, we assume that the limit orders of the small trader in
the order book get priority over the limit orders of the noise traders with the same
limit price no matter when they have been submitted. This means that if there are
several limit orders in the order book with the same limit price, the limit orders of
the small trader will be executed first. A similar assumption is implicitly made by
Kiihn and Stroh [32] who assume that the limit orders of the small trader are always
executed when a market order (of the opposite kind) arrives.

For every time t, define

. if a noise trader submits a sell order at time ¢ which immediately

executes an outstanding buy limit order of another noise trader

Oy =
\ a; otherwise
and
.
R if a noise trader submits a buy order at time ¢ which immediately
Gy
3 executes an outstanding sell limit order of another noise trader
t pu—

b, otherwise.

16



By definition, we have

CALtZOétZBtZZ;t>O (27)

for every time t. If the small trader buys shares at time ¢, the best price he can
possibly achieve is «;. He can always buy shares for a; and if he has a buy limit
order in the order book which gets executed by a market sell order or a crossing sell
limit order of a noise trader, he will buy for b, in the best case. In the same way, (O
is the best price the small trader can possibly obtain if he sells shares at time ¢.
We have assumed that the sizes of the orders of the small trader are considerably
smaller than the sizes of the orders of the noise traders. Moreover, we assume that
the behaviour of the small trader has no influence on the noise traders. They do not
change the orders, which they submit, the limit prices or the order sizes in response
to any action taken by the small trader. Therefore, we can assume that a, Z), a and 3
are independent of the behaviour of the small trader. They are solely determined by
the behaviour of the noise traders which we regard as random in our model. Thus, a,
l;, a and [ can be modelled as exogenously given stochastic processes. They contain
all the information about the order book we need and they fully characterise our
model.

Let T'> 0 be a finite time horizon and let (2, Fr, (F;)icp1, P) be a filtered proba-
bility space which satisfies the usual conditions, i.e. the filtration is right-continuous
and complete. We assume that the noise traders submit their orders in such a way
that the following assumptions are satisfied:

(A1) The processes a, b, a and 3 are adapted to the filtration (F#)eefo,17-

(A2) The processes a and b are right-continuous with left limits.

A3) There exist finitely many stopping times 7y,...,75s and 7q,..., 7Ty such that
N N
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the processes a and 3 satisfy

b, ift=7 forsomeie{l,...,N}

Oy =
a; otherwise
and
a; if t = 7; for some j € {1,...,N}
By =
b, otherwise.
We assume that the stopping times 71,...,75 and 7q,...,7y differ so that

7i(w) # 7j(w) for all i # j, 7;(w) # 7j(w) for all ¢ # j and 7;(w) # 7j(w) for all

1,7 and all w € Q.
(A4) The second moment E(a?) < oo exists for every ¢ € [0,T].

The stopping times 7i,...,75 and 7q,..., 7y are the times when the noise traders
submit sell and buy orders respectively which cross the spread and execute at least
one of the outstanding limit orders of a noise trader in the order book.

Note that a, I;, «a and [ are progressively measurable and the processes o and [
are in general not right-continuous. It follows from assumption (A4) and (2.7) that
the second moments E(a?) < oo, E(3?) < oo and E(b?) < oo also exist for every
te0,7].

For example, Smith et al. [44] model the order flows as Poisson processes which
satisfies our assumptions.

Furthermore, we assume that the small trader has access to a bank account where
he can invest and borrow money. For simplicity, we neglect interest. We use this
bank account as the numeraire. The small trader can also place market and limit
orders to buy or sell shares and withdraw orders from the order book. We assume
that short selling is possible.

Consider t € [0,7]. The outstanding limit orders of the small trader in the order
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book just before all activities at time ¢ can be described by the signed measure
0 =3 N(1)5,, (2.8)
i=1

where n, € N, p; € R*%, \;(t) € R\ {0} and §,, is the Dirac measure at p;. Each
summand \;(t)d,, describes an outstanding limit order with limit price p; and order
size |[\;(t)]. If \;(¢) > 0, the order is a buy order and if ;(¢) < 0, the order is a sell
order.

Let (L¢)cor) and (My)sejo,rp describe the limit and market orders that the small
trader submits. If he submits a buy limit order at time ¢ with limit price p and
order size A, set L; = Ad,. If he submits a sell limit order with limit price p and
order size A, set Ly = —Ad,. If no limit orders are submitted, set L; = 0. In the
same way, set My = A, if the small trader submits a buy market order with order
size A\ at time ¢. And set M, = —A(S,;t if the small trader submits a sell market order
with order size \. If no market orders are submitted, set M; = 0.

Furthermore, let (W;)ico,r describe the orders that the small trader withdraws.
Note that it is possible to withdraw orders in parts. Set Wy = Y ", w;(t)\;(t)0,,
with w;(t) € [0,1] if he withdraws w;(t)\;(t) lots of the limit order with limit price
p; at time t for i = 1,...,n;. This order has been in the order book with the order
size \;(t) beforehand. Set W; = 0 if no orders are withdrawn at time ¢.

Let Cy denote the initial amount of money that the small trader has in the bank
account at time 0 before he starts trading. In the same way, let Sy be the initial
number of shares that the small trader owns at time 0 before he starts trading.
Assume that Cy and Sy are real-valued random variables which are Fy-measurable.

Furthermore, assume that the second moments

E(S3) <00, FE(C3) <oco and FE((Sya)?) < oo
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exist for all ¢ € [0,¢]. We define a simple trading strategy for the small trader in the

following way:.

Definition 2.9 A simple trading strategy for the small trader is a triplet of measure

valued stochastic processes Y = (L, M, W) such that:

(i) Ly = M(t)0pey and My = XM ()0, where NE(t), ph(t), MM (t) and pM (t)

are real-valued and F;-measurable for every t € [0,T].

(ii) Wy =0t w;(t)Ni(t)d,, where the outstanding limit orders at time t are given
by (2.8) and w;(t) € [0, 1] is Fy-measurable for i =1,... ny.

(i1i) For every t € [0,T], at most one of Ly, My and W, differs from zero.

(iv) The second moments

E((IM(t)]as)?) < oo and  E((IX"(t)]as)?) < oo

exist for all s,t € [0,T] with s > t.

(v) There exists an integer N and stopping times 0 < 11 < -+ < 75 < T such that

Y differs from (0,0,0) only if t = 1, for some k € {1,...,N}.

Consider a simple trading strategy Y = (L, M,W). Set 7y,1 = T. For integers

ke {1,...,N} and real numbers ¢t € (74, 711], define EZ(¢t) C R and E} () C R by

5 [mingepr, 1) @, 00)  if the minimum exists
By (t) =
(infsefr, 1) 05, 00)  otherwise

and

Es(t) _ (—00, maxefr, 4 Bs] if the maximum exists
k
(=00, 8upsepy, 1y Bs)  otherwise.

We assume that the order sizes of the small trader are considerably smaller than the

order sizes of the noise traders and that the orders of the small trader get priority
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over the orders of the noise traders. Thus, between 7, and ¢, all the buy limit orders
of the small trader with limit prices p € Ef(¢) and all his sell limit orders with limit

prices p € EZ(t) are executed by orders of the noise traders. Define
DEt)={ie{l,....,n,}:p; € EZ(t) and \;(7;) > 0}
and
Dit)y={ie{l,....,n,}:p; € E(t) and \;(7) < 0}.

The sets D2(t) and Dy (t) are the sets of indices which characterise the buy limit
orders of the small trader with limit prices p € EP(¢) and his sell limit orders with
limit prices p € EZ(t) respectively. As mentioned above, these limit orders are exe-
cuted by orders of the noise traders between 7, and t.
The outstanding orders O, of the small trader immediately before ¢ are given recur-
sively by

O, =0 fortel0 ]

and

O = OTk + LTk - WTk - )\L(Tk)+1{pL(Tk)€EkB(t)}5pL(Tk)

FNTR) "L (e B8 (0} Ot (m) — S (L= wi(m)Ni()dy,

i€DP (t)UD ()

for t € (1g, Tk11]. Fori=1,... N, let

pi = Tl )20y H L0 (720} inf{t € (r;,T] : Ot({pL(Ti)}) = (0and Wt({pL(Ti>}> =0}

denote the time at which the order, that the small trader has submitted at time
7;, is executed. Market orders execute immediately and limit orders execute when

a noise trader submits a matching order of the opposite kind. Note that p; = 0 if
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no order has been submitted at time 7; and that p; = oo if a limit order has been
submitted at 7; and it has been withdrawn or has not been executed by 7. The
times p; are not necessarily different. Let M € N denote the number of times p;
which are pairwise different and which also differ from 0 and co. The times at which

the small trader actually buys or sells shares are

p1 = inf{t >0:3ie{l,..., N} such that t = p;}

p2 = inf{t >p;: i e€{l,..., N} such that t = p;}

py = inf{t > pyq:3Fi € {1,..., N} such that t = p;}.

Note that the times pi, po, ..., par are stopping times. Set py = 0 and ppr1 =T

Fori=1,..., M, the transaction at time p; is described by the (signed) measure
T = Opi+1 o Opz‘ o Z (LTj + Wq—j)
JE{1,...N}:7i€[pispit1)
"pit1 Np;
= Z pH-l ZAk pz Dk
k=1

- Z (AL(TJ) L(r;) T Zwl Tj Al(ﬁ)dm) :
)

jE{l,...N}:TjE[pi,pi+1 =1

The (signed) measure 7T; contains all the information about the numbers of shares

that are bought and sold at time p; and about the respective prices. At time p; the
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small trader buys/sells T;(R) shares and pays/receives

. /R:cTi(dx)

it Np;
= > Mlpir)pe = Y Mo
s k=1

- > <)‘L(Tj)pL(Tj) + Zwl(Tj)Az(Tj)pz>

je{1,..N}:7i€lpi,pit1) =1

units of money in exchange. If T;(R) is positive, shares are bought and if T;(R) is
negative, shares are sold.
Let S; be the number of shares that the small trader owns at time ¢ after his orders

have been processed. We have

Si=S+ >  T(R)

i€{l,....M}:p;<t

In the same way, let C; denote the amount of money which the small trader has in

the bank account at time ¢ after his orders have been processed. Then,

Cr=Cot+ Y. /xn(dx)
1e{1,....M}:p;<t R

holds.

Definition 2.10 We call the simple trading strateqy Y self-financing if
Cpiw) (W) < Cp_y ) (W) + Fi(w) (2.9)

holds for everyi € {1,..., M} and every w € ().

Note that we have equality in (2.9) if the small trader pays for the purchase of
shares solely with money from the bank account, puts all the proceeds from the sale

of shares back into it and does not take any money out of it for consumption.
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We define the value V; of the portfolio of the small trader at time ¢ € [0,7] as the
value in case of immediate liquidation. The portfolio consists of .S; shares and C}
units of money in the bank account. If S; > 0, the value of the shares is the amount
of money which the small trader would obtain if he sold all his shares immediately
at the best available price, i.e. if he placed a sell market order for all S; shares. We
can assume that it is always possible to sell all S; shares immediately since we have
assumed liquidity in the market and we consider a small trader. If S; < 0, the value
of the shares is the cost of closing out the short position immediately at time ¢. For
this purpose, the small trader would have to put in a buy market order for S; shares.

In total, the value V; of the portfolio is

Vi

SiFb, — Sy a4 C,

< SiB+ Cy

for every ¢t € [0,7]. As in the previous section, let R denote the set of square-
integrable, Fr-measurable random variables. Not every contingent claim X € R

can necessarily be attained by simple self-financing trading strategies.

Definition 2.11 We call a contingent claim X € R marketed if there exists a
simple self-financing trading strateqy such that the value of the hedging portfolio at

time T satisfies Vp(w) > X (w) for every w € Q.

We denote the set of marketed contingent claims in the model of the order driven
market by M C R. As in the previous section, let R* denote the set of random
variables Z € R which satisfy P(Z > 0) =1 and P(Z > 0) > 0.

We define the notion of free lunch in the same way as in the previous section.

Definition 2.12 A multiperiod free lunch in the order book model for the small
trader is a sequence of marketed contingent claims X,, € M,neN, and a contingent

claim X € Rt such that
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(i) X, converges to X P-almost surely,

(ii) there ezists an integrable, non-positive minorant g such that X, (w) > g(w) for

all w € Q and all n € N,

(iii) there ewists a sequence of self-financing simple trading strategies Y™, n € N,
such that the values of the hedging portfolios satisfy VT(”) (w) > X, (w) for every

w € Q and every n € N and the costs to set up these portfolios satisfy

limsup (S () Fao(w) — (5§ (@) "bo(w) + Co(w)) <0

n—oo

for every w € €.

Now, we can prove the following no-arbitrage result for the model of the order driven

market for the small trader.

Theorem 2.13 (i) The model of the order driven market for the small trader
admits no multiperiod free lunch if there exists a probability measure () equiv-
alent to P with Ep <(Z—?D)2) < oo and an adapted process (V¢)icjor) satisfying

B <y <y for allt € [0,T] such that v is a martingale under Q.

(i) If there exists no multiperiod free lunch, then there is a probability measure
Q equivalent to P with Ep ((%)3 < oo and an adapted process (Vi)icjo.1]

satisfying b, < v < ay for all t € [0, T] such that v is a martingale under Q.

Note that part (ii) of Theorem 2.13 is not quite the converse of part (i). In fact, it
is a slightly weaker result. Recall that a; > oy > 3, > [A)t holds for every t € [0,T]
and that the processes a and « and the processes # and b respectively differ only in
finitely many points which are the points where o or (3 are neither left- nor right-

continuous.

Proof of Theorem 2.13: By contradiction. Assume that there exists a probability

measure () equivalent to P and an adapted process (7;)¢cjo,r) satisfying 8; < < o
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for all ¢ € [0,7] such that v is a martingale under ) and assume that there is a
multiperiod free lunch in the order book model. Then there exists a sequence of
marketed contingent claims X, € M, n e N, and a contingent claim X € R*
such that X,, converges to X P-almost surely. Furthermore, there exist simple self-
financing trading strategies Y™, n € N, such that Y™ leads to a portfolio with
value VT(") > X, at time T for every n € N. As in Definition 2.10, let p§”), cee pg\?z
be the times at which the orders belonging to the trading strategy Y ™ are executed.
These are the times at which the small trader buys and sells shares if he follows the

trading strategy Y™, For i € {1,...,N,}, let )\gn) be the number of shares which
(n)

(n

he buys at time p ) and let ugn) be the number of shares which he sells at time p

By construction, the price that he has to pay for the shares which he buys at time

,05") is ) apiece or worse. The price that he receives for the shares which he sells

(

at time pin) is ﬁpgn) apiece or worse. Recall that Sé") denotes the number of shares
which the small trader holds at time 0 and that C’én) is the amount of money which
he has in the bank account at time 0.

Now, consider the securities market model ((/f), (i‘)) as defined in section 2.1. Define
trading strategies (0,0’ ™) n € N, for this model in the following way: Start at
time 0 with Sé") shares and C’én) units of money in the bank account. Then, buy
(n)

)

/\E") shares at time p

> 0 for Q) apiece and sell ugn) shares at time ,01(”) >0
for 5p<_n> apiece (for i = 1,...,m,). The trading strategy (#™,6™) is simple and

self-financing for every n € N and it leads to a portfolio with value VT(n) satisfying

~

Vi (W) > Sy(w)B(w) + Co(w) > Vi (W) > X, (w)

at time T for every w € ) since we buy and sell the same amount of shares at
the same times as in the model of the order driven market at the same prices
(or better). Hence, the contingent claims X,, are marketed in the securities market

model ((f), (Cl“)) for every n € N. Therefore, the sequence X,, € M, which converges
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to X € RT P-almost surely, is a multiperiod free lunch in the securities market
model (7). (%))

This contradicts Theorem 2.5 (i) which shows that the securities market model
((f), (‘f)) admits no multiperiod free lunch. Thus, part (i) holds.

Part (ii) follows from the fact that no multiperiod free lunch in the model of the
order driven market implies no multiperiod free lunch in the securities market model
(b, a) with bid-ask spread (as defined in section 2.1). This can be seen as follows:
If the model of the order driven market allows no free multiperiod lunch, then the
small trader cannot obtain a multiperiod free lunch by using market orders only.
We have assumed that the order sizes of the small trader are considerably smaller
than the order sizes of the noise traders and that his orders never completely fill
one of the orders of the noise traders. Thus, submitting market orders means for
the small trader that he buys and sells shares for a and b respectively. Therefore,
he cannot obtain a multiperiod free lunch by buying for a and selling for b.

This means that the securities market model (l;, a) with bid-ask spread admits no
multiperiod free lunch. Note that a and b and the trading strategies are defined in

such a way that all the assumptions from section 2.1 are satisfied. Theorem 2.5 (ii)

now shows the existence of () and ~ as described in Theorem 2.13. O

Remark 2.14 Theorem 2.13 can be extended to models of order driven markets
with m > 1 securities. In fact, the same proof works for a market with more than

one security. Also, non-zero interest rates can easily be incorporated into the model.

2.3 Simulation

We have implemented a version of the model of the order driven market which is
based on an idea of Maslov [41]. We assume that at every discrete time t = 0,1, ...
an order is submitted randomly. The order is a buy order or a sell order with equal

probability % independently of the previous orders. Also with probability %, it is a
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market order to buy/sell one share or it is a limit order with order size one. The
limit prices are defined in the following way: Let A be a random variable which
takes its values in {1,2,3,4} uniformly. If the limit order is a buy order, the limit
price is the last transaction price minus A. If the limit order is a sell order, the limit

price is the last transaction price plus A.
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Figure 2.1: Best bid (blue line) and best ask (red line) in the
model of the order driven market (over a time interval with
length 10000)

Figures 2.1 and 2.2 show the best ask price process (red line) and the best bid price
process (blue line) in simulations. In figure 2.1, the evolution over a time interval
with length 10000 is depicted, whereas Figure 2.2 shows the fluctuations over a
shorter time interval with length 300.

Moreover, we have studied the following trading strategy in this model: Whenever
the spread, i.e. the difference between the best ask and the best bid, is greater than
two, we place limit orders in the gap. We submit both a buy limit order with limit
price equal to the best bid plus one and a sell limit order with limit price equal to

the best ask minus one. Then, we wait until the next five orders have arrived. If
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Figure 2.2: Best bid (blue line) and best ask (red line) in the

model of the order driven market (over a shorter time interval

with length 300)
both of our orders have been filled, we will have earned the difference of the limit
prices. Otherwise, we close out our position and possibly incur a loss. Simulations

have shown that, in this model, this strategy generates a profit with a positive

expectation. Figure 2.3 shows an example of the profit over time.
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Figure 2.3: Profit generated by the trading strategy in
Maslov’s model
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Chapter 3

Probability measures on

signatures and signatures of order

books

The signature of a path is the full sequence of its definite iterated integrals. It is a
meaningful object which contains a lot of information. In particular, it determines
the path up to what is known as tree-like equivalence (see Hambly and Lyons [28]).
Moreover, a compactly supported probability measure on signatures is uniquely
determined by its expectation. This result has already been known to Chen [12]
and Fawcett [20]. In this chapter, we give a different proof which is based on the
Stone-Weierstrass Theorem (see for example [34]).

Signatures are also one of the fundamental elements of the theory of rough paths.
The theory of rough paths extends classical calculus in such a way that it allows us
to describe the dynamical evolution of systems driven by rough signals, including
rough paths based on Brownian motion and fractional Brownian motion. A detailed
study of signatures and rough paths can be found in Lyons [36], Lyons et al. [37],
Lyons and Qian [39] or Friz and Victoir [22].

Seeing the importance of signatures, we compute signatures of data from financial
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markets. As an example, we look at the (log-) signatures of data from order books
of four different futures markets. The data sets have kindly been provided by Man

Investments.

3.1 Signatures of paths with bounded variation

At first, we give a brief introduction to signatures following [37]. We define the
space of formal series of tensors of a finite dimensional Banach space as in [37],

Definition 2.4.
Definition 3.1 Let E be a finite dimensional Banach space. The space of formal
series of tensors of E is defined as the space of sequences

T((E)) ={a= (ag,ai,...)|a, € E®"Vn € Ny},

where E¥Y = R.

It is endowed with a scalar multiplication and two other intrinsic operations, an
addition + and a product ®. Let a = (agp,a1,...) and b = (by,by,...) be two
elements of T((F)) and A € R. Then, we define

A = (Mg, Aay,...),
a+b = (a0+b0,a1+bl,...)
and
a®b2<00,61,...>,

where for each n € N,

n
Cp = g ar Q b,_.
k=0
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We equip T'((£)) with the supremum norm: Let a = (ag, a1, ...) be an element of
T((E)). Let d < co denote the dimension of E and let {ej,...,e4} be a basis of E.
Let k > 1 be an integer. Then, the elements e;, ®---®e;,, (i1,...,1) € {1,...,d}",

form a basis of E®*. Therefore, the element a; € E®* can be uniquely written as

W = > " Me @ @ e (3.1)
(i1,...,ik)€{1,..‘,d}k

with coefficients a{*"™ € R. Let | - || por o be the maximum norm on E®* i.e.

(i1,~~~,ik)‘

HakHE®k,OO = max k

a
(’il,...,ik)e{l,...7d}k |

For k = 0, we use the notation £ = R and we write ||ag||g#o oo = |ao|. Then, set

lall = sup [Jak|| per oo,
keNp

where Ny denotes the set of non-negative integers {0,1,2,...}.
In the same way, we define the space of truncated formal series of tensors over the

d-dimensional space R? (see also [37]).

Definition 3.2 Let n > 1 be an integer. The space of truncated formal series of

tensors over R? is defined as the space
TMRY) = PRH® = {a = (ag,a1,...,a,) : a; € (R)*' Vi € {0,1,...,n}}

1=0

where (R?)®% = R,
It is endowed with a scalar multiplication and two other intrinsic operations, an

addition + and a product ®. Let a = (ag,ay,...,a,) and b = (bo, by, ..., b,) be two
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elements of T™ (R?) and A € R. Then, we define

Aa = (Aag, Aaq, ..., Aay),
a+b = (a0+b0,a1+b1,...,an—|—bn)
and
a®b=/(c,cry... ),

where .
C; = Zaj & bifj-
j=0
for each i € {0,1,... ,n}.

We also equip 7 (R?Y) with the supremum norm: Let a = (ag,ay,...,a,) be an

element of T (RY) and let {e;,...,eq} be the standard basis of R?. For every

ke {l,...,n}, a is an element of (RY)®* and it can be written uniquely as
ay, = Z a}(jl,--.,z‘k) 6, @ Qe

(i1 i) E{L,-orrd}®

with coefficients a,(fl’“"i’“) € R. Let || - || be the maximum-norm on (R%)®*_ i.e.

”akH = max ) |a,(f1""’i")‘,

(31,...,8 ) €{1,...,d}

Define

lall = max{laol, flaxl;- .. ; [lan]}-
We can now define the signature of a path (as in [37], Definition 2.6).

Definition 3.3 Let [s,t] C R denote a compact interval. Let X : [s,t] — E be a

continuous path with bounded variation. The signature of the path X is the element
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Xt € T((E)) defined by
X = (1,XL, X2,,.),

s,t)

where

X, = / dX,, ® - @ dX,,

s<uy < <un<t

for each integer n > 1.
We write SV([s,t], E)) C T((E)) for the set of signatures of continuous paths

X : [s,t] = E with bounded variation.

Note that
/ qul ® e ® qu’ﬂ = Z Xs(ftl ..... 7In)ell ® e ® 61117
S<UY <o <ty <t (i15eerin) E{L,...,d}™
where {eq,...,eq} is the basis of E and
X i) = / dXD .. .dXin (3.2)

s<up<---<un<t

are the coordinate iterated integrals.

Remark 3.4 Hambly and Lyons [28] show that two R%-valued continuous paths
X and Y with bounded variation have the same signatures if and only if the con-
catenation of X and Y run backwards’ is a Lipschitz tree-like path. They call
a path Z : [0,T] — RY Lipschitz tree-like, if there exists a continuous function
h:[0,T] — [0,400) with bounded variation such that h(0) = h(T) =0 and

[ X = Xl < h(s) + h(t) =2 inf h(u)

u€ls,t]

for all s,t € [0,T] with s <t.
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We can define the exponential map exp : T((E)) — T((E))) by

> a
GXp ;k‘_

for all a € T((F)) (see [37], Lemma 2.19 and Definition 2.20). For all elements
a = (ap,a1,...) € T((E)) with ap > 0, we can define the logarithm (see also [37],
Definition 2.20) by

Again, we can also define the exponential map exp : T (R?) — T (R?) on the

space of truncated formal series of tensors in the same way by
=, aF
ex —
p(a ; o

for all a € T™(R?) (see [37], Lemma 2.19 and Definition 2.20). Also, for all elements
a = (ag,ay,...,a,) € T"™(RY) with ag > 0, the logarithm (see also [37], Defini-

tion 2.20) is defined by

Lemma 3.5 Let o and (3 be elements of R? and let X : [0,1] — R, X; = at + 3

be the straight line. Then, the signature of X is

Xo.1 = exp(a),

where we write exp(a) for exp((0,,0,0,...)).
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Proof: By induction, we get

1
/ duy . ..du, = —t"
n!

O<uy < <un<t

for every t > 0 and every integer n > 1 since fg du; =t holds (n = 1) and since we

have

t
/ du1 R dun = / / du1 ce dun,1 dun
0

O<uy <--<unp<t <up <o <uUp—1<un

t
1 1

= / " du, = —t"
o (n—=1)! n!

where we have assumed that the assertion holds for n — 1.

Therefore, we have

. . 1
/ dX,ledXZZ:a“Oézn / dul...dun:—'ail...ain
n!
0<uy < <up<l O0<ur < <up<l
for every (iy,...,i,) € {1,...,d}" and thus the signature of the path X is
XO,l = (1, X&J’Xg,l? e )7 where

1
X&lzﬁ Z Qjy o O, €5y D0 B €5,

" (i1 yeyin) €{1,...,d}™

for every integer n > 1.
Let a = (ag,ai,...) € T((RY)) be given by a = exp(a). By the definition of the

exponential and the multilinearity of the tensor product, we have ag = 1 and

Xn
o 1
a, = = — az‘l...aineh@"'@ein
n! n! Z

(i17"'7in)€{17"'7d}n

for every n > 1.

Thus, we have indeed Xy, = exp(a). O
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The logarithm of signatures of continuous paths with bounded variation lives in an
important subspace of T'((F)) (see also [37]). Define a Lie bracket [-,-] on T'((E))
by

[a,bj]=a®b-b®a.

For linear subspaces F' C T((E)) and F C T((E)), we write [F, F] for the linear
space that is spanned by all elements of the form [a,b]|, where a € F' and b € F.
Using this notation, we now give the definition of the space of Lie series as in [37],

Definition 2.22.

Definition 3.6 The space of Lie series L((E)) is the space

LU(E)) ={o,l1,la,...)|lx € FxVE € No} C T((E)),

where Fy = {0} and for k = 1,2,..., the linear spaces F,, C E* are defined

recursively by Fyy1 = [E, Fy] starting from Fy = E.

Then, let X : [0,7] — E be a continuous path with bounded variation and let X
be its signature. It follows from [37] that log X 7 is an element of L£((£)). Indeed,
Xo,r is a group-like element (see [37], Definition 2.18) because of [37], equation (2.6),
and the logarithm of a group-like element is a Lie series (see [37], Theorem 2.23).
We also define a Lie bracket [, -] on the space 7™ (R?) of truncated formal series of
tensors by

[a,b]=a®b-b®a.

Again, for linear subspaces F C T (R%) and F ¢ T™(R?), we write [F, F for the
linear space that is spanned by all elements of the form [a,b], where a € F' and
b € F. Using this notation, we now give the definition of the space of truncated Lie

series as in [37].

Definition 3.7 Let n > 1 be an integer. The space of truncated Lie series £ (R?)
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18 the space
LYRY) = {(lo, 11, ..., 1n) : I € FVE € {0,1,...,n}} Cc TM(RY),

where Fy = {0} and for k=1,...,n, the spaces Fy, C (RY)®* are defined recursively
by Fr.i1 = [RY, Fy] starting from F; = RY,

Example 3.8 (Brownian motion) Let (Bi)icjo1) be a 2-dimensional standard
Brownian motion and let {e1,e9} be the standard basis of R?. Then, the Stratonovich

signature of B is

2
Bo1= |1, B1 — By, Z / odBl odB? | &i, ® &4y, ... |

i82=1 \g oy Zup<1

where the integrals are Stratonovich integrals. The expectation of the Stratonovich

signature s

1
E(By,1) = exp (5(51 ®ert+e2® 82))

(see Fawcett [20], Lyons and Victoir [40] or Levin and Wildon [35]), where we
identify 5(e1®e1+e2®@¢2) with the element (0,0, 3(e1®e1+2®¢2),0, ... ) € T((R?)).
Lyons and Ni [38] study the expected Stratonovich signature of Brownian motion
stopped at the first exit time of a reqular domain. Let D C R? be a compact domain
which is regular in the sense of [38]. Let (le])tzo be a 2-dimensional standard
Brownian motion starting at x € D. Let T [ J = = min{t > O|BF:] € 0D} be the first
exit time of the domain D and set ®p(x) = E(B[ ]M). Then, Lyons and Ni prove

0,7p

that ®p satisfies the partial differential equation

=1

Aq)D( <Z<€1®51> ®(I)D _22 z®aq;l;

with boundary condition

dp(z) =1 forx e dD
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(see [38], Theorem 3.2). Using this partial differential equation, they show how every

term of the expected Stratonovich signature E(B[x] w) can be obtained recursively.
0,7p

3.2 Probability measures on signatures

Throughout this section, we assume again that E is a finite dimensional Banach
space as in the previous section. Recall that we have endowed T'((E)) with the
supremum norm || - || and that || - || ger o is the maximum norm on E*.

For every k € N, the norm | - || ger o induces a metric dger on the space E®* where
dger(z,y) = ||z — Y| por o for z,y € E®*. The space E®* equipped with dper forms
a complete metric space. The metric dgex induces a topology on E®*, which shall be
denoted by 7. Let py be the projection of T'((E)) on E®*. Furthermore, let 77((gy,
be the product topology of 79,71, ... on T((£)) and let X be the Borel o-algebra on

T((E)) associated with 7p((g)).

Lemma 3.9 Let pu be a probability measure on (T((E)),%) with compact support
M. Then, the Bochner integral fT((E))pk(s) u(ds) € E®* exists for every k € N,

where the Bochner integral is defined as in Diestel [19], Chapter IV.

For example, finite sets of signatures are compact. They occur for example when

studying self-avoiding paths on a bounded subset of a lattice.

Proof of Lemma 3.9: Consider the probability space (T'((E)), 3, 1) and the Ba-
nach space (E®¥ dger). Since the space E®* is finite dimensional, every linear
form F € (E®%)* is continuous. The projection pj is also continuous. Hence,
Fopg:T((F)) — R is continuous which shows that it is Borel-measurable.

In the notation of [19], the projection py : T((E)) — E®* is scalarly y-measurable
since Fopg : T((E)) — R is measurable for every F € (E®*)*. The space E®* is
separable. Therefore, it follows from Pettis’ Measurability Theorem (see Diestel [19],

p. 25) that the projection py, : T((E)) — E®* is y-measurable.
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Furthermore, we have fT((E)) |2k (5)|| Eer oo f1(ds) < 0o as the support of u is com-
pact. Hence, Bochner’s Characterization of Integrable Functions (see Diestel [19],
p. 26) shows that the projection py : T((E)) — E®* is Bochner integrable. Thus,

the Bochner integral [} ), pi(s) f1(ds) exists. O

From now on, we equip the support M C T'((E)) with the relative topology which
shall be denoted by 7,. Then, ¥ induces a o-algebra >, on M which is the Borel
o-algebra associated with 75;,. The probability measure p can also be regarded as a
probability measure on (M, 3y;).

The following proposition states that compactly supported probability measures on
signatures are uniquely determined by their expectation. This has already been
known to Chen [12] and Fawcett [20]. Here, we provide a different proof, which
is based on the Stone-Weierstrass Theorem (see for example Lax [34], page 126,
Theorem 4) and the Riesz Representation Theorem (see for example Rudin [43],

Theorem 2.14).

Proposition 3.10 Let u be a probability measure on (T((E)), ) with compact sup-
port M C S(VY[0,T],E)) C T((E)). Then, p is uniquely determined by the se-

quence of expectations [,, pn(s) p(ds) € E®", n € {1,2,...}.

Expected signatures also play an important role for applications like cubature on
Wiener space (see Lyons and Victoir [40]).

For the proof of Proposition 3.10, we need shuffle products and linear forms on
T((E)), restricted to the signatures S(V'([0,T],E)). In the following paragraphs,
we introduce these notions as in [37], section 2.2.3.

Let n > 1 be an integer. Recall that {e;,...,eq} denotes the basis of E. Let

{e7,..., €5} be the associated dual basis of E* such that

1 ifi=j

e;(ej) = by = —
ifi#j



Then, the elements e;, ®---®e;, , (i1,...,i,) € {1,...,d}", form a basis of E®" and
the elements e ® ---®e€} , (i1,...,i,) € {1,...,d}", form a basis of (E*)*".
For every (iy,...,i,) € {1,...,d}", define a linear form e; ;€ (E®")" by

..... 7

e (e ® - ®ej) =iy gy - Gi (3.3)

forall (j1,...,jn) € {1,...,d}". Then, theelementse; ;. (i1,...,i,) € {1,...,d}",

form a basis of (E®")*. The canonical isomorphism v, : (E*)®" — (E®™)* is deter-

77777

mined by ¢y, (ej, ® ---®e; ) =e€; ; forevery (i1,...,i,) € {1,...,d}".

.....

Every linear form ¢* on E®" has a canonical extension to a linear form 6,(g*) on

T((E)), defined by
(6n(g7))(a) = g"(an) (3-4)

for all a = (ag,a1,...) € T((E)). Each element of T(E*) = @) ,(E*)®* can be

regarded as a linear form on T'((E)): There is a natural linear map
p: T(E) — T((E)),

defined by
o(fo 1 f5 ) =) Ou(wn(f7))

keNg

where f; € (E*)®* for every k € N and only finitely many elements of the sequence

(f(>]k7f1*7f2*7 .- ) € @ZOZO(E*)®k differ from 0.

Lemma 3.11 FEwvery linear form on T((E)), which is induced by an element of

T(E*), is continuous.

Proof: Let f* be a linear form on T'((E)), which is induced by an element of
T(E*). Then, there exists g* € T'(E*) such that ¢(g*) = f*. By the linearity of ¢,
it is sufficient to prove the assertion for ¢* = (g3, 97,95,...) € T(E*) where only

g: € (E*)®" differs from 0 for some n € N and all the other g; € (E*)®*, k # n, are
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equal to 0. Recall that p, : T((E)) — E®" denotes the projection of T'((E)) onto
E®". Then, f* = g’ op,. By the definition of the product topology, p, is continuous.
The linear form g} on E®" is also continuous as E®" is finite dimesional. Therefore,

f* is continuous. O

We can define a product on T'(E*), called the shuffle product. Let ¢* and f* be two
elements of T(E*). By linearity, it is sufficient to define the shuffle product e* LI f*
fore* = (0,...,0,¢; ®---®e;,0,0,...) and f* = (0,...,0,¢} ®---®¢€;,0,0,...)
where (i1,...,4,) € {1,...,d}" and (j1,...,75) € {1,...,d}*. All the components
of e* equal 0 bar the r-th component and all the components of f* equal 0 bar the
s-th component.

A permutation o of {1, ... ,r+s} is called a shuffle of {1,...,r} and {r+1,...,r+s}
if 0(1) < --- < o(r) and o(r+1) < --- < o(r +s). We denote the set of all
such shuffles by Shuffies(r, s). Set (ki,...,kwvs) = (i1, 0r,J1,---,Js) and define
e*U f*eT(E*) by

e U f =(0,...,0,9%,,0,0,...)

where the (r + s)-th component is

— E ®(r+
g:JrS — 6;;0-71<1) ® . e ® 62671(7‘4»5) E (E*) (T 5)
o€ Shuffles(r,s)

and all the other components of e* LI f* equal 0.

The shuffle product on T'(E*) defines a product on the linear forms on 7'((E)) which
are induced by elements of T'(E*). This product is also called shuffle product. Let e*
and f* be two elements of T'((E))* which are induced by elements of T'(E*). Then,
there exist g* € T(E*) and h* € T'(E*) such that e* = ¢(g*) and f* = p(h*). Define

the shuffie product e* LI £* by

e Ut =p(gUh’) e T(E))".
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Let g* and h* be two linear forms on T'((F)), which are induced by elements of
T(E*), and let A C T((E)). Then, we define the shuffle product of the restricted

linear maps 84 hTA : A— R by

giaUhj, = (g"Uh")

Let B = {o(f*)1sono,m,en|f* € T(E*)} be the set of linear maps from the signa-
tures S(V!([0,T], E)) to R which are linear forms on T'((E)), induced by elements of
T(E*) and restricted to the signatures S(V'([0,T], E)). Then, [37], Theorem 2.15,
shows that B equipped with the shuffle product is an algebra of real-valued functions.

Moreover,

(e"uf)(a) =e"(a)f"(a) (3.5)

holds for all signatures a € S(V'([0,T], E)) and all linear forms e* and f* on T'((F)),
which are induced by elements of T'(E*) (see [37], equation (2.6)).

Let A denote the vector space of affine maps from S(V'([0,T], E)) to R of the form
s — f*(s) + b where b € R and f* € B is a linear form on T((£)) induced by an
element of T(E*) and restricted to the signatures S(V'([0,7T], F)). Then, we can
define the shuffle product on A in the natural way: Let ¢i(s) = fi(s) + by and

g2(8) = f5(s) + by be two elements of A. Define

g1 |—|g2 == fik L fg* -+ bef —|' blfg* + b1b2 € .A (36)

Lemma 3.12 The vector space A equipped with the shuffle product is an algebra.

Proof: It follows from (3.6) and (3.5) that the shuffle product on A is bilinear.

Therefore, A is an algebra. a
Now we can prove Proposition 3.10.

Proof of Proposition 3.10: The Riesz Representation Theorem (see for example
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Rudin [43], Theorem 2.14) implies that u is uniquely determined by all integrals
[, 1ecn,
M

where C'(M) denotes the set of real-valued continuous functions on M.

Now, recall the Stone-Weierstrass Theorem (see for example Lax [34], p. 126, The-
orem 4): Let H be a compact Hausdorff space and let C(H) denote the algebra
of real-valued continuous functions on H, equipped with the topology of uniform
convergence. Let D be a subalgebra of C'(H). Then, the Stone-Weierstrass Theo-
rem says that D is dense in C'(H) if it seperates the points of H and contains the
constant functions.

For every k € N, the space E®* with the topology 7, is a Hausdorff space as 7
is induced by the metric dger. Therefore, the space T'((E)) equipped with the
product topology 7r(g)) is also a Hausdorfl space. By assumption, the support
M c S(VY([0,T),E)) C T((E)) of u is compact. Thus, M equipped with the rela-
tive topology is a compact Hausdorff space.

Let Ay = {gm|g € A} be the set of affine maps g € A, restricted to M, where
A is defined as above. Lemma 3.12 implies that A,; is an algebra and it follows
from Lemma 3.11 that every function f € Aj; is continuous. Therefore, A, is a
subalgebra of C'(M).

Let a = (ag,a,...) and b = (bg,by,...) be two different elements of M. Then,
there exists m € N such that a,, # b,,. The elements a,, and b,, of E®™ can be

uniquely written as
A = g Qi im€ip @ - B €5

and



with coefficients o, ., Bjr...jm € R for all (iy,....4m), (J1,.--,Jm) € {1,...,d}™
Since ay, # by, there exists (I1,...,0L,) € {1,...,d}™ such that ay, 1, # Biy...on-

Consider the function
h=p((0,...,0,¢f @ - ®ef ,0,0,...))n-

Then, h € Ay and we have h(a) = «y, ;. and h(b) = 3, 1,.. Hence, h(a) # h(b).

..........

Thus, A, separates the points of M.

By definition, A, contains all constant functions from M to R.

The Stone-Weierstrass Theorem (see for example Lax [34], p. 126, Theorem 4) now
shows that A, is dense in C'(M) in the maximum norm. Therefore, 1 is uniquely

determined by all integrals

[outas). 1ean.

M

For every integer n > 1, the expectation [, pn(s)u(ds) € E®" can be uniquely

written as
/pn(s)ﬂ(ds) = Z Vit yoin€ia @+ @ €4,
o (i1,0emyin) E{1,....d}™

with v;, ;. € R for every (iy,...,4,) € {1,...,d}"™

Now, we show that all the integrals [, f(s)u(ds), f € A, are known from the
sequence of expectations [, pn(s)u(ds), n € {1,2,...}.

By linearity, it is sufficient to consider only the functions f of the form

f=0(0,...,0,6; ®---®e€;,0,0,...)) 1 € Ay (3.7)
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forn € {1,2,...} and (iy,...,i,) € {1,...,d}" and the constant functions. Let f

be a function as in (3.7). Then,

f(s) = (¥nlef, @ - @ €5, ) (pn(s))

holds for all s € M. Recall that ¢,(ef @ ---®e€} ) =€} ; € (E*")" as defined in

Lyeenst

(3.3). By linearity, we have

The integrals of the constant functions f = ¢, ¢ € R, are given by [, f(s) u(ds) = c.
Thus, all integrals [,, f(s) u(ds), f € An, are known from the sequence of expec-

tations [, pn(s) p(ds), n € {1,2,...} and this sequence determines /. O

Remark 3.13 The proof of Proposition 3.10 also shows that p is uniquely de-
termined by all integrals [, e} . (pa(s))pu(ds), n € {1,2,...} and (i1,...,i,) €

{1,....d)"

3.3 Signatures of order books of futures markets

As an example, we have computed the (log-) signatures of order books of four futures
markets. The data has kindly been provided by Man Investments. It comprises order
book data for the entire trading week from 27 October 2008 to 31 October 2008 of

the following four markets:

e EDC: Eurodollar STIR (short term interest rate) future contract for December

2009, traded on the Chicago Mercantile Exchange (CME)

e EUL: Euribor STIR future contract for December 2009, traded on the London

International Financial Futures and Options Exchange (LIFFE)

47



e FTL: FTSE 100 stock index future contract for December 2008, traded on
LIFFE

e SSL: Short-Sterling STIR future contract for December 2009, traded on LIFFE

In particular, we have looked at the 4-dimensional signal containing the best bid
price, the best ask price and the respective depths, i.e. the volumes available in
the order book to trade at these price levels. By linear interpolation, we turn each
of these signals into a continuous path X with values in R* which has bounded
variation. It follows from Lemma 3.5 and Chen’s identity (see for example [37],

Theorem 2.9) that the signature of X over the entire trading week is given by
Xto,tN = eXp(th - Xto) ® eXp(Xt2 - th) & eXp(XtN - Xth)?

where tg,tq,...,ty are the nodes of the piecewise-linear path X.

The logarithm of the signature X, ;, is an element of the space of Lie series L((R*))
(see section 3.1). For integers k > 1, let F, C (R*)®* be the linear spaces that are
defined recursively by Fj; = [R?, F}], starting from F; = R* (as in Definition 3.6).
Let {e1, €2, €3, €4} be the standard basis of R* and let B be a basis of £L((R?*)). Then,

the log-signature log Xy, ;, can be uniquely written as

log XthtN = Z Lfo,tN€7
leB

where the coefficients Lfth are real numbers.

We have computed the log-signatures log X, , for the four futures markets EDC,
EUL, FTL and SSL. For the computations, we have written a C+4 programme
which uses a templated tool called libalgebra that offers all the functionalities for
working with tensors and (truncated) Lie series. It has originally been developed by
Djalil Chafai and Terry Lyons and it is part of the CoRoPa software package (see

http://coropa.sourceforge.net).
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The table 3.1 gives the log-signatures log X}, ;, over the entire trading week up to
order 3 for all four futures markets EDC, EUL, FTL and SSL and the tables 3.2 and

(i1,i2) 1, (i15i2,43)
3.3 give the ratios of the coefficients —(—~2>Y—~— and —~>~—— respectively.
(i1) L(ZQ) L(ll) L(12713)
BN N AER0]

The log-signatures show the differences of the futures markets EDC, EUL, FTL and

SSL. The first order terms L!™") give the increments over the trading week. The

to,tn

second order terms L(Z1 2)

o)

determine the area that the 2-dimensional paths (

L( 1’”) indicates which of

enclose. If there is such an area, the sign of the coefficients
the processes X () or X(2) has been following the other one. For example, we have
,12)

to,tn

> () for the futures market EUL which indicates that the bid price process has
been leading the ask price process in this market during this trading week. On the
other hand, we have LES?L < 0 for the futures market SSL and this indicates that
the bid price process has been following the ask price process in this market during

this trading week.

(41,42) L(11 112,13)
The ratios —2—— and —% 2 are forms of normalisations of the coef-
ERNGRN BN

ficients of the log-signatures. They allow us to compare markets regardless of the

different price levels and trading volumes. For example, they show differences be-
(3,4)

tween the futures markets FTL and SSL. We have m% = —234.617 for the
t07tN t07tN
(3,4)
futures market FTL and % = 28859.2 for the futures market SSL. These
tO ty gty
ratios differ both in the order of magnitude and in the sign. We also see differences
(3,3,4)
in the higher order terms. We have % —269.282 for the futures market
Lo |Lgg e 1 Leg e |
FTL and —N34) 10.9849 for the futures market SSL.
RN

(i1,i2)

Moreover, the figures 3.1 — 3.8 depict the coefficient functions (s,t) — Lg;™* and

(s,t) — Lgi’iz’i?’) for some of the basis elements [e;,, ;,] and [e;,, [es,, €i,]] and some
of the futures markets EDC, EUL, FTL and SSL as visualised examples. For these
figures, we have rescaled time such that ¢,, = n, i.e. such that the orders are submit-

ted or withdrawn at times 0,1, ..., N. Note that in some of the figures, the different

trading days can be seen, whereas others just show the fluctuations in the markets.
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basis element EDC EUL FTL SSL

e -0.225 0.215 368 -0.07

€9 -0.14 0.21 368.5 -0.075

€3 4 83 -12 8

€y 7 156 -10 3

le1, es] -5.36374 9577.66 —2.008 x 106 -78.8753
le1, €3] 3087.23 —5.42616 x 10° 263467 -29849.9
le1, e4] -522.645 —8.90032 x 108 -40941.8 -23952.4
lea, €3] 3090.77 -48379.6 -382567 -29740.8
lea, 4] -532.238 12512.2 -185264 -23823.3
les, 4] 6.59092 x 10° 2.32456 x 107 -28154 692620

le1, [e1, 2] 173.329 2.83737 x 10° 2.80605 x 10° 2543.54

le1, [e1, €3]] -85012.3 —6.42141 x 100 | —4.50874 x 107 956157

le1, [e1, €4]] 9577.04 —1.05077 x 10 | —7.52809 x 107 775432

2, [e1, €] 173.45 611275 2.6226 x 10° 2534.51

lea, [e1, €3]] -170130 3.50342 x 10® | —2.60536 x 10% | 1.90824 x 10°
2, [e1, e4]] 19024.8 5.74211 x 108 | —1.21718 x 108 | 1.54861 x 10
[ea, [e2, €3]] -85118.4 —7.0303 x 10° | —6.12474 x 107 952084

lea, [e2, €4]] 9447.72 —2.77182 x 10% | —1.39305 x 107 773176

les, [e1, ea]] 85031.1 —1.7731 x 108 1.6388 x 108 -960059
les, [e1, €3]] 63304.7 —5.77108 x 108 | 1.16882 x 10% | —2.09858 x 10°
les, [e1, €4]] 85210.7 —6.21376 x 108 | —2.79801 x 107 -563736
les, [ea, €3]] 65152.4 —1.05004 x 107 | —1.6316 x 108 | —2.09365 x 10°
les, [ea, €4]] -243908 —6.67908 x 10° | —7.15569 x 107 -548682

es, [e3, 4] —7.40087 x 10° | 1.54565 x 10 | —9.09765 x 107 | 6.08669 x 107
leq, [e1, €2]] -9614.46 —2.88756 x 108 | 1.04246 x 10® -777505
leq, [e1, €3]] -25183.4 —1.41516 x 10° 1.52182 x 108 -526685
leq, [e1, €4]] -211699 —1.79009 x 10% | —6.48562 x 107 | —1.26365 x 10°
leq, [e2, €3]] 225689 —3.24278 x 10° | —1.50248 x 108 -513700
leq, [e2, €4]] -155682 2.24578 x 10% | —8.50847 x 107 | —1.25207 x 10°
leq, €3, e4]] 1.82583 x 101° | 4.60899 x 10° | —1.61758 x 10% | 7.59536 x 107

Table 3.1: Log-signatures of futures markets
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EDC EUL FTL SSL
T2
et | 170,277 | 212130 | -14.8074 | -15023.9
g 1
()L—y) -3430.26 | -304072 | -59.6619 | 53303.4
g i
()Lo—() 331.838 | 265364 | 11.1255 | 114059
g g
L—fg) -5519.23 | -2775.65 | 86.5145 | 49568
ey Iy
- to% 543.1 | 381.935 | 50.2752 | 105881
g i
(S)Lfo % 235390 | 1795.3 | -234.617 | 28859.2
LD, LD, |
(1,1,2)
Ltotwm -143.622 | 1377.9 | -3.79738 | 460.68
|Lt0 t% |1 ?:59 tN
et || 199386 | 55042.7 | -0.46503 | 457.602
ILe); %| |1Lt0 Dyl
e | 814408 | -54911.5 | 4.99655 | 462.484
i, %n N
()—N() 230.982 | -303.919 | -3.5443 | 428.442
LD, LED |
(2,1,3)
Fel || 393.626 | -307.454 | -2.68351 | 852.371
|Lto tN” to tNl
% 260.007 | 307.218 | 8.06771 | 862.049
|Lt0 tJE,2| |2Lt0 tN|
et | 196.711 | 691.978 | 0.43445 | 426.836
L2, P ey
()—N() 126.792 | -1054.9 | 0.20405 | 432.728
L L0
3,1,2
ety || 396324 | -223.047 | 6.80113 | 1521.48
LY, A{J |1Lt0 il
W 5.12633 | 1.2814 | -36.9692 | 8.78805
to,t totN
3,1,4)
- fofNM -40.7594 | 0.84114 | -56.951 | 2.94196
R
(3,2,3
W 5.26992 | 582.887 | -35.5406 | 8.79957
R R
ety || 114,567 | -6.43139 | -32.1869 | 2.87891
L WnLto il
3,3,4
ey | 280.722 | 8.0111 | -269.282 | 10.9849
LD, LGP |

Table 3.2: Ratios of the coefficients of the log-signatures of
futures markets
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EDC EUL FTL SSL
1;(4 1,2)

et || 256.07 | -193.262 | 519153 | 3285.8
Loyl

% -1.16533 | 1.67182 | -57.7613 | 5.88148
|L() ||L( )l

R A
mf% 57.8647 | -1.28027 | -158.412 | 17.5856
t0t1¥423t)0tN
ity | 10,4315 | 0.42067 | -39.857 | 5.75752
|Lt0 t]E]4||2Lt0 tN|

ety |41 7864 | 1.15056 | -45.9262 | 17.5188
e

% 395.746 | 1.27098 | -574.547 | 36.5538

(4)
|Lt0 zNH to,tN|

Table 3.3: Ratios of the coefficients of the log-signatures of
futures markets (continued)
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Figure 3.1: Coefficient function (s,t) — Lst of the log-
signature for the futures market EDC over the trading week
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value of the coefficient function
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Figure 3.2: Coefficient function (s,t) +— Lff’) of the log-
signature for the futures market EDC over the trading week
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Figure 3.3: Coefficient function (s,t) +— Lsilf’?’) of the log-

signature for the futures market EDC over the trading week
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Figure 3.4: Coefficient function (s,t) — ngz’?’) of the log-
signature for the futures market EUL over the trading week
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Figure 3.5: Coefficient function (s,t) +— ngl’?’) of the log-
signature for the futures market FTL over the trading week
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Figure 3.6: Coefficient function (s,t) +— L(423) of the log-
signature for the futures market FTL over the trading week
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Figure 3.7: Coefficient function (s,t) +— Lst of the log-
signature for the futures market SSL over the trading week
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Figure 3.8: Coefficient function (s,t) — Lgilf’?’) of the log-

signature for the futures market SSL over the trading week
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Chapter 4

Polynomial differential equations

and signatures

In this chapter, we study polynomial differential equations driven by a path with
bounded variation. Fix a finite time horizon 7' > 0 and consider the spaces R%
and R%. Let v : [0,7] — R% be a continuous path with bounded variation. For
(,7) € {1,...,di} x {1,...,da}, let p;; : R — R be polynomials and let z be an
element of R%.

Consider the differential equation

dy, = P(y) dy, Yo = 2, (4.1)

where P : R% — M(dy,d,,R) is a continuous function, which takes values in the

di X dy-matrices, given by

pia(ye) - pldg(yt)
P(yt) =

pdll(yt) pd1d2(yt)
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The path y : [0,7] — R% is a solution of (4.1) if it satisfies

t
y=z+ / P(ys) drs
0

for all ¢ € [0,T]. Note that polynomial differential equations may explode in finite
time. But at least for small ¢, there exists a unique solution y; of (4.1). It follows
from Hambly and Lyons [28] that this solution y; is uniquely determined by the
signature I'y, of the signal 7 and the initial value yy = 2. Recall that the signature
of a path is the full series of its definite iterated integrals (see chapter 3). In this
chapter, we show how we can actually obtain g; from the signature of v and y, for
small £. We work out a series expansion of the solution g, in terms of the signature
of v and yg. Furthermore, it turns out that the truncated signature of y is itself
the solution of a quadratic differential equation driven by ~, no matter what the
degree of the polynomial is, and again for small ¢, we give a serious expansion for the
truncated signature Yo[’jy} of y for arbitrary integers M > 1 in terms of the signature
of v and .

For linear differential equations, a series expansion of the solution and its signature
in terms of the signature of the driving signal and the initial value can be found
in Lyons [36]. We generalise this result to polynomial differential equations. Poly-
nomial differential equations are a rich class of differential equations which have
various applications. For instance, a solution of a rough differential equation can
be well approximated by the successive solution of polynomial differential equations
(see Caruana [9] and Davie [17]). Our approach leads to a purely algebraic way to
solve polynomial differential equations which fits into the framework of rough paths.
Butcher [6] studies the algebraic properties of a class of methods to solve differen-
tial equations, including Runge-Kutta methods and Picard iteration. He provides
power series expansions of the solutions of differential equations using trees (see [5]

and [8]). Crouch and Grossman [15] apply this concept to polynomial differential
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equations and Lamnabhi-Lagarrigue and Lamnabhi [33] show how forced polyno-
mial differential equations can be solved algebraically in one dimension. They work
out a functional expansion of the solution using non-commutative generating power

series.

4.1 Signatures and the shuffle product

The shuffle product is one of the key tools for this chapter. We have already in-
troduced it in chapter 3 in detail, but given its importance, we briefly restate its
definition and key property here.

Let X : [0,T] — R be a continuous path with bounded variation. Recall that the
signature of X over the interval [s,¢] C [0,T] is

XS,t = (17X1 X52,t> . ) € T((Rd))7

s,t)

where

X, = / dX,, ® - ®dX,,

s<uy <--<un<t
for each integer n > 1 (see also Definition 3.3).
Moreover, let ((R?)®™)" be the dual space of (RY)®™, i.e. the space of bounded
linear maps from (R?)®™ to R.

The linear forms

defined by

1 1f31:Z17a]m:Zm
e i (6, ® - ®ej,) = (4.2)

0 otherwise,
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for i1, ...,im € {1,...,d}, form a basis of ((R?)®™)". A shuffle & of {1,...,m} and

{m+1,...,m+n} is a permutation of {1,... ,m + n} such that

and

om+1)<---<o(m+n).

We denote the set of all shuffles of {1, ..., m} and {m~+1, ..., m+n} by Shuffles(m, n).

The shuffle product of the linear forms e;, ; ~and e}, is defined in the following

7777 T

way (see also [37], section 2.2.3).

Definition 4.1 The shuffle product of the linear forms

6; ..... im (Rd>®m —-R
and
e RHY®" SR

15 the linear form

611 ..... im U 6;1 ..... In : (Rd)®(m+n) —R
defined by
€ i U € = Z 6’?;(,_1(1) ,,,,, Ko ()’
o€Shuffles(m,n)
where (k1 ... kmin) = (81, -« s Gy J1y - -+ Jmtn) -

By linearity, the shuffle product can be extended to the linear forms on T'((R?)) that
are induced by elements of @;°, ((R?)%!)".

Let g and h be such linear forms on T'((R?)). Then,

9(Xs)h(Xsp) = (g U R)(Xsi) (4.3)
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holds for the signature X, of every continuous path X : [s,t] — R% with bounded

variation (see [37], Theorem 2.15 and equation (2.6)).

4.2 Polynomials as linear functionals on signa-
tures

A polynomial p : R? — R is a function of the form

N
p(T1,. .. xq9) = N+ Z Ao 3ty (4.4)

|laf=1

where N € N, \g € R and A\, € R for every multi-index «.
The multi-indeces o = (a,...,qq) are d-tupels of non-negative integers and we

define |a| = a3 + -+ + ag4. Set

io=(1,...,1,2,...,2,....d,....d)
—— —— ——

o1 times a9 times ag times

and define M, C {1,...,d}®l as the set of all permutations of i,. This means that
M, is the set of all |a|-tupels (i1, ..., i) € {1,...,d}!* which contain the integer
J exactly o times for all j =1,...,d.

The polynomial p can be represented as a linear functional of signatures in the

following way:.

Theorem 4.2 Let p: R? — R be the polynomial (4.4). Then, there exists a linear
map ® : T((R?) — R such that for every continuous path X : [0,T] — R? with
bounded variation

(X — Xo) = @(Xoy)

holds for all t € [0,T].
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This linear map ® is given by

N
= XTo+ Y AT, (4.5)

laf=1

where the linear map Vo : T((R?Y)) — R is defined by
qjo(&) = Qo

and the linear maps U, : T((R?)) — R are defined by

for every a = (ag, ay,...) € T((RY)), where aj, can be written uniquely as in (3.1).

\Ija(XO,t) = 041! Ce ad! Z Xé? ..... 7’|o¢\).

Proof of Theorem 4.2: We prove Theorem 4.2 using shuffle products. Let
X : [0,T] — R? be a continuous path with bounded variation and let ¢ € [0,T]. By

the definition of the signature, we have
\IJO(X(),t) — 1
Furthermore, we have

(X} = X0)™ = (Xg)™ = (ef(Xg))*™ = (] U~ - U ) (Xg3) = aulXgy "
N——
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forv=1,...,d and every multi-index «, and thus

o o 1 (6% d (e}
(X) = X)L (X = X = (XS (X))o

d
i=1

= (Ll<ai!ez:...,i>> (X57)

=1
(ila---7i « )
(7;17"’72"04)6'/\/[0‘
- \I[a(XO,t)7

where the linear forms ej and e ; are defined as in (4.2). Now, linearity completes

the proof. O

Remark 4.3 For Theorem 4.2, we do not need the full signature. It is sufficient to
work with truncated signatures X([)’fg = (1, X3, 7X(’)“7t) and on the space of truncated

tensors T(RM)*) = @fZO(Rd)@ if k is greater than the degree of p.

4.3 Picard iteration

Picard iteration is a way to construct a solution of a differential equation and to
prove its uniqueness (see for example Arnold [1] or Coddington and Levinson [13]).
Let V and W be finite dimensional Banach spaces with norms || - |y and || - ||w
respectively. Let L(V,W) denote the set of bounded linear maps from V to W,

equipped with the operator norm || - || (v,wy which is defined by

Al vy = sup [|A@)[lw

[oflv<1
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Let X : [0,7] — V be a continuous path with bounded variation. Consider the
differential equation

where f : W — L(V,W) is locally Lipschitz continuous. Recall that f is locally
Lipschitz continuous if for every w € W there exists a neighbourhood U of w such

that there exists a constant Ly > 0 such that

1f () = F@)evwy < Lullu = allw

holds for all u,u € U. It follows from the local Lipschitz continuity that for every

compact set K C W, there exists a constant Lx > 0 such that

1 (w) = f(@)llcovw) < Li|lw = wllw

holds for all w,w € K. The constant Lg is called a Lipschitz constant for f on K.

Definition 4.4 Let X : [s,t] — V be a continuous path with bounded variation.

The 1-variation of X on the interval [s,t] is defined by

HX”L[SJ} = Ssup Z Hth - Xti71HV7

DC[s,t] i—1
where D = {to, t1,...,tn} is a partition s =tog <t; < --- <t, =t of [s,1].

Now, we prove a local version of Picard’s Theorem that is adapted to our setting
and that gives us the local solution of the differential equation (4.6). Note that we
choose the constants in such a way that we can later construct the maximal interval

of existence of the solution.

Theorem 4.5 Consider the differential equation (4.6), i.e.

dY, = f(V}) dX:, Yo =y,
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where f : W — L(V,W) is locally Lipschitz continuous and X : [0,T] — V is a

continuous path with bounded variation.

(1) Set

My = max | f(w)|rww),
weB1 (y)

where By(y) is the closed ball By(y) = {u € W : |u—y|lw < 1}. Fizt, € [0,T]
so that

1

X -
1 X1, 10,641 7

if M7t < || X |17 Otherwise, setty =T.
Then, there ezists a unique solution Y : [0,t1] — W of the differential equa-

tion (4.6) on [0,,].

(ii) Define paths Y™ : [0,t1] — W recursively by
t
Y;nJrl — y_|_/ f(Y;n) dXS
0

starting from

Y=y

for every t € [0,t1]. Let Lpg, () be a Lipschitz constant for f on Bi(y).

Then,
Lz M)"
¥ = Yihy < RO a0
n !

holds for every n € N and every t € [0,t1]. Furthermore, Y™ converges uni-

formly to'Y on [0, 1] in the sense that

lim sup [¥/" = Yi[lw =0

=00 ¢e(0,t4]
and Y 1s continuous and has bounded variation.

The proof requires the following Lemma.
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Lemma 4.6 Let h : [0,7] — L(V,W) be a continuous function and let

X :[0,T] =V be a continuous path with bounded variation. Then,

t
‘/ hsdX,
0

holds for every t € [0,T].

t
< / sl vy A1 X o
w 0

Proof: Fix a time ¢t € [0,7]. Let 0 = sy < 81 < -+ < s, = t be a partition
D = {so, 51, ..., 5y} of the interval [0,¢] and let |D| = max{|s; —s,-1| : i =1,...,n}

denote the mesh of the partition D. Then, we have

n—1
‘ /t hs d X = lim Z hSi (X3i+1 B Xsi)
0 W PI=01195 w
n—1
< %&10,2; s v (1 X sy — X llv
n—1
< |21)i|IL10; || hs, L(V,W)HX”L[%SHI}

n—1
= Iggoz s ey (X Mo, = X N1 p0,s01)
1=0

t
- / el ocyvaw dll X 1 o

Now we can prove Theorem 4.5.

Proof of Theorem 4.5: At first, we show that
Y/ € Bi(y) (4.7)
for all £ € [0, ;] and all n € N via induction over n. For n = 0, we have

Y? =yE Bl(y)
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for all ¢ € [0,¢1]. Assume that (4.7) holds for n. Then,

[ o

< [ XM <1

1Y —yllw = <X w0, sup [[F(YS) oo

w s€[0,t]

holds for all ¢+ € [0,#;] and hence we have Y,**! € B(y) for all ¢ € [0,#,], which
completes the induction.

Furthermore, we show that

M1 (Lgl(y) ||X||17[07t})n+1

IV =Y lw <
¢ t LBl(y) <n+ 1)'

for every t € [0,¢;] and every n € N via induction over n. For n = 0, we have
1Yy =Y llw = 1Y) = yllw < M| X ]300

for every t € [0, ;] by the same argument as above. Assume that (4.8) holds for n.

Then, it follows from Lemma 4.6 and the local Lipschitz continuity of f that

||Y;tn+2_}/tn+1||W _ Hy_’_/fyn-l-l dX /fyn

t

i (fOH) = F(Y)

w

t
< / 1OV = PO o dlI X o

t
< / Loy IV = Yol )X | o
0

t _ n+1
My (Lg, )1 X l10,5)
< Lél(y) — 1(y) o d||X||1,[075]
0 Bi(y) (n+ )

Ln+1

v 1X1l1,10,4
_ ]\41 Bi(y) / un+1 du
(n+1)!Jo

My (L) 1 X 1049)"
Lp (n+2)!

1(y)
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holds for every t € [0, ¢;] by the induction hypothesis. This completes the induction

and thus shows (4.8).

It follows from (4.8) that

Y =Yl

k—1 k—1 i+1
: : My (Lp, ol X o)™
< Yn+1+1 o YnJrz < 1Y 51Y,
< X e B (Ew Sy

n k—1 7
< My (Lg, oI X]104)" (L, I X |1,0,)
- Lél(y) (7’L —|— 1)' i—o ’L'

_ M (L, )1 X 110.) " = (L, () 1 X M|1,00,)°
_ n+1
_ LMl (LBl(yE”X”ia)[?ﬂ) oLy XTI
Bi(y) n+1)
_ +1
< LM1 (LBl(y)<HX”117[)O"t1]>n oLy 1X 11 0,6]
Bl(y) n -+ !
< weLél(y)/Ml
- (n+1)!

holds for all n € N, all integers k£ > 1 and all ¢ € [0,] since || X||1o,4] < Mil by

definition. Therefore, (Y;*)nen is a Cauchy sequence in the Banach space W and

hence converges pointwise. Thus, the limit lim,,_,, Y;" exists for every ¢ € [0,1].

Define the function Y : [0,¢,] — W by

Then, we have

1Y: = Y"||w = ]}ggo 1Y — Y | <

Y, = lim Y € Bi(y).

n—0oo

(LBl(y)/Ml)neLél(y>/M1
(n+1)!

for every ¢ € [0,¢;] and hence

lim sup [|Y; — Y|y = 0.

N0 +e(0,t1]
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Thus, Y™ converges uniformly to Y on [0, ¢1]. It follows from the uniform convergence
that Y is continuous as all the paths Y™ are continuous by definition.

Moreover, Y satisfies

n_y+/ﬂm@¢& (4.9)

for all ¢t € [0,¢;] by construction and therefore, Y is a solution of the differential
equation (4.6) on [0,¢;]. It also follows from (4.9) that the path Y : [0,¢1] — W
has bounded variation since Y, € By(y) for all s € [0,#;]. Hence, the function
foY :[0,t;]] = L(V,W), s — f(Ys), is bounded by M;.

Now, it just remains to show the uniqueness of the solution. Assume that there is
another solution Y of the differential equation (4.6) on [0,,]. Then, Y : [0,t,] — W

satisfies

ﬁ:yﬁéﬂﬁmx

for every t € [0,t;]. Hence, the path Y is continuous. Let By(y) be the closed ball
By(y) = {u € W : ||u—y|lw < 2}. The path Y starts from Yy = y € By(y). Set
7 = inf{t > 0: ||Y; — y|lw = 2} if there exists t € [0,,] such that ||Y; — y|w = 2.
If |V —yllw < 2 for all t € [0,t], set 71 = t;. Then, we have Y; € By(y) and
Y, € Bi(y) C By(y) for all t € [0,71]. Let Lg,, be a Lipschitz constant for f on
By(y). I || X|l1jo.m) > (L))", fix ug € [0,71] so that [| X1 j0.u) = (2Lp,0)) "
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Otherwise, set u; = 71. Then,

t t
sup [|Yi—Tilw = sup |ly+ / F(V2) dXy —y — / F(Y,) dX,
te[0,u1] te[0,uq] 0 0 W
t
— s /qmwfmnﬂg
te(0,u1] 0 w

IN

sup | || X[1,0, sup, 1f(Ys) — f(ﬁ)\lL(MW))
s€(0,t

te(0,uq]

te[0,u1]

< sup | [ X0 SI[IP]LBQ(y)HYs —Y/s||w>
s€(0,t

1 ~
< 1 V- Vil
te[0,u1]

holds because of the Lipschitz continuity of f. Hence,

sup [|Y; = Yillw =0

te[0,u1]

and Y; = Y; holds for all t € [0, u].
If | X]|1j0,n] > (2Lp,)) ", and therefore u; < 71, we need to iterate the above
argument to show that Y; = Y; holds for all ¢ € [0,7]. So, if || X |10, > (2Lg, )",

let m be the smallest integer such that

HXHL[O’Tl] S 1
m 2L, )

Now, define ug, ..., u,_1 € [0, 71] recursively, starting from u; as defined above, so
that || X1 fu,_yu) = (2Lpyq)) " for k= 2,...,m —1. Set up = 0 and u,, = 71.
Then, we have constructed a partition 0 = uy < w3 < -+ < u,, = 7 of [0, 7]
such that [| X || e,y < (2L5,)) " for all k =0,1,...,m — 1. Now, we show by
induction that

sup ||V — Yillw =0 (4.10)

te[uk,uk+1]
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holds for all £k =0,1,...,m — 1. We have already shown above that

sup ||Y: — }7t||w =0.

te [uo ,U,1]

Assume that the induction hypothesis holds for some k € {0,1,...,m — 2}. In

particular, this implies Yy, , =Y, . Then,

sup ||Yt—§~/t||w

t€[up41,up12]

t t
= sup Yo + J(Ys)dXs =Yy, — / f(Ys)dX,
Ug 41

t€[upy1,urkt2] Uk41

w

— / (F(Y,) — (V) dX,

t€[ugy1,uk42]

w
< Sup [ XN sup (1 (Y5) = FYS) levm
t€up11,up12] SE[ug41,t]
< s (Xl S LIV~ Tallw
te€fugt1,up42] SE[ug41,t]
1 -
< 5 swp Vi =Yilw

2 t€[up41,Uk2]

holds because of the Lipschitz continuity of f and hence

sup ||V = Yillw =0,

tE€[upt1,up42]

which completes the induction.
Now, it follows immediately from (4.10) that Y; = Y; for every t € [0, 7].

Finally, we show by contradiction that 7 = ¢;. Assume that 7 < t;. Then,

1Y, = yllw =2
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and

holds as shown above. Thus,

Ve = yllw = 2,

but this is a contradiction to the fact that Y; € By(y) for all t € [0,¢;]. Therefore,
7 = t; and Y; = Y, holds for all ¢ € [0, ].

Thus, Y is the unique solution of the differential equation (4.6) on [0, ¢]. O

We can extend the local solution Y : [0,¢,] — W of the differential equation (4.6)
to bigger time intervals [0, t,,] by successively applying the construction from Theo-
rem 4.5 to small time intervals [t,,t,,1] and then concatenating the paths.

Given the local solution on [0, ¢;] from Theorem 4.5, we know, in particular, Y;,. So

now, we can solve the initial value problem

ay, = f(¥,) X, (4.11)

starting from Y}, at time ;. In the same way as in Theorem 4.5, we obtain ty € [t1,T]
and a unique solution of (4.11) on [t1,t3]. We can concatenate these solutions and
together, they form a unique solution of the initial value problem (4.6) on [0, t5].

More precisely, we construct a sequence of times (¢,)nen C [0,7] and a unique

solution of (4.6) on every interval [0,¢,] in the following way.

Lemma 4.7 Consider again the differential equation (4.6), i.e.

dY, = f(Vy)dX:, Yo =y,

where f: W — L(V,W) is locally Lipschitz continuous and X : [0,T] — V is a
continuous path with bounded variation. Define a sequence of times (t,)nen C [0, 7]

and construct a sequence of paths Y : [0,t,] — W recursively: Start with the time t;
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and the local solution Y : [0,t;] — W from Theorem 4.5. Given t, and the path

Y : [0,t,] = W, we define

M, 1 = max w )
+1 weE’h(Ytn)Hf( )HL(V,W)

where By(Y;,) is the closed ball By(Y;,) = {u € W : |lu =Y, ||lw < 1}. Fix the time

tnt1 € [tn, T] so that
B 1
el Mo

X1 g,

if Mty < || X |1y Otherwise, set t,iq1 =T.

Then, there ezists a unique solution Y : [t,,t,+1] — W of the initial value problem

dY; = f(Yy) dX,

starting from Yy, at time t,,. Define the path'Y : [0,t,.1] — W as the concatenation
of Y 1 [0,t,] = W and this solution Y : [t,,t,+1] — W.
Then, the path Y : [0,t,] — W is the unique solution of the differential equation

(4.6) on [0,t,] for every n € N and it is continuous and has bounded variation.

Proof: We prove Lemma 4.7 by induction over n. For n = 1, Theorem 4.5 gives
us ¢, and the unique solution Y : [0,¢;] — W of (4.6) on [0, ¢;] which is continuous
and has bounded variation.

Given t, and Y : [0,t,] — W, we know Y, and it follows from Theorem 4.5 by
reparametrisation that there exists a unique solution Y : [t,,, t,,+1] — W of the initial

value problem

dY;ﬁ = f(Y}/) dXt

starting from Y;, at time ¢,, which is continuous and has bounded variation. Now,
we can concatenate the unique solutions Y on [0,%,] and [t,, t,.1] as they have the

same value Yy, at time t,,. This path Y : [0,¢,,1] — W is the unique solution of the
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differential equation (4.6) on [0, ¢,41]. It is continuous and has bounded variation.

This completes the induction and hence the proof. O

Note that, if the sequence (t,) reaches 7" in finitely many steps, i.e. there is n* € N
such that t,« = T, then the times ¢,-.;, ¢ € N, coincide with 7" and the solution
on [ty ti, tprtit1] = {1} is trivially Y; . = Yp. But it is not guaranteed that the
sequence (t,) reaches T in finitely many steps. In fact, the solution of the differential

equation (4.6) may explode in finite time.

Definition 4.8 We say that a solution'Y of the differential equation (4.6) explodes
in finite time if there exists 7" € [0,T] such that the solution Y; € W exists for all

t €10,7%) and that, for every R > 0, there exists tr € [0,7*) such that ||Yi.|lw > R.

Note that the time of explosion is
lim inf{t > 0:||Y|lw > R} =7".
R—o0

This follows from the fact that every solution of (4.6) has to be continuous and
therefore attains its maximum on every compact time interval [0, ¢].

Now, reconsider the sequence (t,) from Lemma 4.7. If the times ¢, reach T in a
finite number of steps, i.e. there exists n* € N such that ¢,« = T, the construction
from Lemma 4.7 gives us the unique solution Y of the differential equation (4.6) on
the entire time interval [0, 7.

The following Lemma explains what happens, if the sequence (t,,) does not reach T'

in a finite number of steps.

Lemma 4.9 Consider the sequence (t,) from Lemma 4.7. If the times t, satisfy
t, <T

for alln € N, then the sequence (t,) converges and the construction from Lemma 4.7

gives us the unique solution Y of the differential equation (4.6) on the time
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interval [0,1im,, o t,). Furthermore, the solution Y explodes in finite time and
the time of explosion is

7" = lim ¢, € [0, 7.

n—oo

Thus, the construction from Lemma 4.7 gives us the unique solution of (4.6) on the

maximal interval of existence.

Proof of Lemma 4.9: By definition, the sequence (¢,) is monotonically nonde-
creasing and it is bounded from above by T'. Therefore, its limit lim,, .. t,, exists in
[0, T]. Set ¢* = lim,_oc t.

The construction from Lemma 4.7 gives us the unique solution Y of (4.6) on every
interval [0,t,], n € N. For every t € [0,t*), there exists n € N such that ¢t < ¢,.
Hence, we get Y; for every t € [0,¢*) and the solution is unique on [0, t*).

We have t,, < T for all n € N and thus, t,, is defined so that

1
tn+1] = M 41 .

1 X 1,2,

Set to = 0 and define the sequence (z,),en by

Then, there exists a subsequence (z,);jen of (2, )nen such that x,, converges to 0.
This can be shown by contradiction. Assume that there is no such subsequence.
Then, there exists ¢ > 0 such that z,, > ¢ for all n € N. Fix m € N such that

m > || X||1,j077- We get

m m m
X007 2 D 1K e, oy = D n, > Y€ = me > [ X apour,
j=1 j=1 j=1

which is a contradiction. Hence, there exists a subsequence (z,;) of (z)nen that

converges to 0.
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Then, the sequence (M, 41);en diverges to infinity since M, ., = x,;l. It follows

that

as M, 11 = max, g, (o) |.f(w)||zv,w) and f is continuous. The subsequence (t,,)
converges to the same limit as (¢,,) because of the monotonicity. Thus, Y explodes
by time t*.

It cannot explode any earlier since Y; € W exists for every ¢ € [0,t*) and

max ||V flw < o0

sell,

because of the continuity.

Hence, we have 7* = t* = lim,, ., t,, and the solution Y explodes in finite time. O

Remark 4.10 If f is Lipschitz continuous and not just locally Lipschitz continuous,
there exists a unique solution of the differential equation (4.6) on the entire interval
[0,T]. In this case, Picard iteration also works on the entire interval [0,T] and the

Picard approximations converge uniformly to the solution.

4.4 Solutions of polynomial differential equations

4.4.1 Existence and uniqueness

Polynomials are locally Lipschitz continuous. Thus, we can apply the results from
section 4.3 to prove the existence and uniqueness of solutions of polynomial differ-
ential equations.

Note that solutions of polynomial differential equations may explode in finite time.
See for example Csikja and Té6th [16] for a study of blow-ups in polynomial differ-

ential equations.
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Theorem 4.11 Consider the polynomial differential equation (4.1), i.e.

dy, = P(yt) dy, Yo = %,

where v = [0,T] — R% is a continuous path with bounded variation, z € R%,
and P : RY — M(dy,dy, R) is a continuous function, which takes values in the

dy X dy-matrices, and is given by

pua(ye) - pldg(yt)

pdll(yt) pd1d2(yt>

where p;; : R™ — R is a polynomial for every (i,5) € {1,...,di} x {1,...,ds}.
Then, there exists a unique solution y : T — R%, where T C [0,T) is the maximal
interval of existence. If the solution explodes within [0,T], we have T = [0,7%),

where T* is the time of explosion. Otherwise, we have Z = [0,T].

Proof: The function P is locally Lipschitz continuous. Therefore, Theorem 4.11

follows directly from Lemma 4.7 and Lemma 4.9. O

4.4.2 Value of the solution

In this section, we show how to obtain the value y; of the solution of the polynomial
differential equation (4.1) for small ¢ from the signature I'g; of the signal ~, restricted
to [0,¢]. For linear differential equations, such a result can be found in [37]. Here,
we generalise it to polynomial differential equations.

At first, we prove the following lemmas. Recall that we use the notation L(V, W)

for the space of bounded linear maps from a Banach space V' to a Banach space W.

Lemma 4.12 Let X : [0,t] — R% be a continuous path with bounded variation and

let Xou = (1, X4, X5y, - --) be ils signature.
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Define linear maps

Li,: L (é([@dﬂ@i,]&) — L ( Ié (R@)@i,R)

i=k i=k+1

for j€{1,...,d2} and integers k <1 by

blen @ @ey ) ifin=]

0 ifin #J

Li,l(d})(eil Q& 6ih) =

for the basis elements e;;, @ -+~ ®e;,, h=k+1,...,14+1, of @giﬂ(Rd?)@i.
Then,

t
Ly, (0)((X57 - Xoi)) = /0 (X5 -5 X)) dX]
holds for every 1 € L (@ézk(R@)@i,R) and every j € {1,...,ds}.

77777 ;, be the element of the space

Proof: Consider ¢ € L (@izk(R‘b)@i,R). Let e}
L ((R%)®" R) that is defined by

1 ifjlzil,...,jh:ih

0 otherwise.

-----

that
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and we get

h=kk+1,...,]
t
1] 5eeey 7
= > i | X dxy
(i1 eesin)E{ L2}, 0
h=k,k+1,....]

(Zl 7777 ih)e{l 77777
h=kk+1,....1
_ (ll 7777 ihvj)
- E Hiy,..., ihXO,t
(i1,eyin ) E{L .. ,d2 } ",
h=k k+1,....1

= L) (Xor" -, Xohh).

O

Let P: R®" — M(dy,ds,R) be the function from the polynomial differential equa-

tion (4.1). It has the form

where p;; : R — R is a polynomial for every (i,7) € {1,...,di} x {1,...,ds}.

Suppose that

N(3)
pij(T1, ..., Tay) = )\((Jm) + Z AWI) g g9, (4.12)
la]=1
Set
N = max NG, (4.13)
(i,j)e{l ..... dl}X{l,...,dg}
and

So=({0,1,...;a0} x -+ x{0,1,...,aq4}) \ {(a1,...,aq)}
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for multi-indeces o = (v, ..., agq, ). Define polynomials

pij: R xR - R

by
N(:3) dy
~ i Oh\ kpian—k
Pis(a,b) = > A > ] ((kh>ahhbhh h) . (4.14)
la=1 (K1,eekiy )ESa h=1

Furthermore, define the function

P: R" x R" — M(dy, ds, R)
P(a,b) = (Dij(a,b)) i=1,..a, -

Lemma 4.13 With the above definitions,
ﬁij((l, b) = Dij (CL + b) — Dij (CL) (415)

and

A

P(a,b) = P(a+b) — P(a) (4.16)
hold for every a,b € R%.

Proof: By the binomial theorem, we get

@
(ag + b)) = Z <zl) ayt b
!

k=0
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for a; € N and q;, b; € R. Therefore, we have

o~ 115 (0o

=1 1=1 \k;=0

§ E adl k1 kdl a1—k1 Qdy _kdl
- ( )...(k )CLI ...adl bl "'bdl
d 4

k1=0
NGs5)
s ((2)apps).
|azl( ,,z: €Sa IH R

Thus, (4.15) follows from (4.12) and (4.14). Equation (4.16) is a direct consequence

of (4.15). O

Now, we are in the position to show how to obtain y; from the signature of 7. Set
moy = 0

and

Mp=1+N+N>+... 4 N*! (4.17)

for integers n > 1, where N is the degree of P as given by (4.13). Define linear maps

mn

A7 @(Rdz)@)l _ Rdl

l=n

recursively for integers n > 0 and z € R%, starting from
A% R —RE A% (x) =2z (4.18)

and

A RE S RY AV () = P(2). (4.19)
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Given A%= ALz A™* we construct A""H* as follows: Define the linear map

Mnp—1
SDn—l,z . @ (Rd2)®l N Rdl
1=0
by
n—1
O (w0, 21y Ty, ,)) = ZAZ’Z((xl, ey Tmy))s
1=0
where x;, € (R®2)®" for h=1,...,m,_1.

For k =1,...,dy, let e} : R®" — R be the projection onto the k-th coordinate. Note
that e} is linear and set ¢} "% = e} 0 "~ 1% and Ap* = ef o A™*.

Fori=1,...,dy and j =1,...,ds, define linear maps

mn+171
o @ (R®2)® — R
l=n
by
N(3)
n,z i aq Qg n—1,z n—1,z
o = A () ()
la|=1 (k1,...,kdl)€sa 1 4 (420)
l_l(A;L,z>u(a1—k1) UL (AZ;Z)U(adl—kdl)’
where
()R =g U U
kl—?i:nes
and

(Ap#)Hlea=h) — AP LAY

TV
(ay — ky)-times
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for i =1,...,d,. Note that ®>* is well defined as a map from @ RE)E 1o R.

l=n

Indeed, we have
di d1 di

=1 =1 =1

for every integer n > 1. In addition, for every « such that S, # () and every

(ki, ..., ka,) €S, there exists [ € {1,...,d;} such that a; — k; > 1. Thus, we have

Finally, define

d2
A?+17Z = Z Li,mn+1—l(q)%7z) (421)
j=1
fori=1,...,d; and set
A?f+1,z
AmthE — ; : (4.22)
AZ+1,Z

Theorem 4.14 Consider the polynomial differential equation (4.1), i.e.

dy, = P(yt) dy, Yo = %,

where v = [0,T] — R% is a continuous path with bounded variation, z € R%,

and P : RY — M(dy,dy, R) is a continuous function, which takes values in the
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dy X dy-matrices, and is given by

pu(yt) pldz(yt)
P(y:) = : : )

pdll(yt) te pdldg(yt)

where p;; : R — R is a polynomial for every (i,j) € {1,...,d;} x {1,...,ds}.
Fizt € [0,T] so that
-1
o < (s 1P
weB

1(2)

Then, the following holds:

(i) There exists a unique solution y : [0,t] — R¥ of the polynomial differential
equation (4.1) on [0,t] and we can obtain the solution y; via Picard iteration.

For every n € N, define paths y™ : [0,t] — RY recursively by

yt =2 / P(y{") dv, (4.23)
0
starting from
yW ==

for all s € [0,t]. Then, the sequence (yt(")) converges and

lim 3" = . (4.24)

(i1) Let
Tos = (1,T,, rg,t, .)€ T((R%))

be the signature of the signal 7y, restricted to [0,t], and let
mg

Ak BR®)® — RN

i=k

84



be the linear maps that are constructed in (4.18), (4.19), (4.21) and (4.22),

where my, is given by (4.17). Then,

y =D AR, ) (4.25)
k=0

holds for every integer n > 0 and we have
o= AR (TG TE)). (4.26)

k=0

The rate of convergence is

< Ei/Jer ); et/M (4.27)

- (zAk’«(r’s,t,...,rgfm))
k=0

where By(z) C R% is the closed ball By(z) = {u € R4 : |lu—z2|| <1}, L isa

Lipschitz constant for P on Bi(z) and

M= max [P
weB1(2)

Proof: Part (i) follows from Theorem 4.5 since P is locally Lipschitz continuous.

In order to show part (ii), we first prove (4.25) by induction over n. For n = 0, we

get

and

W =2 = A1) = AT

t t !
y = z+/P(y§°))d%=z+/ P(Z)d%:”rp(z)/d%
0 0 0

= 2+ P(Z>F(1),t =z+ Al’z(rtl),t)
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for n = 1 by (4.23) and the definition of A"*. Now, assume that (4.25) holds for

integers 0,1,...,n. Then, we get

t t n
D z—i—/ P(ygn))d%zer/ P(E Ak’Z((F’&S,_..,Fgﬁ))) ds
0 0 k=0

t n—1
. p(zAk7z<<r’a,s,...,r87§>>> i
0

k=0

t n—1
+/ P (ZA’”(F’&S,...,FQ?),A”’Z((F&S,...,FQ?;))) ds
0 k=0

by (4.23), (4.16) and the induction hypothesis. Again by the induction hypothesis

and (4.23), we have

t n—1 t
z+/ P (ZA’“’Z((F’S,S,.--,FS’?))) dys = Z+/ P(y{" ) dy, ="
0 k=0 0
= > ARA((TE,, . TE).
k=0

Thus,

n

) = ST AR (T, T))
k=0
(4.28)

t n—1
+[p (ZA'“((F’S,S,...,rgrf:)),A"»Z((ras,...,rz?:») .
0 k=0

holds. By (4.14), (4.20) and the property (4.3) of the shuffie product, we get

n—1
@ (g The ™) = by (Z ARF((Th o TR, A (T ,rgf:»)

k=0
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for all s € [0, 7] and all (z,7) € {1,...,d1} x {1,...,dy}. Therefore, we have

t n—1
/0 P (ZA’“’Z((F’&S,...,FB’?)),A”’Z((F&S,...,FQ};))) drys
k=0

d1 da t n—1
= > |2 / i (ZA’W((F’;,S,...,rg’f@),AnvZ((FaS,...,Fgf:») d%) 2
i=1 \j=1"0 k=0
dl d2 t
= (3 [ () d%)
i=1 \j=1"0
di da ‘
= >, ZL;,WH_I«DZ;’Z)((F&#,...,r’a?:“)))
i=1 \j=1

di
= Y ATTR((TEE T e
=1

= ATT(TE . Tor)

by Lemma 4.12; (4.21) and (4.22). Thus, it follows from (4.28) that

n+1
1 z oF
g =z > AY (Lo To8))
k=1

which completes the induction and hence shows (4.25).
Now, (4.26) follows from (4.25) and (4.24), and (4.27) follows from (4.25) and The-

orem 4.5. O

4.4.3 Signature of the solution

Now, we show how to obtain the truncated signature of the solution of the polyno-
mial differential equation (4.1) over small time intervals from the signature of the
signal v and not just its value y; as in the previous section. Lyons et al. [37] demon-
strate this for linear differential equations (see [37], section 4.2). They use the series
expansion for the value of the solution in terms of the signature of v (analogue of

Theorem 4.14(ii) for linear differential equations) and then compute the iterated in-
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tegrals and identify them as functions of the signature of . Here, we use a different
approach. The truncated signature is itself the solution of a differential equation

driven by the path ~. We solve this differential equation by Picard iteration.

Definition 4.15 Let M be an element of N. The truncated tensor algebra T™)(R%)
15 defined as

M
T(M) (Rdl> _ @(Rd1)®i
i=0
equipped with the product
(GO, ag,. .. 7GM)(bo, by, ... 7bM) = (CO, C1y. - ,CM),

where ‘
C; = ZCL]' ®bifj
=0
fori=0,1,..., M.

We equip T (R%) with the maximum norm. Let a = (ag,ai,...,ay) be an

element of 7)(R%). Then, set

lall = max{laol, l|a1llrt cor llazllmnys2,cor - - s llanell g yorr o}

where || || gi1yer o0, K = 1,..., M, is the maximum norm on (R*)®" as in section 3.1.

Theorem 4.16 Consider the polynomial differential equation (4.1), i.e.

dy, = P(yt) dv, Yo = %,

where v : [0,T] — R% is a continuous path with bounded variation, z € R%,

and P : RY — M(dy,dy,R) is a continuous function, which takes values in the
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dy X dy-matrices, and is given by

pu(yt) pldz(yt)

pdll(yt) te pdldg(yt)

where p;; : R™ — R is a polynomial for every (i,5) € {1,...,d1} x {1,...,ds}.
Lety : T — R% be its unique solution as discussed in Theorem 4.11, where T C [0,T]
is the mazimal interval of existence. Fix T € T and let M > N be an integer, where

N is the degree of P as given by (4.13). Let
Y[M] = (1 Yl YM T(M) Rdl
0,¢ ( 0t 0,t> € ( )

be the truncated signature of y, restricted to [0,t].

Then, there exists a linear map
wE s TOO(RM) — M(d,, dy, R)

such that
UMY = P(y,) (4.29)

holds for all t € [0,T).
]

Furthermore, the truncated signature YO[M 18 the unique solution of the differential
equation
avyy" =Y @ wMH (v dre, Yoy = (1,0,...,0) (4.30)

and the solution exists on [0,T].

Note that we have reduced the polynomial differential equation (4.1) to the quadratic
differential equation (4.30) on TW)(R%).

In (4.30), the notation Yo[ftw] ® \I/M7Z(Y0[ﬁ/[]) has the following meaning. Define the
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map g™*: TM(RM) — L (R%, TM(R™)) by

g @)z = (0,00 @ (VM (a)z), ..., an—1 @ (¥M*(a)z)) (4.31)
for a = (ag, ay,...,ay) € TM(R%) and x € R?. Then,

Yo[,jy] ® \I,M,z(yo[y]) _ gM,z(Y'O[fy])
and with this notation, the differential equation (4.30) reads
avyy' = g (Y dy, Yy = (1,0,...,0). (4.32)
Proof of Theorem 4.16: Define polynomials p7; : R% — R by
P () = pi(x + 2).

It follows from Theorem 4.2 that there exist linear maps \Ilf\]/lz . TM(R4) — R

such that
WA (V) = 57 (e — wo)

holds for all ¢ € [0,7] and this implies
Wi (Vo) = 55 (0 = o) = pis(we).
Define the linear map W* . TAM)(R%D) — M(dy,dy, R) by
U @) = (U (@) oy
for all a € TW)(R%). Then, we have

WAy = P(y,)
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for all ¢ € [0,77], which proves (4.29). It follows from [37], Lemma 2.10, that the

truncated signature Y[{M] is the unique solution of the differential equation
Y =y ody, v =(1,0,...,0),
and that the solution exists on [0,7]. By (4.1), this differential equation is
aYyy! =Yg @ P(y.) dy,

and it becomes
I =V )
by (4.29). O

Now, we show how to obtain the truncated signature Yo[]\Tﬂ from the signature Iy 7

of the signal ~ for small 7. Define linear maps

2n—1
B s DB — TS

i=n

recursively for n € N| starting from
B R — TM(RN) B%(x4) = (,0,...,0) (4.33)
and
BY*: RE — TM(RD) - BY (1) = ¢M*((1,0,...,0))(2), (4.34)

where the map ¢g** is defined in (4.31). Given B%* BY* ... B™* we construct

B"*12 in the following way: For integers m = 0,1, ..., n, define the linear maps
9m 1
e": (D RD)® - TONR™)
i=0
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@m’z((ao, ai, ... ,aszl)) = Z Bi’z((ai, Qig1y .- ,agi_l)).

=0

Recall that the linear maps \Ifl];/[z are defined such that
M,z M
V(Y0 = ()

for (1,7) € {1,...,d1} x{1,...,ds} as in Theorem 4.16. For m = 1,..., M, define

the linear maps
antl_g

B @ ®RE)® - L(RE, RY))

i=n

1 1
P (s ) = 3 z(z( ..... s 0 B U (B 0 67)

21,0 sim—1 =1

((an, - - ,a2n+1_2))x]~) e Qe e,

the linear maps
3x2n~1-2

B @ R - L (R R

i=n

and the linear maps
ontl_2

fite @@ ®R®)™ — L (R (R")"™)

i=n
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by

F((@n, s g 2))(@) = Fr7((an, - agner 2)) (@) + f7((@n, - - Ggxon-12)) ().

Furthermore, define the linear maps

ontl_2
(i)(il ..... im),J (Rd2)®k — R
k=n
by
cI)(Zl ,,,,, Zm)J((am s va2"+1—2)) = €ilim ( r?mz((an? cee 7a2"+1—2))(6j))

for iy,...,im€{l,...;d1}, m=1,..., M.

Now, we can finally define B"*%?. Define the linear map

antl_g
Bn—‘rl,z . @ (Rdz )®i _ T(M) (Rdl )
i=n+1
by
dy do

B (g ) = D0 D (F e (@i

where LZL gni1_g 1S defined in Lemma 4.12.
The following theorem shows how we can obtain the truncated signature Yo[]\Tﬂ from

the signature I'; 7 of the signal 7y for small T.

Theorem 4.17 Consider the polynomial differential equation (4.1), i.e.

dy: = P(y;) dy, Yo = 2,

where v : [0,T] — R% is a continuous path with bounded variation, z € R%,
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and P : RY — M(dy,dy,R) is a continuous function, which takes values in the

dy X dg-matrices, and is given by

pi(ye) - DY)

Pa1(Ye) - Payds ()

where p;; : R — R is a polynomial for every (i,j) € {1,...,d;} x {1,...,ds}.
Lety : T — R% be its unique solution as discussed in Theorem 4.11, where T C [0, T

is the mazimal interval of existence. Fiz T € T small enough so that

-1
anl,[o,ﬂs( max HgM’Z<a)||)

acB((1,0,...,0))

and let M > N be an integer, where N is the degree of P as given by (4.13). Let

Top= (LT -T2 .)€ T((R?))

0,7° % 0,1

be the signature of the signal 7y, restricted to [0,T]. Let

201
B : @H®R")® — TM(RM)
j=i
be the linear maps that are constructed in (4.33), (4.34) and (4.35). Then, the

truncated signature YO[A%[] of the solution y, restricted to [0, T], 15

(M] _ iz ( (T i+1 2i_1
Yor = >.B (To Tozr - T 7)) (4.36)
i=0
The rate of convergence is
[M] - iz ( (T i+1 2i-1 (L/M)" L/M
YELT o Z B ((FO,’f7 Foja s >F07T )) S m€ 5 (437)
i=0
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where gM* is the map defined in (4.31), B1((1,0,...,0)) ¢ TM(R%) is the closed
ball B1((1,0,...,0)) = {a € TM(R%N) : |a—(1,0,...,0)|| < 1}, L is a Lipschitz

constant for g™* on By((1,0,...,0)) and

M= max 1™ (a)]].
aeB1((1,0,...,0))

Proof: It follows from Theorem 4.16 that Yo[,]\;] is the unique solution of the dif-
ferential equation (4.30). With the notation (4.31), the differential equation (4.30)
becomes (4.32) and it follows that YO{A;] is the unique solution of the differential
equation (4.32).

The map g™, as defined in (4.31), is locally Lipschitz continuous by definition.
Therefore, we can apply the results from section 4.3 and it follows from Theorem 4.5
that we can solve the differential equation (4.32) via Picard iteration.

For every n € N, define Y[)[f,w’"] 2 0, T] — TM)(R%) recursively by
Mt ' M
Y = (1,0,...,0) + / g (Vo) oy, (4.38)
0

starting from

Y = (1,0,...,0)

for all t € [0, T]. Note that the integral [, g™~ (Yo[f’n]) ds is defined component-wise

t t t
z Mmn 2 Mn 2 Mmn
[ oo = (o [ a0 . [
0 0 0

Then, it follows from Theorem 4.5 that

lim YA =y (4.39)

n—oo 0.7 0,7
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Now, we show that
Yo' =" B0, Ti L T2 Y) (4.40)
=0

holds for every ¢ € [0,7] and every n € N.
For the brevity of notation, set 1 = (1,0,...,0) € TW)(R%). We show (4.40) by

induction over n. For n = 0, we have
You'" = 1= B (1) = B (T,
and for n = 1, we have

t t
= e [ e an =14 [ g an,
0 0

t
= 1 ([ = 1)
0

= BO’Z(Fg,t) + Bl’z(rtl),t)

because of (4.38) and the definition of B'?.

Now, suppose that (4.40) holds for integers 0,1, ...,n. Then,

t t
yiml — q +/ g2 (VMY dyy =1 +/ Youll @ w= (Y M) dny,
0 0
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follows from (4.38) and the definition of g™+* and

t
0

t n ) n )
= / (ZBi’Z((Fg,S,...,Fgfsl ) \IJMZ< B*((T},,. .,Fgfsl))> ds
0 -

=0 =
n—1

t [/n—1 )
= /(ZBW((PQS,...,Fgfsl )@@MZ
0 \i=0

B¥*((T),,. -,réf;1>>> dys

n

t .
+/ B"’Z<<F8,s,...7rﬁf;‘1))®\IJM’Z( Bi’z((Fé,sw-»F%f!l))) @
0

=0

/ (ZBZZ Pz)s?"wlﬂl 1))) ®\IIMZ (BnZ«ng’ JF%Z’_I))) d’)/s

holds because of the induction hypothesis, the linearity of ¥** and the bilinearity

of the tensor product. Furthermore,

n—1
/ (ZB” (T T2 1))) ®\I/MZ<ZB” (Th.sr-- .,Féfsl))> ds

=0

0

follows from the induction hypothesis and (4.38). Thus, we have

[M,n+1]
You
n

t )
_ yo[ym/ B™*((Ty,,...,TEh) @ W= (ZBW((F&S,...,rgf;l))> drys
0

=0

/ (Z B((Th ... T3 1>>> ® WM (B (T, T3)) dy
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We get

n

(0550095 (50 a1t

=0
(B™ (TG - Toa 1)) @ UM (" (00, -, 155 71))) (@)

M dy

Z Z 6:1 ..... tm—1 (BH,Z«F&S, s 71—‘(2]?;1))) €iy QR €1

=1 j=1

M dy di do
> > Z(Ze; ,,,,, im_1<B”’Z((FaS,...,F%Zfl))>

X ((\I/i\fz o @"’Z)((F&S, . ,I’gj;‘g)) xj> €, Qe Qe

> Y i(i(@; ,,,,, o0 B

LT, 0 ™) ((Th s, - . ,ng;+12))>xj) e ® - e, , De
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for every & € R% by the bilinearity of the tensor product and the property (4.3) of

the shuffle product. In the same way, we get

n—1
(Z BA((Th,, ... ,rg;l))) @ UM (BTG, - - T )) (@)
=0

= (G TR @ W (B (T TET)) ) ()

- Z Z €>ikl ,,,,, Im—1 (95”7172((F8,37 ce 7Fg,ns_171)))€z’1 - Cirn_1
(ZZ\P (B"Z rgs,...,rgg—l)))xjel>
dy
B Z Z Z (Z ..... i (@”‘LZ((FS,S, . ,Fgf‘s‘l—l))>
m=1iy,.., _1=11=1 \j=1

Xt (B”Z((ng, . ,rgj;—l))>xj) en® Qe , De

DS 2( (CRFIETC b ((( TS )

m=111,..., tm—1=1 =1
X <(\Iflf‘j42 o B"™*)((Th,. ... ,Fgl—l))ﬁj) €, ® Qe Qe
M dy dy do
= > X X (Z(% ..... s 0@")

I_I(\I!f\f’z o B™*)((I'gs, - - ,Fg§2n_12)))xj> ey, @ Re;, Qe
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for every € R%. Thus, we have

and

Mmn+1
i

t M
Yor ™+ / (Z (g, .. ,réi;“-m) dvs

m=1

t M
o[ (St ) o
0 m=1
M t
n m,z n nt+l_
VY [ ()
m=1 0

(T THET)) i,

M t
M,TL n.z n n+1_
You "+ 3" [ fmE(rn,, TR ) dy
1 0

m=

t
Mn E E * n,z n n+l_
3/0[,15 } + 62-1 ..... im (/ fm7 ((Fo,m s 7F8,s 2)) d’}/s)
; 0

Xey @& e,

t
* n n+1__
67:1 ..... m (/ :I’Zb?z((]-jo,87 PR 71—‘3,8 2)) d’ys)
0

t d2
* n,z n ntl_ j
eil ..... m (/ m7 ((F0,57 e ’F(Q),sJr 2)) d (Z 7;‘%))
0 j=1

do t
* n,z n ntl_ j
Z% ..... im ( m ((FO,S""7F(2),S 2))(€j)d7§)
0
t o
* n,z n 2nTL—2 j
Z/ eil ,,,,, im ( m7 ((FO,S’ te 7F0,s ))(6]>> d’}/g
0
do t - ‘
Z/ CI)(“ ----- im)7j((rg,s7 s ’F(2),s _2)) d/yg
0

] = n n+1__
S (Eyeo @) ) (T TE )
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Hence, we get

Mn+1 Mmn i & n ntl
Vi = VST ST S (B e (@) (TaE TR )

= }/E)[i\f/f,n] + Bn+17z((r7011-1’ o ’F(Q)j:fl_l))

n+1

= Z BLZ((Fé,t’ F%)—;l? e 7ngt_1))
=0

which completes the induction and thus shows (4.40).
Now, (4.36) follows from (4.40) and (4.39), and (4.37) follows from (4.40) and The-

orem 4.5. O

4.5 Numerical computation of signatures of solu-
tions of polynomial differential equations

If we do already know the signature of the driving signal, for example from pre-
computation, we can use the result of Theorem 4.17 to compute the (truncated)
signature of the solution of the polynomial differential equation (4.1). In this sec-
tion, we show how we can compute the signature of the solution numerically without
knowing the signature of the signal.

We can solve polynomial differential equations by Picard iteration. The following
theorem shows that over a short time intervall, the signatures of the Picard approx-
imations converge to the signature of the solution.

Recall that the supremum norm on T'((R%)) is
lall = sup{faol, llax], lazl, - - -}
for a = (ag, ay,as,...) € T((R%M)).
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Theorem 4.18 Consider the polynomial differential equation (4.1), i.e.

dy, = P(yt) dy, Yo = %,

where v = [0,T] — R% is a continuous path with bounded variation, z € R%,
and P : RY — M(dy,dy, R) is a continuous function, which takes values in the

dy X dy-matrices, and is given by

pll(yt) pldg(yt)

pd11(yt) pd1d2(yt>

where p;; : R™ — R is a polynomial for every (i,5) € {1,...,di} x {1,...,ds}.
Lety : T — R% be its unique solution as discussed in Theorem 4.11, where T C [0,T]

is the mazimal interval of existence. Fiz T € T such that

—1
m < | max |[|[P(w ,
o < ( max 12001

where By (z) C R4 is the closed ball By(z) = {u € RM : |Ju — 2| < 1}.
We can obtain the solution y via Picard iteration. For every n € N, define paths

y™ 2 [0,T] — R recursively by

starting from

for all t € [0,T). Then, the sequence (y\™)nen converges for every t € [0,7] and

lim ygn) = .

n—oo
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Furthermore, let Y, 7 be the signature of the solution y on [0, T] and let Y[ be the
full signature of the Picard approzimation y™ on [0, T]. Then, (YO[(T)])"EN converges

to Yy 7 in the supremum norm. The rate of convergence is

. (L/M)"
IYae! = Yol < g met e

for all integers n > ﬁem/M, where 3 = 2 (1 +4 % %)7

M = max |[P(w)]]

weBj(2)
and L is a Lipschitz constant for P on By(z).
The proof requires the following lemma.

Lemma 4.19 With the notation and the definitions from Theorem 4.18, let
Y. = (1,Y}, Y2 ...) be the signature of the path y, restricted to [s,t|, and let

» st T st

}/S[’(tn)] = (1, YS[(t I Ys[’(tn)]’Q, ...) be the signature of y™, restricted to [s,t]. Then,

. L/M)"
i vt < s E

holds for alln € N and all s and t such that 0 < s <t < T.

Proof: Fix s and ¢ such that 0 < s < ¢t < T. Note that Yslt = 1y — ys and
Ys[’(tn)] = ylfn) (. Tt follows from (4.7) and Theorem 4.5 that yi e By (z) and

Yu € Bi(2) for all u € [s,t] and all n € N. Thus, for n = 0, we have

0 0
YO —yL = [y —y©

t
—w%—%wzzz—z—/fwmd%

IN

1711, 15.1 sup 1Pl < MIVlI1sn < Me"™ 7]
u€ls,
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since L > 0 and M > 0. It also follows from Theorem 4.5 that (y&"))neN converges

to y, for every u € [s,t] and that

" = yull <

holds for every u € [s,t] and every n € N. Therefore, we get

n)l,1 n n
VM YL = ™ =y — (e — )

t t
= ‘/ P(yff_”)dvu—/ P(y.,) d,

[P -

< sy sup [IPEY) = Pyl

u€ls,t]
< sy sup Ll — wal

u€ls,t]

L M n—1
< HvHus,ﬂL%eL/M
n:
L/M)"
— MueL/MHV”MS,t]
n!

for n > 1 because of the recursive definition of y™ and the local Lipschitz continuity

of P, which completes the proof. O
Now, we can prove Theorem 4.18.

Proof of Theorem 4.18: The proof is based on results in Lyons et al. [37] and
we use their notation. Set Az = {(s,t) € [0,T]> : 0 < s < t < T} and define
w: A7 — R by

w(s,t) = BM |||l fs.a-

Then, w is a control function.

It follows from Theorem 4.5 that there exists a unique solution y of the polynomial
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differential equation (4.1) and that the Picard approximations (y§"))n€N converge to

y; for every t € [0,T]. The solution y is continuous and has bounded variation (see
also Theorem 4.5). By definition, ™ is also continuous and has bounded variation
for every n € N.

Fix n € N such that n > £e?/. Note that this implies n > 0. For all (s, t) € A,
let Yy, = (1,Y},Y2,...) denote the signature of y, restricted to [s,#], and let

Yg[én)] = (1, Ys[’(t")]’l, Ys[’(tn)]’Q, ...) denote the signature of y™, restricted to [s,¢]. Then,

and

hold for all (s,t) € Az, and (1,Y})(spea, and (1,}{9[7(75”)}’1)(57t)€AT are both multi-
plicative functionals in 7 (R%) with finite 1-variation.
Furthermore, it follows from (4.7) and Theorem 4.5 that yi e By(2) and y, € By(2)

for all u € [0,7T]. Thus, we have

t
1
I =3l = | [ P < Il sup [P()] < Ml = (0
s ue|s,
and
(n) '
n n n— n—1
™ — g = \ [ Pa ] <l sap P51
s ue|s,

1
< Mylsg = Bw(sﬂf)

for all (s,t) € Aj. Therefore, both multiplicative functionals (1, Y} )(s,i)en, and

) B8t
(1, Ys[v(t")]’l)(s,t)e A, have finite 1-variation controlled by w in the sense of [37], Defini-

tion 3.6.

The full signatures (}/'s,t)(&t)eAT and (Y;[?Efn)])(s,t)eAT are their unique extensions to
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multiplicative functionals in T'((R%)) and they also have finite 1-variation controlled
by w (see [37], Theorem 3.7).

Set

Then, we have

oo 2 2 00 1 7'('2
2 (1 —o(1445 2 ) =2(14+4x ") =
( > (5) ) ( \ z) (1+4x %) =5
as Y 0 & = %2 (see for example [3]). In addition,
0<exl

holds since

0<c— L/M (L/M>n_1eL/M < L/MeL/MeL/M _ L/M62L/M <1

n  (n—1)! n n
because
L
n > MGZL/M.

By Lemma 4.19, we have

w(s,t)

n)|,1
VM —yL <e 5

for all (s,t) € As. Thus, it follows from [37], Theorem 3.10, that

n)|,e i w(57t)i
Yo =il < o=
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holds for every ¢ € N and every (s,t) € Az. Therefore, we get

0,7) € (5M"7||1[0T]>i
Y[(n - — (— _ 5[V
T

isup ﬁl < € B — (L/M)" L) (L/M)+8
B ix0 ! 5 Bn!

IN

Now, it is an immediate consequence that <}/J(%L)]>”€N converges to Y, 7 in the supre-

mum norm. O

So, Theorem 4.18 shows that the signatures of the Picard approximations converge
to the signature of the solution. We can use this result to compute an approximation
for the signature of the solution. As an example, the following theorem provides
a numerical algorithm for the case that the driving signal is 7; = (¢,...,t)". The
basic idea is to approximate the Picard approximations with piecewise linear paths

and to compute the signatures of these piecewise linear approximations.

Theorem 4.20 Consider now the polynomial differential equation

dy, = P(y) dt, Yo (4.41)

I
w

where z € R? for some integer d > 1 and P : R? — RY is a continuous function,
which 1s given by
Pi(yr)
P(y) = : )
Pa(y)
where P; : RY — R is a polynomial for every i € {1,...,d}.

Lety : T — R? be its unique solution as discussed in Theorem 4.11, where T C [0, T

107



1s the mazximal interval of existence. Set

M = max ||P(z)]
x€B3(z)
dP;
M' = max max ’(z)
GE{Ld} wEBa(2) 4 dxk
and
d d
d’P
M" = max ma J
je{lv'-)fd}zeBQX ZZ dxy dx;

k=1 1=1
where By(2) C R® is the closed ball By(2) = {u € R?: |lu — z|| < 2}.
Fiz T € T such that

T < and T <

Y

Sk

€
- M
where L is a Lipschitz constant for P on By(z).

Let Yy 7 be the signature of the solution y, restricted to [0, T] Define the polynomial
P by P(z) = P(x + 2) for all z € R%. Let ® : T((R%)) — R? be the linear map
associated with P (as in Theorem 4.2).

LetmeNandlet 0 =ty <ty < - < t,, =T be an equally spaced partition of
0,7, i.e. t, = k% Define sequences (%g?’n)])nel\l C T((RY) for k =0,1,...,m

recursively in the following way:

o Start with }A/O[’(tT’O)] = (1,0,0,...) for every k € {0,1,...,m}.

e Gliven %{&T’"”, YOEST’")], e }A/O[ftinn’n)], define
= G () e(7)
recursively for k € {1,...,m} starting from ;. ey
Then, set %V(tzl’nﬂ)] =(1,0,0,...) and
Yo = exp(gpm ™t — gt @ - @ exp(g T = g
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for k = 1,...,m, where we write exp(ijmJrl - @Zi?+1) for the expression
exp((0, g™ = g7, 0,0,..)).

Then, 37()[(;1’")] converges to Y, 7 in the sense that

lim lim_ [[V,7 =¥, 7| = 0. (4.42)

n—oo m—00

Define constants co = M2M", ¢, = M'M and ¢ = coT+2¢1. Set 3 =2 (1 +4 x %2)

Then, the rate of convergence is

1,5 = Yozl <

B+ _ 1 (e 1 . (Ly/My)"
= Bl + M)

— - Ml—eLl/M1> (4.43)
m1—LT n!

1 2 Li 20 /My
7 {2 o M,cT } and n > 2CT+M€ , where

Ly is a Lipschitz constant for P on Bi(z) and By(z) C R? is the closed ball

Bi(z) ={ueR?: |lu—z| <1}.

Recall that the map ® is defined in such a way that
D(Xo,) = P(X; — Xo)

holds for every continuous path X : [0,7] — R? with bounded variation and every

€ [0, 7], where Xy, denotes the signature of X, restricted to [0, t].

2
{2 T+M,CT } Define paths

y(n)7 g(mvn), g(m,n) and y(mvn) : [07T] — Rd
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recursively for every n € N in the following way: Start from

0 ~(m,0 —(m,0 ~(m,0
(0) _ gm0) _ pm0) _ pm0) _

Y =Y Yi
for every ¢ € [0, T] Given y™, gmm) gmm) and §m™) | set

t
y Y = z+/ P(y™) ds,
0

t
gt(m,n+1) _ Z+/ P(ggm,n))ds
0

and let "1 be the following approximation of §(™"+1): Set

P(g™™M) — P(g™")

tiv1 — 1

and

i—1
—(m,n 1 ~(m,n ~(m,n
gt = z+( 5 (P )+ PETY)) <tk+l—tk>>

for t € (t;,t;41], 1 =0,1,...,m — 1. Note that

tit1 )
[ gy du =
t;

tit1

<P@§im’n+l)) + P(?J(m’nm)) (ti1 — ti)

N | —

and if t = ¢t; for some i € {1,...,m}, we have

_(m,n+1 < 1 ~(m,n+1 ~(m,n+1
gt = 5 4 ( 5 (P(yt(k )+ Pyt ))) (ter —tr) |
k=0

which corresponds to the approximation of ¢+ that we get by applying the

compound trapezoidal rule to the integration (see for example [42]).
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Furthermore, let 4"+ be the piecewise linear approximation of ™"+, Set

~(m,n+1 —(m,n+1

foralli=0,1,...,m and

A(mnt+l) s (mntl)

~(m,n+1 ~(m,n+1 Yt t;
g = gt 4 2 (t — 1)

liy1 — 1

for t € (ti,ti+1), 1=0,1,...,m—1.
Then, y™ are the Picard approximations for the solution y and §™™ are their

piecewise linear approximations that we actually compute. Note that
(Vo) = P = 5" = P = 5"+ 2) = ™)

holds for all ¢t € [0,7T] and all n € N.

At first, we show by induction over n that
(@ =g = (" =y < (= s) Z A A (R

holds for all integers n > 1, all (s,t) € A4 and all components j € {1,...,d}. Recall
that Az = {(s,t) € [0,T]?: 0< s <t <T}.
Set

2 n—1

_1+—ZL’“T’“

Note that (4.44) implies that

3"™" € B,,(2) C Ba(z)
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for all integers n > 1 and all ¢ € [0, 7] since y" e By(z) for every t € [0,T] and

(n).j

g™ — I = (G = ) = (7 = 2))]
(@ — gy - (9 — )
< r,—1
and
T2 . T2 1
< ld Y DT =1 S _ <9
m = m 1 - LT

T 1 1 72
as T < 7 and m > 1_LT~cT .

For n = 1, we have

t t
w =2+ [ PG du=z+ [ Peydu=z+tP()
0 0

and
t t
W0 =z [ P du=z+ [ P du=z4tP()
0 0
as Z/I(LO) = Q&m’o) — 2 for all u € [0,T7]. Since ng,o) = z is constant, we also get
gt = g™ = 2+ tP(2)
and
gf’"’l) = gﬁm’o) =z +tP(z).
Therefore, we have
~(m,1 ~(m j 1 j
DT = gm0y — (D O] = (= 5)Py(2) — (t — )Py ()
T
(- 5)%

for every component j € {1,...,d} and every (s,t) € Aj.
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Now, assume that (4.44) holds for all integers 1,...,n. Recall that

9" ) = Py ) + S )

Then, for (s,t) € Az such that there exists an integer ¢ € {0,1,...,m — 1} such
that t; < s <t <t;11, we get

‘(~(m,n+l),j ~(m,n+1),]) _ (glgmvn"'_l)v]

Yt —Ys 7(m7n+1)7j)|

_ys

t t ,
/ Py du / 9™ (4) du

t .
/ (B (30™™) — g™ () du

IN

t .
AP = g )

< (t—s) max |P(gm™) — g™ (u)]

u€ls,t]

for every component j € {1,...,d}.
~(m,n)

For the simplicity of notation, set f](mn)(u) = Pj(gu ). By Taylor’s formula, there

exist & € (t;,u) and & € (¢, t;41) such that

P ) = £ ) 4 () (0 1)

and

Bl = B ) Z 5 ey )
— = Jj 2)y .

tiy1 — t; tiy1 — t;

and thus

9" ) = £ )+ 7 (€) (0 — ).
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Again by Taylor’s formula, there exists &3 between &; and &, such that

£ (&) = £ () + £ () (6 — &)

Therefore, we get

P50 — g™ )| = £ () = g™ (w)]
= (u—t) |7 (E) — £ ()]
= (u—t)(& — &) |f;~/(m’n) (&)

T2 m,n
1)

IA

for u € (t;, ti41). Note that P;(g™") = g\ (t;) and P;(5"") = g{"™" (tis1).

We have

d
m,n dPp; ~(mym)\ A(m,n)k
ﬁ’@zzﬁwémgﬁ (4.46)
k=1

Note that (™™ is piecewise linear and thus f/(m’")’k is constant within (¢;,t;11).

Therefore, we have

d

2
1(m,n) o d P] ~(m,n)\ A(m,n),l A(m,n)k
fj (53) o Z Z dzxy, dz (y€3 ) Yes Yey )
k=1 i=1
By definition, we have
~(m,n),h ~(m,n),h —_(m,n),h _(m,n),h
ﬁ(m’n)’h _ yt,qu - yti _ yti+1 - Yt
“ liv1 — ti liv1 — t;
1 1 ~(m.n) (m,n)
= ot (5 (Ph(’yti+1 ) + Pl )) (ti1 — )
1 ~(m,n ~(m,n
= S (PG + PG™))
and thus
[gim | < M (4.47)
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for every u € (t;,t;11) and every h € {1,...,d}, since gjgmn) gmn) ¢ Bsy(2), which

» It

follows immediately from the fact that

(m,n)

19" = 2l = ‘ < wmax [P V)| < TM <1

vE[0,u]

| Py
0

~(m,n—1)

for every time u € [0,7] as 9y € By(z) for every v € [0,7]. The fact that
yfq(;m’n_l) € By(z) is a consequence of the induction hypothesis if n > 2 (as shown
above) or it follows from gm0 = 2 e By(z) if n=1.

Therefore, we get

d
//(m,n) < M2
L ()] < (glgaf)zz

k=1 I=1

d*P
< ¢.
dl’k d.Tl (13)') = 0

Hence, it follows that

Tz

~(mn+1),j5 ~(m.n i _(m,n+1),5 —(m.n i
(G = gm0y — (gD — gD < (1= s)eo—s

t S s

(4.48)

for all (s,t) € Az such that there exists an integer i € {0,1,...,m — 1} such that
t < s <t <t

For the other (s,t) € Az, i.e. those ones for which there exist l;,l, € {1,...,m —1}
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such that ¢, 1 < s <t;, <t, <t <t,41, it follows from (4.48) that

(T — gDy — (gt gt
~(m,n+1),j ~(m,n j —(m,n+1),j —(m,n j
< @y = gl = (g — gl
lo—1
(m,n+1), ~(m,n+1), m,n+1),j _(m,n+1),5
NG = gy — (g — g )|
i=l
m,n+1), m,n+1),5 _(m,n+1),5 _(m,n+1),5
H (g — gDy — (gD gl
T2 l2—1 T2 792
S (tll — S)C(]ﬁ + Z(t“_l - ti)COW + (t — tlg)c()ﬁ
=l
<TT2 ZTT2+TT2<TT2
—Cco— —Cp—= —co— < m—cy—
= m 'm2 lmOmQ m 'm2 = m "m2
1=l1
TQ
< (t—s)co—
< ( S)Com
since t — s 2% Hence, we have
. A . 12
~(m,n+1), ~(m.n _(m,n+1 m,n
(@ gDy — (g =g < (= s~ (449)
for every (s,t) € Ajasm >1
Moreover, we show that
m,n j ~(m,n+1),7 m,n
(m, +1),;) _ (y( 1), —y( +1), )| <2t — s)e;— — (4.50)

(g — g
for all (s,t) € A4 in the following way: First, consider again (s,t) € A such that
there exists ¢ € {0,1,...,m — 1} such that t; < s <t < t;;1. By Taylor’s Theorem,

there exist {4 € (s,t) and & € (¢, t;41) such that
(4.51)

_(mn+1),j _ y(m 1) y(m n+1),j (t — s)
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and

(1) _
tir1 =Y

t(:n,n+1),j + y;é:%nﬂ)’j (ti+1 _ tz) (452)

Then, again by Taylor’s Theorem, there exists & between &4 and &5 such that
~(m,n+1),5 ~(m,n+1),5 = (m,n+1),5
yé4 +1). = y§5 1) + yéﬁ * )J(§4 - 55) (453)

From the definitions of 7™"+1) and g™V we get

yiq(Lm,n—i-l),j _ g]('m,n,i) (U)
and
S(mant1)j _ Py = Py
Yu = ; ;
i+1 — i
for every u € (t;,t;11).
It follows from (4.45), (4.46) and (4.47) that
9| < MM = ¢, (1.5

for every u € (t;,t;41) and every j € {1,...,d}.

Hence, we obtain

(g — gl — (g glmakd)d))
‘ g(m7n+1)7j . _(m,n+1),j
— (gm0 gty S L (t—s)
ti—i-l — 1

> (m,n+1),5 = (m,n+1),5
= (= 9)lg 0 - g

= (t- 3)372:1’n+1)’j (& — &)

T
< (t—s)ag—
( S)Clm
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by (4.51), (4.52), (4.53) and (4.54) for all (s,t) € As such that there exists an

integer ¢ € {0,1,...,m

Note that

holds for all ¢ € {0,1,...,

—(m,n+1),j

ones for which there exist l1,lo € {1,...,m

— 1} such that ¢; < s <t < ;4.

~(m,n+1
Ye, = yg M

m}. Thus, it follows for all the other (s,t) € Az, i.e. those

— 1} such that

b1 < s <ty <t, <t<tp4,

that

—(m,n+1),j —(m,n j ~(m,n+1),j ~(m,n j
(g — gl D) — (DT )|
_(m,n+1),5 —(m,n . ~(m,n+1),5 ~(m,n .J
< [ = g = (g — gl
lo—1
mn+1 _(m,n+1), ~(m,n+1),j5 ~(m,n+1),7
@ =) = (gl = gt
i=l
_(m,n+1),5 _(m,n+1),7 ~(m,n+1),7 ~(m,n+1),j5
H (g — gD — (gt gt
m,n+1), m,n j ~(m,n+1),5 ~(m,n j
= (g — glme ) — (gt — g mntg))
_(mnt1)j  —(mnt1),j (mon41)j A(myntl),j
(™ =g ) = (g = g
T
< 2(t—s)eg—,
m

118



which completes the proof of (4.50). By the induction hypothesis and the local

Lipschitz continuity of P, we now get

("D — Dy (gimer DI gl y)

t t
[ Pydu= [ B du

t

(P () = Pi(gmm7)) du

< /|P Py (™) du

IN

t/me 3 du
S

< (t—s)Lmax [lyf” — 50"
u€|[s,t]

< (t—s)I{t— 3)% S (- )t
k=0
- s)% SO Lkt — 5"

Therefore, it follows with (4.49) and (4.50) that

G gl — (DT )

_ys

< (g =yl (gD gl )
(T = gmn D) — (g glmn )|
(T = g tDT) — (g — glmn )|

< (t—s)cgg—i—Q(t—s)cl% t—s Zth—s

= t—s Zth—s

since ¢ = ¢oT + 2¢1, which completes the induction and hence shows (4.44).
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Thus, we have

cT 1
m1— LT

(g™ — gimmy — (g™ — (|| < (& — s) (4.55)

for all (s,t) € Az and all integers n > 0 because of (4.44) and the fact that

n—1 [e's]
1
; ( s)<; (t=s) ==

as T < 1.
The rest of the proof works in the same way as the proof of Theorem 4.18. Define

a control w: Az — R by
w(s,t) = B(cT + M)(t — s).

It follows from Theorem 4.5 that there exists a unique solution y of the polynomial
differential equation (4.41) on [0,7] and that the Picard approximations (ylf"))neN
converge to y; for every t € [O,T |. The solution y is continuous and has bounded

variation (see also Theorem 4.5). By definition, the paths y™ are also continuous

and have bounded variation for every n € N.

O 1 T 712 Ly 2L1 /M
Fix integers m and n such that m > —— max {2cT+M’ T } and n > 2—CT~+M€ .

For all (s,t) € Az, let Y, = (1,Y}, Y2, ...) denote the signature of y, restricted

y sty ts,to

to [s,t], and let }A/;[ﬁm’")] =(1 ylmmll yltmml2 - .) denote the signature of ™™,

s Ls,t ) T st

restricted to [s,t]. Then,
and

hold for all (s,t) € Aj. Moreover, (1,Y,)snea, and (17378[’(1€m,n)],1)(87t)eAT~ are both

multiplicative functionals in 7)(R?) with finite 1-variation.
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Furthermore, it follows from (4.7) and Theorem 4.5 that y, € B(z) for every time

~(m.n) T

u € [0,7] and we have shown above that g, € By(z) for every u € [0,T].

Therefore, we have

t
1
lye — yall = /“P@wdu < (t =) max [Py < M(t = s) < Zw(s,0)
and
t
Hﬁ“”—ﬂ?““=‘/fﬁﬁmlwdu < (= ) max || P(3 G| < M(t — s).
Thus,
97" — gl <[l = gy — (g — gl

G = glmny — (g — glmy)|

S S

+Hg™ = g

T2
< (t—s) ( —+201—+M>
m
= t_s _
m
< st
ﬂ

holds for all (s,t) € Aj because of (4.49) and (4.50). Hence, both multiplicative
functionals (1, t)(s,t)EAT and (1, Ys[am )l 1)(s,t)eAT have finite 1-variation controlled
by w. Then, the full signatures (Y;+)(s)ea. and (}z[’(tm’")])(sﬁt)eAT are their unique ex-
tensions to multiplicative functionals in T'((R?)) and they also have finite 1-variation
controlled by w (see [37], Theorem 3.7).

It follows from Lemma 3.5 and Chen’s identity (see [37], Theorem 2.9) that the
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signature YO[(%"’"H is given by
Yo[,(%n’n)] = exp@gin ™ yﬁ;” ’n)) ®-® eXp(g)t(;”’n) — @gnnﬁ))

since (™™ is piecewise linear.

Set

€

_ ~1 cl 1 +M1(L1/M1)neL1/M1 .
cl'+ M

Then, we have

as Y 0 & = %2 (see for example [3]). In addition,

0<exl1
holds since
M,y (Ll/Ml>neL1/M1 _ M,y 111/]\41([/1/]\41>TL_1€L1/]\41
cT+M n T+M n (n—1)!
- My Ll/MleLl/MleLl/Ml
car+M n
- 1
2

because of the choice of m and n.

By (4.55) and Lemma 4.19, we have

~

CT 1 (Ll/Ml)n ) )
< (t=s) 7 p + M el/Mi(t — )
w(s,t)

= (t—s)e(cT + M) =¢

g
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for all (s,t) € A since here , = (t,...,t)" and hence ||y||1;s4q =t — s. Thus, it

follows from [37], Theorem 3.10, that

w(s,t)
il

[Vl i) < e

holds for every i € N and every (s,t) € As. Therefore, we get

~ 0,7) « 7 5 s
yima)l _y oy gw( d < £ (ew(O,T) _ 1) _ £ (eﬁT(cTJrM) _ 1)
|| 0,7 O,TH 12? 5“ — ﬁ ﬁ
g 72
S - <eﬂ(CT —|—1) _ 1)
p

for the full signatures, where we have used the fact that Y()[(;m)],o = YOOT = 1. This
shows (4.43).

Finally, (4.42) follows immediately from the inequality (4.43), which completes the

proof. a
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Chapter 5

An ODE method for the

numerical solution of rough

differential equations

In this chapter, we present and analyse an ODE method for the numerical solution

of the rough differential equation
4y, = F(Y,) dX,, Yo =¢, (5.1)

where X is a geometric p-rough path, ¢ € R® and F : R® — Lip] (R R%) is
a linear map into locally v-Lipschitz vector fields for some v > p. Note that the
expression F'(Y;) dX; has to be interpreted as F(dX;)(Y;).

We can rewrite (5.1) in the form

d2
dY, =Y F(Yy)dX|, Yo=¢, (5.2)

=1

where the vector fields F; : R®™ — R®% are the maps F; = F(e;) € Lip] (R, R™) for
i=1,...,dyand {ey, ..., eg4} denotes the standard basis of R%. Here, Lip| (R%, R%)

is the space of vector fields f : R% — R% that are ([y] — 1)-times continuously
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differentiable and whose ([v] — 1)-th derivatives are locally (v — ([v] — 1))-Holder
continuous.

Rough differential equations describe the evolution of dynamical systems driven by
rough signals. For example, stochastic differential equations driven by Brownian mo-
tion or fractional Brownian motion with Hurst coefficient H > % can be interpreted
as rough differential equations. It follows from Lyons’ Universal Limit Theorem (see
Lyons [36], Theorem 4.1.1), that there exists at least locally a unique solution of
the rough differential equation (5.1) over a short time interval. Note that, however,
polynomial rough differential equations may explode in finite time.

The ODE method that we use to compute the numerical solution of rough differen-
tial equations has also been studied by Gyurké [26]. It is an extension of a method
described by Gaines and Lyons [24] and Gyurkd and Lyons [27] for stochastic dif-
ferential equations driven by Brownian motion. The basic idea is to approximate
the solution of the rough differential equation over a small time step by the solution
of an ordinary differential equation (see Castell [10] or Castell and Gaines [11] for
the case of stochastic differential equations driven by Brownian motion). We de-
rive error estimates for this ODE method. Similar results have been obtained by
Gyurké [26] for the case of y-Lipschitz vector fields and polynomial vector fields.
We use a different set-up and we work with vector fields that are only locally
~-Lipschitz. It turns out that the ODE method achieves in general the same rate of
convergence as the corresponding higher order Euler schemes for rough differential
equations in Davie [17] for the case p < 3 and Friz and Victoir [23] or [22], chap-
ter 10, for the general case. At the same time, it enhances stability (see Gyurké and
Lyons [27]).

For the implementation, we assume that the vector fields F; are polynomials. In
general, a solution of a rough differential equation can be well approximated by
the successive solution of polynomial rough differential equations (see Caruana [9]

and Davie [17]). Moreover, polynomial rough differential equations are themselves
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a rich class of differential equations which have numerous applications. For exam-
ple, they include the stochastic Landau-Lifshitz-Gilbert equation (see Brzezniak and
Goldys [4]) which we solve numerically as an example in section 5.5.

The numerical method, that we describe here, has been implemented as part of the
CoRoPa software package (see http://coropa.sourceforge.net) which has been
jointly developed by various members of the Stochastic Analysis Group of the Uni-
versity of Oxford under the guidance of Terry Lyons, including Stephen Buckley,
Djalil Chafai, Greg Gyurkd, Christian Litterer, Chang Liang Xu, Rahul Raghuram

and the author of this thesis.

5.1 Rough paths

The theory of rough paths extends classical calculus in such a way that it allows us to
describe the dynamical evolution of systems driven by rough signals, including rough
paths based on Brownian motion and fractional Brownian motion. A detailed study
of rough paths can be found in Lyons [36], Lyons et al. [37], Lyons and Qian [39] or

Friz and Victoir [22]. In this section, we give a brief introduction following [37].

5.1.1 General definition

At first, we define controls as in [37], Definition 1.9. Recall that T (R?) is the

space of truncated formal series of tensors over R? (see Definition 3.2).

Definition 5.1 Let T > 0 be a real number and let Ar denote
Ar={(s,t) € [0,T] x [0,T]: 0< s <t <T}.

A control on [0,T] is a non-negative function w : Ar — R which is super-additive
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in the sense that
w(s,u) +w(u,t) <w(s,t) for all s,u,t €[0,T] satisfying s < u <t

and for which w(t,t) =0 for all t € [0,T].

Before we can define rough paths, we need to introduce the notion of multiplicative

functionals (see also [37], Definition 3.1).
Definition 5.2 (Multiplicative functionals) Let n > 1 be an integer and let
X : Ap — TW(R?) be a continuous map. For each (s,t) € Ar, let

Xl

s,t)

X&t — (XO

s,t)

X7 € TM(RT)

denote the image of (s,t) under X. The function X is called a multiplicative func-

tional of degree n over R if th =1 holds for all (s,t) € Ar and
Xs,u & Xu,t = Xs,t (53)

holds for all s,u,t € Ap satisfying s < u < t.

For any positive real number z, we write 2! = I'(z + 1) for the Gamma function and
| x| for the biggest integer smaller than (or equal to) z, i.e. |x]| is the integer given
by |z] < x < |z| + 1. Using this notation, we make the following definition (see

also [37], Definition 3.6).

Definition 5.3 Let p > 1 be a real number and n > 1 be an integer. Let w be a
control on [0,T] and let X : A — T™(R?) be a multiplicative functional.

We say that X has finite p-variation on A controlled by w if

3 |

w(s,t)
5 (3)!
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holds for alli € {1,...,n} and all (s,t) € Ap, where

v (055

In general, we say that X has finite p-variation if there exists a control w such that
the conditions above are satisfied. Then, the p-variation of X over the interval [s,t]

18 defined as

B =

1 X [lp, s,y = max ~ sup (Z | tz,t,+1||) :

ke{l,.. ’n}DC[st i—0

where D is the partition s =ty <ty < -+ <t, =t of [s,1].

Note that the function (s, ) — || X||7 ., is a control if X has finite p-variation (see

RER]
for example [37], section 1.2.2).
The multiplicative functional X is }D—Hélder continuous on [s,t] if there exists a

constant ¢, such that

1 1
IX5AI% < clm—pl?

holds for all p and 7 with s < p <7 <tand all k € {1,...,n}. Then, the %—Hélder

norm of X on [s, ] is defined as

15 11
X s = max su :
|| ||1/p H017[57t] k‘e{l, ,TL} s<p<17?<t |7_ _ p|7

Now, we can finally define rough paths (as in [37], Definition 3.11).

Definition 5.4 (Rough paths) Let p > 1 be a real number. A p-rough path over

R? is a multiplicative functional of degree |p| over RY with finite p-variation.

5.1.2 Paths with bounded variation and signatures

Continuous paths with bounded variation correspond to 1-rough paths in a natural
way: Let z : [0,7] — R? be a continuous path with bounded variation. Define

X Ar — TORY by X,; = (1,7, — 7). Then, X is a 1-rough path since the
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multiplicativity property (5.3) on T™M(R?) simply means additivity of increments.
It is controlled by the length of x, i.e. w(s,t) = Bi||||1,5,9, Where ||z||1,sq is the

1-variation

n
Izl o = sup D llze, — o |

DCl[s)t] ;=
of z. Note that the supremum is being taken over all partitions D = {tg,t1,...,t,}
of [s,t] with s =ty <t; <--- <t, =t. It is possible to construct a multiplicative

functional of arbitrary degree above the path x (see for example [37]). Let

Xop= (1, X, X2, ..0)

st

be the signature of = over the interval [s, ¢], where

Xk = > / dX[ . dXE | e, @ ® e, € (RY)®F
(15t {1 d}? gy <oty <t

for each integer k > 1 and {ey,...,e4} denotes the standard basis of R%.

Let n > 1 be an integer and define X : Ay — T0)(R?) by Xs["t} = (L X}, ..., X7,
where (1, X],,...,X7,) is the truncated signature of x, restricted to [s,#]. Then,
X[ is continuous and Chen’s identity (see for example [37], Theorem 2.9) shows
that X[ is multiplicative in the sense of (5.3). Moreover, it follows form [37], Propo-
sition 2.2, that the multiplicative functional X" of degree n has finite 1-variation.

The Extension Theorem (see [37], Theorem 3.7) ensures that this extension of the

I-rough path (s,t) — (1, —x,) to a multiplicative functional of degree n is unique.

5.1.3 Geometric rough paths

Geometric rough paths are an important class of rough paths (see for example [37],
section 3.2.2). They are the drivers of the rough differential equations in the follow-

ing sections.
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Let p > 1 be a real number and let X,Y : Ay — T(PD(R?) be continuous (mul-
tiplicative) functionals with finite p-variation. We define their p-variation distance

by
) ] P
d,(X,Y)= max su X vy B
ol ) 1<i<|p] Dc[()I,)T} ZD: | b1t tlflytlH
(as in [37], section 3.2.1), where the supremum is being taken over all partitions

D:{to,tl,,t]\[} Of[O,T] with0=ty<t;<---<ty=T.

Now, we define geometric rough paths as in [37], Definition 3.13.

Definition 5.5 (Geometric rough paths) Let p > 1 be a real number. A geo-
metric p-rough path is a p-rough path that can be expressed as the limit of 1-rough
paths in the p-variation distance, where the 1-rough paths are identified with their
unique extensions to multiplicative functionals of degree |p| as discussed in the pre-

vious section.

The logarithm of the values of geometric p-rough paths lives in the space of truncated
Lie series £(P)(R9) ¢ TUPD(R?) (as defined in Definition 3.7): Let X be a geometric
p-rough path. It follows from [37] that log X, is an element of the space £(P))(R?)
for every (s,t) € Ar. Indeed, X, is a group-like element (see [37], Definition 2.18)
because X is a geometric rough path (see [37], section 3.2.2) and the logarithm of a

group-like element is an element of £{P)(R?) (see [37], Theorem 2.23).

5.1.4 Example: the Brownian rough path

Brownian motion, together with its iterated Stratonovich integrals, forms a geo-
metric rough path (see for example [37], section 3.3.2): Let B be a d-dimensional

standard Brownian motion. Define

Sei=|1,B, — B, / odB odB2 | e;, ® e;, | € T®(RY),

i1,i2=1 <ui<uz<t
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where the integrals are Stratonovich integrals. Then, S : (s,t) — S, is a geometric
p-rough path for any p € (2, 3).

Note that, if we used Ito integrals instead of Stratonovich integrals, S would still
be a p-rough path for any p € (2,3), but not a geometric rough path anymore (see
[37], section 3.3.1).

5.1.5 Example: the fractional Brownian rough path

It is also possible to construct a geometric rough path above fractional Brownian

motion with Hurst coefficient H > % using dyadic polygonal approximations (see
Coutin and Qian [14]): Let B¥ be a d-dimensional fractional Brownian motion with
Hurst parameter H > %. Then, the dyadic polygonal approximations provide a lift
to a multiplicative functional W of degree 3, which takes values in 7*(R?) and has

finite p-variation for any p € (%,4), such that W is a geometric p-rough path for

any p € (4,4) and W), = B — BE.

5.2 Rough differential equations

Core to the theory of rough paths is an integration of one-forms against geomet-
ric rough paths and the continuity of the integral for smooth one-forms (see [37],
section 4). With this notion of an integral, it is possible to interpret the rough
differential equation (5.1) as an integral equation, but it needs reformulation: Con-
sider a rough path (X,Y) extending X to a rough path that takes its values in

T(PD(R% @ R%) and think of the rough differential equation (5.1) as the system

dXt == dXt

dY, = F(Y;)dX,.
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Define the map a; : R®? @ R® — L(R% @ RY R ¢ R™) by

ag((z,y))(w, v) = (w, F(w)(y + £))-

Recall that X is a geometric p-rough path, £ € R® and F': R% — Lip] (R% R%)
is a linear map into locally y-Lipschitz vector fields for some v > p. Note that ag
is locally Lip(y) in the sense of [37], Definition 1.21. Then, a geometric p-rough
path Z, which takes its values in 7)) (R9 @ R%), is called a solution of the rough

differential equation (5.1) if

Z:/%MMZ

and

WRdQ (Z) - X

hold, where the integral is defined as in [37], Definition 4.9, and 7mRa, denotes the
projection onto R%. This is Lyons’ definition of the solution of rough differential
equations (see [36] or [37], section 5).

Given a solution Z, we define
Y, =& + mgay (Zé,t>'

Note that this definition of Y coincides with the classical definition of solutions
of differential equations for the case that X is a continuous path with bounded
variation, i.e. a 1-rough path. Thus, Y is also an RDE solution in the sense of Friz
and Victoir [22], Definition 10.17, because of the continuity of the extension of the
It6 map (see [36], Theorem 4.1.1, or [37], Theorem 5.3). The following theorem
is an immediate consequence of [22], Theorem 10.21, and it shows that the rough
differential equation (5.1) admits at least a local solution which is unique. This

result goes back to Lyons’ Universal Limit Theorem ([36], Theorem 4.1.1).
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Theorem 5.6 Let T' > 0, p > 1 and v > p be real numbers and let
X : Ap — TPD(R%) be a geometric p-rough path. Consider the rough differen-

tial equation (5.1), which reads

d2

dY, = F(Y)dX{, Yo=¢,
=1

in the form (5.2), where £ € R and F; € Lip] (R™,R%) fori=1,...,dy. Then:

(i) There ezists a time ¢ > 0 such that there exists a unique solution
Z: A, — TWD(RE @ R over [0,¢] C [0,T], which is a geometric p-rough

path.

(i4) There exists either a unique solution Z : Ap — TPD(REQRN) over the entire
interval [0,T], which is a geometric p-rough path, or the solution explodes
within [0, T]. In the latter case, there exists T* € (0,T] such that for every
7 € [0,7%) there exists a unique solution Z : A, — TPD(R% @ RY) over

[0, 7], which is a geometric p-rough path, and
Jim [|Zo. | = +oc,

i.e. TF is the time of explosion.

Proof: This Theorem follows immediately from [22], Theorem 10.21 and sections

10.3.4 and 10.4.1. a

For instance, polynomial rough differential equations may explode in finite time.
Note that the time of explosion depends on the vector fields F;, the initial value &
and the signal X.
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5.3 The numerical method

In this section, we present and analyse the ODE method that we use to compute
numerical approximations for the solution of the rough differential equation (5.1)
(see also Gyurké [26]). It is an extension of the method that Gaines and Lyons [24]
and Gyurké and Lyons [27] use for the numerical solution of stochastic differential
equations driven by Brownian motion.

Recall that we can rewrite the rough differential equation (5.1) in the form (5.2),
ie. N

dY, =)y F(Y,)dX], Y,=¢,

=1

where the vector fields

F=|:[:R" -R"

are locally v-Lipschitz. For i =1,...,ds, define differential operators

Nt 0
Vi= ; ZF

Furthermore, recall that Lip, (R%,R™) is the space of vector fields that are
([v] — 1)-times continuously differentiable and whose ([v] — 1)-th derivatives are
locally (v — ([]| —1))-Holder continuous. Here, [7] is the integer which is uniquely
defined by [v] > v > [y] — 1. Note that 1-Lipschitz corresponds to the Lipschitz
continuity that has been used in chapter 4. Let f € Lip], (R%,R%) and let M C R™
be a compact set. Then, there exists a constant cp; such that the supremum norm
of f, all its i-th derivatives for ¢ = 1,...,[y] — 1 and the (y — ([y] — 1))-Holder
norm of its ([~v] — 1)-th derivative are bounded by cj; on M. The smallest such con-
stant ¢y is called the y-Lipschitz norm of f on M and denoted by | f[r;py, (see [22],
Definition 10.2).
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The geometric p-rough path X can be uniquely written in the form

ds lp)
Xoe =1+ XVer, +3° S X0, 0wy, (5.4)
11=1 7j=2 (il,...,i]‘)e{l,...,dz}j
where the coefficients X S(Ztl” ) are real numbers.

Recall that log X, is an element of the space of truncated Lie series £{P))(R%) for
every (s,t) € Ar because X is a geometric p-rough path (see section 5.1.3). Let B

be a basis of £(P))(R%). Then, log X+ allows a unique representation as

log Xop = Y LLL (5.5)
leB

where the coefficients Lﬁ’t are real numbers.

Note that for numerical purposes it is advantageous to work with log X, € LD (R92)
instead of X, € T([P)(R%) because this reduces the dimension of the space.

We map elements of T'((R%)) to differential operators in the following way (see also

Gyurké [26], Definition 3.3.6).

Definition 5.7 Let F = {f1,..., fa,} be a set of smooth vector fields on R and
let V = {v!,... 0%} be the set of differential operators that are associated with
fi,--, fa,- Then, the algebra homomorphism ®y from T((R%)) into the space of

differential operators is generated by
Oy (1) = Idge and — Dy(e;) =0

forio=1,... ds.

For elements of T(P)(R%), we define the map ®) in the respective way and in
this case, it is sufficient to assume that the vector fields fi,..., f4, are |p|-times
continuously differentiable. Note that ®), maps elements of L{P))(R?) to first-order

differential operators which can be associated with vector fields.
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The following theorem describes the numerical method for the solution of rough
differential equations. In every time step, we solve an ordinary differential equation
to approximate the solution of the rough differential equation (5.1) as in Gaines
and Lyons [24], Gyurké and Lyons [27], Castell [10] or Castell and Gaines [11] for
the case of stochastic differential equations driven by Brownian motion. Note that
similar results have been obtained by Gyurké [26] for the case of ~-Lipschitz vector
fields and polynomial vector fields. Here, we use a different set-up and we work with

vector fields that are only locally ~-Lipschitz.

Theorem 5.8 Let T > 0, p > 1 and v > p be real numbers. Consider the rough

differential equation (5.1), i.e.
d)/;ﬁ - F(K&) dXt7 }/0 = 57

where X : Ap — TWD(R®E) 4s a geometric p-rough path, ¢ € R% and
F: R% — Lip] (R® R™) is a linear map into locally ~-Lipschitz vector fields.
Theorem 5.6 shows that either there exists a unique solution on the entire interval
[0, T] or it explodes within [0, T]. In the latter case, there exists 7 € (0, T such that
there exists a unique solution on [0,7*) and T is the time of explosion.

Fiz a time T within the mazimal interval of existence, i.e. T € [0,T)] if the solution
exists on the entire interval [0,T] or otherwise T < 7 before the time of explo-
sion. Consider the solution Z : Aj — TUWPD(RE @ RM) and Y : [0,T] — R%
giwen by Yy = & + mga(Zy,). Then, there exists a radius R > 0 such that Y,
remains in the closed ball Br(&) around & with radius R for all t € [O,T]. Let

K = max{|F} vy |[Fay |Lip7§ (5)} be the mazximum of the v-Lipschitz norms
R+1

|Lip’l¥§R+1(&)
of F1,...,Fy, on Bri1(€). Set K = max{1, K, K"} and let V = {V',... V%) be
the set of differential operators that are associated with Fy, ..., Fy,. Furthermore,

let B be a basis of the space of truncated Lie series L7171 (IR%).

(i) Let N > 1 be an integer and let the partition 0 = tBN] < t[lN] < < t%ﬂ =T
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(i)

of [0, T] be defined by

N .
M = min{p € [0, 7] : | X" ||X||p

P00 OT]}

fork=1,...,N. Letlog X be given in the form (5.5). Define approximations
gj,[cN] Jor Y,iny in the following way: Start with y([)N] = & and for every step, solve
k

the ordinary differential equation

duyn tizil ¥ .
(I)V Idel t[N] t[N] )Lt[N] t[N] (56)
k k41 k Yk+1
LeB
with initial condition Uy (1) 1 (0) = gj,EN] and set
k41
SN (1)
Yey1 = t[N] Ly .

k+1
Then, (gj%v]) N>1 converges to Yr and there exists a constant c, which only
depends on vy, dy, dy and p, such that

L

K7[1X]
_[N 0,77
1Ye—gR 1l < e (masx{L, | X4 ) exp(eR?| X[ ) (T[

holds for all integers

N 2 ma { (K2 (max{L, X005 exp(2eR X2 1)) 7

[0,77]
p
(KX Do)}

If the geometric rough path X is %—Hﬁlder continuous, let N > 1 be an integer

and let 0 = t[m t[lN} << tEVN} =T be the partition of [0,T] into N equal

[N]

parts, i.e. t, ' = %f Define approximations yk fm’ Y as above. Then,
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(T N1 also converges to Yy and

[

KP|| X7 AN
_[N ~ptl 1/p—Ha1,[0,T]
17 = 551 < eK7 a1, | X2 T })( o

X exp(cKp||X||1/p HoL[0, T]T)

holds for all integers

)

N > max { <02KM+2(maX{1, ||X||D/27t;{ol 0,7]

p
= ~1\P
xexpek?|XN7, o) T (KX waonT? ) )

where ¢ is the same constant as in part ().

Note that, if v > |p| + 1, we use the unique extension of X to a multiplicative
functional of order [y] — 1 (see [37], Theorem 3.7) to obtain all the coefficients

LﬂN] (N - Also, note that there exists a unique solution W,N) V] 0,1] — R4 of

k Yk+1 k k41

(5.6) for each k € {0,1,...,N — 1}, which lives in the closed ball Br(£). It is

sufficient to solve these ordinary differential equations (5.6) up to an error of

1

X7
[y ~ p,[0,7]
H H t[NtJ:T—]SC< N

for some constant ¢ in order to maintain the overall order of convergence of Theo-
rem 5.8.

For example, the Brownian rough path (as defined in section 2.4) is a geometric
p-rough path for any p € (2,3), which is %-Hé’)lder continuous. And the fractional
Brownian rough path with Hurst coefficient H > % (see section 2.5) is a geometric
p-rough path for any p € (%, 4), which is also %—Hélder continuous.

The proof of Theorem 5.8 requires the following lemma. Again, note that a similar

result has been obtained by Gyurké [26] for the case of 4-Lipschitz vector fields and
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polynomial vector fields. We adapt it to a different set-up and we work with vector

fields that are only locally ~-Lipschitz.

Lemma 5.9 Under the assumptions of Theorem 5.8, fix (p,7) € Ag. Let

u,r: [0,1] — R¥ be the solution of the differential equation

du, ,
—E =D Pu(0)(ldan ) () L, (5.7)
leB
with initial condition u,.(0) = Y,. Then, there exists a constant c, which only

depends on vy, dy, dy and p, such that
[
1Y; = wpr (D] < ¢ (K[ X lp,jom) (5.8)

if the times p and T have been chosen close enough to each other so that

X |Ipjpry < o holds.

Note that there exists a unique solution u,, : [0, 1] — R% of (5.7) which lives in the

closed ball Bg,1(€).

Proof of Lemma 5.9: For this proof, we use the notation of Friz and Victoir [22].
Let ¢; be the constant from [22], Corollary 10.15 and let ¢ be the constant from

[22], Proposition 10.3. Note that ¢; and ¢, only depend on « and p. Set

Then, W is a first-order differential operator which corresponds to the vector field
W(Idga, ). Note that this vector field W (Idge,) is ([y] — 1)-Lipschitz with

([v] — 1)-Lipschitz norm |W (Idga, )| < 3 K| X||p ) o0 Brii(€) for some

o [v]-1
LlpBRH(ﬁ)

constant c3 which only depends on 7, d; and d».
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Set ¢ = max{1,c3,c; + cgcgﬂ }. Assume that p and 7 have been chosen so that

1
Xy < —. 5.9
X gt < —2 (59)

Set

Er1(Yy Xog) = ViV (Tdga ) (Y,) XS (5.10)

Note that this corresponds to [22], Definition 10.1. The vector fields F1,. .., Fy, are

locally v-Lipschitz. Hence, we also have Fi,..., Fy, € Lipm_l. Thus, it follows

loc

from [22], Corollary 10.15, that
1(Yr = Y,) = Erpy -1 (Yo, X | < cr(K X )™
Furthermore, we have

5Fv’—ﬂ—1(YP7XP,T) = (I)V(Xpﬁ)adel)(Yp)

= Oy (Z %(log Xp,7)®k> (Idel)(va)
Y-
- | X kiaog X, | (Idga)(Y)

[v-1
1
= Z k— iI) (log Xﬂ 7—) “e @V(log Xp,T)J(Idel)(YP)

k=1 k- al;es
[v1-1 1
= EW...W(Idel)(Yp).
k=1 k-times
It follows from [22], Proposition 10.3, that
(1
(up,r (1) — (0 Z Ide1)<Y/J) < 02(C3K||X||p,[pﬂ'])m-
k= k times
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Thus, we have

]
1Y: = e (D < ¢ (K[ X ) -

Finally, we can now prove Theorem 5.8.

Proof of Theorem 5.8: The proof works in a similar way as the proofs of [22],
Theorem 10.30, or [22], Proposition 10.33. But we need to be careful that we apply
all the arguments locally and stay within the closed ball Br,(£) at all times.

Set ¢ = max{cy, ¢z, c1¢2}, where ¢; is the constant from [22], Theorem 10.26, and ¢y

is the constant from Lemma 5.9. Note that ¢ only depends on v, d;, ds and p. Fix

N = max { (K2 max{1, | X)L exp(er?| X|P )T
p
(KX 0) }-

At first, we show by induction over k that gj,[cN] € Bry1(€) and

(5.11)

k
1V = 711 < eB T max{ L 1X ], 0.7 }) exp(eRP XN ) D I1X HW |

(5.12)
forall k=0,1,..., N.

For k = 0, we have gj([]N] = Ym =& For k = 1, the inequality (5.12) and the fact
0

™M € Brii(€) follow immediately from Lemma 5.9.

Assume that, for some k € {1,..., N—1}, we have yo N ygN}, . ,QI[CN} € Bry1(€) and

that (5.12) holds for all integers 0, 1,...,k. Then, consider the rough differential

equation
dY; = F(Y;) dX,
over the time interval [tm tgfl] with initial value S;;[N = gjl[N]. For 1l =0,1,... k,
N N LN
there exists a unique solution, which we denote by ¢(-; ¢ [ L yl[ ]) : [t[ ] tgf le] R,
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It lives inside the closed ball Bg,1(¢). This can be seen in the following way: By

[22], Theorem 10.26, we have

N] _[N _[N
1Y = 0™ )l < ek X oo g ¥ = 30" Nl expler KPIXID o )

’tk+1

(V] 4[]

for every t € [t;,t,.]. In addition, we have

1

Zk Bl (I o) 7 o (1)
p7)

”X”plwptw}]ﬁz< N ) < 10 o (N)

I=1 - I=1

and this, together with the induction hypothesis (5.12) and (5.11), shows that

IV — ot 6™, 5" < 1

for every t € [t;N],tml]. Note that Y; € Bg(€) and hence o(t; tl[N], glm) € Bry1(€).

For | = k + 1, we trivially have go(tﬂ]l;tml,gjﬁ]l) = y,[ﬁ]l and for [ = 0, we have

Nt gy = Vi since ) = 0 and g = €.

k+1
Therefore, we get
k+1
_[N N N| [N N N] _[N
1Yy, =gl < D Nt ™ ™) — e 62 gl (5.13)
=1

Moreover, we have

N N] _[N N N
Pt ti ) = st s (1))

—17

and

N N| _[N N N N N| _[N
et g = et oM e g ).
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Then, it follows from [22], Theorem 10.26, that there exists a constant ¢;, which

only depends on v and p, such that

[N] . ,[N] —[N] [N] —[N]

[N N N N
Lt ) — (2 L DI < e K gy g (1) — (e 4 D)

”Sp(tkﬂv X
Ry Nl]exp(cleHXHp Nl])‘
k+1

(5.14)

Furthermore, it follows from Lemma 5.9 that
N N] _
o o (1) = (& 650, 5201 < oKX oo ) (5.15)

Note that HXH N < [|X1l,07- Then, it follows from (5.13), (5.14) and (5.15)

that

k+1

_ gVl [1+1 ~ PY|P M1
I, = B PNy s I 1) S I

and it is an immediate consequence that gj,[ﬁ]l € Bry1(€) because of (5.11), the fact
that Y, € Bg(£) and
k+1
k+1 k+1 || ||P[ % 1 My
(1 0.7 M1 g
> 11| N]tw]_;< z ) <IxXq (5)

This finishes the induction and hence shows (5.12).
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Now, it follows from (5.12) that

_[N _|N
1Y = x| = ¥y = |

N
<RI a1, X .79 1) exp(eR X0 o 2) D IX 0 sy v
=

el
P

N X7 o
< eKPM max{L, | X, o.1,}) exp(eK X2 ) Z(
=1

1

X1 7 7
. ) » 1 o1
< K" (max{1, ||X|| OT]})eXp(CKPHXH [oT])( N

since

X _Ix ”pm

p

M
This also shows the convergence of (gj%v]) ~n>1 to Y and thus completes the proof of

part (i).

Part (ii) follows in exactly the same way as part (i), where we use the fact that

HXHp[st < HXHIE/prél,[s,t](t —5)

holds for every (s,t) € Az if X is %—Hélder continuous. 0

Remark 5.10 If the vector fields Fiy, ..., Fy, are vy-Lipschitz and not just locally
~v-Lipschitz, the results from Theorem 5.8 and Lemma 5.9 hold without the restric-

tions on N or p and T respectively.

Remark 5.11 An alternative way to solve rough differential equations numerically
are higher order Euler schemes (see Davie [17] for the case p < 3 and Friz and Vic-
toir [23] and [22], chapter 10, for the general case). They correspond to the Taylor
approzimation method described in Kloeden and Platen [31] for stochastic differen-
tial equations driven by Brownian motion.

Using the notation of Theorem 5.8, such a higher order Euler scheme defines ap-
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proximations yk for Y v recursively by

[v]-1
g =gt Z > Vit Vi (Tdga ) (g7 XU

t
. k k+1
(7/1 7777 7’1)6{1 ----- d2}l

[N]

starting from gy, ° = £. In general, this higher order Euler scheme achieves the same
rate of convergence as the ODE method presented in Theorem 5.8. But the ODE
method enhances stability (see for example Gyurks and Lyons [27] and Castell and
Gaines [10]).

5.4 The implementation

The ODE method for the numerical solution of rough differential equations, that
has been described in the previous section, has been implemented in C++ and is
available in the form of a Microsoft Visual Studio 2008 project on SourceForge'. It
is part of the CoRoPa software package that has been developed jointly by various
members of the Stochastic Analysis Group of the University of Oxford under the
guidance of Terry Lyons.

The CoRoPa software package contains a templated tool, called libalgebra, for work-
ing with tensors, (truncated) Lie series and polynomial vector fields. It has initially
been written by Djalil Chafai, while working with Terry Lyons (supported by EPSRC
grant GR/R2962/8/01 [HBKBU]), and has recently been substantially updated and
rewritten with improved algorithms. The functionality has also been extended. The
current version of the C'oRoPa package provides the C++ programme for the numer-
ical solution of linear and polynomial rough differential equations. Greg Gyurko,
Christian Litterer and Terry Lyons wrote the code for the case of linear rough
differential equations, including the first OpenGL visualisations. The author of

this thesis, together with Stephen Buckley, developed the code for the polynomial

http://coropa.sourceforge.net
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case. Chang Liang Xu has helped to upgrade the visualisations and the author has
turned them into the web application for Internet Explorer that can be accessed
from http://coropa.sourceforge.net/rde. The CoRoPa package now also in-
cludes the implementation of the Brownian rough path and the fractional Brownian
rough path which has been written by Terry Lyons and Rahul Raghuram.

The following description is the author’s explanation on how to use the CoRoPa
software package for the numerical solution of polynomial rough differential equa-
tions. For simplicity, we demonstrate it by looking at a generic example. The
method can then be modified easily so that it is applicable for other rough differ-
ential equations. The full source code of this example can be found in the project
RDE_Solver(example) which is part of the RDFE package. It can be downloaded at
http://sourceforge.net/projects/coropa.

Consider the rough differential equation

3
dY, =Y F(Y)dBj, Y,=¢, (5.16)
i=1
where B is a 3-dimensional Brownian rough path and the vector fields F; : R3 — R3
are polynomials for ¢ = 1,2, 3.
At first, we need to define the spaces for the driving signal and the solution. The

object
matrix_alg types<2,3,DPReal>

identifies the algebra T (R3) of truncated tensors up to degree 2 in 3 dimen-
sions, where the coefficients are double precision real numbers. Using this object
matrix alg types, we construct the spaces for the driving signal (my_alg type_IN)
and the solution (my_alg type_OUT). The parameter 2 defines the depth and the
parameter 3 the dimension. The option DPReal indicates that we are working up
to double precision, i.e. the coefficients are of type double. Alternatively, we can

use SPReal to work with single precision, i.e. coefficients of type float, or the pro-
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gramme allows to work with arbitrary precision arithmetic? by choosing the option
Rational.
Then, we construct a generator rngen for normally distributed random variables

with a random seed

RandomSeed seed;
NormalRandomNumberGenerator rngen(seed.SeedArray,

seed.SeedArray_size) ;
and the Brownian rough path BM.
Path_IN BM = MakeBrownianPath<my_alg type_IN>(rngen) ;

We associate the vector fields F; with the differential operators

’ 0
i7§ :Fj
V_, iai['j

J=1

for i = 1,2,3. Each of them is constructed as an object of type
POLYLIE<my_alg type_OUT>
where the constructor

POLYLIE<my_alg type OUT>(i,j,k)

ko

creates T g

We store the vector fields Fi, F5, and F3 altogether in a vector,
called theVectorFields.
Next, we create the class Solution, which contains the functionality to compute

the first order terms of the solution of the rough differential equation (5.16), i.e. the

path Y as defined in section 5.2.

Trajectory_OUT Solution = MakeNonLinearSolutionTrajectory
<my_alg_type_IN,my_alg type_OUT>(BM,theVectorFields,

InitialValue,Inf);

2The CoRoPa software package uses the MPIR library for arbitrary precision arithmetic (see
http://www.mpir.org).
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The parameters, that we pass to the constructor, are the Brownian rough path BM,
the vector fields theVectorFields, the initial Value InitialValue and the start
time Inf, which is 0 in this example. The class is templated, so we also need to
provide the spaces for the driving signal and for the solution, i.e. my_alg type_IN
and my_alg_type_OUT respectively.

Now, the command
Solution.Value(1)

returns the solution Y; at time 1.

5.5 Numerical examples

Finally, we present two numerical examples®. The first one, a quadratic rough
differential equation, is the Landau-Lifshitz-Gilbert Equation and the second one is
a linear rough differential equation that characterises fractional Brownian motion
on hyperbolic space. Animated versions of these examples can be found online at

http://coropa.sourceforge.net/rde.

5.5.1 The Landau-Lifshitz-Gilbert Equation

The Landau-Lifshitz-Gilbert Equation is “fundamental for the theory of magnetic
memories” and describes the “evolution of spins in ferromagnetic materials under the
influence of thermal noise. The necessity to include the thermal noise in the equation
was observed by Physicists in the early fifties but the rigorous mathematical theory
was missing.”* Further details on stochastic Landau-Lifshitz-Gilbert Equations can

be found in Brzezniak and Goldys [4], for instance.

3They are part of the CoRoPa software package (see section 5.4) which has been jointly de-
veloped by various members of the Stochastic Analysis Group of the University of Oxford under
the guidance of Terry Lyons, including Stephen Buckley, Djalil Chafai, Greg Gyurkd, Christian
Litterer, Chang Liang Xu, Rahul Raghuram and the author of this thesis.

1Zdzislaw Brzezniak, University of York, on http://www.maths.usyd.edu.au/s/scnitm/
carberry-Colloquium-Brzezniak-Stoc (as on 28 April 2011)
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In a simple case, the Landau-Lifshitz-Gilbert Equation, perturbed by white noise,
reads

dyt = ayt X dBt + byt X (yt X dBt),

where B is a 3-dimensional Brownian rough path and ¢ € R and b > 0 are real-
valued parameters. Figure 5.1 shows a sample path of the solution for parameters
a =b =1 and initial value (0,0, 1). It lives on the sphere.

The Brownian rough path consists of terms of order up to 2. For this example,
we solve the ordinary differential equations (5.6), that occur as part of the ODE
method, with the fifth order Runge-Kutta-Fehlberg method RKF 54 as described in
Butcher [7] or Press et al. [42]. Note that this method has a sufficiently high order

of convergence so that the ODE method works.

Figure 5.1: Sample path of the solution of the Landau-
Lifshitz-Gilbert Equation for parameters a = b = 1 and initial
value (0,0,1)
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5.5.2 Fractional Brownian motion on hyperbolic space

Consider the linear rough differential equation

dy, = Aly, dW}! + A%y, dW?,

where
00 1 000
A'=10 0 0|, A*=1]0 0 1
100 010

and W is a 2-dimensional fractional Brownian rough path with Hurst coefficient

H > Let the initial value be (0,0,1). Figures 5.2, 5.3 and 5.4 show sample

L
paths of the solution of this linear rough differential equation for different degrees
of roughness with Hurst coefficients 0.7, 0.5 and 0.3 respectively. Note that it lives
on hyperbolic space.

In this example, the vector fields are linear. Therefore, we can solve the ordinary

differential equations (5.6), that occur as part of the ODE method, by exponentiating

the vector fields.
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Chapter 6

Conclusion and outlook

In this thesis, we have constructed a mathematical model of an order driven market
where traders can submit limit orders and market orders to buy and sell securities.
We have adapted the notion of no free lunch of Harrison and Kreps [29] and Jouini
and Kallal [30] to our setting and we have proved a no-arbitrage theorem for the
model of the order driven market.

Furthermore, we have computed signatures of order books of different financial mar-
kets. Also, we have given a proof which shows that a compactly supported proba-
bility measure on signatures is uniquely determined by its expectation. In addition,
we have shown how we can obtain the solution of a polynomial differential equation
and its (truncated) signature from the signature of the driving signal and the initial
value.

We have also presented and analysed an ODE method for the numerical solution of
rough differential equations. We have derived error estimates and we have proved
that it achieves the same rate of convergence as the corresponding higher order Euler
schemes studied by Davie [17] and Friz and Victoir [23] or [22], chapter 10. At the
same time, it enhances stability (see Gyurkd and Lyons [27]). The ODE method has
been implemented for the case of polynomial vector fields as part of the CoRoPa

software package which is available at http://coropa.sourceforge.net. We have
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described both the algorithm and the implementation and we have shown by giv-
ing examples how it can be used to compute the pathwise solution of stochastic
rough differential equations driven by Brownian rough paths and fractional Brown-
ian rough paths.

For future work, we believe that it is interesting to further explore applications
of rough paths and signatures in finance. In particular, we think that it can be
advantageous to use the ODE method in financial modelling. We expect that it
can potentially outperform the corresponding higher order Euler schemes in certain
models because of the enhanced stability. For example, Gyurké and Lyons [27] use
it for the Cox-Ingersoll-Ross model.

Also, it is possible to extend the CoRoPa software package, so that it can be used to
solve rough differential equations with all types of Lipschitz vector fields with suffi-
cient regularity and not just linear or polynomial vector fields. This can be achieved
using rough polynomial approximations as described in Caruana [9]. The imple-
mentation of the ODE method for polynomial rough differential equations already

provides the basis for such an extension.
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