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Abstract

Macroscale deformations in a roasting coffee bean are important mechanisms in determining flavour development, moisture loss,
and consistency of the bean. In this paper, we model the stresses and strains in the cellulose structure of a roasting coffee bean
via temperature-dependent poroviscoelastic constitutive equations. This model accounts for the deformations that are created and
controlled by the moisture content, temperature, and gas pressure inside of the roasting coffee bean. The model combines previously
derived multiphase heat and mass transfer models for roasting coffee beans with these poroviscoeleastic equations, to determine
when and where macroscale deformations of the cellular matrix are likely to occur. By exploiting reasonable asymptotic reductions
of the poroviscoelastic equations, we find that a large surge of stress is produced in the interior of a coffee bean. We determine that
this build-up of stress is due to the viscoelastic interior of the bean being contained by a rigid elastic exterior and unable to expand.
Our theoretical results suggest directions for possible improvement in standard industrial coffee roasting techniques, which may
allow the macroscale deformations of the cellular matrix to be controlled and thereby improve properties such as flavour, moisture

loss, and consistency of the final product.
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1. Introduction

The coffee industry is valued at more than $100 billion [27]
and relies on fundamental research and development to improve
the quality and flavour of its product. While simple empiri-
cal models and regression analyses have been extensively stud-
ied (cf. [1, 26]), mathematical modelling of the coffee roasting
process has been largely unexplored. Some notable exceptions
include [5], where the authors model the coffee bean in vari-
ous realistic geometries as a bulk material, and [6, 7, 8], where
the authors focus on the phase changes, gas transport, and var-
ious chemical reactions in a multiphase setting. While the au-
thors in [6] have addressed the incorporation of multiphase heat
and mass transfer and chemical reaction groups into a model
describing the roasting of a single coffee bean, the concepts
of solid mechanics and structural degradation of the cell walls
within a coffee bean during roasting are largely ignored. Incor-
porating these elements into such models should provide ad-
ditional insight into macroscopic phenomena that are observed
during the roasting process. While the focus of this paper will
be on macroscopic deformations in a roasting coffee bean, it is
important to note that this phenomena is seen in a variety of
applications, including the thermal cracking of baking carbon
paste [24], wood drying [20], and popcorn popping [14].

The industrial roasting process of coffee beans is descibed in
detail in [1, 7, 26]; we give a brief summary of the key pro-
cesses. Following the initial drying phase of a coffee roast,
which is generally the longest phase of the roast and lasts about
3—6 minutes [1], a phase occurs where flavour and colour start
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to develop in the bean [1, 26]. This flavour development phase
is where the majority of chemical reactions, such as Maillard
and pyrolysis reactions, can begin [1, 4, 10, 19, 26]. These reac-
tions generate the colour, flavour, and aromas that are typical of
roasted coffee beans [1, 26]. Additionally, carbon dioxide and
water vapour is produced within the bean [26]. At some critical
point in this stage, one can observe “First Crack” [13], where
a distinct popping sound can be heard, not unlike the sound of
popping popcorn [13, 26]. After First Crack, the bean’s colour
continues to darken, while its aromas continue to be enhanced
[13, 26]. While a detailed physical explanation for First Crack
has not yet been found, it has been hypothesised that First Crack
is linked to macro-scale fracturing and deformations of the cel-
lulose structure in a roasting coffee bean.

In this paper, we aim to provide mathematical and physical
insight into the causes of First Crack. Specifically, by including
solid mechanics effects into our roasting model, we aim to ac-
count for macroscopic deformations of the cellulose structure
of the coffee bean. We will investigate the structural properties
of a coffee bean as it is roasted. In particular, we shall inves-
tigate the stresses and strains produced in a coffee bean due to
high gas pressures and increasing temperature.

We begin by modelling the cellulose structure of a bean as a
poroviscoelastic material. Many similar organic materials, such
as wood and fabrics [17, 25], have been modelled in a similar
fashion. However, is it generally assumed in these models that
the mechanical properties of the material, such as its Lamé co-
effficients and viscosities, are constant. It is well known from
experimental data (cf. [22, 25]) that these mechanical prop-
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erties are strong functions of temperature and change dramat-
ically at a specific glass transition temperature [25]. There-
fore, we derive the governing poroviscoelastic equations that
describe a temperature-dependent poroviscoelastic material in
Section 2. Upon non-dimensionalising this model in Section 3,
we determine that a dimensionless grouping, usually referred
to as the Weissenberg number [23], is large for typical param-
eter values. By using asymptotic analysis, we determine the
leading-order qualitative behaviour of the cellulose structure
for the large Weissenberg number limit (discussed in Section
4). These approximations are then compared with numerical
results of the full model in Section 5, where additional spher-
ically symmetric geometries of a roasting coffee bean are also
considered. A discussion concludes the paper in Section 6.

2. Modelling the Cellulose Structure

In this section, we model the cellulose structure of a roasting
coffee bean as a temperature-dependent poroviscoelastic mate-
rial. Certain simplifications are made to reduce the parameter
regime of the poroviscoelastic equations while still being phys-
ically reasonable. Additionally, we propose models to describe
these temperature-dependent parameters while employing typ-
ical values where known. These equations are then further ex-
amined in a spherically symmetric domain, where they are in
turn coupled to the multiphase models discussed in [6, 7].

2.1. Governing Poroviscoelastic Equations

In order to model deformations within a coffee bean, we must
first understand how the solid phase, specifically the cellulose
structure, behaves. We begin by assuming that the cellulose ma-
terial can be represented as an isotropic poroviscoelastic mate-
rial with a gas pressure, denoted as P, inside the porous struc-
ture. Additionally, we assume that only small displacements
occur, implying that linear elasticity and viscoelasticity consti-
tutive equations are valid. These assumptions are plausible, as
large deformations are not observed until the bean fractures, af-
ter which our model will become invalid. Since we anticipate
permanent deformations to occur in the bean, we will assume
that the elastic and viscous strains of the cellulose are in series
(i.e. a Maxwell viscoelastic model [16]). With these assump-
tions, our constitutive equations for the elastic strain, €°, and
viscous strain, €”, are related to the effective material stress, 7%
(given in [16]), by
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Here, A and M are the Lamé coeflicients of the cellulose ma-
terial, while & and #n are the bulk and shear viscosities of the
cellulose, respectively [16]. We then combine the constitutive
equations (1)—(3) to obtain
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Finally, we decompose the total stress, T, using Terzaghi’s stress
principle (see, e.g., [28]) as the difference of the effective stress
of the cellulose and the total gas pressure, P, in the material: T =
7% — PI. This is coupled with the steady-state conservation of
linear momentum equation, as we assume that the acceleration
of the displacement of cellulose is negligible:

V.-t=0. )

2.2. Reducing the Parameter Regime

While the Lamé coeflicients and viscosities of the cellulose
matrix are all functions of temperature, we will now make stan-
dard assumptions concerning viscoelastic materials to reduce
the degrees of freedom in the model. Specifically, we assume
that the ratio of viscosities is equal to the ratio of Lamé param-

eters, i.e.
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This simplification is often taken with viscoelastic materials
(c.f. [16]) and is equivalent to stating that the elastic and vis-
cous components have the same Poisson’s ratio, v = ¢/(¢ + 2).
Additionally, we will assume that the ratio % is constant (i.e.,
that ¢ is constant). In consequence, (4) reduces to
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2.3. The Glass Transition Temperature

Along with the aforementioned assumptions concerning the
Lamé coefficients and viscosities of the cellulose matrix, we
also anticipate that the cellulose structure in a coffee bean will
significantly change material properties at its glass transition
temperature [25]. Specifically, the glass transition temperature
represents the transition in amorphous materials from behaving
like a brittle (or, elastic) material to a rubbery (or, viscous) ma-
terial. Crucially, this glass transition temperature, denoted here
as T, also depends on the material’s moisture content [25]. A
simple empirical relationship for T, which agrees with quali-
tative features seen in experimental data, is given by
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where Y is the mass fraction of water, Tqy is the glass transi-
tion temperature at zero moisture, and Y™ is the mass fraction at
which the glass transition occurs at room temperature (7). The
quantity Y is related to the water saturation by

-1

ps(1 —¢)

1+ —
PwdS

where ¢ is the porosity of the coffee bean, S is the water satura-
tion, and py, p,, are the densities of cellulose and water, respec-
tively. This puts (8) into the form
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When the temperature locally within the bean is below the
glass transition temperature, we expect that the cellulose be-
haves elastically; that is to say, the viscosity of the cellulose
is very large in comparison to the elasticity parameters. Above
the glass transition temperature, however, the cellulose will per-
manently deform due to viscous effects. This implies that, un-
like previously described poroviscoelastic models (c.f. [16]),
the viscosities and/or the Lamé coefficients of the cellulose will
vary with temperature. The authors of [22] observed that these
parameters in coffee beans decrease in a sigmoidal manner near
the glass transition temperature. Similar sigmoidal behaviour
has also been observed in other materials’ mechanical proper-
ties as a function of temperature (c.f. [11, 15]). While there
are a variety of constitutive equations that can be employed, we
propose a simple model to reflect this sigmoidal behaviour in A
and ¢ observed in experiments:

it (-4 T -T5(,9)
I s )tanh( e ) (an
_&+th (L& T-T5(,9)
6= ( _ )tanh( - ) (12)

Here, A; and A, are the Lamé coefficients of the cellulose at
low and high temperatures, &, and &, are the viscosities of the
cellulose at low and high temperatures, and we define T as a
physical parameter representing the sharpness of the sigmoidal
transition. A small value of T represents a sharp and rapid
transition between parameter regimes, whereas a larger value
of T represents a more gradual change in the cellulose’s elas-
tic and viscous properties. As we anticipate a larger viscosity
and/or Lamé coefficient when 7T < T, we will assume that
/11 > /12 and fl > fz.

Naturally, there are many other forms of A and ¢ that could
be chosen to represent the sigmoidal behaviour observed in ex-
periments near the glass transition. However, the authors in [22]
note that the temperature range in which significant changes to
the Lamé coefficients and viscosities occur is small, relative to
the total temperature range across an entire roast. Therefore,
any changes to the proposed function form of (11) and (12)
will only marginally affect the behaviour of the cellulose mate-
rial near the glass transition temperature.

2.4. Parameter Values Associated with the Glass Transition
Temperature

It is expected that, in an isothermal setting, the Lamé coef-
ficient 4; will be a function of porosity and water saturation,
which reflects the porous cellulose structure. Using the isother-
mal closed cell model proposed in [12], which is a suitable
model to describe the porous structure of a coffee bean, we infer
the empirical relationship
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Here, A* represents the Lamé coefficient of solid cellulose (=
59600 atm, [29]) and ’:7 is the density ratio of water to solid
cellulose (= 1.18, [2]). As seen in [6, 7], we anticipate that

¢ ~0.5and S € [0,0.1], which suggests that /’i—‘ € [0.31,0.36].
Therefore, we assume that at low temperatures, 1; ~ 0.335A" =
2x10* atm. Typical values of the Lamé coefficients of cellulose
have been examined extensively in [29]; from these values, we
assume that ¢ ~ 0.72. It is unclear how large A, should be,
however, we shall see later that the choice of 1, does not affect
the dominant behaviour of the cellulose deformations.

We also find that it is unclear how large &; should be in order
to reflect that the deformations below the glass transition tem-
perature are purely elastic; we use a theoretical upper bound
(c.f. [9]) and impose that & < 10'? Pa-s. From measurements
of viscosity for various wood/plastic composite materials (c.f.
[17]), these indicate that & =~ 10° Pa-s is a reasonable choice to
make.

Finally, is it important to determine typical parameter values
used in the glass transition temperature (10). These parameter
values have been recorded for coffee beans, see e.g. [22], hence
we take T € [10°C,30°C], Tyry = 190°C, Y* = 0.995.

2.5. Governing Equations under Spherical Symmetry

Having discussed how the Lamé coefficients and viscosities
are temperature-dependent, along with their typical parameter
values, we now return to the poroviscoelastic equations de-
scribed in Section 2.1 to model deformations in the cellulose
structure and examine the special, but physically relevant case,
of spherical symmetry. In a spherically symmetric domain with
symmetric boundary conditions, the displacement u is purely
radial (i.e., w = [u(r),0,0]", where T denotes transposition)
and (5) reduces to
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where 7, and gy denote the radial and hoop (angular) stresses,
respectively. Additionally, the radial and angular strains, e,,
and egy, can be written as
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respectively. Therefore, we can determine the radial and angu-
lar components of (7), and obtain
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As we will see in Section 2.6, we have more information at
the boundaries of the coffee bean for u than for 7,,. Therefore,
we manipulate (16)—(17) to eliminate explicit spatial derivatives
in 7,,. Firstly, (16)—(17) can be expressed as
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Substituting (18) into (19) yields, after some rearranging of
terms,
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This then allows us to couple (18) to the following second-order
differential equation for the material’s velocity ‘3—”
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We will refer to equations (18) and (22) as the poroviscoelastic
equations.

2.6. Boundary and Initial Conditions

We assume that the bean starts from a reference state of zero
displacement, i.e., a strain-free initial state, giving

u=0 and 7,,=—P at t=0. (23)

When modelling a coffee bean as a solid sphere of radius L,
we also have that there is zero displacement at the centre of the
bean, along with zero radial strain at the surface of the bean;
this is equivalent to

0
_u=0 at r=L.
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However, as was discussed in [6], a more accurate representa-
tion of a coffee bean in a spherically symmetric geometry could
be a spherical “shell” of outer radius L and inner radius aL. This
is to aid in preserving not only the volume of the coffee bean,
but also the average square-distance from any point in the bean
to the boundary. In the geometry, we impose zero radial strain
at both the inner and outer surfaces of the bean:
ou ou
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2.7. Determining the Gas Pressure

In order to determine the deformations that occur from the in-
creasing gas pressure inside the bean, we must also determine
the pressure, P, from other conservation equations. While we
can use more complicated models that account for chemical re-
actions and additional gas species, such as the Sugar Pathway
Model in [7], we will focus on a simpler (and better understood)
model to highlight the effects of solid mechanics. In particu-
lar, we use a multiphase model motivated from [8] to highlight
moisture and vapour transport in a roasting coffee bean. How-
ever, the multiphase model used in [8] should also incorporate

a sorption isotherm to account for various evaporation mecha-

nisms present a roasting coffee bean, as was done in [6]. This

can be done by changing the steam table pressure for pure wa-

ter, denoted as Ps7(T) in [8], to the sorption isotherm from [6]:
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Here, D; and D, are the steam table values for pure water [3],
C) and C; are water activity parameters used in the Oswin sorp-
tion isotherm (discussed in detail in [6, 21]), T is the tempera-
ture of the coffee roaster, T is room temperature, o is the initial
saturation of the bean, and Py is atmospheric pressure.

As we do not expect large deformations to occur in the bean
before First Crack, we can neglect any advection caused by the
moving cellulose. Consequently, this implies that this mul-
tiphase model from [8] decouples from the poroviscoelastic
equations described previously. We can therefore solve the mul-
tiphase model in a fixed geometry to determine 7, S, and P be-
fore determining 7, and u via the poroviscoelastic equations.
Finally, to observe a significant build-up of vapour pressure, we
assign the gas permeability to be k, = 107'° m?, which agrees
with typical parameter values discussed in [6].

3. The Non-dimensionalised Poroviscoelastic Equations
and Multiphase Model

In order to better understand the governing conservation
equations (18) and (22), we non-dimensionalise the system
variables according to P = PP, T =Ty + (Te — To)T :=
To(l+IT), 1, =Pt,A=42A =28 Q= 20,8 = a8,
r=>L#t=9u= %"ﬁ. Here, the typical pressure, P, and
vapour diffusive timescale, , are identical to the values used in
the non-dimensionalisation in [8], i.e. P = D Py and ¥ = "Z‘ OL?.

Using these scalings in the poroviscoelastic equations (18) and
(22) gives
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We have introduced the new dimensionless groups Wi = 49

&
pr=1- j—f, ¥ = % —1,and g3 = TTO‘ The dimensionless pa-

rameter Wi is often referred to as the Weissenberg number [23],
which relates the elastic strains in the cellulose to the viscous
strains. Additionally, the dimensionless parameters ¢; and ¢,
determine the relative changes in the Lamé coefficients and vis-
cosities at the glass transition temperature, whereas ¢3 indicates
how sharp the transition is. While the Lamé coefficients have
been observed in experiments to be temperature-dependent, the
coeflicients do not change usually by more than one order of
magnitude. Therefore, we will focus our subsequent analysis in
Section 4 to the assumption that ¢; = O(1) or smaller. However,
the authors in [22] note significant changes in viscosities over
a roast, which is linked to the magnitude of the dimensionless
grouping ¢,. Therefore, our analysis in Section 4 assumes that
¢ is large. Finally, in order to match experimental data seen in
[22], we will assume that the transition in viscosities occurs in
a small temperature range near the glass transition temperature
(i.e. that ¢3 is small).

To determine how the temperature in a coffee bean changes
throughout the roast, we use the multiphase models described
in [6, 7, 8], which we couple to the poroviscoelastic equations
(26)—(27). These multiphase models focus on the local mois-
ture activity and use parameter values specifically chosen to
agree with experimental data for roasting coffee beans. This, in
turn, allows us to couple the water saturation, vapour pressure,
and temperature to the mechanical properties of the cellulose
structure. The model reads
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Following [6, 7, 8], we note that € represents the timescale ratio
between evaporation and vapour diffusion, whereas ¢ represents
the density ratio between water vapour and water. Furthermore,
Ay, Az, and Ay represent effective thermal properties of the
roasting bean in a multiphase setting, whereas A; is related to
the latent heat of evaporation. The evaporation rate I, is based
on Langmuir’s equation [18], but includes the sorption isotherm
P, which in non-dimensional quantities is given in (36). Typi-
cal parameter values used are listed in Table 1.

In the solid sphere geometry, our boundary conditions be-
come
6T_0 a—Pantrzo, (37)
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‘ Dimensionless Group | Typical value of Parameter

€ 1.40x 107*
0.101
0.10
Ay 1.50
A 2.81
A3 2.28
Ay 0.899
C 0.41
C 6.1 x 1073
D, 35.0
D, 7.31
Nu 0.585
P, 0.0879

Table 1: Typical values of dimensionless parameters used in the multiphase
model. Parameter values are obtained from dimensional quantities listed in
[6,7,8].

or —Nu(l_a_S)( L+ A )(l—T) at r=1, (38)

or l-o J\1+AS
PYT.S)., T <T,,
po DTS, T<Te 0 (39)
Pa7 TZTaa
M at =1, (40)
or

If we use the spherical shell geometry instead, our boundary
conditions become
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Finally, our initial conditions in both geometries are

S0 =1, T@0) =0, P(r,0)=P,0,1),

(44)
u(r,0) =0, and 7,.(r,0) = —P(r,0).

4. The Large Wi and ¢, Limit

Typical parameter values (as derived in Section 2.4) indicate
that Wi = 5.5 x 103, so it is natural to perform an asymptotic
analysis in the large Weissenberg number limit. However, in
the case where all other parameters are O(1), our analysis sug-
gests that the leading-order displacement 1, will be O(1), which
yields a dimensional displacement of %’9 ~ 40mm after roast-
ing, which is clearly too large for a coffee bean. One way of ad-
dressing this nonphysical result is to modify the displacement
by considering a large value of ¢, in the poroviscoelastic equa-
tions. Indeed, the case where ¢, is large is more physically rel-
evant to coffee bean roasting due to anticipated large changes
in viscosity.



We assume ¢, = Wi® for @ > 0. There is a distinguished
limit when @ = 1, which divides the parameter regime into two
main regions: 0 < @ < 1 and @ > 1. As we do not know &, it is
possible that any of these three regimes may be physically rele-
vant. We take the asymptotic expansions in the limit Wi™* — 0
to be

u(r,t) = WirUo(r, ) +O(Wi ™), 1,,(r, 1) = To(r, )+ O(Wi ).
(45)
The regime 0 < @ < 1 corresponds to the viscous strains
being small below the glass transition temperature, which in
turn implies that u < 1 when 1 + 7T < Tg. The leading order
equations from (26) and (27) resulting from the expansion (45)
may then be reduced to a single partial differential equation for
Uo,
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Subject to appropriate boundary conditions, a solution Uy from
(46) remains O(1) when 1 + T < Tg, provided that the time
integral of the pressure gradient remains O(1). We conclude
that for 0 < @ < 1, the displacement u is O(Wi™®) at leading or-
der, and hence the displacement will now scale as 40Wi~“mm.
As Wi ~ 5.5x 103, this suggests the range 0.35 < a < 0.6 is ap-
propriate in order to obtain physically reasonable displacements
of size 0.2mm to 2mm. We shall later demonstrate displace-
ments within this range when discussing numerical experiments
in Section 5, suggesting that this is the appropriate regime for
a.

The distinguished limit @ = 1 corresponds to the inclusion
of temporal stress terms in (26) and (27) in the leading-order
equations. Therefore, ¢, = CWiand C = O(1). The leading or-
der equations while 1 + T < T are not great simplifications
of (26) and (27), so we omit them. The main conclusion from
this distinguished limit regime is that deformations taking place
while 1+ 7T < Tg are negligible in comparison to the O(1) de-
formations that occur when 1 + 9T > Tg (i.e., &€ ~ 2). Indeed,
since deflections scale as 40Wi™*mm, o = 1 implies negligible
deflections of size 0.007mm, roughly 500 times less than the ra-
dius of the bean. Similarly, for the case of @ > 1, any resulting
deflections will be negligibly small for 1 + ST < Tg, in com-
parison to the O(1) deformations that occur when 1+ T > Tg.

5. Numerical Simulations and Results

We solve the poroviscoelastic equations (26)—(27), coupled
with the multiphase model (32)—(44), in both aforementioned
spherically symmetric geometries in MATLAB, using a second-
order finite difference scheme in the spatial component and a
stiff ODE solver for the time component (namely, the MATLAB
function ode23s). We used 101 spatial meshpoints to achieve
good numerical resolution.

We first examine the solid sphere geometry (of radius r =
4mm) in order to explore the effects of a temperature-dependent
viscosity. Numerical difficulties are observed for sharp sig-
moidal behaviour in viscosities, e.g., values of ¢3 smaller than
0.04, corresponding to Ty < 10°C. In order to avoid these
numerical difficulties, we relax this sharp transition and take
w3 ~ 0.09, corresponding to Ty = 25°C. We plot displace-
ments for two distinct values of ¢, in Figure 1, finding that
the displacements are smaller when the temperature is below
the glass transition temperature than in the constant viscosity
parameter regime (Figure 2(a)). Furthermore, as seen in Fig-
ures 2(b)—(c), the leading-order solution for displacement, U,
determined via equation (46), accurately matches the displace-
ment profile for ¢; non-zero with less than a 3% relative error.
However, as seen in Figure 3(a), a large spike in radial stress
takes place when the surface of the bean reaches the glass tran-
sition temperature. This spike in stress is caused by a thin re-
gion near the coffee bean’s surface becoming far more rigid that
its viscous interior. Mechanical failure in the solid structure, re-
sulting in First Crack, may therefore be linked to this spike in
stress. Once the glass transition has occurred at the surface of
the bean, and if the surface does not fail, the viscosity of the
cellulose dissipates the build-up of stress.

We next compare the model solutions for a solid sphere ge-
ometry with those obtained for a spherical shell geometry. As
the geometry changes, certain non-dimensional grouping will
also change in value. For example, going from a solid sphere of
radius 4mm to a spherical shell of outer radius 3.28mm and in-
ner radius 1.54mm [6], the Weissenberg number changes from
Wi ~ 5.5 x 103 to Wi ~ 3.7 x 10°. In Figure 3, the result-
ing change in stress between these two geometries is shown.
In particular, in Figure 3(b), we observe that the glass transi-
tion temperature is attained first in the interior of the bean, but
then propagates outward toward both surfaces of the bean. This
produces a spike of radial stress that persists until the glass tran-
sition temperature is attained at both the inner and outer radii.
While the spherical shell geometry captures more of the real-
istic features of a roasting coffee bean, most of the qualitative
features are observed for the solid sphere geometry.

Our results suggest that macro-scale fracturing of a roasting
coffee bean can be controlled by manipulating when the glass
transition temperature is first attained at the surface of the bean.
One possibility is to modify the convective heat coefficient
at the surface of the bean (contained in the non-dimensional
grouping Nu), so that the effective thermal timescale of the
problem is changed. Alternatively, the roasting temperature
could be changed (contained in the non-dimensional grouping
7) so that the glass transition temperature occurs at a different
moisture value. In either case, altering the roasting environment
of the bean will modify when the glass transition temperature
is attained at various positions within the bean, hence changing
the time at which First Crack occurs.

6. Discussion

Motivated by the phenomenon of “First Crack”, we have
developed a model for the stresses and strains in the cellu-



Displacement (mm) Displacement (mm)

4 2 0.2
3 1.5 0.15
2 i . 0.1

1 0.5 0.05
OO 20 40 60 80 100 0 O 0

Time (s) Tlme (s)
(a) (b)

Figure 1: The radial displacement u(r, t) of the poroviscoelastic equations in the solid sphere geometry, with ¢; = 0, ¢3 = 0.09 and temperature-dependent viscosity
&, with (a) ¢ = 9 and (b) g2 = 99. As ¢, increases, the radial displacement at a given location decreases in magnitude (as seen in the color bar for each panel),
which is in agreement with the findings of Section 4. However, note that the overall distribution of displacements remains very much the same between the two

panels.

Radius (mm)
Radius (mm)

Displacement (mm) Absolute Error, Displacement (mm)

0.08

0.07

0.06

0.05

w

0.04

Radius (mm)

0.03

1 0.02
0.01
0 0
0 20 40 60 80 100 0 20 40 60 80 100
Time (s) Time (s)
(a) (b)

Relative Error, Displacement 0.03

0.025
0.02
0.015
0.01
0.005
‘ 0
0 20 40 60 80 100
Time (s)
()

Figure 2: (a) The radial displacement u(r, r) of the poroviscoelastic equations in solid sphere geometry, with a temperature-dependent Lamé coefficient (¢; = 0.25,
¢ =0, g3 = 0.09). (b) The absolute error |u(r, 1) — Uy(r, t)| and (c) the relative error |u(r, t) — Uo(r, t)|/u(r, t), where Up(r, t) is the leading-order approximation in
the large Weissenberg number limit determined via equation (46).
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Figure 3: The effective radial material stress T ..(r, 1) of the poroviscoelastic equations, with ¢1 = 0, ¢ = 9, and ¢3 = 0.09, in (a) solid sphere geometry and (b)
spherical shell geometry. A large build-up of stress is observed when the glass transition temperature (white dashed curves) approaches the surface(s) of the bean.

lose structure of a roasting coffee bean. As First Crack occurs
roughly at the same time as many flavour development chemi-
cal reactions, understanding First Crack from a more theoretical
standpoint is important for determining other key features of the
roasting process. We first modelled the cellulose structure in the
bean as a poroviscoelastic Maxwell material with temperature-
dependent Lamé coefficients and viscosities. These parame-
ters crucially depend on a moisture-dependent glass transition
temperature, which signals the transition from a predominantly
poroelastic material at low temperatures to a poroviscoelastic
material at high temperatures. The governing poroviscoelastic
equations are then coupled to a multiphase model to determine
the temperature, water saturation, and vapour pressure within
the bean, and are then used as input variables to determine the
radial stress and displacement of a spherically symmetric bean.
We find that if the viscosity of the material changes significantly
at the glass transition temperature, a large spike of stress occurs,
which may signal the onset of macro-scale deformations such
as First Crack. Therefore, by controlling when the glass tran-
sition temperature occurs at a given location within the bean
(say, by modifying the roasting temperature or the convective
heat transfer coefficient at the bean’s surface), one may control
when First Crack occurs in a particular roast.

Our results suggest a fairly simple caricature for the pro-
cesses leading to First Crack. Thermal diffusion is relatively
large, and hence the temperature within the bean is fairly uni-
form. However, water diffusion is much slower, and thus the
outer shell of the bean dries more quickly than the interior. This
results in a non-uniform glass transition temperature through-
out the bean. In particular, most of the interior of the bean,
which has higher water content, passes through the glass transi-
tion first and becomes mechanically weak. Meanwhile, an outer
shell is formed on the surface of the bean, which remains be-
low the glass transition temperature. This outer shell remains
mechanically strong, and results in a build up of internal stress.
Eventually, the increased stress becomes large enough for fail-

ure to occur near the surface, possibly through brittle fracture
(not analysed here). Note that this mechanism is different from
the idea of fracture due to high gas pressures in an entirely elas-
tic bean.

While we have a mechanical understanding of the processes
leading up to First Crack, there are many aspects of coftfee bean
roasting that have not been considered in this work. Many pa-
rameter values in the models, such as the Lamé coefficients and
viscosities of solid coffee beans, are unknown and further ex-
perimental work may refine these parameter values. One sig-
nificant assumption we have used throughout is that the bean
can be modelled as a spherically symmetric structure, in order
ot generate simple results. However, considering more accu-
rate and realistic geometries would prove useful in understand-
ing specific features of the spatially heterogeneous fracture me-
chanics at First Crack. Finally, the model we consider describes
the roasting of an isolated coffee bean, and future work will
consider multi-bean configurations more representative of in-
dustrial scale roasting.
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