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Abstract

Graph machine learning has emerged as a powerful tool for modelling in-
tricate interconnections between data entities. These methods have been
applied to diverse domains, from social science to molecular biology, offer-
ing unprecedented insights. However, a significant challenge is the need
for an explicit and accurate graph as input, which is not always possible
to obtain. This has led to the development of the discipline of Graph
Learning, which focuses on inferring graph topologies from data observed

on nodes of the graph.

Modern graph learning faces some challenges, such as incomplete datasets
or complex topological properties that are difficult to incorporate into
model specifications. To address these challenges, this thesis investigates
model-based graph learning from various perspectives and proposes two
novel methodologies: Kernel Graph Learning (KGL) and Learning to
Learn Graph Topologies (L2G). KGL is developed from a functional per-
spective, offering a robust model that can handle noisy and missing node
data by jointly inferring graphs and data distribution that affected by the
graphs. L2G, on the other hand, employs a deep learning architecture
to transform optimisation of graph adjacency matrices into a parametric
functional mapping task, ensuring faster inference and precision in learn-

ing graphs with certain topological properties.

In terms of the practical implications, we focus on Quantitative Finance,
where markets, institutions and assets are deeply interconnected. Al-
though contemporary finance studies use graph representation to visualise
the economic ties, the potential of graph machine learning and its ability
to enhance forecasting is rarely explored. Learning a financial graph from
a rich source of data also lacks exploration. This thesis aims to bridge
this gap. By learning financial networks of assets from pricing data, we

improve portfolio construction with better profitability. Additionally, a



customised graph neural network model, GNNHAR, is developed to ex-
amine the non-linear volatility spillover effect in equity graphs and improve

realised volatility forecasting.
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1.3.2 Quantitative Finance . . . . . . . .. ... .. ... ..... 10
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1.1 Background

In the rapidly evolving domain of machine learning, graph-based methods have emerged
as powerful and prominent subfield for modelling intricate relationships between data
entities [30, 69, 95, 231, 215]. The importance of graph machine learning lies in its
versatility and applicability across a number of domains, from social network analysis
(215, 80, 199, 135] to molecular biology [116, 71], offering insights that were previously
unattainable. By leveraging the inherent interconnections of data entities in a graph
structure, this approach not only enhances predictive accuracy and inference capa-
bilities but also unveils deeper and more intricate patterns and relationships, adding
immense value to both academic research and real-world applications.

A significant challenge arises when applying graph machine learning: the neces-
sity of an explicit graph as input. Such an explicit graph, which encodes relationships
between data entities into edges connecting nodes, is not always readily available or
explicitly given. The importance of revealing and understanding these graphs cannot
be overstated, as they visualise the topological structure that captures underlying

relations between data entities and provide a must-have building block for graph



machine learning to model and analyse complex systems, leading to more meaning-
ful inferences and accurate predictions. This brings us to the heart of the matter:
Graph Learning. This discipline is dedicated to learning a graph topology that
reveals the strength of interconnections (i.e. edges) between data entities (i.e. nodes)
from node data. This problem has been extensively studied in the literature from
diverse perspectives, including physics [175, 102, 87], statistics [13, 79], and graph
signal processing (GSP) [68, 148, 112]. Rather than methods that immediately reveal
existing edges, such as illustrating a connection when two individuals are friends,
graph learning adopts a data-driven strategy. In this approach, edges are not directly
observed but are inferred based on node observations.

In the realm of data-driven graph learning, we face specific challenges. A funda-
mental assumption is that these models rely on a complete and high-quality dataset
for all entities. However, practical data collection can fall short due to situations
like sensor failures or budget constraints. Moreover, data observations might not
be aligned, as in the example that different sensors might collect data at different
timestamps.

As we address data quality, possibly through statistical imputation, it is important
to understand the intertwined relationship between graphs and data. This intertwined
relationship is characterised by two main directions - the data distribution being in-
fluenced by the graph structure and the graph structure being inferred from the data
realisations. Existing graph learning formulations have predominantly focuses on the
extraction of graph structures from underlying data observations. However, in in-
stances of low data quality, it is imperative to recognise that the inherent structure
of the graph can reciprocally inform data inference, given the joint relationship be-
tween data distribution and graph topology. This concurrent joint relationship often
remains underexplored, underscoring the necessity for a novel approach that concur-
rently infers both of the graph and the data. This joint relationship between data
and graphs presents a modelling challenge faced by data-driven graph learning. Our
exploration in Chapter 2 is motivated by the desire to understand graph learning
from a functional viewpoint. We aim to comprehend and model the joint relationship
in a way that allows for inferences about both data and graphs at the same time.
From a functional perspective, such a joint relationship can be approximated by a
linear combination of kernel functions and evaluated with observed data points. We
present the formulation in Chapter 2.

In addition to the input data, the literature has not extensively explored cer-

tain vital considerations regarding the potential outcomes (i.e., the learned graphs)



of graph learning frameworks. One such consideration is the enforcement of flex-
ible topological properties on the resulting graphs that go beyond the commonly
chosen sparsity. This sparsity has been explicitly integrated into the optimisation
problems, as an additional convex regularisation function, of many existing methods
(79, 129, 42, 185, 167, 112]. While sparsity is undoubtedly an important property,
assisting in highlighting key connections in the resulting graphs, there are poten-
tials in learning graphs with properties inspired by specific application domains (e.g.,
presence of communities [76], scale-free property [14]). These properties might pro-
vide significant advantages and deserve more in-depth exploration. However, they
have not yet been effectively transformed into regularisers for integration into ex-
isting optimisation frameworks. This gap has prompted our exploration into deep
learning methods, leveraging their universal approximation capabilities. As detailed
in Chapter 3, we propose an unrolling neural network with a layer of a topological
difference variational autoencoder to replace the structural regularisation functions
in traditional graph learning. Through training with graphs that have the same topo-
logical characteristics, our proposed neural network is expected to learn a mapping
from node observations to the underlying graph topology with intended structural
property.

The lack of a readily available or useful graph representation is particularly pro-
nounced in the application field of Quantitative Finance. Assets, whether they
are stocks, bonds, commodities, or derivatives, do not operate in isolation. Nu-
merous studies highlight the existence, significance, and persistence of relationships
between financial assets [48, 83, 94]. They are deeply interconnected by a range of
economic, geopolitical, and market-driven factors [48, 156, 164, 123|. For instance,
stock prices of companies within the same industry may influence each other due to
shared market risks [156, 28], and a country’s currency value can impact the global
commodities market [47]. While these pairwise examinations offer valuable insights,
they might not fully capture the complex dynamics of the interconnected financial
ecosystem. Such analyses risk overlooking the broader network effects and potential
cascading influences that spread through the extensive web of asset interconnections
[15].Furthermore, modern finance studies do not often represent asset interconnec-
tions through graph representations, like the graph adjacency matrix or the Lapla-
cian matrix. These matrix representations typically serve as inputs for graph machine
learning models. This oversight leads to a significant research gap, overlooking the

predictive and inferential capabilities of graph machine learning within quantitative



finance. This gap presents an excellent opportunity for exploration. By creating effec-
tive methods to infer financial graphs and leveraging graph-based techniques, we can
achieve deeper insights and make more informed financial decisions. In this thesis, we
delve into two quantitative finance topics, demonstrating how graph machine learn-
ing, and in particular financial graph learning, can enhance portfolio construction

(Chapter 4) and risk management (Chapter 5).

1.2 Related Work

1.2.1 Graph Learning

Graph learning aims to infer edge interconnections from data on every node entity
and represent them in matrix forms, such as the graph adjacency matrix or the graph
Laplacian matrix [67, 148]. This data-driven strategy differs from those techniques
using domain knowledge that identify inherent relationships, like quantifying the num-
ber of friends a user possesses in a social network [127]. We summarise graph learning
into two methodologies found in the literature: (1) pairwise metrics, (2) model-based

optimisation derived from statistical, physical or signal processing models.

Pairwise metrics This approach calculates a distance or similarity score between
pairs of node observations using specific metric functions, such as cosine similarity
[209]. The score measures the extent to which two nodes are dissimilar or similar
to each other. Then, some algorithms are applied to highlight the most important
connections for each node, e.g. k-nearest neighbours (k-NN) [51] and the minimal
spanning tree [70, 27]. The most popular k-NN connects a node to its k closest
nodes based on the smallest pairwise distances (or highest similarity scores) derived
from the observations. While this method offers flexibility in choosing distance or
similarity metrics, it remains heuristic. This is because the neighbourhood search
relies on pairwise comparisons of node observations. Most k-NN variants emphasise
rapid approximate search algorithms (ANN) [21, 7, 158, 65]. Recent iterations employ

deep reinforcement learning to optimise search efficiency explicitly [219, 234].

Model-based optimisation In contrast to pairwise metrics, model-based optimi-
sation incorporates the global properties of the node data directly into an objective
function. Specifically, it formulates an regularised convex optimisation w.r.t. graph
adjacency matrix or Laplacian matrix, whose objective function reflects the induc-

tive graph-data interactions under different model assumptions [129, 192, 72, 69, 126,



112, 66, 23, 125, 232, 224]. These models are main formulated from three perspective:
probabilistic and statistics, physics and signal processing [68].

Statistical and probabilistic models assume the node observations are realisations
from a probability distribution over the variables, determined by the structure of a
hidden graph. Such a graph structure encodes the conditional independence relation-
ship among random variables represented by the vertices. Early works, in the context
of probabilistic graphical models, solve an ¢; regularised log-likelihood maximisation
to obtain a sparse precision matrix [13, 55, 145, 79]. Precision matrices are further
restricted to Laplacian matrices [129, 192, 72, 59, 225], while more complex structural
priors such as community structure are explored [124].

Physically motivated Models defines the graph-data interactions based on an un-
derlying physical phenomenon or process on the graph. An example is network diffu-
sion or cascades, where the node observations are a result of the diffusion behaviour
on a graph [201, 167, 187, 185].

From a graph signal processing (GSP) perspective [67, 66, 112], graph learning
involves estimating a graph adjacency or Laplacian matrix with a model assumption
that graph signals mainly consists of low frequency components in the graph spectral
domain, i.e. low-pass graph signals [173]. It is therefore expected that graph signals
have a slow variation over the resulting graph. The variation is measured by the
Laplacian quadratic term [67, 148].

The model-based optimisation formulated from these graph learning models is of-
ten convex, but non differentiable. Thus, the numeric algorithm to solve the optimi-
sation requires specific designs, including proximal gradient descent [176], alternating
direction method of multiplier (ADMM) [29], block-coordinate decent methods [79]
and primal-dual splitting [112].

Many of the above models emphasise inferring graphs from data but overlook the
potential of concurrently inferring both graphs and data. With a low-quality dataset,
the graph structure can guide data inference due to their joint relationship. Such
oversight can compromise efficiency, particularly with noisy or incomplete datasets.
In Chapter 2, we introduce a model to elucidate the joint relationship between data
and graph structures.

Furthermore, existing literature primarily explores sparsity for the outcome topolo-
gies of graph learning, often ignoring other potentially significant properties, such as
the presence of community structure. These properties, while crucial, have been
under-researched due to complexities to integrate them into an optimisation. To

address this deficiency, Chapter 3 presents a deep learning framework that replace



the conventional structural regularisation methods with a neural network tailored to

capture specific graph topologies.

1.2.2 Graph-based Inference in Finance

Graph-based methods have brought innovative viewpoints and techniques in finance
to discover the complex interconnections of financial systems, thus drawing increasing
attentions.

Initial endeavours applied social network visualisation and analysis techniques to
uncover the complex interconnections in financial systems. These networks capture
various relationships, such as capital or transaction flows, among various financial
entities such as banks, firms, and countries. The primary objective of these analyses
is pinpointing systemic vulnerabilities by understating how small financial turbulence
can grow and spread, leading to bigger crises [183, 106, 152]; and thus prepare for
possible financial downturns, often referred to as contagion risk [196]. Additionally,
they shed light on the emergence of rival stock exchanges and the birth of new financial
markets [36].

Graph-based techniques have also enhanced investment strategies, with two pri-
mary frameworks emerging. The first framework utilises the covariance or correlation
matrix of assets to minimise the portfolio risk, aiming for diversification. This aligns
with the modern portfolio theory [146, 178]. The challenge here is the precise estima-
tion and accurate forecasting of the correlation or covariance matrix between assets
[161, 163, 197, 202]. It is essential to understand that while correlation matrices pro-
vide valuable insights into asset relationships, they do not directly translate to graph
topologies where edges have only non-negative values. A valid graph topology with
only non-negative values is the prerequisite for many downstream learning and infer-
ence algorithms, e.g. information propagation, spectral clustering, and computation
of minimal spanning trees, among others.

The second framework of graph-based investment delves into identifying nature
and fundamental connections, such as industry similarities [156, 28], geographical
proximity [164, 123], news co-mentions [209], and supply-demand chain [50, 151].
These studies investigate the cross-predictive potential of returns between assets based
on these connections. An example is the network momentum strategy [3, 220]. This
strategy operates on the premise that an asset’s future returns in a financial network
can be predicted from the historical returns of its connected assets, a concept termed

as momentum spillover [3].



Beyond the cross-predictability of returns, identifying the nature and fundamental
connections also helps explain a phenomenon known as volatility spillover. This refers
to the idea that a considerable shock in a particular asset (or market) not only esca-
lates its subsequent volatility but also influences the volatility of other interconnected
assets (or markets) [10, 31, 58, 211]. Such a spillover can be understood as a form of
network effect. The underlying notion is that the ensuing panic, post a substantial
shock, tends to permeate through a densely interlinked network of financial assets (or
markets) [117, 184, 86].

In this thesis, we focus on the two aforementioned subareas: network momen-
tum strategy and realised volatility forecasting, demonstrating how graph machine

learning can enhance existing frameworks developed for these topics.

Network Momentum Strategies Momentum as a risk premium in finance refers
to the persistent abnormal returns demonstrated by the propensity of winning assets
to continue winning and losing assets to continue losing [8, 17, 107]. The momentum
premium, interestingly, is not confined to individual assets. There are instances
where the performance of one asset appears to lead a similar performance of another,
suggesting a propagation of momentum across assets. Such a phenomenon was first
documented as momentum spillover by Gebhardt et al. [82].

Many studies have identified momentum spillover in the equity returns of firms
linked by economic and fundamental ties. A prime example is the supply-demand
chain, where firms closely linked along the chain often experience similar cash flow
shocks [49, 151]. This similarity, stemming from direct trading relationships or shared
market influences, contributes to cross-predictability in returns. The phenomenon of
momentum spillover is not limited to a single firm or industry. It permeates across
firms and industries that share similar fundamentals. This becomes particularly ev-
ident when we consider contexts that focus on the similarity of firms. For instance,
momentum spillover has been observed among firms that belong to the same industry
[156, 91], operate in the same market segments [50], or are located in the same region
[164]. In the realm of technological innovation, firms sharing the similar patents ex-
hibit a lead-lag effect, where the returns of technology-linked firms strongly predict
the returns of the target firms [132]. Moreover, alternative news data and online
search data has been used to identify firm similarities [131], and sell-side analyst cov-
erage can serve as a strong and versatile proxy for fundamental linkages between firms

[3], thereby capturing the unified phenomenon of momentum spillover. These exam-



ples underscore the pervasive nature of momentum spillover across diverse economic
and fundamental linkages.

Building upon the concept of momentum spillover in pairwise relationships, further
studies have broadened the scope to consider more complex network effects within
a universe of stocks. In these networks, firms are not just economically and funda-
mentally linked in node pairs, but are part of a larger, interconnected system. This
network perspective allows for a more comprehensive understanding of how momen-
tum can propagate through a system of interconnected assets, beyond just pairwise
connections. For example, Yamamoto et al. [222] modified the customer momen-
tum strategy in [50] by applying network theory, specifically using edge betweenness
centrality to calculate the importance of supplier-customer relationships.

Based on the understanding of the interconnections between assets and momentum
spillover, we can derive a unique momentum signal for a target asset. This is achieved
by averaging the time-series momentum characteristics of its connected assets, with
the weights determined by the strength of the connections. We refer to this type of
momentum signal as Network Momentum.

Constructing financial networks, in which nodes represent stocks and edges signify
their relationships based on factors such as industry similarity, geographical proxim-
ity, news mentions, and supply-demand dynamics, is essential for effective network
momentum signals. However, this endeavour often requires the use of expensive and
specialised databases. Although historical pricing data presents a more cost-effective
alternative, it introduces significant challenges in the realms of machine learning and
finance. While the literature has explored the learning of financial networks from
pricing data [34, 35, 56|, there remains a marked disconnect in integrating graph
learning with investment decision modelling. To bridge this gap, Chapter 4 intro-
duces an end-to-end graph learning framework for constructing network momentum

strategies.

Realised Volatility Forecasting Graphs are involved into realised volatility be-
cause of the discovery of volatility spillover effect, which is referred to as the phe-
nomenon that some big shocks of a specific asset (or market) may have an influence
on the volatilities of other assets (or markets). The authors [31] documented that
the VIX of the U.S. market plays an important role in forecasting the volatilities
of other global assets markets. [58] examined the cross-asset spillover effects from
stocks, currencies, and commodities to improve the prediction of RV of crude oil.

[25, 134] utilises the commonality in risk structures to improve the forecasting of



future volatility. [228] employed various financial networks to harness the spillover
effect and enhance the accuracy of individual volatility forecasts.

There is a number of studies dedicated to incorporating the spillover effect into
volatility modelling, e.g. BEKK-GARCH ([73]) and VAR-GARCH ([139]). In terms
of modelling RV, [213] employed Vector Autoregression (VAR) to obtain the mul-
tivariate volatility forecasts for stock market indices. However, in high-dimensional
scenarios, the aforementioned models may deliver poor out-of-sample forecasts due
to the curse of dimensionality, as emphasised by [33]. Most recently, [228] introduced
graph-based methods to capture the volatility spillover effects, and proposed a par-
simonious model to augment HAR via neighbourhood aggregation on a graph that
represents a financial network, denoted as Graph HAR (or GHAR). In these graphs,
each asset is modelled as a node and an edge connecting two nodes encodes the exis-
tence of the spillover effect between their volatilities. GHAR leverages neighbourhood
aggregation to generate a new covariate over the graph for each underlying asset and
enhance the accuracy of individual volatility forecasts.

Most previous studies have focused on linear relationships across assets or markets,
as seen in [58, 213, 228]. While there have been instances where nonlinear volatility
spillover effects were identified and analysed [44, 212], these findings have not been
incorporated into prediction models. In Chapter 5, we propose a graph neural network
that illustrates how it can model nonlinear volatility spillover and enhance predictive

accuracy.

1.3 Contributions

This thesis contributed to the technical advancement of model-based graph learn-
ing, and on the application side, using graph machine learning to achieve a better

investment strategy and risk management in quantitative finance.

1.3.1 Graph Learning

The thesis presents significant advancements in the domain of graph learning with the
introduction of two novel frameworks. These frameworks address the issues related to
input data sources and output graphs accordingly, as previously discussed in Section
1.1.

In Chapter 2, we introduce Kernel Graph Learning (KGL). This approach
revisits the graph signal processing-based graph learning model from a functional

perspective. Central to this is a kernel-based model, which is designed to capture



the intricate joint relationship between graphs and graph signals. This model is able
to jointly infer the missing signals and graph Laplacian matrix simultaneously. KGL
stands out by seamlessly integrating covariates that describe characteristics from the
node side, such as additional node features, and at the same time the observation
side, like temporal dynamics. Another feature of KGL is its capability at learning a
robust graph structure, even with heavily noisy and incomplete graph signals.
Addressing the underexplored topic of how to learn a graph with complex topolog-
ical properties, Chapter 3 introduces the Learning to Learn Graph Topologies
(L2G) framework. L2G stands as a deep learning architecture that reformulates
optimisation-based graph learning, transforming it into a task of learning a para-
metric functional mapping between graph signals and their topologies. Central to
this approach is a neural network model. Its forward propagation rules are derived
from the iterative steps of the primal-dual-splitting algorithm originally for solving
the convex optimisation of model-based graph learning. A notable feature of L2G
is its integration with an effective variational auto-encoder (VAE) module, which fa-
cilitates the learning of sophisticated topological regularisers. The framework not
only provides flexibility in selecting loss functions but also ensures faster inference.
Our research underscores a significant enhancement in the precision of learning graph
topologies, such as scale-free and community graphs, setting the stage for an in-depth

exploration of graph properties.

1.3.2 Quantitative Finance

Investment Strategy We introduce the Learning to Learn Financial Net-
works for Optimising Momentum Strategies (L2GMOM) framework in Chap-
ter 4. This framework infers financial networks from readily available pricing data,
thereby eliminating the need for expensive datasets and reducing human biases. Most
importantly, LZGMOM adopted an end-to-end deep learning architecture as in L2G
in Chapter 3, allowing it to simultaneously optimise portfolio performance and learn
the financial networks. This ensures that the financial networks are tailored to en-
hance portfolio performance. The proposed methods have showcased robust empirical
results in terms of profitability and risk management, suggesting significant moneti-

zation potential.

Risk Management In Chapter 5, we delve deep into the development and appli-
cation of a custom graph neural network model, GNNHAR, specifically tailored for

examining the non-linear volatility spillover effect in the financial graph, with an aim

10



to more accurately forecast the realised volatility. GNN’s flexible training framework
allows us to adopt the task-specific loss function Quasi-Likelihood (QLIKE) which
optimises for the precision of realised volatility predictions. Our findings underscore
that models trained with QLIKE outstrip those trained with the conventional MSE in
terms of predictive accuracy. Rigorous tests of our model’s robustness were conducted
across diverse market conditions, employing different data-splitting approaches, and
within varied universes. In every experiment, the model exhibited a superior pre-
diction accuracy. This chapter emphasises the immense potential of graph-based
machine learning models, particularly GNN; in refining the predictive accuracy in

quantitative finance tasks.

1.4 Thesis Outline

This thesis adopts an Ozford integrated thesis format !, where the primary chapters
comprise first-author papers that have either been accepted or are currently under
review for publication.

Chapter 2 and Chapter 3 serve as the technical pillars, representing the major

contributions to graph learning. These have been published as follows:

e Chapter 2: Pu, X., Chau, S.L., Dong, X., and Sejdinovic, D. Kernel-Based
Graph Learning From Smooth Signals: A Functional Viewpoint. IEEE Transac-
tions on Signal and Information Processing over Networks, vol. 7, pp. 192-207,
2021.

e Chapter 3: Pu, X., Cao, T., Zhang, X., Dong, X., and Chen, S. Learning to
Learn Graph Topologies. 35th Conference on Neural Information Processing
Systems (NeurIPS), 2021.

Chapter 4 and Chapter 5 dedicate to applications in quantitative finance:

e Chapter 4: Pu, X., Zohren, S., Roberts, S., and Dong, X. Learning to Learn
Financial Networks for Optimising Momentum Strategies, submitted to the 4th
ACM International Conference on Al in Finance, 2023. Available at arXiv:
https://arxiv.org/abs/2308.12212.

'For details of integrated thesis format, please refer to https://www.mpls.ox.ac.uk/graduate-
school/information-for-postgraduate-research-students /submitting-your-thesis
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e Chapter 5: Pu, X., Zhang, C., Cucuringu, M., and Dong, X. Graph Neural
Networks for Forecasting Realised Volatility with Nonlinear Spillover Effects,
submitted to International Journal of Forecasting, 2023. Available at SSRN:

https://ssrn.com/abstract=4375165.
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Chapter 2

Graph Learning from a Functional
Viewpoint

Contents
2.1 Introduction . ..... ... ... e 13
2.1.1 Related Work . . . . . . ..o Lo 17
2.2 Preliminaries . . ... ... ... .. 00000000 oL 20
2.2.1 Smoothness-Based Graph Learning in GSP . . . . ... .. 20
2.2.2  Kronecker Product Kernel Regression . . .. ... ... .. 21
2.3 Kernel Graph Learning . . . . .. ... ... ........ 23
2.3.1 A Smoothness Measure for Dependent Graph Signals . . . . 23
2.3.2 Learning Framework . . . . .. .. ... oL 24
2.3.3 Optimisation: Alternating Minimisation . . . . . . ... .. 25
2.3.4 Special Cases of Kernel Graph Learning . . . . . . ... .. 28
2.3.5 Learning with Missing Observations . . . .. .. .. .. .. 29
2.4 Experiments . ... ... ... it 30
2.4.1 General Settings . . . ... ..o 30
2.4.2 Learning a Graph from Noisy Graph Signals . . .. .. .. 32
2.4.3 Learning a Graph from Missing Graph Signals . . . . . .. 33
2.4.4  Graph-Structured Matrix Completion . . . . .. ... ... 37
2.4.5 Learning a Graph of Different Sizes. . . . . . . . ... ... 39
2.4.6 Impact of Regularisation Hyperparameters . . . .. .. .. 40
2.5 Supplementary Derivation . .. .. ... .......... 42
26 Conclusions . . . ... ... e e 44

2.1 Introduction

Modelling based on graphs has recently attracted an increasing amount of interest in
machine learning and signal processing research. On the one hand, many real-world
data are intrinsically graph-structured, e.g. individual preferences in social networks

or environmental monitoring data from sensor networks. This makes graph-based
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Figure 2.1: A functional viewpoint of graph learning. (a) The observation matrix
with missing and noisy entries; (b) Each row of the observation matrix is modelled as
samples obtained at a collection of fixed locations (considered as nodes in a graph)
from an underlying function f (top); Values at each node are determined by the un-
derlying function, as well as node-side information x and observation-side information
z (bottom); (c¢) The learned graph topology.

methods a natural approach to analysing such structured data. On the other hand,
graphs are an effective modelling language for revealing relational structure in complex
domains and may assist in a variety of learning tasks. For example, knowledge graphs
improve the performance in semantic parsing and question answering [22]. Despite
their usefulness, however, a graph is not always readily available or explicitly given.
The problem of graph learning therefore concerns the construction of a topological
structure among entities from a set of observations on these entities.

Methodologies to learn a graph from the structured data include naive methods
such as k-nearest neighbours (k-NN), and approaches from the literature of probabilis-
tic graphical models (PGMs) and more recently graph signal processing (GSP) and
graph neural networks (GNNs). The basic idea of £-NN is to connect a node to k other
nodes with the smallest pairwise distances in terms of the observations [7, 158, 21, 65].
In PGMs, a graph expresses the conditional dependence with edges between random
variables represented by nodes [130]. The GSP literature, on the other hand, focuses
on algebraic and spectral characteristics of the graph signals [191, 160, 180], which

are defined as observations on a collection of nodes. The GSP-based graph learning
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methods (see [148, 68] for two recent reviews) further fall into two distinct branches,
i.e. those based on the diffusion processes on graphs [201, 167, 187, 185] and those
based on smoothness measures of graph signals [112, 66, 113, 72, 42, 23]. Very re-
cently, GNNs have attracted a surging interest in the machine learning community
which leads to a number of approaches to graph inference [120, 77].

While many of the above methods can effectively learn a meaningful graph from
observations, there is a lack of consideration of the prior information, e.g. node-
side covariates, which may be available for the task at hand. Those covariates that
provide valuable side information should be integrated into the graph learning frame-
work. Taking an example of measuring temperature records in different locations in a
country, where nodes represent weather stations, the latitude, longitude and altitude
of each station are useful node-side information. One major benefit is to lessen the
reliance of the above models on the quality of the observations. Heavily corrupted or
even missing records can be predicted by such prior information, which in turn helps
improve the efficiency in graph inference.

Besides the node-side prior information, the observation-side dependency is also
largely ignored in the literature. One example are temperature records collected at
different timestamps, which are clearly related and could largely affect the evaluation
of the strength of relation between stations. Another example is that of a recom-
mender system, where the item ratings collected from different individuals are largely
affected by the social relationship between them.

To tackle the above issues, we revisit the graph signal observations from a func-
tional viewpoint and propose a framework for learning undirected graphs by consid-
ering additional covariates on both the node- and observation-side. This allows us to
capture dependency structure beyond the graph signals which leads to more effective
and graph and signal recovery. More specifically, as shown in Figure 5.1, the ij-th
entry of the graph-structured data matrix Y € R™ which contains n graph signals
collected on m nodes, can be viewed as some potentially noisy or missing observation
of fi(j), i-e. the i-th function evaluated at j-th node. To model the node-side infor-
mation, we introduce a covariate x € X that can explain the variations in a graph
signal, e.g. a vector that contains the latitude, longitude and altitude of stations in
the aforementioned temperature example. To model the observation-side information,
we also introduce a generic covariate z € Z. For example, z could be the timestamp
at which the temperature record is collected. Observation-side dependency hence
arises due to f; depending on z;. Combining the two, the function underlying the

graph signals takes the form of f;(j) = f(zi,x;).
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Formally, we define a function f : Z x X — R in a reproducing kernel Hilbert
space (RKHS) with a product kernel kg = Kz ® Ky on Z X X, where ® denotes
the Kronecker product. The function draws a connection between graph signals and
both node- and observation-side covariates. At the same time, by modifying the
classical Laplacian quadratic form that is widely adopted in the literature, we propose
a novel smoothness measure that takes into account the observation-side dependency
introduced by z € Z, which has a nice interpretation associated with a Kronecker
product graph.

The adoption of kernel methods in our framework is motivated by the need for a
flexible representation of the intricate and potentially non-linear associations between
graph signals and a broad range of covariates, both on the node and observation sides.
The complexity of these relationships is underscored by empirical findings in diverse
data analysis. For example, research has demonstrated that geographical coordinates,
including altitude and longitude, exhibit a non-linear relationship with land surface
temperature (LST) [136, 170]. In particular, studies in certain regions of China have
revealed that topographic factors such as elevation and slope are negatively corre-
lated with LST, highlighting the intricacy of these relationships [170]. Furthermore,
the evolving dynamics of climate change have complicated the relationship between
temporal factors such as timestamps or seasons and temperature, deviating from
simple linear associations [61, 208]. These findings offer valuable insights to further
formulate our motivating example, where temperature, modelled as a graph signal, is
integral to inferring the structure of weather station networks. Geographical factors,
in this context, act as node-side covariates, and temporal factors as observation-side
covariates reinforcing the necessity for kernel methods in our model to adeptly cap-
ture and represent these complex, non-linear interactions. This rationale forms the
cornerstone of our decision to employ kernel methods in our analytical model.

Our key contribution is the Kernel Graph Learning (KGL) framework, which
allows us to learn the graph Laplacian matrix L by jointly inferring the function f
and optimising the smoothness over L of the graph signals modelled and refined by
f with node- and observation-side prior information.

In addition, we provide several extensions of KGL for the scenario of a partially
observed Y with known missing value positions, and that of observations without
either node-side or observation-side information. The learning problem is effectively
solved via a block coordinate descent algorithm, which has a theoretical guarantee of

convergence. We show that KGL can effectively recover the groundtruth graph from
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the two-side dependent data and outperform the state-of-the-art smoothness-based
graph learning methods in both synthetic and real-world experiments.
In summary, the main contributions of our work are as follows:
e A novel graph-based regularisation based on a smoothness measure of graph
signals with observation-side dependency;
e A graph learning framework that integrates node- and observation-side covari-
ates from a functional viewpoint;
e An efficient method for denoising and imputing missing values in the observed

graph signals as a byproduct of the graph learning framework.

2.1.1 Related Work

In this section, we survey the classical methods of learning a graph from a number
of different perspectives. From each perspective, we highlight the most related work
that considers one or more aspects of the 1) node-side information, 2) observation-side

dependency, and 3) noisy and missing data.

k-Nearest Neighbours Methods The k-nearest neighbours (k-NN) connects a
node to k other nodes with the smallest pairwise distances in terms of the observations.
It is flexible with different choices of distance metrics and yet heuristic since the
neighbourhood search is based on pairwise comparison of observations on nodes. The
majority of the k-NN variants focuses on fast approximate search algorithms (ANN)
[21, 7, 158, 65] and recent variants apply deep reinforcement learning to explicitly
maximise search efficiency [219, 234]. By comparison, the model-based methods, e.g.
PGMs and GSP, directly integrate global properties of the observations into learning

objectives.

Probabilistic Graphical Models In the field of PGMs, the inverse covariance
matrix O is often regarded as an undirected graph that parameterises the joint distri-
bution of random variables representing nodes. There is a rich literature on effective
algorithms to estimate a sparse © from Gaussian-distributed data by solving an /;-
regularised log-likelihood maximisation [13, 55, 149, 104, 145], including the widely
used graphical Lasso [79] and G-ISTA [176]. The recent state-of-the-art algorithm
BigQUIC [105] scales to millions of nodes with performance guarantees. Besides

computational improvements, models based on attractive Gaussian Markov Random
Fields (GMRFs) [129, 192, 72, 59] further restrict the off-diagonal entries of © to
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be non-positive, which is equivalent to learning the Laplacian matrix of the corre-
sponding graph with non-negative edge weights. The most related extensions of the
graphical Lasso were proposed in [195, 89], which simultaneously learn two depen-
dency structures in the matrix-variate Gaussian data. While their work focuses on
estimating covariance matrices, our work focuses on recovering a graph topology from
data.

Structural Equation Models Structural equation models (SEMs) are another
type of models (similar to PGMs) that is widely used to learn a directed acyclic graph
(DAG) that encodes the conditional dependence of random variables [233, 85, 162].
Based on SEMs, the authors in [108] proposed a block coordinate descent algorithm
to solve the joint optimisation problem of denoising the data and learning a directed
graph. The joint learning framework is further extended to time series [109], where the
structural vector autoregressive models (SVARMs) replace the linear SEMs to handle
temporal dependency. The main difference from our work is that their denoising
function is an identity mapping without side information as covariates. The work in
[162] also considers the temporal dependency in learning a DAG with SVARMs, but

does not consider the denoising scenario.

Graph Signal Processing In the context of GSP, every observation on a collection
of nodes is defined as a graph signal. GSP-based graph learning models have seen
an increasing interest in the literature [148, 67] and further fall into two distinct
branches. The first branch assumes graph signals are outcomes of diffusion processes
on graphs and reconstructs a graph from signals according to the diffusion model
[201, 167, 187, 185]. The other branch constructs a graph by promoting the global
smoothness of graph signals, which is defined by the Laplacian quadratic form [112, 66]
or more generally via total variation [23]. Smoothness-based methods are related to
GMRFs by recognising that the Laplacian quadratic form is closely related to the
log-likelihood of the precision matrix defined as the graph Laplacian. Our work can
be regarded as an extension to smoothness-based graph construction.

In the literature of smoothness-based GSP graph learning, the authors in [66, 23]
adopt a two-step learning algorithm to learn an undirected graph while denoising
graph signals. They simply assume an identity mapping between the actual graph
signals and noisy observations, which is different from our work that considers side
information. The most related work is proposed in [206], which uses kernel ridge

regression with observation-side covariates to infer graph signals. However, their
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work mainly focuses on data prediction and graph learning is only a byproduct in
their approach. In Section 2.4.1, we will show, both theoretically and empirically, that
their method uses a smoothness term that imprecisely incorporates the observation-
side dependency in the learned graph structure, leading to an inferior performance in
learning a graph.

In terms of the observation-side dependency, there exist some GSP graph learning
models that consider temporal dependency in graph signals. A so-called spatiotem-
poral smoothness was proposed in [142, 141] to transform the graph signals using a
temporally weighed difference operator. If every timestamp is equally important, the
operator is equivalent to a prepossessing step to make the time series observed on
each node stationary. It should be noted that there is another branch of research
assuming that the temporal dependency in graph signals originates in the dynamic
changes in the edges [115, 221], and therefore the problem is formulated as learning

a dynamic series of graphs, which is different from the goal of our chapter.

Graph Neural Networks A new branch of graph learning models is developed
from the perspective of GNNs. Essentially, GNNs discover the patterns in graph-
structured data in a hierarchical manner [231, 215, 30]. The activations at inter-
mediate layers, e.g. the [-th layer, can be interpreted as a new representation for
the nodes in the embedding space that incorporates the information from a specifi-
cally defined neighbourhood of the nodes. The authors in [93, 120] thus defined the
strength of connectivity between nodes 7 and j based on the pairwise similarity of
their embeddings hgl) and h§l) at the [-th layer of the GNN architecture. The authors
in [218] extended this method to construct a directed graph in the process of train-
ing a GNN that deals with time series data. The main goal of these methods is to
improve the performance of node-related tasks (e.g. classification or prediction) and
graph learning is only a byproduct, whose performance is often not guaranteed. The
recent works in [111, 223, 41, 77| start to incorporate an additional loss for recovering
graphs while training the GNNs. However, a significant limitation of most GNN-
based methods is that they typically require a large volume of training data and the

learned connectivity is often less explainable compared to PGM and GSP methods.
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2.2 Preliminaries

2.2.1 Smoothness-Based Graph Learning in GSP

Observing a data matrix Y € R™™ whose ij-th entry y;; corresponds to the obser-
vation on the j-th node in the i-th graph signal, we are interested in constructing an
undirected and weighted graph G = {V,£, W}. The node set V represents a collec-
tion of variables, where |V| = m. The edge set £ represents the relational structure
among them to be inferred. The structure is completely characterised by the weighted
adjacency matrix W whose jj’-th entry is w;;». If two nodes j and j" are connected
by an edge e;;; € € then w;; > 0, else if ej; ¢ € then w;;; = 0. The graph Laplacian
matrix is defined as L = diag(W1) — W, where 1 denotes the all-one vector. L and
W are equivalent and complete representations of the graph on a given set of nodes.
In the literature of GSP, one typical approach of constructing a graph from Y
is formulated as minimising the variation of signals on graphs as measured by the
Laplacian quadratic form! [191, 112, 66]:
min Tr(YLY ") + AQ(L) (2.1)

Lel

where £ = {L|L1 = 0,L;;; = Lj; <0,Vj # j'} defines the space of valid Laplacian
matrices, and (L) is a regularisation term with a hyperparameter A > 0. Equiva-
lently, the problem can be formulated using the weighted adjacency matrix W such
that
1
min =7 > wip v — yi)? + AAW) 22

wew 2

=1 g’
where W = {W|diag(W) = 1,w,; = w;y > 0,Vj # j'} defines the space of valid
weighted adjacency matrices. Popular choices of regularisation include the sum bar-
rier Q(L) = ||L||% and Q(L) = |Tr(L) — m/| (often added as a constraint such that
Tr(L) = m) to prevent trivial solutions where all edge weights are zero and meanwhile
controlling the variations of edge weights [66], or the log-barrier Q(W) = 17 log(W1)
to prevent isolated nodes and promote connectivity [112].

With a fixed Frobenius norm for Y, a small value of the objective in Eq.(2.1)

implies that Y is smooth on G in the sense that neighbouring nodes have similar

'We acknowledge that the conventional form of the Laplacian quadratic in GSP literature is
Tr(YTLY), where each column of Y corresponds to a graph signal. In our case, Y has two-
side dependency such that either a column or a row may be regarded as a graph signal. The
term Tr(YLY ") measures the smoothness of row vectors over a column graph. This formulation
is however consistent with the statistical modelling convention where each column in Y is often
regarded as a random variable and the graph of main interest is the column graph.
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observations. The authors in [66] further propose a probabilistic generative model of

the noise-free smooth observations Y = [y;,ya,...,¥,]" such that
yi " NO,LY, i=1,2,...,n (2.3)

where (-)7 denotes the Moore-Penrose pseudo-inverse of a matrix. This leads to a

graph learning framework which solves an optimisation problem similar to Eq.(2.1).

2.2.2 Kronecker Product Kernel Regression

Taking a functional viewpoint on the generation of graph-structured data matrix,
we can make use of the well-studied formalism of Kronecker product kernel ridge
regression to infer the latent function [179]. Specifically, we consider f: Z x X — R
to be an element of a reproducing kernel Hilbert space (RKHS) corresponding to the
product kernel function kg = Kz ® ky on Z x X.

A kernel function can be expressed as an inner product in a corresponding feature
space, i.e. kz(z;,zy) = (0z(2;), dz(2i))nu, where ¢z : Z2 — Hz and Ky (X, X)) =
(px(xX:), O (Xir))21,, Where ¢x 1 X — Hxy. An explicit representation of feature maps
¢x and ¢z is not necessary and the dimension of mapped feature vectors could be
high and even infinite. By the representer theorem, the function f that fits the data
Y takes the form

f(z,x) = Z Z aijkz(2i, 2)kx (X, X) (2.4)

i=1 j=1
where a;; € R are the coefficients to be learned, and the estimated value g;; =
f(zi,x;). Denoting the corresponding kernel matrices as K, and K, where (K, ); =

kz(zi,zy) and (K;);; = kx(x;,%;), we have the matrix form
Y = K.AK, (2.5)

where Y is an approximation to Y and the coefficient matrix A € R™™ has the ij-th
entry as a;;. We assume the observation Y is a noisy version of Y, where the noise
is 4.i.d. normally distributed random variables such that €;; = Y;; — Yi; ~ N(0,02),
where 02 measures the noise level. This leads to a natural choice of the sum of squared
errors as the loss function.

A standard Tikhonov regulariser is often added to the regression model to reduce

overfitting and penalise complex functions, which is defined in our case as
2 _ T
[ f1[3, = vec(A) (K, ® K, )vec(A)

(2.6)
= Tr(K,AK,A")
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where vec(-) is the vectorisation operator for a matrix. We now arrive at the following
optimisation problem to infer the function f(z,x) that approximates the observation
matrix Y such that

min ||Y — K.AK, |5 + \Tr(K.AK,A") (2.7)

where the hyperparameter A > 0 controls the penalisation of the complexity of the
function to be learned.

To have a better understanding of how this model is expressive for the two-side
dependency, we show that the objective in Eq.(2.7) can be derived from a Bayesian
viewpoint. In the vector form, i.e. a = vec(A) and y = vec(Y), we assume that both

the data likelihood p(y|a) and the prior p(a) follow a Gaussian distribution:

Y|a ~ N((KSU ® Kz)a7 UEInm)a (283)
a~ N0, K oK, (2.8b)

where 0,,,, is a zero-vector of length mn. Notice that K, and K, (and their Kronecker
product) can be either singular or non-singular matrices, depending on the kernel
choice. For the sake of simplicity, we use the pseudo-inverse notation throughout the

chapter. Now, the marginal likelihood of y is

from which we can see that the covariance structure of y can be understood as a
combination of K, and K. Specifically, in the noise-free scenario where o2 = 0, the

covariance matrix over the rows of Y is

Cov,[Y] = E[Y'Y] = Tv(K,)K, (2.10)
Similarly, the covariance matrix over the columns of Y is

Cove[Y] = E[YY"] = Tr(K,)K. (2.11)

The proof for Eq.(2.10) and Eq.(2.11) can be found in [64]. In Appendix 2.5, we
show that the maximisation of the log-posterior of the coefficient vector a leads to
the objective in Eq.(2.7).
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2.3 Kernel Graph Learning

2.3.1 A Smoothness Measure for Dependent Graph Signals

Given n dependent graph signals observed on m nodes, we want to infer a graph
Laplacian matrix L € R™*™ that captures the invariant relationship between node
pairs. The invariance here is understood in the sense that L does not change due
to the observation-side dependency. This is motivated by the fact that the classical
Laplacian quadratic in Eq.(2.1) as a smoothness measure is no longer applied for
non-7.7.d. signals. By recognising a Kronecker product covariance structure in a noise-
free version of y from Eq.(2.9), we define a novel measure of smoothness for the
graph signals with observation-side dependency over an invariant graph (with graph
Laplacian L) as

yT (Lo Ky (2.12)

where y is modelled by the Kronecker product kernel regression in Section 2.2.2 and

thus the measure can be approximated, based on Eq.(2.5), by

v (L @Ky = vec(Y) (L ® K )vec(Y)
= Tr(AK,LK,A'K.) (2.13)

One interpretation of the above smoothness term is associated with a Kronecker
product graph, if we further assume the observation-side dependency corresponds to
a graph such that KI = L.. Such an assumption is typically used in defining kernel
functions on graphs [193]. Now, Eq.(2.12) turns into a standard Laplacian quadratic
form such that

vy (LoKly =y Loy (2.14)

where Lg = L ® L,. We further show in Appendix 2.5 that Lg is a Laplacian-like
operator on which a notion of frequency of y in the context of graph Fourier transform
can be defined.

Furthermore, Lg brings another interpretation for the smoothness term. It can

be viewed as a Laplacian-based regulariser which can be added to the problem of
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inferring a function f that fits the graph signals in Eq.(2.7):

11150 = (fs Lo f)rn
= (£, (L@ KD) .,
= vec(Y) (L @ K )vec(Y) (2.15)
= Tr(AK,LK,A'K.)

where M denotes a compact manifold?.

The difference between K, and L is worth clarifying, as they both represent the
relationship between nodes in the graph. K, is obtained from node-side covariates
x € X and can be viewed as an initial estimate of the dependency between nodes
obtained from prior information, e.g. node feature in addition to graph signals. By
contrast, L can be interpreted as the refined estimate, i.e. the graph of interest,

obtained by learning from the observed graph signals.

2.3.2 Learning Framework

We propose a joint learning framework for inferring the function f that fits the graph
signals as in Eq.(2.7) as well as the underlying graph L to capture the relation-
ship between the nodes as in Eq.(2.13). This relationship is disentangled from the
observation-side dependency of non-z.:.d. graph signals with the notion of smoothness
introduced in Section 2.3.1. We name this framework Kernel Graph Learning (KGL)

which aims at solving the following problem:
min J(L,A) =[[Y - K.AK,| 2+ A\Tr(K.AK,AT)
S )

+ pTr(AK, LK, ATK.) + ¢||L||% (2.16)
st. Tr(L)=m

where £ = {L|L1 = 0,L,;; = Ly; < 0,Vj # j'}, and || - || denotes the Frobenius
norm. The first two terms correspond to the functional learning part where the
hyperparameter A > 0 controls the complexity of the function f for fitting Y. The
last two terms and the constraints can be viewed as a graph learning model in Eq.(2.1)
with the fitted values of Y as input graph signals and the sum barrier as the graph
regulariser. The hyperparameter p > 0 controls the relative importance between

fitting the function and learning the graph, and ¢ > 0 controls the distribution of

ZWe refer the interested reader to [20] for the theorem of manifold regularisation with the Laplace-
Beltrami operator.
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edge weights. The trace constraint acts as a normalisation term such that the sum
of learned edge weights equals the number of nodes. The model is compatible with
constraints that enforce other properties on the learned graph, e.g. the log barrier
introduced in Section 2.2.1. This chapter is mainly based on one of the choices for

the constraints in order to maintain focus on the general framework.

2.3.3 Optimisation: Alternating Minimisation

We first recognise that Eq.(2.16) is a biconvex optimisation problem, i.e. convex
w.r.t A while L is fixed and vice versa. This motivates an iterative block-coordinate
descent algorithm that alternates between minimisation in A and L [203, 88]. In
this section, we derive the update steps of A and L separately, propose the main

algorithm in Algorithm 1, and prove its convergence.

Update of A

The update of coefficients A can be regarded as solving a Laplacian-regularised kernel

regression [20]. Given L, the optimisation problem of Eq.(2.16) becomes

min [|Y — K. AK,| 2+ A\Tr(K,AK,A")

(2.17)
+ pTr(AK, LK, A K.)
and, after dropping constant terms,
min J,(A) =Tr(ATK?AK?) - 2Tr(K,A'K.Y)
A (2.18)

+ ATr(K,AK,A") + pTr(AK,LK,A'K,).
Denote a = vec(A) and y = vec(Y), we obtain a dual-form for Jg,(A) such that
Ju(a) =a' (K2 @ K?a —2a" (K, ® K.)y
+xa' (K, ®K,)a+ pa' (K,LK,) ®K.)a (2.19)
—al (K2 FAK 4+ S ® Kz>a —2a Ky

where K = K, ® K., and S = K, LK, for simplicity. We prove in Appendix 2.5
that K? + AK + pS ® K, is positive semi-definite thus Eq.(2.19) is an unconstrained

quadratic programme. The gradient of Ji,(a) w.r.t. ais
VJi(a) = <K2 +AK +pS ® Kz>a ~ Ky. (2.20)

Strictly speaking, the matrix K2 + AK + pS ® K, may contain zero eigenvalues

which makes it not invertible. However, a majority of popular kernel functions for K,
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and K, are positive-definite, e.g. the RBF kernel. Since Kronecker product preserves
positive definiteness, K and hence the whole matrix is positive-definite and invertible.

Setting VJi,(a) = 0 and cancelling out K, we have:
<K2+)\K+pS®KZ>a—Ky:0
— <K2 + K + pK(LK, In)>a _Ky=0 (2.21)
— (K + My + pLK, ® In>a —y
Denote H = K + A1, + pLK, ® I,, where H has a dimension of nm x nm. We can
therefore obtain a closed-form solution such that
a=H"y (2.22)

where the inverse of H requires O(n’m?).
To further reduce the complexity, we make use of the Kronecker structure and

matrix tricks. We first recognise H as
H=(()L+)K,')eK.) (K,®L,)
where @ is the Kronecker sum. With the eigendecomposition K, = Q,A,Q,/, K, =
QZAZQZT and pL + \K;! = UwaUz, we have
H=(U,2Q.) (D, ®A.) (U; Q) (Q:A.Q; ®1L,). (2.23)

Here, D, ® A, is an mn x mn diagonal matrix with entries being all the pairwise
sums of eigenvalues in D, and A,. Inversion of that matrix is thus O(mn). We can

now obtain cheap inversion with
Hly =(Q.A.'Q; 91L) (U, 2 Q.) (D, © A.) ™ 224
- vec (QZTYUJC) . '

The operation (D, & Az)_1 vec (QZTYUx) is simply rescaling each term in the mn-
vector with the corresponding diagonal entry of (D, & Az)fl. If we denote d, and d.,
column vectors containing the diagonal entries this can be expressed as vec (B) with

B = (1,d] +d.1])" " o (QIYU,),

where o denotes the Hadamard product and (-)°~! denotes entrywise inversion. Re-

maining operations are now direct and give the closed-form solution as
A = QBU;Q.A'Q]
= Q.BU;K,'
- Q. [(1ndl +d.1) e (QjYUx)] UKL
(2.25)
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Notice that this solution requires only matrix multiplications and inversions and eigen-
decompositions on m x m or n X n matrices, giving an overall computational cost of
O (n® + m® + nm? + n’*m).

When K, and K, are not invertible, we suggest using the gradient descent to
avoid the inverse of a large matrix of dimension nm x nm. The update step using
Eq.(2.20) is:

a™) = a — 4V (a™) (2.26)

where v > 0 is the step size.

Update of LL
Given A, the optimisation problem of Eq.(2.16) becomes

min Ja(L) = pTr(AK, LK, A"K.) + ¢||L||%
Lel (2.27)
st Tr(L)=m

which is a constrained quadratic programme w.r.t. L. By taking P = K./ 2AKI, the
problem fits in the learning framework in Eq.(2.1). We use the package CVXPY [62]

to solve this problem.

Algorithm 1 Kernel Graph Learning (KGL)

Input: Observation Y, node-side kernel matrix K,, observation-side kernel matrix
K., hyper-parameters p, A and 1, tolerance level e.

1: Initialisation: t =0, A =0 € R™™

2: while [L® — Lt~Y| > e and |[A® — A®Y| > ¢ do

3. Update L® = arg min J, -1 (L) by solving Eq.(2.27)

4:  Update A® = argmin Jy (A) by
(i) using the closed-form solution in Eq.(2.25), if K, and K, are invertible; or
(ii) updating vec(A®) with gradient descent in Eq.(2.26), otherwise

: t=t+1
6: end while

7. return L") A®

The overall KGL framework is presented in Algorithm 1. The convergence for each
update step of A® and L is guaranteed in solving the respective convex optimisation
of Eq.(2.18) and Eq.(2.27). It should be noted that the step size v in Eq.(2.26) needs
to be set appropriately for the gradient descent to converge. We suggest a v < 1074
from empirical results. The choices of hyperparameters A\, p and ¢ are discussed in

Section 2.4.6. We now provide the following statement on convergence of Algorithm

1.
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Lemma 2.3.1. The sequence {J(L®, AM)Y generated by Algorithm 1 converges
monotonically and the solution obtained by Algorithm 1 is a stationary point of
Eq.(2.16).

Proof. We follow the convergence results of the alternate convex search in [88] and
that of a more general cyclic block-coordinate descent algorithm in [203]. By recog-
nising that Eq.(2.18) and Eq.(2.27) are quadratic programmes (with Lemma 2.5.1 in
Appendix 2.5), the problem of Eq.(2.16) is a bi-convex problem with all the terms
differentiable and the function J(L, A) continuous and bounded from below. The-
orem 4.5 in [88] states that the sequence {J(L® A®)} generated by Algorithm 1
converges monotonically. Theorem 4.1 in [203] states that the sequence {L®} and
{A(t)} generated by Algorithm 1 are defined and bounded. Furthermore, according
to Theorem 5.1 in [203], every cluster point {L® A®} is a coordinatewise minimum
point of J hence the solution is a stationary point of Eq.(2.16).

O

Our empirical results suggest that after only 10 iterations or less, the sequence
{L®, A®} does not change more than the tolerance level. The computational com-
plexity of KGL in Algorithm 1 is dominated by the step of updating A. It requires
O(n®*+m3+nm?+n?m) to compute the closed-form solution of A or O(n3m?) to com-
pute the gradient in Eq.(2.20) if the closed-form solution is not applied when K, and
K. are not invertible. Updating L requires O(m?). Overall, for T iterations that guar-
antee the convergence of Algorithm 1, it requires either O(T'(n® +m? + nm? + n?m))
or O(T(n*m?)) operations, depending on whether K, and K, are chosen to be in-
vertible. We note that one could readily appeal to large-scale kernel approximation
methods for further reduction of computational and storage complexity of the KGL
framework, and hence broaden its applicability to larger datasets. There are two main
approaches to large-scale kernel approximations and both can be applied to KGL.
The former focuses on kernel matrix approximations using methods such as Nystrom
sampling [126], while the latter deals with the approximation of the kernel function
itself, using methods such as Random Fourier Features [78]. Nonetheless, this chapter
focuses on the modelling perspective, and we will leave the algorithmic improvement

as a future direction.

2.3.4 Special Cases of Kernel Graph Learning

Independent observations It is often assumed that graph signals are .i.d. hence

there exists no dependency along the observation side. This is equivalent to setting
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K. =1, in our framework. We refer to this special case of KGL as Node-side Kernel
Graph Learning (KGL-N):

min |[Y — AK,|[% + ATr(AK,AT)
LeL,A

+ pTr(AK,LK,A") + ¢||L||% (2.28)
st Tr(L)=m

No node-side information It also may be the case that no node-side information
is available for the problem at hand. In this case, we can simply set K, = I,, in
KGL, leading to to Observation-side Kernel Graph Learning (KGL-O):

min |[Y — K, A||% + \Tr(ATK.A)
LeL, A

+ pTr(ALATK,) + ¢||L|[% (2.29)
st Tr(L)=m

In the cases of one-side KGL, the optimisation again follows the alternating min-
imisation, i.e. to solve for KGL-N or KGL-O), one can simply set K, = I, or
K, = I,, in Algorithm 1. It should be noted, however, that the update step of A
requires less computational cost when either K, =1, or K, = 1,,,. Indeed, the objec-
tive function of KGL-N can be decomposed into the sum according to n functions
such that

n

Ju{at) =) (HYi ~ K|} +a (\K, + ,oS)aZ-) (2.30)
i=1
where A = [a;,a,,...,a,]" and S = K,LK,. Consequently, the update step can be

parallelised.

2.3.5 Learning with Missing Observations

By modifying the least-squares loss in KGL, we propose an extension to jointly learn
the underlying graph and function from graph-structured data with missing values.
We encode the positions of missing values with a mask matrix M € R™*™ such that
M;; = 0 if Y;; is missing, and M;; = 1 otherwise. Now, we only need to minimise
the least-squares loss over observed Y;; in the functional learning part, which leads

to the formulation:

min - [[Mo (Y — K.AK,)|[% +  \Tr(KzAK,A")
€L,

+ pTr(AK, LK, AK.) + ¢||L|[% (2.31)
st Tr(L) =m.
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This formulation also applies to one-side kernel graph learning, i.e. KGL-N or KGL-
O, withK, =1, or K, =1,,.

The optimisation problem in Eq.(2.31) is a bi-convex problem and alternating
minimisation can still be applied. The update step of L remains the same as in
Eq.(2.27), but the gradient in the update step of a = vec(A) (Step 4. in Algorithm

1) becomes
VJi(a) = (Kdiag(m)K + A K +pS® Kz>a — Kvec(M oY) (2.32)

where m = vec(M). The detailed derivation of the gradient is provided in Appendix
2.5. We further assume K is invertible, which is a mild assumption as we have many
choices of kernel functions for K, and K, to be invertible. Also noting S ® K, =
K(LK, ®I,), the gradient becomes

VJi(a) = (diag(m)K 4 ALy, + (LK, © In))a ~vee(MoY). (2.33)

One can either derive a close-form solution or use gradient descent based on Eq.(2.33).

2.4 Experiments

2.4.1 General Settings

Groundtruth Graphs Random graphs of m nodes are drawn from the Erdos-
Rényi (ER), Barabasi-Albert (BA) and stochastic block model (SBM) as groundtruth,
which are denoted as Ggr, Upa and Gspm, respectively. The parameters of each
network model are chosen to yield an edge density of 0.3. The edge weights are
randomly drawn from a uniform distribution W;; ~ ¢(0,1). The weighted adjacency
matrix is set as W = (W + WT)/2 for symmetry and normalised such that the
sum of edge weights is equal to m for ease in comparison. The graph Laplacian L is
calculated from L = diag(W1) — W.

Groundtruth Data We generate mild noisy data Y € R™"™ from Y = K,AK, +
E, where a = vec(A) is drawn from a ~ N(0,,,, Kl ® KI) according to Eq.(2.8b).
Every entry of the noise matrix E is an i.i.d. sample from E;; ~ N(0,02). To test the
proposed model against different levels of noises, we vary the value of o2 in Section
2.4.2. For all other synthetic experiments, we add a mild-level noise with ¢ = 0.01.
We choose K, = (I+ AL)™!, as it is a popular method to generate smooth signals in
related work [112, 206]. We consider both dependence and independence along the

observation side:

30



e Independent Data: K, =1,,;

e Dependent Data: K, is obtained from an RBF kernel evaluated on synthetic
observation-side information z = [0,1,2,...,n — 1]T, which can be interpreted

as the time-stamps of a discrete-time Markov chain. The bandwidth parameter

is chosen according to the median heuristic [81].

Model Candidates To have a fair comparison, the models are divided into two
groups. The first group contains the baseline models that cannot deal with observation-
side dependence:
e GL (Eq.(14) in [112]): the GSP graph learning model in Eq.(2.1) with Q(L) =
L2
e GL-2step (Eq.(16) in [66]): a two-step GSP graph learning framework with an
identity mapping as denoising function. From a modelling perspective, Eq.(13)
in [23] proposed a similar model with more constraints on edge weights and a
different optimisation algorithm. We treat them as the same kind of techniques.
e KGL-N (proposed model in Eq. (2.28)): K, =1,, in KGL.
The second group is examined with observation-side dependent data:
e KGL-Agnostic (Eq.(18) in [207]): As discussed in Section 2.1.1, the joint
learning model in [207] considered the observation-side kernel, but did not use
the observation-side dependence in learning the graph. We denote their model

as KGL-Agnostic with our notations:
min |[Y — K. A2 +  Tr(ATK.A)
Leea (2.34)
+ pTr(K.ALATK.) + ¢||L||%

e KGL (proposed model in Eq. (2.16)): the main learning framework.

e KGL-O (proposed model in Eq.(2.29)): To have a fair comparison to KGL-
Agnostic, we also assume the graph is agnostic to the model (i.e. K, =1, as
model input).

For each method, we determine the hyperparameters via a grid search, and report

the highest performance achieved by the best set of hyperparameters.

Evaluation Metrics Average precision score (APS) and normalised sum of squared
errors (SSEg) are used to evaluate the graph estimates, and out-of-sample mean
squared error (MSE,) is used to evaluate the estimated entries of graph-structured
data matrix that were not observed (or missing). The APS is defined in a binary clas-
sification scenario for graph structure recovery, which automatically varies the thresh-

old of weights above which the edges are declared as learned edges. An APS score of

31



1 indicates that the algorithm can precisely detect the ground-truth edges and non-
edges. The SSEg is defined over learned adjacency matrix W and the groundtruth
adjacency matrix Wy as
W — W[
SSEg = ————.
[[Woll%
The out-of-sample MSE, of data matrix is defined with a mask matrix M (same as

in Eq.(2.31)), where M,;; = 0 indicates Y;; is a missing entry:

(117 —M)o (Y —Y)[[3
1117 — M]3

Out-of-sample MSE, =
where Y = K.AK, and A is obtained from model estimates. Similarly, we are
interested in the training MSE, for analysing overfitting:

Mo (Y —Y)|2
Training MSEy = I OH(MHQ )|z
F

2.4.2 Learning a Graph from Noisy Graph Signals

In order to evaluate the performance of the proposed model in learning a graph from
noisy data, we add noise to the groundtruth data such that Y = K,AK, + E, where
every entry of the noise matrix E is an i.i.d. sample from E;; ~ N(0,0?). We vary
the noise level o2 from 0 to 2 against which we plot the evaluation metrics in Figure
2.2. Under the same settings of the noise level, random graph and model candidate,
we repeat the experiment for 10 times and report the mean (the solid curves) as well
as the 5th and 95th percentile (the error bars) of the evaluation metrics.

From Figure 2.2, Figure 2.3 and Figure 2.4, the proposed models outperform the
baseline models in terms of all evaluation metrics. Specifically, for Gsgy, when the
data are independent, the performance of KGL-N drops slowly as the noise level
increases, while that of GL and GL-2step drops quickly when noise level goes above
0.5. It is worth mentioning that the curves of two almost overlap in terms of APS.
This indicates the identity mapping in GL-2step as denoising function does not help
much in recovering graph structure, although it yields slightly smaller SSEg than GL
with the noise level greater then 0.75.

For the dependent data, the proposed model KGL achieves a high performance
when the noise level is less than 0.75. Even without the node-side information K,
as model input in KGL (note that the groundtruth data are generated in a consis-
tent way in [207] proposing KGL-agnostic), the proposed method (KGL-O) can

still learn a meaningful graph with slightly worse performance compared to KGL.
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Figure 2.2: The performance of recovering groundtruth graphs Gsgy in terms of
APS and SSEg from independent data (1st row) and dependent data (2nd row) with
different noise levels.

By contrast, KGL-agnostic cannot recover the groundtruth graph to a satisfying

2

2 = 0), as its smoothness term does not capture the

level even with little noise (o,
dependence structure on the observation side.

From Figure 2.3 and Figure 2.4, we see that Ggy is slightly more difficult to recover
from data, but an improvement can nevertheless be seen in the proposed models from

the baselines when the noise level is low.

2.4.3 Learning a Graph from Missing Graph Signals

To examine the performance of learning a graph from incomplete data with KGL
described in Section 2.3.5, we generate the mask matrix M indicating missing entries,

where M,; 9 Bernoulli(1—r) and r is the missing rate, i.e. M;; has a probability of
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Figure 2.3: The performance of recovering groundtruth graphs Ggr from independent
data (1st row) and dependent data (2nd row) with different noise levels.

r to be missing and has a value of 0. The preprocessed data with 0 replacing missing
entries is Y,, = Y oM, which is a natural choice in practice for the model candidates
that cannot directly deal with missing entries, as the mean value of the entries in Y
is 0 by design. We use Y,, as the input in the baseline models GL and GL-2Step.
For KGL-Agnostic in Eq.(2.34), we also add a mask matrix M in the least-squares
loss term to have a fair comparison.

We vary r from 0 to 0.9, against which we plot the evaluation metrics, APS and
SSEg, in Figure 2.5. Similar to the noisy scenario, we repeat the experiments 10
times under the same settings of missing rate, random graph and model candidate
and report the mean (the solid curves) as well as the 5th and 95th percentile (the
error bars) of the evaluation metrics.

For Gsgwm, the proposed methods KGL and KGL-N can recover the groundtruth
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Figure 2.4: The performance of recovering groundtruth graphs Gga from independent
data (1st row) and dependent data (2nd row) with different noise levels.

graphs reasonably well even when there are 80% missing entries. For the independent
data scenario, the performance of the baseline models with the preprocessed data
Y, drops steeply as the missing rate increases. Although it can still recover the
groundtruth graphs with a high APS and low SSEg when the missing rate is less than
20%, the performance is not as good as KGL-N. By contrast, for KGL-IN, the APS
only drops by 0.1 from no missing entries to around 90% missing entries, while SSEg
only increases by around 0.05.

For the dependent data scenario, all three model candidates can deal with missing
data directly by adding a mask matrix in the least-squares loss term. Consequently,
their curves are relatively stable as the missing rate increases from 0 to 80%. However,
the accuracy levels at which each of the model stabilises are different. The proposed

method KGL, aware of both node-side and observation-side information, achieves

35



—$— KGL-N (proposed)
GL
4] —%— GL-2step -+

0.9

0.8

0.7 4

0.6 - o
"]
g )
< 05 w
2,
0.4 1
031 %~ KGL-N (proposed) L 1
GL
021 —$— GL-2step
T : . . : 01 : . . :
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8
missing rate missing rate
(a) GspM, independent data (b) Gspm, independent data
1.4
0.9 1
1.2
0.8
0.7 1 1.01
w 06 0.8 —4— KGL
a g 1 KGL-O
n —§— KGL-Agnostic

< 051 T |
0.4 4
l 0.4
0.3 ¥ KGL
KGL-O 0.2 4

027 —$— KGL-Agnostic

0.0 0.2 0.4 0.6 08 00 01 02 03 04 05 06 07 08 09
missing rate missing rate
(c¢) GsBum, dependent data (d) Gspm, dependent data

Figure 2.5: The performance of recovering groundtruth graphs Gsgy in terms of
APS and SSEg from independent data (1st row) and dependent data (2nd row) with
different rates of missing values in Y.

the highest APS and lowest SSEg. By contrast, KGL-O, without access to the node-
side information, can still recover a meaningful graph but with less correct edges and
less accurate edge weights when the missing rate is less than 0.6. The performance of
KGL-Agnostic is not as good as KGL-O because the smoothness term in Eq.(2.34)
is not able to disentangle the influence of the observation-side dependency from the
graph structure.

The performance of KGL does not differ much for different random graph models.
Still, there is an improvement in recovering Gga compared to the baseline graph

learning models, as can be seen in Figure 2.7c and Figure 2.7d.
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2.4.4 Graph-Structured Matrix Completion

In the experiment of learning a graph with incomplete data matrix in Section 2.4.3,
we are also interested in the performance of matrix completion. In Figure 2.8, we
plot the MSE, of the missing entries (i.e. the out-of-sample MSE,) that is averaged
over all types of graphs against the varying missing rate. The proposed methods
lead to much smaller errors compared to baseline models, for both independent and

dependent data. It should be noted that GL does not offer a mechanism for inferring

missing data, hence is not included in this experiment.
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Figure 2.8: The MSE of recovering missing entries in Y,,. The results show the mean
of 30 random experiments of 3 different types of graphs, i.e. 10 for each graph type.

2.4.5 Learning a Graph of Different Sizes

The graph learning performance of the proposed method varies with the size of graphs

and number of observations. As shown in Figure 2.9, a hundred observations are

sufficient to recover a small graph with m = 20 nodes with a high accuracy. When

the graph size increases, the number of the observations required for KGL to achieve

a high APS increases roughly exponentially. On the other hand, when the number of

observations increases, the variance of APS of the learned graphs decreases.

APS
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Figure 2.9: The performance of learning graphs of different sizes m against varying
number of observations n with the proposed model KGL. The results show the mean
of 30 random experiments of 3 different types of graphs, i.e. 10 for each graph type.
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Figure 2.10: Graph sparsity with respect to ¢. The first row (a)-(d): the learned
Gspu; the second row (f)-(i): the learned Ggg; the third row (k)-(n): the learned Gga,
all from KGL with A = 107!, p = 1072 and a fixed ¢. The respective groundtruth
graphs are shown in the last column.

2.4.6 Impact of Regularisation Hyperparameters

Three hyperparameters are involved in KGL and its variants. As introduced in
Section 2.3, A > 0 controls the complexity of the functional learning and prevents
overfitting; p > 0 controls the relative importance of graph learning compared to
functional learning, and at the same time determines the smoothness of the predicted
data § over L ® KI: Finally, ¢ > 0 controls the Frobenius (f5) norm of the graph
Laplacian which, together with the trace (¢1) constraint, bears similarity to an elastic
net regularisation [235]. The larger the ¢, the less sparse the graph with more uniform
edge weights. The accuracy in learning the graph Laplacian L and inferring the data
matrix Y is determined by the combination of these three hyperparameters, which is
not straightforward to visualise and analyse at the same time. Fortunately, we may
still gain some insights by examining their distinct effects separately.

Firstly, ¥ should be chosen according to the prior belief of the graph sparsity
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Figure 2.11: The out-of-sample MSE for data matrix Y (the first row) and the APS
of the learned graph (the second row) with respect to A and p, with 80% entries of Y
as training sample from KGL with a fixed .

defined as the number of edges with non-zero weights. As shown in Figure 2.10,
when ¢ — 0, the learned graph contains only a few most significant edge. Due to
the constraint on the sum of edge weights, i.e. tr(L) = m, the total weights m are
allocated to a few significant edges when 1 is small. When ¢ — oo, the learned graph
becomes fully connected with equal edge weights. In the synthetic experiment where
we have knowledge of the groundtruth graph, the best accuracy is obtained when the
sparsity coincides with the groundtruth graph.

The value of ¥, on the other hand, has little effect on the accuracy of predicting
the missing entries in Y, as the update step of A does not involve the term with
®. As shown in Figure 2.11(a)-(d), the out-of-sample MSE, is determined by the
combination of A and p. We first notice that the error is the same when \ > 102
showing that we overly penalise the function complexity in this case. Indeed, when
A — 00, the function is overly smooth such that the entries of the coefficient matrix
A are all zero leading to the entries of prediction Y being all zero as well. This also
happens when p — oo, where the vector form of the prediction ¥y is forced to be
overly smooth on L @ KI. In particular, when KI = I,,, every row vector of Y (i.e.
the predicted graph signal) has constant entries, as a result of minimising the term
Tr(YTKIYL) to zero. On the other hand, when Kf # I, all the entries in Y has
constant values such that this term is minimised to zero.

The ranges of values of A and p for which the out-of-sample MSE, is the smallest
generally coincide with that for which the APS is the largest in Figure 2.11, e.g. when
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¢ =107, XA = 1072 and p = 1072 However, the out-of-sample MSE, is generally
small when A < 0.1 and p < 0.1. This is understandable as the function could be
very complex with little penalisation, but this does not guarantee good performance

in recovering the groundtruth graph.

2.5 Supplementary Derivation

Kronecker product kernel regression Taking a Bayesian viewpoint, we provide
an interpretation of Eq.(2.7). From Eq.(2.8), maximising the log-posterior of the
coefficient vector a leads to the objective in Eq.(2.7):

max log p(aly)
= maxlogp(y|a) + log p(a)
=max— (y — (K, ® K.)a) (y — (K. ®K.a)
-l (K, ®K,)a
= min|ly — (K, ® K.)alf; + da’ (K, ® K:)a
= min|[Y — K. AK, ||} + ATr(K.AKA')

where ) is some constant parameter proportional to the variance of the noise o2 in
Eq.(2.8a).

Kronecker Product Laplacian-like Operator We define a Laplacian-like op-
erator with a Kronecker product structure Ly, = L ® L, for the data matrix with
both node-side and observation-side dependency. Although Lg may have positive
off-diagonal entries and thus may not be a valid graph Laplacian matrix, it satisfies

the following properties and a notion of frequency of y can be defined upon Lg:
e Lg is symmetric and Lg - 1 = 0;
e L admits the eigendecomposition
Ly=L®L,
—(UU)(A®A)(URU,)T
where U and A, and U, and A, are the eigenvector and eigenvalue matrices

of the Laplacian matrices L and L., respectively, and Uy = (U ® U,) is an

orthogonal matrix and Ag = (A ® A,) is a diagonal matrix with real entries.

We can also obtain a two-dimensional graph Fourier transform Y of Y as in [154]:

vee(Y) = (U ® U,) Tvec(Y).
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Proof of positive semi-definiteness
Lemma 2.5.1. The matriz C = K? + MK + pS @ K. is positive semi-definite.

Proof. To prove C is positive semi-definite (p.s.d.), it suffices to show that the ma-
trices K2, K and S ® K, are p.s.d.

As K, and K, are kernel matrices constructed by pairwise evaluations from two
reproducing kernels Ky and kz, they are p.s.d. The Kronecker product K is p.s.d,

which is easy to prove from the eigendecomposition:

K — K;p ® KZ
= (U,A,U])® (U,AU]) (2.35)
— (U, @ U.)(A, ®A)(U, @ U,)T

where U = (U, ® U,) is an orthogonal matrix and A = (A, ® A,) is a diagonal
matrix with non-negative real entries.

Next, K? = KK is also p.s.d., as it is a product of commuting matrices and K?
preserves symmetry [150].

Finally, denote the column vectors of K, as ki, ko, ..., k], the weighted adja-
cency matrix as W, and the non-negative edge weight between node j and j" as w;;.
We have

S =K.LK, =) wjy(k; —ky)(k; — ky)"
J#y
where w;; > 0. S can then be viewed as a weighted covariance matrix, which is
symmetric and p.s.d. Therefore, S ® K is p.s.d. following the same argument as for
K.
O

Derivation of Gradient in Eq.(2.33) In this section, we show the derivation of
Eq.(2.33), i.e. the gradient for updating A in the missing values scenario. Recall that

the objective function is

JL(A) =[[Mo (Y — K. AK,)|[7 + ATr(K.AK,A")
+ pTr(AK,LK,AK.).
With the following standard linear algebra identities for any matrices D, E, F
e |[DoE|[} =Tr((DoE)"(DoE)) =Tr(E"(DoE))
e vec(D o E) = vec(D) o vec(E)
e Tr(D'E) = vec(D) "vec(E)
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e vec(DEF) = (F' @ D)vec(E)
the first term of Ji,(A) becomes
Mo (Y - K.AK,)||%
:Tr((Y ~ K.AK,) (Mo (Y — KZAKx))>

By dropping constant terms, we have

Mo (Y - K. AK,)||%
:Tr< ~ (K. AK,) (Mo Y))

v Tr((KZAKw)T (Mo (KZAKI))>
= — 2vec(A)T (K, @ K, )vec(M o Y)

+ vec(K.AK,) " (vec(M) o vec(K,AK,))
=—2a'Kvec(MoY)+a'K(mo (Ka))

where a = vec(A), m = vec(M) and K = K, ® K,. Putting it back to the objective

and recognising the fact that d o e = diag(d)e for two vectors d and e, we have

Ji(a) = —2a ' Kvec(M oY) +a'K(mo (Ka))
+Xa'Ka+pa' (S®K,)a

= —2a'Kvec(M oY) + a' Kdiag(m)Ka
+Xa'Ka+pa' (S®K.,)a

where S = K,LK,. We thus obtain the gradient for deriving Eq.(2.32) such that

VJi(a) = — Kvec(M o Y) + Kdiag(m)Ka
+MKa+p(S®K.)a.

2.6 Conclusions

In this chapter, we have revisited the smooth graph signals from a functional view-
point and proposed a kernel-based graph learning framework that can integrate node-
side and observation-side covariates. Specifically, we have designed a novel notion of
smoothness of graph signals over the Kronecker product of two graph Laplacian ma-
trices and combined it with a Kronecker product kernel regression of graph signals in
order to capture the two-side dependency. We have shown the effectiveness and effi-

ciency of the proposed method, via extensive synthetic experiments, demonstrating
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its usefulness in learning a meaningful topology from noisy, incomplete and depen-
dent graph signals. Although we have proposed a fast implementation exploiting the
Kronecker structure of kernel matrices, the computational complexity remains cubic
in the maximum of the number of nodes and the number of signals. Hence, a natural
future direction is to further reduce the computational complexity with the state-of-
the-art methods for large-scale kernel-based learning, such as random Fourier features.
Another interesting direction is to develop a generative graph learning model based
upon the framework presented here, using connections between Gaussian processes

and kernel methods.
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Chapter 3

Graph Learning with Unrolled
Neural Network
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3.1 Introduction

Graphs are an effective modelling language for revealing relational structure in high-
dimensional complex domains and may assist in a variety of machine learning tasks.
However, in many practical scenarios an explicit graph structure may not be readily
available or easy to define. Graph learning aims at learning a graph topology from
observation on data entities and is therefore an important problem studied in the
literature.

Model-based graph learning from the perspectives of probabilistic graphical mod-
els [130] or graph signal processing [191, 180, 160] solves an optimisation problem
over the space of graph candidates whose objective function reflects the inductive
graph-data interactions. The data are referred as to the observations on nodes, node
features or graph signals in literature. The convex objective function often contains

a graph-data fidelity term and a structural regulariser. For example, by assuming
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that data follow a multivariate Gaussian distribution, the graphical Lasso [13] max-
imises the ¢; regularised log-likelihood of the precision matrix which corresponds to
a conditional independence graph. Based on the convex formulation, the problem
of learning an optimal graph can be solved by many iterative algorithms, such as
proximal gradient descent [176], with convergence guarantees.

These classical graph learning approaches, despite being effective, share several
common limitations. Firstly, handcrafted convex regularisers may not be expressive
enough for representing the rich topological and structural priors. In the literature,
only a limited number of graph structural properties can be modelled explicitly us-
ing convex regularisers, e.g. the ¢; penalty for enforcing sparsity. More complex
structures such as scale-free and small-world properties have been largely overlooked
due to the difficulty in imposing them via simple convex optimisation. Secondly,
graph structural regularisers might not be differentiable despite being convex, which
perplexed the design of optimisation algorithms. Thirdly, iterative algorithms might
take long to converge, as the search space grows quadratically with the graph size.
Fourthly, tuning penalty parameters in front of structural regularisers and the step
size of iterative algorithms are laborious.

To address the above limitations, we propose a novel functional learning frame-
work to learn a mapping from node observations to the underlying graph topology
with desired structural property. Our framework is inspired by the emerging field
of learning to optimise (L20) [39, 153]. Specifically, as shown in Figure 3.1, we
first unroll an iterative algorithm for solving the aforementioned regularised graph
learning objective. To further increase the flexibility and expressiveness, we design
a topological difference variational autoencoder (TopoDiffVAE) to replace the proxi-
mal projector of structural regularisation functions in the original iterative steps. We
train the model in an end-to-end fashion with pairs of data and graphs that share
the same structural properties. Once trained, the model can be deployed to learn a
graph topology that exhibits such structural properties.

The proposed method learns topological priors from graph samples, which are
more expressive in learning structured graphs compared to traditional methods us-
ing analytic regularisers. Compared to deep neural networks, unrolling an iterative
algorithm that is originally designed for graph learning problem introduces a sensible
inductive bias that makes our model highly interpretable. We test the effectiveness
and robustness of the proposed method in learning graphs with diverse topological

structures on both synthetic and real-world data.
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(a) Unrolling an iterative algorithm (b) Topological difference VAE (TopoDiffVAE)
p(2)

Iterative Algorithm

1: Initialisation: w'*) =0 Grou.ndtruth

2 fort=1,..., T do ( ]
3 h®) = wlt-1) — 4V, f(wlt-D) ]

4 wit) = proxﬂy.Q(h“)) 'Y ® |
5: end for structure . Sap e
U :; -‘5 e Z—> decoder
unrolling ; Cncouey

gradlen( concat w(l)

h(t) —>TOPOD|ffVAE—>@—’ —»@
h®

Figure 3.1: An illustration of the proposed framework.

The main contributions are as follows. Firstly, we propose a novel and highly
interpretable neural networks to learn a data-to-graph mapping based on algorithmic
unrolling. Secondly, we propose an effective TopoDiffVAE module that replaces the
proximal operators of structural regularisers. To the best of our knowledge, this
constitutes the first attempt in addressing the difficult challenge of designing convex
functions to represent complex topological priors, which in turn allows for improved
flexibility and expressiveness. Finally, the proposed method improves the accuracy

of graph learning by 80% compared to traditional iterative solvers.

3.1.1 Related Work

Graph Learning. Broadly speaking there are two approaches to the problem of
graph learning in the literature: model-based and learning-based approaches. The
model-based methods solve an regularised convex optimisation whose objective func-
tion reflects the inductive graph-data interactions and regularisation that enforces
embody structural priors [129, 192, 72, 59, 66, 79, 112, 23]. They often rely on iter-
ative algorithms which require specific designs, including proximal gradient descent
[176], alternating direction method of multiplier (ADMM) [29], block-coordinate de-
cent methods [79] and primal-dual splitting [112]. Our model unrolls a primal-dual
splitting as an inductive bias, and it allows for regularisation on both the edge weights
and node degrees.

Recently, learning-based methods have been proposed to introduce more flexibility
to model structural priors in graph learning. GLAD [190] unrolls an alternating
minimisation algorithm for solving an ¢; regularised log-likelihood maximisation of the
precision matrix. It also allows the hyperparameters of the ¢; penalty term to differ
element-wisely, which further enhances the representation capacity. Our work differs

from GLAD in that (1) we optimise over the space of weighted adjacency matrices
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that contain non-negative constraints than over the space of precision matrices; (2)
we unroll a primal-dual splitting algorithm where the whole proximal projection step
is replaced with TopoDiftVAE, while GLAD adds a step of learning element-wise
hyperparameters. Furthermore, GLAD assumes that the precision matrices have a
smallest eigenvalue of 1, which affects its accuracy on certain datasets. Deep-Graph
[19] uses a CNN architecture to learn a mapping from empirical covariance matrices to
the binary graph structure. We will show in later sections that a lack of task-specific

inductive bias leads to an inferior performance in recovering structured graphs.

Learning to optimise. Learning to optimise (L20) combines the flexible data-
driven learning procedure and interpretable rule-based optimisation [39]. Algorithmic
unrolling is one main approach of 120 [153]. Early development of unrolling was
proposed to solve sparse and low-rank regularised problems and the main goal is
to reduce the laborious iterations of hand engineering [90, 194, 155, 1]. Another
approach is Play and Plug that plugs pre-trained neural networks in replacement of
certain update steps in an iterative algorithm [174, 230]. Our framework is largely
inspired by both approaches, and constitutes a first attempt in utilising L20O for the

problem of graph learning.

3.2 Learning to Learn graph topologies

3.2.1 From Solving an Optimisation to Learning a Functional
Mapping

Traditional model-based graph learning is formulated as to solve a convex optimisa-
tion w.r.t. the graph adjacency or Laplacian matrix. In this section, we introduce
how we convert this approach to learning a functional mapping from graph signals to
graph adjacency or Laplacian matrices, with algorithm unrolling.

Let G = {V,£, W} be an undirected weighted graph, where V is the node set
with |V| = m, £ is the edge set and W is the weighted adjacency matrix whose ij-th
entry embodies the similarity between node ¢ and node j. The combinatorial graph
Laplacian matrix is defined as L = D—W, where D = diag(W1) is a diagonal matrix
of node degrees. In many scenarios, we have access to a structured data matrix, which
is denoted as X = [x1,Xa, ... ,xm]T € R™ "™ where each column x; can be considered
as a signal on the graph GG. The goal of graph learning is to infer such a graph G that

is fully represented by L or W from X. Specifically, we solve a generic optimisation
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problem
min tr(X LX) + Q(L), (3.1)

where the first term is the so-called Laplacian quadratic form, measuring the variation
of X on the graph, and Q(L) is a convex regulariser on L to reflect structural priors.
Since W is symmetric, we introduce the vector of edge weights w € RT(mfl)/ * and
reparameterise Eq.(3.1) based on tr(XTLX) = 3, - Wyj||x; — x;[3 = 2wy, where
y € RT(m_l)/Q

optimise the objective w.r.t w such that

is the half-vectorisation of the Euclidean distance matrix. Now, we

min 2wy + Liwz0y (W) + Qi (W) + Qs(Dw), (32)

where Z is an indicator function such that Z¢(w) = 0 if w € C and Z¢(w) = oo
otherwise, and D is a linear operator that transforms w into the vector of node degrees
such that Dw = W1. The reparameterisation reduces the dimension of search space
by a half and we do not need to take extra care of the positive semi-definiteness of L.

In Eq.(3.2), the regularisers 2 is split into 2y and Q3 on edge weights and node
degrees respectively. Both formulations can be connected to many previous works,
where regularisers are mathematically handcrafted to reflect specific graph topologies.
For example, the /;-regularised log-likelihood maximisation of the precision matrix
with Laplacian constraints [129, 124] can be seen as a special case of Eq.(3.1), where
Q(L) = logdet(L + 0”I) + AY_,.. |Li|. The ¢; norm on edge weights enforces the
learned conditional independence graph to be sparse. The author in [112] considers
the log-barrier on node degrees, i.e. Qo(Dw) = —17 log(Dw), to prevent the learned
graph with isolated nodes. Furthermore, Q;(w) = ||w||3 is often added to force the
edge weights to be smooth [66, 112].

Formally, we aim at learning a neural network Fy(-) that maps the data term y
to a graph representation w that share the same topological properties and hence
belong to the same graph family G. With training pairs {(y;, w;) }.;, we consider a

supervised learning framework to obtain optimal Fg such that
0" = arg ngin EWNg [‘C(FO(Y>a W)]v (33)

where L(w,w) is a loss surrogate between the estimation w = Fp(y) and the
groundtruth. Once trained, the optimal Fj(-) implicitly carries topological priors
and can be applied to estimate graphs from new observations. Therefore, our frame-
work promotes learning to learn a graph topology. In the next section, we elaborate
on the architecture of Fy(-) and the design of L(-, ).
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3.2.2 Unrolling Primal-dual Iterative Algorithm

The data-to-graph mapping Fp(-) is modelled with unrolling layers (Section 3.2.2)
inherited from a primal-dual splitting algorithm that is originally proposed to solve

the model-based graph learning.

Algorithm 2 PDS Algorithm 3 Unrolling Net (L2G)
Input: y, 7, @ and S. Input: y, T, enhancement(") c{TRUE, FALSE}
1: Initialisation: w(® =0,v(® =0 1: Initialisation: w(® =0,v(® =0
2: while [w(® —w(=1| > e do 2: fort=0,1,...,T do
3 ol =w® — (28w 42y + DTV 3. L _ () _ 0250w 4 2y 4 DT
4 1) =v® 4 4Dw® 4 P = v § (O Dw®
5 pi) = prox%QI(rgt)) =max{0,rl""} 5  if enhancement(")=TRUE,
p(lt) = Topol)iﬁ'\’r\I‘?(rgt));
else,
Py’ = prox, o, (r}"’) = max{0,r{"}.
6: Pg) = Proxy q, (rét))v where 6: pg) = PIoXy) 0, (rét)>7 where
rai—4/T3 ;+4a T ,ifq/rz’i+4a</f)7(")
(prox, o g, (r2)), = Y5k (Prox, ) g, (r2)), = = 5
7 q =p{” —(26p" +2y + DTPY) T qu) = P? -7 (28 t)p?) +2y +DTpy)
8 ay) =py’ ++0p" 8 af =p{’ +Dp"
9: witt) — w(® _ rgt) + qgt) 9:  wit) = w(® _ rgt) + qgt)
10: vt = y® _ rg) + qgt) 10: vt = () I'(Qt) + qét)
11: end while 11: end for
12: return w = w(D) 12: return w, w® . w =w

Our model leverages the inductive bias from model-based graph learning. Specif-

ically, we consider a special case of the formulation in Eq. (3.2) such that
min 2w"y + Ty (w) — a1 log(Dw) + Bl[wl} (3.4)

where Q;(w) = 8||w||? and Qy(Dw) = —al1 ' log(Dw), both of which are mathemat-
ically handcrafted topological priors. To solve this optimisation problem, we consider
a forward-backward-forward primal-dual splitting algorithm (PDS) in Algorithm 2.
The algorithm is specifically derived from Algorithm 6 in [122] by the authors in
[115]. In Algorithm 2, Step 3, 5 and 7 update the primal variable that corresponds
to w, while Step 4, 6 and 8 update the dual variable in relation to node degrees. The
forward steps are equivalent to a gradient descent on the primal variable (Step 3 and
7) and a gradient ascent on the the dual variable (Step 4 and 8), both of which are
derived from the differentiable terms in Eq.(3.4). The backward steps (Step 5 and 6)
are proximal projections that correspond to two non-differentiable topological regu-
larisers, i.e. the non-negative constraints on w and the log barrier on node degrees

in Eq.(3.4). The derivations for Step 5 and Step 6 in Algorithm 2 are as follows.
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Lemma 3.2.1. The prozimal projection step for primal variable (i.e. Step 5) in

Algorithm 2 is proxml(rgt)) = max{0, 7’?)}-

Proof. From Algorithm 6 in [122], the proximal projection step for primal variable

(i.e. Step 5 in Algorithm 2) is pgt) = proxvgl(rgt)). Ql(rgt)) = 0 if rgt) > 0 else

Ql(rgt)) = 0o. We have 791(7“9) = Ql(rgt)) and hence proxml(r?)) = pronl(r?)) =

max{0, 7{”}. O

Lemma 3.2.2. The proximal projection step for dual variable (i.e. Step 6) in Algo-

(t)) = 8 —\/r§ a0y

rithm 2 is prox, . (rs 5

Proof. From Algorithm 6 in [122], the proximal projection step for dual variable for

our case is pg) = Prox,o; (Tgt)), where €25 is the conjugate of 2. Denote h(rét)) =
) )

7(2-). We have h(rd) = y(—al” log(%-)) = (=T log(r$) + a1l log) =

v(Qg(rét))—Fconstant). By the affine rule of proximal operators, proxh(r;t)) = Prox. g, (rét)).

T’(t)) o r;t)+\/rét)2+4a7

Meanwhile, by Theorem 6.9 of [18], prox.q, (5 5
® ®
6.12 of [18], if h(ri") = 792(%), then prox,(r)) = ’yprox;%(%). We thus have

®
prox,, (ri)) = prox.q, (riy = fyproxlm(%). Plugging it back to the Moreau de-
Y

By Theorem

)
oL t t t t
composition leads to prox, g (rg) ) = ré) — ’yprox%m(%) = ré) — Prox. o, (rg) ) =
R v U v -
2 2 - 2 :

It should be note that ¢; norm that promotes sparsity is implicitly included, i.e.
2w'y = 2w'(y — 3) + A||w]||; given w > 0. We choose to unroll PDS as the main
network architecture of Fy(-), since the separate update steps of primal and dual
variables allow us to replace of proximal operators that are derived from other priors.

The proposed unrolling network is summarised in Algorithm 3, which unrolls the
updating rules of Algorithm2 for 7" times and is hypothetically equivalent to running
the iteration steps for 7" times. In Algorithm 3, we consider two major substitutions
to enable more flexible and expressive learning.

Firstly, we replace the hyperparameters «, § and the step size v in the PDS
by layer-wise trainable parameters (highlighted in blue in Algorithm 3), which can
be updated through backpropagation. Note that we consider independent trainable
parameters in each unrolling layer, as we found it can enhance the representation
capacity and boost the performance compared to the shared unrolling scheme [90,
153].
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Secondly, we provide a layer-wise optional replacement for the primal proximal
operator in Step 5. When learning complex topological priors, a trainable neural
network, i.e. the TopoDiffVAE (highlighted in red in Algorithm 3) takes the place to
enhance the learning ability. TopoDiff VAE will be defined in Section 3.2.3. It should
be noted that such a replacement at every unrolling layer might lead to overly complex
model that is hard to train and might suffer from overfitting, which depends on the
graph size and number of training samples. Empirical results suggest TopoDiff VAE
takes effects mostly on the last few layers. Comprehensibly, at first several layers,
L2G quickly search a near-optimal solution with the complete inductive bias from
PDS, which provides a good initialisation for TopoDiff VAE that further promotes the
topological properties. In addition, we do not consider a trainable function to replace
the proximal operator in Step 6 of Algorithm 2, as it projects dual variables that are
associated to node degrees but do not draw a direct equality. It is thus difficult to

find a loss surrogate and a network architecture to approximate such an association.

3.2.3 Unrolled Networks with Topological Enhancement

The proximal operator in Step 5 of Algorithm 2 follows from Q;(w) in Eq. (3.4).
Intuitively, an ideal regulariser in Eq. (3.4) would be an indicator function €y = Zg(-),
where G is a space of graph sharing same topological properties. The consequent
proximal operator projects w onto G. However, it is difficult to find such an oracle
function. To adaptively learn topological priors from graph samples and thus achieve
a better expressiveness in graph learning, we design a topological difference variational
autoencoder (TopoDiffVAE) to replace the handcrafted proximal operators in Step 5
of Algorithm 2.

Intuitively, the goal is to learn a mapping between two graph domains X and ).
The graph estimate after gradient descent step rgt) € X lacks topological properties
while the graph estimate after this mapping pgt) € Y is enhanced with the topological
properties that are embodied in the groundtruth w, e.g. graphs without and with the
scale-free property. We thus consider a conditional VAE such that P : (rgt), zZ) = W,
where the latent variable z has an implication of the topological difference between
r&t) and w. In Algorithm 3, pgt) is the estimate of the groundtruth w from P. When
we talk about the topological difference, we mainly refer to binary structure. This is
because edge weights might conflict with the topological structure, e.g. an extremely
large edge weight of a node with only one neighbour in a scale-free network. We want
to find a continuous representation z for such discrete and combinatorial information

that allows the backpropagration flow. A straightforward solution is to embed both
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graph structures with graph convolutions networks and compute the differences in
the embedding space. Specifically, the encoder and decoder of the TopoDifft VAE P

are designed as follows.

Encoder. We extract the binary adjacency matrix of rgt) and w by setting the
edge weights less than 7 to zero and those above 1 to one. Empirically, n is a small
value to exclude the noisy edge weights, e.g. 7 = 10~*. The binary adjacency matrix
are denoted as A, and A, respectively. Following [119], the approximate posterior
q¢(z|r§t),w) is modelled as a Gaussian distribution whose mean p and covariance
Y = 0?1 are transformed from the topological difference between the embedding of

A, and A, such that

5 = femb(Aw) - femb(Ar) (353)
= foean(), 0= fenl8), 2ty w ~ N(p,o™T) (3.5b)

where frean and feoy are two multilayer perceptrons (MLPs). The embedding function
femp is a 2-layer graph convolutional network[121] followed by a readout layer freadout

that averages the node representation to obtain a graph representation, that is,

fo(8) = Freatow (12 (Av:(Adb JHL) ), (3.6)

where A refers to either A, and A,, hy and H; are learnable parameters at the
first and second convolution layer that are set as the same in embedding A, and A,,.
1 is the non-linear activation function. Node degrees d = A1 are taken as an input
feature. This architecture is flexible to incorporate additional node features by simply
replacing d with a feature matrix F.

The rationale behind the specific choices of GCN and MLP in the proposed en-
coder lies in several key considerations. Firstly, GCNs are capable of aggregating
local neighbourhood features while maintaining permutation invariance, a funda-
mental process for capturing the characteristics of graph topologies. This ability
is particularly essential for the encoding purpose, i.e., accurately extracting topolog-
ical representations of both the ground truth and estimated graphs, and simplifying
the process of calculating their differences in a vector representation. Secondly, the
preference for GCNs over other GNN architectures is justified by their simple yet
effective approach in representing essential topologies, meeting a core requirement
of this task. Admittedly, more complex architectures like Transformers or advanced

GNN variants might offer additional expressive power, they also introduce greater
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computational complexity and a higher risk of overfitting. This is particularly rele-
vant considering the need to train the encoder on limited training samples of specific
properties, where a simpler yet effective GCN architecture provides an optimal bal-
ance. While GCNs are excellent for processing graph-structured data, the task of
encoding mean and variance may not directly involve the graph structure, but rather
the features extracted from it, making MLPs more suitable for such tasks where the
input is a regular, fixed-size feature vector. It is particularly suitable for encoding
the mean and variance within the latent space proposed for TopoDiff VAE due to its

capability to map high-dimensional data to a lower-dimensional space efficiently.

Latent variable sampling. We use Gaussian reparameterisation trick [119] to
sample z such that z = pu 4+ o © €, where € ~ N(0,I). We also restrict z to
be a low-dimensional vector to prevent the model from ignoring the original input
in the decoding step and degenerating into an auto-encoder. Meanwhile, the prior
distribution of the latent variable is regularised to be close to a Gaussian prior z ~
N(0,1) to avoid overfitting. We minimise the Kullback-Leibler divergence between
q¢(z|r§t), w) and the prior p(z) during training as shown in Eq.(3.8).

Decoder. The decoder is trained to reconstruct the groundtruth graph representa-
tions w (the estimate is p&t) ) given the input rgt) and the latent code z that represents
topological differences. Formally, we obtain an augmented graph estimation by con-

catenating rgt) and z and then feeding it into a 2-layer MLP fq.. such that

P\ = fiee(CONCAT[r{", 2]). (3.7)

Loss Function. By stacking the unrolling module and TopoDiffVAE, we propose
an end-to-end training scheme to learn an effective data-to-graph mapping Fg that

minimises the loss from both modules such that

XT: {TT—tHW(t)—_WH% + LKL (q¢(z]r§t)’ w)||A(0, I)) }] (3.8)

min Ey. g
A [Iwll3

where w(® is the output of the t-th unrolling layer and rgt) is the output of Step 3 in Al-
gorithm 3, 7 € (0, 1] is a loss-discounting factor added to reduce the contribution of the
normalised mean squared error of the estimates from the first few layers. This is simi-
lar to the discounted cumulative loss introduced in [190]. The first term represents the

graph reconstruction loss, while the second term is the KL regularisation term in the
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TopoDiff VAE module. When the trade-off hyper-parameter ki, > 1, the VAE frame-
work reduces to -VAE [32] that encourages disentanglement of latent factors z. The
trainable parameters in the overall unrolling network Fg are @ = {@unron, O ToponifivaE }
where 0 yon = {0, ..., T 3O gT=D O ~A(T=DY and O 1opoifivar 1n-
cludes the parameters in femp, fmean; feov @nd faec. The optimal mapping Fj is
further used to learn graph topologies that are assumed to have the same structural

properties as training graphs.

3.3 Experiments

General settings. Random graphs are drawn from the Barabési-Albert (BA),
Erdés-Rényi (ER), stochastic block model (SBM) and Watts—Strogatz (WS) model
to have scale-free, random, community-like, and small-world structural properties
respectively. The parameters of each network model are chosen to yield an edge den-
sity in [0.05,0.1]. Edge weights are drawn from a log-normal distribution log(W,;) ~
N(0,0.1). The weighted adjacency matrix is set as W = (W + W) T /2 to enforce
symmetry. We then generate graph-structured Gaussian samples (similar to [129])
with

X ~N(0,K™), K =L+ ¢’I, where o = 0.01. (3.9)

The out-of-sample normalised mean squared error for graph recovery (GMSE) and
area under the curve (AUC) are reported to evaluate the prediction of edge weights
and the recovery of the binary graph structure. Specifically, GMSE = %Z?:l || W —
w;|[3/]|w;||3. The mean and 95% confidence interval are calculated from 64 test
samples.

We include the following baselines in the comparison: 1) primal-dual splitting
algorithm [112, 122] that is unrolled into a neural network in our model; 2) the iter-
ative algorithm of ADMM (details in Appendix). For PDS and ADMM, we tune the
hyperparameters on training set via grid search based on GMSE. For the state-of-the-
art models that share the idea of learning to optimise, we compare against 3) GLAD!
[190] and 4) Deep-graph? [19] that are previously introduced in Section 2.1.1. Be-
sides the proposed 5) learning to learn graph topologies (L2G) framework that
minimises the objective in Eq.(3.8) to obtain a data-to-graph mapping, we also eval-

uate the performance of ablation models without TopoDiffVAE in replacement of

https://github.com/Harshs27/GLAD
Zhttps://github.com/eugenium/LearnGraphDiscovery
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the proximal operator. This model is equivalent to unrolling PDS directly while al-
lowing parameters varying across the layers, which is referred to as 6) Unrolling
in the following sections. We also consider 7) Recurrent Unrolling with shared
parameters across the layers, i.e a® = oM = ...oT=D 0O = g0) — ... g(T-1)

and v = 4 = ... 4T

The loss function for Unrolling and Recurrent Un-
rolling reduces to the first term in Eq.(3.8), i.e. without the KL divergence term of
TopoDiff VAE. We also release the code for implementation 3.

For the experiments in Section 3.3, we train L2G and Unrolling with the Adam
optimiser [118]. The learning rate is exponentially-decayed from an initial value of
1072 at a rate of 0.95. The number of training samples is changed with the graph size
m. For m = 20, we use 4000 for training and 1000 for validation. Figure 3.2c shows
how many training samples are needed (at different graph size). All the metrics
reported in the chapter are computed from 64 test samples that are additionally
generated. The batch size is set to 32. We run all the experiments on a remote
machine of Amazon EC2 G4dn-2xlarge instance?. Figure 3.2a shows training time
per epoch with different number of samples. Once trained, the computational cost of
applying L2G to learn a graph from new observations is negligible. The source code

is included in the supplementary file.

10 — m=20,T=5

m=50,T=20
—— m=80,T=30 1.0
0.8

30

raining time (s) per epoch
validation GMSE
o
&

1000 2000 3000 4000 5000 6000 7000 8000 0 50 100 150 200 250 300 1000 2000 3000 4000 5000 6000 7000 8000
number of training samples epoch number of training samples

(a) training time per epoch (b) validation GMSE (c) test GMSE v.s. number
in seconds v.s. number of v.s. number of epochs of training samples
training samples

Figure 3.2: Training L2G for different size of graphs m with different number of
unrolls T’

Ability to recover graph topologies with specific structures. We evaluate
the accuracy of recovering groundtruth graphs of different structural properties from

synthetic data. We train an L2G for each set of graph samples that are generated

3https://github.com /xpuoxford /L2G-neurips2021
4https://aws.amazon.com/ec2/instance-types,/g4/
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Table 3.1: GMSE* in graph reconstruction

model/graph type Scale-free (BA)  Random sparse (ER) Community (SBM) Small-world (WS)

Iterative algorithm:

ADMM 0.4094 + .0120 0.3547 + .0120 0.3168 + .0226 0.2214 + .0151
PDS 0.4033 £ .0072 0.3799 £+ .0085 0.3111 + .0147 0.2180 + .0117
Learned to optimise:

GLADI[190]* (NMSE)  1.1230 + .1756 1.1365 + .1549 1.4231 + .2625 0.9999 =+ .0001
Deep-graph** [19] 0.8423 £+ .0026 0.8179 + .0269 0.8931 + .0103 0.8498 + .0017
Proposed:

Recurrent Unrolling 0.3018 £ .0080 0.2885 &+ .0075 0.2658 + .0108 0.2007 £ .0081
Unrolling 0.1079 £ .0047 0.0898 £+ .0067 0.1199 + .0064 0.1028 + .0073
L2G 0.0594 + .0044 0.0746 + .0042 0.0735 + .0051 0.0513 + .0060

* For GLAD, we report test NMSE instead of GMSE so as to follow their original setting in [190].
GLAD is sensitive to the choice of 2 when generating samples (see Figure 3.6).
** GMSE may not favour Deep-graph as it learns binary structures only (see AUC in Table 3.2).

Table 3.2: Structural Metrics of recovered binary graph structure

metric / model groundtruth PDS Deep-Graph [19] Unrolling L2G

Scale-free (BA):

AUC - 0.9344.009 0.513£.017 0.993+.001  0.999+£.000

KS test score* 95.31% 65.63% 59.38% 93.75% 95.31%
Community (SBM):

AUC - 0.926+.006 0.586+.021 0.989+.002  0.993+.002

community score 0.463+.002 0.4814.002 0.343+.006 0.458+.001  0.469+.003
Small-world (WS):

AUC - 0.913£.007 0.529+.010 0.984+.005 0.991+.000

average shortest path 2.3344.028 2.656+.204 1.136+.008 2.3284+.040 2.331+.041

clustering coefficient 0.323+.018 0.514+.035 0.906+.004 0.433+.016 0.382+.014

* KS test score is the percentage of test graphs whose degree sequence passes the Kolmogorov
-Smirnov test for goodness of fit of a power-law distribution, i.e. p-value ; 0.05.

from one particular random graph model, and report GMSE between the groundtruth

graphs and the graph estimates on test data in Table 3.1.

(a) groundtruth (b) PDS (c) Unrolling

Figure 3.3: The ability to recover small-world network

The proposed L2G reduces the GMSE by over 70% from the iterative baseline
PDS on all types of graphs. Significant drops from PDS to Recurrent Unrolling and
to Unrolling are witnessed. The scenario of recovering the scale-free networks sees
biggest improvement on GMSE, as they are relatively hard to learn with handcrafted

iterative rules. As shown in Figure 3.4 in Appendix, the power-law degree distribution
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Figure 3.5: The ability to recover community-structured networks

associated with such networks is preserved in graph estimates from L2G, while PDS
and Unrolling have difficulties to recognise small-degree nodes and nodes that are
connected to many other nodes, respectively. PDS and Deep-Graph also fail the KS
test, which measures how close the degrees of graph estimates follow a power-law
distribution (see Table 3.2 where a p-value less than 0.05 rejects the null hypothesis
that the degrees follow a power-law distribution). We also test the models on SBM
and WS graphs. We deliberately increase the rewiring probability in generating WS
graphs in Figure 3.3 and add inter-community edges on SBM graphs in Figure 3.5
to increase the learning difficulties in both cases. PDS may effectively detect the
k-NN structure behind the construction of WS and the communities (block diagonal
structure of the adjacency matrix) in SBM, but largely ignored the new edges from
the procedures above. By contrast, L2G can precisely predict the additional rewired

edges and inter-community edges.

Ability to recover binary graphs Deep-graph [19] is a state-of-the-art learning-
based method, but its output is binary graph structure that is different from our
setting. In order to have a fair comparison, we redo the experiments with another
synthetic dataset with binary groundtruth graphs. The results are shown in Table
3.3 as an addition to the results of recovering weighted graph in the main body (see
Table 3.1 and Table 3.2). Both results lead to the same conclusion that Deep-graph
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Table 3.3: A table of GMSE and Structural Metrics in recovering binary graphs

metric / model groundtruth  Deep-graph L2G

Scale-free (BA):

GMSE - 0.802 £.003  0.060 + .002

AUC - 0.565 £.101  0.999 +£ .000

KS test score 96.15% 68.32% 96.15%
Community (SBM):

GMSE - 0.901 £.016  0.080 £ .010

AUC - 0.701 £.088  0.992 4+ .001

community score 0.472£.002 0.311£.006 0.479 £ .005
Small-world (WS):

GMSE - 0.873 £.010 0.056 £ .004

AUC - 0.519 £.023  0.997 £ .000

average shortest path 2.23 4+.028 1.111 +£.008  2.225 + .041

[3] has a less satisfactory performance compared to the proposed L2G.

Comparisons with SOTA. GLAD[190] and Deep-graph[19] are the few state-of-
the-art learning-based methods worth comparing to, but there are notable differences
in their settings that affect experimental results. As discussed in Section 2.1.1, the
objective of GLAD[190] is to learn the precision matrix where the diagonal entries are
considered. The output of Deep-graph[19] is an undirected and unweighted (i.e. bi-
nary) graph structure. By comparison, the product of generic graph learning adopted
in our work is a weighted adjacency matrix, where the diagonal entries are zeros due
to no-self-loop convention.

For a fair comparison, we provide the following remarks. Firstly, we stick to their
original loss function NMSE for training GLAD[190] and reporting the performance
on test data in Table 3.1. The difference between GMSE and NMSE is that the latter
considers the {5 loss on diagonal entries of the precision matrix ® in GLAD[190].
Note that GMSE equals NMSE when applied to adjacency matrices which are the
focus of the present chapter. The experimental results show a far inferior performance

of GLAD[190] if their NMSE is replaced with our GMSE.

W’”2, NMSE(GLAD [190]) 2”9 Oills (3.10)

[[wi
GMSE =
Z IIWz 181

15

Secondly, a potential limitation of GLAD[190] is that it typically requires good
conditioning of the precision matrix, i.e. a large o in Eq.(3.9). On the other hand,
in the graph signal processing and graph learning literature [66, 112, smooth graph
signals follow a Gaussian distribution where the precision matrix is taken as the
graph Laplacian matrix, which is a singular matrix with at least one zero eigen-

value. A large o is more likely to destroy the graph topological structure behind the
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Figure 3.6: GMSE v.s. ¢? for L2G/GLAD.

data. Given that our objective is to learn a graph topology with non-negative edge
weights, we report results in Table 3.2 using a small 0 = 0.01. In Figure 3.6, we see
that GLAD[190] performs badly with small diagonal perturbation o2, while our L2G
method performs stably with different 2. Admittedly, GLAD[190] outperforms L2G
in terms of GMSE/NMSE under 1 < ¢? < 10* in Figure 3.6. However, this could be
due to the fact that during training GLAD makes use of the groundtruth precision
matrix which contains information of ¢, while L2G does not require and hence is not
made aware of this information.

Thirdly, we generate another synthetic dataset with binary groundtruth graphs
to have a fairer comparison with Deep-graph[19] and report the experimental results
in Table 3.3 of Appendix 3.3. We follow the original setting in the chapter for train-
ing and inference. For both binary graphs or weighted graphs, Deep-graph[19] has
achieved inferior performance, showing that CNN has less expressiveness than the

inductive bias introduced by model-based graph learning.

Analysis of model behaviour. Figure 3.7a shows the proposed models require
far less iterations to achieve a big improvement on accuracy than the baseline models.
Here, the number of iterations is referred to as the number of unrolling layers 7" in
Algorithm 3. This means the proposed models can be used to learn a graph from data
with significant saving in computation time once trained. In Figure 3.7b, we vary T’
in both L2G and Unrolling. With the same T, L2G with TopoDiff VAE replacing the
proximal operator in Unrolling achieves a lower GMSE at each layer. This suggests
that TopoDifft VAE can help the unrolling algorithm to converge faster to a good

solution (in this case a graph with desired structural properties).
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Figure 3.7: Convergence of number of iterations

In Figure 3.7c, we train L2G and Unrolling on different sizes of graphs, where m
is the number of nodes. A larger graph requires more iterations to converge in both
models, but the requirement is less for L2G than for Unrolling. One advantage of
applying Unrolling is that it can be more easily transferred to learn a graph topology
of different size. This is because the parameters learned in Unrolling are not size-
dependent. Figure 3.7c shows that with a large number of iterations (which will be
costly to run), Unrolling can learn a effective data-to-graph mapping with a little
sacrifice on GMSE. However, L2G significantly outperforms Unrolling in terms of
preserving topological properties, which are hard to be reflected by GMSE. Unrolling
might fail at detecting edges that are important to structural characteristics. For
example, as shown in Figure 3.3c and 3.3d in Appendix, rewired edges in WS graphs
are missing from the results of Unrolling but successfully learned by L2G.

In Figure 3.7c of Section 3.3, we show that L2G performs better in learning graphs
with m = 100 nodes. The main challenge of scaling to large graphs (i.e. millions of
nodes) lies in the memory required for large training samples including both graphs
and data on nodes. Fortunately, we show that the proposed methods can be pre-
trained and then transferred to real-world data (see the real-world applications in
Section 3.3). We can use a similar trick to pretrain an Unrolling model and then
transferred to evaluate a graph with more nodes. This is because the learnable pa-
rameters of the Unrolling model (@unroning) are not dependent on graph size. More

extensive tests on this is one of the main directions for future work.

3.4 Conclusions

In this chapter, we utilise the technique of learning to optimise to learn graph topolo-

gies from node observations. Our method is able to learn a data-to-graph mapping,
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which leverages the inductive bias provided by a classical iterative algorithm that
solves structural-regularised Laplacian quadratic minimisation. We further propose
a topological difference variational autoencoder to enhance the expressiveness and
flexibility of the structural regularisers. Limitations of the current method include
its focus on unrolling an algorithm for learning undirected graph, and scalability to

learning large-scale graphs. We leave these directions as future work.
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Chapter 4

Financial Application I: Network
Momentum Strategies
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4.1 Introduction

Financial networks represent interconnections among financial entities such as insti-
tutions, markets and assets, and are constructed to facilitate the analysis of various
downstream tasks. These tasks primarily focus on systemic risk assessment and mar-
ket structure analysis, and more recently on alpha research and portfolio optimisation
[3, 132]. Network momentum is a type of network alpha signals, which is based on the

idea that the future return of one company in the financial network can be predicted
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from the past returns of companies to which it is connected, a phenomenon known
as momentum spillover [3].

The construction of financial networks is crucial to the success of network mo-
mentum signals. Nodes often represent individual stocks, while edges capture the
relations between them and are constructed based on various financial or economic
factors. These factors include, but are not limited to, industry or business similar-
ity [156, 28], geographical proximity [164, 123] news co-mentions [209] and supply-
demand links [48, 151]. However, the construction of these networks often relies
on acquiring expensive databases from domain experts with deep understanding of
finance and economics, making it costly for small-sized, non-profit or academic in-
stitutions. Alternatively, we may adopt the reasonable assumption that momentum
spillover is subtly echoed in the historical pricing data, which are more readily ac-
cessible. Therefore, if an effective model could be developed to learn the relationship
between companies from readily available data, it could significantly lessen the depen-
dence on costly data acquisition and specialised financial knowledge. Nevertheless,
creating such a model remains a significant open challenge in the field of machine
learning and quantitative finance.

Another limitation of the literature is that the construction of financial networks
or graphs! is often detached from the subsequent downstream tasks. For example,
analysts tend to focus more on economic justification when constructing these graphs,
giving less consideration to whether they would lead to optimal portfolio performance.
However, it is possible that the method of graph construction, such as deducing a cus-
tom sales ratio formula to determine the connection strength between two companies
[48], may not help with achieving optimal portfolio performance. In other words, the
graph may not be effectively optimised with respect to portfolio performance. This
underscores the need for a task-specific graph construction framework.

In response to these considerations, we propose an end-to-end machine learning
framework capable of simultaneously learning financial graphs and optimising the
trading signals from momentum features built from these networks. Our framework
leverages the concept of learning to learn graph topologies (LL2G) [172], which has been
introduced in Chapter 3. Traditional graph learning methods typically employ convex
optimisation to solve for an optimal graph given observed data on nodes [68, 66]. L2G

reformulated this process into learning a parametric mapping, where node features

In this chapter, we use graph and network interchangeably, and neighbours and peers inter-
changeably to represent the assets one is connected to. In the literature, the connected assets are
also sometimes referred to as linked assets.
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are input and the graph serves as the output, by unrolling the optimisation algorithm
into a forward propagation of a neural network. Taking advantage of the flexibility
in neural architecture design and training, we propose to incorporate into L2G an
additional layer for constructing network momentum features, and train the model
with loss being portfolio performance metrics in an end-to-end fashion.

We test the proposed strategy, Learning to Learn Financial Networks for Optimis-
ing Momentum Strategies (L2GMOM), on 64 continuous future contracts of marco
assets, spanning commodities, equities, fixed income funds, and foreign currencies. In
a simplified portfolio construction using real market data of these future contracts,
we have observed a Sharpe ratio of 1.74 during a 20-year backtest period from 2000
to 2020. It is important to acknowledge that while these results are promising, they
necessitate careful considerations when applied in real-world trading scenarios, partic-
ularly with regard to potential associated costs. Another noteworthy aspect emerging
from our experiments is the ability to uncover momentum spillover of marco assets
through the learned financial graphs. This capability enhances the interpretability
of our methodology for portfolio construction. Furthermore, our model demonstrates
computational efficiency, enabling rapid inference in milliseconds and eliminating the

daily need for graph optimisation.

4.1.1 Contributions

The major contributions of our work are threefold: Firstly, we present a novel method-
ology that uses easily accessible market data to infer a network to describe the momen-
tum spillover between marco assets in the futures market. This approach eliminates
the costly requirement for alternative datasets and reduces human bias. Secondly, we
propose an end-to-end learning framework that is capable of both inferring financial
networks and simultaneously optimising the downstream task of portfolio construc-
tion. This ensures the financial networks are directly optimised in relation to portfolio

performance.

4.2 Preliminary

4.2.1 Individual Momentum Strategy

The concept of individual asset momentum, proposed by [156], explores the profitabil-

ity by longing past winner assets and shorting past underperformers. A time-series
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(TSMOM) momentum can be therefore constructed, with the daily return defined as

portfolio |
Tiagr szt mm (4.1)
TN, 4

where NN, is the number of assets at day t, 7,441 is the daily return of asset i.
With the target annualised volatility o, the asset return is scaled by its annualised
realised volatility o;,. Here, oy = 0.15 following literature standards [138], and o; ;
is estimated from an exponential weighted moving standard deviation with a 60-day
span on daily returns. The position, or trading signal z;, € [—1, 1] at day ¢ for asset
1, specifies the strategy. The core of momentum strategies is the construction of the
trading signal z; ;. It often consists of two steps - trend estimation and position sizing.

We illustrate this with the following examples.

Annual Return The authors in [157] proposed to use past l-year asset return

Tit—252+ as a trend estimation, and the direction as the position x;; = sgn(r; ;—252:)-

MACD The authors in [17] constructed trend estimation using the volatility nor-

malised moving average crossover divergence (MACD) indicators such that

MACD(i,t, S, L) = m(i,t,S) —m(i,t, L) (4.2)
MACD(4, ¢, S, L)

MACD,orm(7,t, S, L) = 4.3
( ) Std(pm—ﬁ&t) ( )
MACDy,orm (1, ¢, S, L)
. = 4.4
Uit L) = S A TACD o (i, £ — 252, 5. 1) (44)
3
1
Tit = 52 Yit Sk7Lk ) (4-5)
k=1

where m(i, t, J) is the exponentially weighted moving average of the prices of asset i at
time ¢, with a scale J such that the smoothing factor a = 1/.J. Here std(p; ;—¢3.¢) is the
63-day rolling standard deviation of the prices of asset 7. Similarly, the denominator of
Eq.(4.4) is the 252-day rolling standard deviation of the normalised MACD. A typical
choice for time span is (Sy, Ly) € {(8,24), (16,48), (32,96)} and ¢(y) = LU/
a position scaling function.

Machine Learning-based TSMOM Recent literature managed to construct the
individual time-series momentum from machine learning models. The authors in [138]

proposed a general supervised learning framework such that
Tip = sgn(yir) and  yip = fo(Wiy). (4.6)
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It can also directly model the position:

Tt = fe(ui,t) (4-7)

The model specifications for f are diverse and often considered in relation to the
nature of the input feature u. The authors in [138] compared linear models and
deep learning models, such as Lasso Regression, MLP, WaveNet, and LSTM, using
input features such as the MACD indicators and volatility-scaled returns from diverse
lookback windows. In a similar vein, Wood et al. [214] considered an attention-based
deep learning model. Tan et al. [200] proposed advanced deep learning to effectively

model for time-series and cross-sectional momentum.

4.2.2 Network Momentum Strategy

Network momentum strategy takes into account the interconnections of assets, as-
suming an asset’s future performance can be influenced by the past performance of
its linked assets. A network or graph is defined to represent economic links between
assets, modelled by a graph adjacency matrix A; at time t. A general framework
of network momentum strategies starts by defining a network or graph to represent
certain economic links between two assets. The network is mathematically modelled
by a graph adjacency matrix A, € RM*M hetween N, assets at time ¢, where the
entries a;¢+ = 0 and a;;¢; > 0. If a;;; > 0, there exists an economic link that shows
certain similarity between asset i and asset j. Some studies [156, 28] defined binary
graph such that a;;; € {0, 1}, while others [222, 3] also quantified the strength of the
interconnections using edge weights.

The network momentum of asset ¢ at time ¢ is defined through the average of

trend estimation propagated from its connected assets in A;:

i Qi 4.8
Yit = | M GNX:( JitYjt (4.8)
where N;(i) is the neighbourhood set of asset ¢ at time ¢ containing all its connected
assets. In the literature, different economic links were explored. Some examples of A
include:

o [ndustry Linkage. a;j; = 1 if stock 7 and j belong to the same industry, based

on industrial classification codes such as two-digit SIC [156] and GICS [28].
o Industrial Segment. A conglomerate firm contain multiple industrial segments
that corresponds to standalone firms. Cohen and Lou [50] predicted return of

the target conglomerate from its linked standalone firms.
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e Supply-demand Relations [151, 222]. Cohen and Frazzini [48] define a customer
link a;;; = 1 for a target firm ¢ if it sells more then 10% its products or services
to the firm j. Yamamoto et al. [222] further modified the binary link by using
centrality statistics from network theory as edge weights to show the relevant
importance of customers. Menzly and Ozbas [151] considered supplier links
together with customer links, where the edge weights are defined as the flow of
goods.

e Geographic Location. a;j; = 1 if two companies have headquarters in the same
location [164, 123].

e Patent Similarity. Lee et al. [132] define a technology proximity score a;;; to
measure the similarity of patent portfolios between two firms.

o News co-occurrence: Wan et al. [209] defines a;;; as the cosine similarity of the
sentiment representations from the news of two firms.

o Analyst co-coverage. Ali and Hirshleifer [3] defined a;;; as the number of sell-
side analysts who cover stock ¢ and j in the same report at time ¢. The two
firms that are both covered by a sell-side analyst share similar economic and
business fundamentals. Ali and Hirshleifer [3] finds that such a connected-
firm momentum factor generates a monthly alpha of 1.68% and the co-coverage
network more effectively encapsulates the information contained within other
links such as industry, geographic location and customer/supplier chain.

While the above networks can effectively capture some economic similarity between
companies and potentially generate alpha signals, they often rely on expensive databases
from domain experts with deep understanding of finance. In this chapter, we propose
learning the graph adjacency matrix A, from readily accessible historical returns that

directly optimises momentum strategy.

4.2.3 Learning to Learn Graph Topologies

In Chapter 3, we introduce a deep learning model Learning to Learn Graph Topologies
(L2G). L2G reformulates the optimisation problem of GSP-based graph learning [66,
112, 148] into a task of learning a parametric mapping. A neural network with
a forward propagation step is proposed by unrolling the iterative PDS optimisation
steps (as in Algorithm 3). The hyperparameters that influence the graph’s topological
characteristics transform into learnable parameters, which are trained using a loss
function comparing graph estimates against ground truth graphs.

In the context of this Chapter, each financial asset represents a node, and their

historical pricing data act as node observations. With graph learning, we can reveal
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the interconnections between assets. Learning to Learn Graph Topologies (L2G) pro-
vides further inspiration, as we can now use a loss function associated with portfolio

performance to determine the optimal graph structure.

4.3 Learning to Learn Network Momentum

4.3.1 L2GMOM

In this section, we introduce Learning to Learn Financial Networks for Optimising
Momentum Strategies (L2GMOM), a solution specifically designed to learn financial
networks from readily available data and optimise them directly for an ideal portfolio
performance.

As introduced in Section 4.2.3, L2G reformulates optimisation-based graph learn-
ing into an unrolling neural network. By leveraging the inherent modularity of neural
networks, where different layers can be easily stacked for forward propagation, we
propose to incorporate an additional layer into L2G for directly constructing network
momentum. Given a feature matrix V, captured from N, assets at time ¢, the ini-
tial step of L2ZGMOM involves employing the L2G layer (Algorithm 3), as defined in
Eq.(4.9b), to learn a graph adjacency matrix A;. This matrix illustrates the inter-
connections among the assets. Subsequently, A; has a normalisation step, as outlined
in Eq.(4.9¢). The normalisation aims to offset the dominance of nodes with many
connections. In line with the machine learning-based TSMOM approach [138] and
traditional network momentum in Eq.(4.8), we propose a linear layer to estimate the
momentum trend of asset ¢, derived from a linear combination of individual momen-
tum features U, of its connected assets in At. AtUt has an interpretation of a network
momentum features and the learned parameters @ are the weights of combining differ-
ent momentum features. It is worth mentioning that A, from Eq. (4.9¢) contains only
non-negative edges, as a result of enforcing the constraints of Eq.(3.4). In summary,

these are the forward propagation rules for the L2ZGMOM neural network:

h; = vech(H;), where Hyj;; = || V., — V,..l[5 (4.9a)

A, = L2G(h;, L, enhancement ! = False; a,3,7) (4.9Db)

A, =D;"?AD; ", where D;iy =Y Ay, Dijy =0 (4.9¢)
J

(L2GMOM) y, = A, U0 + b (4.9d)
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where y; is the model output, a N;-dimensional vector of trend estimations for
every assets, such that y, = [y14, Y24, .--,Un,e]’. We further take the trading po-
sitions x; = sgn(y;) for constructing a network momentum strategy. The trainable
parameters include (o, 3,4, 0,b).

Taking one step further, we also model the direct position x; instead of the trend
estimation y;. We name the model LZGMOM_SR, since we further use Sharpe
Ratio (SR) to optimise for the positions, which are consistent with the literature
[138]. Since the resulting positions x; lie within the range of [—1,1] in TSMOM, we
simply introduce a non-linear activation function, tanh, in the linear layer to ensure

the same bahaviour:
(L2GMOM SR) x; = tanh(A,V,6 + 1) (4.10)

The use of L2ZGMOM_SR showcases our model’s flexibility, accommodating different
loss functions. L2GMOM_SR not only optimises the portfolio positions, but also the

graph learning layer, ensuring the network is well optimised w.r.t. Sharpe ratio.

4.3.2 Input Features

We consider the following eight momentum features calculated from pricing data for
Ut:

e Volatility-scaled returns over the past 1-day, 1-month, 3-month, 6-month
and 1-year periods, denoted as ﬁ for asset i, where A = {1, 21, 63,126, 252}
days. The daily volatility o; is estimated using an exponential weighted moving
standard deviation with a 60-day span on daily returns. This method gives
more weight to recent observations, using a smoothing factor a = GOQﬁ' The
60-day span refers to the window over which the weights decay, making this a

responsive measure of market risk.

e MACD indicators with three combinations of short and long time scales (S, L) €
{(8,24),(16,48),(32,96)} in Eq.(4.4).

Therefore, U, € RM*8 is the matrix containing these eight features for every asset.

For V,, we adopt a 252-day lookback window and stack the individual features
together. This is to ensure the L2G layer can capture a stable similarity from longer
time-series, providing a robust foundation for learning. As a result, we obtain a
representation V, € RV*% where § = 252.
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In order to mitigate the influence of outliers, we also winsorise the data by cap-
ping/flooring it to be within 5 times its exponentially weighted moving (EWM)
standard deviations from its EWM average — computed using a 252-day half-life,
as adopted by Lim et al. [138].

4.3.3 Loss Functions

The parameters in L2ZGMOM to be estimated include graph learning parameters
(e, B,7) and momentum feature parameters (6,b). Note that in Chapter 3, we
observed that allowing varying hyperparameters («, 3, 7) in each unrolling layer would
significantly increase the performance of graph learning. Therefore, we adopt the same
approach. The coefficients are learned by minimising with respect to different loss
functions associated with portfolio performance, depending on whether the output is

Y: Or X;.

e Mean Squared Error (MSE) for training L2GMOM:

1 et )
Lyse(6,b) = — > (yi,t - M) (4.11)

‘ | (3,t)EQ Tit

)

e Negative Sharpe Ratio for training L2GMOM_SR:
Z(i,t)GQ Ri,t X V 252
Z(i,t)eﬂ RiQ,t B (Z(i,t)eQ R;)?

where R;; = xu%g;n’t:tﬂ is the volatility-normalised return of asset i at time
T
t.

Lsr(6,0) = (4.12)

4.4 Performance Evaluation

4.4.1 Backtest Setup

Datasets

Our dataset contains 64 ratio-adjusted continuous future contracts obtained from the
Pinnacle Data Crop CLC Database?. We computed the momentum feature in Section
4.3.2 from the daily prices from 1990 to 2020, although different assets could have
different time spans when the prices are available. Table 4.1 lists all the assets used
in backtest.

Zhttps://pinnacledata2.com /clc.html
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Table 4.1: The Pinnacle Universe

Ticker Description Period ‘ Ticker Description Period
Commodities: Equities:

BC BRENT CRUDE OIL, composite  2010-2020 | AX GERMAN DAX INDEX 1999-2020
BG BRENT GASOIL, composite 2010-2020 | CA CAC40 INDEX 2000-2020
CC COCOA 1990-2020 | EN NASDAQ, MINI 2001-2020
CL CRUDE OIL 1990-2020 | ER RUSSELL 2000, MINI 2004-2020
cT COTTON #2 1990-2020 | ES S&P 500, MINT 1999-2020
DA MILK III, composite 1999-2020 | HS HANG SENG INDEX 1999-2020
GI GOLDMAN SAKS C. L. 1995-2020 | LX FTSE 100 INDEX 1991-2020
JO ORANGE JUICE 1990-2020 | MD S&P 400, MINI, electronic 1994-2020
KC COFFEE 1990-2020 | SC S&P 500, composite 1996-2020
KW WHEAT 1990-2020 | SP S&P 500, day session 1990-2020
LB LUMBER 1990-2020 | XU DOW JONES EUROSTOXX 50  2003-2020
MW WHEAT, MINN 1990-2020 | XX DOW JONES STOXX 50 2004-2020
NR NATURAL GAS 1990-2020 | YM DOW JONES, MINI ($5.00) 2004-2020
SB SUGAR #11 1990-2020 | Fixed Income:

W_ WHEAT, CBOT 1990-2018 | AP AUSTRALIAN PRICE INDEX 2010-2020
ZA PALLADIUM, electronic 1990-2020 | DT EURO BOND (BUND) 1991-2020
ZB RBOB, electronic 1990-2020 | FB T-NOTE, 5yr composite 1990-2020
ZC CORN, electronic 1990-2020 | GS GILT, LONG BOND 1991-2020
ZF FEEDER CATTLE, electronic 1990-2020 | TU T-NOTES, 2yr composite 1992-2020
7G GOLD, electronic 1990-2020 | TY T-NOTE, 10yr composite 1990-2020
ZI SILVER, electronic 1990-2020 | UB EURO BOBL 2000-2020
ZK COPPER, electronic 1990-2020 | US T-BONDS, composite 1990-2020
ZL SOYBEAN OIL, electronic 1990-2020 | Currencies:

ZM SOYBEAN MEAL, electronic 1990-2020 | AN AUSTRALIAN $$, day session 1990-2020
ZN NATURAL GAS, electronic 1992-2020 | BN BRITISH POUND, composite 1990-2020
70 OATS, electronic 1990-2020 | CB CANADIAN 10YR BOND 1996-2020
7P PLATINUM, electronic 1990-2020 | CN CANADIAN $$, composite 1990-2020
ZR ROUGH RICE, electronic 1990-2020 | DX US DOLLAR INDEX 1990-2020
7S SOYBEANS electronic 1990-2020 | FN EURO, composite 1990-2020
ZT LIVE CATTLE, electronic 1990-2020 | JN JAPANESE YEN, composite 1990-2020
7ZU CRUDE OIL, electronic 1990-2020 | MP MEXICAN PESO 1997-2020
ZW WHEAT electronic 1990-2020 | NK NIKKEI INDEX 1992-2020
77 LEAN HOGS, electronic 1990-2020 | SN SWISS FRANC, composite 1990-2020
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Strategy Candidates

We compare the proposed strategies against the following reference benchmarks:

e Long Only takes a consistent long position z;; = 1 with daily volatility scaling
in Eq.(4.1)

e MACD [17] takes positions from Eq.(4.5).

e LinReg [138] stands for Linear Regression with the eight momentum features

as covariates, and the signals were constructed following Eq.(4.6) .

e GLinReg stands for Graph Linear Regression. This is an ablation strategy.
We learn graphs separately with Eq.(3.4) and we fit them in Eq.(4.9d). This is
to demonstrate whether the performance gain is from the end-to-end learning

architecture.

We name the strategies constructed from the proposed models as L2ZGMOM and
L2GMOM_SR. The positions of L2ZGMOM are the signs of the trend estimation in
Eq.(4.9d), and L2ZGMOM_SR directly outputs the positions.

Optimisation Details

The models were trained every 5 years, involving coefficient optimisation and hyper-
parameter tuning using data up to the re-trained time point. These optimised models
were then used to generate trading signals for the subsequent 5 years, using out-of-
sample data. To ensure an adequate number of training samples, the first backtest
period covered 1990-1999 for training and 2000-2004 for testing. Similarly, the second
period included 1990-2004 for training and 2005-2009 for testing, and so on. Thus,
we had a 20-year aggregated out-of-sample period from 2000 to 2020. For each back-
test period, the most recent 10% of training data was set aside as a validation set
for hyperparameter tuning. The hyperparameters included the number of unrolling
times L in Algorithm 3, batch size, and optimiser parameters. Linear models such as
LinReg and GLinReg have analytical solutions. For L2ZGMOM and L2GMOM_SR, we
used stochastic gradient descent with the Adam optimiser in a mini-batch approach.
Early stopping was activated when the validation loss failed to improve beyond a
certain threshold, which was determined using the validation set for convergence. To
mitigate the randomness introduced by the Adam optimiser, we conducted 5 runs with

random initial values and averaged the model outputs to create an ensemble.
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4.4.2 Portfolio Performance

In evaluating the portfolio performance, we use the following annualised metrics in
Table 4.2:

e Profitability: expected return and hit rate (the percentage of days with posi-

tive returns across the test period)

e Risk: daily volatility (vol.), downside deviation, maximum drawdown (MDD)
and MDD duration (the percentage of days with MDD across the test period).

e Overall Performance: Sharpe ratio (expected return/vol.), Sortino ratio (ex-
pected return/downside deviation), Calmar ratio (expected return/MDD), and

the average profits over the average loss (—i‘ég E)

In order to have a better comparison between different strategies, we apply an addi-
tional layer of volatility scaling at the portfolio level to an annualised volatility target
of 15% and report the above evaluation metrics. In Figure 4.1a and Figure 4.1b, we
plot the daily cumulative returns of raw signals and signals rescaled to 15% annual
volatility of main strategies.

L2GMOM and GLinReg both outperform LinReg in terms of portfolio returns in
both raw signals and signals rescaled to 15% target volatility. This suggests that con-
sidering the network effect in assets can greatly enhance profitability. L2ZGMOM also
outperforming GLinReg indicates that optimising the graph with respect to portfolio
performance can yield higher returns, which supports our conjecture that the sepa-
ration of network construction in network momentum strategies may adversely affect
the portfolio performance. In terms of portfolio risk, L2ZGMOM has a lower downside
deviation and shorter MDD duration in both raw signals and signals rescaled to 15%
target volatility, indicating that it manages risk more effectively. L2ZGMOM also out-
performs GLinReg in terms of volatility, suggesting that optimising the graph with
respect to portfolio performance can also reduce risk.

L2GMOM_SR has the lowest volatility, downside deviation, MDD, and MDD
duration in the raw signal, indicating that optimising with the Sharpe ratio can
significantly reduce risk. It is not surprising to observe a higher Sharpe ratio in
L2GMOM _SR, which is consistent with the results in machine learning TSMOM
[138]. Note that, the returns of L2GMOM_SR drops in the raw signals, but the

return is the highest in the volatility-scaled signals.
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Figure 4.2: A diversification analysis on the correlations and sign agreement of daily
returns between the proposed strategies (L2GMOM/L2GMOM_SR), one ablation
strategy (GLinReg) and three reference strategies (Long Only/MACD /LinReg).

4.4.3 Diversification Analysis

To evaluate whether the signals constructed from the proposed models are different

from the reference baselines, we calculated the correlation of daily returns between

candidate signals in Figure 4.2a. Besides, we calculate the percentage by how much

the signals of two strategies have the same direction, also known as sign agreement

in Figure 4.2b. Note that LineReg, GLinReg, L2ZGMOM and L2ZGMOM_SR have the
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exactly same input momentum features.

From Figure 4.2a and Figure 4.2b, we draw the following conclusions. The
L2GMOM strategy, which incorporates graph learning and network momentum, shows
moderate diversification potential with the model-free MACD strategy, as evidenced
by their moderate return correlation and position sign agreement. Comparing L2GMOM
with LinReg, which uses the same input but different momentum calculation meth-
ods, shows less diversification potential due to higher correlation and agreement.
However, L2ZGMOM has better portfolio performance, showing it could be a better
alternative strategy. Finally, L2ZGMOM, GLinReg, and L2ZGMOM _SR, all of which
consider graph effects but differ in optimisation methods, show limited diversifica-
tion potential due to high return correlations and sign agreements. Despite their
different modelling approaches, the similar inputs and graph-based methods used by
these strategies result in relatively high correlations, suggesting limited diversification

benefits when combined in a portfolio.

4.4.4 Turnover Analysis

Following the convention of literature [138], we calculate the cost-adjusted Sharpe

ratio from the adjusted returns:

Tig  Lig—1

) (4.13)

Ny
fﬁ?ﬁ%ho = Nit ; (Ii,t%itri,t:t—&-l —C- 04t Gir  Oiit
where ¢ is the turnover cost in bps, varying from 0.5 to 5 bps. As ex-ante costs
rise, all strategies see a drop in cost-adjusted Sharpe ratios. LinReg, a machine
learning model, is most sensitive, turning negative at costs over 3 bps. GLinReg,
which includes graph learning, fares better, maintaining a higher positive Sharpe
ratios at 2 bps. The proposed models, L2ZGMOM and L2GMOM _SR, also stay positive
at 3 bps, showing resilience to increasing costs. Thus, graph learning strategies like
GLinReg, L2GMOM, and L2ZGMOM _SR offer better cost resilience than LinReg. The
Long Only and MACD strategies, which are model-free, show a relatively gradual
decrease in Sharpe ratio as ex-ante costs increase. To further reduce the turnover of
machine learning strategies, [138] proposed including a turnover regularisation. This

is an interesting avenue for future analysis.

4.4.5 Network Analysis

Figure 4.4 are example daily networks obtained from the proposed L2GMOM and
L2GMOM_SR, specifically the output of Eq.(4.9¢). We deliberately chose two differ-
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Figure 4.3: Cost-adjusted sharpe ratio of the proposed strategies
(L2GMOM/L2GMOM_SR), one ablation strategy (GLinReg) and three refer-
ence strategies (Long Only/MACD/LinReg)

ent dates to exhibit, 2008-01-03 for the turbulent period and 2010-01-04 for the calm
period. Note that there were some assets without any connections, because the input
features for them were missing. The four subfigures demonstrate a strong community
structure corresponding to four asset classes: commodities, equities, fixed income
(FI), and foreign exchange (FX). The equities form a dense cluster, indicating a high
degree of interconnection among equity assets. Inter-class connections are also ob-
served, particularly between commodities and the other three asset classes. However,
there is a notable absence of connections between equities and fixed income. This is
reasonable given that these two asset classes often exhibit negative correlations and
are used to hedge each other, suggesting no momentum spillover according to the
strategy.

By comparing Figure 4.4a and 4.4c, we can also capture some temporal variations
in the momentum network structure. During calm periods (e.g. 2010-01-04), there
are fewer inter-class connections between fixed income and the other assets. However,
in turbulent times (e.g. Global Financial Crisis covering 2008-01-03), these connec-
tions increase, indicating a shift in momentum propagation under different market
conditions.

The graphs obtained from the L2ZGMOM_SR strategy are denser with more similar
edge weights, demonstrating the strategy’s tendency in reducing volatility. One pos-
sible explanation is that, by increasing the connections between assets, the strategy
ensures that each asset receives momentum information passed from a broader range

of assets, rather than relying on a few, thus enhancing the robustness and stability
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Figure 4.4: A momentum spillover analysis on the learned networks from L2GMOM
or L2ZGMOM_SR for two different dates: 2008-01-03 (turbulent period) and 2010-01-
04 (calm period).
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of the strategy.

4.5 Conclusions

In this chapter, we introduce an end-to-end graph machine learning framework for de-
veloping network momentum strategies in the futures market of macro assets, specif-
ically proposing two model variants: L2ZGMOM and L2ZGMOM_SR. This framework
effectively learns the graph adjacency matrix to describe the network effect of mo-
mentum spillovers between macro assets from their market data, while simultaneously
optimising portfolio performance. A key contribution of the proposed framework is
to reduce the dependence on alternative datasets, which are less accessible for macro
assets like commodities compared to equities. For futures contracts of commodities,
acquiring alternative data to capture relationships beyond the company level as in
equities proves more challenging and expensive.

The backtest of the proposed model on a simplified portfolio construction across
64 continuous futures contracts of macro assets demonstrates promising results. It
shows an enhancement in profitability compared to traditional time series momen-
tum strategies. Additionally, our models offer high interpretability, yielding explicit
networks as a byproduct. These networks not only illustrate the similarities in the mo-
mentum feature space of these assets but are also optimised for portfolio performance.
This provides a profound insight into the unexpected connections, e.g. between the
10-year Treasury Notes and Lean Hogs, that can be instrumental in further economic
and financial research. Additionally, analysis of these learned networks reveals a
community structure and temporal variations consistent with established financial
principles.

Admittedly, there are inherent limitations to the proposed framework. Firstly,
our model is data-driven, and its efficacy in capturing meaningful momentum signals
from other asset classes, such as equities, is not confirmed. Secondly, the portfolio
construction procedure in our study is simplified to underscore the modelling inno-
vation. For practical application in real-world trading scenarios, many other factors,
including potential costs and liquidity constraints, must be considered. Adjusting for
these factors could potentially reduce portfolio performance.

Consequently, there are several paths for future research. Investigating turnover
regularisation as a potential enhancement to the proposed framework is also worth

considering. Additionally, a thorough analysis of trading costs and limitations is
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recommended. This could provide a deeper understanding of the practical advantages

of this method in the real financial market.
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Chapter 5

Financial Application II: Realised
Volatility Forecasting
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5.1 Introduction

Modelling and forecasting stock return volatility plays a crucial role in the theory and

practice of finance. Extensive attention has been devoted to this subject within the
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literature, encompassing numerous ARCH, GARCH, and stochastic volatility models.
Due to the availability of high-frequency data, realized volatility (RV), calculated
from the sum of squared intraday returns, has gained popularity in recent years. For
example, [52] put forward the Heterogeneous Autoregressive (HAR) for predicting
daily RVs using various lagged RV components over different time horizons. While
these methods provided valuable insights into the dynamic dependence of volatilities,
they neglected the volatility spillover effect among assets, as highlighted by [25].

The wvolatility spillover effect is referred to as the phenomenon that some big
shocks of a specific asset (or market) may have an influence on the volatilities of
other assets (or markets). Therefore, the discovery of volatility spillover effects is
expected to benefit the understanding and forecasting of volatilities. For example, [31]
documented that the VIX of the U.S. market plays an important role in forecasting
the volatilities of other global assets markets. [58] examined the cross-asset spillover
effects from stocks, currencies, and commodities to improve the prediction of RV
of crude oil. [25, 134] utilises the commonality in risk structures to improve the
forecasting of future volatility.

There is a number of studies dedicated to incorporating the spillover effect into
volatility modelling, e.g. BEKK-GARCH ([73]) and VAR-GARCH ([139]). In terms
of modelling RV, [213] employed Vector Autoregression (VAR) to obtain the mul-
tivariate volatility forecasts for stock market indices. However, in high-dimensional
scenarios, the aforementioned models may deliver poor out-of-sample forecasts due
to the curse of dimensionality, as emphasised by [33]. Most recently, [228] introduced
graph-based methods to capture the volatility spillover effects, and proposed a par-
simonious model to augment HAR via neighbourhood aggregation on a graph that
represents a financial network, denoted as Graph HAR (or GHAR). In these graphs,
each asset is modelled as a node and an edge connecting two nodes encodes the exis-
tence of the spillover effect between their volatilities. GHAR leverages neighbourhood
aggregation to generate a new covariate over the graph for each underlying asset and
enhance the accuracy of individual volatility forecasts.

One natural question following GHAR is whether there exists any spillover effect
between nodes that is beyond one step, a.k.a. multi-hop neighbours (see detailed
definitions in Section 5.2.1). For example, as illustrated in Figure 5.1, for the target
node (i.e. IBM), in addition to the spillover effect of 1st-hop neighbours (i.e. JPM
and GS), we are also interested in whether there is any spillover effect from 2nd-hop
neighbours (i.e. AXP, CVX, and BA). To the best of our knowledge, spillover effects
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from multi-hop neighbours have not yet received much attention in the volatility

modelling literature.!

Figure 5.1: An illustration of multi-hop and nonlinear volatility spillover.

IBM JPM

GS

linear spillover
non-linear spillover

O Oth-hop neighbor of IBM (target node itself)
© 1st-hop neighbor of IBM
@ 2nd-hop neighbor of IBM

A @

Note: The target node represents the volatility of IBM. The connections are only for
illustration, and hence not necessarily consistent with our experiments.

In addition to multi-hop effects, another interesting question is whether the volatil-
ity spillover is nonlinear. Most of the previous studies focus on the linear relationships
across assets or markets, such as [58, 213, 228]. In a few scenarios, the existence of
nonlinear volatility spillover effects has also been discovered and examined. For exam-
ple, [44] documented the existence of significant nonlinear spillover effects among four
major markets, i.e. the U.S., Canada, Japan, and the U.K., via a nonlinear causality
test proposed by [11]. [212] attempted to capture the nonlinear relationship between
the volatilities of stocks and crude oil, by incorporating the asymmetric effect of oil
prices and regime shifts.

While the incorporation of multi-hop neighbours expands the set of features and
the potential presence of nonlinear spillover effects introduces new functional forms to
describe volatility dynamics, it is also worth emphasising that the choice of estimation
criterion (EC), representing the objective function for estimating model parameters,
plays a crucial role. This follows the perspective that a statistical forecasting model
typically consists of three essential components: (i) feature set, (ii) model specifi-
cation, and (iii) EC. Traditional econometric models, such as GARCH, commonly
employ conditional quasi-likelihood (QLIKE) based on normal distributions for pa-

rameter estimation. Conversely, models focused on forecasting realized volatilities,

'The 2nd-hop connections have been studied in the context of cascading effects of financial
networks, e.g. [2], where the shocks that occur to an individual firm would propagate through the
rest of the economy. Consequently, the downstream firms more than one hop away may also suffer
from the impact.
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such as HAR, often utilise the mean squared error (MSE) as their EC. Therefore,
an important question arises as to whether a preferred EC exists?, especially when
combined with the aforementioned aspects, namely the effect of multi-hop neighbours
and non-linear relationships.

In the present work, we explore these three questions using graph neural networks
(GNNs). GNNs are a class of deep learning models designed for performing inference
on graphs and graph-structured data. They are capable of learning node and graph-
level representations that are useful for a wide range of tasks involving graph analysis,
such as node classification, node regression, and graph clustering. GNNs have demon-
strated successful applications in various financial domains, including stock movement
prediction (][40, 181]), credit risk prediction ([210, 137]) and payment fraud detection
([143, 144)).

The revised paragraph below addresses the comment suggesting that the claims
in Chapters 4 and 5 be moderated. It aims to provide a more balanced viewpoint,
highlighting both the novel aspects and the limitations of the applications discussed.

In this chapter, we have developed a GNN-based framework, specifically utilising
Graph Convolutional Neural Networks (GCNs), to examine the topological character-
istics of volatility spillover effects®. By replacing the linear neighbourhood aggregation
in the GHAR model in [229] with nonlinear operations, our model can autonomously
learn the nonlinear spillover effects. Additionally, the multi-layer setup of GCNs
allows exploration of this nonlinearity in a multi-hop context, i.e., spillover to neigh-
bours more than one hop away in the financial network.

The advantage of our model lies in its flexibility to accommodate various error
criteria (EC) during the training phase. Additionally, the preference for GCNs over
more complex architectures like Transformers or advanced GNN variants is further
justified by their efficiency. While these advanced GNN models might offer additional
expressive power, they also bring greater computational complexity and a higher
risk of overfitting. This is particularly worth noting, considering that daily realised
volatility is susceptible to overfitting due to non-stationary distribution and limited
training data size. Therefore, the GCN architecture offers an optimal balance for the
requirements of our study.

The main contributions of our work are summarised as follows. First, we examine

the spillover effect from multi-hop neighbours in the financial graph, and observe that

2[45] conducted an empirical evaluation of the influence of various EC on linear models and found
that using the QLIKE yields slightly better forecasts.

3A contemporaneous study by [38] employed GNN for intraday volatility forecasting, but their
method faced limitations in terms of interpretability and bench-marking challenges.
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the multi-hop spillover effect is not necessary, as long as 0-hop and 1-hop are included.
Second, we establish that the proposed GNN model with nonlinear operations sig-
nificantly improves the forecasting performance of GHAR, indicating the existence
of nonlinear spillover effects on 1-hop neighbours. Third, compared to MSE-trained
models, models employing QLIKE as the EC generally achieve substantial improve-
ments in predictive accuracy. Overall, our proposed GNN model trained with QLIKE
exhibits an average forecast error in MSE (resp. QLIKE) approximately 13% (resp.
4%) lower than that of the standard HAR model. Additionally, we examine the
robustness of our proposed models across various market conditions, an alternative
data-splitting scheme, and an alternative universe, consistently observing enhanced
prediction accuracy across all experimental settings.

The remainder of the chapter is organised as follows. Section 5.2 contains pre-
liminaries on the mathematical definitions of graphs, a brief review of GNN models,
and two baseline models (HAR, GHAR). In Section 5.3, we introduce the proposed
model (GNNHAR), evaluation criterion, and forecast evaluation approaches. Sec-
tion 5.5 outlines the experimental setup and provides the key out-of-sample results
across various forecast horizons and market regimes. In this section, we also conduct
an extensive analysis concerning the impact of QLIKE, nonlinearity, and multi-hop
neighbours. In Section 5.6, we perform several robustness tests. We conclude our

work and highlight future research directions in Section 5.7.

5.2 Preliminaries

In this section, we summarise the preliminary concepts and models. In particular, we
provide the mathematical definitions of graphs and multi-hop neighbours in Section
5.2.1. In Section 5.2.2, we briefly review two popular graph neural networks, that
inspired our work. Section 5.2.3 revisits the baseline model HAR for forecasting

realized volatilities, while Section 5.2.4 reviews another baseline model GHAR.

5.2.1 Graph definitions

Definition 5.2.1 (Graphs). A graph G is defined as G = {V,E}, where V = {vy,...,ux}
is a set of N nodes and & is a set of edges, where e;; = (v;,v;) € € denotes an edge

connecting node v; and node v;.

Definition 5.2.2 (Adjacency matrix). An adjacency matriz A is a square matriz

whose dimension is N x N, where Ali, j] represents the connection between v; and
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vj in the graph G. An adjacency matriz can be weighted, where Ali,j] > 0, Vi, j
represents the strength/intensity of the connection between nodes v; and v;. If Ali, j| €
{0,1}, Vi, 7, the graph is a binary graph. The diagonal elements of A are all 0 since
edges from a node to itself are typically not considered in graphs. In this article, we

mainly consider binary graphs without self-connections.

Definition 5.2.3 (K-hop neighbours). Following [75], we use the K-hop neighbours
of node v to represent all the neighbours that have distance from node v less than or
equal to K, based on the shortest path distance (SPD) kernel. In contrast, kth-hop
neighbours represent the neighbours with exact distance k from node v. Finally, we

denote Qf]{,g as the set of K-hop neighbours of node v in graph G.

Example 1 (A graph with 5 nodes)
In Figure 5.2(a), we plot an example graph with 5 nodes and 5 undirected edges,

where the node vy is coloured as a target node. Nodes vy and vy are the 1st-hop
and 2nd-hop neighbours of vy, respectively. Figure 5.2(b) shows its adjacency matrix.
Figure 5.2(c) is the adjacency matrix of the graph in (a) when considering 2-hop

neighbours, where we write Q) 5 = {v1,v2} and Q2 5 = {v1,va, v4}.

Figure 5.2: Illustration of a graph and its corresponding adjacency matrices with
multi-hop neighbours.

U1 U2 Uz Vg Us V1 U2 U3z Vg Us

U1 0 0100 U1 0 011

U2 00 0 U2 0|1

Uz 01010 Uz 0/1|0

7T\
QO  Oth-hop neighbor of v: = )/\ U.b'/ ) U4 0 0 [ 0
©  1st-hop neighbor of v (\03/ o U5 010 0 1323 0|1 0
. 2nd-hop neighbor of v: B
(b) adjacency matrix of (c) adjacency matrix of
(@) graph 1-hop neighbors 2-hop neighbors

5.2.2 A brief review on GNNs

Graph neural networks (GNNs) are a class of deep learning models designed for per-
forming inference on graphs. The main idea is to learn a vector representation for
every node defined on a graph, while preserving both graph topology structure and

node content information ([217]). The node representations, for example, can be
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further applied to node classification or regression. To this end, many GNN vari-
ants utilise the idea of neighbourhood aggregation in developing the layerwise
forward propagation rules. In essence, neighbourhood aggregation effectively gener-
ates a node v’s representation by aggregating its own feature vector h, € R” and
the feature vectors of its connected nodes h, € R”, where u € Q} 5. Common ex-
amples of aggregation functions include sum, mean, and maximum. Early attempts
of GNNs, see [182] and [54], update node representations by aggregating neighbour-
hood information recursively until a stable equilibrium is reached. More efficiently,
a novel notion of convolution operator can be defined on irregular graphs to process
neighbourhood aggregation in parallel, so-called graph convolution.* A considerable
number of GNN variants and architectures are built from different graph convolution
operators. We provide a brief introduction to a specific GNN architecture that is

relevant to our volatility forecasting models.

Graph Convolutional Network (GCN) was introduced by [121]. It approximates

the graph convolution with the following layer-wise propagation rule®

H®) =4 (0‘5A0‘§H<l>@<l>) : (5.1)

where A = A+1Iy is the adjacency matrix of the graph G with added self-connections,
and O is a diagonal matrix with é” => ; Aij. 07%;407% is the normalised ad-
jacency matrix, introduced to stabilise the training of the GNN models. O ¢
RPYxDMY g the layer-specific trainable weight matrix. HY e RV*PY g the matrix
of node representations at I-th layer. H® is the input node features. o(-) denotes a
nonlinear activation function, such as ReLU(-) = max(0, -).

When addressing various research problems, the above GNN layers can be com-
bined with other deep learning layers in an end-to-end learning framework. Addi-
tionally, the exploration of multi-hop effects can be achieved by straightforwardly
stacking multiple GNN layers within a model. A model that incorporates K-layer

GNN layers is commonly referred to as a K-layer GNN model.

Definition 5.2.4 (Receptive field). In a GNN model, the receptive field of a target
node is the set of nodes of the graph that determine its representations; see [75, 4].

4Convolution operation has been widely applied to regular grid data, e.g. image pixels. Recently,
it has been extended to graph-structured data. More details can be found in [191].

5The GCN propagation rule approximates the graph convolution with the first-order Chebyshev
spectral polynomials (ChebyNet). It alleviates the gradient vanishing/exploding and stabilises the
training in ChebyNet by introducing a normalisation step on A. More details about ChebyNet can
be found in [57].
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Proposition 5.2.1. After K layers of graph convolution in a GNN model, every node

representation is determined by the information from the nodes within K hops; see

[75].

The above proposition states that the size of receptive field of every node is as-
sociated with the number of layers in a GNN model. It is found that [4] when K
is unnecessarily large, any two nodes could easily have highly overlapping receptive
fields, and consequently attain highly similar node representations, which leads to the
problem of over-smoothing (see [133, 37]). Therefore, a large K does not always help,
but on the contrary, it may lead to indistinguishable node representations, and thus

weaken the forecasting or classification accuracy.

5.2.3 Forecasting RV with HAR

Let P;; denote the price of asset i and r;; = log (P, ;/P;+—1) be its log-return at day

t. The standard approach for modelling return data is to use the decomposition

Tit = Mt + Xit, (5.2)

where 11, ; denotes the (conditional) mean of the return, X, is a diffusion term which
may be modelled as
Xz‘,t = 0it€it, Eix ™ HD(O, 1)7 (5-3)

where o, is often referred to as the volatility function, and ¢;; is assumed to be
independent of o;.
[5, 16] showed that the sum of squared intraday returns is a consistent estimator

of the unobserved ‘77;2,t- Therefore, the daily RV for a particular asset ¢ at day ¢ is

defined as

M

RV@t = Z ri%t(l)? (54)

=1

where 7;,) is the [-th A-min log returns during day ¢, ie. 7y = logpa) —

log py1—1)a), and pya) is the price at time [A at day t. We refer to RV, =

(RVi4,...,RV N4) as the vector of cross-sectional realized volatilities. In this ar-
ticle, we consider 5-min windows in a trading day, following [140].°

[52] proposed a Heterogeneous Autoregressive Regression (HAR) model for mod-

elling and forecasting the RV where the lagged daily, weekly, and monthly volatility

6We also adopt the subsampling averaging method (see [189, 6, 205]) to improve the above RV
estimation, which uses all A-minute returns, not just non-overlapping ones.
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components are incorporated as features. For a given asset ¢, its RV of day ¢ is

modelled as
HAR: RV;; = a+ B4RV 11 + BuRVii—s54—2 + bRV it—29:4—6 + Uiy, (5.5)

where RVM_M_Q = 1_11 22:2 RV@t_k, Rviﬂg_gg:t_@ = %7 i226 RVm_k denote the Weekly
and monthly lagged RV, respectively. The choice of a daily, weekly, and monthly lag
is aiming to capture the long-memory dynamic dependencies observed in most RV

series.

5.2.4 Graph HAR (GHAR)

[228] augmented the HAR model to capture the volatility spillover effect via neigh-
bourhood aggregation on graphs. Denote V ;1 = [RV;_1, RV 54 9, RV 994 ¢] €
RN*3 GHAR is defined as

GHAR(A): RV, =a+ B4RV 1+ bRV 51 2+ RV 294 6
+%W - -RV, 1 +7W RV, 5 2+ 7W RV, 94 ¢+ u,
=a+V, 1 8+WV, v+,
(5.6)

In the GHAR, o € RV, 3,4 € R? are parameters to be estimated. W = O 2A0:
is the normalised adjacency matrix without self-connections, where O = diag {ny,...,ny}
and n; =y Ali, jl, Vi."

The authors in [228] constructed different types of graphs and concluded that
adjacency matrices obtained through Graphical LASSO effectively capture the rela-

tionships between individual volatilities, thereby enhancing forecasting accuracy.

Graphical LASSO (GLASSO), proposed by [79], is a sparsity-penalised maximum
likelihood estimator for the precision matrix © (i.e. the inverse of the covariance
matrix). It assumes the input vector of N nodes is drawn from a multivariate Gaussian
distribution A(0,3). If the ij-th entry of the precision matrix is zero, the returns
of i-th asset and j-th asset are conditionally independent. Therefore, the adjacency
matrix A from GLASSO is defined as A[i, j| = 1 if O[3, j| # 0; otherwise A[i, j] = 0.

One key advantage of Graphical LASSO is its ability to estimate the conditional
independence of assets based on historical returns. Additionally, it offers stability in

estimation even in high-dimensional settings where the number of assets exceeds the

It is worth noting that for GHAR, the normalisation of W does not impact the forecasting
performance directly. However, it does assist with evaluating the relative effect of Oth-hop neighbours
in comparison to 1st-hop neighbours.
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number of returns. Based on these compelling results, we adopt Graphical LASSO

to establish the volatility graph in our study.

5.3 Proposed methodology

To investigate the presence of multi-hop and nonlinear effects in modelling volatility
spillover, we propose a new class of forecasting models based on the GNNs in Section
5.4.1. Furthermore, we highlight the significance of using various criteria for the
estimation of model coefficients in Section 5.4.2. In Section 5.4.3, we introduce the
forecast evaluation methods and emphasise the differences between estimation criteria

and forecast evaluations.

5.4 GHAR with multi-hop (GHAR2Hop)

It is important to highlight that HAR can be interpreted as a model that only con-
siders the Oth-hop neighbours, i.e. the target node itself, while the GHAR takes into
account both the Oth-hop and 1st-hop neighbours. In order to explore the potential
benefits of multi-hop neighbours in enhancing volatility forecasting, we delve into the
investigation of whether they provide additional predictive power. To address this

novel question, we consider the following model.
GHAR2H0p(A) : RV, = a+V;t_1ﬁ+WV;t_l")’—|—HOP2(A)V;t_15+Ut, (57)

where HOP2(A) maps the raw adjacent matrix (for 1st-hop neighbours) to the adja-
cent matrix of 2nd-hop neighbours. Specifically, HOP2(A) = XOR(A® A (mA), I y).
A?[i, §] has a non-zero if it is possible to go from node i to node j in 2 or fewer steps,
= A excludes the 1st-hop neighbours, and XOR confirms the diagonal of 2nd-hop ad-
jacent matrix to be zero. For a visual representation and further details, we refer
the reader to Example 1 and Figure 5.2. In our experiments, we use the normalized

adjacent matrix of 2nd-hop neighbours and estimate (5.7) through OLS.

5.4.1 GNN-enhanced HAR (GNNHAR)

As introduced in (5.6), GHAR in [228] assumes a linear relationship between the
volatilities of two connected assets. However, if the spillover effect is nonlinear, linear
models are misspecified and are likely to generate less accurate forecasts. Addition-
ally, GHAR considers only the Oth-hop and 1st-hop neighbours, and this lack of

consideration for multi-hop neighbours may lead to incomplete information and less
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accurate predictions. In light of the abilities of GNNs discussed in Section 5.2, we
propose the following GNN architecture for modelling the volatility spillover effect,

allowing for nonlinearity and multi-hop neighbours to improve prediction accuracy.

GNN(H®, A): H) = ReLU (0—%A0—%H<”@<”> , (5.8)

where W = O 2 A0 2 is the normalised adjacency matrix, used to avoid numerical
instabilities and exploding/vanishing gradients during the training phrase. Note that
H®O® =V, , € RV which is the matrix composed of the past daily, weekly and
monthly volatilities. H? € RV*P" is a matrix of node representations at the [-th
layer of GNN, where D® is the dimension of node representations. @% ¢ RP"xD"+

is a matrix of trainable parameters.

3 GNNHAR features

o i 2] RV forecast
i o P L D, e,
om© /| e > el RelU Lo il RelU §oop woppd ReLU fepd [ Do .

3 HAR features

Figure 5.3: An illustration of the GNNHAR model.

In contrast to the GCN architecture shown in (5.1), our proposed GNN propaga-
tion rule does not include self-connections, i.e. the diagonal elements in A are zeros.
We conjecture that the mechanism of an individual stock’s past volatility on its fu-
ture volatility differs from the spillover effect. As a result, we apply the above GNN
propagation in (5.8) solely to model the spillover effect, while the impact of a stock’s
own past volatility is modelled using the same linear model as in HAR.® This allows
for a clear and straightforward explanation of the performance gain of our proposed
model compared to the baseline models, HAR and GHAR.

8For a study on the non-linearity between a stock’s past volatility and its future volatility, we
refer readers to [229], which suggested that introducing nonlinearity does not result in additional
predictive power when modelling daily RV.
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We introduce a GNN-enhanced HAR model, referred to as GNNHARIL in (5.9),
by replacing the linear neighbourhood aggregation in GHAR (i.e. the term WV, 17y
in (5.6)) with the proposed GNN layer in (5.8). It is worth noting that the main
difference between GNNHARIL and GHAR is that GNNHARI1L uses a graph con-

volutional layer with a nonlinear activation function, in the form of

HY = GNN(V,_,, A)

(5.9)
GNNHAR]‘L(A) : RVt =+ ‘/v:t—l/6 + H(l)')’ + Uy.

As introduced in Section 5.2, the nonlinear multi-hop effects can be explored
by stacking multiple layers of GNN. We denote the 2-layer and 3-layer models as
GNNHAR2L and GNNHARS3L respectively. Specifically,

H® = GNN(HWY, A)

(5.10)
GNNHAR2L(A): RV,=a+V, 18+ H%Y +u,.

H® = GNN(HY, A)
GNNHARSL(A): RV, =a+ V., 8+ H®%~ +u,.
Our empirical analysis indicates that each node in the volatility spillover graphs

for the components of the DJIA30 index, chosen by GLASSO, is connected to other

nodes within a maximum of three steps (i.e. the graph has a diameter of length

(5.11)

3, which is the size of the longest shortest pairwise path distance in the graph).?
Consequently, by employing a 3-layer GNN, we can guarantee that the volatility
representation of each asset encompasses information from all other assets. Hence,
there is no requirement to investigate beyond a 3-layer GNN. Nevertheless, it is worth
noting that for different universes or graphs, the number of GNN layers may need to

be re-evaluated according to the distribution of SPDs.

5.4.2 Estimation criterion

The standard HAR model described in (5.5) is often estimated via ordinary least
squares (OLS). In other words, the estimation criterion (EC) for its in-sample training
is the MSE. When the errors u;; in (5.5) are independent, homoscedastic, and nor-
mally (Gaussian) distributed, the OLS estimator is consistent under the asymptotic
sense. Nonetheless, given the stylised facts of RV (such as spikes, heteroskedasticity,

and so on), the OLS estimator may not be an ideal choice and a better estimator

9Note that the hyperparameter that determines the sparsity of GLASSO graph estimates is chosen
by cross-validation on the GLASSO objective function.
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may be available. For example, [98] proved that the likelihood-based estimator is
asymptotically efficient, although the likelihood-based estimator can also be vastly
inferior if the underlying statistical model is misspecified. [46] empirically compared
various estimation criteria on HAR and found that simple weighted least squares can
yield substantial improvements to the predictive ability of the standard HAR.

Meanwhile, QLIKE has served as a commonly employed metric for estimating
traditional econometric models including GARCH. When ¢; in (5.3) has a density
(typically unknown), we can utilise the conditional likelihood based on normal den-
sity to estimate the models. Specifically, assuming ¢, ~ N(0,1), the conditional
Gaussian likelihood function after ignoring constants is —1 >, [log (07) + X7 /o?]. It
was demonstrated by [96, 74] that the conditional Gaussian QLIKE estimator is al-
ways consistent, even when ¢; deviates from a normal distribution.

Utilising the flexibility of neural networks and the stochastic gradient descent
algorithms, we are able to investigate whether different estimation criteria would
result in disparate model predictions. Specifically, our primary focus revolves around
the following estimation criteria: MSE and QLIKE, defined as follows

e MSE: N
1 1 < —(F) 2
-y 3 (Rv, RV, ) , (5.12)
N i=1 #ﬁr(u’n t€Tirain

e QLIKE:

N

1 1 i i

N§ > Vi —log AV (5.13)
=1

#HTirain e E‘?f) EVS? ’
where E\\/f? represents the predicted value of RV;, by a specific model F. N is
the number of stocks in our universe, 7Ty 4, is the training period, and #7;qin is the
length of the training period.

Lower values are preferred for both measures. For clarity, we will use Fys (Fg)
to denote the model F' trained with MSE (QLIKE). To the best of our knowledge,
adopting QLIKE as the estimation criterion to optimise volatility models, especially
those grounded on neural networks, has not yet drawn considerable attention within

the literature.
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Figure 5.4: A comparison of the MSE and QLIKE loss functions.
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Figure 5.4 displays the aforementioned EC for different forecasts RV when RV =
1. Notably, the QLIKE function exhibits asymmetry and imposes a higher penalty
on under-predictions. This feature becomes particularly significant during turbulent
periods, as the volatility forecasts tend to be smaller than the actual shocks. By
placing emphasis on under-predictions, models trained with QLIKE have the potential

to achieve improved prediction accuracy during such turbulent periods.

5.4.3 Forecast evaluation approaches

Regarding the performance of forecasts in out-of-sample tests, we continue to employ
MSE and QLIKE as our evaluation methods. However, it is important to distinguish
between the concept of forecast loss (FL) and the estimation criterion (EC), as they
serve distinct purposes. FL assesses the performance of RV forecasts during out-of-
sample testing, while EC is utilized for model estimation within the in-sample period.

In order to determine the significance of the performance improvement compared
to the baseline models, we employ two commonly used statistical tests found in the
literature. As suggested by [169], QLIKE demonstrates greater statistical power than
MSE in the Diebold-Mariano (DM) test. Consequently, our focus in the analysis of
the out-of-sample results is primarily on QLIKE.

e Model Confidence Set (MCS) was proposed by [100] to identify a subset
of models with significantly superior performance from model candidates, at
a given level of confidence. The MCS procedure renders it possible to make
statements about the statistical significance from multiple pairwise comparisons.
For additional details, we refer to the studies of [99, 100].
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e Diebold-Mariano (DM) test was proposed by [63] to examine whether there
are significant differences between two time-series forecasts. The DM test was
further modified by [101], to account for serial dependence in forecasts. In addi-
tion to comparing errors for each individual stock, we also follow [92] to compare
the cross-sectional average of prediction errors from two models. Further details
of the DM test are available in [63].

5.5 Empirical analysis

In this section, we first introduce the data and provide details regarding the im-
plementation. Subsequently, we present the main findings and conduct a stratified

analysis to evaluate the performance across different market regimes.

5.5.1 Setup

The intraday data of Dow Jones Industrial Average (DJIA) components are obtained
from the LOBSTER database.!® The time period under consideration is from July 1,
2007 to Jun 30, 2021.11 Following [24], we include only those stocks among the DJIA
components that traded continuously throughout the entire period. As a result, 27
stocks are included in the final sample, and their ticker symbols are summarised in 5.1,
where we also present summary statistics for the volatility estimates. Additionally,
for robustness checks, we consider a larger universe of S&P100 components. Further
details regarding this analysis can be found in Section 5.6.2.

Our out-of-sample forecast comparisons are based on the RV forecasts for the set of
models introduced in Sections 5.2 and 5.3. All models are re-calibrated every month
based on a rolling sample window of the past 1000 days, following [26, 198, 166].
Specifically, we use 36-month data for model training, and the recent 12-month data
as the validation set to tune the hyperparameters and prevent overfitting.!? Finally,
testing data are the samples in the following month; they are out-of-sample in order
to provide objective assessments of the model performance. To this end, in aggregate,
we obtain a 10-year out-of-sample period, that is, from July 1, 2011 to June 30, 2021.

The parameters in HARj; and GHAR); are estimated by OLS using both the

training and validation data, as there is no requirement for hyperparameter tuning.

Ohttps:/ /lobsterdata.com/

1The LOBSTER database contains data from June 27, 2007, up until the day before yesterday

12To examine the impact of validation dataset, we perform a robustness check for GNNHAR
models in Section 5.6.1, and we conclude that the other choice of validation data does not significantly
alter our findings.
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To estimate the parameters in the proposed GNNHARs, we adopt the Adam optimiser
([119]).* When QLIKE is chosen as the EC, there are no available estimators in closed
form. Therefore, we also employ Adam to optimise HARy and GHAR¢ using both
the training and validation data. Given the stochastic nature of the optimiser'*, we
employ an ensemble approach to enhance the robustness of GNNHAR models and
QLIKE-trained linear models (see [92, 229]). We train multiple models with random
initialisation and obtain final predictions by averaging the outputs of all networks.

Following the convention of stochastic optimisation ([119]), we set the batch size
to 32.1° The learning rate for Adam is set to be 1073, We stop the training procedure
early if there is a sign of overfitting, that is, the training loss keeps dropping but
validation loss increases beyond a tolerance level.

One-day forecasting is not the only time horizon of interest to practitioners. Fol-
lowing the convention established in the literature ([198, 228]), we also examine
whether the proposed methods can be applied to various forecasting horizons, e.g.
one week or one month. The weekly and monthly target volatility are defined as
RV iy, = ZZ:O RV}, where h = 4 and 21, respectively.

5.5.2 Main results

We begin our empirical analysis by comparing the out-of-sample performance of the
competing models under consideration. Table 5.2 presents the ratio of forecast losses
for each model relative to the HAR), model (i.e. HAR estimated by OLS).

Table 5.2 first highlights the consistent improvement of the GHAR model over the
standard HAR model in both forecast losses (FL), implying the importance of graph
information. Furthermore, the first two columns of Table 5.2, which represent results
for the 1-day horizon, demonstrate that our proposed GNNHAR model with a single
hidden layer (GNNHARI1L,,), further improves the performance of the linear model
GHAR),. This finding underscores the significance of incorporating nonlinearity when
modelling the spillover effect. However, it is worth noting that the performance starts

to decline when additional GNN layers are added, particularly with three layers.

13 Adam is a popular stochastic optimisation algorithm for deep learning models and is very efficient
to find the local minimum, especially with those non-convex and less smooth loss functions.

14The stochastic optimisation algorithms might be ended up with different local minima with
different initial values.

15Mini-batch training is believed to improve generalisation performance, see [147].
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Table 5.2: Out-of-sample forecast losses.

1-Day 1-Week 1-Month
MSE QLIKE MSE QLIKE MSE QLIKE
HAR)y, 1.000 1.000 1.000 1.000 1.000 1.000
GHARy, 0.927  0.983 0.904 0.987 0.975* 1.036

GNNHARI1L,, 0.907  0.979 0.940 0.943 1.021  0.968
GNNHAR2L,, 0.967 0.977 1.034  0.953 1.134 1.032
GNNHAR3L,, 1.210 0.982 1.014  0.961 1.046  0.958
HARg 0.927  0.981 0.939 0.945 1.069  0.986
GHARg 0.886  0.983 0.842* 0.936 1.151  0.954f
GNNHARI1L, 0.867* 0.9617  0.855 0.913* 1.179  0.965
GNNHAR2Lgy 0.879  0.959*  0.873  0.920 1.736  0.947
GNNHAR3Lg 0.894 0.963 1.185  0.942 1.502  0.971

Note: The table reports the ratios of forecast losses of various models compared to the
standard HARj; model over the 1-day, 1-week, and 1-month horizons, respectively.
The model with the lowest average out-of-sample loss is marked with an asterisk (*).

A dagger () indicates models that yield as accurate forecasts as the best model at
the 5% significance level based on the Model Confidence Set (MCS) test.

When considering models trained with QLIKE, the results for the 1-day horizon re-
veal that HAR achieves better forecasts than its counterpart HARy;. GNNHARI1Lg
further improves the predictive accuracy of GNNHARIL,; and yields the best (resp.
second best) out-of-sample performance in terms of MSE (resp. QLIKE). Specifically,
at the daily forecast horizon, GNNHARI1L has about 13% (resp. 4%) lower average
forecast error in MSE (resp. QLIKE) compared to the standard HAR); model. In
addition, the MCS test indicates that both GNNHAR1Lg and GNNHAR2L, are in-
cluded in the subset of best models, based on the QLIKE forecast loss. Interestingly,
GNNHARSL, delivers worse out-of-sample performance than GNNs with one or two
layers, yet still outperforms its counterpart trained with MSE. These findings suggest
that QLIKE might serve as a more effective in-sample estimation criterion than MSE.
In the subsequent sections, we will provide further analysis to delve into these results.

The results for weekly and monthly horizons presented in Table 5.2 demonstrate
that models incorporating graph information (including GHAR and various GNNHAR
models) exhibit significantly superior forecast accuracy compared to the HAR model
over longer horizons, up to one week. Specifically, when examining the QLIKE loss
for the 1-week forecast horizon, we observe that GNNHARI1L, achieves the best
out-of-sample performance. However, as the prediction horizon extends, the ratios
approach or even exceed one, particularly for MSE. This suggests that longer-term

forecasting becomes less sensitive to graph information. Additionally, we notice that
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the discrepancy between the ratios based on MSE and QLIKE becomes more pro-
nounced over longer horizons. One possible explanation is that the QLIKE loss is
generally less impacted by extreme observations in the testing samples (see [168]).
This is particularly relevant considering that such extreme observations may occur

more frequently over longer horizons.

5.5.3 Market regimes

To assess the stability of performance across different market regimes, we perform
a stratified out-of-sample analysis on two sub-samples: relatively calm periods when
the RV of the S&P500 ETF index is below the 90% quantile of its entire sample
distribution, and the turbulent periods when the RV is above its 90% quantile (see
(166, 228]).

The results presented in Table 5.3 demonstrate that the enhancements achieved
through the introduction of nonlinearity and the selection of QLIKE as the EC
are generally consistent across different market regimes. Specifically, when con-
sidering calm days and the daily forecast horizon, the models GNNHARI1L,; and
GNNHAR2L,,; appear to be the most effective based on the MSE loss. On the other
hand, when evaluating accuracy in terms of QLIKE, the models GNNHAR1Lg and
GNNHAR2L, provide the most precise forecasts. This outcome is expected since the
volatility process tends to be more stable during calm periods. Consequently, if the
forecast user has a specific preference for a particular loss function, it would be ad-
visable to optimise the model parameters accordingly. In other words, for stationary
time series, the alignment of the training loss (i.e. EC) and the testing loss (i.e. FL)
may produce improved forecasts.

Nevertheless, when examining turbulent days and the daily forecast horizon, mod-
els trained with QLIKE exhibit greater percentage improvements compared to those
trained with MSE across both losses. For instance, the average forecast MSE (QLIKE)
loss of GNNHARI1L, is approximately 13% (2%) lower than GNNHARI1L,,. This
suggests that models trained with QLIKE may possess unique characteristics dis-
tinct from their MSE-trained counterparts during turbulent periods. This intriguing
discovery will be further explored and analysed in the subsequent section.

In addition, when considering longer forecast horizons and periods of calmness,
GNNHARI1L); produces significantly more accurate out-of-sample forecasts relative
to other models in terms of MSE. Regarding the QLIKE accuracy, GNNHARI1L(
outperforms other models for the weekly horizon, while GNNHAR2L,,; emerges as

the top-performing model for the monthly horizon. When transitioning to the volatile
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periods, we continue to observe the superiority of QLIKE-trained models (especially
GHAR) over MSE-trained models, with the exception being the monthly forecast
horizon and considering MSE as the FL.

5.5.4 Impact of evaluation criterion

As previously mentioned, QLIKE deals with over- and under-predictions differently,
which may account for the overall better performance of QLIKE-trained models com-
pared to MSE-trained models. In light of this observation, we examine the forecast
errors (E‘\/E? — RV ;) and forecast ratios (E‘\/E? /RV ;) over the entire testing period
and various sub-periods.®

Figure 5.5 presents the box plots for forecast errors and ratios of various models.
From subplots (a-b), we observe that in general, all models tend to exhibit a bias
towards over-predictions (i.e. positive errors or ratios greater than 1) rather than
under-predictions, aligning with the findings of [46]. Subplots (c-d) further unveil that
this over-prediction tendency is primarily observed during calm periods. Conversely,
subplots (e-f) indicate that these models are more inclined to under-predict volatilities
during turbulent periods. This observation is not surprising, as the models do not
explicitly incorporate any exogenous variables to aid in detecting changes in market
conditions.

Furthermore, subplots (a-b) demonstrate that the bulk of the forecast errors (resp.
ratios) of QLIKE-trained models is generally closer to zero (resp. one) compared to
MSE-trained models. Specifically, subplots (c-d) reveal that QLIKE-trained models
exhibit a reduced tendency to over-predict during calm periods, while subplots (e-
f) suggest that they are less prone to excessive under-prediction during turbulent

periods, when compared to the MSE-trained models.

16Tt is worth noting that the MSE loss is solely dependent on the forecast error, while QLIKE
exclusively relies on the forecast ratio, as corroborated by [168].
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Figure 5.5: Grouped box plots for models trained with MSE or QLIKE.
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Note: This figure presents a box plot illustrating five summary statistics: the median,
Q1 and Q3 quantiles, and two whiskers. Each group consists of two sets of box plots,
with the top (resp. bottom) set representing models utilising QLIKE (resp. MSE) as
EC.
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In order to gain further insights from these findings, we present the trajectories
of B4 in the HAR models estimated using MSE or QLIKE in Figure 5.6. As an-
ticipated, there are substantial temporal variations in the rolling estimates of both
models. In general, the estimates of 3; in HAR( exhibit greater variability compared
to those in HAR,;, which can be attributed to the stochastic nature of the optimi-
sation algorithm employed in HARq. However, the estimates of 5; in HAR ), reveal
two prominent changes occurring during Dec 2015 - Feb 2016 and March 2020 - April
2020, albeit in different directions.!” On the other hand, the patterns of 8; in HARg
are comparatively more stable, exhibiting an increasing trend during turbulent pe-
riods. This suggests that QLIKE-trained models have the ability to swiftly adapt
to market changes and assign greater importance to observations associated with re-
cent significant events. Future studies exploring the relationship between different

estimators of HAR are therefore recommended.

Figure 5.6: Trajectories of 5; in HAR trained with different losses.
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right y-axis represents the daily RV of S&P500 ETF shown in bar-charts.

5.5.5 Impact of nonlinearity

To examine the necessity of nonlinear relations, we provide the following analysis
that sheds light on the competitive performance of these models, particularly during
volatile periods. Inspired by [43], we introduce, for each day ¢, the following metric
to evaluate the Fraction of Variance of model F' which is Unexplained (FVU) by the

1"These two periods correspond to significant market changes, namely the Chinese stock market
turbulence and the Covid-19 pandemic.
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standard HAR; model'®
—(F)  ——(HARp)\ 2
sl (BVy - RV

——(F)  ——(F)\?
> (BV - RVY)

FVU, = , (5.14)

where WEF) is the average forecast RV of model F' across stocks on day ¢t. At one
extreme, FVU,; = 0 means that the HAR,,’s RV forecasts explain all of the variation
in the predicted RVs provided by F'; whereas, at the other extreme, FVU; = 1 denotes
that HAR ), explains none of this variation.

Table 5.4 displays the Fraction of Variance Unexplained (FVU) of each model in
comparison to HAR),. It is worth noting that nonlinear models, particularly those
with multiple hidden layers, exhibit higher FVU values, as anticipated. In addition,
the results for 1-week and 1-month horizons in Table 5.4 suggest that the nonlin-
earity in volatility models seems to strengthen as the forecasting horizons increase.
It is important to mention that the distinction between GHAR and GNNHARIL
lies in the presence of an additional hidden layer with a nonlinear activation func-
tion in GNNHARIL. Consequently, the extra FVUs observed in GNNHARI1L can be

considered as a measure of the degree of nonlinearity.

Table 5.4: FVU compared to HAR,,.

1-Day 1-Week 1-Month
Bottom Top  Bottom Top  Bottom Top
HAR ), 0.000 0.000 0.000 0.000 0.000 0.000
GHARy, 0.044 0.061 0.054 0.099 0.066 0.092

GNNHARI1L,, 0.077 0.165 0.117 0.244 0.178 0.300
GNNHAR2L;; 0.080 0.205 0.114 0.304 0.207 0.441
GNNHARS3L,, 0.079 0.300 0.130 0.246 0.218 0.272
HARg 0.033 0.056 0.068 0.139 0.184 0.263
GHARg 0.077 0.128 0.108 0.216 0.228 0.779
GNNHARI1Ly  0.060 0.134 0.102 0.244 0.216 0.886
GNNHAR2Ly  0.060 0.184 0.118 0.379 0.283 1.391
GNNHAR3Lg  0.070 0.212 0.163 0.764 0.292 1.236

Note: The table reports the fraction of variance unexplained of multiple models
compared by the baseline HAR, across different market regimes.

By comparing the first column and second column in Table 5.4, we observe higher

FVU scores during turbulent days, regardless of the choice of EC. This suggests

18 2 —=(F) —=(HARNm) 92 . . . .
In fact, FVU; = 1-R*(RV,;, , RV, , ), where R* is the coefficient of determination between

the predicted RVs from the target model and the baseline model.
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nonlinear spillover effects are most likely to exist in turbulent periods, rather than
calm periods. In light of the results in Table 5.3, it can be inferred that a suitable
level of model nonlinearity, such as that exhibited by GNNHARIL, leads to improved
predictive power during turbulent days. However, we find that overly complex models,
such as GNNHAR3L, are unable to outperform the linear baseline. As a result,
GNNHARI1L shows significant promise as a model for capturing nonlinearity, while

avoiding the overfitting problem.

5.5.6 Impact of multi-hop neighbours

We utilise the DM test to evaluate the statistical significance of 2nd-hop neighbours
by comparing the performance of GNNHAR2L and GNNHARIL. Here, a positive
(resp. negative) DM test value indicates the superiority of the GNNHARIL (resp.
GNNHAR2L) model. A p-value less than a given significance level a rejects the null
hypothesis that GNNHAR2L and GNNHARI1L have the same forecasting power at
the 1 — a confidence level.*?

Figure 5.7 illustrates the main results from the above hypothesis test. In terms
of individual stocks, GNNHAR2L,, is only superior to GNNHARI1L,, in forecasting
AXP’s volatilities, at the 5% confidence level. When considering the cross-sectional
performance, the p-value is around 75%, from which we cannot reject the null hy-
pothesis. This suggests that once the impact from itself and 1st-hop neighbours have
been taken into account, 2-hop neighbours are not deemed necessary. The comparison
between GNNHAR2L, and GNNHARI1L( indeed supports these findings.

GNNs are known to suffer from the problem of over-smoothing, which is defined
as the high similarity of node representations obtained at the output layer of GNNs,
see [133]. The high similarity is often observed when stacking with multiple GNN
layers that are more than necessary. With K layers, every node receives information
from its K-hop neighbours.? When K is large, node representations obtained from
GNN information propagation become indistinguishable and weaken the forecasting
accuracy.

Following the convention in the GNN literature (e.g. [37]), we use the Mean Av-
erage Distance (MAD) to measure the similarity of node representations and identify

whether there is any sign of over-smoothing in our GNNHAR models. MAD takes as

19We also conduct the same test to compare linear multi-hop graph models, i.e. GHAR and
GHAR2Hop (see Appendix 5.4) and the conclusions are similar.

20T his is also known as the receptive field of GNN. More details have been introduced in Section
5.2.
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Figure 5.7: DM test between GNNHAR2L and GNNHARIL.
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Note: A positive (negative) number indicates superiority for the GNNHARIL
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5%, and 10% levels, respectively. The horizon line represents the cross-sectional DM
test value and its corresponding p-value.
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input the node representations H € RY*P obtained at the final layer of GNN, that
is H=GNN(V;_1,A) in (5.9), and is defined as follows 2!

N 3 N
. dz - i— Dz
MAD = 213;1 where d; = 2= Dy (5.15)
i=1 ILd]->0 j=1 ]]'Dij>0

D is the masked cosine distance matrix, i.e. D = D o A, where o denotes the
Hadamard product (element-wise multiplication), and D;; = 1 — % In
the above definition, d; is the average distance between the representations of node
7 and its connected nodes. Overall, MAD represents an average level of how a node

representation is similar to the representations of its connected neighbours in a graph.

Figure 5.8: Smoothness of GNNHARs.
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Note: A small value of mean average distance (MAD) indicates a high similarity
between node representations at the output layer of GNN.

In Figure 5.8, three boxes represent GNNHAR models with 1, 2, and 3 GNN layers
trained with MSE.?? Each box corresponds to the MAD values on a logarithmic scale,
calculated across all out-of-sample samples. As the number of GNN layers increases,
there is a decrease in log MAD that corresponds to an increase in smoothness. The
3-layer GNNHAR has the lowest MAD score, suggesting potential over-smoothing of
node representations. Specifically, the rows of GNN(V,;_1, A) from GNNHAR3L in
(5.9), become too similar to provide any node specific predictive information. This

partially explains the inferior performance of GNNHARSL, as shown in Table 5.2.

2L H is the (unweighted) average of the hidden representations obtained from GNNHARs in our

ensemble set.
22Gimilar results (unreported) are observed for GNNHARs trained with QLIKE.
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5.6 Robustness tests

After presenting the main empirical results and analyzing the model performance
across different market periods, we shift our focus to evaluating the robustness of the
proposed models by considering two aspects: (i) an alternative validation set size,

and (ii) a larger universe.

5.6.1 Alternative validation set size

Our main analysis is based on rolling samples of 4 years, with the first approximately
3 years as training data, and the recent 1 year as validation data. Using a smaller
validation data set, such as 1 month, does not significantly alter our findings, as
shown in Table 5.5.

Table 5.5: Out-of-sample forecast losses under a smaller validation data set.

1-Day 1-Week 1-Month
MSE QLIKE MSE QLIKE MSE QLIKE
HAR )y, 1.000  1.000 1.000  1.000 1.000  1.000
GHARyy, 0.927  0.983 0.904 0.987 0.975* 1.031

GNNHARI1L,, 0.942 0.978 0.931 0.945 1.008  0.975
GNNHAR2L,, 0.984 0.984 1.005  0.956 1.138  1.033
GNNHAR3L,, 1.078 1.002 1.035 0.954 1.068  0.958
HARg 0.936  0.986 0.945 0.944 1.218  0.959
GHARg 0.942  0.982 0.993 0.945 1.174  0.954
GNNHARI1Lg 0.889* 0.967*  0.875" 0.912 1.226  0.961
GNNHAR2Ly, 0.896  0.968"  0.861* 0.907* 1.510 0.925*
GNNHAR3Lgy 1.152  0.981 1.060  0.929 1.572  0.972

Note: The table reports the out-of-sample losses of various models using 47 months as
training data and the recent 1 month as validation data. The model with the lowest
average out-of-sample loss is marked with an asterisk (*). A dagger (}) indicates

models that yield as accurate forecasts as the best model at the 5% significance level
based on the MCS test.

5.6.2 Larger universe

To further assess the robustness of our findings and ascertain that they are not specific
to the stocks under current consideration, we repeat the out-of-sample analysis using

a larger data set, including the components of the S&P100 index.?® The experimental

23Details about the data are provided in Table 5.1.
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setups and the hyperparameter choices in GNNHAR remain the same as those de-
scribed in Section 5.5.1. As illustrated in Table 5.7, in the volatility spillover graphs
for the S&P100 index components, each node is connected to other nodes within a
maximum of 5 steps. Consequently, we extend our analysis to include 4-layer and
5-layer versions of the GNNHAR model.

Table 5.6: Out-of-sample forecast losses on S&P100.

1-Day 1-Week 1-Month
MSE QLIKE MSE QLIKE MSE QLIKE
HARg 1.000  1.000 1.000  1.000 1.000  1.000

GHARI1Lg 0.948  0.988 0.909 0.994 0.972*  0.986
GNNHARI1Ly 0.963  0.986 0.951 0.944 1.027  1.092
GNNHAR2Ly, 1.072  0.988 1.031 0.954 1.092  1.000
GNNHAR3Ly 1.061  0.986 1.029  0.959 0.992 0.967
GNNHARA4Ly 1.047  0.992 1.042  0.975 1.079  0.978
GNNHARHLg 1.090  0.997 1.057  0.986 1.109 1.038
HARg 0.949  0.983 0.937  0.947 1.171  0.991
GHARg 0.919 0.984 0.850* 0.922 1.154  0.939"
GNNHARILg 09177 0.969 0.858 0.916 1.231  1.017
GNNHAR2Ly 0.915*  0.969 0.909 0.915* 1.206 0.9417
GNNHAR3Lg 0.938 0.966* 1.178  0.968 1.523  0.946
GNNHARA4Ly 0.985  0.970 1.165 0.972 1.563  0.971
GNNHARHLg 0.951  0.968 1.193  0.975 1.741  0.989

Note: The table reports the ratios of forecast losses of various models compared to the
standard HAR,; model over the 1-day, 1-week, and 1-month horizons, respectively.
The model with the lowest average out-of-sample loss is marked with an asterisk (*).

A dagger (t) indicates models that yield as accurate forecasts as the best model at
the 5% significance level based on the MCS test.

Table 5.7: Frequency (in percentage) of the shortest path distance.

SPD 1 2 3 4 5

DJIA o577 418 05 0.0 0.0
S&P100 24.3 61.2 120 22 0.3

Note: For example, in the case of S&P100, 12% of pairs of nodes have their shortest
path distance of size 3.

The out-of-sample forecasting performance on the volatilities of S&P100 compo-
nents is presented in Table 5.6. Firstly, we observe that GHAR consistently enhances
forecasting accuracy compared to the traditional HAR model. Additionally, the non-
linear variant, GNNHARIL, further improves upon the performance of GHAR over
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the 1-day horizon. Generally, as we increase the number of layers in the GNNHAR
models, their forecasting performance tends to decline. Nevertheless, we still observe
the benefits of training models with the QLIKE loss function. In summary, the find-
ings presented in Table 5.6 align closely with those observed for DJIA30, providing

consistent results across both data sets.

5.7 Conclusions

In this chapter, we present a model GNNHAR for predicting realised volatilities (RVs).
Our model incorporates volatility spillover effects in the U.S. equity market. The
major experiment results indicate that the information from multi-hop neighbours
in the financial network does not significantly enhance the prediction of the target
stock’s volatility. Nevertheless, the integration of nonlinear spillover effects appears
to contribute to improved RV forecasting accuracy. Further, our results suggest that
using QLIKE as the training loss function, rather than the more traditional MSE, can
improve the accuracy of volatility predictions. QLIKE-trained nonlinear models also
show increased robustness in turbulent market conditions compared to more stable
periods. Extensive evaluation tests and an alternative setting support the reliability
and effectiveness of our proposed method.

One interesting direction is to further investigate why utilising QLIKE instead
of MSE, as the evaluation criterion, improves forecasting accuracy. While [98] as-
serted the asymptotic efficiency of the likelihood-based estimator, our settings differ
from theirs in that they assumed the likelihood function is in conjunction with the
forecasting loss. Conversely, [168] claimed that MSE is more sensitive to extreme
observations than QLIKE, but there is a lack of theoretical underpinnings on how
this might improve the predictive powers in various market conditions.

Another interesting direction to explore is the robustness of the proposed methods
when applied to different approaches in constructing financial graphs, such as those
based on supply-chain ([103]) and analyst co-coverage ([3]). It would be valuable to
investigate whether these graphs provide unique information content and have the

potential to enhance performance.
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Table 5.3: Stratified out-of-sample forecast losses.

1-Day 1-Week 1-Month
MSE QLIKE MSE QLIKE MSE QLIKE
Panel A: Bottom 90%

HAR,, 1.000 1.000  1.000 1.000  1.000 1.000
GHARy, 0.961 0.998 0949 1.001  0.967 1.027
GNNHARI1L,, 0.943* 0.998  0.883* 0.960" 0.923* 0.924%
GNNHAR2L,; 0.944" 0.990  0.901 0.954f  0.946" 0.921*
GNNHAR3L,, 0.957 0.987 0911 0.965  0.937" 0.930%
HARg 1.010 0.984  1.005 0.9557  1.159  0.942f
GHARg 0.989 1.007  1.076 1.001 1.257  1.084
GNNHARI1Lg, 0.967 0.978* 0944 0.943* 1.478 0.977
GNNHAR2L, 0.976 0.979"  0.985 0.947" 1433 0.973
GNNHAR3Lg, 0.970  0.980F  1.062 0.957  1.662 0.969

Panel B: Top 10%

HAR ), 1.000  1.000 1.000  1.000 1.000  1.000
GHAR,, 0.916 0.910 0.897  0.959 0.976* 1.043
GNNHARI1L,, 0.895 0.903 0.949  0.908 1.033  1.007
GNNHAR2L,, 1.102 0.915 1.056  0.951 1.157 1.131
GNNHAR3L,, 1.293 0.958 1.030  0.952 1.059  0.982
HARq 0.900  0.965 0.928  0.925 1.059  1.024
GHARg 0.852  0.867"  0.804* 0.799* 1.149 0.841*
GNNHAR1Ly 0.834* 0.879 0.841 0.848 1.143  0.955
GNNHAR2L, 0.848 0.862* 0.924 0.861 1.773  0.886
GNNHAR3L, 0.868  0.882 1.205  0.909 1.483 0.973

Note: The table reports stratified losses during trading days with the bottom 90%
(Panel A) and the top 10% (Panel B) RV of the S&P500 ETF index over the 1-day,
1-week, and 1-month horizons, respectively. The model with the lowest average out-
of-sample loss is marked with an asterisk (*). A dagger (1) indicates models that
yield as accurate forecasts as the best model at the 5% significance level based on the
MCS test.
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Chapter 6

Conclusions

Contents
6.1 Graph Learning . . . ... ... ... ... ..., 113
6.2 Quantitative Finance . ... ... ... ........... 116

In this thesis, we delved into graph-based learning and proposed two innovative
frameworks to address the challenges of model-based graph learning. We also demon-
strated how graph-based learning and inference can enhance investment strategies

and risk management in quantitative finance.

6.1 Graph Learning

In this thesis, we investigate model-based graph learning from two new perspectives
- functional viewpoints and deep learning. Based on each of them, we proposed a
novel framework. In Chapter 2, Kernel Graph Learning (KGL) revisits the graph
signal processing-based graph learning model from a functional perspective, offering
robust graph learning even with noisy and missing data. L2G in Chapter 3, on the
other hand, employs a deep learning architecture to transform optimisation-based
graph learning into a parametric function mapping task, ensuring faster inference
and precision in learning intricate graph topologies.

In particular, the goal of KGL is to address the quality of the input signals for
graph learning. Many studies in the field often operate under the assumption that
a complete data set is available for all the entities being studied, covering every
vertex in the graph. However, in many practical scenarios, such as environmental
networks, we face instances where only partial data is accessible. This might be
due to difficulties in data acquisition from certain sensors, or perhaps the prohibitive

costs associated with comprehensive observations. The challenge lies in designing
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graph-learning methods that can effectively handle such incomplete data sets, and
understanding how these data gaps might impact learning performance. It is crucial
to note a bi-directional relationship between the input data and the output graph -
data distribution affected by the graph structure, and meanwhile the graph structure
inferred from data realisation. The model specification of KGL can well describe such
a bidirectional relationship. Our extensive synthetic experiments provide empirical
backing to our claims, showcasing the method’s efficacy and efficiency. The results
underscore its capability to unearth meaningful topologies even when faced with noisy,
incomplete, and interdependent graph signals.

The goal of L2G is to more accurately capture flexible and intricate topological
properties. In modern model-based graph learning, the challenge is also to ensure
that these properties are representative of inherent data structures, especially when
such characteristics cannot be straightforwardly expressed through a regularisation
function. L2G offers a unique advantage; it can discern a data-to-graph mapping,
harnessing the inductive bias presented by a classical iterative algorithm focused
on solving structural-regularised Laplacian quadratic minimisation. Such inductive
biases can stem from a variety of sources, whether empirical studies, domain exper-
tise, or historical data, making the model’s interpretation more precise, its accuracy
improved, and computations potentially faster. Yet, understanding that there are
scenarios where topological priors might not be immediately available, our method is
designed to explore a broader spectrum of graph configurations. To push the bound-
aries of what these structural regularises can achieve, we introduce a topological dif-
ference variational autoencoder. This addition not only amplifies the expressiveness
of the structural regularises but also imbues them with greater flexibility, ensuring
that even in the absence of clear priors, the intrinsic structures within the data are
unveiled and employed effectively.

In light of these technical advances in model-based graph learning, future research

can focus on several directions:

Scalability In Chapter 2, we provided an efficient implementation for KGL that
leverages the Kronecker structure of kernel matrices. Despite this, the computational
complexity still scales cubically with the number of nodes or signals. This cubic com-
plexity implies that as the size of the graph increases, the time and resources required
for computation also increase, potentially exponentially. This makes it challenging
to apply KGL to large graphs of thousands of nodes. To address this issue, we sug-

gest that future research should focus on enhancing computational efficiency. One
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potential approach is the adoption of advanced techniques in large-scale kernel-based
methods, such as random Fourier features [78]. This technique has the potential to
reduce computational complexity, thereby making the application of KGL to larger
graphs more feasible.

With L2G, the challenge lies in the quadratic expansion of the variable space as
the graph size increases. This expansion makes the application of L2G to very large
graphs (with millions of nodes) constrained by the computational budget. It should be
noted that this issue of quadratic complexity is not unique to L2G but is common to
most existing model-based graph learning models [67, 66, 114]. In literature, attempts
have been made to reduce the complexity using heuristic edge pre-selection [113, 165].
In a related area of estimating large inverse covariance matrices, a recent attempt,
BigQUIC, can solve a one-million dimensional sparse graph from an objective function
of Gaussian MLE optimisation using a single machine in a reasonable amount of time
[105]. This approach is based on a novel block-coordinate descent method, with the
blocks chosen via a clustering scheme. It could provide an inspiration for learning a
graph representation matrix (such as adjacency or Laplacian matrices) by solving a

matrix optimisation in a more scalable manner.

Temporal Dynamics In many real-world scenarios, it has been observed that
graphs are evolving over time, e.g. social networks [186], financial systems of cash
flows and assets [159] and biological interactomes [171]. The main approach of this
thesis, similar to the majority of existing research, is to model the static snapshots
of graph structures. These models are typically based on a predefined set of node
observations. Recently, there is an increasing need for advanced methodologies ca-
pable of adaptively tracking and integrating changes in graph topologies over time
[188, 84, 12, 148]. Such methods would more effectively capture the inherent dy-
namism of these networks.

A significant portion of research on learning dynamic graphs has been confined
to the domain of discrete-time dynamics, formulated as a time series of graph snap-
shots [97, 221]. This approach, while useful, falls short in representing more complex,
real-world scenarios. For instance, in social networks, graphs are not only continuous
where edges may emerge at any moment, but also evolving with new nodes joining
incessantly. Recent advancements have begun to address continuous-time scenarios,
offering a deeper understanding of these dynamic networks [53]. Nevertheless, there
remains a substantial gap in research, particularly in terms of scalability and applica-

bility across various scenarios where dynamics differ. This gap highlights the need for
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further exploration and development of models that are both versatile and efficient

in capturing the complexities of continuously evolving graph structures.

Downstream Task Integration Graph machine learning aims to learn a vector
representation for every node or the graph as a whole and make a better inference. As
a subproblem, graph learning aims to uncover the intricate connections between data
entities. Currently, a significant gap persists between the process of graph learning
and its subsequent utilisation in tasks such as graph-based prediction or inference.
Depending on the application, distinct graph topological properties might be empha-
sised, influencing their effectiveness. For instance, while a social network is expected
to be sparse, showcasing prominent hubs, a financial network might ideally highlight
communities of assets, aiding in diversifying investments.

Our research pioneers the fusion of deep learning and model-based graph learning.
Leveraging the layered architecture intrinsic to deep learning, we adeptly integrate
graph learning layers with downstream inference layers, leading to an end-to-end
training approach as detailed in Chapter 4. However, challenges persist: deep learning
optimisation is stochastic and difficult to converge, and data scarcity in many domains
complicates the use of large training datasets. Exploring solutions to these issues

remains a promising avenue for future endeavours.

6.2 Quantitative Finance

This thesis delves deeply into the practical potential of graph-based learning and
inference, providing a novel perspective to comprehend the intricate interconnections
within financial systems and enhancing the forecasting of financial time series on that
foundation. Our study prominently highlights two pivotal subareas: the network
momentum strategy and realised volatility forecasting.

In chapter 4, we introduce a novel end-to-end graph machine learning framework
which encompasses two model variants: L2ZGMOM and L2ZGMOM_SR. Notably, these
models go beyond merely enhancing the profitability and risk management of tradi-
tional momentum strategies; they provide profound insights into the underlying asset
interconnections. These insights bring a richer understanding of network momen-
tum strategies. The resulting networks unvocer community structures and temporal
variations, aligning well with established financial concepts.

Transitioning to chapter 5, we introduce GNNHAR, a graph neural network tai-

lored for modelling and forecasting the realised volatility of U.S. equities. Our ex-
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amination brings to light the pivotal role of nonlinear spillover network effects in sig-
nificantly boosting forecasting accuracy. Furthermore, we underscore the significance
of the loss function choice in modelling; opting for QLIKE over the traditional MSE
enhances forecasting precision, especially during turbulent market phases. This show-
cases the flexibility of incorporating task-specific criterion in graph machine learning
models.

There are several paths for future research.

Modelling Considerations In this thesis, we introduce a couple of graph machine
learning models designed to infer the intricate relationships between the returns and
volatility of assets. These returns and volatility possess a dynamic structure that can
change over time. It is worth exploring if alternative graph machine learning models,
such as those presented in [177, 227], can more adeptly capture both the nonlinearity
and temporal dynamics for graph-based financial inferences. Another path of explo-
ration is tailoring models specifically for financial tasks, especially investment deci-
sions. For instance, when predicting asset returns to construct a portfolio, one might
desire a portfolio with buy/sell decisions that have low correlations to established
portfolios, aiming for diversification. Incorporating a de-correlation regularisation
[204] into the modelling objective could be beneficial. Similar considerations, like
turnover regularisation [138], can help reduce turnover rates, enhancing real-world

trading profitability.

Financial Interpretability A thorough theoretical analysis, drawing from both
finance and economics, on network momentum derived from pricing data would be
invaluable. Such a study can delve deeper into the dynamics and significance of the
intricate interrelationships prevalent in financial markets. In Chapter 4, we presented
an end-to-end framework tailored to understand the financial network. This frame-
work excels in both inferring financial networks and simultaneously optimising the
ensuing task of portfolio construction. We ensure that these financial networks are
meticulously adjusted in alignment with portfolio performance. However, an in-depth
investigation into the network’s optimality, the reasoning for employing the Sharpe
ratio in training the financial networks, and the occurrence of tenuous connections
within equities is essential. Pertaining to volatility forecasting, as underscored in
Chapter 5, the pronounced superiority of QLIKE over MSE is noteworthy and de-
serves additional scrutiny. In the realm of graph machine learning, research exists

that offers interpretable explanations for predictions made by GNN-based models on
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molecular data [226]. It would be intriguing to assess the applicability of this re-
search to financial tasks, particularly in determining if it can align with foundational

or economic principles.

Data and Ethical Issues In the realm of financial machine learning, two pri-
mary challenges are data access and ethical concerns. The financial sector thrives
on detailed, up-to-date data, but often, this information is kept private for business
reasons, making research difficult [60, 110]. Additionally, using personal financial
details can lead to privacy issues or unfair practices, emphasising the need for ethical
handling. To tackle the data challenge, we have proposed Kernel Graph Learning
(KGL) in Chapter 2 for noisy and incomplete data. Besides, we have innovated with
graph learning in Chapter 4, a method to replace the need of obtaining hard-to-source
datasets with learning from readily available pricing data. Furthermore, combining
traditional economic ideas with machine learning, as suggested by Israel et al. [110],
can lead to simpler yet effective models when there are a small size of data. It is worth
noting that certain financial tasks, such as asset pricing and return prediction, can be
re-calibrated more frequently. This shift from low-frequency to high-frequency data,
available down to milliseconds, paves the way for deploying highly parameterised

machine learning models, a principle that equally applies to graph machine learning.

From Prediction to Casual Inference In applying machine learning to quan-
titative finance, a pivotal distinction exists between prediction and causal inference.
While machine learning models excel at prediction, understanding causality is often
more relevant in finance for decision-making and policy implications [9, 216]. Con-
sider the concept of network momentum. We have demonstrated that the graph
adjacency matrices that represent the historical co-movement pattern in momentum
features can enhance predictions on asset returns in Chapter 4. This leads to a sub-
sequent question: Can the upward trend of past 1-day returns for Crude Oil and past
6-month returns for Cotton cause an upward trend in the future 1-day return of the
S&P 100 stock market index? Building on this, when we look at methods to depict
these causal relationships, graph machine learning offers some promising avenues. In
this field, directed acyclic graphs (DAGs) serve as valuable tools to illustrate causal
relationships. Both optimisation-based models [233] and deep learning models [128]
have been proposed to learn DAGs from data. Exploring these methods might offer

insightful future directions, especially in determining their efficacy in causal inference
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regarding momentum spillover phenomena and a broader range of financial applica-

tions.
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