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Abstract

Many important physical and mathematical problems are difficult to solve on
classical computers, resulting in difficulty in finding new advanced materials,
simulating quantum field theories and solving large combinatorial optimisation
tasks. Quantum computers have shown great promise in being able to solve
these (and many other) problems faster than their classical counterparts, and
therefore should be thoroughly investigated as a significant tool for enabling the
acceleration of scientific progress.

This work develops methods to tackle several problems across the spectrum of
quantum algorithms, providing methods suitable for the near-term hardware,
to the future where large fault-tolerant quantum computers exist. Therefore,
the works in this thesis range from efficiently making use of limited quantum
hardware to taking advantage of hardware benefits (e.g. excess qubits) as quantum
computation advances.

Covered topics include: an alternative paradigm for the optimisation of variational
circuits and quantum neural networks; techniques for improving energy estimation
of quantum states through the collection and processing of large amounts of
randomised measurement data; the use of entanglement in guiding the automatic
discovery of quantum circuits; investigating the role of symmetries in adiabatic
state preparation of molecules and the large scale parallelisation of a common
fault-tolerant subroutine, potentially producing large runtime speed-ups for the
simulation of chemistry on quantum computers.

Although there are many challenges remaining from both hardware and algorithms
perspectives before the large-scale utility of quantum computers can be demon-
strated, the contributions of this work make steps towards the efficient utilisation
of quantum hardware that will be available in the coming years.
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1.1 Motivation

It has been 40 years since the inception of quantum computation, an alternative
computing paradigm able to solve computational tasks beyond the power of any
classical machine [1], and we are closer than ever to the realisation of a universal
quantum computing device. However, current hardware is severely restricted
in terms of qubit count and error rates, prohibiting the use of Quantum Error
Correction (QEC), which would allow near perfect execution of arbitrary-depth
algorithms.

In the short term whilst we remain in the Noisy Intermediate-Scale Quantum (NISQ)

2] era, we are motivated to search for heuristic algorithms more suited for near-term
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devices. These algorithms often rely on a hybrid quantum-classical optimisation loop,
where a classical coprocessor aims to reduce the requirements on a quantum device,
only using it to do classically hard tasks such as measuring quantum observables.
It is still unclear if these algorithms will be able to provide useful applications
of quantum computers, with a narrow window of applicability where hardware is
sophisticated enough to run NISQ algorithms that are not classically simulable, but
not sophisticated enough to run useful fault-tolerant algorithms.

Looking towards the future, even fully fault-tolerant algorithms that are able
to deliver useful applications of quantum computers will face challenges, namely
dauntingly high resource costs in terms of machine quality or runtime. Therefore,
along with the hardware, further developments in fault-tolerant algorithms are also

needed to bring forward the era of useful fault-tolerant quantum computing.

1.2 Contribution

This thesis will describe several algorithms ranging from near term, NISQ era,
impact, to the optimisation of important subroutines for fault-tolerant algorithms.
Firstly, in the NISQ regime, Chapter [2| presents an alternative optimisation paradigm
for variational quantum circuits, providing several advantages over traditional
gradient descent-based methods, including faster convergence and resilience against
local minima. This work is a significant step forward in the training of these circuits
and may well retain its usefulness through efficiently varying circuit parameters
into the fault-tolerant era.

The work in Chapter |3 lies on the edge of NISQ and early fault-tolerance, providing
techniques for improved energy estimation of quantum states via extremely high
dimensional subspace expansions, enabled by randomised measurement data. As a
technique that allows for improved performance at the expense of circuit repetitions,
this is suited to the NISQ/ early fault-tolerant regimes where circuit depths are
limited.

In Chapter [4] I present an optimisation of the common fault-tolerant subroutine

of Linear Combination of Unitaries, allowing for arbitrary parallelisation of the
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common situation where the unitaries to be applied are Pauli terms. As such,
this work is suited to well into the fault-tolerant era, where more than the strictly
minimum number of qubits required are available to speed up computation.

Finally, I present some ongoing work on exploiting entanglement measures in
variational circuit compilation and the use of symmetries in adiabatic state prepa-
ration as a demonstration of symmetric guiding states outperforming other states

with lower energy.

1.3 Quantum Computing: A Brief History

The idea of quantum computing was born from the desire to solve the classically
intractable problem of simulating many-body quantum systems. Dirac wrote in
1929: “The underlying physical laws necessary for the mathematical theory of a
large part of physics and the whole of chemistry are thus completely known, and the
difficulty is only that the exact application of these laws leads to equations much
too complicated to be soluble.” [3]. Despite the widespread success of simulating
weakly correlated systems with classical techniques, in general, the exponential
growth of the number of degrees of freedom with the number of particles makes
classical simulation of systems exhibiting strong correlations to reasonable precision
impossible. In 1981, Feynman popularised the idea of using a controllable quantum
system to act as a computer, allowing for the efficient simulation of many-body
quantum systems out of reach of classical techniques (although this idea had been
investigated by Paul Benioff a year before [4]).

In 1985, the idea was formalised by Deutsch and Penrose into the universal quantum
computer, a controllable system capable of simulating any other quantum system
[5]. For the first decade since its inception, quantum computation existed merely
as an interesting thought experiment for physicists, but in 1992 Deutsch and
Jozsa developed the first quantum algorithm with a provable exponential speed-up
compared to any classical algorithm [6] demonstrating that quantum computers can
solve some problems that are practically impossible for classical computers. In 1994,

Peter Shor discovered another exponential speed-up for a problem of practical use.
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Shor’s algorithm [7] can determine the prime factors of a number in polynomial time,
which is particularly important as the modern day RSA cryptosystem that underlies
the security of much of digital communication is based on the assumption that no
efficient algorithm exists for this problem. Naturally, this discovery led to a great
deal of interest in quantum computing, both from physicists and computer scientists
attempting to find more quantum speed-ups, and from governments with an interest
in the use of Shor’s algorithm for decrypting messages. With the discovery of a
quadratically-faster quantum algorithm for database search by Grover two years
later [8] the community became convinced of the usefulness of physically building a
quantum computer and a great deal of attention turned towards how this might be
achieved.

The primary practical barrier to constructing a quantum computer is the problem
of decoherence [9], where a quantum system interacts with its environment and
rapidly becomes entangled with environmental degrees of freedom, causing the
state of the system itself to effectively become classical [10]. The timescale over
which decoherence occurs is extremely short, seemingly requiring correspondingly
rapid operation of quantum computers to outpace the destruction of entanglement.
Unruh calculated that as the thermal decoherence timescale at 1K is on the order
of 107!, a quantum computer would have to operate at a frequency ~ 10%s~! in
order to factor a 1000 bit number before decoherence destroys the calculation |11],
that is, at frequencies millions of times greater than the GHz classical processors
common today. To protect against decoherence, in 1996 Shor et al. produced a
quantum error correcting scheme which used additional physical qubits to protect
one logical qubit [12]. A series of developments in quantum error correcting codes
(QECC) then occurred, leading to the threshold theorem, stating that as long as
the error in individual gates is below a certain constant threshold, it is possible to
correct errors to perform an arbitrary length quantum computation [13]. Kitaev
proposed a topological QECC [14] with the benefits of a high threshold and only
requiring local measurements for error correction which led to the surface code [15]

which is the QEC basis of many of the current proposals for future error-corrected
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quantum hardware. Despite these theoretical results confirming the plausibility of
a machine that can act as an ideal quantum computer, there nevertheless remains
the substantial challenge of actually building a device with a sufficient number of
qubits and low enough error rates to implement QEC.

By 1998, the basic fundamentals of hardware had been demonstrated, with qubits
being realised and 2-qubit gates being demonstrated in NMR experiments, and
used to run a 2-qubit Deutsch-Jozsa algorithm [16]. By the mid 2010s, quantum
computers based on ion traps were producing controlled entanglement between 14
qubits [17] and superconducting qubits had reached 2-qubit gate fidelities of 99%,
approaching the threshold for QEC with the surface code [18]. In the early 2020s,
hardware had improved to the point where prototype quantum computers could run
a series of random sampling experiments believed to be out of the reach of classical
computation [19-22], and many prospective architectures reached the threshold for
the surface code using a small number of qubits. As of 2024, a series of impressive
QEC experiments have been performed in hardware, with demonstration of below
threshold logical qubits [23, [24], demonstration of more advanced non-local codes
on architectures with non-local connectivity 25| 26], as well as demonstration of
logical preparation of magic states [27] and early algorithms [28]. The primary
hardware challenge remaining is how to scale up to the tens of thousands of qubits
as the minimum that will be required for a useful application on a fault-tolerant
quantum computer, while keeping gate fidelities high.

It may be possible to run useful applications on pre-QEC quantum computers:
co-design of algorithms, compilation schemes, error mitigation and clever choice
of problem may make it possible to demonstrate quantum advantage (when a
quantum computer first performs a useful, classically intractable task) possible

in the near-term future.

1.4 Quantum Logic

The basic operations of classical computers are logic gates, which act as binary

functions that usually map two bits onto a single output (with the addition of the only
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classical single-bit gate, the NOT gate). In a digital quantum computer, the basic
information element is the qubit, which is a two-level quantum system whose states
are usually denoted as |0) and |1): these states make up a 2-dimensional Hilbert
space. A single qubit can exist in a superposition of these states as [¢)) = a'|0)+ 5 |1)
where o and 3 are complex numbers giving the probability amplitudes of the two
states. The state of n qubits can be described by a 2"-dimensional vector of complex
amplitudes, one for each of the possible states of n bits.

Quantum states may also be in a mixture of these ‘pure’ states described above,
for example due to random errors that may or may not have occurred, or as the
description of subsystem of a system that may itself be in a pure state. In this
case, they can be represented as, 2" x 2" dimensional density matrices which are a
probabilistic mixture of pure states p = 3, p; [1;};]. Apart from when discussing
noise in Chapters [2 and [3] and subsystems in Section [5.3] T will limit my discussion
to pure states [1).

Quantum logical operations are described by unitary operators U (where UUT = I)
that act on the computer’s state as [¢)) — U |¢). Fortunately, there exist basic sets
of single and two-qubit unitaries that are sufficient to construct any n-qubit unitary
(such a gate set is called universal) [29], so the act of programming a quantum
computer is primarily the problem of constructing a series of gates to produce
a desired unitary. A key property of unitaries is that they have an inverse and
are therefore reversible, meaning that in contrast to standard models of classical
computation, any unitary quantum circuit must be able to be run backwards to
reproduce its inputs.

The other component of quantum logic is measurement, where the state of a qubit |)
is non-deterministically (and non-reversibly) collapsed onto the output |0), |1) with
probability |<m\1/1>|2, providing the measurement outcome m. This measurement
corresponds to the measurement of the X observable of that qubit, and although
it is possible to measure any observable directly, usually other observables are
measured by first performing a unitary transformation to rotate the system onto

the correct basis such that standard measurement effectively measures the desired
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observable. Measurement is of course required for obtaining any useful output
from a quantum computation, as well as being central to QEC, but it can also
be useful as a tool within algorithms. Despite the non-deterministic nature of
measurement, it is sometimes possible to perform corrections based on measurement
results, also known as feedforward: allowing for fast and deterministic circuits
involving measurements [30H32]. Feedforward also allows for the teleportation of
quantum information, transferring information from one qubit to another through

the use of entanglement and classical communication [33].

A helpful way of presenting quantum logic is through quantum circuit diagrams,
which lay out gates on lines denoting different qubits, with time proceeding from left

to right. See Fig.[I.1]for an example (the gates in this circuit will be described below).

) HHZ}|
0y [H
0) ¢

Figure 1.1: Example quantum circuit diagram, containing both single and two-qubit
gates, and showing input states on the left.

/AR
N
/AR
"

N

N
%

The state of a single qubit can be represented as a point on the surface of a
sphere and therefore the possible operations on one qubit can be described by

rotations about three orthogonal axes.

A

Rx(g) = 2
Y Ry(0) =e = (1.1)
Ry(0)=e 2

Where XY, Z are the Pauli operators, which are also logic gates.
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0 1 0 — 1 0
) 0 ) e
An example two-qubit gate is the controlled-NOT (CNOT) gate which flips the

target qubit only if the control qubit in the |1) state.

100 0
= (o100

— (1.3)
& looo1

0010

In fact, any unitary U can be promoted to a controlled operation through the nota-

tion:

,U? ,U?

Where the filled in circle indicates that the operation is performed if the control
qubit is in state |1) and the empty circle for state |0).
The three Pauli operators, along with the CNOT, Hadamard (H) and phase (S) gates

H= \}5 G _11> S — (é ?) (1.4)

construct the Clifford group, which is a non-universal gate set, and in fact is one
that is efficiently simulable, i.e. it is possible to efficiently simulate a quantum
algorithm that only uses these gates [34]. In order to obtain universality, one must
additionally add one non-Clifford gate to your gate set, which is often chosen to
be the T = V/S gate, leading to the Clifford+T gate set.

Unfortunately, there is a no-go theorem that prohibits any universal gate set being
fault-tolerantly implementable in any QEC [35], for example in the surface code,
T gates cannot be implemented fault-tolerantly. This hurdle can be bypassed
using expensive magic-state distillation protocols [36], but this means that in the
error-corrected regime, T gates are much more expensive than any other operation,
meaning algorithms must be designed to limit the number of T gates required.
Conversely, in the NISQ regime, arbitrary single-qubit rotations are possible with

similar levels of noise meaning T gates are not abnormally expensive, but two-qubit
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gates produce substantially higher levels of error, meaning algorithms must be
designed to minimise the number of two-qubit gates.
With the basics of quantum logic in place, I will now set out to review parts of

both near and future term quantum algorithms relevant to the work in this thesis.

1.5 Variational Algorithms

The Noisy Intermediate-Scale Quantum era was coined by Preskill in 2018 [37] as a
means to describe the regime of quantum computing where qubit counts and quality
are sufficiently high (50-100s of qubits) that brute force classical simulation is no
longer possible, but before error correction is able to remove the serious limitations
on what noisy quantum devices are able to achieve. The primary hope for useful
algorithms in this era lies in Variational Quantum Algorithms (VQAs). These rely
on a hybrid quantum-classical optimisation loop, where a classical coprocessor aims
to reduce the requirements on a quantum device, only using it to do classically hard
tasks such as measuring quantum observables.

In 2018, Preskill’s view on the potential for these algorithms in the coming years was
“nobody knows, but we’re going to try it and see how well we can do” [37]. In the
following 6 years, many have tried, with 1743 papers produced since 2018 in a search
for ‘variational quantum algorithm’ on webofscience.com. Numerous challenges
have been found and investigated without being substantially solved, including: the
ubiquity of barren plateaus in the optimisation of variational algorithms [38-40],
along with the widespread simulability of special cases where they are not present
[41]; extremely high measurement costs due to the O(1/€®) measurements at each
optimisation step; the effect of noise on NISQ algorithms [42], with new classical
simulation techniques for noisy systems pushing the bar ever higher for NISQ
devices to outperform classical simulations [43] |44] resulting in some NISQ proposals
requiring error rates of 107° [45], which is well below current and projected hardware
error rates.

Even so, the ideas developed in this period may yet be useful as we move into the early
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fault-tolerant era and beyond, and at the end of Chapter [2| I discuss some regions of

applicability where issues in training variational algorithms may be less pronounced.

Introduction

Variational Quantum Algorithms, the first of which was proposed by Peruzzo et
al. in 2014 [46] aim to achieve usefulness in the NISQ regime by sidestepping
the high-depth requirements of other quantum algorithms by using a low-depth
Parametrised Quantum Circuit (PQC), U(€), usually called an ansatz, to evaluate
some classically hard cost function. This PQC is supplemented by classical variation
of the circuit parameters by optimisation of this cost function. This basic concept
leads to a great deal of variety in the VQA space due to a degree of modularity in
choice of cost function, ansatz and optimiser elements which I will separately cover
in this section.

Variational algorithms are based on the observation that the energy expectation

value of any state is bounded below by the lowest eigenvalue of the Hamiltonian

(V(0)|H[¢(0)) = Eo (1.5)

with equality when [¢)(6)) is the ground state of the Hamiltonian, meaning we
can input values of # into our quantum computer, and use a classical multivariate
optimiser to minimise the energy expectation value to hope to find the ground state
of H, which we have chosen to encode the solution of a problem. It may be the case
that H represents a real Hamiltonian and therefore the ground state represents the
real ground state of a physical system, or that H has been constructed to encode the

solution to a combinatorial problem or a compilation task on the quantum device.

Components of a VQA

Cost Function

The cost function of the VQA encodes the problem that the algorithm aims to

solve, and is accessed by making measurements on qubits after having prepared
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the ansatz state [10(0)) = U(@) |0), typically to calculate the expectation value of a

problem Hamiltonian, which will henceforth just be referred to as ‘the Hamiltonian’

(H)y = (0|UN(0)HU(6)[0) (1.6)

However, Hamiltonians are Hermitian operators and cannot directly be applied to a
quantum state without expensive qubitisation methods [47] which have requirements
beyond the scope of NISQ technology. In order to evaluate the expectation value of
H in Eq. , the Hamiltonian needs to be decomposed into a linear combination
of operators whose expectation values can be evaluated on the device. This is done
by expressing the Hamiltonian as a sum of Pauli strings, P = ®}_,0; where o; is a
Pauli operator for the jth qubit chosen from {I, X,Y, Z} where I is the identity

operator. The Hamiltonian can then be written as:

M
k=1

Where ¢ is a complex coefficient for the kth Pauli string, and the desired Hamil-

tonian expectation value can be written as

The P, are unitary operators so can be easily applied to the state [¢)(6)) to measure
the expectation values. There are more advanced methods to speed up this
measurement process, such as simultaneously measuring groups of commuting
operators [48] and randomised measurement techniques that can allow for the
creation of a classical representation of |¢)(6)) which can then be used to calculate
expectation values [49).

The choice of cost function in a VQA is crucial as it can impact the convergence
to the desired solution. Not only does the cost function need to have a global
minimum that correctly encodes the solution of the problem, and ideally to be
‘operationally meaningful’, i.e. that smaller cost function values correspond to a

state closer to the solution, but it is also desirable for it to be free of regions of
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vanishing gradient, known as barren plateaus, which often plague VQAs. Both of
these issues in optimisation can be impacted by the choice of cost function used [38].
Particularly, global cost functions, where the P, in the Hamiltonian have support
over many qubits, suffer from barren plateaus at much shallower circuit depths than
cost functions which only contain local (i.e. with a limited support over qubits)
terms [38].

Different complementary cost functions may also be combined to assist in achieving
in a single goal. For example, when it is known that the solution to a problem
contains a particular symmetry, an element preferring that symmetry can be added
to the cost function [50, 51]. For example, when using the VQE to find the ground
state of a molecule, often the expected symmetries or spin state of the ground state
will be known, and a term favouring this symmetry can be included in the cost
function.

Expectation values of operators are not the only kind of cost function useful
for VQAs another example is the fidelity between the output state of the PQC

and a target state |¥)

F(9), [v(0))) = [ (¥[¢(9)) (1.9)

Of course, in order to do this, one needs to have access to a circuit that can create the
desired state | W), this is the case if the goal is the variational compilation of a circuit
that can create this state into PQC form (discussed in Section , which may be
desirable to create a circuit with reduced length or noise-sensitivity. This fidelity can
be measured using a SWAP test [52] or Loschmidt echo test, where the ansatz U(6)
and the inverse of the unitary V that creates |¥) are applied in sequence, and when

success is achieved, the qubits will be in the all 0 computational basis state \O)®".

Ansatz

The most critical element of a VQA is the ansatz itself. This ansatz must be capable
of properly representing the solution state, the quality of an ansatz to produce a

large number of output states is its expressibility [53] and the ansatz, along with
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the cost function itself, must produce a cost function landscape that is amenable
to optimisation, i.e. it must have a favourable trainability. Unfortunately, these
qualities are not entirely compatible, ansitze which are chosen to be as expressive
as possible, such as Hardware Efficient choices, are more likely to suffer from barren
plateaus. To be more precise, circuits which can approximate a unitary 2-design
(where sampling over the circuit with randomised parameters is approximately
equivalent to sampling over the space of all unitaries for the calculating expectation
values and variances of observables), are guaranteed to suffer from barren plateaus
[54, 55]. For this reason, it is desirable to choose ansétze that are problem-specific,
with limited expressivity, but that have been chosen carefully such that it is expected
there is a good solution within the states reachable by the ansatz. Another option
to improve the expressibility-trainability trade-off is to use variable circuits that are
modified automatically over the course of the optimisation, that individually have
limited expressibility but via varying the ansatz, a good solution can hopefully be
reached.

Typically, an ansatz is represented in a series of layers

with

Ui(0,) = [[ e mtmw, (1.11)

where each layer consists of a series of gates with Hermitian generators H,, and

unparametrised gates W,,, which are often a sequence of entangling gates.

Hardware Efficient Ansdtze are designed to be optimised for low circuit depth and
maximal expressibility such that U;(6;) are typically chosen as the gates native to
the given hardware platform and the rotation angles 6, of each gate are treated
as parameters to be optimised [56]. Unfortunately, due to the lack of structure in

Hardware Efficient Anséatze, they are rarely useful for problem sizes beyond a few
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qubits due to barren plateaus.

Unitary Coupled Cluster ansatz (UCC) this was the first ansatz used in Peruzzo’s
initial Variational Quantum Eigensolver paper [46] and is used for quantum chemistry
applications. It is inspired by the observation that it is reasonable to consider small
excitations from a known reference state |1), to capture quantum correlations in
molecules. Typically, the reference state is the easy to prepare Hartree-Fock state
and the ansatz acts as e7@-T©O |y Here the cluster operator T(0) = Ty (6)+T5(0)
[57] is often restricted to single and double excitations, leading to the ‘UCCSD’

ansatz (SD for single and double), with

Ti9) = ) blaja; (1.12)
Sevirt

T(0)= Y. 0hikala,ala,
Hein

where the ¢ and j are summed over occupied and virtual orbitals respectively.
Hamiltonian Variational Ansatz (HVA), first proposed in [58], was developed
to reduce the number of parameters required and improve convergence. This
ansatz has the benefit of being theoretically motivated by consideration of a time-
discretised adiabatic evolution that is guaranteed to drag the eigenstate of a trivial
Hamiltonian Hy to the desired problem Hamiltonian H for a sufficiently deep
ansatz. The evolution time 6; of each piecewise constant, trotterised evolution
Ui(6;) = I1,, e %= [59] is variationally optimised to find the ground state. The
HVA shows high expressibility but is still ‘structured enough to allow for efficient
optimisation’ [60], although it may have a high depth requirement to reach accurate
solutions, despite theoretical guarantees about its connection to adiabatic evolution
in the large depth regime.

A phenomenon not specific to any particular ansatz is that of overparametrisation

[61] where an ansatz can reach a regime where it has higher than a critial number

of parameters N, where there is a phase transition in the cost landscape which
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removes spurious local minima, however the number of parameters (and therefore
depth) required may be prohibitive to achieve overparametrisation before too much

noise builds up in the quantum computer.
Optimiser

As the output from the quantum computer is simply in the form of real numbers
that make up the cost function(s), in principle, any multivariate optimisation
method could be used to find a minimum, and can leverage extensive research into
optimisation techniques used in machine learning. However, more specifically, the
optimisation procedure needs to satisfy the conditions of being robust to the noisy
cost function values and gradient estimators from the quantum computer, as well as
being as efficient as possible due to the relatively high cost of function evaluation.
The optimisation methods used in VQAs can be broadly separated into gradient-
based and gradient-free methods. Although it is likely that many possible opti-
miation methods have been tested on VQAs, I present here some prominent and
promising methods in the literature.

Gradient-based approaches are a common route to function optimisation, where
the gradient of a function f(f) with its parameters, which I will denote 0; f(¢) for
the parameter ;. The gradient indicates the direction of greatest change of the

function, and this local information can be used to make small iterative steps

01 =0 — 0o f(0) (1.13)

where 7 is the learning rate that is small enough to be consistent with the fact
that the gradient is only giving local information, but large enough to ensure the
optimiser is moving across the landscape.

One way of evaluating gradients that is always accessible when access to the
function is available is the finite difference method, where one computes gradients
as 0;f(0) ~ (f(0 + ee;) — f(6 — ee;))/2e. However, given that the accuracy of
the gradient estimate depends on € being small, the accuracy of the two function

evalutations must be high to achieve an accurate gradient, which requires more
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shots on the quantum device to achieve this accuracy, leading to an inefficient way
to estimate gradients.

An alternative is the parameter-shift method, first proposed in [62], and developed
in [63] which uses the structure of the gates in a quantum circuit to create an
expression for the gradient which looks like a finite-difference method, but is instead
an exact analytical expression of the gradient. For a single parametrised gate with
a generator with only two eigenvalues £ (this includes all single qubit rotation

gates), the gradient for this parameter can be written as

9if(0) = A(f(8y) — f(0-)) (1.14)

where 0, = 0 + (7/4\)e;. This rule can be generalised to gates that share multiple
parameters and parameters that share multiple gates [64], achieving a speedup in
calculating gradients. It can be also be used to calculate higher order derivatives
[65].

Quantum Natural Gradient. Additional information about the structure of the
spaces that optimisation is being performed in can be used to supplement the
process. Optimisation is not only occuring in the Euclidean parameter space, but
also in the Hilbert space that the states occupy. This information can be used in

the following Quantum Natural Gradient (QNG) update rule [66]

9§t+1) _ el(t) _ nﬂ;l(ﬁ)@]f(ﬁ) (1.15)

where F(6) is the Fubini-Study, or quantum Fisher information tensor that indicates

how much variation in parameters causes a change in Hilbert space, with entries

Fij = Re ((0:4(0)[0;9(0)) — (9 (0)[¢(0)) (¥(0)109;4(8))) (1.16)

QNG is inspired by the use of natural gradient methods in machine learning
optimisation, but the method is actually equivalent to a previously proposed
method, Quantum Imaginary Time Evolution (QITE) [67] which was inspired by

physics-based consdierations of reaching the ground state of a system through
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evolution by an operator e ™. QNG shows advantages in terms of convergence
speed and increased resiliance to becoming stuck in local minima |67] and can be
generalised to noisy quantum circuits or non-unitary processes [68].

Alternative schemes that are not based on gradient descent are possible, and I

will discuss one such method in Chapter [2]
Applications

Here I give a brief overview of some of the possible applications of VQAs to
various problems, and some special techniques applicable to certain problems. This
will be a necessarily incomplete overview of applications for VQAs, as they have
been proven to be a universal model for quantum computation [69], meaning a
variational algorithm can be devised to attempt to solve any problem soluable

by a quantum computer.

Many-body Physics and chemistry

One of the primary uses for future quantum computers will be in simulating
chemistry and physics, the original application they were conceived for. Here by
‘simulating’, I mean calculating both static and dynamical properties of quantum
mechanical systems. Calculating chemical reaction mechanisms, which will allow
for efficient design of new materials, drugs and catalysts is posed to be one of the
most promising use cases of quantum computers [70].

For the simulation of molecules on quantum computers, a representation of the
Hamiltonian of that system that can represented by a series of qubits must first
be found. The key issue is that the systems of electrons we wish to simulate
obey Fermi-Dirac statistics, and the native qubits on our device act as a series of
distinguishable spin-1/2 particles, so we must map from a fermionic hamiltonian to a
spin system. This can be done by a series of transformations that map the fermionic
annihilation and creation operators ﬁ-, fl-T corresponding to each mode/orbital of
the electron system. The most prominent examples of these transformations are
the Jordan-Wigner [71] and Bravyi-Kitaev [72] transformations, although there

is ongoing research to find new transformations that can improve in operation
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cost or locality of the transformed operators [73, [74]. Once this mapping has
been achieved, the expectation value (¢ (8)|H|1(0)) can be evaluated a variational
scheme performed to find the ground state of the molecule. From there, techniques
to find excited states such as adding terms to the Hamiltonian to project out the
ground state [75] can be used.

Spin models are a good target for variational algorithms, as they have simple
Hamiltonians, and even simple one-dimensional models can be classically intractable
to study and can display interesting physical phenomena such as many-body

localisation, relevant to condensed matter systems [76].
Compilation

Another key element of the near-term quantum computer stack is the task of
compiling a desired quantum operation V into a circuit that can be executed on
hardware. This executable circuit must be written in the native gateset of the
device and satisfy the connectivity constraints of the device, as well as being as
noise-resilient as possible.

One possible path to effective compilation of circuits is the use of variational methods
to approximate the action of V', either on a single state or attempting to reconstruct
the whole unitary, with a PQC U(€) [77]. This can either be done using a fixed
ansatz, but there are also various varible ansatz schemes [78-80] that aim to find an
ansatz that is as short as possible that is able to find a good approximation to V.
A series of cost functions can be used, including directly using fidelity measures as
in the Hilbert-Schmidt test used in |77], where the register the operations are being
applied on is entangled with another, so that the operations act on a superposition
of every computational basis state 32", |i) to learn the whole unitary. Alternatively,
energy based methods can be used [81], which devise a synthetic Hamiltonian that
can be minimised to solve the problem.

Work in generalisation performance of quantum learning [82, 83|, shows that a
small polynomial number of training states can in fact be used to approximately

variationally compile a whole unitary, allowing for the parallelisation of this task
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and removing the qubit overhead required for the Hilbert-Schmidt test. I discuss
using this scheme along with measures of entanglement in Section [5.3]

Compilation tasks are a good target for VQAs, as even for small circuits acting as
subroutines of a larger quantum program, an improvement in circuit depth or error

rate could allow for less stringent hardware requirements for quantum advantage.
Machine Learning

The field of quantum machine learning uses optimisation of PQCs as a quantum
equivalent of classical neural networks, even calling the circuits used in machine
learning tasks Quantum Neural Networks (QNNs), although they are not composed
of virtual neurons analagous to the classical perceptron.

Various schemes exist to use variational methods in supervised learning to clas-
sify data encoded into quantum states [84, 85]. Usually these models create a

variational state as

¥ (2,0)) = U(0) [¢(x)) (1.17)

where x is the input classical data that is encoded into the state |¢(x)) by a
circuit that depends on the x. From there, the parameters can be trained by
matching these states to the labels y; provide the classes of the training data X;.

The following infidelity can be minimised

D

C(O) =>_(1 = [ (mlv(z,0) %) (1.18)

=1

The quantum feature map that creates the states [¢)(z)) is a key step in the process,
as the PQC U(#) acts linearly on these states, so any needed non-linearities must
come from the encoding. We also must expect that in order to achieve any quantum
advantage, this encoding step must be classically intractable, and well represent
the dataset. A series of data encodings have been proposed [86-88]. However, as
with classical machine learning, many of the results rely on heuristics, and it is
therefore uncertain as to whether using quantum computers, even with classically

hard encodings, can be used to accelerate machine learning tasks in this way. The
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source of potential advantage of the large Hilbert space is not so clear as it is for
simulation of quantum mechanics. Nevertheless, quantum machine learning is one
of the primary areas where it is possible that variational methods will continue to
play a key role even after the advent of error corrected quantum computers, as
the parameters in a PQC play a very natural role as the parameters of a machine
learning model. Whereas in other areas, like simulation, variational algorithms
are likely to be used rarely as they are surpassed by more advanced techniques

suitable for fault-tolerant machines.

1.6 Shadow Tomography

As a quantum state on n qubits can only be fully specified in general with 2"
complex amplitudes, it seems a futile task to attempt to fully characterise (perform
tomography on) states that are the output of some quantum computation. Aaronson
in 2018 introduced the alternative paradigm of shadow tomography [89] which
only attempts to learn limited amounts of information about particular classes
of observables (although the algorithm presented there was not computationally
efficient). In 2020, a simple and efficient shadow tomography procedure named
classical shadows was introduced [90], including variants for estimating local Pauli
operators and operators with low trace norm. The general procedure of estimating

observables through classical shadow algorithms is as follows:

o Apply a random unitary U from some ensemble U to rotate the state. and we

measure each qubit to obtain /N-bit measurement outcomes |lA),> e {0, 1}V,

o Generate the classical shadows by applying the inverse of the measurement
channel M. The classical snapshots are generated as
pi = MY U b;)b;|U), and the classical shadows are collections of these

snapshots S(p; N) = [p1, ..., Pn]-

o From these classical shadows we can construct K estimators of p from

our Npaen snapshots as puy = %Z?L(kq)rﬂ p; with 7 = | Npuen/ K| and
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classically calculate estimators of the expectation values using a median-of-

means to ensure that all estimators are within the desired precision 6;(N, K) =

median{tr (Oiﬁ(l)) s ooy UL (Oiﬁ(K)) }

e The sample complexity is then determined by the ‘shadow norm’ of the

operators ||O|| which depends on the ensemble of unitary transformations

shadow

used to create the classical shadow.

The simplest shadow tomography algorithm is the classical shadow procedure for
local Pauli operators [90], where the unitaries are chosen randomly from single
qubit Clifford gates on each qubit and the procedure is equivalent to randomly
selecting to measure in the X,Y or Z bases. The sample complexity of obtaining
these estimators of M Pauli operators of locality [ to error € is O[3!log(M)/€?],
as the shadow norm depends exponentially on the weight of the Pauli operator.
The required measurements of this variant are very near-term friendly, and I will
make use of this technique in Chapters 2] and [3

The unitary ensemble U can also be made up of global Clifford transformations,
resulting in a shadow norm proportional to tr(O?), but requiring circuit depths that
are prohibitive for near-term applications or uses of classical shadows in tomography
experiments where full quantum control is not available.

Following on from these initial classical shadow schemes, several ideas have been
produced for schemes that interpolate between the two extremes, with Bertoni et
al. |91] producing a scheme with depth logn which retains the desirable properties
of both extremal schemes whilst, in contrast to the random Clifford scheme, also
remain experimentally feasible, with further analysis of the scheme in Ref. [92].
Hu et al. provide results for any ‘locally scrambled’ ensembles [93] and use the
example of an ensemble of time-dependent Hamiltonian evolution that generates
approximately locally scrambled dynamics to provide an example of hardware-
efficient approximate tomography.

Another useful class of observables that were not covered in the initial introduction

of classical shadows are fermionic observables a;, a;r, which when transformed to
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Pauli operators via the standard Jordan-Wigner transformation produce non-local
‘Z strings’ [1¥~! Z;, making their estimation by either local or global Clifford classical
shadow techniques inefficient. Instead, alternative methods have been developed
for the estimation of fermionic observables with classical shadows [94, 95], making
use of an alternative classically simulable ensemble of gates that acts naturally on
fermionic operators after the Jordan-Wigner transformation, matchgates [96].
Despite the efficiency of the local Pauli estimation in terms of the number of
observables M, the overheads when using observables of moderate locality as well as
the 1/€? scaling necessitating many shots for high precision mean that in practice,
classical shadows can require a dauntingly high number of shots to obtain good
expectation values for input into further processing. Fortunately, there are a variety
of techniques that have been developed for reducing the sample overhead: with one
class being methods that only allow for estimation of an even further restricted
class of observables, with locally entangled Bell measurements allowing only terms
that overlap fully with the dimers to be estimated [97], and ‘real’” classical shadows
only allowing estimation of Pauli strings containing X, Z operators [98].
Another set of techniques involve biasing the randomised measurement process in
the case where a specific set of observables are desired to be measured in advance.
Derandomisation [99] aims to minimize measurement variance in the estimation of
Pauli observables by deterministically selecting specific measurement settings based
on the target observables rather than relying on random sampling. By derandomising
the process, the method can achieve an equivalent or better estimation accuracy
with fewer measurements, often by an order of magnitude.

A related but alternative scheme is local biasing [100], where rather than sampling
uniformly, measurement settings are chosen based on their relevance to the observ-
ables of interest. If the goal is to measure a specific Pauli observable, measurements
aligned with that observable’s structure will be more frequently sampled. By biasing
measurements, local biasing reduces the variance in estimating the target observable,

thus requiring fewer samples for accurate estimates. In practice, local biasing often
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means adaptively selecting measurements based on the target observables [101],
often resulting in slight performance improvements over derandomisation.
Recent works also allow for the reduction of mean-squared error of the estimators
produced from classical shadows via a bias-variance trade-off which would be
effective at reducing the error on the high-weight observables. This can be performed
either through rescaling conventional shadow estimators [102], or using cumulant
expansions for estimating k-RDMs of fermionic systems [103]. T also note that recent
works provide a way to reduce the sampling overhead for high-weight observables
by optimising the shadow inverse map [104-106]. Error mitigation strategies both
for the output of classical shadows |102], [107-110] and error mitigation strategies
using classical shadows [111} [112] have been proposed as ways to improve the
near-term prospects of classical shadow techniques.

Algorithmic applications of classical shadows include estimating spectroscopic
properties of Hamiltonians through time evolution [113], achieving backpropagation
scaling in training variational quantum circuits [114], optimising parametrised
quantum circuits (Chapter [2)) and performing high dimensional subspace expan-
sions (Chapter [3)).

Although this section has largely focussed on classical shadow schemes, other forms
of efficient shadow tomography do exist, for example a scheme that can estimate
any of the 4" Pauli oberservables using two copies of a state p [115], albeit at the
cost of a O(1/e*) scaling, limiting the practical application of the method. Schemes
based on similar ideas produce results for learning Hamiltonians from their time

evolution [116] and learning shallow quantum circuits |[117].

1.7 Fault-Tolerant Algorithms

In order to make this thesis as self-contained as possible, and to give a rounded
overview of the spectrum of quantum algorithms moving into the future, I will
briefly explore some of the relevant primitives of fault-tolerant algorithms. For a
more comprehensive overview, see the review by Dalzell et al[11§].

To begin with, I will discuss two primitives which are the prototypical sources of
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quantum speedups, as well as being widely useful in the field. Phase estimation,
which is the source of the exponential speedup of Shor’s algorithm, as well as a general
tool for the projection of a state onto eigenstates of an operator, and amplitude
estimation, which is the source of the quadratic speedup of Grover’s algorithm,
as well as the closely related amplitude amplification which is a widespread tool
for producing deterministic results from unitaries that would otherwise require
measurements to select the desired outcome.

I will then discuss Block Encodings and Quantum Singular Value Transformation
as a unifying picture behind many quantum algorithms, with the parallelisation

of these techniques being the motivation for the work in Chapter

Phase Estimation

Quantum Phase Estimation (QPE) is the prototypical source of quantum advantage,
being the source of the original exponential speedup in Shor’s algorithm [119], as
well as for the guided Hamiltonian problem [120] and is a widespread primitive
within fault-tolerant algorithms.

The problem that phase estimation aims to solve is to take an eigenstate of a
unitary U [1)) = €™ |¢)) and estimate the value of ¢. This can be done through

the following scheme visualised in Fig. [121]
0) {4}

;
|0>@ QFT
0) {H |

[¥) U U U

Figure 1.2: Coherent or ‘textbook’ Quantum Phase Estimation, figure from [121]

Before the application of the QFTT block (to be explained momentarily) the

state of the qubits can be written (rewriting ¢ into its binary representation

¢ = 0.01...¢;) as
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The final inverse QFT block in the circuit performs the quantum fourier transform,
performing the unitary

S ey s 1o (1.20)

212 :
resulting in the bits of ¢ being written out onto the register for measurement.
In the case where in the input state |} is not an eigenvalue of U, the measurements of
the phase instead project it onto the eigenvectors |¢) of U with probability |(#]i)|*.
Since the development of the so-called ‘textbook’ variation of QPE above, it has
been shown that the Fourier transform need not be done on the quantum device.

These statistical QPE methods extract time-series data from the quantum computer

using the circuit in Fig. before performing Fourier analysis classically [122]. [[

0)

) Uk

Figure 1.3: Statistical Quantum Phase Estimation using a Hadamard test circuit. Setting
V =1 or ST allows estimation of the real or imaginary parts of (|U*|4) respectively.

The runtime of quantum phase estimation scales as O(1/¢) where € is the desired
error in the phase estimate.

Shor’s algorithm [7] also proceeds via phase estimation, although was not presented
in this way in Shor’s original paper. There the problem to be solved is to find
the least r such that " =1 mod n, this is achieved by creating the superposition

over ¢ input states:

1
e > la) [z*  mod n) (1.21)
a=0

'In fact, recent work has shown that it is possible to forgo the requirement for controlled
application of U altogether [123], at the expense of more shots.
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performing a fourier transformation on the first register to give

g—1q—1

1
PR > Y exp(2miac/q)|c) [#*  mod n) (1.22)
a=0 c=0

and measuring ¢, which, enables finding r through finding the integer d (coprime

to r) such that

c d 1
< =
q Tl 2q

Shors algorithm can instead be more easily interpreted through the lens of QPE.

(1.23)

Indeed the circuit looks quite similar to Fig. [1.2] with a controlled action on
a ‘main’ register before an (inverse) Fourier transform. If we choose for our

phase estimation unitary.

Uy ly) = |ry mod n) (1.24)

This has eigenvalues exp(2mid/r), and therefore the classical step illustrated by
Eq. (1.23)) is just reading the output bits of the phase and rounding to the nearest

possible value of d/r.

Amplitude Amplification and Estimation

Another key primitive in quantum algorithms is amplitude amplification [124],
and the related concept of amplitude estimation, which act as a generalisation
of Grover’s algorithm [§].

The central problem these algorithms attempt to solve is that of taking a component
of a superposition, and either producing that state (amplification), or determining
the amplitude of that component (estimation).

Take the unitary:

A0) = [¥) = Valpo) + V1 —alyr) (1.25)

We are interested in using this unitary to produce the ‘good’ state |1)g). To perform

amplitude amplification, we can apply an operator composed of two reflections.
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Q = —5¢Sy,
where

(1.26)
Sy =1 =2[p)¢]

Syo = I = 2 [0 )t
The reflection operator Sy can be implemented as we know the unitary that produes
|4y as S, = A(I — 2|0X0|)AT and Sy, is usually constructed from properties
known about the good state |ty).

Taking a look at the action of ) on the relevant states:

Q[¢o) = (1= 2a) [ho) — 2y/a(l — a) [¢)
Q[¢1) = (1= 2a) [¢hr) + 2/ a(l — a) [¢o)

We find that the unitary @) acts as a rotation in the 2-dimensional subspace spanned

by {|to),|¥)}, which when writing v/a = sinf is

(1.27)

_ [cos(20) —sin(26)
@= (sin(?ﬁ) cos(26) > (1.28)

If we apply this unitary to |1)) n times, we arrive at

Q" |1h) = sin((2n + 1)) |tho) + cos((2n + 1)0) |¢n) (1.29)

giving a probability of measuring the good state |¢) of sin?((2n + 1)#) which
is maximised at n = |75 ], meaning we require O(1/+/a) repetitions to produce
the desired state with high probability.

A slight modification to this scheme is oblivious amplitude amplification [125], where
the input is the state |0)[¢)) and instead of reflecting about the all 0 state, we

reflect about the 0 state on the ancilla.

U |0) [v) = sin(0) [0) V' [1)) + cos(6) | @) (1.30)

We can do amplitude amplification with the oracle
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Q=-URU'R

where R = I — 211, with IT = |0)0| ® I is the reflection about the |0) state on the
ancilla.

Modifications to this scheme exist. For example, in cases where we can only
lower bound the success amplitude a > ag, it is common to use fixed-point
amplitude amplification [126].

So far, I have discussed the case where have a process outputting a desired state with
a known amplitude that we wish to produce (Quantum Amplitude Amplification,
QAA). The alternative situation is where we have this process, but we do not know
the value of a, and wish to estimate this value (Quantum Amplitude Estimation
QAE), analogous to the classical scenario where we have a biased coin that outputs
heads with an unknown probability p, and we wish to estimate this probability.
In order to achieve this, we can note that the operator ) in Eq. has

+2i% “and perform phase estimation on @Q to produce a QAE algorithm

eigenvalues e
with complexity O(1/¢), producing a quadratic improvement over the classical
algorithm. Although all QAE algorithms operate on this basic principle, a variety
of specific algorithms for QAE have been constructed, including unbiased [127]
and nondestructive [127-H129] variants.

QAE and QAA have widespread applications in quantum algorithms, but require
repeated calls to potentially complex unitaries, usually placing them well into the
regime of fault-tolerant algorithms. As many quantum algorithms require sampling
to estimate probabilities, QAE is a near-universal tool for reducing the error scaling
of this estimation to O(1/¢) Pl Grover’s algorithm (a special case of QAA) allows
for unstructured search with a quadratic improvement over brute force classical

search, and we will see in the following section how QAA is an essential component

in a unified picture of quantum algorithms.

ZHowever, for estimating small O(e) probabilities, O(1/€) scaling can in fact be achieved

classically. Recent work has provided a quantum algorithm utilising prior knowledge to improve
this to O(1/+/€) |130].
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Block Encodings and Signal Processing

The basic components of fault-tolerant algorithms I have been discussing can now
be brought together into a unified framework for quantum algorithms, that is
of embedding matrices within blocks of unitaries and then performing flexible
polynomial transformations on them [131].

I will first discuss the topic of Block Encodings, where a block encoding of a matrix
A is a unitary that contains the matrix A (which may need to be rescaled by
a factor a to reduce the spectral norm to [|A/a|| < 1 to ensure the unitarity

of U,) within a block.

Up = (A_/O‘ :) (1.31)

In the usual notation, an («, a, €) block encoding is one that requires rescaling factor

«, a ancilla, and the block is distance ¢ from the desired A.

1A = a((0]* ® NUA(I0)™ @ I)|| < e (1.32)

The ability to manipulate block encodings is what makes this paradigm of quantum
computation so powerful.
To begin with we will discuss the manipulation (Quantum Signal Processing [132]),

of a single qubit reflection operator

a4 m) (1.33)

R =
(a) <\/ 1 —a? —a
By repeated application of this operator and rotations ¢*# with some set of angles

{¢;} we can implement a polynomial of a.

jli[l(ewR(a)) = (P(‘a) :) (1.34)

P(a) needs to satisfy several conditions

o The degree d of the polynomial is equal to the number of applications of R(a)

 Parity(P) = Parity(d)
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e |Pla)|<1:xze[-1,1]

which are satisfied by Chebyshev polynomials.

The ‘qubitisation’ of an operator allows us to perform transformations on its
eigenvalues as if we are performing quantum signal processing on this single
qubit unitary [47].

Consider the action of U4 on an eigenvector A of A

U |07 [A) = A[0%) [A) + v — AZ|L) (1.35)

on the {|0%)|\),|L)} subspace, this has the action of the matrix

(e V55

and so allows us to perform exactly the same kind of transformation as Eq. (1.34) to

(1.36)

produce polynomials of the matrix by performing additional rotations with angles

{¢;} on the subspace where the ancilla is in |0%)

0i0Z

vy

Figure 1.4: QSVT circuit with block encoding U, including a rotation on the |0%) ancilla
subspace

resulting in a block encoding of P(A).

Now equipped with this block encoding, we can apply the unitary

Up(a) |0) 1) = sin(6) [0) P(A) |¢) + cos(6) [ L) (1.37)

and assuming P(A) is unitary (therefore the amplitude of the first part is the
same for any input state [¢))) we can use oblivious amplitude amplification to
apply P(A) with certainty.

The versatility of this technique is unmatched, allowing nearly every other known

quantum algorithm to be expressed in this framework, often leading to improved
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versions making use of the additional power afforded by polynomial transforma-

tion of operators.
A common technique to produce block encodings is the Linear Combination of

Unitaries (LCU) technique, where we wish to apply a block encoding of an operator

The improvement of Linear Combination of Unitaries is the motivation for the
work in Chapter 4, where I improve the runtime scaling for the common situation

where these U; are Pauli terms.
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2.1 Foreword

This section is relevant to the work published in Physical Review X
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« G. Boyd, Balint Koczor

Training Variational Quantum Circuits with COVAR : Covariance Root

inding with Classical Shadows [133
Finding with C

B.K. produced the original idea of training variational circuits with root finding
method on covariance functions, and we jointly extended this idea to reduce the
measurement cost by incorporating classical shadows. B.K. provided the theoretical
contributions from this work which I will briefly summarise at the beginning of
this chapter. I developed and performed all the numerical simulations presented.
All writing below is my own, in places using text originally authored by myself

verbatim from the manuscript.

2.2 Introduction

The most prominent candidate NISQ algorithm is the variational quantum eigen-
solver (VQE) whereby a circuit of shallow depth is constructed of parametrised
quantum gates such that the emerging quantum state is powerful enough to express
the ground state of a problem of interest, e.g., the Hamiltonian of a chemical
system. Nearly all such techniques proceed by efficiently estimating the energy
(expected value of the Hamiltonian) or an equivalent cost function via sampling with
a quantum computer and then the circuit parameters are variationally optimised
to find the solution to the desired problem using variants of gradient descent.
There are many challenges with these approaches, especially with the parameter
optimisations which suffer from the presence of local traps, flat regions as barren
plateaus and high sampling costs [61, [134-136].

Here we make significant progress towards addressing some of those difficulties by
providing a modification to the variational algorithm paradigm. In contrast to usual
minimisation of a single cost function, we use the observation that eigenstates of a
Hamiltonian must satisfy certain uncertainty relations with respect to observable

measurements. We define these properties as covariances [137-H139] between the
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Figure 2.1: (left) A toy-example of a 2-qubit problem whose eigenstates we aim to
find by finding parameters of a variational quantum state [¢)(0,62)) prepared by two
parametrised gates. Covariances fi, := (O, H), between our problem Hamiltonian and
between observables Oy, span classical surfaces (orange surfaces) and express uncertainty
relations between the operators. Blue lines show regions in parameter space where these
uncertainties (covariances) vanish, i.e., a root refers to the parameters § for which the
equation is satisfied f1(8) = 0. Intersections of the lines in the above surface with those
of the below surface (red dots) guarantee eigenstates of the problem Hamiltonian as joint
roots f1(0) = f2(€) = 0. (right) We use the extremely powerful classical shadow techniques
to determine a very large number of these covariances whose slices along the parameter
0, are shown in a practically relevant variational circuit (solid lines). We initialise at
01 # 0 and iteratively find the joint root at #; — 0 by linearising the covariances through
computing a Jacobian and solving the resulting large, overdetermined linear system of
equations.

problem Hamiltonian and elements of an operator pool of our choice. This definition
gives flexibility in the choice of operator pools and the ability to pose the problem
of finding eigenstates as finding joint roots of all possible covariances. As we
illustrate in Fig. 2.1](left) these covariances form surfaces as a function of circuit
parameters and roots of the individual covariances then submanifolds (as blue lines
in Fig. 2.1{left)). Intersections of these as joint roots (red dots) then correspond to
eigenstates of the problem Hamiltonian. In our CoVariance Root finding (COVAR
) approach we randomly select a large number of such covariances as illustrated
in Fig. [2.1right) and apply powerful classical numerical techniques. The most
significant advantage of COVAR is that we can reconstruct these covariances with
an extreme efficiency using classical shadows: we prove that the cost of estimating
a very large Jacobian is comparable to a standard gradient estimation and grows

only logarithmically with the number of covariances. I show in a comprehensive set
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of numerical experiments that the efficacy of root finding is significantly increased
by employing such large datasets and our optimisation procedure is highly robust
to shot noise and noise due to random sampling of constraints. We also expect (as
supported by evidence from numerics) that randomly generating constraints has
the advantage of being more robust against getting stuck in local traps.

We cover a number of important practical applications, such as recompilation
and finding ground and excited states of local Hamiltonians, where COVAR is
particularly powerful as we demonstrate in numerical simulations.

The structure of this chapter is the following:in the rest of this introduction section
I briefly introduce covariances and related basic notations in Section [2.2.1] The
main, general results are presented in Section where we state conditions for
finding eigenstates based on covariances and pose our problem as root finding.
In Section [2.4] T introduce the CoVaR approach that uses classical shadows to
find eigenstates of local Hamiltonians and relies on finding joint roots of very
large systems. In Section I numerically demonstrate the power and utility
of COVAR in solving practical problems and compare our technique to subspace

expansion techniques in Section [2.6]

2.2.1 Preliminaries: operator covariances and their prop-
erties

Given two arbitrary Hermitian operators A, B we can define a covariance functional

between them that depends on a pure quantum state |¢) as:

(A, B)y = (V|ABly) — (V| Al) (¢ Bl) (2.1)

When considering these operators, it will be useful to have in mind an operator pool
P for example, Pauli strings Oy, € {Idy, X, Y, Z}®Y form a complete orthonormal
set with respect to the Hilbert-Schmidt scalar product tr [P,IPZ} / 2N = §,,. Here

0x; denotes the Kronecker delta.
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With respect to operators in this pool, Oy, O; € P we can define an associated Hermi-

tian covariance matrix C(¢) of a pure quantum state |1)) that has the matrix entries

[CT ()i =[C(¥)]t = (Ok, Ot)y (2.2)
=(¥|OrO ) — (Y|O[Y) (D]O1]1)).

Note that the above covariance matrix C(1)) expresses fundamental uncertainty
relations between the observables Oy in the operator pool via the matrix inequation
C > 0 [139]. We remark that our definition above of a covariance matrix has
complex entries: While this definition will simplify our following arguments, it
is worth noting that in the literature other conventions are also commonly used
[137H139]. For example, ref. |139] defines a covariance matrix in terms of the

anticommutator as the real part

LW{Ok, O} W) — (|Ok|e) (¥ |Ol]1h) = Re[C(¥)], (2.3)

while the imaginary part is often referred to as the commutator matrix 3 (¢|[Oy, O)][¥)
iIm[C(v)]. We will find it convenient to compactly describe the covariance matrix
with complex entries thereby simultaneously referring to both the anticommutator
and commutator matrices.
Given the decompositions A = 3", axOr and B = Y°;. bxOy of Hermitian operators
A and B in terms of the orthonormal operator basis we can obtain the covariance
functional from the covariance matrix as

(A, B)y = > arb[C(4)] = a” C(¢) b,

k,l

where a,b € R are coefficient vectors of the operators and C(1)) is the covariance
matrix in this operator basis. We will later find it useful to express the special cases
as the vector of covariances, or covariance functions (O, A), = C a, as the primary
quantities of concern will be covariances with the system Hamiltonian (O, H),
The variance of any Hermitian operator A can also be calculated conveniently from

the covariance matrix using the decomposition of A into orthogonal operators.
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Var[A] = <A, A>w = Z akal[C(¢)]kl = QT CQ,

k.l

We will later find it useful to express the variance in terms of covariance functions

Var[A] = Ekz ak<0k, A>w

2.3 General results: Finding Eigenstates by Find-
ing Roots

We introduce a different paradigm for training variational circuits than that set
out in Section Instead of searching for the minimum of a single classical
function E(f), we efficiently estimate a large number of covariances that each
depend on the set of parameters # and thus each corresponds to a unique surface
as a function of  as illustrated in Fig. 2.1]

Given a variational quantum state [1(6)) := U(8)]|0)®" produced by the action of

a variational quantum circuit U(f) we define the covariances
fk(Q) = <Ok, H>¢(g), with O, € P. (2.4)

This section introduces the main theoretical underpinnings of our approach in
a general setting. In contrast, in Section we will introduce COVAR which
is a specific, practically motivated approach where we restrict operators to local
Pauli strings which in return allows us to utilise classical shadows. We note that
we will also investigate another theoretically interesting special case of operator

pools in Appendix [A]

2.3.1 Finding eigenstates of a problem Hamiltonian

Finding ground states is a problem of central importance in quantum computing,
though finding eigenstates in general is not without its uses. Excited states are also
of particular importance for analysing chemical reactions, [140] which is key for using
quantum computers to discover new drugs and catalysts. Applications for finding
eigenstates also exist outside quantum simulation, for example, in solving classical

optimisation problems using quantum hardware via the Quantum Approximate
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Optimisation Algorithm (QAOA), originally introduced to solve problems such
as constraint satisfaction and Max-Cut problems [141]. Finding eigenstates is
also highly relevant to the continued design and improvement of applications
and quantum algorithms via techniques, such as variational recompilation and
preparation of logical states in Quantum Error Correction Codes as these can all
be cast as eigenstate finding procedures [77, |142].

Many techniques for analysing Hamiltonians rely on their sparsity in some basis,
commonly for physical problems they can be written in the Pauli basis fact that the
problem Hamiltonian >, _; h,H, decomposes into a polynomially growing number
r € poly(N) of Pauli operators whose expected values can be estimated efficiently
with a quantum computer. In the following we will denote the collection of these
Pauli strings as Q = {H.}'_;.

Given a fixed quantum state |¢), simultaneous roots of all covariances
(Ha, H)yp =0, VH, (2.5)

provide a sufficient condition for the eigenvalue equation H|¢) = (H)[¢)) to hold.
To see this, note that the variance of the operator H can be expressed as Var[H] =
(H — (H))Y|H — (H))v) and therefore the condition Var[H] = 0 implies the
eigenvalue equation H|¢)) = (H)|). Given our expression Var[H] = >, ha(Ha, H)y
simultaneous roots as (H,, H)y = 0 for all a guarantee that Var[H] = 0.

Further necessary conditions can be introduced through covariances of other opera-
tors

(O, H)y =0, Oy (2.6)

with respect to any basis operator in our operator pool Oy, as the covariance
(A, Hyy = (W|AH|Y)Y — (| A|) (| H|y) simplifies when [)) is an eigenstate of H.
We note that the individual covariance functions may vanish without implying the
presence of eigenstates of the problem Hamiltonian, for example (H,, H),=0 can be
satisfied for a single index a in the special case when |¢)) is an eigenstate of H,. We
therefore require that all covariance functions in our operator pool simultaneously

vanish (red dots in Fig. for all indexes k which necessarily implies an eigenstate
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of the problem Hamiltonian. The problem of searching for eigenstates of H then
becomes that of finding simultaneous roots of a system of covariances.

The above ensures us that in an eigenstate all the exponentially many covariances
vanish, however, it is sufficient to verify only that the polynomial number of
covariances including operators in Q are zero.

While the covariances (H,, 1) are a sufficient cost function for finding an eigenstate
of H. We will show that adding other operators from the pool O that are
orthogonal to our problem Hamiltonian tr[HOy] = 0 increases the efficacy of

our optimisation algorithm.

2.3.2 Finding joint eigenstates of commuting observables

Many problems of practical interest are concerned with finding joint eigenstates
of a group of observables that all commute with each other. For example, in
the case of finding a logical state of a Quantum Error Correction Code, we wish
to produce an eigenstate of the generators of the corresponding stabiliser group,
which are mutually commuting [121].

Another example is the case of recompilation of quantum circuits. Here we wish to
transform a given gate sequence V' into a native gate sequence U with an optimal
circuit depth, as well as make it resilient to noise. Both in the case of Full Unitary
Matrix Compilation (FUMC) [77] and Fixed Input State Compilation (FISC) [143]
the problem can be stated as applying UT after V onto our reference state |0) (see
section for details) which at the solution V' = U would correspond to the
identity operation UTV = Id and the resulting state |0) is then the ground state of
the Hamiltonian — é\le Z;. While one ultimately aims to find the ground state of
this Hamiltonian, note that we can also accept any computational basis state |n)
which are simultaneous eigenstates of the mutually commuting terms {Z;}. This
allows us to make a useful simplification to the root finding procedure, as we only

need to separately find eigenstates of all the H,,.
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2.3.3 Conventional techniques for finding roots

There are a large number of well-established techniques for finding simultaneous roots
of vector-valued functions and almost all such techniques are in some way related
to Newton’s original method [144} |145]. Newton’s method proceeds by linearising

the vector of covariance functions f(#) via the first-order Taylor expansion as
£(0+ AG) = £(6) + JA0 + O(|| A1), (2.7)

Given each covariance function is an infinitely differentiable, smooth function of
the parameters # one can indeed apply Newton’s method and can approximate
roots by solving the equation f(f) = 0 using the above expansion f(f) = —JAfd
and neglecting second-order terms.

This results in an iterative procedure whereby at every iteration we compute the
Jacobian J with a quantum computer and apply its (regularised pseudo)inverse to

the vector of covariances f to compute the parameter-update rule as
001 =0, — I with  [J]gn := 9 fu(0). (2.8)

We derive expressions for computing derivatives required for the Jacobian with a
quantum computer using well established techniques from the literature [146-148],
e.g., such as parameter shift rules. Furthermore, we also discuss in Appendix [B.I]that
by stacking real parts of J and f on top of the imaginary parts results in real J and
f — enforcing that the solution of the linear system of equations is a real vector Ag.
While the Jacobian and the covariances are obtained from a quantum computer,
the resulting linear systems of equations are solved with a classical computer. It is
important to note that we would obtain an under-determined system of equations
if our operator pool were smaller than the number of ansatz parameters as r, < v.
This is the reason why we require that our operator pool, and thus the dimension
of the vector f is at least as large as the number of circuit parameters. Later we
will aim to set up highly over-determined systems of equations.

While powerful, the vanilla Newton method has its limitations and is only guaranteed

to converge when starting near a root — given the linear model in Eq. (2.7)) is only
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accurate for small [|[Af||. Nevertheless, a number of advanced techniques have
been developed to increase the radius of convergence and some variants of the
Newton method have been proved to be globally convergent under mild continuity
conditions of the functions [144} 149, [150].

One such family are the Levenberg-Marquadt (LM) methods which are additionally
robust against ill-conditioned Jacobian matrices. The approach can be shown to be
equivalent to the Gauss-Newton algorithm for least-squares minimisation with a
trust-region method [144]. It attempts steps along what is formally a “regularised
Newton direction” via the regularised inverse Af = [A + AId]~'f with A = J7J
and accepts the regularisation parameter A based on some condition, e.g., such
that ||f]| decreases. The regularisation matrix is in practice often chosen to be

the diagonal matrix diag(J7J).

2.4 Covariance Root Finding (CoVaR) via clas-
sical shadows

In the previous sections we have described the general theory as the basis of a
quantum optimisation algorithm that finds eigenstates of a given Hamiltonian using
covariances between the Hamiltonian and a (potentially large) operator pool. We
now detail concrete settings where our approach may achieve significant practical
value in exploiting near-term quantum devices given our aim is that the number
of constraints in the linear system of equations is tractable but is significantly
larger than the number of circuit parameters as v < N,. For this reason we choose
an operator pool of size r, € O(NP) that consists of all Pauli strings that act
non-trivially on only p qubits as P = {P;, € {Idy, X, Y, Z}®*V : P, is p-local}.

This fits very well with the use of classical shadows for determining a very large
number of local Pauli strings, and allows us in a NISQ-friendly way to measure N,
covariances and their derivatives using a measurement count that is only logarithmic
in N, (see Section . Therefore, it is possible to offload processing to the classical
computer with only a small increase in the number of measurements (quantum

resources) required. This combination is ideal for NISQ-era algorithms where
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1075 - +

Figure 2.2: Performance improvement when we increase the number of constraints N,
illustrated on a 14 qubit recompilation problem of ‘rediscovering’ unknown parameters
(v = 124) of an ansatz — minimum infidelity (1 — F)mn to the ground state achieved
over 3 runs of root finding, each with 20 iterations (initial average fidelity F = 46 + 7%).
Orange shows results including a shot noise for Ny, = 10° shots and blue without. The
operator pool used is all 3-local Pauli strings. Shot noise affects performance differently
depending on N,. First, at small /N, shot noise regularises the ill-conditioned linear system
of equations and does seemingly improve performance. Second, while increasing N, ideally
improves performance (blue line), we observe a noise floor (orange line saturates) is
approached asymptotically due to shot noise. Fit lines (details in Appendix are
of the form 1 — Fyin = a(N./v)~% + ¢ and confirm a polynomially (in N.) increasing
performance, with b &~ 3.2 for the noiseless case here, although we expect the degree to
depend on the problem.

quantum resources are limited, and it is generally to our benefit if we can offload

large, but tractable calculations to a classical computer.

2.4.1 Stochastic optimisation with very large operator pools

Despite very promising experimental progress [19-22, [151], near-term quantum
devices are noisy and in order to avoid practically prohibitive accumulation of
errors the circuit depth a(N) is required to be shallow and is usually assumed
to grow poly-logarithmically as a(IN) € polylog(N). The Jacobian is generally a

non-square matrix with dimension J € Ce*¥, where v is the number of ansatz
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parameters typically scaling as v = Npolylog(/V) due to shallow circuit depth. As
such, for a sufficiently large system we can always over-constrain the Jacobian just
by including covariances with respect to only two-local Pauli strings given then
the number of constraints N, = O(N?) grows faster than the number of circuit
parameters. We can thus conveniently define a very large operator pool relative
to the number of parameters in the ansatz circuit.

For this reason we set our operator pool P to contain all p-local Pauli strings and
we randomly select constraints f of a large size N, but much smaller than the
full operator pool as v < N. < r, — but still much larger than the number of
circuit parameters. Randomly choosing constraints has the advantage of possibly
navigating out of local traps and at every iteration the Jacobian has a tractable but
large size. Alternative schemes for choosing constraints are possible, for example
selecting constraints based on the magnitude of the covariance functions |fy|*
such that you attempt to minimise the contributions to the state which can be
identified as providing signal that it is not close to an eigenstate (however, this
removes some of the advantages of the ability of the stochastic constraint choice,
e.g. resistance to local traps, which is why constraints were chosen randomly
when using a local Pauli operator pool). In Appendix , I discuss the particular
interpretion of chosing constraints by covariance function magnitude in the case
where operators are chosen from a pool that corresponds to an orthogonal basis
in Hilbert space, rather than operator space as with the Pauli basis. Stochastic
versions of Levenberg-Marquadt (LM) methods [152, [153] are ideal for accounting
for the noise produced by random choice of constraints, as well as the hardware /shot
noise on expectation values. Furthermore, bounds on the expected number of
iterations to reach a stationary point have been proved under the assumption that
the accuracy of covariance measurements is sufficiently large [152]. Note also that
stochastic LM and stochastic gradient descent have been extremely popular in
the classical machine learning context due to their robustness to noise as well
as their robustness against getting stuck in local traps. It is worth noting here

that stochastic gradient descent for VQE has been termed for instances when shot
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noise on estimated gradients is significant [154] — whereas the present approach
is stochastic due to random selection of constraints.

Let us first illustrate how the large, randomly generated dataset is highly ad-
vantageous for our purposes. Take for example the simple case when the ansatz

circuit has a single parameter and thus the covariance function vector f(6) can

be linearised via Eq. (2.7) as
£(0+ A9) = £(0) + JAH + O(AH?), (2.9)

where the Jacobian is Jy = f/(0) (assuming J; and fj are real as we have stacked
real and imaginary parts on top of each other). For each individual function f(6)
we can obtain an approximation to the root A0 = — fi.(0)/Ji, however, we incur
an error [|f(6 + A0)[|> = 32, [f;(0) — fjAr0)*due + ... due to the nonlinearity of
fx(8). On the other hand, the least squares solution simultaneously takes into
account all linearised constraints as f(60 + Af) = 0 and is given analytically as
AG = (JT)IE = =5, o fu(0)/[Zk JE] which inherently minimises the error
1£(6 + AG)||?. We illustrate the superiority of the least squares solution to the
overconstrained system in Fig. 2.3 as a motivation for using large operator pools.
Of course, in order for the error to keep improving as we increase the number
of constraints, we need the new constraints to provide useful and non-redudant
information for finding an eigenstate, which for general root finding problems f(6)
may be very complex. We find evidence in our numerics (Fig. that the error

does continue to improve as we increase N..

\ ] 1 A ‘ ‘
‘ \ | \MHNHH TR
Figure 2.3: The same variational circuit as in Fig. with all parameters optimal
except for a single variable which was disturbed as # = 0.5 and thus the exact root is
at 6 — 0. Blue lines show the Newton steps computed for 100 individual covariance
functions 0 + Agf and their average is represented by the black line. With the orange

line we obtain a better approximation of the root by solving a N. = 176 over-determined
system of linear equations (see main text).
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We obtain a similar conclusion for the error (shot noise) propagation in the general
multi-variate case by applying the error propagation formula of ref [136] for matrix
inversion. In particular, the error in the update rule scales with the fourth power of
the smallest inverse singular value (or regularisation parameter A=*) of J. Given
singular values of our v x N.dimensional Jacobian matrix grow with V., we expect
CoVAR is particularly robust against shot noise. Note that for example above in
the one-dimensional v = 1 case the singular value [Y5°, JZ]'/? of JTJ indeed grows
with the square root of N, for non-zero derivatives |J;| > 0.

We confirm numerically in Fig. on a recompilation problem that the performance
of the root finding algorithm increases as the number of constraints N, /v in the linear
system of equations is increased, in part due to better conditioning on the Jacobian
but also because we gain more information about the quantum state. Figure
also shows the improvement of the performance of root finding as N./v is increased
under shot noise and confirms our above analytical arguments: As we increase
N./v we better and better approximate the root up until a point when we reach a
shot-noise floor £ where the performance is no longer increased. This shot-noise
floor is indeed below the precision of determining individual entries N /2 oc 10727
Computing the least-squares solution to the linear systems of equations is dominated
by the step of computing A := J7J which can be performed in time O(v2N,) and,
as such, scales linearly with the number of constraints. The rest of the procedure,
including the computation of the inverse of the small square matrix A € C**¥ can
then be computed in negligible additive time. Given the number of constraints grows
at most as N, < O(NP) for our specific choice of p-local Pauli strings the computation
time ¢ grows at most as t < O[NP™polylog(N)] with the number of qubits N.
We estimate that a very large matrix with N, = 10° constraints for a variational
circuit of v = 10? can straightforwardly be computed in a matter of minutes and
fits into the RAM of a typical single node — while distributed computation for
larger datasets > 107 is possible with negligible communication between nodes.
We expect determining necessary expected values from classical shadows has a

comparable computation time.
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2.4.2 Estimating a large number of covariances via classical
shadows

Recall that a p-local problem Hamiltonian can be speciﬁed in terms of its Pauli
decomposition as H = 3" _, by P'P) where the Pauli strings P9 € Q® are p-local,
i.e., they only act on p qubits non-trivially. Such local Hamiltonians are highly
relevant in many important problems which include, for example, recompilation, spin
models in materials science, boolean satisfiability problems (3SAT) and fermionic
models using mappings that retain operator locality [73] 146, 148, |155-157].

Let us consider an operator pool P? that contains all g-local Pauli strings and thus
has size 1, € O(N?). As we have discussed we aim to estimate a large number of
covariances/constraints fj that we randomly choose as a subset of the full operator
pool such that it has a large but tractable size N, < 1, . We can establish that
we need only reconstruct expected values of at most p + ¢-local Pauli strings in
order to determine all covariances.

Writing the covariances as
th P, PP, = th U PPY)

—th D1p) (| PP [p). (2.10)

the largest weight product we need to estimate is P,§Q)P§p>, which is at most a
p + g-local Pauli string with a possible complex prefactor.

Note that determining all covariances that satisfy the sufficient conditions in Eq.
require that the locality of the operator pool is at least as large as the locality
of the problem Hamiltonian via ¢ > p.

Using classical shadows allows us to reconstruct all (p + ¢)-local Pauli strings
with a sample complexity that is merely logarithmic in the system size. This
fits particularly well with the preset approach: when the locality p + ¢ of Pauli
strings is modest then we can obtain a large, polynomially growing number of

constraints N, € O(NY). Furthermore, given the covariances are fully determined

by expected values of (local) Pauli strings, we show that analytical derivatives of
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the covariances can be estimated via expected values at shifted circuit parameters
via parameter-shift rules [158]. In particular, each partial derivative in the Jacobian
[J]kn = Onfr(8) is determined by estimating expected values at two different shifted
parameters [85] which then allows to reconstruct the full Jacobian of the system
just using expected values of local Pauli strings.

We can therefore consider the sample complexity of COVAR whose (quantum) cost
is dominated by estimating the Jacobian and compare it to the cost of determining
a gradient vector used in energy minimisation.

Given a p-local problem Hamiltonian H we use classical shadows to determine a
large number N, of covariances with respect to g-local Pauli strings. The sample

complexity of determining the Jacobian of size J € CVe*¥ to an error ¢ is
N, = O[3"* 7 vrlog(rN,)/e.

In contrast, determining the gradient of the energy expected value (H) using
classical shadows has a complexity O(3Fvrlog(r)/e€*). As such, determining a
very large Jacobian is only logarithmically more expensive than determining an
energy gradient (up to a multiplicative constant 3¢ that depends on the modest
locality of our choice, e.g, ¢ = 2,3).

Theorem 1 of ref. [90] established that M Pauli strings O; of locality [, can be

estimated to precision parameters €, d via the number of batches K = 2log(2M/J)

2

and the number of samples in the individual batches as Nygsen = Z’—;‘ max; || Ol S hadow-

This results in an overall number of samples Ny, K and the norm is given in
Lemma 3 in ref. [90] as ||Ok||*hudon = 3

As we can determine the Jacobian matrix J € CNe*¥ by applying the classical
shadow procedure 2v + 1 times at different circuit-parameter configurations using
parameter-shift rules described in Section with M < 3rN,.. As such, determining
these Pauli strings of locality | = p 4 g requires the number of samples Nygep K <
%3’“"1 log(6rN./§). Given we apply the classical shadow procedure 2v + 1 times

we obtain the following upper bound on the sample complexity

N, < (2v +1)3P"1% log(6r N, /0)



2. Training Variational Quantum Circuits using Root Finding 48

In contrast determining a gradient vector for gradient descent requires 2v applica-
tions of the classical shadow procedure each with M = r and thus we obtain

the sample complexity
Nﬁgmd) < 2y3pf—§ log(2r/§).

In both cases we have determined the necessary Pauli strings to precision € and
both the energy gradient and the covariance Jacobian are then obtained from these
as a linear combination with respect to Hamiltonian coefficients which leads to
a worst-case error propagation of O(r).

Actually, this bound on the number of required measurements in terms of the
locality is noted to be conservative and it is expected that the actual constants are
much smaller in practice [90]. Furthermore, the inclusion of the development of
derandomised classical shadows [159] has the potential to significantly reduce the
number of required measurements, i.e., an order of magnitude reduction has been
demonstrated in numerical experiments [90]. These techniques could thus greatly
improve the speed at which the covariances can be extracted by optimising the
Pauli measurement basis to the specific Pauli strings in our operator pool — but we
do not consider these in our above performance bounds. Furthermore, the overhead
of COVAR relative to determining a single gradient vector in gradient descent is the
constant 37 (up to the logarithmic dependence on N,) and is only due to the increase
in the locality of Pauli strings with ¢ = 2, 3 etc. We can thus expect that determining
a very large Jacobian has a comparable complexity to determining just a single
gradient vector in gradient descent. We will demonstrate in the following that this

increased size of the Jacobian has significant advantages in practical applications.
2.5 Applications

2.5.1 Recompilation

The ability to recompile a given quantum circuit into an equivalent but practically
feasible or more favourable representation is crucial for the successful exploitation

of quantum computers. The ideas exist in many variants, from the application
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of classically tractable analytical gate-replacement rules to automatic discovery
techniques [160-162]. In variational recompilation, we want to find a parametrised
unitary circuit U () that approximates a target unitary V' either in the entire Hilbert
space in case of recompiling a Full Unitary using a Hilbert-Schmidt test [77] or just
to approximate the action on a specific input state. After applying the circuits V'
and U(0)" consecutively (see figure for example circuits corresponding to Full
Unitary and fixed input state respectively), the goal is to find circuit parameters ¢
such that the state of the registers is in the ground state |0) of the Hamiltonian
H=— j»vzl Z; |143]. However, the problem would be equally solved by finding
ansatz parameters to produce any computational basis state, (i.e. any eigenstate
of H) given we can then just append single qubit X gates to the ansatz to correct
the ‘wrong’ bits. This feature, along with the local Hamiltonian allowing for the
efficient measurement of many covariances makes it particularly amenable to root
finding which is not limited to only searching for the ground state.

For this reason we apply the ideas from Section to the present problem and
define our problem Hamiltonians as Q := {Z,}),. We can enlarge this pool by
further considering products of single-qubit Pauli Z operators. Our aim is then to
find joint roots of the covariances which then guarantee that the solution corresponds
to a joint eigenstate of all operators in Q as one of the computational basis states.
After having found one of these computational states we just apply single qubit
X rotations to our ansatz to map to the |0) state.

Here we consider an example of parameter rediscovery as a benchmark, whereby I
recompile a unitary V' = U(6*) that has the same form as the parametrised quantum
circuit U(#) but with the parameters fixed at some random solution values 6*. This
has the advantage of being a very hard problem to solve variationally, while also
giving us a guarantee that our circuit is capable of expressing the solution — while note
that below I will benchmark our COVAR approach on practical problems as well.
Fig. [2.4]c) shows the performance of root finding when we initialise relatively close
to the solution (by disturbing parameters |Af;| < 0.3) on a 10 qubit, 2 layer

parameter rediscovery problem and compares it to the performance of gradient
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descent. In this recompilation problem our operator pool P contained all 3-local
Pauli strings and we chose randomly N, operators at every iteration, see details in
Appendix [B.3| Indeed, Fig. 2.4(c) confirms that root finding is able to converge
significantly faster to the shot noise floor, i.e., a limitation due to finite sampling
of expected values. Furthermore, Fig. 2.4c) confirms that root finding has a
significantly improved convergence rate (steeper slope), which is improved with a
greater number of constraints (blue vs. light blue), while note that the quantum
resources required for a single iteration is comparable to that of gradient descent.
Fig. (d) demonstrates the performance of root finding when we start from a
randomly chosen initial point in parameter space on the same problem. It fails to
make any progress; This is due to the fact that root finding works well when there
are only a small number of eigenstates that significantly contribute to the state
produced by the PQC. In contrast, random states as nearly equal superpositions of
a large number of basis states do not contain a dominant eigenstate towards which
root finding could converge thus COVAR fails to make significant progress. The
performance of variance-VQE (a gradient based method that minimises the variance
of the Hamiltonian) is also shown for comparison — it is another method which,
like root finding, is not only searching for the ground state of the Hamiltonian.
Variance-VQE is not stuck in the same way as root finding, but makes slow progress
due to its relatively (compared to root finding) slow convergence speed. Also shown
is root finding that has been ‘initialised” from the random state by a short period
of gradient descent that produces an initial state with an appreciable fraction of
the lowest energy eigenstates, allowing root finding to efficiently converge. These

signify the importance of parameter initialisation for root finding.

2.5.2 Spin Models

Spin models are highly relevant in the study of condensed matter physics and
quantum statistical mechanics, as well as being relevant to many other problems that
can be mapped to spin models, such as many NP problems [163], cf. approximate

optimisation algorithms (QAOA) or spin systems in materials science 146, |148|



2. Training Variational Quantum Circuits using Root Finding 51

(c) (d) 10

107!

(a)
0" {PHvi{utfpte

103 06 — random CoVaR

0.8

104 VQE V-VQE
(b) s CoVaR N,/v =5 o g VQE
10- Al Ne/V =« LN -
)" b RN )
| — CoVaR N,./v =10 02F CoVaR

L d
0" —— &

107 b L L L L n n 0.0 L ),
0 20 40 60 80 100 120 4 20 40 60 80 100

Iteration Iteration

Figure 2.4: Demonstration of COVAR in fixed input state recompilation of a random set
of ansatz parameters for 10 qubits and 2 layers (v = 88), where the circuit in (a) is used
with V' and U having the same form but with V' having fixed solution parameters and U
being optimised. (b) shows the circuit for the recompilation of a full unitary. (c¢) compares
the performance of COVAR (two blue lines, with N./v = 5,10 for the upper and lower
lines respectively) with gradient descent (orange) when initialised close to the solution,
showing the infidelity from the ground state. For initialisation the solution parameters
were randomly perturbed, giving an average initial value of 1 — F = 41 + 8%. (d) shows
performance when initialised randomly in parameter space, showing the infidelity to
the nearest computational basis state. Red shows progress for COVAR and green for
variance-VQE when both are initialised randomly, both fail to make significant progress,
regardless of choice of N.. Additionally shown is the use of a short period of gradient
descent to ‘initialise’ (orange, dashed) and then COVAR (blue, N./v = 20), which reaches
a final infidelity of 0.5% on average. All curves show mean and standard deviation of
infidelities over 20 runs with shot noise Ny = 10° other than the blue curve in (d) which
averages over the 16/20 runs which were able to converge.

155H157]. Furthermore, lattice models of quantum field theories [164] typically
have local Hamiltonians.
Here I perform simulations using root finding to search for low energy excited states
of a spin chain described by the Hamiltonian

N

H = JZ&} <O + ¢ ;.

i=1
With periodic boundary conditions (N+1=1) and where the ¢; are randomly selected
on-site interactions comparable in strength to the coupling strength .J, and &; is the
Pauli vector for the ith qubit. This Hamiltonian cannot be simulated classically
for large N with reasonable computational resource despite its simple structure
[165, [166] and is relevant for studying the phenomenon of many-body localization
in condensed matter systems [76].
I use a hardware-efficient ansatz of 20 layers for 10 qubits. Before root finding was
performed, the ansatz parameters were initialised to 6

imag USINg Imaginary Time
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Evolution [167] to a state with low expected energy, ensuring only a limited number
of eigenstates contributed significantly to the state produced by the ansatz. Root
finding was then performed from points in parameter space with small random
variations from the 0,,,,, to map out the low energy subspace. This process is
shown in figure [2.5] where root finding, preceded by Imaginary Time Evolution,
is used to map out the lowest energy subspace of a 10 qubit spin chain, and root
finding rapidly finds a state an order of magnitude closer to the ground state in
energy error than Imaginary Time Evolution is able to converge to. This confirms
that root finding has a significantly improved convergence rate when compared
to Imaginary Time Evolution, where the latter is equivalent to natural gradient

[168, 169] and is thus a second-order method that requires increased absolute

quantum resources (samples) [168].

2.5.3 Finding excited states

Searching for excited states of a Hamiltonian is important in many practical
applications and indeed variational quantum algorithms have been proposed for
solving this class of problems. On the other hand, finding excited states using these
orthogonality constrained VQE techniques [143, [170] can be difficult because we
need to discover the parameters for and project out every state from the ground
state up to the energy of the state we wish to find. COVAR is agnostic to the
energy of the state and acts to find states close to the one it is initialised into. The
problem remains that COVAR could converge to states that have been found in
previous runs of the algorithm, and similar techniques of projecting out previously
found states can be used. We can also potentially use classical techniques, such
as Interval Analysis [160], to find all the roots within an area of parameter space,
reducing the problem of converging to an already known eigenstate. In Fig.
I plot the probability of converging to the ground state of this spin chain with
the overlap between the ground state and the initial state used for root finding.
These initial states were obtained by performing Imaginary Time Evolution from

random points in parameter space down to energies between —5.8 and the ground
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Figure 2.5: Using root finding to explore a low energy subspace of a 10 qubit spin chain
via an ansatz circuit of 20 layers (v = 610). The initialisation to the low energy subspace
is performed by Imaginary Time Evolution (Blue, Dashed) and is followed by runs of root
finding to find the three lowest eigenstates (marked by dashed lines), to an accuracy of
AFE <4 x 107* in all cases. Imaginary Time Evolution was run for 250 iterations after
the point where root finding started and converged to a state with AE = 0.012. This
investigation was done without shot noise.

state. The initial fidelity where root finding was started was recorded (Fig. [2.6
horizontal axis) and the fraction of runs that converged to the ground state is listed.
Indeed, this fraction is proportional to the overlap of the initial state with the
ground state and the runs that do not converge to the ground state converge to

one of the other low-lying energy levels as per Fig. [2.5]



2. Training Variational Quantum Circuits using Root Finding o4

104
08}
0.6
04}

02l

1 1 1 —I F 1 1 J
0.1 0.2 0.3 0.4 0.5 0.6

0.0 —

Figure 2.6: Probability of converging to the ground state of the spin chain, y-axis shows
the proportion of 20 runs that converge to the ground state (as opposed to one of the
excited states) as a function of starting infidelity from the ground state. Initialisation
to these starting states is done the same way as in Fig. 2.5 by running Imaginary Time
Evolution from a random initial state until reaching selected energies between —5.8 and
the ground state. The plot shows a linear decay of success probability with ground state
overlap, although we expect the rate of this decay to strongly depend on the distribution
of the lowest-energy eigenvalues.

2.6 Comparison to Subspace Expansion

Subspace expansion [171] is a method for discovery of low-energy excited states
starting from an estimated ground state |¢g). This is done by exploring directions
in Hilbert space by applying low-weight operators to add excitations to the ground
state using some operator pool, typically that of Pauli operators, to produce a new
set of states [¢) = P [hg) and calculating the overlaps Hy; = (x| H |1b;) and
Sk.; = (Yxlt;) and diagonalising classically within this subspace. As opposed to
CoVAR |, subspace expansion cannot prepare the “good quality” representation
of the eigenstates with a quantum computer, but is rather limited to estimating
their energies with a classical computer.

The connection to COVAR is expanded further in Appendix where we express
covariance functions in terms of a set of quantum state overlaps (O, H), =
(p0,|Pn) where we can define the (unnormalised) vectors |p4) = (A — (A))|¢).

The correlation matrix in Eq. (2.2)) is thus a positive-semidefinite overlap matrix
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[C()] = (¢0,|P0,). We can make a weak analogy to subspace expansion based
on the following observation. Given covariance functions can be expressed as state
overlaps, the method explores possible directions in Hilbert space via our operator
pool that is beyond the capabilities of the ansatz and we gain information through
a linearisation as the Jacobian at what parameters these overlaps are expected to
vanish. Similarly, subspace expansion also uses operators additional to the ansatz
to explore around the estimated ground state to extract low energy excited states.
As such, we may be able to use existing heuristics from subspace expansion for
selecting problem-specific operator pools.

Furthermore, we can also use ideas similar to those from this chapter to inform
subspace expansion techniques, as the power to measure large numbers of observables

allows us to find good expansion operators, I expand on this in Chapter [3

2.7 Discussion and Conclusion

We have demonstrated that COVAR can show significantly improved performance
by many orders of magnitude in terms of accuracy and improvements in convergence
speed compared to analogous variational algorithms due to its effective use of classical
shadows. However, a main limitation is its vulnerability to random parameter
initialisations, an issue that is similar but more severe than the regular barren
plateau phenomenon found in VQAs whereby expected-value landscapes suffer from
flat regions due to vanishing gradients [135]. For this reason we expect this limitation
will mean that COVAR will suffer from many of the general challenges of VQAs,
e.g. finding problem specific ansitze for VQE problems and good initialisation
conditions. As a result of these facts, we expect that the most beneficial use of root
finding will be to obtain an accurate description of an eigenstate and its properties
when good parameter initialisation is possible. Further work by other authors has
already shown variational quantum simulation [172], along with adiabatic evolution
[173] as uses of COVAR where very good initialisations of PQCs can be found
due to the continuous nature of time evolution. Recent work [41] has cast doubt

on the field of variational algorithms in general, showing that all known examples
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of provable absence of barren plateaus also enable classical simulability of the
variational procedure after a quantum data collection step. Therefore, the regime
in which variational algorithms on quantum computers may remain useful much
more closely overlaps with the situation where good initialisations or ‘warm starts’

are available.

Even in this scenario, local traps may still exist. In fact, optimising VQAs has
been shown to be NP-hard due to these persistent local minima [174]. It seems
reasonable to expect Levenberg-Marquardt or related techniques [144] 149| [150]
may help to mitigate the effects of these local minima near the solution, especially
as when gradient descent is stuck in a local trap, those specific parameters may
not be a trap for the covariances — especially as we randomly generate operator
pools, which we expect to stochastically allow us to avoid traps.

The quantum resources, using classical shadows, required for a single iteration of our
procedure is comparable to that of a standard gradient estimation in conventional
VQE whereas our approach exhibits a significantly improved convergence speed
and robustness against shot noise and possibly against experimental imperfections
thanks to this large dataset.

There are a number of apparent extensions to our approach that we have not
considered here. First, given the classical shadows are stored in a classical computer
we can in principle determine multiple sets of update rules from them and apply
the one that most decreases the variance or any other metric as opposed to our
fully randomised scheme. Second, it would be worth exploring some specific
use cases of COVAR in more detail, such as finding highly excited states and
investigating how effective the method may be at escaping from local traps found
during gradient descent. I note that recompilation is another natural set of problems
for COVAR given any eigenstate of the problem Hamiltonian can be accepted as
a solution, and it would be desirable to find other problems which can naturally
be phrased as eigenstate-finding problems in this way. Thirdly, we have used

classical shadows to extract a large amount of covariances in the case where
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both the Hamiltonian and operator pool is constructed of local Pauli strings. It
is an interesting direction for further work to attempt to use other randomised
measurement, channels to measure covariances with similar efficiency for non-local
Hamiltonians or operator pools. As a matter of fact, related techniques leveraging
simultaneous measurements of commuting observables are highly relevant given
they allow the efficient reconstruction of a large number of not necessarily local
Pauli strings as crucial in applications of quantum chemistry [175-178]. In fact,
I exploit these techniques in Chapter 4| not for the purpose of measurement, but
for the parallelisation of applying a sum of operator terms. Finally, it is worth
noting that our update rule in Eq. is invariant under global depolarising noise
when the expected value (#) is known to high precision, e.g., via well-established
error mitigation techniques |146| |179-181]. As such, it is reasonable to expect that
the approach is robust against certain levels of experimental imperfections, but
we leave it to future work to evaluate the performance in current and near-future

generation hardware and to confirm the practicality of the method.



Shadow Subspace Expansion

Contents
3.1 Forewordl . ... .. ...t 58
B.2 Tntroductionl ... ......... ... ... ... 59
3.3 Background|. .. .. ... ... .. 00000000, 60
[3.3.1 Subspace Expansion| . . . ... ..o o0 60
13.3.2  Shadow Tomography{. . . . . ... .. ... ... .... 62
3.4 Methodsl . ... ... ... .. oL, 63
13.4.1 Shadow Subspace Expansion Procedurel . . . . . . . .. 63
13.4.2  Regularisation of the Generalised Eigenvalue Problem| . 65
3.5 Symmetry Considerations| . .. ... ... ........ 66
B Resultsl. - . -« v v vttt et e e e 68
[3.6.1  Performance with increasing subspace size| . . . . . . . . 68
13.6.2  Simulations Using Shadow Variances| . . . . . . ... .. 72
3.6.3 Effects of Gate Noisel. . . . . . . .. ... ... ... .. 74
3.6.4  Quantum Chemistry and Excited States| . . . . . . . .. 75
3.7 Conclusionl .. ...........c0 e, 76

3.1 Foreword

This section is relevant to the work published in Physical Review A

o G. Boyd, Balint Koczor, Zhenyu Cai

High-Dimensional Subspace Expansion Using Classical Shadows [182]
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Z.C. produced the original idea and B.K. performed shot noise propagation analysis.
I developed the regularisation scheme, techniques for performing Shadow Subspace
Expansion on subspaces with a particular symmetry and performed numerical
simulations. All writing below is my own, in places using text originally authored

by myself verbatim from the manuscript.

3.2 Introduction

Quantum computation often relies on the post-processing of measurement results
from a quantum device to produce meaningful results, either for reducing the load on
quantum hardware by offloading computation that can be performed classically [46)
119} 183], for mitigating errors in noisy computations [184], or for both |[107-110].
Classical shadow techniques [185] can output a rich set of classical data that is
amenable towards various post-processing techniques for efficiently probing many
properties of the quantum state, offering the ability to “measure first, ask questions
later”. Its versatility has been employed for a wide range of important tasks in
quantum information [113 114} 186-188|. Ground state energy estimation is one
of the most fundamental tasks in quantum simulation [189, 190] and is also more
widely applicable in optimisation problems [191]. One typically aims to prepare a
good approximation to the ground state through a state-preparation circuit, from
which one can directly estimate its energy as the expected value of the problem
Hamiltonian. However, this often incurs an estimation error due to constraints in
the size of the state preparation circuit and/or noise in the circuit. In this work, we
present a post-processing method using existing classical shadow measurement data
to produce more accurate ground state energy estimation by performing subspace
expansions [192H195] of unprecedented dimension, mitigating the constraints due
to both the circuit size and the noise in the shadow data. Given our approach is
completely performed in post processing, it does not require any additional quantum
resources and circuit runs, and it is guaranteed to output a result that is at least as

good as the original value, with the possibility of achieving orders of magnitude
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performance improvement, especially in the cases with a highly mismatched starting
state and/or a large amount of shadow data.

Our main contributions are a set of techniques for extracting relevant data from
classical shadows and then performing numerically stable subspace expansions of
high dimension (up to 10000) using noisy data. We investigate the performance of
such high dimensional subspace expansions using simulated classical shadows of up
to 14 qubits, as well as simulations of the procedure with gate noise, demonstrating
the effectiveness of our scheme as an error mitigation method. We also provide an
analysis of noise propagation in the method as well as a derivation of the variances
of the observables due to the finite number of snapshots from the classical shadow.
In Section [£.3] I provide background on the two main components of the method,
subspace expansion and classical shadows, Section [3.4] provides details on our shadow
subspace expansion procedure and how I perform the numerical post-processing to
ensure a well-conditioned eigenvalue problem. In Section [3.0] I present the results
of numerical simulations of our method, investigating the effect of shot noise from

classical shadows as well as simulated gate noise.

3.3 Background

Here I first introduce the basic concepts that will form the core of our approach,
such as subspace expansion using quantum computers and classical shadows for

extracting a large number of expected values.

3.3.1 Subspace Expansion

In many quantum computing applications, such as variational eigensolvers, the goal
is to prepare a quantum state that minimizes a specific cost function. When this
cost function is the energy of a state with respect to a given problem Hamiltonian
Hi, the objective is to prepare its ground state p,. However, due to limitations
in qubit resources, gate depth, or the presence of noise, it is often not possible
to prepare the exact ground state. Instead, the best achievable approximation is

some potentially noisy state, denoted as p. Quantum subspace expansion provides
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a method to enhance the expectation values of observables obtained from p by
using additional measurements and post-processing.

In the case when p is a pure state [1))(1)|, we can improve upon the direct energy
estimation (¢|H|¢) by constructing a subspace spanned by the set of states
{Gi|¥) | 1 <i < Ng}, which are states obtained by applying a set of expansion
basis operators {G;} to |[¢)). We will then classically find the state within this
subspace that minimises the energy. Note that I is always an element of {G;}
such that our starting state |¢) is also a state within this subspace, thus the final
state we obtain by definition has energy lower than or equal to that of |¢)). Any
quantum state in this subspace can simply be written as

_ S NG w; Gy [¥) _ Ta[y)
| weil)|  ITal)l

V)

where 'y = vazc'i w;G; is the expansion operator which is parametrised by the
weight vector .
The weight vector (and the corresponding state) of minimal energy within this

subspace is given as
wt = arg min (Vg| Hyot | V) - (3.1)

Applying the same argument to the case where the starting state p is a mixed

state, the state within the subspace is

~ Tgpl's
7 (T Zp)

and the optimisation problem becomes

w* = arg min Tr(Hiotp)- (3.2)

w

In order to obtain the weights @ that extremise the energy Tr(Hoipz), we need

to solve the generalised eigenvalue problem:

H = E;Sw (3.3)
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where

Hij = Tr(Gthothp) (3-4)

If it is the ground state energy that we are interested in, then we obtain an improved
ground state energy estimate Fg as the eigenvalue when we solve the equation
above. If we are interested in the expectation value of some other observable O with

respect to the ground state, then we can measure the following matrix elements
Oij = TI'(GZOGJP)

and then reconstruct the improved observable expectation value using:

1
- Te(T%p)
G Ow

Tr(I%.p)

Ng
> wj; Tr(G:0G;p)w;

ij=1

Tr(Opg+)

3.3.2 Shadow Tomography

The expansion procedure requires us to measure the matrix elements H,;, S;;,
and O;;, which involves O(NG?) observables. Often, the Hamiltonian cannot be
measured directly and must be decomposed into Ny sub-terms, resulting in a
total of O(NZNy) observables to measure. As a result, increasing the expansion
space dimension Ng to improve subspace expansion performance can be costly. An
efficient approach for measuring multiple observables is shadow tomography [89,
185]. To construct a classical shadow, we repeatedly sample a random unitary U;
from a distribution U, apply it to the quantum state, and measure the output in the
computational basis. This combined process is described by the process channel M.
For certain choices of U, we can efficiently invert the process channel classically to
obtain a classical snapshot p, = M (U] |b)(b| U;), where M is the classical inversion.
These snapshots are then used to estimate observables in post-processing.

In this chapter, I again focus on Pauli shadows, where U consists of all tensor prod-

ucts of single-qubit Clifford operators. Using this scheme, the sample complexity for
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estimating M Pauli operators of weight [ to within an error € is O(3! log(M)/€?) [185].
When both the operators GG; and the Hamiltonian terms are local, this allows
us to efficiently compute many expectation values for high-dimensional subspace
expansion. Importantly, the log(M) factor ensures that all M estimators achieve the
specified precision €. However, in our case, we are not interested in estimating each of
the M observables individually but rather in using them for further post-processing

to predict a single observable of interest, meaning this factor is not required.

3.4 Methods

We now outline the methodology for Shadow Subspace Expansion (SSE) and
discuss practical considerations for performing large subspace expansions in post-
processing using classical shadow data. While this approach is readily compatible
with more advanced shadow techniques, such as shallow shadows [91-93] or fermionic
shadows [94, 95|, for simplicity, we will illustrate and explain our results using the
local Pauli shadow example described earlier. This method is highly efficient for
estimating low-weight Pauli observables simultaneously.

For this reason we construct the expansion operators 'z as linear combinations
of local Pauli strings. The central assumption of subspace expansion is that the
expansion basis will map the starting state p into another basis state in the subspace
that has significant components orthogonal to the starting state, increasing the
effective dimension of our subspace. For our special case in which the expansion
basis is the set of local Pauli strings, this can be especially effective in many practical

scenarios demonstrated later in our numerical experiments.

3.4.1 Shadow Subspace Expansion Procedure

We are considering the setting in which we want to estimate some property Oy of
the ground state pg of some Hamiltonian H., with their Pauli decompositions being
Oiot = fojl O, and Hiot = chvfl Hy, respectively. This can be done by preparing
po and obtaining a set of its classical shadows of size N, for the estimations of

various properties through post-processing. However, due to noise in the circuit
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and/or imperfect ansatz circuit, the state we prepare is some other p instead, and it
is this state we obtain the shadow data for. We will now outline the way to obtain

an improved estimate of Tr(Oypp) using the shadow data of p.

1. Initial expansion basis: Select an initial expansion basis {G;} of size Ng.
One way is to use the set of all Pauli strings up to a certain weight, where
the weight is determined by the amount of shadow data (the more shadow

data, the higher the weight we can reach).

2. Filtering expansion operators: For each expansion basis operator G;, we
will perform a local subspace expansion of dimension 2 using the expansion
basis {1, G;} and the corresponding improvement in energy is denoted as AE;.
This involves determining the expected values of the observables {G;}, { Hx}
{G;Hy} and {G;HG;} (this final group are just the Hy with an added phase
as the G; can be (anti)commuted through the Hy). These observables have
weights up to Mg + My, and overall the total number of expectation values
to be determined from the measurement data is Ng + Ny + NgNg. To filter
out expansion basis operators that are unable to decrease the energy of the
initial state, we will rank all operators in {G;} according to their improvement
in energy AFE; and keep only the top K operators, which gives us the K-
significant expansion basis. This process has a classical computational linear
in Ng of O(Ng Ny ) due to the fact that ; thus, Ng can be chosen as potentially

very large, e.g., Ng = 10°.

3. Equation for full expansion: We will perform subspace expansion using the
K-significant expansion basis, which involves estimating the set of weight-2Mg
observables {G;G;} to form the matrix S, and weight-2M¢ + My observables
{G;H;G;} to form the matrix H, the matrix entries can be determined based
on the observation that any product of local Pauli strings evaluates to a single
Pauli string of higher locality. They require the estimations of K2 and K2Ny

observables, respectively.
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4. Solving the eigenvalue problem: To obtain the eigenspectrum in the
subspace and the optimal weights w. We detail our method for solving the
noisy generalised eigenvalue problem in Section [3.4.2] This step has a classical
computational complexity of O(KP) with a polynomial power 2 < p < 3 and
is thus the time bottleneck. This reflects the importance of the screening step

for choosing the best K observables.

Step 4 will output the energy of the state found via subspace expansion. The

following steps are needed for estimating other observables on the output state:

5. Use the shadows to estimate the set of weight-2M ¢+ Mo observable {G;0,G;}

of a size K%?Nop.

6. Use the optimal weight w* to reconstruct the optimal observable

Tl" O o Fw‘* pr‘*
Tr(Ototpw*) = é‘r(}‘tﬁ*pr ﬁ*) )
Y Brwiw; Tr(G04Gp)
- Tr(T%.p)

3.4.2 Regularisation of the Generalised Eigenvalue Problem

Classical shadows enable efficient estimation of a large number of expansion
operators. However, many states produced by low-weight expansion operators
exhibit significant overlap with each other, which can lead to highly singular
matrices in the generalised eigenvalue equation. Shot noise propagation can be
amplified by these small singular values in the overlap matrix. Thus, careful
regularisation is necessary for our approach.

To numerically solve the generalised eigenvalue problem in Eq. , we require a
well-conditioned S matrix, supported by the physical constraint that S be positive
semi-definite. I address this by regularizing the problem, transforming the matrices
H and S into a subspace where S has sufficiently large positive eigenvalues. This
is similar to projecting onto the nearest positive semi-definite matrix in terms of
Frobenius norm [196], but with the added step of dynamically setting a threshold

to discard small positive eigenvalues, ensuring the eigenvalue problem remains
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well-conditioned. Specifically, regularisation is done by restricting the problem to
the subspace spanned by the top K eigenvectors of S, ordered by their eigenvalues.
This represents the effective dimension of the matrix, containing information
distinguishable from noise. These eigenvectors form a K x K transformation matrix
Q, which reduces the original problem to a dimension-K generalised eigenvalue

problem with the following transformed matrices:
S =Q'SQ, and H=Q'HQ, (3.6)

which outputs the energy E({( . The optimal value of K to be used can be determined
from a series of such transformations by calculating the ground state energy K}
for each and stopping when the energies become unstable. This is determined by
tracking the variance of the energy estimates within a moving window the and
terminating when the moving variance reaches a minimum, indicating a series of
gradually varying energies as the regularisation reaches the optimal value before the
eigenvalue problem becomes unstable, resulting in an increase in the moving variance.
For example, given a sequence of ground state energies E}, we calculate the

differences A; = E} — E}™', and then the moving variance with a window size W

‘/Z = Var{Al, Ce Al—i—W} (37)

The minimum of this moving variance provides a good point to stop increasing [
where a low energy has been found, but before the eigenvalue problem has become

unstable. In our numerics in this work we use a window size W = 7.

3.5 Symmetry Considerations

It may be desirable for the subspace expansion to find the lowest energy state
with a certain symmetry, that is, within a subspace of the Hilbert space which has
the correct eigenvalue of a symmetry operator A. For example, we may want to
restrict our solution to the space with the correct number of electrons in a quantum
chemistry application, to ensure the ground state energy estimate is not corrupted

by non-physical states with the wrong number of electrons. These techniques were
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considered in the context of the LiH simulations in Fig. [3.4] but in that case the
ground state of the Hamiltonian has the correct physical particle number, so the
techniques described in this section were not used in the numerics.

If the state rho p has the correct value of this symmetry, it is straightforward to
modify the subspace expansion to only choose operators that commute with the
symmetry operator [G;, A] = 0.

However, when our state p does not itself lie within the symmetry subspace we
must instead use post-processing to mitigate for the component with the wrong
symmetry. One way of achieving this is to perform an analogue of symmetry
verification [197], and use existing techniques and perform an ‘internal’ subspace
expansion to individually mitigate all the matrix elements required 110, |19§].

Suppose the ideal state lies in the subspace defined by the projector

1
Is = Bl 35 (3.8)

Ses

Given a noisy state p that does not lie in this subspace, we can write the subspace

projected expectation value of some observable O as [110]

Tr(Ollgplls) 1 Ygges TE(SOSp)
T _ \EPES) )
HOPm) = "1 (OTlp) 8] Yses Tr(Sp)

However, this requires increasing the weight of all observables measured by the

(3.9)

weight of the symmetry operator(s) (including the largest weight G;H;G;), and
may produce a large overhead due to the exponentially scaling shot requirements
for higher weight observables.

There is an alternative method which we describe for the case of a single symme-
try operator A (although it is easily generalised), that only requires measuring

observables G;AG,;. We can additionally determine the elements of the matrix

and before solving for the ground state energy, solve the generalised eigenvalue

problem for the symmetry operator:
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AT = AsSw (3.11)

From solving this equation, we can identify a subspace within our subspace expansion
with a particular eigenvalue of the symmetry operator A. That is, we can diagonalise
the matrix S~ A in order to find a transformation from the full subspace to the
subspace with the desired symmetry eigenvalue. This will produce a transformation
similar to Eq. , to be performed to produce symmetry adapted matrices
H,, S, which will then be used for a better estimate of the lowest energy within

the correct symmetry subspace.

3.6 Results

We will first examine the use of Shadow Subspace Expansion (SSE) for solving the
ground state energy for a 14-qubit spin chain model. The spin chain Hamiltonian
takes the form

N

H=1J> 6 G+ ciZ;. (3.12)

i=1
with J = 0.1 and ¢; € [—1, 1] as uniformly random on-site energies. This Hamiltonian
has been considered in studies of self-thermalization and many-body localization
and has been identified as a promising target for quantum advantage [199].
For the sake of demonstration, we initialise using the Variational Quantum FEigen-
solver (VQE) [46] for 300 steps to an initial state with energy error AE = 0.235

from the ground state, and then perform SSE.

3.6.1 Performance with increasing subspace size

In this section, we will investigate the performance of SSE as the size of the subspace
K increases. For simplicity, we will first assume the shot noise that is added to all
the observables that form the entries of H and S is drawn from a complex Gaussian
distribution of mean 0 and standard deviation €, and then examine the effects of

accurately modelled shot noise from classical shadow data in Sections[3.6.2]and [3.6.3]
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Figure 3.1: (a) Error of SSE for the spin chain problem with subspace dimension
K, with shot noise level € per matrix element (denoted by the legend) with the energy
of the input state denoted by the black dotted line. Faded regions indicate standard
deviation of SSE result as determined by results from 20 independent runs.(b) Errors
as K increases demonstrating that increasing K beyond a threshold set by the noise
level will not decrease the estimation error. (c¢) Impact of matrix element error on the
eigenvalues of the matrix S, for K = 10000 on the spin chain problem (with unphysical
negative eigenvalues discarded), indicating that the source of the decrease in accuracy in
energy is the removal of information from the low magnitude eigenvalues. The truncation
dimension required is typically found to be well above the noise-induced levelling off on
this plot. (d) Impact of increasing K on the eigenvalues of the matrix S for e = 107° for
K =1000,2000...10000 increasing from left to right (with negative eigenvalues removed)
indicating that the significant eigenvalues are increased as more information in included in
the subspace expansion by increasing K, however this does not substantially raise lower
magnitude eigenvalues above the noise floor.

In standard subspace expansion, the cost of measuring expectation values increases
quadratically with the subspace size, limiting us to small subspaces, typically around
K ~ 10. However, SSE does not face this limitation. As shown in Fig. [3.Ta] we
apply SSE with subspace sizes up to K = 3000 under varying levels of shot noise.
Expanding beyond the K ~ 10 range results in a significant reduction in energy
estimation errors. With moderate shot noise of € ~ 1072, we achieve nearly an

order of magnitude reduction in error, and with low shot noise of € ~ 107°, we
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see almost two orders of magnitude improvement.

In Fig. we look at even larger subspace sizes up to K = 10*, which nears
the maximum K available when using up to 3-local Paulis as our expansion basis
operators (10690 for 14 qubits). In the noiseless case, the error in the estimated
ground state energy decreases monotonically with the increase of K. With a finite
level of shot noise per matrix element, the error in the ground state energy found
by SSE hits an error floor as we increase the size of the subspace K. This error
floor will decrease as we decrease the amount of shot noise, with a rough fit of
AFgoor x €90 found in our numerics.

The phenomenon of the error floor shown in Fig. [3.1b] whereby the energy error
with a given level of noise saturates as K is increased can be explained by looking
at the eigenvalues of S. In Fig. [3.1d we show the eigenvalue spectrum of S for
K = 10* at varying levels of shot noise, demonstrating that the magnitude of some
eigenvalues will be so small such that they are buried under the shot noise as the
noise increases. The information about the subspace carried by these eigenvalues
and their associated eigenvectors needs to be excluded in the subspace expansion
to keep the generalised eigenvalue problem well-conditioned. Hence, for a given
shot noise level, there is a point where increasing K will only add low-magnitude
eigenvalues buried under the noise and will not assist in improving the ground
state energy, reaching the error floor mentioned.

We also investigate how increasing K affects the eigenvalues of S. In Fig. [3.1d],
we plot these eigenvalues for various K at a noise level of € = 107°. For smaller
K, a larger proportion of the eigenvalues rise above the noise level. However, as
K increases, more operators that contribute little additional information to the
subspace expansion are included, resulting in a growing number of eigenvalues are
mainly noise. It is important to note that while the eigenvalues increase roughly
linearly with K (see Appendix |C]), they decay exponentially with the index i—at
least in the intermediate range between large eigenvalues and those dominated by
noise. Consequently, the linear improvement in signal-to-noise ratio with increasing

K raises only a exponentially small number of eigenvalues above the noise threshold,
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Figure 3.2: Energies of states over the course of a VQE optimisation of the spin chain
model using simple gradient descent with line search, obtained using 10 snapshots. The
orange dashed line corresponds to the energy of the state at that point in the optimisation,
whereas the red, green and blue curves correspond to the energies achieved using SSE
(with K = 5000) using accurate shadow variances for a shadow with the number of

snapshots indicated in the legend. Faded regions indicate standard deviation of SSE result
as determined by results from 20 independent runs.

resulting in essentially no improvement and the accuracy floor seen in Fig. [3.1b|
It is worth noting that the value of K for which this noise floor is reached will
also depend on the choice of operator pool used for the expansion. In Fig. [3.1]
I use the standard SSE choice of local Pauli operators, but if we instead used a
pool including non-local operators, it is likely that there would be more operators
with large signal corresponding to the larger eigenvalues of S, resulting in a larger
value of K where the error floor is reached. Indeed we can see a small example
of this phenomenon in Fig. [3.4] where the Hartree-Fock state of LiH cannot be

improved by subspace expansion with local Pauli operators.
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3.6.2 Simulations Using Shadow Variances

Until this point, we have been considering shot noise producing uniform Gaussian
errors on the matrix elements of S, H, analogous to shot noise from measuring
each of the elements independently. However, in the realistic setting where the
expectation values are estimated from a fixed number of classical shadow snapshots,
we do not expect the level of noise on each matrix element to be the same. In
particular, when using local Clifford shadows, the variance of our estimators will
have an extra factor of 3", where w is the weight of the observable, meaning
that instead of a single value of € shared between all matrix elements as in the
numerics in Fig. each matrix element corresponding to an observable of weight
w has a new error ¢ — +/3%e. I therefore perform additional numerics where I
accurately simulate the shot noise produced by the finite size of the classical shadow
to examine its effect on the subspace expansion. In Fig. 3.2 I perform SSE on a
series of states obtained from different steps along the VQE optimisation of the spin
chain model, with the numbers of snapshots between 10° and 10%, and compare
the results to the energy of the initial state. I find substantial improvements for
all numbers of snapshots for high energy initial states, as determined from direct
estimation with 10° snapshots. For states closer to the ground state, below a certain
number of snapshots, the effect of shot noise on SSE means that we can get energy
estimates with higher variance than direct estimation. This effect can be mitigated
by increasing the number of snapshots. In our experiment, with 10% snapshots, we
will always obtain a better result compared to direct estimation.

It is worth noting that the original state (corresponding to the identity expansion
operator) is in the full K-dimensional subspace. However, when we try to regularise
the subspace via transformation and truncation as outlined in Section the
resultant K -dimensional subspace may not fully contain the original state anymore.
This is the reason why we can reach an energy above direct estimation. This
can be potentially solved by creating a new regularisation procedure explicitly
keeping the original state in the output subspace, e.g. by regularising only the

subspace outside the original state. In the present case, since the direct estimated
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Figure 3.3: (a) Energies obtained via simulations with gate noise, comparing the direct
measurement of energy with the use of SSE with varying level of gate noise, denoted by
the circuit fault rate A\ and shot noise from snapshot counts as given in the legend. SSE
lines correspond to an average over 20 separately sampled instances of shot noise with
outliers removed, the shaded regions are the standard deviations of these distributions.
The effective dimension of the subspace K is allowed to be 15 at maximum. (b) Energy
improvements of the SSE mitigated observables over the direct estimation on the noisy
state in Fig. showing an energy improvement of ~ 0.5 over the whole noise range,
approximately independent of shot count. (¢) The same calculation, as Fig. but
with K allowed to vary freely. The average values of K found by the regulariser for the
numerics in this plot are shown in Fig. [3.3dl (d) Average value of K found for the circuit
used to generate Fig. with fault rate . The value of K increases past the dimension
of the Hilbert space in this small example, but remains well below the 4™ possible Pauli
terms that can be used in the expansion for gate noise mitigation.

energy, being an entry in the H, is always a known quantity, we will simply
output the direct estimated energy if the SSE energy is higher. In this way, we
can ensure our method will always provide a better or at least an equally good
estimate compared to direct estimation.

Whilst we realise that finding a lower energy than direct estimation using SSE
requires either a high energy starting state or a large number of snapshots, we
note that there are multiple techniques that could alleviate the shot burden.

For example, derandomisation [99] can be used after the identification of good
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observables for the subspace expansion. We also note the existence of alternative
classical shadow techniques that can achieve greater performance on some restricted
classes of observables [97] that could reduce the overhead based on problem-specific
knowledge. Recent works also allow for the reduction of mean-squared error of
the estimators produced from classical shadows via a bias-variance trade-off which
would be effective at reducing the error on the high-weight observables. This can
be performed either through rescaling conventional shadow estimators [102], or
using cumulant expansions for estimating k-RDMs of fermionic systems |[103]. We
also note that recent works provide a way to reduce the sampling overhead for

high-weight observables by optimising the shadow inverse map |104-106].

3.6.3 Effects of Gate Noise

To investigate the effect of gate noise on our algorithm, we perform density matrix
simulations on a 7-qubit spin chain, using a parametrised quantum circuit with 161
single-qubit gates and 60 two-qubit gates, adding single or two-qubit depolarising
noise after each gate, with the noise strength for two-qubit gates being 5 times of
that for single-qubit gates. We do this for a range of gate noise strengths leading to
differing circuit fault rates A\, which are the expected number of faults per circuit
execution, given by the sum of error probabilities over all gates A = Y, p;, and
simulate shot noise as in Section for a range of shot noise strengths denoted
by the number of snapshots taken. We take K = 500 and in Fig. show
the performance of SSE on noisy circuits, producing an energy improvement over
the direct noisy estimate of approximately 0.5 over the noise range, with little
dependence on the shot count as shown in Fig. [3.3D] demonstrating the robustness
of the method as a form of error mitigation, distinct from existing error mitigation
methods that combine shadows and subspace expansion through reconstruction
and expansion in terms of the density matrix p [111} |112].

Noisy simulations of quantum circuits are resource intensive so I only simulated
up to 7-qubits, which corresponds to a Hilbert space dimension of d = 27 with 256

real parameters. The Hermitian and trace-preserving operator space that density
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operators live in has the dimension of d* — 1 ~ 15000. The small system size
runs the risk of having an expansion subspace with a dimension larger than the
degree of freedom needed to simulate the full quantum system. Hence, we have
avoided this by clamping the maximum possible value of K to be 15 in Fig. [3.3al
In Fig. we show the same simulations without any restrictions on K, and show
the corresponding values of K found in Fig. , where they increase with the noise
level. We see that indeed increasing the dimension of the subspace is an excellent
way to mitigate gate noise in the circuit. In fact as shown in Fig. [3.3c| we are able
to achieve an estimation accuracy that is largely independent of the circuit noise

level if we put no restriction on the dimension of the expansion.

3.6.4 Quantum Chemistry and Excited States

Besides spin chain Hamiltonians, we also examine the performance of SSE on a
quantum chemistry Hamiltonian. We use the 12-qubit LiH Hamiltonian in the
STO-3G basis [200], and run VQE using a UCCSD ansatz [201]. We then perform
SSE on the output VQE states along the optimisation trajectory. In Fig. |3.4, we
show the VQE energies achieved by the orange line and the SSE energies achieved
from the state at that step number using blue markers, with a shot noise of € = 1075.
SSE is unable to improve on the Hartree-Fock state due to its restriction to local
Pauli strings, but even after a small number of steps, two orders of magnitude
improvement in the energy estimation error AF can be achieved over the directly
estimated VQE energy. In this case, the Hamiltonian of LiH used had a ground state
with the correct electron number, and so no accommodation needed to be made for
the electron number symmetry of the Hamiltonian. However, if this were not the
case and the Hamiltonian had a ‘non-physical’ ground state with a different number
of electrons, the techniques in Section |3.5| would be required to ensure the solution
was not corrupted with lower energy states of the wrong electron number. As the
generalised eigenvalue problem (Eq. ) outputs an entire spectrum of energies
within the subspace, it is interesting to compare the spectrum produced by SSE and

the true spectrum of the Hamiltonian. In Fig. [3.5] we show the energy difference
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Figure 3.4: Energy estimation errors of direct estimation (orange curve) and SSE (blue
markers) as a function of the number of VQE steps (orange, using UCCSD ansatz with a
single layer) used to generate the initial expansion state, starting from the Hartree-Fock
state for LiH. The Hartree-Fock energy is shown by the red dotted line, and SSE is unable
to improve on this due to the long Pauli strings require but even after a small number of
VQE steps, SSE is able to rapidly make improvements on the ground state energy. The
inset shows the log of the energy error for SSE. Shot noise level € = 1076.

between the two spectra for LiH for a run of SSE with K = 2000 and without
shot noise from the final state output by the variational algorithm in Fig. 3.4, The
ground state energy difference found is approximately AE = 107%, with the inset
showing the two spectra individually (SSE in blue, true spectrum in orange). We
can see that for the first ~ 80 eigenstates, the energies are in strong agreement
with an energy difference of AE < 1072, This falls off rapidly as we move to higher
energy eigenstates. The agreement at the low energy level suggests the possibility

of further extending our techniques to applications involving excited states.

3.7 Conclusion

In this chapter I have presented shadow subspace expansion (SSE) which leverages

classical shadow data to perform high-dimensional subspace expansions for esti-



3. Shadow Subspace Expansion 77

mating ground state energies of quantum systems. I numerically investigated our
approach by finding the ground state of a 14-qubit spin chain as well as obtaining
excited state energies of a LiH Hamiltonian as relevant in quantum chemistry.

I demonstrate that our method remains effective for subspace expansions of
dimension up to the thousands — which is well beyond the size limitations of
previous approaches. We observe more than one order of magnitude error reduction
(depending on the initial state) when using observable expectation values under
a typical level of shot noise oc 1072, while indeed further error reduction can be
achieved by further suppressing shot noise (increasing the number of snapshots or
circuit repetitions). We specifically considered simple local Clifford shadows for
estimating expansion operators as local Pauli strings and found that our method
is robust against relatively small overlaps with the true ground state and, indeed,
outperforms direct energy estimation (using the available expected values) in all
examples. However, when the initial state is already very close to the true ground
state, then we observe that an increased number of shadow snapshots are needed to
obtain improvements beyond direct energy estimation, which is a major limitation
of the method. Furthermore, we demonstrate that the approach is also robust
against gate noise in the state-preparation circuits.

Based on the potential advantages outlined above, when one performs ground-
state energy estimation using classical shadows, our approach can be additionally
performed fully in post-processing at no quantum cost and can potentially further
reduce errors in the energy estimates; Of course, in the worst case our approach
yields no improvement in which case one still has access to direct energy estimate.
Given SSE is particularly effective when the initial state has relatively small overlap
with the true ground state a potentially powerful application could be the following:
if we are given classical shadows of the ground state of a given Hamiltonian, we
can use this as an initial state for SSE to probe the ground state energy of slightly
modified Hamiltonians, potentially allowing us to approximately probe the entire
nearby energy landscape from the shadow data of one single state. Furthermore, in

our numerical simulations we have primarily focused on estimating ground state
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Figure 3.5: The energy difference between the spectrum produced by SSE and the
true spectrum of LiH for the first 150 energy levels, indicating some agreement for the
lowest-lying eigenstates but rapidly diverges. The inset plot shows the SSE spectrum
(blue) and the true spectrum (orange), extending into higher energy levels.

energies, however, as we note in Section [3.4.1] our method can directly be used
for estimating other observables from the ground states.

Besides performing expansion of a given state within a subspace, one can also
use post-processing techniques to project the state into a given subspace using
techniques like symmetry verification 202], in which the symmetry can arise
from the target problems or qubit encoding . Ref. have applied classical
shadows to symmetry verification in the context of quantum error correction codes
and similar ideas are also discussed in Ref. . It will be interesting to see if
classical shadows can be applied to more general techniques that incorporate both
symmetry verification and subspace expansion [198] as discussed in Section [3.5]
Many further improvements are possible for SSE. The current version of SSE is still
very susceptible to shot noise due to the finite number of shadow snapshots. This
can be potentially alleviated by studying alternative shadow schemes and expansion
bases. I could also explore use of alternative regularisation techniques for subspace

expansions developed at around the same time this work was released [203].
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4.1 Foreword

This section is relevant to the work in review

« G. Boyd

Low-Overhead Parallelisation of LCU via Commuting Operators [204]

79
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The work in this chapter is entirely my own. I developed the algorithm, provided an
open source implementation), and performed numerics. As the text of the above work

is entirely my own, this chapter will follow that manuscript with few modifications.

4.2 Introduction

The Linear Combination of Unitaries (LCU) method [205] is a powerful quantum
subroutine used for the efficient block encoding of operators, that when combined
with Quantum Singular Value Transformation (QSVT) [131] [132] leads to asymp-
totically optimal algorithms for Hamiltonian simulation [206] as well as dissipative
ground state finding algorithms [207], and quantum linear algebra [208]. Despite the
power of LCU, there are high overheads associated with its implementation, leading
to recent work promoting the use of product formula methods for Hamiltonian
simulation as a practical alternative [209, [210]. Here, I make a contribution to
reducing the time overhead of LCU by presenting a general method for parallelising
the algorithm for operators provided in the Pauli representation that is typically
able to reduce the depth (T-depth in the fault-tolerant setting) of LCU by a factor
of O(n) (see Section while only requiring an O(logn) factor increase in
qubit count, resulting in a net reduction in the space-time volume cost of the
logical algorithm by a factor of O(n/logn). A special case of the circuits I propose
parallelisation methods for in this work is QROM circuits [211], used for loading
classical data into quantum computers.

I also provide methods for parallelisation of the application of gates with complicated
patterns of positive and negative controls from an ancilla register of size a at the
cost of depth O(log a), which may be preferable when the size of the ancilla register
is large (as opposed to the case assumed for LCU above where the register has size
O(logn)) which allows us to parallelise the above circuits with a constant factor
qubit overhead, reducing the depth by a factor of O(n/loga).

Special cases of reducing the complexity of LCU exist, e.g. for the specific case
of local fermionic Hamiltonians where tensor hypercontraction methods [212]

and others [213-215] can be used to reduce the daunting O(n?) cost of block


https://github.com/gboyd068/LCU_parallel
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encoding molecular Hamiltonians. Parallelisation methods also exist for performing
Hamiltonian simulation for certain kinds of Hamiltonian [216].

Prior work also includes methods using one-hot or k-hot encodings of the coefficients
or fan-out have been examined to reduce the depth and improve the errors in LCU by
taking advantage of the parallelisability of geometrically local observables [217, [218].
In Section [4.3]T discuss the LCU method, as well as the basis for the parallelisation
techniques I will use. Section [4.4] will discuss the method in more detail, including

discussion of the implementation of these methods on fault-tolerant hardware.

4.3 Background

4.3.1 LCU

The LCU method constructs a linear combination of unitaries using the com-
bination of PREPARE and SELECT subroutines. It involves constructing
an operator A as a linear combination of a set of unitary operators U; with

corresponding coefficients c¢;:

L
A == Z CjUj (41)
J
This is done by loading the coefficients into an ancilla register in the PREPARE
step:

1

0%) = |a) = >G5 13) (4.2)

llell 7
where the size of the ancilla register is log L. I will restrict my analysis when
discussing LCU to L ~ poly(n) so that the number of ancilla in the coefficient
register is O(logn).

Then the unitaries are applied controlled on the ancilla in the SELECT step:

) |9) = 13 Us [¥) (4.3)
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R

|) A Uo HUL U2 HUs

Figure 4.1: Example of the usual procedure for the SELECT step of LCU with two
ancillas.

LCU is of particular use for implementing block encodings of non-unitary operators,
such as Hamiltonians, and therefore provides access to performing QSVT on these

block encodings to apply functions of the operator.

4.3.2 QROM

Quantum Read-Only Memory [211] is a technique for loading classical data into

quantum memory, by allowing data to be accessed by an index in superposition:

QROM, 3= ) [0) = 3= ) I (4.4)

This can be achieved using a circuit in the form of Fig. where the unitaries
applied are tensor products of Pauli X’s encoding the binary strings of the data
entries d; to be loaded. QROM circuits are also used as a component of advanced
schemes for block encoding quantum chemistry Hamiltonians [212], where it is
noted that QROM is the dominant cost of the procedure, and therefore a prime

target for runtime optimisation.

4.3.3 Parallelisation Techniques

Techniques for parallelising quantum algorithms have been known for some time
[219]. The algorithm makes use of the primitives of fanout and gate teleportation
using states prepared by measurement and feedforward.

The fanout operation [220] (Fig. can be thought of as a basis-dependent “copy”
operation that takes information in the computational basis from one register and

spreads it across additional registers.

2 VG 1310) - 10) = 3 Ve i 1d) 1) (4.5)
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Crucially, this allows us to perform commuting operations on a qubit register in
parallel, by first performing a fanout to spread the information across multiple
registers, and then performing the operations on each register individually. We

then uncompute the fanout operation.

|a) Uo

0) - Uy
|0) = Us -
0) »- Us -

Figure 4.2: Fanout operation performing operations on the same input in parallel.

A log-depth fanout circuit can be constructed straightforwardly from a tree of
CNOT gates, and a constant depth circuit can be constructed using teleportation

with O(k) ancillas, where the fanout acts on k qubits [221].

An additional tool I use is the use of measurement and feedforward (or adaptive
circuits), where circuits contain measurements and operations that are controlled
on the measurement results, resulting in deterministic measurement based circuits
to prepare certain resource states [31, 221] and the use of gate teleportation with

these states [222] to reduce circuit depth, I discuss this further in Section [4.4.1]

4.3.4 Partitioning into commuting groups

A third useful technique is the partitioning of operators into commuting groups
of Pauli terms, these methods were initially developed for the optimisation of
measurements in variational algorithms [223-226]. In this context, it is desirable to
partition observables into commuting groups to determine which components can
be measured simultaneously. This is done by calculating an approximate Minimum
Clique Cover (MCC) of the graph G = (V, E') where the vertices are the Pauli terms

in the operator and edges are placed between commuting terms.
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The amount of commuting terms found using this method will of course depend
on the operator in question, but evidence from numerics on molecular electronic
Hamiltonians with up to 50 thousand terms indicate that the ratio of total terms
over number of commuting groups scales “at least linearly with the number of qubits”
[226]. Jena et al. [227] also conjecture that this ratio is linear with respect to the

lengths of the operators and provide numerical evidence for molecular Hamiltonians.

4.4 Parallelisation

In this section I will discuss my parallelisation of the SELECT stage of LCU,
as the parallelisation of the PREPARE stage will significantly depend on the
particular state preparation method chosen, but I note that a reduction in depth by
a factor of O(n) with O(nlogn) qubits using fanout is achievable [228] 229]. In the
usual application of SELECT (Fig. the unitaries are applied in sequence, as is
required by the complex controls on the ancilla register storing the coefficients. As
we are applying a polynomial number of terms, the PREPARE ancilla register will
only be of logarithmic size, allowing us to use fanout to parallelise the action of gates
on this register while only paying a nlogn qubit cost. In the rest of this section I
will describe how I use this fanout of the ancilla register along with transformations
on the system register to facilitate parallelisation of the SELECT stage. I also
provide a diagram summarising the required preprocessing steps and circuits of the
parallelisation described in this section in Appendix [E]

To parallelise unitaries that are not already acting on disjoint sets of qubits on
the system register, we can perform a unitary U to transform the action of the
unitaries on the system register into action on disjoint qubits. The set of unitaries

{U;} must satisfy two conditions in order for this to be possible:

« They must all commute, [U;, U;] =0

 They must form a linearly independent set, [T;; U; # U; € {Us}.
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We do this by first partitioning the terms of the Hamiltonian into commuting groups
as described in Section [4.3.4] and then use a greedy search algorithm to find linearly
independent sets within each of those commuting groups.

For a Hamiltonian H, I define the filling factor F as the average size of the sets
of terms that satisfy these conditions, after placing all the terms into such sets,
normalised by the maximum applicable size (which is the number of qubits in
the main register).

For the case where the unitaries in SELECT are Pauli operators P;, we can partition
the operators into linearly independent commuting sets, and then perform Clifford
transformations to transform the terms in each set into single qubit Pauli operators
as described in Section [4.3.4f We can then apply these controlled Pauli operators
in parallel from the ancilla registers, applying up to n terms simultaneously, E] and

then perform the inverse Clifford transformation, as depicted in Fig. [4.3]

‘04> AP

0) ~ 1 <

0) ~b D
[vo) 71 Fo -
W1> U Py Utr
‘¢n> i | Pn I N

Figure 4.3: Applying Pauli operators in the SELECT step of LCU in parallel, by using
fanout and a Clifford transformation U. The square controls indicate multiple controls on
the ancilla register given the index of the Pauli operator.

The issue with this is that the linear depth saving from applying n terms in parallel
is offset by the depth of the Clifford transformations, which is O(n) in the worst
case when using reversible compilation [230]. T therefore present an alternative

compilation of Clifford circuits using adaptive circuits and teleportation with 3n

If the size of the commuting group is m > n, it can still be applied in one step by enlarging
the system register to m qubits by appending qubits in |0) and performing a Clifford circuit on all
m qubits (this also requires increasing the size of the fanout).
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ancilla that is constant depth in Section 4.4.1]

The depth reduction achieved is determined by the filling factor F. I conjecture that
this is O(n) in the case of practical molecular Hamiltonians and provide evidence
from the literature based on the size of commuting groups in Hamiltonians for this
in Section [4.3.4] In Fig. [£.4]1 demonstrate the factor of improvement in 7" depth for
a series of molecular Hamiltonians by performing the partitioning into parallelisable
sets, with the slope of the graph indicating an approximately constant F ~ 0.5
for molecular Hamiltonians in this regime. I also performed the partitioning for
‘Hamiltonians’ containing only Pauli X terms (as would be found in QROM circuits)

up to 14 qubits, and find F & 1 for this case (see Appendix @
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Figure 4.4: T depth reduction as determined by the average size of the parallelisable sets
found in molecular Hamiltonians up to 36 qubits. The slope indicates an approximately
constant F = 0.5 for molecular Hamiltonians in this regime. Colour indicates the molecule
and marker indicates the choice of basis.

Given this partitioning into parallelisable sets, the space-time saving is a factor
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of O (%) Although the saving will be very significant in the high-n regime, I
find that even in the low-qubit regime, we can still achieve large speed-ups and a
reduction in the overall space-time volume. For example, the 26-qubit Hamiltonian
of HyO in the 6-31G basis contains 13884 terms, which can be applied in 1070
parallelised steps by using 468 qubits, resulting in 13 times fewer layers of multi-
controlled Pauli gates for a qubit increase of 11.7 times, which slightly reduces the
space-time volume by a factor of ~ 1.1. See Section for further discussion on
how the space-time volume of the parallelised subroutine compares to the serial

version when taking into account the space required by T factories.

4.4.1 Performing Clifford Circuits in Constant Depth

In order to reduce the depth of the required Clifford circuits, we can use techniques
from [231] that apply them in constant depth using a constant number of resource
stabiliser states on O(n) ancilla. This method is based on the observation that any
Clifford circuit is equivalent to circuits that contain a sequence of stages containing
the same kind of gates, for example, Aaronson and Gottesman provided an 11 stage
compilation H-C-P-C-P-C-H-P-C-P-C where -H-, -P-, and -C- stand for stages
composed of only Hadamard, Phase, and CNOT gates, respectively [34]. More
recently, techniques for implementing Clifford circuits using only 3 layers of two-

qubit gates (the sequence CX-CZ-P-H-CZ-P-H) have been developed [232].

Considering only the non-trivial layers which contain 2-qubit gates, we can perform
these layers by preparing states that are stabiliser states of Calderbeck-Shor-Steane
(CSS) codes (up to single qubit rotations) |233] on 3n ancilla and performing Steane
syndrome extraction circuits using these resource states as an input [231], followed

by a correction consisting of single qubit Pauli gates (Fig. [4.5).
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Figure 4.5: Circuit based on Steane syndrome extraction for performing a Clifford
C-stage from [231], using the CSS states |{2; 2), with a Pauli correction P depending on
the measurement outcomes. This circuit uses 5n ancilla, but the same operation can be
performed with 3n ancilla by performing the measurement on |{2;) and then generating
|€22) on the same ancilla.

These resource states can themselves be prepared in constant depth using adaptive
circuits with the standard method to prepare stabiliser states of measuring the
stabilisers and correcting incorrect outcomes [13], the required measurements of
parities can be performed in constant depth using either circuits that are log-depth
in the weight of the stabilisers, or in constant depth by noting that parity circuits
are equivalent to fanout under a unitary transformation involving one layer of single
qubit gates [234] and using results described in Section [4.3.3]

Therefore, the required Clifford transformations can be performed in constant depth,

potentially allowing for a linear depth saving from parallelisation.

4.4.2 Replacing the Ancilla Fanout

It may be the case that we are not willing to pay the cost of fanning out the ancilla
register n times, either because we are restricted in the number of available qubits,
or, for QROM, it may be the case that the input register is of comparable (or
larger) size than the output register. I therefore present a scheme for parallelising
the action of the input register using a constant factor increase in ancilla qubits

and additional constant-depth Clifford transformations.
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Figure 4.6: Example of a QROM circuit with a complex pattern of positive (filled) and
negative (empty) controls, with the action on the output register already diagonalised.

We can use a Clifford transformation on the ancilla register to transform the pattern
of controls into the form in Fig. (provided the bit strings describing the controls
form a linearly independent set, see Appendix [D] for a discussion on partitioning bit
strings into linearly independent sets). This can be seen by the fact that conjugating
the circuit in Fig. by a CNOT gate acting between qubits 7 and j results in a
row operation adding row i of the controls (thought of as a binary matrix) onto
row j, we can therefore use Gauss-Jordan elimination to diagonalise the pattern
of controls provided the set of bit strings are linearly independent. The Clifford
circuit we need to apply is also only a single C-stage (Fig. so has a depth
of ~ 3x less than a full Clifford unitary.
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Figure 4.7: Use of a Clifford transformation to ‘diagonalise’ the action of the controls
on the input register.

These controls cannot yet be trivially parallelised. However, each of the gates
is now only activated from a state with Hamming weight 1, so by computing a

flag containing hamming weight==1, we can then perform the gates on the output
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register by performing a Toffoli on a register that contains a fanout of the original
ancilla register, and a register containing copies of the hamming weight==1 flag,

as shown in Fig. (.8
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Figure 4.8: Circuit to compute and use the Hamming weight of the inputs to parallelise
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This Hamming weight circuit can be done in depth loga, and a constant factor

increase in ancilla qubits is required to perform this parallelisation.

4.4.3 Extension to Arbitrary Parallelism

After submitting this work to be published, I followed with further research on
how to bypass the limitation of commuting groups, which restricted the maximum
possible parallelism possible by the filling factor F of the Hamiltonian.

You can attempt to bypass the commutation requirement using the observation

that for any Paulis {P;}

[P® P, P;® P] =0 (4.6)

so provided the state p ® p a transformation can be performed to apply the P; ® P;

simultaneously to both copies by using the unitary

U= 1i) il Bi@ R (@)

However, after measuring the ancilla register, the two copies remain entangled
unless we have some way to uncompute the action on the second register, something
that seems just as hard as originally applying the LCU in the first place.

We can instead use some other set of operators {Q;}, and for all the prod-

ucts to commute



4. Parallelisation of Linear Combination of Unitaries 91

[P ® Qi Py ®@Q;] =0 (4.8)
we only need the commutation structure of {Q;} to be the same as that for
{P;}, meaning that if P;, P; (anti)commute then @;, Q); must also (anti)commute,
(although their non-zero (anti)commutators need not be the same).

This allows us to ‘overlay’ the @); over our original Hamiltonian as pictured in Fig.[4.9]

P P, ®Q;
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Figure 4.9: Non-trivial part of the anti-commutation graph of the Hy Hamiltonian (blue),
along with the result when the original terms are extended by new terms @; (orange).
For the second graph, the orange and blue edges cancel, resulting in a fully disconnected
graph, meaning all terms commute and can be performed in parallel.

Now it remains to choose {Q;} such that efficient uncomputation is possible, we

have two useful freedoms in this choice:

o The @; may act on larger number of qubits than the original Hamiltonian

o We can choose the state they act on

This allows us to choose {Q;} that only consist tensor products of Pauli X and Z
operators and have them act on the state |0), where the Z’s act as the identity, so
we only need to uncompute the X’s, which we can do efficiently in parallel as the

commutation requirement is already satisfied, and we can always add logarithmically
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more qubits to our mapping P; — @); to ensure the ); with Z’s removed are linearly
independent. This allows us to arbitrarily parallelise at the cost of doubling
the number of terms we need to apply. Whereas before the maximum speed-up
achievable was nF, now we can achieve m/2 where m is the number of qubits we

are willing to allocate.

An example mapping from P, — @); is to take every single Pauli in P; and perform

the mapping (preserving commutation relations) onto two qubits

X—=>XX
Y - X®”Z7 (4.9)
=71

Mappings requiring fewer qubits are likely to be possible in specific cases depending

on the Hamiltonian.

4.4.4 1In fault-tolerant architectures

Until this point, I have only been discussing the parallelisation implemented in
terms of logical operations. However, there are some further considerations that
must be made when examining the implications of parallelisation in fault-tolerant
architectures. I will discuss these in the context of the surface code, but similar

considerations apply to other fault-tolerant settings.

In surface code architectures, the available operations are of the form Clifford+T
where the T' gates are non-transversal and require the use of additional techniques
such as magic state distillation [235] to be implemented, and therefore have a higher
cost than the Clifford gates, taking up the majority of the computational budget.
The LCU parallelisation succeeds in reducing the T-depth of the algorithm without
changing the T-count. However, whereas only a factor O(logn) qubit increase is
required in the logical setting, in the fault-tolerant setting, the number of qubits

used for magic state distillation must be increased to keep up with the increased
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rate of magic state usage required for a speed-up for the parallelised algorithm.
However, this additional cost in T factories is modest and also introduces a logn
factor (albeit with a higher constant) in the naive case where every multi-controlled
gate is done separately with logn T cost. I also note that when the controls of the
LCU/QROM circuits are constructed with unary iteration [211], which only results
in a constant rate of T" state usage regardless of register size, the increase in space
for the T factories is further decreased. In Fig. [£.10] T use the Azure Quantum
Resource Estimator [236] to compare the space-time volume of the parallel vs serial
computation (assuming F = 1) which initially has n qubits in the main register,
log n ancilla qubits, and use of unary iteration for the application of controls. I

find orders of magnitude savings in space-time volume for large n.

100

1071 A

Space-time factor

1072

10! 10? 103 104

Figure 4.10: Scaling of the improvement in space-time volume of the parallelised
algorithm over the serial version for / = 1, when including the space required for
additional T factories due to the increased rate that the parallel circuit is able to use
them.
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The increase in qubits required for T factories may also be mitigated by the

following factors:

o In cases where more magic state factories are required for other parts of the
computation than are required to keep up with the rate of the serial SELECT
procedure, the parallelised procedure is more efficiently able to use magic

states at the rate they are produced.
o Magic states can be prepared offline and stored in a quantum memory.

» Magic state preparation has been significantly optimised in recent years [237,
238], and optimisation is likely to continue, further bringing down the cost.
Indeed, since the numerics for Fig. were performed, approaches able
to reduce the space-time overhead of producing magic states by an order of

magnitude have been produced [239].

4.5 Discussion and Conclusion

In this work I have produced an effective and low-overhead scheme for reducing
the depth of the SELECT subroutine of LCU or data loading via QROM by
a factor O(nF), where F < 1 is the filling factor denoting the average size of
the parallelisable sets of terms to be applied, whilst only increasing the required
number of qubits by a factor O(logn). A key part of this scheme is a method for
performing Clifford transformations in constant depth based on adaptive circuits
and teleportation. Methods are also presented for the parallelisation of complex
patterns of multi-controlled operations with only a constant factor qubit overhead.
I provide a numerical study on the parallelisability of SELECT on molecular
Hamiltonians up to 36 qubits, and find they all can be reduced in depth by a factor
of approximately n/2. T also note the procedure is inherently scalable with the
number of ancillas available, meaning that if only O(mlogn) ancillas are available
for the fanout (as opposed to O(nlogn)), then the algorithm will simply perform m

operations in parallel. Alternatively, m > n can be chosen, by adding m — n qubits
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to the system register initialised in |0), and performing the Clifford transformation
on all m qubits. The procedure can also be extended by taking P, — P, ® @,
allowing all terms to commute, and thereby arbitrary parallelisation, with the extra
requirement of needing to uncompute the action of the ¢); which can also be done
in a parallel fashion with a suitable choice of @Q);.

I believe that the use of parallelisation techniques in quantum algorithms is a
fruitful direction for reducing the overheads of quantum computation, particularly
when asymptotically optimal algorithms exist for problems such as Hamiltonian
simulation, but the current runtime estimates for useful applications can be daunting.
Works of this kind could also be of interest from the perspective of certain hardware
platforms, as it means that scaling up hardware can reduce runtimes, allowing
for offsetting of long gate times.

Further work includes accurate resource estimations of qubit counts and required
wall-clock times in the fault-tolerant setting, the extension of the scheme to other
families of unitaries, e.g. using matchgate circuits [240] and the generalisation of

this scheme to alternative groupings of operators.

Code Availability

Code relevant to this chapter, including python code for preprocessing Hamiltonians
and Q# code for the circuits described can be found at jon github. The code makes
use of the packages OpenFermion [200], Stim [241], and graph-tool [242].


https://github.com/gboyd068/LCU_parallel
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5.1 Foreword

This chapter provides results from unpublished work on symmetries in adiabatic
state preparation and entanglement guided variational recompilation. The work
in this chapter is entirely my own.

In the first section, I explore how leveraging symmetries can improve the efficiency
and accuracy of adiabatic state preparation. Motivated by the difficulty of choosing

classical input states for quantum algorithms, I produce a toy example where of

96
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two input states, the ‘worse’ higher energy state can exploit symmetry-avoided
transitions to perform better than a lower energy state in terms of final ground state
overlap. I then further discuss the use of symmetry in adiabatic state preparation.
The second section investigates the use of entanglement measures to guide the
variational recompilation of quantum circuits. By incorporating entanglement
metrics, I seek to develop more effective strategies for circuit construction. I build
on previous work for automatically discovering quantum circuits by incorporating
knowledge about entanglement into the gate placement heuristic and find indications

of substantial improvements in some regimes.

5.2 Symmetries in Adiabatic State Preparation

The adiabatic theorem in quantum mechanics is summarised by Born and Fock
in their 1928 paper as follows: "If one assigns numbers to the states of a system
corresponding to the energy levels, the adiabatic theorem asserts that if the system
initially was in a state with a specific number, the probability of the system
transitioning to a state with a different number during an adiabatic change is
infinitely small" [243]. That is, if constructs a time-dependent Hamiltonian H(s(t))
where H(s(0)) = Hy some initial Hamiltonian, and at a final time H(s(T")) = H;
some final Hamiltonian, then if a system begins in an eigenstate of Hy and evolves
sufficiently slowly with respect to the energy gaps in H(s(t)), then at time T the
system will be in the corresponding eigenstate of H;. The adiabatic approximation
of slow evolution compared to the size of the energy gaps will of course always be
broken when energy levels are degenerate at some point in the evolution.

We can use this procedure to attempt to prepare interesting states for input into
other quantum algorithms, starting with eigenstates of systems we can prepare
classically. The motivation for this is the difficulty of preparing initial states for
phase estimation, which require a large overlap with the true ground state of a
system to be projected into this ground state with reasonable probability. Lee et
al. discuss this problem and examine using Adiabatic State Preparation (ASP) for

this task |244]. They find a correlation Txgp ~ Poly(1/S) where S is the overlap
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between the initial state and the target state. Notably they demonstrate in their
Fig. 2c, reproduced here as Fig. that low-energy states from classical ansatz
can be outperformed by higher energy states for state preparation on quantum
computers. I therefore examine the use of symmetries within ASP, construct a toy
problem which reproduces the phenomenon of a high energy state outperforming a

low energy one in ASP due to its symmetries, and further discuss how symmetries

might be used within ASP.
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Figure 5.1: Estimate of ASP time against initial overlap for states drawn from two
classes of classical ansédtze for the reduced active space of a 24 qubit simulation of a
[2Fe-2S] cluster. Horizontal line gives the time required to perform Quantum Phase
Estimation. Figure 2¢ from [244]

5.2.1 Disallowed Transitions

A point sometimes overlooked in statements about adiabatic evolution is that
transitions, even in the case of closing gaps, can be avoided if those transitions
are disallowed due to symmetries. For an adiabatic evolution with Hamiltonian
H(s(t)) which at all times commutes with a symmetry operator Y, [H(s(t)),Y] =0

and has instantaneous eigenstates |¢Z‘Z ) satisfying
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H(s(t)) o) = En(s(t)) |63) (5.1)
Y g5 = Ao l02s) (5.2)

It is easy to prove that the matrix elements of the Hamiltonian must satisfy

the condition: [245]

(0% 1 H(s(1)|¢3) (A — Aa) =0 (5.3)

and also for the time derivative of the Hamiltonian
A .
(¢ [H(s(t)]63) (As — Aa) =0 (5.4)

This guarantees that over the course of the Adiabatic State Preparation (ASP), no
transitions can be driven between two states with different symmetries. We can

use this fact to design the initial Hamiltonians/states for ASP.

5.2.2 Toy Example

Typically, classical states used as an input for quantum algorithms are chosen to be
the ‘best’ available with classical techniques, often measured by their energy, with
lower energy states being favourable due to the variational principle. Motivated
by the demonstration of higher-energy states outperforming lower energy states in
terms of required adiabatic evolution time in [244], here I produce a toy example of
ASP where it is possible to use symmetries to make a higher energy initial state
produce an output state closer to the desired ground state of the final Hamiltonian
than when using a lower energy initial state. The example is producing the ground
state of a 1D triple-well potential (within a harmonic trap) through ASP by starting

from the eigenstates of the bounding harmonic potential, according to the schedule

S S
H(S) = Hharm (1 - 4) + ZHtriple well (55)

with s € [0,4] and the triple well potential is
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Hiyiple wen = C (IL’2 +b (e_w;d%)z + 6_(36;%)2 >> (5.6)
Applied in a box of size L = 100 with parameters C' = 0.005,b = 100,d =
1.5,A = L/30.
The final potential and instantaneous eigenvalues of the Hamiltonian are shown
in Fig. where an avoided crossing appears between two even parity states at
s /= 2.1. This crossing induces transitions when performing ASP starting from the
even-parity initial ground state. However, starting from the odd-parity initial first
excited state (or equivalently, an odd parity ground state of another Hamiltonian,
e.g. a double-well) allows for easy preparation of the triple-well ground state.
Fig. [5.3| shows the overlaps of the evolving state with the instantaneous eigenstates,
whereas Fig. shows the overlaps with the eigenstates of the final Hamiltonian.
The energy differences of the initial states from the desired ground state are
AFEeen = 0.597 and AEyqq = 1.077. As the odd parity initial state is able to produce
the desired final ground state, despite having a larger energy, this reproduces the
phenomenon of a higher-energy initial state outperforming a lower energy one in

terms of ability to produce a desired ground state using ASP.

—— even parity

127 059 4dd parity

107 0.4

g
- 031 d
i
1

1 W

0.2+

0.14

d

0.0

T T T T T T T T T T T T T T T
0 20 40 60 80 100 0.0 0.5 1.0 15 2.0 2.5 3.0 3.5 4.0
s

(a) Triple-well potential, the target potential for (b) Spectrum of the Hamiltonian over the course of

ASP. ASP, eigenstates are coloured by parity. Final states
marked with d are a degenerate combination of an
even and an odd state.

Figure 5.2: Target potential (Eq. (5.6)) and spectrum of the Hamiltonian over the course
of the evolution, a phase transition can be seen at s ~ 2.1 where the barrier potentials
become high enough to disfavour wave functions with amplitude in the central region.
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5.2.3 Producing a Symmetry-respecting H

Electronic structure Hamiltonians where relativistic effects can be neglected do not

contain operators relating to the spin of the constituent electrons of the molecule.

This results in these problems having symmetry operators of the total spin S?

and component of the spin in a particular direction S,. Additionally, molecular
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problems have point group symmetries relating to the spatial symmetries of the
layout of the nuclei (in the Born-Oppenheimer approximation). These point group
symmetries are taken into account by conventional quantum chemistry methods
such as Hartree-Fock (HF) methods.

The question that remains is how to produce an initial Hamiltonian H, given a final
Hamiltonian H; and symmetry operator(s) {.S;} such that the Hy, commutes with all
S;. Here I discuss and implement a few ideas in this direction on a linear hydrogen
chain H4 Hamiltonian in the STO-3G basis using 8 qubits. For comparison, Fig. [5.5
shows the instantaneous spectrum of the 30 lowest eigenstates when performing
ASP on this system, with a final Hamiltonian produced via orbitals found via
HF, and using a non-symmetry respecting initial Hamiltonian that is just a sum
of Z operators with correct signs to produce the HF computational basis state.
That is, given a computational basis state with bits b;, a simple Hamiltonian with

this state as the ground state is

n

Hy =Y (~1)"Z (5.7)
i=0
Due to the fact that the HF solution has a high overlap with the true solution,

there is no gap that closes midway through the evolution.
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Figure 5.5: ASP spectrum using an initial Hamiltonian of the form Hpy for Hy
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Parent Hamiltonians

The idea of parent Hamiltonians [246| 247] revolves around the construction of a
Hamiltonian from a given state, such that the state is an eigenstate of the produced
Hamiltonian. This is guaranteed by using the covariances of operators with respect
to that state, as covariances of any operator with a Hamiltonian will all be 0 for an
eigenstate of that Hamiltonian. Given operators in a pool O, € P, the covariances

with respect to a state |¢) can be calculated as:

(05, Ok)y = (¥]10;0k]¢0) — ($|05]¢) (¢]Ok|¥) (5-8)

A covariance matrix over the operator pool space can then by found L;; = (O;, O).
The kernel of this matrix gives sums of operators for which the state [¢)) is an
eigenstate. The similarities of this discussion with the eigenstate-finding approach
of Chapter [2|is no coincidence. In a sense, using covariances to find states is the
mirror image of using them to find parent Hamiltonians.

Usually, the operator pool P is chosen to be a local pool of operators, but perhaps
it is possible to modify the pool such that it only uses operators that commute
with the symmetry operators {S;}. This could be done by finding operators
in the kernel of the Liouvillain [S;, ], and using these as the operator pool for
parent Hamiltonian construction.

However, there are two major downsides to this, the first is that the basis of
operators required to fully specify the above Liouvillian is the Krylov subspace of
the symmetry operator, and is in general large. The second obstacle to using parent
Hamiltonians is that the Hamiltonian produced has no guarantee to have |¢) as
the ground state, rather, it could be any excited state, producing difficulties for

adiabatic methods that intend to transform from ground state to ground state.

Construction from Symmetry Operators

Another way to construct Hy is to only use information about symmetries that
you already know about your initial state. For example, suppose that we are given

a state with symmetry operators A and B, that has eigenvalues a and b of these
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operators respectively. It is possible to create a Hamiltonian Hj that has the ground
state only be states that have these symmetry eigenvalues.

An operator that satisfies this condition is:

H = (aB — bA)? (5.9)

We can examine the instantaneous spectra over the evolution from H{ to the final
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Hamiltonian. This is shown in Fig. [5.6] where the left plot shows the full spectrum
for the lowest 42 energy states, and the right where states of incorrect symmetry
have been removed as these cannot be accessed by the adiabatic evolution. However,
the issue with this method is that the initial degenerate subspace will in general be
exponentially large, unless the Hamiltonian has an extensive number of symmetries
(in which case it can often be classically easy to solve). Therefore, it is necessary to
know a state within this subspace that will have a high overlap with the ground

state that is deformed into the ground state of H;.
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Figure 5.6: Instantaneous spectra for ASP with an initial Hamiltonian H{ constructed
only from symmetry operators A = S?, B = S, and their known eigenvalues in the ground
state. (Note that when a,b =0 H§ can be modified to use some constant a’, ).

Projectors

Instead of only using information related to the symmetries of the initial state, we

could instead use the fact that we have a shallow circuit to prepare the initial state,
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and use rank-1 Hamiltonian simulation techniques [248] to enable us to choose
HE =1 —|1ho)tbo|. There are results in the literature regarding the use of projectors
as initial (or final, as ASP methods are reversible) states in adiabatic evolutions.
The primary example is in Grover search, where the adiabatic method initially
appears require an evolution time O(N), but this can be reduced to the optimal
O(\/N ) by choosing a scheduling function that produces a faster evolution away
from the gap at s = 1/2 [249]. Additionally, bounds can be placed on the gap in
general adiabatic evolutions where projectors are used [250], being proportional
to the overlap between the initial state and the ground state of H;. Furthermore,
there is also previous work in the context of constraint satisfaction problems about
the use of adiabatic search in a subspace [251], where an additional speed-up can be
found due to the lower dimensionality of the relevant subspace. This is essentially
the situation that adiabatically evolving from a projector in a symmetry defined
subspace is, the method would essentially just be performing Grover search in the

subspace with the correct spin symmetries.

Of the methods demonstrated here, it is clear that the projector based Hamiltonian
performs best in terms of gap size to accessible states for this example. However, this
method also requires a good initial overlap to the desired ground state. It is worth
pointing out that the bound on this gap applies to the gap to the first excited state,
and is therefore improved when the evolution is restricted to a subspace (as we can
see in Fig. . Overall, it is unsurprisingly clear that only using a small amount
of symmetry information is not enough to substantially improve ASP, but it is an
interesting question of how these ideas can be incorporated into specific examples
of ASP schemes for more realistic final Hamiltonians. Considering how symmetry
constraints can be combined with information about the initial state would also
be valuable, as the projector and symmetry operator Hamiltonian constructions

in this section only use these pieces of information separately.
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Figure 5.7: Instantaneous spectra for ASP with initial Hamiltonian H{ defined by the
projector onto the HF state HY =1 — |¢ur Yur|

5.3 (Guiding Recompilation with Entanglement
Measures

Variational recompilation, as discussed previously in Section [2.5.1] is used to
optimise quantum circuits for specific hardware. By adjusting circuit parameters,
the method attempts to find adapted forms of idealised circuits to account for
real-world quantum noise and hardware constraints. Variational recompilation is
particularly valuable for near-term quantum devices, as it helps improve performance
while navigating the limitations of NISQ hardware. In this section, I will further
discuss recompilation methods, involving using some results on generalisation in
learning unitaries along with my own ideas on leveraging entanglement measures

to guide the automatic discovery of quantum circuits.

5.3.1 Generalisation in Learning Unitaries

Work from Caro et al. [82, 83| proved it is possible to learn a whole unitary by
using training states drawn from so called locally scrambled ensembles. For our
purposes, we will use the simple example of Pauli product states & |v;), where
|1;) are single qubit states that are randomly chosen eigenstates of one of the

Pauli operators. If we are able to produce a unitary that has the correct action
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on polynomially many of these statedl], it can be shown that this learned unitary
will also have the correct action on Haar-random states, that is completely random
states Uaar |0) Where Upaa, is a random uniformly sampled SU(2") unitary matrix.
This would be done by the circuit shown in Fig. [5.§

The intuition for this is that one can predict the action of a unitary U |¢) so
long as the coefficients in |¢) are sufficiently random and spread out across the
6" Pauli product states, as only poly(n) training product states are required to

approximately know U |s) for most of the 6™ states.

Figure 5.8: Single state recompilation of U using a state preparation unitary P and
parametrised unitary V. When P is instead sampled from an ensemble of training states,
this circuit can be used for full unitary compilation as in Fig.

I reproduced this generalisation for a simple example of performing a full unitary
compilation of a circuit for creating a GHZ state |GHZ,) = \%2(|0>®" + [1)%™)
from the |0) state on 5 qubits, using 15 training states, using either random
computational basis states or random Pauli product states as shown and defined
in Fig. 5.9 As expected, learning on computational basis states fails to capture
the action on random states due to the lost phase information, whereas training

on Pauli product states leads to generalisation.

5.3.2 Using Entanglement Measures for Recompilation

The goal in recompilation is essentially to undo the action of the unitary we wish
to compile and return to the original (see Fig.[2.2). In the standard case where the
original state is |0), or when it is any other product state, this task is essentially the
same as removing the entanglement that the original unitary produced. Removing
the entanglement, even if we do not produce the desired state directly, is also

desirable as it allows us to be satisfied with any product state which we can then

LA number of training states scaling as T'log T', with 7" the number of parameters in our learned
unitary. [83]
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Figure 5.9: Learning a 5 qubit GHZ state circuit over the whole unitary using 15 random
training states. The top plot shows training with computational basis states, which fails
to generalise to random states. Whereas the bottom plot uses Pauli product states and
succeeds in producing a low error on Haar random states after training.

easily transform to our target state by a layer of single qubit rotations. We can
track the extent to which each qubit is entangled to the rest of the system using
the proxy of the Rényi 2-entropy Sa(p) = — log tr(p?) [252] (although in practice
I will sometimes just use the closely related quantity tr(p?)) and extract reduced
density matrices (RDMs) of each qubit, to plot how the entanglement of each qubit
evolves over a recompilation. Fig. [5.10| shows the recompilation of a 5-qubit circuit
for creating a GHZ state, showing both the infidelity of the recompiled circuit and
the amount of entanglement of each qubit with the rest, as determined by 1 — tr(p?)
which is 1 when fully entangled and 0 when fully unentangled.

In this case, the optimisation is stuck, but we can see that two of the qubits are
completely unentangled, and we essentially only need to apply one more two-qubit

operation to the qubits denoted by the blue and orange curves, or change parameters
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Figure 5.10: Single state compilation of a 5-qubit GHZ creation circuit, using a smaller
ansatz than in Fig. Also shown is a measure of the entanglement of each qubit with
the rest as 1 — tr(pg). The optimisation reaches a local minimum when only two qubits
remain substantially entangled.

of gates that cause entanglement between them in order to completely remove the

entanglement remaining in the system.
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Figure 5.11: Single state compilation of a 5-qubit GHZ creation circuit, as in Fig. |5.10
but now using entanglement measures as a cost function C' = =3}, tr(p?). The flat region
on the infidelity curve corresponds to a period where two qubits remain entangled, but
due to the fixed ansatz structure, require an intermediary (at the time unentangled) qubit
to interact with both, as shown by the orange ‘hump’ in the right plot.

Fig. shows the action on just one state using the cost function of the sum
C = — X, tr(p?), we can see that the flat regions are due to entanglement between
spatially separated qubits with unentangled qubits between them. This phenomenon
is a result of the fixed ansatz structure used in the recompiled unitary. The simplest
way to remove entanglement may be to perform a two-qubit gate between qubits A
and B, but as there are no gates connecting this pair in the fixed ansatz, a qubit C
which has a low degree of entanglement must become an intermediary, resulting
in the orange ‘humps’ in the figure. This effect means that using entanglement

measures as a cost function directly with a fixed ansatz often results in challenging
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optimisations prone to local minima.

This motivates an approach where we adaptively construct an ansatz, placing gates
using heuristics guided by entanglement measures. To give context to the following
discussion, in the following subsection I will give a brief overview of the work from
Meister et al. [253] which adaptively constructs ansétze for recompilation problems.

I will then adapt the gate placement algorithm to use entanglement information.

5.3.3 Recompilation with Automatically Generated Ansitze

Here I briefly discuss the work by Meister et al. [253] on automatically generating
recompiled circuits over the course of a variational recompilation by randomly
placing gates into a circuit in mowves, which refer to the most basic possible
modification of a circuit structure, i.e. the insertion of one additional gate at
some position in the gate sequence.

Instead of using training states, this work evaluates the closeness of the result to the
target unitary using the Hilbert-Schmidt test shown in Fig. whereby the n qubits
V' acts on are entangled with another n qubits. The target state of all the output

qubits is |0) which indicates the two unitaries are the same (up to a global phase).
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Figure 5.12: Hilbert-Schmidt test for recompiling a unitary V.

The scheme for generating circuits over the course of an optimisation is performed
in a series of random steps: In a random step, a number of N,ves randomly chosen
moves are applied to the circuit, and only then are the parameters of the gates
added. This essentially means adding Nyoves random gates to the circuit. Because
many of the added gates are potentially not contributing to the reduction in energy,
the algorithm will subsequently attempt to remove as many of the newly added

gates as possible after each random step using heuristics such as removing gates
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with small angles, or by exhaustively checking which gates can be removed without
paying a large energy penalty. When drawing a random move, the moves to be
applied are first sorted into two groups, one containing only moves with single-
qubit gates, and the other containing only those with two-qubit gates. To draw
a random move, they first choose one of the groups with equal probability, and

then uniformly draw a move from the chosen group.

5.3.4 Entanglement Between Pairs of Qubits

In order to guide the progress of circuit construction, we need a more powerful
measure of entanglement than the single qubit Rényi entropies used in Fig. [5.11]
Imagine we have constructed an RDM p;5 for two qubits from measurements
collected from classical shadows [187]. (This same measurement data also allows
us to calculate the single qubit RDMs py, p2). S(p12) does not tell us about the
entanglement between qubits 1 and 2, but only about how they are entangled
to the rest of the computer. In order to quantify this, we can use the faithful

entanglement measure, squashed entanglement [254]

B =1 min (S(p) + S(p2s) — S(pizs) — S(ps)) (5.10)

9 p123—p12
Where 1 and 2 denote two individual qubit subsystems and 3 the rest of the system.
Instead of minimising, if we just take p;o3 as the state of our whole quantum computer

which is (ideally) pure, and therefore assume S(pja3) = 0. Then this becomes:

E = 5(p1) + S(p2) — S(p12) (5.11)

Which is just the mutual information between qubits 1 and 2, I(1 : 2)

Mutual information being a good measure of entanglement comes from the overall
state being a pure state, meaning we have no classical correlations and therefore
entanglement is only source of correlation. In fact, despite our discussion so
far focussing on entanglement, our recompilation task also needs to remove all
correlations between qubits in the output state, so this measure of correlation will

be sufficient for guiding gate placement when generating recompiled circuits.
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5.3.5 Guiding gate placement with Correlation measures
We can easily calculate two qubit entropies, e.g. using classical shadow techniques,
by calculating expectation values of all possible 2-local Paulis [187]:

1
Ej;=-(1+ Y PP (5.12)

4 a,be{z,y,z}

Then we can use these measures to guide gate placement when constructing an
ansatz. We guide the random search when placing two qubit gates by weighting with
the mutual information between qubits, as lower values indicate that these qubits do
not need to ‘talk to each other’ as much as ones with higher correlation. I therefore
performed recompilation on n-qubit QFT circuits with all-to-all connectivity, using
the training scheme described in Section [5.3.1] with random Pauli product states
and averaging correlations over all the training states. This scheme is required
over the Hilbert-Schmidt method used originally in [253], as the entangled second
register of qubits makes it challenging to track the correlations in the output state.

success rate
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— Correlation-guided
02l Random
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Figure 5.13: Comparison of success rate between random and correlation-guided gate
placement (finding a valid recompilation to an error tolerance of 1%) over 20 runs on
recompiling n qubit QFT circuits

Fig. shows a comparison of success rate (finding a valid recompilation to an
error tolerance of 1%) over 20 runs on this problem, using completely random
gate placement, versus correlation-guided gate placement, showing how the search
of architecture space is enhanced by using information from correlations. In this

example, hyperparameters were changed from the values used in the code from [253]
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to reduce the numbers of gates added per step to produce a harder task for the
optimiser, allowing correlation-guiding to be more useful. In reality, it is possible to
get good results for this number of qubits without using correlation-guiding but
for larger numbers of qubits, the optimisation of the parameters within the circuits
becomes sufficiently difficult that both methods struggle to find good solutions.

An interesting avenue for further work includes further investigation on how to
use this for situations with limited connectivity between qubits. Here one would
need some heuristic on how valuable it is to remove a correlation from the circuit
directly (by inserting a new long range gate using a series of SWAP gates) versus
just trying to retrain some other part of the circuit to remove that correlation. If
taking an approach using SWAP gates, it would be worth keeping track of which
qubits are in contact during each part of the ansatz, allowing us to place particular
interactions between qubits where they require fewer extra SWAP gates. This
approach could also enable us to perform a sequential optimisation of circuits,
whereby we disentangle qubits individually to create a smaller, more manageable
problem. Indeed, since I made this investigation, some related ideas have been

employed for shallow circuit learning [|117].



Conclusion

A question I have enjoyed asking quantum computing researchers in the past is
“Which do you think will happen first, fusion power to the grid, or a fault-tolerant
quantum computer performing a useful calculation?” Towards the start of my
doctorate, this question often produced a laugh and sometimes a wince, more
recently, it seems to be almost unanimously believed that quantum computers will
win this (arbitrary) race. The rate of hardware advancement makes it quite possible
to believe that this milestone will be reached in the coming decade. Theoretical and
algorithmic developments also advance rapidly, with many important developments
taking place while I have been involved in the field. I often have to remind myself
that some results that I consider to be ‘old wisdom’ because I became aware of
them shortly after joining the field, in fact only slightly pre-date the start of my
doctorate.

In this thesis, I have detailed the contributions I have made to the field of quantum
algorithms, ranging from near-term hybrid variational algorithms, to the future
where a larger number of qubits than strictly necessary are available to speed
up computations.

Firstly, in Chapter [2| I introduced the COVAR method, which leverages classical
shadows to efficiently optimise variational circuits through root finding to produce

eigenstates providing an entirely new way to optimise such circuits. I demonstrated

114
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the theoretical foundations of CoVaR and provided numerical simulations to validate
its effectiveness. The results showed that COVAR can significantly improve the
convergence rate compared to traditional variational methods, and has consequently
seen use in follow-up works [172] |173|, although it suffers from many of the problems
plaguing variational algorithms in general. As a variational algorithm, the potential
usefulness of COVAR in the future remains uncertain, and may be limited to use-
cases where warm starts for the optimisation are available [41], such as short-time
Hamiltonian simulation, or for recompilation/optimisation of small circuits for
use in near-term hardware. Due to the enhanced difficulty of initialising COVAR
optimisations, this already strongly overlaps with the area of likely utility.
Secondly, I explored the Shadow Subspace Expansion technique, which aims
to estimate ground state energies using subspace expansions of unprecedented
dimension. I presented a detailed analysis of the method, including its mathematical
formulation and practical implementation. My simulations indicated that SSE can
be a useful post-processing tool for estimation and error mitigation, and provided
classical shadows are already available, requires no extra quantum cost. This
technique is able to advance the estimation of accurate ground state energies as
an error-mitigation-like protocol which is able to improve on (not only accurately
measure) energy estimates from an output state, at the cost of a large number of
shots. For this reason, the usefulness of this approach is likely to be restricted
to the following scenarios: there is already some other reason to measure a large
number of shadow snapshots, which is somewhat restrictive as if you wish to
extract information about some restricted set of observables it is usually more
efficient to measure them directly; no further resources exist to improve the output
state of whatever algorithm precedes SSE, if it is possible it is likely to be more
efficient to just improve this state; it is possible to obtain 1074 shots, either by
fast measurement times or multiple processors running in parallel.

Thirdly, Chapter 4] focused on the parallelisation of the Linear Combination of
Unitaries method. I developed an algorithm to arbitrarily parallelise LCU operations

for the common scenario of the unitaries being Pauli operators, producing large
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run-time improvements with a constant factor qubit overhead, and reducing the
space-time cost of an often expensive subroutine. Reductions in space-time volume
of the computation will be generally useful in the fault-tolerant regime, and as
constructions for providing magic states have improved [237, 239], this parallelisation
has become more advantageous. Of course, extra qubits must be available to make
use of these ideas, restricting their application to quantum computers decades away,
and likely beyond the point where quantum advantage has already been achieved.
This work moves beyond parallelisation of geometrically local observables, although
it is likely to be less useful for fermionic operators, due to specialised schemes for
block encoding quantum chemistry Hamiltonians e.g. Tensor Hypercontraction [212].
One application of this work with significant utility is in the application to QROM
data loading circuits. Parallelisation is also likely to be essential for certain hardware
platforms, with neutral atom and ion trap platforms having cycle times ~ 1000
greater than solid state platforms, although some of this discrepancy can be recovered
by faster decoding of transversal gate operations available with greater connectivity
[255] (a factor of the code distance d which will be ~ 30 for many fault-tolerant
algorithms). Fortunately the connectivity of these systems also assists in the routing
of these parallelised algorithms which is a challenge not discussed in this work.
Finally, I discussed some ongoing work, with preliminary results on symmetries
in adiabatic state preparation and entanglement-guided variational recompilation.
These findings suggest promising directions for future research, in improving state
preparation techniques and generating efficient recompiled quantum circuits for
examples of small circuits where the optimisation is tractable.

In conclusion, this thesis has made contributions to the field of quantum computing
across the spectrum of quantum algorithms. The proposed techniques have the
potential to enhance the performance and scalability of quantum computation,
bringing us closer to realizing practical quantum advantage. It is my sincere hope
that at some stage, a development that I have made is run on a quantum machine

for the advancement of science.



Appendices

117



118

Contents
(A Root Finding using Orthogonal constraints| . . . . . . . 118
[A.1  Interpretation as state overlaps| . . . . . .. ... .. .. 118
(A.2 Finding eigenstates via orthogonal operator pools|. . . . 120
IB___Details of Numerical simulations of CoVaR | ... ... 120
(B.1 Computing the update rule classically |. . . . . . .. .. 121
IB.2 _ Effect of Constraint Number on Performancel . . . . . . 122
(B.3 Recompilation| . . . . . .. ... 000000 123
(B.4 Spin chain|. . . . . ... oo 123
(C Dependence of eigenvalues of Subspace Matrix S on K| 123
(D Filling factor for QROM circuits| . . . . ... ... ... 124
1) LCU Parallel Implemenation Diagram|. . . . ... ... 125

A Root Finding using Orthogonal constraints

We presented the general theory of our approach in Section 2.3 whereby we compute
covariances with respect to an arbitrary operator pool P in order to search for
eigenstates of an arbitrary Hamiltonian H. Our CoVAR approach, while allowing
large operator pool, restricts the problem Hamiltonian and the operator pool to local
Pauli strings. While Pauli strings are orthonormal in operator space, their actions
on quantum states are generally not orthogonal directions in Hilbert space. In the
present section we explore another kind of operator pool P whereby the operators
represent orthogonal directions in state space. Let us first start by interpreting

covariances as overlaps in Hilbert spaces.

A.1 Interpretation as state overlaps

The covariances can be interpreted as overlaps between quantum states as

(A, B)y = (9alén), (1)

where we can define the (unnormalised) vectors |p4) = (A — (A))|y) for any
operator A € C? with norm ||¢4||*> = Var[A].
this is, when we compute overlaps (O, H)y = (¢r|pn) we actually decompose the

quantum state H|¢) into a set of quantum states |¢;) that we obtain by acting
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on |¢) with elements of our operator pool. Given that |¢#) must be the null
vector when the eigenvalue equation is satisfied, it is necessary that any overlap
with this vector must vanish.

While Pauli strings form an orthonormal basis of operator space, they have
the disadvantage that in Hilbert space they result in non-orthogonal actions
(Pr|d) # 0w, ie., we decompose the vector H|¢) into a non-orthogonal basis.
On the other hand, it is possible to define an operator pool that corresponds to
orthogonal directions in Hilbert space.

Let us consider strings of X Pauli operators as X € {Id, X }®*" using the binary
index k € {0,1}". We define the orthogonal operator pool P := {Oy := UX, U, k €
{0,1}} via the operators, where the unitary quantum circuit U maps our reference
|t) = UJ0) onto our quantum state. The quantum states |¢x) := O|¢)) form an
orthonormal system (¢ |¢;) = d; and thus the operators O map to orthogonal
directions in Hilbert space.

The orthonormality in Hilbert space follows can be seen by
(¥[0:O1|y) = (OUTU X, UTUX,UTU|0) = (K1),

where |k) are standard basis vectors with (k|l) = &p.

The resulting covariances can actually be shown to be entries in a column vector of
the Hamiltonian matrix. In particular, given the states |¢;) form an orthonormal
basis they can be used to represent the Hamiltonian matrix as the covariances
fr = (W|OH|Y) = (x| H|po) = Colo(H), which are then actually elements of the
first column vector of the problem Hamiltonian.

Importantly, while this operator pool has the advantage that the covariances
represent independent, orthogonal directions in state space it is clear that we would
generally need to compute all 2V — 1 of these orthogonal constraints, as elements
of the first column of the Hamiltonian matrix, in order to be able to compute
the variance and thus to verify that the quantum state |¢) is an eigenstate of
the Hamiltonian. In stark contrast for a decomposition of a Hamiltonian into an

operator basis H = >_;_, hoH, which typically grows polynomially with the system
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size, it suffices to only compute the corresponding polynomial number of covariances.
Although these operators, such as Pauli strings, are orthonormal in operator space,

they do not correspond to orthogonal directions in Hilbert space.

A.2 Finding eigenstates via orthogonal operator pools

Let us now apply our orthogonal constraints to finding eigenstates by finding roots.
An advantage of this scheme is that we can randomly sample the constraints
according to an importance sampling, i.e., the constraints are picked with a
probability proportional to their magnitude p;, = |fx|*>. We can efficiently upper
bound these probabilities in an experiment as p, = (dp|oyn) < [(K|UTH[)2. In
particular, we run the quantum circuit UTH,U and measure samples in the standard
basis, whereby we obtain the binary string k with probability [(k|UTH,|)|?. It then
follows that pr < 3, ca|(k|UTH,|1)|?. There is of course no guarantee that these
probabilities have structure, however, when performing energy minimisation first, the
probabilities are more likely to be peaked around the lower energy basis vectors |¢y).
In case of finding eigenstates of a set of mutually commuting Hamiltonians H, we
can compute covariances as (¢r|H,|v) individually for all operators H,. If all such
variances vanish then we are guaranteed that Var[H,] = 0 for all a. In Figure
we compare the performance of root finding for two choices of operator pool on a

parameter rediscovery problem (3-local Pauli strings and the orthogonal operator

pool), showing that both pools give very similar performance.

B Details of Numerical simulations of CoVaR

Data were obtained from statevector simulations performed by the open-source tools
QuEST [256] and QuESTlIink [257]. Shot noise was simulated by adding Gaussian
noise of standard deviation 1/y/N; to computed matrix elements. Numerics for

recompilation and the spin chain were both performed using a hardware efficient

ansatz of the form in Fig. [B.]]
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Figure A.1: Performance of recompiling the parameters of a 2 layer unitary on 14 qubits.
Plot shows the minimum infidelity reached over 3 runs of 20 iterations of root finding
with the ratio of constraints to ansatz parameters v, for two different choices of operator
pool. Blue for orthogonal pool and orange for the set of all 3-local Pauli strings. Fits
shown are of the form 1 — Fin = a (Nc/l/)fb + c.

Figure B.1: One layer of the Hardware Efficient Ansatz used in numerics for 6 qubits

B.1 Computing the update rule classically

We need to first stack real and imaginary parts on top to solve for only real parameter
updates. In particular, we want to solve the linear system of equations JAQ = f.
Here we estimate both J and f with a quantum computer and we want to compute
the parameter update Af. If we merely compute the pseudoinverse of J and apply
it as J7! f then the resulting vector is generally complex Af. However, we demand
that our parameter-update is real as Af € R.

For this reason we enforce that the vector is real Af € R via the following set

of linear equations

Re[J]A8 = Re|f], and Im[J]Af = Im][f].

We can simultaneously solve the above systems of equations by stacking real and

imaginary parts J = (Re[J],Tm[J])” and f = (Re[f],Im[f])” on top of each other
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and this will guarantee that the solution is real J ’1z € R since J and z are real
matrices and vectors, respectively.

I invert the Jacobian via the usual damped, regularised inverse
J7L = [JTT + AId] T

Here \ is a regularisation parameter that I dynamically set by choosing A\ =
0.0001 x 2* where 7 is incremented from 0 until the condition || f(6,)|| < || f(@;_1)]|
is met, i.e., the norm of the covariance vector has decreased from the previous
iteration. If the step Af to be taken is too large for any individual parameter is too
large |A6;| > 1, the update step is rescaled to normalise this value to 1, to prevent
the algorithm from taking overly large steps. For the selection of constraints, IV,
constraints are selected randomly from the chosen operator pool at every iteration.
I implemented a line search algorithm whereby I compute the update rule Af
and compute the value of the vector norm ||f(8)|| at parameter values 6 = 6, +
kAf in small increments in k. However, it was observed empirically that a step
close to the canonical choice Kk = —1 was almost always chosen, so line search

was not used in the numerics.

B.2 Effect of Constraint Number on Performance

Data for Fig. was obtained by simulating a 14 qubit parameter rediscovery
problem using 2 layers of the ansatz in Fig. The initial states were initialised
close to the solution by randomly perturbing the solution parameters (an initial
average fidelity of F = 46 £+ 7%). The fits in this figure are of the form 1 — F,,;, =
a(N,/v)"" + ¢ and have constants a = 0.0259,b = 1.68,¢ = 10~* for the case with
noise and a = 5.62,b = 3.23,¢ = 0 for the noise free case. The orange line in
Fig. is identical to the orange line in Fig. and the orthogonal operator
pool plot has a = 0.021,b = 1.48,¢ = 0.
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B.3 Recompilation

The numerics for recompilation in Fig. [2.4(c) were done on a 10 qubit parameter
rediscovery problem for two layers of HEA (v = 88). Gradient descent was done

with learning rate n = 0.1 for both VQE and V-VQE

B.4 Spin chain

For the spin chain simulations in Fig. 2.5 Imaginary Time Evolution was used from
a random initialisation until an energy of £ = —5.9 was reached, with parameters
Oimag- These parameters disturbed by |Af| < 0.05 to produce 7 low energy states
which root finding was then run for 40 iterations from. Imaginary Time Evolution

was also continued from 6,

0imag until convergence and reached an energy difference

to the ground state of AE = 0.012 compared to the 4 x 10~* of CoVaR. The

Hamiltonian used J = 0.1 and ¢; chosen randomly between -1 and 1.

C Dependence of eigenvalues of Subspace Matrix
S on K

Here we show the dependence of the largest eigenvalue of the matrix S on the
subspace dimension K Fig. [C.I| demonstrating that the inclusion of more subspace
dimensions does increase the amount of information present about the most
significant directions within the subspace. However, as this increase is linear,
we are not able to significantly increase the number of eigenvalues above the noise

floor shown in Fig. by increasing K.
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Figure C.1: Demonstration of the largest eigenvalue of S increasing linearly with K,
as is expected for a matrix of overlaps S;; = (¢;) 1;, where the states are mostly similar

to each other (consisting of only small local changes). For example in the extreme case
where we take all G; = I, then the largest eigenvalue is K.

D Filling factor for QROM circuits

For the case of parallelising QROM circuits, the operators being applied are all
tensor products of Pauli X operators, so already commute with each other. The
linear independence condition becomes equivalent to the linear independence of
binary vectors, which is easy to satisfy as demonstrated in Fig. [D.1] where I plot
F found by a greedy search over all 2" bit strings for varying n.
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Figure D.1: Filling factor for parallelisation of QROM circuits, using Hamiltonians
containing all tensor products of Pauli X'’s.

E LCU Parallel Implemenation Diagram

Fig. shows the overall scheme of the LCU parallelisation algorithm in the
case where the ancilla fanout replacement of Section is not used, following
all the preprocessing and circuits required for the parallelisation of SELECT
through identifying required commuting and linearly independent sets of Paulis,
their associated Clifford transformations, and the compilation of those into constant

depth circuits.
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