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Abstract

This thesis presents a complete theoretical framework for turbulence and
transport in tokamak plasmas. The fundamental scale separations present
in plasma turbulence are codified as an asymptotic expansion in the ratio
of the gyroradius to the equilibrium scale length. Proceeding order-by-
order in this expansion, a framework for plasma turbulence is developed.
It comprises an instantaneous equilibrium, the fluctuations driven by gra-
dients in the equilibrium quantities, and the transport-timescale evolu-
tion of mean profiles of these quantities driven by the fluctuations. The
equilibrium distribution functions are local Maxwellians with each flux
surface rotating toroidally as a rigid body. Large-scale deviations of the
distribution function from a Maxwellian are given by neoclassical theory.
The fluctuations are determined by the high-flow gyrokinetic equation,
from which we derive the governing principle for gyrokinetic turbulence
in tokamaks: the conservation and local cascade of free energy. Transport
equations for the evolution of the mean density, temperature and flow ve-
locity profiles are derived. These transport equations show how the neo-
classical corrections and the fluctuations act back upon the mean profiles
through fluxes and heating.

This framework is further developed by exploiting the scale separation
between ions and the electrons. The gyrokinetic equation is expanded
in powers of the electron to ion mass ratio, which provides a rigorous
method for deriving the electron response to ion-scale turbulence. We
prove that such turbulence cannot change the magnetic topology, and ar-
gue that, therefore, the magnetic field lies on fluctuating flux surfaces.
These flux surfaces are used to construct magnetic coordinates, and in
these coordinates a closed system of equations for the electron response
is derived. All fast electron timescales have been eliminated from these
equations. Simplified transport equations for electrons in this limit are
also derived.
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CHAPTER 1

Introduction

Deriving clean energy from thermonuclear reactions has been the dream of scien-
tists and engineers ever since the dying days of the second world war. Many strands
of research have pursued this goal, the most promising of which is magnetically-
confined fusion – the idea of creating a reactor that traps ionized hydrogen isotopes
with magnetic fields. Due to the extreme temperatures and pressures involved, enor-
mous gradients must be set up between the relatively cold edge of such a device,
where the temperature must be less than 100 eV, to the centre, where the fuel temper-
ature can reach many tens of thousands of electron volts. How quickly particles and
energy slip down these gradients and leak out of the reactor is called their confine-
ment – better confinement means a slower leakage of particles and heat, and thus a
more efficient reactor.

The energy, particle, and momentum confinement of present-day fusion exper-
iments and proposed future devices, such as ITER, is limited by transport that is
induced by small-scale rapid fluctuations within the plasma – turbulent transport.
Thus, having a framework in which we can analyse and simulate plasma turbulence
is of paramount importance to the fusion programme.

1.1 Turbulence in Tokamak Plasmas

Plasma turbulence in fusion devices is a fundamentally multiscale problem both
in space and in time. The turbulent fluctuations driven by background gradients
typically occur at scales associated with the ion Larmor radius, ρi (or smaller), whilst
the mean temperature, density, and bulk velocity profiles vary smoothly over the
system scale (in tokamaks, the minor radius a). Similarly, the fluctuation frequency
ω is much larger than the rate at which the mean profiles evolve, ∼ τ−1

E , where τE
is the energy confinement time. Table. 1.1 gives approximate values for these space
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1. INTRODUCTION

and time scales in some large tokamaks – it is manifest that the separation of scales is
very strong in such plasmas. Because of this scale separation, it is possible to average
over the time and space scales associated with the turbulent fluctuations and consider
mean fields that slowly evolve due to turbulent and collisional transport, with the
turbulence in turn driven by gradients in the same mean fields [7, 8, 9, 10, 11, 12].

There are also scale separations associated with the turbulence itself. Turbulence
in a strongly magnetized plasma occurs at frequencies ω which are much smaller than
the cyclotron frequency of the ions, Ωi (see Table. 1.1). The turbulence is also strongly
anisotropic, viz., correlation lengths along the mean magnetic field are much longer
than correlation lengths across the field; particles can stream rapidly along field lines
but only drift slowly across them. These two properties of the turbulence are the
foundation of the gyrokinetic theory [13, 14, 15, 16], in which the fast cyclotron time
scales are averaged out and the full 6D kinetics reduced to a simpler 5D formulation,
the kinetics of charged rings.

In this thesis, we unify this hierarchy of timescales and spatial scales in one for-
mulation. We use the physical scale separations inherent in plasma dynamics to de-
termine how the mean fields influence the evolution of the small-scale turbulence,
and how the turbulent fluctuations react back upon the mean fields. To quantify this
back reaction, we derive the transport equations, in which it becomes manifest by
what physical mechanisms the turbulence can affect the mean distribution functions
and fields.

This procedure for tackling the challenging theoretical problem of turbulence in
tokamak plasmas is known as “Multiscale Gyrokinetics”.

1.2 Multiscale Gyrokinetics

Chapter 2 is devoted to the general derivation of the multiscale gyrokinetic frame-
work. Sections 2.1–2.9 present a pedagogical derivation all the way from the Vlasov-
Landau-Maxwell system of equations to the non-equilibrium mean-field thermody-
namics of the system. Formally, we will use the small parameter ε = ρi/a (known
elsewhere as ρ∗) to quantify the scale separations discussed above and then perform
an asymptotic expansion in ε � 1. The order of presentation is the order of this
asymptotic expansion, in the spirit of asymptotology [22]. However, there are three
conceptual strands interwoven in the derivation that deserve to be highlighted sepa-
rately.

Firstly, there is the equilibrium – the instantaneous solution for the mean fields.
First we recover the toroidally rotating Maxwellian for the mean distribution function

2



1.2. Multiscale Gyrokinetics
Parameter JET D-IIID K-STAR TFTR ITER

(projected)
B, T 3.5 2 3.5 5-6 5

ne, cm−3 5× 1013 5× 1013 5× 1013 1014 1014

Ti, keV 5–15 7 5–10 5–32 25
u, km/s 500 200 0.1–100 100 50

M = u/vthi 0.3–0.5 0.35 0.01–0.2 0.1–0.2 0.05
λDe, cm 1.3× 10−2 8.8× 10−3 8.2× 10−3 4× 10−3 1.2× 10−2

ρi, cm 0.051 0.06 0.045 0.032 0.032
ρe, cm 8.5× 10−4 1× 10−3 7.5× 10−4 5.3× 10−4 5.3× 10−4

a, cm 100 50 50 87 200
νee, s−1 1.6× 103 4.5× 103 7.2× 103 1.3× 103 1.3× 103

ω ∼ vthi/a, s−1 2.0× 104 1.6× 105 1.5× 105 1.4× 105 5.5× 104

Ωi, s−1 1.7× 108 9.6× 107 1.7× 108 2.6× 108 2.4× 108

τE , s 0.5 0.1 0.3 0.3 3.5
ε = ρi/a 5× 10−3 1.21× 10−2 6.9× 10−3 5.2× 10−3 2.28× 10−3

βi 2.5% 3.5% 1–4% 4.5% 4%

Table 1.1: Typical length and time scales in selected fusion devices (approximate). JET
parameters estimated from [17], DIII-D from [18], TFTR from [19], and ITER from
TRANSP studies[20, 21].

(§2.5.1) and find that the toroidal rotation is a rigid-body motion of nested flux sur-
faces (§2.3.1 and §2.5.1). This solution has an arbitrary density and temperature for
each species and an arbitrary angular velocity on each flux surface. Then, in §2.5.3,
we find that the the poloidal variation of the density is determined by the balance
between centrifugal forces and electrostatic fields set up within a flux surface. With
these results in hand, the poloidal flux function is determined, in §2.6.2, by a general-
ized Grad-Shafranov equation (2.136). Finally, the first-order correction to the mean
distribution function is given by the solution of the neoclassical drift-kinetic equation,
which is also derived within our unified formalism (§2.6.1).

Secondly, there are the fluctuations that feed on the free-energy sources (gradi-
ents) present in this (local) equilibrium. The fluctuating distribution function splits
into the Boltzmann response to the fluctuating electromagnetic fields and a distribu-
tion of charged rings (§2.5.4). This non-Boltzmann part of the distribution function
is governed by the gyrokinetic equation (§2.6.4). This system of equations is closed
by Maxwell’s equations for the fluctuating electromagnetic fields in §2.6.5. Finally,
in §2.8.2, we conclude this strand by deriving the conservation law that governs the
nature of the fluctuations: the conservation of free energy.

Thirdly, there is the long-time evolution of the mean fields. This starts in §2.6.3,
where we determine the evolution of the mean magnetic field. This turns out to be

3



1. INTRODUCTION

completely independent of the fluctuations. The back-reaction of the small-scale tur-
bulence on the mean profiles is found in the transport equations of §2.7. Examining
particle, momentum and energy conservation, we find (2.166), (2.179), and (2.194),
which determine the transport-timescale evolution of the density, angular velocity
and temperature profiles in terms of fluxes and sources, which in turn are given as
functions of the turbulent and neoclassical distribution functions and fields. This
strand concludes with the results of §2.8.1 and §2.9: that the total energy is conserved
on the transport timescale and that the increase of mean entropy can be written in the
usual way as a combination of heating terms and the product of fluxes and thermo-
dynamic gradients. The results of Ch. 2 are summarised in §2.11.

This thesis (and Ch. 2 in particular) is written in a way that presents both red-
erivations of many known results, cast in forms suitable for our unified framework,
and a number of new results – we have, throughout the exposition, striven to give
credit where credit is due without attempting to provide a fully exhaustive litera-
ture review. To guide a reader encountering gyrokinetic theory for the first time,
it is perhaps useful to put our approach into the context of other, alternative, ap-
proaches. Our exposition falls very much within what might be termed “traditional
gyrokinetics,” in which the theory is viewed as an order-by-order asymptotic expan-
sion. We have made no attempt to adjust our equations to achieve a Hamiltonian
structure or exact energy conservation within each asymptotic order (see [23] and ref-
erences therein) – indeed, the salient point of §2.8 is that energy in a multiscale system
flows between fluctuations and mean fields and so “between different orders” of the
asymptotic expansion. The expansion terminates at the transport order (§2.7) in the
sense that the equations are closed and energy is conserved overall. Similarly, we
make no attempt to formulate “global” equations that simultaneously describe the
long and short scales – in fact, we take scale separation to be a virtue and consis-
tently enforce it within our formalism. This said, alternative approaches (sometimes
termed “modern gyrokinetics”) have many virtues of their own to recommend them
– not least some fascinating mathematics – and we refer the curious reader to recent
reviews [23, 24] where they are presented.

1.3 Simplifying the Electron Dynamics

In the treatment of Chapter 2, all species are considered equal. However, there is
a second scale separation that is important, the scale separation between the plasma
ions and the electrons, characterised by the small parameter δ =

√
me/mi, where

me and mi are the electron and ion masses, respectively. For a deuterium plasma,

4



1.3. Simplifying the Electron Dynamics

δ ≈ 1/60.
Ion-scale fluctuations (e.g., Ion Temperature Gradient (ITG) [25, 26, 27], Parallel

Velocity Gradient (PVG) [28, 29] or Trapped Electron Mode (TEM) [30] driven turbu-
lence) have length scales perpendicular to the magnetic field comparable to the ion
gyroradius and have frequencies comparable to the ion transit or bounce frequen-
cies. In contrast, electron-scale fluctuations have perpendicular length scales compa-
rable to the electron gyroradius, and frequencies comparable to the electron transit or
bounce frequency. Unless they are suppressed (e.g., by strongly sheared flows), ion-
scale fluctuations with their larger “mixing length” usually dominate the transport –
and are therefore considered to be more important. In Ch. 3, we focus on the electron
response to such fluctuations.

The electrons are much lighter than the ions, hence ion-scale fluctuations are long-
wavelength compared to the electron gyroradius and low-frequency compared to the
electron transit or bounce frequencies. It is clear that in simulating ion-scale turbu-
lence one does not wish to resolve the short electron timescales and in deriving the-
ories of such turbulence one is compelled to find ways of effectively averaging over
the electron dynamics. This has motivated the development of models for the elec-
tron response to ion-scale turbulence that contrive to eliminate fast processes due to
electrons [31, 32, 33, 34]. These models have either been physically motivated rather
than derived from first principles or limited to low-β (the ratio of thermal to mag-
netic pressure), non-rotating plasmas. In Ch. 3, we derive for the first time a fully
general (i.e., including β ∼ 1 effects, sonic toroidal rotation, and arbitrary axisym-
metric geometries) and rigorous set of equations governing the electron behaviour
in the presence of ion-scale fluctuations – we postpone a detailed comparison with
previous models to §3.7. These equations eliminate the fast electron timescale via an
expansion of the gyrokinetic equations in δ � 1, subsidiary to the expansion in ε� 1.

The fast processes arise from the streaming of electrons along magnetic field lines.
In electrostatic turbulence, this streaming is along the unperturbed mean field and
easily handled. The electrostatic approximation only holds at very low β. How-
ever, β can be viewed as a crude measure of the efficiency of a tokamak – how much
plasma pressure can be confined by a given magnetic field. High plasma pressure
gives rise to an increased fusion reaction rate, whereas producing a high magnetic
field requires increased investment (monetarily and energetically) in coils and power
supplies. Thus, any future reactor design will operate with as high a β as possible –
one of the goals of the ITER experiment is to investigate high-β configurations [35].
Indeed, spherical tokamaks (such as MAST [36]) already operate at relatively high β.
Thus, we require an electron response model that incorporates the fluctuations of the
magnetic field in a fully general way. As we shall see, if we consider only ion-scale

5



1. INTRODUCTION

fluctuations, then the topology of the magnetic field is preserved by the fluctuations
(§3.2.2). However, to determine the electron behaviour, we will need to make assump-
tions about the initial structure of the magnetic field and the effect of other scales. In
particular, whether the field is regular, with nested flux surfaces, or stochastic. We
show in §3.2.3 that if the magnetic field were significantly stochastic (i.e., if the ion
heat transport due to the stochastic field were comparable to the transport due to the
fluctuating E×B drifts) then the electron heat transport would be larger than the ion
transport by a factor of δ−1 � 1. Such poor electron heat confinement is not observed
in experiments, indeed it is common for the level of ion heat transport to exceed the
level of electron heat transport in conventional tokamaks. Thus, we assume that any
stochastic component of the magnetic field is small enough to be ignored (§3.2.3) and,
therefore, that the field lines lie on fluctuating magnetic surfaces.

The remainder of Ch. 3 is dedicated to the precise derivation of the equations gov-
erning the electron response to ion-scale turbulence (§3.3). We also go on to discuss
simplified transport equations for the electrons which are derived relative to the exact
magnetic field (§3.6).

The summaries of our findings are presented, for each of the two main chapters, in
§2.11 and §3.8. Finally, in Ch. 4, we conclude this thesis by discussing the key results
of Chapters 2 & 3: how they fit into the broader framework of fusion plasma physics
and where they may lead next.
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CHAPTER 2

Fluctuations, Transport and Energy Flows

The work in this chapter is drawn entirely from [37], written by the Author. Ref-
erences to Appendices made in this chapter refer to the Appendices of this work –
which has been submitted to Reports on Progress in Physics and is available online
at http://arxiv.org/pdf/1209.4782v1.

In this chapter we provide our promised derivation of multiscale gyrokinetics (see
§1.2). We start by recapitulating the fundamental equations of plasma physics in §2.1
and splitting all quantities into mean and fluctuating parts in §2.2. We then impose
order on our multiple small parameters and scale separations by introducing the fun-
damental gyrokinetic ordering in §2.2.4. This allows us to formulate the entire prob-
lem as a systematic expansion in the small ratio ε = ρi/a. In subsequent sections,
we proceed to expand the equations of §2.1 order by order in ε, zeroth order in §2.3,
first in §2.5, second in §2.6 and finally, third (transport order) in §2.7; pausing in §2.4
to introduce rotating gyrokinetic variables, which are convenient for handling the
turbulent kinetics in toroidally rotating plasmas.

Sections 2.1 to 2.7 are, necessarily, quite technical. Readers who believe themselves
to be already familiar with the formalism presented in these sections may wish to skip
directly to §2.8. Sections 2.8 and 2.9 attempt to explain the physical content of mul-
tiscale gyrokinetics by combining all our earlier results and examining how energy
and entropy flow between the various constituent parts of our multiscale system. In
§2.8.1, we prove that our transport equations conserve the total energy, and that the
fluctuations can do no net work on the mean fields. Explaining this result leads us in
§2.8.2 to consider the balance of free energy of the fluctuations, as this is the funda-
mental conserved quantity of kinetic turbulence [38, 39, 40, 41]. The equation derived
for the conservation of free energy clearly demonstrates a local (to a given flux sur-
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

face) turbulent cascade that takes the energy injected by instabilities and dissipates it
via collisions. In §2.9, we link the free-energy cascade and the mean-field transport
through the evolution of the mean entropy of the system.

In §2.10, we present the low-Mach-number limit of the system of equations given
in this chapter. This limit removes many cumbersome technical complications and
so Sections 2.10.2–2.10.6 can be used as a concise summary of the basic structure of
our multiscale hierarchy. It is this set of equations which is implemented in current
linked-flux-tube transport codes [4, 42].

Finally, in §2.11, we summarize the key results of this chapter.

2.1 Fundamental Equations

As our starting point we take the Fokker-Planck kinetic equation for fs, the distri-
bution function of species s,

dfs
dt

=
∂fs
∂t

+ v · ∇fs +
Zse

ms

(
Ẽ +

1

c
v × B̃

)
· ∂fs
∂v

= C [fs] + Ss, (2.1)

where Zs is the charge of the particles of species s as a multiple of the fundamental
charge e, ms their mass and v their velocity. We will work in Gaussian units through-
out with c the speed of light, Ẽ the electric field and B̃ the magnetic field (through-
out this work, tildes denote exact fields containing both the mean and the fluctuating
parts; see §2.2.1). On the right hand side, C [f ] is the Landau collision operator and
Ss an arbitrary source term that stands in for all physical processes not yet accounted
for, e.g. atomic physics, fusion reactions, Bremsstrahlung, radio frequency heating
and current drive.

The electric and magnetic fields obey Maxwell’s equations:

∇ · Ẽ = 4π%̃, (2.2)

∇ · B̃ = 0, (2.3)

∂B̃

∂t
= −c∇× Ẽ, (2.4)

∇× B̃ =
4π

c
j̃ +

1

c

∂Ẽ

∂t
, (2.5)

where the charge density %̃ and current j̃ are

%̃ =
∑
s

Zse

∫
d3vfs, (2.6)

j̃ =
∑
s

Zse

∫
d3vvfs. (2.7)
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2.2. Fluctuations and Mean Fields

For the purposes of this work, we neglect Debye-scale effects and relativistic ef-
fects i.e.

k2
⊥λ

2
De � 1, (2.8)

v2
ths

c2
� 1, (2.9)

where λDe =
√
Te /4πnee2 is the Debye length, vths =

√
2Ts/ms the thermal speed

and Ts and ns are the mean temperature and density of species s, where the notion
of mean will be rigorously defined in §2.2.1. The assumptions (2.8) and (2.9) are well
satisfied in most modern fusion experiments and will be in future ones.

We use (2.8) to replace (2.2) with the quasineutrality constraint 1

%̃ = 0, (2.10)

and (2.9) to drop the displacement current in (2.5) (the Darwin, or quasi-static, ap-
proximation), giving Ampère’s Law,

∇× B̃ =
4π

c
j̃. (2.11)

We also satisfy (2.3) and (2.4) by introducing the scalar potential ϕ̃ and the vector
potential Ã,

Ẽ = −∇ϕ̃− 1

c

∂Ã

∂t
, (2.12)

B̃ = ∇× Ã. (2.13)

We will work in the Coulomb gauge ∇ · Ã = 0. Thus, the four Maxwell equations
(2.2)–(2.5) are replaced by (2.10), (2.11), (2.12) and (2.13).

2.2 Fluctuations and Mean Fields

2.2.1 Small-Scale Averaging

In order to analyse the mean and fluctuating quantities separately, we introduce
the concept of an average over fluctuations, denoted by 〈·〉turb. Formally, we demand
that it separate any arbitrary physical quantity g into an averaged part 〈g〉turb and a
fluctuating part δg = g − 〈g〉turb, which by construction vanishes under the average,
〈δg〉turb = 0.

1The quasineutrality constraint implicitly defines the fluctuating electrostatic potential and the
mean electric field within a flux surface but cannot be used to determine the mean radial electric field
[43], so we derive an equation for the radial electric field from momentum conservation in §2.7.2 .

9



2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

As there is a separation of scales, we can interpret this average as an average over
the fluctuating temporal and spatial scales. The equilibrium length scale, denoted a

(and understood to be, e.g., the tokamak minor radius), is well separated from the
fluctuation length scale, taken to be the Larmor radius ρs = vths /Ωs , where Ωs =

ZseB/msc. Therefore, we can pick an intermediate scale λ that satisfies

a� λ� ρs (2.14)

and define the perpendicular spatial average 〈·〉⊥ of a function g(r,v, t) by

〈g(r,v, t)〉⊥ =

∫
λ2⊥

d2r′⊥g(r′⊥, l,v, t)

/∫
λ2⊥

d2r⊥, (2.15)

where λ2
⊥ is a small surface which is everywhere normal to the magnetic field and

has spatial extent of the order of λ in both perpendicular directions. The integrals are
taken at constant v, t and l, where l is the distance along a given field line, or any other
field-aligned coordinate – see Fig. 2.1. Clearly, an averaged function cannot vary on
the small length scales ∼ ρs, and any function that varies only on the equilibrium
length scale ∼ a is unaffected by the average. Similarly, the typical fluctuation time
scale ω−1 and the timescale of the evolution of the mean profiles, taken to be the
transport time τE , are also well separated. Therefore, we can pick an intermediate
time T that satisfies

τE � T � ω−1 (2.16)

and use it to define the temporal average 〈·〉T by

〈g(r,v, t)〉T =
1

T

t+T/2∫
t−T/2

dt′g(r,v, t′), (2.17)

with the integral taken at constant r and v. Once again, we see that averaged func-
tions cannot vary on the short timescale ω−1, and that functions that vary on the
transport timescale are unchanged.

We now define the full average over fluctuations by

〈g(r,v, t)〉turb = 〈〈g〉⊥〉T . (2.18)
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2.2. Fluctuations and Mean Fields

Figure 2.1: A section of a toroidal flux surface showing field lines and, in blue, the
small perpendicular patches λ2

⊥ over which fluctuations are averaged in (2.15). Black
arrows denote the normals to the patches, and are aligned with the magnetic field.

We can split the distribution function fs and all fields into mean and fluctuating parts:

fs = Fs + δfs, Fs = 〈fs〉turb, (2.19)

Ẽ = E + δE, E =
〈
Ẽ
〉

turb
, (2.20)

B̃ = B + δB, B =
〈
B̃
〉

turb
, (2.21)

Ã = A + δA, A =
〈
Ã
〉

turb
, (2.22)

ϕ̃ = ϕ+ δϕ, ϕ = 〈ϕ̃〉turb. (2.23)

Let us use the average (2.18) to restate the formal assumptions about temporal and
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

spatial variation of the mean and fluctuating quantities (〈g〉turb and δg):

∂

∂t
ln 〈g〉turb ∼ τ−1

E , (2.24)

∂

∂t
ln δg ∼ ω, (2.25)

∇ ln 〈g〉turb ∼ b · ∇ ln δg ∼ a−1, (2.26)

∇⊥ ln δg ∼ k⊥ ∼ ρ−1
s , (2.27)

where b is the unit vector in the direction of the averaged magnetic field, and ⊥ and
‖ denote components of vectors or operators perpendicular and parallel to the aver-
aged magnetic field, respectively. In §2.2.4, we will formally order all time scales, spa-
tial scales and fluctuation amplitudes with respect to the small parameter ε = ρs /a .

2.2.2 Axisymmetry and Magnetic Geometry

We will assume the axisymmetry of all mean quantities. In the case of modern
tokamaks, the deviation from axisymmetry in the magnetic field is extremely small,
much smaller than ρs/a in such devices. Let us introduce the cylindrical coordinate
system: major radius R, vertical position z and toroidal angle φ. We pick this sys-
tem such that (R, φ, z) is a right-handed coordinate system – see Fig. 2.2. Assuming
that the toroidal magnetic field variation is the same as the toroidal variation of any
averaged quantity, we formally demand that for any quantity g(r),

∂ ln 〈g〉turb

∂φ
= 0. (2.28)

At the end of §2.4.2, we will extend the notion of axisymmetry to distribution func-
tions, which depend upon velocity space as well as the position r. The averaged form
of (2.13) is

B = ∇×A =

(
∂AR
∂z
− ∂Az

∂R

)
R∇φ+

1

R

∂ (RAφ)

∂R
∇z − ∂Aφ

∂z
∇R, (2.29)

where
A = Aφ∇φ+ AR∇R + Az∇z (2.30)

and we have used (2.28) to drop all φ derivatives. Therefore, the magnetic field can
be written in the usual toroidal decomposition [44]:

B = I∇φ+∇ψ ×∇φ, (2.31)

where
ψ(R, z) = Aφ = R2A · ∇φ (2.32)
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2.2. Fluctuations and Mean Fields

Figure 2.2: The toroidal coordinate system (R,z,φ) showing the magnetic axis and flux
surfaces

is the poloidal flux function and

I(R, z) = R

(
∂AR
∂z
− ∂Az

∂R

)
= R2B · ∇φ. (2.33)

The toroidal symmetry guarantees the existence of well-defined flux surfaces [45,
46]. Topologically, these are nested tori. Since B · ∇ψ = 0, these surfaces can be
labelled by ψ. We will see that many mean quantities will only depend on R and z

through ψ(R, z).

2.2.3 Flux-Surface Averaging and the Motion of Flux Surfaces

It will be convenient to define an average over the surface labelled by ψ, which
we do as follows. For an arbitrary function g(r),

〈g(r)〉ψ (ψ) = lim
∆ψ→0


∫

∆(ψ)

d3rg(r)

/ ∫
∆(ψ)

d3r

 , (2.34)

where the domain of integration ∆(ψ) is the annulus between the flux surface labelled
by ψ and that labelled by ψ + ∆ψ (see Fig. 2.3).

Note that

∂

∂ψ

∫
D(ψ,t)

d3rg = lim
∆ψ→0

1

∆ψ

(∫
D(ψ+∆ψ,t)

d3rg −
∫
D(ψ,t)

d3rg

)
= lim

∆ψ→0

1

∆ψ

∫
∆

d3rg = V ′ 〈g〉ψ ,
(2.35)
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

whereD(ψ, t) is the volume enclosed by the flux surface labelled by ψ (i.e., the volume
between that surface and the magnetic axis; see Fig. 2.3), V =

∫
D(ψ,t)

d3r is the volume
of this region and

V ′ = lim
∆ψ→0

1

∆ψ

∫
∆

d3r =
∂V

∂ψ
. (2.36)

Thus, an alternate definition of the flux-surface average is

〈g〉ψ =
1

V ′
∂

∂ψ

∫
D(ψ,t)

d3rg =
1

V ′
∂

∂ψ

∫ ψ

0

dψ′
∫
∂D(ψ′,t)

dS

|∇ψ|
g =

1

V ′

∫
∂D(ψ,t)

dS

|∇ψ|
g, (2.37)

where the surface integral is taken over the boundary of D, ∂D(ψ, t), and we have
defined ψ in such a way that ψ = 0 at the magnetic axis.2

Figure 2.3: A section of the torus showing the regions D(ψ, t) and ∆(ψ, t) used in
defining the flux-surface average (2.34), (2.37) and the surface ∂D separating these
regions.

We will discover in the subsequent sections (Sections 2.6.3, 2.7 and 2.8) that flux-
surface averaging allows us to close evolution equations for the mean fields. Two

2In our choice of coordinates, ψ increases away from the magnetic axis if the toroidal current flows
in the negative φ direction and the toroidal field is in the positive φ direction. Similarly, if the toroidal
field and current are both in the positive φ direction, ψ will decrease away from the magnetic axis. If
the positive φ direction is fixed to be opposite to that of the toroidal current then ψ will always increase
outwards.
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2.2. Fluctuations and Mean Fields

mathematical identities will be useful in those derivations: the formula for the flux-
surface average of a divergence and that for the flux-surface average of a time deriva-
tive.

First, using (2.37), we find for any vector field A(r),

〈∇ ·A〉ψ =
1

V ′
∂

∂ψ

∫
D(ψ,t)

d3r∇ ·A =
1

V ′
∂

∂ψ

∫
∂D(ψ,t)

dS

|∇ψ|
A · ∇ψ. (2.38)

Therefore,

〈∇ ·A〉ψ =
1

V ′
∂

∂ψ
V ′ 〈A · ∇ψ〉ψ , (2.39)

which is the first of the two identities we will require later. This identity also implies
that

〈B · ∇g〉ψ = 〈∇ · (gB)〉ψ =
1

V ′
∂

∂ψ
V ′ 〈gB · ∇ψ〉ψ = 0. (2.40)

Thus, the flux-surface average annihilates the operator B · ∇ [47].
Since the constant-ψ surfaces change in time, flux-surface averages do not com-

mute with time derivatives. Let us consider

∂

∂t

∣∣∣∣
ψ

∫
D(ψ,t)

d3rg =

∫
D(ψ,t)

d3r
∂g

∂t
+

∫
∂D(ψ,t)

dS

|∇ψ|
gVψ · ∇ψ

=

∫
D(ψ,t)

d3r
∂g

∂t
+ V ′ 〈gVψ · ∇ψ〉ψ ,

(2.41)

where Vψ is the velocity with which the boundary of D(ψ, t) moves. The time deriva-
tive in the left-hand side of (2.41) is taken at constant flux label ψ. Taking the deriva-
tive of (2.41) with respect to ψ and using (2.37), we find〈

∂g

∂t

〉
ψ

=
1

V ′
∂

∂ψ

∫
D(ψ,t)

d3r
∂g

∂t
=

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′ 〈g〉ψ −
1

V ′
∂

∂ψ
V ′ 〈gVψ · ∇ψ〉ψ . (2.42)

Finally, as the boundary of D(ψ, t) is defined to be a constant-ψ surface, we have

∂ψ

∂t
+ Vψ · ∇ψ = 0. (2.43)

As Vψ is defined to be the velocity of a flux surface, we can demand that Vψ has no
component in the surface and so

Vψ = −∂ψ
∂t

∇ψ
|∇ψ|2

. (2.44)

Therefore, 〈
∂g

∂t

〉
ψ

=
1

V ′
∂

∂t

∣∣∣∣
ψ

V ′ 〈g〉ψ +
1

V ′
∂

∂ψ
V ′
〈
g
∂ψ

∂t

〉
ψ

, (2.45)

which is the second of the identities we were seeking.
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

2.2.4 The Gyrokinetic Ordering

To proceed further we need to impose order on the three small parameters we
have, ε = ρs/a, ω/Ωs and the anisotropy of the turbulence k‖/k⊥, as well as on the
amplitudes of the fluctuations. Then each term in the kinetic equation (2.1) will have
a well defined order in terms of ε when compared to Ωsfs.

We postulate the following standard ordering [16] of the time and space scales
with respect to ε3,

|δB|
|B|

∼ |δE|
|E|

∼ δfs
fs
∼
k‖
k⊥
∼ ω

Ωs

∼ ρs
a

= ε (2.46)

Note that when treating the electromagnetic fields, we order the electric field E and
the magnetic field B as

E ∼ vths

c
B, (2.47)

which is equivalent to assuming that the E × B flows are at most sonic and not
relativistic.

From these assumptions, we can make a simple random-walk estimate of the tur-
bulent thermal diffusivity χTs ∼ ρ2

sω (gyro-Bohm diffusion [48]) and then order the
transport time on the basis of this estimate:

1

τE
∼ χT

a2
∼ ω

Ωs

(ρs
a

)2

Ωs ∼ ε3Ωs. (2.48)

For the collision operator C [fs], we choose an ordering that allows the plasma to
be either collisional or collisionless, namely C [fs] ∼ ωfs. Thus, all collision frequen-
cies ν are ordered

ν

Ωs

∼ ε, (2.49)

and any further assumption about the collisionality will be handled as a subsidiary
expansion. Even though the collision frequency ν is often smaller than ω, the collision
operator C [δfs] must be retained as the turbulence will otherwise generate arbitrarily
small scales in velocity space [38, 40, 41, 1, 49] 4. We will return to this point in §2.8.2
when discussing free-energy balance.

Finally, we order the source term as Ss ∼ Fs/τE which restricts us to sources of
particles, energy and momentum that do not alter the Maxwellian form of the equi-
librium distribution function (found in §2.5.1). In [6], this restriction is relaxed to
consider sources that produce high-energy tails and other non-Maxwellian distribu-
tions.

3In this thesis, we use the symbol ∼ to mean “is the same order as” rather than the more usual “is
asymptotically equivalent to”.

4We choose not to order velocity-space derivatives, which would allow the introduction of smaller
collision frequencies whilst retaining C [fs] ∼ ωfs.
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We can now expand the mean (large-scale) distribution function Fs and the fluc-
tuating (small-scale) distribution function δfs as follows

Fs = F0s + F1s + F2s + · · · , (2.50)

δfs = δf1s + δf2s + · · · , (2.51)

where F0s ∼ fs, F1s ∼ δf1s ∼ εfs, F2s ∼ δf2s ∼ ε2fs, etc.
In the following sections, we insert (2.50) and (2.51) into the Fokker-Planck equa-

tion (2.1) and expand order by order in ε.

2.3 Zeroth Order O (Ωsfs)

In this section, we derive the lowest-order implications of imposing the ordering
of §2.2.4 on the equations of §2.1.

We start by taking the lowest-order components of (2.10) and (2.11). The former
just states that the densities ns must satisfy the quasineutrality constraint,

∑
s

Zsens = 0, ns =

∫
d3vF0s. (2.52)

Substituting the toroidal decomposition of the magnetic field, (2.31), in Ampère’s law,
(2.11), we merely find that the mean current j =

〈
j̃
〉

turb
must be zero to this order,

j =
∑
s

Zsensus = 0, us =
1

ns

∫
d3vvF0s. (2.53)

By taking the lowest-order component of (2.12), we also learn that the mean elec-
tric field is predominantly electrostatic:

E = −∇ϕ+O
(
ε2
vths

c
B
)
. (2.54)

2.3.1 Sonic Flows

We now prove that if the plasma has any perpendicular flow faster than the drift
velocity then it is a purely toroidal E × B flow. This restriction on the flow has
previously been found in the context of neoclassical collisional transport [50, 51, 52,
53].

From (2.1), we find to lowest order in ε,(
E +

1

c
v ×B

)
· ∂Fs
∂v

= 0. (2.55)
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

Multiplying by v and integrating over all velocities, we obtain

E +
1

c
us ×B = 0. (2.56)

This implies that the perpendicular part of us is species independent. Using (2.56)
and (2.54) we have

E ·B = B · ∇ϕ = 0. (2.57)

Therefore, to lowest order, the electrostatic potential is a flux function and we can
partially solve for ϕ as follows:

ϕ = Φ (ψ) + ϕ0, (2.58)

where ϕ0 ∼ εΦ. There is some arbitrariness in the definition of ϕ0 by (2.58) as we
can add any function of ψ to it. We resolve this by requiring that ϕ0 vanish when
averaged over a flux surface:

〈ϕ0〉ψ = 0, 〈ϕ〉ψ = Φ(ψ). (2.59)

Solving (2.56) for us shows that any sonic flow that is present is a E×B flow plus
some arbitrary parallel flow

us =
c

B
b×∇ϕ+ u‖sb, (2.60)

where b = B /|B| . Using the solution (2.58) for ϕ and the toroidal decomposition of
the magnetic field, (2.31), to expand b, we have

us = ω(ψ)R2∇φ+

[
u‖s − ω(ψ)

I

B

]
b, ω(ψ) = c

dΦ

dψ
. (2.61)

The first term in (2.61) is a species-independent rigid-body toroidal rotation of each
individual flux surface with an angular velocity ω(ψ). This will be denoted by

u = ω(ψ)R2∇φ. (2.62)

The second term is a purely parallel flow, which in §2.5.1 will be shown to vanish to
lowest order.

2.4 Rotating Gyrokinetic Variables

Before continuing to expand the kinetic equation (2.1), it will be convenient to
introduce the following new variables [7, 16, 54, 55, 15]: the guiding-centre position
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2.4. Rotating Gyrokinetic Variables

Rs, particle energy εs, magnetic moment µs, gyrophase ϑ, and the sign of the parallel
velocity σ. The variable transformation of the phase space is

(r,v)→ (Rs, εs, µs, ϑ, σ) (2.63)

and the new variables are defined by

Rs = r − b×w

Ωs

, (2.64)

εs =
1

2
msv

2 + Zse [Φ(ψ) + ϕ0]− ZseΦ (ψ∗s) , (2.65)

µs =
msw

2
⊥

2B
, (2.66)

σ =
w‖∣∣w‖∣∣ , (2.67)

where w is the peculiar velocity of the particles with respect to the toroidal rotation:

w = v − u = w‖b + w⊥ (cosϑ e2 − sinϑ e1) , (2.68)

with the toroidal velocity determined by (2.62), e1 and e2 arbitrary orthogonal unit
vectors perpendicular to the magnetic field (with b = e2 × e1)5, and ψ∗ is a flux-like
quantity proportional to the toroidal canonical angular momentum:

ψ∗s(r,v) = ψ(r) +
msc

Zse
(v · ∇φ)R2 = ψ +

msc

Zse
(w · ∇φ)R2 +

BR2ω(ψ)

Ωs

. (2.69)

The new velocity variables εs and µs are closely related to conserved quantities of
the particle motion in the mean electromagnetic fields. The magnetic moment µs is the
first adiabatic invariant of the particle gyromotion [57, 58, 59]. The energy variable, εs,
is constructed from the conserved total energy and the conserved quantity ψ∗s so that
it is the energy in the rotating frame to lowest order. This can be seen by expanding
Φ(ψ∗s) around Φ(ψ), yielding to lowest order

εs =
1

2
msw

2 − 1

2
msω

2(ψ)R2 + Zseϕ0 +O(εTs). (2.70)

The kinetic equation (2.1) can be written in these new variables as

dfs
dt

=
∂fs
∂t

+ Ṙs ·
∂fs
∂Rs

+ µ̇s
∂fs
∂µs

+ ε̇s
∂fs
∂εs

+ ϑ̇
∂fs
∂ϑ

= C [fs] + Ss, (2.71)

where ġ = dg/ dt denotes the time derivative of g along a particle orbit. The expres-
sions for Ṙs, µ̇s, ε̇s, and ϑ̇ are derived in Appendix A, see (A.9), (A.25), (A.33), and
(A.39).

5There might be a concern that we cannot define such an e1 and e2, this is resolved in [56] where
it is proved that for toroidal confinement devices we can always make a globally-valid choice of these
vectors
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

2.4.1 The Gyroaverage

Transformation from the spatial coordinate r to the guiding-centre position Rs

(known as the Catto transformation [15]) allows us to introduce gyroaveraging — a
crucial mathematical device that will enable us to close the equations for Fs and δfs.
We define the gyroaverage of a quantity g by

〈g〉R =
1

2π

∮
dϑg(Rs, εs, µs, ϑ, σ), (2.72)

where the integral is performed holding Rs, εs, µs constant.

2.4.2 Derivatives and Integrals

All quantities that have velocity-space dependence will be functions of Rs, εs,
µs, ϑ and σ. The quantities that are only functions of space will be evaluated at the
spatial position r, unless explicitly stated otherwise, with r considered as a function
of Rs, µs, ϑ. In what follows, ∇ is reserved for derivatives with respect to r, while
derivatives with respect to Rs will be written explicitly as ∂ /∂Rs .

As the variables we have chosen are adapted to the particle motion, we will not
transform the field equations into these variables. The fields are functions of space
but not velocity so they remain functions of r and t in accordance with the principle
stated above. Therefore, the integrals over velocity in the definitions of density, (2.6),
and current, (2.7), are to be taken at constant r, so functions of Rs, εs and µs appearing
in the integrand are to be considered as functions of r and v via the definitions (2.64),
(2.65) and (2.66). Namely, for any function g,∫

d3wg(Rs, εs, µs, ϑ, σ) =

∫
d3wg(Rs(r,w), εs(r,w), µs(r,w), ϑ(r,w), σ(r,w)).

(2.73)
This is how all velocity-space integrals will be performed in this thesis unless explic-
itly stated otherwise. With this definition, integrals over v and w at constant r are
equivalent.

Finally, as promised in §2.2.2, we now give a precise mathematical formulation of
the assumption of axisymmetry of mean fields as applied to the mean distribution
function:

(∇φ) · ∂
∂Rs

∣∣∣∣
εs,µs,ϑ

Fs = 0, (2.74)

which, to lowest order in ε, is equivalent to

(∇φ) ·∇|w‖,w⊥,ϑ
Fs = 0. (2.75)

However, this is not equivalent to (∇φ) ·∇|w Fs = 0: indeed in (2.68), the basis vectors
b, e1 and e2 possess non-zero variation in the φ direction.
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2.4.3 Gyrotropy of F0s

To zeroth order, the kinetic equation (2.71) turns out to be just

Ωs
∂F0s

∂ϑ

∣∣∣∣
Rs,µs,εs

= 0. (2.76)

Thus, F0s is gyrophase independent. Note that this means that, to lowest order,∫
d3ww⊥F0s = 0, (2.77)

confirming the earlier result that the lowest-order perpendicular velocity is com-
pletely contained in us as defined by (2.61).

2.5 First Order O (εΩsfs): The Maxwell-Boltzmann

Equilibrium

In this section, we start from the kinetic equation (2.71), and expand it to first
order. Using the lowest-order expressions for Ṙs, ε̇s and ϑ̇ given by (A.10), (A.34),
and (A.39) respectively we find(
w‖b + u

)
· ∂F0s

∂Rs

+ µ̇s
∂F0s

∂µs
−Zsew⊥ · ∇δϕ′

∂F0s

∂εs
+ Ωs

∂

∂ϑ
(F1s + δf1s) = C [F0s] , (2.78)

where δϕ′ is the fluctuating electrostatic potential in the toroidally-rotating frame,
given by

δϕ′ = δϕ− 1

c
u · δA, (2.79)

and u without the species index is the toroidal-rotation component of us defined by
(2.62).

In the following subsections, we analyse (2.78) to discover that: the lowest-order
mean distribution function F0s is Maxwellian; the bulk motion is the purely toroidal
rotation of flux surfaces, i.e. the second term in (2.61) vanishes and us = u; and δfs

consists of the Boltzmann response to δϕ′ and a gyrophase-independent distribution
of charged rings hs(Rs, µs, εs, σ, t).

2.5.1 Maxwellian Equilibrium

We first prove that F0s is Maxwellian. Gyroaverging (2.78) and using the fact
that, to lowest order, 〈µ̇s〉R = 0 (see (A.29)), 〈w⊥ · ∇δϕ′〉R = 0 (see (A.4)), and
u · ∂F0s /∂Rs = 0 (axisymmetry), we obtain

w‖b ·
∂F0s

∂Rs

= 〈C [F0s]〉R. (2.80)
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

Multiplying this by 1 + lnF0s, integrating over all velocities and averaging over the
flux surface, we find〈∫

d3ww‖b ·
∂

∂Rs

(F0s lnF0s)

〉
ψ

=

〈∫
d3w lnF0sC [F0s]

〉
ψ

. (2.81)

To lowest order, we can replace all instances of Rs on the left-hand side of this equa-
tion with r and write the velocity-space integral in terms of integrals over εs, µs, ϑ
and σ at constant r using∫

d3w =
∑
σ

∫
B(r)dεsdµsdϑ

m2
s

∣∣w‖∣∣ +O(εv3
ths). (2.82)

This gives〈∫
d3ww‖b ·

∂

∂Rs

(F0s lnF0s)

〉
ψ

=

〈
2π
∑
σ

∫
Bdεsdµs
m2
s|w‖|

w‖b · ∇ (F0s lnF0s)

〉
ψ

=

〈
2π
∑
σ

σ

∫
dεsdµs
m2
s

B · ∇ (F0s lnF0s)

〉
ψ

=

〈
∇ ·
(
b

∫
d3ww‖F0s lnF0s

)〉
ψ

.

(2.83)

By using (2.39) to express the action of the flux-surface average on a divergence and
the fact that b · ∇ψ = 0, we conclude that the above expression vanishes. Therefore,
from (2.81), 〈∫

d3w lnF0sC [F0s]

〉
ψ

= 0. (2.84)

By Boltzmann’s H-Theorem, (2.84) implies that F0s is a local Maxwellian [60]. We
know that, by definition, this Maxwellian has density ns, temperature Ts and velocity
us, where us is given by (2.61).6 Thus, F0s can be written as

F0s = ns(r)

[
ms

2πTs(r)

]3/2

exp

−ms

[
w2 − 2msw‖û‖s(r) + û2

‖s(r)
]

2Ts(r)

 , (2.85)

where
û‖s = u‖s −

ω(ψ)I

B
. (2.86)

This form does not contradict the condition (2.76) that F0s must be gyrophase-
independent whilst holding Rs, εs and µs fixed because the difference between

6Formally, (2.84) implies that all species have the same temperature and mean velocity. We will
show that they do indeed have the same mean velocity, but we will gratuitously retain the species de-
pendence of the temperature. This will only be of importance when we come to discuss heat transport
and so we defer the discussion of interspecies temperature differences to the end of §2.7.3.
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Rs and r is higher order. However, we still wish to have F0s expressed in the
(Rs, εs, µs, σ) variables. We accomplish this by using (2.70) to express msw

2 in terms
of εs and find

F0s = Ns(Rs)

[
ms

2πTs(Rs)

]3/2

exp

[
− εs
Ts(Rs)

−
msw‖û‖s(Rs)

Ts(Rs)

]
+O(εFs), (2.87)

where

Ns = ns exp

[
−msω

2(ψ)R2

2Ts
+
Zseϕ0

Ts
+
msû

2
‖s

2Ts

]
, (2.88)

and we have used the fact that to lowest order the mean fields taken at the guiding-
centre position Rs are the same as when taken at the particle position r.

Inserting F0s, given by (2.85), back into (2.80) and dividing through by F0s we get

w‖b · ∇
(

lnNs −
3

2
lnTs

)
+
w‖εs
T 2
s

b · ∇Ts − w‖b · ∇
(
msw‖û‖s

Ts

)
= 0. (2.89)

This equation must hold for all velocities w, so each term in this equation must vanish
independently. Tackling the second term first, we see that the temperature Ts must
be a flux function to lowest order:

b · ∇Ts = 0, (2.90)

so Ts = Ts(ψ). For the first term to vanish the same must be the case for Ns:

b · ∇Ns = 0, (2.91)

so Ns = Ns(ψ). Turning now to the third term of (2.89), we see that

2w2
‖b · ∇û‖s + û‖sb · ∇w2

‖ = 0, (2.92)

which can only be solved for arbitrary w‖ by û‖s = 0. Thus, the background
Maxwellian only depends on εs and so is isotropic in w and the-lowest order (sonic)
flow is a pure toroidal rotation: us = u = ω(ψ)R2∇φ. As this flow is species-
independent there are no currents in F0s, since the plasma is quasineutral (2.52). This
is consistent with the lowest-order Ampère’s Law (2.53). The vanishing of the parallel
component of (2.61) is in accord with the well known result [52, 60, 61] that poloidal
flow is strongly damped on the ion-ion collision time, which, in our ordering is, in-
deed, 1/ε2 shorter than the timescale of the evolution of the bulk flow.

We can finally write the complete solution for F0s as

F0s = Ns(ψ(Rs))

[
ms

2πTs(ψ(Rs))

]3/2

e−εs/Ts(ψ(Rs)). (2.93)

This form of the distribution function is manifestly gyrophase independent holding
Rs and εs constant and so is consistent with (2.76).
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2.5.2 Gyrotropy of F1s

Substituting (2.93) back into the first-order kinetic equation (2.78), we find

Ωs
∂

∂ϑ
(F1s + δf1s) = −Zse

Ts
w⊥ · ∇δϕ′F0s. (2.94)

Averaging this over the fluctuations gives

Ωs
∂F1s

∂ϑ

∣∣∣∣
Rs,µs,εs

= 0. (2.95)

Thus, F1s is gyrophase independent.

2.5.3 Poloidal Density Variation

Rearranging (2.88) and using û‖s = 0, we see that the physical density of a species
is given by

ns = Ns (ψ) exp

[
msω

2(ψ)R2

2Ts
− Zseϕ0

Ts

]
+O(εns), (2.96)

which is not a flux function, unless the rotation is subsonic (see §2.10) [52, 60]. We
can insert this into the lowest-order quasineutrality condition (2.52) to determine ϕ0,
subject to the constraint that 〈ϕ0〉ψ = 0 (by definition, see (2.59)):∑

s

ZsNs(ψ) exp

[
msω

2(ψ)R2

2Ts
− Zseϕ0

Ts

]
= 0. (2.97)

Physically, this demonstrates that the poloidal variation of the density on a flux sur-
face is governed by the balance between centrifugal forces which sweep heavy parti-
cles (i.e. ions) to the outboard side (higher R) and the electrostatic potential that is set
up within the flux surface to maintain quasineutrality.

2.5.4 The Boltzmann Response

Taking the lowest-order fluctuating components of (2.12) and (2.13), we see that
the fluctuating electric field in the toroidally rotating frame is electrostatic,

δE +
1

c
u× δB = −∇⊥δϕ′ +O(ε2E), (2.98)

where δϕ′ is defined in (2.79). Using (2.95), the first order kinetic equation (2.94) is

Ωs
∂δf1s

∂ϑ
= −Zse

Ts
w⊥ · ∇δϕ′F0s. (2.99)

Using (A.3) for δϕ′, we can integrate this with respect to ϑ:

w⊥ · ∇δϕ′ = Ωs
∂δϕ′

∂ϑ

∣∣∣∣
Rs,εs,µs

, (2.100)
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2.6. Second Order O (ε2Ωsfs): Neoclassical Theory and Gyrokinetics

and obtain

δf1s = −Zseδϕ
′(r)

Ts
F0s + hs (Rs, µs, εs, σ, t) , (2.101)

where the constant of gyrophase integration hs is the gyrophase-independent distri-
bution of Larmor rings, which will completely describe the kinetics of the small scale
turbulence. The gyrophase-dependent part of δf1s is just the Boltzmann response in
the moving frame to the electrostatic field (2.98).

2.5.5 Summary: The Lowest-Order Solution

Collating the results of the previous subsections we have the solution for fs to first
order in ε:

fs = Fs + δfs, (2.102)

Fs = F0s (ψ(Rs), εs) + F1s (Rs, εs, µs, σ) +O
(
ε2f
)
, (2.103)

δfs = −Zse
Ts

δϕ′(r)F0s + hs (Rs, εs, µs, σ) +O
(
ε2f
)
, (2.104)

F0s = Ns(ψ(Rs))

[
ms

2πTs(ψ(Rs))

]3/2

e−εs/Ts(ψ(Rs)), (2.105)

In the next section we find equations that govern the gyrophase-independent func-
tions F1s and hs.

2.6 Second Order O
(
ε2Ωsfs

)
: Neoclassical Theory and

Gyrokinetics

In order to completely determine the distribution function fs given by (2.102), we
need equations for F1s and hs. In order to find them, let us substitute the form of fs
summarized in §2.5.5 into the exact kinetic equation (2.71) and keep only terms up to
second order in ε:

∂hs
∂t

+

(
Ṙs ·

∂

∂Rs

+ µ̇s
∂

∂µs
+ ε̇s

∂

∂εs

)
(F0s + F1s + hs) =

− Ωs
∂

∂ϑ
(F2s + δf2s) +

d

dt

(
Zseδϕ

′

Ts
F0s

)
+ C [F0s + F1s + hs] ,

(2.106)

where d/dt is the full derivative along a particle orbit as in (2.71) and we have used
the gyrophase independence of F0s (2.76), F1s (2.95) and hs (2.101). Equation (2.106)
contains F2s and δf2s, about which we have no information. It is thus crucial that F0s,
F1s and hs are gyrophase-independent, as this allows us to gyroaverage (2.106) to find
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an equation that does not contain any second-order distribution functions:

∂hs
∂t

+
〈
Ṙs

〉
R
· ∂

∂Rs

(F0s + F1s + hs) =

〈ε̇s〉R
F0s

Ts
+

〈
d

dt

(
Zseδϕ

′

Ts
F0s

)〉
R

+ 〈C [F0s + F1s + hs]〉R,
(2.107)

where we have used F0s given by (2.105) and the fact, derived in Appendix A, that
〈µ̇s〉R = O(ε2Ωsµs) (see (A.29)) and 〈ε̇s〉R = O(ε2ΩsTs) (see (A.35)).

The gyroaverages appearing in (2.107) are calculated in Appendix A: we use
(A.23) for

〈
Ṙs

〉
R

and (A.55) for the combination of gyroaverages appearing on the
right-hand side:[

∂

∂t
+ u(Rs) ·

∂

∂Rs

]
hs + w‖b ·

∂

∂Rs

(F1s + hs) +
(
VDs + 〈Vχ〉R

)
· ∂

∂Rs

(F0s + hs)

=
ZseF0s

Ts

[
∂

∂t
+ u(Rs) ·

∂

∂Rs

]
〈χ〉R −

msF0s

Ts

[
Iw‖
B

+ ω(ψ)R2

]
dω

dψ
〈Vχ〉R · ∇ψ

− Zse

Tsc
w‖F0s

∂A

∂t
· b + 〈C [F0s + F1s + hs]〉R,

(2.108)

where we have defined the gyrokinetic potential

χ = δϕ− 1

c
v · δA = δϕ′ − 1

c
w · δA, (2.109)

the associated fluctuating velocity field7

Vχ =
c

B
b×∇χ, 〈Vχ〉R =

c

B
b× ∂〈χ〉R

∂Rs

+O(ε2vths), (2.110)

and the guiding-centre drift velocity

VDs =
b

Ωs

×
[
w2
‖b · ∇b +

1

2
w2
⊥∇ lnB −ω2(ψ)R∇R− 2w‖ω(ψ)b×∇z +

Zse

ms

∇ϕ0

]
,

(2.111)

which consists of, in order of appearance in (2.111), the curvature drift, the ∇B drift,
the centrifugal drift, the Coriolis drift, and the mean first-order E ×B drift.

The detailed derivation of (2.108) is given in Appendix A.6. In the rest of this
section, we will use (2.108) to derive a closed solution for F1s and hs, accurate to
first order in ε, in terms of the unknown functions Ns(ψ), Ts, ω(ψ), I and ψ, which
parametrise the equilibrium. Equation (2.108) can be split into a mean equation (see

7 This can be shown to consist, physically, of the fluctuating E ×B drift in the rotating frame, the
motion of guiding centres along fluctuating field lines and the fluctuating ∇B drift. This is proved in
detail for gyrokinetics in a non-rotating slab in [62].
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2.6. Second Order O (ε2Ωsfs): Neoclassical Theory and Gyrokinetics

(2.112)), which will determine F1s, and a fluctuating part (see (2.144)), which will
determine hs. We will find that the mean equation is precisely the neoclassical drift-
kinetic equation [54] and the fluctuating equation is the gyrokinetic equation for a
rotating plasma [7, 63]. These two equations are closed by the mean and fluctuating
Maxwell equations, which relate ψ and I to F1s (Sections 2.6.2 and 2.6.3) and the
fluctuating fields to hs (§2.6.5).

2.6.1 Neoclassical Distribution Function

Averaging (2.108) over the fluctuations, we obtain

w‖b ·
∂F1s

∂Rs

− 〈C [F1s]〉R = −VDs ·
∂F0s

∂Rs

− Zse

Tsc
w‖F0s

∂A

∂t
· b + 〈C [F0s]〉R. (2.112)

This is just the usual neoclassical drift-kinetic equation [54, 60, 52]. The collisional
term involving F1s can be split from that on F0s because the collision operator is lin-
earised around the Maxwellian part of F0s. Note that C [F0s] is only zero to lowest
order, so in (2.112) it represents collisions on the first-order departures of F0s from a
pure Maxwellian (having to do with the absorption into F0s of some non-Maxwellian
velocity dependence via ψ(Rs) and εs; see §2.5.1 and Appendix D).

We now wish to solve (2.112) by first separating particular solutions correspond-
ing to some of the source terms in its right-hand side. To deal with the first of these
terms, we let

F1s = F̂1s(Rs, εs, µs, σ) + F ∗1s, (2.113)

F ∗1s =
msc

Zse

[
Iw‖
B

+ ω(ψ)R2

]
∂F0s

∂ψ
, (2.114)

where

w‖b ·
∂F ∗1s
∂Rs

= w‖b ·
∂

∂Rs

[
Iw‖ + ω(ψ)R2B

Ωs

]
∂F0s

∂ψ

= − (VDs · ∇ψ)
∂F0s

∂ψ
= −VDs ·

∂F0s

∂Rs

,

(2.115)

where we have used the well-known identity [52]

VDs · ∇ψ = −w‖b ·∇|εs,µs,ϑ
[
Iw‖
Ωs

+
BR2

Ωs

ω(ψ)

]
. (2.116)

Therefore,

w‖b ·
∂F̂1s

∂Rs

−
〈
C
[
F̂1s

]〉
R

= −Zse
Tsc

w‖F0s
∂A

∂t
· b + 〈C [F0s + F ∗1s]〉R. (2.117)
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We now wish to replace the term depending on A with a source term that depends
on 〈E ·B〉ψ, which will later turn out to be opportune (see Sections 2.6.2 and 2.6.3).
To do this, we follow [10, 11, 64] and introduce the ansatz

F̂1s = F (nc)
s (Rs, εs, µs, σ)− Zse

Ts
F0s

∫ l

dl′

(
B
〈E ·B〉ψ
〈B2〉ψ

+
1

c

∂A

∂t
· b

)
, (2.118)

where the integral is performed along a fixed field line, and l′ is the distance along
that field line. Note that the second term in (2.118) carries no current. Inserting (2.118)
into (2.117), we find

w‖b ·
∂F

(nc)
s

∂Rs

−
〈
C
[
F (nc)
s

]〉
R

= 2Ωs

w‖c

v2
ths

〈E ·B〉ψ
〈B2〉ψ

F0s + 〈C [F0s + F ∗1s]〉R. (2.119)

Finally, we split

F (nc)
s = F (E)

s

c

vths

〈E ·B〉ψ
〈B2〉ψ

+ F̃ (nc)
s , (2.120)

where F (E)
s and F̃

(nc)
s satisfy

w‖b ·
∂F

(E)
s

∂Rs

− C
[
F (E)
s

]
= 2Ωs

w‖
vths

F0s, (2.121)

w‖b ·
∂F̃

(nc)
s

∂Rs

− C
[
F̃ (nc)
s

]
= 〈C [F0s + F ∗1s]〉R. (2.122)

This pair of equations can now be solved without knowing 〈E ·B〉ψ and then F
(nc)
s

is given as a function of 〈E ·B〉ψ by (2.120). This will be used in solving for the
evolution of the magnetic field in §2.6.2 and §2.6.3.

2.6.2 Ampère’s Law and the Magnetic Equilibrium

The average of Ampère’s Law (2.11) over the fluctuations is

j =
c

4π
∇×B, j =

∑
s

Zse

∫
d3wwFs, (2.123)

where j is first-order (to lowest order, j = 0; see (2.53)). Using the axisymmetric form
for B (2.31), we can express∇×B in terms of derivatives of I and ψ:

j =
c

4π
[∇I ×∇φ− (∆∗ψ)∇φ] , (2.124)

where ∆∗ is the Grad-Shafranov operator

∆∗ψ =

(
∂2

∂R2
− 1

R

∂

∂R
+

∂2

∂z2

)
ψ. (2.125)
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We can now use the complete solution for Fs given by (2.103) to determine j. This
is done in Appendix B.1 (see (B.17)):

j = cR2
∑
s

ns

{
Ts
d lnNs

dψ
+

[
Zseϕ0 −

1

2
msω

2(ψ)R2 + Ts

]
d lnTs
dψ

}
∇φ

+ cR2

(∑
s

msnsR
2

)
ω(ψ)

dω

dψ
∇φ+K(ψ)B,

(2.126)

and we have defined
K(ψ) =

∑
s

Zse

B

∫
d3ww‖F

(nc)
s , (2.127)

with F (nc)
s given by the neoclassical drift-kinetic equation (2.119). The fact that K is a

flux function follows directly from (2.119), and is derived in Appendix B.1 (see (B.15)).
Equation (2.126) is consistent with this, as can be seen by taking the divergence of
both sides. Note that the perpendicular part of (2.126) is a statement of force balance
for the mean quantities. Indeed, taking the cross product of it with B and using
R2∇φ×B = ∇ψ, we get

1

c
j ×B =

∑
s

ns

{
Ts
d lnNs

dψ
+

[
Zseϕ0 −

1

2
msω

2(ψ)R2 + Ts

]
d lnTs
dψ

}
∇ψ

+

(∑
s

msnsR
2

)
ω(ψ)

dω

dψ
∇ψ

=
∑
s

(∇ps +msnsu · ∇u) ,

(2.128)

where we have defined the pressure ps = nsTs and used (2.96) for Ns(ψ) and (2.62)
for u. This is just the balance between the Lorentz force, pressure and inertia.

We will now take three projections of (2.124): onto ∇ψ, onto ∇ψ × ∇φ, and onto
∇φ. Taking the projection onto∇ψ first, we have, from (2.124),

j · ∇ψ =
c

4π
(∇I ×∇φ) · ∇ψ (2.129)

and from (2.126)
j · ∇ψ = 0, (2.130)

whence
(∇ψ ×∇φ) · ∇I = B · ∇I = 0. (2.131)

Therefore, I = I(ψ) is a flux function.
Taking the projection onto∇ψ ×∇φ, we have from (2.124)

j · (∇ψ ×∇φ) =
c

4πR2

dI

dψ
|∇ψ|2 (2.132)
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

and from (2.126)

j · (∇ψ ×∇φ) = K(ψ)B · (∇ψ ×∇φ) = K(ψ)|∇ψ|2R−2. (2.133)

This gives us the following equation for I(ψ)

dI

dψ
=

4π

c
K(ψ). (2.134)

Finally, the toroidal component of (2.124) is just

j · ∇φ = − c

4πR2
∆∗ψ. (2.135)

Using the toroidal current from (2.126) and expressing K(ψ) via (2.134), we obtain

∆∗ψ =− 4πR2
∑
s

ns

{
Ts
d lnNs

dψ
+

[
Zseϕ0 −

1

2
msω

2(ψ)R2 + Ts

]
d lnTs
dψ

}

− 4πR2

(∑
s

msnsR
2

)
ω(ψ)

dω

dψ
− I(ψ)

dI

dψ
,

(2.136)

which allows us to determine ψ as a function of R and z if we know Ns, Ts, ω and I .
This is the generalization of the Grad-Shafranov equation for a rotating plasma.

2.6.3 Evolution of the Magnetic Field

The results of the previous section complete the solution, including time depen-
dence, for the magnetic field. We can solve (2.119) for F (nc)

s to find K(ψ) in terms of
〈E ·B〉ψ, and then use (2.134) to find 〈E ·B〉ψ in terms of I(ψ). We can then use (2.33)
to find I(ψ) in terms of A and so our expression for

〈E ·B〉ψ = −1

c

〈
∂A

∂t
·B
〉
ψ

(2.137)

is an evolution equation for A (and thus B). Indeed, taking the time derivative of
(2.33) divided by R2, we find

∂

∂t

I(ψ)

R2
=
∂B

∂t
· ∇φ = −c∇ · (E ×∇φ) . (2.138)

Flux-surface averaging and using (2.39) and (2.45) we have

∂

∂t

∣∣∣∣
ψ

V ′I(ψ)
〈
R−2

〉
ψ

= c
∂

∂ψ
V ′ 〈E ·B〉ψ , (2.139)

where we have used (2.31) to rewrite the right-hand side in terms of B.
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In the study of tokamak plasmas, it is conventional to work with the safety factor
q(ψ) rather than I(ψ). The safety factor is defined in terms of the toroidal flux Ψ and
the poloidal flux ψ by

q(ψ) =
1

2π

dΨ

dψ
, Ψ =

1

2π

∫
D(ψ,t)

d3rB · ∇φ, (2.140)

where the integration is carried out over the volume interior to the flux surface la-
belled by ψ (see §2.2.3). Geometrically, q(ψ) is the number of times a field line on a
given flux surface toroidally winds round the vertical symmetry axis for each poloidal
transit around the magnetic axis. From (2.140), the definition of the flux-surface aver-
age (2.37), and the axisymmetric form of the magnetic field (2.31), we can express Ψ

as

Ψ =
1

2π

∫ ψ

0

dψ′
∫
∂D(ψ,t)

dS

|∇ψ|
I(ψ′)R−2 =

1

2π

∫ ψ

0

dψ′V ′(ψ′)I(ψ′)
〈
R−2

〉
ψ

(ψ′), (2.141)

where V ′ is defined by (2.36). Therefore,

q(ψ) =
1

4π2
V ′I(ψ)

〈
R−2

〉
ψ
. (2.142)

From (2.139) and (2.142) we immediately find

∂

∂t

∣∣∣∣
ψ

q =
c

4π2

∂

∂ψ
V ′ 〈E ·B〉ψ . (2.143)

Thus, q(ψ) evolves via (2.143), I(ψ) is determined by (2.142), and ψ(R, z) is then
instantaneously determined from the generalized Grad-Shafranov equation (2.136).
This completes our solution for the evolution of the magnetic field.

It turns out that q(ψ) can be shown to evolve on a timescale that is even slower
than the transport timescale, the resistive timescale, i.e., c 〈E ·B〉ψ turns out to be of
the order of vthi(me/mi)

1/2ε2B2. This result is proved in Appendix C of [65], where
we also relate the evolution of q(ψ) to the conservation of magnetic flux. Indeed, the
geometric interpretation of q(ψ) is consistent with the notion that this longer timescale
is the timescale on which the topology of the magnetic field changes, even if other
properties of the field may change more rapidly.

2.6.4 The Gyrokinetic Equation

Turning to the fluctuating component of the second-order kinetic equation (2.108),
we find8

8 This is in agreement with the nonlinear gyrokinetic equation of [7], but not with that of [55].
The discrepancy arises from a subtlety in the gyroaveraging of u · ∇χ that is explained in detail in
Appendix A.6 (see (A.54) and Appendix A.6.2.)
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[
∂

∂t
+ u(Rs) ·

∂

∂Rs

]
hs +

(
w‖b + VDs + 〈Vχ〉R

)
· ∂hs
∂Rs

− 〈C [hs]〉R

=
ZseF0s

Ts

[
∂

∂t
+ u(Rs) ·

∂

∂Rs

]
〈χ〉R

−
{
∂F0s

∂ψ
+
msF0s

Ts

[
I(ψ)w‖
B

+ ω(ψ)R2

]
dω

dψ

}
〈Vχ〉R · ∇ψ

(2.144)

with Vχ and VDs given by (2.110) and (2.111), respectively. Explicit forms for the col-
lision term 〈C [hs]〉R are proposed in [66, 1, 40] for various model collision operators,
however, only the properties common to all such operators will be needed in this
work so we leave this term in its general form. Finally, we reiterate that this equation
is written in terms of the variables Rs, εs, µs and ϑ; thus w‖ is given by

w‖ =

√
2

ms

[
εs − µsB − Zseϕ0 +

1

2
msω2(ψ)R2

]
+O(εvths). (2.145)

It is the gyrokinetic equation (2.144) which is solved by the gyrokinetic turbulence
simulation codes [67, 68, 69, 70] and has formed the basis of a large body of theoretical
analysis of tokamak microinstabilites and turbulence.9 The turbulence is driven by
the density and temperature gradients in the equilibrium (through the ∂F0s/ ∂ψ term
on the right-hand side of (2.144)) and by the velocity gradient (through the dω/ dψ

term). It is important to note that this equation is only coupled to the neoclassical
distribution function F (nc)

s through the slow evolution of Ns, Ts, ω and I .

2.6.5 The Fluctuating Maxwell’s Equations

To solve (2.144), we require a way of obtaining 〈χ〉R from hs. This is provided by
the fluctuating parts of Maxwell’s equations.

9 In the gyrokinetic literature, there is much discussion of the so-called “parallel nonlinearity” [71,
72], which is proportional to δE‖

(
∂δfs/∂v‖

)
. Some derivations of gyrokinetics include this term in

the gyrokinetic equation, claiming that it has beneficial numerical properties and an important role
in turbulent heating and conservation of energy. The gyrokinetic equation (2.144) derived here does
not contain the parallel nonlinearity because the latter is higher order than the terms we retain and
only appears in the derivation of the transport equations. We will (in §2.8) derive conservation laws
that prove that our equations nevertheless conserve, in the mean, energy and satisfy Boltzmann’s H-
theorem. It is true that in our formalism there is no formal energy conservation law for gyrokinetics on
the fluctuating timescale (in contrast to versions of gyrokinetics derived from Hamiltonians; see, e.g.,
[73]). This is because energy is exchanged between the fluctuations and the mean fields. We will show
in §2.8.2 that, on fluctuating timescales, our gyrokinetic equation conserves the free energy, which is the
relevant conserved quantity for kinetic turbulence [38, 39, 40, 41] and, moreover, the conservation of
which is crucial for the mean energy to be conserved on the transport timescale. Note that numerical
evidence [71] has shown that the inclusion of the parallel nonlinearity in the gyrokinetic equation
does not affect the solutions, which is as expected for a term that is smaller than all the others in the
equation.
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The fluctuating component of the quasineutrality condition (2.10) is

∑
s

Z2
s e

2nsδϕ
′

Ts
=
∑
s

Zse

∫
d3w〈hs〉r, (2.146)

where δϕ′ is given by (2.79). The integral over velocities is performed at constant r as
discussed in §2.4.2. We have now made this explicit by introducing the gyroaverage
at constant r, w‖, and w⊥:

〈hs〉r =
1

2π

∮
dϑhs(Rs(r, w‖, w⊥, ϑ), εs(r, w‖, w⊥, ϑ), µs(r, w⊥), σ). (2.147)

The fluctuating component of Ampère’s Law (2.11) is

∇× δB = −∇2δA =
4π

c

∑
s

Zse

∫
d3w〈whs〉r. (2.148)

The parallel component of this equation gives us the following equation for δA‖:

−∇2
⊥δA‖ =

4π

c

∑
s

Zse

∫
d3ww‖〈hs〉r. (2.149)

It turns out to be convenient for various calculations to work with δB‖ rather than
δA⊥. Thus, we take the divergence of b × (2.148) to find

∇ · [b× (∇× δB)] = ∇2
⊥δB‖ =

4π

c

∑
s

∫
d3w∇⊥ · 〈b×w⊥hs〉r. (2.150)

We now use

b×w = −∂w
∂ϑ

, (2.151)

integrate by parts inside the gyroaverage, and use (see (A.3))

w⊥ · ∇hs = −Ωs
∂hs
∂ϑ

∣∣∣∣
r,εs,µs

+O(εΩshs) (2.152)

to obtain

∇2
⊥
δB‖B

4π
+ ∇⊥∇⊥ :

∑
s

∫
d3w〈msw⊥w⊥hs〉r = 0. (2.153)

Once again (cf. (2.128)), perpendicular Ampère’s law has become the equation for
perpendicular force balance. This eliminates fluctuations such as the compressional
Alfvén wave (see the appendix of [74]), which are not force-balanced.

This completes the description of the fluctuations, which are now determined by
a closed set of equations: (2.104), (2.144), (2.146), (2.149) and (2.153).
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2.7 Third Order O(ε3Ωsfs): Transport Equations

So far we have derived equations for the fast evolution of the fluctuations, in-
stantaneous relations between equilibrium quantities, and an equation for the slow
evolution of the magnetic field. These hold for a given set of three flux functions:
Ns, ω and Ts. In this section, we derive equations for the slow (transport-timescale)
evolution of these functions. We refer to these as the transport equations.

To derive such equations, we will need to go to the next order in our expansion in
ε, namely O(ε3Ωsfs). As we wish to maintain the physical interpretation of evolution
equations for ns, ω and Ts in terms of the transport of particles, momentum, and heat,
we return to the original r and w variables to begin our derivation. The averaged
form of (2.1), written in these variables, is

∂Fs
∂t

+ (u + w) · ∇Fs +

[
as −

∂u

∂t
− (u + w) · ∇u

]
· ∂Fs
∂w

+

〈
δas ·

∂δfs
∂w

〉
turb

= C [Fs] + Ss,

(2.154)

where we have naturally split the particle acceleration into its mean part as and its
fluctuating part δas. The mean acceleration is

as =
Zse

ms

[
E +

1

c
(u + w)×B

]
= −Zse

ms

(
∇ϕ0 +

1

c

∂A

∂t

)
+ Ωsw × b, (2.155)

where we have used the results of §2.3.1. The fluctuating acceleration is

δas =
Zse

ms

[
δE +

1

c
(u + w)× δB

]
= −Zse

ms

[
∇χ+

1

c
w · ∇δA +

1

c

(
∂

∂t
+ u · ∇

)
δA

]
= −Zse

ms

[
∇
(
δϕ′ − 1

c
w · δA

)
+

1

c
w⊥ · ∇δA

]
+O(ε2vthsΩs),

(2.156)

where χ is defined by (2.109) and δϕ′ by (2.79). Equation (2.154) will correctly describe
the transport-timescale evolution of Fs if we keep all terms up to order O(ε3Ωsfs).
This clearly requires knowledge of the distribution function includingO(ε2fs) correc-
tions.

From the previous two sections, the particle distribution function is

fs = F0s(ψ(Rs), εs) + F1s(Rs, εs, µs, σ) + F2s(r,v)

− Zse

Ts
δϕ′(r)F0s + hs(Rs, εs, µs, σ) + δf2s(r,v) + · · · ,

(2.157)

where the equilibrium distribution function F0s is given by (2.93), F1s and hs are ob-
tained from the neoclassical drift-kinetic equation (2.112), and the gyrokinetic equa-
tion (2.144), respectively, and we have absorbed all (as yet unknown) higher-order
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terms into F2s and δf2s. The exact electric and magnetic fields are

Ẽ = E + δE = −∇Φ−∇ϕ0 −∇δϕ−
1

c

∂A

∂t
− 1

c

∂δA

∂t
(2.158)

and

B̃ = B + δB = I(ψ)∇φ+∇ψ ×∇φ+∇× δA. (2.159)

In the expressions for the fields, I(ψ) and ψ(R, z) are determined as explained in Sec-
tions 2.6.2 and 2.6.3, ϕ0 is obtained from the quasineutrality condition (2.97), and δϕ′

and δA are given by the fluctuating Maxwell’s equations (2.146), (2.149) and (2.153).

The solution (2.157) for fs will need to be completed with information about F2s

and δf2s. We can obtain the gyrophase-dependent part of Fs to second order by ex-
panding (2.154) to second order in ε:

Ωs
∂Fs
∂ϑ

= − (u + w) · ∇Fs +

[
Zse

ms

(
∇ϕ0 +

1

c

∂A

∂t

)
+ (u + w) · ∇u

]
· ∂Fs
∂w

−
〈
δas ·

∂δfs
∂w

〉
turb

+ C [Fs] +O(ε3Ωsfs),

(2.160)

where we have used

(w × b) · ∂

∂w

∣∣∣∣
r

=
∂

∂ϑ

∣∣∣∣
r,w‖,w⊥

. (2.161)

Similarly, the fluctuating part of (2.1) can be expanded to obtain the gyrophase de-
pendence of δfs to second order:(

w⊥ · ∇+ Ωs
∂

∂ϑ

)
δfs = −

(
∂

∂t
+ u · ∇

)
δfs − w‖b · ∇δfs − δas ·

∂Fs
∂w

+

[
Zse

ms

(
∇ϕ0 +

1

c

∂A

∂t

)
+ (u + w) · ∇u

]
· ∂δfs
∂w
− δas ·

∂δfs
∂w

+

〈
δas ·

∂δ

∂w

〉
turb

+ C [δfs] +O(ε3Ωsfs).

(2.162)

By examining the order of the terms on the right-hand side of (2.160) and (2.162), we
see that we only need the particle distribution function correct to O(εfs) in order to
evaluate the left-hand side correctly to order O(Ωsε

2fs).

In the subsequent sections, we will take moments of (2.154) and show that (2.160)
and (2.162) contain sufficient information about the second-order parts of the distri-
bution function to close the resulting transport equations in terms of known quanti-
ties – i.e., the gyrophase-independent parts of F2s and δf2s do not affect transport.
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2.7.1 Particle Transport

To derive the particle transport equation, we integrate (2.154) over all velocities to
find

∂ns
∂t

+∇ · (nsUs) = S(n)
s , (2.163)

where

S(n)
s =

∫
d3wSs, (2.164)

nsUs =

∫
d3wwFs. (2.165)

Equation (2.163) clearly describes all particle transport: ns is created or destroyed by
the source S(n)

s and advected by the mean flux nsUs. As the first and last terms in this
equation areO(ε3Ωsns), we conclude that we require nsUs correct to orderO(ε2nsvths)

to evaluate the divergence. It is clear that the parallel part of the flux will depend on
the gyrophase-independent part of F2s, which we cannot easily find. In contrast, the
perpendicular flux will only depend on the gyrophase-dependent piece of F2s, which
we can find via (2.160).

To reduce (2.163) to an equation only containing the perpendicular flux, we apply
the flux-surface average, defined by (2.34). This results in

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′ 〈ns〉ψ +
1

V ′
∂

∂ψ
V ′ 〈Γs〉ψ =

〈
S(n)
s

〉
ψ
, (2.166)

where we have used (2.39) and (2.45) to simplify the flux-surface averages of the
divergence and the time derivative. We have combined the radial particle flux10 and
the terms due to the motion of the flux surface into

Γs = nsUs · ∇ψ + ns
∂ψ

∂t
. (2.167)

We can write the first term of (2.167) as

nsUs · ∇ψ =

∫
d3w (w⊥ · ∇ψ)Fs =

∫
d3wR2B (v · ∇φ)

∂Fs
∂ϑ

∣∣∣∣
r,w‖,w⊥

, (2.168)

where v is just shorthand for u + w and we have used

w⊥ · ∇ψ = −R2Bw · (b×∇φ) = R2B (b×w) · ∇φ = −R2B
∂v

∂ϑ

∣∣∣∣
r,w‖,w⊥

· ∇φ (2.169)

10Whilst this flux is not in the geometrically radial direction, but is in fact the cross-flux-surface flux,
it is both convenient and conventional to refer to it as the radial flux.
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and integrated by parts with respect to ϑ. So, in order to calculate the radial flux to
second order, it is sufficient to know ∂Fs/∂ϑ up to second order only.

In Appendix C.1, we perform the explicit evaluation of 〈nsUs · ∇ψ〉ψ via the ki-
netic equation (2.160), resulting in (C.10), which we substitute into (2.167) to find:

〈Γs〉ψ =

〈∫
d3w

(
w × b

Ωs

· ∇ψ
)
C [F0s]

〉
ψ

+

〈∫
d3wF (nc)

s VDs · ∇ψ
〉
ψ

− 〈ns〉ψ I(ψ)
〈E ·B〉ψ
〈B2〉ψ

+

〈〈∫
d3w〈hs Vχ〉r · ∇ψ

〉
turb

〉
ψ

.

(2.170)

The first term in the above expression is due to classical collisional transport with
F0s given by (2.93) 11 , the second and third terms are due to neoclassical transport
with F (nc)

s and 〈E ·B〉ψ calculated as explained in Sections 2.6.1-2.6.312, and the final
term gives the turbulent contribution to the particle flux in terms of hs, which is the
solution of the gyrokinetic equation (2.144)13. We note that the composition of a flux-
surface average (defined by (2.34)) with the fluctuation average (defined by (2.18))
is

〈〈g(r, t)〉turb〉ψ =
1

V ′
1

T

t+T/2∫
t−T/2

dt′
∫

∆λ

d3r′V ′g(r′, t′), (2.171)

where ∆λ is the annulus bounded by two flux surfaces a distance λ apart centered
on ψ(r). This is exactly the average over a flux tube that is implemented in current
gyrokinetic linked-flux-tube codes [4, 42].

Thus, we now have an equation, (2.166), that determines 〈ns〉ψ, but we still need
to use this to find Ns and hence ns via (2.96). This is done by flux-surface averaging
(2.96) to find

Ns = 〈ns〉ψ

/〈
exp

[
msω

2(ψ)R2

2Ts
− Zseϕ0

Ts

]〉
ψ

, (2.172)

which allows us to express Ns in terms of 〈ns〉ψ and known quantities. In particular,
we can solve (2.172) simultaneously with the quasineutrality condition (2.97) to find
Ns and ϕ0 from 〈ns〉ψ.

11Note that F0s is only Maxwellian to lowest order, so C [F0s] = O(ε2ΩsF0s) is non-zero.
12 Explicit expressions for the collisional fluxes can be found in [75, 47] and in [52, 53, 54] for the

case of non-zero ω(ψ).
13Having determined the particle flux, we note that the classical, neoclassical and turbulent contri-

butions are all independently ambipolar [7]. This is explicitly proved in Appendix C.2.
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2.7.2 Momentum Transport

To find an evolution equation for u = ω(ψ)R2∇φ, we multiply (2.154) by
ms (v · ∇φ)R2, where v = w + u, integrate over w, and sum over species to find

∂

∂t

∑
s

msnsR
2ω(ψ) +

[
∇ ·
∑
s

(Πs +msnsUsu +msnsuUs)

]
· (∇φ)R2

−
∑
s

ms

〈∫
d3w (δas · ∇φ)R2δfs

〉
turb

− 1

c
(j ×B) · (∇φ)R2 = S(ω),

(2.173)

where the viscous stress tensor Πs is

Πs =

∫
d3wmswwFs, (2.174)

the source of toroidal angular momentum is

S(ω) =
∑
s

[∫
d3wms (w · ∇φ)R2Ss +msω(ψ)S(n)

s

]
, (2.175)

where S(n)
s is given by (2.164) and we have used the quasineutrality condition (2.52).

The second term in (2.175) is due to injected particles joining the mean flow, while the
first term contains also contributions from particle-conserving momentum injection
mechanisms, e.g., momentum injection by waves [76].

We now wish to write all terms except the time derivative and the source as full di-
vergences. The second term on the left-hand side of (2.173) can be written so because,
for any symmetric tensor field A,

(∇ · A) · (∇φ)R2 = ∇ ·
(
R2A · ∇φ

)
. (2.176)

The third term (due to the fluctuations) can also be written as a divergence:

−
∑
s

ms

〈∫
d3w (δas · ∇φ)R2δfs

〉
turb

= −1

c
〈δj × δB〉turb · (∇φ)R2

= ∇ ·
[〈

δB2

8π
I− δBδB

4π

〉
turb

· (∇φ)R2

]
,

(2.177)

where I is the unit dyadic and we have used (2.156) for δas, the fluctuating quasineu-
trality condition (2.146), expressed the Lorentz force as the divergence of the Maxwell
stress in the usual way and used (2.176). The final term on the left-hand side can sim-
ilarly be written as the divergence of the Maxwell stress associated with the mean
magnetic field:

− 1

c
(j ×B) · (∇φ)R2 = ∇ ·

[(
B2

8π
I− BB

4π

)
· (∇φ)R2

]
. (2.178)
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We now flux-surface average (2.173), using the identities (2.39) and (2.45) for the
flux-surface average of a divergence and of a time derivative. This gives

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′Jω(ψ) +
1

V ′
∂

∂ψ
V ′
〈
π

(ψφ)
tot

〉
ψ

=
〈
S(ω)

〉
ψ
, (2.179)

where

J =
∑
s

ms

〈
nsR

2
〉
ψ

(2.180)

is the flux-surface-averaged moment of inertia and the total flux of angular momen-
tum is given by

π
(ψφ)
tot =

∑
s

(∇ψ) ·Πs · (∇φ)R2 +
∑
s

msω(ψ)R2Γs

− 1

4π
(∇ψ) · 〈δBδB〉turb · (∇φ)R2,

(2.181)

where Γs is given by (2.167).
Proceeding analogously to the derivation of the particle transport (see (2.168)), we

can write the radial angular momentum flux due to the particles of species s as

(∇ψ) ·Πs · (∇φ)R2 +msnsω(ψ)R2Us · ∇ψ =

∫
d3wBms

1

2

(
R2v · ∇φ

)2 ∂Fs
∂ϑ

, (2.182)

where v = u + w. We evaluate this explicitly in Appendix C.3 to find〈
π

(ψφ)
tot

〉
ψ

=
∑
s

[ 〈
π(ψφ)
s

〉
ψ

+msω(ψ)
〈
R2Γs

〉
ψ

]
+
〈
π

(ψφ)
EM

〉
ψ
, (2.183)

where π(ψφ)
s contains the classical, neoclassical and turbulent viscous stresses:

〈
π(ψφ)
s

〉
ψ

=
〈
π(cl)
s

〉
ψ

+
〈
π(nc)
s

〉
ψ

+

〈〈∫
d3wmsR

2〈(w · ∇φ)hsVχ〉r · ∇ψ
〉

turb

〉
ψ

(2.184)

with〈
π(cl)
s

〉
ψ

=

c

Zse

〈(∫
d3w

m2
s

2
w⊥w⊥C [F0s]

)
:

{
R4 (∇φ) (∇φ)− 1

2

[
R2 − I2(ψ)

B2

]
I

}〉
ψ

+

〈∫
d3wms

I(ψ)w‖
B

(
w × b

Ωs

· ∇ψ
)
C [F0s]

〉
ψ

(2.185)

and

〈
π(nc)
s

〉
ψ

= −msc

Zse

〈∫
d3wF (nc)

s w‖b · ∇

{
ms

I2(ψ)w2
‖

B2
+ µs

|∇ψ|2

B2

}〉
ψ

, (2.186)
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

msω(ψ) 〈R2Γs〉ψ is the convective flux of angular momentum with 〈R2Γs〉ψ given by
(cf. (2.170)):

〈
R2Γs

〉
ψ

=

〈
R2

∫
d3w

(
w × b

Ωs

· ∇ψ
)
C [F0s]

〉
ψ

+

〈∫
d3wF (nc)

s w‖b · ∇
[
R2 I(ψ)w‖

Ωs

+R2BR
2ω(ψ)

Ωs

]〉
ψ

−
〈
R2ns

〉
ψ
I(ψ)

〈E ·B〉ψ
〈B2〉ψ

+

〈
R2

〈∫
d3w〈hsVχ〉r · ∇ψ

〉
turb

〉
ψ

,

(2.187)

and the electromagnetic angular momentum flux π(ψφ)
EM is

π
(ψφ)
EM = − (∇ψ) ·

〈
1

4π
δBδB +

1

c
δjδA

〉
turb

· (∇φ)R2. (2.188)

The two terms in the last expression are, respectively, the Maxwell stress and the
advection of electromagnetic momentum by the particles14

1

c
δjδA =

∑
s

∫
d3w〈hsw〉r

Zse

c
δA. (2.189)

2.7.3 Heat Transport and Heating

Turning to heat transport next, we multiply (2.154) by msw
2/2 and integrate over

all velocities to obtain

3

2

∂

∂t
nsTs+∇ ·Qs + Zse

(
∇ϕ0 +

1

c

∂A

∂t

)
· (nsUs) +msnsu · (∇u) ·Us + Πs : ∇u

−
〈∫

d3wmsw · δasδfs
〉

turb

= C(E)
s + S(E)

s ,

(2.190)

where we have defined the heat flux

Qs =

∫
d3w

1

2
msw

2wFs, (2.191)

the collisional energy transfer to (or from) species s

C(E)
s =

∫
d3w

1

2
msw

2C [Fs] , (2.192)

and the energy source

S(E)
s =

∫
d3w

1

2
msw

2Ss. (2.193)

14In the long-wavelength limit, this second term is small as the fluctuating velocity is dominated by
the E ×B velocity, which carries no current.
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2.7. Third Order O(ε3Ωsfs): Transport Equations

Acting in the same vein as for the particle and momentum transport equations,
we now flux-surface average (2.190). This flux-surface average is carried out in Ap-
pendix C.4, where we obtain:

3

2

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′ 〈ns〉ψ Ts +
1

V ′
∂

∂ψ
V ′ 〈qs〉ψ

= P visc
s + POhm

s + P comp
s + P pot

s + P turb
s +

〈
C(E)
s

〉
ψ

+
〈
S(E)
s

〉
ψ
.

(2.194)

Let us detail the terms in this equation.

The Heat Flux.

The “heat flux” qs in (2.194) is defined by the following formula, whose origin is
explained in Appendix C.4.6:

〈qs〉ψ =

〈[
Qs +

(
Zseϕ0 −

1

2
msω

2(ψ)R2

)
nsUs + Zse

〈∫
d3wδϕ′〈hsw〉r

〉
turb

]
· ∇ψ

〉
ψ

+

〈
ns

[
5

2
Ts + Zseϕ0 −

1

2
msω

2(ψ)R2

]
∂ψ

∂t

〉
ψ

. (2.195)

This form of the heat flux is most useful for interpreting its constituent parts. The
first term in the first line of (2.195) is the usual flux of thermal energy, the second
term is the flux of the mean potential energy (electrostatic and centrifugal), and the
third is the flux of the fluctuating electrostatic potential energy. The second line of
(2.195) is minus the flow of heat and energy carried by the motion of the flux surfaces
(remembering that Vψ · ∇ψ = −∂ψ/∂t and observing that the expression multiplying
∂ψ/∂t is the enthalpy carried by the plasma15). As we include the potential energy
fluxes in (2.195), qs is not, strictly speaking, the heat flux in the usual sense. We will
elaborate upon this in §2.7.3 where we discuss the potential energy exchange term
P pot
s . For simplicity, we will continue to refer to 〈qs〉ψ as the radial heat flux. This

usage will be vindicated on physical grounds by the appearance of 〈qs〉ψ multiplying
the temperature gradient in the expression (2.235) for the entropy production.

Unfortunately, (2.195) is not a useful form for actually evaluating the heat flux. An
explicit form for it is calculated in terms of known quantities in Appendix C.5:

〈qs〉ψ =

〈∫
d3wεs

(
w × b

Ωs

· ∇ψ
)
C [F0s]

〉
ψ

+

〈∫
d3wεsF

(nc)
s VDs · ∇ψ

〉
ψ

−
〈
ns

[
5Ts
2

+ Zseϕ0 −
1

2
msω

2(ψ)R2

]〉
ψ

I(ψ)
〈E ·B〉ψ
〈B2〉ψ

+

〈〈∫
d3wεs〈hsVχ〉r · ∇ψ

〉
turb

〉
ψ

.

(2.196)

15The first term is the enthalpy of the ideal gas of species s [77] and the second and third terms are
the potential energy contributions to the internal energy.
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

Let us now examine the heating terms on the right-hand side of (2.194).

Viscous Heating.

This is (see Appendix C.4.2)

P visc
s = −

[ 〈
π(ψφ)
s

〉
ψ

+msω(ψ)
〈
R2Γs

〉
ψ

] dω
dψ

, (2.197)

where
〈
π

(ψφ)
s

〉
ψ

is given by (2.184) and 〈R2Γs〉ψ by (2.187). Usually, the heating due to

the mass flow (the second term inside the square brackets in (2.197)) is not included
in the viscous heating. We group them together here because the term in the square
brackets in (2.197) is precisely the species-dependent term in the total momentum
flux (2.183). We will come back to this point when interpreting the rotational part
of P pot

s in §2.7.3. The combination of momentum fluxes seen in (2.197) will appear
multiplying dω/dψ in the expression (2.235) for the entropy production, vindicating
its interpretation as the total viscous heating of species s.

Ohmic Heating.

The mean Ohmic heating due to the induced parallel electric field is (see Ap-
pendix C.4.3)

POhm
s = Ks(ψ) 〈E ·B〉ψ , (2.198)

where

Ks(ψ) =
Zse

B

∫
d3ww‖F̂1s. (2.199)

Compressional Heating.

This is due to the motion of the flux surfaces and is given by (see Appendix C.4.4)

P comp
s = −Ts 〈ns∇ · Vψ〉ψ = Ts

〈
ns∇ ·

(
∂ψ

∂t

∇ψ
|∇ψ|2

)〉
ψ

, (2.200)

where we have used the expression (2.44) for the velocity Vψ of a flux surface.
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2.7. Third Order O(ε3Ωsfs): Transport Equations

Exchange between Potential and Thermal Energy.

The change in thermal energy due to exchange with the electrostatic and rotational
potential energy is (see Appendix C.4.5)

P pot
s =−

〈
Zseϕ0

(
∂ns
∂t

+ Vψ · ∇ns
)〉

ψ

− 〈Zsensϕ0∇ · Vψ〉ψ

+
ω2(ψ)

2V ′
∂

∂t

∣∣∣∣
ψ

V ′ms

〈
R2ns

〉
ψ
− 1

2
msω

2(ψ)
〈
nsVψ · ∇R2

〉
ψ

+

〈(
Zseϕ0 −

1

2
msω

2(ψ)R2

)
S(n)
s

〉
ψ

.

(2.201)

The first line is the energy exchange with the electrostatic potential energy, the second
the exchange with the rotational energy. More transparently, we can group the terms
in (2.201) involving ϕ0 together with the terms involving ϕ0 in our definition (2.195)
of the heat flux to write the total as

−
〈
Zseϕ0

(
∂ns
∂t

+ Vψ · ∇ns
)〉

ψ

− 〈Zsensϕ0∇ · Vψ〉ψ +
〈
Zsϕ0S

(n)
s

〉
ψ

− 1

V ′
∂

∂ψ
V ′
〈
Zseϕ0nsUs · ∇ψ + Zseϕ0ns

∂ψ

∂t

〉
ψ

= −Zse 〈ns (Us − Vψ) · ∇ϕ0〉ψ ,

(2.202)

the work done by the mean electric field due to ϕ0.16 Unfortunately, we do not know
the small (i.e., of order ε2vthsns) poloidal component of nsUs; the only way of calcu-
lating the right-hand side of (2.202) is to calculate the left-hand side explicitly. This
was the reason for splitting the work done into the “heating” and “flux” terms and
distributing them between (2.201) and (2.195), respectively.

Similarly, gathering the terms involving the rotation in (2.201) and (2.195), as well
as the second term in (2.197) (see discussion in §2.7.3), we can rewrite them as

ω2(ψ)

2V ′
∂

∂t

∣∣∣∣
ψ

V ′ms

〈
R2ns

〉
ψ
− 1

2
msω

2(ψ)
〈
nsVψ · ∇R2

〉
ψ
− 1

2
msω

2(ψ)
〈
R2S(n)

s

〉
ψ

+
1

2V ′
∂

∂ψ
V ′msω

2(ψ)

〈
nsR

2Us · ∇ψ − nsR2∂ψ

∂t

〉
ψ

−msω(ψ)
〈
R2Γs

〉
ψ

dω

dψ

=
1

2
msω

2(ψ)
〈
ns (Us − Vψ) · ∇R2

〉
ψ
.

(2.203)

which is the work done by the centrifugal force (the Coriolis force does no work).
Again, as with the work done by the electric field (2.202), we cannot explicitly evalu-
ate the right-hand side of (2.203).

16Here, Vψ appears because we measure all velocities relative to Vψ and so, for a force F , we con-
sider nsF · Vψ to be work done accelerating the plasma to Vψ , not heating.
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2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

Turbulent Heating.

Finally, the energy exchange with the fluctuations is (see Appendix C.4.1)

P turb
s = Zse

〈〈∫
d3w

〈
hs

(
∂

∂t
+ u · ∇

)
χ

〉
r

〉
turb

〉
ψ

− Zse

c
ω(ψ)

〈〈∫
d3w〈hsw〉r · (δA×∇z)

〉
turb

〉
ψ

= P diss
s − P drive

s .

(2.204)

The last expression reflects the fact that P turb
s consists of two parts (see (E.28) in Ap-

pendix E.4): the turbulent heating (dissipation of fluctuations on collisions):

P diss
s = −

〈〈∫
d3w

Tshs
F0s

C [hs]

〉
turb

〉
ψ

(2.205)

and the energy injection into the fluctuations due to the mean density, temperature
and velocity gradients:

P drive
s =−

〈〈∫
d3w〈hsVχ〉r · ∇ψ

〉
turb

〉
ψ

Ts
d lnNs

dψ

−
〈〈∫

d3w

(
εs −

3

2
Ts

)
〈hsVχ〉r · ∇ψ

〉
turb

〉
ψ

d lnTs
dψ

+

〈〈∫
d3wmsR

2 (∇φ) · 〈vhsVχ〉r · ∇ψ
〉

turb

〉
ψ

dω

dψ
.

(2.206)

This is the energy borrowed from the internal energy of the equilibrium and trans-
ferred into turbulence by such mechanisms as the ITG, PVG, ETG, and other gradient-
driven instabilities [68, 25, 26, 28]. In §2.8, we will show that all of this energy is
eventually returned to the equilibrium via the turbulent heating term: namely, af-
ter summation over species, net turbulent heating – the difference between

∑
s P

drive
s

and
∑

s P
diss
s – is either viscous heating (conversion of rotational energy into heat

at constant internal energy) or due to turbulent electromagnetic energy injected by
antenna-like mechanisms, whose dissipation is the only piece of

∑
s P

diss
s not can-

celled by
∑

s P
drive
s .

Collisional Heating.

Formally, the collisional heating term C
(E)
s is both too large – O(εΩsnsTs) or

O(ε2ΩsnsTs) if all mean temperatures are equal, as C [F0s] ∼ ενF0s if all tempera-
tures are equal – and contains contributions from the gyrophase-independent part of
F2s, which we have not calculated. This problem has arisen from our decision to re-
tain different temperatures for different species, a choice formally inconsistent with
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2.8. Energy Conservation in Multiscale Gyrokinetics

our orderings, as we acknowledged in the footnote preceding (2.85). There are two
naı̈ve solutions to this problem. The first is to respect our ordering and assume that
all temperatures are equal (which follows from (2.84)). In this case we can sum the
heat transport equation (2.194) over all species and, as collisions conserve energy, the
collisional heating term will vanish ∑

s

C(E)
s = 0. (2.207)

Alternatively, if, completely formally, we order the interspecies collision frequency to
be small νs s′ ∼ ε2νs s, then this heating term will simply be the temperature equilibra-
tion between the Maxwellian equilibrium distributions of the species [60]:

C(E)
s =

∑
s′

ν
(E)
s s′ (Ts′ − Ts) , (2.208)

where

ν
(E)
s s′ = 25/2π1/2e4m

1/2
s m

1/2
s′ nsns′Z

2
sZ

2
s′ ln Λs s′

(msTs′ +ms′Ts)
3/2

, (2.209)

and ln Λs s′ is the Coulomb logarithm. However, this stretches the credibility of our
ordering as there is no physical reason for νs s′ to be smaller than νs s in general. Only
in the special case of a very light species (electrons) or a very highly charged species
(large-Zs impurities) is it reasonable to so order the temperature equilibration time.
Thus, we elect to treat electrons separately but sum (2.194) over all other thermal
species (ions), which should all have the same temperature.

2.8 Energy Conservation in Multiscale Gyrokinetics

In this section, we bring together the results of Sections 2.6 and 2.7 to determine
how energy and entropy flow between mean and fluctuating quantities.

Firstly, in §2.8.1, we discuss energy conservation on the transport timescale. We
show that the conserved quantity is the total energy of the plasma – the sum of the
thermal energy of each species, the rotational energy and the magnetic energy. We
also show that the fluctuations can do no net work upon the plasma, i.e., there is no
net turbulent heating. 17

Secondly, in §2.8.2, we derive the conservation laws that hold on the fluctuation
timescale. We show that the conserved quantity is the free energy of the fluctuations.
We then show that its conservation is local, i.e., neighbouring flux surfaces do not
exchange free energy. We also use the steady-state version of this conservation law to

17This holds only in the absence of direct injection of energy into the fluctuating scales – as is (usu-
ally) the case in tokamaks.
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interpret the absence of work done by the fluctuations (demonstrated in §2.8.1) as a
precise balance between two energy flows: kinetic energy of the thermal particle mo-
tion and of the bulk plasma is converted into turbulent fluctuation energy via insta-
bilities driven by mean-field gradients (e.g., ITG [25, 26], ETG [68], PVG [28, 29, 78]);
it is then cascaded to small scales in phase space, where it is dissipated (converted
back into thermal energy) by collisions.

Finally, in §2.8.3, we discuss why the gradients of the magnetic field cannot drive
fluctuations on their own and note the impossibility of anomalous resistivity in our
formalism.

2.8.1 Energy Conservation on the Transport Timescale

Thermal Energy.

We begin by considering the evolution of the total thermal energy. In Ap-
pendix E.1, we sum (2.194) over all species and simplify the result to obtain:

3

2

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′
∑
s

〈ns〉ψ Ts +
1

V ′
∂

∂ψ
V ′

[∑
s

(
〈qs〉ψ − Ts

〈
ns
∂ψ

∂t

〉
ψ

)
− 〈ϕ0j · ∇ψ〉ψ

]

= −
〈
π

(ψφ)
tot

〉
ψ

dω

dψ
+
ω2(ψ)

2V ′
∂

∂t

∣∣∣∣
ψ

V ′J + 〈E · j〉ψ

+
〈
π

(ψφ)
EM

〉
ψ

dω

dψ
+
∑
s

P turb
s +

∑
s

〈
S(E)
s − 1

2
msω

2(ψ)R2S(n)
s

〉
ψ

,

(2.210)

where J is the plasma’s moment of inertia, defined in (2.180), π(ψφ)
tot is defined in

(2.181), π(ψφ)
EM in (2.188), and P turb

s in (2.204). Examining the terms on the right-hand
side of the above equation, we identify the first and second as exchange between ther-
mal and rotational energy, the third as the Ohmic heating associated with the mean
fields, and the last term as the energy injected by the heat and particle sources. We
show in Appendix E.2 (and, by a different route, in §2.8.2) that the fourth and fifth
terms on the right-hand side of (2.210), due to the fluctuations, cancel exactly (see
(E.15)): ∑

s

P turb
s +

〈
π

(ψφ)
EM

〉
ψ

dω

dψ
= 0. (2.211)

Thus, the heating due to turbulence arises entirely out of the turbulent contribution
to π(ψφ)

tot , which results in viscous heating in (2.210) (the first term on the right-hand
side) – converting rotational energy into thermal energy or vice versa.
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2.8. Energy Conservation in Multiscale Gyrokinetics

Rotational Energy.

The last point is made manifest by considering the evolution of the rotational ki-
netic energy. Multiplying (2.179) by ω(ψ), we obtain

1

2

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′Jω2(ψ) +
1

V ′
∂

∂ψ
V ′ω(ψ)

〈
π

(ψφ)
tot

〉
ψ

=
〈
π

(ψφ)
tot

〉
ψ

dω

dψ
− ω2(ψ)

2V ′
∂

∂t

∣∣∣∣
ψ

V ′J + ω(ψ)
〈
S(ω)

〉
ψ
,

(2.212)

where we have written the left-hand side as an exact time derivative and an exact
spatial derivative and collected the terms arising from this manipulation on the right-
hand side so as to parallel (2.210). We now add (2.212) to (2.210) to find

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′U+
1

V ′
∂

∂ψ
V ′
〈
Γ(U)

〉
ψ

= 〈E · j〉ψ

+
∑
s

〈
S(E)
s + ω(ψ)S(ω) − 1

2
msω

2(ψ)R2S(n)
s

〉
ψ

,

(2.213)

where the total kinetic energy of the plasma (thermal energy and rotational kinetic
energy) is

U =
∑
s

3

2
〈ns〉ψ Ts +

1

2
Jω2(ψ), (2.214)

and its flux is〈
Γ(U)

〉
ψ

=
∑
s

(
〈qs〉ψ − Ts

〈
ns
∂ψ

∂t

〉
ψ

)
+ ω(ψ)

〈
π

(ψφ)
tot

〉
ψ
− 〈ϕ0j · ∇ψ〉ψ

=

〈{∑
s

[
Qs +

1

2
msω

2(ψ)R2nsUs + u ·Πs

]
+

c

4π
〈δE × δB〉turb

}
· ∇ψ

〉
ψ

+

〈
U
∂ψ

∂t

〉
ψ

.

(2.215)

The two forms of
〈
Γ(U)

〉
ψ

written above are shown to be equivalent in Appendix E.3.
They serve two different purposes. The former is easier to evaluate for a specific prac-
tical implementation of the transport equations, while the latter is easier to interpret
physically. In the second form of Γ(U), the terms are identified as: the heat flux (see
footnote in §2.7.3 before (2.196)), the flux of rotational energy, the energy flux due to
the viscous stress, the Poynting flux due to the fluctuations and a term due to the
motion of flux surfaces.

Magnetic Energy.

The evolution equation (2.213) for U has two sources on the right-hand side:
Ohmic heating and energy injection due to heat and particle sources. Let us now
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express the Ohmic heating term (the first term on the right-hand side of (2.213)) by
using Poynting’s theorem for the mean fields:

∂

∂t

B2

8π
+

c

4π
∇ · (E ×B) = −E · j. (2.216)

Averaging this equation over a flux surface and adding it to (2.213), we obtain

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′

(
U +

〈B2〉ψ
8π

)
+

1

V ′
∂

∂ψ
V ′

(〈
Γ(U)

〉
ψ
− c

4π
I(ψ) 〈E ·B〉ψ +

〈
3B2

8π

∂ψ

∂t

〉
ψ

)

=
∑
s

〈
S(E)
s + ω(ψ)S(ω) − 1

2
msω

2(ψ)R2S(n)
s

〉
ψ

,

(2.217)

where we have used the flux-surface-average identities (2.39) and (2.45) and B ×
∇ψ = −I(ψ)B +R2B2∇φ to rewrite the radial Poynting flux in the following way:

(E ×B) · ∇ψ = −I(ψ)E ·B +R2B2E · ∇φ = −I(ψ)E ·B +
B2

c

∂ψ

∂t
. (2.218)

Equation (2.217) is the desired energy conservation law on the transport timescale:
there are no sources save those explicitly contained in the kinetic equation.

Note that, as (2.216) contains no contribution from the fluctuations, turbulence
cannot cause any exchange between the total kinetic energy U and the energy of the
mean magnetic field. These results, surprising at first glance, in fact follow directly
from Poynting’s theorem for the fluctuating fields:

∂

∂t

δB2

8π
+

c

4π
∇ · (δE × δB) = −δE · δj, (2.219)

where we have dropped the energy in the electric field as it is negligible for non-
relativistic plasmas. Averaging (2.219) over the fluctuations gives

c

4π
∇ · 〈δE × δB〉turb = −〈δE · δj〉turb, (2.220)

as the time derivative of the averaged fluctuating magnetic energy is ε2 smaller than
the other two terms. This clearly demonstrates that the work done on the particles by
the fluctuating fields (the right-hand side) is balanced by the Poynting flux of fluctu-
ating electromagnetic energy (the left-hand side), so the fluctuations cannot change
the total kinetic energy U . The Poynting flux associated with the fluctuations ap-
pears explicitly in the second line of (2.215). If we wished to consider electromagnetic
fluctuations driven by an external source, this would enter the energy-conservation
equation not through a source term but through the fluctuating Poynting flux at the
plasma boundary. We will return to the physical interpretation of this result in §2.8.3,
after discussing the conservation of free energy in the next section.
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2.8.2 Free Energy Conservation and the Turbulent Cascade

In this section, we derive the fluctuating counterpart to the energy conservation
law of the previous section. The conserved (cascading) quantity for kinetic turbulence
is not the energy of the fluctuations, but is in fact a combination of the entropy and
the energy known as the free energy [38, 39, 40, 41]. In our notation, this quantity is

W (ψ) =
∑
s

〈〈∫
d3w

Tsδf
2
s

2F0s

〉
⊥

〉
ψ

+

〈〈
δB2

8π

〉
⊥

〉
ψ

, (2.221)

where we have averaged over an annular region of space centered on the flux sur-
face labelled by ψ (the composition of the flux-surface average and the perpendicular
spatial average)18, but not over time. The first term in (2.221) is −

∑
s TsδSs, where

δSs is the part of the mean entropy density of species s due to the fluctuations (note
that this is not the same as the fluctuating part of the entropy density because δSs has
a nonzero average; see §2.9.1). Thus, (2.221) agrees with the usual thermodynamic
definition of Helmholtz free energy.

In Appendix E.4, we derive an evolution equation for W from the gyrokinetic
equation (2.144):

∂

∂t

∣∣∣∣
ψ

W =
∑
s

〈〈∫
d3w

〈
Tshs
F0s

C [hs]

〉
r

〉
⊥

〉
ψ

−
∑
s

〈〈∫
d3w〈hsVχ〉r

〉
⊥
· ∇ψ

〉
ψ

Ts

(
d lnNs

dψ
− 3

2

d lnTs
dψ

)
−
∑
s

〈〈∫
d3wεs〈hsVχ〉r

〉
⊥
· ∇ψ

〉
ψ

d lnTs
dψ

−

〈
R2 (∇φ) ·

[∑
s

〈∫
d3w〈vhsVχ〉r

〉
⊥
−
〈

1

4π
δBδB +

1

c
δAδj

〉
⊥

]
· ∇ψ

〉
ψ

dω

dψ
.

(2.222)

This is the free-energy balance on a given flux surface.

The Local Cascade Law.

Before interpreting the sources and sinks in this equation, we would like to high-
light the fact that there is no flux of free energy – the turbulent cascade of free en-
ergy is essentially local and does not couple neighbouring flux surfaces. This means
that turbulence excited on a given flux surface must dissipate on that surface and,

18For the purposes of this section, we can visualise a flux surface as having a finite width (compa-
rable to the intermediate length scale λ introduced in §2.2.1) and so in our discussion we will drop the
distinction between a flux surface and the annulus centered upon it.
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moreover, that the turbulence is excited by the local gradients and cannot be excited
by turbulence spreading from neighbouring flux surfaces. Succinctly: that which is
stirred up in the flux surface, stays in the flux surface – the local (in space) cascade law of
tokamak turbulence.

Sources and Sinks of Free Energy.

The first term on the right-hand side of (2.222) is the sink of free energy due to
collisional dissipation19. The remaining source terms are the entropy generated by
the turbulent fluxes transporting mean quantities along their gradients. As the fluxes
are generally dominated by the largest turbulent scales and the collisional dissipa-
tion is most important when acting on the smallest scales (in phase space), we can
interpret (2.222) in terms of a cascade in phase space analogous to the Kolmogorov
cascade of energy in hydrodynamic turbulence [40, 41]: fluctuations are excited at
large scales, then nonlinearly cascaded, whilst conserving W , to small scales, where
they are destroyed by collisional dissipation.

It is important to note that only gradients in the thermodynamic and mechanical
quantities (density, temperature and angular velocity) appear in the right-hand side
of (2.222). Only gradients in those quantities represent deviations from the global
thermodynamic equilibrium and can, therefore, drive fluctuations (as the presence of
fluctuations implies non-zero W ). Gradients in the magnetic field strength or mag-
netic curvature do not have this property; the relaxation of the mean magnetic field
to a minimum energy state proceeds independently of the fluctuations (i.e., there is
no fluctuating contribution to (2.216); see further discussion in §2.8.3).

Statistically Steady-State Turbulence.

Time averaging (2.222), we see that a balance between free-energy injection and
dissipation is set up on a timescale much shorter than the intermediate time T (in-
troduced for the purposes of time averaging in §2.2.1). This balance can be written
as ∑

s

P drive
s −

〈
π

(ψφ)
EM

〉
ψ

dω

dψ
=
∑
s

P diss
s , (2.223)

where P drive
s and P diss

s are defined by (2.206) and (2.205), respectively, and π
(ψφ)
EM by

(2.188). This is another derivation of (2.211). This clearly demonstrates that the
steady-state turbulence extracts all its energy from the equilibrium, but it also re-
turns exactly the same amount of energy via collisions. This explains how the fluctu-

19The fact that it is a sink and not a source follows from the H-Theorem for the linearised collision
operator C [hs] (see §2.9.2).

50



2.8. Energy Conservation in Multiscale Gyrokinetics

ations can be continuously driven and dissipated without changing the total kinetic
energy U . Turbulence can, however, move energy between various constituent parts
of U , notably energy extracted from one species does not have to be returned to that
species, and so fluctuations can redistribute energy between species (subject to the
caveats about temperature equilibration at the end of §2.7.3). This can lead to system-
atic dependences of equilibrium temperatures on the nature of the species, e.g., in the
case of effective heating of heavy minority ions [79].

Similarly, turbulence can convert rotational energy into thermal energy (or even
vice versa, e.g., if there is an angular momentum pinch or intrinsic rotation [80, 81]).

Equation (2.222) implies that in order to sustain a non-zero steady-state flux of
particles, heat or angular momentum, collisional dissipation is required. This is the
reason, alluded to in §2.2.4, why it was crucial to retain C [δfs] at the same order as
∂δfs/∂t. Similarly, this is why all simulations of the gyrokinetic equation (2.144) have
to include some dissipation in order to reach a steady state [38, 82, 83].

2.8.3 The Special Status of the Mean Magnetic Field

At several points in the above discussion, we have noted that the mean magnetic
field behaves very differently from the other mean fields. In this section, we collect
these individual points together to further elucidate the special role that the mean
magnetic field plays in multiscale gyrokinetics.

The mean magnetic field is determined from the Grad-Shafranov equation (2.136)
and the evolution equation for the safety factor q(ψ) (2.143) (see the detailed discus-
sion in §2.6.3). These equations contain no direct contribution from the fluctuations.
In this sense they are very different from the transport equations determining the
mean density, velocity, and temperature profiles. This separation is also reflected in
the energetics of the magnetic field. The fluctuations cannot directly convert magnetic
energy into thermal energy (note the absence of any fluctuation-dependent term in
(2.216)). Correspondingly, the magnetic field is not a source of turbulent free energy
(there are no source terms in (2.222) arising from gradients in B), i.e., energy cannot
be borrowed from the magnetic field to fuel fluctuations in the same way that it can
be from the thermal or kinetic energy of the plasma.

Ultimately, these results imply that there is no turbulent contribution to the dif-
fusion of mean magnetic flux. The fluctuations considered here cannot reconnect the
mean magnetic field, i.e., they can change the topology of the total magnetic field
B̃ = B + δB but only on small spatial and temporal scales, while the topology of B
is preserved – indeed this is true automatically as we assumed axisymmetry of the
equilibrium (see §2.2.2). Equivalently, we can say that there is no anomalous resistiv-
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ity due to gyrokinetic turbulence (i.e., the evolution of q(ψ), given by (2.143), cannot
be sped up by turbulence).

2.9 Entropy Flows and the Thermodynamics of

Multiscale Gyrokinetics

In the preceeding section, we have established the nature of the energy flows,
both between the equilibrium fields and the fluctuations, and between neighbouring
flux surfaces. In this section, we discuss these results in explicitly thermodynamic
language.

In §2.9.1, we derive an evolution equation for the mean entropy and show that this
is not only consistent with the above results but also provides further evidence that
flux surfaces interact only through particle, momentum and heat fluxes (as opposed
to turbulence spreading). In §2.9.2, we relate the evolution of the mean entropy to
notions of dissipation and equilibration through Boltzmann’s H-Theorem. In §2.9.3,
we relate the sources of mean entropy to sinks of free energy discussed previously.
We discover that dissipation increases mean entropy via three routes: collisional and
turbulent temperature equilibration, Ohmic heating due to the induced electric field,
and fluxes that strive to flatten gradients in the thermodynamic quantities ns, Ts and
ω(ψ). We also discuss the effects that can occur in systems where two or more equili-
bration mechanisms compete.

2.9.1 Entropy Balance

The (Boltzmann) entropy density of species s is given by

H̃s = −
∫
d3wfs ln

(
8π3~3fs
m3
s

)
, H̃ =

∑
s

H̃s, (2.224)

where ~ is Planck’s constant.20 To lowest order in ε, fs = F0s and so the mean entropy
density of the plasma is

H =
〈
H̃
〉

turb
= −

∑
s

ns

[
ln

(
ns
nQs

)
− 3

2

]
+O(εH), (2.225)

where nQs = (msTs/2π~2)
3/2 is the quantum density of states for the ideal gas of

species s. This is just the standard result for a mixture of ideal gases in local thermo-
dynamic equilibrium [77], as expected. We are in local thermodynamic equilibrium:

20For an explanation of this suprise appearance of ~ in a classical formula see §7 of [77].
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fs is Maxwellian to lowest order (the equilibrium is local, not global, as ns and Ts are
functions of space). Because we are considering a given flux surface, the presence
of the rigid rotation ω(ψ) does not contribute to the entropy density at this surface.
Expanding fs = Fs + δfs, we find an expression for the mean entropy density that
retains terms up to order ε2:

H = −
∑
s

∫
d3wFs ln

(
8π3~3Fs
m3
s

)
−
∑
s

〈∫
d3w

δf 2
s

2Fs

〉
turb

+O(ε3H), (2.226)

where the first term is the entropy of the mean distribution Fs and the second term is
the contribution from the fluctuations, δSs, which was introduced in the discussion
of free-energy conservation (see (2.221); in (2.226), δSs is also time-averaged).

We now derive an evolution equation for H. Multiplying the kinetic equation
(2.1) by − [1 + ln (8π3~3fs/m

3
s)], integrating over all velocities, summing over species,

averaging over the fluctuations and over a flux surface, we obtain

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′ 〈H〉ψ +
1

V ′
∂

∂ψ
V ′
〈
Γ(H)

〉
ψ

=
〈
C(H)

〉
ψ

+
〈
S(H)

〉
ψ
, (2.227)

where we have used (2.45) to simplify the time derivative, (2.39) for the flux-surface
average of a divergence, and defined the radial entropy flux

Γ(H) = −
∑
s

〈∫
d3wvfs ln

(
8π3~3fs
m3
s

)〉
turb

· ∇ψ +H
∂ψ

∂t
, (2.228)

the collisional entropy production

C(H) = −
∑
s

〈∫
d3w ln

(
8π3~3fs
m3
s

)
C [fs]

〉
turb

, (2.229)

and the explicit entropy source

S(H) = −
∑
s

〈∫
d3w

[
1 + ln

(
8π3~3fs
m3
s

)]
Ss

〉
turb

= −
∑
s

[
ln

(
ns
nQs

)
S(n)
s −

3

2

S
(E)
s

Ts

]
.

(2.230)

In Appendix E.5, we show that the entropy flux (2.228) can be written in terms of
the particle and heat fluxes through a flux surface as follows〈

Γ(H)
〉
ψ

= −
∑
s

[(
1 +

Υs

Ts

)
〈Γs〉ψ +

〈qs〉ψ
Ts

]
, (2.231)

where we have introduced the chemical potential of an ideal gas of particles of
species s:

Υs(ψ) = Ts ln

(
ns
nQs

)
+ Zseϕ0 −

1

2
msω

2(ψ)R2 = Ts ln

(
Ns

nQs

)
, (2.232)

53

http://arxiv.org/pdf/1209.4782v1#subsection.E.5


2. FLUCTUATIONS, TRANSPORT AND ENERGY FLOWS

(we used (2.96) to obtain the last equality; note that the last two terms of the first
equality are the potential energy per particle). Equation (2.231) is analogous to the
same result for a mixture of ideal gases [84, 85]. We have already seen, in §2.7, that
each annulus interacts with neighbouring annuli via the particle, momentum, and
heat fluxes. The expression (2.231) for the entropy flux shows that the annuli ex-
change entropy only through the particle and heat fluxes (but not momentum, as we
should expect, given that the mean entropy density does not depend upon ω(ψ)).

By expanding fs in terms of Fs and δfs, we can write the mean (collisional) entropy
production term as

〈
C(H)

〉
ψ

=−
∑
s

∫
d3w

〈
ln

(
8π3~3Fs
m3
s

)
C [Fs]

〉
ψ

−
∑
s

∫
d3w

〈〈
hs
F0s

C [hs]

〉
turb

〉
ψ

+O(ε4ΩsH),

(2.233)

where we have used (2.104) for δfs. In this expression, we can clearly identify the
separate contributions from collisional dissipation of Fs and collisional dissipation of
δfs. It is important to note that the second term in (2.233) is minus the time average
of the first term on the right hand side of (2.222) – the rate of entropy production due
to the fluctuations is precisely the rate at which free energy is dissipated.

We determined in §2.8 that the energy budget for the fluctuations consists of bor-
rowing some energy from the mean thermal or bulk kinetic energy, cascading it to
small scales, and then returning it. We also showed that in this process no net work
was done on the plasma. We seem to have arrived at a contradictory result: we know
that, in the absence of viscous heating, there is no local heating, but (2.233) shows
that we have a monotonically increasing entropy (the right-hand side of (2.233) is
positive-definite if we are away from thermodynamic equilibrium). This apparent
contradiction is resolved in the next two sections, where we consider the precise na-
ture of the thermodynamic equilibration of our system.

2.9.2 Boltzmann’s H-Theorem and Global Equilibrium

Boltzmann’s H-Theorem [86] states that for a homogenous dilute gas of hard
spheres, the entropy H̃s, as defined by (2.224), is non-decreasing and the only steady-
state distribution is a Maxwellian. Let us examine the corresponding theorem for the
plasmas under consideration here. The general form of the H-Theorem for a dilute
plasma is: if fs(r,v) is the distribution function for species s, then [60]∑

s

∫
d3v ln fsC [fs] ≤ 0, (2.234)
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with equality achieved if and only if for each species fs is a Maxwellian distribution
and all their temperatures and mean velocities are equal. We have already called
upon this result in §2.5.1 to prove that F0s is Maxwellian. We now examine its impli-
cations for the thermodynamics of the plasma.

First of all, we see that C(H) ≥ 0, i.e., collisions generate entropy. Moreover, the
two terms in the expression (2.233) for C(H) are separately non-negative. Thus, the
relaxation of the equilibrium Fs and the dissipation of the turbulent free energy are
separate net sources of entropy.

It is instructive to discuss the equilibrium towards which these relaxation process
are driving the system. In the absence of sources or fluxes of entropy connecting the
plasma to the outside world, the system is in a global equilibrium if C(H) vanishes
when integrated over the plasma volume. However, as

〈
C(H)

〉
ψ

is positive definite
on each flux surface, for its volume integral to vanish, it must vanish locally on each
surface. From the H-Theorem, we know that this is the case only if fs is a Maxwellian
up to possible errors ofO(ε2fs) (these smaller deviations from a Maxwellian generate
an evolution of the entropy on timescales longer than τE and so are negligible). By ap-
plying the H-theorem to the first term of (2.233), we see that Fs must be Maxwellian
for C(H) to vanish. From the explicit expression (B.7) for Fs (Appendix B), we con-
clude that for Fs to be Maxwellian, all the gradients in F0s (i.e. those of ns, Ts and ω)
must vanish and the neoclassical distribution function F (nc)

s must also be Maxwellian
(in the absence of gradients in F0s, (2.119), which determines F (nc)

s , admits purely
Maxwellian solutions).21 Thus, collisions, which drove the distribution on each flux
surface to be Maxwellian on shorter timescales, now strive to smooth out the gradi-
ents between the flux surfaces.

The H-theorem has determined the form of the background distribution function,
the direction of the free-energy cascade from injection scales to collisional scales in
phase space, and it has determined the ultimate equilibrium to which the system
wishes, in some sense, to arrive at. There remains but one issue to clarify: how the
relaxation towards this global equilibrium is achieved.

2.9.3 Approach to Equilibrium and Multichannel Transport.

The precise nature of the relaxation process is hidden inside the entropy produc-
tion terms in (2.233). In Appendix E.6, we show that the collisional dissipation in
(2.233) can be expressed entirely in terms of fluxes through a flux surface and local

21Even though we do not have an evolution equation for it, F (nc)
s evolves in time due to the time

evolution of the right-hand side of (2.119) and the time evolution of the collision frequency.
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relaxation terms22 [7, 8]:

〈
C(H)

〉
ψ

=
∑
s

1

Ts

(〈
C(E)
s

〉
ψ

+ P turb
s + POhm

s

)
−
∑
s

{
〈Γs〉ψ

d

dψ

Υs

Ts
+
〈qs〉ψ
Ts

d lnTs
dψ

+
1

Ts

[〈
π(ψφ)
s

〉
ψ

+msω(ψ)
〈
R2Γs

〉
ψ

] dω
dψ

}
,

(2.235)

where C(E)
s is defined in (2.192), P turb

s in (2.204), POhm
s in (2.198), 〈Γs〉ψ in (2.170), Υs

in (2.232), 〈qs〉ψ in (2.196),
〈
π

(ψφ)
s

〉
ψ

in (2.184), and 〈R2Γs〉ψ in (2.187). Note that

d

dψ

Υs

Ts
=
d lnNs

dψ
− 3

2

d lnTs
dψ

. (2.236)

We now interpret (2.235), term by term.

The first term is just the collisional equilibration of mean temperatures; it vanishes
if all temperatures are equal.

The second term contains two effects. Firstly, if all temperatures are equal
(Ts = T ), then we can use (2.211) to write this term as a viscous heating term due
to
〈
π

(ψφ)
EM

〉
ψ

and combine it with the last term in (2.235) to form the total viscous heat-

ing−(1/T )
〈
π

(ψφ)
tot

〉
ψ
dω/dψ. Secondly, if there is no rotation (ω = 0) then we find that,

from (2.211),
∑

s P
turb
s = 0. Therefore, in the absence of rotation, this term represents a

change in entropy not due to net heating but due to the differential heating of different
species by the turbulence. Hence, in the absence of rotation, this term is a source of
entropy if it equilibrates temperatures but a sink of entropy if it drives them apart.
That this term can generate entropy without net heating is part of the resolution of
the apparent contradiction noted at the end of §2.9.1.

The third term in (2.235) is the Ohmic heating due to the induced parallel electric
field.

The remaining terms in (2.235) (the second sum) can be interpreted as fluxes mul-
tiplying their corresponding gradients.

The first term contains the particle flux and the gradient of the local chemical
potential. The appearance of the chemical potential is natural as we can consider the
flux surface to be a thermodynamic system that can gain or lose particles.

The second term is just the heat flux (in the extended definition adopted in §2.7.3)
multiplying the temperature gradient.

22We note that this is a somewhat arbitrary distinction. For example, the viscous heating (the last
term in (2.235)) can be considered as a flux-gradient term for the flux of angular momentum, or a local
heating term.
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Finally, the term multiplying the angular velocity gradient is not precisely the
momentum flux as the electromagnetic momentum flux π(ψφ)

EM is hidden within P turb
s

as discussed above. This ambiguity arises because, if the temperatures are unequal,
it is impossible to separate uniquely the temperature equilibration due to turbulence
driven by angular velocity shear and viscous heating due to the angular momentum
flux driven by the turbulence.

Individually, these flux-gradient terms are positive for any flux that acts to flat-
ten the corresponding gradient, and negative if the flux steepens the gradient.23 The
presence of turbulent contributions to the fluxes in these terms is the second part of
the resolution of the contradiction that was raised at the end of §2.9.1 – the fluctua-
tions can increase entropy without heating the plasma by flattening gradients. From
(2.234), we know that C(H) is positive. However, it is clearly possible to have some
negative terms in (2.235) without violating this constraint – up-gradient fluxes of par-
ticles, heat, or momentum are examples of just such negative terms. It is the multi-
channel nature of the transport that allows such phenomena: offsetting a pinch in one
channel against a larger outward flux in another to observe a net increase in entropy.

Stating that the transport is multi-channel simply means that gradients in any one
thermodynamic quantity (ns, Ts, or ω) can drive fluxes of any other quantity. For ex-
ample, trapped-electron-mode turbulence can be driven predominantly by the elec-
tron density gradient but produces both a particle flux and an electron heat flux [87].
Combining this multi-channel property and the fact that the terms due to the fluctua-
tions in (2.235) can have differing signs and are only constrained to be positive upon
summation can result in suprising effects – such as the spontaneous steepening of a
gradient in ω merely from temperature-gradient driven turbulence [81].

Finally, we note that, as expected from the discussions in §2.8.3, gradients of the
mean magnetic field do not appear as sources of entropy.

2.10 Multiscale Gyrokinetics at Low Mach Number

In Sections 2.3–2.7, a multiscale hierarchy of equations is derived from the Fokker-
Planck kinetic equation by a systematic expansion in ε = ρ/a. The full generality of
these equations is, in fact, unnecessary for a large class of plasma conditions, namely

23Take, for example, the first term in the sum, which is the entropy production arising from the par-
ticle flux 〈Γs〉ψ and the density gradient d lnNs/dψ; assume all other gradients are zero. If ψ increases
away from the magnetic axis, 〈Γs〉ψ will be positive for a flux or particles that is going away from the
magnetic axis and d lnNs/dψ will be negative for a density profile that is peaked on-axis. Thus, their
contribution to the entropy production −

∑
s 〈Γs〉ψ (d lnNs/dψ) will be positive for a flux that relaxes

the gradient, and negative for one that steepens it. This is independent of the definition of ψ as it enters
in both terms and the effect of flipping the sign of ψ cancels between the two.
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those where the Mach number M = Rω(ψ)/ vths of the toroidal rotation is low, i.e.,
M � 1. In this section, we investigate the low-Mach-number limit: formulating the
expansion inM � 1 precisely in §2.10.1 before presenting the results of this expansion
in Sections 2.10.2–2.10.6. It is not necessary to read the detailed derivations in Sections
2.3–2.8 and their attendant appendices to use the results presented this section; how-
ever familiarity with the notation of Sections 2.1 and 2.2 will be assumed. Because
of the considerable simplifications that the low-Mach-number expansion brings, the
exposition in this section can be read as an easier-to-grasp summary of the basic struc-
ture of multiscale gyrokinetics.

2.10.1 The Low-Mach-Number Ordering

There are two distinct low-Mach-number regimes. In the extreme limit of M ∼ ε,
all dependence on the angular velocity ω drops out of the equations for both the
mean and fluctuating fields, and (2.179) is no longer sufficient to calculate angular
momentum transport. This is the “low-flow regime” discussed in detail in [88, 43]. In
this chapter, we deal instead with the intermediate limit where ε � M � 1. This is
the expected parameter regime for many current and future fusion experiments (see
Table. 1.1 in §1.1).

There are two physical effects of plasma rotation that survive in this limit. They
are, firstly, the suppression of small-scale turbulence by the perpendicular flow
shear [89, 90] 24 (the u · ∂hs/∂Rs term in (2.144)) and, secondly, the instability drive
due to the parallel flow shear that can itself excite turbulence [28, 29, 78] (the dω/dψ
term on the right-hand-side of (2.144)). We retain the first of these terms by ordering
the fluctuating frequency in the plasma frame

(
∂

∂t
+ u · ∇

)
∼ vths

a
(2.237)

independently of the Mach number. The shear in the flow is hidden within the spatial
dependence of the velocity. To make the presence of perpendicular flow shear more
transparent, we assume that the domain of interest is shorter than the length scale of
the flow and then expand the velocity around its value u0 at the centre of the domain

24The physics of the suppression of turbulence by sheared flows was originally discussed in these
papers in the context of poloidal flows. The crucial fact is not that the flow shear is poloidal, but that it
is perpendicular to the magnetic field. Thus, the same physical mechanisms (shearing apart of eddies,
tilting of eddies due to the flow shear) apply here, despite the fact that the perpendicular shear comes
from a purely toroidal flow.
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Rs0: (
∂

∂t
+ u(Rs) ·

∂

∂Rs

)
hs =(

∂

∂t
+ u0 ·

∂

∂Rs

)
hs + (Rs −Rs0) · [∇u(Rs0)] · ∂hs

∂Rs

+ · · · .
(2.238)

The second term on the right-hand side of this expression is now explicitly the action
of the perpendicular flow shear upon the distribution function hs. To retain only
the part of this term due to shear in ω, we formally order the gradients of ω(ψ) to
be sharp: a∇ lnω(ψ) ∼ M−1 so that dω/dψ is zeroth-order in M . For conciseness,
we will continue to write the advection term unexpanded as u(Rs)∂/∂Rs, but the
reader should keep in mind the idea of solving these equations in a small domain
and Taylor-expanding the mean velocity field.

This ordering for the gradients of ω is also precisely the ordering required to retain
the parallel-velocity-gradient drive term on the right-hand side of the gyrokinetic
equation. We also order the timescale of variation of ω(ψ, t) as MτE rather than τE , in
order to retain the transport-time variation of the velocity. With these orderings, we
will be able to keep the two effects we wish to examine and neglect all other effects of
rapid toroidal rotation, e.g., Coriolis and centrifugal forces. In the following sections,
we will apply this low-Mach-number expansion to the multiscale hierarchy derived
in the preceding sections and present the ensuing equations to leading order in M .

2.10.2 Mean Fields

First we derive the equations for the mean distribution function Fs and the mean
fields E and B.

In the low-Mach-number limit, the mean distribution function is given by (see
§2.10.3 for details)

Fs = F0s (ψ(Rs), εs) + F̂1s (Rs, εs, µs, σ) +
I(ψ)w‖

Ωs

∂F0s

∂ψ
+O (εMfs) , (2.239)

F0s = ns(ψ(Rs))

[
ms

2πTs(ψ(Rs))

]3/2

e−εs/Ts(ψ(Rs)), (2.240)

where ns and Ts are the density and temperature of species s, the energy variable is
now given by (cf. (2.70))

εs =
1

2
msw

2 +O(M2Ts), (2.241)

and Rs and µs are still given by (2.64) and (2.66), respectively. The distinction between
the particle velocity v and the peculiar velocity w = v − u can now be dropped, and
so we use w as the particle velocity throughout this section. The neoclassical part
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of the mean distribution function, F̂1s, is found from (2.118) and (2.120)–(2.122), as
before.

The mean electric field is

E = −∇Φ(ψ) +O
(
εM2vths

c
B
)
, (2.242)

where Φ is related to the angular velocity ω(ψ) through (2.61). The mean magnetic
field is given by the two functions ψ(R, z) and I(ψ) via (2.31). In the low-Mach-
number limit, (2.136) becomes the usual Grad-Shafranov equation:

∆∗ψ = −4πR2
∑
s

dps
dψ
− I(ψ)

dI

dψ
, (2.243)

where ps = nsTs is the pressure of species s, which is now a flux function (see §2.10.3).
The second component of the magnetic field, I(ψ), is determined by the same method
as in the high-flow regime – this is detailed in §2.6.3.

2.10.3 Vanishing of Centrifugal Effects

As an example of how these results have been obtained, let us prove explicitly
that ϕ0 and the poloidal variation of the density (see §2.5.3) vanish in the low-Mach-
number limit. First, we expand the lowest-order quasineutrality condition (2.97) in
powers of M to find

∑
s

ZsNs(ψ) exp

[
−Zseϕ0

Ts(ψ)

]
= O

(
M2ns

)
. (2.244)

Since the only spatial dependence in (2.244) is via ψ, we know that the solution (for
ϕ0, given Ns) will be of the form ϕ0 = ϕ0(ψ) + O(TsM

2/Zse). However, we have
defined ϕ0 so that it has no flux-surface average (see (2.58) and (2.59)). Thus, ϕ0 must
vanish to lowest order in M2. Therefore, from (2.96), we find ns = Ns(ψ) +O(M2ns).
Thus, ns is a flux function to the required order in M and we can drop the distinction
between Ns and ns. The quasineutrality constraint (2.244) then reduces to∑

s

Zsns(ψ) = 0. (2.245)

2.10.4 Fluctuations

In the low-Mach-number limit, the fluctuating distribution function is (cf. (2.104))

δfs = −Zse
Ts

δϕ(r)F0s + hs (Rs, εs, µs, σ) +O (εMf) , (2.246)
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where δϕ is the fluctuating electrostatic potential, which determines the fluctuating
electric field to the required order:

δE = −∇δϕ+O
(vths

c
εMB

)
. (2.247)

The gyrokinetic distribution function hs is given by the low-Mach-number gyroki-
netic equation, which is the same as (2.144) but with centrifugal and Coriolis effects
neglected:[

∂

∂t
+ u(Rs) ·

∂

∂Rs

]
hs +

(
w‖b + VDs + 〈Vχ〉R

)
· ∂hs
∂Rs

− 〈C [hs]〉R

=
ZseF0s

Ts

[
∂

∂t
+ u(Rs) ·

∂

∂Rs

]
〈χ〉R −

[
∂F0s

∂ψ
+
msI(ψ)w‖F0s

TsB

dω

dψ

]
〈Vχ〉R · ∇ψ,

(2.248)

where the guiding-centre drift velocity is now (cf. (2.111))

VDs =
b

Ωs

×
(
w2
‖b · ∇b +

1

2
w2
⊥∇ lnB

)
+O(εMvths). (2.249)

The definition of χ is now

χ = δϕ− 1

c
w · δA, (2.250)

because δϕ′ ≈ δϕ in the low-Mach-number limit. The definitions (2.110) of Vχ and
(2.72) of the gyroaverage remain unchanged.

The equation for hs is closed through constitutive relations for the fluctuating
fields. The fluctuating potential δϕ obeys the quasineutrality condition (cf. (2.146)):

∑
s

Z2
s e

2nsδϕ

Ts
=
∑
s

Zse

∫
d3w〈hs〉r (2.251)

and the fluctuating magnetic field is δB = δB‖b + b×∇δA‖, with δA‖ and δB‖ deter-
mined from the parallel (2.149) and perpendicular (2.153) components of Ampère’s
law (2.153), respectively.

2.10.5 Transport

The long-time evolution of the densities ns and temperatures Ts are given by the
low-Mach-number limits of the transport equations (2.166), (2.179), and (2.194) of
§2.7:25

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′ns +
1

V ′
∂

∂ψ
V ′ 〈Γs〉ψ =

〈
S(n)
s

〉
ψ
, (2.252)

25With the transport-time variation of ω(ψ) ordered as M−1 as discussed in §2.10.1, all terms in
(2.179) are the same order.
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1

V ′
∂

∂t

∣∣∣∣
ψ

V ′Jω +
1

V ′
∂

∂ψ
V ′
〈
π

(ψφ)
tot

〉
ψ

=
〈
S(ω)

〉
ψ
, (2.253)

3

2

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′ps +
1

V ′
∂

∂ψ
V ′ 〈qs〉ψ =

P visc
s + POhm

s + P comp
s + P turb

s +
〈
C(E)
s

〉
ψ

+
〈
S(E)
s

〉
ψ
. (2.254)

The expressions (2.170) for the particle flux 〈Γs〉ψ, (2.164) for the particle source S(n)
s ,

(2.180) for the moment of inertia J , and (2.193) for the energy source S(E)
s are all un-

changed in the low-Mach-number limit. The momentum flux (2.183), source (2.175),
and the heat flux (2.196) lose some terms that are higher-order in M :〈

π
(ψφ)
tot

〉
ψ

=
∑
s

〈
π(ψφ)
s

〉
ψ

+
〈
π

(ψφ)
EM

〉
ψ
, (2.255)

where
〈
π

(ψφ)
s

〉
ψ

and π
(ψφ)
EM are given by (2.184) and (2.188), respectively,

S(ω) =
∑
s

∫
d3wms (w · ∇φ)R2Ss, (2.256)

〈qs〉ψ =

〈∫
d3wεs

(
w × b

Ωs

· ∇ψ
)
C [F0s]

〉
ψ

+

〈∫
d3wεsF

(nc)
s VDs · ∇ψ

〉
ψ

(2.257)

− 5

2
ps(ψ)I(ψ)

〈E ·B〉ψ
〈B2〉ψ

+

〈〈∫
d3wεs〈hsVχ〉r · ∇ψ

〉
turb

〉
ψ

.

The Ohmic heating POhm
s is given by (2.198), the compressional heating P comp

s by
(2.200); they are unchanged in the low-Mach-number limit. The other two heating
terms, viz., viscous (2.197) and turbulent (2.204), are simplified:

P visc
s = −

〈
π(ψφ)
s

〉
ψ

dω

dψ
, (2.258)

P turb
s = Zse

〈〈∫
d3w

〈
hs

(
∂

∂t
+ u · ∇

)
χ

〉
r

〉
turb

〉
ψ

= P diss
s − P drive

s ,

(2.259)

where
〈
π

(ψφ)
s

〉
ψ

is given by (2.184) and P diss
s and P drive

s are given by (2.205) and (2.206),

respectively.

The system of equations (2.252)–(2.259) with the solutions for the neoclassical
(§2.10.2) and fluctuating (§2.10.4) distribution functions and the mean magnetic field
(§2.10.2) is a closed system for coupled turbulence and transport in the low-Mach-
number limit.
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2.10.6 Energy and Entropy

In the low-Mach-number limit, we are able to neglect the rotational energy com-
pared to the thermal energy of the system (despite the viscous heating appearing in
the temperature evolution equation (2.254) – because we allow the turbulence to gen-
erate a large momentum flux from the sharp gradients in ω(ψ)). Thus, the energy
conservation law (2.217) reads

1

V ′
∂

∂t

∣∣∣∣
ψ

V ′

(∑
s

3

2
nsTs +

〈B2〉ψ
8π

)

+
1

V ′
∂

∂ψ
V ′

(〈
Γ(U)

〉
ψ
− c

4π
I(ψ) 〈E ·B〉ψ +

〈
3B2

8π

∂ψ

∂t

〉
ψ

)
=
∑
s

〈
S(E)
s

〉
ψ
,

(2.260)

where the flux of kinetic energy (in the low-Mach-number limit, this is purely thermal
energy), previously given by (2.215), is

〈
Γ(U)

〉
ψ

=
∑
s

〈qs〉ψ =

〈(∑
s

Qs +
c

4π
〈δE × δB〉turb

)
· ∇ψ

〉
ψ

+
∑
s

3

2
nsTs

〈
∂ψ

∂t

〉
ψ

.

(2.261)

Here Qs is the usual heat flux defined by (2.191) and 〈qs〉ψ is given by (2.257).
The free energy (2.221) of the fluctuations continues to satisfy (2.222) in the low-

Mach-number limit, but with all instances ofNs replaced by ns. Note that because the
gradients of ω(ψ) have been retained in the low-Mach-number ordering, they con-
tribute to the free-energy balance, and hence can drive turbulence. Equations (2.260)
and (2.222) should be considered as constraints on the low-Mach-number system of
Sections 2.10.2–2.10.5: any solution of these equations should identically satisfy these
constraints.

The entropy balance of §2.9 is unaffected by the low-Mach-number expansion (up
to changes in the chemical potential (2.232) and the transport fluxes). Importantly,
the entropy generation and source of free energy due to the angular velocity gradient
remains. This is understandable as we have constructed our ordering so that the
momentum flux is finite and the gradient in the flow is finite, and thus the entropy
generation due to viscous heating remains finite and comparable to all other forms of
entropy generation.

2.11 Summary

In this chapter, we have presented a complete and self-consistent derivation of
multiscale gyrokinetics from first principles, drawing on and in some cases correcting
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previous work [7, 8, 9, 10, 11, 12, 55], as well as incorporating the evolution of the
equilibrium magnetic field into this theoretical framework. We have shown how, in
this framework, the gyrokinetic equation for fluctuations can be derived [8, 16, 55, 91]
(§2.6.4), in parallel with the neoclassical drift kinetic equation (§2.6.1) more usually
derived in a different setting [54]. This system of equations describes fast, small-scale
and slow, large-scale perturbations of the local Maxwellian equilibrium driven by the
gradients in the local equilibrium. We close this system on the long (transport) time
scale by deriving evolution equations for the equilibrium magnetic field (§2.6.3) and
equations governing the transport of particles (§2.7.1), momentum (§2.7.2) and energy
(§2.7.3).

We are now in a position to draw together all of these results to form a clear picture
of the evolution of a rotating turbulent plasma in a tokamak. The summary of our
work can be reduced to three key points.

Firstly, flux surfaces form effectively isolated systems on timescales shorter than
the transport time. They rotate toroidally as rigid bodies (2.62), they are in local ther-
modynamic equilibrium (2.93) and the turbulence within them is established via a
local balance between energy injection and dissipation (2.223). Thus, we can concep-
tually think of a tokamak plasma as being made up of annular regions with a radial
width given by some intermediate length (2.14) – these regions are independent on
the intermediate time scale (2.16). It is this decomposition that underlies analytical
and numerical considerations of the gyrokinetic system (2.144), (2.146), (2.149), and
(2.153) in any one such annular region, the so-called “local approximation” [92].

Secondly, on long timescales (2.48), these independent annular regions are cou-
pled by the transport equations of §2.7. These are local equations for the plasma
density (2.166), angular velocity (2.179), and temperature (2.194), linking each annu-
lar region to its neighbours via transport fluxes that can be computed from averages
over local solutions to the small-scale equations. Despite the dramatic simplifica-
tion that has occurred in going from the full kinetic equation (2.1) to evolving only
a few flux functions, we have retained all the critical information about the plasma.
This linked-flux-surface approach to transport provides both a transparent theoret-
ical framework and a basis for practically feasible numerical simulations of global
tokamak dynamics on confinement timescales [12, 4, 42].

Thirdly, the (global) mean fields and the (local) fluctuations are also linked via
energy and entropy flows (and so are individual flux surfaces). §2.8 is dedicated to
the flows of energy, which express the basic conservation properties of the system.
The results of this section are consequences of the multiscale representation of the
plasma dynamics that is derived in the preceding sections. No extra information
was used in their derivation. Thus, the energy balance (2.217) is a statement that if

64



2.11. Summary

the mean quantities are evolved according to the transport equations of §2.7, then
the mean energy of the system is conserved. Similarly, if the gyrokinetic equation
(2.144) and the field equations (2.146), (2.149), and (2.153) are solved to determine
the fluctuating distribution function and fluctuating electromagnetic fields, then the
free energy (2.221) is the conserved quantity in the sense that (2.222) is satisfied by
the solutions. These two statements are what is meant by energy conservation in our
multiscale system.

A direct consequence of the multiscale plasma dynamics is the evolution of our
multiscale system towards thermodynamic equilibrium (§2.9) – the entropy of the
system evolves according to (2.227). As a consequence of writing the entropy pro-
duction in a convenient form (2.235), we are able to diagnose how our system pro-
ceeds towards a global thermodynamic equilibrium and what that equilibrium is. As
the system approaches a global equilibrium, the collisional and (relative) turbulent
heating equilibrate the temperatures and the Ohmic heating dissipates the parallel in-
duced electric field; the fluxes flatten gradients. Therefore, the global equilibrium is a
state with no temperature differences, no parallel induced electric field, and no spatial
gradients in ns, Ts or ω (as a consequence of this, there are no fluctuations). However,
this simple diagnosis is complicated by the multichannel nature of the transport in
our system: far from equilibrium, it may be thermodynamically favourable for the
system to initially steepen gradients in some of ns, Ts or ω in order to flatten other
gradients more rapidly.

In the course of our presentation of this general framework, we have elucidated a
number of issues that have the potential to be confusing and indeed have been so in
the past. It is useful to itemize some of them here:

• Turbulence is local to a given flux surface and does not spread – §2.8.2.

• There is no turbulent heating – §2.8.1 (except in the sense of turbulent redistri-
bution of energy between species).

• The evolution of the mean magnetic field is determined only by the mean pro-
files, and not directly by the turbulence – §2.6.3.

• Gradients in the magnetic field do not drive fluctuations – §2.8.3

• The absence of the parallel nonlinearity in the gyrokinetic equation (2.144) does
not upset the energy or entropy conservation properties of the system – see
footnote on page 32.

Let us now discuss some further directions and natural extensions following from
this work.
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We have accomplished the construction of multiscale gyrokinetics by exploiting
the scale separations inherent to plasma turbulence: between the fluctuations and the
equilibrium and between the particle motion and the fluctuations (§2.2). However,
these are not the only scale separations available to us. In Ch. 3, this framework is
extended by exploiting the scale separation between ion- and electron-scale fluctu-
ations, where this scale separation is found to have profound implications for the
structure of the fluctuating magnetic field.

In this chapter, we have restricted ourselves to situations where the equilibrium
distribution functions for all species are Maxwellian. In a burning plasma, we expect
there to be at least one non-Maxwellian species – the fusion-produced α-particles. In
[6], we will consider precisely this situation – demonstrating how such a species can
be incorporated into the theoretical framework developed here.

We have also restricted ourselves to the so-called “high-flow ordering,” where
the mean rotation velocity is ordered to be comparable to the sound speed. The “low-
flow” ordering, where the mean velocity is comparable to the drift velocities, requires
a much more involved calculation to determine the transport of toroidal angular mo-
mentum correctly [43, 88, 93]. It is precisely this regime that must be considered if
a detailed and complete study of the so-called “intrinsic” rotation is to be under-
taken [94]. This alternative ordering may hold the key to how a slowly-moving or
stationary plasma can transition into a rotating one [95] or how L-H transitions occur
in the edge of a slowly-rotating plasma [96].

Finally, it is impossible to present a set of equations such as the ones found in this
chapter without discussing how to solve them numerically. Currently, the linked-
flux-tube code TRINITY [4] solves the low-Mach-number system of equations pre-
sented in §2.10. It is anticipated that this code will be extended to solve the com-
plete set of equations derived here. With the advent of ever faster supercomputers,
the combination of multiscale theoretical approaches and advanced numerical algo-
rithms may allow us, for the first time, to simulate a burning plasma, from the small
scales of kinetic turbulence, through the scales associated with energetic fusion prod-
ucts, to the plasma equilibrium scales and even the timescales of the resistive evolu-
tion of the plasma. As a tool to study potential reactor designs, this would be invalu-
able. Hitherto, experiments have been optimised for MHD stability. Henceforth, it is
possible to envision a time when they will be optimised not only for macro-stability
but also for micro-stability and designed to achieve dramatically reduced turbulent
transport (e.g., [97]).

In the next chapter we will see how our system simplifies when we make use of
the fact that electrons are much lighter than ions.
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CHAPTER 3

Reduced Models for Electron Dynamics

The work in this chapter is drawn entirely from [65], written by the Author. Ref-
erences to Appendices made in this chapter refer to the Appendices of this work
– which is in preparation for the New Journal of Physics and is available online at
http://arxiv.org/pdf/1210.1417v1.

In this chapter, we perform the systematic elimination of the fast electron
timescales discussed in §1.3. In §3.1.1, we introduce the electron gyrokinetic equa-
tion and its attendant notation. In §3.1.2, we develop the formal expansion in
δ =

√
me/mi � 1 and order all physical quantities with respect to this small pa-

rameter. The key result of this chapter – the gyrokinetic system with reduced electron
equations – is derived via a systematic expansion in δ. This derivation is performed
in Sections 3.2 and 3.3 with the results concisely summarized in §3.4.

In §3.2.2, we use the expansion in δ � 1 to prove that long-wavelength low-
frequency fluctuations preserve the topology of magnetic field lines, generalising the
results of [98, 99, 100, 101]. With the assumption of an initially regular magnetic field,
this result enables us to introduce a coordinate system aligned to the exact magnetic
field in §3.2.4. It is this set of coordinates that allows us, in §3.3.2 and §3.3.3, to average
over the fast electron motion along exact magnetic field lines and so close our equa-
tions for the electron distribution function. These equations are particularly simple
in the limit of strong collisions (νe � ω), which we derive in §3.5.

The second major result of this chapter is a simplified system of transport equa-
tions for electrons. This is presented in §3.6 and derived in Appendix H. These equa-
tions emphasise the particularly simple form that the transport fluxes take in the low-
mass-ratio limit. In parallel, we present the transport equations for the collisional
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3. REDUCED MODELS FOR ELECTRON DYNAMICS

electron model of §3.5, in which case the transport equations take on an even simpler
form.

We make a detailed comparison of our equations to previously derived models in
§3.7, emphasising both the differences and the similarities. Finally, we summarise the
key results in §3.8.

3.1 Electron Gyrokinetics and the Mass-Ratio

Expansion

We study the response of electrons to ion-scale fluctuations within the framework
of multiscale gyrokinetics – see Chapter 2 and [37]. First, we will introduce this frame-
work in §3.1.1 along with all attendant notation. We choose to recap this information
from Chapter 2 in order to facilitate reading this chapter in a self-contained fashion.
Then, in §3.1.2, we formally order all quantities in the small parameter δ =

√
me/mi.

3.1.1 Gyrokinetics in a Rotating Tokamak Plasma

In this section, we introduce the assumptions and resulting equations of this for-
malism. The detailed derivation of these results can be found in Ch. 2.

First, we split all physical quantities into mean and fluctuating parts:

B̃ = B + δB, B =
〈
B̃
〉

turb
, (3.1)

Ẽ = E + δE, E =
〈
Ẽ
〉

turb
, (3.2)

fs = Fs + δfs, Fs = 〈fs〉turb, (3.3)

where B̃ is the magnetic field, Ẽ the electric field, fs the distribution function of
species s and 〈·〉turb is some average over the fluctuations.

We assume that the fluctuations obey the standard gyrokinetic ordering1 :

ω

Ωs

∼
k‖
k⊥
∼ |δE|
|E|

∼ |δB|
|B|

∼ δfs
Fs
∼ νs

Ωs

∼ ρs
a

= ε� 1, (3.4)

where ω is the typical fluctuation frequency in the frame rotating with the plasma,
Ωs = ZseB/msc is the cyclotron frequency of species s with charge Zse and mass ms

in the mean magnetic field B = |B|, k‖ and k⊥ are typical wavenumbers parallel and
perpendicular to the mean magnetic field, νs is a typical collision frequency, ρs =

vths/Ωs is the thermal Larmor radius, vths =
√

2Ts/ms is the thermal speed of species
1In this chapter, as in Ch. 2, the symbol ∼ is used to mean “is the same order as” (with respect to

the appropriate expansion) rather than the more usual “is asymptotically equivalent to”.
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3.1. Electron Gyrokinetics and the Mass-Ratio Expansion

s with mean temperature Ts and a is a typical equilibrium length scale. The mean
quantities (B, E, Fs) are assumed to vary on the long length scale a and the long
(transport) timescale τE , the energy confinement time. This long timescale is ordered
so that

τ−1
E ∼ ε3Ωs. (3.5)

Typical values for the timescales and length scales in a tokamak are given in Ta-
ble (1.1), which shows the very large scale separation, characterised by the small
parameter ε. This scale separation in time and space of the mean and fluctuating
quantities motivates us to define the average 〈·〉turb in terms of temporal and spatial
averages over intermediate time and length scales. This is done precisely in equations
(2.14)–(2.18) of §2.2.1.

It is shown in §2.2.2 of Ch. 2 that if we introduce the cylindrical coordinate system
(R, z, φ) and assume axisymmetry with respect to φ, the mean magnetic field can be
written (to lowest order in ε) as

B = I(ψ, t)∇φ+∇ψ ×∇φ, (3.6)

where the poloidal flux function ψ is given in terms of the mean vector potential A
by

ψ(R, z, t) = Aφ = R2A · ∇φ, (3.7)

and I(ψ, t) = R2B ·∇φ is the toroidal component of the mean magnetic field. We will
also need the following alternate form of the magnetic field [102, 103]:

B = ∇ψ ×∇α, (3.8)

where α is a variable that labels different field lines within a flux surface. We cut the
toroidal surface on the inboard side to force α to be single-valued. This cut forms
an axisymmetric ribbon with one edge the magnetic axis and the other the plasma
boundary or separatrix. Letting l be the distance along a field line, (ψ, α, l) is a set
of field-aligned coordinates for B. There are many different forms of field aligned
coordinates and none of our results depend on a particular choice. Nevertheless, we
will use (ψ, α, l) for specificity. Axisymmetric functions are functions of ψ and l but
not α. Note that both ψ(R, z) and I(ψ) are mean quantities and therefore vary on the
transport timescale.

We assume that the mean electric field is large, E ∼ (vths/c)B, which can be
shown to imply that the plasma rotates toroidally with a velocity that is species-
independent and whose angular velocity only depends on the flux label ψ [51] and
the slow transport timescale:

u = ω(ψ, t)R2∇φ. (3.9)
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3. REDUCED MODELS FOR ELECTRON DYNAMICS

If we express the mean electric field in terms of potentials using Gaussian units and
Coulomb gauge,

E = −∇ϕ− 1

c

∂A

∂t
, (3.10)

then the scalar potential takes the form

ϕ = Φ(ψ, t) + ϕ0, ϕ0 ∼ εΦ, (3.11)

and we have the following relationship between ω(ψ, t) and Φ(ψ, t):

ω(ψ, t) = c
dΦ

dψ
. (3.12)

With these results for the fields, our orderings imply that the distribution function
fs of species s takes the following form:

fs = Fs + δfs, (3.13)

Fs = F0s (ψ(Rs), εs, t) + F1s (Rs, εs, µs, σ, t) +O
(
ε2f
)
, (3.14)

δfs = −Zse
Ts

δϕ′(r, t)F0s + hs (Rs, εs, µs, σ, t) +O
(
ε2f
)
. (3.15)

Let us explain this notation. We have followed §2.4 and changed phase-space vari-
ables from (r,v) to (Rs, εs, µs, ϑ, σ):

Rs = r − 1

Ωs

b×w, (3.16)

εs =
1

2
msv

2 + Zse (Φ(ψ, t) + ϕ0)− ZseΦ(ψ∗s , t), (3.17)

µs =
msw

2
⊥

2B
, (3.18)

where b = B/B is the unit vector along the mean magnetic field, the peculiar velocity
w is

w = v − u = w‖b + w⊥ (cosϑ e2 − sinϑ e1) , (3.19)

where e1 and e2 are two arbitrary orthogonal unit vectors perpendicular to the mag-
netic field, the direction of the parallel motion is σ = w‖/|w‖|, and we have defined

ψ∗s(r,v, t) = ψ(r, t) +
msc

Zse
R2v · ∇φ. (3.20)

The quantity ψ∗s(r,v, t) is equal to c/(Zse) times the canonical toroidal angular
momentum and is thus conserved in an exactly axisymmetric system – i.e., in the
absence of fluctuations. In these variables, (3.14) splits the mean distribution function
into the near Maxwellian equilibrium

F0s = Ns(ψ(Rs, t), t)

[
ms

2πTs(ψ(Rs, t), t)

]3/2

e−εs/Ts(ψ(Rs,t),t), (3.21)
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3.1. Electron Gyrokinetics and the Mass-Ratio Expansion

and the neoclassical distribution function F1s, which describes large-scale O(ε) devi-
ations from a Maxwellian. The function Ns is related to the mean density ns by

ns = Ns(ψ(r, t), t) exp

[
− Zseϕ0(r, t)

Ts(ψ(r, t), t)
+
msω

2(ψ(r, t), t)R2

2Ts(ψ(r, t), t)

]
. (3.22)

We now drop the explicit slow time dependence of all quantities – this is for notational
clarity only and is not an assumption that the mean quantities are constant.

The fluctuating distribution function, given by (3.15), is composed of the Boltz-
mann response (the first term of (3.15)), where the fluctuating potentials δϕ and δA

have been combined to form the electrostatic potential in the frame rotating with the
plasma

δϕ′ = δϕ− 1

c
u · δA, (3.23)

and the gyrokinetic distribution function hs. Assuming that all mean quantities are
known, then the gyrokinetic distribution function hs is given by the gyrokinetic equa-
tion (see (2.144) in §2.6.4):[

∂

∂t
+ u(Rs) ·

∂

∂Rs

]
hs +

(
w‖b + VDs + 〈Vχ〉R

)
· ∂hs
∂Rs

− 〈C [hs]〉R

=
ZseF0s

Ts

[
∂

∂t
+ u(Rs) ·

∂

∂Rs

]
〈χ〉R

−
{
∂F0s

∂ψ
+
msF0s

Ts

[
I(ψ)w‖
B

+ ω(ψ)R2

]
dω

dψ

}
〈Vχ〉R · ∇ψ,

(3.24)

where the guiding-centre drift velocity is

VDs =
b

Ωs

×
[
w2
‖b · ∇b +

1

2
w2
⊥∇ lnB − ω2(ψ, t)R∇R− 2w‖ω(ψ, t)b×∇z +

Zse

ms

∇ϕ0

]
,

(3.25)

and where we have defined the gyrokinetic potential

χ = δϕ− 1

c
v · δA = δϕ′ − 1

c
w · δA, (3.26)

and the fluctuating velocity due to χ2

Vχ =
c

B
b×∇χ, 〈Vχ〉R =

c

B
b× ∂〈χ〉R

∂Rs

+O(ε2vths). (3.27)

We have also introduced the gyroaverage at constant Rs, εs and µs:

〈χ(r,w, t)〉R =
1

2π

∮
dϑχ (r(Rs, εs, µs, ϑ),w(Rs, εs, µs, ϑ, σ), t) . (3.28)

2 This can be shown to consist, physically, of the fluctuating E ×B drift in the rotating frame, the
motion of guiding centres along perturbed field lines and the fluctuating∇B drift.
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3. REDUCED MODELS FOR ELECTRON DYNAMICS

The equation for hs is closed through Maxwell’s equations for the fluctuating
fields. The fluctuating potential δϕ′ obeys the quasineutrality condition:

∑
s

Z2
s e

2nsδϕ
′

Ts
=
∑
s

Zse

∫
d3w〈hs〉r, (3.29)

where the integral over velocities is performed at constant r and the gyroaverage at
constant r, w‖, and w⊥ is defined by

〈hs〉r =
1

2π

∮
dϑhs(Rs(r, w‖, w⊥, ϑ), εs(r, w‖, w⊥, ϑ), µs(r, w⊥), σ, t). (3.30)

The fluctuating magnetic field is determined from δA‖ = b · δA and δB‖ = b · δB,
which obey the parallel component of Ampére’s law

−∇2
⊥δA‖ =

4π

c

∑
s

Zse

∫
d3ww‖〈hs〉r, (3.31)

and the perpendicular part of Ampére’s law (see the discussion in §2.6.5)

∇2
⊥
δB‖B

4π
+ ∇⊥∇⊥ :

∑
s

∫
d3w〈msw⊥w⊥hs〉r = 0, (3.32)

respectively. The evolution equation (3.24) and constituent relations (3.29), (3.31) and
(3.32) form a closed system of equations for determining hs, δϕ′, δA‖, δB‖ on the
turbulent timescale. Typically, the system (3.24), (3.29), (3.31), and (3.32) is solved
until statistical equilibrium is reached (a few nonlinear turnover times). The slowly-
varying equilibrium is treated as constant during this evolution. The slow time de-
pendence of F0s is determined by transport equations for ω(ψ, t),Ns(ψ, t), Ts(ψ, t) and
I(ψ, t) and the equilibrium condition determining ψ(r, t). Such equations are given
in §2.6.2 for ψ(R, z, t), in §2.6.3 for I(ψ, t) and in §2.7 for Ns(ψ, t), ω(ψ, t), and Ts(ψ, t).

3.1.2 The Mass-Ratio Expansion

In order to express the scale separation of the electron and ion scales, we introduce
the secondary small parameter δ =

√
me/mi � 1. We will use a subscript i to denote

any ion species, of which there may be many. We consider the expansion in δ � 1

to be a subsidiary expansion of the gyrokinetic system (equations (3.24), (3.29), (3.31),
and (3.32))3. Thus, we assume that ε = ρi/a, i.e., that the fundamental gyrokinetic
expansion parameter is that of the ions, and that

ε� δ � 1. (3.33)
3This is in contrast to the approach taken by [34], see §3.7 for details.
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3.1. Electron Gyrokinetics and the Mass-Ratio Expansion

All other dimensionless parameters are treated as finite – i.e., independent of δ. There-
fore, we are assuming that Ti ∼ Te and β = 8πp/B2 ∼ 1, where p is the plasma
pressure. In typical fusion plasmas, β is often small and one might worry about this
assumption. A more detailed analysis shows that our expansion in δ requires that [40]

β � me

mi

= δ2, (3.34)

which is equivalent to requiring that the Alfvén speed is smaller than the electron
thermal speed.4 In plasmas of interest, this is indeed satisfied and we are justified in
treating β as finite.

We assume that fluctuating quantities vary on ion rather than electron scales.
Thus, we order the timescales of fluctuating quantities in the rotating frame and the
size of the fluctuations by

∂

∂t
+ u · ∇ ∼ vthib ·

∂

∂Rs

∼ c

B
| (∇δϕ′ × b) · ∇⊥| ∼

vthi

B
|
(
∇δA‖ × b

)
· ∇⊥| ∼

cT

eB2
|
(
∇δB‖ × b

)
· ∇⊥| ∼

vthi

a
(3.35)

so that the typical fluctuation timescale, the ion parallel streaming time, and the ion
nonlinear timescale due to the fluctuating fields are all comparable. We assume that
the toroidal rotation velocity u is comparable to the ion thermal speed u ∼ vthi , which
implies that the electric field is ordered as

E ∼ vthi

c
B. (3.36)

The perpendicular length scales are of course ordered as

|∇⊥| ∼ k⊥ ∼ ρ−1
i . (3.37)

Clearly, the turbulent dynamics of the ions are not simplified by the subsidiary ex-
pansion in δ and hence hi is determined by the gyrokinetic equation (3.24).

The electron dynamics, however, are simplified because

k‖vthe ∼ δ−1vthi

a
∼ vthe

B
|
(
∇δA‖ × b

)
· ∇⊥| �

∂

∂t
+ u · ∇, (3.38)

so the parallel electron motion is much faster than the evolution of the fluctuations
and also

k⊥ρe ∼ δ � 1, (3.39)

4For cases where β is so low that this does not hold, an expansion of slab gyrokinetics for very low
β plasmas has been carried out in [104].

73
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so we can neglect finite-electron-gyroradius effects. We choose the electron collision
rate νe to be comparable to the fluctuation frequency, i.e.,

νe ∼
vthi

a
∼ 1

δ
νi. (3.40)

Note that although electron collisions are comparable to the fluctuation frequency,
and, therefore, important in the electron fluctuation dynamics, this would conven-
tionally be considered a low collisionality plasma since νeff = νia/vthi ∼ νea/vthe ∼
δ � 1. Under these assumptions, we expand he, δϕ′, δA‖ and δB‖ as

he = h(0)
e + h(1)

e + · · · , δϕ′ = δϕ′(0) + δϕ′(1) + · · · ,

δA‖ = δA‖
(0) + δA‖

(1) + · · · , and δB‖ = δB‖
(0) + δB‖

(1) + · · · , (3.41)

where h(1)
e ∼ δ h

(0)
e etc.5 In Sections 3.2 and 3.3, we systematically expand the gyroki-

netic system of equations, (3.24), (3.29), (3.31) and (3.32) in powers of δ to obtain h(0)
e

and close the system at first order in δ.

3.2 Zeroth Order: Flux Conservation and Field-Aligned

Coordinates

In this section, we apply the orderings of §3.1.2 to the gyrokinetic equation for
electrons and examine the consequences to lowest order.

In order to expand the gyrokinetic equation, in Appendix A, we express 〈χ〉R
explicitly in terms of the fields and find, (A.3):

〈χ〉R = δϕ′(Re)︸ ︷︷ ︸
O(εTe )

−
w‖
c
δA‖(Re)︸ ︷︷ ︸
O( εδ

T
e )

− mew
2
⊥

2e

δB‖(Re)

B︸ ︷︷ ︸
O(εTe )

+O
(
εδ
Te
e

)
. (3.42)

Substituting this result and the expansion (3.41) into the gyrokinetic equation (3.24),
we find, to lowest order in δ:

w‖b ·
∂h

(0)
e

∂Re

−
w‖
B

(
b×

∂δA‖
(0)

∂Re

)
· ∂h

(0)
e

∂Re

=

ew‖F0e

cTe

[
∂

∂t
+ u(Re) ·

∂

∂Re

]
δA‖

(0) +
w‖
B

(
b×

∂δA‖
(0)

∂Re

)
· ∂F0e

∂Re

,

(3.43)

where δA‖ is evaluated at Re and we have used u(Re)·
(
∂w‖/∂Re

)
= 0 (axisymmetry).

These equations are written in terms of the variables Re, εe, µe and ϑ. It will be
5In fact, we will only require δϕ′ or δB‖ to lowest order in δ. Thus, we will drop the superscripts

on these fields.
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3.2. Zeroth Order: Flux Conservation and Field-Aligned Coordinates

convenient to instead convert back to using r as our spatial variable. Since (3.43) is
only accurate up to corrections of order O(δε2ΩiF0e) and all functions in (3.43) are
evaluated at Re, we can use the fact that k⊥ρe ∼ δ to replace Re by r everywhere. The
function εe is now given by the simplified expression:

εe =
1

2
mew

2
‖ + µeB − eϕ0 +O

(
δ2Te

)
. (3.44)

Defining b̃ = B̃/|B̃| to be the unit vector along the exact magnetic field, we have

b̃ = b +
δB⊥
B

+O(ε2) = b− 1

B

(
b×∇δA‖(0)

)
+O(δε). (3.45)

Thus, after a little algebra (using (3.45)), we can rewrite all but one term of (3.43) as
derivatives along the exact field line:

w‖b̃ · ∇
(
δfe
F0e

− eδϕ′

Te

)
=
ew‖
cTe

(
∂

∂t
+ u · ∇

)
δA‖

(0)

− w‖b̃ · ∇ lnNe − w‖
(
εe
Te
− 3

2

)
b̃ · ∇ lnTe,

(3.46)

where we have used
δfe =

eδϕ′

Te
F0e + h(0)

e +O (εδF0e) , (3.47)

the Maxwellian form (3.21) of F0e, and divided through by F0e. Equation (3.46) is an
inhomogeneous ordinary differential equation along the exact field lines for δfe.

In the remainder of this section, we will find the general solution of (3.46). The
particular solution to the inhomogeneous problem is constructed in §3.2.1. In order
to solve the homogenous part of (3.46), it is necessary to discover the structure of
the exact magnetic field. Thus, in §3.2.2, we prove that magnetic flux is conserved
to lowest order in δ and hence that the topology of the magnetic field is fixed. This
result then allows us to introduce (in §3.2.4) field-aligned coordinates in which it is
simple to solve the homogenous part of (3.46). This general solution will provide us
with an equation for δA‖ and place constraints on the form of h(0)

e .

3.2.1 Particular Solutions of (3.46)

We can now find particular solutions of (3.46). To do this, we write δfe in the
following form:

δfe = λ(r, εe, µe, σ)F0e + ge(r, εe, µe, σ) +O (εδF0e) , (3.48)

where ge satisfies the homogenous equation

w‖b̃ · ∇ge = 0. (3.49)
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This can clearly be done for any δfe by suitable choice of λ. Substituting (3.48) into
(3.46) we obtain

b̃ ·∇
(
λ− eδϕ′

Te

)
=

e

cTe

(
∂

∂t
+ u · ∇

)
δA‖

(0)− b̃ ·∇ lnNe−
(
εe
Te
− 3

2

)
b̃ ·∇ lnTe. (3.50)

To find the form of λ, we take the derivative of this equation with respect to µe and
the second derivative with respect to εe to obtain

b̃ · ∇ ∂λ

∂µe
= 0 and b̃ · ∇ ∂2λ

∂εe2
= 0, (3.51)

respectively. Clearly, any solution to these equations is either independent of µe and
a linear function of εe or satisfies b̃ · ∇λ = 0. Any solution of the second kind can be
absorbed into the function ge, leaving us with the general solution for λ given by

λ =
δne(r)

ne
+

(
εe
Te
− 3

2

)
δT e(r)

Te
, (3.52)

where we have written the linear function of εe in the natural way as a perturbed
Maxwellian. However, it should be noted that δne(r) is not the perturbed electron
density and δT e(r) is not the perturbed electron temperature because ge can have
both density and energy moments. Inserting (3.52) into (3.50) and taking a derivative
with respect to εe, we find the following equation for δT e:

b̃ · ∇
(

lnTe +
δT e
Te

)
= 0. (3.53)

Finally, substituting both (3.52) and (3.53) into (3.50), we obtain:

b̃ · ∇
(
δne
ne
− eδϕ′

Te
+ lnNe

)
=

e

cTe

(
∂

∂t
+ u · ∇

)
δA‖. (3.54)

Familiar physics is contained in these two equations. It will be shown in §3.2.5
that the contribution to ge from passing electrons is a function only of ψ̃ and not of
α̃ or l̃, and, therefore, so are its density and temperature. Thus, for the purposes of
interpreting (3.54) and (3.53), we can add the density and temperature of the pass-
ing part of ge to δne and δT e respectively. Hence, (3.53) describes how (part of) the
temperature of the electrons is equalised along field lines, due to rapid thermal con-
duction. The only part of the temperature that does not equalize along the field line,
as we shall see when we solve (3.49), is the part of the temperature of the trapped
particles contained in ge. This is to be expected; the trapped particles do not traverse
the entire field line and so cannot equalise their temperature along it.

Equation (3.54) describes how the pressure gradient of the electrons (again, not
including the trapped particle pressure) along the field line is balanced by a parallel
electric field. As we shall demonstrate, it is useful to think of (3.54) as an evolution
equation for δA‖ where δϕ′ and δne are given.
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3.2.2 Flux Conservation

To solve (3.49), (3.53) and (3.54) we will need to know the spatial structure of
the total magnetic field. As (3.54) determines δA‖, it determines δB⊥ and thence
b̃. In this section, we will prove that (3.54) implies that magnetic flux is conserved
and consequently that the evolution of the magnetic perturbation cannot change the
structure of the magnetic field lines.

Magnetic flux is said to be conserved if there exists an effective velocity field ueff

such that closed curves moving with this velocity always enclose the same amount
of magnetic flux. It is proved by Newcomb in [105] that if such a ueff exists, it also
preserves magnetic field lines and thus the magnetic topology is fixed. Now, if the
parallel electric field satisfies

Ẽ · b̃ = −b̃ · ∇ξ, (3.55)

where ξ is a single-valued scalar function, then the velocity field

ueff =
c

B̃2

(
Ẽ +∇ξ

)
× B̃ + U(r)b̃, (3.56)

(where B̃ = |B̃| and U(r) is an arbitrary single-valued function) satisfies Ẽ +

ueff × B̃/c = −∇ξ. Thus Faraday’s law becomes ∂B̃/∂t = ∇× (ueff × B̃). The famil-
iar proof of the frozen-in theorem (that is reproduced in almost all MHD textbooks)
clearly applies if we recognise ueff as the flux- and field-line-preserving velocity. The
condition (3.55) is a special case of the general conditions for the existence of frozen
flux that were investigated in [105].

In Appendix B, we prove that we can write Ẽ · b̃ in terms of potentials as

Ẽ · b̃ = −b̃ · ∇ϕ0 − b̃ · ∇δϕ′ − 1

c

∂A

∂t
· b− 1

c

(
∂

∂t
+ u · ∇

)
δA‖ +O

(
ε3
vthi

c
B
)
. (3.57)

In Appendix C, we prove that the mean magnetic flux is conserved irrespective of the
fluctuations, and so (see (C.7))

∂A

∂t
· b = b · ∇Ten1e

ene
, (3.58)

where n1e is the O(ε) correction to the mean electron density (see discussion before
(C.7)). Finally, using (3.54) and (3.58) in (3.57), we obtain

Ẽ · b̃ = −b̃ · ∇

[
Te
(
δne + n1e

)
ene

+
Te
e

lnNe + ϕ0

]
, (3.59)
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which is indeed in the form (3.55).6 Thus, we can define

ξ =
Te
e

(
lnNe +

δne + n1e

ne

)
+ ϕ0 + ξ̃, (3.60)

where ξ̃ is an arbitrary single-valued function that satisfies

b̃ · ∇ξ̃ = 0, (3.61)

and with this definition, (3.56) defines the field-line-preserving velocity ueff . In (3.56),
we are free to choose U(r) and ξ̃ subject to the constraint b̃·∇ξ̃ = 0. We postpone mak-
ing choices for these parameters until §3.2.5. Since the field is frozen to ueff the ion-
scale turbulence cannot alter the magnetic field structure on the turbulent timescale.

3.2.3 Structure of the Magnetic Field

In the previous section we have demonstrated that ion-scale turbulence preserves
field lines. The topology of the field is thus fixed. But what is this topology? Electron-
scale fluctuations can alter the topology and so can generate a stochastic field7 from
an initially regular one. Such fluctuations may arise “locally” from electron-scale
instabilities (e.g. Electron Temperature Gradient instabilities or Microtearing), but
electron-scale fluctuations may also be driven “non-locally” by a cascade from ion-
scale fluctuations. In both cases, some tangling of the magnetic field is possible, in-
deed probable. Thus, at some intuitive level, the magnetic field is expected to be
stochastic. A stochastic field will be advected by ueff and remain stochastic.

If the magnetic field were stochastic and stationary then the heat diffusivity of the
electrons would be given by the well-known Rechester-Rosenbluth formula [106]:

χTe = Dstvthe ∼ vthelc

(
δBstoch

B

)2

, (3.62)

where Dst is a species-independent diffusion coefficient characterising the stochastic-
ity of the field8 and lc is the parallel correlation length of the stochastic component of

6 Strictly speaking, we have proven that Ẽ · b̃ = −b̃ · ∇ξ + Ẽ‖b̃ where Ẽ‖ ∼ ε3vthi
B/c. Thus the

electric field is precisely Ẽ = −ueff × B̃/c − ∇ξ + Ẽ‖b̃. Substituting this into Faraday’s law, we find
that

∂B̃

∂t
= ∇×

(
ueff × B̃

)
− c∇×

(
Ẽ‖b̃

)
.

Estimating the size of the left hand side and the second term on the right hand side, we see that the
correction Ẽ‖ will affect neither the lowest-order mean field B nor the lowest-order fluctuation δB.
Thus, we can safely ignore it.

7A stochastic field is one in which points on neighbouring field lines become exponentially sepa-
rated as they travel along field lines [106].

8The field-line diffusivity Dst is defined as [106]

Dst = lim
l→∞

(δr(l)− δr(0))
2
/2l,
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the field δBstoch. Let us assume the stochastic component of the field is comparable
to the ion-scale field perturbations (i.e., δBstoch/B ∼ ε) and the correlation length is
the system size (i.e., lc ∼ a). Then, (3.62) predicts that the electron heat diffusivity
in a tokamak should be δ−1 larger than the ion heat diffusivity (both the electrostatic
and electromagnetic parts of the ion heat diffusivity). This is not backed up by experi-
mental observations; ion and electron heat diffusivities are observed to be of the same
order of magnitude. Thus, we take this as experimental justification for assuming that
the amount of magnetic field stochasticity is limited. 9

We therefore assume good flux surfaces in solving Eqs. (3.49), (3.53) and (3.54)
– these surfaces will be approximations to the exact field that we will refer to as
the “ion-scale field”. The ion-scale turbulence will distort the ion-scale field but the
surfaces will remain intact. A smaller stochastic field component with lc ∼ a and
δBstoch/B ∼ εδ1/2 would cause observable levels of transport and we cannot rule
out a component of this size. Indeed, such a field would change the final electron
equations in this chapter. However, we will assume for simplicity that the stochastic
component of the field is zero to order O(εδ) (i.e., δBstoch/B � εδ) in this thesis.

3.2.4 Field-Aligned Coordinates

If we write the ion-scale magnetic field in the Clebsch form

B̃ = ∇ψ̃ ×∇α̃, (3.63)

then ψ̃ is a single-valued function that labels the flux surfaces and α̃ is a function
that labels different field lines within a given flux surface. To ensure that α̃ is single-
valued, we make a cut in the poloidal domain on the inboard side of the tokamak.
This cut makes a ribbon forming a toroidal loop with one edge of the ribbon being
the magnetic axis and the other the plasma boundary or separatrix. We allow the

where δr(l) is the radial displacement of a point after following a field line for a distance l and the
overbar denotes statistical averaging over field lines (the factor of 2 in the denominator is chosen to
agree with the definition in [106]).

9 We can formulate this condition precisely as a condition on the field-line diffusivity (defined in
the footnote on page 78) . The limit on stochasticity can be expressed as

Dst � ερe.

where we obtain this estimate by insisting that the change in a function g following the field line is
dominated by explicit variation along a field line (k‖g) rather than the field line connecting neigh-
bouring points in the perpendicular plane (Dstk

2
⊥g). The existence of a stochastic field giving rise to a

field-line diffusivity of size Dst . ερe would not invalidate the existence of ψ̃ and α̃, as (for the pur-
poses of studying ion-scale turbulence) we could define ψ̃ surfaces by the mean radial location of a
field line averaged along a magnetic correlation length lc. This introduces a displacement . ρe of the
ψ̃ surface from the exact position of the field line, but for turbulence where k⊥ρe � 1 this correction is
negligible.

79
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cut to move with the velocity ueff . This is legitimate as ueff is continuous across the
cut. Since the cut is perturbed by the turbulence, it will not now be axisymmetric.
The expression (3.63) for the magnetic field allows us (see, e.g., [103]) to introduce a

Figure 3.1: The exact field B̃ and its ψ̃ = const. surfaces (red lines, blue surface) plotted
atop the mean field B and a ψ = const. surface (black lines, green surface).

system of field-aligned coordinates (ψ̃, α̃, l̃) where l̃ measures distance along a given
field line. By definition, l̃ runs from one side of the cut in the poloidal plane to the
other side of the cut. As δB � B, the variables aligned to the exact field only deviate
slightly from those aligned to the background field:

|ψ̃ − ψ| ∼ εψ, |α̃− α| ∼ εα, |l̃ − l| ∼ εl. (3.64)

Importantly, this means that all axisymmetric mean quantities are, to lowest order in
ε, functions of ψ̃ and l̃ but not of α̃.

We need expressions for the spatial derivative operators b̃ · ∇ and the Poisson
bracket {a, b} = b · (∇a×∇b) in our new coordinates. By using the fact that b̃ · ∇ψ̃ =

b̃ · ∇α̃ = 0, we discover that

b̃ · ∇a = b̃ · ∇l̃ ∂a
∂l̃

∣∣∣∣
ψ̃,α̃

=
∂a

∂l̃

∣∣∣∣
ψ̃,α̃

(3.65)
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for any function a(r). Similarly, by using the fact that b̃ · (∇α̃ × ∇ψ̃) = B to lowest
order, we see that the Poisson bracket takes the form

{a, b} = b̃ · (∇a×∇b) +O(ε|∇a||∇b|) = B

(
∂a

∂α̃

∂b

∂ψ̃
− ∂a

∂ψ̃

∂b

∂α̃

)
+O(ε|∇a||∇b|). (3.66)

Since ueff is a field-line-preserving velocity, we have that(
∂

∂t
+ ueff · ∇

)
ψ̃ = 0, (3.67)

and (
∂

∂t
+ ueff · ∇

)
α̃ = 0. (3.68)

As l̃ ∼ l and ∇ · ueff ∼ εω, ueff also approximately preserves the length of field lines
and we have, to lowest order in ε,(

∂

∂t
+ ueff · ∇

)
l̃ = 0. (3.69)

It is of course convenient to choose the cut in the definition of α̃ such that it is con-
vected with ueff .

Finally, the time derivative at constant ψ̃, α̃ and l̃ is related to the time derivative
at constant r by

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

=
∂

∂t
+ ueff · ∇. (3.70)

3.2.5 Solution of the Lowest-Order Equations

We now use the magnetic coordinates introduced in §3.2.4 to solve (3.49) and
(3.53). We split velocity space (εe and µe) into two regions: the passing region where,
for a given ψ̃, the equation

w‖(l̃, ψ̃, εe, µe) =

√
2

me

[εe − µeB + eϕ0] = 0 (3.71)

has no solutions for any l̃ (i.e., εe > µeB − eϕ0 for all l̃) and the trapped region in
which there are two values of l̃ at which w‖ = 0. The points where w‖ vanishes are
called the bounce points of the electron’s orbit. In the passing region, (3.49) implies
that

∂ge

∂l̃
= 0, (3.72)

so ge is constant along field lines. As most magnetic surfaces are irrational, one field
line spans the entire surface and so, for passing electrons, ge cannot depend on α̃:

ge = gpe(ψ̃, εe, µe, σ, t). (3.73)

81



3. REDUCED MODELS FOR ELECTRON DYNAMICS

In the trapped region of velocity space, (3.49) implies that

either w‖(l̃, ψ̃, εe, µe) = 0, or
∂ge

∂l̃
= 0. (3.74)

Thus, ge must be constant along magnetic field lines, but only between the bounce
points. So ge can depend on the location of the bounce points, and, therefore, on α̃:

ge = gte(ψ̃, α̃, εe, µe, t), (3.75)

where the dependence on σ has been dropped as ge must be continuous as w‖ passes
through zero and changes sign. For convenience, we define gpe to be zero in the
trapped region and gte to be zero in the passing region, so the complete solution is
just the sum of the two functions:

ge = gpe(ψ̃, εe, µe, σ, t) + gte(ψ̃, α̃, εe, µe, t). (3.76)

The solution of (3.53) in our new coordinates is

Te(ψ) + δT e = T̃e(ψ̃), (3.77)

for some function T̃e. As we can absorb any part of δT e that is only a function of ψ̃
into ge, we can pick T̃e(ψ̃) = Te(ψ̃) and so

δT e =
(
ψ̃ − ψ

) dTe
dψ

. (3.78)

We can also now pick the arbitrary function ξ̃ in the definition (3.60) of ξ to be any
function of ψ̃. In Appendix E, we find convenient forms for the arbitrary functions
ξ̃(ψ̃) and U(r) to obtain (see (E.6))

ueff = u +
c

B
b̃×∇ (δϕ′ − ζ) , (3.79)

where we have defined

ζ =
Te
e

[
δne
ne
−
(
ψ̃ − ψ

) d lnNe

dψ

]
. (3.80)

With this definition, we can express the general solution of (3.46) as

δfe =
eζ

Te
F0e +

(
ψ̃ − ψ

) ∂F0e

∂ψ
+ gpe(ψ̃, εe, µe, σ) + gte(ψ̃, α̃, εe, µe)

+O (εδF0e) ,

(3.81)

and the evolution equation (3.54) for δA‖ becomes(
∂

∂t
+ u · ∇

)
δA‖ = cb̃ · ∇ (ζ − δϕ′) +O

(
εδΩiδA‖

)
. (3.82)

This equation allows us to solve for δA‖ correctly to lowest order in δ. Equations for
the evolution of ζ , gpe and gte at the next order in our expansion are obtained in §3.3.
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3.2. Zeroth Order: Flux Conservation and Field-Aligned Coordinates

3.2.6 Solution for δB⊥

At this juncture, we have enough information to determine δB⊥ in two ways.
Firstly, we have the evolution equations (3.67) and (3.68) for ψ̃ and α̃, with ueff given
by (3.79). This enables us to calculate ψ̃ and α̃ correctly to first order in ε. In Ap-
pendix D, we demonstrate that this gives us enough information to construct δA‖
from the equations

∂δA‖

∂ψ̃
= −∂α̃

∂l
and

∂δA‖
∂α̃

=
∂ψ̃

∂l
. (3.83)

Secondly, we could solve for δA‖ from the evolution equation (3.82) and then use
(3.83) to determine ψ̃ and α̃. Either of these methods is valid, and provides a solution
for δA‖ correct to the requisite order. For the purposes of simulating our equations,
a third option presents itself: determine δA‖ from (3.82), ψ̃ and α̃ from (3.67) and
(3.68), and then use (3.83) as consistency checks upon the solutions thus obtained.
We choose the first of these options, i.e., to eliminate δA‖ in favour of the fluctuating
fields ψ̃ − ψ and α̃− α.

One point remains to be resolved. It would appear that knowing ψ̃ and α̃ deter-
mines δB completely (via (3.63)). However, to determine δB‖ from ψ̃ and α̃, one must
know ψ̃ and α̃ to O(ε2) or, equivalently, the compressible part of ueff to higher order
(O(ε2vthi); see Appendix D), but we do not. Therefore, we determine δB‖ from (3.32)
which involves only lowest-order quantities – quantities that we do calculate.

3.2.7 Parallel Electron Currents

As explained in the previous section, we have obtained a solution for δA‖. How-
ever, δA‖ is usually determined from the parallel component of Ampère’s Law, (3.31).
Substituting our expansion for he (3.41) into the parallel component of Ampére’s law
(3.31), we find

∇2δA‖ =
4πe

c

(∫
d3ww‖

〈
h(0)
e + h(1)

e

〉
r

)
− 4π

c

∑
s=i

Zse

∫
d3ww‖〈hs〉r, (3.84)

where a sum over s = i denotes a sum over all ion species. In this equation, the term
due to h(0)

e is larger than the rest by δ−1. Thus, to lowest order,∫
d3ww‖h

(0)
e =

∫
d3ww‖gpe = 0. (3.85)

This is a constraint on gpe in the lowest-order solution given by (3.81). Note that the
trapped particles do not contribute to the current constraint. The parallel electron
flow (and current) is comparable to that of the ions and contained in h

(1)
e . Defining
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the parallel electron flow

δu‖e =

∫
d3ww‖h

(1)
e (3.86)

reduces (3.84) to an equation for δu‖e:

δu‖e =
c

4πe
∇2δA‖ +

∑
s=i

Zs

∫
d3ww‖〈hs〉r. (3.87)

Thus, instead of determining δA‖ from the electron current, Ampère’s law determines
the electron flow from δA‖ [40]. As we are no longer using δA‖ to describe δB⊥ in
our system of equations, we consider ∇2

⊥δA‖ to be a shorthand for a complicated
expression involving derivatives of ψ̃−ψ and α̃−α via the relations (D.10) or (D.11).
We require δu‖e to complete the solution in the next order, but we do not need any
information about h(1)

e other than δu‖e.

3.3 First Order: Dynamical Equations for Electrons

In this section, we return to the gyrokinetic equation (3.24) and proceed to the next
order in the mass-ratio expansion in order to find evolution equations for ge and ζ .

Subtracting (3.43) from (3.24) and using the solutions for h(0)
e and δA‖ from §3.2.5,

we obtain the first-order part of the gyrokinetic equation:(
∂

∂t
+ u · ∇

)
h(0)
e + w‖b̃ · ∇h(1)

e −
w‖
B

{
δA

(1)
‖ , h

(0)
e

}
+ VDe · ∇h(0)

e

+
c

B

{
δϕ′ − mew

2
⊥

2e

δB‖
B

, h(0)
e

}
−
〈
C
[
h(0)
e

]〉
R

= −eF0e

Te

(
∂

∂t
+ u · ∇

)(
δϕ′ − mew

2
⊥

2e

δB‖
B

)
− c

B

{
δϕ′ − mew

2
⊥

2e

δB‖
B

,F0e

}
+
I(ψ)mew

2
‖F0e

B2Te

dω

dψ

(
b×∇δA‖

)
· ∇ψ

+ w‖F0e

[
e

cTe

(
∂

∂t
+ u · ∇

)
δA

(1)
‖ +

1

B

{
δA

(1)
‖ , lnF0e

}]
,

(3.88)

where we have used (3.45), rewritten terms involving 〈Vχ〉R as Poisson brackets using
(3.27) and (3.66), and, as in §3.2, replaced Re with r as our spatial variable. Thus, the
collision operator in (3.88) is evaluated at Re = r. The drift velocity in (3.88) now
contains only the leading-order part:

VDe = − c

eB
b×
(
mew

2
‖b · ∇b +

1

2
mew

2
⊥∇ lnB − e∇ϕ0

)
+O(εδvthi). (3.89)
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We now rewrite (3.46) in terms of δfe and ζ :(
∂

∂t
+ ueff · ∇

)
δfe + w‖b̃ · ∇h(1)

e −
w‖
B

{
δA

(1)
‖ , h

(0)
e

}
+ VDe · ∇

(
δfe −

eδϕ′

Te
F0e

)
+
c

B

{
ζ − mew

2
⊥

2e

δB‖
B

, δfe

}
− 〈C [δfe]〉R

=

(
∂

∂t
+ ueff · ∇

)
w2
⊥

v2
the

δB‖
B

F0e +

{
ζ,
w2
⊥

v2
the

δB‖
B

F0e

}
− c

B

{
δϕ′ − mew

2
⊥

2e

δB‖
B

,F0e

}
−
I(ψ)mew

2
‖F0e

B2Te

dω

dψ

(
b×∇δA‖

)
· ∇ψ

+ w‖F0e

[
e

cTe

(
∂

∂t
+ u · ∇

)
δA

(1)
‖ +

1

B

{
δA

(1)
‖ , lnF0e

}]
,

(3.90)

where we have used (3.47), (3.80) and the fact that

ueff · ∇ = u · ∇+
c

B
{δϕ′ − ζ, ·} , (3.91)

which follows directly from (3.79) and (3.66).
Finally, we substitute the form of δfe from (3.81), to obtain

∂ge
∂t

∣∣∣∣
ψ̃,α̃,l̃

+ w‖b̃ · ∇h(1)
e + VDe · ∇ge +

c

eB

{
eζ − µeδB‖, ge

}
− 〈C [ge]〉R

= −F0e

Te

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

(
eζ − µeδB‖

)
− VDe · ∇(ψ̃ − ψ)

∂F0e

∂ψ
+ VDe · ∇ (δϕ′ − ζ)

eF0e

Te

+
c

e

∂

∂α̃

(
eζ − µeδB‖

) ∂F0e

∂ψ̃
+
I(ψ)mew

2
‖F0e

B2Te

dω

dψ

(
b×∇δA‖

)
· ∇ψ

+ w‖F0e

[
e

cTe

(
∂

∂t
+ u · ∇

)
δA

(1)
‖ +

1

B

{
δA

(1)
‖ , lnF0e

}]
+
w‖
B

{
δA

(1)
‖ , h

(0)
e

}
,

(3.92)

where we have gathered all terms involving ge together on the left-hand side and all
terms involving δA(1)

‖ on the right. Notationally, (3.92) can be confusing as we have
made some abbreviations for the sake of conciseness. Firstly, all spatial derivatives
are taken at constant t, εe and µe. Thus, for equations that are solved in the moving
coordinate system

∇ = ∇ψ̃ ∂

∂ψ̃

∣∣∣∣
α̃,l̃,t,εe,µe

+ ∇α̃ ∂

∂α̃

∣∣∣∣
ψ̃,l̃,t,εe,µe

+ ∇l̃ ∂
∂l̃

∣∣∣∣
ψ̃,α̃,t,εe,µe

. (3.93)

As this notation is cumbersome, we will continue to use ∇ where appropriate (i.e.,
where it would expand to more than one derivative). Secondly, all the Poisson brack-
ets in (3.92) are shorthand for the expression (3.66) in terms of ψ̃ and α̃ derivatives.
Finally, this equation is, intrinsically, an equation in the frame moving with the magnetic
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field, and all functions should be interpreted as functions of t, ψ̃, α̃, and l̃ rather than
t and r.

Equation (3.92) describes how ge, and thus δfe, evolves dynamically in response to
given perturbed fields. As ueff is also considered known, (3.67)–(3.69) can be solved
to give the complete transformation from the fixed to the moving coordinate system.
Thus, we consider all the quantities in (3.92) to be known in both the fixed coordinates
(which will be needed when we come to the field equations) (ψ, α, l), and the moving
coordinates, (ψ̃, α̃, l̃). However, in its current form, (3.92) is not closed, as we know
neither h(1)

e nor δA(1)
‖ . In the following sections we derive evolution equations for ζ ,

gte and gpe as solubility constraints of (3.92).

3.3.1 Fluctuating Continuity Equation

The one piece of information that is known about h(1)
e is its parallel velocity mo-

ment δu‖e, determined by (3.87). Thus, we integrate (3.92) over all velocities and find

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

[
eζ

Te
ne +

∫
d3wge −

δB‖
B

ne

]
+B

∂

∂l̃

δu‖e
B

+

∫
d3wVDe · ∇ge

+
c

B

{
ζ,

∫
d3wge

}
− c

e

{
δB‖
B

,

∫
d3wµege

}
= −

∫
d3wVD · ∇(ψ̃ − ψ)

∂F0e

∂ψ
+
(
V̂D + Vϕ

)
· ∇ (δϕ′ − ζ)

ene
Te

+ cne
∂

∂α̃

(
ζ − δB‖

Te
eB

)(
d lnNe

dψ
− eϕ0

d lnTe
dψ

)
− c

∂δB‖
∂α̃

neTe
eB

d lnTe
dψ

− Ine
B

dω

dψ

∂

∂l̃
(ψ̃ − ψ),

(3.94)

where we have used Bb̃ = B̃ +O(εB), the fact that h(0)
e carries no current, and∫

d3w =
∑
σ

∫
Bdεedµedϑ

m2
e|w‖|

. (3.95)

We have also defined
V̂D = −cTe

eB
b× (b · ∇b +∇ lnB) (3.96)

and
Vϕ =

c

B
b×∇ϕ0 (3.97)

so that ∫
d3wVDeF0e =

(
V̂D + Vϕ

)
ne. (3.98)

We have also used ∇ · B̃ = 0 and (D.11) to eliminate b̃ and δA‖ from our equation.
It is important to note that this equation is written in the moving coordinate system.
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It relates ζ(ψ̃, α̃, l̃, t) to ge and the other fluctuating fields, also given as functions of
ψ̃, α̃ and l̃. In this context, ψ̃ − ψ should be viewed as just another fluctuating field.
Therefore, all gradients should be thought of in terms of derivatives with respect to
ψ̃ and α̃, for the Poisson bracket this is done via (3.66).

That (3.94) is essentially the fluctuating continuity equation is not immediately
obvious. Let us attempt to make this more transparent. Clearly, the first two terms
under the time derivative in (3.94) are the perturbed electron density due to the fluc-
tuations; the time derivative of δB‖ adds to this the fluctuation in the electron density
due to the compression of the flux surfaces.10 This total density is changed by various
flows – the compression in the parallel flow δu‖e, the flow of electrons past the flux
surface given by (c/B)b̃ × ∇ζ , the grad-B drift due to δB‖, and the magnetic drifts.
Indeed, even the final term in (3.94) can be interpreted as a compression – it is the
compression of the electron fluid due to the perturbed flux surfaces “sticking out”
into regions with different toroidal angular velocities.

Equation (3.94) provides us with an evolution equation for ζ if we know ge and
the perturbed fields. The evolution equations for ge given ζ are found in the next two
sections.

3.3.2 Trapped Electrons and the Bounce Average

In order to derive an equation for ge in the trapped region of velocity space, we
need to define an averaging operator that eliminates the fast electron bounce motion
(i.e., annhilates w‖b̃ · ∇ and thereby eliminates h(1)

e ). The appropriate average is the
bounce average along the perturbed field i.e., at fixed ψ̃ and α̃. For an arbitrary function
a(ψ̃, α̃, l̃, εe, µe, σ), we define the bounce average to be

〈a〉‖ =

∮
dl̃

w‖
a

/∮
dl̃

w‖
, (3.99)

where the integration is carried out from one bounce point where w‖ = 0, along the
magnetic field, to the second bounce point wherew‖ passes through zero and changes
sign, and then back to the first bounce point. This integral is carried out at constant
ψ̃, α̃, εe, µe and ϑ. Thus, equivalently, the bounce average is

〈a〉‖ =

l2∫
l1

dl̃

|w‖|
[a(σ = 1) + a(σ = −1)]

/
2

l2∫
l1

dl̃

|w‖|
, (3.100)

10In the derivation of the transport equations we show that

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

δB‖

B
=
(

I− b̃b̃
)
: ∇ueff ,

so ∂δB‖/∂t is equal to the perpenicular compression of the flux surfaces.
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where l1 and l2 are the bounce points of the particle orbit.
Clearly, the bounce average commutes with the time derivative at fixed moving

coordinates ψ̃, α̃ and l̃. In Appendix F, we prove that〈
w‖b̃ · ∇h(1)

e

〉
‖

= 0 (3.101)

and that, to lowest order in ε, 〈
VDe · ∇ψ̃

〉
‖

= 0. (3.102)

Using these results, we take (3.92) in the trapped region of velocity space and perform
the bounce average to find

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

gte + 〈VDe · ∇gte〉‖ +
c

eB

{
e 〈ζ〉‖ − µe

〈
δB‖

〉
‖, gte

}
− 〈〈C [gte]〉R〉‖

= − ∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

(
〈ζ〉‖ − µe

〈
δB‖

〉
‖

) F0e

Te
−
〈
VDe · ∇

(
ψ̃ − ψ

)〉
‖

∂F0e

∂ψ

+ 〈VDe · ∇ (δϕ′ − ζ)〉‖
eF0e

Te
+
c

e

∂

∂α̃

(
e 〈ζ〉‖ − µe

〈
δB‖

〉
‖

) ∂F0e

∂ψ

+

〈
mew

2
‖

B

∂

∂l̃
(ψ̃ − ψ)

〉
‖

I(ψ)

Te

dω

dψ
F0e,

(3.103)

where the last line in (3.92) has vanished under the bounce average because it is an-
tisymmetric in σ (the sign of the parallel velocity). This equation is a closed equation
for gte, once the fields and ζ are given. Note that all quantities must be expressed
in the moving coordinates, in order to perform the bounce average. Again, as with
(3.94), all gradients should be interpreted in terms of derivatives with respect to the
moving coordinates as should the Poisson bracket (via (3.66)).

3.3.3 Passing Electrons and the Flux Surface Average

In the passing region of velocity space, the fast streaming of electrons along per-
turbed field lines causes a passing electron to sample an entire perturbed flux surface
(ψ̃ = const. surface). Thus, the averaging procedure we will need is the average over
a perturbed flux surface. For any function a, this is defined by

〈a(r, εe, µe, ϑ, σ)〉ψ̃ = lim
∆ψ→0


∫
∆

d3ra(r, εe, µe, ϑ, σ)

/∫
∆

d3r

 , (3.104)

where the region of integration ∆ is the volume between the surface labelled by ψ̃

and that labelled by ψ̃ + ∆ψ, and the integral is taken at constant εe, µe and ϑ. In
Appendix G, we prove that 〈

B̃ · ∇h(1)
e

〉
ψ̃

= 0, (3.105)
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that the flux surface average commutes with the time derivative following the mag-
netic field, that 〈

B

|w‖|
VDe · ∇ψ

〉
ψ̃

= 0, (3.106)

and that, for any function a(r),〈
B

|w‖|

(
b̃×∇a

)
· ∇ψ̃

〉
ψ̃

= 0. (3.107)

We also prove that, for any fluctuating function λ,〈
B

|w‖|
VDe · ∇λ

〉
ψ̃

= 0. (3.108)

Taking (3.92) in the passing region of velocity space, multiplying by B/|w‖|, and
flux-surface averaging (to eliminate w‖b̃ · ∇h(1)

e ), we obtain:〈
B

|w‖|

〉
ψ̃

∂gpe
∂t

∣∣∣∣
ψ̃,α̃,l̃

−
〈

B

|w‖|
〈C [gpe]〉R

〉
ψ̃

= −F0e

Te

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

〈
B

|w‖|
(
eζ − µeδB‖

)〉
ψ̃

+

〈
me|w‖|
B

(
b×∇δA‖

)
· ∇ψ

〉
ψ̃

I(ψ)

Te

dω

dψ
F0e

+ σ

〈
BF0e

(
e

cTe

∂δA
(1)
‖

∂t
+

1

B

{
δA

(1)
‖ , lnF0e

})〉
ψ̃

,

(3.109)

where the final term in (3.92) vanishes because in the passing region ge is only a func-
tion of ψ̃ and we can use (3.107). We still have to eliminate the final line of (3.109). We
note that we only require the part of gpe that is even in σ – we require its density in
the quasineutrality condition (3.29) and its pressure in perpendicular Ampère’s law
(3.32). Thus, we sum (3.109) over σ and henceforth gpe denotes only the even part.
Hence we obtain〈

B

|w‖|

〉
ψ̃

∂gpe
∂t

∣∣∣∣
ψ̃,α̃,l̃

−
〈

B

|w‖|
〈C [gpe]〉R

〉
ψ̃

= −F0e

Te

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

〈
B

|w‖|
(
eζ − µeδB‖

)〉
ψ̃

−
〈
me|w‖|

∂

∂l̃
(ψ̃ − ψ)

〉
ψ̃

I(ψ)

Te

dω

dψ
F0e.

(3.110)

This completes our solution for ge, as (3.110) is a closed equation for the part of gpe
that is even in σ. It is useful to note that only the zonal (i.e., α̃-independent) parts
of ζ and δB‖ will give a significant drive for gpe – the α̃-dependent parts will tend to
cancel under the flux-surface average.
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3.3.4 Field Equations

In this section, we finally close our system of equations by writing the field equa-
tions in terms of our solution for δfe and ion quantities.

We find δϕ′ by using the solution (3.81) for δfe in the quasineutrality condition
(3.29):

1

ne

∑
s=i

Z2
s ensδϕ

′

Ts
=
eζ

Te
+
(
ψ̃ − ψ

) d lnNe

dψ
+

1

ne

∫
d3wge +

∑
s=i

Zs
ne

∫
d3w〈hs〉r. (3.111)

Similarly, we find δB‖ by using (3.81) in (3.32) to find

−∇2
⊥
δB‖B

4π
=
∑
s=i

∇⊥∇⊥ :

∫
ms〈w⊥w⊥hs〉r + ne∇2

⊥ (ζ − δϕ′)

+ ne∇2
⊥

(
ψ̃ − ψ

)[
Te
d lnNe

dψ
+ (Te − eϕ0)

d lnTe
dψ

]
+∇2

⊥

∫
d3w

mew
2
⊥

2
ge.

(3.112)

These two equations determine δϕ′ and δB‖.
It is important to note that (3.111) and (3.112) are not naturally solved in the mov-

ing coordinate system. It is because of this coupling to the fixed coordinates (and the
ion physics) that we require the mapping between the coordinate systems (from the
solution of (3.67)–(3.69)).

3.4 Summary of the Reduced Electron Model

The set of electron equations we have derived is complicated: the electron time-
scale has been removed at the expense of introducing more dependent variables and
more equations, some integro-differential. In these equations, we have the nine un-
knowns ψ̃, α̃, δu‖e, ζ , gte, gpe, hi, δϕ′, and δB‖. We have provided a complete set of
nine equations to determine these quantities. These are:

• (3.67) and (3.68) to evolve ψ̃ and α̃ which define the moving coordinate system
that moves with velocity ueff given by (3.79),

• (3.87) to determine δu‖e,

• and the coupled set (3.94), (3.103), (3.110), and (3.24) to evolve ζ , gte, gpe, and hi

with the constituent relations (3.111) and (3.112) determining δϕ′ and δB‖.

Together, these equations comprise a rigorously-derived model for ion-scale turbu-
lence, accurate up to corrections of order δ. The only assumption we have had to
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make, beyond our orderings, is that any stochastic component of the magnetic field
(if present) satisfies δBstoch/B � εδ.

3.5 The Collisional Limit

The equations for δfe in §3.2.5 and §3.3.4 are derived under the assumption that
νee ∼ ω ∼ k‖vthi . In many cases of interest, the collision frequency is in fact much
larger than this: νee � ω. We can take this limit as a subsidiary expansion, subsidiary
to our expansion in the mass ratio.11

Formally, we introduce the parameter ν∗e = νeeqR/vthe , where q(ψ) is the safety
factor (see §2.6.3) and R the cylindrical radial coordinate, also known as the major
radius of the tokamak (see §2.2.2). We then let ν∗e � δ and expand in

δ

ν∗e
� 1. (3.113)

The results of this expansion will be presented in the following sections.

3.5.1 Maxwellian Electrons

In our collisional expansion, C [ge] is the dominant term in (3.92). Thus, up to
corrections that are small in ω/νee � 1, ge is given by

C [ge] = 0. (3.114)

Hence, ge is a perturbed Maxwellian to leading order:

ge =

{
δnH
Ne

+

(
εe
Te
− 3

2

)
δTe
Te

}
F0e +O

(
δ

ν∗e
εfe

)
. (3.115)

where δnH and δTe are arbitrary functions of r – δnH will shortly be shown to be the
homogenous (i.e., a function only of ψ̃) part of the electron density perturbation and
δTe the perturbed electron temperature.

Now, we know from §3.2.1 that ge is a solution of (3.49). Substituting this into
(3.49), we see that δnH/Ne and δTe/Te are functions of ψ̃ only (the derivatives in (3.49)
being taken at constant εe). Thus, in the this limit, collisions trap and de-trap electrons

11Strictly speaking, to treat this as a subsidiary expansion we also require that νee � k‖vthe
, so that

it does not change the form of (3.43) and (3.46). However, if νee is large enough that νee ∼ k‖vthe
, then

the homogenous equation for ge is w‖b̃ ·∇ge = C [ge]. The only solution of this equation is a perturbed
Maxwellian with perturbed densities and temperatures that are functions of ψ̃ only. Thus, the results
of this section still hold.
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rapidly enough that there is no longer a distinction between passing and trapped elec-
trons (α̃-dependence being the signature of kinetic trapped electrons) – all electrons
sample the entire flux surface on the fluctuation timescale.

Let us now further simplify our solution for ge. Substituting (3.115) into (3.81), we
obtain

δfe =

(
eζ

Te
+
δnH
Ne

)
F0e +

(
ψ̃ − ψ

) ∂F0e

∂ψ
+

(
εe
Te
− 3

2

)
δTe(ψ̃)

Te
F0e +O (εδF0e) . (3.116)

From this expression, we observe that we were justified in our notation for δTe – it
really is the perturbed electron temperature relative to the moving surfaces. We also
note that ζ and δnH both contribute to the perturbed density. As we have the freedom
to add an arbitrary function of ψ̃ to the definition of ζ – it does not change the velocity
of the flux surface (see the end of §3.2.2), we redefine ζ to be ζ − TeδnH/eNe and so
eliminate δnH entirely. Thus, our solution for δfe becomes

δfe =
eζ

Te
F0e +

(
ψ̃ − ψ

) ∂F0e

∂ψ
+

(
εe
Te
− 3

2

)
δTe(ψ̃)

Te
F0e +O

(
δ

ν∗e
εF0e

)
, (3.117)

where the entire density perturbation is contained in the Boltzmann-like first term.

3.5.2 Fluctuating Continuity Equation

We now derive an equation for ζ in the collisional limit.
Using the solution (3.115) for ge in (3.94), we obtain, to lowest order in δ/ν∗e ,

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

(
eζ

Te
− eϕ0

Te

δTe
Te
−
δB‖
B

)
ne +B

∂

∂l̃

δu‖e
B
− cTe
eB

{
δB‖
B

,
δTe
Te

}
ne

(
1− eϕ0

Te

)
= −V̂D · ∇

(
ψ̃ − ψ

)(d lnNe

dψ
+
d lnTe
dψ

)
ne − Vϕ · ∇

(
ψ̃ − ψ

) d lnNe

dψ
ne

+
ecϕ0

BTe

{
ζ,
δTe
Te

}
− V̂D · ∇

δTe
Te

ne +
(
V̂D + Vϕ

)
· ∇ (δϕ′ − ζ)

ene
Te

+ c
∂

∂α̃

(
ζ − δB‖

Te
eB

)
∂ lnNe

∂ψ
ne − c

∂δB‖
∂α̃

neTe
eB

∂ lnTe
∂ψ

− Ine
B

dω

dψ

∂

∂l̃
(ψ̃ − ψ),

(3.118)

where we have used the fact that, as we have absorbed the density perturbation into
ζ ,
∫
d3wge = O((δ/ν∗e )εne). As in §3.3.1, this is just the fluctuating continuity equation

for electrons.

3.5.3 Fluctuating Energy Equation

To close our system of collisional equations, we now need the fluctuating energy
equation from which we will determine δTe. Thus, we multiply (3.92) bymew

2/(2Te)−
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3/2 and integrate over all velocities to find

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

(
3

2

δTe
Te
−
δB‖
B

)
ne +∇ ·

(
b̃q‖e

)
+
c

B

{
ζ − Te

e

δB‖
B

,
δTe
Te

}
ne

= −1

2

(
7V̂D + 3Vϕ

)
· ∇
(
ψ̃ − ψ

) ∂

∂ψ̃

(
δTe
Te

+ lnTe

)
ne

− V̂D · ∇
(
ψ̃ − ψ

) ∂ lnNe

∂ψ̃
ne + V̂D · ∇ (δϕ′ − ζ)

ene
Te

−
∂δB‖
∂α̃

cTene
eB

(
∂ lnNe

∂ψ
+
∂ lnTe
∂ψ

)
− Ine

B

dω

dψ

∂

∂l̃
(ψ̃ − ψ),

(3.119)

where q‖e =
∫
d3w (mew

2/2Te − 3/2)h
(1)
e . As we do not know q‖e, we wish to eliminate

it from this equation. Therefore, we average (3.119) over the perturbed flux surfaces
and obtain

∂

∂t

(
δTe
Te
〈ne〉ψ̃ +

〈
2δB‖
3B

ne

〉
ψ̃

)
+

〈
Vϕ · ∇

(
δTe
Te

ne

)〉
ψ̃

=

−
〈(

7

3
V̂D + Vϕ

)
· ∇(ψ̃ − ψ)

∂ lnTe

∂ψ̃
ne

〉
ψ̃

− 2

3

〈
V̂D · ∇(ψ̃ − ψ)

∂ lnNe

∂ψ̃
ne

〉
ψ̃

− 2

3

〈
ne
B

∂

∂l̃
(ψ̃ − ψ)

〉
ψ̃

I(ψ)
dω

dψ
,

(3.120)

where we have used (G.6) to eliminate some terms.

Let us examine the terms in (3.120). Other than the last term on the right-hand
side, which is due to the viscous heating of electrons, these terms seem fairly opaque.
However, they all vanish if we apply the low-Mach-number ordering of §2.10.1 – we
can move ne outside the flux-surface averages and then use the properties of the flux-
surface average and the drift velocities to eliminate the terms in question. Thus, we
conclude that these terms, which disappear if the Mach number is small, are to do
with the exchange of potential energy of the electrons with thermal energy.

Equation (3.120) completes our solution for δfe. In the next section, we close the
system by working out the electron contributions to the field equations in the colli-
sional limit.

3.5.4 Field Equations

We now use our solution for δfe to simplify the field equations. Substituting the
solution (3.117) into (3.111) gives the following equation for δϕ′:

1

ne

∑
s=i

Z2
s ensδϕ

′

Ts
=
eζ

Te
+
(
ψ̃ − ψ

) d lnNe

dψ
− eϕ0

Te

δTe
Te

+
∑
s=i

Zs
ne

∫
d3w〈hs〉r. (3.121)
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Similarly, by substituting (3.117) into (3.112), we obtain an equation for δB‖ in the
collisional limit:

−∇2
⊥
δB‖B

4π
=
∑
s=i

∇⊥∇⊥ :

∫
ms〈w⊥w⊥hs〉r + ne∇2

⊥ (ζ − δϕ′)

+ ne∇2
⊥

(
ψ̃ − ψ

)[
Te
d lnNe

dψ
+ (Te − eϕ0)

d lnTe
dψ

]
+

(
1− eϕ0

Te

)
ne∇2

⊥δTe.

(3.122)

The field equations (3.121) and (3.122) close the collisional electron model, which
we now summarise.

3.5.5 The Collisional Electron Model

The collisional electron model is a simplified version of the model given in §3.4.
We have replaced the distribution functions gpe and gte by a single perturbed electron
density and temperature. The complete set of equations describing this model is:

• (3.67) and (3.68) to evolve ψ̃ and α̃ which define the moving coordinate system,

• (3.87) to determine δu‖e,

• ζ is given by (3.118),

• δTe is given by (3.119),

• (3.121) and (3.122) determine the fields δϕ′ and δB‖ respectively,

• and the ion dynamics (hi) are given by (3.24).

3.6 The Transport Timescale

The procedure of §3.4 is sufficient to calculate the evolution of our plasma on the
fast (turbulent) timescale. Our expansion in δ also has consequences for the evolution
of ne, Te and ω on the slow (transport) timescale. In §2.7 of Ch. 2, transport equations
for ne and Te were derived by considering the transport of particles and energy across
ψ = const. surfaces. It is clear from the results of §3.2.2 and §3.2.3 that, for electron
transport, it is more appropriate to consider ψ̃ = const. surfaces.

To this end, in Appendix H, we rewrite the electron kinetic equation relative to the
moving flux surfaces. We then average this equation over the turbulence and over the
fluctuating flux surfaces. Finally, we integrate over velocity space to find transport
equations for particles and multiply by εe and integrate over velocities to obtain the
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electron heat transport equation. This procedure is entirely analogous to that under-
taken in §2.7 save for the extra complexity introduced by the rapid fluctuation of the
ψ̃ = const. surfaces. We summarize the results of these calculations in the following
sections.

3.6.1 Particle Transport

In Appendix H.3, we derive the electron particle transport equation, correct to
lowest order in δ:

1

V ′
∂

∂t

∣∣∣∣
ψ̃

V ′ 〈ne〉ψ̃ +
1

V ′
∂

∂ψ̃
V ′ 〈Γe〉ψ̃ =

〈
S(n)
e

〉
ψ̃
, (3.123)

where S(n)
e is defined by (2.164) and the particle flux is given by

〈Γe〉ψ̃ =

〈〈
c

∫
d3wgte

∂

∂α̃

(
ζ +

w2
⊥

2Ωe

δB‖
B

)〉
turb

〉
ψ̃

. (3.124)

Note that whilst we use the same notation for the particle flux Γe as in Ch. 2, it is not
the same quantity. In this chapter the transport equations are derived for transport
across a ψ̃ = const. surface not a ψ = const. surface.

Several important features of this flux immediately present themselves. Firstly,
only the trapped electrons contribute – the passing particles play no part in the trans-
port. Secondly, there is no “flutter” transport despite the fact that the contribution to
(2.170) from δA‖ is clearly not zero. This is, in fact, the primary advantage of writing
our transport equations with respect to the moving surfaces, we observe this cancel-
lation analytically rather than having to recover it via a very careful evaluation of
(2.166) and (2.170). Finally, we see that drifts that do cause transport are the drift due
to ζ and the ∇B drift due to δB‖. This supports our interpretation of the drift due to
ζ being the drift of electrons across the moving surfaces.

Electron Transport in the Collisional Model

As we proved in §3.115, in the collisional limit the electrons are trapped and de-
trapped fast enough to remove the distinction between trapped and passing particles
– in effect all electrons are passing. This immediately implies that if the electrons
are collisional, there is no transport of electrons. Thus, the electron transport time is
O(δ−1 (ω/νee)) longer than the ion transport time – collisions are actually beneficial.
Naturally, with sufficiently large collisions, neoclassical and classical electron trans-
port reappear in the fluxes and the confinement worsens again.
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3.6.2 Electron Heat Transport

Similarly, in §Appendix I.4, we derive the electron heat transport equation, to low-
est order in δ:

1

V ′
3

2

∂

∂t

∣∣∣∣
ψ̃

V ′ 〈ne〉ψ̃ Te +
1

V ′
∂

∂ψ̃
V ′ 〈qe〉ψ̃ = (3.125)

P turb
e + P comp

s + P pot
s + C(E)

s + S(E)
s ,

where C(E)
s and S

(E)
s are defined by (2.192) and (2.193) respectively, the heat flux is

given by

〈qe〉ψ̃ =

〈〈
c

∫
d3w

(
1

2
mew
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)
gte

∂

∂α̃

(
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⊥

2Ωe
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B

)〉
turb

〉
ψ̃

, (3.126)

and the heat sources are given by

P comp
s = −Te 〈ne∇ · Vψ〉ψ̃ , (3.127)
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s =

〈
eϕ0

(
∂

∂t
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ψ̃,α̃,l̃

ne − S(n)
e

)〉
ψ̃

+ 〈eϕ0ne∇ · Vψ〉ψ̃

+

〈
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〈(
eζ
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∫
d3wge
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〉
turb

〉
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,

(3.128)

and

P turb
e = −

〈∫
d3w

〈
ge

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

(
eζ − µeδB‖

)〉
turb

〉
ψ̃

+ e 〈ne〈ζ∇ · ueff〉turb〉ψ̃ . (3.129)

In these expressions for the heating, the divergence of ueff is given by

∇ · ueff =
∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

δB‖

B̃
+
(
b̃ · ∇ψ

) I(ψ)

B

dω

dψ
− c

B
(b · ∇b) · b×∇ (ζ − δϕ′) . (3.130)

This expression is correct and closed to the required order in ε and δ. Again, it is
crucial to note that whilst we use the same notation for qe, P comp

s , P pot
s , and P turb

e as in
Ch. 2, these are not the same quantities.

Let us now interpret the heat flux and the heating terms. The heat flux parallels
the particle flux: there is no flutter transport, only trapped particles contribute to the
flux, and they contribute via the E × B-drift across flux surfaces and the ∇B-drift
due to δB‖.

Of the heating terms, the first, P comp
s is just the compressional heating due to the

mean motion of the flux surfaces. The second, P pot
s , is the change in the thermal
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3.6. The Transport Timescale

energy of the electrons due to the change in their electrostatic potential energy.12 Fi-
nally, we have the turbulent heat source P turb

e . We interpret the terms in the expres-
sion (3.129) for P turb

e as follows: the first term is heating due to work done against
the parallel electric field (through ζ); the term involving the time-derivative of δB‖
is in fact composed of the electron viscous heating, compressional heating due to the
fluctuating motion of the ψ̃ = const. surfaces and work done bending the magnetic
field. This can be seen by substituting for δB‖ from (3.130) – the term on the left-hand
side of (3.130) is the compressional heating, the second term on the right is part of
the electron viscous heating. The final term is the potential energy contribution to the
compressional heating due to the fluctuating motion of the exact flux surfaces.

Electron Heating in the Collisional Model

Again, in the collisional limit, the flux in (3.125) vanishes. We are just left with
local heating terms, of which only the turbulent heating simplifies:

P turb
e =

〈〈
neδTe

∂

∂t

∣∣∣∣
ψ̃,α̃,l̃

δB‖
B

〉
turb

〉
ψ̃

+ e 〈ne〈ζ∇ · ueff〉turb〉ψ̃ , (3.131)

where ∇ · ueff is given by (3.130) as before. Thus, despite the lack of any transport,
the electron response to ion-scale turbulence can still dissipate free energy. All other
terms in (3.125) remain unchanged.

3.6.3 Momentum Transport

As the momentum transport involves all species, not merely electrons, we do not
write a new equation for it in the moving frame. The transport equation for toroidal
angular momentum is (Equation (2.179) of Ch. 2)
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where the moment of inertia of the plasma is now given by
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(3.134)

12For further discussion of the nature of this potential-energy-exchange term, see §2.7.3 of Ch. 2.
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where the sums over s = i are taken over all ion species and fluxes π(ψφ)
s and Γs for the

ions are given by (2.184) and (2.170) of Ch. 2, respectively. The electron momentum
flux is now (see Appendix H.5)〈

π(ψφ)
e

〉
ψ

=

〈
I(ψ)

〈∫
d3w

(
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2
‖ −

1

2
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2
⊥

)
ge
∂

∂l̃
(ψ̃ − ψ)

〉
turb

〉
ψ

. (3.135)

The three evolution equations (3.123), (3.125) and (3.132) close our system on the
transport timescale. The fluxes are written entirely in terms of fluctuating quantities
that our reduced electron model provides (note that nowhere do we require the part
of gpe that is odd in σ).

The Collisional Limit

In the collisional limit, ge is Maxwellian, and so isotropic in velocity space – see
§3.115. Therefore, the velocity integral in (3.135) vanishes and so there is no angular
momentum transport due to the electrons.

3.7 Comparison to Previous Models

Many previous works have introduced physically-motivated model responses for
the electrons. Some are based on the linear electron response [32] and others use fluid
moments of the electron distribution function to try and capture the passing parti-
cle response [33, 98, 107]. Our model improves upon this by being a rigorous con-
sequence of the electron gyrokinetic equation, clearly demonstrating how the elec-
tron response fits into the full turbulent transport framework. Also, by retaining the
bounce- and flux-surface-averaged kinetics of the electrons, we retain the distinction
between the passing and trapped populations and retain drift resonances that may
be lost in a fluid picture. We recover some of the results of the fluid models in the
collisional limit, where there are no trapped electrons. In particular, the fact that δTe
is only a function of ψ̃ means that the temperature has equilibrated along perturbed
field lines as expected. Even in this limit, the previous models did not allow for a
rapid toroidal rotation (comparable to the ion thermal speed). Also all these models
neglect δB‖ and only retain δA‖ in the perturbed magnetic field.

One of the original and still widely used models for the electron response is the
adiabatic electron response corrected for zonal perturbations [108]. It can be shown
that this is a rigorous limit of our model in the limit of vanishing β (the electrostatic
limit) and collisional electrons. For collisionless electrostatic turbulence, similar equa-
tions have been derived rigorously in [31]. The electrostatic model of [31] also neither
handles general magnetic geometry nor discusses the behaviour of passing electrons.
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This limit is useful as an easily-implemented stepping stone between the adiabatic
electron model (strictly only valid for quite collisional plasmas) and resolving the full
physics by solving the electron gyrokinetic equation.

The most complete previous model is that of [34]. However, their model is derived
under two restrictive assumptions. Firstly, the mass ratio is assumed to be much
smaller than we assume here (δ ∼ ε rather than 1 � δ � ε) and secondly δB‖ is
assumed to be identically zero. We note that (3.81) corresponds directly to equation
(54) of [34], but that the further assumption made in [34] of (in our notation) gpe = 0

is unjustified (gpe = 0 is not a solution of (3.110)) and hence neglects the electron
response that is zonal with respect to the perturbed flux surfaces. The model of [34]
also does not include the effects of sonic toroidal rotation.

(which is either computationally prohibitive or formally invalid depending on
whether one chooses to resolve the electron scales or not).

Finally, we must discuss how our model compares to the common practice of
simulating the full electron gyrokinetic equation at ion scales (so-called “kinetic elec-
trons”). Firstly, the electron gyrokinetic equation clearly contains electron-gyroscale
and electron-bounce-frequency physics, so simulating only the ion scales is formally
invalid – deliberately leaving the simulation unresolved in some sense. Secondly,
how an unresolved simulation of the electron gyrokinetic equation behaves will be
sensitive to the numerical algorithm used – it is possible to design a numerical al-
gorithm that numerically bounce-averages the kinetic equation in the long-timestep
limit, but of the commonly used gyrokinetic codes only GS2 [109] does this. Indeed,
the only way to confirm that simulating “kinetic electrons” gives the correct physics
is either to compare with full two-scale simulations that resolve the electron dynam-
ics as well as the ion dynamics or to compare with simulations of the electron model
presented in this chapter. As well resolved two-scale simulations are generally be-
yond current computational resources (but see [110, 111] for the latest advances in
this direction), simulations of our model are the only way to confirm the validity of
this practice.

3.8 Conclusions

In this chapter, we have derived equations describing the electron response to ion-
scale turbulence. The fast electron timescales have been eliminated from this system.
The scale separation between electron and ion scales both motivates and enables the
derivation of such a model. Starting from electron gyrokinetics (Ch. 2), we system-
atically expanded our equations in the square root of the electron-to-ion mass ratio
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to obtain our model. As discussed in the introduction, as studies of turbulence at
non-zero β become more and more important – both for conventional and spherical
tokamaks – having an electron response model that handles this rigorously will be
necessary. We have derived full (β ∼ 1) collisional and arbitrary-collisionality mod-
els – summarised in §3.5 and §3.4 respectively.

The procedure by which we constructed this model, a rigorous expansions in√
me/mi � 1, allowed us to delineate clearly which effects are due to electron-scale

physics and which to ion-scale physics. Most importantly, the elimination of the elec-
tron scales has a profound impact on the structure of the fluctuating magnetic field.
We prove in §3.2.2 that purely ion-scale turbulence conserves the total magnetic flux,
and, moreover, that a velocity field can be found into which the magnetic field is
frozen. This generalization of the usual MHD frozen-in theorem demonstrates that it
is only electron-scale effects that can change the magnetic topology. The inclusion of
β ∼ 1, trapped particles, sonic rotation, and arbitrary axisymmetric geometry does
not change this fundamental fact.

Similarly, whilst deriving transport equations across the exact flux surfaces, we
have obtained another general property of ion-scale turbulence: passing electrons
do not contribute to transport fluxes (see §3.6). This result could prove useful in
designing magnetic geometries that have beneficial trapped-particle properties, safe
in knowledge that the passing particles never contribute to the transport.

In addition to these fundamental general results, two other ancillary results have
been proved in the course of this work. Firstly, in Appendix C, we proved that the
topology of the mean magnetic field (i.e., the q(ψ) profile) evolves on the resistive
rather than the transport timescale. Importantly, this result holds independently of
the nature of the turbulence. Secondly, in Appendix J, we proved that the commonly
used adiabatic electron model is, in fact, the correct model for collisional (ν � ω) and
electrostatic (β � 1) electrons.

Throughout our derivation, we have simply assumed that the magnetic stochas-
ticity produced by electron-scale fluctuations is sufficiently small (see §3.2.3 for a de-
tailed discussion of how small the field needs to be) that we can neglect it. This
assumption must be investigated in detail and will be explored in future work. Sim-
ilarly, the potential effects of small resonant regions around rational surfaces (which
would give a finite width to each ψ̃ = const. surface) should be examined closely.
Indeed, a natural extension of this work would be to include the reaction of a small
amount of purely electron-scale turbulence on the ion scales. There is increasing nu-
merical evidence that electron-scale turbulence (such as Microtearing [112]) may gen-
erate stochastic magnetic fields [113, 114, 115]. Some simulations even suggest that
purely ion-scale turbulence, such as ITG, can generate such fields [116, 117, 118] – this
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result would be in contradiction of the results of this paper and a detailed analysis
must be conducted to resolve the discrepancy.

As always, the final arbiter of the usefulness of these models will be their applica-
tions, e.g., in nonlinear studies of finite-β ITG turbulence or kinetic ballooning mode
turbulence.
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CHAPTER 4

Future Directions

In Ch. 2, we derived, from first principles, the theory of multiscale gyrokinetics.
Our formulation included, for the first time, the effects of sonic toroidal rotation, the
effects of collisional and turbulent transport on the mean profiles, and the evolution
of the magnetic field. This theoretical framework enables us to tackle many of the
most exciting and important questions in plasma physics.

Firstly, this framework forms a solid foundation from which reinvigorated theo-
retical study of turbulence can spring. This includes the study of basic properties of
turbulence: indeed, models based on simple physics assumptions coupled with the
local cascade law (see §2.8.2) have already met with remarkable numerical [119] and
experimental [5] success. This also provides a promising avenue of further research,
including the possibility of a theoretical model of the “Dimits shift” [48, 120] and the
transition to strong turbulence.

Secondly, the inclusion of the transport-timescale behaviour of the plasma in our
framework may be the key to understanding the feedback mechanisms in plasma
turbulence that lead to such important phenomena as transport barriers [121, 122,
17, 123, 124]. Especially important is the feedback provided by the evolution of the
magnetic field, which is known to be important in Shafranov-shift stabilisation of
turbulence in ITBs [125]. Generally speaking, detailed examination of the feedback
mechanisms present in the equations of Ch. 2 will be fundamental to furthering our
knowledge of basic plasma physics in multiscale systems.

In Ch. 3, we used the framework of Ch. 2 to explore the properties of ion-scale
turbulence where the electron scales are not important. We derived the first rigorous
model for the electron response to such turbulence that includes β ∼ 1 effects, sonic
toroidal rotation, and arbitrary magnetic geometry. As β is a rough measure of the ef-
ficiency of a fusion reactor (roughly-speaking it quantifies how much plasma a given
magnetic field can confine), any advances that shed light upon how plasma turbu-
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lence and transport behave at increasing β are critical. As discussed in §1.3, for non-
zero β, the electron dynamics in ion-scale turbulence become more and more impor-
tant to handle correctly. Hence, the results of Ch. 3 will have great impact on the fu-
ture studies of (necessarily electromagnetic) turbulence. One of the crucial questions
that such studies will address is the question of a microstability-induced β limit, i.e.,
does the small-scale turbulence in a fusion reactor impose a more restrictive limit on
the plasma pressure than, e.g., MHD or Neoclassical Tearing Modes. Similarly, whilst
electrostatic ITG turbulence is well-studied [25, 26, 126, 48, 127, 27, 119, 120, 123]
very little is known about the nonlinear properties of ITG turbulence at non-zero
β [128, 129, 130]. The equations presented in Ch. 3 would be ideal for performing
such nonlinear studies – being both more efficient and more physically relevant than
“kinetic-electron” models in which the full electron gyrokinetic equation is simulated
on a coarse grid.

Looking forward, the most glaring omission from our framework is any discus-
sion of energetic particles. Future experiments and proposed fusion reactors will
not operate with a plasma containing only bulk ions and electrons – they will be
burning plasmas, containing energetic fusion products. There are several important
questions to answer regarding the interaction of these energetic particles with turbu-
lence and transport. How does the turbulence that is driven by the gradients in the
fuel ions transport the energetic particles [131, 132]? Do the energetic particles affect
the stability and saturation amplitudes of the ion-scale turbulence [133]? Do the en-
ergetic particles drive fluctuations themselves [134], and how do these fluctuations
saturate [135, 136, 137, 138]? An important open question is whether we can answer
such questions by an extension of the framework presented in this thesis (on which a
paper [6] is in preparation).

It is also necessary to consider some of the open questions discussed in §3.8. The
most important of these is the effect of electron-scale turbulence on ion scales. Ex-
tending the theory of Ch. 3 to include some amount of electron-scale turbulence will
enable the study of such questions as: how magnetic stochasticity arises; how the
resulting small-scale braiding of the magnetic field saturates; and, possibly most
importantly, how the transition from ion-scale turbulence to electron-scale turbu-
lence occurs when the ion-scale turbulence is suppressed by an appropriate choice
of plasma configuration (e.g., strong flow shear [123, 97], strong negative magnetic
shear [139, 140], or strong Shafranov shift [125]).

Ultimately, the theoretical, numerical and experimental work stemming from
these foundations will lead to three core goals. Firstly, a more fundamental under-
standing of the physics of the interplay between large-scale fields and small-scale
fluctuations is of paramount importance. Secondly, even with advances in modern
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supercomputing technology, numerical simulations need to exploit every scale sepa-
ration and physically-relevant approximation available if they are to have any hope
of encompassing the complex dynamics of tokamak plasma turbulence and trans-
port. The theoretical framework presented here provides some of these simplifica-
tions and, moreover, is the starting point for further analytical work in identifying
the key physics that needs to be simulated. Finally, the synthesis of these two goals
would be efficient, physics-based models of how reactor plasmas perform; such mod-
els would allow us to optimise plasma parameters over the enormous space of possi-
ble configurations to find efficient and commercially viable designs for future fusion
reactors. The job of theoretical plasma physics in making fusion power a reality is far
from complete, but further physical understanding and considered analytical work,
based on rigorous theoretical frameworks such as those presented here, will be cen-
tral to making progress.
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