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1 Introduction

The large-N limit is essentially just mean field theory. In a quantum field theory containing
large numbers of degrees of freedom and a large symmetry group G, G-invariant quantities
self-average; they then simplify, or even in some cases become analytically solvable.

The large-N vector ϕi and matrix ϕij scalar field theories, invariant under O(N) and
O(N)2 respectively, are well known. The natural continuation is to consider higher rank
fundamental fields; that is, standard field theories in Rd, but with fields transforming in
a representation of the symmetry group O(N)r>2. These have, at their renormalisation
group fixed points, a new class of non-trivial CFTs; the melonic CFTs [1], which have rich
behaviour, and yet are analytically tractable.

These theories lie, perhaps surprisingly, between the vector models and the matrix models.
Recall that the diagrammatic expansion of the vector models is dominated by contributions
from the cactus/snail diagrams in the large-N limit, which are completely summable via
a geometric series; they are in a sense too simple to be interesting, leading to ultralocal
dynamics. The diagrammatic expansion of the matrix models is dominated by the subset
of Feynman diagrams that can be drawn on the plane; they are not so directly summable,
and analytic progress is more difficult.

The graphs that dominate in the melonic limit of tensor models, and indeed after the
disorder average of the SYK model, are the melonic graphs, which are a simpler subset of the
planar graphs: they are the graphs of leading (Gurau) degree [2]. They are simple enough
to be summable, but complex enough to be interesting, and in that sense lie between the
vector and matrix models — in richness, but not in rank. In particular, unlike the vector
model, we have non-trivial dynamics at order N0, such as a non-zero anomalous dimension
for operators; and, unlike the matrix model, it is straightforward to make exact statements.
The standard single field models [3–5] have a relatively simple fixed point structure, that
so far has been grouped into the categories of prismatic and melonic. In this paper we will
study non-perturbatively the complete set of (symmetry-unbroken) large-N melonic fixed
points of the quartic Yukawa model; namely, the tensorial generalisation of a Dirac fermion
and real scalar with interaction ϕ2ψ̄ψ + ϕ6.

This theory has both prismatic and melonic-type fixed points, with and without fermions.
We will show that these fixed points match to those of Wilson-Fisher type found by a
perturbative analysis around the upper critical dimension, D = 3− ϵ. This gives access to
the flows between fixed points, which cannot be seen non-perturbatively here. Models of this
kind have much richer structure than the melonic theory of a single field. We will observe
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Figure 1. All graphs in the melonic limit are constructed from the iterated melon; here we show a
high-order contribution to the self-energy in an arbitrary quartic melonic theory.

a complex network of fixed points as the dimension is varied, and study their stability and
unitarity, both perturbatively and non-perturbatively.

1.1 Tensor models

To establish our conventions, we begin by considering the standard single-field real bosonic
tensor model [4, 5]. This model has some large number of real scalar fields ϕI , I = 1, . . . ,N ,
and without interaction terms has an O(N ) symmetry group. Particular choices of interaction
can then break this down to a smaller subgroup O(N)r, with N r = N , where we call r the rank.
The well-studied vector and matrix models correspond to r = 1 and r = 2 respectively [6].
We will focus on the case r = 3, but for a recent summary of rank r > 3 tensors, see [7].

Taking r = 3, we are naturally led towards organising our N = N3 fields into a tensorial
field ϕabc, a, b, c = 1, . . . , N , as then terms in the Lagrangian allowed by the symmetry
are tensor invariants of these fields, such as ∑abc ϕabcϕabc. Note that each index1 here
transforms in the fundamental of a different O(N) global symmetry, such that the action
of the symmetry group O(N)3 is

ϕabc 7→ Oaa′Pbb′Qcc′ϕa′b′c′ , (1.1)

and we require that the Lagrangian is invariant under this global transformation of all the
fields. In order to obtain a conformal field theory in D ≤ 3, we restrict to renormalisable
interactions. The melonic limit is then taken by choosing an optimal scaling in N for the
coupling constants, and then taking N → ∞ in the graphical expansion.

With only one field in the Lagrangian (and therefore only one field in the melonic-dominant
Feynman diagrams) the scaling dimension of ϕ in the conformal large-N limit is completely

1In the O(N) model, we do not distinguish raised and lowered indices.
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determined by dimensional analysis. With the full propagator G(p) = ⟨ϕ(p)ϕ(−p)⟩, in the
melonic limit the IR Schwinger-Dyson equation is simply G(p)−1 ∝

∫
k,lG(p+ k+ l)G(k)G(l),

which immediately gives that D − 2∆ϕ = 2D − 3(D − 2∆ϕ), and so ∆ϕ = D/4 exactly [4].
However, when a second field is introduced, as in the prismatic model [8], we have the
possibility of more large-N fixed points and scaling dimensions that are non-linear in D.

1.2 Fermionic models

Previously the tensorial Gross-Neveu model has been studied in D = 3 [9]. This model is
non-renormalisable at finite N , but becomes renormalisable in the large N limit. The theories
at finite and large N are fundamentally different, which makes it less likely that interesting
structure persists to finite N . This motivates looking for a theory of fermions in the large-N
limit where the precursor theory is renormalisable at finite N . However, the obvious step of
studying a Yukawa-like interaction λϕψ̄ψ + gϕ4 is not possible for a rank-3 tensor model,2
and so we move on to what we call the quartic Yukawa model.

We consider a theory with two tensor fields — one real scalar ϕabc and one Dirac fermion
ψabc — with an interaction term given by the tensorial generalisation of

V (ϕ, ψ) = λ

2ϕ
2ψ̄ψ + h

6!ϕ
6. (1.2)

This is the unique extension of the tensorial sextic bosonic scalar field theory [5, 8, 12] to a
theory containing fermions, which is still renormalisable in D ≤ 3. This Lagrangian without
the ϕ6 potential was first studied — in the vector large-N limit — by Popović in 1977 [13]
(commented on in appendix D); with the additional potential, it was studied in exactly three
dimensions in [14, 15], and then with the addition of a Chern-Simons coupling in [16]; a
non-tensor version with the scalar potential was briefly considered in [17]; with Majorana
spinors instead, it gives the supersymmetric Wess-Zumino model (Φ4) in 2+1 dimensions [18].
We will analyse the melonic fixed points both perturbatively in D = 3 − ϵ and via the
non-perturbative Schwinger-Dyson equations. Additionally, as we will see, identifying non-
perturbatively all perturbative symmetry-unbroken fixed points requires the introduction
of a non-dynamical auxiliary scalar field Xabc.

Our analysis will find the known fixed points of the bosonic sector (the melonic [5, 12]
and prismatic [8]), but will also uncover three new fermionic generalisations of these melonic
fixed points. We will see in perturbation theory an apparent collision of these fixed points for
a particular dimension of the gamma matrices, but it will be resolved by a non-perturbative
analysis. An apparent line of fixed points in both the fermionic and bosonic sectors (in the
same direction for both), will also be found, but we will be unable to establish if it is just
an artifact of the order of the perturbative calculation. Focusing on the simplest of these
new CFTs, which we refer to by λmelonic, we will investigate its spectrum as a function of D.
We will frequently draw comparison to the simpler sextic prismatic fixed point (which we
here call hprismatic), and so various results will also be presented for it.

2We note that there is a Sachdev-Ye-Kitaev model-like disorder-averaged approach to this D ≤ 4 theory [10],
since the disorder average approach gives identical diagrams to the melonic theories at leading, but not
subleading, order in N . However, the RG flow information and connection to the bosonic model is lost in
doing so. Analogous models have also been studied in a supersymmetric quantum mechanical context [11].
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Specifically, we will consider the reality of the scaling dimensions of the spectrum, as
a probe of stability and, separately, unitarity. Note that for non-integer-D, at high scaling
dimension, we expect the so-called evanescent operators/negative-norm states to appear,
making the CFT non-unitary [19–21]; these operators disappear in integer D. Nonetheless, it
is still interesting to consider to what extent we can consider these theories to be unitary,
just as in the case of the bosonic melonic field theories [4, 22], precisely because they are the
dimensional continuation of theories that become unitary in integer dimension [23]. Despite
its fixed point occurring at a negative value of the coupling constant, it displays hallmarks of
unitarity in the strict large-N limit; this appears to be because the coupling only appears
squared, thanks to the melonic dominance.

1.3 Guide to the paper

In section 2 we comment on the general features of the non-tensor ϕ2ψ̄ψ + ϕ6 model. We
present the results of a perturbative analysis in D = 3 − ϵ of this theory to third order in
the coupling constants, in section 3, both in full generality and specialising to the large-N
melonic limit; here we will identify the apparent line of fixed points in both the bosonic
and fermionic sectors. In section 4 we then use the large-N melonic limit to analyse non-
perturbatively the conformal field theories arising at the fixed points of the model, including
a matching to the supersymmetric theory; we highlight a number of features which arise in
the simpler setting of hprismatic, before proceeding to the fermionic theories. In section 5,
this is then further developed in the specific case of the λmelonic fixed point, where we use
diagonalisation of the four-point kernel to obtain the exact spectrum {∆} of bilinear operators
in the OPE of the fundamental fields via a Bethe-Salpeter-like equation; this diagonalisation
is exact in the melonic limit. First we explain the computation, and then in section 5.3 we
study the properties of the spectrum so obtained. We conclude in section 6, and provide
a number of useful and technical results in the appendices, particularly some concerning
the ϕ2ψ̄ψ + ϕ6 model.

2 General comments on the quartic Yukawa model

2.1 Our model, ϕ2ψ̄ψ + ϕ6

The most general renormalisable theory of a Dirac fermion and a real scalar field in D ≤ 3
is described by the following Lagrangian

L = −ψ̄
(
/∂ +M

)
ψ− 1

2ϕ(−∂
2+m2)ϕ−Vint(ϕ, ψ), Vint(ϕ, ψ) ≡

λ

2ϕ
2ψψ+ g

4!ϕ
4+ h

6!ϕ
6. (2.1)

We have: suppressed counterterms for convenience; assumed a Z2 to remove ϕ-odd terms;
taken the mostly positive (−++ · · · ) signature. The complex Dirac fermions are used because
they exist in any dimension. The real scalar fields are partly used for simplicity, and partly
used to ensure that we can straightforwardly access the prismatic fixed points. The result
for a complex scalar field will be straightforward to obtain from the results below; we need
only add an index of SO(2) ∼= U(1).

It will prove convenient, for the purposes of accessing the full range of IR CFTs (specifically,
those of prismatic type), to also consider the addition of a non-dynamical real auxiliary field
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X; this is just as in the standard ϕ4 vector model [6].

Laux = −1
2X

2 − Vint,aux(X,ϕ), Vint,aux(X,ϕ) =
ρ

3!Xϕ
3 (2.2)

Since X enters only quadratically, it can of course integrated out exactly, leading only to
a shift in the value of h.

2.2 Comments on the model

We make the following observations about this model as a non-tensorial quantum field theory.

• As in the case of the Wilson-Fisher fixed point, which exists in D = 4− ϵ for ϕ4, we
expect to be able to find a fixed point of the renormalisation group in D = 3 − ϵ,
where the renormalised coupling constants have a perturbative expansion around zero
for ϵ≪ 1; this is done in appendix C. In standard perturbative QFT, this analysis is
trustworthy for small ϵ, with the fixed point colliding with the trivial fixed point in
D = 3 exactly. However, in the case of the melonic theories, it is possible to exactly
solve for the scaling dimensions of these theories for all values of D, while also matching
on to the perturbative ϵ≪ 1 expansion.

• It is possible to consistently set each of the D = 3 marginal couplings, λ, and h to
zero by setting their bare values to zero. That this is possible for λ is obvious, since
then the fermions are non-interacting; that this is possible for h is more surprising,
and because the one-loop λ3 contribution to

〈
ϕ6〉 is not divergent (even though in 3D

Tr(γµγνγρ) ∝ ϵµνρ ̸= 0).

• Any value of M ̸= 0 explicitly breaks parity symmetry in 3D.

• To sidestep the confusion of fermions in non-integer dimensions (reviewed in [24, 25]),
we will only deal with Dirac fermions, which are well-defined in any integer dimension.
We will follow the standard approach of leaving the dimension of the gamma matrices
as a free parameter, T ≡ Tr[Is]. The ratio of the number of degrees of fermionic
degrees of freedom to the number of bosonic degrees of freedom will also prove a useful
parametrisation, r ≡ 2T . We discuss this point further in section 4.4.2.

2.3 Indexology

Now, let us consider the N -vector version of the model. Sprinkling O(N ) indices:

L = −ψ̄I
(
/∂δIJ +MIJ

)
ψJ −

1
2ϕI(−∂

2δIJ +m2
IJ)ϕIϕJ − Vint(ϕ, ψ)

Vint(ϕ, ψ) =
λ(IJ)KL

2 ϕIϕJψKψL +
g(IJKL)

4! ϕIϕJϕKϕL +
h(IJKLMN)

6! ϕIϕJϕKϕLϕMϕN

(2.3)

Laux = −1
2XIXI −

ρI(JKL)
3! XIϕJϕKϕL (2.4)

Once again, note that integrating out the non-dynamical X simply leads to a redefinition
of h(IJKLMN). Thus, for the perturbative analysis, we do not need to deal with additional
complication of the coupling ρ.
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The beta functions and anomalous dimensions of the theory without auxiliary field (with
non-marginal couplings set to zero) are given in general by (3.1a) and (3.1b). By taking
specific O(N)3-symmetric forms for h and λ, the beta functions of the tensorial theory
can be obtained by index contraction. Said forms are depicted visually in figure 2, and
in symbolic form in appendix A.

Depending on the precise values chosen for the coupling constants, the symmetry group
in these cases may be U(N)3 instead: however, we need only ensure that we pick the faithfully
acting subgroup of a product of three general linear groups — if we account for the symmetry
factors, the melonic limit is unchanged.

We will be using the term superindex to refer to a grouped set of three indices of O(N)3.
That is, ϕI = ϕiribig , with ir, ig, ib = 1, . . . , N .

2.4 Conventions for CFTs and RG flow

2.4.1 Conformal field theories

We will be interested in the fixed points of the RG flow of a given quantum field theory, which
typically are conformal field theories. Conformal field theories in D dimensions are defined
by their data, which consists of a set of operators and SO(D) representations {(∆i, ρi)}, and
three-point coefficients Cijk. These are observable, in the sense that they could be measured
(at least for gauge-invariant quantities). Free fermions and bosons are trivially conformal
field theories, and have the following scaling dimensions D:

∆0
ϕ = D − 2

2 , ∆0
ψ = D − 1

2 (2.5)

We will be finding interacting fixed points in the large-N limit. In that limit, we will find
that the operator which in the free theory had scaling dimension ∆0

ϕ now has a scaling
dimension ∆ϕ. Therefore, in general, we define the anomalous dimension of an operator
O to be γO, defined by γO = ∆O − ∆0

O.
In sections 4 and 5.1, we will be calculating these dimensions using a non-perturbative

approach; however, these dimensions are usually found via a perturbative renormalisation
group analysis. We shall do this shortly in section 3.

2.4.2 Beta functions in RG

To calculate the scaling dimension, we follow the usual process of taking the bare Lagrangian:

L = Lkinetic +
∑
i

(gi)0µ
D−diObare

i , (2.6)

where (gi)0 is dimensionless, with the dimensions made up by the scale parameter µ, where
di is the classical scale parameter. For example, for the operators Obare

i = (ϕ0)n in scalar
field theory, di = nD−2

2 .
Then we replace all bare coupling constants (gi)0 = Zgigi, and all bare fields (ϕi)0 = Zϕiϕi

with their renormalised versions. Following dimensional regularisation and the imposition of
a renormalisation scheme, these renormalisation constants Z develop a dependence on the
renormalisation scale µ, which we describe via the beta functions β[gi] of each of the couplings

β[gi] =
dgi

d logµ, (2.7)

– 7 –
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and the anomalous (γϕi) and scaling (∆ϕi) dimensions of each of the fields

γϕi =
d logZϕi
d logµ , ∆ϕi = ∆free

ϕi + γϕi . (2.8)

The fixed points are found by solving β[g∗i ] = 0. The anomalous dimensions of the
fields are then simply γϕi |{g∗}. Around a particular fixed point, β[g∗i ] = 0, we can then
define the stability matrix

Sij =
dβ[gi]
dgj

|{g∗}, (2.9)

the eigenvalues of which are ∆i −D, where ∆i is the scaling dimension of the renormalised
operator Oi in the renormalised Lagrangian. Positive eigenvalues of Sij signify an irrelevant
operator in the IR, while negative eigenvalues signify a relevant operator. Complex eigenvalues
indicate the fixed point is non-unitary.

3 3 − ϵ beta functions at large N in the melonic limit

We first perform a standard perturbative analysis of the multi-field theory, for finite N , and
completely arbitrary couplings. For a similar analysis of the marginal theory of scalars and
fermions in 4D (ϕψ̄ψ + ϕ4), see [24, 26]. The Feynman loop integrals are standard (see
appendix E), except for being in D = 3; note, of course, that diagrams with different tensor
structures may have identical momentum structure.

3.1 Vector beta functions in D = 3 − ϵ

We calculate the beta functions and field anomalous dimensions for the Lagrangian (2.3) in
MS scheme. In the following: Greek indices are dummy indices which are summed over; F and
G are the indices of an anti-fermion and fermion respectively; the Latin Bi indices indicate the
index of a boson, which must be symmetrised over with weight one; we set s = 1/(8π). Then,
to the indicated order in the marginal coupling constants3 λ(IJ)KL and h(IJKLMN), we find

β[λ]B1B2FG = −ϵλB1B2FG + 1
3s

4hB1βγδεζhB2βγδεµλζµFG

+ 2λB1βFG

[
s2

3 TλB2ζηθλβζθη +
s4

90hB2κγδεζhβκγδεζ

]

+ 1
3s

2 [λB1B2FδλεζδθλεζθG + λB1B2γGλεζγθλεζθF ]

+ 1
3s

2 (6TλB1βγδλB2ζδγλβζFG + 6λB1B2γδλεζδGλεζFγ

+12λB1βγGλβζFηλB2ζηγ + 12λB1βFδλB2ζδθλβζθG) +O(λ4, . . .)|symBi ,

(3.1a)

3Non-marginal coupling constants have been set to zero, as they could be obtained from these calculations
via the dummy field method of [27] (pedagogically reviewed in [28]). We do not, for example, use gIJKL here,
as to find ϵ-perturbative fixed points, it, like the field masses, must be tuned to zero.
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β[h]B1B2B3B4B5B6 = −2ϵhB1B2B3B4B5B6 +
20
3 s

2hB1B2B3ηνξhB4B5B6ηνξ

+ 6hB1B2B3B4B5ν

[
s2

3 TλB6ρτσλνρστ +
s4

90hB6ρστυφhνρστυφ

]
+ 5hB1B2B3B4νξ(6s2TλB5νστλB6ξτσ + s4hB5νστυφhB6ξστυφ)
− 15

2 π
2s4hB1B2βηνξhB3B4βηυφhB5B6νξυφ − 80s4hB1B2B3ηνξhB4B5ηoχψhB6νξoχψ

− 360s2T (λB1B2γδλB3ζδθλB4B5θκλB6ζκγ + λB1B2γδλB3B4δκλB5ζκηλB6ζηγ)
+O(h4, λ5, . . .)|symBi ,

(3.1b)

γϕB1B2
= s2

3 TλB1βγδλB2βδγ +
s4

90hB1βγδεζhB2βγδεζ +O(λ3, . . .)|symBi , (3.1c)

γψFG = s2

3 λαβFδλαβδG +O(λ3, . . .), (3.1d)

where we can isolate the contributions of the anomalous dimensions to the beta functions in
square brackets. Note that in this formulation, to obtain the N = 1 beta functions, we need
only drop all the index structure — for example, β(λ) = −ϵλ+ 1

45s
2(s2h(15hλ+hλ)+. . .)+. . .,

etc. This is not a complete four-loop calculation, as we have not calculated the O(λ4)
contributions to the anomalous dimension, or the O(λ5) contributions to h which appear
at four loops.

We have three checks on our results here.

1. The anomalous dimensions precisely match the leading order conformal calculation
of (C.10)

2. We were able to reproduce some finite-N two-loop beta functions calculations: those of
the bosonic sector matched appendix A of [8]; and, other than one discrepancy (see
appendix B.3), the full theory matched the D = 3 results of [16] to the order calculated
there. Likewise, the bosonic sector matches the vectorial calculation of [29], up to their
definition of γφ ≡ 2γϕ.

3. The anomalous dimensions at the fixed points agree (to four loops) with the non-
perturbative melonic analysis of the Schwinger-Dyson equations of section 4, which is a
completely orthogonal calculation. As a reminder, the scaling/anomalous dimensions of
physical operators γO evaluated at fixed points are physical, and so scheme-independent:
∆O = ∆O,free + γO. Away from fixed points, this is no longer true.

3.2 Simple example

As described above, we can calculate these quantities for the tensor model by breaking each
superindex I = 1, . . . ,N = N3 into three separate indices (ijk), each transforming under a
separate O(N)3. Taking the melonic limit then requires substituting suitable combinations
of delta functions for each of the coupling constant. It is then an exercise in (automated)
index contractions to evaluate each of the tensor beta functions above, and to decompose
them to find the beta functions of each O(N)3-invariant coupling constant. Taking the
large-N limit, assuming no symmetry breaking of O(N)3, we obtain the required results
for the large-N melonic theory.
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We will now illustrate this, taking a rank two (matrix) model of scalars for simplicity,
because the procedure is identical but more amenable to compact presentation. Consider a
matrix model with fields ϕab, ψab, each transforming in the □ × □ of O(N) × O(N). This
has κIJKL = κ(irib)(jrjb)(krkb)(lrlb).4 Note that capital letters indicate a superindex of O(N)2,
I = (irib), and so both the red and blue indices. We also impose the symmetry under
colour-averaging, which is switching r ↔ b. Then, to evaluate an example index contraction
β[κ]B1B2FG ⊃ ακB1αFδκαB2δG, we first must find the symmetric tensorial form of κIJKL:

V (ϕ, ψ) = κIJKL
2 ϕIϕJ ψ̄KψL ≡

κdt
2 ×

1
2
(
ϕabϕcbψ̄adψcd + ϕabϕacψ̄dbψdc

)
=⇒ κIJKL = κ(irib)(jrjb)(krkb)(lrlb) =

κb
2 (δirkrδibjbδjrlrδkblb + δirjrδibkbδjblbδkrlr)|symI↔J

≡ κdt
2 Odt(irib)(jrjb)(krkb)(lrlb)

(3.2)
Given an example expression for the beta function,

β[κ]B1B2FG = ακB1αFδκαB2δG|symB1↔B2 , (3.3)

we can then substitute in (3.2) expression for κ, and perform the index contractions:

β[κ](irib)(jrjb)(krkb)(lrlb) = κ(irib)(jrjb)(γrγb)(δrδb)κ(krkb)(lrlb)(δrδb)(γrγb)|sym

= α
Nκ2

dt

8 Odt + otherstructures

= β[κdt]Odt + . . . ,

(3.4)

where |sym now indicates that we perform 1
4!
∑

perms over the 2! permutations of the 2
multi-indices I = (ir, ib), J = (jr, jb).

Thus, if (3.3) were the general beta function, the coupling constant defined by κdt would
flow according to the beta function

β[κdt] = α
Nκ2

dt

8 (3.5)

These delta function combinations Oi are much more conveniently represented visually:

V (ϕ, ψ) = κIJKL
2 ϕIϕJ ψ̄KψL = κb

2 ×
1
2

(
+

)
. (3.6)

Here, red lines indicate contraction of the first index, and blue lines indicate contraction
of the second index between two fields. ϕI is indicated by a black dot; ψ̄K a red dot; ψJ
a grey dot. A red line between ϕI and ϕJ corresponds to a delta function δirjr , etc. Thus,
these graphical depictions map to an analytical expression of tensors. When we introduce
the third index on these fields below, we shall use the natural generalisation of this notation,
with additional green lines.

4These braces do not mean symmetrisation.
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λt

3 2 !N 3/2
+ + +

λpE

3 2 !N 2
+ +

+
λpS

3 2 !N 2
+ + +

λpO

3 2 !N 2
+ +

+
λdS

2 !N 3
+

λdD

2 !N 3

hp

6 !N 3
+

hw

6 !N 3
+

h3

3 6 !N 7/2
+ +

+
h4

3 6 !N 4
+ + +

h5

3 6 !N 4
+ +

+
h6

6 !N 9/2
+

h7

3 6 !N 5
+ + +

h8

6 !N 6

Figure 2. The interaction terms Vint for the O(N)3 ϕ2ψ̄ψ + ϕ6 model. Black dots indicate ϕabcs; red
dots ψ̄abcs; grey dots ψabcs. Red, green, and blue lines indicate contractions between the first, second,
and third index. Note the symmetry of this potential under the interchange of the three colours.

3.3 The O(N)3 model and its beta functions

The marginal sector of the potential for the tensorial version of the ϕ2ψ̄ψ model that we will
use is depicted graphically in figure 2 (by marginal, we mean that the masses and gIJKL have
been pre-emptively set to zero). This is the most general marginal potential in D = 3 that
satisfies an O(N)3 × S3 symmetry, where the S3 corresponds to the permutation symmetry
of each of the O(N) groups (i.e. the three colours). Without the S3, for example, we would
need a different coupling constant for each of the three 3-colourings of the λt invariant
visible in the figure. A full analytic expression is given in appendix A. In addition, these
results can be used to reproduce the results of the complex sextic [5] and real prismatic [8]
tensor models; see appendix A.1 for details.
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Applying the general formulae of (3.1), the field anomalous dimensions are

γϕ = λ2
t s

2

18 T + s4

97200
(
3h2

p + 9h2
w − 50λ4

tT (22T + 20)
)
+O(λ5

t , . . .), (3.7a)

γψ = λ2
t s

2

18 −
λ4
t s

4

486 (1 + 8T ) +O(λ5, . . .), (3.7b)

with the field scaling dimensions at any fixed points being ∆ϕ = D−2
2 + γϕ, ∆ψ = D−1

2 + γψ.
The only couplings that contribute to the two-point function of the fields, and therefore
this anomalous dimension, in the large-N limit, are {λt, hp, hw}; we term such couplings
the dominant couplings:

• λt is the tetrahedral interaction, dominant just as in the standard bosonic ϕ4 [4].

• hp is the prismatic interaction, dominant just as in the prismatic model [8].

• hw is the wheel graph (which is also the complete bipartite graph K3,3, dominant just
as in the bosonic ϕ6 model [30]).

These three have beta functions that depend only on each other; if these three beta functions
are zero, then the fixed point values of the remaining coupling constants are determined.
Up to O(λ5

t , . . . ), we have the dominant beta functions

β (λt) = −ϵλt +
1
9(T + 1)λ3

t s
2 + λt

3

(
h2
p + 3h2

w

5400 − λ4
t

162(T (11T + 10) + 16T + 2)
)
s4,

β (hp) = −2hpϵ+ hp

(1
3Tλ

2
t +

hp
90

)
s2 + hp

(
h2
p + 3h2

w

5400 − λ4
t

162T (11T + 10)
)
s4,

β (hw) = −2hwϵ+ hw

(1
3Tλ

2
t

)
s2 + hw

(
h2
p + 3h2

w

5400 − λ4
t

162T (11T + 10)
)
s4.

(3.8)

The full set of 14 beta functions for the marginal coupling constants is for compactness given
only in appendix B.2.5 We solve for the Wilson-Fisher-like fixed points of the flow (βi = 0)
perturbatively in ϵ for D = 3 − ϵ; we can trust the results for ϵ ≪ 1.

The trivial and pure bosonic fixed points, where the fermions decouple (i.e. λi = 0
exactly), are well known and correspond to the free theory, the sextic bosonic [5], and the
prismatic models [8]:

trivial : all zero
hmelonic : s2hw = ±60s2√ϵ =⇒ γϕ = ϵ/3
hprismatic : s2hp = (180ϵ− 540ϵ2) =⇒ γϕ = ϵ2

(3.9)

5For the large-N melonic theory, the momentum structure of the surviving diagrams means that it is simple
enough to calculate all leading-N corrections to four loops. We therefore can calculate to order ∼ h3, λ5,
rather than the ∼ h3, λ3 general results given in section 3.1. Thus, we indicate with O(s5) the order of 5-loop
contributions, since when working in D = 3 − ϵ, each loop order brings a factor of s = 1/(8π).
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These formulae for the fixed points are perturbative solutions in ϵ, truncated to the order
shown. The fixed points with interacting fermions (λi ̸= 0) are the following:

hλmelonic : sλt = ±1
√
3
√
ϵ, s2hw = ±230i

√
2T − 4

√
ϵ, (independent signs)

=⇒ γϕ = ϵ/3, γψ = ϵ/6

λmelonic : sλt = ±
(

3
√
ϵ√

T + 1
+ (11T 2 + 26T + 2)ϵ3/2

4(T + 1)5/2

)

=⇒ γϕ = ϵ

2
T

T + 1 + T (5T − 8)
12(T + 1)3 ϵ

2, γψ = ϵ

2
1

T + 1 −
T (5T − 8)
12(T + 1)3 ϵ

2

hλprismatic : sλt = ±
(

3
√
ϵ√

T + 1
+ (4T 2 + 19T − 5)ϵ3/2

2(T + 1)5/2

)
, s2hp = −

90(T − 2)s2

T + 1 ϵ

=⇒ γϕ = ϵ

2
T

T + 1 + (T − 1)(2T − 3)
3(T + 1)3 ϵ2, γψ = ϵ

2
1

T + 1 −
(T − 1)(2T − 3)

12(T + 1)3 ϵ2

(3.10)
We note that:

1. The particular names that we have given these fixed points will be justified during the
SDE analysis in section 4, where we shall also re-derive these results to all orders in ϵ.
This will confirm that the anomalous dimensions in hmelonic and hλmelonic are exactly
linear in ϵ, and so have no higher order corrections. We re-iterate that the anomalous
dimensions at fixed points are physical and thus must be scheme-independent. The
values of the coupling constants, however, are not.

2. The precise order in ϵ that we can calculate to depends on the particular fixed point; for
example, in hλmelonic, we are only able to calculate to

√
ϵ order, because the four-loop

result for the hs only reaches order h3.

3. At the fermionic fixed points, γϕ + γψ = ϵ/2 to the order known. From section 4,
we expect this to be true to all orders. This is a non-trivial check, as the implied
cancellation of terms between (3.7b) and (3.7a) occurs only at the fixed point.

3.4 Values of the other coupling constants

Solving the remaining 11 beta functions requires non-zero values for some coupling constants.
We summarise in the following table, where we give each coupling constant value at the fixed
point to all known orders in ϵ = 3−D. All coupling constants not shown or blank are zero
to the order calculated. First, the bosonic fixed points:

hmelonic hprismatic
hp 180ϵ− 540ϵ2
hw ±60

√
ϵ

h4 −90π2ϵ2

h5 −270± (−540)
√
ϵ 2160ϵ2 + 1080ϵ

h7
2700

7 ± 540
√
ϵ 540ϵ− 540

(
π2 − 83

)
ϵ2

h8 −1090
7 ± (−180)

√
ϵ −180

(
π2 − 126

)
ϵ2
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The fermionic fixed points:

λmelonic hλmelonic hλprismatic

λt ±3
√

ϵ
1+T ±1

√
3
√
ϵ ±3

√
ϵ

1+T

hp −90(T−2)ϵ
T+1

hw ±230i
√
2
√
(T − 2)ϵ

h5 −405(T−2)
T−3 − 9hw 1080(T−2)ϵ

(T+1)(3T−2)
h7

2430(T−2)(2T−5)
(T−3)(8T−21) + 9hw − 270(T−2)(9T+2)ϵ

(T+1)(3T−2)(3T−1)

h8 −5(T−2)(808T 2−3978T+4905)
(T−3)(2T−5)(8T−21) − 3hw 1620(T−2)T (2T+1)ϵ

(T+1)(3T−2)(3T−1)(5T−1)

We now can make the following observations, recalling first that T = 2 is a distinguished
value, being the minimal dimension of the gamma matrices in D = 3:

1. In hλmelonic, ±1 can be chosen independently of ±2.

2. In hmelonic, h5,7,8 are not small, just as was found in [5]. The same is true for hλmelonic,
h5,7,8, unless T is taken near 2. This might make us doubt the validity of the perturbative
approach. However, there is still a possibility of the perturbative series being trustworthy
if these large coupling constants always appear together with the dominant λt, h1,2.
In section 4 we will identify these same fixed-points, but in a way that ignores the
non-dominant coupling constants.

3. All of the fermionic fixed points seem (to this order) to reduce to the same fixed point for
T = 2. However, our non-perturbative analysis in section 4 will show these fixed points
to be distinct even at T = 2. Therefore, this collision is an artefact of our inability to
calculate to higher loop order. In particular, it is unrelated to supersymmetry.

4. If we were interested in calculating the O(1/N) corrections here, we would have to take
care with the way we take the large N expansion. This is because beyond optimal
scaling the large N and small ϵ expansions do not commute [7, 12]: we would need to
first take ϵN →∞, and then ϵ→ 0.

3.5 Scaling dimensions of interaction terms

We can calculate the conformal dimensions of the interaction terms by calculating the
eigenvalues of the stability matrix (2.9). The stability matrices themselves are too large to
reproduce, so we give only the eigenvalues here. Each of these eigenvalues equals ∆O −D,
where ∆O is the scaling dimension of one of the marginal O(N)3 singlet operators in the
theory; these are linear combinations of the 14 operators appearing in the potential of figure 2.
Where it is easy to do so, we also indicate the direction in the space of coupling constants
that a given eigenvalue corresponds to (to leading order).

First, we give the bosonic theories, where the λs do not mix with the hs:

hmelonic : hs :
{
h8 : 30ϵ, 14ϵ, 10ϵ, 6ϵ, 2ϵ, 0,

(
4ϵ 1
0 4ϵ

)}
+ λs:

{29ϵ
3 ,

5ϵ
3 ,−

ϵ

3 ,−
ϵ

3 ,−
ϵ

3 ,−
ϵ

3

}
hprismatic : hs : {6ϵ, 2ϵ, 2ϵ,−2ϵ,−2ϵ,−2ϵ,−2ϵ,−2ϵ}+ λs: {−ϵ,−ϵ,−ϵ,−ϵ,−ϵ,−ϵ} .
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Next, we give the theories with coupled fermions, where the two types do mix:

λmelonic :
{
h8 :

2(5T−1)ϵ
T+1 ,

2(3T−1)ϵ
T+1 ,λdS

:3ϵ, 2(2T−1)ϵ
T+1 ,

2(2T−1)ϵ
T+1 ,2ϵ, (3T−2)ϵ

T+1 ,
6ϵ
T+1 ,ϵ,

2(T−1)ϵ
T+1 ,

2ϵ
T+1 ,

(T−2)ϵ
T+1 ,

(T−2)ϵ
T+1 ,− 2ϵ

T+1

}

hλmelonic :
{
2ϵ, 13

(
7−2T+

√
4(T−2)2+9

)
ϵ,
2ϵ
3 ,

1
3(7−2T )ϵ,0,−2(T−3)ϵ,−

4
3(T−3)ϵ,−

2
3(T−3)ϵ,−

2ϵ
3 ,

1
3

(
7−2T−

√
4(T−2)2+9

)
ϵ,(11−4T )ϵ, 23(21−8T )ϵ,2(5−2T )ϵ,6(5−2T )ϵ

}
hλprismatic :

{
2(5T−1)ϵ
T+1 ,

2(3T−1)ϵ
T+1 ,3ϵ, 2(2T−1)ϵ

T+1 ,2ϵ, (3T−2)ϵ
T+1 ,

6ϵ
T+1 ,

6ϵ
T+1 ,ϵ,

2ϵ
T+1 ,

2ϵ
T+1 ,

(T−2)ϵ
T+1 ,− (T−2)ϵ

T+1 ,− 2ϵ
T+1

}
.

All the fixed points that differ only by ±i have the same eigenvalues: this suggests that
the seemingly distinct fixed points related by switching those signs describe the same CFT.
We might have expected this from the diagrammatic expansion, where all diagrams are
constructed out of melons, and hence the dominant couplings always appear squared.

Some of these operators are marginally irrelevant (∆O > D), and some are marginally
relevant (∆O < D) — in the case of the fermionic fixed points, which are which depends
on T : therefore these CFTs are saddle points of RG flow.

1. Despite hmelonic being the theory of a real scalar field, in the strict large-N limit it
is identical to the complex sextic bosonic model of [5], as mentioned above. Indeed,
the O(N) invariants that do not descend from U(N) invariants (see appendix A.1) are
zero in this theory. The stability matrix is not diagonalisable in this case, but has
Jordan normal form, showing it to be a logarithmic CFT6 at the fixed point, and so
automatically non-unitary, to leading order in N . Working to higher orders in the
coupling constants will not modify this. However, at subleading orders in N , this is
lifted, due to new h2, h3 terms in the beta functions [12].

2. hλmelonic has a diagonalisable stability matrix, unlike its bosonic cousin hmelonic.

3. The zero eigenvalues in the case of both hmelonic and hλmelonic are in the same direction
−hp+3h5− 3h7 + h8, indicating that these CFTs appear to sit on a line of fixed points.
However, this free parameter would appear at an order higher than we were able to
calculate, so this degeneracy could be lifted. This deformation would have broken the
U(N) symmetry of the complex sextic model (see appendix A.1), and therefore was
invisible to [5].

4. None of the other theories are obviously non-unitary; indeed, for all values of T , even
T < 0, all of these anomalous dimensions for all fermionic fixed points are real; likewise
for ϵ < 0. This is particularly notable in the case of hλmelonic, which has complex

6See, for example [31, 32]. This also occurs in the strict large-N limit of the Fishnet Conformal Field
Theories (FCFTs) of [33].
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Flow towards the IR for the bosonic sector φ6,
√
ǫ = 0.01, T = 3

Figure 3. Flow towards the IR for the bosonic sector of the theory — when the fermions are
decoupled. We expect the two hmelonic fixed points to represent the same CFT, as they only differ by
the sign of the coupling constant. All non-trivial fixed points shown here are saddle points.

coupling constants. This observation agrees with what is seen in the bilinear analysis
of λmelonic in section 5, where at least perturbatively close to D = 3− ϵ, the bilinear
spectrum is found to be fully real.

3.6 The flow system for the three dominant coupling constants

To understand the relationship between these CFTs in the space of coupling constants, it
is convenient to reduce to the dominant coupling constants (λt, hp, hw), and consider their
flow under the renormalisation group towards the IR. For concreteness, in the following
plots of the flow we take

√
ϵ = 1/100. In figure 3 we show the bosonic sector: the flow

between the existing sextic bosonic models in the literature, hmelonic [5, 12] and hprismatic [8].
In figure 4, we show the sector with coupled fermions with T = 2, which avoids the collision
of the perturbative coupling constants visible in eq. (3.10) at T = 2. As shown by the signs
of the eigenvalues, all the non-trivial fixed points here are saddle points of RG flow; IR-stable
to some deformations, but IR-unstable to others. The fate of the fixed points perturbed
in the unstable directions is unknown.

We are unable to illustrate the location of hλmelonic on this plot, due to the imaginary
nature of hw at that fixed point. However, if we restrict to the subspace hp = 0, we can write
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ǫ = 0.01, T = 3

Figure 4. Flow towards the IR for the fermionic sector of the theory; this plot shares its x-axis with
figure 3, and also displays both the trivial fixed point and λmelonic. We once again expect the two
λmelonic fixed points to refer to the same CFT; likewise for hλprismatic. All non-trivial fixed points
shown here are saddle points.

down the beta functions for the squared coupling constants Hw = h2
w and Λt = λ2

t .

β(Λt)|hp=0 = −2ϵΛt +
2
9(T + 1)Λ2

t s
2 + Λt

3

(
Hw

900 −
Λ2
t

81 (T (11T + 10) + 16T + 2)
)
s4

+O
(
Λ4
t , . . .

)
β(Hw)|hp=0 = −4ϵHw + 2

3THwΛts2 +
(
H2
w

900 −
Λ2
t

81HwT (11T + 10)
)
s4 +O

(
Λ4
t , . . .

) (3.11)

The fixed points here occur for real values of these squared coupling constants — albeit
negative in the case of hλmelonic:

hmelonic : s4Hw = 3600ϵ+O(ϵ2),

λmelonic : s2Λt =
9ϵ

T + 1 + 3(T (11T + 26) + 2)ϵ2
2(T + 1)3 +O

(
ϵ3
)

hλmelonic : s4Hw = −1800(T − 2)ϵ+O(ϵ2), s2Λt = 3ϵ+O(ϵ2)

(3.12)

The reason that we could not do this for hp is due to the quadratic term appearing in the beta
function; this is because hp is only non-zero at the fixed points of prismatic-type theories,
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Figure 5. Flow towards the IR for the melonic-type theories, where we visualise the flow of the value
of the coupling constants squared, to avoid the imaginary nature of hw for the hλmelonic theory.

where it is not true that the coupling constants only appears squared. In such theories,
the actually melonic coupling is ρXϕ3, so only ρ2 appears. However, since ρ2 ∼ hp, an h2

p

term appears in the beta function.
Tuning T moves both λmelonic and hλmelonic, with an apparent collision occurring for

T → 2; a collision that, as mentioned above, we will discover to be an artifact of perturbation
theory in section 4.5. Increasing T seems to move λmelonic along the line separating hmelonic
and hλmelonic, towards the latter.

In the next section we look at these same fixed points from a complementary point of view,
via the Schwinger-Dyson equations at large-N , which can calculate the scaling dimensions
of the fundamental fields and singlet bilinears to all orders. However, the price we pay is
having to sit precisely at the fixed points, therefore losing any information about the RG
flow, or the values of the non-dominant coupling constants.

4 Schwinger-Dyson equation analysis

In this section, we use the Schwinger-Dyson equations (SDEs) to investigate the fixed points,
assuming that the scaling symmetry at the fixed points is promoted to full conformal symmetry.
This enhancement of symmetry is common, but not guaranteed. Various assumptions are
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O(N)3 QFT

Prismatic QFTMelonic QFT

Precursor
finite-N CFT

Precursor
finite-N CFT

Precursor finite-N CFT

λmelonic CFT
section 4.4.1
CFT data
section 5

hλmelonic CFT,
section 4.4.1

hλprismaticCFT section 4.5

Supersymmetric hλprismatic
(balanced DOFs) section 4.5.1

Add auxiliary field XabcNo auxiliary field

IR, h = 0
IR, h ̸= 0

IR

N →∞
N →∞

N →∞

IR

Tune r = 2 (T = 1)

Figure 6. Map of interacting fixed points in the theory in generic dimension (that is, ignoring
the theories with free fermions, hmelonic and hprismatic). The CFT we obtain after the IR limit is
determined by the initial coupling constants. We also ignore all symmetry breaking possibilities.

required for a proof of this, including unitarity and locality [34], and that the conformal
limit is taken before the large-N limit [35].

A similar analysis to what will follow is provided for the short-range and long-range
O(N)3 bosonic tensor models in the series of papers [22, 30, 35]. However, in the present
case we will observe a more complex structure of fixed points, of which we give a cartoon
in figure 6. These exact solutions will match precisely the Wilson-Fisher-like fixed points
found perturbatively in D = 3 − ϵ in section 3.

By ignoring the auxiliary field in the SDEs, we are assuming that of the dominant
couplings, hw ̸= 0 and hp = 0. On the other hand, with the auxiliary field, we allow for
hp ̸= 0: this gives us access to the prismatic-type fixed points via the SDEs.

In the strict large-N limit, melonic dominance enables the complete resummation of the
SDEs to all orders in the coupling constants: indeed, for the purposes of this section, we
could now forget about the tensorial origin of this theory, and imagine it as coming from an
SYK-like theory with disorder, since we do not consider subleading corrections. Then we
obtain the SDEs shown graphically in figure 7. To each vertex we assign a generic renormalised
coupling to represent some combination of O(N)3-invariant coupling constants: λ to the
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Figure 7. Graphical SDE for the two-point functions in ϕ2ψ̄ψ theory, the black blobs denote full
fermion propagators F (p), and the grey blobs denote full boson propagators B(p). We omit diagrams
that vanish in dimensional regularization, as the fields are massless.

boson-fermion vertex, h to the boson 6-point vertex, and g to the boson 4-point vertex. For
example, λ2 = λ2

t
6 , though their precise forms will not matter. Denoting by F (p), F0(p), the

full and bare fermion propagators, and by B(p), B0(p), the full and bare boson propagators,
we can divide through by B0(p)B(p) or F0(p)F (p) to obtain the Euclidean space SDEs

B0(p)−1 = B(p)−1 +ΣB(p) (4.1a)

ΣB(p) =
h2

5!

∫
k,l,m,n

B(k + l +m+ n+ p)B(k)B(l)B(m)B(n)

+ λ2

1

∫
k,l
(−1)Tr [B(k + l + p)F (l)F (k)] (4.1b)

+ g2

3!

∫
k,l
B(k + l + p)B(l)B(k) (4.1c)

F0(p)−1 = F (p)−1 +ΣF (p) = F (p)−1 + λ2

1

∫
k,l
F (k + l + p)B(l)B(k) (4.1d)

By assuming the conformal form ∼ 1/|x|2∆ for the full two-point functions, and taking an IR
limit, where the free propagators are negligible, we exactly determine the scaling dimensions
of the fundamental fields ϕ and ψ. We will find that all of our results depends only on the
ratio of bosonic to fermionic degrees of freedom r. We note parenthetically that in the low
energy/strong coupling limit (where we ignore the free propagator), the truncated SDEs have
a large set of local symmetries, as described in [36–38].

4.1 Auxiliary field theory

The motivation to introduce the auxiliary scalar Xabc comes from the existence of perturbative
solutions with h ∼ ϵ: hprismatic and hλprismatic. These do not appear as solutions of (4.1); so,
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by comparison with the componentwise Schwinger-Dyson equations of the supersymmetric
tensor model [39], we conclude that the auxiliary field is necessary to obtain the SDEs for
the prismatic-type QFTs.

This is simply another quadratic tensor interaction, and therefore does not modify the
combinatorics of the large-N limit: it simply adds a new SDE for Xabc and an extra term
for the ϕ SDE:

= +

ΣB,aux(p) = ΣB(p) +

A0(p)−1 = A(p)−1 +ΣA(p) = A(p)−1 + ρ2

3!

∫
k,l
B(k + l + p)B(l)B(k)

ΣB,aux(p) = ΣB(p) +
ρ2

2!

∫
k,l
A(k + l + p)B(l)B(k)

(4.2)

A(p), A0(p) denote the full and bare auxiliary field propagators, ρ2 here stands for some
quadratic combination of the O(N)3 invariant coupling constants that make up the 12-index
coupling constant ρI(JKL).

4.2 Momentum scaling analysis of SDEs without auxiliary field

Assuming, as discussed above, that the fixed point possesses full conformal symmetry, and
so is a CFT, we make the ansatz

B(p) = B

(p2)b , F (p) =
F/p

(p2)f+ 1
2

(4.3)

for the momentum space two-point functions. The bare two-point functions are

B0(p) =
B0

p2 +m2
0
, F0(p) =

F0

/p+M0
. (4.4)

M0 plays no role in the subsequent analysis (due to parity symmetry) and can consistently
be set to zero. The SDEs then take the form

(p2+m2
0)BB−1

0 = p2b+λ2F−2c1 p
2(D−b−2f)+h2B−4c2 p

2(2D−5b)+g2B−2c3 p
2(D−3b) , (4.5)

(p2)
1
2FF−1

0 = p2f+λ2B−2c4 p
2(D−2b−f) , (4.6)

where ci, i = 1 . . . 4 are computable coefficients (see appendix E, or in more generality [40]).
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From demanding non-trivial IR scaling (f < 1
2 and/or b < 1), where we drop the free

propagators, we conclude that:

1. λ = 0 gives the real sextic bosonic tensor model plus a free tensor fermion; we identify
this theory as hmelonic [5]:

γϕ = ϵ

3 , γψ = 0, ⇔ ∆ϕ = D

6 , ∆ψ = D − 1
2 (4.7)

This requires D < 3 for validity of the IR solution. If D > 3, we have a UV solution
that breaks the unitarity bound for a scalar.

2. λ ̸= 0 implies, from (4.6), that

2b+ 2f = D . (4.8)

Consequently g can be ignored and set to zero. To see this, note that if g is relevant
then, from (4.5), b = D/4 and hence f = D/4 which is not a consistent IR solution if
D > 2. There are then two possibilities:

(a) λ ̸= 0, h = 0, gives solutions satisfying (4.8) if and only if D < 3; solving for the
coefficients will then pick out a particular solution.

(b) λ ̸= 0, h ̸= 0 implies from (4.5) that b ≤ D/3 and therefore from (4.8) that
f ≥ D/6, so these solutions exist only if D ≤ 3. Note that the b = D/3, f = D/6
solution has qualitatively different behaviour from the others as there are three
terms of the same order on the r.h.s. of (4.5).

Note that unitarity has not entered into these considerations; we have only demanded
consistent IR scaling of the equations.

As a warm-up, we now locate the bosonic fixed points that we found perturbatively
earlier (in (3.9)): both of these are known, and correspond to the sextic bosonic tensor
model and the prismatic tensor model. For convenience, we now switch to scaling dimensions
instead of the momentum space powers b, f : b = 1− γϕ and f = 1/2− γψ; ∆ϕ = D−2

2 + γϕ
and ∆ψ = D−1

2 + γψ.

4.3 Bosonic fixed points; or, hprismatic and an introduction to the general
characteristics of a multi-field melonic CFT

The first bosonic fixed point that we found perturbatively, hmelonic, with γϕ = ϵ/3, is well
understood as the sextic melonic CFT,7 and is trivially identified in the SDEs analysis
without auxiliary field above as case 1, (4.7). Thus, the non-perturbative value of the scaling
dimension is linear in D: ∆ϕ = D/6; so this theory with a single field has only a single
solution, which is straightforward.

7See [5] for a complex version, which is identical up to a modification to the spectrum of bilinears: in the
real case, the odd-spin bilinears do not exist.
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Figure 8. Adding an auxiliary field X to the sextic bosonic theory, we solve for hprismatic, the sextic
prismatic theory. The contours indicate the ∆ϕs which solve the SDEs, and ∆X = D − 3∆ϕ [8].
The region of IR validity (4.11) is shaded in ruled red; this also corresponds to the region where the
anomalous dimensions of both ϕ and X are positive (satisfying unitarity bounds). For D > 3, we have
the unitarity-bound-violating UV fixed point region in dotted blue. The standard hmelonic solution is
shown for comparison as a dashed blue line, ∆ϕ = D/6. The free theory in D = 3 is marked with
a blue dot; the line of solutions (4.10) descending from it in D = 3 − ϵ is indicated with a finely
dashed line. For D ≃ 1.353, we have ∆ϕ = 0, marked with a black square; this will be discussed in
section 5.3.6.

To identify the second bosonic fixed point, hprismatic, we need the SDEs with auxiliary
field (4.2).8 Indeed, if the above analysis is performed without fermions, then by solving
the SDEs about D = 3 − ϵ, we obtain:

Γ(∆ϕ)Γ(D −∆ϕ)
Γ
(
D
2 −∆ϕ

)
Γ
(
∆ϕ− D

2

) − 3Γ(3∆ϕ)Γ(D − 3∆ϕ)
Γ
(
D
2 − 3∆ϕ

)
Γ
(
3∆ϕ− D

2

) = 0 (4.9)

=⇒ γϕ = ϵ2 − 20ϵ3
3 + 1

9
(
472 + 3π2

)
ϵ4 +O

(
ϵ5
)
. (4.10)

This is precisely identical to the results of the prismatic bosonic tensor model of [8] (and
the combinatorics are identical to the D = 0 theory studied in [41]). The full solutions of

8We note again that the theory with an auxiliary field is identical at the quantum level to the theory
without auxiliary field, except for different values of the coupling constants λi, hi. Due to these, different
terms dominate in the SDEs.

– 23 –



J
H
E
P
0
1
(
2
0
2
5
)
1
8
7

the allowed ∆ϕ for every D are plotted below in figure 8. For comparison, we indicate with
the dashed blue line the hmelonic theory.

Now, the solutions here demonstrate a number of features which we expect to be generic
for multi-field melonic CFTs. Therefore, for emphasis, we provide these as a list:

• The IR/UV wedges. The range of validity for an IR solution to (4.9) is

γϕ > 0 and γA = ϵ− 3γϕ > 0, (4.11)

indicated with the left red striped region, which we term the IR wedge. Alternatively,
swapping the signs of both of these conditions gives the non-unitary UV fixed point
indicated with the second blue dotted region, the UV wedge. Note that positivity of
all anomalous dimensions (for canonical kinetic terms) is also a necessary condition
for unitarity of the theory. Hence, any solution outside the IR wedge must describe a
non-unitary CFT (regardless of any concerns about evanescent operators).

• Infinite branches of solutions. We observe multiple different branches for almost
every value of D — in fact, an infinite number. Those within the two wedges signal
distinct vacua of the theory [42]; those outside the wedges might seem to have no
interpretation at all. However, this is not correct. The seemingly inaccessible lines
of non-unitary fixed points can in fact become accessible, if we switch to so-called
long-range kinetic terms for the scalar fields, which are the non-local expressions
∼
∫
ϕ(−∂2)ζϕ for arbitrary ζ [30]. This allows us to modify the range of IR/UV validity,

and so we can interpret these as non-local, manifestly non-unitary CFTs.

• Collision of two lines of fixed points. Occasionally, we appear to have fewer
solutions than we might expect. For example, increasing D from around D = 3, two
solutions collide and disappear at around D ≃ 3.074. Γ(z)⋆ = Γ(z⋆) then means that
we have a pair of conjugate ∆ϕs; these will be illustrated graphically for λmelonic in
figure 10. This represents an instability of the theory [40, 43], and we will comment on
it further in section 5.3.4.

• Disappearing solutions at exceptional values of the dimension D and scaling
dimension ∆ϕ. We see breaks in the scaling dimension at certain exceptional values
of the dimension. For example, in even dimensions we find only a finite number of
solutions to (4.9), because the ratios of gamma functions become a rational function of
∆ϕ. For example, in D = 2 the infinite number of SDE solutions truncates to only two,

∆ϕ = 1
13
(
4±
√
3
)
. (4.12)

Likewise, in even dimensions, we find ⌊2D+3
3 ⌋ solutions to the scaling dimension equation,

some of which may be complex. However, for all of these Ds there are still perturbative
fixed points in D = 2n± ϵ, which is why the contours only appear to have a small break
in them. Another exceptional value is ∆ϕ = 1

2 for D = 1, where similarly we observe
a perturbative solution ∆ϕ = 1

2 + ϵ
6 + O(ϵ2), but no solution for exactly ϵ = 0. The

nature of these exceptional fixed points is not understood.
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• Zero scaling dimensions. The analysis that lead to (4.10) must fail for certain values
of D. For example, ∆ϕ = 0 implies a logarithmic two-point function; however, blindly
evaluating (4.10) with this value, we find that this is a solution for all values of D. In the
IR region, this occurs for the branch descending from D = 3 at Dc ≃ 1.35, as mentioned
in [8], as well as for the branch that has ∆ϕ = 0 always. This produces singularities in
the dimensions of scalar bilinears, as we will see in section 5.3.6, indicating that our
approach to this theory breaks down.

We have now established in a simple multi-field model the various elements we will require:
the IR wedge, the infinite numbers of solutions in general dimension, the breakdown of the
conformal analysis at exceptional values of D and ∆ϕ, and the associated breaks in the
contours; we are now ready to introduce fermions.

4.4 Fermionic fixed points: SDEs without auxiliary field

We now turn to the case where the fermions are coupled, where λ ̸= 0, but for the moment
we neglect the auxiliary field.

4.4.1 λmelonic and hλmelonic fixed points

Setting 2b + 2f = D, the fermion SDE becomes

1 + λ2B2F 2

2(4π)D
Γ
(
D
2 − b

)2

Γ(b)2

Γ
(
b− D

2 + 1
2

)
Γ
(
b+ 1

2

)
Γ
(
D
2 − b+

1
2

)
Γ
(
D − b+ 1

2

) = 0 (4.13)

This can be substituted into the boson SDE, which yields:

B6h2Γ(5b− 2D)Γ
(
D
2 − b

)5

5!(4π)2DΓ(b)5Γ
(

5D
2 − 5b

) (p2)2D−6b +
2D−4brΓ(−b)Γ(2b)Γ

(
D − b+ 1

2

)
Γ
(
b− D

2 + 1
2

)
Γ
(
b+ D

2

)
Γ(D − 2b)

= −1 (4.14)

A consistent solution requires either h = 0 or 2D − 6b = 0. We will discover that the former
gives precisely the λmelonic fixed point identified above. We plot the solutions and regions
of validity for h = 0 in figures 9(a) and 9(b) for two different values of r. In section 5,
we will focus on the r = 4 line of ∆ϕ solutions descending from the free theory in D = 3,
indicated in figure 9(a).

Expanding γϕ for D = 3 − ϵ,∆ϕ = D−2
ϵ + γϕ in ϵ gives

γϕ=
rϵ

2(r+2)+
r(5r−16)ϵ2
6(r+2)3 + r

(
2r(r(17r+164)−472)−224−3π2(r−2)(r+2)2)ϵ3

36(r+2)5

+
r

[3π2(r(r(5r−82)+200)−64)(r+2)2−378(r−2)ζ(3)(r+2)4

+4r(r(r(r(62r+1069)+5839)−17384)−7136)−4096

]
ϵ4

216(r+2)7 +O(ϵ5),

(4.15)

which exactly matches the O(ϵ2) ϕRψC perturbative result in (3.10) for r = 2T . For later
reference, for r = 4 at fourth order

γϕ = ϵ

3 + ϵ2

81 +
(
428− 27π2) ϵ3

8748 +
(
−7ζ(3)

108 −
4π2

2187 + 6299
59049

)
ϵ4 +O

(
ϵ5
)
. (4.16)
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(a) r = 4, the branch used in the scaling dimensions analysis below.

(b) r = 2 presented for comparison.

Figure 9. ϕ scaling dimension for λmelonic for r = 4, 2. The r = 4 branch that we will use in the
λmelonic bilinear analysis of section 5.3 finely dotted; it descends from the D = 3 free theory, which is
marked with a blue dot. The wedge of validity of the IR scaling solution to the SDEs is shaded in
ruled red, and also corresponds to the regions where the scaling dimensions of ϕ, ψ satisfy the unitarity
bounds. We give for comparison the hλmelonic scaling dimension, ∆ϕ = D

6 as a blue dashed line. Also,
note that in D = 1 + ϵ for all values of r we find ∆ϕ = 1

2 − O(ϵ2), ∆ψ = 0 + O(ϵ), marked with a
black square. This solution does not exist in D = 1 exactly, however. The IR wedge of figure 9(a) is
shown in more detail and including the solutions for complex ∆ϕ in figure 10.
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Note that this D = 3 − ϵ fixed point path, shown with a finely dotted line in figure 9(a),
leaves the IR wedge for D > 3. However, as mentioned above, we can modify this by changing
the UV kinetic term to some non-local

∫
ϕ(−∂2)ζϕ, as in [30], at the cost of locality. We

note the presence of various features that first appeared in hprismatic in section 4.3. We
have already mentioned the IR/UV wedges, and the infinite number of solutions in generic
dimension are manifest in figures 9(a) and 9(b).

• Collision of two lines of fixed points. Once again, we have a collision of two lines
of fixed points, that occurs, for example, around D ∼ 5 for r = 2, 4, and at D ≃ 1.48
for r = 2. At these points the actual solutions complexify, as is demonstrated for the
latter in figure 10.

• Disappearing solutions at exceptional values of the dimension. In integer
dimensions, the ratio of gamma functions in (4.14) becomes a rational function of ∆,
and so we obtain D solutions for even D, and (D + 1)/2 solutions in odd D.

• We have in D = 1 a combination of both the disappearing solutions at exceptional
values of ∆ϕ and the zero scaling dimensions. That is, we have perturbative
solutions ∆ϕ = 1/2−O(ϵ2) and so ∆ψ = 0 +O(ϵ) in D = 1 + ϵ, but no such solution
for ϵ = 0. This will lead to the singularities in the dimensions of the scalar bilinears,
as we will see in section section 5.3.6; however, as we know from hprismatic, these
two phenomena should not be confused, just because they occur together here. In
fact, for example, in the ϕpψ̄ψ theory, we always have a break in the contour for
∆ϕ = 1/2−O(ϵ2), even though ∆ψ = 1

2(D − p∆ϕ) ̸= 0 [40].

However, we now also have a second melonic coupling: as discussed above, b = D/3 also
gives a solution for h ̸= 0. If the fermions are not free, i.e. λ ̸= 0, then 2f + 2b = D enforces
f = D/6, which is indeed precisely the hλmelonic fixed point that we found perturbatively
in section 3. At this fixed point, the b = D/3,∆ϕ = D/6 scaling dimension matches up
exactly with the scaling dimension found in the complex sextic bosonic tensor model [5],
despite the presence of the interacting fermions. Of course, the scaling behaviours of the
respective SDEs are identical regardless of the fixed point, so the complex nature of that
field, and the presence of fermions, are irrelevant.

We also note that here that λmelonic and hλmelonic have manifestly different scaling
dimensions beyond leading order in ϵ. Though a perturbative analysis is not feasible here, it
is likely simply that the value of the hs at the fixed point h∗i ∝ 1

2(r − 4)(ϵ+ g(r)ϵ2) + f(r)ϵ3,
where f(4) ̸= 0. Thus, the h2 term in γϕ contributes only at ϵ4 order when r = 4, so these
fixed points which appeared to be identical at leading order in ϵ are actually different. This
resolves the apparent collision of λmelonic and hλmelonic noticed perturbatively in section 3.4.
It still remains to deal with hλprismatic, but we will do so in section 4.5.

4.4.2 Majorana fermions, or other variations

It turns out that the seemingly arbitrary choice of a real scalar and complex fermion is
not relevant, as any other choice can simply be subsumed (in the strict large-N limit) by
appropriate variations of r. For example, we can repeat the SDE analysis above with Majorana
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Figure 10. ϕ scaling dimension for λmelonic for r = 4; this is a reproduction of the IR wedge of
figure 9(a), but including complex ∆ϕs. Black lines lie inside the IR wedge; blue lines lie outside it.
The two dashed lines in the centre are complex, and leave the plotting region at points marked with
blue dots.

fermions, or other alternative fermions. The Feynman rules [44] are straightforward in the
context of our limited set of diagrams; we simply modify the symmetry factors. If we label
the real or complex scalar field by ϕR/C, and the Majorana or Dirac fermion by ψR/C, then
the symmetry factors associated with the diagrams of figure 7 (excluding the ϕ4 melon) are

SFBB SBFF SB5 equivalent to r=
ϕRψR 2 2 5! T

ϕRψC 2 1 5! 2T
ϕCψR 1 2 2! · 3! T/2
ϕCψC 1 1 2! · 3! T

If the h couplings are irrelevant, i.e. we are at the λmelonic fixed point, then the solution
depends only on the ratio r = T = SFBB/SBFF , and the result is the same as above
in (4.15). This case shows no particularly interesting features, unlike the situation when
the auxiliary field is included, analysed below. If h is relevant, then we know that we have
the completely constrained b = D/3 fixed point. Changing the value of r does not modify
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this at all, and the solution always exists. If λ is irrelevant, the fermions are free, and the
r parameter has no meaning.

In fact, we will see in the λmelonic model that we can interpret r = 2T as the ratio of
the number of real fermionic degrees of freedom in the field ψ to the number of real bosonic
degrees of freedom in ϕ. This can be made obvious by the fact that if we add a further U(Nf )
fermion symmetry, i.e. have Nf tensor fermion fields ψabc,K ,K = 1, . . . Nf , and likewise for Nb

tensor boson fields, the effect in the equations of the model is exactly the same9 as modifying
r = 2TNf

Nb
; for this reason we can at least formally modify r to whatever value we like.

This includes both negative and non-integer values of r. Combined with the fact that T
always comes with a factor of (−1) due to fermion loops, we can interpret Dirac fermions of
negative T as Sp(|T |/Td)-symmetric commuting fermions, via the well-known formal relation
SO(−N) ≃ Sp(N),10 where |T | is the free parameter that we vary, and TD is the dimension
of the minimal complex Dirac spinor in D dimensions. A mathematical framework justifying
non-integer values of Nf,b and hence r is presented in [47]; see also [48]. Note that as r is
smoothly varied from r = 4 to r = 2, at r ≃ 3.07, the line of theories that we will use splits:
this means that there is no valid IR solution for a dimensional window around D ≃ 1.8, as
is shown in figure 9. In the language of [49], for r = 2 the two IR fixed points annihilate
with each other around D = 1.48 as D increases from 1.

4.5 The SDEs with auxiliary field

We can consider the set of SDEs with auxiliary field, (4.2); ansatzing the momentum-space
IR propagator to be the following we require only a > 0 for IR consistency:

⟨XI(p)XJ(−p)⟩ = A(p)δIJ ≡
A

p2a δIJ (4.17)

This modifies only the bosonic sector of the SDEs, and in the deep IR we have:

0 = F (p)−1 + λ2

2

∫
k,l
F (k + l + p)B(l)B(k), (4.18a)

0 = B(p)−1 + h2

5!

∫
k,l,m,n

B(k + l +m+ n+ p)B(k)B(l)B(m)B(n)

+ ρ2

2

∫
k,l
A(k + l + p)B(l)B(k) + λ2

1

∫
k,l
(−1)Tr [B(k + l + p)F (l)F (k)] , (4.18b)

0 = A(p)−1 + ρ

3!

∫
k,l
B(k + l + p)B(k)B(l). (4.18c)

Therefore, we obtain once again the usual 2f +2b = D, along with a+3b = D. We again can
either take h ̸= 0, or h = 0. In the former case, we force ∆ϕ = D/6, which forces ∆χ = D/2,
which is the free field scaling dimension. This gives ρ2AB3 = 0, and so we find hλmelonic again.

9The Feynman rules say each fermion loop gives a factor of (−1) × T ; if we have a vector of Nf fermions,
which only interact via U(Nf )-symmetric terms like

∑
K
λtδ

t,p,dt
abc,def,hij,klmϕabcϕdef ψ̄hij,Kψklm,K , then each

loop also contributes a factor of Nf .
10At least up to ordering of operators in scattering, which does not concern us here; see [45, 46].
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In the latter, demanding consistency, we can solve for B2F 2 and AB3, which yields the result

csc(πb)
[3(D − 3b) sin(3πb− πD)Γ

(
3b− D

2

)
Γ
(

3D
2 − 3b

)
− rΓ

(
b+ 1

2

)
cos

(
πb− πD

2

)
Γ
(
D − b+ 1

2

)]

bΓ
(
D
2 − b

)
Γ
(
b+ D

2

) = −1. (4.19)

This can be solved perturbatively to any order desired. Taking b = 1− γϕ and D = 3− ϵ,
we obtain a match to the hλprismatic perturbative analysis:

γϕ=
rϵ

2(r+2)+(r−2)
(
4(r−3)ϵ2
3(r+2)3 −

(
r
(
3π2(r+2)2−8r(5r+99)+3056

)
−3840

)
ϵ3

36(r+2)5 +O(ϵ4)
)
.

(4.20)
Note that for r = 4, this equals the λmelonic scaling dimension calculated in (4.15) up to
order ϵ3. They then end up differing at order ϵ4: note the 6326 here, compared to 6299
in equation (4.16):

γϕ = ϵ

3 + ϵ2

81 +
(
428− 27π2) ϵ3

8748 +
(
−7ζ(3)

108 −
4π2

2187 + 6326
59049

)
ϵ4 +O

(
ϵ5
)
. (4.21)

So, the auxiliary field solution is again different at order ϵ4, for the same reason as before.
So all three of the fixed points which apparently collide at r = 2T = 4 in the perturbative
analysis of (3.10) are in fact distinct.

In figure 11 we demonstrate the space of fixed points. Once again, red indicates the
region of validity, and hλmelonic is again indicated with the blue dashed line. For r = 0,
clearly hλprismatic reduces to hprismatic (plus a free fermion CFT).

4.5.1 Variation of r, q-generalisations and the supersymmetric solution

As before, it is trivial to solve the above for general symmetry factors, which correspond
to the following theories. Note that ψR corresponds to Majorana and ψC corresponds to
Dirac fermions, although we leave T general.

Note that if r = 2, we obtain

γϕ = γψ = γF = ϵ/4 (4.22)

exactly, to all orders. This corresponds to the scaling dimension of the supersymmetric
solution in the ϕRψR case (N = 1 scalar superfield) and ϕCψC cases (N = 2 scalar superfield);
both of these have Tr[Is] = 2, the expected dimension of the spinor space in 3D. For this
value of r, if we include the auxiliary field, the number of off-shell fermionic degrees of
freedom then matches the number of off-shell bosonic degrees of freedom N3 + N3, as it
should for a supersymmetric theory. Of course, for the theory ϕRψC, this would require
Tr[Is] = 1, which is not a physically permitted dimension of the spinor space; nonetheless,
we still appear to have supersymmetry.

Continuous dimension is in general incompatible with supersymmetry; however, we
have performed a variant of the dimensional reduction scheme used in loop calculations of
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(a) r = 4.

(b) r = 2, which contains the putative supersymmetric theory with ∆ϕ = D−1
4 referred to in

section 4.5.1, as well as other non-supersymmetric IR solutions.

Figure 11. ϕ scaling dimension for the prismatic theory, hλprismatic, with r = 4, 2 again. The unitary
region, which is also the regime of validity of the IR scaling solution to the SDEs, is shaded in dashed
red. The dotted blue region corresponds to the non-unitary UV solution to the SDEs.
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supersymmetric theories: we have kept T fixed and continued in D, in order to consider a
supersymmetric theory in general dimension [50].

Assuming either real scalar fields and Majorana fermions, or complex scalar fields and
Dirac fermions, adding in an auxiliary field, we can use the superspace formalism: that is,
we combine the three fields into a (real or complex) superfield Φ. The superfield formalism
enforces that the dimensions of each of the three components of the superfield (ϕ, ψ, X)
differ by 1/2, and hence the anomalous dimensions of each must be equal [39, 51]. Thus, in
a manner very similar to the standard 4D quartic bosonic model, we define the superfield
propagator to be P (p), and find the IR SDEs to be P (p)−1 ∝

∫
k,l Tr(P (k + l + p)P (k)P (l)).

Therefore, simple dimensional analysis enforces γΦ = ϵ/4 = γϕ = γψ = γX — precisely the
result of (4.20). In fact, this can be done with general coupling Φq to find that the superfield
gets scaling dimension ∆Φ = D−2

2 + γΦ = D−1
q . Motivated by this, these SDEs with auxiliary

field easily generalise, with or without fermions. We simply set the auxiliary field to be
X = ϕq−1, and perform the same set of integrals. If we include fermions this is a generalisation
of the aforementioned q-generalised supersymmetric tensor models ([39, 51]) to non-matching
bosonic and fermionic degrees of freedom. Without the auxiliary field, and without fermions,
this is the q-generalisation of the original tensor model studied in [4]. See [40] for more.

5 Spectrum of bilinears for the λmelonic fixed point

The simplest of these new fermionic fixed points is λmelonic, which we now investigate in
more detail by computing the spectrum of the set of O(N)3 singlet bosonic operators that
appear in the conformal OPEs ϕabc × ϕabc and ψ̄abc × ψabc. For these melonic theories, this is
a standard computation using the Schwinger-Dyson equation, which at large N we can write
down exactly [52]. In the conformal limit this Schwinger-Dyson equation can be integrated
analytically, and the computation of the spectrum reduces to finding the scaling dimensions
∆ such that a particular kernel matrix k(∆)ab has a unit eigenvalue.

We shall find results that are analytic in spin; however, it is enlightening to consider
explicitly the form of the spin-zero operators appearing in this OPE. They should be
ϕabc(∂2)nϕabc, ψ̄abc(∂2)nψabc, and ψ̄abc(∂2)n/∂ψabc; of course, operators of definite scaling
dimensions will be a linear combination of these.

There are four main observations to be made about this part of the bilinear spectrum
for the λmelonic fixed point:

1. Near the free theory and near D = 0 the operators in the spectrum exactly match
the known scaling dimensions. Additionally, we have cross-checks via the perturbative
computations of the mass operators.

2. There are windows of stability of the parameters r and D, outside which operators have
a complex scaling dimension; these appear to be characteristic of tensor models.

3. The spectrum contains conserved operators at spins s = 0, 1, 2. These are, respectively,
a redundant operator, the U(1) current, and the stress tensor.
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4. Divergences appear in the spectrum when the scaling dimension of one of the fundamen-
tal fields goes to zero; in this model, this occurs at D = 1, just as occurs for hprismatic
in D ≃ 1.35.

We will restrict ourselves to the subset of the operator spectrum consisting of bosonic
operators O(µ1···µs) that are traceless symmetric tensors in SO(D). These transform in the
traceless symmetric spin-s representations ρ, and so are labelled by Dynkin label (s, 0, 0, . . .),
and exist in any D. They take the schematic form11

Os ∼ [(∂2)x∂(µ · · · ∂µiϕ][∂µi+1 · · · ∂µs)(∂2)yϕ]− traces (5.1)

We will not consider any other representations (thus ignoring any fermionic operators), as in
that case analytic continuation in the dimension and Dynkin label entries is less clear.

We will begin with an overview of the pure bosonic calculation in section 5.1. Moving
to the λmelonic theory, we demonstrate the elaborations necessary for a fermionic theory in
section 5.2, and end with observations and comparison to hprismatic in section 5.3.

5.1 Spectrum for the bosonic tensor model with V (ϕ) = ϕq

First, we recall the determination of the spectrum for a purely bosonic CFT, recapping the
salient points of [4]. It is informative to see the dependence of the melonic spectrum on the
degree of the potential, q, which we keep general. To identify the operators O∆,ρ, of scaling
dimension ∆ and SO(D) representation ρ, appearing in the OPE ϕ × ϕ, we consider the
Schwinger-Dyson equation for the three-point function v(O) =

〈
ϕ(x)ϕ(y)O∆,ρ

〉
. The spectrum

consists of those operators O∆,ρ for which this Schwinger-Dyson equation is self-consistent.

5.1.1 The Schwinger-Dyson equation for the three-point function

The self-consistent Schwinger-Dyson equation for the three-point function v(O) takes the
form [3, 54]

v

x

y

z = v z

x

y

+ v z

x

y

where the grey block represents the 2PI connected four-point Bethe-Salpeter kernel. The
first term on the r.h.s., which is the free-field contribution to the kernel, drops out in the
conformal IR. The tensor structure at the λmelonic fixed point is identical to that of the
quartic model, so the argument of [4] transfers exactly. The complete non-perturbative
connected Bethe-Salpeter kernel is (illustrated for q = 4):

= 1
2 + 1

2

11We will not need the exact forms, which can be found in e.g. [53].
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where, as before, the blobs on lines indicate full resummed propagators. In the IR limit,
and in position space, we get

v(O)(x, y, z) =
∫
w1,w2

K((x, y), (w1, w2)) v(O)(w1, w2, z) , (5.2)

where, for general q,

K((x, y), (xa, xb)) = (q − 1)λ2 × 1
2
[
G(x, xa)G(y, xb)G(xa, xb)q−2

+G(x, xb)G(y, xa)G(xb, xa)q−2
]
. (5.3)

K is, in general, a complicated function but in the conformal limit, we know exactly the form of
the two-point function G. The resulting integral in (5.3) is tractable, allowing us to determine
precisely the three-point functions v, up to overall factors; this gives us the scaling dimensions.

5.1.2 Conformal structures

In a conformal theory, v is simply determined by the three-point coefficients caϕϕO:

⟨ϕ(x)ϕ(y)O(z)⟩ =
∑
a

caϕϕO ⟨ϕ(x)ϕ(y)O(z)⟩a ≡
∑
a

caϕϕO v
a(∆, ρ)(x, y, z) . (5.4)

Here the index a runs over the possible conformal structures that can appear in the OPE of
two scalars and an operator O in SO(D) representation ρ; it is a group-theoretical exercise
to enumerate these [55]. The action of the kernel on each of these structures is restricted
by conformal invariance to take the form∫

w1,w2
K((x, y), (w1, w2)) va(O)(w1, w2, z) ≡ kab vb(O)(x, y, z), (5.5)

defining the matrix kab which is a function only of the conformal representations of ϕ (∆ϕ,
scalar) and O (∆, ρs). Finding the scaling dimensions in the IR limit for the melonic theory
from (5.2) is then identical to solving the matrix eigenvalue problem

det(kab − δab) = 0 . (5.6)

For the traceless bosonic spin-s operators [O∆,ρs ]µ1...µs only one conformal structure
is allowed in (5.5). Therefore kab = k δab, and, introducing a generic null vector ξµ,
we can project out the traceless component by considering the operator O∆,ρs(x; ξ) =
[O∆,ρs(x)]µ1...µsξ

µ1 . . . ξµs , and the corresponding correlator

v1
ϕ1ϕ2Os(x1, x2, x3; ξ) =

〈
ϕ1(x1)ϕ2(x2)O∆,ρs(x3; ξ)

〉
= (X3 · ξ)s

(x122) 1
2 (∆1+∆2−∆+s)(x232) 1

2 (∆+∆2−∆1−s)(x312) 1
2 (∆+∆1−∆2−s)

(5.7)

where
xij = xi − xj , X3µ = (x31)µ

x312 −
(x32)µ
x322 . (5.8)

– 34 –



J
H
E
P
0
1
(
2
0
2
5
)
1
8
7

Then we exploit the fact that (5.5) applies for any z to take z → ∞ and work with the
index-free eigenvector

v1
ϕϕOs(x12; ξ) = lim

x3→∞
(x3

2)∆v1
ϕϕOs(x1, x2, x3; ξ) =

(ξ · x12)s

|x12|2∆ϕ−∆+s , (5.9)

where ∆1 = ∆2 = ∆ϕ.
The conformal scalar IR propagator is known from the two-point function SDE [4]

G(x) = B

|x|2∆ϕ
, ∆ϕ = D

q
, λ2Bq ≡ − 1

XϕXϕ̃

, (5.10)

where, for scalar operators such as ϕ and its shadow ϕ̃, we define

Xϕ = πD/2
Γ
(
D
2 −∆ϕ

)
Γ(∆ϕ)

=⇒ Xϕ̃ = πD/2
Γ
(
D
2 − ∆̃ϕ

)
Γ(∆̃ϕ)

, (5.11)

is convenient, and we have defined the shadow dimension, the dimension of the shadowed
operator, by ∆Õ ≡ ∆̃O ≡ D − ∆O; see [40] for more on shadow operators and these
computations. Using the kernel (5.3) and v1

ϕϕOs(x12; ξ), we can then compute (5.5) to find
that the eigenvalue condition, det(k1

1 − 1) = 0, is

1 + (q − 1)Ps
Yϕ(s,∆)
Yϕ̃(s,∆) = 0 . (5.12)

Here we have defined the useful function YO(s,∆) and the projector onto even spin:

YO(s,∆) = XO Γ
(
∆O + s

2 −
∆
2

)
Γ
(
∆O + s

2 −
∆̃
2

)

Ps ≡
1 + (−1)s

2 .

(5.13)

We will often suppress the ∆ dependence, writing YO(s). The implicit equation (5.12) has
an infinite number of ∆ solutions for fixed D, s; these can be found either perturbatively
around the free theory (to any order desired) or exactly numerically. Note that there are
no solutions for odd s; this is because ϕ is a real field.

5.2 Extension to the λmelonic fixed point

The essence of the analysis is unchanged, as the tensor structure at the λmelonic fixed point is
identical to that of the quartic model. However, the computations are now complicated by
(1) multiple fields, including complex fermions, (2) multiple conformal structures appearing
in a given conformal correlator, and (3) mixing between conformal correlators of different
types. Note also that the results will in general now depend on the ratio of fermionic/bosonic
degrees of freedom, r = 2T .

The structures compatible with conformal invariance are now

{va(O)} ≡ {⟨ϕabc(x1)ϕabc(x2)O(x3)⟩a} ∪ {⟨ψabc(x1)ψ̄abc(x2)O(x3)⟩a} (5.14)

where the operators O with non-zero caϕϕO and ca
ψψ̄O are precisely those operators which

could appear in the OPE of ϕ× ϕ, ψ × ψ̄ respectively (5.4). We do not here need to consider
⟨ψϕO⟩, which is non-zero only for fermionic O.
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D = 3 symmetry name schematic form eigenvector candidate

BB ϕ(ξ · ∂)s(∂)2nϕ (ξ·x12)s

|x12|2∆ϕ−τ

P -even FF̄/ξ ψ̄(ξ · ∂)s−1(∂)2n/ξψ (ξ·x12)s−1/ξ

|x12|2∆ψ−1−τ

FF̄/x ψ̄(ξ · ∂)s(∂)2n/∂ψ
(ξ·x12)s /x12

|x12|2∆ψ+1−τ

P -odd FF̄1 ψ̄(ξ · ∂)s(∂)2nψ (ξ·x12)s

|x12|2∆ψ−τ

FF̄/ξ/x ψ̄(ξ · ∂)s−1(∂)2n(/ξ /∂ − /∂/ξ)ψ (ξ·x12)s−1 (/x12/ξ−/ξ/x12)
|x12|2∆ψ−τ

Table 1. The basis of conformal structures for bilinears.

5.2.1 Eigenvector candidates

It is convenient to work in a va basis labelled by the free field operators in D = 3, shown
in table 1 grouped by their parity. Recall that we are considering operators in the traceless
symmetric s-tensor representation in the index-free representation, and sending x3 → ∞
in all correlators.

The purely bosonic operators take the same form as before. The spin-0 bilinear operators
made of fermions take the schematic form ψ̄(/∂)nψ. In D = 3, for odd n = 2m+ 1, this is the
parity-even scalar ψ̄(∂2)m/∂ψ; for even n = 2m it is the parity-odd pseudoscalar ψ̄(∂2)mψ [56].

The most general non-chiral (i.e. without γ5) three point function of two fermions and
an s = 0 scalar operator must then take the form

〈
ψ(x1)ψ̄(x2)O∆(x3)

〉
=
cP+
ϕϕ̄O

(
/x12

|x12|2
)
+ cP−

ϕϕ̄O

(
/x13 /x32

|x12||x31||x23|

)
|x31|∆ |x12|2∆ψ−1−∆ |x23|∆

. (5.15)

Taking x3 →∞ gives the two eigenvectors vFF̄/xs=0 and vFF̄1
s=0 (x1, x2), shown in table 1. General-

ising to the case of s > 0, we find one ⟨ϕϕO⟩ and four ⟨ψψO⟩ structures.
Note that the P symmetry constrains there to be no mixing between odd and even

operators. Additionally, the P -odd kernel turns out to be diagonal in the basis of table 1
so the 5 × 5 kernel kab is in fact block diagonal.

5.2.2 Kernel

Writing down the melonic kernel corresponds to drawing the forward two-particle scattering
diagrams allowed in the melonic limit, and we find

K((x1, x2), (xa, xb)) =
( )

≡ λ2
t

6

(
(−T )KBB←BB 2(−T )KBB←FF̄
KFF̄←BB

1
2KFF̄←FF̄

)
(5.16)

Clearly, the off-diagonal components mean that a BB-type eigenvector will generically mix
with an FF̄ -type, and vice versa. Note in addition that

1. The prefactor λ2
t /6 comes from limN→∞ of each of the tensor contractions of two

λIJKLs.
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2. It is necessary to keep track of closed fermion loops; each generates a factor of −T
in the evaluation of (5.4). These occur when the top row of K is contracted with an
eigenvector, either as an explicit fermion loop in the diagram for KBB←FF̄ or when the
external fermion lines of K cap off the fermionic component in an eigenvector.

3. The bold factor of 2 in front of KBB−FF̄ could go on either of the off-diagonal entries;
it comes from the two ways of placing an element of the kernel to complete a fermion
loop in a ladder. The loop can either match or reverse the orientation of the previous
fermion loop.

4. Though there is only one boson structure, Ki←FF generically will mix between the
different possible fermion structures. Indeed, for example, kBBFF̄ /xi ̸= kBBFF̄/x .

We illustrate the calculation of these ks via (5.5) by calculating kBB
FF̄i

, which is only non-zero
for i = FF̄/ξ , F F̄/x:

· vBB(xab) =
λ2
t

6

∫
KFF̄←BB · v

BB(xab)

= λ2
t

6

∫
xa,xb

F (x1a)B(xab)F (xab)F (xb2)
vBB(xab) + vBB(xba)

2

= λ2
t

6

∫
xa,xb

F (x1a)B(xab)F (xab)F (xb2)PsvBB(xab) ≡
∑
i

kBBFF̄i v
FF̄i(x12),

(5.17)

where we have used the fact that vBB(xba) = (−1)svBB(xab), and in the final step decomposed
the result of the integral in the basis of table 1. The other calculations proceed likewise;
plugging these ks into det(k − 1) = 0, we can eliminate λ2B2F 2 with the two-point function
solution, and T via (4.14); this gives an implicit equation for the scaling dimension ∆ of
the bilinear.

5.3 Bilinear spectrum results for λmelonic fixed point

In the following, we solve for numerically and plot as a function of D the scaling dimensions
of these O(N)3-singlet, traceless spin-s, bosonic bilinears — and then discuss the results. We
select the branch of the λmelonic theory that descends from the free theory in D = 3 dimensions.

5.3.1 Eigenvalue conditions

Parity-even sector Using again the projector onto even spins Ps, we have:

0 =
(
1− Yψ(s− 1)

Yψ̃(s− 1)

)(
1 + Ps

Yϕ(s)
Yϕ̃(s)

+ Yψ(s+ 1)
Yψ̃(s+ 1) − 3Ps

Yϕ(s)
Yϕ̃(s)

Yψ(s+ 1)
Yψ̃(s+ 1)

)

+ 2sYψ(s− 1)
Yψ̃(s+ 1)

(
∆ϕ + (D + s− 2−∆ϕ)Ps

Yϕ(s)
Yϕ̃(s)

)
,

where Xψ ≡ −iπD/2
Γ
(
D
2 −∆ψ + 1

2

)
Γ(∆ψ + 1

2)
.

(5.18)

We stress the different definition of Xψ for a fermionic field.
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Parity-odd sector. This is in fact diagonal in the basis of table 1. Recalling the defi-
nition (5.13) of YO(s), we find:

FF̄1 : 0 = 1 + Yψ(s)
Yψ̃(s)

, F F̄/ξ/x : 0 = 1− Yψ(s)
Yψ̃(s)

. (5.19)

It is clear that when s = 0, the sector corresponding to FF̄/ξ decouples as expected, since
FF̄/ξ-type operators are non-local for s = 0.

In these results, we expect a shadow symmetry of the spectrum. That is, every physical
operator of dimension ∆, has a corresponding non-physical, non-local operator of dimension
∆̃ ≡ D −∆, called the shadow operator [8]. In a given CFT, we can identify which of this
pair of operators is physical by analytically continuing from the free theory. Mathematically,
these arise due to the Schwinger-Dyson equations having a symmetry under ∆↔ ∆̃. Since
Yi(s,∆) = Yi(s, ∆̃) (5.13) is also manifestly shadow symmetric, these eigenvalue conditions
are also symmetric about the line ∆ = D

2 , shown in the plots below in widely dashed
blue. This is similar to the shadow symmetry observed in Chew-Frautschi plots of Regge
trajectories [57, 58].

To solve (5.18) and (5.19) numerically, we must input the scaling dimensions of the
fundamental fields. We can eliminate ∆ψ via 2∆ϕ + 2∆ψ = D; however, if we want to find
the spectrum for a given D, we must first find ∆ϕ via the two-point SDEs, (4.14). Of course,
there are multiple branches of ∆ϕ available at each D; here, we use the solution branch
for ∆ϕ descending from the free theory in D = 3, marked in figure 9(a). As noted above,
although this theory exits the regime of validity at D < 1.46, it is nonetheless interesting
to look at the continuation of this path of theories down to D = 0; although non-unitary,
they could be accessed with a modified bare scaling dimension.

Due to the presence of Ps, even and odd spins are part of different Regge trajectories,
and so must be analytically continued separately [42].

5.3.2 Scaling dimensions

In figures 12–14 we display the spectrum of this theory as a function of continuous dimension
D < 3; the spectrum at a particular value of D can be found by slicing the contour plot at
that D. We restrict to the low-∆ region (around ∆ < 5), as the high-∆ spectrum rapidly
asymptotes to a known trivial form,

for BB: ∆ = 2∆ϕ + 2n+ s+O(1/n); (5.20)
for FF̄i: ∆ = 2∆ψ + 2n+ s+O(1/n). (5.21)

We postpone discussion of the D = 1 region, where all ∆s solve (5.18), and no ∆s solve (5.19),
to section 5.3.6.

5.3.3 Discussion of the spectrum

We start by identifying the elements of the physical spectrum. This is not necessarily trivial,
as discussed in appendix A of [59]; however, we can exploit the fact that near the free theory
in D = 3, the operators in the spectrum must exactly match the known scaling dimensions
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Figure 12. P-even s = 0 spectrum for r = 4 λmelonic. The dimensional windows of stability, where
all known local operators are real, are shown here in green. In the left-hand green window, the FF̄/ξ/x
(shown in figure 13) has a complex scaling dimension; however, it is non-local, so the implications for
the fate of the theory are unclear. Note that the theory for D > 3 automatically violates the unitarity
bounds, since ∆ϕ <

D−2
2 (see figure 9(a)). The widely dashed blue line indicates the line of shadow

symmetry. To see what happens to the disappearing solution, see the complex version of this plot in
figure 15.

Figure 13. P-odd s = 0 spectrum for r = 4 λmelonic. Note that the dashed FF̄/ξ is again non-local for
this value of s. There exist no solutions for D = 1, hence the break in the line. We shade the D-range
of stability given by figure 12 again in green.
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(a) P-even s = 2 (b) P-odd s = 2

Figure 14. s = 2 spin spectrum for r = 4 λmelonic. All operators shown here are local, including
FF̄ξ, which is no longer decoupled. As usual, we show the line of shadow reflection. Note the presence
of the ∆ = D stress tensor in the P-even spectrum.

of the physical operators. In the P-even spectrum for s = 0, we ignore the FF̄/ξ operator,
as it is both non-local and decoupled. We can then identify in figure 12 that there are five
physical operators. In D = 3, we can identify them exactly: they have dimensions ∆ = 1, 3, 5
and ∆ = 3, 5, and correspond to ϕ̄(∂2)n=0,1,2ϕ and ψ̄(∂2)n=0,1/∂ψ. Hence, the solid contour
leaving ∆ = 1 is the physical scalar mass operator ϕ2, and the solid contour leaving ∆ = 2 is
its shadow. For s = 2, figure 14(a), all operators are physical.

In the P-odd spectrum, for s = 0, we again ignore the non-local FF̄/ξ/x. We then have
three physical local operators in figure 13, which we can identify as ψ̄(∂2)n=0,1,2ψ. This
makes it clear that, in this case, the second from bottom solid contour is the fermion mass
operator ψ̄ψ, with the bottom one being its non-physical shadow. For s = 2, figure 14(b),
all operators are again physical.

Note that the singlet mass operators of the two fundamental fields, ϕ2 and ψ̄ψ, are present,
so we can use them to cross-check our interpretation. Setting D = 3 − ϵ and expanding
the eigenvalue condition for s = 0, we find that for ∆ = 1 +O(ϵ) in the parity-even sector,
∆ = 2 + O(ϵ) for FF̄1 in the parity-odd sector, we exactly match the O(ϵ2) perturbative
computations of ∆pert

ϕ̄ϕ
≡ D+ dβm2

dm2 |λ∗ and ∆pert
ψ̄ψ
≡ D+ dβM

dM |λ∗ at the λmelonic fixed point (B.6b).
Additionally, since this is a large-N CFT, we expect the scaling dimensions of multi-trace
operators to factorise. We calculated ∆h8 = [(ϕabcϕabc)3] and ∆λdS

= [(ϕabcϕabc)(ψ̄abcψabc)]
in section 3.5, and indeed we find them to be equal to 3∆ϕ2 and ∆ϕ2 +∆ψ̄ψ respectively.

5.3.4 Windows of stability

It is worth first distinguishing the following three types of CFT:

1. A unitary CFT with all local scaling dimensions real.

2. A non-unitary CFT with all local scaling dimensions real.
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Figure 15. P-even s = 0 local spectrum for r = 4 λmelonic (BB + FF̄/x), now including the complex
solutions for ∆. The real slice here precisely matches the lower part of figure 12. Purely real solutions
are solid, and complex solutions are dashed; all lines that seemingly end actually just continue on into
the complex ∆ plane. Once again, the windows of stability (with no imaginary solutions) are shown
in green, and we shade D = 1 to indicate that all complex values of ∆ solve the equations. Note the
collision of the ϕ2 operator with its shadow, giving a pair of operators with dimension ∆ = D

2 ± iα.

3. A CFT with some complex local scaling dimensions, which makes it automatically
non-unitary.

In non-integer dimension, from studies of the Wilson-Fisher fixed point, we expect all CFTs
to be non-unitary due to the presence of evanescent operators [19–21]. We see in figure 12
that for some ranges of dimension D, all the (local) scaling dimensions are real: namely,
D ∈ (1.97, 2.46) and (2.78, 3.14). On the boundaries of these ranges, the scaling dimensions
of two operators collide, and we then obtain a pair of operators with complex conjugate
scaling dimensions. This is manifest for the D ∈ (1.97, 2.46) window; in figure 15, we see that
the ϕ2 operator. Hence, inside the windows of stability: in integer dimension, the λmelonic
theory is type 1; in non-integer dimension, it is type 2. Outside the windows, it is type 3.

This phenomenon of windows of stability for the parameter values, only apparent non-
perturbatively, appears to be characteristic of melonic models [4, 5, 8, 10, 30, 42, 59–61] (the
windows in D are demonstrated for hprismatic in figure 8). However, this behaviour depends
strongly on the details of the theory — in this case, r and D: for example, for r = 8, the
D ∈ (1.97, 2.46) window visible in figure 12 disappears entirely. Additionally, note that
FF̄/ξ/x remains complexified throughout the (1.97, 2.46) window; however, it is a non-local
operator and its interpretation is unclear.

The complex scaling dimension of this form means that the critical points along this
line are unstable — the conformal vacuum is not the true vacuum of the precursor QFT; for
this reason, we term these as windows of stability. It was proven in [43] that the presence
of an operator O of the form ∆ = D/2 + iα in the OPE of two fundamental scalar fields
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means that the conformal solution is unstable; by the AdS/CFT duality, this is the CFT
counterpart of the well-known Breitenlohner-Freedman bound in AdS: the dual field of the
operator has a mass below the BF bound. It is conjectured that the fate of these theories
after this instability that in the true vacuum, this operator acquires a VEV, ⟨O⟩ ̸= 0 [43, 61].

It is interesting to observe that in the standard bosonic O(N)3 quartic and sextic models
(as well as in generalisations and extensions of them) it is also the operator that roughly
corresponds to ϕ2 that receives a complex scaling dimension along with its shadow [4, 5]
when descending from the free theory; note that in all these cases, this is the physical bilinear
operator of lowest scaling dimension, with ∆ < D/2.

Despite the non-unitarity of the CFTs, it is easy to check that for integer spins s in D < 3,
the physical operators identified here all satisfy the standard D ≥ 2 CFT unitarity bounds [52]:

∆s=0 ≥
D

2 − 1, ∆s ̸=0 ≥ D + s− 2 (5.22)

There is one exception: for D = 1, every scaling dimension is a solution of (12). However,
this dimension is pathological in any case, as we will discuss in section 5.3.6. For D > 3,
of course, ϕ itself is non-unitary.

5.3.5 Operators of protected dimension

We frequently observe operators of protected dimension; that is, operators which have scaling
dimension fixed at D or D − 1. These are usually associated to some symmetry.

In the P-even s = 0, 2 sectors, there are always operators with dimension ∆ = D. The
s = 2 operator corresponds to the conserved stress tensor. The s = 0 operator is a vanishing
mixture of ϕ∂2 ϕ and ψ̄ /∂ψ — this occurs because, by the equations of motion, both are
proportional to ϕ2ψ̄ψ; hence, a linear combination of them vanishes as an operator [62]. Note
that this operator is unrelated to the trace of the stress tensor (which is of course zero). In
the case of the generalised SYK model, Gross interpreted this as coming from the IR rescaling
symmetry [3]; in our case, this is the IR local rescaling symmetry ψ → Aψ, ϕ→ A−1ϕ, for a
local function A(x) ̸= 0. However, in the generalised SYK model, its OPE coefficient with
the fundamental fields was found to vanish; we suspect that the same would apply here.

In the P-even spin-1 sector, we find a bilinear that involves only the fermions (because
Ps=1 = 0), with ∆ = D − 1; this corresponds to the conserved U(1) current that rotates the
complex fermions, ψ̄γµψ. Like the rescaling symmetry, this generically conserved current is,
in the deep IR, upgraded to a local U(1) symmetry, just as in the SYK model and melonic
supertensor models [38, 63]: ψ(x) → ψ(x)eiα(x). In the P-odd spin-1 sector, we also find
an FF̄/ξ/x-type operator with ∆ = D; the associated symmetry is not clear. The s ̸= 0, 2
sectors are otherwise uninteresting, and so not plotted.

5.3.6 Spectrum divergences when fundamental scaling dimensions hit zero

In exactly D = 1 dimensions, there is no solution giving ∆ϕ = 1/2. However, perturbatively,
in D = 1 + ϵ, we find a solution ∆ϕ = 1

2 −O(ϵ2), ∆ψ = 0 +O(ϵ2), for arbitrary r. These are
marked with black squares in figure 9. If we ignore this, and take proceed anyway, taking
ϵ→ 0, we find that every value of ∆ solves the P-even determinant condition, for any value
of s. For the P-odd family, the determinant condition evaluates to −1 = 0 for D = 1, and so
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Figure 16. Sextic prismatic model, hprismatic, s = 0 scaling dimensions [8] for the branch indicated
in figure 8. Green shading again indicates the regions of stability; the line of shadow reflection is blue
and dashed. For D ≃ 1.353, every ∆ solves the eigenvalue equation for AC-type bilinears, and no ∆s
solve the B-type. The mass operator ϕ2 in the D = 3 free theory is marked with a blue dot; just as
with λmelonic, it is this operator that obtains a complex scaling dimension at D ≃ 2.81. The bilinear
Xϕ, by contrast, is the first to obtain a complex scaling dimension if we increase D to D ≃ 3.03.

there is a break visible in every contour along D = 1. This missing tower of operators is just
as in the D = 2 case of the standard bosonic tensor model [4]: here we have perturbative
solutions for D = 1 + ϵ, ∆ = 2n + O(ϵ), which do not exist at D = 1.

The same phenomenon also occurs for other theories when the scaling dimension of one of
the fields ϕ hits certain integer values. Returning to the prismatic ϕ6 model [8]: following the
family of CFTs descending from D = 3−ϵ indicated in figure 8, while still within the IR wedge
we reach ∆ϕ = 0 at DC ≃ 1.353.12 As shown in figure 16, for any spin, every value of ∆ solves
the A/C-type bilinear equations there, and no values of ∆ solve the B-type bilinear equations.

Likewise, consider the other branches of λmelonic in figure 9 — in particular, those that
descend from the free theory in D = 2n + 1 − ϵ, when they hit D = 2n − 1, for n ∈ N.
At those points,13 we have ∆ϕ = (2n − 1)/2 + O(ϵ2) exactly, and hence ∆ψ = 0 + O(ϵ2).
Likewise, along the line ∆ϕ = 0, we also see breaks in the contours. Indeed, we expect this
behaviour to be generic for any melonic-type CFT with multiple fundamental fields — of
course, if there is only one field, ∆ϕ = 0 only in D = 0. One exception to this, in the case of
only one field, is in the supersymmetric N = 1 quartic O(N)q model, which, as described
in section 4.5.1, has ∆Φ = (D − 1)/q; thus, taking N = 1 theory [39] we do indeed observe

12DC solves ψ(0)(D) + γE = ψ(0)(D2 )−ψ(0)(−D
2 ), with ψ(0)(x) = Polygamma[0, x] and γE Euler’s constant.

13It is worth noting, however, that the D = 1 evaluation of the ∆ϕ = +1/2 solution branch was doubly
incorrect, as at precisely this point ∆ψ = 0. This is the same as the free scaling dimension D−1

2 in the
two-point SDE (4.1d), so in exactly D = 1 we were not permitted to drop it in the IR.
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in D = 1: a missing tower of operators for the BB and FF-type operators; every value of
∆ satisfies the eigenvalue condition for BF-type operators.

Despite the presence of these spectrum divergences, there is evidence to suggest that
the theories considered in the divergent dimensions may still have the missing states in the
spectrum. [22] used a long-range tensorial gϕ4 model, which exhibits a break in the scaling
dimension solutions as D → 2 for arbitrary values of the marginal coupling: a character
decomposition derivation of the spectrum for the free theory suggested that those states
which are seem to be absent are in fact still present. By continuity of the spectrum in g, this
would also hold for the short-range models. If true, this would also apply to the other ϕq
models, each of which have no solutions to the kernel for D = N 2q

q−2 .

6 Outlook

We have obtained a set of novel interacting conformal field theories, which generalise and
extend the known set of higher-dimensional tensor field theories to include fermions, and
have considered the RG flow relations between them.

These theories can be broadly classed within the existing categories of melonic and
prismatic, but provide the novel feature of incorporating both within a single model; we also
include fermions, which provide additional structure to the fixed point network. The melonic
limit is seen to be more fundamental, as it can be described by having only melonic diagrams
where all fields are fundamental. The prismatic field instead allows only melonic diagrams
where some propagators in the melons are in fact the propagators of non-dynamical auxiliary
fields. At the perturbative level, without an auxiliary field, we can access both of these fixed
points: the diagrams contributing to each are identical in terms of momentum structure,
but differ in tensorial structure. However, if we want to find the prismatic fixed points
using the Schwinger-Dyson equations (non-perturbatively), we are required to introduce
the auxiliary fields.

While studying the perturbative RG flow between these theories, we identified a candidate
line of fixed points perturbatively around D = 3, and established the non-perturbative
existence of the lines of fixed points in general dimension. Using the simple multi-field
model of just scalars, the hprismatic fixed point, we established in sections 4.3 and 5.3 the
various elements that enter the analysis of a melonic CFT. Namely: the IR wedge; the
infinite branches of IR solutions in general dimension (including collision leading to complex
solutions); the apparent breakdown of the conformal analysis at exceptional values of D
and ∆ϕ, and the associated breaks in the contours for both the two-point and four-point
functions at those exceptional values. We expect these features to be generic for melonic
CFTs, and indeed saw them reproduced in the λmelonic CFT.

Understanding the generic features of the melonic CFTs given above at a deeper level is
clearly essential. To that end, further avenues of exploration are suggested by the following:

1. We have focused here on the branch of λmelonic descending from the free theory in
D = 3− ϵ. What is described by the other branches of solutions, typically lying outside
the IR wedge, of which there are an infinite number for almost every D?
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2. Can the fate of the theory in the dimensions that exhibit the spectral divergences
mentioned in section 5.3.6 be understood? How does the logarithmic character of the
two-point function modify the true IR physics?

3. We have fixed points that exist only perturbatively around exceptional dimensions,
D = D0 + ϵ, but not for ϵ = 0. These exist in the short and long-range models, and
there are hints that we should regard these fixed points in D = D0 as the limit of ϵ→ 0,
but their nature remains unclear [22].

4. In section 3.5, we found that in D = 3− ϵ, hmelonic and hλmelonic appear to sit on a line
of fixed points in the direction of −hp + 3h5 − 3h7 + h8. Can this line be understood or
eliminated without resorting to six-loop computations?

5. The 4D Yukawa model is not accessible with rank-3 tensors; is there a tractable
tensorial O(N)r realisation of a melonic 4D Yukawa model? Such a model would
enable comparison of the 4D Yukawa model with the 3D result presented here. The
non-perturbative singlet spectrum has been studied already via a disorder realisation
in [10].

6. We have tacitly assumed that there is no symmetry breaking in the IR, whether of the
O(N)3, U(1), or conformal symmetry. This is despite the clear indication in section 5.3.4
of dimensions in which the theory is unstable [43]. By loosening these assumptions, can
we understand the true IR phase? One particular symmetry breaking pattern has been
studied in [64], but this does not apply, for example, to melonic theories realised via
disorder.

7. A number of generalisations of standard melonic theories that exist in the literature
could be pursued with this model, due to the presence of fermions in a higher-dimension
CFT under good analytic control: for example, consideration of the CFT induced on
a defect in this theory, along the lines of [65, 66]; or consideration of the long-range
version of this model [5, 12, 67, 68].

8. A number of general field-theoretical questions are suggested by this model: The short-
range quartic tensor model at its fixed point — with imaginary tetrahedral coupling —
was found to be asymptotically free in the large-N limit [69], giving access to a strongly
coupled theory where analytic progress can be made. The long-range bosonic model
was used to verify the F-theorem, even in the absence of unitarity, in [70]. To what
extent can these behaviours be extended to the other theories in this class, such as this
one? The presence of fermions complicates the computations, due to the additional
SO(D) representations.

9. Finally: the bulk dual of these melonic theories remains unknown [71]. However, because
of the large numbers of a vast number of gauge-invariant operators involving higher
powers of the tensor field, the gravity dual is expected to be complicated [72, 73].
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A Potential for the tensor model

The full analytic expression for the potential at optimal N scaling [52] is as follows. We have
normalised each tensor term such that it has overall weight one, i.e. if N = 1, then V =∑

i
λi

2 ϕ2ψ̄ψ +
∑

i
hi

6! ϕ6. For compactness, we present the equations that are not symmetrised
(with weight one) under permutation of the bosonic indices; to use these formulae, a full
calculation the symmetrised versions must be used.14 We also use as shorthand rij = δirjr
(likewise for g and b).

λ(irigib)(jrjgjb)(krkgkb)(lrlglb)

=
[
+ λt
3N3/2

(
rijr

k
l b
i
kb
j
l g
j
kg
i
l+rikr

j
l b
i
jb
k
l g
j
kg
i
l+rikr

j
l b
j
kb
i
lg
i
jg
k
l

)
+λdD
N3

(
rjkr

i
lb
j
kb
i
lg
j
kg
i
l

)
+λdS
N3

(
rijr
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l b
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jb
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l g
i
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l

)
+ λpE
3N2
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rijr

k
l b
i
jb
k
l g
j
kg
i
l+rijrkl b

j
kb
i
lg
i
jg
k
l +r

j
kr
i
lb
i
jb
k
l g
i
jg
k
l

)
+ λpO
3N2

(
rikr

j
l b
i
kb
j
l g
j
kg
i
l+rikr

j
l b
j
kb
i
lg
j
kg
i
l+r

j
kr
i
lb
i
kb
j
l g
j
kg
i
l

)
+ λpS
3N2

(
rijr

k
l b
j
kb
i
lg
j
kg
i
l+r

j
kr
i
lb
i
jb
k
l g
j
kg
i
l+r

j
kr
i
lb
j
kb
i
lg
i
jg
k
l

)]
symmetrised on i↔j

h(jrjgjb)(krkgkb)(lrlglb)(mrmgmb)(nrngnb)

=
[
+ h1
N3

(
rijr

l
mr

k
nb
i
lb
k
mb

j
ng

k
l g

j
mg

i
n

)
+ h2
N3

(
rjl r
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mb
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ng
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l g

j
mg

i
n
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+ h3
3N7/2
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)
+ h5
3N4

(
rilr

k
mr

j
nb
k
l b
i
mb

j
ng

k
l g

j
mg

i
n+rkl rimrjnbilbkmbjngkl gjmgin+r

j
l r
k
mr

i
nb
k
l b
i
mb

j
ng

k
l g

j
mg

i
n

)
+ h6
N9/2

(
rijr

k
l r
m
n b

k
l b
i
mb

j
ng

k
l g

j
mg

i
n

)
+ h7
3N5

(
rkl r

i
mr

j
nb
k
l b
i
mb

j
ng

k
l g

j
mg

i
n+rkl rimrjnbkl bjmbingkl gjmgin+rkl rjmrinbkl bimbjngkl gjmgin

)
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)]
symmetrised on S6

(A.1)

The unpleasantness of the notation should make manifest the reason for the visual shorthand.

A.1 Potential comparison

To ease comparison with the other sextic models of the literature, we directly compare our
real bosonic potential sector, {hi}, to the complex bosonic sextic potential in [5] ({λi(ϕ̄ϕ)3}),
and the real bosonic sextic potential in [8] ({giϕ6}).

14This symmetrisation is straightforward in each case: on one example λ term, we do rjkr
i
lb
j
kb
i
lg
j
kg
i
l 7→

1
2 (rjkr

i
lb
j
kb
i
lg
j
kg
i
l + (i↔ j)); on an example h term, rijrlmrknbkl bimbjngkl gjmgin 7→ 1

6! (same + (6! − 1) perms).
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If we make the fermion sector free (λi = 0), and restrict to the couplings that descend
from U(N)-invariant couplings (see A), we obtain from our beta functions exactly the large-N
results of the complex sextic melonic model, up to a rescaling h = 15λ/s3. This is despite
their model being complex, and so in theory having double the number of degrees of freedom.

Since all O ∈ O(N) also satisfy O ∈ U(N), as O† = OT = O−1, we note that all
possible U(N)3 interaction terms are manifestly also invariant under O(N)3. Thus, the
U(N)3 interaction terms are a subset of the O(N)3 interaction terms, so we can identify:

Real sextic Complex sextic (ϕ̄ϕ)3 Real prismatic ϕ6

hp/N
3 Forbidden by U(N) g1/N

3

hw/N
3 λ1/N

3 g2/N
5

h3/N
7/2 Forbidden by U(N) g5/N

4

h4/N
4 λ3/N

4 g4/N
5

h5/N
4 λ2/N

4 g3/N
4

h6/N
9/2 Forbidden by U(N) g6/N

5

h7/N
5 λ4/N

5 g7/N
5

h8/N
6 λ5/N

6 h8/N
7

The prismatic models have picked non-optimal scalings and therefore miss some physics.

B Perturbative beta functions

B.1 Notes on the calculation

B.1.1 Gamma matrices in 2+1D

Our particles here are 3D Dirac spinors, with 2 complex, and so 4 real, components. The
gamma matrices in (2 + 1)D, with signature (−++), can be the Pauli matrices, with up
to a factor of i for γ0:

γ0 = iσ1 =
(
0 i

i 0

)
, γ1 = σ2 =

(
0 −i
i 0

)
, γ2 = σ3 =

(
1 0
0 −1

)
(B.1)

In precisely three dimensions, the trace rules are the following:

Tr[γµ] = 0, Tr[γµγν ] = 2ηµν ,
Tr[γµγνγρ] = −2ϵµνρ, ϵµνρ s.t. ϵ012 = +1,

(B.2)

with ϵµνρ the alternating tensor with the normalisation indicated. However, it is well known
that DReD is algebraically inconsistent; in particular, because different contractions of three
or more ϵµνρ factors yield different results in D < 3 [74]. Our computation of the beta
functions in D = 3− ϵ did not suffer from this as we have no more than one momentum at
any point in our computation (as we renormalised the couplings at zero momentum), and
thus no epsilon factors can ever occur, because we can always reduce any trace using the
identity /p/p = p2. Thus, as long as we take traces only at the end, no problems can arise.
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B.1.2 Massive melonic integrals in the epsilon expansion

We give here the fermionic sunrise integral, in full generality of masses and momenta, along
with conventions. The standard Lorentzian sunrise integral, with (+−−) conventions, in
D = 3 − ϵ can be found in the literature [75]:

µ2ϵ
∫ dDk dDl

(2π)2D

( 1
(k2 −m2

1 + iη)(l2 −m2
2 + iη)(k + l − p)2 −m2

3 + iη)

)
,

1
32π2

1
ϵ
+ log

(
µ̄2

M2 − p2

)
−

2M tanh−1
(
p+0i
M

)
p

+ 3 +O(ϵ1)

 (B.3)

where we have defined the usual MS parameter, µ̄2 = e−γE4πµ2, and the mass sum M ≡
m1 + m2 + m3. Next, including fermions:

µ2ϵ
∫ dDk dDl

(2π)2D

(
k · l

(k2 −m2
1 + iη)(l2 −m2

2 + iη)(k + l − p)2 −m2
3 + iη)

)

= 1
192π2

(
p2 − 3

(
m2

1 +m2
2 −m2

3
)

ϵ
+
(
p2 − 3(m2

1 +m2
2 −m2

3)
)
log

(
µ̄2

M2 − p2

)

+
2
(
3m3

(
m2

1 +m2
2 − p2)−m3

3 + 2
(
m3

1 +m3
2
))

tanh−1
(
p+0i
M

)
p

− 7m2
1 − 7m2

2 + 5m2
3 − 2m1m2 + 4 (m1 +m2)m3 + 3p2 +O(ϵ1)

)
(B.4)

and

µ2ϵ
∫ dDk dDl

(2π)2D

(
k · p

(k2 −m2
1 + iη)(l2 −m2

2 + iη)(k + l − p)2 −m2
3 + iη)

)
,

= 1
96π2

(
p2

ϵ
+ p2 log

(
µ̄2

M2 − p2

)

+

(
(m2 +m3)3 − 3 (m2 +m3) p2 − 2m3

1 − 3 (m2 +m3)m2
1

)
tanh−1

(
p+0i
M

)
p

+ (2m1 −m2 −m3)M + 3p2 +O(ϵ1)
)

(B.5)

We have specified the branch of arctanh that we take for p =
√
p2 > M = m1 +m2 +m3.

All divergent 2-loop integrals in 3 − ϵ dimensions can be obtained from variations on this
theme, although integration by parts identities may be required for the more non-trivial
ones (say, with a numerator of (k · p)(l · p)).

B.2 Full beta functions

We present the full beta functions for the tensorial ϕ2ψ̄ψ model at leading order in N , with
all marginal couplings set to zero. We use s = 1/(8π) to indicate the order calculated to, since
each λ comes with an s and each h comes with an s2. Plugging (A.1) into (3.1), we obtain:

β(λt)=−ϵλt+
1
9s

2(T+1)λ3
t+s4

((
h2
p+3h2

w

16200

)
λt+

1
486(−T (11T+26)−2)λ5

t

)
+O(s5)
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β(λdS
)=−ϵλdS

+2
9s

2(T+1)λ2
t (λpE

+2λdS
)

+s4
((
h2
p+3h2

w

) 3λpE
+4λdS

4050 − 2
243λ

4
t

(
18λpE

+23λdS
+5T 2λdS

+56TλdS
+39λpE

T
))

+O(s5)

β(λdD
)=−ϵλdD

+1
9s

2λ2
t ((T+7)λdD

+4(λpO
+λpS

))

+ s4

48600

( (3h2
p+9h2

w−540hpλ2
t−11000λ4

t−1100T 2λ4
t−11600Tλ4

t )λdD

−(480hpλ2
t+8400λ4

t+6000Tλ4
t )(λpO

+λpS
)

)
+O(s5)

β(λpE
)=−λpE

ϵ+2
9λpE

s2(T+1)λ2
t+s4

(
h2
pλpE

4050 +h
2
wλpE

1350 −
2
243λpE

(T (5T+17)+5)λ4
t

)
+O(s5)

β(λpO
)=−ϵλpO

+1
9s

2λ2
t (λpO

(1+T )+2λpS
)

+s4

((
h2
p+3h2

w

)
λpO

16200 − 1
810hpλpO

λ2
t−

1
486λ

4
t ((T+2)(11T+4)λpO

+6(5T+3)λpS
)
)
+O(s5)

β(λpS
)=−ϵλpS

+1
9s

2λ2
t (λpS

(1+T )+2λpO
)

+s4

((
h2
p+3h2

w

)
λpS

16200 − 1
810hpλpS

λ2
t−

1
486λ

4
t ((T+2)(11T+4)λpS

+6(5T+3)λpO
)
)
+O(s5)

β(hp)=−2ϵhp+s2

(
1
3hpTλ

2
t+

h2
p

90

)
+s4hp

(
h2
p+3h2

w

5400 − 1
162T (11T+10)λ4

t

)
+O(s5)

β(hw)=−2ϵhw+
1
3hws

2Tλ2
t+s4hw

(
h2
p+3h2

w

5400 − 1
162T (11T+10)λ4

t

)
+O(s5)

β(h3)=−2ϵh3+s2
(
4
9h3Tλ

2
t+

hph3

45

)
+s4h3

(
h2
p+3h2

w

5400 − 1
162T (11T+10)λ4

t

)
+O(s5)

β(h4)=−2ϵh4+s2
(
2
3T
(
h4−10λ2

pE

)
λ2
t+

h2
3

270

)
+s4h4

(
h2
p+3h2

w

5400 − 1
162T (11T+10)λ4

t

)
+O(s5)

β(h5)=−2ϵh5+
1
270s

2(30Tλ2
t (6hp+18hw+5h5)+18h2

p+81h2
w+2h2

3−1800Tλ2
t (λ2

pE
+2λ2

t )
)

+s4h5

(
h2
p+3h2

w

5400 − 1
162T (11T+10)λ4

t

)
+O(s5)

β(h6)=−2ϵh6+s2
(
2
9 (h3+3h6)Tλ2

t+
hp
45 (h3+2h6)

)
+s4h6

(
h2
p+3h2

w

5400 − 1
162T (11T+10)λ4

t

)
+O(s5)

β(h7)=−2ϵh7+
s2

270

(
30Tλ2

t (3hp+9hw+6h4+6h5+8h7)
+9h2

p+7h2
3+12h3h6−1800Tλ2

t (λ2
t+12λpE

λdS
+11λ2

pE
)

)
+s4h7

(
h2
p+3h2

w

5400 − 1
162T (11T+10)λ4

t

)
+O(s5)

β(h8)=−2ϵh8+
s2

270

(
30Tλ2

t (h5+4h7+12h8)+9h2
w+2h2

3+12h2
6+12h3h6

−1800Tλ2
t (24λpE

λdS
+18λ2

dS
+5λ2

pE
)

)
+s4h8

(
h2
p+3h2

w

5400 − 1
162T (11T+10)λ4

t

)
+O(s5)

The general large-N anomalous dimensions are as given in eqs. (3.7a) and (3.7b). For
completeness, we also give the beta functions for the masses (where necessarily they must

– 49 –



J
H
E
P
0
1
(
2
0
2
5
)
1
8
7

now take non-zero values):

β(m2) = −2m2 + 4
9s

2T
(
m2 − 3M2

)
λ2
t + 8M

√
m2s3Tλ2

t (λpE + λdS ) (B.6a)

+ s4
(
2(h2

p + 3h2
w)m2

2025 + 2
243Tλ

4
t

(
63M2(T + 3)−m2(5T + 43)

))
+O(s5)

β(M) = −M + 4
9Ms2λ2

t +
2M
243λ

2
t s

4
(
648T (λdS + λpE )2 − 13Tλ2

t − 23λ2
t

)
+O(s5) (B.6b)

Note, that if we consider λ ∼ h ∼ ϵ of the same magnitude, then these beta functions are
only correct to cubic order in the coupling constants. To get the full quintic corrections it
would be necessary to renormalise h using the h5 diagrams.

At the λmelonic fixed point, we can use (B.6b) to compute the scaling dimensions of the
mass operators; these match the non-perturbative calculations using eqs. (5.18) and (5.19):

∆pert
ϕ2 = 1 +

(
3− 4

T + 1

)
ϵ+ 2T

(
6T 2 − 22T − 41

)
3(T + 1)3 ϵ2 +O

(
ϵ3
)
= D + dβm2

dm2 |fp (B.7a)

∆pert
ψ̄ψ

= 2 +
( 4
T + 1 − 1

)
ϵ− (4T (T + 5) + 42)ϵ2

3(T + 1)3 +O
(
ϵ3
)
= D + dβM

dM |λ∗ (B.7b)

B.3 Discrepancy with Jack and Poole

In D = 3, we can transform each Dirac fermion into two Majorana fermions via ψa =
1√
2(ξa,1+iξa,2). This keeps the kinetic terms canonical, and modifies the interaction term from

1
2λabcdϕaϕbψ̄cψd =

1
4YabCDϕaϕbξ̄CξD, with YabCD = λabcdδxcxd , where C,D are superindices

combining c, d and xc,d ∈ {1, 2}. Plugging this into the results of [16], ignoring the gauge
couplings, we find beta functions for Y and h. Though we have an alternate sign for λ, this
does not change the beta functions. These should match ours when we substitute T = 1

2T
′ in

the equations of (3.1), since in 3D a single Majorana fermion is half of a Dirac fermion:

[βY ]ab(c,xc)(d,xd) = βλabcdδxc,xd |T→ 1
2T

′ , [βh]abcdef = [βh]abcdef |T→ 1
2T

′ . (B.8)

This is almost the case, except for the coefficient of hB1B2B3B4B5νλB6ρτσλνρστ . This matches
up with the coefficient d(2)

3 of the tensor structure V
(2)

3 . To match with our results as
per (B.8), we need d

(2)
3 = T ′s2; the paper [16] has d(2)

3 = 2T ′s2 (taking T ′ = 2). Since
this term contributes to all of the βhis in the melonic limit, the fact that the independent
non-perturbative computations of this paper match our perturbative computations suggests
that d(2)

3 = T ′s2.

C Vector model analysis

The general analysis can be reduced to the O(Nb) × U(Nf ) vector model, with ϕa=1,...,Nb ,
ψi=1,...,Nf at finite Nb, Nf , by keeping only the maximal-trace type couplings:

Vint(ϕ, ψ) =
λ

2ϕaϕaψ̄
iψi +

h

6!(ϕaϕa)
2. (C.1)
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In the case Nb = Nf , we could also permit the coupling 1
2λdO(ψ̄iϕi)(ϕjψj), which, if our

scalar was complex, would correspond to the Popović model studied in appendix D — we
will not do so here. Substituting into (3.1):

βλ = −ϵλ+ 8
3(TNf +Nb + 3)λ3s2 + 16

3
(Nb + 4)(Nb + 2)

15
h2

15λ s
4 +O(λ4, . . .) (C.2a)

βh = −2ϵh+ 4(3Nb + 22)h
2

15s
2 + 32TNfhλ

2s2 − 720TNfλ
4

− 1
2

(
π2(((Nb + 34)Nb + 620)Nb + 2720)

+ 8((53Nb + 858)Nb + 3304)

)
h3

(15)2 s
4 +O(h4, λ5, . . .)

(C.2b)

γϕ = (Nb + 2)(Nb + 4)
15

h2

15
s4

6 + 1
3TNfλ

2s2 +O(h3, . . .) (C.2c)

γψ = 1
3Nbλ

2s2 +O(λ3, . . .) (C.2d)

For the bosonic sector, this agrees with the results of [29], up to the identification h
6! =

π2λ
3 .

Thus for all Nb, Nf , T , six perturbative fixed points solve βλ,h = 0; to leading order in
ϵ, which manifestly match up in terms of ϵ dependence to the prismatic-type fixed points
that were identified in section 3.3:

trivial : sλ = 0, s2h = 0;

hprismatic : sλ = 0, s
2h

15 = 1
2(22 + 3Nb)

ϵ;

hλprismatic : sλ = ±1

(
3

8(3 +Nb + TNf )

) 1
2 √

ϵ,

s2h

15 =

(
1− 6TNf

TNf+Nb+3 ±2

√
3TNf(8TNf+23Nb+186)

(TNf+Nb+3)2 + 1
)

4(3Nb + 22) ϵ.

Thus, these prismatic theories have not only a large-N vector precursor, but also a finite-N
precursor. The presence of the h2 and λ4 terms in βh means that we are missing any precursors
of the melonic fixed points; these are of course suppressed by the melonic limit.

C.1 Leading order conformal analysis

C.1.1 Free propagators

To set our conventions, we consider the following Lagrangians, in mostly positive signature,
where ψ̄ = ψ†β, β = iγ0:

L = −ψ̄(/∂ +m)ψ, L = −1
2ϕ(−∂

2 +m2)ϕ (C.3)

The free Lorentzian position-space propagator is [76] (where we set m = 0):

Gϕ0 (x) = ⟨Tϕ(x)ϕ(0)⟩ =
∫

dDk

(2π)D
−i

k2 +m2 − iϵ
e+ik·x = 1

(D − 2)ΩD−1

( 1
x2 + iϵ

)D−2
2
. (C.4)
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We define Ωx as the surface area of an x-sphere, i.e. Ωx = 2π(x+1)/2/Γ((x+ 1)/2). Once
we know this, the fermion propagator is trivial:

Gψ0 (x) =
〈
Tψ(x)ψ̄(0)

〉
=
〈
Tψα(x)ψ̄β(0)

〉
=
∫

dDk

(2π)D
−i(−i/k +m)
k2 +m2 − iϵ

e+ik·x

=
∫
k

−i(−/∂ +m)
k2 +m2 − iϵ

e+ik·x m=0= −/∂Gϕ0 (x) =
/x

ΩD−1

( 1
x2 + iϵ

)D
2

(C.5)

C.1.2 Anomalous dimensions

Since we are interested in the fixed points of (2.1), we perform a simple conformal analysis
in D = 3 − ϵ. The equations of motion are

□ϕ = ∂µ∂µϕ = λϕψ̄ψ + h

5!ϕ
5 (C.6)(

/∂ + λ

2ϕ
2
)
ψ = 0, ψ̄

(
−
←−
/∂ + λ

2ϕ
2
)
= 0. (C.7)

Considered as operator equations, these must be normal ordered. However, at the conformal
fixed point, we know that the propagator looks like

G(x) = κfull

( 1
x2 + iϵ

)(D−2)/2+γϕ
= Gϕ0 (x) +O(γϕ) (C.8)

for some constant κfull. At precisely D = 3, we know that the theory is free, and hence
near D = 3 we can assume that γϕ, λ, and h are small (at least O(

√
ϵ)), as with the usual

Wilson-Fisher fixed point. Squaring (C.6), we can then calculate the following quantity:15

⟨: □ϕ(x) :: □ϕ(0) :⟩ = □2G(x)|x=0 = 4
(D − 2)ΩD−1

(D − 2)Dγϕ
( 1
x2 + iϵ

)(D+2)/2
+O(γ2

ϕ)

=
〈
: λϕψ̄ψ + h

5!ϕ
5 : |x : λϕψ̄ψ + h

5!ϕ
5|0 :

〉
We can assume the propagators are free to this order, and therefore we obtain

12
Ω2
γϕ

( 1
x2 + iϵ

)5/2
+O(γ2

ϕ) = λ2 ⟨: ϕxϕ0 :⟩
〈
: ψ̄ψx :: ψ̄ψ0 :

〉
+ h2

(5!)2

〈
: ϕ5

x ::: ϕ5
0 :
〉
. (C.9)

Precisely the same calculation can be performed for the fermionic equation of motion. From
the free theory, we know κfull = (Ω2)−1 = 2s+O(ϵ), where s = 1/(8π) as usual. So performing
the free Wick contractions, we obtain that to leading order in ϵ, with Tr[Is] = T ,

γϕ = 1
3Tλ

2s2 + 4
3
h2

5! , γψ = λ2

3 s
2. (C.10)

This is trivially extensible to the general vector case, which yields precisely eqs. (3.1c)
and (3.1d). In the case of Nf fermions and Nb scalars, satisfying an O(Nb)×U(Nf ) symmetry,
adding the appropriate δij and δmn s to the Lagrangian we find exactly eqs. (C.2c) and (C.2d).

15We use ∂µ(1/|x|a) = −axµ/|x|a+2, which gives ∂µ∂µ(1/|x|a) = a(a+ 2 −D)/|x|a+2.
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C.1.3 Beta functions

As demonstrated by Cardy [77, 78], we can use conformal perturbation theory [79] (see
also section 4 of [23]) to obtain the quadratic terms in the βh, in a particular scheme,
using the OPE coefficients CIJK of the CFT about which we are perturbing. Specifically, if
perturbing a CFT with the set of dimensionless couplings Sint = ∑

I λ
IµD−∆I

∫
OI , their

beta functions should be

βI = (∆I −D)λI + 1
2ΩD−1C

I
JKλ

JλK +O(λ3), (C.11)

where CIJK is the OPE coefficient in the conformal theory: OJ × OK ∼
∑
I C

I
JKOI . The

particular scheme is similar to but not precisely the same as MS scheme; however, to this
order there is no difference in the beta function, because we are only considering the marginal
couplings and MS scheme is massless. For our case, take λI = h, with OI = ϕ6/6! as
the operator in the Gaussian CFT. From the Gaussian OPE, it is easy to calculate that
the OPE coefficient Chhh is

(6
3
)
× 6 × 5 × 4 = 2400 multiplied by terms coming from the

normalisation of h and ϕ:

ϕ6(x)
6! × ϕ6(y)

6! ⊃ 2400× 1
6!G0(x− y)3ϕ

6(y)
6! + · · · , (C.12)

where Gϕ0 (x) is the usual free propagator, which in mostly positive or positive signature
is (C.4). Hence, we find that the coefficient of the h2 term is indeed as given in (3.1)

1
2ΩD−1C

h
hh =

[
1
2ΩD−1 ×

2400
6! ×

( 1
(D − 2)ΩD−1

)3
]
D=3

= 20
3 s

2. (C.13)

D Analysis of the Popović model

Here we resolve some unclear points with the original model of [13], which is the large-
N theory of two N -vector fields, a Dirac fermion and a complex scalar. The corrected16

U(N)-symmetric Lagrangian there corresponds to our model but with a complex ϕ and
the only non-zero coupling being λdO :

L = ϕ†i (−∂2 +m2
0)ϕi + ψ̄i(iγµ∂µ −M0)ψi + g0

N∑
i,j=1

(ψ̄iϕ†i )(ϕjψj). (D.1)

We stress that the metric signature in [13] is (+ − −), and take

Tr[Is] = T, ϕi=1,...,N , ψi=1,...,N . (D.2)

They analyse this theory in the large-N limit, finding that the beta function is zero in exactly
three spacetime dimensions. Beginning with the four-point vertex function

ig0Γ4(p) =
ig0

1− ig0Σ̃(p)
= 1

1−Ng0G/p(−p2)(D−4)/2 , G ≡
Γ
(

4−D
2

)
B
(
D
2 ,

D−2
2

)
(4π)D/2 (D.3)

16The paper gives Lagrangian containing “ 1
2ϕ

†ϕ”, but the ϕ field is clearly intended to be complex (for
example, using for the one-boson-loop correction to the ϕ propagator a symmetry factor of 1). They use
T = Tr[Is] = 2, due to working in exactly D = 3 — we will leave T general here for clarity.
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We define the renormalised and rescaled coupling g by

g0N ≡ ZgZϕZψgµ3−D = Zggµ
3−D +O(1/N),

ig ≡ ig0[Γ4(p2 = µ2)]I,
(D.4)

where [·]I indicates that we drop the part proportional to /p, and we have used the fact that
the fields are not renormalised to leading order. This gives that Zg = 1 + g2

0N
2G2µ2(D−3) +

O(1/N) = 1 + Z2
gg

2G2 +O(1/N), and so almost every value of the renormalised coupling in
the allowed range g ∈ [−1/(2G),+1/(2G)] can be reached by two values of the bare coupling
(which can take any real value):

Zg =
1±

√
1− 4g2G2

2g2G2 +O(1/N)

=⇒ βg = µ
dg
dg = ±(3−D)

√
1− 4g2G2 +O(1/N)

(D.5)

Note that in the limit D = 4− ϵ, G ∝ 1/ϵ, so this theory has a Wilson-Fisher-like fixed point
that is perturbative around D = 4. They then move on to calculate the anomalous dimension
of ϕ. However, in their equation (3.4) the 1√

−k2 should be a 1
(−k2)(D−2)/2 — they have taken

the limit too early. However, in trying to resolve this, we then have to evaluate the integral

iΠ̃(p2) = (−1)Tr
∫

dDk

(2π)D
i

✘✘✘✘(k − p)(ig0)iΓ4(k) = ig0

∫
k

1
(k − p)2 Tr [✘✘✘✘(k − p)Γ4(k)]

= −iTg0

∫
k

(k − p) · k
[−(k − p)2]1

g0NG(−k2)D−4
2

1 + g2
0N

2G2(−k2)D−3

∝
∫
dqqD−1 q

2

q2
qD−4

q2D−6 ∼
∫ ∞

0
dqqD−1 1

qD−2 →∞,

(D.6)

which is manifestly divergent for all values of D. A neat way to proceed in precisely D = 3 is to
regulate by consistently shifting the conformal scaling dimension of the Hubbard-Stratonovich
field [80]; that is, we switch (−k2)D−4

2 |D=3 → (−k2)− 1
2−ηµ2η, for some infinitesimal η, which

becomes the regulator:

Π̃(p2)|D=3 = −T g2
0NG

1 + g2
0N

2G2

∫
k

(k − p) · k
[−(k − p)2]1(−k2) 1

2 +η

= −i(−p
2)1−η

η
T
Ã

N
× µ2η +O(η0),

Ã ≡ 1
12π2

(Ng0)2G

1 + (Ng0G)2 = 4
3π2

Zg − 1
Zg

(D.7)

where TÃ = APopović. Then we can define the field renormalisation ZϕϕR ≡ ϕ with the
renormalisation condition ∆R(p2) = i

p2 at p2 = −µ2. This gives Zϕ = (1 + TÃ
N

1
η )−1, and so

the anomalous dimension is simply γϕ = 1
2

d logZ2
ϕ

d logµ = T Ã
N +O(1/N2). Playing the same game

for the fermion, we find an anomalous dimension γϕ = Nb
Ã
N + O(1/N2), where we define

Nb = 2 as the number of real degrees of freedom of each entry of the scalar field. These
results agree with those of [13]. In the strong coupling limit, g0N → ∞, Zg → ∞, g → 0
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these anomalous dimensions also precisely match the leading order results of a ϕiψ̄iλ-type
melonic theory in D = 3 [40], where λ is a fermionic Hubbard-Stratonovich field. We note
that with canonical kinetic terms, the IR scaling for this melonic theory (γϕ, γψ > 0, γλ > 0)
is in fact only consistent for 2 < D < 3; in particular, the requirement γλ ≥ 0 invalidates
these solutions for D ≥ 3.

E SDE Euclidean integral calculations in general D

For ease of use, we put here some standard Euclidean integrals, which are calculated in a
straightforward fashion described in appendix B of [81].

The first is symmetric in α←→ β, which we emphasise by defining X2 ≡ D − α− β.

Iα,β(p) =
∫ dDk

(2π)D
1

(k2)α((k + p)2)β = 1
(4π)D/2

Γ
(
D
2 − α

)
Γ
(
D
2 − β

)
Γ
(
α+ β − D

2

)
Γ(α)Γ(β)Γ(D − α− β)(p2)α+β−D2

= 1
(4π)D/2

1
(p2)D2 −X2

Γ
(
D
2 − α

)
Γ
(
D
2 − β

)
Γ
(
D
2 −X2

)
Γ(α)Γ(β)Γ(X2)

.

(E.1)

Another basic integral is∫
k

k · p
k2α(k + p)2β = 1

2

∫
k

(k + p)2 − k2 − p2

k2α(k + p)2β = 1
2
(
Iα,β−1(p)− Iα−1,β(p)− p2Iα,β(p)

)
. (E.2)

Next, the quartic bosonic melon, symmetric in α, β, γ, with X3 ≡ 3D
2 − α − β − γ:

Iαβγ =
∫
k,l

1
(k + l + p)2αk2βl2γ

= 1
(4π)D

Γ
(
D
2 − α

)
Γ
(
D
2 − β

)
Γ
(
D
2 − γ

)
Γ
(
D
2 −X3

)
Γ(α)Γ(β)Γ(γ)Γ(X3)(p2)D2 −X−3

,

(E.3a)

which has similar variations

Jαβγ(p) =
∫
k,l

k · p
(k + l + p)2αk2βl2γ

= −(D − 2β)p2

3D − 2(α+ β + γ)Iαβγ(p), (E.3b)

Kαβγ(p) =
∫
k,l

k · l
(k + l + p)2αk2βl2γ

= −(D − 2β)(D − 2γ)p2 Iαβγ(p)
2(α+ β + γ −D − 1)(3D − 2(α+ β + γ)) . (E.3c)

Hence, using that integrals containing /k or /l must be proportional to /p, we find:

ΣFBBF (p) = λ2
t

2 fb
2
(
Iαββ +

1
p2 (Jαββ + Jαββ)

)
, (E.4a)

ΣBBBB (p) = g2
t

3! b
3Iβββ , (E.4b)

ΣBFFB (p) = −λ
2
t

1 bf
2KβααTr[Is]. (E.4c)

We also require the sextic bosonic melon, which in Euclidean signature is [5]:

ΣB5
B (p) = h2

t b
5

5!

p4D−10

(4π)2D

Γ
(
D
2 − b

)5
Γ(5b− 2D)

Γ(b)5Γ
(
5D2 − 5b

)
 . (E.5)
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E.1 Euclidean integrals for q-model

The general Euclidean scalar melon with q − 1 different arbitrary conformal propagators
∼ p−2αi is found by induction to be:

Iα1,α2,...,αq−1(p) =
∫ q−2∏

i=1

(
ddki
(2π)d

1
k2αi
i

)
1(∑q−2

i ki + p
)2αq−1

= 1
(4π)D(q−2)/2

q−1∏
i

Γ
(
D
2 − αi

)
Γ(αi)

 Γ
(
D
2 −

∑q−1
i

(
D
2 − αi

))
Γ
(∑q−1

i

(
D
2 − αi

)) 1

p2
(
D
2 −
∑q−1

i (D2 −αi)
)

(E.6a)

The induction proceeds by noting that Iα1,α2,...,αq−1(p) =
∫
k k
−2αq−1Iα1,α2,...,αq−2(p+ k); the

base case and inductive step are both (E.1). The fermion integrals, with numerator k · l, can
also be found by induction from the base case, with the result:

Kmel(p, {α1, α2}, {α3, . . . , αq−1})

=
∫

ddk1
(2π)d

ddk2
(2π)d

k1 · k2

k2α1+1
1 k2α2+1

2

q−2∏
i=3

(
ddki
(2π)d

1
k2αi
i

)
1(∑q−2

i=1 ki + p
)2αq−1

= −1
(4π)D(q−2)/2

( 2∏
i=1

Γ(D/2− αi + 1/2)
Γ(αi + 1/2)

)q−1∏
i=3

Γ(D/2− αi)
Γ(αi)


×

Γ
(
D/2−∑q−1

i (D/2− αi)
)

Γ
(∑q−1

i (D/2− αi)
) 1

p2
(
D/2−

∑q−1
i

(D/2−αi)
)

(E.6b)

We can work out the propagators with k · p in the same way:

Jmel(p, {α1}, {α2, . . . , αq−1})

=
∫

ddk1
(2π)d

k1 · p
k2α1+1

1

q−2∏
i=2

(
ddki
(2π)d

1
k2αi
i

)
1(∑q−2

i=1 ki + p
)2αq−1

= −1
(4π)D(q−2)/2

(Γ(D/2− α1 + 1/2)
Γ(α1 + 1/2)

)q−1∏
i=2

Γ(D/2− αi)
Γ(αi)


×

Γ
(
D/2 + 1/2−∑q−1

i (D/2− αi)
)

Γ
(
1/2 +∑q−1

i (D/2− αi)
) 1

p2
(
D/2−1/2−

∑q−1
i

(D/2−αi)
)

(E.6c)
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