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Abstract— This paper describes the Conic Operator Splitting
Method (COSMO), an operator splitting algorithm for convex
optimisation problems with quadratic objective function and
conic constraints. At each step the algorithm alternates between
solving a quasi-definite linear system with a constant coefficient
matrix and a projection onto convex sets. The solver is able
to exploit chordal sparsity in the problem data and to detect
infeasible problems. The low per-iteration computational cost
makes the method particularly efficient for large problems, e.g.
semidefinite programs in portfolio optimisation, graph theory,
and robust control. Our Julia implementation is open-source,
extensible, integrated into the Julia optimisation ecosystem and
performs well on a variety of large convex problem classes.

[. INTRODUCTION

We consider convex optimisation problems in the form

minimize  f(x)
subject to  ¢;(z) <0, i=1,...,1 (D
hz(l’)zo, Z':L...,k,

where we assume that both the objective function f : R" —
R and the inequality constraint functions g; : R” — R are
convex, and that the equality constraints h;(x) := a, x — b;
are affine. Convex optimisation problems feature in a wide
range of applications, including problems in machine learn-
ing, finance, optimal control, and operations research [1].
Concrete examples of problems fitting the general form (1)
include linear programming (LP), quadratic programming
(QP), second-order cone programming (SOCP), and semidef-
inite programming (SDP) problems. Methods to solve each
of these standard problem classes are well understood and
a number of open- and closed-source solvers are widely
available. However, the trend for data and training sets of
increasing size in decision problems and machine learning
poses a challenge for state-of-the-art software.

The most common approach taken by modern convex
solvers is the interior-point method, which stems from Kar-
markar’s original projective algorithm [2], and is able to
solve LPs and QPs in polynomial time. Interior point meth-
ods were extended to problems with positive semidefinite
(PSD) constraints in [3]. Primal-dual interior point methods
apply variants of Newton’s method to iteratively find a
solution to a set of optimality conditions. At each iteration
the algorithm alternates between a Newton step that involves
factoring a Jacobian matrix and a line search to determine the
magnitude of the step to ensure a feasible iterate. However,
interior-point methods typically do not scale well for very
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large problems, since the Jacobian matrix has to be calculated
and factored at each step.

Two approaches to overcome this limitation are active re-
search areas. Firstly, a renewed focus on first-order methods
with computationally cheaper per-iteration-cost and secondly
the exploitation of sparsity in the problem data. Algorithms
based on the alternating direction method of multipliers
(ADMM), first described in [4], are simple to implement
and computationally cheap, even for very large problems.
They do not require strict convexity of the objective function
and can therefore be applied to a variety of problems.
Furthermore, [5] showed that ADMM can be analysed from
the perspective of monotone operators which allowed fur-
ther insight into the method. Two drawbacks of ADMM-
based algorithms are that they tend to converge slowly to a
high accuracy solution and the detection of infeasibility is
more involved compared to interior-point methods. They are
therefore most often used in applications where a modestly
accurate solution is sufficient [6].

Methods of exploiting the sparsity pattern of PSD con-
straints in interior-point algorithms were considered in [7].
Sparsity has also been exploited in this context for problems
with underlying graph structure, e.g. optimal power-flow
problems in [8] and graph optimization problems in [9].

With the COSMO solver described in this paper we
make the following contributions: (i) A first-order method
is developed for large conic problems that is able to de-
tect infeasibility without the need of a homogeneous self-
dual embedding. (ii)) COSMO directly supports quadratic
objective functions, thus reducing overheads for applications
with both PSD constraints and quadratic costs. (iii) The
solver is written in a modular way in the fast and flexible
programming language Julia, which allows rapid testing
of extensions such as acceleration methods, approximate
projections, and parallel computing on GPUs.

Related Work: Widely used solvers for conic problems,
especially SDPs, are: SeDuMi [10], SDPT3 [11] (both open
source, MATLAB), and MOSEK [12] (commercial, C).
All of these implement primal-dual interior-point methods.
Fukuda [7] developed an interior-point solver that exploits
chordal sparsity patterns in PSD constraints.

Some solvers based on ADMM have been released re-
cently. OSQP [13] is implemented in C, solves quadratic
programs, and detects infeasibility based on the differences
of the iterates [14]. The C-based SCS [15] implements an
operator splitting method that solves a primal-dual pair of
conic programs in order to provide infeasibility certificates.
The underlying homogeneous self-dual embedding method
has been extended [16] to exploit sparsity and implemented



in the MATLAB solver CDCS. None of these conic solvers
are able to handle quadratic cost functions directly. Instead
they reformulate the problem by adding a second-order cone
constraint, which increases the problem size. Moreover, they
rely on primal-dual formulations to detect infeasibility.

Outline: In Section II we define the general conic prob-
lem format, its dual problem, as well as optimality and
infeasibility conditions. The following section describes the
ADMM algorithm underlying the COSMO solver. Section IV
explains how to decompose SDPs in a preprocessing step
provided the problem data has an aggregated sparsity pat-
tern. Section V shows benchmark results of the COSMO
solver compared with other state-of-the art solvers on nearest
correlation matrix problems and block-diagonally structured
SDPs. Section VI concludes the paper.

Notation: Denote the transformation of a matrix S into
a vector s by stacking the columns as s := vec(S). The
inverse operation is denoted by vec™!(s) =: mat(s). Denote
the Kronecker product of two matrices A and B as A ® B.
Denote the space of real numbers R, the n-dimensional real
space R™, the space of symmetric n X n matrices S™, and the
set of positive semidefinite n x n matrices S7}. Sometimes
we consider positive semidefinite constraints in vector form,
and so define the space of vectorized positive semidefinite
matrices as ST = {s € R™ : mat(s) € S’ }. For a convex
cone K denote the dual cone by K*. The proximal operator
of a convex, closed and proper function f: R™ — R is given
by prox () = argmin, { f(y)+3 [ly — x]|2}. We denote the
indicator function of a nonempty, closed convex set C C R"
as Zc¢ and the projection of x € R™ onto C by I¢(x) =
argmin, e ||z — y||§ We further denote the support function
of C by oc(x) = sup,cc(z,y), and the recession cone of C
by C* :={yeR" |z +ayeC,xecC,a>0}.

II. CONIC PROBLEMS

In this paper we address convex optimisation problems
with quadratic objective functions and conic constraints in
the form:

minimize %xTPJ: +q'z
subjectto Ax+s=0 2)
s €K,

where x € R"™ is the primal decision variable and s € R™ is
the primal slack variable. The objective function is defined
by the positive semidefinite matrix P € S" and vector g €
R™. The constraints are defined by matrix A € R™*", vector
b € R™ and a non-empty, closed, convex cone K which itself
can be a Cartesian product of cones in the form

K=K" xKg? x--- x gV,

with cone dimensions vazl m; = m. Note that any LP,
QP, SOCP, or SDP can be written in the form (2) using an
appropriate choice of cones.

The dual problem associated with (2) is given by:

maximize — 3z’ Pz +b'y—ox(y)
subject to Pz — ATy = —q

y e (K7)°,

with dual variable y € R™. The conditions for optimality
follow from the Karush-Kuhn-Tucker (KKT) conditions for
convex optimization problems:

Az 4+ s=0b, (3a)
Pr+qg—ATy=0, (3b)
seEK, ye (K™)°. (3c)

Assuming strong duality, if there exists a * € R”, s* € R™,
and y* € R™ that fulfil (3a)-(3c) then the pair (z*,s*) is
called the primal solution and y* is called the dual solution
of problem (2).

A. Infeasibility certificates

Conditions for primal and dual infeasibility of ADMM that
are directly applicable to problems of the form (2) are derived
in [14]. To simplify notation, define the cone C = —KC+ {b}.
Then, the following sets provide certificates for primal and
dual infeasibility:

P={xeR"|Pr=0, Az €C™, (¢,z) <0}, (4
D={yeR™|ATy=0,oc(y) <0}. 5)
The existence of some y € D is a certificate that problem (2)
is primal infeasible, while the existence of some xz € P is a
certificate for dual infeasibility.
III. ADMM ALGORITHM

We use the same splitting as in [13] to transform prob-
lem (2) into standard ADMM format. The problem is rewrit-
ten by introducing the dummy variables £ = x and s = s:

23" PE+q' % + Lag+s=n(Z, 5) + Ix(s)
(Z,8) = (z,s),

where the indicator functions of the sets K and{(x,s) €
R™ x R™ | Az + s = b} have been introduced to move the

constraints of (2) into the objective function. The augmented
Lagrangian of (6) is given by

minimize
(6)

subject to

L(z,5,%,3,\y) = 33 'PZ +q'% + Tagys=b(Z, 5) +Ix(s)
+ 52—+ 2l + 8115 — s+ ol

with step size parameters p > 0 and o > 0 and dual variables
A € R™ and y € R™. The corresponding ADMM iteration
steps are given by:

= argmin L (92, 3,2k, sk, )\k,yk) ,

(&, (7a)

1
oF T = it 4 (1 — a)zk + 2 NP, (7b)
g

Gkl — arg;min(%”aék“ +(1—a)st —s+ %ka;

+ Zi(s)). 70)
ML=\ 4 o (ad" + (1 — a)2F — 2, (7d)
Yt =gk +p (st + (1 - a)sh — s, (7e)

where we relaxed the (x,s)-updates and the dual variable
update with relaxation parameter o € (0,2) according



to [17]. Notice from (7b) and (7d) that, for the dual variable
X corresponding to the constraint 2 = Z, it holds that \* = 0
for all k.

A. Solution of the linear system

The minimization problem in (7a) can be solved as an
equality-constrained quadratic program:
S 1~T pA T = k|2
minimize 5 Pr+q'z+ % Hx - H2
z k1, k|2
+ 45— 5"+ 25
subject to Az + 5 =b.

Following the approach of [13], which uses the same split-
ting, this amounts to solving the linear system:

P+ol AT [zk+1 —q+oaxF
A Lp| k| T — gk g Lyk ®)
p p

Ghtl — gk _ % (VL 4y

with

and the Lagrangian multiplier v € R™ associated with the
equality constraint Az + s = b. Note that the coefficient
matrix in (8) is always quasi-definite and therefore has a
well-defined LDL " factorization with a diagonal D.

B. Projection step

As shown in [6], the minimization problem in (7c) can be
interpreted as the (1/p)-weighted proximal operator of the
indicator function Zi.. This step is therefore equivalent to an
Euclidean projection Ilx onto the cone K, i.e.

1
sFHZ I, (a§k+1 +(1—a)st+ fyk). 9)
p

C. Algorithm steps

The calculations performed at each iteration are summa-
rized in Algorithm 1. Observe that the coefficient matrix of
the linear system in (8) is constant, so that one can pre-
compute and cache the LDLT factorization and efficiently
evaluate line 2 with changing right hand sides. Lines 3, 4, and
6 are computationally inexpensive since they involve only
vector addition and scalar-vector multiplication. The projec-
tion in line 5 is crucial to the performance of the algorithm
depending on the particular cones employed in the model;
projections onto the zero-cone or the nonnegative orthant are
inexpensive, while a projection onto the positive-semidefinite
cone of dimension N involves an eigen-decomposition. Since
direct methods for eigen-decompositions have a complexity
of O(N?), this makes line 5 the most computationally
expensive operation of the algorithm for large SDPs.

D. Algorithm convergence

For feasible problems, Algorithm 1 produces a sequence
of iterates (z¥, s*, y*) that satisfy the optimality conditions
in (3) as kK — oo. The convergence of Algorithm 1 is
demonstrated in [13] by applying the Douglas-Rachford
splitting to a problem reformulation.

In the Douglas-Rachford formulation, lines 5 and 6 be-
come projections onto / and K° respectively, so that the

Algorithm 1: ADMM steps
Input :

initial values 2, sY, yO, problem data P, gq,
A, b, and parameters o > 0, p > 0, a € (0,2)

1

2 (k1 vF+1) < solve linear system (8);

3 GRHL gk Lkl g k)

4 ol @bt (1 - a)ak;

5| sFL o T (a8 4+ (1 - a)sh + %yk ;

6 YR gk 4 p(ad T (1 - a)sh — sk,
7 while rermination criteria not satisfied,

conic constraints in (3c) always hold. Furthermore, conver-
gence of the residual iterates in (3a)—(3b) can be concluded
from the convergence of the splitting variables

k

zF— ik 0, §*

=)

which generally holds for Douglas-Rachford splitting [18].
Let 62, 6y*, 8s* denote the differences between succes-

sive iterates of Algorithm 1:

61,](3 _ £L‘k . :L,kfl’ 5Sk — Sk . skrfl’ 5yk — yk _ ykfl.

For infeasible problems, [14] shows that these differences

converge, with 6y = limy_,o dy* € D for primal infeasible

problems and 0z = limy_, 6xF € P for dual infeasible

problems, where the sets P and D are defined in (4) and (5).
We use the same termination conditions as [13].

E. Scaling the problem data

The convergence rate of ADMM and other first-order
methods depends on the scaling of the problem data; see [19].
For badly conditioned problems in particular, this suggests
a preprocessing step in which the problem data is scaled
in order to improve convergence. We use the same modified
Ruiz equilibration method as in [13] to compute the diagonal
positive definite scaling matrices D and FE. The scaled
problem data is given by

P=DPD, =Dq, A=EAD, b= Eb,

and the scaled convex cone is given by EKX = {Ev €
R™ | v € K}. After solving the scaled problem, the original
solution is obtained by reversing the scaling:

s=E"'3 y=Ej.
IV. CHORDAL DECOMPOSITION

As noted in Section III-C, for large SDPs the eigen-
decomposition in the projection step (9) is the principal
performance bottleneck for the algorithm. However, since
large-scale SDPs often exhibit a certain structure or sparsity
pattern, a sensible strategy is to exploit any such structure to
alleviate this bottleneck. If the aggregated sparsity pattern is
represented by a chordal graph or a graph that has a chordal
extension, then a large PSD constraint can be decomposed
into a collection of smaller PSD constraints and additional
coupling constraints [20]. The projection step applied to
the set of smaller PSD constraints is usually significantly

r = Dz,



faster than when applied to the original constraint. Since
the projections are independent of each other, further perfor-
mance improvement can be achieved by carrying them out
in parallel. The approach is similar to [16]. We show how to
transform the decomposed problem into the original problem
format. This allows the decomposition to be performed in a
preprocessing step before the problem is handed to the solver.

A. Graph preliminaries

Consider the undirected graph G(V, E') with vertices V' =
{1,...,n} and edge set £ C V x V. If all vertices are
pairwise adjacent, i.e. E = {{v,u} | v,u € V, v # u}, the
graph is called complete. Any complete subset of vertices C'
of V is called a clique with cardinality |C|. The clique is
called a maximal clique if it is not contained in any other
clique. A cycle is a path of edges where every vertex is
reachable from itself. A graph G is called chordal if every
cycle of length greater than three has a chord, which is an
edge between nonconsecutive vertices of the cycle. One can
always find a chordal embedding G (V, E) for a non-chordal
graph G(V, E) by adding extra edges [21].

B. Agler’s theorem

The sparsity pattern of a symmetric matrix S € S™ can be
represented by an undirected graph G(V, E). Every non-zero
entry S;; = S;; # 0 introduces one edge (i,7) € E. For
a certain sparsity pattern G(V, E) we define the spaces of
sparse symmetric matrices as

SH(E,O) = {S es” | Si)j = SjJ‘ 7é 0 if (Z,]) S E},
and positive semidefinite sparse symmetric matrices as
ST (E,0):={SeS"(FE,0)|S>=0}.

Let S € S™ be a sparse symmetric matrix with a correspond-
ing chordal graph G. Denote the set of maximal cliques of
G as {C1,...,Cp}, where each C; contains an ordered list
of vertices. Define the matrix 7, € RIC¢I*™ for clique Cy as:

(To)i; = {1, if Culi) = 4

0, otherwise.

where Cy (i) is the ith vertex of Cy. A positive semidefinite
constraint on .S can then be decomposed according to the
following theorem:

Theorem 1 (Agler’s theorem [20]): Let G(V,E) be a
chordal graph with a set of maximal cliques {C1,...,Cp}.
Then S € S (£,0) if and only if there exist matrices

Sp € Slf“‘ for £=1,...,p such that

p
S=> TS,

=1
The matrices T, serve to extract the submatrix .S, such that
Se = 1,57, eT has rows and columns corresponding to the
vertices of the clique Cy. The vectorized form of (10) is:

(10)

p
s= H/ s, withH =T;&T,.
=1

where s = vec(S).

C. Decomposition of PSD constraints

Consider the following problem with a PSD constraint in
matrix form:

minimize %zTPx +q'x

subject to Z Aiz; +S =B (11)
i=1
Sefh,

with symmetric matrices A;, B, S € S". Note that (11) can
be transformed into (2) by setting b = vec(B), s = vec(S),
A = [vec(A1),...,vec(Ay,)], and K = S}. Assume that
each matrix A; and B has a sparsity pattern

A; € ST(EAZ,,O) and B € ST(EB,O),

with edge sets £ 4, and Ep. The aggregated sparsity pattern
of (11) is described by the graph G(V, E') where F is given
by

E=FEp, UEA, U---UE4 .

In the following we assume that G(V, E) is chordal or that
a chordal embedding has been found. Moreover, the graph
has a set of maximal cliques {Ci,...,C},}. The equality
constraint in (11) constrains the decision variable S to have
the aggregated sparsity pattern, i.e. S € S"(E,0).

Under the preceding assumptions Agler’s theorem can be
applied to decompose the PSD constraint in (11), yielding

minimize %xTPa: +q'x
m p
subject to Z Az + Z TJS@T@ =B (12)
i=1 =1
Spesl e=1,...p.
The vectorized form of (12) is given by:
minimize iz'Pzr+q'z
p
subject to Az + ZHJS@ =b (13)

=1
2
seeST =1, p
D. Decomposition as a preprocessing step

In order to perform the chordal decomposition before
handing it to the solver, we transform (13) into the original
solver format. The required transformation is achieved by
rewriting the constraints of (13) as:

Ar+HE=b, (€K (14)
where £ = [s],...,s)]". H = [H,....,H]], and K =

8ch1| X - X SJ‘FC”‘. Using the augmented primal variables
T=1[x",6"]" and 5 =[5],55]" the optimization problem

is transformed into

-

—|P 0f_ q| -
T

[y o [i] -

. A H|_  _ b
subject to {0 —I] rT+5= {0} ,

S1 € {0}T2, So € ]6,

minimize

o=



where {0}" denotes the zero cone.

The steps described in this section allow us to exploit
the chordal sparsity of the problem in order to decompose
the PSD constraints. The decomposed problem is then trans-
formed back into the solver format in a preprocessing step
and subsequently handed to the solver. The projection step
of the decomposed problem (13)

~ 1
st = Hsfz‘ (ozsif+1 +(1—a)sf + pyf) ,

for{=1,...,p,

5)

is implemented serially. However, since the p projections
can be carried out independently, a parallel implementation
promises substantial performance gains.

V. IMPLEMENTATION & NUMERICAL RESULTS

The algorithm described in this paper is implemented by
the Conic Operator Splitting Method (COSMO) solver, an
open-source package written in Julia [22]. The source code
and documentation are available at:

https://github.com/oxfordcontrol/COSMO jl.

The solver provides its own interface but can also be
called via the modelling language JuMP [23]. This section
compares the performance of COSMO with the interior-
point solvers MOSEK v8.1 and SeDuMi v1.3, and with
the first-order ADMM solver SCS v2.0.2 in benchmark
tests. All the experiments were carried out on a MacBook
with a 2.6 GHz Intel Core i5 CPU and 8 GB of RAM.
We configured COSMO with absolute accuracy € = 1074,
relaxation parameter « = 1.6, and step sizes pg = 0.1
and 0 = 107°. It should be noted that all solvers use
different termination criteria and are configured with their
default error tolerance. COSMO and SCS are configured
with an accuracy of 10~% and 10~° respectively, whereas
the interior-point methods are configured with a tolerance
of 1075, Experiments with the same error tolerance for all
solvers resulted in qualitatively similar results.

A. Nearest correlation matrix

Consider the problem of projecting a matrix C' onto
the set of correlation matrices, i.e. real symmetric positive
semidefinite matrices with diagonal elements equal to 1.
This problem is relevant in portfolio optimization. The
correlation matrix of a stock portfolio might lose its positive
semidefiniteness due to noise and rounding errors of previous
data manipulations. Consequently, it is of interest to find
the nearest correlation matrix X to a given data matrix
C € R™ ™. The problem is given by:

minimize 1 [|X — cl
subjectto X; =1, i=1,...,n (16)
X €Sy,

with Frobenius norm || X[ = (3, |xi]“2))1/2. In order to
transform the problem into the solver format, C' and X are

vectorized and the squared norm is expanded:

minimize  (1/2)(z"2 —2c"z+c'c)
. E _ 1TL><1
subject to —I} T+s= |:0n2><1:| a7

s e {0} x sn,

with ¢ = vec(C') and x = vec(X). The matrix F extracts the
n diagonal entries X;; from the vectorized form z = vec(X).

For the benchmark problems we randomly sample the data
matrix C' with entries C; ; ~ U(—1, 1) from a uniform distri-
bution. Figure 1 shows the benchmark results for increasing
matrix dimension n.

—e— COSMO MOSEK —— SCS —m— SeDuMi
1 | | | | | | |
— 103 4
Nz) 2
) 107 -
E 10"
2 10
% 107 |
1072 1 1 1 1 \ \ \
0 100 200 300 400 500 600 700
dimension n of data matrix C' € S™
Fig. 1. Solve time of benchmarked solvers for increasing problem size of

nearest correlation matrix problems. The results for MOSEK and SeDuMi
are shown until they exceeded the time limit of 60 min.

The first-order methods SCS and COSMO outperform
the interior-point solvers. Furthermore, COSMO solves the
problems faster than SCS as the problem dimension gets
larger, e.g. 18.6s vs. 31.7s for N = 800. This is likely
because SCS has to transform the quadratic cost term into
an additional second-order cone constraint which increases
the problem size.

B. Chordal block-arrow SDP

To show the benefits of the chordal decomposition tech-
nique we consider randomly generated SDPs of the form (11)
with a block-arrow aggregate sparsity pattern similar to test
problems in [16]. Figure 2 shows the sparsity pattern of the
PSD constraint.

d

o

d [e]
Ny, blocks o

w]

Fig. 2. Parameters of block-arrow sparsity pattern.

The sparsity pattern is generated based on the following
parameters: block size d, number of blocks IV, and width of



the arrowhead w. The dimension of the PSD cone is given
by r = Npd + w. Note that the graph corresponding to the
sparsity pattern is always chordal.

In this section we study the effects of independently
increasing the block size d and the number of blocks Np.
The parameters for the two test cases are:

e Ny =50,60,...,140, d = 10, w = 20, and m = 100

e d=10,12,...,28, Ny =50, w = 10, and m = 100.
Solve times are shown in Fig. 3 and 4. The line COSMO(CD)
refers to the solver with chordal decomposition turned on.

—o— COSMO —e— COSMO(CD) —— SCS

| | | | | | | | | |

250 B
200 B
150 u
100 u

50 u

solve time [s]

T T T T T T
50 60 70 80 90 100 110 120 130 140
number of blocks Ny

Fig. 3. Solve time for increasing number of blocks of block-arrow sparsity
pattern.

—o— COSMO —e— COSMO(CD) —— SCS
200 | | | | | | | | | |

150 u
100 u
50 u

solve time [s]

T T T T T T T T T T
10 12 14 16 18 20 22 24 26 28
block size d

Fig. 4. Solve time for increasing block size of block-arrow sparsity pattern.

Only the results for the first-order methods are shown
since both MOSEK and SeDuMi exited with errors when
trying to solve problems of this dimension. It can be
seen that COSMO(CD) outperforms both SCS and COSMO
without decomposition in terms of solve time. Moreover,
COSMO(CD) scales better when the number of blocks or
the block size are increased.

VI. CONCLUSIONS

This paper describes the first-order solver COSMO and
the ADMM algorithm on which it is based. The solver
combines direct support of quadratic objectives, infeasibility
detection and chordal decomposition of PSD constraints. The
performance of the solver is illustrated on two benchmark
problems that challenge different aspects of modern solvers.
The implementation in the Julia language facilitates rapid
development and testing of ideas. Further performance gains

seem achievable by exploring acceleration methods, approx-
imate projections onto the PSD cone, and parallel computing
on GPUs.
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