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Abstract

Scattering amplitudes provide insight into the all-orders structure of gauge
theories. Particularly rich is their non-planar sector, where new and interesting
physical phenomena appear. This thesis aims to push the boundaries of pertur-
bative scattering amplitudes, with special emphasis on calculations in massless
Quantum Chromodynamics. We review the colour and helicity decomposition
of gauge theory amplitudes, as well as the structure of their ultraviolet and
infrared divergences. We then discuss the application of state-of-the-art methods
to the computation of all four-point three-loop scattering amplitudes in Quantum
Chromodynamics. As an immediate consequence we both verify the structure of
infrared divergences and extract the gluon Regge trajectory at the corresponding
perturbative order. We further describe the computation of five-gluon scattering
at the two-loop order, with special emphasis on the multi-scale complexity of this
process. Finally, we explore the idea of simplifying the integrand representation
of gauge theoretic scattering amplitudes by leveraging their highly-constrained
infrared structure. We provide a proof-of-concept application to two-loop four-
gluon scattering amplitudes.
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Abstract

Scattering amplitudes provide insight into the all-orders structure of gauge theories.
Particularly rich is their non-planar sector, where new and interesting physical
phenomena appear. This thesis aims to push the boundaries of perturbative
scattering amplitudes, with special emphasis on calculations in massless Quantum
Chromodynamics. We review the colour and helicity decomposition of gauge theory
amplitudes, as well as the structure of their ultraviolet and infrared divergences.
We then discuss the application of state-of-the-art methods to the computation of
all four-point three-loop scattering amplitudes in Quantum Chromodynamics. As
an immediate consequence we both verify the structure of infrared divergences and
extract the gluon Regge trajectory at the corresponding perturbative order. We
further describe the computation of five-gluon scattering at the two-loop order, with
special emphasis on the multi-scale complexity of this process. Finally, we explore
the idea of simplifying the integrand representation of gauge theoretic scattering
amplitudes by leveraging their highly-constrained infrared structure. We provide a

proof-of-concept application to two-loop four-gluon scattering amplitudes.
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A Primer in Quantum Chromodynamics
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1.1 Introduction

The dynamics of the strong force, at high energies, are described by a quantum field
theory whose fundamental degrees of freedom are quarks and gluons. Quarks are
spin-1/2 fermions, while gluons are spin-1 bosons which mediate strong interactions.
They are packaged together in a non-abelian gauge theory with a SU(N..) symmetry
group which endows them with an extra quantum number, the colour charge. This
theory is referred to as Quantum Chromodynamics, or QCD.

The non-abelian nature of QCD, i.e. the fact that its force-carrying particles are
themselves charged under the same interaction, leads to interesting and complex
dynamics. One of its most remarkable effects is confinement, the fact that asymptotic

states of QCD are bound states of quarks and gluons with no overall colour charge.
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Roughly speaking, the strong force among quarks and gluons increases with their
distance, so that configurations with widely separated coloured states are highly
unfavoured. Another important feature of QCD is asymptotic freedom. It predicts
that at very short distances the intensity of the strong force should decrease, allowing
quarks and gluons to be treated as weakly coupled quantum fields. Asymptotic
freedom ultimately enables us to study the high-energy dynamics of QCD via
perturbative calculations and is at the basis of the success of scientific programs
such as the Large Hadron Collider (LHC) in comparing first-principle theoretical

predictions with experimental data.

The bridge which connects theory and experiment is differential cross sections,
which represent the probability of given processes to take place. At the core of
cross sections lie scattering amplitudes, which describe the high-energy quantum
mechanical interactions among fundamental fields. Though originally introduced
in the context of particle physics phenomenology, scattering amplitudes, or more
generally correlation functions in QFT, turned out to be interesting objects of
intrinsic mathematical interest. They serve as a testing ground for ideas in complex
analysis, group and graph theory as well as computer science, to name a few. Green’s
functions in QFT can be extremely complex or beautifully simple depending on
their representation and are connected by inter-theory relations, many of which are
yet to be understood. In short, they offer the opportunity of tackling a physically

meaningful problem while delving into the mathematics of QFT.

It is the goal of this thesis to review, apply and extend some of the mathematical
methods required for the computation of scattering amplitudes, with special
emphasis on analytic QCD computations. The remainder of this chapter contains
a brief review of QCD and related concepts which will be used in the rest of the
thesis. In chapter 2 we review in more detail the analytical methods employed in

the computation of gauge theory scattering amplitude. Chapters 3 and 4 describe
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state-of-the-art applications of these methods in the context of four-point three-
loop and five-point two-loop QCD scattering amplitudes respectively. Chapter 5
explores the possibility of better exposing infrared factorisation of massless gauge
theory amplitudes at the level of the loop integrand. We conclude with some

final comments in chapter 6.

1.2 The QCD Lagrangian

We start our review of QCD by looking at its symmetry group SU(XV,), the group
of unitary matrices with unit determinant. A transformation U(«a) € SU(N,) can

always be expressed in terms of a set of real coordinates «a, as
Ul(a) = exp(ia,T?), (1.1)

where the T are a basis of N2 —1 traceless hermitian matrices which satisfy the alge-
bra

[Ta’ Tb] = fabc TC, (12)

and can be chosen such that the structure constants f?¢ are a real and fully
antisymmetric tensor. Using T} to denote the generators in a representation R,

it is always possible to find a basis with the property
Tr[TeTE] = C1(R)6™ . (1.3)

Here we fix the normalisation of the basis elements in the fundamental representation

by requiring that

1 1
Cy(F) = Tr[TeTh] = 3 §% = Oy(F) = 3 (1.4)
This fixes C1(R) for all representations, and in particular in the adjoint representa-
tion, for which (T%). = if%¢, we find C;(A) = N.. Another important quantity
is the quadratic Casimir operator T#T which commutes with all generators and

by Schur’s Lemma is proportional to the identity

TeTS: = Cy(R) I . (1.5)
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Due to the normalisation choice made in eq. (1.4), we find

NZ 1
CQ(F):OF: 2Nc )

Having fixed the group-theoretic notation, we turn to the QCD lagrangian. To
represent the different quark flavours, we introduce n; copies of the Dirac field
U, transforming under the fundamental representation of SU(N,), as well as the
covariant derivative D,, defined by requiring that the Dirac lagrangian
ny
£D”M::;%¢@f(¢-—nw)wf (1.7)

is invariant under the local transformation
U(z) = Ux)y(x), with  U(z) = exp (i (z)T) . (1.8)

Above we defined P = Dtr,, where the Dirac gamma matrices satisfy the
Clifford algebra {v,,7,} = 2g,,. We also defined the quark masses my;. At the
typical energy scales of LHC partonic interactions, one can approximately set
the masses of the five lightest quarks to zero, while the mass of the top quark
m; ~ 170 GeV cannot be neglected.

Instead, below the center-of-mass energy threshold for top-quark production
(v/s < 2my), one can expand observables in the ratio s/4m? < 1. For small
enough energies, the first order in the expansion is provides a good approximation,
! which we adopt in this thesis.

As a result we will consider massless QCD with five active quarks, but nev-
ertheless retain the full dependence on the number of quark flavours ny, setting
ny = 5 only when numerical evaluations are required.

Local gauge invariance of eq. (1.7) can be achieved by asking that D*U(x) =
U(x)D*, which in turn is obtained by writing the covariant derivative in terms of a

gauge connection A* = A!T* also known as gluon field. In particular we write

D, = Ipd, +igTHAL, (1.9)

1For instance at /s ~ 100 GeV one has s/4m? ~ 0.1.
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where the representation R depends on what the derivative is acting on. This

fixes the transformation of the gluon field to
At (z) = U(z)A*(2)UHz) +i g U(x)o U (z) . (1.10)

The most general renormalisable lagrangian density satisfying locality and symmetric
under egs. (1.8) and (1.10) reads

2

1 , Lo g v oo
L: —§r:[‘I'F"u F#V—Ffz:_ll\yfﬁ\pf—i—@ngQGuypgTrF# FP y (111)
where we defined the gluon field strength
FW =T*F" = [D! D'] = F!" = 0'AY — 0V A" — gfup. AL AY (1.12)

and introduced the dimensionless parameter 6. In the path integral approach to QFT,
one has to eliminate the gauge redundancy of the lagrangian in eq. (1.11) before
the sum over field configurations can be meaningfully performed. The redundancy
can be removed? by following the Faddeev-Popov gauge fixing procedure [2]. In
the presence of non-abelian gauge fields one is required to introduce interacting
Grassman-valued ghost fields 7, (see e.g. [3]). Using a covariant gauge-fixing

condition, the result is the gauge-fixed massless QCD lagrangian
ﬁQC’D = ‘CYM + EDirac + ‘Cgf + Eghost + E@ ) (113>
whose terms are defined as

1 1
Lyy = —5 TP F,, = — FI"F,

4o T
nyo
EDirac - Z Z\:[walpjﬁ
f=1
1 22
Lyj = _i(aﬂAa> »
£ghost = _(auna>T,ng77ba
2
g v po
,C@ = QWEMVMTI"F“ Fre <114)

2 Apart from the Gribov ambiguity [1], which however plays no role in perturbative computations.
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The QCD lagrangian (1.13) depends on five parameters: the strong coupling g, the
dimension of the gauge group N,, the number of quark flavours ny, the covariant
gauge fixing parameter ¢ and the f-parameter.

The Ly contribution to the QCD lagrangian breaks parity invariance (P) as
well as time reversal symmetry (T = CP). However, experimental evidence [4,
5] for strong interactions sets the upper bound 6 < 107'°. The observed, but
unexplained, smallness of the f-parameter takes the name of strong CP problem
and constitutes a currently active area of research.

Nevertheless, in this thesis we will only be concerned with perturbation theory
and will ignore the CP violating f-term. In fact it possible to write it as a

total derivative
2
€pvpoFLY FUP7 = 40,67 A7 (@,Ag — 3gf“bcAZA§> , (1.15)

which does not contribute to the Feynman rules. Because Ly is a total derivative,
its space-time integral [d*zLy(z) only depends on boundary information and is
usually referred to as topological. Furthermore, working in a theory with massless

fermions, the 6 parameter can always be shifted away via field redefinitions [3].

1.3 Feynman Rules

The lagrangian (1.13) provides us with Feynman rules, a powerful tool to perform
perturbative calculations in QCD. Denoting gluons with curly lines, quarks with

solid lines and ghosts with dashed lines we find the propagators

p .
Z(sab PuPv
5 4 (9999999999999999999999999 ~ = ——— | —Guwt+{1- )
Wy v,b pQ_i_Zg( G + ( £) P2
P .
Z. ! 0 p (1.16)
1 -~ 22 - 2 . bl
pc+e
p Z'(sab
a---------- «-----------
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the three-point vertices

M, a, p1
AA@E%%% =g /" [¢"(p2 — )" + ¢ (ps — p2)" + 9™ (p1 — p3)"] .
P, C,P3 v, b,pg
M?aﬂpl /’Laa7p1
=ig"(T"),, 3 =g /",
/‘, \‘\
j7p3 iap? ¢, P3 bap?

(1.17)

and the four-point gluon vertex

M, a, P1 V7b7p2

— 92 [fabefcde(gupgl/a . guagup) + (118)
facefbde <g,u1/gpa o g,uagup) +
fadefbce <g,u1/gpa o gupgyo)} )

Above all momenta in eqgs. (1.17) and (1.18) are taken to be incoming, so that

O',d,p4 P, C,P3

for any vertex the sum of external momenta vanishes.

1.4 Renormalisation

In order to use QCD, or any other QFT aiming to describe Nature, to make
empirical predictions it is mandatory to first fix the parameters of the lagrangian
by comparison to (some) experimental data. Stated differently, one wishes to
connect the parameters of the theory to observables. In general, in a quantum
theory this could be subtle, especially if the theory develops, through quantum
corrections, sensitivity to very short distance physics. This can be formally achieved
via the procedure of renormalisation, whereby the parameters in the lagrangians

are rewritten in terms of a set of reference observables. The theory is said to be
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renormalisable if only a finite number of reference observables is needed to fix all of
its free parameters. QCD and more in general gauge theories are renormalisable
QFTs [6].> More concretely, one can usually fix all parameters of the lagrangian at
some reference scale g, usually called renormalisation scale, by rewriting them in
terms of the reference observables measured at that scale. It turns out that in QCD
the bare fields and coupling appearing in eq. (1.13) (which in a slight change of
notation will be denoted by a 0 subscript) can be written in terms of multiplicative

renormalisation factors and renormalised quantities:

go = \/?ggy AOZ @A7 w0:@¢a 770:\/277’ (119)

where all indices have been left implicit. The renormalisation factors Z; indirectly
carry information on the reference observables and renormalisation scale and
effectively define the renormalised fields and coupling. The QCD lagrangian,

expressed in terms of renormalised quantities (and at 0 = 0) reads

Lqocp =
1 1
— 120" AL = VAL + V207 Fane( 0" AL AL AL — 120729" fave Jeae A AT ALA
+iZyVPY — | 2,242, g ALTT Y, 0 — Z,(0,00) 011 — i) Zy Zyg A £ B,) e
1
4 A2 1.2
5e ZA(0u4%) (1.20)

Practically, the structure of the renormalised lagrangian tells us which combination
of correlation functions is needed to fully determine the renormalisation factors.
Importantly, the renormalisation procedure described above can be carried out
perturbatively, truncating correlators up to a given loop order.

Nevertheless, any prediction provided by the theory should not depend on the
choice of p1r, which is entirely arbitrary.® In QCD, this is reflected in the fact that
the renormalised coupling g, develops a dependence on jig, a phenomenon known as
running coupling. It ensures consistency of the predictions by exactly compensating

for the explicit dependence on pg of the perturbative coefficients.

3Renormalisability of QCD was proven by exploiting the quantum-level BRST symmetry [7, 8]
of »CQCD~
4Apart from having to be within the range of validity of the theory.
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As we will discuss in the next chapter, QCD scattering amplitudes and ob-
servables, when expressed in terms of the bare parameters, develop singularities
associated with short-distance or witra-violet (UV) degrees of freedom. They are
called UV divergences and perturbatively they appear as infinities arising from the
integration over unbounded loop momenta. Indeed, the presence of UV divergences
reinforces the idea that the lagrangian Locp does not describe a sensible quantum
field theory, taken at face value. Fortunately, renormalisation automatically accounts
for UV divergences, because it allows us to only talk about relative quantities, in
which UV divergences never appear.

Practically, in order to perform calculations, for example the ones needed to
fix the renormalisation factors Z;, one needs to first regulate UV divergences. A
physically intuitive way of doing this is to simply limit the integration over the loop
momenta by introducing a cut-off scale Ay,. However this method breaks Lorentz as
well as gauge invariance and is not well suited for current state-of-the-art calculations.
A less intuitive but more effective way to regulate UV divergences is dimensional
regularisation [6], where calculations are performed in d € C space-time dimensions.

More specifically, integrals in dimensional regularisation are defined by the

following axioms

e linearity
/ddx (af(z) + Bg(x)) = /ddx af(x)+ /dda: Bg(x), «a,8eC, (1.21)
« translation invariance

/ddx flx + ) = /ddx f(x), (1.22)

e scaling

/ddx FOox) = )\‘d/ddx flz), reC. (1.23)

They are also defined so that whenever an integral is convergent in dy € NT it

should coincide with the standard integration in dy dimensions.
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Writing d = 4 — 2¢, UV divergences in the regulated theory manifest themselves
as (multiple-)poles in €. An important effect of dimensional regularisation is that the
strong coupling acquires a mass dimension [g] = €. This can be made explicit in the

renormalised lagrangian® by defining the dimensionless renormalised coupling g as

g=p g, (1.24)

where p is an arbitrary energy scale. We also introduce the standard coupling
as(p) = g*(p) /4m and the S-function together with its perturbative expansion

das(p)
dp

= Alon) = 20,0, o) = =20, 37 ()7

Because measured quantities are finite, it immediately follows that the renormalised
lagrangian (1.20) should provide UV-finite observables. However this only fixes the
renormalisation factors up to a finite shift, the finite terms are instead determined
by our definition of the renormalised fields and coupling. The way in which this
freedom is fixed is referred to as renormalisation scheme. Different schemes may
be useful for different purposes and in the context of perturbative calculations in
massless QCD the modified minimal-subtraction (MS) scheme is a popular one and
is the one which will be employed in this thesis. The standard minimal-subtraction
(MS) scheme states that the renormalisation factors Z; should be chosen as purely
UV divergent terms, i.e. the corresponding counterterms should have no finite parts
in e. The MS scheme differs from the MS scheme by absorbing into the coupling
renormalisation the extra factor S, = (e 72 /4m)¢ which can be ascribed to the

d-dimensional loop integration. This can be summarised by defining Z}]\TS so that

e0S = () 2 [oa(p)] (1.26)

where o, = g2/4m and is independent of the arbitrary scale . Then Z}]\TS, ZF,
Z}Z/TS and Z};TS are fixed by requiring that their perturbative corrections have no

finite parts in e. Since MS is the only renormalisation scheme used in this thesis we

By renormalised lagrangian we still mean the QCD lagrangian, but explicitly written in terms
of renormalised quantities.
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will drop the superscript from now on.

Differentiating both sides of eq. (1.26) with respect to log(u) and solving for
Z4 order by order in a, with the condition Z;, = 1 at a; = 0 allows us to write the
coupling renormalisation factor in terms of the [-function. Up to third order

in the coupling we find

zied=1-(52) 2 (3) (2 2)
_ (a>3 (BS 766 B

Ma 4
o) (3 -6 +36>+0(a5). (1.27)

The QCD [-function coefficients 5; have currently been computed up to five loops
[9-14], but in this thesis we will only need the coefficients up to three loops:

11 2
- —C0,-Z
60 3 A 37’Lf,
1
5125(3403—10@ ng) —2Crny, (1.28)
1415C%ny  2857C%  205C, Cpny  79Cang ) 11 Cp nj
= — C it
& 51 5 18 to Tt T

Egs. (1.25) and (1.28) predict the variation of the coupling with the value of the
scale p. This is a very powerful statement: given an input value of as(ug) at
some scale ugr we can in principle predict the value of the coupling at any other
(perturbative) scale. Of course, computing the S-function at higher perturbative
orders will yield more accurate predictions. Such an “initial condition” for the value
of ay is usually given for ug = myz, where mz = 91.187 £ 0.002 GeV is the mass

of the Z boson and the corresponding value of the coupling is [15]
as(mz) = 0.1179 £+ 0.0009 . (1.29)

Because N. = 3 and ny < 16, one finds that 3, is positive indicating that the
coupling is a positive and monotonically decreasing function of u, at least as long as
as(pe) is small enough that perturbation theory can be trusted. In turn this implies
asymptotic freedom at large values of p. As mentioned in section 1.1, asymptotic

freedom corresponds to the statement that perturbation theory becomes better and
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better as the energy of the interactions grows. Conversely, as @ becomes smaller

the coupling grows, suggesting a breakdown of perturbation theory.

1.5 Scattering Amplitudes and LSZ Reduction

Every QFT determines a set of quantum-mechanical states and a linear operator
S, the S-matrix. The evolution from infinite past to infinite future of a state |a)
is determined by S|a), so that the probability for a state |3) to be observed in
the infinite future starting from an initial state |«) is obtained from the modulus

squared of the S-matrix element

Sag = (B[S]a) . (1.30)

Conservation of probabilities implies unitarity of the S-matrix, STS = 1.
In the context of particle physics it is interesting to consider processes involving
final and initial states which are direct products of respectively n,,; and n;, non-

interacting single-particle states of definite momenta p(p’) and polarisations o(o’):

Simout = ((P1,01); s Prguss Tnane) | S| @101, s Wh0h)) - (131)

One of the main results in QFT is the Lehman-Symanzik-Zimmermann (LSZ)
formula [16, 17], which relates Green’s functions to S-matrix elements. Defining

momenta in the all-outgoing convention, so that

{p17 e 7pnout7p/17 A 7p;7,1n} — {p17 M 7pnout7 _p1+nout7 ctt _pnin+nout} (132>

and denoting the total number of particles involved in the process by n = n;, + nout,

we can write the LSZ reduction formula for particles of generic spin as

Sinout = Jim ( /dd ¢ iSl“B) (@[T {@P (1) P (2,) ] Q) -
(1.33)

Let us unpack the equation above:

o () refers to the vacuum of the interacting theory,
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o &, is the polarisation vector corresponding to the field ®; and A; and B; are

their appropriate Lorentz indices,

o [J; is the coefficient of the term in the lagrangian quadratic in ®; and

independent of the other fields,
o T is the time-ordering operator,

o Z; is the single-particle pole residue of the exact two-point Green’s function

for the field ®;:

iZiA? b (p)

-+ multi-particle branch cut,
p?—m? +ie

(1.34)

/ddx cire <Q | T {@?(:p)CI)ZB(())} | Q> _

where A4 is the propagator numerator defined by the free-theory two-point
Green’s function

[ateere (0] 7 {2 @)@F0)}|0) = A

—_— 1.35
p?—m? +ie (1.35)
For the purposes of this thesis the A#Z for quarks and gluons can be read off from

the propagator Feynman rules in eq. (1.16).

Finally it is convenient to split S-matrix elements as
Sap = Oap + iTas (1.36)

where 0,3 corresponds to no interaction at all. The unitarity requirement on
the S-matrix then enforces the identity
Do = i SapSiy = (Tos = Ti) = iiﬁ,ﬂ;} (1.37)
P P
where we used the “integral-sum" symbol to indicate that the set of orthonormal
states p in the theory might be labelled both by continous and discrete degrees of

freedom. When a = 3, The equation above reduces to the optical theorem

200 Tow = X Tan T (1.38)

p
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Finally, when working with interactions of single particle states as in eq. (1.31),

it is convenient to make momentum conservation explicit by defining scattering

amplitudes Mg via
Tos = (2m)* 619 (Z p§‘> Mg (1.39)
i=1

where (27)? is a conventional normalisation factor in dimensional regularisation.
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In chapter 1 we reviewed how scattering amplitudes can be obtained from
Green’s functions via the LSZ reduction formula. The QCD lagrangian (1.13)
provides Feynman rules with which one can build all Feynman diagrams necessary
for the perturbative computation of any amplitude in the theory.

Though in principle a straightforward task, the computation of S-matrix elements
quickly becomes very complex even for relatively simple processes. As the number

of external states n and loops L grows, the number of Feynman diagrams does

15
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too. The complexity of each Feynman diagram also grows quickly: the spin and
colour tensors generated by the Feynman rules become more complicated and the
kinematic complexity of the loop integrals increases. For large enough values of n
and L the issues above become serious computational bottlenecks. However the
simplicity of the results which have already been obtained is often in direct contrast
with the complexity of the intermediate stages of computations. This seems to
indicate that a better understanding of the structure of scattering amplitudes can
dramatically simplify their computation.

A motivating example is that of N' = 4 super Yang-Mills (sYM) theory. There,
conformal symmetry and the absence of UV divergences constrain the structure
of the scattering amplitudes. As a result, one can often avoid direct Feynman-
diagrammatic computations and instead “guess” amplitudes based on their analytic
structure. Even more striking is the example of N' = 4 sYM in the large-N,
limit, whose scattering amplitudes enjoy dual super-conformal symmetry and where
all-loop expressions have been found using similar methods (see for instance ref. [18]
for a review on the topic of integrability).

It is important to stress that if one were to try and replicate these results by
simply using Feynman diagrams, one would discover that the simplicity of these
theories would be completely hidden, only manifesting itself at the end of the

computation.

In QCD, many fewer symmetries are present and many of the striking sim-
plifications of N' = 4 sYM are absent. Still, the hope is that the understanding
gained in super-symmetric theories, and the computational methods derived from
them, can inspire similar treatments of QCD amplitudes. Though this goal has
not yet been achieved in general, some inspiring results have been obtained. At
tree-level the Britto-Cachazo-Feng-Witten (BCFW) [19] and the Berends-Giele [20]
recursion relations allow one to recursively build higher-point amplitudes in terms of
lower-point ones exploiting the factorisation properties of scattering amplitudes and

Feynman diagrams. One-loop amplitudes can instead be obtained via the generalised
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unitarity method [21-24]. Within this framework an ansatz is made for the final
amplitude in terms of scalar Feynman integrals and unfixed coefficients. One can
then determine these coefficients by performing (generalised) unitarity cuts [25] on
the ansatz and matching them to fused tree-level amplitudes. This allows one to
obtain compact results for general amplitudes by exploiting their analytic structure
and without ever encountering the complexity of naive Feynman-diagrammatic
calculations. Beyond one loop, results have been obtained via generalisations of the
unitarity method (see for instance refs. [26] and [27]). Still, unitarity methods at
two loops and beyond are much more intricate that their one loop counterpart do

not seem to provide a clear computational or conceptual advantage.

In this thesis, we take a different, perhaps more standard approach. We use
Feynman diagrams as the main tool for the computation of amplitudes, but
supplement them with a variety of techniques to tame the complexity of the
calculations. It turns out that, regardless of the method used, a deep understanding
of the mathematical structure of (QCD) scattering amplitudes can drastically
reduce the amount of work required to compute them.

Our approach in what follows can be summarised by divide et impera. The main
idea is to break down each amplitude into simple(r) pieces and only at the end
assemble the final result by exploiting all available symmetries. This has the two-
fold benefit of simplifying intermediate stages of calculations and highlighting the

fundamental building blocks of the theory. Let us start with some general definitions.

The bare QCD scattering amplitude for a process involving n quarks and gluons,

defined in eq. (1.39), can be written as

Cl...Cn

A A (ph s 7pn) = (477—048,0)%_1"4?11._.:,0)?” (plu BRI 7pn> ) (2]—)

where the ¢; and \; stand for colour and helicity indices respectively and the tree-level
power of the coupling is factored out. Colour indices are in the (anti-)fundamental

representation of SU(N,) for (anti-)quarks and in the adjoint representation for
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gluons, while helicity indices can take values +1/2 for (anti-)quarks and +1 for
gluons.?  We will simply use & for both quarks and gluons to refer to their
positive or negative helicity states. The p; are momenta of the external particles
in the all-outgoing convention (see eq. (1.32)) so that momentum conservation
reads Y pf = 0.

The linearly independent degrees of freedom describing the process can be
counted to be 3n — 10: we start with 4n four-momenta components from which
we subtract n on-shellness constraints p? = 0 as well as the 10 degrees of freedom
of the Poincaré group. In general, due to the fact that there can only be as many
independent external momenta as the number of space-time dimensions, non-linear
constraints can arise among the 3n — 10 degrees of freedom mentioned above. We
will not consider these extra relations in this thesis. A common set of variables used

to describe the kinematics of a scattering amplitude are the Mandelstam invariants
Sijk=Di+Dj+ - + pi)? (2.2)

of which only 3n — 10 are linearly independent due to momentum conservation.

2.1 Helicity Amplitudes

Ultimately, we are interested in computing scattering amplitudes for specific (four
dimensional) helicity configurations of the external quarks and gluons, i.e. helicity
amplitudes. In chapter 1 we introduced dimensional regularisation, which we will
be using throughout this thesis. However d-dimensional external states have extra
polarisation states which we are not interested in. A simple way of projecting
them out is to simply fix the external polarisation vectors and momenta to
their four-dimensional value. This slight modification of conventional dimensional
regularisation (CDR) is referred to as ‘t Hooft—Veltman (tHV) scheme. We will

adopt the tHV scheme for all the calculations presented in this thesis.

IThis is true in four space-time dimensions, see the beginning of section 2.1 for further details
on helicity states in dimensional regularisation.
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1
k1

Figure 2.1: General form of a QCD scattering amplitude involving different quark

CTTTOTUT
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Figure 2.2: Quark-gluon interactions inside the amplitude. The indices in the figure

correspond to those of the fermion line I‘i ;s neq. (2.3).
[,

Let us start by considering a scattering amplitude for n, gluons with momenta
Pi=1,....n, and ng quark—anti-quark pairs of different flavours with momenta k‘jc::ll,’z“.’nq
as in fig. 2.1. After the Dirac spinor algebra has been performed for internal quark

loops, each term contributing to such an amplitude is of the form

e " Ll e
(H €p; (pz)> (H ﬂ(k?)I’i{m{fu(k}O THHng Vi Vang (2.3)
i=1 f=1

where €, (p;) and u(k7) are the gluon and quark polarisation vectors, I' are products
of Dirac gamma matrices (I' ~ vy ...7) and T is a Lorentz tensor containing the
loop integrals. After the loop integration has been performed, the tensor 7' can only
depend on the external momenta p;, k%, the metric guv as well as the Levi-Civita
tensor €,,,,. It follows that the full amplitude can be decomposed on the space

of helicity tensors? obtained by contracting the first two terms of eq. (2.3) for any

2By helicity tensor we mean a tensor whose indices are fully contracted with polarisation
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possible I'/ with any tensor in T after loop integration. Imposing the Dirac equation
for the external (anti-)quarks, requiring transversality of the gluon polarisation
vectors and fixing the gluon reference vectors ¢; so that e(p;) - ¢; = 0, greatly reduces
the number of tensors contributing to the amplitude. However, when external quarks
are involved, the size of the helicity tensor space can grows with the perturbative
order since higher-loop diagrams can contain longer strings of gamma matrices.

This is where working in the tHV scheme comes in handy: we use the fact
that external states are kept in four dimensions to further restrict the space of
tensors needed.

Following refs. [28, 29], we consider a fermion line u(py)y*1#2 ...y u(p).
We can split each gamma matrix as a sum of its four dimensional components

and its (—2¢)-dimensional ones

Y =95+ (2.4)

and use {74,7"5.} = 0 to anti-commute all four-dimensional components to the
right. This allows us to write the original string as a sum of terms of the type
Km . Hm+1

u(p)yihe . AEE AT oA u(g). Tt is then possible to prove by induction [30]

the factorisation formula

Hm . Hm+1 Hm+1

a(p)yhe .. 5 cotu(q) = Tre(yh M) a(p) ™k (), (2.5)

which in turn implies that (in the tHV scheme) spinor chains are linearly independent
if and only if they are linearly independent in four dimensions.
For instance for the process i.e. 0 — q(p1) + @(p2) + Q(p3) + Q(p4) at L loops

the size of the basis reduces from 2L to just 2, which can be chosen as

a(pa)y"u(pr) @(pa)y ulps) and  w(ps)p,u(pr) W(ps)p,u(ps) - (2.6)

Once a basis of ny tensors has been identified, we can work with the assumption

that the amplitude can be decomposed as

=1

vectors.
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where the T; are the tensors in the basis and the F; are Lorentz scalar form
factors which are independent of the choice of external helicities. Because all
the loop-momentum dependence is now contained in helicity-independent scalar
form factors, we are free to fix the polarisation vectors for specific values of the
external (four-dimensional) helicity states. This can be achieved very efficiently

via the spinor helicity formalism.

2.1.1 Spinor Helicity Formalism

Let us start by recalling that a fermion field ¥ satisfying the Dirac equation

can be written as
vw)= Y [ o B @ < dwpwe] @

where s = 4 stands for spin, by(p) and dl(p) are respectively the annihilation
operator of a positive energy state and the creation operator of a negative energy
state with momentum p, while u4(p) and vs(p) are their corresponding Dirac-spinor
wave functions. In the massless case however these states are degenerate and

uy = vy. The helicity projection operators are represented by
1 1
Po=(1=7), Pr=51+%) (2.9)

and in the all-outgoing convention we define the helicity states to be the eigenstates

Piuy = wug which implies

u_ = <|p3"‘> R (Izﬁ”) . (2.10)

The Weyl spinors |p), and |p]* are then solutions to respectively the left- and
right-handed Weyl equation

Puoaalpl® =0, p'oyp)a =0, (2.11)

where undotted spinor indices correspond to the right-handed representation of
SU(2), while dotted indices correspond to the left-handed one. Above we used

the sets of matrices

oty =([1,0")as and @ = (I,—0")*", (2.12)
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with o' the Pauli matrices

ot = (? é) . (? _OZ> = (é _01> : (2.13)

The on-shell condition p? = 0 can then be rewritten as
det(puoha) =0 = Paa = PuThs = Aada s (2.14)

where in the last equality we used the fact that a two-by-two rank-1 matrix can always
be decomposed as the direct product of two two-dimensional vectors. Requiring
that the momentum p* should be real fixes Ay = (A\q)*. Therefore to each massless
four-momentum p* we can associate a spinor A, which is however determined up
to an overall phase. In fact, the transformation A — e\ leaves eq. (2.14) as well
as the reality condition unchanged and this U(1) € SU(2) symmetry corresponds
to the little-group invariance of helicity states in the Lorentz picture.

Plugging eq. (2.14) into eq. (2.11) we find
Aalp]* =0, Apla=0 = Xa =pla; Aa=p)a- (2.15)

SU(2) indices are raised and lowered by the two dimensional Levi-Civita tensor

and we define the notation

(p* = ep)s,  [p)* = e*[pls. (2.16)

Conventions for €? and other details and useful formulas within the spinor-helicity
formalism can be found in appendix B Finally, we define the anti-symmetric

spinor (and Lorentz) invariants

[pq] = [plala]® = —[gp] and  (pq) = (p|*|g)a = —(qp) - (2.17)

in terms of which scalar products of massless four momenta read

1

p-q= §[PQ]<QP>- (2.18)

Finally, the spinor helicity variables allow us to write the gluon polarisation vectors

for negative and positive helicity states for the i-th gluon as

po_ Cilobala]® (i gl po_ Lla @ a)a  ling)

ST la Vel T Vi O
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where ¢; is a massless reference momentum satisfying ¢; - p; = 0 and we de-

fined the notation
(i[*0hald]® = (i 1 j] o
G msatn o = gl =[jpi). (2.20)
ila 79 |0)a = [ 1)

From the definitions above one can check that the polarisation vectors satisfy

the requirements
€i— €+ = 0, €+ - (Ei,:l:)* =-1. (221)

2.1.2 Tensor Projection

Having introduced the spinor-helicity formalism, we can use eqs. (2.10) and (2.19)
to explicitly fix helicities of external states. For each configuration A = (A1 ... \,)
we can factorise an overall spinor factor sy to account for the scaling of the tensors

(and of the helicity amplitudes) under little group transformations:
ﬂ|)\ = Ri’)‘ S\ (222)

where T; are the tensors defined at the beginning of section 2.1 evaluated at fixed
values of the external helicity states and R; are defined to be invariant under
the full Lorentz group. Plugging eq. (2.22) into eq. (2.7) we obtain the explicit

expression for the helicity amplitudes

Aly = (Z Rj A ]:j) Sx = Ha sa, (2.23)
J

where H, are spinor-stripped helicity amplitudes. As a final ingredient we need to
know how to compute the form factors. This can be done by defining corresponding

projectors P; and a product o so that

The T} can be interpreted as the basis of a vector space and the projectors can

be concretely defined as elements in the dual space, i.e.

nr
P = ZCUT]'T, (2.25)

Jj=1
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where the coefficients ¢;; are to be determined, and the product o is defined as

a sum over the helicities of the external states, so that

. v v, P+ 7"
i) ocpg) = —g"

u(p) o u(p) =p. (2.26)
One can then find the explicit form of the projectors by plugging eq. (2.25) into
eq. (2.24) and solving for the ¢;;. Once the expression for the coefficients is known,

the form factors can be obtained by direct projection of the amplitude:

PioA=F. (2.27)

2.2 Colour Decomposition

Looking at the Feynman rules egs. (1.16) to (1.18), we immediately notice that
the colour structures never mix with the kinematics, a property which can be

expressed via the amplitude decomposition

Cl...Cn

G (pr ) = 2 CE AL L (b1 pn) =€ Ann, (P, Pa) (2.28)

where the C are tensors in colour space carrying all colour indices and the Al
are colour-independent partial amplitudes. In the second equality we introduced

the colour-vector notation [31-33]
(C)i=Cj, (A) = AT (2.29)

The colour decomposition of eq. (2.28) is not unique, however one way to determine
a sufficient set of tensors C; and the corresponding partial amplitudes is as follows.
We first rewrite all structure constants due to pure gluon vertices in terms of

generators of the fundamental representation via
[ = —2iTe{T*[T", T}, (2.30)

and then replace every pair of contracted generators via the Fiertz identity

; 1 . 1 .
(T (T*)" = 5 (6ih5k] - N5ij5kh> : (2.31)
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The only objects that can be left at this point are strings of generators, traces of

generators and Kronecker deltas of fundamental indices:
(T ... T%), T[T ...T%], &7. (2.32)

In particular, gluon amplitudes have no (anti-)fundamental indices and therefore
are entirely written in terms of traces of generators. Defining the shorthand
Tr7[1...n] = Tr[T%® ... T%m] for a permutation ¢ € S, they can be written

in the compact form

n t
aj...an 1) JeensO or- .
A)\l = E E Ag}jrl ) H Tr [Zj—l ce Z]’] (233)
t=11<i1<...<it=n 0 €Sy, (i1,..-,it) j=1
0k >0k+1
where 0, = i —ix_1, 7o = 1 and we defined the sub-set of permutations S,, (i1, . .., 1) =

Sn/In(iv, ... 1) with I,,(iq,...,7;) the sub-group of permutations defined by

t+1 t+1 ]
o € In<i1, Ce ,it) < H TI'U[Z‘]',l e Z]] = H Tl"ld[ij,1 e Z]] . (234)
j=1 j

Note that any term of eq. (2.33) containing at least one trace of a single generator
vanishes since Tr(7%) = 0 in SU(V.). To make eq. (2.33) more concrete let us
give an example. The amplitude for four-gluon scattering, at any loop order,

can be written as

A§1...a4 _ Z .A(I;\T [1234]+ Z All) [12]T1" [34]

o€S4(1) oeSa(1,1)
= A A Tr[1234] + A, \Tr[1243] + A%, 3 Tr[1324] (2.35)
+ AL Tr[1342] + AlD, \Tr[1423] + AL, 4 Tr[1432]
ARG AT 12]Te[34) + AT (18] Te(24] + AV \To(14] Tr(23].
When external quark and anti-quark states are involved eq. (2.33) has to be modified
in order to account for the external (anti-)fundamental indices and the colour tensors
appearing in the amplitude can in general be written as products of the objects like
those in eq. (2.32). This is best shown via examples, which can be found in chapter 3.
The coefficients A """ ") are usually referred to as colour-ordered partial ampli-
tudes and since they rnultiply a basis of colour-tensor space they are individually

gauge invariant. This makes them ideal building blocks for scattering amplitudes.
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Nevertheless not all partial amplitudes are independent: there exists a minimal
set of so-called primitive amplitudes which encode the full information about
the amplitude. In order to identify the primitive amplitudes one needs to first
understand the different types of relations which exist among partial amplitudes.

We briefly review them below.

Cyclic Invariance Because the full amplitude is invariant under permutations of
the external gluons (p;, \i) = (Po(i)s Ao(s)), the partial amplitudes enjoy the same
permutation symmetries of the colour tensors they multiply.

For example, the single-trace gluon partial amplitudes A§2 n,x re invariant under
cyclic permutations of all indices, while the double-trace gluon partial amplitudes
AY; T ;\” are invariant under cyclic permutations of both the first m and the last
n — m indices. In the case of amplitudes involving quarks we have for instance
that the ¢(p1)q(p2) — q(ps)q(ps) partial amplitude multiplying the colour structure
67267 is symmetric under the exchange (1,2) < (3,4).

11 73

Reflection The colour structure of amplitudes involving n gluons in the external
states is real valued. For pure Yang—Mills amplitudes this is a direct consequence of
the fact that the structure constants % are real and the statement holds diagram
by diagram. In QCD amplitudes the statement holds only after summing diagrams
over quark and anti-quark internal loops. Taking the complex conjugate in colour

space of the Lh.s. of eq. (2.28) and using
(Te[T* ... T])" = (—=1)"Tx[T ... T"] (2.36)
one finds the reflection identity

Alpomzome) — (_qyn g lymzem) (2.37)

)

where the permutation ¢" reflects the order of all indices in the corresponding

traces. Going back to the four-gluon example this implies

4 4 2,2)
A§2)34,>\ = A513)21,)\ ) «41234 A Ag143 Ao (238)
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whereas in a five-gluon amplitude we would find (see chapter 4)
5 5 3,2 3,2)
A§2)345,A - _Aé4)321,)\ ) -’4§2325,,\ A§2154 A (2'39)

and permutations thereof.

U(1) decoupling relations Pure U(N.) Yang-Mills partial amplitudes are
identical to SU(N.) ones. This is because one can split U(N,.) = U(1) x SU(N,),
which means U(NV,) Yang-Mills theory describes standard SU(N,) Yang-Mills plus
a free U(1) gauge boson®. In particular U(N,) scattering amplitudes involving at
least one photon in the external states vanish. This information can be used to
impose relations among different SU(N,) Yang-Mills partial amplitudes. These
relations can be obtained by setting one or more generators 7 to the identity matrix
in eq. (2.33) and by requiring that the coefficients of the different resulting colour
structures in the r.h.s. vanish independently. For instance at tree-level, where only

single traces are present, one can set all generators to the identity to find the relation
Ayt ALy AL(213n) e AR, =0 (2.40)

At one-loop, taking as an example eq. (2.35) where single and double traces are

present, we can set T and T“ to the identity to find the relation
2,2) 4 4 4 4
A§234 (Agz)szx At A1245 AT A1324 AT Ag3)42,>\ + A§4)23,>\ + -Ag4)32,)\) (2.41)

and similarly at five points we can set T = T% = | to get
N, A12345 =

5 5
- [(»Ag2)345,>\ + A§2)435 ATt A14235 At -’412453 At A14253 At -'414523 A) + (4 5)}
(2.42)

Note that whenever quarks enter the scattering process, both as external or internal
states, these identities fail since the U(1) photon stops being free and amplitudes
involving external photons do not vanish in general. In Yang-Mills but beyond
one loop, U(1) decoupling relations hold but involve partial amplitudes which

are outside of pure SU(N,).

3Sometimes referred to as photon.
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Over-completeness Pure Yang—Mills scattering amplitudes, whose Feynman
diagrams are entirely written in terms of adjoint generators f®°, span a subspace
of colour space, as explained in [34]. This implies that extra relations due to the
over-completness of the colour basis of eq. (2.28). The resulting identities are

sometimes referred to as generalised photon-decoupling identities.

The relations among partial amplitude we just described, together with CPT
invariance of S-matrix elements in QCD, allow us to identify a minimal set of
primitive amplitudes from which the full result can be obtained. Explicit examples

will be given in chapters 3 and 4.

2.3 Feynman Integrals

When analytically computing scattering amplitudes, independently of the method
followed, one eventually encounters Feynman integrals, i.e. integrals over the
unconstrained internal momenta. In our case, after helicity projection and colour
decomposition of scattering amplitudes, one is left with a list of scalar form factors
which contain all dependence on the loop integrals. The purpose of this section
is to set the notation for Feynman integrals and describe some of the techniques

involved in their computation.

2.3.1 Representations

We write an L-loop scalar Feynman integral in dimensional regularisation as,

L dde, (€ /\/(€ )
_ Le E I | Ly ¥V \*)
L;IN] = ek / o /@ ED”l- D (2.43)

where D, = ¢*> — m? + ic are the F propagator denominators of the correspond-
ing graph, A is a Lorentz-invariant numerator and we defined the L-loop in-

tegration measure

L gy,
/ DLy —y Levs(y2)Le / 11 [ (2.44)
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More precisely, with form factors in mind, we require N to be a polynomial in the
scalar products of loop and external momenta of uniform mass dimension. The
v, are positive integers accounting for doubled propagators and we defined the
vector ' = (vq,...,vg). The edge momenta g, are linear combinations of the loop
momenta ¢; and the external momenta with coefficients &1 or 0. The overall factor

el“8 is a conventional normalisation taylored to MS renormalisation.

A simple example is the one-loop massles box integral with no numerator, which

in the all-outgoing convention reads

P2 p3 (61)
1 = (l1—p1)?
B Y — 2.45
0 / DD, DsD, = ((i—p1—p2)? (2:45)
» P D4 = ({1 —p1—pa—p3)?

When working with Feynman diagrams, one finds loop integrals of the form in
eq. (2.43), but various other representations exist. Each representation may render
some properties of the integrals manifest while obscuring others, so it is usually
appropriate to change representation depending on the task at hand.

A very useful modification of the representation in eq. (2.43) is the propagator
denominator (PD) representation. Starting from the set of E denominators for a
Feynman integral, one can write the D; as linear combinations of scalar products
by explicitly writing the ¢, as linear combinations of external and loop momenta

and expanding the squares:

i=1,...,L i=1,...,L
]_17 7L .]:1) ,TL—l
o (2.46)
+ Z Jw’e,(z])pz bj —m,
i=1,..n—1
j=1rn—1

We can then invert eq. (2.46), solving as many scalar products ¢; - £; and ¢; - p;
in terms of propagator denominators. Plugging the result back into eq. (2.43)
allows us to “partial fraction” the integrand, cancelling powers of the D; between
numerator and denominator. However, usually, not all scalar products can be

expressed in terms of inverse propagators and the remaining scalar products which
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can not be expressed in terms of D, are called irreducible scalar products (ISPs).
In order to obtain a uniform notation for Feynman integrals, which is particularly
useful for their systematic characterisation, we can upgrade the set of original

denominators by adding extra spurious ones
{Dl,...,DE}—>{Dl,...,DE,DE_H,...,DE/} (247)

so that all scalar products can be expressed in terms of the larger set of denominators.
The total number E’ has to match the number of independent scalar products
involving at least one loop momentum, which at L loops and n points corresponds
to B' = L(L+1)/24 L(n —1). At one loop E' = E and no extra denominators
are needed, while at higher loops usually E > FE. For the box integral in
eq. (2.45) we find

1
E%ZDM gl'p1=§(772—7)1),

1 1
51']72:5(173—172—512), 51'1?3:5(174—1734—512)-

In the PD representation, integrals are simply determined by the list of propagator
denominators, which defines an integral family, and a vector of integers specifying the
power of each denominator, which can now be negative to account for numerators.

We can therefore define a new class of integrals as

f IR
\75:/@ EHDPE, pe €7, (2.48)
e=1 ~¢

where § labels the integral family, i.e. it defines the list of inverse propagators D..
Within an integral family f we call a sector s, the set of integrals which share the
same list of positive denominator powers. In the box example, the integrals jflffo,
TPt _y and J%°% , would all belong to the sector s = {1,1,1,0}. After one has
enlarged the set of denominators D, to obtain eq. (2.48), it is possible that the
denominator list of some sectors will not correspond to the propagators of any
Feynman integral. Since these do not naturally arise from Feynman diagrams we

will mostly focus our attention on sectors which can be associated to a Feynman

graph and we will refer to them as topologies.
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Another representation? which will be useful later in this thesis is the Feynman-
parameter representation, which we report for the integrals with unit numerators

eFED (v — Ld/2) oo [12, da, U(a)y~EFDE/2

. — 2\2L—v
1] = (1) HiE:e/F(Ve') o GL(1) Flay—Li

(2.49)

where the GL(1) denominator accounts for the projective invariance of the integration
over the Feynman parameters a, and we defined the total propagator power
v = Y.V. It is equivalent to the usual notation 6(1 — > .c4.) with A a
subset of {1,..., E}.

The quantities & and F are the Symanzik polynomials of the Feynman graph

and are defined as

Ule)= > T e, (2.50a)

TeT1 e¢T
E
Fla) == p(T)* [] e —U() > mie, (2.50b)
TeT: e¢T e=1

where 7, is the set of spanning n-forests of the graph, and p*(7T) is the total
momentum flowing across the 2-forest T € 75. Defining the quantities A and B as
E L L
ZaeDe = Z AWEZ . gj - 2Z€z : Bz + C, (251)
e=1 ij=1 i=1

one can compute the Symanzik polynomials via the equations

U = det A, (2.52a)
F=detA(-B"A"'B+C). (2.52D)

In general, scattering amplitudes depends on a multitude of different Feynman
integrals. These will appear with different sets of propagators (denominators
D;) as well as numerators N.

However it turns out that a large number of linear relations exist between Feyn-
man integrals. In practice this allows to identify a minimal set of linearly independent
master integrals and write all other integrals as linear combination of this basis.

The task of computing scalar form factors then splits in two:

4Among other representations are the Baikov representation, the Schwinger representation,
the Lee-Pomeransky representation and the Feynman-parameter representation. See [35] for a
pedagogical presentation.
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o finding all relations among Feynman integrals and solving them in terms of

master integrals,
« computing the (comparatively) small set of master integrals.

Let us start with the first.

2.3.2 Integration-by-parts Relations

In order to derive relations among Feynman integrals, we can exploit their translation
invariance, a defining property of dimensional regularisation as described in and
around eq. (1.22). We start by taking a generic integral [ d?z f(z) and performing

an infinitesimal shift of the integration variable

/ddm f(x /dd + av(x)) fx + av(z)), (2.53)

with @ < 1 and v(z) an z-dependent vector. We can then Taylor-expand the

integrand and the measure of integration in «a to obtain

/ddxf /dd< )+ f(e )dv”(w)+av“<x>df(”f)+0(a2)>’

dx# dz#
(2.54)
and requiring the equation to hold order-by-order in a we find
[t () £ =0 (2.55)
dz#

which is referred to as integration-by-parts (IBP) relation. In other words, the
divergence of a vector field in dimensional regularisation always yields zero, indepen-
dently of the convergence properties of the field at infinity, giving a generalisation
of Gauss’s theorem. Were we not working in dimensional regularisation, we should

worry about the presence of a boundary term at infinity which might spoil eq. (2.55).

Applying eq. (2.55) to the case of Feynman integrals we get

/@Leaiu [ w(0) DlN(&%E] —0 (2.56)
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where we can identify x with ¢;. We can then distribute the ¢; derivative (using

the notation du = ;%;) and obtain
(Opsv) N v“(?g;e./\/ vev!OpDe N

/@Lz

where all terms in the sum correspond to individual Feynman integrals (modulo

X | =Y @90

D?DEE +DTID]VEE

e

the irrelevant overall normalisation factor). Eq. (2.57) is therefore a linear relation
among Feynman integrals. Writing down all relations for the different choices of
v*, £; and N, one finds a system of linear equations.

Though in principle a simple operation, writing down and solving such systems
of IBPs turns out to be one of the main bottlenecks of state-of-the-art scattering
amplitude calculations, for which one might have to solve systems of millions

or even billions® of equations.

2.3.3 Other Integral Relations

In addition to IBPs it is possible to find extra relations among Feynman integrals.
Here we will review Lorentz invariance identities, loop-momentum shift identities

and sector relations.

Lorentz Invariance Identities

A scalar Feynman integral Z is invariant under a Lorentz transformation of the

external momenta: Z(p) = Z(Ap). The generator of such a transformation is

- 0 0
W =2 (pﬁlap,, - Pi”apg> : (2.58)

=1

and it annihilates any scalar Feynman integral
wt" T =0. (2.59)

In order to obtain scalar relations among integrals, one can contract eq. (2.59) with

any antisymmetric combination of external momenta:

(0D — pivf) ww IT=0. (2.60)

Sthough many of the equations produced by eq. (2.56) are actually linearly dependent.
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These are the Lorentz invariance (LI) relations. Counting all possible antisymmetric
combinations of n external momenta, of which only n — 1 are independent due
to momentum conservation, one finds (n — 1)(n — 2)/2 LI relations, irrespective
of the loop order. It should be noted that the Lorentz invariance identities of
eq. (2.60) are not independent from IBP relations, in the sense that they can be
written as linear combinations of IBPs. However, from a practical viewpoint, it
turns out that including LI relations in the system and solving them immediately

can simplify the task of IBP reduction.

Shift relations

Shift invariance is one of the defining axioms of dimensionally regularised Feyn-
man integrals, as discussed in section 1.4. Above we saw how invariance under
infinitesimal shifts can be used to derive IBP relations. Here we focus on finite
shifts, which can also provide useful identities among integrals. More precisely,

when a loop-momentum shift

is such that the set of propagators of a given sector is shifted to itself (possibly after
a permutation of the propagators), it can be used to find a relation among integrals
within that sector by explicitly performing the shift and requiring equivalence
of the integrals:

/@%DV{W“Z) /@LEM . (2.62)

By definitions, the denominators in the r.h.s. and Lh.s. of the equations above are
going to be identical, but the numerators might differ. This is known as a sector
symmetry. Whenever one is working with multiple sectors (within one or more
integral families) it is also possible to find loop-momentum shifts that map one sector

onto another. The corresponding integral identities are known as sector relations [36].



2. The Structure of Scattering Amplitudes 35

2.3.4 The Laporta Algorithm

It is well known that the choice of master integrals and the order in which the
relations are solved can have a great impact on the complexity of the expressions
appearing in intermediate stages of IBP reduction. This becomes more and more
relevant when the number of scales increases.

The Laporta algorithm [37] provides a choice of master integrals by defining
an ordering among integrals, and it can be defined in a process-independent way.
Loosely following the algorithm, one starts by defining an ordering among all
Feynman integrals by associating a weight to each integral. The highest weight
integral is eliminated from the system by solving one of the equations which
contains it and plugging the solution into all remaining IBPs. This procedure is
then repeated until no equations are left. The algorithm does not identify the list
of master integrals a priori: they are instead automatically determined as the set of
integrals which remain unconstrained after the algorithm terminates. It is worth
pointing out that it is not obvious that as the rank of the integrals considered
grows the Laporta algorithm should always terminate with the same set of master
integrals. Altough this turns out to be true, it would be interesting to investigate
which and many relations are crucial for this to happen.

The Laporta algorithm is simple to automate on a computer and it benefits
from a high degree of parallelisation, making it the most popular choice as the
backbone of IBP reduction codes. However it is generally understood that the
master integrals obtained via the Laporta algorithm do not usually yield compact
representations of scattering amplitudes and, after the system of equations has
been solved, a change of basis is normally performed.

The question of how to choose a “good” basis of master integrals is in most cases
an ill-posed one, since different bases might be suitable for different purposes. For
example in section 2.3.5 we will see that choosing a so-called canonical basis makes
the solution of Feynman integrals particularly simple. However, though better than
“randomly selected” Laporta bases, canonical bases are not necessarily the best

option when it comes to the representations of scattering amplitudes. Indeed, in some
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cases, more compact representations of scattering amplitudes can be achieved via

over-complete, process dependent bases. We will come back to this topic in chapter 5.

2.3.5 Differential Equations and Iterated Integrals

The integral relations we just discussed, together with an algorithm to express them
in terms of a set of master integrals, solve the first of the two points presented at

the end of section 2.3.1. We now turn to the second: computing the master integrals.

A large class of Feynman integrals, characterised by the property of linear
reducibility [38-40], can be integrated directly, for instance via the Feynman-
parameter representation (2.49). In this thesis we will focus on an alternative
approach: the method of differential equations [41]. Rather than focusing on
individual integrals and studying them on a case-by-case basis, this method leverages
IBP relations to find (coupled) linear differential equations satisfied by the whole
set of master integrals. Upon solving these equations one finds analytic expressions

for all integrals involved simultaneously®. Let us now review how the method works.

As mentioned before, after integration, scalar Feynman integrals must be
functions of the space-time dimensions and the external invariants only. For
concreteness we choose to parametrise the kinematics via the Mandelstam variables
of eq. (2.2). We label the set of all independent Mandelstam variables by § and the
individual ones by s;, where I corresponds to some set of external momenta
I = (ij... k).

Let us see then how differentiation with respect to s; acts on the space of master
integrals, which we denote by M;. When using parametric representations, the
dependence on the independent s; is explicit and one can simply differentiate the

integrand. For consistency, here we stick to the representation given in eq. (2.48) and

STn practice, since the system of equations is usually block triangular, it is convenient to solve
the system starting from lower-sector integrals and progressively increasing the propagator count.
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we need to understand how J;, acts on the integrand of loop-momentum Feynman

integrals. This can be done starting from the ansatz

n—1 8
O, = Clopp - —, 2.63
kgz:l hk Pn apk ( )

where we expressed the derivative with respect to s; in terms of derivatives with
respect to the independent external momenta. The coefficients C, are rational
functions of the Mandelstam invariants and need to be fixed. To do so we can use the

Lorentz invariance identities of eq. (2.60) together with the consistency conditions

{aSISJ = 5]]7 (2 64)

2 __ 2
aS]pj - mjaSI 9

for s; and s; independent Mandelstam variables and j all external particles. Once

the Cf, have been determined, using the PD representation (2.48) we find

n—1 a E) 1
O Mi= > O,{k/@w <ph.8pk> I1 | (2.65)

k,h=1 e=1
Working out the derivatives on the r.h.s. and expressing the resulting integrals as

a linear combinations of master integrals via IBPs, we find the relations
DMy, =G5 (€,8) My (2.66)
h

Moving to a more compact notation, we indicate the vector of master integrals with

M and by d the full differential with respect to the kinematic invariants
dg=> 0,,9ds;. (2.67)
I
Eq. (2.66) then implies
dM = A(¢,5) - M, (2.68)

with A a 1-form valued matrix. At this point we can define a particularly nice
set of master integrals, the canonical basis Mean [42-44], by requiring that they

satisfy the differential equation

AN = ¢ A () . Mo, (2.60)
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where the e-dependence has factorised in front. We also require the matrix A"

to be in dlog-form:

A“M(S) =) Apdlog ay(3), (2.70)

where the A, are matrices of rational numbers and oy, are functions of the invariants,
known as letters. The full set of letters is usually called alphabet.

It is not at all guaranteed that such a basis exists for any given integral family,
but in every case treated in this thesis it is possible to find one. The problem of
determining canonical bases of master integrals is currently an active area of research.

Once a canonical basis has been found, one can write the analytic solution for the

master integrals as a Laurent series in € by expanding the formal solution of eq. (2.69):

M (3) = Pexp < /7

Here ~(S, 5) stands for a continuous path connecting 5y to § and P enforces path-

—

- )eA(§)> ME™(5y) . (2.71)
$,80

ordering of the matrices along (5, ). The boundary value M (,) can usually
be determined by a combination of regularity conditions in certain kinematic
limits and direct evaluation.

The functions arising from eq. (2.71) can in general be written as

9" (5) = dlog(ag, (Su)) -+ | dlog(an(5) [ dlog(a)
(82,51

¥(5,8w-1) 7(51,50)

(2.72)
where (5;, 5;) are ordered “segments” of the path (5,35)) defined in eq. (2.71).
The choice of path v determines the set of functions and can significantly impact
the simplicity of final representation of the integrals. Above, we used w to indicate
the length of the vector f, which in turn determines the list of letters entering the
definition above. The integer w counts the number of iterated integrations and
is referred to as transcendental weight. The glgw) belong to a class of functions
commonly called Chen iterated integrals [45]. A canonical master integral m
can always’ be written as

m(s) =Y e > S (s, (2.73)
w'=0 feNw’

w=0

"provided that we chose an overall normalisation so that the integral starts at O(e).
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where we defined glgo) = 1. Above, the tl(}”) are constants which are given by the
value of canonical integral at some reference point 5y, used as a boundary condition
for eq. (2.69). They are also associated a transcendental weight w and by convention

€ is assigned transcendental weight —1, so that the integrals of the form in eq. (2.73)

have overall transcendental weight w = 0.

Multiple Polylogarithms In addition to the general discussion above, here we
also define the special class of iterated integrals referred to as multiple polylogarithms

(MPLs) [46, 47):

z dx!
Gl(x):/o o for 1 #0,
@ dr n .
Gy iyt () = /0 e Gl,,..1,(2") if at least one [; # 0, (2.74)
1 n
Go,... o) = —log"(z)

MPLs turn out to cover the functional space needed for the representation of a large
number of scattering amplitudes. Their recursive definition simplifies the study of

their analytic structure as well as their analytic continuation across branch-cuts.

2.3.6 Divergences of Feynman Integrals

In previous sections we have established a method to express Feynman integrals as a
Laurent expansion in e. In practice one observes that the vast majority of integrals
which appear in scattering amplitudes have poles in the dimensional regulator and
therefore are divergent as one takes the limit ¢ — 0. So far we have not been too
concerned with the origin of such divergences, but understanding them at the level of
Feynman integrals and eventually for whole scattering amplitudes can teach us a lot
about the structure of gauge theories. In this section we focus on the singularities of
Feynman integrals as standalone mathematical objects. In the section 2.4 we describe

how they come together and can be accounted for within full scattering amplitudes.
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b Uy

Figure 2.3: A simple two-loop two-point integral.

UV Divergences and Weinberg’s Theorem

UV divergences arise in Feynman integrals due to regions where loop momenta
become large. Let us make this more precise. We define a sub-integration by
identifying a sub-graph and integrating over loop-momentum configurations which
keep all its propagators fixed. For any given sub-integration, we can always perform
a linear transformation of the loop-momentum variables so that the new loop
momenta correspond to integration over a subset S of the loop momenta ¢; holding
the remaining ones fixed. Rescaling the unfixed loop momenta in S as ¢# — p ¢*
with p > 1, we find that the product of integrand and measure scales as p“, where
w defines the superficial degree of divergence of the sub-integration. In particular,
the superficial degree of divergence of the whole integral is defined choosing S
as the whole set of loop momenta.

Weinberg’s power-counting theorem® states that a Feynman integral is UV-
finite if the integral as well as all its sub-integrations have negative superficial
degree of divergence.

For instance, for the kite integral of fig. 2.3, we can list all distinct linear
combinations cgv)& of loop momenta entering the denominators for a fixed loop-
momentum routing: {f1, s, 1 + f3}. Next, to identify all allowed sub-integrations,
we build all possible subsets of these linear combinations {cl(-v)fi € V}, and fix

each element in the subset to a different constant,
{ti=di, lo=do}, {li=dy, lh+Lla=do}, {lo=dy, l,+ 1l =ds},
{glzd}, {ggzd}, {€1+€2:d}

(2.75)

8The convergence criterion known today as Weinberg’s theorem was introduced by Dyson [48]
and proven rigorously by Weinberg [49] in the case of Euclidean metric. A simpler proof and
an extension to the Minkowski case was presented by Hahn and Zimmermann [50, 51], while
Nakanishi gave a proof based on the parametric representation [52, 53].
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Figure 2.4: Graphical depiction of sub-integrations for the integral in fig. 2.3. The active
sub-integrations are indicated by dashed lines, while the momenta corresponding to solid
lines are kept fixed.

Finally, for each subset, we solve the corresponding system of equations for the loop
momenta and retain only subsets which leave at least one ¢; unconstrained.

The subsets in the top row leave no loop momentum unconstrained and can
therefore be ignored. Conversely, each of the subsets in the bottom row leaves
one degree of freedom unfixed and therefore corresponds to a sub-integration.
Graphically, these three subsets can be associated to the diagrams shown in fig. 2.4.
Performing the power counting relative to the various (sub-)integrations we find
that the integral is UV finite. However, one can check that if one were to add
a scalar numerator of the type discussed in section 2.3, its most general form

compatible with UV-finiteness would be
N=a+bli-p+cly p, (2.76)

where a, b and ¢ do not depend on the loop momenta. Higher-degree polynomials in
the loop momenta would immediately result in sub-divergences due to the triangle

sub-integrations (left and middle of fig. 2.4).

IR Divergences and Landau Equations

IR divergences are instead associated to finite configurations of the loop momenta,
in which a subset of the propagators vanish. In general, the domain of integration
of a Feynman integral contains IR-divergent surfaces of various dimensions. These
correspond to solutions of the Landau equations [54-56] (see also ref. [57] for an
up-to-date literature review). In presenting the Landau equations, it is convenient
to rewrite the integral of eq. (2.43) in the mixed representation:

HeE:1 dOée N(ﬁz)
GL(l) [O[1D1 —+ -+ OéEDE]E ’

IIN(6)] = T(E) / DLy /O - (2.77)
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All non-UV singularities of the integral correspond to configurations of the in-

tegration variables which satisfy,

E
Vi=1,...,L: Zaeil)@:(), (2.78a)
= oL

Ve=1,...,E: a.D.=0. (2.78Db)

These are the Landau equations, which are necessary but not sufficient conditions
for the appearance of singularities. They should be viewed as a system of equations
for the loop momenta and the kinematic invariants for some values of a, > 0 where
at least one q, is strictly positive. Solutions to the Landau equations are called
Landau singularities. Landau singularities which are present independently of the
values of the external kinematic invariants correspond to potential IR divergences,
which manifest themselves as poles in the dimensional regulator €. In order to
determine whether a Feynman integral actually develops an IR divergence due
to a Landau singularity one can often resort to power-counting arguments. This
will be discussed more in detail in section 5.3.2. Let us for now focus on the
solution of the Landau equations.

The set of equations (2.78a) are linear in the loop momenta, while (2.78b)
are quadratic. We proceed by first solving the linear system (2.78a) for the loop
momenta, expressing them in terms of the external momenta and the o parameters.
We then substitute the solution into the remaining equations (2.78b), and obtain
a system of polynomial equations for the o parameters. In many cases the latter
system can be solved easily, as we will see below.

An immediate consequence of egs. (2.51) and (2.52a) is that the linear sys-
tem (2.78a) is non-degenerate if and only if & # 0. Let us consider this non-
degenerate case first. As the square matrix A is of full rank, the linear system (2.78a)

admits a unlque SOlutiOH,

(A parametrisation-independent form of the solution in terms of the graph spanning

trees can be found in ref. [57]). We now substitute this solution into the quadratic
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equations (2.78b), which become simply

0
=1,...,E: a—F=0. 9.
Ve=1,..., Qg F =0 (2.80)

These equations are also sometimes referred to as “the Landau equations”; they
describe singularities of the integrand in the Feynman-parameter representation®
when U # 0.1°

To solve eq. (2.80), observe that, due to Euler’s homogeneous function theorem,
eq. (2.80) implies F = 0. In many cases, F can be brought into a subtraction-free
form, meaning that each monomial in F has the same sign in a certain region of
the kinematic space (equivalently, there exists a Euclidean region'! of the integral).
In particular, this holds for planar Feynman graphs. In these cases the k(T)?
in eq. (2.50b) are Mandelstam invariants of consecutive external momenta (with
respect to the planar ordering), which can be made negative simultaneously.

For a, > 0, a subtraction-free polynomial F can only vanish if each monomial
in F vanishes independently, which in turn implies eq. (2.80). Therefore, for a
subtraction-free F, solving eq. (2.80) is equivalent to setting all monomials in F

to zero independently. The solutions have the form,
e, =0, ..., a,, =0, (2.81)

where ey, ..., e, is a proper subset of edge labels {1,..., E'}.

When F does not admit a subtraction-free form, we must solve eq. (2.80)
explicitly. It is believed that the general form of the solution in such cases is
nonetheless also given by eq. (2.81). That is, IR divergences cannot arise due
to cancellation between terms in F.

One possible strategy to prove this for a given diagram is as follows. Instead

of summing eq. (2.80) to get F = 0, which is not subtraction-free, consider the

9The “third representation” of ref. [58].

10A version of eq. (2.80) which captures also the singularities with & = 0 is obtained by
replacing F with the world-line action F/U [53].

HThe same term is sometimes used to refer to a region where all Mandelstam variables are
positive. This is not possible in general for non planar Feynman integrals when all external states
are massless.
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most general linear combination of eq. (2.80):
E 0
e —F =0. 2.82
;w a o (2.82)

The left-hand side of eq. (2.82) contains the same monomials as F, but the coefficients
of these monomials are now linear functions of w.. Demanding that all coefficients are
non-zero and have the same sign in some region of the kinematic space, one obtains
a system of linear inequalities on w,. If one can find a solution of this system (e.g.
using numerical linear optimisation routines), then solving eq. (2.80) is equivalent
to setting each monomial in F to zero independently as in the subtraction-free case,
therefore no cancellations can occur. We illustrate this procedure in section 5.4.3
when we discuss the massless non-planar double box integral.

Having solved the parameter-space Landau equations (2.80), it remains to
check that the solution is consistent with the condition ¢ # 0, and compute the
corresponding loop momenta using eq. (2.79).

We turn next to the degenerate case, Y = 0. As we can see from eq. (2.50a), U
is always subtraction-free, so this condition implies that a subset of a, vanishes, and
all such subsets are identified by setting all monomials in ¢ to zero. Each solution
of U = 0 corresponds to the situation where a sub-diagram v of the original graph G
(formed by the edges for which a, = 0) does not contribute to the Landau equations;
effectively, they turn into analogous equations for the reduced diagram G/~ obtained
by contracting the sub-diagram v to a point. This means that solutions of the
Landau equations in the degenerate case can be found by recursively solving the
non-degenerate equations for the reduced diagrams.

A convenient way to implement this in a computer code is by using the following
factorisation formulae for the Symanzik polynomials (for example, see ref. [59,

Proposition 4.1] and references therein):

UG a3y = MU Uy + O (N1 (2.83a)

Falaysra, = AUy Fapy + O (A1), (2.83b)
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where A < 1 and ay — Ao, means that a. are replaced by Aa. for all edges in
7, while L, is the number of loops in the sub-diagram . Equation (2.83a) also
shows that U vanishes only when 7 contains at least one loop, so the degenerate
case U = 0 actually corresponds to IR sub-divergences with one or more loop

momenta unconstrained.

2.4 Divergences of Scattering Amplitudes

In section 2.3 we reviewed how Feynman integrals develop singularities for generic
values of the external kinematics. The same divergences are inherited by scattering
amplitudes, where they combine to reproduce factorised and universal structures.
UV divergences are entirely reproduced by a redefinition of the quantities in the
lagrangian and are cancelled when renormalising the theory, while IR divergences
can be re-summed into exponentials which only depend on the charge and momenta
of the external states.

Because both UV and IR divergences do not mix amplitudes for different
helicity configurations or particle types, in the following we will simply refer to the

spinor-stripped helicity amplitudes of eq. (2.23) via the symbol H.

2.4.1 Renormalisation of UV Divergences

In chapter 1 we claimed that performing calculations with the renormalised la-
grangian yields UV-finite results. Let us then see how one can obtain a renormalised
amplitude starting from a bare amplitude in the case of massless QCD.

Making reference to egs. (1.31), (1.36) and (2.1), suppose we want to compute
a renormalised scattering amplitude 7. Applying the LSZ reduction formula

in the massless case we find

p2—0 \/Zi

where the one-particle pole residues Z; are computed using the renormalised

T (1, pn) = 11m< /dd ePiti i_(D )AB)GBl“'B" [@(x)] . (2.84)

lagrangian and we used the shorthand

GPPr @) = (Q T {@P (21) ... @F (2a) } | Q) . (2.85)
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Now, because of the structure of the renormalised lagrangian (1.20), we can swap
the renormalised Green’s function G for the bare one GG dividing by the appropriate

field renormalisation factors:

QP (@ (H \/_> GEP [@(2)] () - (2.86)

Crucially, in dimensional regularisation massless on-shell bare perturbative two-
point correlation functions vanish except at tree-level. This is because all Feynman
integrals appearing in its loop corrections are scaleless. We can use this to write

Z'AAB

p? +ie = /ddx T G P [B(@)] () =

2.87
iZiZiA?B (p) ( )

d,. Jipx (B1B2 ~
Zi/dxep GP ()] (o) = S

were we recall that A8 (p) is the kinetic operator of the free theory. At this point
we can plug eqgs. (2.86) and (2.87) into eq. (2.84) to obtain

& (00) a5

p~>0 1

T(p1,...,pn) = lim (H/dd% ip;-;

)GBl Bold(x) . (2.88)

Let us briefly review what we obtained: the renormalised scattering amplitude in
QCD (as well as other massless renormalisable gauge theories) can be obtained by
applying the LSZ formula to bare Green’s functions and then simply renormalising
the coupling, no wave-function renormalisation needed! This is due to the fact
that the bare residues Z;( are exactly equal to unity in perturbation theory due to
an exact cancellation of UV and IR divergences (as well as of the finite parts) of
the two point function. For the same reason, all non-amputated Green’s functions
are identically zero and we can directly restrict our calculation to amputated

Feynman diagrams.

Applying this to eq. (2.1), reorganising the expansion of the full amplitude

in powers of /47, and collecting an overall power of the renormalised coupling,
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allows us to define the UV-renormalied spinor-stripped helicity amplitudes

n—2@
2 €
R® 0 _ ") (71(7”’1—2)53 _ Hﬁl) HO

() ’

2 € 8 €2 4 €
RO _ g _"H200g0) (Mﬁg _ "51> HO

(2.89)

2 € 8 e 4de
nn?—4) 8  GBnt+2)(n—2)58 n-20)\_ «
* <_ 8 & 24 2 6 )t

where we used the colour-vector notation introduced in egs. (2.28) and (2.29).

0

The renormalised amplitudes R are thus free of UV divergences and all poles

in € can be attributed to IR divergences.

2.4.2 Factorisation of IR Divergences

In sections 1.4 and 2.4.1 we saw that UV divergences are fully accounted for by
renormalisation of the fields and the strong coupling. Though the first result
describing the universal structure of QCD infrared singularities was presented
by Catani in ref. [33], we will now see that IR can also be treated within the
language of renormalisation.

The concepts reviewed below were first presented in refs. [60-63] and rely on
the one-to-one correspondence of the IR divergences of gauge-theory amplitudes
with the UV divergences of the effective field theory (EFT) describing the soft
and collinear degrees of freedom. A concrete realisation of such an EFT is soft-
collinear effective-theory (SCET) [64-67]. In ref. [60, 61] it has been shown that IR
singularities of QCD exactly match the UV poles of S-matrix elements in SCET.

As a result, QCD scattering amplitudes can be written in terms of a multiplicative

colour-space operator Z as

R(e, {p} 1) = Z(e,{p}, pr, 1) F(e,{p}, ti1r, 1), (2.90)
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HIR QcCD Auv
E 2 I >

—
EFT

Figure 2.5: Schematic representation of the correspondence between the IR divergences
of QCD and the UV divergences of the corresponding low-energy EFT. The cut-off scale
urr acts both as an IR regulator of QCD and a UV regulator of the EFT. Matching
of the two theories requires that observables should agree when the typical energies are
approximately prg. Therefore the existence of and EFT for the soft/collinear degrees of
freedom of QCD implies the renormalisability of its IR divergences.

where {p} stands for the list of external momenta, u is the UV renormalisation

scale and F is an IR finite hard amplitude which can be expanded perturbatively as

Q L
F=Y () FO. (2.91)
oo \4m

Above, urg is the IR factorisation scale, defined to separate the high-energy/large-
angle degrees of freedom from the soft/collinear ones. Because the UV renormalised
amplitude R does not depend on our choice of ji;g, one can write the renormalisation
group equation

4
dlog prr

d

F=—|Z2"t ——
[ dlog prr

Z] F. (2.92)
This in turn defines the soft/collinear anomalous dimension

L(e, {p}, pir, ) = [3_1(6, {r}, g, 1) Z(e, {p},um,u)] , o (2.93)

dlog prr

which governs the evolution in urg of the hard function F. Fixing p;r = p one
can formally solve eq. (2.93) to find
/ o0
2 0 =Pew |- ["Ur@a0| =3 () 2. o
with P the path-ordering symbol, i.e. colour operators are ordered from left to
right with decreasing values of p/. The soft-collinear anomalous dimension T’
receives perturbative corrections (see [68] for a recent review on the topic). In

particular, up to three loops, following the notation of [69] where I" was first
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computed to this perturbative order, the anomalous dimension operator for n

coloured external particles is written as

L({p}, 1) = Tapore({P}, 1) + As({p}) , (2.95)

where dipole and quadrupole contributions appear. The dipole IR anomalous
dimension I'gipole is a sum of terms, each depending on the momenta of a pair of
external particles, and collects all pair-wise colour correlations of the external states
as well a colour-diagonal collinear contribution. Explicitly, it takes the standard form
2 n
Capae ()i = 0 T2 T35 tog (7o) 4+ 3 00, 290
1<i<j<n —Sij — 10 i—1
with T¢ the SU(NV,) generators in the representation of the i-th external particle
which act on the amplitude by contraction with the colour index the ¢-th parton.
The quantity 7% is the QCD cusp anomalous dimension [70-76] and =99 are
the quark and gluon collinear anomalous dimensions [68, 77—-79]. They are given
explicitly in appendix A.1 up to the third perturbative order.
When performing the integral in eq. (2.94), and only considering corrections
up to three loops, the path-ordering operator can be ignored since I' does not

depend on the scale p and therefore

[C({p}, 1), T({p}, p2)] = 0. (2.97)

Furthermore it is also useful to define the expansions

r 00 r o n+1 00 F/ o n+1 508
dipole_nzz0 n (4/”) ) - Z n (47T> . ( . )

n=0
The operator A, appears instead for the first time at three loops and contains

F/ _ a:[‘clipole
dlog

colour correlations among up to four external legs. It can be expanded in oy as

Adteh) = Ao = 3 () AP (2.99)

The leading order contribution A ({p}) was computed in ref. [69] and more details

on its structure will be given in chapter 3.
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Figure 2.6: Sample Feynman diagram contributing to the dipole IR anomalous dimension
I'gipole. Dipole soft divergences arise from the region of loop-momentum space where
all components of the red gluon are small compared to the other scale in the process.
Collinear divergences arise when the momentum associated with the red gluon becomes
proportional to the momentum of one the external emitting gluons.

Figure 2.7: Sample Feynman diagrams contributing to the three-loop quadrupole

correction Af)({p}) in four-point gluon scattering. Quadrupole divergences arise from
the region of loop-momentum space where all components of the red gluons are much
smaller than the other scales in the amplitude. The central dot represents any possible

tree-level sub-diagram.

In terms of the quantities defined above, one can write the perturbative

coefficients of the IR operator Z as

ry, T
2 = 4622 22
2z~ :geﬁgr;( 50) 50— 2+ 55+ 2L
e e T e ) ()
4I8‘03( 0 — 260)(To — 45) + 11;23 ( 1 - 51) 31;3 (Fo - 29050>

(2.100)

Plugging these into eq. (2.90) and solving for the perturbative coefficients of
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the hard function we find

FO =RO
FO=RO _7, RO
(2.101)
FAO=RO_7,RO 7, RM |
FO RO _Z, RO _7,RY 7, R®
where the IR subtraction operators read
Il - Zl )
I, =2, Z}, (2.102)

Ty= 23— 2ZZ,+ Z}+ AP
This concludes the discussion on the structure of IR divergences of QCD scattering
amplitudes up to three loops.
At higher loops the soft-collinear anomalous dimension I' is expected to receive
corrections which involve colour correlations of more than four external states. At
four loops, their structure was constrained for instance in the Regge limit [80], but

exact calculations have yet to be performed beyond the three-loop order.
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3.1 Introduction

In this chapter we focus on the computation of all three-loop scattering amplitudes

of four particles in QCD. Crossing symmetry, charge and parity conjugation allow

Loops ‘ ‘ 1 ‘ 2 ‘ 3
0 — qgQQ 9 | 158 | 3584

0

1
0—4qqgg | 3 | 30 | 595 | 14971
0—gggg | 4 | 81 | 1771 | 48723

Table 3.1: Number of amputated QCD Feynman diagrams contributing to the processes
in eq. (3.1) at different loop orders.

52
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us to reproduce all possible channels starting from the set of processes
0= q(p1) + q(p2) + Q(ps) + Q(pa),
0 = q(p1) + 4(p2) + 9(ps) + 9(pa); (3.1)

0 — g(p1) + 9(p2) + 9(p3) + g(pa),

where ¢ and @ stand for two different flavours of quark. All external momenta

are taken to be outgoing and massless:
P+ ph +ps+pi =0, pi=0. (3-2)

Because we work in the tHV scheme they can also taken to be strictly four-
dimensional. The scattering processes above can then be parametrised in terms

of the usual set of Mandelstam invariants

s12=(p1 +p2)2, s13=(p1 +P3)27 Sag3=(p2 +p3)27 (3.3)

which satisfy the relation s13=—s12—$23. The physical scattering process 1 + 2 —
3 + 4 can be obtained by changing sign to the momenta of incoming particles:

pi12 — —pi12 and by imposing
S19 > 0, s13 < 0, 893 < O, (34)

which corresponds to the s-channel region of fig. 3.1.

3.2 Colour and Helicity Decomposition

For any of the processes in eq. (3.1)

X = {qqQQ , 4499, 9999} , (3.5)

we write the scattering amplitude as
.AX = 477043,0 AX : CX s (36)

where oy is the bare strong coupling, Al are colour-ordered partial amplitudes.
The bold quantities Ax and C¥ are the colour vectors defined by eq. (2.29). The

colour tensors for 0 — ¢gQQ read

CngQ — 5?’46?2 Cg‘?@@ — 5?25?4 (37)

11 713 11 713 )
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A S13

t—-channel

S12

S23

s—channel

Figure 3.1: Mandelstam plane describing the physical scattering regions, commonly
known as s, t and u channels. White regions are unphysical, in the sense that they do
not correspond to any choice of real four-momenta.

for 0 — qqgg they are

Ciﬁgg — (TagTa4)Z:2 Céﬁgg — (Ta4Ta3>Z:2 nggg — Tr[TasTM] 52? , (38)

71 7 11 )

and the ones for 0 — gggg are defined as
C{9%9 = Te[TT2T*T™)| 4+ Te[TTT*T4],
CH999 = Te[T"T?T*T*%) + Te[T" T T*T*],
C§999 = Te[T"TTT*) + Te[T" T T*T%],
C{999 = Te[T“ T2 T[T T™],
C2999 = T[T T | Te[T**T™],
C399% = T[T T Tx[T**T*].
In order to compute the partial amplitudes for definite helicity configurations we can

use the tensor projection method in the tHV scheme in conjunction with the spinor

helicity formalism. Following the steps described in section 2.1.2, we decompose
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the partial amplitudes on a tensor basis as

Ax =Y LT, (3.10)

j=1

where the Lorentz tensors T can be chosen as (see ref. [29])

TE199 = ia(py) 7o u(pr) @(ps) v u(ps) |

T§99 = (pa) p, u(pr) @(ps) p, u(ps) (3:11)
for quark scattering,
79999 — u(pa)fsu(pr) €4 - P2, T§199 = u(p2)fau(pr) €3 - p1,
qutfgg — a<p2)p3u(pl) €3+ pl €4 - p2 , qugg — ﬂ(p2)ﬂ3u(p1> €3 €4, (312)

for quark-gluon scattering and

Tlgggg = €1°P3 €2°P1 €3°P1 €4°P2 ,
T9999 = €1-p3 e3Py €3-€4, T9799 = €1-p3 €3-p1 €3-€4,
T{999 = €, -pg €4-pa €3-€3, 19999 = €3y €3-p1 €1-€4,
T$999 = €3-p1 €4-p2 €163, TE999 = €531 €42 €169,

nggg = €1°€9 €3°€4 + €1°€4 €9-€3 + €1°€3 €2°€4 , (313)

for gluon scattering.
In order to obtain the above set of tensors, the reference vectors ¢; of the

external gluons have been fixed as follows:

= = for gggg — 0
{Q3 P4, G4 = D3 or 4499 ’ (3.14)

Q1= D2, 42 =DP3, 43 = P4, Q4 = D1 for gg99 — 0.
The form factors can then be obtained via tensor-projection of the amplitudes as

described in section 2.1.2. In particular, we define process-dependent projectors

PX = > cf;(Tth)T , with P~ o TjX = 0y (3.15)

K]
j=1
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where the product o was defined in eq. (2.26) and the coefficient matrices ch{ are given
by
quQQ _ 1 i8%35§3 . 813823(813 1— 523)
(d — 3)5355%5535 \ S13523(513 — S23) 5(515 + 535) + 3(d —4)si, )~
s3s3; 0 —$13533 0
1999 — 1 0 ) 5%3353 ) 3133%3 0
2(d — 3)8%28“}3823 —S13S93 S13523 (d823 — 4512813) (812 — 813)512813
0 0 (S12 — S13)512513 519573
$2,52, s
9999 — ~12°23 [13651999 +(d— 4)09999}
513 3 ¢ ’
(3.16)
where we defined the symmetric matrices
8Q X  Zin X X —Zy —-X —m¥
X 10 RQ -1 1 —R1 —1 —S13
Ziz Ry Wi —Ry; Ry —RiRy; —Ry; —Rasis
-X -1 -R 10 -1 R 1 S
9999 _ 2 1 13
A7 X 1 Ry -1 10 —R -1 —sy |’ (8:17)
—Zo3 —R1 —R1Ry Ry —R; Wy Ri Risis
—-X -1 _R2 1 —1 Rl 10 S13
—% —s13 —Ras13 13 —s13 Risi13 s13 8%3
Psd, 1 Bk B2k g
23 12
1 s3 0 0 O 0 00
Ride g g2 g 0 0 00
23 23
nggg — —1 0 0 S13 0 0 00 (318)
1 0 0 0 s3 0 00
Ros? $1382
——== 0 0 0 0 == 00
51a S12
-1 0 0 0 0 0 s130
0 0O 0 0 0 0 00
and used the shorthands
12s2.
= 2515 + 3 (s1y + 535575 + 533) p— d— o +6 4
512513533 ’ 513 512533
Ty = 4 (357, + s13512 — 513) Ty = 4 (573 — 523573 — 3s35)
512513553 ’ 519513523 ’
WlQ — 2 (48%22_‘_ 8%3) _|_ 27 W23 — 2 (3%2 + 82%3 _|_ 48%3)’ (319)
S53 S12
2 12 4 6
X — 513 T 513 T
S12523  S13 812823  S13
Ri="242 R="249

512 523
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With this we can determine the scalar form factors as Fg = PjX o Ax. In
order to build helicity amplitudes we can now proceed as described in section 2.1.2,
evaluating the tensors T;X for specific helicity configurations by plugging in egs. (3.2),
(3.2) and (3.2) the explicit form of the polarisation vectors in the spinor helicity
formalism (see egs. (2.10) and (2.19)).

There are two parity-independent helicity configurations for the quark process,
four for the mixed process and eight for the gluon one. Denoting by A =
(A1, A2, A3, Ag) the list of signs of the helicities of the four incoming external

states, they are
Ao €{(=+ —+), (= ++ )}

Aqt?gg E{(_>+7_7_)7 (_v+>_a+)v (_7+a+7_)> (_7+7+7+)}a
(3.20)
Agggg €{<+7+’+’+)7 (_7+’+7+)7 (+7_7+7+)7 (+7+7_)+)a

(+,+,+,-), (+,+,—,—), (+,—+,—), (+,—,—, +)}.

The corresponding spinor factors, defined as in eq. (2.23), can be chosen as

. 0o | _ | [13] [14]
{3+QQ S+9£2+} — {[24] ) [23]} 9
2(34)2  2[24)(13) 2[23](41)  2[34] }

{999, s0709 5009 5109} = {[13](23>’ [23](24) " [24](32) " [31](23)

9999 9999 9999 9999 9999 9999 9999 9999 | _
I s A MR AT i B e SO M Ll S (3.21)

{[12][34] [34][23](24]  [34][13][14]  [14][21][24]
(12)(34)” [12][14](24) " [21][24] (14) " [32][34] (24)

[13][23][12] [12](34) [13](24) [14](23)}
(42)[14](12)" {12)[34]" (13)[24]" (14)[23] |

This allows us to write an explicit expression for the helicity amplitudes

Axly = (Z Rg)',(/\ .’F&) Sx = Hx sx, (3.22)
J

and define the spinor-stripped partial amplitudes H x .

The formal colour and helicity decomposition of amplitudes holds at all orders
in perturbation theory, however in order to explicitly compute the Hx x we need
to perform a perturbative expansion in the coupling as:

(&

y4
Hyrn=Y (M) Y, . (3.23)

=0
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At each loop order ¢ we can compute ’HSQA starting from the sum of ¢-loop Feynman
diagrams contributing to the process.

In section 2.2 we saw that only a subset of partial (helicity) amplitudes need
to be computed directly and the remaining ones can be obtained via symmetry
relations. Part of this information was already used in eq. (3.20), where only
parity-independent helicity configurations were listed. For 0 — ¢gQQ no further
relations exist between the partial amplitudes, so the colour structures and helicity
configurations corresponding to primitive amplitudes are

for A:{(+’_’+’_) . (3.24)

7_[[1 ,(6) 7'[[2]
<+7 BEREE) +)

aaQQN "1 qaQQ A

For the processes involving gluons we can instead exploit Bose symmetry to restrict
the set of independent amplitudes. Starting from 0 — ¢ggg, the partial amplitudes

associated to CI% can be obtained from those of C!%%Y by exchanging particles 3

qugg

and 4 (the two gluons), and the partial amplitudes of are symmetric under

the same exchange. As a result a set of primitive amplitudes can be chosen as

<_7+ )

and HPO for A={ (-, +, — ,+)
+,+,+)

(

Y

N
_|_

\_/\!/\_/\_/

(—,+

(_7+
qugg)\ for A= (= + aqgg,X

( + (_7 a+7+

3.25)

Moving to four-gluon scattering, we find that the symmetry of the amplitude
under the exchange of any two gluons implies that at all loop orders a set of

primitive amplitudes! can be chosen as

H[4] for A=

9999,A

Y (3.26)

gggg A’

Though this information would in principle allow one to avoid the computation of

all other partial amplitudes, in refs. [81-83] the full list of colour factors of egs. (3.7)

Lat one loop the set is even smaller due to photon-decoupling identities.
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to (3.9) and helicity configurations of eq. (3.20) was computed up to three loops.
The relations among partial amplitudes then served as a strong check of our results.

As a final remark, we point out that once the loop order has been fixed one
can further decompose the partial amplitudes in powers of N, and n¢, as described

in section 2.2. In particular we can define the expansion?

|(e—H)/2| ¢
il, - ny [i],(€)
HIO = NS (N> MO (3.27)
where the helicity (A) and process (X) dependence has been dropped for readability

and H determines the leading power of N,.. Specifically, for the primitive amplitudes
defined above, we find

H=0 for HY© 34U #H

—QQ A7 qqgg )\’ 9999 )‘ ’ (3 28)
J— [ [3 |
H=1 for H 7QQ 2\ quqgg, Hgggg A

Because the partial amplitudes H?(¥) are gauge invariant and a gauge transformation
cannot mix powers of N, and n¢, the coefficients H%]}y) are also independently gauge
invariant, offering a further opportunity for the decomposition of these amplitudes
into smaller building blocks. Equation (3.27) allows us to directly extract pure Yang—
Mills amplitudes® by retaining only terms for which & = 0, or equivalently setting
ny = 0. Furthermore, the planar-limit of these amplitudes, which corresponds to
taking the limits N, — oo and n;y — oo while keeping the quantities a,/N, and

ns /N, fixed, is equivalent to only retaining terms for which which H = 0 and h = 0.

3.3 Loop Integrals

All Feynman integrals appearing at one loop belong to the box family of fig. 3.2
and to the ones obtained from it by crossing the external legs. At two loops three
topologies appear: double box, non-planar double box and beetle (see fig. 3.3).
However, the beetle, in fig. 3.3(c), is entirely reducible in terms of sub-sectors of

the double-box. At three loops nine irreducible integral topologies appear. Using

2We recall that [i] indicates the colour-vector component as defined in eq. (2.29).

3The four-gluon amplitude at n ¢ = 0 would then correspond to the one in Yang-Mills theory,
but the amplitudes involving external quarks but with no quark loops have no analogue in
Yang-Mills.
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b2 b3

b1 P4

Figure 3.2: Massless Box

D2 Ps P2 b2 b3

D1 6‘1 6‘2 P4 yai / I <
(a) (b) h él 62 P4

Figure 3.3: Two-loop topologies: (a) double box, (b) non-planar double box, (c) beetle.

the PD representation for Feynman integrals (see eq. (2.48) for details), all needed
integrals can be grouped into six integral families: one at one loop, two at two
loops and three a three loops. Table 3.2 contains the definition of the propagator

denominators that were employed in this calculation.

We now turn our focus the three-loop computation, which poses the main
challenge. After summing all Feynman diagrams, performing the colour and spinor
algebra, and rewriting scalar products in terms of propagator denominators, we
find that O(107) integrals belonging to the integral families PL, NPL1, NPL2 and
their crossings appear. As a first simplification, one can leverage sector symmetries
and sector relations, described in section 2.3.3. These can be obtained in an
automated fashion via Reduze 2 [36, 84|, which in this case requires a high level
of parallelisation because of the sheer number of integrals to be parsed. After
plugging the resulting identities back into the amplitude and performing all possible
algebraic simplifications, one is left with scattering amplitudes whose analytic
expressions are about one order of magnitude smaller. This is also reflected by
the number of Feynman integrals which drops to O(10°%). At this point one can

proceed with IBP reduction to master integrals. At one and two loops this is a
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’ Family ‘ Box ‘ Double-Box ‘ Non-Planar Double-Box ‘
D, 7 0 0
D, (014p1)? (l14p1)? (l14p1)?
Dy (61 +p1+p2)? (01 +p1+p2)? (1+p1+p2)?
Dy (51 +p1+pa+ps)? | (Li+pi+p2+ps)® | (Ci+pi+pe+ps)?
Ds 2 02
Dg - (la4p1)? (la4p1)?
Dy - (Ca+p1+p2)? (ba+p1+p2)?
Dy - (ba+p1+pa+p3)* | (latp1+p2tps)?
Dy - (01 — £5)* (01 — £5)?
[ Family | PL [ NPLI [ NPL2
D, 2 0 0
D, (01+p1)? (01+p1)? (1+p1)?
Ds (61 4p1+p2)? (b 4+p1+p2)? (b1 4p1+p2)?
D, (i4+pr+pa+ps)? | (Gi+pi+p2+ps)® | (b —Lla+ps3)?
Ds | £ & %
Dg (ba+p1)? (by+p1)? (ba+p1)?
Dy (32+p1+p2)2 (la+p1 +p2)2 (ba+p1 +p2)2
Dy (botpr+patps)? | (batpr+petps)? | (La—ps)?
Dy 2 % %
Dy (£3+p1)? (l34p1)? (l34p1)?
Dy (b3 +p1+p2)? (l5+p1+p2)? (Us+p1+p2)?
Dy (bs+p1+patps)? | (ls+pitpatps)® | (la—ls—p1—p2—p3)
Dy (6, — bo)? (g — £y)? 6y — £r)?
Dyy (y — 03)? (by — l5)? (ly — l5)?
D15 (63 — 51) (61 — 62 + €3>2 (63 — £1>2

Table 3.2: Integral families for two-to-two massless scattering up to three loops.

simple task, which was again solved using Reduze 2. Reduction to master integrals
at three loops was performed using Finred, an implementation of the Laporta
algorithm [85] developed by Andreas von Manteuffel which makes use of finite field
arithmetic [86-89] and syzygy algorithms [90-95].

Taking into account the integral families of table 3.2 and their crossings, there
are 6 master integrals at one loop, 39 at two loops and 486 at three loops. A
canonical basis for the three-loop master integrals was provided in ref. [96], where
the integrals were also computed up to transcendental weight 6 using the method
of differential equations described in section 2.3.5. Using the same basis, an

independent calculation was also performed in ref. [97] and agreement was found.*

4Up to a change in the conventional sign of the ic prescription.
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S13 A s13

t-channel t—channel
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S23 S23

s—channel s—channel

ITI

(a) (b)

Figure 3.4: Path for the analytic continuation from s to ¢ channel. Along the path in
(a) one encounter two branch cuts, the first at s;3 = 0 and the second at s;2 = 0. The
analytic continuation is therefore split in two parts, one for each branch cut (b).

The analytic expression for the master integrals up to three loops can be
written in terms of harmonic polylogarithms (HPLs). They correspond to the
subset of MPLs in eq. (2.74) obtained by restricting {; = 0, £1. More specifically,

using the dimensionless variable
T = —513/812 s (329)

the only letters needed for the Feynman integrals in question are 0 and 1.

3.4 Analytic Continuation

The set of HPLs described above is real-valued and well defined in the physical
region of eq. (3.4), which corresponds to 0 < z < 1. However, in order to compute
amplitudes in crossed channels, we might be interested in moving to different
regions of the diagram in fig. 3.1, where x < 0 or x > 1. For instance the ¢-channel
region corresponds to x > 1, while the u-channel region corresponds to x < 0.
To reach these regions one has to cross multiple branch cuts of the HPLs and

therefore analytic continuation is required.
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Branchcut | s—=1 | I=t | t=II | II—u | u=IIl | II]—>s

Y H —S13/512 ‘ S12/513 ‘ —593/513 ‘ 513/ 523 ‘ —512/523 ‘ 593/512

Table 3.3: Variables associated to all possible branch cuts in fig. 3.4(b). It is understood
that if the branch cut is crossed in the opposite direction, the variable should be chosen
with the opposite sign y — —y.

In general, the analytic continuation of scattering amplitudes is conceptually
well understood. However, in practice, the complexity of moving from one region
to another depends on the class of functions arising from the Feynman integrals
involved in the process. In particular, one usually aims to represent amplitudes
in terms of functions which are manifestly real in the channel considered. This
is usually a very difficult problem.

In the case of four-point massless scattering, it turns out to be achievable (as
described in ref. [98]) thanks to fact that HPLs are a particularly simple set of
univariate functions. In particular, the ones appearing in the scattering amplitudes
of this chapter only have branch cuts in correspondence of the lines in fig. 3.1
where either s19, $13 or so3 vanish and the HPLs develop logarithmic singularities.
Importantly, one can move between any two scattering regions by analytically
continuing across one branch cut at a time. This is illustrated by fig. 3.4 for the
path from s- to t-channel. In order to cross any given branch cut, it is convenient

to define a dimensionless variable
Y = ESeut/5+, (3.30)

where s.,; and s, are Mandelstam variables, the first defining the branch cut, the
second being the positive one among the remaining two. The sign is determined
by requiring that y > 0 before the branch cut has been crossed. For instance, in
fig. 3.4(b) the variable associated with the first continuation is y = —s13/s12, while
for the second y = s12/s13. See table 3.3 for all possible choices of y.

With this change of variables, the cut is always at y = 0 and it is crossed

going from y > 0 to y < 0. At weight-1 one can find by hand the transformation
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from HPLs of argument z to HPLs of argument y. For higher weights one can

then recursively apply the identity
dz/d
Gll:“'vl /d Z/ 4 Glz, -l ( )+Cll7 sl o (3'31)

with ¢, 4, a constant of integration. For all possible changes of variables z = z(y)

one can verify that the kernel of integration can be written as a the linear combination

dZ/dy . Cl CO+ Cfl
2y)-Lh y—-1 y y+1

(3.32)

with C) rational coefficients.
Assuming that the lower-weight function Gy, . ;, (2(y)) can be expressed in
terms of HPLs with argument y, one can simply integrate the r.h.s. to find the

transformation for Gy, 4, (2(y)). The integration constants ¢, can then be

iln
fixed by evaluating both sides near y = 0.

Let us now turn to the issue of continuing from y < 0 to y > 0. As mentioned
above, the HPLs develop logarithmic singularities as y — 0. In particular, G{y)
is divergent in this limit only when the vector of letters has at least one zero. For
instance | = (0,0,1,0,1) leads to a divergence, but [ = (1,0,1,0,1) does not.

We can make all divergences explicit using the shuffle identity which all MPLs sat-
isfy:

Clirec () G (¥) = 3 Gyla), (3.33)

gelie
where [LLI7 is the set of permutations of the vector (f, ) which preserve the relative
ordering of elements in I'and in 7. The set of equations in (3.33) can be used to

express all divergent weight-w HPLs in the following form?®:

Gy, . Z log(y (3.34)
Wv

n w—n

with Hi(y) a linear combination of weight-(w — k) HPLs with no trailing 0’s. In

the equation above, the powers of log(y) make the logarithmic singularities of the

5Note that in the Lh.s. of the equation above, the ellipses following the letter 1 can represent
any combination of 0’s and 1’s.
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branch cut manifest and they can be continued to y < 0 by assigning a small positive
imaginary part to Seu; — Sewt + 10, so that crossing the branch cut amounts to
log(y) = log (jzjcut> — log (y £ 1) — log (—y) £ im. (3.35)
+
To find the expression for the Hy(y) in the new region we proceed recursively.
Assuming that the analytic continuation up to weight w — 1 is known, we only need
to continue Hy(y) in eq. (3.34), which is equivalent to computing the continuation
of all required regular HPLs of the type G4, (y) for y < 0. This can be done by
changing variables form y to y' = —y using eq. (3.31) and plugging into its r.h.s. the

already known continuation of lower-weight HPLs.

Let us now apply this up to weight 2 to the first branch cut of fig. 3.4(b) at
s13 = 0. We use the variable y = —s13/s12 = 2, which for the purpose of analytic
continuation receives a small negative imaginary part: y — y — id. An immediate
consequence is that the singular logarithm develops a negative imaginary part

Goly) — log(y — id) — log(y') — im = Go(y') — i,
Gi(y) — log(1 — y +i0) = log(1+y') = G (y). 0
With the continuation at weight 1 in hand we move to weight 2, where we find two

functions: Go;(y) and G1(y). Using the shuffle identities eq. (3.33) we get
Goa(y) = —Gro(y) + Go(y)Gi(y) ,
Gro(y) = G1o(y),

where only one weight-2 function is left (G1). We proceed using egs. (3.31)
and (3.32):

(3.37)

d _ 1 . 1
@Gl’O(y — i) = I 1G0(y — i) = Y+ 1

(Go(y') —im) , (3.38)

where in the last equality we used eq. (3.36). We then integrate back to weight 2 and
find
G170(y — 25) = G_L()(y/) — iﬂG_l(y/) + c, (339)

with ¢ a constant of integration which can be fixed by evaluating both sides at

y = 0. Because all HPLs in the equation above are regular at that point, and in
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particular they vanish, we find ¢ = 0. Overall, plugging egs. (3.36) and (3.39)
into eq. (3.37) we find

Goa(y) = —Go1(y),
Gl,o(y) — G—l,o(y/) - iWG—l(y/) .

We could now continue iteratively up to any desired weight. In the case of the three

(3.40)

loop calculations described in this chapter the maximum transcendental weight

needed to describe the finite remainders is 6.

3.5 Crossed Channels and Equal Flavour Am-
plitudes

In section 3.1 we anticipated that the explicit results for the scattering amplitudes
of the processes eq. (3.1) in the s-channel region (3.4) can be used to derive
those for all other processes via a combination of crossings of the external legs
and parity transformations.

In the interest of clarity we rewrite eq. (3.1) as a list of 2 — 2 scattering processes

q(—p1) + q(—p2) = Qp3) + Q(pa) , (3.41)
q(—=p1) +q(=p2) — 9(p3) + g(ps), (3.42)
9(=p1) + g(=p2) — g(p3) + g(p4) , (3.43)

and in the same notation we list the additional processes we are interested in:

q(=p1) + Q(—=p2) = Q(p3) + q(pa) , (3.44)
q(=p1) + Q(—=p2) = Q(p3) + q(pa) , (3.45)
4(=p1) + Q(=p2) = Q(ps) + a(pa) (3.46)
q(—p1) + g(=p2) = q(p3) + g(p4) , (3.47)
q(=p1) + g(=p2) = q(ps) + g(pa) , (3.48)
9(=p1) + g(=p2) = a(ps) + q(p4) (3.49)

In table 3.4 we give the list of transformations required to obtain these additional

processes. Working at the level of helicity amplitudes, it is understood that starting
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Target || Original | Analytic Region Crossing
(3.44) (3.41) u channel D2 > P4
(3.45) (3.41) t channel P4 — P2 —> P1 — Py
(3.46) (3.41) t channel D3 — D2 — D4 —> D3
(3.47) (3.42) t channel P2 <> D3
(3.48) (3.42) t channel P3 — D2 — P1 — P3
(3.49) (3.42) s channel D12 <> Pag

Table 3.4: Transformations required to obtain the additional processes of eqs. (3.44)
to (3.49). Processes in the “Target” column can be obtained starting from the
corresponding ones in the “Original” column, analytically continuing them to the region
indicated according to section 3.4 and changing names to the momenta according to the
“Crossing” column.

from a particular helicity configuration of one of the original processes and then
following table 3.4, one will obtain an helicity configuration for the final process
dictated by the crossing of external momenta performed. Helicity configurations
related by a parity transformation (+ <> —) can be obtained by acting the external
spinors with the exchange (ij) < [ji].

In addition to the processes of egs. (3.44) to (3.49), it is also possible to derive

amplitudes for the scattering of four identical quarks:

q(—=p1) + q(=p2) — q(p3) + q(pa) , (3.50)
q(=p1) + q(=p2) = q(ps) + a(ps), (3.51)
q(=p1) + q(—=p2) = q@(p3) + q(pa) - (3.52)

Starting from (3.50), we notice that the Feynman diagrams contributing to this

processes are the sum of the ones of processes (3.41) and (3.44):
AT = AGO0 4 4070 (3.53)

Finally processes (3.51) and (3.52) can be obtained from (3.50) as described
in table 3.5.

3.6 Infrared Structure and Quadrupole Radiation

Once the bare spinor-stripped helicity amplitudes 7{% have been computed as a

Laurent expansion in € and the Feynman integrals expressed in terms of HPLs, the
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Target H Original ‘ Analytic Region ‘ Crossing ‘
(3.51) (3.50) t channel P14 Py
(3.52) (3.50) t channel P <> D3

Table 3.5: Transformations required to obtain the equal quark processes of egs. (3.51)
and (3.52) from the one of eq. (3.50).

Figure 3.5: Sample diagrams with quadrupole soft divergences, reinterpreted as tree-level
diagrams (black lines) plus virtual soft gluons (red lines). Diagrams (a) and (b) involve
colour correlations between four and three external partons and contribute to the first
and second line of eq. (3.54), respectively.

structure of these amplitudes becomes manifest. In particular all poles in € should be
predicted by UV renormalisation and IR factorisation as described in section 2.3.6.

We can verify this by first computing UV-renormalised amplitudes via eq. (2.89)
and then subtracting IR divergences as in eq. (2.101). The new ingredient in these
three-loop computations is Af’), the three-loop quadrupole contribution to the soft
anomalous dimension. It was first computed via Wilson line matrix elements in
ref. [69] and because at three loops it can only receive contributions from soft gluon
webs (as for example in ref. fig. 3.5) it is expected to be universal across all Yang—
Mills theories. Its first direct confirmation was achieved in ref. [99], where it correctly
predicted the IR divergences of N' = 4 four-point three-loop scattering amplitudes.

The three-loop QCD scattering amplitude for the processes of eq. (3.1) allow to
explicitly confirm the universality of quadrupole radiation using the expression

4
A = fape foe [ —16CY Y {1y, T} T
i=11<j<k<4
JokA

+ 128 [T‘ngTngfDl(x) — TjT?T;TgDQ(x)} ] , (3.54)
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where we recalled the definition of the dimensionless ratio x = —s13/s12. We also

used the pure transcendental weight 5 quantities

C = (5 + 202(3, (3.55)

Di(x) = —2G14 — Go3 — G35+ 2G113 + 2G192 — 2G130 — Ga20 — G310
+2G11.20 — 2G1200 +2G1210 +4G10000 — 2G11000 + ;Cs — 5C2(3
+ ([5G3 + 5Ga0 + 2G100 — 6(G12 + G110)] + G(Ga + 2G1 o — 2G1 1)
- iﬂ[—C?)Go + éz,z + C_?3,0 + G3,1 + éz,o,o + 2(61,3 — 61,1,2 — 61,2,1 — él,0,0,0)]

+ iWCQ(—GQ + 2(@171 + 0170)) — 1127TC4 s (356)

Dy(z) = 2G2,3 + 263,2 - G1,1,3 - 61,2,2 - 2é2,1,2 + 26?2,2,0 - 2(;2,2,1
+2G510 — 2G311 — G120 — G110 — 2G21,1,0 +4G2111 — G + 406G
+ (3G11 + G[—6G3 — 6Gag + 2Go 1 + 5(Gra + G110)]
+im((3G1 + 2Gs0 — Gia2 — Grao — Gra1 + 2Gag0 — 2Gai g

+ 262,1,1 — 61,1,0,0) + im(a(4Gq — él,l) : (3.57)

where we introduced the compact notation for the HPLs similar to that in refs. [100,

101],

0 lag|—1 lan|—1 no

The expression in eq. (3.54) was obtained by analytic continuation to the physical
scattering region of eq. (4.6) of the result in ref. [69] which were given in terms

of single-valued transcendental functions.

3.7 Analytic Results and Numerical Evaluation

As a result of the computations described in previous sections, any of the UV-

renormalised scattering amplitudes discussed in this chapter can be explicitly written
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as
2

¢
A= drag Y (ozs) RO
oo \47m
6—2¢ dim(D)<k (3.58)

as\* 1 i

il k=—20 |

[4],(¢)
kI

where R are rational functions of the invariant z = —s3/s15. The 6 — 2/
upper bound represents a truncation of higher powers of € which still allows one to
perform infrared subtraction of the three-loop amplitudes. Explicit Mathematica-
readable expressions for the finite remainders defined by eq. (2.101) were published
as ancillary files to the arXiv submissions of refs. [81-83].

Let us now comment on the validation of our results. First, we have checked
that our results for the lower loop amplitudes are consistent with the literature.
In particular, we have compared our tree-level, one-loop and two-loop results for
the bare helicity amplitudes for ¢¢ — QQ, ¢4 — qq, ¢4 — gg and gg — gg in the
helicity configurations listed above against the results provided in refs. [98] and
found analytical agreement through to weight six.®

We have also checked that our one-loop expressions match results obtained with
the automated one-loop generator OpenLoops [102, 103]. At the three-loop level,
we have verified that the IR singularities of our results for the renormalized helicity
amplitudes of eq. (3.58) match the pattern described in sections 2.4.2 and 3.6, which
provides a highly non-trivial check. From the high-energy limit (|s12| > |s13]) of
our amplitudes, which will be discussed more in detail in section 3.8, we determined
that our amplitude exhibit the correct Regge behaviour at NNLL accuracy up to
two loops and at NLL accuracy at three loops.

In figure 3.6, we show the contributions to the squared amplitude at different
orders in «ay, normalized by the respective tree-level squared amplitude. We average

(sum) over polarization and colour in the initial (final) states. Below we define

more in detail the quantities we present in the plots. We define the contraction

6Upon complex conjugation due to a mismatch of sign in the ie prescription for the analytic
continuation
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Figure 3.6: Perturbative expansion of the amplitude squared for the processes qq — gg,
q9 — qg, 99 — gg and ¢¢ — QQ as functions of x = —$13/812. Values are normalized by
the tree-level amplitude squared. Plotted quantities are defined in eq. (3.61) and we fixed
u? = s12 = m%, as(myz) = 0.118, ng =5 and N, = 3.

between different loop amplitudes in colour space as
(AOLAO) = N3 T [Cf €] [sa PRI FHE, (3.59)
D)
where F are defined in eq. (2.101) as colour vectors, C are the colour tensors of

eqs. (3.7) to (3.9), sy are the spinor factors of eq. (3.21) and N is the initial-state

colour and polarization averaging factor, which and takes the following values:

o for g4 — gg,
1
N = 4Nc(1N§—1) for g9 — gy, (3.60)
veoE  for gg — g9,
ﬁ for qq — QQ.

Process dependence of all quantities appearing in eq. (3.59) is left implicit and

the initial and final state polarization sum runs over all helicity configurations.
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The quantities plotted in fig. 3.6 are defined as

o _ GRIAOLAD)

)
Yo =1, V _2—<A(0)|A<0)> ,
VO _ (A(1)|A(1)> N 2R<A(0)|A(2)> O 2R(A(1>|A(2)> N 2R<A(0)|A(3)>
N (A)] A0) (A A0) o (A0 A0) (A0 A©)

(3.61)

and for the numerical evaluation we have set y?> = s;o = m%, as(myz) = 0.118,

ng = 5 and N, = 3.

3.8 The Gluon Regge Trajectory

In the high-energy or Regge limit, scattering amplitudes become particularly simple
and are known to exhibit universal factorization properties. In the following,

we consider the processes

A(=p1) + B(=p2) — Alps) + B(pa), (3.62)

where A and B are either ¢, ¢ or g. The Regge limit is defined as s — oo for

fixed scattering angle, that is
|s12] & [s23] > |s13] (3.63)

In the variable z = —s13/12 used in previous sections, the Regge limit corresponds
to x — 0 and scattering amplitudes develop logarithmic singularities which appear
as powers of log(z). Following the investigation in refs. [104-106], we split the

renormalised amplitude into the definite s15 <+ s93 signature amplitudes

o1
RLE = }CIL% 3 [RaB—AB £ RAB-AB|p1ops] - (3.64)

which are often referred to as the even (4) and odd (—) amplitudes. We also
introduce the signature-symmetric logarithm
1 —S12 — 70 —S893 — 70 T
L=—-|ln|——— In{ —— || ~—1 — 3.65
(T (72 a@+ T @

where by ~ we mean that the two expressions coincide in the small-z limit.
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A, Ps3

Bap2 2

Figure 3.7: Schematic representation of Regge factorisation in the LL approximation.

Because in the Regge limit |L| — oo, it is convenient to reorganise the amplitude

as
h k
Roor (B S () R 0w
h=0 k=0

where the coefficients do not contain any power of s or L and, as done in ref. [104],
one can show that Rﬁfk,h) are purely imaginary, while ‘R,f‘fkﬁ) are purely real.
The inner series in eq. (3.66) involves the effective coupling oL, which grows large
as L — 0o. As soon as azL =~ 4m, the sum can no longer be truncated at any
finite order since all its terms give comparable contributions. One must therefore
re-sum the series. A perturbative expansion can nevertheless still be performed by
truncating the outer series at some finite value of h. The leading contribution, for
h = 0 corresponds to what is usually called leading-logarithmic (LL) accuracy. It is
equivalent to keeping only the highest power of L at every loop order. Going up
to h = 1 corresponds to next-to-leading-logarithmic accuracy, or NLL. In general
N‘LL corresponds to truncating the series in at h = i.

It has long been established that at LL accuracy R4? are entirely described
by the exchange of a single “reggeized” t-channel gluon [106-110]. In the lan-
guage of complex angular momentum [111], this single-particle exchange is usu-
ally referred to as the “Regge-pole” contribution. In this approximation, the

amplitudes take the form

79Ca
RAP = (Sf) RyP ~ eI RYP, R =0, (3.67)
i
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where R{Z ~ 1/z is the leading power of R(® in the » — 0 limit, and Ty 1S
the gluon Regge trajectory, which is O(as) and only depends on the ¢-channel
invariant s13. A derivation of this result can be found e.g. in ref. [104], where
the Wilson-line formalism for the Balitsky-JIMWLK evolution is used. Since 7,
is scaleless, s;3 must always appear in the combination —s;3/u%, which prompts
us to set p? = —s;3. In anticipation of the perturbative corrections arising from

sub-leading contributions, we also define the expansion

Ty = nZ::l @r)n To . (3.68)

To make contact with standard terminology, eq. (3.67) exhibits Regge scaling in
the high-energy limit s;5 — +00, i.e. it takes the form of a pure power law (s12)Y.

At leading order y = a7 Ca /4.

To generalise our description of the high-energy limit to higher orders in the

logarithmic expansion, it is convenient to define the colour operators [112, 113]

T? = (T1+Ty)*(T1+T3)*, T? = (T,+T3)*(T,+Ts)",
1

T, = (T, +Ty)"(T1+Ty)*, Ti,= 3

(T? — T2). (3.69)
Similarly to ref. [80] we rewrite eq. (3.66) by collecting an overall LL exponential
as well as the universal factors 7% g

oL
47

RAB = 76 76170 3 ( ) OB (0, )RIE . (3.70)
k=0

The Zf account for the factorised IR collinear divergences of the external hard lines.

They can be computed directly from eq. (2.94) and can be expanded perturbatively
¢

as Z¢ = > (%r) Zf’(ﬁ). To O(a?) we have

ziW =1,

. <1 1
Z-’(l) 2’71 >+ 471

. 34 . K7 9 8
z&®) Ofm) +C; l (40 —4’yl> - 122] +5 (4% Bo) 72

(3.71)
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Figure 3.8: Schematic representation of (a) odd and (b) even Regge behaviour in the
NLL approximation. The blue and red blobs represent correction to the reggeon-projectile
vertex, the green blob corresponds to the perturbative corrections to the Regge trajectory.
Diagram (b) is one of two permutations of the reggeon attachments the external lines
and the green blob represents rapidity evolution of the multi-reggeon state.

for i = q,g. Finally, the O are colour operators acting on the tree level Regge
amplitude. They can also be defined perturbatively as
AB s\ Hap
O (n(as) = ;) (47r> OL o (3.72)

and as before powers in ¢ correspond to N‘LL contributions. Because the LL approxi-

mation of the amplitudes is entirely predicted by the exponential of eq. (3.70) we find
Oéfkao) = 00, Offk,(}) =0. (3.73)

One can check that egs. (3.70) and (3.72) reproduce eq. (3.67) at LL using the
fact that the tree level amplitude is a (colour) eigenvector of the t-channel colour
operator: TR = C,RY5.

At NLL, the odd amplitude maintains its factorised form, however, as in
fig. 3.8(a), the vertices between reggeon and external high-energy particles A
and B receive perturbative corrections described by so-called impact factors. The
NLL even amplitude is the first to break (strict) Regge factorisation and it is
described by the exchange of two reggeons as illustrated in fig. 3.8(b), a contribution

usually referred to as “Regge cut” [80, 104, 105, 110, 114-117]. The colour operators
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yielding NLL contributions are [104]
1 1
Oy~ 70 47

2

sS—u?

2

4
O, | = mr( + 72(3¢ + 108¢s€” + O(e )) [T7. T3]

2
(8
Ol =im (63 — 176¢3 — 264C4e — 5T12¢5€” + (’)(8)) [T7,[T7, T3],
(3.74)
with the definition
T'(1-e)?T(1
S Gt Gl (3.75)

I'(1 — 2¢)

The objects 11(4139 are the one-loop impact factors and are given in appendix A.2.

At NNLL, we focus on the odd-signature amplitude, which receives for the
first time contributions from both Regge pole and cuts. In ref. [80], a scheme has
been proposed to disentangle the two. We adopt this scheme to study the high-
energy behaviour to three loops up to N2LL. The odd-signature colour operators
contributing at this order are [105]

0%, =TV + TP + TVTY]

2r%

L2 (f’ s 27E,+ O )) (T2,)2 = N2/4),

OB, = G2 (1 + §+(9() T2, 12| (370
(3,2) 48¢ Q.2 3 —ul+tr Fs—u

1
o1 (242+ <3+0<>)[T3,T2 T,

where Igg are the two-loop impact factors. Their analytic expressions are too

lengthy to be reported here and can be found in appendix A.2. The colour structures
in eq. (3.76) can be traced to reggeon exchanges of the types in fig. 3.9.

From the discussion above it is clear that for a full description of the N?LL
behaviour of two-to-two amplitudes one needs knowledge of the impact factors at
one and two loops and of the Regge trajectory up to three loops.

The one and two loop results were already available in the literature [105,

118-121]. A prediction of the large-N, Regge trajectory in Yang—Mills theory was
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Figure 3.9: Sample reggeon diagrams contributing to the N?LL odd amplitudes. The
green blobs represent rapidity evolution of the multi-reggeon states.

computed in ref. [121]. Here, by matching the structure determined by eq. (3.66)
with the perturbative expansion of our odd amplitudes, we predicted the three-loop

Regge trajectory in full-colour QCD. Explicitly, we find [82, 118]

[(1—€)?T(1+e€)2

= E —_ = K
T =€ (1 =20 ; 1+ 0(e),
56m; 404 2428 67¢,
= Ky— —L 4N, (=—=-2 N, | =22 —66¢; — —2 —
T2 2 57 + Ne ( 97 Ca) + 6[ c ( 31 66¢3 9 3(4)
328 5n? 142¢,¢3  4556¢5 14576
12(5 — — + — 2IN.( 82 —
+”f< = 81+27>]+6[ < Gty o7 213

27 24

104G, 2321¢, 630C; 1952  56(,  211¢ ,
>+nf( 7 s oo T )| PO

40 7 6664 3196 297029
= K3—|—N02<16C5—|— GG T7C G3 G . )

3 3 27 81 | 1458
4126, 26, | 632¢; 171449\, (928 128G
N, s = s
* "f< s T3 9 2006 ) " \70 T a7
ny 6¢ 1711
Bca -2 420 40
+Nc< G5~ T o5 | 1O

(3.77)

where, as in ref. [80], we defined

Ko == [ O (o) =Sk (2) @
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Its coefficients up to third order are

2 K K
Ky = 50720 , (3.79)
€ 2¢
oo 169 4B +4Bg | B
3= - + :
3e 3e2 3e3

We point out that a single three-loop amplitude among the processes in eq. (3.1) is
required for the extraction of 73. Once it has been determined, all ingredients are
available for the full prediction of the N?LL Regge limit of the other channels. For
instance, one could use the simpler ¢@) — ¢@) amplitude to extract the three-loop
trajectory, and then fully predict the amplitude for q¢g — ¢qg and gg — gg in the
high-energy limit. This serves as a powerful consistency check of our results as well

as a non-trivial test of the universality of high-energy factorization in QCD.
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4.1 Introduction

In this chapter we turn to two-loop scattering amplitudes of five particles in QCD
which were recently obtained via two independent calculations in ref. [122-124].

Here we specifically focus on gluon scattering:

0= g(p1) +9(p2) + 9(ps) + 9(pa) + 9(ps) - (4.1)

All external momenta are taken to be outgoing and massless:
0=p +p5+p5 +pf +p5, pi=0. (4.2)

as well as exactly in four dimensions. Due to the cyclic symmetry of the process, an

ideal set of invariants to parametrise the kinematics are the Mandelstam variables

S$12, S23, 534, S45, Ss51- (4-3)

79
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Figure 4.1: Five-gluon scattering. The p; denote the (outgoing) momenta and the a;
are the adjoint-representation SU(N,) colour indices.

Physical scattering processes can be obtained by changing sign to the momenta
of incoming particles. In particular gg — ggg corresponds to the region in

Mandelstam space defined by
S12, S34, Sa5 > 0, S23, 851 < 0. (4.4)

In order to fully describe the complex kinematic space, relevant for analytic
continuation of the Feynman integrals involved in five-point amplitudes, it is

useful to define the quantity
TI‘5 = 4Z’6,uupcrp‘fpl2jp§pz ) (45)

which has non-trivial transformation properties under parity, inherited from its

definition through the Levi-Civita tensor.

4.2 Colour Decomposition
We write the UV-renormalised scattering amplitude for the process of eq. (4.1) as

44
A= (4may)? S Ay = (4ma)? A-C (4.6)
=1
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where the first half of the colour tensors read

Cpy = Te[TTTT“TS), Cr = Te[T"TT*T*T™),

Cpyy = T[T T2 TTTS), Cy = Te[T™ T T™T5 T,

Cppy = T[T T2TSTST], C = Te[T T T T T],

Coy = Te[TO T T=TT], Cgy = Te[T“ T T2 T%),

Clg) = Te[T T TTT], Cpgy = Te[T T TT*2T,

Cpyy = Te[TTHTT3T), Clgy = Tr[TTHTT*T), (4.7)
Cng) = Tx[T T Te[T*TT%), Cay = Tr[T*T* | Te[TT*T%],

Cpus) = Te[T T Te[T™ T T, Crg = Tr[T T Te[T T T,

Cpy = Te[T T Te[T*2T*T*], Cpg = Te[TT* | Te[ T T T,

Cpo) = Te[T2 T T[T T T, Cloo) = Tr[TT*| Te[T*2T**T],

Coyy = Te[T?T*| Te[TT™T*], Cppg) = Ta[T T Tx[T*T*T],

and the other half are defined by reversing the traces above:

022+C = CC‘TI‘[O]—)TI‘[(.)T] 5 CcC = 1, ey 22 . (48)

Here T denotes transposition of the string of generators inside the trace.
Denoting by A = (A1, Ao, A3, Ay, A5) the list of signs of the helicities of the five
incoming external gluons, the 16 parity independent amplitudes which need to

be computed for this process are

A=(+++++), (= ++++), (= +++), (++ -+ +),
(++ -+ =), (=), (= =+ ), (=4 =+ 1),
(O A R PR S
(+ - =), (+, =), (H+ =+ ), (B + - )

However, due to the permutation symmetries of the partial amplitudes we can
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restrict our efforts to the combinations of colour and helicity configurations below:
(+,+, -+ 4+ +)
Te[T“T2TST“T*] — E SERERE +;
(— ,+, , =+, +)
and
(4.10)

Te[T T Ty [T T T%] —

This reduces the number of objects to be computed from 44 x 16 = 704 to only 10.

In particular, reality conditions on the colour tensors of gluon amplitudes imply
A2l — ] (4.11)
allowing us to write the amplitude as

22
A = (dray)? Z A[Z]C[i] , Cii) = Cli) — Cliv22) - (4.12)

4.3 Helicity Amplitudes

In order to compute the primitive amplitudes of eq. (4.10) one can use the tensor-
projection method described in section 2.1.2. Here I will describe a different (though
equivalent) approach which allows us to directly evaluate helicity amplitudes in tHV,
one configuration independently from the other. In ref. [122] both methods were used
for the computation of all two-loop helicity amplitudes and full agreement was found.

Given a helicity configuration A, we can factor all external gluon polarisation

vectors from the partial amplitudes
B p2 H3 M 5
A)\ AN1U2N3N4N56)\1E)\QE)\3€>\4E)\5 (413)

and as before use

we lailpali) w Lilpilas)

T VRl T Valali)

(4.14)
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Figure 4.2: Graphical representation of the helicity projection procedure for the all-plus
amplitude. The middle figure corresponds to eq. (4.15), where gluon polarisation vectors
have been expressed using the spinor helicity formalism, but the reference vectors g; have
not yet been fixed. The closed circle (right) represents the trace in the second line of
eq. (4.16).

to fix the helicities. The reference vectors g¢; can then be chosen in a helicity-
dependent way to “link” as many spinor chains as possible. For instance in

the all-plus case we get

e gz es s s _ L [Lmlan) [2lnelaz) [31pslas) [4]palga) [5]pslgs)
T a2 (all) (@l2)  (@l3) (ald)  (gs]5)

which prompts us to make the cyclic choice ¢; = p; 1, with pg = py, yielding

i g g o s _ L [1171212) [21ps2l3) [3]1al4) [4]714]5) [511s5] 1)
TR 42 21) (312) (43)  (B]4)  (1]5)
IR S (el Dalee Jelae Jeiee eid (4.16)
44/2 (12)(23)(34)(45)(51) ’ '

where Try[I'] = $Tr[(1+75)T]. For the (—, —,+, +,+) MHV amplitude the natural

(4.15)

reference-vector choice would be different, reflecting the symmetry of the amplitude.

In this case we would fix ¢ = p2,q2 = p1,93 = ps,qs = ps5,q¢s = p3 and find

6#1 6#2 eis E,izl eiﬁs — 1 Tl“+ [p17u1p27#2]Tr_ [p37#3¢47u4p5fy#5] ) (417>

42 [12][21](34) (45)(53)

Similarly for the other MHV configurations we can choose the reference mo-

menta so that

P T 1 Try [pﬂmpgfwg] [p 7#2;;;47/14}7)57#5]

N [13][31)(24) (45)(52) I
it i s s s _ 1 Try [p 7u4p yHe | Tr_ [plf}/my}{yungfyua] (419)
T+ e EY = ] .

42 [45][54](12)(23)(31)
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Finally, in the single-minus cases the traces can be completed as follows:

i gin s o s _ L TP o T [Py p P (4.20)
T 42 [1231](23)(34)(45) (52) ’ '
g gngs — L TR PT P gt
e 42 [5235](12)(23)(34) (41) '

The traces Try can then be directly evaluated yielding explicit helicity projection
tensors written in terms of the external momenta, the four-dimensional metric g*”
and the four dimensional Levi-Civita tensor ¢***?, which can be directly applied
to the amplitude by plugging the result in eq. (4.13).

However, in order to obtain a representation of the helicity amplitudes whose
loop integrals fall within the standard class of Feynman integrals, we need to take
care when dealing with g"” and e*”??. The problem stems from the fact that these
are strictly four-dimensional quantities and lead to integrands which are not Lorentz
invariant in d dimensions. However it turns out that they can always be replaced
in favour of the standard metric and a set of independent external momenta. The

four-dimensional metric can be replaced by

11234
» » G<1/1234
:g —

g G(123Q

(4.22)

that is by the d-dimensional metric to which we have subtracted the (—2¢)-
dimensional metric written as a ratio of Gram determinants of the four independent
external momenta. The Levi-Civita tensor can instead be dealt with by first
removing powers higher than one via the identity

Guive Guive Guivs Guivy
__|9uovr Guove Guovs Guavs (4.23)

€ € =
p1 2 s Cvivavsyy )
Gusvr Gusva Jusvs Guava

Guavr Guave Juavs Guavy

and then substituting any left-over with the relation

47 wvopo
pvpo
‘ ®3G<1234>’ (4.24)

where Trs was introduced in eq. (4.5).
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In practice this means we can evaluate each helicity amplitude independently?
in a way that allows us to fix the reference momenta in a helicity-dependent way
and entirely by-passing the tensor projection method. Importantly, one can do the
above while still obtaining loop integrals which can be evaluated with standard

techniques.

Following chapter 2, we can express helicity amplitudes in terms of a little-group

invariant helicity amplitude H

Aly =Ha sa, (4.25)

where we defined the spinor factors

B 252,/3 C[21)(12)4(13)3
S T 9 (23Y(34) (45) (51) T T T (15)2(23)5(14)2
4(12)* 4(13)* 4.2
S T 19)(23Y(34) (45) (51) T T T (12)(23)(34) (45)(51) (4.26)

<
_[51](15)*(25) _
T T a1z (p3) T T T (12)(28) (30)(45) (1)

While the formal colour and helicity decomposition of helicity amplitude eq. (4.25)
holds at all orders in perturbation theory, in order to explicitly compute the Hy

one can perform a perturbative expansion in the coupling as:

Ha=> o' HY. (4.27)
=0

where each ’H(f) is computed from the corresponding ¢-loop Feynman diagrams.
From eq. (4.10) we read that only the colour components H[)\”’(g) and 7-[[)\13}’([)
need to be computed for the required helicity configurations, while the remaining
42 components can be obtained by crossing of the external legs. The crossing-

independent partial amplitudes in eq. (4.10) can be further decomposed by separating

I Differently from the tensor-decomposition method, for which a system involving all relevant
tensors must be solved in order to obtain the helicity projectors.
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different powers in N. and ny:

e , [£/2] ¢ ny
HIO=NE S S (N) HO (4.28)
[(¢-1)/2]
IH[IB},( Né 1 /2 E 'H[B]’(E) 4.929
ZZN%N he (4.29)
h=0 ¢

where we omitted the helicity dependence A. The 7—[%}}{(5) carry no dependence
on the size of the gauge group or the number of quark flavours. In particular,

up to two loops we find

11,0 — H([)%]O’(Z) : 24131,00) _ 0.
HOW = N 4 ”ng,}l’(l) B

HINO = N2 | N g +an 1) 4 02 7\;%[1 n NJ;HU @

(4.30)

where the helicity dependence was left implicit. It should be noted that the over-
completeness relations mentioned in section 2.2 provide a further constraint on
the partial five-gluon two-loop amplitudes which allows us to express 7-[%173]’(2) as
a linear combination of crossings of 7—[([)1,]0’(6) and 7-[[117]0’(@. Nevertheless in ref. [122]
we computed an over-complete set of partial amplitude and used this relation
as a check of our results.

As a final remark, we point out that because of the existence of the parity-

odd little-group invariant Trs defined in eq. (4.5), all H[Z] can be split into a

parity-even and a parity-odd part:
WO = 10+ Tis OO (131)

where the £ and O do not change sign under parity. After helicity projection has
been completed, one can explicitly separate the two contributions which never mix
during the rest of the calculation. Practically, during this computation, all the
various ways mentioned above of splitting the amplitudes in building blocks proved

to be an extremely useful to manage the complexity of the calculation.



4. Two-Loop Five-Gluon Scattering 87

p3
P2

b1
Ps

Figure 4.3: Massless Pentagon

(d)

Figure 4.4: Two-loop topologies for five-point massless scattering: penta-box (a),
five-point beetle (b), hexa-box (c) and double pentagon (d).

4.4 Loop Integrals

As a result of the previous sections, we defined the scalar quantities H%]}y), which
carry the whole information about the scattering amplitude and are entirely written
in terms of scalar Feynman integrals. All integrals appearing at one loop belong

to the pentagon topology of fig. 4.3

1
Pentagon
L = / C‘JED?MD? (4.32)

and to the topologies obtained from it by crossing the external legs. At two loops
the four topologies of fig. 4.4 appear, however the beetle integral (b) is reducible

to sub-sectors of (a). Integrals in the penta-box topology are planar, while the
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’ Family ‘ Pentagon ‘ PLs ‘ NPLs5 — check
D 0 3 0
D, (l14p1)? (014p1)? (l14p1)?
Dy (C1+p1+p2)? (01+p1+p2)? (C1+p1+p2)?
Dy (6 4+p1+pa+ps)? (ly+p1+p2+ps)? (b 4+p1+pa+ps)?
Ds (bo+p1+pat+ps+pa)? | (Ci+pi+patps+pa)® | (G1—Clo—ps)?
Ds — 2 02
Dy - (by+p1)? (by+p1)?
Dy - (ba+p1+p2)? (Ca+p1+p2)?
Dy - (lo4p1+pa+ps)? (ba4p1+pa+ps)?
Dy - (ba+p1+p2tps+pa)? | (bo+pi+pa+ps+ps)?
Dn - (6 —02)? (61 —03)?

Table 4.1: Integral families for five-point massless scattering up to two loops.

hexa-box and double pentagon topologies contain the non-planar integrals needed

for the evaluation of the amplitude beyond the leading-colour approximation.
The propagator-denominator (PD) representation for Feynman integrals defined

in section 2.3.1 allows us to express all needed integrals in terms of only two integral

families f = {PL5, NPLs}, each with 11 propagators, which can be written as

1
Ilf/h...,ljll = /®2€ W . (433)

.o 11

The list of propagators for all families up to two loops can be found in table 4.1
and the required crossed families are obtained from these via permutation of the
external momenta. A set of canonical master integrals for these integral families was
computed in refs. [125-130] via the method of differential equations, and expressed
as a Laurent series in the dimensional regulator e. A uniform representation in
terms of massless pentagon functions was given in ref. [131].

The methodology followed for the simplification of the amplitudes for the process
0 — ggggg is similar to the one described in chapter 3, though its implementation
presented different challenges. Sector relations and sector symmetries were obtained
using Reduze 2 [36, 84]. Inserting them into the amplitudes reduced the initial
number of integrals from O(10°) to O(10%). The disk-size of the scattering

amplitudes also shrunk by one order of magnitude from ~ 1 TB to ~ 100 GB. IBP
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reduction for the reduced set of integrals was then achieved using the public code
Kira [132, 133] and, specifically for the non-planar topologies, the code Finred.

Although the number of integrals to reduce here was substantially smaller
compared to the three-loop four-point amplitudes presented in chapter 3, the
multi-scale kinematics of five-point amplitudes is responsible for a large swell
of intermediate expressions, in particular in the non-planar sectors, where all
channels contribute simultaneously and one encounters individual IBP identities
with disk-sizes of up to 3 GB [134-136].

Our approach to deal with the complexity of the rational coefficients of these
amplitudes is based on the initial observation [135, 136] that partial-fraction
decomposition can reduce expression size for single IBPs of various orders of
magnitude. The same turns out to happen at the amplitude level, transforming
a seemingly un-treatable problem into an achievable computation.

We perform IBP reduction for a minimal subset of integrals and decompose
the resulting integral coefficients into multivariate partial fractions. The problem
of multivariate partial fractioning can be addressed via computational algebraic
geometry. The first step is to determine the full list of potential numerator and
denominator factors appearing in the rational functions we want to simplify. Working
at the level of the rational coefficients in the even and odd components defined
in eq. (4.31), we find that the space of numerators is simply given by the set
of linearly independent Mandelstam invariants eq. (4.3) while the most general

list of denominators can be written as

{di:1,...,10} = {512, 523, S34, S45, S51, S13, S14, S24, S25, 535}7
{diz11,. 25} = {(512 + S23), (S23 + S34), (S34 + Sa5), (Sa5 + S51),

(s51 + S12),

(

(812 + 534),
(4.34)

(

(

)
) ); (523 + 545), (834 + S51),

(845 + 512), (851 + S23), (812 + S45), (S23 + S51),
) ), ( )

(s34 + S12), (Sa5 + S23), (S51 + S34)},

d%:Trng(1234),
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where the subsets {d;—1,_ 10}, {diz11... 25} and {dss} are closed under permutations
of the external momenta. The denominator factors {d;—1 25} are of degree 1 in
the Mandelstam variables, while the Gram determinant of dog is of degree 4. Then

any rational function R can be written as

26 1
aj a2 .a3 a4 a5
R = Z a,b 312323534545551 J (4.35)
aeNd =1 "
bEN26

-

with (@, b) rational numbers. The next step is to introduce auxiliary variables d;
defined by 1 — d;d; = 0, in terms of which the rational function above becomes
26
R= 3 r(@b) sysiisiisissst [[ d (4.36)
gENO
beN26

We can then define the polynomial ring
R = Q[s12, 523, S34, S45, S51, 1, . .., dog], RER (4.37)
and the ideal
= (1 —dydy,...,1 — dygds) . (4.38)

Finally, provided we have defined a total monomial ordering >g in R (which we
will mostly leave implicit below), we can compute a Grobner basis g of J and

reduce R with respect to g¢:
red(R,g)s, = R = Zrl m;, (4.39)

where r; are rational numbers which depend on the choice of monomial ordering and
m; are monomials in YR which are irreducible with respect to g. The reduced rational
function R is the desired result: a partial-fractioned representation of the original
rational function. Two comments are in order at this point. First, the simplicity of
the results one obtains is greatly influenced by the choice of monomial ordering. In
any given partial amplitude, one can expect some denominators to be absent, while
the presence of the rest is justified by the singularity structure of the amplitude (for

more details see refs. [135, 136]). One should therefore choose a monomial ordering
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favouring denominators which are (physically) expected in an amplitude, so that as
few spurious denominators as possible are introduced. For instance, in the case of the

single trace colour ordered amplitude, proportional to Cpyj, our choice of ordering was
6226 > e > Cil > Sg1 > S45 > S34 > So3 > S12. (440)

Second, for a fixed monomial ordering, the coefficients 7; form a (Q-)vector space:
once a list of the irreducible monomials has been specified, each rational function

R can be identified with a vector #(R) = {71,72,...}. This map satisfies
’F(Ole + BRQ) = Oéf(Rl) + /B'f(RQ) for a, ﬂ S Q . (441)

This is a particularly useful property when performing sum of contributions to
the same amplitude. When working with partial-fractioned rational functions one
can simply sum the vector coefficients » and obtain partial-fractioned expressions
for the sums of rational functions. Conversely, if one tries to do the same in
common-denominator form large amounts of algebra are usually required to simplify
the results. In practice, to perform Grobner basis computations and polynomial
reduction we use Singular [137], which proves to be sufficient the denominators
set of eq. (4.34).

More specifically, we first derive reduction identities for the un-crossed integral
families of table 4.1 and perform a partial-fraction decomposition of their rational
functions which reduces their overall size by about two orders of magnitude. We then
obtain reduction identities for all crossed families contributing to the amplitudes
by permutations of the external invariants. Crossing of the external legs does
not preserve monomial ordering and therefore the resulting identities require an
additional partial-fractioning step.

Once the simplified reduction identities are inserted into the amplitude, we
perform an additional partial-fraction decomposition to simplify the resulting
expressions; in addition to the IBP reduction, this proves to be the step with the
highest computational cost in our framework. A further level of simplification

can then be achieved by expressing the reduced amplitudes in terms of a minimal
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number of independent rational functions (see for instance ref. [122] and references

therein for more details).

4.5 Results

As a result of the computations described in previous sections one obtains the
bare scattering amplitudes for the five-gluon process. Each any of the amplitude
components of eq. (4.30) can be UV renormalised following eq. (2.89). The resulting

renormalised colour components can then be explicitly written as

RO _ XL 0 \pw
> Z RE,;+Trs RO, OF" (4.42)
m=—20w=0 €
where Rl . RS . are rational functions® of the invariants s;;, expressed as

polynomials in R, and the F’ ;w)

are weight-w pentagon functions defined in ref. [131].
The 4 — 2¢ upper bound represents a truncation of higher powers of € which still
allows one to obtain the O(e®) contribution to finite remainders.

We performed numerous checks on our results. First, we observed that the IR
poles of the UV-renormalised amplitude components (4.42) are fully predicted by
egs. (2.90) and (2.100). We also verified the one- and two-loop U(1) decoupling
identities as well as the generalized colour-trace identities described in [34]. We
also computed a redundant set of single-trace partial amplitudes; crossing relations
among them allowed us to verify the consistency of our calculation.

We also compared our tree-level and one-loop results against existing analytic
calculations [138, 139] as well as OpenLoops2 [103], by numerically evaluating all
helicity configurations and summing over colour degrees of freedom.

We also found perfect agreement with the analytic two-loop full-colour all-plus
gluon amplitude of ref. [140] and with the numerical benchmarks in the leading-
colour approximation provided in ref. [141].

Finally, we verified that our results agree numerically to high precision with

those provided by a similar concurrent calculation presented in ref. [123].

2The dependence of the rational functions on the colour component indices 3, k, h as well as on
the loop order and helicity configuration is left implicit.
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Though the definitions in eq. (2.101) would provide a valid set of IR-subtracted
finite remainders, we decided to present our results in a slightly different IR-
subtraction scheme in order to match pre-existing literature. In particular, we

used Catani’s subtraction operators [142]

erm 1 1 T, - T, [ 11> \°
Ic - - L J
() ['(1—¢€) 5 Z (62 2¢ T2> ;; 2 (—Sij ’
e ET(1—2¢) (4 Bo 1 Bo
Z5(e) = Zi(2¢) — =I7 I -
50 = g (A 4 ) 7 - 7 (za + )+ Lt
(4.43)
where the colour operator Hs, is given by
1 1 cusp i cusp
Hy = 16 zz: 71 - 171 "‘ 5070 Ci
+ i Z 'I‘aTb'I‘C log % log ok log ki 4 44
24 (i,j,k) —Sjk —Ski —Sij (4.44)
™ cup b (vé 73> —Sij 1, ~5
— T{T,Ty | = — + | log—log —,
128 ! (%) C; G —Sjk  —Sij

as reported in ref. [61].
In terms of eqs. (4.43) and (4.44) we defined the following finite remainders

FO) — RO :

C

FO =RW e RO | (4.45)

FO =R® ¢ RW _ ¢ RO
Mathematica-readable expressions corresponding to the finite remainders of the
partial amplitudes of eq. (4.10) can be found at [143].

In order to reconstruct the full amplitude from the results of the primitive
amplitudes, we employ crossing symmetry and parity transformations similarly to
section 3.5. The analytic continuation of each pentagon function individually is
non-trivial but also not necessary. In fact, the information needed to perform the
required continuation is available implicitly in the results provided by ref. [131],
where all master integrals are evaluated for all 120 permutations of the external

invariants in terms of a minimal set of pentagon functions. In practice, we took every

uncrossed master integral and applied the required crossing on its analytic expression
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by formally crossing all appearing pentagon functions. We then equated these formal
expressions to the explicit results for the crossed master integrals, which are written
in terms of uncrossed pentagon functions. Repeating this for all master integrals for
a given crossing, we obtained a linear system of equations, which we solved using
FiniteFlow [89]. This allowed us to express the crossed pentagon functions in terms
of the uncrossed ones. Typically, the system is under-determined and some crossed
pentagon functions remain unsolved for. Nevertheless, since the results in ref. [131]
are sufficient to represent any crossing of the amplitudes, all formally crossed
pentagon functions remaining after solving the system must cancel upon inserting
the solution into the amplitude. We verified this cancellation explicitly for each
crossing required to obtain the helicity and colour ordered amplitudes for all partonic

sub-channels. This provided a strong check of the consistency of our procedure.
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5.1 Introduction

Scattering amplitudes have many different representations. In previous chapters

I described a practical method to obtain representations in terms of minimal sets

of master integrals. It is known that this method does not always yield the most

compact from of amplitudes and can often obscure the some features of amplitudes.

A great reduction in complexity is usually obtained by Laurent-expanding the master

95
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integrals in the dimensional regulator € via the method of differential equations of
section 2.3.5. This has two benefits: it makes the loop divergences of the amplitude
manifest as poles in € and it allows one to numerically evaluate! the amplitude
for explicit values of the external kinematics.

In this chapter we make a first step towards a different approach. The aim will
be to obtain representations of scattering amplitudes where IR and UV singularities
are faithfully represented in loop-momentum space.

More concretely, with Yang—Mills theories in mind, we would like to make IR

factorisation manifest by finding an integrand-level representation of the form

where Ag contains all IR divergences.
Already at this level it becomes clear that a representation of the type in
eq. (5.1) cannot be obtained by fully relying on IBP identities as is normally

done. This is because of relations like

e 52

where the double IR (soft and collinear) divergence of the triangle has been traded

for an explicit pole in € and a UV divergence of the bubble. More in general,
the IR-UV mixing induced by IBP relations spoils the physical properties of the
integrand and has to be avoided.

Below we will tackle this problem by studying a subset of IBPs whose coefficients
do not depend on the space-time dimensions d and therefore automatically exclude
relations similar to eq. (5.2). However it should be noted that this does not
completely solve the IR-UV mixing problem. In fact, due to the fact that scaleless

integrals vanish in dimensional regularisation, the equation

@ ~0 (5.3)

Lprovided that an efficient code for the numerical evaluation of the class of iterated integrals in
question has been developed.
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would still be included in the set we consider, as it does not explicitly depend on
d. However, it is a source of UV-IR mixing because the bubble integral above is
both UV and IR divergent and schematically 0 = 1/eyy — 1/€z. For the moment
we will ignore this type of mixing.

Assuming for the moment that we know how to find all relations among Feynman
integrals which do not mix their IR and UV behaviour, the next question is how to
choose the corresponding set of master integrals. Eq. (5.1) suggests that a good
basis of integrals should have definite IR (and UV) properties. In particular we
might ask what is the set of integrals which can appear in Ayp..q. By definition they
should be IR-finite, meaning that all IR singularities of the propagators should be
integrable. Once the set of all IR-finite integrals is known, one can use them to

identify a complete basis of IR-divergent integrals which can be used to represent

-AIR .

The remainder of this chapter is organised as follows. In section section 5.2
we will discuss the set of IBP relations whose coefficients do not depend on the
space-time dimensions d and which represent a good starting point to remove the
aforementioned UV-IR mixing. In section 5.3 we will shift our attention to the
determination of IR-finite integrals. Finally in section 5.4.5 we will provide a proof-

of-concept example of the combination of ideas developed in sections 5.2 and 5.3.

5.2 Dimension-Independent Integral Relations

In this section we will describe a method to obtain IBP relations among Feynman
integrals whose coefficients do not depend on the space-time dimensions d.? Our
motivation comes from the fact that such systems of IBPs induce a far smaller
degree of UV-IR mixing, the only effect coming from the vanishing of scaleless

integrals like in eq. (5.3). Restricting ourselves to a subset of IBPs has the clear

2Tt would also be possible to take a more refined approach, allowing reduction identities to
explicitly depend on d, but asking that all coefficients should be regular as d — 4. Because
identities of the type eq. (5.2) would still be forbidden, we expect equivalent UV-IR properties
but a smaller number of master integrals. In the following we explore the idea of d-independent
IBP reduction and leave relations regular in the d — 4 limit for future investigation.
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disadvantage of increasing the number of master integrals for any given process.
However, because d-independent integral relations preserve the UV/IR properties of
amplitudes, we might expect to find more representations which are more compact

and physically meaningful for a suitable choice of master integrals.

Let us refer to integrals appearing in a given topology or integral family (see
section 2.3) as Z;, with ¢ € N and with each integral defined as in eq. (2.43)
for some set of propagators and with a scalar numerator whose coefficients are
independent of d. Then our goal is to find all IBP reduction identities whose
rational coefficients are independent of d:

Y Gi(5)Zi=0 (5.4)
=
Denoting by /\/lz(d) the master integrals obtained via standard IBPs, all integrals

can be reduced as
= cy(5d) MY (5.5)
J

Let us now assume that the master integrals in question have been chosen?® so that
the dependence on d of the reduction coefficients is factorised from the kinematics
so that rational functions in d can be partial fractioned to yield

40 (3)
¢i;(5,d) = ZZ = d* +Zb (5) d". (5.6)
d*e@k>0 k>0

In order to find all d-independent relations among a given set of integrals Z; with

1 =1,..., N, we can start by writing an ansatz relation

fj Ci(®) T, = 0. (5.7)

and plug in the reduction identities egs. (5.5) and (5.6)

=1 j d*€Qk>0 k>0

N dk)
SEE S (S d)amm -0 6y

3We are making the assumption that such a basis exists for the integrals appearing in amplitudes
we are interested in.
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Because all coefficients C; are independent of d and the coefficient of each master

integral Mgd) must vanish independently we find the equations

{z;il i M(E) (5 =0, 59)

k
L aE  =o.
The system of equations above is typically under-constrained: one can express
all C; in terms of subset, which we denote by C;, but not completely solve the

system. We can express this as
N J—
Ci=> MSC;, (5.10)
j=1

with N < N. Plugging eq. (5.10) into eq. (5.7) we find the d-independent relations
N J— —_
Y MIC;I; =0, j=1,...,N. (5.11)
i=1

We can then proceed to find the solution of eq. (5.11) in terms of a (larger)

set of master integrals ./\/l§4):
4
T, =Y C4(3) MY (5.12)
J

Let us now make two comments.

First, the procedure described above allows one to find all d-independent relations
among Feynman integrals, but relies on the full IBP reduction. Because reduction
identities are very often a bottleneck for state-of-the-art computations, it might be
desirable to find an alternative way of obtaining the relations (5.12).

Second, the set of master integrals M§-4) is usually not finite. As the rank of
integrals considered is increased, the number of master integrals grows accordingly,
as it happens in the context of one-loop integrand reduction. Though this might
seem problematic at first, the rank of Feynman integrals appearing in scattering
amplitudes is always bounded by renormalisability which automatically forbids the

appearance of an infinite number of master integrals.
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5.3 IR-finite Feynman Integrals

The problem of classifying all finite integrals for a given graph can be solved by
finding all numerators A/ that make the integral (2.43) finite. Our goal is to identify
the general form of A/. As discussed in section 2.3, we will focus on numerators
which are invariant under the full d-dimensional Lorentz group. In particular,
following the tensor decomposition method of section 2.1.2, we can simply consider
polynomials of scalar products of internal end external momenta: ¢; - p; and ¢; - ¢;.

This allows us to write any numerator in the form
N() = Zc;HtZ”, (5.13)
where the t, belong to the list of allowed scalar products described above
to € {l; - pj}U{l;i- {5}, (5.14)

and 7" are vectors of non-negative integer numbers representing the powers of each
monomial. The coefficients ¢ are rational functions of the kinematic invariants. In
this chapter, we will use the notation p; ; = p; +--- 4 p;, and use as kinematic
invariants the Mandelstam variables s; ; = pf i Though the methods described
are applicable to Feynman integrals involving internal and external masses, here we
will focus on purely massless cases.

In a slight abuse of language, we will refer to the total degree of a term in N
in the loop momenta as rank; the rank of a numerator is the maximum rank
of any of its terms.

The numerator representation given by egs. (5.13) and (5.14) is not unique.
For our purposes, it will be useful to consider an alternative representation built
using a van Neerven—Vermaseren basis, which we define below. We first define the
generalized Gram determinant of two sets of R vectors in d dimensions

P1 PR\ _
G :dt21' 1) s
(Ch QR> ¢ ( b qJ)

Gl )= ().

(5.15)
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We define a Gram with a free index

G<p1...ﬂ...pR>EaG<p1...w...pR>. (5.16)

@1 -+ 4R ow, \@1 ... 4qr
Next, suppose that the space of external momenta for an n-point process is spanned
by a basis py,...,pr, where R = min(n — 1,4) in four dimensions. The well-known

van Neerven—Vermaseren basis can be defined as

G Pr.--- W ...PR
P1.--Di-.--PR

ol = , (5.17)
G (p1 ce pR)
which has the important property
vi-pj:(sij for 1 S] SR, (518)
and allows us to decompose any external momentum w* as
R
wh = (v; - w) plf + @, (5.19)
j=1

with p;- = 0 fori = 1,..., R. The remainder 1 satisfies 0? < 0. In the rest of this
chapter we will reserve the “hat” symbol for out-of-plane components of momenta.

We also introduce &, the out-of-plane part of the loop momentum ¢; orthogonal
to all external momenta p;. When considering an n-point process with n > 4, this
part is strictly e-dimensional. Using eq. (5.19) we can then write the scalar products

in eq. (5.14) as linear combinations of those in the set
t, € {Ez : ’Uj} U {EZ . Ej}, (520)

which span the same space as the one generated by eq. (5.14), but greatly simplify

the identification of IR-finite numerators. This alternate basis will allow us to

generalize our analysis more easily than the standard basis in eq. (5.14). It is

convenient to define the notation

-0, = I T (5.21)
G (pl Ce pR)

Conveniently, all definitions above can be continued to d continuous space-time

Vij

dimensions, whenever necessary.
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5.3.1 Ideals of IR-finite Integrals

Suppose we have the set of all IR-finite numerators W. Multiplying any IR-
finite numerator f € W by any polynomial p in the variables of eq. (5.20) yields

another IR-finite numerator:
pfeW. (5.22)

This is the defining property of an ideal; it implies that there exists a (non-unique)

minimal set of polynomials fi, fo,--- € VW which generate W:

W ={(fi,far...). (5.23)

This means that any IR-finite polynomial can be written as a linear combination
of fi, fo,... with polynomial coefficients, and vice versa, any such combination is
[R-finite. Furthermore, polynomial ideals are finitely generated and, as we shall see,
only a small number of generators are required to describe IR-finite numerators.
This allows us to capture all information on W in a very compact form.

Let us now see how to determine the list of generators f; for any integral topology.

5.3.2 IR Power Counting

In section 2.3.6 we saw how, at least in simple cases, one can solve the Landau
equations eq. (2.78) to find regions of loop-momentum space where Feynman
integrals might develop IR singularities.

Solutions of the Landau equations turn out to impose two types of constraints
on the loop momenta: soft constraints take the form g.(¢, p) = 0, where g.(¢,p) is
the momentum of a massless line, while collinear constraints require ¢.(¢,p) = zp;,
where p; is an external massless momentum, and the proportionality coefficient
z € (0,1) is the ratio of unconstrained « parameters, such as a; /(o + az).

Following Anastasiou and Sterman [144], one can use the IR power-counting tech-

nique of Libby and Sterman [145-147] to determine the behavior of the integral near a
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divergent surface described by soft and collinear constraints. Namely, we parametrize

the vicinity of the divergent surface by modifying the constraints as follows:

q“(l,p) =0 A DY

(5.24)
i(lp) = wepf = qh(Lp) = wepf + Ml + NP
Here, o, is a unit euclidean-norm vector while 7; and ¢ satisfy
¢ pi=n=q¢ =0 and 7 =0. (5.25)

Solving the modified set of constraints for the loop momenta, we obtain a scaling
rule of the form ¢; = ¢;(\), which can be used to find IR-finite numerators. For
every divergent configuration of the loop momenta, we can substitute the scaling

rules of eq. (5.24) into the integration measure, which yields*

soft:  d¥ = dQ, dA At ~da N

1 5.26
collinear: d%/ = §d$e dqeL2 AQas (pi - m;) AA Y27 o A N2 (5.26)
as well as into the integrand ansatz
N (&)
N1 s .2
Dy DY (5.27)

with the numerator given by eqgs. (5.13) and (5.20). Assuming that the overall
scaling in A\ of measure and propagators is dA \™“/% with w;r > 1, we Taylor-expand
the numerator in A and retain only powers leading to divergences
WIR
N(G) =D N T+ O(mth). (5.28)
i=0
The coeflicients J; of divergent powers of A are in general polynomials in the quanti-
ties
AP N
fi'vj, Vij, ;- o, Ei'qj » Vit gy, Vit Ty, (5.29>
Vi Oe, Oer s @y s Gy Oeyy T,
with coefficients depending on the ansatz parameters cr, and ¢; being the uncon-

strained loop momenta. We remind the reader that the "hat" notation was defined

4We denote the solid angle measure by dQg.
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above in eq. (5.19). The set of monomials in eq. (5.29) is determined by substituting
the modified constraints of eq. (5.24) into the ansatze of eqgs. (5.13) and (5.20).

However, not all monomials in eq. (5.29) are independent. We can find relations
by applying the decomposition of eq. (5.19) to each of the vectors appearing
in eq. (5.25). We find

R R R
(pipy) vjoqr = > pypn) vymi v = Y. (pjpr) vj-qr vem =0, (5.30)
j=1 J:h=1 j.h=1

with ¢ labelling a massless external momentum p;. The first is a relation among
degree-1 monomials while the other two are among degree-2 monomials. We take
these relations into account and require that the coefficient of every independent
monomial should vanish. The solution of the associated system of equations leads
us to a set of constraints on the ansatz parameters.

The p; - p; factors appearing in eq. (5.30) are the only kinematics-dependent
objects which enter the system of linear equations induced by the IR finiteness
constraints. Moreover, they are only relevant when power-like collinear singularities
are present. In practice one can first solve the system of equations which does
not involve these p; - p; and then solve a much smaller system coming from the
sub-leading contributions of the numerator which may possibly depend on the p; - p;.
This greatly simplifies the determination of IR-finite numerators and allows us to
compute them for four-point topologies up to four loops on a laptop®.

Repeating the procedure above for all IR-divergent surfaces, we find the most gen-
eral numerator consistent with IR finiteness for a given ansatz. Denoting the space

of IR-finite numerators by W, any element f € WV can then be written in the form,

() =3 g: Ni0), (5.31)

where the A; are polynomials in the independent monomials in eq. (5.20) and the
g; are unconstrained coefficients independent of the loop momenta.
To guarantee IR finiteness, following ref. [144], one must check not only the

divergent surfaces found from the Landau analysis, but also sub-surfaces. The latter

°In practice when the problem involves large systems of (linear) equations one can use for
instance FiniteFlow [89] to obtain a solution efficiently.
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do not always show up as separate solutions of the Landau equations. In particular,
a solution with a soft constraint may be a special case of a solution with a collinear
constraint when the proportionality coefficient x, reaches its boundary value of
0 or 1. To include the sub-surfaces we also consider each solution of the Landau
equations where x, have been set to 0 or 1 in all possible combinations. This is
necessary only when the degree of divergence of a subsurface is greater than that of
any of the parent surfaces. An example of this would be a set of surfaces associated
to logarithmic divergences intersecting on a subsurface which leads to a power-

like divergence, as in the case of the massless non-planar double box, see section 5.4.3.

In order to determine the generators f; of IR-finite integrals one can compute
the reduced Grobner basis of the ideal generated by all the N; of eq. (5.31). Because
the ideal of IR-finite integrals is finitely generated, one can perform the procedure
above using a truncated ansatz, by retaining only terms in eq. (5.13) below a
certain maximum rank 7,,,.. In practice we observe that r,,,, is usually quite
small. In fact, 7,4 often turns out to be below the degree of UV-convergence
of the integral topology, yielding a set of fully UV-finite generators. Inspired by
this, in the following we use UV-convergence of the numerator as a criterion for

the truncation of the ansatz.

5.3.3 Example: Massless Box

To illustrate the procedure described in the previous sections, let us consider the
one-loop massless box integral, depicted in fig. 5.1, as a simple example. We

define the momenta,

=L q@=0-p, @=L—p2, q=~{—Dpos. (5-32)

We start by writing down the most general ansatz for a UV-finite numerator as

described in section 2.3.6. Superficial convergence imposes a maximum degree



5. Infrared-Finite Integrals 106

D2 P3
g3, 3

g2, 09 44, 0y
g1, 1

P1 P4

Figure 5.1: The massless one-loop box graph.

Tmax = 3. As there are no sub-integrations to consider the ansatz reads,

NO =co+crl-v, +cal-vg + c3l-v3 + el ? + cs (0-v1)* + cg v £ - vy
+oer (0-v9)? + cgl-vi€-v3 + cgl-vgl-vg + ci9 (£-v3)? + e PO
e lPlovy + e3P lvg + g (0-01)% + 15 (0-01)2 € -0y
+ g l-vr (0-v2)* 4 17 (0-v2)® + c1g (0-v1)? L-vg + crgl-vy £-vy £ -0y

+ Coo (6'1}2)26'03 + Cglg'l)l (6'1)3)2 + CQQE'/UQ (g'Ug)Q + Co3 (6"03)3.
(5.33)

Moving to the IR analysis, we start by computing the auxiliary quantities (see

eq. (2.51)),

An =+ ar+as+oay,

(5.34)
By = (o + o3 + o) ph + (a3 + au) ph + au i,
so that the Symanzik polynomials for this diagram are,
Z/{:Oé1+0é2+043+064, JT":SOQOég—l—tCKQOq. (535)

Solving F = 0 monomial by monomial, and then using eq. (2.79) together with
eq. (5.34), we obtain four solutions corresponding to divergent surfaces of collinear
type. Intersecting these surfaces, or equivalently setting the proportionality coeffi-
cients to 0 or 1, we find four soft sub-surfaces. We list the results in table 5.1.
To each of the singular configurations we associate a modified constraint
¢ = {(\) as decribed in eq. (5.24) and substitute it into the momentum-space

representation of the integral,

N(©)

(5.36)
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Table 5.1: Solutions of the Landau equations for the 1-loop box and the corresponding
IR divergent surfaces and sub-surfaces. Teal dotted lines indicate collinear sub-diagrams
while red dashed lines represent soft propagators.

solution momentum momentum
surface : subsurface }
of F=0 constraint constraint
— _ -
N = i I i ¢1=0

U2 = GtasP2 - 4 =0
(52)'= (C1) N (C)
43 = Gaiails g3 =0
(S3) = (C2) N (Cs)
........ ¢
........ Poom=as=0 a=giam g1 =10
g (C4) (S1) = (C3) N (Cy)

Using the integration-measure scalings (5.26) together with the scaling of the
propagators D, = ¢* + ic we find that Box[1] behaves as dA A™1*9() near d = 4
for all the soft and collinear configurations of table 5.1. Because of the logarithmic
nature of these singularities we need to expand the numerator only to O()\°) to
obtain singular contributions to the integral. To this order in A we find that the

monomials {62, C-vy, 0wy, {-v3} take the values:
Cl : {0,$1,0,0}, 02 . {0,1,I2,O}, 03 : {O,l,l,l’;;}, C4 . {0,$4,$4,1’4},

Sli {0,0,0,0}, Szi {0,1,0,0}, Sgi {0,1,1,0}, S4I {0,1,1,1},
(5.37)
where the z, stand for the collinear-fraction parameters which can be read off
from table 5.1 for the different collinear regions.

Let us study these configurations, extracting the corresponding constraints on
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the numerator. Substituting the collinear configurations into eq. (5.33) and setting

the result to zero for every value of the x. we find the equations,
Ciico=c¢ =c5 = ciy =0,
Co:co+cr+ces+cy = cot+cg+c5 = cr+cg =7 =0,
Cs:co+cp+cot+ces+cg+erteut--+cp = (5.38)
c3+cg+cog+cig+crgtcoy = crg+co1+ oo = co3 =0,
Ciico =c14+ca+c3 =c5+-+co=cuu+---+cg = 0.
As anticipated these equations do not depend on the external kinematic invariants

sij. Moving on, for each soft region S; we get the following constraints:
Sl 1 Cp = 0,
Syicp+ci+cs+en =0,
(5.39)
Sg : Co+Cl+CQ—|—C5+C(5+C7+614+"‘+017 = 0,
Syicot--F+egtest+-taotoattes =0.

One can check that these constraints are satisfied automatically if eq. (5.38) holds.
This comes as no surprise, because in this case soft subsurfaces have the same
degree of divergence as their parent surfaces corresponding to collinear regions
(see discussion at the end of section 5.3.2). Therefore, cancellation of collinear
divergences is sufficient for IR-finiteness.

The constraints in egs. (5.38) and (5.39) entirely fix 12 coefficients in the ansatz
of eq. (5.33). Therefore, within the space of UV-finite numerators of eq. (5.33),
described by 24 independent monomials, the subset of IR-finite integrals has 12
degrees of freedom.

In general, the results of a UV-IR analysis such as the one presented above can
be summarized by simply listing the generators of the ideal of IR-finite numerators.
A set of generators can be found using standard techniques of computational
algebraic geometry, such as Grobner bases. In the case of the massless one-loop
box there are only three rank-two generators: 2, ({ — py) - v £ - (v; — v3) and

C-v3l- (v —vy). Using them we can write the most general UV- and IR-finite
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numerator for the massless one-loop box as,
N =1[by + bal-vy + bsl-vy + byl-v3] (€ —p1)-vi £ (v —v3) +
[bs + bl vy + brl-vg + bgl-v3] -v3l-(vy —wg) + (5.40)
[bg + biol vy + by £- vy + byol-vs) 2
where the b; are purely functions of the external momenta.

We end our discussion with two comments on eq. (5.40):

1. The generators obtained in the van Neerven—Vermaseren basis of monomials

have a straightforward representation in terms of Gram determinants,

0 — 23 /14
(f—pl)-vlﬂ(vg—v?,)ocG( 1p123>G<123>,

/12 ¢34 541
E-vgf-(vl—vg)ocG<l23>G<123>, ( )

PoxG(r123),
where the constants of proportionality depend only on the external momenta
(here and in what follows we represent the external momenta p; inside the

Gram determinants with the corresponding labels 7);

2. eq. (5.40) is just one possible choice to represent the numerator. For instance,
one could swap the ¢ - v; factors inside the brackets in eq. (5.40) for ¢ - p;
or rewrite them in terms of inverse propagators where possible. As long as
the UV power-counting is satisfied one can choose different representations

depending on the context.

5.3.4 Evanescent Integrands

The set of IR-finite integrals contains a noteworthy subset of convergent integrals
which are manifestly of O(e) while containing no explicit appearances of € (or d).
We call these evanescent integrals. To find integrands giving rise to evanescent
integrals, we start with the set of integrands of IR-finite integrals which are also
UV-finite, and impose further restrictions on their coefficients. In particular we

can split the numerator of the integrand

N = Ni+ Ny, (5.42)
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where N = N|4=4, so that N;_4 vanishes exactly in four dimensions for any value
of the loop momenta. If the integral Z[N] is finite then Z[N,] is also finite as
the procedure described above to determine UV- and IR-finite integrands could in

principle be performed purely in four dimensions. Rewriting the equation above as
Nia=N - N, (5.43)

we see that as d — 4 the right-hand side has to vanish and therefore N;_4 can be
at most of O(e). To find evanescent integrands we therefore require the integrand
to vanish when all loop momenta are four-dimensional, that is Ny = 0.

For (n > 4)-point integrals, setting the (d—4)-dimensional components of each
loop momentum to zero corresponds to fixing the extra components 0; = 0 so that all
v;; vanish identically. For the numerator to vanish as d — 4 we require a vanishing
coefficient for every monomial of the independent scalar products ¢; - vj—; ... . The
truncated ideal of evanescent numerators is then the intersection of the IR-finite
truncated ideal W with the one generated by the v;;.

For (n < 4)-point integrals we need to be more careful: we can still freely set to
zero the coefficient of every monomial without a factor of v;;, as these are linearly
independent and do not vanish as d — 4. Conversely v;; # 0 in four space-time
dimensions, so evanescence of a term containing one of these factors is not guaranteed.
Instead the ¢; become linearly dependent if enough loops are present because they
span a (5 — n)-dimensional space. As a consequence, any Gram determinant with
m > 6 — n entries of the /;’s will automatically vanish. For instance, with n =4

we need at least two loops to find an evanescent numerator via the factor
G (0, 0y) . (5.44)

This is in accordance with the fact that for the one-loop box no evanescent numerator
can be extracted from eq. (5.40). In general, within the space of polynomials defined
by eq. (5.13), the ideal of evanescent numerators for n < 4 is given by the intersection
of the IR-finite ideal with the ideal generated by all choices of the Gram determinant

G (5 €> . (5.45)
0 ..
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Evanescently-Finite Integrals Integrands can vanish in four dimensions even
if they fail the UV-finiteness power-counting criterion, or if they fail to cancel all
IR divergences revealed by the Landau equations. In dimensional regularization,
these combinations can give rise to evanescently finite integrals. These are integrals
which are finite, but where the finiteness depends on cancellation of a pole in €
(due to a UV or IR divergence) with a factor of € that arises from the evanescence
properties of the integrand. Their existence is special to dimensional regularization.

We will not study them exhaustively, but provide explicit examples in section 5.4.

5.3.5 Example: Massless Pentagon

The massless pentagon, depicted in fig. 4.3, is the simplest one-loop case where
evanescent integrals arise. Let us summarize the results of our procedure applied
to the pentagon. We start by writing a UV-compatible ansatz for the numerator,

here a rank-five polynomial in the variables
ZQ,E-Ul,Kvg,E-vg,E-m. (546)

This polynomial has 166 independent monomials whose coefficients are unfixed
rational functions of the independent Mandelstam variables, for instance the set
{512, 523, 834, S45, 551} -

We proceed by listing all IR singularities. The list generalizes that for the box
integral (see table 5.1): here we find a total of ten regions (five soft, five collinear).
Requiring the numerator to vanish appropriately in each of the IR regions, we
obtain a set of 141 IR-finite independent numerators. The ideal needs only six

generators:

g'U4€'<U1—U2>, (E—p1)~111€-(1)2—1)3), 5-(1}1—1)2)€~(U3—U4),
N (5.47)
C-(vg—w3) vy, C-(v3—wg) (L—p1)- vy, L.
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The same ideal can equivalently be expressed in terms of the closely related set of

Gram determinants using relations of the type (5.41). The result is
123 (—p1 234 0345
G<€345>’ G< l 451)’ G<€512>’
451 ¢ 512
G<£123>’ G(é—p1234>’ G(£1234).

Turning to evanescent integrands, the further requirement that the numerator should

(5.48)

vanish when the loop momenta are purely four-dimensional leads us to a subset of

40 evanescent integrals, whose numerators belong to the ideal generated by
P=G(t1234)/G(1234), (5.49)

which is consistent with the well-known result,

/ddlcw o (d — 4) x /ddﬁzm — 0e) . (5.50)

5.4 Examples of Finite Ideals

In this section we present some explicit results. First, we apply our procedure
to characterize the IR-finite integrals for the planar double box, and then show
how a general conjecture for the all-loop ladder topology can be justified. We
then move to consider the non-planar double box and another two-loop four-point
graph which we refer to as the beetle graph. Both the non-planar double box
and the beetle require dealing with powerlike IR singularities and allow us to

illustrate aspects of our procedure.

5.4.1 Planar Double Box

In this section, we apply the procedures of section 2.3.6 to the massless planar
double box integral. We parametrize the loop momenta as shown in fig. 5.2(a).
All external momenta are outgoing and we label the edges from 1 to 7, so that

their momenta read, in order of labels

b, b —p1, b —pia, o, Uy —Dpias, lo—Dpia, £ — L. (5~51)
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Figure 5.2: The planar double box graph (a) and and its sub-integrations (b).

We start by imposing UV-convergence constraints and then proceed to the IR

analysis described in previous sections.

UV divergences

To avoid the overall UV divergence, the maximal allowed numerator rank is 5.
Three distinct linear combinations of the loop momenta enter the denominators:
ly, U3, and (¢; — {5). Holding each one of them fixed in turn yields three possible
sub-integrations over the remaining variable ¢ corresponding to the dashed lines in
fig. 5.2(b). These give rise to the following constraints on the numerator:

p P N (4, = const, by =pl) =0,

plggo p~* N (¢y = pl, €y = const) =0, (5.52)

p 8N (b1 = pl, ly = const + pl) = 0.
The first and second constraints simply count the powers of ¢, and ¢; respectively,
so the numerator has to be at most cubic in either of the loop momenta. The
third constraint is automatically satisfied for numerators of rank five. Hence, a
numerator for the double box yields a UV-finite integral if it is at most cubic in ¢1,

at most cubic in /5, and has a total rank of at most five.
IR divergences

We start by identifying all reduced diagrams of the double box. We do this by

computing the first Symanzik polynomial:

U= (Oél + oo + &3)(0&4 + a5 + 066) + a7(a1 + oo+ a3+ a4+ a5+ 066) s (553)
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Table 5.2: One-loop reduced diagrams of the planar double box and corresponding
Symanzik polynomials.

reduced graph solution of / =0  Symanzik polynomials

(full graph) (reduced graph)
Ne— o - /
: : R Oy = Q5 = U=o+as+ag
: : ag = a7 =0 F = sajos
N
| /
! E N a1 = Qg = U:a4+a5+a6
' : a3 =ay; =0 F = saq0p
TN
D N
1 : —
"""" AN

and setting & = 0 term by term. This yields three solutions which we collect in
table 5.2. These solutions describe the reduced diagrams of fig. 5.2(b). Because
these diagrams already have only one loop, they represent all reduced diagrams
of interest for solving the degenerate-case Landau equations: indeed, solving U =
0 monomial by monomial for the reduced diagrams gives no further solutions
with at least one «; positive.

We now have to solve the parameter-space Landau equations for the original
diagram and the three reduced diagrams. We start with the planar double box
diagram itself. As the graph is planar, it is natural to express the second Symanzik
polynomial F in terms of the independent Mandelstam invariants of consecutive

external momenta, s = (p; + p2)? and t = (py + p3)?, so that F is subtraction-free:

F = s[agas(ay + as + ag) + agag(ar + az + az) + az(ag + ay)(as + ag) |+t asasar .
(5.54)
We find ten solutions of F = 0 monomial by monomial. They are listed in the first
column of table 5.3. The last two solutions should be discarded as they nullify U as
well. As explained in section 2.3.6 they will be considered in the analysis of the

sub-integrations. For the remaining eight solutions, we evaluate the corresponding
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Table 5.3: Non-degenerate solutions of the Landau equations for the planar double box.

solution of F =0 momentum constraints

a3 =as=a =0 b |l o || p1

ag = a3z =as =0 €1||p4 £2Hp4

oy =ay =a5=0 (61 —p12) [[ P2 (be —pr2) || p2
am=m=ar=0 (h —pi2) [ ps (2 —p12) || p3
ag=ag =a7; =0 (1| py ly || ps
ag=ay=a7;=0 01 || py (ly — p12) || p3
a; =ag=ay; =10 ((r—pi2) [[ P2 Lo pa

oy =ay =ay =0 ((i —p12) [[ P2 (b —p12) || p3

C¥1:O./2:Oé320é7:0
g =0oa5 =0ag =oa7y =0 —

loop momenta, recognizing the well-known double-collinear IR divergences of the

planar double box. For example, the solution on the first line of table 5.3 gives,

B gy + o) B Qay
b= P, ly = p1,
(1 + ag)(ay + ar) + auar (1 + o)y + ar) + agar

(5.55)
describing a double-collinear IR divergence (¢ || p1, 2 || p1)-

Computing all intersections of the surfaces associated with the singular con-
figurations in table 5.2, or equivalently setting collinearity coefficients to zero
or one, we reproduce the double-soft and soft-collinear IR sub-divergences. For
example, intersecting (¢ || p1, €2 || p1) with (¢4 || p1, €2 || psa) gives rise to the
soft-collinear configuration (¢ || p1, ¢o = 0) as it sets ay = 0 in eq. (5.55). Similarly,
intersecting (€1 || p1, €2 || p1) with (¢4 || ps, €2 || ps) yields the double-soft divergence
(64 = 0, ly = 0) setting as = 0 in eq. (5.55).

Notice that ¢; = 0 implies asa; = 0. This forbids the configuration (¢; =
0, 45 || p1) corresponding to a disconnected collinear diagram. More generally, the
eight solutions of table 5.3 give rise to sub-divergences which are in agreement
with the results presented in ref. [144].

Let us now turn to the reduced graphs of table 5.2. We repeat the same
procedure: find all solutions of F = 0 monomial by monomial, and then compute
the corresponding constraints on the loop momenta. The results of the reduced-

graph analysis are given in table 5.4. The first two graphs produce the familiar
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Table 5.4: Solutions of the Landau equations for the one-loop reduced diagrams of the
planar double box.

reduced graph  solutions of #/ =0 momentum constraint

ag =0 0y || pa
a; =0 (01 — p12) || p2
ag =0 ly H 2
oy =0 (02— p12) || 3

§© ar 0 Ry

Table 5.5: Results of the double box numerator analysis.

rank 1 2 3 4 )
# finite integrals 0 2 18 89 247
# finite generators 0 2 4 4 0
# evanescent integrals 0O 0 O 1 7
# evanescent generators 0 0 0 1 0

single-collinear divergences, as well as the single-soft divergences from intersections of
solutions. The last graph gives rise to an additional single-soft configuration, which is
integrable by power-counting even with a trivial numerator, therefore we discard it (if
we allowed higher powers of denominators, it could in principle become divergent).
As we now have the full set of singular configurations for the loop momenta, we
can proceed by imposing finiteness constraints on the UV-finite numerator ansatz,
as described in section 5.3.2. Because all divergences (including sub-divergences)
are logarithmic, it suffices to require that the numerator vanishes on all collinear
configurations, as in the one-loop box case. In table 5.5 we list the numbers of
linearly independent finite and evanescent (O(¢)) integrals up to a given rank,
along with the number of the corresponding generators arising at each rank. We

construct them in the next section.
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Finding a Basis of Generators

Thus far, we have identified the truncated ideals corresponding to IR-finite and
evanescent numerators for the double-box integral. We now turn to finding a
compact and nice representation for the generators of these ideals. To do so we

start by defining® the rank-one monomials,
pr=1"{1vy, [r= (€1 —p12)'U1> B3 = (£, —Plz)'vz, By = Lly-(va — v3),

Pra =Ll1-v3, [Bau= (52 - p123)'(U1 - Uz) .
(5.56)

These turn out to have simple representations in terms of Gram determinants. The
B; variables are rank-one numerators which vanish in the collinear region associated
to the p;; the 3;; are rank one which vanish in the collinear regions associated to
both p; and p;. In addition, 8,52 and (312 vanish in all soft limits involving /¢;; by
symmetry, (304 and (34 vanish in those involving /5.

Thanks to their properties we can use the s together with the v;; as building
blocks for the basis of the ideal of IR-finite numerators for the double box. We
write down the simplest combinations that cancel all divergences, making sure not
to repeat any lower rank basis element when writing higher rank ones. Starting at
rank two, we find that only the combinations (15 834 and v15 are IR-finite. In fact,
they correspond to the desired rank-two generators. At rank three we have more
options. For instance, we can tame the singularities associated with legs 1 and 2
using two different s, and the ones of legs 3 and 4 with a single one: 3 55 834. By
symmetry we can also choose (15 83 f4. In addition, because the {; vanish in any
IR limit, we can write down two more rank-three generators, v1; B34 and vog Sia.

Finally, at rank four we have the following options:
1. cancel the divergence on each corner separately using the product £ 52 53 fa;

2. use (1 and P to remove the singularities associated with ¢;, and 55 to remove

those of /5, using the product Sy By v99;

5These definitions depend both on the loop-momentum routing and the choice made for
momentum conservation (py = —p; — p2 — ps in our case). Any changes will be reflected on the
explicit form of the Ss.
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3. use the flipped version (3 (4 v11;
4. use only the / components of the loop momenta, with the product v vss.

Together, these options give us all four rank-four generators. Summarizing, we

find the double box generators,

rank two : B2 B3, 2,

rank three : B1B2B3a, Pr2B3Ba, vii P, o2z, (5.57)
rank four : BiB2B3Ba, vi1P3Pa, VaafiB2, VitV

Using computational algebraic geometry, we have checked that this set of gener-
ators is non-redundant and indeed generates the entire truncated ideal of IR-
finite numerators.

Because we have only three independent external momenta, we can look to
Gram determinants built out of the ¢ components of the available loop momenta to

build evanescent generators (O(e€)). At two loops the only possible combination is,

G (fl 62) = V11 V2o — 1/122 [0 ¢ G (61 62 P1 P2 pg) . (558)

This is indeed the only evanescent generator, as can be seen from the counting in

table 5.5. The evanescent ideal is then generated by,
V11 Vog — 1/122 . (559)

Every evanescent numerator is by definition also IR-finite, and this generator
can be written in terms of the generators in eq. (5.57). In order to make the
subset of evanescent numerators more manifest within the IR-finite ones, we could

alternatively choose the rank-four generators for the planar double box to be,

B1Ba B3 By, vi1BsBa, Ve BiBa, ViiVar— Uiy (5.60)

Beyond evanescence, we can also form combinations of IR-finite integrands
that for symmetry reasons give rise to identically vanishing integrals (i.e. to all

orders in €). We will not discuss these any further. We also leave the question of
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Figure 5.3: All-loop ladder integral.

combining local finiteness with integration-by-parts reduction to future investigation.

We can obtain examples of evanescently-finite integrands for the planar double

box within the evanescent ideal by selecting UV-divergent numerators such as

(7/11 Vog — V122) ¢y - Uy or (Vn Voo — V122) Uy - p1 by - po.

5.4.2 Ladder Integrals: an All-Loops Conjecture

Assuming that all integrals with ladder topologies have singularities that are at worst
logarithmic in the IR (as is plausible), the reasoning in the previous section can be

extended directly to all loop orders. In order to do so, we generalize eq. (5.56),

Br=4L1vy, P2 = (51 —P12)'U1 , Ps= (gL —Plz)'U% Ba = KL'(UZ - 713) )

Pia = l1-v3, 534 = (fL - p123)'(U1 - Uz) .
(5.61)

Using these variables and defining the L-loop momenta as in fig. 5.3, our con-
jecture for the generators of the truncated ideal of IR-finite numerators takes

the remarkably simple form,

rank two : Bi2 Bsa, VL,
rank three : 31 B2 B34,  Bi2 B3 Ba,  Viizr Baas  Viiza P2, (5.62)
rank four : B1B2 B3 Bay  viizr B3 Pas  Veiz1 B B2, ViitLVij-1-

We thus have two conjectured generators at rank two, 2L generators at rank
three, L? generators at rank four, with no additional generators beyond rank four.
The larger number of generators is simply due to having more loop momenta at
our disposal to build some of the v;; combinations. The role of the scattering-

plane variables [ is unchanged.
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As to evanescent generators, we see that (see section 5.3.4) every Gram determi-
nant involving at least two different 0; will automatically vanish as D — 4. It follows
that the truncated ideal of evanescent numerators is the intersection of the IR-finite

one of eq. (5.62) with the one generated by the two-by-two Gram determinants,

¢ <?1 %) = Viyji Viaja — Virja Vioja - (5.63)
J1 *J2
We can write out the intersection explicitly, finding that it is generated by the set,
rank four : Vi VLj — V1 VLiy, VAL Vpihy — Vikg VpiL
rank five : (1/1:,,1 Vpsps — Vips Vp3p1) B3s,  (VLhy Vhshy = VLhy Vhshy) Br2
rank six : (Vipy Vpsps — Vips Vpspr) B3 Bas (VLhy Vhgha — Vihg Vigha) B1 Ba
(Viats Vists = Viaty Viais) P12 Baa

rank seven : (Viats Vists = Vinla Viats) B12 B3 Bas (Vi Visty — Vinl Viats) B1 Ba B34
rank eight : (Vits Visls = Viyiy Visis) B1 B2 B3 Ba

(5.64)

where the indices are defined as,
iwj=1,...,L, p.=1,....L—1, h.=2,....L, ,=2,...,L—1, (5.65)

in order to avoid double-counting of lower-rank generators and are assumed to
take values for which the corresponding generator is non-zero, e.g. the choice
ly =1y =13 =14 = 2 is forbidden because most generators at ranks six, seven, and
eight would vanish identically. The evanescent generators above can be written
in terms of the IR-finite generators in eq. (5.62). From eq. (5.64) we find the

following numbers of generators at each rank:

rank four : (3L* —9L +8)/2,

rank five : (L —2)(L* — 4L +5),

rank six : (L —2)(L* - 9L +16)/8, (5.66)
rank seven : (L —2)(L —3)(L* — 5L +8)/4,

rank eight : (L —2)(L —3)(L*-5L+38)/8.

We deduce that the rank-four generators are present for any number of loops, while

those at ranks five and six require a minimum of three loops, and those at ranks
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seven and eight first appear at four loops. All IR-finite and evanescent generators
in egs. (5.62) and (5.64) are UV finite.
We have verified the validity of this conjecture at two, three and four loops

by explicit computation of the ideals.

5.4.3 Non-Planar Double Box

We next consider the non-planar double box integral. There are two important
differences between the planar and non-planar double box integrals. In particular

the non-planar one:
1. lacks a subtraction-free form (see section 2.3.6) for the F polynomial;

2. has power-like soft divergences: regions of the loop integration where the

integrand scales as dA A™® with a > 1.

For these reasons we believe the non-planar box to be an instructive example.
We repeat the procedure outlined in the previous section, highlighting the role
of power-like divergences along the way.

The loop momenta are parametrized as shown in fig. 5.4(a) with all external
momenta outgoing and we label the edges from 1 to 7 so that their momenta

read, in increasing order of labels,
b, l—p1, b—pia, lo, Ly —pra3, Llo—1L1 —p3, L1 — Lo (5.67)

As before, we start by imposing UV-convergence constraints and proceed to the

IR analysis afterwards.
UV divergences

The maximal allowed numerator rank is five and there are three distinct sub-
integrations corresponding to the dashed lines in fig. 5.4(b). These give rise to
the following constraints on the numerator:

p~* N (¢; = const, by =pl) =0,
lim § p~C N (¢ = pl, {5 = const) =0, (5.68)

p—00

p SN (£y = pl, ly = const + pl) = 0.
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Figure 5.4: The non-planar double box graph (a) and its sub-integrations (b).

Overall, a UV-finite numerator for the non-planar double box should be at most of

rank five, with maximum degrees of five and three in ¢; and ¢ respectively.

IR divergences

As before, the relevant reduced diagrams correspond to the zeros of the first

Symanzik polynomial:
U= (ag+as+a3) (as+ a5 +ag + ar) + (ag + as) (ag + az), (5.69)

and reproduce the sub-integrations of fig. 5.4(b). To solve the parameter-space

Landau equations for the full diagram, we compute the second Symanzik polynomial:

F =slaras (ag + as + ag + ar) + arasag + azayar]| + tasasar — (s + t) aoagog

(5.70)
Unlike the planar case, F is no longer a sum of positive terms for appropriate signs
of the Mandelstam invariants. Therefore, we consider instead the most general

linear combination of the Landau equations (2.82),

E
> weaeaj}" = s (wy + w3 + wy) ayazay + s (wy + ws + ws) ayazas
e=1 €

+ s (wy + w3 + we) arazag + s (wy + ws + wr) v azar
+ s (wy + ws + we) arasag + s (w3 + wy + wr) Az

+ t (we + w5 + wr) avasar — (s + t) (wy + wy + wg) azyag
(5.71)
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Table 5.6: Results of the non-planar double box numerator analysis.

rank 1 2 3 4 )
# finite integrals 0 0 9 65 230
# finite generators 0 0 9 8 0
# evanescent integrals 0 0 0 1 7
# evanescent generators 0 0 0 1 0

and require that each coefficient is strictly positive when s,¢ > 0. It is straightfor-
ward to check that the resulting system of linear inequalities is feasible: one

possible solution is,
w=(0,-1,1,0,2,0,0). (5.72)

This means that a subtraction-free linear combination of the Landau equations
exists, therefore we can find their solutions simply by setting F to zero term by
term as usual; in other words, no divergences due to cancellations in F can occur
(see also ref. [148, Appendix A]). For the reduced diagrams, F is subtraction-free
itself, so their analysis does not pose any difficulty.

Solutions of the Landau equations correspond to double- and single-collinear IR
divergences, all of which are logarithmic. However, if we take intersections of these
solutions we find additional sub-divergences, two of which are power-like. These
are the double-soft configurations (¢; = 0,0, = 0) and (¢{; = p; + p2, lo = —py), in
accordance with ref. [144]. Therefore, unlike the planar case, cancellation of collinear
configurations alone is insufficient. In principle, one has to expand the UV-finite
ansatz to a certain sub-leading order in the vicinity of the power-like configurations,
and require that these divergent contributions vanish. In practice however, we find
that these additional constraints are satisfied automatically as long as all collinear

divergences are canceled. We report the results of our analysis in table 5.6.
Finding a Basis of Generators

By analogy with the planar double box we can define a set of variables,
Br="L1va, [2= (61 —p12)'U1, B3 = (51 —52)'01, 5:/), = (51 —62)'1)27 ( . )
5.73
By = Ly (v1 — v9), 551 =ly-(v2 —v3), Pro="11v3,
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which vanish on appropriate collinear and soft limits. In particular each S (and
f%) vanishes on the collinear configurations involving the particles in S, and also
vanishes on the soft limits involving the combinations of loop momenta in its

definition. In terms of these quantities we find the generators

rank three : Bra Bs Ba, BraB5Bs, Bi2Bs By, B2y By, Pz (12 — vaa),

53 V2, Bé V12, 54 (Vn - V12) ) Bﬁ; (V11 - V12) )

rank four : B1 B2 B3 Be, BiB2ByBs, PiBeBsBy, Pib20506,

Blﬁ2 <V12 - V22) , V12 (Vn - V12) , V12 (V12 - 1/22) ,  V1ilVeg — 1/122 .

(5.74)
Just as for the planar double box, we have only three independent external and
two loop momenta, so we expect a single evanascent generator. This is indeed

the case: it is G (@1 gg) = vy Voy — V.
5.4.4 Two-Loop Beetle

In this section we briefly treat the “beetle” integral of fig. 5.5(a). We will not
show the whole procedure here, but simply provide results for the IR-finite and
evanescent truncated ideals.

This integral is of interest to us because it contains power-like double-collinear
(see fig. 5.5(b)) and soft-collinear divergences, which did not appear in any of
cases treated above. The presence of power-like divergences involving collinear
configurations requires us to take into account eq. (5.30) for the first time in this
chapter. In practice, as we will see shortly, this introduces a dependence on the
Mandelstam variables s;; in the set of generators for the ideal of locally finite
numerators. To describe our results, we can define the set of rank-one monomials,

Bi="L1vy, Pra=Llrrvs, v =1Lrva, 3= (ly—p12)-va,

Y2 = la-v3,  Yia = lo- (Uz - U3) ;Y34 =l (U1 - Uz) y Y23 = (52 —p1)'v1a
(5.75)

so that the s (respectively the «yg) vanish on collinear configurations of ¢; (re-

spectively f) involving the external momenta in S. In terms of these variables’,

"The variables in eq. (5.75) are not all linearly independent. We express our results in terms of
an overcomplete set for the sake of clarity.
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Figure 5.5: The beetle graph (a) and a collinear configuration leading to a power-like
divergence (b). In (b) teal dotted edges are collinear to p;.

we can express the set of generators as follows,

rank three : Y12 V34 (S12581 + s13612) s Y14 V23 (51251 + S13512) ,

Bivae, Piralea, Vi, Y12 V12,

rank four : Biv12 Y34 (81271 + S13712) 5 B Y14 V23 (S1271 + S13712) (5.76)

Bi2 7122 Y34, B2 Y12 Y23 Vi4
B1 V23 [5237% + (71 + Y34) (S1271 + S13712)], Va2 Vag.

The polynomial 1512+ B12513 and its equivalent with g — ~ are related to standard

scalar products of loop and external momenta,

B1512 + Piasis = 2p1 - 61 and Y1812 + V12513 = 2p1 - Us . (5.77)

Finally we find that, within the UV power counting, there are no evanescent

numerators for the beetle integral.

5.4.5 Two-Loop Four-Gluon Helicity Amplitudes

In this section, we present a simple but concrete application of the concepts and
results discussed in previous sections. We focus on the leading-colour amplitudes
for two-loop scattering of four gluons in pure Yang-Mills theory. Very compact
expressions for the all-plus amplitude have been known for a long time [149] and
expressions for all other helicity configurations were first computed in refs. [150]
and [151]. Our goal here is not to obtain the most compact results, but rather to

give a hint of how organising scattering amplitudes according to their IR structure
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can offer a simpler representation. For our example, we make use of the rank-two

IR-finite numerators of eq. (5.57),

J1(p1, P2, 03, 0a) = Br2Bsa,  fo(p1, P2, 3, P1) = V12, (5.78)

to write the bare four-gluon helicity amplitudes in a basis of 13 master inte-

grals as follows,

Aoﬁgggg ( )\) —

T?]I[[fl(pl,pz,ps,m)] + T?]I[[fz(pl,pz,ps,m)H
7":? H[fl(m,pl,pz,pza)] +77 H[fz(m,pl,pa,ps)] +

rg‘><([+r§‘ +r$‘]Z[+r§‘]Z[+r§‘H+
Ti\oj><[+7“f\1 g +7"?2/Zi\+7“?3

Here, A%79999(\) is the coefficient of the colour factor N2 Tr[T® T T T %] for the

D(N). (5.79)

helicity configuration A = {1, Ao, A3, Ay} (V. is the dimension of the Yang—Mills
group and a; is the colour index of the i—th gluon). The coefficients 7 are rational
functions of the space-time dimensions D and of the independent Mandelstam
variables $ig, $93. Finally, ®(A) is an overall spinor factor.

The first four integrals in eq. (5.79) are IR-finite, and contain the whole
dependence on the double-box topology (the one with the largest number of
propagators). The numerators of eq. (5.78) correspond to linear combinations
of the chiral numerators presented in ref. [152]. The remaining nine integrals are
chosen to match as closely as possible the IR singularities obtained from the Landau
equations. Because our analysis is for the moment limited to IR-finite integrals
we do not have a systematic way to select IR-divergent integrals. We postpone
an investigation of this aspect to future work.

With the choice of master integrals adopted in eq. (5.79), we observe that all
rational coefficients 7} are regular in the limit ¢ — 0, implying that all divergences

are contained in the integrals themselves.
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The helicity configurations which vanish at tree-level have an overall factor of €
so that, so long as we are interested in the amplitudes only up to O(e), we can

safely drop all IR-finite integrals. We then find,

AP79999 (4 + 4 +) = e C(e) f5><li[+f6 +f7]Z[+f8]Z[+f9H+
floj><[+f11 8 +f12/Z&\+f13

where we have defined the rational coefficients 7; to make the overall factor of €

O(+,+,+,+), (5.80)

explicit, and where the e-dependent coefficient C'(€) approaches a finite constant
as € — 0. We collect the explicit expressions for the coefficients in appendix C.
A similar expression holds for the single-minus amplitude. Our choice of master
integrals makes eq. (5.80) free of contributions related to the double box, the most

complicated topology for this process.



Conclusions and Outlook

The main objective of this thesis was to present the calculation of state-of-the-art
scattering amplitudes in massless QCD and emphasise some of the interesting
structures appearing in their non-planar sector.

In particular in chapters 1 and 2 we gave a brief introduction and reviewed
some of the methods employed in the computation of scattering amplitudes. Most
of the methodology discussed is quite general, but here we specifically focused on
computations based on the evaluation of Feynman diagrams.

In chapter 3 we described the structure and challenges of three-loop four-point

QCD amplitudes for the processes

97— QQ, q7— 99, 99— g9

as well as all interactions obtained via crossing symmetry. As an outcome of these
amplitudes we were able to verify the structure of the quadrupole contribution to the
soft anomalous dimension in QCD, an intrinsically non-planar effect. Furthermore,
the exact full-colour amplitudes obtained opened the door for the extraction
of the three-loop QCD gluon Regge trajectory, an essential element of NNLL
BFKL resummation.

In chapter 4 we turned our attention to the two-loop five-gluon amplitudes and

addressed the explosion in complexity due to their sub-leading-colour corrections.
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These amplitudes, together with the ones of other partonic channels presented
in ref. [122] and recomputed independently in refs. [123, 124], provide the full
double-virtual correction to the NNLO pp — 777 cross section. They also provide
an opportunity for the direct study of special kinematic limits such as soft and
collinear ones as well as the multi-Regge kinematics (MRK). Specifically the MRK
limit of these amplitudes would allow the computation of the NNLL correction
to the Lipatov vertex [107].

Finally, chapter 5 was devoted to the idea of leveraging knowledge of the IR
divergences of gauge theory amplitudes to simplify their integrand representations.
As a first step in this direction, we introduced a reduced set of IBP relations
which preserve (most of) the IR structure of Feynman integrals. We also addressed
the problem of the choice of master integrals with respect to such relations by
looking at the space of integrals which are locally-finite, ¢.e. which have no IR
divergences and are integrable (up to UV divergences). As a next step, it would be
natural to extend these ideas to a comprehensive study of the types of integrals
and integral relations needed to faithfully represent at the integral level the UV

and IR divergent contributions to scattering amplitudes.
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Constants

A.1 Cusp and Collinear Anomalous Dimensions
in QCD

In this appendix, we list the perturbative expansions of the cusp anomalous
dimension and of the quark and gluon collinear anomalous dimensions,
n+1 n+1
K _ Qs K 9/a — (%) a/g A1l
F=S () W =X () (A1)

The required expansion coefficients of the cusp anomalous dimension read [70-72]

=4,

268  4r? 40
K
S L o
h (9 3) AT g M

490 53672  44n* 88 8072 836 112
K 2 oY o °° s PO e
Yo = CA < 3 97 + 15 + 3 Cg) + CAnf ( CS)

110\ 16

The required expansion coefficients of the quark collinear anomalous dimension
are [78]

78 - _3CF7

3 961 112 65 w2
0% (== 2_94 ) o 49 I
1 CF( 2"—271' Cg +CFCA 54 6 + 6C3 +CFTLf 27+ 3 5
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29 8 1672
e (——3 2—l—68g3+ 3” §3+240g5>

2 5
A0, ( 121 + QOSWQ + Qi? - 834 G — SL G — 120<5>
L ORC? (_ 123?25 B 71468367r2 B 8334 3526 G — 447r G — 136(5>
oy (250132 e
et <_8762599 " 122947; " 111175T4 -7 Q’)
v (0 -1 - ) (A3)
while for the gluon collinear anomalous dimension [79] they read
% =5,
W =C5 ( 62972 + C2 + 2C3) + Cany (12278 2C2> +2Cpny ,
1= (o + 6;?9@ P22 Dty —166,)
+ Cany <31(Z51; - 1;?8@ + 32576C3 + C4> 7Can — Ciny
+ CaCpny <1§;7 — 20 — @Cs - 844) + Canj <—1246598 + 2(7)(2 - Z$§3) :
(A.4)

A.2 Impact Factors for the High-Energy Limit

In this appendix we provide expressions for the QCD quark and gluon impact
factors up to two loops and up to the relevant order in €. They read
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Spinor Helicity Formulas and Conventions

Below are collected some conventions and identities involved in the spinor helicity

formalism. We start by defining the anti-symmetric Levi-Civita tensors

a 01 &h 01
€ = —€np = (_1 0) and ¢ = —€4p = (_1 0) : (B.1)

which lower/raise spinor indices and satisfy
€ape’l =57 (B.2)

The o matrices are connected by the relation

GHo = EQBEdBUZB (B.3)

and satisfy the following set of identities
OaaOups = 2€a8€as » (B.4)
ol 7 = 26557 (B.5)
{o",5"}." = 2958 (B.6)
Tr(ota") = Tr(a"o”) = 20" . (B.7)

The Dirac y-matrices can be written in the spinor representation in terms of

(2.12) in the following way:
0 o,
7= (o 57) (B3)
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where 7 is a 4 by 4 matrix and the entries are identified as (1,2,3,4) = (1,2,1,2) ,
where undotted indices o and [ take the first two components and dotted indices
& and 3 take the second two components

This allows us to define the quantities

o

Dac = PuOhs = [P)alpla, P = po* = |p]*(p| (B.9)

and, using (B.3) and (B.4), one can see by direct computation that the inverse rela-

tions are

1 (6764 1 & « 1— Qo 1— Qo
Wziﬂw :gﬂmﬂwh P = 50" Paa = 50 IP)alpla-  (B.10)



Rational Coefficients of the All-Plus
Amplitude

In this section we list the rational coefficients for the all-plus gluon amplitude of

eq. (5.80). In terms of the variable x = —s13/s12 we find,
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Terms of O(e*) do not contribute to the finite part of the amplitude. The overall

coefficient reads,

16
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