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Abstract
Scattering amplitudes provide insight into the all-orders structure of gauge

theories. Particularly rich is their non-planar sector, where new and interesting
physical phenomena appear. This thesis aims to push the boundaries of pertur-
bative scattering amplitudes, with special emphasis on calculations in massless
Quantum Chromodynamics. We review the colour and helicity decomposition
of gauge theory amplitudes, as well as the structure of their ultraviolet and
infrared divergences. We then discuss the application of state-of-the-art methods
to the computation of all four-point three-loop scattering amplitudes in Quantum
Chromodynamics. As an immediate consequence we both verify the structure of
infrared divergences and extract the gluon Regge trajectory at the corresponding
perturbative order. We further describe the computation of five-gluon scattering
at the two-loop order, with special emphasis on the multi-scale complexity of this
process. Finally, we explore the idea of simplifying the integrand representation
of gauge theoretic scattering amplitudes by leveraging their highly-constrained
infrared structure. We provide a proof-of-concept application to two-loop four-
gluon scattering amplitudes.
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Abstract

Scattering amplitudes provide insight into the all-orders structure of gauge theories.

Particularly rich is their non-planar sector, where new and interesting physical

phenomena appear. This thesis aims to push the boundaries of perturbative

scattering amplitudes, with special emphasis on calculations in massless Quantum

Chromodynamics. We review the colour and helicity decomposition of gauge theory

amplitudes, as well as the structure of their ultraviolet and infrared divergences.

We then discuss the application of state-of-the-art methods to the computation of

all four-point three-loop scattering amplitudes in Quantum Chromodynamics. As

an immediate consequence we both verify the structure of infrared divergences and

extract the gluon Regge trajectory at the corresponding perturbative order. We

further describe the computation of five-gluon scattering at the two-loop order, with

special emphasis on the multi-scale complexity of this process. Finally, we explore

the idea of simplifying the integrand representation of gauge theoretic scattering

amplitudes by leveraging their highly-constrained infrared structure. We provide a

proof-of-concept application to two-loop four-gluon scattering amplitudes.



Contents

1 A Primer in Quantum Chromodynamics 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 The QCD Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Feynman Rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.4 Renormalisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5 Scattering Amplitudes and LSZ Reduction . . . . . . . . . . . . . . 12

2 The Structure of Scattering Amplitudes 15

2.1 Helicity Amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.1.1 Spinor Helicity Formalism . . . . . . . . . . . . . . . . . . . 21

2.1.2 Tensor Projection . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Colour Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 Feynman Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3.1 Representations . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.3.2 Integration-by-parts Relations . . . . . . . . . . . . . . . . . 32

2.3.3 Other Integral Relations . . . . . . . . . . . . . . . . . . . . 33

2.3.4 The Laporta Algorithm . . . . . . . . . . . . . . . . . . . . . 35

2.3.5 Differential Equations and Iterated Integrals . . . . . . . . . 36

2.3.6 Divergences of Feynman Integrals . . . . . . . . . . . . . . . 39

2.4 Divergences of Scattering Amplitudes . . . . . . . . . . . . . . . . . 45

2.4.1 Renormalisation of UV Divergences . . . . . . . . . . . . . . 45

2.4.2 Factorisation of IR Divergences . . . . . . . . . . . . . . . . 47

v



Contents vi

3 Three-Loop Four-Point Scattering 52

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.2 Colour and Helicity Decomposition . . . . . . . . . . . . . . . . . . 53

3.3 Loop Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.4 Analytic Continuation . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.5 Crossed Channels and Equal Flavour Amplitudes . . . . . . . . . . 66

3.6 Infrared Structure and Quadrupole Radiation . . . . . . . . . . . . 67

3.7 Analytic Results and Numerical Evaluation . . . . . . . . . . . . . . 69

3.8 The Gluon Regge Trajectory . . . . . . . . . . . . . . . . . . . . . . 72

4 Two-Loop Five-Gluon Scattering 79

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.2 Colour Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.3 Helicity Amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.4 Loop Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5 Infrared-Finite Integrals 95

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.2 Dimension-Independent Integral Relations . . . . . . . . . . . . . . 97

5.3 IR-finite Feynman Integrals . . . . . . . . . . . . . . . . . . . . . . 100

5.3.1 Ideals of IR-finite Integrals . . . . . . . . . . . . . . . . . . . 102

5.3.2 IR Power Counting . . . . . . . . . . . . . . . . . . . . . . . 102

5.3.3 Example: Massless Box . . . . . . . . . . . . . . . . . . . . . 105

5.3.4 Evanescent Integrands . . . . . . . . . . . . . . . . . . . . . 109

5.3.5 Example: Massless Pentagon . . . . . . . . . . . . . . . . . . 111

5.4 Examples of Finite Ideals . . . . . . . . . . . . . . . . . . . . . . . . 112

5.4.1 Planar Double Box . . . . . . . . . . . . . . . . . . . . . . . 112

5.4.2 Ladder Integrals: an All-Loops Conjecture . . . . . . . . . . 119

5.4.3 Non-Planar Double Box . . . . . . . . . . . . . . . . . . . . 121

5.4.4 Two-Loop Beetle . . . . . . . . . . . . . . . . . . . . . . . . 124



Contents vii

5.4.5 Two-Loop Four-Gluon Helicity Amplitudes . . . . . . . . . . 125

6 Conclusions and Outlook 128

Appendices

A Constants 131

A.1 Cusp and Collinear Anomalous Dimensions in QCD . . . . . . . . . 131

A.2 Impact Factors for the High-Energy Limit . . . . . . . . . . . . . . 132

B Spinor Helicity Formulas and Conventions 135

C Rational Coefficients of the All-Plus Amplitude 137

References 139



1
A Primer in Quantum Chromodynamics

Contents
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The QCD Lagrangian . . . . . . . . . . . . . . . . . . . . 3
1.3 Feynman Rules . . . . . . . . . . . . . . . . . . . . . . . . 6
1.4 Renormalisation . . . . . . . . . . . . . . . . . . . . . . . 7
1.5 Scattering Amplitudes and LSZ Reduction . . . . . . . 12

1.1 Introduction

The dynamics of the strong force, at high energies, are described by a quantum field

theory whose fundamental degrees of freedom are quarks and gluons. Quarks are

spin-1/2 fermions, while gluons are spin-1 bosons which mediate strong interactions.

They are packaged together in a non-abelian gauge theory with a SU(Nc) symmetry

group which endows them with an extra quantum number, the colour charge. This

theory is referred to as Quantum Chromodynamics, or QCD.

The non-abelian nature of QCD, i.e. the fact that its force-carrying particles are

themselves charged under the same interaction, leads to interesting and complex

dynamics. One of its most remarkable effects is confinement, the fact that asymptotic

states of QCD are bound states of quarks and gluons with no overall colour charge.

1
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Roughly speaking, the strong force among quarks and gluons increases with their

distance, so that configurations with widely separated coloured states are highly

unfavoured. Another important feature of QCD is asymptotic freedom. It predicts

that at very short distances the intensity of the strong force should decrease, allowing

quarks and gluons to be treated as weakly coupled quantum fields. Asymptotic

freedom ultimately enables us to study the high-energy dynamics of QCD via

perturbative calculations and is at the basis of the success of scientific programs

such as the Large Hadron Collider (LHC) in comparing first-principle theoretical

predictions with experimental data.

The bridge which connects theory and experiment is differential cross sections,

which represent the probability of given processes to take place. At the core of

cross sections lie scattering amplitudes, which describe the high-energy quantum

mechanical interactions among fundamental fields. Though originally introduced

in the context of particle physics phenomenology, scattering amplitudes, or more

generally correlation functions in QFT, turned out to be interesting objects of

intrinsic mathematical interest. They serve as a testing ground for ideas in complex

analysis, group and graph theory as well as computer science, to name a few. Green’s

functions in QFT can be extremely complex or beautifully simple depending on

their representation and are connected by inter-theory relations, many of which are

yet to be understood. In short, they offer the opportunity of tackling a physically

meaningful problem while delving into the mathematics of QFT.

It is the goal of this thesis to review, apply and extend some of the mathematical

methods required for the computation of scattering amplitudes, with special

emphasis on analytic QCD computations. The remainder of this chapter contains

a brief review of QCD and related concepts which will be used in the rest of the

thesis. In chapter 2 we review in more detail the analytical methods employed in

the computation of gauge theory scattering amplitude. Chapters 3 and 4 describe
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state-of-the-art applications of these methods in the context of four-point three-

loop and five-point two-loop QCD scattering amplitudes respectively. Chapter 5

explores the possibility of better exposing infrared factorisation of massless gauge

theory amplitudes at the level of the loop integrand. We conclude with some

final comments in chapter 6.

1.2 The QCD Lagrangian

We start our review of QCD by looking at its symmetry group SU(Nc), the group

of unitary matrices with unit determinant. A transformation U(α) ∈ SU(Nc) can

always be expressed in terms of a set of real coordinates αa as

U(α) = exp(iαaT a) , (1.1)

where the T a are a basis of N2
c −1 traceless hermitian matrices which satisfy the alge-

bra

[T a, T b] = i fabc T c , (1.2)

and can be chosen such that the structure constants fabc are a real and fully

antisymmetric tensor. Using T aR to denote the generators in a representation R,

it is always possible to find a basis with the property

Tr[T aRT bR] = C1(R)δab . (1.3)

Here we fix the normalisation of the basis elements in the fundamental representation

by requiring that

C1(F ) = Tr[T aFT bF ] = 1
2 δ

ab =⇒ C1(F ) = 1
2 . (1.4)

This fixes C1(R) for all representations, and in particular in the adjoint representa-

tion, for which (T aA)bc = ifabc, we find C1(A) = Nc. Another important quantity

is the quadratic Casimir operator T aRT aR which commutes with all generators and

by Schur’s Lemma is proportional to the identity

T aRT
a
R = C2(R) IR . (1.5)
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Due to the normalisation choice made in eq. (1.4), we find

C2(F ) ≡ CF = N2
c − 1
2Nc

, C2(A) ≡ CA = Nc . (1.6)

Having fixed the group-theoretic notation, we turn to the QCD lagrangian. To

represent the different quark flavours, we introduce nf copies of the Dirac field

Ψ, transforming under the fundamental representation of SU(Nc), as well as the

covariant derivative Dµ defined by requiring that the Dirac lagrangian

LDirac =
nf∑
f=1

iΨf

(
/D −mf

)
Ψf (1.7)

is invariant under the local transformation

ψ(x) → U(x)ψ(x), with U(x) = exp (iαa(x)T a) . (1.8)

Above we defined /D = Dµγµ, where the Dirac gamma matrices satisfy the

Clifford algebra {γµ, γν} = 2gµν . We also defined the quark masses mf . At the

typical energy scales of LHC partonic interactions, one can approximately set

the masses of the five lightest quarks to zero, while the mass of the top quark

mt ≈ 170 GeV cannot be neglected.

Instead, below the center-of-mass energy threshold for top-quark production

(
√
s ≤ 2mt), one can expand observables in the ratio s/4m2

t < 1. For small

enough energies, the first order in the expansion is provides a good approximation,
1 which we adopt in this thesis.

As a result we will consider massless QCD with five active quarks, but nev-

ertheless retain the full dependence on the number of quark flavours nf , setting

nf = 5 only when numerical evaluations are required.

Local gauge invariance of eq. (1.7) can be achieved by asking that DµU(x) =

U(x)Dµ, which in turn is obtained by writing the covariant derivative in terms of a

gauge connection Aµ = AµaT
a, also known as gluon field. In particular we write

Dµ = IR∂µ + igT aRA
a
µ , (1.9)

1For instance at
√

s ∼ 100 GeV one has s/4m2
t ∼ 0.1.
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where the representation R depends on what the derivative is acting on. This

fixes the transformation of the gluon field to

Aµ(x) → U(x)Aµ(x)U−1(x) + i g U(x)∂µU(x)−1 . (1.10)

The most general renormalisable lagrangian density satisfying locality and symmetric

under eqs. (1.8) and (1.10) reads

L = −1
2TrF µνFµν +

nf∑
f=1

iΨf /DΨf + θ
g2

32π2 εµνρσTrF µνF ρσ , (1.11)

where we defined the gluon field strength

F µν ≡ T aF µν
a = [Dµ,Dν ] =⇒ F µν

a = ∂µAνa − ∂νAµa − gfabcA
µ
bA

ν
c (1.12)

and introduced the dimensionless parameter θ. In the path integral approach to QFT,

one has to eliminate the gauge redundancy of the lagrangian in eq. (1.11) before

the sum over field configurations can be meaningfully performed. The redundancy

can be removed2 by following the Faddeev-Popov gauge fixing procedure [2]. In

the presence of non-abelian gauge fields one is required to introduce interacting

Grassman-valued ghost fields ηa (see e.g. [3]). Using a covariant gauge-fixing

condition, the result is the gauge-fixed massless QCD lagrangian

LQCD = LYM + LDirac + Lg.f. + Lghost + Lθ , (1.13)

whose terms are defined as

LYM = −1
2TrF µνFµν = −1

4F
µν
a F a

µν ,

LDirac =
nf∑
f=1

iΨf /DΨf ,

Lg.f. = − 1
2ξ (∂µAµa)2 ,

Lghost = −(∂µηa)†Dµ
abηb ,

Lθ = θ
g2

32π2 εµνρσTrF µνF ρσ . (1.14)

2Apart from the Gribov ambiguity [1], which however plays no role in perturbative computations.
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The QCD lagrangian (1.13) depends on five parameters: the strong coupling g, the

dimension of the gauge group Nc, the number of quark flavours nf , the covariant

gauge fixing parameter ξ and the θ-parameter.

The Lθ contribution to the QCD lagrangian breaks parity invariance (P) as

well as time reversal symmetry (T ≡ CP). However, experimental evidence [4,

5] for strong interactions sets the upper bound θ ≤ 10−10. The observed, but

unexplained, smallness of the θ-parameter takes the name of strong CP problem

and constitutes a currently active area of research.

Nevertheless, in this thesis we will only be concerned with perturbation theory

and will ignore the CP violating θ-term. In fact it possible to write it as a

total derivative

εµνρσF
µν
a F a,ρσ = 4∂µεµνρσAaν

(
∂ρA

a
σ − 2

3gf
abcAbρA

c
σ

)
, (1.15)

which does not contribute to the Feynman rules. Because Lθ is a total derivative,

its space-time integral
∫

d4xLθ(x) only depends on boundary information and is

usually referred to as topological. Furthermore, working in a theory with massless

fermions, the θ parameter can always be shifted away via field redefinitions [3].

1.3 Feynman Rules

The lagrangian (1.13) provides us with Feynman rules, a powerful tool to perform

perturbative calculations in QCD. Denoting gluons with curly lines, quarks with

solid lines and ghosts with dashed lines we find the propagators

µ, a ν, b

p
= i δab
p2 + iε

(
−gµν + (1 − ξ)pµpν

p2

)
,

i1 i2

p

=
i δi1i2 /p

p2 + iε
,

a b

p

= i δab

p2 + iε
,

(1.16)
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the three-point vertices

µ, a, p1

ν, b, p2ρ, c, p3

= g fabc [gµν(p2 − p1)ρ + gνρ(p3 − p2)µ + gρµ(p1 − p3)ν ] ,

µ, a, p1

i, p2j, p3

= i g γµ(T a)j
i ,

µ, a, p1

b, p2c, p3

= g fabcpµ3 ,

(1.17)

and the four-point gluon vertex

µ, a, p1 ν, b, p2

ρ, c, p3σ, d, p4

= −i g2
[
fabef cde(gµρgνσ − gµσgνρ) +

facef bde(gµνgρσ − gµσgνρ) +

fadef bce(gµνgρσ − gµρgνσ)
]
.

(1.18)

Above all momenta in eqs. (1.17) and (1.18) are taken to be incoming, so that

for any vertex the sum of external momenta vanishes.

1.4 Renormalisation

In order to use QCD, or any other QFT aiming to describe Nature, to make

empirical predictions it is mandatory to first fix the parameters of the lagrangian

by comparison to (some) experimental data. Stated differently, one wishes to

connect the parameters of the theory to observables. In general, in a quantum

theory this could be subtle, especially if the theory develops, through quantum

corrections, sensitivity to very short distance physics. This can be formally achieved

via the procedure of renormalisation, whereby the parameters in the lagrangians

are rewritten in terms of a set of reference observables. The theory is said to be
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renormalisable if only a finite number of reference observables is needed to fix all of

its free parameters. QCD and more in general gauge theories are renormalisable

QFTs [6].3 More concretely, one can usually fix all parameters of the lagrangian at

some reference scale µR, usually called renormalisation scale, by rewriting them in

terms of the reference observables measured at that scale. It turns out that in QCD

the bare fields and coupling appearing in eq. (1.13) (which in a slight change of

notation will be denoted by a 0 subscript) can be written in terms of multiplicative

renormalisation factors and renormalised quantities:

g0 =
√
Zgg , A0 =

√
ZAA , ψ0 =

√
Zψψ , η0 =

√
Zηη , (1.19)

where all indices have been left implicit. The renormalisation factors Zi indirectly

carry information on the reference observables and renormalisation scale and

effectively define the renormalised fields and coupling. The QCD lagrangian,

expressed in terms of renormalised quantities (and at θ = 0) reads

LQCD =

− 1
4ZA(∂µAνa − ∂νAµa)2 +

√
ZgZ

3/2
A gfabc(∂µAνa)A

µ
bA

ν
c − 1

4ZgZ
2
Ag

2fabefcdeA
µ
aA

ν
bA

µ
cA

ν
d

+ iZψΨ/∂Ψ −
√
ZgZAZψgA

µ
aΨT aγµΨ − Zη(∂µηa)†∂µηa − i

√
ZgZηgA

µ
af

abc(∂µηb)†ηc

− 1
2ξZA(∂µAµa)2 . (1.20)

Practically, the structure of the renormalised lagrangian tells us which combination

of correlation functions is needed to fully determine the renormalisation factors.

Importantly, the renormalisation procedure described above can be carried out

perturbatively, truncating correlators up to a given loop order.

Nevertheless, any prediction provided by the theory should not depend on the

choice of µR, which is entirely arbitrary.4 In QCD, this is reflected in the fact that

the renormalised coupling g, develops a dependence on µR, a phenomenon known as

running coupling. It ensures consistency of the predictions by exactly compensating

for the explicit dependence on µR of the perturbative coefficients.
3Renormalisability of QCD was proven by exploiting the quantum-level BRST symmetry [7, 8]

of LQCD.
4Apart from having to be within the range of validity of the theory.
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As we will discuss in the next chapter, QCD scattering amplitudes and ob-

servables, when expressed in terms of the bare parameters, develop singularities

associated with short-distance or ultra-violet (UV) degrees of freedom. They are

called UV divergences and perturbatively they appear as infinities arising from the

integration over unbounded loop momenta. Indeed, the presence of UV divergences

reinforces the idea that the lagrangian LQCD does not describe a sensible quantum

field theory, taken at face value. Fortunately, renormalisation automatically accounts

for UV divergences, because it allows us to only talk about relative quantities, in

which UV divergences never appear.

Practically, in order to perform calculations, for example the ones needed to

fix the renormalisation factors Zi, one needs to first regulate UV divergences. A

physically intuitive way of doing this is to simply limit the integration over the loop

momenta by introducing a cut-off scale ΛUV . However this method breaks Lorentz as

well as gauge invariance and is not well suited for current state-of-the-art calculations.

A less intuitive but more effective way to regulate UV divergences is dimensional

regularisation [6], where calculations are performed in d ∈ C space-time dimensions.

More specifically, integrals in dimensional regularisation are defined by the

following axioms

• linearity

∫
ddx (αf(x) + βg(x)) =

∫
ddx αf(x) +

∫
ddx βg(x) , α, β ∈ C , (1.21)

• translation invariance

∫
ddx f(x+ x0) =

∫
ddx f(x) , (1.22)

• scaling ∫
ddx f(λx) = λ−d

∫
ddx f(x) , λ ∈ C . (1.23)

They are also defined so that whenever an integral is convergent in d0 ∈ N+ it

should coincide with the standard integration in d0 dimensions.
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Writing d = 4 − 2ε, UV divergences in the regulated theory manifest themselves

as (multiple-)poles in ε. An important effect of dimensional regularisation is that the

strong coupling acquires a mass dimension [g] = ε. This can be made explicit in the

renormalised lagrangian5 by defining the dimensionless renormalised coupling g as

g ≡ µε g(µ) , (1.24)

where µ is an arbitrary energy scale. We also introduce the standard coupling

αs(µ) = g2(µ)/4π and the β-function together with its perturbative expansion

µ
dαs(µ)
dµ

= β(αs(µ)) − 2εαs(µ) , β(αs) = −2αs
∑
n=0

βn

(
αs
4π

)n+1
. (1.25)

Because measured quantities are finite, it immediately follows that the renormalised

lagrangian (1.20) should provide UV-finite observables. However this only fixes the

renormalisation factors up to a finite shift, the finite terms are instead determined

by our definition of the renormalised fields and coupling. The way in which this

freedom is fixed is referred to as renormalisation scheme. Different schemes may

be useful for different purposes and in the context of perturbative calculations in

massless QCD the modified minimal-subtraction (MS) scheme is a popular one and

is the one which will be employed in this thesis. The standard minimal-subtraction

(MS) scheme states that the renormalisation factors Zi should be chosen as purely

UV divergent terms, i.e. the corresponding counterterms should have no finite parts

in ε. The MS scheme differs from the MS scheme by absorbing into the coupling

renormalisation the extra factor Sε = (e−γE/4π)ε which can be ascribed to the

d-dimensional loop integration. This can be summarised by defining ZMS
g so that

αs,0S
−1
ε = αs(µ)µ2εZMS

g [αs(µ)] , (1.26)

where αs,0 = g2
0/4π and is independent of the arbitrary scale µ. Then ZMS

g , ZMS
A ,

ZMS
ψ and ZMS

η are fixed by requiring that their perturbative corrections have no

finite parts in ε. Since MS is the only renormalisation scheme used in this thesis we
5By renormalised lagrangian we still mean the QCD lagrangian, but explicitly written in terms

of renormalised quantities.
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will drop the superscript from now on.

Differentiating both sides of eq. (1.26) with respect to log(µ) and solving for

Zg order by order in αs with the condition Zg = 1 at αs = 0 allows us to write the

coupling renormalisation factor in terms of the β-function. Up to third order

in the coupling we find

Zg[αs] = 1 −
(
αs
4π

)
β0

ε
+
(
αs
4π

)2
(
β2

0
ε2 − β1

2ε

)

−
(
αs
4π

)3
(
β3

0
ε3 − 7

6
β0β1

ε2 + β2

3ε

)
+ O(α4

s) . (1.27)

The QCD β-function coefficients βi have currently been computed up to five loops

[9–14], but in this thesis we will only need the coefficients up to three loops:

β0 = 11
3 CA − 2

3 nf ,

β1 = 1
3
(
34 C2

A − 10 CA nf
)

− 2 CF nf , (1.28)

β2 = −1415 C2
A nf

54 + 2857 C3
A

54 − 205 CA CF nf
18 +

79 CA n2
f

54 + C2
F nf +

11 CF n2
f

9 .

Eqs. (1.25) and (1.28) predict the variation of the coupling with the value of the

scale µ. This is a very powerful statement: given an input value of αs(µR) at

some scale µR we can in principle predict the value of the coupling at any other

(perturbative) scale. Of course, computing the β-function at higher perturbative

orders will yield more accurate predictions. Such an “initial condition” for the value

of αs is usually given for µR = mZ , where mZ = 91.187 ± 0.002 GeV is the mass

of the Z boson and the corresponding value of the coupling is [15]

αs(mZ) = 0.1179 ± 0.0009 . (1.29)

Because Nc = 3 and nf ≤ 16, one finds that β0 is positive indicating that the

coupling is a positive and monotonically decreasing function of µ, at least as long as

αs(µ) is small enough that perturbation theory can be trusted. In turn this implies

asymptotic freedom at large values of µ. As mentioned in section 1.1, asymptotic

freedom corresponds to the statement that perturbation theory becomes better and
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better as the energy of the interactions grows. Conversely, as µ becomes smaller

the coupling grows, suggesting a breakdown of perturbation theory.

1.5 Scattering Amplitudes and LSZ Reduction

Every QFT determines a set of quantum-mechanical states and a linear operator

S, the S-matrix. The evolution from infinite past to infinite future of a state |α〉

is determined by S|α〉, so that the probability for a state |β〉 to be observed in

the infinite future starting from an initial state |α〉 is obtained from the modulus

squared of the S-matrix element

Sαβ = 〈β|S|α〉 . (1.30)

Conservation of probabilities implies unitarity of the S-matrix, S†S = 1.

In the context of particle physics it is interesting to consider processes involving

final and initial states which are direct products of respectively nout and nin non-

interacting single-particle states of definite momenta p(p′) and polarisations σ(σ′):

Sin,out =
〈
(p1, σ1), . . . , (pnout , σnout)

∣∣∣S∣∣∣ (p′
1, σ

′
1), . . . , (p′

nin
, σ′

nin
)
〉
. (1.31)

One of the main results in QFT is the Lehman-Symanzik-Zimmermann (LSZ)

formula [16, 17], which relates Green’s functions to S-matrix elements. Defining

momenta in the all-outgoing convention, so that

{p1, . . . , pnout , p
′
1, . . . , p

′
nin

} → {p1, . . . , pnout ,−p1+nout , . . . ,−pnin+nout} (1.32)

and denoting the total number of particles involved in the process by n = nin +nout,

we can write the LSZ reduction formula for particles of generic spin as

Sin,out = lim
p2

i →m2
i

 n∏
i=1

∫
ddxi eipi·xi

ξAi
i (�i)AiBi

i
√

Zi

 〈Ω
∣∣∣T {ΦB1

1 (x1) . . .ΦBn
n (xn)

}∣∣∣ Ω〉 .

(1.33)

Let us unpack the equation above:

• Ω refers to the vacuum of the interacting theory,
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• ξi is the polarisation vector corresponding to the field Φi and Ai and Bi are

their appropriate Lorentz indices,

• �i is the coefficient of the term in the lagrangian quadratic in Φi and

independent of the other fields,

• T is the time-ordering operator,

• Zi is the single-particle pole residue of the exact two-point Green’s function

for the field Φi:∫
ddx eip·x

〈
Ω | T

{
ΦA
i (x)ΦB

i (0)
}

| Ω
〉

= iZi∆AB
i (p)

p2 −m2
i + iε

+ multi-particle branch cut ,

(1.34)

where ∆AB is the propagator numerator defined by the free-theory two-point

Green’s function
∫

ddx eip·x
〈
0 | T

{
ΦA
i (x)ΦB

i (0)
}

| 0
〉

= i∆AB
i (p)

p2 −m2
i + iε

. (1.35)

For the purposes of this thesis the ∆AB
i for quarks and gluons can be read off from

the propagator Feynman rules in eq. (1.16).

Finally it is convenient to split S-matrix elements as

Sαβ = δαβ + iTαβ , (1.36)

where δα,β corresponds to no interaction at all. The unitarity requirement on

the S-matrix then enforces the identity

δαβ =
∑∫
ρ

SαρS
∗
ρβ =⇒

(
Tαβ − T ∗

βα

)
= i

∑∫
ρ

TαρT ∗
ρβ (1.37)

where we used the “integral-sum" symbol to indicate that the set of orthonormal

states ρ in the theory might be labelled both by continous and discrete degrees of

freedom. When α = β, The equation above reduces to the optical theorem

2 Im Tαα =
∑∫
ρ

TαρT ∗
ρα . (1.38)
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Finally, when working with interactions of single particle states as in eq. (1.31),

it is convenient to make momentum conservation explicit by defining scattering

amplitudes Mαβ via

Tαβ = (2π)d δ(d)
(

n∑
i=1

pµi

)
Mαβ (1.39)

where (2π)d is a conventional normalisation factor in dimensional regularisation.
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In chapter 1 we reviewed how scattering amplitudes can be obtained from

Green’s functions via the LSZ reduction formula. The QCD lagrangian (1.13)

provides Feynman rules with which one can build all Feynman diagrams necessary

for the perturbative computation of any amplitude in the theory.

Though in principle a straightforward task, the computation of S-matrix elements

quickly becomes very complex even for relatively simple processes. As the number

of external states n and loops L grows, the number of Feynman diagrams does

15
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too. The complexity of each Feynman diagram also grows quickly: the spin and

colour tensors generated by the Feynman rules become more complicated and the

kinematic complexity of the loop integrals increases. For large enough values of n

and L the issues above become serious computational bottlenecks. However the

simplicity of the results which have already been obtained is often in direct contrast

with the complexity of the intermediate stages of computations. This seems to

indicate that a better understanding of the structure of scattering amplitudes can

dramatically simplify their computation.

A motivating example is that of N = 4 super Yang–Mills (sYM) theory. There,

conformal symmetry and the absence of UV divergences constrain the structure

of the scattering amplitudes. As a result, one can often avoid direct Feynman-

diagrammatic computations and instead “guess” amplitudes based on their analytic

structure. Even more striking is the example of N = 4 sYM in the large-Nc

limit, whose scattering amplitudes enjoy dual super-conformal symmetry and where

all-loop expressions have been found using similar methods (see for instance ref. [18]

for a review on the topic of integrability).

It is important to stress that if one were to try and replicate these results by

simply using Feynman diagrams, one would discover that the simplicity of these

theories would be completely hidden, only manifesting itself at the end of the

computation.

In QCD, many fewer symmetries are present and many of the striking sim-

plifications of N = 4 sYM are absent. Still, the hope is that the understanding

gained in super-symmetric theories, and the computational methods derived from

them, can inspire similar treatments of QCD amplitudes. Though this goal has

not yet been achieved in general, some inspiring results have been obtained. At

tree-level the Britto-Cachazo-Feng-Witten (BCFW) [19] and the Berends-Giele [20]

recursion relations allow one to recursively build higher-point amplitudes in terms of

lower-point ones exploiting the factorisation properties of scattering amplitudes and

Feynman diagrams. One-loop amplitudes can instead be obtained via the generalised
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unitarity method [21–24]. Within this framework an ansatz is made for the final

amplitude in terms of scalar Feynman integrals and unfixed coefficients. One can

then determine these coefficients by performing (generalised) unitarity cuts [25] on

the ansatz and matching them to fused tree-level amplitudes. This allows one to

obtain compact results for general amplitudes by exploiting their analytic structure

and without ever encountering the complexity of naive Feynman-diagrammatic

calculations. Beyond one loop, results have been obtained via generalisations of the

unitarity method (see for instance refs. [26] and [27]). Still, unitarity methods at

two loops and beyond are much more intricate that their one loop counterpart do

not seem to provide a clear computational or conceptual advantage.

In this thesis, we take a different, perhaps more standard approach. We use

Feynman diagrams as the main tool for the computation of amplitudes, but

supplement them with a variety of techniques to tame the complexity of the

calculations. It turns out that, regardless of the method used, a deep understanding

of the mathematical structure of (QCD) scattering amplitudes can drastically

reduce the amount of work required to compute them.

Our approach in what follows can be summarised by divide et impera. The main

idea is to break down each amplitude into simple(r) pieces and only at the end

assemble the final result by exploiting all available symmetries. This has the two-

fold benefit of simplifying intermediate stages of calculations and highlighting the

fundamental building blocks of the theory. Let us start with some general definitions.

The bare QCD scattering amplitude for a process involving n quarks and gluons,

defined in eq. (1.39), can be written as

Mc1...cn
λ1...λn

(p1, . . . , pn) = (4παs,0)
n
2 −1Ac1...cn

λ1...λn
(p1, . . . , pn) , (2.1)

where the ci and λi stand for colour and helicity indices respectively and the tree-level

power of the coupling is factored out. Colour indices are in the (anti-)fundamental

representation of SU(Nc) for (anti-)quarks and in the adjoint representation for
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gluons, while helicity indices can take values ±1/2 for (anti-)quarks and ±1 for

gluons.1 We will simply use ± for both quarks and gluons to refer to their

positive or negative helicity states. The pi are momenta of the external particles

in the all-outgoing convention (see eq. (1.32)) so that momentum conservation

reads ∑n
i=1 p

µ
i = 0.

The linearly independent degrees of freedom describing the process can be

counted to be 3n − 10: we start with 4n four-momenta components from which

we subtract n on-shellness constraints p2
i = 0 as well as the 10 degrees of freedom

of the Poincaré group. In general, due to the fact that there can only be as many

independent external momenta as the number of space-time dimensions, non-linear

constraints can arise among the 3n− 10 degrees of freedom mentioned above. We

will not consider these extra relations in this thesis. A common set of variables used

to describe the kinematics of a scattering amplitude are the Mandelstam invariants

sij...k = (pi + pj + · · · + pk)2 (2.2)

of which only 3n− 10 are linearly independent due to momentum conservation.

2.1 Helicity Amplitudes

Ultimately, we are interested in computing scattering amplitudes for specific (four

dimensional) helicity configurations of the external quarks and gluons, i.e. helicity

amplitudes. In chapter 1 we introduced dimensional regularisation, which we will

be using throughout this thesis. However d-dimensional external states have extra

polarisation states which we are not interested in. A simple way of projecting

them out is to simply fix the external polarisation vectors and momenta to

their four-dimensional value. This slight modification of conventional dimensional

regularisation (CDR) is referred to as ‘t Hooft–Veltman (tHV) scheme. We will

adopt the tHV scheme for all the calculations presented in this thesis.
1This is true in four space-time dimensions, see the beginning of section 2.1 for further details

on helicity states in dimensional regularisation.
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Figure 2.1: General form of a QCD scattering amplitude involving different quark
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in eq. (2.3).

Let us start by considering a scattering amplitude for ng gluons with momenta

pi=1,...,ng and nq quark–anti-quark pairs of different flavours with momenta ki=1,2
f=1,...,nq

as in fig. 2.1. After the Dirac spinor algebra has been performed for internal quark

loops, each term contributing to such an amplitude is of the form( ng∏
i=1

εµi
(pi)

) nq∏
f=1

u(k2
f )Γ

f

νf
1 ...ν

f
nf

u(k1
f )
T µ1...µngν

1
1 ...ν

nq
nnq , (2.3)

where εµi
(pi) and u(k2

f ) are the gluon and quark polarisation vectors, Γf are products

of Dirac gamma matrices (Γ ∼ γγ . . . γ) and T is a Lorentz tensor containing the

loop integrals. After the loop integration has been performed, the tensor T can only

depend on the external momenta pi, kjf , the metric gµν as well as the Levi-Civita

tensor εµνρσ. It follows that the full amplitude can be decomposed on the space

of helicity tensors2 obtained by contracting the first two terms of eq. (2.3) for any
2By helicity tensor we mean a tensor whose indices are fully contracted with polarisation
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possible Γf with any tensor in T after loop integration. Imposing the Dirac equation

for the external (anti-)quarks, requiring transversality of the gluon polarisation

vectors and fixing the gluon reference vectors qi so that ε(pi) · qi = 0, greatly reduces

the number of tensors contributing to the amplitude. However, when external quarks

are involved, the size of the helicity tensor space can grows with the perturbative

order since higher-loop diagrams can contain longer strings of gamma matrices.

This is where working in the tHV scheme comes in handy: we use the fact

that external states are kept in four dimensions to further restrict the space of

tensors needed.

Following refs. [28, 29], we consider a fermion line u(p2)γµ1γµ2 . . . γµnu(p1).

We can split each gamma matrix as a sum of its four dimensional components

and its (−2ε)-dimensional ones

γµ = γµ4 + γµ−2ε , (2.4)

and use {γµ4 , γν−2ε} = 0 to anti-commute all four-dimensional components to the

right. This allows us to write the original string as a sum of terms of the type

u(p)γµ1
−2ε . . . γ

µm
−2εγ

µm+1
4 . . . γµn

4 u(q). It is then possible to prove by induction [30]

the factorisation formula

u(p)γµ1
−2ε . . . γ

µm
−2εγ

µm+1
4 . . . γµn

4 u(q) = Tr(γµ1
−2ε . . . γ

µm
−2ε) u(p)γµm+1

4 . . . γµn
4 u(q) , (2.5)

which in turn implies that (in the tHV scheme) spinor chains are linearly independent

if and only if they are linearly independent in four dimensions.

For instance for the process i.e. 0 → q(p1) + q̄(p2) +Q(p3) + Q̄(p4) at L loops

the size of the basis reduces from 2L to just 2, which can be chosen as

u(p2)γµu(p1) u(p4)γµu(p3) and u(p2)/p3u(p1) u(p4)/p1u(p3) . (2.6)

Once a basis of nT tensors has been identified, we can work with the assumption

that the amplitude can be decomposed as

A =
nT∑
i=1

Fi Ti , (2.7)

vectors.
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where the Ti are the tensors in the basis and the Fi are Lorentz scalar form

factors which are independent of the choice of external helicities. Because all

the loop-momentum dependence is now contained in helicity-independent scalar

form factors, we are free to fix the polarisation vectors for specific values of the

external (four-dimensional) helicity states. This can be achieved very efficiently

via the spinor helicity formalism.

2.1.1 Spinor Helicity Formalism

Let us start by recalling that a fermion field Ψ satisfying the Dirac equation

can be written as

Ψ(x) =
∑
s=±

∫ d3p

(2π)32Ep

[
bs(p)us(p)eipx + d†

s(p)vs(p)e−ipx
]
, (2.8)

where s = ± stands for spin, bs(p) and d†
s(p) are respectively the annihilation

operator of a positive energy state and the creation operator of a negative energy

state with momentum p, while us(p) and vs(p) are their corresponding Dirac-spinor

wave functions. In the massless case however these states are degenerate and

u± = v∓. The helicity projection operators are represented by

P− = 1
2(1 − γ5), P+ = 1

2(1 + γ5) (2.9)

and in the all-outgoing convention we define the helicity states to be the eigenstates

P±u± = u± which implies

u− =
(

|p〉α
0

)
, u+ =

(
0

|p]α̇
)
. (2.10)

The Weyl spinors |p〉α and |p]α̇ are then solutions to respectively the left- and

right-handed Weyl equation

pµσ
µ
αα̇|p]α̇ = 0 , pµσα̇αµ |p〉α = 0 , (2.11)

where undotted spinor indices correspond to the right-handed representation of

SU(2), while dotted indices correspond to the left-handed one. Above we used

the sets of matrices

σµαα̇ = (I, σi)αα̇ and σµ,α̇α = (I,−σi)α̇α , (2.12)
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with σi the Pauli matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (2.13)

The on-shell condition p2 = 0 can then be rewritten as

det(pµσµαα̇) = 0 =⇒ pαα̇ ≡ pµσ
µ
αα̇ = λαλα̇ , (2.14)

where in the last equality we used the fact that a two-by-two rank-1 matrix can always

be decomposed as the direct product of two two-dimensional vectors. Requiring

that the momentum pµ should be real fixes λα̇ = (λα)∗. Therefore to each massless

four-momentum pµ we can associate a spinor λα which is however determined up

to an overall phase. In fact, the transformation λ → eiφλ leaves eq. (2.14) as well

as the reality condition unchanged and this U(1) ∈ SU(2) symmetry corresponds

to the little-group invariance of helicity states in the Lorentz picture.

Plugging eq. (2.14) into eq. (2.11) we find

λα̇|p]α̇ = 0 , λα|p〉α = 0 =⇒ λα̇ = |p]α̇ , λα = |p〉α . (2.15)

SU(2) indices are raised and lowered by the two dimensional Levi-Civita tensor

and we define the notation

〈p|α = εαβ|p〉β, |p]α̇ = εα̇β̇[p|β̇ . (2.16)

Conventions for εαβ and other details and useful formulas within the spinor-helicity

formalism can be found in appendix B Finally, we define the anti-symmetric

spinor (and Lorentz) invariants

[pq] = [p|α̇|q]α̇ = −[qp] and 〈pq〉 = 〈p|α|q〉α = −〈qp〉 . (2.17)

in terms of which scalar products of massless four momenta read

p · q = 1
2[pq]〈qp〉 . (2.18)

Finally, the spinor helicity variables allow us to write the gluon polarisation vectors

for negative and positive helicity states for the i-th gluon as

εµi,− = 〈i|ασµαα̇|qi]α̇√
2[i qi]

= 〈i µ qi]√
2[i qi]

, εµi,+ = [i|α̇ σµ,α̇α |qi〉α√
2〈qi i〉

= [i µ qi〉√
2〈qi i〉

, (2.19)
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where qi is a massless reference momentum satisfying qi · pi = 0 and we de-

fined the notation〈i|ασµαα̇|j]α̇ ≡ 〈i µ j]
[j|α̇ σµ,α̇α |i〉α ≡ [j µ i〉

=⇒ 〈i µ j] = [j µ i〉 . (2.20)

From the definitions above one can check that the polarisation vectors satisfy

the requirements

εi,− · εi,+ = 0 , εi,± · (εi,±)∗ = −1 . (2.21)

2.1.2 Tensor Projection

Having introduced the spinor-helicity formalism, we can use eqs. (2.10) and (2.19)

to explicitly fix helicities of external states. For each configuration λ = (λ1 . . . λn)

we can factorise an overall spinor factor sλ to account for the scaling of the tensors

(and of the helicity amplitudes) under little group transformations:

Ti|λ = Ri,λ sλ (2.22)

where Ti are the tensors defined at the beginning of section 2.1 evaluated at fixed

values of the external helicity states and Rj,λ are defined to be invariant under

the full Lorentz group. Plugging eq. (2.22) into eq. (2.7) we obtain the explicit

expression for the helicity amplitudes

A|λ =
∑

j

Rj,λ F j

 sλ ≡ Hλ sλ, (2.23)

where Hλ are spinor-stripped helicity amplitudes. As a final ingredient we need to

know how to compute the form factors. This can be done by defining corresponding

projectors Pi and a product ◦ so that

Pi ◦ Tj = δij . (2.24)

The Tj can be interpreted as the basis of a vector space and the projectors can

be concretely defined as elements in the dual space, i.e.

Pi =
nT∑
j=1

cijT
†
j , (2.25)
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where the coefficients cij are to be determined, and the product ◦ is defined as

a sum over the helicities of the external states, so that

ε∗µ(p, q) ◦ εν(p, q) = −gµν + pµqν + pνqµ

p · q
,

u(p) ◦ u(p) = /p . (2.26)

One can then find the explicit form of the projectors by plugging eq. (2.25) into

eq. (2.24) and solving for the cij. Once the expression for the coefficients is known,

the form factors can be obtained by direct projection of the amplitude:

Pi ◦ A = Fi. (2.27)

2.2 Colour Decomposition

Looking at the Feynman rules eqs. (1.16) to (1.18), we immediately notice that

the colour structures never mix with the kinematics, a property which can be

expressed via the amplitude decomposition

Ac1...cn
λ1...λn

(p1, . . . , pn) =
∑
i

Cc1...cn

[i] A[i]
λ1...λn

(p1, . . . , pn) ≡ C · Aλ1...λn(p1, . . . , pn) (2.28)

where the C are tensors in colour space carrying all colour indices and the A[i]

are colour-independent partial amplitudes. In the second equality we introduced

the colour-vector notation [31–33]

(C)i = Cc1...cn

[i] , (A)i = A[i] . (2.29)

The colour decomposition of eq. (2.28) is not unique, however one way to determine

a sufficient set of tensors Ci and the corresponding partial amplitudes is as follows.

We first rewrite all structure constants due to pure gluon vertices in terms of

generators of the fundamental representation via

fabc = −2iTr{T a[T b, T c]} , (2.30)

and then replace every pair of contracted generators via the Fiertz identity

(T a)ij(T a)kh = 1
2

(
δi
hδk

j − 1
Nc

δi
jδk

h
)
. (2.31)
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The only objects that can be left at this point are strings of generators, traces of

generators and Kronecker deltas of fundamental indices:

(T a1 . . . T ar)ij, Tr[T a1 . . . T ar ], δi
j. (2.32)

In particular, gluon amplitudes have no (anti-)fundamental indices and therefore

are entirely written in terms of traces of generators. Defining the shorthand

Trσ[1 . . . n] ≡ Tr[T aσ(1) . . . T aσ(n) ] for a permutation σ ∈ Sn, they can be written

in the compact form

Aa1...an
λ =

n∑
t=1

∑
1<i1<...<it=n

δk≥δk+1

∑
σ∈Sn(i1,...,it)

A(δ1+1,...,δt+1)
σ,λ

t∏
j=1

Trσ[ij−1 . . . ij] (2.33)

where δk = ik−ik−1, i0 = 1 and we defined the sub-set of permutations Sn(i1, . . . , it) ≡

Sn/In(i1, . . . , it) with In(i1, . . . , it) the sub-group of permutations defined by

σ ∈ In(i1, . . . , it) ⇐⇒
t+1∏
j=1

Trσ[ij−1 . . . ij] =
t+1∏
j=1

Trid[ij−1 . . . ij] . (2.34)

Note that any term of eq. (2.33) containing at least one trace of a single generator

vanishes since Tr(T a) = 0 in SU(Nc). To make eq. (2.33) more concrete let us

give an example. The amplitude for four-gluon scattering, at any loop order,

can be written as

Aa1...a4
λ =

∑
σ∈S4(1)

A(1)
σ,λTrσ[1234] +

∑
σ∈S4(1,1)

A(1,1)
σ,λ Trσ[12]Trσ[34]

= A(4)
1234,λTr[1234] + A(4)

1243,λTr[1243] + A(4)
1324,λTr[1324]

+ A(4)
1342,λTr[1342] + A(4)

1423,λTr[1423] + A(4)
1432,λTr[1432]

+ A(2,2)
1234,λTr[12]Tr[34] + A(2,2)

1324,λTr[13]Tr[24] + A(2,2)
1423,λTr[14]Tr[23] .

(2.35)

When external quark and anti-quark states are involved eq. (2.33) has to be modified

in order to account for the external (anti-)fundamental indices and the colour tensors

appearing in the amplitude can in general be written as products of the objects like

those in eq. (2.32). This is best shown via examples, which can be found in chapter 3.

The coefficients A(i1,...,it)
σ,λ are usually referred to as colour-ordered partial ampli-

tudes and since they multiply a basis of colour-tensor space they are individually

gauge invariant. This makes them ideal building blocks for scattering amplitudes.
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Nevertheless not all partial amplitudes are independent: there exists a minimal

set of so-called primitive amplitudes which encode the full information about

the amplitude. In order to identify the primitive amplitudes one needs to first

understand the different types of relations which exist among partial amplitudes.

We briefly review them below.

Cyclic Invariance Because the full amplitude is invariant under permutations of

the external gluons (pi, λi) → (pσ(i), λσ(i)), the partial amplitudes enjoy the same

permutation symmetries of the colour tensors they multiply.

For example, the single-trace gluon partial amplitudes A(1)
12...n,λ are invariant under

cyclic permutations of all indices, while the double-trace gluon partial amplitudes

A(m,n−m)
12...n,λ are invariant under cyclic permutations of both the first m and the last

n − m indices. In the case of amplitudes involving quarks we have for instance

that the q(p1)q̄(p2) → q(p3)q̄(p4) partial amplitude multiplying the colour structure

δj2i1 δ
j4
i3 is symmetric under the exchange (1, 2) ↔ (3, 4).

Reflection The colour structure of amplitudes involving n gluons in the external

states is real valued. For pure Yang–Mills amplitudes this is a direct consequence of

the fact that the structure constants facb are real and the statement holds diagram

by diagram. In QCD amplitudes the statement holds only after summing diagrams

over quark and anti-quark internal loops. Taking the complex conjugate in colour

space of the l.h.s. of eq. (2.28) and using

(Tr[T a1 . . . T an ])∗ = (−1)nTr[T an . . . T a1 ] (2.36)

one finds the reflection identity

A
(m1,m2,...,mt)
id,λ = (−1)nA(m1,m2,...,mt)

σr,λ (2.37)

where the permutation σr reflects the order of all indices in the corresponding

traces. Going back to the four-gluon example this implies

A(4)
1234,λ = A(4)

4321,λ , A(2,2)
1234,λ = A(2,2)

2143,λ , (2.38)
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whereas in a five-gluon amplitude we would find (see chapter 4)

A(5)
12345,λ = −A(5)

54321,λ , A(3,2)
12345,λ = −A(3,2)

32154,λ (2.39)

and permutations thereof.

U(1) decoupling relations Pure U(Nc) Yang–Mills partial amplitudes are

identical to SU(Nc) ones. This is because one can split U(Nc) = U(1) × SU(Nc),

which means U(Nc) Yang–Mills theory describes standard SU(Nc) Yang–Mills plus

a free U(1) gauge boson3. In particular U(Nc) scattering amplitudes involving at

least one photon in the external states vanish. This information can be used to

impose relations among different SU(Nc) Yang–Mills partial amplitudes. These

relations can be obtained by setting one or more generators T a to the identity matrix

in eq. (2.33) and by requiring that the coefficients of the different resulting colour

structures in the r.h.s. vanish independently. For instance at tree-level, where only

single traces are present, one can set all generators to the identity to find the relation

A
(n)
123...n + A

(n)
213...nA1(213 . . . n) + · · · + A

(n)
23...1n = 0 (2.40)

At one-loop, taking as an example eq. (2.35) where single and double traces are

present, we can set T a1 and T a2 to the identity to find the relation

NcA
(2,2)
1234 = −

(
A(4)

1234,λ + A(4)
1243,λ + A(4)

1324,λ + A(4)
1342,λ + A(4)

1423,λ + A(4)
1432,λ

)
(2.41)

and similarly at five points we can set T a4 = T a5 = I to get

NcA
(3,2)
12345 =

−
[(

A(5)
12345,λ + A(5)

12435,λ + A(5)
14235,λ + A(5)

12453,λ + A(5)
14253,λ + A(5)

14523,λ

)
+ (4 ↔ 5)

]
.

(2.42)

Note that whenever quarks enter the scattering process, both as external or internal

states, these identities fail since the U(1) photon stops being free and amplitudes

involving external photons do not vanish in general. In Yang-Mills but beyond

one loop, U(1) decoupling relations hold but involve partial amplitudes which

are outside of pure SU(Nc).
3Sometimes referred to as photon.
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Over-completeness Pure Yang–Mills scattering amplitudes, whose Feynman

diagrams are entirely written in terms of adjoint generators fabc, span a subspace

of colour space, as explained in [34]. This implies that extra relations due to the

over-completness of the colour basis of eq. (2.28). The resulting identities are

sometimes referred to as generalised photon-decoupling identities.

The relations among partial amplitude we just described, together with CPT

invariance of S-matrix elements in QCD, allow us to identify a minimal set of

primitive amplitudes from which the full result can be obtained. Explicit examples

will be given in chapters 3 and 4.

2.3 Feynman Integrals

When analytically computing scattering amplitudes, independently of the method

followed, one eventually encounters Feynman integrals, i.e. integrals over the

unconstrained internal momenta. In our case, after helicity projection and colour

decomposition of scattering amplitudes, one is left with a list of scalar form factors

which contain all dependence on the loop integrals. The purpose of this section

is to set the notation for Feynman integrals and describe some of the techniques

involved in their computation.

2.3.1 Representations

We write an L-loop scalar Feynman integral in dimensional regularisation as,

I~ν [N ] = eLεγE (µ2)Lε
∫ L∏

i=1

dd`i
iπd/2

N (`i)
Dν1

1 · · · DνE
E

≡
∫

DL`
N (`i)

Dν1
1 · · · DνE

E

, (2.43)

where De = q2
e − m2

e + iε are the E propagator denominators of the correspond-

ing graph, N is a Lorentz-invariant numerator and we defined the L-loop in-

tegration measure
∫

DL` → eLεγE (µ2)Lε
∫ L∏

i=1

dd`i
iπd/2 . (2.44)
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More precisely, with form factors in mind, we require N to be a polynomial in the

scalar products of loop and external momenta of uniform mass dimension. The

νe are positive integers accounting for doubled propagators and we defined the

vector ~ν = (ν1, . . . , νE). The edge momenta qe are linear combinations of the loop

momenta `i and the external momenta with coefficients ±1 or 0. The overall factor

eLεγE is a conventional normalisation taylored to MS renormalisation.

A simple example is the one-loop massles box integral with no numerator, which

in the all-outgoing convention reads

p1

p2 p3

p4

`1

=
∫

D`
1

D1D2D3D4
,


D1 = (`1)2

D2 = (`1−p1)2

D3 = (`1−p1−p2)2

D4 = (`1−p1−p2−p3)2

. (2.45)

When working with Feynman diagrams, one finds loop integrals of the form in

eq. (2.43), but various other representations exist. Each representation may render

some properties of the integrals manifest while obscuring others, so it is usually

appropriate to change representation depending on the task at hand.

A very useful modification of the representation in eq. (2.43) is the propagator

denominator (PD) representation. Starting from the set of E denominators for a

Feynman integral, one can write the Di as linear combinations of scalar products

by explicitly writing the qe as linear combinations of external and loop momenta

and expanding the squares:

De =
∑

i=1,...,L
j=1,...,L

M
(2)
e,(ij)`i · `j +

∑
i=1,...,L

j=1,...,n−1

M
(1)
e,(ij)`i · pj

+
∑

i=1,...,n−1
j=1,...,n−1

M
(0)
e,(ij)pi · pj −m2

e .
(2.46)

We can then invert eq. (2.46), solving as many scalar products `i · `j and `i · pj
in terms of propagator denominators. Plugging the result back into eq. (2.43)

allows us to “partial fraction” the integrand, cancelling powers of the Di between

numerator and denominator. However, usually, not all scalar products can be

expressed in terms of inverse propagators and the remaining scalar products which
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can not be expressed in terms of De are called irreducible scalar products (ISPs).

In order to obtain a uniform notation for Feynman integrals, which is particularly

useful for their systematic characterisation, we can upgrade the set of original

denominators by adding extra spurious ones

{D1, . . . ,DE} → {D1, . . . ,DE,DE+1, . . . ,DE′} (2.47)

so that all scalar products can be expressed in terms of the larger set of denominators.

The total number E ′ has to match the number of independent scalar products

involving at least one loop momentum, which at L loops and n points corresponds

to E ′ = L(L + 1)/2 + L(n − 1). At one loop E ′ = E and no extra denominators

are needed, while at higher loops usually E ′ > E. For the box integral in

eq. (2.45) we find

`2
1 = D1 , `1 · p1 = 1

2(D2 − D1) ,

`1 · p2 = 1
2(D3 − D2 − s12) , `1 · p3 = 1

2(D4 − D3 + s12) .

In the PD representation, integrals are simply determined by the list of propagator

denominators, which defines an integral family, and a vector of integers specifying the

power of each denominator, which can now be negative to account for numerators.

We can therefore define a new class of integrals as

J f
~ρ =

∫
DL`

E(f)∏
e=1

1
Dρe
e
, ρe ∈ Z , (2.48)

where f labels the integral family, i.e. it defines the list of inverse propagators De.

Within an integral family f we call a sector s, the set of integrals which share the

same list of positive denominator powers. In the box example, the integrals J Box
1,1,1,0,

J Box
1,1,1,−1 and J Box

1,1,2,0 would all belong to the sector s = {1, 1, 1, 0}. After one has

enlarged the set of denominators De to obtain eq. (2.48), it is possible that the

denominator list of some sectors will not correspond to the propagators of any

Feynman integral. Since these do not naturally arise from Feynman diagrams we

will mostly focus our attention on sectors which can be associated to a Feynman

graph and we will refer to them as topologies.
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Another representation4 which will be useful later in this thesis is the Feynman-

parameter representation, which we report for the integrals with unit numerators

I~ν [1] = (µ2)2L−ν e
LεγE Γ(ν − Ld/2)∏E

i=e′ Γ(νe′)

∫ ∞

0

∏E
e=1 dαe
GL(1)

U(α)ν−(L+1)d/2

F(α)ν−Ld/2 , (2.49)

where the GL(1) denominator accounts for the projective invariance of the integration

over the Feynman parameters αe and we defined the total propagator power

ν = ∑
e νe. It is equivalent to the usual notation δ(1 − ∑

e∈A αe) with A a

subset of {1, . . . , E}.

The quantities U and F are the Symanzik polynomials of the Feynman graph

and are defined as

U(α) =
∑
T∈T1

∏
e/∈T

αe , (2.50a)

F(α) = −
∑
T∈T2

p(T )2 ∏
e/∈T

αe − U(α)
E∑
e=1

m2
eαe , (2.50b)

where Tn is the set of spanning n-forests of the graph, and pµ(T ) is the total

momentum flowing across the 2-forest T ∈ T2. Defining the quantities A and B as
E∑
e=1

αeDe =
L∑

i,j=1
Aij`i · `j − 2

L∑
i=1

`i ·Bi + C , (2.51)

one can compute the Symanzik polynomials via the equations

U = detA, (2.52a)

F = detA
(
−BTA−1B + C

)
. (2.52b)

In general, scattering amplitudes depends on a multitude of different Feynman

integrals. These will appear with different sets of propagators (denominators

Di) as well as numerators N .

However it turns out that a large number of linear relations exist between Feyn-

man integrals. In practice this allows to identify a minimal set of linearly independent

master integrals and write all other integrals as linear combination of this basis.

The task of computing scalar form factors then splits in two:
4Among other representations are the Baikov representation, the Schwinger representation,

the Lee-Pomeransky representation and the Feynman-parameter representation. See [35] for a
pedagogical presentation.
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• finding all relations among Feynman integrals and solving them in terms of

master integrals,

• computing the (comparatively) small set of master integrals.

Let us start with the first.

2.3.2 Integration-by-parts Relations

In order to derive relations among Feynman integrals, we can exploit their translation

invariance, a defining property of dimensional regularisation as described in and

around eq. (1.22). We start by taking a generic integral
∫

ddxf(x) and performing

an infinitesimal shift of the integration variable

∫
ddx f(x) =

∫
dd(x+ αv(x)) f(x+ αv(x)) , (2.53)

with α � 1 and v(x) an x-dependent vector. We can then Taylor-expand the

integrand and the measure of integration in α to obtain

∫
ddx f(x) =

∫
ddx

(
f(x) + α f(x) d

dxµ
vµ(x) + α vµ(x) d

dxµ
f(x) + O(α2)

)
,

(2.54)

and requiring the equation to hold order-by-order in α we find

∫
ddx d

dxµ
[vµ(x) f(x)] = 0 (2.55)

which is referred to as integration-by-parts (IBP) relation. In other words, the

divergence of a vector field in dimensional regularisation always yields zero, indepen-

dently of the convergence properties of the field at infinity, giving a generalisation

of Gauss’s theorem. Were we not working in dimensional regularisation, we should

worry about the presence of a boundary term at infinity which might spoil eq. (2.55).

Applying eq. (2.55) to the case of Feynman integrals we get

∫
DL`

∂

∂`µj

[
vµ(`) N (`)

Dν1
1 · · · DνE

E

]
= 0 (2.56)
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where we can identify x with `j. We can then distribute the `j derivative (using

the notation ∂`µ ≡ ∂
∂`µ

) and obtain

∫
DL`

 (∂`µj v
µ) N

Dν1
1 · · · DνE

E

+
vµ∂`µj N

Dν1
1 · · · DνE

E

−
∑
e

νev
µ∂`µj De

De

N
Dν1

1 · · · DνE
E

 = 0 , (2.57)

where all terms in the sum correspond to individual Feynman integrals (modulo

the irrelevant overall normalisation factor). Eq. (2.57) is therefore a linear relation

among Feynman integrals. Writing down all relations for the different choices of

vµ, `j and N , one finds a system of linear equations.

Though in principle a simple operation, writing down and solving such systems

of IBPs turns out to be one of the main bottlenecks of state-of-the-art scattering

amplitude calculations, for which one might have to solve systems of millions

or even billions5 of equations.

2.3.3 Other Integral Relations

In addition to IBPs it is possible to find extra relations among Feynman integrals.

Here we will review Lorentz invariance identities, loop-momentum shift identities

and sector relations.

Lorentz Invariance Identities

A scalar Feynman integral I is invariant under a Lorentz transformation of the

external momenta: I(p) = I(Λp). The generator of such a transformation is

ωµν =
n∑
i=1

(
pµi

∂

∂pνi
− pνi

∂

∂pµi

)
, (2.58)

and it annihilates any scalar Feynman integral

ωµν I = 0 . (2.59)

In order to obtain scalar relations among integrals, one can contract eq. (2.59) with

any antisymmetric combination of external momenta:

(pµi pνj − pνi p
µ
j ) ωµν I = 0 . (2.60)

5though many of the equations produced by eq. (2.56) are actually linearly dependent.
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These are the Lorentz invariance (LI) relations. Counting all possible antisymmetric

combinations of n external momenta, of which only n − 1 are independent due

to momentum conservation, one finds (n − 1)(n − 2)/2 LI relations, irrespective

of the loop order. It should be noted that the Lorentz invariance identities of

eq. (2.60) are not independent from IBP relations, in the sense that they can be

written as linear combinations of IBPs. However, from a practical viewpoint, it

turns out that including LI relations in the system and solving them immediately

can simplify the task of IBP reduction.

Shift relations

Shift invariance is one of the defining axioms of dimensionally regularised Feyn-

man integrals, as discussed in section 1.4. Above we saw how invariance under

infinitesimal shifts can be used to derive IBP relations. Here we focus on finite

shifts, which can also provide useful identities among integrals. More precisely,

when a loop-momentum shift

`i → S(`i) = Lij`j + Eijpj (2.61)

is such that the set of propagators of a given sector is shifted to itself (possibly after

a permutation of the propagators), it can be used to find a relation among integrals

within that sector by explicitly performing the shift and requiring equivalence

of the integrals:

∫
DL`

N (`i)
Dν1

1 · · · DνE
E

=
∫
DL`

N (S(`i))
Dν1

1 · · · DνE
E

. (2.62)

By definitions, the denominators in the r.h.s. and l.h.s. of the equations above are

going to be identical, but the numerators might differ. This is known as a sector

symmetry. Whenever one is working with multiple sectors (within one or more

integral families) it is also possible to find loop-momentum shifts that map one sector

onto another. The corresponding integral identities are known as sector relations [36].
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2.3.4 The Laporta Algorithm

It is well known that the choice of master integrals and the order in which the

relations are solved can have a great impact on the complexity of the expressions

appearing in intermediate stages of IBP reduction. This becomes more and more

relevant when the number of scales increases.

The Laporta algorithm [37] provides a choice of master integrals by defining

an ordering among integrals, and it can be defined in a process-independent way.

Loosely following the algorithm, one starts by defining an ordering among all

Feynman integrals by associating a weight to each integral. The highest weight

integral is eliminated from the system by solving one of the equations which

contains it and plugging the solution into all remaining IBPs. This procedure is

then repeated until no equations are left. The algorithm does not identify the list

of master integrals a priori: they are instead automatically determined as the set of

integrals which remain unconstrained after the algorithm terminates. It is worth

pointing out that it is not obvious that as the rank of the integrals considered

grows the Laporta algorithm should always terminate with the same set of master

integrals. Altough this turns out to be true, it would be interesting to investigate

which and many relations are crucial for this to happen.

The Laporta algorithm is simple to automate on a computer and it benefits

from a high degree of parallelisation, making it the most popular choice as the

backbone of IBP reduction codes. However it is generally understood that the

master integrals obtained via the Laporta algorithm do not usually yield compact

representations of scattering amplitudes and, after the system of equations has

been solved, a change of basis is normally performed.

The question of how to choose a “good” basis of master integrals is in most cases

an ill-posed one, since different bases might be suitable for different purposes. For

example in section 2.3.5 we will see that choosing a so-called canonical basis makes

the solution of Feynman integrals particularly simple. However, though better than

“randomly selected” Laporta bases, canonical bases are not necessarily the best

option when it comes to the representations of scattering amplitudes. Indeed, in some
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cases, more compact representations of scattering amplitudes can be achieved via

over-complete, process dependent bases. We will come back to this topic in chapter 5.

2.3.5 Differential Equations and Iterated Integrals

The integral relations we just discussed, together with an algorithm to express them

in terms of a set of master integrals, solve the first of the two points presented at

the end of section 2.3.1. We now turn to the second: computing the master integrals.

A large class of Feynman integrals, characterised by the property of linear

reducibility [38–40], can be integrated directly, for instance via the Feynman-

parameter representation (2.49). In this thesis we will focus on an alternative

approach: the method of differential equations [41]. Rather than focusing on

individual integrals and studying them on a case-by-case basis, this method leverages

IBP relations to find (coupled) linear differential equations satisfied by the whole

set of master integrals. Upon solving these equations one finds analytic expressions

for all integrals involved simultaneously6. Let us now review how the method works.

As mentioned before, after integration, scalar Feynman integrals must be

functions of the space-time dimensions and the external invariants only. For

concreteness we choose to parametrise the kinematics via the Mandelstam variables

of eq. (2.2). We label the set of all independent Mandelstam variables by ~s and the

individual ones by sI , where I corresponds to some set of external momenta

I = (ij . . . k).

Let us see then how differentiation with respect to sI acts on the space of master

integrals, which we denote by Mi. When using parametric representations, the

dependence on the independent sI is explicit and one can simply differentiate the

integrand. For consistency, here we stick to the representation given in eq. (2.48) and

6In practice, since the system of equations is usually block triangular, it is convenient to solve
the system starting from lower-sector integrals and progressively increasing the propagator count.
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we need to understand how ∂sI
acts on the integrand of loop-momentum Feynman

integrals. This can be done starting from the ansatz

∂sI
=

n−1∑
k,h=1

CI
hk ph · ∂

∂pk
, (2.63)

where we expressed the derivative with respect to sI in terms of derivatives with

respect to the independent external momenta. The coefficients CI
hk are rational

functions of the Mandelstam invariants and need to be fixed. To do so we can use the

Lorentz invariance identities of eq. (2.60) together with the consistency conditions∂sI
sJ = δIJ ,

∂sI
p2
j = m2

j∂sI
,

(2.64)

for sI and sJ independent Mandelstam variables and j all external particles. Once

the CI
hk have been determined, using the PD representation (2.48) we find

∂sI
Mi =

n−1∑
k,h=1

CI
hk

∫
DL`

(
ph · ∂

∂pk

) E)∏
e=1

1
Dρe
e

 . (2.65)

Working out the derivatives on the r.h.s. and expressing the resulting integrals as

a linear combinations of master integrals via IBPs, we find the relations

∂sI
Mk =

∑
h

c̄sI
kh(ε, ~s) Mh . (2.66)

Moving to a more compact notation, we indicate the vector of master integrals with
~M and by d the full differential with respect to the kinematic invariants

dg =
∑
I

∂sI
g dsI . (2.67)

Eq. (2.66) then implies

d ~M = A(ε, ~s) · ~M , (2.68)

with A a 1-form valued matrix. At this point we can define a particularly nice

set of master integrals, the canonical basis ~Mcan [42–44], by requiring that they

satisfy the differential equation

d ~Mcan = εAcan(~s) · ~Mcan , (2.69)
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where the ε-dependence has factorised in front. We also require the matrix Acan

to be in d log-form:

Acan(~s) =
∑
k

Ak d logαk(~s) , (2.70)

where the Ak are matrices of rational numbers and αk are functions of the invariants,

known as letters. The full set of letters is usually called alphabet.

It is not at all guaranteed that such a basis exists for any given integral family,

but in every case treated in this thesis it is possible to find one. The problem of

determining canonical bases of master integrals is currently an active area of research.

Once a canonical basis has been found, one can write the analytic solution for the

master integrals as a Laurent series in ε by expanding the formal solution of eq. (2.69):

~Mcan(~s) = P exp
(∫

γ(~s,~s0)
εA(~s)

)
~Mcan(~s0) . (2.71)

Here γ(~s,~s0) stands for a continuous path connecting ~s0 to ~s and P enforces path-

ordering of the matrices along γ(~s,~s0). The boundary value ~Mcan(~s0) can usually

be determined by a combination of regularity conditions in certain kinematic

limits and direct evaluation.

The functions arising from eq. (2.71) can in general be written as

g
(w)
~l

(~s) =
∫
γ(~s,~sw−1)

d log(α`w(~sw−1)) · · ·
∫
γ(~s2,~s1)

d log(α`2(~s1))
∫
γ(~s1,~s0)

d log(α`1)

(2.72)

where γ(~si, ~sj) are ordered “segments” of the path γ(~s,~s0) defined in eq. (2.71).

The choice of path γ determines the set of functions and can significantly impact

the simplicity of final representation of the integrals. Above, we used w to indicate

the length of the vector ~l, which in turn determines the list of letters entering the

definition above. The integer w counts the number of iterated integrations and

is referred to as transcendental weight. The g(w)
~l

belong to a class of functions

commonly called Chen iterated integrals [45]. A canonical master integral m

can always7 be written as

m(~s) =
∑
w=0

εw
w∑

w′=0

∑
~l∈Nw′

t
(w−w′)
~l

g
(w′)
~l

(~s) , (2.73)

7provided that we chose an overall normalisation so that the integral starts at O(ε0).



2. The Structure of Scattering Amplitudes 39

where we defined g
(0)
~l

= 1. Above, the t(w)
~l

are constants which are given by the

value of canonical integral at some reference point ~s0, used as a boundary condition

for eq. (2.69). They are also associated a transcendental weight w and by convention

ε is assigned transcendental weight −1, so that the integrals of the form in eq. (2.73)

have overall transcendental weight w = 0.

Multiple Polylogarithms In addition to the general discussion above, here we

also define the special class of iterated integrals referred to as multiple polylogarithms

(MPLs) [46, 47]:

Gl(x) =
∫ x

0

dx′

x′ − l
for l 6= 0 ,

Gl1,l2,...,ln(x) =
∫ x

0

dx′

x′ − l1
Gl2,...,ln(x′) if at least one li 6= 0 ,

G0, . . . , 0︸ ︷︷ ︸
n

(x) = 1
n! logn(x) .

(2.74)

MPLs turn out to cover the functional space needed for the representation of a large

number of scattering amplitudes. Their recursive definition simplifies the study of

their analytic structure as well as their analytic continuation across branch-cuts.

2.3.6 Divergences of Feynman Integrals

In previous sections we have established a method to express Feynman integrals as a

Laurent expansion in ε. In practice one observes that the vast majority of integrals

which appear in scattering amplitudes have poles in the dimensional regulator and

therefore are divergent as one takes the limit ε → 0. So far we have not been too

concerned with the origin of such divergences, but understanding them at the level of

Feynman integrals and eventually for whole scattering amplitudes can teach us a lot

about the structure of gauge theories. In this section we focus on the singularities of

Feynman integrals as standalone mathematical objects. In the section 2.4 we describe

how they come together and can be accounted for within full scattering amplitudes.
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`1 `2

p

Figure 2.3: A simple two-loop two-point integral.

UV Divergences and Weinberg’s Theorem

UV divergences arise in Feynman integrals due to regions where loop momenta

become large. Let us make this more precise. We define a sub-integration by

identifying a sub-graph and integrating over loop-momentum configurations which

keep all its propagators fixed. For any given sub-integration, we can always perform

a linear transformation of the loop-momentum variables so that the new loop

momenta correspond to integration over a subset S of the loop momenta `i holding

the remaining ones fixed. Rescaling the unfixed loop momenta in S as `µ → ρ `µ

with ρ � 1, we find that the product of integrand and measure scales as ρω, where

ω defines the superficial degree of divergence of the sub-integration. In particular,

the superficial degree of divergence of the whole integral is defined choosing S

as the whole set of loop momenta.

Weinberg’s power-counting theorem8 states that a Feynman integral is UV-

finite if the integral as well as all its sub-integrations have negative superficial

degree of divergence.

For instance, for the kite integral of fig. 2.3, we can list all distinct linear

combinations c(v)
i `i of loop momenta entering the denominators for a fixed loop-

momentum routing: {`1, `2, `1 + `2}. Next, to identify all allowed sub-integrations,

we build all possible subsets of these linear combinations {c(v)
i `i ∈ V }, and fix

each element in the subset to a different constant,

{`1 = d1, `2 = d2} , {`1 = d1, `1 + `2 = d2} , {`2 = d1, `1 + `2 = d2} ,

{`1 = d} , {`2 = d} , {`1 + `2 = d} .
(2.75)

8The convergence criterion known today as Weinberg’s theorem was introduced by Dyson [48]
and proven rigorously by Weinberg [49] in the case of Euclidean metric. A simpler proof and
an extension to the Minkowski case was presented by Hahn and Zimmermann [50, 51], while
Nakanishi gave a proof based on the parametric representation [52, 53].
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Figure 2.4: Graphical depiction of sub-integrations for the integral in fig. 2.3. The active
sub-integrations are indicated by dashed lines, while the momenta corresponding to solid
lines are kept fixed.

Finally, for each subset, we solve the corresponding system of equations for the loop

momenta and retain only subsets which leave at least one `i unconstrained.

The subsets in the top row leave no loop momentum unconstrained and can

therefore be ignored. Conversely, each of the subsets in the bottom row leaves

one degree of freedom unfixed and therefore corresponds to a sub-integration.

Graphically, these three subsets can be associated to the diagrams shown in fig. 2.4.

Performing the power counting relative to the various (sub-)integrations we find

that the integral is UV finite. However, one can check that if one were to add

a scalar numerator of the type discussed in section 2.3, its most general form

compatible with UV-finiteness would be

N = a+ b `1 · p+ c `2 · p , (2.76)

where a, b and c do not depend on the loop momenta. Higher-degree polynomials in

the loop momenta would immediately result in sub-divergences due to the triangle

sub-integrations (left and middle of fig. 2.4).

IR Divergences and Landau Equations

IR divergences are instead associated to finite configurations of the loop momenta,

in which a subset of the propagators vanish. In general, the domain of integration

of a Feynman integral contains IR-divergent surfaces of various dimensions. These

correspond to solutions of the Landau equations [54–56] (see also ref. [57] for an

up-to-date literature review). In presenting the Landau equations, it is convenient

to rewrite the integral of eq. (2.43) in the mixed representation:

I[N (`i)] = Γ(E)
∫

DL`
∫ ∞

0

∏E
e=1 dαe
GL(1)

N (`i)
[α1D1 + · · · + αEDE]E , (2.77)
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All non-UV singularities of the integral correspond to configurations of the in-

tegration variables which satisfy,

∀i = 1, . . . , L :
E∑
e=1

αe
∂

∂`i
De = 0 , (2.78a)

∀e = 1, . . . , E : αeDe = 0 . (2.78b)

These are the Landau equations, which are necessary but not sufficient conditions

for the appearance of singularities. They should be viewed as a system of equations

for the loop momenta and the kinematic invariants for some values of αe ≥ 0 where

at least one αe is strictly positive. Solutions to the Landau equations are called

Landau singularities. Landau singularities which are present independently of the

values of the external kinematic invariants correspond to potential IR divergences,

which manifest themselves as poles in the dimensional regulator ε. In order to

determine whether a Feynman integral actually develops an IR divergence due

to a Landau singularity one can often resort to power-counting arguments. This

will be discussed more in detail in section 5.3.2. Let us for now focus on the

solution of the Landau equations.

The set of equations (2.78a) are linear in the loop momenta, while (2.78b)

are quadratic. We proceed by first solving the linear system (2.78a) for the loop

momenta, expressing them in terms of the external momenta and the α parameters.

We then substitute the solution into the remaining equations (2.78b), and obtain

a system of polynomial equations for the α parameters. In many cases the latter

system can be solved easily, as we will see below.

An immediate consequence of eqs. (2.51) and (2.52a) is that the linear sys-

tem (2.78a) is non-degenerate if and only if U 6= 0. Let us consider this non-

degenerate case first. As the square matrix A is of full rank, the linear system (2.78a)

admits a unique solution,

`µi =
(
A−1

)
ij
Bµ
j . (2.79)

(A parametrisation-independent form of the solution in terms of the graph spanning

trees can be found in ref. [57]). We now substitute this solution into the quadratic
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equations (2.78b), which become simply

∀e = 1, . . . , E : αe
∂

∂αe
F = 0 . (2.80)

These equations are also sometimes referred to as “the Landau equations”; they

describe singularities of the integrand in the Feynman-parameter representation9

when U 6= 0.10

To solve eq. (2.80), observe that, due to Euler’s homogeneous function theorem,

eq. (2.80) implies F = 0. In many cases, F can be brought into a subtraction-free

form, meaning that each monomial in F has the same sign in a certain region of

the kinematic space (equivalently, there exists a Euclidean region11 of the integral).

In particular, this holds for planar Feynman graphs. In these cases the k(T )2

in eq. (2.50b) are Mandelstam invariants of consecutive external momenta (with

respect to the planar ordering), which can be made negative simultaneously.

For αe ≥ 0, a subtraction-free polynomial F can only vanish if each monomial

in F vanishes independently, which in turn implies eq. (2.80). Therefore, for a

subtraction-free F , solving eq. (2.80) is equivalent to setting all monomials in F

to zero independently. The solutions have the form,

αe1 = 0, . . . , αem = 0 , (2.81)

where e1, . . . , em is a proper subset of edge labels {1, . . . , E}.

When F does not admit a subtraction-free form, we must solve eq. (2.80)

explicitly. It is believed that the general form of the solution in such cases is

nonetheless also given by eq. (2.81). That is, IR divergences cannot arise due

to cancellation between terms in F .

One possible strategy to prove this for a given diagram is as follows. Instead

of summing eq. (2.80) to get F = 0, which is not subtraction-free, consider the
9The “third representation” of ref. [58].

10A version of eq. (2.80) which captures also the singularities with U = 0 is obtained by
replacing F with the world-line action F/U [53].

11The same term is sometimes used to refer to a region where all Mandelstam variables are
positive. This is not possible in general for non planar Feynman integrals when all external states
are massless.
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most general linear combination of eq. (2.80):

E∑
e=1

weαe
∂

∂αe
F = 0 . (2.82)

The left-hand side of eq. (2.82) contains the same monomials as F , but the coefficients

of these monomials are now linear functions of we. Demanding that all coefficients are

non-zero and have the same sign in some region of the kinematic space, one obtains

a system of linear inequalities on we. If one can find a solution of this system (e.g.

using numerical linear optimisation routines), then solving eq. (2.80) is equivalent

to setting each monomial in F to zero independently as in the subtraction-free case,

therefore no cancellations can occur. We illustrate this procedure in section 5.4.3

when we discuss the massless non-planar double box integral.

Having solved the parameter-space Landau equations (2.80), it remains to

check that the solution is consistent with the condition U 6= 0, and compute the

corresponding loop momenta using eq. (2.79).

We turn next to the degenerate case, U = 0. As we can see from eq. (2.50a), U

is always subtraction-free, so this condition implies that a subset of αe vanishes, and

all such subsets are identified by setting all monomials in U to zero. Each solution

of U = 0 corresponds to the situation where a sub-diagram γ of the original graph G

(formed by the edges for which αe = 0) does not contribute to the Landau equations;

effectively, they turn into analogous equations for the reduced diagram G/γ obtained

by contracting the sub-diagram γ to a point. This means that solutions of the

Landau equations in the degenerate case can be found by recursively solving the

non-degenerate equations for the reduced diagrams.

A convenient way to implement this in a computer code is by using the following

factorisation formulae for the Symanzik polynomials (for example, see ref. [59,

Proposition 4.1] and references therein):

UG|αγ→λαγ = λLγ Uγ UG/γ + O
(
λLγ+1

)
, (2.83a)

FG|αγ→λαγ = λLγ Uγ FG/γ + O
(
λLγ+1

)
, (2.83b)
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where λ � 1 and αγ → λαγ means that αe are replaced by λαe for all edges in

γ, while Lγ is the number of loops in the sub-diagram γ. Equation (2.83a) also

shows that U vanishes only when γ contains at least one loop, so the degenerate

case U = 0 actually corresponds to IR sub-divergences with one or more loop

momenta unconstrained.

2.4 Divergences of Scattering Amplitudes

In section 2.3 we reviewed how Feynman integrals develop singularities for generic

values of the external kinematics. The same divergences are inherited by scattering

amplitudes, where they combine to reproduce factorised and universal structures.

UV divergences are entirely reproduced by a redefinition of the quantities in the

lagrangian and are cancelled when renormalising the theory, while IR divergences

can be re-summed into exponentials which only depend on the charge and momenta

of the external states.

Because both UV and IR divergences do not mix amplitudes for different

helicity configurations or particle types, in the following we will simply refer to the

spinor-stripped helicity amplitudes of eq. (2.23) via the symbol H.

2.4.1 Renormalisation of UV Divergences

In chapter 1 we claimed that performing calculations with the renormalised la-

grangian yields UV-finite results. Let us then see how one can obtain a renormalised

amplitude starting from a bare amplitude in the case of massless QCD.

Making reference to eqs. (1.31), (1.36) and (2.1), suppose we want to compute

a renormalised scattering amplitude T . Applying the LSZ reduction formula

in the massless case we find

T (p1, . . . , pn) = lim
p2

i →0

 n∏
i=1

∫
ddxi eipi·xi

ξAi
i (�i)AiBi

i
√

Zi

GB1...Bn [Φ(x)] . (2.84)

where the one-particle pole residues Zi are computed using the renormalised

lagrangian and we used the shorthand

GB1...Bn [Φ(x)] =
〈
Ω | T

{
ΦB1

1 (x1) . . .ΦBn
n (xn)

}
| Ω
〉
. (2.85)
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Now, because of the structure of the renormalised lagrangian (1.20), we can swap

the renormalised Green’s function G for the bare one G0 dividing by the appropriate

field renormalisation factors:

GB1...Bn [Φ(x)] (αs) =
(

n∏
i=1

1√
Zi

)
GB1...Bn

0 [Φ(x)] (αs,0) . (2.86)

Crucially, in dimensional regularisation massless on-shell bare perturbative two-

point correlation functions vanish except at tree-level. This is because all Feynman

integrals appearing in its loop corrections are scaleless. We can use this to write

i∆AB
i (p)

p2 + iε
'
∫

ddx eip·x GB1B2
0 [Φ(x)] (αs,0) =

Zi

∫
ddx eip·x GB1B2 [Φ(x)] (αs) ' iZiZi∆AB

i (p)
p2 + iε

=⇒ ZiZi = 1 ,
(2.87)

were we recall that ∆AB
i (p) is the kinetic operator of the free theory. At this point

we can plug eqs. (2.86) and (2.87) into eq. (2.84) to obtain

T (p1, . . . , pn) = lim
p2

i →0

 n∏
i=1

∫
ddxi eipi·xi

ξAi
i (�i)AiBi

i

GB1...Bn
0 [Φ(x)] . (2.88)

Let us briefly review what we obtained: the renormalised scattering amplitude in

QCD (as well as other massless renormalisable gauge theories) can be obtained by

applying the LSZ formula to bare Green’s functions and then simply renormalising

the coupling, no wave-function renormalisation needed! This is due to the fact

that the bare residues Zi,0 are exactly equal to unity in perturbation theory due to

an exact cancellation of UV and IR divergences (as well as of the finite parts) of

the two point function. For the same reason, all non-amputated Green’s functions

are identically zero and we can directly restrict our calculation to amputated

Feynman diagrams.

Applying this to eq. (2.1), reorganising the expansion of the full amplitude

in powers of αs/4π, and collecting an overall power of the renormalised coupling,
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allows us to define the UV-renormalied spinor-stripped helicity amplitudes

R(0) = H(0) ,

R(1) = H(1) − n− 2
2

β0

ε
H(0) ,

R(2) = H(2) − n

2
β0

ε
H(1) +

(
n(n− 2)

8
β2

0
ε2 − n− 2

4
β1

ε

)
H(0) ,

R(3) = H(3) − n+ 2
2

β0

ε
H(2) +

(
n(n+ 2)

8
β2

0
ε2 − n

4
β1

ε

)
H(1)

+
(

−n(n2 − 4)
48

β3
0
ε3 + (3n+ 2)(n− 2)

24
β1β0

ε2 − n− 2
6

β2

ε

)
H(0) ,

(2.89)

where we used the colour-vector notation introduced in eqs. (2.28) and (2.29).

The renormalised amplitudes R(`) are thus free of UV divergences and all poles

in ε can be attributed to IR divergences.

2.4.2 Factorisation of IR Divergences

In sections 1.4 and 2.4.1 we saw that UV divergences are fully accounted for by

renormalisation of the fields and the strong coupling. Though the first result

describing the universal structure of QCD infrared singularities was presented

by Catani in ref. [33], we will now see that IR can also be treated within the

language of renormalisation.

The concepts reviewed below were first presented in refs. [60–63] and rely on

the one-to-one correspondence of the IR divergences of gauge-theory amplitudes

with the UV divergences of the effective field theory (EFT) describing the soft

and collinear degrees of freedom. A concrete realisation of such an EFT is soft-

collinear effective-theory (SCET) [64–67]. In ref. [60, 61] it has been shown that IR

singularities of QCD exactly match the UV poles of S-matrix elements in SCET.

As a result, QCD scattering amplitudes can be written in terms of a multiplicative

colour-space operator Z as

R(ε, {p}, µ) = Z(ε, {p}, µIR, µ) F(ε, {p}, µIR, µ), (2.90)
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Figure 2.5: Schematic representation of the correspondence between the IR divergences
of QCD and the UV divergences of the corresponding low-energy EFT. The cut-off scale
µIR acts both as an IR regulator of QCD and a UV regulator of the EFT. Matching
of the two theories requires that observables should agree when the typical energies are
approximately µIR. Therefore the existence of and EFT for the soft/collinear degrees of
freedom of QCD implies the renormalisability of its IR divergences.

where {p} stands for the list of external momenta, µ is the UV renormalisation

scale and F is an IR finite hard amplitude which can be expanded perturbatively as

F =
∑
`=0

(
αs
4π

)`
F (`) . (2.91)

Above, µIR is the IR factorisation scale, defined to separate the high-energy/large-

angle degrees of freedom from the soft/collinear ones. Because the UV renormalised

amplitude R does not depend on our choice of µIR, one can write the renormalisation

group equation

d
d log µIR

F = −
[
Z−1 d

d log µIR
Z
]
F . (2.92)

This in turn defines the soft/collinear anomalous dimension

Γ(ε, {p}, µIR, µ) =
[
Z−1(ε, {p}, µIR, µ) d

d log µIR
Z(ε, {p}, µIR, µ)

]
, (2.93)

which governs the evolution in µIR of the hard function F . Fixing µIR = µ one

can formally solve eq. (2.93) to find

Z(ε, {p}, µ) = P exp
[
−
∫ µ

0

dµ′

µ′ Γ({p}, µ′)
]

=
∞∑
n=0

(
αs
4π

)n
Zn , (2.94)

with P the path-ordering symbol, i.e. colour operators are ordered from left to

right with decreasing values of µ′. The soft-collinear anomalous dimension Γ

receives perturbative corrections (see [68] for a recent review on the topic). In

particular, up to three loops, following the notation of [69] where Γ was first
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computed to this perturbative order, the anomalous dimension operator for n

coloured external particles is written as

Γ({p}, µ) = Γdipole({p}, µ) + ∆4({p}) , (2.95)

where dipole and quadrupole contributions appear. The dipole IR anomalous

dimension Γdipole is a sum of terms, each depending on the momenta of a pair of

external particles, and collects all pair-wise colour correlations of the external states

as well a colour-diagonal collinear contribution. Explicitly, it takes the standard form

Γdipole({p}, µ) =
∑

1≤i<j≤n
Ta
i Ta

j γ
K(αs) log

(
µ2

−sij − iδ

)
+

n∑
i=1

γi(αs) , (2.96)

with Ta
i the SU(Nc) generators in the representation of the i-th external particle

which act on the amplitude by contraction with the colour index the i-th parton.

The quantity γK is the QCD cusp anomalous dimension [70–76] and γi=q,g are

the quark and gluon collinear anomalous dimensions [68, 77–79]. They are given

explicitly in appendix A.1 up to the third perturbative order.

When performing the integral in eq. (2.94), and only considering corrections

up to three loops, the path-ordering operator can be ignored since Γ does not

depend on the scale µ and therefore

[Γ({p}, µ1),Γ({p}, µ2)] = 0 . (2.97)

Furthermore it is also useful to define the expansions

Γdipole =
∞∑
n=0

Γn

(
αs
4π

)n+1
, Γ′ = ∂Γdipole

∂ log µ =
∞∑
n=0

Γ′
n

(
αs
4π

)n+1
. (2.98)

The operator ∆4 appears instead for the first time at three loops and contains

colour correlations among up to four external legs. It can be expanded in αs as

∆4({p}) = ∆4({ρ}) =
∞∑
L=3

(
αs
4π

)L
∆(L)

4 ({ρ}) . (2.99)

The leading order contribution ∆(3)
4 ({ρ}) was computed in ref. [69] and more details

on its structure will be given in chapter 3.
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Figure 2.6: Sample Feynman diagram contributing to the dipole IR anomalous dimension
Γdipole. Dipole soft divergences arise from the region of loop-momentum space where
all components of the red gluon are small compared to the other scale in the process.
Collinear divergences arise when the momentum associated with the red gluon becomes
proportional to the momentum of one the external emitting gluons.

Figure 2.7: Sample Feynman diagrams contributing to the three-loop quadrupole
correction ∆(3)

4 ({ρ}) in four-point gluon scattering. Quadrupole divergences arise from
the region of loop-momentum space where all components of the red gluons are much
smaller than the other scales in the amplitude. The central dot represents any possible
tree-level sub-diagram.

In terms of the quantities defined above, one can write the perturbative

coefficients of the IR operator Z as

Z1 = Γ′
0

4ε2 + Γ0

2ε ,

Z2 = Γ′
0

2

32ε4 + Γ′
0

8ε3

(
Γ0 − 3

2β0

)
+ Γ0

8ε2 (Γ0 − 2β0) + Γ′
1

16ε2 + Γ1

4ε ,

Z3 = Γ′
0

3

384ε6 + Γ′
0

2

64ε5 (Γ0 − 3β0) + Γ′
0

32ε4

(
Γ0 − 4

3β0

)(
Γ0 − 11

3 β0

)
+ Γ′

0Γ′
1

64ε4

+ Γ0

48ε3 (Γ0 − 2β0)(Γ0 − 4β0) + Γ′
0

16ε3

(
Γ1 − 16

9 β1

)
+ Γ′

1
32ε3

(
Γ0 − 20

9 β0

)

+ Γ0Γ1

8ε2 − β0Γ1 + β1Γ0

6ε2 + Γ′
2

36ε2 + Γ2 + ∆(3)
4

6ε .

(2.100)

Plugging these into eq. (2.90) and solving for the perturbative coefficients of
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the hard function we find

F (0) = R(0) ,

F (1) = R(1) − I1 R(0) ,

F (2) = R(2) − I2 R(0) − I1 R(1) ,

F (3) = R(3) − I3 R(0) − I2 R(1) − I1 R(2) ,

(2.101)

where the IR subtraction operators read

I1 = Z1 ,

I2 = Z2 − Z2
1 ,

I3 = Z3 − 2Z1Z2 + Z3
1 + ∆(3)

4 .

(2.102)

This concludes the discussion on the structure of IR divergences of QCD scattering

amplitudes up to three loops.

At higher loops the soft-collinear anomalous dimension Γ is expected to receive

corrections which involve colour correlations of more than four external states. At

four loops, their structure was constrained for instance in the Regge limit [80], but

exact calculations have yet to be performed beyond the three-loop order.
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3.1 Introduction

In this chapter we focus on the computation of all three-loop scattering amplitudes

of four particles in QCD. Crossing symmetry, charge and parity conjugation allow

Loops 0 1 2 3
0 → qq̄QQ̄ 1 9 158 3584
0 → qq̄gg 3 30 595 14971
0 → gggg 4 81 1771 48723

Table 3.1: Number of amputated QCD Feynman diagrams contributing to the processes
in eq. (3.1) at different loop orders.

52
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us to reproduce all possible channels starting from the set of processes

0 → q(p1) + q̄(p2) +Q(p3) + Q̄(p4),

0 → q(p1) + q̄(p2) + g(p3) + g(p4),

0 → g(p1) + g(p2) + g(p3) + g(p4),

(3.1)

where q and Q stand for two different flavours of quark. All external momenta

are taken to be outgoing and massless:

pµ1 + pµ2 + pµ3 + pµ4 = 0, p2
i = 0. (3.2)

Because we work in the tHV scheme they can also taken to be strictly four-

dimensional. The scattering processes above can then be parametrised in terms

of the usual set of Mandelstam invariants

s12 =(p1+p2)2, s13 =(p1+p3)2, s23 =(p2+p3)2, (3.3)

which satisfy the relation s13 =−s12−s23. The physical scattering process 1 + 2 →

3 + 4 can be obtained by changing sign to the momenta of incoming particles:

p1,2 → −p1,2 and by imposing

s12 > 0, s13 < 0, s23 < 0 , (3.4)

which corresponds to the s-channel region of fig. 3.1.

3.2 Colour and Helicity Decomposition

For any of the processes in eq. (3.1)

X = {qq̄QQ̄ , qq̄gg , gggg} , (3.5)

we write the scattering amplitude as

AX = 4παs,0 AX · CX , (3.6)

where αs,0 is the bare strong coupling, A[i] are colour-ordered partial amplitudes.

The bold quantities AX and CX are the colour vectors defined by eq. (2.29). The

colour tensors for 0 → qq̄QQ̄ read

Cqq̄QQ̄1 = δi4i1δ
i2
i3 , Cqq̄QQ̄2 = δi2i1δ

i4
i3 , (3.7)



3. Three-Loop Four-Point Scattering 54

Figure 3.1: Mandelstam plane describing the physical scattering regions, commonly
known as s, t and u channels. White regions are unphysical, in the sense that they do
not correspond to any choice of real four-momenta.

for 0 → qq̄gg they are

Cqq̄gg1 = (T a3T a4)i2i1 , Cqq̄gg2 = (T a4T a3)i2i1 , Cqq̄gg3 = Tr[T a3T a4 ] δi2i1 , (3.8)

and the ones for 0 → gggg are defined as

Cgggg1 = Tr[T a1T a2T a3T a4 ] + Tr[T a1T a4T a3T a2 ] ,

Cgggg2 = Tr[T a1T a2T a4T a3 ] + Tr[T a1T a3T a4T a2 ] ,

Cgggg3 = Tr[T a1T a3T a2T a4 ] + Tr[T a1T a4T a2T a3 ] ,

Cgggg4 = Tr[T a1T a2 ]Tr[T a3T a4 ] ,

Cgggg5 = Tr[T a1T a3 ]Tr[T a2T a4 ] ,

Cgggg6 = Tr[T a1T a4 ]Tr[T a2T a3 ] .

(3.9)

In order to compute the partial amplitudes for definite helicity configurations we can

use the tensor projection method in the tHV scheme in conjunction with the spinor

helicity formalism. Following the steps described in section 2.1.2, we decompose
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the partial amplitudes on a tensor basis as

AX =
∑
j=1

F j
X T

X
j , (3.10)

where the Lorentz tensors TXj can be chosen as (see ref. [29])

T qq̄QQ̄1 = ū(p2) γα u(p1) ū(p4) γα u(p3) ,

T qq̄QQ̄2 = ū(p2) /p3 u(p1) ū(p4) /p2 u(p3) (3.11)

for quark scattering,

T qq̄gg1 = ū(p2)�ε3u(p1) ε4 · p2 , T qq̄gg2 = ū(p2)�ε4u(p1) ε3 · p1 ,

T qq̄gg3 = ū(p2)�p3u(p1) ε3 · p1 ε4 · p2 , T qq̄gg4 = ū(p2)�p3u(p1) ε3 · ε4 , (3.12)

for quark-gluon scattering and

T gggg1 = ε1 ·p3 ε2 ·p1 ε3 ·p1 ε4 ·p2 ,

T gggg2 = ε1 ·p3 ε2 ·p1 ε3 ·ε4, T gggg3 = ε1 ·p3 ε3 ·p1 ε2 ·ε4,

T gggg4 = ε1 ·p3 ε4 ·p2 ε2 ·ε3, T gggg5 = ε2 ·p1 ε3 ·p1 ε1 ·ε4,

T gggg6 = ε2 ·p1 ε4 ·p2 ε1 ·ε3, T gggg7 = ε3 ·p1 ε4 ·p2 ε1 ·ε2,

T gggg8 = ε1 ·ε2 ε3 ·ε4 + ε1 ·ε4 ε2 ·ε3 + ε1 ·ε3 ε2 ·ε4 , (3.13)

for gluon scattering.

In order to obtain the above set of tensors, the reference vectors qi of the

external gluons have been fixed as follows:q3 = p4, q4 = p3 for qq̄gg → 0,
q1 = p2, q2 = p3, q3 = p4, q4 = p1 for gggg → 0.

(3.14)

The form factors can then be obtained via tensor-projection of the amplitudes as

described in section 2.1.2. In particular, we define process-dependent projectors

PX
i =

∑
j=1

cXij (TXj )† , with PX
i ◦ TXj = δij (3.15)
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where the product ◦ was defined in eq. (2.26) and the coefficient matrices cXij are given

by

cqq̄QQ̄ = 1
(d− 3)s2

12s
2
13s

2
23

(
1
4s

2
13s

2
23 s13s23(s13 − s23)

s13s23(s13 − s23) 1
2(s2

13 + s2
23) + 1

4(d− 4)s2
12

)
,

cqq̄gg = 1
2(d− 3)s2

12s
3
13s23


s2

13s
2
23 0 −s13s

2
23 0

0 s2
13s

2
23 s13s

2
23 0

−s13s
2
23 s13s

2
23 (ds2

23 − 4s12s13) (s12 − s13)s12s13
0 0 (s12 − s13)s12s13 s2

12s
2
13

 ,

cgggg = s2
12s

2
23

s13

[
s13

3 cgggg4 + (d− 4)cggggε

]
,

(3.16)

where we defined the symmetric matrices

cgggg4 =



8Q X Z12 −X X −Z23 −X − s13Y
2

X 10 R2 −1 1 −R1 −1 −s13
Z12 R2 W12 −R2 R2 −R1R2 −R2 −R2s13
−X −1 −R2 10 −1 R1 1 s13
X 1 R2 −1 10 −R1 −1 −s13

−Z23 −R1 −R1R2 R1 −R1 W23 R1 R1s13
−X −1 −R2 1 −1 R1 10 s13

− s13Y
2 −s13 −R2s13 s13 −s13 R1s13 s13 s2

13


, (3.17)

cggggε =



Ps3
13 1 R1s2

12
s2

23
−1 1 −R2s2

23
s2

12
−1 0

1 s13 0 0 0 0 0 0
R1s2

12
s2

23
0 s2

12s13
s2

23
0 0 0 0 0

−1 0 0 s13 0 0 0 0
1 0 0 0 s13 0 0 0

−R2s2
23

s2
12

0 0 0 0 s13s2
23

s2
12

0 0
−1 0 0 0 0 0 s13 0
0 0 0 0 0 0 0 0


(3.18)

and used the shorthands

Q = 2s4
13 + 3 (s4

12 + s2
23s

2
12 + s4

23)
s2

12s
2
13s

2
23

, P =
d− 12s2

13
s12s23

+ 6
s4

13
+ 4
s2

12s
2
23
,

Z12 = 4 (3s3
12 + s2

13s12 − s3
13)

s12s13s2
23

, Z23 = −4 (s3
13 − s23s

2
13 − 3s3

23)
s2

12s13s23
,

W12 = 2 (4s2
12 + s2

13)
s2

23
+ 2, W23 = 2 (s2

12 + s2
13 + 4s2

23)
s2

12
, (3.19)

X = 2s13

s12s23
+ 12
s13

, Y = 4s13

s12s23
+ 6
s13

,

R1 = s23

s12
+ 2, R2 = s12

s23
+ 2.
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With this we can determine the scalar form factors as F j
X = PX

j ◦ AX . In

order to build helicity amplitudes we can now proceed as described in section 2.1.2,

evaluating the tensors TXi for specific helicity configurations by plugging in eqs. (3.2),

(3.2) and (3.2) the explicit form of the polarisation vectors in the spinor helicity

formalism (see eqs. (2.10) and (2.19)).

There are two parity-independent helicity configurations for the quark process,

four for the mixed process and eight for the gluon one. Denoting by λ =

(λ1, λ2, λ3, λ4) the list of signs of the helicities of the four incoming external

states, they are

λqq̄QQ̄ ∈ {(−,+,−,+), (−,+,+,−)},

λqq̄gg ∈ {(−,+,−,−), (−,+,−,+), (−,+,+,−), (−,+,+,+)},

λgggg ∈ {(+,+,+,+), (−,+,+,+), (+,−,+,+), (+,+,−,+),

(+,+,+,−), (+,+,−,−), (+,−,+,−), (+,−,−,+)}.

(3.20)

The corresponding spinor factors, defined as in eq. (2.23), can be chosen as
{
sqq̄QQ̄+−+− , s

qq̄QQ̄
+−−+

}
=
{

[13]
[24] ,

[14]
[23]

}
,

{
sqq̄gg−+−− , s

qq̄gg
−+−+ , s

qq̄gg
−++− , s

qq̄gg
−+++

}
=
{

2〈34〉2

[13]〈23〉
,
2[24]〈13〉
[23]〈24〉

,
2[23]〈41〉
[24]〈32〉

,
2[34]2

[31]〈23〉

}
,

{sgggg++++ , s
gggg
−+++ , s

gggg
+−++ , s

gggg
++−+ , s

gggg
+++− , s

gggg
++−− , s

gggg
+−+− , s

gggg
+−−+} = (3.21){

[12][34]
〈12〉〈34〉

,
[34][23][24]
[12][14]〈24〉

,
[34][13][14]
[21][24]〈14〉

,
[14][21][24]
[32][34]〈24〉

,

[13][23][12]
[42][14]〈12〉

,
[12]〈34〉
〈12〉[34] ,

[13]〈24〉
〈13〉[24] ,

[14]〈23〉
〈14〉[23]

}
.

This allows us to write an explicit expression for the helicity amplitudes

AX |λ =
∑

j

RX
j,λ F j

X

 sXλ ≡ HX,λ s
X
λ , (3.22)

and define the spinor-stripped partial amplitudes HX,λ.

The formal colour and helicity decomposition of amplitudes holds at all orders

in perturbation theory, however in order to explicitly compute the HX,λ we need

to perform a perturbative expansion in the coupling αs:

HX,λ =
∑
`=0

(
αs
4π

)`
H(`)

X,λ . (3.23)
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At each loop order ` we can compute H(`)
X,λ starting from the sum of `-loop Feynman

diagrams contributing to the process.

In section 2.2 we saw that only a subset of partial (helicity) amplitudes need

to be computed directly and the remaining ones can be obtained via symmetry

relations. Part of this information was already used in eq. (3.20), where only

parity-independent helicity configurations were listed. For 0 → qq̄QQ̄ no further

relations exist between the partial amplitudes, so the colour structures and helicity

configurations corresponding to primitive amplitudes are

H[1],(`)
qq̄QQ̄,λ

, H[2],(`)
qq̄QQ̄,λ

for λ =
(+,−,+,−)

(+,−,−,+)
. (3.24)

For the processes involving gluons we can instead exploit Bose symmetry to restrict

the set of independent amplitudes. Starting from 0 → qq̄gg, the partial amplitudes

associated to Cqq̄gg2 can be obtained from those of Cqq̄gg1 by exchanging particles 3

and 4 (the two gluons), and the partial amplitudes of Cqq̄gg3 are symmetric under

the same exchange. As a result a set of primitive amplitudes can be chosen as

H[1],(`)
qq̄gg,λ for λ =


(−,+,−,−)
(−,+,−,+)
(−,+,+,−)
(−,+,+,+)

and H[3],(`)
qq̄gg,λ for λ =


(−,+,−,−)
(−,+,−,+)
(−,+,+,+)

.

(3.25)

Moving to four-gluon scattering, we find that the symmetry of the amplitude

under the exchange of any two gluons implies that at all loop orders a set of

primitive amplitudes1 can be chosen as

H[1],(`)
gggg,λ, H[4],(`)

gggg,λ for λ =


(+,+,+,+)
(−,+,+,+)
(−,−,+,+)
(−,+,−,+)

. (3.26)

Though this information would in principle allow one to avoid the computation of

all other partial amplitudes, in refs. [81–83] the full list of colour factors of eqs. (3.7)
1at one loop the set is even smaller due to photon-decoupling identities.
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to (3.9) and helicity configurations of eq. (3.20) was computed up to three loops.

The relations among partial amplitudes then served as a strong check of our results.

As a final remark, we point out that once the loop order has been fixed one

can further decompose the partial amplitudes in powers of Nc and nf , as described

in section 2.2. In particular we can define the expansion2

H[i],(`) = N `−H
c

b(`−H)/2c∑
h=0

∑̀
k=0

1
N2h
c

(
nf
Nc

)k
H[i],(`)
h,k , (3.27)

where the helicity (λ) and process (X) dependence has been dropped for readability

and H determines the leading power of Nc. Specifically, for the primitive amplitudes

defined above, we find
H = 0 for H[1],(`)

qq̄QQ̄,λ
,H[1],(`)

qq̄gg,λ,H
[1],(`)
gggg,λ ,

H = 1 for H[2],(`)
qq̄QQ̄,λ

,H[3],(`)
qq̄gg,λ,H

[4],(`)
gggg,λ .

(3.28)

Because the partial amplitudes H[i],(`) are gauge invariant and a gauge transformation

cannot mix powers of Nc and nf , the coefficients H[i],(`)
h,k are also independently gauge

invariant, offering a further opportunity for the decomposition of these amplitudes

into smaller building blocks. Equation (3.27) allows us to directly extract pure Yang–

Mills amplitudes3 by retaining only terms for which k = 0, or equivalently setting

nf = 0. Furthermore, the planar-limit of these amplitudes, which corresponds to

taking the limits Nc → ∞ and nf → ∞ while keeping the quantities αsNc and

nf/Nc fixed, is equivalent to only retaining terms for which which H = 0 and h = 0.

3.3 Loop Integrals

All Feynman integrals appearing at one loop belong to the box family of fig. 3.2

and to the ones obtained from it by crossing the external legs. At two loops three

topologies appear: double box, non-planar double box and beetle (see fig. 3.3).

However, the beetle, in fig. 3.3(c), is entirely reducible in terms of sub-sectors of

the double-box. At three loops nine irreducible integral topologies appear. Using
2We recall that [i] indicates the colour-vector component as defined in eq. (2.29).
3The four-gluon amplitude at nf = 0 would then correspond to the one in Yang–Mills theory,

but the amplitudes involving external quarks but with no quark loops have no analogue in
Yang–Mills.



3. Three-Loop Four-Point Scattering 60

p1

p2 p3
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Figure 3.2: Massless Box

`1 `2p1
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p2 p3
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(c)

Figure 3.3: Two-loop topologies: (a) double box, (b) non-planar double box, (c) beetle.

the PD representation for Feynman integrals (see eq. (2.48) for details), all needed

integrals can be grouped into six integral families: one at one loop, two at two

loops and three a three loops. Table 3.2 contains the definition of the propagator

denominators that were employed in this calculation.

We now turn our focus the three-loop computation, which poses the main

challenge. After summing all Feynman diagrams, performing the colour and spinor

algebra, and rewriting scalar products in terms of propagator denominators, we

find that O(107) integrals belonging to the integral families PL, NPL1, NPL2 and

their crossings appear. As a first simplification, one can leverage sector symmetries

and sector relations, described in section 2.3.3. These can be obtained in an

automated fashion via Reduze 2 [36, 84], which in this case requires a high level

of parallelisation because of the sheer number of integrals to be parsed. After

plugging the resulting identities back into the amplitude and performing all possible

algebraic simplifications, one is left with scattering amplitudes whose analytic

expressions are about one order of magnitude smaller. This is also reflected by

the number of Feynman integrals which drops to O(106). At this point one can

proceed with IBP reduction to master integrals. At one and two loops this is a



3. Three-Loop Four-Point Scattering 61

Family Box Double-Box Non-Planar Double-Box
D1 `2

1 `2
1 `2

1
D2 (`1+p1)2 (`1+p1)2 (`1+p1)2

D3 (`1+p1+p2)2 (`1+p1+p2)2 (`1+p1+p2)2

D4 (`1+p1+p2+p3)2 (`1+p1+p2+p3)2 (`1+p1+p2+p3)2

D5 – `2
2 `2

2
D6 – (`2+p1)2 (`2+p1)2

D7 – (`2+p1+p2)2 (`2+p1+p2)2

D8 – (`2+p1+p2+p3)2 (`2+p1+p2+p3)2

D9 – (`1 − `2)2 (`1 − `2)2

Family PL NPL1 NPL2
D1 `2

1 `2
1 `2

1
D2 (`1+p1)2 (`1+p1)2 (`1+p1)2

D3 (`1+p1+p2)2 (`1+p1+p2)2 (`1+p1+p2)2

D4 (`1+p1+p2+p3)2 (`1+p1+p2+p3)2 (`1−`2+p3)2

D5 `2
2 `2

2 `2
2

D6 (`2+p1)2 (`2+p1)2 (`2+p1)2

D7 (`2+p1+p2)2 (`2+p1+p2)2 (`2+p1+p2)2

D8 (`2+p1+p2+p3)2 (`2+p1+p2+p3)2 (`2−p3)2

D9 `2
3 `2

3 `2
3

D10 (`3+p1)2 (`3+p1)2 (`3+p1)2

D11 (`3+p1+p2)2 (`3+p1+p2)2 (`3+p1+p2)2

D12 (`3+p1+p2+p3)2 (`3+p1+p2+p3)2 (`2−`3−p1−p2−p3)2

D13 (`1 − `2)2 (`1 − `2)2 (`1 − `2)2

D14 (`2 − `3)2 (`2 − `3)2 (`2 − `3)2

D15 (`3 − `1)2 (`1 − `2 + `3)2 (`3 − `1)2

Table 3.2: Integral families for two-to-two massless scattering up to three loops.

simple task, which was again solved using Reduze 2. Reduction to master integrals

at three loops was performed using Finred, an implementation of the Laporta

algorithm [85] developed by Andreas von Manteuffel which makes use of finite field

arithmetic [86–89] and syzygy algorithms [90–95].

Taking into account the integral families of table 3.2 and their crossings, there

are 6 master integrals at one loop, 39 at two loops and 486 at three loops. A

canonical basis for the three-loop master integrals was provided in ref. [96], where

the integrals were also computed up to transcendental weight 6 using the method

of differential equations described in section 2.3.5. Using the same basis, an

independent calculation was also performed in ref. [97] and agreement was found.4

4Up to a change in the conventional sign of the iε prescription.
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(a) (b)

Figure 3.4: Path for the analytic continuation from s to t channel. Along the path in
(a) one encounter two branch cuts, the first at s13 = 0 and the second at s12 = 0. The
analytic continuation is therefore split in two parts, one for each branch cut (b).

The analytic expression for the master integrals up to three loops can be

written in terms of harmonic polylogarithms (HPLs). They correspond to the

subset of MPLs in eq. (2.74) obtained by restricting li = 0,±1. More specifically,

using the dimensionless variable

x = −s13/s12 , (3.29)

the only letters needed for the Feynman integrals in question are 0 and 1.

3.4 Analytic Continuation

The set of HPLs described above is real-valued and well defined in the physical

region of eq. (3.4), which corresponds to 0 < x < 1. However, in order to compute

amplitudes in crossed channels, we might be interested in moving to different

regions of the diagram in fig. 3.1, where x < 0 or x > 1. For instance the t-channel

region corresponds to x > 1, while the u-channel region corresponds to x < 0.

To reach these regions one has to cross multiple branch cuts of the HPLs and

therefore analytic continuation is required.
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Branch cut s → I I → t t → II II → u u → III III → s
y −s13/s12 s12/s13 −s23/s13 s13/s23 −s12/s23 s23/s12

Table 3.3: Variables associated to all possible branch cuts in fig. 3.4(b). It is understood
that if the branch cut is crossed in the opposite direction, the variable should be chosen
with the opposite sign y → −y.

In general, the analytic continuation of scattering amplitudes is conceptually

well understood. However, in practice, the complexity of moving from one region

to another depends on the class of functions arising from the Feynman integrals

involved in the process. In particular, one usually aims to represent amplitudes

in terms of functions which are manifestly real in the channel considered. This

is usually a very difficult problem.

In the case of four-point massless scattering, it turns out to be achievable (as

described in ref. [98]) thanks to fact that HPLs are a particularly simple set of

univariate functions. In particular, the ones appearing in the scattering amplitudes

of this chapter only have branch cuts in correspondence of the lines in fig. 3.1

where either s12, s13 or s23 vanish and the HPLs develop logarithmic singularities.

Importantly, one can move between any two scattering regions by analytically

continuing across one branch cut at a time. This is illustrated by fig. 3.4 for the

path from s- to t-channel. In order to cross any given branch cut, it is convenient

to define a dimensionless variable

y = ±scut/s+ , (3.30)

where scut and s+ are Mandelstam variables, the first defining the branch cut, the

second being the positive one among the remaining two. The sign is determined

by requiring that y > 0 before the branch cut has been crossed. For instance, in

fig. 3.4(b) the variable associated with the first continuation is y = −s13/s12, while

for the second y = s12/s13. See table 3.3 for all possible choices of y.

With this change of variables, the cut is always at y = 0 and it is crossed

going from y > 0 to y < 0. At weight-1 one can find by hand the transformation
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from HPLs of argument z to HPLs of argument y. For higher weights one can

then recursively apply the identity

Gl1,...,ln(z) =
∫

dy dz/dy
z(y) − l1

Gl2,...,ln(z) + cl1,...,ln , (3.31)

with cl1,...,ln a constant of integration. For all possible changes of variables z = z(y)

one can verify that the kernel of integration can be written as a the linear combination

dz/dy
z(y) − l1

= C1

y − 1 + C0

y
+ C−1

y + 1 (3.32)

with Cl rational coefficients.

Assuming that the lower-weight function Gl2,...,ln(z(y)) can be expressed in

terms of HPLs with argument y, one can simply integrate the r.h.s. to find the

transformation for Gl1,...,ln(z(y)). The integration constants cl1,...,ln can then be

fixed by evaluating both sides near y = 0.

Let us now turn to the issue of continuing from y < 0 to y > 0. As mentioned

above, the HPLs develop logarithmic singularities as y → 0. In particular, G~l(y)

is divergent in this limit only when the vector of letters has at least one zero. For

instance ~l = (0, 0, 1, 0, 1) leads to a divergence, but ~l = (1, 0, 1, 0, 1) does not.

We can make all divergences explicit using the shuffle identity which all MPLs sat-

isfy:

Gl1,...,ln(x) Gr1,...,rm(x) =
∑

~q∈~ltt~r

G~q(x) , (3.33)

where ~ltt~r is the set of permutations of the vector (~l, ~r) which preserve the relative

ordering of elements in ~l and in ~r. The set of equations in (3.33) can be used to

express all divergent weight-w HPLs in the following form5:

G0, . . . , 0︸ ︷︷ ︸
n

,1, . . .︸ ︷︷ ︸
w−n

(y) =
n∑
k=0

log(y)kHk(y) , (3.34)

with Hk(y) a linear combination of weight-(w − k) HPLs with no trailing 0’s. In

the equation above, the powers of log(y) make the logarithmic singularities of the
5Note that in the l.h.s. of the equation above, the ellipses following the letter 1 can represent

any combination of 0’s and 1’s.
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branch cut manifest and they can be continued to y < 0 by assigning a small positive

imaginary part to scut → scut + iδ, so that crossing the branch cut amounts to

log(y) = log
(

±scut
s+

)
→ log (y ± iδ) → log (−y) ± iπ . (3.35)

To find the expression for the Hk(y) in the new region we proceed recursively.

Assuming that the analytic continuation up to weight w− 1 is known, we only need

to continue H0(y) in eq. (3.34), which is equivalent to computing the continuation

of all required regular HPLs of the type G±1,...(y) for y < 0. This can be done by

changing variables form y to y′ = −y using eq. (3.31) and plugging into its r.h.s. the

already known continuation of lower-weight HPLs.

Let us now apply this up to weight 2 to the first branch cut of fig. 3.4(b) at

s13 = 0. We use the variable y = −s13/s12 = x, which for the purpose of analytic

continuation receives a small negative imaginary part: y → y − iδ. An immediate

consequence is that the singular logarithm develops a negative imaginary part

G0(y) → log(y − iδ) → log(y′) − iπ = G0(y′) − iπ ,

G1(y) → log(1 − y + iδ) → log(1 + y′) = G−1(y′) .
(3.36)

With the continuation at weight 1 in hand we move to weight 2, where we find two

functions: G0,1(y) and G1,0(y). Using the shuffle identities eq. (3.33) we get

G0,1(y) = −G1,0(y) +G0(y)G1(y) ,

G1,0(y) = G1,0(y) ,
(3.37)

where only one weight-2 function is left (G1,0). We proceed using eqs. (3.31)

and (3.32):

d
dy′G1,0(y − iδ) = 1

y′ + 1G0(y − iδ) = 1
y′ + 1 (G0(y′) − iπ) , (3.38)

where in the last equality we used eq. (3.36). We then integrate back to weight 2 and

find

G1,0(y − iδ) = G−1,0(y′) − iπG−1(y′) + c , (3.39)

with c a constant of integration which can be fixed by evaluating both sides at

y = 0. Because all HPLs in the equation above are regular at that point, and in
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particular they vanish, we find c = 0. Overall, plugging eqs. (3.36) and (3.39)

into eq. (3.37) we find

G0,1(y) → −G0,−1(y′) ,

G1,0(y) → G−1,0(y′) − iπG−1(y′) .
(3.40)

We could now continue iteratively up to any desired weight. In the case of the three

loop calculations described in this chapter the maximum transcendental weight

needed to describe the finite remainders is 6.

3.5 Crossed Channels and Equal Flavour Am-
plitudes

In section 3.1 we anticipated that the explicit results for the scattering amplitudes

of the processes eq. (3.1) in the s-channel region (3.4) can be used to derive

those for all other processes via a combination of crossings of the external legs

and parity transformations.

In the interest of clarity we rewrite eq. (3.1) as a list of 2 → 2 scattering processes

q̄(−p1) + q(−p2) → Q(p3) + Q̄(p4) , (3.41)

q̄(−p1) + q(−p2) → g(p3) + g(p4) , (3.42)

g(−p1) + g(−p2) → g(p3) + g(p4) , (3.43)

and in the same notation we list the additional processes we are interested in:

q̄(−p1) +Q(−p2) → Q(p3) + q̄(p4) , (3.44)

q(−p1) +Q(−p2) → Q(p3) + q(p4) , (3.45)

q̄(−p1) + Q̄(−p2) → Q̄(p3) + q̄(p4) , (3.46)

q̄(−p1) + g(−p2) → q̄(p3) + g(p4) , (3.47)

q(−p1) + g(−p2) → q(p3) + g(p4) , (3.48)

g(−p1) + g(−p2) → q̄(p3) + q(p4) . (3.49)

In table 3.4 we give the list of transformations required to obtain these additional

processes. Working at the level of helicity amplitudes, it is understood that starting
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Target Original Analytic Region Crossing
(3.44) (3.41) u channel p2 ↔ p4
(3.45) (3.41) t channel p4 → p2 → p1 → p4
(3.46) (3.41) t channel p3 → p2 → p4 → p3
(3.47) (3.42) t channel p2 ↔ p3
(3.48) (3.42) t channel p3 → p2 → p1 → p3
(3.49) (3.42) s channel p1,2 ↔ p4,3

Table 3.4: Transformations required to obtain the additional processes of eqs. (3.44)
to (3.49). Processes in the “Target” column can be obtained starting from the
corresponding ones in the “Original” column, analytically continuing them to the region
indicated according to section 3.4 and changing names to the momenta according to the
“Crossing” column.

from a particular helicity configuration of one of the original processes and then

following table 3.4, one will obtain an helicity configuration for the final process

dictated by the crossing of external momenta performed. Helicity configurations

related by a parity transformation (+ ↔ −) can be obtained by acting the external

spinors with the exchange 〈ij〉 ↔ [ji].

In addition to the processes of eqs. (3.44) to (3.49), it is also possible to derive

amplitudes for the scattering of four identical quarks:

q̄(−p1) + q(−p2) → q(p3) + q̄(p4) , (3.50)

q(−p1) + q(−p2) → q(p3) + q(p4) , (3.51)

q̄(−p1) + q̄(−p2) → q̄(p3) + q̄(p4) . (3.52)

Starting from (3.50), we notice that the Feynman diagrams contributing to this

processes are the sum of the ones of processes (3.41) and (3.44):

Aqq̄→q̄q
λ = Aqq̄→Q̄Q

λ + AqQ̄→Q̄q
λ . (3.53)

Finally processes (3.51) and (3.52) can be obtained from (3.50) as described

in table 3.5.

3.6 Infrared Structure and Quadrupole Radiation

Once the bare spinor-stripped helicity amplitudes H(`)
X,λ have been computed as a

Laurent expansion in ε and the Feynman integrals expressed in terms of HPLs, the
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Target Original Analytic Region Crossing
(3.51) (3.50) t channel p1 ↔ p4
(3.52) (3.50) t channel p2 ↔ p3

Table 3.5: Transformations required to obtain the equal quark processes of eqs. (3.51)
and (3.52) from the one of eq. (3.50).

(a) (b)

Figure 3.5: Sample diagrams with quadrupole soft divergences, reinterpreted as tree-level
diagrams (black lines) plus virtual soft gluons (red lines). Diagrams (a) and (b) involve
colour correlations between four and three external partons and contribute to the first
and second line of eq. (3.54), respectively.

structure of these amplitudes becomes manifest. In particular all poles in ε should be

predicted by UV renormalisation and IR factorisation as described in section 2.3.6.

We can verify this by first computing UV-renormalised amplitudes via eq. (2.89)

and then subtracting IR divergences as in eq. (2.101). The new ingredient in these

three-loop computations is ∆(3)
4 , the three-loop quadrupole contribution to the soft

anomalous dimension. It was first computed via Wilson line matrix elements in

ref. [69] and because at three loops it can only receive contributions from soft gluon

webs (as for example in ref. fig. 3.5) it is expected to be universal across all Yang–

Mills theories. Its first direct confirmation was achieved in ref. [99], where it correctly

predicted the IR divergences of N = 4 four-point three-loop scattering amplitudes.

The three-loop QCD scattering amplitude for the processes of eq. (3.1) allow to

explicitly confirm the universality of quadrupole radiation using the expression

∆(3)
4 = fabefcde

[
− 16C

4∑
i=1

∑
1≤j<k≤4
j,k 6=i

{
Ta
i ,Td

i

}
Tb
jTc

k

+ 128
[
Ta

1Tc
2Tb

3Td
4D1(x) − Ta

4Tb
1Tc

2Td
3D2(x)

] ]
, (3.54)
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where we recalled the definition of the dimensionless ratio x = −s13/s12. We also

used the pure transcendental weight 5 quantities

C = ζ5 + 2ζ2ζ3 , (3.55)

D1(x) = −2Ḡ1,4 − Ḡ2,3 − Ḡ3,2 + 2Ḡ1,1,3 + 2Ḡ1,2,2 − 2Ḡ1,3,0 − Ḡ2,2,0 − Ḡ3,1,0

+ 2Ḡ1,1,2,0 − 2Ḡ1,2,0,0 + 2Ḡ1,2,1,0 + 4Ḡ1,0,0,0,0 − 2Ḡ1,1,0,0,0 + 1
2ζ5 − 5ζ2ζ3

+ ζ2[5Ḡ3 + 5Ḡ2,0 + 2Ḡ1,0,0 − 6(Ḡ1,2 + Ḡ1,1,0)] + ζ3(Ḡ2 + 2Ḡ1,0 − 2Ḡ1,1)

− iπ[−ζ3Ḡ0 + Ḡ2,2 + Ḡ3,0 + Ḡ3,1 + Ḡ2,0,0 + 2(Ḡ1,3 − Ḡ1,1,2 − Ḡ1,2,1 − Ḡ1,0,0,0)]

+ iπζ2(−Ḡ2 + 2(Ḡ1,1 + Ḡ1,0)) − 11iπζ4 , (3.56)

D2(x) = 2Ḡ2,3 + 2Ḡ3,2 − Ḡ1,1,3 − Ḡ1,2,2 − 2Ḡ2,1,2 + 2Ḡ2,2,0 − 2Ḡ2,2,1

+ 2Ḡ3,1,0 − 2Ḡ3,1,1 − Ḡ1,1,2,0 − Ḡ1,2,1,0 − 2Ḡ2,1,1,0 + 4Ḡ2,1,1,1 − ζ5 + 4ζ2ζ3

+ ζ3Ḡ1,1 + ζ2[−6Ḡ3 − 6Ḡ2,0 + 2Ḡ2,1 + 5(Ḡ1,2 + Ḡ1,1,0)]

+ iπ(ζ3Ḡ1 + 2Ḡ3,0 − Ḡ1,1,2 − Ḡ1,2,0 − Ḡ1,2,1 + 2Ḡ2,0,0 − 2Ḡ2,1,0

+ 2Ḡ2,1,1 − Ḡ1,1,0,0) + iπζ2(4Ḡ2 − Ḡ1,1) . (3.57)

where we introduced the compact notation for the HPLs similar to that in refs. [100,

101],

Ḡa1,...,an,0, . . . , 0︸ ︷︷ ︸
n0

= G0, . . . , 0︸ ︷︷ ︸
|a1|−1

,sgn(a1),...,0, . . . , 0︸ ︷︷ ︸
|an|−1

,sgn(an),0, . . . , 0︸ ︷︷ ︸
n0

(x).

The expression in eq. (3.54) was obtained by analytic continuation to the physical

scattering region of eq. (4.6) of the result in ref. [69] which were given in terms

of single-valued transcendental functions.

3.7 Analytic Results and Numerical Evaluation

As a result of the computations described in previous sections, any of the UV-

renormalised scattering amplitudes discussed in this chapter can be explicitly written
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as

A = 4παs
2∑
`=0

(
αs
4π

)`
R(`)

= 4παs
∑
i,`

6−2`∑
k=−2`

dim(~l)≤k∑
~l

(
αs
4π

)`
C[i]

1
εk
R

[i],(`)
k,~l

G~l(x)
(3.58)

where R
[i],(`)
k,~l

are rational functions of the invariant x = −s13/s12. The 6 − 2`

upper bound represents a truncation of higher powers of ε which still allows one to

perform infrared subtraction of the three-loop amplitudes. Explicit Mathematica-

readable expressions for the finite remainders defined by eq. (2.101) were published

as ancillary files to the arXiv submissions of refs. [81–83].

Let us now comment on the validation of our results. First, we have checked

that our results for the lower loop amplitudes are consistent with the literature.

In particular, we have compared our tree-level, one-loop and two-loop results for

the bare helicity amplitudes for qq̄ → QQ̄, qq̄ → qq̄, qq̄ → gg and gg → gg in the

helicity configurations listed above against the results provided in refs. [98] and

found analytical agreement through to weight six.6

We have also checked that our one-loop expressions match results obtained with

the automated one-loop generator OpenLoops [102, 103]. At the three-loop level,

we have verified that the IR singularities of our results for the renormalized helicity

amplitudes of eq. (3.58) match the pattern described in sections 2.4.2 and 3.6, which

provides a highly non-trivial check. From the high-energy limit (|s12| � |s13|) of

our amplitudes, which will be discussed more in detail in section 3.8, we determined

that our amplitude exhibit the correct Regge behaviour at NNLL accuracy up to

two loops and at NLL accuracy at three loops.

In figure 3.6, we show the contributions to the squared amplitude at different

orders in αs, normalized by the respective tree-level squared amplitude. We average

(sum) over polarization and colour in the initial (final) states. Below we define

more in detail the quantities we present in the plots. We define the contraction
6Upon complex conjugation due to a mismatch of sign in the iε prescription for the analytic

continuation
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Figure 3.6: Perturbative expansion of the amplitude squared for the processes qq̄ → gg,
qg → qg, gg → gg and qq̄ → Q̄Q as functions of x = −s13/s12. Values are normalized by
the tree-level amplitude squared. Plotted quantities are defined in eq. (3.61) and we fixed
µ2 = s12 = m2

Z , αs(mZ) = 0.118, nf = 5 and Nc = 3.

between different loop amplitudes in colour space as

〈A(`)|A(`′)〉 ≡ N
∑
i,j,λ

Tr
[
C†

[i]C[j]
]

|sλ|2F [i],(`)∗

λ F [j],(`′)
λ , (3.59)

where F are defined in eq. (2.101) as colour vectors, C[i] are the colour tensors of

eqs. (3.7) to (3.9), sλ are the spinor factors of eq. (3.21) and N is the initial-state

colour and polarization averaging factor, which and takes the following values:

N =



1
4N2

c
for qq̄ → gg,

1
4Nc(N2

c −1) for qg → qg,
1

4(N2
c −1)2 for gg → gg,

1
4N2

c
for qq̄ → Q̄Q.

(3.60)

Process dependence of all quantities appearing in eq. (3.59) is left implicit and

the initial and final state polarization sum runs over all helicity configurations.
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The quantities plotted in fig. 3.6 are defined as

V(0) = 1, V(1) = 2R〈A(0)|A(1)〉
〈A(0)|A(0)〉

,

V(2) = 〈A(1)|A(1)〉
〈A(0)|A(0)〉

+ 2R〈A(0)|A(2)〉
〈A(0)|A(0)〉

, V(3) = 2R〈A(1)|A(2)〉
〈A(0)|A(0)〉

+ 2R〈A(0)|A(3)〉
〈A(0)|A(0)〉

.

(3.61)

and for the numerical evaluation we have set µ2 = s12 = m2
Z , αs(mZ) = 0.118,

nf = 5 and Nc = 3.

3.8 The Gluon Regge Trajectory

In the high-energy or Regge limit, scattering amplitudes become particularly simple

and are known to exhibit universal factorization properties. In the following,

we consider the processes

A(−p1) + B(−p2) → A(p3) + B(p4), (3.62)

where A and B are either q, q̄ or g. The Regge limit is defined as s → ∞ for

fixed scattering angle, that is

|s12| ≈ |s23| � |s13| (3.63)

In the variable x = −s13/s12 used in previous sections, the Regge limit corresponds

to x → 0 and scattering amplitudes develop logarithmic singularities which appear

as powers of log(x). Following the investigation in refs. [104–106], we split the

renormalised amplitude into the definite s12 ↔ s23 signature amplitudes

RAB
± = lim

x→0

1
2 [RAB→AB ± RAB→AB|p1↔p3 ] . (3.64)

which are often referred to as the even (+) and odd (−) amplitudes. We also

introduce the signature-symmetric logarithm

L = 1
2

[
ln
(

−s12 − iδ

−s13

)
+ ln

(
−s23 − iδ

−s13

)]
∼ − ln(x) + iπ

2 , (3.65)

where by ∼ we mean that the two expressions coincide in the small-x limit.
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A, p1 p3

B, p2 p4

τg

Figure 3.7: Schematic representation of Regge factorisation in the LL approximation.

Because in the Regge limit |L| → ∞, it is convenient to reorganise the amplitude

as

RAB
± =

∑
h=0

(
αs
4π

)h∑
k=0

(
αsL

4π

)k
RAB

±,(k,h) (3.66)

where the coefficients do not contain any power of αs or L and, as done in ref. [104],

one can show that RAB
+,(k,h) are purely imaginary, while RAB

−,(k,h) are purely real.

The inner series in eq. (3.66) involves the effective coupling αsL, which grows large

as L → ∞. As soon as αsL ≈ 4π, the sum can no longer be truncated at any

finite order since all its terms give comparable contributions. One must therefore

re-sum the series. A perturbative expansion can nevertheless still be performed by

truncating the outer series at some finite value of h. The leading contribution, for

h = 0 corresponds to what is usually called leading-logarithmic (LL) accuracy. It is

equivalent to keeping only the highest power of L at every loop order. Going up

to h = 1 corresponds to next-to-leading-logarithmic accuracy, or NLL. In general

NiLL corresponds to truncating the series in at h = i.

It has long been established that at LL accuracy RAB
± are entirely described

by the exchange of a single “reggeized” t-channel gluon [106–110]. In the lan-

guage of complex angular momentum [111], this single-particle exchange is usu-

ally referred to as the “Regge-pole” contribution. In this approximation, the

amplitudes take the form

RAB
− =

(
s12

µ2

)τgCA

RAB
0 ≈ eτgCALRAB

0 , RAB
+ = 0 , (3.67)
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where RAB
0 ∼ 1/x is the leading power of R(0) in the x → 0 limit, and τg is

the gluon Regge trajectory, which is O(αs) and only depends on the t-channel

invariant s13. A derivation of this result can be found e.g. in ref. [104], where

the Wilson-line formalism for the Balitsky-JIMWLK evolution is used. Since τg
is scaleless, s13 must always appear in the combination −s13/µ

2, which prompts

us to set µ2 = −s13. In anticipation of the perturbative corrections arising from

sub-leading contributions, we also define the expansion

τg =
∑
n=1

(
αs
4π

)n
τn . (3.68)

To make contact with standard terminology, eq. (3.67) exhibits Regge scaling in

the high-energy limit s12 → +∞, i.e. it takes the form of a pure power law (s12)y.

At leading order y = αsτ1CA/4π.

To generalise our description of the high-energy limit to higher orders in the

logarithmic expansion, it is convenient to define the colour operators [112, 113]

T2
s = (T1+T2)a(T1+T2)a, T2

t = (T1+T3)a(T1+T3)a,

T2
u = (T1+T4)a(T1+T4)a, T2

s−u = 1
2(T2

s − T2
u). (3.69)

Similarly to ref. [80] we rewrite eq. (3.66) by collecting an overall LL exponential

as well as the universal factors Zc
A,B

RAB
± = Zc

AZ
c
Be

LT2τg
∑
k=0

(
αsL

4π

)k
OAB

±,(k)(αs)RAB
0 . (3.70)

The Zc
i account for the factorised IR collinear divergences of the external hard lines.

They can be computed directly from eq. (2.94) and can be expanded perturbatively

as Zc
i = ∑

`=0

(
αs

4π

)`
Z
c,(`)
i . To O(α2

s) we have

Z
c,(0)
i = 1 ,

Z
c,(1)
i = −CiγK

1
1
ε2 + 4γi1

1
ε
,

Z
c,(2)
i = C2

i

(γK
1 )2

2ε4 + Ci

[
1
ε3γ

K
1

(
3β0

4 − 4γi1
)

− γK
2
ε2

]
+ 2
ε2γ

i
1

(
4γi1 − β0

)
+ 8γi2

ε
,

(3.71)
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A, p1 p3

B, p2 p4

τg

IA
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(a)

A, p1 p3

B, p2 p4

(b)

Figure 3.8: Schematic representation of (a) odd and (b) even Regge behaviour in the
NLL approximation. The blue and red blobs represent correction to the reggeon-projectile
vertex, the green blob corresponds to the perturbative corrections to the Regge trajectory.
Diagram (b) is one of two permutations of the reggeon attachments the external lines
and the green blob represents rapidity evolution of the multi-reggeon state.

for i = q, g. Finally, the O are colour operators acting on the tree level Regge

amplitude. They can also be defined perturbatively as

OAB
±,(k)(αs) =

∑
`=0

(
αs
4π

)`
OAB

±,(k,`) (3.72)

and as before powers in ` correspond to N`LL contributions. Because the LL approxi-

mation of the amplitudes is entirely predicted by the exponential of eq. (3.70) we find

OAB
−,(k,0) = δk,0 , OAB

+,(k,0) = 0 . (3.73)

One can check that eqs. (3.70) and (3.72) reproduce eq. (3.67) at LL using the

fact that the tree level amplitude is a (colour) eigenvector of the t-channel colour

operator: T2
tRAB

0 = CARAB
0 .

At NLL, the odd amplitude maintains its factorised form, however, as in

fig. 3.8(a), the vertices between reggeon and external high-energy particles A

and B receive perturbative corrections described by so-called impact factors. The

NLL even amplitude is the first to break (strict) Regge factorisation and it is

described by the exchange of two reggeons as illustrated in fig. 3.8(b), a contribution

usually referred to as “Regge cut” [80, 104, 105, 110, 114–117]. The colour operators
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yielding NLL contributions are [104]

OAB
−,(k,1) = I(1)

A + I(1)
B ,

OAB
+,(1,1) = iπ rΓ

2
ε

T2
s−u ,

OAB
+,(2,1) = −iπ r

2
Γ
2

( 4
ε2 + 72ζ3ε+ 108ζ4ε

2 + O(ε3)
)

[T2
t ,T2

s−u] ,

OAB
+,(3,1) = iπ

r3
Γ
6

(
8
ε3 − 176ζ3 − 264ζ4ε− 5712ζ5ε

2 + O(ε3)
)

[T2
t , [T2

t ,T2
s−u]] ,

(3.74)

with the definition

rΓ = eεγE
Γ(1 − ε)2Γ(1 + ε)

Γ(1 − 2ε) . (3.75)

The objects I(1)
A,B are the one-loop impact factors and are given in appendix A.2.

At NNLL, we focus on the odd-signature amplitude, which receives for the

first time contributions from both Regge pole and cuts. In ref. [80], a scheme has

been proposed to disentangle the two. We adopt this scheme to study the high-

energy behaviour to three loops up to N2LL. The odd-signature colour operators

contributing at this order are [105]

OAB
−,(2,2) =

[
I(2)
A + I(2)

B + I(1)
A I(1)

B

]
+ 2π2

3 r2
Γ

( 3
ε2 − 18εζ3 − 27ε2ζ4 + O(ε)

)
[(T2

s−u)2 −N2
c /4] ,

OAB
−,(3,2) = 64π2r3

Γ

( 1
48ε2 + 37

24ζ3 + O(ε)
)

T2
s−u[T2

t ,T2
s−u]

+ 64π2r3
Γ

( 1
24ε2 + 1

12ζ3 + O(ε)
)

[T2
t ,T2

s−u]T2
s−u ,

(3.76)

where I(2)
A,B are the two-loop impact factors. Their analytic expressions are too

lengthy to be reported here and can be found in appendix A.2. The colour structures

in eq. (3.76) can be traced to reggeon exchanges of the types in fig. 3.9.

From the discussion above it is clear that for a full description of the N2LL

behaviour of two-to-two amplitudes one needs knowledge of the impact factors at

one and two loops and of the Regge trajectory up to three loops.

The one and two loop results were already available in the literature [105,

118–121]. A prediction of the large-Nc Regge trajectory in Yang–Mills theory was
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A, p1 p3

B, p2 p4

(a)

A, p1 p3

B, p2 p4

(b)

Figure 3.9: Sample reggeon diagrams contributing to the N2LL odd amplitudes. The
green blobs represent rapidity evolution of the multi-reggeon states.

computed in ref. [121]. Here, by matching the structure determined by eq. (3.66)

with the perturbative expansion of our odd amplitudes, we predicted the three-loop

Regge trajectory in full-colour QCD. Explicitly, we find [82, 118]

τ1 = eεγE
Γ(1 − ε)2Γ(1 + ε)

Γ(1 − 2ε)
2
ε

= K1 +O(ε),

τ2 = K2 − 56nf
27 +Nc

(404
27 − 2ζ3

)
+ ε

[
Nc

(
2428
81 − 66ζ3 − 67ζ2

9 − 3ζ4

)

+ nf

(
12ζ3 − 328

81 + 5π2

27

)]
+ ε2

[
Nc

(
82ζ5 + 142ζ2ζ3

3 − 4556ζ3

27 + 14576
243

− 404ζ2

27 − 2321ζ4

24

)
+ nf

(
680ζ3

27 − 1952
243 + 56ζ2

27 + 211ζ4

12

)]
+ O(ε3),

τ3 = K3 +N2
c

(
16ζ5 + 40ζ2ζ3

3 − 77ζ4

3 − 6664ζ3

27 − 3196ζ2

81 + 297029
1458

)

+Ncnf

(
412ζ2

81 + 2ζ4

3 + 632ζ3

9 − 171449
2916

)
+ n2

f

(
928
729 − 128ζ3

27

)

+ nf
Nc

(
−4ζ4 − 76ζ3

9 + 1711
108

)
+ O(ε),

(3.77)

where, as in ref. [80], we defined

K(αs(µ)) = −1
4

∫ µ2

∞

dλ2

λ2 γ
K
(
αs(λ2)

)
=
∑
`≥1

K`

(
αs
4π

)`
. (3.78)
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Its coefficients up to third order are

K1 = γK
0
ε
,

K2 = 2γK
1
ε

− β0γ
K
0

2ε2 ,

K3 = 16γK
2

3ε − 4β0γ
K
1 + 4β1γ

K
0

3ε2 + β2
0γ

K
0

3ε3 .

(3.79)

We point out that a single three-loop amplitude among the processes in eq. (3.1) is

required for the extraction of τ3. Once it has been determined, all ingredients are

available for the full prediction of the N2LL Regge limit of the other channels. For

instance, one could use the simpler qQ → qQ amplitude to extract the three-loop

trajectory, and then fully predict the amplitude for qg → qg and gg → gg in the

high-energy limit. This serves as a powerful consistency check of our results as well

as a non-trivial test of the universality of high-energy factorization in QCD.
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4.1 Introduction

In this chapter we turn to two-loop scattering amplitudes of five particles in QCD

which were recently obtained via two independent calculations in ref. [122–124].

Here we specifically focus on gluon scattering:

0 → g(p1) + g(p2) + g(p3) + g(p4) + g(p5) . (4.1)

All external momenta are taken to be outgoing and massless:

0 = pµ1 + pµ2 + pµ3 + pµ4 + pµ5 , p2
i = 0. (4.2)

as well as exactly in four dimensions. Due to the cyclic symmetry of the process, an

ideal set of invariants to parametrise the kinematics are the Mandelstam variables

s12, s23, s34, s45, s51. (4.3)

79
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Figure 4.1: Five-gluon scattering. The pi denote the (outgoing) momenta and the ai
are the adjoint-representation SU(Nc) colour indices.

Physical scattering processes can be obtained by changing sign to the momenta

of incoming particles. In particular gg → ggg corresponds to the region in

Mandelstam space defined by

s12, s34, s45 > 0, s23, s51 < 0. (4.4)

In order to fully describe the complex kinematic space, relevant for analytic

continuation of the Feynman integrals involved in five-point amplitudes, it is

useful to define the quantity

Tr5 = 4iεµνρσpµ1pν2p
ρ
3p
σ
4 , (4.5)

which has non-trivial transformation properties under parity, inherited from its

definition through the Levi-Civita tensor.

4.2 Colour Decomposition

We write the UV-renormalised scattering amplitude for the process of eq. (4.1) as

A = (4παs)
3
2

44∑
i=1

A[i]C[i] = (4παs)
3
2 A · C , (4.6)
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where the first half of the colour tensors read

C[1] = Tr[T a1T a2T a3T a4T a5 ], C[2] = Tr[T a1T a2T a3T a5T a4 ],

C[3] = Tr[T a1T a2T a4T a3T a5 ], C[4] = Tr[T a1T a2T a4T a5T a3 ],

C[5] = Tr[T a1T a2T a5T a3T a4 ], C[6] = Tr[T a1T a2T a5T a4T a3 ],

C[7] = Tr[T a1T a3T a2T a4T a5 ], C[8] = Tr[T a1T a3T a2T a5T a4 ],

C[9] = Tr[T a1T a3T a4T a2T a5 ], C[10] = Tr[T a1T a3T a5T a2T a4 ],

C[11] = Tr[T a1T a4T a2T a3T a5 ], C[12] = Tr[T a1T a4T a3T a2T a5 ],

C[13] = Tr[T a1T a2 ]Tr[T a3T a4T a5 ], C[14] = Tr[T a4T a5 ]Tr[T a1T a2T a3 ],

C[15] = Tr[T a3T a5 ]Tr[T a1T a2T a4 ], C[16] = Tr[T a3T a4 ]Tr[T a1T a2T a5 ],

C[17] = Tr[T a1T a3 ]Tr[T a2T a4T a5 ], C[18] = Tr[T a2T a5 ]Tr[T a1T a3T a4 ],

C[19] = Tr[T a2T a4 ]Tr[T a1T a3T a5 ], C[20] = Tr[T a1T a4 ]Tr[T a2T a3T a5 ],

C[21] = Tr[T a2T a3 ]Tr[T a1T a4T a5 ], C[22] = Tr[T a1T a5 ]Tr[T a2T a3T a4 ],

(4.7)

and the other half are defined by reversing the traces above:

C22+c ≡ Cc|Tr[•]→Tr[(•)T ] , c = 1, . . . , 22 . (4.8)

Here T denotes transposition of the string of generators inside the trace.

Denoting by λ = (λ1, λ2, λ3, λ4, λ5) the list of signs of the helicities of the five

incoming external gluons, the 16 parity independent amplitudes which need to

be computed for this process are

λ = (+,+,+,+,+), (−,+,+,+,+), (+,−,+,+,+), (+,+,−,+,+),

(+,+,+,−,+), (+,+,+,+,−), (−,−,+,+,+), (−,+,−,+,+),

(−,+,+,−,+), (−,+,+,+,−), (+,−,−,+,+), (+,−,+,−,+),

(+,−,+,+,−), (+,+,−,−,+), (+,+,−,+,−), (+,+,+,−,−).

(4.9)

However, due to the permutation symmetries of the partial amplitudes we can
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restrict our efforts to the combinations of colour and helicity configurations below:

Tr[T a1T a2T a3T a4T a5 ] →


(+,+,+,+,+)
(−,+,+,+,+)
(−,−,+,+,+)
(−,+,−,+,+)

and

Tr[T a1T a2 ]Tr[T a3T a4T a5 ] →



(+,+,+,+,+)
(−,+,+,+,+)
(−,−,+,+,+)
(−,+,−,+,+)
(+,+,+,+,−)
(+,+,+,−,−)

(4.10)

This reduces the number of objects to be computed from 44 × 16 = 704 to only 10.

In particular, reality conditions on the colour tensors of gluon amplitudes imply

A[i+22] = −A[i] , (4.11)

allowing us to write the amplitude as

A = (4παs)
3
2

22∑
i=1

A[i]C̃[i] , C̃[i] = C[i] − C[i+22] . (4.12)

4.3 Helicity Amplitudes

In order to compute the primitive amplitudes of eq. (4.10) one can use the tensor-

projection method described in section 2.1.2. Here I will describe a different (though

equivalent) approach which allows us to directly evaluate helicity amplitudes in tHV,

one configuration independently from the other. In ref. [122] both methods were used

for the computation of all two-loop helicity amplitudes and full agreement was found.

Given a helicity configuration λ, we can factor all external gluon polarisation

vectors from the partial amplitudes

Aλ = Aµ1µ2µ3µ4µ5ε
µ1
λ1ε

µ2
λ2ε

µ3
λ3ε

µ4
λ4ε

µ5
λ5 (4.13)

and as before use

εµi
− = [qi|µi|i〉√

2[i|qi]
, εµi

i,+ = [i|µi|qi〉√
2〈qi|i〉

(4.14)
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Figure 4.2: Graphical representation of the helicity projection procedure for the all-plus
amplitude. The middle figure corresponds to eq. (4.15), where gluon polarisation vectors
have been expressed using the spinor helicity formalism, but the reference vectors qi have
not yet been fixed. The closed circle (right) represents the trace in the second line of
eq. (4.16).

to fix the helicities. The reference vectors qi can then be chosen in a helicity-

dependent way to “link” as many spinor chains as possible. For instance in

the all-plus case we get

εµ1
+ ε

µ2
+ ε

µ3
+ ε

µ4
+ ε

µ5
+ = 1

4
√

2
[1|µ1|q1〉

〈q1|1〉
[2|µ2|q2〉

〈q2|2〉
[3|µ3|q3〉

〈q3|3〉
[4|µ4|q4〉

〈q4|4〉
[5|µ5|q5〉

〈q5|5〉
(4.15)

which prompts us to make the cyclic choice qi = pi+1, with p6 = p1, yielding

εµ1
+ ε

µ2
+ ε

µ3
+ ε

µ4
+ ε

µ5
+ = 1

4
√

2
[1|µ1|2〉

〈2|1〉
[2|µ2|3〉

〈3|2〉
[3|µ3|4〉

〈4|3〉
[4|µ4|5〉

〈5|4〉
[5|µ5|1〉

〈1|5〉

= − 1
4
√

2
Tr−[/p1γ

µ1/p2γ
µ2/p3γ

µ3/p4γ
µ4/p5γ

µ5 ]
〈12〉〈23〉〈34〉〈45〉〈51〉

, (4.16)

where Tr±[Γ] = 1
2Tr[(1 ± γ5)Γ]. For the (−,−,+,+,+) MHV amplitude the natural

reference-vector choice would be different, reflecting the symmetry of the amplitude.

In this case we would fix q1 = p2, q2 = p1, q3 = p4, q4 = p5, q5 = p3 and find

εµ1
− ε

µ2
− ε

µ3
+ ε

µ4
+ ε

µ5
+ = − 1

4
√

2
Tr+[/p1γ

µ1/p2γ
µ2 ]Tr−[/p3γ

µ3/p4γ
µ4/p5γ

µ5 ]
[12][21]〈34〉〈45〉〈53〉

. (4.17)

Similarly for the other MHV configurations we can choose the reference mo-

menta so that

εµ1
− ε

µ2
+ ε

µ3
− ε

µ4
+ ε

µ5
+ = − 1

4
√

2
Tr+[/p1γ

µ1/p3γ
µ3 ]Tr−[/p2γ

µ2/p4γ
µ4/p5γ

µ5 ]
[13][31]〈24〉〈45〉〈52〉

, (4.18)

εµ1
+ ε

µ2
+ ε

µ3
+ ε

µ4
− ε

µ5
− = − 1

4
√

2
Tr+[/p4γ

µ4/p5γ
µ5 ]Tr−[/p1γ

µ1/p2γ
µ2/p3γ

µ3 ]
[45][54]〈12〉〈23〉〈31〉

. (4.19)
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Finally, in the single-minus cases the traces can be completed as follows:

εµ1
− ε

µ2
+ ε

µ3
+ ε

µ4
+ ε

µ5
+ = − 1

4
√

2
Tr+[/p1γ

µ1/p2/p3]Tr−[/p2γ
µ2/p3γ

µ3/p4γ
µ4/p5γ

µ5 ]
[1231]〈23〉〈34〉〈45〉〈52〉

, (4.20)

εµ1
+ ε

µ2
+ ε

µ3
+ ε

µ4
+ ε

µ5
− = − 1

4
√

2
Tr+[/p5γ

µ5/p2/p3]Tr−[/p1γ
µ1/p2γ

µ2/p3γ
µ3/p4γ

µ4 ]
[5235]〈12〉〈23〉〈34〉〈41〉

. (4.21)

The traces Tr± can then be directly evaluated yielding explicit helicity projection

tensors written in terms of the external momenta, the four-dimensional metric gµν

and the four dimensional Levi-Civita tensor εµνρσ, which can be directly applied

to the amplitude by plugging the result in eq. (4.13).

However, in order to obtain a representation of the helicity amplitudes whose

loop integrals fall within the standard class of Feynman integrals, we need to take

care when dealing with gµν and εµνρσ. The problem stems from the fact that these

are strictly four-dimensional quantities and lead to integrands which are not Lorentz

invariant in d dimensions. However it turns out that they can always be replaced

in favour of the standard metric and a set of independent external momenta. The

four-dimensional metric can be replaced by

gµν = gµν −
G

(
µ 1 2 3 4
ν 1 2 3 4

)
G
(
1 2 3 4

) , (4.22)

that is by the d-dimensional metric to which we have subtracted the (−2ε)-

dimensional metric written as a ratio of Gram determinants of the four independent

external momenta. The Levi-Civita tensor can instead be dealt with by first

removing powers higher than one via the identity

εµ1µ2µ3µ4εν1ν2ν3ν4 = −

∣∣∣∣∣∣∣∣∣
gµ1ν1 gµ1ν2 gµ1ν3 gµ1ν4

gµ2ν1 gµ2ν2 gµ2ν3 gµ2ν4

gµ3ν1 gµ3ν2 gµ3ν3 gµ3ν4

gµ4ν1 gµ4ν2 gµ4ν3 gµ4ν4

∣∣∣∣∣∣∣∣∣ , (4.23)

and then substituting any left-over with the relation

εµνρσ = − 4i
Tr5

G

(
µ ν ρ σ
1 2 3 4

)
, (4.24)

where Tr5 was introduced in eq. (4.5).
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In practice this means we can evaluate each helicity amplitude independently1

in a way that allows us to fix the reference momenta in a helicity-dependent way

and entirely by-passing the tensor projection method. Importantly, one can do the

above while still obtaining loop integrals which can be evaluated with standard

techniques.

Following chapter 2, we can express helicity amplitudes in terms of a little-group

invariant helicity amplitude H

A|λ = Hλ sλ, (4.25)

where we defined the spinor factors

s+++++ = 2s2
12/3

〈12〉〈23〉〈34〉〈45〉〈51〉
, s−++++ = [21]〈12〉4〈13〉3

〈15〉2〈23〉5〈14〉2 ,

s−−+++ = 4〈12〉4

〈12〉〈23〉〈34〉〈45〉〈51〉
, s−+−++ = 4〈13〉4

〈12〉〈23〉〈34〉〈45〉〈51〉
,

s++++− = [51]〈15〉4〈25〉3

〈54〉2〈12〉5〈53〉2 , s+++−− = 4〈45〉4

〈12〉〈23〉〈34〉〈45〉〈51〉
.

(4.26)

While the formal colour and helicity decomposition of helicity amplitude eq. (4.25)

holds at all orders in perturbation theory, in order to explicitly compute the Hλ

one can perform a perturbative expansion in the coupling αs:

Hλ =
∑
`=0

α`s H
(`)
λ . (4.27)

where each H(`)
λ is computed from the corresponding `-loop Feynman diagrams.

From eq. (4.10) we read that only the colour components H[1],(`)
λ and H[13],(`)

λ

need to be computed for the required helicity configurations, while the remaining

42 components can be obtained by crossing of the external legs. The crossing-

independent partial amplitudes in eq. (4.10) can be further decomposed by separating

1Differently from the tensor-decomposition method, for which a system involving all relevant
tensors must be solved in order to obtain the helicity projectors.
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different powers in Nc and nf :

H[1],(`) = N `
c

b`/2c∑
h=0

∑̀
k=0

1
N2h
c

(
nf
Nc

)k
H[1],(`)
h,k , (4.28)

H[13],(`) = N `−1
c

b(`−1)/2c∑
h=0

∑̀
k=0

1
N2h
c

(
nf
Nc

)k
H[13],(`)
h,k , (4.29)

where we omitted the helicity dependence λ. The H[i],(`)
h,k carry no dependence

on the size of the gauge group or the number of quark flavours. In particular,

up to two loops we find

H[1],(0) = H[1],(`)
0,0 , H[13],(0) = 0 ,

H[1],(1) = NcH[1],(1)
0,0 + nfH[1],(1)

0,1 , H[13],(1) = H[13],(1)
0,0 ,

H[1],(2) = N2
c H[1],(2)

0,0 +NcnfH[1],(2)
0,1 + n2

fH
[1],(2)
0,2 + H[1],(2)

1,0 + nf
Nc

H[1],(2)
1,1 +

n2
f

N2
c

H[1],(2)
1,2 ,

H[13],(2) = NcH[13],(2)
0,0 + nfH[13],(2)

0,1 ,
(4.30)

where the helicity dependence was left implicit. It should be noted that the over-

completeness relations mentioned in section 2.2 provide a further constraint on

the partial five-gluon two-loop amplitudes which allows us to express H[13],(2)
0,0 as

a linear combination of crossings of H[1],(`)
0,0 and H[1],(`)

1,0 . Nevertheless in ref. [122]

we computed an over-complete set of partial amplitude and used this relation

as a check of our results.

As a final remark, we point out that because of the existence of the parity-

odd little-group invariant Tr5 defined in eq. (4.5), all H[i],(`)
h,k can be split into a

parity-even and a parity-odd part:

H[i],(`)
h,k = E [i],(`)

h,k + Tr5 O[i],(`)
h,k , (4.31)

where the E and O do not change sign under parity. After helicity projection has

been completed, one can explicitly separate the two contributions which never mix

during the rest of the calculation. Practically, during this computation, all the

various ways mentioned above of splitting the amplitudes in building blocks proved

to be an extremely useful to manage the complexity of the calculation.
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p1

p2

p3

p4

p5

`1

Figure 4.3: Massless Pentagon

(a) (b) (c)

(d)

Figure 4.4: Two-loop topologies for five-point massless scattering: penta-box (a),
five-point beetle (b), hexa-box (c) and double pentagon (d).

4.4 Loop Integrals

As a result of the previous sections, we defined the scalar quantities H[i],(`)
h,k , which

carry the whole information about the scattering amplitude and are entirely written

in terms of scalar Feynman integrals. All integrals appearing at one loop belong

to the pentagon topology of fig. 4.3

IPentagon
ν1,...,ν5 =

∫
D`

1
Dν1

1 ...Dν5
5

(4.32)

and to the topologies obtained from it by crossing the external legs. At two loops

the four topologies of fig. 4.4 appear, however the beetle integral (b) is reducible

to sub-sectors of (a). Integrals in the penta-box topology are planar, while the
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Family Pentagon PL5 NPL5 – check
D1 `2

1 `2
1 `2

1
D2 (`1+p1)2 (`1+p1)2 (`1+p1)2

D3 (`1+p1+p2)2 (`1+p1+p2)2 (`1+p1+p2)2

D4 (`1+p1+p2+p3)2 (`1+p1+p2+p3)2 (`1+p1+p2+p3)2

D5 (`2+p1+p2+p3+p4)2 (`1+p1+p2+p3+p4)2 (`1−`2−p4)2

D6 – `2
2 `2

2
D7 – (`2+p1)2 (`2+p1)2

D8 – (`2+p1+p2)2 (`2+p1+p2)2

D9 – (`2+p1+p2+p3)2 (`2+p1+p2+p3)2

D10 – (`2+p1+p2+p3+p4)2 (`2+p1+p2+p3+p4)2

D11 – (`1−`2)2 (`1−`2)2

Table 4.1: Integral families for five-point massless scattering up to two loops.

hexa-box and double pentagon topologies contain the non-planar integrals needed

for the evaluation of the amplitude beyond the leading-colour approximation.

The propagator-denominator (PD) representation for Feynman integrals defined

in section 2.3.1 allows us to express all needed integrals in terms of only two integral

families f = {PL5,NPL5}, each with 11 propagators, which can be written as

I f
ν1,...,ν11 =

∫
D2`

1
Dν1

1 ...Dν11
11

. (4.33)

The list of propagators for all families up to two loops can be found in table 4.1

and the required crossed families are obtained from these via permutation of the

external momenta. A set of canonical master integrals for these integral families was

computed in refs. [125–130] via the method of differential equations, and expressed

as a Laurent series in the dimensional regulator ε. A uniform representation in

terms of massless pentagon functions was given in ref. [131].

The methodology followed for the simplification of the amplitudes for the process

0 → ggggg is similar to the one described in chapter 3, though its implementation

presented different challenges. Sector relations and sector symmetries were obtained

using Reduze 2 [36, 84]. Inserting them into the amplitudes reduced the initial

number of integrals from O(106) to O(104). The disk-size of the scattering

amplitudes also shrunk by one order of magnitude from ∼ 1 TB to ∼ 100 GB. IBP
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reduction for the reduced set of integrals was then achieved using the public code

Kira [132, 133] and, specifically for the non-planar topologies, the code Finred.

Although the number of integrals to reduce here was substantially smaller

compared to the three-loop four-point amplitudes presented in chapter 3, the

multi-scale kinematics of five-point amplitudes is responsible for a large swell

of intermediate expressions, in particular in the non-planar sectors, where all

channels contribute simultaneously and one encounters individual IBP identities

with disk-sizes of up to 3 GB [134–136].

Our approach to deal with the complexity of the rational coefficients of these

amplitudes is based on the initial observation [135, 136] that partial-fraction

decomposition can reduce expression size for single IBPs of various orders of

magnitude. The same turns out to happen at the amplitude level, transforming

a seemingly un-treatable problem into an achievable computation.

We perform IBP reduction for a minimal subset of integrals and decompose

the resulting integral coefficients into multivariate partial fractions. The problem

of multivariate partial fractioning can be addressed via computational algebraic

geometry. The first step is to determine the full list of potential numerator and

denominator factors appearing in the rational functions we want to simplify. Working

at the level of the rational coefficients in the even and odd components defined

in eq. (4.31), we find that the space of numerators is simply given by the set

of linearly independent Mandelstam invariants eq. (4.3) while the most general

list of denominators can be written as

{di=1,...,10} = {s12, s23, s34, s45, s51, s13, s14, s24, s25, s35} ,
{di=11,...,25} = {(s12 + s23), (s23 + s34), (s34 + s45), (s45 + s51),

(s51 + s12), (s12 + s34), (s23 + s45), (s34 + s51),

(s45 + s12), (s51 + s23), (s12 + s45), (s23 + s51),

(s34 + s12), (s45 + s23), (s51 + s34)} ,

(4.34)

d26 = Tr2
5 = G

(
1 2 3 4

)
,
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where the subsets {di=1,...,10}, {di=11,...,25} and {d26} are closed under permutations

of the external momenta. The denominator factors {di=1,...,25} are of degree 1 in

the Mandelstam variables, while the Gram determinant of d26 is of degree 4. Then

any rational function R can be written as

R =
∑
~a∈N5
~b∈N26

r(~a,~b) sa1
12s

a2
23s

a3
34s

a4
45s

a5
51

26∏
i=1

1
dbi
i

(4.35)

with r(~a,~b) rational numbers. The next step is to introduce auxiliary variables d̃i
defined by 1 − d̃idi = 0, in terms of which the rational function above becomes

R =
∑
~a∈N5
~b∈N26

r(~a,~b) sa1
12s

a2
23s

a3
34s

a4
45s

a5
51

26∏
i=1

d̃bi
i . (4.36)

We can then define the polynomial ring

R = Q[s12, s23, s34, s45, s51, d̃1, . . . , d̃26] , R ∈ R (4.37)

and the ideal

I = 〈1 − d̃1d1, . . . , 1 − d̃26d26〉 . (4.38)

Finally, provided we have defined a total monomial ordering ≥R in R (which we

will mostly leave implicit below), we can compute a Gröbner basis g of I and

reduce R with respect to g:

red(R, g)≥R
= R̄ =

∑
i

r̄i mi , (4.39)

where r̄i are rational numbers which depend on the choice of monomial ordering and

mi are monomials in R which are irreducible with respect to g. The reduced rational

function R̄ is the desired result: a partial-fractioned representation of the original

rational function. Two comments are in order at this point. First, the simplicity of

the results one obtains is greatly influenced by the choice of monomial ordering. In

any given partial amplitude, one can expect some denominators to be absent, while

the presence of the rest is justified by the singularity structure of the amplitude (for

more details see refs. [135, 136]). One should therefore choose a monomial ordering
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favouring denominators which are (physically) expected in an amplitude, so that as

few spurious denominators as possible are introduced. For instance, in the case of the

single trace colour ordered amplitude, proportional to C[1], our choice of ordering was

d̃26 > · · · > d̃1 > s51 > s45 > s34 > s23 > s12 . (4.40)

Second, for a fixed monomial ordering, the coefficients r̄i form a (Q-)vector space:

once a list of the irreducible monomials has been specified, each rational function

R can be identified with a vector r̄(R) = {r̄1, r̄2, . . .}. This map satisfies

r̄(αR1 + βR2) = αr̄(R1) + βr̄(R2) for α, β ∈ Q . (4.41)

This is a particularly useful property when performing sum of contributions to

the same amplitude. When working with partial-fractioned rational functions one

can simply sum the vector coefficients r̄ and obtain partial-fractioned expressions

for the sums of rational functions. Conversely, if one tries to do the same in

common-denominator form large amounts of algebra are usually required to simplify

the results. In practice, to perform Gröbner basis computations and polynomial

reduction we use Singular [137], which proves to be sufficient the denominators

set of eq. (4.34).

More specifically, we first derive reduction identities for the un-crossed integral

families of table 4.1 and perform a partial-fraction decomposition of their rational

functions which reduces their overall size by about two orders of magnitude. We then

obtain reduction identities for all crossed families contributing to the amplitudes

by permutations of the external invariants. Crossing of the external legs does

not preserve monomial ordering and therefore the resulting identities require an

additional partial-fractioning step.

Once the simplified reduction identities are inserted into the amplitude, we

perform an additional partial-fraction decomposition to simplify the resulting

expressions; in addition to the IBP reduction, this proves to be the step with the

highest computational cost in our framework. A further level of simplification

can then be achieved by expressing the reduced amplitudes in terms of a minimal
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number of independent rational functions (see for instance ref. [122] and references

therein for more details).

4.5 Results

As a result of the computations described in previous sections one obtains the

bare scattering amplitudes for the five-gluon process. Each any of the amplitude

components of eq. (4.30) can be UV renormalised following eq. (2.89). The resulting

renormalised colour components can then be explicitly written as

R[i],(`)
h,k =

4−2`∑
m=−2`

m∑
w=0

1
εm

(RE
m,w,j + Tr5 R

O
m,w,j)F

(w)
j , (4.42)

where RE
m,w,j, R

O
m,w,j are rational functions2 of the invariants sij, expressed as

polynomials in R, and the F (w)
j are weight-w pentagon functions defined in ref. [131].

The 4 − 2` upper bound represents a truncation of higher powers of ε which still

allows one to obtain the O(ε0) contribution to finite remainders.

We performed numerous checks on our results. First, we observed that the IR

poles of the UV-renormalised amplitude components (4.42) are fully predicted by

eqs. (2.90) and (2.100). We also verified the one- and two-loop U(1) decoupling

identities as well as the generalized colour-trace identities described in [34]. We

also computed a redundant set of single-trace partial amplitudes; crossing relations

among them allowed us to verify the consistency of our calculation.

We also compared our tree-level and one-loop results against existing analytic

calculations [138, 139] as well as OpenLoops2 [103], by numerically evaluating all

helicity configurations and summing over colour degrees of freedom.

We also found perfect agreement with the analytic two-loop full-colour all-plus

gluon amplitude of ref. [140] and with the numerical benchmarks in the leading-

colour approximation provided in ref. [141].

Finally, we verified that our results agree numerically to high precision with

those provided by a similar concurrent calculation presented in ref. [123].
2The dependence of the rational functions on the colour component indices i, k, h as well as on

the loop order and helicity configuration is left implicit.
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Though the definitions in eq. (2.101) would provide a valid set of IR-subtracted

finite remainders, we decided to present our results in a slightly different IR-

subtraction scheme in order to match pre-existing literature. In particular, we

used Catani’s subtraction operators [142]

Ic
1(ε) = eεγE

Γ(1 − ε)
∑
i

(
1
ε2 − γi0

2ε
1

T2
i

)∑
i 6=j

Ti · Tj

2

(
µ2

−sij

)ε
,

Ic
2(ε) = e−εγE Γ(1 − 2ε)

Γ(1 − ε)

(
γcusp

1
8 + β0

2ε

)
Ic

1(2ε) − 1
2I

c
1(ε)

(
Ic

1(ε) + β0

ε

)
+ 1
ε
H2 ,

(4.43)

where the colour operator H2 is given by

H2 = 1
16
∑
i

(
γi1 − 1

4γ
cusp
1 γi0 + π2

16β0γ
cusp
0 Ci

)

+ ifabc

24
∑

(i,j,k)
Ta
iTb

jTc
k log −sij

−sjk
log −sjk

−ski
log −ski

−sij

− ifabc

128 γ
cusp
0

∑
(i,j,k)

Ta
iTb

jTc
k

(
γi0
Ci

− γj0
Cj

)
log −sij

−sjk
log −ski

−sij
,

(4.44)

as reported in ref. [61].

In terms of eqs. (4.43) and (4.44) we defined the following finite remainders

F (0)
c = R(0) ,

F (1)
c = R(1) − Ic

1 R(0) ,

F (2)
c = R(2) − Ic

1 R(1) − Ic
2 R(0) .

(4.45)

Mathematica-readable expressions corresponding to the finite remainders of the

partial amplitudes of eq. (4.10) can be found at [143].

In order to reconstruct the full amplitude from the results of the primitive

amplitudes, we employ crossing symmetry and parity transformations similarly to

section 3.5. The analytic continuation of each pentagon function individually is

non-trivial but also not necessary. In fact, the information needed to perform the

required continuation is available implicitly in the results provided by ref. [131],

where all master integrals are evaluated for all 120 permutations of the external

invariants in terms of a minimal set of pentagon functions. In practice, we took every

uncrossed master integral and applied the required crossing on its analytic expression
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by formally crossing all appearing pentagon functions. We then equated these formal

expressions to the explicit results for the crossed master integrals, which are written

in terms of uncrossed pentagon functions. Repeating this for all master integrals for

a given crossing, we obtained a linear system of equations, which we solved using

FiniteFlow [89]. This allowed us to express the crossed pentagon functions in terms

of the uncrossed ones. Typically, the system is under-determined and some crossed

pentagon functions remain unsolved for. Nevertheless, since the results in ref. [131]

are sufficient to represent any crossing of the amplitudes, all formally crossed

pentagon functions remaining after solving the system must cancel upon inserting

the solution into the amplitude. We verified this cancellation explicitly for each

crossing required to obtain the helicity and colour ordered amplitudes for all partonic

sub-channels. This provided a strong check of the consistency of our procedure.
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5.1 Introduction

Scattering amplitudes have many different representations. In previous chapters

I described a practical method to obtain representations in terms of minimal sets

of master integrals. It is known that this method does not always yield the most

compact from of amplitudes and can often obscure the some features of amplitudes.

A great reduction in complexity is usually obtained by Laurent-expanding the master

95
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integrals in the dimensional regulator ε via the method of differential equations of

section 2.3.5. This has two benefits: it makes the loop divergences of the amplitude

manifest as poles in ε and it allows one to numerically evaluate1 the amplitude

for explicit values of the external kinematics.

In this chapter we make a first step towards a different approach. The aim will

be to obtain representations of scattering amplitudes where IR and UV singularities

are faithfully represented in loop-momentum space.

More concretely, with Yang–Mills theories in mind, we would like to make IR

factorisation manifest by finding an integrand-level representation of the form

A = Ahard + AIR (5.1)

where AIR contains all IR divergences.

Already at this level it becomes clear that a representation of the type in

eq. (5.1) cannot be obtained by fully relying on IBP identities as is normally

done. This is because of relations like

= 1 − 2ε
ε

1
s

(5.2)

where the double IR (soft and collinear) divergence of the triangle has been traded

for an explicit pole in ε and a UV divergence of the bubble. More in general,

the IR-UV mixing induced by IBP relations spoils the physical properties of the

integrand and has to be avoided.

Below we will tackle this problem by studying a subset of IBPs whose coefficients

do not depend on the space-time dimensions d and therefore automatically exclude

relations similar to eq. (5.2). However it should be noted that this does not

completely solve the IR-UV mixing problem. In fact, due to the fact that scaleless

integrals vanish in dimensional regularisation, the equation

= 0 (5.3)

1provided that an efficient code for the numerical evaluation of the class of iterated integrals in
question has been developed.
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would still be included in the set we consider, as it does not explicitly depend on

d. However, it is a source of UV-IR mixing because the bubble integral above is

both UV and IR divergent and schematically 0 = 1/εUV − 1/εIR. For the moment

we will ignore this type of mixing.

Assuming for the moment that we know how to find all relations among Feynman

integrals which do not mix their IR and UV behaviour, the next question is how to

choose the corresponding set of master integrals. Eq. (5.1) suggests that a good

basis of integrals should have definite IR (and UV) properties. In particular we

might ask what is the set of integrals which can appear in Ahard. By definition they

should be IR-finite, meaning that all IR singularities of the propagators should be

integrable. Once the set of all IR-finite integrals is known, one can use them to

identify a complete basis of IR-divergent integrals which can be used to represent

AIR.

The remainder of this chapter is organised as follows. In section section 5.2

we will discuss the set of IBP relations whose coefficients do not depend on the

space-time dimensions d and which represent a good starting point to remove the

aforementioned UV-IR mixing. In section 5.3 we will shift our attention to the

determination of IR-finite integrals. Finally in section 5.4.5 we will provide a proof-

of-concept example of the combination of ideas developed in sections 5.2 and 5.3.

5.2 Dimension-Independent Integral Relations

In this section we will describe a method to obtain IBP relations among Feynman

integrals whose coefficients do not depend on the space-time dimensions d.2 Our

motivation comes from the fact that such systems of IBPs induce a far smaller

degree of UV-IR mixing, the only effect coming from the vanishing of scaleless

integrals like in eq. (5.3). Restricting ourselves to a subset of IBPs has the clear
2It would also be possible to take a more refined approach, allowing reduction identities to

explicitly depend on d, but asking that all coefficients should be regular as d → 4. Because
identities of the type eq. (5.2) would still be forbidden, we expect equivalent UV-IR properties
but a smaller number of master integrals. In the following we explore the idea of d-independent
IBP reduction and leave relations regular in the d → 4 limit for future investigation.
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disadvantage of increasing the number of master integrals for any given process.

However, because d-independent integral relations preserve the UV/IR properties of

amplitudes, we might expect to find more representations which are more compact

and physically meaningful for a suitable choice of master integrals.

Let us refer to integrals appearing in a given topology or integral family (see

section 2.3) as Ii, with i ∈ N and with each integral defined as in eq. (2.43)

for some set of propagators and with a scalar numerator whose coefficients are

independent of d. Then our goal is to find all IBP reduction identities whose

rational coefficients are independent of d:

∑
i∈S′

Ci(~s) Ii = 0 (5.4)

Denoting by M(d)
i the master integrals obtained via standard IBPs, all integrals

can be reduced as

Ii =
∑
j

cij(~s, d) M(d)
j . (5.5)

Let us now assume that the master integrals in question have been chosen3 so that

the dependence on d of the reduction coefficients is factorised from the kinematics

so that rational functions in d can be partial fractioned to yield

cij(~s, d) =
∑
d∗∈Q

∑
k>0

c
(d∗,k)
ij (~s)

(d− d∗)k +
∑
k≥0

b
(k)
ij (~s) dk . (5.6)

In order to find all d-independent relations among a given set of integrals Ii with

i = 1, . . . , N , we can start by writing an ansatz relation
N∑
i=1

Ci(~s) Ii = 0 . (5.7)

and plug in the reduction identities eqs. (5.5) and (5.6)

N∑
i=1

∑
j

∑
d∗∈Q

∑
k>0

 c
(d∗,k)
ij (~s)

(d− d∗)k +
∑
k≥0

b
(k)
ij (~s) dk

Ci(~s) M(d)
j = 0 . (5.8)

3We are making the assumption that such a basis exists for the integrals appearing in amplitudes
we are interested in.
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Because all coefficients Ci are independent of d and the coefficient of each master

integral M(d)
j must vanish independently we find the equations


∑N
i=1 c

(d∗,k)
ij (~s) Ci(~s) = 0 ,∑N

i=1 b
(k)
ij (~s) Ci(~s) = 0 .

(5.9)

The system of equations above is typically under-constrained: one can express

all Ci in terms of subset, which we denote by Cj, but not completely solve the

system. We can express this as

Ci =
N∑
j=1

MC
ijCj , (5.10)

with N < N . Plugging eq. (5.10) into eq. (5.7) we find the d-independent relations

N∑
i=1

MC
ijCj Ii = 0 , j = 1, . . . , N . (5.11)

We can then proceed to find the solution of eq. (5.11) in terms of a (larger)

set of master integrals M(4)
j :

Ii =
∑
j

C ′
ij(~s) M(4)

j . (5.12)

Let us now make two comments.

First, the procedure described above allows one to find all d-independent relations

among Feynman integrals, but relies on the full IBP reduction. Because reduction

identities are very often a bottleneck for state-of-the-art computations, it might be

desirable to find an alternative way of obtaining the relations (5.12).

Second, the set of master integrals M(4)
j is usually not finite. As the rank of

integrals considered is increased, the number of master integrals grows accordingly,

as it happens in the context of one-loop integrand reduction. Though this might

seem problematic at first, the rank of Feynman integrals appearing in scattering

amplitudes is always bounded by renormalisability which automatically forbids the

appearance of an infinite number of master integrals.
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5.3 IR-finite Feynman Integrals

The problem of classifying all finite integrals for a given graph can be solved by

finding all numerators N that make the integral (2.43) finite. Our goal is to identify

the general form of N . As discussed in section 2.3, we will focus on numerators

which are invariant under the full d-dimensional Lorentz group. In particular,

following the tensor decomposition method of section 2.1.2, we can simply consider

polynomials of scalar products of internal end external momenta: `i · pj and `i · `j.

This allows us to write any numerator in the form

N (`i) =
∑
~r

c~r
∏
a

tra
a , (5.13)

where the ta belong to the list of allowed scalar products described above

ta ∈ {`i · pj} ∪ {`i · `j} , (5.14)

and ~r are vectors of non-negative integer numbers representing the powers of each

monomial. The coefficients c are rational functions of the kinematic invariants. In

this chapter, we will use the notation pi...j ≡ pi + · · · + pj, and use as kinematic

invariants the Mandelstam variables si...j = p2
i...j. Though the methods described

are applicable to Feynman integrals involving internal and external masses, here we

will focus on purely massless cases.

In a slight abuse of language, we will refer to the total degree of a term in N

in the loop momenta as rank; the rank of a numerator is the maximum rank

of any of its terms.

The numerator representation given by eqs. (5.13) and (5.14) is not unique.

For our purposes, it will be useful to consider an alternative representation built

using a van Neerven–Vermaseren basis, which we define below. We first define the

generalized Gram determinant of two sets of R vectors in d dimensions

G

(
p1 · · · pR
q1 · · · qR

)
≡ det(2pi · qj) ,

G
(
p1 · · · pR

)
≡ G

(
p1 · · · pR
p1 . . . pR

)
.

(5.15)
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We define a Gram with a free index

G

(
p1 · · ·µ · · · pR
q1 . . . qR

)
≡ ∂

∂wµ
G

(
p1 · · ·w · · · pR
q1 . . . qR

)
. (5.16)

Next, suppose that the space of external momenta for an n-point process is spanned

by a basis p1, . . . , pR, where R = min(n− 1, 4) in four dimensions. The well-known

van Neerven–Vermaseren basis can be defined as

vµi ≡
G

(
p1 . . . µ . . . pR
p1 . . . pi . . . pR

)
G
(
p1 . . . pR

) , (5.17)

which has the important property

vi · pj = δij for 1 ≤ j ≤ R , (5.18)

and allows us to decompose any external momentum wµ as

wµ =
R∑
j=1

(vj · w) pµj + ŵµ , (5.19)

with pi · ŵ = 0 for i = 1, . . . , R. The remainder ŵ satisfies ŵ2 ≤ 0. In the rest of this

chapter we will reserve the “hat” symbol for out-of-plane components of momenta.

We also introduce ˆ̀
i, the out-of-plane part of the loop momentum `i orthogonal

to all external momenta pj. When considering an n-point process with n > 4, this

part is strictly ε-dimensional. Using eq. (5.19) we can then write the scalar products

in eq. (5.14) as linear combinations of those in the set

ta ∈ {`i · vj} ∪ {ˆ̀
i · ˆ̀

j} , (5.20)

which span the same space as the one generated by eq. (5.14), but greatly simplify

the identification of IR-finite numerators. This alternate basis will allow us to

generalize our analysis more easily than the standard basis in eq. (5.14). It is

convenient to define the notation

νij ≡ ˆ̀
i · ˆ̀

j =
G

(
li p1 . . . pR
lj p1 . . . pR

)
G
(
p1 . . . pR

) . (5.21)

Conveniently, all definitions above can be continued to d continuous space-time

dimensions, whenever necessary.
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5.3.1 Ideals of IR-finite Integrals

Suppose we have the set of all IR-finite numerators W̃. Multiplying any IR-

finite numerator f ∈ W̃ by any polynomial p in the variables of eq. (5.20) yields

another IR-finite numerator:

pf ∈ W̃ . (5.22)

This is the defining property of an ideal; it implies that there exists a (non-unique)

minimal set of polynomials f1, f2, · · · ∈ W which generate W̃:

W̃ = 〈f1, f2, . . . 〉 . (5.23)

This means that any IR-finite polynomial can be written as a linear combination

of f1, f2, . . . with polynomial coefficients, and vice versa, any such combination is

IR-finite. Furthermore, polynomial ideals are finitely generated and, as we shall see,

only a small number of generators are required to describe IR-finite numerators.

This allows us to capture all information on W̃ in a very compact form.

Let us now see how to determine the list of generators fi for any integral topology.

5.3.2 IR Power Counting

In section 2.3.6 we saw how, at least in simple cases, one can solve the Landau

equations eq. (2.78) to find regions of loop-momentum space where Feynman

integrals might develop IR singularities.

Solutions of the Landau equations turn out to impose two types of constraints

on the loop momenta: soft constraints take the form qe(`, p) = 0, where qe(`, p) is

the momentum of a massless line, while collinear constraints require qe(`, p) = xpi,

where pi is an external massless momentum, and the proportionality coefficient

x ∈ (0, 1) is the ratio of unconstrained α parameters, such as α1/(α1 + α2).

Following Anastasiou and Sterman [144], one can use the IR power-counting tech-

nique of Libby and Sterman [145–147] to determine the behavior of the integral near a
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divergent surface described by soft and collinear constraints. Namely, we parametrize

the vicinity of the divergent surface by modifying the constraints as follows:

qµe (`, p) = 0 → qµe (`, p) = λσµe ,

qµe (`, p) = xep
µ
i → qµe (`, p) = xep

µ
i + ληµi + λ1/2q⊥,µ

e .
(5.24)

Here, σe is a unit euclidean-norm vector while ηi and q⊥
e satisfy

q⊥
e · pi = η2

i = q⊥
e · ηi = 0 and η̂i = 0 . (5.25)

Solving the modified set of constraints for the loop momenta, we obtain a scaling

rule of the form `i = `i(λ), which can be used to find IR-finite numerators. For

every divergent configuration of the loop momenta, we can substitute the scaling

rules of eq. (5.24) into the integration measure, which yields4

soft: dd` = dΩd dλ λd−1 ∼ dλ λd−1 ,

collinear: dd` = 1
2dxe dq⊥

e

2 dΩd−2 (pi · ηi) dλ λd/2−1 ∼ dλ λd/2−1 ,
(5.26)

as well as into the integrand ansatz

N (`i)
Dν1

1 · · · DνE
E

(5.27)

with the numerator given by eqs. (5.13) and (5.20). Assuming that the overall

scaling in λ of measure and propagators is dλλ−ωIR with ωIR ≥ 1, we Taylor-expand

the numerator in λ and retain only powers leading to divergences

N (`i) =
ωIR∑
i=0

λiJi + O(λωIR+1) . (5.28)

The coefficients Ji of divergent powers of λ are in general polynomials in the quanti-

ties

`i · vj, νij, ˆ̀
i · σ̂e, ˆ̀

i · q̂⊥
j , vi · q⊥

j , vi · ηj,

vi · σe, σ̂e · q̂⊥
j , q̂

⊥
i · q̂⊥

j , σ̂e1 · σ̂e2 , xe,
(5.29)

with coefficients depending on the ansatz parameters c~r, and `i being the uncon-

strained loop momenta. We remind the reader that the "hat" notation was defined
4We denote the solid angle measure by dΩd.
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above in eq. (5.19). The set of monomials in eq. (5.29) is determined by substituting

the modified constraints of eq. (5.24) into the ansatze of eqs. (5.13) and (5.20).

However, not all monomials in eq. (5.29) are independent. We can find relations

by applying the decomposition of eq. (5.19) to each of the vectors appearing

in eq. (5.25). We find
R∑
j=1

(pi ·pj) vj ·q⊥
e =

R∑
j,h=1

(pj ·ph) vj ·ηi vh ·ηi =
R∑

j,h=1
(pj ·ph) vj ·q⊥

e vh ·ηi = 0 , (5.30)

with i labelling a massless external momentum pi. The first is a relation among

degree-1 monomials while the other two are among degree-2 monomials. We take

these relations into account and require that the coefficient of every independent

monomial should vanish. The solution of the associated system of equations leads

us to a set of constraints on the ansatz parameters.

The pi · pj factors appearing in eq. (5.30) are the only kinematics-dependent

objects which enter the system of linear equations induced by the IR finiteness

constraints. Moreover, they are only relevant when power-like collinear singularities

are present. In practice one can first solve the system of equations which does

not involve these pi · pj and then solve a much smaller system coming from the

sub-leading contributions of the numerator which may possibly depend on the pi ·pj .

This greatly simplifies the determination of IR-finite numerators and allows us to

compute them for four-point topologies up to four loops on a laptop5.

Repeating the procedure above for all IR-divergent surfaces, we find the most gen-

eral numerator consistent with IR finiteness for a given ansatz. Denoting the space

of IR-finite numerators by W , any element f ∈ W can then be written in the form,

f(`) =
∑
i

gi Ni(`) , (5.31)

where the Ni are polynomials in the independent monomials in eq. (5.20) and the

gi are unconstrained coefficients independent of the loop momenta.

To guarantee IR finiteness, following ref. [144], one must check not only the

divergent surfaces found from the Landau analysis, but also sub-surfaces. The latter
5In practice when the problem involves large systems of (linear) equations one can use for

instance FiniteFlow [89] to obtain a solution efficiently.
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do not always show up as separate solutions of the Landau equations. In particular,

a solution with a soft constraint may be a special case of a solution with a collinear

constraint when the proportionality coefficient xe reaches its boundary value of

0 or 1. To include the sub-surfaces we also consider each solution of the Landau

equations where xe have been set to 0 or 1 in all possible combinations. This is

necessary only when the degree of divergence of a subsurface is greater than that of

any of the parent surfaces. An example of this would be a set of surfaces associated

to logarithmic divergences intersecting on a subsurface which leads to a power-

like divergence, as in the case of the massless non-planar double box, see section 5.4.3.

In order to determine the generators fi of IR-finite integrals one can compute

the reduced Gröbner basis of the ideal generated by all the Ni of eq. (5.31). Because

the ideal of IR-finite integrals is finitely generated, one can perform the procedure

above using a truncated ansatz, by retaining only terms in eq. (5.13) below a

certain maximum rank rmax. In practice we observe that rmax is usually quite

small. In fact, rmax often turns out to be below the degree of UV-convergence

of the integral topology, yielding a set of fully UV-finite generators. Inspired by

this, in the following we use UV-convergence of the numerator as a criterion for

the truncation of the ansatz.

5.3.3 Example: Massless Box

To illustrate the procedure described in the previous sections, let us consider the

one-loop massless box integral, depicted in fig. 5.1, as a simple example. We

define the momenta,

q1 = `, q2 = `− p1, q3 = `− p12, q4 = `− p123 . (5.32)

We start by writing down the most general ansatz for a UV-finite numerator as

described in section 2.3.6. Superficial convergence imposes a maximum degree
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q3, α3

q4, α4

q1, α1

q2, α2

p1

p2 p3

p4

Figure 5.1: The massless one-loop box graph.

rmax = 3. As there are no sub-integrations to consider the ansatz reads,

N (`) = c0 + c1 ` · v1 + c2 ` · v2 + c3 ` · v3 + c4 ˆ̀2 + c5 (` · v1)2 + c6 ` · v1 ` · v2

+ c7 (` · v2)2 + c8 ` · v1 ` · v3 + c9 ` · v2 ` · v3 + c10 (` · v3)2 + c11 ˆ̀2 ` · v1

+ c12 ˆ̀2 ` · v2 + c13 ˆ̀2 ` · v3 + c14 (` · v1)3 + c15 (` · v1)2 ` · v2

+ c16 ` · v1 (` · v2)2 + c17 (` · v2)3 + c18 (` · v1)2 ` · v3 + c19 ` · v1 ` · v2 ` · v3

+ c20 (` · v2)2 ` · v3 + c21 ` · v1 (` · v3)2 + c22 ` · v2 (` · v3)2 + c23 (` · v3)3 .

(5.33)

Moving to the IR analysis, we start by computing the auxiliary quantities (see

eq. (2.51)),

A11 = α1 + α2 + α3 + α4 ,

Bµ
1 = (α2 + α3 + α4) pµ1 + (α3 + α4) pµ2 + α4 p

µ
3 ,

(5.34)

so that the Symanzik polynomials for this diagram are,

U = α1 + α2 + α3 + α4 , F = s α1α3 + t α2α4 . (5.35)

Solving F = 0 monomial by monomial, and then using eq. (2.79) together with

eq. (5.34), we obtain four solutions corresponding to divergent surfaces of collinear

type. Intersecting these surfaces, or equivalently setting the proportionality coeffi-

cients to 0 or 1, we find four soft sub-surfaces. We list the results in table 5.1.

To each of the singular configurations we associate a modified constraint

` = `(λ) as decribed in eq. (5.24) and substitute it into the momentum-space

representation of the integral,

Box[N (`)] =
∫

dd` N (`)
D1 D2 D3 D4

. (5.36)
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Table 5.1: Solutions of the Landau equations for the 1-loop box and the corresponding
IR divergent surfaces and sub-surfaces. Teal dotted lines indicate collinear sub-diagrams
while red dashed lines represent soft propagators.

surface solution
of F = 0

momentum
constraint subsurface momentum

constraint

(C1)

α3 = α4 = 0 q1 = α2
α1+α2

p1

(S1) = (C4) ∩ (C1)

q1 = 0

(C2)

α4 = α1 = 0 q2 = α3
α2+α3

p2

(S2) = (C1) ∩ (C2)

q2 = 0

(C3)

α1 = α2 = 0 q3 = α4
α3+α4

p3

(S3) = (C2) ∩ (C3)

q3 = 0

(C4)

α2 = α3 = 0 q4 = α1
α4+α1

p4

(S4) = (C3) ∩ (C4)

q4 = 0

Using the integration-measure scalings (5.26) together with the scaling of the

propagators De = q2
e + iε we find that Box[1] behaves as dλ λ−1+O(ε) near d = 4

for all the soft and collinear configurations of table 5.1. Because of the logarithmic

nature of these singularities we need to expand the numerator only to O(λ0) to

obtain singular contributions to the integral. To this order in λ we find that the

monomials {ˆ̀2, ` · v1, ` · v2, ` · v3} take the values:

C1 : {0, x1, 0, 0} , C2 : {0, 1, x2, 0} , C3 : {0, 1, 1, x3} , C4 : {0, x4, x4, x4} ,

S1 : {0, 0, 0, 0} , S2 : {0, 1, 0, 0} , S3 : {0, 1, 1, 0} , S4 : {0, 1, 1, 1} ,
(5.37)

where the xe stand for the collinear-fraction parameters which can be read off

from table 5.1 for the different collinear regions.

Let us study these configurations, extracting the corresponding constraints on
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the numerator. Substituting the collinear configurations into eq. (5.33) and setting

the result to zero for every value of the xe we find the equations,

C1 : c0 = c1 = c5 = c14 = 0 ,

C2 : c0 + c1 + c5 + c14 = c2 + c6 + c15 = c7 + c16 = c17 = 0 ,

C3 : c0 + c1 + c2 + c5 + c6 + c7 + c14 + · · · + c17 =

c3 + c8 + c9 + c18 + c19 + c20 = c10 + c21 + c22 = c23 = 0 ,

C4 : c0 = c1 + c2 + c3 = c5 + · · · + c10 = c14 + · · · + c23 = 0 .

(5.38)

As anticipated these equations do not depend on the external kinematic invariants

sij. Moving on, for each soft region Si we get the following constraints:

S1 : c0 = 0 ,

S2 : c0 + c1 + c5 + c14 = 0 ,

S3 : c0 + c1 + c2 + c5 + c6 + c7 + c14 + · · · + c17 = 0 ,

S4 : c0 + · · · + c3 + c5 + · · · + c10 + c14 + · · · + c23 = 0 .

(5.39)

One can check that these constraints are satisfied automatically if eq. (5.38) holds.

This comes as no surprise, because in this case soft subsurfaces have the same

degree of divergence as their parent surfaces corresponding to collinear regions

(see discussion at the end of section 5.3.2). Therefore, cancellation of collinear

divergences is sufficient for IR-finiteness.

The constraints in eqs. (5.38) and (5.39) entirely fix 12 coefficients in the ansatz

of eq. (5.33). Therefore, within the space of UV-finite numerators of eq. (5.33),

described by 24 independent monomials, the subset of IR-finite integrals has 12

degrees of freedom.

In general, the results of a UV–IR analysis such as the one presented above can

be summarized by simply listing the generators of the ideal of IR-finite numerators.

A set of generators can be found using standard techniques of computational

algebraic geometry, such as Gröbner bases. In the case of the massless one-loop

box there are only three rank-two generators: ˆ̀2, (` − p1) · v1 ` · (v2 − v3) and

` · v3 ` · (v1 − v2). Using them we can write the most general UV- and IR-finite
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numerator for the massless one-loop box as,

N (`) = [b1 + b2 ` · v1 + b3 ` · v2 + b4 ` · v3] (`− p1) · v1 ` · (v2 − v3) +

[b5 + b6 ` · v1 + b7 ` · v2 + b8 ` · v3] ` · v3 ` · (v1 − v2) +

[b9 + b10 ` · v1 + b11 ` · v2 + b12 ` · v3] ˆ̀2 ,

(5.40)

where the bi are purely functions of the external momenta.

We end our discussion with two comments on eq. (5.40):

1. The generators obtained in the van Neerven–Vermaseren basis of monomials

have a straightforward representation in terms of Gram determinants,

(`− p1) · v1 ` · (v2 − v3) ∝ G

(
`− p1 2 3

1 2 3

)
G

(
` 1 4
1 2 3

)
,

` · v3 ` · (v1 − v2) ∝ G

(
` 1 2
1 2 3

)
G

(
` 3 4
1 2 3

)
,

ˆ̀2 ∝ G
(
` 1 2 3

)
,

(5.41)

where the constants of proportionality depend only on the external momenta

(here and in what follows we represent the external momenta pi inside the

Gram determinants with the corresponding labels i);

2. eq. (5.40) is just one possible choice to represent the numerator. For instance,

one could swap the ` · vi factors inside the brackets in eq. (5.40) for ` · pi
or rewrite them in terms of inverse propagators where possible. As long as

the UV power-counting is satisfied one can choose different representations

depending on the context.

5.3.4 Evanescent Integrands

The set of IR-finite integrals contains a noteworthy subset of convergent integrals

which are manifestly of O(ε) while containing no explicit appearances of ε (or d).

We call these evanescent integrals. To find integrands giving rise to evanescent

integrals, we start with the set of integrands of IR-finite integrals which are also

UV-finite, and impose further restrictions on their coefficients. In particular we

can split the numerator of the integrand

N = N4 + Nd−4 , (5.42)
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where N4 = N |d=4, so that Nd−4 vanishes exactly in four dimensions for any value

of the loop momenta. If the integral I[N ] is finite then I[N4] is also finite as

the procedure described above to determine UV- and IR-finite integrands could in

principle be performed purely in four dimensions. Rewriting the equation above as

Nd−4 = N − N4 , (5.43)

we see that as d → 4 the right-hand side has to vanish and therefore Nd−4 can be

at most of O(ε). To find evanescent integrands we therefore require the integrand

to vanish when all loop momenta are four-dimensional, that is N4 = 0.

For (n > 4)-point integrals, setting the (d−4)-dimensional components of each

loop momentum to zero corresponds to fixing the extra components ˆ̀
i = 0 so that all

νij vanish identically. For the numerator to vanish as d → 4 we require a vanishing

coefficient for every monomial of the independent scalar products `i · vj=1,··· ,4. The

truncated ideal of evanescent numerators is then the intersection of the IR-finite

truncated ideal W with the one generated by the νij.

For (n ≤ 4)-point integrals we need to be more careful: we can still freely set to

zero the coefficient of every monomial without a factor of νij, as these are linearly

independent and do not vanish as d → 4. Conversely νij 6= 0 in four space-time

dimensions, so evanescence of a term containing one of these factors is not guaranteed.

Instead the ˆ̀
i become linearly dependent if enough loops are present because they

span a (5 − n)-dimensional space. As a consequence, any Gram determinant with

m ≥ 6 − n entries of the ˆ̀
i’s will automatically vanish. For instance, with n = 4

we need at least two loops to find an evanescent numerator via the factor

G
(

ˆ̀1 ˆ̀2

)
. (5.44)

This is in accordance with the fact that for the one-loop box no evanescent numerator

can be extracted from eq. (5.40). In general, within the space of polynomials defined

by eq. (5.13), the ideal of evanescent numerators for n ≤ 4 is given by the intersection

of the IR-finite ideal with the ideal generated by all choices of the Gram determinant

G

( ˆ̀
i1 . . .

ˆ̀
i6−n

ˆ̀
j1 . . .

ˆ̀
j6−n

)
. (5.45)
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Evanescently-Finite Integrals Integrands can vanish in four dimensions even

if they fail the UV-finiteness power-counting criterion, or if they fail to cancel all

IR divergences revealed by the Landau equations. In dimensional regularization,

these combinations can give rise to evanescently finite integrals. These are integrals

which are finite, but where the finiteness depends on cancellation of a pole in ε

(due to a UV or IR divergence) with a factor of ε that arises from the evanescence

properties of the integrand. Their existence is special to dimensional regularization.

We will not study them exhaustively, but provide explicit examples in section 5.4.

5.3.5 Example: Massless Pentagon

The massless pentagon, depicted in fig. 4.3, is the simplest one-loop case where

evanescent integrals arise. Let us summarize the results of our procedure applied

to the pentagon. We start by writing a UV-compatible ansatz for the numerator,

here a rank-five polynomial in the variables

ˆ̀2, ` · v1, ` · v2, ` · v3, ` · v4 . (5.46)

This polynomial has 166 independent monomials whose coefficients are unfixed

rational functions of the independent Mandelstam variables, for instance the set

{s12, s23, s34, s45, s51}.

We proceed by listing all IR singularities. The list generalizes that for the box

integral (see table 5.1): here we find a total of ten regions (five soft, five collinear).

Requiring the numerator to vanish appropriately in each of the IR regions, we

obtain a set of 141 IR-finite independent numerators. The ideal needs only six

generators:

` · v4 ` · (v1 − v2) , (`− p1) · v1 ` · (v2 − v3) , ` · (v1 − v2) ` · (v3 − v4) ,

` · (v2 − v3) ` · v4 , ` · (v3 − v4) (`− p1) · v1 , ˆ̀2 .
(5.47)
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The same ideal can equivalently be expressed in terms of the closely related set of

Gram determinants using relations of the type (5.41). The result is

G

(
` 1 2 3
` 3 4 5

)
, G

(
`− p1 2 3 4
` 4 5 1

)
, G

(
` 3 4 5
` 5 1 2

)
,

G

(
` 4 5 1
` 1 2 3

)
, G

(
` 5 1 2

`− p1 2 3 4

)
, G

(
` 1 2 3 4

)
.

(5.48)

Turning to evanescent integrands, the further requirement that the numerator should

vanish when the loop momenta are purely four-dimensional leads us to a subset of

40 evanescent integrals, whose numerators belong to the ideal generated by

ˆ̀2 = G
(
` 1 2 3 4

)
/G

(
1 2 3 4

)
, (5.49)

which is consistent with the well-known result,

∫
ddl

G
(
` 1 2 3 4

)
D1 · · · D5

∝ (d− 4) ×
∫
dd+2l

G
(
1 2 3 4

)
D1 · · · D5

= O(ε) . (5.50)

5.4 Examples of Finite Ideals

In this section we present some explicit results. First, we apply our procedure

to characterize the IR-finite integrals for the planar double box, and then show

how a general conjecture for the all-loop ladder topology can be justified. We

then move to consider the non-planar double box and another two-loop four-point

graph which we refer to as the beetle graph. Both the non-planar double box

and the beetle require dealing with powerlike IR singularities and allow us to

illustrate aspects of our procedure.

5.4.1 Planar Double Box

In this section, we apply the procedures of section 2.3.6 to the massless planar

double box integral. We parametrize the loop momenta as shown in fig. 5.2(a).

All external momenta are outgoing and we label the edges from 1 to 7, so that

their momenta read, in order of labels

`1, `1 − p1, `1 − p12, `2, `2 − p123, `2 − p12, `1 − `2. (5.51)
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Figure 5.2: The planar double box graph (a) and and its sub-integrations (b).

We start by imposing UV-convergence constraints and then proceed to the IR

analysis described in previous sections.

UV divergences

To avoid the overall UV divergence, the maximal allowed numerator rank is 5.

Three distinct linear combinations of the loop momenta enter the denominators:

`1, `2, and (`1 − `2). Holding each one of them fixed in turn yields three possible

sub-integrations over the remaining variable ` corresponding to the dashed lines in

fig. 5.2(b). These give rise to the following constraints on the numerator:

lim
ρ→∞


ρ−4 N (`1 = const, `2 = ρ`) = 0 ,
ρ−4 N (`1 = ρ`, `2 = const) = 0 ,
ρ−8 N (`1 = ρ`, `2 = const + ρ`) = 0 .

(5.52)

The first and second constraints simply count the powers of `2 and `1 respectively,

so the numerator has to be at most cubic in either of the loop momenta. The

third constraint is automatically satisfied for numerators of rank five. Hence, a

numerator for the double box yields a UV-finite integral if it is at most cubic in `1,

at most cubic in `2, and has a total rank of at most five.

IR divergences

We start by identifying all reduced diagrams of the double box. We do this by

computing the first Symanzik polynomial:

U = (α1 + α2 + α3)(α4 + α5 + α6) + α7(α1 + α2 + α3 + α4 + α5 + α6) , (5.53)



5. Infrared-Finite Integrals 114

Table 5.2: One-loop reduced diagrams of the planar double box and corresponding
Symanzik polynomials.

reduced graph solution of U = 0
(full graph)

Symanzik polynomials
(reduced graph)

→
α4 = α5 =
α6 = α7 = 0

U = α1 + α2 + α3

F = s α1α3

→
α1 = α2 =
α3 = α7 = 0

U = α4 + α5 + α6

F = s α4α6

→
α1 = α2 = α3 =
α4 = α5 = α6 = 0

U = α7

F = 0

and setting U = 0 term by term. This yields three solutions which we collect in

table 5.2. These solutions describe the reduced diagrams of fig. 5.2(b). Because

these diagrams already have only one loop, they represent all reduced diagrams

of interest for solving the degenerate-case Landau equations: indeed, solving U =

0 monomial by monomial for the reduced diagrams gives no further solutions

with at least one αi positive.

We now have to solve the parameter-space Landau equations for the original

diagram and the three reduced diagrams. We start with the planar double box

diagram itself. As the graph is planar, it is natural to express the second Symanzik

polynomial F in terms of the independent Mandelstam invariants of consecutive

external momenta, s = (p1 + p2)2 and t = (p2 + p3)2, so that F is subtraction-free:

F = s [α1α3(α4 + α5 + α6) + α4α6(α1 + α2 + α3) + α7(α1 + α4)(α3 + α6)]+t α2α5α7 .

(5.54)

We find ten solutions of F = 0 monomial by monomial. They are listed in the first

column of table 5.3. The last two solutions should be discarded as they nullify U as

well. As explained in section 2.3.6 they will be considered in the analysis of the

sub-integrations. For the remaining eight solutions, we evaluate the corresponding
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Table 5.3: Non-degenerate solutions of the Landau equations for the planar double box.

solution of F = 0 momentum constraints
α3 = α5 = α6 = 0 `1 ‖ p1 `2 ‖ p1
α2 = α3 = α6 = 0 `1 ‖ p4 `2 ‖ p4
α1 = α4 = α5 = 0 (`1 − p12) ‖ p2 (`2 − p12) ‖ p2
α1 = α2 = α4 = 0 (`1 − p12) ‖ p3 (`2 − p12) ‖ p3
α3 = α6 = α7 = 0 `1 ‖ p1 `2 ‖ p4
α3 = α4 = α7 = 0 `1 ‖ p1 (`2 − p12) ‖ p3
α1 = α6 = α7 = 0 (`1 − p12) ‖ p2 `2 ‖ p4
α1 = α4 = α7 = 0 (`1 − p12) ‖ p2 (`2 − p12) ‖ p3
α1 = α2 = α3 = α7 = 0 —
α4 = α5 = α6 = α7 = 0 —

loop momenta, recognizing the well-known double-collinear IR divergences of the

planar double box. For example, the solution on the first line of table 5.3 gives,

`1 = α2(α4 + α7)
(α1 + α2)(α4 + α7) + α4α7

p1 , `2 = α2α7

(α1 + α2)(α4 + α7) + α4α7
p1 ,

(5.55)

describing a double-collinear IR divergence (`1 ‖ p1, `2 ‖ p1).

Computing all intersections of the surfaces associated with the singular con-

figurations in table 5.2, or equivalently setting collinearity coefficients to zero

or one, we reproduce the double-soft and soft-collinear IR sub-divergences. For

example, intersecting (`1 ‖ p1, `2 ‖ p1) with (`1 ‖ p1, `2 ‖ p4) gives rise to the

soft-collinear configuration (`1 ‖ p1, `2 = 0) as it sets α7 = 0 in eq. (5.55). Similarly,

intersecting (`1 ‖ p1, `2 ‖ p1) with (`1 ‖ p4, `2 ‖ p4) yields the double-soft divergence

(`1 = 0, `2 = 0) setting α2 = 0 in eq. (5.55).

Notice that `1 = 0 implies α2α7 = 0. This forbids the configuration (`1 =

0, `2 ‖ p1) corresponding to a disconnected collinear diagram. More generally, the

eight solutions of table 5.3 give rise to sub-divergences which are in agreement

with the results presented in ref. [144].

Let us now turn to the reduced graphs of table 5.2. We repeat the same

procedure: find all solutions of F = 0 monomial by monomial, and then compute

the corresponding constraints on the loop momenta. The results of the reduced-

graph analysis are given in table 5.4. The first two graphs produce the familiar
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Table 5.4: Solutions of the Landau equations for the one-loop reduced diagrams of the
planar double box.

reduced graph solutions of F = 0 momentum constraint

α3 = 0
α1 = 0

`1 ‖ p1
(`1 − p12) ‖ p2

α6 = 0
α4 = 0

`2 ‖ p4
(`2 − p12) ‖ p3

α7 6= 0 `1 − `2 = 0

Table 5.5: Results of the double box numerator analysis.

rank 1 2 3 4 5
# finite integrals 0 2 18 89 247
# finite generators 0 2 4 4 0
# evanescent integrals 0 0 0 1 7
# evanescent generators 0 0 0 1 0

single-collinear divergences, as well as the single-soft divergences from intersections of

solutions. The last graph gives rise to an additional single-soft configuration, which is

integrable by power-counting even with a trivial numerator, therefore we discard it (if

we allowed higher powers of denominators, it could in principle become divergent).

As we now have the full set of singular configurations for the loop momenta, we

can proceed by imposing finiteness constraints on the UV-finite numerator ansatz,

as described in section 5.3.2. Because all divergences (including sub-divergences)

are logarithmic, it suffices to require that the numerator vanishes on all collinear

configurations, as in the one-loop box case. In table 5.5 we list the numbers of

linearly independent finite and evanescent (O(ε)) integrals up to a given rank,

along with the number of the corresponding generators arising at each rank. We

construct them in the next section.
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Finding a Basis of Generators

Thus far, we have identified the truncated ideals corresponding to IR-finite and

evanescent numerators for the double-box integral. We now turn to finding a

compact and nice representation for the generators of these ideals. To do so we

start by defining6 the rank-one monomials,

β1 = `1 ·v2 , β2 = (`1 − p12)·v1 , β3 = (`2 − p12)·v2 , β4 = `2 ·(v2 − v3) ,

β12 = `1 ·v3 , β34 = (`2 − p123)·(v1 − v2) .
(5.56)

These turn out to have simple representations in terms of Gram determinants. The

βi variables are rank-one numerators which vanish in the collinear region associated

to the pi; the βij are rank one which vanish in the collinear regions associated to

both pi and pj. In addition, β1β2 and β12 vanish in all soft limits involving `1; by

symmetry, β3β4 and β34 vanish in those involving `2.

Thanks to their properties we can use the βs together with the νij as building

blocks for the basis of the ideal of IR-finite numerators for the double box. We

write down the simplest combinations that cancel all divergences, making sure not

to repeat any lower rank basis element when writing higher rank ones. Starting at

rank two, we find that only the combinations β12 β34 and ν12 are IR-finite. In fact,

they correspond to the desired rank-two generators. At rank three we have more

options. For instance, we can tame the singularities associated with legs 1 and 2

using two different βs, and the ones of legs 3 and 4 with a single one: β1 β2 β34. By

symmetry we can also choose β12 β3 β4. In addition, because the ˆ̀
i vanish in any

IR limit, we can write down two more rank-three generators, ν11 β34 and ν22 β12.

Finally, at rank four we have the following options:

1. cancel the divergence on each corner separately using the product β1 β2 β3 β4;

2. use β1 and β2 to remove the singularities associated with `1, and ν22 to remove

those of `2, using the product β1 β2 ν22;
6These definitions depend both on the loop-momentum routing and the choice made for

momentum conservation (p4 = −p1 − p2 − p3 in our case). Any changes will be reflected on the
explicit form of the βs.
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3. use the flipped version β3 β4 ν11;

4. use only the ˆ̀ components of the loop momenta, with the product ν11 ν22.

Together, these options give us all four rank-four generators. Summarizing, we

find the double box generators,

rank two : β12 β34 , ν12 ,

rank three : β1 β2 β34 , β12 β3 β4 , ν11 β34 , ν22 β12 ,

rank four : β1 β2 β3 β4 , ν11 β3 β4 , ν22 β1 β2 , ν11 ν22 .

(5.57)

Using computational algebraic geometry, we have checked that this set of gener-

ators is non-redundant and indeed generates the entire truncated ideal of IR-

finite numerators.

Because we have only three independent external momenta, we can look to

Gram determinants built out of the ˆ̀ components of the available loop momenta to

build evanescent generators (O(ε)). At two loops the only possible combination is,

G
(

ˆ̀1 ˆ̀2

)
= ν11 ν22 − ν2

12 ∝ G
(
`1 `2 p1 p2 p3

)
. (5.58)

This is indeed the only evanescent generator, as can be seen from the counting in

table 5.5. The evanescent ideal is then generated by,

ν11 ν22 − ν2
12 . (5.59)

Every evanescent numerator is by definition also IR-finite, and this generator

can be written in terms of the generators in eq. (5.57). In order to make the

subset of evanescent numerators more manifest within the IR-finite ones, we could

alternatively choose the rank-four generators for the planar double box to be,

β1 β2 β3 β4 , ν11 β3 β4 , ν22 β1 β2 , ν11 ν22 − ν2
12 . (5.60)

Beyond evanescence, we can also form combinations of IR-finite integrands

that for symmetry reasons give rise to identically vanishing integrals (i.e. to all

orders in ε). We will not discuss these any further. We also leave the question of
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`1 `2 `L−1 `Lp1

p2 p3

p4

Figure 5.3: All-loop ladder integral.

combining local finiteness with integration-by-parts reduction to future investigation.

We can obtain examples of evanescently-finite integrands for the planar double

box within the evanescent ideal by selecting UV-divergent numerators such as

(ν11 ν22 − ν2
12) `1 · `2 or (ν11 ν22 − ν2

12) `1 · p1 `2 · p2.

5.4.2 Ladder Integrals: an All-Loops Conjecture

Assuming that all integrals with ladder topologies have singularities that are at worst

logarithmic in the IR (as is plausible), the reasoning in the previous section can be

extended directly to all loop orders. In order to do so, we generalize eq. (5.56),

β1 = `1 ·v2 , β2 = (`1 − p12)·v1 , β3 = (`L − p12)·v2 , β4 = `L ·(v2 − v3) ,

β12 = `1 ·v3 , β34 = (`L − p123)·(v1 − v2) .
(5.61)

Using these variables and defining the L-loop momenta as in fig. 5.3, our con-

jecture for the generators of the truncated ideal of IR-finite numerators takes

the remarkably simple form,

rank two : β12 β34 , ν1,L ,

rank three : β1 β2 β34 , β12 β3 β4 , ν1,i 6=L β34 , νL,i 6=1 β12 ,

rank four : β1 β2 β3 β4 , ν1,i 6=L β3 β4 , νL,i 6=1 β1 β2 , ν1,i 6=LνL,j 6=1 .

(5.62)

We thus have two conjectured generators at rank two, 2L generators at rank

three, L2 generators at rank four, with no additional generators beyond rank four.

The larger number of generators is simply due to having more loop momenta at

our disposal to build some of the νij combinations. The role of the scattering-

plane variables β is unchanged.
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As to evanescent generators, we see that (see section 5.3.4) every Gram determi-

nant involving at least two different ˆ̀
i will automatically vanish as D → 4. It follows

that the truncated ideal of evanescent numerators is the intersection of the IR-finite

one of eq. (5.62) with the one generated by the two-by-two Gram determinants,

G

( ˆ̀
i1

ˆ̀
i2

ˆ̀
j1

ˆ̀
j2

)
= νi1j1 νi2j2 − νi1j2 νi2j1 . (5.63)

We can write out the intersection explicitly, finding that it is generated by the set,

rank four : ν1i νLj − ν1j νLi , ν1L νp1h1 − ν1h1 νp1L ,

rank five : (ν1p1 νp3p2 − ν1p2 νp3p1) β34 , (νLh1 νh3h2 − νLh2 νh3h1) β12 ,

rank six : (ν1p1 νp3p2 − ν1p2 νp3p1) β3 β4 , (νLh1 νh3h2 − νLh2 νh3h1) β1 β2 ,

(νl1l3 νl2l4 − νl1l4 νl2l3)β12 β34 ,

rank seven : (νl1l3 νl2l4 − νl1l4 νl2l3) β12 β3 β4 , (νl1l3 νl2l4 − νl1l4 νl2l3) β1 β2 β34 ,

rank eight : (νl1l3 νl2l4 − νl1l4 νl2l3) β1 β2 β3 β4 ,
(5.64)

where the indices are defined as,

i, j = 1, . . . , L, pr = 1, . . . , L− 1, hr = 2, . . . , L, lr = 2, . . . , L− 1 , (5.65)

in order to avoid double-counting of lower-rank generators and are assumed to

take values for which the corresponding generator is non-zero, e.g. the choice

l1 = l2 = l3 = l4 = 2 is forbidden because most generators at ranks six, seven, and

eight would vanish identically. The evanescent generators above can be written

in terms of the IR-finite generators in eq. (5.62). From eq. (5.64) we find the

following numbers of generators at each rank:

rank four : (3L2 − 9L+ 8)/2 ,

rank five : (L− 2)(L2 − 4L+ 5) ,

rank six : (L− 2)(L3 − 9L+ 16)/8 ,

rank seven : (L− 2)(L− 3)(L2 − 5L+ 8)/4 ,

rank eight : (L− 2)(L− 3)(L2 − 5L+ 8)/8 .

(5.66)

We deduce that the rank-four generators are present for any number of loops, while

those at ranks five and six require a minimum of three loops, and those at ranks
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seven and eight first appear at four loops. All IR-finite and evanescent generators

in eqs. (5.62) and (5.64) are UV finite.

We have verified the validity of this conjecture at two, three and four loops

by explicit computation of the ideals.

5.4.3 Non-Planar Double Box

We next consider the non-planar double box integral. There are two important

differences between the planar and non-planar double box integrals. In particular

the non-planar one:

1. lacks a subtraction-free form (see section 2.3.6) for the F polynomial;

2. has power-like soft divergences: regions of the loop integration where the

integrand scales as dλ λ−α with α > 1.

For these reasons we believe the non-planar box to be an instructive example.

We repeat the procedure outlined in the previous section, highlighting the role

of power-like divergences along the way.

The loop momenta are parametrized as shown in fig. 5.4(a) with all external

momenta outgoing and we label the edges from 1 to 7 so that their momenta

read, in increasing order of labels,

`1, `1 − p1, `1 − p12, `2, `2 − p123, `2 − `1 − p3, `1 − `2. (5.67)

As before, we start by imposing UV-convergence constraints and proceed to the

IR analysis afterwards.

UV divergences

The maximal allowed numerator rank is five and there are three distinct sub-

integrations corresponding to the dashed lines in fig. 5.4(b). These give rise to

the following constraints on the numerator:

lim
ρ→∞


ρ−4 N (`1 = const, `2 = ρ`) = 0 ,
ρ−6 N (`1 = ρ`, `2 = const) = 0 ,
ρ−6 N (`1 = ρ`, `2 = const + ρ`) = 0 .

(5.68)
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`1
`2p1

p2

p3 p4
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Figure 5.4: The non-planar double box graph (a) and its sub-integrations (b).

Overall, a UV-finite numerator for the non-planar double box should be at most of

rank five, with maximum degrees of five and three in `1 and `2 respectively.

IR divergences

As before, the relevant reduced diagrams correspond to the zeros of the first

Symanzik polynomial:

U = (α1 + α2 + α3) (α4 + α5 + α6 + α7) + (α4 + α5) (α6 + α7) , (5.69)

and reproduce the sub-integrations of fig. 5.4(b). To solve the parameter-space

Landau equations for the full diagram, we compute the second Symanzik polynomial:

F = s [α1α3 (α4 + α5 + α6 + α7) + α1α5α6 + α3α4α7] + t α2α5α7 − (s+ t)α2α4α6 .

(5.70)

Unlike the planar case, F is no longer a sum of positive terms for appropriate signs

of the Mandelstam invariants. Therefore, we consider instead the most general

linear combination of the Landau equations (2.82),

E∑
e=1

weαe
∂

∂αe
F = s (w1 + w3 + w4)α1α3α4 + s (w1 + w3 + w5)α1α3α5

+ s (w1 + w3 + w6)α1α3α6 + s (w1 + w3 + w7)α1α3α7

+ s (w1 + w5 + w6)α1α5α6 + s (w3 + w4 + w7)α3α4α7

+ t (w2 + w5 + w7)α2α5α7 − (s+ t) (w2 + w4 + w6)α2α4α6 ,
(5.71)
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Table 5.6: Results of the non-planar double box numerator analysis.

rank 1 2 3 4 5
# finite integrals 0 0 9 65 230
# finite generators 0 0 9 8 0
# evanescent integrals 0 0 0 1 7
# evanescent generators 0 0 0 1 0

and require that each coefficient is strictly positive when s, t > 0. It is straightfor-

ward to check that the resulting system of linear inequalities is feasible: one

possible solution is,

~w = (0,−1, 1, 0, 2, 0, 0) . (5.72)

This means that a subtraction-free linear combination of the Landau equations

exists, therefore we can find their solutions simply by setting F to zero term by

term as usual; in other words, no divergences due to cancellations in F can occur

(see also ref. [148, Appendix A]). For the reduced diagrams, F is subtraction-free

itself, so their analysis does not pose any difficulty.

Solutions of the Landau equations correspond to double- and single-collinear IR

divergences, all of which are logarithmic. However, if we take intersections of these

solutions we find additional sub-divergences, two of which are power-like. These

are the double-soft configurations (`1 = 0, `2 = 0) and (`1 = p1 + p2, `2 = −p4), in

accordance with ref. [144]. Therefore, unlike the planar case, cancellation of collinear

configurations alone is insufficient. In principle, one has to expand the UV-finite

ansatz to a certain sub-leading order in the vicinity of the power-like configurations,

and require that these divergent contributions vanish. In practice however, we find

that these additional constraints are satisfied automatically as long as all collinear

divergences are canceled. We report the results of our analysis in table 5.6.

Finding a Basis of Generators

By analogy with the planar double box we can define a set of variables,

β1 = `1 ·v2 , β2 = (`1 − p12)·v1 , β3 = (`1 − `2)·v1 , β′
3 = (`1 − `2)·v2 ,

β4 = `2 ·(v1 − v2) , β′
4 = `2 ·(v2 − v3) , β12 = `1 ·v3 ,

(5.73)
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which vanish on appropriate collinear and soft limits. In particular each βS (and

β′
S) vanishes on the collinear configurations involving the particles in S, and also

vanishes on the soft limits involving the combinations of loop momenta in its

definition. In terms of these quantities we find the generators
rank three : β12 β3 β4 , β12 β

′
3 β4 , β12 β3 β

′
4 , β12 β

′
3 β

′
4 , β12 (ν12 − ν22) ,

β3 ν12 , β′
3 ν12 , β4 (ν11 − ν12) , β′

4 (ν11 − ν12) ,

rank four : β1 β2 β3 β4 , β1 β2 β
′
3 β4 , β1 β2 β3 β

′
4 , β1 β2 β

′
3 β

′
4 ,

β1β2 (ν12 − ν22) , ν12 (ν11 − ν12) , ν12 (ν12 − ν22) , ν11ν22 − ν2
12 .

(5.74)

Just as for the planar double box, we have only three independent external and

two loop momenta, so we expect a single evanascent generator. This is indeed

the case: it is G
(

ˆ̀1 ˆ̀2

)
= ν11 ν22 − ν2

12.

5.4.4 Two-Loop Beetle

In this section we briefly treat the “beetle” integral of fig. 5.5(a). We will not

show the whole procedure here, but simply provide results for the IR-finite and

evanescent truncated ideals.

This integral is of interest to us because it contains power-like double-collinear

(see fig. 5.5(b)) and soft-collinear divergences, which did not appear in any of

cases treated above. The presence of power-like divergences involving collinear

configurations requires us to take into account eq. (5.30) for the first time in this

chapter. In practice, as we will see shortly, this introduces a dependence on the

Mandelstam variables sij in the set of generators for the ideal of locally finite

numerators. To describe our results, we can define the set of rank-one monomials,
β1 = `1 ·v2 , β12 = `1 ·v3 , γ1 = `2 ·v2 , γ3 = (`2 − p12)·v2 ,

γ12 = `2 ·v3 , γ14 = `2 · (v2 − v3) , γ34 = `2 · (v1 − v2) , γ23 = (`2 − p1)·v1 ,

(5.75)

so that the βS (respectively the γS) vanish on collinear configurations of `1 (re-

spectively `2) involving the external momenta in S. In terms of these variables7,
7The variables in eq. (5.75) are not all linearly independent. We express our results in terms of

an overcomplete set for the sake of clarity.
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Figure 5.5: The beetle graph (a) and a collinear configuration leading to a power-like
divergence (b). In (b) teal dotted edges are collinear to p1.

we can express the set of generators as follows,

rank three : γ12 γ34 (s12β1 + s13β12) , γ14 γ23 (s12β1 + s13β12) ,

β1 ν22 , β12 ν22 , γ1 ν12 , γ12 ν12 ,

rank four : β1 γ12 γ34 (s12γ1 + s13γ12) , β1 γ14 γ23 (s12γ1 + s13γ12) ,

β12 γ
2
12 γ34 , β12 γ12 γ23 γ14 ,

β1 γ23 [s23γ
2
1 + (γ1 + γ34)(s12γ1 + s13γ12)] , ν12 ν22 .

(5.76)

The polynomial β1s12 +β12s13 and its equivalent with β → γ are related to standard

scalar products of loop and external momenta,

β1s12 + β12s13 = 2p1 · `1 and γ1s12 + γ12s13 = 2p1 · `2 . (5.77)

Finally we find that, within the UV power counting, there are no evanescent

numerators for the beetle integral.

5.4.5 Two-Loop Four-Gluon Helicity Amplitudes

In this section, we present a simple but concrete application of the concepts and

results discussed in previous sections. We focus on the leading-colour amplitudes

for two-loop scattering of four gluons in pure Yang–Mills theory. Very compact

expressions for the all-plus amplitude have been known for a long time [149] and

expressions for all other helicity configurations were first computed in refs. [150]

and [151]. Our goal here is not to obtain the most compact results, but rather to

give a hint of how organising scattering amplitudes according to their IR structure
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can offer a simpler representation. For our example, we make use of the rank-two

IR-finite numerators of eq. (5.57),

f1(p1, p2, p3, p4) = β12β34 , f2(p1, p2, p3, p4) = ν12 , (5.78)

to write the bare four-gluon helicity amplitudes in a basis of 13 master inte-

grals as follows,

A0→gggg(λ) =
rλ

1 [f1(p1, p2, p3, p4)] + rλ
2 [f2(p1, p2, p3, p4)]+

rλ
3 [f1(p4, p1, p2, p3)] + rλ

4 [f2(p4, p1, p2, p3)] +

rλ
5 + rλ

6 + rλ
7 + rλ

8 + rλ
9 +

rλ
10 + rλ

11 + rλ
12 + rλ

13

Φ(λ) . (5.79)

Here, A0→gggg(λ) is the coefficient of the colour factor N2
c Tr[T a1T a2T a3T a4 ] for the

helicity configuration λ = {λ1, λ2, λ3, λ4} (Nc is the dimension of the Yang–Mills

group and ai is the colour index of the i–th gluon). The coefficients rλ
i are rational

functions of the space-time dimensions D and of the independent Mandelstam

variables s12, s23. Finally, Φ(λ) is an overall spinor factor.

The first four integrals in eq. (5.79) are IR-finite, and contain the whole

dependence on the double-box topology (the one with the largest number of

propagators). The numerators of eq. (5.78) correspond to linear combinations

of the chiral numerators presented in ref. [152]. The remaining nine integrals are

chosen to match as closely as possible the IR singularities obtained from the Landau

equations. Because our analysis is for the moment limited to IR-finite integrals

we do not have a systematic way to select IR-divergent integrals. We postpone

an investigation of this aspect to future work.

With the choice of master integrals adopted in eq. (5.79), we observe that all

rational coefficients rλ
i are regular in the limit ε → 0, implying that all divergences

are contained in the integrals themselves.



5. Infrared-Finite Integrals 127

The helicity configurations which vanish at tree-level have an overall factor of ε

so that, so long as we are interested in the amplitudes only up to O(ε0), we can

safely drop all IR-finite integrals. We then find,

A0→gggg(+,+,+,+) = ε C(ε)

r̃5 + r̃6 + r̃7 + r̃8 + r̃9 +

r̃10 + r̃11 + r̃12 + r̃13

Φ(+,+,+,+) , (5.80)

where we have defined the rational coefficients r̃i to make the overall factor of ε

explicit, and where the ε-dependent coefficient C(ε) approaches a finite constant

as ε → 0. We collect the explicit expressions for the coefficients in appendix C.

A similar expression holds for the single-minus amplitude. Our choice of master

integrals makes eq. (5.80) free of contributions related to the double box, the most

complicated topology for this process.



6
Conclusions and Outlook

The main objective of this thesis was to present the calculation of state-of-the-art

scattering amplitudes in massless QCD and emphasise some of the interesting

structures appearing in their non-planar sector.

In particular in chapters 1 and 2 we gave a brief introduction and reviewed

some of the methods employed in the computation of scattering amplitudes. Most

of the methodology discussed is quite general, but here we specifically focused on

computations based on the evaluation of Feynman diagrams.

In chapter 3 we described the structure and challenges of three-loop four-point

QCD amplitudes for the processes

qq̄ → QQ̄ , qq̄ → gg , gg → gg

as well as all interactions obtained via crossing symmetry. As an outcome of these

amplitudes we were able to verify the structure of the quadrupole contribution to the

soft anomalous dimension in QCD, an intrinsically non-planar effect. Furthermore,

the exact full-colour amplitudes obtained opened the door for the extraction

of the three-loop QCD gluon Regge trajectory, an essential element of NNLL

BFKL resummation.

In chapter 4 we turned our attention to the two-loop five-gluon amplitudes and

addressed the explosion in complexity due to their sub-leading-colour corrections.

128
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These amplitudes, together with the ones of other partonic channels presented

in ref. [122] and recomputed independently in refs. [123, 124], provide the full

double-virtual correction to the NNLO pp → jjj cross section. They also provide

an opportunity for the direct study of special kinematic limits such as soft and

collinear ones as well as the multi-Regge kinematics (MRK). Specifically the MRK

limit of these amplitudes would allow the computation of the NNLL correction

to the Lipatov vertex [107].

Finally, chapter 5 was devoted to the idea of leveraging knowledge of the IR

divergences of gauge theory amplitudes to simplify their integrand representations.

As a first step in this direction, we introduced a reduced set of IBP relations

which preserve (most of) the IR structure of Feynman integrals. We also addressed

the problem of the choice of master integrals with respect to such relations by

looking at the space of integrals which are locally-finite, i.e. which have no IR

divergences and are integrable (up to UV divergences). As a next step, it would be

natural to extend these ideas to a comprehensive study of the types of integrals

and integral relations needed to faithfully represent at the integral level the UV

and IR divergent contributions to scattering amplitudes.
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A
Constants

A.1 Cusp and Collinear Anomalous Dimensions
in QCD

In this appendix, we list the perturbative expansions of the cusp anomalous

dimension and of the quark and gluon collinear anomalous dimensions,

γK =
∑
n=0

(
αs
4π

)n+1
γK
n , γg/q =

∑
n=0

(
αs
4π

)n+1
γq/gn . (A.1)

The required expansion coefficients of the cusp anomalous dimension read [70–72]

γK
0 = 4 ,

γK
1 =

(
268
9 − 4π2

3

)
CA − 40

9 nf ,

γK
2 = C2

A

(
490
3 − 536π2

27 + 44π4

45 + 88
3 ζ3

)
+ CAnf

(
80π2

27 − 836
27 − 112

3 ζ3

)

+ CFnf

(
32ζ3 − 110

3

)
− 16

27 n
2
f . (A.2)

The required expansion coefficients of the quark collinear anomalous dimension
are [78]

γq0 = −3CF ,

γq1 = C2
F

(
−3

2 + 2π2 − 24ζ3

)
+ CFCA

(
−961

54 − 11π2

6 + 26ζ3

)
+ CFnf

(
65
27 + π2

3

)
,
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γq2 = C3
F

(
−29

2 − 3π2 − 8π4

5 − 68ζ3 + 16π2

3 ζ3 + 240ζ5

)

+ C2
FCA

(
−151

4 + 205π2

9 + 247π4

135 − 844
3 ζ3 − 8π2

3 ζ3 − 120ζ5

)

+ CFC
2
A

(
−139345

2916 − 7163π2

486 − 83π4

90 + 3526
9 ζ3 − 44π2

9 ζ3 − 136ζ5

)

+ C2
Fnf

(
2953
54 − 13π2

9 − 14π4

27 + 256
9 ζ3

)

+ CFCAnf

(
−8659

729 + 1297π2

243 + 11π4

45 − 964
27 ζ3

)

+ CFn
2
f

(
2417
729 − 10π2

27 − 8
27 ζ3

)
, (A.3)

while for the gluon collinear anomalous dimension [79] they read

γg0 = −β0 ,

γg1 = C2
A

(
−692

27 + 11
3 ζ2 + 2ζ3

)
+ CAnf

(128
27 − 2

3ζ2

)
+ 2CFnf ,

γg2 = C3
A

(−97186
729 + 6109

81 ζ2 + 122
3 ζ3 − 319

3 ζ4 − 40
3 ζ2ζ3 − 16ζ5

)
+ C2

Anf

(30715
1458 − 1198

81 ζ2 + 356
27 ζ3 + 82

3 ζ4

)
− 11

9 CFn
2
f − C2

Fnf

+ CACFnf

(1217
27 − 2ζ2 − 152

9 ζ3 − 8ζ4

)
+ CAn

2
f

(
− 269

1458 + 20
27ζ2 − 56

27ζ3

)
.

(A.4)

A.2 Impact Factors for the High-Energy Limit

In this appendix we provide expressions for the QCD quark and gluon impact

factors up to two loops and up to the relevant order in ε. They read

Iq1 =
4 − ζ2

2
Nc

+Nc

(
7ζ2

2 + 13
18

)
− 5nf

9

+ ε

[
Nc

(
−ζ2

6 + 10ζ3

3 + 40
27

)
+ 1
Nc

(
−3ζ2

4 − 7ζ3

3 + 8
)

+ nf

(
ζ2

6 − 28
27

)]

+ ε2
[
Nc

(
−13ζ2

36 + 35ζ4

16 − 7ζ3

9 + 242
81

)
+ 1
Nc

(
−2ζ2 − 47ζ4

16 − 7ζ3

2 + 16
)

+ nf

(
5ζ2

18 + 7ζ3

9 − 164
81

)]

+ ε3
[
Nc

(
−26ζ2ζ3

3 − 20ζ2

27 − 47ζ4

48 + 36ζ5

5 − 91ζ3

54 + 1456
243

)
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+ 1
Nc

(
7ζ2ζ3

6 − 4ζ2 − 141ζ4

32 − 31ζ5

5 − 28ζ3

3 + 32
)

+ nf

(
14ζ2

27 + 47ζ4

48 + 35ζ3

27 − 976
243

)]

+ ε4
[

1
Nc

(
7ζ2ζ3

4 − 8ζ2 − 47ζ4

4 − 93ζ5

10 + 49ζ2
3

18 − 56ζ3

3 − 949π6

120960 + 64
)

+Nc

(
7ζ2ζ3

18 − 121ζ2

81 − 611ζ4

288 − 31ζ5

15 − 91ζ2
3

18 − 280ζ3

81 − 977π6

120960 + 8744
729

)

+ nf

(
−7ζ2ζ3

18 + 82ζ2

81 + 235ζ4

144 + 31ζ5

15 + 196ζ3

81 − 5840
729

)]
+ O(ε5) ,

(A.5)

Iq2 = −3N2
c ζ2

2ε2 +N2
c

(
87ζ2

4 + 25ζ4

16 + 41ζ3

9 + 22537
2592

)
+ 1
N2
c

(
21ζ2

4 − 83ζ4

16 − 15ζ3

2 + 255
32

)

+Ncnf

(
−4ζ2 − 23ζ3

9 − 650
81

)
+ nf
Nc

(
−ζ2 − 19ζ3

9 − 505
81

)
+

25n2
f

54 + 19ζ2

2

− 47ζ4

8 − 205ζ3

18 + 28787
648

+ ε

[
N2
c

(
161ζ2ζ3

6 + 4055ζ2

144 + 587ζ4

12 + 49ζ5

2 + 898ζ3

27 + 911797
15552

)
+ n2

f

(
140
81 − 5ζ2

18

)

+ 1
N2
c

(
49ζ2ζ3

6 + 325ζ2

16 − 201ζ4

16 − 3ζ5 − 166ζ3

3 + 2157
64

)

+Ncnf

(
−61ζ2

36 − 247ζ4

24 − 85ζ3

27 − 36031
972

)
− 5507ζ3

54 + 746543
3888

+ nf
Nc

(
−13ζ2

4 − 83ζ4

24 − 17ζ3

27 − 11983
486

)
+ 13ζ2ζ3 + 115ζ2

8 − 1283ζ4

48 + 121ζ5

2

]

+ ε2
[
N2
c

(
−3613ζ2ζ3

18 + 5131ζ2

864 + 31811ζ4

288 + 94ζ5

5 − 293ζ2
3

18 + 12007ζ3

648 + 3251π6

120960

+23246941
93312

)
+Ncnf

(
625ζ2ζ3

18 + 1475ζ2

108 − 779ζ4

72 − 143ζ5

5 + 1993ζ3

81 − 805855
5832

)

+ 1
N2
c

(
10ζ2ζ3 + 2287ζ2

32 − 5627ζ4

64 − 9ζ5

2 + 1255ζ2
3

18 − 6205ζ3

24 + 7193π6

120960 + 13575
128

)

+ nf
Nc

(
31ζ2ζ3

9 − 45ζ2

4 − 503ζ4

144 − 151ζ5

15 + 623ζ3

81 − 227023
2916

)

+ n2
f

(
−53ζ2

54 + 5ζ4

48 − 35ζ3

27 + 404
81

)
+ 1613ζ2ζ3

36 + 197ζ2

24 − 27175ζ4

144 + 791ζ5

30

+ 1621ζ2
3

18 − 170951ζ3

324 + 17π6

70 + 16114247
23328

]
+ O(ε3) , (A.6)
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Ig1 = Nc

(
4ζ2 − 67

18

)
+ 5nf

9 + ε

Nc

(
17ζ3

3 + 11ζ2

12 − 202
27

)
+ nf

(
−ζ2

6 + 28
27

)
+ ε2

Nc

(
41ζ4

8 + 77ζ3

18 + 67ζ2

36 − 1214
81

)
+ nf

(
−7ζ3

9 − 5ζ2

18 + 164
81

)
+ ε3

Nc

(
−59ζ2ζ3

6 + 67ζ5

5 + 517ζ4

96 + 469ζ3

54 + 101ζ2

27 − 7288
243

)

+ nf

(
−47ζ4

48 − 35ζ3

27 − 14ζ2

27 + 976
243

)
+ ε4

Nc

(
− π6

4320 − 70ζ2
3

9 − 77ζ2ζ3

36 + 341ζ5

30 + 3149ζ4

288 + 1414ζ3

81 + 607ζ2

81 − 43736
729

)

+ nf

(
7ζ2ζ3

18 − 31ζ5

15 − 235ζ4

144 − 196ζ3

81 − 82ζ2

81 + 5840
729

)+ O(ε5) ,

(A.7)

Ig2 = −3N2
c ζ2

2ε2 +N2
c

(
9ζ4

4 + 88ζ3

9 + 335ζ2

18 − 26675
648

)
+Ncnf

(
2ζ3

9 − 25ζ2

9 + 2063
216

)

+ nf
Nc

(
2ζ3 − 55

24

)
−

25n2
f

162

+ ε

N2
c

(
22ζ2ζ3 − 39ζ5 + 275ζ4

4 + 1865ζ3

18 + 3191ζ2

72 − 98671
648

)

+Ncnf

(
−19ζ4

2 − 157ζ3

9 − 871ζ2

108 + 149033
3888

)

+ nf
Nc

(
3ζ4 + 19ζ3

3 + ζ2

4 − 1711
144

)
+ n2

f

(
5ζ2

54 − 140
243

)
+ ε2

N2
c

(
−4733π6

30240 − 659ζ2
3

18 − 8987ζ2ζ3

36 − 187ζ5

5 + 16103ζ4

64 + 121859ζ3

324 + 71263ζ2

648

−6140957
11664

)
+Ncnf

(
781ζ2ζ3

18 + 104ζ5

5 − 5803ζ4

144 − 5698ζ3

81 − 1645ζ2

72 + 3197809
23328

)

+ nf
Nc

(
−2ζ2ζ3 + 14ζ5 + 19ζ4

2 + 197ζ3

9 + 55ζ2

24 − 42727
864

)

+ n2
f

(
− 5ζ4

144 + 35ζ3

81 + 53ζ2

162 − 404
243

)+ O(ε3) . (A.8)



B
Spinor Helicity Formulas and Conventions

Below are collected some conventions and identities involved in the spinor helicity

formalism. We start by defining the anti-symmetric Levi-Civita tensors

εαβ = −εαβ =
(

0 1
−1 0

)
and εα̇β̇ = −εα̇β̇ =

(
0 1

−1 0

)
, (B.1)

which lower/raise spinor indices and satisfy

εαβε
βγ = δγα . (B.2)

The σ matrices are connected by the relation

σµ,α̇α = εαβεα̇β̇σµ
ββ̇

(B.3)

and satisfy the following set of identities

σµαα̇σµ,ββ̇ = 2εαβεα̇β̇ , (B.4)

σµαα̇σ
β̇β
µ = 2δβαδ

β̇
α̇ , (B.5)

{σµ, σν}αβ = 2ηµνδβα , (B.6)

Tr(σµσν) = Tr(σµσν) = 2ηµν . (B.7)

The Dirac γ-matrices can be written in the spinor representation in terms of

(2.12) in the following way:

γµ =
(

0 σµ
αβ̇

σµ,α̇β 0

)
, (B.8)
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where γµ is a 4 by 4 matrix and the entries are identified as (1, 2, 3, 4) = (1, 2, 1̇, 2̇) ,

where undotted indices α and β take the first two components and dotted indices

α̇ and β̇ take the second two components

This allows us to define the quantities

pαα̇ = pµσ
µ
αα̇ = |p〉α[p|α̇, pα̇α = pµσ

µ,α̇α = |p]α̇〈p|α (B.9)

and, using (B.3) and (B.4), one can see by direct computation that the inverse rela-

tions are

pµ = 1
2σ

µ
αα̇p

α̇α = 1
2σ

µ
αα̇|p]α̇〈p|α, pµ = 1

2σ
µ,α̇αpαα̇ = 1

2σ
µ,α̇α|p〉α[p|α̇ . (B.10)



C
Rational Coefficients of the All-Plus

Amplitude

In this section we list the rational coefficients for the all-plus gluon amplitude of

eq. (5.80). In terms of the variable x = −s13/s12 we find,

r̃+
5 = 1

x
− 1
x2 +

( 55
6x2 − 193

6x − 10
x−1 −1

)
ε+
(
− 92

3x2 + 218
3x + 82

x−1 + 49
6

)
ε2

+
(

151
3x2 − 205

3x − 513
2(x−1) −25

)
ε3 ,

r̃+
6 =− 1

x2 +x+ 3
x

−3+
(
−10x3+6x2+ 55

6x2 + 191x
6 − 9

2x− 65
2

)
ε

+
(

82x3− 1175x2

6 − 92
3x2 + 403x

3 + 50
x

− 239
6

)
ε2

+
(
−513x3

2 + 1453x2

2 + 151
3x2 − 4295x

6 − 133
x

+ 657
2

)
ε3 ,

r̃+
7 = 6− 6

x
+
(

3x+ 55
x

−55
)
ε+
(
−79x

2 − 184
x

+184
)
ε2+

(291x
2 + 302

x
−302

)
ε3 ,

r̃+
8 =− 1

x2 + 2
x

−1+
( 55

6x2 −x− 118
3x + 247

6

)
ε+
(
− 92

3x2 + 49x
6 + 87

x
− 253

2

)
ε2

+
(151

3x2 −25x− 221
3x + 1205

6

)
ε3 ,

r̃+
9 =− 1

x2 + 2
x

−1+
(

10x2+ 55
6x2 + 8

3x− 131
6

)
ε+
(
−62x2− 92

3x2 + 213x
2 + 107

3x − 99
2

)
ε2

+
(

305x2

2 + 151
3x2 −357x− 383

3x + 1691
6

)
ε3 ,

r̃+
10 = 1

x2 − 1
x

+
(
− 55

6x2 + 193
6x − 5

x−1 −41
)
ε+
( 92

3x2 − 218
3x + 11

x−1 + 767
6

)
ε2
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+
(
−151

3x2 +x

2 + 231
4(x−1) + 205

3x − 117
2

)
ε3 ,

r̃+
11 = 1

x2 −x− 3
x

+3+
(
−5x3−3x2− 55

6x2 + 43x
6 + 9

2x+ 11
2

)
ε

+
(

11x3+ 317x2

6 + 92
3x2 − 382x

3 − 50
x

+ 497
6

)
ε2

+
(

231x3

4 − 853x2

4 − 151
3x2 + 3433x

12 + 133
x

− 853
4

)
ε3 ,

r̃+
12 = 6

x2 − 12
x

+6+
(

30x2− 55
x2 +21x+ 92

x
−118

)
ε+
(
−126x2+ 184

x2 −19x− 221
x

+368
)
ε2

+
(

51x2

2 − 302
x2 −198x+ 199

x
−182

)
ε3 ,

r̃+
13 = 6

x
− 6
x2 +

(55
x2 −30x+ 30

x−1 − 73
x

+129
)
ε+
(
−184
x2 +186x− 126

x−1 + 331
x

−604
)
ε2

+
(

302
x2 − 915x

2 + 51
2(x−1) − 707

x
+ 1431

2

)
ε3 . (C.1)

Terms of O(ε4) do not contribute to the finite part of the amplitude. The overall

coefficient reads,

C(ε) = 16
(−3 + 2ε)2(−1 + 2ε)2(−2 + 3ε)(−1 + 3ε) . (C.2)
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