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We derive the spatially homogeneous Landau equation for Maxwellian molecules 
from a natural stochastic interacting particle system. More precisely, we control the 
relative entropy between the joint law of the particle system and the tensorized 
law of the Landau equation. To obtain this, we establish as key tools the pointwise 
logarithmic gradient and Hessian estimates of the density function and also a new 
Law of Large Numbers result for the particle system. The logarithmic estimates 
are derived via the Bernstein method and the parabolic maximum principle, while 
the Law of Large Numbers result comes from crucial observations on the control of 
moments at the particle level.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access 
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

r é s u m é

Nous obtenons une dérivation de l’équation de Landau spatialement homogène pour 
les molécules maxwelliennes à partir de systèmes de particules stochastiques. Plus 
précisémment, notre approche est basée sur un contrôle sur l’entropie relative entre 
la loi jointe des particules et la solution tensorisée de l’équation de Landau. Pour 
ce faire, nous développons plusieurs estimations clés, notamment des bornes sur le 
gradient et la hessienne du logarithme de la fonction de densité à la limite ainsi 
qu’un nouveau résultat de loi des grands nombres sur le système de particules. Pour 
nos bornes sur le logarithme, nous utilisons la méthode de Bernstein couplée au 
principe du maximum parabolique, tandis que la loi des grands nombres repose sur 
une analyse précise de la propagation des moments au niveau de la dynamique des 
particules.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access 
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

We consider the spatially homogeneous Landau equation for Maxwellian molecules in dimension d in the 
following form

⎧⎪⎪⎨
⎪⎪⎩

∂f

∂t 
= Q(f, f) = ∂

∂vα

ˆ

Rd

aαβ(v − v∗)
(︂
f(v∗)

∂f(v)
∂vβ

− f(v)∂f(v∗)
∂v∗β

)︂
dv∗,

f(0) = f0,

(1.1)

where t ≥ 0 and v ∈ Rd, and we shall always adopt the Einsten’s summation convention with α and β
running from 1 to d. Hereinafter we shall call it the Landau-Maxwellian equation. The nonlinear operator 
Q is referred as the Landau collision operator. The coefficient matrix appearing in the integrand of the 
operator Q given by

a(z) = |z|2Π(z), where the projection matrix Παβ(z) = δαβ − zαzβ
|z|2 .

This matrix is symmetric and non-negative (here δαβ is the Kronecker delta). The unknown function f
represents the density in velocity of gas molecules at time t ≥ 0 in a plasma undergoing short-range 
interactions according to the Maxwellian potential. We shall always assume that f is a non-negative density 
function with finite moments up to second-order in order to have finite kinetic energy.

The celebrated Landau equation [34] has been widely used in plasma physics as it can be derived from 
the Boltzmann equation [1] through the grazing collision limit. The most physically meaningful Landau 
equation should consider Coulomb interactions. In this work, we instead focus on the Maxwellian molecules 
case due to its simpler structure as pointed out for example in [45].

1.1. Notations

We gather here some global notations throughout this article. The Landau-Maxwellian equation conserves 
the total mass, momentum and kinetic energy. Hence without loss of generality, we normalize the quantities 
to

ˆ

Rd

f(v) dv = 1, 
ˆ

Rd

vf(v) dv = 0, 
ˆ

Rd

|v|2f(v) dv = d, (1.2)

where we always use f(t, v) to represent the solution to the Landau-Maxwellian equation (1.1). We can also 
rewrite (1.1) into a compact formulation as

∂tf = ∇ · [(a ∗ f)∇f − (b ∗ f)f ], (1.1a)

or in a non-divergence form as

∂tf = (a ∗ f) : ∇2f − (c ∗ f)f, (1.1b)

with the vector field b = ∇ · a and the scalar c = ∇ · b, namely

bα(v) = ∂βaαβ(v) = −(d− 1)vα, c(v) = ∂αbα(v) = −d(d− 1),

which will also appear in the simplified formulation of the Landau collision operator in Section 3.
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1.2. Particle system

We are interested in deriving the Landau-Maxwellian equation as the meanfield limit of several many
particle systems, via the classical strategy, namely the propagation of chaos argument. Our starting point is 
the following interacting particle system of N indistinguishable particles, proposed for instance by Fournier 
[19]: for i = 1, 2, · · · , N ,

⎧⎪⎪⎨
⎪⎪⎩

dV i
t = 2 

N

N∑︂
j=1 

b(V i
t − V j

t ) dt +
√

2
(︂ 1 
N

N∑︂
j=1 

a(V i
t − V j

t )
)︂ 1

2 dBi
t,

V i
0 = ζi,

(1.3)

where the (Bi
· )i≥1 denote N independent copies of standard d-dimensional Brownian motions which are 

independent with the initial data ζi. The diffusion coefficient matrix is given by the square root of the 
non-negative symmetric matrix.

In our setting for the Landau-Maxwellian equation, we have that a(0) = 0 and b(0) = 0 hence the 
self-interaction is automatically 0. We thus use the convention 

∑︁N
j=1 in (1.3) instead of the one 

∑︁
j ̸=i. 

The same formulation of particle systems has been considered in some previous works for instance [19,9]. 
Under the assumption of Maxwellian molecules, the existence and uniqueness of the strong solution of the 
system (1.3) have been proved in [19]. Applying the Itô’s formula and using the relation ∇ · a = b, we write 
down the Liouville equation (Landau master equation) of the N -particle joint distribution FN(t, V ), where 
V = (v1, . . . , vN ) ∈ RdN , as

∂tFN =
N∑︂
i=1 

∇vi ·
[︂ 1 
N

N∑︂
j=1 

a(vi − vj)∇viFN − 1 
N

N∑︂
j=1 

b(vi − vj)FN

]︂
, (1.4)

where the initial data is denoted by FN(0). And we also define the k-marginal of the joint distribution FN , 
which is simply the joint distribution for the first k particles, thanks to the exchangeability, as

FN,k(t, v1, ..., vk) =
ˆ

Rd(N−k)

FN (t, V ) dvk+1... dvN .

Remark 1.1. To prove the Law of Large Numbers Theorem in Section 5, we need to assume that FN(0)
is symmetric and close to the tensorized law f⊗N

0 . To be more precise, if we let the test functions φk

(k = 1, 2, 3) be any of 1, vα, v2
α, vαvβ , |v|2, where α ̸= β, then it requires that the third-marginal of the joint 

distribution FN,3 satisfies that

⃓⃓⃓
⃓
ˆ

R3d

FN,3(0)φ1(v1)φ2(v2)φ3(v3) dv1 dv2 dv3 −
3 ∏︂

k=1

ˆ

Rd

f0(vk)φk(vk) dvk
⃓⃓⃓
⃓ ≤ C

N

for some constant C. For simplicity, we can brutally assume that the initial data of (1.3) are i.i.d., namely 
FN (0) = f⊗N

0 .

We can formally obtain a first a priori estimate by multiplying the Liouville equation (1.4) with FN and 
integrating over the domain, say
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1
2

d 
dt

ˆ

RdN

F 2
N dV +

N∑︂
i=1 

ˆ

RdN

1 
N

N∑︂
j=1 

a(vi − vj) : (∇viFN )⊗2 dV

−
N∑︂
i=1 

ˆ

RdN

∇viFN · 1 
N

N∑︂
j=1 

b(vi − vj)FN dV = 0.

Together with the identity given by integration by parts

−
ˆ

RdN

∇viFN · 1 
N

N∑︂
j=1 

b(vi − vj)FN dV = 1
2

ˆ

RdN

F 2
N

1 
N

N∑︂
j=1 

∇ · b(vi − vj) = −d(d− 1)
2 

ˆ

RdN

F 2
N dV,

we obtain that

1
2

d 
dt

ˆ

RdN

F 2
N dV +

N∑︂
i=1 

ˆ

RdN

1 
N

N∑︂
j=1 

a(vi − vj) : (∇viFN )⊗2 dV = Nd(d− 1)
2 

ˆ

RdN

F 2
N dV. (1.5)

Similarly, multiplying the Liouville equation (1.4) with logFN and integrating over the domain, we obtain 
that

d 
dt

ˆ

RdN

FN logFN dV +
ˆ

RdN

FN
1 
N

N∑︂
i,j=1

a(vi − vj) : (∇vi logFN )⊗2 dV = Nd(d− 1). (1.6)

The well-posedness of the particle system (1.3) implies the existence of some measure-valued solution of the 
Liouville equation (1.4). Combining with the a priori estimates above, we state the following proposition 
of existence of the weak solutions.

Proposition 1.2 (Existence of Weak Solutions of the Liouville Equation). Assume that the initial data FN (0)
for the Liouville equation (1.4) is tensorized, i.e. FN (0) = f⊗N

0 , with f0 ∈ L1 ∩ L2(Rd) satisfying that

f0 ≥ 0, 
ˆ

Rd

f0 dv = 1, and 
ˆ

Rd

f0 log f0 dv < ∞.

Then for any T > 0 and fixed N , there exists a weak solution FN of (1.4) satisfying

FN (t, V ) ≥ 0, 
ˆ

RdN

FN (t, V ) dV = 1,

∥FN (t)∥L2(RdN ) ≤ e
Nd(d−1)t

2 ∥f0∥NL2(Rd),

and
ˆ

RdN

FN (t) logFN (t) dV ≤ N

ˆ

Rd

f0 log f0 dv + Nd(d− 1)t

for any t ∈ [0, T ].

The L2 bound and the entropy bound for FN are deduced from our a priori estimates (1.5) and (1.6). 
For more detailed discussion of the advection-diffusion theory, we refer to the book by Le Bris-Lions [35]. In 
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the appendix, we will also see that if f0 has finite p-th order moment, then so does the first marginal of joint 
distribution FN,1. Notice also that if f0 has finite entropy, then FN,1 has finite entropy by Jensen’s inequality. 
In our main result Theorem 1.7, we will further assume f0 to be 𝒞2 with Gaussian type decay, which naturally 
satisfies the assumptions for the initial data in Proposition 1.2 and Proposition Appendix A.1.

Remark 1.3. There is also another kind of particle system which has been introduced by Fontbona-Guérin
Méléard [18], also in the sense of probabilistic interpretation, to approximate the Landau-Maxwellian 
equation,

⎧⎪⎪⎨
⎪⎪⎩

dV i
t = 2 

N

N∑︂
j=1 

b(V i
t − V j

t ) dt +
√

2√
N

N∑︂
j=1 

a(V i
t − V j

t ) 1
2 dBi,j

t

V i
0 = ζi

. (1.7)

Here (Bi,j
t )i,j≥1 are N2 independent copies of standard d-dimensional Brownian motions and are also inde

pendent with the initial data ζi. We notice that the particle system (1.7) shares the same Liouville equation 
with the previous one (1.3). Since we will always work on the Liouville equation level in this article, our 
results can also be applied to the system (1.7), once we make the same assumptions on the initial data.

Remark 1.4. We also propose another particle system which has the same Liouville equation (1.4), thus our 
results can also be applied to this case. The SDE system is given by

⎧⎪⎪⎨
⎪⎪⎩

dV i
t = 2 

N

N∑︂
j=1 

b(V i
t − V j

t ) dt +
√

2√
N

N∑︂
j=1 

∑︂
α<β

ξα,β(V i
t − V j

t ) dBj,α,β
t

V i
0 = ζi

, (1.8)

where the vector field ξα,β(v) =
(︁
0, . . . ,−vβ , . . . , vα, . . . 0

)︁
is given with two non-zero components at the 

α-th and β-th positions (α < β); (Bj,α,β
t )j≥1,α<β are i.i.d. 1-dimensional Brownian motions and independent 

with the initial data ζi. Notice that the identity of the quadratic variation term holds:

1
2 d

[︂ √
2√
N

N∑︂
j=1 

∑︂
α<β

ξα,β(V i
t − V j

t ) dBj,α,β
t

]︂
t

= 1 
N

N∑︂
j=1 

∑︂
α<β

ξα,β ⊗ ξα,β dt = 1 
N

N∑︂
j=1 

a(V i
t − V j

t ) dt.

The advantage of the formulation is that we write explicitly the martingale term without taking the 
square root of the corresponding matrices. For non-Maxwellian case, we replace the current vector field by 
|v|γ/2ξα,β(v). This formulation of randomness is inspired by the environmental noise for instance in Guo-Luo 
[28].

Remark 1.5. Apart from the particle systems (1.3), (1.7) and (1.8), Carrapatoso [7] has constructed another 
Kac-type particle system to approximate the Landau-Maxwellian equation, by passing the Kac’s walk model 
to the grazing limit. We present here the Liouville equation of this system.

∂tFN = 2 
N

N∑︂
i,j=1

b(vi − vj) · ∇viFN + 1 
N

N∑︂
i,j=1

a(vi − vj) : (∇2
viviFN −∇2

vivjFN ).
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Due to the conservation law of momentum and energy in the collision process of the Kac’s walk, the new 
system also conserves the momentum and energy, which is different from the first two systems, formally 
leading to the appearance of the cross term ∇2

vivjFN in the Liouville equation. We expect a similar relative 
entropy estimate for this new system approximating the Landau-Maxwellian equation, but since the Liouville 
equation has a different form, we shall not deal with it in this work.

1.3. Main results

The key idea in this article to establish propagation of chaos is to evaluate the normalized relative entropy 
defined below between the joint law of the particle system and the N -tensor product of the solution of the 
limit equation, bounding it with some quantities vanishing when N goes to infinity. Then by the classical 
Csiszár-Kullback-Pinsker inequality, the relative entropy estimate implies the quantitative propagation of 
chaos in L1 sense.

Definition 1.6 (Normalized Relative Entropy). The normalized relative entropy between two probability 
measures on RdN , say FN and fN ∈ 𝒫(RdN ), is defined by

HN (FN |fN ) = 1 
N

ˆ

RdN

FN log FN

fN
dV.

We set the relative entropy quantity to be +∞ if FN is not absolutely continuous with respect to fN . In 
this article, we take FN as solutions of the Liouville equation as defined before, and we take fN as

fN (V ) := f⊗N (v1, · · · , vN ) =
N∏︂
i=1

f(vi),

that is the tensorized distribution of the solution to (1.1).

Now we state our main result, where |A| denotes the Frobenius norm of a matrix A.

Theorem 1.7 (Entropic Propagation of Chaos). For any T > 0, given the classical solution f ∈
𝒞1([0, T ], 𝒞2(Rd)) solving the Landau equation for Maxwellian molecules (1.1) with non-negative initial data 
f0 ∈ 𝒞2(Rd) that satisfies the conservation laws (1.2). Assume further that there exists some positive constant 
C0 such that f0 satisfies the Gaussian-type bound from above that

f0(v) ≤ C0 exp(−C−1
0 |v|2), (1.9)

and the logarithmic growth conditions

|∇ log f0(v)| ≲ 1 + |v|, (1.10)
|∇2 log f0(v)| ≲ 1 + |v|2. (1.11)

Then for any weak solution of the Liouville equation (1.4) with FN (0) = f⊗N
0 , we have the following estimate 

for N large enough

HN (FN |fN )(t) ≤ C(1 + T 5/2)√
N

,

where C is a constant depending only on the initial bounds above and the initial 4-th order moment of the 
first marginal FN,1.
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Remark 1.8. The well-posedness and regularity of the Landau-Maxwellian equation have been established 
in Villani [45]. If f0 is non-negative with finite mass and energy, then (1.1) admits a unique classic solution 
which is bounded and in C∞(Rd) for all time t > 0.

Due to the sub-additivity of the relative entropy, we obtain that

Hk(FN,k|f⊗k) := 1 
k

ˆ

Rdk

FN,k log FN,k

f⊗k
dv1... dvk ≤ HN (FN |fN ),

which in turn implies the strong L1 propagation of chaos as follows from the classical Csiszár-Kullback
Pinsker inequality, namely

∥FN,k − f⊗k∥L1 ≤
√︂

2kHk(FN,k|f⊗k).

Corollary 1.9 (Propagation of Chaos in L1). Under the same assumptions of Theorem 1.7, the propagation 
of chaos in L1 holds with the convergence rate as

∥FN,k − f⊗k∥L∞([0,T ],L1(Rdk)) ≤
C(1 + T 5/4)

N1/4 .

Remark 1.10. Our main results, Theorem 1.7 and Corollary 1.9, can be compared to the result by Fournier 
in [19], which established the propagation of chaos in the sense of the Wasserstein-2 distance between the 
k-marginals FN,k(t) and the tensorized law f⊗k

t , that is,

sup 
t∈[0,T ]

W2(FN,k, f
⊗k
t ) ≤ CT

N1/2 , (1.12)

where the constant CT depends on T exponentially. Combining our relative entropy estimate and the 
Talagrand’s inequality, see for instance in the book by Villani [46], we can also obtain a convergence rate 
estimate in the Wasserstein-2 distance, but suboptimal compared to Fournier’s result. On the other hand, 
if we replace our new argument in the flavor of the Law of Large Numbers in Section 5 simply by (1.12), 
we can also obtain our relative entropy estimate in the same order in N , but then the dependence on T will 
be less optimal compared to our result.

The relative entropy method employed in this article has been proved effective for singular interact
ing particle systems. Nevertheless, two major obstacles prevent its extension to the Landau equation with 
Coulomb interactions. On the functional-analytic side, establishing sharp pointwise estimates for the gra
dients of the log density is considerably more difficult, owing to the weak diffusive structure and nonlinear 
nature of the Landau collision operator. On the particle-system side, the law of large numbers we estab
lished for Maxwellian molecules crucially exploits the explicit polynomial structure of the coefficients, a 
feature absent in the case of singular potentials. Recently, the first- and third-named authors obtained the 
first compactness result for the unmodified Kac particle system with very soft and Coulomb potentials [8], 
thereby deriving the infinite Landau hierarchy via Fisher-information bounds. The qualitative propagation 
of chaos for the Landau equation with Coulomb interactions and very soft potentials was obtained by the 
second- and last-named authors of this article [17], and independently by Tabary [42], using respectively the 
duality approach of [2] and the classical tightness–uniqueness method (see, e.g., [22]). Achieving quantitative 
entropic propagation of chaos, however, still requires substantial new advances. For a related development
namely, a stability estimate via relative entropy for the Landau equation with Coulomb interactions - we 
refer to the recent work [43].
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1.4. Related works

The well-posedness and regularity results of the Landau equation have been deeply investigated, where 
we refer to Villani [44,45] for physical and mathematical details of the equation and for the Maxwellian 
molecules case. In terms of hard potentials, the well-posedness, regularity and long-time behavior have been 
studied by Desvillettes-Villani [13,14] and Fournier-Heydecker [23]. For moderately soft potentials, the global 
well-posedness result is obtained in Fournier-Guérin [20]; for very soft potentials. Villani [44] defines the 
notion of H-solution and proves its existence, but the regularity and uniqueness of H-solutions remain open. 
Desvillettes [12] has proved that the H-solutions are actually weak solutions through an entropy dissipation 
estimate. Recently Golding-Loher [25] proves the local existence, uniqueness and stability results for smooth 
solutions with Lp initial data, where p is arbitrarily close to 3/2. Most recently Guillen-Silvestre [26] has 
shown that the classical solution of the Landau equation for Coulombian potential does not blow up. 
Combining with this argument, Golding-Gualdani-Loher [24] has proved the global existence of bounded 
smooth solutions.

The derivation of the Landau equation from particle systems is interesting and challenging. The first 
quantitative propagation of chaos result for the Landau equation was given by Fontbona-Guérin-Méléard 
[18] using optimal transportation techniques. Later in Fournier [19] a better result in the decay rate of 
Wasserstein-2 distance was obtained via the classical coupling method. Both results work on the Landau
Maxwellian equation. Fournier-Hauray [22] was also able to obtain the quantitative result of the same 
particle system for the Landau equation with moderately soft potential using a weak-strong argument 
and the classical weak martingale approach introduced firstly by McKean. By applying a (modified) Kac 
particle, Miot-Pulvirenti-Sa�irio [36] have derived the infinite Landau hierarchy with Coulomb potential 
by a compactness argument. Carrapatoso [7] constructed the Kac particle system in SDE form via passing 
the Kac’s walk process to the grazing limit to approximate the Landau-Maxwellian equation, with a quite 
slowly decaying rate, using the abstract analytic method developed in [37]. This result was improved and 
extended to the hard potential case by Fournier-Guillin [21].

The relative entropy method to prove quantitative propagation of chaos result for McKean-Vlasov systems 
was first introduced by Jabin-Wang in [31] for second-order systems with bounded kernels and in [32] for 
general first-order systems with W−1,∞ kernels, including the point vortex model approximating the 2D 
Navier-Stokes equation on the torus. Recently much progress has been made in extending the relative entropy 
method to more general cases and models, especially with singular interacting kernels. Those results include 
Wynter [48] for the mixed-sign point vortex model, Guillin-Le Bris-Monmarché [27] for pushing forward 
the results in [32] to the uniform-in-time propagation of chaos by using the logarithmic Sobolev inequality 
(LSI) for the limit density, Shao-Zhao [41] for the general circulation case with common environmental noise 
approximating the stochastic 2D Navier-Stokes equation, and Carrillo-Guo-Jabin [9] for the derivation of 
the meanfield approximation for Landau-like equations, all of which are working on the torus case. In the 
recent work Feng-Wang [16], the propagation of chaos result for 2D point vortex models in [32] has been 
extended to the whole space case, by carefully investigating regularity results of the limit density, say growth 
estimates of ∇ log ρ̄ and ∇2 log ρ̄, once given some growth estimates on the same quantities of the initial 
data ρ̄0. These estimates are expected to be universal in many models with some Gaussian type equilibrium. 
We also remark that those assumptions on the initial data are reasonable, since they will automatically be 
recovered at any positive time given initial data with Gaussian decay. We further mention the work Huang 
[30] which shows that for weakly interacting diffusions of the McKean-Vlasov type with bounded interaction 
kernels, given weak chaotic initial data for instance in the Wasserstein metric sense, one can obtain entropic 
propagation of chaos for t > 0.

Recently the modulated energy method introduced by Serfaty [40] has also seen great effectiveness in 
proving meanfield limit and propagation of chaos of McKean-Vlasov equations with singular interacting 
kernels. Instead of focusing on the Liouville equation level as in the relative entropy method, this modulated 
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energy method works on the empirical measure of the particle system. By introducing and estimating a 
Coulomb/Riesz-based metric between the empirical measure and the limit density, which can be viewed as 
a renormalized negative-order Sobolev norm and is called the modulated energy, [40] arrives at proving the 
quantitative convergence rate of the empirical measure, acting on some test function, for the Coulomb and 
super-Coulomb case without additive noise in the whole Euclidean space. Later the method was extended 
to Riesz-type singular flows by Nguyen-Rosenzweig-Serfaty [38] and global-in-time result by Rosenzweig
Serfaty [39]. Combining the modulated energy with the relative entropy multiplying with the viscosity, 
Bresch-Jabin-Wang [5,4,6] developed the modulated free energy method to deal with the attractive singular 
kernel case with additive noise, in particular the 2D Patlak-Keller-Segel model. De Courcel-Rosenzweig
Serfaty [11,10] also extended the modulated free energy method to the periodic Riesz-type flow and the 
attractive log gas, proving uniform-in-time propagation of chaos results.

We also mention the recent work of Lacker [33], where the local relative entropy of any order, say 
Hk(FN,k(t)|f⊗k

t ), is considered instead of the global quantity HN (FN (t)|f⊗N
t ). Using the BBGKY hierarchy 

and some careful iteration, Lacker established the optimal convergence rate of the relative entropy between 
the k-marginals and the tensorized law for weakly interacting diffusions with bounded interaction kernels. 
Combining with the analysis in [32], Wang [47] has extended the sharp convergence rate in N to the 2D 
Navier-Stokes case on torus, but restricted to the high viscosity case. Bresch-Jabin-Soler [3] also works on 
the BBGKY hierarchy, combining with the compactness argument, to derive the meanfield limit of the 
second-order singular interacting Vlasov-Fokker-Planck system, in particular the 2D Coulomb case. Finally, 
we also mention the new approach in Bresch-Duerinckx-Jabin [2] that also relies on estimates on a hierarchy, 
based this time on a new notion of dual cumulants.

1.5. Outline of the article

The rest of this article is organized as follows. In Section 2 we derive the evolution of the relative entropy, 
and prove the main theorem by taking advantage of the logarithmic gradient and Hessian estimate and a 
new Law of Large Numbers theorem, which will be proved in later sections. We give the analysis of the 
Landau-Maxwellian collision operator and provide some discussions on the parabolic maximum principle 
in Section 3. Then we present our main regularity estimates, namely the logarithmic gradient and Hessian 
estimates in Section 4. Section 5 is devoted to the proof of the Law of Large Numbers result. We leave the 
moment estimate of the Liouville equation in Appendix A.

2. Proof of the main result

In this section, we will first prove our main result, i.e. the entropic propagation of chaos result The
orem 1.7, while admitting some intermediate results. It is given firstly by deriving the evolution of the 
normalized relative entropy, and then exploiting the Law of Large Numbers Theorem 2.2 and logarithmic 
gradient and Hessian estimate Theorem 2.3 and Theorem 2.4, to control the time derivative of the relative 
entropy. Integrating in time will conclude our entropy estimate result.

Proposition 2.1 (Evolution of the Relative Entropy). For any t ∈ [0, T ], it holds that

HN (FN |fN )(t) ≤ HN (FN |fN )(0)

− 1 
N

N∑︂
i=1 

t ˆ

0 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

:
∇2

vifN

fN
dV ds.

(2.1)
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Proof. Recall from Definition 1.6 that

HN (FN |fN ) = 1 
N

ˆ

RdN

FN logFN dV − 1 
N

ˆ

RdN

FN log fN dV,

and the tensorized limit equation (1.1a) satisfies

∂tfN =
N∑︂
i=1 

∇vi ·
[︁
a ∗ f(vi) · ∇vifN − b ∗ f(vi)fN

]︁
. (2.2)

We calculate the time derivative of the relative entropy as

d 
dt

⎛
⎝ 1 
N

ˆ

RdN

FN logFN dV

⎞
⎠ = 1 

N

ˆ

RdN

(1 + logFN )∂tFN dV

= − 1 
N

N∑︂
i=1 

ˆ

RdN

1 
N

N∑︂
j=1 

a(vi − vj) : ∇viFN ⊗∇viFN

FN
dV

+ 1 
N

N∑︂
i=1 

ˆ

RdN

1 
N

N∑︂
j=1 

b(vi − vj) · ∇viFN dV,

where we plug in (1.4) and integrate by parts in the second step; similarly, we have

d 
dt

(︃
1 
N

ˆ

RdN

FN log fN dV

⎞
⎠ = 1 

N

ˆ

RdN

(︂
log fN∂tFN + FN

∂tfN
fN

)︂
dV

= − 1 
N

N∑︂
i=1 

ˆ

RdN

1 
N

N∑︂
j=1 

a(vi − vj) : ∇vifN ⊗∇viFN

fN
dV

+ 1 
N

N∑︂
i=1 

ˆ

RdN

1 
N

N∑︂
j=1 

b(vi − vj) · ∇vifN
fN

FN dV

− 1 
N

N∑︂
i=1 

ˆ

RdN

a ∗ f(vi) : ∇vi

FN

fN
⊗∇vifN dV + 1 

N

N∑︂
i=1 

ˆ

RdN

b ∗ f(vi) · ∇vi

FN

fN
fN dV.

Using the identity

∇vi

FN

fN
= fN∇viFN − FN∇vifN

f2
N

,

we are able to rewrite

d 
dtHN (FN |fN )(t) = − 1 

N

N∑︂
i=1 

ˆ

RdN

FN
1 
N

N∑︂
j=1 

a(vi − vj) : ∇vi log FN

fN
⊗∇vi log FN

fN
dV

+ 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

: ∇vi log FN

fN
⊗∇vi log fN dV (2.3)
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− 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
b ∗ f(vi) − 1 

N

N∑︂
j=1 

b(vi − vj)
]︂
· ∇vi log FN

fN
dV

= : I1 + I2 + I3.

For the first term I1, due to the idempotency of the projection matrix, i.e. Π2 = Π, we have

I1 = − 1 
N2

N∑︂
i,j=1

ˆ

RdN

FN |vi − vj |2
(︁
Id− (vi − vj) ⊗ (vi − vj)

|vi − vj |2
)︁

:
(︂
∇vi log FN

fN

)︂⊗2
dV

= − 1 
N2

N∑︂
i=1 

N∑︂
j=1 

ˆ

RdN

FN |vi − vj |2
⃓⃓⃓(︁

Id− (vi − vj) ⊗ (vi − vj)
|vi − vj |2

)︁
∇vi log FN

fN

⃓⃓⃓2
dV ≤ 0,

which is non-positive. For I3, it holds from integrating by parts that

I3 = − 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
b ∗ f(vi) − 1 

N

N∑︂
j=1 

b(vi − vj)
]︂
· ∇vi log FN

fN
dV

= 1 
N

N∑︂
i=1 

ˆ

RdN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

: ∇vi

[︂
FN∇vi log FN

fN

]︂
dV

= 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

: ∇vi logFN ⊗∇vi log FN

fN
dV

+ 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

: ∇2
vi log FN

fN
dV.

The following trivial identity holds:

∇2
vi log FN

fN
=

∇2
viFN

FN
− ∇2

vifN

fN
−∇vi log FN

fN
⊗∇vi log(FNfN ),

which yields

I2 + I3 = 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

:
(︂∇2

viFN

FN
− ∇2

vifN

fN

)︂
dV

= 1 
N

N∑︂
i=1 

ˆ

RdN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

: ∇2
viFN dV

− 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

:
∇2

vifN

fN
dV

= − 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

:
∇2

vifN

fN
dV,

where the last step is obtained by integrating by parts twice and using that ∇2 : a = −d(d − 1) in the 
Landau-Maxwellian case. Proposition 2.1 is obtained by integrating with respect to time. □
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In order to control the last term in Proposition 2.1, one may recall the Law of Large Numbers and the 
Large Deviation type results obtained in [32, Theorem 3, Theorem 4]. As observed in [16], it will work once 
the integrand satisfies a quadratic growth estimate. However, due to the unboundedness of the coefficient 
matrix a(z), it is not the case this time. Hence we shall apply the Cauchy-Schwarz inequality to the three
index variables as

N∑︂
i=1 

d ∑︂
α,β=1

xiαβyiαβ ≤
(︂ N∑︂

i=1 

d ∑︂
α,β=1

x2
iαβ

)︂ 1
2
(︂ N∑︂

i=1 

d ∑︂
α,β=1

y2
iαβ

)︂ 1
2

to the integrand of (2.1), which yields that

⃓⃓⃓
⃓⃓⃓ 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

:
∇2

vifN

fN
dV

⃓⃓⃓
⃓⃓⃓

≤
ˆ

RdN

FN

(︂ 1 
N

N∑︂
i=1 

⃓⃓⃓
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
⃓⃓⃓2)︂ 1

2
(︂ 1 
N

N∑︂
i=1 

⃓⃓⃓∇2f

f
(vi)

⃓⃓⃓2)︂ 1
2 dV

≤
(︃ ˆ

RdN

FN
1 
N

N∑︂
i=1 

⃓⃓⃓
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
⃓⃓⃓2)︃ 1

2
(︃ ˆ

RdN

FN
1 
N

N∑︂
i=1 

⃓⃓⃓∇2f

f
(vi)

⃓⃓⃓2)︃ 1
2

,

(2.4)

where the last inequality is due to the Hölder’s inequality.
Now we can treat the two parts in the last line separately. For the first part, we observe that the quantity 

inside the square term has mean zero if the joint law of (v1, ..., vN ) equals to the tensorized law fN . This will 
be shown by the following Law of Large Numbers result, which can be viewed as an extension to unbounded 
kernel case of the Law of Large Numbers type result [32, Theorem 3].

Theorem 2.2 (Law of Large Numbers). Assume that T ∼ O(N), we have the following Law of Large Numbers 
estimate:

ˆ

RdN

FN
1 
N

N∑︂
i=1 

⃓⃓⃓
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
⃓⃓⃓2

dV ≲ (1 + ℳ4(0))(1 + T )
N

. (2.5)

The proof of Theorem 2.2 will be postponed to Section 5, but we emphasize here that, the reason why 
we keep the structure 1 

N

∑︁
i instead of using some fixed index i is to see the symmetry property easily. To 

deal with the second part in the last line of (2.4), we need to take advantage of the logarithmic gradient 
and Hessian estimates and bound it with the moment of FN . For the completeness of the proof, we present 
here two key estimates.

Theorem 2.3 (Logarithmic Gradient Estimate). Assume that the solution of the Landau-Maxwellian equation 
f ∈ 𝒞1([0, T ], 𝒞2(Rd)) with its initial data satisfying the logarithmic growth bound (1.10)

|∇ log f0| ≲ 1 + |v|;

we further assume that the initial data can be controlled above by some Gaussian-type function with some 
constant C0 > 0 as (1.9)

f0 ≤ C0 exp(−C−1
0 |v|2).
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Then for any t ∈ [0, T ] we have

|∇ log f | ≲ 1 +
√
t + |v|.

Theorem 2.4 (Logarithmic Hessian Estimate). Under the same assumptions as in Theorem 2.3 and further 
assume that f0 satisfies the logarithmic Hessian estimate (1.11)

|∇2 log f0| ≲ 1 + |v|2,

then for any t we have

|∇2 log f | ≲ 1 + t + |v|2.

The proofs, which are similar to the logarithmic estimates in [16], are presented in Section 4. These two 
estimates together tell us that the ∇2f/f has the quadratic growth bound in velocity, say

⃓⃓⃓∇2f

f
(vi, t)

⃓⃓⃓
≤

⃓⃓
∇2 log f(vi, t)

⃓⃓
+

⃓⃓⃓
∇ log f(vi, t)

⃓⃓⃓2
≲ 1 + t + |vi|2.

By the moment estimate Proposition Appendix A.1, for t ∈ [0, T ], the second part can finally be bounded 
by some constant only depends on T and the initial 4-th moment ℳ4(0) as

sup 
t∈[0,T ]

ˆ

RdN

FN
1 
N

N∑︂
i=1 

⃓⃓⃓∇2f

f
(vi, t)

⃓⃓⃓2
dV ≲

ˆ

RdN

FN
1 
N

N∑︂
i=1 

(1 + t + |vi|2)2 dV

≲1 + T 2 + ℳ4(0)e 8T
N .

(2.6)

We plug estimates (2.5) and (2.6) above into (2.4) to obtain that for T < N ,

sup 
t∈[0,T ]

⃓⃓⃓
⃓ 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

:
∇2

vifN

fN
dV

⃓⃓⃓
⃓ ≲ (1 + ℳ4(0))(1 + T

3
2 )√

N
.

By the evolution of the relative entropy Proposition (2.1), together with our initial assumption HN(FN |fN )(0) =
0, we can conclude the main result Theorem 1.7 as

HN (FN |fN )(t)

≤ 

t ˆ

0 

sup 
s∈[0,T ]

⃓⃓⃓
⃓ 1 
N

N∑︂
i=1 

ˆ

RdN

FN

[︂
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
]︂

:
∇2

vifN

fN
dV

⃓⃓⃓
⃓ ds

≤ 
C(1 + ℳ4(0))(1 + T

5
2 )√

N
.

3. Maximum principle

We shall present in this section the classical formulation of the Landau-Maxwellian equation. Briefly 
speaking, we rewrite the Landau collision operator in the form of a second-order elliptic operator, which is 
natural to satisfy some maximum principle. This will be the key method to derive our logarithmic estimates.
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3.1. Formulation of the Landau-Maxwellian equation

The first step is to simplify the collision operator by making use of the conservation laws (1.2), which is 
directly computed as in [45, Section 2], say rewriting (1.1b) into

∂tf = ℒf = āαβ∂αβf + d(d− 1)f,

where the matrix (āαβ)d×d is given by

āαβ = aαβ ∗ f = dδαβ + (|v|2δαβ − vαvβ) − ℰαβ(t), (3.1)

where ℰαβ(t) is the directional temperature defined by

ℰαβ(t) :=
ˆ

Rd

f(t, v)vαvβ dv. (3.2)

Define the initial condition

Dαβ :=
ˆ

Rd

f0vαvβ − δαβ .

Without loss of generality, by choosing an appropriate orthonormal basis, we may diagonalize the matrix 
(Dαβ)d×d as

(Dαβ) = Diag (D11, ..., Ddd)

with

Dαβ =
ˆ

Rd

f0vαvβ = 0, for α ̸= β; Dαα =
ˆ

Rd

f0v
2
α − 1, and 

d ∑︂
α=1

Dαα = 0.

For any smooth test function φ(v), the weak form of the collision operator ℒ is given by

ˆ

Rd

ℒf(v)φ(v) dv

= 1
2

d ∑︂
α=1

d ∑︂
β=1

¨

Rd×Rd

f(v)f(w)aαβ(v − w)
(︁
∂αβφ(v) + ∂αβφ(w)

)︁
dv dw

+
d ∑︂

α=1

¨

Rd×Rd

f(v)f(w)bα(v − w)
(︁
∂αφ(v) − ∂αφ(w)

)︁
dv dw.

By taking φ as 1, v, |v|2 respectively, we can easily verify the conservation laws (1.2); moreover, we can take 
φ(v) = v2

α to obtain that



J.A. Carrillo et al. / J. Math. Pures Appl. 206 (2026) 103838 15

d 
dt

ˆ

Rd

f(t, v)v2
α dv =2

ˆ

Rd×Rd

(︁
|v − w|2 − (v − w)2α

)︁
f(t, w)f(t, v) dw dv

− 2(d− 1)
ˆ

Rd×Rd

(v − w)2αf(t, w)f(t, v) dw dv

=4
ˆ

Rd

f(t, v)|v|2 dv − 4d
ˆ

Rd

f(t, v)v2
α dv,

which yields the explicit expression of the directional temperature (3.2) when α = β

ℰα(t) := ℰαα(t) = 1 + (ℰα(0) − 1)e−4dt = 1 + Dααe
−4dt. (3.3)

As mentioned in [45,14], under the assumption that f0 ∈ L1, it cannot hold that Dαα = d−1 or Dαα = −1, 
since the density function cannot be concentrated in some (d − 1)-dimensional hyperplane. Hence there 
exists some η > 0 depending on f0, such that for any α,

−1 + η ≤ Dαα ≤ d− 1 − η, (3.4)

and the collision operator ℒ is strictly elliptic for any time t ≥ 0 due to (3.3). Similarly, if we fix some 
indices α ̸= β and take φ(v) = vαvβ , we can obtain that

d 
dt

ˆ

Rd

f(t, v)vαvβ dv =2
ˆ

R2d

(︁
− (v − w)α(v − w)β

)︁
f(t, w)f(t, v) dw dv

− 2(d− 1)
ˆ

R2d

(v − w)α(v − w)βf(t, w)f(t, v) dw dv

= − 4d
ˆ

Rd

f(t, v)vαvβ dv,

with initial condition 
ˆ

Rd

f0vαvβ = 0, for α ̸= β. This implies that for any t ≥ 0,

ℰαβ(t) =
ˆ

Rd

f(t, v)vαvβ = 0, for α ̸= β. (3.5)

Substitute the explicit form of ℰαβ into (3.1) to get

āαβ = dδαβ + (|v|2δαβ − vαvβ) − δαβ(1 + Dααe
−4dt),

and the simplified formulation of Maxweillian-Landau equation

∂tf = ℒf =
(︁
(d− 1)Δ + |v|2Δ − vαvβ∂αβ − e−4dtDαα∂αα + d(d− 1)

)︁
f. (3.6)

We can further decompose the collision operator into two parts as in [45, Section 4], which are both inde
pendent of the orthonormal basis, say

ℒf = ℒ1f + ℒ2f,
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where the linear Fokker-Planck-like part reads as

ℒ1f = (d− 1)Δf + (d− 1)∇ · (fv) − e−4dtDαα∂ααf,

and the Laplace-Beltrami type operator part becomes

ℒ2f = (|v|2δαβ − vαvβ)∂αβf − (d− 1)v · ∇f.

3.2. Parabolic maximum principle

As explained in previous texts, the key technique which we shall use in the main logarithmic estimates 
is the well-known parabolic maximum principle. Since the collision operator in the form of (3.6) is strictly 
elliptic, one may expect that ∂t−ℒ satisfies the parabolic maximum principle as the classical heat equation. 
Our main logarithmic estimates rely on this property. We now give a detailed discussion of the principle in 
our collision operator setting.

Proposition 3.1 (Maximum Principle). Suppose that u ∈ 𝒞1([0, T ], 𝒞2(Rd)) satisfies

(∂t − ℒ)u = (∂t − (d− 1)Δ − |v|2Δ + vαvβ∂αβ + e−4dtDαα∂αα − d(d− 1))u ≤ 0

with the initial condition

u(0, ·) ≤ 0.

Assume further that u satisfies the a priori exponential growth condition with some constants A,M > 0,

u(t, v) ≤ AeM |v|2 (3.7)

for t ∈ [0, T ] and v ∈ Rd. Then u ≤ 0 holds for any t ∈ [0, T ].

Proof. We first assume that

T < min
{︃

1 
2d(d− 1) ,

1 
8dM

}︃
,

which then follows that there exists some ε that

0 < ε < min
{︃

1 
2d(d− 1) ,

1 
8dM

}︃
− T.

Our idea is similar to the proof of the maximum principle of the heat equation [15, Section 2.3], say firstly 
proving the result for a short time horizon [0, T ], and then proceeding from time T to prove the result in 
[T, 2T ] and so on.

We firstly need to change the variable to make the constant term in the parabolic operator to be non
negative. Hence we set w = e−(d2−d+1)tu to find that

(∂t − ℒ)w = e−(d2−d+1)t(∂t − ℒ)u− (d2 − d + 1)e−(d2−d+1)tu,

which satisfies
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(∂t − ℒ̃)w :=(∂t − (d− 1)Δ − |v|2Δ + vαvβ∂αβ + e−4dtDαα∂αα + 1)w

=(∂t − āαβ∂αβ + 1)w = e−(d2−d+1)t(∂t − ℒ)u ≤ 0.

Next, we construct a radially symmetric auxiliary function ϕ which satisfies (∂t − ℒ̃)ϕ > 0, namely,

ϕ(t, v) = μeβ(t)eδ(t)
|v|2
2 ,

where β(t) and δ(t) are some functions to be determined, and μ is any positive number. Notice that the 
Laplace-Beltrami type part does not play a role on the radially symmetric function ϕ, i.e. ℒ2ϕ = 0, then it 
holds that

(∂t − ℒ̃)ϕ

=(∂t − (d− 1)Δ − (d− 1)v · ∇ + e−4dtDαα∂αα + 1)ϕ

=
(︂
β′ + δ′

|v|2
2 

− d(d− 1)δ − (d− 1)δ2|v|2 − (d− 1)δ|v|2 + e−4dtδ2Dααv
2
α + 1

)︂
ϕ

≥
(︂
(β′ − d(d− 1)δ + 1) + |v|2

(︁δ′
2 
− 2(d− 1)δ2 − (d− 1)δ

)︁)︂
ϕ,

since

|Dααv
2
α| ≤ (sup |Dαα|)|v|2 ≤ (d− 1 − η)|v|2.

To satisfy (∂t − ℒ̃)ϕ > 0, it is sufficient to choose

β′ > d(d− 1)δ − 1, δ′ > 4(d− 1)δ2 + 2(d− 1)δ.

This can be verified by choosing

δ(t) = 1 
4d(T + ε− t) and β(t) = (d− 1)t

4ε 

thanks to the assumption on T . Now we summarize that w − ϕ satisfies

(∂t − ℒ̃)(w − ϕ) < 0

with w(0) − ϕ(0) ≤ u(0) ≤ 0. Since T + ε <
1 

8dM , for large enough R > 0, in the region |v| ≥ R we have

w(t, v) − ϕ(t, v) ≤ e−(d2−d+1)tAeMR2 − μe
(d−1)t

4ε e
R2

8d(T+ε−t) ≤ 0.

We prove by contradiction that if w − ϕ had its positive maximum in [0, T ] × BR, say at (t0, v0), then 
following conditions hold:

∂t(w − ϕ)(t0, v0) ≥ 0, āαβ∂αβ(w − ϕ)(t0, v0) ≤ 0, and (w − ϕ)(t0, v0) ≥ 0;

namely

(∂t − ℒ̃)(w − ϕ) = (∂t − āαβ∂αβ + 1)(w − ϕ) ≥ 0,
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which contradicts with that (∂t − ℒ̃)(w− ϕ) < 0. Hence for any μ > 0, we have for sufficiently large R that 
w(t, v) ≤ ϕ(t, v) holds in [0, T ] × Rd. Fix w and let μ → 0, we have w(t, v) ≤ 0 and thus u(t, v) ≤ 0 for 
t ∈ [0, T ].

Finally, for general T > 0, we divide [0, T ] into many time intervals such that the length of each interval 
satisfies the assumption, and proceed as above. □

In the similar spirit of Proposition 3.1, we can derive the Gaussian lower bound by the comparison 
principle, which is useful for further regularity estimates. This has been done in [45, Theorem 3], once we 
notice that the initial growth condition (1.10) implies directly that the initial density has Gaussian lower 
bound, say f0(v) ≥ C−1 exp(−C|v|2) for some large constant C.

Proposition 3.2 (Gaussian Lower Bound). Assume that the solution of the Landau-Maxwellian equation 
f ∈ 𝒞1([0, T ], 𝒞2(Rd)) with its initial data satisfying the logarithmic gradient growth estimate (1.10)

|∇ log f0| ≤ C1(1 + |v|),

then for any t ∈ [0, T ] we have

f(t, v) ≥ C2 exp
(︂
− C ′

2(t)
|v|2
2 

)︂

for some constant C2 and C2(t) > 1 with C ′
2(t) → 1 as t → ∞.

4. Logarithmic estimates

In this section we shall give the logarithmic gradient estimate and logarithmic Hessian estimate as in [16], 
which are necessary for evaluating the relative entropy. Our goal is to derive the linear growth of |∇ log f |
and quadratic growth of |∇2 log f |, once the same conditions are satisfied by the initial case. We shall apply 
the Bernstein method by constructing suitable auxiliary functions and propagating them under the parabolic 
operator. Using the maximum principle Proposition 3.1 and the initial condition, these functions are proved 
to be non-negative, which gives bounds on our desired quantities, namely Theorem 2.3 and Theorem 2.4. 
Proofs are given respectively in the coming subsections.

4.1. Logarithmic gradient estimate

We will need the following two results of propagation, which are nothing but elementary calculations.

Lemma 4.1. (∂t − ℒ) |∇f |2
f

≤ 4d |∇f |2
f

.

Lemma 4.2. (∂t − ℒ)f log f ≤ −η
|∇f |2
f

+ d(d− 1)f , where η is the small positive constant given in (3.4).

For simplicity of the proof, we first prove our main estimate assuming the above two lemmas. The 
technical proofs of Lemma 4.1 and Lemma 4.2 will be postponed to the end of this section.

Now we construct the auxiliary function to be propagated as

F (t, v) = |∇f |2
f

+ Cf log f − d(d− 1)Ctf − C ′f.

From the two lemmas above we have
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(∂t − ℒ)F ≤ 4d |∇f |2
f

− Cη
|∇f |2
f

+ d(d− 1)Cf − d(d− 1)Cf ≤ 0,

for any C ≥ 4d
η

.
The formula at t = 0 simply reads

F (0, v) = |∇f0|2
f0

+ Cf0 log f0 − C ′f0.

By the initial condition (1.9) and (1.10), we choose C large enough and then C ′ large enough to make 
F (0, v) ≤ 0. Notice that f is bounded from [45] and that f has Gaussian lower bound from Proposition 3.2. 
Hence in order to check that the auxiliary function F satisfies the a priori exponential growth condition 
(3.7), we only need to prove the boundedness of ∇f . This is obtained from [26, Theorem 2.1], which is the 
space-homogeneous case of the previous result Henderson-Snelson-Tarfulea [29, Theorem 1.2]. Hence by the 
parabolic maximum principle Theorem 3.1, we have F ≤ 0 for any t, or

|∇ log f |2 ≤ Cd(d− 1)t− C log f + C ′. (4.1)

We also note that from Proposition 3.2 we have

log f ≥ −M2 − C2(t)|v|2.

This will give our main estimate Theorem 2.3.
Now we present the proofs of the two technical lemmas.

Proof of Lemma 4.1. We first list some elementary calculations.

Claim 4.3 (Elementary Calculations I). 

∂t
|∇f |2
f

= −|∇f |2
f2 ∂tf + 2 

f
∇f · ∇∂tf,

∂α
|∇f |2
f

= −|∇f |2
f2 ∂αf + 2 

f
∇f · ∇∂αf,

∂αβ
|∇f |2
f

= −|∇f |2
f2 ∂αβf + 2 

f
∇f · ∇∂αβf

+
(︂ 2 
f
∇∂αf · ∇∂βf − 2 

f2 ∂βf∇f · ∇∂αf − 2 
f2 ∂αf∇f · ∇∂βf + 2 

f3 ∂αf∂βf |∇f |2
)︂
.

By Claim 4.3 we propagate that

(︂
∂t − (d− 1)Δ − |v|2Δ + vαvβ∂αβ + e−4dtDαα∂αα − d(d− 1)

)︂ |∇f |2
f

= − |∇f |2
f2

(︂
∂tf − (d− 1)Δf − |v|2Δf + vαvβ∂αβf + e−4dtDαα∂ααf + d(d− 1)f

)︂

+ 2 
f
∇f · ∇

(︂
∂tf − (d− 1)Δf − |v|2Δf + vαvβ∂αβf + e−4dtDαα∂ααf

)︂

− 2 
f

(︂
d− 1 − e−4dtDαα

)︂⃓⃓⃓
∂αβf − ∂αf∂βf

f

⃓⃓⃓2
+ 4 

f
(v · ∇f)Δf − 4 

f
vβ∂αf∂αβf − 2 

f
|v|2

⃓⃓⃓
∂αβf − ∂αf∂βf

f

⃓⃓⃓2
(4.2)
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+ 2 
f
vαvβ

(︂
∇∂αf · ∇∂βf − 2 

f
∂βf∇f · ∇∂αf + |∇f |2

f2 ∂αf∂βf
)︂

=Term1 + Term2 + Term3 + Term4 + Term5.

We then analyze these terms respectively. Term1 + Term2 can be simplified directly by the evolution 
equation of f , which shows that the sum of them vanishes; Term3 is obviously non-positive since Dαα ≤ d−1; 
The last two terms in Term4 + Term5 can be changed into negative sum of square terms.

We first expand it as

2 
f

∑︂
α,β,γ

(︂
− v2

γ(∂αβf)2 + 2v2
γ∂αβf

∂αf∂βf

f
− v2

γ

(∂αf)2(∂βf)2

f2

+ vαvβ∂αγf∂βγf − 2vαvβ
∂αγf∂βf∂γf

f
+ vαvβ

∂αf∂βf(∂γf)2

f2

)︂
,

then divide it further into three parts:

−v2
γ(∂αβf)2 + vαvβ∂αγf∂βγf = −1

2(vα∂βγf − vβ∂αγf)2,

−v2
γ

(∂αf)2(∂βf)2

f2 + vαvβ
∂αf∂βf(∂γf)2

f2 = −1
2

(︂
vα

∂βf∂γf

f
− vβ

∂αf∂γf

f

)︂2
,

2v2
γ∂αβf

∂αf∂βf

f
− 2vαvβ

∂αγf∂βf∂γf

f
=

(︂
vα∂βγf − vβ∂αγf

)︂(︂
vα

∂βf∂γf

f
− vβ

∂αf∂γf

f

)︂
.

Hence we are able to rewrite Term4 + Term5 into a more compact form as

4 
f

(vα∂ββf − vβ∂αβf)∂αf − 1 
f

(︂
vα∂βγf − vβ∂αγf − vα

∂βf∂γf

f
+ vβ

∂αf∂γf

f

)︂2

= − 1 
f

∑︂
γ ̸=β

∑︂
α 

(︂
vα∂βγf − vβ∂αγf − vα

∂βf∂γf

f
+ vβ

∂αf∂γf

f

)︂2

+ 4 
f

∑︂
α,β 

(vα∂ββf − vβ∂αβf)∂αf

− 1 
f

∑︂
α,β 

(︂
vα∂ββf − vβ∂αβf − vα

∂βf∂βf

f
+ vβ

∂αf∂βf

f

)︂2
.

(4.3)

Notice that the cancelling property holds

∑︂
α,β 

(︂
vα

∂βf∂βf

f
− vβ

∂αf∂βf

f

)︂
∂αf = |∇f |2

f
v · ∇f − |∇f |2

f
v · ∇f = 0.

The last two lines of (4.3) are then equivalent to

− 1 
f

∑︂
α,β 

(︂
vα∂ββf − vβ∂αβf − vα

∂βf∂βf

f
+ vβ

∂αf∂βf

f
− 2∂αf

)︂2
+ 4d |∇f |2

f
.

This concludes our desired propagation estimate. □
Proof of Lemma 4.2. We also list some other elementary calculations first.
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Claim 4.4 (Elementary Calculations II). 

∂t(f log f) = (1 + log f)∂tf.

∂α(f log f) = (1 + log f)∂αf.

∂αβ(f log f) = (1 + log f)∂αβf + ∂αf∂βf

f
.

By claims above we propagate that
(︂
∂t − (d− 1)Δ − |v|2Δ + vαvβ∂αβ + e−4dtDαα∂αα − d(d− 1)

)︂
f log f

=
(︂
1 + log f

)︂(︂
∂tf − (d− 1)Δf − |v|2Δf + vαvβ∂αβf + e−4dtDαα∂ααf − d(d− 1)f

)︂

+ d(d− 1)f −
(︂
d− 1 − e−4dtDαα

)︂ (∂αf)2

f
−

(︂
|v|2 |∇f |2

f
− vαvβ

∂αf∂βf

f

)︂

≤− η
|∇f |2
f

+ d(d− 1)f,

where the last term before the inequality coincides with

|v|2 |∇f |2
f

− (v · ∇f)2

f
= 1 

2f
(︁
vα∂βf − vβ∂αf

)︁2
. (4.4)

This will give our desired estimate. □
4.2. Logarithmic Hessian estimate

It suffices to bound 
∇2f

f
by some quadratic function as in [16]. We will also need the following two results 

of propagation as in the previous proof of Theorem 2.3.

Lemma 4.5. (∂t − ℒ) |∇
2f |2
f

≤ 16d |∇
2f |2
f

.

Lemma 4.6. 

(∂t − ℒ)f(log f)2 =2d(d− 1)f log f − (d− 1 − e−4dtDαα) 2 
f

(1 + log f)(∂αf)2

− 2 
f

(1 + log f)(vα∂βf − vβ∂αf)2.

For simplicity of the proof, we first prove our main estimate assuming the above two lemmas. The 
technical proofs of Lemma 4.5 and Lemma 4.6 will be postponed to the end of this subsection. Recall in the 
proof of Lemma 4.1, if we keep Term3 in (4.2) then by the Cauchy-Schwarz inequality we get

(∂t − ℒ) |∇f |2
f

≤ 4d |∇f |2
f

− 2 
f

(d− 1 − e−4dtDαα)
⃓⃓⃓
∂αβf − ∂αf∂βf

f

⃓⃓⃓2

≤ 4d |∇f |2
f

− η
|∇2f |2

f
+ (d− 1 − e−4dtDαα) 2 

f

|∇f |2
f2 (∂αf)2.

Also the identity (4.4) in the proof of Lemma 4.2 implies
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(∂t − ℒ)f log f ≤ d(d− 1)f − (d− 1 − e−4dtDαα) (∂αf)2

f
− 1 

2f (vα∂βf − vβ∂αf)2. (4.5)

Notice that for large enough A ≥ 4+4 sup(log f)+, which exists since the solution of the Landau-Maxwellian 
equation is bounded, as explained in Remark 1.8, we have

(∂t − ℒ)
(︁
− f(log f)2 + (2d(d− 1)t + A)f log f

)︁
≤− 2d(d− 1)f log f + (d− 1 − e−4dtDαα) 2 

f
(∂αf)2(1 + log f)

+ 2 + 2 log f
f

(vα∂βf − vβ∂αf)2 + 2d(d− 1)f log f + (2d2(d− 1)2t + d(d− 1)A)f

− (d− 1 − e−4dtDαα) 2 
f

(∂αf)2(d(d− 1)t + A

2 
) − 2d(d− 1)t + A

2f (vα∂βf − vβ∂αf)2

≤(d− 1 − e−4dtDαα) 2 
f

(∂αf)2 log f + (2d2(d− 1)2t + d(d− 1)A)f.

Also recall the inequality (4.1) we obtain in the proof of Theorem 2.3 that

1 
C

|∇f |2
f2 + log f ≤ d(d− 1)t + C ′

C
, (4.6)

for any sufficiently large C and then large enough C ′. Hence by using d− 1− e−4dtDαα ≥ η again, it holds 
that

(∂t − ℒ)
(︂
− f(log f)2 + (2d(d− 1)t + A)f log f + 1 

C

|∇f |2
f

)︂

≤(d− 1 − e−4dtDαα)
(︁ 4d 
Cη

+ 2d(d− 1)t + 2C ′

C

)︁ (∂αf)2

f

− η

C

|∇2f |2
f

+ (2d2(d− 1)2t + d(d− 1)A)f.

Recall (4.5) to get

(∂t − ℒ)
(︂(︁ 4d 

Cη
+ 2d(d− 1)t + 2C ′

C

)︁
f log f

)︂

≤− (d− 1 − e−4dtDαα)
(︂ 4d 
Cη

+ 2d(d− 1)t + 2C ′

C

)︂ (∂αf)2

f

+
(︂4d2(d− 1)

Cη 
+ 2d2(d− 1)2t + 2d(d− 1)C ′

C

)︂
f + 2d(d− 1)f log f.

Then combining with Lemma 4.5, we evaluate the following quantity to obtain

(∂t − ℒ)
[︂
− f(log f)2 +

(︁
2d(d− 1)t + A

)︁
f log f + 1 

C

|∇f |2
f

+
(︁ 4d 
Cη

+ 2d(d− 1)t + 2C ′

C

)︁

f log f + η

16dC
|∇2f |2

f

]︂

≤
(︂4d2(d− 1)

Cη 
+ 4d2(d− 1)2t + d(d− 1)A + 2d(d− 1)C ′

C

)︂
f + 2d(d− 1)f log f

≤
(︂
6d2(d− 1)2t + 4d2(d− 1)

Cη 
+ d(d− 1)A + 4d(d− 1)C ′

C

)︂
f,
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where we use that 2d(d− 1)f log f ≤ 2d2(d − 1)2tf + 2d(d− 1)C ′

C
f by (4.6). In terms of the computation 

above, we construct a new auxiliary function by adding terms compensating the right-hand side above to 
let (∂t − ℒ)F ≤ 0, which reads as

F (t, v) = − f(log f)2 +
(︁
2d(d− 1)t + A

)︁
f log f + 1 

C

|∇f |2
f

+
(︁ 4d 
Cη

+ 2d(d− 1)t + 2C ′

C

)︁
f log f + η

16dC
|∇2f |2

f

−
(︂
3d2(d− 1)2t2 + d(d− 1)At + 4d2(d− 1)

Cη 
t + 4d(d− 1)C ′

C
t + C ′′

)︂
f

= η

16dC
|∇2f |2

f
− f(log f)2 +

(︂
4d(d− 1)t + A + 4d 

Cη
+ 2C ′

C

)︂
f log f + 1 

C

|∇f |2
f

−
(︂
3d2(d− 1)2t2 + d(d− 1)At + 4d2(d− 1)

Cη 
t + 4d(d− 1)C ′

C
t + C ′′

)︂
f.

The initial case holds

F (0, v) = η

16dC
|∇2f0|2

f0
− f0(log f0)2 +

(︂
A + 4d 

Cη
+ 2C ′

C

)︂
f0 log f0 + 1 

C

|∇f0|2
f0

− C ′′f0.

By the initial condition (1.10) (1.11), we choose one-by-one C,C ′, C ′′ large enough to make F (0, v) ≤ 0. 
Also the a priori exponential growth condition (3.7) is satisfied similar to the logarithmic gradient estimate, 
with the boundedness of ∇2f is also obtained from [29, Theorem 1.2] and [26, Theorem 2.1]. Now we apply 
the parabolic maximum principle Theorem 3.1, which implies F ≤ 0 for any t, or

|∇2f |2
f2 ≤ C

(︂
(log f)2 − (1 + t) log f + |∇ log f |2 + (1 + t + t2)

)︂

for some C = C(d, η,A). We also note that from Proposition 3.2 and [45] we have

−M2 − C2(t)|v|2 ≤ log f ≤ M1.

This will give our main estimate Theorem 2.4.
Now we present the proofs of the two technical lemmas.

Proof of Lemma 4.5. We again start with some elementary calculations.

Claim 4.7 (Elementary Calculations III). 

∂t
|∇2f |2

f
= −|∇2f |2

f2 ∂tf + 2 
f
∇2f : ∇2∂tf.

∂α
|∇2f |2

f
= −|∇2f |2

f2 ∂αf + 2 
f
∇2f : ∇2∂αf.

∂αβ
|∇2f |2

f
= − |∇2f |2

f2 ∂αβf + 2 
f
∇2f : ∇2∂αβf

+ 2 
f3 |∇

2f |2∂αf∂βf + 2 
f
∇2∂αf : ∇2∂βf

− 2 
f2∇

2f : ∇2∂βf∂αf − 2 
f2∇

2f : ∇2∂αf∂βf.
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By Claim 4.7 we propagate that

(︂
∂t − (d− 1)Δ − |v|2Δ + vαvβ∂αβ + e−4dtDαα∂αα − d(d− 1)

)︂ |∇2f |2
f

= − |∇2f |2
f2

(︂
∂tf − (d− 1)Δf − |v|2Δf + vαvβ∂αβf + e−4dtDαα∂ααf + d(d− 1)f

)︂

+ 2 
f
∇2f : ∇2

(︂
∂tf − (d− 1)Δf − |v|2Δf + vαvβ∂αβf + e−4dtDαα∂ααf

)︂

− 2 
f

(d− 1 − e−4dtDαα)
⃓⃓⃓
∂αβγf − ∂αf∂βγf

f

⃓⃓⃓2

+ 4 
f

(︂
|Δf |2 + 2vα∂αβfΔ∂βf − |∇2f |2 − 2vα∂βγf∂αβγf

)︂
− 2 

f
|v|2

⃓⃓⃓
∂αβγf − ∂αf∂βγf

f

⃓⃓⃓2

+ 2 
f
vαvβ

(︂
∇2∂αf : ∇2∂βf − 2 

f
∂αf∇2f : ∇2∂βf + |∇2f |2

f2 ∂αf∂βf
)︂

=Term1 + Term2 + Term3 + Term4 + Term5.

Similarly as what we did in the previous subsection, we can see the sum of first two terms Term1 + Term2
vanishes; Term3 is obviously non-positive since Dαα ≤ d− 1.

To deal with Term4 + Term5, we expand the sum of Term5 and the second part of Term4 together into 
sum of square as

− 1 
f

(︂
vα∂βγθf − vβ∂αγθf − vα

∂βf∂γθf

f
+ vβ

∂αf∂γθf

f

)︂2
. (4.7)

This again allows us to combine with the first part of Term4, which satisfies

4 
f

(|Δf |2 + 2vα∂αβfΔ∂βf − |∇2f |2 − 2vα∂βγf∂αβγf)

≤ 8 
f

(︁
vα∂ββγf − vβf∂αβγf

)︁
∂αγf.

Note also the cancelling property

∑︂
α,β,γ

(︂
vα

∂βf∂βγf

f
− vβ

∂αf∂βγf

f

)︂
∂αγf = 0.

Hence we extract terms with θ = β from (4.7) to obtain

Term4 + Term5

≤− 1 
f

∑︂
α,γ,β ̸=θ

(︂
vα∂βγθf − vβ∂αγθf − vα

∂βf∂γθf

f
+ vβ

∂αf∂γθf

f

)︂2

− 1 
f

∑︂
α,γ,β

(︂
vα∂ββγf − vβ∂αβγf − vα

∂βf∂βγf

f
+ vβ

∂αf∂βγf

f
− 4∂αγf

)︂2

+ 16d |∇
2f |2
f

.

Summarizing all estimates above, we arrive at our desired propagation estimate. □
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Proof of Lemma 4.6. We also list some elementary calculations first as follows claims.

Claim 4.8 (Elementary Calculations IV). 

∂t(f(log f)2) = ((log f)2 + 2 log f)∂tf,

∂α(f(log f)2) = ((log f)2 + 2 log f)∂αf,

∂αβ(f(log f)2) = ((log f)2 + 2 log f)∂αβf + 2 
f

(1 + log f)∂αf∂βf.

By Claim 4.8 we propagate that
(︂
∂t − (d− 1)Δ − |v|2Δ + vαvβ∂αβ + e−4dtDαα∂αα − d(d− 1)

)︂(︁
f(log f)2

)︁
=((log f)2 + 2 log f)(∂tf − (d− 1)Δf − |v|2Δf + vαvβ∂αβf

+ e−4dtDαα∂ααf − d(d− 1)f) − 2 
f

(1 + log f)(vα∂βf − vβ∂αf)2

+ 2d(d− 1)f log f − (d− 1 − e−4dtDαα) 2 
f

(1 + log f)(∂αf)2

=2d(d− 1)f log f − (d− 1 − e−4dtDαα) 2 
f

(1 + log f)(∂αf)2

− 2 
f

(1 + log f)(vα∂βf − vβ∂αf)2.

This will give our desired estimate. □
5. Proof of the law of large numbers

This section is devoted to the proof of the important Law of Large Numbers estimate Theorem 2.2. The 
main idea is to take advantage of the some important quantities of Landau-Maxwellian equation, namely the 
conservation laws (1.2) with (3.5), and the explicit form of the directional temperature (3.3): for t ∈ [0, T ],

ˆ

Rd

vαf(t, v) dv = 0, 
ˆ

Rd

|v|2f(t, v) dv = d,

ˆ

Rd

v2
αf(t, v) dv = ℰα(t), 

ˆ

Rd

vαvβf(t, v) dv = 0, for α ̸= β.

We expand the matrix term into entries by using the equations above as

a ∗ f(vi) − a(vi − vj)

= Id
(︁ˆ
R3

|vi − z|2f(z) dz − |vi − vj |2
)︁

−
(︁ˆ
R3

(vi − z) ⊗ (vi − z)f(z) dz − (vi − vj) ⊗ (vi − vj)
)︁

= Id
(︁
d + 2vi · vj − |vj |2

)︁
−
(︁ ˆ
Rd

z ⊗ zf(z) dz + vi ⊗ vj + vj ⊗ vi − vj ⊗ vj
)︁
,
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which can be also written in terms of components as

a ∗ f(vi) − a(vi − vj) =
(︁
d + 2vi · vj − |vj |2

)︁
δαβ −

(︁
ℰα(t)δαβ + viαv

j
β + vjαv

i
β − vjαv

j
β

)︁
. (5.1)

The quantity we need to estimate now turns into

ˆ

RdN

FN
1 
N

N∑︂
i=1 

⃓⃓⃓
a ∗ f(vi) − 1 

N

N∑︂
j=1 

a(vi − vj)
⃓⃓⃓2

dV

=
d ∑︂

α,β=1

ˆ

RdN

FN
1 
N3

N∑︂
i,j,k=1

[︂
a ∗ f(vi) − a(vi − vj)

]︂
αβ

[︂
a ∗ f(vi) − a(vi − vk)

]︂
αβ

dV

=
d ∑︂

α,β=1

ˆ

RdN

FN
1 
N3

∑︂
i̸=j ̸=k

[︂
a ∗ f(vi) − a(vi − vj)

]︂
αβ

[︂
a ∗ f(vi) − a(vi − vk)

]︂
αβ

dV

+
d ∑︂

α,β=1

ˆ

RdN

FN
1 
N3

∑︂
𝒮

[︂
a ∗ f(vi) − a(vi − vj)

]︂
αβ

[︂
a ∗ f(vi) − a(vi − vk)

]︂
αβ

dV,

where the index set 𝒮 contains those triple indices where at least two of the indices are the same. The 
cardinality of the index set {(i, j, k)|i ̸= j ̸= k} is O(N3), but that of the index set 𝒮 is O(N2) by definition. 
Then, the last term is of smaller order than the second last term. Further, by applying the Cauchy–Schwarz 
inequality to each entry to raise the power to four, the last term can be controlled by the 4-th order moment 
estimate in Proposition Appendix A.1 as

d ∑︂
α,β=1

ˆ

RdN

FN (t, V ) 1 
N3

∑︂
𝒮

[︂
a ∗ f(vi) − a(vi − vj)

]︂
αβ

[︂
a ∗ f(vi) − a(vi − vk)

]︂
αβ

dV

≤C

N

ˆ

RdN

FN (t, V )(1 + |v1|4) dV ≤ C

N
(1 + ℳ4(0)e 8t

N ) ≲ 1 + ℳ4(0)
N

e
8T
N .

(5.2)

We expand the first term by the equality (5.1) as

d ∑︂
α,β=1

ˆ

RdN

FN
1 
N3

∑︂
i̸=j ̸=k

[︂
a ∗ f(vi) − a(vi − vj)

]︂
αβ

[︂
a ∗ f(vi) − a(vi − vk)

]︂
αβ

dV

=
d ∑︂

α,β=1

ˆ

RdN

FN
1 
N3

∑︂
i̸=j ̸=k

[︂(︁
d + 2vi · vj − |vj |2

)︁
δαβ −

(︁
ℰα(t)δαβ + viαv

j
β + vjαv

i
β − vjαv

j
β

)︁]︂

×
[︂(︁
d + 2vi · vk − |vk|2

)︁
δαβ −

(︁
ℰα(t)δαβ + viαv

k
β + vkαv

i
β − vkαv

k
β

)︁]︂
dV

=:Iα=β + Iα ̸=β ,

(5.3)

where we separate the sum into the diagonal part α = β and the off-diagonal part α ̸= β as follows:

Iα=β :=
d ∑︂

α=1

ˆ

RdN

FN
1 
N3

∑︂
i̸=j ̸=k

(︂
d− |vj |2 + 2vi · vj − 2viαvjα + (vjα)2 − ℰα(t)

)︂

×
(︁
d− |vk|2 + 2vi · vk − 2viαvkα + (vkα)2 − ℰα(t)

)︁
dV.
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We expand further to get

Iα=β =
d ∑︂

α=1

ˆ

RdN

FN

N3

∑︂
i̸=j ̸=k

[︂(︁
d− |vj |2

)︁(︁
d− |vk|2

)︁
+ 4

(︁
vi · vj − viαv

j
α

)︁(︁
vi · vk − viαv

k
α

)︁

+
(︁
(vjα)2 − ℰα(t)

)︁(︁
(vkα)2 − ℰα(t)

)︁
+
(︁
d− |vj |2

)︁(︁
vi · vk − viαv

k
α

)︁
+ 2

(︁
d− |vj |2

)︁(︁
(vkα)2 − ℰα(t)

)︁
+ 4

(︁
vi · vj − viαv

j
α

)︁(︁
(vkα)2 − ℰα(t)

)︁]︂
dV,

and

Iα ̸=β :=
∑︂
α ̸=β

ˆ

RdN

FN
1 
N3

∑︂
i̸=j ̸=k

(︂
viαv

j
β + vjαv

i
β − vjαv

j
β

)︂(︂
viαv

k
β + vkαv

i
β − vkαv

k
β

)︂
dV

=
∑︂
α ̸=β

ˆ

RdN

FN
1 
N3

∑︂
i̸=j ̸=k

[︂
2(viα)2vjβv

k
β − 2viαvkαviβv

j
β + vjαv

j
βv

k
αv

k
β

]︂
dV,

where the last equality is due to the symmetry and the permutation.
We aim to prove that

Iα=β + Iα ̸=β ≤ C(T )
N

,

which the dependency on time T can be made explicitly later. For any test function Φ ∈ C2(RdN ) with 
polynomial growth, we have the following identity

d 
dt

ˆ

RdN

FN (t, V )Φ(V ) dV

=
N∑︂
i=1 

ˆ

RdN

∇2
viΦ(V ) : 1 

N

N∑︂
j=1 

a(vi − vj)FN (t, V ) dV

+ 2
N∑︂
i=1 

ˆ

RdN

∇viΦ(V ) · 1 
N

N∑︂
j=1 

b(vi − vj)FN (t, V ) dV

= 1 
2N

N∑︂
i,j=1

ˆ

RdN

(︁
∇2

viΦ(V ) + ∇2
vjΦ(V )

)︁
: a(vi − vj)FN (t, V ) dV

+ 1 
N

N∑︂
i,j=1

ˆ

RdN

(︁
∇viΦ(V ) −∇vjΦ(V )

)︁
· b(vi − vj)FN (t, V ) dV,

(5.4)

together with the convention a(0) = 0 and b(0) = 0 leads to that

d 
dt

ˆ

RdN

FN (t, V )Φ(V ) dV

= 1 
2N

∑︂
i̸=j 

ˆ

RdN

(︁
∇2

viΦ(V ) + ∇2
vjΦ(V )

)︁
: a(vi − vj)FN (t, V ) dV

+ 1 
N

∑︂
i̸=j 

ˆ

RdN

(︁
∇viΦ(V ) −∇vjΦ(V )

)︁
· b(vi − vj)FN (t, V ) dV.

(5.5)
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We observe that when φ(v) = |v|2 or φ(v) = vα for any α = 1, . . . , d for any α ̸= β, the identity holds for 
any vi ̸= vj ∈ Rd,

1
2
(︁
∇2φ(vi) + ∇2φ(vj)

)︁
: a(vi − vj) +

(︁
∇φ(vi) −∇φ(vj)

)︁
· b(vi − vj) = 0. (5.6)

As a consequence, the following lemma holds.

Lemma 5.1. The average kinetic energy over particles is conservative, i.e.

d 
dt

ˆ

RdN

FN (t, V ) 1 
N

N∑︂
i=1 

|vi|2 dV = 0;

hence for any t > 0,

ˆ

RdN

FN (t, V ) 1 
N

N∑︂
i=1 

|vi|2 dV = d.

Now we first let Φ(V ) = 1 
N2

∑︂
k ̸=l 

φ1(vk)φ2(vl), we get

∇viΦ(V ) = 1 
N2

∑︂
l ̸=i 

∇φ1(vi)φ2(vl) + 1 
N2

∑︂
k ̸=i 

φ1(vk)∇φ2(vi);

∇2
viΦ(V ) = 1 

N2

∑︂
l ̸=i 

∇2φ1(vi)φ2(vl) + 1 
N2

∑︂
k ̸=i 

φ1(vk)∇2φ2(vi).

Substitute these into (5.5) to obtain that

d 
dt

ˆ

RdN

FN (t, V )Φ(V ) dV

= 1 
2N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇2φ1(vi)

∑︂
l ̸=i 

φ2(vl) + ∇2φ2(vi)
∑︂
k ̸=i 

φ1(vk)
)︁

: a(vi − vj)FN (t, V ) dV

+ 1 
2N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇2φ1(vj)

∑︂
l ̸=j 

φ2(vl) + ∇2φ2(vj)
∑︂
k ̸=j 

φ1(vk)
)︁

: a(vi − vj)FN (t, V ) dV

+ 1 
N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇φ1(vi)

∑︂
l ̸=i 

φ2(vl) + ∇φ2(vi)
∑︂
k ̸=i 

φ1(vk)
)︁
· b(vi − vj)FN (t, V ) dV

− 1 
N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇φ1(vj)

∑︂
l ̸=j 

φ2(vl) + ∇φ2(vj)
∑︂
k ̸=j 

φ1(vk)
)︁
· b(vi − vj)FN (t, V ) dV.

If both φ1 and φ2 satisfy the identity (5.6), then the majority of the terms above can be compensated by 
the symmetry property, and the remaining terms become
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d 
dt

ˆ

RdN

FN (t, V )Φ(V ) dV

= 1 
2N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇2φ1(vi)φ2(vj) + ∇2φ2(vi)φ1(vj)

)︁
: a(vi − vj)FN (t, V ) dV

+ 1 
2N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇2φ1(vj)φ2(vi) + ∇2φ2(vj)φ1(vi)

)︁
: a(vi − vj)FN (t, V ) dV

+ 1 
N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇φ1(vi)φ2(vj) + ∇φ2(vi)φ1(vj)

)︁
· b(vi − vj)FN (t, V ) dV

− 1 
N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇φ1(vj)φ2(vi) + ∇φ2(vj)φ1(vi)

)︁
· b(vi − vj)FN (t, V ) dV.

If we take φ1 and φ2 to be |v|2 or vα for any α = 1, . . . , d, then we have

d 
dt

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
k ̸=l 

φ1(vk)φ2(vl) dV ≤C

N

ˆ

RdN

FN (t, V )(1 + |v1|4) dV

≲1 + ℳ4(0)
N

e
8t
N .

(5.7)

In the same spirit of the cancellation, if we take more test functions φ1, φ2, φ3 and φ4 to be |v|2 or vα for 
any α = 1, . . . , d, then we have the estimate

d 
dt

ˆ

RdN

FN (t, V ) 1 
N3

∑︂
k ̸=l ̸=m

φ1(vk)φ2(vl)φ3(vm) dV ∼ C

N
e

C′t
N ; (5.8)

and

d 
dt

ˆ

RdN

FN (t, V ) 1 
N4

∑︂
k ̸=l ̸=m̸=n

φ1(vk)φ2(vl)φ3(vm)φ4(vn) dV ∼ C

N
e

C′t
N , (5.9)

where constants depend on the moment estimate. As directly consequences of (5.7), (5.8) and (5.9), since 
each integrand has no more than 4th-order in velocity, the following statements hold:

Claim 5.2. For any t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
i̸=j 

viαv
j
α dV ≲ 1 + ℳ4(0)

N

t ˆ

0 

e
8s
N ds.

Claim 5.3. For any t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
i̸=j 

vi · vj dV ≲ 1 + ℳ4(0)
N

t ˆ

0 

e
8s
N ds.

Claim 5.4. For any t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
i̸=j 

|vi|2|vj |2 dV − d2 ≲ 1 + ℳ4(0)
N

t ˆ

0 

e
8s
N ds.
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Claim 5.5. For any t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N3

∑︂
i̸=j ̸=k

viαv
j
α|vk|2 dV ≲ 1 + ℳ4(0)

N

t ˆ

0 

e
8s
N ds.

Claim 5.6. For any t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
i̸=j ̸=k

vi · vj |vk|2 dV ≲ 1 + ℳ4(0)
N

t ˆ

0 

e
8s
N ds.

Claim 5.7. For any α ̸= β, it holds

ˆ

RdN

FN (t, V ) 1 
N4

∑︂
i̸=j ̸=k ̸=l

viαv
j
βv

k
αv

l
β dV ≲ 1 + ℳ4(0)

N

t ˆ

0 

e
8s
N ds.

Next, we will deal with the terms with directional temperature. We start with the following lemma.

Lemma 5.8. The average directional temperature over particles is comparable with the directional temperature 
for the limit equation, say

ˆ

RdN

FN (t, V ) 1 
N

N∑︂
i=1 

(viα)2 dV − ℰα(t) ≲ 1 + ℳ4(0)
N

e−4dt
t ˆ

0 

s ˆ

0 

e
8r
N dr ds.

Proof of Lemma 5.8. Notice that if we pick the test function φ(V ) = 1 
N

N∑︂
i=1 

(viα)2, then

∇viφ(V ) = (0, . . . , 2 
N

viα, . . . , 0), ∇2
viφ(V ) =

⎧⎨
⎩

2 
N

at the (α, α)-th entry,

0 otherwise. 
.

Let

Ψα(t) =:
ˆ

RdN

FN (t, V ) 1 
N

N∑︂
i=1 

(viα)2 dV,

which satisfies that 
d ∑︂

α=1
ℰα(t) =

d ∑︂
α=1

Ψα(t) = d and that Φα(0) = ℰα(0). Take the time derivative and apply 

(5.5) to obtain that

d 
dtΨα(t) := 2 

N2

∑︂
i̸=j 

ˆ

RdN

(︂
|vi − vj |2 − (vi − vj)2α

)︂
FN (t, V ) dV

− (d− 1) 2 
N2

∑︂
i̸=j 

ˆ

RdN

(vi − vj)2αFN (t, V ) dV

= 2 
N2

∑︂
i̸=j 

ˆ

RdN

(|vi|2 + |vj |2 − 2vi · vj)FN (t, V ) dV
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− 2d 
N2

∑︂
i̸=j 

ˆ

RdN

(︁
(viα)2 + (vjα)2 − 2viαvjα

)︁
FN (t, V ) dV

=4d− 4dΨα(t) − 4 
N2

∑︂
i̸=j 

ˆ

RdN

FN (t, V )vi · vj dV + 4d 
N2

∑︂
i̸=j 

ˆ

RdN

FN (t, V )viαvjα dV.

Notice that the following quantity with the minus sign has the same control as Claim 5.2 that

d 
dt

(︂
− 4 

N2

∑︂
i̸=j 

ˆ

RdN

FN (t, V )vi · vj dV
)︂
≲ 1 + ℳ4(0)

N
e

8t
N .

Also recall that the directional temperature satisfies the following ODE:

d 
dtℰα(t) = 4d− 4dℰα(t),

hence combining with Claim 5.3 we deduce that

d 
dt (Ψα(t) − ℰα(t)) ≤− 4d(Ψα(t) − ℰα(t)) + C(1 + ℳ4(0))

N

t ˆ

0 

e
8s
N ds.

Applying the Grönwall’s inequality and the initial identity Ψα(0) = ℰα(0) implies that

Ψα(t) − ℰα(t) ≲ 1 + ℳ4(0)
N

e−4dt
t ˆ

0 

s ˆ

0 

e
8r
N dr ds. □

Now we take the test function Φ(V ) = 1 
N2

∑︂
k ̸=l 

(vkα)2φ(vl) for some direction α = 1, ..., d with some 

one-variable test function φ ∈ C2(Rd), then we compute the gradient and Hessian of Φ respectively as

∇viΦ(V ) = 2 
N2 (0, . . . , viα, . . . , 0)

∑︂
l ̸=i 

φ(vl) + 1 
N2

∑︂
k ̸=i 

(vkα)2∇φ(vi);

∇2
viΦ(V ) = 1 

N2

∑︂
k ̸=i 

(vkα)2∇2φ(vi) + 2 
N2

∑︂
l ̸=i 

φ(vl) ×
{︄

1 at the (α, α)-th entry
0 otherwise 

,

where the last matrix is non-zero only at the (α, α)-th entry. Substitute these into (5.5) to obtain that

dΨα(t)
dt = d 

dt

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
k ̸=l 

(vkα)2φ(vl) dV

= 1 
2N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇2φ(vi)

∑︂
k ̸=i 

(vkα)2 + ∇2φ(vj)
∑︂
k ̸=j 

(vkα)2
)︁

: a(vi − vj)FN (t, V ) dV

+ 1 
N3

∑︂
i̸=j 

ˆ

RdN

(︁∑︂
l ̸=i 

φ(vl) +
∑︂
l ̸=j 

φ(vl)
)︁(︁
|vi − vj |2 − (vi − vj)2α

)︁
FN (t, V ) dV

+ 1 
N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇φ(vi)

∑︂
k ̸=i 

(vkα)2 −∇φ(vj)
∑︂
k ̸=j 

(vkα)2
)︁
· b(vi − vj)FN (t, V ) dV
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− 2(d− 1)
N3

∑︂
i̸=j 

ˆ

RdN

(︁
viα

∑︂
l ̸=j 

φ(vl) − vjα
∑︂
k ̸=i 

φ(vk)
)︁
(vi − vj)αFN (t, V ) dV.

If the test function φ satisfies the identity (5.6), then the majority of the terms above can be compensated 
by symmetry, and the remaining terms become

d 
dt

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
k ̸=l 

(vkα)2φ(vl) dV

= 1 
2N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇2φ(vi)(vjα)2 + ∇2φ(vj)(viα)2

)︁
: a(vi − vj)FN (t, V ) dV

+ 1 
N3

∑︂
i̸=j 

ˆ

RdN

(︁
∇φ(vi)(vjα)2 −∇φ(vj)(viα)2

)︁
· b(vi − vj)FN (t, V ) dV

+ 1 
N3

∑︂
i̸=j 

ˆ

RdN

(︁
φ(vj) + φ(vi)

)︁(︁
|vi − vj |2 − (vi − vj)2α

)︁
FN (t, V ) dV

− 2(d− 1)
N3

∑︂
i̸=j 

ˆ

RdN

(︁
viαφ(vi) − vjαφ(vj)

)︁
(vi − vj)αFN (t, V ) dV

+ 2 
N3

∑︂
l ̸=i̸=j

ˆ

RdN

(︁
|vi − vj |2 − d(vi − vj)2α

)︁
φ(vl)FN (t, V ) dV.

If we take φ to be |v|2 or vα for any α = 1, . . . , d, then first four terms at the right-hand side can be 
bounded by the 4-th moment of FN by Proposition Appendix A.1 with the order 1/N ; while the last term 
is controlled by

2 
N3

∑︂
l ̸=i̸=j

ˆ

RdN

(︁
|vi − vj |2 − d(vi − vj)2α

)︁
φ(vl)FN (t, V ) dV

= 2 
N3

∑︂
l ̸=i̸=j

ˆ

RdN

(︁
|vi|2 + |vj |2 − 2vi · vj + 2dviαvjα

)︁
φ(vl)FN (t, V ) dV

− 2d 
N3

∑︂
i̸=j 

ˆ

RdN

(︁
(viα)2 + (vjα)2

)︁ ∑︂
l ̸=i̸=j

φ(vl)FN (t, V ) dV

≤C(1 + ℳ4(0))
N

t ˆ

0 

e
8s
N ds + 4d

ˆ

Rd

φ(v)f0(v) dv

− 4d
ˆ

RdN

FN (t, V ) 1 
N2

∑︂
k ̸=l 

(vkα)2φ(vl) dV.

And recall that the directional temperature satisfies the following ODE:

d 
dtℰα(t) = 4d− 4dℰα(t),

which still holds after multiplying with some constant:

d 
dt

(︂
ℰα(t)

ˆ

Rd

φ(v)f0(v) dv
)︂

= 4d
ˆ

Rd

φ(v)f0(v) dv − 4d
(︂
ℰα(t)

ˆ

Rd

φ(v)f0(v) dv
)︂
,
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we deduce that

d 
dt

(︂
Ψα(t) − ℰα(t)

ˆ

Rd

φ(v)f0(v) dv
)︂

≤C(1 + ℳ4(0))
N

t ˆ

0 

e
8s
N ds− 4d

(︂
Ψα(t) − ℰα(t)

ˆ

Rd

φ(v)f0(v) dv
)︂
.

Applying the Grönwall’s inequality and the fact

Ψα(0) = ℰα(0)
ˆ

Rd

φ(v)f0(v) dv

implies that

Ψα(t) − ℰα(t)
ˆ

Rd

φ(v)f0(v) dv ≲ 1 + ℳ4(0)
N

e−4dt
t ˆ

0 

s ˆ

0 

e
8r
N dr ds. (5.10)

In the same spirit as the proof of (5.10), we can prove that following several statements hold, which all 
involve the directional temperature:

Claim 5.9. For any t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
i̸=j 

|vi|2(vjα)2 dV − ℰα(t)d ≲ 1 + ℳ4(0)
N

e−4dt
t ˆ

0 

s ˆ

0 

e
8r
N dr ds.

Claim 5.10. For any t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N3

∑︂
i̸=j ̸=k

viαv
j
α(vkα)2 dV ≲ 1 + ℳ4(0)

N
e−4dt

t ˆ

0 

s ˆ

0 

e
8r
N dr ds.

Claim 5.11. For any t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N3

∑︂
i̸=j ̸=k

vi · vj(vkα)2 dV ≲ 1 + ℳ4(0)
N

e−4dt
t ˆ

0 

s ˆ

0 

e
8r
N dr ds.

Claim 5.12. For any α ̸= β and t > 0, it holds

ˆ

RdN

FN (t, V ) 1 
N3

∑︂
i̸=j ̸=k

viβv
j
β(vkα)2 dV ≲ 1 + ℳ4(0)

N
e−4dt

t ˆ

0 

s ˆ

0 

e
8r
N dr ds.

Slightly different from claims above, we have the following lemma involving the double directional tem
perature.
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Lemma 5.13. It holds for any t > 0 that
ˆ

RdN

FN (t, V ) 1 
N2

∑︂
i̸=j 

(viα)2(vjα)2 dV

≤ℰα(t)2 + C(1 + ℳ4(0))
N

e−8dt
t ˆ

0 

e−4dτ
τ̂

0 

s ˆ

0 

e
8r
N dr ds dτ.

Proof of Lemma 5.13. We pick the test function Φ(V ) = 1 
N2

∑︂
k ̸=l 

(vkα)2(vlα)2 in (5.5) to obtain that

d 
dtΨα(t) := d 

dt

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
k ̸=l 

(vkα)2(vlα)2 dV

= 4 
N3

∑︂
i̸=j ̸=k

ˆ

RdN

(vkα)2|vi − vj |2FN dV − 4d 
N3

∑︂
i,j,k

ˆ

RdN

(vkα)2(viα − vjα)2FN dV

= 4 
N2

∑︂
i̸=j ̸=k

ˆ

RdN

(vkα)2(|vi|2 − 2vi · vj + |vj |2) dV

+ 8d 
N3

∑︂
i̸=j ̸=k

ˆ

RdN

(vkα)2viαvjαFN dV − 4d 
N2

∑︂
i̸=j ̸=k

ˆ

RdN

(vkα)2
(︁
(viα)2 + (vjα)2

)︁
FN dV,

where thanks to Claim 5.9, Claim 5.10 and Claim 5.11, the first two terms together can be bounded by

4 
N2

∑︂
i̸=j ̸=k

ˆ

RdN

(vkα)2(|vi|2 − 2vi · vj + |vj |2) dV + 8d 
N3

∑︂
i̸=j ̸=k

ˆ

RdN

(vkα)2viαvjαFN dV

≤8dℰα(t) + C(1 + ℳ4(0))
N

e−4dt
t ˆ

0 

s ˆ

0 

e
8r
N dr ds;

while the second term is nothing but Ψα(t) itself, namely

d 
dtΨα(t) ≤ 8dℰα(t) − 8dΨα(t) + C(1 + ℳ4(0))

N
e−4dt

t ˆ

0 

s ˆ

0 

e
8r
N dr ds.

Notice that

d 
dtℰα(t)2 = 2ℰα(t) d 

dtℰα(t) = 8dℰα(t) − 8dℰα(t)2,

then we have

d 
dt

(︁
Ψα(t) − ℰα(t)2

)︁
≤ −8d

(︁
Ψα(t) − ℰα(t)2

)︁
+ C(1 + ℳ4(0))

N
e−4dt

t ˆ

0 

s ˆ

0 

e
8r
N dr ds

with Ψα(0) = ℰα(0)2. We conclude the desired result by the Grönwall’s inequality. □
Finally, we need to deal with the terms containing viαv

i
β with α ̸= β.
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Lemma 5.14. For any α ̸= β and t > 0, it holds

ˆ

RdN

1 
N3

∑︂
i̸=j ̸=k

viαv
i
βv

j
αv

k
β dV ≲ 1 + ℳ4(0)

N
e−4dt

t ˆ

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds.

Proof of Lemma 5.14. We pick the test function φ(V ) = 1 
N3

∑︂
k ̸=l ̸=m

vkαv
k
βv

l
αv

m
β to obtain that

∇viφ(V ) = 1 
N3 (0, . . . , viβ , . . . , viα, . . . 0)

∑︂
l ̸=m̸=i

vlαv
m
β

+ 1 
N3

∑︂
k ̸=l ̸=i

vkαv
k
β(0, . . . , vlα, . . . , 0) + + 1 

N3

∑︂
k ̸=m̸=i

vkαv
k
β(0, . . . , vmβ , . . . , 0),

and

∇2
viφ(V ) = 1 

N3

∑︂
l ̸=m̸=i

vlαv
m
β ×

{︄
1 at the (α, β)-th and (β, α)-th entry
0 otherwise

.

Hence we have

d 
dt

ˆ

RdN

FN (t, V ) 1 
N3

∑︂
k ̸=l ̸=m

vkαv
k
βv

l
αv

m
β dV

≤− 2d 
N3

∑︂
i̸=j ̸=k ̸=l

ˆ

RdN

vkαv
l
β(viβ − vjβ)(viα − vjα)FN dV + C(1 + ℳ4(0))

N
e

8t
N

≤− 4d 
N3

∑︂
i̸=k ̸=l

ˆ

RdN

vkαv
l
βv

i
βv

i
αFN dV + 4d 

N4

∑︂
i̸=j ̸=k ̸=l

ˆ

RdN

vkαv
l
βv

j
βv

i
αFN dV

+ C(1 + ℳ4(0))
N

e
8t
N .

The second term on the right-hand side can be controlled thanks to Claim 5.7. And recall our assumption 
that ℰαβ(0) = 0, thus the desired lemma is deduced from the Grönwall’s inequality. □

The last technical lemma we need to prove is as follows, which involves double viαv
i
β structure.

Lemma 5.15. For any α ̸= β and t > 0, it holds that
ˆ

RdN

FN (t, V ) 1 
N2

∑︂
i̸=j 

viαv
i
βv

j
αv

j
β dV

≲1 + ℳ4(0)
N

t ˆ

0 

[︂
e

8τ
N + e−4dτ

τ̂

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds

]︂
dτ.

Proof of Lemma 5.15. Let Φ(V ) = 1 
N2

∑︂
k ̸=l 

vkαv
k
βv

l
αv

l
β with components α < β, we obtain

∇viφ(V ) = 2 
N2 (0, . . . , viβ , . . . , viα, . . . 0)

∑︂
k ̸=i 

vkαv
k
β ,
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and

∇2
viφ(V ) = 2 

N2

∑︂
k ̸=i 

vkαv
k
β ×

{︄
1 at the (α, β)-th and (β, α)-th entries
0 otherwise

.

Hence we have

d 
dt

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
k ̸=l 

vkαv
k
βv

l
αv

l
β dV

≤− 2d 
N3

∑︂
i̸=j ̸=k

ˆ

RdN

vkαv
k
β(viα − vjα)(viβ − vjβ)FN dV + C(1 + ℳ4(0))

N
e

8t
N

≤ 4d 
N3

∑︂
i̸=k 

ˆ

RdN

vkαv
k
βv

i
αv

j
βFN dV − 4d 

N2

∑︂
i̸=k 

ˆ

RdN

vkαv
k
βv

i
αv

i
βFN dV + C(1 + ℳ4(0))

N
e

8t
N .

Thanks to Lemma 5.14 and the Grönwall’s inequality, for any α ̸= β, it holds that
ˆ

RdN

FN (t, V ) 1 
N2

∑︂
i̸=j 

viαv
i
βv

j
αv

j
β dV

≤C(1 + ℳ4(0))
N

t ˆ

0 

[︂
e

8τ
N + e−4dτ

τ̂

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds

]︂
dτ. □

So far, we have finished all the ingredient for our proof of the Law of Large Numbers theorem. Now recall 
the expansion (5.3), the off-diagonal part Iα ̸=β can be bounded by Claim 5.12, Lemma 5.14 and Lemma 5.15
by

Iα ̸=β(t) ≲ 1 + ℳ4(0)
N

[︂ t ˆ

0 

(︂
e

8τ
N + e−4dτ

τ̂

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds

)︂
dτ

+ e−4dt
t ˆ

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds

]︂
;

(5.11)

while the diagonal part satisfies

Iα=β(t) ≲ 1 + ℳ4(0)
N

[︂ t ˆ

0 

e
8τ
N dτ + e−4dt

t ˆ

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds

+ e−8dt
t ˆ

0 

e−4dτ
τ̂

0 

s ˆ

0 

e
8r
N dr ds dτ

]︂
,

(5.12)

which is directly from Corollary 5.16-5.21 below.

Corollary 5.16. Lemma 5.1 and Claim 5.4 imply that

ˆ

RdN

FN (t, V ) 1 
N2

∑︂
j ̸=k 

(︁
d− |vj |2

)︁(︁
d− |vk|2

)︁
dV ≲ 1 + ℳ4(0)

N

t ˆ

0 

e
8s
N ds.
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Corollary 5.17. Claim 5.2, Claim 5.3, Claim 5.5 and Claim 5.6 imply that

ˆ

RdN

FN (t, V ) 1 
N3

∑︂
i̸=j ̸=k

(︁
d− |vj |2

)︁(︁
2vi · vk − 2viαvkα

)︁
dV ≲ 1 + ℳ4(0)

N

t ˆ

0 

e
8s
N ds.

Corollary 5.18. Lemma 5.1, Lemma 5.8 and Claim 5.9 imply that
ˆ

RdN

FN (t, V ) 1 
N3

∑︂
i̸=j ̸=k

(︁
d− |vj |2

)︁(︁
(vkα)2 − ℰα(t)

)︁
dV

≲1 + ℳ4(0)
N

(︂
e−4dt

t ˆ

0 

s ˆ

0 

e
8r
N dr ds +

t ˆ

0 

e
8s
N ds

)︂
.

Corollary 5.19. Claim 5.2 Claim 5.3, Claim 5.10 and Claim 5.11 imply that
ˆ

RdN

FN (t, V ) 1 
N3

∑︂
i̸=j ̸=k

(︁
2vi · vj − 2viαvjα

)︁(︁
(vkα)2 − ℰα(t)

)︁
dV

≲1 + ℳ4(0)
N

(︂
e−4dt

t ˆ

0 

s ˆ

0 

e
8r
N dr ds +

t ˆ

0 

e
8s
N ds

)︂
.

Corollary 5.20. Claim 5.10 and Claim 5.14 imply that
ˆ

RdN

FN (t, V ) 1 
N3

∑︂
i̸=j ̸=k

(︁
vi · vj − viαv

j
α

)︁(︁
vi · vk − viαv

k
α

)︁
dV

≲1 + ℳ4(0)
N

e−4dt
t ˆ

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds.

Corollary 5.21. Lemma 5.8 and Lemma 5.13 imply that
ˆ

RdN

FN (t, V ) 1 
N2

∑︂
j ̸=k 

(︁
(vjα)2 − ℰα(t)

)︁(︁
(vkα)2 − ℰα(t)

)︁
dV

≲1 + ℳ4(0)
N

(︂
e−4dt

t ˆ

0 

s ˆ

0 

e
8r
N dr ds + e−8dt

t ˆ

0 

e−4dτ
τ̂

0 

s ˆ

0 

e
8r
N dr ds dτ

)︂
.

Hence the diagonal part (5.12) and the off-diagonal part (5.11) together yield that,

sup 
t∈[0,T ]

(︁
Iα ̸=β(t) + Iα=β(t)

)︁
≲ 1 + ℳ4(0)

N

[︂ t ˆ

0 

(︂
e

8τ
N + e−4dτ

τ̂

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds

)︂
dτ

+ e−4dt
t ˆ

0 

(︁
e

8s
N +

s ˆ

0 

e
8r
N dr

)︁
ds + e−8dt

t ˆ

0 

e−4dτ
τ̂

0 

s ˆ

0 

e
8r
N dr ds dτ

]︂

≤ C(1 + ℳ4(0))(1 + T )
N

,
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where the integral of time has the order

T̂

0 

e
8s
N ds = N

8 
(e 8T

N − 1) ≤ CT, when T ∼ O(N).

We conclude the proof of the Law of Large Numbers Theorem 2.2 by combining with the estimate (5.2).
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Appendix A. Moment estimate of the Liouville equation

In the appendix, we estimate the p-th order moment (p > 2) of the first marginal of solution of the 
Liouville equation (1.4). We denote the average p-th order moment as ℳp(t), and by the exchangeability,

ℳp(t) :=
ˆ

Rd

FN,1(t, v1)|v1|p dv1 =
ˆ

RdN

FN (t, V ) 1 
N

N∑︂
k=1

|vk|p dV,

with ℳp(0) =
ˆ

Rd

f0(v)|v|p dv. We have the following estimate.

Proposition Appendix A.1. If we assume ℳp(0) is finite, i.e., f0 has finite p-th order moment, then the 
following estimate holds

ℳp(t) ≤ ℳp(0)
(︃
p + d− 3
d− 1 

)︃ p
2 
e

p(p−2)t
N .

Proof. By the exchangeability and the weak form of the collision operator (5.5), we have

d 
dt

ˆ

RdN

FN (t, V ) 1 
N

N∑︂
k=1

|vk|p dV

=p(d− 1)
2N2

∑︂
i,j 

ˆ

RdN

(︁
|vi|2|vj |p−2 + |vj |2|vi|p−2)︁FN dV − p(d− 1)

2N2

∑︂
i,j 

ˆ

RdN

(︁
|vi|p + |vj |p

)︁
FN dV

+ p(p− 2)
2N2

∑︂
i,j 

ˆ

RdN

(︁
|vi|2|vj |p−2 + |vj |2|vi|p−2)︁FN dV (A.1)



J.A. Carrillo et al. / J. Math. Pures Appl. 206 (2026) 103838 39

− p(p− 2)
2N2

∑︂
i,j 

ˆ

RdN

(vi · vj)2(|vj |p−4 + |vi|p−4)FN dV

≤p(p + d− 3)
N

∑︂
j

ˆ

RdN

(︁ 1 
N

∑︂
i 

|vi|2
)︁
|vj |p−2FN (t, V ) dV − p(d− 1)

N

∑︂
i 

ˆ

RdN

|vi|pFN (t, V ) dV.

Let φ(V ) = 1 
N

N∑︂
k=1

|vk|2, then by the Hölder’s inequality,

1 
N

N∑︂
j=1 

ˆ

RdN

φ(V )|vj |p−2FN (t, V ) dV

≤ 1 
N

N∑︂
j=1 

(︂ ˆ

RdN

φ
p
2 FN dV

)︂ 2 
p
(︂ ˆ

RdN

|vj |pFN dV
)︂ p−2

p 

≤
(︂ ˆ

RdN

φ
p
2 FN dV

)︂ 2 
p
(︂ 1 
N

N∑︂
j=1 

ˆ

RdN

|vj |pFN dV
)︂ p−2

p 
,

where the last step is due to the concavity of the 
p− 2
p 

-th power. From (A.1) we get

dℳp(t)
dt ≤ −p(d− 1)ℳp(t) + p(p + d− 3)

(︂ ˆ

RdN

φ
p
2 FN dV

)︂ 2 
p [ℳp(t)]

p−2
p . (A.2)

Now, we need to propagate the 
p

2 
-th moment of φ(V ), where ∇viφ = 2 

N
vi and ∇2

viφ = 2 
N

Id. For any index 

i and j, we have

∇viφ
p
2 = p

2 
φ

p
2 −1∇viφ = p 

N
viφ

p
2 −1, ∇vjφ

p
2 = p 

N
vjφ

p
2 −1,

and

∇2
viφ

p
2 = p

2 
φ

p
2 −1∇2

viφ + p(p− 2)
4 

φ
p
2 −2∇viφ⊗∇viφ = p 

N
φ

p
2 −1 Id +p(p− 2)

N2 φ
p
2 −2vi ⊗ vi.

We propagate the integral of φ
p
2 with respect to the joint law FN , using that

1
2(∇2

viφ + ∇2
vjφ) : a(vi − vj) − (∇viφ−∇vjφ) · b(vi − vj)

=1
2
(︁ p 
N

φ
p
2 −1 Id+ p 

N
φ

p
2 −1 Id

)︁
:
(︁
Id |vi − vj |2 − (vi − vj) ⊗ (vi − vj)

)︁
− (d− 1)

(︁ p 
N

viφ
p
2 −1 − p 

N
vjφ

p
2 −1)︁ · (vi − vj) + p(p− 2)

N2

(︁
|vi|2|vj |2 − (vi · vj)2

)︁
φ

p
2 −2

= p 
N

φ
p
2 −1 Id :

(︁
Id |vi − vj |2 − (vi − vj) ⊗ (vi − vj)

)︁
− p 

N
φ

p
2 −1(d− 1)|vi − vj |2

+ p(p− 2)
N2

(︁
|vi|2|vj |2 − (vi · vj)2

)︁
φ

p
2 −2

=p(p− 2)
N2

(︁
|vi|2|vj |2 − (vi · vj)2

)︁
φ

p
2 −2,
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to arrive at

d 
dt

ˆ

RdN

φ
p
2 FN (t, V ) dV = d 

dt

ˆ

RdN

(︁ 1 
N

N∑︂
k=1

|vk|2
)︁ p

2 FN (t, V ) dV

= 1 
N

N∑︂
i,j=1

ˆ

RdN

[︃
1
2
(︁
∇2

viφ
p
2 + ∇2

vjφ
p
2 
)︁

: a(vi − vj)

+
(︁
∇viφ

p
2 −∇vjφ

p
2 
)︁
· b(vi − vj)

]︃
FN (t, V ) dV

=p(p− 2)
N3

ˆ

RdN

N∑︂
i,j=1

(︁
|vi|2|vj |2 − (vi · vj)2

)︁
φ

p
2 −2FN (t, V ) dV

≤p(p− 2)
N

ˆ

RdN

φ
p
2 FN (t, V ) dV.

(A.3)

The Grönwall’s inequality implies that
ˆ

RdN

φ
p
2 FN (t, V ) dV ≤ e

p(p−2)
N t

ˆ

RdN

φ
p
2 FN (0, V ) dV,

and by the Jensen’s inequality with p > 2 that

(︂ 1 
N

N∑︂
i=1 

|vα|2
)︂ p

2 ≤ 1 
N

N∑︂
i=1 

|vα|p,

hence we have that ˆ

RdN

φ
p
2 FN (t, V ) dV ≤ e

p(p−2)
N t

ˆ

Rd

|v|pf0(v) dv = e
p(p−2)

N tℳp(0).

And substituting this into (A.2), we have

dℳp(t)
dt ≤ −p(d− 1)ℳp(t) + p(p + d− 3)e

2(p−2)
N t[ℳp(0)]

2 
p [ℳp(t)]1−

2 
p . (A.4)

Now we solve this ODE by

d 
dt

(︁
e2(d−1)t[ℳp(t)]

2 
p
)︁

=2(d− 1)e2(d−1)t[ℳp(t)]
2 
p + 2 

p
e2(d−1)t[ℳp(t)]

2 
p−1 dℳp(t)

dt 

=2 
p
e2(d−1)t[ℳp(t)]

2 
p−1

(︂
p(d− 1)ℳp(t) + dℳp(t)

dt 

)︂

≤2e2(d−1)t(p + d− 3)e
2(p−2)

N t
[︁
ℳp(0)

]︁ 2 
p .

Then rewrite it into the integral form as

e2(d−1)t[ℳp(t)]
2 
p − [ℳp(0)]

2 
p ≤ 2(p + d− 3)

[︁
ℳp(0)

]︁ 2 
p

t ˆ

0 

e2(d−1)se
2(p−2)

N s ds

≤2(p + d− 3)
[︁
ℳp(0)

]︁ 2 
p

N

2(d− 1)N + 2(p− 2)

(︂
e2(d−1)te

2(p−2)
N t − 1

)︂
,
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i.e.

[ℳp(t)]
2 
p ≤ [ℳp(0)]

2 
p

(︃
e−2(d−1)t + (p + d− 3)N 

(d− 1)N + (p− 2)

(︂
e

2(p−2)
N t − e−2(d−1)t

)︂)︃

≤ [ℳp(0)]
2 
p

(︂
e−2(d−1)t + p + d− 3

d− 1 

(︁
e

2(p−2)
N t − e−2(d−1)t)︁)︂

≤ [ℳp(0)]
2 
p

(︂p + d− 3
d− 1 

e
2(p−2)

N t
)︂
,

where in the last step we used 
p + d− 3
d− 1 

> 1 when p > 2. That is,

ℳp(t) ≤ ℳp(0)
(︂p + d− 3

d− 1 
e

2(p−2)
N t

)︂ p
2 = ℳp(0)

(︃
p + d− 3
d− 1 

)︃ p
2 
e

p(p−2)t
N .

In conclusion, we have proved the desired estimate. □
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