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1. Introduction

We consider the spatially homogeneous Landau equation for Maxwellian molecules in dimension d in the
following form

of 0 Of (v) Of(v.)
5;—QUJ%—aggﬁww—v00w07a;—f@)%w)dm, -
£0) = fo.

where ¢t > 0 and v € R?, and we shall always adopt the Einsten’s summation convention with o and 3
running from 1 to d. Hereinafter we shall call it the Landau-Maxwellian equation. The nonlinear operator
Q is referred as the Landau collision operator. The coefficient matrix appearing in the integrand of the
operator ) given by

_ ZaZp
2>

a(z) = |2|?TI(z), where the projection matrix In5(2) = dap

This matrix is symmetric and non-negative (here d,p is the Kronecker delta). The unknown function f
represents the density in velocity of gas molecules at time ¢ > 0 in a plasma undergoing short-range
interactions according to the Maxwellian potential. We shall always assume that f is a non-negative density
function with finite moments up to second-order in order to have finite kinetic energy.

The celebrated Landau equation [34] has been widely used in plasma physics as it can be derived from
the Boltzmann equation [1] through the grazing collision limit. The most physically meaningful Landau
equation should consider Coulomb interactions. In this work, we instead focus on the Maxwellian molecules
case due to its simpler structure as pointed out for example in [45].

1.1. Notations

We gather here some global notations throughout this article. The Landau-Maxwellian equation conserves
the total mass, momentum and kinetic energy. Hence without loss of generality, we normalize the quantities
to

/f(v) dv =1, /vf(v)dv =0, /|v\2f(v) dv = d, (1.2)
Ra

R4 R4

where we always use f(¢,v) to represent the solution to the Landau-Maxwellian equation (1.1). We can also
rewrite (1.1) into a compact formulation as

Of =V -[laxf)Vf—(bx[)f], (1.1a)

or in a non-divergence form as
Of = (ax f): V2f = (cx ). (1.1b)
with the vector field b = V - a and the scalar ¢ = V - b, namely
bo (V) = 0ganp(v) = —(d — 1)ve, ¢c(v) = Opbo(v) = —d(d — 1),

which will also appear in the simplified formulation of the Landau collision operator in Section 3.
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1.2. Particle system

We are interested in deriving the Landau-Maxwellian equation as the mean-field limit of several many-
particle systems, via the classical strategy, namely the propagation of chaos argument. Our starting point is
the following interacting particle system of IV indistinguishable particles, proposed for instance by Fournier
[19]): for i =1,2,--- | N,

o, N ; s N
th:N; b(Vi — Vi)dt + ( 3 a(vg ) dBi, )

Jj=1

Vs =¢,

where the (B');>; denote N independent copies of standard d-dimensional Brownian motions which are
independent with the initial data ¢’. The diffusion coefficient matrix is given by the square root of the
non-negative symmetric matrix.

In our setting for the Landau-Maxwellian equation, we have that a(0) = 0 and b(0) = 0 hence the
self-interaction is automatically 0. We thus use the convention Zjvzl in (1.3) instead of the one > i
The same formulation of particle systems has been considered in some previous works for instance [19,9].
Under the assumption of Maxwellian molecules, the existence and uniqueness of the strong solution of the
system (1.3) have been proved in [19]. Applying the Itd’s formula and using the relation V -a = b, we write
down the Liouville equation (Landau master equation) of the N-particle joint distribution Fy (¢, V'), where
V=@, .., o) eRW, as

N N N
1 1
OWFn = E Vi [ E a v —U] VULFN N g U =) FN (1-4)
Jj=1 j=1

=1

where the initial data is denoted by Fn(0). And we also define the k-marginal of the joint distribution Fy,
which is simply the joint distribution for the first k£ particles, thanks to the exchangeability, as

Fni(t,vh, ..., o) = / Fn(t,V)dv*+t . do

RA(N—k)

Remark 1.1. To prove the Law of Large Numbers Theorem in Section 5, we need to assume that Fx(0)
is symmetric and close to the tensorized law fégN . To be more precise, if we let the test functions g
(k =1,2,3) be any of 1,v,,v2, Va Vg, |v|?, where a # B, then it requires that the third-marginal of the joint
distribution Fy 3 satisfies that

2 c
‘/FN,s(O)sol(vl)soz(vz)«ps(vS)dvl dv? dv® — H/fo(vk)apk(vk)dvk <~
R34

for some constant C. For simplicity, we can brutally assume that the initial data of (1.3) are i.i.d., namely
Fn(0) = f5".

We can formally obtain a first a priori estimate by multiplying the Liouville equation (1.4) with Fy and
integrating over the domain, say
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N
1d
§E/FNdV+Z/ Zav —07) (Vi Fy)®2aV
RAN i=lpan

N
1 _ _

-y / VoiFy - =Y bv' —v))FydV = 0.

Together with the identity given by integration by parts

N N
V.. Fn - — — N Fnd Z FQL L __M 2
wi N - NZ v' — ) Fy V— NNZV'b(U ) = 5 Fydv,

RAN RdN Jj=1 R4N

we obtain that

1d N

- 2

2dt/FNdV Z/
- d

RdN N

N
1 Nd(d—1

Zav —v9) 1 (V, FN)®2dV—7(2 )/F]%,dV. (1.5)
J=1

RdAN

Similarly, multiplying the Liouville equation (1.4) with log Fiy and integrating over the domain, we obtain
that

N
d 1 . .
1T / Fylog FydV + / FNN E a(v' —v?) 1 (Vyilog Fx)®?dV = Nd(d — 1). (1.6)
Rd4N R4N 1,5=1

The well-posedness of the particle system (1.3) implies the existence of some measure-valued solution of the
Liouville equation (1.4). Combining with the a priori estimates above, we state the following proposition
of existence of the weak solutions.

Proposition 1.2 (Ezistence of Weak Solutions of the Liouville Equation} Assume that the initial data Fp(0)
for the Liouville equation (1.4) is tensorized, i.e. Fx(0) = f&~, with fo € L' N L*(R?) satisfying that

fo>0, /fodvzl, and/fologfodv<oo.
Rd Rd

Then for any T > 0 and fized N, there exists a weak solution Fn of (1.4) satisfying

Fn(t,V) >0, / Fy(t,V)dv =1,
RdN
Nd(d—1)t
IFN @)l 2@avy < e 2 |l foll 22 mays
and
/ Fy(t)log Fx(t)dV < N / folog fodv+ Nd(d— 1)t
d

RdN

for any t € [0,T).

The L? bound and the entropy bound for Fy are deduced from our a priori estimates (1.5) and (1.6).
For more detailed discussion of the advection-diffusion theory, we refer to the book by Le Bris-Lions [35]. In
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the appendix, we will also see that if fy has finite p-th order moment, then so does the first marginal of joint
distribution Fy,;. Notice also that if f, has finite entropy, then Fyy ; has finite entropy by Jensen’s inequality.
In our main result Theorem 1.7, we will further assume fy to be C? with Gaussian type decay, which naturally
satisfies the assumptions for the initial data in Proposition 1.2 and Proposition Appendix A.1.

Remark 1.3. There is also another kind of particle system which has been introduced by Fontbona-Guérin-
Méléard [18], also in the sense of probabilistic interpretation, to approximate the Landau-Maxwellian
equation,

2‘5

N
D_alVi—ViiaBy (1.7)

Jj=1

9 N
dvzzﬁj;bw;—

Vs =¢'

Here (B}7); j>1 are N? independent copies of standard d-dimensional Brownian motions and are also inde-
pendent with the initial data ¢*. We notice that the particle system (1.7) shares the same Liouville equation
with the previous one (1.3). Since we will always work on the Liouville equation level in this article, our
results can also be applied to the system (1.7), once we make the same assumptions on the initial data.

Remark 1.4. We also propose another particle system which has the same Liouville equation (1.4), thus our
results can also be applied to this case. The SDE system is given by

N
; ) . o,
v = = D bV = V) dt+—ZZga,g ~V/)aB)*”?
Jj=1 j 1a<pB y (18)
Vi _ é-z
where the vector field & 5(v) = (0,...,—vg,...,va,...0) is given with two non-zero components at the

a-th and f-th positions (a < f); (BY*");51,a<p are i.i.d. 1-dimensional Brownian motions and independent
with the initial data ¢*. Notice that the identity of the quadratic variation term holds:

1 \/§ al i j j,a, 8
24 ;%fa,ﬂ(‘é - v?)dBi?|
1 N N
:NZ fa”g@faﬁdt Z 7Y dt.
j=1la<p =

The advantage of the formulation is that we write explicitly the martingale term without taking the
square root of the corresponding matrices. For non-Maxwellian case, we replace the current vector field by
o[/ ?¢4.5(v). This formulation of randomness is inspired by the environmental noise for instance in Guo-Luo
[28].

Remark 1.5. Apart from the particle systems (1.3), (1.7) and (1.8), Carrapatoso [7] has constructed another

Kac-type particle system to approximate the Landau-Maxwellian equation, by passing the Kac’s walk model
to the grazing limit. We present here the Liouville equation of this system.

N N
1
BtFN— E (v' —v?) - Vi Fy + N E a(v' —v?) : (V2. Fn — V2., FN).
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Due to the conservation law of momentum and energy in the collision process of the Kac’s walk, the new

system also conserves the momentum and energy, which is different from the first two systems, formally

leading to the appearance of the cross term Viivj Fy in the Liouville equation. We expect a similar relative
entropy estimate for this new system approximating the Landau-Maxwellian equation, but since the Liouville

equation has a different form, we shall not deal with it in this work.
1.83. Main results

The key idea in this article to establish propagation of chaos is to evaluate the normalized relative entropy
defined below between the joint law of the particle system and the N-tensor product of the solution of the
limit equation, bounding it with some quantities vanishing when N goes to infinity. Then by the classical
Csiszar-Kullback-Pinsker inequality, the relative entropy estimate implies the quantitative propagation of
chaos in L' sense.

Definition 1.6 (Normalized Relative Entropy). The normalized relative entropy between two probability
measures on R, say Fiy and fy € P(R), is defined by

1 F
Hy (Fylfy) = / Fy logf—NdV.
RAN N

We set the relative entropy quantity to be +oo if Fiy is not absolutely continuous with respect to fy. In
this article, we take Fy as solutions of the Liouville equation as defined before, and we take fy as

IN(V) = fEN @ oY) = T £ (),

that is the tensorized distribution of the solution to (1.1).
Now we state our main result, where |A| denotes the Frobenius norm of a matrix A.

Theorem 1.7 (Entropic Propagation of Chaos). For any T > 0, given the classical solution [ €
C1([0,T],C*(R?)) solving the Landau equation for Mazwellian molecules (1.1) with non-negative initial data
fo € C3(RY) that satisfies the conservation laws (1.2). Assume further that there exists some positive constant
Co such that fo satisfies the Gaussian-type bound from above that

fo(v) < Coexp(=Cy o), (1.9)

and the logarithmic growth conditions
[Vlog fo(v)] S 1+ |v], (1.10)
|V21og fo(v)| <1+ |v]?. (1.11)

Then for any weak solution of the Liouville equation (1.4) with Fx(0) = f&~, we have the following estimate

for N large enough

C(1+T°/?)
VN

where C' is a constant depending only on the initial bounds above and the initial 4-th order moment of the

Hyn(Fn|fn)(#) <

first marginal Fi ;.
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Remark 1.8. The well-posedness and regularity of the Landau-Maxwellian equation have been established
in Villani [45]. If fo is non-negative with finite mass and energy, then (1.1) admits a unique classic solution
which is bounded and in C*°(R%) for all time ¢ > 0.

Due to the sub-additivity of the relative entropy, we obtain that

1 F
Hy(Fy il f2) = % / Fy 1 log fg}f dv'...dv* < Hy(Fn|fn),
Rdk

which in turn implies the strong L' propagation of chaos as follows from the classical Csiszar-Kullback-
Pinsker inequality, namely

|k — F2*)z < \/2kHu(E k] F5).

Corollary 1.9 (Propagation of Chaos in L1), Under the same assumptions of Theorem 1.7, the propagation
of chaos in L' holds with the convergence rate as

C(1+1T°/%)
I FNge — f®kHL°C([O,T],L1(Rd’€)) < —NiA

Remark 1.10. Our main results, Theorem 1.7 and Corollary 1.9, can be compared to the result by Fournier
in [19], which established the propagation of chaos in the sense of the Wasserstein-2 distance between the
k-marginals Fiy x(t) and the tensorized law f&*, that is,

Cr
sup Wa(Fn g, f2F) < )
t€[0,T] 2( oher Jt ) N1/2

(1.12)

where the constant C'r depends on T exponentially. Combining our relative entropy estimate and the
Talagrand’s inequality, see for instance in the book by Villani [46], we can also obtain a convergence rate
estimate in the Wasserstein-2 distance, but suboptimal compared to Fournier’s result. On the other hand,
if we replace our new argument in the flavor of the Law of Large Numbers in Section 5 simply by (1.12),
we can also obtain our relative entropy estimate in the same order in N, but then the dependence on T will
be less optimal compared to our result.

The relative entropy method employed in this article has been proved effective for singular interact-
ing particle systems. Nevertheless, two major obstacles prevent its extension to the Landau equation with
Coulomb interactions. On the functional-analytic side, establishing sharp pointwise estimates for the gra-
dients of the log density is considerably more difficult, owing to the weak diffusive structure and nonlinear
nature of the Landau collision operator. On the particle-system side, the law of large numbers we estab-
lished for Maxwellian molecules crucially exploits the explicit polynomial structure of the coefficients, a
feature absent in the case of singular potentials. Recently, the first- and third-named authors obtained the
first compactness result for the unmodified Kac particle system with very soft and Coulomb potentials [§],
thereby deriving the infinite Landau hierarchy via Fisher-information bounds. The qualitative propagation
of chaos for the Landau equation with Coulomb interactions and very soft potentials was obtained by the
second- and last-named authors of this article [17], and independently by Tabary [42], using respectively the
duality approach of [2] and the classical tightness—uniqueness method (see, e.g., [22]). Achieving quantitative
entropic propagation of chaos, however, still requires substantial new advances. For a related development-
namely, a stability estimate via relative entropy for the Landau equation with Coulomb interactions - we
refer to the recent work [43].
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1.4. Related works

The well-posedness and regularity results of the Landau equation have been deeply investigated, where
we refer to Villani [44,45] for physical and mathematical details of the equation and for the Maxwellian
molecules case. In terms of hard potentials, the well-posedness, regularity and long-time behavior have been
studied by Desvillettes-Villani [13,14] and Fournier-Heydecker [23]. For moderately soft potentials, the global
well-posedness result is obtained in Fournier-Guérin [20]; for very soft potentials. Villani [44] defines the
notion of H-solution and proves its existence, but the regularity and uniqueness of H-solutions remain open.
Desvillettes [12] has proved that the H-solutions are actually weak solutions through an entropy dissipation
estimate. Recently Golding-Loher [25] proves the local existence, uniqueness and stability results for smooth
solutions with LP initial data, where p is arbitrarily close to 3/2. Most recently Guillen-Silvestre [26] has
shown that the classical solution of the Landau equation for Coulombian potential does not blow up.
Combining with this argument, Golding-Gualdani-Loher [24] has proved the global existence of bounded
smooth solutions.

The derivation of the Landau equation from particle systems is interesting and challenging. The first
quantitative propagation of chaos result for the Landau equation was given by Fontbona-Guérin-Méléard
[18] using optimal transportation techniques. Later in Fournier [19] a better result in the decay rate of
Wasserstein-2 distance was obtained via the classical coupling method. Both results work on the Landau-
Maxwellian equation. Fournier-Hauray [22] was also able to obtain the quantitative result of the same
particle system for the Landau equation with moderately soft potential using a weak-strong argument
and the classical weak martingale approach introduced firstly by McKean. By applying a (modified) Kac
particle, Miot-Pulvirenti-Saffirio [36] have derived the infinite Landau hierarchy with Coulomb potential
by a compactness argument. Carrapatoso [7] constructed the Kac particle system in SDE form via passing
the Kac’s walk process to the grazing limit to approximate the Landau-Maxwellian equation, with a quite
slowly decaying rate, using the abstract analytic method developed in [37]. This result was improved and
extended to the hard potential case by Fournier-Guillin [21].

The relative entropy method to prove quantitative propagation of chaos result for McKean-Vlasov systems
was first introduced by Jabin-Wang in [31] for second-order systems with bounded kernels and in [32] for
general first-order systems with W ™1 kernels, including the point vortex model approximating the 2D
Navier-Stokes equation on the torus. Recently much progress has been made in extending the relative entropy
method to more general cases and models, especially with singular interacting kernels. Those results include
Wynter [48] for the mixed-sign point vortex model, Guillin-Le Bris-Monmarché [27] for pushing forward
the results in [32] to the uniform-in-time propagation of chaos by using the logarithmic Sobolev inequality
(LSI) for the limit density, Shao-Zhao [41] for the general circulation case with common environmental noise
approximating the stochastic 2D Navier-Stokes equation, and Carrillo-Guo-Jabin [9] for the derivation of
the mean-field approximation for Landau-like equations, all of which are working on the torus case. In the
recent work Feng-Wang [16], the propagation of chaos result for 2D point vortex models in [32] has been
extended to the whole space case, by carefully investigating regularity results of the limit density, say growth
estimates of Vlogp and VZlog p, once given some growth estimates on the same quantities of the initial
data pg. These estimates are expected to be universal in many models with some Gaussian type equilibrium.
We also remark that those assumptions on the initial data are reasonable, since they will automatically be
recovered at any positive time given initial data with Gaussian decay. We further mention the work Huang
[30] which shows that for weakly interacting diffusions of the McKean-Vlasov type with bounded interaction
kernels, given weak chaotic initial data for instance in the Wasserstein metric sense, one can obtain entropic
propagation of chaos for ¢ > 0.

Recently the modulated energy method introduced by Serfaty [40] has also seen great effectiveness in
proving mean-field limit and propagation of chaos of McKean-Vlasov equations with singular interacting
kernels. Instead of focusing on the Liouville equation level as in the relative entropy method, this modulated
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energy method works on the empirical measure of the particle system. By introducing and estimating a
Coulomb /Riesz-based metric between the empirical measure and the limit density, which can be viewed as
a renormalized negative-order Sobolev norm and is called the modulated energy, [40] arrives at proving the
quantitative convergence rate of the empirical measure, acting on some test function, for the Coulomb and
super-Coulomb case without additive noise in the whole Euclidean space. Later the method was extended
to Riesz-type singular flows by Nguyen-Rosenzweig-Serfaty [38] and global-in-time result by Rosenzweig-
Serfaty [39]. Combining the modulated energy with the relative entropy multiplying with the viscosity,
Bresch-Jabin-Wang [5,4,6] developed the modulated free energy method to deal with the attractive singular
kernel case with additive noise, in particular the 2D Patlak-Keller-Segel model. De Courcel-Rosenzweig-
Serfaty [11,10] also extended the modulated free energy method to the periodic Riesz-type flow and the
attractive log gas, proving uniform-in-time propagation of chaos results.

We also mention the recent work of Lacker [33], where the local relative entropy of any order, say
Hy(Fy (1) £2%), is considered instead of the global quantity Hy (Fy (t)|f&Y). Using the BBGKY hierarchy
and some careful iteration, Lacker established the optimal convergence rate of the relative entropy between
the k-marginals and the tensorized law for weakly interacting diffusions with bounded interaction kernels.
Combining with the analysis in [32], Wang [47] has extended the sharp convergence rate in N to the 2D
Navier-Stokes case on torus, but restricted to the high viscosity case. Bresch-Jabin-Soler [3] also works on
the BBGKY hierarchy, combining with the compactness argument, to derive the mean-field limit of the
second-order singular interacting Vlasov-Fokker-Planck system, in particular the 2D Coulomb case. Finally,
we also mention the new approach in Bresch-Duerinckx-Jabin [2] that also relies on estimates on a hierarchy,
based this time on a new notion of dual cumulants.

1.5. Outline of the article

The rest of this article is organized as follows. In Section 2 we derive the evolution of the relative entropy,
and prove the main theorem by taking advantage of the logarithmic gradient and Hessian estimate and a
new Law of Large Numbers theorem, which will be proved in later sections. We give the analysis of the
Landau-Maxwellian collision operator and provide some discussions on the parabolic maximum principle
in Section 3. Then we present our main regularity estimates, namely the logarithmic gradient and Hessian
estimates in Section 4. Section 5 is devoted to the proof of the Law of Large Numbers result. We leave the
moment estimate of the Liouville equation in Appendix A.

2. Proof of the main result

In this section, we will first prove our main result, i.e. the entropic propagation of chaos result The-
orem 1.7, while admitting some intermediate results. It is given firstly by deriving the evolution of the
normalized relative entropy, and then exploiting the Law of Large Numbers Theorem 2.2 and logarithmic
gradient and Hessian estimate Theorem 2.3 and Theorem 2.4, to control the time derivative of the relative
entropy. Integrating in time will conclude our entropy estimate result.

Proposition 2.1 (Evolution of the Relative Entropy). For any t € [0,T], it holds that

(2.1)
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Proof. Recall from Definition 1.6 that

1 1
Hy(Fn|fn) = N / FNIOgFNdV_N / Fylog fy dV,
RAN RN

and the tensorized limit equation (1.1a) satisfies

N
Oufn =Y Vi~ [ax f(0) - Vi fn = bx f(v') fn].

=1

We calculate the time derivative of the relative entropy as

d 1 1
< N/FNlogFNdV =5 /(1+10gFN)atFNdV
RAN RAN

N N
1 . v, VuiIN®V,iFN
U A
E / N Ela(v ') ~ dv

RdN

<)

iz
N
Z vt — 7)) Vi FydV,

where we plug in (1.4) and integrate by parts in the second step; similarly, we have

d 1 1 O fn
il (el = — 1 F F
Y <N /FNlongdV ¥ / (ongat N+ Fn n )dV
RAN RdN
N N
oM E DMIUETUEE s
i=1 RAN J=1
N N
il = )
*NZ/ NZb ™ FydV
l:]RN J=1
N N
1 , F 1 ‘ F
_NZ/a*f(vl);vvif—N®vvidev+NZ/b*f(vl)me—NdeV
i:leN N iledN N

Using the identity

& _ fNVviFN _FvaifN
fn % 7

we are able to rewrite

d 1 Y Lo F £
EHN(FNUN)@):— Z Fy Za(vl—v]):Vvilogf—j:®vvilogf—§d‘/

al : F
Z/ {a*f = NZa(vi—U])}:Vvilogf—jj\\[[@VUilongdV

]RdN J=1

(2.2)

(2.3)
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N

1 3 i 1 i ] F

=iy =1
=: L+ 1+ Is.

For the first term I;, due to the idempotency of the projection matrix, i.e. IT> = II, we have

1 ST (T o) Fyv\?
I = — — Frlvt — i 2(1d — LA :(Vqulog—) av
1 N? ij=lpan | | ( [vt — 0|2 ) fn
1 ; - (v =)@ (v —v?) Fy |2
— F 1—32’ Id - )X Vil —‘ av <0,
=1 IJ=RdN
which is non-positive. For I3, it holds from integrating by parts that
1 & I R A F
== 30 [ Fulbs f) = < 00" = o7)] - Vuslog T av
i=lghn j=1 fn
1 1 & F
= D" =) V| Py Vo log = | d
N§ {a*f(v) Nzla(v v )} Vo [ NV, log T V
=lRdn J=

1 1 F
, , , N
= Z FN[a*f(vZ)— NZ@(UZ—UJ)] 1 Vyilog Fy @ V,ilog — dV

N = = In
N N
1 1 . . Fy
— F - — )| V2 log =~ dV.
+ N 2 1 N[a*f(v) N E_la(v v )} Vzilog T
=lRadnN J=

The following trivial identity holds:

Fyn v2iFN v2z'fN Fn

V2 log =~ = —% — T V,ilog = ® Vi log(F ,

v 108 In Fn In & In 8lFnin)

which yields
N N

1 , 1 ; » VZFn V2 in

[ vy T ] . vt _ v
I+ 13 Nzi_leN FN[a*f(”) N],Zzla(” v )} ' ( Fy fn )dv

i=lpan J=1
N N

1 , 1 , 1 V2. fn

- — N — — L _pl)| s

I E_l Fy [a*f(v ) N E_l a(v' —wv )} e dv
=lRdn J=
N N

1 , 1 , 1 V2 fN

—_ F AN | . v

N §_1: w[axf0) -+ E‘_la@ o) v,

=IiRdN J=

where the last step is obtained by integrating by parts twice and using that V? : a = —d(d — 1) in the
Landau-Maxwellian case. Proposition 2.1 is obtained by integrating with respect to time. O
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In order to control the last term in Proposition 2.1, one may recall the Law of Large Numbers and the
Large Deviation type results obtained in [32, Theorem 3, Theorem 4]. As observed in [16], it will work once
the integrand satisfies a quadratic growth estimate. However, due to the unboundedness of the coefficient
matrix a(z), it is not the case this time. Hence we shall apply the Cauchy-Schwarz inequality to the three-
index variables as

N d N d 1 N d L
DY wamies < (X2 Y whs) (2 D vhas)
i=1 a,f=1 i=1 a,f=1 i=1 a,f=1

to the integrand of (2.1), which yields that

=iy j=1 fn
/FN(%i‘a*f(v’)—%EN:a(v’ v) Q)é(%i‘v%f(vl) 2)%dV (2.4)
RN i=1 j=1 i=1
bl IRl

RdN Jj=1 RAN i=1

where the last inequality is due to the Holder’s inequality.

Now we can treat the two parts in the last line separately. For the first part, we observe that the quantity
inside the square term has mean zero if the joint law of (vl, T ) equals to the tensorized law fx. This will
be shown by the following Law of Large Numbers result, which can be viewed as an extension to unbounded
kernel case of the Law of Large Numbers type result [32, Theorem 3].

Theorem 2.2 (Law of Large Numbers). Assume that T ~ O(N), we have the following Law of Large Numbers
estimate:

2

1+ My (0))A+T)
N

FNli'a*f( 1 (v —UJ)’ dV<( (2.5)
N = N

RN i=1 =

The proof of Theorem 2.2 will be postponed to Section 5, but we emphasize here that, the reason why
we keep the structure N >, instead of using some fixed 1ndex 1 is to see the symmetry property easily. To
deal with the second part in the last line of (2.4), we need to take advantage of the logarithmic gradient
and Hessian estimates and bound it with the moment of Fy. For the completeness of the proof, we present
here two key estimates.

Theorem 2.3 (Logarithmic Gradient Estimate). Assume that the solution of the Landau-Mazwellian equation
f € cH([o,T),C*(RY)) with its initial data satisfying the logarithmic growth bound (1.10)

[Vlog fol S 1+ [vf;

we further assume that the initial data can be controlled above by some Gaussian-type function with some
constant Cy > 0 as (1.9)

fo < Coexp(—Cy Hol?).
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Then for any t € [0,T] we have
[Viog f| S 14 VE+ o]

Theorem 2.4 (Logarithmic Hessian Estimate). Under the same assumptions as in Theorem 2.3 and further

assume that fy satisfies the logarithmic Hessian estimate (1.11)
[V21og fol S 1+ [vf?,
then for any t we have
|V21og f| S 14t + |v]

The proofs, which are similar to the logarithmic estimates in [16], are presented in Section 4. These two
estimates together tell us that the V2 f/f has the quadratic growth bound in velocity, say

Vif o 2 i Nk i|2
’T(vnf)‘ <|v logf(v,t)|+’V10gf(v,t) S14t+ o'

By the moment estimate Proposition Appendix A.1, for ¢ € [0, 7], the second part can finally be bounded
by some constant only depends on T and the initial 4-th moment M4(0) as

L f N
sup /F NZTUt dV</FN Z +t+ [v']?)?

te[0,T) R (2.6)

8T

<1+ T2+ My (0)e'™ .

We plug estimates (2.5) and (2.6) above into (2.4) to obtain that for T' < N,

sup
t€[0,T]

al i Vady (1+ M4(0))(1 +T%)
; vi—w }: - V‘S 4\/N .

Z/FNa*f

RdN

= \

By the evolution of the relative entropy Proposition (2.1), together with our initial assumption Hy (Fn|fn)(0) =
0, we can conclude the main result Theorem 1.7 as

Hy (Fn|fn)(t)
t Y V2. fx
O/seSI(lJpT — / [a*f z:: v—vj}:f—dV‘ds

CL+ Ma(0)(1+T3)

=lgan

IN

2

3. Maximum principle

We shall present in this section the classical formulation of the Landau-Maxwellian equation. Briefly
speaking, we rewrite the Landau collision operator in the form of a second-order elliptic operator, which is
natural to satisfy some maximum principle. This will be the key method to derive our logarithmic estimates.
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3.1. Formulation of the Landau-Mazwellian equation

The first step is to simplify the collision operator by making use of the conservation laws (1.2), which is
directly computed as in [45, Section 2], say rewriting (1.1b) into

Oif =Lf = apOapf +d(d—1)f,
where the matrix (Gog)dxaq is given by
UaB = GagB * f= déaﬂ + (|’U|25a5 — vavﬁ) — & (t), (3.1)

where £,3(t) is the directional temperature defined by

Eap(t) ::/f(t,v)vavgdv. (3.2)
Rd

Define the initial condition

Dag = /fovavg — 5aﬂ-
Rd

Without loss of generality, by choosing an appropriate orthonormal basis, we may diagonalize the matrix
(Dog)axd as

(Daﬁ) = Diag (Du, ...,Ddd)

with

d
Das :/fovavﬁ =0, fora # f; Daa :/fovi’lv and » _ Doo = 0.
R4 Rd

a=1

For any smooth test function ¢(v), the weak form of the collision operator L is given by

By taking ¢ as 1, v, \v|2 respectively, we can easily verify the conservation laws (1.2); moreover, we can take
©(v) = v2 to obtain that
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d 2 2 2
E f(t,U)Ua dv =2 (|U—’LU| - (U—W)a)f(t,UJ)f(t,U) dwdv
R4 R4 xR4

—2(d-1) / (v —w)2 f(t,w)f(t,v)dwdv
RdxRd

=4 [ f(t,v)|v]*dv —4d [ f(t,v)v? dv,
/ /

which yields the explicit expression of the directional temperature (3.2) when a = 8
Ea(t) i= Eaalt) =1+ (E4(0) — 1)e ¥ =1 4 D,ne 4. (3.3)

As mentioned in [45,14], under the assumption that fy € L', it cannot hold that Dyq = d—1 or Do = —1,
since the density function cannot be concentrated in some (d — 1)-dimensional hyperplane. Hence there
exists some 7 > 0 depending on fy, such that for any «,

_1+77§Dao¢§d_1_777 (34)

and the collision operator L is strictly elliptic for any time ¢ > 0 due to (3.3). Similarly, if we fix some
indices a # 8 and take ¢(v) = v,vg, we can obtain that

%/f(t,v)vavgdv :2/ (—(v—w)a(vfw)ﬁ)f(t,w)f(t,v)dwdv
R4

R2d

_od—1) /(v ) (v — w)s f(t w) f(t, v) dw do

R2d

=— 4d/f(t,v)vavﬁ dv,
Rd

with initial condition /fovavg =0, for a # B. This implies that for any ¢ > 0,

R4

Eap(t) = /f(t,v)vavg =0, for a # . (3.5)
R4

Substitute the explicit form of £, into (3.1) to get
Uop = ddop + (|v|25a5 — va0g) — ap(l+ D,me_‘ldt)7
and the simplified formulation of Maxweillian-Landau equation
Of=Lf=((d-1)A+ [v*PA = 0405005 — e **DpaOaq + d(d — 1)) f. (3.6)

We can further decompose the collision operator into two parts as in [45, Section 4], which are both inde-
pendent of the orthonormal basis, say

Lf=Lif+Laf,
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where the linear Fokker-Planck-like part reads as
Lif =(d—=1DAf+(d—1)V-(fv) — e " Dy00naf,
and the Laplace-Beltrami type operator part becomes
Lof = ([v[*dap — vavs)apf — (d—1)v- V],

8.2. Parabolic maximum principle

As explained in previous texts, the key technique which we shall use in the main logarithmic estimates
is the well-known parabolic maximum principle. Since the collision operator in the form of (3.6) is strictly
elliptic, one may expect that 0; — L satisfies the parabolic maximum principle as the classical heat equation.
Our main logarithmic estimates rely on this property. We now give a detailed discussion of the principle in
our collision operator setting.
Proposition 3.1 (Mazimum Principle). Suppose that u € C*([0,T],C*(RY)) satisfies

(O — L)u = (0 — (d— 1)A — |v|*A + 0405005 + e 1D 0 00a — d(d —1)u <0
with the initial condition
u(0,-) <0.
Assume further that u satisfies the a priori exponential growth condition with some constants A, M > 0,
u(t,v) < AeMIvP? (3.7)

fort €[0,T] and v € R%. Then u <0 holds for any t € [0,T].

Proof. We first assume that

. 1 1
T<mm{2d(d—1)’8dM}’

which then follows that there exists some e that

. 1 1
0<5<mln{m,m}—T

Our idea is similar to the proof of the maximum principle of the heat equation [15, Section 2.3], say firstly
proving the result for a short time horizon [0,77], and then proceeding from time 7' to prove the result in
[T,2T] and so on.

We firstly need to change the variable to make the constant term in the parabolic operator to be non-
negative. Hence we set w = e~ (@=d+ Dty t6 find that

(0 — L)w = e—(dz—d-i-l)t(at —L)u— (d2 —d+ 1)6—(d2—d+1)tu7

which satisfies
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(0 — L)w :=(0; — (d — 1)A — [0*A + 0405005 + €' D40 Ona + 1w

=(0) — ap0ap + Nw = 67(d27d+1)t(8t — L)u <0.

Next, we construct a radially symmetric auxiliary function ¢ which satisfies (9, — £)¢ > 0, namely,

lv]?

ot v) = pe’ MO

where §(t) and d(t) are some functions to be determined, and p is any positive number. Notice that the
Laplace-Beltrami type part does not play a role on the radially symmetric function ¢, i.e. Lo¢ = 0, then it
holds that

=0 —(d=1DA = (d=1)v-V+e "Dy dua + 1)¢

!

:(ﬂ' + 5’% —d(d—1)6 — (d —1)8?|v]* = (d — 1)§|v|*> + e 62Dy v? + l)gb
(6 —a@—1)5+1)+ |v|2(% —2(d = 1) (d—1)9) ),
since
|Daaval < (sup|Daal)lv]* < (d =1 —n)[v]*.
To satisfy (9; — £)¢ > 0, it is sufficient to choose
B >dd—1)6—1, & >4(d—1)6%+2(d—1)é.
This can be verified by choosing

1 (d- 1)t

00 = ey ™ A0 ="p

thanks to the assumption on 7. Now we summarize that w — ¢ satisfies
(0 —L)(w—¢) <0

1
with w(0) — ¢(0) < u(0) <0. Since T' + ¢ < SaML for large enough R > 0, in the region |v| > R we have

_ 2
w(t,0) — Bt v) < e @AtV MR _ ) O e <

We prove by contradiction that if w — ¢ had its positive maximum in [0,7] X Bg, say at (to,vg), then
following conditions hold:

Or(w — @) (to,v0) >0, aaplap(w — @)(to,v0) <0, and (w — ¢)(to,vo) > 0;

namely

(0 — L)(w — ¢) = (04 — GapOas + 1)(w — ¢) >0,
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which contradicts with that (9; — £)(w — ¢) < 0. Hence for any u > 0, we have for sufficiently large R that
w(t,v) < ¢(t,v) holds in [0,T] x RL Fix w and let g — 0, we have w(t,v) < 0 and thus u(t,v) < 0 for
t € 0,77

Finally, for general T' > 0, we divide [0, 7] into many time intervals such that the length of each interval
satisfies the assumption, and proceed as above. 0O

In the similar spirit of Proposition 3.1, we can derive the Gaussian lower bound by the comparison
principle, which is useful for further regularity estimates. This has been done in [45, Theorem 3], once we
notice that the initial growth condition (1.10) implies directly that the initial density has Gaussian lower
bound, say fo(v) > C ™ exp(—C|v|?) for some large constant C.

Proposition 3.2 (Gaussian Lower Bound). Assume that the solution of the Landau-Mazwellian equation
f e ([0, T),C3HRY)) with its initial data satisfying the logarithmic gradient growth estimate (1.10)

|Vlog fol < Ci(1+ |v]),
then for any t € [0,T] we have

f(t,v) > Cyexp ( _ Cé(ﬁ)@)

for some constant Cy and C(t) > 1 with C4(t) — 1 as t — oc.
4. Logarithmic estimates

In this section we shall give the logarithmic gradient estimate and logarithmic Hessian estimate as in [16],
which are necessary for evaluating the relative entropy. Our goal is to derive the linear growth of |V log f]
and quadratic growth of |[V?log f|, once the same conditions are satisfied by the initial case. We shall apply
the Bernstein method by constructing suitable auxiliary functions and propagating them under the parabolic
operator. Using the maximum principle Proposition 3.1 and the initial condition, these functions are proved
to be non-negative, which gives bounds on our desired quantities, namely Theorem 2.3 and Theorem 2.4.
Proofs are given respectively in the coming subsections.

4.1. Logarithmic gradient estimate

We will need the following two results of propagation, which are nothing but elementary calculations.

VIR VAR
4d .
;oS

2
Lemma 4.2. (0; — L) flog f < —nWTf +d(d—1)f, where n is the small positive constant given in (3.4).

Lemma 4.1. (0, — £)

For simplicity of the proof, we first prove our main estimate assuming the above two lemmas. The
technical proofs of Lemma 4.1 and Lemma 4.2 will be postponed to the end of this section.
Now we construct the auxiliary function to be propagated as

_ 1P
f

F(t,v) +Cflog f —d(d—1)Ctf — C'f.

From the two lemmas above we have
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IV o VP
Cn

(O — L)F < 4d—— 7

+d(d—1)Cf —d(d—1)Cf <0,

4d
for any C' > —.

n
The formula at t = 0 simply reads

|V fol?

F(0,v) = + Cfolog fo — C' fo.

By the initial condition (1.9) and (1.10), we choose C' large enough and then C’ large enough to make

F(0,v) < 0. Notice that f is bounded from [45] and that f has Gaussian lower bound from Proposition 3.2.
Hence in order to check that the auxiliary function F' satisfies the a priori exponential growth condition
(3.7), we only need to prove the boundedness of V f. This is obtained from [26, Theorem 2.1], which is the
space-homogeneous case of the previous result Henderson-Snelson-Tarfulea [29, Theorem 1.2]. Hence by the
parabolic maximum principle Theorem 3.1, we have F' < 0 for any ¢, or

|Vlog f|* < Cd(d— 1)t — Clog f + C". (4.1)
We also note that from Proposition 3.2 we have
log f > — My — Cy(t)|v).

This will give our main estimate Theorem 2.3.
Now we present the proofs of the two technical lemmas.

Proof of Lemma 4.1. We first list some elementary calculations.

Claim 4.3 (Elementary Calculations I).

atIV;” _ Vfggatf + ;W VS,
I PR
0us L S |vf£|28a5f + VS Vousf
+ (;vaaf VS — fzaﬂfw Vouf — an WV VOsf + f3a o fOFIV S| )
By Claim 4.3 we propagate that
(at —(d— 1A — [U2A + 0405005 + €U Dy Dne — d(d — 1)) @
_ |Vf];|2 (00 — (@~ DAF ~ [oP AT + 0003003 f + € Doloe f +d(d — 1))

+ ;Vf V(00 = (@ = DAS = [oPAS + vavsOapf + € ¥ Danucf )

- %(d— 1— e*‘““DM) s f — %ﬁ"f‘z

+ G0 TNAS = J0000f0usf — S0P |ouss - BLEL] (42)
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IVfI?

2 2
+ ?uavﬁ(vaaf V0sf — $08I VS Vaf + =

S-0a1051 )

=Term; + Terms, 4+ Termgs + Termy + Terms.

We then analyze these terms respectively. Term; + Terms can be simplified directly by the evolution
equation of f, which shows that the sum of them vanishes; Termg is obviously non-positive since Dy, < d—1;
The last two terms in Term, + Terms can be changed into negative sum of square terms.

We first expand it as

2 2

7 % (—v Bapf)? +2v28 af affaﬁf—v?/(aaf)fgaﬁf)
By

S LIS Y Yo

+ vav300~ fO — 20,0 o
30a~ fOp~ | 7 vg 2

then divide it further into three parts:

1
7”’%(8(1[3]0)2 + Vav80ary fOsyf = *5(”0(135»”” - Uﬁaa'yf)2v

Do f)?(05f)? Do fOsf(05f)? 1/ 085f0 O fO-, 2
LC O N B ) TRV H B 34
Oaf0p] Oay /0510 950 Do fO
202005 f ffﬁf_zvavﬁM: (Uaaﬁwf_%awf) (va 'Bff'Yf—vB J;wf).

Hence we are able to rewrite Termy + Terms into a more compact form as

4 1 g fo Oa fOy 2
?(%a@ﬁf—%@aﬂf)aaf - ?(“aaﬂwf—vﬁamf ~ Vo ﬂff Lo ff 7f)
g fo 3a 042
2 505 (10000 — 0] — va 2L 0, I
'v;ﬁﬁ a

+3 Z Va0ssf —vp0apf)Oaf
a,B

0pfo o fOBFN\2
;(U“aﬁﬂf—%&xﬁf—va ﬁff of +vg ff 5f) )

\m

Notice that the cancelling property holds

93108 f 9o fOpf VS V2
Ve —v Oa — -V ——v-Vf=0.
D A L A I
The last two lines of (4.3) are then equivalent to
1 93f0sf 9afOsf VI
—— Va0 — 08008 — Vo + v — 20, + 4d
7 QZ)B ( s f — v50as f 7 67 f) 7

This concludes our desired propagation estimate. O

Proof of Lemma 4.2. We also list some other elementary calculations first.
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Claim 4.4 (Elementary Calculations II).

O (flog f) = (1 +1log f)O:f.
Oa(flog f) = (1 +log f)Daf.

Bap(f0g f) = (1 + log f)dusf + 22T

f

By claims above we propagate that
(at —(d—1)A — [U2A + v0v50as + € ¥ Doadaa — d(d — 1))f10g f
:(1 +log f) (Btf — (d = D)AF — [0]PAf + 0405005 f + € 2" Dooduaf — d(d — 1)f)

+dd—1)f — (d 1 e_4dtDaa) (aaff)2 _ (|v|2 |VJ{2 v 3aff35f>

2
ol

+d(d-1)f,
where the last term before the inequality coincides with

2 . 2
|U|2|VJ{ _( yf) Z%(Uaaﬁf—vﬂaaf)Q- (4.4)

This will give our desired estimate. O

4.2. Logarithmic Hessian estimate

2
Tt suffices to bound —*= by some quadratic function as in [16]. We will also need the following two results

of propagation as in the previous proof of Theorem 2.3.

Lemma 4.5. (0, — £) VP < 16d|VQf|2 .
7 7
Lemma 4.6.
(&—fﬁﬁlbgff::%KdAJJfbgfgwdAf1*6*“”Dmn;(1+k%136%ff

— (14108 F) (a3 f — 3P0 .

For simplicity of the proof, we first prove our main estimate assuming the above two lemmas. The
technical proofs of Lemma 4.5 and Lemma 4.6 will be postponed to the end of this subsection. Recall in the
proof of Lemma 4.1, if we keep Termg in (4.2) then by the Cauchy-Schwarz inequality we get

2 2
(0 — C)WTf < 4d—|v}f| - ;(d 1D, )0 f Lffaﬁf ’
§ 4d|vf|2 . n|v2f|2 + (d* 1— ef4dtDaa)g |Vf|2(8af)2

f f

Also the identity (4.4) in the proof of Lemma 4.2 implies

fore
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2
<a“ff ) %(uaaﬁ f = 030uf)% (4.5)

6_4dtDaa>

(O = L)flog f<d(d—1)f —(d—1—
Notice that for large enough A > 444 sup(log f),, which exists since the solution of the Landau-Maxwellian
equation is bounded, as explained in Remark 1.8, we have

(0 — £)(— f(log f)? + (2d(d — 1)t + A) flog f)

<—2d(d—1)flog f+(d—1— e_4dtDm);(8af)2(l + log f)

- %@aaﬁf —vs0af)? +2d(d — 1)f log f + (2d°(d — 1)t + d(d — 1) A)

—d-1- e‘4dtDaa);(8af)2(d(d — )t g) - W(vaaﬁf — 0300 f)?

1— 6_4dtDaa>;(8Otf>2 log f + (2d*(d — 1)*t + d(d — 1)A) f.

Also recall the inequality (4.1) we obtain in the proof of Theorem 2.3 that

<(d-

1 |Vf? C’
< — — .
C f2 +log f < d(d 1)t+c, (4.6)

for any sufficiently large C' and then large enough C’. Hence by using d — 1 — e~ %% D, > n again, it holds

that

2
1 |VJ{| )

Q]

(0 = £)( ~ f(log f)* + (2d(d — 1)t + A)flog f +

S(d —1— e—4dtDaa)(é_C:] + Zd(d— 1)1‘; n 23/) (6aff)2

g|V;f|2 + (2d%(d — 1)t +d(d —1)A)f.
Recall (4.5) to get
Ad 20"
(9, — g)((c_n +2d(d — 1)t + = )flogf)
e ad 20"\ (9uf)?
< (d—1— e Dw)<c—n+2d(d—1)t+ o )T

2 . _ !

Then combining with Lemma 4.5, we evaluate the following quantity to obtain
1|Vf? 4d 2C"
O —L)| — f(log f)? + (2d(d — 1)t + A) f 1 — it (= +2d(d - 1)t
(0= £)] = Fll0g £)? + (2d(d — 1)t + A) flog [ + 5 =+ (g + 2d(d = i+ )
n_ |[V2f?
1 S
Hoef+ {546 7 }

2 . _ /
(L (Cc*ln Y o ad?(d— 1)+ d(d—1)A+ M)f +2d(d—1)flog f

4d*(d —1) 4d(d — 1)C’
< (62— 17+ S5 dld - DA+ SEE )

IN
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9 9 2d(d - 1)C’ . )
where we use that 2d(d — 1) flog f < 2d°(d — 1)*tf + ————f by (4.6). In terms of the computation

above, we construct a new auxiliary function by adding terms compensating the right-hand side above to
let (0; — L)F < 0, which reads as

5 L|Vf]?
F(t,v) = — f(log f)* + (2d(d — 1)t + A) f log f + S
4d 20" n  |V2f|?
+(C_?7+2d(d_1)t+ I )flogf—i—m 7
. 2 . 2,2 . 4d2(d * 1) 4d(d * 1)0/ "
(3d (4= 122+ d(d = DA+ =5+ == t+C>f
o VAP 2 B 4d  2¢ 1|VFP
=t6ic 7~ f0of) +(4d(d DE+HA+ Gt )flogf+c, i
A2(d— 1) 4d(d—1)C"
_ 207 11242 -~ 1
(3d (A= 17 +d(d = DAt + —g—t+ ————t+C )f.
The initial case holds
_.n ‘v2f0|2 o 2 id 2C" l|vf0‘2 el
FO.0) = qgia 7, follogfo* + (A4+ g+ 75 Jfolog fo + i = Cfo

By the initial condition (1.10) (1.11), we choose one-by-one C,C’, C" large enough to make F(0,v) < 0.
Also the a priori exponential growth condition (3.7) is satisfied similar to the logarithmic gradient estimate,
with the boundedness of V2 f is also obtained from [29, Theorem 1.2] and [26, Theorem 2.1]. Now we apply
the parabolic maximum principle Theorem 3.1, which implies F' < 0 for any ¢, or

V2P
f2

for some C' = C(d,n, A). We also note that from Proposition 3.2 and [45] we have

SC’((logf)z—(1+t)logf+|V10gf|2+(1+t+t2))

—M> — Co(t)[v]* < log f < M.

This will give our main estimate Theorem 2.4.
Now we present the proofs of the two technical lemmas.

Proof of Lemma 4.5. We again start with some elementary calculations.
Claim 4.7 (Elementary Calculations III).

2 12 2 r£(12
oI VI 5 p s 2oz v,y

f f? f
aa|v2ff|2__|v;2f|28af+§v2fv?aaf
vQ 2 vQ 2
aaﬁ| ff| _-| féﬂ aaﬂf+;v2f:v23aﬁf

2
f

- %v%ﬂ V205 fOuf — %V2f V20, f0sf.

2
+ F‘VQf‘Qaafaﬂf + V20 f : V2Os f
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By Claim 4.7 we propagate that

(0= (0= DA = P8+ s + ¢ D dd — 1)) I
2 r12
S Vf‘;' (atf —(d—1)Af — [vPAf + va050apf + € ¥ DooOaaf +d(d — 1)f)
+ ;VZf V2 (atf —(d = DA — [oPAS + vav50asf + e*4dtpwawf)
2 OafOsy f 2
- ?(d —1- 674dtDao¢) aoeﬁ'yf - 7ffﬁ7f’
2 B fOsf|?
+ é(|Af|2 + 200003 D0 f — V21 = 200051 fOuasn f ) = 10| Oa f ~ M’
f f f
2 2 v2 f|2
s (V20u] V201 = 20019+ V0u1 + 001041

=Term; + Termy + Terms + Term, + Terms.

Similarly as what we did in the previous subsection, we can see the sum of first two terms Term; + Terms,
vanishes; Termg is obviously non-positive since Dy, < d — 1.
To deal with Term, + Terms, we expand the sum of Term; and the second part of Term, together into

sum of square as

%508 |, QefO0el Y )

1
-7 ('Uaaﬂ'w?f - Uﬁaa'yef — Va f f

f

This again allows us to combine with the first part of Termy, which satisfies

(AFP + 206005 D05 f — [V fI* = 20603y fOapy f)

< (U@aﬂﬁ’yf - Uﬂfaaﬁ'yf) aa’yf

|00 |

Note also the cancelling property

Z (”Ua 8ﬁf?ﬁ'yf " aaf?ﬁ'yf)(?(wf =0.

a,B,y

Hence we extract terms with 8 = 8 from (4.7) to obtain

Term, + Term;

1 dg fo Ou fO 2
S 3 Z (Uaaﬁ’ygffvﬂaa'yef*fua Bf 'yGf +’Uﬁ f 'y@f)

a,y,B#0 ! f
1 05 f0p~ f 0o fOs~ [ 2
7? Z (vaaﬁmffvgaamffva A fﬁ'y Jr”Uﬁ fﬁ’y *430[7]0)
a,y,B
V2 f?
+ 16d———.
f

Summarizing all estimates above, we arrive at our desired propagation estimate. O
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Proof of Lemma 4.6. We also list some elementary calculations first as follows claims.

Claim 4.8 (Elementary Calculations 1V).

d(f(log )?) = ((log f)* + 21og f)O, f,
da(f(og £)?) = ((log f)* + 21og f)da f,

dap(f(log £)?) = ((log f)* + 2log f)Dupf +

2

f(l +log f)0a fO3f-

By Claim 4.8 we propagate that

(at - (d - 1)A - |/U|2A + Uavﬁaaﬁ + 6_4dtDaaaaoc - d(d - 1)) (f(log f)2)
=((log f)* +210g f)(9pf — (d = DAS = [vPAf + vavpdapf

e D, Baaf —dd—1)f) — ;(1 +log f)(vads f — v30af)?

4+ 2d(d —1)flog f — (d—1 - e*4deaa>§(1 +10g [)(0a f)?

—2d(d — 1)flog f — (d— 1 — e~ " Do) =(1 + log f)(Da f)?

| o

2
- ?(1 +1log f)(vadpf — v50af)?.
This will give our desired estimate. O
5. Proof of the law of large numbers

This section is devoted to the proof of the important Law of Large Numbers estimate Theorem 2.2. The
main idea is to take advantage of the some important quantities of Landau-Maxwellian equation, namely the
conservation laws (1.2) with (3.5), and the explicit form of the directional temperature (3.3): for ¢t € [0, T,

/ v (t,0) dv =0, / ol2f(t,0) dv = d,
R4 R4

/vif(t,v) dv = E4(t), /vav/gf(t,v) dv =0, for a # .

R4 R4
We expand the matrix term into entries by using the equations above as
ax f(v') —a(v’ —v?)

=Id( [ |v' =2 f(z)dz — o' = v7|?)
/

- (/(vi—z)®(vi—z)f(z)dz—(vi—vj)@)(vi—vj))
R3
:Id(d+2vi-vj—|vj|2)—(/z®zf(z)dz+vi®vj+vj®vi—vj®vj),
R4
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which can be also written in terms of components as
axf(v') —a( —v?) = (d+20" v = [V/|*)dap — (Ealt)das + vfxv% + vlvh — U(JXUJB) (5.1)

The quantity we need to estimate now turns into

/Fii‘a*f 1iav—v3‘ dVv
RaN NNizl j=1
d 1 X 4 o , .
= Z / FNW Z [a*f(vz) —a(v* —vj)]aB [a*f(vl) —a(v* —vk)}aﬁ dv
a,B=1gy ivj, k=1
= y F ! b -’ ¢ ik dv
aﬁz_leN Nﬁ##k [a*f(v )—a(@' —v )Lﬁ [a*f(v )—a(®' —v )Léﬁ
+ %:1Rd/N NL ZS: {a* f") —a(v' — vj)}aﬁ [a * f(v') — a(v' — vk)]aﬂ dv,

where the index set S contains those triple indices where at least two of the indices are the same. The
cardinality of the index set {(i, j, k)|i # j # k} is O(N®), but that of the index set S is O(N?) by definition.
Then, the last term is of smaller order than the second last term. Further, by applying the Cauchy—Schwarz
inequality to each entry to raise the power to four, the last term can be controlled by the 4-th order moment
estimate in Proposition Appendix A.1 as

d
1 i i j i ik
Z / FN(t’V)ﬁZ [a*f(v ) —a(v fvj)]aﬁ[a*f(v ) —a(v' —o") aﬁdV
AR * (5.2)
C 114 C 8t 1 + M4( ) 8T
<= = V)< e
<3 [ BV v < S+ Ma0ed) s
RdN
We expand the first term by the equality (5.1) as
d 1
L B (b o] 0 o(ad ok
Z /FNN3,Z [a*f(v) a(v v)}aﬁ[a*f(v) a(v v)}QBdV
a,ﬁzl]RdN i#j#k
d 1 o , o o o
= Z / FNm Z [(d +20" - 07 — |07 %)bap — (Ea(t)dap + vivh + vl vl — vévé)} (5.3)
o,B=lpan i#j#k

X [(d + 20tk — \vk|2)5a5 — (Sa(t)éag + vgvg + vivé — vgvg)} dv
=la=p + lazp,

where we separate the sum into the diagonal part o = 8 and the off-diagonal part a # ( as follows:

Lo =Y [ Fanks 5 (a0 2~ 20kl + (12— £,00)

a=lpan i#j#k

x (d— [0 + 20" - oF — 20808 + (0F)? — £,(1)) AV.
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We expand further to get

Iﬂi/FN Z [(d7|vj|2)(df|vk|)+4( vvj)(v‘ov — vl
N a=lpan N i#j#k o
(002 = Eal®) ((05)? = Eal®) + (d— [072) (0 - 0* — vl

[0 2) (05)? = Ealt)) +4 (0" -7 = vhvd) ((05)? = Ea()) | AV,

+2(d -
and
1
Tozp ::Z FNF Z (U UBJrvjvﬁ—UJvB)(v vﬁ + v vﬁkavg) dVv
a#ﬁRdN i#j#k
= Z FN N3 Z [ vﬂvﬁ — 20w vﬂvé +0d vﬁvkvg} dv,
aF#Bpan i#£jFk

where the last equality is due to the symmetry and the permutation.

We aim to prove that

c(T
[azﬁ +Ia7é,8 < %a

which the dependency on time 7' can be made explicitly later. For any test function ® € C*(R) with

polynomial growth, we have the following identity

dt
RdN
1 N
_ 2 .
=y / VUI@(V).NZCL(W — o)) Fy(t,V)dV
ZledN Jj=1
N 1 N , 4
+2) [ Vud(V) ~ Zb(qﬂ — o) Fy(t,V)dV (5.4)
z:leN j=1
1 N
=38 (V2,0(V) + V2,8(V)) : a(v’ —v!)Fn(t,V)dV
t,j=1lpan
N
+ E > (Vyi®(V) =V, ®(V)) - b(v* — v?)Fn(t, V) dV,
N '] ) v U ) )
LI=IRaN

together with the convention a(0) = 0 and b(0) = 0 leads to that

d /FN(t V)(V)dV

dt
Rd4N
o 2 )+ V5, 2(V)) a(v’ — o)) Fx(t,V)dV (5.5)
iEjRaN
* %Z (Voi®(V) = Vs ®(V)) - b(v' —v?) Fy (t, V) AV
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We observe that when ¢(v) = |v|> or ¢(v) = v, for any a = 1,...,d for any a # f3, the identity holds for
any v # v/ € RY,

(VZo(v") + VZp(v7)) s a(v' — v7) + (Ve(v*) = V(v?)) - b(v* —v?) = 0. (5.6)

DN | =

As a consequence, the following lemma holds.

Lemma 5.1. The average kinetic energy over particles is conservative, i.e.
G [ By Zwﬁdv—o
dt

RdN

hence for any t > 0,

/FNtV Z|v|2dV d.

RdN

Now we first let ®(V) = N2 Z v1(v v , we get
Kkl

Vi ®(V) = QZV% Z% )Vea(v');

l#1 k#i

VER(V) = 15 3V 0)ea() + 15 3 010 VPiav).

I#i k#i

Substitute these into (5.5) to obtain that

d
= / Fy(t, V)®(V)dV
R4N
1
“oN3 Z / (v ZSDQ )+ Vo (v Zsﬁl a(v® — v Fy(t,V)dV
i#deN I#i k#i
1 i .
+2N3Z/ V21 (v?) 2902 )+ V2o (v?) Z%Ol sa(vt — ) Fn (V) dV
FIRAN 1#] k#j
1
TN >, / Ver(v') Y @a(vh) + Voo (v') Y o1 () - b(v' — v7) Fx (¢, V) dV
I [ ki
N3 (Ver(v/) 2902 ) + Voo (v) 2501 ) - b(v' — o)) Ey(t,V)dV.
FIRAN #j k]

If both o1 and @9 satisfy the identity (5.6), then the majority of the terms above can be compensated by
the symmetry property, and the remaining terms become
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d
< / Py (t,V)®(V)dV
]RdN
—s 2 [ (Tar)ea@) + Pea)er) s ale! = o) En(t. V)V
i#IRaN
J V2o (v? H) s a(vt — o)) Ex(t,V)dV
2N3 V201 (v7)pa(v") + V22 (v)) o1 (v)) : a(v’ —v?)Fn(t, V)
Z#JRdN
1 . . . . . .
taa o [ (Vorle)ealol) + Vioalw!)or (09) - b(o' — ) E (8, V) AV
IFJRAN
N3 Z / V1 (v)pa(v') + Vo (071 (v")) - b(v" =07 ) Fi (8, V) dV.
Z#JRdN
If we take o1 and @o to be |v]? or v, for any a = 1,...,d, then we have
d
G [ B T e av <o [ Eve v
RdN k#l R"N (57)
< 1+ My4(0) e%.
~ N
In the same spirit of the cancellation, if we take more test functions ¢1, @2, @3 and @4 to be \v|2 or v, for
any a = 1,...,d, then we have the estimate
d m C cn
= BV Y e v ~ 2o (5.8)
RN k#l#m
and
d k l m n C clt
T Fy(t, V)N Z P1(v7)p2(v)) @3 (0™ )pa(v"™) AV ~ R (5.9)
RN k£l Em#n

where constants depend on the moment estimate. As directly consequences of (5.7), (5.8) and (5.9), since
each integrand has no more than 4th-order in velocity, the following statements hold:

Claim 5.2. For any ¢t > 0, it holds

t

i 1+M4(0) 8s
/FN(tV NQZU ]dV<T/eNds.

Rd4N i#] 0

Claim 5.3. For any ¢ > 0, it holds

t

/FNtV QZU JdV§T/eNds.

RdN i#j 0

Claim 5.4. For any t > 0, it holds

t
/FN(t’V)WZ‘U P 2dV —d* < ———— / N
Rd4N i#] 0
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Claim 5.5. For any t > 0, it holds

t

1 i s 14+ M4(0) 8s
/ FN(t7v)m Z vavfx|vk|2dV§ T/GN dS
RN i£j#k 0
Claim 5.6. For any ¢ > 0, it holds

t

[ ey 3 o olpay s L) [,

R4N Z#J?ék

(=)

Claim 5.7. For any « # 3, it holds

t

1 1+ /\/l 8s
/ Fn(tV) 51 > vivhekehdv § a( /e?v ds.
RN i j#hAl 0

Next, we will deal with the terms with directional temperature. We start with the following lemma.

Lemma 5.8. The average directional temperature over particles is comparable with the directional temperature
for the limit equation, say

S

t
FN(t,v%Z(vg)?dv—ga(t) ”M‘* //e%drds.
0 0

R4N

=z

1 .
Proof of Lemma 5.8. Notice that if we pick the test function (V) = N E (v%)?, then
i=1

2 2 at the (a, a)-th entr
vvlcp(v) = (03"'3_’020 "70)3 Vi’@(v) = N ’ ¥
N 0 otherwise.
Let
| X
—. i\2
Vo) = [ Fw(tV)g Yoy,
RN i=1
d d
which satisfies that Z Ealt Z = d and that ®,(0) = £,(0). Take the time derivative and apply
a=1 a=1

(5.5) to obtain that

d 2 o .
— T 12 (0 0 J)2
S Yolt) =75 Z#, / (|v V)2 — (vt = )Q)FN(t, V)dv
YZIRAN

— *lsz/ (v' —v?)2 Fn(t,V)dV

i#jRaN

2 : , o
:mz /(|vz|2+|vj|2—2@’-UJ)FN(t,V)dV
IFJRAN
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2d

-2 ((05)% + (v2)? — 2080d ) iy (8, V) AV

[e3%

IFJRAN

4d o
=4d — 44 ( 22 / -l AV + 5 / Fn(t, V)vi vl dV.
z;édeN Z5£deN

Notice that the following quantity with the minus sign has the same control as Claim 5.2 that
; L+ My(0) s
) [
dt( N?-Z/ ”dv)s N
? J]RdN
Also recall that the directional temperature satisfies the following ODE:

d

—Ea(t) = 4d — 4dEa (1),

hence combining with Claim 5.3 we deduce that

t

L (alt) ~ £alt) < — 4a(wo(1) - £,(1) + CLHIO) /

2\‘”

Applying the Gronwall’s inequality and the initial identity ¥, (0) = £,(0) implies that

t s
Uo(t) = Ealt) S — 1+M4 “““//e% drds. O
0

Now we take the test function ®(V) = N2 Z ) for some direction o = 1,...,d with some

k#l
one-variable test function ¢ € C? (]Rd), then we compute the gradient and Hessian of ® respectively as

2 i 1 i
Vui®(V) = m(O, con vy, 0) Z o(vh) + N2 (v5)2Vp(v');
1£i ki

1 ; 2 1 at the (o, @)-th entry
V20(V)= — vE)2V20(08) + - ) p(v!) x '
v () N2 kz;él( ) ) N2 #ZZ ( 0 otherwise

where the last matrix is non-zero only at the (a, @)-th entry. Substitute these into (5.5) to obtain that

t dt/FNtVNQZ

RAN k#l
:ﬁ 2 / (V2e(0") D (08)* + V3e(v?) Y (v8)?) s a(v’ —v?)Fx(t, V) dV
i#deN k#i k#j
+ % > / (OO e+ eh) (o' —v7 2 = (v —v?)2) Fn(t, V) dV
i?édeN l#1 1#5

c D [ (T Y - Vo) ) b~ (V) v

i#IRaN k#i k#j

31
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DS [ Y ot o ) 6 (e V)V

i#IRaN I#j k#i

If the test function ¢ satisfies the identity (5.6), then the majority of the terms above can be compensated
by symmetry, and the remaining terms become

d
F l
T N (V) 5 Z p(v') AV
RAN k#l
1 o o , ,
=5N3 Z / (V2o(v")(v])? + V(1)) (v))?) : a(v’ — o)) Fy(t,V)dV
I RAN
Far 2 [ (o007 - Ve @k ) b~ o) (e, V) av
N3 (e o )
I#jRaN
+ 52 [ @)+ et = o = @ ) F (e, V)V
I RAN
2(d 1 . .
225 [ e — i) 0 = o) Fivle, V)V
T RAN
2 o
to 2 | (0 P —d =) () (2, V) av.
I RN
If we take ¢ to be [v]|? or v, for any o = 1,...,d, then first four terms at the right-hand side can be

bounded by the 4-th moment of Fy by Proposition Appendix A.1 with the order 1/N; while the last term
is controlled by

% > /(W—v]’\?— d(v' —v7)2)p(v')Fn(t, V) dV

I#i#jgan

9 _ _ o o
=73 Z (|02 + |7 > = 20" - o7 + 2dvlvl) (v Fn (¢, V) AV

I#i#jpan

2d WP+ (h)? NEN(t,V)dV
7@ ((Ua) +(Ua))Z(p(U) N(7 )

iR l#i#j
t
SW/G% ds+4d/cp(v)f0(v) dv
Rd

—4d / Fn(t N2Z

RaN k#l

And recall that the directional temperature satisfies the following ODE:

d

E,(t) = 4d — 4dE, (1),
SEa(t (t

which still holds after multiplying with some constant:

jt( <>/ () fo(v) dv) —4d/ dv—4d(8<>/¢<v>fo<v>dv),

Rd
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we deduce that

d

R
<w(}/e?ﬁ ds — 4d(Wa (1) —Sa(t)R[go(v)fo(v) v).

Applying the Gronwall’s inequality and the fact

implies that

W, (1) — Ealt )/ (v)fo(v) dv HM“ 4dt/t/se% dr ds. (5.10)
0

R4

In the same spirit as the proof of (5.10), we can prove that following several statements hold, which all
involve the directional temperature:

Claim 5.9. For any ¢ > 0, it holds
1+ Ma(0) _yar |
+ My —4dt 8r
/FN(tVN2Z\v (v1)2dV — E,(t)d < S—x ¢ e~ drds.
R4N i#] 0 o0
Claim 5.10. For any ¢ > 0, it holds
| 1+ My (0) /
i g (k)2 +Ma(U) _sar
/ FN(t,V)ﬁ Z vh vl (V)2 dV < — N
RN 1#j#k 0

Claim 5.11. For any ¢ > 0, it holds

t s
1 C 1
/ Fn(t, V)53 Z v (0F)P AV S #4(0)6’4”“//6% drds.
R4N i#j#k 0 0
Claim 5.12. For any a # 8 and t > 0, it holds
t s
1 - 1
/ En(t, V)53 > uplh)?dv § ————— +M4 _“Cl’f//esW drds.
RiN ik 0

Slightly different from claims above, we have the following lemma involving the double directional tem-

perature.
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Lemma 5.13. It holds for any t > 0 that

[ ) Sz ay

RAN i#]

<Ea(t)? + —C<1+Z<]M4(O)) —Sdt/ —4‘”//6% drdsdr.
0

Proof of Lemma 5.13. We pick the test function ®(V) = 2 Z in (5.5) o obtain that
k£l
d d
E\I/a(t)i T / FN(t V N2 Z a)gdv
]RdN k?fl
. 4d ‘ .
:m Z (U]oi UJ |2F dV — / (U,};)Q(U; . ’Ué)2FN av
i¢j#deN i j,k]RdN
4 _ o |
=5 2 [ P -2 4 0y
-
8d d | |
t3 (v k)2 ZUJF dV—F (”ﬁ)z((v;)2+(vé)2)deu
i#jFEkRaN iFjFEkRaN

where thanks to Claim 5.9, Claim 5.10 and Claim 5.11, the first two terms together can be bounded by

_ . 8d o
N2 Z [0 — 20" -0l 4 |07 |2)dV + N3 Z (")l vd Fy dV
Z#J?édeN i#jFRRan

<8dE&,(t) + w *4dt//eN drds;

while the second term is nothing but ¥, (¢) itself, namely

t
%\I/a(t) < 8dE, (1) — 8dW, (t) + we—m / / e™ drds.
0 0

Notice that

d d
$Ea(t) = 28a(t) 3 €a(t) = 8dEa(t) — 8dEa(t)?,

then we have
O+ Mu(0) -1 [ s
—(Ta(t) = Ea()?) < =8d(Va(t) — Ea(t)?) + ———— e~ drds
O//

with U, (0) = £,(0)?. We conclude the desired result by the Gronwall’s inequality. O

Finally, we need to deal with the terms containing vfxvé with a # S.
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Lemma 5.14. For any o # 8 and t > 0, it holds

321}%0 dV<1+M4 /% / ¥ dr) ds.
0

RN i#j#k

1
Proof of Lemma 5.14. We pick the test function ¢(V) = N3 Z vftvgvlavz," to obtain that

k#l#m
1 7 m
vvi@(V):ﬁ(O,...,’Uﬁ,..., ... 0 Z vv
l#£m#i
+ = Z v(’iv’g(o, oh,...,0) ++— Z v(’ivg((), VR -5 0),
k#l#1 k#m#i
and
1 at the (a, 8)-th and (3, a)-th entr
V20V Z o x (a, B) (B, a) y
l ki 0 otherwise

Hence we have

d
dt/FNtV Zvvﬁvv dVv

RN ? iEm
2d i i\ (i j C(1+ M4(0)) s
<o | okebh - eh) e -l Fyav ¢ SO o
i#jF kAl
4d . 4d .
<-— N3 vEvhuhvl Fy dV + Ni Z vgvévév;FN dv
l¢k¢leN i?'éj?ék?éleN
 COEMO) g

The second term on the right-hand side can be controlled thanks to Claim 5.7. And recall our assumption
that £,3(0) = 0, thus the desired lemma is deduced from the Grénwall’s inequality. O

The last technical lemma we need to prove is as follows, which involves double vgvé structure.

Lemma 5.15. For any a # B and t > 0, it holds that

1 o
/FN(t,V)W Zv;vgvivédv

RAN i#£j
M t T s
]. 8T S
+ 4 / eN + /(esﬁ—k/eNdr)ds}d
0 0 0
1
Proof of Lemma 5.15. Let ®(V) = e Z vﬁv vﬁ with components o < 3, we obtain
[y

2 ) .
Voip(V) = 330, v 05, 0) > v,
ki
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and
VeV T N2 Zva s X {1 e gaﬁ)_th and (8, @)-th entries
ki 0 otherwise
Hence we have
d
dt FN(t V NQZU vﬁ’u vﬁdv
R4N k#l
S*ﬁ vgvg(vafv{x)(vﬁfvé)FNdV+#6N
T
- id 14+ My(0) s
Sm Ukv/;v véFNdV N2 Ukvﬂv vBFNdV+ %e%.
i?’édeN z;ék]RdN

Thanks to Lemma 5.14 and the Gronwall’s inequality, for any « # (3, it holds that

1 ii G
/ Fn(t, V)m Z Vo UaUAVE AV
RaN i#]

t T s

<———— 1+M4 / _4d7/(e% +/esﬁr dr) ds} dr. O

0 0 0

So far, we have finished all the ingredient for our proof of the Law of Large Numbers theorem. Now recall
the expansion (5.3), the off-diagonal part I, can be bounded by Claim 5.12, Lemma 5.14 and Lemma 5.15

by

t s
aps(t) § AP [ (o3 4 / (5 + [ ¥ ar)as) ar
0 0

(5.11)

while the diagonal part satisfies

Iazﬁ(t)wl+/\]\;l4()[/NdT+e /% /e%dr)ds

0
T S
+e*8dt/e’4d7//e% d?"deT:|,
0 00

which is directly from Corollary 5.16-5.21 below.

(5.12)

Corollary 5.16. Lemma 5.1 and Claim 5./ imply that

t
1+ My(0) 8s
k|2 Ss
/FNtVNZZ — [v7]?) —|v|)dV§T/e ds.
0

Rd4N J#k
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Corollary 5.17. Claim 5.2, Claim 5.3, Claim 5.5 and Claim 5.6 imply that

¥ d
[&
RN ik

¢
/ FN(t,V)$ Z (d— [v7]?) (20" P —21}31}2) dV < 1+M4 /
0

Corollary 5.18. Lemma 5.1, Lemma 5.8 and Claim 5.9 imply that

[ Exe Vg (@ 0P (k) - Eat) v

RN i#£jF#k

S— 74dt//eN drds—|—/eN ds)

Corollary 5.19. Claim 5.2 Claim 5.3, Claim 5.10 and Claim 5.11 imply that

/ Fy(t, V)% Z (20" v — 20707 ) ((vF)? — Ea(t)) AV

«
RN ik

t s
N1+M4 _4dt//eN drds—i—/ %ds).
0

Corollary 5.20. Claim 5.10 and Claim 5.1/ imply that
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[eaged
RN Vil
t s
14+ My(0) _ 8s 8r
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N N € /(e +/e r) S
0 0

Corollary 5.21. Lemma 5.8 and Lemma 5.13 imply that

/ Fn(t.V) 5z Z ((vh)? = Ea(®)) ((vh)? = Ealt)) AV
RUN 7k
1 +M4

t T 8
hS 74dt//eNT drds—l—efgdt/e*‘h”//e% drdsdr).
0 00

Hence the diagonal part (5.12) and the off-diagonal part (5.11) together yield that,

t

sup (Lazp(t) + Ia=p(t)) S ! +M4 / /(e% + /es_z\? dr) ds) dr
te[0,T] 0 0 0
t s ¢ T s
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0 0 00
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N )
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where the integral of time has the order

T
8s
/eNdSZ
0

We conclude the proof of the Law of Large Numbers Theorem 2.2 by combining with the estimate (5.2).

8T

(e —1)<CT, when T ~ O(N).
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Appendix A. Moment estimate of the Liouville equation

In the appendix, we estimate the p-th order moment (p > 2) of the first marginal of solution of the
Liouville equation (1.4). We denote the average p-th order moment as M, (¢), and by the exchangeability,

M, (t) ::/FN’I(t,v1)|v1|pdvl = / Fn(t,V)— Z|vk|pdV

R4 RN

with M p( /fo )|v|P dv. We have the following estimate.

Rd

Proposition Appendix A.l. If we assume M, (0) is finite, i.e., fo has finite p-th order moment, then the
following estimate holds

p+d3)ge”%2”_

My(t) < 2, 0) (P55

Proof. By the exchangeability and the weak form of the collision operator (5.5), we have

d
F p
dt/ N(t,V)— E |U| dVv

Rd4N
p(d—1) $20 10— o (052 (= p(d—1) . .
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-2
where the last step is due to the concavity of the b -th power. From (A.1) we get

PO a1ty ++a-9)( [ oiEvav) )7 (A2)

R4N

2
Now, we need to propagate the g—th moment of p(V'), where V,ip =

; 2
sz and Vgigo = Id. For any index
7 and j, we have
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to arrive at

d /@2FN(t V)dV——/ Zw Py (t, V) AV

dt
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The Gronwall’s inequality implies that
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and by the Jensen’s inequality with p > 2 that
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And substituting this into (A.2), we have

dM,(t)
dt

Now we solve this ODE by
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Then rewrite it into the integral form as
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ie.

Mp(0]F = (0 (o200 4 EEEEBN (2 o) )

s o
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a1 > 1 when p > 2. That is,

where in the last step we used
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wy(1) = 0) (T2 (o) (PHETE) e

In conclusion, we have proved the desired estimate. O
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