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1 Introduction

The study of quantum field theory (QFT) on curved space has a long history, and has
revealed numerous interesting insights. From Hawking radiation to cosmological particle
production, many interesting phenomena are tied to curved backgrounds, which makes
Minkowski space appear as only a very special case. Minkowski space is also artificial
from a more conceptual point of view, as in our universe it only arises as an approximate
description on length scales which are short compared to those associated with curvature.
From that perspective, QFT should in general be understood in curved backgrounds, and
only be specialized to Minkowski space where appropriate, as opposed to the other way
around. Conceptually attractive as that approach may be, it is technically challenging, at
best, for conventional methods. Nicely enough, though, many interesting phenomena in
curved space arise already in free field theory, which often is as far as one can get with
direct methods.

The non-trivial nature of even free field theory in curved space makes one suspect
interesting things to happen if curved backgrounds are combined with strong interactions,
as already on flat space physics at strong coupling can likewise be qualitatively different
from the more easily accessible physics at weak coupling. For traditional QFT methods,
combining strong coupling with curved backgrounds certainly is challenging. But from the
AdS/CFT perspective, which has become one of the few established tools to quantitatively
access strongly-coupled QFTs, the increase in difficulty is not that dramatic after all. Go-
ing from Minkowski space to curved space QFT in the simplest cases just corresponds to
choosing a different conformal compactification of AdS. That certainly makes it interesting
and worthwhile to study strongly-coupled QFTs in curved spacetimes. Some early holo-
graphic investigations of QFT on (A)dS, were already initiated in [1-3], and more recent
and comprehensive work can be found e.g. in [4, 5]. Spacetimes of constant curvature are
certainly the natural starting point for departure from Minkowski space, and we will focus
on AdS, in the main part of this work.

When it comes to the choice of theory, N’ = 4 SYM is a natural starting point for holo-
graphic investigations, and detailed studies on AdS, and dS, were initiated in [6, 7]. But
by itself, N'=4 SYM also is a rather special theory, with its conformal (super)symmetry
and all fields in the adjoint representation. As in flat space, it is desirable to bridge the
gap to the theories we actually find realized in nature. One aspect of that is adding
fundamental matter, which can be done holographically by adding D7-branes [8]. The
resulting theory is N/ = 2 supersymmetric and has a non-trivial UV fixed point in the
quenched approximation, where the rank of the gauge group is large compared to the
number of “quarks”. For massless quenched flavors, the theory is actually conformal, and
the AdSy discussion could just as well be carried out on flat space. The primary focus
of this work will be to add massive A/ = 2 flavors and thereby explicitly break confor-
mal symmetry. We will also employ the quenched or probe approximation throughout,
such that the D7-branes on the holographic side can be described by a classical action,
with Dirac-Born-Infeld (DBI) and Wess-Zumino (WZ) terms, and backreaction effects
are small.



A holographic study of ' = 4 SYM coupled to massive flavor hypermultiplets on
AdSy can be found already in [9, 10]. In those works, interesting embeddings were found
by solving the non-linear field equation for the brane embedding numerically, which yields
embeddings that generically break all supersymmetries. It is desirable, however, to preserve
the N' = 2 supersymmetry that the theory has on flat space. Besides the general argu-
ment that a larger amount of symmetry makes the theory more tractable, supersymmetry
actually offers a chance to make quantitative statements on the field theory side, using,
for example, localization [11]. Formulating supersymmetric field theories in curved space
needs some care, however, as just minimally coupling a flat-space supersymmetric theory
to a curved metric does in general not result in a supersymmetric theory. Non-minimal
curvature couplings may be needed, and can be understood systematically by consistently
coupling to supergravity and then restricting to a fixed background [11, 12]. The desire
to include supersymmetry makes AdS the preferred curved space to look at in Lorentzian
signature, as the formulation of supersymmetric QFTs on dS faces additional issues with
unitarity unless the theory is conformal [13].

On the holographic side, preserving supersymmetry for flavored N'=4 SYM on AdS,
also adds a new aspect to the discussion. Instead of just straightforwardly solving the field
equations resulting from the D7-brane action, we now have to deal with k-symmetry [14—
16]. This extra fermionic gauge symmetry projects out part of the fermionic modes, to
obtain matching numbers of bosonic and fermionic brane degrees of freedom, as required
by supersymmetry. Demanding some amount of supersymmetry to be preserved then
amounts to preserving k-symmetry, which can be further translated into a set of neces-
sary conditions for the embedding and worldvolume fluxes. Extracting these conditions,
however, is technically challenging. The extra terms needed on the field theory side to
preserve supersymmetry suggest that varying the slipping mode alone will not be enough
to get massive supersymmetric embeddings. So we will also have to include worldvolume
flux, which additionally complicates the discussion. Once the step of extracting necessary
conditions for the embedding and worldvolume gauge field is carried out, however, the
k-symmetry condition promises 15%-order BPS equations, as opposed to the 2"-order field
equations. This will allow us to find analytic solutions, and so is well worth the trouble.

We systematically analyze the constraint imposed by k-symmetry on the embeddings
and extract necessary conditions for the slipping mode and worldvolume flux in section 2.
From the resulting conditions we will be able to extract analytic supersymmetric D7-brane
embeddings in a nice closed form, which are given in section 2.5, with the conventions laid
out in 2.1. The solutions we find allow to realize a surprisingly rich set of supersymmetric
embeddings, which we categorize into short, long and connected embeddings. We study
those in more detail in section 3. In section 4 we focus on implications for flavored N' =
4 SYM. We carry out the holographic renormalization, compute the chiral and scalar
condensates, and attempt an interpretation of the various embeddings found in section 3
from the QFT perspective. This raises some interesting questions, and we close with a
more detailed summary and discussion in section 5.

In appendix B we similarly construct supersymmetric D7-brane embeddings into S*-
sliced and dSy-sliced AdS5xS°, so we end up with a comprehensive catalog of D7-brane



embeddings to holographically describe massive N/ = 2 supersymmetric flavors on spaces
of constant curvature. These will be used in a companion paper to compare the free energy
obtained from the holographic calculation for S to a QFT calculation using supersymmetric
localization.

2 Supersymmetric D7 branes in AdS,-sliced AdSsxS®

In this section we evaluate the constraint imposed by x symmetry to find supersymmetric
D7-brane embeddings into AdSs-sliced AdS5xS®. The k-symmetry constraint for embed-
dings with non-trivial fluxes has a fairly non-trivial Clifford-algebra structure, and the
explicit expressions for AdSsxS® Killing spinors are themselves not exactly simple. That
makes it challenging to extract the set of necessary equations for the embedding and flux
from it, and this task will occupy most of the next section. On the other hand, the
non-trivial Clifford-algebra structure will allow us to separate the equations for flux and
embedding. Once the x-symmetry analysis is done, the pay-off is remarkable. Instead of
heaving to solve the square-root non-linear coupled differential equations resulting from
variation of the DBI action with Wess-Zumino term, we will be able to explicitly solve for
the worldvolume gauge field in terms of the slipping mode. The remaining equation then is
a non-linear but reasonably simple differential equation for the slipping mode alone. As we
verified explicitly to validate our derivation, these simple equations indeed imply the full
non-linear DBI equations of motion. We set up the background, establish conventions and
motivate our choices for the embedding ansatz and worldvolume flux in section 2.1. Gen-
eralities on k-symmetry are set up in section 2.2, and infinitesimally massive embeddings
are discussed in section 2.3. The finite mass embeddings are in section 2.4. To find the
solutions, we take a systematic approach to the x-symmetry analysis, which is also nec-
essary to show that the solutions we find are indeed supersymmetric. Readers interested
mainly in the results can directly proceed from section 2.1 to the the embeddings given in
section 2.5.

2.1 Geometry and embedding ansatz

Our starting point will be Lorentzian signature and the AdSy slices in Poincaré coordinates.
For the global structure, it does make a difference whether we choose global AdSy or the
Poincaré patch as slices, and the explicit expressions for the metric, Killing spinors etc.
are also different. However, the field equations and the k-symmetry constraint are local
conditions, and our final solutions will thus be valid for both choices.

We choose coordinates such that the AdSsxS® background geometry has a metric

gAadss = dp® + cosh?p [dr2 + % (—dt* + doE'Q)} . ggs = df* + cos?0 dip? + sin?0dQ3, (2.1)

where dQ2 = dx? +sin?x1 (dx3 + sin? x2dx3). We use the AdS;xS® Killing spinor equation
in the conventions of [17]
1

2

Dye = ~TaasTyue, p=0...4, Duezéfssfue, L=5...9, (2.2)



_ 01234 _

and we have T'aqs : = —Ip1234 along with I'gs := 56789

Generally, we follow

the usual convention and denote coordinate indices by Greek letters from the middle of
the alphabet and local Lorentz indices by latin letters from the beginning of the alphabet.
We will use an underline to distinguish Lorentz indices from coordinate indices whenever
explicit values appear. The ten-dimensional chirality matrix is I'1; = I'aggl'gs.

For the k-symmetry analysis we will need the explicit expressions for the Killing spinors
solving (2.2). They can be constructed from a constant chiral spinor ¢y with I'11eg = €g as

€ = Rgs X Rags X €. (2.3)

The matrices Raqgg, Rgs denote products of exponentials of even numbers of I'-matrices
with indices in AdSs and S°, respectively. For the S® part we find!

Rgs = ¢35 Ty o FilsT* e%mrm X2l M2 s TS ; (2.4)
where we have defined I'y := I'Y:I'X2]'X3 The exponent in all the exponentials is the
product of a real function f and a matrix A which squares to —1. We will also encounter
the product of a real function and a matrix B which squares to +1 in the exponential.

The explicit expansions are
efd =cosf-1+sinf-A, efB =cosh f-1+sinh f-B. (2.5)

The corresponding R-matrix for AdSs-sliced AdS5 can be constructed easily, starting from
the AdS Killing spinors given in [18, 19]. With the projectors P, = %(]l + iy 'aqs), the
AdSs part reads

P s .
Rpgs = GQZFEFAdSRAdS4 , RAdS4 — ezl'rlaas + ler/2xurz“FAdsP . (2.6)

For the D7 branes we explicitly spell out the DBI action and WZ term to fix conven-
tions. For the x-symmetry analysis we will not actually need it, but as a consistency check
we want to verify that our final solutions solve the equations of motion derived from it.
We take

Spr = —T7/ d3¢\/—det (g + 2ma/F) + 2(27a/)?Ty | C4ANFAF, (2.7)
28 28
with g denoting the pullback of the background metric and the pullback on the four-form
gauge field Cy is understood. We absorb 27a/ by a rescaling of the gauge field, so it is
implicit from now on. To fix conventions on the five-form field strength we use [20]: to get
Ry = 4L7%g,,,, we need F5 = L™1(1 + %) vol(AdSs). So we take

Cy =L '¢(p)vol(AdSy) + ..., ¢'(p) = cosh p. (2.8)

The dots in the expression for Cy denote the part producing the volume form on S® in Fj,
which will not be relevant in what follows. As usual, Cy4 is determined by F5 only up to
gauge transformations, and we in particular have an undetermined constant in ¢, which

will not play any role in the following.

For ¢ = 0 our (2.4) agrees with the S* Killing spinors constructed in [18]. But this is different from
(86) of [17] by factors of i in the S* part.



2.1.1 Embedding ansatz

We will be looking for D7-brane embeddings to holographically describe N' = 4 SYM
coupled to massive N' = 2 flavors on AdS4. So we in particular want to preserve the AdSy
isometries. The ansatz for the embedding will be such that the D7-branes wrap entire
AdS,xS? slices in AdS5xS®, starting at the conformal boundary and reaching into the
bulk possibly only up to a finite value of the radial coordinate p. The S? is parametrized
as usual by the “slipping mode” 6 as function of the radial coordinate p only. We choose
static gauge such that the entire embedding is characterized by 6.

To gain some intuition for these embeddings, we recall the Poincaré AdS analysis of [8].
From that work we already know the § = 7/2 embedding, which is a solution regardless of
the choice of coordinates on AdSs. So we certainly expect to find that again, also with our
ansatz. This particular D3/D7 configuration preserves half of the background supersym-
metries, corresponding to the breaking from N = 4 to N' = 2 superconformal symmetry
in the boundary theory.? For Poincaré AdSs with radial coordinate z, turning on a non-
trivial slipping mode 6 = arcsinmz breaks additional, but not all supersymmetries. The
configuration is still 1/4 BPS [8], corresponding to the breaking of N = 2 superconformal
symmetry to just A = 2 supersymmetry in the boundary theory on Minkowski space.

Our embedding ansatz, on the other hand, is chosen such that it preserves AdSy
isometries, and the slipping mode depends non-trivially on a different radial coordinate.
These are, therefore, geometrically different embeddings. As we will see explicitly below,
supersymmetric embeddings can not be found in that case by just turning on a non-trivial
slipping mode. From the field-theory analyses in [11, 12], we know that in addition to the
mass term for the flavor hypermultiplets we will have to add another purely scalar mass
term to preserve some supersymmetry on curved backgrounds. This term holographically
corresponds to a certain mode of the worldvolume gauge field on the S? € S®, an £ =1, —
mode in the language of [21]. Including such worldvolume flux breaks the SO(4) isometries
of the S to SU(2)xU(1). The same indeed applies to the extra scalar mass term on the
field theory side: it breaks the R-symmetry from SU(2) to U(1). The SU(2) acting on the
N = 2 adjoint hypermultiplet coming from the N = 4 vector multiplet is not altered by
the flavor mass term (see e.g. [22]). The bottom line for our analysis is that we should not
expect to get away with a non-trivial slipping mode only.

For the analysis below we will not use the details of these arguments as input. Our
ansatz is a non-trivial slippling mode 0(p) and a worldvolume gauge field A = f(p)w, where
w is a generic one-form on S3. This ansatz can be motivated just by the desire to preserve
the AdS, isometries.? Whether the supersymmetric embeddings we will find reflect the
field-theory analysis will then be a nice consistency check, rather than input. As we will
see, the k-symmetry constraint is enough to determine w completely, and the result is
indeed consistent with the field-theory analysis.

2The preserved conformal symmetry is a feature of the quenched approximation with N;/N, < 1 only.
3 A generalization which we will not study here is to also allow for non-trivial p-dependence in ).



2.2 k-symmetry generalities

The k-symmetry condition projecting on those Killing spinors which are preserved by a
given brane embedding was derived in [14-16]. We follow the conventions of [14]. The
pullback of the ten-dimensional vielbein E® to the D7 worldvolume is denoted by e* =
Efj(@iX“)d:E", and the Clifford algebra generators pulled back to the worldvolume are
denoted by v; = efT',. We follow [14] and define X ij := ¢g'* Fg;. The k-symmetry condition
then is I' e = €, where

_ 1 L ik guk (n)
J((;l)) — (_1)n (03)n+(1)—3)/2 ioy ® F(O) , (2.9b)
1 i1
Lo S o derg s e (2.9¢)

For embeddings characterized by a non-trivial slipping mode as described above, the in-
duced metric on the D7-branes reads

9= (1+6%)dp? + cosh®pds? 45, + sin?0 d2. (2.10)
The pullback of the ten-bein to the D7 worldvolume is given by
e =FE" a=0...7, et =0dp, e2=0. (2.11)

The k-symmetry condition (2.9) for type IIB supergravity is formulated for a pair of
Majorana-Weyl spinors. We will find it easier to change to complex notation, such that we
deal with a single Weyl Killing spinor without the Majorana condition.

2.2.1 Complex notation

Eq. (2.9) is formulated for a pair of Majorana-Weyl Killing spinors (€1, €2), and it is the
index labeling the two spinors on which the Pauli matrices act. To switch to complex
notation we define a single Weyl spinor € = €1 + ie5. With the Pauli matrices

oy = (? _OZ> : o3 = (é _01> : (2.12)

we then find that io9 (€1, €2) translates to —ie and o3(€1, €2) to Ce*. With these replacements
the action of 053 commutes with multiplication by I'-matrices, as it should (the I'-matrices
in (2.9) should be understood as 1o ® I'). We thus find

€1 . €1 .
J((%) (62> — —il'gye for n even, J((;L)) <€2) — —iC (F(O)e)* for n odd. (2.13)
Note that I'y; contains an involution and does not act as a C-linear operator. To fix
conventions, we choose the matrix B; defined in the appendix of [23], and set C' = By. C
then is the product of four Hermitian I'-matrices that square to 1, so we immediately get
CT = C and C? = 1. Furthermore, we have

CTH = (TH)*C, crC=1. (2.14)

With (2.13) it is straightforward now to switch to complex notation in (2.9).



2.2.2 Projection condition for our embedding ansatz

We now set up the k-symmetry condition in complex notation for our specific ansatz for
embedding and worldvolume flux. As explained above, for our analysis we do not make
an a priori restriction on the S3 gauge field to be turned on. So we set A = f(p)w, with
w a generic one-form on the S3. The field strength is F' = df A w + fdw, and we find
the components F,, = f'wy and F,3 = Oaws — Ogws. We only have 4 non-vanishing
components of F', which means that the sum in (2.9a) terminates at n = 2. We thus find

—t L ijkl L ij *

The pullback of the vielbein to the D7 branes has been given in (2.11) above, and we have

-1 . .
Ly = ——I, I'= []l + G/FQFB} FaasTy - (2.16)

V1462
The equations (2.15) and (2.16) are the starting point for our analysis in the next subsec-
tions.

2.3 Infinitesimally massive embeddings

Our construction of supersymmetric embeddings will proceed in two steps. We first want
to know what exactly the preserved supersymmetries are and what the general form of the
S3 gauge field is. These questions can be answered from a linearized analysis, which we
carry out in this section. With that information in hand, the full non-linear analysis will
be easier to carry out, and we come to that in the next section.

So, for now, want to solve the xk-symmetry condition in a small-mass expansion, starting
from the § = 7/2, F = 0 massless configuration which we know as solution from the flat
slicing. We expand § = 5 + 360 + ... and analogously for f. We use f without explicit
d, though, as it is zero for the massless embedding and there should be no confusion.
The x-symmetry condition I'xe = € can then be expanded up to linear order in dm. The
leading-order equation reads

TV = €O I = il pqsTy €O = elp—ra, (2.17)

where we use the superscript to indicate the order in the expansion in dm. For the next-
to-leading order we need to take into account that not only the projector changes, but also
the location where the Killing spinor is evaluated — the x-symmetry condition is evaluated
on the D7s. This way we get

TO® 1 7O = (1) e® = %59 3G EEON (2.18)

To see which supersymmetries can be preserved, if any, we need to find out under
which circumstances the projection conditions (2.17), (2.18) can be satisfied. To work this
out, we note that we can only impose constant projection conditions on the constant spinor
€0 that was used to construct the Killing spinors in (2.3): any projector with non-trivial



position dependence would only allow for trivial solutions when imposed on a constant
spinor. For the massless embedding we can straightforwardly find that projector on €g, by
acting on the projection condition in (2.17) with inverse R-matrices. This gives

€0 — RKéSRS}lF,({O)RSsRAdSeO = *FAdsrge() . (2.19)

We have used the fact that I'pgs commutes with all the I'-matrices in the AdSs part, and
also with Rgs. The last equality holds only when the left hand side is evaluated at 6 = 7/2.
Using that T'11€p = €g, this can be written as a projector involving S° I'-matrices only

1
Poeo = €0, Po=g(1+ rry). (2.20)

This is the desired projection condition on the constant spinor: those AdSsxS® Killing
spinors constructed from (2.4) with €p satisfying (2.20) generate supersymmetries that are
preserved by the D3/D7 configuration. We are left with half the supersymmetries of the
AdS5xS® background.

2.3.1 Projection condition at next-to-leading order

For the small-mass embeddings we expect that additional supersymmetries will be bro-
ken, namely those corresponding to the special conformal supersymmetries in the bound-
ary theory. We can use the massless condition, (2.17), to simplify the projection condi-
tion (2.18) before evaluating it. With {I‘,@,Fﬂfg} —0and TWe® = ¢ we immediately
see that T'\Ve) = —¢(). The next-to-leading-order condition given in (2.18) therefore
simply becomes

(e = 21 (2.21)
The determinants entering I';, in (2.15) contribute only at quadratic order, so we find
1 ..
I =Tyl T — §~ylfmjc(rgf’> ). (2.22)

We use that in (2.21) and multiply both sides by 1“911)3. With TV e = © and Dgse® =
—Taase®, we find the explicit projection condition

1 »
[59’r£rAds — 601 | ®) = JIUD B OOt (2.23)

The left hand side has no I'-structures on S°, except for those implicit in the Killing spinor.
We turn to evaluating the right hand side further, and note that

1 .
3V = F'war”™ + fOawsy®” . (2.24)
For the perturbative analysis, the pullback to the D7 brane for the y-matrices is to be
evaluated with the zeroth-order embedding, i.e. for the massless §# = 7/2 one. Then (2.23)

becomes
[59’rﬁrAds — 601 | € = T [flwaTEIXe 4 fO,uwpTXeXs] Ce@* (2.25)

Note that some of the S3 I'-matrices on the right hand side include non-trivial dependence
on the S3 coordinates through the vielbein.



2.3.2 Next-to-leading order solutions: projector and S® harmonic

We now come to evaluating (2.25) more explicitly, starting with the complex conjugation
on €. Commuting Raqg and Rgs through C' acts as just complex conjugation on the
coefficients in (2.4) and (2.6). We define R-matrices with a tilde such that RaqsC' = C R 4q
and analogously for Rgs. Acting on (2.25) with Rgsl, we then find

[MTBFAdS — 1601 | Raaseo = Rgs Ty [f'wal 2TX + fOqwsTX*X?| Rgs RaasCefy, (2.26)

The noteworthy feature of this equation is that the left hand side has no more dependence
on S? directions. To have a chance at all to satisfy this equation, we therefore have to
ensure that any S® dependence drops out on the right hand side as well. Since f and f’
are expected to be independent as functions of p, this has to happen for each of the two
terms individually. We start with the first one, proportional to f’, and solve for an w s.t.
the dependence on S? coordinates implicit in the I'Xe matrices drops out. The Clifford-
algebra structure on S° is dictated by the terms we get from evaluating RSZ}FQF X f%ss,
but we want to solve for the coefficients to be constants. That is, with three constants ¢;
we solve for

woRgs TUT {TX* Rgs Py = ¢;TXTUTEP . (2.27)

We only need this equation to hold when acting on €©), i.e. only when projected on F.
This fixes w. We can find a solution for arbitrary c;, and the generic solution satisfies
xgadw = —(f+1)w with £ = 1. The S3 one-form w thus is precisely the ¢ = 1, — mode we had
speculated to find in section 2.1.1 when we set up the ansatz, and the bulk analysis indeed
reproduces the field-theory results. This is a result solely about matching symmetries and
may not be overly surprising, but it is a nice consistency check anyway. The solutions
parametrized by ¢; are equivalent for our purposes, and we choose a simple one with ¢; =1,
ca =c3=0. This yields

w = — cos yadx1 + sin x1 cos x1 sin yadya + sin®x1 sin?yadxs - (2.28)

The explicit expressions for the S? Killing vectors leaving w invariant are rather bulky. The
preserved symmetries are more explicit in Hopf coordinates (¢, ¢1, ¢2), where the £ =1, —
mode can be written as w = cos @ dp1 + dpz and the metric on S? takes the form ggs =
i(d@Q +sin®pd@? +w?). The preserved symmetries are then the U(1) generated by 9,5, and
the SU(2) leaving the S? with metric §(dy?+sin’pd¢?) invariant.? The second term on the
right hand side of (2.26) can easily be evaluated using that (Jaws)v*® = —2csc fwa['g7®,
for w as given in (2.28). The k-symmetry condition becomes

56T, as — iaen] Radséo = [ ST,Tads + 2i fn] PO Ry 4s Ot (2.29)

There are no more S° I'-matrices on the left hand side, so to have solutions those on
the right hand side have to drop out as well. We expected to find at most one fourth of

4The corresponding S* Killing vector fields are dg, , cos ¢19, —sin ¢1 csc ¢ (cos pdy, — Oy, ) and sin ¢10,+
cos ¢1 ¢sc @ (cos YDy, — Ops ).

~10 -



the background supersymmetries preserved, and now indeed see that we can not get away
without demanding an additional projection condition on ¢y. We will demand that

TCel = Aep, ['=T,TaqsTXT?, (2.30)

where A*A = 1. We can achieve that by setting ey = n + M*T'Cn*, noting that I'? = 1 and
CT* = T'C. We also sce that, due to [[aqsT'%, T'] = 0, €y satisfies (2.19) if 7 does. So the
two conditions are compatible. Note that in Majorana-Weyl notation (2.30) relates the
two spinors to each other, rather than acting as projection condition on each one of them
individually. This is different from the flat slicing. With (2.30), eq. (2.29) then becomes

[6'T,Dads — 601 | Raaseo = A |20/ Taas = f'T,] RaasTeo - (2.31)

There is no dependence on the S® I'-matrices anymore. As a final step we just act with
Rgés on both sides. To evaluate the result we use the following relation between RAdS and
Rags, and define a short hand pr as

FBRAdsrg = ¢ Pilplaas Rags , pr = RXéSFEFAdSRAdS . (2.32)
We then find that acting with R, s on (2.31) yields
[69’ — i\ (2f cosh p + f’sinh p)] prGQ = (i59 — Mf' cosh p — 2f sinh p) € - (2.33)

These are independent I'-matrix structures on the left and on the right hand side, so the
coeflicients have to vanish separately.

The main results for this section are the massive projector (2.30) and the one-form on
the S3 given in (2.28). They will be the input for the full analysis with finite masses in the
next section. To validate our results so far, we still want to verify that the x-symmetry
condition (2.33) for small masses can indeed be satisfied with the linearized solutions for ¢
and f. The solutions to the linearized equations of motion resulting from (2.7) with (2.28)
(or simply (2.51) below) read

f = psech? p (1 — ptanhp) , 6 = msechp (psech2 p -+ tanhp) . (2.34)

We find that both conditions encoded in (2.33) are indeed satisfied exactly if i\ = m. To
get a real gauge field, A should be chosen imaginary, which is compatible with consistency
of (2.30).

Before coming to the finite mass embeddings, we want to better understand the pro-
jector (2.30). The massive embedding is expected to break what acts on the conformal
boundary of AdSs as special conformal supersymmetries, leaving only the usual supersym-
metries intact. Now, what exactly the usual supersymmetries are depends on the boundary
geometry. To explain this point better, we view the N' = 4 SYM theory on the bound-
ary as naturally being in a (fixed) background of N/ = 4 conformal supergravity. How
the conformal supergravity multiplet and its transformations arise from the AdS super-
gravity fields has been studied in detail for N = 1,2 subsectors in [24, 25]. The Q- and
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S-supersymmetry transformations of the gravitino in the N/ = 4 conformal supergravity
multiplet schematically take the form

5@1/)“ = D”EQ + ..., 55wu = i')/uES + ..., (2.35)

where the dots denote the contribution from other fields in the multiplet. Holographically,
these transformations arise as follows: for a local bulk supersymmetry transformation
parametrized by a bulk spinor €, the two classes of transformations arise from the two chiral
components of e with respect to the operator we called I',)I'aqs above [24, 25]. A quick
way to make our point is to compare this to the transformation for four-dimensional (non-
conformal) Poincaré and AdS supergravities. They take the form v, = D,e for Poincaré
and 01, = D,e — iy,e for AdS supergravities. If we now break conformal symmetry
on Minkowski space, we expect to preserve those conformal supergravity transformations
which correspond to the former, for AdS, those corresponding to the latter. From (2.35)
we see that the Poincaré supergravity transformations arise purely as Q-supersymimetries.
So holographically we expect a simple chirality projection on the bulk Killing spinor, of
the form I',I'aqse = €, to give the supersymmetries preserved by a massive D7-brane
embedding,iand this is indeed the case. For an AdS, background, on the other hand,
the transformations arise as a particular combination of Q- and S-supersymmetries of
the background N' = 4 conformal supergravity multiplet. That means we need both
chiral components of the bulk spinor, with specific relations between them. This is indeed
reflected in our projector (2.30).°

2.4 Finite mass embeddings

We now turn to the full non-linear x-symmetry condition, i.e. with the full non-linear
slipping mode and gauge field dependence. From the linearized analysis we will take the
precise form of w given in (2.28), and the projection conditions on the constant spinors
€0, (2.20), (2.30). We will assume that 1) is constant, and then set ) = 0 w.o.l.g. whenever
explicit expressions are given.

We have two overall factors in the definition of I'®) and T, and we pull those out by
defining

h(p) :== V1462 /det(1 + X) = /1 +4f2 csc e\/1 + 0 + f?csc2 6. (2.36)

For the explicit evaluation we used (2.28). Note that there is no dependence on the S3
coordinates in h. We can then write the x-symmetry condition (2.15) as

1 . 1 .
(1+ gfy”leiijl>Fe + 577 Pyl Ce = —ie, (2.37)

5The global fermionic symmetries of /' = 4 SYM actually arise from the conformal supergravity trans-
formations as those combinations of Q- and S-supersymmetries which leave the background invariant. A
more careful discussion should thus be phrased in terms of the resulting (conformal) Killing spinor equations
along similar lines. For a nice discussion of (conformal) Killing spinor equations on curved space we refer
to [26].
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where we have used CI'* = I'C since 6 is supposed to be real. This compact enough
expression will be our starting point, and we now evaluate the individual terms more
explicitly. With the expression for w in (2.28), the F?-term evaluates to

1. .1 . R
gfy”’“FiijlF = SVl €ip PO PN = =2 f'f esc® 0T )T aqs - (2.38)

For the last equality we used +°T" gf‘ = I'ylaqs. To evaluate Ce* in (2.37), we recall the
definition of Raqs by CRaqs = RaasC and analogously for Rgs (see above (2.26)), and
use (2.30). With (2.38) we then find

R N o e -
Pe + 57" FijD Rgs RaasTeo = 2 f'fesc®0T T aase — ihe . (2.39)

There are no more S° I'-matrices except for those implicit in ¢ due to Rgs on the right
hand side, and also no explicit dependence on the S3 coordinates. So the remaining task is
to find out whether we can dispose of all the non-trivial S* dependence and S® I'-matrices
on the left hand side with just the projectors we already have derived in section 2.3 — the
amount of preserved supersymmetry and the form of the Killing spinors are not expected
to change when going from infinitesimally small to finite masses.

2.4.1 Explicit S® dependence

To evaluate the left hand side of (2.39) further, we have to work out the term linear in
F. With the specific form of w given in (2.28), we find (Oawg)y* = —2cscOwa 7™
From (2.24) we then get

1 .. . . .
STIFGT = [f'7 = 2f esc0Tg] war T = — [ FT,Taas +2f cscer] Toway™.  (2.40)

For the last equality we have used [FYF&, f‘] =0 and y*y°T = —IplaasT'gy®. With (2.28)
we easily find the generalization of (2.27) to generic 6, and this allows us to eliminate all
explicit S dependence. We have

waY* Rgs Py = — csc O TUT ¢ Rgs TATETXLP) (2.41)

Since Py commutes with Rgs and f, we can pull it out of €y in (2.39) and use it when
applying (2.41). When acting on € as in (2.39), we thus find

1 .. . N
577 BT Rs = cscd FT,Taas + 2f esc 0T | TERgs TOTYTXL (2.42)

As desired, the right hand side does not depend on the S? coordinates anymore. Using
the explicit expression for T' and the massless projector (2.19), we find TEIYTXL R p49Te =
RAdSFBEO- So we get

1 o . _
§’yZJFijFRssRAdsreo =cscl [f/FEFAdS +2f CSCQF} FfRS.%RAdSrBeo (2.43)

=cscf [fTBFAdSFﬁ —2fcsch (FQ — HTB)] RS5RAdSF3€0 . (2.44)
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For the second equality we have used ITY = (FQ —¢ FB)FH. The second term in round
brackets does not have any S® I'-matrices, and can go to the right hand side of (2.39). So
combining (2.39) with (2.44), we find

Lh.s. :=Te¢+ Aescd [f’FBFAdSFf —2fcsch FQ} RS5RAdSFB€0 (2.45)
— —ihe+2f'f es®OT, T aase — 2 f0 csc®0 T, Res RaasT peo = r.his. . ‘

Nicely enough, the left hand side is linear in the gauge field and its derivative — it appears
non-linearly only on the right hand side.

2.4.2 Solving the k-symmetry condition

The k-symmetry condition (2.45) still has coordinate dependences implicit in €, through
Raqs and Rgs. To eliminate those, we want to act with RS_JRXéS on both sides, and eval-
uate the result. That is cumbersome, and we derive the required identities in appendix A.
For notational convenience, we define the operator R[I'] := RS_51FR55. With (A.1), (A.2)
and (A.5), we can then evaluate (2.45) explicitly. For the left hand side we find

RKéSRgsll.h.s. = (icot 6 + AescOf coshp + 2 csc® @ sinh p) R[FQFi]eo
+ (0" — iXcscOf sinhp — 2 fA csc? 6 cosh p) R[FQFY]fPAeo (2.46)
—icscleg + 2f A esc? 6 cot 6 (z coshppr — sinhp]l) €0,

where T')p was defined in (2.32). Note that the r.h.s. in (2.45) has no dependence on the
S3-directions, but R[['YI'y] in (2.46) does. So the coefficients of the two terms involving
R[FQFX] in (2.46) have to vanish. Moreover, they have to vanish separately, since they
multiply different AdSs I-matrix structures. So we find the two conditions

icot + AcscOf coshp+ 2fAesc® Osinhp =0, (2.47a)
0" —iXcscOf sinhp — 2ifAcsc3@coshp =0. (2.47Db)
The non-trivial Clifford-algebra structure of the x-symmetry condition has thus given us

two independent 1%%-order differential equations. Moreover, since f and f’ only appear
linearly, we can actually solve (2.47) for f and f’. This yields

f= i sin® @ (sinh p cot§ — @' coshp) , f = % (¢'sinf@sinh p — cosh pcosf) . (2.48)

Note that the expression for f’ does not contain second-order derivatives of #, which we
would get if we just took the expression for f and differentiate. Comparing the expressions
for f and f’, we can thus derive a second-order ODE for 6 alone. It reads

0" + 30" cot 6 + 4tanh p & — cot. (1+2 csc? 9) =0. (2.49)

With the solutions for f and f’ s.t. the first two lines of (2.46) vanish, the k-symmetry
condition (2.45) simplifies quite a bit. Collecting the remaining terms according to their
[-matrix structure gives

0= [ih —icsch+2fAcsc 0 (0’ cosh p — cot&sinhp)] €0

- 2.50
—2fcsc? 0 [f’csc@—{—i/\ (O'Sinhp—cotﬁcoshp)] Cpaco - ( )
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With the solution for f’ in terms of 6 given in (2.48), we see that the term in square brack-
ets in the second line vanishes exactly if A is purely imaginary, s.t. A=' = —X. So we are
left with the first line only. This once again vanishes when plugging in the explicit expres-
sions of (2.36) and (2.48), and using imaginary A. So any solution for the slipping mode
satisfying (2.49), which is accompanied by the gauge field (2.48), gives a supersymmetric
D7-brane embedding into AdS4-sliced AdS5. These equations are our first main result.

As a consistency check, one wants to verify that each such combination of slipping
mode satisfying (2.49) with gauge field (2.48) indeed satisfies the highly non-linear and
coupled equations of motion resulting from the D7-brane action. To derive those, we first
express (2.7) explicitly in terms of # and f. That is, we use A = fw with w given in (2.28),
but not any of the other k-symmetry relations. Also, for w we only use that our w satisfies
*xgzdw = —2w, i.e. that we found an ¢ = 1, — mode in the language of [21]. The combination
of DBI action and WZ term then becomes

Sor = TV [ deyinas, [C’\/sin49+4f2\/f’2+(1+9’2)sin29+8<“f’f . (251)

where ¢’ = cosh? p as defined in (2.8), and we have integrated over the S3. Working out
the resulting equations of motion gives two coupled second-order non-linear equations. In
the equation for the slipping mode one can at least dispose of the square root, by a suitable
rescaling of the equation. But for the gauge field even that is not possible, due to the WZ
term. The resulting equations are bulky, and we will not spell them out explicitly. Finding
an analytic solution to these equations right away certainly seems hopeless. But we do find
that using (2.48) to replace f, along with replacing 6" using (2.49), actually solves both of
the equations of motion resulting from (2.51).

2.5 Solutions

We now have a decoupled equation for the slipping mode alone in (2.49), and an immediate
solution for the accompanying f in (2.48). So it does not seem impossible to find an explicit
solution for the embedding in closed form. To simplify (2.49), we reparametrize the slipping
mode as cosf(p) = 2 cos (% cos~ ' 7(p)), which turns it into a simple linear equation for 7.
Namely,

™ +4tanhpr’ + 37 =0. (2.52)

This can be solved in closed form, and as a result we get three two-parameter families of
solutions for 6, corresponding to the choice of branch for the cos™!. Restricting cos™! to
the principle branch, where it takes values in [0, 7], we can write them as

0 — cos (2 cos 21k + cos ™! 7') 6(mp — ¢) + 3msinh(2p)

3 T = , (2.53)

4 cosh? p

with k& € {0,1,2}. Only k = 2 gives real 6, though: to get real 6, we need | cos M[ <
%. This translates to cos™! 7 € [, 27] + (3n — 2k)7. Since we have chosen the branch with
cos~ 17 € [0, 7] in (2.53), this only happens for k = 2. For p — 0o we then have 7 — 0 and
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¢ — 3, so the branes wrap an equatorial S3 in the S°. As p is decreased, T increases and
the branes potentially cap off — we need |7| < 1 to have real . The remaining constant ¢
may then be fixed from regularity constraints, and we will look at this in more detail below.
These are finally the supersymmetric embeddings we were looking for: the slipping mode
0 given in (2.53) with k = 2, accompanied by the gauge field A = fw, with f given (2.48)
and w in (2.28). The naming of the constants is anticipating our results for the one-point
functions in (4.13) below: m will be the flavor mass in the boundary theory and ¢ will
appear in the chiral condensate.

3 Topologically distinct classes of embeddings

In the previous section we have obtained the general solution to the x-symmetry condition,
giving the two-parameter family of embeddings in (2.53) with the accompanying gauge
field (2.48). In this section we will study the parameter space (m,c), and whether and
where the branes cap off depending on these parameters. A crucial part in that discussion
will be demanding regularity of the configurations, e.g. that the worldvolume of the branes
does not have a conical singularity and a similar condition for the worldvolume gauge field.

To cover either of global or Poincaré AdSs with AdS, slices, we need two coordinate
patches with the corresponding choice of global or Poincaré AdSy slices, as illustrated in
figure 1. They can be realized by just letting p run through the entire R. The figure
illustrates global AdS, but we do not need to commit to one choice at this point. For
the massless embeddings in Poincaré AdS, where § = 7/2 is the known supersymmetric
solution, the D7 branes wrap all of the AdSs; part. For the massive case, again from
Poincaré-AdSs intuition, we naively expect this to be different. However, that discussion
will turn out to be more nuanced for AdS4-sliced AdSs.

The two options for the branes to cap off are the (arbitrarily assigned) north and
south poles of the S®, which we take as # =0 or 7 = —1 and § = 7 or 7 = 1, respectively.
With (2.53), the condition for the branes to cap off at the north/south pole at p = p, then
becomes

1 . 2
c=mps + om sinh(2p,) £ 3 cosh? p, =: Cn /s(Px) - (3.1)
There is no a priori relation between the masses we choose for the two patches, so we start
the discussion from one patch, say the one with p > 0. For p — oo we have § — 7/2, and
what happens as we move into the bulk depends on whether and what sort of solutions p,
there are to (3.1). Depending on m and ¢, we can distinguish 3 scenarios:

(i) There is a p, > 0 such that either ¢ = cn(ps) or ¢ = ¢s(px). In that case, the branes
cap off in the patch in which they started, and we call this a short embedding.

(ii) There is no p, > 0 as above, but there is a p, < 0 such that ¢ = ¢, (px) or ¢ = c5(ps)-
In that case, the branes cover the entire p > 0 patch and part of the p < 0 patch.
We call this a long embedding.

~16 —



Figure 1. The left hand side illustrates how global AdSs is sliced by AdSy slices. The vertical
lines are slices of constant p, the horizontal ones correspond to constant AdS, radial coordinate.
Connected embeddings cover the entire AdSs and stretch out to the conformal boundary in both
patches. The figure in the middle illustrates what we call a short embedding, where the branes,
wrapping the shaded region, stretch out to the conformal boundary in one patch and then cap off
at a finite value of the radial coordinate in the same patch. On the right hand side is what we call
a long embedding, where the branes stretch out to one half of the conformal boundary, cover the
entire patch and cap off in the other one.

(iii) We have ¢ # cn(px) and ¢ # cs(py) for all p, € R. In that case the branes never reach
either of the poles and do not cap off at all. They cover all of AdSs, connecting both
parts of the conformal boundary. We call these connected embeddings.

The types of embeddings are illustrated in figure 1, and we will study them in more detail
below. If the branes do cap off, demanding regularity at the cap-off point imposes an
additional constraint, and we find one-parameter families. However, the masses in the two
patches can then be chosen independently, and one can also combine e.g. a long embedding
in one patch with a short one in the other. For the connected embeddings there is no such
freedom, and the flavor masses on the two copies of AdSy are related.

3.1 Cap-off points

If a cap-off point exists at all, the branes should cap off smoothly. The relevant piece of
the induced metric to check for a conical singularity is g = (1 + 6’ 2)dp2 +sin20d03 + . ...
Expanding around p = p, with (2.53) and (3.1) gives

Sine',::c*/ (p+) = an/s(p - P*)1/4 + O( VP — P*) ) On/s = 6/8 sech P*(Sinh px £ m) : (32)
The induced metric with that scaling is smooth without a conical singularity. To examine
the regularity of the gauge field A = fw, we fix x1 = x2 = 7/2, s.t. we look at a plane
around p = ps. The pullback of the gauge field to the plane is A = fdy1, and regularity

at the origin, p = p,, demands f(p.) = 0. For small sin 6, we see from (2.48) that

f= —% cosh p 6 sin® 6 + O(sinf) . (3.3)
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From the expansion (3.2), we then find that f(p.) = 0 for branes capping off at the
north/south pole translates to

o' sin3 H‘p:p* = izan/s =0 — Px = Pn/s Pn/s = :FSinh_lm . (34)

We thus find that for any given m there are in principle two options for the branes to cap
off smoothly. For positive m they can potentially cap off smoothly at the south pole in the
p > 0 patch and at the north pole in the p < 0 patch, and for negative m the other way
around. With o, /s fixed like that, the slipping mode shows the usual square root behavior
as it approaches the north/south pole.

The constraint (3.4) can also be obtained from the on-shell action. From the k-
symmetry discussion we know that the combination in square brackets in the first line
of (2.50) vanishes, which implies that on shell

h=csc (1—4X°fcsc'0) . (3.5)

This allows us to eliminate the square root in the on-shell DBI Lagrangian, which will
also be useful for the discussions below. The DBI Lagrangian of (2.7) expressed in terms
of h reads

Lppr = —Tx cosh*p sin®0 - h - CINTRVE (3.6)

where | /g, q, and | /ggs are the standard volume elements on AdS, and S? of unit curvature
radius, respectively. For the full D7-brane action (2.7), we then find

Spr = —T» / d"¢dp | [Gnas,+/Tgs [hcosh’p sin®0 +8C f'f] . (3.7)

To have the first term in square brackets finite at p = p, we once again need f(ps) = 0,
leading to (3.4). We will look at the two options for the branes to cap off smoothly in more
detail now.

3.2 Short embeddings

The first option we want to discuss are the short embeddings illustrated in figure 1(b),
where the branes cap off in the same patch in which they reach out to the conformal
boundary. This kind of embedding can be realized for arbitrary m: for the p > 0 patch,
we simply take pg/,, from (3.4) and fix

c=cs(ps) form >0, ¢=cn(pn) form <0, (3.8)

with ¢, /s defined in (3.1). This gives a smooth cap-off point at p = py/, > 0 — in the
same patch where we assumed the D7 branes to extend to the conformal boundary. For
the other patch the choices are simply reversed.

There is a slight subtlety with that, though, which gives us some useful insight into the
curves ¢/ (px). For the embeddings to actually be smooth, there must be no additional
cap-off points between the conformal boundary and the smooth cap-off point at pg/,. This
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Figure 2. The plot on the left hand side shows ¢, and ¢, as defined in (3.1), as the family of
red upper and blue lower curves, respectively. The symmetric curves are m = 0 for both, and as
2, there is no solution p, to (3.1), and the
branes do not cap off. As m is increased, the maximum value taken on the lower curve increases

m is increased the curves tilt. For m = 0 and |¢| <

and the minimum taken on the upper curve decreases. So the window for ¢ to get continuous
embeddings shrinks. The plot on the right hand side shows the smooth brane embeddings in the
(m,c) plane. For large m these are given by the thick blue curve only, which corresponds to
the disconnected embeddings. For lower m the blue-shaded region is possible and corresponds to
connected embeddings. On the dashed lines the embedding covers all of one patch and caps off
smoothly in the other one. The § = 7 embedding corresponds to ¢ = m = 0. Zy-symmetric
connected embeddings correspond to the axes, i.e. ¢ =0 or m = 0 in this plot.

is indeed not the case, which can be seen as follows. For given (m,c), the cap-off points
are determined as solutions p to (3.1), so we want to look at ¢, /s as functions of p,. The
specific values p,, s, found from regularity considerations above, are also the only extrema
of the curves ¢, /. That is, ¢, has a minimum at p, and ¢s has a maximum at ps. That
means we only get that one smooth cap-off point from the curve we used to set ¢ in (3.8).
Moreover, in the patch where ¢,/ take their minimum/maximum, cg /n 18 always strictly
smaller /greater than c, ;. This ensures that there are no cap-off points in between coming
from the other curve either. See figure 2(a) for an illustration.

In the (m, c)-plane, these short embeddings correspond to the thick solid lines in fig-
ure 2(b). Let us see what happens when we depart from the choice (3.8) for large masses.
Already from figure 2(a) we see that for large enough masses Im ¢, UImcs = R. So there
will be solutions p, to (3.1) for any real c. But these cap-off points with p, different from
Pn/s Will not be regular in the sense discussed around (3.4). So for large masses the short
embeddings with (3.8) are also the only regular ones. They are the only generic embed-
dings, in the sense that they exist for any m, and sample plots of the slipping mode and
gauge field can be found in figure 3.

3.3 Long embeddings

As seen in the previous section, there is at least one smooth D7-brane embedding for any
m. In this section we start to look at less generic configurations, which are possible for
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(a) (b)

Figure 3. Slipping mode on the left hand side and the accompanying gauge field on the right
hand side for short embeddings with masses m in [0, 5], as function of the radial coordinate p. The
smaller the mass, the deeper the branes extend into the bulk. For m = 0 we find an embedding
which caps off at p = 0, which is the boundary to the other patch. So we already see that, with
0 = /2, there are at least two massless embeddings.

small enough masses only. Figure 2(a) already indicates that small m is special, and we
study this in more detail now.

For small enough mass, the maximum of the lower curve in figure 2(a), which is ¢, is
strictly smaller than the minimum of the upper curve, which is ¢,. We denote the critical
value of the mass, below which this happens, by my. It can be characterized as the mass
for which the maximum of ¢ is equal to the minimum of ¢,, which translates to

¢s(ps) = cn(pn) = \/m2+1 (m? —2) + 3my sinh ™! my =0, (3.9)

or my =~ 0.7968. For m < m, we can make the opposite choice for ¢ as compared to (3.8),
and still get a smooth cap-off point. As discussed above, if we were to reverse the choice
of ¢ for larger mass, the branes would hit a non-smooth cap-off point before reaching the
other patch. But for m < my we can fix

¢ =cn(pn) form >0, c=cs(ps) form <O0. (3.10)

There is no cap-off point in the patch in which we start, so the branes wrap it entirely.
In the second patch they do not stretch out to the conformal boundary, but rather cap
off smoothly at p, /s for positive/negative m. This is what we call a long embedding, as
illustrated in figure 1(c). The maximal mass my translates to a maximal depth up to which
the branes can extend into the second patch, as shown in figure 4. In figure 2(b) the
long embeddings correspond to the dashed thick lines, and for cs(ps) <c<en(pn) we get
connected embeddings which we discuss in the next section.

For holographic applications, this offers interesting possibilities to add flavors in both
patches. In addition to the short-short embeddings discussed above, which can be realized
for arbitrary combinations of masses, we now get the option to combine a short embedding
in one patch with a long one in the other. Figure 5 shows as thick black lines particular
long-short combinations with the same value of m in the two patches, which corresponds to
flavor masses of opposite sign in each of the two copies of AdS4 on the boundary. Moreover,
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Figure 4. The left hand side shows the slipping mode for long embeddings, from top to bottom
corresponding to the mass m increasing from 0 to my, as function of the radial coordinate p. The
right hand side shows the accompanying gauge field. As compared to the short embeddings with
the same mass, the long ones cap off at the other pole, and there is a maximal depth up to which the
long embeddings can extend into the second patch. The sharp feature developing for the bottom
curve on the left hand side turns into a cap-off for a short embedding as m — my, as given in (3.9).
This way the plot connects to figure 1(b). In the (m,c) plane of figure 2(b), this corresponds to
following one of the thick solid lines coming from large |m|, and then at my switching to the dashed
line instead of further following the solid one.

we could also combine two long embeddings, which would realize partly overlapping stacks
of D7-branes from the AdSs perspective. Whether the branes actually intersect would
depend on the chosen m in each of the patches: for m of the same sign they can avoid
each other, as they cap off at different poles on the S°. But for m of opposite sign they
would intersect.

3.4 Connected embeddings

The last class of embeddings we want to discuss are the connected ones, which cover all
of AdSs, including both parts of the conformal boundary. In contrast to Poincaré AdSs,
where finite-mass embeddings always cap off, such embeddings exist for non-zero masses.
The critical value is the same my given in (3.9) for the long embeddings. As discussed in
the section above, for m < my there are choices of ¢ for which there is no p, to satisfy (3.1),
and thus no cap-off points. These are given by

cs(ps) < ¢ < enl(pn), (3.11)

where ¢, /s were defined in (3.1) and p,/s in (3.4). With no cap-off points there are no
regularity constraints either, and these are accepted as legitimate embeddings right away.
Due to the very fact that the embeddings are connected, we immediately get a relation
between the masses in the two patches: they have the same modulus but opposite signs.
An open question at this point is how the massive embeddings for AdS4-sliced AdSs
connect to the massless § = 7/2 embedding with f = 0, which we know as solution from
Poincaré-AdSs. So far, we have only seen massless embeddings capping off at either of
the poles (see figure 3 and 4). The § = 7/2 embedding is at the origin in figure 2(b),
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Figure 5. Connected, long and short embeddings with m = % The shown configurations corre-

spond to a vertical section through the phase diagram shown in figure 2(b). The thick blue lines
are a family of embeddings with values of ¢ satisfying (3.11). The solid black lines show the dis-
connected limiting embeddings: the upper/lower ones correspond to positive/negative ¢ saturating
the inequalities in (3.11). The gray dashed lines correspond to embeddings with irregular cap off.
For the limiting case where the branes cap off, we get to choose among short/short, long/short,
short/long and long/long embeddings. We see how the branes do not intersect for this choice of
masses, even for the long/long embedding.

and the blue-shaded region around it are the connected embeddings. The embeddings

corresponding to a vertical section through figure 2(b) are shown in figure 5, where we chose
3
become more and more symmetric around p = 0, and we eventually find the § = 7/2

m = =, such that the connected embeddings exist. As m is decreased, the embeddings
embedding with m = ¢ = 0. This will be seen more explicitly in the next section.

For each m, one can ask which embedding among those with different ¢ has the minimal
action. The on-shell action as given in (3.7) is divergent, as common for this quantity on
asymptotically-AdS spaces. But the divergences do not depend on ¢, and so a simple
background subtraction will be sufficient to renormalize when m is held fixed. We come
back to the holographic renormalization with all the bells and whistles in section 4. For
now we simply define the finite quantity

dSp7(m, c¢) = Spr(m,c) — Sp7(m,0). (3.12)

Strictly speaking, §.Sp7 is still divergent due to the infinite volume of the AdS, slices. But
this is a simple overall factor and we can just look at the “action density”, with the volume
of AdS, divided out. Using A\? = —1, the explicit expression for A in (3.5) and integration
by parts, we can further simplify the action (3.7) to

Spr = T+ / UV~ [[4g 2]+ / dpcosh? p (sin® 0 +4f2 cot?0) | . (3.13)

4m+cos”
3

We introduce ¢ = cos 6, such that o = 2 cos 7 This isolates the volume divergence,
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Figure 6. The plot shows —dSp7 defined in (3.12), as function of the parameter ¢ controlling the
chiral condensate. This corresponds to the free energy with the ¢ = 0 value subtracted off. The
quantity dSp7 then is independent of the chosen renormalization scheme. From top to bottom the
curves correspond to increasing |m|. For m = 0, corresponding to the top curve, the § = 7/2
embedding with ¢ = 0 is the one with lowest energy. As |m| is increased, this changes, seemingly
through a 1%%-order phase transition, and the “marginal” embeddings with maximal allowed c
become the ones with minimal free energy.

which is independent of m and ¢, and we find

Spr = —T7/d7§\/m [[4(1 +4f2)] - /dp ¢'o*(1 = (1~ 0%)(o cosh p)/2>] . (3.14)

The prime in the last term denotes a derivative with respect to p. dSp7 as defined in (3.12)
is then easily evaluated numerically, and the results are shown in figure 6.

3.5 Zga-symmetric configurations

In the last section for this part we look at a special class of configurations with an extra Zs
symmetry relating the two patches. The slipping mode may be chosen either even or odd
under the Zo transformation exchanging the two patches, and we can see from (2.48) that
the gauge field f consequently will have the opposite parity, i.e. odd and even, respectively.
For the disconnected embeddings, the extra symmetry simply fixes how the embeddings
have to be combined for the two patches. It narrows the choices down to either short/short
or long/long, and depending on the parity the long/long embeddings will be intersecting or
not. For the connected embeddings, we use that for the k = 2 solutions in (2.53) we have

0(p) =0(=p)|, ., =7=00=p)|, .. f0)=fC=n|,__.=—f(=p), . - (315

So imposing even Zs parity fixes m = 0, and imposing odd Zo parity implies ¢ = 0. From
the connected Zz-even configurations we therefore get an entire family of massless solutions.
They correspond to the vertical axis in figure 2(b). The Zs-odd solutions with ¢ = 0 loosely
correspond to vanishing chiral condensate in A" =4 SYM, but that statement depends on
the chosen renormalization scheme, as we will see below.

We can now understand how the connected embeddings connect to the short or long
disconnected embeddings discussed above. Say we assume Zo symmetry for a start, which
for the connected embeddings confines us to the axes in figure 2(b). That still leaves various
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Figure 7. Embeddings with Zs-even slipping mode on the left hand side and the accompanying
Zo-odd gauge field on the right hand side, as function of the radial coordinate p. The 6 = 7 solution
corresponds to the flat slipping mode and f = 0. The lower the curve on the left hand side, the
larger c¢. On the right hand side larger ¢ corresponds to a larger peak. We have restricted to ¢ > 0
for the plot, the ¢ < 0 embeddings are obtained by a reflection on the equator of the S° for the
embedding and a sign flip on the gauge field. Note how the solutions interpolate between 6 = 5
and the massless solution capping off at p, = 0 discussed in section 3.2, which is shown as thick
black line in both plots.

possible trajectories through the (m, ¢) diagram. For even slipping modes we are restricted
to the vertical axis for connected embeddings. Starting out from large mass and the short
embeddings, one could follow the thick lines in figure 2(b) all the way to m = 0, where
the cap-off point approaches p, = 0. Another option would be to change to the dashed
line at m = my, corrsponding to a long embedding. In either case, once we hit the vertical
axis in figure 2(b), this corresponds to the massless embedding with maximal |¢|. From
there one can then go along the vertical axis to the § = 7/2 embedding at the origin. This
last interpolation is shown in figure 7. For odd slipping modes, we are restricted to the
horizontal axis in figure 2(b) for connected embeddings. Coming in again from large mass
and a short embedding, the thick line eventually hits ¢ = 0 as the mass is decreased. From
there the branes can immediately go over to a connected embedding, which corresponds to
going over from the thick black line in figure 8(a) to the blue ones. These connect to the
6 = 7/2 embedding along the horizontal axis in figure 2(b). Another option would be to
make the transition to a long/long embedding. If we decide to not impose parity at all,
the transition to the § = /2 embedding does not have to proceed along one of the axes.
The transition from connected to disconnected embeddings may then happen at any value
of m, small enough to allow for connected embeddings. Figure 5 shows an example for the
1

transition, corresponding to following a vertical line in figure 2(b) at m = 3.

4 Flavored N' =4 SYM on (two copies of) AdS,

In the previous section we studied the various classes of brane embeddings, to get a catalog
of allowed embeddings and of how they may be combined for the two coordinate patches
needed to cover AdSs. In this section we take first steps to understanding what these
results mean for N’ = 4 SYM on two copies of AdS. In section 4.1 we discuss relevant
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Figure 8. Embeddings with Zs-odd slipping mode on the left hand side and the accompanying
Zo-even gauge field on the right hand side, as function of the radial coordinate p. m = 0 corresponds
to # = 7 and the further the embedding departs from that, the larger is m. The § = § solution
has f = 0, and the higher the peak of the curves on the right hand side, the larger is m. Note

how these curves interpolate between the § = 7 solution and the massive embedding capping off

at p, = sinh™'my, shown as thick black line. The critical mass m, was defined in (3.9), and
corresponds to p, =~ 0.73.

aspects of supersymmetry on curved space and how these are reflected in our embeddings.
We also discuss the boundary conditions that are available to link the two copies of AdSy.
In section 4.2 and 4.3 we carry out the holographic renormalization and compute the one
point functions for the chiral and scalar condensates. With these results in hand, we come
back to the question of boundary conditions and attempt an interpretation of the various
embeddings in section 4.4.

4.1 Supersymmetric field theories in curved space

While it is well understood how to construct supersymmetric Lagrangians on Minkowski
space, for example using superfields, the study of supersymmetric gauge theories on curved
spaces needs a bit more care. Generically, supersymmetry is completely broken by the
connection terms in the covariant derivatives when naively formulating the theory on a
curved background. One simple class of supersymmetric curved space theories is provided
by superconformal field theories on spacetimes that are conformal to flat space. That is,
once we have constructed a superconformal field theory on flat space, such as N' =4 SYM
without any flavors or with massless quenched flavors, we can simply obtain the same
theory on any curved space with metric

ds* = Q(t, &) (—dt* + d7?) . (4.1)

The crucial ingredient for this extension to work is that all fields need to have their confor-
mal curvature couplings. These can be constructed systematically by consistently coupling
to a conformal supergravity background (see [27] for a nice review). For A" =4 SYM this
boils down to adding the usual conformal coupling for the scalars.

For Q = 272, where z is one of the spatial directions, the resulting metric is locally
AdS, in Poincare coordinates. In fact, the resulting geometry is two copies of AdSy, one
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for z > 0 and one for z < 0. The two AdS, spaces are linked with each other along
their common boundary at z = 0 via boundary conditions, which we can derive from
the conformal transformation. In Minkowski space, z = 0 is not a special place. All
fields as well as their z-derivatives, which we denote by primes, have to be continuous at
this codimension one locus. Denoting the fields at positive (negative) values of z with a
subscript R (L), the boundary conditions for a massless scalar field X therefore read

X1(z=0)=Xgr(2=0), Xi(z=0)=Xgk(z=0). (4.2)

The generalization to fermions and vector fields is straightforward. Under a conformal
transformation, the left and right hand sides of these conditions change in the same way,
and so these boundary conditions have to be kept in place when studying the same field
theory on the conformally related two copies of AdS. These “transparent” boundary con-
ditions were discussed as very natural from the point of view of holography in [1] and many
subsequent works. They preserve the full supersymmetry of the field theory, as is obvious
from their flat space origin. From the point of view of the field theory on AdS they are
unusual. For physics to be well defined on one copy of AdS4, we need one boundary condi-
tion on (say) Xy and X alone. Typical examples are the standard Dirichlet or Neumann
boundary conditions. For two separate copies of AdS; we do need two sets of boundary
conditions in total, what is unusual is that the transparent boundary conditions relate L
and R fields to each other. A different set of boundary conditions would for example be
Xr(z = 0) = Xg(z = 0) = 0 with no restrictions on the derivatives. With these double
Dirichlet boundary conditions the two copies of AdS4 are entirely decoupled, and these
are the boundary conditions typically used for field theories on AdS4. Generic boundary
conditions will break all supersymmetries, but it is well known how to impose boundary
conditions on N/ = 4 SYM on a single AdS, space in a way that preserves half of the su-
persymmetries. These boundary conditions follow from the analysis in [28] and correspond
to the field theory living on D3 branes ending on stacks of NS5 or D5 branes. The de-
tailed choice of boundary conditions dramatically changes the dynamics of field theory on
AdSy, as comprehensively discussed in [7]. While [7, 28] completely classified the boundary
conditions preserving at least half of the supersymmetries for a single copy of AdS,, more
general supersymmetry preserving boundary conditions are possible on two copies. We al-
ready saw one example, the transparent boundary conditions above, which preserve the full
supersymmetry. It is straightforward to formulate boundary conditions that interpolate
between transparent and double Dirichlet boundary conditions, even though we have not
yet attempted a complete classification of supersymmetric boundary conditions for NV = 4
SYM on two copies of AdS,.

While conformal theories are the simplest supersymmetric field theories to formulate
on curved space, one can also formulate non-conformal supersymmetric field theories, e.g.
with masses for at least some of the fields, on curved spaces. The non-invariance of the
connection terms can be compensated by adding additional terms to the Lagrangian. In the
simple case of the 4-sphere, it was shown in [11] that for an N' = 2 supersymmetric gauge
theory with massive hypermultiplets a simple scalar mass can act as a compensating term.
Denoting the two complex scalars in a hypermultiplet by @ and @, which in a common
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abuse of notation we also use for the entire chiral multiplet they are part of, one recalls
that the superpotential term

W =MQQ (4.3)
gives rise to a fermion mass m as well as an F-term scalar mass term in the potential,

Voo = IMP (I +1QI) - (4.4)

This theory as it stands is not supersymmetric, but can be made supersymmetric by adding
a particular dimension-2 operator to the Lagrangian. The full scalar mass term then reads
V =V, + VS with

VS

[

M (QQ + c.c.) , (4.5)
R

where R is the curvature radius of the sphere. Since the compensating mass term is imag-
inary, the resulting action is not real. We construct supersymmetric D7-brane embeddings
to holographically realize this supersymmetric combination of mass terms on S* in ap-
pendix B, and correspondingly find an imaginary gauge field. The compensating terms
have been understood systematically in [12]. Again, the natural way to construct super-
symmetric field theories in curved space is to couple to a background supergravity multiplet.
One then obtains a supersymmetric field theory for every supersymmetric configuration of
the background supergravity. To have a non-trivial curved-space configuration preserving
supersymmetry, the supergravity background has not just the metric turned on but also
additional dynamical or auxiliary fields. The expectation values of these extra fields then
appear as the desired compensating terms in the field theory Lagrangian. Following this
logic, the simple compensating term (4.5) for the S* can easily be generalized to AdSy,
which now yields a real coefficient

yAdSs — % <QQ + c.c.) . (4.6)

Including the superpotential mass term, the conformal curvature coupling, as well as the
supersymmetry restoring compensating term, the full scalar mass matrix for a field theory
in AdS;41 with 8 supercharges reads

—L(@-1)+ M2 M
MQQ = ( 4( M) —%(dQ— 1)+M2>‘ (4'7)

For this work we are of course most interested in the AdS, case, that is d = 3. The
eigenvalues of this mass matrix are given by

1
My = 2(1- d? +4M? +4M). (4.8)

The full spectrum is symmetric under M — —M with the two branches being exchanged,
and the minimal eigenvalue ever reached is My, = —d? /4 for M = +1/2. This is exactly
the BF bound in d dimensions [29, 30]. So, reassuringly, the supersymmetric theory never
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Figure 9. Eigenvalues of the scalar mass matrix as a function of superpotential mass M for flavored
N =4 SYM on AdS,. Alternative quantization is possible for eigenvalues in the gray-shaded region.

becomes unstable. The full scalar mass spectrum is depicted in figure 9. From this dis-
cussion we also see that the embeddings we found and studied in section 2, 3 exhaust the
entire scalar mass spectrum corresponding to stable theories. This is despite m? always
being positive — the stable negative-mass theories that are possible for AdSy arise from
the combination of all mass-like terms as we have just seen. We should note, however, that
m is related to the field theory mass M via M = Q—‘Qm [21], so in the limit where classical
supergravity is a good approximation we always deal with large M and positive eigenvalues.

While the compensating term restores supersymmetry, it breaks some of the global
symmetries. Let us discuss this in detail for the case of N'=4 SYM with N; flavors. The
massless theory has a global SU(2)sxSU(2)gxU(1)gxU(Ny) symmetry. Holographically,
the first 3 manifest themselves as the preserved SO(4)xU(1) isometry of the D7-brane
embedding with 6 = 7/2, whereas the U(Ny) global symmetry corresponds to the world-
volume gauge field. All flavor fields are invariant under SU(2)g, which acts only on the
adjoint hypermultiplet that is part of the N’ = 4 Lagrangian written in NV = 2 language. So
this symmetry will not play a role in the discussion below. Under SU(2) iz the fundamental
scalars transform as a doublet, but the fundamental fermions are neutral. A superpotential
mass breaks the U(1)g. In the holographic dual, U(1)gr corresponds to shifts in 1, and
these are manifestly broken by the massive D7-brane localized at a fixed value of ¥. The
superpotential mass term, however, preserves the full SO(4) symmetry since |Q|? + \Q\Q
is the SU(2) invariant combination. Not so for the compensating term, which explicitly
breaks SU(2)r down to a U(1) subgroup [12]. This pattern mirrors exactly the symmetry
breaking pattern we found in our supersymmetric probe branes.

The structure of supersymmetry being restored by a compensating term is reminiscent
of supersymmetric Janus solutions, that is field theories with varying coupling constants.
Since under a supersymmetry variation the Lagrangian typically transforms into a total
derivative, position-dependent coupling constants generically break supersymmetry. It was
found in [31, 32] that supersymmetry can again be restored by compensating terms. This
discussion is in fact related to field theories on AdS by a conformal transformation. We will
find this picture useful for some of our analysis, so we briefly introduce it. We start with
a massive theory on AdS. In the presence of a mass term, the conformal transformation
from AdS to flat space is not a symmetry, but is explicitly broken by the mass term. If,
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however, the mass is the only source of conformal symmetry breaking (as is the case in
N = 2* or flavored N' =4 SYM), we can restore the conformal symmetry by treating the
mass M as a spurion. That is, by letting it transform explicitly. This way a field theory
with constant M on AdS can be mapped to a field theory on flat space with a position-
dependent superpotential mass M ~ 1/z. Correspondingly, the fermion mass goes as
1/z, whereas the superpotential induced scalar mass as 1/z2. Such a position-dependent
M (2)QQ superpotential is precisely the framework discussed in [31]. It was shown that
supersymmetry can be restored by a compensating term proportional to M’ (z)QQ This
1/2? compensating term is exactly the conformally transformed AdS compensating term
from (4.6). So supersymmetric field theories on AdS are indeed conformally related to
Janus like configuration with 1/z mass terms.

4.2 Holographic renormalization

A puzzling aspect of our supersymmetric probe configurations is that for a given leading
term, that is for a given mass M in the field theory, we found families of solutions that
differed in the subleading term (see again (4.13) below). Similar ambiguities were previously
found in numerical studies in [10]. Holographic intuition suggests that this corresponds to
different allowed vacuum expectation values for a given mass, and we map that out in
detail before attempting an interpretation.

The D7-brane action (2.7) is divergent as usual, and we have to carry out its holo-
graphic renormalization before extracting information about the flavor sector of the dual
theory [33, 34]. The counterterms for the slipping mode € have been given in [35], so we
only need to construct those for the gauge field. In many regards, f can be seen as a scalar
at the BF bound, and it is tempting to just take those counterterms from [34]. There
are some subtleties, however, as we will discuss momentarily. The counterterms for the
slipping mode as given in [35] are

Lao=—2 [1 - 1R] + 152 loge [1 <Rinij —~ 132) + 1émwé]
’ 4 12 2 32 3 2

(4.9)
+ 04154 + Ozgémwé + i (Rinij — 1R2> .

32 3
Note that g. denotes the metric on the cut-off surface induced from the background metric,
as opposed to the worldvolume metric, and R denotes the curvature of g.. Uy is the Weyl-
covariant Laplacian, Oy = O + %R. We have also defined 6 := 6 — 5, since our 6 is
shifted by 7 compared to the coordinates used in [35]. In the curvature conventions of [35],
the AdSy slices have R;; = 3¢gci;. The coefficients of the finite counterterms «; are not
determined by the renormalization and reflect a scheme dependence. For a7, demanding

the free energy to vanish for Poincaré AdS, as required by supersymmetry, fixes [35]
_5
12°

The holographic counterterms are universal, in the sense that they should be fixed once

a1 = (4.10)

and for all, regardless of the background. So the same argument for a supersymmetry-
preserving scheme in Poincaré AdS also fixes o for us — it is still the same theory, just
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evaluated on a different background. That leaves the scheme dependence coming from
oo and «ag, which can not be fixed from flat-space considerations since the counterterms
vanish then.

We now come back to the extra terms for the S? gauge field. There are two possible
ways to look at it. The first one is the approach taken in [35] to deal with the slipping mode.
For fixed w as given in (2.28), the gauge field A = fw from the AdS perspective reduces
to the radial profile f, which can be treated as a scalar field. The other one is to take
the 6 4 1-dimensional boundary introduced by the bulk radial cut-off on the worldvolume
of the D7-branes for what it is. We would then only allow covariant and gauge-invariant
counterterms like \/giF(A*)Q etc., where the star denotes pullback to the cut-off surface,
and determine their coefficients. Since we already have w and the two approaches are
equivalent for our purposes, we follow the first one.

The radial profile of the S3 gauge field f is almost like a scalar at the BF bound.
After integrating the WZ term in (2.7) by parts, the bulk action takes exactly the same
form. But due to this integration by parts, the action picks up an extra boundary term as
compared to a scalar at the BF bound. Such boundary terms can not be ignored on AdS,
and here the extra boundary term cancels a log? divergence usually expected for scalars
at the BF bound. The counterterms are therefore slightly different from those given e.g.
in [25, 34, 35], and we find

1 oy
Lot = —M\2f2 + . 4.11
ct.f A <2loge (log e)2> (4.11)

This introduces an additional scheme-dependent counterterm with coefficient ay. For the
k-symmetric embeddings, where 6 and f are related by (2.48), these finite counterterms
are related as well. So if one stays within this family of supersymmetric embeddings, oy
could be absorbed in a redefinition of ag. But we will not do that. For the renormalized
D7-brane action corresponding to (2.7) we then have

SD7,ren = SD7 — T?/ d"€\/Ge [Leto + Let g - (4.12)
o= log(¢/2)

To transform to Fefferman-Graham coordinates where the boundary metric is AdS4 with
unit curvature radius, we have set p = —log(z/2). The cut-off surface is then given by
p = —log(e/2). For the covariant counterterms it does not matter how we parametrize the
cut-off surface, but for those involving explicit logarithms a change in the parametrization
results in a change of the finite counterterms. The log-terms in (4.9), (4.11) are chosen
such that the coefficients of the finite counterterms agree with the usual Fefferman-Graham
gauge conventions.

4.3 One-point functions

With the holographic renormalization carried out we can now compute the renormalized
one-point functions for the chiral and scalar condensates in N' = 4 SYM. To get the
near-boundary expansion for the embedding (2.53) and gauge field (2.48), we change to
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FG gauge. As explained above, this amounts to setting p = —log(z/2). Expanding then
in small z yields

m

4
m o 3¢ —m3 + 3m(1 —log2)
— M2y

=iz loex 30\

0 ="+ mz—mzBlog(z) + 2° [ (2m* +4log2 — 3) — c} +0(2°logz),  (4.13a)

2

22+ 0(21og2). (4.13b)

The O(z) term of the slipping mode as usual sets the mass, while the O(z3) term loosely
corresponds to the chiral condensate. The leading term of the gauge field expansion sets the
extra scalar mass, and is related to the O(z) term in the slipping mode. This reflects the
relation between the superpotential mass and compensating mass terms discussed in 4.1.
The O(2?%) term encodes the corresponding scalar condensate.

To actually get the one-point functions, we have to compute the variation of the ac-
tion (2.7) and evaluate it on shell. Going on shell and varying does not necessarily commute,
so we will not use any of the k-symmetry relations to simplify the action. The starting point
will be (3.7), where h was computed in (2.36). We can, however, use relations like (3.5)
after the variation. That gives

09Sp7 = —T7 Vs / d°¢ 9, [ /Tnas, 00 sin4050} +EOM, (4.14a)
§1Sp7 = —T+Vis / &€ 0, [ [Gaas, (¢/sin®0f +8Cf) & f} + EOM, (4.14b)

where EOM denotes contributions which vanish when evaluated on shell. Combining that
with the variation of the counterterms yields

1 dSD7 ren 5+ 8ay — 4log 2
(O4) = ey DT — iV [20—1— (1 + dag)m? + 27 a22 o8 m] , (4.152)
AdSy
1 5SD7 ren . m 2
(Of) = — r— = Ty VgsiA [c — — (m* — 3 +1log(8) — 60[4)} , (4.15b)
V" 9nas, OfO 3

where 0 and f(© denote the leading coefficients in the near-boundary expansion, i.e.
0=m/2 +0@z4+ ... and f =22logz f© +. ... As expected, the scheme-dependent terms
only contribute parts proportional to m, and for m = 0 there is no scheme dependence.
The precise value of ¢ depends on the embedding we choose. We recall the explicit values
for m > 0 in the p > 0 patch. For the short and long embeddings, we find from (3.8)
and (3.10)

2
m* — 2 .
Cshort =~ vm?2+ 1+ msinh 1(m) , Clong = —Cshort - (4.16)

Recall that the long embeddings are possible only for m < my, with m, given in (3.9). For
the connected embeddings, which also only exist in this mass range, c is free to vary within
the ranges given by (3.11), that is between cghory and ciong-
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4.4 Interpretation

We found that, for a range of masses, a one-parameter family of solutions exists with
different values of the chiral and scalar condensates for one and the same mass. We now
attempt to interpret what these solutions mean in the field theory. Our interpretation will
be somewhat similar to the one offered in [10] for the case of non-supersymmetric flavors on
AdS,4. The family of massless solutions should be easiest to understand. Recall that there
is one solution among this family that is singled out: the m = ¢ = 0 connected solution,
which is the only massless solution where chiral symmetry is not spontaneously broken.
This solution can be conformally mapped to massless flavors on flat space, as described at
the beginning of this section. Correspondingly, this particular solution should correspond
to flavored A" = 4 SYM with transparent boundary conditions.

Under the same conformal transformations our other solutions also map into massless
flavors on all of flat space, but now with a position dependent chiral condensate that falls of
as 1/2% as a function of distance to the plane at z = 0. Our basic suggestion is that these
other embeddings should correspond to supersymmetric flavors in the field theory with
different boundary conditions imposed on the flavor fields at z = 0. Only the standard
transparent boundary conditions will yield a vanishing chiral condensate. This case is
easiest to make for the other extreme case: the disconnected embedding with m = 0 and
¢ = —2/3, shown as thick black line in figure 7(a). In this case, we can decide to only study
flavors in one of the two asymptotic AdS spaces (or, alternatively, on one half of Minkowski
space). The disconnected embedding at positive p is perfectly smooth and well behaved
without the second disconnected embedding at negative p. Since we now only added flavors
in the z > 0 half of Minkowski space, this embedding can not correspond to a field theory
with transparent boundary conditions. In the notation introduced above (4.2), only the R
fields exist, there are no L fields we could relate them to at z = 0. So one has to impose
boundary conditions at z = 0 on the R flavor fields alone, presumably either Dirichlet or
Neumann conditions. Either of these choices is expected to give rise to a position dependent
condensate, just as we observed in our brane embedding. This happens already in the free
field theory, as can be seen by employing the standard method of images, as was e.g. done in
this context in [31]. For simplicity, let us consider the case of a scalar field. The propagator
of a scalar field on half space is given by

1 1 1
6 =5 (G2or * o) e

where (Ry), = (ty, Ty, Yy, —2y) for y, = (ty, zy, ¥y, 2y) and upper/lower sign corresponds to

Neumann/Dirichlet boundary conditions. To calculate the expectation value (X?(x)), we
simply need to evaluate G(z,x). The first term gives rise to a divergent contribution that
needs to be subtracted in order to properly define the composite operator X2. In N = 4
SYM, the corresponding divergence was even shown to cancel between contributions from
different fields in [31]. We get a non-vanishing expectation value from the mirror charge
term that goes as 1/ 22, as appropriate for a dimension-2 operator. For a fermion a similar
calculation gives 1/23, and these are indeed the expectation values as we found here. So
in principle, at least for this special configuration, the behavior we found holographically
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makes qualitative sense. It would be nice to see whether non-renormalization theorems
could allow a quantitative comparison between free and strongly coupled field theories, as
was done in the context of Janus solutions in [31].

For the other embeddings, that is the connected embeddings with m = 0, ¢ # 0
and the disconnected embeddings with m = 0 in both halves of spacetime, we have no
strong argument for what the field theory boundary conditions should be. But we suspect
that they interpolate between the transparent boundary conditions at m = ¢ = 0 and
Dirichlet (or Neumann) boundary conditions for the maximal c¢. It is straightforward to
formulate such interpolating boundary conditions that give a 1/2% condensate with growing
coefficient, but the choice is not unique. Potentially, a careful study of supersymmetry
together with our results for the expectation values could help pin this down. But at least
our results for the massless embeddings appear to be consistent with this interpretation.

For massive embeddings there is no such simple argument. Mapping to flat space
gives position-dependent masses that diverge at z = 0, and so any discussion of boundary
conditions is more involved. But it is tempting to relate the presence of connected and
long embeddings for small mass to boundary conditions in a similar way. In the window
m%F <m? < m2BF 4+ 1 we can do standard and alternative quantization for scalar fields
on AdS, [29, 30]. That similarly allows for a family of boundary conditions, and hence
presumably a family of expectation values. But which mass is it that approaches m%F +1
when we dial m from zero to its critical value given in (3.9)? Note that, for a given leading
coeflicient m in our expansion of the fluctuating field 6 in the bulk, the field theory mass M
is actually given by M = v/\/(2m)m [21]. Since this M is thus much larger than 1 except
for infinitesimally small values of m, we find that both mass eigenvalues in (4.8) are large
and positive for any finite m. So none of the fundamental fields is even close to the window
in which two different boundary conditions are allowed. However, while the fundamental
fields have masses of order v/ in all our embeddings, the gauge invariant meson fields
actually have order one masses [21, 36]. This makes the mesons a natural candidate for
a field that obeys different boundary conditions in our different embeddings for one and
the same mass. We can indeed see directly from the geometry that the meson spectrum is
strongly affected by the difference of embeddings. Corresponding to the different classes
of brane embeddings, we get different classes of mesons: those built from pairs of L quarks
and R quarks separately (again in the notation introduced above (4.2)), and those with
mixed content. Denoting the mesons by their quark content, we see that for connected
embeddings both LL, RR as well as LR and RL mesons are light, as they all correspond to
fluctuations of the brane. For disconnected embeddings, only LL and RR mesons can be
light, whereas LR and RL mesons correspond to semi-classical strings stretched between the
two disconnected branes, and hence to order v/A masses. A more quantitative discussion
of this suggestion requires an analysis of the meson spectrum, encoded in the spectrum of
linearized fluctuations around our embeddings, and is beyond the scope of the present work.
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5 Discussion

The main result of this work is a class of supersymmetric D7-brane embeddings into
AdS5 xS, which allow to holographically describe ' =4 SYM coupled to massive N = 2
supersymmetric flavor hypermultiplets on spaces of constant curvature. For AdS4-sliced
AdS5 xS, which corresponds to a field theory on two copies of AdSy, the embeddings are
given in section 2.5, and for S* and dS; slices in appendix B. Preserving supersymmetry in
the transition from flat to curved space needs additional care for non-conformal theories,
and in particular requires extra compensating terms to make mass terms supersymmet-
ric [12]. This has to be taken into account in the construction of holographic duals as well,
and translates to non-trivial profiles for some of the matter fields in the corresponding solu-
tions. For the D7-branes the compensating mass term on the field theory side translates to
non-trivial worldvolume flux. Finding supersymmetric probe brane embeddings translates
to solving for the constraint imposed by k-symmetry on the background Killing spinors to
have non-trivial solutions, and we went through that discussion systematically in section 2.
Isolating necessary conditions for supersymmetric embeddings from the x-symmetry anal-
ysis, although technically cumbersome, allowed us to decouple the slipping mode and the
gauge field, and find analytic solutions.

We then focused on a more detailed analysis of AdS4-sliced AdSs. AdS is a preferred
choice among the constant-curvature spaces in Lorentzian signature, as the corresponding
supergroups have unitary representations and realizing supersymmetric QFT's consequently
is more straightforward than on dS. Holographically we naturally get two copies of AdSy as
boundary geometries, each one being the boundary in of the two coordinate patches needed
to cover AdSs with AdSy slices. In section 3 we discussed in detail the families of regular
massive D7-brane embeddings, and how they can be combined for the two patches. That
revealed a surprisingly rich set of options for small masses. For generic large masses, the
D7-branes cap off in the coordinate patch where they extend to the conformal boundary,
much like they do on Poincaré AdS. This feature of the “short” embeddings reflects that
the massive flavors do not affect the deep IR of the QFT, as they are simply gapped out. On
Poincaré AdS this is the generic behavior, regardless of the value of the mass [8]. For the
AdSy slices, on the other hand, we found that for small masses there are also “long” brane
embeddings, which cover all of the patch in which they extend to the conformal boundary.
They extend into the second patch and cap off at a finite value of the radial coordinate there,
as illustrated in figure 1. In addition to that, we found families of connected embeddings,
which cover both copies of AdS4 on the conformal boundary. Similar, although non-
supersymmetric embeddings had been found numerically in [10] before. The connected
embeddings become available below the same critical mass as the long embeddings. They
then come in one-parameter families for each fixed mass, corresponding to different values
for the chiral and scalar condensates. Generically, that family of connected embeddings
interpolates between long and short embeddings, as shown in figure 5. For the particular
case of massless flavors, the one-parameter family of connected embeddings includes the
one conformally related to massless flavors on flat space as special case. A phase diagram
summarizing the embeddings can be found in figure 2(b).
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The embeddings stretching all through at least one of the coordinate patches, which
are available for low enough values of the mass, suggest that those flavors can indeed af-
fect also the deep IR regime of the dual QFT, despite their non-zero mass. A natural
candidate feature of QFT on AdSy, that is suggestive of this behavior, is the possibility
of having stable negative-mass scalars. We turned to a more detailed discussion focussing
on the QFT side in section 4. After a general discussion of how precisely the embeddings
encode the flavor mass and of the relation to supersymmetric Janus solutions, we carried
out the holographic renormalization and computed the one-point functions. For the mass-
less embeddings we found that the one familiar from Poincaré AdS is the only one where
chiral symmetry is not spontaneously broken. The others have non-vanishing (constant)
chiral and scalar condensates. We also gave a simple field theory toy model to explain the
one-parameter family of massless embeddings, based on the possible choices of boundary
conditions at the conformal boundary for each of the AdS, spaces. For the massless em-
beddings we could employ a conformal map to two halves of Minkowski space, mapping the
constant condensates on AdS, to position-dependent condensates on Minkowski space. For
a family of free theories with boundary conditions interpolating between transparent and
either Dirichlet or Neumann boundary conditions, we found exactly the position-dependent
scalar condensates that came out of our holographic calculation. This suggests that going
through the different embeddings available at zero mass might be a holographic analog of
the transitions studied in [37]. As discussed in section 4.4, the meson spectrum could give
crucial insights into whether this interpretation can also explain the one-parameter families
of massive embeddings.

Our results open up a number of additional directions for future research. In a compan-
ion paper we use the S* embeddings to conduct a precision test for probe brane holography
using supersymmetric localization. In the same spirit, following through the k-symmetry
analysis laid out in section 2 should allow to find similar supersymmetric embeddings into
St xS3-sliced AdS5xS®, and thus to compute the superconformal index. Another direc-
tion can be seen by noting that topological twisting [38] can also be seen as an example
where compensating terms restore supersymmetry. One can think of topological twisting
as turning on the background R-charge gauge field. If it is chosen to be equal to the

6 some supercharges can be made to transform as scalars under parallel

spin connection,
transport in the gravitational and R-charge background. Turning on the background gauge
fields adds extra terms to the Lagrangian, proportional to the R-current, and these serve as
the compensating terms that restore supersymmetry. This twisting procedure puts no con-
straints on the geometry of the background space, and in principle it will be straightforward
to implement it in the dual bulk description. The R-charge gauge field is now dynamical,
and the topological twisting implies that its leading (radially independent) piece at the
boundary no longer is taken to vanish, but is set equal to the spin connection. It would
be very interesting to construct the corresponding supergravity solutions. As compared

to the compensating terms of the topologically twisted N/ = 4 theory, the implementation

®More precisely, for N’ = 4 SYM one picks [39] a SU(2) subgroup of the SU(4)r symmetry and sets
the corresponding gauge field equal to the SU(2), part of the spin connection, which transforms in the
(1,3) @ (3,1) representation of the Spin(4)=SU(2); xSU(2), Euclidean Lorentz group.
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of the compensating terms of [11, 12, 31] is easier to accomplish holographically, since we
only need to turn on a single extra scalar field. For N/ = 2* this was done in [40], for super
Janus in [41, 42] and for flavored N' =4 SYM in this work.
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A Clifford algebra identities

In this appendix we derive the technical identities needed to explicitly evaluate the k-
symmetry condition in section 2.4, and specifically R§51RK(118(2.45). We use pr defined

in (2.32), and define the operator R[I'| := RS_51FRS5. With I'e = [prﬂ + 0Tl Tyl aqs | €,
we then find

Ry RyisTe = RII“Tep + 0'RITT] T paco
= R[FQFX] [z cotd -1 + GIfPA} €0 — i csclheg . (A.1)
For the second line we used R[['“I'Y] = i cot ORI ] — i cscOTT ;. This will allow us to
evaluate the first term on the left hand side in (2.45). For the second term we use the
relation for Raqg of (2.32), to find

Ry Ry bl T aasTY Rgs RaasT pe0 = RITET] [cosh p-1—isinhp pr} €. (A.2)

This will allow us to evaluate the first term in the brackets of the second term on the left
hand side in (2.45). For the last term we note that

T Res RaasT peo = T¥T g R [cosh pT,Tads + isinhp - ]1] Radseo - (A.3)
So we find
R Ry hsT?Res RaasT peo = RITUT ] [cosh pToa +isinhp- ]1} €. (A.4)
We will now use R[I"“I'y] = i csc R[TgI'x] Tgl'y — icot @ - 1, which gives us
RS_;RXéSFQRSsRAdSI‘Beg = [csc R[] — cot ]l] X [z cosh ppr — sinh p - ]l} €. (A.5)

These are the tools needed in section 2.4 to identify the parts with non-trivial dependence
on the internal space on the left hand side of (2.45).
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B Supersymmetric D3/D7 for massive flavors on S*

We now go through the derivation of x-symmetric D7 embeddings into AdS5xS®, where
AdSs is Euclidean and in global coordinates. The result will allow us to holographically
describe N' = 4 SYM coupled to (massive) flavor hypermultiplets on S*. For the metric
we take g = gaqss + gss, with the S5 metric given in (2.1). For the S* part of AdS; we
use conformally flat coordinates to simplify the explicit computations, but note that the
resulting embeddings are independent of the chosen S* coordinates. The AdSs metric then
takes the form

9ads, = AR? +sinh® R dQf, Q3 = W2da? W=1+a2. (B.1)

The Killing-spinor equation for Euclidean AdS differs by a factor of ¢ from the Lorentzian
one, and there is a sign convention to be fixed. For the analytic continuation to be discussed
momentarily, we have

1
Du6:§FAdSFu€a p=0...4. (B.2)

We have denoted by I' (as opposed to I') the Euclidean Clifford-algebra generators. The
conventions for the Fuclidean Clifford algebra will be laid out in more detail along with
the analytic continuation below. The Killing spinor equation for the S® part stays the
same, and is given in (2.2). The AdS;xS® Killing spinors are again of the form (2.3), i.e.
€ = RagsRgseg, with Rgs given in (2.4) and

Rius = W—1/2e30TeTras []1 n xipgfﬁ] , (B.3)

For the embedding and gauge field we choose the same ansatz as before and motivated
in section 2.1.1. That is, we take a non-trivial slipping mode as function of the radial
coordinate p and a worldvolume gauge field A = fw. Note that although we have used
the same name for the radial coordinate, p, it does not have the same geometric meaning
as in the AdSy-sliced case, and consequently the embeddings are geometrically different.
The ten-bein pulled back to the worldvolume is again given by (2.11), and the induced
metric reads

g = (1+0"%)dp? + sinh?p dQ3 + sin®0 dO2 . (B.4)

B.1 Analytic continuation

For the S* mode w appearing in the gauge field we again take (2.28). Evaluating the x-
symmetry projection conditions (2.9) then proceeds almost in the same way as for the AdSy
slicing in Lorentzian signature all the way up to (2.37). To make this more precise, we will
have to set up the analytic continuation to Fuclidean signature. The metric quantities as
we set them up are already in Euclidean signature, and the more subtle step is to implement
the analytic continuation on the Clifford algebra and spinors. The Killing spinors we have
given in (B.3) also assume a Euclidean-signature Clifford algebra already. But we have to
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implement the continuation in the k-symmetry condition (2.9). To reflect the change in
signature we set

Tyy — Ty = iTay » P20 20 = —j[%0, (B.5)

With this continuation, we note that CI; = —I,,C. The S® part is not affected by the
analytic continuation, and for the AdS part we define T’ 'Ads using the same expressions as
before below (2.2). That is, with indices up but I's replaced by I's. This gives I'aqs =
—il aqgs (lowering the indices, however, does not produce a sign for I'yqg). This is the matrix
we have used in (B.3). For the chirality projector we define I'1y = —il'aqslgs = I'11.

We can now take a closer look at the matrix Raqs, defined by CRaqs = RaqsC as
before. We follow [43] (extending earlier work in [44]), in including a time reflection in
the complex structure on Euclidean space to be compatible with analytic continuation, i.e.
x5 = —xo. The charge conjugation matrix is kept as the Lorentzian one. Noting that now
Cl'ags = —I'aqsC, we then find

Rags = e?"sle Ry g . (B.6)

Comparing to (2.32), we note that this relation is different from the one we found for the
AdS; slicing in Lorentzian signature. That means we will also have to change the projection
condition (2.30) to solve the k-symmetry constraint.

B.2 k-symmetry
Although we did not have to explicitly unpack the AdS4-slice I'-matrices in section 2, the

analytic continuation still has implications. We start with the k-symmetry condition as
spelled out in (2.9). The lowercase +’s are now defined as ; = e?Iy, i.e. with the Euclidean
I'-matrices, and we have
oo i
© (p+1)y/detg

The extra 7 is due to the change in sign for the metric determinant. Since our embedding

€1t (B.7)

7i1...ip+1 .

ansatz is formally the same as for the AdSy slicing, we get to an analog of (2.15) in just
the same way, and find

Me= ——o [(1 + 7 Fa) Toye + 377 € (Toye) ] - (B8

Vdet(1+ X) 8

Since F' does not have timelike components, its continuation is trivial. The matrices ap-
pearing in (B.8) are now

i .
V1467

As compared to the Lorentzian case, there is now no relative sign between (B.9) and (B.7),

F(O) = ﬁ = []l + Q/FQFB] FAdSFX~ (B.g)

since I'aqs is equal to the product of all AdSs; I'-matrices with indices down. To proceed
to the analog of (2.37), we note that the function h again evaluates to (2.36). Since now
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C(il'aqs)* = iI'aqsC, we get the same sign in the term with the charge conjugation matrix
as before in (2.37), and find
LM B Fe+ Sy B PCe = h B
<]l—|—§fy i k;l) e—|—§7 ;i ICe™ = he. (B.10)

B.2.1 Explicit evaluation

Since we kept the S* mode (2.28), we again find (2.38) for the F2-term. As pointed out
above (B.6), we define R-matrices with a tilde analogously to section 2. Since Rgs does not
contain any AdSs I'-matrices, it is not affected by the Wick rotation and this procedure
results in the same matrix as in section 2. Instead of the projection condition (2.30), we

now use
I'Cel = Nep, r=rxr?, (B.11)
We then find that (B.10) evaluates to

e+ %’YijFijﬁ.ésséAdsfég =2f"f csc®0 I'pI'agse + he. (B.12)
We first evaluate the + - F' term. With the definitions above we find that on the spinor
subspace singled out by Py (which stays the same as in Lorentzian signature) and (1+171),
%y’?ﬂﬂjﬁ}é@rﬂm = csch [z FIT, I —2f csch (FQ - 9’F£> FAdS} Res . (B.13)

With that in hand we can evaluate (B.12), for which we find

LHS := e — Acsc [z FIT, I —2f csc erﬁrAds] Rgs Radsco _—
£ 1
=2\ [0 csc?6 Rgs I'pI'aas Rads€o + 21 f esc? HFBFAdSe + he =:r.h.s. .

The left hand side once again is linear in f and its derivative, and the right hand side
does not involve explicit S® I'-matrices. To proceed, we need the analogues of (A.1), (A.2)
and (A.5). With pr = RXéSFBFAdSRAdSa we find

RgisKésﬁE = R[FQI}(»] {O'pr —cotf - ]l} €0 +cschep, (B.15)
’R{RKéSFBFﬂ Raqseo = i’R[I’QFi] [Sinhp -1 - coshppr] €0 (B.16)

R[RKéSFQFAdS} Raaseo = [CSCQR[FQFX'] —cotd ]l} X [coshp -1 — sinhp pr] €. (B.17)

We now come back to the left hand side of (B.14). Since the right hand side does not
involve S% I'-matrices, any terms involving those will have to vanish on the left hand side.

We find
R§51R/§(1is Lhs. = (0" — Af'csccoshp — 2\ f csc3f sinh p) R[FQFX]ZZ’,)A

— (cot 0 — \f' cscOsinh p — 2\ f csc6 cosh p) R[FQFX] (B.18)
+ cscleg — 2\ f csc?0 cot O (coshp -1 — sinh pf'pA> €0 -
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Just like in the AdSy-sliced case, the round brackets of the upper two lines on the right hand
have to vanish separately, since they multiply linearly independent I'-matrix structures and
nothing on the right hand side of (B.14) can cancel them. Since f and f’ appear linearly,
we can solve for them and find

1 1
f= o\ sinf (cotfcoshp — @' sinhp) , f'= X (¢'sinfcosh p — cosfsinhp) . (B.19)

Since both of these are functions of § and 6’ only, we can derive a second-order ODE for
0, which reads

0" + 30" cot 0 + 46’ coth p — cot 0 (1+2csc?d) =0. (B.20)

These will once again be our main results. With (B.19), we can simplify (B.14) — after
applying R:;isK(lis — to find the remaining condition

[csc 6 — h + 2\ f csc26 (9' sinh p — cot 6 cosh p)] €0

) , , B ) . B (B.21)
+ 2fcsc“ 0 [f cscl + A (9 cosh p cot&smhp)] I'yneg =0.

The terms in brackets mutltiply independent I'-matrix structures and have to vanish sep-
arately. Thanks to (B.19) they do indeed vanish separately if A> = —1. To complete the
analysis, we once again checked that (B.19) and (B.20) together imply that the equations
of motion for f and 6 resulting from the DBI action are satisfied.

B.2.2 Solutions

The solutions to (B.20) again come in 3 branches, and the one which gives real slipping
mode is

0 — cos (2 o8 27k 4 cos 7‘) ’ o 3msinh(2p) — 6¢ — 6mp

, B.22
3 4 sinh3 p (B:22)

with £ = 2. The function 7 is related to that in (2.53) by a simple analytic continuation
p — p+im/2 along with a redefinition of the parameters m and ¢, and the same applies
for the accompanying gauge field. The gauge field is now imaginary, which had to be
expected from the discussion of the field-theory side in section 4.1, and specifically the
results of [11, 12]. We note that even though the final embeddings could have been obtained
by a simple analytic continuation from the AdS solutions, the evaluation of the k-symmetry
constraint differs from the AdS case by more than that, due to the change in the Killing
spinors and projectors.

Finally, we note that the same embeddings are solutions for D7-brane embeddings into
dSs-sliced AdS5 with metric

gads; = dp* + sinh?p ggs, - (B.23)

The reason is simple: once the S3-mode w is fixed, the field equations are only sensitive
to radial dependences and warp factors, and not to the metric on the slices. Since these
parts are the same for global Euclidean and dS4-sliced Lorentzian AdS, the solutions found
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here work on dSy-sliced AdSs just as well. We have not gone through the x-symmetry
analysis for that case in detail, but clearly expect them to also be supersymmetric. As
far as geometries where AdSj is sliced by spaces of constant curvature are concerned, that
only leaves hyperbolic space Hy (or Euclidean AdSy) as slice geometry. But that can be
obtained by simply Wick-rotating ¢ — it in (2.1). By the same arguments as above, the
embeddings found in section 2.5 are still solutions with that analytic continuation. We
thus have a comprehensive catalog of analytic, supersymmetric D7-brane embeddings to
describe N’ = 4 SYM with massive flavors on spacetimes of constant curvature.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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