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ABSTRACT

The recent advancement of whole-transcriptome gene expression quantification technol-

ogy - particularly at the single-cell level - has created a wealth of biological data. An

increasingly popular unsupervised analysis is to find one dimensional manifolds or tra-

jectories through such data that track the development of some biological process. Such

methods may be necessary due to the lack of explicit time series measurements or due

to asynchronicity of the biological process at a given time.

This thesis aims to recast trajectory inference from high-dimensional “omics” data

as a statistical latent variable problem. We begin by examining sources of uncertainty

in current approaches and examine the consequences of propagating such uncertainty

to downstream analyses. We also introduce a model of switch-like differentiation along

trajectories. Next, we consider inferring such trajectories through parametric nonlinear

factor analysis models and demonstrate that incorporating information about gene be-

haviour as informative Bayesian priors improves inference. We then consider the case

of bifurcations in data and demonstrate the extent to which they may be modelled

using a hierarchical mixture of factor analysers. Finally, we propose a novel type of

latent variable model that performs inference of such trajectories in the presence of het-

erogeneous genetic and environmental backgrounds. We apply this to both single-cell

and population-level cancer datasets and propose a nonparametric extension similar to

Gaussian Process Latent Variable Models.
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1
INTRODUCTION

1.1 single-cell rna-sequencing

1.1.1 Introduction

It is hard to overstate the impact of single-cell whole-transcriptome expression quantifi-

cation on recent scientific research. The first single-cell RNA-sequencing (scRNA-seq)

method was introduced in 2009 [122], and gained widespread interest around three years

later with the introduction of methods such as Smart-seq2 [101] that significantly re-

duced the cost of library preparation. It is quite incredible that in the space of a little

over five years the technology has sufficiently advanced from profiling a few tens of cells

to thousands and hundreds of thousands using technologies such as Drop-seq [82] and

the 10x platform [147].

This mass-production of single-cell data has led to an explosion of methods develop-

ment for downstream analysis by both computational biologists and statisticians. There

are now a wide range of methods specific to single-cell data for common analyses such

as normalisation [5, 75], differential expression [27, 59, 64], dimensionality reduction

[102, 134], and “pseudotime” analyses (see section 1.2). Indeed, there are now over 100

dedicated tools for analysing single-cell data, the majority of which have been produced

since 2015.
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2 introduction

1.1.2 Why quantify gene expression in single-cells?

The basic logic behind quantifying gene expression in single cells is that we may expect

some heterogeneity at the single cell level that is averaged over in bulk. For example,

cells may undergo some biological process asychronously, where even time series analysis

would average over progression at each point1 [129]. Furthermore, multiple distinct cell

types [63] or rare cell types [43] may exist within a population that a bulk assay would

be unable to resolve. Some authors have even suggested that Simpson’s paradox could

mean that gene co-expression patterns observed in bulk are incorrect once groupings at

the single-cell level are taken into account [128].

Arguably one of the most popular applications of single-cell RNA-sequencing has

been to differentiating cells, tracking the changes in gene regulation as the cells progress.

Early examples include tracking the differentiation of primary human myoblasts [129],

which revealed switch-like changes in expression of key regulatory factors, and tracking

the differentiation of alveolar cells in mice that allowed for the identification of bipotent

progenitor cells [130]. Such ideas have been extended to many biological systems, such as

differentiating hematopoietic stem cells [66, 148], sensory epithelial cells from the inner

ear [15], and more exotic examples such as the differentiation of zebrafish thrombocytes

[80] and neural stem cells in planarians (flatworms) [91].

A further popular application of single-cell RNA-seq has been identifying subtypes of

neurons (see e.g. [105] for a full review). Possibly the first to do so was Usoskin et al.

[133] who profiled 622 single mouse neurons from the dorsal root ganglion involved in the

primary sensory system. Through a basic iterative PCA and clustering-by-eye procedure

they identified 11 functionally distinct subtypes of primary sensory neurons. Shortly after

Zeisel et al. [146] performed single-cell RNA-seq on 3005 cells from the mouse cerebral

1 Computational methods to correct for this (known as “pseudotime ordering”) are the main focus of
this thesis and are discussed in-depth in section 1.2)
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cortex. Rather than rely on the ad-hoc procedure of clustering-by-eye, they developed

an iterative biclustering algorithm called BackSPIN. This suggested 9 major distinct

cell types, which was further partitioned into 47 by repeating the clustering on each

major cell type. When attempting to identify novel cell types based on gene expression

it is obviously advantageous to sequence as many cells as possible. Not content with the

poor scalability of existing procedures, Macosko et al. [82] developed an entirely new

library preparation procedure termed Drop-seq (see section 1.1.4) to cheaply profile

thousands of cells at once. This allowed for the expression quantification of a staggering

44,808 cells from the mouse retina that were clustered into 39 transcriptionally distinct

cell types using density-based clustering on a t-SNE projection. Although identifying

cellular subtypes is a popular and intuitive idea, several issues remain. Surprisingly,

there is no strict definition of a “cell type”, a challenge to be tackled by the Human

Cell Atlas [111]. Furthermore, practically every clustering algorithm - even those that

choose the number of clusters “automatically” - have tunable parameters and modelling

assumptions that leave the final number of cell types discovered open to subjectivity.

A recent development in single-cell technologies has been the ability to simultaneously

profile “omics” other than gene expression alone (see [78] for a full review). For example,

G&T-seq [79] allows for combined measurement of the genome and transcriptome in a

single-cell. There are clear uses of such methods in cancer genomics, where the combined

measurement of DNA mutations and RNA expression would allow for the quantification

of clonality on gene expression and subsequently cellular regulation. Further methods

have been used to jointly profile the methylation states of DNA at the single-cell level

along with gene expression, known as scM&T-seq [4, 55]. A recent publication has ex-

tended this to simultaneously measure chromatin accessibility, DNA methylation, and

gene expression in single-cells [26].
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1.1.3 Bulk expression quantification

The first mass-produced technology able to quantify transcriptome-wide gene expres-

sion was DNA microarrays. To infer nucleic acid abundance, DNA fragments (after

reverse transcription from mRNA transcripts for gene expression quantification) bind

to “probes” of known nucleic acid sequence and fluoresce strongly if a large quantity of

nucleic acid with the correct complementary sequence is present.

However, gene expression microarrays suffer several disadvantages. The requirement of

cDNAs to bind to probes of known sequence precludes de novo transcriptome construc-

tion, quantification of differential splicing, and any somatic variant calling. Furthermore,

DNA microarrays are known to suffer from technical artefacts, such as positional effects

where the spatial position of the probe affects the expression estimate2 (see e.g. [100,

145])

To overcome these issues researchers began direct sequencing of the cDNA fragments

in a process known as RNA-sequencing (RNA-seq), which appeared in a trio of papers

around the summer of 2008 [72, 92, 94]. RNA-seq normally begins with isolation of the

RNA and depletion of any DNA using deoxyribonuclease to avoid genomic contamina-

tion. Optional enrichment of mRNAs may be performed using filtering for polyadeny-

lation, before reverse transcription to cDNA and high-throughput (“next generation”)

short read sequencing.

1.1.4 Single-cell library preparation

Single-cell library preparation - the process of converting each cell’s mRNA to barcoded

cDNAs ready for sequencing - has come a long way since the manual isolation of Tang

2 This leads to the joke, “what’s the difference between white noise and microarrays? White noise doesn’t
contain artefacts.”
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et al. in 2009 [122]. The most popular methods - such as STRT-seq [56], Smart-seq [109],

Smart-seq2 [101], and CEL-Seq [47], all follow similar principles. Cells are (typically

FACS) sorted into 96 (and more recently 384) well plates. In each well cells are lysed

to release the RNA, which is then reverse transcribed to cDNA. There is then typically

some amount of amplification to increase the overall quantity of cDNA for more reliable

sequencing. Next, each cell is uniquely barcoded by appending a known sequence of

nucleic acid to each cDNA molecule. This step greatly increased the throughput of

single-cell RNA-seq by allowing multiplexed sequencing of all cells at once. Finally, the

individual libraries are ready for sequencing.

A popular commercial solution in the early days of single-cell RNA-seq was the Flu-

idigm C1 system that attempted to automate as far as possible the library preparation

process. By using microfluidics, the C1 could prepare libraries using nanolitre reaction

volumes which reduced reagent costs and improved the accuracy of expression quan-

tification [104]. However, the C1 system notably suffered from low capture rates and

“doublets” whereby two cells were captured and sequenced rather than one.

While such plate-based and microfluidic assays were incredibly successful, the single-

cell isolation and barcoding steps precluded the majority of studies exceeding 1000 cells.

However, this changed in 2015 with the introduction of “droplet” based technologies,

namely Drop-seq [82] and inDrop [61]. In such assays cells are encapsulated in nanolitre

droplets along with distinctly barcoded beads that allow for multiplexed sequencing.

This allows for an incredible increase in the number of cells - the original Drop-seq

publication sequenced 44,808 - and is currently being commercialised through companies

such as 10x genomics [147].
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1.1.5 Features of scRNA-seq data

1.1.5.1 Mean-variance relationship

One feature of single-cell RNA-seq data (and indeed RNA-seq data in general) is a

non-trivial relationship between the variance of the expression and its mean. Accurate

characterisation of this relationship is particularly crucial for small sample size datasets

in order to robustly estimate the variance for statistical tests of differential expression

[115]. Statistical models of RNA-seq data typically fall in two camps when it comes to

the distribution used for the likelihood. The first are the “count-based” methods that

act on the raw counts (scaled by size factors) using negative binomial distributions such

as DESeq(2) and EdgeR [2, 115]. The second are the “abundance-based” methods that

log-transform3 the (normalised) counts and model using a Gaussian likelihood, such as

Limma Voom and Sleuth [68, 103].

In the case of the count-based methods, RNA-seq data are well-approximated by

negative binomial distributions [2, 114, 115] which relates the variance σ2 to the mean

µ of the counts for a given gene by

σ2 = µ+ αµ2 (1)

where α is a dispersion parameter and in the limit α → 0 a Poisson noise model is

recovered. In other words the variance in expression increases quadratically with the

mean number of counts for a particular gene. A common quantity to examine in such

cases in the squared coefficient of variation CV2 = σ2

µ2 which for the negative binomial

model implies CV2 = α+ 1
µ . This relationship can be seen for a dataset of differentiating

thymic epithelial cells in figure 1.

3 Typically with some offset c via log(x+ c) to avoid divergence issues when x→ 0.
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Figure 1: Mean variance relationships in an example single-cell dataset of thymic epithelial

cells. Single-cell RNA-seq data shows a characteristic dependency on the CV2 = σ2

µ2

on the mean counts for each gene (left). Methods such as [13] can then be used to

identify genes that vary more than expected at random due to the technical noise in

the dataset. An alternative view is to look at the mean variance trend in log space

(right), where the overdispersed genes from [13] are often the most variable.

This relationship between the squared coefficient of variation and mean expression

was exploited in a seminal single-cell RNA-seq paper [13] to identify genes that varied

more than can be expected at random due to technical noise in the dataset. First a

CV2 − mean relationship is fitted for ERCC spike-ins4 to infer a null model of the

variance relationship we expect in the data due to technical variation alone. A p-value for

the coefficient of variation of endogenous (biological) genes given their mean expression

can then be computed under the null model and subsequently genes “overdispersed”

at some significance threshold can be identified. An example of this for differentiating

thymic epithelial cells can be seen in figure 1, with the overdispersed genes shown in

purple.

In the second set of “abundance-based” methods there is no analytical expression for

the variance of the log-counts in terms of the mean since in general Var[log(X + c)] 6=

log(Var[X ] + c). An example of this for the same set of thymic epithelial cells can

be seen in figure 1, coloured by the overdispersion test results from [13]. This forms

4 ERCC spike-ins are small panels of known RNA sequence added in known concentrations to experiments
to both calibrate the molecular concentrations to RNA-seq counts and to infer the limit of detection.
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a characteristic “hump” shape, with overdispersed genes typically exhibiting moderate

mean expression but high variance in log space. Differential abundance methods such as

Limma Voom [68] and Sleuth [103] fit smoothed curves (such as LOESS curves) to obtain

a nonparametric numerical approximation to the relationship. We use this formulation

in chapter 3, where we note that “interesting” genes lie close enough to the diagonal to

posit a linear mean-variance relationship in log space, i.e. σ2 = φµ for some constant

φ > 0.

1.1.5.2 Dropout

An often discussed feature of single-cell RNA-seq data is the idea of dropout where the

probability a gene is detected in a cell is dependent on the mean expression of that

gene. For each mRNA there is a stochastic probability of a failure to reverse transcribe

into cDNA for sequencing. If only a few mRNAs exist for a given species (in other

words, if a gene is lowly expressed) then this results as zero counts for that gene, rather

than a small quantity detected. Obviously the more mRNAs present to begin with, the

smaller the chance that reverse transcription misses all mRNAs of that species, inducing

a dependence between a gene’s (true) expression level and the dropout probability. This

problem is further confounded by sequencing depth - if relatively few reads for a cell

are sequenced then there is a high chance that a cDNA (which was lucky to be reverse

transcribed in the first place) won’t subsequently be sequenced. Thus typically the lower

the read depth of a dataset the sparser the resulting count matrix is.

The characteristic pattern of proportion of cells in which a gene is expressed compared

to the mean expression can be seen in figure 2A for an example dataset of thymic

epithelial cells. Most single-cell datasets exhibit a set of genes that are not expressed

(top-left corner), a set of housekeeping genes that are constitutively expressed at high
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Figure 2: Relationship between dropout (proportion of cells not expressing a gene) and mean

expression in an example single-cell dataset of thymic epithelial cells. Typically, the

high variance genes lie along the right hand “edge” of the relationship (left). A

number of models to account for dropout as a function of mean expression have

been proposed, including exponential, double exponential and logistic (right).

levels (bottom right), and a set of high-variance genes that contribute to heterogeneity

in the dataset inbetween.

Several methods have attempted to correct for dropout through statistical modelling.

An early example was SCDE [59] that uses a mixture model of a point pass at zero

(the dropout component) and an “amplified” component. Noting that whether a gene is

dropout is not a constant probability but dependent on the latent expression, they used

a mixture-of-experts model where the probability of being amplified was logistic on the

latent expression, i.e. pdropout = Logistic(β0 + β1µ) where µ is the latent expression and

β0 and β1 are free parameters. An example of the logistic regression fit can be seen in

figure 2B.

A different dropout model was implemented in the dimensionality reduction model

ZIFA (Zero Inflated Factor Analysis, [102]). ZIFA models the probability of a dropout

as pdropout = exp(−λx2) for a “dropout rate” λ and latent (true) expression x. A
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factor analysis model then operates on x (see section 1.3.3) to find a reduced dimension

representation of the data accounting for dropout. A further model called M3Drop

[3] models dropout using Michaelis-Menten enzyme kinetics to select highly-variable,

though the authors admit that their model is a specific case of SCDE.

Some methods take a different approach to dropout and treat it as a missing data

problem that requires imputation. MAGIC [29] uses a diffusion-based approach (similar

to diffusion maps, see section 1.3.4.2) that computes a low-dimensional graph embedding

before “imputing” each cell’s expression by a weighted sum of its neighbours. A similar

method SAVER [149] models expression using a Poisson likelihood with a latent true

expression that is dependent on similar genes in the same cell (rather than the same

gene in similar cells as per MAGIC).

1.2 pseudotime & trajectories

1.2.1 The pseudotime estimation problem

In many single-cell assays cells undergo some transformation over time. Examples include

the differentiation of stem cells into neurons or skin cells, cells progressing through the

cell cycle, or cells undergoing apoptosis (cell death). Ideally we would like to track

expression changes over time, revealing key gene expression changes that correlate with

the biological progression of interest.

However, most gene expression quantification methods to date - particularly transcriptome-

wide ones such as single-cell RNA sequencing - destroy the cell during the measurement

process, thus prohibiting repeated time-series measurement on the same cell. A first so-

lution would be to repeatedly measure sets of cells at different time points, analogous to

bulk RNA sequencing. However, the transcriptional heterogeneity at the single-cell level
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Figure 3: The pseudotime estimation problem. A Cells undergo some physical time process

such as differentiation, cell-cycle, or apoptosis. B The cell capture and expression

quantification method - such as single-cell RNA-seq or single-cell mass-cytometry -

leads to a loss of temporal information (if it were possible to measure in the first

place). C Pseudotime algorithms attempt to reconstruct the original time series using

gene expression data alone. D Downstream analysis such as differential expression

proceeds with the pseudotimes in place of the physical times.

leads to an asynchronicity of expression [129], meaning some cells at a given time point

will be transcriptionally more similar to those at the next and some transcriptionally

more similar to those at the previous.

As a solution to these issues the idea of assigning cells a pseudotime was proposed. In

such a setting an algorithm takes the transcriptome-wide gene expression measurements

for all cells and maps each on to a one-dimensional pseudotime5. The pseudotime of a

5 Mathematically, a pseudotime algorithm is just a function f : RN×G → RN for N cells and G genes,
mapping the gene expression matrix to a vector of pseudotimes (one for each cell). Strictly it is not
a function f : RG → R since the pseudotime for a given cell is (typically) dependent on all other
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particular cell quantitatively represents that cell’s progression through the biological pro-

cess of interest and is not necessarily supposed to represent the physical (capture) time

due to the transcriptional asynchronicity mentioned above. Consequently, each cell acts

as a surrogate time point, the transcriptome of a given cell representing the supposed

transcriptional signature of the biological process at that cell’s assigned (pseudo-)time

point. The set of cells ordered by pseudotime is often described as a trajectory repre-

senting the continuous progression of transcription along the process of interest (figure

3).

Several downstream analysis typically follow the assignment of pseudotimes to cells.

Examples include identifying genes differentially expressed along the trajectory [18] or

gene clusters differentially regulated [129]. However, care must be taken to realise that

the pseudotimes are an uncertain estimate derived from exceptionally noisy input data

and not a “perfectly” measured quantity such as physical capture time; this is the subject

of chapter 2.

1.2.2 Early applications to bulk expression data

The ideas behind pseudotime orderings were first introduced in the context of ordering

bulk microarray samples by Magwene et al. in 2002 [83]. They examine the case of

tracking gene expression from tumour samples in mouse models from disease inception

and argue that “the samples obtained from a mouse model of cancer do not represent

a time series with a well-defined developmental order” because early in cancer multiple

tumours within the same tissue may progress asychronously. Magwene et al. therefore

suggest that obtaining an ordering of samples based on the gene expression measurement

alone may more accurately depict cancer development.

cells. Such an explicit functional form reveals that pseudotime algorithms are in fact just a form of
dimensionality reduction.
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Their algorithm is motivated by the fact that the noise-free progression of microarray

samples would trace out a smooth one-dimensional curve embedded in high dimensional

expression space. They begin by fitting a minimum spanning tree6 (MST) to the data

using a modified distance function that is the “standard pairwise dissimilarity” if two

points are “relatively similar” and the sum of the pairwise dissimilarities between two

samples if “relatively dissimilar”.

If the MST represents a path (i.e. it has no branches) then this is taken to be the

ordering of cells. However, if the MST does have branches then the “diameter path”

(the longest path through the MST) is computed and various heuristics are run to

assess whether the diameter path essentially represents the dominant mode of variation

through the data. If so then the diameter path is taken to be the ordering and if not

a set of orderings representing the uncertainty in path variations is returned. Magwene

et al. applied this algorithm to time series data of bacterial gene expression and found

that it reconstructed the true time ordering of the samples accurately.

Gupta and Bar-Joseph (2008, [44]) expanded on the ideas of Magwene et al. in three

important ways. Firstly, they formally proved that a method could reconstruct the

temporal order of expression profiling measurements. Interestingly, this proof shows

that expression profiles of samples near each other in time will be more similar than

those further apart in time, provided the change in expression is correlated over time7

with high probability. Secondly, they applied their method to static cancer data rather

than simply recovering the capture time from time-series microarrays, though in practice

the algorithm of Gupta et al. could be applied here also. Finally, their method recovered

expression profiles for individual genes using spline fits. Interestingly, their model is close

to a nonlinear factor analysis model like that considered in chapter 3, but performs a

6 A minimum spanning tree is a graph that connects all vertices together without any cycles using the
minimum overall edge weight, a little like joining all the dots using the least ink possible.

7 i.e. if a gene is upregulated at a given time point, it is more likely to be upregulated at the next and
vice versa.
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line search at each iteration of an expectation-maximisation (EM) algorithm to find

the pseudotimes of each sample that minimises the mean squared error, rather than

maximum likelihood or Bayesian inference of the pseudotimes.

Following this was the introduction of Sample Progression Discovery (SPD) by Qui et

al. in 2011 [106]. This built on similar ideas of using MSTs to connect together microarray

samples in a time ordering, with several important differences. SPD performs consensus

clustering on the expression matrix to identify correlated gene expression modules and

calculates a MST for each of them. It then chooses a subset of gene modules that

have concordant MSTs and calculates an overall progression MST using only these. The

authors emphasise that such an approach provides a feature selection ability, highlighting

modules of genes associated with changes in the MST.

1.2.3 Single-cell pseudotime inference algorithms

1.2.3.1 Overview

Ordering bulk microarray samples was arguably a niche area, with the three studies

discussed above constituting the main work in the field. However, the advent of single-

cell sequencing lead to an explosion of interest in the field, mostly due to the higher

inter-sample heterogeneity present in single-cell data. The first single-cell pseudotime

algorithm was published in March 2014 [129]; at time of writing (May 2017) there are

now approximately 33 single-cell pseudotime inference algorithms that have at least

been preprinted8, a rate of roughly one per month.

This renaissance was largely spurred by the development of Monocle [129], discussed

in detail in section 1.2.3.2. Monocle’s two step procedure - an initial dimensionality re-

duction step using independent component analysis followed by a “cell ordering” step

8 A useful spreadsheet of single-cell software is maintained at https://tinyurl.com/mqabyur.

https://tinyurl.com/mqabyur
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to order the cells using MSTs - greatly influenced the algorithms that followed. Exam-

ples include TSCAN that uses PCA for dimensionality reduction followed by clustering

and MSTs for cell ordering; embeddr that uses laplacian eigenmaps for dimensional-

ity reduction and principal curves for cell ordering; and Waterfall that uses PCA for

dimensionality reduction followed by connecting clusters in the reduced space for cell

ordering. An overview of some pseudotime algorithms is given in table 1 with several

important contributions discussed in detail in the following sections.

1.2.3.2 Monocle

Monocle was designed to understand the gene expression dynamics that accompany

the differentiation of stem cells into human skeletal muscle myoblasts (HSMM). The

experimental design was to take stem cells and engineer a serum switch to induce differ-

entiation, then perform single-cell RNA-sequencing at 0h, 24h, 48h and 72h afterwards.

The authors noted that the expression patterns of key marker genes over time (such

as switch-like inactivation of ID1 ) was absent, and suggested asynchronicity of cellular

development could be the underlying cause and thus a pseudotemporal ordering of cells

was required.

Monocle begins with a gene selection step to identify which should be retained for

ordering the cells. In the original publication the authors used those genes differentially

expressed9 between the time points, though emphasise that other approaches (such as

selecting highly variable genes) would work also.

The algorithm proceeds by using independent component analysis (ICA) to reduce

the dimensionality of the dataset down to two dimensions. ICA attempts to find latent

components in the data that are statistically independent and assumes that each com-

9 Using a Tobit likelihood model; see chapter 2 for further discussions on differential expression over
pseudotime.
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Figure 4: The Monocle pseudotime algorithm (reused with permission). a Dimensionality re-

duction is performed on the expression matrix using ICA. A MST is then fitted in the

reduced space and cells are ordered along the diameter path, with branching also de-

tected. Downstream analysis then includes differential expression and gene clustering.

b Monocle applied to human skeletal muscle myoblasts. The authors identified three

cell types (proliferating cells, differentiating myoblasts, and interstitial mesenchymal

cells). The main pseudotime trajectory progresses from the proliferating cells to the

differentiating myoblasts, with the contaminating mesenchymal cells appearing on a

separate branch.
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ponent is non-Gaussian10. Monocle then proceeds with a secondary cell ordering step

in the reduced space that largely follows the procedure of Magwene et al. [83] (see sec-

tion 1.2.2) in constructing a MST in the reduced space and finding the “diameter path”

(i.e. the longest path through the MST) as the trajectory. In order to find biological

branches (rather than technical ones), the algorithm finds branches from “indecisive”

vertices (those with degree greater than two) and returns the k longest, where k is an

integer set by the user in line with prior knowledge of the expected number of terminally

differentiated cells in the sample.

1.2.3.3 Wanderlust

Published just a month after Monocle was Wanderlust [8], an algorithm developed to

uncover human B cell lymphopoiesis using single-cell mass cytometry data. Compared

to transcriptome-wide RNA sequencing, mass cytometry measures a smaller number

of markers. In this study, a custom panel of 44 makers designed to characterise B-

cells were measured, including “phenotypic proteins, transcription factors, regulatory

enzymes, cell-state indicators, and activation of regulatory signalling molecules”.

Wanderlust begins by constructing a k-nearest neighbour graph between all cells using

euclidean distance and selects a small random subset of cells as “waypoints”. It then

creates a random ensemble of graphs by subsampling cells to mitigate the impact of

“short circuits” on the trajectory construction11. Wanderlust then assigns each cell an

initial time as the shortest path through the graph from a manually chosen “early” cell,

and performs an iterative procedure where each cells pseudotime is a weighted average

of the distances to the waypoint cells, which is repeated until convergence. The overall

pseudotime for each cell is taken as the average over the ensemble of graphs.

10 ICA finds a projection that maximises the kurtosis in the latent space, compared to PCA that maximises
the variance (see section 1.3.1).

11 Short circuits are defined as “spurious edges between distant cells” - two cells distant in pseudotime
are connected due to random fluctuations in their gene expression. In theory such a problem will be
worse in the 40 dimensional mass cytometry data than 1000+ dimensional single-cell RNA-seq.
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1.2.3.4 DeLorean

DeLorean [112] was published approximately two years after Monocle and Wanderlust

and is mentioned here as an example of an entirely different method. DeLorean departs

from previous approaches in using a probabilistic model called a Gaussian Process Latent

Variable Model (GPLVM, discussed in section 1.3.5 and the subject of most of chapter

2).

The GPLVM learns a probabilistic mapping from the one dimensional latent pseudo-

times to the observed gene expression profiles. The basic idea is that if two cells have

similar pseudotimes then their transcriptomes will be highly correlated and thus will

have similar measured expression profiles12. Inference in the DeLorean model proceeds

using the Stan probabilistic programming language, which performs automatic Bayesian

inference using either Hamiltonian Monte Carlo (HMC) or Automatic-Differentiation

Variational Inference (ADVI).

DeLorean allows for the specification of informative priors on the latent space centred

around the capture times of the cells. If kn is the capture time of cell n, then the prior on

n’s pseudotime tn takes the form tn ∼ N (kn,σ2
n), so the confidence that the pseudotime

lies close to the cell’s capture time σn may be set by the user. The characteristic length

scale of the GPLVM kernel (see section 1.3.5) is also set by the user, which corresponds

to the expected number of fluctuations of the gene expression profile across pseudotime.

Further, DeLorean specifies a generative model of the observed gene expression space,

though this requiers parameters for each output (gene) which can scale poorly, so in

practice pseudotime fitting is limited to a small number of genes chosen a priori.

A particular strength of DeLorean is the ability to critically evaluate it because of

its formulation as a probabilistic model. Given the underlying continuity assumption

12 This is essentially a continuity assumption - that cells close in pseudotime will have expression profiles
“close” in expression space. This assumption was discussed in [44] (see section 1.2.2) who showed the
change in expression over (pseudo-)time must be correlated for it to be true. This logic underlies many
if not all pseudotime inference methods, such as DPT [46].
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common to all pseudotime algorithms we would expect they are all multimodal to some

extent, or at least have multiple solutions that are dependent on algorithm parameters

or initial values. However, their ad-hoc algorithmic nature precludes any assessment of

this, while in the DeLorean model these can be recognised as a multimodal posterior

distribution and steps taken to mitigate this such as the systematically incorporating

prior information in the form of capture times to constrain the latent space.

1.3 statistical latent variable models

1.3.1 Principal component analysis

Principal component analysis (PCA, [58]) is a ubiquitous linear dimensionality reduction

technique. PCA has several interpretations13, but the most common is that of a linear

projection to a low-dimensional space such that the variance of the data points in the

projected space is maximised. Intuitively, this can be thought of as finding a linear

subspace of the high-dimensional data space that best “explains” the data.

Mathematically, we start with G-dimensional data points {yn}, n = 1, . . . ,N and

wish to find the Q principal axes λq, q = 1, . . . ,Q that act as a mapping from the

observed to latent space such that the variance of the input points projected to the

latent space is maximal. To find λq the eigenvectors of the sample covariance matrix

S =
1
N

N∑
n=1

(yn − ȳ)(yn − ȳ)T (2)

are calculated where ȳ is the sample mean of yn. The Q principal axes are then the

Q eigenvectors of S with the largest eigenvalues. The latent space projections zn of each

13 Lior Pachter has an excellent blog post on this at https://liorpachter.wordpress.com/2014/05/
26/what-is-principal-component-analysis/

https://liorpachter.wordpress.com/2014/05/26/what-is-principal-component-analysis/
https://liorpachter.wordpress.com/2014/05/26/what-is-principal-component-analysis/
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data point may then be obtained via zn = Λ(yn − ȳ) where Λ is the Q×G matrix

whose rows are λq ordered by decreasing eigenvalue.

PCA is frequently used in computational genomics. It is commonly used for visualisa-

tion of genomic variation data such as single nucleotide polymorphism (SNP) datasets,

where it has an elegant interpretation in terms of the underlying genealogical history

of samples [88]. It is often applied to microarray gene expression data for tasks such as

data visualisation (see e.g. [113]) and for clustering samples [142].

Since the advent of single-cell RNA-sequencing, PCA has been the go-to dimensional-

ity reduction algorithm for exploratory data analysis14. Examples include latent space

projections to understand cell types and hierarchies in the developing lung [130] and

the transcriptional states defining differentiation of embryonic stem cells under different

serums [62]. PCA is also used for clustering cells, either as a preprocessing step prior to

clustering algorithms like k−means or as part of likelihood-based clustering [141].

PCA also forms an initial step in many pseudotime algorithms such as in TSCAN

[57] and Waterfall [120]. However, no studies have actually considered that a principal

component of the data itself could be the pseudotemporal trajectory. Intuitively such an

idea is appealing since we would expect the pseudotemporal process to be the dominant

source of variation within the data.

1.3.2 Probabilistic principal components analysis

One weakness of standard PCA is the absence of any probabilistic framework or inter-

pretation. In a landmark paper [124] Tipping & Bishop derived15 probabilistic PCA

(PPCA) that provides an explicit generative model for PCA and relates the maximum

likelihood estimates of parameters to the algorithmic estimation we discussed previously.

14 Though faces stiff competition from t-Stochastic Neighbour Embedding (tSNE).
15 By first considering a factor analysis model that we discuss in section 1.3.3.
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The generative model for PPCA is given by

zn ∼ N (0, I)

yn ∼ N (Λzn +µ,σ2I)
(3)

where µ is the expectation of y and σ2 is the isotropic measurement variance. In

other words, if we centre y so that E[y] = 0 then PPCA corresponds to a Gaussian

noise model with a mean given by standard PCA and isotropic covariance. Tipping and

Bishop further derived closed form expressions for the maximum likelihood estimates

(MLEs) of Λ and σ2 along with the conditional distribution of the latent variables

p(zn|Λ, yn). They demonstrated that in the limit σ2 → 0 the MLE estimate of Λ is

identical (up to arbitrary rotation) to that of standard PCA. Furthermore, the MLE

estimate of σ2 is given by

σ2
MLE =

1
G−Q

G∑
j=Q+1

ζj (4)

where ζj are the eigenvalues of the sample covariance matrix ordered by decreasing size.

In other words σ2 is the variance “lost” in the projection, averaged over the remaining

dimensions.

1.3.3 Factor analysis

Factor analysis (FA) precedes both PCA and PPCA, dating back to Spearman’s work

on “general intelligence” [121] (see section 1.3.3.1). The overall model is very similar to
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Student Maths Physics Biology
A 8 9 7
B 3 1 5
C 6 6 8
D 4 2 7

(a) School test scores for children across sub-
jects

Cell MYOD MYF5 MYOG
A 8 9 7
B 3 1 5
C 6 6 8
D 4 2 7

(b) Gene expression values of cells for
transcription factors

Table 2: Children’s test scores across subjects are correlated due to latent factors (a) in a

similar way to the gene expression of key markers during differentiation (b).

that of PPCA with the only difference being the measurement (co-)variance is diagonal

rather than isotropic. This gives a generative factor analysis model of the form

zn ∼ N (0, I)

yn ∼ N (Λzn +µ, Σ)

(5)

where Σ = diag(σ2
1, . . . ,σ2

G).

Maximum likelihood inference of factor analysis models may be performed using itera-

tive procedures such as expectation-maximisation (EM) or Bayesian inference performed

through MCMC methods or variational inference.

Factor analysis notably suffers from the rotation problem. Given a Q×Q orthogonal

rotation matrix R the likelihood is invariant under simultaneous rotation of both the

factor matrix Λ and latent values z16. Note that if Q = 1 the rotation problem is

essentially a scaling problem (we can divide Λ by k and multiply z by k to achieve the

same likelihood) but this is solved by fixing the scales of Λ and z through priors.
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1.3.3.1 Origins of factor analysis and connection to pseudotime

Factor analysis was first introduced by Spearman in 1904 [121] by considering children’s

test scores in subjects such as that in table 2(a). He noticed that the scores are correlated

- for example, if a child has a high score in physics they are more likely to have a high

score in maths, and vice versa. Spearman’s insight was that rather than the scores being

correlated with each other, they were correlated with an underlying (one-dimensional)

hidden factor he termed general intelligence. Mathematically this can be expressed as

yn = λzn + εn (6)

where yn is the vector of child n’s test scores, λ is a vector of subject specific constants

(the “loadings”), zn is the “general intelligence” and εn is any noise not explained by the

model17.

One can see in hindsight the parallels to the pseudotime estimation problem: we

measure some high-dimensional quantity yn over various samples and have a hazy and

somewhat under-defined one-dimensional generating process zn. In the context of psy-

chology, this process is intelligence: something unmeasurable that we use to make sense

of observations in life such as performance in tests. Similarly in biology we have the

concept of differentiation trajectories: something equally unmeasurable but which we in-

directly observe through molecular measurements such as gene expression quantification

(table 2(b)).

Given the parallels between the original interpretation of factor analysis and differ-

entiation trajectories we may suspect that it is particularly suited to the pseudotime

16 Given measurement noise ε the likelihood is unchanged under y = Λz + ε = ΛRRT z + ε = Λ′z′ + ε
where Λ′ = ΛR and z′ = Rz are the loadings and projections in the rotated space.

17 Of course the idea of a single “general intelligence” goes against common sense. If there truly is a
single latent factor it is possible to form the tetrad equations. Later studies showed that deviations
in the tetrad equations could not be explained by sampling noise alone. For an overview see https:
//www.stat.cmu.edu/~cshalizi/350/lectures/12/lecture-12.pdf.

https://www.stat.cmu.edu/~cshalizi/350/lectures/12/lecture-12.pdf
https://www.stat.cmu.edu/~cshalizi/350/lectures/12/lecture-12.pdf
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inference. Indeed, chapters 3-5 are devoted to various modifications of factor analysis to

infer such trajectories.

1.3.4 Manifold learning

While not strictly a class of statistical latent variable model, manifold learning has found

much success in single-cell genomics. While methods such as PCA and FA attempt to

infer low-dimensional linear subspaces embedded in high-dimensional space, the field

of manifold learning extends this to the nonlinear setting. Several manifold learning

algorithms applied to single-cell genomics are reviewed below and utilised in chapter 2.

1.3.4.1 Laplacian eigenmaps

Laplacian eigenmaps [6] are part of a larger class of spectral methods including diffusion

maps (section 1.3.4.2). Starting with the N ×G matrix Y, laplacian eigenmaps seeks a

N ×Q-dimensional embedding Z with row vectors zn for each cell through minimisation

of the quantity

∑
n,n′

Wn,n′||zn − zn′||2 (7)

subject to the constrain that zTq zq = 1 ∀q where zq are the column vectors of z. W is

an N ×N similarity matrix between the samples (cells) with the intuition that if Wn,n′

is large then the distance between zn and zn′ is heavily penalised placing them close

together in the reduced space. Conversely, ifWn,n′ is small then a large distance between

z and zn′ has little effect on the optimisation problem. Solutions for Z can readily be

found by solving an eigenvalue equation. Laplacian eigenmaps were used for pseudotime
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inference in the embeddr package [20] using a symmetrised k-nearest neighbour graph

for W.

1.3.4.2 Diffusion maps

Diffusion maps are closely related to laplacian eigenmaps and have been successfully

applied to single-cell RNA-seq data both in the context of visualisation [45] and pseu-

dotime inference [46]. The basic idea is to consider points on the manifold in terms of

a diffusion process, with a sample more likely to diffuse to one closer to it than further

away. It begins by constructing a transition matrix

Pn′,n =
1

Z(yn′)
exp

(
−||yn − yn′||2

2σ2

)
(8)

where Z(yn′) =
∑
n exp

(
− ||yn−yn′ ||

2

2σ2

)
and σ2 is a characteristic length scale. Pn′,n

can be thought of as the probability of transitioning or diffusing from cell n to n′. A

renormalised transition matrix P̃ can then be defined that takes into account the local

density of samples in the space. One can then decompose the diffusion distances into a

sum over the eigenvectors of P̃ weighted by eigenvalues, implying that retaining eigen-

vectors for the first k ordered eigenvalues captures the major structure of the manifold

and are therefore useful for visualisation. Haghverdi et al. [45] further derive a heuristic

for selection of the kernel width σ in terms of the effective number of neighbours of each

cell.

1.3.4.3 Multidimensional scaling

Multidimensional scaling (MDS) has previously been used for the visualisation of large

genomic datasets [132] and more recently was used as the initial dimensionality reduction

step for the pseudotime algorithm SCORPIUS [23]. It is motivated by the problem of trying
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to place cities on points on a map if we are given the distances between them. Given an

N ×N distance matrix D MDS attempts to minimise the quantity

Stress(Z) =
 N∑
n6=n′=1

(dnn′ − ||zn − zn′||)2


1
2

(9)

where zn is the low dimensional embedding of sample n. The intuition is if n and n′

are close we minimise the distance between zn zn′ and if n and n′ are far apart we need

to maximise the distance between zn and zn′ so that it is as close to dnn′ as possible.

1.3.4.4 Locally linear embedding

Locally linear embedding (LLE) was used successfully by SLICER [138] as a nonlinear

dimensionality step after highly-variable gene selection. LLE begins by defining an N ×

N weight matrix W where Wnn′ represents how useful sample n′ is for reconstructing

n. An optimal W is found by minimising

∑
n
||yn −

∑
n′
Wnn′yn′||2 (10)

where W is sparsely constrained so that each point is only reconstructed by its k

nearest neighbours and so that the row sums of W are 1. The Q (reduced) dimensional

reconstructions zn, n = 1, . . . ,N are then found via minimising

C(Z) =
∑
n
||zn −

∑
n′
Wnn′zn′||2 (11)

where W is kept fixed in the second optimisation step. In other words, we seek a low

dimensional embedding such that the points have approximately the same relationship

to each other in the reduced space as in the full (G-dimensional) space. Minimisation of

C(Z) can subsequently be performed via a sparse eigenvalue problem.
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1.3.4.5 t-distributed stochastic neighbour embedding

t-distributed stochastic neighbour embedding (t-SNE) [76] has become incredibly popu-

lar for the visualisation of single-cell RNA-seq data and as the initial dimensionality step

for several pseudotime algorithms. Similarly to diffusion maps18, it begins by defining a

conditional transition matrix

Pn′|n =
1

Z(yn′)
exp

(
−||yn − yn′||2

2σ2
n

)
(12)

which can be interpreted as the probability under a Gaussian likelihood of n choosing

n′ as its neighbour. This is then symmetrised to form Pn′n = 1
2N (Pn′|n + Pn|n′).

It then defines similarities in the latent space as

Qnn′ =
(1 + ||zn − zn′||2)−1∑

m6=m′(1 + ||zm − zm′ ||2)−1 (13)

which is equivalent to measuring distances in the latent space with a Student-t dis-

tribution with one degree of freedom. Values of zn are found by minimising the Kull-

back–Leibler (KL) divergence KL (P ‖ Q) =
∑
n6=n′ Pnn′ log Pnn′

Qnn′
.

It is hard to overstate how popular t-SNE has been for visualising single-cell gene

expression data. Examples include as the initial dimensionality reduction step in SCUBA

[86] or for visualisation of branch structure of single-cell mass cytometry data [117].

Criticisms of t-SNE include the required specification of the kernel widths σn (which

can be interpreted in terms of an effective number of nearest neighbours or perplexity)

and the number of iterations of the (stochastic) gradient descent algorithm.

18 Note that t-SNE differs in defining a different kernel width for each data point.
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1.3.5 Gaussian process latent variable models

Gaussian Process Latent Variable Models (GPLVM) are the subject of chapter 2 but are

mentioned here for completeness. Technically GPLVM is a form of probabilistic manifold

learning that learns an explicit map from the latent space to the observed space but

may also be seen as a form of nonlinear factor analysis. In the factor analysis model

of equation 34 typical estimation proceeds by marginalising over zn to give a marginal

likelihood yn ∼ (µ, ΛΛT + Σ) followed by direct optimisation. However, Lawrence

[69] instead marginalised over the mapping Λ through a prior of the form p(Λ) =∏Q
q=1N (λq|0,α−1I). This introduces a coupling between different samples yn. Let Y

be the full N ×G data matrix with row vectors yn and column vectors yg and Z the

N ×Q matrix of latent values with row vectors zn. The likelihood marginalised over the

mapping is then

p(Y) =
G∏
g=1
N (yg|0,α−1ZZT + Σ) (14)

where Σ is the diagonal noise covariance matrix as before.

Lawrence’s key insight was that the term α−1ZZT in the covariance matrix represents

similarity between difference samples, since the covariance between samples n and n′

is α−1zn · zn′ . Therefore, it can be replaced with any positive definite kernel k(zn, zn′)

representing similarity between zn and zn′ . Popular examples include the squared expo-

nential kernel

kSQE(zn, zn′) = σ2
f exp

(
− 1

2l2 ||zn − zn′ ||2
)

(15)
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as used in [22] or the Matern family such as the Matern3/2 kernel used in [112]:

kMatern3/2(zn, zn′) =
(
1 +
√

3|zn − zn′|
)

exp
(
−
√

3|zn − zn′|
)

. (16)

GPLVM has been widely applied to single-cell expression data, including to single-

cell qPCR data [14] and single-cell RNA-seq [22, 81]. Latent embeddings inferred using

GPLVM are typically under-constrained leading to a number of studies that introduce

“data-driven priors” to further constrain the model, such as incorporating the t-SNE

cost function to preserve local structure in GPLVM [77].

1.4 probabilistic modelling of genomic trajectories

The overall aim of this thesis is a comprehensive probabilistic treatment of the pseudo-

time problem. Chapter two exchanges the post-dimensionality-reduction cell ordering

algorithms of many pseudotime methods for probabilistic curves using Gaussian Pro-

cess Latent Variable Models and asks what the effects are of incorporating uncertainties

into downstream modelling. It also introduces a differential-expression-over-pseudotime

model. Chapter three introduces a generative model of pseudotime based on nonlinear

factor analysis that replaces the dimensionality reduction and cell ordering steps with a

single inference procedure. Chapter four considers Bayesian inference of bifurcations in

single-cell data using a hierarchical mixture of factor analysers. Chapter five introduces

a novel type of latent variable model that lets a secondary dataset to perturb the factor

loadings in the first. This is applied to a diverse set of single-cell and bulk cancer studies

and identifies novel interactions between phenotypic covariates and biological pathways.

Finally, chapter six incorporates a discussion of some of the weaknesses of probabilistic

models of pseudotimes and suggests future directions.



2
UNCERTAINTY IN S INGLE -CELL PSEUDOTIME

2.1 introduction

Practically, current methods for pseudotime inference proceed via a multi-step process

which we describe throughout using gene expression data as the focus of our discussion.

First, gene selection and dimensionality reduction techniques are applied to compress

the information held in the high-dimensional gene expression profiles to a small number

of dimensions (typically two or three for simplicity of visualisation). The identification

of an appropriate dimensionality reduction technique is a subjective choice and a number

of methods have been adopted such as Principal and Independent Components Analysis

(P/ICA) and highly non-linear techniques such as diffusion maps [45, 46] or stochastic

neighbourhood embedding (SNE) [1, 52, 76]. This choice is guided by whether the dimen-

sionality reduction procedure is able to identify a suitable low-dimensional embedding

of the data that contains a relatively smooth trajectory that might plausibly correspond

to the temporal process under investigation. Next, the pseudotime trajectory of the cells

in this low-dimensional embedding is characterised. In Monocle [129] this is achieved by

the construction of a minimum spanning tree (MST) joining all cells. The diameter of

the MST provides the main trajectory along which pseudotime is measured. Related

graph-based techniques (Wanderlust) have also been used to characterise temporal pro-

cesses from single cell mass cytometry data [8]. In SCUBA [85] the trajectory itself is

directly modelled using principal curves [48] and pseudotime is assigned to each cell

by projecting its location in the low-dimensional embedding on to the principal curve.

The estimated pseudotimes can then be used to order the cells and to assess differential

expression of genes across pseudotime. Note that in the diffusion pseudotime framework

31
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[46], all the diffusion components are used in the random-walk pseudotime model and

there is no strict dimensionality reduction step. However, the derivation of the diffusion

maps does lead to the compression of information into the first few diffusion components

which is what enables successful visualisation [45].

A limitation of these approaches is that they provide only a single point estimate of

pseudotimes concealing the full impact of variability and technical noise. As a conse-

quence, the statistical uncertainty in the pseudotimes is not propagated to downstream

analyses - such as differential expression of genes along pseudotime - precluding a thor-

ough treatment of stability. Thus, the impact of this pseudotime uncertainty has not

been explored and its implications are unknown as the methods applied typically do

not possess a probabilistic interpretation. However, we can examine the stability of the

pseudotime estimates by taking multiple random subsets of a dataset and re-estimating

the pseudotimes for each subset. For example, we have found that the pseudotime as-

signed to the same cell can vary considerably across random subsets in Monocle (section

2.4.5).

In order to address pseudotime uncertainty in a formal and coherent framework, proba-

bilistic approaches using Gaussian Process Latent Variable Models (GPLVM) have been

used recently as non-parametric models of pseudotime trajectories [21, 81, 112]. These

provide an explicit model of pseudotimes as latent embedded one-dimensional variables.

These models can be fitted within a Bayesian statistical framework using priors on the

pseudotimes [112], deterministic optimisation methods for approximate inference [81] or

Markov Chain Monte Carlo (MCMC) simulations allowing full posterior uncertainty in

the pseudotimes to be determined [21].

In this chapter we adopt this framework to assess the impact of pseudotime uncertainty

on downstream differential analyses. We first introduce a novel model for differential ex-

pression along pseudotime that may be more suited to single-cell data. We then develop
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a model for uncertainty in pseudotime based on GPLVM. We go on to show that pseu-

dotime uncertainty can be non-negligible and when propagated to downstream analysis

may considerably inflate false discovery rates. We demonstrate that there exists a limit

to the degree of recoverable temporal resolution, due to intrinsic variability in the data,

with which we can make statements such as “this cell precedes another”. Overall, we

outline a modelling and analytical strategy to produce more stable pseudotime based

differential expression analysis.

2.2 a switch-like model for pseudotime differential expres-

sion

2.2.1 Existing pseudotime differential expression

Once a pseudotime has been assigned to each cell it is possible to identify genes that

exhibit a strong pseudotemporal dependence through differential expression testing. An

approach first introduced in Trapnell et al. [129] was to regress gene expression on

pseudotime using cubic B-spline basis functions to model smooth expression profiles.

Single-cell RNA-seq data is also known to exhibit a large number of dropouts which

manifest as zero-inflated the data (see e.g. [59]). This is due to a failure to reverse-

transcript low abundance mRNAs, resulting in zero counts. To account for this, Trapnell

et al. introduces a Tobit likelihood that models the observed expression y in terms of

the true expression y∗ and a limit of detection λ as

y =


y∗, if y∗ > λ,

λ, otherwise.

(17)
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which essentially deals with zero-inflation by enforcing any expression less than the

detection limit to be latent.

However, the flexible nonparametric nature of the B-spline basis functions may lead

to overfitting, biologically unrealistic shapes, and is also difficult to interpret with-

out further post-hoc analysis. To our knowledge no other differential-expression-along-

pseudotime models have been proposed.

2.2.2 Statistical model

As a solution to these issues we present switchde, a statistical model and accompanying

R package for identifying switch-like differential expression analysis along single-cell

trajectories. We model sigmoidal expression changes along pseudotime that provides

interpretable parameter estimates corresponding to gene regulation strength and timing

along with hypothesis testing for differential expression.

Let yng denote the log2 gene expression of gene g in cell n at pseudotime tn then

yng(tn) ∼ N (µg(tn), σ2
g) (18)

where

µg(tn) =


µ
(0)
g , if gene g not differentially expressed,

2µ(0)g
1+exp

(
−kg(tn−t(0)g )

) , if gene g differentially expressed.
(19)

Under this model the parameter kg can be thought of as an activation ‘strength’

relating to how quickly a gene switches on or off along pseudotime, while t(0)g represents

the pseudotime at which the gene switches on or off (figure 5A).
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Figure 5: Sigmoidal expression across pseudotime. A The sigmoid curve as a model of gene

expression along single-cell trajectories, parametrised by the average peak expression

µ0, the activation strength k and the activation time t0. B An example using the

NDC80 gene from the Trapnell dataset [129], which had the lowest p-value of all

genes tested. Gene expression measurements are shown as the grey points with the

maximum likelihood sigmoid fit denoted by the dark line. The maximum likelihood

parameter estimates were µ(0)g = 2.73, kg = −8.71 and t(0)g = 17.61. C Zero-inflated

differential expression for the transcription factor MYOG. Solid line shows the MLE

sigmoidal mean while crosses show imputed gene expression measured as zeroes. D

Posterior predictive density for the zero-inflated model with the solid line denoting

MLE sigmoidal mean.

We fit the model using gradient-based L-BFGS-B optimisation to find maximum

likelihood estimates (MLEs) of the parameters (appendix A.1). By setting kg = 0 we

identify a nested constant-expression model where yng ∼ N (µ
(0)
g ,σ2

g) and so can perform

a likelihood ratio test for differential expression, where twice the difference in the log-
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likelihood MLE between the constant and sigmoidal models asymptotically follows a χ2

distribution with two degrees of freedom.

2.2.2.1 Modelling zero-inflation

To account for the aforementioned zero-inflation in the data we further propose a model

that incorporates dropouts in a similar style to [102]:

µg(tn, θg) =
2µ(0)g

1 + exp
(
−kg(tn − t

(0)
g )

)
xng ∼ N (µg(tn, θg),σ2

g)

hng|xng ∼ Bernoulli(exp(−λgx2
ng))

yng =


xng, if hng = 0

0, if hng = 1

(20)

which can be fitted with an expectation-maximisation algorithm (appendix A.2). One

advantage of such a model is it allows us to effectively “impute” zero or dropout counts

as can be seen in figure 5C.

2.2.3 Properties

2.2.3.1 Expression profiles of marker genes

In [129] the genes CDK1 and ID1 are identified as markers for the myoblast differen-

tiation trajectory. Zero-inflated switchde fits for these two genes are shown in figures

6A&B respectively along with the imputed dropout expression (blue crosses). Using the

zero-inflated likelihood ratio test these two genes have p-values of 2.371947× 10−73 and

1.550464× 10−8.
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Figure 6: Expression profiles of CDK1 (left) and ID1 (right) along with MLE fits for the

zero-inflated sigmoidal model (solid red line) with imputed dropout expression (blue

crosses).

2.2.3.2 Examples of large and small p-values

In figure 7 we provide example (non-zero-inflated) fits for two genes with drastically

different p-values: NUSAP1 is shown in figure 7A with a p-value of 5.335782× 10−69

and GCLC with a p-value of 0.9651487. It is clear from the expression plots and MLE

sigmoidal fits that the gene with the very low p-value clearly follows the sigmoidal switch-

like trend while the gene with the high p-value is well explained by a null (constant

expression) model.

2.2.3.3 Tracing activation times along pseudotime

One advantage of our model is that one can identify genes up or down regulated at a

particular part of the trajectory. To demonstrate this we found the genes with the closest

t0 values to 20%, 32%, 44%, 56%, 68% and 80% of the way through the trajectory, based

on all genes significant at 1% FDR.
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Figure 7: A Expression of NUSAP1 with a p-value of 5.335782× 10−69 and B expression of

GCLC with a p-value of 0.9651487.

The results can be seen in figure 8, showing a clear ‘cascade’ of successive gene expres-

sion (in)-activations along the trajectory. This also sets the groundwork for identifying

temporal gene networks along pseudotime as one can tell whether a given gene is regu-

lated before another.

2.2.3.4 Comparison of zero-inflated and standard models

We sought to demonstrate the differences in parameter estimation when considering

zero-inflation or otherwise by subsampling 200 genes and fitting both models for each.

Figure 9A shows the comparisons of µ0, demonstrating the zero-inflated estimate is

typically higher which agrees with intuition. Figure 9B demonstrates that estimates of

k are well calibrated between models. Figure 9C shows the comparison of t0 estimates

which is most dissimilar, with a spike in the non-zero-inflated model corresponding to

when t0 values barely deviate from their initial estimates. Finally, figure 9D compares

the p-value estimates, which shows general concordance with no significant biases for

either model.
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Figure 8: A ‘cascade’ of gene regulation along pseudotime. Each red curve corresponds to the

MLE sigmoidal fit while the vertical blue dashed line corresponds to the MLE of t0.

2.3 statistical model for probabilistic pseudotime

We now turn to a probabilistic model of the pseudotimes themselves. As mentioned in

the introduction, most pseudotime methods to date proceed by a two step procedure

involving dimensionality reduction followed by inference of a one dimensional trajectory

using techniques such as minimum spanning trees [57, 129] or principal curves [20, 23,

85]. This secondary step is analogous to curve fitting in the reduced-dimension space.

While it is possible to create fully generative probabilistic models of pseudotime (ideas we

explore in chapters 3 & 4), such models introduce additional assumptions and constraints.

Therefore, in order to assess the uncertainty inherent in existing pseudotime inference

algorithms we replace the second “curve-fitting” step with a model of probabilistic curves,

in particular GPLVM.



40 uncertainty in single-cell pseudotime

Figure 9: Comparison of MLE parameter estimates for zero-inflated and standard models, for

A comparison of µ0, B comparison of k, C comparison of t0 and D comparison of

p-values.

2.3.1 Gaussian Processes and Gaussian Process Latent Variable Models

A Gaussian Process (GP) is formally defined as a collection of random variables, any

finite number of which have a joint Gaussian distribution [110]. They are completely

characterised by their mean and covariance functions m(x) and k(x, x′), typically de-

noted as

f(x) ∼ GP(m(x), k(x, x′)) (21)

where the mean function m(x) is typically taken to be zero.
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In “real-world” applications we rarely observe samples from f itself but from some

noisy realisation

y = f(x) + ε (22)

where ε ∼ N (0,σ2). In this case the covariance function of the observed samples

becomes

cov(yi, yj) = cov(f(xi) + ε, f(xj) + ε) = k(xi, xj) + δijσ
2. (23)

Many covariance or kernel functions have been studied in the context of GPs, though

by far the most commonly used is the squared exponential kernel given by

kSE(x, x′) = σ2
f exp(− 1

2l2 |x− x′|2) (24)

where σ2
f is the signal variance and l the length scale [110]. An interpretation of the

squared exponential kernel is that we maximise the covariance between observations

when x is close to x′ and minimise it when they are far apart. Variants of this kernel

exist, such as that incorporating an automatic relevance determination (ARD) structure

by allowing different length scales for each input dimension.

We can think of the GPs described so far as analogous to non-parametric regression

where we observe some (possibly noisy) one-dimensional output y at a collection of

Q-dimensional input points x1, . . . , xN . However, provided the output dimensionality

D > 1 and Q < D, GPs can also be used to infer the input points in a latent variable

formulation termed Gaussian Process Latent Variable Models (GPLVM) [70].

To understand this, we begin with a factor analysis model. Let Y be an N ×D matrix

of observations,W be a D×Q weight matrix and X be a N ×Q latent matrix. Let yn
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by the nth row vector of Y, yd by the dth column vector, and xn be the nth row vector

of X. The factor analysis model generates a single observation yn via

yn =Wxn + ε (25)

where ε ∼ N (0, Iσ2) and σ2 is a D-dimensional vector of output variances. Introduc-

ing a prior over the weights of the form p(W ) =
∏D
d=1N (wd|0, I) induces a marginal

distribution of the form

p(yd|X,σ2) = N (0, XXT + σ2I). (26)

The key insight from [70] is that the marginal distribution for a single output dimen-

sion is equal to N draws from a GP with kernel K = XXT +σ2I, the sum of an inner

product kernel and an independent noise process. We can therefore replace the inner

product kernel with any positive-definite kernel that represents similarity such as the

squared exponential kernel from before, and infer the latent variables through techniques

such as maximum-likelihood [70] or Variational Bayes [125].

In the case of D = 2 and Q = 1, we have two output dimensions controlled by

a single degree of freedom, thus representing a probabilistic curve where the latent

variable is a probabilistic representation of pseudotime and we have defined a stochastic

mapping between the pseudotime and the reduced dimensionality representation. If we

apply Bayesian inference we can then approximate the marginal posterior distribution

p(X|Y) allowing us to fully quantify uncertainty in the trajectory inference part of most

pseudotime methods.



2.3 statistical model for probabilistic pseudotime 43

2.3.2 Probabilistic pseudotime inference using Gaussian Process Latent Variable Mod-

els

In the case of single-cell pseudotime the latent space is one dimensional with values

representing some notion of cellular progression. The observed data is the N ×G expres-

sion matrix Y for N cells and G genes. However, G is typically high-dimensional with

104 genes expressed per cell not unusual. We therefore perform an initial dimensionality

reduction step to an N × P matrix X, in keeping with most pseudotime algorithms.

In practice we alternate between using PCA and laplacian eigenmaps, but any of the

manifold learning algorithms referenced in 1.3.4 may equally be used.

The goal of Bayesian pseudotime inference is then to infer the posterior distribution

p(t|X) where t is the N -length pseudotime vector t = [t1, . . . , tn]. If Θ is the complete

set of model parameters (other than t) then Bayes rule gives

p(t|X) =

∫
ΩΘ

dΘp(X|t, Θ)p(t|Θ)p(Θ)∫
Ωt

∫
ΣΘ
dtdΘp(X|t, Θ)p(t|Θ)p(Θ)

(27)

where ΩΘ and Ωt are the sample spaces of Θ and t respectively. The the integrals in

equation 2.3.2 are intractable so we turn to approximation methods, in particular Markov

Chain Monte Carlo (MCMC) to obtain a numerical approximation from the posterior by

drawing samples from the posterior distribution (see section 2.3.3 for further details). In

the case of single-cell pseudotime, each sample corresponds to one possible trajectory and

ordering for the cells with the set of samples providing an approximate distribution of

pseudotimes. For interpretability the latent pseudotime values are constrained between

measured 0 and 1 where a value of 0 corresponds to one end state of the temporal

process and a value 1 to the other.
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Figure 10: Workflow for fitting Bayesian Gaussian Process Latent Variable Model pseudotime

models. Reduced-dimension representations of the gene expression data (from Lapla-

cian eigenmaps, PCA and/or t-SNE) are created. The pseudotime can be fitted

using one or more low dimensional representations of the data. Posterior samples of

pseudotimes are drawn from a Bayesian GPLVM and these are used to obtain alter-

native pseudotime estimates. Downstream differential analyses can be performed

on the posterior samples to characterise the robustness with respect to variation in

pseudotime estimates.

The hierarchical model specification for probabilistic pseudotime using a Gaussian

Process Latent Variable model is then

γ ∼ Gamma(γα, γβ),

λp ∼ Exp(γ), p = 1, . . . ,P ,

σ2
p ∼ InvGamma(α, β), p = 1, . . . ,P ,

tn ∼ TruncNormal[0,1)(µt,σ2
t ), n = 1, . . . ,N ,

Σ = diag(σ2
1, . . . ,σ2

P )

K(p)(t, t′) = exp(−λp(t− t′)2), p = 1, . . . ,P ,

µp ∼ GP(0,K(p)), p = 1, . . . ,P ,

xn ∼ N (µ(tn), Σ), i = 1, . . . ,N .

(28)

where xn is the P -dimensional input of cell n (of N) found by performing dimension-

ality reduction on the entire gene set (for our experiments P = 2 following previous
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studies). The observed data is distributed according to a multivariate normal distribu-

tion with mean function µ and a diagonal noise covariance matrix Σ. The prior over

the mean function µ in each dimension is given by a Gaussian Process with zero mean

and covariance function K given by a standard double exponential kernel. The latent

pseudotimes t1, . . . , tN are drawn from a truncated Normal distribution on the range

[0, 1). Under this model |λ| can be thought of as the arc-length of the pseudotime tra-

jectories, so applying larger levels of shrinkage to it will result in smoother trajectories

passing through the point space. This shrinkage is ultimately controlled by the gamma

hyperprior on γ, whose mean and variance are given by γα
γβ

and γα
γ2
β
respectively. There-

fore, adjusting these parameters allows curves to match prior smoothness expectations

provided by plotting marker genes. The hyperparameters γα, γβ, α, β, µt and σ2
t are

fixed and values for specific experiments for given in appendix B.1.

The overall workflow can be seen in figure 10. We begin by reducing the dimensionality

of the data using methods such as principal component analysis or laplacian eigenmaps.

Next, the statistical model is fit to infer numerical approximations to the posterior distri-

butions of the pseudotimes. This allows us to quantify the uncertainty in the pseudotime

of each cell. Finally, we can propagate this uncertainty to downstream analysis such as

differential expression, where each draw from the MCMC simulation is passed through

the analysis to give us a distribution over the results.

2.3.3 Inference

The model defined in equation 2.3.2 is not conditionally conjugate, meaning we cannot

use Gibbs sampling for inference. An alternative would be to use a Metropolis-Hastings

algorithm1 that can perform Bayesian posterior inference on any model for which the

1 Our initial implementation used exactly this.
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likelihood can be evaluated. However, Metropolis-Hastings requires manual tuning of

proposal distributions in order to explore the posterior space efficiently and can exhibit

poor mixing in high-dimensional spaces.

In order to sidestep these issues we turn to the probabilistic programming language

(PPL) Stan [39] that performs efficient inference on arbitrary (non-conjugate) Bayesian

models. PPLs have become increasingly popular in the past few years with examples

such as Stan, PyMC3 [116], Infer.net [136] and Edward [127]. They describe probabilistic

models and perform inference in a (semi-) automated manner, taking much of the work

out of statistical modelling and to some extent freeing models from assumptions that

lead to easier inference.

We use Stan for the majority of the statistical inference in both chapters 2 & 3 so

describe briefly how it works. Stan uses Hamiltonian Monte Carlo (HMC, see e.g. [95]),

a form of monte carlo sampling that leverages gradient information to quickly traverse

through “flat” regions of posterior probability to more effectively explore the space.

hamiltonian dynamics Hamiltonian Dynamics describe the evolution of a

system defined by a position vector θ and momentum vector p. The dynamics of the

system are governed by the Hamiltonian H(θ, p) = U(θ) +K(p) - the sum of a poten-

tial energy term U(θ) and kinetic energy term K(p). The system then evolves according

to Hamilton’s equations

dθi
dt

=
∂H

∂pi
dpi
dt

= −∂H
∂θi

(29)

The kinetic energy is often defined as K(p) = pTM−1p/2 where M is a symmetric,

positive definite mass matrix, which is typically diagonal. Note that this corresponds to

the log probability function of a multivariate normal with mean 0 and covariance matrix
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M. Crucially, Hamiltonian Dynamics may be simulated on a computer by discretising

the equations of motion, most typically using the leapfrog method (see [95]).

hamiltonian monte carlo The trick behind Hamiltonian Monte Carlo (HMC)

is to choose H(θ, p) such that the hamiltonian dynamics allow us to effectively ex-

plore the target distribution. To do this HMC borrows the idea of the canonical dis-

tribution from statistical physics, which for some energy function E(θ) is defined as2

p(θ) = 1
Z exp(−E(θ)) for some normalising constant Z. Therefore, if the energy func-

tion is the Hamiltonian H(θ, p) = U(θ) +K(p) then the probability density factorises

as

p(θ, p) ∝ exp(−U(θ)) exp(−K(p)) (30)

so θ and p are independent. To target the Bayesian posterior density p(θ|X) the

potential energy U is set so that

U(θ) = − log [p(X|θ)p(θ)] . (31)

The HMC algorithm begins by initialising the parameters θ and the momenta p (by

drawing from the prior N (0, M)). A single HMC iteration involves simulating Hamil-

tonian dynamics on (θ, p) according to equation 29 for L steps with a step-size of ε,

ending at some position θ∗, at which point the momentum is negated giving a proposed

state (θ∗, p∗). The proposed state is then accepted with probability

min [1, exp(−H(θ∗, p∗) +H(θ, p))] . (32)

For each subsequent iteration the momentum variables are re-sampled from the prior.

2 We set the temperature that typically appears in the exponent to T = 1.
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no-u-turn sampler One issue with HMC is the need to specify the number

of steps L and the step-size ε to which efficient inference is often highly sensitive. Stan

is able to automatically determine both L and ε using what’s known as the No-U-Turn

Sampler (NUTS, [53]). The basic idea is to run HMC for enough iterations until the

proposed location starts to move back towards itself - in other words, until the dot

product of the displacement with the current momentum turns negative. The step size

ε is then set to ensure the average acceptance probability is close to the optimal value.

2.4 results

2.4.1 Sources of uncertainty in pseudotime inference

We applied our probabilistic pseudotime inference to three published single-cell RNA-seq

datasets of differentiating cells: myoblasts in Trapnell et al. (2014) [129], hippocampal

quiescent neural stem cells in Shin et al. (2015) [120] and sensory epithelia from the

inner ear in Burns et al. (2015) [15]. For the Trapnell and Shin datasets we used Lapla-

cian Eigenmaps [6] for dimensionality reduction prior to pseudotime inference, while for

the Burns dataset we used the PCA representation of the cells from the original publi-

cation. These particular choices of reduced dimensionality representations gave visually

plausible trajectory paths in two dimensions.

An implicit assumption in pseudotime estimation is that proximity in pseudotime

should reflect proximity in the observation or data space. That is, two cells with similar

pseudotime assignments should have similar gene expression profiles but, in practice,

cell-to-cell variability and technical noise means that the location of the cells in the

observation space will be variable even if they truly do have the same pseudotime. We

plotted posterior mean pseudotime trajectories for the three datasets learned using the
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GPLVM in figure 11A-C and the posterior predictive data distribution p(X∗|X). The

posterior predictive data distribution gives an indication of where future data points

might occur given the existing data. Notice that for all three data sets, this distribution

can be quite diffuse due to the cell-to-cell expression variability manifesting as a spread

of data points around the mean trajectory.

The GPLVM applied assumes a homoscedastic noise distribution which is uniform

along the pseudotime trajectory. However, it is clear that the variability of the data

points can change along the trajectory and a heteroscedastic (non-uniform) noise model

may be more appropriate in certain scenarios. Unfortunately, whilst models of het-

eroscedastic noise processes can be applied [71], these typically severely complicate the

statistical inference and require a model of how the variability changes over pseudotime

which is likely to be unknown. The important point here is that the posterior probabil-

ities are always calculated with respect to a given model. The misspecification inherent

to this model may lead to reduced posterior variance estimates and poorly performing

posterior predictive distributions.

Returning to the intrinsic cell-to-cell variability, we next considered the conditional

posterior predictive data distributions p(X∗|t∗, X) which are shown in figure 11D-F.

These distributions show the possible distribution of future data points given the existing

data and a theoretical pseudotime t∗ and, in this example, we condition on pseudotimes

t∗ = 0.5 and t∗ = 0.7. Although the two pseudotimes differ by a magnitude of 0.2,

the conditional predictive distributions are very close or overlapping. This means that

cells with pseudotimes of 0.5 or 0.7 could have given rise to data point occupying these

overlapping regions. This variability is what ultimately limits the temporal resolution

that can be obtained.

It is important to note that the posterior mean trajectories correspond to certain

a priori or subjective smoothness assumptions (specified as hyperparameters in the
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Figure 11: Posterior pseudotime trajectories for three single-cell RNA-seq datasets. Posterior

pseudotime trajectories shown in a two-dimensional reduced representation space

for (left) a Laplacian eigenmaps representation of Trapnell et al. (2014) [129], (cen-

tre) Laplacian eigenmaps representation of Burns et al. (2015) [15] and (right)

PCA representation of Shin et al. (2015) [120]. Each point represents a cell and the

black line represents the mean pseudotime trajectory. Plots A-C shows the overall

posterior predictive data density (red) whilst D-F shows the conditional posterior

predictive data density for t = 0.5 (red) and t = 0.7 (blue).
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Figure 12: Effect of prior expectations on pseudotime trajectories. The prior probability distri-

bution (defined in terms of hyperparameters (γα, γβ) in our model) on the expected

smoothness of pseudotime trajectories can fundamentally change the inferred pro-

gression path. Examples shown using the data of Trapnell et al. (2014) [129]. Red

- shows the density of the posterior predictive data distribution. Black - shows the

mean pseudotime trajectory. Shrinkage hyperparameters (γα, γβ) of (30, 5), (5,1)

and (3,1) were used for A, B and C respectively.

model specification) which dictate the curvature properties of the trajectory. Figure 12

shows three alternative posterior mean pseudotime trajectories for the Trapnell data

based on different hyperparameters settings for the GPLVM. In a truly unsupervised

scenario all three paths could be plausible as we would have little information to inform

us about the true shape of the trajectory. This would become an additional source of

uncertainty in the pseudotime estimates. However, we favoured hyperparameter settings

that gave rise to well-defined (unimodal) posterior distributions that resulted in multiple

independent Markov Chain Monte Carlo runs converging to the same mean trajectory

rather than settings that give rise to a “lumpy” posterior distribution with many local

modes corresponding to different interpretations of the data.

We next examined the posterior distributions in pseudotime assignment for four cells

from the Trapnell dataset in figure 13A. Uncertainty in the estimate of pseudotime is

assessed using the highest probability density (HPD) credible interval (CI), the Bayesian

equivalent of the confidence interval. The 95% pseudotime CI typically covers around
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one quarter of the trajectory, suggesting that pseudotemporal orderings of single-cells

can potentially only resolve a cell’s place within a trajectory to a coarse estimate (e.g.

‘beginning’, ‘middle’ or ‘end’) and do not necessarily dramatically increase the temporal

resolution of the data. One immediate consequence of this is that it is unlikely that

we can make definite statements such as whether one cell comes exactly before or after

another. This is illustrated in figures 13B-D which displays the estimated pseudotime

uncertainty for all three datasets. In all the datasets, the general progression is apparent,

but the precise ordering of the cells has a non-trivial degree of ambiguity.

It is worth noting that such an analysis examines the overlap in the posterior marginal

densities and may overstate the uncertainty in the orderings between two cells. If the

posterior densities of the pseudotimes of two cells tA and tB are correlated then visually

there may be significant overlap in the marginal densities but under the joint density

the overlap could be quite small. This can be readily assessed by iterating over the

MCMC traces and counting the number of times tA < tB (making sure each pair (tA, tB)

comes from the same iteration to maintain the joint distribution) and forming empirical

probability p(tA < tB). A heuristic criterion can then be formed to assess whether the

ordering between two cells is uncertain such as p(tA < tB) ∈ [0.05, 0.95). We adopt this

approach to understanding the uncertainty in orderings in section 3.7.

2.4.2 Failure to account for pseudotime uncertainty leads to increased false discovery

rates

The previous section addressed the sources of statistical uncertainty in the pseudotimes.

We next explored the impact of pseudotime uncertainty on downstream analysis. Specif-

ically, we focused on the identification of genes that are differentially expressed across

pseudotime. Typically, these analyses involve regression models that assume the input
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Figure 13: Posterior uncertainty in pseudotime trajectories. A Posterior uncertainty in pseu-

dotimes for four randomly selected cells from the Trapnell et al. (2014) dataset.

Horizontal bars represent the 95% highest probability density (HPD) credible in-

terval (CI), which typically covers around a quarter of the pseudotime trajectory.

B-D Boxplots showing the posterior uncertainty for each cell from the Trapnell et

al. (2014) datasets. The edges of the boxes and tails correspond to the 75% and

95% HPD-CIs respectively.
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variables (the pseudotimes) are both fixed and certain but, with our probabilistic model,

we can use the posterior samples from our Bayesian model to refit the regression model

to each pseudotime estimate. In doing so we can examine which genes are called as

significant in each of the posterior samples and assess the stability of the differential

expression analysis to pseudotime uncertainty by recording how frequently genes are

designated as significant across the posterior samples. This allowed us to re-estimate

the false discovery rate (FDR) fully accounting for the variability in pseudotime. As

there are a multitude of sources of uncertainty on top of this (such as biological and

technical variability) this allows us to put a lower bound on the FDR of such analyses

in general.

Precisely, we fitted the Tobit regression model from [129] for each gene for each sample

from the posterior pseudotime distribution, giving us a per-gene set of false-discovery-

rate-corrected Q-values. We then compared the proportion of times a gene is called as

differentially expressed (5% FDR) across all pseudotime samples to the Q-value using

a point pseudotime estimate based on the maximum a posteriori (or MAP) estimate.

We reasoned that if a gene is truly differentially expressed then such expression will be

robust to the underlying uncertainty in the ordering. Note for comparison, our MAP

estimates with the GPLVM correlate strongly with Monocle derived pseudotime point

estimates (see figure 20).

Figures 14A&B show two analyses for two illustrative genes (ITGAE and ID1 ) in the

Trapnell data set. Using the MAP pseudotime estimates, differential expression analysis

of ITGAE over pseudotime attained a q-value of 0.02. However, the gene was only

called significant in only 9% of posterior pseudotime samples with a median q-value of

0.32. In contrast, ID1 - known to be involved in muscle differentiation - had a q-value of

6.6× 10−11 using the MAP pseudotime estimate, but was also called significant in all the

posterior pseudotime estimates having a median q-value of 4.4× 10−11. This indicates
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that the significance of the temporal expression variability of ID1 is highly robust whilst

the significance ITGAE is much more dependent on the exact pseudotemporal ordering

chosen.

As a conservative rule of thumb, we designated two sets of putative temporal asso-

ciations: (i) a robust set comprising genes with a q-value less than 5% at the MAP

estimate of pseudotime but also identified as significant in 95+% of the posterior pseu-

dotime samples and (ii) an unstable set of genes whose q-values are less than 5% using

the MAP estimate of pseudotime but is significant in fewer than 95% of the posterior

pseudotime samples. Looking across all genes in the the three datasets we found that

approximately half of the associations in all three datasets were unstable and whose

temporal association depended on the choice of pseudotime estimates (figure 14C).

We performed a Gene Ontology enrichment analysis of the differentially expressed

genes using (i) the robust set only, (ii) all DE genes (robust and unstable) and (iii)

the unstable set only, using the GOseq package [143] with a 5% FDR significance level,

enriching for categories corresponding to biological processes (figure 15). The set of

unstable genes give no significant enriched GO categories on their own whilst the robust

set gave a similar number of enriched GO categories as using all DE genes despite

containing only half the number of genes. In all three datasets, there was a large overlap

between the enriched GO categories identified and interestingly a high proportion of

GO terms that are only significant from the robust gene set only. This suggests that the

inclusion of the unstable gene set, potentially containing nuisance findings, may have

reduced power to identify certain GO categories. Overall, our analysis suggests that the

robust set of temporally differentially expressed genes identified by taking into account

posterior uncertainty is a biologically meaningful gene set and not an arbitrary subset

of the set of all DE genes.
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Figure 14: Approximate FDR for differential expression across pseudotime. A Gene expression

plots across pseudotime, with black traces corresponding to models fitted to pseu-

dotime samples while the red trace corresponds to the point (MAP) estimate for

two exemplar genes and B corresponding gene expression heatmap for 20 randomly

sampled posterior pseudotimes. C The number of genes identified as robust and

unstable for all three datasets examined.
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Figure 15: Gene Ontology Enrichment Analysis. A Number of enriched GO categories for the

three datasets studied. Genes used for enrichment were either those that exhibit

robust differential expression, unstable differential expression or all. B-D Venn dia-

grams showing the number of enriched GO terms based on the differential expression

categories above.
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2.4.3 Applications of switchde with probabilistic pseudotime

In the previous section, we examined differential expression across pseudotime by fitting

generalized additive models to the gene expression profiles as done in Trapnell et al.

[129]. However, as discussed in 2.2 this model provides a highly flexible but non-specific

model of pseudotime dependence that was not suited to the next question we wished to

address.

Specifically, we were interested in whether we could identify if two genes switched

behaviours at the same (or similar) times during the temporal process and therefore

an estimate of the time resolution that can be gained from a pseudotime estimation

approach. By combining switchde with the Bayesian inference of pseudotime we can

then infer the resolution to which we can say whether one gene switches on or off before

another.

We applied switchde to learn patterns of switch-like behaviour of genes in the Trap-

nell dataset. For each gene we estimated the activation time t0 as well as the activation

strength k (see section 2.2). We fitted these sigmoidal switching models to all posterior

pseudotime samples to approximate the posterior distribution for the time and strength

parameters. We uncovered a small set of genes whose median activation strength is dis-

tinctly larger than the rest and had low variability across posterior pseudotime samples

implying a population of genes that exhibit highly switch-like behaviour (figure 16A).

Some genes showed high activation strength for certain pseudotime estimates but low

overall median levels across all the posterior samples. We concluded that genes with large

credible intervals on the estimates of activation strength do not show robust switch-like

behaviour and demonstrate the necessity of using probabilistic methods to infer gene

behaviour as opposed to point estimates that might give highly unstable results.



2.4 results 59

Figure 16: Robust inference of switch-like behaviour in genes across pseudotime. A The square-

root of the median of the activation strength parameter k across all pseudotime

samples as a function of activation time t0. The error bars show the 95% credible

interval, demonstrating that point estimates can severely skew the apparent be-

haviour of genes and a requirement for a robust Bayesian treatment of gene expres-

sion. A distinct population of genes whose median activation strength sits separate

from the majority close to the x-axis implies a subset of genes show true switch-like

behaviour. B Representative examples of genes whose median activation strength

is large (top row) compared to small (bottom row). Each black point represents

the gene expression of the cell with red lines corresponding to posterior traces of

the sigmoidal gene expression model. Genes with a large activation strength show a

distinct gene expression pattern compared to those with a small activation strength.

C A posterior density plot of the activation time for the five genes showing strong

activation strength in B.
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Representative examples of genes with large and small activation strengths showed

marked differences in the gene expression patterns corresponding to strong and weak

switch-like behaviour as expected (figure 16B). In addition, we examined the posterior

density activation time t0 for the five genes showing strong switching behaviour (figure

16C). Under a point estimate of pseudotime each gene would give a distinct activation

time with which these genes can be ordered. However, when pseudotime uncertainty is

taken into account, a distribution over possible activation times emerges. In this case,

the five genes all have activation times between 0.3 and 0.5 precluding a precise ordering

(if one exists) of activation. Visually, this seems sensible since there is considerable cell-

to-cell variability in the expression of these genes and not all cells express the genes

during the “on” phase. We are therefore unable to determine whether the “on” phase

begins when the first cell with high expression is first observed in pseudotime or, if

it starts before, and the first few cells simply have null expression (for biological or

technical reasons).

We further explore this in figure 17 which shows ten genes identified as having sig-

nificant switch-like pseudotime dependence but with a range of mean activation times

t0. The switch-like behaviour is stable to the different posterior pseudotime estimates

that were sampled from the GPLVM. It is clear that the two genes RARRES3 and

C1S are activating at an earlier time compared to the genes IL20RA and APOL4. How-

ever, we cannot be confident of the ordering within the pairs RARRES3/C1S and

IL20RA/APOL4 in pseudotime since the distributions over the activation times are not

well-separated and it is impossible to make any definitive statements as to whether one

of these genes (in)activates before another. If the probability of a sequence of activation

events is required, instead of examining each gene in isolation, we can count the num-

ber of posterior samples in which one gene precedes another instead and evidence may
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emerge of a possible ordering. These observations suggests a finite temporal resolution

limit that can be obtained using pseudotemporal ordering.

2.4.4 Contribution to pseudotime uncertainty from the reduced dimensional represen-

tation

We next sought to address the impact of the dimensionality reduction that is often

applied to single cell gene expression data prior to pseudotime estimation. The choice

of dimensionality reduction approach is based on whether the method gives rise to

a putative pseudotime trajectory in the reduced dimensionality representation. This

is typically conducted with visual inspection followed by confirmational analysis by

examining known marker genes with established temporal association. This may lead

to a number of possibilities since the same trajectory may exist in a number of reduced

dimensionality representations.

We sought to characterise the contribution of the dimensionality reduction process to

pseudotime uncertainty. The wide variety of dimensionality reduction methods available

and in use for pseudotime estimation precludes a complete investigation here and we

choose to focus instead on principal components analysis - a standard technique - and

used, for example, in Waterfall [120] or TSCAN [57] or as a preprocessing step used

before applying non-linear methods such as t-SNE or GPLVMs.

To do this, we used the differentiating myoblasts data set [129] and performed PCA

(using the R package scater [87]). We then applied GPLVM pseudotime estimation to

the two-dimensional principal component representation and identified a set of 1,968

robustly differentially expressed genes from the posterior pseudotime samples. Next, we

took 50 random subsets containing 80% of the cells and repeated the above procedure on

each subset. As the PCA projection depends on the data itself, the reduced dimensional
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Figure 17: Identifying pseudotime dependent gene activation behaviour. Ten selected genes

from [129] found using our sigmoidal gene activation model exhibiting a range of

activation times. For each gene, we show the expression levels of each cell (centre)

where each row corresponds to an ordering according to a different posterior samples

of pseudotime. The orange line corresponds to a point estimate of the activation

time. The posterior density of the estimated activation time is also shown (right).
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Figure 18: Pseudotime uncertainty arising from reduced dimensional representation. A Pro-

portion of all subsampled differential expression tests where the gene was found

to be robustly differentially expressed using only those genes robustly differentially

expressed when considering all cells. B Cumulative frequency of cell subsamples in

which a given gene is robustly differentially expressed. Over half of all genes were

robustly differentially expressed in all PCA subsamples.

representation derived from each subsample will be different, we wanted to compare the

differentially expressed genes identified to those found using the full data to determine if

the variation in the reduced dimensionality representation impacts on the downstream

differential expression analyses. We examined all genes and PCA subsamples and found

that over 90% of differential expression tests showed a robust temporal association

(figure 18A). Over half of all genes were robustly differentially expressed in all PCA

subsamples and over 80% in at least 40 out of 50 PCA subsamples (figure 18B). These

results indicate that the vast majority of genes remained robustly differentially expressed

despite the differences in the reduced dimensional space across the random subsets (and

the potential loss of detection power due to there being fewer cells).

Our results maybe further explained by the fact that principal components analysis

uses a linear, orthogonal transformation that maximises variance in the principal direc-
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tions. This will give reduced dimensional representations that are likely to be robust

in many instances to variable cell inputs given sufficiently large sample sizes. Highly

nonlinear techniques, such as t-SNE, Laplacian Eigenmaps or diffusion maps, maybe

more sensitive to the input data and the resultant reduced dimensional representations

more variable. A thorough characterisation of the relative contribution of the reduced

dimensional representation and the curve fitting to the statistical uncertainty in the

pseudotime estimates must be determined through simulations (like the ones detailed

here) and conclusions may differ for different dimensionality reduction/curve fitting

combinations.

2.4.5 Inherent uncertainty in point-estimation methods

To demonstrate that there is inherent uncertainty in pseudotime (i.e. it’s not just the

consequence of using a probabilistic model) we subsampled cells, recomputed the pseu-

dotime for each subsample and computed the variance across subsamples. In particular,

we recomputed the pseudotime estimate using Monocle’s MST fitting and the Laplacian

Eigenmaps embedding as above for 30 resamples to 80% of the total number of cells

(without replacement). For each subsample, the pseudotimes were standardized to lie in

[0, 1). Since pseudotimes are equivalent up to a parity transformation, if the correlation

between the pseudotimes assigned at each resample and using the entire cell set was

less than 0 then the pseudotimes were rescaled to t̃ = 1− t to ‘orient’ them in the right

direction. Figure 19 shows the 2σ interval3 across all cells. It can be seen to vary to as

much as 0.5, implying there is a large inherent uncertainty in pseudotimes even using

point-estimate methods.

3 Approximately equivalent to the 95% CI
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Figure 19: Inherent uncertainty in single-cell pseudotime. A The pseudotimes of the cells (or-

dered by index) with 2σ intervals as error bars. B The distribution of 2σ intervals

reaches as large as 0.5, covering half the trajectory.

2.4.6 Consistency with Monocle

To ensure the GPLVM fit is consistent with other methods we compared the MAP

pseudotime estimates with those assigned using Monocle [129]. Monocle works by using

Independent Component Analysis (ICA) for dimensionality reduction then fits a mini-

mum spanning tree (MST) in the reduced space. The longest path through the minimum

spanning tree is taken to be the trajectory and the pseudotime of each cell is the length

along this trajectory.

We performed two comparisons: firstly using the entire Monocle method (using the

500 most variable genes for dimensionality reduction), and secondly using just the MST

fitting using the Laplacian Eigenmaps embedding as described above. The results can

be seen in figure 20 with R2 values of 0.83 and 0.96. Also plotted are the 95% HPD

credible intervals, and in general the Monocle value is captured within this interval.
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Figure 20: GPLVM pseudotime fits compared to Monocle for both ICA dimensionality reduc-

tion (left) and laplacian eigenmaps (right). Error bars show 95% posterior credible

interval

2.5 discussion

Pseudotime estimation from gene expression profiling of single cells provides the ability

to extract temporal information about complex biological processes from which true

time series experimentation may be technically challenging or impossible. In this chapter

we have sought to characterise the utility of a probabilistic approach to the single cell

pseudotime estimation problem over approaches that only return a single point estimate

of pseudotime. Our work is significant since it has so far not been possible to assess the

impact of this statistical uncertainty in downstream analyses and to ascertain the level

of temporal resolution that can be obtained.

In order to address this we adopted a Gaussian Process Latent Variable modelling

framework to perform probabilistic pseudotime estimation within a Bayesian inference

setting. The GPLVM allows us to probabilistically explore a range of different pseudo-

time trajectories within the reduced dimensional space. We showed that in a truly un-

biased and unsupervised analysis the properties of the pseudotime trajectory will never

purely be a product of the data alone and can heavily depend on prior assumptions
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about the smoothness, length scales of the trajectory and noise properties. Using sam-

ples drawn from the posterior distribution over pseudotime estimates under the GPLVM

we were able to assess if genes that showed a significant pseudotime dependence under

a point (MAP) pseudotime estimate would be robust to different possible pseudotime

estimates. In two of the three datasets we examined we discovered that, when adjusted

for pseudotime uncertainty, the false discovery rate may be significantly larger than the

target 5%. Our investigations show that reliance on a single estimate of pseudotime can

lead to increased number of false discoveries but that it is possible to assess the impact

of such assumptions within a probabilistic framework.

A caveat of the specific methodology adopted in this study is that it is necessarily com-

putationally intensive due to the use of full Markov chain Monte Carlo based Bayesian

inference and is dominated by functions of the Gaussian Process covariance matrix that

have complexity O(N3) where N is the number of cells. Our STAN implementation is

able to process 300 cells in around 15 minutes on a standard laptop computer but well-

known variational approximations based on inducing point [125] and recent stochastic

variational algorithms [49] can reduce the computational burden and improve scaling

to O(N) > 104. However, this scalability comes at the expense of the reduced ability

to fully characterise posterior uncertainty. In this study we have focused purely on best

characterising the posterior uncertainty using MCMC algorithms that asymptotically

converge to the true posterior distribution. In practice this purest approach may not be

necessary but we argue that pseudotime uncertainty should be addressed.

It is important to note that the GPLVM used in our investigations is not intended to be

a single, all-encompassing solution for pseudotime modelling problems. For our purposes,

it provided a simple and relevant device for tackling the single trajectory pseudotime

problem in a probabilistic manner but clearly has limitations when the temporal process

under investigation contains bifurcations or heteroscedastic noise processes (as discussed
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earlier). Improved and/or alternative probabilistic models are required to address more

challenging modelling scenarios but the general procedures we describe are generic and

should be applicable to any problem where statistical inference for a probabilistic model

can give posterior simulation samples.

We also developed a novel sigmoidal gene expression temporal association model that

enabled us to identify genes exhibiting a strong switch-like (in)activation behaviour. For

these genes we were then able to estimate the activation times and use these to assess

the time resolution that can be attained using pseudotime estimates of single cells. Our

investigations show that pseudotime uncertainty prevents precise characterisation of

the gene activation time but a probabilistic model can provide a distribution over the

possibilities. In application, this uncertainty means that it is challenging to make precise

statements about when regulatory factors will turn on or off and if they act in unison.

This places an upper limit on the accuracy of dynamic gene regulation models and causal

relationships between genes that could be built from the single cell expression data.

In conclusion, single cell genomics has provided a precision tool with which to in-

terrogate complex temporal biological processes. However, as widely reported in recent

studies, the properties of single cell gene expression data are complex and highly variable.

We have shown that the many sources of variability can contribute to significant uncer-

tainty in statistical inference for pseudotemporal ordering problems. We argue therefore

that strong statistical foundations are vital and that probabilistic methods for provide

a platform for quantifying uncertainty in pseudotemporal ordering which can be used

to more robustly identify genes that are differentially expressed over time. Robust sta-

tistical procedures can also temper potentially unrealistic expectations about the level

of temporal resolution that can be obtained from computationally-based pseudotime

estimation. Ultimately, as the raw input data is not true time series data, pseudotime

estimation is only ever an attempt to solve a missing data statistical inference problem
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that we should remind ourselves involves quantities (pseudotimes) that are unknown,

never can be known.





3
INFERENCE OF PSEUDOTIMES WITH SWITCH -L IKE MODELS

3.1 introduction

A predominant feature of current pseudotime algorithms is that they emphasise an “un-

supervised” approach where pseudotimes are learned using no specific prior knowledge

of gene behaviour. Typically, the high-dimensional molecular profiles for each cell are

projected on to a reduced dimensional space by using a (non)linear transformation pro-

vided by the manifold learning algorithms discussed in section 1.3.4. In this reduced

dimensional space, it is hoped that any temporal variation is sufficiently strong to cause

the cells to align against a trajectory along which pseudotime can be measured. This

approach is therefore subject to a number of analysis choices, e.g. the choice of dimen-

sionality reduction technique, the trajectory fitting algorithm, etc., that could lead to

considerable variation in the pseudotime estimates obtained. In order to verify that

any specific set of pseudotime estimates are biologically plausible, it is typical for in-

vestigators to retrospectively examine specific marker genes or proteins to confirm that

the predicted (pseudo)temporal behaviour reflects a priori beliefs. An iterative “semi-

supervised” process maybe therefore be required to concentrate pseudotime algorithms

on behaviours that are both consistent with the measured data and compliant with a

limited amount of known gene behaviour.

In this chapter we present an orthogonal approach implemented in a latent variable

model statistical framework called Ouija that can integrate prior expectations of gene

behaviour along trajectories using Bayesian nonlinear factor analysis. Our approach

uses known or putative marker genes directly for pseudotime estimation rather than as

a device for retrospectively validating pseudotime estimates. In particular, our model

71
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focuses on switch-like expression behaviour and assumes that the marker gene expression

follows a noisy switch pattern that corresponds to up- or down-regulation over time.

Crucially, we explicitly model when a gene turns on or off as well as how quickly this

behaviour occurs. We can then place Bayesian priors on this behaviour that allows us to

learn temporal gene behaviours that are consistent with existing biological knowledge.

This chapter proceeds by explicitly framing single-cell pseudotimes as a statistical

latent variable model, departing from typical approaches that employ a two stage di-

mensionality reduction and cell ordering process. We consider some desirable proper-

ties of such models including their mean function and mean-variance relationship. We

benchmark this method on synthetic data before applying it to a range of single-cell

developmental trajectories.

3.2 connection between latent variable modelling and trajec-

tories

The aim of pseudotime ordering is to associate a G-dimensional expression measurement

yn of cell n ∈ 1, . . . ,N to a latent unobserved univariate pseudotime tn. Mathematically

we can express this as

yn︸︷︷︸
Expression

= fΘ︸︷︷︸
Mapping

( tn︸︷︷︸
Pseudotime

) + εn︸︷︷︸
Noise

(33)

where the function fΘ maps the one-dimensional pseudotime tn to the G-dimensional

observation space in which the data lies with (possibly output-dimension dependent)

parameters Θ. The challenge lies in the fact that the mapping function f , its parameters

Θ, and the pseudotimes are all unknown. Furthermore, it is hard to derive objective

criteria to evaluate potential mapping functions - why is f(t) = θt (factor analysis)
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or f(t) = nonparametric smooth functions (GPLVM) necessarily “better” than f(t) =

const or f(t) = 1/t? A key result discussed below is that f corresponds to our a priori

expectation of how gene expression changes over time.

3.2.1 Factor analysis assumes linear gene activations

If the mapping functions f are restricted to a linear functions of tn then the generative

model for the expression of gene g in cell n is given by a one-dimensional factor analysis

model of the form

yng ∼ N (θgtn, τ−1
g ) (34)

where τ−1
g is the measurement precision for gene g and the G−dimensional vector θ

acts as the factor loading matrix. Note that the data can always be centred making it

redundant to model an intercept1.

The interpretation of this model is that the value of θg regulates the response of the

gene expression yg to the cell’s position along the trajectory tn. Given this is neces-

sarily linear, factor analysis assumes a linear change in expression for each gene over

pseudotime.

The key insight is that the functional form of f necessarily corresponds to our prior

expectations for how genes evolve along pseudotemporal trajectories. For linear f , we

expect linear behaviour; for nonparametric smooth f (e.g. from GPLVM), we essentially

restrict such behaviour to any smooth (mean) function of pseudotemporal progression.

If we modify equation 34 to model a common precision across all genes so τg = τ

then then this further reduces to (probabilistic) principal components analysis [124],

1 This is only true if the expectation of tn is 0. We could conceive of a model where we place priors on
tn that correspond to physical capture times, in which case we would need to reintroduce gene-specific
intercepts.
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providing an explicit interpretation for the results of principal component analysis on

single-cell data.

Our objective here is to use parametric forms for the mapping function f that will en-

able relatively fast computations whilst characterising certain gene expression temporal

behaviours. Our premise is that prior knowledge might exist for a set of marker genes

whose temporal behaviour is known to be approximately switch-like and therefore can

be used to infer pseudo-time orderings.

3.3 a generative model of single-cell pseudotime

3.3.1 Modelling considerations

3.3.1.1 Mean function

If we wish to build a generative statistical latent variable model of pseudotime we

must therefore decide on a sensible set of functions f that accurately characterise gene

expression over (pseudo-)time. We have so far essentially considered f as a linear change

over time (PCA/factor analysis) and f simply as smooth functions (GPLVM).

However, both the linearly-restricted case and the entirely nonparametric cases are

unrealistic for different reasons. The linear case assumes that the mean function must

change across the entire trajectory (i.e. there can be no parts where the mean value is

stationary), making modelling of complex processes where different genes are responsible

for different parts of the trajectory impossible. Furthermore, it assumes that as the

trajectory progresses the expression values will tend to ±∞ (which has the additional

issue of negative expression values). While the linear case is too restrictive, the non-

parametric case is overly-flexible, allowing biologically unrealistic expression patterns

such as cubic polynomials or genes with multiple modes over a relatively short trajectory.
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Figure 21: (Caption next page.)
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Figure 21: Overview of Ouija. A A small panel of genes is chosen with a priori knowledge

about their expression dynamics, either as cell-type specific marker genes or from

pathway interaction databases such as KEGG. The pseudotimes are subsequently

inferred using Ouija followed by downstream analyses such as differential expression

and clustering of additional genes using standard methods such as those described

in [129]. B Ouija infers pseudotimes using Bayesian nonlinear factor analysis by de-

composing the input gene expression matrix through a sigmoidal mapping function.

The latent variables become the pseudotimes of the cells while the factor loading

matrix is informative of different types of gene behaviour. A heteroscedastic dis-

persed noise model with dropout is used to accurately model scRNA-seq data. C

Examples of sigmoidal gene expression for three different sets of parameters. Points

represent simulated gene expression, with the solid black line denoting the sigmoid

curve and the red dashed line denoting the activation time. The sigmoid function

is parameterised by (i) µ0 - the average peak expression level, (ii) k - the activa-

tion strength and (iii) t0 - the activation time. Left Fast ‘switch-on’ behaviour with

parameters k = 30, µ0 = 1, t0 = 0.5, Centre Slower ‘switch-off’ behaviour with pa-

rameters k = −10, µ0 = 2, t0 = 0.5 and Right Decaying behaviour with parameters

k = −5, µ0 = 10, t0 = 0. D The effect of prior expectations on the ‘activation time’

t0 parameter. A highly peaked prior (top) corresponds to confident knowledge of

where in the trajectory a gene turns on or off, while a more diffuse prior (bottom)

indicates more uncertainty as to where in the trajectory the gene behaviour occurs.

E Comparison of Ouija to alternative pseudotime inference algorithms. Ouija is

the only algorithm that explicitly allows incorporation of prior knowledge of gene

behaviour.
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Instead we opt for a ‘goldilocks’ mean function, where we assume genes are off, undergo

a period of near-linear increase and settle at a constant value (or conversely begin on then

turn off)2. A good approximation to this is the sigmoid function (considered previously

in chapter 2) which parametrises the mean as

f(t;µ0, k, t0) =
2µ0

1 + exp (−k(t− t0))
(35)

where t corresponds to the pseudotime of a cell, µ0 corresponds to the mean expression

of the gene, k is the activation strength and corresponds to how fast the gene turns

on or off and t0 corresponds to the activation time - where along the trajectory the

gene behaviour occurs. The key result here is that the activation times and strengths

are highly interpretable quantities for which realistic Bayesian priors may be available.

For example, a researcher may know how quickly a given gene is up or downregulated

over pseudotime, providing the sign and magnitude of k. Furthermore, they may know

whether such regulation occurs early or late in the trajectory, providing prior information

for t0. Crucially, by specifying a variance on the prior knowledge the researcher can

encode the perceived certainty of the prior information, which leads to differing prior

function draws (figure 21D).

The approach we adopt is therefore a form of latent variable model implemented as

non-linear parametric factor analysis where the factors correspond to the pseudo-times

and the factor loadings correspond to the parameters of the sigmoidal function which

provides the interpretable non-linearity (figure 21B). Overall, this positions our model

apart from previous pseudotime approaches that all emphasise linear and nonlinear

unsupervised learning of the trajectories (figure 21E).

2 In practice this restricts us to the class of monotonically increasing and decreasing gene expression
signatures
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3.3.1.2 Mean-variance relation

RNA-seq counts are commonly assumed to follow the negative binomial distribution [2,

74, 115] which for gene g in sample n implies a mean-variance relationship of the form

σ2
ng = µng(1 + φgµng) (36)

where φg is a gene-specific dispersion factor. Such strong parametric forms are required

since for low sample sizes the estimates of the variance can be very unstable.

However, typically in single-cell data there are enough measurements (i.e. cells) to

allow robust estimation of both the mean and variance for each gene [35]. The exception

to this is in pseudotime analyses, where we are assuming each cell represents a unique

time point, and therefore the mean µcg and variance σ2
cg are effectively measured only

once. Consequently we must consider a strong mean-variance relationship since assuming

a constant variance per gene is akin to under-fitting while it would be impossible to fit

a variance for each cell and each gene (since there is only one measurement).

As a solution to this we examine the mean-variance relationship for the genes across

all cells and assume the same relationship approximately holds for cells as they progress

along pseudotime trajectories. The relationship in 36 applies to the original untrans-

formed data (e.g. TPM or scaled counts) while we wish to model the log2(TPM+ 1)

transformed relationship directly. Therefore we must examine the mean-variance rela-

tionship for the log2 data, since in general the mean-variance relationship of the log-

transformed data isn’t the same as the log of the mean-variance relationship on the

untransformed data.

The mean-variance relationship of log count data has been examined both in Limma

Voom [68] and sleuth [103] that conclude there is no closed form mean-variance rela-

tionship for logged data. Their solution is to fit a LOESS curve between the empirical
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Figure 22: The mean-variance relationship in log2(TPM + 1) single-cell data for the three

datasets. Red denotes the marker genes identified in the original publications while

blue corresponds to three house-keeping genes (LDHA, NONO, PGK1 ) or their

mouse equivalents. Both the Trapnell and Zhou datasets show consistent evidence

that pseudotemporal marker genes exist on the ‘leading edge’ of the data with

medium mean expression but high variance. This suggests a linear relationship

between mean and variance in log2 space. In contrast, the housekeeping genes all

sit in the ‘tails’ with high mean expression but very low variance.

mean and variance (or standard deviation) of each gene, and use this to shrink variance

estimates towards a common value given the mean expression. However, if possible we

would like a fully Bayesian model that fits all parameters simultaneously, rather than

pre-fitting variance estimates with LOESS. We therefore consider a parametric approx-

imation.

We examined the mean-variance relationship of the logged data for three datasets,

as seen in figure 22. The pseudotemporal marker genes identified in the original text

are shown in red. For both the Trapnell and Zhou datasets these lie on the ‘leading

edge’ of the relationship, in areas of moderate mean expression but high variance. In

comparison, the housekeeping genes (shown in blue) lie in the tails in regions of high

mean expression but low overall variance. This makes intuitive sense, as we expect the

marker genes to turn on across the trajectory, giving them a mean of around half the

maximal value but maximum variance. In contrast, we expect housekeeping genes to

have maximal expression across the trajectory but very low variance in keeping with the
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constancy of their expression. We therefore assumed that any genes we wish to model

as pseudotemporal marker genes follow the same linear mean-variance relationship.

3.3.1.3 Single-cell dropout

As previously discussed in section 1.1.5.2 single-cell RNA-seq data is known to exhibit

substantial dropout, whereby a failure to reverse transcribe lowly expressed transcripts

results in zeros in the count matrix. Note that this is distinct from true zeros where no

mRNA transcripts are truly present, due to either bursty or non-expression.

To account for this we assume that the probability of a dropout is logistic on the latent

gene expression mean in a similar approach to Kharchenko et al. [59]. The difference

to previous approaches is that (1) we are working in log2(TPM+ 1) space and (2) we

assume a unique mean µcg for every gene in every cell, giving a per-gene per-cell dropout

probability p(µcg) of

log
[

p(µcg)

1− p(µcg)

]
= β0 + β1µcg. (37)

The dropout parameters β0 and β1 are constant across all cells as modelling gene

specific dropout parameters3 would require extreme shrinkage across genes in order to

make the parameters identifiable.

3.3.2 Statistical model specification

We now detail the overall specification of our nonlinear factor analysis pseudotime model.

As usual we index N cells by n ∈ 1, . . . ,N and G genes by g ∈ 1, . . . ,G and let

yng = [Y]ng denote the (log-transformed and suitably normalised) observed cell-by-

gene expression matrix. In order to make the strength parameters comparable between

3 Which is presumably closer to the true model due to gene-specific biases such as GC content.
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Figure 23: The probability of a dropout against the mean log2 expression in the Trapnell et

al. dataset. The red solid line shows the logistic regression fit.

genes we normalise the gene expression so the approximate half-peak expression is 1

through the transformation yg → yg/sg, in which we define sg as a gene-specific size

factor that approximates the half-peak expression of gene g:

sg =
1
|Y∗g |

∑
y∗ng∈Y∗g

y∗ng (38)

where Y∗g = {yng : yng > 0} is the set of non-zero measurements for g

Our statistical model can be specified as a Bayesian hierarchical model where the

likelihood is given by a bimodal distribution formed from a mixture of zero-component

(dropout) and an non-zero expressing cell population. Let t be an N -length pseudotime

vector (one for each cell) and let πng denote the probability of observing a dropout in

cell n and gene g, then the gene expression is modelled as

β ∼ N (0, 0.1) (39)

πng ∼ Bernoulli(logit−1(β0 + β1µng)) (40)

p(yng|πng,µng,σ2
ng) = πngδ(yng) + (1− πng)Student(yng|µng,σ2

ng) (41)

where δ(y) is the Dirac-delta function centred at 0.
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The relationship between dropout rate and expression level is expressed as a logistic

regression model [59]. Furthermore, we impose a mean-variance relationship of the form

σ2
ng = (1 + φ)µng + ε (42)

with the hierarchical prior structure

tn ∼ N (0.5, 1), (43)

µng = µ(0)g f(tn, kg, t(0)), (44)

φ ∼ Gamma(αφ, βφ) (45)

where φ is a dispersion parameter.

We define the sigmoid function as

f(tc; kg, t(0)g ) =
2

1 + exp
(
−kg(tc − t

(0)
g )

) , (46)

where kg and t(0)g denote the activation strength and activation time parameters for each

gene and µ(0)g the average peak expression with default priors

µ(0)g ∼ Gamma(δ/2, 1/2), (47)

kg ∼ N (µ(k)g , 1/τ (k)g ), (48)

t(0)g ∼ N (µ(t)g , 1/τ (t)g ), (49)

If available, user-supplied prior beliefs can be encoded in these priors by specifying

the parameters µ(k)g , τ (k)g ,µ(t)g , τ (t)g . Otherwise, inference can be performed using unin-

formative hyperpriors on these parameters. Specifying µ(k)g encodes a prior belief in the
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strength and direction of the activation of gene g along the trajectory with τ
(k)
g (in-

versely) representing the strength of this belief. Similarly, specifying µ(t)g encodes a prior

belief of where in the trajectory gene g exhibits behaviour (either turning on or off) with

τ
(t)
g encoding the strength of this belief.

3.3.3 Inference

We performed posterior inference using Markov Chain Monte Carlo (MCMC) stochastic

simulation algorithms, specifically the No U-Turn Hamiltonian Monte Carlo approach

[53] implemented in the STAN probabilistic programming language [24] (see section

2.3.3). The parameter ε = 0.01 is used to avoid numerical issues in MCMC computation.

For larger marker gene panels, such as in the cell cycle analysis (section 3.8), we used the

automatic differentiation variational inference (ADVI) implemented in STAN to perform

approximate Bayesian inference. The STAN code can be found in appendix C.1.

3.3.3.1 Convergence diagnostics

Since Ouija relies on MCMC simulation for inference it is crucial to assess model con-

vergence before drawing statistical conclusions. The Ouija R package contains a conve-

nience function plot(ouija_fit, what = "diagnostic") to plot both the posterior

log-likelihood and posterior log-likelihood autocorrelation, an example of which is in

figure 24A. In general we found it practical to run MCMC inference on only a single

chain for most models. Therefore, to check both good mixing of the chains and that the

models aren’t getting stuck in local maxima, we tested the models for both the Trapnell

and Shin datasets across multiple chains. We then examined several diagnostics such

as the log-posterior mixing, effective sample size, Gelman-Rubin statistic and ratio of
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Figure 24: MCMC convergence diagnostics. A For a single chain Ouija contains a convenience

function to plot both the trace of the log-likelihood and the log-likelihood auto-

correlation. B-E MCMC diagnostic statistics such as posterior log-likelihood trace,

effective sample size, Gelman-Rubin statistic and ratio of monte carlo standard

error to posterior standard deviation show good mixing across chains.
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monte carlo standard error to posterior standard deviation (figures 24B-E), all of which

fell inside the acceptable range.

3.4 comparison of marker and whole-transcriptome pseudotimes

We investigated the use of limited marker gene panels for pseudotime inference using

three single cell expression datasets: (i) adult hippocampal quiescent neural stem cells

(Shin) [120], (ii) differentiating myoblasts (Trapnell) [129] and (iii) embryonic precursor

cells into haematopoietic stem cells (Zhou) [148]. We began by computing pseudotimes

using a selection of pseudotime algorithms for each dataset using the small set of 5-6

marker genes identified in the respective studies. We compared marker-based pseudo-

times estimated using Ouija, a reference pseudotime based on the first principal compo-

nent (PC1), TSCAN [57], Monocle 2 [107], and DPT [46]. Monocle and TSCAN were

run with default parameter settings. For DPT, white noise with standard deviation of

10−6 of each gene’s standard deviation was added to the expression data to avoid errors

concerning cells with identical expression.

Figure 25(a) shows the correlation between pseudotimes obtained for the Trapnell data

set whilst equivalent results for the Shin and Zhou data sets can be found in appendix

C figures 65(a) and 66(a) respectively. Our analysis shows that pseudotime estimates

obtained from marker gene panels differed between pseudotime algorithms with many

showing only weak correlation between inferred pseudotimes. However, qualitatively, all

algorithms produced plausible gene expression variation over the inferred pseudotimes

(figures 25(b), appendix C 65(b), and 66(b)).

We investigated further by examining the relationship between pseudotimes obtained

from marker gene panels, whole transcriptomes and gene set sizes falling between these

two extrema. We computed a transcriptome-wide pseudotime where genes retained had
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(a) Pseudotimes reported by the five algorithms do not exhibit
strong correlation.

(b) Expression level fits reported by each algorithm qualitatively
reflect their intrinsic modelling assumptions. Blue line shows a
smoothing curve fitted to the pseudotemporally ordered expres-
sion values.

Figure 25: Comparison of marker gene-based pseudotime estimates across five algorithms.
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Figure 26: Comparison of pseudotime methods across three scRNA-seq data sets. We com-

pared pseudotime estimates from three studies [120, 129, 148] using 5 different

approaches. A Boxplots of the correlation between marker-based pseudotimes with

those obtained from random gene-sets of varying (including the marker gene set)

across 50 replicates. B Boxplots of correlation with whole transcriptome (global)

pseudotime obtained from all genes across 50 replicates.
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a variance in log-expression (TPM/FPKM) greater than 1 and were expressed in at least

one cell at log-expression greater than 1. Furthermore, for each dataset and algorithm

combination, we generated additional gene sets that consisted of the marker genes and

N = 1, 5, 10, 20, 50, 100, 500, 1000 randomly chosen genes from the full transcriptome-

wide gene set. In doing so we were able to investigate the continuum between marker-

based and whole-transcriptome pseudotime estimation. This was performed for 50 repli-

cates for each N . We then compared the results by considering (Pearson) correlation to

the marker pseudotimes and correlation to the global pseudotimes.

Our major observation is the striking variability in pseudotime estimates across data

sets, gene sets and replicates for all algorithms (figure 26). As the number of additional

genes included in each data set increases, the correlation of the estimated pseudotimes

to the reference marker-based pseudotimes typically decreases (figure 26A) whilst the

correlation with global pseudotime increases respectively (figure 26B). Note that Ouija

is not included in the latter analysis since it is not intended to be applied to whole

transcriptome analyses. This behaviour is expected since the forms of variation encoded

in the larger gene set are likely to differ from that encoded within the marker genes.

However, it is evident that depending on the dataset and genes chosen there is large

variability in the consistency of pseudotime algorithm fitting. In other words, there is

no one global solution that consistently fits the same pseudotime that will recapitulate

the desired behaviour of marker genes.

We finally compared the consistency of differential expression across pseudotime using

a recently published method for detecting which genes vary across pseudotime [18]. All

p-values were corrected using Benjamini-Hochberg and an FDR threshold of 5% used

to define significance. For each algorithm and number of additional genes we computed

the proportion of genes deemed significant found in (a) the differential expression test
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Figure 27: Consistency of differential expression analyses. For each dataset and algorithm, we

added a set number of randomly chosen genes (1, 5, 10, 20, 100, 500, 1000) to the set

of marker genes, recomputed the pseudotimes and performed differential expression

analysis. We then compared the proportion overlap of differentially expressed genes

to those found at the full transcriptome pseudotimes (A) and at the marker-based

pseudotimes (B).



90 inference of pseudotimes with switch-like models

using the transcriptome-wide pseudotime and (b) the differential expression test using

the marker-only pseudotime.

It can be see that as the number of markers included increases the rate of overlap to

the transcriptome-wide DE calls also generally increases (figure 27A). Notably, the rate

is very low for DPT when the number of included markers is small, which is consistent

with the low correlation to marker pseudotimes exhibited in figure 26. In contrast, as

the number of included marker genes increases, the rate of overlap to the marker DE

calls decreases (figure 27B) as expected.

3.5 incorporating prior information improves pseudotime infer-

ence

3.5.1 Simulating switch-like pseudotime regulation

We performed large scale simulations to assess both the utility of prior information

in pseudotime inference and the robustness of Ouija to model misspecification in how

the genes are regulated. Pseudotimes were simulated for N = 100 cells from a Unif(0,1)

distribution. One of four mean functions (see below) was used to simulate the regulation

of expression across pseudotime at various levels of misspecification with respect to the

Ouija model.

Subsequently, an identical noise model was placed on top of the mean function moti-

vated by empirical observations of single-cell RNA-seq data. If µng is the mean expres-

sion value for cell n and gene g under a given mean function, a variance σ2
ng = γµng

is calculated in line with previous observations, where we take γ = 3.5 as the result of

regressing the variance on mean expression in key marker genes from [129]. Following

this a latent expression value y∗ng ∼ N (µng,σ2
ng) is generated, from which the observed
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Figure 28: Incorporating prior information improves pseudotime inference of switch-like genes.

Four mean functions were considered in simulations (top), each corresponding to

different switch-like behaviour across pseudotime. We then reinferred the pseudo-

times for four different gene set sizes with 40 replications each, for PC1, DPT, and

Ouija with and without informative priors. In each case, increasing the number of

genes improves pseudotime inference, as does incorporating prior information.
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expression values are constructed. Firstly, any values of y∗ < 0 are set to 0 (though

these are typically small in number as the variance of the observations approaches zero

as the latent values do so). Secondly, a zero inflation step is applied to y∗ to simulate

dropout ubiquitous in single-cell RNA-seq data. For each observation a dropout prob-

ability pdropout
ng = Logit−1(β0 + β1µng) is calculated, where β0 = 1.76 and β1 = −1.16

are calculated using the same dataset as before. Each observation is subsequently set to

zero with probability pdropout
ng .

3.5.1.1 Mean functions

We sought to simulate switch-like behaviour from three link functions commonly used

in generalized linear regression, along with a modified version that leads to further mis-

specification.

sigmoidal The sigmoidal mean function corresponds to that used by Ouija. Given

the pseudotime tn the mean is calculated via

µng =
2µ(0)g

1 + exp(−kg(tn − t(0)g ))
(50)

for which we draw µ
(0)
g ∼ Unif(3, 4), t(0)g ∼ Unif(0.1, 0.9) and kg ∼ Unif(5, 20) and

negated with probability 1
2 . Given an assumed scale of log2 (TPM+ 1) this selection

of parameters, combined with the noise model, provides a reasonable range of observed

expression values.

complementary log-log The complementary log-log (cloglog) acts as a link

function in logistic regression, modelling the probability of success π in terms of regres-
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sors x and coefficients β via log(− log(1− πn)) = xTnβ. Therefore, we use it to generate

a mean via

µng = 2µ(0)g
(

1− exp(−ekg(tn−t
(0)
g ))

)
(51)

for which we draw the parameters identically to the sigmoidal case.

probit The probit link models the probability of success as πn = Φ(xTnβ), where

Φ is the cumulative distribution function of the standard normal distribution. Thus we

use

µng = 2µ(0)g Φ
(
kg(tn − t(0)g )

)
. (52)

µ
(0)
g and t

(0)
g are drawn as before, while kg ∼ Unif(10, 50) to take into account the

differing curvature compared to sigmoid and cloglog (and negated with probability 1
2 as

before).

threshold We sought to create a further switch-like mean function that would

be maximally mis-specified with respect to Ouija. This follows a two part process and

requires a sign variable |kg| that describes whether the gene is up or down regulated along

pseudotime. Firstly, a probit variable is generated by drawingmg ∼ |kg|×Unif(1, 2) and

cg = −mgt
(0)
g . Then draw µ∗ng ∼ N (mgtn + cg, 0.1). The mean function is given by

µng =


2µ(0)g if µ∗ng > 0

0 otherwise

(53)
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In this situation we draw µ
(0)
g and t(0)g as before and |kg| is positive or negative with

equal probability.

Examples for the four different mean functions can be seen in figure 28.

3.5.2 Pseudotime inference

For each mean function we re-inferred the pseudotimes with PCA (first principal com-

ponent), diffusion pseudotime, and Ouija in two configurations - noninformative and

informative. For the noninformative case, default settings are used which consists of

k ∼ N (0, 1) and t(0) ∼ N (0.5, 1). For the informative case, the prior mean on t(0)g was

set to its true value and the prior standard deviation 0.1.

For the informative case the prior on k varied slightly depending on the simulation

condition, but in each case the standard deviation was reduced to 0.1. For the sigmoidal

and cloglog mean function regimes, the prior means were set to the true values of the

generated data. For the probit and threshold datasets, the prior was set to 50 multiplied

by the sign of the true k. In other words, we declare the direction of regulation, and

that strong switch-like behaviour is exhibited, but nothing more.

We included a further two settings for Ouija on the sigmoidal dataset only. In the

“switch midpoint” setting, the prior mean on t(0) is set to 0.5, while in “switch uncer-

tainty” the prior mean on t(0) is set to the true value plus a N (0, 0.1) random variable.

In both cases, all other parameters are the same as the Ouija informative setting.

This data was simulated for G = 6, 9, 12, 15 “marker” genes with 40 replications per

gene set and mean function.
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3.5.3 Results

The results can be seen in figure 28, in which a few trends are obvious. Across all

algorithms, correlation with the “true” pseudotimes increases as the number of genes

increases, which makes sense as we expect more data to increase the accuracy of in-

ference. In general, Ouija with noninformative priors has better concordance with the

ground truth pseudotimes, which again makes sense as Ouija explicitly models switch-

like expression in comparison to PCA which models linear changes and DPT that models

smooth changes. The exception to this is the threshold model, where Ouija with nonin-

formative priors performs comparatively with PCA and DPT. This is perhaps the most

challenging situation as there is virtually no information in the gene expression pre- and

post- switch point to guide inference.

A further trend is that incorporating prior information improves pseudotime inference

across all mean functions. For example, with a probit mean function and G = 12, the

average pearson correlation without prior information is ρ = 0.91 while incorporating

prior information gives ρ = 0.97. The results also implies that Ouija’s performance

is agnostic to the precise form of the switching function, with no obvious degradation

in accuracy in moving from sigmoidal to alternative mean parameterisations. Intruig-

ingly competitive performance is maintained using the threshold mean function, which

contains virtually no pseudotime information pre- and post- switch point for each gene.

We subsequently sought to test the dependency of Ouija’s accuracy on how the priors

on the switching times are specified. As mentioned above, Ouija was run in two addi-

tional modes for the sigmoidal mean function - “switch midpoint”, where the prior means

on the switch times are set to 0.5, and “switch uncertainty”, where the prior means on

the switch times are set to the true values plus a N (0, 0.1) variable. The results of this

can be seen in figure 29. It can be seen that incorporating any information on the switch
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Figure 29: Correlation to true pseudotime across four gene set sizes and 40 replications for the

sigmoidal mean function. Ouija was benchmarked with four configurations: nonin-

formative priors, noninformative on the switch time but informative on activation

strength (switch midpoint), informative on activation strength and weakly infor-

mative on switch time (switch uncertainty), and informative on both parameters.

As the priors converge to the true values the accuracy of pseudotime inference

increases.

strength (k) improves the correlation with the true pseudotimes, even if the prior on

t(0) is noninformative. In other words, the incorporation of prior information is fairly

robust to uncertainty in prior knowledge of the switch times. Furthermore, as the prior

knowledge in the switch times approaches the “truth” (i.e. as we move from specifying

the switch time to be the midpoint of pseudotime, to near the true values, to the true

values), the correlation to the true pseudotimes increases.
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3.6 robustness to transient gene behaviour

Finally, a potential limitation of our switch behaviour model is that it assumes that all

selected marker genes follow a strict monotonically increasing (or decreasing) behaviour

and there exists a smooth, non-transient transition from an initial cell expression state

to a final resting state at the end of the pseudotemporal period. In selecting a marker

gene panel the investigator may not always be fully certain of the quantitative behaviour

of all genes and some may indeed exhibit a transient rather than switch behaviour. In

order to test of the impact of such genes on Ouija we performed a simulation study

to assess the effect of genes exhibiting transient behaviour on pseudotime estimation.

We did this by simulating panels of single cell expression values that mimic the zero-

inflated properties observed in real data for a variety of genes containing mixed numbers

of switch-like and transient gene behaviours (figure 30A). Specifically we considered two

scenarios, the first in which the numbers of switch-like and transient genes are equal

and the second in which three-quarters of the gene panels were switch-like genes and

the reminder transient (Figure 30B). Our simulation study showed that if the switch-

like genes remained the dominant class of genes in the simulated marker gene panels,

it remained possible to accurately infer pseudotime in the presence of transient genes

(figure 30C). Furthermore, as the size of the panel increases, the absolute number of

switch genes was a greater determinant of pseudotime estimation accuracy than the

proportion of the marker gene panel that was truly switch-like.

3.7 ouija clusters cell types based on pseudotime continuity

We further investigated the single cell expression data from a study tracking the differ-

entiation of embryonic precursor cells into haematopoietic stem cells (HSCs) [148]. The
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Figure 30: Impact of marker genes exhibiting transient rather than switch-like gene behaviours.

A Examples of simulated switch and transient expression genes. B Example 24-

gene panel with 12 switch and 12 transient genes. C Correlation between true and

estimated pseudotime as a function of the gene panel size and proportion of switch

genes for ten replicates.

cells begin as haemogenic endothelial cells (ECs) before successively transforming into

pre-HSC and finally HSC cells. The authors identified six marker genes that would be

down-regulated along the differentiation trajectory, with early down-regulation of Nrp2

and Nr2f2 as the cells transform from ECs into pre-HSCs, and late down-regulation of

Nrp1, Hey1, Efnb2 and Ephb4 as the cells emerge from pre-HSCs to become HSCs. The

study investigated a number of distinct cell types at different stages of differentiation:

EC cells, T1 cells (CDK45− pre-HSCs), T2 cells (CDK45+ pre-HSCs) and HSC cells

at the E12 and E14 developmental stages.

We conducted a pseudotime analysis using Ouija on the 105 cells featured in the

original experiment to investigate whether the inferred pseudotime progression could

recapitulate the known cell types in the study and their known relationships in an unsu-

pervised analysis using just these six marker genes alone. As Ouija uses a probabilistic

model and inference we were able to obtain a posterior ordering matrix (figure 31A)

where the entry in the ith row and jth column is the proportion of times cell i was

ordered before cell j in the MCMC posterior traces (thus giving a posterior probability

under the joint model that p(ti < tj). When cells are ordered by the expected pseudo-
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time, this posterior matrix contained three metastable groups of cells corresponding to

endothelial, pre-HSCs and HSCs respectively (figure 31B). Misclassifications within cell

types (T1/T2 and E12/E14 cells) could be explained by examining a principal compo-

nents analysis of the global expression profiles (figure 31C) which suggests that these

cell types are not completely distinct in terms of expression.

When examining the inferred pseudotime progression of each marker gene (figure

31D), these three metastable states corresponded to the activation of all genes at the

beginning of pseudotime time, the complete inactivation of all the marker genes at the

end of the pseudotime and a intervening transitory period as each marker gene turns

off. Each metastable state clearly associates with a particular cell type (figure 31E). As

expected, Nrp2 and Nr2f2 exhibited early down-regulation and Nrp1, Hey1, Efnb2 and

Ephb4 all exhibited late down-regulation. Using this HSC formation system as a proof-

of-principle it is evident that, if a small number of switch-like marker genes are known,

it is possible to recover signatures of temporal progression using Ouija and that these

trajectories are compatible with real biology.

3.8 cell cycle prediction as a pseudotime estimation problem

We wanted to consider a study composed of a large panel of marker genes and identified a

single-cell RNA-seq study [66] that examined variation between individual hematopoietic

stem and progenitor cells from two mouse strains (C57BL/6 and DBA/2) as they age.

Principal component analysis for each cell type and age showed a striking association of

the top principal components with cell cycle-related genes (figure 32A), indicating that

transcriptional heterogeneity was dominated by cell cycle status. They scored each cell

for its likely cell cycle phase using signatures based on functional annotations [40] and

profiles from synchronized HeLa cells [140] for the G1/S, S, G2, and G2/M phases.
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Figure 31: Pseudotime ordering and cell type identification of haematopoeietic stem cell differ-

entiation. A Consistency matrix of pseudotime ordering. Entry in the ith row and

jth column is the proportion of times cell i was ordered before cell j in the MCMC

posterior traces. Gaussian mixture modelling on the first principal component of

the matrix identified three clusters that are evident in the heatmap. B Confusion

matrix for cell types identified in original study (rows) and Ouija inferred (columns).

Ouija inferred cluster 1 largely corresponds to EC cells, cluster 2 corresponds to

pre-HSC cells while cluster 3 corresponds to HSC cells. C PCA plot similar to the

original publication [148] suggests supports the existence of three distinct cell types

in the data. D HSC gene expression as a function of pseudotime ordering for six

marker genes. Background colour denotes the maximum likelihood estimate for the

Ouija inferred cell type in that region of pseudotime. E HSC gene expression as a

function of pseudotime ordering for six marker genes with cells coloured by known

cell type.
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We investigated if Ouija could be used to identify cell cycle phase, treating the infer-

ential problem as a continuous pseudotime process. We applied Ouija to 1,008 C57Bl/6

HSCs using 374 GO cell cycle genes that satisfied gene selection criteria used in the orig-

inal study. The estimated pseudotime progression given by Ouija recapitulates the tra-

jectory observed in principal component space. The estimated pseudotime distribution

correlates well with the cell cycle phase categorisation given in the original study (fig-

ure 32C). Furthermore, we identified 88 genes with large (negative) activation strengths

indicating strong switch (off) behaviour (figure 32D) ordering the cells according to pseu-

dotime and then ordering by activation time shows a cascade of expression inactivation

across these 88 genes over cell cycle progression with the quiescent (G0) indicated by

complete inactivation of all 88 genes (figure 32E,F). The explicit parametric model as-

sumed by Ouija makes this gene selection and ordering process simple and quantitative

compared to a non-parametric approach that would require some retrospective analysis

or visual inspection.

This investigation indicates that although Ouija makes strong assumptions about

gene-specific expression behaviour, its utility is not limited to small marker gene panels

that strictly obey its switch-like behavioural assumptions.

3.9 discussion

We have developed a novel approach for pseudotime estimation based on modelling

switching expression behaviour over time for marker genes. Our strategy provides an

orthogonal and complimentary approach to unsupervised, whole transcriptome methods

that do not explicitly model any gene-specific behaviours and do not readily permit the

inclusion of prior knowledge.
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Figure 32: Cell cycle phase prediction. Principal component representation of hematopoietic

stem cells coloured according to A the original cell cycle progression score [66] and

B Ouija - cell cycle classes indicated are based on original study classifications. C

Distribution of Ouija inferred pseudotime versus the original cell cycle classifica-

tions. D Estimated activation strengths for the 374 cell cycle gene panels. E Gene

expression profile for 88 switch-like genes with cells ordered by pseudotime and F

genes ordered by activation time.
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We demonstrate that the selection of a few marker genes allows comparable pseu-

dotime estimates to whole transcriptome methods on real single cell data sets. Fur-

thermore, using a parametric gene behaviour model and full Bayesian inference we are

able to recover posterior uncertainty information about key parameters, such as the

gene activation time, that allows us to explicitly determine a potential ordering of gene

(de)activation events over (pseudo)time. The posterior ordering uncertainty can also be

used to identify homogeneous phases of transcriptional activity that might correspond

to transient, but discrete, cell states.

Although our focus was on switching expression behaviour, alternative parametric

functions could be used to capture other gene behaviours. However, it is critical to

recognise that in a latent variable modelling framework such as this, prior information

has a strong influence over the final outcome. Therefore any constraints should match

a priori knowledge of the marker genes under investigation.

In summary, Ouija provides a novel contribution to the increasing plethora of pseu-

dotime estimation methods available for single cell gene expression data.





4
MODELL ING BIFURCATIONS WITH A BAYES IAN MIXTURE

OF FACTOR ANALYSERS

4.1 introduction

So far we have focussed on the single-trajectory case, where cells have a single fate and

progress uniformly towards it. Chapter 2 considered probabilistic inference of trajectories

in reduced-dimension space, while chapter 3 extended such ideas to generatively model

the expression of a small set of marker genes.

However, often cells undergo some fate decision and their expression programmes bi-

furcate into two or more end points. Examples include progenitor cells that differentiate

into distinct cell types or stressed cells that may either recover or trigger apoptosis.

Several methods have been proposed to infer bifurcation structure from single-cell

data. Wishbone [117] constructs a k-nearest neighbour graph and uses shortest paths

from a root cell to define pseudotimes, using inconsistencies over multiple paths to detect

bifurcations. Diffusion Pseudotime (DPT) [46] similarly constructs a transition matrix

where each entry may be interpreted as a diffusion distance between two cells. Bifur-

cations are inferred by identifying the anticorrelation structure of random walks from

both a root cell and its maximally distant cell. While DPT arguably has a probabilistic

interpretation, neither method specifies a fully generative model that incorporates mea-

surement noise, while both infer bifurcations after constructing pseudotimes. A further

algorithm Monocle [108] learns pseudotimes based on dimensionality reduction using

the DDRTree algorithm [84] and provides post-hoc inference of genes involved in the

bifurcation process using generalised linear models.

105
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Consequently, we we propose a Bayesian hierarchical mixture of factor analysers for

inferring bifurcations from single-cell data. Since developmental bifurcations involve two

related processes it is therefore natural to extend such models to involve a mixture of

two factor analysers in a Bayesian hierarchical setting that relates expression patterns

between branches.

The model we propose is unique compared to existing bifurcation inference methods

in the following: (1) by specifying a fully generative probabilistic model we incorporate

measurement noise into inference and provide full uncertainty estimates for all parame-

ters, (2) we simultaneously infer cell “pseudotimes” and branching structure as opposed

to post-hoc branching inference as is typically performed, and (3) our hierarchical shrink-

age prior structure automatically detects which features are involved in the bifurcation,

providing statistical support for detecting which genes drive fate decisions.

In this chapter, we introduce our model and apply it to both a synthetic datasets and

demonstrate its consistency with existing algorithms on real single-cell data. We fur-

ther propose a zero-inflated Empirical-Bayes-like variant that takes into account zero-

inflation and quantify the levels of dropout at which such models are beneficial. We

highlight the multiple natural solutions to bifurcation inference when using gene expres-

sion data alone and finally discuss both the merits and drawbacks of using such a unified

probabilistic model.
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4.2 methods

4.2.1 Statistical model

We begin with an N ×G matrix of suitably normalised1 gene expression measurements

for N cells and G genes, where yn denotes the nth row vector corresponding to the

expression measurement of cell n. We assign a pseudotime tn to each cell along with a

binary variable γn indicating to which of B branches cell n belongs:

γn = b if cell n on branch b (54)

with b ∈ 1, . . . ,B.

The pseudotime tn is a surrogate measure of a cell’s progression along a trajec-

tory while it is the behaviour of the genes - given by the factor loading matrix -

that changes between the branches. We therefore introduce B factor loading matrices

Λb = [cb kb], b ∈ 1, . . . ,B for each branch modelled. Here, cb represents the gene-

specific intercepts of expression while kb can be thought of as the gene-specific gradient

along pseudotime.

The likelihood of a given cell’s gene expression measurement conditional on all the

parameters is then given by

yn|γn, Λγn , tn, τ ∼ N (cγn + kγntn, Σ) (55)

where Σ = diag(τ1, . . . , τG) and τ is a G-length vector of measurement precisions.

We seek a prior structure on the loading matrix that (a) encourages the behaviour

of genes to be identical across branches while (b) identifying the subset of genes that

1 Such as log(TPM+ 1) or log(FPKM+ 1).
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deviate from this and are differentially regulated across the branches. It is therefore

reasonable that the factor loading gradients kγ should be similar to each other unless

the data suggests otherwise. We therefore place a prior of the form

[kγn ]g ∼ N (θg,χ−1
g ) (56)

where θ = (θ1, . . . , θg) denotes a common factor gradient across branches. This has

similar elements to Automatic Relevance Determination (ARD) models with the differ-

ence that rather than shrinking regression coefficients to zero to induce sparsity we shrink

factor loading gradients towards a common value to induce similar behaviour between

mixture components. We can then inspect the posterior precision to identify genes in-

volved in the bifurcation: if χg is very large then the model is sure that k0g ≈ k1g

and gene g is not involved in the bifurcation; however, if χg is relatively small then

|k0g − k1g| � 0 and the model indicates that g is involved in the bifurcation2.

2 Note that we only place this prior structure on k as the intercepts c can be identical but the genes still
exhibit differential regulation through different ks.
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With these considerations the overall model becomes

ω ∼ Dirichlet(1/B, . . . , 1/B)

γn ∼ Categorical(ω)

η ∼ N (η̃, τ−1
η )

θg ∼ N (θ̃, τ−1
θ )

χg ∼ Gamma(αχ, βχ)

cγn ∼ N (η, τ−1
c )

kγn ∼ N (θ,χ−11G)

tn ∼ N (0, 1)

τ ∼ Gamma(α, β)

yn ∼ N (cγn + kγntn, τ−11G)

(57)

where η̃, θ̃, τη, τθ, τc, αχ, βχ, α and β are hyperparameters fixed by the user. By

default we set the noninformative prior αχ = βχ = 10−2 to maximise how informative

the posterior of χ is in identifying genes that show differential expression across the

branches.

4.2.2 Inference

As the model exhibits complete conditional conjugacy, inference was performed using

Gibbs sampling. Briefly, Gibbs sampling is a Markov Chain Monte-Carlo (MCMC) al-

gorithm for drawing a sequence of T samples θ1, . . . ,θT that approximate some target

distribution p(θ|x) that is analytically intractable, i.e. for which we cannot write down

an exact expression. Given the parameter vector θ = (θ1, . . . , θP ), Gibbs sampling re-

quires analytical expressions (or at least the ability to quickly generate samples from)
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the conditional distributions p(θp|θ−p,x) where θ−p is the set of parameters other than

p. Gibbs sampling then proceeds by consecutively drawing

θt+1
p ∼ p(θp|θt−p,x) (58)

for all variables p = 1, . . . ,P up to some predefined number of iterations T . The

resulting samples θ1, . . . ,θT asymptotically converge in the limit T →∞ to the target

distribution p(θ|x).

Analytical expression for the conditional Gibbs updates for our mfa model are given in

appendix D. This is implemented in the R package mfa available at http://www.github.

com/kieranrcampbell/mfa. R is particularly slow for calculating such Gibbs updates as

frequent subsetting of assignment vectors occurs. Therefore, computation of the updates

was implemented in C++ and linked to the R package using Rcpp, leading to orders of

magnitude speed up in the calculation of some quantities.

4.2.3 Modelling zero-inflation

Single-cell RNA-seq data is known to exhibit dropout, where lowly expressed genes reg-

ister as zero counts. Several computational methods attempt to correct for this by mod-

elling the observed expression as a mixture of a point-mass at zero representing dropout

and an amplified component representing true expression. However, the probability of

measuring a zero is not constant but is inversely proportional to the latent expression,

as the smaller the input quantity of mRNA the higher the probability of a failure of

reverse-transcription.

As a solution to this, several methods model a dropout probability dependent on the

latent expression. For example, SCDE [59] is a statistical model for single-cell differential

http://www.github.com/kieranrcampbell/mfa
http://www.github.com/kieranrcampbell/mfa
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Figure 33: Dropout relationships in single-cell RNA-seq data for two scRNA-seq datasets. An

exponential dropout model (blue) empirically fits the data better than double ex-

ponential (red).

expression which models the dropout probability of a gene as a logistic regression on

the latent expression as part of a mixture-of-experts model. In a further example, ZIFA

[102] proposes a double-exponential dropout model where p(dropout) ∝ exp(−λx2) and

x is the latent expression and λ is a constant dropout parameter.

Therefore, accounting for zero-inflation in our mixture-of-factor analysers model is

equivalent to modifying the likelihood to a mixture of an amplified component and

dropout component depending on the latent expression. However, the difficulty here is

that we must sample from the conditional distribution p(λ|·) (where · is all parameters

and data other than λ), which to the best of our knowledge does not exist analytically.

As a solution to this we propose an Empirical-Bayes like procedure to estimate λ

globally then infer the latent expression x through further Gibbs updates. First we note

that a single exponential dropout empirically fits the dropout relations in single-cell

RNA-seq datasets better than the double exponential dropout (figure 33).

We subsequently modify the likelihood to give a per-gene dropout probability of

p(dropout in gene g) = exp(−λ
N∑
n=1

xng) (59)
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which depends on the mean latent expression level of the gene. While this is of course

an approximation and we expect the probability of a dropout to be specific to each gene

in each cell depending on the latent expression, this allows us to estimate λ by fitting

the maximum likelihood exponential curve of the proportion of cells a gene is expressed

in against the mean expression level (similar to figure 33) using the R function nls. Thus

the modified likelihood becomes

xn ∼ N (cγn + kγntn, Σ)

hng ∼ Bernoulli(exp
− λ

N

∑
n′
xn′g

)

yng =


xng if hng = 0

0 if hng = 1

(60)

Note that since hng is effectively observed we only need to Gibbs sample xng for which

hng = 1. The conditional distribution for xng is then given by

xng|· ∼ N
(
µng −

λ

Nτg
, τ−1
g

)
(61)

where µng is defined as above.

While incorporating zero-inflation in the likelihood leads to a less-mispecified model

we must perform inference on an additional N0 parameters, where N0 is the number of

zero measurements in the expression matrix. For single-cell RNA-seq data this can be

as high as 90% of all measurements leading to a significant additional computational

burden.
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Figure 34: Multiple solutions to bifurcation inference. Starting with three cell states we would

like to infer a bifurcation process from one to the other two. If a single gene is

upregulated in one of the states yet downregulated in the other two then clearly

any state may act as the beginning of the trajectory. For example, if we start in

state 1 then the gene is upregulated along state 2 and stays constant in state 3; if

we start in state 2 then the gene is downregulated in states 1 & 3; if we start in

state 3 then the gene is upregulated in state 2 and remains downregulated in state 1.

However, due to the nonidentifiability this is true if we add additional genes that are

upregulated in one or two of the cell states. The equivalent geometric argument is

that we can build the transcriptomic profiles across all genes by spinning the figure

about B (with possible inversion) and “adding” that gene. No matter how many

additional genes we add, any one of the three states can act as the root state or

beginning of pseudotime. Therefore, in the absence of any additional information

there are always three equally valid solutions to bifurcation inference from gene

expression data alone.
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4.3 multiple solutions to bifurcation inference

It is common in bifurcation inference methods to specify additional information aside to

gene expression data alone. For example, Wishbone requires the specification of a root

cell that signifies the beginning of pseudotime. DPT also allows for the specification of

a root cell or picks the furthest from a random cell if unspecified. Monocle equivalently

allows re-fitting of the pseudotimes with the constraint that one of the inferred “states”

is the initial or root state.

We argue that such requirements are necessary due to a fundamental invariance in

the gene expression of bifurcating cells. Figure 34 shows a conceptual model of three

end-states (1-3) and a gene which is expressed in one end state (2) but not the others.

We can envisage three possible bifurcation routes here: state 1 is the initial state that

bifurcates to 2 & 3 (1 → 2, 3), or equivalently 3 → 1, 2 or 2 → 1, 3. If 1 or 3 is the

initial state then the gene exhibits differential expression across the branches, while if

we start at 2 the gene exhibits concordant expression across the branches. Note that

for a bifurcation we require some genes that show differential expression between the

branches and some that show concordant expression - lacking the former would give a

non-branching trajectory and lacking the latter would give separate cell types.

The above reasons that in a single-gene case the initial state is indistinguishable from

the gene expression alone. We can easily generalise this to the multiple-gene case due

to the fact that the labels in figure 34 are statistically nonidentifiable. The equivalent

geometric argument is that you can ‘spin’ figure 34 about B for each gene (and optionally

invert the expression to give two states of non-zero expression).

While in algorithms such as Wishbone and DPT this non-identifiability is solved by

setting an initial cell or state, the equivalent in our model is the correct initialisation of

the pseudotimes. Principal component analysis is applied to the data before inference
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and the principal component that best corresponds to the trajectory based on the expres-

sion of known genes is used to initialise the pseudotimes. Such trajectories correspond

to local modes in the posterior space that are sufficiently narrow the probability of the

Gibbs sampler moving to another is negligible. A future extension that would solve this

non-identifiability would involve placing priors on the behaviour of certain genes across

the branches, which combined with more efficient inference would pick out the ‘true’

trajectory.

4.4 results

4.4.1 Synthetic datasets

4.4.1.1 Generating of synthetic datasets

Synthetic datasets were generated for various simulations throughout the analysis. Rather

than simply generating data from the model we attempted to create synthetic data that

was as close to real single-cell data as feasible, meaning the synthetic data is severely

misspecified with respect to our model.

The first consideration is the functional form of gene expression along pseudotime. A

linear assumption is fundamentally unrealistic as the gene expression cannot go to±∞ as

pseudotime progresses. Consequently we adopt sigmoidal expression across pseudotime

(previously suggested in [18, 22] and discussed in chapters 2-3), parameterised3 by the

half-peak expression φ, the switch-time δ and the switch-strength k:

Sigmoid(t, k,φ, δ) = 2φ
1 + exp(−k(t− δ)) . (62)

3 We depart from the previous notation here to avoid index hell when referencing multiple branches.
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Figure 35: Generation of synthetic data to test mfa. Examples of diverging monotonic be-

haviour across branches (A - B) and diverging transient behaviour (C - D), with

resulting PCA representations coloured by both pseudotime (E) and branch alloca-

tion (F).

For half of the G genes we assume the expression along the two branches is the same,

thus we model common k, φ and δ parameters. For the second half we assume the

expression diverges, and in particular for each gene k = 0 for one of the branches, which

we can call b0, and b1 for the branch for which k 6= 0. If k on the other branch is positive

(ie kgb1 > 0) then we set the half-peak expression on b0 to zero, as the genes must both

start at 0, and if one turns on the other must remain off (figure 35A). Alternatively, if

kgb1 < 0 then the genes must begin in an on state and switch off for cells on b1 (figure

35B). Thus we set φgb0 to twice its original value. For any gene that shows divergent

behaviour across branches we set δ to be in the second half of the trajectory. We then

construct the mean, using the sigmoid function, and generate the data from a Gaussian

noise model ensuring any negative values are set to zero. This gives the characteristic

bifurcation pattern in PCA space as seen in figures 35E&F.

We may also wish to generate transiently expressed genes to test the limits of the

monotonicity assumptions in our model. Transient behaviour can either be across both



4.4 results 117

branches or exhibit divergent behaviour (transient on one branch only). To simulate

transient genes we swap out the sigmoidal mean function for a Gaussian function centred

around the mid-point of the trajectory:

Transient(t, l, s) = exp(− 1
2s(t− l)

2) (63)

We additionally ensure the behaviour is constrained to be identical on each branch

at the beginning and end of the trajectory. Examples of such behaviour may be seen in

figures 35C&D.

If we would like to incorporate zero-inflation, we calculate a dropout probability for

each measurement via png = exp(−λxng), where λ is set to a reasonable value based on

observations of real datasets. Note that our model is mis-specified with respect to this

as it models a per-gene dropout probability pg.

4.4.1.2 Performance on toy dataset

We first demonstrate our method on a synthetic ‘toy’ dataset of 300 bifurcating cells

and 60 genes, half of which exhibit differential behaviour across the bifurcation and

half of which show similar behaviour. Pseudotimes were inferred using Gibbs sampling

for 105 iterations. PCA representations of the synthetic data can be seen in figures

36A&B showing the characteristic Y shape associated with bifurcating data, coloured

by both maximum aposteriori (MAP) pseudotime and branch assignment estimates

respectively. We compared the Pearson correlation of the estimated pseudotimes to

the true pseudotimes (figure 36C) for both MFA, PC1 (the first principal component

of the data), Monocle and Diffusion Pseudotime, giving values of 0.98, 0.98, 0.98 and

0.99 (to 2 s.f.) respectively. Broad benchmarking of pseudotime algorithms to “ground-

truth” data is difficult due to the inherent assumptions that are necessary about how
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Figure 36: Caption next page.
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Figure 36: Probabilistic inference of bifurcations in synthetic data. A PCA representation of a

toy dataset for 300 cells and 60 genes, coloured by the maximum aposteriori (MAP)

pseudotime estimates. B Equivalent representation as (A) colour by the MAP

branch estimate. C Equivalent representation showing whether each branch was

assigned correctly. Due to the non-identifiability of mixture components, we map

component indices from true to inferred such that the agreement is maximised. D

The inverse MAP estimates of χ largely identify which genes in the dataset exhibit

different behaviour across the two branches. E Comparison of different pseudotime

inference algorithms to the ground truth pseudotime on this particular dataset.

The algorithms MFA, PC1 (principal component 1), Moncole and DPT had corre-

lations of 0.98, 0.98, 0.98, 0.99 (to 1 s.f.) respectively. F The correlation of inferred

pseudotimes to ground truth depending on the proportion of genes in the dataset

exhibiting transient behaviour. MFA shows competitive performance up to around

40% of genes begin transient despite an inherent linear assumption.

genes expression evolves along trajectories. However, such toy examples demonstrates

the consistency of multiple algorithms on our toy dataset.

4.4.1.3 Impact of transient expression

One weakness of our model is that it assumes gene expression changes as a linear function

of time. This allows us to perform fast conjugate Gibbs sampling but is highly unrealistic

for real data. The synthetic data generated is based on sigmoidal changes across pseu-

dotime, which being nonlinear is already mildly mis-specified with respect to our model.

However, genes may also exhibit transient behaviour, in which they are briefly down- or

up-regulated before returning to their initial state. We sought to quantify the robustness

of MFA to transient gene expression by performing extensive simulations. Specifically,

we generated synthetic datasets with 0%, 20%, . . . , 80% of genes exhibiting transient

expression, and inferred the pseudotimes using DPT, MFA and Monocle 2. This was

repeated 20 times for each percentage of transient genes. The results can be seen in

figure 36F. The performance of MFA remains competitive up to around 40% of genes
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exhibiting transient expression, after which DPT and Monocle 2 perform significantly

better. However, MFA is highly consistent with DPT and Monocle 2 on the two real

datasets examined (figures 38 & 39) implying the occurrence of transient expression is

limited enough in practice for the linearity assumption to be feasible.

One notable difference between MFA and existing bifurcation inference algorithms is

in the pre-bifurcation branch assignment. Algorithms such as Wishbone and DPT will

assign a separate branch to cells preceding the bifurcation. However, MFA will typically

assign pre-bifurcation cells to one of the two branches modelled, with the other branch

beginning at the bifurcation. A bifurcation process consists of two temporal processes

that have a common origin but differing end points. Thus, due to non-identifiability,

cells pre-bifurcation can equally be said to be on one branch with the second beginning

at the bifurcation point. Importantly, no matter how we assign the branches under this

regime the observed behaviour of genes as a function of both pseudotime and branch

assignment will be consistent, which is necessary for biological insight.

4.4.2 Benefits of modelling zero-inflation

Single-cell RNA-seq data is known to exhibit dropout, where a failure to reverse tran-

scribe lowly-expressed mRNA results in zero counts. However, a zero count for a particu-

lar gene in a particular cell may also be a true zero where no mRNA in the cell is present,

which we expect to be useful for pseudotime inference. Figure 37A shows a conceptual

model where a gene is upregulated along pseudotime with two cells exhibiting dropout.

The true zeros (in blue) help pseudotime inference as the low-expression implies they

are at the beginning of pseudotime. However, the cells exhibiting dropout (in red) would

potentially impede pseudotime inference as MFA would order them with the true zero

cells at the beginning of the trajectory.
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Figure 37: The effects of modelling zero-inflation. A Zero counts observed in single-cell RNA-

seq data may be attributed to either true zeros where no mRNA of a given gene

is produced in a cell, or dropout where there is a failure to reverse-transcribe the

low levels of starting material. Alternatively, a count is registered and the gene

is amplified. In theory not accounting for dropouts will reduce the accuracy of

pseudotime inference - the two red counts at pseudotimes of 4 and 6 would be

ordered with the blue counts. However, in practice it is impossible to distinguish

between dropouts and true zeros. B The percentage of counts with zero expression

across 50 replicates for each value of λ used in dropout simulations. C The pearson

correlation to true pseudotime using both the non-zero-inflated and zero-inflated

variants of MFA as a function of λ used to generate the dataset. Accounting for

zero-inflation shows marginal benefits if only a small percentage counts are dropouts.

However, for high dropout percentages (> 80%) the algorithm has to “impute” such

a large percentage of the data that correlations to the true pseudotime reduce to

near-zero.
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Accounting for such dropouts involves modifying the model so that zero counts are

likely if the underlying latent expression is low. Therefore, the red dropout cells in

figure 37A would be effectively imputed (via Gibbs updates) upwards towards the mean

expression line, increasing the accuracy of pseudotime inference. However, as there is no

way to distinguish between true zeros and dropouts, we also “impute” the expression of

the true zeros, which may itself decrease the accuracy of pseudotime inference.

We sought to quantify the benefits of modelling zero inflation against the drawbacks of

losing the information contained in “true zeros”. We created multiple synthetic datasets

while varying the dropout parameter λ ∈ {0.02, 0.05, 0.1, 1, 10,∞}, where λ = 0.02 has

the largest levels of dropout while λ = ∞ has no dropout, only true zeros. This was

repeated 50 times for each λ, and the proportion of zero counts in each dataset can be

seen in figure 37B. We subsequently re-inferred the pseudotimes using MFA with both

the zero-inflated and standard variants.

The resulting correlations with the true pseudotimes across the range of λ and MFA

variants can be seen in figure 37C. At very high levels of dropout (λ = 0.02, where

> 80% of counts are zeros) the zero-inflated variant performs considerably worse than

the non-zero-inflated variant, with virtually no correspondence to the true pseudotimes

compared to ρ ≈ 0.75. We suggest this is due to the inference procedure effectively

imputing such a large proportion of the data that there are too many degrees of freedom

to effectively infer the trajectory. For the remaining values of λ the zero-inflated variant

infers pseudotimes largely comparable to those of the non-zero inflated version, with

marginal improvements in accuracy when there is moderate dropout (λ = 1, 10). We

conclude that incorporating zero-inflation into such pseudotime inference is possible,

but the variable quality across the (unknown in practice) dropout range along with

considerable additional computational cost render it unnecessary for practical purposes.
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4.4.3 Application to single-cell RNA-seq data

We next applied our method to previously published single-cell RNA-seq data of 4,423

Hematopoietic progenitor/stem cells (HSPCs) differentiating into myeloid and erythroid

precursors [99]. To reduce the dataset to a computationally feasible size we used only

genes expressed in at least 20% of cells with a variance in normalised expression greater

than 5. We performed Gibbs sampling for 4× 104 iterations using default hyperparame-

ter values except for τθ = τη = 1 and initialised the pseudotimes to the second principal

component of the data. The results can be seen in figure 38(A-B). The MAP pseudotime

estimates clearly recapitulates the trajectory in the data as shown using a tSNE repre-

sentation from [117], while the MAP estimates of γn detects the branching structure in

the data, consistent with previous methods.

We went on to analyse the genes suggested by the model to be involved in the bifur-

cation process. Figure 38C shows the inverse posterior mean of χg, with larger values

indicating more evidence that gene g is involved in the bifurcation process. For illustra-

tion purposes, we plot the expression of ELANE and CAR2, which the model suggests

will show differential behaviour across the bifurcation, along with RPL26, which the

model suggests will show common behaviour (figure 38D).

We next sought to compare the performance of MFA to existing bifurcation inference

algorithms, in particular Wishbone, DPT and Monocle (v2), along with the second

principal component of the data (PC2), which we noted from exploratory analyses was

highly correlated with the existing Wishbone values. We subsampled down to 1000

cells for Monocle comparisons for computational convenience and used the previously

published results for Wishbone (from [117]). The root cell for DPT was selected as the

cell with the minimum value for the second principal component and similarly the root
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Figure 38: Caption next page.
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Figure 38: Inference of bifurcations in scRNA-seq data of 4,423 Hematopoietic progenitor/stem

cells (HSPCs) differentiating into myeloid and erythroid precursors. A tSNE repre-

sentation from [117] coloured by the maximum aposteriori (MAP) pseudotime. B

Equivalent plot as A coloured by MAP γ (branch assignment). C Inverse map χ

showing both the 20 largest and 20 smallest values indicating which genes do and

do not show differential behaviour across the bifurcation. D tSNE representation of

the dataset coloured by gene expression. Both ELANE and CAR2 were predicted

by the inverse χ values to show differing expression across the branches, while

RPL26 was predicted to show similar expression. E Scatter plots of pseudotime

values compared to those inferred by PC2, Wishbone, Monocle, and DPT. These

had pearson correlations of 0.54, 0.83, 0.01, and 0.78 respectively. F tSNE represen-

tations of the dataset coloured by branch allocation of alternative algorithms shows

good agreement with Wishbone and DPT.

state for Monocle was chosen such that it contained that cell. Otherwise, algorithms

were run with default parameters.

The comparison of the inferred pseudotimes with that of MFA can be seen in figure

38E. There is high correlations with PC2 (ρ = 0.54), Wishbone (ρ = 0.83), and DPT

(ρ = 0.78). However, there is virtually no correlation with Monocle (ρ = 0.01), though as

this low correlation only occurs with Monocle we assume it is not an issue with MFA. We

also sought to compare branch allocations across the algorithms across the algorithms

which is difficult due to the non-identifiability of the statistical models involved. Figure

38F shows a tSNE representation of the cells coloured by branch allocation for each of

Wishbone, Monocle and DPT. We see that MFA is largely consistent with Wishbone

and DPT, detecting a bifurcation at the “pinch” in the tSNE plot, but as with the

pseudotimes there is barely any correspondence in branch allocations with Monocle

(which, as of version 2, does not allow pre-specification of the number of branches to

model).
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4.4.4 Application to single-cell mass-cytometry data

We next applied MFA to single-cell mass cytometry data tracking the differentiation

of 22,850 monocytes and erythrocytes from hematopoietic stem and progenitor cells

across 12 markers as published in [7] and previously analysed in [117]. For computational

convenience with all algorithms we subsampled the data down to 2,000 randomly chosen

cells, with the exception of Monocle which we subsequently subsampled further down to

1,000 cells. We found that due to the small number of proteins measured there was too

much freedom for the MFA model to infer mixtures using the default parameter settings.

We therefore had to encourage large levels of similarity across the two branches by setting

αχ = 5× 103 and βχ = 1.

The results can be seen in figure 39. Figure 39A shows a tSNE representation (as pub-

lished in [117]) showing the inferred MAP pseudotimes correctly following the left-right

trajectory, while figure 39B correctly shows the MAP γ values identifying a bifurcation

at the “pinch” in the plot.

We subsequently compared the inferred pseudotimes and branching to those found

using the alternative algorithms. We found good correspondence to all other methods

(figure 39C), with pearson correlations of 0.84, 0.86, 0.80 and 0.69 for PC2, Wishbone,

Monocle, and DPT respectively. We further compared the branch assignment of MFA to

those of the alternative algorithms (figure 39D). As of version 2, Monocle does not allow

for the number of branches to be selected a priori and typically returns a large number.

For the convenience of visualisation we therefore only display the 30% most frequent

states and group the remaining infrequent ones into “Other”. We find good agreement

between MFA and Monocle and DPT, and similarities with the Monocle assignments

(MFA branch 2 loosely corresponds to Monocle branch 17).
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Figure 39: Caption next page.



128 modelling bifurcations with a bayesian mixture of factor analysers

Figure 39: Inference of bifurcations in single-cell mass cytometry data of a subsample of 2,000

HPSCs differentiating into monocyte and erythrocyte progenitors. A tSNE repre-

sentation from [117] coloured by the maximum aposteriori (MAP) pseudotime. B

Equivalent plot as A coloured by MAP γ (branch assignment). C Scatter plots

of MFA pseudotime compared to PC2, Wishbone, Monocle, and DPT, with pear-

son correlations of 0.84, 0.86, 0.80 and 0.69 respectively. D tSNE representation

coloured by branch assignment of Wishbone, Monocle, and DPT. As of version 2,

Monocle does not allow for the number of branches to be selected a priori and

typically returns a large number. For the convenience of visualisation we therefore

only display the 30% most frequent states and group the remaining infrequent ones

into “Other”. The figures suggest a good agreement of branch assignment of MFA

with Wishbone and DPT, and moderate agreement with Monocle.

4.5 discussion

In this chapter we have presented a Bayesian hierarchical mixture of factor analysers for

inference of bifurcating trajectories in single-cell data. Our model is unique compared

to existing efforts in that it (a) is fully generative, incorporating measurement noise

into inference, (b) jointly infers both the pseudotimes and branches compared to post-

hoc inference of branch detection, and (c) jointly infers which genes are differentially

regulated across the branches. We also proposed an extension that accounts for the high

levels of zero-inflation present in single-cell RNA-seq data. We applied our model to a

range of synthetic and real datasets and demonstrated it performs competitively with

existing methods.

4.5.1 Trade off between model expressivity and practicality

There is a natural trade-off in designing such models between flexibility and practicality.

The implicit assumption of MFA that gene expression develops linearly across pseudo-
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time allows for fast MCMC sampling and joint inference of branch structure. However,

it is highly mis-specified: the predicted expression can easily become negative leading

to erroneous inference. A solution to this would be to not explicitly assume a strongly

parametric form of gene expression and consider nonparametric methods. However, such

methods are often overly flexible, requiring either additional capture information to cor-

rectly infer pseudotimes [112] or hard-setting the pseudotimes prior to inferring the

branching structure [73]. As such there is a natural trade-off between the expressivity of

such models and being able to perform valid statistical inference that fully incorporates

parameter variation without additional constraints or tweaking.

4.5.2 Scalable inference

While our current inference procedure performs well on large single-cell RNA-seq datasets

there are scalable extensions that help as the number of single cells sequenced increases.

The conditionally conjugate nature of the model makes it amenable to co-ordinate ascent

variational inference (CAVI)4, where a variational approximation transforms inference

into an optimisation procedure. Once CAVI updates have been derived, an easy next

step is stochastic variational inference (SVI, [54]), which subsamples data points for

highly scalable inference. Such procedures will become necessary in single-cell statisti-

cal analysis as new technologies such as DropSeq [82] and 10x genomics [32] produce

expression profiles for > O(106) cells.

4 Ideas we explore further in chapter 5.
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Figure 40: The limits of linear latent variable models for inferring bifurcations from single-cell

data. CD11b is correctly identified as exhibiting bifurcating behaviour. However,

due to model mis-specification the cells with nonzero expression are assigned to

branch 2, when in fact they should be assigned to both branches 1 & 2, meaning

CD34 is incorrectly identified as differentially regulated across the bifurcation.

4.5.3 Limits of linear latent variable models

In general we expect linear latent variables to be highly mis-specified with respect to real

gene expression data - gene expression will rarely evolve linearly as a function of time,

nor even necessarily monotonically. A surprising result is that such an assumption is in

practice sufficient to recapitulate the results on real data of algorithms that specifically

account for nonlinearities in the data. We can therefore assume that the majority of

genes in real datasets behave approximately linearly.

Such mis-specification - though conducive to fast full MCMC inference - does come

at a cost. An example is given in figure 40 of the mass cytometry data (where the

pseudotimes are reversed so time runs from left to right). The gene CD11b displays

differential regulation across the branches - up-regulation on branch 1 and constant

expression on branch 2. The model fits two values of k for this as can be seen by the
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black line fits, and this the value of χ is sufficiently small that we correctly designate it

as a gene that bifurcates.

However, the gene CD34 is incorrectly designated as one that should bifurcate when in

fact it doesn’t. Due to model mis-specification the cells with non-zero expression at the

beginning are “hard-assigned” to branch 2, when in fact they should be equally assigned

to both branches 1 & 2. Consequently, |k2| � |k1| and the value of χ indicates that the

gene is involved in the bifurcation, when in fact it isn’t. Such incorrect inferences can

easily be checked visually on a reduced-dimension representation.

4.5.4 Choosing the number of branches

A further limitation of our model is the requirement to specify the number of branches

B a priori. While at time of writing no single-cell datasets are known to have more than

a single bifurcation point, the increasing resolution of single-cell technologies make such

situations likely in the future. Here we propose two extensions for selecting the number

of branches, by viewing it as a model selection problem or by modifying the model to

be a nonparametric (i.e. infinite) mixture of factor analysers.

4.5.4.1 As a model selection problem

One method to choose the number of branches is to construct a finite set of (non-zero)

integers and choose the number that best explains the data by some measure. We can

view this as the classic Bayesian model selection problem where we wish to compute the

marginal likelihood of the data given a pre-specified number of branches.
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Without loss of generality consider two numbers of branches, B1 and B2. We can

compute the marginal likelihood of the data Y given the number of branches B via

p(Y|B) =
∫

Θ
p(Y|Θ,B)p(Θ|B)dΘ (64)

where Θ is the entire set of model parameters. We then compute the Bayes factor

comparing the two branches B1 and B2 as

Bayes factor = p(Y|B1)

p(Y|B2)
(65)

which provides the relative evidence for B1 over B2.

4.5.4.2 Nonparametric mixture of factor analysers

An alternative approach to choosing the number of branches would be to use a nonpara-

metric mixture of factor analysers through the use of dirichlet process (DP) priors on

the loading matrix. To define a DP we require a base distribution H defined on θ and a

positive number α. Then G is a DP (G ∼ DP(α,H)) if for any finite partition θ1, . . . , θn

of θ we have

(G(θ1), . . . ,G (θn)) ∼ Dirichlet(αH(θ1), . . . ,αH(θn)). (66)

DPs can easily be sampled from by drawing a sample x1 from the base distribution H

and for the remaining 2, . . . ,N samples resampling from H with probability α
α+n−1 and

sampling xn from the existing x1, . . . ,xn−1 otherwise. In other words, α can be thought

of as controlling the probability of adding a new value, which in the case of a mixture

of factor analysers would add an additional branch. An example draws of a DP for a

standard normal distribution for varying values of α can be seen in figure 41.
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Figure 41: 100 draws from a dirichlet process with α = 0.5, 1, 2, 5 with a standard normal base

distribution.

Nonparametric mixtures of factor analysers have previously been considered for com-

pressed sensing [25] and applied to NMR metabolomic data [93]. Such models typically

consider a nonparametric prior on the number of latent dimensions allowing the model to

“automatically decide” the dimensionality of the latent space, though in pseudotemporal

applications this can be fixed to 1. A nonparametric mixture of overlapping Gaussian

Processes was considered in [73], though they found that in practice this typically over-

estimated the number of branches.

The use of DP priors in this context has other drawbacks too. Though often sold as

“inferring the number of components [of a mixture model] automatically” there is still

the requirement to tune the parameter α that affects the eventual number of components.

Furthermore, it is known that DP mixture models typically overestimate the number

of components and are in fact inconsistent for the number of components [90]. In other

words, even if we had an infinite amount of data a DP mixture model will not estimate

the correct number of mixture components. Therefore, other approaches (such as model

selection above) may be more suitable for inferring the number of branches in such

settings.
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4.5.5 Accounting for technical effects

Single-cell RNA-seq data are known to substantially suffer from technical batch effects

[51, 131], particularly if multiple cells are sequenced across different plates or microfluidic

devices. To account for this our model could be modified to take the form of a linear

mixed model as

yn = αxn + cγn + kγntn + εn (67)

where xn indicates to which batch cell n belongs and α is a vector of gene-specific

intercepts that account for global expression shifts due to technical effects.



5
COVARIATE -ADJUSTED LATENT VARIABLE MODELS

5.1 introduction

So far in this thesis - and indeed in all published pseudotime algorithms to date - we

have assumed that all cells or samples evolve along each trajectory identically. However,

this assumption could easily be violated. For example, gene expression may change along

the trajectory in a manner dependent on a cell’s genetic background or perhaps upon a

stimulant the cell has been exposed to.

The intuition for this problem is shown in figure 42. We can imagine the associa-

tion between gene expression and the latent trajectory depending on some additional

covariate (here given by the colour of the line). In the case of “red” samples, expression

increases along the trajectory, while in the case of blue samples expression decreases.

The same idea can easily be extended to the case in which the covariate is continuous.

Applying current pseudotime algorithms to such situations would confound inference.

In the example in figure 42 there is no change in gene expression along the trajectory

if the covariate is ignored, meaning there is no information contained in the gene that

could be used to infer the trajectory unless the covariate is somehow incorporated. Fur-

thermore, such interactions would not exist for all genes, so it would be advantageous if

a model could pick out these interactions as they would be informative of the underlying

biology.

As a solution to such issues this chapter introduces a general class of statistical models

termed covariate-adjusted latent variable models that allows an externally measured set

of covariates to perturb the change of features along the latent space. We proceed by

deriving a scalable variational inference algorithm for inferring such models and their

135
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Figure 42: The behaviour of gene expression along trajectories may be affected by externally

measured covariates. Such covariates may be discrete (left) or continuous (right).

interactions. This is applied to single-cell expression data in section 5.3.1 but also bulk

RNA-seq data in sections 5.3.2 and 5.3.3, where we show that such trajectories corre-

spond to the activation of biological pathways. Next, the case of the external covariate

being a censored survival time is considered, with an application to population-level

breast cancer studies. Finally, a non-parametric extension similar to GPLVM - termed

Covariate-adjusted Gaussian Process Latent Variable Models - is proposed.

This chapter includes a minor change in notation - latent variables are now zn rather

than tn as they may no longer represent physical time processes but more abstract

notions of biological pathway activation.
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Figure 43: Covariate-adjusted latent variable models consider observed expression as a com-

bination of standard differential expression (DE) and pathway effects, including

covariate-pathway interactions.
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5.2 covariate-adjusted latent variable models

5.2.1 Statistical model

We begin as usual with an N ×G matrix of gene expression Y with row vectors yn for

N samples and G genes. A standard factor analysis model would infer a Q-dimensional

embedding zn for each sample n = 1, . . . ,N where Q� G via a model of the form

zn ∼ N (0, I)

yn ∼ N (Λzn, Σ)

(68)

where Λ is aG×Q factor loading matrix with column vectors λq and Σ = diag(σ2
1, . . . ,σ2

G)

is a diagonal covariance matrix of measurement noise. As noted before, if Q = 1 then

zn can be interpreted as the “pseudotime” of each cell in which case the factor loading

matrix becomes a G−length factor loading vector λ and the likelihood of yn becomes

yn ∼ N (λzn, Σ).

We now consider the case mentioned in the introduction that we have an N × P

matrix X that represents P covariates for each of the N samples. In a population wide

study such covariates might represent phenotypic variables such as age or sex, while in

a single-cell setting such covariates might represent genetic background or cell stimulus.

We would like these covariates to perturb the change in expression of each gene along

the trajectory. To do this we introduce an additional G×P matrix B whose entries βpg

represent the effect of covariate p on the change of gene g along the trajectory. Thus the

factor loading for gene g becomes

λg → λ′ng = λg +
P∑
p=1

βpgxnp (69)



5.2 covariate-adjusted latent variable models 139

or in vector notation λ→ λ′n = λ+ Bxn. In other words, each sample has a unique

loading for each gene that depends on a common loading vector λ and modulation by

the sample-specific covariates.

In factor analysis models it is typical to standardize the data so that the marginal

mean is 0 which simultaneously enforces the constraint y = 0 when z = 0. However in

this case that constrains the data to “swing” around the origin based on the covariate

which is overly restrictive. To solve this we introduce an additional N × P matrix A

whose entries αpg account for the global shift in expression of gene g in response to

covariate p. Therefore, the generative covariate-adjusted latent variable model takes the

form

zn ∼ N (0, I)

yn ∼ N (Axn + (λ+ Bxn)zn, Σ) .
(70)

In a genomics context αpg can be thought of as mediating differential expression (figure

43) while λ can be thought of as the change in expression along the latent trajectory

regardless of covariates. Note that if we multiply out the bracket in 70 we see that this

is a form of linear mixed model with interactions between the random and fixed effects,

though to our knowledge such a model has not been proposed before.

In practice we restrict ourselves to Q = 1 dimensional latent spaces (that roughly

correspond to “pseudotimes” or “trajectories”). However, this can be readily extended

to the Q > 1 case by making B a Q× P ×G factor loading tensor1 whose entries βqpg

quantify the interaction between covariate p and gene g in latent dimension q. The mean

µng for observation yng is then given by

µng =
Q∑
q=1

λqgznq + P∑
p=1

(αqpgxnp + βqpgxnpznq)

 (71)

1 Technically an array rather than a tensor in the true sense.
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In general we expect trajectory-covariate interactions to be rare we place an automatic

relevance determination (ARD) prior on them (previously discussed in chapter 4). In

the Q = 1 dimensional case this takes the form βg ∼ N (0,χ−1
g ), χg iid∼ Gam(aβ, bβ). We

set aβ = bβ = 0.01 which places the prior precision close to zero but has high variance.

The overall generative model then takes the form

αpg ∼ N (0, τ−1
α )

λg ∼ N (0, τ−1
λ )

zn ∼ N (qn, τ−1
q )

βpg ∼ N (0,χ−1
pg )

χ−1
pg ∼ Gamma(aβ, bβ)

τ−1
g ∼ Gamma(a, b)

εng ∼ N (0, τ−1
g )

yng = µg +
∑
p
αpgxnp +

λg +∑
p
βpgxnp

 zn + εig

(72)

where τα, τλ, a, b, aβ, bβ, τq are fixed hyperparameters and qn encodes prior informa-

tion about zn if available but typically qn = 0 ∀n in the uninformative case. We refer

to this statistical model applied to genomics data and the accompanying R package for

inference as “PhenoPath”.

5.2.2 Inference

5.2.2.1 Gibbs sampling

The conditionally conjugate nature of the model in equation 135 makes Gibbs sampling

once more possible, as was explored in section 4.2.2. The Gibbs updates for this are given
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in appendix E.2. However, Gibbs sampling becomes slow as the number of parameters

increases, which needs particular care in this model given the number of parameters

scales as G× P for G genes and P covariates.

5.2.2.2 Co-ordinate ascent variational inference

Instead we turn to variational inference which recasts Bayesian inference as an optimisa-

tion problem, rather than the sampling approaches previously used. Below, variational

inference is briefly introduced along with the strategy for deriving updates for covariate-

adjusted latent variable models, which may be found in E.3.

In general Bayesian inference is concerned with inferring the posterior distribution

p(θ|X) = p(X|θ)p(θ)
p(X) for some parameters Θ and data X. This is difficult in general as

the marginal likelihood p(X) is often intractable and hard to compute.

Variational inference posits an approximating or variational distribution q(θ|λ) with

variational parameters λ and the objective of inference is to choose optimal λ so that

q(θ|λ) is as “close” to p(θ|X) as possible. This closeness is normally defined with re-

spect to some divergence measure such as the Kullback-Leibler (KL) divergence which is

a measure of the non-symmetric difference between two probability distributions. Thus

Bayesian inference is transformed into an optimisation procedure that attempts to min-

imise

KL (q(θ|λ) ‖ p(θ|X)) =
∫
dθq(θ|λ) log

[
q(θ|λ)
p(θ|X)

]
. (73)

A little algebra shows that minimising the KL-divergence in equation 73 is equivalent

to maximising the evidence lower-bound (ELBO), defined as

ELBO(λ; X,θ) = Eq(θ|λ) [log q(θ|λ)− log p(X,θ)] . (74)
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Interestingly, because KL (q ‖ p) ≥ 0 for any q and p it is easy to show that the ELBO

acts as a lower bound on the log marginal likelihood, i.e. log p(X) ≥ ELBO(λ; X,θ).

Therefore, variational inference can be viewed either as choosing λ so that q is as similar

to p as possible, or as choosing λ so that a lower bound on the marginal likelihood is

maximised.

For our model in equation 135 we make what is known as a mean-field variational

approximation where the variational approximation factorises across all the parameters

so q(θ|λ) = ∏
i q(θi|λi). For co-ordinate ascent variational inference the approximating

distributions should be of the family as each conditional distribution. The variational

distribution for our model is therefore given by

q
(
{zn}Nn=1, {µg}Gg=1, {τg}Gg=1, {λg}Gg=1, {αpg}G,P

g=1,p=1, {βpg}G,P
g=1,p=1, {χpg}G,P

g=1,p=1
)

=
N∏
n=1

qz(zn)︸ ︷︷ ︸
Normal

G∏
g=1

qµ(µg)︸ ︷︷ ︸
Normal

qτ (τg)︸ ︷︷ ︸
Gamma

qλ(λg)︸ ︷︷ ︸
Normal

P∏
p=1

qα(αpg)︸ ︷︷ ︸
Normal

qβ(βpg)︸ ︷︷ ︸
Normal

qχ(χpg)︸ ︷︷ ︸
Gamma

(75)

For conditionally conjugate models it is possible to derive updates that maximise the

ELBO for each parameter, conditioned on all other parameters being held constant. For

a general model let θj denote the jth parameter and θ−j the vector of all parameters

other than j. The update that provides the distribution for θj that maximises the ELBO

is given by

q∗j (θj) ∝ exp {E−j [log p(θj |θ−j , Y)]} , (76)

where the expectation is taken with respect to the approximating distributions for

all parameters other than j. Successively computing updates for each variable until the

change in the ELBO falls below some pre-set threshold is known as co-ordinate ascent

variational inference (CAVI). In our model all parameters have conditional distribu-
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tions that are either normally distributed or gamma distributed. We can derive general

updates for these two cases and the specific updates may be found in appendix E.3.

Suppose p(θj |θ−j , X) ∼ N (µθj , τ
−1
θj

) where both the mean and precision are depen-

dent on the conditioning variables θ−j and the data X. It follows that

q(θj) = N
(
θj |mθj =

E−j [µθjτθj ]
E−j [τθj ]

, s2
θj = E−j [τθj ]

−1
)

(77)

where the expectations are computed with respect to the variational distributions in

75.

If instead p(θj |θ−j , X) = Gamma(θj |aθj , bθj ) where again aθj and bθj are functions of

the data X and all parameters other than θj , then the CAVI update is given by

q(θj) = Gamma
(
θj |E−j [aθj ], E−j [bθj ]

)
. (78)

Variational inference for non-conditionally conjugate models is considered in 5.4.

5.2.3 Bayesian significance testing of interactions

It is possible to construct a Bayesian significance test for the existence of covariate-

pathway interactions (in other words, whether βg is “significant” under some criterion)

using posterior credible intervals and a region of practical interest. The variational ap-

proximation for each βg is given by q(βg) ∼ N (mβg , s2
βg). Therefore, if m̂βg and ŝβg are
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the estimates of mβg and sβg respectively after a sufficient number of iterations that we

consider the ELBO to be converged, then we define g to have a significant interaction if

m̂+ kŝ < 0, or

m̂− kŝ > 0
(79)

for some k. In other words, g is significant if the kŝβg posterior interval of βg falls out-

side of zero. In practice, minimising the KL (q ‖ p) divergence typically underestimates

posterior variances [9] so we choose a conservative k = 3.

5.2.4 Inference of convergence points

In PhenoPath we model gene expression evolving along the trajectories separately for

each phenotype (or covariate) considered. Unless the gradient of change along the tra-

jectory is exactly equal for both phenotypes (i.e. β = 0 exactly), the gene expression

will cross at a given point in the trajectory.

Inference of this point would allow us to identify sections of the trajectory not affected

by the covariate and consequently sections of the trajectory that are. This is important

as if the crossover point occurs towards the beginning of the trajectory, it would mean

gene expression is similar at the beginning but diverges as we move along the trajectory.

Similarly, if the crossover points occur towards the end of the trajectory, it would imply

the expression profiles for the two phenotypes are different at the beginning of the

trajectory, but converge as the trajectory progresses. An interpretation of this would

be that the effect on expression from the trajectory slowly dominates over the effect of

phenotypes on the trajectory.
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It is important to note that the latent trajectory values loosely follow a N(0, 1) distri-

bution. This means the ‘middle’ of the trajectory is any value around zero, values of -1

or less could be thought of as the ‘beginning’ while values greater than 1 may be thought

of as the ‘end’. Crucially, we can derive an analytical expression from the PhenoPath

parameters for the crossover point z∗. The condition for the crossover point is that the

predicted expression for each phenotype is identical. Therefore if we have phenotypes +

and − we require

y+g (z
∗
g) = y−g (z

∗
g) (80)

which leads to the condition

αgx+ + (cg + βgx+) z
∗
g = αgx− + (cg + βgx−) z

∗
g (81)

which is in turn solved by z∗g = −
αg
βg
.

5.2.5 Benchmarking through simulations

We first performed a simulation study to demonstrate the value of modelling covariate-

pathway interactions and to show that such effects are missed by standard differential

expression analyses. Specifically, we sought to compare differentially expressed genes

identified by Limma Voom [68], one of the leading RNA-seq differential expression meth-

ods, to the β interactions from PhenoPath. For N = 200 samples we assigned each to

one of two categories given by the x values x = −1, 1, and assigned a pseudotime z

through draws from a standard normal distribution. For each sample n = 1, . . . ,N
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Figure 44: Four gene expression simulation scenarios were used: (1) differential expression only

where the overall expression level for groups -1 and 1 differed but there is no de-

pendence on pseudotime or pathway score, (2) pseudotime regulation only where

the overall marginal distribution of expression values is identical between groups

but expression changes with latent pathway score, (3) pseudotime and covariate

interactions where the trajectory for each group differs over pathway score and (4)

a complex scenario where differential expression and covariate-pseudotime interac-

tions all exist.
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and gene g = 1, . . . ,G we then generated a mean value through the PhenoPath mean

function

µng = αgxn + (λg + βgxn)zn (82)

The gene-specific parameters (αg,λg, βg) were sampled in equal proportions from one

of four classes (figure 44):

1. Differential expression only where αg = 1 or -1 with equal probability and λg =

βg = 0

2. Pseudotime regulation only where λg = 1 or -1 with equal probability and αg =

βg = 0

3. Pseudotime and covariate interactions where λg and βg are set to 1 or -1 with

equal probability and αg = 0

4. Differential expression, pseudotime and covariate interactions where all parame-

ters take on values of -1 or 1 with equal probabilities

Examples of expression from these four simulation regimes can be seen in figure 44.

In order to generate RNA-seq reads we need positive count values. In the spirit of

general linear models, we then used g(x) = 2x as a link function and generated a matrix

of positive means

µ̃ng = 2µng (83)

We subsequently simulated a count matrix cng by sampling for each entry from a

negative binomial distribution with mean µ̃ng and size parameter µ̃ng/3. While this

could be used as input to PhenoPath (suitable log transformed), we sought to make



148 covariate-adjusted latent variable models

Algorithm True positive rate False positive rate False discovery rate
Limma Voom 0.82 0.09 0.18
PhenoPath 0.97 0.02 0.03

Table 3: A comparison of true positive, false positive, and false discovery rates for Limma

Voom detecting differential expression and PhenoPath detecting covariate-pseudotime

interactions on synthetic data.

our simulation as realistic as possible including quantification errors. We subsequently

simulated FASTA files using the Bioconductor package polyester [37] using the first

400 transcripts of the reference transcriptome of the 22nd human chromosome. FASTA

files were then converted to FASTQ files and quantified into TPM and count estimates

using Kallisto [12]. The log2(TPM+ 1) values were then used for input to PhenoPath

while the raw count values were used for input to Limma Voom.

An exploratory PCA analysis of the data reveals a wishbone-like pattern similar to

bifurcations (figure 45A). Given the first principal component of the data is often a good

estimator of a one-dimensional trajectory, we compared PC1 to the true pseudotimes

(figure 45A). This demonstrates that the distinct phenotypic or covariate classes do

confound inference of the trajectory as PC1 has a Spearman correlation of ρ = 0.85

with the true values compared to ρ = 0.97 with inference from our model when the

covariates are explicitly taken into account.

Algorithm(s) n
Both 47
PhenoPath only 16
Limma only 12
Neither 25

Table 4: Number of interactions discovered as significant under the Differential expression,

pseudotime and covariate interactions regime.
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Figure 45: Simulations of RNA-seq data with covariate pseudotime interactions for 200 samples

and 400 genes using the R/Bioconductor package polyester. A A PCA represen-

tation of the data coloured by pseudotime shows a clear splitting of trajectories

between covariate status. B Comparison of the true pseudotime to both PC1 and

PhenoPath pathway score z with correlations of 0.85 and 0.97 respectively.
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Figure 46: A comparison of the effect sizes and number of genes identified as differentially regu-

lated across the four simulation regimes for both Limma Voom (top) and PhenoPath

(bottom).
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We then benchmarked the ability of our model to identify such interactions and

whether they confounded standard differential expression analyses. Our model exhibited

high specificity and sensitivity by classifying only a small number of simulated genes (2%)

as exhibiting interaction effects in cases 1-2 where there are no covariate-pathway inter-

actions but identifies 78% and 63% of genes as exhibiting significant covariate-pathway

interactions in cases 3 and 4 respectively (tables 3 and 4 and figure 46). For comparison,

a standard DE analysis using Limma-Voom identified 47% and 59% of genes as differ-

entially expressed in cases 1 and 4 respectively. In case 2 only 2% of genes are identified

as DE as expected but, in case 3, 22% of genes are identified as DE where Limma-Voom

would not be expected to report any differentially expressed genes.

In our simulation study, Limma Voom “only” detects 47% of the genes simulated

as differentially expressed. Such power to detect differential expression is dependent

on effect sizes and measurement noise, and so such a figure is in no way unreasonable

given the parameters used. While a more comprehensive simulation study could examine

detection rates across entire distributions over effect sizes and measurement noise, we

simply sought to perform a simulation that demonstrated that PhenoPath identifies a

subset of differential expression and that standard differential expression misses some

interactions across a consistent effect size and noise regime.

5.3 applications of conditionally conjugate model

5.3.1 Single-cell RNA-seq

We next examined a time-series single-cell RNA-seq dataset of bone marrow derived

dendritic cells responding to particular stimuli [119]. Cells were exposed to LPS, a com-

ponent of Gram-negative bacteria, and PAM, a synthetic mimic of bacterial lipopeptides,
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Figure 47: Evidence lower bound (ELBO) as a function of CAVI iterations for the Shalek et

al. dataset.

and expression quantification performed at 0, 1, 2, 4 and 6 hours after stimulation. De-

spite the time-series measurement, previous studies have suggested this dataset is more

suited to a “pseudotime” analysis as the cells respond asynchronously and heterogene-

ity exists within the cellular populations at each time point [112]. To-date pseudotime

inference algorithms would typically assume a common trajectory across all experimen-

tal conditions or a pseudotime analysis performed separately for each stimulant. This

might give a loss of statistical power and artefacts introduced by confounding effects.

Using PhenoPath we can encode the stimulant to which the cells were exposed as a

covariate and allow gene expression to evolve along pseudotime differently for either

LPS or PAM exposure. This allows us to learn a single trajectory for all cells regardless

of stimulant applied yet simultaneously infer which genes are differentially regulated in

response. We applied this to the 820 cells exposed to LPS and PAM in the time points

1, 2, 4, and 6 hours after stimulation using the 7,533 genes whose variance in normalised

log-expression exceeded a pre-set threshold (see appendix B.4). PhenoPath was run for

approximately 250 CAVI iterations until convergence of the ELBO (figure 47).

We inferred a covariate-perturbed trajectory using PhenoPath and uncovered a land-

scape of pseudotime-stimulant interactions (figure 48A), unveiling genes whose regula-

tion along pseudotime is modulated by the application of LPS or PAM. The trajectory

inferred largely recapitulated the true time-series measurement (figure 48B, R2 = 0.64),

despite no explicit temporal information being provided to the algorithm, though tran-
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Figure 48: Stimulant-immune interactions in time-series single-cell RNA-sequencing data. A

PhenoPath applied to the Shalek et al. dataset uncovers genes differentially reg-

ulated along pseudotime depending on the stimulant (LPS or PAM) applied. B

PhenoPath infers pseudotimes (z) consistent with the physical capture times. C A

comparison of p-values obtained through a nonparametric statistical test for differen-

tial expression between LPS and PAM stimulation shows no particular relation with

the interaction parameters β inferred with PhenoPath. D A GO enrichment anal-

ysis of the genes upregulated along pseudotime whose upregulation was increased

by LPS stimulation showed enrichment for immune system processes. E Expression

of the four genes with the largest interaction effect sizes along over pseudotime,

stratified by stimulant applied. Strikingly, Tnf is upregulated under PAM exposure

yet downregulated under LPS stimulation.
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Figure 49: Performance of DPT and Monocle 2 on Shalek et al dataset. A Sorted DPT pseudo-

times by index identifies three outlier cells. B Comparison of DPT pseudotimes to

PhenoPath pathway score z. C Comparison of Monocle 2 pseudotimes to PhenoPath

pathway score z.

scriptional heterogeneity at each time point is still evident. We also compared this to two

commonly-used pseudotime algorithms and found that the pseudotimes inferred using

PhenoPath had the best agreement with the capture times (figure 49).

Using PhenoPath we found a large number of stimulant-modulated interactions masked

by standard differential-expression analysis (figure 48C). A GO analysis revealed genes

whose upregulation along the common trajectory was increased by LPS exposure (as

opposed to PAM) were highly enriched for immune response (figure 48D), which re-

capitulates previous results [112, 119] that suggest a “core” module of antiviral genes

upregulated at later timepoints in LPS cells but in an entirely unsupervised, integrated

manner. We finally examined the individual genes most perturbed by LPS or PAM

along the trajectory (figure 48E), which identifies as yet uncharacterised expression pat-

terns associated with LPS and PAM. Most notably, the tumour necrosis factor Tnf had

around twice the interaction effect size of any other gene, and decreases under LPS

stimulation but increases under PAM. Further genes exhibit differential regulation ac-

cording to stimulant, such as Mef2c that has constant expression over pseudotime under

LPS stimulation yet shows downregulation under PAM stimulation. These results com-
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Figure 50: Evidence lower bound (ELBO) as a function of CAVI iterations for the COAD

RNA-seq dataset.

plement previously discovered gene differences such as that of Tnf, but in a systematic,

transcriptome-wide approach.

The Shalek et al. dataset of time-series dendritic cells was previously used in a pseu-

dotime analysis where the capture times were explicitly used as priors on the latent

space [112]. However, in PhenoPath we provide no explicit temporal information, so

sought to perform a brief comparison to two popular pseudotime algorithms, Monocle 2

[108] and DPT [46]. For both methods we provided the same normalised log expression

(see appendix B.4) and ran the algorithms with the default parameters. Performance

of each algorithm was assessed by regressing the inferred pseudotimes on the capture

times using the R function lm and computing the R2. Oddly DPT has several "outlying"

pseudotimes at the beginning of the trajectory (figure 49) that we removed for both

visualisation purposes and to compute a comparable R2. The results gave an R2 of

0.30 and 0.03 with the true capture time for DPT and Monocle 2 respectively, meaning

PhenoPaths R2 = 0.64 is significantly larger, perhaps because it accounts for differing

stimulants applied.
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Figure 51: Immune-microsatellite instability interactions uncovered in colorectal adenocarci-

noma. A PhenoPath applied to colorectal adenocarcinoma (COAD) RNA-seq ex-

pression data uncovers a landscape of interactions between the inferred immune

trajectory and microsatellite instability status (MSI). B Expression of three T reg-

ulatory cell markers demonstrates that our pseudotime corresponds to activation

of immune response pathways. C A comparison to the FDR-corrected q-values re-

ported by Limma Voom demonstrates genes found interacting with MSI status and

the immune pathway are found to be both DE and non-DE in standard analyses.

D A GO enrichment analysis of upregulated genes implies the latent trajectory

encodes immune pathway activation in each tumour. E The tumour suppressor

genes MLH1 and TGFBR2 were identified by our method as being significantly

perturbed along the immune trajectory by MSI status. MLH1 shows no interaction

with immune pathway activation in the MSI-low regime yet is highly correlated

with immune pathway activation in the MSI-high regime.
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5.3.2 Colorectal cancer bulk RNA-seq

We next applied our model to the RNA-seq gene expression data from the TCGA col-

orectal adenocarcinoma (COAD) cohort [96] using microsatellite instability status (MSI)

as a phenotypic covariate. MSI is genetic hypermutability that is present in around 15%

of colorectal tumours and is associated with differential response to chemotherapeu-

tics and marginally improved prognosis [10]. Due to a significant technical effect in the

dataset we removed around half of samples (see appendix B.4), applying PhenoPath to

4,801 highly variable genes across 284 samples to identify a pseudotemporal trajectory

through the tumours. PhenoPath was run for approximately 800 CAVI iterations until

convergence of the ELBO (figure 50).

This analysis uncovered a landscape of 92 pathway-MSI interactions including known

tumour suppressor genes (figure 51A). Patients further advanced along the trajectory

exhibited higher expression of T regulatory cell (Tregs) immune markers (figure 51B)

likely due to increasing T regulatory cell infiltration of the tumour. This led us to hy-

pothesise that the inferred pathway corresponds to immune response activation in the

tumours, further supported by a Gene Ontology (GO) enrichment analysis for genes

upregulated along the trajectory (figure 51C). Tumour-infiltrating Tregs are potent im-

munosuppressive cells of the immune system that promote progression of cancer through

their ability to limit antitumuor immunity and promote angiogenesis and often associ-

ated with a poor clinical outcome [33]. A standard differential expression analysis using

Limma Voom [68] (figure 51D) demonstrates that PhenoPath is required to uncover

such interactions as a gene being differentially expressed does not imply a pathway-MSI

interaction, while such interactions do not require differential expression.

The most striking interaction discovered for this dataset was the MLH1 gene whose

interaction effect size was far larger than any other gene. MLH1 is a DNA mismatch
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Figure 52: Evidence lower bound (ELBO) as a function of CAVI iterations for the BRCA

RNA-seq dataset.

repair gene, germline mutations of which are causal for hereditary non-polyposis col-

orectal cancer [11, 41]. By applying PhenoPath we correctly identified that in patients

with low or absent levels of microsatellite instability there is no relationship between

MLH1 expression and immune pathway interaction, with MLH1 expressed at an ap-

proximately constant level (figure 51E). However, when MSI occurs in a tumour, MLH1

expression is highly correlated with immune response, showing almost no expression

when the immune pathway is inactive and gradually being upregulated with immune

pathway response [89].

5.3.3 Breast cancer bulk RNA-seq

We next performed a pseudotemporal analysis of the TCGA breast cancer cohort using

estrogen receptor (ER) status as a phenotypic covariate. Approximately 60% of breast

cancers are estrogen receptor positive [31], which is typically associated with improved

prognosis and a longer time to recurrence [98]. We applied PhenoPath to 1,135 sam-

ples post-QC and 4,579 highly variable genes. PhenoPath was run for approximately

2000 CAVI iterations until convergence of the ELBO (figure 52). Using our Bayesian

significance testing criterion (section 5.2.3) we found 1,932 genes (42%) affected by an

interaction between the pseudotemporal trajectory and ER receptor status (figure 53A).
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Figure 53: Vascular growth-ER status interactions uncovered by PhenoPath in breast cancer.

A PhenoPath applied to Breast Cancer (BRCA) RNA-seq expression data uncovers

a landscape of interactions between the inferred angiogenesis trajectory and estro-

gen receptor (ER) status. B A comparison to the FDR-corrected q-values reported

by Limma Voom identifies a significant number of DE genes display an interaction

with ER status and the angiogenic pathway. C A GO enrichment analysis of upreg-

ulated genes implies the latent trajectory encodes angiogenesis pathway activation

in each tumour. D Four example genes ESR1, FBP1, and FOXC1 were identified

by PhenoPath as significantly perturbed along the angiogenesis trajectory by ER

status. The vertical dashed line signifies the calculated crossover point, demonstrat-

ing the expression profiles of these genes converge towards the end of the trajectory.

E A histogram of the crossover points of all genes whose trajectory-covariate in-

teractions were significant. The vast majority of crossover points are at the end

of the trajectory (around 0.5, where the “middle” pathway score is 0) implying a

convergence of gene expression as the trajectory progresses.
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Figure 54: Pseudotemporally ordered gene expression trajectories for the TCGA Breast Cancer

data for 12 breast cancer-associated genes.

There was a correlation between the pathway interaction strength and the p-value re-

ported through standard differential expression (figure 53B), though there remained

some genes that exhibited pathway interaction and no differential expression.

A GO enrichment analysis indicated that the inferred pseudotemporal trajectory cor-

responded to vascular growth pathways or angiogenesis (figure 53C) – a well-known and

uncontroversial hallmark of cancer development [34, 139]. We confirmed this finding by

specifically examining the expression of known angiogenesis inducing genes (figure 55).

We found increasing fibroblast growth factor-2 (FGF-2 ) and vascular endothelial growth

factors C and D (VEGF-C/D) expression along the trajectory whose behaviours were

independent of ER status.

We finally sought to examine some genes PhenoPath identified as being most affected

by the interaction between angiogenesis and estrogen receptor status. Importantly, this
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Figure 55: Pseudotemporally ordered gene expression trajectories for the TCGA Breast Cancer

data for six angiogenesis-associated genes.
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Figure 56: FBP1 expression is inversely correlated with Snail in ER- breast cancers but shows

no dependence in ER+ breast cancers.

set included the Estrogen Receptor 1 (ESR1 ) gene as well as the forkhead transcription

factors FOXA1 and FOXC1 which are known to be involved with ERα mediated action

in breast cancer [67, 144] (figures 53D and 54). Figure 53D shows how the ructose-

1,6-biphosphatase (FBP1 ) and FOXC1 genes evolve along the angiogenesis pathway

dependent on ER status. In the ER- regime, FBP1 is upregulated along the trajectory

while in the ER+ regime it is downregulated. Intriguingly, FBP1 has been identified

as a marker to distinguish ER+ from ER- subtypes and its expression has been shown

to be negatively correlated with SNAIL as the Snail-G9a-Dnmt1 complex, is critical for

E-cadherin promoter silencing, and required for the promoter methylation of FBP1 in

basal-like breast cancer (figure 56) [30]. Similarly, FOXC1 shows no regulation in the

ER- regime yet is strongly upregulated in the ER+ case.

We noted that these genes represent a convergence - they have markedly different ex-

pression at the beginning of the trajectory based on ER status yet converge towards the

end. Using our previous formula for the crossover point (section 5.2.4), we found the vast

majority converge towards the end of the trajectory (figure 53E), implying a common



5.3 applications of conditionally conjugate model 163

Figure 57: Expression of 20 genes with the largest interaction effects along the inferred pseu-

dotemporal trajectory coloured by estrogen receptor status with linear fits as solid

lines. The vertical dashed line indicates the crossover point.

end-point in vascular development for both ER+ and ER- cancer subtypes. This effect

can be seen in the example expression plots in figures 53D and 57, where the vertical

dashed line represents the convergence point always at the end of the trajectory. This

suggests that while there exists low levels of angiogenesis pathway activation, ER status

dominates gene expression while as angiogenesis pathway activation increases it comes

to dominate expression patterns over ER status. This finding might have implications

for the application of angiogenesis inhibitors in breast cancer treatment.
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5.4 perturbations by censored survival times

5.4.1 Modified statistical model

We now suppose that xn are not fully observed but represent partially observed survival

times. In particular for each sample we observe the tuple (on, δn), n = 1, . . . ,N where

on is a survival time and δn is the censoring status, where δn = 1 if on is observed and

δn = 0 if on is censored. We also introduce the true survival times tn, n = 1, . . . ,N

where tn = on if δn = 1 and tn > on if δn = 0. In this P = 1 form let α ≡ A:,1 and

β ≡ B:,1 be G-length vectors. The survival-adjusted latent variable model then takes

the form

yn ∼ N (αh(tn) + (λ+ βh(tn))zn, Σ) . (84)

where h(t) is any desirable mapping function such as one that induces a variance-

stabilizing transformation.

If all the survival times tn were uncensored then such a model reduces to the form in

equation 70 and inference can proceed as before. However, in many biomedical settings

the majority of observations are censored, rendering such a problem intractable. We

therefore turn our attention to creating a generative model of the censored true survival

times that makes use of both the observed survival times and censoring times.

A classic choice for modelling survival times is the Weibull distribution parametrised

by θW = (k, p) with probability density function

fWeibull(t; k, p) = pktk−1 exp(−ptk) (85)
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Figure 58: Survival-adjusted latent variable model, with data yn, latent variables zn, survival

times tn, and global parameters θW , β, and λ. The diamond represents the deter-

ministic transform of the parameters to produce the observed data with sampling

noise.

and survival function SWeibull(t; k, p) =
∫∞
t f(t′; k, p)dt′ = exp(−ptk). We can then

write the probability density of the true survival times as

f(tn; on, k, p) =


fWeibull(tn; k, p), if δn = 1

fWeibull(tn;k,p)
SWeibull(on;k,p) , if δn = 0

(86)

where observed survival times are drawn from a Weibull distribution while censored

survival times are drawn from a Weibull distribution truncated below at the censoring

times (i.e. p(tn ≤ on) = 0 if δn = 0).

The overall generative model is represented in figure 58. We place a further Sparse

Bayesian Learning prior αg ∼ N (0, η−1
g ), αg iid∼ Gam(aα, bα) and set aα = bα = aβ =

bβ = 10−2.
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5.4.2 Inference

Our goal is Bayesian inference of the posterior p(z, tcens, A, B,λ, θW |Y, o, tobs, Ψ) where

Ψ is the complete set of fixed hyperparameters. If we have Nobs =
∑N
n=1 δn observed

survival times and Ncens = N −Nobs censored observations, we may reorder t, o, δ,

z and the rows of Y so that the first Nobs entries of δ are 1 and the remaining Ncens

are 0. Then define tcens and ocens as the vector made of the first Ncens entries of t and

o respectively, and define tobs as the vector of the final Nobs entries of t. Then the

posterior factorises in the form

p(z, tcens,α,β,λ, θW ,σ2,χ|Y, o, tobs, Ψ) ∝ p(Y|z, t,α,β,λ,σ2)

×p(tobs|θW )p(tcens|ocens,θW )

×p(α|η)p(β|χ)p(η)p(χ)p(λ)

×p(z)p(θW )p(σ)

(87)

where we have omitted any dependency on hyperparameters.

5.4.2.1 Black-box variational inference

To infer posterior distributions over the entire set of latent variables

Θ = {z, tcens,α,β,λ, θW ,σ2,χ} (88)

we posit a set of approximating distributions q(Θ|Φ) with variational parameters Φ.

Inference then proceeds by finding estimates of Φ by minimising

KL
(
q(Θ|Φ) ‖ p(Y, ocens, tobs, Θ)

)
, (89)
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which is equivalent to maximising the Evidence Lower Bound (ELBO) defined as ELBO(Θ) =

Eq(Θ)

[
p(Θ, Y, ocens, tobs)− q(Θ|Φ))

]
, with respect to the variational parameters Φ for

which we make a fully factorised mean-field approximation q(Θ|Φ) =
∏
i qi(θi|φi). In-

ference of this model was implemented using the probabilistic programming language

Edward [127] that allows for black-box variational inference of non-conditionally-conjugate

models. The approximating distributions have reparameterizations (section 5.4.2.2), al-

lowing us to sample from them via ε ∼ q(ε), θi = gi(ε,φi) where q(ε) is a distribution

independent of the variational parameters and gi is a deterministic transform. This al-

lows us to use the reparametrization trick [60] to compute noisy estimates of the gradient

via

∇ΦELBO(Φ) = Eq(ε)

[
∇Φ

(
log p(g(ε, Φ), Y, ocens, tobs)− log q(g(ε, Φ)|Φ)

)]
(90)

where the expectation is computed via Monte-Carlo sampling.

5.4.2.2 Choice of approximating distributions

For α,β, z, and λ we posit variational approximations of the form q(θi) ∼ N (µi,σ2
i )

which admits reparameterization via ε ∼ N (0, 1), θi = µi + σiε. The variables χ, σ2,

and p are constrained to be positive, so we choose log-normal approximating distribu-

tions which is equivalent to the reparametrization ε ∼ N (0, 1), θi = exp(µi + σiε).

The censored true survival times tcens are bounded from below by the observed sur-

vival times, ie tcens
n > on. However, in practice they are also upper bounded by the

patient’s maximum possible months remaining alive rn. We can estimate rn for each pa-

tient by calculating the time from their date of diagnosis to the maximum possible human
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lifespan, which we take to be 115 years. We subsequently construct a reparametrised

variational approximation with variational parameters (µtn ,σtn):

ε ∼ N (0, 1)

tn = gt(ε|µtn ,σtn) =
on + rne

µtn+σtnε

1 + eµtn+σtnε

(91)

where gt(ε) ∈ [on, rn). Evaluation of q(tn|µtn ,σtn , on, rn) is then made via

q(tn|µtn ,σtn , on, rn) = N (ε|0, 1)
∣∣∣∣∣∂g
−1
t (ε|µtn ,σtn)

∂ε

∣∣∣∣∣ . (92)

The variable k parametrizing the Weibull distribution is constrained to be greater

than zero. It further has an intuitive interpretation: for k < 1 the failure rate decreases

over time, for k = 1 the failure rate is constant, while for k > 1 the survival rate increases

over time. For most biomedical applications it is known the survival rate increases over

time, so we may constrain k > 1. However, k appears in the log-likelihood via ∑n t
k
n,

where tn is both the observed and censored true survival times. Thus in settings where

tn may exceed orders of 102 and k sampled from a log-normal distribution, tkn leads

to highly unstable estimates of the log-likelihood and can easily overflow the machine

precision. Thus we constrain k to be on the interval [a, b) via the same reparametrization

as in equation 91 and set a = 1 and b = 3.

5.4.3 Application to breast cancer bulk RNA-seq

We applied our model to RNA sequencing data and survival times from breast cancer

samples in the Cancer Genome Atlas [123, 137]. This resource includes 1137 patients

of which 180 (16%) have recorded survival times and the remaining 957 have censored

survival times. Gene expression estimates from RNA sequencing counts have been shown
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Figure 59: Imputation of survival times. Weibull plots of (a) observed and (b) imputed sur-

vival times tn, where F̂ is the empirical cumulative distribution function for the

MAP estimates of k and λ = p−k. If the survival times were truly drawn from the

fitted Weibull distribution the points would fall along the diagonal y = x (dashed

line). (c) Histograms of the observed and imputed survival times tn along with the

unnormalised Weibull density (dashed line) at the MAP estimates of θW shown by

the dashed line. (d) Deviations of the imputed survival times tcens
n compared to

their censoring times ocens
n as a function of censoring times. Error bars show the

posterior 2σ interval.

to follow a log-normal distribution [68, 103], so our input data consisted of transforming

the raw transcripts-per-million x via x̃ = log(x+ 1). The survival times (both observed

and censored) followed a highly right-skewed distribution so we chose h(t) = log(t+ 1)

as a variance-stabilising transformation.

5.4.3.1 Imputation of survival times

We sought to assess the suitability of the Weibull distribution for modelling survival

times compared to nonparametric alternatives such as Cox proportional hazards model

using a Weibull plot. Here, if the survival times are truly drawn from the Weibull distri-

bution then the graph of log(− log(1− F̂ (t))) against k log(t)− k log(λ) will fall along

the diagonal y = x, where F̂ is the empirical distribution function and λ = p−k.

Weibull plots for both tobs and tcens are shown in figures 59 (a) and (b) respectively

for the MAP estimates of k and p. The data fit the Weibull distribution well falling close

to the dashed diagonal y = x line, except in the case of the imputed survival times for

low tn where we see deviations. An further alternative representation is shown by the
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histogram in figure 59(c).We also examined the MAP estimates of the imputed survival

times tcens
n compared to the censoring times ocens

n as seen in figure 59(d). The imputed

tcens
n typically lie close to the observed ocens

n , which is expected given the log-normal

approximating distribution q(tn) constrained below at on.

5.4.3.2 Patient trajectory interactions

We first compared our inferred latent variables zn to the first principal component of

the data. Setting αg = βg = 0 ∀g (which is encouraged by the ARD prior) will recover

a rank-one factor analysis in the model, which in the limit of isotropic measurement

variance reduces to (probabilistic) principal component analysis (PCA). Therefore, such

a comparison serves to qualitatively identify the effect to which the covariates perturb

the trajectory.

The comparison can be seen in figure 60(a) coloured by the logarithm of the true

survival time. We can visually identify that for longest survival times the latent trajec-

tory largely follows that of principal component analysis, while for short survival times

it deviates substantially. In case such a result was driven by a few outlying samples

we removed the patients whose event times (survival or censoring) were less than 1

(38/1137) and repeated the analysis, finding good correlation between the values of β

(ρpearson = 0.96).

We subsequently performed a gene ontology (GO) enrichment analysis to identify the

biological characteristics of the inferred trajectory. Many genes in the human genome

are annotated with ontologies that describe biological processes the genes are involved

in. We can therefore perform statistical tests [143] that identify which ontologies are

over-represented in a given set compared to a background population alone. Performing

such a test on genes whose Pearson correlation of expression with the inferred trajectory

exceeded 0.5 identified processes related to vascular growth, also known as angiogenesis.
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Figure 60: Results on breast cancer gene expression data. (a) Comparison of the inferred latent

variables zn to the first principal component of the data. Different trajectories are

visible for long survival times (which largely mimics PC1) to short survival times,

which departs from PC1 on a separate trajectory. (b) A plot of MAP χ−1
g versus βg

identifies significant interactions between the inferred latent variables and survival

times. (c) A hierarchical clustering of expression of genes designated significant from

(b) reveals two main classes of expression programme over along zn, segregating into

those involved in signal transduction and cell cycle dependent genes. (d) LOESS fits

of mean standardized expression of each gene type from (c) stratified into patients

in the lowest quantile of survival times compared to the highest quantile of survival

times.
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Therefore, the trajectory zn loosely corresponds to a continuous score of angiogenesis

pathway activation in each of the breast cancer tumours.

Figure 60(b) shows the posterior estimates of χ−1
g against the posterior estimates

of βg coloured by whether the interaction is identified as significant. A total of 2,371

genes (42% of those included) exhibited a significant interaction between the inferred

angiogenesis trajectory and the survival times of the patients. Many of the genes with

the largest β effect sizes are previously implicated in cancer progression: SDPR acts as a

metastasis suppressor [97], PRMT1 promotes mitosis in cancer cells [28] and modulates

the epithelial-mesenchymal transition and cellular senescence in breast cancer cells [38],

while TOP2A is a predictive marker of chemotherapy efficacy [135].

We next performed hierarchical clustering on the expression profiles of the 2,371 genes

that showed significant interactions between angiogensis and survival time, as shown in

figure 60(c). This identified two main classes of genes whose expression programmes fol-

lowed correlated expression patterns. A further GO analysis individually on each gene

set revealed their biological relevance. The first contains genes involved in signal trans-

duction - the cell to cell communication through the transmission of signalling molecules

- dysregulation of which is a major cause of cancer progression [118]. The second set con-

tains genes associated with cell cycle - the sequence of events leading to cell division

that leads to cancerous growth when uncontrolled. We subsequently formed smoothed

expression profiles of each gene set along the vascular growth trajectory, stratified by

those patients in the lowest quantile of survival times and those in the highest (figure

60(d)). For patients with the shortest survival times the signal transduction pathway

exhibits near constant expression for low zn before gradual upregulation, while for the

longest survival times the gene set is expressed at later zn but experiences quicker up-

regulation. Similarly, for the cell cycle genes patients with the shortest survival times
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experience transient expression across zn with slow downregulation, while patients with

the longest survival times experience quick downregulation along zn.

5.5 covariate-adjusted gaussian process latent variable mod-

els

5.5.1 Marginalising over the mapping

One limitation of our proposed covariate-adjusted latent variable models is their linear

nature, making inferred latent variables similar to those from factor analysis. We there-

fore propose a nonlinear, nonparametric extension similar to Gaussian Process Latent

Variable Models [70] that were previously discussed in section 1.3.5.

We wish to marginalise over the mapping {α,β,λ} with priors αg ∼ N (0,σ2
α,g),

βg ∼ N (0,σ2
β,g), λg ∼ N (0,σ2

λ,g). This leads to a multivariate normal likelihood for

each yg (where yg is the gth column vector of Y) given by

yg|· ∼ N
(
0,σ2

α,gxxT + σ2
λ,gzzT + σ2

β,g(x� z)(x� z)T + σ2
gIN

)
(93)

where � denotes element-wise multiplication ([x � y]i = xiyi), IN is the N × N

identity matrix and σg is the residual (measurement) variance not explained by the

model.

The trick to derive a Gaussian Process Latent Variable-like model from here is two-fold.

Firstly, Lawrence (2005) [70] noted that entries in the low-rank covariance structure xxT

loosely represent “similarity” between samples and can thus be replaced by any kernel

K(x,x′). Secondly, the sum of kernels is also a valid kernel so if K1(x,x′) and K2(x,x′)

are two kernels then αK1(x,x′) + βK1(x,x′) also represents a valid kernel for some
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Figure 61: Draws from a CGPLVM prior with λ = 0.5, γ = ν = η = δ = 0.2 and ξ ∈

{0, 0.1, 0.5, 1}. For small ξ an identical trajectory is taken regardless of x but as ξ

increases differing trajectories become apparent.

scalars α, β > 0. We therefore introduce the concept of Covariate-adjusted Gaussian

Process Latent Variable Models (CGPLVMs) that have kernels of the form

K
(
{x, z}, {x′, z′}

)
∝ K(x, x′) +K(z, z′) +K(x� z, x′ � z′) (94)

for some choice of kernel functionK such as the squared exponential kernel kSQE(x,x′) =

σ2
f exp

(
− 1

2l2 (x− x
′)2
)
. In this case the kernel for the gth output dimension (typically

genes in a biological context) is given by

Kg(x, z;x′, z′) = δg exp(−ηg(x− x′)2) + νg exp(−γg(z − z′)2)

+ ξg exp(−λg(xz − x′z′)2)

(95)
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Figure 62: Synthetic data used to test CGPLVM for N = 50 samples and G = 10 features,

with kernel parameters η = 0.2, γν = δ = ξ = 1, and σ2 = 0.01. The first 5 features

had λ = 0.2 and the final 5 had λ = 0.

where {δ,η,ν,γ, ξ,λ} are the complete set of kernel parameters. Example draws

from the GP priors of such kernels can be seen in figure 61.

Note that the interactions between the latent variables and the covariates appear

linearly (through the element-wise multiplication) because this was the formulation in

the original model. These interactions may therefore be made nonlinear by replacing

the third term in the covariance of equation 94 with K(f(x, z), f(x′, z′)) where f is any

function that obeys [f(x, z)]i = f(xi, zi) (i.e. f acts element-wise along the vectors z

and x.)

5.5.2 Black-box inference

As a small proof-of-concept we created a synthetic dataset (figure 62) forN = 50 samples

andG = 10 features, with z drawn from Unif(-1, 1) and the covariates sampled randomly

from {−1,−0.5, 0, 0.5, 1}. The kernel parameters were fixed to η = 0.2, γ = ν = δ = ξ =

1, and σ2 = 0.01. The first 5 features had λ = 0.2 and the final 5 had λ = 0 so that half

the features exhibited covariate-latent variable interactions. The model was implemented
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Figure 63: Black-box inference for CGPLVM on synthetic data. A Comparison of posterior

mean inferred z from CGPLVM vs. true z. B Same comparison with first principal

component of the data. C Traceplot of the posterior log-likelihood suggests good

convergence of the model. D Posterior boxplot of λ identifies interactions for the

odd-numbered features.

in the probabilistic programming language Stan with hierarchical priors λg ∼ χ2(1),

zn ∼ N (0, 1) and 1/σ2 ∼ Gamma(0.1, 0.1). Stan was run for 4000 iterations (2000

burn-in) with the latent variables initialised to the first principal component of the

data.

The results can be seen in figure 63. Figure 63A compares the true latent variable

values z to those inferred by the model, demonstrating high correlation (with the excep-

tion of two points). Figure 63B compares the first principal component of the data to

the true values, showing obvious correlation but also confounding due to x. An initial

analysis suggests the HMC algorithm has converged (figure 63C) due to good mixing

of the log-posterior. Also of interest was the ability of the model to detect interactions
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between x and z in the Gaussian Process model. To do this we an examine boxplots

of the posterior of λ. Figure 63D demonstrates that the first 5 features (that were de-

signed with interactions in the synthetic data) have higher posterior mean values than

the second five, demonstrating such models are able to detect interactions.

5.6 discussion

One weakness of our CAVI implementation of PhenoPath is the requirement of a full

sweep through the data for every iteration (and indeed for every local parameter). While

in practice it is unlikely for the number of features to increase2 the reducing cost of

genomics means the number of samples - particularly in the single cell case - could

easily exceed one million. In order to make this scalable, CAVI can be replaced with

stochastic variational inference (SVI) [54] where the data is subsampled at each iteration.

Given the conditionally conjugate nature of the model it is relatively easy to derive an

SVI algorithm from CAVI.

A further issue is that the number of interaction parameters grows as PG for P co-

variates and G featues. Given G is typically O(103), the introduction of many covariates

leads to large model complexity and potentially cumbersome inference. Under the as-

sumption that the covariates P are in some way correlated, we may reduce the number

of parameters in the model by introducing an intermediate factor analysis step with an

additional R× P matrix ξ for R� P where the interaction term involved in the mean

becomes

yng ∝
P∑
p=1

R∑
r=1

βrgξrpxnp (96)

2 The transciptome is naturally fixed at around 20,000 genes, of which typically 5,000 to 10,000 will
exhibit “interesting” behaviour in a dataset, typically defined as being high-variance.
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reducing the number of interaction parameters to R(G+ P ).

There are several issues with and extensions of the covariate-adjusted Gaussian Pro-

cess Latent Variable Model. When we performed inference we assumed the kernel hyper-

parameters were fixed and known, which is an unlikely assumption in practice (though

often made). As discussed in chapter 2, GPLVM is often too flexible without strong pri-

ors on the kernel parameters. This issue persists in CGPLVM, where the introduction

of additional kernel parameters and scale dependent interaction parameters will worsen

the non-identifiability. A further issue is the O(N3) inversion of the covariance matrix

required in order to evaluate the likelihood to perform inference. More scalable inference

may be performed by combining SVI with inducing points [126].



6
CONCLUS ION

In this thesis we have considered inferring “trajectories” through gene expression space

as a statistical latent variable problem. Such an approach is feasible when the data is

gene expression from single-cells that undergo a physical time process where it is diffi-

cult to truly measure time and population-level cancer studies where such trajectories

correspond to the activation of biological pathways.

As such quantities are estimated from noisy biological data it is important that a

full probabilistic treatment taking uncertainty into account is considered as this has a

large impact on downstream differential expression testing. We further demonstrated

that contrary to existing approaches, which typically employ dimensionality reduction

and cell ordering steps, it is possible to learn pseudotimes from a small set of marker

genes using a simple parametric model. In such settings if the genes exhibit “switch-like”

changes in expression over pseudotime then encoding this information as informative

Bayesian priors typically improves inference.

We further considered the case of bifurcations in single-cell data, where cells proceed

along some developmental trajectory before undergoing a fate decision that leads to

two or more possible outcomes. All existing approaches to date treat this as a two step

procedure that first learn a pseudotime for each cell then identify branching post-hoc

assuming the pseudotimes are fixed. This has obvious issues in terms of treating the

pseudotimes as fixed quantities and assumes the major source of variation comes from

the pseudotemporal progress rather than the branch structure. We proposed that a

Bayesian mixture of factor analysers is a solution to jointly generatively model both the

trajectory and bifurcation event. By imposing a unique hierarchical structure between

179
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the loading matrices of each mixture we were able to automatically identify genes that

bifurcated, though this was limited to an extent by the linear assumptions of the model.

Finally we considered the case where such trajectories exist against a heterogeneous

genetic or environmental background. We proposed a novel type of latent variable model

that allows the behaviour of features to vary along the trajectory differently depending

on some externally measured quantity, such as mutational burden or stimulant exposure.

We further applied this to population wide cancer gene expression data, demonstrating

that such “trajectories” correspond to biological pathway activation and identified inter-

actions between such pathways and externally measured covariates. A fast variational

inference algorithm was derived in order to infer such trajectories and interactions for

thousands of genes and samples relatively quickly. We further proposed an extension

for the case that the externally measured covariate is a possibly-censored survival time.

Finally, we derived a non-parametric extension termed a covariate-adjusted Gaussian

process latent variable model and demonstrated its utility on some synthetic data.

There are several ideas to be considered that form extensions to this work and the

basis for new research. A major theme in our discussions so far and indeed among the

current single-cell community is scaling up inference. This is particularly pertinent as

new technologies such as Drop-seq and 10x genomics scale up sequencing to hundreds

of thousands and millions of cells1.

A major advantage of phrasing the pseudotime estimation problem as a (Bayesian)

statistical latent variable one is that once we have written down a model we can “borrow”

scalable inference procedures from elsewhere in the field. This is in contrast to what

you could term the more algorithmic approach to pseudotime inference - that often

relies on some tree or graph-building procedure - where a hand-crafted computational

considerations are required for each algorithm and modification.

1 Gone are the early-PhD days of emailing yourself a single-cell dataset and pretending to everyone else
that you work on “Big Data”.
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An obvious future direction for such research is to construct Bayesian models that use

(black-box) variational inference2 and stochastic variational inference (SVI). The major

advantage behind SVI is that it can subsample observations typically in batches in order

to climb noisy estimates of the ELBO, meaning it scales well as we vastly increase the

number of cells in our datasets. An interesting observation is that statistical modelling

of gene expression has typically been a P � N problem, as we have P ≈ 20, 000 genes

but N ∼ O(10) samples. However, as the single-cell library preparation technology

improved, we now face the opposite situation: P will always be fixed3 at ≈ 20, 000,

while N is unbounded in practice.

The scalability issue becomes worse if we work with Gaussian processes, where just

evaluating the likelihood requires an expensive O(N3) matrix inversion. A promising

future direction in the field would then look at scalable inference for GPs in single-cell

transcriptomics using techniques such as inducing points.

A prominent theme running through chapters 2 to 4 is the idea of a priori smoothness

assumptions and model flexibility. Several methods have been proposed to overcome

this, such as strong priors on the kernel parameters or priors in the latent space centred

around physical capture times. On the other hand, we have shown that it’s possible

to learn such trajectories by making strongly parametric assumptions about how gene

expression is regulated over pseudotime that require no tuning but are limited in the gene

behaviour the can model (under this framework we cannot model transient expression).

Therefore, there is a natural trade-off between model expressivity and practicality /

accuracy. This opens several exciting research avenues: for example, is it possible to

constrain the parameters of a GPLVM in terms of the expected number of fluctuations

2 To quote David Blei, “Variational inference is that thing you implement while waiting for your Gibbs
sampler to converge.”

3 Alternatively if you look at expression of individual transcripts rather than genes then P ≈ 170, 000
but as before this is fundamentally fixed.
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over pseudotime? Can we impose additional structural constraints on GPLVMs through

kernel design such as enforcing monotonicity or other interpretable gene behaviour?

A more theoretical avenue to be explored is the connection between existing “algorith-

mic” approaches (dimensionality reduction followed by MST fitting) to latent variable

approaches such as nonlinear factor analysis and GPLVM. MST based approaches such

as Monocle and TSCAN find the longest single path through the MST in the reduced

space. Intuitively, this should be very similar to the first principal component of the

data4 as we find a one dimensional path through a maximal number of data points

that is similar to finding a one dimensional projection that maximises the variance in

the reduced space. Indeed, if the initial dimensionality reduction is linear (as is often a

case), then the only nonlinearity induced will be by the longest path through the MST

curving back on itself, which is very rare. Therefore we can conclude that ordering cells

using MSTs in linear dimensionality reduction spaces will be very similar to principal

component analysis.

A future research area related to single-cell trajectories that has the potential to

become popular is unsupervised multiview learning. As it becomes feasible to make

multiple “omic” measurements alongside expression from a single-cell at once - such

as epigenetic modifications and DNA sequence - we should in theory be able to learn

pseudotimes from the different data sources simultaneously and improve inference as

a result. Such models would include a common underlying pseudotime zn for each cell

but could model a different likelihood Ld(Xd|z,θd) for each d = 1, . . . ,D data source.

The challenge here is showing what you might gain from modelling more than one data

source simultaneously as ultimately if they follow a common trajectory the sources are

likely to be heavily correlated.

Finally, there is a paradox that runs through the entire single-cell pseudotime field.

It is impossible to truly benchmark such algorithms because current technology can-

4 Indeed the output of many pseudotime algorithms is extremely similar to PC1.
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not track a single-cell over time while performing transcriptome-wide gene expression

quantification. This has led researchers to use a variety of heuristics such as smoothness

criteria or consistency with capture times5 to compare their algorithms to others. How-

ever, the moment we develop transcriptome-wide time series expression measurement

technology pseudotime will no longer be required as we will have something infinitely

better - real time. In other words, as soon as we are able to correctly benchmark and

compare such algorithms we have rendered them obsolete.

5 Though this is dubious since the whole point behind pseudotime algorithms is that the cells progress
asynchronously meaning capture times do not reflect true biological progress.
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a.1 maximum likelihood model fitting

We begin with a N × G expression matrix Y for G genes and N cells with column

vector yg, g ∈ 1, . . . ,G, that is non-negative and represents gene expression in a form

comparable to log(TPM+ 1). If the sigmoid function is defined as

f(tn;µ(0)g , kg, t(0)g ) =
2µ(0)g

1 + exp
(
−kg(tn − t

(0)
g )

) (97)

then the likelihood of the data given the parameters is

L(yg, t;µ(0)g , kg, t(0)g ) =
N∏
n=1
N
(
yng|f(tn;µ(0)g , kg, t(0)g ),σ2

g

)
(98)

We infer maximum likelihood estimates of the parameters using L-BFGS-B optimisa-

tion [16] using the R function optim. This allows fast inference by passing analytical gra-

dients as well as handling constraints on bounded variables. All parameters are defined

on R except for µ0 and σ2 which are optimised on R+. The parameters are initialised

as follows: µ0 is set to 1
N

∑
n yn, t0 = mediann [tn], σ2 = Varn[yn]. We initialise k by

using the gradient of the regression of y off t to ensure the sign is correct.

We next need to compute the gradients for all parameters. If we consider the function

(dropping g subscripts)

f(tn; k,µ0, t0) =
2µ0

1 + exp
(
−k(tn − t(0))

) (99)
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(which we may write succinctly as f(tn; Θ) where Θ = {µ0, k, t(0)}) then the partial

derivatives are given by

∂f

∂µ0
=

2
1 + exp

(
−k(tn − t(0))

)
∂f

∂k
=
f(tn; Θ)(tn − t(0))

1 + ek(tn−t
(0))

∂f

∂t(0)
=
−kf(tn; Θ)

1 + ek(tn−t
(0))

(100)

To find the maximum likelihood estimate of Θ ≡ (µ0, k, t(0)) we wish to minimise the

negative log-likelihood, given by

L = − logL(y, t; Θ) = −
N∑
n=1

logN
(
yn|f(tn; Θ),σ2

)

= −
∑
n

[
log 1√

2πσ2
− 1

2σ2 (yn − f(tn; Θ))
2
]

= N log
√

2πσ2 +
1

2σ2
∑
n
(yn − f(tn; Θ))

2

(101)

Then to compute the gradient of L with respect to a given parameter θ ∈ Θ it follows

that

dL
dθ

=
1

2σ2
∑
n

[
−2 (yn − f(tn; Θ))

∂f(tn; Θ)

∂θ

]
(102)

Note that this is general to any iid Gaussian measurements with a parametric mean

function.

Further, since we have

L ∝ N

2 log σ2 +
1

2σ2
∑
n
(yn − f(tn; Θ))

2 (103)
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it follows that

dL
dσ2 =

N

2σ2 −
1

2σ4
∑
n
(yn − f(tn; Θ))

2 . (104)

a.2 expectation-maximisation for zero inflation

Single-cell RNA-seq data is known to exhibit an over-representation of zeros known as

“dropouts”. To account for this we propose a model that incorporates dropouts in a

similar style to [102]. Our model becomes

µ(tn, θ) = 2µ0

1 + exp
(
−k(tn − t(0))

)
xn ∼ N (µ(tn, θ),σ2)

hn|xn ∼ Bernoulli(exp(−λx2
n))

yn =


xn, if hn = 0

0, if hn = 1

(105)

Where we have replaced f → µ to avoid cluttering notation later. We essentially intro-

duce a latent variable xn for each gene expression measurement but must now perform

inference using the Expectation-Maximisation (EM) algorithm due to the intractability

of directly maximising the log-likelihood. The secondary latent variable hn is a binary

indicator for whether the expression measurement in cell c is dropout or not. In the

following we derive the EM algorithm which follows a similar derivation to [102] but

with some differences, so it is provided in full below.
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In the following let Θ = {µ0, k, t(0),σ2} and consider the complete-data likelihood:

p(y, x, h, Θ) =
∏
n
p(yn,xn,hn, Θ),

=
∏
n
p(yn|xn,hn)p(hn|xn, Θ)p(xn|Θ),

p(yn,xn,hn, Θ) =


(1− e−λx2

n)p(yn|xn,hn = 0)p(xn|Θ), h = 0,

e−λx
2
np(yn|xn,hn = 1)p(xn|Θ), h = 1.

(106)

We then use the same trick as [102]: if yn = 0 then we know necessarily that hn = 1

as hn = 0 with zero probability. Similarly, if yn > 0 then we observe xn = yn and know

that hn = 0. We therefore split the product up into terms involving yn = 0 and those

involving yn > 0, and now consider the log of the complete data likelihood with the

shorthand notation µn ≡ µ(tn, θ):

L(y, x, h, Θ) =
∑

c:yn=0

[
logN (xn|µn,σ2)− λx2

n

]
+

∑
c:yn>0

[
logN (yn|µn,σ2) + log(1− e−λy

2
n)
]

=
−N

2 log(2πσ2) +
∑

c:yn=0

[
(xn − µn)2

2σ2 − λx2
n

]

+
∑

c:yn>0

[
(yn − µn)2

2σ2 + log(1− e−λy
2
n)

]

=
−N

2 log(2πσ2) +
∑

c:yn=0

[
−( 1

2σ2 + λ)x2
n +

µn
σ2 xn −

µ2
n

2σ2

]

+
∑

c:yn>0

[
(yn − µn)2

2σ2 + log(1− e−λy
2
n)

]
(107)

In order to perform EM we need to calculate the expected value of this log likelihood,

conditional on the data y and a previous estimate Θ(t):

Q(Θ|Θ(t)) = Ex|y,Θ(t) [L(y, x, h, Θ)] (108)
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In order to calculate this it is obvious from equation 107 we must calculate Ex|y,Θ(t) [xn]

and Ex|y,Θ(t) [x2
n]. Notice we only care about c : yn = 0 since for c : yn > 0 we know xn ex-

actly. Note that in all the following all the parameters are assumed fixed at the previous

iteration, e.g. µn ≡ µ
(t)
n . If we consider a conditional density of the form

f(x|y, Θ(t)) =
∏
n
f(xn|yn, Θ(t)) (109)

then

f(xn|yn, Θ(t)) =
f(yn|xn, Θ(t))f(xn|Θ(t))∫
dxnf(yn|xn, Θ(t))f(xn|Θ(t))

=
e−λx

2
nN (xn|µn,σ2)∫

dxne−λx
2
nN (xn|µn,σ2)

(110)

Some algebra later and we arrive at

f(xn|yn, Θ(t)) = N
(
xn|α(tn, Θ(t)), β(Θ(t))

)
(111)

where

α(tn, Θ(t)) =
µn

2σ2λ+ 1

β(tn) =
σ2

2σ2λ+ 1

(112)

and so

Ex|y,Θ(t) [xn] = α(tn, Θ(t))

Ex|y,Θ(t) [x
2
n] = α(tn, Θ(t))2 + β(Θ(t)).

(113)
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We need to maximise

Q(Θ|Θ(t)) =
−N

2 log(2πσ2)

+
∑

c:yn=0

[
−( 1

2σ2 + λ)Ex|y,Θ(t) [x
2
n] +

µn
σ2 Ex|y,Θ(t) [xn]−

µ2
n

2σ2

]

+
∑

c:yn>0

[
(yn − µn)2

2σ2 + log(1− e−λy
2
n)

] (114)

with respect to θ = {µ0, k, t0}, σ2 and λ, recalling µn ≡ µn(θ, tn). We wish to use

gradient-based optimisation and so require the gradients. Note that

dQ

dθ
=
∑
n

∂Q

∂µn

dµn
dθ

=
1
σ2

 ∑
c:yn=0

(
Ex|y,Θ(t) [xn]− µn

) dµn
dθ

+
∑

c:yn>0
(yn − µn)

dµn
dθ

 (115)

where the derivatives dµn
dθ are the same as those given in equation 100. Finally we

require the partial derivatives with respect to λ and σ2 which are given by

dQ

dλ
= −

∑
c:yn=0

Ex|y,Θ(t) [xn] +
∑

c:yn>0

y2
ne
−λy2

n

1− e−λy2
n

(116)

and

dQ

dσ2 =
−N
2σ2 +

1
2σ4

 ∑
c:yn=0

(
Ex|y,Θ(t) [x

2
n]− 2µnEx|y,Θ(t) [xn] + µ2

n

)
+

∑
c:yn>0

(yn − µn)2


(117)

Note that σ2 has an analytical maximum by setting dQ
dσ2 = 0, but since this depends

on θ and vice versa we instead numerically optimise all simultaneously.
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DATA ANALYS I S

b.1 chapter 2

All analyses are available either as Rmarkdown notebooks or as R scripts at http://

github.com/kieranrcampbell/pseudogp-paper/

b.1.1 Trapnell et al.

The data was imported from the HSMMSingleCell package1 and log10 of the FPKM

values with a pseudo-count of 1. Then, using genes with a transformed expression greater

than 0.3 a generalized linear model was fit with CV2 ∼ a10−kµ where CV2 is the square

of the coefficient of variation and µ is the mean for a particular gene. Genes whose

measured coefficient of variation was greater than four times that predicted by the

model were then used for dimensionality reduction, with the reasoning that those that

vary greatest will contribute most to pseudotemporal processes.

The Laplacian Eigenmaps embedding was then found using the R package embeddr2 us-

ing the default parameters. The Trapnell dataset contains a differentiation trajectory of

differentiating myoblasts as well as contaminating interstitial mesenchymal cells. These

mesenchymal cells were discovered using Gaussian Mixture Model clustering in the re-

duced space (using k = 3 components) and subseqently removed. A further four cells

were removed as outliers on the manifold. This reduced the original 271 cell dataset to

155 cells. The PCA and t-SNE representations were found using the R package scater3

1 http://bioconductor.org/packages/release/data/experiment/html/HSMMSingleCell.html
2 http://github.com/kieranrcampbell/embeddr/
3 http://github.com/davismcc/scater
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using the default gene set (the 500 most variable genes) and the reduced set of 155 cells

as discovered above. For the t-SNE representation a perplexity of 3 was used.

The Bayesian GPLVM pseudotime trajectory was fitted on the Laplacian Eigenmaps

embedding using the R package pseudogp4 using the default MCMC parameters and

smoothing hyperparameters γα = 30, γβ = 5 which were chosen empirically based on

the quality of the fit.

b.1.2 Burns et al.

The data were downloaded from the Gene Expression Omnibus accession number 71982

(http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE71982) as the pre-processed

TPM count matrix. The transformation applied to the TPM counts was performed identi-

cally to the original paper: genes with TPM expression less than 1 are set to 0 while those

with TPM expression greater than 1 are set to log2 of that expression level. The original

publication focussed pseudotime analyses on Utrichular cells rather than Cochlear ones.

Using “Ute_P1” in the column names of the cells in the data as designating Utrichular

cells, we took only those forward for analysis.

Then a PCA plot (similar to the original paper) was constructed once more using

scater. The original publication states the “top” 195 genes were used for PCA analysis

and we emailed the corresponding author asking the definition of “top”, but received no

reply so assumed it refers to “most variable”. Using this definition we found a similarly-

shaped PCA plot to that in the publication. The pseudotime trajectory identified in the

paper involves only a subset of cells that represent a supporting cell to hair cell transition.

We identified these cells in the PCA by plotting the intensity of the fluorescent markers

4 http://kieranrcampbell.github.com/pseudogp

http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE71982
http://kieranrcampbell.github.com/pseudogp


B.1 chapter 2 193

measured as well as three marker genes (LFNG, CDH4 and SOX2 ) and computationally

isolated these using k-means clustering.

The Laplacian Eigenmaps embedding of just the trajectory cells was found using the

embeddr R package with 35 nearest-neighbours and the entire gene-set. Two cells were

removed from the analysis as outliers. A principal curve5 was fitted and the behaviour

of several marker genes observed to be identical to that shown in the original publica-

tion, implying we had recovered the same cell ordering. For the PCA representation of

the differentiation the scater defaults were used but with scale_features = FALSE.

For the t-SNE representation, a range of perplexities were examined to find one that

most gave a trajectory like structure in the reduced embedding. A perplexity of 2 was

subsequently chosen, with all other parameters those of the defaults in scater except

scale_features = FALSE.

The GPLVM was fitted on the Laplacian Eigenmaps embedding using pseudogp. The

curve was initialised from a principal curve and smoothing hyperparameters γα = 20,

γβ = 2 were used.

b.1.3 Shin et al.

The data were downloaded as supplementary data from http://www.cell.com/cms/

attachment/2038326541/2052521610/mmc7.xlsx. This included the Waterfall pseu-

dotime assignment, allowing us to compare as a sanity check. The PCA representation

was found using the top 195 most variable genes and scale_features = FALSE in the

scater package. The shape closely resembled that from the original publication and

colouring by the pseudotime assigned by Waterfall clearly showed this was the case.

The t-SNE representation was found again using scater with 195 most variable genes,

5 Which can be thought of as representing the MAP of a 1D GPLVM

http://www.cell.com/cms/attachment/2038326541/2052521610/mmc7.xlsx
http://www.cell.com/cms/attachment/2038326541/2052521610/mmc7.xlsx


194 data analysis

scale_features = FALSE and a perplexity of 3. The Laplacian Eigenmaps embedding

was found with embeddr, again using the top 195 most variable genes, a euclidean dis-

tance metric and 30 nearest neighbours.

The GPLVM was fitted on the PCA embedding (as in original publication) using

pseudogp. The MCMC chain was initialised from the first component of the PCA of the

representation and smoothing hyperparameters of γα = 8, γβ = 2.

b.2 chapter 3

b.2.1 Trapnell et al.

Data were retrieved as described in section B.1.1. The genes CDK1, ID1, MYOG,

MEF2C, and MYH3 were used as “marker genes” as identified in the original publi-

cation. The prior means of activation were given by the direction of regulation from the

original publication via µ(k) = [−10,−10, 10, 10, 10].

b.2.2 Shin et al.

Data were retreived as described in section B.1.3. The genes Sox11, Eomes, Stmn1, Apoe,

Aldoc, and Gfap were used as “marker genes” as identified in the original publication.

The prior means of activation were given by the direction of regulation from the original

publication via µ(k) = [10, 10, 10,−10,−10,−10].



B.3 chapter 4 195

b.2.3 Zhou et al.

FPKM values were downloaded from the gene expression ombnibus entry GSE67120.

Cells belonging to the original publication’s clusters Adult_HSC and E11.0_T1CD201neg

were removed. The genes Nrp1, Hey1, Efnb2, Ephb4, Nrp2, and Nr2f2 were chosen

as “marker genes” according to the original publication. As all marker genes should be

downregulated, the prior mean vector was set to µ(k) = [−10,−10,−10,−10,−10,−10].

b.3 chapter 4

b.3.1 Paul et al.

Data from [99] were downloaded as post-processed from the analysis from [117] from

http://www.c2b2.columbia.edu/danapeerlab/html/wishbone-data.html. Genes ex-

pressed in at least 20% of cells were retained. For inference with MFA, genes whose

variance exceeds 5 were used.

b.3.2 Bendall et al.

Data from [7] were downloaded as post-processed from the analysis from [117] from http:

//www.c2b2.columbia.edu/danapeerlab/html/wishbone-data.html. The entire panel

of 12 marker genes were used.

http://www.c2b2.columbia.edu/danapeerlab/html/wishbone-data.html
http://www.c2b2.columbia.edu/danapeerlab/html/wishbone-data.html
http://www.c2b2.columbia.edu/danapeerlab/html/wishbone-data.html
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b.4 chapter 5

b.4.1 Shalek et al.

Preprocessed TPM values for all cells were retrieved from the Gene Expression Omnibus

(GSE48968). We retained cells treated by LPS and PAM at time points 1h, 2h, 4h, and

6h, resulting in 820 cells (479 LPS and 341 PAM). We retained the 7533 genes whose

variance in log2(TPM+ 1) expression was greater than 2. The first principal component

of the data showed a strong dependency on the number of features expressed - previously

been implicated in technical effects [50] - which we subsequently removed using the

normalizeExprs function in Scater [87].

b.4.2 TCGA studies

For both COAD and BRCA studies, TPMmatrices were retrieved from a recent transcript-

level quantification of the entire TCGA study [123]. Clinical metadata, including the

phenotypic covariates used in PhenoPath, were retrieved using the RTCGA R package

[65]. Transcript level expression estimates were combined to gene level expression esti-

mates using Scater [87].

b.4.2.1 COAD

A PCA visualisation of the COAD dataset (figure 64A) showed two distinct clusters

based on the plate of sequencing. Rather than try to correct such a large batch effect,

we retained samples with a PC1 score of less than 0 and a PC3 score greater than -10,

and removed any “normal” tumour types. For input to PhenoPath we used the 4801
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Figure 64: PCA representations of the COAD (A) and BRCA (B) datasets, coloured by se-

quenced plate and GMM cluster assignment respectively.



198 data analysis

genes whose median absolute deviation in log(TPM+ 1) expression was greater than√
1
2 .

b.4.2.2 BRCA

A PCA visualisation of the BRCA dataset (figure 64B) showed a loosely dispersed outlier

population that separated on the first and third principal components. We performed

Gaussian mixture model clustering using the R package mclust[36], and removed sam-

ples designated as cluster 2 in figure 64B. For input to PhenoPath we used the 4579

genes whose variance in log(TPM+ 1) expression was greater than 1 and whose median

absolute deviation was greater than 0.



C
ADDIT IONAL MATERIALS FOR SWITCH -L IKE PSEUDOTIME

c.1 stan code for ouija

data {

int <lower = 2> N; // number of cells

int <lower = 2> G; // number of genes

vector <lower = 0>[N] Y[G]; // matrix of gene expression values

real k_means [G]; // mean parameters for k provided by user

real k_sd[G]; // standard deviation parameters for k provided

by user

real t0_means [G]; // mean parameters for t0 provided by user

real t0_sd[G]; // standard deviation parameters for t0

provided by user

real student_df ;

}

parameters {

// parameters we ’ll let stan infer

real < lower = 0> mu0[G];

199
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real <lower = 0> phi; // mean - variance " overdispersion "

parameter

// parameters with user - defined priors

real k[G];

real <lower = 0, upper = 1> t0[G];

real <lower = 0> mu_hyper ;

real <lower = 0, upper = 1> t[N]; // pseudotime of each cell

real beta [2];

}

transformed parameters {

vector [N] mu[G]; // mean for cell i gene g

vector <lower = 0>[N] ysd[G];

for(g in 1:G) {

for(i in 1:N) {

mu[g][i] = 2 * mu0[g] / (1 + exp(-k[g] * (t[i] - t0[g])));

ysd[g][i] = sqrt( (1 + phi) * mu[g][i] + 0.01);

}

}

}

model {

// user defined priors
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k ~ normal (k_means , k_sd);

t0 ~ normal (t0_means , t0_sd);

// model priors

mu0 ~ gamma( mu_hyper / 2, 0.5);

phi ~ gamma (12, 4);

t ~ normal (0.5 , 1);

beta ~ normal (0, 0.1);

// Zero inflation per -mean

for(g in 1:G) {

for(i in 1:N) {

if(Y[g][i] == 0) {

target += log_sum_exp ( bernoulli_logit_lpmf (1 | beta [1] +

beta [2] * mu[g][i]),

bernoulli_logit_lpmf (0 | beta [1] +

beta [2] * mu[g][i]) +

student_t_lpdf (Y[g][i] |

student_df , mu[g][i], ysd[g][i

]));

} else {

target += bernoulli_logit_lpmf (0 | beta [1] + beta [2] *

mu[g][i]) +

student_t_lpdf (Y[g][i] | student_df , mu[g][i], ysd[g][i

]);
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}

}

}

}

c.2 pseudotime comparison figures
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(a) Pseudotime correlations across the five algorithms.

(b) Expression level fits reported by each algorithm.

Figure 65: Comparison of marker gene-based pseudotime estimates across five algorithms for

the Shin et al. dataset.
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(a) Pseudotime correlations across the five algorithms.

(b) Expression level fits reported by each algorithm.

Figure 66: Comparison of marker gene-based pseudotime estimates across five algorithms for

the Zhou et al. dataset.
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GIBBS UPDATES FOR MFA

d.1 gibbs updates

The full model is specified by

ω ∼ Dirichlet(1/B, . . . , 1/B)

γn ∼ Categorical(ω)

η ∼ N (η̃, τ−1
η )

θg ∼ N (θ̃, τ−1
θ )

χg ∼ Gamma(αχ, βχ)

cγn ∼ N (ηγn , τ−1
c )

kγn ∼ N (θ,χ−11G)

tn ∼ N (0, 1)

τ ∼ Gamma(α, β)

yn ∼ N (cγn + kγntn, τ−1
1G)

(118)

where yn is a G-length vector of expression in cell n, B is the number of branches

modelled and we define Λγ = [cγ kγ ], γ ∈ 1, . . . ,B.

update for γ Defining πn,b = p(γn = b) (the probability that cell n is on

branch b) then

p(γn |yn , tn , {Λb}Bb=1 , ω , τ ) = Categorical(πn ) (119)

205
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where

πn,b =
ωbN (yn |cb + kb tn , τ −1 )∑B

b ′=1 ωb ′N (yn |cb ′ + kb ′ tn , τ −1 )
(120)

update for k

kgb |γ , cgb , Y , τ , t ∼ N (ν kgb , 1/λkgb ) (121)

where

ν kgb =
τg
∑
n :γn=b tn (yng − cgb )

τk + τg
∑
n :γn=b t

2
n

λkgb = τk + τg
∑

n :γn=b
t2
n

(122)

update for c

cgb |γ , kgb , Y , τ , t ∼ N (ν cgb , 1/λcgb ) (123)

where

ν cgb =
τg
∑
n :γn=b (yng − kgb tn )

τc + Nbτg

λcgb = τc + Nbτg

(124)

and Nb is the number of cells assigned to branch b at that iteration.

update for ω

ω |{Nb}Bb=1 , B ∼ Dirichlet(1/B + N1 , . . . , 1/B + NB ) (125)
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update for t

tn |γ , {Λb}Bb=1 , τ ∼ N (ν tn , 1/λtn ) (126)

where

νtn =

∑
g τgkgγn(yng − cgγn)

1 +∑
g τgk2

gγn

λtn = 1 +
∑
g
τgk

2
gγn

(127)

update for τ

τg |{Λb}Bb=1 , t , γ ∼ Gamma
α + N /2, β +

N∑
n=1

(yng − µng )2

2

 (128)

where µng = cgγn + kgγn tn.

update for η

η |τc , {cb}Bb=1 , τη , η̃ ∼ N (ν η , 1/λη ) (129)

where

ν η =
τc
∑
b,g cgb + τη η̃

BGτc + τη

λη = BGτc + τη

(130)

update for θ

θg |χ , {kb}Bb=1 , τθ , θ̃ ∼ N (ν θg , 1/ληg ) (131)
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where

ν θg =
χg

∑
b kgb + τθ θ̃

Bχg + τθ

λθg = Bχg + τθ

(132)

update for χ

χg |{kb}Bb=1 , θg , αχ , βχ ∼ Gamma
(
αχ +

B

2 , βχ +

∑
b (kgb − θg )2

2

)
(133)

d.2 validation of updates

All Gibbs updates were checked numerically using the Gwecke test (see e.g. [42]). This

exploits the identity

p(θ = x|Θ , D)
p(θ = x ′ |Θ , D) =

p(θ = x, Θ |D)
p(θ = x ′ , Θ |D)

(134)

which should hold up to the numerical precision of the computer used. We can there-

fore use the function that computes the likelihood (which we have implemented to

monitor convergence) to ensure the conditional updates are correct, and vice versa.



E
INFERENCE FOR COVARIATE -ADJUSTED LATENT VARIABLE

MODELS

e.1 overview

For both Gibbs sampling and variational inference we require the conditional densities

p(θi|θ−i, Y).

Recall we have data in the form of an N ×G matrix Y and an N × P matrix X for

N samples, G features and P covariates. Our model is

αpg ∼ N (0, τ−1
α )

λg ∼ N (0, τ−1
λ )

zn ∼ N (qn, τ−1
q )

βpg ∼ N (0,χ−1
pg )

χ−1
pg ∼ Gamma(aβ, bβ)

τ−1
g ∼ Gamma(a, b)

εng ∼ N (0, τ−1
g )

yng = µg +
∑
p
αpgxnp +

λg +∑
p
βpgxnp

 zn + εng

(135)

where τα, τλ, a, b, aβ, bβ, τq are fixed hyperparameters and qn encodes prior informa-

tion about zn if available but typically qn = 0 ∀n in the uninformative case.

209
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The motivation to reintroduce µg even if the columns of Y are centred is as follows:

if we consider (in a frequentist setting) the factor loadings to be fixed and Y , X and Z

as random variables, then we have

E[Yng] ∝ λgE[Z] +
∑
p
βpgE[XpgZn] (136)

So if we wish to place an informative prior on Z (ie E[Z] 6= 0) then E[Y ] 6= 0

and we have to introduce gene-specific intercepts. This also demonstrates why it is

advantageous to have the covariates as uncorrelated with the desired “pseudotimes” as

possible: covariance here takes the marginal expectation of Y away from zero, biasing

modelling assumptions.

e.2 gibbs updates

The conditional distributions are given below (where θ|· can be interpreted as the con-

ditional distribution of variable θ conditioned on all other variables and the data). For

simplicity we assume the summation is obvious from the variable (ie ∑p ≡
∑P
p=1, etc).

conditional distribution of z

zn |· ∼ N

∑g τgkng (yng − µg −
∑
p αpgxnp ) + τq qn∑

g τgk2
ng + τq

, [
∑
g
τgk

2
ng + τq ]

−1

 (137)

where kng = λg +
∑
p βpgxnp.

conditional distribution of αpg

αpg |· ∼ N
(
τg
∑
n (yng − µ̃

αp
ng )xnp

τg
∑
n x2

np + τα
, [τg

∑
n
x2
np + τα ]

−1
)

(138)
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where

µ̃αpng = µg + tn (λg +
∑
p ′
βp ′gxnp ′ ) +

∑
p ′ 6=p

αp ′gxnp ′ (139)

in which ∑p′ 6=p denotes the summation over 1 to P excluding p.

conditional distribution of βpg

βpg |· ∼ N

 τg ∑n (yng − µ̃
βp
ng )xnpzn

τg
∑
n z2

nx
2
np + χpg

, [τg
∑
n
z2
nx

2
np + χpg ]

−1

 (140)

where

µ̃βpng = µg + znλg +
∑
p ′
αp ′gxnp ′ + zn

∑
p ′ 6=p

βp ′gxnp ′ (141)

conditional distribution of τg

τg |· ∼ Gamma
(
a +

N

2 , b +
∑
n

(yng − µ̃τng )
2

2

)
(142)

where

µ̃τng = µg +
∑
p
αpgxnp +

λg +∑
p
βpgxnp

 λn . (143)

conditional distribution of χpg

χpg |· ∼ Gamma
(
aβ +

1
2 , bβ +

β 2
pg

2

)
(144)
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conditional distribution of λg

λg |· ∼ N

 τg ∑n zn (yng − µ̃λng )

τg
∑
n z2

n + τλ
, [τg

∑
n
t2
n + τλ ]

−1

 (145)

where

µ̃λng = µg +
∑
p
αpgxnp +

∑
p
βpgxnp

 zn (146)

conditional distribution of µg

µg |· ∼ N
(
τg
∑
n (yng − νng )

N τg + τµ
, [N τg + τµ ]

−1
)

(147)

where

νng =
∑
p
αpgxnp +

λg +∑
p
βpgxnp

 zn (148)

e.3 variational inference

e.3.1 Conditional expectations

conditional expectation of z

E−zn [µzn τzn ] =
∑
g

[
aτg
bτg

(
mλg +

∑
p
mβpg xnp

)

×
(
yng − mµg −

∑
p
mαpg xnp

)]
+ τq qn

E−zn [τzn ] =
∑
g

aτg
bτg

(
m2
λg + s2

λg + 2mλg

∑
p
mβpg xnp

+
∑
p
(m2

βpg + s2
βpg )x

2
np +

∑
p,p ′ :p 6=p ′

mβpgmβp′g
xnpxnp ′

)
+ τq

(149)
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Where we have used the fact that

E−zn [(λg +
∑
p
βpgxnp )

2 ] =
(
m2
λg + s2

λg + 2mλg

∑
p
mβpg xnp

+
∑
p
(m2

βpg + s2
βpg )xnp +

∑
p,p ′ :p 6=p ′

mβpgmβp′g
xnpxnp ′

)
(150)

and for several variables that E−zn [θ
2] = Var−zn [θ] + E−zn [θ]

2.

conditional expectation of αpg

E−αpg [µpg τpg ] =
aτg
bτg

∑
n

(
yng − mµg − mzn (mλg +

∑
p ′
mβp′g

xnp )

−
∑
p ′ 6=p

mαp′g xnp ′
)
xnp

E−αpg [ταpg ] =
aτg
bτg

∑
n
x2
np + τα

(151)

conditional expectation of βpg

E−βpg [µβpg τβpg ] =
aτg
bτg

∑
n

[
yng − mµg −

m2
zn + s2

zn

mzn
mλg

−
∑
p ′
mαp′g xnp ′ −

m2
zn + s2

zn

mzn

∑
p ′ 6=p

mβp′g
xnp

]
mznxnp

E−βpg [τβpg ] =
aτg
bτg

∑
n
(m2

zn + s2
zn )x

2
np +

aχpg
bχpg

(152)

Where in both cases we have used the fact that E−βpg [z
2
n ] = Var−βpg [zn ] + E−βpg [zn ]

2.

conditional expectation of τg

E−τg [aτg ] = a +
N

2

E−τg [bτg ] = b +
1
2
∑
n
fng

(153)
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Where

fng = E−τg


yng − µg −

∑
p
αpgxnp −

λg +∑
p
βpgxnp

 zn

2
= E−τg

µ2
g + 2µg

∑
p
αpgxnp2µg znλg

+ 2µg zn
∑
p
βpgxnp − 2yngµg + +(

∑
p
αpgxnp )

2

2znλg
∑
p
αpgxnp + 2zn (

∑
p
αpgxnp )(

∑
p
βpgxnp )

− 2yng
∑
p
αpgxnp + z2

nλ
2
g + 2λg z2

n

∑
p
βpgxnp

− 2λg znyng + z2
n (
∑
p
βpgxnp )

2

− 2yng zn
∑
p
βpgxnp + y2

ng



(154)

For this we require the identities

E[θ2] = Var[θ] + E[θ]2

E[(
∑
p
γpgxnp)

2] =
∑
p
x2
npE[γ2

pg] +
∑

p,p′:p 6=p′
xnpxnp′E[γpgγp′g]

(155)
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This gives

fng = m2
µg + s2

µg+

+ 2mµg

∑
p
mαpgxnp

+ 2mµgmznmλg

+ 2mµgmzn

∑
p
mβpgxnp

− 2yngmµg

+
∑
p
(m2

αpg + s2
αpg)x

2
np +

∑
p,p′:p 6=p′

mαpgmαp′gxnpxnp′

+ 2mznmλg

∑
p
mαpgxnp

+ 2mzn(
∑
p
mαpgxnp)(

∑
p
mβpgxnp)

− 2yng
∑
p
mαpgxnp

+ (m2
zn + s2

zn)(m
2
λg + s2

λg)

+ 2(m2
zn + s2

zn)mλg

∑
p
mβpgxnp

− 2mλgmznyng

+ (m2
zn + s2

zn)
[∑

p
(m2

βpg + s2
βpg)x

2
np

+
∑

p,p′:p 6=p′
mβpgmβp′g

xnpxnp′
]

− 2mznyng
∑
p
mβpgxnp)

+ y2
ng

(156)

conditional expectation of χpg

E−χpg [aχpg ] = aβ +
1
2

E−χpg [bχpg ] = bβ +
1
2
(
m2
βpg + s2

βpg

) (157)
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where again we have used the fact that E−χpg [β
2
pg ] = Var−χpg [βpg ] + E−χpg [βpg ]

2.

conditional expectation of λg

E−λg [µλg τλg ] =
aτg
bτg

∑
n
mzn

yng − mµg

−
∑
p ′
mαp′g xnp ′ −

m2
zn + s2

zn

mzn
(
∑
p ′
mβp′g

xnp ′ )


E−λg [τλg ] =

aτg
bτg

∑
n
(m2

zn + s2
zn ) + τλ

(158)

conditional expectation of µg

E−µg [µµg τµg ] =
aτg
bτg

∑
n

yng −∑
p ′
mαp′g xnp ′

− mzn (mλg +
∑
p ′
mβp′g

xnp ′ )


E−µg [τµg ] =

aτg
bτg

N + τµ

(159)

e.3.2 Calculating the ELBO

To assess convergence of the CAVI algorithm we need to calculate the evidence lower

bound (ELBO) at every iteration (or every ith iteration). The ELBO is given by

ELBO = E [ log p(Y |Θ)] + E [ log p(Θ)] − E [ log q (Θ)] (160)

where all expectations are taken with respect to the approximating distribution Q( ·)

and Θ denotes the full parameter set. Note that we are implicitly conditioning on the

data wherever appropriate, so p(Y |Θ) ≡ p(Y |Θ , X). For this we require the result
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that if θ ∼ Gamma(a, b) then E [ log θ ] = φ(a) − log b where φ is the digamma

function φ(x) = Γ ′ (x)
Γ(x) .

derivation of E [ log p(Y |Θ)] We have

log p(Y |Θ) =
∑
n

∑
g

log N (yng |µng , τ −1
g ) (161)

where µng = µg +
∑
p αpgxnp + zn

(
λg +

∑
p βpgxnp

)
. Then

E [ log p(Y |Θ)] ∝
∑
g

[
N

2 E [ log τg ] −
E [τg ]

2
∑
n

E [(yng − µng )
2 ]

]

=
∑
g

[
N

2 (φ(aτg ) − log bτg ) −
aτg
2bτg

∑
n
fng

] (162)

where fng is defined as above and we have dropped additive terms since we are only

concerned by changes in the ELBO.

derivation of E [ log p(Θ)] We consider E [ log p(zn )] which generalises to

all parameters with Gaussian priors. We have

E [ log p(zn )] = E

[ 1
2 log τq

2π −
τq
2 (zn − qn )

2
]

=
1
2 log τq

2π −
τq
2 E [z2

n − 2znqn + q2
n ]

=
1
2 log τq

2π −
τq
2
(
m2
zn + s2

zn − 2mzn qn + q2
n

)
(163)
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Next consider E [ log p(τg )] which generalises to all parameters with Gamma priors.

We have

E [ log p(τg )] ∝ E [ log(τ a−1
g e−τg b )]

= (a − 1)E [ log τg ] − bE [τg ]

= (a − 1)(φ(aτg ) − log bτg ) −
aτg
bτg

b

(164)

Thus the expression across all parameters up to a constant value is given by

E[log p(Θ)] ∝ −τq2
∑
n
(m2

zn + s2
zn − 2mznqn)

− τµ
2
∑
g
(m2

µg + s2
µg)−

τλ
2
∑
g
(m2

λg + s2
λg)

+
∑
g

[
(a− 1)(φ(aτg)− log bτg)−

aτg
bτg

b

]

−
∑
p

∑
g

[
τα
2 (m2

αpg + s2
αpg) +

aχpg
2bχpg

(m2
βpg + s2

βpg)

− (aβ − 1)(φ(aχpg)− log bχpg)−
aχpg
bχpg

bβ

]

(165)

derivation of E [ log q (Θ)] We consider E [ log qz (zn )] which naturally gen-

eralises to all parameters whose approximating distributions are Gaussian. We have

E [ log qz (zn )] ∝ E

[
− 1

2 log s2
zn −

1
2s2

zn

(zn − mzn )
2
]

= − 1
2 log s2

zn −
1

2s2
zn

E [z2
n − 2znmzn + m2

zn ]

= − 1
2 log s2

zn −
1

2s2
zn

E [m2
zn + s2

zn − 2m2
zn + m2

zn ]

∝ − 1
2 log s2

zn

(166)
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Similarly we consider E [ log qτ (τg )] which generalises to all parameters whose ap-

proximating distribution is Gamma. We have

E [ log qτ (τg )] = E [aτg log bτg + (aτg − 1) log τg − τg bτg − log Γ(aτg )]

= aτg log bτg + (aτg − 1)(φ(aτg ) − log bτg ) − aτg − log Γ(aτg )

(167)

Summing this across all parameters gives

E[log q(Θ)] = −1
2
∑
n
s2
zn

+
∑
g

(
− 1

2s
2
µg −

1
2s

2
λg + aτg log bτg + (aτg − 1)(φ(aτg)− log bτg)

− aτg − log Γ(aτg)
)

+
∑
g

∑
p

(
− 1

2s
2
αpg −

1
2s

2
βpg

+ aχpg log bχpg + (aχpg − 1)(φ(aχpg)− log bχpg)− aχpg − log Γ(aχpg)
)

(168)

e.4 stan code for cgplvm

data {

int N; // number of samples

int G; // number of features

vector [N] Y[G]; // gene expression input

real x[N]; // covariate measurements

real z_prior [N]; // priors on z

real < lower = 0> z_sd;
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// CGPLVM kernel parameters (fixed)

real <lower = 0> delta;

real <lower = 0> eta;

real <lower = 0> nu;

real <lower = 0> gamma;

real <lower = 0> xi;

}

transformed data {

vector [N] mu;

for(i in 1:N) mu[i] = 0;

}

parameters {

real <lower = 0> sigma2 [G]; // variance for each gene

real <lower = 0> lambda [G]; // interaction dependence

real z[N]; // pseudotimes

}

model {

matrix [N, N] Sigma[G];

for(i in 1:(N -1)) {

for(j in (i+1):N) {

for(g in 1:G) {

Sigma[g,i,j] = nu * exp(-gamma * pow(z[i] - z[j], 2)) +

xi * exp(- lambda [g] * pow(z[i] * x[i] - z[j] * x[j], 2))

+
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delta * exp(-eta * pow(x[i] - x[j], 2));

Sigma[g,j,i] = Sigma[g,i,j];

}

}

}

for(i in 1:N) {

for(g in 1:G) {

Sigma[g,i,i] = delta + nu + xi + sigma2 [g] + 1e -6;

}

}

for(i in 1:N) {

z[i] ~ normal ( z_prior [i], z_sd);

}

for(g in 1:G) {

lambda [g] ~ chi_square (1.0);

1 / sigma2 [g] ~ gamma (0.1 , 0.1);

Y[g] ~ multi_normal (mu , Sigma[g]);

}

}
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