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‘It is by standing on the shoulders

of giants that we see furthest'

A. Einstein

Whilst this thesis does not claim to see furthest it is hoped that it will at least
provide a shoulder to stand on. It is dedicated to the never ending quest for

understanding.



A.C. Hartley D.Phil.
Balliol College Hilary 1989

The Theory of Parity Non-Conservation in Atoms

In this thesis we are concerned with calculating the parity non—conserving (PNC)
El transition matrix elements for the caesium 6s3 - 7s} transition and the thallium
6ps - 7pi and 6pi - 6pa/2 transitions using the Equations of Motion (EOM)
formalism. @ We add the weak interaction Hamiltonian to derive the PNC EOM.
Taking a subset of the EOM terms gives the Random Phase Approximation equations
and their PNC counterpart. Solving these, we obtain good agreement with similar
calculations by other groups.

In order to estimate correlation effects we use a parameterised semi—empirical
potential which is adjusted to give the best fit with experimental data for the valence
and excited state energy levels. Including the potential in the EOM and PNC EOM
gives us very accurate values for the parity conserving transitions. For the PNC
transitions we obtain

Caesium 6si - 7si 0.895 (120.03) x 107'' (-iea Qy/N)
Thallium 6pi - 7p3 -7.85 (1:0.05) x 10-'' (-iea,Quy/N)
Thallium 6p% - 6p3/2 -28.4 (120.07) x 107! (-iea,Qy/N)

These are in very good agreement with the most extensive Many-Body Perturbation
Theory calculations performed. Using our value for the caesium transition matrix
element and the latest experimental results gives a value of Qy = ~ 71.8 £+ 1.8 ¢ 2.1
where the first error is ,experimental and the second is theoretical. This corresponds
to a value of the standard model sin?8y, = 0.230 ¢ 0.009 which is to be compared
with the current world average value of 0.230 + 0.00S.

We investigate the single particle EOM terms that were not included in the above
calculation and find that they are concerned with the Exclusion Principle violating
terms that are implicitly included in an RPA calculation. Other terms represent the
valence contribution to certain two particle effects. Since the main two particle terms
have not been included however, these correction terms do not lead to a significant

increase in the accuracy of the calculation.
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Layout of this Thesis

In this thesis we shall start in chapter one with an overview of parity
non—conserving phenomena and show how their measurement can give important
insights into the fundamental nature of the weak force. The different approaches to
making parity measurements are discussed and comparisons between high energy
methods and those of atomic physics are made. The need for accurate theory
calculations to compliment precise experimental measurements is explained.

Chapter two gives a brief history of the theory of weak interactions leading up to
the standard model. The chief points of the model are discussed and the nature of
the Hamiltonian investigated with the most important contributing terms identified.

In chapter three we give the background to the atomic theory necessary for the
calculation of the parity non—conserving electric dipole matrix elements. We also
discuss how the spin independent PNC Hamiltonian can be included in the equations.

Chapter four gives a detailed discussion of the Equations of Motion method which
is the particular approach that we have adopted in this thesis.

We discuss the numerical methods used for solving the derived equations in
chapter five and we give the full radial equations used. The results are presented in
chapter six and the limitations of the methods used so far are discussed.

In chapter seven we give a method for improving the calculations done so far in
a simple, semi—empirical way. The results of this method are given.

In chapter eight the remaining terms from the Equations of Motion method that
were disregarded as an initial approximation are discussed and the equivalent
many-body perturbation theory terms given. The calculations are repeated with the
terms added and the results are discussed.

Finally in chapter nine we give a summary of the work done in this thesis. We
also discuss the results in the context of the other work done in this field and give

the latest experimental and theoretical results obtained.



CHAPTER 1: Introduction to Parity Non-Conservation

1.1. Introduction

Physicists throughout the years have always been searching for fundamental
principles and symmetries that simplify their understanding of the physical world. The
idea that the basic laws of physics should remain unchanged when the co-ordinate
system undergoes a parity transformation was a widely held belief until 1957 when
[Wu] discovered a parity non-conserving (PNC) effect in Colbalt 60. It was observed
that the angular distribution of B8 decay emitted electrons was not symmetric in the
way that it should be if parity was conserved. It was this discovery of PNC in the
weak force that was the impetus for the succession of experiments and calculations
throughout the physics community. Even today, thirty two years later, they are still
been carried out with as much importance being attached to them as ever.

The parity operator in quantum mechanics is an operator which changes the
radial vector r to -r, i.e. it amounts to a reflection through the origin of the
co-ordinate system. Since the laws of physics are unchanged under a rotation (it is
this symmetry law which leads to the conservation of angular momentum) and the
parity operation is equivalent to a reflection in a plane and a rotation it is often
described as being merely the operation of a reflection in a plane. The parity of a
function is how it behaves under this transformation: if the function (e.g. a
wavefunction) just has a sign change but is otherwise the same (e.g. r) then it is said
to have a parity of minus one; if it is unchanged (e.g. Ir1) then plus one; if it is
neither of these then it is not an eigenfunction of the parity operator.

How various physical properties change under a parity transformation can easily
be worked out. Polar vectors such as r have parities of -1. Since velocity is the
differential of r with respect to time then that has a parity of -1 also, as will linear
momentum. Axial vectors, such as angular momentum which is given by l = r x p ,
will not change under parity as both the constituent vectors change. Scalar quantities
might or might not change: p . p will not change whereas p . ! will change.
Quantities of this type are called pseudo-scalars. In table 1.1 we give the
transformation properties of various physical quantities.
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Table 1.1

Transformation Properties Under Parity

Quantity Under P

r -r Vector

B -p Polar Vector

g g Axial Vector

E -E ( = oV/3r )

B B as for g

c.B g.B Magnetic
Dipole Moment

g.kE -¢g.E Electric
Dipole Moment

g.p -g.p Longitudinal
Polarisation

g.(p, X By) g.(p, x p,) Transverse
Polarisation




If there are no parity violating phenomena associated with an experiment, say,
then one would expect there to be a mirror symmetry to the system: i.e. the mirror
image of the experiment and its results are physically correct. The presence of a
parity violating effect associated with the weak force will manifest itself as an
asymmetry in the layout. For example the presence of the weak force can lead to
optical rotations of the plane of polarised light passing through heavy metal vapours.
The mirror image of this experiment would produce a rotation in the opposite
direction to the observed one and the mirror image result would not constitute a

physically possible outcome in a real experiment.

1.2 The Standard Model: Motivation for the Experiments

What is being sought in physics at the moment is a theory that unifies the four
fundamental forces in nature (strong, electro—~magnetic, weak and gravity). The
Glashow-Weinberg-Salam model or ‘'standard model' as it is usually referred to, has
managed to unify the weak and the electro-magnetic forces. Though all the evidence
so far accumulated does not contradict the standard model it has by no means been
fully tested and there are other models and theories which could equally well be
correct. More fundamental theories than the standard one which attempt to unify all
the forces are currently being worked on. For example quantum chromo-dynamics
(QCD) deals with the strong force; one theory which attempts to unify all the forces
is string theory, but there are other contenders. All these theories maké predictions
which have to be tested; what is needed are measurements of the physical constants
that are predicted by the models to as great a precision as possible.

The origin of the PNC nature of the weak force is dealt with in detail in chapter
two. The basic principle is the requirement of gauge invariance under the
SU(2) ® U(1) gauge transformation which leads to the electro-weak Hamiltonian.
There are four intermediate fields involved which are required to avoid unphysically
large reaction cross sections and renormalisation problems: two charged particles W+
and W7, a neutral Z° and the photon field AMX. The three basic fundamental
parameters that determine the masses of the W's and Z's and the interaction coupling
strengths are the mixing angle 8y, the Fermi constant Gg and the electric charge e.
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These have to be determined experimentally.

Most tests and experiments on weak force phenomena are done using high energy
particle techniques which are described in the next section. However these tests are
all carried out at high momentum transfers or q's and these methods cannot test the
low q end of the reactions. This is where atomic physics comes in. Within an atom
there will be weak force interactions between the electrons and between the electrons
and the nucleus. The relative sizes of these interactions are dealt with in chapter
two. By the nature of the main interaction Hamiltonian the observable effect of this
will be to mix each orbital with a small amount of wavefunction with opposite parity.
The mechanism of this is dealt with in chapter three. Since these effects are of
minute size compared to normal atomic interactions, which are all electro—magnetic,
one might think that these weak force effects could not be measured in practice. But
they can be distinguished from the electro-magnetic interactions because of their PNC
property and certain ingenious experiments have been devised to obtain measurements
of their magnitude. However the nature of the experiments are such that the
information about the fundamental physical constants cannot be obtained directly from
what is measured. What is also needed is a theoretical matrix element. It is the

calculation of these matrix elements that this thesis is primarily concerned with.

1.3 The Weak Force Experiments

1.3.1. High Energy Tests

1. The existence of the neutral Z° currents has been specifically looked for using
neutrinos at CERN [Hasert et al.]. The signature for these type of reactions is
the absence of charged leptons in the final state. Both pure leptonic reactions of
this type and semi-leptonic ones involving hadrons were observed.

2. The PNC nature of the weak force was observed using deep inelastic scattering of
left- and right—circularly polarised electrons from hydrogen and deuterium targets
at SLAC [Prescott et al.] The parity violating asymmetry in the cross sections
for the two polarisations was measured and found to be consistent with a value of

sin? By = 0.224 ¢ 0.02.
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3. W and Z bosons have recently been produced directly at CERN ([Rubbia et al.])
by colliding a 270 GeV/c proton beam with a similar anti-proton beam and
looking for the leptonic decay of the resulting boson. Some 100 such charged
events have been observed and 17 neutral ones. The resulting masses for the
My and Mj; are in excellent agreement with those obtained from the standard
model using the value of sin? 8y, obtained in 2 above. Alternatively, using the
masses to determine sin2 By, gives 0.226 * 0.0015 and 0.216 : 0.01 from two
separate experiments that were performed.

4. In the near future a new e‘te™ collider at LEP will come on line that should

produce a more accurate value for sin? 8y, than has been hitherto obtained.

1.3.2 The Atomic Physics Tests

Obviously there can be no direct measurements of the weak force in the atom.
However the presence of this force can be detected due to the PNC nature of the
Hamiltonian.  Interactions principally between the nucleons and the electrons that
involve the Z° boson produce parity-mixed orbitals so that dipole transitions that
would nominally be parity forbidden do in fact occur with very small amplitudes. All
atomic physics experiments rely on interference between the parity forbidden transition
and parity allowed ones; one usually looks at M1 transitions that acquire PNC El
amplitudes because the former are intrinsically of smaller amplitude than E1 transitions
by a factor of order a. There are two main approaches to measuring this effect
experimentally: optical rotation experiments and fluorescence experiments. The
experimental details will be discussed in chapter nine. The current atomic PNC
experiments are all on high Z atoms: this is because of the approximately Z3
enhancement of PNC effects, first pointed out by [Bouchiat and Bouchiat 1974].

Due to the small size of the weak force the effect will be linear in the weak
Charge Qw. a parameter first used by [Bouchiat and Bouchiat 1974] to quantify the
strength of the force. Qy is a function of 6y and it is the determination of the
value of Qy and hence By that atomic PNC experiments are concerned with.
Because the PNC effects are linear in Qy, they can be written as Qy, multiplied by
an atomic structure factor. It is not possible to determine this structure factor
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experimentally, one can only measure the overall effect. Therefore in order to obtain
a value for Qy the atomic part of the PNC El1 matrix element has to be calculated.
This is the role of the theoretical calculations in the atomic PNC determination of By,
This thesis is concerned with the calculation of E1 PNC matrix elements for the
caesium 6s} to 7si transition and for the thallium 6pi to 7p: and 6pi to 6ps/2
transitions.

There are some other experiments that are possible that do not rely on the
atomic theory. Atomic hydrogen and deuterium are exactly calculable in theory so the
only errors in the determination of 6y, will be experimental ones. The experiments
are concerned with the PNC 2s3 to 1s} transition; the parity mixing of the upper
state with the 2p3} orbital is greatly enhanced by the near degeneracy of the two states
which leads to a large energy denominator in the expression for the mixing coefficient.
The use of magnetic fields to shift the energy levels can further enhance this effect
(see [Hinds]). Unfortunately there is no work on this experiment at present.

Another way of obtaining a measurement less dependent on from calculational
uncertainties has been proposed for samarium ([Davies]) which has the possibility of
anomalously close levels of opposite parity and the advantage of a high Z (see chapter
two). There are ten isotopes on which a series of measurements could be made. By
forming ratios of the optical rotations obtained the contribution of individual nucleons
could be obtained and most of the atomic theoretical uncertainties could be removed.

As is shown in appendix four one can treat the weak force coupling constants as
model independent parameters which are to be determined empirically. Experimental
determination of the relationships between the up and down quark constants can be
made for both atomic and high energy physics. The constraints on the possibilities as
determined by atomic physics experiments are almost orthogonal to those of the high
energy determinations. This is an added justification for atomic approach to PNC
measurements as well as the high energy one.

At the moment the experimentalists are ahead of the theoreticians as far as
errors are concerned: the latest atomic PNC experiment claims an accuracy of only
2% [Noecker et al.] and other experiments are at less than 10%, whereas the best
theory is at about 5% though one group has claimed a 2% error for caesium. The

-1.5 -



current status of the PNC experiments and the theory calculations will be reviewed in

chapter nine.

1.4 Conclusion

Although the existence of PNC phenomena has now been well established the
standard model for the electro-weak interaction has not yet been fully tested, though
no evidence so far has contradicted it. The fundamental constant that determines the
strength of the interactions and the masses of the intermediate vector bosons, 8y, has
stil to be measured with precision. Atomic physics provides a valuable test of
electro-weak theory at very low energies but in order to do this it needs not only an
experimental measurement but also a theoretical calculation of the PNC E1 transition
matrix element. For a comprehensive review of the current status of the standard

model tests see [Almaldi et al].
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CHAPTER 2: Background to the Electro-Weak Theory

2.1 Introduction

To give a full description of the standard model (as first proposed by [Weinberg],
[Salam], [Glashow]) and its derivation would require the full machinery of quantum
field theory and would be outside the scope of this thesis. However in this chapter
we give a brief history of weak interaction theory culminating with the unification of
the electro-magnetic and weak forces in the standard model. For a more detailed

description readers are referred to e.g. [Aitchison and Hey] and the references therein.

2.2 The Fermi Weak Interaction Theory

The first theory to explain the weak processes of  decay and K capture was
proposed by [Fermi] in 1934. It successfully accounted for the changes in the
numbers of protons and neutrons within the atom and also hypothesised the existence
of the neutrino: a massless particle that was required to balance the energies in the

equations. The interaction was considered to occur at a single space—time point (see

figure 2.1)
n->p+e +v» B decay (2.1)
p+e ->n+v K capture (2.2)

The Hamiltonian was of the form

H= Gp Y Cj (JpTj ¥y) (¥ T3 ¥,) (2.3)
i

where the TI;'s are products of + matrices describing the five possible interactions of
the form scalar, vector, axial-vector, tensor and pseudoscalar and the C,'s are their
associated coupling constants which give their relative strengths. Gpg is the Fermi
coupling constant which gives the overall size of the weak interaction. Its value has
been accurately determined from muon lifetime measurements and equals
(1.16634 + 0.00002) x 1075 GeV~2 (see Review of Particle Properties 1980) which
accounts for the ‘'weakness' of the force.  Angular correlation experiments which
measured the direction of emission of an electron and its recoiling nucleus later
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Figure 2.1. Point-Like Ferml Weak Interaction

Beta Decay

Figure 2.2. Intermediate Vector Boson Diagram

Beta Decay



showed that only the vector and axial-vector interactions had non-zero coupling
constants.

With the proposal ([Lee,Yang]) and subsequent detection ([Wu]) of parity violation
in the B decay of €0Co it was shown that there was a fundamental difference between
the electro—magnetic force and the weak one in that the former did not violate parity
whereas the later one could. A series of celebrated experiments (see [Perkins])
demonstrated that only the negative ‘'left-handed' helicity state of the neutrino
participates in the weak interaction. It was also shown that the charged weak
interaction currents are vector and axial-vector in nature only. The interaction

Hamiltonian was therefore modified to take this into account ([Macpherson}).

G C
Hg?% {‘I’P T (1'6375) \I/n} {‘I’e YH(1 - v5) ¥, } (2.4)
The (1 - v,) terms acts as a left-handed projection operator so that the lepton

interaction only couples to left-handed leptons. The C, and Cy, refer to the relative
strengths of the vector (V) and axial-vector (A) interactions. Their ratio is -1.26 so

that both handed nucleons may interact.

2.3 Violation of Unitarity

It can be shown (see e.g. [Aitchison and Hey] pl147) that the scattering cross
section of the interaction has a dependence on E given by
o ~ Gp 2 E 2 (2.5)

where E is the centre of mass energy of the interaction. The trouble with this is
that there is an upper limit on the allowable cross section for a point-like interaction
which is proportional to the de Broglie wavelength squared and at high energies the

expression in (2.5) exceeds this. Thus unitarity would be violated by equation (2.5).

2.4 Addition of a Propagator Term to the Interaction

In order to cure this problem of the high energy violation of unitarity the idea of
an intermediate virtual particle was proposed in analogy with the extremely successful

quantum electro-dynamics (QED) theory which has a virtual photon propagator.
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Whereas the photon is massless so that the electro—magnetic force has an infinite
range, the weak force one would necessarily have to be massive and of spin one to
preserve the V-A nature of the interaction (see figure 2.2). The cross section is now

given by ([Macpherson})

_ Gp2 q? My? Cp2 My?
OF - @+ WyD) > - as q » © (2.6)

where q is the momentum transfer of the interaction. Thus the unitarity violation has
successfully been removed. The interaction strength at each vertex is expressed in
terms of a dimensionless weak coupling constant gy in analogy with QED. By
matching the low energy behaviour with the old theory the relationship between the

Gg and gy can be found:
2
g . | 8w 2
% - (& ] -
However even this modified theory has problems, though they only occur at higher

orders. Certain diagrams such as those in figure 2.3 still diverge at high energies.

The method of dealing with this is gauge invariance.

2.5 Gauge Invariance

Gauge invariance, i.e. that the physics of a system should remain unaltered if the
Hamiltonian undergoes a gauge transformation (see [Aitchison and Hey]) has been very
successfully applied to QED. In the case of the electro-magnetic field Aﬂ(x) the

gauge transformation

Au(x) > Ay(x) + 3,f(x) (2.8)
leads to a corresponding phase transformation in the Dirac field

¥(x) » ¥(x)e-ief(x) (2.9)

Under such a transformation (known as a local gauge transformation) the ‘physical
fields' E and B and hence the observable physics of the system, remain unchanged.
Instead of making a gauge transformation and observing the effect on the system

one can require that the system be invariant with respect to local gauge
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transformations. This leads to the requirement of the compensating field A/x) in the

free particle Dirac equation such that
ot 5 Ot + ieAK(x) (2.10)

This compensating field that ensures local gauge invariance gives the electro—magnetic

interaction in QED.

2.6 The Standard Model
In analogy with the previous section the standard model requires gauge invariance
within the more general transformation group of [ SU(2) ® U(1) ]. This will, as

before, give rise to compensating fields in the expression for the differential operator.
oF 5 3K + ig 7.WH(x) + ig'y BH(x) (2.11)

The new fields are three vector fields WH and a scalar field BA 7 is the weak
isospin and y the weak hypercharge (in analogy with their strong interaction
counterparts). There are three fermion leptons associated with the weak force: the
electron, muon and tauon. Each has an associated neutrino v, , v, and »,. In
addition there are six quarks which come in isospin doublets: up and down; strangeness
and charm; truth and beauty. Each particle can have an anti—particle as well which
is identical apart from having the opposite charge. Due to the fact that handedness
has to be taken into consideration, the particles have a left or right handedness
assigned to them. Only left-handed particles have a non-zero isospin and can hence

couple to the W fields.
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Table 2.1 The Electro-~Weak Family of Particles and theirWeak Quantum Numbers

Particle and Handedness T T, y qQ (=y+73)
S 3 M 435 M T S B
[:]L [:]L [;]L : 3 1/ -1252

e R LR TR 0 0 -1 -1
[ale [S)r (6] © o L

There are still problems with infinities: the theory is only renormalisable (infinity
free) as it stands if the intermediate W's are massless so that they clearly cannot be
the propagator terms that were introduced earlier. However, as shown by Higgs', they
can acquire mass via a mechanism known as spontaneous symmetry breaking which is
brought about by the inclusion of an additional gauge boson, the Higgs boson (see
[Aitchison and Hey]). This theory with its five gauge particles is renormalisable and
preserves gauge invariance.

The addition of the Higgs boson as well as creating the masses of the particles
also produces mixing of the neutral gauge fields W0 #(x) and B “(x). The mixing

angle is the all important electro-weak parameter the Weinberg angle By,.

ZO#(x) = cos By W°#(x) - sin By B#(x)
(2.12)

A#(x) = sin By WOF(X) + cos By B#(X)

Thus the actual physical particles that result are the two charged W particles, the

neutral Z° and the virtual photon field Au(x). The coupling strengths g and g' are

related by

gl
tan By = — (2.13)
g

and the masses of the W and Z particles by
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(2.14)

My
cos By = —
Mz

Re-writing the covariant differential operator using equations (2.12) and (2.13)

and the relationship between hypercharge and charge q we obtain

ig
cosBy

Ok + ig(7 WH, + 7,Wt) + (1, - qsindy) Z¢, + 1 g sindy AH

(2.15)

The second term is the charged weak current interaction involving the W+ and
W™ particles, the third term is the neutral weak current interaction involving the Z0o
and the last term is the electro-magnetic interation term so that we immediately

obtain the relationship that
e = g sin 8y (2.16)
By examining the expression for charged current interactions such as

Y u + e~ = uv + Ve (2.17)
in the limit of low q2? dependence we can compare the resulting expression with that

obtained using the Fermi point-like interaction. Thus we obtain an expression relating

Gg to the coupling strength g and the mass of the W intermediate boson.

82

G
B e (2.18)

Comparing this with (2.7) we see that the same form is obtained with a rescaled
coupling constant.

There are still problems with the standard model in the way the masses enter the
theory. However it goes a long way towards the unification of the weak and

electro-magnetic forces.

2.7 Summary of the Standard Model

The standard model comes about by requiring invariance under the gauge
transformations of the SU(2) @ U(1) group. This introduces four compensating fields.

These fields acquire mass via spontaneous symmetry breaking which also mixes the
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neutral fields so that we have two charged particles W' and W™, a neutral Z° and
the photon field AM The field strengths are governed by three fundamental

parameters e, G and 8y, which have to be determined experimentally

2.8 The Neutral Current Interaction Term in the Atom

The weak force term in the modification of J0# (2.15) which does not involve
charged propagators in lowest order and therefore does not change the chemical nature
of the atom is the neutral current term. To obtain the Hamiltonian the replacement
(2.15) is made in the free particle Dirac equation to give the neutral current

interaction term:

ig
cosBy

-i Yo Yy (7, - qsinBy ) ZHK, (2.19)

We are going to include this term in our atomic Hamiltonian. The effect of the
ZK, is replaced by the intermediate vector boson propagator multiplied by the
transition current of the other particle (so we have for example a nucleon and an
electronic interaction current). Since the effect of the 7, term depends on the
handedness of the electrons, projection operators for the two handednesses should be

used:

PLor =3 (1 tyg) (2.20)

where the plus sign gives the left-handed projector and the minus the right. Thus we
shall get terms of two types: those with v # in which are the vector terms; those with
YuYs in which are the axial vector terms. Since we require terms that are of
negative overall parity we shall only keep terms that are vector in one interaction
current and axial-vector in the other. At the atomic energies that we are interested
in the q2? dependence of the propagator has negligible effect and the interaction can
be considered to be point-like. The interaction matrix element will therefore look

like:
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G - ; )
% > [ (E17uv51€)( Cyp (PITHIP)+ Cipy (RIYHIN))

e,n
+  (elyule) ( C,p (PIYMY5IP)+ Con (RIyPygin))

+ C,e (El'yu'ysle) (é'l'y"‘ysle) ]

(2.21)

where the e, p and n stand for the electron, proton and neutron wavefunctions
respectively and the sum is over all electrons amd nucleons in the atom. By explicitly
inserting the isospin and charge quantum numbers for each handedness of the
interacting particles and rearranging the terms as products of vector and axial-vector
interactions and comparing the coefficients with above we obtain the standard model
predictions for the coupling constants. We have given their values below where
radiative corrections have been included (these are of order of 10% [Lynn]) and
quark—quark strong effects (which gives rise to the factor of 1.25 in some of the

expressions); the value of sin2 8y =~ 0.23.

C1p - (1 - 4 sin?8y) (1-Ar) + AC1p = 0.05
Cin = -1(1-Ar) +4C,, = =-0.5
" Cop = -1.25 (1 - 4 sin?6y) (1-4r) + AC,p = -0.05 (2.22)
Con= 1.25 (1 - 4 sin?8y)(1-4r) + AC,, = 0.05
Cie = (1 - 4 sin?8y)(1-4r) + AC,, = -0.05

In these expressions the subscripts 1—3 refer to the nature of the interaction: 1
means that the nucleon interaction is V in nature (with A type electronic interaction),
2 refers to the nucleon A and electronic V interaction and 3 is the electron—electron
interaction. The first two terms in (2.21) are referred to as the spin independent and

spin dependent terms respectively for reasons which we shall now investigate.
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2.9 The Spin Independent Term

This is the term which is vector in nature in the nucleon bracket and
axial-vector in the electronic bracket.

S ey 7o Ty ¥s Yeo) - ¥y vo v# ¥ny)dr (2.23)
e,n

where the n's represent the nucleons and the e's are the electrons. The ¥ M has four
components: a time-like component and three space-like ones that correspond to the
vector o multiplied by the Dirac matrix 8. (We are using the notation of [Aitchison
and Hey] Appendix D). Dividing the interaction up into its component parts we

obtain:

> (‘I’Te1 Ys ‘I’ez)-(‘I’Tm‘l’nz) = (wTe1 a Ys ‘I’ez)-(‘l’fm a ¥n,)

e,n

(2.24)

We only require the first term because the second term is of even parity in the
electronic part and so will not be detectable by atomic physics experiments. The
subscripts 1 and 2 refer to the final and initial states in the interaction respectively.
In the first term the initial and final nucleon states will be the same and the nucleon
product is equivalent to a nucleon density which can be normalised to have a unit
integral over all space.

With the nucleon product written as a nuclear density the nucleons will act
coherently within the nucleus and the sum over the nucleons will be simply additive.

Defining Qy, the weak charge (as first done by [Bouchiat and Bouchiat 1974]) by
Qw= ZCp+NCp (2.25)

and including all the multiplicative constants we finally obtain for the spin independent

term

- EN o) (2.26)

Hspin indep. s 2
v

where we have defined (N+Z) p,(r) to be the actual nuclear mass density.
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A few things to note about equations (2.25) and (2.26)

1. By comparing the values of C,p and C,, it can be seen that the main
contribution comes from the neutron interaction (because 1-4sin28y = 0 ) and
Qw approximately equals the number of neutrons in the nucleus.

2. As first pointed out by [Bouchiat and Bouchiat 1974] the spin-independent matrix
element has a Z3 dependence. The three contributions to this are:

1: Qw is approximately proportional to N which ~ 3Z/2 for heavy atoms

2: The matrix element is proportional to the density of the electronic
wavefunction at the origin which is proportional to Z for heavy atoms

3: The matrix element is proportional to the velocity of the electron at the
origin which gives an additional factor of Z

3. The v, matrix swaps the parity of the upper and lower components (see chapter
three) but does not effect the j value so that the effect is to mix s} and pi
states. The amount of mixing of other orbitals, again diagonal in j, is very
small due to their small amplitude at the nucleus.

4. The weak charge can be written as a function of the coupling parameters C.,
and C,, which can be treated as model independent parameters to be determined

(see Appendix 4). The standard model predicts them as functions of By.

2.10 The Spin Dependent Term

The spin dependent term is so called because, unlike the spin independent term it
does not scale with Z due to the weak charge, but depends on the nuclear spin which
remains roughly constant across the periodic table and is only non-zero for nuclei with
spin I # 0. The coupling constants are also far smaller due to the fact that (1 - 4
sin 28y,) is about 0.1 times the spin independent contribution constant. As shown by
[Flambaum et al. 1980] and [Novikov et al. 1977] the spin dependent term can be

written approximately for a single particle as

Cr

Hspin dep. = by - a 83(r) (2.27)

2 /2

where py is the weak magnetic moment in analogy with the hyperfine interaction.
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The spin dependent term can mix states with J's that differ by one so that it is
possible to enhance its effect over the spin independent one by working with near

degenerate levels of opposite parity with different J's.

2.11 The Electron—Electron Interaction

The non-relativistic reduction of the electron—electron interaction is

Gp Cse

Hee ( g, - g, + i(gjxgz)(21 - 22) 63(.‘:1 = .1:2) + h.c.

2 /2

(2.28)

It involves a point-like interaction between two electrons that exchange a Z9°  The
coupling constant is of the same order of magnitude as the spin dependent term. We

shall not consider it further.

2.12 Anapole Moments

Within the nucleus there can be interactions between the nucleons that involve
the exchange of the charged intermediate vector bosons W¥ and W~ as well as the
Zo. This leads to parity mixed nuclear orbitals which can then interact with the
electrons via the usual virtual photon field to produce parity mixing in the electronic
space.  Such effects are attributed to what has been termed the nuclear anapole
moment because of the nature of its current distribution. It is thought that the
contributions from these anapoles are of the same order of magnitude as the spin
dependent term and the electronic Hamiltonian is identical. For more details see

[Flambaum et al. 1984].

2.13 Summary of Atomic PNC Effects

The spin independent term is the main electro-weak PNC effect that can be
observed in an atom, partly due to the larger value of its coupling constant and partly
due to the fact that in heavy atoms it has a Z3 dependence. The other effects are
about two orders of magnitude smaller than the spin independent effect and we shall

not consider them further in this thesis.
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The spin independent term is proportional to the weak charge Qy which is given
by the standard model as a function of 6. It is also proportional to a nuclear
density (mainly the neutron density as the C,, coupling constant is the main
contributor to Qy). The Hamiltonian mixes states of the same J but opposite parity.

This leads to parity mixed electronic wavefunctions in the atom.
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CHAPTER 3: Background Atomic_Theory

3.1.Introduction

The purpose of this chapter is to give a brief description of the background
atomic theory behind the calculations undertaken in this thesis. @ For a hydrogenic
system, the Dirac equation offers an analytical description of the atom (neglecting
certain QED effects) but for any system more complicated than this no such solution
is possible. The reason for this is that the problem is a 'many-body' one involving
interactions between each of the constituent electrons and all of the others. In this
case the solution has to be approached by making approximations so that the problem
is manageable. One then gradually extends the calculation by reducing the
approximations. The calculations are done numerically rather than analytically and a
large amount of time and effort goes into optimising the computing side of the
operation. It is only comparatively recently that the continuing improvement in
computing resources has allowed atomic theory calculations on their present scale.

One of the wusual first approximations that is made in order to make a
many—~body problem manageable is the ‘independent-—particle model' where each
electron is assumed to interact with a mean field produced by the other electrons and
the nucleus. Using the variational principle to minimise the total energy with respect
to small changes in the wavefunctions leads to the (unrestricted) Hartree—-Fock (HF)
equations.  Making the additional assumption that the field from other electrons is
spherically symmetric leads to the ‘'central-field model' (CFM) and the restricted HF
equations. These are straight-forward to solve and are often used as a convenient
starting point in many calculations.

As an initial estimate the CFM provides a reasonable model of the atom,
producing fairly accurate energy levels and wavefunctions. However, for accurate
calculations, such as we require for PNC effects, this model is not good enough and
refinements have to be made. One physical . effect not included in it is the
polarization of the core electron cloud by the open shell electrons. Although not
included in the CFM, this effect is still within the framework of the
independent-particle picture. Still omitted are some residual interactions which can be
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described by two or more particle excitations (e.g. the interaction of the polarised core
back on the valence electron). These are collectively known as correlation effects, of
which the dominating ones are the two particle excitations.

The main methods of doing calculations that include -correlation effects are:
configuration interaction (CI), multi—configurational Dirac—Fock (MCDF), many-body
perturbation theory (MBPT) and potentially the Equations of Motion method (EOM)
for problems concerning atomic transitions. In the CIl formalism the exact
wavefunction is expressed as a sum of configurations of anti—symmetrised products of
single particle wavefunctions where it is the coefficients in the sum which have to be
determined. The configurations are all treated equally with the approximations being
in which configurations are included. MBPT starts with an approximate determinantal
wavefunction and derives an operator which when acting on the approximate
wavefunction gives the exact one. The operator is expanded as a series of correction
terms of decreasing size; these correction terms are given in terms of matrix elements
of the perturbation and energy denominators. The correction terms are often classified
according to the number of Coulomb interaction matrix elements in them. The EOM
formalism starts with a ground state which is operated on by an excitation operator to
obtain the excited state. The approximations are in the level of complexity of the
excitation operator and the accuracy of the ground state.

To treat all two particle excitations, say, in a rigorous manner using these
methods is ‘non-trivial', involving an extremely large amount of time and effort. One
alternative which is far simpler and which we have adopted is a semi—empirical
approach which can give a good estimate of many of these effects.

If these various different methods were carried to all orders they should, of
course, agree to within the initial approximations made. However, since this is
impossible in practice, a comparison of the answers achieved by different methods
gives an indication of the contributions of the various terms.

The latest calculations done in this field by other groups (e.g. W. Johnson and
Dzuba) include in a rigorous manner many of the important correlation effects.
However, the semi—empirical approach together with the Equations of Motion method
gives a very useful check to these results.
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3.1.1 The Relativistic Hamiltonian

As mentioned in the previous chapter the 'Z3' enhancement factor means that
our theoretical calculations need to be done for heavy atoms and hence must use a
relativistic formalism. The correct Hamiltonian to start from can be found in the
formalism of QED.  Unfortunately this presents great difficulties: only charge is
conserved and not the number of electron/positron pairs; also there are infinite sums
of certain interactions which lead to ‘'renormalisation' of the electron mass and charge.
In the Feynman gauge for example the full interaction virtual photon field consists of
four kinds of photons: two transverse polarizations, one longitudinal polarization and
one 'time-like' photon. When these last two are treated to all orders they can be
shown to be equivalent to the standard 1/r,, static Coulomb interaction term. The
transverse photons give retardation corrections and magnetic interactions. If all photon
interactions are summed to all orders then the results will be gauge independent but if
the sums are truncated then the results will depend on the chosen gauge. ’

The nature of the full QED Hamiltonian makes practical calculations using it
impossible so that approximations have to be made. Since the transverse photon
effects are usually of a far smaller magnitude than the other two the usual approach
is to work in the Coulomb gauge with a 1/r,, static term and the transverse photon
effects are treated as perturbations (e.g. the Breit interaction term, see [Bethe and
Salpeter]).

There are additional difficulties associated with the Dirac equation: to prevent the
theoretical possibility of transitions of electrons to the negative energy states it is
necessary to assume that the latter are fully occupied so that the Pauli Exclusion
Principle prevents the transitions. There should therefore be excitations from the sea
of negative energy states as well as the positive energy core states; the former
represent the creation of electron/positron pairs. However at the level of calculation
pursued in this thesis the neglect of these considerations will have negligible effect.
For a more detailed discussion of the relativistic Hamiltonian see [Lindroth] and the
references therein.

Our initial Hamiltonian therefore is going to be (in atomic wunits: see
Appendix 5):
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1
H=23 cajpjtc? (Bi- 1) + Vpue(ry) + 3 — (3.1)
i i>]j 12

Vnuc is the potential due to the nucleus and equals -Z/r outside the nucleus. It has
been written in this form so that different potential distributions within the nucleus can
be used. o and B are the standard Dirac matrices (see e.g. [Aitchison and Hey]). It
should be pointed out that whilst the Dirac equation is an exact equation for a
single—electron system, treating many electron systems in a rigorous way is a very
difficult problem. The difficulty comes from the last term which represents the
interaction between the electrons in the atom. The usual approach is to write the

Hamiltonian in the following form

H = H, + H, (3.2)
where
H, - % c aj.pj+ ¢? (Bj- I) + V(r{) + Vpue(ri) (3.3)
and
H, =Y ;1— - S v(rp (3.4)
i>j 12 i

where V(rj) is a suitable central potential so that the eigenfunctions can be written as
an anti-symmetrised product of single-particle wave functions. The corrections are
then calculated by treating H, as a perturbation. This approach is used for many

calculations.

3.2. The Hierarchy of Approximations

As mentioned above, one starts with a simple independent particle CFM such as
in equation (3.3). One can then make successive improvements to this model using
the correction Hamiltonian (3.4). In this thesis we wuse such a hierarchy of
approximations, starting with the Relativistic Self-Consistent Field (RSCF) local

potential.
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3.3 Relativistic Self-Consistent Field Calculation

To obtain a convenient starting point in our calculations we have used the
Relativistic Self-Consistent Field (RSCF) program originally written by Lindgren's group
in Sweden. This consists in solving for the electrons moving independently in a local
central field so that the Hamiltonian that is used is of the form of (3.3). It produces
an approximate solution to the Hartree-Fock equations (q.v.). The exchange term is

represented by the local potential

(3.5)

v -3¢ 3 rN p(r)ym 41/3
loc(r) = [ ]

2 r 4 x2

where p(r) is the electron density summed over occupied orbitals and C, n and m are
input parameters for the program. There are various input options for the program
including a 'LATTER' correction for matching the potential as seen by the unoccupied
orbitals to 1/r for large r as the local potential above falls off too rapidly otherwise.
The output from the program consists of the local RSCF wavefunctions and an

effective charge Z.¢r (r) such that the equation for each local orbital can be written

>=0 (3.6)

Zerr (1) .
—_— ] lloc

[ei-hD+
r

where hp = c a ;. p; + ¢2 (B; — I) and Z.gr is the positive absolute value of the
potential energy of the electron.

It should be pointed out that the particular choice of the local RSCF wave
functions is not essential: it is just a convenient starting point for more advanced
calculations. However, in practice the ease of doing the numerical calculation depends

on the choice of the RSCF wave functions being used.

3.4 Hartree-Fock Equations

The next stage in our hierarchy are the Hartree-Fock (HF) equations. The
RSCF potential is an approximation to the HF potential.

The HF equations are used in nearly all calculations as a starting point before
more detailed calculation is done. Strictly speaking HF should refer to the
non-relativistic equations, the relativistic equations usually being called the Dirac-Fock
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equations but we shall stick with the original name.

The derivation of the equations assumes a single particle anti-symmetrised
wavefunction. It then requires the expectation value of the Hamiltonian (3.1) with this
determinant to be a minimum. This leads to the HF equations (for details see e.g.

[Lindgren and Morrison] ). The HF equations are:

(hp + Vpue(r) + Ve ) | a > = €q | a> (3.7)
where
1 1
Var | 2> = 5 [ <bl—Ib>la> - <bl—Ia>Ib> ] (3.8)
b T2 2

which is often more conveniently written as

Vhe | a > = Y <b|—1—- (1 -P,, )Ib>|a> (3.9)
b 2

where P, is the exchange operator that exchanges the states to be operated upon.
The sum over b is over all occupied electron states.

Since there is no restriction on the single particle states these equations are
referred to as the unrestricted HF equations. Requiring the potential to be spherically
symmetric so that the orbitals can be written as a product of a radial function and an
angular function gives the restricted HF equations which we shall be using. It also
places restrictions on the orbitals b that contribute to the sum in (3.9) (see below).

Because the HF equations are so often used as a starting point and because in
many cases they offer a fairly good description of the atom it is worth while noting

some of the properties of the equations and of the potential itself.

3.4.1. Properties of the HF Equations

1. The direct part of the potential consists of a sum over the electrons b and
represents the Coulomb interaction between the orbital a being solved for and all
of the orbitals in the sum over b. When a is included in this sum then it would
be interacting with itself but the exchange part of the potential exactly cancels
out the ‘self-interaction' term. If @ is not in this sum then there is no
cancellation and the potential has an unphysical asymptotic value as r » «.
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At large distances from the nucleus each direct radial contribution behaves as 1/r
so for N electrons contributing to the potential it will go as N/r. The exchange
term will cancel out one of these (provided there is a self-interaction cancellation
term) so that the net dependence is (N-1)/r.
The restricted Vp¢ potential is required to be spherically symmetric. That is to
say that the angular properties of Vi¢I a > are the same as the state | a >
itself.
The HF potential is chosen to be hermitian so the eigenfunctions of equation
(3.7) form an orthonormal set. The orthonormal condition can be expressed
formally as:

<i1 j>=23% i
where 4;; is the Kroneker delta.
The eigenvalue ¢, of equation (3.7) can be shown by [Koopmans]' theorem to be
related to the binding energy of the electron. However, it does not necessarily
equal it because the initial and final configurations - after removal of the
electron from a particular shell — have generally a term splitting and the work
required to remove the electron depends on the final (as well as on the initial)
state. However, if a configurational-averaged HF is performed (see [Lindgren
and Morrison]) then the eigenvalue equals the negative of the average binding
energy (the difference in average energy for the initial and final configurations).
For single valence systems such as we are interested in, if the HF potential is
only contributed to by core orbitals (i.e. a Vy_; HF, see below) then the
determinantal state formed by anti-symmetrising the product of HF eigenfunctions
(i.e. a Slater determinant) will have no first order single excitation corrections
when MBPT is performed to correct for the residual (non-central) Coulomb
interactions. This reduces the number of perturbation diagrams to be calculated,
which is why the Vy_; HF equations are used so widely as the first stage in a

calculation.
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3.4.1 Orbitals Contributing to the HF Potential

As mentioned in section 1 above the choice of which orbitals contribute to the
HF potential is not obvious. For an atom with N electrons ideally each electron
should interact with N-1 other electrons. If all N electrons were in the potential and
were all closed shells then the self-interaction cancellation would ensure that each saw
N-1 others. However for open shell atoms, such as the ones that we will be doing
calculations on in this thesis, when the excited states are solved for they will see all
N electrons and will hence be totally unrealistic. The excited states are of great
physical importance as it is usually transitions between them and the valence states
that we are interested in. What is commonly done for single valence systems is to
perform a Vy.; HF calculation whereby only the N-1 core orbitals contribute to the
HF potential. Thus the physically important excited and valence states see N-1

electrons but the less important core orbitals now see N-2 orbitals.

3.5 Beyond The Hartree-Fock

The next stage in our hierarchy is to go beyond the HF equations. In equation
(3.2) we divided the Hamiltonian into a central part and a residual part. The central
part is usually the core HF potential as described in the previous section. We now
discuss how to go beyond the approximations of the HF equations and to calculate the
effect of the residual Hamiltonian (3.4).

If one has a complete set of eigenfunctions of a Hamiltonian then it is always
possible to express any corrections to a wavefunction in terms of an expansion of that
complete set where the expansion coefficients have to be determined. There are
several approaches to this. One which is often used is Many Body Perturbation

Theory (MBPT).

3.5.1 Many Body Perturbation Theory

This is based around expanding the corrections to the wave functions and
eigenvalues as a series of decreasingly important correction terms. Given an initial
single particle approximation to the exact wavefunction, a wave operator is defined
which, acting on this approximate wavefunction, generates the exact solution.
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0¥, = ¥ (3.10)

where ¥, denotes the approximate wavefunction and ¥ the exact one. The correction
terms in the expansion of () are given in terms of matrix elements of the perturbation
and an energy denominator. Without any additional physical effects added the
perturbation is given by (3.4). To aid the derivation of the MBPT correction terms
diagrammatic techniques has been developed to represent the correction terms in terms
of matrix elements of the perturbation, energy denominators, and creation and
annihilation operators (see Appendix 1) which act on the single particle basis states.
The matrix elements are represented by lines joining vertices with lines going into a
vertex denoting an annihilation operator and lines going out a creation operator.
Dotted lines represent Coulomb interactions and wavy lines the transition photon.
Core orbitals point downwards and excited and valence orbitals upwards (valence
orbitals are represented explicitly by two arrows).

MBPT corrections are often classified according to their order or number of
Coulomb interaction matrix elements in them. In figure 3.1 we give examples of

MBPT diagrams. For example diagram a represents

atvz aTr a, ay, <v2 r|r12‘1|v1 a> (3.11)
(€g + €yy = € - €y3)

3.5.2 The RPA Diagrams

These are a certain set of MBPT diagrams, characterised by a séries of loops or
'bubbles’, which represent interactions with the core orbitals. It is possible to sum all
such diagrams to all orders by solving a set of self-consistent equations called the RPA
equations. Typical RPA diagrams are given in figure 3.2.

By way of illustration we shall describe the RPA equations for the hyperfine
interation as we shall be calculating this at a later stage. The hyperfine interaction is
given by Viyp = T'.y4; ([Schwartz]) where y; is the nuclear magnetic moment and T'

is given by

T' = -ioar 2 (a. 1CY) (3.12)
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The zeroth order interaction term is given by
< vz | Vhyp | v1 > (3.13)

where vi and v: are valence orbitals (usually the same one apart from the magnetic
quantum number). This term is represented by diagram a in figure 3.3. A typical

first order correction term is given by diagram b which represents:

-1
z < a | Vhyp | r > <v2 rlr’12 la vi > (3.14)
r (fa + Ev1 - fr - €V2)

where the infinite sum over r can be can be carried out using Sternheimer techniques.

3.5.3 'Sternheimer' Technique

In this thesis we make extensive use of 'Sternheimer' techniques which allows the
infinite summation over excited states to be converted to a finite sum. This is a very

powerful method for manipulating MBPT corrections. Consider the function

lat> = S |r> (3.15)
r

where g,, = r,,7! (1-P,,) and we have put e,, = €y,. This is a single particle

function which is a solution of

(ea - HH)la*> = 5 | r > <vo2 rlg,,lvi a> (3.16)
r

where HOHF is the HF Hamiltonian. Using the closure relationship for the HF basis

set we can write

Yur><ri = 1 - § bx<bl (3.17)
r b
Putting this into (3.15) gives
(€4 - HOHF)Ia+> = <valg,,lvi>la > - % Ib><v2 blg,,lvi a>
(3.18)

Thus we have replaced the infinite sum with a finite one over the core states.

We can now evaluate the expression in (3.14) which is given by <a|Vhyp|a+>.
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3.5.4. The Feedback Terms

The single particle function in (3.15) represents the modification of the core
orbital @ by a Coulomb interaction with the valence orbital. It is possible to derive
an equation that evaluates the effect of this modification to the core orbitals back on
the other core orbitals. To do this in a simple way we consider the HF potential

with each core orbital replaced by the core orbital and its perturbed part

Vhrla> > J <b + btlg,,Ib + b>la + at> (3.19)
b,bt

If we only take terms linear in the modified orbitals and add this to the right-hand

side of (3.18) we obtain
(€5 - HOHF)|a+> - <valg,,lvi>la >

+ % <btlg,,lb>la> + <blg,,Ib>la>

- Y [Ib><blrhs>
b

(3.20)

where |rhs> represents the first three terms on the right-hand side of (3.20). The
first term on the right-hand side is the driving term (the interaction with the valence
electron); the second two terms are the feedback terms representing the effect of other
core orbitals, having been modified by their driving terms, back on orbital a. The
effect of this interaction is then fed back to the other core orbitals via their feedback
terms. When solved numerically until self-consitent this method effectively sums all
the RPA diagrams of figure 3.4. The RPA matrix element is given by terms such as
<alVpypla*> where |a*> is now the iterated excitation.
A few things to note that are typical of RPA type equations:
1. The right-hand side consists of a driving term and feedback terms; the latter are
initially zero but give a contribution once the equations are iterated.
2. We could equally have had the hyperfine interaction as the driving term and
taken the interaction with the valence electron at the end. This ‘reversibility' is

typical of the RPA equations.

- 3.11 -



Figure 3.4 RPA Diagrams

Sy

where the RPA vertex is glven by




3. The last term in (3.18) is the orthogonality term that ensures that there are no
admixtures of core orbitals in the core orbital excitations. However it can be
shown that any admixture of core orbitals will cancel out overall and (3.20) need
only be orthogonalised to the orbital a being solved for.

The details of the hyperfine equations are given in Appendix two. For a detailed

discussion of hyperfine calculations see [J. Heully and A.M. Martensson-Pendrill] and

the references therein.

An advantage of using RPA type equations for the calculation of E1 transition
matrix elements (such as the EOM discussed in the next chapter) is that the RPA El
matrix element is independent of whether the length or velocity gauge is used for the
dipole operator expression. This provides a very useful check to the numerical

solutions. This is discussed in more detail in Appendix 3.

3.6 The Introduction of Parity Non—Conservation to the Equations

We have described how starting with a CFM we can systematically extend the
calculations to include more physical effects. As mentioned in chapter one the main
purpose of this thesis is to calculate PNC E1 matrix elements which, when combined

with atomic PNC measurements, allow a determination of the weak charge Qy.

3.6.1. The PNC Hamiltonian

In the previous chapter we demonstrated that the most important part of the weak

force Hamiltonian is the spin independent term which is given by:

G Qu ¥s Pn (1)
2/ 2

hP"e¢ (3.21)

0 1
Ye - [ L0 ] (3.22)

The p, (r) is a suitable nuclear density renormalised so that its integral over all
space equals unity. Thus this Hamiltonian only acts within the nucleus and only has
significant matrix elements between s} and pi orbitals. This is because only Sy

functions can have non-zero density at the origin and the v, matrix mixes the upper
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and lower components of the Dirac spinors (the lower component of the pi orbital is
's}' like in character). The parity mixing for j values other than % will be small due
to their small amplitude at the nucleus. The size of the physical constants Gg and
Q,, means that the effect is extremely small but it is important because of the parity
mixing nature of the interaction.

When the Hamiltonian given in equation (3.22) acts on a Dirac orbital 1¥,> we

obtain :

Cr Qw ¥s Pu(r) l Gk Qw pp(r) | 0 1 1 P, (r) Xg,
Vv, > =

2 /2 2 42 1 0 |r i Q(r) X_u,

Gr Qw i Pr(r)Q, (r) X_g,
2 /2 r -i pa(r)P, (r) X,
Gk Qw i E, (r) X,
2 /2 ro| i G(r) X_p

(3.23)

where we have redefined the parity non-conserving radial components F and G by

F,(r) Xy p(r) Q(r) X_ g,

(3.24)
G, (r) X_x = - p(r)P,(r) X,

and «' is the opposite parity to «x,. Thus we see that when the weak interaction
Hamiltonian (3.21) is present then the orbitals are no longer exact eigenstates of parity
but have small admixtures of opposite parity.
Important things to note about the opposite parity wavefunctions:

1. The perturbation only acts over the nucleus but the PNC wavefunctions can
extend beyond this: the first order perturbation correction is expressed as a sum of
HF eigenstates with matrix elements of (3.21) determining the admixture coefficients.

2. The PNC orbitals will have the characteristics of their unperturbed opposite parity
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counterparts, for example a pi orbital will have the characteristics of an si orbital

and vice versa.

3. The PNC functions are purely imaginary.

3.6.2. The Addition of PNC to Parity Conserving Egquations

Performing first order perturbation theory with the weak Hamiltonian as a

perturbation will give single particle wavefunction corrections such as:

1aP™%> - Y lr><r|hPNC|a> (3.25)
r €q - €p

where r is summed over the excited states.

If we write down the E1 transition matrix element between two parity mixed
states such that the transition is nominally parity forbidden (e.g. the caesium 6s to 7s
transition) then we can see how the admixture of opposite parities means that there is
a non-zero transition amplitude. Here and in all the following we shall denote parity

mixed orbitals by a tilde sign above the orbital.

+aP™ I D | by + BP"%>

=<a, I DIb,>+<aP™ DI bP"
+<aP™IDlb,>+<a | DIBPC>
-<aP" Dib,>+<a 1D bPC> (3.26)

since the other two transitions are parity forbidden in this case. To evaluate this we
use MBPT to obtain the four diagrams of figure 3.5. The diagrams, when added,

represent the terms:

Y <alhPRC|i><i|D|b> + S <albl j><j|hPPC|b>
i j (3.27)

ea - éi eb - Ej

where the sums for i and j are over all orbitals. Using the Sternheimer technique

outlined in section 3.5.3 we can evaluate 1aP%> by solving the differential equation :
( g - HHF ) 1aP"%> = pPnc o> (3.28)
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Figure 3.5 Lowest [Order PNC E1 Transttion Matrix Element
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This can then simply be substituted into equation (3.26). This gives a simple
demonstration of the use of Sternheimer techniques, in this case to evaluate the first

order weak force induced parity forbidden E1 transition matrix element.

3.6.3 PNC Hartree—Fock Equations

So far we have just considered the weak Hamiltonian perturbing one orbital in
isolation. The next stage is to determine the effect of one perturbed orbital on the
other orbitals. It was [Sandars 1977] who first suggested that since the operator is a
scalar this could be done by including the weak Hamiltonian in the Hartree Fock
equation at the lowest order by considering all the orbitals in the HF potential to be
parity mixed ones (i.e. each can be considered to be the nominal parity orbital with
an admixture of opposite parity of order Gg). By taking angular projections of the
resulting equation to project out the required parity equation or by considering terms
of the same order of Gg, the equations for the parity non-conserving parts of the
orbitals can be obtained.

Since this method shall be used to derive all the PNC equations in this thesis we
shall go into it in some detail here in order to derive the PNC counterpart to the HF
equations.

We shall start with the HF equation:
(e - hy - vg) la> =0 (3.29)
where

Ve la> = § <blg,, Ib>la> (3.30)
b

and h;, = ¢ ap + ¢c2 (B-I) + V()

If we now add the weak Hamiltonian and allow all the orbitals to be parity
mixed ones (and there is no restriction on this from the original derivation of the HF
equations) then we can write each orbital as 1a, + a,> where 1a,> ( = 1aP*> ) is

the opposite parity admixture. Doing this for each orbital gives:
(e, + 8¢, = hy - hPPC)la +a.> = § <b +b,lg,, Ib, +b,>la +a,>
b

(3.31)
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Here 5¢, is the order Gp shift to the energy. Taking the lowest order terms gives

equation (3.29) once more. To first order in Gg we obtain:

(ea - hp)la,> + (86¢,- WPPC)|a > = § <b,| g,, Ib,>la,>
b

+ Y <b,l g,, Ib,>la,>
b

+ Z <b1| 812 |b0>|a0>
b
(3.32)

The direct parts of the second and third terms cancel out exactly (remember
g1, =1y, '(1-P,,)) because of the purely imaginary nature of the parity admixtures.

That is:
<bglr,,"tIb,>la> + <b,Ir, "1 b >la,> = 0 (3.33)

This leaves us with:

pnc

(€, - hy - Vyed)la,> = hPCla > + Vi la,> (3.34)
where

pnc

Vs lag>=73 - <b,Ir,,Tla>Ib,> - <b,lr,, 1 la>lb,> (3.35)

b
and we have put ¢, equal to zero because
pnc
se;, = <a lhPPCla > + <a vy la,> = 0 (3.36)

due to the opposite parities involved.

Equation (3.34) is called the parity non-conserving Hartree-Fock equation
(PNC HF). It has to be solved self consistently since each PNC orbital interacts with
all the others via the V,PP¢ potential (3.35). This self consistent technique effectively
sums certain MBPT diagrams to all orders and is a very practical way of including
such diagrams in a calculation. We shall be making extensive use of similar methods
in later sections.

Since the PNC HF equation is derived from the usual HF equation but with
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parity mixed orbitals, we can use the standard HF orthogonality relationship to derive

an orthogonality relationship to order Gg between the HF orbitals and parity

admixtures :
<alb> = 5,b
<ag+a, b +b,> - <a, lb,> + <a,lb> + <a,lb,>
= dab + <a,lb,> + <a,lb,>
» <a,lby> + <a lb,> = 0 (3.37)

The evaluation of these overlaps provides a good numerical check on the correctness
of the solution.

This method of adding PNC to a parity conserving set of equations carries over
just as well for the equations that we use later. Since each orbital in an equation has
to be replaced by its PNC counterpart there will be many more terms in the PNC
counter—part to an equation.

In figure 3.6 we have given the parity conserving and the PNC upper components
of the caesium 6s3 wavefunction. The horizontal axis is a logarithmic scale

representing the radial grid points (see chapter 5).

3.7 Conclusion

Starting from the HF equations one can systematically add the higher order
correction terms using a formalism such as MBPT to obtain an increasingly physically
accurate description of the atom. However the MBPT corrections are complicated and
there are many of them to be included if one wants to have accurate ab-initio
calculations.  Certain equations such as the RPA equations effectively sum certain
classes of MBPT terms to all orders by using iterative self—consistent equations. PNC
effects can be included by inserting the weak interaction PNC Hamiltonian directly into

the equation and expanding terms to first order in Gg.
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CHAPTER 4: The Equations of Motion Theory

4.1 Introduction

In this chapter we derive the Equations of Motion (EOM) from first principles.
We shall first look at the more simple closed—shell case before going on to derive the
open—shell EOM.

Many Body Perturbation Theory (MBPT) and EOM have differing approaches to
the calculation of transition matrix elements. In the former case one starts with an
approximate determinantal wavefunction, which is often the Vy_; HF determinant as
this usually leads to less perturbation corrections. An operator is then defined which
when acting on the approximate wavefunction gives the exact one. This operator is
usually expanded as a series of correction terms of decreasing size; these correction
terms are given in terms of matrix elements of the Coulomb interaction and energy
denominators. It is also possible to expand the operator in order of complexity: single
particle effects, two particle and so on.

The EOM approach is concerned with the direct calculation of transition matrix
elements between a ground and an excited state rather than with finding the
eigenfunctions. This is expressed formally by defining an excitation operator which
when operating on the exact ground state gives the exact excited state. The EOM
itself re—expresses the eigenvalue equation for the excited state involved in the
transition in terms of the ground state and the excitation operator. Whilst the full
EOM is exact it is no more soluble than the exact eigenvalue equations are and
approximations have to be made. These approximations are in the degree of
complexity of the ground state and excitation operator, rather than in the choice of

correction terms to include as in a MBPT calculation.

4.1.1. Nomenclature and Approximations

There is always a great increase in the complexity of calculations when
open shell systems are considered and the EOM formalism is no exception. We
therefore begin by considering a closed shell system and derive what we shall call the
Closed Shell EOM or EOM/CS for short.
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Next we consider the open shell problem. The EOM are re—formulated for the
open shell case. This involves a great increase in the complexity of the equations.
In order to keep the problem simple we make several approximations which reduce
the problem to a set of equations which for a single valence system are equivalent to
the TDHF or MBPT RPA equations. We call our open shell EOM with these
approximations the RPA EOM (usually written EOM/RPA).

Finally, in chapter eight we shall reconsider the approximations that lead to the
EOM/RPA equations. We shall re-derive the equations with fewer approximations that
treat the problem more rigorously. We shall call these equations the Full Open Shell
EOM or EOM/FOS.

In all three cases (i.e. EOM/CS, EOM/RPA AND EOM/FOS) we shall derive the
corresponding PNC equations. We shall usually refer to these by by prefixing PNC so

we obtain PNC EOM/CS, PNC EOM/RPA and PNC EOM/FOS.

4.2 Derivation of the Eguations

We begin by defining an excitation operator U such that it gives the required

excited state when operating on the ground state.

ulo>=11> (4.1)
We also impose the constraint

vt l1o0>=0 (4.2)

Since U, when operating on a zero angular momentum state, gives an excited
state which may have a different angular momentum, U is a tensor of rank equal to
the excited state angular momentum and with component equal to the excited state
magnetic quantum number.

We next define a symmetrised double commutator:

[A,B,C] $ [ [A,B],C] + 4 [A,[B,C]]

= ABC - iBAC - iCAB - 3ACB - iBCA + CBA (4.3)
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The ground and excited states are solutions of :

HIO0O>=E, | 0>

4.4
Hl1>=E1 | 1> ¢ )

where H is the Hamiltonian given in (3.1). Using these definitions it is then possible
to re-express the fundamental equation in (4.4) for the excited state in terms of the

excitation operator and the ground state.
<0l [P, H, U] 10> = w<ol[ P, U ]lO> (4.5)

where w = E, - E, and P is an arbitrary projection operator. Equation (4.5) is the
Closed Shell Equation of Motion. P is covers the same space as U so that as many
equations are obtained as there are unknowns to be determined in U.

The normalisation condition is that <1|1> = 1 which can be expressed as
<l [uf, U] 10>=1 (4.6)

where we have used the constraint of equation (4.2) to allow the inclusion of a
commutator.
We shall be calculating transition matrix elements between the excited and ground

states. Again using (4.2) this can be expressed as
<1l T1o> = <ol [ Ut , T] lO> (4.7)

where T is the transition operator.

4.2.1 Approximations

The EOM (4.5) is exact but not soluble as it stands and approximations have to
be made. These approximations are in levels of complexity rather than in orders of
Coulomb interaction. There are two main approximations:

1. The ground state |0> is a single particle determinant which can be given

in terms of creation and annihilation operators.
o> = af, afyafe . . . . Ivacuum> (4.8)
Initially we shall use a HF ground state for closed shell systems. This

means that correlation effects are being left out and the ground state is not an
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exact eigenfunction of the Hamiltonian H. For a more accurate calculation a
more sophisticated 10> should be used.

2. The excitation operator is expanded in levels of complexity, i.e. in single
particle effects, two particle effects and so on. We shall make the approximation
of only including one particle terms. The most general form of our excitation

operator is therefore going to be

U=3 (afr aa Yra - a)fa ar Zra) (4.9)
r,a

where we have used creation and annihilation operators to give a second quantised
formulation. In equations (4.8) and (4.9) and in all subsequent ones r, s, t etc.
represent excited (unoccupied) states, whereas a, b, ¢ etc. represent core
(occupied) states.

The inclusion of the first term is straight forward and is equivalent to the
Tamm-Dancoff approximation (see [G. Brown]). @ The second term produces
negative excitations which include some two particle effects (see later). It should
also be noted that equation (4.2) does not hold exactly for the excitation operator
given in (4.9) acting on the single determinant 10> of (4.8). This will also be

discussed later.

4.2.2 EOM Diagrams

In order to derive the required equations to solve for U it is necessary to use a
creation and annihilation operator formalism where the terms are expressed in terms of
operators which create or destroy single particle states. These operators are most
easily manipulated by diagrammatic techniques.

For example:

r a = Z a“’r a, Yr,a (410)
| r,a

where the left hand operator at any junction is a creation operator and the right hand
one is an annihilation one. There is usually an implicit summation over all orbitals.

There is an amplitude coefficient (in this case Y,,) associated with the vertex. The
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negative excitation part of U would be given by:

a
___I__E = 5 - afa ar Zr a (4.11)
r,a

Similarly the projection operator P has two parts (so that it occupies the same

space as U) given by:

Tp a = an a, P-p,a

and (4.12)

where P* and P~ are arbitrary coefficients.
We shall also need to express the Hamiltonian in terms of creation and
annihilation operators. The operator is split into two parts:
————— = Z aTi aj <i|h0|j> (4.13)
| i,]
where h, = c a.p + ¢2 (B~1) + V,,(r) is part of the Dirac operator (V,, (r) being

the nuclear potential) and

i J
—
} : =3 3 afy afy aj aj <iklryp-l151> (4.14)
ijkl
k 1
which represents the Coulomb interaction term. Thus the Hamiltonian can be

expressed diagrammatically as:

i J i J
RE— —
H, = I + 3 | (4.15)
| |
k 1
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4.2.3. Commutators in Diagram Form

Consider a commutator of the form | aTi a; atk a; ] Using the

J b

anti-commutation relationships of Appendix 1 this can easily be shown to be given by:
[ afi aj , aTk ay ] = aTi aj 6jk - aTk aj dil (4.16)
so that if we had a commutator involving two excitation amplitudes, for example, we
would obtain
[ afi aj Yij , aTk aj Py ] = aTi aj Yij le - atk aj Py Yij
(4.17)

The advantage of using diagrams becomes apparent when we express (4.17) in

diagrammatic form:

i Jj k ’ 1 i i . 1 k I i J
(4.18)
Similarly, for a commutator involving six operators:
[ aTi aTj a) ay , aTr a; ] = aTi aTj a) ag oy + aTi aTj az ag o1r

- af, aTj aj ag 8ja - alj alp aj ay % ja

(4.19)

so that if we had a commutator between a Coulomb matrix element and an excitation
amplitude (which would involve a commutator such as in (4.19)) this could be

represented diagrammatically by:

i k r a i r a i k
—_— ———I——— - T + I S——
} , | }
S | |
J ] J 1 j r | a
(4.20)
r a k i k
- | - |
| |
J l 1 r a 1
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Thus highly complex creation and annihilation operator commutators can be quickly

evaluated by this diagrammatic technique.

4.2.4. The Equations of Motion Diagrams

Using our expressions for U, H and P (equations (4.9), (4.15) and (4.10) to
(4.12)) with the representation of the ground state by (4.8) we can now evaluate all
the commutators in equation (4.5) using the diagram techniques mentioned above.
After some simplification we obtain the single excitation EOM commutator diagrams
given in table 4.1

It is important to remember that there are implied ground state bras and kets

around these diagrams (i.e. <0l and [0> around each side of the equation).

4.2.5. Evaluating the Diagrams

Each vertex in table 4.1 has creation and annihilation operators associated with it
as given earlier. Remembering that a line between two vertices implies a Kronecker
delta for the orbitals involved and that all creations and annihilations should ‘match
up' at the end so that one starts and finishes in the ground state, the vertices can
then have orbitals assigned to them. It is now that the function of the projection
operator becomes more apparent: each projection operator vertex will have an excited
orbital p and a core orbital a associated with it; the appropriate equations for each
core orbital can thus be chosen or projected out by selecting the appropriate
projection operator for that orbital a (the operator has no constraints on it other than
it occupies the same space as the excitation operator).

We have not yet said anything specific about the nature of our closed shell
ground state other than it is represented by a single particle determinant. In

discussing the particle states we shall use the following notation for designating orbitals:

letter orbital type

a,b,c... core

P,q,T... excited (4.22)
i,j.k,1 any
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Table 4.1: Single Excitation EOM in Terms of Commutator Diagrams

-—
-—
—

- -— e -

—— @ e -
s = o -
—

+ all left/right reflections of the above diagrams




For the sake of brevity the direct and exchange parts to the diagram will be
denoted using a /' so that two diagrams are actually represented: one with the orbital
before the '/* on each 'leg' of the diagram and one with the orbital after it. It
should be noted that there is an implicit minus sign associated with exchange diagrams
(i.e. with diagrams where an orbital appears on the top leg on the left and on the
bottom leg on the right). This is because of the commutation relationships for the
creation and annihilation operators. Using this notation we obtain the diagrams for
both the left and right hand reflections given in table 4.2.

Evaluating these diagrams one by one we obtain the contributions given in

table 4.3. Table 4.4 gives the contributions for the reflected diagrams.

4.2.6. The Closed Shell EOM

It should be noted that in the above equation no assumption has been made
about the nature of the single—particle states. As mentioned earlier we use a HF

ground state for our closed shell systems. We can then use the fact that
( hy + Vhf, core ) 6> = €p Ib> (4.23)

in equation 2 in table 4.3. This greatly simplifies the equations by forcing terms such

as equation 2 to be diagonal. If we now define negative and positive excitations by

lat> = 5 Ir> Y,y (4.24)
r

la=> = S Ir> 2%, (4.25)
r

then using equations (4.23) to (4.25) in the equations in table 4.3 we obtain

Ptap <Pl ( €a + @ - hy = Vhf core ) 125> = PPy <plvtia>

(4.26)

where

vtla> = 5 [ <bir,,"1(1-Pyp) Ib*>1a> + <b-Ir, ,~1(1-P12) Ib>|a> ]
b, bt

(4.27)
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Table 4.2 Assignment of Particle States to Closed Shell EOM Diagrams

a,p r a r a/b a P a/b
a,p__a
|I| + | | | |
| i
7a |b/a bl r  b/a
a p b a b a p b a_p b a/c b/c a_,p b
AT T+ 1T+ 711
| | | |
! l c l c/a c/b1 c
a . p a
R
Reflected Diagrams
a r p_a a/b r p, a a/b p, a a/b p, a
III + III + II- |
| i | i
! b/a b b/al' b b/a r | b
b p,a b a b p_ a b p, a b/c a/cb p_ a
R R
i 1 1 1
' ' c lc/b c/a1 c




Table 4.3. Contributions from the Diagrams for the Positive Excitations

a_,p r a a_,pr a a_, p b
|I| + |I| -jl -
| [ |
! 5 b b 'r|a
= PYap 3 <plho + Vhr corelr> Yra (1)
r
a_p b a b a_,p b a_p b a/c b/ca_p b
T T+ TT7 =+ 1]
| | I |
' ! c - c/a c/b1 c
= Ptap 3 <plr><bl- ho - Vhf core 12> Yrp (2)
r,b
a,p r b a _p a
i P B
| |
5 a b Jrlb
= Ptap 3 <pblr,,~1 (1-P,;)lar> Yrp (3)
r,b
a_p a a_p b
. bl S .
- | + |
| |
B r b R a
- Ptap 2 - <prir,,~1 (1-P,,)lab> (-Zpy) (4)
r,b
a _, p a
© 1
- Ptap 2 © <plr> Ypu (5)
r
where

Vhf core 1 ® 2 <blr,,”1 (1-Pp) Ib>1x>
’ b



Table 4.4. Contributions from the Diagrams for the Negative Excitations

b - e o
1

a r p, a a r p,a a r b
I ' | + l I l + l
I i
| . : . - pTa

- 2. (-Zya) <rlho + Vhg corelp> P ap
r
b p,a b a b p,a bp_, 6 a b/c a/c bp
TR RIS B R
i i | |
! ! c l c/b c/a.
= 2 (‘Zrb) <r|p><a|- ho - Vhf,core |b> P-ap
r,b
b r p,a a p, a
I .
| |
a b b I r b
= S (-Zpp) <ralr 71 (1-P, ) Ibp> Py,
r,b
a P a b p, a
- | + |
| |
b T b a T b
- S -Yp <ablr,,71 (1-P,,)Ipr> P,
r,b
a P a
© T
- S (-Zpm) w <rlp> P ap
r
where

Vhf, core | =3 <blr,,"1 (1-Py3) Ib>Ix>
’ b

(1)

(3)

(4)

(3)



For the reflected diagrams we take the hermitian conjugate of the equations in

table 4.4 and multiply by minus one to obtain an equation similar in form to (4.27):

P"J‘ap <pl (€4 - - h, - Vhf, core ) la™> = P-tap <plv-la>

(4.28)

where

Vola> = § [ <blr,,71 (1-P, ) Ib=>la> + <btir,,"1 (1-P,,)Ib>la> ]
b,b*

(4.29)

We have said nothing about the projection operator yet. It is an arbitrary
operator (apart from covering the same space as U) that enables us to pick out the
equations for each orbital excitation. The coefficients P*’ap and P7,, are arbitrary
coefficients. The orbital p in the equations above is an excited state. If we define

the coefficients as an overlap with an arbitrary function #,:

Ptagp = P lap = <y lp> (4.30)

and we put this definition into equations (4.26) and (4.28) above we can then sum

over the excited states p. We can then use the closure relationship to write

> Pap<pl = 3 <malp><pl = <nul(1 - 3 Ib><bl) (4.31)
P P b

The sum over the core orbitals b will have no effect on the left-hand side of
equations (4.26) and (4.28) because of our definitions (4.24) and (4.25). However, it

adds an extra orthogonality term to the right-hand side of the form

- 5 Ib><bl V* |a> (4.32)
b

Since 7, is arbitrary the equations must hold for all 5, and we can simply write the

Closed Shell EOM as
(€a t o - hy - Vhf core ) la*> = Vvila> - § Ib><bl V* |a>
b
(4.33)

This is the EOM/CS. It of the same form as the closed shell TDHF or
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MBPT/RPA equations. The set of equations for all the core excitations form a set of

coupled equations to be solved self—consistently.

4.2.7 Evaluation of Normalisation and Matrix Elements

The normalisation of the equations is defined by the relationship:
<0l uf » ulo> =1 (4.34)

This is represented diagrammatically by the commutator of the excitation operator and

its hermitian conjugate.

T T

a

1 1
(4.35)

where the 1 in the diagram refers to the hermitian conjugate of the excitation.

These diagrams give

I
(S

z+ ( <at|la™> - <a-la=>) (4.36)
at

The minus sign for the negative excitations might at first appear a little odd as a
contribution to a normalisation. But, as is discussed later, the negative excitations are
actually modelling some two particle effects in the ground state, unlike the positive
excitations which are generating the excited state, so that one would not necessarily
expect the negative excitation contributions to the normalisation of the excited state to
be the same.

The matrix element of a transition operator T between the ground and excited

state can be calculated using the relationship:
<1ITIo> = <0l [ (Wt , T I0> (4.37)

which gives, using the diagrams, a sum over single particle matrix elements:

t a t r a a —rt a

————————
. = - -
. .
?
. .
. .
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which, when evaluated gives

<tiTlo> = 2, ( <a®ITla> + <alTla™> ) (4.39)
ot

We shall discuss the contributions of the negative excitations to the transition

matrix element in a later section.

4.2.8. Angular Reductions

So far we have derived a whole series of equations for the excitations of each
core orbital for each of the magnetic quantum numbers. As might be guessed the
number of equations can be considerably reduced by angular summation techniques.

We shall now define reduced excitations by the relationship

Jr,my +  Jgq,Mg
P

Yr . a < IJ Yr . a

K,Q

(4.40)

jamy + jr,mr

o

= < (4.41)
K,Q

NI

zar a,r

where the lines above the Y,, and the Z, on the right-hand side denote reduced
coefficients that do not depend on magnetic quantum numbers. The angular diagrams
are as defined in [Lindgren and Morrison]. The K and Q are the rank and
component of the tensor U and equal the angular momentum and magnetic quantum

number of the excited state. We shall similarly reduce the projection operators by

defining:
_ Jr,mp JarMa -
Pr a - T Py a (4.42)
K,Q
Ja,Ma - Jjp.mp =,
P*r 4 - fj > Pty 4 (4.43)
K,Q
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We are now almost in a position to derive the radial equations but we still need

an explicit form of the reduced projection operator.

4.2.9. The Projection Operator

In equation (4.30) we have an arbitrary function n,. It is convenient to define
this as a projection operator that projects out a specified angular momentum « at a
specified radial distance r and either the upper or lower component of the Dirac

spinor. We shall take the reduced P*‘ap to be given by

Ptop = <8l () | p> (4.44)
where
1 s(r-r') f
<o (1) | p>= .r-,[ o ] Rp(r) rrzar
(4.45)
1.
< 5a2x (r) | p > = [ %,[ 6(r-g') ] Rp(r') r'2 dr'

where Rp(r') is the radial part of the Dirac spinor. Thus the projection operator
projects out angular factor x at radial distance r.

We now substitute our definitions for our reduced excitations and projections into
our equations (4.26), (4.28), (4.36) and (4..39). The Coulomb matrix elements have
the standard associated angular factors (see e.g. [Case Studies]) and we can now sum
over the magnetic quantum numbers to obtain radial equations for the reduced
excitations. The advantage of our definitions of the reduced angular factors is that
the full angular momentum diagram is topologically equivalent to the EOM one: the
'stems' of the projection and excitation operators corresponding to the stems of the
angular diagrams (4.40) to (4.43). The projection operator has its 3J symbol
associated with it so that in diagrams such as equation 1 in table 4.3 the sum over
the magnetic states for both the 3J symbols of the projection operator and the

excitation has a very simple angular reduction. Its effect is to ‘cancel out' the

excitation 3J symbol.
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4.2.10. Example of Derivation of Radial Contribution

To demonstrate the angular summation we shall derive the exact expression for

one of the diagrams. We shall evaluate the diagram:

(4.46)

e e e ae o o

There are three parts to the process of calculating a diagram: the diagram phase

factor, its angular part and its radial part.

Phase

Every diagram has a phase (i.e. a +1 or -1) associated with it which comes from

factors other than angular considerations. There are five different contributions to the

phase of a diagram:

1.

Direct or exchange diagrams:

This is purely determined by the properties of the creation and annihilation
operators. The same particle states must occur at either end of the diagram; if
the two matching states are both at the top or bottom (a direct diagram) the
phase contribution is +1, if one at the top and one at the bottom (an exchange
diagram) then the phase is -1. The above diagram is an exchange type because
the a's and b's occur at the top and bottom on each side.

EOM commutator diagram factor:

This arises from the evalutation of the commutator diagrams in table 4.1. There
are factors of 3 and w to be inserted and signs of *1. The above diagram has
a factor of +1.

Negative excitations:

From our definition of U in equation (4.9) there is a minus sign associated with
the negative excitations (the terms with the Z, coefficients). The above diagram

contains a negative excitation so the factor is -1.
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4. Re-arrangement:
In the EOM/CS (equation (4.33)) we arranged the terms in a convenient form.
There is a phase factor from this re-arrangement. It results in a minus sign for
all terms except ones with w in or ones that contribute to V*. This diagram is
part of V™ so the factor is +1.

5. Equation being solved for:
The negative excitation equations were multiplied by a factor of -1 and the
hermitian conjugate taken. There is therefore a -1 phase factor when solving for
negative excitations. Since this diagram is for a negative excitation there is a -1

factor.

In evaluating the overall factor we multiply the five component factors to get
-1 x +1 x -1 x 41 x -1 = -1 (4.47)

so the overall phase factor is -1.

Angular Summation

The Coulomb interaction will have two 3J symbols and two reduced Ck tensor
matrix elements associated with it. Each excitation and projection operator has a 3J
symbol in its definition. Using the angular diagrammatic techniques of [Lindgren and
Morrison] we obtain an angular diagram that is topologically identical to the EOM
commutator diagram we are solving. The signs at the vertices and the phase arrows

have to be added. The angular diagram for the diagram we are solving is given by

Jp Mp Jp-Mp- Ja- Mo Ja My

< < ~.
< r

T

k|q K'Q (4.48)

A

Ja Mg Jb Mp

We can now sum over the M quantum numbers using the angular momentum diagram

techniques of [Lindgren and Morrison]. We obtain
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k
(-1HK * Jp + Jp- XK (Kp-,Ka,Ka-,Kp)

(4.49)

where we have included the XK function which consists of the two reduced CK matrix

elements and a phase of (-1)K (see e.g. [Case Studies]).

Radial Part

This can usually be written down by inspection. It must be remembered that the
negative excitation equations have to have their hermitian conjugate taken. The
projection operator in equation (4.44) turns the Slater integral into the product of a
radial wavefunction and a ZK(ba;r) function (which is 1/r YX(ba;r), where YXab;r) is
the usual Hartree function; see e.g. [Case Studies]).

In our example above we have to take the hermitian conjugate (which amounts to
a mirror reflection of the radial parts). Using equation (4.25) we can write the

negative excitation vertex as
b s b~
We can also use (4.30) and (4.44) to write
p | a p <plé,>
The radial diagram we end up with after reflecting it is

P b~

<é 1p> (4.50)
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The left-hand part is the Slater integral given by

k
4

RT(P;!‘,) R)f(b;r'z) —55; R(b7iry) R(ajr,) r,2 dr, r,2 dr,
ra

(4.51)

The R's are the radial parts of the Dirac two component spinors. The final
summation over the excited state p together with the <§ip> factor as in equation
(4.31) will effectively replace the RT(p;r,) by the upper or lower component of the
delta projection operator as given in equation (4.45). There will also be the
orthogonalisation term of (4.32). Thus the upper or lower component projector picks
out either the upper or lower component of the radial equation. The final radial

function can be written as
ZK(ba;r) r R(b~;r) (4.52)

This is the radial part of the diagram.

4.2.11. Final Expression for the Diagram

Collecting together the component parts for the diagram we obtain

K+ Jp + Jp-

-1 x (-1) ZK(ba;r) r R(b~;r) XK(Kp_,Ka,Ka-,Kp)

(4.53)

This term appears in the negative excitation equation for orbital a. The formal

expression that it corresponds to is
<bl r,,~lia> |b~> (4.54)

which appears in (4.29) in V™ |a>.
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4.2.12. Normalisation and Transition Matrix Element Angular Factors

In summing over the angular factors for the normalisation and transition matrix
elements we use the same techniques as for the other diagrams. In the normalisation
diagrams (4.35) there are 3J symbols associated with the excitations and their
hermitian counterparts. The angular summations give a factor of one so the radial

normalisation condition is

z+ I RT(a+;r) R(a*;r) r2 dr - I RT(a‘;r) R(a~;r) r2 dr = 1
a* o 0
(4.55)

The angular summation for the transition matrix element is similar. The result is

<J,M, IT>, 100> = §+ 5(K,\) 8(Q,p) [K] ™2 [<a+||Tx||a> + <aIITXIIa->]
a

(4.56)

We usually require a reduced transition matrix element. This is given by

<J.M, IT>, 00> - -[J,]’f §(I, N) (M, p) <J 11 T [10>

(4.57)

Thus we obtain

< TN H0> = 5 = 5,0 (3,172[K17F [<a*lITM 1> + <al [TM 1a7>]
a

(4.58)

4.2.13. Summary for Closed Shell Equations

Starting with the EOM and making a single excitation approximation for the
excitation operator and using a HF ground state determinant we end up with equation
(4.33) which is the Closed Shell EOM for the positive and negative excitations of the
core orbitals. These equations are equivalent to the standard Time Dependent HF
(TDHF) equations for closed shell systems or alternatively, may be derived from
MBPT using the RPA approximation. In the MBPT picture, the resonant transition
dipole induces polarisation in the other core orbitals which in a self-consistent way

produces a modified transition dipole for the atom as a whole. In this way all the
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RPA ‘bubble diagrams' (see chapter three) are included in the equations by iterating
them till they are self consistent.

The positive excitations for a given core orbital are sums over excited state
orbitals that the core orbital can go to; negative excitations on the other hand are
sums over excited states that can be de-excited into the core state. Due to the w
term on the left-hand side of the equation there is a resonance for positive excitations
when the excitation energy equals omega. Thus the resonant excitation is represented
by a large contribution to one of the positive core excitations. This resonance was
dealt with numerically by techniques which will be described later.

It is fairly easy to see what the positive excitations represent. However it is not
so clear as to the physics represented by the negative excitations. If we consider the
ground state |a> then the excited state is represented by single particle excitations
from this ground state which we can write as jaf,>. The resonant single particle
excitation is included in this and will be the dominant term. We are interested in
single particle matrix elements between the ground and excited states so we require
matrix elements between the two determinantal states that differ by only one particle.
lof,> differs by a single particle excitation from (o>. Taking matrix elements

between the excited and ground states we obtain
<af,ITle> = <riTla> (4.59)

This matrix element is of the form of the positive excitation contributions to the total
matrix element. Now we can also have matrix elements between the excited state and
and a state differing by a single excitation from it, e.g. a state such as (of,5,>.

Matrix elements between the excited state and this state will be given by
<af,|ITlaf ;Sp> = <bIT|s> (4.60)

This matrix element is in the form of a negative excitation. Thus the negative
excitations represent single excitations from the excited state. They are modelling
some two particle effects in the ground state. However they are not true two particle
excitations of the ground state because they can only differ from the excited state by

a single excitation: they are correlated to the excited state.
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excited state positive excitations
lal >

ground state I

r
l> + lafg Sp>
negative excitations

To understand why in the expression for the normalisation the negative excitations

have a minus contribution (see (4.36)) consider the ground and excited states:

'oexact> bl 'Ol.ﬂ.‘> + |C!(a’)>
(4.61)
11> = |la(at)>

Where |[a(a”)> = |of5,> and lo(a*)> = |of5y>. The normalisation condition for

each state gives

<OyrlOyp> + <a(a~)la(a™)> = <a(at) la(at)> = 1 (4.62)

> <OyplOgp> = <a(ah) la(at)> - <a(a™) la(a™)> = 1 (4.63)
In our calculation we used an intermediate normalisation given by

<OyflOgp> = 1 (4.64)
Renormalising equation (4.63) we obtain

<a'(at) la' (at)> - <a'(a7) la'(a”™)> = 1 (4.65)

where the primed excitations indicate renornalisation. So the negative excitations,

because they are modelling some two particle effects in the ground state, have a

negative contribution to the normalisation condition.

Despite the fact that the equations so far derived have no new physics in them,
they have several points of interest:

1. the method of derivation of the equations is simpler than summing certain MBPT
diagrams to all orders with the ‘'feed back' of the ‘'bubble diagrams' being
automatically derived.

2. the approximations that have been made are in the complexity of the ground state
and the excitation operator rather than in the order of the Coulomb matrix
element.

3. by including negative excitations in the excitation operator certain ground state two
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particle effects are modelled.

4. the method can easily be extended to open shell problems as we shall now

discuss.

4.3 Extension to Open_ Shell Systems

All the systems of interest for parity violating effects have at least one valence
electron (except lead) so it is necessary to extend our method to include such
systems. For closed shell atoms an orbital is either a core or an excited orbital and
a core orbital can only be excited into an excited orbital. In the open shell case,
however, there is a third type of orbital, namely the valence orbital which can have
excitations both to and from it. This means that there will be many more creation
and annihilation operator diagrams than for the closed shell diagrams. One also has
to be careful about Exclusion Principle violating diagrams and the fact that some of
the valence shell is occupied and cannot be excited to. Another problem that has to
be tackled is to ensure that both the ground and excited states are eigenstates of
angular momentum. The state produced by the excitation operator acting on the
ground state will now not necessarily be an exact angular momentum eigenstate
because UKQ is now acting on a non-zero angular momentum state.

We shall approach this last problem by starting with the ground state of angular
momentum j, and magnetic quantum number m,. The excitation operator is a tensor
of rank K, component Q, denoted by UKQ. In order to produce an exact angular
momentum eigenstate we need to consider a linear combination of excitation operators

with different Q's acting on ground states with different m  's.

lj, m,>= § UKg 1jo.,mp><KQ, jom, | j,m,> (4.66)
Q,m,

The linear combination coefficients <KQ,j,m,lj,m,> are Clebsch~Gordan
coefficients. The tensor rank K is not fixed by this definition but we shall in practice
assume that only excitations of rank one are important. Of the core excitations, only
those of rank one actually contribute directly to the matrix element and it is assumed
that the contributions of other ranks to the rank one excitations are small. The role
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of the rank of the excitation operator will be discussed more fully in chapter eight.

The requirement equivalent to (4.2) in the closed shell case is similar:
(Uﬁ)t Ijo;m0> = 0 (4.67)

We require, as before, a projection operator P which when operating on the ground
state will also produce the excited state angular momentum but which we shall define

in terms of its tensor adjoint

<jpml® 3 <jmlKQ', jomg'> <jomg'l (PKgn)T (4.68)
Q' ,m;’
The extension of the closed shell EOM (4.5) using the new definitions of the

excitation operator leads to the open shell equation of motion.

QZQ'<j1m1 'KQ';jomo'xjomo'I [ (PKQ')T’H, UKQ] |j0m0><KQ’j0m0|j1m1>

1]
mo,mo

- (4.69)

w Y <j,mIKQ', jomy'><j,m,' | [ (PKQ-)T, UKQ] |j0m0><KQ,j0m0|j,m1>
Q,Q’

L
my,m,

This method is based on that first used by [Rowe] who first formulated the open
shell EOM. The main difference between the open sheH and the closed shell EOM is
the presence of the Clebsch—-Gordan coefficients and the summation over the magnetic

quantum numbers.

4.3.1. Open Shell Normalisation and Transition Matrix Elements

In analogy with the closed shell case we require
<j,mljm> = 1 (4.70)
Using definitions (4.66) and (4.67) we can write this as

Y <jymy IKQ', jomg'><jomge | [ (UKQ')T , UKQ] | j ome><KQ, jomlj,m,>
Q,Q

]
m,,m,

- 1 (4.711)

This is the Open Shell EOM normalisation condition.
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In evaluating the transition matrix element we usually require the reduced matrix
element rather than one dependent on all the magnetic quantum numbers. Using the
Wigner-Eckart theorem (see [Lindgren and Morrison]) we can express the reduced

matrix element in terms of a sum of unreduced ones.

I, -3+ )

<j, HTMIj > = CDEEE S 3 <jamy 1T 1 jome><p, jomg | j,m >

mg,pu

(4.72)
Using (4.66) and (4.67) we can then express this as

<Gl TN 1> = (311F (enpdi-dot D

D <Jym, IKQ', jomy'><jomy' | [ (UKQ.)T ’ Txu 1 Fjomg><Np, jomglj,m,>
my,m,'

Q' ,u
(4.73)

This is the Open Shell EOM expression for the reduced transition matrix element.

4.3.2. Open Shell Notation

Now that we have three types of single particle states: core, excited and valence,

we need a notation to distinguish between them. We shall use

letter orbital type

a,b,c... core

P.q,r... excited (including valence) (4.74)
X,Y,Z excited (excluding valence)

v,n valence

i,j,k,1 any

4.3.3. Open Shell Approximations

1. We shall make the same single particle approximation for the excitation operator
as we did for the closed shell case except that now we must include excitations
and de-excitations to and from the partially occupied valence shells as well

g -3 aly ag Yra - aty ar 24, + Y alyx ap Yyn - afp ay Zny
ra X,n

(4.75)
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2. There are again several choices for the ground state. We shall use a Vy_,
HF ground state. In MBPT it does not matter what approximate wavefunction is
started with, the correct solution is approached by adding correction terms in the
perturbation series. With the EOM, however, there is an approximation in the
complexity of U and the ground state and choosing an inaccurate ground state
can lead to a less correct answer. The correspondence between a certain
approximation in the ground state in the EOM and the equivalent order of MBPT
diagram is not obvious.

The advantage of using a Vy_; HF ground state to start with is that it
makes the equations simpler and a subset of the EOM diagrams obtained lead to
the same equations as the RPA in MBPT. Thus we can check our method
against RPA calculations done by others. However, in our initial derivation of
the equations we shall, as before, make no assumptions about the nature of the

ground state other than it is represented by a single particle determinant.

4.3.4. The Open Shell Diagrams

The ground state can be expressed in terms of creation and annihilation operators

by
ljm,> = aty, lcore> (4.76)

so that in evaluating the commutators in equation (4.69) we must now include
diagrams with a valence orbital on one of the outer 'legs'. Since we are only
considering single valence elements there can be no diagrams with two outer valence
legs. In addition we now have valence excitations as part of our excitation operator
so that there will be diagrams with valence orbitals specified inside the diagram (as
opposed to on the ends). Topologically the commutator diagrams are the same as for

the closed shell case (i.e. the diagrams given in equation Table 4.1).
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4.3.5. The RPA EOM Approximations

As with MBPT the number of diagrams to calculate increases greatly when open
shell atoms are considered. The full list of diagrams is given in chapter eight. For
the moment though we are going to make certain approximations, both in which
diagrams we shall include in our equations and in the nature of the valence
contributions to the excitation operator. These approximations lead to the EOM/RPA.
1. In the expression for the excitation operator (4.75) we are going to assume that

the only important valence excitation term is the resonant one. Thus we are

going to neglect all negative valence excitations and all positive ones apart from
the single-particle resonant contribution. We can thus write the excitation
operator as

ul(Q =3 ( aTr ag Yra - aty ap Zp5 ) + anvz ayy Yya,wvi
r,a

(4.77)

where vi1 going to vz is the single particle resonant transition with amplitude
given by Yy, va

2. Having made approximation 1 this means that all the EOM commutator
diagrams associated with negative valence excitations are to be neglected. In
addition we shall neglect all other diagrams that explicitly involve valence states
except four. Thus we shall only consider the closed shell diagrams (which of

course will still be there) and the following four valence diagrams

a_p Vv, V, a_p a
T : B
| |
v, ‘ a v, Val Vi
(4.78)
a P a Vv, P a

4
-"L
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The upper two diagrams contribute to the positive core excitation equations giving
Prap <pv,l r,,71 (1-P,) lav,> Yy, v, (4.79)

The lower two diagrams contribute to the negative core excitation equations giving

(after reflection)
P ap <pv,| raz—l (1-P, ;) lav,> Yv2,vi (4.80)

3. We shall approximate the transition frequency w by the difference between the
single particle state eigenvalues. Thus we put w = €y, ~— €yq-
4. We shall define the valence excitation in a similar manner to the core

ones:

Ivt> = |v> Y (4.81)

V2,Vi

4.3.6. Open Shell Normalisation and Transition Matrix Elements

The full list of additional terms that are added to the normalisation are given in
chapter eight. For the EOM/RPA we shall only include one additional contribution to

the normalisation.

which, when evaluated gives <vt{v¥> so that the expression for the normalisation

now reads

<vtivh + S [<a+|a+> —<a"|a‘>] = 1 (4.82)
ot

The full correction terms to the transition matrix element are also given in

chapter eight. For the EOM/RPA we shall only consider the term given by

\A -" V2 Vi

(4.83)

which, when evaluated gives <v*|T|vi>. We now obtain for the transition matrix

element:

<1ITIO> = <vHITIvi> + Z [ <at|Tla> + <a-|Tla> ] (4.84)
a¥
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4.3.7. The RPA EOM

Making the EOM/RPA approximations given above we obtain a set of equations.
We can treat the projection operator as we did for the EOM/CS (see equations (4.30)

and (4.31)) and we obtain

(€a @ - hg - Vhr core ) 1a*> = Via> - 3 [b><blvi|a>
b

(4.85)

V? is now defined by:

Vila> = 5 [ <blr,,"1 (1-P,,)Ib*>la> + <b¥Ir,,~1 (1-P,,) Ib>la> ]

b,b?
+ <v,|r,2‘1 (1-P, ) Iv>la> for vt
+ <v'*‘|r12,’1 (1-P12) lv,>la> for V-

(4.86)

with the transition matrix element given by

<1ITIO> = < HITlvi> + Z ( <at|Tla> + <a~ITla> ) (4.87)
a¥

with the normalisation condition

<vt|vt> + Y ( <atla®™» -<a"la>) = 1 (4.88)
ai

These are the EOM/RPA.

4.3.8. Angular Reductions for the EOM/RPA

Similarly to the closed shell case we define the valence excitation and its angular

reduction by

Jva My, + Iy, My, _
- 2 V2. Yor v (3,14 (4.89)

Yyi,v2

K,Q

Note the difference between this definition and the core excitations: there is a factor

of (2] 1+1)% instead of (2K+1)f. The reason for this is that it gives more convenient
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angular factors when we come to evaluate the matrix elements.

The rules for deriving the actual radial equation are the same as for the
EOM/CS. There is a phase factor, an angular summation and the radial part. The
phase evaluation is identical to the EOM/CS. In the angular summation however there
are now the two Clebsch-Gordan coefficients to be included. Using the same angular

diagrammatic technique as before we write these two coefficients as

I, M, , KQ K Q - LM

o
< >

(4.90)

o Mo’ Jo M

We must now include these diagrams in our total angular momentum diagram. It
must also be remembered that Q, Q°, M, and M ' have to be summed over. Using
a theorem first given by [Jucys, Levinson and Vanagas] it is possible to show that for
all the core diagrams these two Clebsch—Gordan coefficients factorise off to give a
multiplicative factor of unity. Thus we can use the same expressions for the diagrams
with only core assignments that we evaluated for the EOM/CS. For diagrams that
contain valence states we have to include the two factors though. For the EOM/RPA
it is only the four extra commutator diagrams, one normalisation diagram and one
transition matrix element diagram that have to be evaluated to obtain the radial

EOM/RPA equations from the EOM/CS ones.

Radial Part

The evaluation of the radial contributions from a diagram follows the same
method as for the EOM/CS. Though we have replaced the valence excitation by the
single particle state v, the choice of normalisation is up to us since the EOM/RPA
are linear in the excitations and any multiplicative factors will be cancelled out by the
normalisation factor. For convenience we shall choose a factor such that the overlap
of the valence excitation with the local RSCF excited state wavefunction is unity. The
reason for this is to make the equations more convenient when modifying them to give

the Full Open Shell EOM. For details see chapter eight.
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4.3.9. Properties of the EOM

There are several important properties of both the EOM/CS and the EOM/RPA

which are worth noting

1.

Although the core excitations have been defined to be orthogonal to all the
core orbitals this is not a necessary requisite and the orthogonality terms need
only be included for the orbital being excited. The reason for this is that all the
contributions to the final matrix element from admixtures between core orbitals
will exactly cancel (see [Botham]).

It appears from (4.85) that the excitation ja*> which is a correction to
core orbital |a> can interact with that same core orbital in the HF potential.
This is not actually so because the feedback terms on the right-hand side of the
equation that involves 1a*> exactly cancel this self-interaction term. This means
that the core excitations interact with N-2 electrons as did the core orbitals in
the Vy_, HF equation. The correction term for this is included in the full set of
diagrams and we shall evaluate it in chapter eight.

The length and velocity gauges are equivalent for the EOM/CS and the

EOM/RPA (see Appendix 3).
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4.4. Parity Non—Conserving Equations

Having derived the parity conserving EOM/CS and EOM/RPA we now derive their
PNC counterparts. As mentioned in chapter three the method is fairly straightforward.
Let us start with a ground state made up of parity mixed single particle states

that are solutions to the parity mixed HF equation

(€g = hg = hppe - th,core )la> = 0 (4.91)

where the tilde denotes parity mixed orbitals including all the orbitals contributing to
the HF potential. If in our full Hamiltonian the part h, in (4.13) now has hg,,
included in it then we can follow through with our derivation as before except now

we are using parity mixed orbitals. We obtain

P*ap<Pl( €5 * w - hy - hpne - A\"hf’core ) la*> = P*ap<pﬁltla>

(4.91)

where the tildes over the various potential terms denote that all the contributing
orbitals and excitations in the potential are parity mixed. We have not yet specified

the form of the projection operator. We shall write it as

-~

Ptap =<, |l p> (4.92)
We can use the parity mixed version of the closure relationship (since the

eigenfunctions of equation (4.91) form a complete set. This gives

(4.93)

- 3 <n, lb><blV{a>
b

where we have not yet specified 7,.
We can now expand (4.93) in powers of Gg. The zeroth order terms correspond
to the appropriate parity conserving EOM (EOM/CS or EOM/RPA according to which

PNC equation is being derived). The first order terms give the PNC EOM:
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spnc

( fa =W - ho = vhf’core ) Ia > = V2|apr§ + thnc|a>

+ hpnc lat> + Vhf?ggre|at>

pnc

> + VPG

- Y Ib><bl ( V*la
b

a> )

- 5 1P ><blvEia> + |b><bP C|vE|a>
b

(4.94)

where we have removed the 7, since it is arbitrary. These are the PNC EOM
equations where the appropriate V* is used according to whether the PNC EOM/CS or

PNC EOM/RPA are required.

v P° sor PNC EOM/CS
viPRas = 5 «P™Cig LIbt>la> + <blg,,|bP"C >la>
b,b?
+ <b¥P™ g Ib>la> + <bFlg,, I1bP"C >la>
(4.95)
For the PNC EOM/RPA there are two extra terms to add to Vpoc
Extra Terms for V'Po¢1a> in PNC EOM/RPA
+ <v1pnclg,2|v+>|a> + <v,|g,2|v+pnc >|a>
(4.96)
Extra Terms for VPuc ja> in PNC EOM/RPA
+ <P g lv.>la> + <vtlg,,Iv, PT%Sa>
(4.97)

4.4.1. PNC Normalisation and Transition Matrix Elements

Replacing the orbitals and excitations in the parity conserving expression for the
normalisation with parity mixed ones and expanding in orders of Gg as above we
obtain the parity conserving expression for the zero order Gy  For the first order

terms the PNC contributions cancel as they did for the PNC HF in chapter three due

- 4.30 -



to the imaginary nature of the PNC functions. Thus the PNC matrix element is
normalised by the parity conserving normalisation condition.
For the PNC transition matrix element we obtain
<1ITio> = 5 <a*P™ITla> + <atiTIaP"%
+
at

+ <aP™|Tla> + <alTla-P"% (4.98)
for the PNC EOM/CS with an extra contribution for the PNC EOM/RPA.

pnc

+ <vtPCITIvi> + <vHITIvi PP (4.99)

4.4.2 PNC Angular Summations and Radial Equations

The derivation of the radial equations is fairly straightforward. The expressions
are the same as for the corresponding parity conserving case except that a PNC
function has the opposite parity to its parity conserving counterpart. Thus in all the
angular expressions that were derived the J's are the same for the PNC components
but the L's are given by Line = 2] - L. We can therefore immediately write down
the angular parts of the radial equations. The commutator phases will be identical to
the parity conserving equations.

When deriving the radial contribution it must be remembered that since the PNC
functions are purely imaginary there is a factor of ~1 for the radial parts that are
hermitian conjugated. The radial projection operator we write as before except that
the angular factors x of the PNC excitation that it projects out will be the opposite

parity to the x of the corresponding parity conserving excitations.

4.5. Conclusion

The EOM, if no approximations are made, are equivalent to solving the ‘exact’
Dirac atomic Hamiltonian for the ground and excited states. They are solved for an
excitation operator which when operating on the ground state gives the excited state.
To obtain the ‘exact' answer we would require the exact ground state eigenfunction of
the Hamiltonian and the exact excitation operator; in practice approximations are made

in both cases. The approximations that are made for the EOM/CS are using a Vy
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HF ground state and only considering single particle excitations. For open shell
systems we have the Open Shell EOM which includes angular momentum coupling. If
we approximate the valence contributions to the excitation operator by the positive
single particle resonant excitation only and if in addition we only take a sub-set of
the cominutator valence diagrams obtained, with « equalling the HF transition
difference, then we obtain the EOM/RPA which are identical to the standard open
shell MBPT/RPA equations apart from a normalisation factor.

If we include the spin independent weak force interaction in the Hamiltonian we
obtain the PNC EOM/CS for closed shell systems and the PNC EOM/RPA for single

valence systems.
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CHAPTER 5: Method of Solution of Equations

2.1 Introduction

So far we have described the main equations that we are going to use in this
thesis, though we shall be adding modifications in a later chapter to improve them.
We next describe how we solve these equations. If, for example, we have an

equation such as the Hartree-Fock equation
[ea - ho = Vhg]la> = 0 (5.1)

how do we actually arrive at a numerical solution? In order to investigate this it is

first necessary to examine the nature of the Dirac operator h,.

hy = hp 4+ Vpyc(r)
(5.2)

hp = ca.p+c?2 (8 -1)

It is important to remember that the relativistic wavefunctions are represented by
four component spinors corresponding to the positive and negative energy solutions
each with two spin components. We shall be assuming that all our wavefunctions can

be written as a product of a radial part and an angular part, namely:

1 Po(r)xxa
|a>,. - (5.3)

r iQa(r)x-ka

We have conveniently taken out a factor of 1/r and defined the lower component to
have a phase factor of i. x,, is a vector—coupled combination of an angular part and

a spin part to the wave function and is equivalent to

Xxka =~ |(1s)jm>

(5.4)
X-xa = |(1's) jm>
with x given by the definition
(g¢.L + Dxg = -k Xk (5.5)

so that each j value has a particular x| associated with it; the two [ values for that
j have «'s of opposite sign with the lower ! having the negative x. For example s}

- 5.1 -



has x=-1, and p} has x=+1. In (5.4), I' = 2j ~ | has the opposite parity to I. We
use the representation corresponding to Is j—j coupling. Another convention that is
used elsewhere is s/ coupled to j which will result in different phases for some of the
angular factors.

It can be shown (e.q. [Case Studies]) that when h, acts on a wave function such

as is given in (5.3) the result is

1 P
[ ca.p+c? (f-1) + Vnuc(r)] - a(r)xxa - (5.6)
r

iQa(r)x—a

- c d Ka | Qa(r) xka + Vnuc(rPa(rixka
dr r
1
r
+ic| d Ka | Parx-ka + [Vnuc(r)- 2¢?] iQa(r)x_ka
_ ot —
dr r

A difficulty with the HF equation (5.1) is that the V, potential term is non-local
which makes finding numerical solutions to the equation as it stands less
straightforward. The way around this is to rearrange the equation so that we have a

local potential on the left~hand side of the equation.

[ca - c @.p + 2 (B-1) - Vepp(n)]la> = [Vhf + Vnuc(D) = Vers(r)]la>

(5.7)

The potential V(r) = =Zfr)/r where Zr) is a (positive) effective charge. Using
(5.6) we can write the resulting equations as two coupled first order differential
equations. = We remove the angular factors by multiplying from the left by the
appropriate angular momentum and integrating over the angular space. We are then

left with
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d Ka
[Vers(r) - o) Pa(r) e | = - = | Qur) = - Rea(n)

dr r
(5.8)
d Kg
[Veff(r) - 2¢? -ea]Qa(r) +c | — + — | Pa(r) = - Rga(r)
dr r
where we have written the right—-hand side of equation (5.7) as
1 RLa(r)Xxka
IRHS xxp> = — (5.9)

r iRga(r)X—ka

Many of the equations that we solve in this thesis are of the form of (5.1) but
with a non-zero right-hand side. We can use V{r) in the same manner as before

except that there will be additional terms on the right-hand side of the equation.

5.2 _ Boundary Conditions

5.2.1 Nuclear Boundary Conditions

The V4 term deep within the nucleus will just be given by the nuclear potential
contribution; the electronic part of the potential will be negligible. In most of our

calculations we have used a Fermi nuclear charge distribution given by

P
o(r) = 1+ exp'[J(r—c)/a] (5.10)

p, is found by the condition that the integral of the charge over all volume must
equal Z, the charge of the nucleus. ¢ and a are experimentally determined nuclear
parameters which define the shape of the nucleus. The nuclear potential energy is

found from this by numerical integration

1 ®

Voue(r) = - — l4 * p(x)x2dx - l4 * x p(x) dx (5.11)
r

r
0
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3.2.2 Homogeneous Solution

To determine the starting values for the large and small components of the wave

function in the nucleus we shall use power series expansions of P, and Q, (see

[Rose]).
[+ o]
Pp = ) pp r s
n=o (5.12)
[+ o]
Q = ) q, r ™S
n= o

where s must be positive but not necessarily integer and n is a positive integer.
Substituting these into (5.8) with the right-hand side of the equation equal to

zero for the homogeneous solution, we obtain by comparing coefficients

s=+«K and p, =0 (i.e. k>0)
(5.13)
s==-« and q, =0 (i.e. k<0)
The leading terms for the solutions for P and Q are given by
&0
Q =q, r* 4 |
with
- (Ga + 2¢c? - Vﬂl 5.14
Py c(2rx+1) % (.14
k<0
Py =p, r'* 4 .
Qa' - q' r"K+‘ +
with
(eg - Vy) 5.15
% = TR Po (5-13)

where V, is the nuclear potential V. at the origin.
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3.2.3 Inhomogeneous Solution

With the right-hand side of the equation present we can again use a series
expansion for the solution. Note that 's' does not now necessarily equal $x as

before. In addition we expand the right-hand side large and small components as

(5.16)

where F and G can be found by differentiating the function R, near the origin so

that it can be assumed that its 'r' dependence is from the leading term only.

F = I d Rja
Rpa dr
(5.17)
C = I d Rga
Rsa dr

It is assumed that F = G * 1. If this is not true, or if any of the other criteria
stated here are not satisfied then the starting values of the inhomogeneous solution are
set to zero.

We obtain, by comparing coefficients

s= G and p, =0

(5.18)

s= F and q, =0
The leading terms for the solutions for P and Q are now given by
s=C

P, = p, rG+1 +

Q = g, ¢
with

-Y (e, + 2¢?2 - V)

Pi= S (rroeriy = % 19
s=F

Pa - pO rF+
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with

-Xn+(eL-V)

- 0
9 c(C-F+1)

P, (5.20)

3.2.4 Boundary Conditions As r-w

As r » o the effective potential Vf{r) - 0 and the term «/r > 0 in equation
(5.8). Putting these terms to zero in the homogeneous equation and solving the
resulting second order differential equations in P and Q we obtain the large r limits of

the large and small components of the wave function.
P, = A e-fr
(5.24)
Q - ¢, a (1/8) e-Br

where B =+ /[ —€,(2 + ¢, a? ) ]

The inhomogeneous solutions are set to zero at infinity.

5.2.5 Solving The Differential Equations

The method used to solve the coupled first order differential equations (5.8) is to
represent all wave functions and potentials etc. on a radial grid of points. Functions
such as integration and differentiation can then be performed by using various standard
numerical algorithms. Since near the nucleus there is more important ‘'physics per
unit length' (i.e. it is more important to have a more accurate wavefunction and

therefore smaller grid step size) we use an exponential grid to define our points
r(I) = exp(-Agpjn + (I-1) Ageita) (5.25)

where r(I) is the radial distance from the origin of the I'th point on the grid. The
innermost point is therefore given by exp(-A_;,) and each successive point is given by
the previous one multiplied by a factor of exp(A,,,)- Since, in order to perform our
various numerical algorithms, we require a linear grid of points we make a

transformation which gives us back a linear grid from the exponential one
x(1) = In (r(I)) = -Apjp + (I-1) Agejta (5.26)

Inserting this transformation into the coupled equations (5.8) gives us a transformed set

of coupled equations
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r [Veff(r) - ea]Pa(r) + C Ka Qa(l') +r RLa(r) = C -d—do'i-('r)

(5.27)

r [-Veff(r) + 2¢c? + ea]Qa(r) - € Kg Pa(r) - r Rga(r) = ¢ —gaggir)

Having determined the starting values for our solution to equations we evaluate
the succeeding points on our grid using the Runge-Kutta method employed to fourth

order (see Appendix 6).

3.2.6 Matching Qutwards And Inwards Integrations

We start with our nuclear boundary conditions and work outwards evaluating each

successive point from the previous one for both the homogeneous and the
inhomogenous equations up until the classical turning point. This is the point where
the form of the solution changes: beyond the turning point the solution is
exponentially decaying; before the turning point it is first exponentially increasing and
then oscillating with n-/-1 nodes. We then also integrate inwards from infinity
starting with the boundary conditions given in equation (5.24). The condition for the
outward and inward integrations to match up is that, at the turning point, the wave
function and its first derivative should be equal. This is equivalent to the two grid
points on either side of the turning point matching up. In order to achieve this, the
solution is taken to be the inhomogeneous souluion plus an admixture of the
homogeneous solution such that the total wave function fulfills the boundary conditions.

If the turning point is between grid point M and M+l then we have

@ Pout homM)  + Pout,inhom™) = B Pin homM)  + Pin, inhomM)

o Pout  hom(M+1) + Pout, inhom(M+1) = B Pip hom(M+l) + Pin, inhom(M+1)
(5.28)

where o and B are parameters to be determined from these two equations. The
corresponding condition for the lower component Q will automatically be satisfied if

equations (5.28) are satisfied. The final solution is then given by
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P(r) = o Pout,hom(r) + Pout, inhom(r) r < r(M

=6 Pin hom(r) + Pin inhom(r) r > r(M+l)
(5.29)
Qr) = & Qout,hom(r) + Qut, inhom(r) r<rM
= B Qin, hom(r) + Qin, inhom(r) r > r(M+1)

.3 _Practicalities in Solving the Radial Equations
3.3.1 Numerical Accuracy

The numerical solving methods used are obviously only approximate and the
answers will have an error that depends on the grid step size. For the order of
Runge—-Kutta method that we use the error should depend on h4 where h is the step
size Age, in equation (5.25). A good estimate of the numerical errors and an
improved answer can be obtained by repeating the calculation for several step sizes
and then extrapolating to a zero step size solution. We solved the equations for three
step sizes: 0.12, 0.105 and 0.09 with A_; = 12 in each case (see (5.25)) and then

fitted the solutions to the equation
Ans(h) = Ans, + o h (5.30)

where Ans(h) is the numerical answer for step size h and o, Ans, and n are
parameters to be fitted to the answers. This method provides a good check that the
dependence of the solution is h4 or higher. If n is much less than 4 then perhaps
more grid sizes should be tried and a different form of fitting used. Using the

method described above, the extrapolated answer is immediately given by Ans,

3.3.2 Hartree-Fock Solution

In solving the HF equations one has a fairly good approximation to the solution
already with the RSCF local central potential wavefunctions (see chapter 3). It is far
easier to express the HF wavefunction as a correction to this local wavefunction rather
than to solve for the former ab initio. One might otherwise also have numerical
problems with resonances in the homogeneous solution. That is, if the HF
eigenvalue is close to the RSCF one then the left-hand side of the equation is nearly
identical to the RSCF eigenvalue equation and the solution can have an arbitrarily
large admixture of the RSCF one. If we make the substitution

- 5-8 -



lapg> = [ lajoe> + l6a> ] / v <apglape> (5.31)

in equation (5.7), where lsa> is orthogonal to la, >, then, using the fact that

laj,c> is an eigenfunction of the Hamiltonian hp + V(r) with eigenvalue €, We

obtain
[ ea - hp - Vegp(r) Jlsa> =
[ Vhf + Vnuc(r) - Veff<r)] la> / <applaps> - 8¢q lajoc>
(5.32)
where
€a = €3 Joc t d¢, (5.33)

beq = <ajocl [ Vhf + Vnue(r) - Veff(r)] la> v <apflapf>

(5.34)

5.3.3 Homogeneous Equation Resonances

As mentioned above one frequently encounters numerical problems in solving the
radial equations due to large admixtures of the homogeneous solution in the
inhomogeneous one. This will only occur if there is a local wave function with a
very close eigenvalue to the one in the equation which also has the same « value as
the function being solved for. This clearly is the case when solving for the HF

orbitals but it also occurs when solving for other functions as well. There are two

possible solutions to this problem:

1. The function being solved for can be written as an admixture of the local

function and an orthogonal part

x> = N lajge> + 18 with <ajgcléx> = 0 (5.35)

where we are solving an equation of the type
[ ca - hp - Vers() ] e = Irhs> (5.36)

A is then given by

A = <ajoclrhs> / (ea- €loc) (5.37)
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and one solves the equation

[ €a - hp - Veff]'5X> = |rhs> - lajge><ajoclrhs> (5.38)

and then reconstructs |x> from equation (5.35). One should more strictly split up

the |rhs> term into those proportional to A and those independent of \ so that one

gets
N = <ajoclrhs(no N> / [ €53 - €1oc - <31ocirhs(n)> ] (5.39)

but the two methods will usually converge to the same value of X\ when iterated.

2. One can simply shift both sides of the equation by the same amount so that the

left-hand side is more 'off resonance’' and there is numerical stability.
[ ea + 8¢ - hp = Vepr | Ix> = Irhs> + sel> (5.40)

Thus the homogeneous equation eigenvalue is shifted by e so as to remove the
resonance.

There are other numerical pitfalls and problems that were encountered and indeed
a lot of work goes on behind the statement we solved this equation numerically and

obtained... Techniques of interest will be mentioned where appropriate

5.4. The Radial Equations

In chapters 3 and 4 we derived the equations that we are going to use for our
calculations. In this chapter we have seen how to solve the radial equations for any
given right-hand side to the basic equation. To derive the radial equations angular
summation techniques are used; these are fully described in [Lindgren and Morrison]}.
The forms of the radial equations are given in Appendix two. The exact angular
expressions take up too much space to be presented in full but are contained in the
micro-fiche at the end of the thesis.

There is a hierarchical structure to solving the equations: since all the calculations
use HF orbitals, these have to be solved for first. The parity conserving EOM

calculations can then be done, as well as the hyperfine dipole interaction constant.
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For the PNC calculations first the PNC HF has to be solved which uses the HF

solutions.  Finally the PNC EOM are solved; this requires the HF, EOM and PNC

HF solutions.

3.5 Conclusion

In this chapter we have discussed how the equations derived in the previous
chapters are solved in practice. The equations are in the form of coupled first order
differential equations; the boundary conditions are evaluated using power series
expansions and the fourth order Runge-Kutta technique is employed to solve them.
The outward and inward integrations are matched by mixing in the appropriate

amounts of the homogeneous solution to the inhomogeneous one.
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CHAPTER 6: Results Of Calculations

6.1 Introduction

In this chapter we give the numerical solutions to the various equations that we
have described in the previous chapters. We have performed the calculations for two
elements: caesium and thallium.

In all the calculations there is a hierarchy of equations to solve: we begin with
the HF equations and calculate the eigenvalues, some E1 transition matrix elements
and the hyperfine dipole interaction constants. Having calculated the HF wavefunctions
we can use them in RPA type calculations to obtain the EOM/RPA E1 transition
matrix elements and the RPA hyperfine values. To calculate PNC transitions we start
off with the HF wavefunctions and perform a PNC HF calculation. Using the PNC
HF wavefunctions and the EOM/RPA excitations we finally perform a PNC EOM/RPA
calculation.

We solved the numerical equations, using the techniques outlined in chapter five,
on a Vax Cluster system. In all cases we extrapolated the results to zero grid size.
We used a Fermi nuclear charge distribution of the form of equation (5.10). The

nuclear parameters that we used were

Cs : c= 5.674 fm a=0.52339 fm
(6.1
Tl : ¢c = 6.617 fm a=0.52339 fm

The units used are in all cases atomic units (see appendix 5)

6.2 The Hartree-Fock Equations

The eigenvalues are given in tables 6.1 to 6.4 for all the core orbitals of caesium
and thallium and the s and p excited and valence states up to 8si. The quoted
experimental energies for the valence and excited state orbitals are known with
precision since they are easily measurable in transitions. The core states on the other
hand can only be determined by X-ray measurements which cannot be done to the

same degree of accuracy.

The quoted electric dipole values are reduced matrix elements. To get the full
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matrix element the reduced one is multiplied by the appropriate angular factor as
given by the Wigner—Eckart Theorem to be
~1yd2~m; : .
(-1) J 1 ], (6.2)
-m; q m,
It should be noted that there is no length-velocity equivalence for the
Hartree-Fock equations due to the presence of the non-local exchange terms in the
HF potential (see Appendix 3). Several authors have discussed the problem of which

gauge is the most reliable (e.g. [Yang]) and the general consensus is that the length

gauge is more so.

6.2.1 Discussion of Results

It can be seen that the Hartree-Fock equations, as an ab initio theoretical
calculation, provide a reasonable physical description of the atom. However the errors
in the eigenvalues of the excited states vary between 11% (Cs 6s3 and Tl 6p3) and
4% (Cs and Tl 8s3) and the binding energy is underestimated (in magnitude). The
core states energies are all overestimated by between 0.6% (Cs and Tl 1si) and
greater than 100% (Cs Sps/2 and Tl Sd's and 6s3).

The main atomic effects not included in the Vy_; HF equations that account for
the discrepancies between the HF eigenvalues and experiment are:
1. The Vy_; HF potential contains no valence orbital contribution so that the core
orbitals do not interact with the wvalence orbital. Allowing the core to ‘'see' the
valence electron would mean that the core electrons were screened from the nucleus
slightly more due to the penetration of the core by the valence electron. They would
therefore be less bound.
2. An electron external to the core, such as a valence electron, will polarise the
core slightly. This can then interact back on the polarising electron. The interaction
of the polarised core on the excited states leads to the excited states being more
bound.
3. The detailed movements of the electrons are not independent: they are rather

correlated to the movements of the other electrons
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4. There are also more complex effects that will be combinations of 2 and 3
together.

One would expect the outer excited states to be more accurate because the atom
looks more like the nuclear charge Z shielded by the Z-1 core electrons and there is
less penetration of the core and less correlation and polarisation because the electron
is further out from the nucleus. The very large errors in the outermost core states
are due to the fact that we have used a Vy_; HF potential so that the core electrons
do not 'see' the valence electron. This effect would be most severe for the outer
core orbitals that are close to the valence electron.

The errors in the E1 reduced transition matrix elements are of the order of 17%
in Cs and 20% for Tl 6ps/2 and 11% for Tl 6p3. In all cases the matrix elements
are over—estimated in magnitude. In calculating transition matrix elements one of the
major effects not accounted for is the valence transition dipole inducing polarisation of
the core which, in a self-consistent way, produces a modified transition dipole for the
atom as a whole. This effect is taken account of in the EOM/RPA calculations.

In conclusion, the HF equations can therefore give the basic atomic structure to

an error of about 10% to 20%.
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Table 6.1

The Hartree-Fock Core Eigenvalues For Caesium

Orbital HF eigenvalues Experiment [a] <r>
1s1/2 -1330.1 -1322 0.026
2s1/2 -212.56 -210 0.112
2p1/2 -199.43 -197 0.094
2p3/2 -186.44 -184 0.1000
3s1/2 -45.969 -44.7 0.297
3p1/2 -40.447 -39.1 0.287
3pa/2 -37.895 -36.7 0.299
3d3/2 -28.310 -27.2 0.271
3ds/2 -27.776 -26.7 0.274
4s1/2 -9.5121 -8.48 0.695
4p1/2 -7.4455 -6.33 0.722
4ps/2 -6.9210 -5.93 0.747
4ds/2 -3.4856 -2.90 0.831
4ds/: -3.3972 -2.81 0.841
5s1/2 -1.4897 -0.83 1.77
5p1/2 -0.90779 -0.48 2.02
5pa/2 -0.84039 -0.41 2.11
Table 6.2

The Hartree~Fock Valence and Excited State Eigenvalues for Caesium

Orbital HF eigenvalues Experiment [b] <r>
6s1/2 -0.12737 -0.14310 6.12
6p1/2 -0.08562 -0.09217 8.14
6p3/2 -0.08379 -0.08964 8.35
Ts1/2 -0.05519 -0.05865 13.76
Tpr/2 -0.04202 -0.04393 17.13
Tp3/2 -0.04137 -0.04310 17.42
8s1/2 -0.03095 -0.03230 24 .37

a: [Bearden and Burr]
b: [C.E. Moore]



Table 6.3

The Hartree~Fock Core Eigenvalues For Thallium

Orbital HF eigenvalues Experiment [a] <r>
1s1/2 -3164 .4 -3145 0.016
2s1/2 -569.11 -564 0.068
2p1/2 -545 .22 -540 0.056
2p3/2 -469.19 -465 0.065
3s1/2 -138.63 -136 0.177
3p1/2 -127.92 -126 0.167
3p3/2 -110.80 -109 0.183
3d3/2 -93.351 -91.4 0.160
3ds/2 -89.729 -87.8 0.164
4s1/2 -32.556 -31.1 0.391
4p1/2 -27.907 -26.5 0.394
4ps/2 -23.693 -22.4 0.426
4ds3/2 -16.110 -14.9 0.432
4ds/2 -15.314 -14.2 0.443
4fs/2 -5.4581 -4.51 0.462
4f7/2 -5.2824 -4.36 0.469
S5s1/2 -5.8851 -5.01 0.889
Spi1/2 -4.2506 -3.66 0.955
S5p3/2 -3.4843 -2.77 1.04
5d3/2 -1.1611 -0.563 1.33
5ds/2 -1.0736 -0.482 1.39
6s1/2 -0.68941 - 2.47
Table 6.4
The Hartree—Fock Valence and Excited State Eigenvalues for Thallium

Orbital HF eigenvalues Experiment [b] <r>
6p1/2 -0.19968 -0.22446 3.59
6p3/2 -0.16693 -0.18896 4.12
Ts1/2 -0.09618 -0.10382 8.11
Tp1/2 -0.06505 -0.06882 10.9
Tp3/2 -0.06086 -0.06426 11.7
8s1/2 -0.04574 -0.04792 16.6

a: [Bearden and Burr]
b: [C.E. Moore]




Table 6.5.

HF Reduced Electric Dipole Transition Matrix Elements

esium

Transition (length gauge) (velocity gauge) Expt.[a]

6s1/2 -> 6p1/2 -5.28 -5.04 -4.52(0.01)

6s1/2 -> 6ps3/2 +7.43 +7.07 +6.36(0.01)
Thallium

Transition (length gauge) (velocity gauge) Expt.[b]

6pi/2 -> Ts1/2 +2.08 1.64 +1.84 (0.06)

6pa/2 -> Ts1/2 +3.97 3.19 +3.29 (0.09)

a: [Shabanova et al.]
b: quoted in [Johnson 1986]



6.3 The EOM/RPA Transition Matrix_Elements

The EOM/RPA transition matrix elements were calculated for the same transitions

as before. The only difference between the EOM/RPA calculation and the
MBPT/RPA ones is that the EOM matrix element is normalised (see chapter 4) and
there is no renormalisation in the MBPT/RPA calculations. The reason for this is that
if MBPT is carried out to all orders then all the ‘unlinked diagrams' (see [Lindgren
and Morrison]) cancel out exactly with the normalisation term. If a subset of the full
MBPT corrections is wused then this cancellation is only approximate. The

normalisation does not change the answer to the quoted degree of accuracy.

6.4 Discussion of EOM/RPA Results

The errors in the transition matrix elements are now at the 10% level when
comparing with the experimental answers (except for the T1 6pi - 7si transition
which has an error of only 4%). The main additional physical effect which has been
included is the interaction between the valence and the core electrons which modifies
the transition probability. The core is not allowed to interact directly back on the
valence electron but the polarisation of the core leads to a modification of the atomic
transition matrix element.  The physical effects that have not been included are
correlation effects that involve interactions such as the polarised core acting back on
the valence orbital. We shall discuss a method of calculating these in chapter seven.

The contributions to the total matrix element from each core excitation are given
in tables 6.7 and 6.8. We have only given the contributions for the n=4 and n=
shells for caesium and the n=5 and n=6 shells for thallium. As can be seen from the
table in the length gauge the outermost core orbital excitations give the largest
contribution with the inner shells contributing a great deal less. Extending the
calculation to include all the shells makes no noticeable difference to the answers for
the length gauge transition matrix element. There are more contributions to the
velocity gauge from the inner orbitals so that one has to calculate the inner orbital
excitations as well in order to arrive at the same answer as the length gauge
calculation. As can be seen from the table, there are also generally more cancelling
terms in the velocity gauge calculation. This is why the length gauge is considered to
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be more reliable. The degree to which we obtain the same answers for each gauge
gives an indication of the numerical accuracy of the calculation. For the parity
conserving El transition matrix elements we obtained agreement to four significant

figures.

Table 6.6.

Reduced EOM/RPA E1 Transition Matrix Elements

Caesium
Transition reduced El1 matrix element Expt [a]
(length) (velocity)
6pi -> 6si -4.97 -4.97 -4.52 (0.01)
6ps/2 -> 6p3 +7.01 +7.01 +6.36 (0.01)
Thallium
Transition reduced El matrix element Expt [b]
(length) (velocity)
7s3 -> 6p3 +1.91 +1.91 +1.84 (0.06)
Ts% -> 6p3/2 +3.61 +3.61 +3.29 (0.09)

a: [Shabanova et al.]
b: quoted in [W. Johnson 1986]
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Table 6.7.

Contribution of Excitations to the E1 Matrix Element

Caesium 6s% - 6p3 Transition

excitation contribution
length velocity
6s: - 7pi -5.278 -5.036
S5p3/2 > ds/2% +0.070 -0.897
Spa/2 » ds/2" +0.095 +1.197
5p3/2 - da/2t +0.003 +0.053
Sps/2 - ds3/2" +0.011 -0.135
Sp3/2 » S1/2+ +0.012  +0.201
S5pa/2 » SV/2- +0.018 -0.258
Sp1/2 » d3/2+ +0.031  +0.449
Sp1/2 » d43/2- +0.036 -0.503
5p1/2 » s1/2% +0.009 +0.129
Spi1/2 » s1/2" +0.011 -0.188
5s1/2 » p3/2% +0.000 +0.011
5s1/2 » p3/2- +0.000 -0.017
5s1/2 » p1/2t +0.000 +0.026
Ssi1/2 » p1/2" +0.000 -0.008
4ds/2 » f1/2% +0.002 +0.139
4ds/2 > f7/2- +0.001 -0.110

Caesium 6si - 6p3/2 Transition

excitation contribution
length velocity

6si3 - Tps/2 +7.428 +7.066
Sp3/2 » ds/2t -0.102 -1.276
Sp3/2 - ds/2" -0.105 +1.267
Sp3/2 » ds/2t -0.016 -0.189
Sp3/2 » ds/2" -0.010 +0.123
Spa/2 » s/t -0.026 -0.352
Sps/2 » SV/2- -0.034 +0.469
5p1/2 » d43/2+ -0.052 -0.702
Spi/2 » 43/2- -0.044 +0.592
Spi1/2 - si1/2% -0.006 -0.112
Spi1/2 5 s1/27 -0.008 +0.128
5s1/2 » p3/2t -0.000 -0.024
5s1/2 » p3/2- -0.000 +0.015
5s1/2 - pi/2* -0.000 -0.015
S5s1/2 » p1/2" -0.000 +0.022
4ds/2 > f1/2% -0.002 -0.142
4ds/2 » f£1/2" -0.002 +0.163




Table 6.8.

Contribution of Excitations to the El Matrix Element

Thallium 6p4 - 7si Transition

excitation contribution
length velocity

6p: - 7s} 2.050 1.640

6s: o p3/2- +0.027 -0.088
6s3 o pasat -0.118 -0.385
6st - pi- -0.186 +0.432
6si o pit +0.123  +0.286
Sds/2 » f7/2" +0.145 -0.229
Sds/2 » f7/2% -0.002 +0.008
Sds/2 » fs/2~ -0.003 +0.004
Sds/2 - fs/2t +0.003 +0.005
Sds/2 5 p3/2~ -0.016 +0.101
5ds/2 » pa/2t +0.013 +0.103
5d3/2 - fs/2~ -0.004 +0.023
Sds/2 » fs/2t +0.011 +0.184
S5d3/2 » p3/2~ +0.005 -0.038
5d3/2 » p3/2+ -0.007 -0.057
Sda/2 - pi~ +0.008 -0.061
5d3/2 - pit -0.013  -0.093
Sp3/2 » ds/2" +0.000 -0.002
S5p3/2 » ds/2t +0.000 +0.011

Thallium 6p3/2 » 7s4 Transition

excitation contribution
length  velocity

6p3/2 » Tsi +3.967 +3.187
6s3 o p3/2” -0.213 -0.886
6si o ps/2t -0.039 -0.161
6si o pi- +0.004 -0.011
6s3 o pit -0.114  -0.398
Sds/2 > f7/2" +0.001 -0.073
Sds/2 » f7/2% +0.013 +0.034
5ds/2 » fs/2" +0.002 -0.004
Sds/2 » fs/2% -0.001 -0.018
Sds/2 » p3/2~ +0.001 -0.039
Sds/2 » p3/2t -0.014  -0.143
S5d3/2 » fs/2~ +0.007 -0.206
Sd3/2 » fs/2* +0.003 +0.111
5d3/2 - p3/2~ -0.003 +0.037
5ds/2 » p3/2t +0.002 -0.002
S5d3/2 > pi~ -0.007 +0.053
5d3/2 > pi*t +0.003 +0.045
S5pa/2 - ds/2" +0.000 -0.028
5p3/2 » ds/z2% +0.000 +0.009




6.5_Hyperfine Dipole Interaction Constant

The structure of these equations are similar in form to the RPA and EOM
equations in that they involve a basic perturbation and its 'feed-back' effect on the
core orbitals. However as the hyperfine interaction involves the wavefunction at the
nucleus it provides an important indication of how accurate the wavefunctions are in
the inner regions of the atom. This may be relevant to PNC phenomena since the
PNC interaction occurs principally at the nucleus.

As mentioned in chapter three the calculation can be approached from two
angles: either the perturbation of the core orbitals by the valence electron can be
calculated and then the effect this has on the hyperfine matrix element determined or
the hyperfine interaction itself can be treated as the perturbation and the effect this
has on the interaction between the core and valence orbitals determined. These two
methods, when taken to all orders as in the RPA equations, are numerically
equivalent. = We did the calculation both ways as a numerical check. This was
extremely useful because the finite grid size errors changed the answers in the opposite
directions to each other as the step size was decreased but when the results were
extrapolated to zero grid step size the answers agreed exactly. The results are given
in table 6.9. In tables 6.10 and 6.11 we have given the excitation contributions for
grid step size 0.09.

The physical effects not included in the calculation are correlation interactions

similar to those described for the transition matrix element calculation above.

6.6 Discussion of Hyperfine Results

The Vy_; HF result is too low by 37% for Cs 6s3 and 28% for 7si. In
thallium the errors are between 17% and 8%. The addition of the RPA corrections
reduces the errors for Cs to between 25% (6s3i) and 13% (7s3) and for thallium 3%
(6pi) and 5% (7p%). Thus there are still quite large errors.

It should be noted that, unlike the transition matrix element calculations, the core
excitation contributions are significant even for the innermost orbital. The correct
answer is only obtained if all the core excitations are included. The contributions also
vary greatly with their angular momentum because (non-relativistically) only the s}
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Table 6.9.

Hyperfine Dipole Interaction Constant (in MHz)

Caesium g = 0.7377208
Orbital HF value +RPA Answer Expt [a]
Cs 6si 1433.6 +294 .4 1728.0 2298.2
6p} 161.0 + 40.6 201.6 291.9 (0.1)
6p3/2 23.9 + 18.8 42 .7 50.34 (0.06)
71s3 393.9 + 80.1 474.0 546.3 (3.0)
Ts3 57.64 + 14.00 71.64 94.34 (0.02)
Thallium g = 3.2764268
Orbital HF value +RPA Answer  Expt [b]
Tl 6p3 17655.6 + 4315.4 21971.0 21310.8
6ps3/2 -1302.1 - 777.9 -2080.0 265.0
Ts3 7765.2 + 3148.6 10913.8 12500
Tp3 1968.2 + 61.21 2029.4 2130 (60)

a: quoted in [Johnson 1986] and [Dzuba 1984]
b: quoted in [Dzuba 1987,]



Table 6.10.

Core Orbital Excitation Contributions to Ahyp

Caesium_(h=0.09)

excitation contribution
1s3 o s3 14 .36
2s3 o si 15.96
2ps - pi -0.04
2pt - ps3/2 -0.02
2p3/2> p3 -0.01
2p3/2> p3/2 0.09
3s3 - si 25.08
3pt - pi -0.20
3p3/2> p3/2 -0.06
3ds3/2» ds/2 -0.07
3ds3/2» ds/2 -0.02
3ds/2> ds/2 -0.02
3ds/2> ds/2 -0.10
4s3 - s} 55.29
4pi - pi 0.13
4pt > p3/2 0.14
4ps/2-> p} 0.27
4p3/2> pa/2 -1.09
4d3/ 2> ds3/2 1.13
4d3/2~» ds/2 0.39
4ds/2-> ds3/2 0.42
4ds/2~» ds/2 -1.53
5s3 o s3 226.73
5p3 - p3 12.49
Sp% - p3/2 -4.05
5p3/2> p3 -7.54
S5pa/2> p3/2 -43.50
HF 6s3 1434.76
Total 1729.40




Table 6.11.

Core Orbital Excitation Cotributions to Ahyp

Thallium (h=0.09)

excitation contribution
1si - si 47.00
1s¥ - ds3/2 14.36
2s3 o si 8.64
2p3 - pi 155.34
2p3/2> p3/2 -0.77
2p3/2> fs/2 1.95
3si o si -21.66
3si - d3/2 -0.61
3pt - pi 215.61
3p3/25 p3/2 -0.37
3p3/2>» fs/2 0.64
3d3/2> s}i 0.11
3d3/2- d3/2 -0.87
3ds/2- ds/2 0.23
3ds/2» g7/2 0.66
4s} o si -84.15
4si o d3/2 0.43
4pi - p3 398.79
4p3/2 p3/2 1.68
4p3/2» fs/2 0.31
4d3/2 s3 0.57
4d3/25 d3/2 -22.07
4ds/2> ds/2 4.13
4ds/2> g7/2 0.52
4fs/2> p3/2 0.28
4fs/2> fs/2 -11.13
4f7/2> £7/2 3.63
4f7/25 he/2 0.47
SSQ - s% -302.27
5s3 - ds3/2 9.97
Sps - p3 1400.06
S5p3/2» p3/2 -0.37
Spa/2> fs/2 29.12
5d3/2> s} 54.01
5d3/2» d3/2 -769.96
5ds/25 ds/2 88.33
5ds/2» g7/2 -13.59
6si - s} 2849.56
6si - da/2 267.93
HF 6p3 17663.83
Total 21985.58




orbitals have any significant amplitude at the nucleus.

6.7 PNC HF Results

The quoted matrix elements are for transitions between the parity-mixed states
concerned. As described in chapter 3 we have only calculated them to first order in
Gg which is perfectly acceptable in view of the size of Gp. Length/velocity
equivalence does not hold for the PNC HF equations but the orthonormalisation

condition for the orbitals means that there is the additional numerical check that
<aib PNC> 4 <a PNC|ph> = 0 (6.4)

We evaluated all the orbital overlaps of this kind to ensure that this condition
was satisfied. It was noticed that this condition was met to more significant figures
the smaller the step size and hence the greater the numerical accuracy was. By
extrapolating the overlaps, the condition was found to hold exactly as h » 0.

The PNC HF equations required a large number of iterations to converge and the
PNC matrix element was quite sensitive to the convergence.

There are no experimental results with which to compare the PNC transitions
(unless we assume a value for Qy) so we cannot attach a figure for their errors.
There have been numerous different calculations of the Cs and Tl PNC HF El1 matrix

elements by different groups which we shall compare later.

6.8 The PNC EOM/RPA Results

We calculated the PNC EOM/RPA results for the same transitions as in the PNC
HF case. Length and velocity gauges should agree again so we have a good
numerical yardstick to go by. We started off by solving for excitations of the
outermost core orbitals and gradually extended this to deeper within the core. It was
found that the length gauge answer did not change much as this was done whereas the
velocity gauge was far more dependent on the inner orbital excitations. We have
given the outer core excitation contributions to the PNC E1 transition matrix element
in table 6.14. For each excitation there are two contributions: one with the PNC

excitation and Parity conserving HF orbital and one the other way round. We have
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Table 6.12. PNC HF FE1 Transition Matrix Elements

Caesium

Transition

length

velocity

(-ieaOQW/N)XIO‘11

6s: -> Ts3

0.927

0.830

Thallium

Transition

length

velocity

(-iea,Qu/N)x10-11

6p: -> 7pi

6pi -> 6p3/:2

-10.00

-39.75

-7.53

-38.71

Table 6.13 PNC EOM/RPA El1 Transition Matrix Elements

Caesium

Transition

length

velocity

(-iea,Qy/N)x10-11

6si -> 7s3

0.891

0.891

Thallium

Transition

length

velocity

(-iea,Qu/N)x10-11

6p: -> 7p}

6pi -> 6p3/2

-9.66

-30.38

-9.66

-30.38




Table 6.14.

Core Excitation Contributions to PNC EOM/RPA E1 Transition Matrix_Element

Caesium (units (-iea Qy/N)x10~11)

excitation contribution
(length) (velocity)
6s: - pi 0.927 +0.829
Sps/2 5 ds/2" -0.019 0.127
Sp3/2 » ds/2t 0.000 -0.003
Sp3/2 » d3/2" 0.004 -0.025
Sp3/2 » ds3/2" -0.007 -0.050
Sp3/2 » si~ -0.001 0.002
S5p3/2 o> sit -0.004 -0.035
Spt =~ da3/2” -0.002 0.022
S5pi = da/2t -0.007 -0.054
Sp3 o si- -0.002 0.022
5p3 o sit +0.001 0.010
Ssi o pa/2” 0.000 0.003
5s3 o ps3/2t 0.000 0.002
Ssi o pi- -0.001 0.011
Ssi o pi+ +0.001 0.011

Thallium (units (—iea /N)x10~ 11

excitation contribution
(length) (velocity)
6ps - si -10.00 -7.53
6si - p3/2” +0.91 -1.14
6sy o pa/2t -1.74 +1.43
6si - pi- +0.21 -0.35
6si - pi+ +0.72 +1.31
Sds/2 » f7/27 +0.09 -0.82
Sds/2 » f7/2% -0.06 +0.53
S5ds/2 » fs/2~ -0.02 +0.15
5ds/2 » fs/2t +0.03 +0.25
S5ds/2 » p3/2~ -0.07 +0.33
S5ds/2 » p3/2+ +0.19 +0.91
5d3/2 » fs/2" +0.02 +0.21
S5d3/2 » f5/2+ +0.07 +0.68
S5d3/2 » p3/2” +0.0S5 -0.27
5d3/2 » p3/2t -0.06 -0.32
S5ds/2 - p}~ +0.01 +0.03
5d3/2 > pit +0.03 +0.23




merely quoted the sum in the table. The velocity gauge has many small contributions
and cancellations. When solving for all the core excitations, we obtained
length/velocity agreement to three significant figures but no more, even though grid
extrapolation has been dome. This sets a limit on the numerical accuracy of the
calculation, though the length gauge answer is likely to be more reliable. We can still
be confident in quoting the answer to three significant figures.

It is interesting to note that in thallium there is a far greater percentage change
between the PNC HF and the PNC EOM/RPA transition matrix elements for the 6p3
> 6pa/2 transition than for the 6pi - 7pi one. This indicates that shielding effects

are more important for the former transition.

6.9 Comparison with Other Calculations

In table 6.15 we give a summary of our results and the equivalent calculations by
two other groups. Dzuba's group (DZ) have done the most extensive MBPT
calculations for theses quantities to date (see chapter seven). However they make
several approximations in their methods which makes comparison difficult at times.
Johnson group (WJ) are more rigorous in their approach. We have deliberately used
the same nuclear charge distributions as was used in their calculations to make
comparisons easier. DZ uses different parameters in his Fermi distribution.

Our E1 transition matrix elements agree exactly with WJ's and nearly exactly
with DZ's. For the hyperfine constants we disagree with WJ's Cs 6si value by
0.2% whereas for the Cs 8s3 value agreement is almost exact. DZ's values are in
reasonable agreement though his Cs 6s4 and Tl 6p} values are somewhat lower than
WI's or ours. This is because he only considers core excitations that are diagonal in
Il (see chapter seven). The same calculation has been done by
[Heully and A.M. Martensson-Pendrill] (AMP) who obtained 1722 for the Cs 6s}
value. However, in communication with AMP she has revealed that in her more
accurate recent calculations she obtains 1733.

For the PNC phenomena the discrepancies are partly due to the different nuclear
charge distributions used by DZ and WJ. Our distribution is the same as WIJ's so
the fact that we disagree by 0.5% for the T1 PNC 6p: - 7p# transition is a little
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Table 6.15.

Comparison of RPA Calculations of Various Groups

Parity Conserving RPA

Transition Dzuba Johnson ours
[1987] [1986]
Cs 6si > 6pi 4.96 4.97 4.97
Cs 6s} - 6p3/2 -_— 7.01 7.01
Tl 6pi > 7si 1.89 1.91 1.91
Tl 6ps3/2 > 7si 3.61 3.61 3.61
PNC RPA
Transition Dzuba Johnson ours
[1987] [1986]
Cs 6si - 7s3 0.887 0.890 0.891
Tl 6p% - 7p3 9.65 9.71 9.66
Tl 6p3 - 6ps3/2 30.34 ———— 30.38
Hyperfine RPA
Hyperfine constant Dzuba Johnson ours
[1987,,1985] [1986]
Cs 6s1i 1703 1724 1728
Cs 6p3 200.0 -——- 201.6
Cs 6p3/2 42.8 - 42.7
Cs 7si 467 .4 474 .0 473.9
Cs 7p% 71.1 —-—— 71.6
Tl 6p3 21199 21971 21971
Tl 6p3/2 -1919 -— -2080
Tl 7si 10404 - 10914
T1 7p3 1979 2029 2029




worrying. This is probably due to numerical errors (in a PNC there are a lot of
cancellations of contributions which tend to lead to numerical errors). We have
extrapolated to a zero grid size to try and minimise this; WJ does not extrapolate but
uses a very small grid size. The difference is of the same order of magnitude as the

difference between AMP's and WJ's hyperfine calculations.

6.10. Conclusions

We have set up and performed the basic hierarchy of equations as described
earlier in this thesis and checked their results against similar calculations by other
groups where possible. All the calculations seem to be correct.

Using RPA type equations gave transition matrix elements to an error of 10%
with experiment in general and the hyperfine dipole interaction constant to 30% to
40%. There is no necessary reason why the PNC El matrix element should have the
same size errors with the physical value as for the other calculations, but there is

little else to go on. This will be discussed in more detail in chapter seven.
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CHAPTER 7: The Semi-Empirical Approach to Correlation

7.1 Introduction

So far we have derived a set of ab initio equations that can be solved which
give a reasonable physical answer. However, the level of accuracy that we obtain for
the physical values that are known experimentally is not good enough for any PNC
calculation using those equations to be of much value. The next stage is to provide a
more accurate description of the atom and to include as much of the relevant physics
as we can. As described in chapter three, starting with any given Hamiltonian we
can, in theory, systematically work out perturbation corrections to any desired order
and thus obtain an increasingly accurate description of the atom. As we have
described, certain one particle effects can be included to all orders by using a self
consistent set of equations. The question that arises is how accurately does this
represent the actual physical situation? If it is not sufficiently accurate then what
corrections do we have to apply to obtain a better one? The results of the equations
so far given were presented in chapter six. We can see that while the methods give
reasonble ab initio answers they are in general only accurate to 10% in the El parity
conserving matrix elements and about 25% in the hyperfine dipole value and we
cannot easily claim a higher accuracy for the PNC E1 matrix element. The
straightforward approach would be to look at the next order of perturbation theory.
It has been shown by several authors (e.g. [Johnson 1987], [Dzuba 1985’1987a,b]) that
of the second order diagrams not included in the RPA equations the most significant
are the lowest order Brueckner orbital corrections (for example see figure 7.1). A
Brueckner orbital (BO) is defined to have no single—particle perturbation corrections to
it to any order (this is to be compared with HF orbitals which have no single—particle
corrections to them to lowest order only). The lowest order valence contributions to
the BO corrections are the ones given in the figure. It should be noted that these
diagrams are correlation diagrams with two simultaneously excited states. The actual

matrix elements represented by the diagrams are given by:
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Figure 71 Valence ‘Brueckner Orbrtal’ Corrections
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a: al, a, <tblr,,~llrs><rsir,,~1ivb>

(ey - €¢) (6y + €p - €4 - €g)

b: al, a, <tblr,,"lsro<rsir ,-1lvb>

(ey - €¢) (e + €h - €y - €g)

(7.1)
c: al, a, <stlr,,"1lab><ablr, ,~1|vs>
(ey - €¢) (€5 + €p - €¢ - €g)
d: aly a, <stlr,,"llba><ablr,,"1lvs>
(ey - €¢) (eq + €p - €¢ - €g)
Consider diagram a for the moment. If we define a pair function by
lrs><rsir,,~1lvb>

rs (ey + €p - €p - €g)
It satisfies the pair equation

(ey + €p - HOHF(I) - HOHF(2))Ian> = Z |rs><rs|r,2’1|vb>
rs

(7.3)

where HOHF is the HF Hamiltonian. If we then substitute this into the expression for
diagram a, after summing over the orbital states we obtain a single—particle function

satisfying the equation

lt><tblr, ,~lin,p>
[ ev - BHF(D) JIny(D)> =3
b (ey - €¢)

(7.4)

The difficulty in evaluating this expression is the double sum over the excited
states in equation (7.3). Most groups ([Dzuba 1985, 1987,4], [Johnson 1987]) do the
sum explicitly, truncating it at certain maximum angular momenta and using
approximate methods for evaluating the higher orbital and continuum contributions. It
is possible to use differential equation methods to do the sums but the numerical

computation involved is complicated.
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7.2 The Semi-Empirical Approach

.2.1 Introduction

e ————————————s

As mentioned above there is a great deal of complexity involved in calculating
the lowest order BO corrections. The alternative approach which we shall adopt is
that of using a local potential to model the main correlation effects described above.
Classically, in single-valence systems the valence electron interacts with the closed
spherically symmetric core of electrons and polarises it slightly by its Coulomb
interaction. This polarisation is calculated by RPA type equations. The polarised core
produces a slight dipolar field which the valence orbital interacts with and it is this
interaction which is represented by the BO corrections. If one assumes that the
strength of the induced dipole is proportional to the polarising field then the dipole
strength depends on 1/r2 where r is the distance of the valence electron from the
core. Thus the potential affecting the valence electron depends on r=4. As the
valence electron penetrates the core the effect should diminish. We are going to use
a local potential to model this effect so that instead of the expressions in (7.1) we
write

at, ay, <t | ov(r) | v> (7.5)

where 6V(r) is a suitable local potential.
One could argue from looking at the terms in figure 7.1 and the expressions in
equation (7.1) that the potential should not produce excitations to other core orbitals.

This can easily be achieved by orthogonalising the potential to the core.

sV(r)lv> - § Ib><blsv(r)iv> (7.6)
b

where the b's are core orbitals so that we are effectively summing over the excited
states ¢t in (7.5) above. The trouble with this is that one then has to apply any
additional perturbations, such as the hyperfine interaction or the electric field or PNC
(or both of the last two for PNC EOM) to the orbitals in the orthogonalisation terms

as well. This produces many more terms in the higher order calculations.
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An additional problem with this is that the potential in equation (7.6) is not
hermitian and so if the potential is simply added to the HF equation it will produce
eigenfunctions that are no longer orthogonal to each other and orthonormality is
necessary in the derivation of the EOM and hyperfine calculations. One solution to

this would be to surround the potential by projection operators so that it only acts on

the excited state orbitals.

(1 -3 Ib>bl ) sV(r) (1 -7F Ib'><b'l ) (7.7)
b b

This might be reasonable from a physical point of view also: the polarisation affect
should not have much affect on the core orbitals themselves. But again we would be
adding greatly to the complexity of the higher order equations if we were to include
such a projected potential rigorously in all the equations. We therefore simply used a
single local potential acting on all the orbitals as in (7.6) but without orthogonalising

to the core.

7.2.2 Inclusion of the Semi-Empirical Potential in the HF Equations

The basic approach is to take a parameterised local polarisation potential and to
adjust the parameters to obtain a good fit to experiment for the ’eigenvalues of the

valence orbitals. We therefore solved the modified HF equations:
(eg - hy = Vi) la> = Vsemp(r)la> (7.8)

where Vg,(r) is our parameterised local potential. ~ We started with Vy_, HF
eigenfunctions and solved equation (7.8) until self-consistency was reached. The lowest
order eigenvalue corrections to the unperturbed HF orbitals due to the local potential
can be easily found by taking the diagonal matrix elements with the unmodified HF
orbitals. The optimum parameters to give the best fit to lowest order can easily be
found this way. It should be remembered, however, that since V¢ is a function of
all the core orbitals the corrections to each orbital 'feed back' to all the others in a
non—trivial way so there is no obvious way to predict the outcome for a given set of
parameters when iterating (7.8) to self-consistency. We used as a measure of the

quality of the fit a residue function defined as the weighted sum of the squares of the
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errors in the eigenvalues to be fitted. The weightings were the reciprocals of the
experimental energies squared so that the residue is a dimensionless quantity. We also
weighted the orbitals so that the two components of the fine structure levels each had

half the weighting of non-fine structure split orbitals. Thus the residue is defined as:

(e - €expt,i)?
R - g Ci (7.9)

(‘expt,i)2

The sum is over the orbitals to be fitted and the coefficients C; equal 1 for si
orbitals and 0.5 for all others. We chose to fit all valence and excited state s} and
ps levels up to 8s3. We simply started with some approximately fitted wavefunctions
and iterated the equation for different parameters and so found the optimum
parameters by 'brute force'. Some investigation was made into using quadratic fitting
programs to predict the next best choice of parameters for a given choice but it was
found that the residual surface was quite flat bottomed and not suited to this type of
fitting. The surface was however smoothly varying with the parameters and it was not

too difficult to find the parameters to minimise the residue.

7.2.3. Inclusion of the Semi-Empirical Potential in the Other Equations

Since we initially opted for a purely local potential with no projection operators
its addition to the other equations is straightforward: it is simply added to the
right-hand side of the equation acting on whatever is being solved for. The modified

EOM excitation equations can be written as

(e t @ - hy = Vhf core) i™> = VE() Hi> + Vgepmp(r) 11%>

- S Ib><blvE(i) li>
b

(7.10)

where we have used a similar notation to chapter four. Since Vgomr) is a scalar
potential the actual inclusion in the radial equations is straightforward.

Similarly for the hyperfine equations (see Appendix 2) we simply add on the
term:
Vsemp(T) lathyp> (7.11)
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The great simplicity of this approach can now be appreciated. The existing
programs are easily modified to include the extra term on the right-hand side of the
equation. Because the Vsemp(r) term is scalar, it will commute with the dipole
operator and thus the length/velocity equivalence of the dipole transition matrix

element will be maintained (see Appendix 3). The inclusion of V in the PNC

semp
equations is done in a similar manner. We now solve the modified PNC HF

equations:

(€a - hy = Vi) 1aP7> = hWP™a> &+ Vsemp(r) 1aP"> + vy P 2>

(7.12)

Similarly for the PNC EOM/RPA equations we simply add to the right-hand side the

term

Vsemp(l‘) |atPCs (7.13)

We will discuss exactly what MBPT terms the semi-empirical potential is

modelling in a later section when we discuss the results.

7.2.4. The Semi—Empirical Potentials Used

As mentioned above we required the semi—empirical potentials to go as r~4 for
large r and to go to zero below some cut—off radius. We tried two basic types of
potential of the form that have been used before in other semi-empirical work. The
first one was originally used by [Norcross] and which has since been used by several

groups (e.g. [Parpia et al.]) in semi-empirical calculations. It is of the form

type A:
Vsemp(r) =P, [ 1.0 - exp( -( r/P, ny (7.14)

r4

where the condition on n is that it must be greater than 4 for the potential to remain
finite at the origin. We tried with n equals 6 and 8. P, controls the cut—off of the
potential: when r )» P, the exponential term is very small and the potential
approximates to P,/r4; when r € P, the exponential tend to 1.0 and the potential to
zero. The lowest term in the power expansion of the potential is of order n-—4.
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Figure 7.2: Semi-Empirical Potentials
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Table 7.1.

Optimised Parameters for the Semi—Empirical Potentials Used

Caesium
NUMBER type P, P, n n2 ns a Residue
1 A -7.469 2.270 8 - - - 0.360x10"°
2 A -7.523 2.484 6 - - - 0.143x10°°
3 B -8.22 2.49 3 7 1 - 0.368x10 "
4 B -10.31 2.23 2 3 2 - 0.124x10°°
5 B -9.41 2.43 2 6 1 0.663x10™*
6 c -10.65 2.51 3 7 1 2. 0.105x10*
7 C -13.58 2.43 3 7 1 1. 0.233x10™°
Thallium
NUMBER type P, P, n nz n3 a Residue
1 A -15.28 3.94 8 - - - 0.194x107°
2 A -15.84 4.20 6 - - - 0.102x10"°
3 B -17.08 4.00 3 7 1 - 0.923x10" ¢
4 B -24.08 3.89 2 3 2 - 0.358x10"*
5 B -20.51 4.04 2 6 1 0.356x10*
6 C -19.79 3.87 3 7 1 2.0 0.852x10*
7 C -22.93 3.72 3 7 1 1.0 0.776x10° ¢




Thus the greater the value of n the faster the cut—off and the quicker it tends to

zero for small r.

The second potential used was of the form

type B

Vsemp(r) = P, rm (7.15)

ns
( PD2+ rn2z )

Again, P2 is the cut-off parameter and P, the overall scaling parameter. For r > P,
Veemp 80€s as r to the power of (n - n2 ns3) which we require to equal -4. For
r { P, the power is r'. We made several choices for the parameters and fitted P,
and P, in the usual way.

Both these types of potential have similar shapes so in order to test how
dependent the answers were on the type of potential we also tried multiplying one of
them by an additional factor which changes the sign of the function at some point

near the origin. We tried a potential of the form

type C

Veemp(r) = (ar-1)FP, rn (7.16)

N3
(ar+1)(CP22+ N2

For values of or » 1 the function is of the same form as type B. When or € 1 the
potential changes sign, the actual change occurring at or = 1. The potential is thus
similar to our other one as regards its dependence on r at large distances but has a

different form at small r.

7.3 Results

We tried seven different combinations of parameters which we have labelled as
potentials 1 to 7 in the tables 7.1a and b. In all the tables a refers to caesium and
b to thallium. The potential type refers to the three types of potential as given in
(7.14), (7.15) and (7.16). The optimised parameters are given where applicable. We

have given plots of potential 1 for caesium and thallium in figure 7.2.
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Table 7.2a

Caesium Unmodified HF and Experimental Eigenvalues

Orbital HF Expt.

6s1/2 -0.12737 -0.14310
6p1/2 -0.08562 -0.09217
6p3/2 -0.08379 -0.08964
Ts1/2 -0.05519 -0.05865
Tp1/2 -0.04202 -0.04393
Tp3/2 -0.04137 -0.04310
8s1/2 -0.03095 -0.03232

Table 7.3a

Caesium Excited State Eigenvalues for The Semi-Empirical Potentials

Orbital Potential Type
1 2 3 4
6s1/2 -0.14305 -0.14311 -0.14314  -0.14244
6p1/2 -0.09205 -0.09209 -0.09221 -0.09284
6ps/2 -0.08975 -0.08972 -0.08981 -0.09049
71s1/2 -0.05869 -0.05866 -0.05860 -0.05844
Tp1/2 -0.04387 -0.04389 -0.04389 -0.04403
Tp3/2 -0.04312 -0.04311 -0.04311  -0.04328
8s1/2 -0.03232  -0.03231 -0.03227 -0.03220
Orbital Potential Type
S 6 7
6s1/2 -0.14271 -0.14308 -0.14297
6p1/2 -0.09265 -0.09232  -0.09247
6p3/2 -0.09028 -0.08990 -0.09004
T1s1/2 -0.05848 -0.05856 -0.05854
Tp1/2 -0.04399 -0.04390 -0.04391
Tps3/2 -0.04322 -0.04311 -0.04313
8s1/2 -0.03222 -0.03225 -0.03224




Table 7.4a

The Modified Hartree—Fock Core Eigenvalues For Caesium

Orbital HF + Vsemp Expt

11/2 -1330.1  -1330.2 -1322
2s1/2 -212.56 -212.6 -210
2p1/2 -199.43  -199.5 -197
2p3/2 -186.44 -186.5 -184
3s1/2 -45.969 -46.020 -44.7
3p1/2 -40.447 -40.499 -39.1
3ps/2 -37.895 -37.946 -36.7
3ds3/2 -28.310 -28.362 -27.2
3ds/2 -27.776  -27.828 -26.7
4s1/2 -9.5121 -9.5528 -8.48
4p1/2 -7.4455  -7.4867 -6.33
4ps/2 -6.9210 -6.9622 -5.93
4ds/2 -3.4856 -3.5286 -2.90
4ds/2 -3.3972  -3.4405 -2.81
5s1/2 -1.4897 -1.5834 -0.83
S5p1/2 -0.90779 -1.0128 -0.48
Sps3/2 -0.84039 -0.9485 -0.41




Table 7.2b

Thallium Unmodified HF and Experimental Eigenvalues

Orbital HF Expt.

6pt1/2 -0.19968 -0.22446
6ps/2 -0.16693 -0.18896
Ts1/2 -0.09618 -0.10382
Tp1/2 -0.06505 -0.06882
Tp3/2 -0.06086 -0.06426
8s1/2 -0.04574 -0.04792

Table 7.3b

Thallium Excited State Eigenvalues for The Semi—Empirical Potentials

Orbital Potential Type
1 2 3 4
6p1/2 -0.22294 -0.22326 -0.22311 -0.22376
6p3/2 -0.19083 -0.19030 -0.19033 -0.18947
Ts1/2 -0.10416 -0.10418 -0.10415 -0.10384
Tp1/2 -0.06802 -0.06832 -0.06839 -0.06899
Tp3/2 -0.06368 -0.06387 -0.06397 -0.06447
8s1/2 -0.04783 -0.04780 -0.04778 -0.04771
Orbital Potential Type
S 6 7
6p1/2 -0.22361 -0.22307 -0.22306
6p3/2 -0.18977 -0.19034  -0.19037
1s1/2 -0.10396 -0.10412 -0.10406
Tpir/2 -0.06881 -0.06843 -0.06848
Tp3/2 -0.06431 -0.06402 -0.06408
8s1/2 -0.04772 -0.04778 -0.04778




Table 7.4b

The Modified Hartree~Fock Core Ei envalues For Thallium

Orbital HF + Vsemp(r) Expt
1s1/2 -3164 .4 -3164.5 -3145
2s1/2 -569.11 -569.12 -564
2p1/2 ~-545.22 -545.23 -540
2p3/2 -469.19 -469.20 -465
3s1/2 -138.63 -138.64 -136
3pi1/2 ~-127.92 -127.93 -126
3p3/2 -110.80 -110.81 -109
3d3/2 -93.351 -93.364 -91.4
3ds/2 -89.729 -89.742 -87.8
4s1/2 -32.556 -32.569 -31.1
4p1/2 -27.907 -27.920 -26.5
4p3/2 -23.693 -23.706 -22 .4
4d3/2 -16.110 -16.122 -14.9
4ds/2 -15.314 -15.327 -14.2
4fs/2 -5.4581 -5.4705 -4 .51
4f7/2 -5.2824 -5.2948 -4.36
S5s1/2 -5.8851 -5.8962 -5.01
Spi1/2 -4.2506 -4.2618 -3.66
Sp3/2 -3.4843 -3.4953 -2.77
S5ds/2 -1.1611 -1.1720 -0.563
Sds/2 -1.0736 -1.0844 -0.482
6s1/2 -0.68941 -7.0515 -—-




In tables 7.2a. and b we give the unmodified HF and the experimental results for
comparison with table 7.3, which contains the optimised fits for the valence and
excited state eigenvalues for the seven potentials.

Table 7.4 gives the modified core HF eigenvalues for potential number 1. The
results are similar for the other potentials as well. The experimental results are also
quoted for comparison.

Table 7.5 gives the El1 transition matrix elements for the length gauge. For the
modified EOM/RPA calculations we obtained length/velocity agreement to the same
accuracy as for the unmodified calculations (i.e. four significant figures).

The unmodified, experimental and modified hyperfine dipole interaction constants

have been given in table 7.6.

7.4. Discussion of the Semi-Empirical Results

We have summarised the results of the calculation in tables 7.7. We have
rearranged the potentials in diminishing order of residues with the unmodified HF
results at the top and the experimental results at the bottom. Several observations
can immediately be made:

Caesium

1. From table 7.5a. it can be seen that the effect of the shielding is to reduce the
magnitude of the transition matrix element by about 6% or 7%. Without the
shielding the magnitude of the matrix element is over—estimated, inclusion of the
shielding gives very good agreement with experiment.

2. From table 7.7a it can be seen that the transition matrix elements change by the
same proportion for both transitions so that the fractional errors are about the
same in each one. As the residues decrease the transition matrix elements
decrease from above the experimental value to slightly below it. Potentials 7, 6
and 3 match the 6p3} transition error range, potentials 6 and 3 match the 6pa/2

range. The worst case error is 0.8% for the 6pi transition and 1% for the

6ps/2 one.
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Table 7.5a

Reduced E1 Transition

6s3 -» 6p3 Transition

Matrix_Elements for Caesium (Length Gauge)

Potential Type unmodified
1 2 3 4 5 6 7 value
HF
+ -4.83 -4.83 -4.84 -4.88 -4.8 -4.85 -4.87 -5.28
Vsemp
EOM/RPA
+ -4.50 -4.50 -4.51 -4.56 -4.55 -4.52 -4.53 -4.97
Vsemp
Expt. -4.52 (0.01)
6s+ - 6pa3/2 Transition
Potential Type unmodified
1 2 3 4 5 6 7 value
HF
+ +6.78 +6.78 +6.80 +6.86 +6.84 +6.81 +6.84 +7.43
vsemp
EOM/RPA
+ +6.34 +6.34 +6.35 +6.43 +6.41 +6.36 +6.38 +7.01
Vsemp
Expt. +6.36 (0.01)




Table 7.6a

Caesium Hyperfine Dipole Interaction Constants (MHz)

g = 0.7377208
Potential Type unmodified
1 2 3 4 5 6 7 value
6si (Expt: = 2298 MHz)
HF+Vgemp 2091 2047 2021 1871 1915 1995 1970 1434
RPA+Vgemp 2523 2468 2438 2251 2307 2408 2379 1728

6ps (Expt = 291.9 (0.1) MHz )
HF+Vsemp 212.2 217.1 219.1 213.0 215.6 220.4 219.9 161.0
RPA+Vsemp 260.1 267.2 270.4 262.8 266.0 272.8 272.6 201.6

7s3 (Expt = 546.2 (3.0) MHz )

HF+Vgepp 500.9 486.8 497.1 452.8 459.4 474.1 470.9 [ 393.8
RPA+Vgepp 602.3 585.1 $76.2 543.3 551.7 570.5 566.9 | 473.9

7p3 (Expt = 94.34 (0.2) MHz )

HF+Vgemp 67.77 71.09 71.26 68.77 69.61 71.45 71.19 57.64
RPA+Vgemp 84.95 86.92 87.33 84.26 85.33 87.78 87.57 71.64




Table 7.7a

Summary of Modified Results for Caesium

Potential Reduced E1 Hyperfine Ahyp (MHz)
6si -

no. Residue 6ps 6ps/2 6si  6p} 7s3  7p3

unmodified 4.97 17.01 1728 201.6 474.0 71.64
4 0.12x10°3 | 4.56 6.43 2251 262.8 543.3 84.26
S 0.66x10-4 | 4.55 6.41 2307 266.0 551.7 85.33
7 0.23x10"4 | 4.53 6.38 2379 272.6 566.9 87.57
6 0.11x10-4 | 4.52 6.36 2408 272.8 570.5 87.78
3 0.37x10°5 | 4.51 6.35 2438 270.4 576.2 87.33
1 0.36x10-5 | 4.50 6.34 2523 260.1 602.3 84.95
2 0.14x10°5 | 4.50 6.34 2468 267.2 585.1 86.92
Expt . 4.52 6.36 2298 291.9 546.2 94.34
Expt. Errors | 0.01 0.01 <0.1 0.01 3.0 0.02




3. From table 7.6a we find that the semi—empirical potential gives a significant
proportion of the correlation correction for the hyperfine constants. The inclusion
of the RPA terms increases the magnitude in all cases.

4. In table 7.7a we see that as the residues decrease the 6s3 and 7si hyperfine
dipole interaction constants increases from just below the experimental value to
about 10% above it. They thus match best for the potentials with the worst
residues. The p3} values peak for residues of the order of 0.1x10~4 i.e. for
potentials 6 and 7. The peak values are 7% under the experimental values.
The worst case p} values are 10% under—-estimated. Apart from potentials 4 and
5 (which give poor fits of the transition matrix elements) the si values are
over—estimated.

5. If we were to take potential 6 as the 'best' one (as it matches the El transition
matrix elements and gives the best p3 hyperfine values with reasonable s3
hyperfine values) then we have no error in the transition matrix elements, a 5%
error in the 6s3 hyperfine constant, a 6.5% error in the 6p3 hyperfine value, a

4.4% error in the 7si value and a 7% error in the 7p3 value.

Thallium

1. The energy residues are in general an order of magnitude worse for the thallium
calculations than for caesium. It is potentials 4 and 5 which give the best energy
fits in Tl and 1 and 2 the worst whereas for Cs it is the other way round.

2. The parity conserving transition matrix elements behave similarly to Cs. From
table 7.5b we find that the shielding reduces the magnitude by about 7% for the
6ps - 7s4 transition and 10% for the 6ps/2 one. In table 7.7b, the 6pa/2
values are all above the quoted experimental value; however the latter has a very
large error range and all our answers fall within it. The percentage change in
the 6ps/2 value across the range of the potentials is a less than for the 6p3
values.

3. From table 7.6b we find that the semi—empirical correction to the 6pi hyperfine
values from the HF are not of the same sign: potentials 4 and 5 actually give
worse answers than the HF values. However these potentials give the best 7s}
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Table 7.5b

Reduced E1 Transition Matrix Elements for Thallium (Length Gauge)

6pt - 7s3 Transition

Potential Type unmodified
1 2 3 4 S 6 7 value
HF
+ 2.02 2,00 2.00 1.95 1.96 2.00 1.99 2.05
Vsemp
EOM/RPA
+ 1.87 1.86 1.86 1.82 1.83 1.85 1.85 1.91
Vsemp
Expt. 1.84 (0.06)
6p3/2 » 7si Transition
Potential Type unmodified
1 2 3 4 S 6 7 value
HF
+ 3.74 3.73 3.73 3.69 3.70 3.73 3.72 3.97
Vsemp
EOM/RPA
+ 3.35 3.35 3.35 3.33 3.33 3.35 3.34 3.61
Vsemp
Expt . 3.29 (0.09)




Table 7.6b

Thallium Hyperfine Dipole Interaction Constants (MHz)

g = 3.2764268

Potential Type

unmodified

RPA+Vgep, 2162 2200 2189 2206 2205

1 2 3 4 5 6 7 value

6p: (Expt = 21310.8 MHz)
HF+Vsemp 17129 17571 17468 18241 18008 17439 17416 17656
RPA+VSemp 21444 21887 21775 22562 22323 21743 21717 21971

7s3 (Expt = 12500 MHz )
HF+Vsemp 10358 10027 9994 9387 9561 9973 9940 7765
RPA+Vsemp 14569 14060 14024 13109 13371 13997 13953 10914

7ps (Expt = 2130 (60) MHz )

HF+Vgemp 2130 2164 2154 2171 2165 2147 2139 1968
2182 2173 2029




Table 7.7b

Summary of Modified Results for Thallium

Potential Reduced E1 Hyperfine Ahyp (MHz)
T1si «
no. Residue 6p: 6p3/:2 6p3 Tsi Tpi
unmodified 1.91 3.61 21971 10913 2029
1 0.19x10-3 1.87 3.35 21444 14569 2162
2 0.10x10-3 1.86 3.35 21887 14060 2200
3 0.92x10-4 | 1.8 3.35 21775 14024 2189
6 0.85x10-4 | 1.85 3.35 21743 13997 2182
7 0.78x10-4 | 1.85 3.34 21717 13953 2173
4 0.36x104 1.82 3.33 22562 13109 2205
5 0.36x10-4 | 1.83 3.33 22323 13371 2205
Expt. 1.84 3.29 21311 12500 2130
Expt. Errors | 0.06 0.09 60




values. Potentials 3 and 6 give the best pj values. When the RPA terms are
included the magnitude increases in all cases. All the hyperfine constants in table
7.7b are overestimated in value. The worst case errors in the final answers are
6% for 6pi, 17% for 7si and 3.5% for Tp3.

4. Choosing potential 6 again as the best reasonable fit gives less than 2% error in
the parity conserving transition matrix elements (though there is a very large
error in the experimental answers), and errors of 2% and 12% for the p} and

s} hyperfine values respectively.

1.5. The Semi~Empirical PNC Results

The semi-empirical PNC calculations are presented in table 7.8. We have quoted
the length gauge answers in each case. Length/velocity agreement was obtained, when

expected, to three significant figures. The PNC HF + V figures refer to the

semp

modified PNC HF calculations and the PNC EOM/RPA + Vs‘,ﬂmp to the modified PNC

EOM/RPA ones.

7.6. Discussion of the Semi—Empirical PNC Results

Table 7.9 gives the summarised semi-empirical results with the semi-empirical

PNC EOM/RPA results included. There are several things to notice:

Caesium

1. From table 7.8a we see that the effect of including the semi-empirical potential
in the PNC HF equations is to increase the PNC El transition matrix element by
between about 1% and 2%. The effect of including the shielding is to reduce it
to below the unmodified PNC EOM/RPA value.

2. From table 7.9a we find relatively little change in the PNC matrix element for a
large range of residues.

3. The PNC matrix element increases as the residues decrease though its change in
value as the residues decrease by an order of magnitude (e.g. comparing

potentials 6 and 2) is less than 1%.
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Table 7.8a

PNC E1 Transition Matrix Elements for Caesium (Length Gauge)

6s4 - 7s} Transition (—iea ,Qu/N)x10~1

Potential Type unmodified
1 2 3 4 5 6 7 value
PNC HF
+ 0.949 0.946 0.940 0.901 0.912 0.938 0.933 0.927
Vsemp
PNCEOM/RPA
+ 0.902 0.898 0.890 0.858 0.868 0.889 0.885 0.891
Vsemp




Table 7.9a

Summary of Modified Results for Caesium With PNC Results

Errors

Potential Reduced E1 Hyperfine  Apyp (MHz) PNC E1
6si -
no. Residue 6pi: 6p3/2 6si 6p3 7s3  Tp3 6s} » 7s3
unmodified 4 .97 17.01 1728 201.6 474.0 71.64 0.891
4 0.12x10-3 4.56 6.43 2251 262.8 543.3 84.26 0.858
5 0.66x10-4 | 4.55 6.41 2307 266.0 551.7 85.33 0.868
7 0.23x10°4 4 .53 6.38 2379 272.6 566.9 87.57 0.885
6 0.11x10-4 4 .52 6.36 2408 272.8 570.5 87.78 0.889
3 0.37x10°5 4.51 6.35 2438 270.4 576.2 87.33 0.890
1 0.36x10-5 4.50 6.34 2523 260.1 602.3 84.95 0.902
2 0.14x10°5 4.50 6.34 2468 267.2 585.1 86.92 0.898
Expt. 4.52 6.36 2298 291.9 546.2 94.34
Expt. 0.01 0.01 <0.1 0.01 3.0 0.02




Table 7.8b

PNC E

1 _Transition Matrix Elements for Thallium (Length Gauge)

6ps > 7p3 Transition (—iea /N)x10~1
Potential Type unmodified
1 2 3 4 5 6 7 value
PNC HF
+ -8.98 -9.03 -9.02 -9.09 -9.07 -9.02 -9.01 -10.00
Vsemp
PNCEOM/RPA
+ -7.80 -7.86 -7.85 -7.93 -7.91 -7.84 -7.84 -9.66
Vsemp
6p} > 6p3/2 Transition (—iea Qu/N)x1071
Potential Type unmodified
1 2 3 4 5 6 7 value
PNC HF
+ -38.12 -38.05 -38.00 -37.81 -37.85 -37.97 -37.97 -39.75
Vsemp
PNCEOM/RPA
+ -28.6 -28.5 -28.5 -28.4 -28.4 -28.4 -28.4 -30.38
Vsemp




Table 7.9b

Summary of Modified Results for Thallium With PNC Results

Potential Reduced E1 Hyperfine  Apy, (MHZ) PNC E1
Ts3 « 6pi -
no. Residue 6p: 6p3/:2 6p3 Ts3 Tp} 7ps 6p3/2
unmodified 1.91 3.61 21971 10913 2029 9.66 30.38
1 0.19x10-3 | 1.87 3.35 21444 14569 2162 7.80 28.6
2 0.10x10-3 | 1.86 3.35 21887 14060 2200 7.86 28.5
3 0.92x10-4 | 1.86 3.35 21775 14024 2189 7.85 28.5
6 0.85x10-4 | 1.85 3.35 21743 13997 2182 7.84 28.4
7 0.78x10-4 | 1.85 3.34 21717 13953 2173 7.84 28.4
4 0.36x10-4 | 1.82 3.33 22562 13109 2205 7.93 28.4
5 0.36x10-4 | 1.83 3.33 22323 13371 2205 7.91 28.4
Expt . 1.84 3.29 21311 12500 2130
Expt. Errors | 0.06 0.09 60




Thallium

1. From table 7.8b we find that the inclusion of the potential reduces the magnitude
of the transition matrix element in both cases. The effect of the shielding is
larger for the 6p} - 6ps/2 transition producing a reduction of about 25% as
compared with 13% for the 6p3 - 7p3% one.

2. In table 7.9b there is less percentage change in the PNC E1 transition matrix
elements across the range of potentials than for caesium. The 7pi transition
values decrease in magnitude whereas they increase for the 6ps/2 one.

We will discuss the conclusions that can be drawn about the value of the PNC El

transition matrix element in the next section.

1.7. The Physics of the Semi—Empirical Approach

As mentioned in section 7.1 the semi-empirical (SE) potential is meant to be

modelling the BO corrections so that
Vsemp(r) | vi > (7.17)

is representing corrections such as the terms in equation (7.1). Because we are fitting
the energy levels we are actually modelling more than the BO corrections because they
alone do not account for all of the correlation correction. Moreover, we are assuming
that the correction potential is the same for all the orbitals which it will not be in

practice. The lowest order correction to the eigenvalue of vi due to this potential is

given by
< vt | Vsemp(T) | vi > (7.18)

As mentioned previously, when this potential is included in the HF equation then
the modification of an orbital b say due t0 V., (r) affects orbital ¢ via the HF
potential so that the equivalent MBPT diagrams that are being modelled are a quite
complicated set of self—consistent equations. |

In MBPT the corrections to the orbital energies are given by closed diagrams (i.e.
ones where there is no net excitation) whereas the corrections to the wavefunctions are
open diagrams (ones which give a net excitation). It might be thought that since we
ting the energy levels we are only modelling the closed diagrams correctly

are only fit
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and that there is therefore no reason why our modified wavefunctions should be
physically correct. This is not entirely true though since, in our modified HF
equations, the energy correction to an orbital a say, is contributed to by the
modification of the other core orbitals' wavefunctions via the self-consistent HF
potential. Since we are only using a spherically syinmetric correction potential we can
obviously not model all the wavefunction corrections properly. However, it is hoped
that by getting the excited state energy levels correct we are also getting the
wavefunctions reasonably correct.

When we perform the modified RPA type calculations we are effectively replacing
all the orbitals in the MBPT diagrams by the modified orbitals so that we are
modelling quite complicated effects. In addition we include the semi—empirical
potential acting on the excitation itself which is iterated self-consistently so we are
modelling effects such as in figure 7.3. By performing RPA calculations for the
transition matrix elements we are including the shielding effects of the photon exactly.

It is not possible with our SE method to model effects that involve internal
modifications of the BO corrections. For example, we can model diagrams such as
the external PNC interaction but not the internal one (see figure 7.4). However
examination of the tables of results of Johnson and Dzuba (see next section) show
that these internal structure effects represent small contributions to the PNC transition

matrix elements. Thus we can reasonably neglect them.

7.8. Comparison with MBPT Calculations
We have given in tables 7.10 and 7.11 the MBPT calculations of the hyperfine

interaction constants, the parity conserving transition matrix elements, the energy levels
and the PNC transition matrix elements for caesium and thallium as performed by
[Johnson 1988_] (WJ) and [Dzuba 1987,] (DZ). WJ has only calculated the second
order BO corrections (such as those in figure 7.1 for the valence orbitals). He has
included both external and internal PNC corrections but only external photon diagrams.
He has not included RPA shielding effects at the photon vertices. DZ on the other
hand has done both external and internal photons and PNC interactions and has
included shielding at the photon vertices. Both calculations perform finite summations
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Table 7.10a

MBPT Caesium Calculations of Dzuba and Johnson

Hyperfine Constants (MHz)

Orbital Dzuba Johnson Our Potential 6 Expt
6s} 2347 (+30) 2366 2408 2298
6p3 286 (+2) --- 273 291
T1s% 562 (+7) 574 571 546
7p} 94.4 (+0.6) -- 87.8 94.3

Parity Conserving E1 Transition Matrix Element Cs 6s3 - 6p3 (atomic units)

Dzuba Johnson Our Potential 6 Expt

4.45 4.39 4.52 4.52

Energy Levels (atomic units

Dzuba Johnson Potential 6 Expt
6s3 -0.14325 -0.14512 -0.14308 -0.14310
6p3 -0.09214 -0.09253 -0.09232 -0.09217
6p3/2 -0.08961 -0.08997 -0.08990 -0.08964
Ts% -0.05889 -0.05939 -0.05856 -0.05865




Table 7.10b

MBPT Thallium Calculations of Dzuba

e A1 TR S S A 10 S

Hyperfine Constants (MHz)

Orbital Dzuba Our Potential 6 Expt
6p3 21321 (+770) 21743 21310.8
Tsi 12564 (+509) 13997 12500
Tp3 2039 (+50) 2182 2130

Parity Conserving E1 Transition Matrix Element (atomic units)

Transition Dzuba Our Potential 6 Expt
6p: - Tsi 1.72 1.85 1.84 (0.06)
6p: - 7si 3.18 3.35 3.29 (0.09)

Energy Levels (atomic units)

Dzuba Potential 6 Expt
6pi -0.23309 -0.22307 -0.22446
6ps/2 -0.19612 -0.19034 -0.18896
Tsi -0.10510 -0.10412 -0.10382
71s3 -0.06510 -0.06843 -0.06436




Table 7.11a

PNC Contributions to MBPT Calculations

Caesium
Dzuba Johnson
PNC MBPT/RPA 0.887 0.891
+ Correlation
External PNC
External Radiation
4d, S5s, Sp +0.017 +0.0488
(shielding) (no shielding)
1s to 4p -——— +0.0088
Internal PNC
External Radiation
4d, S5s, Sp +0.003 +0.0028
(shielding) (no shielding)
1s to 4p -— +0.0002
Internal Radiation
+0.003 -———-
Normali§ation ~0.006 —_——
Correction
Total 0.904 0.951




Table 7.11b

PNC Contributions to MBPT Calculations

Thallium

Dzuba

6pi - 7pi 6p: - 6p3/2
PNC MBPT/RPA -9.65 -30.34
+ Correlation
External PNC
External Radiation +1.79 +7.39
Internal PNC
External Radiation 0.00 -3.17
Internal Radiation -0.2 -0.9
Normali§ation +0.13 +0.6
Correction
Semi-Empirical Rescaling -- -0.06
Total -7.9 -27.0




of the terms such as in equation (7.2). DZ's sum over excited states includes levels
with | € 4 and the core excitations are calculated for the 4d, Sp and 5s shells. WJ
calculates all the core orbital excitations and includes terms with [ £ 6.

For the hyperfine calculations DZ only includes excitations diagonal in ! for his
RPA calculation. To calculate the 27 order correlation contributions he restricts the
excitations to being diagonal in « (i.e. diagonal in j and ). In table 7.10 we have
given in parenthesis the error in DZ's RPA hyperfine calculation through only
including the diagonal ! terms (this is calculated simply by comparing it with our RPA
answer which agrees very well with the corresponding calculations of WJ). Thus for
caesium the 6si hyperfine value with this correction is very close to Wl's. It is not
known what the error is in only including the x diagonal excitations for the correlation
corrections so that one cannot evaluate the internal hyperfine contributions by
comparing WJ's and DZ's (corrected) values. In the case of thallium the error is
actually quite significant and including the correction factor actually makes the 6p}
answers worse than our semi-empirical hyperfine calculations. It is quite likely that
the 'k diagonal error' will correct for some of this but even so the claimed accuracy
of DZ's hyperfine constants for thallium is highly misleading.

As regards the PNC calculations we have given the breakdown of the various
contributions in tables 7.11a and 7.11b. For caesium there is a big difference in the
external PNC corrections. This is presumably due to the fact that WJ has not
included shielding at the photon vertex. As can be seen from 7 .11 the internal PNC
contributions are small for caesium but for the 6p} - 6ps/2 Tl transition they are
about 10% of the final answer.

It might be thought that since our SE potential was originally designed to model
the external BO contributions, the change in our PNC HF value for the PNC EIl
transition matrix element when the SE potential is added (see table 7.8a) should equal
WI's external PNC correction in table 7.11a. However, by inluding the potential in
the HF equation we have effectively iterated the BO correction to all orders. As

mentioned in [Dzuba 1987b] this has the effect of reducing the correlation correction

as we have found.
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It is worth noting the values of the known quantities as calculated by MBPT.
DZ's estimations for his hyperfine values look better than they are since he has made
the approximations mentioned above in his hyperfine calculations. It should be noted
that MBPT to this level of approximation over—estimates the hyperfine s} values and
under—estimates the p3 values, though not as much as some of our semi-empirical
answers. The magnitude of the parity conserving 6s3 - 6p3 transition is
under—estimated by between 2% and 3% whereas the semi-empirical approach obtains
almost exact agreement. Thus our semi-empirical approach obtains better values of
the transition matrix elements at the expense of the hyperfine calculations, though
some of our potentials give good si values. We shall discuss our hyperfine
calculations and their relevance to the PNC transition matrix element in the next
section. It should be mentioned in passing that we obtain better energies than the
MBPT calculations but this is only to be expected since we fitted them in the first
place. Our outer core orbital energies are worse than the unmodified HF values as

mentioned previously (see table 7.4).

7.9. Estimating a Value of the PNC Transition Matrix Elements

We now need to give our estimates of the PNC El transition matrix elements for
the Cs 6s4 - 7s3 and the Tl 6p% - 7p3 and 6p} - 6p3/2 transitions.

The purpose of calculating the experimentally known values was so that we should
know how much weight to put on our PNC answers. In order to do this we need to
discuss the relationship between the PNC E1 transition matrix element and the other
known physical quantities that we have calculated.

The PNC El1 matrix element is calculated in the same manner as the parity
conserving ones except that each contributing orbital is replaced one at a time by its
PNC counterpart. One would therefore expect that the PNC matrix elements would
be affected in a similar manner to the parity conserving one. Comparing tables 6.7
and 6.8 with 6.14 shows that the contributions from the core excitations are similarly
distributed (i.e. for the length gauge the outer core electrons give the most significant
contributions). However, the PNC orbital depends on the weak interaction which takes
place at the nucleus so one would expect the PNC matrix element to depend on the
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electronic wavefunction at the nucleus. It is for this reason that the hyperfine

constants have been calculated as these are also dependent on the nuclear wavefunction

to a certain extent. However there are several reasons why one should not rely too
heavily on the hyperfine interaction constants as measures of the PNC EIl transition
matrix element:

1. As can be seen from table 6.10 the contributions from the core excitations are
not distributed as the transition matrix element ones are. Instead there are
significant contributions from all the s} excitations including the innermost ones.

2. The hypefine interaction does depend on the density of the wavefunction at the
nucleus so that to lowest order and in the non-relativistic limit the 6p} hyperfine
constant will depend on the square of the density of the 6p} wavefunction.
However once other MBPT terms have been included there will be no direct
correspondence between the wavefunction density and the hyperfine constant.

3. The hyperfine constants depend far more on higher order MBPT corrections than
the transition matrix elements in general. The correlation corrections required are
quite large for Cs. Although they appear to be less for Tl this is because there
are many cancellations of contributing terms.

We shall therefore give the parity conserving transition matrix elements more weight in

our evaluation of the PNC ones.

As mentioned earlier the eigenvalues of our outer core orbitals are rather
inaccurate. It might be thought that since the outer core excitations give the main
contribution to the transition matrix elements getting the energy denominators wrong
would introduce a large error. However, matching the energy levels exactly is not a
guarantee of producing physically accurate results. [W. Johnson 1985, 1986] initially
started a program of calculations that included several local semi—empirical potentials in
the initial Hamiltonian. These gave good energy level fits (including the core orbitals)
and better zeroth order results than the Vy HF ones but when higher order
perturbations were added their behaviour was somewhat erratic. The reason for this is

that when MBPT is performed there are in general correction terms according to the

zeroth order Hamiltonian used. ~When using a Vn. HF zeroth order Hamiltonian

these correction terms vanish identically. If some other starting Hamiltonian is used

- 715 -



then these correction terms correct for the fact that a different Hamiltonian was used
and one will eventually get back to the Vy_; HF MBPT result. If one examines the
energy denominators in our calculations they are in fact little different from the Vy_;
HF ones since the dominating core energies are little changed. Thus, even though we
have fitted the excited state energies we are not actually changing the energy
denominators much at all; we are instead modifying the wavefunctions by modelling
the central correlation effects. The fact that we are using a semi-empirical potential
to model correlation effects rather than the entire electronic potential means that we
have not ‘'departed far' from the Vy_; HF MBPT convergence path and higher order
corrections to our approximation are not likely to be important for the transition
matrix elements. The fact that our parity conserving El transition matrix elements
are so close to the experimental values indicates that the poor core orbital fits are not
actually a problem.

It might be argued that we are obtaining PNC matrix elements that do not vary
much with the electronic potential because all our semi-empirical potentials are so
similar with the same asymptotic r~4 behaviour. We tried potentials that varied with
r differently but found that the fits with the experimental energy levels were much
worse. There seemed to be a natural 'resonance' with the r~4 type potential. We
have used potentials with different inner r dependence but as we have shown this does

not seem to affect the transition matrix elements.

Caesium

For caesium potentials 3, 6 and 7 all match the experimental error range for the
6s3 - 6p} transition. The 6ps/2 one is not matched by potential 7. For these three
potentials the PNC matrix element varies between 0.885 and 0.890. If we disregard
potentials 4 and 5 which have relatively large errors for the parity conserving values
then the PNC values varies between 0.885 and 0.902 a variation of less than 2%
whereas the hyperfine values vary by up to 6%. Thus we have clearly obtained a

PNC transition matrix element that is quite stable and not very dependent on the

hyperfine values.
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From table 7.11 we know that the intermal BO contributions that we have not
modelled are very small for caesium and their omission is unlikely to introduce much
error.

Neglecting potentials 4 and S, for the hyperfine calculations we have systematically
over—estimated the s} constants and under—estimated the p3 ones. This may be due
to a systematic over—estimation of the si wavefunction nuclear density and an
under—estimation of the pi one. On the other hand it could be due to internal or
residual correlation effects not included in the calculation. The fact that the PNC
matrix element varies much less than the hyperfine values leads us to believe that this
'systematic’ is probably not serious.

It is possible to rescale the PNC matrix element by the geometric mean of the
Apyp(6s3) and Ay (6p}) in order to try and minimise possible errors from inaccurate
wavefunction densities at the nucleus. The justification for this is that the hyperfine
constants depend on the square of the nuclear density whereas the weak interaction
Hamiltonian, which is mainly between s and p3 states will depend on the product of

the densities at the nucleus of the si and pi wavefunctions. If we therefore define

Xnyp ® | Anyp(65%) Anyp(6p) | : (7.18)

then the rescaled matrix element is given by

PNCres = (7.19)

where PNCgg is our semi-empirical PNC value and PNC, is the rescaled value. This
should have less dependence on the nuclear density though, as mentioned earlier, the
hyperfine constants and PNC matrix elements are made up of complicated combinations
of their interaction matrix elements and (7.19) will only be approximately independent
of the wavefunction at the nucleus. We have calculated the rescaled matrix elements
in table 7.12. From this we see that even potentials 4 and 5 agree with the others
when rescaled. The rescaled matrix element does not have a trend in it as the
unrescaled one did. Neglecting 4 and 5 because of their poor parity conserving

transition matrix elements, we can take an average value for PNC,,, of 1.102 with a
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Table 7.12

Rescaled PNC E1 Transition Matrix Elements For Cs 653 o 7s3

Potential Xhyp PNC E1l PNC E1/Xhyp
x 103
4 768.9 0.858 1.116
5 783.3 0.868 1.108
7 805.1 0.885 1.099
6 811.9 0.889 1.097
3 811.9 0.890 1.096
1 810.1 0.902 1.113
2 812.1 0.898 1.106
Expt . 819.0




spread of 0.017 from largest to smallest. We can then estimate the correct PNC
matrix element by multiplying our mean value by the experimental one to give 0.903
+ 0.01.

The trouble with this method is that it assumes that the residual correlation
corrections effect thp and the PNC matrix element in the same way. If this is the
case then we would expect the rescaled value to be more accurate; however, as
mentioned above, the hyperfine constants are far more dependent on correlation effects
than the transition matrix elements (both parity conserving and PNC) and the rescaling
method might actually be less accurate than the un-rescaled one. Having said that
the values for Xpyp in table 7.12 are actually quite close to the experimental value
with the error for potential 6 say being 0.9%. Thus we can feel confident that
although we have not reproduced the hyperfine constants accurately our PNC transition
matrix elements should be reliable.

With these considerations in mind we shall estimate the PNC E1 transition matrix
element to be 0.895. Estimating the error is always very difficult, whether for an ab
initio calculation or a semi-empirical one. Numerical errors are likely to be very
small ~ 0.2%. The spread in the parity conserving transition matrix element is
~ 0.1%. The spread in our PNC values is less than 1%. The errors in the
hyperfine values are 11% at worst but for the reasons mentioned above this is
probably due to residual correlation effects which are far more important in the
hyperfine calculation than for the transition matrix elements. The error in X, is
less than 1%. We shall opt for an error of 3% though we feel this is probably a
little pessimistic. Our final value for the caesium 6s3 - 7s} PNC E1l transition matrix

element is therefore 0.895(1+0.03) in units of 107'' (—iea, Qy/N).

Thallium

For thallium the large experimental errors in the parity conserving transition
matrix elements means that it is harder to assess the accuracy of the semi-empirical

parity conserving calculations.  All the potentials give values which are within the

quoted experimental range. For the 6pi - 7si transition the spread in our wvalues

includes the experimental result in the middle of the range whereas for the 6ps3/2 -
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7s% one they are all larger than the quoted result, but by less than 2% at worst.

The hyperfine results have a ‘systemmatic' over—estimation of the p3i values and
an under-estimation of the si. The variation in the hyperfine values is far greater
than in the PNC transition matrix elements. There is no obvious relationship between
an thp type of function and the PNC matrix elements so that rescaling techniques
cannot be used. The reason why this is so might be to do with the fact that the
semi—empirical potential is acting far further out in thallium than in caesium and is
probably less likely to affect the wavefunction near the nucleus. The semi-empirical
Xpyp's are over—estimated by about 6% or 7% which could be significant, though the
fact that there seems to be little correlation between them is promising. From [Dzuba
1987,] we find that there are significant internal contributions for the 6pi - 6p3/2
PNC transition amounting to about 10% of the final answer (see table 7.11.b). Since
we are not modelling such effects this means that our answer for this transition is
going to be less reliable. For the 6p3 - 7p3 transition Dzuba finds a large
cancellation so that two terms of size 0.09 cancel.

These factors confirm the fact that although thallium is a single-valence system it
has large correlation terms with many cancellations. It is therefore harder to make
accurate calculations for thallium than for caesium. The fact that our PNC transition
matrix elements seem quite stable and relatively independent of the semi-empirical
potential is encouraging. For the 6p} - 7p} transition we shall take our estimate to
be -7.85 x 107! (-iea,Qw/N) and for the 6ps - 6ps/2 transition -28.4 x107'?
(~iea ,Qyw/N). The estimation of the errors is perforce rather ad-hoc but we estimate
about 5% for the 7p4 transition. For the 6ps/2 one the slight displacement of the
parity conserving transition matrix elements from the experimental mean and the large

internal contributions in Dzuba's calculation leads us to assign a larger error of 7%.
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7.8. Conclusion

We have tried seven semi-empirical potentials, choosing the parameters by fitting
the excited states to the experimental ones. We have then incorporated these
potentials into our RPA calculations of the transition matrix elements and for the
hyperfine dipole interaction constants. The parity conserving transition matrix elements
are accurately reproduced. The hyperfine constants are not so accurately reproduced
but they depend more on residual correlation effects than the transition matrix
elements. Our estimate of the PNC E1 transition matrix element for the caesium
6s3 > 7si transition is 0.895(1:0.03) x 107"} ~iea ,(Qw/N). For the thallium
6ps - 7p} transition we estimate -7.85(1:0.05) x 107'° -iea ,(Qw/N) and for the

6ps - 6pa/2 transition we estimate —28.4(10.07) x 107"! -iea ,(Qw/N).
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TER 8: The Full n Shell Equations of Motion

8.1 Introduction

So far we have solved the EOM/RPA for caesium and thallium and modelled
certain correlation effects by adding a semi-empirical potential to the equations.
These correlation effects were thought to contain the major physical effects not so far
included in the EOM/RPA. In deriving the EOM/RPA we made several
approximations which we are now going to examine. Whilst still only considering
single particle excitations in the expression for the excitation operator we shall evaluate
all the diagrams that are obtained in deriving the Full Open Shell EOM (EOM/FOS).
We shall solve the EOM/FOS in order to verify the assumption that the extra terms

represent small physical effects. We shall also attempt to identify the MBPT terms

that the extra terms correspond to.

8.2 The Open Shell Equations of Motion

The Open Shell EOM were derived by defining the excitation operator by

13,M,> = 3 UKy 13 M><KQ, I M, 13, M,> (8.1)

M,

with the subsidiary condition
(WOt 1aMp> = 0 (8.2)
We also defined the projection operator PKQ in terms of its hermitian adjoint

I M = S <3 M, IKQ I Mg><I M1 ( PKge )T (8.3)
Q' M’

With these definitions we obtained the Open Shell EOM

T <J M, IKQ' ,JMg'><I M" | [(PKq)T , H , UKgl 13,M><KQ, I M, 1d,M,>
Q,Q’

My, Mg

- (8.4)

0 T <3 M, IKQ, I My ><I Myt | [(PKg T, UKgl 13 Mg><KQ, 3 Mg 13, M, >
Q,Q’
MO’MO'
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The normalisation condition is given by

S <I M, IKQ I My ><d M| (UK T, UKD 13 M><kQ, T Mg 1T, M,> = 1

Q,Q
Mo, Mg
(8.5)
The reduced transition matrix element is given by

< NI = 5 (3,12 ((pnptido ¥R

Q,Q

M, M, (8.6)
<I ML TKQ' I Mg ><I Mo | (UK T, TN ] 13 Mg><p, T M, 13 M, >

There are implicit assumptions in the above equations concerning the rank of the
projection operator and whether the rank of the excitation operator should be summed

over. We will discuss this later in this chapter.

8.2.1 The EOM/FOS Approximations

In deriving the EOM/RPA we made several approximations:

1. The ground state was a Slater determinant of Vy_; HF eigenfunctions.

2. The positive valence excitation was taken to be simply the Vy_; HF initial state to
final state excitation.

3. The negative valence excitations were neglected

4. The transition frequency w was taken to be the difference between the eigenvalues

of the single particle states involved in the transition.

5. Only four of the commutator diagrams that have valence excitation contributions

were considered.

We are now going to re—derive the radial equations but without making all of the
above approximations. This will lead to more complicated equations but should give
some insight into the formalism of the EOM as compared with MBPT, say.

1. In this chapter we are still going to use the Vy_, HF ground state; the validity

of this is discussed later.
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2. We shall treat both the positive and the negative valence excitations fully, solving

for each.
3. We shall now also treat as a variable to be solved for.

4. We are also going to consider all diagrams that are obtained using the single

particle approximation.

8.2.2. The Single Particle Approximation

With the single particle approximation for the excitation operator we have for U:

a,r X,V

where we have used the same notation as before, i.e.

letter orbital type

a,b,c... core

P,q,r... excited (including valence) (8.8)
X,y,2 excited (excluding valence)

v,n valence

i,j,k,1 any

Since we are now solving for valence excitations we need to have valence

projection terms as well as the core ones that were given in chapter four (4.12).

a‘tv ay Pty

and 8.9)
aTx a, Py

8.2.1 The EOM/FOS Diagrams

Using the single particle approximation for the excitation operator as given above
we are now ready to assign the orbitals to the commutator diagrams. The
commutator diagrams are topologically the same as before (table 4.1). In addition to

the core diagrams of the EOM/CS we can now assign valence orbitals to the diagrams

in all ible ways. Because we are dealing with single valence systems we can only
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Table 8.1. Extra V+(a) Diagrams (exchange diagrams not shown)
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Table 8.2. Extra V~(a) Diagrams (exchange diagrams not shown)
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Table 8.3. V*(n) Diagrams
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Table 8.4. V7(n) Diagrams
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have one valence orbital on either end of a diagram. The complete list of diagrams
containing valence assignments that contribute to the positive core excitation equations
are given in table 8.1 and the negative equations in table 8.2. We have only
included the direct diagrams in the table but have given the direct and exchange parts
of the contribution to the equations on the right-hand side. Sometimes the exchange
contribution to the equations is obtained by exchanging the end orbital assignments for
that diagram, sometimes the exchange part of the equation comes from the exchanging
of assignments from a different diagram. The assignment of valence states to the
projection operator vertices as in (8.9) gives the positive and negative valence
excitation equations. The diagrams with these assignments are given in tables 8.3 and
8.4. In all four tables the (rather obscure) labelling of the diagrams refers to the
topology of the commutator diagrams from which they came.

It should be remembered that these are the additional diagrams that have valence
assignments: there are the EOM/CS diagrams to be included as well. We now have a
set of diagrams that belong to different excitation equations; the particular equation
that a diagram belongs to is given by the particular projection operator in the
diagram. We now have four different types of equation: the positive and negative

core excitation equations and the positive and negative valence excitation equations.

8.2.4. The EOM/FOS Equations

In analogy with the core excitations we define the positive and negative valence

exctations by
Int> = § Ix> Yy (8.10)
X
In-> = § o> Z%q (8.11)
X

Using these definitions together with the usual definitions of the core excitations
(equations (4.24) and (4.25)) we can collect together the terms for the different
excitation equations by looking at their projection operators. For example, all the
give the positive core excitation equations.

diagrams with projection operator

The equations will have the same basic form on the left-hand side as before i.e.
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(fa tw- ho - vhf)|at> = |rhs> (8.12)

The right-hand side will be made up of the core diagrams as for the EOM/CS and in
addition there will be the extra diagrams with the valence assignments. We shall
denote the sum of all these terms on the right-hand side by a potential V(i) where
the : refers to the positive or negative excitation equation and the i is either a for
the core orbital excitation equation of orbital a, or n for the valence excitation

equation of orbital n. We shall treat the projection operator as before, i.e. write it

as

Prap = <na lp> (8.13)

and similarly for the other projection operators. We use the closure relationship as
before to obtain the orthogonality terms (see equation (4.31) and associated text).

Doing all this leaves us with the positive and negative core and valence excitation

equations

(g t @ -~ hy - Vpp)la®> = Via)la> - § [b><blvi(a)la>
b

(8.14)
where V*(a) is given by
vi(a)la> = §t<b|r,2’1(l-P,2)lb*>|a> + <b¥Ir,,"1(1-P, ) Ib>]la>
+ additional terms in table 8.1 or 8.2
(8.15)
For the valence excitations we obtain

(én t @ - hy = Vpp) In®> = VE()In> - § li><ilv*(n)In>
i=b,v

(8.16)

where V*(n) consists of all the terms in table 8.3 and V7(n) consists of all the terms

in table 8.4. The sum over i in the orthogonalisation term is over all the core states

and the valence states.
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Table 8.5 EOM/FOS Normalisation Diagrams
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Table 8.6 EOM/FOS Transtion Matrix Element Diagrams
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8.2.3. The EOM/FOS Normalisation and Transition Matrix Element Diagrams
We can now assign valence orbitals to the normalisation and transition matrix
element diagrams in a similar way to the EOM commutator diagrams. The extra

terms for the normalisation are given in table 8.5. The EOM/FOS normalisation

condition is given by
S <atlat™> - <a-la=> + <ntint™> - <n~iIn™>

+ <nla=><a"|n> - <nlat><atin> = 1 (8.17)

where the summation is over all excitations and occupied orbitals.
The extra terms for the transition matrix element are given in table 8.6. The

EOM/FOS expression for the transition matrix element is

<1itio> = § <at|Tla> + <alTla™> + <n*|TIn> + <n|TIn™>

- <nla=><alTIn> - <nlTlax><atIn> (8.18)

8.2.6. The Positive Valence Excitation Egquation

Consider the positive valence excitation equation (8.16) which we shall write as

(én + @ - hy - Vhe) Int> = Irhs> - % li><ilrhs> (8.19)
i=b,v

where irhs> represents the vH(n)in> terms in table 8.3. This equation is effectively

a type of Sternheimer equation as described in chapter three. What it represents is

| x><x1rhs>
Int> = § ———— (8.20)
X n X

Since w = €,, - €p then the dominant contribution will be for x = v, i.e. the single
particle resonant transition. This is why we approximated (n*> by 1v2> in the
EOM/RPA. When solving for in*> numerically care should be taken because of this
resonance. It is equivalent to the homogeneous solution mixing discussed in chapter
five since, in the approximation that w = €y, = €n » iv2> is just the homogeneous
solution of the left-hand side of (8.19).

As mentioned in chapter five in practice we solve the equations by having a local

RSCF potential approximation to V,s on the left-hand side of the equation and
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correcting for this on the right-hand side. This way the homogeneous solution that
can be mixed into the equation for In*> is the local single particle resonant excited
state. We can overcome this in the same way that we did in solving for the original

HF orbitals, namely by expressing in*> as the local RSCF excited state plus an

orthogonal correction

Int> = 'VZ,RSCF> + 16nH>
(8.21)
<v,,Rrscr'ént> = 0

The numerical equation for the positive excitation is then of the form

(én + @ - hy - Vrscf)|n+> = (Vhf - Vrscf)'"+> + irhs> - Y 1i><iirhs>

i=b,v
(8.22)

Substituting equation (8.21) into this we obtain

(ég + @ = hy = Vpgeg)16n™> = RHS> - N IVexc RSCF” (8.23)
where

IRHS> = (Vpf - Vpsef) Int> + 1rhs> - S 1i><iirhs> (8.24)

i=b,v

and \ is given by

N= (eéntw - fvz,RSCF) = <V2,RSCF'RHS> (8.25)

Thus we can find omega from equation (8.25), since e, and ey,gscF are both
known, simply by taking the overlap of the entire right-hand side of equation (8.22)
with the local resonant excited state. Because in equation (8.23) we are now only

solving for the correction to the valence excitation that is orthogonal to the resonant

RSCF excited state, there will be no homogeneous solution mixing problems.

8.2.7. The Radial EOM/FOS

In deriving the radial equations for the EOM/FOS we have the three contributing

factors as before: the diagram phase factor, the angular summation contribution and

the radial functions themselves. The process is the same as for the EOM/RPA except
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that we need the angular reductions for the positive and negative valence excitations.

IxMy + I M,

int> = 3 x> —< 3,18 1,
X
K Q
(8.26)
JMp + I M
N> = 3 x> —< % 3,1} 7.x
X
K " Q

where the lines over the amplitudes indicate that they are reduced ones (i.e. they have
no dependence on magnetic quantum numbers). Similarly we need the angular

reductions for the valence projection operators

InMn - I xMy
Pt . = S (3,17 <o () ix> (8.27)

(3,17 <x16p ((r)> (8.28)

Note the factors of (2J ,+1)5 in these defintions instead of the (2K+1)% used for the
core excitations.

Producing the angular diagrams is done in the same way as for the EOM/RPA
with the diagrams being topologically identical as before: the Coulomb interaction 3J
symbols are inserted together with the excitation and projection reduction 3J symbols.
The coupling Clebsch-Gordan coefficients have to be included also. The magnetic
quantum numbers are then summed over for all states except the J /M, state. Using

the usual diagrammatic technique this corresponds to joining together all the lines that

are summing over the same variable. The diagrams can then be simplified as before.

The angular factors for all the EOM/FOS diagrams have been checked by computer by

[S.A. Blundell].
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8.2.8. An Example of EOM/FOS Diagram Evaluation
As an example we shall consider the exchange part of diagram esv' which

contributes to the positive valence excitation equation.

b Vv X n

(8.29)

n' b

we are using the notation as given in (8.8); we have labelled the outer valence
orbitals by n and n' which correspond to the angular momentum states 1J M > and

1IJ,M,'> in equation (8.4) respectively.

Phase

This follows the same rules as before (see section 4.2.10). The diagram is an
exchange diagram with a commutator diagram factor of -3 which contains a negative
excitation, is part of the V*(n) term and is part of a positive excitation equation.

We therefore obtain -1 x -4 x -1 x +1 x +1 = -1 for the phase factor.

Angular Diagram

We make all the assignments mentioned above, including the Clebsch—-Gordan
coefficients from equation (8.4) and join together all the lines that we are summing

over for each variable. After this we obtain

K
Jx
- o 7 I M,
- Jo [ T x1? (3,177
v J K Ak
b k } (8.30)
IM, L
+J, -
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When evaluated this gives

J, Jp K
k+Jp-J o b
(-1)kHIb ok 5 12 I, ko 3y XKk, ,Kq,Kq,Kp) (8.31)
K J, J,
Radial Part

There is the usual Slater integral part. When we put in the expression for the
projection operator we obtain a ZK function (see chapter four) and the radial valence
function. In addition in equation (8.29) it should be noted that the excitation
operator is between b and v. This corresponds to the overlap between the negative

'

excitation of b and the valence orbital. The full radial expression is therefore
[b-in] ZK(nb;r) r R,(r) (8.32)

Total Diagram

The final expression for the diagram is therefore given by

) 3 Jp K
o ¥ o 5 1 5 K 3 | XK(k, kg kg Kby [bTIN] ZK(nbir) T Rp(r)
K J,J
(8.33)
8.3 Results

We can evaluate the exact expressions for all the diagrams as described above.
The form of the equations is given in Appendix 2 for the positive and negative core
and valence excitations. We thus have a set of self—consistent radial differential
equations which are of the forms of equations (8.14) to (8.16). We solved the
EOM/FOS numerically for the caesium 6si - 6p} transition and for the 6s3 - 6p3/2

transition. The results obtained are
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Transition Reduced El1 transition matrix elements
EOM/RPA EOM/FOS Expt.
6si - 6p3 -4 .97 -5.09 -6.12 -4.52 (0.01)
W 0.04175 0.03796 0.05093
6si » 6p3/2 7.01 6.95 8.90 6.63(0.01)
W 0.04358 0.040267 0.05346

The two values in the EOM/FOS column correspond to the length and velocity
gauges. For the EOM/RPA calculation these are equivalent. We can note several
things about these results though a full discussion of the physics involved will be given
later.

1. The additional FOS terms affect the transition matrix elments for the two
transitions calculated in different ways: the 6s} transition result (for the length
gauge) changes by 2.4%; the 6p3/2 values changes by 0.9%; the 6p} transition
answer is actually made worse (i.e. further from the experimental answer) when
the extra terms are added. The 6p3/2 transition result is slightly improved.

2. The values for w are worse than the EOM/RPA values (which just equal the
difference in the HF eigenvalues).

3. Length/velocity equivalence no longer holds. The extra terms affect the velocity

gauge more than the length one.

8.4 PNC EOM/FOS

The extension of the parity conserving EOM/FOS to the PNC case follows exactly
the same lines as it did for the EOM/RPA. The only difference is that there are

many more diagrams and thus many many more PNC terms since each parity

conserving orbital is replaced in turn by its PNC counterpart. There will be PNC

positive and negative valence excitations to solve for as well. The form of the

equations is given in Appendix two.

- 811 -



When the PNC EOM/FOS were solved we obtained

Transition Reduced PNC El1 transition matrix elements
PNC EOM/RPA PNC EOM/FOS Expt
6si > Tsi 0.891 0.869 0.893 -~
W 0.07218 0.07198 0.05346

From the results of the PNC EOM/FOS calculation it should be noted that
1. The value for w is slightly improved
2. The PNC El transition matrix element is decreased by 2.5% (considering the

length gauge answer).

8.5. Analysis of Extra Diagrams

To get an idea of what the additional diagrams physically represent we can
replace the excitations in each term by their ‘lowest order' values and derive the
equivalent MBPT diagram that represents the resulting expression. For example the
positive valence excitation is just the single particle resonant excited state in lowest
order. The additional diagrams fall into two basic categories: those dealing with

Exclusion Principle violation (EPV) and those that are the valence contribution to two

particle excitations

8.5.1. Exclusion Principle Diagrams

In any MBPT correction diagram the Exclusion Principle forbids the existence of
two identical particles at once. In solving RPA type equations by coupled
self—consistent methods such as we have used there are implicitly included certain

terms which are forbidden by the Exclusion Principle. These EPV diagrams involve

the same valence state appearing in the sum over the excited states for the core

excitations as is actually 'driving' the excitation in the first place. For an example of

EPV diagrams see figure 8.1. Diagrams such as a are included in RPA calculations.

They would be cancelled by diagrams such as b which is not included in an RPA
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Figure 81 MBPT EPV Diagrams
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formalism. The EOM/FOS diagrams that are concerned with these EPV effects are
diagrams da, d2, bs, bs, g2, a2, e10 and e11 as given in table 8.1. We have given
the equivalent lowest order MBPT type diagram that these EOM/FOS terms represent
in figure 8.2. From this it can be seen that these diagrams are directly concerned
with the EPV parts of the EOM/RPA diagrams. The creation/annihilation operator
formalism will ensure that these extra diagrams are actually removing the original EPV
terms.

The first diagram in figure 8.2, which corresponds to the four EOM diagrams
mentioned in the figure, will not contribute in lowest order because the direct and
exchange EPV terms will cancel each other; they will contribute in the higher order
expressions though where there is no exchange between the EPV orbitals. It should
be noted that their sum is equivalent to the MBPT diagram without the energy
denominator. What these diagrams are effectively doing are orthogonalising the
right-hand side of the core excitation equation to the valence orbital with an angular
multiplicative factor.

Diagram es is the EPV diagram associated with the diagrams bi, es and e7. It
should be remembered with all these EPV removal diagrams that there are also the
additional matrix element diagrams of table 8.6 and equation (8.18) which contain
overlaps of the core excitations with the valence orbitals. These will also be

contributing to the valence orbital EPV 'book keeping'.

8.5.2. Valence Contributions to Two Particle Effects
The other main type of additional EOM/FOS diagram is concerned with the

valence orbital contributions to two particle excitations. In figure 7.1 in chapter 7 we
gave the lowest order two particle excitation effects. The second type of diagram
gives contributions such as those in 7.1 except that instead of there being a double
sum over excited states the valence orbital is used for one of the excited states. Thus
there is only a single excited state sum which is why this type of diagram appears in

the single excitation approximation. Diagrams bi, es and e; represent such effects.

We have given the lowest order MBPT representation in figure 8.3.
The positive and negative valence excitations are also two particle valence
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Figure 8.2 EOM EPV Correction Diagrams
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Figure 8.3 Valence ‘Two Particle’ Effects
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Figure 8.4 Posttive and Negative Valence Excttation Diagrams
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contribution effects. We have given the MBPT equivalent representation in figure 8.4.
It is interesting to note that the lowest order MBPT representation for diagram ‘div+’
is not actually an allowed MBPT diagram and has no direct equivalent in a MBPT
calculation. At first sight this might seem worrying. However, in the next section

when we compare the EOM/FOS with MBPT we shall see how this is resolved.

8.6. Comparison Between MBPT and EOM/FOS
From the above analysis it can be seen that MBPT and EOM/FOS are not

identical in that there are some diagrams which do not occur in MBPT. However

there are several other differences in the formalism of EOM/FOS from MBPT which
means that there should not necessarily be a direct correspondence:

1. w is not fixed at ey, — €y, as it is for a MBPT calculation; instead it is solved
for. In MBPT w appears in the energy denominators of the correction diagrams.
The corrections to w can be expressed as the overlap between the valence orbital
and the right-hand side of the valence excitation equation (see section 8.2.6). In
MBPT, the corrected denominator can be expanded as a series of diagrams
consisting of the uncorrected diagrams multiplied by unconnected diagrams that are
closed (i.e. they only have valence orbitals on the ends). There is an important
theorem in MBPT called the linked diagram theorem (LDT) (see [Lindgren and
Morrison]) that basically says that these disconnected or ‘unlinked' diagrams cancel
with certain other diagrams if the EPV diagrams are included in all the diagrams.
The EPV terms will cancel because of the creation/annihilation commutation rules.
Thus MBPT only calculates the linked diagrams and includes EPV terms. EOM
on the other hand has no LDT and explicitly removes the EPV diagrams. The
o correction terms in the EOM correspond to unlinked diagrams and so are not
included in the MBPT formalism.

2 The EOM/FOS transition matrix element is normalised whereas there is no

normalisation for MBPT. The reason for this is that the unlinked diagrams of

the MBPT transition matrix element cancel the normalisation correction terms
when the calculation is done to all orders. If, as in practice, the calculation is

of finite order then this cancellation is only approximate.
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3. There are angular coupling coefficients included in the diagrams so that UKQ is
correctly coupled to the ground state. MBPT does not need to do this as () (see

chapter 3) is a scalar operator. Incomplete expressions for (@ will not necessarily

be angular momentum eigenstates though.

Thus EOM/FOS is not identical in set up to MBPT. Each method has its own way
of dealing with the EPV diagrams. MBPT includes EPV diagrams explicitly as some
of them cancel out the ‘'unlinked diagrams'. The EOM explicitly includes terms to
cancel out the EPV diagrams and solves for w as well. The two methods should give
identical results when carried out to all orders and for all complexities.

As regards the forbidden MBPT diagrams one has to consider the nature of the
approximation schemes for MBPT and EOM. The former expands the answer in
terms of Coulomb matrix elements and one hopes that the higher the number of
matrix elements (i.e. the order of the MBPT calculation) the smaller the contribution.
The EOM on the other hand is making approximations in the complexities of the
ground state and the excitation operator. For the EOM/FOS we have no correlation
effects in the ground state yet we have certain valence ‘two particle' effects in the
excitation operator. The extra diagrams are all concerned with valence orbital effects
yet our ground state core orbitals do not 'see' the valence orbital when being solved
for in the Vy_; HF equation. When two particle effects are included in the excitation
operator they will cancel out or modify the valence ‘two particle’ effects that have
been included so far. Thus the two particle excitations will take care of the 'MBPT
disallowed' EOM/FOS diagrams. Quite how this is done is not easy to see, just as it
is not easy to see exactly how the EPV diagrams are taken care of. But the nature
of the creation/annihilation operator formalism mean that the details are ‘taken care
of' exactly. The two particle excitation formalism is in principle straightforward but
leads to very complicated EOM diagrams because of the commutation relationships.
For further discussion on correlation in the EOM see [Mckoy]. If the exact fully
correlated ground state is used and all the possible excitation terms included then the
correct answer must be obtained just as if a MBPT calculation is done to all orders.
One never knows without calculating them how important the terms are that are being
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left out. It seems to be that for the EOM/FOS one is including certain terms which
are compensated for to a large degree by two particle ground state and excitation
effects. So we actually get a worse answer by including just the extra single particle

terms of the EOM/FOS.

8.7. The Choice of Rank K of the Excitation Operator

In chapter four we merely stated that we chose K to equal the rank of the
transition operator without any justification other than the fact that only core
excitations of this rank will contribute to the transition matrix element. There is no
intrinsic reason however why the valence excitations should have K=1. For the J=3}
to J=} transitions, K can only equal 1 or O but for the caesium 6s} to 6pa/2
transition, for example K can legitimately be 2 as well. The EOM/RPA result is
independent of the choice of K but some of the extra valence terms in the EOM/FOS
have K's in them in six J symbols etc. and it is not obvious that there is this
independence. The fact that the closed core is spherically symmetric means that the
tensor rank of any interaction with the core cannot be change by having any number
of core interactions with other core orbitals. Only the rank 1 core excitations can
contribute to the final transition matrix element. When the extra diagrams are added
to produce the EOM/FOS there is now the possibility that rank 0 core excitations can
contribute via a second (exchange) interaction with the non-symmetric valence orbital.

The conclusion from all this is that for a rigorous EOM/FOS calculation the rank
K of the excitation operator UKy should be summed over. However the rank 0 core
excitations can only contribute via two interactions with the valence orbital so only

contribute in higher orders. It is not clear how the other ranks contribute but it is

thought that they are not likely to be large contributions.

8.8. Conclusions

We have re—examined the approximations made for the EOM/FOS and evaluated

all the terms that are produced in the single particle approximation for the excitation

operator. The extra terms are either concerned with the Exclusion Principle violating

terms that are implicit in the EOM/RPA equations or represent the valence
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contribution to certain two particle effects. Using a Vy_; HF ground state we have
solved the EOM/FOS for caesium parity conserving and PNC transitions. However the
results for the parity conserving transitions are either little better than the EOM/RPA
or in fact worse. It is thought that the reason for this is that the extra terms for
the EOM/FOS are in fact largely compensated for by the inclusion of two particle

effects in the ground state and in the excitation operator.
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CHAPTER 9: Conclusion

9.1 Introduction

In this last chapter we shall give a summary of the current atomic PNC situation.
In section 9.2 we describe the current status of atomic PNC experiments giving the
latest published results. The theory situation is reviewed in section 9.3. Taking the
results from experiment and theory we give the latest atomic estimate of Qy, from
these results. In 9.5 we describe the outlook for PNC experiments and theory

calculations in the future. The findings of this thesis are summarised in section 9.6.

9.2 Summary of PNC Experimental Situation

PNC experiments have been carried out on four heavy elements: lead, bismuth,
thallium and caesium. Other elements such as samarium are currently being
investigated ([Davies]). There are two basic experimental approaches to PNC

measurements: optical rotation and fluorescence.

9.2.1. Optical Rotation

This method is used for bismuth, lead and thallium experiments. These atomic
PNC experiments basically involve the interference between an M1 transition and a
weak interaction induced PNC E1 one. This interference results in a difference in the
atom's response to left and right circularly polarised light. In an optical rotation
experiment a plane polarised light beam (which can be considered to be the
superposition of left and right circularly polarised beams) is passed through a vapour of
the element and the rotation of the plane of polarisation of the beam is measured.
The rotation is very small due to the small size of the weak interaction that is causing
it; typical values are of the order of 1077 radians. This poses tremendous

experimental problems. However the last quoted result for the Oxford experiment on
the bismuth 876 nm transitition had an error of 10% and the group is expecting a

result of a few percent in the near future.
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The optical rotation experiments measure a dimensionless quantity R which is
given by

< f 11 Elgpe 11 i >

R = Im (9.1)
<f 1y M 41 i>

This can also be calculated ab initio where the E1 PNC transition matrix element is
given in units of the weak charge Qy,. The Ml's can either be obtained

experimentally or calculated ab initio. Using (9.1) the value of Qy can be extracted.

9.2.2. Fluorescence Experiments

These are used for caesium and thallium PNC measurements. The latest caesium
PNC experiment by [Noecker et al.] is the most accurate atomic PNC experiment done
to date with a claimed accuracy of 2%. It involves the 6s3 to 7s} transition which is
a doubly forbidden M1 transition which acquires a PNC E1 amplitude due to the weak
force as discussed in previous chapters. The transition is excited with circularly
polarised light in an atomic beam placed in an enhancement cavity; perpendicular
electric and magnetic fields are applied to the region so that one is effectively
measuring the interference between the PNC E1 transition and the Stark Effect induced
transition. The magnetic field Zeeman splits the levels. The PNC asymmetry reverses
with the E and B field directions, the circular polarisation of the light and with the
particular Zeeman component being examined. The decay of the upper level (via an
intermediate level) is monitored synchronously with the systematic variation of the
parameters mentioned above. The method's great strength is in the number of
permutations of the parameters with which to detect the PNC amplitude.  The

experiment has also quoted an amplitude for the spin dependent weak interaction

though the error range includes the possibility of it being zero.
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Table 9.1. Summary of Atomic PNC Experimental Situation

Bismuth 876 nm

Location R Claimed
% Error
Oxford [Macpherson et al.1987] -10.0 £ 1.0 10%
Seattle [Hollister et al. 1981] -10.4 * 16%
Bismuth 648 nm
Location R Claimed
% Error
Oxford [Taylor et al. 1987] -9.3 15%
Moscow [Birich et al. 1984] -7.8 ¢ 23%
Novosibirsk [Barkov et al. 1981] -20.2 £ 2.7 13%
Lead 1,28 um
Location R Claimed
% Error
Seattle [Emmons et al. 1983] -9.9 =+ 2.5 25%
Caesium 539 nm
Location lm(Elpnc)/B glaimed
(mv / cm) Error
Boulder [Noecker et al. 1988] -1.576 (34) 2%
Boulder [Gilbert et al. 1986] -1.650 (130) 8%
Paris [Bouchiat et al. 1986] -1.560 (170) (120) 13%
hallium 293 nm
Location E1 PNC Claimed
% Error

(107" jea,)

Berkeley [Drell et al. 1985] -0.76 ¢ 0.14 19%




9.2.3. Summary of Atomic PNC Experiments

In table 9.1 we give the latest atomic PNC experimental results. It should be
noted that the results of different groups in general agree (and we have only quoted
the most accurate in some cases). However there is a notable exception, namely the
bismuth 648 nm transition. This has not been resolved yet and additional
experimental measurements are required.

It should also be noted that the caesium experiments are the most accurate; this
is partly due to the fact that the theoretical calculations for caesium are more accurate
than for the other elements and consequently more effort has been put into the
experiments. However, PNC experiments for other elements will soon be achieving a

few percent accuracy.

9.3 Summary of PNC Theory Situation

The PNC theory calculations are making rapid progress. The many body problem
is now fairly well understood and it is a matter of calculation of the most important
MBPT terms. The main problem is the estimation of the errors of the calculation.
The numerical errors can be estimated by using grid extrapolations and using checks
such as length/velocity agreement where appropriate. However the estimation of the
error due to the MBPT terms left out or the use of a semi—empirical potential is not
easily quantifiable. In the calculations of Johnson the values of known physical
quantities, such as parity conserving El transition matrix elements and the hyperfine
dipole interaction constant, are used as a yardstick to estimate the error of the PNC
El matrix element. There is no necessary reason why the PNC value has to behave
in the same manner as these other values (see chapter 7) but there is little else to go
on.

We have given the various PNC theory results in tables 9.2 and 9.3. The two
most extensive MBPT calculations on the Cs 6si - 7s3 transition are those of
[Johnson 1988.] and [Dzuba 1987y, 1988] (see table 9.2 and chapter 7). Recently,

semi-empirical calculations have been performed by Bouchiat (see next section). The
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Table 9.2

Comparison of PNC Theory Calculations (units = ~lea (Qu/N)x10~" 1)

Cs PNC 6si57si
Dzuba Johnson Bouchiat Ours
0.90(1:0.02) 0.951(1:0.05) 0.935+0.02+0.03 0.895(1:0.04)

T1_ PNC_6pi-Tp}

Dzuba PNC RPA Others Ours
-7.9(1£0.06) -9.56¢ -8.0 5 ~-7.85(120.05)
-9.71g -8.7(1£0.21)y
-9.66y, -10.0,
- 6.2k

Tl1 PNC 6pi36p3/2

Dzuba PNC RPA Others Ours
-27.0(1:0.03) -30.384 -364 -28.4(120.07)
-25.2,
-28.7(120.2)
-36.6j

[Sushkov et al.]
[Neuffer and Commins]
[Plummer and Grant]
[Neuffer and Commins]
[Henley et al.]
[Martensson—Pendrill]
[Johnson 1986]

this work.

[Novikov et al]
[Henley and Wilets]
[Bouchiat and Bouchiat]
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Table 9.3

mparison_of PNC Theory Calculations (units = -jea /N)x10~11)
Pb 1.28 um
Dzuba Others
10.4 £ 0.8 -11.4 ,
-13
Bi 876 nm
Dzuba . Others
10.4 ¢+ 1 -14
-12 4
-8.3 ¢
-10.9 ¢
a: [Botham et al]
b: [Novikov et al]
c: [Dzuba 1988}
d: [Harris et al]
e: [Martensson et al]
f: [Plummer] (D.Phil. thesis Oxford) 1984



only extensive calculations done on the thallium PNC transitions have been by
[Dzuba 1987,] (see tables 9.2). We have quoted the PNC RPA calculations for the
thallium transitions by way of comparison. The other quoted calculations for the
thallium transitions are all various semi—empirical calculations. Dzuba has also done
calculations on lead and bismuth ([Dzuba 1988], see table 9.3). Most of the other
calculations for these elements are semi-empirical calculations. In both cases Dzuba's

answers are in good agreement with experiment.

9.3.1. Bouchiats Semi—Empirical Calculations

We have discussed Dzuba's and Johnson's calculations already in chapter seven.
We shall now outline a  semi-empirical calculation performed by [Bouchiat and
Piketty 1986] (BC). They consider the rescaled matrix element of the weak
Hamiltonian between s3 and p3 states for each n level. They perform first order
perturbation corrections to these rescaled quantities only. They then use the
experimental value for each Xy, (see chapter seven) to give the estimate for the weak
interaction matrix element. These calculated quantities are then put in an expression
for the PNC transition matrix element that involves the weak interaction matrix
elements, the parity conserving matrix elements and energy denominators.
Experimental values are used for these last two quantitites. This expression for the
PNC transition matrix element involves a finite sum over the n = 6 to n = 8 states.
They use semi-empirical Norcross potential calculations to estimate the contribution
from the other n levels. BC has also performed an earlier semi—empirical calculation
using a fitted local potential and correction factors for the PNC transitions (see
[Bouchiat et al. 1983]).

In both these calculations a local Norcross potential is used to model the
tioned in chapter 7 although these give good lowest

electronic potential. As we men

order results their behaviour as higher order terms are added is not very predictable.

BC's calculations are not fully relativistic and do not treat the shielding to all orders

as we have done. It involves the use of a variety of correction factors to produce fits

- 9.4 -



to physically known quantities.

9.3.2. This Calculation

The semi-empirical results of this thesis, when compared with the other results
quoted in table 9.2 are close to those of the Russian group which are the most
extensive MBPT calculations done to date. The Russian's tend to wuse various
approximate methods which make it difficult to appraise their results sometimes (see
chapter 7 for their hyperfine calculations for example). There has been some debate
recently over the large difference between Johnsons' result and Dzuba's for the
caesium 6s} -» 7s} PNC transition. Our semi—empirical calculation seems to indicate
that the iteration of the correlation potential and the shielding of the external photon
in the correlation corrections accounts for most of this difference. Whilst it is always
difficult to assess the accuracy of any calculation, including a semi—empirical one, our
calculations seem to agree with the Russian group's PNC calculations for the caesium
and thallium PNC transitions. Ultimately, only a rigorous ab initio MBPT calculation
or equivalent will achieve the accuracy required to compete with high energy particle
physics determination of sin28y,. However semi—empirical methods give important
indications of results, especially when a new area is being investigated as was the case
when PNC calculations were first started. Though the result of this thesis cannot
claim to be the most accurate one performed, it ‘adds more grist to the mill' to the

resolution of the current discrepancies in MBPT results.

9.4 Atomic Estimate of Qy

The level of accuracy of atomic PNC and experiment is not yet high enough to

compete with the high energy determination of sin28y, The current world average

value is (see [Amaldi et al])

sin? 6y = 0.230 2 0.005 (9.2)

Without radiative corrections Qy, is given by

—95 -



= 1 - — (1-4sin2y) (9.3)

- Qy Z
N N

Adding radiative corrections gives (see [Amaldi et al], [Marciano and Sirlin}])

- Qu

z
. - 0.9793 - — (0.9793 - 3.8968 sinZ8y ) (9.4)
N

Using (9.3) in (9.4) gives us the values of Qy for the atomic transitions of interest

Element - Qy (sin? 6y = 0.230 ¢ 0.005)

133

..Cs 71.8 + 1.1

22?T1 114.7 + 1.6 (9.5)
208p, 116.6 * 1.6

82

209p4 116.5 ¢+ 1.6

83

In the atomic determination of the weak charge the most accurately measured
PNC experiment is the Cs 6s} - 7s} transition. There have been three accurate
measurements as given in table 9.1. The experiments measure the ratio of the PNC
El transition matrix element to J3, where g is the vector stark polarisability.
[Bouchiat and Guena 1988] have determined @ by measuring the ratio (M ,Bg), where
M bf is the M1 transition induced by the off-diagonal hyperfine interaction. They use

a theoretical value for M. bf to obtain a value for B of

B = (27.17 t 0.35) a,’ (9.6)
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To extract Qy from the values of §, the theory value for Elpm and the
experimental value for El,, /8 we have a conversion formula

( El ) El
pnc /theory pnc
Qy x 0.65926 =

g B

expt
(9.8)
where the PNC E1 theory number is in units of -iea (Qw/N)x107'}', @ is in units of
a,3 atomic units, and the experimental ratio is in units of mV/cm. Using tables 9.1
and 9.2 for the Cs PNC values will give different estimations of Qy according to
which values are taken. We shall use our value of 0.895(1:0.03) -iea (Qw/N)x107'1;
for the experimental value we shall use the most accurate value obtained, i.e.

1.576(34) mV/cm. We thus obtain for Qy,.
Qy =71.8 1.8+ 2.1 (9.9)

where the first error is due to the experimental determination of § and (E1 pm:/ B)
(with the errors added in quadrature) and the second is due to the theory error. This
is in good agreement with the quoted value for Qy, for caesium given in (9.5). Using
Dzuba's more accurate value of 0.90(1:0.02) -iea ((Qw/N)x107'! gives instead 72.2
with a theory error of * 1.4 instead of & 2.1.

Using (9.4) and our value of Qy we can obtain a value for sin 28y
sin2 8y = 0.230 * 0.009 (9.10)

which is in excellent agreement with equation (9.2).
We have not given the Qy's for the other PNC transitions as the errors in the
experimental and theoretical values are far larger than for the Cs 6s} - 7s} transition.

[Dzuba 1988] has calculated them using his theory results and all the answers agree to

within the error ranges.
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9.5 Outlook for Atomic PNC

We have already achieved a claimed accuracy of 2% from one atomic PNC
experiment. Other experiments will soon be achieving this sort of accuracy. In the
next few years much more extensive theory calculations will be done, though there will
always be the problem of estimating the error in a MBPT calculation.

The advent of relativistic pair function techniques will enable the calculation of all
single and two particle excitation contributions which should give an accuracy that will
easily make atomic PNC determinations of Qy, competitive with high energy
determinations. The outlook for this field is very promising indeed. = With more
powerful computing resources such as transputers and parallel processing techniques
becoming available it should soon be possible to do very extensive theory calculations.
With the experimental accuracy getting to the level of being able to measure the
spin-dependent effects such as anapole moments, there is much still of interest in this

field.

9.6. Conclusion of Thesis

The Equations of Motion method has been successfully applied to an atomic
system and results obtained using the EOM/RPA equations that agree with the
equivalent MBPT/RPA calculations done by other groups. The additional single particle
excitation terms have been calculated so that we can claim to have done a complete
single particle excitation calculation (for rank 1 excitations with a Vy_; HF ground
state) for caesium including the removal of Exclusion Principle violating diagrams.
The extra terms were found to have a small effect for the parity conserving El
6s3 - 6p3/2 transition. For the 6s3 - 6p3} transition the extra terms actually make
the answer slightly worse. In the case of the Cs 6s3 -» 7s3 PNC transition the effect
was to reduce the amplitude slightly. However the poor parity conserving amplitudes
indicate that this answer is not reliable. The reason for this is that the extra terms
in the EOM/FOS include the valence orbital contribution to some two particle effects

but neither the ground state nor the excitation operator have two particle effects in
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them. It is felt that the two particle excitations need to be included fully for an
accurate answer to be obtained.

To estimate correlation effects we included a semi-empirical potential in the

EOM/RPA and obtained the following results

Cs 6s% - 7si 0.895(120.03) x 10~'' (-ieaoQW/N)
Tl 6p3 » Tpi -7.85(1:0.05) x 10~ (-iea,Qy/N)

T1 6p3 - 6p3/2 -28.4(10.07) x 107! (-iea,Qy/N)

This is in good agreement with the most extensive MBPT theory calculation done
to date by Dzuba. Thus it has been shown that a semi-empirical method can
successfully model complex correlation effects in a simple manner and can include PNC
effects as well.

The next stage of calculations to be undertaken will be concerned with pair
equation techniques for calculating two particle excitations since these constitute the
main effects not yet accounted for. Non-relativistic pair equation techniques have
already been used to calculate all one and two particle effects to all orders in lithium
by [Lindgren]. It is hoped to extend this to a relativistic formalism which includes
PNC effects in the near future.

As regards the EOM the next stage is to include correlation effects in the ground
state as well as two particle excitations in the excitation operator.  Though the
formalism is straight~forward in principle, in practice this will involve many complex

EOM diagrams and it is not certain how these can be simply and effectively

managed.
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APPENDIX 1: Creation and Annihilation Operators

These are operators that ‘create’ or ‘destroy’ single particle basis states. They

obey the fermion anti-commutation rules:
[ aty , atj 1. -0
[ a3 , aj . =0 (A1.1)
[ ay , afy 1. = dij
where the anti~commutator brackets are defined by:
[x,y]_lx_y+yx (A1.2)
and where afi creates state |i> from the vacuum state |0> and a; annihilates it:

ati 10> = |i>
afi li> = 0

(A1.3)
aj li> = |0o>

aj '0> - 0

It is thus possible to express a single particle determinant in terms of creation

operators acting on a vacuum state.
l> = aTa afb a'fc atd ate an ceo|O> (A1.4)
Because of the commutation relations (Al.1) the determinant |o> is anti-symmetric

with respect to the interchange of any two orbitals and is zero if any two orbitals are

the same.

We can also write expressions for replacing one or more core orbitals in a

determinant by an excited state. We write the replacement of a core orbital a by an
excited orbital r as:

1> = af . a, lo> (A1.5)

and if a is replaced by r and b by s we have:

559> - af raT sa pa a'a> (A1.6)

To see that this is the correct order for the creation and annihilation operators
the full expression for |a> should be written out and the annihilation operators

'moved’ along the creation operators by means of the commutation relationships until
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they can ‘annihilate’ the appropriate orbital; if the correct replacement excited orbital
is then moved into its place it will be found that the correct phase is obtained with

the operators in the order given in (Al.6).

We can similarly express operators in terms of creation and annihilation operators.

A single particle operator f say can be written as:

£ - jzi aty a; <jfli> (A1.7)

Similarly a two particle operator can be written

g = Yafyalyaa <ijlgie (A1.8)
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APPENDIX 2: The Equations Used in this Thesis

Space prevents us from giving the exact expressions for the radial equations.

They can be found in the micro—fiche at the end of the thesis. The notation used is

as for chapter 8. We have included the semi-empirical potential; for the unmodified

equations V..,(r) = 0.

HF
[ €a - hy - Vir ] la> = Vsemp(r)|a>
<UITIO> = <v2lTlvi>

HYPERFINE

[ €a = ho = Vs | lathyp> = Viypla> + Vsemp(r) 1athyp>
+ % [<b+hyp|g,2|b> +<b|g,2|b+hyp>] la>
- orthogonality terms

The hyperfine constant is given by

Apyp = 2 <vi alg,,lw athyp> + <V1 athyplg,,lvr >
a
Vhyp is given by
<x1thyp|Kz> - - a (k1 + Kk2) <k1|CK|x2> I (P,Q, + P,Q,) r~2 dr
EOM/CS
[ cato-hy Vs Jlat> = Vicg(@la> + Vsemp(r)la®> - orthog.

where

Vics(a)la> = % [<brg, . Ib®> + <b1g, ,Ib>] 12>
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where the transition matrix element is given by

<at|Tla> + <alTla>

<1ITI0> = 2=
<at|lat> - <a~|a—>
a¥

EOM/RPA

[ €a * @ - hy -Vpf ]la*> = Vigpala)la> + Vgepo(r)la*> - orthog.
where

Vtppa(a) la> = <vilg,,lvh>la> + Vig(a)

V-rpa(a) la> = <vhig,,lvidla> + V-g(a)

with
|v2>
v =
<V2,RSCFIV2>
and
<VHITIvi> + § <atiTla> + <alTla™>
+
<1IT|0> = a
<va2lva> + 2 <at]lat™> - <a-la—>
a¥
EOM/FOS

[ €qg + @ - hy -Vhf ]Ia+> = Vtppa(a)la> + Vsemp(r)|a+> - orthog.

+ terms in table 8.1

[ €qg - W - h0 -Vhf ]Ia‘> - V’RPA(a)|a> + Vsemp(r)|a‘> - orthog.

+ terms in table 8.2

[ ey + @ - hy “Vpr :Iv+> - vsemp(r)|v+> + table 8.3 - orthog.

[ ey - @ - hy =Vhr :Iv‘> - Vsemp(r)'V'> + table 8.4 - orthog.
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the transition matrix element is given by

Mfos

Mno rm

<1iTiO> =

where

Mfos = <VHITIvi> + <v|Tlv—>

+ Z*<a+lTla> + <alTla™> - <vla=><alTlv> - <v]a+><alTlv>
a-

and

Mporm = <vilvh> - <v-|v—>

+ Z* <atlat> - <a-la=> + <vla=><a~lv> - <vlat><at|v>
at

PNC HF

[ €a - ho = Vg | 1aPPC> = Vg po(r)laPNC> + hPNC|a> + v} ¢PNC|a>

<HITIO> = <v2ITIviPRC> - <voPNC|T|v >
PNC EOM

[ €1 t@=-hy -Vhe Jlit> = VEG)IIPNC> 4 VEPNC(i) |i> + Vgepp(r) la®PnC>

+ hPRC|i®> 4 Vi ePNC[i%> - orthog.
where ‘i’ is either a core or a valence orbital and V(i) is the appropriate potential
according to which PNC EOM equation is required (i.e. CS, RPA or FOS). The
transition matrix element is given by

Y - <atPnC|T|la> + <at|T|aPNC> - <aPNC|T|a~> + <a|Tla"PNC> 4+, .
+
at

<1|T|O0> =
<at|lat> - <a~la=> + ....

"+

& M

where the °'...' signifies the inclusion of the other terms appropriate to the PNC

equation being solved.
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APPENDIX 3: Length-Velocity Equivalence

Since in this thesis we are concerned mainly with transition matrix elements we
need to discuss gauge considerations for the dipole operator. The electric dipole
operator in the length gauge is given by D; = -r (in atomic units, see appendix S5).
The velocity gauge operator is given by Dy = i ¢ g / wg (where wg = Ef - Ey.

Consider the atomic Hamiltonian
H=cgo. b + c? (B-1) + Vnuc(r) + Velec. (A3.1)
where V... is an approximation to the exact ) rij'l term. We can write down the

commutator relationship between Dy and Dj:

cla.p,-r]=icla.¥,r]=icg (A3.2)

DV = l/wfi [ (H'Ve]ec)’gl_ ] (A3-3)

Now we can write equation (A3.3) as

DV = l/wfi ([ HaDL ] - [ Ve]ec:‘.)]_ 1) (A3-4)
By taking matrix elements between the initial and final states the first term can be
shown to equal the length gauge dipole operator so we are left with the expression

<fiDyti> = <fiDp1i> + 1/wpj <fi[ Vejec. L 111> (A3.5)

So provided that the electronic interaction part of the Hamiltonian commutes with r
then the length gauge and the velocity gauge are equivalent. If the exact expression
for V.. is used then there is gauge equivalence as one would expect from gauge
invariance arguments. A local potential such as for the RSCF calculations of chapter

3 will have length/velocity equivalence but in the case of the Hartree—Fock potential
we get:
<x|[ Vhf.L Jiy> = S ( <b|<x|r,2"1|b>_r;|y> - <x|_1;<b|r,2‘1|y>|b> )
° (A3.6)
Thus the HF potential does not commute with r because of the exchange terms and

so there is no length/velocity equivalence for the HF equation. When using RPA type

equations (such as the Equations of Motion) this equivalence returns (see [Botham]).
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APPENDIX 4: The Model Independent Approach

As an alternative to the standard model predictions for the weak force coupling

constants (as given in chapter 2) the latter can be regarded as model independent
parameters to be determined by experiment.

Due to the fact that the nucleons act coherently in the atom we define a weak
charge Qy, which is what is determined in the atomic physics approach to PNC
experiments. The equation for the weak charge can be expressed in terms of the
quark-lepton coupling coefficients, giving a linear equation relating the up and down

quark constants.

Q= ZCpp+NCyp

= [ (2Z+N)C,y+ (Z+2N)C,q] (A4.1)

where

Ciu=1/3 (2Cp - Cip)
(A4.2)

Cid=1/3 (2Cyp - Cyp)

are the quark-lepton coupling constants. Rearranging (A3.1) we obtain a linear

relationship between the coupling constants with Qy, as a parameter.

(1 + 2 Z/N) Qu/N
C,q = - Cu - (A4.3)
(2 + Z/N) (2 + Z/N)

In the SLAC experiment (see chapter one, [Prescott et al. 1978,1979]) the individual

quarks act incoherently and the combination
C,g=2C,y-09¢ 0.24 (A4.4)

is obtained. By plotting the lines C,4 vs. C,y given in equations (A4.4) and (A4.3)
for both the upper and lower limits of the intersection constants, areas of allowed C 4
vs. C,, combinations are obtained. Since the standard model predicts the coupling

constants as well we can also obtain a third line as a parameterised function of By,

As can be seen from figure A4.1 the three approaches are entirely consistent and the

high energy and the atomic physics lines are nearly orthogonal.
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APPENDIX 5: The Units Used in this Thesis

For the atomic equations we employ atomic units
e = mp = % = 47xe;, = 1 (AS5.1)
Thus the unit of length is a,, given by
4 7 ¢, h2
me e?

Using the definition of o

e2
4 x €g C h

we obtain the unit of velocity as being o ¢. Thus ¢ = 1/a in atomic units.

The unit of energy is the Hartree, which is given by

mg ed
IH = 2 hcR, = - 1 (A5 .4)
(4 v €)% K2

For the particle physics equations (mainly in chapter 2) we use natural units:

F = ¢ = 1 (AS.5)

If, in addition we use the Heaviside-Lorentz system the we have ¢, = 1. For details

see [Aitchison and Hey].
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APPENDIX 6: The Runge-Kutta Method
For solving our equations numerically we employ the Runge-Kutta method, a
standard technique for solving the equations as written in (5.27), i.e. equations of the

form

LY - fx,y) (A6.1)

The Runge-Kutta method expresses y(x,+h) (where h is the step size) as a Taylor

expansion about y(x,).

y(x+h) = y(x) + h y'(x) + (h2/21) y''(x) + (h3/3!) y'''(x) + O(h%)

(A6.2)

We wish to express y(x+h) in terms of functions of x and y which do not

involve derivatives:
y(x+h) = y(x) + h & (x,y) (A6.3)

so that

&(x,y) = y'(x) + (h/21) y'' (%) + (h?/31) y'''(x) + O(h?)
= f(x,y,) + (h/2V) f'(x,y) + (h?2/31) f''"(x,y) + 0(h?)

(A6.4)
The standard expression for &(x,y) when the required accuracy in y(x+h) is O(h3) is

4
d(x,y) =Y cj ki

i-‘

k1 - f(x,y) (A6.5)
i-1

kj = f(x + haj,y + Y bjg kg)
s=1

Thus there are a series of ¢, b and a coefficients to be determined. These are
found by expanding &(x.y), using the Taylor expansion, up to the required order in h

and comparing coefficients with equation (A6.4).
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The resulting equations for the coefficients are:

c, + C, + C, + C,

c,a, + ca, + C,ua,

c,b,, + c3(by, + by,) + c4(byy, + by, + b,,) -

2 2

2
+ Cad,

c,by2 + c5(b,, + b,,)2

+ c,(by, + by, + b,;)2 =

c,a,b,, + cza,(b,, + b,;) + cja, (b, + b, + b;y;) =

c;b,a, + ¢ by,a, + ¢4 by,a,

czb,,by, + ¢, (by,by 4 byb2r + by by,) -

1
172
1/2
1/3
1/3
1/3
1/6

1/6

(A6.6)

There is obviously an infinite set of solutions as there are more coefficients to be

determined than there are restrictions so we are free to chose to a certain extent the

paramters that we use. We use

c, = 1/6
a, = 1/2
b,,=- 1/2

b3 ™ 0

c,=1/3 (1 - 1/2)

a, = 1/2

b,,=-1/2 (1 - 2//2)

b,,=-1//2

c, = 1/3 (1 + 1//2)

a, =1
bygm (1 - 1/42)

by~ (1 +1/22)

c, = 1/6

(A6.7)

With this choice of coefficients we are able to calculate y(x,,;) from y(x;).
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