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CLOSED-FORM EXACT SOLUTIONS TO THE DENSITY

DEPENDENT FITZHUGH–NAGUMO TELEGRAPH EQUATION

M. HAJIKETABI, R. A. VAN GORDER, S. ABBASBANDY

Abstract. We use the first integral method to construct closed-from exact so-
lutions of the density dependent Fitzhugh–Nagumo telegraph equation. While
this method is very useful for obtaining formal solutions, many of the solutions
are not physically relevant. Hence, we carefully determine which of these so-
lutions is physically useful for the problem. For standard diffusion and linear
density dependent diffusion, we obtain physically meaningful exact solutions.
Interestingly, the case with linear density dependence shows strong qualitative
agreement the standard diffusion case. For both cases, the wave solutions re-
sult in an initial concentration which either dissipates or tends to some finite
positive value for large time. While one can obtain wave solutions with general
wave speeds for the standard diffusion case, when there is density dependence
in diffusion, the resulting wave speeds will take specific values depending on
the values of the model parameters. For stronger density dependent diffusion
involving quadratic and higher order functions of the concentration, we show
that the equation is not integrable, and exact solutions should not be expected
for such cases.

1. Introduction

The Nagumo equation is a nonlinear reaction–diffusion equation that models an
active pulse transmission line simulating a nerve axon [1, 2] and it is used widely
in biology, area of population genetics [3], circuit theory, and other fields [4, 5, 6,
7]. Telegraph equations, in particular, have been proposed to model diffusion in
biological, social, and economic systems [8, 9]. In this paper, we seek exact solutions
u(x, t) to the density dependent Fitzhugh–Nagumo telegraph equation

τ
∂2u

∂t2
+ (1 + τg′(u))

∂u

∂t
=

∂

∂x

(

um ∂u

∂x

)

− g(u), (1.1)

where g(u) = u(1 − u)(α − u), α ∈ [0, 1], τ ∈ R, and m ≥ 0. In Eq. (1.1),
u(x, t) measures a concentration (such as that of a chemical species) at a point
x ∈ R in space and time t > 0. Regarding the model parameters, τ represents a
measure of the memory (delay) effect [9, 10], α represents the value of the ambient
concentration or density, and g(u) = u(1 − u)(α − u) represents the reaction term
[9, 11].

2010 Mathematics Subject Classification. 35C07, 35C05, 35M10.
Key words and phrases. exact solutions; first integral method; density dependent Fitzhugh–

Nagumo telegraph equation.
c©201x Universiteti i Prishtinës, Prishtinë, Kosovë.
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If parameter τ = 0, we have the standard density dependent Fitzhugh–Nagumo
equation. If m = 0, we have the standard Fitzhugh–Nagumo telegraph equation
and if both τ = m = 0 we have the standard Fitzhugh–Nagumo equation. Kawa-
hara and Tanaka have found new exact solutions by using Hirota method [12],
Nucci and Clarkson have obtained some new solutions with Jacobi elliptic function
[13], Li and Guo have obtained new series of exact solutions by the first integral
method [14], and Abbasbandy have obtained the soliton solution with the homo-
topy analysis method [15], of the standard Fitzhugh–Nagumo equation (τ = m = 0
). Solutions have been obtained in terms of series solutions and numerical solutions
by the Runge–Kutta–Fehlberg 45 method [16] and by the δ-expansion method [17].
Masemola obtained reductions and then new exact solutions by applying the gener-
alized double–reduction theorem via associated symmetries [18], Hashemi, Darvishi,
and Baleanu used Lie symmetry group-preserving scheme (LSGPS) [19], of the
standard density dependent Fitzhugh–Nagumo equation (τ = 0). Van Gorder and
Vajravelu have obtained numerical solutions for the standard Fitzhugh–Nagumo
telegraph equation (m = 0) via a variational technique [20].

The inclusion of telegraph effects is an extension of works on related reaction-
diffusion models, and may still be of physical relevance. Hadeler [21] suggested that
the analysis of the Hodgkin-Huxley hyperbolic system, where a second order time
term is added to the classical reaction-diffusion equation, by Fitzgibbon and Parrot
[22, 23] was motivated by original theoretical investigations by Hodgkin and Huxley
themselves, later dropped because of poorer analytical properties in comparison
with the more common parabolic setting. Motivated by this, Hadeler [21] seems
to be among the first to study the hyperbolic FitzHugh-Nagumo equation. Eq.
(1.1) has been studied for certain parameter values in [24, 25], where approximate
analytical and numerical solutions were obtained.

For reaction-diffusion models, a number of exact solutions have been reported
previously, and some of this work involves using the integrability of the relevant
reaction-diffusion equation to obtain closed-form exact solutions [26]-[40]. Having
exact solutions to such equations is desirable for multiple reasons. First, as nu-
merical solutions are approximations, we would obviously prefer exact solutions
in closed-form in order to verify the true nature of the solutions. Second, these
kinds of reaction-diffusion equations often have traveling wave solutions, and the
wave speeds may not be arbitrary parameters that can be picked. Rather, the
wave speed of a traveling wave solution may, in some cases, depend strongly on
the model parameters. Finally, traveling wave solutions may not exist for all pa-
rameter regimes, and hence exact closed-form solutions allow us to demonstrate
the existence of such traveling waves. These latter two points are linked: for some
parameter values, the solutions may become degenerate, with zero or infinite wave
speeds obtained. For such cases numerical approaches will give difficulties, yet with
exact solutions we can better understand the qualitative features of the model,
which will alert us to parameter regions for which traveling waves exist or do not
exist. Therefore, in the present paper we shall explore the possible exact solutions
to the density dependent Fitzhugh–Nagumo telegraph equation given by (1.1).

In Section 2, using the first integral method, we obtain exact closed-form solu-
tions of Eq. (1.1) for different values of τ , α and m = 0, 1, 2. While a number
of solutions are obtained, not all of these solutions are physically reasonable. In-
deed, as has been pointed out in different contexts, many solution approaches such



DENSITY DEPENDENT FITZHUGH–NAGUMO TELEGRAPH EQUATION 3

as this obtain some non-physical solutions, therefore one needs to take care that
the solutions obtained actually are relevant to the physical problem [41]-[44]. As
such, in Section 3 we focus on the physically meaningful solutions of (1.1). We find
that bounded traveling wave solutions exist for the Fitzhugh–Nagumo telegraph
equation (m = 0) or for linear density dependence (m = 1). For strong density
dependence (m = 2), we show that (1.1) is not integrable, and therefore we expect
no physically meaningful closed-form exact solution exists. We give concluding
remarks in Section 4.

2. First integral method and exact solutions

The first integral method which is based on the ring theory of commutative alge-
bra was first introduced in Feng [45] for finding the exact 1-soliton solutions of the
Burger-KdV equation. This method was further developed by the same author in
[46]-[50] and some other mathematicians [50]-[64]. The method is accurate, efficient,
trustworthy and does not require complicated and tedious computations. The basic
idea of this method is to construct a first integral with polynomial coefficients of
an explicit form to an equivalent autonomous planar system by using the Division
Theorem.The method provides exact and explicit solutions. This fact is important
when looking for multiple solutions. Often times, numerical methods or analytical
approaches will only find a single solution. However, since the first integral method
gives us a way to find exact solutions, one will be able to find multiple solutions (if
they do exist).

2.1. Outline of the first integral method. Consider a general nonlinear partial
differential equation (PDE) in the form

P (u, ut, ux, utt, uxx, utx, uxxx, ...) = 0. (2.1)

Assume (2.1) has the traveling wave solution as

u(t, x) = u(z), z = x− ct. (2.2)

Substituting (2.2) into Eq. (2.1) yields into the following ordinary differential equa-
tion (ODE):

Q(u, u′, u′′, u′′′, ...) = 0, (2.3)

where prime denotes the derivative with respect to the same variable ξ. Next, we
introduce a new independent variable

x(z) = u(z), y(z) = u′(z), (2.4)

which change (2.3) to a system of ODEs
{

x′(z) = y(z),
y′(z) = f (x(z), y(z)) .

(2.5)

According to the qualitative theory of differential equations, if one can find two
first integrals to system (2.5) under the same conditions, then analytic solutions to
(2.5) can be solved directly. However, in general, it is difficult to realize this even
for a single first integral, because for a given plane autonomous system, there is no
general theory telling us how to find its first integrals in a systematic way. We shall
apply the Division Theorem to obtain one first integral to (2.5) which reduces (2.3)
to a first-order integrable ordinary differential equation. An exact solution to (2.3)
is then obtained by solving this equation. Now, let us recall the Division Theorem
for two variables in the complex domain C [45]:
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Theorem 2.1 (Division Theorem). Suppose that P (x, y) and Q(x, y) are polyno-

mials of two variables x and y in C(x, y) and P (x, y) is irreducible in C(x, y). If

Q(x, y) vanishes at all zero points of P (x, y), then there exists a polynomial G(x, y)
in C(x, y) such that Q(x, y) = G(x, y)P (x, y).

2.2. Application of the first integral method. We will be interested in solving
the travelling wave problem for Eq. (1.1). To this end, let us assume a solution of
the form u(x, t) = f(z) where z = x− ct is the wave variable and c ∈ R is the wave
speed. Then Eq. (1.1) becomes

τc2f ′′(z)− cf ′(z)
(

1 + 3τf2(z)− 2τ(α + 1)f(z) + τα
)

− (fm(z)f ′(z))
′
+ f(z)(1− f(z))(α− f(z)) = 0. (2.6)

The above equation can also be written as
(

τc2 − fm(z)
)

f ′′(z)−mfm−1(z) (f ′(z))
2

−cf ′(z)
(

1 + 3τf2(z)− 2τ(α+ 1)f(z) + τα
)

+f3(z)− (α+ 1)f2(z) + αf(z) = 0. (2.7)

If we rearrange Eq. (2.7) in terms of the second derivative, we find

f ′′(z) =
1

τc2 − fm(z)

(

mfm−1(z) (f ′(z))
2

+cf ′(z)
(

1 + 3τf2(z)− 2τ(α+ 1)f(z) + τα
)

+f3(z)− (α+ 1)f2(z) + αf(z)
)

, (2.8)

which is a second order nonlinear equation. Next, we introduce new independent
variables

x(z) = f(z), y(z) = f ′(z), (2.9)

which change Eq. (2.8) to a system of ODEs

x′(z) = y(z),

y′(z) =
1

τc2 − xm(z)

(

mxm−1(z)y2(z) + cy(z)
(

1 + 3τx2(z)− 2τ(α+ 1)x(z) + τα
)

+x3(z)− (α + 1)x2(z) + αx(z)
)

.

(2.10)
Now, we make the transformation dη = dz/

(

−xm(z) + τc2
)

in Eq. (2.10) to avoid

the singular line −xm(z) + τc2 = 0, temporarily. Thus, system (2.10) becomes

dx

dη
=

dx

dz

dz

dη
= y(z)(−xm(z) + τc2),

dy

dη
=

dy

dz

dz

dη
= mxm−1(z)y2(z) + cy(z)

(

1 + 3τx2(z)− 2τ(α + 1)x(z) + τα
)

+x3(z)− (α+ 1)x2(z) + αx(z).
(2.11)

Now, we apply the Division Theorem to seek the first integral to system (2.11).
Suppose that x = x(η) and y = y(η) are the nontrivial solutions to (2.11), and
q(x, y) =

∑n

i=0 ai(x)y
i is an irreducible polynomial in C[x, y], such that

q (x (η) , y (η)) =

n
∑

i=0

ai (x (η)) y
i(η) = 0, (2.12)
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where ai(x)(i = 0, 1, ..., n), are polynomials of x and an(x) 6= 0 for all n. Eq. (2.12)
is called the first integral to system (2.11). We put n = 1 in Eq. (2.12). According
to the Division Theorem, there exists a polynomial G(x, y) = g(x)+h(x)y in C[x, y]
such that

dq

dη

∣

∣

∣

∣

∣

(2.11)

=

(

dq

dx

dx

dη
+

dq

dy

dy

dη

)

∣

∣

∣

∣

∣

(2.11)

=

(

1
∑

i=0

a′i(x)y
i

)

(−yxm + yτc2)

+

(

1
∑

i=0

iai(x)y
i−1

)

(

mxm−1y2 + cy
(

1 + 3τx2 − 2τ(α + 1)x+ τα
)

+x3 − (α+ 1)x2 + αx
)

= (g(x) + h(x)y)

(

1
∑

i=0

ai(x)y
i

)

, (2.13)

where prime denotes differentiation with respect to the variable x. By comparing
with the coefficients of yi (for i = 0, 1, 2) of both sides of (2.13), we have

a′1(x)(−xm + τc2) = a1(x)(h(x) −mxm−1), (2.14)

a′0(x)(−xm + τc2) + a1(x)
(

3cτx2 − 2cτ(α+ 1)x+ cτα+ c
)

= g(x)a1(x) + h(x)a0(x), (2.15)

a1(x)(−x3 + (α+ 1)x2 − αx) = g(x)a0(x). (2.16)

Now, we should obtain a0(x) and a1(x) from Eqs. (2.14)-(2.16) and putting in Eq.
(2.12) we conclude the first integral for system (2.11).

2.3. Exact traveling wave solutions. We now apply the above results to Eq.
(1.1) for various values of the model parameters. We shall organize our results
based on the strength of the nonlinear diffusion parameter, m, which takes values
0, 1, or 2. We remark that all solutions obtained in this paper have been checked
with Mathematica software by plugging each solution back into Eq. (1.1) and
ensuring that the output is identically zero. We must point out that the Fitzhugh-
Nagumo problem is for a density or concentration, so the solutions should have a
minimal and maximal finite value. Hence, unbounded solutions or solutions which
are complex-valued rather than real-valued, are non-physical, and hence are ruled
out.

Theorem 2.2. In the case of m = 0, applying the first integral method to Eq. (1.1)
yields the following bounded, real-valued traveling wave solutions:

u(x, t) =
1

1 + exp
(

± x√
2
+ k
) , (2.17)

where α =
1

2
and k is an arbitrary constant,

u(x, t) =
2

1 + exp
(

±
√
2x+ 2k

) , (2.18)

where α = 2 and k is an arbitrary constant,

u(x, t) = −tanh

(

± x√
2
+ k

)

, (2.19)
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where α = −1 and k is an arbitrary constant, and

u(x, t) =
1

1 + exp
(

± x√
2
+
(

− 1
2 + α

)

t+ k
) , (2.20)

where τ = 0, α is not specified, and k is an arbitrary constant.

Proof. First we put m = 0, in this case, Eqs. (2.14)-(2.16) are converted to:

a′1(x)(−1 + τc2) = a1(x)h(x), (2.21)

a′0(x)(−1 + τc2) + a1(x)
(

3cτx2 − 2cτ(α + 1)x+ cτα + c
)

= g(x)a1(x) + h(x)a0(x), (2.22)

a1(x)(−x3 + (α+ 1)x2 − αx) = g(x)a0(x). (2.23)

Since ai(x)(i = 0, 1) and h(x) are polynomials, then from Eq. (2.21) we deduce
that h(x) = 0 only, and for simplicity a1(x) is constant and take a1(x) = 1. Bal-
ancing the degrees of g(x) and a0(x) in Eqs. (2.22) and (2.23), we conclude that
deg(a0(x)) = 1 and deg(g(x)) = 2 or deg(a0(x)) = 2 and deg(g(x)) = 1.

In the case of deg(a0(x)) = 1 and deg(g(x)) = 2, assuming a0(x) = A1x + A0

(A1 6= 0) and g(x) = B2x
2 + B1x + B0 (B2 6= 0), where A0, A1, B0, B1 and

B2 are all constants to be determined. Substituting a1(x), h(x), a0(x) and g(x) in
Eqs. (2.22) and (2.23), and setting all the coefficients of powers x to be zero, we
obtain a system of nonlinear algebraic equations and by solving it, we obtain the
six following solutions:

A1 = ∓
√

−τ(4 + 3τ)

3
√
2τ

, A0 = ±
√

−τ(4 + 3τ)

6
√
2τ

, B2 = ± 3
√
2τ

√

−τ(4 + 3τ)
,

B1 = ∓ 3
√
2τ

√

−τ(4 + 3τ)
, B0 = 0, c = ±

√
2

√

−τ(4 + 3τ)
, α =

1

2
, (2.24)

A1 = ∓
√
2 + 6τ

3
√
−τ

, A0 = ±
√
2 + 6τ

3
√
−τ

, B2 = ± 3
√−τ√
2 + 6τ

,

B1 = ± 3
√
2τ

√

−τ(1 + 3τ)
, B0 = 0, c = ∓ 1

√

−τ(2 + 6τ)
, α = 2, (2.25)

A1 = ∓
√
2 + 6τ

3
√−τ

, A0 = 0, B2 = ± 3
√
−τ√

2 + 6τ
, B1 = 0,

B0 = ∓ 3
√
−τ√

2 + 6τ
, c = ∓ 1

√

−τ(2 + 6τ)
, α = −1. (2.26)

Setting Eqs. (2.24)-(2.26) in Eq. (2.12) and using Eq. (2.9) we obtain, respectively,

∓
√

−τ(4 + 3τ)

3
√
2τ

f(z)±
√

−τ(4 + 3τ)

6
√
2τ

+ f ′(z) = 0, (2.27)

∓
√
2 + 6τ

3
√
−τ

f(z)±
√
2 + 6τ

3
√
−τ

+ f ′(z) = 0, (2.28)

∓
√
2 + 6τ

3
√
−τ

f(z) + f ′(z) = 0. (2.29)
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Now, with solving Eqs. (2.27)-(2.29), we obtain, respectively

f(z) =
1

2
+ k exp

(

±
√

−τ(4 + 3τ)

3
√
2τ

z

)

, (2.30)

f(z) = 1 + k exp

(

±
√
2 + 6τ

3
√−τ

z

)

, (2.31)

f(z) = k exp

(

±
√
2 + 6τ

3
√
−τ

z

)

. (2.32)

Now, from u(x, t) = f(z) where z = x − ct and using Eqs. (2.24)-(2.26) the exact
solutions to Eq. (1.1) for m = 0 can be written, respectively

u(x, t) =
1

2
+ k exp

(

−2t±
√

−2τ(4 + 3τ)x

6τ

)

, (2.33)

where α =
1

2
, τ 6= −4

3
, 0 and k is an arbitrary constant (if −4

3
< τ < 0 this

solutions is real),

u(x, t) = 1 + k exp

(

−t∓
√

−τ(2 + 6τ)x

3τ

)

, (2.34)

where α = 2, τ 6= −1

3
, 0 and k is an arbitrary constant (if −1

3
< τ < 0 this solutions

is real), and

u(x, t) = k exp

(

−t∓
√

−τ(2 + 6τ)x

3τ

)

, (2.35)

where α = −1, τ 6= −1

3
, 0 and k is an arbitrary constant (if −1

3
< τ < 0 this

solutions is real). From the form of (2.33)-(2.35), it is clear that all three solutions
are unfortunately unbounded.

For our next case, consider deg(a0(x)) = 2 and deg(g(x)) = 1. We assume
a0(x) = A2x

2 +A1x+A0 (A2 6= 0) and g(x) = B1x+B0 (B1 6= 0), where A0, A1,
A2, B0 and B1 are all constants to be determined. Substituting a1(x), h(x), a0(x)
and g(x) in Eqs. (2.22) and (2.23), and setting all the coefficients of powers x to
be zero, we obtain a system of nonlinear algebraic equations and by solving it, we
obtain the following solutions:

A2 = ∓ 1√
2
, A1 = ± 1√

2
, A0 = 0, B1 = ±

√
2, B0 = ∓ 1√

2
, c = 0, α =

1

2
,

(2.36)

A2 = ∓ 1√
2
, A1 = ±

√
2, A0 = 0, B1 = ±

√
2, B0 = ∓

√
2, c = 0, α = 2,

(2.37)

A2 = ∓ 1√
2
, A1 = 0, A0 = ± 1√

2
, B1 = ±

√
2, B0 = 0, c = 0, α = −1, (2.38)

A2 = ∓ 1√
2
, A1 = ± 1√

2
, A0 = 0, B1 = ±

√
2, B0 = ∓ 1√

2
+c, α =

1

2
∓ c√

2
, τ = 0,

(2.39)
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A2 = ∓ 1√
2
, A1 = c, A0 = ± 1√

2
−c, B1 = ±

√
2, B0 = 0, α = −1±

√
2c, τ = 0,

(2.40)

A2 = ∓ 1√
2
, A1 = ±

√
2+c, A0 = 0, B1 = ±

√
2, B0 = ∓

√
2, α = 2±

√
2c, τ = 0.

(2.41)
Setting Eqs. (2.36)-(2.41) in Eq. (2.12) and using Eq. (2.9) we have

∓ 1√
2
f2(z)± 1√

2
f(z) + f ′(z) = 0, (2.42)

∓ 1√
2
f2(z)±

√
2f(z) + f ′(z) = 0, (2.43)

∓ 1√
2
f2(z)± 1√

2
+ f ′(z) = 0, (2.44)

∓ 1√
2
f2(z)± 1√

2
f(z) + f ′(z) = 0, (2.45)

∓ 1√
2
f2(z) + cf(z)± 1√

2
− c+ f ′(z) = 0, (2.46)

∓ 1√
2
f2(z) +

(

±
√
2 + c

)

f(z) + f ′(z) = 0. (2.47)

We solve Eqs. (2.42)-(2.47), respectively, and obtain the relevant solutions f(z).
Then using u(x, t) = f(z) where z = x − ct and the conditions outlined in Eqs.
(2.36)-(2.41), the exact solutions can be written as

u(x, t) =
1

1 + exp
(

± x√
2
+ k
) , (2.48)

where α =
1

2
and k is an arbitrary constant,

u(x, t) =
2

1 + exp
(

±
√
2x+ 2k

) , (2.49)

where α = 2 and k is an arbitrary constant,

u(x, t) = −tanh

(

± x√
2
+ k

)

, (2.50)

where α = −1 and k is an arbitrary constant,

u(x, t) =
1

1 + exp
(

± x√
2
+
(

− 1
2 + α

)

t+ k
) , (2.51)

where τ = 0, α is not specified, and k is an arbitrary constant,

u(x, t) = 1 +
2(α− 1)

2−
√
2exp

(

− 1
2 (α

2 − 1)t±
√
2
2 (α− 1)(x± 2k)

) , (2.52)

where τ = 0, α is not specified, and k is an arbitrary constant, and finally

u(x, t) =

√
2α

√
2− exp

(

1
2α(2 − α)t±

√
2
2 α(x± 2k)

) , (2.53)
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where τ = 0, α is not specified, and k is an arbitrary constant. We point out that
the solutions (2.48)-(2.50) are not dependent on variable t because for them c = 0.
The solutions (2.48)-(2.50) are therefore stationary solutions of Eq. (1.1) for each
τ . Since we should restrict 0 < α < 1 for physical reasons, the solution (2.48) is the
physically relevant stationary solution. Note that the solution (2.48) is actually of
the same form of the solution (2.51), only the latter solution is valid for τ = 0. �

Note that the latter three solutions (2.51)-(2.53) are valid only for τ = 0, i.e.
when there are no telegraph effects present. Such solutions are then really exact
solutions of the Fitzhugh-Nagumo reaction diffusion equation. Note that while the
solution (2.51) is bounded, the solutions (2.52) and (2.53) become unbounded and
hence are not physically valid.

Since they are valid only for τ = 0, the solutions given in Eqs. (2.51)-(2.53)
are equivalent to those which have been reported in [14]. Again, we stress that
only (2.51) is bounded and hence a reasonable solution to the physical problem.
Meanwhile, the stationary solutions are only trivially solutions of the telegraph
equation, since the time derivatives are all zero. Therefore, the first integral method
gives no time dependent solutions of the telegraph equation (1.1).

Theorem 2.3. In the case of m = 1, applying the first integral method to Eq. (1.1)
yields the following bounded, real-valued traveling wave solution:

u(x, t) =
1

1 + exp
(

± x+
(

− 1
2 + α

)

t+ k
) , , (2.54)

α 6= 1

2
and k is an arbitrary constant, provided that the telegraph constant satisfies

τ =
2

−1 + 2α
.

Proof. If we put m = 1, Eqs. (2.14)-(2.16) are converted to:

a′1(x)
(

−x+ τc2
)

= a1(x) (h(x)− 1) , (2.55)

a′0(x)
(

−x+ τc2
)

+ a1(x)
(

3cτx2 − 2cτ(α+ 1)x+ cτα+ c
)

= g(x)a1(x) + h(x)a0(x), (2.56)

a1(x)
(

−x3 + (α+ 1)x2 − αx
)

= g(x)a0(x). (2.57)

Since ai(x) (for i = 0, 1) and h(x) are polynomials, then from Eq. (2.55) we
deduce that h(x) must be a constant. For simplicity we put h(x) = a1(x) = 1.
Balancing the degrees of g(x) and a0(x) in Eqs. (2.56) and (2.57), we conclude that
deg(a0(x)) = 1 and deg(g(x)) = 2 or deg(a0(x)) = 2 and deg(g(x)) = 1.

Consider deg(a0(x)) = 1 and deg(g(x)) = 2, assuming a0(x) = A1x+A0 (A1 6=
0), and g(x) = B2x

2 + B1x + B0 (B2 6= 0). We put a1(x), h(x), a0(x) and g(x) in
Eqs. (2.56) and (2.57), and set all the coefficients of powers x to be zero, we obtain
a system of nonlinear algebraic equations and by solving it, we have

A1 = ±
√
−1− α√

6
, A0 = 0, B2 = ∓

√
6√

−1− α
, B1 = ∓

√

6(−1− α),

B0 = ∓
√
6α√

−1− α
, c = ∓

√
6α√

−1− α
, τ =

1

3α
, (2.58)
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A1 = ±
√
−1 + 2α√

6
, A0 = ∓α

√
−1 + 2α√

6
, B2 = ∓

√
6√

−1 + 2α
,

B1 = ±
√
6√

−1 + 2α
, B0 = 0, c = ∓

√
3α(−3 + 2α)√
−8 + 16α

, τ = − 4

9α− 6α2
, (2.59)

A1 =

√

±(2− 3α)
√
α− 2√

6
√

∓(2− 3α)
, A0 =

√

∓(2− 3α)
√
α− 2√

6
√

±(2− 3α)
, B2 =

√
6
√

±(2− 3α)
√

∓(2− 3α)
√
α− 2

,

B1 =
α
√
6
√

∓(2− 3α)
√

±(2− 3α)
√
α− 2

, B0 = 0, c = ∓

√

− 3
2 (−2 + 3α)2

2
√
−2 + α

, τ =
4

6− 9α
.

(2.60)

Setting Eqs. (2.58)-(2.60) in Eq. (2.12) and using Eq. (2.9) we obtain the first
integrals in terms of f(z) that with solving them, we have

f(z) = k exp

(

∓
√
−1− α√

6
z

)

, (2.61)

f(z) = α+ k exp

(

∓
√
−1 + 2α√

6
z

)

, (2.62)

f(z) = 1 + k exp

(

∓
√
2− 3α

√
α− 2√

6
√
−2 + 3α

z

)

. (2.63)

Each of these solutions is unbounded in z (and hence in x), therefore the corre-
sponding solutions to (1.1) will be unbounded, so we do not consider these solutions
further.

In the case deg(a0(x)) = 2 and deg(g(x)) = 1, we assume a0(x) = A2x
2 +A1x+

A0 (A2 6= 0) and g(x) = B1x + B0 (B1 6= 0). Substituting a1(x), h(x), a0(x) and
g(x) in Eqs. (2.56) and (2.57), and setting all the coefficients of powers x to be zero,
we obtain a system of nonlinear algebraic equations and by solving it, we obtain
the following solutions:

A2 = ∓1, A1 = ±1, A0 = 0, B1 = ±1, B0 = ∓α,

τ =
2

−1 + 2α
, c = ±1

2
∓ α, (2.64)

A2 = ± 1√
α
, A1 = ∓α, A0 = 0, B1 = ∓

√
α, B0 = ±

√
α,

τ =
−2

α(−2 + α)
, c = ∓1

2

√
α(α − 2), (2.65)

A2 = ± 1√
1 + α

, A1 = ∓
√
1 + α, A0 =

±α√
1 + α

, B1 = ∓
√
1 + α,

B0 = 0, τ =
−2

(1 + α)2
, c = ∓1

2

√

(1 + α)3. (2.66)

We put this solutions in Eqs. (2.12) and obtain the first integrals. Then by com-
bining first integrals with Eq. (2.10), we obtain the first order differential equations
in terms of f(z). Then with solving them, we have

f(z) =
1

1 + exp (±z + k)
, (2.67)
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f(z) =
α exp(αk)

exp(αk) − exp (∓√
αz)

, (2.68)

f(z) = α+
−1 + α

−1 + exp

(

(−1 + α)
(

±z + k
√
1 + α

)

√
1 + α

) . (2.69)

The functions given in (2.68) and (2.69) are unbounded in z, and therefore are
neglected. The exact solution of (1.1) corresponding to (2.67) is given by

u(x, t) =
1

1 + exp
(

± x+
(

− 1
2 + α

)

t+ k
) , (2.70)

where α 6= 1

2
, τ =

2

−1 + 2α
, and k is an arbitrary constant. �

This solution gives physically desirable behaviors. The solution remains bounded
like 0 ≤ u(x, t) ≤ 1 for all x ∈ R and all t > 0. Therefore, the first integral method
has furnished us with an exact solution to (1.1) in the presence of density-dependent
diffusion (m = 1). We explore these kinds of solutions further in Section 3.

Theorem 2.4. In the case of m = 2, applying the first integral method to Eq. (1.1)
yields no bounded, real-valued traveling wave solutions.

Proof. We now consider m = 2. In this case, Eqs. (2.14)-(2.16) are converted to

a′1(x)
(

−x2 + τc2
)

= a1(x) (h(x)− 2x) , (2.71)

a′0(x)
(

−x2 + τc2
)

+ a1(x)
(

3cτx2 − 2cτ(α + 1)x+ cτα + c
)

= g(x)a1(x) + h(x)a0(x), (2.72)

a1(x)
(

−x3 + (α+ 1)x2 − αx
)

= g(x)a0(x). (2.73)

Since ai(x) (for i = 0, 1) and h(x) are polynomials, from Eq. (2.71) we deduce that
h(x) is a polynomial of first degree, only. For simplicity we put h(x) = 2x and
a1(x) = 1. Balancing the degrees of g(x) and a0(x) in Eqs. (2.72) and (2.73), we
conclude that deg(a0(x)) = 1 and deg(g(x)) = 2, only. We assume a0(x) = A1x+A0

(A1 6= 0) and g(x) = B2x
2 + B1x + B0 (B2 6= 0). We put a1(x), h(x), a0(x) and

g(x) into Eqs. (2.72) and (2.73), and set all of the coefficients of powers x to be
zero. We obtain a system of nonlinear algebraic equations and by solving it, we
obtain the solutions

A1 = ∓ i√
6
, A0 = 0, B2 = ∓

√
6i, B1 = ±

√
6(α+ 1)i, B0 = ∓

√
6αi,

τ =
1

2α
, c = ∓

√
6αi, (2.74)

A1 = ±
√

(−1 + 2α)(3 + 2α)2√
6(3 + 2α)

, A0 = ∓α
√

(−1 + 2α)(3 + 2α)2√
6(3 + 2α)

,

B2 = ∓
√
6(3 + 2α)

√

(−1 + 2α)(3 + 2α)2
, B1 = ±

√
6(3 + 2α)

√

(−1 + 2α)(3 + 2α)2
,

B0 = 0, τ =
−3− 2α

6α
, c = ±

√
6α(3 − 2α)

√

(−1 + 2α)(3 + 2α)2
, (2.75)
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A1 = ± i
√

(−2 + α)(2 + 3α)2√
6α(2 + 3α)

, A0 = ∓ i
√

(−2 + α)(2 + 3α)2√
6α(2 + 3α)

,

B2 = ± i
√
6α(2 + 3α)

√

(−2 + α)(2 + 3α)2
, B1 = ∓ i

√
6α3(2 + 3α)

√

(−2 + α)(2 + 3α)2
,

B0 = 0, τ =
−2− 3α

6α2
, c = ± i

√
6α3(2− 3α)

√

(−2 + α)(2 + 3α)2
. (2.76)

Then we obtain

f(z) = k exp

(

± iz√
6

)

, (2.77)

f(z) = α+ k exp

(

∓
√

(−1 + 2α)(3 + 2α)2√
6(3 + 2α)

z

)

, (2.78)

f(z) = 1 + k exp

(

∓ i
√

(−2 + α)(2 + 3α)2√
6α(2 + 3α)

z

)

. (2.79)

The corresponding exact solutions of Eq. (1.1) are given by

u(x, t) = k exp

(

± ix√
6
− αt

)

, (2.80)

where α 6= 0, τ =
1

2α
, and k is an arbitrary constant,

u(x, t) = α+ k exp

(√
6α(3 − 2α)t∓

√

(−1 + 2α)(3 + 2α)2x√
6(3 + 2α)

)

, (2.81)

where α 6= 0,
1

2
,−3

2
, τ =

−3− 2α

6α
, and k is an arbitrary constant (if α >

1

2
this

solution is real-valued),

u(x, t) = 1 + k exp

(

−
√
6αα(2− 3α)t∓

√

(−2 + α)(2 + 3α)2ix√
6α(2 + 3α)

)

, (2.82)

where α 6= 0, 2,−2

3
, τ =

−2− 3α

6α2
and k is an arbitrary constant (if 0 < α < 2 this

solution is real-valued).
These solutions are either complex-valued or, when real-valued, they are un-

bounded. Therefore, the first integral method gives no bounded, real-valued travel-
ing wave solutions for m = 2, the case of strong density dependence in the diffusion
term. �

3. Properties of physically meaningful solutions

While the first integral method permitted us to obtain a number of exact so-
lutions, many of these solutions were either unbounded or were not real-valued.
Physically, one is interested in bounded, real-valued solutions of (1.1).

From the analysis of [65], we know that for a degree three polynomial reaction
function such as the g(u) we take in (1.1), equation (1.1) with τ = 0 is conditionally
integrable for m = 0, 1 and non-integrable for larger values of m. That analysis
was restricted to the real case (which is the physically relevant case), which may
explain why complex solutions were found for m = 2 in the previous section. When
τ 6= 0, the situation is more complicated.
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3.1. Exact solutions for m = 0. When m = 0 there is no density dependent
diffusion, and (1.1) reduces to the Fitzhugh-Nagumo telegraph equation. Some
exact solutions for this case were recovered by the first integral method when τ = 0
in Section 2, and these correspond to exact solutions of [14] when there are no
telegraph effects. We now determine if solutions of this type may exist when τ 6= 0.

Since we seek only bounded solutions with monotone increase or decrease in both
space and time, it makes sense to consider.

f(z) =
A

C + exp(Bz)
with z = x− ct . (3.1)

Placing this solution representation into (2.6) we find an equation of the form

η3 exp(3Bz) + η2 exp(2Bz) + η1 exp(Bz) + η0 = 0 , (3.2)

where

η3 = (c2τ − 1)B2 + c(ατ + 1)B + α , (3.3)

η2 = 2c (C − τA+ (C −A)τα)B + (3C −A)α −A , (3.4)

η1 = (1− c2τ)C2B2 +
(

c(1 + ατ)C2 − 2A(1 + α)cτC + 3A2cτ
)

B

+3C2α+A2 − 2A(1 + α)C , (3.5)

η0 = C(A− C)(A − αC) . (3.6)

Setting η0 = 0, we have two relevant cases: C = A or C = A

α
.

Let us first assume C = A. We obtain from the other three conditions that
either τ = 0 or τ = 1 and α = 1

2 . The first case is simply that where the telegraph
effects are neglected, and the solution is simply that found in Section 2. For the
latter case, we find that the final parameter, B, takes the form

B = J±(c) =















1
4

(

3c±
√
8+c2

1−c2

)

, if c 6= ±1 ,

− 1
3 , if c = 1 ,

1
3 , if c = −1 .

(3.7)

Therefore, we obtain the physical solution

u±(x, t) =
A

A+ exp (J±(c)x− cJ±(c)t)
(3.8)

to (1.1) when m = 0, τ = 1, and α = 1
2 . Note that the wave speed, c ∈ R, for these

solutions is free, as well as the shape parameter A > 0. The drawback is that the
solution is valid for only α = 1

2 , which implies that this solution exists only due to
a symmetry of the polynomial g(u).

When we next consider C = A

α
, we find that either τ = 0 or α = 2 and τ = 1

4 .
The first case is again not desirable, as it would neglect telegraph effects. The
second case is not desirable, as it makes sense to have 0 ≤ α ≤ 1. Therefore, the
C = A

α
case is not of physical interest.

Returning to the solution (3.8), we plot this solution for various values of the
wave speed in Figure 1.
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Figure 1. Traveling wave solutions corresponding to u(x, t) =
u+(x, t) in (3.8) for A = 1 and either (top) c = 2 or (bottom)
c = 0.5. It is interesting to note that the size of the wave speed
will determine the features of the wave. For instance, if c > 1,
then the wave will result in a decrease in concentration to zero as
it passed a fixed location x = x0. On the other hand, if 0 < c < 1,
then the wave results in an increase in concentration once it passes
a fixed location.

3.2. Exact solutions for m = 1. We would like to calibrate our solutions so that
they tend toward one of the three steady states, 0, α or 1, as either |x| → ∞ or
t → ∞. Therefore, motivated by the bounded exact solutions in (2.70), we may
again assume a solution

f(z) =
A

C + exp(Bz)
with z = x− ct . (3.9)

Placing this solution representation into (2.6) we find an equation of the form

η3 exp(3Bz) + η2 exp(2Bz) + η1 exp(Bz) + η0 = 0 , (3.10)
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where

η3 = (Bc+ α)(Bcτ − 1) , (3.11)

η2 = −A(2B2 + 2cτ(1 + α)B + α+ 1) + 2C(c(ατ + 1)B +
3

2
α) , (3.12)

η1 = (3α+ c(ατ + 1)B − c2B2τ)C2 +AC(B2 − 2τc(1 + α)B − 2(1 + α))

+A2(3Bcτ + 1) , (3.13)

η0 = C(A− C)(A − αC) . (3.14)

Setting η3 = 0 gives either B = −α

c
or B = − 1

cτ
, while setting η0 = 0 gives either

C = A or A = αC (yet C 6= 0). Then, setting η2 = 0 and η1 = 0, we obtain six
possible cases. However, four of these cases result in complex solutions and must
be discarded. The remaining two cases end up giving

C =
A

α
, B = − 1

cτ
, c = ±

√
α(2− α)

2
, τ = ± 2

α(2− α)
(3.15)

or

C = A, B = −α

c
, c = ±|1− 2α|

2
, τ = ± 2

2α− 1
. (3.16)

While A,B,C and c are parameters that can be picked, note that τ is a model
parameter. Therefore, there are two possible value of τ (as a function of α) which
permit exact solutions.

For the exact solution corresponding to (3.15), we find

f(z) =
αA

A+ α exp(−√
αz)

. (3.17)

Since there are two possible wave speeds, we find two exact solutions

u±(x, t) =
αA

A+ α exp
{

−√
α
(

x∓
√
α(2−α)

2 t
)} (3.18)

for α ∈ (0, 1] and A > 0.
We note that both solutions in (3.18) are bounded like 0 ≤ u±(x, t) ≤ α for

all x ∈ R and all t > 0. In particular, u± → 0 as x → −∞ while u± → α as
x → ∞. The wave propagates toward the left for u+, therefore u+ → α as t → ∞
and the density uniformly increases toward α over time. On the other hand, the
wave propagates toward the right for u− and hence the density uniformly decreases
to zero over time. We demonstrate the behavior of the solutions given in (3.18), in
Figure 2.

Regarding the exact solution corresponding to (3.16), we obtain

f(z) =
A

A+ exp(sgn(1− 2α)z)
, (3.19)

where sgn(j) takes the value −1 if j < 0, the value 0 if j = 0, and the value 1 if
j > 0. Since there are two wave speeds, we again find a pair of solutions. However,
note that we cannot have α = 1/2, otherwise τ → ∞. When α ∈ (0, 1/2) and
A > 0, we have the two solutions

u±(x, t) =
A

A+ exp
{

x±
(

1−2α
2

)

t
} . (3.20)
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Figure 2. Traveling wave solutions corresponding to (top)
u(x, t) = u+(x, t) or (bottom) u(x, t) = u−(x, t) in (3.18) for A = 1
and α = 0.4. The solution u+(x, t) has a right moving wave which
lowers the concentration to zero as it passes. Meanwhile, the so-
lution u−(x, t) has a left moving wave which increases the concen-
tration to a value of α as it passes a fixed location. Here the wave

speed is given by c±(α) = ∓
√
α(2−α)

2 while solutions correspond to

τ±(α) = ± 2
α(2−α) .

Both solutions have the property that u± → 1 as x → −∞ and u± → 0 as x → ∞.
However, u+ → 0 as t → ∞, while u− → 1 as t → ∞. We give plots of the solutions
in (3.20), in Figure 3.

Meanwhile, when α ∈ (1/2, 1] and A > 0, we have the two solutions

u±(x, t) =
A

A+ exp
{

−x∓
(

2α−1
2

)

t
} . (3.21)

Both solutions have the property that u± → 0 as x → −∞ and u± → 1 as x → ∞.
However, u+ → 1 as t → ∞, while u− → 0 as t → ∞. We give plots of the solutions
in (3.21), in Figure 4.
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Figure 3. Traveling wave solutions corresponding to (top)
u(x, t) = u+(x, t) or (bottom) u(x, t) = u−(x, t) in (3.20) for A = 1
and α = 0.4. The solution u+(x, t) has a left moving wave which
lowers the concentration to zero as it passes. Meanwhile, the so-
lution u−(x, t) has a right moving wave which increases the con-
centration to unity as it passes a fixed location. Here the wave
speed is given by c±(α) = ± 1−2α

2 while solutions correspond to

τ±(α) = ± 2
2α−1 .

In order to see the influence of the shape parameter, A > 0, note that this
shape parameter ends up shifting the center of the wave. To demonstrate this fact,
observe from (3.18) that for A > 0 we have

u±(x, t) =
α

1 + αA−1 exp
{

−√
α
(

x∓
√
α(2−α)

2 t
)}

=
α

1 + α exp
{

−√
α
(

x− x0(A,α)∓
√
α(2−α)

2 t
)} ,

(3.22)
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Figure 4. Traveling wave solutions corresponding to (top)
u(x, t) = u+(x, t) or (bottom) u(x, t) = u−(x, t) in (3.18) for A = 1
and α = 0.8. The solution u+(x, t) has a left moving wave which in-
creases the concentration to unity as it passes. On the other hand,
the solution u−(x, t) has a right moving wave which decreases the
concentration to zero as it passes. Here the wave speed is given by
c±(α) = ∓ 2α−1

2 while solutions correspond to τ±(α) = ± 2
2α−1 .

where

x0(A,α) =
1√
α
ln

(

1

A

)

. (3.23)

Therefore, the parameter A > 0 shifts the wave location by x0(A,α) from the ref-
erence location x0(1, α) = 0. One can obtain similar modifications of the solutions
(3.20) and (3.21) when the shape parameter, A > 0, is modified.

Similarly, while we know that α will influence the wave speed of the solutions for
the density dependent case (m = 1), the parameter α will also scale the solution
envelope for the solutions (3.18). These solutions tend to concentrations of α for
large x (rather than concentrations of 1). On the other hand, for the solutions
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(3.20) and (3.21), the parameter α only enters into the wave speed, and hence the
shape of those waves is determined simply from the parameter A.

These exact solutions hold the desired behaviors of solutions to equation (1.1).
The solutions give monotone changes in density concentrations in space, and these
concentration changes propagate as waves which eventually lead to complete satu-
ration (u → 1), uniform partial saturation (u → α ∈ (0, 1)), or dissipation of the
concentration (u → 0) as t → ∞.

These results are interesting, as they show that by including a density dependence
in the telegraph equation (1.1) we still obtain physically relevant solutions which
demonstrate qualitative behaviors consistent with the standard Fitzhugh-Nagumo
equation.

3.3. Non-integrability of the m = 2 case. To better understand why the m = 2
case is difficult, let us better determine the dependence of the model (1.1) on the
strength of density dependence, m. We shall consider a Pinalevé analysis in order
to determine if the m = 2 case can be integrable. Note that this was done in [65],
for general reaction-diffusion models of the type (1.1), but there were no telegraph
terms included in that study.

Theorem 3.1. When m ≥ 2, Eq. (1.1) is not integrable.

Proof. Consider the equation

τ
∂2u

∂t2
+ (1 + τg′(u))

∂u

∂t
=

∂

∂x

(

G(u)
∂u

∂x

)

− g(u), (3.24)

where we now consider a general polynomial function G in the diffusion term. Let
deg(G) ≥ 0 denote the degree of G as a polynomial in u. We assume a leading
order solution of the form

u(x, t) = u0(φ(x, t))
−ℓ for ℓ > 0 , (3.25)

where φ(x, t) denotes the singular manifold. Then, this expression denotes the
lowest order term in the Laurent expansion of u(x, t) about the singular manifold
φ(x, t). The possible dominant terms are then

∂2u

∂t2
∼ 1

φℓ+2
, (3.26)

g(u) ∼ 1

φ3ℓ
, (3.27)

∂

∂x

(

G(u)
∂u

∂x

)

∼ 1

φ(deg(G)+1)ℓ+2
. (3.28)

Since deg(G) ≥ 0, we have ℓ+2 ≤ (deg(G)+ 1)ℓ+2 and hence the term (3.26) will
not be dominant. Therefore, in order to balance the dominant terms, we scale the
terms in (3.27) and (3.28) so that

1

φ3ℓ
∼ 1

φ(deg(G)+1)ℓ+2
. (3.29)

In order to have such a scaling, we need 3ℓ = (deg(G) + 1)ℓ+ 2. Rearranging, this
means that (2− deg(G))ℓ = 2.

If there is no density dependence (this is the case of m = 0), deg(G) = 0 and
we have ℓ = 1. If we have linear density dependence (this is the case of m = 1),
deg(G) = 1 and we have ℓ = 2. Therefore, both cases are candidates for passing the
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Painlevé test (for details see [65]). On the other hand, consider deg(G) = 2, which
corresponds to the case of m = 2. For any ℓ, we obtain 0 = 2, a contradiction.
Therefore, Eq. (3.24) fails the Painlevé test for deg(G) = 2. This means that the
more specific telegraph equation (1.1) fails the Painlevé test when m = 2, and hence
it is not integrable.

A similar derivation shows that Eq. (1.1) is not integrable for m > 2 since ℓ
would not be a positive integer for such a case. �

This suggests that closed-form exact bounded solutions are not likely to be found
for (1.1) in the case when m ≥ 2. Hence, one would instead need to consider
approximate or numerical solutions, such as what was done in [20, 24], in cases
where the density dependence term is of high order.

4. Discussion and Conclusions

We obtained closed-form exact solutions for the density dependent Fitzhugh–
Nagumo telegraph equation (1.1) for different value α and τ and m = 0, 1, 2, by
using the first integral method. Importantly, some of these solutions are physically
meaningful and generalize what was shown in the literature for the non-telegraph,
non-density dependent special case [14].

When we have density dependence (m = 1), we find that solutions take the form
of a right or left propagating wave, with the wave speed a function of the parameter
α. Note also that these solutions exist conditionally, for very specific values of the
telegraph parameter, τ , which are determined by the value of α. This suggests that
telegraph effects preserve the general structure of the density-dependent Nagumo
equation in specific cases, and destroy these structures otherwise. As shown in
other work [24], other values of τ can result in oscillations of the solutions around
the wave solutions given here, meaning that these values of τ result in a type of
instability in the solutions. In contrast, the “preferred” values τ = τ(α) result in
smooth, monotone wave structures. This is interesting, in that it tells us when one
can find reaction-diffusion like dynamics for certain specific telegraph parameters,
while for other parameters the dynamics of the solutions will be more oscillatory
and less diffusive in nature.

As one of the waves passes a fixed location, with the concentration will decrease
to zero or it will increase to some fixed positive value (either α or unity, depending
on the form of the solution). There are examples of right and left moving waves
with both types of behaviors. One can view these wave solutions are reaction
fronts. When the wave results in a decrease in concentration, the wave has used
up the ambient concentration of the chemical species, and behind this wave the
concentration tends asymptotically to zero. On the other hand, when a wave results
in an increase in concentration, one can view the process as a reaction front which
creates a chemical species and deposits a fixed concentration of the chemical species
(either α or 1 depending on the relevant scalings and physical properties) after the
reaction occurs. In our exact solutions this process is smooth and monotone. If
the telegraph parameters were not picked appropriately (as functions of α), then
as shown in [24] the reactions were exhibit some oscillations, and the reactions
would not progress as effectively. Therefore, our analysis has actually revealed
‘optimal’ telegraph parameters which allow for rapid, monotone reactions as the
traveling wave front passes. The solutions therefore give monotone changes in
density concentrations in space, and eventually lead to complete saturation (u → 1),
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uniform partial saturation (u → α ∈ (0, 1)), or dissipation of the concentration
(u → 0) as time becomes large.

Regarding the actual structure of the density dependent Fitzhugh–Nagumo tele-
graph equation, we show that (1.1) may be integrable for only m = 0 or m = 1,
which is likely why we find the closed-form exact solutions for those cases. This may
suggest that the proper form of the model is either m = 0 (the standard telegraph
Fitzhugh-Nagumo equation) or m = 1. Therefore, the kind of density dependence
like

∂

∂x

(

u
∂u

∂x

)

(4.1)

is physically interesting, since we still obtain the traveling wave type solutions
known for the standard telegraph Fitzhugh-Nagumo equation. Stronger density
dependence, like

∂

∂x

(

u2 ∂u

∂x

)

, (4.2)

appears to destroy this nice structure. Note, however, that one may still obtain
numerical solutions for the latter case, such as those of [20, 24]. Yet, one would not
necessarily be able to obtain a ‘natural’ wave speed, and would instead treat the
wave speed of the numerical solutions as an additional parameter in the problem.
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