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Abstract

Emerging many-core computer architectures provide an incentive for

computational methods to exhibit specific types of parallelism. Our abil-

ity to perform inference in Bayesian statistics is often dependent upon

our ability to approximate expectations of functions of random vari-

ables, for which Monte Carlo methodology provides a general purpose

solution using a computer. This thesis is primarily concerned with ex-

ploring the gains that can be obtained by using many-core architectures

to accelerate existing population-based Monte Carlo algorithms, as well

as providing a novel general framework that can be used to devise new

population-based methods.

Monte Carlo algorithms are often concerned with sampling random vari-

ables taking values in X whose density is known up to a normalizing

constant. Population-based methods typically make use of collections of

interacting auxiliary random variables, each of which is in X , in speci-

fying an algorithm. Such methods are good candidates for parallel im-

plementation when the collection of samples can be generated in parallel

and their interaction steps are either parallelizable or negligible in cost.

The first contribution of this thesis is in demonstrating the potential

speedups that can be obtained for two common population-based meth-

ods, population-based Markov chain Monte Carlo (MCMC) and sequen-

tial Monte Carlo (SMC).

The second contribution of this thesis is in the derivation of a hierar-

chical family of sparsity-inducing priors in regression and classification

settings. Here, auxiliary variables make possible the implementation of

a fast algorithm for finding local modes of the posterior density. SMC,

accelerated on a many-core architecture, is then used to perform infer-

ence for a range of prior specifications to gain an understanding of sparse

association signal in the context of genome-wide association studies.



The third contribution is in the use of a new perspective on reversible

MCMC kernels that allows for the construction of novel population-based

methods. These methods differ from most existing methods in that one

can make the resulting kernels define a Markov chain on X . A further de-

velopment is that one can define kernels in which the number of auxiliary

variables is given a distribution conditional on the values of the auxiliary

variables obtained so far. This is perhaps the most important method-

ological contribution of the thesis, and the adaptation of the number

of particles used within a particle MCMC algorithm provides a general

purpose algorithm for sampling from a variety of complex distributions.
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Chapter 1

Introduction

Statistics is the scientific study of the collection and analysis of data. This thesis is

concerned with parametric statistics, in which one models data as being generated

probabilistically according to a distribution with unknown parameters. Treating

data as a discrete-valued random variable X, this means we use a probability mass

function fX : X → [0, 1] that assigns a probability to each realization of X ∈ X
that depends on the value of some finite-dimensional parameter θ ∈ Θ, i.e.

Pθ[X = x] = fX(x; θ)

If X is instead continuous, the analogous function we deal with is a probability

density function fX : X → [0,∞) and the probability that X ∈ A ⊆ X is given by

Pθ[X ∈ A] =

∫
A

fX(x; θ)dx.

Statistical inference in a parametric context is, loosely speaking, the process by

which we infer the value of the parameter θ from data X. There are different

approaches for solving this problem, and the differences are meaningful. However,

this thesis is concerned primarily with Bayesian inference, a major approach, which

is briefly introduced in the following section. In statistics, we are usually interested

in the behaviour of fX as θ changes and X is fixed, since X often represents data

that has been realized at the time of inference. As such, fX viewed as a function of
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θ is called the likelihood function, or the likelihood.

1.1 Bayesian Statistics

In Bayesian statistics, one models the unknown parameter θ as a random variable in

order to make probabilistic statements about it. In order to do this, one first defines

a prior on θ. This usually takes the form fθ : Θ → [0, 1] if θ is discrete-valued and

fθ : Θ→ [0,∞) if θ is continuous-valued. From now on, we will concentrate on the

continuous-valued case, noting that the discrete-valued case is generally analogous.

From a Bayesian perspective, the data X is viewed as being generated conditionally

on θ so we write fX|θ(x|ϑ) to represent the density of X = x given θ = ϑ. Note

that a Bayesian model requires specification both of a parametrized likelihood and

a prior distribution over the parameters used in the parametrization. The prior is

intended to contain all prior information about θ before obtaining data x.

Equipped with a prior on θ and some data x according to fX|θ, the posterior density

of θ at ϑ ∈ Θ given x is given by Bayes’ theorem:

fθ|X(ϑ|x) =
fX|θ(x|ϑ)fθ(ϑ)

fX(x)

where fX(x) =
∫

Θ
fX|θ(x|ϑ)fθ(ϑ)dϑ is often called the marginal likelihood of x.

The posterior density of θ given data x encapsulates all the information learned

about θ from x and is used to compute values of interest. For example, the condi-

tional expectation of a function φ : Θ → Rk of the random variable θ given x can

be written

E[φ(θ)|X = x] =

∫
Θ

φ(ϑ)fθ|X(ϑ|x)dϑ. (1.1)

Some examples of φ include φ(θ) = θ so that (1.1) is the mean and φ(θ) = 1A(θ)

where A ⊆ Θ so it represents P[θ ∈ A|X = x]. Here 1 denotes the indicator

function. For φ(θ) = fX′(x
′|θ), it represents the predicted density of X ′ given x. If

θ is univariate, then one can define the conditional quantiles of θ via Q(p) = inf{t :
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p ≤
∫ t
−∞ fθ|X(ϑ|x)dϑ}. In addition, the marginal likelihood fX(x) is often also a

quantity of interest that cannot be computed easily. It is for this reason that many

practical scenarios for inference involve the assumption that we can compute the

posterior density pointwise up to a normalizing constant.

Since much of Bayesian inference involves computations of conditional expectations

of functions of the random variable θ, there is a need to calculate integrals of the form

of (1.1) quickly and accurately to analyze data in practical applications. However,

except in restrictive cases, integrals of this form cannot be computed analytically

and approximations need to be used. Even in cases where the parameters of interest

take on a finite number of values and the integral is replaced by a summation,

computation of expectations can be prohibitively expensive, e.g. when this finite

number is too large. Advances in methodology for providing such approximations

using a computer and increases in the computational power available to statisticians

have nevertheless made it possible to model larger data sets and use more complex

models that better describe the process by which data is generated. Much of this

thesis is concerned with estimating expectations of this type using Monte Carlo

methodology, which is introduced in Section 1.2.

From this point on, subscripts to denote the random variables involved in a density

function are omitted unless there is ambiguity.

1.1.1 Complex Models

Imagine we have data x1:n and xi
iid∼ f(·|µ, σ2),∀i ∈ {1, . . . , n} where f denotes the

density of a normal distribution. Given a prior g on µ and assuming σ2 is known,

the posterior is given by

p(µ|x1:n) =

∏n
i=1 f(xi|µ, σ2)g(µ)∫

R
∏n

i=1 f(xi|µ, σ2)g(µ)dµ
. (1.2)

If g denotes a normal distribution with a given mean and variance, then (1.2) is also

a normal distribution with a mean and variance that can be calculated easily. This is

an example of a conjugate prior, where the posterior distribution for µ has the same
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form as the prior, but with different values for the parameters. If we have some

other nontrivial distribution for g that better encapsulates our prior information

about µ, however, (1.2) might not have an analytic expression. It is in this sense

that advances in computational statistics have allowed statisticians to move away

from the restrictions of conjugate priors when performing Bayesian inference.

For example, imagine a classical linear regression setting in which we have n observa-

tions y = {yi}ni=1, a matrix X = (x1, . . . ,xn) ∈ Rn×p of covariates and a parameter

β ∈ Rp such that

yi = xiβ + εi

where εi
iid∼ N(0, σ2) and σ2 is known. The posterior density for β is then propor-

tional to

p(β|X,y, σ2) ∝ exp

{
− 1

2σ2
(y −Xβ)′(y −Xβ)

}
p(β)

where p(β) the prior on β. When p(β) is a multivariate normal density, the posterior

can be obtained analytically. However, if we wish to model β a priori as having each

component take independent values in {−1, 1} with equal probability, i.e. p(β) =∏p
j=1

[
1
2
1{−1,1}βj

]
, the problem becomes much more difficult. In particular, given

any conditioned Ising model (J,h,m, T ) (see, e.g., Kendall 2005) with a magnetic

field on a square lattice of length m, one can choose n = p = m2 and (X,y, σ2) such

that the posterior probability of β is equivalent to the probability of a configuration

of spins in the given conditioned Ising model. The conditioned Ising model is defined

by

P[β] ∝ exp

{
1

T

(
m2∑
i=1

i−1∑
j=1

Jijβiβj +
m2∑
i=1

hiβi

)}

(Kindermann et al. 1980) so letting A = X′X, one can set Aij equal to Jij for

i 6= j, Aii large enough for i ∈ {1, . . . ,m2} so that A is symmetric positive definite,

y = (X′)−1h and σ2 = T one obtains the same posterior for β in the linear regression

problem where β takes values in {−1, 1}m2
.

When m is large, it is computationally impractical to enumerate all 2m
2

possible

values of β and it is nontrivial to deal with this distribution otherwise.
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1.1.2 Latent Variables

Some of the computational difficulties in Bayesian statistics involve models in which

some random variables are not observed but play a crucial role in the modeling of

observed data. A simple example of a latent variable model involves univariate data

that comes from a Gaussian mixture model, i.e. we have

f(x|w,µ, σ2) =
d∑
j=1

wjg(x|µj, σ2)

where g(x|µ, σ2) is, for example, the density of a normal distribution with mean

µ and variance σ2 and
∑d

j=1 wj = 1. The vector w can be seen as encoding the

weights of each normal component in the mixture model. Given data x = {xi}ni=1,

σ2 and a prior distribution on θ = (w,µ), one may wish to infer the posterior

distribution of θ given x. While one can compute the likelihood analytically, in

contrast to examples that will follow, it is occasionally useful to introduce a latent

variable k ∈ {1, . . . , d}n indicating which mixture component is responsible for each

observation. The joint density of observation xi and assignment ki is then

f̃(xi, ki|w,µ, σ2) = wkig(xi|µki , σ2)

and it should be clear that the marginal f̃(xi|w,µ, σ2) =
∑d

ki=1 f̃(xi, ki|w,µ, σ2) =

f(xi|w,µ, σ2).

1.1.2.1 Hierarchical Models

Another example of a latent variable model involves a hierarchical specification of the

prior distribution p(θ). At the stage of inference, one might have a suitable choice of

parametric family for this prior but have uncertainty about what hyperparameters

θ1 the prior should take. This can be dealt with by placing a distribution on θ1.

More formally, one can define a number of levels in the hierarchy h and define the

prior on θ via

p(θ) =

∫
Θ1×···Θh

p1(θ|θ1)p2(θ1|θ2) · · · ph(θh−1|θh)ph+1(θh)dθ1:h.
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The variables θ1:h can be thought of as latent variables, and while they allow for

a rich class of prior specifications, the inclusion of extra unobserved variables can

cause computational problems since the dimensionality of the integrals involved in

estimating posterior expectations, for example, can increase as levels are added.

1.1.2.2 State-Space Models

A more sophisticated form of latent variable model involves observed data y =

{yt}Tt=1 that can be thought of as being produced sequentially in time and that is

independent conditional on an underlying hidden Markov process. In the case of

a discrete-time hidden process and observations, this is referred to as a state-space

model and follows the general form

x0 ∼ g0(·|θ)

xt ∼ gt(·|xt−1, θ), for t = 1, . . . , T

yt ∼ ft(·|xt, θ), for t = 1, . . . , T

For state-space models there are various possible parameters of interest. One may

be interested in the filtering distribution at a particular time t

p(xt|y1:t, θ) =

∫
X t p(x0:t, y1:t|θ)dx0:t−1

p(y1:t|θ)
,

the distribution of x0:T conditional upon y1:T and θ

p(x0:T |y1:T , θ) =
p(x0:T , y1:T |θ)
p(y1:T |θ)

,

or the marginal likelihood of y1:T given θ

p(y1:T |θ) =

∫
XT+1

p(x0:T , y1:T |θ)dx0:T .

Inference on parameters in this context can be highly challenging from a computa-

tional perspective, involving either high-dimensional densities or high-dimensional

integrals that are rarely analytic.
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1.1.2.3 Variable Selection

There are many contexts in which we are unsure of the model that gives rise to a

given set of observations y = {yi}ni=1 ∈ Rn. A particular case of this occurs when

there is a large number p of potential covariates in a regression or classification

setting but there is reason to believe that not all of them even belong in the ‘true’

model that generated y. Let us denote by γ ∈ {0, 1}p a string representation of

each of the 2p possible models obtained by including a subset of the p variables,

where γj = 0 implies that variable j is not in the model and γj = 1 implies that

it is. Denoting the design matrix of covariates by X ∈ Rn×p, the subset of X with

covariates in the model γ by Xγ = X1:n,γ, a vector of coefficients βγ relating to each

variable in the modelMγ, a density gγ for βγ|Mγ and a likelihood function for each

model by fγ(y|Xγ,βγ), one can define the likelihood for each model by

fγ(y|Xγ,Mγ) =

∫
R||γ||1

fγ(y|Xγ,βγ)gγ(βγ|Mγ)dβγ. (1.3)

Given a prior probability for each model p, the posterior probability of any model

is then

p(Mγ|y,X) =
fγ(y|Xγ,Mγ)p(Mγ)∑

γ′∈{0,1}p fγ′(y|Xγ′ ,Mγ′)p(Mγ′)
. (1.4)

The difficulty in performing inference on models in this context is twofold. First, the

likelihood fγ(y|Xγ,Mγ) is generally not available analytically and so the integral in

(1.3) must be approximated. Second, even if the likelihood is tractable the number

of possible models is 2p so expectations involving (1.4) can become prohibitively

expensive quickly as p increases, which is especially unfortunate since it is often

when p is large that we wish to determine the relative probabilities of models that

exclude some covariates.

1.1.2.4 Approximate Bayesian Computation

Approximate Bayesian Computation is a recent auxiliary variable approach proposed

in the population genetics literature but widely applicable to situations in which one
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cannot evaluate the parametrized likelihood function f(·|θ) but can simulate accord-

ing to it using a computer or by some other means. In the case of discrete data

x ∈ X , the methodology is based on the principle that the probability of the data

given some parameter θ is equal to f(x|θ) =
∑

z∈X f(x, z|θ) =
∑

z∈X 1z(x)f(z|θ).
In a continuous setting this identity is not generally practically useful so approxima-

tions are used instead. One such form is f̃1(x|θ) =
∫
X

1Bε(z)(x)

Zε
f(z|θ)dz where Bε(z)

denotes a ball of radius ε around z under some metric and Zε =
∫
X 1Bε(z)(x

′)dx′ is

independent of the value of z. Another is f̃2(x|θ) =
∫
X Kε(z,x)f(z|θ)dz where Kε

is a kernel. In some cases, usually due to the high-dimensionality of x, one replaces

x and z by S(x) and S(z) respectively where S(·) encodes a summary statistic of

the data.

Returning to the unsummarized discrete case, inference on θ is possible via the joint

density f(x, z|θ) since we have

f(θ|x) =

∑
z∈X f(x, z|θ)p(θ)∫

Θ

∑
z∈X f(x, z|θ)p(θ)dθ

.

Although, by definition, this cannot be marginalized analytically one does have

recourse to approximation methods that can work with the restriction that one can

only simulate according to f(·|θ).

1.2 Computational Statistics

It should be firmly established at this point that Bayesian inference for models of

nontrivial complexity require computational tools that alleviate the need to deal

with intractable integrals and sums. In this section a brief overview of Monte Carlo

methods that are used and for which methodological improvements are suggested in

this thesis is given. This is a rich field of study that is generally concerned with the

approximation of expectations of functions of random variables and uses auxiliary

random variables in the construction of such approximations.
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1.2.1 Monte Carlo Methods

This thesis is concerned primarily with a large class of computational methods for

approximating integrals, and particularly those that represent expectations of func-

tions of random variables whose density is known pointwise up to a normalizing con-

stant. This setting is motivated by computational issues in Bayesian inference but

is applicable more generally, e.g. in statistical physics where one can be interested

in understanding properties of a stochastic system that does not have unknown pa-

rameters (Metropolis and Ulam 1949), or for performing a significance test when the

distribution function of a test statistic is intractable (Barnard 1963). The method-

ology is broadly termed Monte Carlo methodology, in reference to its dependence on

random samples, and in its simplest form was proposed by physicists in anticipation

of access to the ENIAC machine in 1947 (Ulam et al. 1947). The introduction of

the methodology to the statistical literature came in Metropolis and Ulam (1949).

1.2.2 Classical Monte Carlo

Consider the expectation of a function φ of random variable X ∈ X , where X is

distributed according to a density π:

Eπ[φ] =

∫
X
φ(x)π(x)dx. (1.5)

The most basic form of Monte Carlo integration involves generating N i.i.d. samples

according to π, {Xi}Ni=1 and computing the average

INMC =
1

N

N∑
i=1

φ(Xi).

INMC is an unbiased estimate of Eπ[φ] and has a variance given by

V[INMC ] =
Eπ[φ2]− Eπ[φ]2

N

where Eπ[φ2] =
∫
X φ(x)2π(x)dx. This is a useful method when one can sample

according to π and when the numerator of the variance term is small enough that
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for the number of samples N that can be generated in a reasonable amount of time,

the variance is small enough for the given estimation problem. In Bayesian inference,

when viewing π as the posterior distribution of the parameters of interest the first

issue is usually the most problematic. Algorithm 1.1 describes a classical Monte

Carlo algorithm for estimating (1.5).

Algorithm 1.1 A Classical Monte Carlo Algorithm

1. For i = 1, . . . , N , sample Xi
iid∼ π(·).

2. Output 1
N

∑N
i=1 φ(Xi).

Note that even if Eπ[φ2] is not finite, INMC can still converge almost surely to Eπ[φ]

via the strong law of large numbers as N →∞ (see, e.g., Williams 1991). However,

its usefulness in statistical inference is then somewhat diminished.

1.2.2.1 Rejection Sampling

In many cases, one cannot sample directly according to the density π of interest. In

some circumstances, however, one can sample from a distribution with a different

density q for which one can upper bound the term

M = sup
x∈X

π(x)

q(x)

with some C ≥M . One can then define a joint distribution on X × (0, 1) such that

g(x, u) = q(x)U(u)

where U denotes the uniform density on (0, 1). Now, the conditional density of x

given u < π(x)
Cq(x)

is given by

g

(
x

∣∣∣∣u < π(x)

Cq(x)

)
=
g(x, u < π(x)

Cq(x)
)

g(u < π(x)
Cq(x)

)

= π(x)
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which suggests an algorithm that proposes (x, u) ∼ g and outputs x if u < π(x)
Cq(x)

.

This algorithm, known as rejection sampling, produces samples according to π. It

is most efficient at producing samples when C = M as the probability of outputting

x is linear in 1/C.

It is possible to show using essentially the same argument that one need not even

be able to compute π or even q except up to a normalizing constant, i.e. we can

compute only γ(x) = Zπ(x) where Z =
∫
X γ(x)dx is the unknown normalizing

constant for γ, and a similar unnormalized density q∗ can be computed for q. This

affects only the choice of C, which must be a an upper bound on the ratio of the

unnormalized densities and impacts the efficiency of the algorithm for producing

samples only if the bound obtained is not proportional to the bound that would

have been obtained if π and q could be computed in their normalized form. Letting

C∗ ≥ M∗ = supx∈X
γ(x)
q∗(x)

, Algorithm 1.2 describes this general-purpose sampling

procedure for obtaining samples according to π.

Algorithm 1.2 An Accept-Reject Algorithm

1. Sample X ∼ q(·) and U ∼ U(·)

2. If U ≤ γ(X)
C∗q∗(X)

, output X. Otherwise, return to 1.

Despite the generality and even theoretically wide applicability of this algorithm, it

can be difficult to find a density q that we can sample according to and for which we

can obtain a low enough upper bound C for the algorithm to be practically useful

when π is high-dimensional or otherwise complex. Nevertheless, rejection sampling

plays a role in other, more sophisticated Monte Carlo algorithms.

1.2.2.2 Importance Sampling

An alternative classical method for estimating expectations of the form given in

(1.5) is obtained by noting that

Eπ[φ] =

∫
X
φ(x)π(x)dx =

∫
X
φ(x)

π(x)

q(x)
q(x)dx (1.6)
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where q(x) > 0 whenever π(x) > 0. In (1.6), q can be seen as representing a

proposal, or importance, density associated with a distribution from which we can

sample easily. This suggests the following estimator

INIS =
1

N

N∑
i=1

φ(Xi)
π(Xi)

q(Xi)

where {Xi}Ni=1 are now samples from the distribution associated with q. INIS is an

unbiased estimate of Eπ[φ] and has a variance given by

V[INIS] =
Eπ[φ2 π

q
]− Eπ[φ]2

N
.

It is common to view INIS as a weighted average of φ evaluated at the samples

obtained with weights given by w(Xi) = π(Xi)
q(Xi)

.

Algorithm 1.3 An Importance Sampling Algorithm

1. For i = 1, . . . , N , sample Xi
iid∼ q(·).

2. For i = 1, . . . , N , compute w(Xi) = π(Xi)
q(Xi)

.

3. Output 1
N

∑N
i=1w(Xi)φ(Xi).

One can, in principle, obtain a lower variance for INIS than for INMC , depending on the

choice of q. In practice, however, for a complicated target density π the issue is often

trying to ensure that the variance of INIS is not prohibitively large because the choice

of q is heavily constrained to densities according to which we can sample easily.

Furthermore, in many situations one attempts to choose a q that approximates π

irrespective of φ but where the quantity supx∈X w(x) is finite since this is a sufficient

condition for V[INIS] to be finite if V[INMC ] is finite. Furthermore, in many cases one

is interested in computing the expectation of more than one function of X under π

and so tuning the proposal for a particular function can be counterproductive.

In the event that one can only compute π up to a normalizing constant, i.e. we

can compute γ(x) = Zπ(x) where Z =
∫
X γ(x)dx, one can perform a normalized

version of importance sampling that is no longer unbiased but retains consistency.
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The estimator is given by

INNIS =
N∑
i=1

Wiφ(Xi)

where {Xi}Ni=1 are again samples from the distribution associated with q,

Wi =
w(Xi)∑N
j=1w(Xj)

and w(Xi) = γ(Xi)
q(Xi)

.

Algorithm 1.4 A Normalized Importance Sampling Algorithm

1. For i = 1, . . . , N , sample Xi
iid∼ q(·).

2. For i = 1, . . . , N , compute w(Xi) = γ(Xi)
q(Xi)

.

3. For i = 1, . . . , N , compute Wi = w(Xi)∑
j=1 w(Xj)

.

4. Output
∑N

i=1Wiφ(Xi).

Unlike rejection sampling, importance sampling does not obtain samples according

to π but instead weights samples from another distribution for the purpose of esti-

mating (1.5). It is similarly general and theoretically even more widely applicable

since it does not require the knowledge, or even existence, of an upper bound for

γ(x)/q(x). Nevertheless, this simple estimator when π is high-dimensional or oth-

erwise complex has unacceptably high variance in many cases. However, it is used

as a methodological component in a variety of more sophisticated algorithms.

1.2.3 Markov Chain Monte Carlo

The introduction of Markov chain Monte Carlo (MCMC) methodology in Metropolis

et al. (1953) has revolutionized our ability to estimate expectations of the form given

in (1.5), although it took about 35 years for it to be utilized prominently in solving

computational issues in Bayesian inference (see, e.g., Robert and Casella 2011).

The general methodology involves the definition of a Markov transition kernel K

that leaves the density π invariant, and is additionally aperiodic and ρ-irreducible
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for some non-zero measure ρ. More formally, if we let {Xn : n ∈ Z+} be a sequence

of random variables generated by sampling X0 from some initial distribution and

then for each n ∈ N sampling Xn ∼ K(Xn−1, ·), K is π-invariant if∫
X
π(dx)K(x, dy) = π(dy).

Irreducibility and aperiodicity then assure us that π is the unique invariant density

of K, which satisfies

‖Kn(x, ·)− π(·)‖ → 0 (1.7)

as n → ∞ for π-almost all x, and for all x ∈ X if K is Harris recurrent (Athreya

et al. 1996; Tierney 1994). Here ‖ · ‖ denotes total variation distance and (1.7)

holding for π-almost all x is what is meant when one says that K has an equilibrium

distribution with density π.

The set of possible kernels satisfying these constraints for a given target density π is

very large and difficult to characterize. Of particular interest to statisticians is the

estimate of (1.5) when using the samples {Xi}Ni=1

INMCMC =
1

N

N∑
i=1

φ(Xi) (1.8)

and how it converges to (1.5). Conditions for convergence and for the satisfaction of

a central limit theorem are technical in nature and cannot even be briefly overviewed

here. The interested reader is referred to Roberts and Rosenthal (2004) to obtain a

review of some conditions that have been obtained.

In practice, the condition that K be π-invariant is often ensured via π-reversibility,

where this means for all x, y ∈ X

π(dx)K(x, dy) = π(dy)K(y, dx).

That this is a sufficient condition for π-invariance follows immediately since∫
X
π(dx)K(x, dy) =

∫
X
π(dy)K(y, dx) = π(dy).

K can be a mixture or cycle of π-invariant kernels K1, . . . , Km where a mixture
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takes the form

K(x, ·) =
m∑
j=1

wjKj(x, ·)

with
∑m

j=1 wj = 1 and a cycle takes the form

K(x, ·) = (K1K2 · · ·Km)(x, ·)

Note that a cycle of π-reversible kernels is not necessarily reversible but that mix-

tures and cycles of π-invariant kernels are π-invariant. The conditions, however, for

ensuring irreducibility and aperiodicity for combinations of kernels are not straight-

forward and may need to be checked in practice, especially when the combined

kernels are not irreducible on their own.

1.2.3.1 Metropolis-Hastings

The Metropolis-Hastings algorithm (Hastings 1970), a generalization of Metropolis

et al. (1953), provides a flexible framework within which one can produce a π-

invariant kernel K. Many MCMC kernels used in practice are combinations of

Metropolis-Hastings kernels. The framework involves only the specification of a

proposal Markov transition kernel Q(x, dy) = q(x, y)dy that one can sample from.

Sampling z ∼ K(x, ·) is defined as follows: at point x, sample y ∼ Q(x, ·) and set

z = y with probability α(x, y) and set z = x otherwise, where

α(x, y) = min

{
1,
π(y)q(y, x)

π(x)q(x, y)

}
is called the Metropolis-Hastings acceptance probability and we have assumed that

X0 = x0 with π(x0) > 0. It is straightforward to show that K is reversible with

respect to π. Importantly, it is only necessary to be able to compute π up to

a normalizing constant since the ratio of π(y)
π(x)

does not depend on this typically

unknown quantity.

Popular default choices of q are a symmetric density, in which case K is called

a random walk Metropolis kernel, and a density that does not depend on x, in

which case K is called an independent Metropolis-Hastings kernel. In some cases
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Algorithm 1.5 A Metropolis-Hastings Algorithm

Given x0, at times t = 0, 1, . . .

1. Sample y ∼ q(xt, ·) and u ∼ U .

2. If u ≤ min
{

1, π(y)q(y,xt)
π(xt)q(xt,y)

}
, set xt+1 = y.

Otherwise, set xt+1 = xt.

one can split x into components, e.g. x = (x1, x2), and for component 1 define

q1((x1, x2), (y1, y2)) = π(y1|x2)δx2(y2) with an analogous density q2 for component 2.

The Metropolis-Hastings acceptance ratio for a move using either q1 or q2 is always

1 and a mixture or cycle of kernels K1 and K2 associated with these proposals is

irreducible, aperiodic and Harris recurrent under some conditions (Tierney 1994;

Robert and Casella 2004; Roberts and Rosenthal 2006). Combinations of kernels of

this form are known as Gibbs samplers, and have been used extensively in Bayesian

inference since Geman and Geman (1984) and Gelfand (1990) although very closely

related approaches had been circulating in statistical physics and statistics before

this time (see, e.g., Robert and Casella 2011).

1.2.3.2 Practical MCMC in Statistics

It is worth mentioning that kernels for which (1.7) holds are not necessarily use-

ful from an estimation perspective, since the equilibrium distribution of K having

density π is not sufficient for the variance of (1.8) to be finite and low enough for

practical use. Therefore, there is a strong interest in constructing kernels that have

a fast rate of convergence, defined appropriately, for a given target density π, and

for which (1.8) has a low asymptotic variance for φ’s of interest.

For most statistical applications, one would like the an MCMC kernel to be geo-

metrically ergodic, where this is usually defined as there existing M : X → R+, and

ρ < 1 such that

‖Kn(x, ·)− π(·)‖ ≤M(x)ρn (1.9)

for π-almost all x, where ‖ · ‖ denotes total variation distance (see, e.g., Nummelin

and Tweedie 1978; Tierney 1994; Roberts and Rosenthal 1997). In this case we can
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loosely refer to ρ as the inverse geometric rate of convergence. Geometric ergodicity

can in some situations imply that a central limit theorem holds for (1.8) (see, e.g.,

Roberts and Rosenthal 1997, 2004), which is typically what is required for practical

use of MCMC in statistics.

1.2.3.3 Auxiliary Variables and Population-Based MCMC

The introduction of auxiliary variables in MCMC methodology dates back at least to

Swendsen and Wang (1987) and Edwards and Sokal (1988) in the physics literature

and was further generalized in Besag and Green (1993) in statistics. The principle is

simple: given a target density π on X one can construct an extended target density

π̄ on an extended space X × U such that∫
U

π̄(x, u)du = π(x)

so that the x-component of samples generated according to π̄ are distributed ac-

cording to π. This can be useful when, for example, we can construct an MCMC

kernel that is π̄-invariant and has a faster rate of convergence than an alternative

MCMC kernel that is π-invariant that we might run instead.

On some occasions, the auxiliary variables u represent interpretable quantities in the

model. For example, one can imagine extending the mixture model posterior density

described in Section 1.1.2 with the latent variable k that assigns each observation

to the mixture component that generated it. However, interpretability of auxiliary

variables is not necessary.

A particularly fruitful and flexible framework for sampling from π in some contexts

is known as population-based MCMC, in which U is XM−1 and u = x(1:M−1) repre-

sents M − 1 auxiliary variables, each of which are in X . For convenience, we write

x(M) = x, the variable that we would like to sample according to the density π. In

general, each variable x(i) in the extended target density is independently distributed
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according to a distribution with density πi, for i ∈ {1, . . . ,M}, where πM = π, i.e.

π̄(x(1:M)) =
M∏
i=1

πi(x
(i))

One fairly general view of this methodology, which has origins in Geyer (1991)

and Hukushima and Nemoto (1996), is the following. One first defines a set of

component-wise kernels K
(1:M)
1 such that K

(i)
1 operates only on the value of x(i)

and is πi-invariant, irreducible and aperiodic for x(i). Such kernels are clearly also

π̄-invariant on the joint space. Additionally, at least one other kernel operates

on more than one component to induce interaction between the M components

in an attempt to increase the rate of convergence of the combination of kernels

that are used to define the actual Markov transition kernel that produces samples

{X(1:M)
n : n ∈ Z+}. Let the number of interaction kernels be R, and denote the set of

these kernels by K
(1:R)
2 . Each kernel K

(j)
2 will act on a subset of components, whose

indices we can write as Ij ⊂ {1, . . . ,M}. We denote the actual kernel that combines

the component-wise kernels K
(1:M)
1 and interaction kernels K

(1:R)
2 using cycles and

mixtures by K. Note that in some cases some of the component-wise kernels can be

reducible, but irreducibility of K on π̄ is nevertheless ensured by their combination

with the interaction kernels.

Given π, there are a wide variety of possible choices for M , π1:M−1, K
(1:M)
1 , R, I1:R

and K
(1:R)
2 which will affect the rate of convergence of K. Jasra et al. (2007) gives

a review of some of these. Note that this methodology is termed population-based

due to the prominent characteristic that a population of samples in the same space

as x = x(M) is used to facilitate sampling from π. Population-based methods in

general will play a large part in the rest of this thesis.

1.2.4 Sequential Monte Carlo

Another advanced Monte Carlo methodology that has made a considerable impact

on our ability to estimate conditional expectations is called sequential Monte Carlo

(SMC) and has its origins in the bootstrap filter of Gordon et al. (1993). SMC is

a powerful extension of importance sampling involving sequential importance sam-
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pling and regular interaction between samples through resampling. They are most

commonly associated with state-space models, and the algorithms derived from the

methodology in this context are often referred to as particle filters. A necessarily

brief description of algorithms in this setting will be presented here with interested

readers referred to Doucet and Johansen (2008) and Liu (2001) for recent, more

comprehensive surveys of the field. SMC methods are not restricted to this type

of model, however, and Del Moral et al. (2006) makes explicit the generality with

which one can devise an SMC algorithm that targets an arbitrary density π.

1.2.4.1 SMC for State-Space Models

Following Gordon et al. (1993), the main application area of SMC methodology was

in state-space models, which are defined in Section 1.1.2.2. A standard introduction

to SMC in state-space models usually first defines a standard importance sampling

algorithm that will fail to produce estimates of conditional expectations with ac-

ceptable variance in most situations. Assume for the moment that we are interested

in computing conditional expectations, for a given value of θ, of a function φ of x0:T

given data y1:T and some parameter θ. Note that we have data y1:T from a model

where we can express the conditional density of the latent variables x0:T given the

data y1:T and θ in closed form up to a normalizing constant:

p(x0:T |y1:T , θ) =
p(x0:T , y1:T |θ)
p(y1:T |θ)

=
g0(x0|θ)

∏T
t=1 gt(xt|xt−1, θ)ft(yt|xt, θ)

p(y1:T |θ)

where p(y1:T |θ) cannot be computed analytically.

It is nontrivial to design and sample from a proposal distribution q(x0:T |y1:T , θ) that

will give reasonable variance in reasonable time. Furthermore, this problem has

been motivated in some cases by situations in which one wants to perform inference

on x0:t, or more realistically xt, “on-line”, i.e. one wishes to compute conditional

expectations with respect to the conditional density of xt given y1:t and θ as t

increases in order to make decisions in a timely fashion, precluding the conditioning

of the proposal for xj on yj+k for large k. As such, it seems we should consider
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constrained proposals of the form

q(x0:T |y1:T , θ) = q0(x0|θ)
T∏
t=1

qt(xt|y1:t, x0:t−1, θ)

An importance sampling algorithm in this setting, with N samples x
(1:N)
0:T has un-

normalized importance weights given by

w(x
(i)
0:T ) =

p(x
(i)
0:T , y1:T |θ)

q(x
(i)
0:T |y1:T , θ)

for i ∈ {1, . . . , N} where, due to the special nature of the proposal target densities

we can rewrite this as

g0(x
(i)
0 )

q0(x
(i)
0 )

T∏
t=1

gt(x
(i)
t |x

(i)
t−1, θ)ft(yt|xt, θ)

qt(x
(i)
t |y1:t, x

(i)
0:t−1, θ)

.

If one defines weights w
(i)
0 =

g0(x
(i)
0 )

q0(x
(i)
0 )

and

w
(i)
t = w

(i)
t−1

gt(x
(i)
t |x

(i)
t−1, θ)ft(yt|x

(i)
t , θ)

qt(x
(i)
t |y1:t, x

(i)
0:t−1, θ)

for t ∈ {1, . . . , T} then this defines an incremental weighting scheme through time

t for each sample. Of course, the particles and weights produced still come from

an importance sampling algorithm and in this case for most models the variance

of estimates of conditional expectations using these weights is prohibitively high.

Indeed, treating data as randomly generated from the model, it is the case that the

variance of the importance weights increases stochastically over time (Doucet et al.

2000).

The major innovation in SMC methodology is the introduction of a resampling

step that introduces interactions between the samples or particles. A generic SMC

algorithm is given in Algorithm 1.6. The resampling step at time t can be performed

by sampling N indices I from a categorical distribution with parameter W
(1:N)
t and

then setting x
(1:N)
0:t = x̃I0:t, although other schemes are possible. A common criterion

for deciding whether or not to resample is to resample if the effective sample size

(ESS) is less than some threshold value, e.g. N/2. This criterion was proposed in
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Liu and Chen (1995) with the ESS at time t defined as

ESS =

(
N∑
i=1

(W
(i)
t )2

)−1

Algorithm 1.6 A Generic Sequential Monte Carlo Algorithm

1. At time t = 0.

• For i = 1, . . . , N , sample x̃
(i)
0 ∼ q0(·)

• For i = 1, . . . , N , evaluate the importance weights:

w0(x̃
(i)
0 ) =

1

N

g0(x̃
(i)
0 |θ)

q0(x̃
(i)
0 |θ)

• For i = 1, . . . , N , normalize the importance weights:

W
(i)
0 =

w0(x̃
(i)
0 )∑N

j=1w0(x̃
(j)
0 )

• If some criterion is satisfied, resample N particles x
(1:N)
0 according to

(x̃
(1:N)
0 ,W

(1:N)
0 ) and set w

(i)
0 = 1

N
for i = 1, . . . , N .

If not, set (x
(1:N)
0 , w

(1:N)
0 ) = (x̃

(1:N)
0 ,W

(1:N)
0 )

2. For times t > 0.

• For i = 1, . . . , N , sample x̃
(i)
t ∼ qt(·|yt, x(i)

t−1) and set x̃
(i)
0:t

def
= (x

(i)
0:t−1, x̃

(i)
t )

• For i = 1, . . . , N , evaluate the importance weights:

wt(x̃
(i)
0:t) = w

(i)
t−1

ft(yt|x̃(i)
t , θ)gt(x̃

(i)
t |x̃

(i)
t−1, θ)

qt(x̃
(i)
t |yt, x̃

(i)
t−1, θ)

• For i = 1, . . . , N , normalize the importance weights:

W
(i)
t =

wt(x̃
(i)
0:t)∑N

j=1wt(x̃
(j)
0:t)

• If some criterion is satisfied, resample N particles x
(1:N)
0:t according to

(x̃
(1:N)
0:t ,W

(1:N)
t ) and set w

(i)
t = 1

N
for i = 1, . . . , N .

If not, set (x
(1:N)
0:t , w

(1:N)
t ) = (x̃

(1:N)
0:t ,W

(1:N)
t ).

The intuition behind resampling is that particles with low weights are replaced by

particles with large weights, in general, and hence computational effort is concen-

21



trated on those particles that have been good approximations of the target density

so far. Furthermore, the replacement is done in a principled fashion, such that the

expected number of replicates of a particle is proportional to its weight. Indeed,

in Chapter 5 we will see that SMC methods are an elegant and principled form of

importance sampling on an extended space. A central limit theorem that further

justifies the methodology in some settings is given in Del Moral (2004) and Chopin

(2004).

Important products of Algorithm 1.6 are empirical approximations of the distri-

bution with density p(x0:t|y1:t, θ) for any t ∈ {0, . . . , T} and an approximation of

p(y1:t|θ) for t ∈ {1, . . . , T}. These are given by

P̂N(dx0:t|y1:t) =
N∑
i=1

W
(i)
t δ

x̃
(i)
0:t

(dx0:t)

at time t and

p̂N(y1:t|θ) =
t∏

j=1

N∑
i=1

wj(x̃
(i)
0:j)

where the former is immediate and the latter can be derived as an approximation

to p(y1:t|θ) using the decomposition p(y1:t|θ) = p(y1|θ)
∏t

j=2 p(yj|y1:j−1, θ). Note

that the empirical approximation of the distribution immediately after resampling

contributes higher variance to estimates of conditional expectations if used, and

should hence be avoided.

1.2.4.2 SMC Samplers

Following the success of SMC methods for dynamic problems, Del Moral et al. (2006)

laid the foundations for use of SMC methodology for arbitrary target densities. This

foundation also exemplifies how SMC methods are an alternative type of population-

based Monte Carlo method to population-based MCMC. Given a density π that we

wish to sample from, one can define a sequence of auxiliary distributions via π0:T−1

and set πT = π. Using SMC, one can approximate each of these distributions in

turn. Assume we can compute each density πi up to a normalizing constant, i.e. we
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can compute

γi(x) = π(x)

∫
X
γi(z)dz

Now define a set of Markov transition kernels {Ki}Ti=1 which will be used to ‘move’

particles at times t = 0, . . . , T − 1. The proposal density of a particle x0:t at time t

is given by

ηt(x0:t) = η(x0)
t∏

j=1

Kj(xj−1, xj)

A necessary ingredient for an SMC approach is to be able to weight each particle at

each time, and to be able to compute these weights incrementally. The approach in

Del Moral et al. (2006) identifies a suitable set of extended target densities {π̃t}Tt=0

that accomplish this. In particular, let

π̃t(x0:t) = πt(xt)
t−1∏
j=0

Lj(xj+1, xj)

where {Lj}T−1
j=0 can be chosen arbitrarily. Then it follows that

wt(x0:t) =
π̃t(x0:t)

ηt(x0:t)

satisfies

wt(x0:t) = wt−1(x0:t−1)
πt(xt)Lt−1(xt, xt−1)

πt−1(xt−1)Kt(xt−1, xt)

which immediately suggests Algorithm 1.7.

In the algorithm, it suffices to compute γt in lieu of πt as the unknown normalizing

constant affects each particle’s weights proportionally. In addition to a particle

approximation of each density πt via, at time t,

P̂N
t (dxt) =

N∑
i=1

W
(i)
t δ

x̃
(i)
t

(dxt)

the quantity

Ẑt
Z0

N

=
t∏

j=1

N∑
i=1

wj(x̃
(i)
0:j)

is an estimate of the ratio of the normalizing constants for γt and γ0.
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Algorithm 1.7 A Generic SMC Sampler

1. At time t = 0.

• For i = 1, . . . , N , sample x̃
(i)
0 ∼ η(·)

• For i = 1, . . . , N , evaluate the importance weights:

w0(x̃
(i)
0 ) =

1

N

γ0(x̃
(i)
0 )

η(x̃
(i)
0 )

• For i = 1, . . . , N , normalize the importance weights:

W
(i)
0 =

w0(x̃
(i)
0 )∑N

j=1w0(x̃
(j)
0 )

• If some criterion is satisfied, resample N particles x
(1:N)
0 according to

(x̃
(1:N)
0 ,W

(1:N)
0 ) and set w

(i)
0 = 1

N
for i = 1, . . . , N .

If not, set (x
(1:N)
0 , w

(1:N)
0 ) = (x̃

(1:N)
0 ,W

(1:N)
0 )

2. For times t > 0.

• For i = 1, . . . , N , sample x̃
(i)
t ∼ Kt(x

(i)
t−1, ·) and set x̃

(i)
0:t

def
= (x

(i)
0:t−1, x̃

(i)
t )

• For i = 1, . . . , N , evaluate the importance weights:

wt(x̃
(i)
0:t) = w

(i)
t−1

γt(x̃
(i)
t )Lt−1(x̃

(i)
t , x̃

(i)
t−1)

γt−1(x̃
(i)
t−1)Kt(x̃

(i)
t−1, x̃

(i)
t )

• For i = 1, . . . , N , normalize the importance weights:

W
(i)
t =

wt(x̃
(i)
0:t)∑N

j=1wt(x̃
(j)
0:t)

• If some criterion is satisfied, resample N particles x
(1:N)
0:t according to

(x̃
(1:N)
0:t ,W

(1:N)
t ) and set w

(i)
t = 1

N
for i = 1, . . . , N .

If not, set (x
(1:N)
0:t , w

(1:N)
t ) = (x̃

(1:N)
0:t ,W

(1:N)
t ).
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A popular, easy to implement and versatile choice for each Kt is to use a πt-invariant

MCMC kernel. In this case, one possible and computationally available choice for

Lt−1 is

Lt−1(xt, xt−1) =
πt(xt−1)Kt(xt−1, xt)

πt(xt)

since for this choice the weight wt(x0:t) has the form

wt(x0:t) = wt−1(x0:t−1)
πt(xt−1)

πt−1(xt−1)
.

Although this choice of backwards kernel Lt−1 is somewhat unappealing due to the

lack of dependence on the rate of convergence of Kt, it provides a useful default

and allows for the use of complex proposal kernels that take advantage of the rich

methodology that has already been developed for MCMC. It is also well documented

that in this case, since the weights do not depend on the proposed points, it is

advantageous to perform the resampling step before moving the particles when a

resampling step is performed. Because this particular implementation of an SMC

sampler is used often in this thesis, it is presented in Algorithm 1.8.

For this algorithm, the particle approximation of each density πt is given by

P̂N
t (dxt) =

N∑
i=1

W
(i)
t δ

x
(i)
t

(dxt)

and the quantity

Ẑt
Z0

N

=
t∏

j=1

N∑
i=1

w̃
(i)
j

is an estimate of the ratio of the normalizing constants for γt and γ0.

1.3 Many-Core Computation

A key theme in this thesis is the recent trend in computer architecture from single-

core to multi-core and further to many-core or massively multi-core processors (Sut-

ter 2005; Asanovic et al. 2006). From the last half of the 20th Century until today,

the number of transistors that can be placed on an integrated circuit has increased
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Algorithm 1.8 An SMC Sampler with MCMC Kernels

1. At time t = 0.

• For i = 1, . . . , N , sample x̃
(i)
0 ∼ η(·)

• For i = 1, . . . , N , evaluate the importance weights:

w̃
(i)
0 = w0(x̃

(i)
0 ) =

1

N

γ0(x̃
(i)
0 )

η(x̃
(i)
0 )

• For i = 1, . . . , N , normalize the importance weights:

W
(i)
0 =

w0(x̃
(i)
0 )∑N

j=1w0(x̃
(j)
0 )

• If some criterion is satisfied, resample N particles x
(1:N)
0 according to

(x̃
(1:N)
0 ,W

(1:N)
0 ) and set w

(i)
0 = 1

N
for i = 1, . . . , N .

If not, set (x
(1:N)
0 , w

(1:N)
0 ) = (x̃

(1:N)
0 ,W

(1:N)
0 )

2. For times t > 0.

• For i = 1, . . . , N , evaluate the importance weights:

w̃
(i)
t = w

(i)
t−1

γt(x
(i)
t−1)

γt−1(x
(i)
t−1)

• For i = 1, . . . , N , normalize the importance weights:

W
(i)
t =

w̃
(i)
t∑N

j=1 w̃
(j)
t

• If some criterion is satisfied, resample N particles x̃
(1:N)
t−1 according to

(x
(1:N)
t−1 ,W

(1:N)
t ) and set w

(i)
t = 1

N
for i = 1, . . . , N .

If not, set (x̃
(1:N)
t−1 , w

(1:N)
t ) = (x

(1:N)
t−1 ,W

(1:N)
t ).

• For i = 1, . . . , N , sample x
(i)
t ∼ Kt(x̃

(i)
t−1, ·).

26



exponentially. Through a variety of mechanisms, this had allowed central processing

unit (CPU) manufacturers to make CPU execution times for serial code decrease

exponentially until only a few years ago. Unfortunately, issues with heat dissipation,

power consumption and current leakage in single-core processors have compromised

this trend, forcing manufacturers to use the still increasing number of transistors on

a chip by introducing separate cores onto the same die. Such multi-core processors

are capable of executing different threads, or streams of instructions, simultaneously.

As a result, only programs that have multiple threads that can be executed simul-

taneously can benefit from the increasing number of cores available on processors

today, though improvements in the performance of each core continue to be made.

This emerging trend has important implications for the practice of Bayesian statis-

tics, which relies heavily on algorithms from computational statistics such as those

discussed in Section 1.2. Foremost is the idea that next-generation computers re-

quire next-generation methodology that is ideally suited to their capabilities, at

least for problems that have yet to be solved for ostensibly computational reasons.

The exact nature of the current architectural trend suggests that this means we are

obliged to devise algorithms that are parallelizable, in some sense, so as to benefit

from increasing numbers of processor cores. A distinction, however, should be made

between the algorithmic implications of a classical distributed computing or ideal-

ized parallel architecture and the type of architecture that we can expect to have at

our disposal in the coming years.

1.3.1 Parallel & Distributed Computing

From a very general perspective, a framework in which arbitrary calculations can

be performed in parallel and have their results instantaneously available to any

other processor should be able to provide significant speedups for large classes of

algorithms. However, modeling any real system of multiple processors in such a

way belies physical constraints that can severely affect the reliability of the run-

time analysis of algorithms. Two particular types of systems that have been used

extensively in the past are broadly termed parallel and distributed systems, where

the former refers to a system in which all processors have access to shared memory
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and the latter refers to a system in which memory is not shared and information

must be passed between processors by some alternative, usually slower, mechanism.

A major issue in distributed computing systems is the frequency and amount of

information-passing between computing nodes. It is quite possible to split work

between nodes in a cluster and have the total run-time exceed the amount that

would be needed for the work to run on a single node alone. This occurs, generally,

if the splitting of the work does not ensure that the amount of information that

needs to be accessed by the various nodes is small. Scalability is often not a problem

for distributed systems but they can be expensive and are often a shared resource

amongst researchers. On the other hand, an advantage of distributed systems is

often that different nodes can be highly specialized for different types of tasks.

In parallel computing, the first concern is alleviated somewhat by access to shared

memory, although any memory access often remains a considerable bottleneck that

cannot be ignored. However, in many such systems expense and scalability have

been an issue. In addition, often the processors are homogeneous, precluding task

specialization on a hardware level. Multi-core and many-core systems fall under

this umbrella term, with the possibility of heterogeneous systems via a distributed

computing framework. A particular type of parallel computing architecture that

holds special promise at this time for scientific computing is classified as a single

instruction, multiple data (SIMD) system.

1.3.2 Single Instruction, Multiple Data

SIMD systems are a classification of computer architectures from Flynn’s taxonomy

(Flynn 1966). Such systems are characterized by being able to execute the same

instruction on multiple inputs, or data, simultaneously and can be compared to sin-

gle instruction, single data (SISD) and multiple instruction, multiple data (MIMD)

systems. An SISD system executes a single instruction on a single piece of data at a

time while an MIMD system can execute different instructions on different pieces of

data in parallel. A SIMD architecture is clearly constrained compared to an MIMD

system as distinct instructions cannot be executed in parallel but less restricted than
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an SISD system, which has no parallel capabilities whatsoever. Note that these re-

strictions do not indicate that a particular type of architecture will be better for

statistical computing in general, since the implementation of the architecture, type

of algorithm one performs and cost are all important factors.

It is instructive to view different architectures as differing solutions to a resource

allocation problem. Each implementation of an architecture requires an allocation of

certain numbers of transistors to various tasks such as flow control, data processing

units and memory components. For a SISD architecture, one typically devotes many

transistors to flow control in order to optimize the amount of computation that

can be done whereas on an SIMD architecture one relies on the parallel execution

of instructions for computational efficiency and, importantly, shares flow control

between all processor cores. This can leave many more transistors free to be used

as data processing units and memory components. This should highlight the fact

that different architectures give advantages only for specific types of algorithms.

A data-parallel algorithm that is often executing identical instructions on different

pieces of data is essentially making better use of a fixed number of transistors in an

SIMD system compared to an SISD system. In contrast, an algorithm that is not

data parallel will generally make better use of a fixed number of transistors in the

more general-purpose SISD system. MIMD architectures are often quite complicated

and considerably more expensive, with a cluster of workstations being the ‘cheap’

implementation of this type of architecture.

In Chapter 2 we will see that a powerful but inexpensive SIMD architecture is now

available for general-purpose computing that can offer considerable improvements

in computational power for certain types of data-parallel algorithms.

1.4 Thesis Outline

Chapter 2 introduces graphics cards as an accessible architectural prototype for

many-core computational statistics algorithms, with a particular emphasis on the

potential importance of population-based Monte Carlo methods as a result of emerg-
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ing hardware trends. This chapter additionally provides motivation for the following

chapters.

Chapter 3 introduces a hierarchical framework for constructing sparsity-inducing

priors, which provides a Bayesian interpretation and generalization of many popular

penalized optimization approaches to variable selection. With one particular prior

from this framework, a full Bayesian analysis is performed with a sequence of priors

using SMC methodology on a graphics card. Readers interested in the methodologi-

cal contributions contained within this thesis might read this chapter more casually

or skip it entirely. In the context of the rest of the thesis, it constitutes an example

of both the computational benefits of isolating suitable auxiliary variables within a

statistical model and the ability to accelerate a computationally demanding SMC

algorithm on a many-core device.

Chapter 4 provides a fertile perspective on Metropolis-Hastings, auxiliary variables

and pseudo-marginal approaches that provides insight into a host of existing re-

versible MCMC kernels as well as potential improvements in a variety of applica-

tions. The MCMC kernels in this chapter are often motivated by their ability to

attain an improved rate of convergence when certain auxiliary variables can be gen-

erated in parallel. In addition, locally adaptive MCMC kernels are introduced which

allow for the adaptation of the number of random variables sampled while ensuring

that the resulting transition kernels’ equilibrium distributions remain unchanged.

This type of adaptation is perhaps the most important methodological contribu-

tion of the thesis. Applications to approximate Bayesian computation and Bayesian

variable selection are presented.

Chapter 5 extends the perspective developed in Chapter 4 to particle methods,

specifically SMC methodology, used as proposals within an MCMC kernel. Due to

the dependency of the proposed samples, such methods can have improved computa-

tional performance even if the auxiliary variables are not generated in parallel, which

could motivate their use more widely. The adaptation of the number of particles

used in an SMC sampler is perhaps the most important general purpose algorithm

introduced by the thesis, and the presentation of the material is in many ways geared

toward its eventual appearance. The perspective is also applied to two other recent
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MCMC schemes involving auxiliary variables to demonstrate the benefits of view-

ing MCMC kernels within this framework. Applications to parameter estimation in

state-space models, high-dimensional Bayesian variable selection and MCMC with

doubly intractable distributions are discussed.
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Chapter 2

Many-Core Population-Based

Monte Carlo Methods

This chapter introduces graphics cards as an accessible architectural prototype for

many-core computational statistics algorithms and demonstrates their utility in a

number of population-based Monte Carlo methods. A discussion of the relative

amenability of the methods proposed for the applications chosen, and the opportu-

nities presented by many-core computation for computational statistics is followed

by a more general discussion on population-based methods and their future.

2.1 Introduction

Graphics processing units (GPUs) are integrated circuits originally developed and

used as dedicated aids for calculating quantities related to real-time graphics ren-

dering. Recently, however, there has been an emerging literature on their use for

scientific computing. Examples include Stone et al. (2007) and Friedrichs et al.

(2009), which discuss their use in molecular modelling and dynamics.

The potential of parallel processing to aid in statistical computing is well docu-

mented (see, e.g., Kontoghiorghes 2006). However, previous studies have dealt
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mainly with distributed multi-core clusters of CPUs for implementation. In con-

trast, graphics cards for certain generic types of computation offer parallel processing

speedups with advantages on a number of fronts, including:

• Cost: graphics cards are relatively cheap. The cards described in this chapter

retail at under £150.

• Accessibility: graphics cards are readily obtainable from high street computer

stores or over the internet.

• Maintenance: the devices are self-contained and can be hosted on conventional

desktop and laptop computers.

• Speed: in line with multi-core CPU clusters, graphics cards offer significant

speedup, albeit for a restricted class of scientific computing algorithms.

• Power: GPUs are low energy consumption devices compared to clusters of

traditional computers, with a graphics card requiring around 200 Watts. While

improvements in energy efficiency are application-specific, it is reasonable in

many situations to expect a GPU to use around 10 per cent of the energy of

an equivalent CPU cluster.

• Dedicated and local: the graphics cards slot into conventional computers of-

fering the user ownership without the need to transport data externally.

The idea of splitting the computational effort of parallelizable algorithms amongst

processors is certainly not new to statisticians. In fact, distributed systems and

clusters of computers have been around for decades. Previous work on parallelization

of MCMC methods on a group of networked computers include, among others, Sohn

(1995), Rosenthal (2000) and Brockwell (2006). Rosenthal (2000) discusses how to

deal with computers running at different speeds and potential computer failure while

Sohn (1995) and Brockwell (2006) discuss the parallel implementation of a sequence

of MCMC kernels by pre-computing multiple execution paths. The latency and

bandwidth of communication in these systems make them suitable only in cases

where communication between streams of computation, or threads, is infrequent

and low in volume. In other words, while many algorithms involve computation
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that could theoretically be distributed amongst processors, the overhead associated

with distributing the work erases any speedup. In contrast, many-core processor

communication has very low latency and very high bandwidth due to high-speed

memory that is shared amongst the cores. Low latency here means the time for

a unit of data to be accessed or written to memory by a processor is low whilst

high bandwidth means that the amount of data that can be sent in a unit of time

is high. For many algorithms, this makes parallelization viable where it previously

was not. In addition, the energy efficiency of a many-core computation compared

to a single-core or distributed computation can be improved. This is because the

computation can both take less time and require less overhead.

We choose to investigate the speed up for the simulation of random variates from

complex distributions, a common computational task when performing inference

using Monte Carlo (see, e.g., Robert and Casella 2004). In particular, we focus on

population-based MCMC methods and SMC methods for producing random variates

as these are not algorithms that typically see significant speedup on clusters due to

the need for frequent, high-volume communication between computing nodes. For

the examples we consider, we find that computation time can be significantly lowered

for all applications, and drastically lowered in some cases. This means that we can

obtain the samples we want in seconds instead of hours and minutes instead of

days. The types of speedup observed are dependent on the ability of the methods

to be parallelized. In particular, speedup increases with the number of auxiliary

distributions in population-based MCMC and the number of particles in SMC until

some device-specific capacity is reached.

The algorithms are implemented using the Compute Unified Device Architecture

(CUDA) and make use of GPUs which support this architecture. CUDA offers

a fairly mature development environment via an extension to the C programming

language. We estimate that a programmer proficient in C should be able to code

effectively in CUDA within a few weeks of dedicated study. For our applications we

use CUDA version 2.1 with an NVIDIA GTX 280 as well as an NVIDIA 8800 GT.

The GTX 280 has 30 multiprocessors while the 8800 GT has 14 multiprocessors.

For all current NVIDIA cards, a multiprocessor comprises 8 arithmetic logic units

(ALUs), 2 special units for transcendental functions, a multithreaded instruction
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unit and on-chip shared memory. In addition to having more multiprocessors than

the 8800 GT, each GTX 280 multiprocessor itself has more registers, can support

more active threads and includes one double-precision ALU. For single-precision

floating point computation, one can think of the GTX 280 as having 240 (30 × 8)

and the 8800 GT as having 112 (14× 8) single processors respectively. At present,

the retail price of the GTX 280 is just over double that of the 8800GT and it requires

just over twice the power.

2.2 Graphics Cards

memory memory

CPU cores GPU cores

host graphics card

Figure 2.1: Link between host and graphics card. The thicker lines represent higher
data bandwidth while the squares represent processor cores.

GPUs have evolved into many-core processing units, currently with up to 30 multi-

processors per card, in response to commercial demand for real-time graphics ren-

dering, and independently of demand for many-core processors in the scientific com-

puting community. As such, the architecture of GPUs is very different to that of

conventional central processing units (CPUs). An important difference is that GPUs

devote proportionally more transistors to ALUs and less to caches and flow control

in comparison to CPUs. This makes them less general purpose but highly effec-

tive for data-parallel computation with high arithmetic intensity, i.e. computations

where the same instructions are executed on different data elements and where the

ratio of arithmetic operations to memory operations is high. This single instruction,

multiple data (SIMD) architecture puts a heavy restriction on the types of compu-

tation that optimally utilize the GPU but in cases where the architecture is suitable

it reduces overhead.
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__global__ void importance_sample(int N, float* d_array,
float* d_array_out) {

// thread id = threads per block * block id + thread id in block
const int tid = blockDim.x * blockIdx.x + threadIdx.x;
// total number of threads = threads per block * number of blocks
const int tt = blockDim.x * gridDim.x;
int i;
float w, x;
for (i = tid; i < N; i += tt) {

x = d_array[i];
w = target_pdf(x) / proposal_pdf(x);
d_array_out[i] = phi(x) * w;

}
}

Figure 2.2: Kernel that evaluates an importance weight and test function

Figure 2.1 gives a visualization of the link between a host machine and the graphics

card, emphasizing the data bandwidth characteristics of the links and the number

of processing cores. A program utilizing a GPU is hosted on a CPU with both the

CPU and the GPU having their own memory. Data is passed between the host and

the device via a standard memory bus, similar to how data is passed between main

memory and the CPU. The memory bus between GPU memory and the GPU cores is

both wider and has a higher clock rate than a standard bus, enabling much more data

to be sent to the cores than the equivalent link the host. This type of architecture

is ideally suited to data-parallel computation since large quantities of data can be

loaded into registers for the cores to process in parallel. In contrast, typical computer

architectures use a cache to speed up memory accesses using locality principles that

are generally good but do not fully apply to data-parallel computations, with the

absence of temporal locality most notable.

2.2.1 Programming with Graphics Cards

CUDA provides the interface to compliant GPUs by extending the C programming

language. Programs compiled with CUDA allow computation to be split between

the CPU and the GPU. In this sense, the GPU can be treated as an additional,

specialized processor for data-parallel computation. In the following text, host code

refers to code that is executed on the CPU whilst device code is code that is executed

on the GPU. We present a simple example in Figures 2.2-2.4, explained below, that
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__device__ float target_pdf(float x) {
return 1.0f / sqrtf(2 * PI) * exp(-(x - 1.5) * (x - 1.5) / 0.5f)

+ 1.0f / sqrtf(2 * PI) * exp(-(x + 1) * (x + 1) / 0.5f);
}

__device__ float proposal_pdf(float x) {
return 1.0f / sqrtf(2 * PI) * exp(-x * x / 2.0f);

}

__device__ float phi(float x) {
return x * x;

}

Figure 2.3: Device functions for evaluating the target density, the proposal density
and the test function.

computes a classical importance sampling estimate (see Section 1.2.2.2). In the code

snippets, keywords in the C language are in bold face whilst CUDA keywords are

both bold and italicized. A line beginning with a “//” is a comment and is ignored

by the compiler.

CUDA allows users to define special functions, called kernels, that are called by the

host code to be executed in parallel on the GPU by a collection of threads. Figure

2.2 shows an example of a kernel function, which can be invoked in host code using

the syntax

importance_sample<<<nb,nt>>>(N, d_array, d_array_out);

where nb is the number of blocks of threads and nt is the number of threads per

block. The total number of threads created by this call is the product of nb and nt

and one can think of each thread as being a single stream of computation. For most

kernels, the numbers of threads and blocks can be changed to tune performance on

different cards or with different data. A more detailed description of blocks and

threads and their relation to the hardware is given in Section 2.2.2.

A kernel is defined with the global qualifier. Kernels are special in that they

are always invoked in parallel with the numbers of blocks and threads specified and

have a void return type. As such, program correctness depends only on how the

threads invoked in the kernel call modify memory on the graphics card. In particular,
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code must be written that guarantees the correct modifications to memory once

all threads have completed, especially when threads interact during execution by

reading and writing from shared memory locations. In Figure 2.2, a kernel is defined

that takes as input an array of random values sampled from a proposal distribution

and places, for each value, the product of the test function and the importance

weight at that value in a separate array. One can see that each thread is responsible

for N / tt values, assuming N is a multiple of tt. Within a kernel, special functions

can be called that have been defined with the device qualifier. These functions

can only be called by global functions or device functions themselves.

In Figure 2.2, target pdf, proposal pdf and phi are examples of this, and

their definitions are provided in Figure 2.3. The target is an equally weighted, two-

component mixture of normals with equal variances of 0.25 and means at -1 and 1.5

while the proposal is a standard normal distribution. The test function squares its

input so that the integral that is estimated is the expectation of the second moment

of a random variable distributed according to the target density. In this particular

kernel we see that each thread first computes its absolute thread identifier tid

and the total number of threads tt. It then computes an importance weight and

evaluates the test function for each value in d array it is responsible for and stores

the result in d array out. Since there is no thread interaction in this example

kernel, it is reasonably straightforward to verify its correctness.

Figure 2.4 gives a snippet of code that is run on the host and completes our example.

First, memory is allocated on both the host and the graphics card using the malloc

and cudaMalloc functions respectively. The host function populate randn

then puts N standard normal random variates in array. These values are copied

into the GPU array, d array, via the cudaMemcpy function. In Figure 2.1, this is

a transfer along the memory bus that connects host and graphics card memory. At

this point, the kernel is called with 64 blocks of 128 threads per block. The reduce

function is a CPU function that returns the sum of the elements in a GPU array.

Of course, this function can itself invoke a GPU kernel. Finally, the importance

sampling estimate is obtained by dividing this sum by N and memory is freed. Note

that this code has been written so as to expose the most common functions that are

used in GPU programming using CUDA. For example, it would be faster to create

the random variates on the GPU itself but this would not have allowed any memory
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int N = 16777216;

float h_sum, result;
float* d_array;
float* d_array_out;

float* array = (float*) malloc(N * sizeof(float));
cudaMalloc((void **) &d_array, N * sizeof(float));
cudaMalloc((void **) &d_array_out, N * sizeof(float));

populate_randn(array, N);

cudaMemcpy(d_array, array, N * sizeof(float), cudaMemcpyHostToDevice);

is<<<64,128>>>(N, d_array, d_array_out);
h_sum = reduce(N, d_array_out);
result = h_sum / N;

free(array);
cudaFree(d_array);
cudaFree(d_array_out);

Figure 2.4: Host code

transfer operations to be shown here.

This basic example highlights the most important characteristics of CUDA pro-

grams: memory management, kernel specification and kernel invocation. Memory

management is a key component in algorithm design using graphics cards since there

is often need for transfers between CPU and GPU memory as standard host functions

can only access CPU memory and kernels can only access GPU memory. The funda-

mental memory operations are cudaMalloc, cudaMemcpy and cudaFree, which

are GPU analogues to the standard C functions malloc, memcpy and free. Ker-

nel specification requires ensuring that correct output will be given once all threads

have returned. In the above example, it is clear that all concurrent threads will be

executing the same instructions in parallel because there is no conditional branch-

ing, which occurs when different instructions are executed in concurrent threads

based on the result of a data-dependent runtime comparison. Indeed, while it is

possible to specify arbitrary conditional branches within a kernel, this can lead to

slow performance since threads in a SIMD architecture execute sequentially when

they are not executing the same instructions, which can be devastating to perfor-

mance. An important constraint on kernel code that is not illustrated explicitly

in the above code is that neither recursive functions nor function pointers can be
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defined in device code. This is due to the fact that kernel functions are completely

determined at compile time with device functions simply inlined, or inserted

into the kernel, during compilation. With respect to kernel invocation, the number

of threads and blocks assigned to each kernel can be decided at runtime in host

code. This is useful since computation time can depend strongly on these numbers

and optimal configurations will vary across graphics cards and features of the data.

A final remark is that the level of abstraction provided by CUDA is close to the

hardware operations on the device. While this often increases programming effort,

it does remind programmers of the benefits of writing, for example, kernels with

minimal interaction between threads and avoiding branching.

2.2.2 Blocks and Threads

CUDA abstracts the hardware of the GPU into blocks and threads to simultaneously

provide a relatively simple view of the architecture to developers while still allowing

a low-level abstraction of the hardware for performance reasons. One can generally

think of each thread as being computed on a virtual processor. The block abstraction

is necessary to provide the concept of a virtual microprocessor. Threads within a

block are capable of more interaction than threads in separate blocks, mainly due to

the fact that all threads in a block will be executed on the same microprocessor. As

such, they have access to very fast, dynamically allocated, on-chip memory and can

perform simple barrier synchronization. In Section 2.2.1, this advanced functionality

is not required by the example kernel.

It is important to note that blocks and threads are still very much virtual constructs.

At runtime, multiple blocks may be executed concurrently on the same multipro-

cessor. With respect to ALU execution, operations are performed on groups of 32

threads at a time, which allows each of the 8 scalar processors to perform 4 identical

instructions in quick succession in an ideal setting. The group of 32 threads that

executes simultaneously is called a warp.
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2.2.3 Single Precision Issues

The current generation of GPUs is 4-8 times faster at single precision arithmetic

than double precision. Although this ratio will decrease in the future, there will

probably remain a factor 2 difference in speed, the same as for Intel CPUs when using

SSE instructions. This raises the question of whether single precision arithmetic is

adequate for statistical applications.

There are two particular areas in which care must be taken. The first concerns the

much more limited range of single precision floating point numbers. Because of their

8-bit exponent, their magnitude must lie in the approximate range [10−38, 10+38],

whereas the magnitude of double precision variables is in the approximate range

[10−308, 10+308]. Consequently, when working in single precision it is often necessary

to work with log-likelihoods, rather than the likelihoods themselves though this is

rarely a restriction for statisticians.

The second area of potential issues concerns the averaging of N floating point values,

for N� 1. The simplest implementation uses an accumulator, to which the values

are added one at a time. However, this may lead to a large increase in the error

due to finite machine precision. When all of the values are of the same sign, the

relative error is amplified by a factor of O(N) in the worst case, and O(
√
N) in the

more typical case where the rounding error at each step can be modelled as a random

variable with zero mean. This behaviour is well understood Higham (1993, 2002) and

the growth can be reduced to O(logN) by using a binary tree summation algorithm

in which the values are summed in pairs, and then those new values are summed in

pairs, and the process is repeated until a single value is obtained. This is the natural

approach for the parallel implementation of a reduction operation. Example code is

provided by NVIDIA on their CUDA website, and the implementation in our code

is based on this.

Despite these concerns, single precision seems perfectly sufficient for the applications

in this paper. The statistical variability due to the use of random numbers within

the algorithms exceeds the perturbations due to finite machine precision.
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2.2.4 GPU Parallelizable Algorithms

In general, if a computing task is well-suited to SIMD parallelization then it will

be well-suited to computation on a GPU. In particular, data-parallel computations

with high arithmetic intensity are able to attain maximum performance from a GPU,

where arithmetic intensity refers to the ratio of arithmetic to memory operations.

This is because the volume of very fast arithmetic instructions can hide the relatively

slow memory accesses. It is crucial to determine whether a particular computation

is data-parallel on the instruction level when determining suitability. From a sta-

tistical simulation perspective, integration via classical Monte Carlo or importance

sampling are ideal computational tasks in a SIMD framework. This is because each

computing node can produce and weight a sample in parallel, assuming that the

sampling procedure and the weighting procedure have no conditional branches. If

these methods do branch, speedup can be compromised by many computing nodes

running idle while others finish their tasks. This can occur, for example, if the

sampling procedure uses rejection sampling.

In contrast, if a computing task is not well-suited to SIMD parallelization then

it will not be well-suited to computation on a GPU. In particular, task-parallel

computations in which one executes different instructions on the same or different

data cannot utilize the shared flow control hardware on a GPU and often end up

running sequentially. Even when a computation is data-parallel, it might not give

large performance improvements on a GPU due to memory constraints. This can be

due to the number of registers required by each thread (see Sections 2.4.2 and 2.5)

or due to the size and structure of the data necessary for the computation requiring

large amounts of memory to be transferred between the host and the graphics card.

The latter issue is analogous to the issue of thrashing in virtual memory systems

and can occur, for example, when an algorithm iterates over a block of data that

will not fit in memory.

There are also many computational tasks in statistical computing that are just diffi-

cult to parallelize. For example, standard Metropolis-Hastings MCMC with a single

chain is difficult to parallelize in the general case because it is a naturally sequential

algorithm. Parallelization of this type of method usually involves parallelization of
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the target density evaluation as in Suchard and Rambaut (2009), the sampling from

or evaluation of the proposal density or computation of multiple possible execution

paths as in Sohn (1995); Brockwell (2006); Cui et al. (2011) as opposed to the defi-

nition of an MCMC algorithm that explicitly takes account of additional auxiliary

variables produced in parallel.

The availability of new hardware suited to parallel computation motivates use of a

new model of computation for developing and analyzing the efficacy of statistical

algorithms. In some cases, existing algorithms will require little modification to take

advantage of this technology whilst in others major changes may have to be made.

There is also the potential for both previously impractical and novel algorithms to

become important tools for statisticians.

2.2.5 Random Number Generation

One important aspect of any Monte Carlo simulation is the generation of pseudo-

random numbers. Fortunately, many uniform pseudorandom number generators can

be implemented efficiently in parallel. The key idea is that each thread generates a

contiguous block of numbers within a single overall stream. The thread can jump to

the start of its block of numbers using a “skip-ahead” algorithm which enables it to

skip n places in O(log n) operations (see, e.g., L’Ecuyer et al. 2002). The uniform

pseudorandom numbers can then be transformed to match various different output

distributions as needed. In our applications we use a parallelized version of the

multiple recursive generator MRG32k3a presented in L’Ecuyer (1999) as well as a

parallelized version of a xorshift random number generator Marsaglia (2003). In the

case of the xorshift random number generator, more time must be spent to compute

the seeds for each thread before any computation is done but the random number

generation itself is faster and the initialization can be done offline.
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2.3 Parallelizing Population-Based Monte Carlo

Methods

In this section we consider a number of sampling methods for which parallel im-

plementations can be produced without significant modification. There is an abun-

dance of statistical problems that are essentially computational in nature, especially

in Bayesian inference, as noted in Chapter 1. We concentrate on the problem of

sampling from a probability distribution whose density π we can compute pointwise

and up to a normalizing constant, i.e. we can compute γ(·) where π(x) = γ(x)/Z. A

common motivation for wanting samples from π is so we can compute expectations

of functions of random variables that are distributed according to π. If we denote

such a function by φ, the expectation of interest is

Eπ[φ]
def
=

∫
x∈X

φ(x)π(x)dx. (2.1)

A Monte Carlo estimate of this quantity is given by

ÎMC
def
=

1

N

N∑
i=1

φ(x(i))

where {x(i)}Ni=1 are i.i.d. samples from π.

Clearly, we need samples from π in order to compute this estimate. In practice,

however, we often cannot sample from π directly. There are two general classes of

methods for dealing with this. The first are importance sampling methods, described

in Section 1.2.2.2, where we weight samples from a proposal distribution in order to

estimate an expectation of the form (2.1). For many problems, however, it is difficult

to come up with a proposal distribution that provides estimates with sufficiently

small variance for practical use.

The second general class of methods are MCMC methods, described in Section 1.2.3,

in which we construct an ergodic π-stationary Markov chain and use the samples

generated by this chain to estimate (2.1). The major issue with MCMC methods is

that their convergence rate can be prohibitively slow in some applications.
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There are many ways to parallelize sampling methods that are not the focus of

this work. For example, naive importance sampling, like classical Monte Carlo, is

intrinsically parallel. Therefore, in applications where we have access to a good im-

portance density we can get linear speedup with the number of processors available.

Similarly, in cases where MCMC converges rapidly we can parallelize the estimation

of (2.1) by running separate chains on each processor. While these situations are

hoped for, they are not particularly interesting from a parallel architecture stand-

point because they can run equally well in a distributed system. Finally, we are not

concerned with problems for which the computation of individual MCMC moves

or importance weights are very expensive but themselves parallelizable. While the

increased availability of parallel architectures will almost certainly be of help in such

cases, the focus here is on potential speedups by parallelizing general sampling meth-

ods. An example of recent work in this area can be found in Suchard and Rambaut

(2009), in which speedup is obtained by parallelizing the evaluation of individual

likelihoods.

Much work in recent years has gone into dealing with the large constants in the

variance of importance sampling estimates and slow convergence rates in MCMC and

it is in such ‘advanced’ Monte Carlo methods that we direct our interest. One such

class of advanced Monte Carlo methodology can be broadly classified as population-

based, and includes both population-based MCMC and SMC, described in Sections

1.2.3.3 and 1.2.4. Such methods involve the generation of a population of samples

from appropriately defined distributions that interact in some way and can be used

to estimate expectations such as (2.1). These methods are ideal candidates for

the investigation of speedup on a many-core architecture because while they are

parallelizable, they are not trivially so and stand to benefit enormously from many-

core architectures. In particular, the interactions between samples at various times

make distributed computing architectures inappropriate for some applications using

these methods. In contrast, an important property of many-core architectures is

that the existence of shared memory significantly diminishes the run-time cost of

core to core communication, which in this context can be interpreted loosely as

particle or sample interaction.
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2.3.1 Population-Based MCMC

Parallelization of population-based MCMC schemes involves few constraints on the

general design of algorithms in this class. From Section 1.2.3.3, an algorithm requires

the specification of the hybrid kernel K via M , π1:M−1, K
(1:M)
1 , R, I1:R and K

(1:R)
2

and the way in which the constituent kernels are mixed and cycled. Here, M − 1 is

the number of auxiliary distributions, π1:M−1 defines their densities, K
(1:M)
1 defines

the component-wise kernels and R, I1:R and K
(1:R)
2 define the number and type of

interaction kernels.

The application of each of the component-wise kernels K
(1:M)
1 to each variable is

often trivially parallelizable. However, the interaction kernels can in theory be

sequential in nature. For a parallel implementation, it is beneficial for the Ij’s
chosen at a particular time to be disjoint as this allows a sequence of interaction

kernels to be run in parallel. Of course, this also implies that different Ij’s should

be chosen at different times since otherwise there will be no interaction between

the disjoint subsets of variables. Furthermore, in a SIMD parallel architecture,

it is desirable to have sets of simultaneously executing kernels be nearly identical

algorithmically. A final consideration for parallelization is that while speedup is

generally larger when more computational threads can be run in parallel, it is not

always helpful to increase M arbitrarily as this can affect the convergence rate of

the chain. However, in situations where a suitable choice of M is dwarfed by the

number of computational threads available, one can always increase the number of

chains with target π to produce more samples.

It is prudent to note that the parallelization must not affect the definition of the

kernel, or rather that one should ensure that the parallel implementation corre-

sponds to a π-invariant MCMC kernel. As an example, one might define a kernel

in which each component-wise kernel is applied to each component once. A parallel

implementation of this cycle of kernels must then ensure that each kernel is applied

exactly once.
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2.3.2 Sequential Monte Carlo

The parallelization of SMC algorithms is reasonably straightforward. With reference

to Section 1.2.4, the importance sampling and weighting steps are trivially paral-

lelizable as they depend only on the local state of each particle. The resampling

step, in which some particles are replicated and others destroyed depending on their

normalized importance weights, typically comprises the construction of an empirical

cumulative distribution function for the particles based on their importance weights

followed by sampling from this N times, where N is the fixed number of particles

used throughout the computation. While neither of these tasks is trivially paral-

lelizable, they can benefit moderately from parallelization. However, the bulk of the

speedup will generally come from the parallelization of the evolution and weighting

steps. Therefore, using criteria like effective sample size (Liu and Chen 1995) to

avoid resampling at every time step can also improve speedup.

An important distinction between SMC samplers and population-based MCMC,

which can generally be employed using the same definition of auxiliary distributions,

is subtle but practically important. In contrast to population-based MCMC, which

produces a population of samples according to π̄ at stationarity at each time, an

SMC sampler starts by approximating the first auxiliary distribution and then each

subsequent distribution in turn, using the samples produced before. Therefore, the

samples generated by population-based MCMC at each time each have different

stationary distributions and the samples from a particular chain over time provide

an empirical approximation of that chain’s target distribution while in an SMC

sampler, the weighted samples generated at each time approximate one auxiliary

target distribution and the true target distribution is approximated at the last time

step. This difference is further discussed in Section 2.4.1.3.

2.4 Canonical Examples

To demonstrate the types of speed increase one can attain by utilizing GPUs, we

apply each method to a representative statistical problem. We use Bayesian inference
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for a Gaussian mixture model as an application of the population-based MCMC and

SMC samplers, while we use a factor stochastic volatility state-space model to gauge

the speedup of our parallel SMC method. We ran our parallel code on a computer

equipped with an NVIDIA 8800 GT GPU, a computer equipped with an NVIDIA

GTX 280 GPU and we ran reference single-threaded code on a Xeon E5420 / 2.5

GHz processor. The resulting processing times and speedups are given in Tables 2.1

- 2.3.

The applications we discuss here are representative of the types of problems that

these methods are commonly used to solve. In particular, while the distribution

of mixture means given observations is only one example of a multimodal distribu-

tion, it can be thought of as a canonical distribution with multiple well-separated

modes. Therefore, the ability to sample points from this distribution is indicative

of the ability to sample points from a wide range of multimodal distributions. Sim-

ilarly, performance of a latent variable sampler in dealing with observations from a

factor stochastic volatility model is indicative of performance on observations from

reasonably well-behaved but non-linear and non-Gaussian state-space models.

2.4.1 Mixture Modelling

Finite mixture models are a very popular class of statistical models as they provide

a flexible way to model heterogeneous data (see, e.g., McLachlan and Peel 2000).

Let y = y1:m denote i.i.d. observations where yj ∈ R for j ∈ {1, . . . ,m}. A

univariate Gaussian mixture model with k components states that each observation

is distributed according to the mixture density

p(yj|µ1:k, σ1:k, w1:k) =
k∑
i=1

wif(yj|µi, σi)

where f denotes the density of the univariate normal distribution. The density of y

is then equal to
∏m

j=1 p(yj|µ1:k, σ1:k, w1:k).

For simplicity, we assume that k, w1:k and σ1:k are known and that the prior distri-

bution on µ is uniform on the k-dimensional hypercube [−10, 10]k. We set k = 4,
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σi = σ = 0.55, wi = w = 1/k for i ∈ {1, . . . , k}. We simulate m = 100 observations

for µ = µ1:4 = (−3, 0, 3, 6). The resulting posterior distribution for µ is given by

p(µ|y) ∝ p(y|µ)1[−10,10]4(µ)

The main computational challenge associated with Bayesian inference in finite mix-

ture models is the nonidentifiability of the components. As we have used exchange-

able priors for the parameters µ1:4, the posterior distribution p(µ|y) is invariant to

permutations in the labelling of the parameters. Hence this posterior admits k! = 24

symmetric modes.

Generating N samples from such a posterior is a popular method for determining the

ability of samplers to explore a high-dimensional space with multiple well-separated

modes, which should all be represented in the samples. Basic random-walk MCMC

and importance sampling methods typically fail to provide a correct approximation

of the posterior for practical values of N (Celeux et al. 2000). It should be noted

that while it might not be necessary to sample from all the symmetric modes in the

case of a mixture model, the successful traversal of all the modes suggests that the

sampler would succeed in traversing non-symmetric modes in other distributions, so

long as symmetry is not exploited by the sampler.

2.4.1.1 Population-Based MCMC

We select the auxiliary distributions π1:M−1 following the parallel tempering method-

ology, i.e. given M we define πi(x) ∝ π(x)βi with 0 ≤ β1 < · · · < βM = 1. This

class of auxiliary distributions is motivated by the fact that MCMC converges more

rapidly when the target distribution is flatter. For this problem, we use the cooling

schedule βi = (i/M)2 and a standard N (0, Ik) random walk Metropolis-Hastings

kernel for the component-wise kernels.

For the interaction kernels, we use only the basic exchange move (Geyer 1991;
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Hukushima and Nemoto 1996): chains i and j swap their values with probability

min

{
1,
πi(x

(j))πj(x
(i))

πi(x(i))πj(x(j))

}
.

Further, we allow exchanges to take place only between variables with adjacent

indices and in such a way that all moves can be done in parallel. We use R = M −1

and Ij = {j, j + 1} for j ∈ {1, . . . ,M − 1}. The kernels K
(j)
2 are defined via the

exchange move above and Ij. At a particular time, each with probability half, the

cycle of interaction kernels is either K
(1)
2 K

(3)
2 · · ·K

(M−1)
2 or K

(2)
2 K

(4)
2 · · ·K

(M)
2 , where

we have assumed that M is even for simplicity. This ensures that all the interaction

moves in one cycle can be performed in parallel and also that each variable x(i) is

indirectly in communication with every other variable. While use of permutation

or crossover moves would be appropriate for this particular model, we felt that

they would detract from the ability to generalize our results to the case where the

likelihood is not invariant to permutations of the labels.

Table 2.1: Running times for the Population-Based MCMC Sampler for various
numbers of chains M .

M CPU (mins) 8800GT (secs) Speedup GTX280 (secs) Speedup

8 0.0166 0.887 1.1 1.083 0.9

32 0.0656 0.904 4 1.098 4

128 0.262 0.923 17 1.100 14

512 1.04 1.041 60 1.235 51

2048 4.16 1.485 168 1.427 175

8192 16.64 4.325 230 2.323 430

32768 66.7 14.957 268 7.729 527

131072 270.3 58.226 279 28.349 572

To test the computational time required by our algorithms we allow the number of

chains to vary but fix the number of points we wish to sample from the marginal

density πM = π at 8192. As such, an increase in the number of chains leads to a

proportional increase in the total number of points sampled. Processing times for

our code are given in Table 2.1, in which one can see that using 131072 chains is

impractical on the CPU but entirely reasonable using the GPU. Figure 2.5(a) shows

the estimated posterior density p(µ1:2|y) from a set of 220 MCMC samples from

πM with M = 32768, which is nearly identical to the estimated marginal posterior

densities of any other pair of components of µ. This marginal density has 12 well-

separated modes in R2 but it is worth noting that the joint density p(µ1:4|y) has 24
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well-separated modes in R4. Figure 2.5(b) shows the number of points from each

mode for various values of M . We also computed the average number of iterations

taken for the samplers to traverse all modes for the different values of M . For M = 1

and M = 2, the sampler did not traverse all the modes at all, while for values of

M between 4 and 32 the traversal time decreased from 80000 to 10000, after which

it was unchanged with increases in M . These numbers should be compared to

24×H24 ≈ 91 - the expected number of samples required to cover every mode if one

could sample independently from π - where Hi is the ith harmonic number.

Figure 2.5: (a) Estimated marginal posterior density p(µ1:2|y) from MCMC samples
and (b) number of MCMC samples from each mode.

2.4.1.2 SMC Sampler

As with population-based MCMC, we use a tempering approach and the same cool-

ing schedule, i.e. πt(x) ∝ π(x)βt with βt = (t/M)2 and M = 200. we use the uniform

prior on the hypercube to generate the samples x
(1:N)
0 and perform 10 MCMC steps

with the standard N (0, Ik) random walk Metropolis-Hastings kernel at every time

step. We use the generic backwards kernel suggested in Crooks (1998), Neal (2001)

and Del Moral et al. (2006) for the case where each kernel is πt-stationary so that the

unnormalized incremental importance weights are of the form πt(xt−1)/πt−1(xt−1).

Algorithm 1.8 in Section 1.2.4.2 provides further details.

We also ran the SMC sampler with no resampling at all, which for these settings

corresponds to the annealed importance sampling (AIS) method proposed in Neal

(2001); see also Crooks (1998) for a similar method in physics. The resulting samples

were less successful at characterizing the multimodality of the posterior distribution.
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Table 2.2: Running times for the Sequential Monte Carlo Sampler for various values
of N .

N CPU (mins) 8800GT (secs) Speedup GTX280 (secs) Speedup

8192 4.44 1.192 223.5 0.597 446

16384 8.82 2.127 249 1.114 475

32768 17.7 3.995 266 2.114 502

65536 35.3 7.889 268 4.270 496

131072 70.6 15.671 270 8.075 525

262144 141 31.218 271 16.219 522

This is consistent with the numerical findings and theoretical results discussed in

(Del Moral et al. 2006, Sections 3.5 and 4.2.3): when the MCMC kernels used at

every time step mix reasonably well, it is beneficial to resample periodically. In

addition, when ESS is used as a threshold for resampling in the SMC sampler, the

resampling step takes very little time compared to the evolution and weighting of

the particles simply because it happens so infrequently. As such, the running time

of the SMC sampler compared to AIS is practically identical. Processing times for

our code are given in Table 2.2. Figure 2.6(a) shows the estimated posterior density

p(µ1:2|y) from the SMC sampler with N = 65536. Figure 2.6(b) shows the number

of points from each mode for various values of N .

Figure 2.6: (a) Estimated marginal posterior density p(µ1:2|y) from SMC samples
and (b) effective number of SMC samples from each mode.

2.4.1.3 Comparison

While both methods are capable of exploring the posterior distribution for µ, there

are important differences in how the methods make use of parallelization. In partic-

ular, the SMC sampler parallelizes across particles approximating the same auxiliary
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distribution whilst the MCMC sampler parallelizes across auxiliary distributions at

the same iteration. As such, to make full use of the graphics card the SMC sampler

requires many particles while the MCMC sampler requires many auxiliary distribu-

tions. In most cases, however, one will be happy to use in excess of 8192 particles for

SMC but one may not want to use in excess of 32768 auxiliary distributions. Indeed,

for the application described above there seems to be no benefit in increasing the

number of chains beyond 128, although this might also be due to the choice of cool-

ing schedule and random walk variances. Furthermore, we utilized only the simplest

information exchange and proposal moves in our samplers so as not to trivialize the

problem. It should be noted, however, that there are situations in which a large

number of intermediate temperatures are required for exchange acceptance proba-

bilities to be greater than some preset value, for example when the dimension of the

distribution of interest increases (Predescu et al. 2004). As mentioned in Section

2.4.1.1, we would like to emphasize that the use of very large numbers of chains is

possible using these parallel methods with only a modest increase in computation

time. An alternative scheme to more fully utilize available parallel resources could

be to run many population-based MCMC algorithms in parallel that do not interact

with each other, or to have multiple chains at the same temperature and utilize a

more complex interaction operation.

The SMC sampler appears to be more efficient than the MCMC sampler for this

problem. Indeed, with only 8192 particles the SMC sampler gives a reasonable

representation of the posterior, taking only 597ms. The MCMC sampler requires

around 220 samples to give a reasonably uniform number of samples per mode, and

this takes just over 2 minutes. In addition, although we have not done so here, it

is possible with both the SMC and MCMC approaches to use the samples from the

auxiliary distributions to estimate integrals of interest by computing appropriate

importance weights. An interesting recent proposal on how to effectively combine

estimates using such samples can be found in Gramacy et al. (2010).

For Bayesian inference in mixture models, there are many ways of dealing with the

identifiability of the mixture parameters; Jasra et al. (2005) includes a review of

these. It is worth mentioning that for this type of model, we can permute samples

as a post-processing step or within an MCMC kernel so traversal of the modes can
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be achieved trivially. The speedup of both methods is unaffected by the use of such

mechanisms. In addition, the speedup is unaffected by increases in the number of

observations since this only increases the amount of computation that each thread

must do by a constant factor. Increasing the number of observations also has little

effect on the difficulty for the sampler to move between modes since the modes

are already well separated. Similarly, the speedup observed is robust to changes in

the number of mixture components. The computation of each likelihood requires

memory that is linear in the number of components, while the memory required

per thread dictates the number of threads that can be run in parallel. However, as

the number of components increases we usually have more observations, providing

an opportunity to parallelize the computation of a single likelihood across multiple

threads. This allows the amount of memory per thread to be significantly lower

than if the complete likelihood was calculated by each thread and thus still allows

many threads to be run in parallel.

2.4.2 Factor Stochastic Volatility

Many financial time series exhibit changing variance with time. A simple multivari-

ate volatility model that allows us to capture the changing cross-covariance patterns

of time series consists of using a dynamic latent factor model. In such models, all

the variances and covariances are modelled through a low dimensional stochastic

volatility structure driven by common factors (Liu and West 2000; Pitt and Shep-

hard 1999). We consider here a factor stochastic volatility model most similar to

that proposed in Liu and West (2000):

yt|ft ∼ N (Bft,Ψ)

ft|xt ∼ N (0,Ht)

xt ∼ N (Φxt−1,U)

where Ψ
def
= diag(ψ1, . . . , ψM), Ht

def
= diag(exp(xt)) and Φ

def
= diag(φ1, . . . , φK).

Here, ft is K-dimensional, yt is M -dimensional and B is an M ×K factor loading

matrix with zero entries above the diagonal for reasons of identifiability. The latent
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variable at each time step t is the K-dimensional vector xt. The likelihood of the

data, yt, given xt is Gaussian with

yt|xt ∼ N (0,BHtB
T + Ψ)

We generate data for times t = 1, . . . , T = 200, M = 5, K = 3, x0 = 0, ψi = 0.5, i ∈
{1, . . . ,M}, φi = 0.9, i ∈ {1, . . . , K},

B =



1 0 0

0.5 1 0

0.5 0.5 1

0.2 0.6 0.3

0.8 0.7 0.5


and U =


0.5 0.2 0.1

0.2 0.5 0.2

0.1 0.2 0.5



This is a simple example of a multivariate, non-linear and non-Gaussian state-space

model for which particle filters are commonly employed to sample from the posterior

p(x0:T |y1:T ). Processing times for our code are given in Table 2.3.

Table 2.3: Running time (in seconds) for the Sequential Monte Carlo method for
various values of N .

N CPU 8800GT Speedup GTX280 Speedup

8192 2.167 0.263 8 0.082 26

16384 4.325 0.493 9 0.144 30

32768 8.543 0.921 9 0.249 34

65536 17.425 1.775 10 0.465 37

131072 34.8 3.486 10 .929 37

The speedups obtained in this application are considerably less than for the mix-

ture model example. This can be explained by lower arithmetic intensity, higher

space complexity in each thread and increased resampling rate as compared to the

SMC sampler example above. The mixture model likelihood calculation contains

a compute-intensive product-sum operation involving 104 values whilst the factor

stochastic volatility likelihood consists mainly of matrix operations. In the latter

case, the speedup is independent of T but not the dimension of the observations

since the amount of memory required per thread increases quadratically in the di-

mension of each observation. For example, we attained a speedup of 80 on the GTX
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280 when running a particle filter for a multivariate stochastic volatility model with

M = K = 2. The frequency of resampling is an issue with respect to speedup be-

cause it can typically only attain around 10 to 20 fold speedup for practical values of

N , mainly due to the parallel scan operation. This potentially gives rise to tradeoffs

in speedup between the transition and weighting steps and the time between resam-

pling steps for some models, since more sophisticated proposal distributions that

parallelize less cleanly might reduce the resampling rate. This type of performance,

however, still provides considerable speedup and may be more representative of the

type of speedup practitioners can expect in general.

2.4.3 Floating Point Precision

For all three algorithms discussed above, we ran identical algorithms with the same

random numbers on the CPU using double precision floating point numbers and the

resulting estimates of expectations of interest were affected by an order of magnitude

less than the Monte Carlo variance of the estimates. The actual paths sampled, of

course, were different due to the sensitivity of all of the algorithms to perturba-

tions but this did not affect the ability of the samples to approximate the target

distribution.

2.5 Discussion

The speedups for the population-based MCMC algorithm and the SMC sampler

are tremendous. In particular, the evaluation of p(y|µ) for the mixture-modelling

application has high arithmetic intensity since it consists of a product-sum operation

with 400 Gaussian log-likelihood evaluations involving only 104 values. In fact,

because of the low register and memory requirements, so many threads can be run

concurrently that SIMD calculation of this likelihood can be sped up by 500 times

on the 8800 GT and 800 times on the GTX 280. However, the speedup attained

for the standard SMC algorithm may be more representative of the kinds of gains

one can expect in most applications with only reasonable arithmetic intensity. Even
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so, speedups of 10 to 35 make many problems tractable that previously were not by

reducing a week’s worth of computation to a few hours. For example, estimation of

static parameters in state-space models or the use of SMC proposals within MCMC

can require thousands of runs, so a speedup of this scale can substantially reduce

the computation time of such approaches (see, e.g., Andrieu et al. 2010). It is worth

noting also that we can expect speedups in the vicinity of 500 with SMC if few

resampling steps are required and each weighting step has small space complexity

and moderate time complexity.

The GTX 280 GPU outperforms the 8800 GT GPU by a factor of about 2 in all

situations in which the GPU is used to capacity. This is the case in all but the

population-based MCMC algorithm, in which the number of threads is determined

by the number of auxiliary distributions. The reason for this is simple: the al-

gorithms presented are register-bound on the inputs given, in that the number of

registers required by each thread is the critical quantity that bounds the number

of threads that can be run concurrently. The GTX 280 has twice the number

of registers per multiprocessor and more than twice the multiprocessors compared

to the 8800 GT. Hence, one could expect more speedup on many-core chips with

even more registers. In fact, further improvements could be made using multiple

cards with large amounts of memory, configurations of which are now available in

NVIDIA’s Tesla line. These Tesla ‘personal supercomputers’ comprise 3 or more

high-performance GPUs, each with 4GB of memory and a CPU with at least as

much memory as the GPUs’ combined. It is also possible to design algorithms that

are memory-bound, though we have not encountered this in the context of Monte

Carlo simulation. It is certainly possible that both register and memory limitations

can affect the parallelizability of the mentioned algorithms when facing very high-

dimensional problems. However, in such cases it is possible that alternative uses of

many-core architecture can provide speedup in these situations.

The acceleration of the Monte Carlo methods discussed here have practical benefits

not only to computation time but also to energy efficiency. A general purpose

CPU allocates extra circuits and hence power to flow control and caching which

is unnecessary for the types of computation described here. As such, reasonable

decreases in power consumption can be realized by using specialized many-core
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architectures like SIMD instead.

It should be noted that while we have used CUDA to implement the parallel compo-

nents of algorithms, the results are not necessarily specific to this framework or to

GPUs. It is expected that the many-core processor market will grow and there will

be a variety of different devices and architectures to take advantage of. However, the

SIMD parallelization technique and the sacrifice of caching and flow control for arith-

metic processing is unlikely to disappear, particularly because when it is well-suited

to a problem it will nearly always deliver considerable speedup. In addition, GPUs

are affordable, off-the-shelf components that can be easily installed on a personal

computer. Of particular interest is an emerging framework, the Open Computing

Language (OpenCL), which provides a uniform programming environment for de-

velopers that enables them to write portable code for a variety of parallel devices,

including GPUs and CPUs. For users who would like to see moderate speedup with

very little effort, there is work being done to develop libraries that will take existing

code and automatically generate code that will run on a GPU. An example of this

is the Jacket engine for MATLAB code, created by Accelereyes.

The speedups attainable with many-core architectures have broad implications in

the design, analysis and application of SMC and population-based MCMC methods.

With respect to SMC, it allows more particles to be used for the same or even less

computation time, which can make these samplers viable where they previously were

not. When faced with designing a population-based MCMC sampler, the results

expectedly show that there is little cost associated with increasing the number of

auxiliary distributions until the GPU reaches the critical limit of threads it can

run concurrently. After this, there is a doubling in the computation time when the

number of chains is doubled. In our application, this does not occur until we have

around 4096 auxiliary distributions. One might notice that this number is far larger

than the number of processors on the GPU. This is due to the fact that even with

many processors, significant speedup can be attained by having a full pipeline of

instructions on each processor to hide the relatively slow memory reads and writes.

Of course, we can expect this application-specific number to decrease when dealing

with higher-dimensional distributions or those whose density evaluations require

more registers or memory. Nevertheless, practitioners have more freedom to increase
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the number of auxiliary distributions to achieve a faster rate of convergence as the

computation time associated with each step is not as closely tied to this value as it

is on a single-core processor. In both SMC and MCMC, it is also clear from this

case-study that it is beneficial for each thread to use as few registers as possible since

this determines the number of threads that can be run simultaneously. This may

be of interest to the methodology community since it creates a space-time tradeoff

that might be exploited in some applications.

A consequence of the space-time tradeoff mentioned above is that methods which

require large numbers of registers per thread are not necessarily suitable for paral-

lelization using GPUs. For example, operations on large, dense matrices that are

unique to each thread can restrict the number of threads that can run in parallel and

hence dramatically affect potential speedup. In cases where data is shared across

threads, however, this is not an issue. For example, a mixture model with large

amounts of data does not affect the number of registers required whilst increasing

the number of components increases the number of registers required only linearly.

In contrast, increasing the number of observed assets in a factor stochastic volatility

model leads to a quadratic increase in the number of registers required, substantially

affecting scalability in this regard. An increase in the number of observations itself

has no effect on speedup. In principle, it is not the size of the data that matters but

the space complexity of the algorithm in each thread that dictates how scalable the

parallelization is.

The parallelization of the advanced Monte Carlo methods described here opens up

challenges for both practitioners and for algorithm designers. There are already

an abundance of statistical problems that are being solved computationally and

technological advances, if taken advantage of by the community, can serve to make

previously impractical solutions eminently reasonable and motivate the development

of new methods. Having demonstrated that population-based methods can make

use of many-core architectures, the following section explores in greater detail the

analogous nature of SMC and population-based MCMC methods, both to clarify

their shared features as well as their differences.
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2.6 The Future of Population-Based Methods

The investigation into the types of gains in computational power that can be achieved

with parallelizable algorithms on many-core architectures provide insight into which

types of methodology in computational statistics will be best able to take advan-

tage of 21st Century computing machines. While population-based algorithms are

not the only types of Monte Carlo algorithms that will benefit, the results provide

encouragement for the methodology community to invest time and energy in the im-

provement of such algorithms. Examples outside of population-based methods for

Monte Carlo integration that will benefit from parallel architectures include classi-

cal Monte Carlo and standard importance sampling since they are embarrassingly

parallel in nature. However, such approaches can often be improved by some limited

form of particle, or sample, interaction, as in SMC. A more interesting example is in

standard MCMC schemes where sampling from the proposal, or calculation of the

acceptance ratio involves computation that can be parallelized. This last example is

clearly application-specific but provides fertile ground for research into the design of

such parallelized algorithms as well as the specification of suitably complex models

that are computationally tractable in particular application areas.

This last section of this chapter contains some insights into the analogous nature of

population-based MCMC and SMC methodologies, and motivates future research

into their improvement. The main purpose of this material is to demonstrate that

population-based MCMC and SMC methods are to a large extent analogous, de-

spite important differences in the types of particle interactions they use within their

respective populations. Since the publication of Del Moral et al. (2006), SMC sam-

plers have been adopted for inference in a range of static problems that were pre-

viously largely approached using MCMC. This is a welcome addition to the suite

of methodology available to statisticians, as the types of distributions we wish to

sample from grow more and more complex. It is clear, in addition, that the benefits

of population-based methods in a broader sense arise from principled interactions

between the auxiliary random variables, or particles. We turn our attention to an

application domain in which SMC methodology is dominant, for good reason, but

for which population-based MCMC is applicable.
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2.6.1 Population-Based MCMC in State-Space Models

SMC methodology is particularly suitable for inference in state-space models, al-

though this suitability is especially pronounced in the case where the static param-

eters of the model are known. Using this terminology, the parameter θ in Section

1.1.2.2 is a static parameter whereas the latent variables x0:T are referred to as

dynamic parameters.

2.6.1.1 Particle Filters as SMC Samplers

The first step in obtaining a population-based MCMC algorithm for state-space

models involves the identification of the SMC sampler associated with the classical

particle filter. Recall that in classical SMC, the target distributions are generally

thought of as being of increasing dimension, i.e. we define πt(x0:t) = p(x0:t|y1:t) for

t = 0, . . . , T . However, we can think equivalently of defining a distribution on X T+1,

π̃t via

π̃t(x0:T ) = πt(x0:t)ψt(xt+1:T )

where the definition of ψt is essentially arbitrary and of no consequence. The se-

quence of densities on X T+1 that we wish the SMC sampler to target is then {π̃t}Tt=0.

All that remains is to show what choices of kernels Kt and Lt−1 correspond to the

standard SMC algorithm. We will define, as usual, γt(x0:t) = p(x0:t, y1:t) ∝ πt(x0:t)

and γ̃t(x0:T ) = γt(x0:t)ψt(xt+1:T ). Assume that x0:T is a particle produced at time

t − 1 with weight wt−1 and we are proposing a particle z0:T at time t. Then, the

choices

Kt(x0:T , z0:T ) = δx0:t−1(z0:t−1)qt(zt|zt−1)ψt(zt+1:T )

and

Lt−1(z0:T , x0:T ) = δz0:t−1(x0:t−1)ψt−1(xt:T )
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imply the importance weight satisfies

wt = wt−1
γ̃t(z0:T )Lt−1(z0:T , x0:T )

γ̃t−1(x0:T )Kt(x0:T , z0:T )

= wt−1
γt(z0:t)

γt−1(x0:t−1)qt(zt|xt−1)

which is equivalent to the weighting procedure using a particle filter. In particular,

the usual state-space model setting has γt(z0:t)
γt−1(x0:t)

= p(xt, yt|xt−1).

Note that the choice of ψt’s is arbitrary and plays no part in a practical imple-

mentation of the algorithm, since there is no need to actually produce the samples

according to ψt when proposing z0:T ∼ Kt(x0:T , ·). However, for the sake of intu-

ition, or perhaps for some purpose in inference, one could define these to be specific

densities, as well as allowing ψt to define a conditional density given x0:t. For exam-

ple one could define ψt(xt+1:T |x0:t) = p(xt+1:T |xt) so that π̃t(x0:T ) = p(x0:T |y1:t). We

now turn our attention to a population-based MCMC algorithm that uses the same

set of auxiliary distributions.

2.6.1.2 Population-Based MCMC Approach

In the population-based MCMC (PB-MCMC) setup, we use the same definition

of π̃t and so we want to define a Markov transition kernel for which π̄(x
(0:T )
0:T ) =∏T

t=0 π̃t(x
(t)
0:T ) is the density of its equilibrium distribution. We focus first on the in-

teraction kernel, which occurs between particles x
(t−1)
0:T and x

(t)
0:T where t ∈ {1, . . . , T}.

We define a Metropolis-Hastings exchange move in which first we sample z
(t−1)
0:T ∼

Kt(x
(t−1)
0:T , ·) and z

(t)
0:T ∼ Lt−1(x

(t)
0:T , ·) and then attempt the move (x

(t−1)
0:T , x

(t)
0:T ) →
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(z
(t)
0:T , z

(t−1)
0:T ). The acceptance probability is given by

α = min

{
1,
γ̃t(z

(t−1)
0:T )γ̃t−1(z

(t)
0:T ))Kt(z

(t)
0:T , x

(t)
0:T )Lt−1(z

(t−1)
0:T , x

(t−1)
0:T )

γ̃t−1(x
(t−1)
0:T )γ̃t(x

(t)
0:T )Kt(x

(t−1)
0:T , z

(t−1)
0:T )Lt−1(x

(t)
0:T , z

(t)
0:T )

}

= min

{
1,
γt(z

(t−1)
0:T )γt−1(z

(t)
0:T ))

γt−1(x
(t−1)
0:T )γt(x

(t)
0:T )

qt(x
(t)
t |x

(t)
t−1)

qt(z
(t−1)
t |z(t−1)

t−1 )

}

= min

{
1,
p(z

(t−1)
t , yt|x(t−1)

t−1 )

p(x
(t)
t , yt|x

(t)
t−1)

qt(x
(t)
t |x

(t)
t−1)

qt(z
(t−1)
t |x(t−1)

t−1 )

}

If, for example, qt(xt|xt−1) = p(xt|xt−1) then this is analogous to the bootstrap

filter in SMC and the term not equal to 1 in the acceptance probability reduces

to p(yt|z(t−1)
t )/p(yt|x(t)

t ). If, on the other hand, qt(xt|xt−1) = p(xt|xt−1, yt), i.e. we

have chosen the locally optimal SMC proposal, then the term not equal to 1 in

the acceptance probability reduces to p(yt|x(t−1)
t−1 )/p(yt|x(t)

t−1) and can be computed

before the proposal is sampled.

In addition to the above Metropolis-Hastings exchange move, one can also use kernels

that operate on only one of the auxiliary variables. To ensure irreducibility in

the state-space models context, assuming qt(·|xt−1) is positive on the support of

p(·|xt−1, yt), it is sufficient to include additionally only a kernel that moves x
(0)
0 whose

equilibrium distribution is π̃0. In many cases, the density p(x0) can be sampled from

exactly.

2.6.1.3 Static Parameter Estimation

We now consider the problem of static parameter estimation in state-space models.

It is straightforward to extend the density of each variable to include a static pa-

rameter θ, i.e. we now define γt(θ, x0:T ) = p(θ)p(x0:T , y1:T |θ) where p(θ) denotes the

prior density of θ, and similarly extend γ̃t. Now assume that for the exchange step

performed, θ is kept fixed in both Kt and Lt−1, i.e.

Kt((θ, x0:T ), (θ′, z0:T )) = δθ(θ
′)δx0:t−1(z0:t−1)qt(zt|zt−1, θ)ψt(zt+1:T )

and

Lt−1((θ′, z0:T ), (θ, x0:T )) = δθ′(θ
′)δz0:t−1(x0:t−1)ψt−1(xt:T )
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In this case, the probability of an exchange move is given by

α = min

{
1,
p(z

(t−1)
t , yt|x(t−1)

t−1 , θ(t−1))

p(x
(t)
t , yt|x

(t)
t−1, θ

(t))

qt(x
(t)
t |x

(t)
t−1, θ

(t))

qt(z
(t−1)
t |x(t−1)

t−1 , θ(t−1))

}

which, crucially, does not require the re-evaluation of γt or γt−1 for a conflicting

value of θ. As such, if we additionally include in our MCMC scheme kernels that

operate on individual values of θ, then one can use this PB-MCMC approach to

obtain samples from p(θ|y1:T ).

2.6.1.4 Computational Issues

There are a great number of possibilities for the implementation of a PB-MCMC

algorithm. The state space of the chain is essentially X (T+1)(T+2)/2 since the auxiliary

variables defined by the densities {ψt}Tt=0 are not involved in the algorithm. As such,

if one was to update every relevant variable at every iteration of the MCMC scheme,

this would involve a O(T 2) cost per iteration, which is prohibitively expensive. Each

exchange move, on the other hand takes O(1) time, so it is feasible to perform O(T )

exchange moves per iteration. For the computations to be easily parallelizable,

however, it is recommended that each variable is only involved in one exchange

move per iteration. In parallel, for example, a scheme in which one performs an

exchange move for each every adjacent pair in a specified order is considerably more

costly than a scheme in which an exchange move is performed for O(T/2) sets of

non-overlapping pairs. This, of course, has an impact on how quickly variables can

interact indirectly.

The publication of Andrieu et al. (2010), which allows for the use of SMC methods

to make proposals within an MCMC algorithm, represents a major breakthrough

in our ability to perform offline static parameter estimation in state-space models.

Indeed, the algorithms presented therein provide a gold standard by which we can

measure the effectiveness of alternative approaches to parameter estimation in this

context.
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2.6.1.5 Results

We focus our attention on a popular toy example of a non-linear state-space model

(Gordon et al. 1993; Kitagawa 1996):

Xt =
Xt−1

2
+ 25

Xt−1

1 +X2
t−1

+ 8 cos(1.2t) + Vt

Yt =
X2
t

20
+Wt

where Vt ∼ N(0, σ2
V ), Wt ∼ N(0, σ2

W ) and X0 ∼ N(0, σ2
V ) and we adopt a prior

on θ = (σ2
V , σ

2
W ) where σ2

V ∼ IG(1, 1) and σ2
W ∼ IG(1, 1), where IG denotes the

inverse-gamma density. We let T = 100 and simulated y1:T according to this model,

using θ = (10, 1).

A total of four algorithms are run on this example, a standard MCMC sampler,

a minimalist PB-MCMC sampler, a PB-MCMC sampler that for each subchain,

additionally attempts to move a single component selected uniformly at random

and a particle Gibbs sampler that uses 500 particles. Each algorithm uses a Gibbs

step to update its value(s) of θ at every iteration. The initial value of θ for each

sampler is chosen to be (4, 4).

(a) Histogram/density estimate for σV (b) Histogram/density estimate for σW

Figure 2.7: Particle Gibbs histograms

Output of the simulations can be seen in Figures 2.7-2.11. In running the simula-

tions, it became clear that the particle Gibbs sampler converges almost immediately

to the stationary distribution of θ. This is due to the fact that for this model and

with T = 100, the particle filter produces almost perfect samples from p(x0:T |θ).
For comparison, its density estimates are overlaid in red on the plots of density es-
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(a) Histogram/density estimate for σV (b) Histogram/density estimate for σW

Figure 2.8: Standard MCMC histograms

(a) Histogram/density estimate for σV (b) Histogram/density estimate for σW

Figure 2.9: Minimalist PB-MCMC histograms

(a) Histogram/density estimate for σV (b) Histogram/density estimate for σW

Figure 2.10: PB-MCMC histograms
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(a) Particle Gibbs (b) Standard MCMC

(c) Minimalist PB-MCMC (d) PB-MCMC

Figure 2.11: Scatter plots

timates for the other samplers. For the standard MCMC sampler, one can see from

Figure 2.8 that the chain has still not converged after 500 million iterations. The

reason for this is that moving one component at a time leads to the sampler getting

stuck in a local mode of x0:T |θ with low actual posterior density and subsequently

the variance σ2
V is overestimated. For the minimalist PB-MCMC scheme, there are

indications that the chain is converging after 2 million iterations, but there is still

some discrepancy between the samples from the particle Gibbs sampler and those

produced by this scheme. Upon further inspection of the samples produced, it can

be seen that it takes on the order of thousands of iterations for a sample gener-

ated in subchain 0 to make it to subchain T while a sample from subchain T takes

hundreds of thousands of iterations to be removed completely by the sampler. The

PB-MCMC scheme which additionally updates one component selected at random

in the chain performs much better, but it is worth noting that this additional update

requires the evaluation of the transition density, which is unnecessary for the particle

Gibbs algorithm and the minimalist PB-MCMC scheme. In addition, it converges

considerably more slowly than the particle Gibbs sampler.
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The autocorrelation plots in Figure 2.12 use lags in increments of 500 for the PB-

MCMC methods to compensate for the fact that the particle Gibbs uses N = 500

particles and each simulation requires O(NT ) time, whereas the PB-MCMC meth-

ods require only O(T ) time. For the PB-MCMC with additional local moves, this

comparison is somewhat unfair as the local moves require additional time to com-

pute so despite the similar autocorrelation plot, the PB-MCMC method is more

expensive by a factor of about 2. In addition, the PB-MCMC methods require the

sampling of new values of θ for each chain, whereas only one sample of θ is required

in a particle Gibbs implementation. In situations in which one cannot compute the

sufficient statistics of θ given the latent variables and the data, the cost of updat-

ing θ can be even more expensive. Autocorrelation plots for the standard MCMC

method are not presented because the MCMC kernel has clearly not converged.

(a) Minimalist PB-MCMC method: σV (b) Minimalist PB-MCMC method: σW

(c) PB-MCMC method: σV (d) PB-MCMC method: σW

Figure 2.12: Autocorrelation plots for the PB-MCMC methods (blue) along with
those of the particle Gibbs method (red). The x-axis denotes lags in increments
of 500 for the PB-MCMC methods compared to lags of 1 for the particle Gibbs
method.
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2.6.2 Discussion

The purpose of this section has been to clarify the relationship between PB-MCMC

and SMC methods, and show that they can generally be used to solve the same

problems, albeit with different degrees of success. In population-based methods in

general, open methodological questions surround the types of particle interactions

that can be introduced to imbue samplers with good properties.

The PB-MCMC method still leaves a lot to be desired, despite performing reasonably

well in some situations. The resampling step in SMC as a particle interaction step

appears difficult to mimic in a PB-MCMC framework. On the other hand, some

MCMC kernels with robust properties, such as the normal kernel coupler of Warnes

(2001) and related methods can be chosen only periodically whereas a similar method

involving marginal resampling (Klaas et al. 2005) can induce an O(N2) cost that is

often too expensive in practice.
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Chapter 3

Hierarchical Priors for Variable

Selection

3.1 Introduction

There has been recent interest in sparse estimates for coefficients in regression and

classification problems, with this problem often termed variable selection in the

literature. To this end, a variety of approaches have been proposed in the statistics,

machine learning and signal processing literature. Many of the computationally

tractable approaches are the solutions of penalized optimization problems associated

with regularization of the coefficients in likelihood optimization. Although not truly

Bayesian approaches, often they can be interpreted as maximum a posteriori (MAP)

estimates associated with the posterior density of the coefficients where the prior

induces the regularization used in the optimization routine.

The problem is usually formulated as follows. One has observed data y = y1:n ∈ Rn

and a design matrix X = (x1, . . . ,xn) ∈ Rn×p, where one models each observation yi

as conditionally independent given xi and some parameter β. One defines β ∈ Rp

and a likelihood function f(yi|xi,β), noting that the likelihood of y given (X,β)

is then f(y|X,β) =
∏n

i=1 f(yi|xi,β). In order to perform inference on β, one

additionally defines a prior density p(·) such that the posterior density of β is given
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by

p(β|y,X) =
f(y|X,β)p(β)∫

Rp f(y|X,β)p(β)dβ
(3.1)

The parameter β is usually defined in such a way that when βj = 0 for some

j ∈ {1, . . . , p} then the value of xi,j does not affect the conditional distribution of yi

for all i ∈ {1, . . . , n}. For example, in a linear regression setting where f(y|X,β) is

a normal density with mean Xβ and known variance δ2I, then βj = 0 implies that

covariate j is irrelevant.

A popular family of penalized optimization approaches compute estimates as solu-

tions to convex minimization problems involving the negative log-likelihood of the

data given β and `q penalization on the coefficients with 0 ≤ q ≤ 1. When q is in

this range, the solutions are sparse for large enough values of the penalty parame-

ters. When q ≥ 1, the penalty function is additionally convex, a property that has

made the choice of q = 1 particularly suitable when the negative log-likelihood is

convex as this leads to a unique global minimum for the objective function.

Since Tibshirani (1996), it has become popular practice to use `1-regularization on

each component of β. However, use of identical penalization on each coefficient,

e.g. λ
∑p

j=1 |βj| can lead to unacceptable bias in the resulting estimates (Fan and Li

2001), which has motivated use of sparsity-inducing non-convex penalties despite the

increased difficulty in computing the resulting estimates. In particular, coefficients

get shrunk towards zero even when there is overwhelming evidence in the likelihood

that they are non-zero. This has motivated research into “adaptive” methods (Zou

2006; Zou and Li 2008) in the statistics literature and iteratively reweighted methods

(Candès et al. 2008; Chartrand and Yin 2008) in the signal processing literature.

In this chapter, a hierarchical family of priors for β is proposed that amounts

marginally to a sparsity-inducing, non-convex penalty in MAP estimation. Further,

the specific hierarchy gives rise to an expectation-maximization (EM) algorithm

(Dempster et al. 1977) that is essentially an iteratively reweighted `q-minimization

algorithm. In one case, the algorithm corresponds to the iteratively reweighted `1-

minimization algorithm and has been independently suggested in both Garrigues

(2009) and Cevher (2009). Our hierarchical formulation of the prior, however, al-

lows users to incorporate prior information about different coefficients and allows
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flexibility in grouping variables together. For example, the framework gives imme-

diately an adaptive version of the group LASSO algorithm proposed in Yuan and

Lin (2006).

This family of priors is also suitable for exploratory Bayesian analysis on β ∈ Rp,

where the hyperparameter controlling the scale of the prior is allowed to vary, akin

to LASSO path plots. In this setting, the posterior for β becomes more sparse

as this scale parameter decreases, giving data owners some measure of the relative

importance of different predictors. While computationally demanding, this task is

naturally amenable to SMC samplers methodology implemented on a many-core

architecture.

It is worth noting that the methodology of this chapter is not proposed as a solution

to the problem of Bayesian variable selection, introduced briefly in Section 1.1.2.3.

In particular, one can see that there is no definition of a likelihood function and

prior density for each subset γ ∈ {0, 1}p of possible covariates, nor even a prior on

each model defined by γ. As such, the quasi-Bayesian MAP estimation approach

and the exploratory Bayesian analysis of the full model are not attempting to solve

this problem, but instead to provide solutions to less computationally demanding

problems.

3.1.1 Penalized Optimization & Quasi-Bayesian Methods

Given a prior distribution for β, we are interested in inference on β conditional on

data (y,X) in a general regression setting. While a Bayesian approach would usually

suggest sampling from the posterior density (3.1), we focus here on MAP (point)

estimates of β since these are computationally cheaper, especially when f(y|X,β)

and p(β) are concave. MAP estimates are computed by solving the optimization

problem

β̂MAP = arg max
β

f(y|X,β)p(β)

or, equivalently

β̂MAP = arg max
β

log f(y|X,β) + log p(β) (3.2)
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The log p(β) term can be thought of as a penalization term in the optimization

of the log-likelihood of the data log f(y|X,β). The use of a MAP estimate as a

quasi-Bayesian solution to the problem of variable selection is motivated by the

observation that for certain types of priors, and depending on the values of their

hyperparameters, this estimate will have some components of β set exactly to 0.

As such, those non-zero components define a model that can be viewed as a point

estimate of the model that generated the data. There are, of course, serious theo-

retical issues surrounding the use of such an estimate, some of which are discussed

in Section 3.2.4.

3.2 A Hierarchical Prior

We propose a hierarchical approach to constructing priors for β. At the lowest

level, we give each element βj of β an independent normal prior with mean 0 and

variance σ2
j , i.e. p(β|σ2

1:p) =
∏p

j=1 p(βj|σ2
j ) where βj|σ2

j ∼ N(0, σ2
j ). If we leave

σ2
j for j ∈ {1, . . . , p} as hyperparameters, computing the resulting MAP estimate

corresponds to `2-penalized optimization of the log-likelihood.

If instead we model each σ2
j as being drawn from an exponential distribution with

mean 2τ 2
j we obtain a double-exponential distribution for βj after σ2

j has been inte-

grated out, i.e.

p(βj|τj) =
1

2τj
exp(−|βj|

τj
)

Computing the MAP estimate associated with this prior corresponds to `1-penalized

optimization and the solution itself is identical to the LASSO estimate when f is

a multivariate Gaussian with mean Xβ. This prior has become popular in recent

years for variable selection since it induces sparsity in β̂MAP for small enough values

of τj (Tibshirani 2011).

73



3.2.1 The Hierarchical Adaptive LASSO Prior

We propose adding another level of hierarchy to the prior by having separate random

variables τj for each j ∈ {1, . . . , p} and placing an inverse-gamma prior on each τj.

Indeed, if we let τj ∼ IG(aj, bj) we obtain

p(βj|aj, bj) =
aj
2bj

(
|βj|
bj

+ 1

)−(aj+1)

(3.3)

after integrating out τj, which we call the hierarchical adaptive LASSO (HAL) prior

since one can compute MAP estimates using this prior with a type of adaptive

LASSO algorithm, as will be seen in Section 3.2.1.1. This is a density from the

family of generalized t-distribution priors (McDonald and Newey 1988). Computing

the MAP estimate associated with this prior corresponds to logarithmic penalization

of the log-likelihood. From a Bayesian modelling perspective, the introduction of a

distribution over the τj is a natural way to resolve the issue of believing a priori that

there are differences in the sizes of the components of β such that the βj’s cannot

be modelled as being a priori i.i.d. samples from a single Laplace distribution.

3.2.1.1 MAP Estimation via Expectation-Maximization

The optimization problem associated with the HAL prior is not concave. However,

one can find local modes of the posterior using the EM algorithm with the τ = τ1:p

as latent variables. Indeed, each iteration of EM takes the form

β(t+1) = arg max
β

log f(y|X,β) +

∫
log[p(β|τ )]p(τ |β(t), a, b)dτ .

The conjugacy of the inverse-gamma distribution with respect to the Laplace dis-

tribution gives

τj|β(t)
j , aj, bj ∼ IG(aj + 1, bj + |βj|)

and with p(β|τ ) =
∏p

j=1 p(βj|τj) =
∏p

j=1 1/(2τj) exp(−|βj|/τj) yields

β(t+1) = arg max
β

log f(y|X,β)−
p∑
j=1

|βj|
∫

1

τj
p(τj|β(t)

j , aj, bj)dτj
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where the expectation of 1/τj given τj ∼ IG(aj +1, bj + |β(t)
j |) is (aj +1)/(bj + |β(t)

j |).

As such, one can find a local mode of the posterior p(β|y,X,β) by starting at some

point β(0) and then iteratively solving

β(t+1) = arg max
β

log f(y|X,β)−
p∑
j=1

w
(t)
j |βj| (3.4)

where

w
(t)
j =

aj + 1

bj + |β(t)
j |

.

It is clear that for large enough values of aj and small enough values of bj that

the MAP estimates obtained by the EM algorithm are sparse. In fact, any pos-

terior mode with this prior corresponds to a weighted LASSO solution, which is

sparse when the penalization defined by {(aj, bj)}pj=1 is large enough. In the rest of

this chapter, this algorithm will be referred to as the hierarchical adaptive LASSO

(HAL).

3.2.1.2 Oracle Properties

In the penalized optimization literature, some estimators are justified at least par-

tially by their possession of the oracle property: that for appropriate parameter

choices, the method performs just as well as an oracle procedure in terms of select-

ing the correct predictors and estimating the nonzero coefficients correctly asymp-

totically in n when the likelihood is Gaussian. Other related properties include

asymptotic unbiasedness, sparsity and continuity in the data (Fan and Li 2001).

Penalization schemes with the oracle property include the smoothly clipped abso-

lute deviation method (Fan and Li 2001), the adaptive LASSO (Zou 2006) and the

one-step local linear approximation method (Zou and Li 2008).

For the HAL prior, the MAP estimate obtained using this prior has also been ex-

amined in (Cevher 2009; Armagan et al. 2011), all of which derive the expectation-

maximisation algorithm for finding a local mode of the posterior. If (aj, bj) = (a, b)
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for all j ∈ {1, . . . , p}, it is straightforward to establish that the estimate is asymp-

totically unbiased, sparse when b < 2
√

(a+ 1) and continuous in the data when

b =
√

(a+ 1) following the conditions laid out in Fan and Li (2001). Armagan et al.

(2011) shows that this scheme satisfies the oracle property if simultaneously a→∞,

a/
√
n→ 0 and b

√
n→ C <∞ for some constant C.

It is worth remarking that the oracle property requires the prior on β to depend

on the number of observations n, to manage the tradeoff between sparsity and

consistency. This is in conflict with conventional Bayesian analysis, where priors

represent beliefs about the data generating mechanism irrespective of the number

of observations that will be obtained. In addition, given an actual application the

values of n and p may not be in the realm of asymptotic relevance for this property

to hold.

3.2.2 Extensions

The HAL prior is only one possible choice that can be obtained using a general hier-

archical approach. We consider here extensions to obtain the family of generalized

t-distribution priors in McDonald and Newey (1988) as well as priors that have a

grouping effect through the sharing of parameters in the hierarchy.

3.2.2.1 Generalized t-Distribution Priors

One can model βj more generally as coming from an exponential power distribution

instead of a Laplace distribution. In this case, we can write

p(βj|ηj, q) =
1

2η
1/q
j Γ(1 + 1/q)

exp

(
−|βj|

q

ηj

)
.

With an inverse-gamma prior on ηj, which enjoys conjugacy with respect to the

exponential power distribution, we obtain

p(βj|aj, bj, q) =
q

2B(aj, 1/q)b
1/q
j

(
|βj|q

bj
+ 1

)−(aj+1/q)

,
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which is equivalent to the generalized t-distribution of McDonald and Newey (1988)

if one substitutes bj with ajc
q
j . Use of this prior results in the same scheme given by

(3.4) but where the weights are given by

w
(t)
j =

aj + 1/q

bj + |β(t)
j |q

.

The use of an exponential power prior can be motivated hierarchically as a scale

mixture of normal distributions for q ∈ [1, 2) (West 1987) or as a scale mixture

of uniform distributions for q ∈ (1,∞) (Walker and Gutiérrez-Peña 1999). For

q ∈ (0, 1) this distribution is still defined but it does not have the same interpreta-

tion as when q ≥ 1 and additionally has a non-concave density which complicates

computation of posterior modes. The choice q = 2 corresponds to a normal distri-

bution and one can obtain a student t-distribution with ν degrees of freedom after

marginalizing out η by choosing aj = ν/2 and bj = ν. This choice leads to a hier-

archical adaptive `2-regularized method that may be suitable for problems in which

prediction instead of variable selection is important.

Contour plots of the negative log density of the joint prior for two variables are given

in Figure 3.1 and thresholding plots associated with the priors are given in Figure

3.2. The contour plots show graphically how the LASSO and HAL approaches give

sparse solutions whilst the hierarchical adaptive ridge (HAR) prior, corresponding

to q = 2, gives non-sparse solutions. The thresholding plots show that whilst the

LASSO significantly biases even large coefficients, the HAL and HAR do not.

(a) LASSO (b) HAL (c) HAR

Figure 3.1: Two-dimensional contour plots of the penalties, i.e. the negative log
density, associated with the priors.
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(a) LASSO (b) HAL (c) HAR

Figure 3.2: Threshold plots associated with the priors.

3.2.2.2 The Hierarchical Adaptive Group LASSO

The hierarchical framework allows us to group variables together by making them

dependent on a shared variable higher up in the hierarchy. For example, letting

g : {1, . . . , p} → {1, . . . , K} be a function mapping variables to one of K groups and

ni be the number of variables in group i we can use the following model:

βj|σ2
g(j) ∼ N(0, σ2

g(j)), for j ∈ {1, . . . , p}

σ2
i |τi ∼ G

(
ni + 1

2
, 2τ 2

i

)
, for i ∈ {1, . . . , K}

τi|ai, bi ∼ IG(ai, bi), for i ∈ {1, . . . , K}

With Gi = {j : g(j) = i}, this gives

p(βGi |τi) =
(2τi)

−niπ−(ni−1)/2

Γ((ni + 1)/2)
exp(−

√∑
j∈Gi |βj|2

τi
)

and so τi|βGi , ai, bi ∼ IG(ai + ni, bi +
√∑

j∈Gi |βj|2). The corresponding iterative

procedure is then

β(t+1) = arg max
β

log f(y|X,β)−
K∑
i=1

w
(t+1)
i ||βGi ||2

where

w
(t+1)
i =

ai + ni

||β(t)
Gj
||2 + bi

.
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The marginal prior on βGi has the density

p(βGi |ai, bi) =
(2bi)

−niπ−(ni−1)/2Γ(ni + ai)

Γ((ni + 1)/2)Γ(ai)

(
||β(t)

Gi
||2

bi
+ 1

)(−ai−ni)

but this density is never evaluated in the EM algorithm.

A related problem to grouped variable selection is known as multi-task learning

within the machine learning literature, where one wants to solve for θ = {β(i)}Li=1 in

a variety of L related regression models. One approach is to solve the optimization

problem

θ̂MAP = arg max
θ

L∑
i=1

log fi(yi|Xi,β
(i)) +

p∑
j=1

λj||βj||2

where βj = (β
(1)
j , . . . , β

(L)
j ) ∈ RL (Obozinski et al. 2006). This type of regularization

can be derived using the same hierarchical prior used in the group LASSO where the

coefficients relating to the same covariate are ‘grouped’ together to promote sparsity

across the individual β estimates, i.e. a covariate is selected in all the related models

or in none of the models. As such, an adaptive version of this multi-task learning

approach follows the same form as the hierarchical adaptive group LASSO.

3.2.2.3 Matrix Priors

For the purpose of covariance matrix estimation, `1-regularization has been used on

entries of the precision matrix Ω of a Gaussian graphical model (Yuan and Lin 2007;

Friedman et al. 2008). This corresponds to MAP estimation using Laplace priors on

each Ωij for i ≤ j. We can incorporate this type of prior within our framework by

placing inverse Gamma priors on the scale parameters of each Laplace distribution.

We have

p(Ωij|τij) =
1

2τij
exp(−|Ωij|

τij
)

with p(Ω|τ) =
∏p

i=1

∏p
j=i p(Ωij|τij) and τij ∼ IG(aij, bij). Note that in this formu-

lation the prior on Ω is non-zero for non-positive-definite values. This allows us to

specify

p(τ |Ω, A,B) =

p∏
i=1

p∏
j=i

IG(τij; aij + 1, bij + |Ωij|).

79



One can define the likelihood of the observed data Y , p(Y |Ω) to be zero if Ω is not

symmetric positive-definite. In this case, the posterior and hence the MAP estimate

are equivalent to the case where the prior takes the form

p(Ω|A,B) =
1P(Ω)p(Ω|A,B)∫
1P(Ω)p(Ω|A,B)dΩ

since in both cases we have

p(Ω|Y,A,B) =
1P(Ω)p(Y |Ω)p(Ω|A,B)∫
1P(Ω)p(Y |Ω)p(Ω|A,B)dΩ

where P is the set of symmetric positive-definite matrices. Note, however, that the

positive-definite prior cannot be used to derive the EM algorithm central to our

methodology since p(τ |Ω, A,B) is no longer a product of inverse-gamma densities.

3.2.2.4 The Hierarchical LASSO

In some cases, one might be interested in having ηj = η for all j ∈ {1, . . . , p} with

η ∼ IG(a, b). In this case, one obtains a prior on β of the form

p(β|a, b, q) =
Γ(a+ p/q)

2pΓ(a)Γ(1 + 1/q)pbp/q

(∑p
j=1 |βj|q

b
+ 1

)−a−p/q
(3.5)

which leads to the iterative procedure

β(t+1) = arg max
β

log f(y|X,β)− w(t+1)

p∑
j=1

|βj|q

where

w(t+1) =
a+ p/q

b+
∑p

j=1 |β
(t)
j |q

.

In fact, a more general prior can be constructed by considering groupings of the

coefficients such that βj ∼ EP (ηi, q) for all j ∈ Gi, where Gi is again the set of

indices of coefficients in group i. A prior constructed in this fashion leads to the
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iterative procedure

β(t+1) = arg max
β

log f(y|X,β)−
K∑
i=1

w
(t+1)
i

∑
j∈Gi

|βj|q

where

w
(t+1)
i =

ai + ni/q

bi +
∑

j∈Gi |β
(t)
j |q

.

3.2.2.5 Modifying The Hierarchy

The above examples are only a subset of the possible modifications to the hierarchy

that are possible. Indeed, one of the benefits of a hierarchical approach is that one

can flexibly group variables via the sharing of random variables. Graphical models

for the exponential family generalization and the grouped variable generalization are

given in Figure 3.3 along with a discussion of their relationships to existing methods

in Section 3.3.7.

3.2.3 Tuning the Hyperparameters

Use of the proposed framework relies on appropriate settings of the hyperparameters.

For distributions of non-negative Z with density

p(Z|ν, b) =
ν − 1

b

(
Z

b
+ 1

)−ν
the moments of Z are given by

Ep[Zt] =
btΓ(ν − 1− t)Γ(t+ 1)

Γ(ν − 1)
,

which allows one to pick hyperparameters that represent prior beliefs about the

mean and variance of variables of interest, e.g. |βj| in the case of prior (3.3) or

(
∑p

j=1 |βj|q)1/q in the case of prior (3.5). Focusing on the HAL prior, we note that

in this case we have E[|βj|] = bj/(aj − 1), for aj > 1. An observation on aj and

bj is that when one increases both values but keeps E[|βj|] constant, the tendency
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for the iterative scheme to set βj to zero is reduced since wj is upper-bounded by

(aj + 1)/bj. This observation could be used in a ‘tempered’ optimization scheme as

discussed in Section 3.2.4, noting in particular that as aj →∞, the prior approaches

a Laplace distribution and so the posterior approaches unimodality.

3.2.4 Issues with MAP Estimation

There are many criticisms of MAP estimates from a Bayesian perspective. The

motivation for their use is primarily computational, since Bayesian variable selec-

tion methods tend to be prohibitively expensive when dealing with large data sets.

Beyond the obvious problem of summarizing the posterior distribution over models

with a point estimate, one problem is that MAP estimates are not Bayes estimators

but instead a limit of Bayes estimators under the 0-1 loss function. While important,

this issue is not addressed here. A perhaps more fundamental issue is that MAP

estimates are not invariant under reparametrization. This issue can be rectified by

finding the point that maximizes posterior density with the Jeffreys measure as the

dominating measure (Jermyn 2005; Druilhet and Marin 2007), e.g. for a likelihood

f(x|θ) and prior p(θ), the parametrization-invariant MAP is given by

θMAP = arg max
θ
f(x|θ)p(θ)|I(θ)|−1/2

where I(θ) is the Fisher information associated with f(x|θ).

An important issue with the MAP estimates obtained from our methodology is that

the posterior is multimodal and there is no guarantee that one will obtain the global

mode of the posterior as opposed to a local one. However, this is true of almost

all non-convex penalized optimization approaches. In Chartrand and Yin (2008), a

suggestion is to start with high values of bj and reduce the values of bj once the algo-

rithm has converged. In principle, this can be done with both aj and bj, noting that

such an algorithm will still find a local mode of the posterior and this “tempering”

of the posterior during optimization can affect which mode is chosen. We do not

investigate this further but note that characterization of the modes obtained using

such a process is an interesting open question. It is also worth noting that one-step
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estimates can satisfy the oracle property regardless of whether or not the global

mode has been found (Zou and Li 2008), so the inability to guarantee the recovery

of the global mode is not necessarily problematic from an estimation standpoint,

although this does not aid interpretation or provide theoretical justification from a

Bayesian perspective.

A final remark is that one should be wary of characterizing the model associated

with even the global mode of the posterior for β using a sparsity-inducing prior. In

particular, this model is not necessarily the same as the MAP estimate of the model.

Indeed, one has not defined the likelihood functions and priors for each subset of

the covariates, or even a prior on each model, and so the posterior over models is

undefined.

3.3 Related Approaches

The proposed approach, either in the hierarchical model or in the estimation step, is

closely related to many approaches that have been suggested in the literature. One

contribution of this work is therefore to provide a Bayesian interpretation of existing

methods and a flexible framework in which one can incorporate different models.

3.3.1 Laplacian Scale Mixtures & Compressible Priors

The HAL prior has been proposed independently in both Garrigues (2009) and

Cevher (2009). In the former, one obtains the same procedure from a majorization-

minimization algorithm and in the latter from an EM algorithm. However, the

framework presented in this chapter makes explicit the flexibility of the hierarchical

modeling approach and generalizes this prior to exponential power families, situa-

tions with grouped variables and positive-definite matrices, and provides suggestions

for choosing hyperparameters.
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3.3.2 Weakly Informative Priors

With βj ∼ N(0, σ2
j ) and σ2

j ∼ IG(aj, bj) one obtains marginally a t-distribution

for βj|aj, bj. This corresponds to the idea of using weakly informative priors as in

Gelman et al. (2008). For the case where βj ∼ Laplace(0, τ) and τ ∼ IG(aj, bj),

i.e. the HAL prior, we can similarly think of the generalized t-distribution prior on

βj after marginalizing out τ as a weakly informative prior. In fact, one can think

of all of the priors proposed using the hierarchical approach in this work as weakly

informative.

3.3.3 Adaptive Methods

Within the statistical literature, the closest approach is perhaps the adaptive LASSO

(Zou 2006), whose implementation corresponds to a single step of the exponential

power family generalization of the HAL with β(0) a root-n consistent estimator of

β and bj → 0. As such, the adaptive LASSO estimator can be thought of as taking

an initial estimate and returning an estimate with higher posterior density given

a logarithmic prior. Our method, on the other hand, finds a local mode of the

posterior.

Similarly, the benefit of a polynomial form for the prior density is related to the

motivation for the smoothly clipped absolute deviation penalty (Fan and Li 2001).

Indeed, the penalization induced by the HAL prior grows slowly so that large values

of βj are not unnecessarily biased while remaining sparse. The one-step estimation

scheme of Zou and Li (2008) is also closely related, being iteratively reweighted

optimization algorithms with a different penalization.

In fact, one can show that at each iteration of the EM algorithm using the HAL prior,

β(t) is a one-step sparse estimate, but with a different penalty to those considered

in Zou and Li (2008). The one-step penalty function associated with this scheme is

f(|βj|) = − log p(|βj||aj, bj), with the property that

f ′(|βj|) =
aj + 1

|βj|+ 1
,
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which is exactly the form of the weights used in the EM algorithm.

3.3.4 Iteratively Reweighted `q-Minimization

The basic HAL algorithm is clearly similar to the iteratively reweighted-`1 approach

proposed in Candès et al. (2008), which is identical except that the weights have

the form

w
(t)
j =

λ

ε+ |β(t)
j |

which corresponds to the case where aj = λ− 1 and bj = ε.

Similarly, the exponential-family generalization of the HAL algorithm is related to

the family of approaches suggested in Chartrand and Yin (2008) for the various

`q-penalization norms. As such, the hierarchical model for β gives an interpretation

to the methods in the family of iteratively reweighted optimization solutions and,

in particular, to the selection of additional parameters ε and λ.

3.3.5 Normal-Exponential-Gamma Priors

Our hierarchical prior differs from that suggested in Griffin and Brown (2007), where

in that work an inverse gamma prior is placed on τ 2
j as opposed to τj. This difference

results in a posterior for β for which it is difficult to obtain MAP estimates (Griffin

and Brown 2010b), although this problem can be alleviated somewhat by novel fast

methods for computation of the parabolic cylinder function (Murphy 2012). The

marginal prior is a member of the generalized hyperbolic family. This difference

also appears in Park and Casella (2008), although in that work the full posterior is

explored using MCMC and the parameter τ is shared amongst all coefficients.
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Figure 3.3: Graphical model for the exponential power and grouped variable hier-
archies.

3.3.6 A Note on Improper Priors

Consider the exponential power density

p(βj|ηj, q) =
1

2η
1/q
j Γ(1 + 1/q)

exp

(
−|βj|

q

ηj

)

with the scale-invariant prior on ηj, p(ηj) ∝ 1/ηj. The prior on βj after marginalizing

out ηj is then, regardless of q, improper with the form p(βj|q) ∝ 1/|βj|. Since this is

the same prior for q = 1, which we know will produce sparse β and for q = 2, which

is the prior proposed in Figueiredo (2003), this explains why the prior in Figueiredo

(2003) produces sparse results. However, it is worth noting that the posterior for β

using this prior is improper with unbounded density at β = 0.

3.3.7 Graphical Model

Figure 3.3 gives graphical models for the hierarchies corresponding to the exponen-

tial power (EP) generalization of section 3.2.2.1 and the adaptive group LASSO of

section 3.2.2.2. These models allow us to visualize the flexibility of the framework

86



and the connections with related approaches. Indeed, for q = 1 one obtains the HAL

prior or, by setting ηj to be a fixed hyperparameter, the LASSO prior. Similarly, for

q = 2 one obtains hierarchical adaptive ridge regression or ridge regression, respec-

tively. For the hierarchy with grouped variables, the similarity to the HAL hierarchy

is clear, suggesting that application-specific hierarchies could be developed that lead

to iteratively reweighted methods.

3.4 MAP Estimation Examples

3.4.1 Linear Regression

In linear regression, the likelihood of y given X and β is given by

p(y|X,β, µ, δ2) =
1

(2πδ2)n/2
exp

{
− 1

2δ2
(ỹµ −Xβ)T (ỹµ −Xβ)

}
where ỹµ = y − µ1n. If X is standardized, we have 1TnX = 0 and so we can put an

improper prior on µ with p(µ) ∝ 1 and integrate it out so that

p(y|X,β, δ2) =
1

(2πδ2)
n−1

2
√
n

exp

{
− 1

2δ2
(ỹ −Xβ)T (ỹ −Xβ)

}
(3.6)

where ȳ = 1
n

∑n
i=1 yi and ỹ = y − ȳ1n.

3.4.1.1 Known Noise

If δ2 is fixed, we proceed as expected. Note that in this case, the Jeffreys prior for β

is a uniform improper prior so no adjustment needs to be made to make the MAP

estimate parametrization invariant.

To test the method, we simulated data using β = (3, 1.5, 0, 0, 2, 0, 0, 0)T , δ2 = 1 and

X ∼ N(0,Σ) with Σi,j = 0.5|i−j|. We then ran 1000 repetitions of the HAL and the

LASSO on this problem with various settings of (a, b) and τ respectively with the

87



results given in Tables 3.1-3.2.

Table 3.1: Results for the LASSO (linear regression, δ = 1)

n τ avg. error % correct avg. false positives avg. false negatives

40 0.2 0.4137 9.7 1.808 0.0

40 0.1 0.4817 36.7 0.89 0.0

40 0.02 1.6732 90.0 0.089 0.015

80 0.2 0.2872 2.8 2.519 0.0

80 0.1 0.2931 20.0 1.3510 0.0

80 0.02 0.8169 92.7 0.079 0.0

Table 3.2: Results for the HAL (linear regression, δ = 1)

n (a, b) avg. error % correct avg. false positives avg. false negatives

40 (1, 0.1) 0.3118 89.9 0.105 0.0

40 (2, 0.1) 0.3044 98.1 0.019 0.0

40 (2, 0.05) 0.3026 99.6 0.004 0.0

80 (1, 0.1) 0.2191 81.3 0.079 0.0

80 (2, 0.1) 0.2061 96.6 0.034 0.0

80 (2, 0.05) 0.2038 98.8 0.012 0.0

Both methods are capable of giving good results in this setting, which has a high

signal-to-noise ratio. However, the reduction in average error is evident for the

HAL, owing mainly to less penalization of the selected coefficients. We ran the

same experiment but with δ = 3, to test the algorithm with a lower signal-to-noise

ratio with the results given in Tables 3.3-3.4. Again, the results for the HAL are

typically superior to that for the LASSO. However, incorporating prior information

leading to less penalization of β2 and β5 improves performance drastically. This

type of prior information is likely to be necessary when we wish to include variables

whose true coefficients are small.

Table 3.3: Results for the LASSO (linear regression, δ = 3)

n τ avg. error % correct avg. false positives avg. false negatives

40 1/6 1.9747 53.5 0.378 0.255

40 0.125 2.3952 43.0 0.207 0.580

40 0.125∗ 2.2117 93.9 0.005 0.057

∗ (τ2, τ5) = (0.25, 0.25)
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Table 3.4: Results for the HAL (linear regression, δ = 3)

n (a, b) avg. error % correct avg. false positives avg. false negatives

40 (2, 0.75) 1.3407 56.2 0.274 0.352

40 (2, 0.1) 1.7198 28.0 0.064 0.831

40 (2, 0.1)∗ 1.0224 95.9 0.004 0.038

∗ (a2, b2, a5, b5) = (2, 2, 2, 2)

3.4.1.2 Unknown Noise

If we model δ2 ∼ IG(aδ, bδ), we can find that MAP estimate associated with the

posterior density p(β|y, X), i.e. with δ2 integrated out. To do so, we additionally

include δ2 as a latent variable in the EM algorithm, noting that conditional on β, δ2

and τ are independent. Furthermore, we have δ2|β, X,y ∼ IG(aδ + (n− 1)/2, bδ +

1/2(ỹ −Xβ)T (ỹ −Xβ)) For the HAL, we iteratively solve

β(t+1) = arg max
β
−v(t)

j

1

2
(ỹ −Xβ)T (ỹ −Xβ)−

p∑
j=1

w
(t)
j |βj|

where

v
(t)
j =

aδ + (n− 1)/2

bδ + 1/2(ỹ −Xβ(t))T (ỹ −Xβ(t))
and w

(t)
j =

aj + 1

bj + |β(t)
j |

To test the method, we simulated data using the same as before but letting δ2 ∼
IG(aδ, bδ). We then ran 1000 repetitions of the HAL with various settings of

(aδ, bδ, a, b) with the results given in Table 3.5. There is clearly more difficulty

in estimating the coefficients accurately when the variance of the observations is

higher and there is again increased performance with good prior information.

Table 3.5: Results for the HAL (linear regression, random δ2)

n (aδ, bδ) (a, b) avg. error % correct avg. false pos. avg. false neg.

40 (3,5) (2, 0.1) 0.5509 90.5 0.040 0.070

40 (1,1) (2, 0.1) 0.7302 79.8 0.058 0.265

40 (1,4) (2, 0.2) 1.5046 53.0 0.085 0.742

40 (1,4) (2, 0.2)∗ 1.1865 78.0 0.047 0.318

∗ (a2, b2, a5, b5) = (2, 2, 2, 2)
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3.4.1.3 Grouped Variable Selection

For grouped variable selection, we use p = 32 with groups of size 4. We let

β1:4 = (3, 1.5, 2, 0.5)′, β9:12 = (6, 3, 4, 1)′, β17:20 = (1.5, 0.75, 1, 0.25)′ with all other

components set to 0. The groupings of variables were given by Gi = {4i + k : k ∈
{1, 2, 3, 4}}. As with ungrouped variable selection, the hierarchical adaptive version

of the group LASSO gives lower average errors and has a higher percentage of correct

models chosen compared to the standard group LASSO.

Table 3.6: Results for the GLASSO (linear regression, δ = 3)

n τ avg. error % correct avg. false positives avg. false negatives

40 1/12 3.4738 65.4 0.580 1.012

40 0.1 3.1407 70.5 0.948 0.432

Table 3.7: Results for the GHAL (linear regression, δ = 3)

n (a, b) avg. error % correct avg. false positives avg. false negatives

40 (2, 0.75) 2.1267 89.6 0.328 0.144

40 (2, 0.7) 2.1205 91.1 0.232 0.176

3.4.2 Logistic Regression

In logistic regression with yi ∈ {−1, 1}, one has

p(y|X,β) =
n∏
i=1

(1 + exp(−yiβTxi))
−1

so the log-likelihood is

log p(y|X,β) = −
n∑
i=1

log(1 + exp(−yiβTxi)). (3.7)

The Jeffreys prior for this likelihood is given by p(β) ∝ |X ′V X|1/2, where V is a

diagonal matrix with

vi,i =
exp(−βTxi)

[1 + exp(−βTxi)]2
.
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As a result, the parametrization-invariant MAP estimate requires us to minimize

βMAP = arg min
β
− log f(X|y,β) +

1

2
log |X ′V X| − log p(θ).

Unfortunately, while −1
2

log |X ′V X| is convex, 1
2

log |X ′V X| is not so the resulting

minimization problem is not convex. However, this does not seem to be a serious

issue in our examples as the term log |X ′V X| is relatively constant in the regions

of high posterior density and so including the MAP correction has little effect on

the results. To test the method, we simulated data using β = (3, 1.5, 0, 0, 2, 0, 0, 0)T

and X ∼ N(0,Σ) with Σi,j = 0.5|i−j| as with the linear regression simulations.

We then ran 1000 repetitions of the HAL and the LASSO on this problem with

various settings of (a, b) and τ respectively with the results given in Tables 3.8-

3.9. An interesting result with this example is that for (a, b) = (2, 0.1) except

for (a2, b2, a5, b5) = (2, 2, 2, 2), the HAL gave poor results due to the correlation

of the predictors and the relatively high penalization of β1. In this case, β1 was

excluded from the model associated with the MAP estimate in every simulation.

Using additionally (a1, b1) = (2, 0.5) led to a drastic improvement in the results,

highlighting the importance the prior hyperparameters can have.

Table 3.8: Results for the LASSO (logistic regression)

n τ avg. error % correct avg. false positives avg. false negatives

80 1/7.5 2.8559 62.1 0.387 0.098

80 0.1* 2.7212 93.9 0.008 0.053

* (τ2, τ5) = (1, 1)

Table 3.9: Results for the HAL (logistic regression)

n (a, b) avg. error % correct avg. false positives avg. false negatives

80 (2, 0.65) 1.3736 65.4 0.33 0.114

80 (2, 0.1)∗ 3.2084 0.0 0.00 1.000

80 (2, 0.1)† 1.1228 99.2 0.00 0.008

∗ (a2, b2, a5, b5) = (2, 2, 2, 2)
† (a1, b1, a2, b2, a5, b5) = (2, 0.5, 2, 2, 2, 2)
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3.4.3 Gaussian Graphical Models

The log-likelihood for this model, after standardization, is

log p(X|Ω) =
n

2
log |Ω| − n

2
tr(SΩ)

where S = 1/n
∑n

i=1 x
T
i Ωxi.

Jeffreys prior for this likelihood is given by p(Ω) ∝ |Ω|(p+1)/2 so we can find the

parametrization-invariant MAP using

Ω(t+1) = arg max
Ω

n− p− 1

2
log |Ω| − n

2
tr(SΩ)−

p∑
i=1

p∑
j=i

w
(t)
ij |Ωij|

where

w
(t)
ij =

aij + 1

bij + |Ω(t)
ij |
.

In order for the likelihood with the MAP correction term to be concave, we require

n > p+ 1 since − log det is a convex function.

To test the method, we simulated data using

Ω =



1 0 0 0 0.5 0 0 0

0 1.5 0 0.2 0.8 0 0 0

0 0 0.5 0.3 0 0.2 0 0

0 0.2 0.3 2 0 0 0 1.5

0.5 0.8 0 0 1 0 0.5 0

0 0 0.2 0 0 0.5 0.3 0

0 0 0 0 0.1 0.3 1.5 0

0 0 0 1.5 0 0 0 2


and again used 1000 repetitions of the procedure using the LASSO and the HAL

with the results given in Tables 3.10-3.11. The HAL clearly has superior performance

when using hyperparameters such that the average number of false positives and false

negatives are roughly equal.
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Table 3.10: Results for the LASSO (GGM)

n τ avg. error % correct avg. false positives avg. false negatives

40 1/45 4.676 23.9 2.789 1.887

40 1/50 4.22 22.3 2.081 2.139

Table 3.11: Results for the HAL (GGM)

n (a, b) avg. error % correct avg. false positives avg. false negatives

40 (1, 0.075) 2.594 65.4 1.304 1.290

40 (2, 0.1) 2.850 57.7 1.343 1.507

3.4.4 Discussion

We have proposed a MAP-based variable selection method using a hierarchical prior

for β that works reasonably well in practice and brings together a variety of related

approaches in the literature. In particular, the estimate itself corresponds to the

solution of a non-convex penalized optimization problem, with properties similar to

that in Fan and Li (2001), i.e. estimates of large coefficients tend to be penalized less

than in standard `1-penalized optimization approaches, while still being sparse and

continuous in the data for some choices of the hyperparameters. A possibly more

important contribution is the interpretation the framework gives for various methods

that have been proposed outside of Bayesian statistics, in particular for adaptive or

one-step methods in the statistics literature and for iteratively reweighted methods

in the machine learning and signal processing literature. This interpretation allows

for manipulation of the hierarchy in application-specific ways.

A number of open questions remain when using this class of methodology for variable

selection. One is how to resolve the issue of finding a global mode of the multimodal

posterior. Another is assessing the utility of point estimates when there is little

guarantee that the model corresponding to the MAP estimate has significant pos-

terior mass from a Bayesian variable selection perspective. While serious concerns,

the major contribution of this chapter thus far is in aiding Bayesian interpretation

and generalization of increasingly popular penalized optimization methods amongst

practitioners, without advocating their indiscriminate use.

In the next section, a sequence of HAL priors is used in a full Bayesian analysis of
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a logistic regression problem where the primary motivation is not variable selection,

but exploratory data analysis. As such, many of the concerns raised thus far are no

longer applicable.

3.5 Sparsity Path Analysis

In this section, we explore the use of sparsity-inducing priors, and the HAL prior

in particular, on regression coefficients to help understand the nature of association

signal within “hit regions” of genome-wide association studies. We pay particular

attention to graphical representations of posterior statistics obtained from sparsity

path analysis (SPA) where we sweep over the setting of the scale (shrinkage / preci-

sion) parameter in the prior to explore the space of posterior models obtained over

a range of complexities, from very sparse models with all coefficient distributions

heavily concentrated around zero, to models with diffuse priors and coefficients dis-

tributed around their maximum likelihood estimates. The SPA plots are akin to

LASSO plots of MAP estimates but they characterize the complete marginal pos-

terior distributions of the coefficients plotted as a function of the precision of the

prior. Generating posterior distributions over a range of prior precisions is com-

putationally challenging but naturally amenable to SMC algorithms indexed on the

scale parameter, which are especially computationally efficient when run on graphics

cards.

3.5.1 Genome Wide Association Studies

Genome-wide association studies (GWAS) have presented a number of interesting

challenges to statisticians (see, e.g., Balding 2006). Conventionally, GWAS use single

marker univariate tests of association, testing marker by marker in order to highlight

“hit regions” of the genome showing evidence of association signal. The motivation

for this work concerns methods in Bayesian sparse multiple regression analysis to

characterize and decompose the association signal within such regions spanning pos-

sibly hundreds of markers. Hit-regions typically cover loci in high linkage disequilib-
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rium (LD) which leads to strong correlation between the markers making multiple

regression analysis non-trivial. A priori we would expect only a small number of

markers to be responsible for the association and hence priors that induce sparsity

are an important tool to aid understanding of the genotype-phenotype dependence

structure; an interesting question being whether the association signal is consistent

with a single causal marker or due to multiple effects.

We restrict attention to case-control GWAS, i.e. binary phenotypes, these being by

far the most prevalent although generalisations to other exponential family likeli-

hoods or non-linear models is relatively straightforward.

In the context of GWAS there have been recent illustrations of the use of adaptive

sparsity priors and MAP estimation (Hoggart et al. 2008), reviewed and compared in

Ayers and Cordell (2010). In Hoggart et al. (2008) they use the Normal-Exponential-

Gamma sparsity-prior of Griffin and Brown (2007) to obtain sparse MAP estimates

from logistic regression. The use of continuous sparse priors can be contrasted with

an alternative approach using two component mixture priors such as in George

and McCulloch (1993) which adopt a distribution containing a spike at zero and

another component with broad scale. Coefficients are then a posteriori classified

into either state, relating to whether their corresponding variables (genotypes) are

deemed predictively irrelevant or relevant. In the GWAS setting the two-component

mixture prior has been explored by Wilson et al. (2010) and Fridley (2009). For

model exploration the sparsity prior has some benefits in allowing the statisticians

to visualize the regression analysis over a range of scales / model complexities.

We will focus here on the HAL prior of Section 3.2.1, a special case of the gen-

eralized t prior of McDonald and Newey (1988) and a full Bayesian analysis, due

to its attractive features as a sparsity prior with a simple analytic form and in-

terpretable parameters. In applications, the setting of the scale parameter in the

prior is the key task that affects the sparsity of the posterior solution. We believe

much is to be gained in exploring the continuum of posterior models formed by

sweeping through the scale of the prior, possibly even over regions of low poste-

rior probability, in an exploratory approach we call sparsity path analysis (SPA).

This leads towards providing graphical representations of the posterior densities that
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arise as we move from the most sparse models with all coefficient densities heavily

concentrated around the origin through to models with diffuse priors and coeffi-

cients distributed around their maximum likelihood estimates. We stress that even

though parts of this model space have low probability, they have utility in gaining

a fuller understanding of the predictor-response (genotype-phenotype) dependence

structure. SPA is an exploratory tool that is computationally challenging but highly

suited to SMC algorithms indexed on the scale parameter and simulated in parallel

on a many-core architecture.

The main interest of this section is to consider a full Bayesian analysis of logistic

regression models with generalized t priors in the context of GWAS applications

for which we develop SMC samplers and their GPU implementation. The GPU

implementation is important in practice; in the GWAS analysis it reduces run-time

from over five days to hours. We pay particular attention to developing graphical

displays of summary statistics from the joint posterior distribution over a wide

range of prior precisions, arguing that parts of the model space with low probability

have high utility and are informative to the exploratory understanding of regression

signal.

3.5.2 Application

3.5.2.1 Model

In Bayesian logistic regression analysis we are given a design matrix X ∈ Rn×p and

binary phenotypes, or responses, y ∈ {0, 1}n. We adopt a prior p(β) on the p

regression coefficients so that the posterior on β is given by (3.1). The likelihood

can be written as

f(y|X,β) =
n∏
i=1

pyii (1− pi)1−yi (3.8)

pi =
1

1 + exp(−xiβ)
(3.9)
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We focus here on the HAL prior, but with (aj, bj) = (a, b) for j ∈ {1, . . . , p} and

where we define b = ac, so that

p(βj|a, c) =
1

2c

(
1 +
|βj|
ac

)−(a+1)

(3.10)

Since this is also the parametrization in McDonald and Newey (1988), we will also

refer to this prior density as Gt(a, c). We are interested with inferring and graphing

the regression coefficients’ marginal posterior distributions over a range of values for

c for fixed a.

3.5.2.2 Data

In the development and testing of the methods in this work we made use of anony-

mous genotype data obtained from the Wellcome Trust Centre for Human Genetics

(WTCHG), Oxford. The data consists of a subset of single-nucleotide polymor-

phisms (SNPs) from a genome-wide data set originally gathered in a case-control

study to identify colorectal cancer risk alleles. The data set we consider consists of

genotype data for 1859 subjects on 184 closely spaced SNPs from a hit-region on

chromosome 18q. We standardize the columns of X to be mean zero and unit stan-

dard deviation. A plot of the correlation structure across the first 100 markers in the

region is shown in Fig. 3.4. We can see the markers are in high LD with block-like

strong correlation structure that makes multiple regression analysis challenging.

We generated pseudo-phenotype data, y, by selecting at random five loci and gen-

erating coefficients, β ∼ N(0, 0.22), judged to be realistic signal sizes seen in GWAS

(Stephens and Balding 2009). All other coefficients were set to zero. We then gen-

erated y according to (3.8) and (3.9). We considered two scenarios. The first when

we construct a genotype matrix of 500 individuals using the five relevant markers

and an additional 45 “null” markers whose corresponding coefficients were zero, i.e.

a subset of the data from the study. The second data set uses all available markers

and all subjects to create a (1859 × 184) design matrix. To clarify, all covariate

data used in the following examples is real genotype data from chromosome 18q

on individuals genotyped as part of the WTCHG study. However the phenotype
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Figure 3.4: Plot of correlation structure across the first 100 adjacent genotype mark-
ers from chromosome 18q.

(response variable) y is simulated due to confidentiality issues.

3.5.3 Sequential Monte Carlo Approach

We propose to explore the posterior distributions of β|X,y, a, c with varying c = b/a

via Sequential Monte Carlo (SMC) sampler methodology (Del Moral et al. 2006).

In particular, we let the target distribution at time t be πt(β) = p(β|X,y, a, bt/a)

with t = {1, . . . , T} and some specified sequence {bt}Tt=1 where bi > bi+1 and bT

is small enough for the prior to dominate the likelihood with most coefficients’

posterior distributions heavily concentrated around zero, and b1 large enough for the

prior to be diffuse and have limited impact on the likelihood. In order to compute

posterior distributions over the range of {bt}Tt=1 we make use of sequential Monte

Carlo samplers indexed on this sequence of scales.

It is important to note that we cannot evaluate

πt(β) =
p(y|X,β)p(β|a, bt)∫
p(y|X,β)p(β|a, bt)dβ

since we cannot evaluate the integral in the denominator, the marginal likelihood of
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y. However, we can evaluate γt(β) = Ztπt(β) where Zt =
∫
p(y|X,β)p(β|a, bt)dβ.

Noting from Section 1.2.4.2 that SMC samplers provide a relative estimate of Zt

at each step of the algorithm, we can see immediately that the methodology will

produce as a byproduct estimates of the marginal likelihood of y for each value of

b ∈ {bt}Tt=1.

The algorithm used is given in Algorithm 1.8, where we make use of MCMC kernels

within an SMC sampler. Details are given in Section 3.5.3.1 and general tuning

guidelines are given in Section 3.5.3.2.

If we additionally give log b a uniform prior on [log bT , log b1], these unnormalized

marginal densities can also be used to weight the collections of particles at each

time, allowing us to approximate the distribution of β with b marginalized out.

π̃Nt (dβ) =
1∑T
t=1

Ẑt
Z1

T∑
t=1

Ẑt
Z1

N∑
i=1

W
(i)
t δ

β
(i)
t

(dβ) (3.11)

Note that this is equivalent to systematic sampling of the values of b, and that an

improper uniform prior for log b on (−∞,∞) would induce an improper posterior

for β.

3.5.3.1 Further Details

For analysis of the data with n = 500 and p = 50, we use N = 8192 particles and

we consider two settings of a = 1 and a = 4 with T = 450 and T = 350 respectively,

with the lower T for a = 4 explained by the low marginal likelihood associated with

small values of b when a is large. We set bt = 2(0.98)t−1 for t ∈ {1, . . . , T}. Given the

nature of the posterior, a simple p-dimensional random walk Metropolis-Hastings

kernel does not seem to converge quickly. We found that using a cycle of kernels

that each update one element of β using a random walk proposal with variance 0.25

mixed better for a given amount of computation than a p-dimensional random walk

proposal, which is consistent with Neal and Roberts (2006). To ensure that our

kernels mix fast enough we construct Kt by cycling this cycle of kernels 5 times.

This is computationally demanding since each step of the algorithm consists of 5Np
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MCMC steps, each of which has a complexity in O(n), since the calculation of the

likelihood requires us to update Xβ for a change in one element of β. Resampling

of the particles occurred when the effective sample size (ESS) (Liu and Chen 1995)

was below 3
4
N .

In fact, computation on a 2.67GHz Intel Xeon requires approximately 20 hours of

computation time with these settings and T = 450. However, we implemented the

algorithm to run on an NVIDIA 8800 GT graphics card using the Compute Uni-

fied Device Architecture (CUDA) parallel computing architecture, using the SMC

sampler framework in Chapter 2 to take advantage of the ability to compute the

likelihood in parallel for many particles. On this hardware, the time to run the al-

gorithm is approximately 30 minutes for T = 450, giving around a 40 fold speedup.

The initial particles for t = 1 are obtained by running an MCMC algorithm targeting

π1 for a long time and picking suitably thinned samples to initialize the particles.

The weights of each particle start off equal at 1/N . While not ideal, samples obtained

via simple importance sampling have a very low effective sample size for reasonable

computational power and, in any case, the SMC sampler methodology requires us

to have a rapidly mixing MCMC kernel for our resulting estimates to be good.

The particle with the highest posterior density at each time is used as an initial value

for the MAP algorithm described in Section 3.2.1.1. The density of the estimated

MAP from this initial value is compared with the MAP obtained by using the

previous MAP as an initial value and the estimate with the higher posterior density

is chosen as the estimated MAP. This has the effect of both removing variables that

the original algorithm has not removed and keeping variables in that the original

algorithm has not, as the algorithm used to obtain the MAP is only guaranteed to

locate a local mode of the posterior.

While the particular form of the weights of the particles makes it possible to adapt

the selection of bt to allow aggressive changes in b while maintaining a given ESS

(Del Moral et al. 2011; Bornn et al. 2010), we found that this scheme had a poor

effect on the quality of our samples. This is primarily because we discovered that

our cycle length for Kt was not large enough to get the particles to approximate
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πt after a large change in b, despite a small change in ESS. Increasing the cycle

length has an essentially linear effect on the computational resources required, so

this appears to be a poor option for reducing the computational complexity of the

method. In addition, having bt on a logarithmic schedule enables us to use the

simple approximation to the posterior of β|X,y, a given by (3.11).

For the larger experiment with n = 1859, p = 184 and a = 4, we use the same

parameters except that we used the schedule bt = (0.98)t−1 with T = 250. This

was sufficient to capture a wide range of model complexities. Nevertheless, the

running time for this experiment on our GPU was 7.5 hours. This demonstrates the

key practical benefit to using GPUs, as a similar run on a single CPU would take

upwards of 5 days.

3.5.3.2 Tuning the SMC Sampler

Following exploratory analysis we found that bt = b1(0.98)t−1 worked well, and that

setting b1 equal to one or two produced a diffuse enough prior when sample size was

in the 100s or 1000s, as is the situation in GWAS.

In practice, one will have to experiment with the parameters of the SMC sampler in

order to ensure satisfactory results. In particular, given an MCMC kernel Kt, one

must decide how many cycles should be performed per time step to mix adequately in

relation to how quickly one wishes to decrease b. In an ideal scenario, Kt produces

essentially independent samples from πt regardless of the current set of particles.

This would allow one to set {bt}Tt=1 such that computational power is only spent

in areas of b that are of interest. In practice, however, Kt will often only mix

well locally and so small steps in b are desirable to ensure that the Monte Carlo

error in the scheme does not dominate the results. It is difficult to characterize the

relationship between the number of cycles of Kt to perform and how aggressively

one can decrease b in general. However, in this context, one might not want to

decrease b too quickly anyway, so that a smooth picture of the relationship between

successive posteriors can be visualized.
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The number of particles, N , is a crucial parameter that should be set at such a

level that some fraction of N can provide a suitable approximation of each interme-

diate target density. In practice, the number of effective samples is lower than N

and resampling when the ESS is low is an attempt to ensure that this number is

controlled. It is standard practice to choose to resample particles when the ESS is

below CN for some C ≥ 1/2. We chose to resample the particles when the ESS fell

below 3/4N .

A recommended way to test whether the sampler is performing acceptably is to run

an MCMC scheme with fixed b = bt for some intermediate value of t and compare

the samples one obtains after convergence with those produced by the SMC sampler.

This is possible in this context because the posterior is not particularly troublesome

to sample from for fixed b with a sensible kernel.

Finally it is worth noting that if the aim was to infer a single distribution given

a single setting of c = b/a, or with a prior on c, one could achieve better results

via one long MCMC run. The benefit of the SMC sampler here is that it provides

a unified method to obtain all of the exploratory statistics and estimates of the

marginal likelihood in a single run.

3.5.4 Results

Plots of LASSO MAP estimates as functions of the penalty parameter λ are a highly

informative visual tool for statisticians to gain an understanding of the relative

predictive importance of covariates over a range of model complexities (Hastie et al.

2009). However, MAP estimates are point estimates that fail to convey the full

extent of information contained within the joint posterior distribution. One key

aim of this report is to develop full Bayesian exploratory tools that utilize the joint

posterior information.

In this section we describe graphical displays of summary statistics contained in

SPA results by first considering the n = 500, p = 50 data set described above.

The indices of the variables with non-zero β’s are I = {10, 14, 24, 31, 37} with
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corresponding βI = {−0.2538, 0.4578,−0.1873,−0.1498, 0.0996}. For the Gt(a, c)

prior we found the Gt(a = 1, c), or Gt(a = 4, c), to be good default settings for the

degrees of freedom parameter. We ran the SMC-GPU sampler described above and

then generated a number of plots using the set of particles and their weights.

3.5.4.1 Path Plots

(a) MAPs (b) absolute medians

(c) posterior density (d) concentrations

Figure 3.5: SPA plots with a = 4; using 50 markers around 18q. The 5 non-zero
coefficients are indicated by non-grey lines. The vertical dashed line indicates the
mode of the marginal likelihood, p(c|X,y, a), for c as shown in plot (c).

In Fig. 3.5 we plot four graphs of summary statistics obtained from the SMC sampler

across a range of scales log c ∈ (−8, 0).

(a) MAP plots: In Fig. 3.5(a) we plot the MAP paths of all 50 coefficients moving

from the most sparse models with c = e−8 where all β̂MAP = 0 through to

c = 1 when all β̂MAP 6= 0. The true non-zero coefficients are plotted in colors

other than gray. One can observe that the MAP paths are non-smooth in

log c such that the modes suddenly jump away from zero. This is a property

of the non-log-concavity of the posterior distributions; such that the marginal

posterior densities can be bimodal with one mode at βj = 0 and another away
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Figure 3.6: Plot of marginal posterior of β24 as a function of c, c.f. the red curve in
Fig. 3.5(a). We can see the bimodality and hence the jumping of the MAP mode
in Fig. 3.5(a) as log c changes from (-5, -4).

(a) MAPs (b) absolute medians

(c) posterior density (d) concentrations

Figure 3.7: SPA plots with a = 1; using 50 markers around 18q. This Figure should
be compared with Fig. 3.5 using a = 4.
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from zero. As c increases the density of the mode at zero decreases and at

some point the global mode switches to the mode at βj 6= 0. This can be

seen clearly in Fig. 3.6 where we plot the marginal posterior distribution of

β24 over the range log c ∈ (−5,−4); c.f. β24 is shown as the red curve in Fig.

3.5(a). We can see in Fig. 3.6 the non-concavity of the posterior density and

how the global mode jumps from 0 to ≈ −0.4 as log c is around −4.75.

(b) Median plots: In Fig. 3.5(b) we plot the absolute value of the median of the

marginal distribution of βj’s. This is a plot of zj(c) vs. log c, for j = 1, . . . , p,

where,

zj(c) = |F̂−1
βj

(0.5|c)|,

F−1
βj

(·) is the inverse of the cumulative posterior distribution of βj,

Fβj(x|c) =

∫ x

−∞
p(βj|X,y, a, c)dβj

and p(βj|X,y, a, c) is the marginal posterior distribution of βj given c, i.e.

p(βj|X,y, a, c) =
∫
Rp−1 p(βj, β−j|X,y, a, c)dβ−j where index {−j} indicates all

indices other than the jth. The plot of absolute medians gives an indication of

how quickly the posterior distributions are spreading outward from the origin

as the precision of the prior decreases. By plotting on the absolute scale we

are better able to compare the coefficients with one another and we also see

that, unlike the MAPs, the medians are smooth functions of c.

(c) Posterior for scale c: In Fig. 3.5(c) we show the marginal posterior distribution

p(c|X,y, a),

p(c|X,y, a) =

∫
Rp
p(c,β|X,y, a)dβ.

The posterior on c graphs the relative evidence for particular prior scale. The

mode of Fig. 3.5(c),

c̃ = arg max
c
p(c|X,y, a)

is indicated on plots (a),(b),(d) by a vertical dashed line.

(d) Concentration plots: In Fig. 3.5(d) we plot the concentration of the marginal

posteriors of the βj’s around the origin, as well as the a priori concentration

(light green). In particular, for user specified tolerance ∆, this is a plot of
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V (c) vs. log c where,

V (c) = 1−
∫ ∆

−∆

p(βj|X,y, a, c)dβj = 1− P[βj ∈ (−∆,∆)|X,y, a, c]

This is a direct measure of the predictive relevance of the corresponding co-

variate (genotype). In Fig. 3.5(d) we have set ∆ = 0.1 although this is a user

set parameter that can be specified according to the appropriate level below

which a variable is deemed unimportant.

Taken together the SPA plots highlight the influential genotypes and the relative

evidence for their predictive strength. We can also gain an understanding of the

support in the data for differing values of log c. Having generated the SPA plots it

is interesting to compare the results of changing a from 4 to 1. In Fig. 3.7 we show

plots corresponding to Fig. 3.5 but using a = 1. We can see that the Gt(a = 1, c)

induces less sparsity for a fixed value of c but that the mode of the posterior for c,

c̃, is smaller so that the MAP estimates at this value are more sparse. Comparing

the concentration plots Fig. 3.7(d) and Fig. 3.5(d) at the marginal mode of c we

see that for a = 1 we see much greater dispersion in the concentration plot.

3.5.4.2 Individual Coefficient Plots

Examination of the plots in Fig. 3.5 may highlight to the statistician some interest-

ing predictors to explore in greater detail. Individual coefficient plots of summary

statistics can be produced to provide greater information on the posterior distribu-

tions. In Fig. 3.8 we show summary plots for four representative coefficients with

their 90% credible intervals (green), median (black), mean (blue) and MAP (red).

These are obtained from the set of weighted SMC particles. We can see that as

expected the mean and median are smooth functions of the prior scale, while the

MAP can exhibit the characteristic jumping for bimodal densities. In Fig. 3.9 we

show corresponding density estimates. These coefficients were chosen to represent

markers with strong association Fig. 3.8(a), weaker association Fig. 3.8(b),(c) and

no association Fig. 3.8(d). We can see in the plots for Fig. 3.8(d) and Fig. 3.9(d)

that for a null marker with no association signal the MAP appears to be much
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(a) a = 4, j = 14 (b) a = 4, j = 24

(c) a = 4, j = 31 (d) a = 4, j = 1

Figure 3.8: Stats for individual coefficients from Fig. 3.5 with a = 4. We plot 90%
credible intervals (green), median (black), mean (blue) and MAP (red).

(a) a = 4, j = 14 (b) a = 4, j = 24

(c) a = 4, j = 31 (d) a = 4, j = 1

Figure 3.9: Posterior density plots corresponding to Fig. 3.8, a = 4
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(a) a = 1, j = 14 (b) a = 1, j = 24

(c) a = 1, j = 31 (d) a = 1, j = 1

Figure 3.10: Stats for individual coefficients from Fig. 3.7 with a = 1. Compare
with Fig. 3.8 where a = 4.

(a) a = 1, j = 14 (b) a = 1, j = 24

(c) a = 1, j = 31 (d) a = 1, j = 1

Figure 3.11: Posterior density plots corresponding to Fig. 3.10, a = 1
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smoother in log c. Equivalent plots but for a = 1 are shown in Fig. 3.10 and Fig.

3.11.

3.5.4.3 Marginal Plots

(a) (b)

(c) (d)

Figure 3.12: Marginal plots: (a) the summary stats from marginal posterior distri-
butions showing medians (crosses), means (blue dots), and 90% credible intervals
(bars) for a = 4; (b) the marginal concentrations ∆ = 0.05 red bars, ∆ = 0.1 (blue
bars) for a = 4; (c) marginal posteriors as in (a) but with a = 1 prior; (d) marginal
concentrations as in (b) but for a = 1, prior.

The SMC sampler also allows us to estimate the marginal posterior probability of

β, using (3.11), integrating over the uncertainty in c,

p(β|X,y, a) =

∫ ∞
0

p(β, c|X,y, a)dc

Moreover, we can also calculate the marginal posterior concentration away from
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zero, for given tolerance ∆ as,

V = 1−
∫ ∞

0

∫ ∆

−∆

p(βj, c|X,y, a)dβjdc

In Fig. 3.12 we plot summaries for the marginal posterior distributions of β as well

as the marginal concentrations, for a = 4 and a = 1. We can see in Fig. 3.12

that the marginal plots provide a useful overview of the relative importance of each

variable.

3.5.4.4 Comparison to the Double-Exponential Prior

(a) MAPs (b) medians

(c) marginal density (d) concentrations

Figure 3.13: SPA plots for the double-exponential prior, Gt(a→∞, c).

It is informative to compare the results for the Gt(a, c) prior above with that of the

double-exponential prior p(βj) ∝ exp(−|βj|/c) which is obtained as a generalized t

prior with q = 1 as a → ∞. In Fig. 3.13 we show SPA plots for this case. We can

see the much smoother paths of the MAP compared with Fig 3.5. This can also

be seen in the individual coefficient plots shown in Fig. 3.14 and Fig. 3.15. It is

interesting to investigate in more detail the posterior density of β24 the coefficient

with strongest evidence of association. This is shown in Fig. 3.16 and should be

compared to Fig. 3.6 for a = 4. The concavity of the double-exponential prior causes
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(a) double-exponential j = 14 (b) double-exponential j = 24

(c) double-exponential j = 31 (d) double-exponential j = 1

Figure 3.14: Stats for individual coefficients from Fig. 3.13 with double-exponential
prior. Compare with Fig. 3.8 where a = 4.

(a) double-exponential j = 14 (b) double-exponential j = 24

(c) double-exponential j = 31 (d) double-exponential j = 1

Figure 3.15: Posterior density plots corresponding to Fig. 3.14, a→∞.
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Figure 3.16: Plot of marginal posterior of β24 as a function of c for double-exponential
prior a → ∞. Under the double-exponential prior, a → ∞, we see the posterior
remains log-concave and hence the MAP is a smooth function of log c; as compared
to Fig. 3.6.

the posterior distribution to move smoothly towards being concentrated around 0,

unlike the behaviour seen with the generalized t prior.

3.5.4.5 Large Data Set

We next analysed the larger data set with n = 1859 and p = 184. The indices of

the non-zero coefficients are I = {108, 22, 5, 117, 162} with the same values retained

for βI = {−0.2538, 0.4578,−0.1873,−0.1498, 0.0996}. The SPA plots are shown

in Fig. 3.17 with corresponding individual coefficient plots in Fig. 3.18 and Fig.

3.19. We can see in Fig. 3.17 that there is much stronger evidence that coefficients

{108, 22, 5, 117} are important. Interestingly variable 162 is still masked by other

predictors. In comparison with Fig. 3.5(c) we observe that a smaller value of c is

supported by the larger data set.

From Fig. 3.17(d) we can see that one null-coefficient, β107, (with true β107 = 0)

appears to have some evidence of predictive importance. In Fig. 3.20 we show

summaries of the marginal distributions and concentration plots having integrated

over the uncertainty in c. The null-coefficient SNP turns out to be situated adjacent

to a predictive SNP β108 = −0.2538 shown as the blue line in Fig. 3.17(a), and

the two markers are in high LD with correlation coefficient C(X107, X108) = 0.87,
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(a) MAPs (b) medians

(c) marginal density (d) concentrations

Figure 3.17: SPA plots using the larger data set n = 1859, p = 184.

(a) a = 4, j = 22 (b) a = 4, j = 5

(c) a = 4, j = 117 (d) a = 4, j = 115

Figure 3.18: Summary statistics for posterior distributions for individual coefficients,
90% credible intervals (green), median (black), mean (blue) and MAP (red).
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(a) a = 4, j = 22 (b) a = 4, j = 5

(c) a = 4, j = 117 (d) a = 4, j = 115

Figure 3.19: Posterior density plots of coefficients in Fig. 3.18

(a) (b)

Figure 3.20: Marginal plots: (a) the summary stats from marginal posterior distri-
butions showing medians (crosses), means (blue dots), and 90% credible intervals
(bars) for a = 4; (b) the marginal concentrations ∆ = 0.05 red bars, ∆ = 0.1 (blue
bars) for a = 4
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leaving some ambiguity in the source of the association signal. The plot of absolute

medians Fig. 3.17(b) helps partly resolve this issue pointing to only four clear

association signals when c is close to its marginal mode. Summary statistics for

the posterior marginal distribution of β107 are shown in Fig. 3.21. Here we can see

that the MAP (red line) holds at zero for most values of c, adding support that

this is a “null” marker, although the credible intervals (green lines) show there is

considerable uncertainty in the actual value. Note also that β107 is not related to

the null-coefficient that is non-zero in the MAP estimate at the marginal mode of c.

In this way we can see how complex association signals can be explored, and gain a

better understanding of the source of such association signals.

Figure 3.21: Statistics for individual coefficient β107.

3.5.5 Discussion

In this section, an exploratory approach using a sparsity prior has been introduced

that we call Bayesian sparsity path analysis to aid in the understanding of genetic

association data. The approach involves graphical summaries of posterior densities

of coefficients obtained by sweeping over a range of prior precisions, including values

with low posterior probability, in order to informally characterize the space of models

from the most sparse to the most complex.

The use of SMC methodology is ideally suited to this inference task, by defining an

auxiliary distribution for each value of the scale of the prior. The resulting collection

of weighted particles provides us with approximations of the posterior distributions

associated with each scale in addition to estimates of the marginal likelihood and

allows for more robust MAP estimation. The simulations are computationally de-
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manding and would take days worth of run-time using conventional single-threaded

CPU processing. To alleviate this we make use of many-core GPU parallel pro-

cessing producing around a 20-40 fold improvement in run-times. This has real

benefit in allowing for data analysis within a working day for the larger data set we

considered.

The general methodology of SPA is not restricted to the Gt(a, c) or HAL prior and

can be implemented for other sparsity priors. Indeed, there have been a number of

sparsity priors advocated recently in the literature. Some important contributions

include the normal-gamma, normal-exponential-gamma (NEG) and the Horseshoe

priors, (see Griffin and Brown 2010a; Caron and Doucet 2008; Griffin and Brown

2007; Carvalho et al. 2010). Like all these priors the Gt(·, ·) shares the properties of

sparsity and adaptive shrinkage, allowing for less shrinkage on large coefficients, and

it also has a scale-mixture representation which facilitates an efficient EM algorithm

to obtain MAP estimates.

log p(βj)

double-exponential −λ|βj|+ C

normal-gamma (1
2
− λ) log |βj| − logKλ−1/2

(
|βj |
λ

)
+ C

NEG − β2

4λ2 − logD−2(λ+ 1
2

)

(
|β|
λ

)
+ C

Horseshoe log
[∫∞

0
(2τ 2λ2)−1/2 exp

(
− β2

j

2τ2λ2

)
(1 + λ)−2dλ

]
+ C

Gt(a, c) −(a+ 1) log
(

1 +
|βj |
ac

)
+ C

Table 3.12: Log densities for the double-exponential and various sparsity-priors, up
to an additive prior-specific constant C. K(·) denotes a Bessel function of the third
kind and Dv(z) is the parabolic cylinder function. The Horseshoe prior does not
have an analytic form.

Table 3.12 gives the log densities for the sparsity-priors mentioned above. An imme-

diate benefit of the Gt(a, c) density is that it has a simple analytic form compared

with other sparsity-priors and is well known and understood by statisticians, which

in turn aids explanation to data owners. The Gt(a, c) density is also easy to com-

pute relative to the NEG, normal-gamma and Horseshoe priors which all involve
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non-standard computation, making them more challenging to implement and less

amenable to fast parallel GPU simulation. Finally, the setting of the parameters

of the generalized t is helped as statisticians are used to thinking about degrees of

freedom and scale parameters of Student’s densities. This could have an impact on

the attractiveness of the prior to data owners.

117



Chapter 4

The Active Particle View of

MCMC Algorithms

4.1 Introduction

In this chapter, a perspective on reversible MCMC kernels is developed that can be

used to derive a large number of existing MCMC algorithms as well as provide insight

into methodological opportunities in many situations. As usual, we are interested

in sampling from a distribution with density π : X → R+ that can be computed

pointwise up to a normalizing constant. The approach here is to explicitly denote

the joint distribution of random variables produced within an MCMC kernel via an

extended target density that admits π as a marginal density of what can be called

an ‘active particle’.

In some situations, the proposed framework can be viewed as a natural generalization

of Metropolis-Hastings kernels to the case where one proposes multiple candidate

points within a kernel, but this is perhaps superficial in that the framework does

not introduce any novel operations. Instead, the extended target densities provide

insight into the possibilities that can arise from the explicit inclusion of auxiliary

variables in a joint density. This is particularly helpful in generalizing the arguments

for detailed balance that have been proffered for specific algorithms.
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An attempt is made to introduce the methodology in order of increasing complexity,

when possible. The chapter begins with a presentation of classical MCMC algo-

rithms, followed by extensions to involve an arbitrary but fixed number of proposals

and generalizations of pseudo-marginal type algorithms. An extension that allows

the number of proposals to become both random and dependent on existing propos-

als is then presented, before the applications to approximate Bayesian computation

and Bayesian variable selection are discussed.

4.2 Active Particle View of MCMC

The standard perspective on reversible MCMC kernels is to consider the target

density π and the proposal density q separately, and “accept” proposals from q in

such a way that π-reversibility is guaranteed, as in Algorithm 1.5. An alternative

perspective is to define an extended target density π̃, which admits π as a marginal

and describes the conditional distribution of random variables used in the process

of constructing a reversible MCMC chain. This approach provides a large degree of

flexibility in interpreting the auxiliary random variables that are used in constructing

π-stationary, reversible Markov chains.

4.2.1 Classical MCMC Algorithms

We begin by showing how Barker’s method (Barker 1965) and the Metropolis-

Hastings kernel (Hastings 1970) arise from this perspective. We first define random

variables X(1), X(2) ∈ X and K ∈ {1, 2} and an extended target density

π̃(K = k,X(1:2) = x(1:2)) =
1

2
π(x(k))q(x(k̄)|x(k)) (4.1)

i.e., marginally K is uniform on {1, 2} and conditional upon K = k, X(k) is dis-

tributed according to π and X(k̄) is distributed according to q(·|X(k)), where we

adopt the notation k̄ = 2, if k = 1 and k̄ = 1, if k = 2.
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4.2.1.1 Gibbs Sampling & Barker’s Method

One way to sample according to (4.1) is entirely via Gibbs sampling. In this sim-

ple setting it seems that a deterministic cycle in which one alternates sampling

X(k̄)|k, x(k) ∼ q(·|x(k)) and then K|x(1:2) via

π̃(K = k|x(1:2)) =
π̃(k, x(1:2))∑2
j=1 π̃(j, x(1:2))

=
π(x(k))q(x(k̄)|x(k))

π(x(1))q(x(2)|x(1)) + π(x(2))q(x(1)|x(2))

is sensible. The algorithm that results from such a scheme is Barker’s method and

is given in Algorithm 4.1.

Algorithm 4.1 Barker’s Method

Given (k0, x
(k0)
0 ), at times t = 0, 1, . . .

1. Sample x
(k̄t)
t+1 ∼ q(·|x(kt)

t ) and set x
(kt)
t+1 = x

(kt)
t .

2. With probability π̃(1,x(1:2))∑2
j=1 π̃(j,x(1:2))

, set kt+1 = 1.

Otherwise, set kt+1 = 2.

4.2.1.2 Metropolis-Hastings

An alternative to Gibbs sampling K conditional on x(1:2) is to deterministically

propose the swap move (k, x(1:2)) → (k̄, x(1:2)) and accept it with the Metropolis

acceptance ratio:

min

{
1,
π̃(k̄, x(1:2))

π̃(k, x(1:2))

}
= min

{
1,
π(x(k̄))q(x(k)|x(k̄))

π(x(k))q(x(k̄)|x(k))

}

A cycle of Gibbs sampling X(k̄)|k, x(k) followed by this deterministic swap attempt

is exactly the Metropolis-Hastings algorithm, given in Algorithm 4.2 and which is

equivalent to Algorithm 1.5.
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Algorithm 4.2 Joint Distribution View of Metropolis-Hastings

Given (k0, x
(k0)
0 ), at times t = 0, 1, . . .

1. Sample x
(k̄t)
t+1 ∼ q(·|x(kt)

t ) and set x
(kt)
t+1 = x

(kt)
t .

2. With probability min
{

1, π(x(k̄))q(x(k)|x(k̄))

π(x(k))q(x(k̄)|x(k))

}
, set kt+1 = k̄t.

Otherwise, set kt+1 = kt.

4.2.1.3 Reversible Jump Metropolis-Hastings

If X =
⋃
i∈I({i} × Rni) denotes a trans-dimensional space, the active particle

view of MCMC presents a natural interpretation of the reversible jump method-

ology in Green (1995). Indeed, there is no requirement that x(k) = (i(k), z(k)) and

x(k̄) = (i(k̄), z(k̄)) have i(k) = i(k̄) and the presence of both variables in the joint

density π̃ means that the dimension-matching requirement of Green (1995) is met

automatically. The Jacobian that appears in that methodology arises within the

density q(x(k̄)|x(k)) or q(x(k)|x(k̄)) when they encode proposals for some components

via bijective, differentiable functions, i.e. a reversible change of variables is used.

4.3 Multiple Proposals

While we are still interested in sampling according to π, we adjust our focus to the

use of more samples. This is largely motivated by both increased access to parallel

computing and, for computational reasons explained in Section 1.3, an imperative

to consider parallelizable algorithms. Using the active particle view of MCMC, this

can be done via the joint density

π̃N(k, x(1:N)) =
1

N
π(x(k))q(x(−k)|k, x(k)). (4.2)

i.e., marginally K is uniform on {1, . . . , N} and conditional upon K = k, X(k) is

distributed according to π and X(−k) is distributed according to q(·|k, x(k)), where

we adopt the notation −k = {1, . . . , N} \ {k}.
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A possible form of q is where the variables x(−k) are conditionally independent

and exchangeable given x(k), i.e. we have q(x(−k)|x(k)) =
∏N

i=1,i 6=k q(x
(i)|x(k)). For

example, this could denote a random walk proposal centred at x(k) for each i ∈ −k. A

further restriction could have each proposal independent of x(k), i.e. q(x(−k)|x(k)) =∏N
i=1,i 6=k q(x

(i)).

In the following, special attention will be paid to the computational resources re-

quired to make use of extra samples. In particular, we wish to avoid O(N2) com-

plexity if possible since this can lead to severe scaling issues.

4.3.1 Barker’s Method Generalization

We now consider Gibbs sampling X(−k)|k, x(k) and K|x(1:N) as an analogue to

Barker’s method in this setting. The latter step requires the computation of the

probability π̃N(K = l|x(1:N)), which is given by

π̃N(l|x(1:N)) =
π(x(l))q(x(−l)|l, x(l))∑N
i=1 π(x(i))q(x(−i)|i, x(i))

Importantly, the computation of this probability takes O(N2) time due to the

form of the denominator in general. One can consider, for example, q(x(−i)|x(i)) =∏N
j=1,j 6=i q(x

(j)|x(i)).

In the special case where the joint density q(x(1:N)) is defined and one can compute

each marginal density qi(x
(i)), we have instead

π̃N(l|x(1:N)) =
π(x(l))/ql(x

(l))∑N
i=1 π(x(i))/qi(x(i))

via division of both numerator and denominator by this joint density. As such, the

computation takes O(N) time in this case. An example of this special case is when

one defines q(x(1:N)) =
∏N

i=1 q(x
(i)) so that the proposal has the form q(x(−k)|x(k)) =∏N

i=1,i 6=k q(x
(i)). Note, however, that this special case precludes the use of many

commonly used MCMC proposals, e.g. a random walk centred at x(k).
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Another issue with the general scheme above is that π̃N(l|x(1:N)) depends on the

density q(x(−l)|l, x(l)), which can be considerably lower than q(x(−k)|k, x(k)) for large

N , e.g. when the proposal has the form q(x(−k)|x(k)) =
∏N

j=1,j 6=k q(x
(j)|x(k)).

4.3.2 Metropolis-Hastings Generalization

4.3.2.1 Uniform Swap

We now consider the analogous procedure but attempt a swap move instead of sam-

pling K conditional upon x(1:N), say by picking an index l uniformly at random from

{1, . . . , N} \ {k} and accepting the move (k, x(1:N))→ (l, x(1:N)) with probability

α((k, x(1:N)), (l, x(1:N))) = min

{
1,

π(x(l))q(x(−l)|l, x(l))

π(x(k))q(x(−k)|k, x(k))

}
.

While this is O(N), this scheme doesn’t make much sense since we pick l uniformly

and it does not make good use of the information brought by the samples when N

is large.

4.3.2.2 Weight Functions

One way to use all N − 1 samples from q more effectively is to pick one of the

samples to swap with a probability that we believe will encourage better mixing of

the Markov chain. One can define any positive weight function w(j, k, x(1:N)) which

is then used to select a sample to perform a swap move. While still considering the

target (4.2), we first perform a Gibbs step to sample X(−k) conditional upon k and

X(k) and then attempt the swap move (k, x(1:N))→ (l, x(1:N)) where l is a realization

of a random variable L with probability mass function

P[L = l] =
w(l, k, x(1:N))∑N

j=1,j 6=k w(j, k, x(1:N))
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for l ∈ {1, . . . , N} \ {k} and 0 otherwise. The acceptance probability of this move is

min

{
1,
π̃N(l, x(1:N))w(k, l, x(1:N))

π̃N(k, x(1:N))w(l, k, x(1:N))

∑N
i=1,i 6=k w(i, k, x(1:N))∑N
i=1,i 6=l w(i, l, x(1:N))

}
.

Note that the use of a weight function is just a convenient way to describe the

conditional distribution of L given (k, x(1:N)).

In the special case where we have

w(l, k, x(1:N)) = π(x(l))q(x(−l)|l, x(l))λ(l, k, x(1:N))

with λ(l, k, x(1:N)) = λ(k, l, x(1:N)) and λ(l, k, x(1:N)) > 0 whenever π̃N(l, x(1:N)) > 0

then the acceptance probability of the swap move (k, x(1:N))→ (l, x(1:N)) is

min

{
1,

∑N
i=1,i 6=k w(i, k, x(1:N))∑N
i=1,i 6=l w(i, l, x(1:N))

}
.

The function λ is introduced to allow for a certain degree of flexibility in defining

the weight function while retaining this form for the acceptance probability.

In the case where w(l, k, x(1:N)) = π(x(l))q(x(−l)|l, x(l)), i.e. we set λ(l, k, x(1:N)) = 1

and we sample the swap index using

P[L = l] =
w(l, k, x(1:N))∑N
j=1w(j, k, x(1:N))

for l ∈ {1, . . . , N} and 0 otherwise, then this corresponds to the Barker generaliza-

tion and the acceptance probability is always 1. As such, Gibbs sampling of the

index is just a special case of a move within the Metropolis-Hastings framework and

so we will avoid special attention to this particular case. In addition, this type of

move is inferior to a swap move that does not consider the degenerate swap L = k,

in the sense of reducing the asymptotic variance of Monte Carlo estimates using the

samples from the MCMC chain (see Peskun 1973; Tierney 1998).

This scheme is still not particularly good at this level of generality since the com-

plexity of the move is typically in O(N2), with a particular exception being when

the joint density q(x(1:N)) is defined.
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4.3.2.3 Multiple-Try Method Generalization

A possible way to avoid both the O(N2) computation associated with the acceptance

probability in some cases and also its dependence on q(x(−l)|x(l)) despite the fact

that x(−k) is generated according to q(·|x(k)) is to additionally sample new particles

x−(k,l) for the purpose of attempting the swap move.

Given q, we denote by qi|j the marginal density of x(i) when x(−j) has density

q(x(−j)|x(j)), that is qi|j(x
(i)|x(j)) =

∫
XN−2 q(x

(−j)|x(j))dx−(i,j). Consider the weight

function

w(j, k, x(1:N)) = π(x(j))qk|j(x
(k)|x(j))λj,k(x

(j), x(k)) (4.3)

where λi,j(x, y) = λj,i(y, x) and λi,j(x, y) > 0 when π(x)qj|i(y|x) > 0. Note that use

of this weight function requires being able to compute marginal densities of q. Let

us also define another set of auxiliary random variables z(1:N) where z(i) ∈ X for

i ∈ {1, . . . , N}.

If we sample x(−k) ∼ q(·|k, x(k)), l using this weight function, set z(k,l) = x(k,l) and

then sample z−(k,l) ∼ q(·|l, z(l), z(k)), where

q(z−(k,l)|l, z(l), z(k)) =
q(z(−l)|l, z(l))

qk|l(z(k)|z(l))

the Metropolis-Hastings move (k, x(1:N))→ (l, z(1:N)) has acceptance probability

min

{
1,

∑N
j=1,j 6=k w(j, k, x(1:N))∑N
j=1,j 6=l w(j, l, z(1:N))

}
.

In the special case where q(x(−k)|k, x(k)) =
∏N

i=1,i 6=k qi|k(x
(i)|x(k)) and

q(z−(k,l)|l, z(l), z(k)) =
N∏

i=1,i/∈{k,l}

qi|l(z
(i)|z(l))

this runs in O(N) time. If additionally we have that each qi|j = q is identical, the

resulting scheme is the multiple-try Metropolis method of Liu et al. (2000).
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One should note that the x(−k) are in fact the forward proposals, one of whom is

proposed as the active particle, and the z(−l) are the backwards proposals used to

calculate the probability of picking z(k) = x(k) in the reverse move, which can be

confusing notationally. This confusion can be cleared up by extending the target

distribution, as is done in the next section. Another comment is that the multiple-try

method corresponds to this particular choice of the weight functions and constraint

on the proposal but these restrictions are not essential to the correctness of the

algorithm. Indeed, the general acceptance probability for the move (k, x(1:N)) →
(l, z(1:N)) with any weight function is

min

{
1,
π(z(l))qk|l(z

(k)|z(l))w(k, l, z(1:N))

π(x(k))ql|k(x(l)|x(k))w(l, k, x(1:N))

∑N
j=1,j 6=k w(j, k, x(1:N))∑N
j=1,j 6=l w(j, l, z(1:N))

}
.

Lifting the restrictions mentioned is particularly important, as we will see later, for

situations in which we cannot evaluate the marginal conditionals qj|k(z
(j)|z(k)) and

to take full advantage of the methodological opportunities this perspective brings

to MCMC.

4.3.2.4 Alternative Formulation and Generalization

The use of a Metropolis-Hastings step above is in some ways antithetic to the purpose

of the joint distribution view of MCMC since the variables z−(k,l) are not defined in

the target density π̃N . We can include them by further extending the target density

π̃N(k, l, x(1:N), z(1:N)) =
1

N
π(x(k))q(x(−k)|k, x(k))

× w(l, k, x(1:N))∑
j 6=k w(j, k, x(1:N))

δx(k,l)(z(k,l))q(z−(k,l)|l, z(l), z(k))

where the marginal distribution of k is uniform on {1, . . . , N}, the conditional dis-

tribution of x(k) given k is π, and one can read from left to right the conditional den-

sities of the remaining variables. The move (k, x(1:N)) → (l, z(1:N)) described above

then corresponds in this extended target to the swap move (k, l, x(1:N), z(1:N)) →
(l, k, z(1:N), x(1:N)) and has the same acceptance probability.

In the interest of clarity, it is helpful to relabel the variables in this extended target
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density to make clear which are the forward proposals and which are the backward

proposals. We choose z(1:N) to denote the forward proposals and x(−k) to denote the

backward proposals. This gives the following extended target density

π̃N(k, l, x(1:N), z(1:N)) =
1

N
π(x(k))δx(k)(z(k))q(z(−k)|k, z(k))

× w(l, k, z(1:N))∑N
j=1,6=k w(j, k, z(1:N))

δz(l)(x(l))q(x−(k,l)|l, x(l), x(k)).

The acceptance probability of the swap (k, l, x(1:N), z(1:N)) → (l, k, z(1:N), x(1:N)) is

then given by

min

{
1,
π(z(l))qk|l(z

(k)|z(l))w(k, l, x(1:N))

π(x(k))ql|k(x(l)|x(k))w(l, k, z(1:N))

∑N
j=1,j 6=k w(j, k, z(1:N))∑N
j=1,j 6=l w(j, l, x(1:N))

}
.

While incorporating the additional backwards random variables introduced in Sec-

tion 4.3.2.3, and the potential confusion arising from the distinct nature of x(k) and

x(−k) before this relabelling, it is in some sense superfluous to require z(k,l) = x(k,l)

in the target density. In addition, it can obscure interpretation since z(k) is not

a forward proposal and x(l) is not a backward proposal. A mild generalization,

then, consists of introducing a closely related, generic proposal density q and weight

function w and defining the extended target density as

π̃N(k, l, x(1:N), z(1:N)) =
1

N
π(x(k))q(z(1:N)|k, x(k))

× w(l, k, x(k), z(1:N))∑N
j=1w(j, k, x(k), z(1:N))

q(x(−k)|l, z(l), x(k)) (4.4)

where the weight function used to denote the conditional probability of l now de-

pends on k, x(k) and N proposed variables z(1:N). In this target, we have N po-

tentially distinct proposals instead of N − 1. The acceptance probability of the

Metropolis swap (k, l, x(1:N), z(1:N))→ (l, k, z(1:N), x(1:N)) is given by

min

{
1,
π(z(l))qk|l(x

(k)|z(l))w(k, l, z(l), x(1:N))

π(x(k))ql|k(z(l)|x(k))w(l, k, x(k), z(1:N))

∑N
j=1 w(j, k, x(k), z(1:N))∑N
j=1w(j, l, z(l), x(1:N))

}

and the previous procedure can be seen as a cycle of kernels involving first Gibbs sam-

pling (z(1:N), l, x(−k)) conditional on (k, x(k)) and then attempting this swap move.
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In general, the Gibbs sampling step is considered as the application of a separate

kernel and so the outcome of this step persists even if the swap move is rejected.

Of course, the values of variables other than (k, x(k)) do not affect the dynamics of

the chain when such a cycle is used. The form of (4.4) will be built upon in the

remainder of this chapter, due to its ease of interpretation.

The multiple-try Metropolis method (Liu et al. 2000) with this extended target

corresponds to using q(z(1:N)|k, x(k)) =
∏N

j=1 qj|k(z
(j)|x(k)) and the weight function

w(j, k, x(k), z(1:N)) = π(z(j))qk|j(x
(k)|z(j))λ(z(j), x(k))

for all j ∈ {1, . . . , N}, but where qj|k = q are identical for all k ∈ {1, . . . , N} and

j ∈ {1, . . . , N}\{k}. Pseudo-code for the MTM algorithm is provided in Algorithm

4.3.

Algorithm 4.3 The Multiple-Try Method

Given (k0, x
(k0)
0 ), at times t = 0, 1, . . .

1. Set k = kt and x(k) = x
(kt)
t .

2. For i ∈ {1, . . . , N}, sample z(i) ∼ q(·|x(k)).

3. Sample L = l with probability π(z(l))q(x(k)|z(l))λ(z(l),x(k))∑N
j=1 π(z(j))q(x(k)|z(j))λ(z(j),x(k))

.

4. For i ∈ {1, . . . , N} \ {k}, sample x(i) ∼ q(·|z(l)).

5. With probability

min

{
1,

∑N
j=1 π(z(j))q(x(k)|z(j))λ(z(j), x(k))∑N
j=1 π(x(j))q(z(l)|x(j))λ(x(j), z(l))

}
,

set (kt+1, lt+1, x
(1:N)
t+1 , z

(1:N)
t+1 ) = (l, kt, z

(1:N), x(1:N)).

Otherwise, set (kt+1, lt+1, x
(1:N)
t+1 , z

(1:N)
t+1 ) = (kt, l, x

(1:N), z(1:N)).

4.3.3 Remarks

At this point, some comments are in order. The derivation of the multiple-try

method as a special case of the extension of the Metropolis-Hastings algorithm from

N = 2, or N = 1 using the alternative representation above, to arbitrary N does not
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only provide an alternative perspective on this methodology. The explicit definition

of random variables proposed via the Gibbs step enables us to immediately verify

that the Markov kernel this type of move defines is π-invariant without resorting

to a proof that detailed balance holds via symmetry arguments as in Liu et al.

(2000). This contribution is more obvious in light of the fact that any combination

of proposal distribution q and weight function w with adequate support is theoret-

ically valid, although the computational complexity of sampling l and computing

the acceptance ratio are highly dependent on these choices.

In the material that follows, this framework will be further developed to accommo-

date adaptation of N , the introduction of additional parameters θ and sophisticated

sequential proposals. The set of existing methods that are then special cases of this

general framework include pseudo-marginal approaches (Beaumont 2003) and exten-

sions (Andrieu and Roberts 2009) as well as delayed rejection samplers (Tierney and

Mira 1999; Mira 2001). In the next chapter, we will see that particle MCMC meth-

ods (Andrieu et al. 2010), the stochastic potential switching method (Mak 2005) and

auxiliary variable methods for dealing with doubly intractable distributions (Møller

et al. 2006; Murray et al. 2006) can all be described from this perspective. In each

of these cases, novel and substantive methodological innovations arise cleanly from

the application of this general framework.

Related perspectives on MCMC kernels have appeared recently in Storvik (2011)

and Neal (2011). The former uses a joint representation of random variables that

admits π as a marginal, as is done here. The latter introduces the notion of an

auxiliary space Y and kernels K1:3 satisfying∫
Y2

π(x)K1(x, y)K2(y, y′)K3(y′, x′)dy′dy = π(x′). (4.5)

In the context of this chapter, K2 is a Markov kernel with equilibrium distribution

given by π̃N , a density on Y , and the framework we present can be seen as providing

a general way to construct kernels K1:3 that satisfy this property in a way that both

complements and extends other work. Informally, the variable x in (4.5) denotes the

active particle, and y typically includes x as a component as well as other auxiliary

variables. K1 essentially samples y conditional upon x, and K2 attempts a swap

move, where y′ is rearrangement of the components of y if the move is accepted.
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This swap move includes an attempt to change the value of the active particle. The

active particle associated with y′ is then usually equivalent to x′, so that K3 involves

discarding all other auxiliary variables. This represents only a subset of possible

K1:3 satisfying (4.5) and minor variations do occur in the material. However, (4.5)

is perhaps too general to work with compared to the idea of cycling Gibbs steps and

Metropolis swap moves, which provides a naturally constructive approach.

Both Storvik (2011) and Neal (2011) note that there are many possibilities for the

definition of auxiliary variables on an extended space and provide examples of their

use. This chapter, and the next, go into considerably more depth and explicitly

detail more general strategies for the definition of these auxiliary variables and

develop a novel strategy to allow the number of auxiliary variables itself to be a

random variable. Again, it is worth noting that in all cases, the resulting MCMC

kernels are just Metropolis-Hastings kernels on an extended space so the contribution

of the material in this light is in detailing useful strategies for specifying how the

space can be extended in ways that are advantageous computationally.

The developments presented here can be seen as falling under the general umbrella

of population-based MCMC in that many of the auxiliary variables are defined as

taking values in X . However, there is a fundamental difference compared to most

existing methods, an exception being Liu et al. (2000), in that only one of these

variables is at stationarity distributed according to a density that one cannot sample

according to easily. This distinction is crucial in understanding the motivation and

development of the material in this chapter. The MCMC kernels developed, however,

could be used within more traditional population-based methods.

It is important to note that the use of this extended target density does not preclude

the use of other MCMC kernels. In particular, in the target density x(k) is, con-

ditionally on k, distributed according to π. As such, this perspective gives insight

into individual MCMC kernels that can still be cycled and mixed as per the algo-

rithm designer’s wishes, with auxiliary variables sampled as required when using a

particular kernel. One should note that it is possible to define proposal densities

and weight functions such that the resulting Markov kernel is reducible, and care

should be taken to avoid such choices if this kernel is not cycled or mixed with other
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kernels with equilibrium distribution π.

Finally, a crucial point that will be used later is that a significant detail has been

omitted in the construction of the extended target thus far. This is the observation

that the backward proposal need not be the same as the forward proposal and we

will from this point on use the notation q̄ to denote the backward proposal. We will

also use the notation π̃N(l|k, x(k), z(1:N)) to denote the conditional probability of l,

which has thus far been described as

π̃N(l|k, x(k), z(1:N)) =
w(l, k, x(k), z(1:N))∑N
j=1w(j, k, x(k), z(1:N))

.

The extended target density can then be written

π̃N(k, l, x(1:N), z(1:N)) =

1

N
π(x(k))q(z(1:N)|k, x(k))π̃N(l|k, x(k), z(1:N))q̄(x(−k)|k, l, x(k), z(l))

and the swap move (k, l, x(1:N), z(1:N)) → (l, k, z(1:N), x(1:N)) has acceptance proba-

bility

min

{
1,

π(z(l))q(x(1:N)|l, z(l))π̃N(k|l, z(l), x(1:N))q̄(z(−l)|l, k, z(l), x(k))

π(x(k))q(z(1:N)|k, x(k))π̃N(l|k, x(k), z(1:N))q̄(x(−k)|k, l, x(k), z(l))

}
.

Of course, the relationship between q and q̄ will affect the acceptance probability,

and large disparities can lead to poor mixing.

Another possibility highlighted by this perspective is that one need not include all

variables other than (k, x(k)) in the Gibbs step before attempting a swap move, in

contrast to how the material has been presented thus far. Indeed, any valid Gibbs

step is possible, although one should ensure that the resulting Markov kernel is

irreducible. An example of this, that has been utilized in some algorithms from

another perspective, is that x(−k) need not be sampled if its conditional density

under π̃N does not depend on l or z(1:N). In this case, one could sample only

(z(1:N), l) ∼ π̃N(·|k, x(1:N)) = π̃N(·|k, x(k)) in what can be described as a ‘lazy’ Gibbs

step, before attempting a swap move. When such lazy steps are not performed,

one can see that the values (k, x(k)) define a Markov chain. However, if x(−k) is not

sampled, then this is no longer true but (k, x(1:N)) instead defines a Markov chain.
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We can refer to (k, x(k)) and (k, x(1:N)), respectively, as collapsed Markov chains, or

we can say that in these situations the Markov chain can be collapsed to (k, x(k))

and (k, x(1:N)).

There are many other possible extensions, which cannot be covered here exhaustively

since the space of potential specific forms of the extended target is extremely large.

In general, the primary ingredient is that π̃N(x(k)|k) = π(x(k)), while the remaining

auxiliary variables are defined conditionally upon (k, x(k)) so as to preserve this

property. One could, for example, define a target in which z(1:N), x(1:N) and even l

are proposed in a dependent fashion, i.e.

π̃N(k, l, x(1:N), z(1:N)) =
1

N
π(x(k))q(l, z(1:N), x(−k)|k, x(k))

with the resulting acceptance probability of a swap move being

min

{
1,

π(z(l))q(k, x(1:N), z(−l)|l, z(l))

π(x(k))q(l, z(1:N), x(−k)|k, x(k))

}
.

A final remark at this stage is that the marginal distribution of k under π̃ has been

defined as uniform on {1, . . . , N}, which is well-founded in many situations in which

the marginal distribution of l is also uniform. However, this distribution is arbitrary

from the perspective of ensuring that π̃N(x(k)|k) = π(x(k)) and could be modified in

order to speed convergence, particularly when the z(1:N) are not exchangeable.

4.4 Pseudo-Marginal Approaches

We now consider the case where the target density is defined on a space Θ×X , and

it is of interest to treat θ ∈ Θ and x ∈ X differently in an MCMC scheme. This

could be because π(θ) =
∫
X π(θ, x)dx defines the actual distribution of interest but

whose density cannot be evaluated, or because the dependencies between x and θ

are such that the types of proposals one would like to use for each component are

different. In the former case, one can define the marginal algorithm that cannot

be implemented and the pseudo-marginal approaches in this section are in some
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sense attempts to emulate this algorithm. This marginal algorithm is presented in

Algorithm 4.4.

Algorithm 4.4 Marginal Algorithm

Given θ0, at times t = 0, 1, . . .

1. Set θ = θt and sample θ′ ∼ g(·|θ).
2. With probability

min

{
1,
π(θ′)g(θ|θ′)
π(θ)g(θ′|θ)

}
,

set θt+1 = θ′.
Otherwise, set θt+1 = θ.

We will focus on this former case, motivated by Beaumont (2003), which introduced

the grouped-independence Metropolis-Hastings (GIMH) algorithm for MCMC ex-

ploration of π(θ) in cases when this density is not available computationally. In this

setting, the variable x is a classic auxiliary variable such that the density π(θ, x) is

available computationally and, as mentioned above, admits π(θ) as its marginal.

Consider the extended target density

π̃N(k, l, θ, θ′, x(1:N), z(1:N)) =
1

N
π(θ, x(k))q(θ′, z(1:N)|θ, k, x(k))

× π̃N(l|θ, θ′, k, x(k), z(1:N))q̄(x(−k)|θ, θ′, k, l, x(k), z(1:N)) (4.6)

where

π̃N(l|θ, θ′, k, x(k), z(1:N)) =
w(l, (θ, k, x(k)), (θ′, z(1:N)))∑N
j=1 w(j, (θ, k, x(k)), (θ′, z(1:N)))

.

One can then use a combination of Gibbs sampling and swap moves as above to

construct a Markov chain whose invariant distribution admits π as a marginal dis-

tribution.
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4.4.1 Grouped-Independence Type Samplers

One possible choice of q(θ′, z(1:N)|θ, k, x(k)) is

q(θ′, z(1:N)|θ, k, x(k)) = g(θ′|θ)
N∏
i=1

q(z(i)|θ′)

with a natural choice in this context for q̄ being

q̄(x(−k)|θ, θ′, k, l, x(k), z(1:N)) =
N∏

i=1,i 6=k

q(x(i)|θ).

If we define the conditional probability of l via

π̃N(l|k, θ, x(k), θ′, z(1:N)) =
π(θ′, z(l))/q(z(l)|θ′)∑N
j=1 π(θ′, z(j))/q(z(j)|θ′)

,

the acceptance probability of a swap move, after Gibbs sampling (θ′, z(1:N), l, x(−k)) ∼
π̃N(·|k, x(k)), is given by

min

{
1,
g(θ|θ′)

∑N
j=1 π(θ′, z(j))/q(z(j)|θ′)

g(θ′|θ)
∑N

j=1 π(θ, x(j))/q(x(j)|θ)

}
.

The algorithm corresponding to this scheme is given in Algorithm 4.5, which can

be thought of as the multiple-try version of the grouped-independence Metropolis-

Hastings (GIMH). It is important to note that this algorithm is, in fact, not the

GIMH algorithm, which is given in Algorithm 4.6. In particular, step 5 of the

algorithm highlights the difference, which is that in GIMH, the values of x(−k) do

not change until a swap move is made. The inclusion of the variables k and l

in the GIMH algorithm is for ease of interpretation only, since one can perform

the algorithm without sampling l or keeping track of k. This is a departure from

the algorithms presented so far in that the state of the Markov chain cannot be

collapsed into only those values which are, in equilibrium, distributed according

to π. The grouped-independence multiple-try (GIMT) algorithm can be seen as a

special case of the multiple-try framework by noting that the conditional distribution

of l corresponds to choosing the weight function

w(j, (θ, k, x(k)), (θ′, z(1:N))) = π(θ′, z(j))q(x(k)|θ)λ((θ′, z(j)), (θ, x(k)))
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with λ((θ′, z(j)), (θ, x(k))) = [q(z(j)|θ′)q(x(k)|θ)]−1.

Algorithm 4.5 Grouped-Independence Multiple-Try

Given (k0, θ0, x
(k0)
0 ), at times t = 0, 1, . . .

1. Set k = kt and (θ, x(k)) = (θt, x
(kt)
t ).

2. Sample θ′ ∼ g(·|θ)
3. For i ∈ {1, . . . , N}, sample z(i) ∼ q(·|θ′).

4. Sample L = l with probability π(θ′,z(l))/q(z(l)|θ′)∑N
j=1 π(θ′,z(j))/q(z(j)|θ′) .

5. For i ∈ {1, . . . , N} \ {k}, sample x(i) ∼ q(·|θ).
6. With probability

min

{
1,
g(θ|θ′)

∑N
j=1 π(θ′, z(j))/q(z(j)|θ′)

g(θ′|θ)
∑N

j=1 π(θ, x(j))/q(x(j)|θ)

}
,

set (kt+1, θt+1, x
(kt+1)
t+1 ) = (l, θ′, z(l)).

Otherwise, set (kt+1, θt+1, x
(kt+1)
t+1 ) = (k, θ, x(k)).

That GIMH does not sample from q̄ is, in fact, only possible because of the specific

form of q̄; specifically that it is independent of (θ′, l, z(1:N)). As such, x(−k) remains

distributed according to π̃N(·|θ, θ′, k, l, x(k), z(1:N)) until such a time as a swap occurs.

Alternatively, one can see that the distribution of (θ′, l, z(1:N)) conditional upon

(θ, k, x(k)) is independent of x(−k) and so the GIMH algorithm corresponds to a

valid Gibbs step only on the former variables. An alternative perspective is that the

GIMH algorithm implements a scheme suggested by an extended target in which k,

the index of the active particle, has been integrated out:

π̃N(θ, θ′, x(1:N), z(1:N)) =

[
1

N

N∑
k=1

π(θ, x(k))
N∏

j=1,j 6=k

q(x(j)|θ)

]
g(θ′|θ)

N∏
j=1

q(z(j)|θ′).

The marginal density of (θ, x(1:N)) can be rewritten as

π̃N(θ, x(1:N)) = π(θ)
1

N

N∑
k=1

π(x(k)|θ)
N∏

j=1,j 6=k

q(x(j)|θ)

to make clear that the marginal density of θ is π and also that the marginalization

of k in this setup hides the fact that one of the particles of x(1:N) is, at equilibrium,

distributed according to π(·|θ).
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Algorithm 4.6 Grouped-Independence Metropolis-Hastings

Given (k0, θ0, x
(1:N)
0 ), at times t = 0, 1, . . .

1. Set k = kt and (θ, x(k)) = (θt, x
(kt)
t ).

2. Sample θ′ ∼ g(·|θ)
3. For i ∈ {1, . . . , N}, sample z(i) ∼ q(·|θ′).

4. Sample L = l with probability π(θ′,z(l))/q(z(l)|θ′)∑N
j=1 π(θ′,z(j))/q(z(j)|θ′) .

5. Set x(−k) = x
(−k)
t .

6. With probability

min

{
1,
g(θ|θ′)

∑N
j=1 π(θ′, z(j))/q(z(j)|θ′)

g(θ′|θ)
∑N

j=1 π(θ, x(j))/q(x(j)|θ)

}
,

set (kt+1, θt+1, x
(1:N)
t+1 ) = (l, θ′, z(1:N)).

Otherwise, set (kt+1, θt+1, x
(1:N)
t+1 ) = (k, θ, x(1:N)).

A final note regarding the GIMT algorithm is that due to the specific form of the

extended target, one can with cost O(N) additionally perform a Gibbs sampling

step for k given (l, θ, θ′, x(1:N), z(1:N)). The probability of each value of K is given by

π̃N(K = i|l, θ, θ′, x(1:N), z(1:N)) =
π(θ, x(i))/q(x(i)|θ)∑N
j=1 π(θ, x(j))/q(x(j)|θ)

.

This is due to the significant lack of conditional dependencies between the variables.

For general extended targets, attempting such a move will be both more costly, and

have a low probability of changing the value of K.

The difference between the algorithms is not only cosmetic. The GIMH algorithm

has a cheaper computational complexity, requiring only N simulations from q(·|θ′)
and weight evaluations per iteration, whilst the multiple-try variant requires 2N −1

such simulations and weight evaluations. A primary motivation for this type of

pseudo-marginal algorithm is that the terms that appear in the acceptance proba-

bility are akin to an importance sampling estimate of π(θ). In particular, for the

proposed θ′ and z(1:N), we have

E

[
1

N

N∑
j=1

π(θ′, z(j))

q(z(j)|θ′)

]
= π(θ′)
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since z(j) iid∼ q(·|θ′) for j = 1, . . . , N . However, for θ and x(1:N) this does not hold

since the x(1:N) are no longer distributed according to q after being accepted at a

previous iteration. For the GIMT algorithm, the x(−k) are rejuvenated by q at every

step so while the expectation of the average of the weights is not π(θ′), for large

enough N , the bias contributed by x(k) can be diluted as long as the importance

weights are bounded. For the GIMH algorithm, while the x(−k) are distributed

according to q at equilibrium, they can take values such that the average of the

weights is much higher than π(θ), and these values will persist until a swap move is

finally accepted. From a more intuitive perspective, the regeneration of the x(−k) in

the GIMT approach means that only the weight of x(k) can cause the chain to get

‘stuck’.

4.4.2 Dependent Proposals

In Andrieu and Roberts (2009), a generalization of GIMH is presented that relaxes

the requirement that q(z(1:N)|θ′) =
∏N

i=1 q(z
(i)|θ′). This relaxation is straightforward

in the framework that has been developed thus far. In addition, it is clear that it

is permissible to let q have the form q(θ′, z(1:N)|θ, k, x(k)), and have q̄ condition on

(θ, θ′, k, l, x(k), z(1:N)). A generic scheme in this context is given in Algorithm 4.7,

noting that π̃N(l, k, θ′, θ, z(1:N), x(1:N)) is given in (4.6).

It may be pertinent in many situations to restrict what q̄ conditions on in practice,

to limit disparity between q and q̄. One possible, simple, scheme is to retain the con-

ditional independence of the z(1:N) and x(−k) variables but allow them to condition

on x(k) and z(l) respectively and be nonexchangeable. This means we have

q(θ′, z(1:N)|θ, k, x(k)) = g(θ′|θ, x(k))
N∏
i=1

qi(z
(i)|θ′, x(k))

and

q̄(x(−k)|θ, k, x(k), z(l)) =
N∏

i=1,i 6=k

qi(x
(i)|θ, z(l)).
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Algorithm 4.7 The Generic Pseudo-Marginal Approach

Given (k0, θ0, x
(k0)
0 ), at times t = 0, 1, . . .

1. Set k = kt and (θ, x(k)) = (θt, x
(kt)
t ).

2. Sample θ′ ∼ g(·|θ, k, x(k))

3. Sample z(1:N) ∼ q(·|θ, θ′, k, x(k)).

4. Sample L = l with probability π̃N(l|θ, θ′, k, x(k), z(1:N))

5. Sample x(−k) ∼ q̄(·|θ, θ′, k, l, x(k), z(1:N)).

6. With probability

min

{
1,
π̃N(l, k, θ′, θ, z(1:N), x(1:N))

π̃N(k, l, θ, θ′, x(1:N), z(1:N))

}
set (kt+1, θt+1, x

(kt+1)
t+1 ) = (l, θ′, z(l)).

Otherwise, set (kt+1, θt+1, x
(kt+1)
t+1 ) = (k, θ, x(k)).

If we choose

π̃N(l|x(k), θ′, z(1:N)) =
π(θ′, z(l))/ql(z

(l)|θ′, x(k))∑
j=1 π(θ′, z(j))/qj(z(j)|θ′, x(k))

then the acceptance ratio is given by

min

{
1,
g(θ|θ′, z(l))

∑N
j=1 π(θ′, z(j))/qj(z

(j)|θ′, x(k))

g(θ′|θ, x(k))
∑N

j=1 π(θ, x(j))/qj(x(j)|θ, z(l))

}
.

The numerator divided by N is an unbiased estimate of π(θ′) and the denominator

divided by N is a consistent estimate of π(θ) as long as the weights are well-behaved,

keeping in the spirit of the pseudo-marginal approach. Furthermore, the condition-

ing on x(k) and z(l) allows the sampler to tune the proposals qi. If, for example,

π(x|θ) is unimodal, has thin tails and the proposal for θ′ is such that the mean of

π(x|θ′) is close to that of π(x|θ), then centering qi(·|θ′, x(k)) at x(k) can allow it to

be similarly thin-tailed with well-behaved importance weights when the chain has

reached equilibrium. Another key dependency that can be exploited is the ability

to condition g(·|θ, x(k)) on x(k). If one can sample according to π(θ|x), then the

variable θ′ could even be omitted from the extended target. More complex depen-

dencies between variables will be explored in Section 5.2, where particle methods
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are described. A description of this algorithm is given in Algorithm 4.8.

Algorithm 4.8 A Dependent Pseudo-Marginal Algorithm

Given (k0, θ0, x
(k0)
0 ), at times t = 0, 1, . . .

1. Set k = kt and (θ, x(k)) = (θt, x
(kt)
t ).

2. Sample θ′ ∼ g(·|θ, x(k))

3. For i ∈ {1, . . . , N}, sample z(i) ∼ qi(·|θ′, x(k)).

4. Sample L = l with probability π(θ′,z(l))/ql(z
(l)|θ′,x(k))∑N

j=1 π(θ′,z(j))/qj(z(j)|θ′,x(k))
.

5. For i ∈ {1, . . . , N} \ {k}, sample x(i) ∼ qi(·|θ, z(l)).

6. With probability

min

{
1,
g(θ|θ′, z(l))

∑N
j=1 π(θ′, z(j))/qj(z

(j)|θ′, x(k))

g(θ′|θ, x(k))
∑N

j=1 π(θ, x(j))/qj(x(j)|θ, z(l))

}
,

set (kt+1, θt+1, x
(kt+1)
t+1 ) = (l, θ′, z(l)).

Otherwise, set (kt+1, θt+1, x
(kt+1)
t+1 ) = (k, θ, x(k)).

As noted in Section 4.2.1.3, this methodology is readily applicable without modi-

fication when (θ, x) is trans-dimensional. Similarly, this framework can be used to

justify the methodology in Dutta and Bhattacharya (2011).

4.5 Adapting N

The use of N auxiliary variables as a generalization of Metropolis-Hastings where

N = 1 is a promising avenue for future methodological research. However, an ob-

vious concern is how N should be selected. In some cases, this will be a matter of

what computational resources are available as increasing N in some simple scenarios

may not increase the rate of convergence of the Markov transition kernel such that

ρN ≤ ρ2N−1
1 , where ρj denotes the inverse of the rate of convergence for a geomet-

rically ergodic kernel using j auxiliary variables and one notes that the number of

samples required for j = N is 2N − 1. Parallel computing, of course, allows for a

computational cost that is sublinear in N for small enough N and managing this

tradeoff will likely be of great interest in the future. If h(N) denotes the compu-
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tational time taken for one kernel operation with N auxiliary variables and rate

of convergence is the optimality criterion, one would like to find N that minimizes

ρ
1/h(N)
N . Other criteria may be more suitable, such as the asymptotic variance of

estimates of expectations of functions of variables distributed according to π.

While the answer of an optimal, fixed N for a given problem and computational

resources may be available in some situations, there is also the possibility that N

can be incorporated as a random variable in the extended target density. This

possibility transforms the question of what the optimal, fixed N is into how to

specify the distribution of this random variable, and in particular how to do this

in such a way that is both amenable computationally and minimally restrictive.

The motivation for this kind of scheme is that less computational power should be

needed in some states of the chain than for others. In a model selection framework,

for example, where θ encodes models of varying dimensions, one might expect a

good value of N to be large when the dimension of the model is large.

We focus first on the adaptation of N in a pseudo-marginal type setting, before

considering more standard examples. In this context, the primary motivation for

this adaptation is to attempt to adequately approximate the marginal algorithm by

increasing the value of N when necessary. It is worth clarifying that this approach

falls outside the realm of what are usually called adaptive MCMC methods (see,

e.g., Andrieu and Thoms 2008; Roberts and Rosenthal 2009), which typically focus

on the global adaptation of parameters of time-inhomogeneous transition kernels in

such a way that while a cycle of these kernels does not initially leave π invariant,

a large enough cycle is indistinguishable from a cycle of some time-homogeneous

kernel with equilibrium distribution π. We are interested here in a characteristically

different approach, in that we would like the adaptation to occur in perpetuity and

be defined within a transition kernel that by construction admits π as a marginal

of its equilibrium distribution. In addition, such local adaptation does not preclude

the use of global adaptation of some parameters that define the locally adaptive

kernel.
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4.5.1 Trial Runs

We are interested in defining an extended target density with N and N ′ as random

variables. With N fixed, it was possible to define the marginal distribution of k, the

index of the active particle, as uniform on {1, . . . , N}. If N is a random variable,

however, this definition cannot be made, at least until N is realized. One way around

this problem, is to devote a special variable x∗ to the active particle in the target

density, whose index k is given a uniform distribution conditionally on N .

Consider the target

π̃(N,N ′, k, l, θ, θ′, x∗, z∗, x(1:N), z(1:N ′)) =

π(θ, x∗)g(θ′|θ, x∗)q(N ′|θ′, θ, x∗)q(z(1:N ′)|N ′, θ′, θ, x∗)π̃(l|N ′, θ′, θ, x∗, z(1:N ′))

× δz(l)(z∗)q(N |θ, θ′, z∗)
1

N
δx∗(x

(k))q̄(x(−k)|N,N ′, θ, θ′, k, l, x(k), z(1:N ′))
(4.7)

where, in particular, the form of the proposal for N and N ′ is identical.

The acceptance probability of the swap move (N,N ′, k, l, θ, θ′, x∗, z∗, x(1:N), z(1:N ′))

→ (N ′, N, l, k, θ′, θ, z∗, x∗, z(1:N ′), x(1:N)) does not include the terms q(N ′|θ′, θ, x∗) or

q(N |θ, θ′, z∗) as they cancel in the acceptance ratio. For example, the dependent

pseudo-marginal scheme of Algorithm 4.8 augmented with N and N ′ proposed con-

ditionally in this fashion has the acceptance probability of the swap move given

by

min

{
1,
g(θ|θ′, z∗) 1

N ′

∑N ′

j=1 π(θ′, z(j))/qj(z
(j)|θ′, x∗)

g(θ′|θ, x∗) 1
N

∑N
j=1 π(θ, x(j))/qj(x(j)|θ, z∗)

}
.

The terms 1/N and 1/N ′ divide the sum of N and N ′ weights, respectively, with all

other terms remaining as before.

The importance of the cancellation of the probability mass functions for N and N ′

in the acceptance ratio is crucial in this setup because typically one wants to pro-

pose values of N and N ′ conditionally on the values of additional auxiliary random

variables associated with θ and θ′ respectively, whose purpose is ostensibly to gar-

ner information about π(θ) and π(θ′) in order to inform the choice of N and N ′. If

these random variables were to be included in the extended target, their densities
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would also cancel in the acceptance probability as they appear in the same positions

in both the forwards and backwards proposals. The difficulty with allowing the

proposal for N to condition on x∗ arises because for the cancellation to occur as

before, one would need the proposal for N ′ to depend on z∗ = z(l), but l is defined

conditionally upon N ′.

The ability to condition N ′ on θ′ and x∗ gives some ability for the sampler to be

adaptive. However, the inability to condition N on x∗ and retain the cancellation of

this probability is limiting to a certain extent. For example, one could simulate ‘trial’

particles z̃1, z̃2, . . . until the average of the weights associated with these trial satisfies

some kind of stability criteria as a mechanism for selecting N ′. The restriction in

this scheme is more apparent when considering how N is proposed. In this case, N

depends on z∗ but not x∗. This indicates that N cannot be adapted to, in particular,

the size of the weight associated with x∗, which might be desirable in order to limit

its influence on the acceptance probability of a move.

It is also possible to have N = N ′ by defining a distribution for N = N ′ conditional

on θ and θ′, but not x∗ and z∗. We will see in the next section that it is possible to

define distributions for N and N ′ that are considerably more flexible.

4.5.2 A General Approach

The methodology above is not ideal for many reasons. First, the lack of dependence

on x∗ means it may not adapt ‘well’ to the actual state of the chain. Second, we

envisage it being used mainly via trial simulations of random variables like the x’s

and z’s, i.e. using similar types of proposals, with these samples then thrown away,

which can be wasteful computationally.

To overcome this, we introduce auxiliary variables u(1:N) and v(1:N ′) and a function

ψ(N,k) with k ∈ {1, . . . , N}, that generates a permutation of its input, a vector of

length N . We denote by ψ−1
(N,k) the inverse of ψ(N,k), which generates the permutation

of its input satisfying

ψ−1
(N,k)(ψ(N,k)(y

(1:N))) = y(1:N).
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Additionally, we require that if u(1:N) = ψN,k(x
(1:N)), then u(1) = x(k).

We can now define an extended target density of the form

π̃(N,N ′, k, l, θ, θ′, u(1:N), v(1:N ′), x(1:N), z(1:N ′)) =

π(θ, u(1))g(θ′|θ, u(1))q(N ′, z(1:N ′)|θ, θ′, u(1))π̃(l|N ′, θ, θ′, u(1), z(1:N ′))

× q̄(N, u(2:N)|N ′, θ, θ′, l, u(1), z(1:N ′))π̃(k|N,N ′, θ, θ′, l, u(1:N), z(1:N ′))

× δψ(N′,l)(z
(1:N′))(v

(1:N ′))δψ−1
(N,k)

(u(1:N))(x
(1:N)).

(4.8)

This target density may appear daunting at first and some of the conditional de-

pendencies will be superfluous in most applications. An important property of this

extended target density is that u(1) is marginally distributed according to π, and in

particular, independent of N . This is necessary, as before, since K can usually only

be defined conditionally upon N , which is now a random variable. The functions ψ

and ψ−1 are used to map vectors of random variables to reordered vectors of those

random variables in order that one can propose one of the N ′ samples v(1) = z(l)

to replace u(1) in a swap move without specifying a fixed value of N ′. The need to

include the function ψ may seem unnecessary at first, but it is a crucial component

of the methodology since it allows for the specification of a backward proposal for

the variables z(1:N ′) and a forward proposal for the variables u(1:N) to allow for the

computation of the acceptance probability in a Metropolis swap move.

An example of a possible function ψN,k is

ψN,k(y
(1:N)) = (y(k), y(1:k−1), y(k+1:N))

where the corresponding ψ−1
N,k is defined as

ψ−1
N,k(y

(1:N)) = (y(2:k−1), y(1), y(k+1:N)).

Alternatively, an example with ψN,k = ψ−1
N,k is

ψN,k(y
(1:N)) = (y(k), y(2:k−1), y(1), y(k+1:N)). (4.9)

Due to the simple nature of switching the location of yk and y1 in this second choice,
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it will be the default choice in the following material, but this function will generally

be chosen in relation to the nature of the proposal densities in the extended target

density.

As with previous extended target densities, reading (4.8) from left to right provides

a suggested algorithm for performing a cycle of a Gibbs step and a Metropolis swap.

In this case, it can be useful to distinguish between a density where N ′ and N are

distinct random variables and the case N = N ′, since in the latter case the proposal

density for N = N ′ will likely be defined jointly with both u(2:N) and z(1:N). In this

latter case it can be helpful to write an alternative extended target as

π̃(N, k, l, θ, θ′, u(1:N), v(1:N ′), x(1:N), z(1:N ′)) =

π(θ, u(1))g(θ′|θ, u(1))q(N, u(2:N), z(1:N)|θ, θ′, u(1))π̃(l|N, θ, θ′, u(1:N), z(1:N))

× π̃(k|N, θ, θ′, l, u(1:N), z(1:N))δψ(N,l)(z
(1:N))(v

(1:N))δψ−1
(N,k)

(u(1:N))(x
(1:N)).

(4.10)

Two possible schemes are given in Algorithms 4.9 and 4.10, whose respective ex-

tended target densities are defined by (4.8) and (4.10). A further note is that these

are but two decompositions of the extended target, and each suggest different general

algorithms.

In many situations, q will be conditional only on θ′ and u(1) while q̄ will be conditional

only on θ, u(1) and z(l). A simple, possible form for q is

q(N ′, z(1:N ′)|θ′, u(1)) = βN ′(z
(1:N ′); θ′, u(1))q(z(N ′)|θ′, u(1), z(1:N ′−1))

×
N ′−1∏
j=1

[1− βj(z(1:j); θ′, u(1))]q(z(j)|θ′, u(1), z(1:j−1))

while a possible form for q̄ is

q̄(N, u(2:N)|θ, u(1), z(l)) = β̄N(u(1:N); θ, z(l))q̄(u(N)|θ, z(l), u(1:N−1))

×
N−1∏
j=1

[1− β̄j(u(1:j); θ, z(l))]q̄(u(j)|θ, z(l), u(1:j−1))

with the understanding that q̄(u(1)|θ, z(l), u(1)) is degenerate. The functions βj and

β̄j encode the probability of stopping after obtaining j samples in the forward and

144



Algorithm 4.9 An Adaptive Algorithm with Distinct N,N ′

Given (θ0, u
(1)), at times t = 0, 1, . . .

1. Set (θ, u(1)) = (θt, u
(1)
t ).

2. Sample θ′ ∼ g(·|θ, u(1)).

3. Sample N ′, z(1:N ′) ∼ q(·|θ, θ′, u(1)).

4. Sample L = l with probability π̃(l|N ′, θ, θ′, u(1), z(1:N ′)).

5. Sample N, u(2:N) ∼ q̄(·|N ′, θ, θ′, l, u(1), z(1:N ′)).

6. Sample K = k with probability π̃(k|N,N ′, θ, θ′, l, u(1:N), z(1:N ′)).

7. Set v(1:N ′) = ψ(N ′,l)(z
(1:N ′)) and x(1:N) = ψ−1

(N,k)(u
(1:N)).

8. With probability

min

{
1,
π̃(N ′, N, l, k, θ′, θ, v(1:N ′), u(1:N), z(1:N ′), x(1:N))

π̃(N,N ′, k, l, θ, θ′, u(1:N), v(1:N ′), x(1:N), z(1:N ′))

}
,

set (θt+1, u
(1)
t+1) = (θ′, v(1)).

Otherwise, set (θt+1, u
(1)
t+1) = (θ, u(1)).

Algorithm 4.10 An Adaptive Algorithm with Shared N

Given (θ0, u
(1)), at times t = 0, 1, . . .

1. Set (θ, u(1)) = (θt, u
(1)
t ).

2. Sample θ′ ∼ g(·|θ, u(1)).

3. Sample N, u(2:N), z(1:N) ∼ q(·|θ, θ′, u(1)).

4. Sample L = l with probability π̃(l|N, θ, θ′, u(1:N), z(1:N)).

5. Sample K = k with probability π̃(k|N, θ, θ′, l, u(1:N), z(1:N)).

6. Set v(1:N) = ψ(N,l)(z
(1:N)) and x(1:N) = ψ−1

(N,k)(u
(1:N)).

7. With probability

min

{
1,
π̃(N, l, k, θ′, θ, v(1:N), u(1:N), z(1:N), x(1:N))

π̃(N, k, l, θ, θ′, u(1:N), v(1:N), x(1:N), z(1:N))

}
,

set (θt+1, u
(1)
t+1) = (θ′, v(1)).

Otherwise, set (θt+1, u
(1)
t+1) = (θ, u(1)).
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backward proposals respectively, and provide an opportunity for sampling to con-

tinue until some criteria is satisfied.

It is helpful to consider the form of the acceptance probability when choosing both

q and q̄ because discrepancies between these densities can have a large impact on

the acceptance probability. In particular, the term

ρ =
q̄(N ′, v(2:N ′)|θ′, v(1), u(1))q(N, x(1:N)|θ, v(1))

q̄(N, u(2:N)|θ, u(1), v(1))q(N ′, z(1:N ′)|θ′, u(1))
(4.11)

appears in this probability. One can decompose this term as ρ = ρ1ρ2 where

ρ1 =

∏N
j=1 q(x

(j)|θ, v(1), x(1:j−1))∏N
j=2 q̄(u

(j)|θ, v(1), u(1:j−1))
×
∏N ′

j=2 q̄(v
(j)|θ′, u(1), v(1:j−1))∏N ′

j=1 q(z
(j)|θ′, u(1), z(1:j−1))

(4.12)

and

ρ2 =
βN(x(1:N); θ, v(1))

∏N−1
j=1 [1− βj(x(1:j); θ, v(1))]

β̄N(u(1:N); θ, v(1))
∏N−1

j=1 [1− β̄j(u(1:j); θ, v(1))]
(4.13)

×
β̄N ′(v

(1:N ′); θ′, u(1))
∏N ′−1

j=1 [1− β̄j(v(1:j); θ′, u(1))]

βN ′(z(1:N ′); θ′, u(1))
∏N ′−1

j=1 [1− βj(z(1:j); θ′, u(1))]
. (4.14)

For example, when q̄ = q and ψ is defined by (4.9), ρ1 encodes the discrepancy

between the proposals and ρ2 encodes the discrepancy between N and N ′ when the

positions (1, l) and (1, k) have been switched for the forwards (z(1:N ′), v(1:N ′)) and

backwards proposals (x(1:N), u(1:N)) respectively.

In the special case where we have

q(N ′, z(1:N ′)|θ′, u(1)) = βN ′(z
(1:N ′); θ′, u(1))q(z(N ′)|θ′, u(1))

×
N ′−1∏
j=1

[1− βj(z(1:j); θ′, u(1))]q(z(j)|θ′, u(1))
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and

q̄(N, u(2:N)|θ, u(1), v(1)) = β̄N(u(1:N); θ, v(1))q(u(N)|θ, v(1))

×
N−1∏
j=2

[1− β̄j(u(1:j); θ, v(1))]q(u(j)|θ, v(1))

× [1− β̄1(u(1); θ, v(1))],

then (4.12) can be simplified to

ρ1 =
q(u(1)|θ, v(1))

q(v(1)|θ′, u(1))

where v(1:N ′) = ψ(N ′,l)(z
(1:N ′)) and x(1:N) = ψ−1

(N,k)(u
(1:N)) and ρ2 is unchanged.

Possible options for the βj’s and β̄j’s are numerous, and it seems reasonable for

these to be identical in some situations. Some possibilities include β̄j = βj = 0 if

j < M for some M and if j ≥ M depending, e.g., on the average and variance of

its arguments or the effective sample size. For blocks of variables at a time, one can

have βj = 0 if j is not in some set of permissible values of N , or stopping times.

In the case of identifiable rare samples, as will be demonstrated in the examples of

Section 4.6.1, one can make β̄j and βj depend on the observation of the number of

such events.

4.5.2.1 An Adaptive Pseudo-Marginal Algorithm

An example of a pseudo-marginal algorithm with distinct, adaptive N and N ′ is

given in Algorithm 4.11. In this scheme, we assume that q(z(j)|θ′, u(1), z(1:j−1)) =

q(z(j)|θ′, u(1)) and q̄(u(j)|θ, v(1), u(1:j−1)) = q(u(j)|θ, v(1)).

4.5.2.2 A Special Case

It is interesting to note that in some circumstances it is possible to specify β, β̄ and

the conditional distributions of L and K in such a way that the correction factor ρ2
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Algorithm 4.11 An Adaptive Dependent Pseudo-Marginal Algorithm

Given (θ0, u
(1)
0 ), at times t = 0, 1, . . .

1. Set (θ, u(1)) = (θt, u
(1)
t ).

2. Sample θ′ ∼ g(·|θ, u(1)).

3. For i = 1, . . .

• Sample z(i) ∼ q(·|θ′, u(1))

• With probability βi(z
(1:i); θ′, u(1)), set N ′ = i and go to step 4.

4. Sample L = l with probability π(θ′,z(l))/q(z(l)|θ′,u(1))∑N′
j=1 π(θ′,z(j))/q(z(j)|θ′,u(1))

.

5. For i = 2, . . .

• Sample u(i) ∼ q(·|θ, z(l))

• With probability β̄i(u
(1:i); θ, z(l)), set N = i and go to step 6.

6. Sample K = k uniformly on {1, . . . , N}.
7. Set v(1:N ′) = ψ(N ′,l)(z

(1:N ′)) and x(1:N) = ψ−1
(N,k)(u

(1:N)) and compute

ρ2 =
βN(x(1:N); θ, v(1))

∏N−1
j=1 [1− βj(x(1:j); θ, v(1))]

β̄N(u(1:N); θ, v(1))
∏N−1

j=1 [1− β̄j(u(1:j); θ, v(1))]

×
β̄N ′(v

(1:N ′); θ′, u(1))
∏N ′−1

j=1 [1− β̄j(v(1:j); θ′, u(1))]

βN ′(z(1:N ′); θ′, u(1))
∏N ′−1

j=1 [1− βj(z(1:j); θ′, u(1))]
.

8. With probability

min

{
1, ρ2

g(θ|θ′, v(1)) 1
N ′

∑N ′

j=1 π(θ′, z(j))/q(z(j)|θ′, u(1))

g(θ′|θ, u(1)) 1
N

∑N
j=1 π(θ, x(j))/q(x(j)|θ, v(1))

}
,

set (θt+1, u
(1)
t+1) = (θ′, v(1)).

Otherwise, set (θt+1, x
(kt+1)
t+1 ) = (θ, u(1)).
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is always 1.

Consider the case where β̄j = βj is symmetric, i.e. invariant to the order of its inputs.

This implies that β̄j(u
(1:j); θ, v(1)) = βj(x

(1:j); θ, v(1)) for all j ≥ k when ψ is given by

(4.9). In order to ensure that additionally we have β̄j(u
(1:j); θ, v(1)) = βj(x

(1:j); θ, v(1))

for j < k, let us consider the restriction βj(x
(1:j); θ, v(1)) = 1[c,∞)(hj(w

(1:j))) where

w(i) is a function of (x(i), θ, v(1)) and c is a function of (θ, v(1)). If hj is symmetric

and additionally satisfies

hj+1(w(1:j+1)) ≥ hj(w
(1:j)) (4.15)

for any possible value of w(j+1), then one will have β̄j(u
(1:j); θ, v(1)) = βj(x

(1:j); θ, v(1))

for all j ∈ {1, . . . , N} as long as k 6= N . A simple example of an hj satisfying these

requirements is hj(w
(1:j)) =

∑j
i=1w

(i), when each w(i) ≥ 0.

To see this, we have β̄j(u
(1:j); θ, v(1)) = 1[c,∞)(hj(w̄

(1:j))) and βj(x
(1:j); θ, v(1)) =

1[c,∞)(hj(w
(1:j))), where w̄(1:N) = ψ−1

N,k(w
(1:N)). We have also that hN(w(1:N)) ≥ c but

hN−1(w(1:N−1)) < c. This implies hN(w̄(1:N)) = hN(w(1:N)) ≥ c but that for all j <

N , hj(w̄
(1:j)) ≤ hN−1(w̄(1:N−1)) = hN−1(w(1:N−1)) < c, where the last equality holds

as long as k 6= N . It immediately follows that β̄j(u
(1:j); θ, v(1)) = βj(x

(1:j); θ, v(1)) =

0 for all j ∈ {1, . . . , N − 1} as long as k 6= N and that β̄N(u(1:N); θ, v(1)) =

βN(x(1:N); θ, v(1)) = 1. Analogous reasoning holds for showing that β̄j(v
(1:j); θ′, x∗) =

βj(z
(1:j); θ′, x∗) for all j ∈ {1, . . . , N ′} as long as l 6= N ′.

Therefore, if we additionally have π̃(L = N ′|N ′, θ, θ′, u(1), z(1:N ′)) = 0 and π̃(K =

N |N,N ′, θ, θ′, l, u(1:N), z(1:N ′)) = 0 in (4.8), one will always have ρ2 = 1. In this

case, some care should be taken to ensure that the resulting kernel is irreducible.

Indeed, having the conditional probability of L = N ′ be 0 indicates that pro-

posed values of v(1) cannot take values in {z : w(z, θ′, u(1)) ≥ c(θ′, u(1))}, even if

π(θ′, z) > 0 for some z in this set. In order to circumvent this issue, one could have

c(θ′, u(1)) > supz w(z, θ′, u(1)) or use a scheme in which β̄j = βj, βj(x
(1:j); θ, v(1)) =

1{M,M+1,...}(j)1[c,∞)(hj(w
(1:j))) and we have π̃(L = N ′|N ′, θ, θ′, u(1), z(1:N ′)) = 0 if

N ′ 6= M and similarly π̃(K = N |N,N ′, θ, θ′, l, u(1:N), z(1:N ′)) = 0 if N 6= M . This

essentially involves a minimum value of N and N ′ given by M . M can also be

a function of (θ, v(1)) or (θ′, u(1)), respectively, for the proposals of (N, x(1:N)) or
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(N ′, z(1:N ′)).

Not all functions hj we might want to use satisfy (4.15), even if they are symmetric.

An example is the effective sample size.

The ability for us to ensure ρ2 = 1 always does not imply that such schemes are

necessarily better in practice. Indeed, one could alternatively attempt to use schemes

that ensure ρ2 is close to 1 or equal to 1 with high probability.

4.5.3 Standard Setting

The adaptation of N can serve a more general purpose, which may be clearer outside

of the pseudo-marginal setting. In particular, larger values of N are not necessarily

associated with closer approximations of a marginal density whose corresponding

marginal algorithm one would like to emulate. We can write an extended target

density in this case as

π̃(N,N ′, k, l, u(1:N), v(1:N ′), x(1:N), z(1:N ′)) =

π(u(1))q(N ′, z(1:N ′)|u(1))π̃(l|N ′, u(1), z(1:N ′))q̄(N, u(2:N)|N ′, l, u(1), z(1:N ′))

× π̃(k|N,N ′, l, u(1:N), z(1:N ′))δψ(N′,l)(z
(1:N′))(v

(1:N ′))δψ−1
(N,k)

(u(1:N))(x
(1:N)).

(4.16)

There are many possibilities that arise from the definition of N and N ′ as random

variables. To give but one example of the versatility of the approach, we show how

it can be used to derive the delayed rejection methodology introduced in Tierney

and Mira (1999) and Mira (2001).
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4.5.3.1 Delayed Rejection

Let ỹ(1:j) = (y(j), . . . , y(1)). Then the delayed rejection algorithm corresponds to the

choices

q(N ′, z(1:N ′)|u(1)) = δu(1)(z(1))βN ′(z
(1:N ′))

[
N ′∏
i=2

qi(z
(i)|z(1:i−1))

]
N ′−1∏
i=1

[1− βi(z(1:i))],

π̃(l|N ′) = δN ′(l), q̄(N, u
(2:N)|N ′, z(1:N ′)) = δN ′(N)δz(2:N)(u(2:N)), π̃(k|N) = δN(k) and

ψN,N(y(1:N)) = ỹ(1:N), and for j ≥ 2

βj(z
(1:j)) = min

{
1,
π(z̃(1))[

∏j
i=2 qi(z̃

(i)|z̃(1:i−1))]
∏j−1

i=1 [1− βi(z̃(1:i))]

π(z(1))[
∏j

i=2 qi(z
(i)|z(1:i−1))]

∏j−1
i=1 [1− βi(z(1:i))]

}
, (4.17)

while for j = 1, β1(z(1)) = 0.

Since N ′ = N in all cases for this algorithm, we refer to both of these as N . Also,

it should be clear that in this case k = l = N , z(1:N) = u(1:N) and v(1:N) = x(1:N) =

z̃(1:N). The acceptance probability of the move (N, k, l, u(1:N), v(1:N), x(1:N), z(1:N))→
(N, k, l, u(1:N), v(1:N), x(1:N), z(1:N)) is given by

min

{
1,
π(z̃(1))βN(z̃(1:N))[

∏j
i=2 qi(z̃

(i)|z̃(1:i−1))]
∏j−1

i=1 [1− βi(z̃(1:i))]

π(z(1))βN(z(1:N))[
∏j

i=2 qi(z
(i)|z(1:i−1))]

∏j−1
i=1 [1− βi(z(1:i))]

}
. (4.18)

Note that regardless of the form of βj for j < N , if

βN(z(1:N)) = min

{
1,
π(z̃(1))[

∏N
i=2 qi(z̃

(i)|z̃(1:i−1))]
∏N−1

i=1 [1− βi(z̃(1:i))]

π(z(1))[
∏N

i=2 qi(z
(i)|z(1:i−1))]

∏N−1
i=1 [1− βi(z(1:i))]

}
= min {1, c} ,

then (4.18) reduces to

min

{
1, c

min{1, 1/c}
min{1, c}

}
= 1, for any c > 0.

Similarly, if βj(z
(1:j)) = 1 for j = M independent of the values of z(1:j), i.e. there is a

maximum value of N given by M , then (4.18) reduces to βN(z(1:N)) given by (4.17)
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when N = M . In Mira (2001), due to the rapidly increasing computational expense

as N increases, and the observation that (4.17) does not necessarily define a finite

stopping time, it is suggested that one stop at time j with a probability independent

of z(1:j), pj. This scheme can be viewed as a mixture of MCMC kernels where M is

chosen randomly. Alternatively, one can include this probability of stopping via a

modified β′j(z
(1:j)) = βj(z

(1:j))(1 − pj) + pj. The acceptance probability associated

with this choice is

min

{
1, c

min{1, 1/c}(1− pN) + pN
min{1, c}(1− pN) + pN

}
≥ min{1, c}

where c is defined as above. The inequality suggests that using this mixture of

proposals instead of a mixture of kernels, which comes at essentially no extra cost,

will provide lower asymptotic variance by the arguments in (Tierney 1998, Section

3). This can alternatively be seen as a special case of the result in (Tierney 1998,

Section 4).

An observation is that the distributions of k, l and u(2:N) are degenerate in this

formulation, and indeed that they can be defined more generally. Green and Mira

(2001) details a scheme for allowing z(1:N) 6= u(1:N) but our framework provides a

more general approach, allowing also for the specification of non-degenerate distri-

butions for k and l. Furthermore, it is not necessary that the condition for stopping

be equivalent to the probability of acceptance once stopped since the acceptance

probability associated with any set of computable βj’s can be computed explicitly.

4.6 Applications

This section contains discussion of some applications of the developed methodol-

ogy to pseudo-marginal type problems. The application to MCMC kernels for ap-

proximate Bayesian computation provides a detailed discussion on the effect of the

adaptation of N in this setting, where the highly restrictive scenario allows for an

explicit analytic form for the expected acceptance probability of a move θ → θ′ for

one of the adaptive algorithms. The application to Bayesian variable selection uses

a toy example whose purpose is to highlight the benefits of proposed methodology.
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4.6.1 Approximate Bayesian Computation

Approximate Bayesian computation (ABC), mentioned briefly in Section 1.1.2.4, is a

class of algorithms whose popularity has grown in recent years since its introduction

in the population genetics literature in Tavare et al. (1997), Fu and Li (1997) and

Pritchard et al. (1999). The characteristic feature of this methodology is that one

cannot evaluate the likelihood function f(y|θ) but one can simulate according to it.

If y, z ∈ X and X is discrete one can define f(y, z|θ) = 1z(y)f(z|θ) which has the

identity ∑
z∈X

f(y, z|θ) =
∑
z∈X

1z(y)f(z|θ) = f(y|θ).

One is interested in inference on θ ∈ Θ, whose posterior density is given by

π(θ) = p(θ|y) =
f(y|θ)p(θ)∫

Θ
f(y|θ)p(θ)dθ

but the inability to compute f(y|θ) makes direct computation of this density im-

possible. However, the auxiliary variable z provides a workaround since we have

π(θ, z) = p(θ, z|y) =
f(y, z|θ)p(θ)∫
Θ
f(y|θ)p(θ)dθ

.

This allows for the use of Monte Carlo schemes that propose values of z in importance

sampling and rejection sampling schemes. For example, a valid rejection sampling

scheme for π(θ, z) consists of sampling θ ∼ g(·), z ∼ f(·|θ) and accepting (θ, z) with

probability p(θ)1z(y)
Cg(θ)

where C ≥ supϑ
p(ϑ)
g(ϑ)

. Alternatively, an importance sampling

estimate can be obtained by weighting each sample (θ, z) by p(θ)1z(y)
g(θ)

.

For continuous densities f , the above approach is not useful. In this case, a standard

approach is to define an approximation to f(y|θ). One first defines

fε(y, z|θ) =
1Bε(z)(y)

Zε
f(z|θ)

where Bε(z) denotes a ball of radius ε around z under some metric and Zε =∫
X 1Bε(z)(y)dy is invariant to the value of z. Note that because B is a metric ball,
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we have 1Bε(z)(y) = 1Bε(y)(z). The marginal of this joint density

fε(y|θ) =

∫
X

1Bε(z)(y)

Zε
f(z|θ)dz

is the approximation to f(y|θ) used in ABC. In many cases one additionally defines

a summary statistic S(·) and does inference conditional only on S(y). In this setting,

the approximation to the likelihood is given by

fε(y|θ) =

∫
X

1Bε(S(z))(S(y))

Zε
f(z|θ)dz

where Zε =
∫
X 1Bε(S(z))(S(y))dS(y). This amounts to summarizing both y and z

using summary statistics defined by S and allowing these summary statistics to

differ by at most ε under some metric. This approach can also be useful when

f denotes a probability mass function but y is high-dimensional so that f(y|θ) is

prohibitively small. For the remainder of this section, explicit reference to S is

avoided, but the methodology proposed can be used when such summary statistics

are used.

We will define the approximate posterior used when using the approximate likelihood

fε(y|θ) as π̂ε(θ|y), defined by

π̂ε(θ|y) =
fε(y|θ)p(θ)∫

Θ
fε(y|θ)p(θ)dθ

which arises as the marginal of π̂ε(θ, z|y) = fε(y, z|θ)p(θ)/
∫

Θ
fε(y|θ)p(θ)dθ. It is

useful for clarity to make the following definition

hε(θ) =

∫
1Bε(z)(y)f(z|θ)dz = Zεfε(y|θ)

which denotes the probability of a “hit” for a given ε when z ∼ f(·|θ). Note that

the probability of a hit is proportional to Zε.

In Marjoram et al. (2003), an MCMC algorithm for sampling from π̂ε is presented,

which again takes advantage of the property that if the proposal for z′ is f(·|θ′), then

it is not necessary to compute f(z′|θ′) in the acceptance ratio. This scheme is given

in Algorithm 4.12 and can be useful in ensuring that most of the computational
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resources are spent in areas of high mass for θ. An alternative approach is to use

SMC, as in Sisson et al. (2007); Beaumont et al. (2009); Del Moral et al. (2011)

where there is some additional flexibility in the choice of kernels that are used to

move the particles.

Algorithm 4.12 Standard ABC-MCMC Algorithm

Given (θ0, z0), at times t = 0, 1, . . .

1. Set (θ, z) = (θt, zt).

2. Sample θ′ ∼ g(·|θ).
3. Sample z′ ∼ f(·|θ′)
4. With probability

min

{
1,1Bε(z′)(y)

p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

}
,

set (θt+1, zt+1) = (θ′, z′).
Otherwise, set (θt+1, zt+1) = (θ, z).

4.6.1.1 Fixed N Approach

ABC is a standard pseudo-marginal application and a simple MCMC kernel for

exploring π̂ε, using the framework developed in this chapter, is to use Algorithm 4.5

with q(·|θ) = f(·|θ). The acceptance probability is given by

min

{
1,
p(θ′)g(θ|θ′)

∑N
j=1 1Bε(z(j))(y)

p(θ)g(θ′|θ)
∑N

j=1 1Bε(x(j))(y)

}

where
∑N

j=1 1Bε(z(j))(y) is the number of hits observed from N attempts on θ′ and∑N
j=1 1Bε(x(j))(y) is one plus the number of hits observed from N − 1 attempts on

θ. The ratio of these terms is a consistent estimator of fε(y|θ′)/fε(y|θ) so that

this multiple-try Metropolis type algorithm is indistinguishable from the marginal

algorithm that computes these terms explicitly as N →∞.
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4.6.1.2 Adaptive N Approach

In the ABC context, it can be difficult to specify an appropriate value of N in

advance, especially when hε(θ) is correspondingly small. In particular, if X = Rd

and B uses a p-norm for its metric then Zε is given by

Zε =
[2Γ(1 + 1/p)ε]d

Γ(1 + d/p)

so that hε(θ) can be very small when d is large and/or when ε is small. This formula

is a simple case of a result by Dirichlet (Edwards 1922, pp. 157-159), which can

also supply expressions when B uses different norms for different components of y

(see also Wang 2005). It is clear that Zε scales as εd so that for low values of ε,

which are typically required for π̂ε to be close to π, hε(θ) is low and can impact the

rate of convergence of an MCMC kernel in this context. The expression for Zε also

suggests that for large d, the infinity norm may be preferable from a computational

perspective.

A consequence for the MCMC approach in Marjoram et al. (2003) is that small values

of ε cause the kernel to get stuck at values of θ for many iterations. In Algorithm

4.12, the expected acceptance probability before sampling z′ ∼ f(·|θ′) is proportional

to hε(θ
′), and does not depend on hε(θ). As such, even if θ′ = arg maxϑ hε(ϑ), the

probability of acceptance can be arbitrarily low depending on how diffuse f(·|θ′) is

and how small ε is. It should be clear that for large enough N , this problem can

be alleviated by using Algorithm 4.5 as in the previous section since the acceptance

probability involves an approximation of fε(y|θ′)/fε(y|θ). However, the value of N

necessary for this approximation to be satisfactory is generally unknown in advance

so an adaptive scheme could be helpful.

In the SMC context, there are existing methods that have a similar motivation. The

approach of Beaumont et al. (2009) is to use a non-MCMC kernel to perturb the

particles at each time that includes a rejection sampling step. In particular, they

define a sequential importance sampling algorithm where the target distribution

at each time is given by π̂εt for some {εt}Tt=0 and the algorithm works only on the

marginal space Θ. At time t > 0, one has a set of N weighted samples approximating
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π̂εt−1 , denoted (θ
(1:N)
t−1 ,W

(1:N)
t−1 ) and this approach uses a proposal density for each θ

(i)
t

of the form

q(θ
(i)
t |θ

(1:N)
t−1 ,W

(1:N)
t−1 ) ∝ fεt(y|θ

(i)
t )

N∑
j=1

W
(j)
t−1g(θ

(i)
t |θ

(j)
t−1)

where one samples from this density by rejection. The importance weight associated

with θ
(i)
t is then given by

p(θ
(i)
t )∑N

j=1W
(j)
t−1g(θ

(i)
t |θ

(j)
t−1)

.

While this algorithm has the beneficial quality of always moving, the computational

cost of weighting all N samples is quadratic in N , the number of particles. When the

π̂εt ’s can be well approximated for small N and the number of simulations required

to perform the rejection sampling step is high, this is unlikely to have much of an

impact on the running time, but it can become a bottleneck as N grows. Another

approach, that is also a form of partial rejection control, is given in Peters et al.

(2008).

An alternative to both of these partial rejection control approaches is to use an

MCMC kernel to move each particle that adapts naturally to the diffusivity of

π̂εt , which is what we propose to do here. There are many possibilities for this

adaptation, even in this highly constrained application area. In particular, the choice

of proposal is constrained to ensure that evaluations of the likelihood function f are

not necessary but the choice of possible stopping probabilities βj and β̄j is vast.

The general form of an adaptive MCMC-ABC scheme with distinct N,N ′ is given

in Algorithm 4.13. The form of the proposal density for q in Algorithm 4.13 is

q(N ′, z(1:N ′)|θ′) = βN ′(z
(1:N ′))f(z(N ′)|θ′)

N ′−1∏
j=1

[1− βj(z(1:j))]f(z(j)|θ′)

while the form of q̄(N, u(2:N)|θ, u(1)) is

q̄(N, u(2:N)|θ, u(1)) = β̄N(u(1:N))f(u(N)|θ)[1− β̄1(u(1))]
N−1∏
j=2

[1− β̄j(u(1:j))]f(u(j)|θ).
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The acceptance probability of a swap move can be written as

min

{
1,
π̂ε(θ

′, v(1))g(θ|θ′)
π̂ε(θ, u(1))g(θ′|θ)

× ρ1ρ2

}

where ρ1 = f(u(1)|θ)/f(v(1)|θ′) and

ρ2 =
βN(x(1:N))

∏N−1
j=1 [1− βj(x(1:j))]

β̄N(u(1:N))
∏N−1

j=1 [1− β̄j(u(1:j))]

β̄N ′(v
(1:N ′))

∏N ′−1
j=1 [1− β̄j(v(1:j))]

βN ′(z(1:N ′))
∏N ′−1

j=1 [1− βj(z(1:j))]
,

with v(1:N ′) = ψ(N ′,l)(z
(1:N ′)) and x(1:N) = ψ−1

(N,k)(u
(1:N)).

Algorithm 4.13 Adaptive ABC-MCMC Algorithm with Distinct N,N ′

Given (θ0, u
(1)), at times t = 0, 1, . . .

1. Set (θ, u(1)) = (θt, u
(1)
t ).

2. Sample θ′ ∼ g(·|θ).
3. Sample N ′, z(1:N ′) ∼ q(·|θ′).

4. Sample L = l with probability
w

(l)
L∑N′

j=1 w
(j)
L

.

5. Sample N, u(2:N) ∼ q̄(·|θ, u(1)).

6. Sample K = k with probability
w

(k)
K∑N

j=1 w
(j)
K

.

7. Set v(1:N ′) = ψ(N ′,l)(z
(1:N ′)) and x(1:N) = ψ−1

(N,k)(u
(1:N)).

8. With probability

min

{
1,
π̃(N ′, N, l, k, θ′, θ, v(1:N ′), u(1:N), z(1:N ′), x(1:N))

π̃(N,N ′, k, l, θ, θ′, u(1:N), v(1:N ′), x(1:N), z(1:N ′))

}
,

set (θt+1, u
(1)
t+1) = (θ′, v(1)).

Otherwise, set (θt+1, u
(1)
t+1) = (θ, u(1)).

One possible approach is to let β̄j = βj be 1 if its arguments correspond to 2 hits

and 0 otherwise, and let ψN,k be defined by (4.9). To complete the scheme, it suffices

to choose the form of w
(j)
L and w

(j)
K , which we can define as w

(j)
L = 1Bε(z(j))(y)/2 for

j ∈ {1, . . . , N ′} and 0 otherwise, and w
(j)
K = 1/N for j ∈ {1, . . . , N} and 0 otherwise.

Because of the simple nature of this 0-1 stopping rule and the target density, one can

enumerate the possible values of ρ2 that can appear in the acceptance probability.

In particular, ρ2 = 1 if l < N ′ or if l = N ′ and 1Bε(z(1))(y) = 1 and 0 otherwise.

This is due to the discrepancy between the probability of N ′ in the numerator and
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denominator of the acceptance ratio. Note that the probability that l = N ′ is 1/2

since the number of hits is 2 and z(N ′) is by definition a hit. It is possible to remove

this factor 1/2 by defining instead w
(j)
L = 1Bε(z(j)(y) for j ∈ {1, . . . , N ′ − 1} and 0

otherwise, and w
(j)
K = 1/(N−1) for j ∈ {1, . . . , N−1} and 0 otherwise. In this case,

we have ρ2 = 1 for any k, l with non-zero probability. The acceptance probability

of the swap move simplifies to

min

{
1,
p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

× N − 1

N ′ − 1

}
.

Pseudo-code for this particular scheme is given in Algorithm 4.14, for which the

stopping rule and selection probabilities are an application of the observation in

Section 4.5.2.2. The description of the algorithm is considerably less complex than

the general form.

Algorithm 4.14 Adaptive 2-Hit ABC-MCMC Algorithm

Given (θ0, u
(1)), at times t = 0, 1, . . .

1. Set (θ, u(1)) = (θt, u
(1)
t ).

2. Sample θ′ ∼ g(·|θ).
3. Sample z(i) ∼ f(·|θ′) for i = 1, 2, . . . , N ′ until 2 hits have been observed,

i.e.
∑N ′

j=1 1Bε(z(j))(y) = 2 and 1Bε(z(N′))(y) = 1.

4. Set l = min{j : 1Bε(z(j))(y) = 1}.

5. Sample u(i) ∼ f(·|θ) for i = 2, 3, . . . , N until 1 hit has been observed, i.e.∑N
j=2 1Bε(u(j))(y) = 1 and 1Bε(u(N))(y) = 1.

6. Sample K = k with probability 1
N−1

1{1,...,N−1}(k).

7. With probability

min

{
1,
p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

× N − 1

N ′ − 1

}
,

set (θt+1, u
(1)
t+1) = (θ′, z(l)).

Otherwise, set (θt+1, u
(1)
t+1) = (θ, u(1)).

There is a great degree of flexibility in constructing such schemes, and it is not

immediately obvious what selection of constituent elements is optimal. Indeed,

consider the choice of distribution for k, which we have defined via the weights w
(j)
K .

One could define instead w
(j)
K = 1/N for j ∈ {1, . . . , N} and 0 otherwise. In this
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case, we have ρ2 = 1 if k 6= N and 0 if k = N . The acceptance probability is then

min

{
1,
p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

× N

N ′
× 1{1,...,N−1}(k)

}
which leads to an MCMC kernel with a larger asymptotic variance. Indeed, by

marginalizing out k the expected acceptance probability is

min

{
1,
p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

× N

N ′

}
× N − 1

N
= min

{
N − 1

N
,
p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

× N − 1

N ′

}
.

Note further that for any C,N,N ′ > 0 we have

min

{
1, C

N − 1

N ′ − 1

}
≥ min

{
1, C

N − 1

N ′

}
≥ min

{
N − 1

N
,C

N − 1

N ′

}
so this scheme leads to greater asymptotic variance compared to Algorithm 4.14 by

the arguments in (Tierney 1998, Section 3). In this case, the exclusion of k = N in

the conditional distribution for k is motivated by reducing the discrepancy between

the distributions for k in the forward move and l in the reverse move.

We now consider another adaptive algorithm in the ABC context that uses a shared

value of N . The general structure of such a scheme is given in Algorithm 4.15. The

form of the proposal density for q in Algorithm 4.15 is

q(N, z(1:N), u(2:N)|θ, θ′, u(1)) = βN(z(1:N), u(1:N))f(z(N)|θ′)f(u(N)|θ)

×
N−1∏
j=2

[1− βj(z(1:j), u(1:j))]f(z(j)|θ′)f(u(j)|θ)

× [1− β1(z(1), u(1))]f(z(1)|θ′).

The acceptance probability of a swap move can be written as

min

{
1,
π̂ε(θ

′, v(1))g(θ|θ′)
π̂ε(θ, u(1))g(θ′|θ)

× ρ1ρ2

}

where ρ1 = f(u(1)|θ)/f(v(1)|θ′) and

ρ2 =
βN(x(1:N), v(1:N))

∏N−1
j=1 [1− βj(x(1:j), v(1:j))]

βN(z(1:N), u(1:N))
∏N−1

j=1 [1− βj(z(1:N), u(1:j))]
,
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with v(1:N) = ψ(N,l)(z
(1:N)) and x(1:N) = ψ−1

(N,k)(u
(1:N)).

Algorithm 4.15 Adaptive ABC-MCMC Algorithm with Shared N

Given (θ0, u
(1)), at times t = 0, 1, . . .

1. Set (θ, u(1)) = (θt, u
(1)
t ).

2. Sample θ′ ∼ g(·|θ).
3. Sample N, u(2:N), z(1:N) ∼ q(·|θ, θ′, u(1)).

4. Sample L = l with probability
w

(l)
L∑N

j=1 w
(j)
L

.

5. Sample K = k with probability
w

(k)
K∑N

j=1 w
(j)
K

.

6. Set v(1:N) = ψ(N,l)(z
(1:N)) and x(1:N) = ψ−1

(N,k)(u
(1:N)).

7. With probability

min

{
1,
π̃(N, l, k, θ′, θ, v(1:N), u(1:N), z(1:N), x(1:N))

π̃(N, k, l, θ, θ′, u(1:N), v(1:N), x(1:N), z(1:N))

}
,

set (θt+1, u
(1)
t+1) = (θ′, v(1)).

Otherwise, set (θt+1, u
(1)
t+1) = (θ, u(1)).

A possible scheme in this setting is to let βj(z
(1:j), u(1:j)) = 1 if

N∑
j=1

1Bε(z(j))(y) + 1Bε(u(j))(y) ≥ 2,

and 0 otherwise. This means at least one extra hit has been observed, since u(1) is

always a hit. In this setting, we can use ψN,k defined by (4.9), and w
(j)
K = w

(j)
L = 1

if j = N and 0 otherwise. In this case, ρ2 = 1 if 1Bε(u(N))(y) = 0 and N > 1 and is

0 if 1Bε(u(N))(y) = 1 or N = 1. The acceptance probability can therefore be written

min

{
1,
p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

×
[
1− 1Bε(u(N))(y) + 11(N)

]}
.

Pseudo-code for this particular scheme is given in Algorithm 4.16.

This algorithm is the recommended algorithm for many reasons. In this simple ABC

context, the probability that the move for a given proposal θ′ is accepted can be
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Algorithm 4.16 Adaptive 1-Hit ABC-MCMC Algorithm

Given (θ0, u
(1)), at times t = 0, 1, . . .

1. Set (θ, u(1)) = (θt, u
(1)
t ).

2. Sample θ′ ∼ g(·|θ).

3. With probability 1−min
{

1, p(θ
′)g(θ|θ′)

p(θ)g(θ′|θ)

}
, set (θt+1, u

(1)
t+1) = (θ, u(1)) and go

to time t+ 1.

3. Sample z(1) ∼ f(·|θ′). If 1Bε(z(1))(y) = 1, set (θt+1, u
(1)
t+1) = (θ′, z(1)) and

go to time t+ 1.

4. For i = 2, 3, . . .

• Sample u(i) ∼ f(·|θ).
• If 1Bε(u(i))(y) = 1, set (θt+1, u

(1)
t+1) = (θ, u(1)) and go to time t+ 1.

• Sample z(i) ∼ f(·|θ′).
• If 1Bε(z(i))(y) = 1, set (θt+1, u

(1)
t+1) = (θ′, z(i)) and go to time t+ 1.

derived analytically, and is given by

min

{
1,
p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

}
× fε(y|θ′)
fε(y|θ) + fε(y|θ′)− fε(y|θ)fε(y|θ′)

.

This result shows that the transition probabilities have a limiting behaviour that is

independent of the diffusivity of f , in the sense that for any C > 0,

Cfε(y|θ′)
Cfε(y|θ) + Cfε(y|θ′)− C2fε(y|θ)fε(y|θ′)

≥ fε(y|θ′)
fε(y|θ) + fε(y|θ′)

.

A related, but distinct point, is that for a given f and y the transition probabilities

associated with decreases in ε also have a limiting behaviour since we have fε(y|θ)→
f(y|θ) as ε→ 0.

In fact, it can also be seen that if p(θ′)g(θ|θ′)
p(θ)g(θ′|θ) = 1, which is possible if p(·) is a uniform

prior and g is a symmetric proposal, Algorithm 4.14 has acceptance probability

min

{
1,

fε(θ
′)

fε(θ) + fε(θ′)− fε(θ)fε(θ′)

}
although its expected cost in number of simulations is higher. However, in the event

of large variation in the term p(θ′)g(θ|θ′)
p(θ)g(θ′|θ) , Algorithm 4.14 may be preferable.
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4.6.1.3 Remarks

The expected number of simulations for these adaptive algorithms cannot be com-

puted without specification of the proposal g and prior p. In Algorithm 4.16, if a

rejection does not occur in step 3, the expected number of simulations is

1

hε(θ) + hε(θ′)− hε(θ)hε(θ′)
.

In Algorithm 4.14, a practical implementation would take advantage of the fact

that both (N ′, z(1:N ′)) and (N, u(2:N)) can be sampled simultaneously, and once

(N ′, z(1:N ′)) or (N, u(2:N)) is realized, one need only continue sampling the other

until one knows the move will be accepted or rejected based on the value of the uni-

form random number used to perform this step. Nevertheless, the expected number

of simulations is greater than that of Algorithm 4.16, and the above analytic transi-

tion probability suggests that this extra expense is unwarranted when one does not

expect significant impact on the acceptance ratio from the prior and proposal terms.

A further comment is that the value of N in Algorithm 4.16 grows proportionally

with 1/Zε since fε(y|θ) = hε(θ)/Zε. The expected value of N satisfies

E[N ] ≥ 1

Zε

∫
Θ

π̂ε(θ)

∫
Θ

g(θ′|θ) 1

fε(y|θ) + fε(y|θ′)
min

{
1,
p(θ′)g(θ|θ′)
p(θ)g(θ′|θ)

}
dθ′dθ

with this bound becoming tighter as Zε → 0.

The above result has the immediate implication that the expected number of simu-

lations required to move to a new value of θ using Algorithm 4.16 is roughly twice

that of the simplest approach, Algorithm 4.12, since 2N − 1 is the approximate

number of simulations performed per iteration in the former algorithm. Indeed, ex-

plicit computation of transition matrices is possible in small examples with discrete

θ. In these cases inverse convergence rates can be calculated explicitly as the abso-

lute value of the second largest eigenvalue in absolute value of these matrices. The

expected value of N , denoted M , for Algorithm 4.16 can also be computed. One

can denote the inverse rate by ρN in the case of fixed N for Algorithm 4.5 applied

to ABC, and ρa for the adaptive 1-hit algorithm. For various discrete Θ examples

in which inverse rates of convergence can be computed exactly, we have found that

163



ρa < ρM1 but ρa > ρ2M−1
1 , indicating that the convergence rate in terms of simula-

tions from f(·|θ) is faster for Algorithm 4.12. However, ρa < ρM , in line with the

idea that the adaptive algorithm spends more computational resources for values of

(θ, θ′) where it is helpful. A final note is that the marginal transition matrix, cor-

responding to the situation where one computes f(y|θ) explicitly, can have a large

negative eigenvalue. As N → ∞, the transition matrix associated with Algorithm

4.5 approaches that of the marginal algorithm. However, for intermediate values of

N , the value of the second largest eigenvalue can be smaller in absolute value than

this negative eigenvalue, indicating that intermediate values of N can have a faster

rate of convergence, but perhaps at the cost of a larger asymptotic variance.

It is possible to define many different forms for the stopping probabilities βj and

β̄j. For example, one may want to wait until some number of hits r have been

observed on each value of θ or both combined, as straightforward generalizations of

Algorithms 4.14 and 4.16 respectively. This could be an application-specific choice,

since the computational overhead for setting up simulations with a new value of θ

could be very high in relation to the expense of running a simulation.

The algorithms presented in this context do not require explicit computation of the

adaptive correction factor ρ2 because one can determine exactly the value of this

function by considering all possible values it can take. In general, one will have

to compute this function explicitly at some computational expense but without the

need to consider what values it can take.

The adaptive algorithms described here correspond to MCMC kernels for fixed ε.

However, one can use these kernels for a fixed number of steps using different values

of ε in an SMC sampler approach to ensure that there is a high probability of each

particle moving when the proposed θ′ has high mass under π̂ε.

4.6.2 Model Selection

Pseudo-marginal algorithms are well suited to the problem of variable selection

when the marginal likelihood of the data given the model cannot be computed
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analytically. However, to showcase the differences in the algorithms, we focus on a

variable selection example where the marginal likelihood can be computed explicitly.

Consider the case where we have a set of n univariate observations y = y1:n ∈ Rn

and a design matrix X ∈ Rn×p and we want to select from the 2p models obtained

by including only a subset of the p covariates in X. As in Section 1.1.2.3, we can

represent each model using a binary string of length p, γ ∈ {0, 1}p, where γj = 1

implies that variable j is in the model and γj = 0 implies it is not. Given a model

Mγ, we denote the associated coefficient by βγ ∈ R‖γ‖1 and the associated design

matrix by Xγ = X1:n,γ, i.e. only columns of X corresponding to covariates in the

model are included in Xγ. We define the likelihood fγ of y given Mγ as Gaussian

with mean Xγβγ and covariance σ2Iγ. We additionally define the density g(·|Mγ)

as Gaussian with mean 0 and covariance δ2Iγ. In this case one can calculate the

marginal likelihood of the model

f(y|X,Mγ) =

∫
R‖γ‖1

fγ(y|Xγ,βγ)g(βγ|Mγ)dβγ (4.19)

analytically to check the output of an MCMC scheme that will instead use a pseudo-

marginal algorithm to target

π(Mγ) = p(Mγ|y) =
f(y|X,Mγ)p(Mγ)∑

γ′∈{0,1}p f(y|X,M′
γ)p(M′

γ)
.

A suitable auxiliary variable for each model is βγ in that

π(Mγ,βγ) = p(Mγ,βγ|y) =
fγ(y|Xγ,βγ)g(βγ|Mγ)p(Mγ)∑

γ′∈{0,1}p f(y|X,M′
γ)p(M′

γ)

does not require the computation of (4.19).

We present two simple low-dimensional problems here and present SMC methodol-

ogy as a possible solution to issues arising when p is large in the next chapter. In

the following examples we take σ2 = δ2 = 1 as fixed and known.
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4.6.2.1 Simple Case

We first show how simple pseudo-marginal methods work well when p is small and

one uses an importance density for βγ that is close to

p(βγ|y,Xγ,Mγ) =
fγ(y|Xγ,βγ)g(βγ|Mγ)

f(y|X,Mγ)
.

For p = 4 and n = 50, we sample Xn×p from a multivariate normal distribution

with mean 0 and covariance I4. We let β2 = β4 = 0 and sample β1 and β3 indepen-

dently from a standard normal distribution. Then we sample y from the likelihood

fγ(·|Xγ,βγ) where γ = {1, 0, 1, 0}.

We now perform inference on γ given y using a simple multiple-try type pseudo-

marginal algorithm with independent proposals, a conditioned or dependent pseudo-

marginal algorithm that conditions the proposals for z(1:N) on x(k) and the proposals

for x(−k) on z(l) and an adaptive conditioned pseudo-marginal algorithm. In this

application the variables x and z correspond to values of βγ and we have θ = γ

and θ′ = γ′. For the non-adaptive algorithms we use N = 100 samples and for

the adaptive algorithm we use an effective sample size threshold of 10 with a 0-1

stopping rule for the βj’s, but attempt to reduce the probability of ρ2 = 0 by not

permitting the selection of l = N .

For the multiple-try pseudo-marginal algorithm, a t-distribution with 4 degrees of

freedom and mean 0 is used to independently propose each value of z
(i)
j for i ∈

{1, . . . , N} and all j such that γ′j = 1 and x
(i)
j for i ∈ {1, . . . , N}\{k} and all j such

that γj = 1. For the conditioned and adaptive algorithms, for all i ∈ {1, . . . , N}, the

proposal for z
(i)
j is a t-distribution with 4 degrees of freedom and mean 0 if γj = 0

and a t-distribution with 4 degrees of freedom and mean x
(k)
j if γj = 1 for all j such

that γ′j = 1. An analogous proposal is used for x(−k) conditional on z(l) and both γ

and γ′.

Each MCMC algorithm is run for 50000 iterations with the resulting estimates of the

model probabilities given in Figure 4.1. It is clear that all the kernels mix quickly

and provide good estimates of the model probabilities.
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(a) MTM (b) MTM

(c) Conditioned PM (d) Conditioned PM

(e) Adaptive PM (f) Adaptive PM

Figure 4.1: Estimated model probabilities for the simple case (left) along with the
Monte Carlo estimate of the model probabilities at each iteration (right). The red
stem plots on the left indicate the true model probabilities.
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4.6.2.2 Benefits of Conditioning

To highlight the potential benefits of having the proposals for the auxiliary variables

depend on the current value of x(k), we now simulate data with p = 4 and n = 50

as before, with the same distribution for X but we set β3 = −10.3429 with all other

βj’s equal to zero. The same algorithms are used and each algorithm is run for

50000 iterations as before. The resulting estimates of the model probabilities given

in Figure 4.2. In this case, it is apparent that the use of independent proposals leads

to slow mixing, while both the conditioned pseudo-marginal and adaptive pseudo-

marginal algorithms converge quickly. The adaptive algorithm in addition converges

more quickly than the non-adaptive algorithm.

4.6.2.3 Effect of Adaptation

In this setting, adapting N using an ESS threshold is reasonably straightforward to

interpret. The value of N is essentially adapted to the difficulty in obtaining 10 effec-

tive samples of βγ, which depends largely on the dimension of the model associated

with γ. Figure 4.3 shows the relationship between logN and the dimension of the

model, and we can see that N grows exponentially in the dimension. This indicates

both that the adaptation of N is successful in ensuring that the marginal likelihood

is estimated somewhat robustly for each model but also that the adaptation of N

with the use of independent proposals cannot overcome the curse of dimensionality.

As such, in Section 5.4.2 we will use SMC as a mechanism for proposing values of

βγ to keep the amount of computation required by the kernel reasonable.

4.7 Discussion

This chapter has presented a perspective on the construction of reversible MCMC

kernels that target a given density π that is known up to a normalizing constant.

The developments are generally motivated by the desire to include many auxiliary

variables in a proposal, since these auxiliary variables can often be generated in
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(a) MTM (b) MTM

(c) Conditioned PM (d) Conditioned PM

(e) Adaptive PM (f) Adaptive PM

Figure 4.2: Estimated model probabilities with large β3 (left) along with the Monte
Carlo estimate of the model probabilities at each iteration (right). The red stem
plots on the left indicate the true model probabilities.
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Figure 4.3: Plot of logN against the dimension of the model. The red dots are the
average values of N over 10 trials for each model of the given dimension and the
blue line is a linear approximation of the trend. There was practically no difference
in the average value of N between models of the same dimension using the ESS
criterion.

parallel and hence involve little to no extra computational cost on modern computing

machines. However, the perspective can also be applied to understand more general

kernels that do not involve the generation of a large number of auxiliary random

variables.

The kernels, when perceived as a superficial generalization of Metropolis-Hastings

kernels to the case where some fixed number of proposals N are generated instead

of 1, can be seen as population-based MCMC kernels. However, in contrast to most

population-based MCMC methods, the auxiliary random variables in this case have

distributions that can be sampled from easily and in most situations enable the

Markov kernel to be viewed as operating on the space X on which π is defined.

This collapsing of the state of the chain is not generally seen in other population-

based methods. In addition, the framework provides a natural interpretation and

generalization of pseudo-marginal methods that have appeared in Beaumont (2003)

and Andrieu and Roberts (2009), allowing proposals to depend on the current state

of the chain as well as avoiding some scenarios in which the MCMC sampler gets

‘stuck’.

In some studies with π defined on a small discrete set, and when the proposals are

independent, we have observed that the computable, exact rate of convergence is not

improved for any fixed value of N to the extent that these kernels offer advantages

when analyzed from the perspective of serial computation. This is in accordance

with comments to this effect in (Murray 2007, Section 3.2) and Neal (2011), but is
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important to note that when implemented on a parallel architecture, the optimal

choice of N can be superior to 1. It is also potentially useful to be able to guarantee

that a kernel has a reasonable rate of convergence when it is used within another

scheme such as an SMC sampler. This can be accomplished to a certain extent

for ABC-MCMC kernels in the sense that we can derive kernels whose acceptance

probability for a move θ → θ′ has a limiting behaviour that depends only on the

relative likelihoods fε(y|θ) and fε(y|θ′). The extra computational power required to

traverse the posterior for small values of ε, or if fε is very diffuse, is automatically

accounted for in the kernel by sampling more auxiliary variables in expectation.

While not pursued here, it would be helpful to be able to characterize the relationship

between N and the rate of convergence or the asymptotic variance of the resulting

chain. Under some mild conditions one can derive the asymptotic kernel that is

obtained as N → ∞, and this makes clear that there is a point at which the extra

computational effort required to move according to a kernel with extremely large

values of N is unwarranted in terms of obtaining timely Monte Carlo estimates of an

expectation of a given function under π. In some examples, the rate of convergence

for intermediate values of N is faster than that of both the asymptotic kernel and

the kernel with N = 1, although this could be at the cost of larger asymptotic

variance.

In the next chapter, we will see how dependent proposals can be built in a systematic

and effective way using SMC methods. This builds upon the work in Andrieu et al.

(2010) and provides examples of situations in which intermediate values of N can

provide superior performance to N = 1 even if the computation is not performed in

parallel. Additionally, two algorithms that do not necessarily use multiple proposals

but which rely on the use of auxiliary variables for other means are discussed from

this perspective.
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Chapter 5

Active Particle Views of Advanced

MCMC Algorithms

5.1 Introduction

In this chapter, the perspective on reversible MCMC kernels developed in Chapter 4

is applied to proposals obtained through the use of particle methods. These powerful

methods provide a systematic way to construct effective, dependent proposals whose

density is typically close to a given target density π. This can be motivated by the

observation that multiple independent proposals, while providing some benefit on a

parallel architecture, do not seem to provide the same kind of benefit that dependent

proposals can. A clear example is sampling latent variables in a state-space model.

We will first introduce SMC methodology in more detail than was done in Section

1.2.4 and, following this, explicitly define the joint density of the particles produced

by such algorithms as well as a suitable extended target density that admits π as

a marginal. This construction can then be used within an MCMC algorithm using

the perspective developed in Chapter 4. The MCMC algorithms presented here

extend those in in Andrieu et al. (2010) so that the sequence of active particles is

also a Markov chain with equilibrium density π. Following derivation of particle

MCMC algorithms in this perspective, we will then see how the number of particles
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can be adapted at each time within the SMC algorithm without compromising the

equilibrium distribution of the MCMC kernel.

In order to demonstrate the wider value of the perspective beyond just the in-

troduction of multiple proposals, the active particle view is then applied to the

interpretation of the stochastic potential switching algorithm of Mak (2005) and the

auxiliary variable approach of Møller et al. (2006) for dealing with doubly intractable

distributions. In the first case, the perspective allows for easy interpretation of the

resulting kernel, whilst in the second this ease of interpretation additionally suggests

potential modifications to the approach that could be beneficial in practice.

5.2 Particle Methods

The first step in incorporating sequential proposals with interactions through re-

sampling is to determine the joint density of the particles that are produced by such

a proposal, and a corresponding extended target density that admits the target den-

sity π as a marginal. In order to do this, we will have to reexamine the algorithms

presented in Section 1.2.4 and present SMC in more detail.

5.2.1 Extended Target Density for SMC

In an SMC algorithm, one targets a sequence of densities π0, . . . , πT , where πt :

X t+1 → R+, which we can compute up to a normalizing constant, i.e. we can

compute γt(x0:t) = Ztπt(x0:t) where Zt =
∫
X t+1 γt(z0:t)dz0:t. The density that we

wish to obtain samples from is π = πT . The algorithm progresses by generating

a set of N samples in X at each time t, x
(1:N)
t , where t ∈ {0, . . . , T}. Associated

with each sample x
(i)
t is a set of t samples, one from each time j = t− 1, . . . , 0, that

together with x
(i)
t constitute a sample, or particle, in X t+1 that is to be used in a

particle approximation of πt. The next section describes the notation that we will

adopt to describe the set of particles produced more formally.
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Let us denote all the samples produced in an SMC algorithm by x
(1:N)
0:T ∈ XN×(T+1)

and the ancestral lineage of the particles by A
(1:N)
0:T−1 ∈ {1, . . . , N}N×T . The particles

x
(1:N)
t are the proposed particles at time t and A

(i)
t−1 denotes the index of the “parent”

of particle i at time t. For clarity, we introduce the notation Ci
t−1 ∈ {1, . . . , N}t

which represents the history of particle i at time t and is defined recursively by

Ci
t−1,t−1 = A

(i)
t−1 and then for j = t − 2, . . . , 0 we let Ci

t−1,j = A
(Cit−1,j+1)

j . Using this

notation, each of the N particles at time t can be denoted by (x
Cit−1

0:t−1, x
(i)
t ) for each

i ∈ {1, . . . , N} and where we have x
Cit−1

0:t−1 = (x
(Cit−1,0)

0 , . . . , x
(Cit−1,t−1)

t−1 ).

The conditional densities from which each particle x
(i)
t is sampled are denoted gt for

t ∈ {0, . . . , T}, which are to a certain extent arbitrary. Associated with each particle

at time t is an importance weight to correct for the discrepancy between the proposal

mechanism for the particles, which includes resampling, and the intermediate target

densities πt. To ease the presentation, we will further define w
(i)
t = wt(x

Cit−1

0:t−1, x
(i)
t )

and W
(i)
t =

w
(i)
t∑N

j=1 w
(j)
t

.

One can now refer to Algorithm 5.1 to view the SMC methodology rewritten in the

most simple case, where resampling occurs at every time. We will further assume

that multinomial resampling is used, i.e. we sample A
(1:N)
t ∼M(·|N,W (1:N)

t ) where

M(a(1:j)|j,W (1:N)) denotes the probability mass function of j independent draws

a(1), . . . , a(j) from a categorical distribution with probabilities given by W (1:N). This

implies that if nk =
∑j

i=1 1k(a
(i)) then the vector n1:N is a draw from the multinomial

distribution with parameters j and W (1:N).

The proposal density for all the samples x
(1:N)
0:T and the ancestral lineage A

(1:N)
0:T−1 is

given by

q(x
(1:N)
0:T , A

(1:N)
0:T−1) =

[
N∏
i=1

g0(x
(i)
0 )

]{
T∏
t=1

M
(
A

(1:N)
t−1

∣∣∣N,W (1:N)
t−1

) N∏
i=1

gt(x
(i)
t |x

Cit−1

0:t−1)

}
.

This density can be extended to include the index k of a particle selected proportional

to its weight at time T via:

q(k, x
(1:N)
0:T , A

(1:N)
0:T−1) = q(x

(1:N)
0:T , A

(1:N)
0:T−1)

w
(k)
T∑N

i=1 w
(i)
T

.
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Algorithm 5.1 SMC Reformalized

1. At time t = 0.

• For i = 1, . . . , N , sample x
(i)
0 ∼ g0(·)

• For i = 1, . . . , N , evaluate the importance weights:

w0(x
(i)
0 ) =

γ0(x
(i)
0 )

g0(x
(i)
0 )

.

2. For times t = 1, . . . , T .

• Sample A
(1:N)
t−1 ∼M(·|N,W (1:N)

t−1 ).

• For i = 1, . . . , N , sample x
(i)
t ∼ gt(·|x

Cit−1

0:t−1).

• For i = 1, . . . , N , evaluate the importance weights:

wt(x
Cit−1

0:t−1, x
(i)
t ) =

γt(x
Cit−1

0:t−1, x
(i)
t )

γt−1(x
Cit−1

0:t−1)gt(x
(i)
t |x

Cit−1

0:t−1)
.

So that we can next define an extended target density that both admits πT as a

marginal and is defined on the same space as our joint density for the proposal, it is

necessary to extend q to include the history of the selected particle, Ck
T−1, which is

deterministic upon the choice of k. We define k = k0:T ∈ {1, . . . , N}T+1 and write

q(k, x
(1:N)
0:T , A

(1:N)
0:T−1) = q(kT , x

(1:N)
0:T , A

(1:N)
0:T−1)δ

(C
kT
T−1)

(k0:T−1).

We can introduce an extended target density π̃N of the form

π̃N(k, x
(1:N)
0:T , A

(1:N)
0:T−1) = N−(T+1)π(xk0:T )q̄(x−k0:T , A

−k
0:T−1|k, x

k
0:T )

where

q̄(x−k0:T , A
−k
0:T−1|k, x

k
0:T ) =[

N∏
i=1,i 6=k0

g0(x
(i)
0 )

]{
T∏
t=1

M
(
A

(−kt)
t−1

∣∣∣N,W (1:N)
t−1

) N∏
i=1,i 6=kt

gt(x
(i)
t |x

Cit−1

0:t−1)

}

and the term N−(T+1) refers to the probability of k which is, in this case, uniform

on {1, . . . , N}T+1.
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The ratio of the extended target density and the proposal density is given by:

π̃N(k, x
(1:N)
0:T , A

(1:N)
0:T−1)

q(k, x
(1:N)
0:T , A

(1:N)
0:T−1)

=
N−(T+1)π(xk0:T )q̄(x−k0:T , A

−k
0:T−1|k, xk0:T )

q(k, x
(1:N)
0:T , A

(1:N)
0:T−1)

=
π(xk0:T )

∏T
t=0

[
1
N

∑N
j=1w

(j)
t

]
g(xk0

0 )
∏T

t=1 g(xktt |x
k0:t−1

0:t−1 )
∏T

t=0w
(kt)
t

=
π(xk0:T )

γT (xk0:T )

T∏
t=0

[
1

N

N∑
j=1

w
(j)
t

]
=

1

ZT

T∏
t=0

[
1

N

N∑
j=1

w
(j)
t

]
(5.1)

where ZT =
∫
γT (x0:T )dx0:T . This derivation also shows that the estimate of the

normalizing constant ẐT = N−(T+1)
∏T

t=0

[∑N
j=1 w

(j)
t

]
is unbiased since it can be

seen as the importance weight obtained with unnormalized density γT ∝ π as the

target. A more general proof of the unbiasedness result can be found in Del Moral

(2004) but it is instructive to additionally understand the densities on which the

importance weight (5.1) is defined, as this provides a number of methodological

opportunities.

An important difference between particle methods and those seen so far is that

the selected particle after running SMC can be indexed by k. However, for the

backwards proposal one must generally select an index kt ∈ {1, . . . , N} at every

time t ∈ {0, . . . , T}, which is the position of the fixed particle at each time. The

marginal probability of k in the target is essentially arbitrary, but is chosen here to

be uniform because the particles one chooses from are exchangeable. We will see

when we introduce criterion-based resampling, for example, that the distribution of

kt should generally be dependent on (x
(1:N)
0:t−1, A

(1:N)
0:t−1), and as a special case of this,

dependent only on W
(1:N)
t−1 .

A point of clarity is that the extended target π̃N is not an extended target density

that corresponds to an MCMC algorithm. Instead, it is a target density for one set

of proposals generated by an SMC algorithm. This target will, in Section 5.2.2, be

extended further in order to derive MCMC algorithms that target π in essentially

the same manner as was done in previous sections.
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5.2.1.1 Conditional Resampling

Consider the addition of conditional resampling according to a rule based on all

particles and their ancestors at time t. Assume further that the rule is invariant

to permutations of particle indices that keep ancestry consistent. We will, in fact,

assume that resampling occurs based only on the weights of the particles but not the

indices of the weights, which is common in practice, for clarity. An SMC algorithm

with conditional resampling is presented in Algorithm 5.2

Algorithm 5.2 SMC with Conditional Resampling

1. At time t = 0.

• For i = 1, . . . , N , sample x
(i)
0 ∼ g0(·)

• For i = 1, . . . , N , evaluate the importance weights:

w0(x
(i)
0 ) =

γ0(x
(i)
0 )

g0(x
(i)
0 )

.

2. For times t = 1, . . . , T .

• With probability ξ(W
(1:N)
t−1 ), sample A

(1:N)
t−1 ∼M(·|N,W (1:N)

t−1 )

and set rt−1 = 1, ω
(1:N)
t = (1, . . . , 1).

Otherwise, set A
(1:N)
t−1 = (1, . . . , N), rt−1 = 0 and ω

(1:N)
t = w

(1:N)
t−1 .

• For i = 1, . . . , N , sample x
(i)
t ∼ gt(·|x

Cit−1

0:t−1).

• For i = 1, . . . , N , evaluate the importance weights:

wt(x
Cit−1

0:t−1, x
(i)
t ) = ω

(i)
t

γt(x
Cit−1

0:t−1, x
(i)
t )

γt−1(x
Cit−1

0:t−1)gt(x
(i)
t |x

Cit−1

0:t−1)
.

There are at least two possible ways to determine the correct acceptance weight in

this scenario, and the two we consider depend on the description of the conditional

resampling step. The first corresponds to what is traditionally implemented: if

resampling is performed at time t, one samples A
(1:N)
t−1 ∼M(·|N,W (1:N)

t−1 ) and if not,

one sets A
(1:N)
t−1 = (1, . . . , N), which is what is done in Algorithm 5.2. The second

corresponds to a difference in what happens when resampling does not occur and

instead sets A
(1:N)
t−1 to be a uniform random permutation of (1, . . . , N). We can define

r = r0:t−1 ∈ {0, 1}T where rt = 1 implies resampling takes place at time t + 1 and

rt = 0 implies it does not.
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In the first case, it is easiest to write the proposal density as given by

q(k, x∗0:T , x
(1:N)
0:T , r, A

(1:N)
0:T−1) =

[
N∏
i=1

g0(x
(i)
0 )

]

×

{
T∏
t=1

q(rt−1, A
(1:N)
t−1 |W

(1:N)
t−1 )

N∏
i=1

gt(x
(i)
t |x

Cit−1

0:t−1)

}

× w
(kT )
T∑N

i=1w
(i)
T

δ
(C

kT
T−1)

(k0:T−1)δxk0:T
(x∗0:T ) (5.2)

where

q(rt−1, A
(1:N)
t−1 |W

(1:N)
t−1 ) = ξ(W

(1:N)
t−1 )δ1(rt−1)M

(
A

(1:N)
t−1

∣∣∣N,W (1:N)
t−1

)
+ (1− ξ(W (1:N)

t−1 ))δ0(rt−1)δ(1:N)(A
(1:N)
t−1 )

and we consider the simple, but common case where ξ encodes the probability of

resampling based on the values of the normalized weights at time t − 1. One can

then write the extended target as

π̃N(k, x∗0:T , x
(1:N)
0:T , r, A

(1:N)
0:T−1) = π(x∗0:T )q̄(k, x

(1:N)
0:T , r, A

(1:N)
0:T−1|x

∗
0:T )

where

q̄(k, x
(1:N)
0:T , r, A

(1:N)
0:T−1|x

∗
0:T ) =

1

N
δx∗0(x

(k0)
0 )

[
N∏

i=1,i 6=k0

g0(x
(i)
0 )

]

×

{
T∏
t=1

q̄(kt, rt−1, A
(1:N)
t−1 |W

(1:N)
t−1 , kt−1)δx∗t (x

(kt)
t )

N∏
i=1,i 6=kt

gt(x
(i)
t |x

Cit−1

0:t−1)

}
(5.3)

and

q̄(kt, rt−1, A
(1:N)
t−1 |W

(1:N)
t−1 , kt−1) = ξ(W

(1:N)
t−1 )δ1(rt−1)

1

N
δkt−1(A

(kt)
t−1)

×M
(
A

(−kt)
t−1

∣∣∣N − 1,W
(1:N)
t−1

)
+ (1− ξ(W (1:N)

t−1 ))δ0(rt−1)δkt−1(kt)δ(1:N)(A
(1:N)
t−1 ).

Note that the factor N−1 in q̄(kt, rt−1, A
(1:N)
t−1 |W

(1:N)
t−1 , kt−1) corresponds to a uniform

distribution over {1, . . . , N} for kt in the case where resampling occurs. The use of

a special variable x∗0:T highlights the fact that the marginal density of xk0:T = x∗0:T

given k is π. The conditional SMC algorithm corresponding to sampling from the
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density q̄(k, x
(1:N)
0:T , r, A

(1:N)
0:T−1|x∗0:T ) is given in Algorithm 5.3.

Algorithm 5.3 Conditional SMC Algorithm

1. At time t = 0.

• Sample k0 uniformly on {1, .., N}.

• For i ∈ {1, . . . , N} \ {k0}, sample x
(i)
0 ∼ g0(·) and set x

(k0)
0 = x∗0.

• For i = 1, . . . , N , evaluate the importance weights:

w0(x
(i)
0 ) =

γ0(x
(i)
0 )

g0(x
(i)
0 )

.

2. For times t = 1, . . . , T .

• With probability ξ(W
(1:N)
t−1 ), sample kt uniformly on {1, . . . , N}, set

A
(kt)
t−1 = kt−1, sample A

(−kt)
t−1 ∼ M(·|N − 1,W

(1:N)
t−1 ) and set rt−1 = 1,

ω
(1:N)
t = (1, . . . , 1).

Otherwise, set kt = kt−1, A
(1:N)
t−1 = (1, . . . , N), rt−1 = 0 and ω

(1:N)
t =

w
(1:N)
t−1 .

• For i ∈ {1, . . . , N} \ {kt}, sample x
(i)
t ∼ gt(·|x

Cit−1

0:t−1) and set x
(kt)
t = x∗t .

• For i = 1, . . . , N , evaluate the importance weights:

wt(x
Cit−1

0:t−1, x
(i)
t ) = ω

(i)
t

γt(x
Cit−1

0:t−1, x
(i)
t )

γt−1(x
Cit−1

0:t−1)gt(x
(i)
t |x

Cit−1

0:t−1)
.

With the target and proposal densities defined as above, and defining the set of

resampling times by R = {t ∈ {0, . . . , T − 1} : rt = 1} their ratio is given by

π̃N(k, x∗0:T , x
(1:N)
0:T , r, A

(1:N)
0:T−1)

q(k, x∗0:T , x
(1:N)
0:T , r, A

(1:N)
0:T−1)

=
1

ZT

∏
t∈R∪{T}

[
1

N

N∑
j=1

w
(j)
t

]
. (5.4)

In fact, the second approach to implementing conditional resampling can be ex-

plained more easily, but, at least theoretically, requires implementation of a non-

standard algorithm. In this case, recall that we set A
(1:N)
t−1 to be a uniform random

permutation of (1, . . . , N) if resampling does not occur. As such, there is no conflict

with having kt be uniformly distributed on {1, . . . , N} at every time t ∈ {0, . . . , T}.
The resampling weights, which are what appear in the acceptance ratio and are in

this case distinct from the importance weights of the particles, satisfy w̃
(j)
t = 1 for
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all j ∈ {1, . . . , N} at times t when resampling is not performed. As such,

1

N

N∑
j=1

w̃
(j)
t = 1

at these times and one recovers the same expression as (5.4).

An important observation for the material in Section 5.2.2 is that the representa-

tion of the target as π̃N(k, x∗0:T , x
(1:N)
0:T , r, A

(1:N)
0:T−1) makes it clear that one can define a

Gibbs move that samples (k, x
(1:N)
0:T , r, A

(1:N)
0:T−1) conditional on x∗0:T under π̃N , where

we emphasize that (k, r) in particular is not fixed. This is important because in the

material in that section, one will want to, in some cases, produce samples according

to this conditional density. The ability to sample (k, r) along with the remain-

ing variables allows for the number and value of resampling times to be different

when running a conditional SMC algorithm that corresponds to sampling from the

distribution with density q̄(k, x
(1:N)
0:T , r, A

(1:N)
0:T−1|x∗0:T ).

5.2.1.2 Importance Sampling

The above derivation of a joint density and corresponding extended target density

is, as yet, distinct from the earlier work in this chapter, in that it is not part of

an MCMC algorithm. It is worth noting that the above derivation of an extended

target density for samples produced by SMC, and which summarizes some of the

material in Andrieu et al. (2010), is motivated primarily by our inability to evaluate

the marginal density q(x∗0:T ), i.e. the density of the selected particle at time T .

A further note is that one can view particle methods in general as a specification

of a general mechanism by which one can produce dependent proposals through a

combination of importance sampling and resampling, the particle interaction step

that is characteristic of the methodology.

A simple use of the above extended density is in importance sampling, where the

unnormalized importance weight associated with each time T particle i from an
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SMC algorithm is given by

∏
t∈R∪{T}

[
1

N

N∑
j=1

w
(j)
t

]
w

(i)
T∑N

i=1w
(j)
T

.

This weighting is common practice for samples from a single algorithm, but the above

shows that it is possible to include particles from different SMC algorithms targeting

the same density π. This is of limited use since one will typically obtain lower

variance estimates of expectations with respect to π by running a single algorithm

with larger N , due to the interaction between a larger set of particles in this case.

5.2.2 Particle Markov Chain Monte Carlo

A major advantage of the ability to weight samples with respect to π is in allowing

for the use of SMC within more general frameworks, such as MCMC (Andrieu et al.

2010) and even SMC (Chopin et al. 2011). We turn now to the use of such samples

within our framework for designing reversible MCMC kernels, in which the particle

independent Metropolis-Hastings (PIMH) algorithm, particle marginal Metropolis-

Hastings (PMMH) and particle Gibbs algorithms of (Andrieu et al. 2010) can be seen

as utilizing advanced sequential proposals, the latter two within a pseudo-marginal

framework.

In order to distinguish between particle histories for variables denoted generally by x

and those denoted by z, we introduce the notation (x) and (z) respectively to make

this clear. For clarity, we replace the particular form of the importance weight with

the symbol ẐT , since the weight is an unbiased estimate ZT =
∫
γ(x0:T )dx0:T , the

normalizing constant of the density γ(·) ∝ π(·). In cases where θ is a parameter, we

use the symbol ẐT (θ′, z) to denote the importance weight associated with an SMC

algorithm with static parameter θ′ for the variables denoted generally by z.
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5.2.2.1 Particle “Independent” Metropolis-Hastings

Consider the target

π̃N(k, l, x∗0:T , z
∗
0:T , x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x), z

(1:N)
0:T , r(z), A

(1:N)
0:T−1(z))

= π(x∗0:T )q(l, z
(1:N)
0:T , r(z), A

(1:N)
0:T−1(z))δzl0:T

(z∗0:T )q̄(k, x
(1:N)
0:T , r(x), A

(1:N)
0:T−1(x)|x∗0:T )

Due to the results in the previous section, the swap move

(k, l, x∗0:T , z
∗
0:T , x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x), z

(1:N)
0:T , r(z), A

(1:N)
0:T−1(z))

→ (l,k, z∗0:T , x
∗
0:T , z

(1:N)
0:T , r(z), A

(1:N)
0:T−1(z), x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x))

has acceptance probability min
{

1, ẐT (z)/ẐT (x)
}

.

The particle independent Metropolis-Hastings (PIMH) method of Andrieu et al.

(2010), samples (l, z∗0:T , z
(1:N)
0:T , r(z), A

(1:N)
0:T−1(z)) ∼ π̃N(·|k, x∗0:T , x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x))

before attempting the swap move. However, in the same manner as that described in

section 4.4, it is possible to additionally sample (k, x
(1:N)
0:T , r(x), A

(1:N)
0:T−1(x)) ∼ q̄(·|x∗0:T )

before attempting the swap. In this case, the state x∗0:T at each iteration of the

MCMC algorithm defines a Markov chain.

Another potential improvement in some applications is that q can condition on x∗0:T

and q̄ can condition on z∗0:T . This can be seen by rewriting the extended target

density as

π̃N(k, l, x∗0:T , z
∗
0:T , x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x), z

(1:N)
0:T , r(z), A

(1:N)
0:T−1(z))

= π(x∗0:T )q(l, z
(1:N)
0:T , r(z), A

(1:N)
0:T−1(z)|x∗0:T )δzl0:T

(z∗0:T )

× q̄(k, x(1:N)
0:T , r(x), A

(1:N)
0:T−1(x)|x∗0:T , z

l
0:T )

The implementation of such a scheme will usually involve the proposal densities

within the SMC algorithm {gt}Tt=0 conditioning on x∗0:T and z∗0:T respectively, and in

this case the form of the acceptance ratio is unchanged if (k, x
(1:N)
0:T , r(x), A

(1:N)
0:T−1(x))
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is sampled. More specifically, one can extend (5.2) via

q(l, z∗0:T , z
(1:N)
0:T , r(z), A

(1:N)
0:T−1(z)|x∗0:T ) =[

N∏
i=1

g∗0(z
(i)
0 |x∗0:T )

]{
T∏
t=1

q(rt−1, A
(1:N)
t−1 |W

(1:N)
t−1 )

N∏
i=1

g∗t (z
(i)
t |z

Cit−1

0:t−1, x
∗
0:T )

}

× w
(lT )
T∑N

i=1 w
(i)
T

δ
(C

lT
T−1)

(l0:T−1)δzl0:T
(z∗0:T ) (5.5)

and (5.3) via

q̄(k, x
(1:N)
0:T , r(x), A

(1:N)
0:T−1(x)|x∗0:T , z

∗
0:T ) =

1

N
δx∗0(x

(k0)
0 )

[
N∏

i=1,i 6=k0

g∗0(x
(i)
0 |z∗0:T )

]

×

{
T∏
t=1

q̄(kt, rt−1, A
(1:N)
t−1 |W

(1:N)
t−1 , kt−1)δx∗t (x

(kt)
t )

N∏
i=1,i 6=kt

g∗t (x
(i)
t |x

Cit−1

0:t−1, z
∗
0:T )

}
. (5.6)

This conditioning could be especially helpful when the proposals {gt}Tt=0 on their

own have difficulty targeting π. More specifically, it can be the case that

ḡt(z0:t) = πt−1(z0:t−1)gt(zt|z0:t−1)

is a poor importance density for πt, leading to significant degeneracy of the weights

at time t, but that if x∗0:T ∼ πT (·) then one can build a better importance density

for πt as

ḡ∗t (z0:t|x∗0:T ) = πt−1(z0:t−1)g∗t (zt|z0:t−1, x
∗
0:T ).

A description of the PIMH algorithm is given in Algorithm 5.4, where the densities

q and q̄ are given by (5.5) and (5.6) respectively. The extra terms x∗0:T in q and

z∗0:T in q̄ are included to indicate that it is possible to condition the proposals g0:T

on these terms. Indeed, step 3 of the algorithm is not mandatory if the proposals

do not condition on these values. A possible remark is that the proposals used in

the resulting PIMH algorithm are no longer independent of the current state of the

chain. However, it seems useful to consider the extra conditioning as only a minor

extension of the existing algorithm.
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Algorithm 5.4 Particle “Independent” Metropolis-Hastings

• At iteration t:

1. Set x∗0:T = x∗0:T,t−1.

2. Sample l, z∗0:T , z
(1:N)
0:T , r(z), A

(1:N)
0:T−1(z) ∼ q(·|x∗0:T )

3. Sample k, x
(1:N)
0:T , r(x), A

(1:N)
0:T−1(x) ∼ q̄(·|x∗0:T , z

∗
0:T )

4. With probability min
{

1, ẐT (z)/ẐT (x)
}

, set x∗0:T,t = z∗0:T .

Otherwise, set x∗0:T,t = x∗0:T .

5.2.2.2 Particle Marginal Metropolis-Hastings

We now consider inference on a parameter θ where π(θ) is not computationally

available. This is often because π(θ) = f(θ|y) ∝ f(y|θ)f(θ) but f(y|θ) cannot be

computed analytically. When we have access to some density f(y,x|θ) such that∫
f(y,x|θ)dx = f(y|θ), then this is a pseudo-marginal problem of the type described

in Section 4.4 and we can define

π(θ,x) = f(θ,x|y) =
f(y,x|θ)f(θ)

f(y)
.

SMC in this setting can be seen as a method by which one constructs dependent

proposals with density close to π(x|θ) in a principled fashion, as a general approach

to constructing schemes with the form of Algorithm 4.8. This involves the defini-

tion of T auxiliary densities {πt}T−1
t=0 and T + 1 proposal densities {gt}Tt=0, where

the strength of the methodology is that judicious but simple choices for these den-

sities and large enough N lead to the weighted time T samples providing a good

approximation to the distribution with density π(x|θ).

Given that we want to use SMC to target π(x|θ), there are a number of possible

ways to select the sequence of auxiliary densities {πt}T−1
t=0 . In state-space models

with y = y1:T , it is common to use πt(x0:t|θ) = f(x0:t|y1:t, θ). In static models, we

typically define πT (x0:T |θ) = π(xT |θ)
∏T−1

j=0 Lj(xj+1, xj), where the Lj’s are a set of
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auxiliary backwards kernels, and one might choose instead

πt(x0:t|θ) =
π(xt|θ)βt∫
π(z|θ)βtdz

t−1∏
j=0

Lj(xj+1, xj)

as is done in Section 2.4.1 or

πt(x0:t|θ0:t) = π(xt|θt)
t−1∏
j=0

Lj(xj+1, xj)

as is done in Section 3.5. Many other schemes are possible.

To incorporate SMC proposals in a pseudo-marginal MCMC kernel, we can consider

the target

π̃N(k, l, θ, θ′, x∗0:T , z
∗
0:T , x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x), z

(1:N)
0:T , r(z), A

(1:N)
0:T−1(z))

= π(θ, x∗0:T )g(θ′|θ)q(l, z(1:N)
0:T , r(z), A

(1:N)
0:T−1(z)|θ′, x∗0:T )

× δzl0:T
(z∗0:T )q̄(k, x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x)|θ, x∗0:T , z

∗
0:T )

The swap move

(k, l, θ, θ′, x∗0:T , z
∗
0:T , x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x), z

(1:N)
0:T , r(z), A

(1:N)
0:T−1(z))

→ (l,k, θ′, θ, z∗0:T , x
∗
0:T , z

(1:N)
0:T , r(z), A

(1:N)
0:T−1(z), x

(1:N)
0:T , r(x), A

(1:N)
0:T−1(x))

has acceptance probability

min

{
1,
f(θ′)g(θ|θ′)ẐT (θ′, z)

f(θ)g(θ′|θ)ẐT (θ, x)

}
.

The potential improvements noted in the previous section are also suggested here,

namely that one can both sample (k, x
(1:N)
0:T , r(x), A

(1:N)
0:T−1(x)) conditional on x∗0:T and

also let q and q̄ condition on x∗0:T and z∗0:T , respectively. A description of the PMMH

scheme is given in Algorithm 5.5, where step 4 is not mandatory if q and q̄ do not

condition on x∗0:T and z∗0:T respectively.
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Algorithm 5.5 Particle Marginal Metropolis-Hastings

• At iteration t:

1. Set θ = θt−1 and x∗0:T = x∗0:T,t−1.

2. Sample θ′ ∼ g(·|θ).

3. Sample l, z∗0:T , z
(1:N)
0:T , r(z), A

(1:N)
0:T−1(z) ∼ q(·|θ′, x∗0:T )

4. Sample k, x
(1:N)
0:T , r(x), A

(1:N)
0:T−1(x) ∼ q̄(·|θ, x∗0:T , z

∗
0:T )

5. With probability

min

{
1,
f(θ′)g(θ|θ′)ẐT (θ′, z)

f(θ)g(θ′|θ)ẐT (θ, x)

}
,

set (θt, x
∗
0:T,t) = (θ′, z∗0:T ).

Otherwise, set (θt, x
∗
0:T,t) = (θ, x∗0:T ).

5.2.2.3 Particle Gibbs

For the particle Gibbs algorithm, one can consider the following extended target

π̃N(k, θ, x∗0:T , x
(1:N)
0:T , r, A

(1:N)
0:T−1) = π(θ, x∗0:T )q̄(k, x

(1:N)
0:T , r, A

(1:N)
0:T−1|x

∗
0:T , θ)

The algorithm is defined by first sampling θ ∼ π(·|x∗0:T ) and k, x
(1:N)
0:T , r, A

(1:N)
0:T−1 ∼

q̄(·|x∗0:T , θ). Then one samples k, x∗0:T ∼ π̃N(·|θ, x(1:N)
0:T , r, A

(1:N)
0:T−1) via

P[K = k|θ, x(1:N)
0:T , r, A

(1:N)
0:T−1] =

π̃N((CkT
T−1, kT ), θ, (x

C
kT
T−1

0:T−1, x
(kT )
T ), x

(1:N)
0:T , r, A

(1:N)
0:T−1)∑N

j=1 π̃
N((Cj

T−1, j), θ, (x
CjT−1

0:T−1, x
(j)
T )x

(1:N)
0:T , r, A

(1:N)
0:T−1)

where division of both numerator and denominator by

q(x
(1:N)
0:T , r, A

(1:N)
0:T−1|θ) =

N∑
kT=1

δ
C
kT
T−1

(k0:T−1)δxk0:T
(x∗0:T )q(k, x∗0:T , x

(1:N)
0:T , r, A

(1:N)
0:T−1|θ)

gives

P[K = k|θ, x(1:N)
0:T , r, A

(1:N)
0:T−1] =

w
(kT )
T∑N

j=1w
(j)
T

δ
C
kT
T−1

(k0:T−1)

and one can set x∗0:T = xk0:T upon sampling k.

186



A potential improvement is that instead of Gibbs sampling k, one could propose

a swap where we choose LT = lT with probability proportional to w
(l)
T for lT ∈

{1, . . . , N}\{kT} and zero otherwise, and set l0:T−1 = C lT
T−1. The acceptance proba-

bility for the swap move (k, θ, x∗0:T , x
(1:N)
0:T , r, A

(1:N)
0:T−1) → (l, θ, xl0:T , x

(1:N)
0:T , r, A

(1:N)
0:T−1) is

then

min

{
1,

∑N
j=1,j 6=kT w

(j)
T∑N

j=1,j 6=lT w
(j)
T

}
.

Algorithm 5.6 Particle Gibbs

• At iteration t:

1. Set x∗0:T = x∗0:T,t−1.

2. Sample θt ∼ π(·|x∗0:T ).

3. Sample k, x
(1:N)
0:T , r, A

(1:N)
0:T−1 ∼ q̄(·|θt, x∗0:T ).

4. Sample l = (C lT
T−1, lT ) with probability

w
(lT )

T∑N
j=1,j 6=kT

w
(j)
T

5. With probability

min

{
1,

∑N
j=1,j 6=kT w

(j)
T∑N

j=1,j 6=lT w
(j)
T

}
,

set x∗0:T,t = (x
C
lT
T−1

0:T−1, x
(lT )
T ).

Otherwise, set x∗0:T,t = x∗0:T .

5.2.2.4 Remark

One of the characteristic features of the algorithms presented is that the state space

of the Markov chain, when we sample according to q̄, can be collapsed to Θ ×
X T+1, i.e. it need not include the auxiliary variables introduced in both q and q̄

since (θ, x∗0:T ) defines a Markov chain. A further reduction of the state space is

possible in some cases, particularly when the target distribution can be factorized

as πT (θ, x0:T ) = π(θ)π(xT |θ)
∏T

t=1 Lt−1(xt, xt−1; θ). If one can sample according to

the backwards kernel Lt−1 for each t ∈ {1, . . . , T}, this can be incorporated into

any of the above algorithms as a preliminary step. As an example, this is possible

in the somewhat generic SMC sampler situation where Kt is a reversible MCMC

kernel with invariant distribution πt(xt|θ), in which case Lt−1 = Kt. By sampling

x∗0:T−1 ∼
∏T

t=1 Lt−1(xt, xt−1; θ) with xT = x∗T , one can collapse the state space of the
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Markov chain to Θ×X .

5.2.3 Adapting N

We now consider the adaptation of N = N0:T in SMC, where we now adapt Nt, the

number of particles at each time t of the SMC algorithm. In this case, it makes

sense for resampling to occur at each stage, although this operation is now slightly

different to what has occurred before. In particular, we do not want to require

Nt ≥ Nt−1 so some form of resampling occurs at each time. The primary motivation

for such a scheme is that the SMC methodology can allocate different amounts of

computational resources when approximating different auxiliary target densities. If

the adaptation is successful, one could obtain an approximation of πT such that an

equally good approximation using fixed N would be considerably more costly.

We will introduce the random variables u0:T and v0:T , as well as a mapping func-

tion ψN,k as in Section 4.5.2. Given N = N0:T and N′ = N ′0:T , we have u0:T =

(u
(1:N0)
0 , . . . , u

(1:NT )
T ) and v0:T = (v

(1:N ′0)
0 , . . . , v

(1:N ′T )

T ). We denote x0:T and z0:T anal-

ogously, and given k ∈ {1, . . . , N0} × · · · × {1, . . . , NT}, l ∈ {1, . . . , N ′0} × · · · ×
{1, . . . , N ′T}, x0:T and z0:T are defined by

x
(1:Nt)
t = ψ−1

(Nt,kt)
(u

(1:Nt)
t )

and

v
(1:N ′t)
t = ψ(N ′t,lt)

(z
(1:N ′t)
t )

for every t ∈ {0, . . . , T}. We also need to introduce a random variable Ā0:T−1 to

denote the reordered ancestries. This random variable satisfies

Ā
(1:N ′t)
t−1 = ψ(N ′t,kt)

(A
(1:N ′t)
t−1 ).

In the following, we focus on the case where the stopping probabilities βj depend

only on the weights at time j, but this restriction is not necessary. In general, βj

could depend on any random variables sampled up to and including time j.
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We can write an SMC proposal density as

q(N,k,x0:T ,A0:T−1,u0:T , Ā0:T−1) =

q0(N0, x
(1:N0)
0 )

T∏
t=1

qt(Nt, x
(1:Nt)
t , A

(1:Nt)
t−1 |x0:t−1,A0:t−2)

× w
(kT )
T∑N

i=1 w
(i)
T

δ
(C

kT
T−1)

(k0:T−1)
T∏
t=0

δ
ψNt,kt (x

(1:Nt)
t )

(u
(1:Nt)
t )

T∏
t=1

δ
ψNt,kt (A

(1:Nt)
t−1 )

(Ā
(1:Nt)
t−1 )

where

q0(N0, x
(1:N0)
0 ) = βN0(w

(1:N0)
0 )g0(x

(N0)
0 )

N0−1∏
j=1

[1− βj(w(1:j)
0 )]g0(x

(j)
0 )

and

qt(Nt, x
(1:Nt)
t , A

(1:Nt)
t−1 |x0:t−1,A0:t−2) =

βNt(w
(1:Nt)
t )M(A

(Nt)
t−1 |1,W

(1:Nt−1)
t−1 )gt(x

(Nt)
t |xC

Nt
t−1

0:t−1)

×
Nt−1∏
j=1

[1− βt(w(1:j)
t )]M(A

(j)
t−1|1,W

(1:Nt−1)
t−1 )gt(x

(j)
t |x

Cjt−1

0:t−1).

The extended target density can be written as

π̃(N,k,x0:T ,A0:T−1,u0:T , Ā0:T−1) = π(u10:T )δ1(Ā
(1)
0:T−1)q̄(N,k, u−10:T , Ā

−1
0:T−1|u

1
0:T )

×
T∏
t=0

δ
ψ−1
Nt,kt

(u
(1:Nt)
t )

(x
(1:Nt)
t )×

T∏
t=1

δ
ψ−1
Nt,kt

(Ā
(1:Nt)
t−1 )

(A
(1:Nt)
t−1 )

where

q̄(N,k, u−10:T , Ā
−1
0:T−1|u

1
0:T ) = q̄0(N0, u

(2:N0)
0 |u(1)

0 )q̄(k0|N0, u
(1:N0)
0 )

×
T∏
t=1

q̄t(Nt, u
(2:Nt)
t , Ā

(2:Nt)
t−1 |u0:t−1,A0:t−2, u

(1)
t )q̄(kt|Nt, u

(1:Nt)
t ),
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q̄0(N0, u
(2:N0)
0 |u(1)

0 ) =

β̄N0(w̄
(1:N0)
0 )g0(u

(N0)
0 )

[
N0−1∏
j=2

[1− β̄j(w̄(1:j)
0 )]g0(u

(j)
0 )

]
[1− β̄1(w̄

(1)
0 )]

and

q̄t(Nt, u
(2:Nt)
t , Ā

(2:Nt)
t−1 |u0:t−1,A0:t−2, u

(1)
t ) =

β̄Nt(w̄
(1:Nt)
t )M(Ā

(Nt)
t−1 |1, W̄

(1:Nt−1)
t−1 )gt(u

(Nt)
t |uC

Nt
t−1

0:t−1)

×

[
Nt−1∏
j=2

[1− β̄t(w̄(1:j)
t )]M(A

(j)
t−1|1, W̄

(1:Nt−1)
t−1 )gt(u

(j)
t |u

Cjt−1

0:t−1)

]
[1− β̄1(w̄

(1)
t )].

with the weights in q̄ denoted by w̄ and W̄ respectively to make clear that they are

the weights associated with the variables u0:T and not x0:T .

Despite the rather tedious description of the proposal and extended target densities,

the importance weight

π̃(N,k,x0:T ,A0:T−1,u0:T , Ā0:T−1)

q(N,k,x0:T ,A0:T−1,u0:T , Ā0:T−1)

can take a simple form, depending on the choice of the βj’s, β̄j’s and q̄(kt|Nt, u
(1:Nt)
t ).

In a simple scenario, one might have q̄(kt|Nt, u
(1:Nt)
t ) = 1/Nt. In this case, the weight

is given by

π̃(N,k,x0:T ,A0:T−1,u0:T , Ā0:T−1)

q(N,k,x0:T ,A0:T−1,u0:T , Ā0:T−1)
=

ρ2

ZT

T∏
t=0

[
1

Nt

N∑
j=1

w
(j)
t

]

where

ρ2 =
T∏
t=0

β̄Nt(w̄
(1:Nt)
t )

∏Nt−1
j=1 [1− β̄j(w̄(1:j)

t )]

βNt(w
(1:Nt)
t )

∏Nt−1
j=1 [1− βj(w(1:j)

t )]

Here, ρ2 denotes the correction needed to make the estimate of ẐT unbiased, which

is slightly different from the meaning of ρ2 in Section 4.5.2. It is included in this

fashion here to make explicit the fact that this estimate remains unbiased when N

is adapted.
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Algorithm 5.7 Adaptive SMC Algorithm

1. At time t = 0.

• For j = 1, . . .

• Sample x
(j)
0 ∼ g0(·).

• Evaluate the importance weight:

w
(j)
0 = w0(x

(j)
0 ) =

γ0(x
(j)
0 )

g0(x
(j)
0 )

.

• With probability βj(w
(1:j)
0 ), set N0 = j and go to time t+ 1.

2. For times t = 1, . . . , T .

• For j = 1, . . .

• Sample A
(j)
t−1 ∼M(·|1,W (1:Nt−1)

t−1 ).

• Sample x
(j)
t ∼ gt(·|x

Cjt−1

0:t−1).

• Evaluate the importance weight:

w
(j)
t = wt(x

Cit−1

0:t−1, x
(j)
t ) =

γt(x
Cjt−1

0:t−1, x
(j)
t )

γt−1(x
Cjt−1

0:t−1)gt(x
(j)
t |x

Cjt−1

0:t−1)
.

• With probability βj(w
(1:j)
t ), set Nt = j and go to time t+ 1.

3. • Sample kT with probability
w

(kT )

T∑NT
i=1 w

(i)
T

and set k0:T−1 = CkT
T−1.

• Evaluate

ρ2 =
T∏
t=0

β̄Nt(w̄
(1:Nt)
t )

∏Nt−1
j=1 [1− β̄j(w̄(1:j)

t )]

βNt(w
(1:Nt)
t )

∏Nt−1
j=1 [1− βj(w(1:j)

t )]

where w̄
(1:Nt)
t = ψNt,kt(w

(1:Nt)
t ).

• Evaluate

ẐT = ρ2

T∏
t=0

[
1

Nt

Nt∑
j=1

w
(j)
t

]
.
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5.2.3.1 Adaptive Particle Markov Chain Monte Carlo

Adaptive versions of the particle Markov chain Monte Carlo algorithms are rela-

tively straightforward extensions to the existing methods, generally requiring only

the specification of stopping rule for N and N ′ and the additional computation of

the correction factors ρ2 for both the forward filter and the backward filter. For

simplicity, we ignore the ability for q and q̄ to condition on u(1) and v(1) respectively,

but this remains a possibility. Adaptive schemes are given in Algorithms 5.8-5.10.

For the adaptive particle Gibbs sampler, it would be theoretically advantageous

to incorporate ρ2, which encodes the discrepancy between the density of N when

u10:T = xk0:T and when u10:T = xl0:T , in the selection of l. However, this would involve

the computation of ρ2 for all NT possible values of lT , which may be excessive in

some cases.

Algorithm 5.8 Adaptive Particle Independent Metropolis-Hastings

• At iteration t:

1. Set u
(1)
0:T = u

(1)
0:T,t−1.

2. Sample N′, l, z0:T ,A0:T−1(z),v0:T , Ā0:T−1(z) ∼ q(·).

3. Sample N,k,x0:T ,A0:T−1(x),u−10:T , Ā
−1
0:T−1(x) ∼ q̄(·|u(1)

0:T ).

4. With probability min
{

1, ẐT (z)

ẐT (x)

}
, set u

(1)
0:T,t = v

(1)
0:T .

Otherwise, set u
(1)
0:T,t = u

(1)
0:T .

5.2.3.2 Remarks

The effect of the adaptation of N in an SMC framework can be complex to analyze.

The choice of stopping rules βj and β̄j is not obvious and can have a large impact

on the effectiveness of resulting algorithms. A possible choice is to use an effective

sample size (ESS) threshold to ensure that there is diversity at each time. However,

while promising and effective in some circumstances, there are two major issues

with this criterion. The first is that it is not clear what choice of threshold is good.

In fact, a low choice of threshold does not necessarily decrease the total number

of particles sampled for all time steps since low diversity can drastically affect the
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Algorithm 5.9 Adaptive Particle Marginal Metropolis-Hastings

• At iteration t:

1. Set θ = θt−1 and u
(1)
0:T = u

(1)
0:T,t−1.

2. Sample θ′ ∼ g(·|θ).
3. Sample N′, l, z0:T ,A0:T−1(z),v0:T , Ā0:T−1(z) ∼ q(·|θ′).

4. Sample N,k,x0:T ,A0:T−1(x),u−10:T , Ā
−1
0:T−1(x) ∼ q̄(·|θ, u(1)

0:T ).

5. With probability

min

{
1,
f(θ′)g(θ|θ′)ẐT (θ′, z)

f(θ)g(θ′|θ)ẐT (θ, x)

}
,

set (θt, u
(1)
0:T,t) = (θ′, v

(1)
0:T ).

Otherwise, set (θt, u
(1)
0:T,t) = (θ, u

(1)
0:T ).

Algorithm 5.10 Adaptive Particle Gibbs

• At iteration t:

1. Set u
(1)
0:T = u

(1)
0:T,t−1.

2. Sample θt ∼ π(·|x∗0:T ).

3. Sample N,k,x0:T ,A0:T−1(x),u−10:T , Ā
−1
0:T−1(x) ∼ q̄(·|θt, u(1)

0:T ).

4. Sample l = (C lT
T−1, lT ) with probability

w
(lT )

T∑NT
j=1,j 6=kT

w
(j)
T

5. With probability

min

{
1, ρ2(l)

∑NT
j=1,j 6=kT w

(j)
T∑NT

j=1,j 6=lT w
(j)
T

}
,

set u
(1)
0:T,t = (x

C
lT
T−1

0:T−1, x
(lT )
T ).

Otherwise, set u
(1)
0:T,t = u

(1)
0:T .
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number of samples required to meet the threshold at a later time. The second is

that it is difficult to ensure that for large T , the correction factor ρ2 does not tend

to 0.

To address the second question, one can use stopping criteria and conditional dis-

tributions for the active particles to ensure that ρ2 = 1, as described in Section

4.5.2.2. With particle methods, this entails not allowing the selection of particle

Nt in the categorical sampling step at time t + 1, in addition to the restrictions on

the stopping rule. An adaptive SMC algorithm where ρ2 = 1 always is given in

Algorithm 5.11. The notation β∗j is used to remind the reader that the choice of

stopping probabilities must satisfy additional requirements for ẐT to be an unbiased

estimate of ZT .

5.3 Other Methods

It seems that any reversible MCMC kernel can be viewed using this framework, and

it is particularly useful for interpreting kernels for whom detailed balance is often

proved by inspection.

5.3.1 Stochastic Potential Switching

The basic stochastic potential switching algorithm of Mak (2005) is the following,

where we are interested in sampling from π and we have defined an arbitrary ‘switch-

ing density’ π̃. We know only the densities pointwise up to a normalizing constant,

so we can use the unnormalized forms γ and γ̃. We define some C > maxx{ γ̃(x)
γ(x)
}.

We define a switching probability at x by the function S(x) = γ̃(x)
Cγ(x)

and another

density proportional to γ̄(x) = (1 − S(x))γ(x). The algorithm is to at each point

x, ‘switch’ with probability S(x) and if successful, move with a kernel that satisfies

detailed balance for γ̃ and if unsuccessful, move with a kernel that satisfies detailed

balance for γ̄. This mixture of kernels satisfies detailed balance for γ(x).
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Algorithm 5.11 Adaptive SMC Algorithm where ρ2 = 1

1. At time t = 0.

• For j = 1, . . .

• Sample x
(j)
0 ∼ g0(·).

• Evaluate the importance weight:

w
(j)
0 = w0(x

(j)
0 ) =

γ0(x
(j)
0 )

g0(x
(j)
0 )

.

• With probability β∗j (w
(1:j)
0 ), set N0 = j and go to time t+ 1.

2. For times t = 1, . . . , T .

• For j = 1, . . .

• Sample A
(j)
t−1 ∼M(·|1,W (1:Nt−1−1)

t−1 ).

• Sample x
(j)
t ∼ gt(·|x

Cjt−1

0:t−1).

• Evaluate the importance weight:

w
(j)
t = wt(x

Cit−1

0:t−1, x
(j)
t ) =

γt(x
Cjt−1

0:t−1, x
(j)
t )

γt−1(x
Cjt−1

0:t−1)gt(x
(j)
t |x

Cjt−1

0:t−1)
.

• With probability β∗j (w
(1:j)
t ), set Nt = j and go to time t+ 1 if t < T

and step 3 if t = T .

3. • Sample kT with probability
w

(kT )

T∑NT−1
i=1 w

(i)
T

, for kT ∈ {1, . . . , NT − 1} and set

k0:T−1 = CkT
T−1.

• Evaluate

ẐT =
T∏
t=0

[
1

Nt − 1

Nt−1∑
j=1

w
(j)
t

]
.
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This scheme arises naturally from writing an extended target density as

π̃2(k, s, x(1:2)) =
1

2
π(x(k))P[S = s|x(k)]q(x(k̄)|s, x(k))

where S ∈ {0, 1} is 1 corresponding to a switch and 0 for a failed switch. One Gibbs

samples s, x(k̄)|k, x(k) and then attempts the swap move (k, s, x(1:2)) → (k̄, s, x(1:2)),

which has acceptance probability

min

{
1,
π(x(k̄))P[S = s|x(k̄)]q(x(k)|s, x(k̄))

π(x(k))P[S = s|x(k)]q(x(k̄)|s, x(k))

}
.

Note that if q(x(k̄)|1, x(k)) satisfies detailed balance for γ̃ and q(x(k̄)|0, x(k)) satisfies

detailed balance for γ̄ then this acceptance probability is always 1. The extension

in Mak (2005) to the case of multidimensional S and x can be derived in a similar

fashion.

5.3.2 Intractable Normalizing Constants

Consider the problem of sampling from a posterior density π defined by

π(θ) = p(θ|y) =
f(y|θ)/Z(θ)p(θ)∫

Θ
f(y|θ)/Z(θ)p(θ)dθ

where Z(θ) =
∫
X f(y|θ)dy is the unavailable normalizing constant of the likelihood

function f and, crucially, it depends on θ. This normalizing constant could be

unavailable because it cannot be computed analytically or because it is too expensive

to do so.

In this case, we cannot evaluate π up to a normalizing constant. However, in Møller

et al. (2006), an auxiliary variable approach is proposed to overcome this difficulty.

This approach can be obtained by defining first an extended target density of the

form

π̃(θ, θ′, x, z) =
f(y|θ)
Z(θ)

p(θ)g(θ′|θ)f(z|θ′)
Z(θ′)

q(x|θ, y). (5.7)

In this extended target, θ is distributed according to π, θ′ is distributed according to

the proposal g(·|θ), z is a sample from f(·|θ′)/Z(θ′) and x is distributed according
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to some auxiliary density q(·|θ, y). The approach of Møller et al. (2006) is to sample

θ′, z ∼ π̃(·|θ, x) = π̃(·|θ) and then attempt the swap move (θ, θ′, x, z)→ (θ′, θ, z, x),

which has acceptance probability

min

{
1,
f(y|θ′)p(θ′)g(θ|θ′)
f(y|θ)p(θ)g(θ′|θ)

× q(z|θ′, y)

f(z|θ′)
× f(x|θ)
q(x|θ, y)

}
. (5.8)

Note that in this scheme, the variable x is not sampled in the Gibbs step that

occurs before the swap move, and indeed the density q here is not an importance

density but rather an auxiliary density that is ideally not too different from the

normalized form of f . In fact, since x is at stationarity distributed according to q

and z ∼ f(·|θ)/Z(θ), we have

E
[
q(z|θ′, y)

f(z|θ′)
× f(x|θ)
q(x|θ, y)

]
=
Z(θ)

Z(θ′)
.

Indeed, if one can sample according to q, and so one samples θ′, z, x ∼ π̃(·|θ) before

attempting the swap move, the acceptance ratio is again given by (5.8) but in this

case, a new value of x is used at every iteration. This can be helpful when q and f

have large discrepancies, since when f(x|θ)
q(x|θ,y)

is close to 0, the previous approach can

get stuck.

The MCMC algorithm in Marjoram et al. (2003) for approximate Bayesian compu-

tation (ABC) can be seen as a special case of this framework, where one chooses

q(x|θ, y) =
f(x|θ)1Bε(x)(y)∫
X f(x|θ)1Bε(x)(y)dx

with the ABC-specific notation defined in 1.1.2.4. This involves an approximation

unless f(y|θ) = Z−1
ε

∫
X f(x|θ)1Bε(x)(y)dx, which generally holds only when the data

is discrete and ε = 0. The actual posterior distribution explored by such an algorithm

is the one with likelihood defined by fε(y|θ), with more details in Section 4.6.1. This,

however, has the obvious advantage of being computationally available when one

cannot even evaluate f(·|θ). Nevertheless, the algorithm has been used to perform

approximate Bayesian model selection for Gibbs random fields (Grelaud et al. 2009)

in cases where one can evaluate f(·|θ).

An observation in Murray et al. (2006) is that the introduction of q is not necessary
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to define an MCMC kernel that admits π as a marginal. Consider the extended

target density

π̃(θ, θ′, z) =
f(y|θ)
Z(θ)

p(θ)g(θ′|θ)f(z|θ′)
Z(θ′)

. (5.9)

The acceptance probability for the swap move (θ, θ′, z)→ (θ′, θ, z) is

min

{
1,
f(y|θ′)p(θ′)g(θ|θ′)
f(y|θ)p(θ)g(θ′|θ)

× f(z|θ)
f(z|θ′)

}
and the resulting algorithm is termed the exchange method.

Murray et al. (2006) also introduces two bridge sampling (Jarzynski 1997; Neal 2001)

modifications, whose algorithms can be derived upon expression of their correspond-

ing extended target densities. The first is the multiple auxiliary variable method,

for which we can write

π̃(θ, θ′, x0:T , z0:T ) =
f(y|θ)
Z(θ)

p(θ)g(θ′|θ)f(z0|θ′)
Z(θ′)

×
T∏
t=1

Kt(zt−1, zt)q(xT |θ, y)
T−1∏
t=0

Lt(xt+1, xt)

and note that their algorithm does not sample x0:T , whose value is only changed

during a swap move. Each kernel Kt is an MCMC kernel with invariant distribution

qt, and the q1, q2, . . . , qT are typically chosen such that q1 is close to f(·|θ′)/Z(θ′),

qT = q, and qj is close to qj+1 for all j ∈ {1, T − 1}. The backwards kernels satisfy

Lt−1(xt, xt−1) =
qt(xt−1)Kt(xt−1, xt)

qt(xt)

where one defines q0(·) = f(·|θ′)/Z(θ′).

Their second bridging method, the exchange algorithm with bridging, can be derived

from the extended target density

π̃(θ, θ′, x0:T , z0:T ) =
f(y|θ)
Z(θ)

p(θ)g(θ′|θ)f(z0|θ′)
Z(θ′)

T∏
t=1

Kt(zt−1, zt)δzT :0
(x0:T )

where in this case it is essential that Kt be a reversible MCMC kernel and we define

zT :0 = (zT , . . . , z0). In this case, the bridging occurs between f(·|θ′)/Z(θ′) and

f(·|θ)/Z(θ).
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5.3.2.1 Flexible Auxiliary Distributions

The definition of (5.7) can be extended, by noting that x can be defined conditionally

upon both θ and θ′.

π̃(θ, θ′, x, z) =
f(y|θ)
Z(θ)

p(θ)g(θ′|θ)f(z|θ′)
Z(θ′)

q(x|θ, θ′, y). (5.10)

The swap move (θ, θ′, x, z) → (θ′, θ, z, x) in this case has acceptance probability, if

one samples x ∼ q(·|θ, θ′, y) at each iteration, given by

min

{
1,
f(y|θ′)p(θ′)g(θ|θ′)
f(y|θ)p(θ)g(θ′|θ)

× q(z|θ′, θ, y)

f(z|θ′)
× f(x|θ)
q(x|θ, θ′, y)

}
. (5.11)

A number of new potential choices for q are possible in this case. Interesting possi-

bilities include the specification

q(x|θ, θ′, y) =
f(x|h(θ, θ′))

Z(h(θ, θ′))

where h : Θ × Θ → Θ satisfies h(θ, θ′) = h(θ′, θ). In this case, the unknown

normalizing constant Z(h(θ, θ′)) will cancel in the acceptance probability. Possible

choices of h include h(θ, θ′) = min{θ, θ′}, h(θ, θ′) = max{θ, θ′}, h(θ, θ′) = θ+θ′

2
or

h(θ, θ′) =
√
θθ′. These last two specifications have the best performance in the toy

example described in Section 5.4.3. Another possible choice, although it exhibited

poor performance in the toy example is q(x|θ, θ′, y) ∝ f(x|θ)f(x|θ′), where the

cancellation of the normalizing constant in the acceptance probability also occurs.

These choices can be better than choosing q(x|θ, y) ∝ f(x|θ̂) for a single value θ̂,

one of the suggestions in Møller et al. (2006).

The algorithm with the additional sampling of x is described in Algorithm 5.12,

where it should be clear that the collapsed state space of the Markov chain is Θ.
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Algorithm 5.12 MCMC Algorithm for Intractable Normalizing Constants

Given (θ0), at times t = 0, 1, . . .

1. Set θ = θt.

2. Sample θ′ ∼ g(·|θ).
3. Sample z ∼ f(·|θ′)/Z(θ′).

4. Sample x ∼ q(·|θ, θ′, y).

5. With probability

min

{
1,
f(y|θ′)p(θ′)g(θ|θ′)
f(y|θ)p(θ)g(θ′|θ)

× q(z|θ′, θ, y)

f(z|θ′)
× f(x|θ)
q(x|θ, θ′, y)

}
,

set θt+1 = θ′.
Otherwise, set θt+1 = θ.

5.3.2.2 More Auxiliary Variables

Returning to the general approach of Møller et al. (2006), when sampling according

to f(·|θ)/Z(θ) is inexpensive, one can define a further extended target density

π̃N(k, l, θ, θ′, x(1:N), z(1:N)) =

1

N

f(y|θ)
Z(θ)

p(θ)g(θ′|θ)

[
N∏
i=1

f(z(i)|θ′)
Z(θ′)

]
w

(l)
L∑N

j=1w
(j)
L

q(x(k)|θ, θ′, y)
N∏

i=1,i 6=k

f(x(i)|θ)
Z(θ)

where in addition we have introduced the fact that q can condition also on θ′ if we

can sample according to q. If we let w
(i)
L = q(z(i)|θ′, θ, y)/f(z(i)|θ′), the acceptance

probability of the swap (k, l, θ, θ′, x(1:N), z(1:N))→ (l, k, θ′, θ, z(1:N), x(1:N)) is

min

{
1,
f(y|θ′)p(θ′)g(θ′|θ)
f(y|θ)p(θ)g(θ|θ′)

×
1
N

∑N
j=1 q(z

(j)|θ′, θ, y)/f(z(j)|θ′)
1
N

∑N
j=1 q(x

(j)|θ, θ′, y)/f(x(j)|θ)

}
.

Note that one need not sample according to q if it is independent of θ′, but it may

be beneficial to do so anyway.

We have

E

[
1

N

N∑
j=1

q(z(j)|θ′, θ, y)

f(z(j)|θ′)

]
=

1

Z(θ′)
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and that N−1
∑N

j=1 q(x
(j)|θ, θ′, y)/f(x(j)|θ) is a consistent estimate of 1/Z(θ) as N →

∞ as long as q(x(j)|θ, θ′, y)/f(x(j)|θ) is well-behaved. This may be easy to guarantee

for some of the choices in Section 5.3.2.1.

It is also possible to design algorithms using SMC samplers to obtain lower variance

estimates of the quantities that appear in the acceptance ratio, and the extra expense

of this type of approach may be justified when the cost of perfect samples from

f(·|θ)/Z(θ) is very high. Note that an option in this case is using only one particle

for the first time step, so that each SMC sampler run needs exactly one perfect

sample according to f .

5.4 Applications

As in Chapter 4, the applications here are intended to highlight features of the

methodology. An application to parameter estimation in state-space models is fol-

lowed by a brief comment on Bayesian variable selection in high dimensions and

some simulations showing the effectiveness of various choices of auxiliary densities

when dealing with a toy doubly intractable inference problem.

5.4.1 State-Space Models

With independent proposals in an MCMC scheme, empirical performance suggests

that N > 1 does not lead to superior performance of the kernel when run on a

machine with no parallel capabilities. In contrast, for the dependent proposals

produced using SMC in a state-space model this does not appear to be the case

for some intermediate fixed values of N . This suggests further that the adaptation

of N could lead to superior performance both in a pseudo-marginal setting and in

settings with a fixed value θ.
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We consider again the toy non-linear state-space model described in Section 2.6.1.5:

Xt =
Xt−1

2
+ 25

Xt−1

1 +X2
t−1

+ 8 cos(1.2t) + Vt

Yt =
X2
t

20
+Wt

where Vt ∼ N(0, σ2
V ), Wt ∼ N(0, σ2

W ) and X0 ∼ N(0, σ2
V ) and we adopt a prior

on θ = (σ2
V , σ

2
W ) where σ2

V ∼ IG(1, 1) and σ2
W ∼ IG(1, 1), where IG denotes the

inverse-gamma density. We let T = 200 and simulated y1:T according to this model,

using θ = (10, 0.1), where the low value of σ2
W can make the model more difficult to

sample from.

5.4.1.1 Adaptive vs. Standard SMC

We first try to characterize the effect of adaptation of N on the quality of sam-

ples from π(x0:T |θ) with θ fixed. Since the expectation of Ẑ = ẐT is equal to

p(y1:T |θ) regardless of the presence and type of adaptation, one possible method

is to compute the effective sample size of {Ẑi}Mi=1 for M = 100000 running an

adaptive and non-adaptive SMC algorithm. This corresponds to, in some sense,

the effective number of filters run. For simplicity, we consider the use of the

bootstrap filter that proposes particles using the transition dynamics and weights

each particle using the observation density. The adaptive SMC algorithm defines

β̄j(w
(1:j)) = βj(w

(1:j)) = 1[1000,∞)(j)1[c,∞)(
∑j

i=1w
(i)), where c = 25N(0; 0, σ2

W ), i.e.

25 times the maximum possible weight of a particle. The first term indicates that

the minimum value of Nt is 1000. This adaptive filter uses Algorithm 5.11 to ensure

the correction factor is always 1. After running the adaptive filter M times, a stan-

dard bootstrap filter is run with fixed N given by the average value of Nt over all

times and filters. This value was 2042. The effective sample size using the adaptive

filter was 3969 while using the standard filter it was 2561. Figure 5.1 displays the

sorted values of log Ẑ from both filters, where it is clear that the estimate from

the adaptive filter has less empirical variance, and Figure 5.2 shows histograms and

density estimates of log Ẑ for the two filters.

These results suggest two important points. The relatively large variation in log Ẑ
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Figure 5.1: Plot of sorted log Ẑ values for the standard (red) and adaptive (blue)
filters.

(a) Adaptive Particle Filter (b) Standard Particle Filter

Figure 5.2: Histograms and density estimates of log Ẑ for fixed θ. The green density
estimate in (b) is that of the adaptive filter, for comparison.
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suggests that in a pseudo-marginal setting where one has proposed a move from θ

to θ′, the rejuvenation of the non-active particles associated with θ can have a sig-

nificant effect on the acceptance probability of a move. In addition, the distribution

of log Ẑ for the adaptive filter is close to that of a normal distribution, despite the

fact that the central limit theorems in the literature do not apply to the adaptive

algorithm. This is especially interesting since the distribution of log Ẑ for the stan-

dard filter is not approximately normal for the given fixed value of N . It is also

important to note that while the average value of N is 2042, the adaptive filter uses

at most times t, Nt = 1000 but that at a few times the value of Nt is much larger,

with values typically between 10000 and 70000.

5.4.1.2 Adaptive Particle Markov Chain Monte Carlo

We next consider inference on θ using the same data set, and run an adaptive par-

ticle Gibbs sampler, a particle Gibbs sampler, an adaptive PMMH sampler and a

standard PMMH sampler. All samplers sample from q̄ in addition to q at each itera-

tion. The filters are each run for 150000 iterations and the number of particles used

for the particle Gibbs and PMMH filters are equal to the average number of parti-

cles used for the adaptive particle Gibbs and adaptive PMMH filters respectively.

Note that in a real application, one would not be able to use such a value without

running an adaptive algorithm and the value of N would typically be chosen by

some other means. Figures 5.3-5.7 show the resulting histograms and autocorrela-

tion plots. The particle Gibbs algorithms converge more quickly than the PMMH

algorithms and the adaptive algorithms seem to converge more quickly than their

non-adaptive counterparts, with the difference more noticeable for the PMMH al-

gorithms. Indeed, the adaptive PMMH algorithm accepted 28805 moves in θ whilst

the PMMH algorithm accepted only 17006. The average value of N used by the

adaptive particle Gibbs sampler was 1911 and the average value of N used by the

adaptive PMMH sampler was 1992.

An important observation is that the separate adaptation of N and N ′ can be

wasteful of computational resources. This is due to the fact that for values of θ that

have low density under π, the value Ẑ(θ) is small because the values of Nt are high
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(a) Adaptive Particle Gibbs (b) Adaptive Particle Gibbs

(c) Particle Gibbs (d) Particle Gibbs

Figure 5.3: Adaptive Particle Gibbs and Particle Gibbs Histograms.

(a) σV (b) σW

Figure 5.4: Autocorrelations for the Adaptive Particle Gibbs (blue) and Particle
Gibbs (red) algorithms.
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(a) Adaptive PMMH (b) Adaptive PMMH

(c) PMMH (d) PMMH

Figure 5.5: Adaptive PMMH and PMMH Histograms

(a) σV (b) σW

Figure 5.6: Autocorrelations for the Adaptive PMMH (blue) and PMMH (red)
algorithms. Note that the x-axis for σW has been lengthened to 1500.
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(a) Adaptive Particle Gibbs (b) Particle Gibbs

(c) Adaptive PMMH (d) PMMH

Figure 5.7: Scatter Plots.

for some t ∈ {0, . . . , T}. This has the unfortunate consequence that large amounts

of time are spent running filters for poor values of θ. A possible remedy would be to

have N = N ′ and to define the distribution of N jointly with the random variables

associated with both filters.

In addition, many modifications could be made to the adaptive scheme to improve

performance. For example, the use of purely categorical sampling regardless of the

value of Nt−1 negatively impacts the performance of the algorithm. Other adjust-

ments could also be made to improve the filter.

5.4.2 Variable Selection in High Dimensions

We return to the variable selection example described in Section 4.6.2. When p is

large, the use of simple importance sampling weights in a pseudo-marginal algo-

rithm is subject to the curse of dimensionality, in that the variance of the weights
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will typically increase exponentially in the dimension of the model and can lead to

poor performance. SMC methodology can be employed instead to produce samples,

motivated by the fact that the variance of the normalizing constant estimate, which

is the importance weight associated with an pseudo-marginal SMC algorithm, can

have a variance that does not increase exponentially in the dimension of its target

(Del Moral 2004, Chapter 9). Whether or not this holds depends on the choice of

auxiliary target densities, the kernels used to move the particles, and the backwards

kernels used to define the importance weights associated with those moves.

To highlight this issue, we consider model selection between just two models, one

with 50 variables and another with 51 variables. The values of βj used to simulate n

data points in this case are each drawn independently from a standard normal dis-

tribution. The multiple-try pseudo-marginal method uses the same proposal density

as before and an adaptive SMC pseudo-marginal algorithm is compared with it that

uses T = 100, a quadratic tempering schedule from g(·|Mγ) to p(βγ|y,Xγ,Mγ), a

random-walk MCMC kernel and the generic backwards kernel described in Section

1.2.4.2. The adaptive stopping rule is 0-1 and uses a minimum value of N = 100 and

stops only when the sum of the importance weights for the next time is greater than

or equal to 10. In the event that Nt > 100, the Ntth particle cannot be resampled

at time t+ 1, in order to ensure that ρ2 = 1.

Figure 5.8 shows the resulting plots of the Monte Carlo estimates of the model

probabilities at each iteration, for 50000 iterations. It is clear that the standard

multiple-try pseudo-marginal method is not mixing well whilst the SMC variant’s

estimates are converging to their true values quickly. In this case, the adaptation

of N has little effect as most of the values of Nt are 100 and in all simulations are

less than 120. While clearly somewhat expensive in requiring 10000 samples and

MCMC moves, this number is dwarfed by the number of samples one would need

using independent proposals, as can be seen in Section 4.6.2.3 where in 9 dimensions

one needs roughly 25 million samples to obtain an ESS of 10.

This type of method does not solve the twin problem in high-dimensional variable

selection: that it is difficult to construct a good proposal for moves in the model

space. A natural way to deal with both issues is to employ a suitable tempering

208



(a) MTM (b) PM-SMC

Figure 5.8: Monte Carlo estimate of the model probabilities at each iteration. The
relative true model probabilities are 0.72 (blue) and 0.28 (green).

scheme in a population-based MCMC approach with SMC proposals for the coeffi-

cients. At high temperatures, less effort can be required to obtain samples whilst at

low temperatures more effort is required but the proposed models are more likely to

be good, justifying the expense of obtaining accurate estimates of the marginal like-

lihood for these models. Related ideas for tempering as a method to generate good

proposals for the models have been suggested in Bottolo and Richardson (2010).

5.4.3 Intractable Normalizing Constants

We consider here the toy example in Murray et al. (2006), in which we are in-

terested in sampling from the posterior distribution of the precision parameter θ

of a zero-mean normal distribution when we have n i.i.d. observations y1:n and

a conjugate prior on θ. In particular, we have p(y1:n|θ) =
∏n

i=1 p(yi|θ), p(yi|θ) =

N(yi; 0, θ−1) for i ∈ {1, . . . , n} and p(θ|α, β) = Gamma(θ;α, β). We decompose

p(yi|θ) = f(yi|θ)/Z(θ) where f(x|θ) = exp(−θx2/2) and Z(θ) = (2π/θ)−1/2. While

Z(θ) is easily computable, we will treat it as unavailable for the sake of experiment.

Note that in this case, we can also write the posterior density analytically since

p(θ|y1:n) = Gamma(θ;α + n/2, β + 1/2
∑n

i=1 y
2
i ).

We generated data with n = 10, yi
iid∼ N(0, 1.52) for i ∈ {1, . . . , n} and proceeded

to implement MCMC algorithms using Møller’s method with q(x|θ, y) ∝ f(x|θ̂),
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the exchange algorithm, Møller’s method as above where we additionally sam-

ple x ∼ q(·|θ, y) at each iteration of the algorithm, the averaged method where

q(x|θ, θ′, y) ∝ f(x| θ+θ′
2

) and the standard MCMC algorithm that computes p(y1:n|θ)
exactly. Møller’s method requires the specification of θ̂ for which we first try θ̂ = 1.

After 106 iterations, all of the samplers provide excellent density estimates of the

posterior and have converged. Figure 5.9 plots the autocorrelation functions of

the methods, where it is clear that of the auxiliary variable methods, the averaged

method performs best, followed closely by the exchange method and Møller’s method

with additional sampling from q. Møller’s method without additional sampling has

a slowly decaying autocorrelation function in comparison.

Figure 5.9: Autocorrelations for the first example. Overlaid are the plots for Møller’s
method (blue), the exchange method (red), Møller’s method with sampling from q
(blue dots), the averaged method (green) and the non-auxiliary variable method
(black).

The performance of Møller’s method is particularly sensitive to the choice of q, which

is in this case given by θ̂. Using θ̂ = 0.25, both Møller’s method and its variant

that additionally samples from q perform much worse than the exchange algorithm,

as shown in Figure 5.10. It is clear that both variant’s have considerably poorer

performance than the methods that do not depend on a chosen parameter θ̂, and

that the method that additionally samples x according to q is superior. In this

latter case, it is interesting to note that the acceptance rate is roughly equal for

both methods, and so this is not a good measure of the effectiveness of the sampler.

Other choices of q as q(x|θ, θ′, y) ∝ f(x|min{θ, θ′}), q(x|θ, θ′, y) ∝ f(x|max{θ, θ′}),
q(x|θ, θ′, y) ∝ f(x|

√
θθ′) and q(x|θ, θ′, y) ∝ f(x|θ)f(x|θ′) were also tried. For the

first two, the resulting sampler was similar in effectiveness to the exchange algorithm.

The third had the same performance as the averaged method. The last option
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(a) Autocorrelations (b) Density estimates

Figure 5.10: Autocorrelations and density estimates with poor choice of θ̂. The
autocorrelation plots have the same colour scheme as Figure 5.9. In (b) we have the
true density (red), the density estimate for Møller’s method (blue) and the density
estimate for Møller’s method with sampling from q (black).

performed poorly, only providing a significant improvement over fixed θ̂.

The results on this toy problem will not necessarily be replicated in more sophis-

ticated applications. However, it seems sensible to define q in such a way that its

distribution can be sampled from, and to sample x from it at each iteration of an

MCMC scheme. This avoids to a certain extent the artificially slow mixing of the

chain when samples from f are particularly bad at approximating q. The ability to

define q conditionally upon both θ and θ′, in which case sampling x according to

q is mandatory for the acceptance probability to be of the same form, additionally

allows q to be adapted to the current state of the chain, and in particular to be

proportional to f(x|h(θ, θ′)), where h : Θ×Θ→ Θ satisfies h(θ, θ′) = h(θ′, θ).

5.5 Discussion

The interaction of the proposed samples in particle methods, or SMC, lead to a

situation in which the rate of convergence is empirically much improved for inter-

mediate values of N , even when run on a serial machine. This suggests their use

more widely when considering obtaining benefit from the use of multiple proposals.
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The adaptation of N in particle methods occurs at each step of the SMC algorithm,

providing an opportunity to automatically tune the number of particles sampled in

an attempt to simultaneously approximate an auxiliary distribution more accurately

and avoid future particle degeneracy. In this case, the ability to ensure that the

correction factor associated with the adaptation of N is always equal to 1 provides

some assurance that the method is not limited to cases where the number of auxiliary

distributions in the SMC sampler is suitably small.

The material presented in this chapter builds upon the work in Chapter 4 and

provides a number of methodological opportunities in the further development of

robust particle methods. A number of minor results that can be derived have been

omitted for space, such as the ability to perform alternative resampling schemes

satisfying the ‘unbiasedness’ property in Andrieu et al. (2010) or the derivation of

the extended target density associated with the marginal particle filter of Klaas et al.

(2005).

In some cases, writing the joint density of all random variables involved in a non-

trivial reversible MCMC kernel with auxiliary variables can suggest modifications

that lead to a new kernel with better performance. In some cases, one can collapse

the state of the resulting Markov chain to a lower dimensional space, which may

provide computational benefits.

The adaptation of N , which can also be ancillary to the adaptation of some random

variable used in the proposal, also provides many further opportunities for investi-

gation. In the applications of both this and the preceding chapter, we have focused

on only a subset of the possibilities that the approach allows, and a considerable

amount of future work is anticipated in this area.
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Chapter 6

Conclusions

This thesis has been motivated by recent trends in computer architecture from single-

core to multi-core and further to many-core or massively multi-core processors. Such

architectures present opportunities in computational statistics for the proliferation

and improvement of methodology that is amenable to parallel computation in spe-

cific ways.

In Chapter 2, we have seen that population-based methods are a particular branch

of Monte Carlo methodology that can benefit immensely from implementation on

emerging many-core devices. In addition, the fact that random variables in these

methods interact in specific ways allows the resulting Monte Carlo estimates to

have lower variance than that of classical Monte Carlo methods run in parallel. The

chapter ended with the derivation of a population-based MCMC algorithm for static

parameter inference in state-space models that exhibited reasonable convergence

rates on the non-trivial state-space model considered, and highlights the need for

methodological attention to interaction kernels used in population-based methods

in general.

In Chapter 3, a hierarchical framework for constructing sparsity-inducing priors was

introduced, providing a Bayesian interpretation and generalization of many popu-

lar penalized optimization approaches in the literature. The MAP estimates that

result from priors in this framework can be calculated quickly and are sparse under
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some conditions, but their use from a Bayesian perspective is not particularly jus-

tified. The chapter concludes with a description of sparsity path analysis, a type of

exploratory analysis characterized by Monte Carlo sampling from a sequence of pos-

teriors defined by a sequence of priors with increasing sparsity. When implemented

using SMC on a many-core architecture, this computationally expensive method

has practical running time for medium-sized data and provides data owners with a

variety of statistics that can be used to inform future experiments.

Chapter 4 describes a reinterpretation of Metropolis-Hastings kernels defined on an

extended space, which provides a fertile perspective on reversible MCMC kernels

and auxiliary variables. In particular, this view of MCMC allows for the formulaic

addition of additional auxiliary variables whose purpose is ostensibly to improve

the rate of convergence of an MCMC kernel. Importantly, despite the addition

of auxiliary variables, the state space of the Markov chain can often be collapsed

considerably. While many potential improvements for a variety of reversible kernels

are suggested in this chapter, the most notable is perhaps the ability to define a joint

distribution for the number of auxiliary variables sampled along with those same

auxiliary variables in what could be called locally adaptive MCMC. This occurs

in such a way that the equilibrium distribution of the kernel is unchanged by the

adaptation, which is in contrast to classical adaptive MCMC methods.

Chapter 5 presents the application of the perspective developed in Chapter 4 to

proposals generated using SMC, or particle methods, as well as to auxiliary variable

MCMC schemes involving switching densities and doubly intractable distributions.

The adaptation of the number of particles in SMC occurs during the approximation

of each intermediate density and suggests that the resulting algorithm can spend

extra computational resources at stages where they will be most useful.

The work presented here, particularly in Chapters 4 and 5, suggest a wealth of pos-

sible research questions in the near term. These include questions on how to specify

the stopping rules associated with locally adaptive algorithms, how to specify gen-

eral dependent proposals outside of an SMC framework, and what strategies for

adaptation will be effective outside of a pseudo-marginal framework. With respect

to locally adaptive particle filters, understanding the effects of adaptation can be
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complicated by the interacting nature of the proposals despite the fact that adap-

tation occurs only within each step of the algorithm. Questions also remain on

the characterization of pseudo-marginal approaches as a function of a fixed num-

ber of auxiliary variables, and in what circumstances lazy Gibbs sampling could be

preferable due to its cheaper computational cost. The ability to use a joint, and po-

tentially adaptive, proposal for both the forward and backward auxiliary variables

also provides opportunities for developing a general framework specifying how this

can be done in order to enhance algorithms presented in both chapters. In addition,

generalizations of the methodology to incorporate multiple active particles, as well

as determining when this is beneficial are also interesting directions for research.

More general questions remain on how computational statistics, and particularly

Monte Carlo methodology, will adapt to emerging many-core architectures. It is

clear that some degree of parallelism will be desired in state of the art algorithms.

The shared memory component of new hardware allows for significant interaction

between random variables generated in parallel within complex methods, which al-

lows for considerably more flexibility than previously available parallel architectures.

Future work more generally could involve looking for new types of particle interac-

tions or general purpose non-population-based auxiliary variables that could be used

to exploit parallelism.

215



Bibliography

Andrieu, C., Doucet, A., and Holenstein, R. “Particle Markov chain Monte Carlo

methods.” Journal of the Royal Statistical Society B , 72(3):269–342 (2010).

Andrieu, C. and Roberts, G. “The pseudo-marginal approach for efficient Monte

Carlo computations.” Annals of Statistics , 37(2):697–725 (2009).

Andrieu, C. and Thoms, J. “A tutorial on adaptive MCMC.” Statistics and Com-

puting , 18(4):343–373 (2008).

Armagan, A., Dunson, D., and Lee, J. “Generalized double Pareto shrinkage.”

(2011). ArXiv:1104.0861.

Asanovic, K., Bodik, R., Catanzaro, B. C., Gebis, J. J., Husbands, P., Keutzer, K.,

Patterson, D. A., Plishker, W. L., Shalf, J., Williams, S. W., and Yelick, K. A.

“The Landscape of Parallel Computing Research: A View from Berkeley.” Tech-

nical Report UCB/EECS-2006-183, EECS Department, University of California,

Berkeley (2006).

Athreya, K., Doss, H., and Sethuraman, J. “On the convergence of the Markov

chain simulation method.” Annals of Statistics , 24(1):69–100 (1996).

Ayers, K. L. and Cordell, H. J. “SNP Selection in genome-wide and candidate

gene studies via penalized logistic regression.” Genetic Epidemiology , 34:879–891

(2010).

Balding, D. J. “A tutorial on statistical methods for population association studies.”

Nature Reviews Genetics , 7:81–791 (2006).

Barker, A. “Monte Carlo Calculations of the Radial Distribution Functions for a

Proton-Electron Plasma.” Australian Journal of Physics , 18(2):119–134 (1965).

216



Barnard, G. A. “Discussion of paper by M. S. Bartlett.” Journal of the Royal

Statistical Society B , 25 (1963).

Beaumont, M. “Estimation of population growth or decline in genetically monitored

populations.” Genetics , 164(3):1139 (2003).

Beaumont, M., Cornuet, J., Marin, J., and Robert, C. “Adaptive approximate

Bayesian computation.” Biometrika, 96(4):983 (2009).

Besag, J. and Green, P. “Spatial statistics and Bayesian computation.” Journal of

the Royal Statistical Society B , 55(1):25–37 (1993).

Bornn, L., Doucet, A., and Gottardo, R. “An efficient computational approach for

prior sensitivity analysis and cross-validation.” Canadian Journal of Statistics ,

38:47–64 (2010).

Bottolo, L. and Richardson, S. “Evolutionary Stochastic Search for Bayesian Model

Exploration.” Bayesian Analysis , 5(3):583–618 (2010).

Brockwell, A. E. “Parallel Processing in Markov chain Monte Carlo Simulation by

Pre-Fetching.” Journal of Computational and Graphical Statistics , 15(1):246–261

(2006).

Candès, E. J., Wakin, M. B., and Boyd, S. P. “Enhancing Sparsity by Reweighted `1

Minimization.” Journal of Fourier Analysis and Applications , 14:877–905 (2008).

Caron, F. and Doucet, A. “Sparse Bayesian nonparametric regression.” In Pro-

ceedings of the 25th international conference on Machine learning , 88–95. ACM

(2008).

Carvalho, C., Polson, N., and Scott, J. “The horseshoe estimator for sparse signals.”

Biometrika, 97(2):465 (2010).

Celeux, G., Hurn, M., and Robert, C. P. “Computational and Inferential Difficul-

ties with Mixture Posterior Distributions.” Journal of the American Statistical

Association, 95:957–970 (2000).

Cevher, V. “Learning with Compressible Priors.” In Bengio, Y., Schuurmans,

D., Lafferty, J., Williams, C. K. I., and Culotta, A. (eds.), Advances in Neural

Information Processing Systems 22 , 261–269 (2009).

217



Chartrand, R. and Yin, W. “Iteratively reweighted algorithms for compressive sens-

ing.” In 33rd International Conference on Acoustics, Speech, and Signal Process-

ing (ICASSP) (2008).

Chopin, N. “Central limit theorem for sequential Monte Carlo methods and its

application to Bayesian inference.” Annals of Statistics , 32(6):2385–2411 (2004).

Chopin, N., Jacob, P., and Papaspiliopoulos, O. “SMC2: A sequential Monte

Carlo algorithm with particle Markov chain Monte Carlo updates.” (2011).

ArXiv:1101.1528.

Crooks, G. E. “Nonequilibrium measurements of free energy differences for micro-

scopically reversible Markovian systems.” Journal of Statistical Physics , 90:1481–

1487 (1998).

Cui, T., Fox, C., Nicholls, G. K., and O’Sullivan, M. J. “Using Parallel MCMC

Sampling to Calibrate a Computer Model of a Geothermal Reservoir.” Technical

Report 686, Univeristy of Auckland, Faculty of Engineering (2011).

Del Moral, P. Feynman-Kac formulae: genealogical and interacting particle systems

with applications . Springer Verlag (2004).

Del Moral, P., Doucet, A., and Jasra, A. “Sequential Monte Carlo Samplers.”

Journal of the Royal Statistical Society B , 68(3):411–436 (2006).

—. “An adaptive sequential Monte Carlo method for approximate Bayesian com-

putation.” Statistics and Computing (2011). To appear.

Dempster, A. P., Laird, N. M., and Rubin, D. B. “Maximum Likelihood from

Incomplete Data via the EM Algorithm.” Journal of the Royal Statistical Society

B , 39(1):1–38 (1977).

Doucet, A., Godsill, S., and Andrieu, C. “On sequential Monte Carlo sampling

methods for Bayesian filtering.” Statistics and Computing , 10(3):197–208 (2000).

Doucet, A. and Johansen, A. M. “A Tutorial on Particle Filtering and Smoothing:

Fifteen years later.” In Crisan, D. and Rozovsky, B. (eds.), Handbook of Nonlinear

Filtering . Oxford University Press (2008).

Druilhet, P. and Marin, J.-M. “Invariant HPD credible sets and MAP estimators.”

Bayesian Analysis , 2(4):681–692 (2007).

218



Dutta, S. and Bhattacharya, S. “Markov Chain Monte Carlo Based on Deterministic

Transformations.” (2011). ArXiv:1106.5850.

Edwards, J. A treatise on the integral calculus: with applications, examples and

problems , volume 2. Macmillan and co., ltd. (1922).

Edwards, R. G. and Sokal, A. D. “Generalization of the Fortuin-Kasteleyn-

Swendsen-Wang representation and Monte Carlo algorithm.” Physical Review

D , 38(6):2009–2012 (1988).

Fan, J. and Li, R. “Variable Selection via Nonconcave Penalized Likelihood and its

Oracle Properties.” Journal of the American Statistical Association, 96:1348–1360

(2001).

Figueiredo, M. A. T. “Adaptive Sparseness for Supervised Learning.” IEEE Trans-

actions on Pattern Analysis and Machine Intelligence, 25(9):1150–1159 (2003).

Flynn, M. “Very high-speed computing systems.” Proceedings of the IEEE ,

54(12):1901–1909 (1966).

Fridley, B. “Bayesian variable and model selection methods for genetic association

studies.” Genetic Epidemiology , 33(1):27–37 (2009).

Friedman, J., Hastie, T., and Tibshirani, R. “Sparse inverse covariance estimation

with the graphical lasso.” Biostatistics , 9:432–441 (2008).

Friedrichs, M. S., Eastman, P., Vaidyanathan, V., Houston, M., Legrand, S., Beberg,

A. L., Ensign, D. L., Bruns, C. M., and Pande, V. S. “Accelerating molecular

dynamic simulation on graphics processing units.” Journal of Computational

Chemistry , 30(6):864–872 (2009).

Fu, Y. and Li, W. “Estimating the age of the common ancestor of a sample of DNA

sequences.” Molecular Biology and Evolution, 14(2):195–199 (1997).

Garrigues, P. J. “Sparse Coding Models of Natural Images: Algorithms for Efficient

Inference and Learning of Higher-Order Structure.” Ph.D. thesis, University of

California, Berkeley (2009).

Gelfand, A. “Sampling-based approaches to calculating marginal densities.” Journal

of the American Statistical Association, 85(410):398–409 (1990).

219



Gelman, A., Jakulin, A., Pittau, M., and Su, Y.-S. “A weakly informative default

prior distribution for logistic and other regression models.” Annals of Applied

Statistics , 2:1360–1383 (2008).

Geman, S. and Geman, D. “Stochastic relaxation, Gibbs distributions, and the

Bayesian restoration of images.” IEEE Transactions on Pattern Analysis and

Machine Intelligence, 6:721–741 (1984).

George, E. I. and McCulloch, R. E. “Variable selection via Gibbs sampling.” Journal

of the American Statistical Association, 88:881–889 (1993).

Geyer, C. J. “Markov chain Monte Carlo maximum likelihood.” In Kerigamas, E.

(ed.), Computing Science and Statistics: Proceedings of 23rd Symposium on the

Interface Interface Foundation, 156–163. Fairfax Station (1991).

Gordon, N., Salmond, D., and Smith, A. “Novel approach to nonlinear/non-

Gaussian Bayesian state estimation.” Radar and Signal Processing, IEE Pro-

ceedings F , 140(2):107–113 (1993).

Gramacy, R., Samworth, R., and King, R. “Importance tempering.” Statistics and

Computing , 20(1):1–7 (2010).

Green, P. “Reversible jump Markov chain Monte Carlo computation and Bayesian

model determination.” Biometrika, 82(4):711 (1995).

Green, P. and Mira, A. “Delayed rejection in reversible jump Metropolis-Hastings.”

Biometrika, 1035–1053 (2001).

Grelaud, A., Robert, C., and Marin, J. “ABC methods for model choice in Gibbs

random fields.” Comptes Rendus Mathematique, 347(3-4):205–210 (2009).

Griffin, J. and Brown, P. “Inference with normal-gamma prior distributions in

regression problems.” Bayesian Analysis , 5:171–188 (2010a).

Griffin, J. E. and Brown, P. J. “Bayesian adaptive lassos with non-convex penaliza-

tion.” Technical report, IMSAS, University of Kent (2007).

—. “Inference with normal-gamma prior distributions in regression problems.”

Bayesian Analysis , 5(1):171–188 (2010b).

220



Hastie, T., Tibshirani, R., and Friedman, J. The elements of statistical learning:

data mining, inference, and prediction. Springer Verlag (2009).

Hastings, W. “Monte Carlo sampling methods using Markov chains and their ap-

plications.” Biometrika, 57(1):97 (1970).

Higham, N. J. “The accuracy of floating point summation.” SIAM Journal on

Scientific Computing , 4(4):783–799 (1993).

—. Accuracy and stability of numerical algorithms (second edition). SIAM (2002).

Hoggart, C. J., Whittaker, J. C., De Iorio, M., and Balding, D. J. “Simultaneous

analysis of all SNPs in genome-wide and re-sequencing association studies.” PLOS

Genetics , 4:e1000130 (2008).

Hukushima, K. and Nemoto, K. “Exchange Monte Carlo Method and Application to

Spin Glass Simulations.” Journal of the Physical Society of Japan, 65:1604–1608

(1996).

Jarzynski, C. “Nonequilibrium equality for free energy differences.” Physical Review

Letters , 78(14):2690 (1997).

Jasra, A., Holmes, C. C., and Stephens, D. A. “Markov chain Monte Carlo meth-

ods and the label switching problem in Bayesian mixture modeling.” Statistical

Science, 50–67 (2005).

Jasra, A., Stephens, D. A., and Holmes, C. C. “On population-based simulation for

static inference.” Statistics and Computing , 17(3):263–279 (2007).

Jermyn, I. H. “Invariant Bayesian estimation on manifolds.” Annals of Statistics ,

33(2):583–605 (2005).

Kendall, W. S. “Notes on Perfect Simulation.” In Kendall, W. S., Liang, F., and

Wang, J. S. (eds.), Markov chain Monte Carlo: innovations and applications ,

93–146. World Scientific (2005).

Kindermann, R., Snell, J., and Society, A. M. Markov random fields and their

applications . American Mathematical Society (1980).

Kitagawa, G. “Monte Carlo filter and smoother for non-Gaussian nonlinear state

space models.” Journal of Computational and Graphical Statistics , 5(1):1–25

(1996).

221



Klaas, M., de Freitas, N., and Doucet, A. “Toward Practical N2 Monte Carlo: the

Marginal Particle Filter.” In Proceedings of the Twenty-First Annual Conference

on Uncertainty in Artificial Intelligence, 308–315 (2005).

Kontoghiorghes, E. J. (ed.). Handbook of Parallel Computing and Statistics . Chap-

man & Hall (2006).

L’Ecuyer, P. “Good parameter sets for combined multiple recursive random number

generators.” Operations Research, 47(1):159–164 (1999).

L’Ecuyer, P., Chen, E. J., and Kelton, W. D. “An object-oriented random-

number package with many long streams and substreams.” Operations Research,

50(6):1073–1075 (2002).

Liu, J., Liang, F., and Wong, W. “The multiple-try method and local optimiza-

tion in Metropolis sampling.” Journal of the American Statistical Association,

95(449):121–134 (2000).

Liu, J. and West, M. “Combined parameter and state estimation in simulation-

based filtering.” In Doucet, A., de Freitas, N., and Gordon, N. (eds.), Sequential

Monte Carlo Methods in Practice. Springer-Verlag, New York (2000).

Liu, J. S. Monte Carlo Strategies in Scientific Computing . Springer (2001).

Liu, J. S. and Chen, R. “Blind Deconvolution via Sequential Imputations.” Journal

of the American Statistical Association, 90:567–576 (1995).

Mak, C. “Stochastic potential switching algorithm for Monte Carlo simulations of

complex systems.” Journal of Chemical Physics , 122:214110 (2005).

Marjoram, P., Molitor, J., Plagnol, V., and Tavaré, S. “Markov chain Monte
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