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Abstract

In this thesis, we examine blood flow dynamics in single vessels and the

deposition of transported species to vessel walls. We develop continuum

mathematical models to explore the role of fluid mechanics in two ap-

plications. First, we examine magnetic targeting applied to stem cell

delivery for regenerative medicine. Second, we model the initial stages of

arterial blood clot formation (thrombosis). In both applications, we use

asymptotic analysis to develop reduced models. This allows us to i) de-

sign and test parameter estimation schemes which can effectively calibrate

the mathematical models using in vitro data and ii) determine optimal

therapeutic parameters by exploring regimes not tested in vitro. Finally,

we use large scale numerical simulations to examine regimes which are

not amenable to asymptotic reduction: larger vessels and high Reynolds

number flows.

Firstly, to examine magnetically controlled stem cell delivery we present

a 2D continuum model of the flow of blood and magnetically tagged stem

cells in a single channel. Cell capture leads to the growth of a cell mass

on the wall of the vessel closest to the magnet. For a safe and effective

therapy, the stem cells must be delivered in large numbers under physio-

logical flow conditions, but critically, the aggregation of cells at the target

site must be controlled.

Using numerical simulations we analyse the model in the regime of in vitro

experiments: where the size of the magnet is comparable to the channel

height. The model qualitatively agrees with experimental results showing

better capture with stronger magnetic fields and at lower levels of red

blood cells. Using lubrication theory we explore cell delivery regimes be-

yond the in vitro setup when the channel height is much smaller than the

size of the magnet. This allows us to identify parameter regimes where fi-

nite sized aggregates form and those in which potentially dangerous vessel

blockage is predicted.



Secondly, we develop a 3D continuum model for thrombus formation in

a diseased artery model. Blood protein Von Willebrand Factor (VWF)

is critical in facilitating arterial thrombosis. At pathologically high shear

rates the protein unfolds and rapidly captures platelets from the flow.

Our model extends existing continuum models for thrombosis by explic-

itly modelling the VWF unfolding dynamics using a modified viscoelastic

fluid model. Since thrombus initiation occurs over several minutes we use

the initial fluid mechanics in the stenosis to predict VWF unfolding and

platelet deposition.

We examine clot formation in an arterial-scale stenosis at high Reynolds

numbers numerically. We demonstrate that the initial clot location and

deposition rate depends on the ratio of VWF length to Reynolds number.

Finally, we examine the thrombosis model in a rectangular microfluidic

geometry motivated by in vitro data gathered by our collaborators. We

exploit the small aspect ratio of the geometry to reduce the model us-

ing lubrication theory. We then explore methods of quantifying unknown

model parameters using existing data for VWF dynamics and the throm-

bosis data obtained in this microfluidic device.
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Statement of Originality

In this thesis we develop a novel model for magnetic stem cell delivery

in a channel. This work extends the modelling framework developed by

Grief et al. [46] for magnetic drug targeting, by considering a nonuniform

magnetic field and coupling stem cell delivery to stem cell aggregation on

the vessel wall. The model presented in Chapter 2 and analysis presented

in Chapter 3 has been published in the Royal Society Interface [123]. One

section of the analysis in Chapter 4, in which we analyse the transport of

stem cells in a large reduced shear Péclet regime, extends the boundary

layer analysis of Richardson et al. by considering the evolution of a stem

cell aggregate and by performing exploratory numerical simulations [92].

The model developed in Chapter 5 represents, to our knowledge, the first

fully mechanistic continuum model of VWF dynamics in flow. The only

other continuum model for VWF dynamics by Zhussupbekov et al. in 2021

[126], follows a different modelling framework. Zhussupbekov and co-

authors separate VWF into different two states, and use three empirical

constitutive relations to describe its unfolding dynamics. Our model uses

a configuration tensor to describe VWF and a single constitutive relation

to describe its unfolding dynamics. Our thrombosis model presented in

Chapter 5, adopts the structure of Sorrenson et al. and others, in splitting

tracking the free species in the flow with advection-diffusion equations and

the bound species on the pipe walls with ODEs at each location [105, 119].

The experimental magnetic stem cell capture data in Chapters 1 and 3

appears in papers [31, 123]. The VWF deposition data shown in Chapter

1 appears in [7].
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Chapter 1

Introduction

Blood is a complex fluid composed of a multitude of highly specialised cells and

proteins suspended in plasma. Developing accurate mathematical models of blood

flow dynamics is a vast and evolving field. In this thesis, we theoretically study

the transport and delivery of medical treatments within the blood. In particular,

we consider the development of targeted therapies which aim to deliver drugs or

therapeutic cells directly to the site of injury or disease in the body. These targeted

therapies have the potential to reduce the dangerous side effects which arise from

systemic drug delivery and also reduce the costs of treatment, as lower doses can

be administered to the injury site with the same therapeutic effect. The effective

development of targeted medical therapies that are delivered via the vasculature relies

on a mechanistic understanding of the interplay between the complex fluid dynamics

of blood flow, the drug properties, and blood vessel geometry.

The work in this thesis is motivated by the development of two targeted thera-

pies. The first therapy involves the delivery of stem cells to damaged joints to treat

osteoarthritis, where the cells then encourage cellular repair of the damage caused

by this degenerative disease. Researchers at the University of Birmingham, U.K.

are developing delivery methods which ensure the safe and effective delivery of the

stem cells directly to the damaged joints. One method, developed by Prof. El Haj,

which has demonstrated promise in initial experimental studies, implants the stem

cells with magnetic nanoparticles so that external magnets can be used to guide the

stem cells to the target site [31]. The second targeted therapy we consider in this

thesis aims to treat pathological arterial blood clotting, which is seen in many con-

ditions such as stroke or heart attack. Arterial blood clotting occurs at locations in

the artery where pathological plaque deposition narrows the vessel, which can lead

to fluid shear rates in excess of 10, 000 s−1 [18]. Researchers at Technion, Israel are

developing shear-sensitive coatings for existing anti-clotting drugs [65]. This allows
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the drugs to respond to the high shear rate at the clot site and deliver the drug locally.

This avoids the distribution of the drug to areas of the vasculature distant from the

clot where it could cause excessive bleeding or haemorrhage, both of which can be

potentially life-threatening complications of the treatment.

In the remainder of this introduction, we start by presenting an overview of the

uses of theoretical modelling in biomedicine. We then detail the two applications

we will consider and the key questions we will address with the models developed in

this thesis. We then present an overview of the fluid dynamics of blood flow, and a

summary of different modelling approaches for blood and and the transport of dilute

species in blood.

1.1 Mathematical modelling in biomedicine

Mathematical modelling can offer guidance and possible solutions to the difficulties

which novel therapies face in the translation from concept to practice. Modelling

can be used during therapy development to guide future experimental work or to

test medical devices or therapies across virtual patients in so-called in silico trials.

Theoretical approaches complement the three standard processes of developing and

testing therapies: in vitro (lab-based testing outside the body); in vivo (trials which

are typically carried out in animals); and finally clinical trials with human partici-

pants. Models offer a rapid, low-cost exploration of parameter regimes, which can

inform the optimised design of therapies and a focused selection of optimal therapeu-

tic parameters. Reducing the required amount of in vitro and in vivo work allows

potentially beneficial treatments to reach clinical testing stages faster.

The benefits and use of modelling have been recognised by the United States

Food and Drug Administration and by the British Standards Institution, Sector for

Healthcare [111]. However, realising the potential value of theoretical predictions

relies on carefully designing the model so that it can be effectively parameterised in

order to deliver accurate insight into the biological system [114]. In this thesis, we

develop models in close collaboration with experimental researchers. This allows us

to address questions of key concern in therapy design and to parameterise models as

much as possible with existing data.

We now detail the first biomedical application which we consider in this thesis:

the delivery of stem cells to injury sites using implanted magnetic nanoparticles and

an external magnet.
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Figure 1.1: MRI scan of a mouse illustrates therapy in vivo; tagged cells were injected
into the tail (red hot spot), and the blue region shows the deposition of tagged cells
near the implanted magnet in shoulder. Reproduced from [31].

1.2 Application 1: magnetic stem cell delivery

Stem cells have the ability to repair and regenerate damaged or diseased tissue in the

body [107]. They achieve this through differentiation to a number of different cell

types, thereby replacing or repairing existing damaged cells at the site of disease [25].

Treatment with stem cells has been shown to improve the functionality of organs

following a heart attack [100] or vessel damage [90] and are used to treat patients

with leukaemia. The treatment of leukaemia is currently the largest use of stem

cell therapy [37]. However, traditional intravenous injection (IV) leads to systemic

distribution of the stem cells and poor localisation of the cells at the target site [57].

Magnetic targeting of stem cells aims to address this challenge.

Through the use of internalised magnetic nanoparticles (NPs), which are non-

toxic to humans [72], stem cells can, in principle, be targeted to an injury site by the

application of an external magnetic field. In vitro targeting of NP tagged cells shows

their ability to withstand stresses due to the surrounding fluid flow once captured on

the vessel wall [61] and that tagging does not damage the cells’ ability to differentiate

[117]. This potential has been further demonstrated in vivo by targeting magneti-

cally tagged endothelial cells to repair damage to vessel walls [66, 83]. Figure 1.1

demonstrates the potential of the therapy in vivo, in a study by our collaborator

Prof. Alicia El Haj. In this study, magnetised stem cells were injected into the tail of

the rat and then were successfully captured at the magnet located subcutaneously in

the shoulder, illustrated by the blue hot spot [31].
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Figure 1.2: In vitro experimental setups in which tagged cells circulate through long
tubes over magnets with flow driven by a pump, (a) shows the 0.2T cylindrical magnet
system and (b) shows the 0.4T rectangular magnet system with pump. Close-ups of
the magnet relative to the pipes are shown in (c) for the 0.2T magnet and in (d) for
the 0.4T magnet.

1.2.1 In vitro data

In vitro experiments examining magnetic stem cell delivery were carried out by our

collaborator Prof. El Haj, to evaluate the effect of magnet strength and red blood

cell (RBC) concentration on magnetic mediated cell trapping. In brief, two systems

were used to examine capture by magnets of different strengths, utilising four 0.2 T

magnets and three 0.4 T magnets, respectively. The magnets are spread out and

held directly underneath a loop of 30 cm PVC tubing (internal diameter 1.65mm)

connected to a peristaltic pump. This setup is shown for the smaller 0.2 T magnet

and the larger 0.4 T magnet in Fig. 1.2a and b respectively. For each case, we show

a schematic of a single magnet relative to the pipe in Fig. 1.2c and d.

These experiments examined the capture of 1× 106 magnetically tagged cells and

a control group of unlabelled cells in the pipe when suspended in RBC concentrations

of 0, 5, 10, 20 or 40%, using sheep blood combined with anticoagulants. This sus-

pension of stem cells and RBCs recirculated through the pipe and reservoir system

for 30 minutes. Un-trapped cells remaining in the reservoir were further processed

for analysis which demonstrated that cells were not damaged by either the magnetic
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Figure 1.3: In vitro trapping data. Increasing RBC percentage in the system decreases
trapping when the maximum magnetic field is either Bmax = 0.2T or 0.4T.

tagging or the flow system.

The percentage capture of magnetically tagged stem cells achieved with both

magnets is shown in Fig. 1.3. This demonstrates that both magnets are able to capture

the magnetically-tagged stem cells out of the flow. Capture is most efficient when

no RBCs are present, irrespective of magnet size, with approximately 50% of cells

trapped at the magnet site for both the 0.2 T and the 0.4 T magnet in the absence of

RBCs. The percentage of stem cell capture achieved in the system significantly drops

in the presence of RBCs but to a greater extent in the smaller magnet than the larger

magnet. It was noted in the experiment (not shown in Fig. 1.3) that some unlabelled

cells were captured at the magnet site in the control case, with higher numbers of

unlabelled cells captured with increasing RBC concentration. This is thought to be a

result of RBCs sticking to the pipe walls and subsequently to the stem cells, despite

the anticoagulant present.

1.2.2 Challenges to safety and efficacy

Despite the potential of magnetic stem cell targeting, there remain a number of

challenges hindering its advancement to large-scale in vivo trials. Studies have shown

that cell capture is most effective when: (i) the flow is slowest; (ii) the magnetic

field strength is greatest; and (iii) no RBCs are present, as the in vitro results in

the previous section demonstrated [31, 61]. However, successful therapy requires the
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effective capture of stem cells at in vivo flow speeds and at physiological levels of

RBCs. The efficacy of the therapy also depends on magnetic parameters such as

NP size, strength, and the strength of the external magnetic field, as well as delivery

parameters including the number of cells injected and the site of injection. These must

all be considered alongside the physiological characteristics of the target site [73]. This

illustrates the challenge of successfully designing and optimising a magnetic targeting

therapy.

A final safety issue results from the agglomeration of stem cells near the magnetic

source or as they travel in flow. The former is a result of the external magnet and

the latter arises from magnetic interactions between the cells. It has been observed

with both traditional IV injection [8, 54] and magnetic targeting that stem cells

transiently enter the lungs en route to the injury site. Typically this does not pose an

issue, however, if magnetic intercellular interaction leads to the aggregation of stem

cells in the blood this could be potentially dangerous as it could lead to the formation

of a stem cell and RBC clot.

In this thesis, we develop a mathematical model of magnetically targeted stem cell

delivery with the aim of examining the interplay between RBCs, magnet strength,

vascular fluid mechanics and stem cell capture. We consider the capture of stem cells

as an aggregation process which occurs on the vessel wall. This allows us to determine

under what conditions stem cells accumulate to potentially dangerous levels in the

target vessel. Furthermore, we theoretically include and explore effects which are

challenging to test in vitro to provide insight into in vivo studies. This would enable a

reduction in the amount of animal experimentation required, increasing the likelihood

of this therapy more rapidly reaching the clinical testing stages and ultimately the

translation of the therapy from bench to bedside.

We review the physics of magnetic nanoparticles in Chapter 2 along with existing

mathematical models of the transport of magnetic nanoparticles in the blood. We

now detail the second application of this thesis: clotting which occurs in diseased

arteries.

1.3 Application 2: targeted treatments for arterial

clot formation

Coronary heart disease is characterised by the formation of plaque on the walls of

arteries leading to the muscles of the heart, restricting blood flow. The plaque deposits

consist of a fibrous cap over a lipid or necrotic core rich in collagen. These plaques
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develop over twenty to thirty years [12]. The rupture of the fibrous cap can occur due

to injury or vessel collapse and results in the exposure of the plaque core to circulating

blood. A blood clot then forms rapidly to repair the damaged wall [6]. Although

blood clotting (thrombosis) can occur throughout the body in healthy individuals,

it only occurs within arteries as a result of disease or trauma. Arterial clots have

the potential to fatally occlude the vessel within an hour or fracture and block a

downstream vessel, known as an embolism [24].

Thrombosis can be treated by administering drugs that dissolve the newly formed

blood clot. However, if systemically delivered, these drugs can damage areas of the

vasculature away from the blood clot leading to a fatal haemorrhage [113]. Targeted

administration of these drugs offers the possibility of dramatically reducing the risk

of internal bleeding [52]. One method of targeted clot treatment, developed by our

collaborator Prof. Netanel Korin at the University of Technion, uses shear-sensitive

capsules to surround the drug [65]. Extremely high levels of shear stress occur at

arterial plaque deposits since the flow is obstructed. These functionalised capsules are

designed to dissolve at these high levels of shear stress so that the drug is administered

locally at the clot. Understanding the location and rate at which blood clots form

for a range of physiological artery geometries will enable the drug coatings to be

optimised to maximise drug delivery to the clot.

Arterial thrombosis is facilitated by the shear-sensitive blood protein Von Wille-

brand Factor (VWF). This protein is coated in platelet binding sites and is tightly

coiled at normal levels of the fluid shear rate. However, at pathologically high shear

rates, this protein unfolds and facilitates the formation of a platelet-based clot in the

artery. The importance of VWF in blood clotting was first noted in 1971 as patients

with an inability to form blood clots were found to have a lack of this protein [95].

This blood clotting disorder is now known as Von Willebrand Disease [36, 95]. The

role of VWF shape and length in relation to the fluid dynamics of vessels was first re-

vealed in 1996 by Siediecki et al., who used atomic force microscopy to record that the

protein was unfolded at shear stresses greater than 31 dyne/cm2 [102]. With advances

in imaging and experimental methods, VWF unfolding and refolding when suspended

in flow was first imaged by Schneider et al. in 2007, and to date this remains the only

study to successfully image the proteins when suspended [98].

However, aside from the confirmational change in VWF which facilitates platelet

binding to VWF, it is not well understood how the interactions between VWF,

platelets, stenosis geometry and fluid flow determine the precise location of clot

formation. Fig. 1.4 shows three examples of thrombus formation in vitro with the
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Figure 1.4: Examples of clot formation in in vitro experiments, clot location is high-
lighted with yellow box. In all cases flow is from left to right. (a) The clot forms
downstream of the stenosis; (b) The clot forms at the narrowest part of the pipe and
slightly upstream; (c) The clot forms both at the stenosis narrowing and downstream.
Reproduced with permission from [22, 60, 45], respectively, where the yellow box was
added for (a) and (c).

location of clot formation highlighted in yellow [22, 45, 60]. In Fig. 1.4a, the clot

forms downstream of the pipe occlusion, in Fig. 1.4b the clot form at the occlusion,

and in Fig. 1.4c the clot forms both at the occlusion and downstream. To design

targeted therapies effectively, a precise knowledge of how the clot location depends

on vessel geometry and flow conditions is required.

Motivated by the need to understand the role of the protein VWF and its in-

teractions with fluid flow and platelets in Chapters 5 - 7, we develop and analyse

a continuum model for VWF dynamics in flow coupled to the initial stages of clot

formation. Our collaborator has gathered in vitro data of VWF deposition in arterial-

scale stenosis [7]. However, the full clot formation was not explored in this device

since a large volume of blood must be used to fill the device which can lead to excess

clotting during the experiment setup. Furthermore, since so much blood is required,

exploratory in vitro experiments are then very expensive [7]. Hence our collaborators

have examined platelet and VWF deposition in a microfluidic device which can pro-

duce arterial-level shear rates due to its very small aspect ratio. The arterial-scale

device and the microfluidic device are shown in Fig. 1.5a and b, respectively. An

example of the data produced by these two experiments is shown in Fig. 1.5, where

the red stain shows VWF deposition (in the absence of platelets) in Fig. 1.5c and the

green stain shows platelet deposition in Fig. 1.5d. The geometry and scale of these

two devices motivate the model geometries which use we examine thrombosis in this

thesis. We detail the process of clot formation in arteries in more detail in Chapter 5,

and review the mathematical modelling of clotting and the protein VWF. In this
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Figure 1.5: Schematics of the devices used to study elements of thrombosis in vitro,
arrows show illustrative fluid streamlines, (a) the arterial-scale device used to examine
VWF deposition [7] and (b) the microfluidic device used to examine platelet and
VWF deposition. Fluorescence images of data gathered in these devices: (c) VWF
deposition stained red, gathered in device shown in (a) and (d) platelet deposition,
stained green, gathered in the microfluidic device shown in (b).

chapter, we now review some fundamental properties of blood flow which are relevant

to both biological applications considered in this thesis.

1.4 The fluid mechanics of blood

Blood is made up of 55% plasma and 40% red blood cells (RBC) by volume, with the

remaining volume being made up of white blood cells, platelets and blood proteins.

RBCs have a diameter of 7µm [110]. In capillaries, which have diameters between 3−
9µm, the RBCs travel in single-file inside the vessel and deform the vessel walls as they

flow [86]. However, for vessels with diameters greater than 9µm, the cells transition

from flowing in single-file. Now collisions between cells and lift forces generated from
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cell-wall interactions lead to the marginalisation of RBCs into the centre of the vessel.

This generates a ‘cell-free layer’ which lubricates the flow through the vessel. These

complex dynamics of the RBCs within blood mean that the observed or effective

viscosity of blood depends nonlinearly on RBC volume fraction, the diameter of the

vessel and the shear rate. We first detail the dependence of the effective viscosity on

the shear rate then on RBC volume fraction and vessel diameter.

At low shear rates, in vessels larger than 9µm, RBCs form small column clusters in

the blood known as ‘rouleaux’. As the shear rate of the flow increases, these clusters

disperse and the effective viscosity is reduced [86]. This reduction in viscosity for

increasing shear rates is known as shear thinning. In this case, the viscosity of blood

at 200 s−1 is 20–30 times less than the viscosity at 0.05 s−1 [122]. An empirical fitting

of the observed viscosity of blood for varying shear rates was obtained by Brookes et

al. using a rheometer made up of two concentric cylinders with a gap of 44µm [15],

shown in Fig. 1.6a. For shear rates greater than 200 s−1 there is a minimal further

decrease in the viscosity [15].

The haematocrit H is defined as the average volume fraction of RBC in the cross-

section of the vessel. For large vessels, the cell-free layer, defined above, has a minimal

effect on overall blood viscosity. However, as the vessel diameter decreases, the rela-

tive size of the cell-free layer to the vessel diameter increases and the blood viscosity

nonlinearly decreases. In small vessels, with diameters less than 9µm, the observed

blood viscosity increases as the vessel diameter continues to decrease and the cell-

free layer is no longer present. This viscosity increase is known as the ‘F̊ahræus -

Lindqvist effect’ [35]. An empirical fitting obtained by Pries et al. [85] for the vis-

cosity of blood as a function of haematocrit and vessel diameter is shown in Fig. 1.6.

This was obtained for shear rates greater than 50 s−1, where shear thinning effects

are minimal.

Blood also shows weak viscoelastic effects. Since RBCs are deformable, they are

able to store elastic energy, allowing the viscosity of blood to depend on previous

deformations. This effect is most prominent when rouleaux are present in the blood

for shear rates less than 0.1 s−1 [51]. We now detail the mathematical theory of

non-Newtonian fluids and the most prominent models which describe these effects in

blood.

A general, incompressible fluid can be modelled according to the Navier-Stokes

equations as follows:

ρ

(
∂u

∂t
+ u ·∇u

)
= ∇ · σ, ∇ · u = 0, (1.1)
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(a) (b)

Figure 1.6: (a) Measurements for the relative viscosity of whole blood in vitro for
varying shear rate, reproduced from [15] and normalised relative to the viscosity at
1000 s−1 for H = 0.359. (b) Empirical fitting for the viscosity of whole blood in a
vessel of radius 825µm for varying haematocrit and tube diameter [85].

where u is the fluid velocity and σ is the fluid stress tensor which is a function of the

fluid velocity and the pressure p. For a Newtonian fluid, the stress tensor is modelled

as

σ = −pI + 2µD, (1.2)

where D = (∇u+ (∇u)T )/2 is the strain rate tensor and µ is the constant viscosity

of the fluid. Generalised Newtonian fluid models describe the viscosity of the fluid as

a function of the shear rate γ̇ such that

σ = −pI + 2µ(γ̇)D, (1.3)

where the shear rate is defined using the 2-norm of the rate of strain tensor D as

follows

γ̇ =
√
2D : D =

(
2
∂u

∂x

2

+

(
∂u

∂y
+
∂v

∂x

)2

+ 2
∂v

∂y

2
)1/2

. (1.4)

Generalised Newtonian models include yield-fluids such as the Bingham model, where

the viscosity is zero below a critical shear rate threshold, as well as shear thinning and

thickening models in which the viscosity is a decreasing or increasing function of the

shear rate, respectively. Within the class of generalised non-Newtonian fluid models

are the seminal works of Casson [80] and Quemada [88] in modelling the viscosity of
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blood. Quemada’s model allows for the fluid to have a large but finite viscosity as the

fluid shear rate tends to zero, whereas Casson fluids have unbounded viscosity [84].

The Quemada viscosity outperforms the Casson viscosity in comparison to blood flow

data [75].

In viscoelastic fluid models, the stress tensor is coupled to the rate of strain tensor

through a time-dependent partial differential equation. For the simplest viscoelastic

fluid model, the Oldroyd-B model [14], the fluid stress is coupled to the strain rate

tensor through the following relation

σ + λ1
▽
σ = 2µ(D + λ2

▽
D). (1.5)

Here λ1 is the relaxation time, which is the time the elastic fluid components take

to return to their reference configuration after deformation and λ2 is the retardation

time, the time the material takes to respond to deformation. In (1.5), the over-

triangles denote the upper-convected derivative, defined as follows

▽
σ =

∂σ

∂t
+ u ·∇σ − σ ·∇u− (∇u)T · σ, (1.6)

which is a material frame invariant derivative. The Oldroyd-B model allows the stress

to display effects from previous deformations.

In this thesis, we model blood as a Newtonian fluid, neglecting shear-thinning and

viscoelastic effects. This is justified since we adopt model geometries motivated by our

collaborators’ experimental setups, and in all cases, the maximum shear rates in the

systems are larger than 100 s−1, so we expect shear-thinning effects to be minimal. In

our model of magnetic stem cell delivery we use the observed viscosity fitting obtained

by Pries et al. to describe how blood viscosity varies with haematocrit [85]. However,

we assume that haematocrit is fixed and constant throughout the cross-section of the

model geometry, neglecting the cell-free layer.

1.5 Transported species in blood

When a species such as a therapeutic drug or protein is transported in the blood, the

cell collisions which contribute to the generation of the cell-free layer discussed above

also cause an anisotropic motion of transported species known as shear-induced dif-

fusion or shear-induced dispersion [68]. Shear-induced diffusion leads to a migration

of the species across streamlines, and to a lesser degree, in the direction of the fluid

flow, both of which are proportional to the fluid shear rate γ̇ [23]. For low volume

fractions ϕ, defined to be ϕ < 0.2, the shear-induced diffusion across streamlines has

12



been determined empirically for a suspension of solid spheres to be linearly propor-

tional to the solid volume fraction [30]. By contrast, for larger volume fractions of

solid spheres, up to 0.4, the shear-induced diffusion coefficient across streamlines was

determined to be 0.5ϕ2r2γ̇ where r is the solid sphere radius [68].

The cross-streamline shear-induced diffusion experienced by a species transported

in blood has been quantified to be proportional to H2r2RBC [70, 127]. This reflects

the volume fraction squared dependence as was shown for solid spheres since the

RBC volume fraction is high. The magnitude of this diffusion has been estimated

as 0.05r2RBC or equivalently 0.31H2r2RBC with H = 0.4, by [127] (as listed in Grief et

al. [46]): note that this is slightly less than the value for hard spheres at 40% volume

fraction where 0.5ϕ2r2 = 0.08r2.

The transport of a dilute species with concentration c is governed by the following

equation

∂c

∂t
+∇ · J = 0, (1.7)

where J = cu − D∇c is the flux of the species with diffusion tensor D. Isotropic

Brownian diffusion is modelled such that J = cu−D∇c and D is a scalar constant.

Shear-induced diffusion has been modelled as proportional to the empirical cross-

streamline shear-diffusion, such that J = cu−0.31H2r2RBCγ̇∇c in for example, in Grief

et al. and others [46, 92]. In this case diffusion is isotropic which will overestimate

the diffusion in the direction of the velocity field.

Recent work has developed an empirical anisotropic diffusion tensor through lattice-

Boltzmann simulations of a nanoparticle in blood flow [70]. This work found that the

diffusion tensor of a nanoparticle in the blood is linearly proportional to the haemat-

ocrit level and nonlinearly depends on the shear rate, such that for shear rates greater

than 1000 s−1, the diffusion scales sublinearly in the shear rate. This is thought to

be a result of the alignment of RBCs with the direction of flow. In this thesis we

follow the simpler approach, as in Grief et al., and model the effect of shear-induced

diffusion as isotropic and proportional to 0.31H2r2RBCγ̇. We now outline the structure

of this thesis.

1.6 Outline of thesis

In Chapter 2 we review the electromagnetic theory of nanoparticle dynamics and a

existing mathematical models of magnetic nanoparticle delivery. We then present a

two-dimensional continuum model for the flow of blood and magnetically tagged stem
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cells in a single channel. The geometry setup of this model is chosen to match the

setup of the in vitro experiments presented in Section 1.2.

In Chapter 3, using numerical simulations, we analyse the magnetic cell delivery

model in the regime of in vitro experiments presented in Section 1.2 by matching the

channel flow rate, magnet size and strength as much as possible to the in vitro setup.

We find that the model qualitatively agrees with experimental results showing better

capture with stronger magnetic fields and at lower levels of red blood cells. We then

describe how these results would be altered when cells leave the channel through the

wall (extravasation), bridging between in vitro setup and the in vivo scenario where

cells would leave the vessel to travel to the injury site.

In Chapter 4 we use lubrication theory to develop reduced models of stem cell

delivery. We consider systems where the ratio of the channel radius to magnet radius,

ϵ = d/Rmag, is small. This allows us to develop reduced models which can be more

simply analysed numerically. The efficiency in the numerical solution of these reduced

models allows us to identify parameter regimes where finite-sized aggregates form and

those in which potentially dangerous vessel blockage could occur.

In Chapter 5, we review the process of arterial thrombosis, the dynamics of the

protein VWF and mathematical models for thrombosis and protein dynamics in flow.

We then develop a three-dimensional mathematical model for the initiation of throm-

bosis at high shear rates. This model aims to determine the interaction between VWF,

vessel geometry and fluid mechanics in determining the location where platelets de-

posit on to the vessel walls and a clot forms. Our model extends existing continuum

models for thrombosis by explicitly modelling the VWF unfolding dynamics using

a modified viscoelastic fluid model. This work represents the first fully mechanistic

continuum model for VWF behaviour.

In Chapter 6, we examine this model for thrombus initiation in an idealised ax-

isymmetric arterial-scale stenosis model. This geometry is chosen to match the in

vitro setup of our collaborators which was used to examine VWF deposition [7].

Through numerical simulation, we explore model predictions for VWF dynamics and

initial platelet deposition for varying Reynolds numbers and stenoses geometries.

In Chapter 7, motivated by the in vitro data of thrombosis obtained by Prof.

Korin we examine the model in a rectangular microfluidic geometry. We exploit the

small aspect ratio of the geometry to reduce the model using lubrication theory. We

then explore methods of quantifying unknown model parameters determining platelet

deposition and VWF unfolding mechanics using existing data for VWF dynamics and

the thrombosis data obtained in the device.
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Finally, in Chapter 8, we summarise our work and discuss the key results obtained.

We conclude by discussing valuable extensions to the models.
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Chapter 2

Aggregation model of magnetic
stem cell delivery

2.1 Introduction

In this chapter, we develop a mathematical model for magnetic stem cell targeting

in a single two dimensional channel. As presented in Chapter 1, the motivation for

this work is the development of protocols for the magnetically-targeted delivery of

stem cells to diseased regions of the body. Magnetic nanoparticles are implanted into

the stem cells, which are then guided to the intended delivery site using an external

magnet. In our mathematical model we model the aggregation of stem cells on the

wall of the channel closest to the magnet through the growth of a solid aggregate. We

include the effect of fluid erosion on the surface of the aggregated cells and cells leaving

the vessel wall, a process known as extravasation. This effect cannot be easily studied

in vitro. We then use this model to: (i) explain trends seen in in vitro experimental

data; (ii) examine how the in vitro experimental trends may translate to the in

vivo delivery through the inclusion of extravasation; (iii) explore magnetic stem cell

delivery outside of the regime of the in vitro experiments, varying the vessel geometry,

magnet setup and strengths of the additional effects such as erosion. This allows us to

make predictions of the optimal parameter regimes for the safe and effective delivery

of stem cells. These first two objectives (i-ii) are delivered in Chapter 3 and the final

objective (iii) is delivered in Chapter 4.

First we present a review of the electromagnetism relevant to magnetic nanopar-

ticles and their behaviour in an external magnetic field. We then review the relevant

modelling literature for the delivery of magnetic nanoparticles in the blood. Finally,

we present our mathematical model and outline the analysis plan for Chapters 3

and 4.
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2.1.1 Magnetic nanoparticle theory

In magnetic stem cell therapy the stem cells are implanted with superparamagnetic

nanoparticles. These are microscale magnetic spheres which vary their magnetism in

response to the applied magnetic field. In order to describe their dynamics we will

first describe the electrodynamics of magnetic media and permanently magnetised

nanoparticles, which retain their magnetisation in the absence of applied fields. We

then extend this to the behaviour of superparamagnetic nanoparticles.

The total magnetic fieldB (SI unit: T) is the combination of any applied magnetic

fields H (SI unit: A/m) and the internal response of magnetic media to these applied

fields which is known as the magnetisation M (SI unit: A/m). These three fields are

related by the expression

B = µ0(H +M ), (2.1)

where µ0 ≈ 1.25× 10−6 N/A2 is the magnetic permeability of a vacuum. Outside of

a magnetised material M = 0 and we have B = µ0H . It is important to note that

in the field of electromagnetism there is some variation in the notation used in the

literature related to the two fundamental fields B and H , and we choose to follow

the notation of Griffiths [47].

Magnetic media are composed of microscopic electric circuits which manifest at

the macroscale as magnetic dipoles [47]. When subject to a magnetic field, B, a

magnetic dipole experiences a torque τ and a force, F , which pulls the dipole towards

the source of the field. The strength and alignment of a dipole are quantified by its

magnetic dipole moment m. This is defined implicitly through the torque the dipole

experiences in a magnetic field via the expression τ = m × B. This leads to the

definition of magnetisation M , as the dipole moment per unit area.

Large magnetic materials are made up of domains in which neighbouring dipoles

are aligned. Sufficiently small enough materials, such as nanoparticles, consist of

a single domain with uniform internal alignment of neighbouring magnetic dipoles.

Hence, nanoparticles are uniformly magnetised spheres. Maxwell’s equations govern-

ing the magnetic field, B, can be solved exactly for a uniformly magnetised sphere

and therefore the field of a nanoparticle can be calculated analytically. Outside the

sphere, this field is equal to the field produced by a permanently magnetised magnetic

dipole, where the strength of the dipole is multiplied by the volume of the nanopar-

ticle [41]. This allows the force on the nanoparticles to be described using the force
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Figure 2.1: Illustration of the behaviour of superparamagnetic nanoparticles in a
magnetic field of increasing strength. At low field strength, all particles are randomly
aligned. At high field strength all the particles align with the field with average
moment m = msatB̂ where B̂ = B/|B|.

F on a dipole. This is well known in classical electromagnetic theory [47], as

F = m ·∇B. (2.2)

We now examine how superparamagnetic nanoparticles (NPs) differ from perma-

nently magnetised nanoparticles. The magnetic moment of the superparamagnetic

nanoparticles used in stem cell therapy is a function of the magnetic field. These

nanoparticles are characterised by reversible alignment which occurs parallel to the

applied magnetic field and does not persist after the field is removed. This means

that B, H and M are all parallel. Since the particles are nanoscale, their moments

are subject to random fluctuations as a result of thermal changes [11]. In the ab-

sence of an external magnetic field an individual nanoparticle within a collection of

superparamagnetic nanoparticles has a random alignment direction and the collection

appears to have no magnetisation. However, once the strength of the external field is

large enough the entire collection will align with the direction of the magnetic field

B̂ = B/|B|, with an average magnetic moment of magnitude |m| = msat, where msat

is known as the saturation value of the magnetic nanoparticle. The magnetic moment

of an individual NP is defined as the average moment observed in a collection under

an applied field. This behaviour of a collection of nanoparticles and the average mag-

netic moment are illustrated in Fig. 2.1. In contrast to larger magnets, the response

of superparamagnetic nanoparticles to an applied magnetic field is exactly reversible

[11]. This is an attractive property for therapeutic applications as it avoids the NPs

clustering in the absence of an external field.
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An empirical relationship to describe the moment of a superparamagnetic NP was

postulated and verified experimentally by Bean in 1959 [11]. Using the formulation

from [46] this is given by

m = msatL

(
msat|B|
kBT

)
B̂ where B̂ = B/|B|, L(x) = coth(x)− 1

x
, (2.3)

here kB is the Boltzmann constant and T is the absolute temperature.

Several limits of Eq. (2.3) have been commonly used in the nanoparticle literature.

As discussed in [92], when msat|B| ≪ kBT the dipole moment m ≈ m2
sat/3kbT B̂. In

contrast, for strong magnetic fields such thatmsat|B| ≫ kBT , the nanoparticles are at

their saturation value with m ≈ msatB̂. Since the magnetic fields of the permanent

magnets used experimentally are strong, throughout this thesis we employ the large

field limit and assume that the moment of a single dipole is m = msatB̂. We note

that the magnetic nanoparticles will make a small contribution to the magnetic field

around them which decays proportional the distance to the particle to the fourth

power. However, we neglect the contribution of the dipoles to the magnetic field owing

to their small strength relative to the external magnet, hence B is equal to the field

of the external magnet only. This will remove any interparticle magnetic attraction.

We discuss the inclusion of this effect in the future work section of Chapter 8.

2.1.2 Magnetic delivery models

Theoretical studies of magnetic nanoparticles in flow began with Driscoll et al. in

1984 who carried out a joint experimental and theoretical study [27]. The authors

injected NPs into the tail of a rat and demonstrated that these NPs could be held in

place by an external magnet in the portions of the tail closest to the magnet. The

authors then used a discrete model to theoretically examine the forces from the flow

and external magnetic field the NPs experience, both when suspended in the flow

and when deposited on the vessel walls. Their theoretical work found a one-to-one

relationship between the magnetic field strength which holds the nanoparticles to the

vessel wall and the fluid flow speed that the NPs can resist before being swept from

the wall. However, these theoretical results underestimated the fluid forces that the

NPs could resist when deposited at the wall compared to an additional in vitro study

of NP capture in a pipe. The authors attributed this to NP clumping. When clumped

the magnetic nanoparticles experience additional forces from their neighbours which

allows them to resist fluid flow. The authors also noted clumping is a significant

potential danger with the therapy.
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Since then several studies have examined the dynamics of discrete NPs and the

parameter design of therapies. Furlani et al. used a discrete model of a single NP

subject to flow in a 2D channel to show that for a fixed strength of the magnet,

linearly increasing its size gives a superlinear increase in the size of NPs which can be

captured out of the fluid flow and held on the channel wall [41]. Sharma et al.modelled

the dynamics of a single NP in a 2D channel and demonstrated that the capture rate

drastically reduces as the distance of the magnet to the vessel increases, since the

magnetic force experienced by the NP decays proportional to the fourth power of

the distance [101]. Again using a discrete NP model, Haverkort et al. showed that

the most effective external magnet magnetisation direction for NP capture in a 2D

channel is against the direction of the flow [49]. More extensive numerical simulations

of large numbers of NPs have been used to predict NP distribution in realistic 3D

blood vessel networks [58]. This study found that, while overall capture was better

with larger NPs, the larger NPs could become trapped at bifurcations in the vessel

network which then limits the number of NPs reaching the target of the therapy. As

well as this, large-scale simulations in vessel bifurcations at high Reynolds numbers

demonstrated that flow recirculation zones limit the capture of NPs at target locations

near bifurcation sites since NPs are unable to easily enter the recirculation zone [67].

Although, it is worth noting that the authors demonstrate this can be overcome with

increased magnetic fields.

The work of Furlani [40] modelling larger drugs tagged with NPs is of particular

relevance here. A larger drug tagged with n NPs is modelled as a dipole with moment

mdrug = nmNP where mNP is the moment of an individual NP. This model is

justified by the assumption that the variation of the external field inside the carrier

is negligible. In this thesis we adopt this approach to model the magnetically tagged

cells. Hence, the force on a tagged cell is given by

F = nmNP ·∇B, (2.4)

where n is the number of NPs in a tagged cell.

Continuum models of dilute suspensions of magnetic particles were first developed

by Grief et al. [46]. This work noted the importance of shear-induced collisions with

red blood cells (RBCs) which were modelled as shear-induced diffusion, as discussed

in Chapter 1. The authors used this model to examine NP capture in an idealised

2D vessel network. They found that the NP capture in each branch of the network

was proportional to the strength of the magnetic velocity divided by the aspect ratio

of that vessel such that, if the magnetic field is constant, longer vessels capture

20



more NPs. This model was extended to analyse NP transport when NPs are allowed

to leave the vessel via extravasation [92]. When extravasation is large the authors

found that NPs leave at the location they first land on the vessel wall. In the small

extravasation regime the authors found that NPs build up in a boundary layer on

the vessel wall. Cherry and Eaton included non-Newtonian descriptions of blood flow

through a multiphase flow model with a discrete formulation of magnetic interactions

between drug particles [20]. This formulation was then simulated over successive

vessel bifurcations demonstrating the ability of the external field to steer the particles

down a chosen branch. It should be noted that all of these models have focused on

drug targeting where the particles are of negligible size and hence the fluid flow is

unaffected by the drug transport.

In this thesis we develop a model for the transport of magnetised stem cells in

a 2D channel coupled to a solid mass which represents the stem cells deposited on

the vessel wall. The solid stem cell aggregate couples cell transport to the fluid

mechanics in the channel which is obstructed over time. Our model follows the

construction of the continuum model in Grief et al. [46], modelling cell transport with

an advection-diffusion equation with an additional magnetic velocity. We extend

their work by including cell aggregation on the channel wall and a spatially varying

magnetic field. Since it is of key therapeutic importance to avoid vessel blockage, we

focus on describing the growth of the aggregate and how this growth is affected by

both fluid shear and the removal of cells from the channel via extravasation. We now

detail the components of our model.

2.2 Mathematical model

We consider a two dimensional channel using a Cartesian coordinate system (x, y),

with unit basis vectors i and j. The channel occupies a rectangular region given

by, |x| ≤ l, |y| ≤ d, as illustrated in Fig. 2.2. Stem cells are advected by the fluid

flow and are subject to a magnetic force which pulls them towards the base of the

channel. When they reach the lower wall an aggregate of cells grows. In the channel,

the cells do not affect the fluid flow. Rather, the coupling between cells and fluid

flow is included through the cell aggregate on the vessel wall which alters the fluid

domain. The aggregate boundary grows at a rate proportional to the flux of cells

arriving at the wall and represents the build-up of cells. For simplicity, we model the

cell mass as a smooth, solid boundary neglecting any detailed micro-structure.
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Figure 2.2: Model setup: a channel with length 2l and height 2d is located above
a magnet of radius Rmag. The boundary of the aggregate lies at y = −d + h(x, t).
Illustrative fluid streamlines and magnetic field lines (dashed) are shown. Inset shows
a cell tagged with NPs travelling under the action of magnetic force F and viscous
drag.

The magnetic force is generated by a canonical example of a magnetic field that

can be expressed analytically: the field of an infinite cylindrical magnet of radius

Rmag located with centre at x = 0, y = −d−Rmag, below the channel. The length of

the channel l is chosen relative to Rmag such that the domain captures the portion of

the vessel where the magnetic field is significant. Practically, this means we require

l ≫ Rmag. We denote by h(x, t) the thickness of the aggregate, as illustrated in

Fig. 2.2, wherein the boundaries of the domain are defined as follows:

Γin = {x = −l, −d+ h(−l, t) ≤ y ≤ d}, (2.5)

Γout = {x = l, −d+ h(l, t) ≤ y ≤ d}, (2.6)

Γtop = {−l ≤ x ≤ l, y = d}, (2.7)

Γbottom = {−l ≤ x ≤ l, y = −d+ h(x, t)}. (2.8)

We note that Γbottom includes the boundary where there are aggregated stem cells

(h > 0) and regions where there are no stem cells, defined by h = 0.

On the base the vectors n̂ and t̂ are the outward (relative to the aggregate) unit

normal and unit tangent vectors, as illustrated in Fig. 2.2. In the following sections

we detail each component of the mathematical model.
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2.2.1 Fluid flow

We neglect fluid inertial effects since the therapy aims to capture stem cells in arteri-

oles (Reynolds number 0.17, based on vessel radius and velocity in [46]) before their

extravasation. Hence, we model the fluid flow with the steady Stokes and continuity

equations

µeff∇2u = ∇p, ∇ · u= 0, (2.9)

where u and p are the fluid velocity and pressure respectively and µeff is a constant,

effective viscosity.

We use the empirical fitting to describe the effect of haematocrit, H, on the

viscosity of the fluid from Pries et al. [85, 86], as discussed in Chapter 1. We assume

that viscosity is independent of the stem cell concentration and the aggregate size

and that the haematocrit is fixed but can be varied in each delivery, as in the in vitro

experiments. The viscosity of the mixture of RBCs and fluid as compared to that of

water µw is given by

µeff(H)

µw

= 1 + (a− 1)
(1−H)c − 1

(1− 0.45)c − 1
, (2.10)

where the coefficients a and c vary with the vessel radius. Even though in the in vitro

experiments the pipe has a diameter of 1650 µm we use this fitting since, as stated in

Pries et al. [86], the viscosity does not change significantly for vessel diameters beyond

1000 µm. Throughout this model we use the values of a = 3.19 and c = −0.8 (for

the pipe radius used in vitro). This leaves the effective viscosity as a function of H

alone, which is constant for each chosen value of H. The effective viscosity is plotted

in Fig. 2.3a which shows the nonlinear increase in viscosity as haematocrit increases

to physiological levels, H = 0.4.

The boundary conditions for the flow are no-slip and no flux on the stationary,

impermeable channel wall Γtop. The flow is driven by a prescribed unidirectional

parabolic flow at the inlet which reflects the setting of the in vitro experiments. We

assume the channel outlet is at atmospheric pressure and impose no tangential stress

at the outlet. On the base of the channel, Γbottom, the fluid moves with the velocity

of the interface denoted by vnn̂ + vtt̂. These boundary conditions can be expressed
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as follows

u = u∗(1− y2/d2) v = 0 on Γin, (2.11)

i · σ · i = −pa, i · σ · j = 0 on Γout, (2.12)

u = 0, v = 0 on Γtop, (2.13)

u · n̂ = vn, u · t̂ = vt on Γbottom, (2.14)

where σ = −pI + µeff(∇u + (∇u)T )/2 is the fluid stress tensor, pa is atmospheric

pressure and u∗ is the velocity scale of the imposed inlet flow. The tangential and

normal velocity components of the fluid on the moving boundary, vt and vn, will be

prescribed in Section 2.2.4. We note that to impose unidirectional flow at the inlet

we must ensure that the aggregate does not grow at this point, as this would induce

a vertical velocity. This is discussed in more detail in Section 2.2.4.

2.2.2 Magnetic force

We model the moment of a cell tagged with n NPs as a linear multiple of the moment

for an individual NP following the approach of Furlani et al. [40]. We use the strong

field limit, as discussed in Section 2.1.1, and hence express the moment of a cell as

m = nVpmsatB̂, where msat is the magnetic saturation of an individual nanoparticle,

B̂ = B/|B| is the normalised magnetic field and Vp is the volume of a single NP. The

force on a cell is then given by

F = nVpmsat∇|B|, (2.15)

where |B| is the magnitude of the applied magnetic field. In the experimental model,

the external field was provided by rectangular and cylindrical magnets. In our model,

the magnet field is provided by an infinite cylindrical magnet of radius Rmag with

magnetisation, M in the y-direction [41]. The magnet is located directly below the

channel, as in vitro, such that its centre is at x = 0, y = −d − Rmag. The magnetic

field B generated by this magnet can be found since there is no free current, by

solving Maxwell’s equations using the magnetic scalar potential ϕ, where µ0∇ϕ =

−B. The scalar potential can then found by solving ∇2ϕ = ∇ ·M where M = Mj

for |x− (d−Rmag)| < Rmag, as in [47]. This gives the magnetic field as

B =
µ0MR2

mag

2((y + d+Rmag)2 + x2)2
(2x(y + d+Rmag)i+ ((y + d+Rmag)

2 − x2)j),

(2.16)
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(a) (b)

Figure 2.3: (a) Empirical model for the viscosity of whole blood in a vessel of ra-
dius 825 µm for varying haematocrit Eq. (2.10) [86]. (b) Magnetic force on a stem
cell at y = 0 with 30 implanted NPs from a magnet with radius Rmag = 0.35 cm
with M = 0.8µ0, (this corresponds to a maximum magnetic field of Bmax = 0.4 T),
Eq. (2.17).

The maximum value of the field is Bmax = Mµ0/2 which occurs on the surface of

the cylinder. We will use this expression to calibrate (2.16) to describe a magnet of

strength 0.2 T and 0.4 T, as was used in the in vitro experiments. Using Eqs. (2.15)

and (2.16) the force on a cell can be expressed analytically [41], viz

F =
nµ0msatMR2

magVp

((y + d+Rmag)2 + x2)2
(−xi+ (y + d+Rmag)j) . (2.17)

The force on a tagged cell at the centre of the channel is shown in Fig. 2.3b. The y

component shows that as the cell passes through the channel it is pulled down towards

the magnet on the base. The x component of the force shows that the cell speeds up

as it approaches the magnet from upstream and then slows down downstream of the

magnet. This could reverse the trajectory of a cell for x > 0 if the fluid flow is weak.

2.2.3 Cell motion

Following Grief et al. [46], we consider the motion of a single cell to construct a

continuum model for cell concentration neglecting cell inertia. Newton’s second law

determines the motion of a single cell under the action of a magnetic force and Stokes

drag. The ratio of cell inertia to viscous drag is ≈ 10−5, justifying our neglect of

cell inertia. Hence the cell velocity V can then be determined by a balance between
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magnetic force F and Stokes drag, viz

0 = F − 6πµeffr(V − u), (2.18)

where r is the stem cell radius. Thus, V = um + u where um = F /6πµeffr is the

cell velocity induced by the magnet. Hence, the cells move due to advection with the

flow and the magnetic velocity um. We note that this model assumes that the cells

do not alter the fluid flow.

Since the cells typically have radius ∼ 10µm they are not subject to Brownian

motion. However, collisions between stem cells and RBCs lead to diffusive motion

known as shear-induced diffusion, as discussed in Chapter 1. This is modelled by

taking the diffusion coefficient to be proportional to RBC radius rRBC, haematocrit

H and the local shear rate γ̇, given by 0.31r2RBCH
2γ̇ = kshγ̇, using the empirical value

by Zydney et al. [46, 127].

We now consider a dilute collection of tagged cells which can be characterised by

a continuous concentration c. Mass conservation then leads to an advection-diffusion

equation for the cell concentration given by

∂c

∂t
+∇ · q = 0, (2.19)

in the fluid domain, where we define the cell flux as

q = (u+ um)c− kshγ̇∇c. (2.20)

Equation (2.19) requires both boundary and initial conditions. We consider two

inlet concentration profiles as follows

c∗in(t) =

{
C, (2.21a)

C(tanh (t− t∗1)− tanh (t− t∗2))/2, (2.21b)

where (2.21a) defines constant inlet concentration C and (2.21b) models a bolus

injection of stem cells between t∗1 and t∗2. On the top of the channel we impose no

flux of cells. At the channel outlet we impose zero diffusive flux, allowing cells to exit

the channel via advection with the flow. These boundary conditions are defined as

follows:

c = c∗in(t) on Γin, (2.22)

q.j = 0 on Γtop, (2.23)

∂c

∂x
= 0 on Γout. (2.24)
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On the base of the channel we model how the cells enter the aggregate and the

effect of shear on the aggregate through a flux boundary condition. For convenience

we do not distinguish between the part of the boundary for which h > 0 and the

part for which the aggregate height is zero (corresponding to h = 0). This would

require tracking the moving points delineating the upstream and downstream edges

of the aggregate. Additionally, we ensure that the boundary condition does not lead

to negative aggregate thickness (see below for details). We impose the following flux

condition on the base of the domain relative to the moving boundary

q · n̂− cvn = − χ∗(c− c̃∗)+︸ ︷︷ ︸
Absorption into aggregate

+ γ∗(τ − τ̃ ∗)+H(h)︸ ︷︷ ︸
Erosion reduces absorption

= −J∗, (2.25)

where J∗ is the total flux, H(h) is the Heaviside function and (·)+ is the positive-part

function defined as

(f)+ =

{
f if f > 0, (2.26a)

0 if f ≤ 0. (2.26b)

In (2.25) the underbraces describe the effects we capture in the model. The first term

on the right-hand side of (2.25) corresponds to the cells entering the aggregate at a

rate χ∗(c− c̃∗) once the cell concentration on the base exceeds the growth threshold

c̃∗. The second term in (2.25) models erosion on the aggregate surface at a rate

γ∗(τ − τ̃ ∗) for h > 0, where τ is the wall shear stress. This follows the approaches

used in the biofilm modelling literature where erosion is taken to be proportional to

the wall shear stress [94]. The wall shear stress is given by

τ =
µeff

2

∣∣n̂ ·
(
∇u+ (∇u)T

)
· t̂
∣∣ . (2.27)

We define a wall shear stress threshold τ̃ ∗, so that the flux into the aggregate is

reduced if τ > τ ∗. We ensure that the positive part of τ − τ̃ ∗ is taken to ensure

low shear rates do not lead to cell production from the boundary. The parameter γ∗

controls the strength of shear stress erosion. Large values of γ∗ indicate that cells are

easily swept from the surface of the aggregate. Once the aggregate is large, the shear

stress can exceed the shear erosion threshold on parts of the channel wall for which

h = 0. Therefore, we multiply the erosion term with the Heaviside function H(h) to

ensure that erosion only occurs on the aggregate where h > 0.

Recalling that the fluid boundary conditions (2.11) impose unidirectional flow at

the inlet, we must ensure that the aggregate does not grow at this point as this

would induce a vertical velocity. This restriction is not required at the outlet since
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we impose that the tangential stress vanishes on that boundary. To ensure no growth

at the inlet we first fix c̃∗ > C, which removes the positive flux of cells into the base

at the inlet. Then, since h remains equal to zero at the inlet, the second term on the

right-hand side of Eq. (2.25) is zero.

We assume initially that there are no cells in the channel giving

c = 0 at t = 0. (2.28)

2.2.4 Aggregate growth

A point on the aggregate-fluid interface has coordinates (x, y) = (x,−d + h(x, t)),

where the aggregate height h(x, t) must be determined as part of the solution. The

height h is coupled to the fluid by the kinematic boundary condition, given by

v =
∂h

∂t
+ u

∂h

∂x
(2.29)

on Γbottom, defined in (2.8). Owing to our definition of the moving boundary this

reduces to

∂h

∂t
= vn

√
1 +

(
∂h

∂x

)2

. (2.30)

The aggregate interface grows as a result of the arriving cell flux, Eq. (2.25), which

can be negative if fluid shear is high enough and h > 0. The height is reduced by

the extravasation of cells through the channel wall. We assume that the aggregate

grows solely in the direction normal to its boundary with velocity vn, such that the

tangential velocity vt is zero. The normal interface velocity is taken to be

vn =α∗J∗ − k∗ext, (2.31)

where J∗ is the flux of cells into the aggregate, and the coefficient α∗ is the growth

factor which determines how the concentration of cells in the flow is converted into

solid aggregate. Although the mechanism and kinetics of stem cell extravasation are

not fully known, experimental measurements of extravasation rates have recorded

both approximately exponential decay of a fixed amount of cells [64, 74] and linear

decrease in cell number over time [19, 64, 74]. Motivated by these observations we

test two simple functional forms for the extravasation rate, k∗ext, given by

k∗ext =

{
κ∗1h, (2.32a)

κ∗2H(h), (2.32b)
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Figure 2.4: The full boundary conditions on the system are illustrated on their re-
spective boundaries.

which describe firstly extravasation proportional to the height of cells on the base,

(2.32a) and constant extravasation (2.32b). The constant κ∗1 determines the rate at

which a collection of cells extravasate, whereas κ∗2 corresponds to the speed at which

a single cell crosses the vessel wall. Initially, we take the aggregate height to be zero.

2.2.5 Summary

Summarising, the model consists of quasi-steady Stokes flow Eq. (2.9) with an effective

viscosity Eq. (2.10); cell transport is governed by an advection-diffusion equation,

Eq. (2.19), where cells travel with the fluid and an extra magnetic velocity. The

growing aggregate interface, which is assumed to grow normally, is coupled to both

cell transport and fluid flow through the growth condition (2.31).

The system is closed by prescribing boundary conditions for the fluid: (2.11) -

(2.14), the cells: (2.22) - (2.25), and the moving boundary: (2.29) along with initial

conditions of zero aggregate thickness h and zero for the cell concentration in the

channel. This gives us two boundary conditions for the Stokes equations on each

boundary and one for the advection-diffusion equation on each boundary, as required.

These boundary conditions are summarised in Fig. 2.4.

2.3 Parameterisation

Where possible we use the physical parameters from the in vitro experimental system,

these are listed in Table 2.1.

The nanoparticles used to obtain the in vitro data set are described in [76], but

their magnetic saturation value is not available. We have therefore estimated the mag-

netic saturation using information for similar nanoparticles used in experiments [31].

The nanoparticles in [31] saturate when the applied field reaches Hsat = 8× 106 A/m.
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Since msat is proportional to particle volume, we can approximate the magnetic sat-

uration of our nanoparticles by multiplying Hsat by the ratio of the volumes of the

two particles.

The in vitro experimental pipe is 30 cm long, which is much larger than the

approximately 1 cm length region where cells are captured. We choose the model

channel half-length to be l = 1.65 cm, which is sufficient to capture the region where

stem cells aggregate.

There are several unknown parameters associated with aggregate growth and cell

flux. In the experimental in vitro studies of magnetic stem cell capture discussed

in Chapter 1, cells were captured over a period of 30 minutes. This is much less

than the fluid speed which is in the order of seconds. This motivates choosing that

both the flux of cells into the aggregate χ∗ and the aggregate growth factor α∗ are

much less than the fluid speed. We fix c̃∗ and τ̃ ∗ so that they are larger than the

inlet level of cells and the initial wall shear stress values in the pipe, for model

tractability and to demonstrate the full range of model solutions respectively. We

then vary the parameters which control the physical effects of magnetic field strength

(M), haematocrit (H), extravasation (κ∗1, κ
∗
2) and erosion (γ∗) to demonstrate the

qualitatively different model behaviours in each chapter. Aggregate and cell flux

parameters, which are unknown, are shown in Table 2.2.

2.4 Analysis outline

In the subsequent two chapters, we present our analysis of this model. The goal of

Chapter 3 is to deliver insight into the in vitro experiments presented in Chapter 1 and

to examine how extravasation, which was not included in these experiments, would

alter the dynamics. These in vitro experiments provided stem cell capture efficacy for

varying RBC percentages and magnet strengths shown in Fig. 1.3 in Chapter 1. To

examine this data we match the channel geometry, flow rate, magnet size and strength

as much as possible to the in vitro setup and consider the bolus type inlet condition

Eq. (2.21b). This allows us to examine the stem cell capture for varying haematocrit

and explain the nonlinear decrease in capture for increasing RBC percentage found

in in vitro experiments. We then describe how these results would be altered when

extravasation occurs, bridging between in vitro setup and the in vivo scenario where

cells would leave the vessel to travel to the injury site.

In Chapter 3 we nondimensionalise the model, scaling both the axial and vertical

directions proportional to the channel height. In the in vitro experiments the ratio of
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the channel height to the magnet radius is ϵ = d/Rmag = 0.23. This ratio determines

the vertical distances cells travel relative to the axial distance which the magnet

affects. Since this ratio is not significantly less than one we do not use lubrication

theory in this chapter.

In Chapter 4 we use the model to explore magnetic stem cell delivery outside

of the regime of the in vitro experiments. We consider systems where the ratio of

the channel radius to magnet radius, ϵ = d/Rmag, is small. We achieve this by

increasing the magnet size relative to the in vitro system. Examining the system

in the limit ϵ → 0, we gain significant tractability in the leading-order governing

equations when compared to the full model. This allows us to predict parameter

regimes where potentially dangerously high levels of channel occlusion will occur.

This is challenging to examine in the in vitro regime in Chapter 3 where the numerical

solution of the model is significantly more complex. In Chapter 4, we use the constant

inlet condition for stem cells (2.21a) as this reduces the transport of stem cells to a

quasi-steady system.
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Parameter Definition Units Value
C Inlet conc. (volume conc.) - 8.4× 10−4

d Channel half height m 8.25× 10−4

H Haematocrit - 0− 0.4
n Number of NPs in cell - 30
µw Viscosity of water Pa s 8.9× 10−3 [10]
rRBC RBC radius m 3.6× 10−6 [110]
r Stem cell radius m 1× 10−5

u∗ Inlet velocity scale m/s 0.0078
µ0 Permeability of vacuum N/A2 4π × 10−7 [40]
Vp Volume of NP m3 4.18× 10−18

M Magnetic saturation of external magnet A/m Varied
kB Boltzmann constant J/K 1.38× 10−28

T Temperature K 295
l Channel half length m 1.65× 10−2

msat Magnetic saturation of NP A/m 1.25× 105

Rmag Magnet radius m 3.5× 10−3

Table 2.1: Physical parameters and units taken directly from the in vitro setup in
[31]. The magnetic saturation of the NP and the half length of the channel have been
estimated as listed in Section 2.3. In Chapter 4, the magnet radius is increased from
the in vitro value listed.

Parameter Definition Units
α∗ Aggregate growth coefficient -
c̃∗ Aggregate growth threshold -
τ̃ ∗ Aggregate erosion threshold Pa
χ∗ Cell uptake speed m/s
κ∗1 Height extravasation rate 1/s
κ∗2 Constant extravasation rate m/s
γ∗ Aggregate erosion coefficient m/(sPa)

Table 2.2: Aggregate model parameters with units. We fix χ∗, c̃∗, τ̃ ∗ and χ∗ to achieve
physically realistic solutions and vary κ∗1, κ

∗
2 and γ

∗ to reveal the solution behaviour.
We note that α∗ is dimensionless since we consider the volume concentration of stem
cells.

32



Chapter 3

Magnetic stem cell targeting in
vitro

In this chapter, we examine the model presented in Chapter 2 in a parameter regime

as close as possible to the in vitro experiments conducted by our collaborators. A

key challenge faced by this therapy, which was identified in these experiments, is to

deliver sufficient numbers of cells to the injury site at physiological levels of RBCs:

40% by volume. Motivated by this challenge, this chapter aims to examine delivery

for haematocrit levels up to 0.4 for magnetic fields up to 0.4 T as are used in vitro.

We begin by nondimensionalising the model, and we then present our numeri-

cal scheme for solving the resulting system. We present numerical solutions of the

model exploring the effect of varying both physical parameters, such as magnetic

field strength and flow speed, and the unknown aggregation parameters. We examine

the model predictions for stem cell capture at varying haematocrit levels and show

how these predictions qualitatively match the in vitro data. We then describe how

these results would be altered when extravasation occurs, bridging between the in

vitro setup and the in vivo scenario where cells would leave the vessel to travel to the

injury site. Finally, we discuss how the analysis of the model in the in vitro regime

is limited by the computational complexity associated with its numerical solution.

This chapter is made up of work presented in our interdisciplinary paper Experi-

mental and mathematical modelling of magnetically labelled mesenchymal stromal cell

delivery, Royal Society Interface, 2021 [123].

3.1 Dimensionless model

We nondimensionalise the model presented in Chapter 2, scaling lengths with the

channel half width d and velocities relative to the maximum inlet velocity u∗. We
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scale time relative to the timescale of fluid advection d/u∗, we scale pressure relative

to atmospheric pressure using the viscous pressure scaling and we nondimensionalise

the stem cell concentration relative to the maximum value of the inlet condition C.

In this chapter we employ the bolus injection inlet condition, given by Eq. (2.21b).

Finally, we scale the shear stress by µwu
∗/d. We hence define dimensionless variables,

denoted with hats, as follows

x = dx̂, y = dŷ, h = dĥ u = u∗û, v = u∗v̂,

vn = u∗v̂n, c = Cĉ, t =
d

u∗
t̂, τ =

µwu
∗

d
τ̂ , p = pa +

µwu
∗

d
p̂.

Under these scalings, the channel occupies the region |x̂| ≤ L where L = l/d is the

dimensionless channel length and −1 + ĥ ≤ ŷ ≤ 1. Inserting these scalings into

Eqs. (2.9) - (2.19), and dropping the hats, we arrive at the dimensionless system

∇2u = ∇p, (3.1)

∇ · u = 0, (3.2)

∂c

∂t
= −∇ ·

((
u+

β

µ(H)
um

)
c− γ̇

P esh
∇c
)
, (3.3)

where β = nµ0msatMR2
magVp/(6πµwrd

3u∗) is the ratio of the magnetic advection to

fluid advection and µ(H) = µeff(H)/µw is the ratio of the effective viscosity to the

viscosity of water which is a function of haematocrit levels. We note that we have

left µ(H) explicitly in the model so that we can easily vary both the magnetic field

strength and the haematocrit levels. Finally, Pesh = d2/ksh is the shear Péclet number

which is the ratio of pipe diameter squared to the distance pushed by collisions with

RBCs squared. We recall ksh = 0.31H2r2RBC is the strength of shear-induced diffusion.

The dimensionless shear rate in (3.3) is

γ̇ =

((
∂u

∂y
+
∂v

∂x

)2

+ 2

(
∂u

∂x

)2

+ 2

(
∂v

∂y

)2
)1/2

. (3.4)

The dimensionless magnetic velocity in (3.3) is um = (um, vm) where

um =
−x

((y + 1 +R)2 + x2)2
, vm =

−(y + 1 +R)

((y + 1 +R)2 + x2)2
, (3.5)
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where R = Rmag/d is the dimensionless magnet radius. The dimensionless boundary

conditions are

−p+ 2
∂u

∂x
= 0,

∂v

∂x
+
∂u

∂y
= 0,

∂c

∂x
= 0 on x = L, (3.6)

u = 0, v = 0, q · j = 0 on y = 1, (3.7)

u · n̂ = vn, u · t̂ = 0, q · n̂− cvn = −J on y = −1 + h, (3.8)

u = (1− y2), v = 0, c = cin(t) on x = −L, (3.9)

where the dimensionless inlet concentration is cin(t) = (tanh (t− t1)−tanh (t− t2))/2,

with t1 = t∗1u
∗/d and t2 = t∗2u

∗/d being the dimensionless start and end times of the

injection. The dimensionless cell flux J is given by

J = χ(c− c̃)+ − γµ

(
τ − τ̃

µ

)+

H(h), (3.10)

where χ = χ∗/u∗ is the dimensionless uptake rate, γ = γ∗µw/dC is the dimensionless

erosion factor, c̃ = c̃∗/C is the dimensionless growth threshold and τ̃ = τ̃ ∗d/u∗µw is

the dimensionless erosion threshold.

The dimensionless aggregate growth velocity is defined by

vn =− α(q · n̂− cvn)− kext, (3.11)

where

kext =

{
κ1h, (3.12a)

κ2H(h). (3.12b)

Here κ1 = κ∗1d/u
∗ is the dimensionless height-dependent extravasation rate and

κ2 = κ∗2/u
∗ is the dimensionless constant dependent extravasation rate. Finally,

the dimensionless PDE for the aggregate height, is given by (3.8) but we restate it

here for clarity:

∂h

∂t
= vn

√
1 +

(
∂h

∂x

)2

. (3.13)

To summarise, the dimensionless model consists of the quasi-steady Stokes equa-

tions (3.1) and (3.2), and an advection diffusion equation for cell concentration (3.3),

where the contribution of the magnetic velocity is determined by β/µ(H) and the

strength of fluid advection to shear-induced diffusion is determined by Pesh. At the

inlet we prescribe a unidirectional parabolic velocity field and a temporal inlet con-

centration of cells where cells arrive between t = t1 and t = t2. At the outlet, we
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impose zero normal and tangential stress, and we have zero diffusive flux of cells. On

the top of the channel we prescribe no-slip and no flux of fluid and no flux of cells.

On the base we have no tangential flow and the normal fluid velocity is vn. This

normal velocity is prescribed by the balance of cell flux and cell extravasation given

by Eq. (3.11), and corresponds to the growth of the aggregate defined by Eq. (3.13).

3.2 Parameter selection

The model is determined by geometry and flow parameters, which are matched where

possible to the setup of the in vitro experiments, and aggregation and cell parameters,

which are not known and are qualitatively chosen as we will now detail. All parameters

are listed in Table 2.1

In the experiments the magnetic field was provided by two magnets: a cylindrical

magnet (radius 0.35 cm and length 4 mm) and a rectangular magnet (dimensions 1

cm by 2 cm by 4 cm). In this chapter we use the magnetic field of an infinite cylinder

with radius Rmag = 0.35 cm to match the radius of the cylindrical magnet used in

vitro. The cylinder is oriented perpendicular to the channel. We choose values of the

magnetic saturation of the external magnet so that the maximum field strength is

0.1–0.4 T. We consider haematocrit values from 0–0.4. The model setup compared

to the in vitro magnets is shown in Fig. 3.1

As stated in Section 2.3, the values of aggregation and cell parameters cannot be

determined via literature. We choose values of c̃ and τ̃ at values 10% higher than

the inlet concentration and the initial levels of wall shear stress respectively. We fix

χ = 0.1, so that deposition occurs on a longer timescale than the fluid transport.

Then having fixed these parameters, we explore how varying the parameters which

control extravasation and erosion influence stem cell capture. We choose the bolus

injection start and end times to be t1 = 3 and t2 = 35 respectively. This represents

a period of 4.7 s, which is significantly shorter than the 30 minute duration of the in

vitro experiments. However aggregate growth parameters for this model have not yet

been determined hence we are limited to a qualitative understanding of the system.

We choose this shorter period of the bolus injection to gain insight into bolus delivery

while reducing computational time.

The shear Péclet number for the in vitro experimental system ranges from Pesh =

d2/ksh = 8.5 × 106 to 1.35 × 1010 when H varies from 0.4 to 0.01, since ksh =

0.05H2r2RBC. In this chapter, we use the finite element method to numerically solve

our model, as detailed in Section 3.3. Since this is adapted to solve elliptic PDEs we
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Figure 3.1: Dimensions and strengths of magnets used in model compared to in
vitro experiments, magnets shown in grey and pipe or channel where stem cells are
transported shown by white cylinder or box. (a) Shows the setup of the mathematical
model, (b) 0.2 T cylindrical magnet and (c) 0.4 T rectangular magnet.

are unable to solve this system with this method at these very large Péclet numbers

as the system is close to hyperbolic. Hence we opt to consider the system for a smaller

Péclet number, choosing Pesh = 10. Although this is much smaller than the Péclet

number for the in vitro experiments we are still be able to gain qualitative insight

into the system.

The values of all dimensionless parameters appearing in the model are listed in

Table 3.1. We now detail our numerical solution method for the model.

3.3 Numerical solution

To solve the governing equations we use a finite element formulation of the PDEs

coupled to the moving lower boundary through the use of the Arbitrary Lagrangian-

Eulerian Method (ALE) [53]. All simulations use the commercial software COM-

SOL [21]. Taylor-Hood elements (quadratic and linear Lagrange) are used for the

fluid velocity and pressure owing to their established stability properties [109]. The

advection-diffusion equation was solved with quadratic elements. We use the an in-
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Parameter Definition Value
µ µeff/µw Defined in Eq (2.10)

Pesh d2/0.31H2r2RBC 10∗

β nµ0msatMR2
magVp/(6πµwrd

3u∗) 52, 105, 157, 210
α α∗C 0.1
κ1 κ∗1d/u

∗ 0.001,0.01,0.1
κ2 κ∗2/u

∗ 0.1
χ χ∗/u∗ 0.1
γ γ∗µw/dC 0-0.1
c̃ c̃∗/C 1.1
τ̃ τ̃ ∗d/µwu

∗ 4
R Rmag/d 4.24
L l/d 20
t1 t∗1u

∗/d 3
t2 t∗2u

∗/d 35

Table 3.1: Dimensionless parameter definitions and values used in our simulations.
The Péclet number, marked with a star, had to be decreased from 106 to ensure
numerical stability.

built adaptive time-stepping method: IDA. This uses implicit backwards differentia-

tion formula of order 1 or 2 depending on the local error. We set the relative tolerance

to 0.001 and the absolute tolerance to 0.05. Full details of the time-dependent solver

are listed in the COMSOL documentation [21].

The inclusion of shear-induced diffusion is a significant challenge numerically as

the shear rate vanishes in the centre of the channel. This renders the cell transport

equation hyperbolic. In this case the finite element method is unstable and leads

to spurious oscillations in the numerical solution. To ensure the simulations are

tractable, the shear-induced diffusion is approximated by isotropic diffusion, removing

the dependence of the diffusion coefficient on fluid shear and haematocrit.

To implement the Heaviside functions in Eq. (3.10), we use an inbuilt function

flc1hs(x − δ) which is zero for x < 0 and equal to one for x > δ. This has a

continuous first derivative which improves the stability properties of the numerical

method. We take δ = 0.1 which leads to 0.22% relative error in the cell concentration

when compared to δ = 10−4. This is shown in the Appendix, Section B.1.1.

We solve the system on an evolving domain using an unstructured quadrilateral

mesh. We allow free movement of mesh points throughout the entire domain and

remeshing is not required. We compare the relative maximum error (defined as the

maximum error divided by the maximum value of the variable) on a range of meshes

with 1000 – 8000 elements using variables values calculated on a mesh with 12758
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elements as a reference. We select the mesh with 4202 elements, which returns so-

lutions with less than 1.59% relative error in each independent variable compared to

the fine reference mesh. This is shown in the Appendix, Section B.1.2. We carried

out this error analysis using β = 210, γ up to 0.1, H = 0.2 and κ1 up to 0.1. We

limit ourselves to values of γ ≤ 0.1 as for larger values of γ we are unable to achieve

sufficient error convergence as the number of elements increases. The parameter γ

determines the impact of the wall shear stress on the moving boundary. Coupling the

boundary to the wall shear stress means that any oscillations in the wall shear stress

lead to oscillations in the aggregate surface as the boundary grows. We expect that

to solve the system for high values of γ would require a finer mesh.

3.4 Numerical Results

We first examine a prediction of stem cell delivery arising from the mathematical

model using β = 210, H = 0.2 with erosion and extravasation present. We use

the height-dependent extravasation condition (3.12a); we will explore the effect of

constant extravasation in Section 3.4.3. The transport of stem cells, and the evolution

of the cell aggregate on the wall, are shown in Fig. 3.2. First, shown in Fig. 3.2a, the

cells are advected with the flow. Then, once the cells are within range of the magnet,

some of the cells are captured on the base of the channel. As more cells arrive

the stem cells form an aggregate, seen in Fig. 3.2b. Note that since the normalised

magnetic field strength is large, the aggregate forms upstream of the centre of the

magnet located at x = 0. As more cells arrive the aggregate significantly obstructs

the channel, as shown in Fig. 3.2c. To preserve the flux through the channel the flow

speeds up over the peak and the shear stress experienced by the aggregate increases.

As a result, cells are eroded from the surface by shear stress. Eventually, shown in

Fig. 3.2d, as the source of cells at the inlet ends, the aggregate stops growing. Once

the aggregate is smaller it translates upstream to the centre of the magnet. Since

extravasation is present, the remaining cells leave the channel through the wall.

The stages are illustrated clearly in Fig. 3.3 illustrating the velocity of the ag-

gregate boundary at x = −2 (the location of the aggregate peak when it is at its

maximum height). Here a negative velocity indicates that the aggregate is shrinking.

The relative size of the growth rate compared to erosion and extravasation rates de-

termines the capture efficacy of stem cells and whether the channel will potentially

block.
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Figure 3.2: Transport of stem cells and cell aggregation at the channel wall is shown
in snapshots of cell concentration relative to the inlet concentration together with
the fluid velocity field. We show the section of channel −15 < x < 10. (a) Stem
cells arrive via fluid advection and then begin to build up on the base close to the
magnet, t = 23. (b) Stem cell level increases (shown by the colour bar) and the solid
aggregate begins to form at t = 28. (c) The aggregate extent grows and the channel
is obstructed significantly at t = 54. (d) Once the inlet source of stem cells ends,
the captured stem cells are eroded by fluid shear and cells extravasate (via height-
dependent extravasation) out of the channel (both shown by decreasing aggregate
size) by t = 115. Parameter values: H = 0.2, β = 210, κ1 = 0.01, γ = 0.1, all other
parameters as in Table 3.1.
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Figure 3.3: Aggregate interface velocity at x = −2 as stem cells are captured. Neg-
ative velocity indicates when the aggregate is shrinking. The points correspond to
snapshots of the system in Fig. 3.2. The shaded region illustrates when stem cells are
arriving at the channel inlet. Parameter values as in Fig. 3.2.

3.4.1 Cell capture for varying magnetic field strength

We now vary the normalised magnetic field strength β and examine how this alters cell

capture and aggregation at a fixed time. We do not include erosion or extravasation for

simplicity. Increasing the normalised magnetic field strength β increases cell capture,

as shown in Figure 3.4 by an increase in both the height and the extent of the

aggregate. For lower β, cells enter the aggregate upstream while other cells flow over

the aggregate and are captured downstream, thus ensuring approximately symmetric

capture of cells around the magnet. However, as β increases the cells no longer flow

over the aggregate, all entering upstream of the peak, the aggregate peak occurs

further upstream and the downstream slope becomes steeper. This results in similar

aggregate heights for both β = 210 and β = 157. However, the larger normalised

magnetic field strength (β = 210) produces an aggregate with a 10% larger area and

a 3% larger contact set on the boundary than the smaller normalised magnetic field

strength (β = 157).
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(a)

Figure 3.4: Aggregate interface profiles increase for increasing normalised magnetic
field strength. Parameter values: H = 0.2, κ1 = 0 (no extravasation), γ = 0 (no
erosion) at t = 80, all others in Table 3.1.

3.4.2 Cell capture for varying haematocrit: comparison to
in vitro data

We now compare the maximum channel blockage produced for varying haematocrit

levels at the magnetic field strengths and haematocrit values used in the in vitro

experiments: Bmax = 0.2 T and 0.4 T for H = 0−0.4. We have an erosion strength of

γ = 0.1 and no extravasation as this was not present in the in vitro setup. We compare

the maximum height achieved during the time of our simulations to the percentage

capture which was recorded in the experiments. The stem cell capture which was

obtained in the in vitro experiments is shown in Fig. 3.5a. In these experiments stem

cell capture reduced as the RBC percentage increased for both magnet strengths.

The stronger magnet Bmax = 0.4 T, achieved a higher level of capture at all RBC

percentages.

The maximum aggregate height obtained in model solutions for varying haemat-

ocrit is shown in Fig. 3.5b. For both strengths of magnetic fields, increasing haema-

tocrit decreases the maximum aggregate height captured, reflecting the results ob-

tained in vitro. We find that the stronger magnet (solid line Fig. 3.5b) is better able

to capture stem cells at higher levels of RBCs than the weaker magnet. This was also

shown in the in vitro results in Fig. 3.5a.

Increasing haematocrit levels increases the viscosity of the fluid which in turn de-

creases the relative effect of the magnetic force, as the drag on the cells increases. It
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(a) (b)

Figure 3.5: (a) Mean stem cell percentage capture obtained for varying RBC% in vitro
show that increasing RBC% decreases stem cell capture, but the stronger magnet can
retain capture at larger values of haematocrit. 95% confidence intervals of three
experimental repeats are indicated by the bars around the mean at each RBC%
[123]. (b) Maximum aggregate height decreases as haematocrit increases, although
the stronger magnet can capture more cells at larger haematocrit values. Parameters:
γ = 0.1 and no extravasation, all other parameters in Table 3.1.

additionally increases the strength of erosion on the aggregate. As shown in Fig. 3.5b,

for both magnetic field strengths, Bmax = 0.2 T and 0.4 T, the maximum aggregate

height obtained at H = 0 is approximately h = 0.8. As discussed in Section 3.4.1,

increasing the magnetic field strength initially increases aggregate height, then aggre-

gation occurs further upstream and covers a more significant portion of the channel.

This allows two different magnetic field strengths to obtain a similar maximum aggre-

gate height in the channel. However, we note that the stronger magnet does capture

marginally more cells, achieving a 2% larger maximum area aggregate than the weaker

magnet.

3.4.3 Exploring aggregate erosion and extravasation

Aggregate profiles for increasing erosion susceptibility parameter γ are shown in Fig-

ure 3.6a. For larger values of the susceptibility parameter γ the aggregate peak, where

the fluid shear is greatest, is reduced. The threshold of erosion that cells are assumed

to withstand is set at 10% higher than the fluid shear on the walls in the absence

of an aggregate. Once the aggregate exceeds 20% of the channel height (h = 0.4)

erosion begins to remove the cells arriving on the upstream slope. These cells are then
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captured on the downstream slope of the aggregate, which moves further downstream

as γ increases.

Including extravasation through the vessel wall reduces the height of the aggre-

gate at all axial positions, as illustrated for height-dependent extravasation in Fig-

ure 3.6b. To compare the effect of the two extravasation kinetics, constant and

height-dependent (defined in Eq. (3.11)), we plot the height of the aggregate across

the channel over time, Fig. 3.7. To quantitatively compare we choose an extravasa-

tion rate such that κ1h is comparable to κ2 when h = 0.1 by setting κ1 = 0.1 and

κ2 = 0.01. Constant extravasation leads to greater obstruction of the channel and the

cells persist in the channel for a longer time and over a larger area. Height-dependent

extravasation leads to an aggregate which clears from the vessel more rapidly. This

is because when h = 0.6 height-dependent extravasation is greater than constant

extravasation, κ1h > κ2, so the aggregate decreases from its maximum height more

rapidly in Fig. 3.7a.

(a) (b)

Figure 3.6: (a) Aggregate peak decreases for increasing erosion parameter γ = 0–0.1
at t = 80. Parameter values: H = 0.2, β = 210, κ1 = 0 (no extravasation), all
others as in Table 2.2. (b) Aggregate interface profiles decrease for increasing height-
dependent extravasation parameter κ1 = 0.001–0.1 at t = 50. Parameter values:
H = 0.2, β = 210, γ = 0 (no erosion), all others as in Table 3.1.
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(a) (b)

Figure 3.7: Aggregate evolution across the centre of the channel over time. (a) Height-
dependent extravasation with κ1 = 0.1, (b) constant extravasation with κ2 = 0.01.
Constant extravasation leads to a much larger aggregate which persists in the channel
for a longer time. Parameter values: H = 0.2, β = 210, γ = 0 and all others as in
Table 3.1. Note that we chose the values of κ1 and κ2 such that κ2h is comparable
to κ1 (assuming an approximate size of h = 0.1).

3.5 Discussion

In this chapter, we have numerically solved the aggregation model for magnetic stem

cell delivery presented in Chapter 2 in the parameter regime of the in vitro experi-

ments. We solved the full model numerically for a bolus injection of stem cells. We

demonstrated that the dynamics of delivery has three stages: i) rapid cell capture and

aggregate growth, ii) erosion as the aggregate obstructs the channel, and iii) clearance

of cells via extravasation. We noted that the balance between growth, erosion and

extravasation is key in determining if the aggregate remains within safe levels.

A key goal of this chapter was to examine how delivery varies if the magnetic

field strength or RBC percentage is changed. We first showed that if the magnetic

field increases more stem cells are captured and the aggregate centre of mass occurs

further upstream as the magnetic field strength is increased further. This leads to a

nonlinear relationship between the magnetic field strength and aggregate height. In

our model, β is the ratio of magnetic field strength to fluid advection. In this chapter,

we demonstrated that increasing β, via an increase in the magnetic field strength,

increases the number of stem cells which are captured. However, an increase in β

could also be achieved by decreasing the flux through the channel. This demonstrates

that it is vitally important to characterise the fluid mechanics of the target vasculature

45



in vivo to ensure that aggregation can be minimised by controlling the magnetic field

strength.

Second, we examined how varying haematocrit affects stem cell capture. Increas-

ing haematocrit increases the viscosity of the suspension which decreases the relative

effect of the magnetic field on the stem cells as Stokes drag on each cell is greater. Our

model results also showed that stronger magnets lead to larger aggregate formation

at a higher levels of haematocrit compared to weak magnets. This reflects the in vitro

experimental data where the 0.4 T magnet captured 25% of the stem cells, compared

to 2% stem cell capture achieved with the 0.2 T magnet. Furthermore, we showed

that it is possible to achieve approximately the same aggregate height with a 0.2 T

and a 0.4 T magnet at 0% RBC. This is because as the magnetic field increases the

cells are captured further upstream, hence can obtain the same aggregate height at

different magnetic field strengths.

However, the model did not produce the same qualitative form of the decrease

in capture which was convex for 0.2 T in vitro. There are several factors which

could explain the difference between the in vitro data compared to the mathematical

model. For instance, stem cells can bind to the pipe walls without magnets, as was

observed by our collaborators during the experiments. Furthermore, a large variation

was found between experimental repeats which leads to the large confidence intervals

in Fig. 3.5a. A key point to note is that the in vitro data is in terms of the percentage

of stem cells which are captured whereas we have compared the relative aggregate

height for varying haematocrit. This comparison could be improved by calculating

the total flux at the inlet in the model and comparing this to the total flux at the

channel outlet, thus estimating the capture.

For the remainder of this chapter, we explored the effect on stem cell aggrega-

tion of varying erosion strength, extravasation strength and the functional form of

extravasation. We demonstrated that increasing erosion limits the aggregate height.

This is because once the aggregate is large enough for wall shear stress threshold τ̃ ,

additional captured cells above this height on the upstream edge are eroded. Ex-

travasation however reduces aggregation across the whole channel. We showed that

height-dependent and constant extravasation had different time-dependent dynamics

with constant extravasation leading to more aggregation across the channel which

takes longer to clear. Further experiments would allow the unknown model parame-

ters to be quantified, which would enable us to select the appropriate extravasation

mechanism and put a bound on magnetic field strengths which achieve an acceptable

level of aggregation.
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The analysis in this chapter demonstrated the rich dynamics that this model can

produce. However, this analysis was limited to a small selection of parameter values

since the numerical solution of the model is very computationally demanding. We

were unable to examine regimes which lead to large aggregation, since the moving

mesh implementation in this chapter is not stable to extreme deformations, or regimes

with very large erosion, which did not adequately converge on the numerical meshes

we tested. Furthermore, in this chapter, it was not possible to solve the model at the

physiological Péclet numbers of 106 in the numerical simulations. This motivates the

reduced framework we develop and analyse in the subsequent chapter. We consider

delivery outside the regime of the in vitro experiments, considering geometry and

magnet setups where the magnet radius is much larger than the pipe diameter. We

will then explore delivery regimes as a function of the Péclet number and relative

magnetic velocity strength β.
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Chapter 4

Asymptotic analysis of magnetic
stem cell delivery

4.1 Introduction

In this chapter we develop reduced models for magnetic stem cell delivery, returning

to the aggregation model presented in Chapter 2. We exploit a disparity in both

timescales and lengthscales by considering regimes where firstly, the timescale of

aggregate growth is much slower than the timescale of fluid advection and secondly,

the channel thickness is much smaller than the magnet radius. In the previous chapter,

our analysis of the model in the regime of the in vitro experiments was limited due

to the complexity associated with its numerical solution. This meant that the shear-

induced diffusion was neglected and a limited range of model parameters was explored.

Using the reduced models in this chapter, which retain shear-induced diffusion, we

explore delivery regimes as a function of the magnetic field strength and flow speed,

and carry out a more extensive parameter analysis.

The model system is characterised by: the channel half height d, the channel half

length l, and the magnet radius Rmag. The channel half height and length impact

the fluid mechanics in the channel. The magnet radius determines the region of the

channel which is affected by the magnetic field, since the magnetic force on the cells

decays ∼ x−4 as |x| → ∞, where |x| is the distance from the magnet centre. Across

all human vessels the aspect ratio, d/l, is small [46]. In the absence of significant

vessel curvature, this results in axial fluid velocities that are an order of magnitude

larger than the radial velocities. In this chapter, we consider magnetic cell delivery in

systems where the ratio of the channel half height to the magnet radius is small, such

that ϵ = d/Rmag ≪ 1. This allows us to use the thin-film approximation to examine

the stem cell transport equation and the fluid flow. We additionally assume that the
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ratio of the magnet radius to channel length is small, such that Rmag/l ≪ 1. This

means that the strength of the magnetic field is minimal at the inlet of the channel.

In the in vitro system examined in Chapter 3, ϵ = 0.24, which is at the edge of the

validity of this lubrication assumption.

Since the model aggregation parameters are not known, the timescale of aggregate

growth is unknown. The in vitro experiments examined in Chapter 3 lasted thirty

minutes, however it is not clear precisely how long the stem cells took to be captured

at the magnet as we only have data from the end of the experiment. In this thesis we

assume that the fluid advection timescale, approximately 0.1 seconds in the in vitro

system, is much shorter than the aggregate growth timescale. In Chapter 3, we used

the low Reynolds number to remove fluid inertia but we did not carry out any further

model reduction. Furthermore, we considered a bolus injection inlet condition for the

stem cells over a timescale of 5 seconds, and since we did not consider longer bolus time

periods, we could not examine any dynamics of aggregation which occur over a longer

time period, such as the erosion of the entire aggregate or slow channel obstruction.

In this chapter we employ the constant inlet condition for stem cell concentration,

defined in (2.21a), and we use the height-dependent extravasation form, defined in

(2.32a). We also consider the system on the aggregate growth timescale, which is

assumed to be much longer than the timescale of fluid advection, which leads to

quasi-steady fluid flow and cell transport at leading-order.

We characterise delivery into regimes according to the relative size of the nor-

malised magnetic field strength β̂ and reduced Péclet number, defined by ϵ3P̂ esh. In

this chapter the normalised magnetic field strength β̂ is defined as β̂ = ϵ3β where β is

the parameter used in Chapter 2. The Péclet number is defined by P̂ esh = R2
mag/ksh

which represents the ratio of the magnet radius squared to the strength of shear-

induced diffusion. We analyse two tractable asymptotic limits: small reduced Péclet

number and large reduced Péclet number delivery. To have a small reduced Péclet

number, ϵ3P̂ esh, the magnet radius must be much larger than the pipe radius so that

ϵ≪ 1 and the Péclet number R2
mag/ksh, cannot be too large. Since ksh = 0.31H2rRBC,

the Péclet number is largest at physiological RBC percentages, H = 0.4.

The large reduced Péclet number delivery regime corresponds to the regime con-

sidered by Richardson et al. [92]. In this work, the authors present the asymptotic

structure for the capture of a magnetic drug under a constant magnetic force in a

straight, circular pipe without the growth of an aggregate. They consider the delivery

in which the magnetic velocity balances the fluid velocity with a uniform inlet con-

centration of the drug. They demonstrate that the pipe is divided into two regions by
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the trajectories of the drug particles originating from the top half of the inlet, with

a constant drug concentration in the region below these dividing trajectories and a

concentration of zero in the region above them. The drug concentration then builds

up in a boundary layer on the base. The magnitude of the drug concentration in

the boundary layer is determined by the size of the flux into the wall. Their work

examines both small and large nanoparticle flux out of the walls of the vessel. The

authors show that for a large flux coefficient, the magnetic drug exits the vessel at

the location it lands on the pipe wall, whereas for small flux coefficients there is an

axial flux of the drug in the boundary layer. We extend their analysis by coupling

the boundary layer structure to the moving aggregate boundary and carrying out

exploratory numerical simulations of the model.

We now proceed by nondimensionalising the model using lubrication theory scal-

ings, then examining the leading-order fluid system and the leading-order cell trans-

port dynamics in both small and large reduced Péclet regimes. In each regime, we

solve the reduced model numerically, determine when steady state aggregate heights

are possible and when aggregation becomes dangerously large. We then conclude by

discussing other delivery regimes and comparing the insight we have gained in this

chapter to that gained in Chapter 3.

4.2 Lubrication limit

We nondimensionalise the model from Chapter 2, making the following assumptions.

1. The lubrication approximation that the channel height is much less than both

the channel length and magnet radius, with Rmag < l, so that the magnetic field

is minimal at the inlet. This defines the key small parameter ϵ = d/Rmag.

2. The timescale of the fluid advection is much less than the timescale of aggregate

growth.

Following these assumptions we consider two cases where i) the reduced Péclet num-

ber, ϵ3Pesh, is large and ii) the reduced Péclet number, is small. We then select

the normalised magnetic field strength, β̂, and all aggregation parameters so that we

retain all physical effects in the leading-order reduced models. The scalings of all

dimensionless model parameters which we select to achieve this for both the large

and small Péclet number cases are shown in Table 4.1.
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Name Param. Definition Assumed size

Relative magnetic

field strength
β̂

nµ0msatMVp
6πµeffRmagru∗

S. 4.6: O(1)

S. 4.7: O(ϵ)

Reduced Péclet number ϵ3P̂ esh ϵ3R2
mag/ksh

S. 4.6: O(ϵ2)

S. 4.7: O(ϵ−1)

Aggregate growth rate α α∗/C O(ϵ)

Extravasation speed κ̂ κ∗1Rmag/u
∗ O(ϵ)

Cell flux rate χ χ∗/u∗ O(ϵ)

Aggregate erosion susceptibility γ̂ γ∗µeff/RmagC O(ϵ2)

Aggregation threshold ĉ c̃∗/C O(1)

Erosion threshold τ̂ τ̃ ∗Rmag/u
∗µeff O(ϵ−1)

Channel half length L̂ l/Rmag O(1)

Table 4.1: Definitions of dimensionless model parameters in this chapter and as-
sumptions of their size. Starred parameters are dimensional. The order of normalised
magnetic field strength and reduced Péclet number are listed for the small reduced
Péclet number regime we analyse in Section 4.6 and the large reduced Péclet num-
ber regime in Section 4.7. The assumptions on the size of aggregate growth and cell
capture parameters arise since we choose to analyse the fullest balance in the leading-
order system for each regime.

We choose the characteristic axial lengthscale to be the magnet radius, Rmag, as

this determines the size of the region where stem cells deposit. We choose the charac-

teristic axial velocity scale to be the maximum inlet velocity u∗. Using the lubrication

scaling we scale vertical distances and velocities with ϵRmag and ϵu
∗ respectively. We

scale the aggregate thickness with ϵRmag, which assumes that it is the same order

as the width of the channel. Since we use the constant inlet condition for stem cell

concentration, we nondimensionalise the cell concentration relative to the inlet con-

centration C. In Chapter 3, we used the channel width as the reference lengthscale

in both the x- and y- directions. In this chapter, we employ a lubrication scaling and

we use hats to denote when the arising nondimensional parameters differ from their

counterparts in Chapter 3.

We consider the system on the timescale of aggregate growth, which we now

determine. The aggregate grows with a normal velocity vn, which is determined by

the cell flux J∗. These are defined in Chapter 2, Eqs. (2.25), (2.30) and (2.31), which
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we restate here:

∂h

∂t
= vn

√
1 +

(
∂h

∂x

)2

, (4.1)

where

vn = α∗J∗ − κ∗1h, (4.2)

and the flux into the aggregate is defined as follows

J∗ = χ∗(c− c̃∗)+ − γ∗(τ − τ̃ ∗)+H(h). (4.3)

Examining (4.1) we can define the timescale of aggregate growth [tg], as [tg] = [h]/[vn].

From (4.2) and (4.3), the size of the normal velocity is [vn] = α∗χ∗[c]. Since h is

scaled relative to ϵRmag and the cell concentration is scaled relative to C, we obtain

[tg] = ϵRmag/α
∗χ∗C.

The timescale of fluid advection is [tf ] = Rmag/u
∗. We recall that χ∗ determines

the speed which cells bind to the aggregate and α∗ determines how the concentration

of cells is converted into the solid aggregate. Hence to ensure that the timescale

of aggregate growth is less than the timescale of fluid advection, [tg] ≪ [tf ], we fix

α∗χ∗C ≪ ϵu∗. To have that α∗χ∗C ≪ ϵu∗, we prescribe that i) that the ratio of the

aggregate flux coefficient to fluid velocity is small, such that χ∗/u∗ = O(ϵ) and ii) the

aggregate growth coefficient is small relative to the inlet concentration of stem cells,

such that α∗/C = O(ϵ). We then define α∗ = ϵα0C and χ∗ = ϵχ0u
∗ where the χ0 and

α0 are O(1) and dimensionless. With these definitions, the timescale of aggregate

growth is Rmag/ϵCu
∗. We note that under these assumptions the aggregate growth

velocity will be O(ϵ2), and this is reflected in the nondimensionalisation of vn.

Using these assumptions, we define rescaled variables, shown with hats, as follows

x = Rmagx̂, y = ϵRmagŷ, h = ϵRmagĥ, t =
Rmag

ϵCu∗
t̂, (4.4)

u = u∗û, v = ϵu∗v̂, p = pa +
u∗µeff

Rmagϵ2
p̂, (4.5)

vn = ϵ2u∗v̂n, γ̇ =
u∗

Rmag

ˆ̇γ

ϵ
, τ =

u∗µeff

Rmag

τ̂

ϵ
, c = Cĉ, (4.6)

where we have used the standard lubrication pressure scaling to balance the axial

pressure gradient with the transverse viscous forces in (2.9). The domain is now

defined by (x̂, ŷ) ∈ [−L̂, L̂] × [−1 + ĥ, 1], where L̂ = l/Rmag. The shear stress τ and

shear rate γ̇ are scaled by 1/ϵ as a result of the velocity scalings.
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Inserting scalings (4.4) - (4.6) into the Stokes equations, (2.9), and dropping hats

on rescaled variables, we have the following dimensionless lubrication equations

∂u

∂x
+
∂v

∂y
= 0, (4.7)

ϵ2
∂2u

∂x2
+
∂2u

∂y2
=
∂p

∂x
, (4.8)

ϵ4
∂2v

∂x2
+ ϵ2

∂2v

∂y2
=
∂p

∂y
, (4.9)

for |x| < L̂ and −1+ h < y < 1. On the aggregate surface, y = −1+ h(x, t), the unit

normal and tangential vectors depend on the aggregate height as follows

n̂ =
1

M

(
j − ϵ

∂h

∂x
i

)
, t̂ =

1

M

(
i+ ϵ

∂h

∂x
j

)
, (4.10)

where

M =

√
1 + ϵ2

(
∂h

∂x

)2

. (4.11)

Hence, by (4.7) - (4.9) in Chapter 2, the dimensionless boundary conditions for the

thin-film fluid equations are given by

u = (1− y2), v = 0 at x=− L̂, (4.12)

2ϵ2
∂u

∂x
− p = 0 ϵ2

∂v

∂x
+
∂u

∂y
= 0, at x= L̂, (4.13)

u = 0, v = 0 at y =1, (4.14)

M

(
v − ∂h

∂x
u

)
= ϵvn, u = −ϵ2∂h

∂x
v at y =− 1 + h. (4.15)

The dimensionless stem cell transport equation, derived from Eq. (2.19), is

ϵ
∂c

∂t
+
∂qx
∂x

+
∂qy
∂y

= 0, (4.16)

where the dimensionless cell flux is defined q = qxi+ qyj, with components given by

qx =
(
u+ β̂um

)
c− γ̇

ϵP̂ esh

∂c

∂x
, qy =

(
v +

β̂

ϵ
vm

)
c− γ̇

ϵ3P̂ esh

∂c

∂y
, (4.17)

here the shear Péclet number is defined P̂ esh = R2
mag/ksh, which is the ratio of the

magnet radius squared to cross-streamline diffusion; and the normalised magnetic
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field strength is β̂ = nµ0msatMVp/6πµeffRmagru
∗, which is the ratio of the magnetic

force to Stokes drag on the cell. The dimensionless shear rate in (4.17) is defined by

γ̇ =

((
∂u

∂y
+ ϵ2

∂v

∂x

)2

+ 2ϵ2
(
∂u

∂x

)2

+ 2ϵ2
(
∂v

∂y

)2
)1/2

, (4.18)

and the dimensionless magnetic velocity components are

um =
−x

((ϵy + ϵ+ 1)2 + x2)2
, vm =

−(ϵy + ϵ+ 1)

((ϵy + ϵ+ 1)2 + x2)2
. (4.19)

The dimensionless boundary conditions for (4.16) are as follows

c = 1 at x = −L̂, (4.20)

∂c

∂x
= 0 at x = L̂, (4.21)

qy = 0 at y = 1, (4.22)

M

(
qy −

∂h

∂x
qx

)
− ϵcvn = −J0 at y = −1 + h, (4.23)

In (4.23) the dimensionless flux into the aggregate is scaled by ϵ, so that J = ϵJ0,

where J0 is given by

J0 = χ0(c− ĉ)+ − γ̂0 (τ − τ̂0)
+H(h); (4.24)

here χ0 is the dimensionless flux coefficient, defined such that χ = ϵχ0 where χ =

χ∗/u∗; ĉ = c̃∗/C is the dimensionless growth threshold; γ̂0 is the dimensionless erosion

susceptibility defined such that γ̂ = ϵ2γ̂0 with γ̂ = γ∗µeff/RmagC; finally, τ̂0 is the

dimensionless erosion threshold defined such that τ̂ = ϵ−1τ̂0 with τ̂ = τ̃ ∗Rmag/u
∗µeff.

The dimensionless aggregate growth velocity, derived from (2.31), is given by

vn = α0J0 − κ̂0h at y = −1 + h, (4.25)

where the dimensionless extravasation speed κ̂0 is defined such that κ̂ = ϵκ̂0 with

κ̂ = κ∗1Rmag/u
∗. Similarly α0 is the dimensionless aggregate conversion factor defined

such that α = ϵα0 with α = α∗/C.

The aggregate growth condition, derived from (2.30), is

∂h

∂t
=Mvn. (4.26)

Initially we have c = 0 in the channel and no aggregate, such that h = 0 at t = 0.

All the dimensionless parameters together with their assumed orders are shown in

Table 4.1.
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We anticipate that in the small reduced Péclet number regime the leading-order

cell concentration will be a function of x only. Hence before we analyse the system

using asymptotics as ϵ→ 0, we construct an integrated conservation equation for the

stem cell concentration. We first integrate Eq. (4.16) between y = −1 + h and y = 1,

giving

ϵ

∫ 1

−1+h

∂c

∂t
dy +

∫ 1

−1+h

∂qx
∂x

dy + [qy]
y=1
y=−1+h = 0. (4.27)

Using the Leibnitz integral rule and the no-flux condition on the top of the channel,

(4.22), we have the following

ϵ
∂

∂t

(∫ 1

−1+h

c dy

)
+

∂

∂x

(∫ 1

−1+h

qx dy

)
=

[
qy − qx

∂h

∂x
− ϵc

∂h

∂t

]
y=−1+h

. (4.28)

Using the definition of ∂h/∂t in (4.26), the boundary term on the right of (4.28) is

equal to the flux into the moving aggregate, defined by (4.23). Inserting (4.23) into

(4.28) therefore gives the final form of the integrated conservation equation, namely

ϵ
∂

∂t

(∫ 1

−1+h

c dy

)
+

∂

∂x

(∫ 1

−1+h

((
u+ β̂um

)
c− γ̇

ϵP̂ esh

∂c

∂x

)
dy

)
= −J0, (4.29)

where we have inserted the expression for the axial cell flux from (4.17) into (4.29).

We now discuss the regimes of this model that we analyse in this chapter.

4.3 Delivery regimes

The delivery regimes can be characterised by considering dominant balances of the

cell transport equation, (4.16), as the normalised magnetic field strength β̂ and the

reduced Péclet number, ϵ3P̂ esh, vary relative to ϵ.

We consider two asymptotic limits of the cell delivery problem: cell delivery when

the reduced Péclet number is small and large. In both of these regimes, we assume

that the magnetic velocity balances the fluid advection close to the magnet. In the

small reduced Péclet number regime, the stem cell concentration is a function of the

axial coordinate only, so that the richest dominant balance is most readily identified

from the integrated conservation equation (4.29). To retain the effect of the magnetic

force in the leading-order system, we balance the axial magnetic velocity with the

axial fluid flow which requires β̂ = O(1). In the large Péclet number regime we

balance the vertical magnetic velocity with fluid advection, which is the same order

in both axial and vertical directions in the cell transport equation, defined in (4.16)
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Name Reduced Param. Definition Value

Extravasation speed κ̂0 κ̂/ϵ 0 - 1
Aggregate erosion susceptibility γ̂0 γ̂/ϵ 0 - 1
Cell flux rate χ0 χ/ϵ 1
Aggregation threshold ĉ - 1.1
Erosion threshold τ̂0 ϵτ̂ 2.2

Dimensionless channel half length L̂ - 5
Aggregate growth factor α0 ϵα∗/C 1

Table 4.2: Model parameter values. Values of the normalised magnetic field strength
and reduced Péclet number are listed in Section 4.6 and Section 4.7.

and (4.17). This balance requires β̂ = O(ϵ). The small Péclet number regime results

in a one-dimensional advection-diffusion equation for cell concentration as a function

of x and t, whereas the large Péclet number regime is a singular perturbation problem

of the cell transport equation and results in a hyperbolic problem in the centre of the

channel coupled to a boundary layer on the moving aggregate. The large reduced

Péclet number case corresponds to the regime in Chapter 3, where the equivalent

reduced Péclet number is ϵ3P̂ esh ≈ 107 for 1% RBCs and ϵ3P̂ esh ≈ 104 for 40%

RBCs.

4.4 Parameter selection

In this chapter we use values of the reduced parameters listed with their definitions in

Table 4.2. Values of the relative magnetic field and reduced Péclet number are listed

in Section 4.6 and Section 4.7 respectively. Following our approach in Chapter 3

we set the erosion threshold to be 10% higher than the shear stress when there is no

aggregate in the channel. Similarly we set the aggregation threshold to be 10% higher

than the inlet level of stem cells. We choose the reduced cell flux coefficient χ0 and

α0 to both equal one. We then vary the erosion strength and extravasation speed in

both Section 4.6 and Section 4.7. We take the dimensionless length of the channel to

be L̂ = 5, and using this length the magnetic field at the inlet is less than 1% of the

strength it is at the centre of the channel.

We now consider the fluid mechanics in the channel which only depend on the

stem cell concentration through the aggregate height h.
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4.5 Fluid motion

We now expand fluid variables as follows

(u, v, p, vn, h) ∼ (u0, v0, p0, vn0, h0) +O(ϵ) as ϵ→ 0. (4.30)

Then Eqs. (4.7) - (4.9) give us the following system of equations to leading-order

∂u0
∂x

+
∂v0
∂y

= 0, (4.31)

∂2u0
∂y2

=
∂p0
∂x

, (4.32)

∂p0
∂y

= 0, (4.33)

for |x| < L̂ and −1 + h0 < y < 1. The leading-order boundary conditions, derived

from (4.12) - (4.15), are

u0 = (1− y2), v0 = 0 at x=− L̂, (4.34)

p0 = 0, v0 = 0 at x=L̂, (4.35)

u0 = 0, v0 = 0 at y=1, (4.36)

u0 = 0, v0 = 0 at y=− 1 + h0, (4.37)

In the long, thin regime the normal vector to the aggregate, defined in (4.10), is equal

to j at leading-order. Hence the normal growth of the aggregate drives a vertical

fluid velocity, hence v0 = 0 on the aggregate in (4.37) because vn = O(ϵ2).

By (4.33), the leading-order pressure is a function of axial position only. Hence

we can solve (4.32) to determine that the axial flow is parabolic between the moving

aggregate boundary and the top of the channel, given by

u0 =
1

2

∂p0
∂x

(y − h0 + 1)(y − 1). (4.38)

The leading-order pressure can be determined by integrating the continuity equation,

(4.31), between y = −1+h0 and y = 1 and applying the no-flux boundary conditions

(4.36) and (4.37) to arrive at Reynolds equation,

∂

∂x

(
(2− h0)

3∂p0
∂x

)
= 0. (4.39)

The inlet velocity condition, (4.34), supplies the boundary condition for the pressure

gradient at the inlet, requiring

∂p0
∂x

= −2 at x = −L̂. (4.40)
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This gives us the following leading-order solution for the axial pressure gradient

∂p0
∂x

= − 16

(2− h0)3
. (4.41)

Only the axial pressure gradient is required to determine the leading-order axial

velocity in (4.38), so we do not need to solve for p0. The vertical velocity can then

be found by integrating Eq. (4.31) with respect to y, giving

v0 =
1

2

∂p0
∂x

∂h0
∂x

y(y − 2)− ∂2p0
∂x2

(
−2y2 − 3h0y + 6 + 6h0

)
− 16(h0 − 1)

(2− h0)4
∂h0
∂x

, (4.42)

where the final term is the ‘constant of integration’ which is found by prescribing

boundary conditions v0 = 0 on y = 1 or y = −1 + h0. We note that, since v0 = O(1)

we require the axial gradient of the aggregate surface to be at most of O(1).

4.6 Small reduced Péclet number delivery

We now consider cell transport when the reduced Péclet number is small, so that

vertical diffusive forces dominate cell transport in (4.16). We consider the fullest

balance where the magnetic and fluid velocities balance in the axial direction and

axial shear-induced diffusion is present in the leading-order integrated conservation

equation (4.29). Hence we define ϵ3P̂ esh = ϵ2Pe0 where Pe0 is O(1) and we fix

β̂ = O(1).

We now determine the leading-order cell concentration in this regime by consid-

ering an asymptotic expansion for the cell concentration as follows

c = c0 +O(ϵ). (4.43)

The asymptotic expansion of the shear rate γ̇, can be determined by inserting our

known velocity solutions, (4.38) and (4.42), into (4.18). Hence, the leading-order

component of the shear rate, γ̇0, is

γ̇0 =

∣∣∣∣∂u0∂y

∣∣∣∣ = ∣∣∣∣∂p0∂x

(
y − h0

2

)∣∣∣∣ . (4.44)

Considering the cell transport equation, Eq. (4.16), diffusion in the vertical direction

would appear to dominate. However, the leading-order shear rate is a linear function

of y and in the region close to the centre of the channel, where |y − h0/2| = O(ϵ),

the shear rate is O(ϵ). Hence we should consider this region, separately. Considering

first the region |y − h0/2| = O(1), at leading-order (4.16) gives

∂

∂y

(
γ̇0
∂c0
∂y

)
= 0, (4.45)
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with boundary conditions, derived from (4.22) and (4.23), given by

∂c0
∂y

= 0 at y = 1 and y = −1 + h0. (4.46)

It follows that leading-order the cell concentration is independent of y, i.e. c0 = c0(x, t)

in this region, perhaps with different values for y > 0 and y < 0.

We now consider the central region, |y − h0/2| < ϵ, defining the boundary layer

variable

ỹ =
y − h0/2

ϵ
(4.47)

such that ỹ = O(1) in the centre of the channel. In this region, the shear rate is of

O(ϵ), so we write γ̇ = ϵγ̃ with γ̃ = O(1). Defining the cell concentration in this region

as c̃, the stem cell transport equation (4.16) is then

ϵ
∂c̃

∂t
+

∂

∂x

((
u+ β̂um

)
c̃− ϵγ̃

Pe0

∂c̃

∂x

)
+

∂

∂ỹ

((
v

ϵ
+
β̂

ϵ
vm

)
c̃− γ̃

ϵ3Pe0

∂c̃

∂ỹ

)
= 0.

(4.48)

We see that the vertical diffusive forces still dominate in this region: the leading-order

version of (4.48) is

∂

∂ỹ

(
γ̃0
∂c̃0
∂ỹ

)
= 0, (4.49)

where γ̃0 is the leading-order shear rate in this region. Matching with the outer regions

of the channel, we require ∂c̃0/∂ỹ → 0 as ỹ → ±∞. This is satisfied by ∂c̃0/∂ỹ = 0

in this central region. We conclude that the leading-order stem cell concentration is

independent of y throughout the channel.

We now use the conservation equation determined in Section 4.2, Eq. (4.29), to

determine the governing equation for c0(x, t). We substitute our known leading-order

components for the fluid and magnetic velocities, namely (4.38) and (4.19), and since

the cell concentration is independent of y at leading-order, it can be removed from

all integrals. This gives the following quasi-steady advection-diffusion equation for c0

∂

∂x

(
c0η0

(
u0 + β̂um0

)
− η0γ̇0
Pe0

∂c0
∂x

)
= −J0, (4.50)
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where η0 = 2−h0 is the channel thickness, and the width-averaged quantities, defined

by variables with bars, are as follows

um0 =
1

η0

∫ 1

−1+h0

um0 dy =
−x

(1 + x2)2
, (4.51)

u0 =
1

η0

∫ 1

−1+h0

u0 dy =
4

3η0
(4.52)

γ̇0 =
1

η0

∫ 1

−1+h0

∣∣∣∣∂u0∂y

∣∣∣∣ dy =
4

η20
. (4.53)

In Eq. (4.50), J0 is given by

J0 = χ0(c0 − ĉ)+ − γ̂0 (τ0 − τ̂0)
+H(2− η0), (4.54)

and the wall shear stress on the aggregate is

τ0 =
8

η20
, (4.55)

which follows from the leading order axial flow, (4.38). The advection-diffusion equa-

tion for c0, Eq. (4.50), is subject to boundary conditions which are derived from (4.20)

and (4.21), as follows

c0 = 1 at x = −L̂, (4.56)

∂c0
∂x

= 0 at x = L̂. (4.57)

The system for c0 and the channel width η0 is then defined by Eq. (4.50), fluid solutions

(4.38) and (4.41) and the growth condition, (4.26), which determines the change in

channel width as a function of cell concentration, and given by

∂η0
∂t

= −α0

(
χ0(c0 − ĉ)+ − γ̂0

(
8

η20
− τ̂0

)+

H(2− η0)

)
+ κ̂0(2− η0), (4.58)

with η0 = 2 at t = 0.

We now detail our numerical method for solving (4.50) and (4.58), and then

explore the stem cell delivery in this regime for varying the normalised magnetic field

strength β̂, erosion strength γ0 and extravasation speed κ0.

4.6.1 Numerical solution

To numerically solve the quasi-steady cell transport equation Eq. (4.50) coupled to

the PDE for channel width at each point, Eq. (4.58), we first use a first-order spatial
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finite difference scheme to approximate Eq. (4.50) at each spatial point, but leave the

time coordinate as continuous. We use N = 400 grid points in the spatial dimension.

We solve (4.50) and (4.58) using MATLAB’s ODE solver ode15s. We use the inbuilt

“Events” functionality within MATLAB’s ODE toolbox to terminate the integration

when either i) the maximum aggregate height reaches 40% of the channel width, ii)

the maximum rate of change of the aggregate is less than 10−9 so that we consider

the solution to have reached steady state or iii) when we reach the final time point

t = 1000. We validate the convergence of this scheme spatially and temporally in

Appendix B.2.1.

In this section we use Pe0 = 1 and consider a range of normalised magnetic field

strengths β̂ = 0− 3. All other parameters are listed in Table 4.2.

4.6.2 Stem cell delivery dynamics

We now examine two examples of stem cell delivery. Firstly, when there is no erosion

or extravasation, then when aggregate erosion is present. These examples illustrate

the two key behaviours of the model: when aggregation leads to a highly occluded

channel in the absence of erosion or extravasation, and the potential for aggregate

growth to be limited by erosion and (or) extravasation, which can result in a steady

state aggregate.

Fig. 4.1a shows the leading-order stem cell concentration (top) and the aggregate

height (bottom). The leading-order stem cell concentration builds up over the magnet

and the aggregate of cells grows until the maximum height reaches 40% of the channel

width (corresponding to h0 = 0.8), which is a termination condition of the numerical

solver. This occurs at t = 9.3. Fig. 4.1b shows stem cell capture when erosion is

present, which significantly alters the aggregate shape. Initially, the aggregate grows

and obstructs the channel above the centre of the magnet at x = 0. At later times,

newly arriving cells join on the downstream face of the aggregate, avoiding the larger

flow rates on the peak of the aggregate. This leads to a broad, flat aggregate. This

simulation reaches a steady state at t = 590 at which point the aggregate occupies

the whole region where the magnetic field strength is large enough for the stem cell

concentration to exceed ĉ.
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(a) (b)

Figure 4.1: a) Stem cell capture with no erosion and no extravasation. The leading-
order stem cell concentration builds up over the magnet and the aggregate of
cells grows until the maximum aggregate height reaches 40% of the channel width,
h0 = 0.8, at which the simulation terminates. Parameter values: β̂ = 1, γ̂0 = 0,
κ̂0 = 0 and all others as in Table 4.2. b) Stem cell capture when erosion is present.
Initially the aggregate grows and obstructs the channel closest to the magnet, and
at later times the aggregated cells spread out, avoiding the larger flow rates in the
centre of the channel. Parameter values: β̂ = 1, γ̂0 = 0.1, κ̂0 = 0 and all others as in
Table 4.2. The line colour indicates the time, shown for each case by the colour bars,
arrows indicate the direction of increasing time.
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4.6.3 Exploring safe parameter regimes

Motivated by the two different behaviours presented in the previous section, we now

explore the interplay between the two aggregation limiting mechanisms, erosion and

extravasation, and the normalised magnetic field strength. Therapeutically, regimes

where the aggregate significantly occludes the channel are potentially dangerous, as

blood flow will be restricted to downstream areas of the vasculature and there is a

risk of the fracture of the stem cell aggregate. There are a number of interesting

mathematical problems involved in determining which parameter regimes could lead

to a steady state aggregate height using our mathematical model. However, we note

that since our model neglects to include the internal structure of the clot, our model

cannot predict fracture. As a result, despite the fact that the lubrication model we

have developed is valid for very large values of aggregate height, its relevance to the

physical system will diminish as the channel approaches occlusion. Hence in this

analysis we take a pragmatic approach and fix a threshold of occlusion at 40% and

then determine which parameter regimes the maximum aggregate height exceeds this

threshold.

The maximum cell concentration and aggregate height are shown in Fig. 4.2a and

b, respectively, for a range of normalised magnetic field strengths and extravasation

strengths. The shaded grey region illustrates regimes where the aggregate reaches 40%

of the channel width. As illustrated in Fig. 4.2b, for β̂ < 0.1 no aggregation occurs as

the magnetic field strength is not sufficiently large that the stem cell concentration

exceeds the aggregation threshold ĉ = 1.1. It is clear that increasing extravasation

speed reduces the maximum aggregate height, as was noted in the previous chapter.

Fig. 4.3 shows the maximum cell concentration (4.3a) and aggregate height (4.3b)

for a range of normalised magnetic field strengths and erosion strengths. Again, the

grey region shows where the aggregate reaches 40% of the channel width, demon-

strating that erosion is also able to limit aggregation. Comparing Figs. 4.2 and 4.3,

extravasation requires a larger extravasation speed κ̂0 to have the same effect as ero-

sion in reducing aggregation. This is because extravasation is proportional to 2− h0

and erosion is proportional to 8/(2− h0). Hence when h0 = 0.8 erosion is five times

larger than extravasation.

For both effects, we can determine a line of best fit between the normalised mag-

netic field strength β̂ and the erosion or extravasation strengths that defines the

boundary of the unsafe regions in Figs. 4.2 and 4.3. We find that the boundary of

the region with high occlusion is defined by β̂ ∼ κ̂0.630 in Fig. 4.2, such that if the

extravasation speed is doubled, we are able to increase the magnetic field strength
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(a) (b)

Figure 4.2: Evaluation of (a) maximum stem cell concentration in the channel and
(b) aggregate height for varying normalised magnetic field strength β̂ and extrava-
sation speed κ̂0. The grey region is where the aggregate reaches 40% of the channel
width when simulations are terminated. The edge of the occluded region is shown by
the black line of best fit with fitting exponent shown as β̂ = κ̂0.640 .

by a factor of 1.5. Similarly we find that the high occlusion region in the Fig. 4.3

is defined by β̂ ∼ γ̂0.650 . These fittings are specific to an occlusion level of 40%, it

would be interesting to understand the exponent in these fittings and determine how

it depends on system parameters and if the value of the exponent varies at other

levels of occlusion (future work). Overall, this demonstrates how the model could be

used to identify safe values of the magnetic field strength to keep aggregation under

a desired threshold if the extravasation speed or erosion strength are known.

4.7 Large reduced Péclet number delivery

We now consider large reduced Péclet number delivery, with ϵ3P̂ esh ≫ 1 so that

diffusion is subdominant to the fluid and magnetic advection. We choose β̂ = O(ϵ)

to balance the vertical magnetic velocity with the fluid flow in the cell transport

equation, given by (4.16) and (4.17). We choose to consider the case in which the

reduced Péclet number is of O(ϵ−1) to simplify the scalings. For clarity we define

β̂ = ϵβ̂0 and ϵ3P̂ esh = ϵ−1Pe0, where β̂0 and Pe0 are of O(1). Using these parameter

definitions, Eq. (4.16) becomes

ϵ
∂c

∂t
+

∂

∂x

((
u+ ϵβ̂0um

)
c− ϵ3γ̇

P e0

∂c

∂x

)
+

∂

∂y

((
v + β̂0vm

)
c− ϵγ̇

Pe0

∂c

∂y

)
= 0. (4.59)
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(a) (b)

Figure 4.3: Evaluation of (a) maximum stem cell concentration in the channel and
(b) aggregate height for varying normalised magnetic field strength β̂ and erosion
strength γ̂0. The grey region is where the aggregate reaches 40% of the channel width
when simulations are terminated. The edge of the occluded region is shown by the
black line of best fit with fitting exponent shown as β̂ = γ̂0.650

Since diffusion is subdominant in this regime, this leads to a singular perturbation

problem for the cell concentration. We have a region in the channel away from

the walls where cells are transported by advection alone, which we refer to as the

outer region. This is coupled to a boundary layer on the growing aggregate. As in

Richardson et al. [92], the outer region is split by the trajectory of cells from the top of

the inlet. This trajectory divides the boundary layer as it joins the base of the channel,

as illustrated in Figure 4.4. We note that there will be an interior boundary layer

around the dividing trajectory in which diffusion acts to smooth the discontinuity in

the leading-order equations. However, we do not analyse this boundary layer in this

chapter as we can analyse the aggregate growth without it. We proceed by examining

the outer region and then the boundary layer. Boundary layer variables are denoted

with capital letters.

4.7.1 Outer region: main channel

The outer region makes up the majority of the channel, where y = O(1) and x = O(1).

In this region, we asymptotically expand the cell concentration as follows c = c0 +

O(ϵ) as ϵ→ 0 so that Eq. (4.59) yields the following leading-order equation

∂

∂x
(u0c0) +

∂

∂y

((
v0 + β̂0vm0

)
c0

)
= 0, (4.60)
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Figure 4.4: Asymptotic regions for the large reduced Péclet delivery regime. The
outer region of the channel is split by the dividing characteristic y = y∗(x) and we
have a boundary layer on the growing aggregate, illustrated by the dashed line.

where the leading-order vertical magnetic velocity, derived from (4.19), is given by

vm0 =
−1

(x2 + 1)2
. (4.61)

Since the leading-order vertical magnetic velocity is independent of y, and the leading-

order flow is incompressible according to (4.31), we can reformulate (4.60) into the

non-conservative form

u0
∂c0
∂x

+
(
v0 + β̂0vm0

) ∂c0
∂y

= 0. (4.62)

We note that (u0, v0 + β̂0vm0) points into the domain on x = −L̂ and y = 1 and out

of the domain on x = −L̂ and y = −1 + h0 (as shown in Fig. 4.5 for h0 = 0). The

boundary condition (4.20), implies that

c0 = 1 at x = −L̂, for − 1 + h0 < y < 1. (4.63)

The top wall at y = 1 yields the other boundary condition for (4.62), namely that

c0 = 0 at y = 1, for |x| < L̂. This is shown in Appendix C. Using our leading-order

fluid solutions, we can determine the characteristics of (4.62). These are equivalent

to the trajectories followed by the cells. The equations of these characteristics y(x)

are given by

dy

dx
=
v0 + β̂0vm0

u0
. (4.64)

The value of c0 is preserved along each characteristic, so that the region spanned by

the characteristics from the inlet have c0 = 1, while all regions spanned by the the
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Figure 4.5: Trajectories of the stem cells from the inlet. Example trajectories are
shown in black, the dividing trajectory is shown in red. The point where the dividing
characteristic meets the boundary layer, x∗, is marked in blue. Parameters: β̂0 = 1.

characteristics from the top of the channel have c0 = 0. We note that the characteris-

tics will vary over time as the aggregate grows and the fluid velocity components are

altered.

We can define the region reached by the cells from the inlet by defining a dividing

characteristic y∗(x) as the characteristic which propagates from y = 1, x = −L̂.
Hence for all (y, x) above y∗(x), c0 = 0 and below y∗(x), we have c0 = 1. The dividing

characteristic defines the region where the cells are entering the boundary layer on the

aggregate interface. We define x∗ as the point where this dividing trajectory meets

the start of the boundary layer, defined by

y∗(x∗) = −1 + h0(x
∗). (4.65)

Hence points on the boundary layer with x > x∗ will have no flux of cells from

the outer. To demonstrate an example of the dynamics we solve the ODE (4.64)

numerically using MATLAB’s ode15s solver for the initial trajectories when h0 = 0,

are shown in Fig. 4.5. The dividing trajectory is shown in red. All cells have landed

by x∗ = 0.78, which is just past the centre of the magnet at x = 0.
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4.7.2 Boundary layer

In this section we examine the boundary layer on the growing aggregate. We consider

a change of variables into boundary layer coordinates (X, Y, T ) defined as follows

X = x, Y =
y + 1− h(x, t)

δ
, T = t. (4.66)

Here δ is the thickness of the boundary layer, which we will determine to be ϵ in

this section. We can define the aggregate height in the boundary layer as h(x, t) =

H(X,T ). Then using (4.66), partial derivatives transform as follows

∂

∂x
=

∂

∂X
− 1

δ

∂H

∂X

∂

∂Y
, (4.67)

∂

∂t
=

∂

∂T
− 1

δ

∂H

∂T

∂

∂Y
, (4.68)

∂

∂y
=

1

δ

∂

∂Y
. (4.69)

Here we note that the derivatives with respect to Y in (4.67) and (4.68) are promoted

proportional to δ−1. This is because we have assumed that the aggregate height is

the same order as the channel width.

Since we do not have a boundary layer in the fluid solutions, we can use the

known leading-order fluid solutions to determine the order of the fluid velocities in

the boundary layer, U0 and V0. Substituting (4.66) into Eqs. (4.38) and (4.42) and

Taylor expanding about Y = 0, gives u0 ∼ δU0 and v0 ∼ δV0 where

U0 =
Y

2

∂P0

∂X
, (4.70)

V0 =
Y

2

∂H0

∂X

∂P0

∂X
. (4.71)

Hence in the boundary layer, both the axial and vertical fluid velocities are O(δ).

This differs from boundary layer analysis on flat boundaries (i.e. H0 = 0) where

the vertical velocity is of O(δ2). However we note that the normal velocity to the

boundary is of O(δϵ), with the power of ϵ arising from our lubrication scaling, which

reflects the flat boundary case.

We now consider the cell transport dynamics. We define the cell concentration and

shear rate in the boundary layer as c(x, y, t) = C(X, Y, T ) and γ̇(x, y, t) = Γ̇(X, Y, T ).

Since the fluid components are both O(δ) in the boundary layer we use δU to denote

the velocity in the boundary layer whereU = (U0, V0)+O(δ). Hence the cell transport

equation (4.59) in this region is
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ϵ
∂C

∂T
− ϵ

δ

∂H

∂T

∂C

∂Y
+

(
∂

∂X
− 1

δ

∂H

∂X

∂

∂Y

)
QX +

∂QY

∂Y
= 0, (4.72)

where the cell flux components are defined by

QX =
(
δU + ϵβ̂0Um

)
C − ϵ3Γ̇

Pe0

(
∂C

∂X
− 1

δ

∂H

∂X

∂C

∂Y

)
(4.73)

QY =

(
V +

β̂0
δ
Vm

)
C − ϵΓ̇

δ2Pe0

∂C

∂Y
. (4.74)

The shear rate in the boundary layer Γ̇ is defined by

Γ̇ =

((
∂U

∂Y
+ ϵ2δ

∂V

∂X
− ϵ2

∂H

∂X

∂V

∂Y

)2

+ 2ϵ2
(
δ
∂U

∂X
− ∂H

∂X

∂U

∂Y

)2

+ 2ϵ2
(
∂V

∂Y

)2
)1/2

,

(4.75)

which remains the same order as in the outer region. The boundary layer magnetic

velocity components are

Um =
−X

((ϵ (δY + 1−H) + ϵ+ 1)2 +X2)2
, (4.76)

Vm =
−(ϵ (δY + 1−H) + ϵ+ 1)

((ϵ (δY + 1−H) + ϵ+ 1)2 +X2)2
. (4.77)

The boundary condition on the aggregate, (4.23) becomes

M

(
QY − ∂H

∂X
Qx

)
− ϵCVn = −J0 at Y = 0. (4.78)

To balance vertical diffusion with the vertical magnetic advection in (4.72) we require

δ = ϵ. Since we have an O(1) flux J0 we have a balance of flux in (4.78) at leading-

order. Hence the stem cell concentration will remain O(1) in the boundary layer and

we can expand the cell concentration as C = C0 + O(ϵ) as ϵ → 0. The leading-order

problem for C0 then is given by

∂

∂Y

(
β̂0Vm0C0 −

Γ̇0

Pe0

∂C0

∂Y

)
= 0, (4.79)

for Y ≥ 0, where the leading-order magnetic velocity and shear rate are given by

Vm0 =
−1

(X2 + 1)2
, Γ̇0 =

1

2

∂P0

∂X
. (4.80)
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We solve (4.79) subject to the boundary conditions and matching conditions given

by (
β̂0Vm0C0 −

Γ̇0

Pe0

∂C0

∂Y

)
= χ0(C0 − ĉ)+ − γ̂0 (τ0 − τ̂0)

+ H(h0), at Y = 0, (4.81)

C0 → c0(X,T ) as Y → ∞, (4.82)

where we match with the leading-order outer solution c0(X,T ) in (4.82), since the

stem cell concentration is of O(1) in the boundary layer. The outer solution c0(X,T )

is given by

c0(X,T ) =

{
1 for X < x∗(T ),

0 for X > x∗(T ).
(4.83)

The solution to Eq. (4.79) is then

C0(X, Y, T ) = c0(X,T ) + A(X,T ) exp

(
− β̂0Pe0|Vm0|

Γ̇0

Y

)
, (4.84)

where A(X,T ) can, in principle, be found from the flux boundary condition (4.81),

which gives

β̂0Vm0c0 = χ0(c0 + A− ĉ)+ − γ̂0 (τ0 − τ̂0)
+H(h0) = J0. (4.85)

We note that our constitutive relation for cell flux into the aggregate requires that

we only have growth if c0 + A > ĉ. If c0 + A ≤ ĉ then we cannot satisfy (4.85), in

this case we would have no flux into the boundary layer. This would ensure that the

solution accumulates in the boundary layer and the leading order system would differ

from (4.79). In this section we set ĉ = 0 so that we are always in the regime where

we have a solution defined by (4.85).

In the case that ĉ = 0, we have the following solution for the leading-order cell

concentration in the boundary layer

C0(X, Y ) = c0 +

(
β̂0c0Vm0

χ0

+ c0 + γ̂0 (τ0 − τ̂)+H(h)

)
exp

(
− β̂0Pe0|Vm0|

Γ̇0

Y

)
,

(4.86)

where c0 is the outer solution, defined in (4.83). Examining (4.85), we can see that

the flux into the aggregate is equal to the flux from the outer J0 = c0β̂0Vm0. This

yields the growth condition from (4.25), with

∂η0
∂t

= −α0c0β̂0Vm0 + κ̂0(2− η0). (4.87)
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It is useful to note that since the flux from the outer region is equal to the flux into

the aggregate, erosion does not alter aggregate growth, it only alters the stem cell

concentration in the boundary layer according to (4.86). Hence the only mechanism

which is able to limit aggregate growth in this regime is extravasation, which is present

in (4.87). We now present our numerical scheme for solving the leading-order system

given by (4.64) and (4.87).

4.7.3 Numerical solution

At the top of the inlet, there will be a boundary layer of thickness ϵ, which is required

to satisfy the no flux condition on the cell concentration on the top of the channel.

We do not analyse this boundary layer, instead we approximate the region where the

cells from the top of the inlet reach by defining a dividing characteristic y∗(x) as the

characteristic which propagates from y = 1, x = −L̂. Hence for all (y, x) above y∗(x),
c0 = 0 and below y∗(x), we have c0 = 1.

It remains to numerically solve for the dividing characteristic y∗, defined by

Eq. (4.64) with initial condition y∗(−L̂) = 1 and determine the point at which y∗

meets the aggregate which defines, x∗. This is then coupled to the aggregate height

as it evolves over time according to Eq. (4.87). We start by discretising time, defining

ti = iδt, for i = 0, 1, ... where δt is a fixed timestep. We then discretise in the axial

space −L̂ < x < L̂, defining xj = −L̂ + jδx, for j = 0, 1...N where δx = 2L̂/N . We

first solve Eq. (4.64) for the point y∗(ti), using the MATLAB ODE solver ode15s to

solve for the trajectory

dy∗(ti, x)

dx
=
v0(x, y, ti) + β̂0vm0(x)

u0(x, y, ti)
. (4.88)

We define the initial and end points of the trajectory using a small numerical tolerance

to avoid solving (4.88) when u0 = 0. Hence we have initial condition y∗(ti,−L̂) =

1 − tol, where tol = 0.018 is our selected numerical tolerance. We terminate the

solution when y∗(ti, x) = 1 + η0 + tol, which determines x∗(ti), using MATLAB’s

event functionality. We use the default relative and absolute tolerances for ode15s of

10−3 and 10−6 respectively. The leading-order fluid velocity components u0 and v0

are given by (4.38) and (4.42). The x value at which we terminate the simulation

defines x∗(ti). We use this to define the source of cells from the outer region c0(xj, ti)

to be

c0(xj, ti) =

{
1 for xj < x∗(ti),

0 for xj > x∗(ti).
(4.89)
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We then use an explicit Euler scheme to calculate the channel width at the next

timestep η0(xj, ti+1), using a fixed timestep of δt = 0.01, as follows

η0(xj, ti+1) = η0(xj, ti) + δt
(
−β̂0α0c0(xi, tj)umn0(xj) + κ̂0(2− η0(xj, ti))

)
. (4.90)

This timestep achieves less than 1% error compared to using δt = 10−4 (see Appendix

B Section B.2.2). We repeat this time-stepping scheme until either the aggregate

reaches 40% of the channel width (with the motivation as discussed in Section 4.6.3),

the aggregate peak reaches a steady state height (which we define as a rate of change

of less than 10−9) or until we reach the prescribed end time t = 1000.

We use N = 1000 grid points in the axial direction. This obtains an error of 10−3

compared to a solution using N = 5× 105, as shown in Appendix B Section B.2.2.

4.7.4 Delivery examples and parametric analysis

We now examine stem cell delivery and aggregate growth in the large Péclet number

regime. Fig. 4.6 shows an example of stem cells delivery and aggregate growth where

we have extravasation present with relative strength κ̂0 = 2. We have plotted the

composite expansion using the boundary layer solution (4.86) and the discontinuous

outer solution. We have used ϵ = 0.2 so that the solution in the boundary layer can

be seen on the plots. The main channel shows the outer solution of c0 = 1 below the

dividing characteristic and c0 = 0 above it. In the boundary layer we can see that the

cell concentration builds up over the magnet, which occupies the region |x| < 1. Over

time the cell aggregate grows, which alters the profile of the dividing trajectory. Since

the growth is proportional to the flux from the outer region, the aggregate surface

follows the same qualitative shape as the vertical magnetic velocity, defined in (4.80).

We can summarise these dynamics by examining the time evolution of the ag-

gregate interface and the dividing characteristic. In Fig. 4.7 we plot the dynamics

to compare the effect of extravasation. Fig. 4.7a shows cell capture in the absence

of extravasation, whereas Fig. 4.7b shows the case when κ̂0 = 2, which was the case

for Figure 4.6. When no extravasation is present, the aggregate reaches 40% of the

channel width at t = 1.68. However, when extravasation is present the aggregate

reaches a steady state height, up to our defined numerical tolerance, at t = 8 with a

maximum channel occlusion of ≈25%.

Finally, we now carry out a parametric analysis varying both the relative extrava-

sation strength and the normalised magnetic field strength. This is shown in Fig. 4.8.

We can see that extravasation limits aggregate height as in the small Péclet number

regime. Similarly, we obtain a line of best fit for the occluded region which is defined
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Figure 4.6: An example of the large Péclet number delivery. The solution over time
is shown from top to bottom. The discontinuous outer solution is shown with the
dividing characteristic marked in black. The boundary layer solution is plotted using
ϵ = 0.2 for visual clarity. Arrows indicate the fluid velocity field. Colour bar illustrates
the stem cell concentration. Parameter values: β̂0 = 1, Pe0 = 1, κ̂0 = 2.

by β0 ∼ κ̂1.050 which demonstrates that the linear relationship between β0 and κ̂0 in

(4.87) is preserved despite the complexity of the system arising from the dividing

trajectory.

4.8 Discussion

In this chapter, we have analysed the magnetic stem cell aggregation model presented

in Chapter 2, in regimes where the magnet radius is much larger than the channel

73



Figure 4.7: Aggregate growth for no extravasation (a) and extravasation (b). Dashed
lines are the aggregate interface and the solid lines are the dividing characteristic.
Colour indicates the time of the solution, shown by colourbars below. Black dashed
lines show the extent of the magnet |x| < 1. Parameter values: β̂0 = 1, Pe0 = 1,
κ̂0 = 0 (a), κ̂0 = 2 (b).

width and the timescale of aggregate growth is much longer than the timescale of fluid

advection. This allowed us to develop reduced models for stem cell delivery and the

evolution of the aggregate boundary near the magnet. Through lubrication theory

we were able to reduce the dimensionality of the system and our assumption of the

slow timescale of aggregate growth reduces the complexity of the transport dynamics

as the stem cell transport is quasi-steady on this timescale.

We analysed stem cell delivery in two regimes, when the reduced Péclet number

is small and secondly when the reduced Péclet number is large. In the small Péclet

number regime, vertical diffusive forces dominate and the leading-order cell concen-

tration is independent of the vertical coordinate, so that its transport is determined

by a one-dimensional quasi-steady advection-diffusion equation in the axial coordi-

nate x. This is coupled to a time-dependent PDE for the aggregate height at each

location on the channel wall. Through numerical simulations of this reduced model,

we examined typical delivery and aggregation behaviour. In this regime stem cells
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Figure 4.8: Maximum aggregate height for varying normalised magnetic field strength
β̂0 and varying relative extravasation strength κ̂0; the grey region is where the aggre-
gate reaches 40% of the channel width when simulations are terminated.

are present throughout the entire channel, but their concentration is greatest in the

region surrounding the magnet. As soon as the concentration in this region exceeds

the threshold for aggregation, the aggregate of stem cells then grows on the wall. The

leading-order model includes both extravasation and erosion as in Chapter 3. We

show that extravasation decreases the aggregate height along its entire axial extent

whereas erosion has a dramatic effect on the aggregate shape. Erosion limits the flux

of cells into the aggregate in regions where the shear stress is greatest. This leads to

a flatter, broader aggregate as cells accumulate downstream of the aggregate to avoid

the regions of high shear.

The large Péclet number regime is a singular perturbation problem of the cell

transport equation where diffusive effects are limited to a boundary layer. In this

regime, the solution consists of an outer region which is divided into two regions

separated by the dividing trajectory of stem cells from the top of the channel; there is

a constant concentration of cells below this and no cells above it. On the base of the

channel, a boundary layer forms where vertical diffusion balances vertical magnetic

velocity. Following our assumption that the flux into the aggregate is of O(ϵ), the flux

into the base balances flux from the outer region. In this case, the boundary layer

solution does not alter aggregate growth, the normal velocity of the aggregate being

proportional to the flux from the outer region. As a result, erosion does not alter the

aggregate height, only the cell concentration in the boundary layer. Hence the only

75



aggregation limiting effect is extravasation.

In both regimes, we were most interested in determining which parameter com-

binations lead to large aggregates. In Chapter 3 we determined that the interplay

between erosion, extravasation and growth is key in the ultimate occlusion of the

channel. Hence, using the two reduced models we carried out broad parameter sweeps

varying the normalised magnetic field strength against erosion and extravasation. In

the small Péclet number regime, we showed that both erosion and extravasation are

able to limit aggregation. In the large Péclet number regime, erosion does not alter

the flux into the aggregate hence we explore the effect of the extravasation speed

on maximum aggregate height. Using these broad parameter sweeps we numerically

determined the region where the stem cell aggregate exceeds a prescribed threshold,

which we set to be 40% of the channel width. We then used these parameter sweeps

to determine relationships between the between normalised magnetic field strength

and extravasation or erosion strength, defined by the lines of best fit of the edge of

the occluded region. This method can be used to determine bounds on safe magnetic

field strengths which can be used to keep aggregation below a desired threshold.

In this chapter, we selected two asymptotic limits to analyse which were tractable

and physiologically relevant. The small reduced Péclet number regime occurs at high

levels of haematocrit when the magnet radius is much larger than the vessel radius.

The large reduced Péclet number regime occurs for a larger range of magnet to vessel

radius ratios, due to the size of the shear-induced diffusion coefficient. As a result,

this regime is of the most relevance to in vivo delivery.

There are a number of alternative regimes which could be explored in future

work. Regimes with weak relative magnetic fields β̂ ≪ 1 will lead to the growth of

an aggregate which has h ≪ 1, and analysis of these regimes could be of interest

if the therapy aims to deliver low levels of cells over a period of days, for instance.

Within the small reduced Péclet number regime, subcases include when the axial

diffusion is not present at leading-order in the conservation equation, which would

yield a hyperbolic conservation equation, but we would expect the aggregate growth

to be qualitatively similar.

In the large reduced Péclet number regime, we considered the case where the flux

from the outer region balances the flux into the aggregate. However, if the flux into

the aggregate is smaller, then the concentration will build up in the boundary layer.

This corresponds to the small nanoparticle flux case considered by Richardson et

al. for a flat boundary [92]. Furthermore, in the large reduced Péclet number regime,

if the normalised magnetic field strength, β̂, is larger than O(ϵ) then the vertical
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magnetic field will balance with axial advection in an upstream region, rather than

over the magnet. This will lead to accumulation and aggregate growth upstream.

4.9 Conclusion

This chapter concludes the section of this thesis which focuses on magnetic stem

cell delivery. In the subsequent chapters we develop and analyse a model for high

shear thrombosis. This builds on the model development and asymptotic analysis in

Chapters 2 - 4. However, we focus more heavily on model parameterisation which is

crucial in ensuring our mathematical models can offer quantitative predictions.
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Chapter 5

Mathematical modelling of the role
of Von Willebrand Factor in
arterial blood clotting

In Chapter 1, we presented an introduction to arterial blood clotting (thrombosis).

This occurs as a result of coronary heart disease, which causes plaque deposition

in arteries and narrows the vessel; this is referred to as a stenosis. The key blood

protein which facilitates the deposition of platelets and the formation of a clot is

Von Willebrand Factor (VWF). VWF is shear-sensitive so that at low shear rates

it is tightly coiled, and then at high shear rates, γ̇ > 5, 000 s−1, it unfolds into a

long chain [18, 98]. This facilitates rapid platelet deposition from the blood onto the

vessel wall. The exact unfolding of VWF and its interaction with the flow is not fully

characterised in the current literature. Furthermore, a mechanistic, continuum model

of VWF’s role in thrombosis has, to date, not been developed.

In this chapter, we develop a mathematical model for the initiation of blood clot

formation under high shear rates. This model aims to determine the interaction

between the key blood protein, VWF, vessel geometry, and fluid mechanics in deter-

mining the location where platelets deposit and a clot forms. This represents the first

continuum model for VWF which mechanistically describes its behaviour in varying

flow structures. In Chapter 6, we present work which outlines the mechanistic in-

sight this model can provide in complex flow regimes. Since the model contains five

unknown parameters controlling VWF binding, an unknown platelet-VWF binding

rate and an unknown initial concentration of VWF, in Chapter 7 we design methods

for determining these unknown values using experimental data.

This chapter is structured as follows: we first summarise the relevant parts of

the thrombosis cascade in Section 5.1. In Section 5.2, we review VWF dynamics
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when the protein is in suspension and when it is tethered to walls, including existing

models and experimental work on the protein. In Section 5.3, we review models for

the thrombosis cascade focusing on their modelling of VWF dynamics. In Section 5.4,

we outline the derivation of the FENE-P model for protein suspensions which we use

to develop a model for VWF in Section 5.5. We then pick illustrative VWF-unfolding

parameters to explore the model’s behaviour for some simple flows in Section 5.5.1.

We then present the full mathematical model in Section 5.6. Finally, in Section 5.7,

we outline the analysis which we will carry out on this model in Chapters 6 and 7.

5.1 Arterial clotting & VWF

We start by summarising the process of thrombosis within arteries and the role of

VWF. Blood clots form on artery walls when an existing plaque deposit ruptures,

exposing internal collagen to the flowing blood. These clots are composed predomi-

nantly of platelets which are present in the flowing blood. The platelets are required

to bind rapidly to overcome the high flow rates within arteries. Rapid binding is

facilitated by the shear-sensitive blood protein VWF [106]. In diseased arteries, the

shear rate can be up to 10, 000 s−1 as the flow travels through the stenosis. These

pathological shear rates cause a conformational change in VWF as the protein un-

folds from a ball-like globular state to a chain configuration [18]. VWF binds to both

collagen and platelets.

Arterial thrombosis has several distinct stages which are illustrated in Fig. 5.1 and

detailed in the review article [18], which we summarise here. Firstly initiation: in

which VWF binds to collagen on the damaged plaque forming a net over its surface

[18, 38, 98]. The bound VWF is unfolded which exposes many binding sites, enabling

the protein to rapidly capture platelets from the flow [59]. Clot initiation typically

lasts up to five minutes and ends when there is a 10µm thick layer of platelets

deposited [18]. After initiation, the second phase is characterised by rapid thrombus

growth. Shear forces activate the bound platelets. Once activated, the platelets

solidify their attachment to the plaque through further bonds with another blood

protein, fibrinogen. The platelets then begin to produce VWF. This results in an

auto-catalytic cascade inducing fast clot formation as more platelets are bound from

the flow. Deposition rates during this phase are an order of magnitude larger than

during the initiation phase [18].

After rapid thrombus growth, the clot either totally occludes the vessel or the

fractures — the latter being an embolism — producing smaller blood clots that travel
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Figure 5.1: Diagram illustrating the stages of arterial thrombosis: (a) plaque rupture
exposes collagen to blood flow, (b) extended VWF binds to exposed collagen forming a net,
(c) platelets bind to deposited VWF, (d) following activation and the release of VWF by
platelets, a rapid clot forms occluding the vessel. The modelling in this thesis focuses on
steps (a) - (c).

with the flow. Both of these outcomes have the potentially fatal consequences of a

heart attack or a stroke, respectively, depending on whether the clots block an artery

or a vessel in the brain.

In this thesis, we model the early stages of clot formation before platelet activation.

Since the timescale of initiation is much longer than that of thrombus growth, and

platelet deposition is restricted to a thin layer, we assume that, in this first stage, the

thrombus does not grow. This allows us to focus on the extension of VWF in flow

and examine the complex interplay of stenosis geometry, protein mechanics and fluid

flow on initial platelet deposition.

5.2 VWF dynamics in flow

We now review the kinematics of velocity fields, following Segel [99], as this allows us

to classify flow patterns and their effects on VWF later on in this section.
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5.2.1 Kinematics of flow fields

For a general fluid velocity u, the action of the flow locally can be described by

examining the motion of two nearby points x and x + δx. The rate of change of

the line segment δx can be determined by Taylor-expanding the velocity field to first

order to obtain

d

dt
δx = δx ·∇u(x), (5.1)

where ∇u is the deformation gradient. The deformation gradient can be split into

symmetric and antisymmetric components:

∇u =
1

2

(
∇u+∇uT

)
+

1

2

(
∇u−∇uT

)
= D +W , (5.2)

whereD andW are known as the rate of strain tensor and the rotation tensor, respec-

tively. The eigenvalues of D and λD, represent the magnitude of elongation caused

to the line element along the three principal directions defined by the eigenvectors of

D. In incompressible flow,
∑
λD = 0, but the magnitude of the elongation can be

defined by the largest eigenvalue. Since W is antisymmetric, its eigenvalues λW are

complex, hence the absolute value of the eigenvalues |λW | represents the magnitude

of rotation in each principal direction. Purely elongational flow is defined by W = 0

and purely rotational flows have D = 0, while shear flow is defined by equal parts

elongation and rotation so that max |λW | = maxλD.

We now summarise the behaviour of free and bound VWF along with existing

experimental and mathematical models of its dynamics.

5.2.2 Free VWF dynamics

Von Willebrand Factor is a large protein which naturally exists in the blood as mul-

timers composed of between two and eighty dimers, where the largest multimers play

the most dominant role in haemodynamics [39, 96]. When subjected to increased

shear rates, as occurs in arterial stenoses, the protein unfolds from a typical globular

width of 1µm and can reach lengths of up to 250µm [89, 98]. In vitro models have

established that the length of a VWF molecule has a linear relationship with available

platelet binding sites as the protein unfolds [38].

In shear flow with a constant shear rate above the unfolding threshold of 5000 s−1,

the protein unfolds, tumbles and then refolds. The period between this unfolding and

refolding and the magnitude of unfolding both increase as the shear rate increases

[98, 104]. This is attributed to the equal rotational and elongational components of
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shear flow [125]. If the flow is removed, the protein relaxes back to its globular form

over approximately 0.32 s [98]. This demonstrates hysteresis, since the time taken to

relax back to its natural length is much longer than the time taken to unfold when the

flow is turned on which is < 0.01 s [38]. In purely elongational flow, similar proteins

to VWF, such as DNA, extend without tumbling, reaching their maximum length at

lower values of shear rate than in shear flow [104], this is thought to also occur for

VWF but has not been captured in vitro [103].

The relaxation time of 0.32 s is less than the time required to travel the length of

the coronary artery which we estimate to be 1 s (≈ 10 cm length, velocity 0.1 m/s

[46]). However, 0.32 s is three times longer than the time required to pass a typical

stenosis of 0.1 s (≈ 1.7 cm stenosis and 0.16 m/s pathological velocity [33, 124]). This

means that the proteins could remain partially unfolded in the downstream region

behind the stenosis.

Since tracking and imaging proteins in suspension at high shear rates is challeng-

ing, there are few experimental studies of VWF in flow in which the protein is not

tethered to a boundary. To date, there are only two studies which have presented

experimental data for VWF unfolding in suspension. In 2007, Schneider et al. tracked

VWF molecules as they circulated a microfluidic loop, measuring the length of the

proteins at increasing shear rates [98]. In these experiments, VWF unfolded at all

shear rates greater than 5, 000 s−1 and reached a length of approximately 15µm. In

2016, Lippok et al. [69] measured the cleavage of VWF multimers at increasing shear

rates. The proteins were sheared in combination with an enzyme which cleaves VWF

at an internal bond, usually hidden when the protein is globular. Hence the authors

used cleavage as a proxy for VWF length. Combining this data with a discrete math-

ematical model, where the protein is described using beads and springs, the authors

were able to determine an empirical fitting of VWF unfolding, quantifying that in

shear flow VWF first begins to unfold at 2, 000 s−1 and reaches its maximum length

at 10, 000 s−1. The protein reaches half of its maximum length at a shear rate 5522

s−1 which is quantitatively similar to the value found by Schneider et al.

VWF dynamics have been modelled using discrete bead and spring models very

effectively. These mathematical models of VWF aim to capture either its unfolding

in flow, its adhesion to vessel walls or its behaviour when tethered to walls. We

first summarise the works which model VWF in flow and then those which examine

VWF behaviour when tethered to walls. Rack et al. [89] modelled VWF dynamics

and its interactions with discrete RBCs suspended in a straight fluid channel. The

model couples the dynamics of RBCs and fluid molecules with stochastic ODEs for
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the position of each cell or fluid particle in time. The model included internal at-

traction between the subunits of VWF which was shown to be essential to reproduce

VWF unfolding once the shear rate exceeds a certain threshold. The authors demon-

strated that VWF remains globular in the centre of the channel and elongates close

to the channel wall where the shear rate is greater. They highlighted that remaining

globular in the centre of the channel enabled the protein to travel to the edge of the

vessel more easily since collisions with RBCs displace globular proteins more than the

extended proteins. Furthermore, the authors demonstrated that the combination of

physiological levels of RBCs and high shear rates ensures that VWF is extended and

in sufficient concentration levels close to the wall to facilitate significant adhesion.

Sing et al. [103] carried out Brownian Dynamics simulations of discrete VWF

multimers in a Newtonian fluid, including hydrodynamic interactions and attractive

forces between VWF dimers. The authors showed that elongational flow has a key

role in VWF unfolding. Their model predicts that in elongational flow, VWF can

begin to unfold at shear rates of 500 s−1, an order of magnitude lower than in shear

flow which they predict to occur at 5,000 s−1. However, this lower threshold remains

to be reproduced quantitatively in experiments.

Discrete models of VWF can characterise in vitro data and offer insights into pro-

tein mechanics. However, these models are only able to include a limited number of

proteins or platelets before their numerical solution becomes demanding. An alter-

native approach is to employ continuum models that can examine the dynamics of a

large number of VWF molecules and their interactions with platelets and flow.

VWF dynamics were modelled using a continuum framework by Zhussupbekov et

al. in 2021 [126]. The authors used a two-species model where VWF exists in one of

two states: either fully unfolded or completely globular. Each species was tracked

using an advection-diffusion equation. The transition rates from globular to unfolded

were modelled by first classifying the local flow as either shear, elongational or rota-

tional using the 2-norm of the rate of strain and the rate of rotation tensors described

in Section 5.2.1. The authors then prescribed transition rates in each case. The un-

folding of VWF in shear flow, which moves proteins from the globular to the unfolded

state, used the empirically determined unfolding rate of Lippok et al. discussed above

[69]. The transition from globular to unfolded was modelled as constant in elonga-

tional flow and zero in rotational flow. This model approximated hysteresis as the

rate of transition between unfolded and globular was constant in all flow types and

was smaller than the maximum rate of transition to unfolded from globular. In other

words, the proteins remain in the unfolded state after the flow is removed.
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5.2.3 Tethered VWF dynamics

When tethered to a surface, the dynamics of bound VWF differ greatly from the free

dynamics reviewed in the previous section. Proteins tethered artificially to an inert

wall do not exhibit tumbling when subjected to flow as their motion is restricted by

the wall. Furthermore, tethered proteins do not exhibit a threshold for extension.

Instead, they unfold even at low shear rates [38].

The dynamics of wall-tethered proteins have been examined using Brownian Dy-

namics simulations by Wang et al. [112] where VWF was modelled using a bead and

spring approach with a finitely extensible, nonlinear, elastic spring (FENE). The

model was validated with in vitro experiments and demonstrates that proteins unfold

gradually as the shear rate increases to 20,000 s−1. Furthermore, the authors demon-

strated that extension results are heavily dependent on the location of the tethering

point along the VWF molecule and the initial length of VWF [112].

During clotting, VWF tethers to the exposed collagen of the damaged plaque

with multiple anchors along the protein [18, 38, 98]. This leads to the formation of

‘carpets’ of flattened VWF, as has been observed in vitro [98]. In this chapter, we

assume that the bound VWF is completely immobilised along its length so that the

proteins do not continue to change length once they have bound.

5.3 Thrombosis modelling

We proceed by reviewing models of arterial thrombosis, with a focus on models that

capture VWF dynamics. The existing mathematical models of high-shear thrombosis

can be partitioned into either phenomenological or mechanistic models. Phenomeno-

logical models, such as [9, 77], model thrombus growth rates as empirically derived

functions of the shear rate, neglecting the sub-constituents of clotting. Simple growth

laws allow these models to be effectively parameterised and they can therefore achieve

quantitative agreement with experimental data. The models can be solved numeri-

cally more readily than models which include all clotting constituents and can there-

fore be used to make predictions of clotting in patient-specific geometries [77] or to

examine the effect of varying geometry on clot formation rate [9].

Mechanistic models examine the complex interplay of the different species during

thrombosis. Wu et al. [118] developed a continuum model for thrombus growth in

a three-dimensional, microfluidic stenosis model. Their model builds on previous

work of Sorensen et al. [105] by using their detailed model of reactions between the

constituents of the blood. The effect of VWF on platelet deposition is included in the
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binding rates of platelets to the vessel walls. The binding rate increases as the shear

rate increases through an the Lippok et al. unfolding expression [69]. Yet the model

does not account for flow kinematics or variation in the distribution of VWF. The

authors predicted thrombus growth downstream of the stenosis and demonstrated

that, for higher degrees of stenosis, platelets are deposited more rapidly.

Du et al. [29] modelled a growing clot as a porous viscoelastic scaffold and ex-

amined clot formation in a straight channel. This model examines the risk of clot

embolism which was found to be greater for more porous clots. The model includes

VWF binding to platelets above when the elongation rate is greater than 1, 000 s−1

(through a step function), defining the elongational rate to be the square root of the

shear rate squared minus the rotation rate squared. The authors demonstrate that

VWF increases the rate of clot formation as more platelets accumulate in the regions

of high shear rate.

In this chapter, we develop a continuum model for the dynamics of VWF coupled

to a model for platelet transport and blood flow. This allows us to examine the effects

of protein mechanics, fluid mechanics and geometry on platelet deposition. Our model

is based on the finitely extensible nonlinear elastic dumbbell model with the Peterlin

closure (FENE-P). The continuum model in this thesis does not split the local flow

into discrete categories as in the work of Zhussupbekov et al. [126]. Our model can

describe VWF dynamics in shear, elongation and rotational flows and combinations

of these in three dimensions using a single unfolding rate, thereby allowing us to

accurately quantify the protein unfolding throughout the full range of flow types.

Furthermore, we allow for partially unfolded states, allowing more detailed modelling

of platelet binding dynamics. This allows our model to capture the role of both flow

structure and shear rate on thrombosis initiation.

We begin by outlining the derivation of the viscoelastic fluid model FENE-P as

this offers insight into its underlying mechanistic assumptions. In Section 5.5, we

describe how we adapt the FENE-P model to describe VWF in blood.

5.4 Derivation of the FENE-P model

In this section, we outline the derivation of the FENE-P model from microscopic

dynamics of a single protein which forms the basis of our description of VWF in

this thesis. The FENE-P model describes dilute suspensions of proteins or polymers

under large strains with the Peterlin closure for the spring rule [17]. We note that

the FENE-P model is an adaptation of the Oldroyd-B model discussed in Chapter
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Figure 5.2: (a) Schematic of VWF molecule with radius of gyration rg. (b) Micro-
scopic model of VWF as a dumbbell made up of two beads with radius r, the centre
of the beads is connected by vector R. The dumbbell has natural length 2rg.

1, which restricts the length of the elastic components of the flow. We follow the

derivation of Bird [17] with the nonlinear spring force averaging from [87]. The

derivation begins with a microscopic description of the protein as a stochastic, elastic

dumbbell. We then present a Fokker-Planck equation of the probability distribution

function for the length of the dumbbell in configuration space. Finally, we present the

average behaviour of the dumbbell described by a deterministic PDE for the protein

length for a given flow.

We begin by modelling a single protein molecule as two identical beads with radius

r connected by a finitely extensible spring with natural length l. To approximate the

size of the protein, the natural length l is set to equal twice the radius of gyration

which is the approximate size of the protein. The radius of gyration of the polymer

and the dumbbell model are illustrated in Figure 5.2a and b. Neglecting inertia due

to the size of the beads, the dynamics of the dumbbell in a viscous fluid can be

determined by a force balance. Each bead experiences viscous drag, the spring force

from the opposite bead and Brownian motion. If the two beads are located at x1 and

x2, their respective force balances are as follows

ξ(ẋ1 − u(x1)) + f(x1 − x2) +
√

4kBTξn(t) = 0, (5.3)

ξ(ẋ2 − u(x2))− f(x1 − x2) +
√

4kBTξm(t) = 0, (5.4)

where ξ = 6πµr is the drag coefficient of the fluid, µ is the viscosity of the fluid,

u is the fluid velocity, kB is Boltzmann’s constant, T is the temperature in Kelvin,

f(x1 −x2) is the nonlinear spring force exerted on the first bead by the second bead

and n(t) and m(t) are independent Wiener processes with zero mean and a variance
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of t. The Warner spring force is used to model springs which have a maximum length

of R0, and is given by

f(x1 − x2) =
k(x1 − x2)

1− |x1 − x2|2/R2
0

, (5.5)

where k is the spring constant. When the dumbbell is extended slightly, |x1−x2| ≪ 1,

Eq. (5.5) reduces to the Hookean spring law in which f(x1 − x2) = k(x1 − x2). The

spring constant k can be approximated in terms of the natural length of the protein,

l [81]. It is given by

k =
3kBT

l2
. (5.6)

We define the centre-to-centre vector of the dumbbell R, and its centre of mass,

Rc as follows

R = x1 − x2, Rc =
x1 + x2

2
. (5.7)

Using these definitions we can rearrange Eqs. (5.3) and (5.4) giving

Ṙ = u

(
Rc +

R

2

)
− u

(
Rc −

R

2

)
− 2

ξ
f(R) +

√
4kBTξ

ξ
(n(t)−m(t)), (5.8)

Ṙc =
1

2

(
u

(
Rc +

R

2

)
− u

(
Rc −

R

2

))
+

√
4kBTξ

2ξ
(n(t) +m(t)). (5.9)

We proceed by assuming that the lengthscale of the protein, |R|, is much less than

the lengthscale of the flow, thus allowing us to Taylor expand the velocities around

the centre of mass, Rc. Retaining only the leading-order terms in R, this leads to a

system of SDEs for the length of the dumbbell and its position given by

Ṙ = R ·∇u(Rc)−
2

ξ
f(R) +

√
4kBTξ

ξ
(n(t)−m(t)), (5.10)

Ṙc = u(Rc) +

√
4kBTξ

2ξ
(n(t) +m(t)), (5.11)

Here ∇ denotes the gradient operator with respect to Rc. The deterministic compo-

nents of this system can be interpreted physically: the centre-to-centre vector of the

protein is defined by the gradient of the flow along its length and the spring force

relative to the viscous drag. The position of the centre of mass is defined naturally

so that it moves with the velocity of the fluid at its centre.

The Fokker-Planck equation for the probability density function ψ(R, t) which

describes the distribution of dumbbell lengths, given in [17], is

∂ψ

∂t
= −∇R ·

(
∇u ·Rψ − 2

ξ
f(R)ψ

)
+

2kBT

ξ
∇2

Rψ. (5.12)
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Here ∇R denotes the gradient operator with respect to R. Finally, to determine the

average length of the protein for a given velocity field, we take the second moment of

the centre-to-centre vector of the dumbbell. In configuration space this is defined by

integrating RRψ over R, for which we write

⟨RR⟩ =
∫

RRψ dR. (5.13)

Multiplying (5.12) by RR and integrating over R, again by Bird [17], gives

∂⟨RR⟩
∂t

= ⟨RR⟩ ·∇u+ (∇u)T · ⟨RR⟩ − u(Rc) ·∇⟨RR⟩

+

∫
2

ξ
∇RfRRψ dR+

4kBT

ξ
I. (5.14)

There is no closed form expression for the integral of the nonlinear spring force

and an approximation must be used to close the model. In this thesis we consider the

Peterlin closure of the spring rule [14]. Other common spring force closures, such as

the Chilcott and Rallison closure [91], result in a minimal difference in the behaviour

of the protein, although these models have different behaviours when combined with

the fluid stress in the Navier-Stokes equations [50]. The Peterlin closure is defined

by replacing the denominator of the integrand in Eq. (5.14) with its pre-averaged

quantity as follows∫
2k

ξ
∇R

(
Rψ

1− |R|2/R2
0

)
RR dR ≈

(
2k

ξ(1− ⟨|R|⟩2/R2
0)

)∫
∇R(Rψ)RR dR,

= −4k

ξ

⟨RR⟩
1− ⟨|R|⟩2/R2

0

, (5.15)

where the final line is obtained by integrating by parts. Equation (5.14) can then be

written

∂⟨RR⟩
∂t

= ⟨RR⟩ ·∇u+ (∇u)T · ⟨RR⟩ − u(Rc) ·∇⟨RR⟩ − 4k

ξ

⟨RR⟩
1− ⟨|R|⟩2/R2

0

+
4kBT

ξ
I, (5.16)

Finally, we define the symmetric configuration tensorA proportional to the second

moment of R, ⟨RR⟩ as follows

A =
Tr(I)

l2
⟨RR⟩, (5.17)

where Tr(I)/l2 is the trace of the identity tensor, i.e. 2 or 3, and the scaling Tr(I)/l2

in (5.17) is defined so that when the configuration tensor is equal to the identity tensor
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then we have |R| = l, meaning the dumbbell is at its natural length l. Using (5.17),

if we define the natural length to balance between spring forces and diffusion such

that l2 = 3kbT/f(l
2), then we can then rewrite (5.16) as

∂A

∂t
+ u ·∇A−A ·∇u−(∇u)T ·A = −1

τ

(
A

1− Tr(A)/L2
− aI

)
. (5.18)

Here we define 1/τ = 4k/ξ as the relaxation time, L2 = Tr(I)R2
0/l

2 is referred

to as the extensibility parameter which restricts the size of Tr(A) and a = 1/(1 −
Tr(I)/L2). The terms in Eq. (5.18) from left to right are: the transport of the proteins

with the fluid; the effect of fluid shear increasing protein length and the nonlinear

spring force between the two ends of the dumbbell.

In the FENE-P model the configuration tensor is used to model the extra stress in

the fluid arising from the proteins [16], as we shall now describe. The Navier-Stokes

equations are as follows

∇ · u = 0, (5.19)

ρ

(
∂u

∂t
+ u ·∇u

)
= ∇ · σ. (5.20)

The fluid stress tensor, σ, is then split into the stress contribution from the suspension

fluid, often referred to as the solvent stress, and a contribution from the proteins:

σ = −pI + µ(∇u+ (∇u)T )︸ ︷︷ ︸
Solvent stress

+G(f(A)A− aI),︸ ︷︷ ︸
Protein stress

(5.21)

where the constant G is defined as G = ϕpkbT and determines the magnitude of

protein contribution to the fluid stress [87]. Here ϕp is the number of proteins per

unit volume, which has units m−3.

5.4.1 Interpretation of the configuration tensor

We now explore how to infer physical information about the proteins from the con-

figuration tensor A. This section was developed using the framework established by

Advani et al. where the authors examined how the configuration tensor which arises

from the Oldroyd-B model in simple flows can be used to describe filament orientation

[1].

We first define our dumbbell as oriented in three-dimensional, Cartesian space.

The centre-to-centre vector can then be defined as

R = Rxi+Ryj +Rzk, (5.22)
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where i, j and k are the standard Cartesian basis vectors. Using this definition, we

have

RR =

 R2
x RxRy RxRz

RxRy R2
y RyRz

RxRz RyRz R2
z

 . (5.23)

Hence, returning to the definition of the configuration tensor, Eq. (5.17), we haveAxx Axy Axz

Axy Ayy Ayz

Axz Ayz Azz

 =
3

l2

 ⟨R2
x⟩ ⟨RxRy⟩ ⟨RxRz⟩

⟨RxRy⟩ ⟨R2
y⟩ ⟨RyRz⟩

⟨RxRz⟩ ⟨RyRz⟩ ⟨R2
z⟩

 . (5.24)

So the diagonal components of A represent the average length in each Cartesian

direction squared, scaled by 3/l2.

The interpretation of the off-diagonal components is best understood through an

example. We consider Eq. (5.18) when there is no flow. In this case, a steady-state

value of the configuration tensor satisfies

A

1− Tr(A)/L2
=

I

1− 3/L2
. (5.25)

It is clear that the three-dimensional identity tensor is a solution of this equation. In

this case, our definition of A, Eq. (5.17), yields

⟨RR⟩ = l2

3
I, (5.26)

so that the off-diagonal entries of A are equal to zero when there is no flow, in which

case the dumbbells will be randomly oriented.

In this thesis, we will use the configuration tensor to describe the length of VWF

proteins. We recall that we have

Tr(A) = ⟨R2
x⟩+ ⟨R2

y⟩+ ⟨R2
z⟩ = ⟨|R|2⟩. (5.27)

This is the average length of the protein squared [91]. We then approximate the

average length of the proteins as
√
Tr(A), and we define a normalised length L as

L =

√
Tr(A)√
Tr(I)

, (5.28)

which is defined so that when the protein is at its natural length, defined by A = I,

then L = 1. We can similarly define the extension of the proteins, E , as

E =

√
Tr(A)√
Tr(I)

− 1. (5.29)

We now describe how we adapt the FENE-P model (5.19) - (5.21) to describe the

protein VWF in blood.

90



5.5 Adaptation of the FENE-P model

The magnitude of the protein contribution to fluid stress will be less than viscous

stress ifG/µγ̇ ≪ 1 for a typical fluid shear rate γ. To calculateG, we first calculate the

number density of VWF in the blood. This can be calculated using the concentration

of VWF in the blood which is 0.055 g/m3, Avogadro’s constant, and VWF’s molecular

weight which is between 500 and 20,000 KDa depending on the number of dimers

combined [82, 39]. Hence the value of G can be estimated as between 0.027 and

6.7×10−4 Pa. In arteries the value of µγ̇ ranges between 1 and 103 Pa. The ratio

G/µγ̇ is then small for all but the largest values of shear stress, and hence we neglect

any contribution to the fluid stress from VWF.

Under this assumption, the flow is not coupled to protein extension and remains

Newtonian. This implies that the Navier-Stokes equations reduce to the standard

form for a Newtonian incompressible viscous fluid and we retain Eq. (5.18) to model

VWF length as follows

∂A

∂t
+ u ·∇A−A ·∇u−(∇u)T ·A = −1

τ

(
A

1− Tr(A)/L2
− aI

)
. (5.30)

As presented in our review of VWF behaviour in Section 5.2, the proteins remain

globular at all shear rates below approximately 5, 000 s−1 in shear flow. The spring law

included in the microscopic model of the VWF depends nonlinearly on protein length

such that the protein cannot extend infinitely. However, the model does not include

any threshold for extension. We demonstrated that when the deformation of the

protein is small, which occurs at small shear rates, the spring force is approximately

linear.

To include this threshold of unfolding, we propose a modification to the FENE-P

equation so that the relaxation time is a saturating function of the fluid shear rate as

follows

τ(γ̇) = α

(
1

2
(tanh(β(γ̇ − γ∗)) + 1) + δ

)
, (5.31)

where β, γ∗, α and δ are parameters whose role we shall now describe. The relaxation

time, (5.31), is constructed so that it is small if γ̇ ≪ γ∗, which is obtained by enforcing

δ ≪ 1. Hence, in Eq. (5.30), elastic forces dominate and the protein remains globular.

Once γ̇ ≫ γ∗, the relaxation time increases to ≈ α and in Eq. (5.30), extension

balances elastic forces and the protein unfolds. This nonlinear relaxation time is

shown in Fig. 5.3a. We note that this model cannot predict hysteresis because once

the shear rate decreases below γ∗, the proteins will relax back to their natural length
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Figure 5.3: Modified relaxation time of VWF, Eq. (5.31). At low shear rates, the relaxation
time is small and the proteins do not extend; at high shear rates, the relaxation time is
larger which allows the proteins to extend.

over the same timescale as they unfolded over. We discuss the limitations of this

assumption in the following chapters.

We note that the FENE-P equation model was derived in the absence of walls.

The effect of walls has been examined in the context of confined flows of proteins [13]

and for a similar system of confined flow of bacteria [97]. This results in Neumann

boundary conditions for the PDF in the Fokker-Planck equation (5.12). However,

this ensures that the governing equation for the configuration tensor does not have a

closed form [13]. To maintain tractability, we use the solution of the FENE-P equation

on the boundary to describe the length of VWF at the boundary. Finally, we note

that the unfolding of a multimeric protein differs biomechanically to the extension

of a dumbbell. VWF unfolds through the successive unfolding of each dimer leading

to period of sudden increases in length for increasing force [78]. However, we adopt

the dumbbell description as this simple model has been shown to effectively describe

suspensions of polymers and proteins in flow [56, 87].

We will now discuss the behaviour of Eq. (5.30) in simple flows.

5.5.1 Behaviour in flow

To demonstrate the behaviour of the model, we now examine the FENE-P equation

Eq. (5.30) in simple flow types: simple 2D shear flow, 2D elongational flow and 2D

rotational flow. We first examine the behaviour of the model using our modified

relaxation time and then compare it to a constant relaxation time set to equal the
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maximum value of τ(γ̇). We select α γ∗, β, L and δ so that the proteins remain

globular for γ < 1000 s−1 which then has a maximum length of L = 16, approximately

matching the maximum extension recorded in the data of Schneider et al. [98].

For all flows, we will examine solutions of the model which are independent of time

and position. To quantitatively compare the solutions, for elongational flow and shear

flow we set the flows to have the same scalar shear rate, γ̇. For a two-dimensional

flow (u, v) in the (x, y) plane this is defined by

γ̇ =
√
2D : D =

(
2
∂u

∂x

2

+

(
∂u

∂y
+
∂v

∂x

)2

+ 2
∂v

∂y

2
)1/2

, (5.32)

where D = (∇u+ (∇u)T )/2 is the rate of strain tensor.

The velocity field and deformation gradient of shear flow, with shear rate γ̇, are

defined by

u = γ̇yi, ∇u =

(
0 0
γ̇ 0

)
. (5.33)

In two-dimensions the configuration tensor is

A =

(
Axx Axy

Axy Ayy

)
. (5.34)

This has three unique components as a result of symmetry, where Axx and Ayy are

the average length squared in x and y directions, respectively. The 2D assumption

is made by comparing A to the two-dimensional identity matrix when determining

the VWF length L according to (5.28). This is equivalent to assuming that protein

length in the third dimension is zero, i.e. Azz = 0.

Seeking a configuration tensor independent of time and space, we find that Eq. (5.30)

reduces to the following algebraic system:

2γ̇Axy =
1

τ(γ̇)

(
L2Axx

L2 − Axx − Ayy

− a

)
, (5.35)

γ̇Ayy =
1

τ(γ̇)

(
L2Axy

L2 − Axx − Ayy

)
, (5.36)

0 =
1

τ(γ̇)

(
L2Ayy

L2 − Axx − Ayy

− a

)
. (5.37)

Due to the nonlinear spring rule we solve the system numerically, reformulating it as a

cubic equation for Axx; then Axy and Ayy can be determined using (5.36) and (5.37).

We next express the system for elongational and rotational flows before comparing

the numerical solutions for A.
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Elongational flow, with shear rate γ̇, has velocity field and deformation gradient

as follows:

u =
γ̇√
2
(xi− yj) , ∇u =

γ̇√
2

(
−1 0
0 1

)
. (5.38)

Again we seek spatially and temporally constant, two-dimensional solutions of (5.30).

This gives the following system of equations:

−
√
2γ̇Axx =

1

τ(γ̇)

(
L2Axx

L2 − Axx − Ayy

− a

)
, (5.39)

√
2γ̇Ayy =

1

τ(γ̇)

(
L2Ayy

L2 − Axx − Ayy

− a

)
, (5.40)

Axy = 0, (5.41)

so that the configuration tensor is diagonal, reflecting that the directions of principal

stretch are the x− and y− axes.

Finally, we consider rotational flow. Since rotational flow has D = 0, the scalar

shear rate is zero. It is nevertheless insightful to consider the behaviour of the proteins

in this flow. Defining rotational flow with rotation rate ω

u =
ω

2
(yi− xj) , (5.42)

this has deformation tensor

∇u =
ω

2

(
0 −1
1 0

)
, (5.43)

such that Eq. (5.30) gives

ωAxy =
1

τ(γ̇)
(f(A)Axx − a) , (5.44)

−ωAxy =
1

τ(γ̇)
(f(A)Ayy − a) , (5.45)

ω

2
(Ayy − Axx) =

f(A)

τ(γ̇)
Axy. (5.46)

Adding (5.44) and (5.45) we can see that Axx = Ayy. Which, using (5.46), yields

Axy = 0. Thus, we have Axx = Ayy = 1. This implies that the proteins remain at

their natural length. Since Axy = 0, the proteins are randomly oriented. Hence, as

expected, rotational flow only rotates the proteins but does not extend them.

We now return to the shear and elongational flow systems (5.35) - (5.37) and (5.39)

- (5.41). We solve these systems numerically, using first the nonlinear relaxation time
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(a) (b)

Figure 5.4: For shear flow we show: (a) the numerical solution of the (5.30) with nonlinear
relaxation time (5.31) where unfolding begins at approximately 1000 s−1, reaching maximum
length at 5000 s−1; (b) an illustration of a FENE dumbbell for increasing shear rates γ0 to
γ3 where dashed lines illustrate velocity field. The dumbbell extends in the x− direction
only, as illustrated by increasing Axx. At high shear rates, since the finite length must
be retained, Ayy decreases so the dumbbell contracts in y and Axx stops increasing so the
dumbbell stops extending in x. We have L = 16 so the maximum value of Axx is L2.

(a) (b)

Figure 5.5: For elongational flow we show: (a) the numerical solution of (5.30) with
nonlinear relaxation time (5.31). Unfolding begins at approximately 1000 s−1, reaching
maximum length at 2500 s−1; (b) an illustration of a FENE dumbbell for increasing shear
rates γ0 to γ3 where dashed lines illustrate the velocity field. The dumbbell contracts in
y-direction, shown by decreasing Ayy, and extends in the x-direction, shown by increasing
Axx. The finite-length requirement stops Axx from further increasing and the dumbbell
becomes parallel to the x− axis as Ayy → 0. We have L = 16 so the maximum value of
Axx is L2.
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Figure 5.6: VWF length for (5.30) with nonlinear relaxation time (5.31) (solid) and con-
stant relaxation time (dashed). In elongational flow (red), regardless of the relaxation time,
the protein unfolds at a lower shear rate than in shear flow (black).

before comparing the numerical predictions to those under constant relaxation time.

The solution in shear flow is shown in Fig. 5.4a along with an illustration of an example

dumbbell’s behaviour in Fig. 5.4b. At low shear, we have A ≈ I since the shear rate

does not exceed the unfolding threshold. As the shear rate increases, Axx increases

and the dumbbell unfolds in the x direction. At large shear rates, γ̇ > 5000 s−1, to

maintain a finite length, Ayy decreases and Axx stops increasing.

The numerical solution in elongation flow is shown in Fig. 5.5a with illustration

in Fig. 5.5b. Similarly, at low shear, A ≈ I, and the protein is globular. As the shear

rate increases, Axx increases, and the protein extends in the x direction. As soon

as the shear rate is larger than 1000 s−1, Ayy decreases independently of the finite

length requirement as the flow field causes the protein to shrink in the y direction.

For γ̇ > 2500 s−1, Axx stops increasing as the maximum length has been reached.

Since shear flow is defined by an elongation and a rotation, whereas elongation flow

is pure elongation, the proteins extend to their maximum length at a much lower shear

rate in elongation flow. This demonstrates that the model reflects well-established

properties of polymers and proteins in flow [14, 103].

We now examine the effect of the modified relaxation time. VWF length L in

shear and elongational flow are shown in Figure 5.6 where the constant relaxation

time solution is shown with dashed lines and the modified relaxation time Eq. (5.31)
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is shown with solid lines. For both versions of the relaxation time, elongational flow

produces greater VWF extension for a given shear rate. In shear flow, the proteins

extend although they require larger shear rates to reach maximum length, agreeing

with VWF behaviour reviewed in Section 5.2. This also demonstrates that for both

elongation flow and shear flow, our modified relaxation time ensures that the proteins

remain globular at low shear rates, reflecting the true VWF behaviour, whereas the

constant relaxation time solution predicts the protein extends at shear rates≈ 100 s−1.

We now proceed by detailing the setup of the mathematical model and its remain-

ing components.

5.6 Model setup

In Chapters 6 and 7, we consider thrombosis in two idealised stenosis geometries: an

arterial-scale axisymmetric stenosis (Chapter 6), and a microfluidic stenosis model

with a rectangular cross section (Chapter 7). These two geometries are shown in

Fig. 5.7. For both geometries, the inlet is denoted as Γi, the walls of the channel are

denoted Γw and the outlet is denoted Γo. In the axisymmetric geometry in Chapter 6,

we also have Γc which is the centre of the channel. We proceed by detailing the model

components and boundary conditions using these boundary definitions.

We model blood as a Newtonian, viscous fluid transporting platelets and the pro-

tein VWF. The flow is driven by a unidirectional inlet flow. We track the concentra-

tion of platelets and VWF, splitting them into free and bound populations (adopting

the structure of models such as [105, 118]). The bound populations are attached to

the stenosis walls and are governed by time-dependent equations at each point on

the walls Γw. The free populations are advected with the fluid and experience both

Brownian motion and shear-induced diffusion which models collisions with RBCs. We

assume that platelets and VWF do not influence the blood flow. We do not explicitly

model other components of the blood such as RBCs but use an empirical viscosity

which has been measured for whole blood [85]. We use (5.30) with nonlinear relax-

ation time (5.31) to describe the length of VWF at each location which we assume

to be independent of its concentration.

We assume that platelet deposition is much slower than the timescale of the flow,

and we only consider the initial stages of thrombosis before rapid thrombus growth.

Hence, we assume that the pipe remains unchanged and the fluid flow and VWF

configuration tensor are both steady. The transport of free VWF and platelets and

the equations for bound species are then the only time-dependent equations in the
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Figure 5.7: (a) In Chapter 6, the geometry is an axisymmetric arterial-scale pipe.
Cylindrical polar coordinates are marked. (b) In Chapter 7, the geometry is a 3D
microfluidic pipe with a rectangular cross-section. Cartesian coordinates are marked.
On each domain, the inlet is marked Γi, the outlet is Γo, the walls are Γw and for the
axisymmetric geometry, the pipe centre is marked Γc.

model. Since collagen-VWF binding rates are far greater than VWF-platelet bind

rates, a VWF layer will form on available collagen much faster than platelets can

bind [48]. Hence, we initialise the model with a constant layer of VWF on all walls.

We discuss approaches to model VWF-collagen binding in Chapter 8.

We now detail the governing equations for blood, free species and bound species.

5.6.1 Blood flow

We model blood as an incompressible, Newtonian, viscous fluid with velocity u and

pressure p. The flow is governed by the steady and incompressible Navier-Stokes

equations. We retain inertia as the Reynolds number can reach 800 in the coronary

artery [116]. We neglect the effect of gravity. Under these assumptions, the governing

equations are

∇ · u = 0, (5.47)

ρu ·∇u = −∇p+ µ∇2u, (5.48)

where ρ is the density of the fluid and µ is the viscosity of the fluid.

The flow is driven by a unidirectional, parabolic inlet flow on Γi with maximum

velocity wmax. At the outlet, Γo, we prescribe the conditions of no normal stress and
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unidirectional flow. In Chapter 6, the latter condition creates a requirement for the

pipe to be longer than any recirculation zone behind the stenosis. We prescribe no

slip on the walls of the domain Γw. In Chapter 6, on the centre of the domain, Γc,

we prescribe no normal flow and a symmetry condition that the normal derivative of

the axial flow vanishes.

5.6.2 Extension of VWF in flow

VWF extension in the flow is governed by the steady version of the modified FENE-P

model introduced in Section 5.5. The governing equation is

u ·∇A−A ·∇u−∇uT ·A = − 1

τ(γ̇)
(f(A)A− aI). (5.49)

We recall that A is the configuration tensor which describes the protein’s orientation

and length. The relaxation time is a function of the shear rate, defined in Eq. (5.31),

which we restate here:

τ(γ̇) = α

(
1

2
(tanh(β(γ̇ − γ∗)) + 1) + δ

)
. (5.50)

In Eq. (5.6), a = L2/(L2 − Tr(I)) and f(A) = L2/(L2 − Tr(A)). At the inlet, Γi,

we prescribe an inlet configuration of VWF Ain which is the numerical solution of

Eq. (5.49) under the imposed parabolic flow. Throughout Chapters 6 and 7 we model

the relative length and extension of VWF using

L =

√
Tr(A)√
Tr(I)

, (5.51)

E =

√
Tr(A)√
Tr(I)

− 1, (5.52)

as discussed in Section 5.4.1. We use the solution of the Eq. (5.49) on the boundary

to describe the length of VWF at the boundary. We now detail the VWF and platelet

dynamics.

5.6.3 Transport of VWF and platelets in flow

Free VWF and platelets in the pipe experience both Brownian motion and shear-

induced diffusion due to collisions with red blood cells. Hence their concentrations

ϕv, and ϕp, are traced by the following advection-diffusion equations:

∂ϕv

∂t
+∇ · (uϕv − (Dv + kshγ̇)∇ϕv) = 0, (5.53)

∂ϕp

∂t
+∇ · (uϕp − (Dp + kshγ̇)∇ϕp) = 0, (5.54)
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where Dv and Dp are the Brownian motion diffusion coefficients. As in Chapters 2 -

4, the shear-induced diffusion is ksh = 0.31r2RBCH
2 where rRBC is the RBC radius,

H is the RBC percentage and 0.31 is an empirically determined constant [46]. This

diffusive effect is proportional to the scalar shear rate γ̇.

At the inlet Γi, we prescribe the concentration of VWF and platelets to be ϕvi

and ϕpi, respectively, the natural concentrations in the blood. Concentrations are

measured in kg/m3. At the outlet Γo, the species exit with the flow and we impose

no normal diffusive flux. On the pipe walls Γw, we prescribe fluxes of the VWF and

platelets to model deposition, detailed in Section 5.6.4. The initial concentrations of

platelets and VWF in the geometry are constant and equal to ϕvi and ϕpi, respectively.

5.6.4 Deposition and bound species

On the stenosis boundary, we track the wall concentration of deposited VWF ϕvb

and platelets ϕpb. These are surface concentrations with units [ϕpb] = [ϕvb] =kg/m2.

We model the deposition of free platelets and VWF on the walls by flux boundary

conditions for equations (5.53) and (5.54). We assume that the bound VWF retains

the length it had immediately before binding. Hence, the length of the initial bound

layer of VWF is determined by the solution of the modified FENE-P equation in the

steady flow in the domain, evaluated at the wall.

We assume that free platelets can bind only to bound VWF on the wall and that

free VWF can only bind to bound platelets. We neglect any binding in the flow

between free platelets and free VWF. A linear relation between VWF length and its

binding rate was established in [38]. Hence, we model the binding rate of free platelets

to bound VWF on the stenosis surface with the rate κE where κ is the binding rate of

one platelet to a VWF binding site. This means that if the protein is more extended,

it binds more rapidly to platelets. These dynamics are summarised in Fig. 5.8.

These modelling assumptions lead to the following flux boundary conditions for

Eq. (5.53) and (5.54) on the geometry walls Γw:

(ϕvu− (Dv + γ̇ksh)∇ϕv) · n̂ = κEϕvϕpb, (5.55)

(ϕpu− (Dp + γ̇ksh)∇ϕp) · n̂ = κEϕvbϕp, (5.56)

where n̂ is the outward unit normal to the fluid domain. The right-hand-sides of (5.55)

and (5.56) model free VWF binding to bound platelets and free platelets binding to

bound VWF, respectively.
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Figure 5.8: Illustration of binding dynamics included in the model. Free species bind to
bound species with a binding rate κE .

The concentration of bound platelets and VWF at a fixed location of the stenosis

wall are modelled by PDEs, defined by mass conservation, given by

∂ϕvb

∂t
= κEϕvϕpb, (5.57)

∂ϕpb

∂t
= κEϕpϕvb, (5.58)

so that the concentration of bound VWF and bound platelets increase at a rate

κE . Initially, we have no bound platelets and a uniform concentration of VWF with

ϕvb = ϕvbi.

5.6.5 Parameterisation

Model parameters are shown in Table 5.1. Geometric parameters in each of the sub-

sequent chapters are chosen to match the experimental devices of our collaborators

shown in Fig. 5.7. Blood, VWF and platelet properties such as concentration and dif-

fusion coefficients are determined from the existing literature [46, 105, 115]. We have

estimated the VWF Brownian motion coefficient using the Stokes-Einstein diffusion

coefficient Dv = kBT/(6πµr) where kB is Boltzmann’s constant, T = 295K is the

room temperature in Kelvin. We use a radius of 0.5µm as the globular diameter of

VWF which is approximately 1 µm [98].

In our model, there are seven unknown parameters: the VWF-platelet binding rate

κ, the initial concentration of bound VWF ϕvbi and the VWF unfolding parameters

α, γ∗, β, L, and δ. The qualitatively chosen parameters which we used in Section 5.2

are shown in Table 5.1.
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Name Param. Value(s) Units Source
Viscosity of blood µ 0.0025 Pa s [85]
Density of water ρ 997 kg m−3

Diffusion coeff. of VWF Dv 4.9× 10−13 m2 s−1 Estimated
Diffusion coeff. of platelets Dp 1.58× 10−13 m2 s−1 [105]
Haematocrit H 0.4 - [31]
Red blood cell radius rRBC 3.6× 10−6 m [110]
Shear diffusion coeff. ksh 6.4× 10−13 m2 [46]
Inlet conc. of VWF ϕvi 0.01 kg m−3 [121, 43]
Inlet conc. of platelets ϕpi 4.7 kg m−3 [115]
Initial conc. of bound VWF ϕvbi unknown kg m−2

Rapid relaxation time α 9.3× 10−2 s Estimated
Extension parameter β 6.9× 10−4 s Estimated
Extension parameter δ 1.59× 10−4 - Estimated
Extension threshold γ∗ 3.8× 103 s−1 Estimated
VWF extensibility L 16 - Estimated
Bind rate VWF to platelets κ unknown m3(kg s)−1

Table 5.1: Dimensional model parameters. The VWF parameters listed are the
heuristically determined parameters which we use in this chapter. Parameters α -
L are estimated in Section 5.5 and κ and ϕvbi are unknown.

5.7 Analysis outline

We now detail the analysis in the subsequent two chapters. In Chapter 6, we examine

this model in the idealised arterial-scale stenosis shown in Fig. 5.7. We reach the shear

rates required to unfold VWF by considering flow in this geometry with Reynolds

numbers up to 500, which corresponds to shear rates of up to 6, 000 s−1. In this

chapter, the stenosis is twice as long as it is tall so that at high Reynolds numbers,

the flow recirculates downstream of the stenosis. In Chapter 6, we use the illustrative

VWF unfolding parameters which were used in Section 5.5. We then vary the platelet

binding parameter rate κ and the initial concentration of bound VWF ϕvbi to explore

the model’s behaviour in this regime where the flow is complex.

In Chapter 7, we present a framework for parameterising the model that is mo-

tivated by in vitro data obtained in the rectangular microfluidic device, shown in

Fig. 5.7b. The ratio of the device’s height to its length is small, hence it can re-

produce arterial-level shear rates albeit with a much simpler flow structure than an

arterial-scale device. This simple flow structure and small aspect ratio make the sys-

tem amenable to model reduction through lubrication theory. The reduced model

can then be solved efficiently which makes the large number of simulations needed
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for model parameterisation significantly more tractable. Using this reduced model,

we then examine how platelet deposition varies if we impose alternative binding con-

ditions. In particular, we consider binding proportional to VWF length and binding

which accounts for the available space on the wall.

Our collaborators have shared a data set of thrombosis in the microfluidic device

in which the maximum shear rate is 10, 000 s−1. Experimental work is ongoing to

obtain more data on thrombosis in these microfluidic devices for varying flow rates and

exploring alternative geometries. However, our reduced model allows us to determine

which in vitro geometries and flow rates would provide the optimal setup to carry

out model parameterisation in the future.
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Chapter 6

Thrombosis in arterial geometries

In this chapter we examine the model for high-shear thrombosis initiation, presented

in Chapter 5, in an idealised, axisymmetric, arterial-scale stenosis geometry. This

geometry is chosen to match the in vitro setup used by our collaborators to examine

VWF deposition [7]. Experiments examining platelet deposition using this arterial

scale device are expensive due to the large volume of blood required to fill the sys-

tem. Furthermore, it is challenging to avoid excess clotting during the experiment

setup when compared to smaller volume blood experiments. This motivates this use

of our model in this regime as it allows us to offer mechanistic insight into the clot-

ting initiation in this arterial-scale device. In this chapter, we examine our model

predictions of VWF unfolding and platelet transport dynamics in the complex flow

fields, which occur in large pipes. We then predict the key parameters and geometric

features that control platelet deposition location. Accurately predicting the location

of clot formation in this device will help guide the design of shear sensitive coatings

for thrombosis treatment, as discussed in Chapter 1.

In Section 6.1 we first present our model geometry, which is an axisymmetric re-

duction of the three-dimensional device used in vitro. In Section 6.2 we detail: the

model parameters used to describe this geometry; the flow parameters; and our choice

of the unknown model parameters that control platelet deposition and VWF unfold-

ing. In Section 6.3 we nondimensionalise the thrombosis model presented in Chapter

5. We discuss the flow and transport regimes of the model and the approximations

that are required to solve the model numerically in Section 6.4. Using numerical

solutions of the model, we explore the interaction between the Reynolds number, the

geometry of the device, and initial platelet deposition. We find that the ratio of VWF

length to Reynolds number controls both the rate and location of platelet deposition.
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Figure 6.1: (a) Experimental in vitro arterial-scale device used by our collaborators
Prof. Korin et al. [7]. Cylindrical polar coordinate system which we use in our model
is shown. (b) Three-dimensional axisymmetric stenosis geometry. The stenosis is
symmetric around z = 0 and is defined by parameters l1, l2 and h which define
the length, steepness and height. Axisymmetric cylindrical polar coordinate axis are
marked.

6.1 Geometry description

In this chapter we use an axisymmetric cylindrical polar coordinate system (r, z) with

unit vectors r̂ and ẑ respectively. We consider the geometry of a stenosed pipe, where

the pipe has radius R(z), length 2l and a constriction centred at z = 0, based on our

collaborators’ in vitro model shown in Fig. 6.1a. The stenosis is defined by its height

h, length l1 and steepness h/l2 as shown in the axisymmetric diagram in Fig. 6.1b.

The pipe radius R(z), which is symmetric around z = 0, is given by the following

equation

R(z) =


d for − l < z < −l1 − l2,
s(z) for |z| < l1 + l2,
d for l1 + l2 < z < l,

(6.1)

where d is the radius of the unobstructed region of the pipe. Here s(z) describes the

stenosis of the pipe, which is made up of a cubic spline in the region −l1−l2 < z < −l1
that smoothly increases from d to d − h, then for −l1 < z < l1, s(z) = d − h and
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similarly in the region l1 < z < l1 + l2 a spline decreases from d − h to d. This is

illustrated in Figure 6.1b. The boundaries of the domain are denoted by

Γi = {z = −l, 0 ≤ r ≤ d}, (6.2)

Γo = {z = l, 0 ≤ r ≤ d}, (6.3)

Γw = {−l ≤ z ≤ l, r = R(z)}, (6.4)

Γc = {−l ≤ z ≤ l, r = 0}, (6.5)

corresponding to the inlet, outlet, pipe wall and pipe centre, respectively. In the in

vitro experiments, the stenosis has l1 = 0. However, we retain this parameter so that

we can explore pipe geometries outside of the in vitro system.

6.2 Parameterisation

Model parameters that are specific to this chapter are shown in Table 6.1 and all

other parameters are listed in Table 5.1. The vessel radius is chosen to match the

in vitro device and the half length (8cm) is chosen so that the fluid recirculation

zone can be fully contained in the model domain. This threshold is determined

in Appendix B.3. In this chapter we use the qualitatively chosen VWF extension

parameters employed to examine the FENE-P model in Chapter 5. This leaves the

binding rate κ and the initial concentration of bound VWF ϕvbi as unknowns. We

vary these parameters along with the inlet flow velocity, stenosis height, width and

steepness in the ranges shown in Table 6.1. This allows us to consider the system

for a range of Reynolds numbers and geometries, as well as performing a systematic

parameter study to examine how the predictions depend on unknown parameters.

6.3 Dimensionless model

We now nondimensionalise the model defined in Section 5.6 in Chapter 5. We nondi-

mensionalise by scaling lengths with the maximum pipe radius d. The fluid velocity

components are scaled with the maximum inlet velocity wmax. We consider the system

on the timescale of platelet deposition 1/κϕpi. We scale the free VWF and platelet

concentrations relative to their inlet concentrations ϕpi and ϕvi respectively. The two

bound species are both scaled relative to the initial concentration of bound VWF

ϕvbi. The configuration tensor is dimensionless so does not require scaling. Hence we
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Name Param. Value(s) Units Source
Pipe half length l 0.08 m Appendix B.3
Radius of system d 0.002 m [7]

Stenosis height h [0.6− 1]× 10−4 m
Describes
30 - 50% occlusion

Stenosis length l1 0 - 0.006 m
Varied from
0 - 3d

Stenosis para. l2 0.002 - 0.006 m
Varied from
d - 3d

Maximum inlet
velocity

wmax 0.089 - 0.22 m s−1 Varied around
value used in [7]

Bind rate VWF
to platelets

κ 0.047-0.47 m3(s kg)−1 Unknown, example
values chosen

Initial conc.
of bound VWF

ϕvbi [0.094− 9.4]× 10−4 kg m−2 Unknown, example
values chosen

Table 6.1: Model parameters with values used in this chapter. All other parameters
are shown in Table 5.1.

define dimensionless variables with hats as follows

z = dẑ, r = dr̂, t =
1

κϕpi

t̂, p =
wmaxµ

d
p̂, u = wmaxû, (6.6)

w = wmaxŵ, ϕv = ϕviϕ̂v, ϕp = ϕpiϕ̂p, ϕpb = ϕvbiϕ̂pb, ϕvb = ϕvbiϕ̂vb. (6.7)

Under these scalings the pipe half-length is l̂ = l/d and the pipe wall is defined

as R̂(ẑ) = R(z)/d. Inserting scalings (6.6) and (6.7) into Eqs. (5.47) - (5.48) and

dropping hats on dimensionless variables, the dimensionless Navier-Stokes equations

are

∇ · u = 0, (6.8)

Reu ·∇u = −∇p+∇2u, (6.9)

where the Reynolds number is defined Re = ρwmaxd/µ. The dimensionless steady

FENE-P equation, (5.49), is

u ·∇A−A ·∇u−∇uT ·A = − 1

ξReτ̂(γ̇)
(f(A)A− aI), (6.10)

where ξ = αµ/d2ρ is defined so that the product ξRe is the Deborah number, which

represents the ratio of the timescales of protein relaxation to fluid advection. However,

we choose to work with ξ rather than the Deborah number so that we are able to

examine the system for varying Re. The FENE-P function f(A) = L2/(L2 − Tr(A))
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and a = L2/(L2 − 2) remain unchanged as L is dimensionless. The dimensionless

VWF relaxation time is

τ̂(γ̇) =
1

2

(
tanh

(
β̂Re

(
γ̇ − γ̂∗

Re

))
+ 1

)
+ δ, (6.11)

where β̂ = βµ/d2ρ and γ̂∗ = γ∗ρd2/µ are the dimensionless relaxation time parame-

ters. VWF extension is then defined, from (5.52), as

E =

√
Tr(A)√

2
− 1. (6.12)

The dimensionless free VWF and platelet transport equations, derived from (5.53)

and (5.54), are given by

κ̂

Re

∂ϕv

∂t
+∇ ·

(
uϕv − D̂v∇ϕv

)
= 0, (6.13)

κ̂

Re

∂ϕp

∂t
+∇ ·

(
uϕp − D̂p∇ϕp

)
= 0. (6.14)

Here the dimensionless VWF-platelet binding rate is κ̂ = d2κϕpiρ/µ. The ratio κ̂/Re

is equal to inverse of the Damköhler number, Da = wmax/κϕpid, which is the ratio of

the timescale of platelet deposition to the timescale of fluid advection. If the depo-

sition is slower than the fluid timescale, then Da > 1 or equivalently κ̂ < Re. (This

appears with the time derivatives in (6.13) and (6.14) since we have nondimension-

alised on the timescale of platelet deposition.) The dimensionless diffusion coefficients

for VWF and platelets are

D̂v =

(
1

Pev
+

γ̇

P esh

)
, D̂p =

(
1

Pep
+

γ̇

P esh

)
. (6.15)

Here we define the Brownian Péclet numbers for VWF and platelets as Pev =

wmaxl/Dv and Pep = wmaxl/Dp respectively, which define the ratio of advection

to the diffusion for each species. The final dimensionless parameter is shear Péclet

number Pesh = d2/ksh, which is the squared ratio of the pipe width to the length

scale over which cells are pushed by collisions with RBCs.

The dimensionless bound species equations, derived from (5.58) and (5.57), are

∂ϕvb

∂t
= σvϕvϕpbE , (6.16)

∂ϕpb

∂t
= ϕpϕvbE . (6.17)

Here σv = ϕvi/ϕpi is the ratio of the inlet concentrations of VWF and platelets.
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The dimensionless boundary conditions for the system, derived from their dimen-

sional equivalents described in Chapter 5, Sections 5.6, are

w =
(
1− r2

)
, u = 0, A = Ain(r), ϕv = 1, ϕp = 1 on Γi, (6.18)

n̂ · σ · n̂ = 0, u = 0, ∇ϕp · n̂ = 0, ∇ϕv · n̂ = 0 on Γ0, (6.19)

u = 0,
∂w

∂r
= 0, ∇ϕv · n̂ = 0, ∇ϕp · n̂ = 0 on Γc, (6.20)

u = 0, (ϕpu− D̂p∇ϕp) · n̂ = σb
κ̂

Re
ϕpϕvbE on Γw, (6.21)

(ϕvu− D̂v∇ϕv) · n̂ = σb
κ̂

Re
ϕvϕpbE on Γw. (6.22)

In (6.21) and (6.22) σb = ϕvbi/dϕpi is the ratio of the initial concentration of bound

VWF to the inlet concentration of platelets. The inlet value of the configuration

tensor Ain can be found by solving Eq. (6.10) using the parabolic inlet flow. This is

detailed in Section 6.4. The initial conditions for the free and bound concentrations

are

ϕv = 1, ϕp = 1, ϕvb = 1, ϕpb = 0 at t = 0. (6.23)

Dimensionless parameters and their values are shown in Table 6.2. To sum-

marise: the model consists of the steady Navier-Stokes equations, (6.8) and (6.9),

with Reynolds numbers from 200− 500. We have a steady, FENE-P equation, (6.10)

with a modified relaxation time, (6.11), which describe the extension of VWF in

the fluid. We note that we have assumed VWF extension is independent of VWF

and platelet concentration. The nonlinear relaxation time multiplied by the Deborah

number, ξReτ , ranges from 0.002 to 666 when Re = 200 and Re = 600 respectively,

demonstrating that at lower Reynolds numbers the protein elasticity dominates in

(6.10), whereas, at higher Re the elastic forces are subdominant to fluid shear forces.

VWF and platelet concentrations are determined by (6.13) and (6.14) which are only

one-way coupled to the fluid flow and VWF extension. The range of Péclet num-

bers in Table 6.2 illustrates their values at the maximum and minimum flow rates

we consider in this chapter. The Brownian and shear Péclet number are large for

both VWF and platelets at all flow rates. As we detail in the following section, we

decrease the size of these Péclet numbers and neglect shear-induced diffusion when

performing numerical simulations. The bound species are coupled to the free species

through (6.16) and (6.17) on the wall of the pipe. The bound VWF equation (6.16)

has growth rate σv = 0.0021 which is small since the concentration of VWF is much

less than the concentration of platelets in the blood.

We now detail the numerical scheme which we use to solve this model.
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Name Param. Definition Value(s)

Dimensionless pipe length l̂ l/d 30 + l̂1 + l̂2

Dimensionless stenosis height ĥ h/d 0.3–0.5

Dimensionless stenosis length l̂1 l1/d 0–3

Dimensionless stenosis parameter l̂2 l2/d 1–3

Reynolds number Re wmaxdρ/µ 200–500

VWF Péclet number Pev wmaxd/Dv [3.6–8.9]×108∗
Platelet Péclet number Pep wmaxd/Dp [1.1–2.7]×108∗
Shear Péclet number Pesh d2/ksh 1.6× 107∗
VWF extension parameter β̂ βµ/d2ρ 3.12× 10−4

VWF globular relaxation time δ - 1× 10−4

VWF extension parameter ξ αµ/d2ρ 4/3

VWF extension threshold γ̂∗ γ∗d2ρ/µ 2× 104

VWF binding rate to platelets κ̂ κϕpid
2ρ/µ 1–10

Ratio of VWF-platelet inlet concs. σv ϕvi/ϕpi 0.0021

Ratio of bound VWF

to inlet platelet concs.
σb ϕvbi/dϕpi 0.001–0.1

Table 6.2: Dimensionless model parameters. Péclet numbers are listed at their in vitro
values, however we decrease these values in our simulations, as detailed in Section 6.4.

6.4 Numerical solution of the model

In this chapter we examine the system for Reynolds number ranges from 200 to 500 for

an illustrative range of stenosis geometries. The Péclet numbers are extremely large

for both platelets and VWF, so we can expect that the transport dynamics of both

species to be dominated by advection. We will use the finite element method to solve

this system. This is designed for elliptic PDEs and is unable to solve PDEs with large

Péclet numbers. As a result, in this chapter, we include artificially large diffusion in

VWF and platelet transport equations to avoid oscillations in the solution. As well as

this, we neglect the effect of shear-induced diffusion. In all equations we use a Péclet

numbers of 103 to avoid instability. Despite this being several orders of magnitude

smaller than the true Péclet number, we expect these results to give insight into the

physiological regime.

Furthermore, we add artificial diffusion to the FENE-P equation (6.10) so that

the equation is elliptic, with Péclet number 1000. Hence, we must prescribe boundary

conditions for the configuration tensor on all boundaries. We prescribe the symmetry
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condition ∇A · n̂ = 0 on the centre of the pipe and no normal diffusive flux on

the walls as this avoids excessive increases in the configuration tensor in boundary

layers on the walls, following the approach by [93, 108]. We note that, as discussed

in Chapter 5, the FENE-P equation was derived in the absence of walls. Hence the

choice of boundary conditions when artificial diffusion is added is an open question

for both the FENE-P model and other viscoelastic fluid models [32].

6.4.1 Numerical method

We solve the model using the finite element method implemented using the Python

Package FEniCS [2, 71] which allows implementation of the weak form in the language

UFL [3, 4]. This problem is then compiled by FIAT [62, 63] and assembled into finite

element form by UFC [3, 5]. We use GMSH to construct a mesh of the stenosis

geometry [42]. Since the PDEs for flow are uncoupled, and the FENE-P equations

and transport equations are only one-way coupled to the flow, we solve the problems

separately. We first solve the steady PDEs, for the flow and configuration tensor,

and then solve the time-dependent equations for free and bound concentrations. We

now summarise the scheme. The weak form of all governing equations is shown in

Appendix A for brevity.

We first solve numerically the steady Navier-Stokes equations. We use Taylor

Hood elements of first- and second-order for the pressure and velocity vector respec-

tively. The steady nonlinear system is solved using the inbuilt Newton Solver solve as

part of the FEniCS package. The velocity gradients in each direction, along with the

wall shear rate on the pipe wall, are determined using first-order elements as functions

of the velocity solution. The velocity gradients, velocity field and the shear rate can

then be used to solve all subsequent PDEs.

The FENE-P equation consists of four coupled advection-diffusion equations with

the velocity field coming from the solution of the Navier-Stokes equations. As dis-

cussed above, we include diffusion in these equations to maintain numerical tractabil-

ity. We use first-order Lagrange elements to solve for each component of the configu-

ration tensor. To solve the system we employ continuation in the Reynolds number.

Our initial guess for the solver for Re = 0 is that A = I. We then continue in the

Reynolds number, by increasing Re in steps of 12, using the solution at each iteration

as the initial condition for the Newton solver at the current Re. We regularise the

square root in the definition of VWF extension (6.12) to avoid numerical error as
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follows

E =

√
Arr + Azz + 0.01√

2
− 1. (6.24)

Here 0.01 is added to avoid the production of complex numbers when the trace of

the configuration tensor Tr(A) is small but negative due to numerical error. The

value 0.01 represents 0.004% of the maximum value of the trace of the configuration

tensor L2, so this regularisation will not significantly affect the value of E we use in

the solution of the transport equations.

The inlet value of the configuration tensor is found by solving Eq. (6.10) under the

imposed inlet flow u = (1 − r2)ẑ. Eq. (6.10) then reduces to the following algebraic

system

Arr

L2 − Arr − Azz

=
1

L2 − 2
, (6.25)

−2rτArr =

(
L2Arz

L2 − Arr − Azz

)
, (6.26)

−4rτArz =

(
L2Azz

L2 − Arr − Azz

− L2

L2 − 2

)
. (6.27)

We solve the nonlinear system numerically, using the NumPy Newton solver fsolve,

with an initial guess of A = I.

We then solve the time-dependent system for the free and bound VWF and platelet

concentrations. We use first-order Lagrange elements for the free species. The bound

species are modelled by a vector of their values at each node of the mesh on the

boundary Γw. We use explicit first-order time-stepping to solve for the free species

ϕp and ϕv, which are governed by (6.13) and (6.14), coupled to the bound species ϕpb

and ϕvb, which are governed by (6.16) and (6.17). We define the discrete time points

as ti = iδt where δt = 0.005 is the fixed timestep. We solve for free species ϕp and

ϕv at time ti = i using the bound solution from ti−1. We then solve for the bound

species ϕpb and ϕvb at time ti using the solution ϕp(ti) and ϕv(ti). We choose to solve

this system until deposited platelets have built up to a fixed value which we chose as

twice the level at the inlet, given by maxϕpb = 2. This allows comparison between

different geometries and binding dynamics.

The mesh convergence, time-stepping analysis, numerical continuation verifica-

tion, and confirmation of geometry length required to contain the entire fluid recir-

culation zone are all shown in Appendix B.3.
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6.5 Numerical results

We first examine an example of the model solution for Re = 400. In Section 6.5.1, we

then examine how the platelet deposition varies for a fixed geometry as the Reynolds

number varies. In Section 6.5.2, we fix the Reynolds number and vary the steno-

sis geometry. Finally, in Section 6.5.3, we examine how deposition depends on the

platelet-VWF binding rate and the initial concentration of VWF on the wall.

Figure 6.2 shows the numerical solution of the model obtained for Re = 400. All

subfigures illustrate solutions overlaid by the fluid streamlines. In these simulations

we set κ̂ = 10 and σb = 0.1 so that the binding is approximately forty times slower

than fluid advection and there is a low initial concentration of VWF on the boundary.

At this Reynolds number, a recirculation zone forms downstream of the stenosis

as illustrated by the streamlines. The magnitude of the fluid velocity is shown in

Fig. 6.2a. The flow is almost three times faster as it crosses the stenosis compared

to upstream. VWF extension E is shown Fig. 6.2b. VWF reaches E ≈ 11 which is

the maximum extension achievable with the extensibility parameter L = 16. The

maximum extension is obtained at the boundary, slightly upstream of the stenosis

centre. Free VWF and free platelets are shown in Fig. 6.2c and d, respectively t =

0.06, when bound platelets reach ϕpb = 2. Free VWF and platelets are absorbed in a

boundary layer, with the maximum absorption located where VWF is most extended.

We now examine the interaction between the stenosis shape, the wall shear rate

and the extension on the base, which are shown in Fig. 6.3a,b and c, respectively.

The wall shear rate is greatest at z ≈ −1.33, at the upstream edge of the stenosis,

this is marked by the red line on all the plots. The recirculation zone begins at the

point where the shear rate is zero at z ≈ 1.7. We can see that the VWF extension,

shown in Fig. 6.3c, has a similar qualitative shape to the shear rate, and attains its

maximum value of E = 10.8 at the same location as the maximum wall shear rate.

We note that the wall shear rate only exceeds the unfolding threshold γ∗/Re = 50

for a very small region z ∈ [−1.38,−1.31] but VWF is able to extend to significant

levels across the entire stenosis. We recall that for γ̇ ≪ γ∗/Re we have a relaxation

time of τ = δ = 0.01 and for γ̇ ≫ γ∗/Re the relaxation time is τ = 1 + δ. Hence the

amount VWF can extend at low shear rates is determined by the parameter δ, which

has been qualitatively selected. It is possible that for other values of δ, VWF may

not extend at all at low shear rates.

We now examine the bound platelets and VWF on the base, which are shown

over increasing time intervals of δt = 0.005 in Fig. 6.4a and b. We have marked the
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location where the wall shear rate, and VWF extension are greatest by the black

vertical line. The bound platelets, shown in Fig. 6.4b, build up slightly upstream of

the point of maximum VWF extension. VWF then binds to the bound platelets with

a peak at the same location shown in Fig. 6.4a. Since σv = 0.0021 the bound VWF

concentration does not significantly increase on the timescale of platelet deposition

and stays close to its initial value of ϕvb = 1. Since σv has been estimated using

well established values of the concentrations of VWF and platelets in the blood,

VWF deposition will always be slower than platelet deposition in the current model

framework. This demonstrates the importance of the choice of the initial bound VWF

concentration and that, in future analysis of this model, additional VWF deposition

can be neglected.

At this Reynolds number platelet deposition occurs predominantly close to the

upstream edge of the stenosis. This is, therefore, the likely location for thrombus

location. We proceed by examining the dependence of this location on Reynolds

number and geometry.

6.5.1 Platelet deposition for varying Reynolds number

We now examine how platelet deposition changes as the Reynolds number varies for a

fixed stenosis geometry. We solve the model for Re between 200 and 500 in intervals

of Re = 25. The wall shear rate, VWF extension, VWF relaxation time and bound

platelet concentration for increasing Reynolds number are shown in Figure 6.5 , where

we plot each variable along the stenosis wall against the Reynolds number. For the

bound platelet concentration we show the solution at the final time, when the solution

first exceeds ϕpb = 2.

The shear rate on the stenosis wall is shown in Fig. 6.5a, illustrating that as the

Reynolds number increases, the shear rate increases. The maximum shear rate occurs

upstream of the stenosis centre for all Re with the location of the maximum moving

further upstream for increasing Re. We use the point where γ̇ = 0, which is shown

dashed, to show the start of the recirculation zone on all plots. VWF extension on

the base of the stenosis is shown in Fig. 6.5c. The protein first begins to significantly

unfold at Re = 325 and reaches a maximum extension of E = 10.8 at Re = 400.

As Re increases beyond this, VWF unfolds further upstream and remains unfolded

as it travels downstream. This reflects the increasing shear rate which occurs as Re

increases. The relaxation time of VWF is shown in Fig. 6.5b which increases in the

regions where the shear rate exceeds γ∗/Re, allowing VWF to unfold more easily. As

we noted in the previous section, at our choice of δ VWF is able to extend for lower
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(a)

(b)

(c)

(d)

Figure 6.2: Numerical solutions for Re = 400. (a) A recirculation zone forms down-
stream of the stenosis, indicated by circular streamlines. (b) VWF is fully extended
at the upstream peak of the stenosis. (c) Free VWF is used up in a boundary layer
at the upstream stenosis peak. (d) Free platelets are absorbed in the boundary layer
across the stenosis. Plots (c) and (d) are shown at t = 0.06. Parameter values:
l̂1 = 1, l̂2 = 2, ĥ = 0.5, κ̂ = 10, σb = 0.1.

values of the wall shear rate, as shown by comparison between Fig. 6.5b and c, e.g.

the protein is able to obtain extensions of E = 5 at Re = 300 when τ̂ remains equal
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Figure 6.3: Variables on the pipe wall for the solution shown in Fig. 6.2. The maxi-
mum wall shear rate is marked with a red line and γ̇ = γ∗/Re is shown by horizontal
line in (b). (a) The stenosis profile. (b) Wall shear rate has a peak at the upstream
edge of the stenosis z ≈ −1.33, the recirculation zone begins when γ̇ = 0. (c) VWF
extension, the protein reaches its maximum extension of E ≈ 11 where the wall shear
rate is greatest. Parameter values: l̂1 = 1, l̂2 = 2, ĥ = 0.5, κ̂ = 10, σb = 0.1, Re =
400.

to 0.01.

The distribution of bound platelets is shown in Fig. 6.5d at the time when the

maximum bound platelet concentration is ϕpb = 2. For Re ≤ 300, the platelet

deposition occurs across the entire stenosis, with a higher deposition on the upstream
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Figure 6.4: Variables on the pipe wall for the solution shown in Fig. 6.2. The location
of maximum wall shear rate is shown by black line. (a) Bound VWF, and (b) bound
platelets are shown at increasing timesteps of t = 0.025 until t = 0.41 when ϕpb

reaches 2. The time of the solution is indicated by the colour bar below. Platelets are
deposited slightly downstream of the point of maximum extension close to the stenosis
apex. Bound VWF are deposited in lower levels to the bound platelets. Parameter
values: l̂1 = 1, l̂2 = 2, ĥ = 0.5, κ̂ = 10, σb = 0.1, Re = 400.

edge. At approximately Re = 350, when the protein is unfolded, platelet deposition

occurs predominantly on the upstream edge of the stenosis. Then for Re ≥ 400,

platelets are deposited again across the entire stenosis.

The time taken to reach ϕpb = 2 is plotted in Fig. 6.6. For Re < 350 when VWF

is globular, deposition is relatively slow. Then at Re = 350, VWF extends and the

deposition rate increases.

6.5.2 Platelet deposition for varying stenosis geometry

We now examine VWF extension as we vary the stenosis geometry for a fixed Reynolds

number of Re = 400. We compare varying the overall length of the stenosis, l̂1 while

maintaining a constant height, ĥ = 0.5 and steepness, l̂2 = 1.5. As illustrated in

Fig. 6.7a, increasing the length of the stenosis leads to VWF unfolding further up-

stream and remaining unfolded further downstream. This reflects that the maximum

shear rate, which triggers VWF unfolding, occurs at the upstream edge of the steno-
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Figure 6.5: Solution of the model for increasing Re for a stenosis which obstructs flow
from z = −2.5 to z = 2.5. (a) Wall shear rate for increasing Re; flow separation occurs
at all Re shown, as indicated by zero wall shear rate (dashed line) (b) VWF relaxation
time illustrates where the shear exceeds the unfolding threshold. (b) VWF extension
at the wall shows that the maximum extension occurs upstream of the stenosis centre
with the proteins remaining extended over a greater region as Re increases. (d)
Platelet deposition is shown: for low Re deposition occurs all over the stenosis, at
mid Re it occurs predominantly upstream and at high Re it is deposited across more
of the stenosis. Parameter values: l̂1 = 1, l̂2 = 2, ĥ = 0.5, κ̂ = 10, σb = 0.1.

sis. Furthermore, increasing the stenosis length leads to an overall larger region of

the pipe where the shear rate is high and, therefore, where VWF can unfold, which
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Figure 6.6: Time taken to double ϕpb for each Reynolds number.

will result in platelet deposition over a larger region.

VWF extension for increasing stenosis steepness is shown in Fig. 6.7b. This cor-

responds to decreasing the parameter l̂2. Increasing the steepness of the stenosis

increases the maximum shear rate in the pipe and causes VWF to unfold more. For

all cases we fixed ĥ = 0.5, and then reduced l̂2 to examine steeper stenoses. As a

result, shallower stenoses that have larger values of l̂2 obstruct more of the length of

the pipe. This results in VWF extension over a larger region.

Finally, VWF extension for increasing stenosis height with l̂1 and l̂2 fixed is shown

in Fig. 6.7b. Similarly to the steepness, increasing the stenosis height increases the

maximum shear rate in the pipe and causes greater VWF unfolding. However, the

qualitative extent of the protein elongation remains the same for all stenosis heights

as this is set by gradient of the stenosis.

6.5.3 Examining model parameters

For all numerical solutions in this chapter we have held the platelet binding rate

fixed, with κ̂ = 10, and the relative initial concentration of bound VWF fixed, with

σb = 0.1. We now explore how varying these parameters alters the initial thrombosis

dynamics for a fixed Reynolds number of Re = 400.

It is valuable to recall the effects which κ̂ and σb determine. Firstly the flux of free

platelets onto the wall is proportional to κ̂σb/Re, as defined in (6.22). For clarity we
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Figure 6.7: VWF extension for varying stenosis geometry at Re = 400. When not
stated in the legend, all other geometry parameters are: l̂1 = 1, l̂2 = 1.5 and ĥ =
0.5. (a) Increasing stenosis length l̂1 causes VWF to unfold further upstream. (b)
Increasing stenosis steepness by decreasing l̂2 causes VWF to unfold more as the shear
rate increases. (c) Increasing stenosis height ĥ increases VWF extension.

define κ̂σb/Re as kflux. This means that if kflux is large, we expect more free platelet

absorption in boundary layers on the stenosis.

We consider three cases (a) kflux = 1/Re and κ̂ = 10, (b) kflux = 0.1/Re and κ̂ = 1

and (c) kflux = 0.01/Re and κ̂ = 1 all for Re = 400. These are shown in In Fig. 6.8a,

b and c, respectively. We can see that when kflux is larger, there is more absorption

of free platelets in a boundary layer on the stenosis. We divide the nondimensional

time taken to reach ϕpb = 2 by κ̂ so that all three cases can be compared (recalling we
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included κ̂ in our nondimensionalisation of time). The time taken to reach ϕpb = 2

is then determined by kfluxκ̂, so that if there are more free platelets absorbed in the

boundary layer on the stenosis then bound platelets accumulate quicker and they are

able to bind faster if κ̂ is larger.

Figure 6.8: Exploration of varying the VWF-platelet binding rate κ̂ and the relative
initial concentration of bound VWF σb. For all cases we have ĥ = 0.5, l̂1 = 1, l̂2 = 2
and Re = 400. We have scaled nondimensional time by κ̂−1 to compare between
different binding rates. Parameter values: (a): kflux = 1/Re and κ̂ = 10, (b):
kflux = 0.1/Re and κ̂ = 1, (c): kflux = 0.01/Re and κ̂ = 1. The size of kflux
determines the absorption of platelets in the boundary layer on the stenosis and κ̂
determines the relative time to deposit platelets.

6.6 Discussion

In this chapter we have examined our continuum model for the early stages of high-

shear thrombosis in an arterial-scale stenosed pipe. Through the numerical solution
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of the model, we explored VWF behaviour and platelet deposition for a range of

Reynolds numbers and arterial geometries.

Numerical solutions of the model demonstrated that there are three distinct

regimes of platelet deposition as a function of the Reynolds number. At low Re,

VWF does not fully extend. This results in slow platelet deposition which occurs

across the full stenosis length. As Re increases the shear rate increases, which un-

folds VWF. Once unfolded, the platelet deposition rate increases and platelets are

deposited further upstream, at the start of the stenosis. As Re increases further,

VWF extends over a larger region and as a result, platelets are deposited further

downstream.

The scale and aspect ratio of the geometry investigated in this chapter necessitated

that numerical simulations must be used to analyse the model. The Péclet numbers

associated with the transport of platelets and VWF are very large at the flow rates

considered in this chapter. In order to maintain tractability, we artificially decreased

the Péclet numbers associated with transport and neglected shear-induced diffusion.

This will lead to an overestimation of the thickness of boundary layers of free VWF

and platelets on the base of the stenosis. Accurately capturing the boundary layer

dynamics is crucial to accurately describe binding; we discuss methods of examining

this model for large Péclet numbers in Chapter 8.

Examining the time-dependent dynamics of deposition, we found that VWF depo-

sition rates were significantly smaller than platelet deposition rates. This is because

the inlet concentration of VWF is much less than the concentration of platelets. As

a result, bound VWF remained close to its initial levels as platelets were deposited.

Since the time taken to deposit platelets is proportional to the initial concentration

of VWF multiplied by the platelet-VWF binding rate κ̂σb. This highlights the im-

portance of estimating model parameters which is the key objective of Chapter 7.

In this chapter we model the VWF extension using the metric E which is propor-

tional to the squareroot of the length of the protein squared minus its mean length

squared. We model platelet binding as proportional to E . Since E = 0 when the

protein is not extended, this neglects the binding which could occur when the protein

is completely globular. Our model predicts VWF to be globular in the recirculation

zone behind the stenosis, where shear rates are low. Including binding when VWF is

globular would allow us to examine if clots can form in this location. Further exami-

nation of the alternative constitutive relations for the binding dynamics forms part of

Chapter 7. Finally, a comparison of wall shear rate on the stenosis and our nonlinear

relaxation time demonstrated that for our choice of unfolding parameters, VWF was
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able to extend significantly when the shear rate was below the unfolding threshold.

This motivates the focus of Chapter 7 where we develop a framework to estimate the

unknown model parameters which control VWF unfolding and platelet binding.
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Chapter 7

Thrombosis in a microfluidic
geometry

In the previous chapter, we examined the thrombosis model in an arterial-scale steno-

sis geometry using qualitatively chosen parameters for VWF unfolding and binding.

This allowed us to examine the interplay between VWF and platelet dynamics with

the complex fluid mechanics which occur at high Reynolds numbers in arteries. In

this chapter, we focus on improving the capacity of the model to predict thrombo-

sis by (i) exploring binding constitutive relations beyond those used in Chapter 6,

and (ii) parameterising the model using experimental data of VWF dynamics and

microfluidic thrombosis data.

The work in this chapter is motivated by microfluidic experiments examining

thrombosis carried out by our collaborators at Technion, as presented in Chapter 1.

The microfluidic device has a rectangular cross-section, a constant height and a piece-

wise linearly varying width which narrows in the centre. The in vitro microfluidic

device geometry is shown in Fig 7.1. As a result of the small height and width of the

device relative to its length, it is possible to achieve arterial shear rates of 10, 000 s−1

in the narrow region. Our collaborators have provided an initial dataset of thrombosis

in this device at a single flow rate. This dataset allows us to set up a framework for

parameterising the model using microfluidic imaging data.

To compare the model to spatial and temporal experimental thrombosis data,

we exploit the small aspect ratio of the device, ϵ = h/l = 0.003, where h is the

device half height and l is its half length, to reduce the model presented in Chapter

5 using the lubrication approximation. We then analyse the model in the case that

the reduced Péclet number, ϵ3Pesh, is of O(ϵ), where the Péclet number, the ratio of

the channel half height squared to the strength of shear-induced diffusion, is defined

as Pesh = h2/ksh. This offers a significant analytical reduction of the model and an
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Figure 7.1: Diagram of stenosis device used in vitro, with Cartesian axes marked.
The device has a constant height as well as narrowing width and length which is
much longer than the height. Inlet parabolic flow is marked.

equivalent reduction in computational time compared to the full model. The regime

we analyse considers the reduced Péclet number to be smaller than in the regime of

the in vitro experiments where the reduced Péclet number is ≈11. The regime where

ϵ3Pesh = O(ϵ) could be reached if the aspect ratio of the device was slightly decreased.

Despite being slightly outside the regime of the current microfluidic dataset, we use

this regime to develop a framework for determining the unknown model parameters

using numerical optimisation. Since experimental work is ongoing, this framework

can be used in the future when more experimental data is available in devices with

smaller aspect ratios.

We first present the existing experimental data for VWF which we will use to

parameterise the model in this chapter. Then, in Section 7.2, we present the in vitro

experimental setup and an example of the available thrombosis data. In Section 7.3,

we discuss alternative VWF-platelet binding models motivated by our observations

of the thrombosis data. In Section 7.4, we present the model domain and lubrica-

tion scaling. In Section 7.6, we determine the leading-order system for flow, VWF

extension and platelet deposition for the case when the reduced Péclet number is of

O(ϵ). In Sections 7.7 - 7.9, we use these reduced equations to explore the effect of

varying the geometry and flow conditions as well as varying binding models within

the lubrication regime.

In Section 7.10, we conclude the chapter by examining methods for determining

the unknown model parameters. We first use the existing VWF literature to deter-

mine the VWF unfolding parameters. We then examine how the microfluidic data

could be used to determine the VWF-platelet binding rate and the initial concentra-

tion of VWF. We conclude by discussing the experimental data and analysis which

would be required in the future to fully apply this calibration.

125



7.1 In vitro VWF data

We now discuss the existing experimental data for VWF behaviour in flow. This was

summarised in Chapter 5, but we now examine the datasets in more detail. The aim

of this section is to determine how these datasets could be used to parameterise our

model for VWF behaviour.

There are two studies which quantify VWF behaviour for a range of shear rates as

the protein unfolds. The first study, conducted by Schneider et al. in 2007, examined

VWF unfolding by measuring the protein length as it circulated around a microfluidic

channel loop where no binding occurred with the channel walls [98]. The authors

increased the flow rate in the channel and recorded the extension of the proteins

shown in Figure 7.2a. In this figure, γ̇ = 5× 103 s−1 is marked by the vertical dash-

dot line. Their experiment recorded that VWF remains globular for γ̇ < 5× 103 s−1

and is extended at γ̇ = 5×103 s−1 and with an extension of 15 µm at γ̇ = 7.9×103 s−1.

However, there are a number of challenges when interpreting this data. The authors

refer to extension and length interchangeably. Furthermore, their data has error bars,

but no information is present in their article or online regarding whether these refer

to measurement errors from an individual experiment or confidence intervals obtained

from multiple experiments to yield statistical inference

The second study by Lippok et al. used in vitro experiments and a discrete theo-

retical model where VWF is modelled as a chain of beads and springs to examine the

cleavage between VWF dimers at varying shear rates [69]. In vitro, they measured

the cleavage of VWF when subjected to shear flow combined with an enzyme which

separates an internal bond between VWF dimers. The authors suggested that VWF

can only cleave into small chains when the protein is unfolded, that is, when its in-

ternal bonds are exposed to the external enzyme. The authors obtained a fitting of

the in vitro data and the model data giving the following cleavage rate:

κcleave(γ̇) =
3.5× 10−3

1− exp((γ̇ − 5522 s−1)/1271 s)
nM/s. (7.1)

This is shown in Figure 7.2b. We now present and analyse the microfluidic thrombosis

data gathered by our collaborators.

7.2 In vitro thrombosis data

This chapter is motivated by in vitro thrombosis data provided by Prof. Netanel

Korin’s Cardiovascular NanoMed Engineering Laboratory (Technion). These exper-
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(a) (b)

Figure 7.2: Experimental data of VWF behaviour in shear flow. In both plots,
γ̇ = 5, 000 s−1 is marked by the dashed vertical line. (a) Schneider et al.data of VWF
length [98]. Data points are in vitro data and the connecting line is linear between
each point (b) Lippok et al. empirical fitting, Eq. (7.1) [69].

Name Param. Value(s) Units
Model half length l 0.0325 m
Inlet width d1 0.001 m
Minimum width d2 0.0001 m
Height h 0.0001 m
Stenosis length l1 0.0065 m
Tapering section length l2 0.0065 m
Inlet flux Qin 9.5× 10−9 m3/s

Table 7.1: In vitro device dimensions and flow parameters.

iments examined the entire process of thrombosis within the microfluidic device dis-

cussed above. We recall, as discussed in Chapter 5, thrombosis consists of an initial

slower stage where a thin layer of VWF and platelets accumulate on the vessel wall

and a late stage where a significant clot forms rapidly. In the late stage, the flow will

be significantly obstructed by the growing clot. The model we have developed does

not include clot growth and is limited to consider the slower, initial stage of throm-

bosis. As a result, our model can only be compared to experimental data from the

early stages of thrombosis. We determine an upper bound on this in Section 7.2.1.

We now summarise these thrombosis experiments.

The stenosis geometry is pictured in Fig. 7.1 with dimensions listed in Table 7.1.
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The device is fabricated using the rigid polymer polydimethylsiloxane (PDMS). The

device is then perfused at a low flow rate with a collagen suspension of 0.31 mg/ml.

This leaves a coating of bound collagen on the internal PDMS walls. The low flow

rate ensures that the coating is approximately uniform throughout the device. The

collagen coating allows VWF and subsequently platelets to bind to the entire surface

of the device.

Freshly collected sheep blood (containing platelets, RBCs and VWF) is treated

with an anticoagulant to avoid clotting in transit. Then, the platelets are labelled

using a fluorescent stain. A syringe pump perfuses the blood through the device at a

constant flow rate of 57 µl/min which leads to a maximum shear rate of 10, 000 s−1 in

the narrowest portion of the device and 1, 000 s−1 in the upstream region. To obtain

the spatial and temporal distribution of platelet capture, a microscope photographs

the device every five seconds. The experiments are repeated five times and are run

for twenty minutes, including a short period required to focus the microscope in each

repeat.

An example of thrombus formation over two minutes is shown in Fig. 7.3. The

image times are shown relative to t∗ which is the longest time taken to focus the

microscope over all repeats (2 min 54 s). Green illustrates the platelets with the in-

tensity corresponding to the number of platelets at that location. Platelets deposit in

the narrow region with the accumulation increasing over time. As platelets deposit,

they form clots which obstruct the fluid flow in the device. Since the flux is im-

posed through the device, the shear force increases as the device becomes obstructed.

Eventually, this overcomes the clot’s internal bonds and it fractures, known as an

embolism. This can be seen between t∗+100 s and t∗+125 s by the reduced platelet

fluorescence at the later time.

We now detail the image analysis protocol for this data so that it can be compared

to our modelling predictions.

7.2.1 Image analysis

The in vitro images contain spatial and temporal information about platelet depo-

sition. In Fig. 7.3, the deposition in the cross-sectional direction has a considerable

amount of spatial variation due to the clumping of the platelets into small clots.

There is still significant variation in the axial direction, but the trend is clearer:

platelets predominantly deposit in the narrowest portion of the device. We cannot

capture stochastic variation in either direction using our deterministic continuum
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Figure 7.3: In vitro images of platelet deposition over 125 s from t∗, the time when
the microscope was focused. Fluorescent platelets can be seen building up in the
stenosis. Between t∗ + 100 s and t∗ + 125 s the thrombus embolises.

Figure 7.4: Schematic of integration method for an example in vitro image of platelet
deposition. We define the axial coordinate z̃ with z̃ = 0 at the start of the straight
section of the stenosis. The cross-sectional coordinate x̃ is marked. Using image
analysis, we can measure the stenosis half width d2.
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model, hence this chapter aims to quantitatively capture the overall trend of platelet

deposition in the axial dimension.

To compare the theoretical prediction of the bound platelet concentration to the

in vitro data, we average the in vitro image for each repeat in the cross-sectional

direction. To do this, we use image analysis to determine the edges of the microfluidic

device in each image, identifying the centre of the device which we use to define

the axial coordinate z̃ and the cross-sectional coordinate x̃. We can determine the

lengthscale of each image by measuring the width of the stenosis which corresponds

to the known length d2. We define the maximum and minimum axial coordinates as

z− and z+ respectively, with z̃ = 0 set at the start of the narrowest section of the

stenosis. We then define the width of the device at point z̃ using the function s(z̃).

This is shown in Fig. 7.4.

We discretise the cross-sectional coordinate x̃ at each axial position using N + 1

points such that x̃k = −s(z̃) + kδx, where δx = 2s(z̃)/N for k = 0, 1, 2, ..., N . We

can then define the average platelet fluorescence at each axial position in the pipe for

each experimental repeat i = 1, 2, .., 5 as follows:

ϕ̄i
pb(t, z̃) =

1

N + 1

N∑
k=0

ϕi
pb(t, x̃k, z̃). (7.2)

We then discretise the axial coordinate into M + 1 points such that z̃j = z− + jδz,

where δz = (z+ − z−)/M for j = 0, 1, 2, ...,M . This allows us to define the total

platelet fluorescence for each repeat at time t as

Φ̄i
pb(t) =

1

(N + 1)(M + 1)

M∑
j=0

N∑
k=0

ϕi
pb(t, x̃k, z̃j). (7.3)

We use 1200 points in both axial and cross-sectional directions so M = N = 1199.

Recall from Section 7.2 that the image data for each of the repeats begins after

an initial period required to focus the microscope. We standardise the images from

each repeat by considering images from each repeat from t∗ = 2 min 54 s after the

flow was turned on, which is the longest time taken to focus the microscope amongst

the five repeats.

Our theoretical model captures only the initial stages of platelet deposition. There-

fore, we must determine a bound on the experimental data after which the flow will

be disturbed and our model will be a poor description of the dynamics. We can use

the first time that an embolism occurs as an upper bound on the model validity,

although by this point there will be a significant clot. Further experimental data on
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Figure 7.5: Total platelet deposition over time for each repeat. A decrease in the
total platelet fluorescence for any given repeat illustrates an embolism.

Figure 7.6: (a) Median platelet fluorescence and (b) the standard deviation of the
five experimental repeats over time. The standard deviation increases over time and
is greater in the stenosis region close to z̃ = 0.

the size of the clot for a given fluorescence would allow us to determine a stricter

bound in the future. By calculating Φ̄i
pb for each repeat, we can examine when the

total platelet concentration in the pipe decreases, which represents an embolism. We

determine the time of the first embolism to be t = t∗+75 s. Hence, we use data from
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t = t∗ until t∗ + 60 s. This is shown in Fig. 7.5.

We can now define the mean and median platelet fluorescence at location z̃ at

time t over all of the five experimental repeats as follows:

µ(t, z̃) =

∑5
n=1 ϕ̄

n
pb(t, z̃)

5
and ϕ̄pb(t, z̃) = med{ϕ̄n

pb(t, z̃)}, for n = 1, 2, .., 5. (7.4)

We can also define the standard deviation σ(t, z), using

σ2(t, z̃) =

∑
n(ϕ̄

n
pb(t, z̃)− µ(t, z̃))2

5
. (7.5)

The median and standard deviation of the five repeats are shown in Fig. 7.6. The

large standard deviation demonstrates that there is significant variation between the

fluorescence obtained in each repeat. This variation is greatest in the narrowest

section of the device and increases over time. This demonstrates the need to gather

more data in order to accurately estimate model parameters.

Finally, to quantitatively compare our theoretical values of the bound platelet

concentration to the experimental data, we must convert the measured platelet flu-

orescence to bound platelet concentration in kg/m2. In our model, the number of

platelets which can accumulate on the walls of the domain is proportional to the

initial concentration of bound VWF plus any further accumulation of VWF. We can

estimate the maximum number of platelets that could be captured by the concen-

tration of bound VWF initially, ϕvbi, multiplied by the number of platelets a single

VWF molecule can bind to. Since the longest multimer of VWF in the blood has 80

monomers, we can assume that each VWF molecule can accommodate 80 platelets so

that the maximum bound platelet concentration is 80ϕvbi. The initial concentration

of bound VWF is not known experimentally, but this estimate allows us to determine

the prediction of platelet fluorescence once we estimate a value of ϕvbi. To accurately

determine the conversation factor between platelet fluorescence in the imaging data

and bound platelet concentration, we could carry out experiments where fluorescence

images are taken and platelets are counted.

Motivated by the distribution of platelet deposition in the microfluidic device,

we now discuss extensions to the platelet - VWF binding dynamics considered in

Chapters 5 and 6.

7.3 Binding dynamics

In Fig. 7.6a, the in vitro thrombosis data shows that platelets deposit everywhere in

the pipe, although predominantly in the stenosis. In Chapter 6, we modelled platelet
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binding to VWF to be linearly proportional to VWF extension E . This meant that

platelets do not bind upstream of the stenosis when shear rates were low, and E ≈ 0,

as was seen in our numerical results. Using binding proportional to VWF extension

we will not be able to predict platelet binding upstream of the stenosis, as is shown

in Fig. 7.6a. Hence, we consider several modifications to the binding dynamics which

allow for upstream binding so that we can more closely match the in vitro data.

Upstream of the stenosis, the proteins are not extended so the dimensionless VWF

length L is equal to unity and the extension is zero. We consider two alternative

binding models. Firstly, we consider binding proportional to VWF length L which will

allow platelets to bind upstream. Secondly, we consider binding which is limited by

the available binding sites on bound species, which we refer to as saturating binding.

We model the available binding sites on bound VWF as the product of VWF length L
and the concentration of bound VWF ϕvb. Hence, we model free platelets binding to

bound VWF to be proportional to κL(1−ϕpb/Lϕvb). This means that as ϕpb → Lϕvb,

binding decreases as the available binding sites on bound VWF are used up. Similarly,

we model the available binding sites for free VWF on the bound platelets as ϕpb,

assuming each bound platelet can bind to one VWF molecule. Thus, as ϕvb → ϕpb,

binding decreases as the available space on bound platelets fills. Hence, free VWF

binding to bound platelets is taken to be κL(1− ϕvb/ϕpb).

Accordingly, the three models of binding dynamics are as follows for free VWF:

(ϕvu− (Dv + γ̇ksh)∇ϕv)) · n̂ =


κEϕvϕpb, (7.6a)

κLϕvϕpb, (7.6b)

κLϕvϕpb

(
1− ϕvb

ϕpb

)
, (7.6c)

where (7.6a), (7.6b) and (7.6c) refer to binding proportional to VWF extension, VWF

length and saturating binding, respectively. These three conditions lead to the fol-

lowing flux conditions for free platelets:

(ϕpu− (Dp + γ̇ksh)∇ϕp)) · n̂ =


κEϕpϕvb, (7.7a)

κLϕpϕvb, (7.7b)

κLϕpϕvb

(
1− ϕpb

Lϕvb

)
, (7.7c)

where similarly (7.7a) (7.7b) and (7.7c) refer to binding proportional to VWF exten-

sion, VWF length and saturating binding, respectively.

We now return to the model presented in Chapter 5 and nondimensionalise it in

the microfluidic geometry, incorporating these variations in boundary conditions.
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7.4 Thin-film model formulation

We now formulate the model presented in Chapter 5 in the microfluidic geometry.

In subsection 7.4.1, we nondimensionalise the model incorporating the lubrication

assumption, and note the restrictions this assumption places on the pipe geometry.

In Section 7.4.2, we derive integrated conservation equations for the free VWF and

platelet concentrations in the pipe. In Section 7.5, we discuss the parameters which

arise in the dimensionless model and the values of these parameters in the microfluidic

in vitro experiments. We then present our assumptions on the sizes of these parame-

ters in the model, we match the parameter orders as much as possible to the in vitro

setup, aside from the reduced shear Péclet number which we decrease. In Section 7.6,

we use these assumptions about the model parameters to derive the leading-order

model.

We recall that the thrombosis model consists of (i) the steady Navier-Stokes equa-

tions, (5.47) and (5.48), which are driven by a prescribed flux at the inlet, (ii) the

steady FENE-P equation, (5.49), with a modified nonlinear relaxation time (5.50),

which determines the VWF extension, (iii) advection-diffusion equations, (5.53) and

(5.54), which determine the free platelet and VWF concentrations in the pipe and

(iv) PDEs which determine the concentration of bound VWF and platelets on the

wall of the pipe, (5.57) and (5.58). The bound species are coupled to the free species

through flux boundary conditions (7.6a) - (7.6c) and (7.7a) - (7.7c) which incorpo-

rates the three different binding models we discussed in Section 7.3. We restate the

dimensional model parameters from Chapter 5 in Table 7.2 for clarity.

In this chapter, we use Cartesian coordinates with z as the axial coordinate as

marked in Fig. 7.1. The inlet is located at z = −l and the outlet at z = l. The pipe

walls are defined by y = ±h and x = ±s(z) which defines the piecewise linear width

as follows:

s(z) =


d1 for z < −l1 − l2,

−(d1 − d2)(z + l1)/l2 + d2 for − l1 − l2 < z < −l1,
d2 for − l1 < z < l1,

(d1 − d2)(z − l1)/l2 + d2 for l1 < z < l1 + l2,
d1 for z > l1 + l2.

(7.8)

Here, d2 is the minimum pipe half width and d1 is the maximum pipe half width. We

define the fluid velocity components in the (x, y, z) directions are denoted using the

standard notation (u, v, w). We define the fluid domain as V , cross-section of the pipe

at position z as V⊥(z), and the boundary of this cross-section is denoted as S⊥(z).
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Name Param. Value(s) Units
Viscosity of blood µ 0.0025 Pa s
Density of blood ρ 997 kg m−3

Diffusion coeff. of VWF Dv 4.9× 10−13 m2 s−1

Diffusion coeff. of platelets Dp 1.58× 10−13 m2 s−1

Haematocrit H 0.4 -
Red blood cell radius rrbc 3.6× 10−6 m
Shear diffusion coeff. ksh 1.03× 10−12 m2

Inlet conc. of VWF ϕvi 0.01 kg m−3

Inlet conc. of platelets ϕpi 4.7 kg m−3

Initial conc. of bound VWF ϕvbi unknown kg m−2

Rapid relaxation time α 9.3× 10−2 s
Extension parameter β 6.9× 10−4 s
Extension parameter δ 1.59× 10−4 -
Extension threshold γ∗ 3.8× 103 s−1

VWF extensibility L 16 -
Bind rate VWF to platelets κ unknown m3(kg s)−1

Table 7.2: Dimensional model parameters restated from Chapter 5. The VWF pa-
rameters listed are the heuristically determined parameters from Chapter 5.

It is convenient to denote vector operators and variables in the (x, y) cross-sectional

plane with the subscript ⊥. For instance,

u⊥ = (u, v)T and ∇⊥ =

(
∂

∂x
,
∂

∂y

)T

. (7.9)

7.4.1 Nondimensionalisation

We now nondimensionalise the model by exploiting the disparity in lengthscales be-

tween the pipe half length l and the height h to define the small parameter ϵ = h/l. In

the experimental setup, ϵ = 0.003. In this analysis, since the minimum pipe width is

the same order of magnitude as the pipe height, we scale both cross-sectional variables

x and y and their corresponding fluid components, u and v with ϵ. In the upstream

region, the pipe is wider than in the stenosis region; by scaling both directions with

ϵ, we are assuming that d1/d2 is of O(1). In the experimental setup, d1/d2 is 10

which is slightly outside of the O(1) regime. Furthermore, as a result of assuming x

is small, this analysis is then restricted to pipes where the gradient of the wall in the

axial direction ds/dz is at most of O(1). If the larger axial wall gradient was large,

the velocity component in the x direction would be O(1), violating the lubrication

approximation.
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We consider this system on the timescale of platelet deposition 1/κϕpi as we did in

Chapter 6. The velocity scale is determined by the inlet flux Qin relative to the cross-

sectional area scaling h2, giving U = Qin/h
2. We use the lubrication pressure scaling

in order to balance the axial pressure gradient with cross-sectional viscous dissipation.

The shear rate in the pipe is scaled by U/ϵl to account for the large shear rate caused

by the small pipe height. We scale the free platelet and VWF concentrations with

their inlet levels ϕpi and ϕvi, respectively. Both the bound species are scaled relative

to the initial concentration of bound VWF ϕvbi.

Under these scalings, we define dimensionless variables, denoted with hats, as

follows:

x = ϵlx̂, y = ϵlŷ, z = lẑ, t =
1

κϕpi

t̂, (7.10)

u = ϵUû, v = ϵUv̂, w = Uŵ, p = pa +
Uµ

ϵ2l
p̂, γ̇ =

U

ϵl
ˆ̇γ, (7.11)

ϕv = ϕviϕ̂v, ϕp = ϕpiϕ̂p, ϕpb = ϕvbiϕ̂pb, ϕvb = ϕvbiϕ̂vb, (7.12)

where, in (7.11), pa is the atmospheric pressure at the outlet. Under scalings (7.10),

the pipe is now defined by z ∈ [−1, 1], x ∈ [−ŝ(z), ŝ(z)] and y ∈ [−1, 1], where

ŝ = s/(ϵl). We now drop the hats on dimensionless variables and insert these scalings

(7.10) - (7.12) into Eqs. (5.47) - (5.49) and (5.57) - (5.58). This gives the dimensionless

steady Navier-Stokes equations in the pipe volume V as follows:

∂u

∂x
+
∂v

∂y
+
∂w

∂z
= 0, (7.13)

ϵ2Re

(
u
∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

)
=
∂2u

∂x2
+
∂2u

∂y2
+ ϵ2

∂2u

∂z2
− 1

ϵ2
∂p

∂x
, (7.14)

ϵ2Re

(
u
∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

)
=
∂2v

∂x2
+
∂2v

∂y2
+ ϵ2

∂2v

∂z2
− 1

ϵ2
∂p

∂y
, (7.15)

ϵ2Re

(
u
∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z

)
=
∂2w

∂x2
+
∂2w

∂y2
+ ϵ2

∂2w

∂z2
− ∂p

∂z
. (7.16)

Here, the reduced Reynolds number is ϵ2Re = ρUh2/µl which is the ratio of fluid

inertia to viscous dissipation in the cross-sectional direction. The corresponding di-

mensionless shear rate is

γ̇ =
√

2ϵ2u2x + 2ϵ2v2y + 2ϵ2w2
z + ϵ2(uy + vx)2 + (ϵ2uz + wx)2 + (ϵ2vz + wy)2. (7.17)

The dimensionless free VWF and platelet advection-diffusion equations in the pipe
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volume V are

κ̂

Re

∂ϕv

∂t
+∇⊥ ·

(
u⊥ϕv −

D̂v

ϵ2
∇⊥ϕv

)
+

∂

∂z

(
wϕv − D̂v

∂ϕv

∂z

)
= 0, (7.18)

κ̂

Re

∂ϕp

∂t
+∇⊥ ·

(
u⊥ϕp −

D̂p

ϵ2
∇⊥ϕp

)
+

∂

∂z

(
wϕp − D̂p

∂ϕp

∂z

)
= 0. (7.19)

Here, the dimensionless VWF platelet binding rate is κ̂ = l2κϕpiρ/µ. The ratio κ̂/Re

is equal to the inverse Damköhler number where Da = U/κϕpil is the ratio of the

timescale of platelet deposition to the timescale of fluid advection as in Chapter 6.

This appears with the time derivatives in (7.18) and (7.19) since we have nondi-

mensionalised on the timescale of platelet deposition. The dimensionless diffusion

coefficients in Eq. (7.18) and (7.19), denoted with hats to highlight their difference

from the dimensional Brownian coefficients, are defined as follows:

D̂v =

(
1

Pev
+

γ̇

ϵPesh

)
and D̂p =

(
1

Pep
+

γ̇

ϵPesh

)
. (7.20)

Here we define the Brownian Péclet numbers for VWF and platelets as Pev = Ul/Dv

and Pep = Ul/Dp, respectively. The Péclet numbers are the ratio of fluid advection

to the Brownian diffusion of the species. The shear Péclet number, which is equal for

both species, is defined as Pesh = l2/ksh and represents the squared ratio of the pipe

width to the lengthscale over which cells are pushed by collisions with RBCs.

Finally, in three dimensions, the configuration tensor has six unique components

and is defined as follows:

A =

Axx Axy Axz

Axy Ayy Ayz

Axz Ayz Azz

 . (7.21)
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Using this definition of A, the dimensionless steady FENE-P equations in V are

u ·∇Axx − 2Axx
∂u

∂x
− 2Axy

∂u

∂y
− 2ϵAxz

∂u

∂z
= −(fAxx − a)

ξReτ̂(γ̇)
, (7.22)

u ·∇Ayy − 2Axy
∂v

∂x
− 2Ayy

∂v

∂y
− ϵAyz

∂v

∂z
= −(fAyy − a)

ξReτ̂(γ̇)
, (7.23)

u ·∇Azz −
2Axz

ϵ

∂w

∂x
− 2Ayz

ϵ

∂w

∂y
− 2Azz

∂w

∂z
= −(fAzz − a)

ξReτ̂(γ̇)
, (7.24)

u ·∇Axy − Axx
∂v

∂x
− Axy

∂v

∂y
− ϵAxz

∂v

∂z
− Axy

∂u

∂x
− Ayy

∂u

∂y
− ϵAyz

∂u

∂z
= − fAxy

ξReτ̂(γ̇)
,

(7.25)

u ·∇Ayz −
Axy

ϵ

∂w

∂x
− Ayy

ϵ

∂w

∂y
− Ayz

∂w

∂z
− Axz

∂v

∂x
− Ayz

∂v

∂y
− ϵAzz

∂v

∂z
= − fAyz

ξReτ̂(γ̇)
,

(7.26)

u ·∇Axz −
Axx

ϵ

∂w

∂x
− Axy

ϵ

∂w

∂y
− Axz

∂w

∂z
− Axz

∂u

∂x
− Ayz

∂u

∂y
− ϵAzz

∂u

∂z
= − fAxz

ξReτ̂(γ̇)
.

(7.27)

Here, ξ = αµ/l2ρ is the ratio of protein properties to fluid properties. When multiplied

by the Reynolds number, ξRe is known as the Deborah number De = Uα/l and

represents the ratio of the timescales of protein relaxation to fluid advection. The

FENE-P function is f(A) = L2/(L2−Tr(A)) and a = L2/(L2−3). The dimensionless

relaxation time is defined by

τ̂(γ̇) =
1

2

(
tanh

(
β̂Re

(
γ̇

ϵ
− γ̂∗

Re

))
+ 1

)
+ δ, (7.28)

where β̂ = βµ/l2ρ and γ̂∗ = γ∗ρl2/µ are the dimensionless relaxation time parame-

ters and δ remains unchanged as it is dimensionless in our original definition of the

relaxation time (5.50).

The dimensionless bound VWF equation, which holds on S⊥ for all z, is one of

∂ϕvb

∂t
=


σvEϕvϕpb, (7.29a)

σvLϕvϕpb, (7.29b)

σvLϕvϕpb

(
1− ϕvb

ϕpb

)
, (7.29c)

for the three cases of binding dynamics we consider in this chapter. Here, σv = ϕvi/ϕpi

is the ratio of the VWF inlet concentration to the platelet inlet concentration. Like-

wise, the bound platelet equation on, S⊥ for all z, is one of

∂ϕpb

∂t
=


Eϕpϕvb, (7.30a)

Lϕpϕvb, (7.30b)

Lϕpϕvb

(
1− ϕpb

Lϕvb

)
. (7.30c)
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The dimensionless boundary and initial conditions are

p = 0, u = 0, v = 0,
∂ϕp

∂z
= 0,

∂ϕv

∂z
= 0 at z = 1, (7.31)

u = 0, v = 0, w = 0 on S⊥ ∀ z, (7.32)

ϕv = 1, ϕp = 1, u = 0, v = 0, w = w∗(x, y) at z = −1, (7.33)

where in (7.33) w∗ is defined so that we have unit flux at the inlet:∫∫
V⊥

w∗(x, y) dxdy = 1. (7.34)

The dimensionless flux of free VWF onto the pipe walls S⊥ for all z is given by

Dv∇ϕv · n̂ =



−σb
κ̂

Re
Eϕvϕpb, (7.35a)

−σb
κ̂

Re
Lϕvϕpb, (7.35b)

−σb
κ̂

Re
Lϕvϕpb

(
1− ϕvb

ϕpb

)
. (7.35c)

Here, σb = ϕvbi/ϕpil is the ratio of the initial bound VWF concentration to the inlet

concentration of platelets and we have incorporated the fact that u = 0 on S⊥.

Similarly, the dimensionless flux of free platelets onto the pipe walls is given by

D̂p∇ϕp · n̂ =



−σb
κ̂

Re
Eϕpϕvb, (7.36a)

−σb
κ̂

Re
Lϕpϕvb, (7.36b)

−σb
κ̂

Re
Lϕpϕvb

(
1− ϕpb

Lϕvb

)
. (7.36c)

The initial conditions for the system at t = 0 are

ϕv = 1, ϕp = 1, ϕvb = 1, ϕpb = 0. (7.37)

We can now contrast this dimensionless model under the lubrication scaling with

the dimensionless model we analysed in Chapter 6. Firstly, in the Navier-Stokes

equations (7.13) - (7.16), inertial terms are now premultiplied by the reduced Reynolds

number ϵ2Re, demonstrating that the small aspect ratio of the device demotes inertia

compared to the arterial-scale device. In the equations for the free VWF and platelet

concentrations, (7.18) and (7.19), diffusive effects in the cross-section are promoted

compared to in Chapter 6. In the FENE-P equations, (7.22) - (7.27), since the axial

velocity is larger than the cross-sectional fluid velocities, the key fluid gradients which
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deform the protein are the cross-sectional gradients of the axial velocity. Furthermore,

the cross-sectional gradients of the axial velocity are an order of magnitude larger

than the convective forces in (7.22) - (7.27). Hence, in this device, the VWF protein

extension is dominated by the fluid extension forces rather than advection.

7.4.2 Integrated transport equations

We will analyse the free VWF and platelet transport equations (7.18) and (7.19) in

the small, reduced shear Péclet number regime so we anticipate that the leading-

order concentrations will be functions of z only. Hence, we now derive a conservation

equation for the free VWF and platelet which will be used to determine their leading

order concentrations. We detail this for the platelet transport equation only for

brevity. We first integrate the transport equation (7.19) over the cross-section of the

pipe V⊥, giving

κ̂

Re

∂

∂t

∫ 1

−1

∫ s

−s

ϕp dxdy +

∫ 1

−1

∫ s

−s

∇⊥ ·
(
u⊥ϕp −

D̂p

ϵ2
∇⊥ϕp

)
dxdy

+
∂

∂z

∫ 1

−1

∫ s

−s

(
wϕp − D̂p

∂ϕp

∂z

)
dxdy − ∂s

∂z

∫ 1

−1

[
D̂p

∂ϕp

∂z

]s
−s

dy = 0, (7.38)

where we have used Leibniz’ integral rule to exchange integration with the axial and

time derivatives which produces the final term in (7.38). We directly integrate the

second double integral in (7.38), rather than using the divergence theorem, since the

normal to V⊥ is not equal to the normal to the three dimensional surface of the

microfluidic device which is defined

n =

±j on y = ±1,

±
(
i− ϵ

∂s

∂s
k

)
on x = ±s,

(7.39)

which has magnitude

|n| =


1 on y = ±1,(
1 + ϵ2

(
∂s

∂z

)2
)1/2

on x = ±s,
(7.40)
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such that the outward unit normal to the pipe is defined n̂ = n/|n|. Evaluating the

second double integral in (7.38) we have

κ̂

Re

∂

∂t

∫ 1

−1

∫ s

−s

ϕp dxdy +
∂

∂z

∫ 1

−1

∫ s

−s

(
wϕp − D̂p

∂ϕp

∂z

)
dxdy

+

∫ 1

−1

[
−D̂p

ϵ2
∇⊥ϕp +

∂s

∂z
D̂p

∂ϕp

∂z

]s
−s

dy +

∫ s

−s

[
−D̂p

ϵ2
∇⊥ϕp

]1
−1

dx = 0. (7.41)

The integrands in (7.41) are equal to the flux into the pipe surface multiplied by

|n|/ϵ, hence applying the flux boundary condition (7.35a), we have

κ̂

Re

∂

∂t

∫ 1

−1

∫ s

−s

ϕp dxdy +
∂

∂z

∫ 1

−1

∫ s

−s

(
wϕp − D̂p

∂ϕp

∂z

)
dxdy

= −ϵ|n|σb
κ̂

Re

∫
S⊥

Eϕvϕpb dS. (7.42)

and similarly for the free VWF concentration we have

κ̂

Re

∂

∂t

∫ 1

−1

∫ s

−s

ϕv dxdy +
∂

∂z

∫ 1

−1

∫ s

−s

(
wϕv − D̂v

∂ϕv

∂z

)
dxdy

= −ϵ|n|σb
κ̂

Re

∫
S⊥

Eϕpϕvb dS, (7.43)

which we have derived from (7.18) using boundary condition (7.36a). We now examine

the values of the model parameters in this lubrication regime.

7.5 Parameter values

The dimensionless parameters for the device geometry and the fluid flow, their def-

initions, and their values in the microfluidic in vitro setup are shown in Table 7.3.

We also list the order of these values in the in vitro setup compared to ϵ. It is useful

to define the reduced Brownian Péclet numbers for VWF and platelets as ϵ2Pev and

ϵ2Pep which determine the strength of axial advection to cross-sectional diffusion.

The reduced shear Péclet number is ϵ3Pesh, where the additional power of ϵ arises

from the scaling of the shear rate.

The reduced Brownian Péclet numbers are both large, of O(ϵ−2), which demon-

strates that Brownian diffusion is subdominant to fluid transport. The reduced shear

Péclet number is 11.1, which is also large but smaller than the Brownian Péclet

numbers. This suggests that in the microfluidic system, the transport of platelets

and VWF is dominated by fluid advection with platelets and VWF accumulating in
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a diffusive boundary layer on the pipe walls. Analysing this boundary layer would

require solving a lubrication-type problem at higher-order to determine the velocity

components in all three dimensions. This would then be coupled to a two-dimensional

boundary layer problem on all the walls of the domain for the concentration of free

platelets and VWF. As a result, this regime would be more computationally complex

than the full scale arterial simulations carried out in Chapter 6.

However, if the aspect ratio of the pipe were reduced by a third, then the reduced

shear Péclet number would be small. The small reduced shear Péclet number limit

is significantly more tractable and we are able to develop a reduced, one dimensional

model. Since we are close to this regime experimentally, we choose to examine the

regime where ϵ3Pesh = O(ϵ). Hence, we define Pesh = ϵ−2Pe0 and take Pe0 = O(1).

In this analysis, we take the orders of all other geometry and flow parameters to be

as close to their orders in the in vitro setup as possible. We list our assumptions of

the parameter orders in the last column of Table 4.1. Following these scalings, we

define the scaled Reynolds number Re = ϵ−1Re0 where Re0 is of O(1).

The six unknown dimensionless parameters are listed in Table 7.4. To balance

elastic forces on the right-hand side of (7.22) - (7.27) with fluid shear forces on the

left-hand side, we assume that ξ = O(ϵ2). We scale the VWF unfolding rate such that

γ̂∗ is ofO(ϵ−1) to balance our scaling of the shear rate. We assume all other parameters

are of O(1). This is a valid assumption for the VWF extensibility parameter L since

in vitro, VWF has been observed to extend to up 20 times its original length, which

is of O(1) [98]. Since we have scaled the Reynolds number with ϵ−1, the timescale of

platelet-VWF binding is longer than the timescale of fluid advection such that κ̂/Re

is of O(ϵ). The assumed order of all model parameters is listed in Table 7.4.

We proceed by determining the leading-order system as ϵ → 0. We derive this

system using the binding rates proportional to VWF extension as the other cases

can be readily recovered from this one, by inserting the alternative binding models

defined in (7.6c) and (7.6b) into the leading-order, integrated conservation equation

free platelets and PDE for bound platelet deposition, which we derive in Section 7.6.2.
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Name Param. Def. Val. in vitro In model

Aspect Ratio ϵ h/l 3.1× 10−3 O(ϵ)

Reduced Reynolds ϵ2Re h2Uρ/lµ 0.33 O(ϵ)

Reduced shear Péclet ϵ3Pesh h3/lksh 11.1 O(ϵ)∗

Reduced VWF

Brownian Péclet
ϵ2Pev Uh2/lDv 5.9× 105 O(ϵ−2)

Reduced Platelet

Brownian Péclet
ϵ2Pep Uh2/lDp 1.85× 106 O(ϵ−2)

Inlet conc. ratio σv ϕvi/ϕpi 2.1× 10−3 O(ϵ)

Stenosis length l̂1 l1/l 0.23 O(1)

Tapering length l̂2 l2/l 0.08 O(1)

Minimum width d̂2 d2/h 10 O(1)

Maximum width d̂1 d1/h 1 O(1)

Table 7.3: Known dimensionless parameters for the model using values from the
microfluidic in vitro setup in Table 7.1 and blood shown in Table 7.2. In the last
column we list the assumed order of the parameters in the model. These are as close
as possible to the in vitro parameters, except for the reduced shear Péclet number,
marked with a star, which is reduced.

Name Param. Def. In model

VWF relaxation parameter ξ αµ/l2ρ O(ϵ2)

VWF unfolding threshold γ̂∗ γ∗l2ρ/µ O(ϵ−1)

VWF-platelet binding rate κ̂ κϕpil
2ρ/µ O(1)

VWF extension parameter β̂ βµ/l2ρ O(1)

VWF maximum extension L - O(1)

VWF small relaxation time δ - O(1)

Bound VWF concentration ratio σb ϕvbi/lϕpi O(1)

Table 7.4: Unknown model parameters, their definitions relative to dimensional equiv-
alents and the assumptions about their order.

7.6 Leading-order model

We now determine the leading-order dynamics of the system using the assumptions

on fluid transport equations listed in Tables 7.3 and VWF and platelet binding pa-

rameters in Table 7.4.
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7.6.1 Fluid flow

First, we consider the fluid mechanics, recalling that the reduced Reynolds number

is small. We expand the fluid variables such that u ∼ u0, v ∼ v0, w ∼ w0, p ∼ p0, as

ϵ→ 0, then using this expansion in Eqs. (7.13) - (7.16), the leading-order flow system

reduces to the standard lubrication equations for slow flow in the domain V , namely

∂u0
∂x

+
∂v0
∂y

+
∂w0

∂z
= 0, (7.44)

∂p0
∂x

=0, (7.45)

∂p0
∂y

=0, (7.46)

∂2w0

∂x2
+
∂2w0

∂y2
=
∂p0
∂z

. (7.47)

The boundary conditions on the walls of the pipe S⊥, (7.32), become

u0 = 0, v0 = 0, w0 = 0 on S⊥ ∀z. (7.48)

By (7.45) and (7.46), the pressure is independent of the cross-sectional coordinates,

and we can solve Eq. (7.47) using a cosine series expansion. We suppose that w0 has

a solution of the form

w0(x, y, z) =
∞∑

n>0, odd

An(y, z) cos
(nπx

2s

)
, (7.49)

so that w0 already satisfies w0 = 0 on x = ±s. Inserting Eq. (7.49) into (7.47), we

have

∞∑
n>0, odd

cos
(nπx

2s

)[d2An

dy2
−
(nπ
2s

)2
An

]
=
∂p0
∂z

, (7.50)

where we require An = 0 on y = ±1 to satisfy the no-flux boundary condition (7.48).

We thus obtain the following solution for the leading-order axial flow:

w0(x, y, z) =
16s2

π3

∂p0
∂z

∞∑
n>0, odd

(−1)(n−1)/2

n3
cos
(nπx

2s

)(cosh(nπy/2s)

cosh(nπ/2s)
− 1

)
. (7.51)

We note that the terms in the solution (7.51) converge faster than the standard double

cosine eigenfunction solution to (7.47) in a rectangle which converges ∼ n2 as n→ ∞.

To determine the leading-order axial pressure gradient, we integrate the continuity

equation (7.44) in the cross-section of the pipe V⊥. Since the cross-sectional flow

144



vanishes on the boundary, we deduce that the flux is constant in the pipe and equal

to the inlet unit flux defined in (7.34). Hence,∫∫
V⊥

w0 dxdy = 1. (7.52)

We can then insert our solution for w0 into Eq. (7.52), giving the following expression

for the axial pressure gradient:

∂p0
∂z

128s3

π5

∞∑
n>0, odd

1

n5

(
2s tanh

(nπ
2s

)
− nπ

)
= 1. (7.53)

This determines the leading-order axial flow as a function of pipe width s and the

cross-sectional coordinates. We now proceed by examining the transport of free VWF

and platelets.

7.6.2 Free species transport

To determine the leading-order VWF and platelet system we examine the size of the

Péclet numbers. Since the reduced Brownian Péclet numbers are of O(ϵ−2), Brownian

motion for both species is considerably weaker than fluid advection. We have assumed

that the reduced shear Péclet number is of O(ϵ), hence the cross-sectional shear-

induced diffusion dominates over axial advection.

We expand the free and bound species concentrations as follows:

(ϕv, ϕp, ϕpb, ϕvb) ∼ (ϕv0, ϕp0, ϕpb0, ϕvb0) as ϵ→ 0. (7.54)

Inserting these expansions into Eq. (7.18) and (7.19), we find that at leading-order

diffusion dominates in the cross-section, which gives the following system:

∇⊥ · (γ̇0∇⊥ϕv0) = 0, (7.55)

∇⊥ · (γ̇0∇⊥ϕp0) = 0, (7.56)

where the leading-order shear rate γ̇0 depends only on the leading-order axial velocity

through the expression

γ̇0 =

√(
∂w0

∂x

)2

+

(
∂w0

∂y

)2

. (7.57)
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Since we have scaled the Reynolds number with ϵ, the flux of free species on the

walls in (7.35a) and (7.36a) are now proportional to ϵσbκ̂/Re0. Hence, at leading-

order, we have no diffusive flux on the walls of the domain, obtaining instead homo-

geneous Neumann boundary conditions on S⊥(z) for all z:

∇⊥ϕv0 · n̂ = 0 on S⊥, (7.58)

∇⊥ϕp0 · n̂ = 0 on S⊥. (7.59)

The shear rate becomes O(ϵ) in the centre of the pipe, |x⊥| < ϵ. However, diffusive

terms are promoted by O(ϵ−2). Hence, diffusive forces still dominate the dynamics

in this region. This results in leading-order concentration solutions ϕp0(z) and ϕv0(z)

that are independent of the cross-sectional coordinates x and y throughout the pipe.

We now insert the expansions for ϕv and ϕp into the conservation equations (7.42)

and (7.43). We note that the axial shear diffusion is of O(ϵ) so that it is subdominant

to fluid advection. Hence the leading-order conservation equations, in z = [−1, 1],

are

∂

∂z

(
ϕv0

∫∫
V⊥

w0 dxdy

)
+
κ̂σbϕv0

Re0

∫
S⊥

E0ϕpb0 dS = 0, (7.60)

∂

∂z

(
ϕp0

∫∫
V⊥

w0 dxdy

)
+
κ̂σbϕp0

Re0

∫
S⊥

E0ϕvb0 dS = 0, (7.61)

where E0 is the leading-order VWF extension and the normal metric |n| is not present
as at leading-order the normal to x = ±s is equal to ±i. Using the flux conservation

result (7.52) we have

∂ϕv0

∂z
+
κ̂σbϕv0

Re0

∫
S⊥

E0ϕpb0dS = 0, (7.62)

∂ϕp0

∂z
+
κ̂σbϕp0

Re0

∫
S⊥

E0ϕvb0 dS = 0. (7.63)

These are coupled to the leading-order versions of (7.29a) and (7.30a), namely

∂ϕvb0

∂t
= 0, (7.64)

∂ϕpb0

∂t
= E0ϕp0ϕvb0, (7.65)

which hold on S⊥, where the right-hand side of (7.64) is equal to zero because σv =

O(ϵ). Hence on this timescale bound VWF remains at its initial values: ϕvb0 = 1,

and the solution for the free VWF concentration, determined by (7.62), decouples

from the remaining system for the free and bound platelet concentrations. Hence we
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do not need to solve for ϕv0 to determine the bound platelet deposition. The system

consisting of (7.62) - (7.63) on z = [−1, 1] and (7.64) - (7.65) on S⊥ has boundary

and initial conditions

ϕp0 = 1 at z = −1, (7.66)

ϕpb0 = 0 at t = 0. (7.67)

We then determine an analytical expression for the free platelet concentration to

be given by

ϕp0(z) = exp

(
− κ̂σb
Re0

∫ z

−1

∫
S⊥(ẑ)

E0 dSdẑ
)
. (7.68)

We note that the free platelet concentration is steady since the bound VWF concen-

tration does not change on this timescale. Hence, it remains to solve a single PDE

for the bound platelet concentration at each location on the wall S⊥(z), namely

∂ϕpb0

∂t
= E0ϕp0 = E0 exp

(
− κ̂σb
Re0

∫ z

−1

∫
S⊥(ẑ)

E0 dSdẑ
)
. (7.69)

We now examine the VWF extension dynamics to determine E0.

7.6.3 VWF extension

We now determine the leading-order balance in the FENE-P equations (7.22) - (7.27).

We recall that we selected the parameters in the shear-dependent relaxation time,

(7.28), so that at high shear, the elastic forces in the FENE-P equations (7.22) - (7.27)

balance with the shear forces. This led to the assumption, detailed in Section 7.5,

that ξRe = O(ϵ) and the definition ξ = ϵ2ξ0. Furthermore, since we assumed that

the VWF extensibility parameter L, which determines the maximum length of VWF,

is of O(1), we assume that the components of the configuration tensor also remain

O(1). Hence, expanding the configuration tensor A ∼ A0 as ϵ → 0, the FENE-P

equations, (7.22) - (7.27), reduce at leading-order to an algebraic system as follows

fAxx,0 = a, (7.70)

fAyy,0 = a, (7.71)

2Axz,0
∂w0

∂x
+ 2Ayz,0

∂w0

∂y
=
fAzz,0 − a

ξ0Re0τ̂(γ̇)
, (7.72)

Ayy,0
∂w0

∂y
=

fAyz,0

ξ0Re0τ̂(γ̇)
, (7.73)

Axx,0
∂w0

∂x
=

fAxz,0

ξ0Re0τ̂(γ̇)
, (7.74)

Axy,0 = 0, (7.75)
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where a = L2/(L2 − 3) and f = L2/(Azz,0 + Ayy,0 + Axx,0 − L2). We define the

leading-order protein length as

L0 =

√
Axx,0 + Ayy,0 + Azz,0√

3
, (7.76)

and the corresponding leading-order extension by E0 = L0 − 1. In this thin-film

regime, the transport of the proteins is subdominant to extension so the proteins

respond instantaneously to the changing fluid shear forces as they move through the

pipe. Since the largest components of fluid shear are gradients of the axial flow in

the cross-sectional directions, these are the only components which alter the VWF

length and alignment at leading-order.

We can further interpret the leading-order system, (7.70) - (7.74), as follows. The

proteins are sheared in the axial direction shown in Eqs. (7.72) - (7.74). This will

cause an increase in their length and in the alignment of the proteins with the z-axis.

In order to maintain the length of the protein below L, the protein will contract in the

x- and y- direction as shown by Eqs. (7.70) and (7.71). By (7.75), Axy,0 = 0, which

demonstrates that the protein alignment is randomly distributed in the (x, y) planes.

From (7.70) and (7.71), the proteins contract equally in both x- and y- directions to

maintain their length. This arises because we scaled both cross-sectional directions

with ϵ.

It is interesting to note here the reduction of the FENE-P equations from a system

of PDEs to an algebraic system arises because there is no diffusion in the FENE-

P equation and advection is subdominant to fluid extension forces on the protein.

Furthermore, since we only require the value of the leading-order VWF extension E0
on the walls of the pipe to determine how free platelets deposit using (7.69), we can

solve (7.70) - (7.74) only on S⊥.

To summarise, the leading-order system consists of the analytic expressions for

the axial fluid flow w0, (7.51), and pressure p0, (7.53), and an algebraic system of five

equations for the VWF configuration tensor A0 : (7.70) - (7.74). The VWF length L0

and extension E0 can then be determined by (7.76). We have an algebraic equation

for the concentration of free platelets at each axial position in the pipe z = [−1, 1],

given by (7.68), which is coupled to a PDE which determines the bound platelet

concentration at each point on the pipe walls S⊥, given by (7.69).

This system is significantly less complex than the original system of PDEs and

can be readily solved numerically. We note that since the series solution for the axial

flow is even in x and y and since s(z) is even in z, the axial flow downstream of
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the stenosis is equal to the flow upstream. Since the flow is even in all coordinates,

the VWF extension is also even in x, y and z. Furthermore, since free platelets can

deposit on all walls of the domain, (7.69) can be solved in a quarter of the domain

x > 0, y > 0. We now present our numerical method for solving the coupled system.

7.6.4 Numerical solution

The leading-order model can be solved sequentially in x > 0, y > 0. We first evaluate

the fluid solution, (7.51) and (7.53), then the VWF extension, (7.70) - (7.75), and

then solve the platelet equations, (7.68) and (7.69).

We take the first 300 components of the series solution for the axial velocity and

pressure, (7.51) and (7.53). As described in Appendix B.4, each term in the series

solution for the axial velocity decays as O(n−3) as n → ∞, this results in an 0.27%

error and an 0.014% error in the maximum values of ∂w0/∂x and ∂w0/∂y respectively

when compared to truncating the series at 5000 terms.

We solve the FENE-P equations, (7.70) - (7.75), on the walls of the domain

only since this is the only location where we need the solution to determine platelet

deposition. We can simplify the system since ∂w0/∂x = 0 on the base of the domain

and similarly ∂w0/∂y = 0 on the side walls of the domain. We then formulate the

remaining system as a polynomial for Azz,0, which we solve using roots in MATLAB,

taking the only real solution. We validate this solution by noting that as L→ ∞ the

FENE-P model reduces to the Oldroyd-B system which can be solved analytically.

As described in Appendix B.4, our solution to the FENE-P model, (7.70) - (7.75),

tends to this analytical solution as L→ ∞.

The free platelet solution, (7.69), is evaluated using numerical quadrature em-

ploying the MATLAB function trapz. We use 500 grid points to discretise the x- and

y-dimensions and 1000 grid points in the z-dimension. We confirm that the quadra-

ture achieves the known convergence of the trapezoidal rule in Appendix B.4. We

solve the PDE for the bound platelets, (7.68), using MATLAB integrator ode45 with

absolute tolerance 10−6 and relative tolerance 10−3, which are the default values. We

examine the effect of varying these in Appendix B.4 but conclude that these values are

sufficient as they give an error in the bound platelet concentration of 10−4 at t = 21

compared to using an absolute tolerance of 10−8 and relative tolerance of 10−5.

The plan for the remainder of this chapter is as follows. In Section 7.7, we solve

the model numerically for the binding dynamics proportional to VWF extension using

the VWF unfolding parameters from Chapter 5, defined in Table 7.5, and all other

parameters as in Table 7.3. We fix the initial bound VWF concentration such that
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Name Param. Def. (if reduced) Values

Reynolds Number Re0 Re/ϵ 1.8− 47

Stenosis length l̂1 - 0.23

Tapering length l̂2 - 0.1 - 0.4

Minimum width d̂2 - 10

Maximum width d̂1 - 1

VWF relaxation parameter ξ0 ξ/ϵ2 725

VWF extension threshold γ̂∗0 γ̂∗ϵ 16.9

VWF platelet binding rate κ̂ - 0.01− 3.2

VWF extension parameter β̂ - 3.8× 10−4

VWF maximum extension L - 16

Initial VWF concentration σb - 1

VWF small relaxation time δ - 10−2

Table 7.5: Model parameters and definitions relative to dimensional equivalents. We
use values selected in Chapters 5 and 6 for the VWF unfolding parameters.

σb = 1 and then we vary the binding rate κ̂ from 0.1 to 3.2. We explore how the

microfluidic device geometry and Reynolds number affect the VWF dynamics and

platelet deposition in Section 7.8. In Section 7.9, we then examine how these results

change when the different binding models are used. In Section 7.10 we then determine

how in vitro data of VWF behaviour and thrombosis could be used to parameterise

the model in the future.

7.7 Typical numerical results

Figure 7.7a - d shows the leading-order model solution with x- and y- directions

scaled by ϵ to allow for easy comparison with Fig. 7.1. Figure 7.7a shows the leading-

order prediction for the wall shear rate according to the analytical axial fluid solution

(7.51), which illustrates that the wall shear rate is ten times larger in the stenosis

than upstream. Fig. 7.7b shows the resulting VWF extension. The protein extends

up to E0 = 7 in the stenosis where the shear rate is high, and remains globular,

corresponding to E0 = 0, in the upstream and downstream regions of the pipe. We

note that this differs from our previous examination of VWF dynamics in Chapter 6

in which advection transported extended proteins downstream of the stenosis.

The free platelets are shown in Fig. 7.7c at t = 1. The free platelet concentration

is not reduced upstream of the stenosis as there is no deposition in this region. The
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free platelet concentration then decreases up to 0.75 across the stenosis. The bound

platelets on the wall of the domain at t = 1 are shown in Fig.7.7d. At this binding rate,

the deposition follows the VWF extension pattern very closely with platelets deposited

where VWF is extended but with more deposition at the start of the stenosis.

The time-dependent dynamics are shown in Fig. 7.8. We plot the average bound

platelet concentration ϕ̄pb0 defined as

ϕ̄pb0 =

∫∫
V⊥

ϕpb0 dxdy. (7.77)

As discussed above for t = 1, bound platelets as shown in Fig. 7.8a deposit only where

VWF is extended inside the narrowest part of the stenosis, marked with dashed lines,

with slightly more deposited at the start of the stenosis. In Fig. 7.8b, the free platelet

concentration in the pipe is steady as was noted in Section 7.6.2.

7.8 Thrombosis dependence on Reynolds number

and geometry

We now explore how the Reynolds number and stenosis geometry alter the deposition

patterns in the lubrication regime. In Fig. 7.9a we vary the scaled Reynolds number,

Re0 from 1.8 to 47, examining the bound platelet deposition which occurs at t = 1 in

all cases. In the microfluidic device Re0 = 37.8. We can see that as Re increases, more

platelets are deposited and further upstream as the maximum shear rate increases in

the pipe and the proteins unfold more.

In Fig. 7.9b we vary the stenosis angle, where a smaller value of l̂2 corresponds

to a steeper stenosis. In this lubrication regime, decreasing stenosis angle does not

increase the maximum shear rate in the pipe, instead the gradient of the shear rate

in the axial distance increases. This is reflected in the average bound platelet con-

centrations shown in Fig. 7.9b, where for steeper stenosis the platelets are deposited

further downstream but approximately the same amount of platelets are deposited in

the centre of the stenosis for z > −0.2.

7.9 Exploration of binding models

We now explore how bound platelet deposition varies spatially and temporally when

we consider the alternative binding models defined in Eqs. (7.30b) and (7.30c) while

varying the binding rate κ̂. We obtain the leading-order model for alternative binding

models, defined in (7.30b) and (7.30c), by modifying the right-hand side of (7.68) and
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Figure 7.7: Solution of leading-order lubrication model, shown with x- and y- di-
rections scaled by ϵ to allow for easy comparison with Fig. 7.1. (a) Wall shear rate
is ten times higher in the stenosis than upstream. (b) VWF reaches its maximum
extension E0 = 7 in the centre of the stenosis. The extension is symmetric around
z = 0. (c) Free platelet concentration is shown at t = 1. The concentration is inde-
pendent of cross-sectional coordinates and only reduces in the stenosis where binding
occurs. (d) Bound platelet concentration at t = 1. Platelets deposit where VWF is
extended, with more platelets deposited at the upstream edge of the stenosis. We
have Re0 = 37.8, κ̂ = 1, all other parameters are shown in Table 7.5.
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Figure 7.8: (a) The average bound platelet and (b) free platelet concentrations over
time. The edge of the narrowest part of the domain is shown by the black dashed
lines. Line colour defines the time of the solution according to the colour bar. Bound
platelets accumulate where VWF is extended and more platelets are deposited at the
upstream edge of the stenosis. Free platelet concentration reduces only inside the
stenosis. At later times there are fewer free platelets as more are deposited. We have
Re0 = 37.8, κ̂ = 1, all other parameters are shown in Table 7.5.

(7.69). This is motivated by our in vitro data demonstrating that a small number of

platelets are deposited outside of the stenosis region. Since we nondimensionalised on

the timescale of platelet deposition to compare different binding rates, we consider

deposition up to t = 2κ̂ which is a fixed dimensional time period (which was selected

to show saturation in Fig. 7.10c).

In the previous section we considered the dynamics where platelets bind propor-

tional to VWF extension E with a binding rate κ̂ = 1. We now consider κ̂ ranging

from 0.01 to 3.2 for all the binding models. In Fig. 7.10a, binding proportional to

VWF extension is shown for increasing binding rate. As the binding rate increases,

the overall deposition increases. Furthermore, for κ̂ ≳ 2, the deposition is no longer

uniform across the stenosis and platelets are deposited more at the start of the steno-

sis (black dashed line). Fig. 7.10b shows deposition proportional to VWF length L
as defined in Eq. (7.30b). Since this allows platelets to deposit where L = 1, we see a
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(a) (b)

Figure 7.9: Average bound platelet concentration on the base obtained at t = 1.
(a) Increasing the scaled Reynolds number Re0 results in greater extension of VWF
and more platelet deposition. (b) Increasing the stenosis angle, which corresponds
to decreasing l̂2, results in platelet deposition further upstream as the wall shear
rate required to unfold VWF occurs further downstream. In the lubrication regime,
increasing the steepness does not increase the maximum shear rate, so all cases have
maxϕpb ≈ 6. In both cases we have κ̂ = 1 in (b) we have Re0 = 37.8, all other
parameters are shown in Table 7.5.

significant deposition of platelets upstream in z < −0.2. Upstream deposition results

in fewer platelets depositing in the stenosis region for larger values of κ̂, compared to

Fig. 7.10a, as available free platelets are used up by the upstream deposition.

Finally, in Fig. 7.10c we plot the bound platelet concentration when the saturating

binding model, defined in (7.6c), is used. In this case, binding is limited by the

available space on the existing bound VWF. Since we do not have deposition of

bound VWF in the leading-order model, this results in a maximum bound platelet

concentration of ϕpb0 = L. As the binding rate increases, the bound platelets reach

this level more rapidly. This is in contrast to Fig. 7.10a and 7.10b where the binding

is not limited to L
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Figure 7.10: Comparison of platelet deposition for three cases of binding dynamics.
We depict deposition at time t = 2κ̂ so that we consider the same dimensional time
period in each case. (a) Binding proportional to VWF extension E causes very large
deposition in the stenosis which increases with the binding rate. (b) Binding pro-
portional to VWF length L causes large deposition in the stenosis and upstream of
the stenosis where the proteins are globular. (c) Saturating binding proportional to
VWF extension L leads to deposition in which the maximum possible bound platelet
concentration is ϕpb = L which is obtained as κ̂→ 3.2. We have Re0 = 37.8, all other
parameters are shown in Table 7.5.

7.10 Parameterisation through numerical optimi-

sation

We recall that our model has seven unknown parameters: γ∗, β, α, L and δ, which

characterise VWF’s unfolding, as well as κ and ϕvbi, which determine the free platelet

deposition to VWF. In Sections 7.7 - 7.9, we used values of these parameters which

were qualitatively chosen in Chapters 5 and 6. In this section, we discuss how these

model parameters could be determined using experimental data.

At the start of this chapter we discussed two existing types of experimental data:

(i) VWF length at various shear rates which have been gathered by Lippok and

coauthors and (ii) thrombosis data from a microfluidic device provided by our collab-

orators. In Section 7.5, we determined that in the microfluidic device used to gather

thrombosis data, the reduced shear Péclet number for platelet transport is 11.1. In

155



this chapter, we analysed the model for the regime when the reduced shear Péclet

number ϵ2Pesh is of O(ϵ). Hence, we recall that the reduced model in Section 7.6

is outside of the regime of the experiments used to gather thrombosis data. In this

section, we discuss how model predictions can be compared to microfluidic data so

that this method can be applied when future experimental data is available in the

ϵ3Pesh = O(ϵ) regime.

In this section, we use Lippok et al. VWF experimental data to determine γ∗, β,

α, L, and δ. We then discuss how the microfluidic data could be used to find σb and κ̂.

We use the Lippok et al. experimental data since the Schneider et al. data sampled

a limited number of shear rates and did not show saturation. We recall Lippok et

al. estimated VWF cleavage as a function of the shear rate as

κcleave(γ̇) =
3.5× 10−3

1− exp((γ̇ − 5522)/1271)
nM/s. (7.78)

Since the proteins were sheared in combination with an enzyme which cleaves VWF

at an internal bond, usually hidden when the protein is globular, the authors assumed

that VWF cleavage was proportional to VWF length. We can define the relative ex-

tension predicted by the Lippok fitting at the shear rate γ̇i as Ẽ(γ̇i) = κcleave(γ̇i)/3.5× 10−3nM/s.

If we define the solution of the FENE-P equation in two-dimensional shear flow at γ̇i

as E(γi), we can define the mean error made to Lippok fitting as

ϵVWF =
1

N

N∑
i=1

|Ẽ(γ̇i)− E(γ̇i)|, (7.79)

where we use N discrete values of the shear rate between zero and γ̇ = 105. We

can then use a minimisation algorithm to minimise the error from a suitable initial

guess of the parameters. In this case, we estimate some of the initial parameters

comparing the Lippok fitting to the VWF relaxation time. This gives initial values of

β = 2/1271 and γ̇ = 5522. For the remaining parameters we use heuristic guesses at

the values we used in Chapter 6 as these produced physically realistic results: L = 16,

α = 9.3× 10−2, and δ = 10−4.

We can now seek a set of parameter values which minimise eVWF . We use the

gradient-based minimiser fmincon from MATLAB’s optimisation toolbox. This eval-

uates the minimisation from a single initial condition using the gradient of the mul-

tidimensional parameter space to select the next parameter values in an iterative

procedure. Since we have an estimate of several of the parameters, we expect the

minimum found with a single initial condition will approximate the Lippok extension

sufficiently. We will discuss alternative minimisation approaches in Section 7.11.
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Figure 7.11: Best fit of model VWF behaviour in shear flow to the empirical fitting
obtained by Lippok et al. [69]. We add the experimental data by Schneider et al. for
comparison; however, this is not used in the fitting [98]. (a) The relative extension of
VWF, (b) VWF length which is only available for the Schneider data set.

Using fmincon, we are able to obtain a minimum error ϵVWF = 0.078 which

corresponds to a mean error of 7.8%. In Fig. 7.11a, we show that the best fitting of the

relative extension of the FENE-P model obtains a good quantitative and qualitative

match to the Lippok fitting. This result also closely matches the relative extension

obtained by Schneider et al., marked by the red bars in Fig. 7.11a, and the length by

Schneider et al., shown in Fig. 7.11b.

Using these fitted VWF parameters, two unknown model parameters remain: the

VWF-platelet binding rate κ̂ and the relative initial concentration of VWF σb. We can

use the microfluidic data to estimate these parameters. We need to define the error

made relative to the in vitro microfluidic data. The binding rate primarily controls the

amount of bound platelets deposited at each time rather than the location at which

platelets bind. The latter is determined by the VWF extension. This motivates

focusing on matching the maximum value of bound platelets at each time. Hence, we
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can define an error metric as follows:

ϵp =
1

N

N∑
j=1

|max(ϕ̃pb(z, tj))− δp max(ϕpb(zi, tj))|
|max ϕ̃pb(z, tj)|

, (7.80)

where ϕ̃pb is the experimental data and δp is the parameter which converts bound

platelet concentration to platelet fluorescence. With a low-dimensional parameter

space, a grid search where one parameter is held fixed and the other parameter is

varied becomes tractable. As a representative example we fix σb = 1 and evaluate the

error for κ̂ ∈ [10−2, 102]. We note we cannot consider κ̂ > 102 as this would modify

the leading order flux boundary conditions for the free species concentrations defined

in (7.58) and (7.59). The minimum error we can obtain with this metric is ϵp1 = 0.09

(9% mean error), which is obtained using binding proportional to VWF extension.

The best value of the binding rate is κ̂ = 0.6, for which the model solution is shown

in Fig. 7.12b compared to the in vitro data in Fig. 7.12a.

The best fitting obtains a qualitatively similar shape to the microfluidic data,

and we are able to obtain a quantitatively similar maximum platelet deposition in

the stenosis. However, since we have binding proportional to VWF extension we do

not have any platelet depoition for z < −0.25. This qualitative match to the in

vitro data in the stenosis, is surprising since our analysis of the platelet transport

assumed a smaller value of the reduced Péclet number than in vitro. This is likely

because the VWF unfolding parameters have been determined accurately using the

Lippok et al. data which then allows us accurately capture the qualitative shape of

the deposition, despite the transport dynamics being in a slightly different regime.

7.11 Discussion

In this chapter, we analysed our model for the initial stages of high shear thrombosis

in a rectangular microfluidic stenosis geometry. We exploited the small aspect ratio

of the device and analysed the system using lubrication theory. The leading-order

reduced model consists of an analytical solution for the axial fluid velocity and pres-

sure gradient, an algebraic system of equations for the VWF extension, an analytical

expression for free platelets, and a single PDE which determines the bound platelet

concentration at each location on the walls. This is a significant reduction in model

complexity compared to the full model analysed in Chapter 6.

We used this reduced model to explore the effect of pipe geometry and Reynolds

number on VWF behaviour. In the lubrication limit, VWF advection is subdominant
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Figure 7.12: Comparison of the (a) in vitro microfluidic platelet deposition data to (b)
the best fitting obtained using binding proportional to VWF extension with κ̂ = 0.6.

to shear and elastic forces. Hence, VWF extension at the wall is determined by the

local fluid gradients at each point. Since the flow is symmetric in x, y and z, VWF

extension is also symmetric in all coordinates, and the region where VWF is extended

simply corresponds to the region of highest shear rate: the narrowest part of the pipe.

The shear rate increases in the pipe as the Reynolds number increases and the profile

of the shear rate is determined by the geometry of the pipe; for instance, steeper

stenoses have larger axial gradients in the shear rate.

We constructed a reduced model motivated by the need to determine VWF un-

folding parameters, the VWF platelet binding rate, and the initial concentration of

bound VWF. In this chapter, we presented the data gathered by our collaborators

on thrombosis in a microfluidic device. We analysed five experimental repeats of

thrombosis with a single flow rate and in a single geometry. Through image analysis,

we constructed average platelet fluorescence data sets for each repeat and determined

the first time when the clot in the device embolises. This allowed us to bound the

validity of the model comparison as we do not include clot growth in our model and

thus cannot examine dynamics close to embolism. In this chapter, we also examined

existing data for VWF dynamics in suspension, focusing on the data of Lippok et

al. for VWF cleavage in flow [69].

To parameterise the model we used the Lippok et al. data to determine five VWF

unfolding parameters: α, γ∗, β, δ and L by minimising the distance of the FENE-P

model solution in 2D shear flow to the empirical fitting. We obtained a good quantita-
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tive match to the Lippok et al. data for VWF extension and also obtains a reasonable

quantitative match to the smaller Schneider et al. dataset for VWF length. We then

presented a framework for determining the VWF binding rate κ̂ and initial bound

VWF concentration σb using microfluidic data. This could be done by comparing

the maximum value of platelet deposition over time. To test this framework, we

compared our model solution to the data even though we analysed the model for the

reduced Péclet number being small, whereas the experiments had a reduced Péclet

number of 11.1. We were able to achieve a qualitative match to the trend of platelet

deposition seen in vitro which is likely since the VWF parameters, which primarily

control deposition location in the stenosis, were accurately determined.

To accurately determine the remaining model parameters in the future, it would

be ideal to obtain a greater number of experimental microfluidic repeats. As reflected

in the large values of the standard deviation in the microfluidic data, the median

calculated from five experimental repeats is not an accurate depiction of the average

behaviour of thrombosis in this device. Furthermore, even with an accurate estimate

of average behaviour at a single flow rate, it would be beneficial to gather data on

thrombosis at different flow rates or in different device geometries. More data would

allow us to test the predictive capacity of the model with calibrated parameters.

Motivated by the trends in the microfluidic data, in this chapter we considered

two additional binding models for platelet deposition. Firstly, binding proportional

to VWF length, which allowed platelets to deposit in the upstream and downstream

regions of the pipe with significant accumulation at the inlet of the pipe. Secondly,

we considered a saturating form of binding. In this case, deposition was limited by

the available bind sites on bound VWF which we modelled as the product of VWF

length and bound VWF concentration, ϕvbL. This produced a small, uniform amount

of deposition in the inlet regions of the pipe, and deposition in the pipe stenosis was

limited to the maximum value of ϕvbL. We expect that in future analysis of this

model, the saturating binding will be best able to describe in vitro thrombosis data

as it is the only binding model which can produce a uniform thin layer of platelets in

the upstream region of the pipe.
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Chapter 8

Conclusion

We conclude this thesis by discussing the successes and limitations of the mathemati-

cal models we have developed and analysed. In addition we consider the insight they

can offer into the haemodynamic processes and some valuable extensions that could

be made to this work.

8.1 Summary of work

We have developed two mathematical models for the transport and deposition of

species in blood vessels: firstly the cell delivery model - a model for the delivery of

magnetically tagged stem cells under the action of an external magnet in a single

vessel and secondly the thrombosis model - a model for the initial stages of high-

shear thrombosis. Each model focuses on a different physiological process within

blood vessels. However, both follow a unified approach of considering the transport

dynamics of dilute species determined by interactions with red blood cells, the vessel

walls and the fluid flow. We used a combined analytical and numerical approach to

analyse these models. Large-scale simulations were used to gain insight into regimes

where analytical approaches were not possible. These simulations were complemented

with the use of lubrication theory which allowed us to develop reduced models more

amenable to rapid numerical solution and therefore more extensive parameter space

exploration.

In Chapter 2, we outlined the development of the cell delivery model. This model

extends the existing continuum models of nanoparticle delivery to focus on the capture

of cells [46, 92]. We modelled the accumulation of the cells on the channel wall through

the growth of a solid cell aggregate which eventually obstructs the flow in the channel.

The cell aggregate grows due to cell arrival, and cells are removed from the aggregate

by surface erosion and extravasation through the channel wall. Development and
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design of this model benefited from collaboration with researchers in regenerative

medicine at the University of Birmingham, notably Prof. Alicia El Haj. Their in vitro

work demonstrated that the efficacy of magnetic targeting is significantly reduced by

the presence of RBCs. In addition, they have found that the safety of the therapy

relies on the minimisation of unsafe aggregation of stem cells in vessels near the target

site. Therefore the key objective of Chapters 2 - 4 was to determine the effect of RBCs

on the stem cells and whether cell aggregation can be minimised.

In Chapter 3, we analysed the cell delivery model numerically using flow and

magnetic parameters from Prof. El Haj group’s in vitro setup. For the delivery of

a bolus of stem cells we found that initially cells are rapidly captured, then erosion

becomes significant as the aggregate obstructs the channel and finally the cells leave

the channel by extravasation. We demonstrated that the model is able to reproduce

trends shown in vitro: (i) fewer stem cells are captured when higher percentages of

RBCs are present; and (ii) increasing the magnetic field strength increases capture.

In this chapter we also outlined the importance of aggregate minimisation effects

namely: aggregate erosion and cell extravasation. The magnitude of these two effects

determines the level of occlusion present in the channel, which is a key aspect requiring

regulation to ensure the safety of the therapy.

Motivated by the need to explore the model parameter space more easily, in Chap-

ter 4, we considered the cell delivery model in regimes where the magnet radius is

much larger than the pipe diameter. This allowed us to analyse the system with lubri-

cation theory. We explored the model in two distinguished limits: when the reduced

Péclet number is small and when it is large. The latter case extends the work of

Richardson et al. [92], on the large Péclet number delivery of magnetic nanoparticles,

by including an evolving aggregate boundary. Using these reduced cell delivery mod-

els, in each regime we numerically established fittings which quantify the bounds on

safe magnetic field strengths which can be used for a given flow rate, erosion strength

and extravasation strength.

In the second half of this thesis we developed and analysed our thrombosis model.

In Chapter 5, we presented a model for the dynamics of shear-sensitive blood protein

VWF, which we modelled using a dilute limit of the viscoelastic fluid model FENE-P

with a modified relaxation time. This represents the first continuum model of the

protein VWF to mechanistically describe its behaviour in response to flow. The re-

sulting protein model was combined with a model for the initial stages of thrombosis

in a three dimensional pipe, which consists of advection-diffusion equations modelling
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the transport of platelets and VWF in blood and temporal partial differential equa-

tions that model the evolution of bound platelets and bound VWF on the pipe walls.

We followed the structure of the existing models of thrombosis, e.g. [105, 118], by

tracking the free and bound species, however our model did not include any growth

of the clot.

Our thrombosis model was developed in collaboration with Prof. Netanel Korin’s

Cardiovascular Laboratory at Technion. Existing treatments for arterial thrombosis

can damage areas of the vasculature outside the vessel with the clot which can cause

complications of excess internal bleeding. Our model aims to aid the development

of targeted methods of delivering drugs to clots, including shear-sensitive capsules

which allow the drugs to be delivered directly to the clot location. These methods

require an understanding of the location of clot formation and the interplay between

fluid flow, the protein VWF and platelets in diseased arteries.

Prof.Korin provided us with in vitro data of VWF deposition in an arterial-scale,

stenosed pipe and data of platelet deposition within a microfluidic device capable of

recreating arterial-level shear rates. These experiments and datasets motivated the

choice of model geometries in both Chapter 6 and 7. In Chapter 6, we analysed

our thrombosis model in an axisymmetric arterial-scale pipe. We matched the model

parameters as far as possible to the arterial experiments. Through numerical sim-

ulations we explored the dynamics of VWF and platelets in the complex flows that

occur in large devices at large Reynolds numbers. We demonstrated that the rate of

deposition of platelets is determined by the ratio of VWF length and Reynolds num-

ber. VWF length is a saturating function of the Reynolds number. We found that for

Re ≲ 350, VWF is globular and deposition is slow, then at Re ≈ 350, VWF extends

and the deposition rate increases, then for Re ≳ 350, VWF has reached its maximum

length and the deposition rate decreases as the fluid speed increases. We determined

that the deposition rate determines the deposition location, with platelet deposition

occurring further upstream when the rate is highest, at Re ≈ 350. In this chapter, we

increased the Péclet numbers associated with VWF and platelet transport to carry

out simulations using the finite element method.

In Chapter 7, we examined our thrombosis model in a rectangular microfluidic

geometry designed to match the device used to gather in vitro clotting data. We

used image analysis to obtain quantitative data of platelet deposition within the

rectangular device from five in vitro experimental repeats. We then analysed the

model using lubrication theory exploiting the small ratio between the device height

and its length. This allowed us to analytically determine the leading-order axial

163



flow and pressure gradient in the device. The FENE-P equations for VWF were

reduced to an algebraic system for the extension, demonstrating that the protein

responds instantaneously to the local flow in this regime. We then used existing data

of VWF dynamics to parameterise our modified FENE-P model, which produced a

good quantitative agreement to the experimental shear flow dynamics of the protein.

In this chapter we analysed the most tractable regime for the transport equations

of VWF and platelets, where the reduced Péclet number is small. This differs from

the regime of the microfluidic experiments where the reduced Péclet number is 11.1.

However analysing the simpler regime where the reduced Péclet number is small

allowed us to develop a method for comparing the microfluidic data to the model

predictions which could feasibly be used following future in vitro experiments

8.2 Future work

There are several possible extensions to the work in this thesis, either through further

analysis of the existing models, improvements in model parameterisation or through

the inclusion of extra physical effects into the models. We now summarise the key

extensions of each type in the following three subsections.

8.2.1 Further analysis

The main challenge we faced in the analysis of the models within this thesis was

that the Péclet numbers associated with the transport of dilute species in blood are

typically very large. To remedy this in Chapters 3 and 6 we artificially reduced the

size of the Péclet numbers to solve the models numerically. This will have likely

underestimated the amount of accumulation which occurs on pipe walls. In the

future, work could be done to adapt the finite element method schemes used in these

chapters to utilise discontinuous elements and thus solve PDEs which are close to

hyperbolic [34]. Alternatively, the trajectories of the cells or proteins could be solved

for using Lagrangian particle tracking using the numerical solutions of the fluid flow,

thus eliminating the need to study a large Péclet number advection-diffusion problem.

Asymptotic analysis is a powerful complementary approach to examine the bound-

ary layer which forms on the stenosis wall in Chapter 6. In this region, normal

diffusion would balance axial fluid transport, leading to a boundary layer problem

similar to the Graetz problem of flow over a heated plate. This would require a

semi-numerical solution as the fluid flow and FENE-P equations must still be solved

numerically. However, this approach would break down at the fluid stagnation point
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where the flow separates behind the stenosis. In this region, diffusion would be sig-

nificant in both axial and normal dimensions and the problem would again require a

full numerical solution, although over a much smaller domain than the full problem.

In Chapter 4, we used lubrication theory to analyse our cell delivery model in the

large Péclet number regime for one case of aggregate growth parameters. This led

to a boundary layer of cell concentration forming on the growing aggregate, where

flux from the channel balanced flux into the aggregate. Since the aggregate growth

parameters are unknown, analysing this model for a wider range of aggregate growth

parameters would allow this analysis to be used in the future if model parameters are

quantified. In Chapter 7, we used lubrication theory to develop a reduced thrombosis

model. However, even in the lubrication regime the reduced Péclet number was more

than order unity. Hence we analysed the reduced thrombosis model in a regime

which differed from the microfluidic dataset. The analysis of the large reduced Péclet

number regime for the reduced thrombosis model would require the solution a higher-

order lubrication type problem to determine the cross-sectional flow components.

Despite the computational complexity, as this is the regime for which we currently

have experimental data it would be a valuable addition to this work.

8.2.2 Parameter estimation

The predictive results of the cell delivery model developed in Chapters 2 - 4 are only

qualitative at this stage. In order to make quantitative predictions we would need to

estimate the model parameters associated with aggregate growth, fluid erosion and

extravasation. These parameters could be estimated using in vitro models that have

been developed, e.g. [19, 55], which quantify and visualise extravasation of cells or the

effect of the magnetic force on extravasation speed [79]. Similarly, the in vitro setup,

which was used to gather the data in Chapter 3, could be employed to determine

the stem cells’ susceptibility to erosion by varying flow rates over pre-captured cells.

Quantification of these parameters would allow the model to provide a prediction of

aggregation dynamics, providing insight into the dosage levels required to ensure that

stem cell aggregation is kept within safe limits while maintaining therapeutic efficacy.

A significant portion of Chapter 7 was devoted to estimating the unknown model

parameters in the thrombosis model. As we have previously discussed, in order to

better estimate the model parameters associated with platelet dynamics we would

need to potentially analyse the model in the large Péclet regime and also gather

experimental data of thrombosis for a wider range of flow rates and geometries. This

would allow us to estimate parameters and robustly test the modelling predictions.
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8.2.3 Model extensions

The mathematical models’ developed in this thesis aim to capture the key physical

processes of the underlying biological system in idealised geometries. These simpli-

fying assumptions have limitations, and there are a number of potential important

physical effects which should be included in future studies of these models. For exam-

ple, in the magnetic stem cell model we assumed unaggregated stem cells are dilute

and therefore neglected their effect on the fluid flow. The inclusion cell volume would

add a force on the fluid, which could slow down the flow and change cell capture

dynamics. Previous models have examined the similar problem of the forces which

magnetic nanoparticles have on fluid flow [20, 44]. This was noted to have the poten-

tial to induce mixing in extreme cases [44]. As well as this, our model did not include

the magnetic interaction between the internal nanoparticles in each cell and between

neighbouring cells. The construction of a continuum representation for the effect of

these interactions on a density field of superparamagnetic NPs is an open problem.

A further limitation to consider is that the stem cell aggregate modelled in Chapter

2 - 4 assumes that the aggregated cells are solid. This assumption neglects to account

for internal flow. The true aggregate of stem cells at the magnet is likely to be

porous rather than solid and RBCs may also be accidentally captured adding further

heterogeneity to the mass. Porous heterogenous clot formation has been studied in

the context of thrombosis, where interclot flow along with RBC entrapment have

been shown to be essential in understanding clot stability and possible fracture [28,

120]. Examining the internal aggregate structure and tracking the RBC distribution

explicitly would be a valuable next step for the model. Another piece of extension

work would be to focus the model on more aspects of in vivo delivery, for example

the model could be extended to delivery over a vessel network or considering a range

of physiological flow rates. In these extensions, the reduced models presented in

Chapter 4 could be employed in each branch of the network to reduce computational

complexity.

In Chapter 7, we examined several models for VWF-platelet binding dynamics in

the thrombosis model. The bonds between VWF and platelets can unbind during the

early stages of thrombosis [26]. In vitro work demonstrated that platelets can roll over

the surface of VWF nets, binding and unbinding as they move [26]. This temporal

binding was included in the continuum model from Du et al. [29] and resulted in the

embolism of small pieces of the edges of the clot. The binding was assumed to remain

for 0.5 s [26]. In our current model we assume that the bonds are not temporal. This

binding and unbinding property could be examined by including an advection term
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in the bound platelet PDE which would be proportional to the wall shear stress at

that location. This could be used to determine if the initial location prediction is a

reliable predictor of final clot location.

As detailed in Chapter 1, our collaborators have carried out in vitro experiments

in this arterial device examining the deposition of VWF in the absence of platelets.

Their results showed that VWF deposition is not uniform as we assumed in our model.

With VWF deposition being localised in to the flow separation point at for a stenosis

of height h = 0.6 but no localisation for a stenosis of height h = 0.75. Examining

VWF binding dynamics with collagen in order to examine these results would be a

valuable extension to the model, although this would add further model parameters

and constitutive relations to be validated.

The thrombosis model developed in Chapters 5 - 7, aims to predict thrombus

location using initial dynamics. Models which include the full thrombosis cascade

have demonstrated that the initial location does broadly indicate the final thrombus

location [29]. However, during the rapid thrombus growth seen in the later stage of

thrombosis platelets are deposited preferentially in lower shear regions. As a result the

initial location may not be sufficient to determine the location required for targeted

thrombolytic drugs. The model presented in Chapters 5 - 7 could be readily extended

to consider the later stages of thrombosis. Inclusion of thrombus growth via either

an empirical growth law, as in Chapter 2 of this thesis or in [9, 77], would allow the

model to include growth while remaining tractable.

A key property of the FENE-P equation, discussed in Chapter 5, is its ability to

reproduce the known dependency of VWF on the flow structure. In Chapter 5 we

demonstrated that the protein unfolds at a lower shear rate in elongational flow com-

pared to shear flow. In this chapter, we used the solution of the FENE-P model at the

wall to describe the length of VWF. Since the flow at the wall is predominantly shear

flow, the elongational vs shear flow structure dependence of the FENE-P equation

was not apparent in the results demonstrated in Chapters 6 or 7. Elongational aspects

of the flow could become significant to platelet deposition if a number of extensions

were considered to the model for example hysteresis, whereby the proteins relax back

to their original length over a longer timescale than extension. This would mean

that the proteins could retain extension as a result of elongational flows away from

the walls of the pipe at the beginning of the stenosis. A key process to accurately

model in this case would be the translation of VWF across fluid streamlines. VWF

translation in pipe flow was examined using discrete mathematical models by Rack et

al. who found that its ability to translate depended on both the RBC concentration
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and the length of VWF [89]. In our model, we included shear-induced diffusion which

models collisions with RBCs, but this was neglected in Chapter 6 in the numerical

solution of the model to maintain tractability.

In conclusion, in this thesis we have developed novel mathematical models to ex-

amine blood flow dynamics in single vessels and the deposition of transported species

to vessel walls. Through the collaboration with experimental biological researchers

we identified the key aspects of delivery which are not well understood that mathe-

matical models are able to help explore. In this thesis we have delivered mechanistic

insight through the combination of large scale numerical simulations and exploitation

of lubrication theory where possible. Finally, we have developed parameterisation

frameworks which will enable these models to be used as predictive tools in the fu-

ture.
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Appendix A

Weak form of thrombosis system

In this section we detail the weak form of the thrombosis model which we implemented

in Chapter 6. This section follows the notation and schemes detailed in the Automated

solution of differential equations by the finite element method: The FEniCS book by

Log et al. [71]. We recall we are solving the steady Navier-Stokes (6.8) and (6.9),

steady FENE-P equation (6.10) and time-dependent transport equations (6.14) and

(6.13). We define the domain as Ω with the inlet denoted as Γi, the walls of the

channel denoted Γw, the outlet denoted Γo and the centre of the channel Γc. The

system is then defined in Ω

∇ · u = 0, (A.1)

Reu ·∇u = −∇p+∇2u, (A.2)

u ·∇A−A ·∇u−∇uT ·A−D∇2A = − 1

ξReτ̂(γ̇)
(f(A)A− aI), (A.3)

κ̂

Re

∂ϕv

∂t
+∇ · (uϕv −D∇ϕv) = 0, (A.4)

κ̂

Re

∂ϕp

∂t
+∇ · (uϕp −D∇ϕp) = 0, (A.5)

where we have included the numerical diffusion in (A.3) - (A.5) with D = 10−3. This

has boundary conditions

w =
(
1− r2

)
, u = 0, A = Ain(r), ϕv = 1, ϕp = 1 on Γi,

n̂ · σ · n̂ = 0, u = 0, ∇ϕp · n̂ = 0, ∇A · n̂ = 0, ∇ϕv · n̂ = 0 on Γ0,

u = 0,
∂w

∂r
= 0, ∇ϕv · n̂ = 0, ∇A · n̂ = 0, ∇ϕp · n̂ = 0 on Γc,

u = 0, (ϕpu−D∇ϕp) · n̂ = σb
κ̂

Re
ϕpϕvbE on Γw,

∇A · n̂ = 0, (ϕvu−D∇ϕv) · n̂ = σb
κ̂

Re
ϕvϕpbE on Γw.
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We solve the system sequentially, first the Navier-Stokes equations, then the FENE-P

equation, then the time dependent transport equations. We seek a solution to the

Navier Stokes equations where u exists in a vector space H1, equipped with an

inner product and the pressure exists in a scalar function space of square integrable

functions on V : Q. We add further restrictions on the space by prescribing that our

solutions must satisfy the Dirichlet conditions on the appropriate boundaries. This

gives the function spaces as follows

u ∈ V ⊂ H1
0 (Ω,R2) ={u ∈ H1(Ω) : u = 0 on Γw}, (A.6)

p ∈ Q ⊂ L2
0(Ω) = {p ∈ L2(Ω) : p = 0 on Γo}, (A.7)

The mixed space for the system (u, p) is constructed W = V × Q. We now define

test variables (v, q) ∈ W and multiply (A.2) by v and (A.1) by q to construct the

weak formulation of the problem, as follows∫
Ω

q∇ · u dΩ = 0, (A.8)∫
Ω

(Reu ·∇u+∇p−∇2u) · v dΩ = 0. (A.9)

Integrating the last term in (A.9) by parts we obtain∫
Ω

Re (u ·∇u) · vdΩ +

∫
Ω

(∇u− pI) ·∇vdΩ−
∫
δΩ

v(∇u− pI) · n dS = 0,

where δΩ is the boundary of Ω, and n is the outward pointing unit normal vector.

Since we either have no stress or Dirichlet boundary conditions on all boundaries, the

boundary term vanishes. We then add (A.8) and (A.10) to arrive at the weak form

of Navier-Stokes as follows∫
Ω

[Re (u ·∇u) · vdΩ− (∇u− pI) ·∇v + q∇ · u] dΩ = 0.

We solve this system using Taylor-Hood elements, second-order Lagrange elements

for the velocity components and first-order Lagrange elements for the pressure.

For the FENE-P equations we seek a solution A where each entry of the tensor

e.g. Arr is in the following function space

Arr ∈ Q ⊂ L2
0(Ω) ={Arr ∈ H1(Ω) : Arr = Arr,i on Γi}, (A.10)

Since the FENE-P equations are comprised of four coupled advection-diffusion-reaction

equations, we state the weak form for Arr for brevity. We take a test function in Q

and multiply the Arr equation from (A.3).∫
Ω

[
−(uArr −D∇Arr) ·∇q +

(
−2Ar

∂u

∂r
− 2Arz

∂w

∂r
+

(fArr − a)

ξReτ̂(γ̇)

)
q

]
dΩ = 0,
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where we have integrated by parts to obtain the first term. Similarly the weak form

for the time-dependent platelet and VWF transport equations are∫
Ω

∂ϕv

∂t
q2 − (uϕv −D∇ϕv) ·∇q2 +

∫
δΩ

σb
κ̂

Re
ϕvϕpbEq2 dΓw = 0,∫

Ω

∂ϕp

∂t
q3 − (uϕp −D∇ϕv) ·∇q3 +

∫
δΩ

σb
κ̂

Re
ϕpϕvbEq2 dΓw = 0,

where q2 and q3 are test functions in the following spaces

qi ∈ Q ⊂ L2
0(Ω) = {qi ∈ H1(Ω) : q = 0 on Γi}, (A.11)

and we define ϕpb and ϕvb as functions in L
2(Ω) with zero at all nodes aside from the

nodes on Γw, where we track their values over time.
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Appendix B

Numerical validation

This appendix details the numerical validation for all schemes in this thesis in the

order they appear.

B.1 Validation of magnetic stem cell delivery COM-

SOL method

In this section we detail the numerical validation of the scheme in Chapter 3, which

consists of quasi-steady Stokes equations (3.1) and (3.2), an advection diffusion equa-

tion for cell concentration (3.3), the growth of the aggregate defined by Eq. (3.13). We

first detail our approximation of the flux condition Eq. (3.10) and then detail mesh

convergence tests.

B.1.1 Regularised Heaviside functions

The flux condition for the cells, Eq. (3.10), requires three Heaviside functions. Defin-

ing the numerical approximation to the Heaviside function by H̃ this is implemented

as follows

χ(c− c̃)+ − γµ

(
τ − τ̃

µ

)+

H(h)

≈ χ(c− c̃)H̃(c− c̃)+ − γµ

(
τ − τ̃

µ

)
H̃
(
τ − τ̃

µ

)
H̃(h). (B.1)

We use the inbuilt function flc1hs(x, δ) in COMSOL [21] which has continuous first

derivative and is defined as a fifth order polynomial. The function is equal to zero for

x < −δ and one for x > δ. This is illustrated in Fig. B.1 for varying δ. Since we need

to avoid the approximate Heaviside function having positive values for any x < 0, as

this would allow effects such as erosion to occur when there is no aggregate, we chose
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Figure B.1: Plot of the regularised heaviside function flc1hs(x, δ) for decreasing δ, as
δ → 0 the regularised function tends to the analytic Heaviside function.

to use the Heaviside function shifted by δ such that it is equal to zero for x < 0 and

one for x > 2δ. We chose to use δ = 0.1, which attains a maximum error of < 10−3

in the aggregate height compared to using δ = 10−4.

B.1.2 Mesh convergence tests

To ensure our mesh is suitably fine we construct a mesh with finer elements near the

boundary then reduce the total number of elements while maintaining this structure.

We compare the solution obtained on meshes with increasing resolution to a reference

solution obtained on a mesh with m = 13758 elements. We use a mesh which has

n = 4202 elements which achieves ≤ 1.59% (as shown in Figures B.2a and B.2b)

percentage error compared to the reference solution, in all variables. We note that

we restrict our study to values of γ ≤ 0.1 since the coupling of the fluid shear to

the moving boundary makes the problem stiff, hence we restrict gamma to ensure

reasonable convergence (poor convergence shown in Fig B.3 for γ = 0.5).

B.2 Reduced models of magnetic stem cell deliv-

ery: numerical validation

This section details the numerical validation for the two numerical schemes used in

Chapter 4.

B.2.1 Small Péclet number solution

This section validates the numerical scheme to solve the advection-diffusion equation

(4.50) coupled to an PDE which governs aggregate height and (4.58), defined in
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Figure B.2: Percentage error of each variable relative to the maximum value of that
variable. (a) Parameters: β = 210, γ = 0, κ1 = 0. (b) Parameters: β = 210, γ = 0.1,
κ1 = 0.1. The third mesh provides < 1.59% change in all variables.

Figure B.3: Percentage error of each variable relative to the maximum value of that
variable. Parameters: β = 210, γ = 0.5, κ1 = 0.1. The solution does not have good
convergence properties as γ is larger,so we restrict the value of γ considered to achieve
better stability properties.
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Section 4.6, Chapter 4. In this solution we smooth the positive part functions using

tanh functions as in Chapter 3. To validate the accuracy of our implementation we

consider a test case of the PDE when we have no deposition of stem cells and no

aggregate growth. In this case we have the following PDE for c0

∂

∂x

(
c0η0

(
u0 +

β̂

µ
um0

)
− η0γ̇0c0,x

Pe0

)
= 0, (B.2)

with the width averaged quantities given by

um0 =
−x

(1 + x2)2
, u0 =

4

6
, γ̇0 = 1. (B.3)

and η0 = 2 for all time. We then solve (B.2) in Mathematica using the numerical

ODE solver NDSolve. The solution is shown in Fig. B.4a. We then compare the value

of maximum stem cell concentration obtained by our MATLAB numerical scheme. In

Fig. B.4b we can see as N → ∞ we have 1/N convergence, as expected from the first

order finite difference approximation we have used. In Chapter 4 we take N = 400,

shown in red.

We now examine a general case when we allow the aggregate to grow. We confirm

the accuracy of the spatial discretisation used in the advection-diffusion by comparing

the stem cell concentration obtained at t = 10 calculated using varying grid sizes.

We compare to a reference solution calculated with N = 4000. We calculate the

maximum error obtained at every point in the coarser grid using that point in the

fine solution. This avoids the use of interpolation. The error is shown in Fig. B.5,

again this demonstrates that we obtain the 1/N convergence for the solution.

We compare the value of the average bound platelet solution obtained at t = 10

varying the absolute and relative tolerances. We use the default values of absolute

tolerance 10−4 and relative tolerance 10−4, which achieve a maximum error of 1×10−4

compared to the solution obtained using an absolute tolerance 10−9 and relative

tolerance 10−8. This is shown in Table B.1.

B.2.2 Large Péclet number solution

This section details the analysis of the numerical scheme in Section 4.7, Chapter 4 to

solve the leading-order system given by (4.64) and (4.87). We examine the explicit

Euler timestepping scheme for various fixed timesteps, comparing the error obtained

at t = 0.5 to the solution using δt = 10−5 in Table B.2. In Chapter 4 we use δt = 10−2

which obtains a maximum error of 10−3 in the aggregate height compared to using

δt = 10−5. This was calculated for the case β̂0 = 1 and κ̂0 = 0.
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Figure B.4: (a) Mathematica solution for stem cell concentration PDE in test case.
(b) Error made in the maximum value of the stem cell concentration obtained using
our numerical method compared to the Mathematica solution. Convergence reference
shown in blue.

Rel.
Tolerance

Absolute tolerance
10−3 10−4 10−5 10−6 10−7 10−8

10−1 0.012 0.012 0.012 0.012 0.012 0.012
10−2 0.0053 0.0053 0.0053 0.0053 0.0053 0.0053
10−3 0.0053 0.0053 0.0053 0.0053 0.0053 0.0053
10−4 0.0003 0.00011 0.00011 0.00011 0.00011 0.00011
10−5 0.0003 0.00012 6×10−5 6×10−5 6×10−5 6×10−5

10−6 0.0003 0.00012 1.9×10−5 1.1×10−5 1.1×10−5 1.1×10−5

10−7 0.0003 0.00012 2.7×10−5 7.9×10−6 6.6×10−6 6.6×10−7

Table B.1: Error analysis of ODE15s solver, varying the absolute and relative toler-
ances. We compare the maximum error made in the stem cell concentration at the
final time t = 10 compared to a solution calculated with absolute tolerance 10−9 and
relative tolerance 10−8. In Chapter 4 we use absolute tolerance 10−4 and relative
tolerance 10−4.
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Figure B.5: Analysis of the finite difference used to calculate the stem cell concen-
tration in Section 4.6, Chapter 4. We compare the error made in the quadrature to
a fine solution where N = 4000. We use N = 400, marked in red, in Chapter 4.

Timestep δt 10−1 10−2 10−3 10−4

Maximum error 0.038 0.0051 0.00058 0.00052

Table B.2: Timestepping error analysis for explicit Euler scheme in Chapter 4, Section
4.7. Error made in the maximum aggregate height at t = 0.5 compared to using
δt = 10−5.

Table B.3 shows a comparison of tolerances which are used to define the initial

position of the dividing trajectory and when we terminate the solution. We compare

a range of tolerances from 0.32− 0.0042 to the case when we use a tolerance of 10−3,

again for the case β̂0 = 1 and κ̂0 = 0 at t = 0.5. We find that a tolerance of 0.018

achieves a maximum error of 10−2, so we use this value in Chapter 4.

We compare the error of the solution obtained for varying grid number of axial

grid points in for the same parameter test case: β̂0 = 1 and κ̂0 = 0 at t = 0.5. We

compare the error in the solution to the case when N = 5× 105. In Chapter 4 we use

N = 1000 which obtains a maximum error of 10−3 compared to the finer grid. We

note that the error always occurs at the location of the discontinuity in the aggregate

height due to the discontinuous outer stem cell solution. However the maximum

aggregate height obtained for both N = 1000 and N = 5× 105 are equal to machine

precision.
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Boundary layer tolerance 0.32 0.075 0.018 0.0042
Maximum error 0.3418 0.2082 0.0178 0.0356

Table B.3: Varying the numerical approximation of the boundary layer tolerance for
(4.64) in Chapter 4. Maximum error is calculated relative to the solution when the
tolerance is 10−3

B.3 Arterial thrombosis system validation

We now detail the analysis of the numerical method used to solve the arterial throm-

bosis system in Chapter 6. We examine mesh convergence for all PDEs (Navier-Stokes

(6.8) and (6.9), FENE-P equation (6.10) and transport equations (6.14) and (6.13));

we examine the domain length required for the solution of the Navier-Stokes equa-

tions to fully contain the recirculaion zone; we examine the timestep required for

the transport equations. Finally we examine the step size required in the numerical

continuation of the FENE-P equation.

B.3.1 Mesh convergence

We first construct an initial mesh that is finer closer to the boundary r = R(z), using

GMSH’s background mesh functionality. Next, we carry out subsequent refinements

on the mesh using the FEniCS refine function which splits each mesh edge into two

edges. We solve the PDEs on each level of refinement. We examine the change in the

maximum velocity for the Navier Stokes equations, the maximum extension for the

FENE-P equations and the maximum concentrations of VWF and platelets at t = 0.1

for the transport equations. We use the mesh achieved with three consecutive mesh

refinements that has approximately 104 elements. When compared our reference mesh

(constructed with five refinements), our chosen mesh achieves a maximum relative

error of 0.02% on all variables. We show the convergence of a selection of variables

in FigB.6a for reference.

B.3.2 Timestepping analysis

To determine the timestep requirement in the transport equations we solve the system

until t = 0.15 using steps of δt = 0.1, 0.05, 0.01, 0.005, 0.001, 0.0005, and compare

the maximum error in free and bound platelet concentrations on the base of the

domain obtained at the final time to that obtained using δt = 10−4. We use δt = 0.005

in simulations in this chapter as this achieves a relative error of 0.1% compared to
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Figure B.6: (a) Relative error in maximum extension of the FENE-P equation for
increasing numbers of mesh refinements at Re = 500, mesh level three obtains 0.01%
relative error. (b) Transport timestepping analysis: platelet equations a timestep of
δt = 0.005 achieves < 0.1% error compared to a timestep of δt = 10−4. Parameters:
l = 30, ĥ = 0.5, l̂1 = 0, l̂2 = 1.5.

the smaller timestep. This is shown in Fig. B.6b, along with confirmation that the

scheme achieves a linear convergence as δt decreases, as expected.

B.3.3 Domain length analysis

We examine the domain length requirement for the full recirculation zone to be in-

cluded in the domain. We quantify this using the number of separation points in

the flow, for ĥ = 0.5 a domain length of l = 30 + l̂1 + l̂2 is required to contain the

recirculation zone fully.

B.3.4 Numerical continuation

The Navier Stokes equations can be solved at Reynolds numbers up to 500 without

numerical continuation, as the relative maximum error in the solution when numerical

continuation is used is 10−13. Hence we use an initial guess of zero for all variables in

the the Newton solver for Navier Stokes.

The FENE equation is solved using numerical continuation in the Reynolds num-

ber. We use steps of 12, as is the largest step size for which the Newton solver

converges. Decreasing step size does not increase the accuracy of the solution.
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B.4 Microfluidic thrombosis system validation

This section details the numerical valiation of the scheme in Chapter 7 to solve the

leading-order system consists of the analytic expressions for the axial fluid flow w0,

(7.51), and pressure p0, (7.53), and an algebraic system of five equations for the VWF

configuration tensor A0 : (7.70) - (7.74), an algebraic equation for the concentration

of free platelets given by (7.68) and the bound platelet concentration given by (7.69).

To validate our solution of the microfluidic thrombosis system we first compare our

leading order fluid solution, (7.51), and (7.53) to the solution of Stokes flow obtained

using commercial finite element software COMSOL in an identical geometry. We do

this for a straight channel and a stenosed channel. The percentage error in the leading

order axial flow, pressure gradient and shear rate are shown in Table B.5. It is clear

that in a straight pipe the solution matches the COMSOL solution up to 0.01%. We

use this to infer that our computation of the series solution is accurate. Compared

to the solution in the stenosed pipe the solution only matches the COMSOL solution

up to 0.1%. We assume that this is since the COMSOL solution struggles to solve

the system accurately in pipes with very small aspect ratios.

We now determine the appropriate point to truncate the series solutions, (7.51),

and (7.53). We compare the maximum value obtained in the shear stress components

on the base and walls of the pipe to the maximum value obtained when we truncate

the series solution at N = 5000. This is shown in Fig. B.7. We use N = 300 in

Chapter 7, which is marked in red. This gives us an 0.27% error and an 0.014%

error in the maximum values of ∂w0/∂x and ∂w0/∂y respectively when compared to

truncating the solutions at N = 5000.

We solve the leading order FENE-P equations on the walls and the base of the

pipe separately. On the base of the pipe ∂w0/∂x = 0 the leading order system is

fAxx = a, (B.4)

fAyy = a, (B.5)

2Ayz
∂w0

∂y
=

fAzz − a

ξ0Reτ̂0(γ̇)
, (B.6)

Ayy
∂w0

∂y
=

fAyz

ξ0Reτ̂0(γ̇)
, (B.7)

Axz = 0. (B.8)

This can be formed into a cubic equation for Azz. We can compare the numerical

calculation of Azz to solution of the Oldroyd-B model in which f = 1 and a = 1. The

181



Absolute tolerance
R. tol. 10−3 10−4 10−5 10−6 10−7 10−8

10−1 0.038 0.072 0.040 0.079 0.044 0.24
10−2 0.0032 0.0032 0.0035 0.0029 0.0036 0.0029
10−3 0.00057 0.00039 0.00037 0.00037 0.00039354 0.00032
10−4 3.45×10−5 2.10×10−5 2.33×10−5 1.37×10−5 1.05×10−5 1.28×10−5

10−5 1.96×10−5 3.37×10−6 4.93×10−6 1.27×10−6 2.21×10−6 1.43×10−6

Table B.4: Error analysis of ODE45 solver, varying the absolute and relative toler-
ances. We compare the maximum error made in the average bound platelets at the
final time compared to a solution calculated with absolute tolerance 10−8 and relative
tolerance 10−6.

three diagonal components of A for the Oldroyd-B model are

Axx = 1, (B.9)

Ayy = 1, (B.10)

Azz = 2

(
ξ0Reτ̂0(γ̇)

∂w0

∂y

)2

+ 1. (B.11)

A comparison of the numerical solution of the FENE-P equation to the Oldroyd-

B model are shown in Fig. B.8. We can see for the FENE-P solution tends to the

Oldroyd-B solution as L → ∞, confirming that we have correctly solved the cubic

equation.

We confirm the accuracy of the quadrature used to calculate the free platelets

within the PDE, (7.69), by comparing the initial free platelet concentration calculated

using varying grid sizes. In all cases we have 2Nz = Nx and compare to a reference

solution calculated with Nx = 2000. We calculate the maximum error obtained at

every point in the coarser grid using that point in the fine solution. This avoids the

use of interpolation. The error is shown in Fig. B.9. As Nx → ∞ we obtain the

known convergence rate N−2
x , of the trapezoidal rule which is illustrated by the blue

reference line. In Chapter 7 we use Nx = 500.

We compare the value of the average bound platelet solution obtained at t = 21

varying the absolute and relative tolerances. We compare the maximum error made

in the average bound platelets at the final time compared to a solution calculated with

absolute tolerance 10−8 and relative tolerance 10−6. This justifies using the default

values of absolute tolerance 10−6 and relative tolerance 10−3, as it gives an error of

3.7 × 10−4 compared to the solution obtained using smaller tolerances, as shown in

Table B.4.

182



Figure B.7: Error in the maximum values of the shear stress on the base (left) and
the walls (right) compared to the value obtained when the series are truncated at
N = 5000. We use N = 300 in Chapter 7, marked in red.

Figure B.8: Comparison of the solution of the FENE-P equation on the wall of the
pipe to the analytic Oldroyd-B solution as the extensibility parameter increases. We
can see the FENE-P solution tends to the Oldroyd-B soltuion as L→ ∞.
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Figure B.9: Analysis of the quadrature step used to calculate the free platelet con-
centration. We compare the error made in the quadrature to a fine solution where
Nx = 2000. We can see as Nx → ∞ we have 1/N2

x convergence, as expected from the
trapezoidal rule. We use Nx = 500, marked in red, in Chapter 7.

Case Aspect ratio Percentage error
Error p0,z Error w0 Error γ̇0

Straight pipe 0.61 -5×10−3 -1.9×10−3 1.3×10−2

Straight pipe 0.006 -3.2×10−2 -4.6×10−2 3.5×10−1

Stenosed pipe 0.006 1.0×10−2 5.1×10−1 -9.1×10−1

Table B.5: Error of our analytic series solution compared to COMSOL solution of
stokes flow
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Appendix C

Top Boundary Layer

This section details boundary layer analysis which is used to derive boundary condi-

tion for the outer problem in the large Péclet number regime in Chapter 4. We define

a boundary layer coordinate ỹ = (y − 1)/δ with δ ≪ 1, such that ỹ → −∞ matches

into the outer domain. In the boundary layer (4.29) is defined as follows

ϵ
∂c

∂t
+

∂

∂x

((
δũ+ ϵβ̂0ṽm

)
c− ϵ3γ̇

P e0

∂c

∂x

)
+

∂

∂ỹ

((
δṽ +

β̂0
δ
ṽm

)
c− ϵγ̇

δ2Pe0

∂c

∂ỹ

)
= 0,

(C.1)

where we have rescaled the fluid velocities in the boundary layer such that u = δũ

and v = δ2ṽ. The magnetic velocities in this boundary layer are defined by

ũm =
−x

((ϵ(1 + δỹ) + ϵ+ 1)2 + x2)2
, ṽm =

−(ϵ(1 + δỹ) + ϵ+ 1)

((ϵ(1 + δỹ) + ϵ+ 1)2 + x2)2
. (C.2)

Eq. C.1 has a no-flux boundary condition on ỹ = 0 as follows(
δ2ṽ + β̂0ṽm

)
c− ϵγ̇

δPe0

∂c

∂ỹ
= 0. (C.3)

At leading-order, we expand c = c0 + ... and balance normal diffusion with normal

magnetic advection which gives δ = ϵ. Hence we have the following equation for c0

∂

∂ỹ

(
β̂0ṽm0c0 −

γ̇0
Pe0

∂c0
∂ỹ

)
= 0, (C.4)

where ṽm0 = −x−4, with boundary condition

β̂0ṽm0c0 −
γ̇0
Pe0

∂c0
∂ỹ

= 0 on ỹ = 0. (C.5)

This has solution

c0(x, ỹ) = A(x) exp(−g(x)ỹ), (C.6)

with g(x) = β0|vm0|Pe0/γ̇0. As ỹ → −∞ c0 → ∞, hence to match with the solution

in the outer which is constant we must have A(x) = 0. This yields the zero boundary

condition on y = 1 for the outer problem in Section 4.7.
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