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Abstract—Microgrid control systems are implemented using
a hierarchical framework comprising primary, secondary and
tertiary control levels. This paper proposes a distributed, time-
varying optimization method for the secondary control level of
heterogeneous energy sources (photovoltaics and batteries) in a
microgrid. The method addresses time-varying objectives and
constraints while achieving frequency and voltage regulation and
optimal power sharing. Its main advantages are: (i) provision
of continuous-time optimal control inputs that adapt to fast
changes in generation and load; (ii) seamless interaction with grid
forming and grid following converters; (iii) adaptive real/reactive
power sharing and battery state-of-charge balancing based on
net power and state of charge; and (iv) implementation over
a sparse neighbor-to-neighbor communication graph. Real-time
validation on a modified IEEE 13- and 37- test feeder using
RTDS with a server-side solver, hardware-in-the-loop, confirms
feasibility. Compared with established distributed secondary
control schemes, the proposed controller reduces frequency and
voltage root-mean-square regulation errors, lowers the maximum
observed voltage deviation under load or renewable disturbances,
and achieves a lower cumulative operating cost while maintaining
all battery state-of-charge trajectories balanced. Scalability and
heterogeneity are further demonstrated on an islanded IEEE 37-
bus case with mixed grid forming and grid following resources.

Index Terms—Distributed time varying optimization, micro-
grids, photovoltaic, battery energy storage, secondary control,
grid following control, grid forming control, heterogeneous en-
ergy sources, hardware-in-loop

NOMENCLATURE

vodi, voqi,
qi

Output voltages decoupled along the d-
axis and q-axis and reactive power of the
i-th voltage source converter (VSC).

ωi, pi Frequency and output active power of the
i-th VSC .

vrefodi , ω
ref
i Voltage and frequency references to be

designed by the secondary control.
ni,mi Voltage droop coefficient and frequency

droop coefficient.
Gfm,Gfl Set of converters in the grid forming mode

and the grid following mode, respectively.
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prefi , qrefi Real power and reactive power set-points
to be designed by the secondary control.

ωnrm, vnrm Nominal frequency and voltage of a mi-
crogrid (µG).

σ% Ratio of real power set-point to maxi-
mum power point tracking (MPPT) output
power for the photovoltaics (PV) system.

pMPPTi MPPT output power of the i-th PV sys-
tem.

uωfmi, uvfmi,
upfmi, uqfmi

Inputs of the proposed distributed time
varying optimization control for fre-
quency and voltage restorations, and the
real and reactive power sharing for the i-
th converter in the grid forming mode.

uωfli, uvfli,
upfli, uqfli

Inputs of the proposed distributed time
varying optimization control for fre-
quency and voltage restorations, and the
real and reactive power sharing for the
i−th converter in the grid following mode.

N Number of converter agents in a µG.
L, [L]ij Laplace matrix of the sparse communica-

tion topology and [L]ij is the element of
L.

ε Set of all communication links between
agents.

fωi Objective function for frequency control.
ωset (t) Tracking objective of frequency, which

could be a static value for an islanded µG
or a time varying target from the tertiary
level control system.

∆ω Allowable frequency deviation.
ω Column vector form of ωi.
0 A Nfm × 1 column vector with all ele-

ments of 0.
ω∗ Optimal solution of the converter agent

frequency optimal control problem with
local constraints and sparse constraints.

1 Right eigenvector associated with λ1 = 0
of L, which is a balanced matrix.

< ω > A positive scalar denoting the same fre-
quency value for each converter agent,
which is ωi = ωj = · · · =< ω >, i, j ∈
Gfm.

ϕωi Modified objective function with logarith-
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mic type indicator function for frequency
optimal control.

ρωi (t) Barrier parameter for the indicator func-
tion for frequency optimal control.

σωi (t) Slack function for frequency control, en-
larging the initial feasible set.

aωi, bωi,
cωi, dωi

Parameters of the logarithmic type indica-
tor function for frequency optimal control.

Lω Lagrangian of the modified frequency op-
timal problem.

λω Lagrange multiplier for frequency optimal
control.

(ω∗, λ∗
ω) Optimal primal-dual pair for (18).

uω Optimal time varying controller incorpo-
rating the Newton-like correction term.

P∇ω

∑
i

ϕωi Newton-like correction term for frequency

optimal control.
P, ε̄ Parameters of Newton-like correction

term.
φω An auxiliary vector, which represents the

dynamics of Lλ̇ω .
sign (χ) , κ Signum function and parameter of φω .
β Fixed control gain of the secondary time

varying optimization frequency control.
τ Step size of control discretization.
fvodi Objective function for voltage control.
vvodset (t) Nominal voltage of µG, which is deter-

mined by the higher level optimization
control system.

∆v Allowable voltage deviation of the µG
voltage.

ϕvi Modified objective function with logarith-
mic type indicator function for voltage
control.

ρvi Barrier parameter for the indicator func-
tion for voltage optimal control.

σvi (t) Slack function of ϕvi.
avi, bvi,
cvi, dvi

Barrier parameter of the logarithmic type
indicator function for voltage optimal
control.

Lv Lagrangian of the modified voltage opti-
mal problem.

uvodi Local time varying optimization voltage
control.

v̄i Average voltage estimation of the i−th
converter agent.

γ Tune-able parameter with γ > 0 for
distributed average voltage estimation.

ϕv̄i Modified objective function with Loga-
rithmic type indicator function for average
voltage optimization problem.

Lv̄ Lagrangian of the average voltage opti-
mization.

λω Lagrange multiplier for the sparse average
voltage constraints.

uvodi Distributed time varying optimization av-

erage voltage control.
ppvi, pbesi Output power for PV and battery energy

system (BES), respectively.
fZi The objective function for real and reac-

tive power.
c1, c2 Gains associated with the multi-objective

function fZi, which represent the costs of
real power supply from the battery and
reactive power injection, respectively.

p̃i Variable output power for BES under the
distributed time varying power optimal
control.

ϑi Dynamic tuning gain to control the output
power of BES.

pnet µG net power.
ςi State of charge (SOC) of the i−th BES.
Ei Size of the i−th BES in Ws.
ϑ̃i Normalized form of ϑi.
ϑ̄, ϑ Upper and lower boundaries of all ϑi.
αϑ, βϑ Parameters for the normalization of ϑi.
p̃ Column vector form of variable output

power.
q̃i Variable reactive power for VSC reactive

power optimal control.
q̃ Column vector form of variable reactive

power.
pchri, pdchri Maximum charging and discharging pow-

ers of BES.
qmax i Maximum limit of the reactive power.
srtdi Rated apparent power of the i−th con-

verter.
ς̄ , ς Upper and lower boundaries of all ςi.
gi (pbesi, qi) Compact form of constraints (43) to (45).
Zi State variable composed of p̃i and q̃i.
ϕZi Modified objective function with logarith-

mic type indicator function for real and
reactive power optimization.

ρZi Barrier parameter for the indicator func-
tion of power sharing optimization con-
trol.

σZi (t) Slack function for real and reactive power
optimization control.

aZi, bZi,
cZi, dZi

Parameters of the logarithmic type indi-
cator function for real and reactive power
optimization.

LZ Lagrangian of the real and reactive power
optimization.

λZ Lagrange multiplier for the sparse real and
reactive power sharing constraints.

uZi uZi = [upi, uqi]
T, the distributed sec-

ondary time varying optimization control
for real and reactive power regulation.

fpvi Objective function for real power opti-
mization.

pMPPTi MPPT output power.
cpv1, cpv2 Gains for the multi-objectives of the PV

system alone.
⌢
p i Ratio of PV output power to MPPT output

This article has been accepted for publication in IEEE Transactions on Power Systems. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TPWRS.2025.3629155

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Bodleian Libraries of the University of Oxford. Downloaded on December 19,2025 at 12:46:41 UTC from IEEE Xplore.  Restrictions apply. 



3

power.
⌢
p Column vector form of ⌢

p i.

I. INTRODUCTION

M ICROGRIDS (µGs) are power systems operating at a
small scale within localized regions. The µGs employ

a comprehensive hierarchical control framework with different
control levels [1], each designed to address specific operational
challenges [2]. They can interface with heterogeneous energy
sources which can be categorized into active and passive
sources [3]. Active sources have controllable output powers
and can regulate µGs voltage and frequency. Battery energy
storage systems (BESs) and small generators powered by
diesel or natural gas serve as active sources. They enhance
the stability and reliability of µGs by delivering controllable
output power. Additionally, some units provide voltage and
frequency references for µGs. In contrast, passive sources
are not directly controllable and inject stochastically varying
power into µGs. Photovoltaics (PV) and small wind turbines,
which are conventionally not actively controlled, contribute
variable power in µGs [4]. Despite this, they can still assist in
voltage and frequency regulation through specifically designed
control systems.

With a holistic control framework, µGs can operate in both
islanded and grid connected modes [5]. µGs may intentionally
or involuntarily disconnect from the main grid to reduce losses
on long feeders, isolate faults and associated voltage excur-
sions, or ride through upstream outages [6]. Once islanded,
limited local energy reserves and the fast, stochastic variability
of renewable generation make frequency, voltage, and power
balance control more difficult.

A rigorously coordinated control architecture is therefore
required to sustain stable and efficient islanded operation. A
hierarchical structure with primary, secondary, and tertiary
levels is widely adopted [7]. At the primary level, grid forming
(GFM) units (e.g., battery energy storage) establish local volt-
age and frequency through droop control, while grid following
(GFL) units (e.g., PV converters) synchronize via phase-
locked loops and inject their available real and reactive power
[8]. This separation of roles provides the foundation upon
which higher levels can restore nominal setpoints, optimize
power sharing, and enforce operational constraints. Converters
controlled by the grid forming method provide the frequency
and voltage references, while grid following converters track
frequency via a phase-locked loop (PLL). Typically, converters
using the grid following control method do not need to
support µGs frequency and voltage. However, in islanded
µGs, where reliable energy sources for forming frequency
and voltage are limited, grid following controlled converters
must regulate their output power in response to frequency
and voltage deviations to alleviate the burden on grid forming
controlled converters [9]. It is necessary to coordinate the grid
following and forming control at the higher control level. Thus,
the cooperation between active and passive energy sources
distributed in µGs with different primary control principles
presents another significant challenge for the secondary control
of µG [10].

Secondary control in µGs encounters persistent challenges:
(i) restoring frequency and voltage while preserving accurate
active and reactive power sharing; (ii) coping with rapid,
stochastic PV output; (iii) maintaining stability under un-
balanced and time-varying loads and energy sources output
powers; (iv) coordinating heterogeneous grid-forming and
grid-following converters with differing internal dynamics; (v)
scaling to larger fleets without excessive communication or
model burden; and (vi) reconciling trade-offs among volt-
age regulation, reactive power sharing, economic operation,
and dynamic performance. Existing methods address these
points only in part. A fast, robust, and adaptive secondary
control framework that natively handles heterogeneity and
multi-objective trade-offs remains an open need.

Existing secondary coordination strategies for GFM and
GFL converters cover islanded and grid-connected or
weak-grid conditions [11], [12]. Representative approaches
include: unified modeling with consensus layers and extended
state observers to handle disparate inner dynamics [13]; volt-
age–current duality based unified models enabling µ-synthesis
robust control for disturbance and harmonic rejection [14]; and
leader–follower schemes where GFM units set system voltage
and frequency while GFL units adjust power for sharing
objectives [10]. While effective in defined scenarios, many
rely on fixed operating points, detailed unified models that
are costly to scale, or limited mechanisms to accommodate
rapidly time-varying objectives and constraints. This motivates
secondary control formulations that natively handle hetero-
geneity, multi-objective trade-offs, and fast operating condition
variations.

Beside the equal/proportional power sharing control, µG
optimization typically aims to achieve objectives such as
economical dispatch among distributed generators and tech-
nical performance improvements, including power loss re-
duction [15]. Additionally, optimal operation for BES has
been reported to save on power loss and degradation costs.
These optimization methods update models and solutions on
a minute-scale. The foregoing µG optimization methods are
batch based: at each time step a static problem is solved,
or forced to converge, before the next update. This need to
finish a full solve within the interval limits responsiveness to
rapid, high-frequency variations in renewable energy source
generation and load, where control decisions must adapt on
shorter sub-interval timescales. While, the output power from
renewable energy sources varies over time, causing the objec-
tives and their local and global constraints to become time-
varying [16]. Thus, µGs optimization problems, particularly
those aimed at improving power quality, naturally and suitably
adopt time-varying optimization.

Extensive work has examined time-varying optimization.
Methods are commonly grouped by their temporal model:
continuous-time and discrete-time. In continuous-time for-
mulations, the optimizer is expressed as an ordinary dif-
ferential equation that tracks the moving minimizer [17].
When discretization with sufficiently small steps, these dy-
namics closely approximate the underlying system and admit
Lyapunov-based stability guarantees; sliding-mode variants
can additionally ensure finite-time convergence [18].

This article has been accepted for publication in IEEE Transactions on Power Systems. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TPWRS.2025.3629155

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Bodleian Libraries of the University of Oxford. Downloaded on December 19,2025 at 12:46:41 UTC from IEEE Xplore.  Restrictions apply. 



4

In contrast, discrete-time methods operate on a
fixed sampling sequence and typically implement
a prediction–correction structure [19]. Distributed
prediction–correction Newton schemes forecast the evolution
of the objective and constraints and then refine the iterate,
improving tracking of fast changes. Predefined-time
approaches enforce convergence within a fixed horizon
independent of the initial state [20]. Primal–dual mirror
descent variants achieve sublinear dynamic and static regret,
gap to the moving optimum, while keeping constraint
violations bounded [21]. These methods return approximate
trajectories whose tracking error is determined by sampling
period, model mismatch, and prediction accuracy, and they
naturally support asynchronous or event-triggered updates,
lowering communication burden.

An alternative view classifies time-varying optimiza-
tion methods by exploiting predicted system evolution.
Time-structured, prediction-based, methods require a model or
prediction of future states to pre-empty variations and accel-
erate tracking. Prediction–correction and fixed-time schemes
have achieved sub-second economic dispatch and voltage
regulation in µG studies [22]. Under standard strong con-
vexity and smoothness conditions, bounded tracking error
or asymptotic optimality have been achieved. In contrast,
time-unstructured methods, only depend on the latest sample
or system states, ignore future evolution [23]. They are simpler
and communication-efficient but typically exhibit larger instan-
taneous tracking errors, although cumulative, dynamic/static,
regret can still be kept sublinear over long horizons [24].

Time-varying optimization provides a mathematically rig-
orous framework for real-time decision-making in dynamic
systems, which potentially adapts µG distributed renew-
able energy sources with rapid variations on its output
powers. The time-varying optimization method has been
used in power systems to handle stochastic loads and re-
newable energy output fluctuations for frequency response
[25], power dispatching [26], and optimal power flow [27],
[28]. Time-varying delivery intervals derived from predicted
frequency nadir enable optimization of fast frequency re-
sponse, as nadir timing strongly shapes scheduling decisions
[25]. Prediction–correction time-varying dispatch methods
accommodate rapidly fluctuating distribution injections and
achieve asymptotically vanishing tracking error [26]. More-
over, prediction-based primal–dual interior-point schemes en-
hance tracking accuracy for time-varying AC optimal power
flow [28]. Distributed energy sources can support voltage
regulation at the secondary level using the time-varying opti-
mization method with the linear approximation of AC power
flow and Lagrangian regularization method [29].

Furthermore, considering the distributed nature of energy
sources in µGs, distributed time-varying optimization can
effectively manage large-scale energy sources for multiple
purposes [30]. The distributed method allows the centralized
global problem to be decoupled into multiple sub-problems,
which can be solved in parallel [31]. These sub-problems com-
municate with each other via a neighbor-to-neighbor sparse
communication network. Both distributed continuous time-
varying optimization methods [32] and discrete time-varying

optimization methods [33] can solve optimal problems with
varied objectives and equality or inequality constraints [34].

Distributed continuous-time methods combine graph-based
consensus with sliding-mode or Hessian, a second-order, cor-
rection to drive all agents toward a common optimum while
satisfying nonlinear local inequality constraints [32]. Comple-
mentary discrete-time schemes allow asynchronous computa-
tion, measurement, and communication while still track the
moving optimum with guaranteed convergence and bounded
error [33]. Prediction-based formulations have enabled online
multi-period power flow optimization by forecasting system
states and decoupling sensitivities [27]. Despite these ad-
vances, only a few studies have deployed such time-varying
distributed optimizers in µGs with heterogeneous, GFM and
GFL, resources [35].

Motivated by the above discussion, this paper proposes a
time-structured secondary level distributed time-varying opti-
mization control framework for µGs with different types of
energy sources. These energy sources can be PVs, BESs, or
a combination of both. Typically, BESs are controlled by the
grid forming mode at the primary level, while other sources
are controlled by the grid following mode.

The primary contributions of this paper are:
1) A feedback-linearization–based secondary control

framework for heterogeneous energy resources
operating in both GFL and GFM modes.

2) A distributed, time-structured, continuous-time
time-varying optimization scheme that simultaneously
addresses diverse and time-varying control objectives
across heterogeneous resources.

The salient features of the proposed distributed time-varying
optimization framework are:

1) It can track dynamic objectives under continuous time-
varying constraints via a time structured algorithm.
Therefore, the proposed optimization method maintains
frequency, voltage or average voltage, and power sharing
during variations in renewable energy sources or loads
distributed in the µG.

2) It can interact with energy sources using both grid
forming and grid following primary control modes.
This enables effective cooperation among heterogeneous
energy sources.

3) It requires only a neighbor-to-neighbor communication
network, leveraging the advantages of a sparse commu-
nication network-based control system.

II. PRINCIPLES AND FRAMEWORK OF µG CONTROL

In this paper, a hierarchical control framework is adopted
to coordinate heterogeneous µG resources. Fig. 1 outlines the
structure. At the primary level, converters operate either in
GFM or GFL mode with droop-based control. GFL units,
typically storage, set local voltage and frequency references.
GFM units, PV interfaced converters, synchronize to these
references and regulate power injection.

To unify the behavior of devices with different primary
control modes, a secondary layer is proposed using feedback
linearization. This layer supplies dynamic reference signals for
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Linearization

, , , , , , ,i i i iodi i odiip p pv q q v

, , , , , , ,j odj j j j j j odjp p pv q q v

Distributed 

Communication  

iu

viu

piu

qiu

Fig. 1: Block diagram of the proposed distributed secondary control and its interactions with the primary control system. The
secondary control signals are transmitted to the feedback linearization blocks, which then generate the primary control signals.

frequency, voltage or average voltage, and real/reactive power
sharing. It establishes the closed-loop state–input relationships
required for the distributed continuous time-varying optimiza-
tion algorithms developed in the subsequent sections.

A. Primary Control for Heterogeneous Energy Sources

In heterogeneous µGs, converter-interfaced resources oper-
ate either in GFM or GFL mode, decided by the capability
and control objective. GFM units, typically battery energy
storage or other dispatchable sources, apply droop control to
establish system frequency and local voltage magnitude [36].
GFL units, such as PV inverters, treat the network as a voltage
reference; a PLL estimates frequency and phase, and outer
power controllers regulate active and reactive injections based
on available generation and higher-level setpoints [37].

1) Droop Control for Grid Forming Mode: Normally, fre-
quency and voltage droop control is implemented in the grid
forming mode. Specifically, the f−p and v−q droop equations
determine the phase angle and voltage references for local PI
based outer and inner control loops.

ωi = ωref
i −mipi, i ∈ Gfm, (1)

vodi = vrefodi − niqi, voqi = 0, i ∈ Gfm, (2)

where, vodi, voqi and qi represent the i-th voltage source con-
verter (VSC) output voltages decoupled along the d-axis and
q-axis, operating on the converter local synchronous reference
frame, and reactive power, respectively; ωi and pi indicate
the frequency and the i-th VSC output active power, while
vrefodi and ωref

i are the nominal voltage and frequency values.
These nominal values are set by the secondary level control
via a neighbor-to-neighbor communication protocol discussed
in subsequent sections; ni and mi denote the corresponding
droop coefficients.

With the frequency and voltage references established, local
control tracks the output voltages vodi and voqi through an

inner current loop and an outer voltage loop. The overall con-
figuration of the primary and local controls for grid forming
mode is presented in Fig. 2a. In a µG, at least one converter
must operate in grid forming mode to establish frequency and
voltage. Therefore, distributed energy storage systems are an
essential requirement for operating in grid forming mode.

2) Droop Control for Grid Following Mode: In the grid
following mode, the frequency and phase angle are measured
locally via a PLL. Then, the p−f and q−v droop equations are
implemented to generate the real and reactive power references
as

pi = prefi −m−1
i (ωi − ωnrm) , i ∈ Gfl, (3)

qi = qrefi − n−1
i (vodi − vnrm) , i ∈ Gfl, (4)

where prefi and qrefi are the real power and reactive power set-
points; ωnrm and vnrm are the nominal frequency and voltage
of µG. The converter operating in grid following control mode
is able to provide real and reactive power by varying its output
frequency and voltage, respectively. It should be noted that,
if the convert has only a PV system without BESS support,
the real power set-point should be reduced slightly from that
of the maximum power point tracking (MPPT) power for the
purposes of superior frequency regulation, such that prefi =
σ%pMPPTi, where σ% ≤ 1, and pMPPTi is the MPPT output
power of the PV system. In this case, p−f droop control can
be rewritten as,

pi = σ%pMPPTi −m−1
i (ωi − ωnrm) i ∈ Gfl. (5)

Then, based on the power references, the outer power con-
trol sets the inductor current set-points in the d − q axis,
respectively. The overall control structure of the primary droop
control, outer power control, and inner current control is shown
in Fig. 2b.
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Fig. 2: Block diagram of the primary droop control: (a) grid
forming control; (b) grid following control.

B. Secondary Control Framework for Heterogeneous Energy
Sources

Secondary control coordinates grid forming and grid fol-
lowing converters to restore frequency and voltage and en-
force power sharing under variable renewable energy source
generation and load. A feedback linearization layer [38] maps
each regulated state, frequency, voltage or average voltage,
real and reactive power terms, to virtual inputs. Continuous
time-varying optimization then computes these inputs in real
time from changing objectives and constraints, e.g., renewable
fluctuations, voltage and frequency limits, and output power
boundaries. The linearization layer translates the optimized
virtual inputs into primary droop or power references for
each converter, providing a unified interface that enables
heterogeneous devices to cooperate using only neighbor-to-
neighbor communication. For converters operating in grid

forming modes given by (1) and (2), set

ω̇i = uωfmi, miṗi = upfmi,
v̇odi = uvfmi, niq̇i = uqfmi, i ∈ Gfm,

(6)

where uωfmi, uvfmi, upfmi and uqfmi are the control inputs
of frequency and voltage restorations, and the real and reactive
power sharing for the i-th converter in the grid forming mode;
Gfm denotes the set of converters in the grid forming mode.

Then, the substitution of uωi, uvi, upi and uqi into (1) and
(2) gives the voltage and frequency references for the lower
control loops as,

ωref
i =

∫
(uωfmi+upfmi) dt,

vrefodi =
∫
(uvfmi+uqfmi) dt, i ∈ Gfm.

(7)

Applying the feedback linearization, the states of each
converter agent in the grid following mode can be described
as,

m−1
i ω̇i = uωfli, ṗi = upfli,

n−1
i v̇odi = uvfli, q̇i = uqfli, i ∈ Gfl,

(8)

prefi =
∫
(uωfli+upfli) dt,

qrefi =
∫
(uvfli+uqfli) dt, i ∈ Gfl,

(9)

where Gfl denotes the set of the converters under grid fol-
lowing mode. The proposed time varying optimization will
determine the control inputs uωfli, uvfli, upfli and uqfli based
on the varied objectives and constraints. Then, the frequency,
voltage, real and reactive power references for the primary
droop controls can be obtained via (7) and (9) respectively.

III. DISTRIBUTED TIME VARYING OPTIMIZATION WITH
SPARSE COUPLED CONSTRAINTS

A. Sparse Communication Network
In the proposed distributed method, a converter with its

control system is treated as an agent. A converter agent
shares its local information with its neighbor via a sparse
communication network. Suppose there are N converter agents
in a µG. The sparse communication topology can be described
by the following Laplace matrix L ∈ ℜN×N ,

[L]ij =


1, {i, j} ∈ ε, j ̸= i,
0, {i, j} /∈ ε, j ̸= i,

−
N∑

k=1,k ̸=i

[L]ik, j = i,
(10)

where [L]ij is the element of L; ε is the set of all communica-
tion links between agents. In this paper, bidirectional commu-
nication channels are assumed. Thus, there is [L]ij = [L]ji,
i ̸= j.

B. Distributed Time Varying Optimization for Photovoltaic
and Battery Energy Storage Systems

Normally, PV systems with BESs are controlled in the GFM
mode. The objectives of the proposed continuous time-varying
optimization control for PVs and BESs include establishing
µG frequency and voltage set-points. These set-points may
be time-varying or static, depending on the tertiary level
control system or islanded operation of µGs. Additionally, the
optimization aims to achieve optimal operation of BESs con-
sidering cost and reactive power support. Therefore, the time-
varying optimization problem can be formulated as follows:
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1) Frequency Optimization: Decision variables are selected
as ωi, vodi, pi and qi respectively. For the frequency tracking,
the optimal problem is

min
ωi

fωi(ωi) = ∥ωi − ωset (t)∥22 , i ∈ Gfm, (11)

where ωset (t) is the tracking objective, which could be a static
value for an islanded µG or a time varying target from the
tertiary level control system. The frequency should be bounded
by

ωset (t)−∆ω ≤ ωi ≤ ωset (t) + ∆ω, i ∈ Gfm, (12)

where ∆ω is the allowable frequency deviation. Another
constraint for the frequency regulation is that there is only
one frequency value in the µG,

ωi = ωj = · · · , i, j ∈ Gfm. (13)

The frequency constraint can be rewritten considering the
sparse communication network L as,

Lω = 0, (14)

where ω =
[
ω1, · · · , ωi, · · · , ωNfm

]T
, i ∈ Gfm, 0

is a Nfm × 1 column vector with all elements 0.
Then, the frequency time varying optimization can be sum-

marized as,

ω∗ (t) = argmin
∑
i

fωi (ωi (t) , t)

s.t. (12) and (14),
i ∈ Gfm,

(15)

where ω∗ is the optimal solution of the converter agent
objective function, local constraints and sparse constraints. In
the above optimization problem, frequency constraint (13) is
rewritten as the compact form (14). In accordance with [39], 1
is the right eigenvector associated with λ1 = 0 of L, which is
a balanced matrix. In addition with the constraint (12), there is
ω ̸= 0. Thus, the unique solution of (14) is ω=< ω > 1, where
< ω > is a positive scalar denoting the same frequency value
for each converter agent, i.e. < ω >= ωi = ωj = · · · , i, j ∈
Gfm.

The proposed distributed time varying optimal control algo-
rithm aims to find the control uωi , to maintain and converge
the frequency to the optimal frequency solution ω∗ (t) such
that,

lim
t→∞

(ωi (t)− ω∗ (t)) = 0, i ∈ Gfm. (16)

First, to deal with the local constraints, a penalized term
is introduced for the frequency optimization problem. In this
paper, a logarithmic type indicator function is implemented as,

ϕωi = ∥ωi − ωset (t)∥22
− 1

ρωi(t)
[ln (σωi (t)− (ωi − ωset (t)−∆ω))

+ ln (σωi (t)− (−ωi + ωset (t)−∆ω))] , i ∈ Gfm,
(17)

where ρωi (t) > 0 is a parameter for the indicator function,
σωi (t) is a slack function, enlarging the initial feasible set;
where ρωi (t) = aωie

bωit, and σωi (t) = cωie
−dωit with aωi >

0, bωi > 0, cωi > 0, and dωi > 0.

Then, the Lagrangian of the modified frequency optimal
problem with barrier (17) and sparse constraints (14) can be
written in a compact form as,

Lω =
∑
i

ϕωi + λT
ωLω, i ∈ Gfm, (18)

where λω is the Lagrange multiplier. Because the quadratic
tracking term in (17) and the penalized logarithmic barrier
(with σωi(t) > 0, ρωi(t) > 0) are convex, and the bound
constraints in (12) are convex, ϕωi is convex and twice
continuously differentiable. The modified unconstrained time
varying optimal problem is strongly convex in ω and concave
in λω . Invoked by the primal-dual method, the optimal primal-
dual pair (ω∗, λ∗

ω) for (18) is unique at t ≥ 0, which must
satisfy the KKT conditions:

∇ωLω = ∇ω

∑
i

ϕωi|ω=ω∗ + LTλ∗
ω = 0,

∇λωLω = Lω∗ = 0, i ∈ Gfm.
(19)

The derivative of both sides of (19) is also 0:[
∇ωω

∑
i

ϕωi L

LT 0

] [
ω̇∗

λ̇∗
ω

]
+

[
∇ωρ

∑
i

ϕωiρ̇ω (t)

0

]

+

[
∇ωσ

∑
i

ϕωiσ̇ω (t)

0

]
+

[
∇ωt

∑
i

ϕωi

0

]
= 0, i ∈ Gfm.

(20)
Then, the dynamic system of ω̇∗ can be solved from (20) as,

ω̇∗ = −
[
∇ωω

∑
i

ϕωi

]−1 [
Lλ̇∗

ω +∇ωρ

∑
i

ϕωiρ̇ω (t)

+∇ωσ

∑
i

ϕωiσ̇ω (t) +∇ωt

∑
i

ϕωi

]
, i ∈ Gfm.

(21)

The tracks of dynamic system (21) satisfies the KKT con-
ditions (19). To design the optimal time varying controller,
a Newton-like correction term is introduced [40]. Thus, the
controller uω can be obtained by

ω̇ = −
[
∇ωω

∑
i

ϕωi

]−1 [
P∇ω

∑
i

ϕωi + Lλ̇ω

+∇ωρ

∑
i

ϕωiρ̇ω (t)+∇ωσ

∑
i

ϕωiσ̇ω (t) +∇ωt

∑
i

ϕωi

]
,

i ∈ Gfm.
(22)

where P∇ω

∑
i

ϕωi is the Newton-like correction term, where

P = ε̄IN , and ε̄ > 0. The term Lλ̇ω is designed for each
converter agent as

φ̇ωi = sign(ωi − ωj)
κ
, i, j ∈ Gfm, (23)

where φω is an auxiliary vector, which represents
the dynamics of Lλ̇ω , φω = Lλω, φω =[
φω1 · · · φωi · · · φωN

]T
, and λ =[

λ1 · · · λi · · · λN

]T
; sig(χ)

κ
= sign (χ) |χ|κ,

for any χ ∈ ℜ, and κ > 0. sign (χ) is the signum function as,

sign (χ) =

 −1, χ < 0,
0, χ = 0,
1, χ > 0.

(24)
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Combining (22) and (23), the secondary time varying opti-
mization frequency control with the fixed control gain β > 0
is

ω̇i = uωi = −β[∇ωωϕωi]
−1

[ε∇ωϕωi + sig(ωi − ωj)
κ

+∇ωρϕωiρ̇ω (t) +∇ωσϕωiσ̇ωi (t) +∇ωtϕωi], i ∈ Gfm.
(25)

Remark 1: The dynamic of the convergence of the proposed
distributed time varying optimization control (22) can be tuned
via the ε̄. The larger ε̄ > 0 provides a faster convergence rate
for the frequency control.

Remark 2: Practical implementation requires discretization
(22) with step size τ > 0. A standard ordinary differential
equation discretization (e.g., forward Euler or higher order)
yields a local truncation error of order O(τ) (see [41]).
After discretization, both ε̄ and τ jointly affect stability
and convergence; the effective step ε̄τ must remain below
a method-dependent bound to preserve the continuous-time
properties [42]–[44]. Maintaining a bounded ε̄τ enables con-
sistent performance across hierarchical multi–time-resolution
layers.

2) Voltage Optimization: The voltage optimization problem
is analogous to the frequency optimization. However, unlike
frequency, which requires a uniform value across all converter
agents, voltage optimization requires sparse constraints due
to the trade-off between reactive power sharing and voltage
restoration [45]. In this paper, maintaining reactive power
sharing involves two distinct methods to handle this trade-
off: local voltage regulation or distributed average voltage
consensus control.

a) Time Varying Optimization with Voltage Control:
The primary objective of voltage control is to enhance power
quality by eliminating voltage deviations. To achieve this, the
voltage control must track the specified voltage references.
Consequently, the objective function for voltage control is
formulated to ensure adherence to these references as,

min
vodi

fvodi (vodi (t)) = ∥vodi (t)− vvodset (t)∥22 , i ∈ Gfm.

(26)
where vvodset (t) is the nominal voltage of µG, which is
determined by the higher level optimization control system.
Also, the voltage is bounded by

vvodset (t)−∆v ≤ vodi (t) ≤ vvodset (t)+∆v, i ∈ Gfm. (27)

where ∆v is the allowable voltage deviation of the µG voltage.
Then, to deal with the voltage boundaries, same as for the
frequency control design method, a logarithmic type indicator
function is introduced, and the objective function (26) is
rewritten as

ϕvi = ∥vodi (t)− vvodset (t)∥22
− 1

ρvi(t)
[ln (σvi (t)− (vodi (t)− vvodset (t)−∆v))

+ ln (σvi (t)− (−vodi (t) + vvodset (t)−∆v))],
i ∈ Gfm,

(28)
where ρvi > 0 is the barrier function for the indicator function,
σvi (t) is a slack function. ρvi (t) = avie

bvit, and ρvi (t) =

0.2 0.4 0.6 0.8 1
0

2

4

Fig. 3: Tuning gain ϑi for different normalized state of charge
(SOC) and pnet > 0 and pnet < 0.

cvie
−dvit with avi > 0, bvi > 0, cvi > 0, and dvi > 0. For

the local voltage control mode, the Lagrangian is

Lv =
∑
i

ϕvi, i ∈ Gfm. (29)

Then, following the similar design procedure, the local time
varying optimization voltage control is

v̇odi = uvodi = −β[∇viviϕvi]
−1

[ε∇viϕvi +∇viρϕviρ̇v (t)
+∇viσiϕviσ̇vi (t) +∇vitϕvi] , i ∈ Gfm.

(30)
b) Distributed Time Varying Optimization with Average

Voltage Control: In this control mode, the average estimation
voltage rather than the local measured voltage is implemented
for the average voltage control. The average voltage estimation
of converter agents can be obtained as [46],

˙̄vi = v̇odi + γ
∑
j∈Ni

[L]ij (v̄j − v̄i), i ∈ Gfm. (31)

where v̄i is the average voltage estimation of the i-th converter
agent; γ is a tune-able parameter with γ > 0; v̄i can observe
the average voltage of all converter agents with any initial

value v̄i (0). Thus, there is lim
t→∞

(
v̄i (t)− 1

N

∑
i

vodi (t)

)
= 0.

Then, substitution of vodi by v̄i in the voltage control objective
(26), the local constraints (27) and the objective function
(28) gives the average voltage optimization problem with the
indicator function ϕv̄i .

In the average voltage control mode, the sparse constraints
ensure the average voltage restoration performance,

Lv̄ = 0, (32)

where v̄ =
[
v̄i, · · · , v̄i, · · · , v̄N

]T
. Then, the La-

grangian of the average voltage optimization with sparse
constraints is,

Lv̄ =
∑
i

ϕv̄i + λT
v Lv̄, i ∈ Gfm. (33)

where λω is the Lagrange multiplier for the sparse average
voltage constraints. Therefore, the distributed time varying
optimization average voltage control is

uvodi = −β[∇v̄iv̄iϕv̄i]
−1

[ε∇v̄iϕv̄i + sig(v̄i − v̄j)
κ

+∇v̄iρϕv̄iρ̇v̄ (t) +∇v̄iσiϕv̄iσ̇v̄i (t) +∇v̄itϕv̄i] ,
i ∈ Gfm.

(34)
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3) Real and Reactive Power Optimization: The real output
power for the converter with connected PV and BES, which
is regulated in grid forming mode, is

pi = ppvi + pbesi, i ∈ Gfm, (35)

where ppvi and pbesi are the output power for PV and BES,
respectively; and pbesi > 0 denotes the BES is discharging.
Since the BES can balance the power demand, the PV can
be controlled via the MPPT method, such that ppvi = pMPPTi.
Thus, the objective of the PV and BES converter is to reduce
battery charging and discharging power and save battery life-
time. Furthermore, reactive power should also be minimized
to reduce power losses resulting from reactive power balance.
Therefore, the objective function for the power regulation of
PV and BES converter is

min
pbesi, qi

fZi (pbesi, qi) = c1 ∥pbesi∥22 + c2 ∥qi∥22 ,
i ∈ Gfm,

(36)

where c1 and c2 are gains associated with the multi-objective
function. They represent the costs of real power supply from
the battery and reactive power injection, respectively. Mini-
mizing reactive power injection can involve a trade-off with
(average) voltage regulation. The gains c1 and c2 are tuned to
balance power quality improvements with economic operation.

In addition, this paper considers cooperation among BESs to
prevent overcharging and overdischarging. BESs dynamically
adjust their output powers based on the net power and SOC.
Specifically, in scenarios where there is a positive net power,
BESs should supply power to loads, with BESs having a lower
SOC supplying less power, where the net power indicates
the total power demand in the µGs. Conversely, in cases of
negative net power, BESs with lower SOCs will receive more
power. To achieve this, a sparse constraint related to variable
output power p̃i is introduced. The variable output power p̃i
can be calculated as

p̃i = ϑipbesi, i ∈ Gfm, (37)

where ϑi is the dynamic tuning gain to vary the output power
of BES. In this paper, the logarithm-based tuning method is
proposed based on the µG’s net power and its SOC.

ϑi = − 1
2 [sign (pnet) + 1] ln (ςi)

−
[
1− 1

2 [sign (pnet) + 1]
]
ln (−ςi + 1) ,

i ∈ Gfm,
(38)

where pnet is the µG net power; ςi is the SOC as

ς̇i = −pbesi
Ei

,i ∈ Gfm, (39)

where, Ei is the size of the i−th BES in Ws. ϑi is further
normalized as

ϑ̃i = αϑ
ϑi − ϑ

ϑ̄− ϑ
+ βϑ, i ∈ Gfm, (40)

where, ϑ̄ and ϑ are the upper and lower boundaries of all
ϑi; αϑ and βϑ are parameters for the normalization. Fig. 3
presents the variation of ϑi according to the SOC level of a
BES. If pnet = 0, the µG is well balanced without BESs and
the BESs are idle.

The variable output power must satisfy the following sparse
constraints to achieve the cooperative operation,

Lp̃ = 0, (41)

where p̃ =
[
p̃1, · · · , p̃i, · · · , p̃Nfm

]T
. The sparse

constraint also indicates p̃i = p̃j = · · · . Invoked by (37)
and constraint (41), the larger ϑi is, the less output power is
provided or absorbed by BES. (38) ensures the BES with the
larger ϑi is in a lower SOC state under a negative net power
case, and a higher SOC state under a positive net power case.

Remark 3: From (37) and (41), it follows that ϑipbesi =
ϑjpbesj for all i, j. As shown in Fig. 3, when pnet < 0
(charging regime), a higher SOC yields a larger ϑi and thus
a smaller charging power magnitude |pbesi|; lower-SOC units
absorb more power, promoting SOC equalization.

Also, the reactive power sharing is introduced into the
optimal problem as a sparse constraint,

Lq̃ = 0, (42)

where q̃ =
[
q̃1, · · · , q̃i, · · · , q̃Nfl

]T
; q̃i = niqi.

This sparse constraint means that q̃i = q̃j = · · · .
Despite of the above sparse constraints, the following local

constraints should also be considered for the time varying
optimization of power control. The real and reactive power
should be maintained in the required range,

pchri ≤ pbesi ≤ pdchri,
−qmax i ≤ qi ≤ qmax i, i ∈ Gfm,

(43)

where pchri and pdchri are the maximum charging and dis-
charging powers of BES. qmax i is the maximum limit of
the reactive power. Furthermore, since the real and reactive
powers are coupled and constrained by the rated apparent
output power of the converter,

(pbesi + pMPPTi)
2
+ q2i ≤ s2rtdi, i ∈ Gfm, (44)

where srtdi is the rated apparent power of the i-th converter.
Also, the SOC of BES should be limited to extend the battery
lifetime,

ς ≤ ςi ≤ ς̄ , i ∈ Gfm. (45)

The optimal problem for real and reactive power can be
summarized as

min
pbesi, qi

fZi (pbesi, qi,)

s.t. (L ⊗ I2)Z = 0,gi (pbesi, qi) ≤ 0,,
i ∈ Gfm,

(46)

where gi (pbesi, qi) are the constraints (43) to (45); Z =[
ZT

1 , · · · , ZT
i , · · · , ZT

N

]T
, and Zi = [p̃i, q̃i]

T.
Then, the local constraints are dealt with via a logarithmic
type indicator function, similar as for the frequency control
design. Thus, the modification of objective function (36) gives

ϕZi = fZi (pbesi, qi)
− 1

ρZi(t)
ln [σZi (t)− gij (pbesi, qi)] ,

i ∈ Gfm,

(47)

where ρZi > 0 is the indicator function parameter , σZi (t) is a
slack function for real and reactive power optimization, where
ρZi (t) = aZie

bZit, and ρZi (t) = cZie
−dZit with aZi >
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0, bZi > 0, cZi > 0, and dZi > 0. Therefore, the Lagrangian
of the real and reactive power optimization problem is,

LZ =
∑
i

ϕZi + λT
Z (L ⊗ I2)Z, i ∈ Gfm, (48)

where λZ is the Lagrange multiplier for the sparse real and
reactive power sharing constraints. Following a similar design
procedure, the distributed secondary time varying optimization
control for real and reactive power regulation is,

uZi = −[∇ZiZiϕZi]
−1

[ε∇ZiϕZi + sig(Zi −Zj)
κ

+∇ZiρϕZiρ̇Zi (t) +∇ZiσϕZiσ̇Zi (t) +∇ZitϕZi] ,
i ∈ Gfm,

(49)
where uZi = [upi, uqi]

T.

C. Distributed Time Varying Optimization for Photovoltaic
Systems

The converter with only a connected PV source will work
in the GFM. In this case, the secondary reactive power control
objective is same as for the PV and BES converter. The real
power optimization objective is tracking the MPPT output
power such that,

min
ppvi, qi

fpvi (ppvi, qi) = cpv1 ∥ppvi − pMPPTi∥22 + cpv2 ∥qi∥22 ,

i ∈ Gfl,
(50)

where cpv1 and cpv2 are gains for the multi-objectives of the
PV system alone. For real power regulation, the cooperative
principle requires that all PV-only converters track the same
MPPT output power. Thus, there is

ppvi/pMPPTi
= ppvj/pMPPTj

= · · · , i ∈ Gfl. (51)

Rewriting the above constraint into a sparse form gives,

L⌢
p = 0, (52)

where ⌢
p =

[
⌢
p1, · · · , ⌢

p i, · · · , ⌢
pNPV

]T
; ⌢

p i =
ppvi/pMPPTi

and pMPPTi > 0. The real power and apparent
output power constraints are,

0 < ppvi ≤ pMPPTi,
−qmax i ≤ qi ≤ qmax i,
p2pvi + q2i ≤ s2rtdi, i ∈ Gfl,

(53)

Besides, the sparse constraint for reactive power sharing is
the same as in (42). Thus, the optimal problem for the PV
converter agent is,

obj. (50),
s.t. (42), and (52), sparse constraints,

(53), local constraints.
(54)

Then, implementing (47) to the optimal problem (54) gives
the modified objective function with the indicator function.
After that, following the similar procedure for (48) and (49)
gives the Lagrangian and control inputs for the distributed
secondary time varying power optimization control of PV
converter agents.
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Fig. 4: Modified IEEE 13 nodes test feeder with distributed
PVs and BESs.

D. Distributed Time Varying Optimization for Battery Energy
Storage Systems

The time varying optimization problem for the converter
agent with only BES is similar to one with the PV and
BES converter by setting ppvi = pMPPTi = 0. Therefore,
the substitution of pMPPTi = 0 into (44) and implementation
of (49) gives the distributed secondary time varying power
optimization control for BES converter agents.

E. Cooperation of Heterogeneous Energy Sources

The secondary control system for different energy source
systems is derived by implementing the proposed distributed
secondary continuous time-varying optimization controllers
for frequency regulation (25), voltage restoration (30), average
voltage control (34), and real and reactive power sharing (49)
into (7) or (9), based on the type of energy source system and
its primary control mode, respectively. In summary, energy
source systems with BES typically provide primary frequency
and voltage references, while systems with stochastic sources
like PV primarily operate in MPPT mode and allocate part
of their capacity to assist in frequency and voltage regulation.
Within BES-connected systems, efforts are made to maintain
a balanced SOC. The overall configuration of the proposed
continuous time-varying optimization control system is pre-
sented in Fig. 1. As shown in Fig. 1, the secondary control
framework uses feedback linearization to form unified virtual
inputs for heterogeneous energy sources that interface with
the distributed continuous time-varying optimization layer.
The optimization layer remains time-varying and can in-
clude nonlinear constraints, e.g., apparent-power limits. These
constraints are handled by an interior-point method within
a distributed, continuous-time optimizer that computes the
control inputs online. In summary, the primary droop control
dynamics for heterogeneous energy sources are linearized for
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Fig. 5: PV output powers under maximum power point tracking. PV data was sourced from the NREL Baseline Measurement
Station in Colorado. The zoomed-in sub-figure illustrates the PV output power between 315.6 and 316.6 minutes.
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Fig. 6: RTDS setup set up to verify the proposed distributed
time-varying optimization method by controlling a modified
IEEE 13-node test feeder µG. The simulation was conducted
using RTDS with hardware-in-the-loop. In this setup, the
switch model of converters, PV and BES sources, power
network, primary, and lower-level control were simulated on
two RTDS racks. The proposed secondary control system
was solved by a server PC, which communicated with the
RTDS racks via a GNET card using the TCP/IP protocol.
The required state variables for the secondary control and
time-varying optimization control signals were transmitted
accordingly.

the secondary control design, while the optimization problem
is solved with appropriate nonlinear constraint handling.

IV. RESULTS

The proposed distributed continuous time-varying optimiza-
tion control framework was validated using an islanded IEEE
13-node test feeder with distributed PVs and BESs, as depicted
in Fig. 4. Node 650 was disconnected from the main grid
to form an islanded µG. In the modified IEEE 13-node µG
setup, nodes 645, 611, 652, and 680 are connected only to PVs,
while nodes 646, 633, 684, 692, and 675 are connected to both
PVs and BESs. The VSCs have a nominal output voltage of

TABLE I: Case Study Parameters

vnrm 415V ωnrm 2π × 50rad/s Ei 80kWh

mi 2.1× 10−5 ni 2.5× 10−4 κ 0.9
ϵ 1 c1 1 c2 1
β 15 ς̄ 1 ς 0.2
aωi 1 bωi 0.1 cωi 10
dωi 0.01 cpv1 1 cpv2 1
avi 1 bvi 0.1 cvi 10
dvi 0.01 aZi 1 bZi 0.1
cZi 10 dZi 0.01 srtdi 200kW
pdchri 80kW pchri 80kW qmax i 150kVar

415V, and the µG frequency is set at 50Hz. Fig. 5 illustrates
PV output powers under MPPT. The PV output power data
is sourced from the NREL Baseline Measurement Station in
Colorado, calculated based on solar irradiance and temperature
data. The output power of the PV systems ranges from 15
kW to 55 kW, increasing in 5 kW increments between Nodes
680 and 646. The batteries have a capacity of 80 kWh. The
parameters for the following case studies are detailed in Table
I.

The RTDS setup for simulating the µG with the proposed
time-varying optimization control is depicted in Fig. 6. The
simulation is conducted using the hardware-in-loop method,
where a server connected to RTDS via a GNET card solves
the time-varying optimization control problem.

A. Case Study A: Distributed Time Varying Optimization Con-
trol with Local Voltage Control

In this case study, distributed frequency control (25) and
time-varying optimization of real and reactive power (49) or
(54) are implemented as secondary controls. Additionally, a
local voltage control system (30) is utilized. As shown in
Fig. 4, nodes 646, 633, 684, 692, and 675 are managed using
the grid forming method, which employs power control (49),
with (7) facilitating the interaction between the primary and
secondary control systems. In contrast, nodes 645, 611, 652,
and 680 are regulated by the grid following mode, which
utilizes power control (54) and primary control references set
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Fig. 7: Frequency and output voltage of VSCs with the local
voltage control.
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Fig. 9: Output real and reactive powers of VSCs with the local
voltage control: (a) grid forming; (b) grid following.

by (9). The real-time simulation results are presented in Figs.
7 to 9.
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Fig. 10: Frequency and output voltage of VSCs with the local
voltage control.

Fig. 7 shows the frequency and voltage of the µG under
the proposed time-varying optimization. The zoomed-in sub-
figure indicates that once the secondary control is activated,
frequency and voltage deviations are eliminated within a short
period of time. Despite rapid variations in PV output power,
both voltage and frequency remain stable within a narrow
range around their nominal set points.

Fig. 8 illustrates the battery output powers and SOCs. Using
the battery cooperation method outlined in (37) to (41), the
batteries adjust their output powers based on their SOCs and
the net power of the µG. Specifically, batteries with a higher
SOC discharge more power in positive net power scenarios
and charge less in negative net power situations, gradually
equalizing their SOC levels.

Fig. 9 displays the real and reactive power outputs of the
converters. During the first 60 minutes, the BESs with higher
SOC levels provide additional output power, fulfilling the real
power control objectives illustrated in Fig. 3. Reactive power
sharing is influenced by the trade-off between accurate voltage
regulation and reactive power distribution.

From Fig. 9 , at approximately 90 minutes, PV output
powers drop sharply at nodes 611, 645, 652, 680, 633,
675, 684, and 692. To maintain power balance and system
frequency, BES units at nodes 633, 675, 684, and 692 increase
their output. Under droop control, such imbalances manifest as
frequency deviations. The proposed time-varying optimization
commands the BES units to compensate for the mismatch,
thereby stabilizing µG operation.

B. Case Study B: Distributed Time Varying Optimization Con-
trol with Average Voltage Control

In this case, the parameters are the same as in Case Study
A, but the distributed time varying optimization of voltage is
changed to (34). The simulation results of frequency and VSC
output voltages, the average estimation of voltages is presented
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Fig. 12: Comparison studies for frequency and voltage control
during loads variations.

in Fig. 10. From Fig. 10, the voltage is maintained within the
required range, while the average voltage is controlled to the
nominal value.

C. Case Study C: Comparisons

The proposed continuous time-varying optimization control
method is compared with existing distributed control methods,
specifically distributed dynamic/static event-triggered control
[47] and distributed cooperative control [48]. These methods
are evaluated for voltage and frequency regulation on the
same power system configuration as in Case Study A, which
includes nine battery energy storage systems. As shown in Fig.
12, the proposed time-varying control method demonstrates
shorter settling time and faster response over the other methods
during load variations.

The proposed distributed, continuous-time secondary con-
troller enhances dynamic response, tightens frequency and
voltage regulation, improves tracking accuracy, and reduces
operating cost when economic terms are included. Because
updates are computed locally and exchanged only with neigh-
bors, the method is computationally efficient and well suited
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Fig. 13: RMS errors of frequency and voltage control during
loads variations for comparisons.
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Fig. 14: Comparison studies for the cost functions (36).

to heterogeneous µGs subject to rapid renewable and load
variations.

The controller yields faster transients and shorter settling
times, thereby improving power quality. As shown in Fig. 13,
both frequency and voltage RMS errors are lower than with
existing schemes, indicating tighter regulation and higher reli-
ability. In particular, Fig. 13b, the maximum voltage deviation
is limited to 7.66V, reducing the risk of violating voltage limits
during large disturbances such as abrupt renewable losses or
load steps.

Fig. 14 further compares the cost in (36). The proposed
approach consistently achieves a lower cumulative cost than
benchmark controllers, reflecting more efficient battery dis-
patch and reduced reactive power effort.

D. Case Study D: Modified IEEE 37 Test Feeder Distributed
with Renewable Energy Sources and Energy Storage System
and Operated in an Islanded Mode

This case study demonstrates the adaptability and scala-
bility of the proposed method on a larger benchmark sys-
tem. A modified islanded IEEE 37-bus feeder with dis-
tributed PV and BES resources was implemented on RTDS
with hardware-in-the-loop control to validate the distributed
time-varying optimization framework. Secondary frequency
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control (25), real/reactive power optimization (49) (or (54) for
PV-only units), and local voltage control (30) were deployed.
As shown in Fig. 15, nodes 701, 742, 725, 732, 736, and
740 operate in grid-forming mode using (49) with references
generated via (7); nodes 722, 718, 728, 731, 735, and 741
operate in grid-following mode using (54) with references
from (9).

Figs. 16a and 16b show that frequency and voltage remain
tightly regulated within the prescribed limits (±0.2Hz and
±20.075V; bounds illustrated in Fig. 17) despite renewable
variability. Fig. 18 confirms all BES SOC trajectories stay
within their allowable range while the cooperative sharing
rule (37) maintains SOC balance. Real and reactive power
behaviors for grid-forming and grid-following converters are
shown in Figs. 19a and 19b. In Fig. 19a the real power reflects
combined PV plus BES contributions, whereas in Fig. 19b the
real power originates solely from PV units. These results verify
correct coordination, constraint adherence, and scalability of
the distributed continuous time-varying optimization approach
on a larger heterogeneous µG.
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Fig. 16: Frequency and output voltage of VSCs with the local
voltage control.
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Fig. 17: Frequency, output voltage and their upper and lower
limitations of VSCs with the local voltage control.
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control.

E. Case Study E: Impact of Communication Delay, Packet
Loss, and Measurement Noise

In this case study, we evaluate the impact of communica-
tion impairments—time delay, packet loss, and measurement
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Fig. 19: Output real and reactive powers of VSCs with the
local voltage control: (a) grid forming; (b) grid following.

Fig. 20: Packet loss and time delay during the communication.
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Fig. 21: Frequency and output voltage of VSCs under local
voltage control, including measured noise and packet loss
effects during communication. Upper and lower operational
limits are indicated.
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Fig. 22: Battery output powers and SOCs with the local voltage
control, including measured noise and packet loss effects
during communication.
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Fig. 23: Output real and reactive powers of VSCs with the
local voltage control: (a) grid forming; (b) grid following,
including measured noise and packet loss effects during com-
munication.

noise—using the same benchmark as Case Study D. Gaussian
white noise (mean 0, variance 1.04× 10−2 to 1.25) is added
to RTDS state measurements; random packet loss of 10%
is imposed on the communication links; and time delay
arises from data transfer between RTDS and the server. The
realized packet loss and delay are shown in Fig. 20: a value
of 1 indicates a dropped packet and 0 indicates successful
transmission. The downsampled delay trace (red line) indicates
an average delay of about 0.02s.

Figs 21–23 show that frequency and voltage remain stable
and within the prescribed limits despite these impairments.
Battery power and SOC trajectories, Fig. 22, governed by the
cooperative sharing rule (37) maintains SOC balance. Real and
reactive power outputs, Fig. 23, exhibit only minor deviations,
with overall trends consistent with Case Study D. These
results demonstrate that the proposed distributed continuous
time-varying optimization framework is robust to realistic
noise, delay, and packet loss in the communication network.

Remark 4: In the case studies, the µG and all primary and
lower-level controllers are modeled on the RTDS, Real-Time
Digital Simulator. The proposed secondary, time-varying opti-
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mization runs on a dedicated server in a hardware-in-the-loop
configuration.

The secondary controller exchanges data with RTDS over
TCP/IP via the GNET interface. At each sampling instant,
RTDS streams measurements to the server; the server updates
and solves the optimization and returns converter setpoints.
RTDS applies these setpoints immediately, closing the HIL
loop.

This setup offers three advantages:
1) High-fidelity dynamics are achieved because

switching-level converter models and a nonlinear
battery model capture fast transients under realistic
conditions.

2) Efficient execution is ensured by running the complex
optimization on external hardware with deterministic
timing, while RTDS focuses on real-time network and
renewable energy source device simulation.

3) Realism is preserved because the architecture mirrors
deployments in which local devices receive setpoints
from a supervisory controller over a communication
link.

A limitation is scalability of the VSCs on the RTDS
setup. i.e. detailed converter models typically occupy dedicated
RTDS processor cores, so the size and node count of the
simulated system are bounded by available hardware.

Possible future work on the piratical implementation of
the proposed distributed time varying optimization control
framework includes:

1) Design industrial-grade control hardware with appropri-
ate communication interfaces.

2) Port and tune the time-varying optimizer on this hard-
ware to meet real-time deadlines.

3) Integrate and validate data exchange so that only sam-
pled measurements and optimized setpoints are trans-
mitted.

V. CONCLUSION

This paper presented a distributed continuous time-varying
optimization framework for secondary µG control, unifying
frequency and voltage restoration with adaptive real/reactive
power sharing across heterogeneous grid forming and grid
following converters. The feedback-linearized secondary layer
exposes heterogeneous energy source dynamics that are driven
by continuous-time optimal controllers subject to local and
consensus constraints, including PV maximum power point
tracking variability and frequency and voltage limits, and
so on. Real-time hardware-in-the-loop studies on a modified
IEEE 13-node feeder verified stable operation with both local
and average voltage objectives.

Quantitatively, the proposed approach reduced frequency
and voltage RMS regulation errors relative to benchmark dis-
tributed secondary controllers, limited the worst-case voltage
excursion during large load and renewable perturbations, and
lowered the cumulative multi-objective operating cost, while
maintaining SOC balance for all BESs. A larger islanded IEEE
37-node case further demonstrated scalability, heterogeneous
coordination, and constraint adherence under mixed grid form-
ing/grid following operation.

APPENDIX A
IMPLEMENTATION OF FEEDBACK LINEARIZATION FOR

SECONDARY CONTROL FRAMEWORK

Feedback linearization transforms a dynamic system into
decoupled linear dynamics by designing the feedback input.
It makes explicit the mapping between control inputs and
system states required by the secondary controller. In this
work, the secondary layer builds on primary droop control,
which couples frequency with real power and voltage with
reactive power, respectively. For each channel, the necessary
input–state relation is derived. The procedure is illustrated
below using the frequency–power droop as an example.

Take the derivative of (1),

ω̇i = ω̇ref
i −miṗi. (55)

The secondary control is proposed for grid forming converter
with frequency - power droop control to eliminate the fre-
quency deviation and to provide a accurate power sharing
among converters. Thus, the frequency control and power
control inputs should be designed, which is defined as uωi,
and upi, respectively. Thus, there is

ω̇i = uωi, miṗi = upi. (56)

The dynamic of new state is:

ω̇ref
i = ω̇i +miṗi = uωi + upi = Vi, (57)

where, Vi is the new feedback input.
For grid-following units, applying the same procedure to

the p–f and q–v droops produces linear maps for prefi and
qrefi , consistent with (9). In summary, feedback linearization
provides unified virtual inputs that the distributed time-varying
optimizer computes in real time and that are then integrated
to generate the primary references as in (7) and (9).

APPENDIX B
PROOFS OF STABILITIES OF THE DISTRIBUTED TIME

VARYING OPTIMIZATION CONTROL

To analysis the stability of the distributed time varying
optimization control for frequency regulation, the following
Lyapunov function is defined,

Vω (t) =
1

2

∥∥∥∥∥∇ω

∑
i

ϕωi

∥∥∥∥∥
2

2

. (58)

Following by (19) and LTλ∗
ω = 0, Vω (t) = 0 with the optimal

solution ω∗.
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The time derivative of (58) along with the dynamics of (25)
is

V̇ω(t) =

(
∇ω

∑
i

ϕωi

)T[
∇ωω

∑
i

ϕωiω̇ +∇ωρ

∑
i

ϕωiρ̇ω(t)

+∇ωσ

∑
i

ϕωiσ̇ω(t) +∇ωt

∑
i

ϕωi

−
∑
i

∑
j∈Ni

sig(ωi − ωj)
κ

]

=

(
∇ω

∑
i

ϕωi

)T[
− βε

∑
i

∇ωϕωi

−
∑
i

∑
j∈Ni

sig (ωi − ωj)
κ

]

≤ −βε

(
∇ω

∑
i

ϕωi

)T ∑
i

∇ωϕωi

= −2βεVω(t),
(59)

which implies ∇ω

∑
i

ϕωi exponentially converges to 0. Then,

implementation of mean-value theorem to ∇ω

∑
i

ϕωi gives,

∇ω

∑
i

ϕωi = ∇ωω

∑
i

ϕωi (ηi) (ωi − ω∗
i ) , (60)

where, ηi = ω∗
i + τ (ωi − ω∗

i ) is a convex combination of ωi

and ω∗
i . Invoked by (17), ϕωi is of strong convexity and there

is
∥∥∥∥∇ωω

∑
i

ϕωi (ηi)

∥∥∥∥
2

≤ Mϕω . After that, with the Cauchy-

Shwartz inequality, there is,

∥ω − ω∗∥2 ≤ M−1
ϕω

∥∥∥∥∥∇ω

∑
i

ϕωi

∥∥∥∥∥
2

. (61)

Then, invoked by (59), Vω(t) ≤ e−2βεtVω(t)|t=0 is held.
Equivalently, following inequality can be obtained.∥∥∥∥∥∇ω

∑
i

ϕωi

∥∥∥∥∥
2

≤ e−βεt

∥∥∥∥∥∇ω

∑
i

ϕωi |t=0

∥∥∥∥∥
2

. (62)

Thus, there is

lim
t→∞

∥ω − ω∗∥2 ≤ lim
t→∞

M−1
ϕω

∥∥∥∥∥∇ω

∑
i

ϕωi

∥∥∥∥∥
2

≤ lim
t→∞

M−1
ϕω e

−βεt

∥∥∥∥∥∇ω

∑
i

ϕωi

∣∣∣∣∣
t=0

∥∥∥∥∥
2

= 0,

which indicates the dynamics with the distributed time varying
frequency control of (25) can achieve the solution of the
optimal problem with the objective function (17).
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