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21 Introdu
tionDis
ontinuous Galerkin Finite Element Methods (DGFEMs) were introdu
ed in the early1970s for the numeri
al solution of �rst{order hyperboli
 problems (see [28, 20, 17, 18, 9,10℄ and [12, 13, 25, 26℄). Simultaneously, but quite independently, they were proposed asnonstandard s
hemes for the approximation of se
ond{order ellipti
 equations [22, 33, 1℄.In re
ent years there has been renewed interest in this 
lass of te
hniques, stimulated bythe 
omputational 
onvenien
e of DGFEMs due to a high degree of lo
ality, the need toapproximate adve
tion{dominated di�usion problems without ex
essive numeri
al stabi-lization, the ne
essity to a

ommodate high{order hp{ and spe
tral element dis
retizationsfor �rst{order hyperboli
 equations and adve
tion{di�usion problems [14, 19℄, and the de-sire to handle nonlinear hyperboli
 problems in a lo
ally 
onservative manner and withoutauxiliary numeri
al stabilization [8, 11℄ (see also [6, 7℄ for the error analysis of the lo
alversion of the DGFEM in the ellipti
 
ase).For �rst{order linear transport problems the use of stabilized hp{�nite element meth-ods, with a stabilization term of a streamline{di�usion type, was investigated re
ently in[15℄. It was shown that a proper 
hoi
e of the stabilization parameter leads to optimal 
on-vergen
e rates, in the mesh-width h and in the polynomial degree p, for the hp{versions ofthe dis
ontinuous Galerkin �nite element method and the (
ontinuous) streamline{di�usion�nite element method. Our purpose here is to extend that analysis to general adve
tion{di�usion problems, without invoking streamline{di�usion stabilization so as to redu
e theamount of numeri
al dissipation in the method.The paper is stru
tured as follows. After introdu
ing, in Se
tion 2, the requisite nota-tion and our model boundary value problem for a partial di�erential equation with non-negative 
hara
teristi
 form, we 
onsider, in Se
tion 3, the hp{DGFEM in the absen
e ofstreamline{di�usion stabilization, in the hyperboli
, purely adve
tive 
ase. Error boundsthat are optimal in both h and p are derived by means of an analysis di�erent from thatin [15℄. In the purely di�usive ellipti
 
ase, in Se
tion 4, we analyze the hp{version of theDGFEM proposed in [24℄, whi
h is 
losely related to mortar element methods with a prioridetermined multipliers (see Se
tion 6.4 of [30℄). We rigorously prove hp{
onvergen
e resultssimilar to those announ
ed in [3℄ whi
h apply both in two and in three spa
e dimensions.Our analysis exploits a stabilization devi
e due to Nits
he [22℄, see also [1, 33℄, based onthe penalization of dis
ontinuities in the dis
rete 
ounterpart of the di�usive normal 
uxat element interfa
es. We establish an error bound that is optimal in h and suboptimal inp by 12 a power of p. The results in Se
tion 4 represent an extension of the re
ent analysisof Rivi�ere, Wheeler, and Girault [27℄ to �nite element spa
es with lo
ally varying polyno-mial degrees and highlight the nature of the dependen
e of the dis
ontinuity{penalizationparameter on the di�usion 
oeÆ
ient. This latter re�nement, in parti
ular, is 
ru
ial forour extension of the error analysis from the symmetri
 ellipti
 situation to the 
ase ofse
ond{order partial di�erential equations with degenerate di�usion. Indeed, in Se
tion5, we address the analysis of the method for the 
lass of se
ond{order partial di�erentialequations with nonnegative 
hara
teristi
 form (whi
h in
ludes adve
tion{di�usion prob-lems as well as partial di�erential equations of mixed ellipti
{hyperboli
{paraboli
 type)



3by 
ombining the results of Se
tions 3 and 4 to dedu
e hp{error estimates for this general
ase. We also show that if the solution is element-wise analyti
 then the global error de-
ays at an exponential rate. Se
tion 6 presents numeri
al experiments whi
h 
on�rm thetheoreti
al results. The analysis in this paper is a 
omplete and improved a

ount of ourre
ent work announ
ed in the 
onferen
e papers [31, 32℄.2 Preliminaries2.1 Model problemLet 
 be a bounded open polyhedral domain in Rd , d � 2, and let � signify the union ofits (d� 1){dimensional open fa
es. We 
onsider the di�usion{adve
tion{rea
tion equationLu � � dXi;j=1 �j(aij(x) �iu) + dXi=1 bi(x) �iu+ 
(x)u = f(x) ; (2.1)where f 2 L2(
) and 
 2 L1(
) are real{valued, b = fbigdi=1 is a ve
tor fun
tion whoseentries bi are Lips
hitz 
ontinuous real{valued fun
tions on �
, and a = faijgdi;j=1 is a sym-metri
 matrix whose entries aij are bounded, pie
ewise 
ontinuous real{valued fun
tionsde�ned on �
, with �Ta(x)� � 0 8� 2 Rd ; a.e. x 2 �
 : (2.2)Under this hypothesis, (2.1) is termed a partial di�erential equation with nonnegative 
har-a
teristi
 form. By �(x) = f�i(x)gdi=1 we denote the unit outward normal ve
tor to � atx 2 �. On introdu
ing the so 
alled Fi
hera fun
tion b � �, we de�ne�0 = nx 2 � : �(x)Ta(x)�(x) > 0o ; (2.3)�� = fx 2 �n�0 : b(x) � �(x) < 0g ; �+ = fx 2 �n�0 : b(x) � �(x) � 0g :(2.4)The sets �� and �+ will be referred to as the in
ow and out
ow boundary, respe
tively.Evidently, � = �0 [ �� [ �+. If �0 is nonempty, we shall further divide it into disjointsubsets �D and �N whose union is �0, with �D nonempty and relatively open in �. Wesupplement (2.1) with the boundary 
onditionsu = gD on �D [ �� ; (2.5)� � (aru) = gN on �N ;and adopt the (physi
ally reasonable) hypothesis that b � � � 0 on �N, whenever �N isnonempty. The well-posedness of the boundary value problem (2.1), (2.5), in the 
ase ofhomogeneous boundary 
onditions, is shown in the Appendix. Next we introdu
e the �niteelement spa
es whi
h the hp{DGFEM is based on.



42.2 Finite element spa
esLet T be a subdivision of 
 into disjoint open element domains � su
h that �
 = [�2T ��,where T is regular or 1-irregular, i.e., ea
h fa
e of � in T has at most one hanging node.We assume that the family of subdivisions T is shape{regular (
f. pp. 61, 113, andRemark 2.2, p.114, in [5℄) and ea
h � 2 T is an aÆne image of a �xed master element �̂;i.e., � = F�(�̂) for all � 2 T , where �̂ is either the open unit simplex or the open unithyper
ube in Rd . For a nonnegative integer k, we denote by Pk(�̂) the set of polynomialsof total degree k on �̂. When �̂ is the unit hyper
ube, we also 
onsider Qk(�̂), the setof all tensor{produ
t polynomials on �̂ of degree k in ea
h 
oordinate dire
tion. To ea
h� 2 T we assign a nonnegative integer p� (lo
al polynomial degree) and a nonnegativeinteger s� (lo
al Sobolev index), 
olle
t the p�, s� and F� in the ve
tors p = fp� : � 2 T g,s = fs� : � 2 T g and F = fF� : � 2 T g, and 
onsider the �nite element spa
eSp(
; T ;F) = fu 2 L2(
) : uj� Æ F� 2 Rp�(�̂)g ;where R is either P or Q. Further, we assign to the subdivision T the broken Sobolevspa
e of 
omposite order s,Hs(
; T ) = fu 2 L2(
) : uj� 2 Hs�(�) 8� 2 T g ;equipped with the broken Sobolev norm and 
orresponding seminorm, respe
tively,kuks;T = �X�2T kuk2Hs�(�)� 12 ; jujs;T = �X�2T juj2Hs�(�)� 12 : (2.6)When s� = s for all � 2 T , we shall write Hs(
; T ), kuks;T and jujs;T . For u 2 H1(
; T )we de�ne the broken gradient rT u of u by (rT u)j� = r(uj�), � 2 T .Let us 
onsider the set E of all open (d� 1){dimensional fa
es (open edges when d = 2or open fa
es when d = 3) of all elements � 2 T . Given that T may be irregular andhanging nodes are permitted in the DGFEM, E will be understood to 
ontain the smallest
ommon (d � 1)-dimensional interfa
es of neighboring elements (
f. Figure 1). Further,we denote by Eint the set of all e in E that are 
ontained in 
, we let �int = fx 2 
 :x 2 e for some e 2 Eintg and we introdu
e the set ED of (d�1){dimensional boundary fa
es
ontained in the subset �D of �. Impli
it in these de�nitions is the assumption that Trespe
ts the de
omposition of � in the sense that ea
h e 2 E that lies on � belongs to theinterior of exa
tly one of ��, �+, �D, �N.3 Pure adve
tion3.1 Formulation of the problemIn this se
tion, we study the dis
ontinuous Galerkin �nite element approximation of theadve
tive part L0 of L; thus we set a = 0 and �0 = ;, and 
onsiderL0 u � b � ru+ 
u = f in 
 ; (3.1)u = gD on �� :



5PSfrag repla
ements � e1e2 �1�2Figure 1: Hanging node � and fa
es e1; e2 2 Eint.We adopt the following (standard) hypothesis: there exists a positive 
onstant 
0 su
h that
(x)� 12 r � b(x) � 
0 a.e. x 2 
 ; (3.2)we then de�ne the fun
tion 
0 by(
0(x))2 = 
(x)� 12 r � b(x) : (3.3)For any element � 2 T , we denote by �� the union of (d� 1)-dimensional open fa
es of �.Then, the in
ow and out
ow parts of �� are de�ned by��� = fx 2 �� : b(x) � ��(x) < 0g ; �+� = fx 2 �� : b(x) � ��(x) � 0g ;respe
tively, where ��(x) denotes the unit outward normal ve
tor to �� at x 2 ��.For ea
h � 2 T and v 2 H1(�), we denote by v+� the interior tra
e of vj� on ��. Now
onsider � 2 T su
h that ���n� is nonempty. Then, for almost every (with respe
t to the(d� 1){dimensional surfa
e measure) x 2 ���n� there exists a unique �0 2 T (dependingin general on the lo
ation of x on ��) su
h that x 2 �+�0. Assume now that v 2 H1(
; T ).If ���n� is nonempty for some � 2 T , then the outer tra
e v�� of v on ���n� relative to �is de�ned as the inner tra
e v+�0 relative to the element(s) �0 su
h that the interse
tion of�+�0 with ���n� has positive (d� 1){dimensional measure. We then de�ne the jump of va
ross ���n� by bv
� := v+� � v�� :Sin
e below it will always be 
lear from the 
ontext whi
h element � in the subdivisionT the quantities ��, v+� , v�� and bv
� 
orrespond to, for the sake of simpli
ity we shallsuppress the letter � in the subs
ript and write, respe
tively, �, v+, v� and bv
 instead.For v; w 2 H1(
; T ) we 
onsider the bilinear formA(w; v) =X�2T �Z� L0w � vdx� Z���\��(b � �)w+v+ds� Z���n�(b � �)bw
 v+ds�and the linear fun
tional`A(v) =X�2T �Z� fvdx� Z���\��(b � �) gD v+ds� :



6The hp{DGFEM for (3.1) is de�ned as follows: �nd uDG 2 Sp(
; T ;F) su
h thatA(uDG; v) = `A(v) 8v 2 Sp(
; T ;F) : (3.4)The next three se
tions are devoted to the error analysis of this method.3.2 Stability analysis of the DGFEMLet us de�ne k � k� , � � ��, as the (semi)norm asso
iated with the (semi)inner{produ
t(v; w)� = Z� jb � �jvwds :The next result is a spe
ial 
ase of Lemma 2.4 in [15℄ with Æ = 0.Lemma 1 The solution uDG to (3.4) satis�es the following bound:X�2T �k
0uDGk2L2(�) + 12ku+DGk2���\�� + ku+DG � u�DGk2���n� + ku+DGk2�+�\��� X�2T �k
0�1fk2L2(�) + 2kgDk2���\��� :Lemma 1 implies the uniqueness of the solution to the hp{DGFEM (3.4); further, sin
e(3.4) is a linear problem over the �nite{dimensional spa
e Sp(
; T ;F), the existen
e of thesolution uDG follows from its uniqueness.A

ording to the 
lassi
al theory of 
hara
teristi
s, a pie
ewise 
ontinuous solution u tothe �rst{order linear hyperboli
 equation (3.1) 
an only exhibit jump dis
ontinuities a
ross
hara
teristi
 hypersurfa
es. Thus, for any smooth, open, (d�1){dimensional hypersurfa
eS � 
 with normal ve
tor �, the normal 
ux of the solution, bu ��, is a 
ontinuous fun
tiona
ross S even if u itself has a jump dis
ontinuity a
ross S (for in the latter 
ase b � � = 0on S). Thus, (b � �)bu
 = bbu
 � � = 0 on S, and so the method (3.4) is fully 
onsistent,i.e., A(u; v) = `A(v) 8v 2 Sp(
; T ;F) :Combining this with (3.4) yields the Galerkin orthogonality propertyA(u� uDG; v) = 0 8v 2 Sp(
; T ;F) : (3.5)It will be assumed in the pro
eeding error analysis thatb � rT vh 2 Sp(
; T ;F) 8vh 2 Sp(
; T ;F) : (3.6)The 
ondition (3.6) will be further 
ommented on in Remark 4 below.Let us denote by �p the orthogonal proje
tor in L2(
) onto the �nite element spa
eSp(
; T ;F); i.e., given that u 2 L2(
), we de�ne �pu by(u� �pu; v) = 0 8v 2 Sp(
; T ;F) : (3.7)We may then de
ompose the global error u� uDG asu� uDG = (u� �pu) + (�pu� uDG) � � + � : (3.8)



7Lemma 2 Assume that (3.2) and (3.6) hold and let 
1 = ess supx2
 j
1(x)j where 
1(x) =(
(x)� (r � b)(x)) =(
0(x))2; then the fun
tions � and � de�ned by (3.8) satisfy the inequal-ity X�2T �k
0�k2L2(�) + k�+k2���\�� + 12k�+ � ��k2���n� + 12k�+k2�+�\���X�2T �
21k
0�k2L2(�) + 2k�+k2�+�\� + 2k��k2���n�� : (3.9)Proof From (3.5) and (3.8) we have thatA(�; �) = �A(�; �) : (3.10)Let us �rst 
onsider the left{hand side of (3.10). After integrating by parts and using the de�nitionof 
0(x) given in (3.3), we �nd, analogously as in Lemma 1, thatA(�; �) = X�2T k
0 �k2L2(�) + 12 X�2T k�+k2���\��+12 X�2T k�+ � ��k2���n� + 12 X�2T k�+k2�+�\� : (3.11)Similarly, performing integration by parts we dedu
e thatA(�; �) = 2 X�2T Z�(
0(x))2 ��dx�X�2T Z� �L0 �dx+X�2T Z�+�\�(b � �)�+�+ds+X�2T Z�+�n�(b � �) �+�+ds+X�2T Z���n�(b � �)�+��ds : (3.12)Con
erning the last two terms in (3.12) we note that�����X�2T Z�+�n�(b � �) �+�+ds+X�2T Z���n�(b � �) �+�� ds������X�2T k�+ � ��k���n� k��k���n�� 14 X�2T k�+ � ��k2���n� +X�2T k��k2���n� : (3.13)In addition, by virtue of (3.6), Z� � (b � r�)dx = 0 8� 2 T ; (3.14)given that b � rT � 2 Sp(
;T ;F) and, by (3.8), � = u � �pu where �p is the L2{proje
tor ontoSp(
;T ;F), 
f. (3.7). Noting the de�nition of 
1(x) in the statement of the Lemma, (3.14) yields2X�2T Z�(
0(x))2 ��dx�X�2T Z� � L0 �dx = X�2T Z� 
1(x)(
0(x))2��dx : (3.15)



8Using (3.13) and (3.15) in (3.12) then givesA(�; �) � 12 X�2T k
0 �k2L2(�) + 12
21 X�2T k
0�k2L2(�) + 14 X�2T k�+k2�+�\�+X�2T k�+k2�+�\� + 14 X�2T k�+ � ��k2���n� +X�2T k��k2���n�: (3.16)Combining (3.10), (3.11) and (3.16) gives the desired result. �Stimulated by the identity (3.11), we de�ne the DG{norm jjj � jjjDG byjjjwjjj2DG= X�2T �k
0wk2L2(�) + 12kw+k2���\�� + 12kw+ � w�k2���n�+12kw+k2�+�\�� :By applying the triangle inequality to (3.8) and using (3.9) we obtain a bound on theglobal error u� uDG in the DG{norm in terms of the proje
tion error � = u��pu. Next,we derive a bound on the DG{norm of � in terms of h and p.3.3 hp{error estimatesTo obtain bounds on the proje
tion error � in (3.9), expli
it in h and p, we shall assume herefor 
onvenien
e that T = f�g is a subdivision of 
 into shape{regular d-parallelepipeds,i.e., the referen
e element is �̂ = (�1; 1)d. Inequality (3.9) shows that in addition tok�kL2(�) we also need to estimate the norms k�+k�+�, k��k���; these terms will be dealtwith by bounding them above by kbk1=2L1(�)k�kL2(��). We begin our analysis by re
alling thefollowing univariate bound from Theorem 3.11 in [29℄.Lemma 3 Let I = (�1; 1) and û 2 Hk(I) for some integer k � 1. Let further �̂pû be theL2(I){proje
tion of û onto Pp(I), p � 0. Then the following error estimate holds for anyinteger s, 0 � s � min(p+ 1; k), with W =W (x̂) = (1� x̂2)1=2:kû� �̂pûk2L2(I) � �(p+ 2� s)�(p+ 2 + s) kW sû(s)k2L2(I) � �(p+ 2� s)�(p+ 2 + s) jûj2Hs(I) : (3.17)Error estimates in dimension d > 1 will now be dedu
ed by tensor produ
t 
onstru
-tion. To this end, we denote by �̂(i)p , 1 � i � d, the univariate L2(I){proje
tor onto thepolynomials of degree p in the variable x̂i; �̂p will denote the L2(�̂){proje
tor onto thetensor produ
t polynomials of degree p in ea
h variable. Then�̂p = �̂(1)p �̂(2)p : : : �̂(d)p : (3.18)Error estimates for û � �̂pû 
an now be obtained from (3.17). Thus 
onsider d = 2, forexample; then û � �̂pû = û � �̂(1)p �̂(2)p û = û � �̂(1)p û + �̂(1)p (û � �̂(2)p û). Hen
e, re
allingthat �̂(i)p , i = 1; 2, are bounded linear operators in L2(�̂) with norm 1,kû� �̂pûkL2(�̂) � kû� �̂(1)p ûkL2(�̂) + kû� �̂(2)p ûkL2(�̂) : (3.19)



9If d > 2, we iterate (3.19) and obtainkû� �̂pûkL2(�̂) � dXi=1 kû� �̂(i)p ûkL2(�̂) : (3.20)Employing the bound (3.17) in (3.20) we arrive at the following result.Lemma 4 Let �̂ = (�1; 1)d, d � 1, and û 2 Hk(�̂) for some integer k � 1. Let further�̂pû be the L2(�̂) proje
tion of û onto Qp(�̂) with p � 0; then, for any integer s, 0 � s �min(p+ 1; k), and Wi = Wi(x̂i) = (1� x̂2i )1=2, we havekû� �̂pûkL2(�̂) � ��(p+ 2� s)�(p+ 2 + s)� 12 dXi=1 kW si �si ûkL2(�̂)� C(d) ��(p+ 2� s)�(p+ 2 + s)� 12 jûjHs(�̂) : (3.21)Applying Lemma 4, we 
an now dedu
e a bound on the L2{proje
tion error � on ea
helement � 2 T . Re
all that T is shape{regular and that � = F�(�̂) with F� aÆne. Settingû = u Æ F� in (3.21) and noting that (�̂pû)(x̂) = (�pu)(F�(x̂)) for all x̂ 2 �̂, we �nd thatfor any � 2 T and u 2 Hs(�),ku��pukL2(�) � C(d) hs ��(p+ 2� s)�(p+ 2 + s)� 12 jujHs(�) ; 0 � s � min(p+1; k) ; (3.22)where �p is de�ned by (3.7).We see from (3.9) that in addition to bounding ku � �pukL2(�) we also need to esti-mate ku � �pukL2(��). The usual approa
h to handling the latter term is to apply themultipli
ative tra
e inequalityk�k2L2(��) � C(d)�k�kL2(�)kr�kL2(�) + h�1� k�k2L2(�)� (3.23)with � = u � �pu and employ estimates of � and r� in the L2(�) norm. While (3.22)and Stirling's formula show that k�kL2(�) exhibits an hp{optimal rate of 
onvergen
e, allavailable bounds in the literature on kr�kL2(�) are h{optimal but p{suboptimal, resultingin a p{suboptimal bound on the term k�kL2(��). To over
ome this problem, instead, wedire
tly estimate the L2(�){proje
tion error u��pu in the L2(��) norm. First, we map �onto the 
anoni
al element �̂ and 
onsider, without loss of generality, the tra
e of û� �̂pûon the fa
e x1 = 1. We shall, again, use a tensor produ
t argument, the main ingredientsof whi
h will be (3.17) and the following result.



10Lemma 5 Let I = (�1; 1), û 2 Hk(I) for some integer k � 1, and let �̂p û 2 Pp(I) be itsL2(I){proje
tion with p � 0; then,j(û� �̂p û)(1)j2 � 12p+ 1 �(p+ 1� t)�(p+ 1 + t) kW tû(t+1)k2L2(I)� 12p+ 1 �(p+ 1� t)�(p+ 1 + t) jûj2Ht+1(I) ;for any integer t, 0 � t � min(p; k � 1), where W (x̂) = (1� x̂2)1=2.Proof For p = 0 the proof is trivial. Let us suppose, therefore, that p � 1. We develop û0 2 L2(I)into a Legendre series as a fun
tion of x̂ 2 I = (�1; 1):û0 = 1Xi=0 biLi ; bi = 2i+ 12 Z 1�1 û0(x̂)Li(x̂)dx̂ ;where Li(x̂) is the Legendre polynomial of degree i on (�1; 1); thenû(x̂) = û(�1) + 1Xi=0 bi Z x̂�1 Li(�) d� :Sin
e Z x̂�1 Li(�)d� = (Li+1(x̂)� Li�1(x̂)) = (2i + 1) ; i � 1 ;we �nd that û = (b0 + û(�1)) L0 + b0L1 + 1Xi=2 bi�12i� 1 Li � 1Xi=0 bi+12i+ 3 Li :Comparing 
oeÆ
ients with û =P1i=0 ûiLi givesûi = bi�12i� 1 � bi+12i+ 3 ; i � 2 :Thus, for r � 2, 1Xi=r ûi = 1Xi=r � bi�12i� 1 � bi+12i+ 3� = 1Xi=r�1 bi2i+ 1 � 1Xi=r+1 bi2i+ 1= br�12r � 1 + br2r + 1 ;and  1Xi=r ûi!2 � 2(br�1)2(2r � 1)2 + 2(br)2(2r + 1)2 � 12r � 1 1Xi=r�1 22i+ 1 jbij2� 12r � 1 kû0k2L2(I) : (3.24)



11Sin
e Li(1) = 1 for all i, (3.24) yieldsj(û� �̂pû)(1)j2 = 0� 1Xi=p+1 ûi1A2 � 12p+ 1 kû0k2L2(I) ; p � 1 :Now let v̂ := û� P̂p û where the proje
tor P̂p is de�ned by(P̂pw)(x̂) := w(�1) + Z x̂�1 (�̂p�1(w0))(�) d� ; p � 1 ; w 2 H1(I) ;then, from (3.17) applied with s = t and p! p� 1, we have thatj(û� �̂pû)(1)j2 = jû(1)� (P̂p û)(1) + (P̂pû)(1) � (�̂pû)(1)j2= j(û� P̂pû)(1) � �̂p(û� P̂pû)(1)j2 = j(v̂ � �̂pv̂)(1)j2� 12p+ 1 kv̂0k2L2(I) = 12p+ 1 kû0 � �̂p�1 û0k2L2(I)� 12p+ 1 �(p+ 1� t)�(p+ 1 + t) kW tû(t+1)k2L2(I) :for 0 � t � min(p; k � 1). �We shall now use Lemma 5 to estimate kû� �̂pûkL2(��̂), �̂ = (�1; 1)d.Lemma 6 Suppose that û 2 Hk(�̂) for some integer k � 1, and let s be an integer su
hthat 1 � s � min(p+ 1; k), with p � 0; then, we have thatkû� �̂pûkL2(��̂) � C(d)�1(s; p)jûjHs(�̂) ; (3.25)where �1(s; p) is de�ned by�1(s; p) = 1p2p+ 1 " ��(p+ 2� s)�(p+ s) � 12 + ��(p+ 3� s)�(p+ 1 + s)� 12#+��(p+ 2� s)�(p+ 2 + s)� 14 ��(p+ 3� s)�(p+ 1 + s)� 14 + ��(p+ 2� s)�(p+ 2 + s)� 12 : (3.26)Proof We write�̂ = I(1) � I(2) � : : :� I(d) ; x̂ = (x̂1; : : : ; x̂d) � (x̂1; x̂0) ; x̂i 2 I(i) ;where I(i) is the interval (�1; 1) in the ith{
oordinate dire
tion. Further, we de�ne �̂0 � ��̂ via�̂ = I(1) � �̂0, and we split �̂p in (3.18) as �̂p = �̂(1)p �̂0p. We then havek(û� �̂pû)(1; �)kL2(�̂0) � k(û� �̂(1)p û)(1; �)kL2(�̂0) + k�̂(1)p (û� �̂0pû)(1; �)kL2(�̂0)� T1 +T2 : (3.27)The term T1 in (3.27) 
an be estimated using Lemma 5:T1 � k(û� �̂(1)p û)(1; �)kL2(�̂0) � 1p2p+ 1 ��(p+ 2� s)�(p+ s) � 12 jûjHs(�̂) ; (3.28)



12for 1 � s � min(p+ 1; k), k � 1. We de�ne w := û� �̂0p û, and note thatT2 � k�̂(1)p w(1; �)kL2(�̂0) � kw(1; �)kL2(�̂0) + k(w � �̂(1)p w)(1; �)kL2(�̂0)� T21 +T22 : (3.29)Letting �̂i � �x̂i , we use Lemma 5 on the se
ond term in (3.29) to dedu
e thatT22 � k(w � �̂(1)p w)(1; �)kL2(�̂0) � 1p2p+ 1 k�̂1wkL2(�̂) : (3.30)Sin
e �̂1w = �̂1û� �̂0p (�̂1û), we get from (3.21), applied with respe
t to x̂0, the boundk�̂1wkL2(�̂) � C(d) ��(p+ 3� s)�(p+ 1 + s)� 12 jûjHs(�̂) : (3.31)Inserting (3.31) into (3.30) yieldsT22 � C(d) 1p2p+ 1 ��(p+ 3� s)�(p+ 1 + s)� 12 jûjHs(�̂) ; (3.32)for 1 � s � min(p + 1; k), k � 1. To bound the term T21, we note that by a univariatemultipli
ative tra
e inequality in the x̂1{dire
tion, integrated over x̂0 2 �̂0:T21 = kw(1; �)kL2(�̂0) � C �kwk 12L2(�̂)k�̂1wk 12L2(�̂) + kwkL2(�̂)� : (3.33)Further, applying (3.21) with respe
t to x̂0, we getkwkL2(�̂) = kû� �̂0pûkL2(�̂) � C(d)��(p+ 2� s)�(p+ 2 + s)� 12 jûjHs(�̂) : (3.34)On inserting (3.34) and (3.31) into (3.33), we �nd thatT21 � C(d) ��(p+ 2� s)�(p+ 2 + s)� 14 ��(p+ 3� s)�(p+ 1 + s)� 14 +��(p+ 2� s)�(p+ 2 + s)� 12! jûjHs(�̂) ;for 1 � s � min(p+1; k), k � 1. Finally, substituting this last bound and (3.32) into (3.29), andthen inserting the resulting inequality and (3.28) into (3.27), we getk(û� �̂pû)(1; �)kL2(�̂0) � C(d)�1(s; p)jûjHs(�̂) ;with �1 as in (3.26) and 1 � s � min(p + 1; k), k � 1. An identi
al argument for ea
h of theother fa
es of �̂ and merging the resulting bounds 
ompletes the proof. �The next result is the weighted-norm-analogue of Lemma 6; its proof is analogous,ex
ept now it exploits the weighted-norm-bounds from Lemmas 4 and 5.



13Lemma 7 Suppose that k � 1 is an integer su
h that N`(k; u), ` = 1; 2; 3; 4, de�ned beloware �nite, and assume that s is an integer su
h that 1 � s � min(p + 1; k) with p � 0;then, we have thatkû� �̂pûkL2(��̂) � C(d) fA1(s; p)N1(s; u) + A2(s; p)N2(s; u)+ [A3(s; p)N3(s; u)A4(s; p)N4(s; u)℄ 12 + A3(s; p)N3(s; u)g ;whereA1(s; p) = 1p2p+ 1 ��(p+ 2� s)�(p+ s) � 12; N1(s; u) =  dXi=1 kW s�1i �̂si ûk2L2(�̂)!12 ;A2(s; p) = 1p2p+ 1 ��(p+ 3� s)�(p+ 1 + s)� 12; N2(s; u) =  dXj=1Xi6=j kW s�1i �̂j �̂s�1i ûk2L2(�̂)! 12;A3(s; p) = ��(p+ 2� s)�(p+ 2 + s)� 12; N3(s; u) =  dXj=1Xi6=j kW si �̂si ûk2L2(�̂)! 12;A4(s; p) = ��(p+ 3� s)�(p+ 1 + s)� 12; N4(s; u) = N2(s; u) ;with �̂ = (�1; 1)d and Wi � Wi(x̂i) = (1� x̂2i ) 12 for x̂i 2 (�1; 1), i = 1; : : : ; d.Remark 1 The analyti
al results in this se
tion were stated under the assumption thatû = u Æ F� belongs to an integer-order (weighted) Sobolev spa
e on �̂. For the purposes ofthe dis
ussion in this remark we note, however, that using the K-method of fun
tion spa
einterpolation the bounds in Lemmas 3 to 7 
an be extended to fra
tional-order spa
es.Consider û(x̂) = (1 + x̂1)� with � > 1=2 for x̂ = (x̂1; : : : ; x̂d) in �̂ = (�1; 1)d. Clearly,�̂s1û = C�;s(1 + x̂1)��s and �̂iû = 0 for i � 2, so u 2 Hs(�̂) if and only if s < � + 1=2.Hen
e, from (3.21), (3.25) via Stirling's formula, we get�kû� �̂pûk2L2(�̂) + kû� �̂pûk2L2(��̂)�1=2 � C�;";d p��+" ;for ", 0 < " � 1. It 
an be shown, however, that the expression on the left-hand sideof this inequality de
ays faster than this bound predi
ts. Indeed, using the nomen
latureintrodu
ed in Lemma 7, N2(s; u) = N4(s; u) = 0 andA1(s; p)N1(s; u) � Cs;d p�s+ 12kW s�11 �s1ûkL2(�̂) ;A3(s; p)N3(s; u) � Cs;d p�skW s1 �s1ûkL2(�̂) :Now the expressions on the right{hand sides of these inequalities are �nite provided thats < 2�. Thus, we dedu
e from Lemma 7 that, for 0 < "� 1,kû� �̂pûkL2(��̂) � C�;";d p�(2�� 12)+" :



14Further, upon 
hoosing s < 2� + 1 in the �rst inequality of (3.21) to ensure that (1 �x̂21)s=2 (1 + x̂1)��s lies in L2(�1; 1), we have from Lemma 4 thatkû� �̂pûkL2(�̂) � C�;";d p�(2�+1)+" :We thus 
on
lude that�kû� �̂pûk2L2(�̂) + kû� �̂pûk2L2(��̂)�1=2 � C�;";d p�(2�� 12)+" : (3.35)Consider, on the other hand, the fun
tion û de�ned by û(x̂) = (max(0; x̂1))� with � > 0.Then, by an analogous argument we dedu
e that, in 
ontrast with (3.35),�kû� �̂pûk2L2(�̂) + kû� �̂pûk2L2(��̂)�1=2 � C�;";d p��+"only. These observations will be of relevan
e in Se
tion 6 where we investigate the sharpnessof our error analysis through numeri
al experiments on model problems.Now 
onsider any � 2 T . Re
alling that the subdivision T is shape{regular and that� = F�(�̂) with F� aÆne, on setting û = u Æ F� in (3.25) and noting that (�̂pû)(x̂) =(�pu)(F�(x̂)), x̂ 2 �̂�, we dedu
e from Lemma 6 the following result.Lemma 8 Let � 2 T and suppose that u 2 Hk(�) for some integer k � 1. Then, for anyinteger s, 1 � s � min(p+ 1; k), and p � 0, we have thatku� �pukL2(��) � C(d)�1(s; p)hs� 12� jujHs(�) ; (3.36)where �1(s; p) is de�ned by (3.26).Remark 2 For �xed s � 1, by applying Stirling's formula we dedu
e that�1(p; s) � C(s) (p+ 1)�(s� 12) :Consequently, (3.36) is of optimal order in both p � 0 and h.3.4 hp{Convergen
e of the DGFEMBy (3.8), the triangle inequality and (3.9) we have thatjjju� uDGjjjDG � jjj�jjjDG + jjj�jjjDG� jjj�jjjDG + "X�2T �
21k
0�k2L2(�) + 2k�+k2�+�\� + 2k��k2���n��# 12: (3.37)To 
omplete the error analysis, we substitute the estimates (3.22) and (3.36) into theright{hand side of (3.37). In addition to �1(p; s) we also de�ne�2(p; s) = ��(p+ 2� s)�(p+ 2 + s)� 12 :The resulting error bound is formulated in the next theorem.



15Theorem 9 Let 
 � Rd be a bounded polyhedral domain, T = f�g a shape{regular subdi-vision into d-parallelepipeds � with diameter h�. Let uDG 2 Sp(
; T ;F) be the dis
ontinu-ous Galerkin approximation to u de�ned by (3.4) and suppose that uj� 2 Hk�(�) for ea
h� 2 T , for integers k� � 1. Then, assuming that (3.2) and (3.6) are valid, the followingerror bound holds:jjju� uDGjjj2DG � C X�2T h2s��1� ����21(p�; s�) + 
�h��22(p�; s�)� juj2Hs�(�) ;for any integers s�, 1 � s� � min(p� + 1; k�), and p� � 0. Here,�� = kbkL1(�) ; 
� = (1 + 
21)k
0k2L1(�) ;where 
0 and 
1 are de�ned in (3.3) and Lemma 2, respe
tively, and C is a positive 
onstantthat depends only on the dimension d and the shape{regularity of T .Remark 3 In parti
ular, for uniform orders p� = p � 0, s� = s, 1 � s � min(p + 1; k),k � 1, and h = max�2T h�, we get the boundjjju� uDGjjjDG � C � hp+ 1�s� 12 jujs;T : (3.38)The right{hand side in (3.38) is identi
al to the \optimal bound" C(h=(p + 1))s� 12 jujs;Twhi
h was obtained in [15℄ for a stabilized version of the hp{DGFEM for (3.1), with thestreamline{di�usion stabilization parameter Æ� in element � 
hosen as Æ� = h�=p�. Thepresent dis
ussion 
orresponds to the 
ase when Æ� = 0.Remark 4 The use of the L2{proje
tor �p in the de�nitions of � and � in (3.8) and thevalidity of the assumption (3.6) are essential ingredients of our analysis whi
h relies onthe fa
t that (3.14) holds. If (3.14) is violated, the present analysis yields an error boundin the jjj � jjjDG norm that is still optimal with respe
t to h but is p{suboptimal, by p3=2. Apossible remedy is to supplement the de�nition of the s
heme with a streamline di�usionstabilization term as in [15℄, for example; this restores the hp{optimality of the error boundwithout hypothesis (3.6). Our numeri
al experiments in Se
tion 6 indi
ate, however, thatthe method (3.4) is hp{optimal in the absen
e of hypothesis (3.6) even without streamline{di�usion stabilization. In fa
t, the numeri
al experiments in Se
tion 6 show that the rateof p{
onvergen
e in the DG{norm may, in 
ertain 
ases, even ex
eed the optimal rate ofh{
onvergen
e. The sour
e of this phenomenon has already been hinted at in Remark 1.4 Di�usion4.1 DGFEM formulationNow, let us 
onsider the model problem (2.1) in the absen
e of the adve
tion and rea
tionterms; i.e., we study the di�usion equationLau � � dXi;j=1 �j(aij(x) �iu) = f(x) ; x 2 
 : (4.1)



16In the present se
tion we shall assume that (4.1) is ellipti
 at ea
h point x 2 �
; i.e., westrengthen (2.2) to �T a(x) � > 0 8� 2 Rd n f0g; x 2 �
 : (4.2)Then, it follows from (2.3) that � n�0 = ; in (2.4) and we 
omplete (4.1) by the boundary
onditions in (2.5), as in Se
tion 2.1 but now with �� = ; (still assuming that �D isnonempty and relatively open in �). For simpli
ity of presentation, we suppose that theentries of the matrix a are 
onstant on ea
h element � in T ; i.e.,a 2 �S0(
; T ;F)�d�dsym : (4.3)Assuming that (4.3) holds, the matrix fun
tion a admits a unique square root pa 2[S0(
; T ;F)℄d�dsym whi
h again satis�es (4.2). We note that, with minor 
hanges only, ourresults 
an be easily extended to the 
ase of pa 2 [Sq(
; T ;F)℄d�dsym where the 
ompositepolynomial degree ve
tor q has nonnegative entries. In the following, we write �a = jpa j22where j � j2 denotes the matrix norm subordinate to the l2 ve
tor norm on Rd and �a� = �aj�;by �a~� we denote the arithmeti
 mean of the values �a�0 over those elements �0 (in
luding �itself) that share a (d� 1){dimensional fa
e with �.We re
all from Se
tion 2.2 that E denotes the set of all open (d�1){dimensional elementfa
es asso
iated with T , and Eint (resp. ED) is the set all those open fa
es in E that lieinside 
 (resp. on �D). Given that e 2 Eint, there exist indi
es i and j su
h that i > jand �i and �j share the interfa
e e; we de�ne the (element{numbering{dependent) jumpof v 2 H1(
; T ) a
ross e and the mean value of v on e by[v℄e = vj��i\e � vj��j\e and hvie = 12 �vj��i\e + vj��j\e� ;respe
tively. We note that, in general, [v℄ is distin
t from the jump bv
 de�ned in Se
tion3.1 in that the latter is independent of the element numbering. With ea
h fa
e e 2 Eint weasso
iate the unit normal ve
tor � whi
h points from �i to �j; on boundary fa
es, we put� = �. With this notation, we introdu
e the bilinear formD(w; v) = Ba(w; v) +Bs(w; v) ;where (
f. [1, 3, 24, 27, 33℄)Ba(w; v) = X�2T Z� arw � rvdx+ Z�Dfw((arv) � �)� ((arw) � �)vgds+ Z�intf[w℄h(arv) � �i � h(arw) � �i[v℄gds ; (4.4)Bs(w; v) = Z�D �wvds+ Z�int �[w℄[v℄ds ; (4.5)and the linear fun
tional `D(v) = `a(v) + `s(v) ;



17where `a(v) =X�2T Z� fvdx+ Z�D gD((arv) � �)ds+ Z�N gNvds ;`s(v) = Z�D �gDvds :Here � is 
alled the dis
ontinuity{penalization parameter, and is de�ned by�je = �e for e 2 Eint [ ED ;where �e is a nonnegative 
onstant on edge e. The pre
ise 
hoi
e of �e depends on a andthe dis
retization parameters, and will be dis
ussed in detail in the next se
tion.The hp{DGFEM for (4.1), (2.5) is: �nd uDG 2 Sp(
; T ;F) su
h thatD(uDG; v) = `D(v) 8v 2 Sp(
; T ;F) : (4.6)In order for (4.6) to be meaningful, it is ne
essary to assume that p� � 1, � 2 T .Also, to ensure that the Galerkin orthogonality property D(u � uDG; v) = 0 holds forall v 2 Sp(
; T ;F), we shall suppose throughout that the solution u to the ellipti
 bound-ary value problem under 
onsideration is suÆ
iently smooth: namely, u 2 H2(
; T ) andthe fun
tions u and (aru) � � are 
ontinuous a
ross ea
h fa
e e in Eint. If this smooth-ness requirement is violated (as, for example, in an ellipti
 transmission problem), thedis
retization method (4.6) has to be modi�ed a

ordingly.Remark 5 We note that when the dis
ontinuity{penalization parameter � is set to zero,the hp{DGFEM (4.6) is identi
al to the method introdu
ed in [3, 24℄. Other variants ofthe DGFEM for se
ond{order uniformly ellipti
 problems have also been 
onsidered in theliterature; see [24℄ for a 
omprehensive review.4.2 Analyti
al resultsOur �rst result 
on
erns the positivity of the bilinear form D(�; �) and the existen
e anduniqueness of a solution to (4.6).Theorem 10 Let (4.2) and (4.3) hold; then, for every w 2 H2(
; T ) we havejjjwjjj2DG � D(w;w) =X�2T kparwk2L2(�) + Z�D �w2 ds+ Z�int �[w℄2 ds ; (4.7)with pa denoting the (positive de�nite) square{root of the symmetri
 matrix a, and � isthe (nonnegative) dis
ontinuity{penalization parameter. Furthermore, if � is positive on�int [ �D then the hp{DGFEM (4.6) has a unique solution uDG in Sp(
; T ;F).



18Proof Identity (4.7) follows trivially from (4.4) and (4.5). If now, in addition, � is positive on�int[�D then, sin
e a(x) is positive de�nite at ea
h x 2 �
, it follows from (4.7) that D(w;w) > 0for all w in Sp(
;T ;F) n f0g, and hen
e we dedu
e the uniqueness of the solution uDG. As thelinear spa
e Sp(
;T ;F) is �nite{dimensional and (4.6) is a linear problem, the existen
e of thesolution to (4.6) follows from the fa
t that its homogeneous 
ounterpart has the unique solutionuDG � 0. �As in Se
tion 3.2, we de
ompose the global error as u�uDG = �+ � where � = u��u,� = �u� uDG and � is a 
ertain proje
tor (whose spe
i�
 
hoi
e is of no relevan
e at thispoint) onto the �nite element spa
e Sp(
; T ;F).Lemma 11 Let T be a shape{regular subdivision of 
 and assume that the parameter � ispositive on �int [ �D. Then, the following inequality holds, with C a positive 
onstant thatdepends only on the dimension d and the shape regularity of T :jjj�jjj2DG � C Z�D �j�j2 ds+ Z�int �[�℄2 ds+X�2T kpar�k2L2(�)+X�2T  kp� �k2L2(��\�D) + �a2� 



 1p�r�



2L2(��\�D)!+X�2T  kp� [�℄k2L2(��\�int)+ �a2� 



 1p�r�



2L2(��\�int)!! ; (4.8)where �e = h�ap2ie=he and he is the diameter of fa
e e 2 Eint [ ED, with the 
onvention thatfor e 2 ED 
ontributions from outside 
 in the de�nition of �e are set to 0.Proof By virtue of Theorem 10, we havejjj�jjj2DG = D(�; �) = D((u� uDG)� �; �) = �D(�; �) ;where we have used the Galerkin orthogonality property D(u � uDG; �) = 0 whi
h follows from(4.6) with v = � and the de�nition of the boundary value problem (4.1), (2.5), given the assumedsmoothness of u. Thus, we dedu
e thatjjj�jjj2DG � jBa(�; �)j + jBs(�; �)j :Now, from (4.5) we have thatjBs(�; �)j � jjj�jjjDG �Z�D �j�j2ds+ Z�int �[�℄2ds�12 : (4.9)Next, jBa(�; �)j � I + II + III ;where I � �����X�2T Z� ar� � r�dx����� ; II � ����Z�Df�((ar�) � �)� ((ar�) � �)�gds���� ;III � ����Z�int f[�℄h(ar�) � �i � h(ar�) � �i[�℄g ds���� :



19For term I we have I2 � jjj�jjj2DG X�2T kpar�k2L2(�) : (4.10)To deal with term II, we �rst note thatII �  X�2T �a�
� k�k2L2(��\�D)!12  X�2T 
�kpar�k2L2(��\�D)!12+ X�2T �a2� 



 1p�r�



2L2(��\�D)!12  X�2T kp� �k2L2(��\�D)!12 (4.11)for any set of positive real numbers 
�. As, by hypothesis, a is a 
onstant matrix on ea
h element� 2 T , we 
an apply the inverse inequalitykpar�k2L2(��\�D) � C p2�h� kpar�k2L2(�) ; (4.12)where C depends only on the shape{regularity of T (see [29℄, (4.6.4) of Theorem 4.76). Onsubstituting (4.12) into (4.11), letting 
� = h�=p2� and de�ning �e = �a�p2�=2he for a (d � 1)-dimensional fa
e e � �� \ �D, we arrive at the desired bound on II:II2 � C jjj�jjj2DGX�2T  kp� �k2L2(��\�D) + �a2� 



 1p�r�



2L2(��\�D)! : (4.13)Similarly, we haveIII2 � C jjj�jjj2DGX�2T  kp� [�℄k2L2(��\�int) + �a2� 



 1p�r�



2L2(��\�int)! : (4.14)Colle
ting the bounds (4.9), (4.10), (4.13) and (4.14) gives the desired result. �Before embarking on the a priori error analysis of the hp{DGFEM (4.6), we state anapproximation result for the �nite element spa
e Sp(
; T ;F).Lemma 12 Suppose that � 2 T is a d{simplex or a d{parallelepiped of diameter h�.Suppose further that uj� 2 Hk�(�), k� � 0, for � 2 T . Then, there exists a sequen
ezh�p� (u) in Rp�(�), p� = 1; 2; :::, su
h that for 0 � q � k�,ku� zh�p� (u)kHq(�) � Chs��q�pk��q� kukHk�(�) ; (4.15)where s� = min(p�+1; k�) and C is a 
onstant independent of u, h� and p�, but dependentof k = max�2T k�.



20Proof See Lemma 4.5 in [2℄ for d = 2; when d > 2 the proof is analogous. �For u 2 H2(
; T ), we now de�ne �hpu 2 Sp(
; F ) by(�hpu)j� = zh�p� (uj�) ; � 2 T : (4.16)We shall assume in what follows that the polynomial degree ve
tor p, with p� � 1 forea
h � 2 T , has bounded lo
al variation, i.e., there exists a 
onstant � � 1 su
h that, forany pair of elements � and �0 whi
h share a (d� 1){dimensional fa
e,��1 � p�=p�0 � � : (4.17)Our next result 
on
erns the a

ura
y of the hp{version of the DGFEM (4.6).Theorem 13 Let 
 � Rd be a bounded polyhedral domain, T = f�g a shape{regularsubdivision of 
 into d-parallelepipeds and p a polynomial degree ve
tor of bounded lo
alvariation. Assign to ea
h fa
e e 2 Eint [ ED a positive real number�e = h�apiehe ; (4.18)where he is the diameter of e, with the 
onvention that for e 2 ED 
ontributions fromoutside 
 in the de�nition of �e are set to 0. Then, assuming that uj� 2 Hk�(�), k� � 2,for � 2 T , the solution uDG 2 Sp(
; T ;F) of (4.6) obeys the error boundjjju� uDGjjj2DG � C X�2T �� h2s��2�p2k��3� kuk2Hk�(�) ; (4.19)with 1 � s� � min(p�+1; k�), p� � 1 for � 2 T , where �� = �a~� and C is a positive 
onstantdepending only on d, the parameter � from (4.17), k = max�2T k�, and the shape{regularityof T .Proof Consider the de
omposition of the global erroru� uDG = (u��hpu) + (�hpu� u) � � + � ;where �hp is the proje
tor de�ned by (4.16). Using the triangle inequality we getjjju� uDGjjjDG � jjj�jjjDG + jjj�jjjDG � I + II :Re
alling the de�nition of the DG{norm (4.7), we have thatjjj�jjj2DG = X�2T kpar�k2L2(�) + Z�D �j�j2ds+ Z�int �[�℄2ds � I1 + I2 + I3:We see from (4.8), with � = �hp , that the terms I1, I2 and I3 are in
luded in the right{hand sideof (4.8); thus to obtain bounds on jjj�jjjDG and jjj�jjjDG it suÆ
es to estimate ea
h of the termson the right{hand side of (4.8).



21Now, the terms on the right{hand side of (4.8) fall into two 
ategories; they either involvethe L2 norm over � or the L2 norm over (part of the) boundary of �. For terms from the �rst
ategory we �nd, using Lemma 12 with q = 1, thatkpar�k2L2(�) � C�a�h2s��2�p2k��2� kuk2Hk� (�) : (4.20)In order to deal with terms from the se
ond 
ategory, we use (4.15) with q = 0; 1 and themultipli
ative tra
e inequality (3.23) to dedu
e thatk�k2L2(��) � Ch2s��1�p2k��1� kuk2Hk� (�) : (4.21)Analogously, we have kr�k2L2(��) � Ch2s��3�p2k��3� kuk2Hk� (�) : (4.22)Applying these inequalities in the right{hand side of (4.8), 
hoosing �e as in (4.18) and noting(4.17) and the shape regularity of T to relate he to h�, we dedu
e thatjjj�jjj2DG � CX�2T ���h2s��2�p2k��2� + p2�h� h2s��1�p2k��1� � kuk2Hk� (�) ;and hen
e (4.19). �Remark 6 If k� = k � 2 and p� = p � k � 1 for ea
h � 2 T , then the estimate (4.19)be
omes jjju� uDGjjjDG � C hk�1pk�3=2kukk;T ;where k � kk;T is the broken Hk norm de�ned in (2.6). This bound is optimal in h andsuboptimal in p by p 12 , and 
oin
ides with that of Rivi�ere, Wheeler and Girault [27℄.Our error analysis, both in the 
ase of pure adve
tion 
onsidered in Se
tion 3 andthe 
ase of pure di�usion here, is based on de
omposing the global error as u � uDG =(u � �u) + (�u � uDG) � � + �, where � is a 
ertain proje
tor onto the �nite elementspa
e Sp(
; T ;F). However, our proofs in the two 
ases required di�erent 
hoi
es of � soas to maximize the asymptoti
 
onvergen
e rates of the error bounds: in Se
tion 3, � was
hosen as �p, the orthogonal proje
tor in L2(
) onto Sp(
; T ;F), whereas in Theorem 13we sele
ted as � the proje
tor �hp de�ned by (4.16). In the next se
tion we shall 
onsideradve
tion{di�usion equations. The analysis there relies on 
ombining the error boundsderived in the hyperboli
 and ellipti
 
ases. Thus, we also formulate a variant of Theorem13 where, instead of �hp , the proof makes use of the orthogonal proje
tor in L2(
) ontoSp(
; T ;F) as �. The resulting bound is still optimal in h, but is now p{suboptimal by afull power of p.



22Theorem 14 Let 
 � Rd be a bounded polyhedral domain, T = f�g a shape{regularsubdivision of 
 into d-parallelepipeds and p a polynomial degree ve
tor of bounded lo
alvariation. Let ea
h fa
e e 2 Eint [ ED be assigned a positive real number�e = h�ap2iehe ; (4.23)where he is the diameter of e. Then, assuming that uj� 2 Hk�(�), k� � 2, for � 2 T , thesolution uDG 2 Sp(
; T ;F) of (4.6) obeys the error boundjjju� uDGjjj2DG � C X�2T �� h2s��2�p2k��4� kuk2Hk�(�) ; (4.24)with 1 � s� � min(p� + 1; k�), p� � 1, �� = �a~� for � 2 T ; C is a 
onstant depending ond, the parameter � from (4.17), k = max� k�, and the shape{regularity of T .Proof The stru
ture of the proof is the same as for Theorem 13, ex
ept now we de
ompose theglobal error as u� uDG = (u��pu) + (�pu� uDG) � � + � ; (4.25)where �p denotes the orthogonal proje
tor in L2(
) onto Sp(
;T ;F). A new ingredient of thepresent proof is that, in 
ontrast with �hp , �p is not known to satisfy an hp{optimal bound of thetype (4.15), ex
ept for q = 0. Thus, instead of bounding kpar�kL2(�), k�kL2(��) and kr�kL2(��)dire
tly, we now further de
ompose � as� = u��pu = (u��hpu) + �hp(u��pu) � �1 + �2 : (4.26)The term �1 is bounded dire
tly using (4.15) and the multipli
ative tra
e inequality (3.23), as in(4.20), (4.21) and (4.22). Norms of �2, on the other hand, are dealt with by swit
hing them tok�2kL2(�) by means of the inverse inequalitieskpar�2k2L2(�) � C�a� p4�h2� k�2k2L2(�) ; (4.27)k�2k2L2(��) � C p2�h� k�2k2L2(�) ; kr�2k2L2(��) � C p6�h3� k�2k2L2(�) : (4.28)Now k�2kL2(�) is further bounded above byk�2kL2(�) = k�hp(u��pu)kL2(�) � Cku��pukL2(�) � Chs��ps�� jujHs� (�) ; (4.29)for 1 � s� � min(p� + 1; k�), where the �rst inequality follows from (4.15) with q = k� = s� = 0and the se
ond inequality is a 
onsequen
e of (3.22). Hen
e,k�2kL2(�) � Chs��pk�� kukHk� (�) ; (4.30)



23for 1 � s� � min(p� + 1; k�); we note that in the transition from (4.29) to (4.30), the generi

onstant C is in
reased by the fa
tor (k� � 1)k��1. Substituting (4.30) into (4.27) and (4.28),
olle
ting the resulting bounds on the various norms of �2 and the 
orresponding bounds on �1,we dedu
e from (4.26) that kpar�k2L2(�) � C�a�h2s��2�p2k��4� kuk2Hk� (�) ;k�k2L2(��) � Ch2s��1�p2k��2� kuk2Hk� (�) ; kr�k2L2(��) � Ch2s��3�p2k��6� kuk2Hk� (�) :Inserting these bounds on � into (4.8) and noting the de�nition (4.23) of �e, (4.17) and the shaperegularity of T to relate he to h�, we getjjj�jjj2DG � C X�2T �� h2s��2�p2k��4� kuk2Hk� (�) ;for 1 � s� � min(p� + 1; k�), � 2 T . An identi
al bound holds for jjj�jjj2DG. The estimate (4.24)then follows from (4.25) via the triangle inequality. �5 Partial Di�erential Equations with nonnegative
hara
teristi
 formLet us return to the general problem (2.1), (2.5). The asso
iated hp{DGFEM is nowde�ned as follows: �nd uDG 2 Sp(
; T ;F) su
h thatBDG(uDG; v) = `DG(v) 8v 2 Sp(
; T ;F) ; (5.1)where BDG(w; v) =X�2T � Z� arw � rvdx+ Z�(b � rw + 
w)vdx� Z���\(�D[��)(b � �)w+v+ds� Z���n�(b � �)bw
 v+ds�+ Z�Dfw((arv) � �)� ((arw) � �)vgds+ Z�D �wvds+ Z�intf[w℄h(arv) � �i � h(arw) � �i[v℄gds+ Z�int �[w℄[v℄ds ;and `DG(v) =X�2T �Z� fvdx� Z���\(�D[��)(b � �) gD v+ds�+ Z�D gD((arv) � �)ds+ Z�N gNvds+ Z�D �gDvds ;



24with � a positive parameter whose pre
ise 
hoi
e will be given in the next theorem. Stillassuming (3.2) and with 
0 de�ned by (3.3), we introdu
e the DG{normjjjwjjj2DG = X�2T �kparwk2L2(�) + k
0wk2L2(�) + 12kw+k2���\(�D[��)+12kw+ � w�k2���n� + 12kw+k2�+�\�� + Z�D �w2ds + Z�int �[w℄2ds :The dis
ontinuous Galerkin �nite element methods 
onsidered in Se
tions 3 and 4 for thepurely hyperboli
 and the ellipti
, purely di�usive, problems, respe
tively, are spe
ial 
asesof (5.1); the same is true of the norms jjj � jjjDG asso
iated with the bilinear forms of thosemethods. Now 
onsider BDG(w;w). On writing (b � rw)w = 12b � rw2 for w 2 H2(
; T ),after integration by parts and re
alling that by hypothesis b � � � 0 on �N and thereforej��� \ (�N [ �+)j = 0 for ea
h � 2 T , we haveX�2T �Z�(b � rw + 
w)wdx� Z���\(�D[��)(b � �) jw+j2ds� Z���n�(b � �)bw
w+ds�=X�2T �k
0wk2L2(�) + 12kw+k2���\(�D[��) + 12kw+ � w�k2���n� + 12kw+k2�+�\�� :Hen
e, trivially, jjjwjjj2DG = BDG(w;w) 8w 2 H2(
; T ) :In order to ensure that the Galerkin orthogonality property BDG(u� uDG; v) = 0 holdsfor all v 2 Sp(
; T ;F), we suppose that the solution u to the boundary value problemunder 
onsideration is suÆ
iently smooth: namely, u 2 H2(
; T ) and the fun
tions uand (aru) � � are 
ontinuous a
ross ea
h fa
e e in Eint that interse
ts the subdomain ofellipti
ity, fx 2 �
 : �Ta(x)� > 0 8� 2 Rdg. If this smoothness requirement is violated,the dis
retization method has to be modi�ed a

ordingly (
f. Se
. 6.4 for an example).Thereby, 
ombining the error bounds from Theorems 9 and 14, we arrive at the followinga priori error estimate for the hp{DGFEM (5.1).Theorem 15 Let 
 � Rd be a bounded polyhedral domain, T = f�g a shape{regularsubdivision of 
 into d-parallelepipeds, and p a polynomial degree ve
tor of bounded lo
alvariation. Suppose that on fa
e e 2 Eint[ED the parameter �e is de�ned as in (4.23). Then,assuming that the 
onditions (3.2), (3.6) and (4.3) on the data hold, and uj� 2 Hk�(�),k� � 2, for � 2 T , the solution uDG 2 Sp(
; T ;F) of (5.1) obeys the error boundjjju� uDGjjj2DG � C X�2T ��� h2s��2�p2k��4� + �� h2s��1�p2k��1� + 
� h2s��p2k�� � kuk2Hk�(�) ;for 1 � s� � min(p� + 1; k�), p� � 1, � 2 T , where �� = �a~�; �� and 
� are as inTheorem 9 and C is a 
onstant depending on the dimension d, the parameter � from(4.17), k = max� k�, and the shape{regularity of T .



25We highlight the fa
t that sin
e the dis
ontinuity{penalization � involves the norm ofthe matrix pa, in the hyperboli
 limit of a � 0 the terms that 
ontain � in BDG(�; �)and `DG all vanish. This is a desirable property, sin
e linear hyperboli
 equations maypossess solutions that are dis
ontinuous a
ross 
hara
teristi
 hypersurfa
es, and penalizingdis
ontinuities a
ross fa
es whi
h belong to these seems unnatural.A further bound on u� uDG 
an be obtained from the de
ompositionu� uDG = (u� �pu) + (�pu� uDG) � � + �= (u� ~�hpu) + ~�hp(u� �pu) + (�pu� uDG) � �1 + �2 + � ;where ~�hp is the proje
tor from (4.5.20) in [29℄. Suppose further that u is element-wiseanalyti
 on T in the sense that, for ea
h � 2 T , uj� has analyti
 extension to an open set,independent of h�, 
ontaining ��. Then,9d� > 0 9C = C(u) > 0 8s � 0 jujHs(�) � C(u)(d�)s s! jmeas(�)j 12 : (5.2)Sin
e ~�hp obeys bounds similar to (3.22) and (3.25) with 
onstants whose dependen
e on theSobolev index is given expli
itly in terms of the Gamma{fun
tion, by means of Stirling'sformula, after a rather straightforward but lengthy 
al
ulation, as in [15℄, we dedu
e thefollowing result.Theorem 16 Let 
 � Rd be a bounded polyhedral domain, T = f�g a shape{regularsubdivision of 
 into d-parallelepipeds, and p a polynomial degree ve
tor of bounded lo
alvariation. Suppose that on fa
e e 2 Eint [ ED the parameter �e is de�ned as in (4.23),u is element-wise analyti
 on T , and (3.2), (3.6) and (4.3) hold. Then, the solutionuDG 2 Sp(
; T ;F) of (5.1), with p� � 1 for � 2 T , obeys the error boundjjju� uDGjjj2DG� C(u)X�2T ���h�2� + ��h�1� + 
�� e�2p�(��+"�j lnh�j )jmeas(�)j ;where C(u) is a 
onstant depending on u, the dimension d, the parameter � from (4.17), andthe shape{regularity of T ; �� = �a~�, �� and 
� are as in Theorem 9, "� = (1+ d2�)�1=2 withd� as in (5.2), and �� = �14 lnF ("�; d�) > 0, where F ("; d) = ("d)2"(1� ")1�"(1 + ")�1�".Consequently, if the solution u is element-wise analyti
 on T then the DGFEM exhibitsan exponential rate of 
onvergen
e as p� !1, and if p� is suÆ
iently large an in
rease inthe exponential rate of 
onvergen
e o

urs as h� is redu
ed.6 Numeri
al experimentsIn this se
tion we present a number of numeri
al experiments to illustrate the a priori errorestimates derived for the hp{DGFEM. We begin, in Se
tion 6.1, by 
onsidering a stri
tlyhyperboli
 problem (faijgdi;j=1 = 0); in Se
tion 6.2 we study a self{adjoint ellipti
 problem(b = 0); in Se
tion 6.3 we look at a singularly{perturbed isotropi
 adve
tion{di�usionproblem (a = "I, 0 < "� 1); and �nally in Se
tion 6.4 we 
onsider an adve
tion{di�usionproblem with degenerate, anisotropi
 di�usion matrix a. In all 
ases we investigate theperforman
e of the DGFEM in two spa
e{dimensions (d = 2) on quadrilateral meshes.
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(a) (b)Figure 2: Example 1. (a) Quadrilateral mesh (i); (b) Quadrilateral mesh (ii).6.1 Example 1In this example we let 
 = (�1; 1)2, and sele
tfaijg2i;j=1 = 0 ; b = (2� y2; 2� x) ; 
 = 1 + (1 + x)(1 + y)2 ;the for
ing fun
tion f is 
hosen so that the analyti
al solution to (2.1) is given byu(x; y) = 1 + sin(�(1 + x)(1 + y)2=8) : (6.1)This is a variant of the hyperboli
 test problem 
onsidered in [4, 15℄.We investigate the asymptoti
 behavior of the hp{DGFEM on a sequen
e of su

essively�ner square and quadrilateral meshes for di�erent values of the polynomial degree p. Inea
h 
ase we 
onsider two types of quadrilateral mesh whi
h are 
onstru
ted from a uniformN � N square mesh by (i) randomly perturbing ea
h of the interior nodes by up to 10%of the lo
al mesh size, 
f. Figure 2(a); (ii) randomly splitting ea
h of the interior nodesby a displa
ement of up to 10% of the lo
al mesh size, 
f. Figure 2(b). We note that thelatter meshes are 
onstru
ted so that all the nodes in the interior of 
 are irregular (i.e.,hanging).In Figure 3 we plot the DG{norm of the error against the mesh fun
tion h for p between1 and 5. For 
onsisten
y, kju � uDGkjDG is plotted against hu for ea
h mesh type, wherehu denotes the mesh-size of the uniform N � N square mesh; this ensures that a fair
omparison between the error per degree of freedom for ea
h mesh type 
an be made. Wesee that kju � uDGkjDG 
onverges at the rate O(hp+ 12 ) as h tends to zero for ea
h (�xed)p, thereby 
on�rming Theorem 15 (see also Theorem 9) in the 
ase of a variable velo
ityve
tor b that does not satisfy the 
ondition (3.6).In parti
ular, we observe that while the error on the square mesh is smaller than on therandomly generated quadrilateral mesh (i), as we would expe
t; the error is 
onsistently
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Figure 5: Example 1. Convergen
e of the DGFEM under p{re�nement.smaller when the irregular quadrilateral mesh is employed. We attribute this improvementin kju� uDGkjDG to the in
rease in inter-element 
ommuni
ation on the meshes (ii); whenno hanging nodes are present in the mesh, elements may only 
ommuni
ate with their fourimmediate neighbors, 
f. Figure 4(a). On the other hand, on irregular meshes elements maynow 
ommuni
ate with all of their neighbors whi
h share a 
ommon node, 
f. Figure 4(b).However, we note that the improvement in the error when the mesh 
onsists of irregularhanging nodes is relatively small; moreover, the in
reased inter-element 
ommuni
ationleads to an in
rease in the number of nonzero entries arising in the matrix system, whi
hobviously in
reases the storage requirement for the method.Next, we investigate the 
onvergen
e of the DGFEM under p{re�nement for �xed h.In Figure 5 we �rst plot the DG{norm of the error against p on three di�erent square andquadrilateral meshes (meshes (i) and (ii)). In ea
h 
ase, we observe that on the linear{log s
ale, the 
onvergen
e plots be
ome straight lines as the degree of the approximatingpolynomial is in
reased, thereby indi
ating exponential 
onvergen
e in p, 
f. Theorem 16.Furthermore, we observe that the p{
onvergen
e of the DGFEM is robust with respe
t tomesh distortion.Finally, to ensure that the DGFEM 
onverges at (least at) the optimal algebrai
 ratepredi
ted by Remark 2 as the polynomial degree p is in
reased, even when b does notsatisfy 
ondition (3.6), we now 
onsider a slightly di�erent test problem for whi
h thepre
ise regularity of the analyti
al solution u is known. To this end, we keep the fun
tions



29Table 1: Example 1. Convergen
e of the DGFEM under p{re�nement on a 6� 6 uniformsquare mesh (singularity lies in the interior of a strip of elements).p � = 3=2 � = 5=2 � = 7=2kju� uDGkjDG k kju� uDGkjDG k kju� uDGkjDG k1 0.1707 - 0.2038 - 0.2718 -2 0.2034E-01 3.07 0.1408E-01 3.86 0.2246E-01 3.603 0.8171E-02 2.25 0.1598E-02 5.37 0.1060E-02 7.534 0.4807E-02 1.84 0.6122E-03 3.34 0.1435E-03 6.955 0.3186E-02 1.84 0.3117E-03 3.02 0.4983E-04 4.746 0.2267E-02 1.87 0.1820E-03 2.95 0.2267E-04 4.327 0.1700E-02 1.87 0.1158E-03 2.93 0.1196E-04 4.158 0.1320E-02 1.89 0.7847E-04 2.91 0.6945E-05 4.079 0.1057E-02 1.89 0.5565E-04 2.92 0.4327E-05 4.0210 0.8640E-03 1.91 0.4096E-04 2.91 0.2841E-05 3.9911 0.7209E-03 1.90 0.3102E-04 2.92 0.1946E-05 3.9712 0.6095E-03 1.93 0.2408E-04 2.91 0.1379E-05 3.9613 0.5231E-03 1.91 0.1906E-04 2.92 0.1005E-05 3.9514 0.4530E-03 1.94 0.1535E-04 2.92 0.7499E-06 3.95Table 2: Example 1. Convergen
e of the DGFEM under p{re�nement on a 5� 5 uniformsquare mesh (singularity lies on inter-element boundaries).p � = 3=2 � = 5=2 � = 7=2kju� uDGkjDG k kju� uDGkjDG k kju� uDGkjDG k1 0.2313 - 0.2876 - 0.3762 -2 0.2295E-01 3.33 0.2251E-01 3.68 0.3971E-01 3.243 0.4423E-02 4.06 0.1363E-02 6.92 0.1779E-02 7.664 0.1963E-02 2.82 0.2326E-03 6.15 0.1011E-03 9.975 0.1053E-02 2.79 0.7593E-04 5.02 0.1573E-04 8.346 0.6286E-03 2.83 0.3125E-04 4.87 0.4118E-05 7.357 0.4036E-03 2.88 0.1480E-04 4.85 0.1372E-05 7.138 0.2731E-03 2.92 0.7743E-05 4.85 0.5370E-06 7.039 0.1922E-03 2.98 0.4367E-05 4.86 0.2362E-06 6.9710 0.1392E-03 3.06 0.2611E-05 4.88 0.1137E-06 6.9411 0.1031E-03 3.16 0.1634E-05 4.92 0.5873E-07 6.9312 0.7746E-04 3.28 0.1059E-05 4.98 0.3213E-07 6.9313 0.5875E-04 3.45 0.7058E-06 5.07 0.1841E-07 6.9614 0.4470E-04 3.69 0.4789E-06 5.23 0.1093E-07 7.03



30a, b and 
 as above, and 
hoose the for
ing fun
tion f so thatu(x; y) = � 
os(�y=2) in (�1; 0)� (�1; 1) ;
os(�y=2) + x� in (0; 1)� (�1; 1) ;where � is a nonnegative 
onstant. The solution u belongs to H�+ 12�"(
), for any " > 0,but does not belong to H�+ 12 (
); 
f. Castillo et al. [6℄.In Tables 1 & 2 we show the DG{norm of the error and the 
onvergen
e rate k as pis in
reased for � = 3=2, 5=2 and 7=2, on uniform N � N square meshes, with N = 6and N = 5, respe
tively. For N even (
f. Table 1 for N = 6), the singularity lies in theinterior of the strip of elements in the mesh whi
h interse
t the line x = 0. In this 
ase,kju� uDGkjDG 
onverges at the rate (approximately) O(p�(�+ 12 )) as p tends to in�nity for�xed h.In 
ontrast, for N odd (
f. Table 2 for N = 5), the singularity lies on inter-elementboundaries; here, the DG{norm of the error behaves (on average) like O(p�2�) as p tends toin�nity for �xed h. Thus, in ea
h 
ase we observe an improvement of approximately p�1=2over the theoreti
al predi
tions in Remark 1. More importantly, the results show that theoptimal rate of p-
onvergen
e predi
ted by our theory when b satis�es the 
ondition (3.6)is retained by the method even if (3.6) is violated.6.2 Example 2In this se
ond example, we let 
 = (0; 1)2,a = � "+ x xyxy "+ y � ;where " = 1=10, b = (0; 0), 
 = e�(x2+y2) and f is 
hosen so thatu(x; y) = (1 + x)24 sin(2�xy) :Here, we study the 
onvergen
e rate of the hp{DGFEM in the presen
e of the dis
ontinuity{penalization term � � �(m); we re
all that�je � �e(m) = h�apmiehe for e 2 Eint [ ED ;where m = 1 or m = 2, 
f. (4.18) and (4.23), respe
tively. Figure 6 presents a 
omparisonof the error in the DGFEM with the mesh fun
tion h for 1 � p � 5 on uniform squaremeshes. For 
onsisten
y, here the error is measured in the (broken) energy norm, k � kE,rather than the DG{norm, sin
e the de�nition of the latter norm is dependent on thepresen
e and the size of the dis
ontinuity{penalization in the s
heme. We observe that theerror behaves likeO(hp) whi
h is the h{optimal rate of 
onvergen
e, sin
e for this uniformlyellipti
 problem the energy norm is equivalent to the broken H1-norm. In parti
ular, we
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Figure 6: Example 2. Convergen
e of the DGFEM in the energy norm under h{re�nement.note that, for ea
h p, the presen
e of �(m), with m = 2, redu
es the error in the DGFEMin the broken energy norm; this is mu
h more evident for even p than for odd p. For thepurposes of 
larity, the numeri
al results for m = 1 have been omitted; in this 
ase thepresen
e of the dis
ontinuity{penalization term �(1) still improves the error in the DGFEM
ompared with � = 0, though by a smaller fa
tor than when m = 2.�je � �e(m) = h�apmiehe for e 2 Eint [ ED ;where m = 1 or m = 2, 
f. (4.18) and (4.23), respe
tively. Figure 6 presents a 
omparisonof the error in the DGFEM with the mesh fun
tion h for 1 � p � 5 on uniform squaremeshes. For 
onsisten
y, here the error is measured in the (broken) energy norm, k � kE,rather than the DG{norm, sin
e the de�nition of the latter norm is dependent on thepresen
e and the size of the dis
ontinuity{penalization in the s
heme. We observe that theerror behaves likeO(hp) whi
h is the h{optimal rate of 
onvergen
e, sin
e for this uniformlyellipti
 problem the energy norm is equivalent to the broken H1-norm. In parti
ular, wenote that, for ea
h p, the presen
e of �(m), with m = 2, redu
es the error in the DGFEMin the broken energy norm; this is mu
h more evident for even p than for odd p. For thepurposes of 
larity, the numeri
al results for m = 1 have been omitted; in this 
ase thepresen
e of the dis
ontinuity{penalization term �(1) still improves the errorIn Figure 7 we now only plot the (
0-weighted) L2-norm of the error against h; weobserve that the error in the L2-norm behaves like O(hp+1) for odd p and like O(hp) for
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Figure 9: Example 3. Geometri
ally re�ned mesh for n" = 9.even p, 
f. [24℄. Thus, for se
ond{order ellipti
 problems the DGFEM is numeri
allyobserved to be h{optimal in the energy norm for all p; but h{optimality in the L2-norm isonly seen for p odd. In ea
h 
ase the presen
e of the dis
ontinuity{penalization with m = 2redu
es the error of the DGFEM in the L2-norm, though the improvement is smaller whenp is odd.Finally, in Figure 8 we investigate the 
onvergen
e of the DGFEM under p{re�nementfor �xed h. On a linear{log s
ale, the �gure shows the robust exponential 
onvergen
e ofthe method on uniform square meshes for both � = �(2) and � = 0. We note that identi
albehavior is observed on quasi-uniform quadrilateral meshes with both h{re�nement andp{re�nement, and with � = �(1).6.3 Example 3We 
onsider the following singularly perturbed adve
tion{di�usion problem:�"�u+ ux + uy = f ; (x; y) 2 (0; 1)2 ;where, 0 < "� 1 and f is 
hosen so thatu(x; y) = x+ y(1� x) + e�1=" � e�(1�x)(1�y)="1� e�1=" : (6.2)This is a multi-dimensional variant of the 1D adve
tion{di�usion problem 
onsidered byMelenk & S
hwab [21℄. For 0 < "� 1 the solution (6.2) has boundary layers along x = 1and y = 1.In this numeri
al experiment we test the robustness of the hp{DGFEM on highlystret
hed anisotropi
 quadrilateral meshes as the physi
al di�usion " de
reases; in ea
h
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Figure 10: Example 3. Convergen
e of the DGFEM with � = �(2) under p{re�nement for" = 10�1; 10�3; 10�5.
ase the dis
ontinuity{penalization � = �(2). The meshes are 
onstru
ted by geometri
alre�nement into the boundary layers along x = 1 and y = 1, and are parameterized byn" whi
h denotes the number of points in the x and y dire
tions. In Figure 9 we showa typi
al mesh for n" = 9. Figure 10 shows a plot of the DG{norm of the error againstthe polynomial degree p on a linear{log s
ale for " = 10�1; 10�3; 10�5, on geometri
ally re-�ned quadrilateral meshes with n" = 9; 15; 21, respe
tively. In ea
h 
ase we observe robustexponential 
onvergen
e as the polynomial degree is in
reased; we note that the largest
ell{aspe
t ratio in ea
h of the three meshes used is 64 for n" = 9, 4096 for n" = 15 andover a quarter of a million for n" = 21.6.4 Example 4In this �nal example we 
onsider a partial di�erential equation with nonnegative 
hara
-teristi
 form whi
h has mixed type on the domain 
. Let 
 = (�1; 1)2, suppose that "is a positive 
onstant and 
1 and 
2 are nonnegative 
onstants. We 
onsider the followingmodel problem with type-
hange a
ross the horizontal line y = 0:� �"uyy + ux + 
1u = 0 �1 � x � 1 ; y > 0 ;ux + 
2u = 0 �1 � x � 1 ; y � 0 : (6.3)The problem is paraboli
 for y > 0 and hyperboli
 for y � 0.
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Figure 11: Example 4. Convergen
e of the DGFEM with � = �(2) under h{re�nement.
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36 In order to ensure 
ontinuity of the normal 
ux a
ross the interfa
e where the partialdi�erential equation 
hanges type from paraboli
 to hyperboli
, the analyti
al solution is(in general) for
ed to be dis
ontinuous a
ross y = 0. Thereby, for appropriate boundarydata, the solution to (6.3) is given byu(x; y) = � sin(�(1 + y)=2) e�(
1+"�2=4)(1+x) �1 � x � 1 ; y > 0 ;sin(�(1 + y)=2) e�
2(1+x) �1 � x � 1 ; y � 0 : (6.4)In the spe
ial 
ase when 
1+ "�2=4 = 
2, the solution (6.4) is in fa
t 
ontinuous. The DG{norm of the error then, again, 
onverges optimally as h tends to zero for a �xed polynomialdegree p, and exponentially as the polynomial degree is in
reased for �xed h, as we wouldexpe
t. For brevity, these results are omitted.A more interesting situation o

urs when the solution u is dis
ontinuous; thereby thesmoothness assumptions required in Se
tion 5 for the proof of Theorem 15 are violated. Inthis 
ase, the numeri
al s
heme (5.1) must be modi�ed to ensure that the dis
ontinuity{penalization term � is ina
tive on edges along y = 0 a
ross whi
h the underlying partialdi�erential equation 
hanges type. To demonstrate the performan
e of the hp{DGFEMfor (6.3), we set " = 5� 10�2, 
1 = 
2 = 1=10 (i.e., 
1 + "�2=4 6= 
2) and � = �(2).To highlight one of the advantages of using dis
ontinuous elements, we 
onsider uniformN � N (N odd) square meshes and quasi-uniform quadrilateral meshes for whi
h thedis
ontinuity in the analyti
al solution lies on element interfa
es only; here the quadrilateralmeshes are 
onstru
ted as in Examples 1 and 2, ex
ept that the internal nodes in themesh on the line y = 0 are kept �xed. In this 
ase the hp{DGFEM behaves as if theanalyti
al solution were smooth; i.e., optimal algebrai
 rates of 
onvergen
e are observedunder h{re�nement, 
f. Figure 11, and exponential rates of 
onvergen
e are observed underp{re�nement, 
f. Figure 12. In fa
t, sin
e the analyti
 extensions of the two pie
es of thesolution (above and below the line y = 0) are entire analyti
 fun
tions, the method exhibitssuper-exponential 
onvergen
e under p{re�nement, with the asymptoti
 
onvergen
e 
urvesin Figure 12 dipping downwards from the preasymptoti
 linear slope with in
reasing p.Furthermore, we note that in 
ontrast to Example 1, the DG{norm of the error measuredon the quadrilateral meshes (ii) 
onsisting of irregular hanging nodes is now larger thanwhen either the uniform square meshes or the 
onforming quadrilateral meshes (i) areused. As the 
ow is now aligned with the grid lines of the uniform square meshes, thein
reased 
ommuni
ation on the meshes (ii) is no longer very important; instead, the errorin the DG{norm is marginally in
reased due to the mesh distortion introdu
ed by randomlysplitting the interior nodes (ex
luding those on the line y = 0).7 AppendixUnder the smoothness hypotheses on the data and with the notational 
onventions of Se
-tion 2.1, we 
onsider the question of well-posedness of the following homogeneous Diri
hlet{Neumann boundary value problem for a partial di�erential equation with nonnegative
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hara
teristi
 form: �nd u su
h thatLu � �r � (aru) + b � ru+ 
u = f in 
 ;u = 0 on �D [ �� ; (7.1)(aru) � � = 0 on �N :It is helpful to note the following simple result [16℄ .Lemma 17 Suppose that M is a symmetri
 nonnegative de�nite d� d matrix. If � 2 Rdsatis�es �TM� = 0, then M� = 0 .It follows from the de�nition of �0 thatdXi;j=1 aij(x)�i�j = 0 for x 2 � n �0 : (7.2)Sin
e (aij(x)) is a symmetri
 nonnegative de�nite d� d matrix for x in � n �0, we dedu
efrom (7.2) and Lemma 17 with M = a and � = � thatdXj=1 aij(x)�j = 0 for x 2 � n �0 ; i = 1; : : : ; d : (7.3)Now, suppose for a moment that (7.1) has a solution u and u 2 H2(
). By (7.3),dXi;j=1Z� aij(x) �u�xi�jvds = 0 for all v 2 V ; (7.4)where V = �v 2 H1(
) : v(x) = 0 for x 2 �D	 :This observation will be of key importan
e. On multiplying the partial di�erential equationin (7.1) by v 2 V and integrating by parts, we �nd that(aru;rv)� (u;r � (bv)) + (
u; v) + hu; vi�+[�N = (f; v) for all v 2 V ; (7.5)where (�; �) denotes the L2 inner{produ
t over 
, h�; �i�+[�N = h�; �i�+ + h�; �i�Nh�; �i��[�+[�N = h�; �i�� + h�; �i�+ + h�; �i�N ;with hw; vi�� = Z�� jb � �jwvds and hw; vi�N = Z�N jb � �jwvds :



38We note that in the transition to (7.5) the boundary integral term on � whi
h arises in the
ourse of partial integration from the �r � (aru) term vanishes by virtue of (7.4), whilethe boundary integral term on � n (�+ [ �N) = �D [ �� resulting from the b � ru termon partial integration disappears sin
e u = 0 on this set in (7.1). The form of (7.5) servesas motivation for the statement of the weak formulation of (7.1) whi
h is presented below.We 
onsider the inner produ
t (�; �)H de�ned by(w; v)H = (arw;rv) + (w; v) + hw; vi��[�+[�Nand denote by H the 
losure of V in L2(
) with respe
t to the norm k � kH de�ned bykwkH = (w;w)1=2H . Clearly, H is a Hilbert spa
e. For w 2 H and v 2 V, we now 
onsiderthe bilinear form B(�; �) : H� V ! R de�ned byB(w; v) = (arw;rv)� (w;r � (bv)) + (
w; v) + hw; vi�+[�Nand for v 2 V we introdu
e the linear fun
tional ` : V ! R by`(v) = (f; v) :We shall say that u 2 H is a weak solution to the boundary value problem (7.1) ifB(u; v) = `(v) 8v 2 V : (7.6)In order to ensure the existen
e of a unique u 2 H satisfying (7.6), in addition to assumingthat b � � is nonnegative on �N, we also suppose that (3.2) holds.The next theorem paraphrases Theorem 1.4.1 on p.29 in Oleinik & Radkevi�
 [23℄, inthe more general setup of mixed Diri
hlet{Neumann boundary 
onditions and under lessrestri
tive hypotheses on the 
oeÆ
ients aij than in [23℄. The loosening of the regularityrequirements on the 
oeÆ
ients here is related to the fa
t that the prin
ipal part of theoperator in [23℄ is written in the non-divergen
e formdXi;j=1aij(x) �2u�xi�xj ;so the asso
iated Fi
hera fun
tion involves partial derivatives of the aij, and the 
ounterpartof (3.2) 
ontains se
ond partial derivatives of the aij thus requiring that aij 2 W 2;1(
),whi
h is more demanding than the pie
ewise 
ontinuity of the aij assumed here (in fa
t,when �N = ; even aij 2 L1(
) will suÆ
e).Theorem 18 Assuming that (3.2) is valid, for ea
h f 2 L2(
) there exists u 2 H su
hthat (7.6) holds. Moreover, there exists a Hilbert subspa
e H0 of H su
h that u 2 H0, andu is the unique element in H0 su
h that (7.6) holds.



39Proof The proof is based on the Riesz representation theorem. For v 2 V �xed, by the Cau
hy{S
hwarz inequality, B(w; v) � K1kwkHkvkH1(
) 8w 2 H ;where we have used the tra
e theorem for H1(
). Thus B(�; v) is a bounded linear fun
tional onH. By the Riesz representation theorem, there exists a unique element of H, denoted by T (v)su
h that B(w; v) = (w; T (v))H 8w 2 H :Sin
e B is bilinear, it follows that T : v ! T (v) is a linear operator from V into H. Next we showthat T is inje
tive. Note thatB(v; v) = (arv;rv)� (v;r � (bv)) + (
v; v) + hv; vi�+[�N 8v 2 V :On integrating by parts in the se
ond term on the right{hand side and applying (3.2),B(v; v) � (arv;rv) + 
0kvk2 + 12 hv; vi��[�+[�N � K0kvk2H 8v 2 V ;where K0 = min(
0; 12 ). Hen
e(v; T (v))H � K0kvk2H 8v 2 V ; (7.7)so T : v ! T (v) is an inje
tion from V onto the range R(T ) of T 
ontained in H. Let H0 denotethe 
losure of R(T ) in H with respe
t to the norm k � kH. Clearly, by (7.7)j`(v)j � kfkL2(
)kvkH � K�10 kfkL2(
)kT (v)kH 8v 2 V : (7.8)Given w 2 H0, 
onsider a sequen
e (wn) in R(T ) su
h that wn ! w in H. De�neg(w) = limn!1 `(T�1wn) : (7.9)As kT�1wkH � (1=K0)kwkH for all w 2 R(T ), it is easily seen using (7.8) that the de�nition of gis 
orre
t in the sense that the limit exists and is independent of the 
hoi
e of the sequen
e (wn).By (7.8) and (7.9), on noting that limn!1 kwnkH = kwkH, we dedu
e thatjg(w)j � K�10 kfkL2(
)kwkH :Thus, g is a bounded linear fun
tional on H0. Sin
e H0 is 
losed (by de�nition) in the norm of H,it is a Hilbert subspa
e of H. By the Riesz representation theorem, there exists a unique u 2 H0su
h that g(w) = (u;w)H for all w in H0; in parti
ular,g(Tv) = (u; Tv)H 8v 2 V : (7.10)However, as the (
onstant) sequen
e (wn) with wn = Tv, n = 1; 2; : : : ; 
onverges to w = Tv andsin
e the value of g(w) is independent of the 
hoi
e of the sequen
e (wn), it follows from (7.9)that g(Tv) = g(w) = limn!1 `(T�1wn) = `(v) 8v 2 V : (7.11)



40From (7.10) and (7.11) we have that `(v) = (u; Tv)H for all v in V. Thus we have shown theexisten
e of a unique u 2 H0(� H) su
h thatB(u; v) � (u; Tv)H = `(v) 8v 2 V :� Theorem 18 is a generalization of the well-posedness result in our paper [16℄ to the 
aseof mixed Diri
hlet{Neumann boundary 
onditions.A
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ere gratitude to Andrea Toselli (Courant Institute, New YorkUniversity), and Max Jensen and Emmanuil Georgoulis (University of Oxford) for helpful
omments on an earlier version of this paper.Referen
es[1℄ D.N. Arnold, An interior penalty �nite element method with dis
ontinuous ele-ments. SIAM J. Numer. Anal., 19:742{760, 1982.[2℄ I. Babu�ska and M. Suri, The hp{version of the �nite element method with quasiu-niform meshes. M2AN Mathemati
al Modelling and Numeri
al Analysis, 21:199{238,1987.[3℄ C. Baumann, An hp{adaptive dis
ontinuous Galerkin FEM for 
omputational 
uiddynami
s. Do
toral Dissertation, TICAM, UT Austin, Texas, 1997.[4℄ K.S. Bey and J.T. Oden, hp{Version dis
ontinuous Galerkin methods for hyper-boli
 
onservation laws. Comput. Methods Appl. Me
h. Engrg., 133:259{286, 1996.[5℄ D. Braess, Finite Elements. Theory, Fast Solvers, and Appli
ations in Solid Me-
hani
s. Cambridge University Press, 1997.[6℄ P. Castillo, B. Co
kburn, I. Perugia and D. S
h�otzau, An a priori erroranalysis of the lo
al dis
ontinuous Galerkin method for ellipti
 problems. (Submittedto SIAM J. Numer. Anal.)[7℄ B. Co
kburn, G. Kans
hat, I. Perugia and D. S
h�otzau, Super
onvergen
eof the lo
al dis
ontinuous Galerkin method for ellipti
 problems on Cartesian Grids.(Submitted to SIAM J. Numer. Anal.)[8℄ B. Co
kburn, S. Hou and C.-W. Shu, TVB Runge{Kutta lo
al proje
tion dis-
ontinuous Galerkin �nite elements for hyperboli
 
onservation laws. Math. Comp.,54:545{581, 1990.



41[9℄ B. Co
kburn and C.-W. Shu, TVB Runge{Kutta lo
al proje
tion dis
ontinuousGalerkin �nite element method for s
alar 
onservation laws II: General framework,Math. Comp., 52:411{435, 1989.[10℄ B. Co
kburn and C.-W. Shu, The Runge{Kutta lo
al proje
tion P 1{dis
ontinuousGalerkin method for s
alar 
onservation laws, RAIRO Mod�e. Math. Anal. Num�er.,25:337{361, 1991.[11℄ B. Co
kburn and C.-W. Shu, The lo
al dis
ontinuous Galerkin method for time{dependent rea
tion{di�usion systems. SIAM J. Numer. Anal., 35:2440{2463, 1998.[12℄ B. Co
kburn and C.-W. Shu, The Runge{Kutta dis
ontinuous Galerkin methodfor 
onservation laws: Multidimensional systems, J. Comput. Phys. 141:199{244,1998.[13℄ R.S. Falk and G.R. Ri
hter, Lo
al error estimates for a �nite element methodfor hyperboli
 and 
onve
tion{di�usion equations. SIAM J. Numer. Anal., 29:730{754,1992.[14℄ J.E. Flaherty, R.M. Loy, M.S. Shephard and J.D. Teres
o, Software forparallel adaptive solution of 
onservation laws by dis
ontinuous Galerkin methods,In: B. Co
kburn, G.E. Karniadakis and C.-W. Shu (Eds.), Dis
ontinuous GalerkinMethods: Theory, Computation and Appli
ations, Le
ture Notes in ComputationalS
ien
e and Engineering, Vol. 11, Springer{Verlag, Berlin, 2000, pp.113{123.[15℄ P. Houston, Ch. S
hwab and E. S�uli, Stabilized hp{�nite element methods for�rst{order hyperboli
 problems. SIAM J. Numer. Anal., 37(5):1618{1643, 2000.[16℄ P. Houston and E. S�uli, Stabilized hp-�nite element approximation of partial dif-ferential equations with non-negative 
hara
teristi
 form. (Submitted to Computing).[17℄ C. Johnson, U. N�avert and J. Pitk�aranta, Finite element methods for linearhyperboli
 problems. Comp. Meth. Appl. Me
h. Engrg., 45:285{312, 1984.[18℄ C. Johnson and J. Pitk�aranta, An analysis of the dis
ontinuous Galerkinmethod for a s
alar hyperboli
 equation. Math. Comp. 46:1{26, 1986.[19℄ G.E. Karniadakis and S. Sherwin, Spe
tral/hp Finite Element Methods in CFD.Oxford University Press, 1999.[20℄ P. Lesaint and P.A. Raviart, On a �nite element method for solving the neutrontransport equation. In: Mathemati
al aspe
ts of Finite Elements in Partial Di�erentialequations, C.A. deBoor (Ed.), A
ademi
 Press, pp. 89{123, 1974.[21℄ J.M. Melenk and Ch. S
hwab, An hp �nite element method for 
onve
tion{di�usion problems. Seminar for Applied Mathemati
s, ETH Z�uri
h Te
hni
al ReportNo 97-05.



42[22℄ J. Nits
he, �Uber ein Variationsprinzip zur L�osung von Diri
hlet Problemen bei Ver-wendung von Teilr�aumen, die keinen Randbedingungen unterworfen sind. Abh. Math.Sem. Univ. Hamburg, 36:9{15, 1971.[23℄ O.A. Oleinik and E.V. Radkevi�
. Se
ond Order Equations with NonnegativeChara
teristi
 Form. Ameri
an Mathemati
al So
iety, 1973.[24℄ J.T. Oden, I. Babu�ska and C. Baumann, A dis
ontinuous hp{FEM for di�usionproblems. J. Comput. Phys., 146:491{519, 1998.[25℄ G. Ri
hter, An optimal{order error estimate for the dis
ontinuous Galerkin method.Math. Comp. 50:75{88, 1988.[26℄ G. Ri
hter, The dis
ontinuous Galerkin method with di�usion. Math. Comp.58:631{643, 1992.[27℄ B. Rivi�ere, M.F. Wheeler and V. Girault, Improved energy estimates forinterior penalty, 
onstrained and dis
ontinuous Galerkin methods for ellipti
 problems.Part I. Computational Geos
ien
es 3 (1999)Vol. 3-4: 337{360, 1999.[28℄ W.H. Reed and T.R. Hill, Triangular mesh methods for the neutron transportequation. Te
hni
al Report LA-UR-73-479, Los Alamos S
ienti�
 Laboratory, 1973.[29℄ Ch. S
hwab, p{ and hp{Finite Element Methods. Theory and Appli
ations to Solidand Fluid Me
hani
s. Oxford University Press, 1998.[30℄ Ch. S
hwab, hp{FEM for 
uid 
ow simulation. In: Le
ture Notes on high ordermethods in CFD, T. Barth and M. De
onin
k (Eds.), Le
ture Notes in ComputationalS
ien
e and Engineering, Vol. 9, Springer{Verlag, Berlin, 1999.[31℄ E. S�uli, P. Houston and Ch. S
hwab, hp{Finite element methods for hyper-boli
 problems. In: J R Whiteman, editor, The Mathemati
s of Finite Elements andAppli
ations. MAFELAP X. Elsevier, 2000.[32℄ E. S�uli, Ch. S
hwab and P. Houston, hp{DGFEM for partial di�erential equa-tions with nonnegative 
hara
teristi
 form. In: B. Co
kburn, G.E. Karniadakis andC.-W. Shu (Eds.), Dis
ontinuous Galerkin Methods: Theory, Computation and Appli-
ations, Le
ture Notes in Computational S
ien
e and Engineering, Vol. 11, Springer{Verlag, Berlin, 2000, pp.221{230.[33℄ M.F. Wheeler, An ellipti
 
ollo
ation �nite element method with interior penalties.SIAM J. Numer. Anal., 15:152{161, 1978.


