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ABSTRACT: We construct Schubert line defects in the 3d A/ = 2 supersymmetric gauged linear
sigma model (GLSM) with target space a partial flag manifold X = Fl(k;n), generalizing
our construction for complete flag manifolds given in a companion paper (part I) [1]. In
the context of the 3d GLSM/quantum K-theory correspondence, the Schubert line defects
are constructed as 1d N' = 2 supersymmetric gauge theories coupled to the 3d field theory,
and they flow to objects supported on Schubert varieties X,, C X in the quantum K-theory.
The flavored Witten index of the 1d defect is expected to compute the Chern character of
[Oy] — more precisely, it gives us a polynomial representative of the Schubert class in the
quantum K-theory ring. We give strong evidence for this claim by showing in examples that
the Witten indices of Schubert defects indeed reproduce a recently-defined set of polynomials
that represent the Schubert classes in the Whitney presentation, which we call the parabolic
Whitney polynomials. Moreover, upon using the quantum ring relations, we can convert
these polynomials into seemingly new polynomials in the Toda presentation, which we call
the parabolic quantum Grothendieck polynomials. These new polynomials specialize to
known polynomials in various limits, including to the quantum Grothendieck polynomials
in the case of the complete flag. In the 2d limit, our construction also realizes the Schubert
classes [X,,] in the quantum cohomology ring of the partial flag manifold, and the parabolic
quantum Grothendieck polynomials then reduce to previously known parabolic quantum
Schubert polynomials.
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1 Introduction

The 3d gauged linear sigma model (GLSM)/quantum K-theory correspondence [2-25] relates
the quantum K-theory of the GLSM target space X to the half-BPS lines of the 3d gauge
theory. While earlier work e.g. [13, 26, 27] focused on Wilson lines, which correspond to

locally-free sheaves (i.e. vector bundles) over X, more recently there has been renewed interest



in the GLSM realization of non-locally-free sheaves supported on non-trivial subvarieties
of X [1, 21, 28]. The general expectation is that they correspond to defect lines, which
are concretely realized as a 1d N' = 2 supersymmetric gauge theory — i.e. a gauged
supersymmetric quantum mechanics (SQM) — coupled to the 3d bulk.

This paper is meant to be read together with our companion paper [1], henceforth called
‘part 1,” where we defined and studied the Schubert line defects &£,, that realize Schubert
classes in the quantum K-theory of the complete flag manifold. In this work, we generalize
this construction and define Schubert line defects in any partial flag manifold. Recall that
the partial flag manifold

X = Fl(k;n) = Fl(ky,- - ,ks;n) (1.1)
is the set of all flags V, with dimension vector k:
Fl(k;n) = {Voa =0 cCcViCcVacC---CVsCC| dim(Vp) = ke}. (1.2)

The GLSM for a partial flag manifold (see [29]) takes the form of a linear quiver gauge
theory with unitary gauge group G = U(k1) X --- x U(ks). The complexified gauge groups
GL(k¢) = U(k¢)¢ correspond to the freedom in choosing a basis in the vector space V; that
is part of a flag V,.

Schubert varieties in partial flag manifolds. In order to explain some of our terminology,
let us recall here that the partial flag manifold can alternatively be described as a quotient
of complex groups:

Fl(k;n) = GL(n)/P, P > U(ky) x Ulka—k1) X -+ x Ulks—ks_1) x U(n—ky), (1.3)

where P is a parabolic subgroup with the Levi subgroup as indicated. For the complete flag,

" while

P = B is the Borel subgroup whose compact subgroup is the maximal torus U(1)
a general Levi has a non-trivial Weyl group denoted by Wp.

The Schubert variety X,, in Fl(k;n) is defined as the subset of flags that intersect some
reference complete flag of C™ in certain codimensions which are determined by a ‘parabolic’

permutation of n elements (more precisely, a minimal coset representative):
we WP = 8,/Wp, (1.4)

where S, is the Weyl group of GL(n). The permutation w determines the relative position of
the flags V4 € X, with respect to the reference complete flag or, equivalently, the B-orbit
B - wP/P (the Schubert cell) whose closure gives us X,,.!

Schubert defect lines as 1d quivers. Generalizing part I [1], we construct the Schubert
line defects &, as 1d N/ = 2 quivers coupled to the 3d N' = 2 quiver defining the 3d GLSM
with target space X. The gauge group of the 1d quiver is determined by w € W¥. This
construction also generalizes an earlier construction of Schubert line defects (also called

'To be more precise, the Schubert varieties X, we will study are isomorphic to the B~ orbits (with B~
the Borel of lower-triangular matrices), see [30, appendix D.3].



Notation Name of polynomial Geometric interpretation References
31-34
S, (o) (Double) Schubert polynomial [X.] € H*(F1(n)) [ ]
(1, (A.8)]
(@ Quantum (double) X1 e OH*(F] [35-37]
©u'(o) Schubert polynomial X € QI (FI()) [1, (A.18)]
Paraboli t
., |:q:| (0) arabolic quantum ' (X.] € QH® (FI(k: n) [37]
k (double) Schubert polynomial (4.15)
‘ Cohomological parabolic
) (5 sieat b X,] € QH* (Fl(k; 4.7
3w (7) (double) Whitney polynomial Xu] € QU (FI(k; n)) (4.7
Doubl 38-41
6. () ouble) 04] € K(FI(n) e
Grothendieck polynomial [1, (A.26)]
(@ Quantum (double) 0.1 ¢ OK(FI [42, 43)
Gu'() Grothendieck polynomial (O] € QR(EL()) 1, (A.32)]
q Proposal: Parabolic quantum
Gy |, |(2) . : [Ow] € QK(F1(k; 7)) (4.36)
k (double) Grothendieck polynomial
%31(,5“”)(33(')) K—theore.tic parabolic . (0,] € QK(FI(K: n)) [25, Thm. 5.9]
(double) Whitney polynomial (4.9)

Table 1. List of the polynomials we consider in this work and in part I [1]. The (quantum) Schubert
polynomials represent the (quantum) cohomology classes dual to the Schubert varieties inside the
partial flag manifold Fl(k;n). The (quantum) Grothendieck polynomials represent classes of the
structure sheaves O,, in the (quantum) K-theory ring of F1(k;n). In the last column, we list references
for each one of these polynomials: the first line gives references to the mathematics literature. The
second line is a reference to the equation where they are defined in this paper or in part I. Note
that all these polynomials are naturally defined equivariantly (this is the meaning of the ‘double’ in
the name, with the equivariant variables m (cohomology) or y (K-theory) kept implicit here). The
non-equivariant polynomials are obtained as a non-equivariant limit (m = 0 or y = 1, in our notation).

Grothendieck lines) for the Grassmannian manifold Gr(k,n) = Fl(k;n) [21, 28] — essentially,
while Schubert line defects on the Grassmannian are linear quivers, Schubert line defects on
partial flag manifolds are rectangular quivers. We will show that the worldline theory of the
coupled 1d-3d system localizes on the Schubert variety X,,, by the same logic as in part I
(and conjecturally realizes a geometric resolution X, of the Schubert variety X, as happens
in the complete flags cases of part I). It is then natural to identify the Schubert line defects
with the Schubert classes in the (equivariant, quantum) K-theory:

[Ow] = [0Ox,] = [0%,] € QK (Fi(k;n)). (1.5)

The fact that these objects naturally live in quantum K-theory is the key statement of the 3d
GLSM/QK correspondence: the twisted chiral ring of half-BPS line operators of the 3d GLSM
is isomorphic to the quantum K-theory ring of the target space. The quantum parameters gy
(¢ =1,---,s) are the exponentiated FI parameters of the 3d unitary gauge theory.

Parabolic Whitney polynomials and parabolic quantum Grothendieck polynomials:
a proposal. Quantum cohomology or K-theory rings are often usefully represented as rings
of special polynomials modulo a ¢-dependent ideal. The formal variables of those polynomials



are certain (K-theoretic) Chern roots. In the present case, we have a minimal standard
presentation:

QK7 (Fl(k;n)) = Klzy,--- ] "7/(QI). (1.6)

Here, the variables z; denote exponentiated Chern roots of the quotient vector bundles?
Qp = S¢/Sy—1, where Sy denote the tautological vector bundle whose fiber over Vg is V, and
Qi denotes a particular ideal. The ring coefficients K = Z(y1, - ,Yn,q1, - ,qs) include
the equivariant parameters y; for the SL(n) C GL(n) isometry® as well as the quantum
parameters. Picking any particular basis of K-theory classes that generate the QK-theory
ring, it is natural to ask for polynomial representatives in (1.6). Exactly as in part I, we will
achieve this for the Schubert classes (1.5) by a two-step computation in the 3d GLSM:

1. We first consider polynomials in a different set of variables, denoted by z(®) = x,(li),

which are the K-theoretic Chern roots for the vector bundles §y. These polynomials
were constructed very recently in the mathematical literature [25]. They are known to
represent the quantum K-theory classes [O,] in the Whitney presentation of the QK
ring, which extends (1.6) to a larger set of variables including all 2(*) variables. We will
call these polynomials the parabolic Whitney polynomials and denote them by %31(5 )
Importantly, they only depend on the variables z(®) and not on z; nor on the quantum
parameters ¢. The Chern roots z() arise most naturally from physics, since they span
the semi-classical Coulomb branch of the 3d gauge theory. Physically, our main result
in this paper is that the flavored Witten indices of the 1d N' = 2 supersymmetric quiver
gauge theories defining the Schubert line defects are ezxactly equal to the parabolic
Whitney polynomials:

709[2,] = WED = ch(0,). (1.7)

The Witten index can be computed explicitly as a residue integral [44] while the Whitney
polynomial has a combinatorial definition [25], and the two computations are rather
different. Hence, from the mathematical perspective, the first equality in (1.7), stating
that ‘Witten = Whitney,’ is a non-trivial conjecture. Note that the 3d gauge parameters
2(*) enter as flavor parameters from the perspective of the 1d defect theory. The Witten
index should then be interpreted as a Chern character of the (equivariant) K-theory
class corresponding to the line defect &£,,, which is the second equality in (1.7), properly
interpreted.?

2. We then use the 3d twisted chiral ring relations in the Whitney formulation, which
contains both types of Chern roots z and z(*) [15, 45], to fully eliminate the z(®)
variables in terms of the z variables. This variable elimination procedure can be
performed systematically using standard computational algebraic geometry methods
(see [46] for a physics discussion which directly applies in the present context) or by
direct computation, as we will demonstrate. Since the 3d twisted chiral ring of the 3d

2Here we have Qg for £ =1,--- s+ 1, with Sp := 1 and S.y1 := C".

3In our physics conventions, the non-equivariant limit corresponds to y; = 1 (Vi).

“Note that there is no quantum generalization of the classical homomorphism ch : K(X) — H*(X). This
second equality in (1.7) can be interpreted literally in classical K-theory, or as a schematic way of saying that
the polynomial represents the quantum K-theory class.



GLSM is identified with the quantum K-theory ring of the partial flag manifold, we
find:

w

®w |:Z:| (-Tv y) = m(k,n) (:U(.)ay) ’ with ®w |:Z:| € K[xh o >xn]wp ’ (18)

where the equality holds inside the QK-theory ring. These latter polynomials must
exactly represent [O,,] in the QK-theory ring in the simpler Toda presentation (1.6).
Note that they do explicitly depend on the quantum parameters — this comes about
because the twisted chiral ring relations themselves depend on ¢y.

The polynomials ®&,, representing [O,,] in the quantum K-theory ring (1.6) for general
partial flag manifolds (that is, given any n and k) have not been explicitly worked out in the
mathematical literature, to the best of our knowledge. The natural mathematical offshoot of
our physical approach is therefore an explicit construction of such polynomials, which we call
the parabolic quantum (double) Grothendieck polynomials. We give an explicit combinatorial
formula for the polynomials on the left-hand-side of (1.8) that naturally generalizes and
subsumes all known quantum (and classical) polynomials for Schubert classes of flag manifolds,
as detailed in table 1. This is presented in section 4, which can be read independently of the
rest of the paper — see subsection 4.4 for the explicit definitions of the parabolic quantum
Grothendieck polynomials. The latter specializes to the quantum Grothendieck polynomials
of Lenart and Maeno [42, 43| in the case of the complete flag manifold, and to the ordinary
Grothendieck polynomials in the case of the Grassmannian manifold, exactly as one would
expect. In the cohomological limit (the 3d to 2d dimensional reduction in physics), our
new quantum polynomials reduce to the previously-known parabolic quantum Schubert
polynomials of Lam and Shimozono [37], which are known to represent the cohomology
classes [X,] in the quantum cohomology ring.

In this paper, we check the proposed equality between the parabolic Whitney polynomials
(and parabolic quantum Grothendieck polynomials) as defined in subsection 4, on the one
hand, and the physical computation of the 1d Witten indices, on the other hand, in all
examples of partial flag manifolds with n < 4. We leave a general proof of the first equality
in (1.7) as an interesting challenge for future work.

Plan of the paper. The paper is structured as follows. In section 2, we give a lightning
review of the 2d and 3d GLSMs with partial flag manifolds as their target spaces. We review
a particularly useful presentation of the quantum cohomology ring in the 2d GLSM, and of
the quantum K-theory ring in the 3d GLSM, which both arise as twisted chiral rings. In
section 3, we review the definition of the Schubert variety in partial flag manifolds, setting
up our notations and conventions.

In section 4, we discuss the Whitney polynomials, and we explicitly use the ring relations
to derive the parabolic quantum Grothendieck polynomials. In section 5, we detail our
proposal for the Schubert line defect as 1d rectangular quivers. We discuss the calculation
of the corresponding 1d flavored Witten indices and show in examples how these give us
back the expected Chern characters expressed as quantum polynomials. We also discuss
the special case of the Grassmannian manifold and show how our proposal reduces to the
Grothendieck lines defined in [21] in that case.



Figure 1. Limits connecting all the (quantum and classical) polynomials that we consider in this
work (including part I). One can go from the parabolic Whitney polynomials to the parabolic quantum
Grothendieck ones using the quantum K-theory ring relations. Similarly, one can go from the parabolic
cohomological Whitney polynomials to their parabolic quantum Schubert counterparts via the quantum
cohomology ring relations. Starting with the parabolic quantum double Grothendieck polynomial, one
obtains all the other Toda polynomials in various limits. See table 1 for terminology and references.
For the special case of the Grassmannian manifold (on the left of the figure), the partition A = A, is
defined in (3.20).

Finally, taking the 2d limit of the 3d GLSM and of our construction, we discuss in
section 6 the Schubert point defects that correspond to quantum cohomology classes [X,,].
We compute their 0d partition functions and show that they reproduce the Schubert classes in
the quantum cohomology ring of the partial flag, in examples. We end with some conclusions
and remarks in section 7. Various explicit results are listed in appendices A, B, and C.

Mathematica notebook for parabolic quantum polynomials. For the convenience of
the reader, this paper is accompanied by a MATHEMATICA [47] notebook implementing all
the polynomials defined in section 4. The notebook computes efficiently all polynomials for
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Figure 2. The 2d quiver gauge theory of interest in this paper. The circle nodes denote vector
multiplets for the gauge groups U(ky) and the square node stands for the flavor symmetry group
SU(n). The ranks of the gauge groups are such that 1 < ky < kg < --- < ks < n — 1. The arrows

denote bifundamental chiral multiplets — here the fields ¢§+1 denote the corresponding bifundamental
complex scalars. The classical Higgs branch of this theory is the partial flag manifold F1(ky,--- , ks;n).

any partial flag manifold with n <5 in a reasonable running time (seconds or minutes on a
laptop). It also computes Hasse diagrams corresponding to embeddings of Schubert varieties.

2 Review of GLSMs for partial flag manifolds

In this section, we review aspects of the 2d and 3d GLSMs with partial flag manifolds as
targets, following [29, 45]. Recall that, for 0 < k; < ky < -+ < ks < n, the partial flag
manifold is defined as:

Fl(ki,-- Jkgn) ={Ve=(0cCcWVicVoC---C Vs C Ve =C") | dim(Vy) =ke} . (2.1)

We will also use the notation F1(k;n) whenever convenient. We will focus on describing the
quantum cohomology and quantum K-theory rings of Fl(ky,--- , ks;n), which arise as the
twisted chiral rings of the 2d and 3d GLSM, respectively.

2.1 2d GLSMs and quantum cohomology of partial flag manifolds
Consider a 2d N = (2,2) gauge theory with the unitary gauge group:

G = U(ky) x U(kg) x -+ x U(ks). (2.2)

To each pair of consecutive gauge groups U(ky) x U(kgy1), we couple a chiral multiplet
@f“ = ( g“, --+) in the bifundamental representation (O, g,,,). In addition, the last
gauge node U(ks) also supports n chiral multiplets ®$t! = (¢51,...) in the fundamental
representation. This data is best summarized by the quiver diagram displayed in figure 2.

The semi-classical supersymmetric vacua of this 2d GLSM are the solutions to the

equations:
(551? - 5%:11 )) (¢§+1)ae =0 (no summation) ,
} a
Hl Z (2.3)
(41 {4 ¢
st oyt =l ) = ?er,
™
for { =1,---,s, up to a G gauge transformation. In the first equation, Gse) are the diagonal

components of the adjoint complex scalar fields &0, which are the lowest components of the

(s+1) _

U(kg) vector multiplets. Here it is understood that &; = m; are the complex twisted masses

associated with the flavor symmetry group SU(n) — these are constrained by the traceless



Fl(ky,--- ,ks;n) dim X
Grassmannian manifold Gr(k,n) = Fl(k;n) k(n — k) ()
Incidence flag manifold Fl(1,n — 1;n) 2n —3 |n(n—1)
Complete flag manifold | Fl(n) = F1(1,2,--- ,n — 1;n) n("Q_l) n!

Table 2. Three special instances of partial flag manifolds: the complex Grassmannian, the incidence
flag manifold, and the complete flag manifold. Their complex dimension and Euler characteristic are
given in the last two columns.

condition Y1 ; m; = 0, but we often find it convenient to keep a full U(n) symmetry manifest.
The second set of equations are the D-term equations, (; denotes the 2d real FI parameter
associated with the overall U(1) C U(k), and I, denotes the identity matrix of size k; x ky.

2.1.1 Partial flags as GIT quotients

The Higgs branch of the theory is obtained by taking the VEVs of the scalars (*) to be
trivial and all FI parameters Eg to be positive. In this case, the resulting equations in (2.3)
are none other than the symplectic quotient definition of the partial flag manifold (2.1) —
see [29, section 2] for more details. As a GIT quotient, we can write:

Fl(k;n) = (Z_(l ((jkekz+1> //§>0 Ge¢, (2.4)
with, §:: (C1,--+,Cs), and G = GL(k1) x --- x GL(ky) is the complexification of the
gauge group (2.2). The complex dimension and Euler characteristic of this complex manifold
are given by:

. ° n!
dim(Fl(k;n)) = ; ke(kevr — ke),  x(Fl(k;n)) = T e — )l (2.5)

respectively, with the understanding that kg = 0 and ks11 = n.

Special cases. In table 2, we list three special instances of the partial flag manifold F1(k;n).
In this paper, we will look in some detail at the Grassmannian and at the incidence flag cases.
The complete flag manifold is discussed in our companion paper [1].

Twisted masses and equivariant parameters. We note that the complex twisted masses
m; that we introduced earlier are interpreted as the equivariant parameters along the maximal
torus T = U(1)"~! C SL(n) of the isometry group of the partial flag variety.

Universal tautological and quotient bundles. Associated with the partial flag mani-
fold (2.1), we have the tautological vector bundles {Si,- - ,Ss} where, at a particular point
Ve € Fl(k;n), the fiber of the rank-ky, bundle Sy is precisely the vector space V;. From the
perspective of the 2d GLSM, the Chern roots of Sy correspond to the diagonal components



of the complex scalar field &) [15, 29, 45]. The partial flag manifold also comes equipped
with the universal quotient bundles Q, defined as:®

817 621,
Qr = Se/Se-1, {L=2---,s, (2.6)
Cc"/Ss, (=s+1.

These quotient bundles have ranks:

rk(Qe) = ke — k-1, (2.7)
with the understanding that kg = 0 and ks+1 = n. We have a total of n Chern roots for the
quotient bundles, which we denote by {o1,---,0,}. For instance, the Chern roots of Qy are:

60 = {op,_ 41, Ok} (2.8)

In the classical cohomology ring of the partial flag manifold, H*(Fl(k;n)), the Chern roots of
the quotient bundles can be related to those of the tautological bundles via the exact sequences:

0 — S — Spy1 — Quy1 — 0, (2.9)
which imply that:
o(Sp) U c(Qet1) = e(Sp41) s (2.10)
where, ¢(E) =1+ ¢1(E) + --- denotes the total Chern class of the vector bundle E.

2.1.2 The 2d A-model for the partial flag manifold

Recall that the GLSMs we are considering here have N' = (2,2) supersymmetry, where we
denote the four supercharges by Q+, Q.. We are interested in the twisted chiral ring Roq. It
is captured by the A-model subsector of the full theory, corresponding to the (equivariant)
cohomology of the supercharge Qa = Q. + Q_ defining the A-model [48]. In the present
case, the twisted chiral ring is isomorphic to the (equivariant) quantum cohomology ring
of the target space:

Roq = QHYM(Fl(k;n)). (2.11)

Viewing Q4 as a scalar supercharge in the A-model allows us to define the 2d GLSM along any
closed Riemann surface Y. In particular, this A-model computes genus-zero Gromov-Witten
(GW) invariants [49].

Ring relations and genus-0 Gromov-Witten invariants. Let us take {0, : w € W}
to be a basis for the cohomology ring of the partial flag manifold F1(k;n) with W being some
indexing set — we will focus on a particular basis shortly. Let us denote the corresponding

5Note we use a different numbering convention for Q, compared to [15], where they defined Q1 = S2/S:.



point operators by O, € Raq. One can work out the twisted chiral ring product in this basis
by computing the 2-point and 3-point functions on the Riemann sphere P! [45, 49]:

Nww' = <Ow Ow/ >Ip1 > wa/ w! = (Ow Ow/ Owu >Ig>1 . (2.12)

The two-point functions determine the topological metric. We then have the quantum
cohomology ring product:

Oy * Oy = wa/w” Oy s (2.13)

where repeated indices are summed over. Here, we defined

1

wa/w = ﬂwuvcww’vv nwvnvw’ = 5115/ . (2'14)

From the point of the target space, 17y and Cy, v are genus-0 GW invariants of Fl(k;n).
The fusion relations (2.13) are interpreted as a quantum deformation of the cup product:

Quw Ug Q= Cur™ Qo = Qup U Quy + q (). (2.15)

Any cohomology class §2,, can be represented as a polynomial in the Chern roots of the
tautological and quotient bundles. For our purposes, it will be most useful to have an explicit
presentation of the quantum ring QHY.(F1(k;n)) [50] in terms of relations between these
Chern roots, generalizing the classical relations (2.10). Such relations can be derived from
the effective twisted superpotential of the 2d gauge theory [45, 51] — or, equivalently, from
the Bethe ansatz equations (BAEs) of the model [52]. For the partial flag manifold, this
was worked out by some of the authors in [15, equation (4.68)]:

(Sp) Ug c(Qey1) = c(Se1) + (=1)FF-1qp0(Sp-1), (2.16)

where q; ~ e 27% are the quantum parameters defined in terms of the 2d (complexified)
FI parameters (.

Explicit form of the QH ring relations. At the practical level, for £ =0,1,--- ,s, the
quantum relations (2.16) can be expanded as follows:

Z €a (&(6)) eb(g(“-l)) = 66(5(“_1)) + (_1)]%_]%71 A Cetky1—kea (5-(6_1)) ) (2.17)
a+b=c
forc=1,--- ,kgy1. Here, e4(0) denotes elementary symmetric polynomials (in the appropriate

number of variables), and 5+1) denotes the Chern roots (2.8) for the quotient bundle Qp1.
For instance, the relations for / = 0 can be rewritten as:

oe =,  c=1,,k, (2.18)

[

which is simply the statement that Q; = S; by definition. Note that setting k; = ¢ in (2.17)
reproduces the complete flag relations [1, equation (3.12)].

,10,



2.1.3 Explicit examples

Let us look at the quantum cohomology relations (2.17) in detail for a class of examples
to be revisited in later sections. (For the complete flag manifold Fl(n), see subsection 3.1
of [1].) More precisely, for our purposes, we only write down the relations for £ =0,--- ;s —1
in (2.17), which allow us to express the variables &) fully in terms of the variable o;. Plugging
this back into (2.17) with ¢ = s would then give us the quantum cohomology ring relations
expressed in the o; variables only — we will elaborate on this point in section 4.

Example 1. The incidence variety F1(1,n—1;n). In this case, the quantum relations (2.17)

(1)

give us o1 = 0, ' and
ea(@?) = e o) + q164m1, a=1--,n—1. (2.19)
Here and in the following, we are using the notation ez (o) =ei(or, -+ ,0y).
Example 2. The manifold Fl(1,2;4). In this case, one finds:
) =01 a@?) =d0).  eE®) =do) +a. (2:20)
Example 3. The manifold F1(2,3;4). In this case, taking ¢ =0 in (2.17) gives us:
o =", oy =5, (2.21)
and plugging this into the £ = 1 relations in (2.17) gives us:
(@) = €3(0) — q10a3, a=1,2,3. (2.22)

2.2 3d GLSMs and quantum K-theory of partial flag manifolds

The three-dimensional uplift of the above GLSM is obtained by considering a 3d N = 2
supersymmetric quiver gauge theory with the same gauge groups and field content as in
figure 2, together with specific 3d Chern-Simons levels to be discussed momentarily. We then
consider this 3d field theory on R? x Sé. Along R?2, we retain a 2d N = (2, 2) supersymmetric
gauge theory of Kaluza-Klein (KK) type, with the KK scale 57! being the inverse radius
of the compactification circle.

The semi-classical supersymmetric vacua of the 3d theory in R? are solutions to the
following set of equations:

(a((f) - O'(SZ-H)) (gbﬁ“)aé =0, (no summation) ,
- - (2.23)
011 41t et 0 Lo '
¢g ¢g _¢g_1 Qszfl = 2ﬂ_F (07C)7

(0)

up to a G gauge transformation (2.2). Here, oo’ are the diagonal elements of the 3d
real adjoint scalar in the 3d NV = 2 U(k/) gauge vector bundle. Meanwhile, qbﬁ“ is a 3d
bifundamental complex scalar that is defined similarly as in 2d above.® The new ingredient
in (2.23) compared to (2.3) is the matrix F(¥)(, ¢). It is a diagonal matrix of size kg x k; which

5We denote the bifundamental complex scalars by ¢ in 2d and in 3d. This should cause no confusion.
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encodes the effective contributions of the 3d gauge Chern-Simons terms. More explicitly,
we write its diagonal entries as [53, 54]:

ke ke_1
‘ 1 _
Fi©0.0) = Gt keold +1e X o) — 5 >0 =0l + o)
be=1 ag_1=1
1w ¢ 041
g |0l = ol ], (2.24)
az_‘_l:l

for ag =1, -+, ky. Here, (y is the 3d real FI parameter associated with U(1) C U(k;). Here,
ke and l; denote the Chern-Simons levels associated with the ¢-th gauge group:

SU(kZ)ke X U(l)kz(szrke'e)
Zy, '

U(ke)kg, kgtkoly = (2.25)

4
For more details on the conventions we are following here for the Chern-Simons levels, see
subsection 2.2 of [46].

Types of 3d SUSY vacua. Following the analysis that was done in [54] for 3d N = 2
SQCD (i.e. the quiver gauge theory with s = 1), we expect that the solutions to the 3d
vacuum equations (2.23) come in the following four possible families:

e Higgs vacua: this is the case where the real scalars () obtain vanishing VEVs. Then,
the VEVs of the complex scalar fields ¢§+1 span the flag manifold Fl(kq,--- , ks;n) as
long as all 3d FI parameters are large and positive, matching the target space of the 2d
GLSM discussed above.

e Topological vacua: in this case, the real scalars obtain non-trivial VEVs giving
masses to the complex scalars. Integrating out the massive bifundamental chiral matter
multiplets, we obtain pure 3d N’ = 2 CS theory with gauge group given by G in (2.2)
which is a 3d TQFT; hence the name of the associated type of vacua.

e Hybrid vacua: these are obtained by taking a mixture of the above two cases. That
is, we take part of the fields 0(® to have a trivial VEV and the other part to have
non-vanishing ones. The earlier sector gives rise to a particular flag manifold; meanwhile,
the latter sector leads to topological vacua.

e Strongly-coupled vacua: near the origin of the classical Coulomb branch of the
theory, where the semi-classical approximation breaks down, there is a possibility for
new (quantum) vacua to appear for some specific CS levels.

While topological and hybrid vacua are expected for generic CS levels, we expect that there
exists a ‘geometric window’ among all possible CS levels such that the only 3d vacua are
Higgs vacua. In such a case, further compactifying R? to R? x Sé gives us a 3d GLSM,
wherein the 3d Higgs branch becomes the target space discussed above.

The full analysis of the solutions to (2.23) is beyond the scope of this work — see [54] for
the full result in the Grassmannian case. Instead of determining the full geometric window
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for partial flag manifolds, we will simply focus on a ‘standard’ choice of CS levels such that
the twisted chiral ring of the 3d GLSM becomes isomorphic to the (standard) quantum
K-theory ring of the partial flag manifold. See for example [21, 22, 24, 27] for discussions of
more general Chern-Simons levels and their relation to twistings of quantum K theory [55],
including the Ruan-Zhang levels [56, 57] as special cases. In this work, we focus on the
standard choice defined below, leaving the exploration of the other cases for future work.

The standard CS levels. We fix the ‘standard’ CS levels for the 3d GLSM with target
Fl(k;n) as follows. Start with the 3d N' = 4 quiver gauge theory described by figure 2,
where each gauge node is now associated with an A/ = 4 vector multiplet while the arrows
denote N’ = 4 hypermultiplets. In the N/ = 2 language, this means that we have an extra
adjoint matter multiplet associated with each gauge node, and an extra bifundamental chiral
multiplet between every two consecutive nodes going in the opposite direction.

The resulting hyperkahler Higgs branch is an example of a Nakajima quiver variety [58].
In this case, it is the cotangent bundle of the partial flag manifold, T*F1(ky, - - , ks;n), and it
is known that its twisted chiral ring corresponds to the quantum K-theory ring — see e.g. [7].
To go back to our 3d N' = 2 quiver gauge theory, one needs to softly break supersymmetry
by giving masses to the extra adjoint and anti-chiral bifundamental multiplets, therefore
‘integrating out’ the cotangent bundle fibers. Integrating out the massive multiplets generates
non-trivial 3d A/ = 2 CS levels for the U(k;) gauge groups.” In this way, we obtain the
following CS levels (see also section 3 of [15]):

ko1 + keiq

ke = ke — 5 ;

= -1, Vl=1,--,s, (2.26)

keeping in mind that kg = 0 and ks41 = n. In addition to (2.26), we also have mixed CS
levels between the U(1) factors of each two consecutive gauge groups:

1 )
kg7g+1 = § : U(kﬁ) X U(kg+1) s 1= 1, e, 8 — 1. (227)
—_— ————

[N

2.2.1 The 3d A-model of the partial flag manifold

Let us now consider the 3d theory on X x Sé with the topological A-twist along ¥ = P
The cohomology of the supercharge QQa consists of half-BPS line operators & wrapping the
circle fibre at some point on . These line operators are in one-to-one correspondence with
the K-theory classes of coherent sheaves [E]| on the partial flag manifold — see part I [1,
section 2] for a review. Analogously to (2.11), the 3d twisted chiral ring of these line operators
is isomorphic to the (equivariant) quantum K-theory ring of F1(k;n):

The ring product corresponds to the fusion of parallel half-BPS lines in the () s-cohomology.

"We refer to section 2 of [46] for a review of this well-known fact, and for our CS level conventions.
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Ring relations and genus-0 K-theoretic GW invariants. Taking a basis {Z,, : w € W}
of Rsq, the fusion relations can be written as:

L *x Ly = Nww/w// L (2.29)

where the fusion coefficients appearing on the r.h.s. are defined in terms of the 2-point and
the 3-point functions, as in 2d:

gww, = <$w2w/ >IP’1><S}37 Nww’w” = <gwgw’gw”>ﬂbl><5é7
Nww/w”

The topological metric and structure constants defined above are the genus-0 K-theoretic GW

L w”vN w v — sw (23(])
=g ww' v g Guw' = Oy -

invariants, and the products (2.29) should match the quantum K-theory of the flag manifold:
[Eu] ®q [Ewr] = Nopwr™" [Eur] = 0] @ [Ew] + a(---). (2.31)
Here, ® is the usual tensor product operation in the K(F1(k;n)) and ®, denotes the quantum
product in QK(F1(k;n)). Note that ¢, = e #¢ is defined in terms of the 3d real FI parameters
(complexified by a flavor holonomy along Sé for the topological symmetries).
In what follows, we will be interested in a particular characteristic of the coherent sheaves
on Fl(k;n); namely, the Chern character:

ch : K(Fl(k;n)) — H*(Fl(k;n)). (2.32)

These Chern characters are polynomials in terms of the K-theoretic Chern roots of the

~()
tautological bundles x((f;) = ¢ P%¢ and those of the quotient bundles z; = e #7. Here,

the complex parameters &C(Li) are the complexification of the 3d real parameters ac(f;) by
the holonomy of the corresponding gauge field along S é Therefore, one needs to rewrite
the quantum K-theory ring relations (2.31) in terms of these Chern roots. Following the
discussion in [15, section 4], the Bethe ansatz equations (BAEs) of our 3d A-model can be
rewritten elegantly in terms of the Hirzebruch A-classes of the universal tautological and
quotient bundles as follows [15, equation (4.42)]:
— ¢

A (Se) ®q M(Qes1) = Ne(Spy1) — ther—he 137% det(Qey1) ®¢ (M(Se) — Ae(Se-1)) - (2.33)
Here, the variable t is a formal variable that enters into the definition of the A class of
the vector bundles:

M(E) =1+ t[E] + - + tXE) [AKE) R (2.34)

where [-] denotes the corresponding K-theory class. The relations (2.33) can also be rewritten
in terms of the Chern characters of the A classes, using the relations:

) kot1
ch(\(S) = T[T (14 t2), (@) = [ (0 +tw). (2.35)
ap=1 i=kp+1

In particular, we have ch(\(Ssi1)) = ch(A(C™)) = [[1(1 + ty;).® Moreover, note that
ch(det(Qr+1)) = Thpt1 =+ Thyy, -

8The GL(n)-equivariant parameters g; correspond to fugacities of the 3d flavor symmetry group SU(n)

and they are related to the 2d twisted masses via y; = e ™7™,
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Explicit form of the QK ring relations. Using the characters (2.35), one can rewrite
the quantum K-theory ring relations (2.33) in terms of elementary symmetric polynomials
in the K-theoretic Chern roots. Namely, for £ = 0,--- , s, we have:

Z ea(x(ﬂ)) eb(ff(Hl)) _ ec(x(ﬁ—‘rl))

a+b=c
a B
T g Shert T Thes (ecsz+1+ke(x(€)) — Cotiyyr i (2 1))) . (2.36)
for ¢ = 1,--+ ,kgy1. Here, similarly to (2.8), we denote by
29 = {ag_ o, g ) (2.37)

the set of K-theoretic Chern roots of the quotient bundle Q.

2d limit: back to quantum cohomology. The strict dimensional reduction of the 3d
GLSM to the ordinary 2d GLSM corresponds to setting 8 — 0, so that:

r=eP" 51 -0+, y=ePm 51— Bm+---, (2.38)
for all K-theoretic Chern roots. The quantum parameters g, and q, are related via:

g = (=B g, (2.39)

Up to a convention-dependent sign, this follows from the RG flow of the 2d FI parameters:
while ¢, is naturally dimensionless, the 2d quantum parameters q, actually denote non-trivial
RG-invariant scales set by the 1-loop beta functions for the FI parameters in 2d, hence the
above relations when we match the RG and KK scales upon dimensional reduction. It is
straightforward to see that, in this 2d limit, the quantum K-theory relations (2.36) reduce
to the quantum cohomology relations (2.17).

2.2.2 Some explicit examples

Let us now discuss some examples that will be of interest to us in this work. As in the
cohomology case, we focus on the equations for £ = 0,--- ,s — 1 in (2.36), allowing us to
express the z(*) variables in terms of the z variables. For the complete flag Fl(n) case, see
equations (3.18) of [1] and the examples below them.

Example 4. The incidence variety Fl(1,n — 1;n). In this case, we get that r1 = xgl)
and,

cale®) = €17 (@) + N oY1) 6pra, a=1,--,n—1. (2.40)
- Q1

Note that these equations reduce to equations (2.20) in [1] for the case n = 3, and, to (2.19)
in the 2d limit discussed above.

Example 5. The manifold Fl(1,2;4). For this case, we get the following ring relations:

62 T
) =o, aE@®) =d@), a6 = 1_(3 (241)
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Example 6. The manifold Fl(2,3;4). In this case, we have the relations:
r] = xgl), Ty = azgl), (2.42)
for £ =0. And,

el(x(2)) = x1 + 22 + 73,

2)y — xr1 T3 T2 T3
ex(e) = mron + I —aq 1—q’ (2.43)
3
2y _ €3(z)
es(x = ,
3(2'?) -

which indeed reduce to (2.21) and (2.22) in the 2d limit.

3 Schubert varieties in partial flag manifolds

The purpose of this section is to review the definitions of the Schubert classes of the partial flag
manifold. In cohomology, these classes are given in terms of the Schubert varieties; meanwhile,
in K-theory, they are given by the K-theory class of the structure sheaf of the Schubert variety.

In the partial flag manifold F1(k;n), the Schubert classes are indexed by a particular
subset of the permutation group of n characters S,,. The elements of this set depend on the
rank vector k. Before we discuss this in more detail, and to set the notation, let us start
by reviewing some definitions and properties of permutations. We follow the conventions
of Anderson and Fulton’s book [30].

3.1 Definitions and conventions

We present an element w € S,, of the permutation group as follows:’

1 2 ... n
w = = (w(l) w(2) --- wn)). 3.1
(wu) . w(n)) (w(1) w(2) - w(n) (3.1)

(As in the companion paper [1], we denote the permutations in the ‘window’ notation rather
than the ‘cycle’ notation, in which, for example, the identity is (123 --- n). This convention
is also used in, for example, [59].) The permutation w is said to have a descent at position
i if w(i) > w(i+ 1). The length of w, denoted by ¢(w), is defined as:

lw) = #{(,5) i <j and w(i) > w(j)}. (3.2)

The longest permutation in S, is wy = (n --- 21), and its length is given by ¢(wy) = n(n—1)/2.

Observe that, for any w € S,,, we have:'°

(wow)(i) = n + 1 — w(i). (3.3)

9In what follows, we use either this notation for a permutation w or (wy - - - wy ), where the relation between
the two is understood; namely, w; = w(i).
10Here, we are following the convention for permutation decomposition where we act with w first.
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w | (213) | (132) | (231) | (312) | (321)
011 111\|/0o11)|/001\|/001
o122 f[l112||{or2f[l112]|]012
123)/\123/|\123/|{\123/|\123
1o00\|foo00\|f100)|/110)|[/110
kv [l1oo0|{|110]|[l210][l110][|[210
210/|\210/[\210/|\210/[\210
010\|[/001\[/010\[/100\[[/100
avow(] 011 101 110|101 110
111 111 111 111 111
011\//o001\|/011 111 111
reowfor2f[lrr2||f122f/l112]|]122
123)/\123/|\123/|{\123/|\123

Table 3. The rank and dimension matrices associated with the nontrivial permutations w € Ss.
For each matrix in the third row, reversing the order of its columns and taking the sum with the
corresponding matrix of the fourth row gives us the corresponding matrix of the last row.

A special type of permutations are the transpositions s;; which exchange the elements
at positions ¢ and j, meanwhile keeping the rest unchanged. For the case where i and j
are consecutive, we denote the transposition by s; = s;;41. The permutation group S, is
generated by these transpositions. A reduced word of the permutation w € S, is of the
form w = s, - *Sipu) -

Associated with each permutation w € S,,, one can define the rank and dimension
matrices r and k" as follows [30, section 10.1]:

i o= L <iw(l) <},

: : (3.4)
ki = #{ < i w(l) >j}.
For any permutation w, we have:
vt 4+ kY =, and %Y =k + Ay, (3.5)
for all 7,7 = 1,--- ,n. Here we introduced the new matrix a® whose elements are given
explicitly by:
ai; = #{l<i:w(l) =75} (3.6)

For example, in table 3 we show the explicit form of the rank and dimension matrices for
all nontrivial permutations in S3. We also exhibit the corresponding a*°* matrices, using
which one can check the second identity in (3.5).
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3.2 Schubert varieties in partial flag manifolds

Let us now consider the partial flag manifold F1(k;n) defined in (2.1). Famously, it can also
be constructed as the quotient of GL(n) by a parabolic subgroup as in (1.3). Alternatively,
we also have a description as a real manifold (see e.g. [29, section 2.1]):

U(n)
U(ky) x U(kg — k1) x -+ x U(ks — ks—1) x U(n —ks)
A Schubert variety X[, is indexed by an equivalence class in the quotient [30, page 171]:
" Wik (3.8)
> (™" € [w] : w™™ has descents at most at positions ki ,--- , ks},

Fl(k;n) = (3.7)

w(kin)

where W .,y = Wp is the Weyl group of the parabolic subgroup defining the partial flag
manifold (or, equivalently, of the group we quotient by in (3.7)), namely:

W(k,n) = Skl X Skg—kl X oo X Sks—ks_1 X Sn—kzs = <Si : ’L¢ k> (3.9)

The first line of (3.8) denotes the set of right cosets [w], but we will always represent each
[w] by its minimal representative w™™®, which is the unique element of minimal length in [w].
In what follows, we will then denote the minimal representative by w, so that w € W)
indexes Schubert varieties denoted by X,,. The cardinality of the set W) is equal to the
Euler characteristic of the partial flag manifold x(Fl(k;n)) given in (2.5). Note that the
Bruhat order on S, induces a Bruhat order on the W) induced by the standard Bruhat
order on the minimal representatives.

Each permutation w € S,, admits a unique decomposition:
w = wP - wy, (3.10)

where w* € W) is the minimal representative, and wy, € W (:n) is then a permutation built
out of {s; : i ¢ k}. For the longest permutation wy € S, one can directly see from (3.9)
that the corresponding wg is given by:

wok(i) = ke + key1 + 1 — 4, Vi ke <i< kpgqp. (3.11)

For example, for the complete flag Fl(n) case, we have wor = (12 --- n) and w§ = wq. The
decomposition (3.10) will be important in the next section when we discuss the parabolic
Schubert and Grothendieck polynomials. For future reference, we list in table 4 some useful
data for all the possible partial flag manifolds with n = 4 and the corresponding wqg.

We are finally in a position to define the Schubert varieties in the partial flag manifold.
Let us first define a standard (reference) complete flag — see [30, page 161]:

E,=(E1CEyC---CE,=0C4"). (3.12)
Here E; := Spang{enti—j, - ,en}, where {e1, - ,e,} is the standard basis on C". For
each permutation w € W) we define the Schubert variety as follows — see [30, page 171]:!1

Xy = { Fo € Flk;n) | dim(Fp, N Ej) > %, ¥1<<s,V1<j<n}. (313)

1 Note that, in [30], X, is defined in terms of the reference flag E®* = F,,_+ and the dimension matrix k*.
wow
i,j+1

wow
1,541

wow

But, using the second relation in (3.5) along with the simple observation that r —a =1;9", one

arrives to the form we present here.
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Fl(k;4)| CP? |Gr(2,4)|Gr(3,4)|F1(1,2;4)|F1(1,3;4)|F1(2,3;4)| Fl(4)
X 4 12 12 12 24
dim 3 3 ) ) ) 6
wor |(1432)[(2143)[(3214)] (1243) | (1324) | (2134) [(1234)
wh [(4123)](3412)[(2341)] (4312) | 4231) | (3421) [(4321)

Table 4. For each possible partial flag with n = 4, the second row gives the Euler characteristic, the
third row gives the complex dimension, and the last two rows give the decomposition of the longest
permutation wy = (4321) according to (3.10).

The complex codimension of the Schubert variety is given by the length (3.2) of the defining

permutation, codim(X,) = ¢(w). In particular,

((wh) = dim(F1(k;n)), (3.14)

and [Xwg] gives us the point class. The Bruhat order on W) gives us the Hasse diagram

of Schubert varieties just like for the complete flag manifold.

3.2.1 Special case: the Grassmannian manifold

As mentioned already in table 2, the Grassmannian Gr(k,n) can be viewed as a one-step

flag Fl(k;n). Then, from (3.13), its Schubert varieties are given by:
Xy = {Fy € Fl(kin) | dim(F, 0 Bj) > %", V1<j<n}, (3.15)

where w € S, has descent at most at position k. Such a permutation with a single descent is
called a Grassmannian permutation. To simplify further, recall from (3.4) that we have:

o =#{l<k:n+1-wl <j}. (3.16)
It is easily seen that:
0, j<n+1— wk)
1, n+1—-wk <j<n+1-—wk-1)
e =42, n+1l—-wk-1)<j<n+1-wk-2), (3.17)
k, n+1-—wl) <j<n,

where we used the fact that w(l) < w(2) < --- < w(k).
constraints defining the Schubert varieties as follows:

Therefore, we can write the

dim(Fy N Ej) >0, j<n+1-wk),
dim(Fp, N E;) >1, n+1—-wk) <j<n+1-wk-1),

(3.18)
dim(Fp, N E;) >k, n+1—-w() <j<n.
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Among those constraints, some are trivial (for example, the ones on the first line, because
the dimension should always be non-negative), while some are redundant. For example,
consider the constraints dim(F, N E;) > m and dim(F}, N Ej) > m for some fixed integer
m with j < j; in this case, the first constraint clearly implies the second. In this way, we
can reduce our definition of Schubert varieties to:

X, = {Fk € Fl(k;n) | dim(Fy, N By i1 wirs1-a) = a, V1 <a<k } . (3.19)
Now, if we let:
Mg =N =wk+1—a)—(k+1-—a), (3.20)
then we see that:
n—k>M>X> >N 2>0, (3.21)

which defines a partition A whose Young tableau fits inside a k x (n — k) rectangle. Schubert
varieties of Grassmannian manifolds are labelled by such partitions (see e.g. [30, page 128]):

Xy = {Fk € Fl(k;n)\ dim(Fk NEn_kta—nr) >a, V1<a< k‘} . (3.22)

4 Parabolic quantum polynomials for partial flag manifolds

In this section, we discuss the realization of the (equivariant) quantum cohomology and
quantum K-theory rings of partial flag manifolds in the Schubert class basis in terms of the
Schubert and Grothendieck polynomials, respectively. We also define the parabolic Whitney
polynomials and explain how they are related to the parabolic Grothendieck polynomials,
as anticipated in the introduction.

4.1 Generalities on quantum rings for partial flag manifolds

In the previous section, we reviewed the QH and QK ring relations for the partial flag manifold
Fl(ky,--- ,ks;n). Let us focus on the QK ring for definiteness. We denote by

K = Z(y,q) (4.1)

the field we are working on — that is, the ring coefficients are rational functions of the
equivariant parameters y; (¢ = 1,--- ,n) and of the quantum parameters go ({ = 1,---,5).
We then have the Whitney presentation [16, 23, 25]:

QK (Fl(k;n)) = K[z®), 21, 2, )VWVr /(QI), (4.2)

()

where, as we discussed earlier, z(*) denotes the parameters x4, , corresponding to the K-
theoretic Chern roots for the tautological vector bundles Sy, while z; denote the K-theoretic
Chern roots for the quotient bundles. More precisely, the exponentiated Chern roots for Q,
are given by (2.37). The ‘quantum’ ideal QI in (4.2) is the one generated by the QK ring
relations given in (2.36). Finally, note that we need to take the invariants under Wg x Wp,
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)

where W¢ denotes the Weyl group of (2.2) and Wp denotes the Weyl group of the ‘parabolic
subgroup of U(n) by which we quotient in (3.7), namely:'?

S s+1
We = X Sk, Wp = Winy = X Sky—k_s - (4.3)
=1 =1

Note that W acts on the z(*)’s only (that is, S, permutes the Sy Chern roots m(e)), while
Wp acts on the z;’s only (that is, Si,—r,_, permutes the Q, Chern roots (2.37)).

Following the discussion in the previous section, it is clear that we can entirely eliminate
the Sy variables 2$” from the description of the QK ring (4.2), which then gives us the
simpler presentation, sometimes called the Toda presentation [25]:

QK (Fl(kin)) = Ko, - 2,V /(QU). (4.4)

Here QVI denotes the reduced ideal obtained from QI by eliminating the z(®) variables.

We are interested in an explicit presentation of the (equivariant) quantum K-theory ring
in terms of the Schubert classes [0, ] indexed by w € W) as defined in (3.8). These classes
should be represented in the Toda-presentation ring (4.4) by some W p-invariant polynomials,
which we call the parabolic quantum (double) Grothendieck polynomials, generalizing the
quantum (double) Grothendieck polynomials of Lenart-Maeno [42] that represent (equivariant)
Schubert classes in complete flag manifolds [43]. Note that the Weyl group Wp is trivial in
the case of the complete flag, hence the ordinary (quantum) Grothendieck polynomials are
elements of C[z1,--- ,x,], without any symmetry properties in general.

We will proceed in two steps, as we explained in the introduction. We first define the
W-invariant parabolic Whitney polynomials which represent the Schubert classes in the
Whitney presentation (4.2) of the quantum ring, and which happen to be independent of the
quantum parameters g [25]. Starting from the Whitney polynomials, variable elimination
in the QK-theory ring gives us the parabolic quantum Grothendieck polynomials in the
Toda presentation. We will implement this elimination procedure completely explicitly,
which also reproduces the recently-derived Toda presentation of the QK ring of partial flag
manifolds [25]. The situation in quantum cohomology is analogous and can be understood as
a limit from K-theory (the 3d to 2d limit in the GLSM); we will introduce all the relevant
cohomological polynomials below as well.

4.2 Parabolic Whitney polynomials in cohomology and K-theory

New polynomials were recently introduced by Amini et al. [25] to describe Schubert classes in
the Whitney presentation (4.2) of the (equivariant) QK-theory ring of a partial flag manifold.
In this work, we call these the parabolic (double) Whitney polynomials, to distinguish them
from the Toda-presentation polynomials that we will introduce below. A key observation
is that the Whitney polynomials are only functions of the z(*) variables: by construction,
they do not depend on the parameters gy at all. In the next section, we will give a physics
interpretation of the Whitney polynomials as 1d Witten indices of Schubert line defects.

12To avoid any confusion, let us insist on the fact that G' here denotes the GLSM gauge group (2.2) and not
G = GL(n) as often the case in the mathematical literature when writing the presentation (1.3) as G/P.
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Note also that, since the Whitney polynomials are independent of the quantum parameters,
we can think of them as representing classes in the classical ring as well. It is only the relations
among them in the quantum ring that will depend on the quantum parameters.

4.2.1 Parabolic Whitney polynomials in cohomology

Let us first discuss the cohomological case. Here we define the parabolic (double) Whitney
polynomials in cohomology, or sometimes simply the 3-polynomials.'® The 3-polynomials
are function of the Chern roots 5 for S; only. They should be understood as representing
Schubert classes in the Whitney presentation of the quantum cohomology:

QHS(Fl(k;n)) = K[6®), 01, , 00 VWP /(ql), (4.5)

which is written similarly to the K-theoretic ring (4.2), with K = Z(m,q) and the ideal
(ql) is generated by the Whitney relations (2.17).

The 3-polynomials can be defined recursively. We first define the Whitney polynomial
for the longest permutation wg)“ e W) which represents the point class, and then for
any ‘parabolic’ permutation using standard operations [25]. The parabolic double Whitney
polynomial representing the point class in cohomology is given by a very simple formula:

s kep1—1

3(’“" =11 1I H ( (0 —mn_j). (4.6)

/=1 ] k}g ag:

We conjecture this identification since it corresponds simply to the cohomological limit of the
K-theory construction of [25] that we will review below. Note that (4.6) is a homogeneous
(double) polynomial of degree £(wk) (and recall (3.14)).

For any minimal representative w € W) as defined in (3.8), the parabolic double
Whitney polynomial in cohomology is then defined as:

3, m) = (~) D o

w

i Bus (@, m). (4.7)
Here, ™) is the divided difference operator taken with respect to the equivariant parameters
m; see [1, equations (A.2)—(A.4)] for its definition. Note that 31(5 ™) s a homogeneous double
polynomial of degree ¢(w). These (double) polynomials represent the (equivariant) quantum
cohomology classes [X,,] in the Whitney presentation (4.5).!4 The non-equivariant limit
is obtained by setting m = 0.

4.2.2 Parabolic Whitney polynomials in K-theory

Moving up to the quantum K-theory, the parabolic double Whitney polynomial for the

longest permutation w§ is given by:

(ksn) s st )
B,y =TT 1T 1 (1— : ) (438)

(=1 j=k; ap=1 Yn—j

13We will interpret them as supersymmetric matrix model partition functions in section 6, hence the name.
While these polynomials and their identification with [X,,] were not explicitly discussed in [25], our claims
directly follow from their results by taking the cohomological limit of the K-theoretic results.
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which is the natural K-theory uplift of (4.6). This quantity was introduced in [25, theorem
1.2, theorem 5.11], where it is proven that it represents the point class in the K-theory of
Fl(k;n). Next, one assigns to each minimal permutation w € W) the parabolic double
Whitney polynomials defined as:

WED (@), y) = 7, WED (), y) (4.9)

—1,k
w ’UJO 'lUO

Here 7 is the Demazure operator acting on the equivariant parameters y; as defined in [1,
(A.22)-(A.24)]. The Whitney polynomial (4.9) represents the Schubert class [O,] in the
Whitney presentation of the equivariant QK ring [25, theorem 5.9]. The non-equivariant
limit corresponds to setting y = 1.

The 2d limit (QK to QH). Considering the relations x = ¢ 7, y = e™#™, the 3-
polynomials are recovered in the limit:

lim (54(1”) 2 (kin) (6765(.),675711) ) = gWm)(5(®) m) (4.10)

B—0
as expected on general grounds — in the 3d GLSM interpretation, this is simply a dimensional
reduction to 2d, as we already discussed below (2.38).
4.3 Parabolic quantum Schubert polynomials for the QH

Going back down to the quantum cohomology, let us now review the known construction of
W p-symmetric polynomials representing Schubert classes [X,,] in the (equivariant) quantum
cohomology ring. We are now interested in the Toda presentation:

QHY-(Fl(k;n)) = Koy, -, 0,V /(D) (4.11)

in complete analogy to (4.4), with the ideal (qI) obtained from (qI) in (4.5) after elimination
of the variables 5(®). The relevant polynomials are the parabolic quantum (double) Schubert
polynomials introduced by Lam and Shimozono [37].

Notation. In the following, we will denote these polynomials by &, [lj (o,m), for any

(kin) - We are using the following notation:

ql _ |91 92 - Qs
= e i

For example, for the complete flag case (s = n — 1), we expect that:

minimal representative w € W

@w[‘“ @ q"_l}(a,m) — &9 (o, m). (4.13)

1 2 - n-1

The polynomial appearing on the r.h.s. is the quantum double Schubert polynomial — for
the definition and examples, see [1, appendix A| and references therein.
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4.3.1 Parabolic quantum elementary polynomials

To define &, {2] (o, m) explicitly, let us first define the n x n matrix:
S
<Dn [Z}) T Oij = Oji+1 — Z (_1)kz—kz_1 Qe Oikgyr Ojike—1+1 5 (4.14)
ij (=1
with 4,5 = 1,--- ,n and the convention that ky = 0 and k541 = n. One can easily check that,

in the complete-flag limit, we recover the matrix ng) from the definition of the quantum
Schubert polynomials [1, equation (A.18)].

Expanding the matrix (4.14), we get the parabolic quantum elementary polynomials,
which we will denote by E®™7 [37, 50]:

k¢
det(Dke m —tﬂ,w> = S (e BEO M gy =1 s, (4.15)

ap=0

It is understood here that Dy, {2] is the ky x ky upper-left submatrix of D,, Lj As part of

their definition, these elementary polynomials vanish for the cases ay = ky = 0, either ky
or ay is negative, or ay > ky. Moreover, one can observe that the polynomials E(kn) aﬁ(a; q)
depend only on the first k; (o1, ,0%,) of the n Toda variables o;.

Example 7. Parabolic quantum elementary polynomials for n = 4. For the partial
flags with n = 4, the matrices Dy {Z] (o) are given in table 5. Using these matrices, one can

find the following list of examples of parabolic quantum elementary polynomials:

2(0:0) = (o) +ar
E(1,3;4)2(J; q) = éd(o), (4.16)
E39 (5,q) = e3(0) — a1,
E(1,2,3;4)3(U; q) =e3(0) +q1+ a2

In the complete-flag case, we reproduce the polynomials given in [1, equation (A.16)].

The parabolic quantum elementary polynomials defined above satisfy the following set
of recurrence relations — see subsection 3.3 of [60]:

ke—ke_1

k- 1) k- ko_
E( 7")(” (0" q) = Z er (ng,1+17 . 70-’%) E( ,n)agfl’r‘(o-; q)
r=0
_ yKe—
_ (_1).’% ke_1 qQr—1 E(km)ai—ﬁke_z—ke(a; CI) , (4.17)
for{=1,---,sand ap = 1,--- , ky. Note the similarity of these recurrence relations with the

quantum relations (2.17) — indeed, the quantum elementary polynomials here satisfy exactly
the same quantum-corrected relations as the elementary polynomials e, () in (2.17). This
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Fl(k; 4) DANIG! Gal/| (@)
o1 -1 0 0 1 —=2; 0 0
(CIPS g9 -1 0 0 xro -1 O
0 o3 —1 0 0 r3 —1
g 0 0 o4 q1r1row3rs 0 0 x4
op —1 0 0 T -1 0 0
0 -10 0 T i 1
Gr(2,4) 72 2 —a
0 0 o3 —1 0 0 xr3 —1
—q1 0 0 o4 —qaizsry qi(z1+ z2)z3rs 0 2y
01 -1 0 0 Iy -1 0
oo —1 0 0 T -1
Gr(3,4) ° ° )
0 g3 -1 0 0 I3 T
g 0 0 o4 qlx:fm —q1 (l‘% + 129 + $%).%‘4 q1(x1 + 22 + 1‘3).%‘4 T4
o1 -1 0 0 ) =z 0 0
-1 0 1T x -1 0
FI(1,2;4) qi 02 q1T1%2 2 —0
0 o5 —1 0 0 zs  —1
0 g2 0 o4 1421727324 qar2x3T4 0 14
o1 =1 0 0 ) —1_1q1 0 0
0 -1 0 0 T -1 0
FI(1,3;4) 72 2 )
g1 0 o3 —1 Q1T1T2X3 0 x3 -
0 —q2 0 o4 (1q221Z2T3T4 —x3Ts Go(T2 4+ 3)Ts 24
g1 -1 0 0 T -1 0
0 -1 0 0 T —L
F1(2,3;4) 2 , 2 Ta Y
—q1 0 o3 —1 —q1T1T3 q1 (w1 + x2)23 e
0 0 g2 o4 — 1223 3xs q1qo(T1 + X2)T3Ta G2T3Ts T4
o1 -1 0 0 z1 —qul 0 0
1
Fi(4) g1 o2 —1 0 17122 T2 B p— 01
0 g2 o3 —1 q1G271T2T3 Q2T2T3 T3 i
0 0 g3 o4 (192q3T1T2T3T4 G2G3T2T3T4 q3T3T4 T4

Table 5. The matrices Dy [2] (o) as defined in (4.14) and Gy [Z] () as defined in (4.26) below, for
all 7 possible partial flag manifolds with n = 4.

.k . . ~ .
means that the quantum polynomials E(k’")ai allow us to solve explicitly for the &(*) variables
in terms of the variables o; in the Whitney presentation of the ring, as:

~ mk
¢a, (@) = E¥ (070). (4.18)

We will elaborate on this important point more explicitly in the K-theoretic context below.
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4.3.2 Parabolic quantum double Schubert polynomials

We first define the parabolic quantum double Schubert polynomial associated with w(’)“,
the longest permutation in W*™)  as defined around (3.10). Note that [Xwg] is the point
class. One defines:

& [[Jiem = TT 1T et (Du[f] - mocits ). (@19)

(=1 i=k

Then, for any w € W*m) | we define the parabolic quantum Schubert polynomials recursively
as [37, equation (23)]:
-1,k
@w |:2:| (()‘7 m) = (_1)5(11) wo) 8wnjlw6¢ @wg |:2:| (O’, m) s (420)
exactly as in (4.7). One can show that one can obtain the parabolic quantum Schubert

polynomials (4.20) from the 3-polynomial (4.7) by elimination of variables in the Whitney-like
presentation of the quantum cohomology ring, as alluded to above.

Example 8. Fl(1,3;4). Let us look at the case k = (1,3) and n = 4. According to table 4,
we have 12 possible classes in W34 | and applying (3.10), (3.11), we have woy, = (1324),
wé“ = (4231). For example, we find the following polynomials:

S(1243) _qll q; (o,m) = o1+ 02+ 03 —m1 —ma — m3,

S2143) qll q;- (o,m) = (o1 —m1) (01 + 02+ 03 — M1 —mg —mg3) ,

Bazan|® %] (0m) = (01— ma)(o1 —ms) (o1 —m) o2 — ma)(og —mi) +ar). (421)
@(2341) _qll q;_ (o,m) = (01 —ma)(o2 —ma)(o3 —m1) +q1,

Srarsn | 2] (0m) = (01 = ma)((o1 — m1) (1 — ma) (o + 73 — 1 — ma) — ).

Example 9. Fl(2,3;4). Similarly, for the case k = (2,3) and n = 4, there are 12 classes in

2,3:4)

the quotient group W< For instance, we have the following polynomials:

q1 92

@(2341) 9 3 (o,m) = (o1 —mq) (02 —m1) (03 —m1) —q1,

-Q1 CI2-
S(1243) 9 3 (o,m) = 01+ 02 +03 —m1 —ma —ms3,
S2314) q; q; (o,m) = (o1 —my) (02 —m1) , (4.22)
S(3421) q; q; (o,m) = (o1 —ma)(o2 — ma)((01 — m1)(02 —m1)(03 —m1) —q1),
S(2431) q; q; (o,m) = (01 + 02 —ma —m3)((01 —m1)(o2 —ma)(o3 —m1) —qi) .
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Example 10. Fl(4) case. Moreover, one easily checks that:

Su [qll q22 q?j (0,m) = & (0,m), Vw € Sy, (4.23)

where on the r.h.s. we have the quantum double Schubert polynomials [1, equation (A.18)].

Grassmannian limit. Taking the special case of Grassmannian manifold Gr(k,n) (s = 1),
one can see that the polynomial (4.20) reduces to the double Schubert polynomial — see
subsection A.1.1 of [1] for definition and examples. This is because, in this case, we find:

n—=k k n—k
1:[1 det (Dk [qkl] —m; ]Ik> = ]:[1 1 (0a — my). (4.24)

Note that the quantum parameter q; does not appear in the final formula. This is expected
since, as reviewed in appendix A of [1], in this case the Schubert classes in the quantum
cohomology ring are represented by the double Schubert polynomials associated with the
Grassmannian permutations, and those polynomials are independent of q.

For example, let us look at the case Gr(2,4). For the Grassmannian permutations (1324)
and (2413), the polynomial (4.20) takes the following forms:

@(1324) [(ﬂ (o,m) = 6%(‘7) - e%(m) )
(4.25)
Cpary || (@m) = (o1 = m) (02 = ma) (01 + 0 — ma — )

These indeed match the expressions in equation (5.15) of [21] for the partitions [1,0] and
[2,1], respectively.

4.4 Parabolic quantum Grothendieck polynomials for QK: a proposal

We are now in a position to explain our proposal for the K-theoretic polynomials representing
[Oy] in the Toda presentation of the QK-theory ring of the partial flag manifold, giving us the
natural uplift of the parabolic Schubert polynomials we just reviewed. As in the case of the
Whitney polynomials, we will first define the parabolic quantum Grothendieck polynomial
for the longest element wf € W) corresponding to the point class [(’)wzg] = [Opt]. Then

the polynomial for any w € W& is obtained recursively using the Demazure operators.

4.4.1 Parabolic quantum elementary polynomials in K-theory

Let us first define the n x n matrix:

Li s =7,
-1, j=i+1,and i # kg,
<G" m (5”)). =TT (1,5) = (ke ke +1), (4.26)
s Hﬁ;,j(xSQ)v i = ko1, ko1 <j<km,1<m</l,
0, otherwise ,
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for // = 1,---,s, where:

e koriq
Hy (@) i= (=1)~ (H qz) ( 11 xp) Pkt 1 (Thop 41577 5 25) (4.27)
l=m

where h; is the i-th complete homogeneous symmetric polynomial and ksy1 = n in the
above convention. In the last column of table 5, we exhibit the matrix Gy Lﬂ (z,y) for all

7 possible partial flags with n = 4.
One can then define the K-theoretic parabolic quantum elementary polynomials F(k?"):
by expanding the determinants:

ke
det (sz [;ﬂ (x) — )‘]Ikszé> = Z (—1)ke—ae \he—ag F(k;n)lzﬁ(w;q), (4.28)

ap=0

where, for £ =1,--- 5, Gy, Lﬂ is the ky x ky upper-left submatrix of (4.26). It is straight-

forward to check in examples that these quantum polynomials satisfy the same recurrence
relations as the polynomials ey, (z(9) in (2.36), namely:

ko—ke_1
Nk N ke
Fom (a5g) = Y en(@O)FEM 7 (259)
r=0
qr—1 ) ke— ke
+ 1—qr Tho_1+1 """ Tky (F(k’n)ai—lkﬁ-kel(x; q) - F(k7n)ai—zlce+kz1(x;q)> . (4'29)

As a consistency check, the cohomological limit of (4.29) reproduces the recurrence rela-
tion (4.17). The parabolic quantum elementary polynomials are therefore a natural parabolic
generalization of the quantum Lenart-Maeno polynomials Fg(z;q) [42] which we reviewed
in [1, appendix A]. For instance, for the complete flag case, this reduces to [1, equation
(A.36)]. Importantly, this implies that these quantum polynomials give the explicit solution
for the Sy variables z(¥ in terms of the Toda variables z;, as follows:

Car(@D) =FEM (aigy  f =1, s, ap=1,e k. (4.30)
One can easily check that this reproduces the explicit examples discussed in subsection 2.2.2.
Moreover, setting £ = s+ 1 in this last equation, we also find the explicit equivariant QK
ring relations in the Toda formulation:

ej(y) = FEV 2 (q),  j =1, ,n. (4.31)

Here, the polynomials F(k;”)? are obtained by expanding out the determinant of the full
G,, matrix (4.26), setting £ = s+ 1 in (4.28). In other words, the QK ring relations can
be written as:

det(Y — Al,xpn) = det (Gn m (z) — A]Inxn> : (4.32)
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where Y = diag(y1,- - ,yn) is a diagonal matrix. The QK ring relations therefore state that
det(Y — A) = [1j—1(yi — A) is equal to the characteristic polynomial of G;,. This matches
exactly the recent result in [25, theorem 3.4].15

Furthermore, by extrapolating from many examples, we conjecture the following explicit
form for the top quantum polynomials:

. n S 1
N | E N | (4.33)
IC[n] | iel =1 q
|7|=3 (ki—1,k]NZNOI#D

(ki,ki1]NZCI

In the complete-flag case, this expression reduces to the known expression [1, equation (A.31)].

4.4.2 Parabolic quantum double Grothendieck polynomials

Given the above, let us explain the correct definition for the parabolic quantum (double)
Grothendieck polynomials. Starting with the polynomial (4.8) for the point class in the
Whitney presentation, we note that, expanding the product over a, in powers of y,_;, one
obtains the elementary symmetric polynomials e,, (z(0):

k‘g xéﬁ) k( (_1)(1[
11 (1 . ) =1+ Y ~al—eq (). (4.34)
1

. ayg
ap= yn_] ap=1 yn_]

Using the Whitney ring relations (4.30), we then naturally define:

0.t ) = 11 bid

(=1 j=k,

k@ _1\a¢
R g F<’“">’Zﬁ<x;q>] , (4.35)

ap=1 yn_]

which must represent the point class in the Toda presentation. Then, for any minimal permu-
tation w € W) the corresponding parabolic quantum double Grothendieck polynomial
is defined recursively by:
q q
N A R U A ] (e (436)
exactly as in (4.9). In the case of the complete flag, wg = wg and our definition reduces
to the one for the quantum double Grothendieck polynomials [42] written in our physics
notation [1, equation (A.32)].
Since the Demazure operator only acts on the equivariant variables y, acting with 7(®)

commutes with using the y-independent identities (4.30) inside the ring, and therefore the
Grothendieck (Toda-like) and Whitney polynomials all agree inside the quantum ring (4.2):

B (), y) = 6, m (2,y), Vwewhkn, (4.37)

and so they must represent the same Schubert classes [O,].

15Their matrix on the r.h.s. is different from ours but has the same determinant, as checked in examples.
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Non-equivariant limit. The double polynomials (4.36) represent equivariant QK-theory
classes. The polynomials representing [O,,] in the non-equivariant ring QK (F1(k; n)) are simply
defined by setting y; = 1 in the above definition after computing the double polynomials:

(I {Z] () = Gy {Z] (z,9) (4.38)

yi=1Vi

Note that it is necessary to consider the equivariant deformation in order to apply the
definition (4.36). Unlike the case of the classical Grothendieck polynomials, there is no direct
definition of the non-equivariant quantum polynomials using Demazure operators with respect
to x, essentially because the latter are now ‘quantum’ variables (i.e. they are elements of
a non-trivial quotient ring defined by a g-deformed ideal) and they do not commute with
the classical Demazure operation with respect to z. On the other hand, the y variables

remain fixed parameters irrespective of q.

The 2d (cohomological) limit. One can easily show that, setting x = e P y=ehPm
and matching the 3d and 2d quantum parameters as in (2.39), the parabolic quantum
polynomials (4.36) reduce to their quantum Schubert counterparts defined in (4.20) in the
following 2d limit:

[laig%) <ﬁ_€(w) (O [;’j (6_5”, e_ﬁm) > = &y L‘j (o,m). (4.39)

This gives us another strong consistency check of our proposal.

5 Schubert line defects in the 3d GLSM

After this long mathematical detour, let us go back to our main physical goal. In this
section, we construct and study the half-BPS Schubert line defects £, in the 3d GLSM of the
partial flag manifold F1(k;n), generalizing the construction for the complete flag discussed
in part I [1]. These line defects are realized by coupling a suitably engineered 1d N = 2
supersymmetric quantum mechanics (SQM) to the 3d GLSM, such that they flow in the
infrared to the Schubert classes in quantum K-theory:

Lo~ O],  we Wk, (5.1)

Throughout, we largely follow the convention of part I [1], in particular for the quiver diagram
notation. We will not repeat the analysis of the vacuum equations here, as it is essentially
identical to the complete flag case; see [1, section 4] for details.

5.1 General proposal for Schubert line defects as 1d quivers

We engineer the Schubert line defects &£,, in the 3d GLSM for the partial flag manifold
Fl(k;n) as the 1d N' = 2 quiver gauge theories shown in figure 3. This quiver is essentially
the same as in the complete flag case [1], except that we have a rectangular quiver instead of
a square quiver. That is, for partial flag manifolds, we have s + 1 < n rows, corresponding to
the shorter sequence of subspaces in (2.1). The boldfaced quiver in the right-most column
of figure 3 summarizes the 3d bulk fields describing the flag manifold, while the dashed
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Figure 3. Quiver diagram of the 1d-3d coupled system realizing X,, C Fl(k;n). The last column
represents the 3d GLSM to the partial flag manifold Fl(k;n). The square quiver in the blue box is
the 1d quiver gauge theory defining the defect. The circle nodes represent 1d gauge groups of the
indicated ranks ry, ; =y’ Horizontal and vertical arrows stand for 1d chiral matter multiplets in
the bifundamental representation of the corresponding nodes. Moreover, diagonal arrows correspond
to 1d Fermi multiplets in the bifundamental representation of the corresponding nodes. The gray
squares in the last row represent fixed background data for the inclusion maps.

blue box encloses the 1d quiver built out of 1d fields living on the defect. For any given
Schubert variety (3.13), the rank ry, ; of the unitary gauge group depends on the minimal

permutation w € W*™) as defined in (3.8), as follows:

rkmErﬁ?z#{lﬁkﬂn—l—l—w(l)§j}, (5.2)
for £ =1,---,s. The rest of our conventions are exactly as in part I [1]. The solid lines in the

1d N = 2 supersymmetric quiver denote bifundamental chiral multiplets, which correspond to
inclusions of vector spaces of fixed dimensions.'® The dashed diagonal arrows denote Fermi
multiplets, which impose commutativity constraints of the crossed square via their E-term

SFor the complete flag case [1], these chiral multiplets correspond to matrices of full rank, which ensures
that the linear maps between the vector spaces are injective. This property carries over to the partial flag
case, so that the solid lines continue to represent inclusions of subspaces of the appropriate dimensions.
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equations. The ‘bifundamentals’ between global symmetry boxes on the last row are merely
(non-dynamical) inclusion maps between vector subspaces in a standard reference flag; they
serve as an efficient bookkeeping device, as previously explained in [1, section 4.2.4].

Upon specializing to k = (1,2,--- ,n— 1), the partial flag manifold is simply the complete
flag manifold, and our Schubert line defects become the ones discussed in part I [1].

The underlying geometry. By the same reasoning as in [1, section 4], after choosing all
1d (and 3d) real FI parameters to be positive, one can show that the underlying geometry of
the 1d-3d coupled system corresponds to the collection of all possible configurations of nested
subspaces of the form shown in figure 4. Projecting this to the 3d bulk direction, that is, to
the last column of this quiver, we obtain a collection of partial flags Fy, C Fy, C --- F}, C C",
subject to the incidence relation:

dlm(er N EJ) > dim(VM N EJ) = dlm(‘/g?]) = Tkyj (53)

where in the first step, we used the fact that V,; C Fj,, and in the second step, we used
the fact that Vj ; C ;. These are precisely the defining conditions of the Schubert variety
X, confirming that the defect enforces the desired geometric restriction. Physically, this
projection is imposed by integrating out the 1d degree of freedom on the defect, leaving
us with 1d vacuum constraints on the 3d fields that restrict the 3d GLSM target (at the
point of insertion of the defect line on ) to be the Schubert variety X,,. Moreover, as we
explained in part I [1], the full 1d-3d coupled systems actually constructs some X, — Xuw,
which at least for Grassmannians and complete flag manifolds is known to be a resolution of
the Schubert variety (which is generally singular). We discuss some explicit resolutions of
Schubert varieties in examples in appendix D. More generally, we expect that our rectangular
quiver construction can be reinterpreted as a Bott-Samelson resolution X,, constructed as a
quiver Grassmannian [61], as discussed in [1, appendix B.2] for the complete flag manifold.”

An integrating out process. As in the complete flag case [1], certain pairs of 1d chiral
and Fermi multiplets acquire mass due to the special form of the E-term induced by the
fixed chiral background field (bottom row) — see [1, subsection 4.2.4]. Integrating out these

massive pairs leads to a reduced quiver as shown in figure 5.

Flavor fugacity assignment. We adopt the same convention as in [1]. For the last row of the
quiver, the flavor fugacities associated with U(j) are ¥, , Yn—1, - -+, Yn—j+1, and the surviving
Fermi multiplet in figure 5 charged under U(1) C U(1)7*! C U(j + 1) is assigned fugacity
Yn—j. Note that GL(j) = U(j)¢ in the bottom row is the flavor symmetry corresponding
to Ej in the reference flag (3.12), as pictured in figure 4.

The bulk gauge groups are treated as flavor symmetries from the 1d perspective. For each

U(ky) in the last column of the quiver, we denote the flavor fugacities by xﬁ"), xge), e ,:L‘Eci)

17We conjecture that the defect construction is giving a smooth resolution of the Schubert variety, based on
the fact that we do not see noncompact branches in the GLSM. This was the case in all examples in part
I [1] because of the relation between the defect construction and e.g. quiver Grassmannians, which are known
in mathematics to be smooth. We do not know of an analogous mathematics result here that guarantees
smoothness.
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Via Vi2 e Vin-1 —— Fy,
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Vaa Va2 e Vo1 —— Iy,
Vs Vs,2 Vsn—1 —— Fj,
O O
E] Fs cee E,, ] — cr

Figure 4. Diagram of nested vector spaces in C”, with a fixed reference flag F, shown in gray.
The arrows indicate the inclusions of subspaces, while the circular arrows indicate that the squares
commute. Here, dim(V; ;) = rg, ; and dim(Fy,) = ke

for £ =1,2,---,s, which, as discussed in subsection 2.2, correspond to the K-theoretic Chern
roots of the tautological bundle S; on the partial flag manifold.

Reducing the quivers via 1d Seiberg-like dualities. As we discussed in section 2 of
the accompanying paper [1], one can use known dualities between 1d N' = 2 unitary gauge
theories [62] to simplify the form of the square quiver 3 defining the Schubert line defects. In
the next subsection, we apply these duality moves for the line defects of Gr(k,n) to show
that, in this case, our proposal reduces to the Grothendieck lines introduced in [21]. We
also exhibit the duality-reduced 1d quivers for Schubert defects in F1(1,2;4), Fl(1, 3;4), and
F1(2,3;4) in appendix A, B, and C, respectively.

5.2 1d flavored Witten indices and parabolic quantum polynomials

Given the Schubert line defect &, defined as a 1d A/ = 2 quiver, one can compute its Witten
index as a function of the flavor fugacities y; and of the 3d gauge parameters a:g? (which also
appear as flavor fugacities from the 1d perspective). Given the correspondence (5.1) between
Schubert line defect and Schubert classes in (quantum, equivariant) K-theory, one should

expect that the Witten index computes the Chern character of the Schubert class:
70Y[2,] = chp(Oy), (5.4)

as we already found in previous works on 3d GLSMs with Grassmannian manifold target
spaces [21, 28]. For flag manifolds, the key question is whether we use the variables corre-
sponding to Chern roots of the tautological bundles Sy or of the quotient bundles 9y, as
explained in section 4.1. The flavored Witten T4 = 70d) [Z£] of our 1d quiver is a function
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Figure 5. The 1d-3d coupled system after integrating out the massive fermionic and bosonic degrees
of freedom of the system given in figure 3. In the last row, the red diagonal arrows now represent
Fermi multiplets in the fundamental representation of the gauge group represented by the circle node
and have a charge —1 under the U(1) subgroup of the bulk flavor symmetry SU(n) indexed by the
square node.

of the Sy variables (9 only, and it does not depend on ¢, (as there is no natural coupling
of the 1d gauge theory to the 3d topological symmetries). Hence, we expect that it should
coincide with the parabolic Whitney polynomials introduced in subsection 4.2.2 above.

Conjecture: Witten equals Whitney. For any minimal representative w € W) | the
flavored Witten index of the 1d Schubert defect &£, is equal to the parabolic double Whitney
polynomial (4.9), namely:

D (2®) ) = Wk (2(9) 4. (5.5)

It then follows from [25, theorem 5.9] that the Witten index 759 indeed represents the
quantum K-theory class [O,] in QK7 (Fl(k;n)), and therefore (5.4) is true when suitably
interpreted. (In particular, it is true in the classical K ring, since the index is independent
of ¢ anyway.) In the following and in the appendices, we will give much evidence for the
conjecture (5.5), mostly by explicit computations in examples.
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Finally, as explained in the previous section, one can perform an elimination of vari-
ables inside the QK ring in the Whitney presentation. Then, given (4.37) and assuming
the conjecture (5.5) holds, the Witten index L(Uld) becomes the parabolic quantum double
Grothendieck polynomial (4.36).

5.2.1 Computing the 1d flavored Witten indices

The flavored Witten indices of the 1d N/ = 2 SQM quiver of figure 5 can be computed using
supersymmetric localization [44]. Following the conventions from [1, 21, 62], we have:

T @) = (M) 2 ZE 2 Zi (5.6)

The measure (dM) is given by:

AFeD ()

|:‘

. (5.7)
Theg! ooty 2mi 25Fe)

n—1
i=1

S 1 Thy,i _ dz((xkf)l)
(dM) := H —
(=1

with A% ¢%) being the Vandermonde determinant factor coming from the 1d gauge W-bosons:
(k2.0) at”
A & (Z) = H 1-— m . (58)
1<a#B<rk,,i &%

Meanwhile, the different components in the integrand of the JK residue have the following
explicit forms:

s—1 n—1 Tky,i Thpy1si Z(kbi) -t
ver  .__ e
chiral = H H 1 (keg1,0) ’
“p

S Tkpn—1 Ky Z(k‘g,n—l) -1 n—2 Tkyp,i Tkyit+1 Zék‘g,i) -1
hor o _ ra _ 2
Zchiral = <]‘ (0) > H H H 1 (kg i+1) ’
/=1 a=1 a=1 La i=1 B=1 ~=1 2~ (5 9)
s—1 [Then—1 keyq (kgyn—1) \ n—1 Tkpi Thppq,i+l (ke,i)
Zblack' _ 1 — Zry H 1_ 2o
Fermi *— 7(£+1) (kg41,i+1) )
/=1 =1 a=1 La i=1 a=1 fB=1 Zﬁ
n—1 Tks,i (ks,t)
Zred o 1 — 2e%
Fermi — ) )
i=1 a=1 Yn—i

where, in the last contribution, and as shown in the last row in figure 5, we used the
observations made earlier about the integrating out of the massive chiral and Fermi modes at
each node in the last line of the quiver defect. At the level of the index, this is exhibited
by the cancellation between their corresponding contributions.

When computing the contour integrals in (5.6), the JK residue prescription instructs us
to pick up only the poles coming from the contributions Z¥¢' . and Z2r . This is related to

chiral chiral*
the assumption that we made earlier concerning the 1d FI parameters being positive.
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Figure 6. The 1d-3d coupled system defining the Schubert line defects in the Grassmannian manifold
Gr(k,n) case. Here we are integrating out the massive 1d fermionic and bosonic degrees of freedom as
done in figure 5.

Explicit examples. As an example, let us look at the partial flags with n = 4. As shown
in table 4, there are 7 possible partial flags. We studied the complete flag manifold F1(4)
in appendix C of part I [1]. For the three Grassmannian cases, CIP*, Gr(3,4) and Gr(2,4),
we refer to subsection 5.3 below. For the three remaining cases, F1(1,2;4), FI(1,3;4), and
F1(2,3;4), we present the corresponding 1d quiver defects and the end result of the Witten
index computation (and of the explicit variable elimination as well) in appendices A, B, and C,
respectively. In all examples, one can check that the conjecture (5.5) indeed holds true.

5.3 A special case: the Grassmannian manifold

Having understood the general case, it is interesting to reconsider the simpler case of the
Grassmannian Gr(k,n) = F1(k;n), the one-step flag manifold. This case is rather degenerate
because Q; = S; (the actual quotient bundle of the Grassmannian would be @ = Qy, in
our notation). This implies that the elimination procedure that underlies (4.37) is trivial,
because we only need to set x; = :z;él) fori =a=1,---,k. Hence, the parabolic Whitney
polynomial and the parabolic quantum Grothendieck polynomial are literally identical as
polynomials of k variables x,. Since the Whitney polynomials are independent of ¢, we
see that the quantum Grothendieck polynomials are equal to the classical Grothendieck
polynomials for any Grassmannian permutations w.'® Our wider perspective thus clarifies

previous constructions of these latter polynomials from Grothendieck line defects [21].

Let us now discuss why our Schubert line defects are equivalent to the Grothendieck
lines [21]. The rectangular quiver of figure (5) reduces to two rows as shown in figure 6, where
the rank matrix was computed in (3.17). In the following, we will also use the shorthand
notation w; = w(i) = (wow)(i), where wow is defined in (3.3). One can simplify this quiver
further using the duality moves discussed in [1, section 2.2]. For instance, locally at the
nodes of rank a, with a < k, one can apply type I duality consecutively on these nodes to

'8 The previously-known mathematical coincidence [63] is thus nicely explained.
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end up with the following local form of the quiver defect:

a—1 @ a+1

g e Uy (5.10)

Wk—a+1—1 Wk—a+1 Wk—a+1t+1 |>— > Wk—a—1 Wk—a

In this way, we end up with a single node of rank a attached with M, Fermi multiplets with:

M, Wh—q — Wh—q+1 = Ag — g1 + 1, (5.11)

where, in the second equality, we used the definition of the k-partition (3.20). One can follow
the same logic for the nodes of rank k. In this case, we find that we end up with one single
node of rank k coupled to M, Fermi multiplets with:

M, =n —w; = M. (512)

Putting these observations together, we find that, upon applying type I duality — see section 2
of [1] — to the quiver defect given in figure 6, we end with the following quiver:

(5.13)

Here, we mean to imply that each one of the Fermi fields is charged under a particular U(1)
subgroup of the global SU(n), not in the antifundamental of the whole SU(n). We adopt
this new convention, matching [21], for the remainder of this section.

Further simplifications. For the connection between the construction here and that of [21]
to be more apparent, let us consider the generic Grassmannian permutation w such that
the corresponding k-partition is of the form A = [A,---,\,,0,---,0] for some p < k. Note
that, fora=p+1,--- k=1, Mz = 1, and My = 0. In this case, one can apply type Il
duality [1, section 2.2] for these a gauge nodes. Indeed, starting from the right-hand part
of the 1d quiver diagram, and applying this duality consecutively moving to the left, we
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end up with the following final form of the defect:

R (5.14)
My~
In this quiver diagram, for a = 1,--- ,p — 1, the number of Fermi multiplets M, is given
in (5.11). Meanwhile, for the last node, we have:
My=M,+k-—p—1=X+k—p. (5.15)

The final form of this quiver defect matches that in figure 3 of [21], where the explicit
expressions for M, match those given in [21, equation (3.63)].

1d indices and Grothendieck polynomials. The above observations simplify the calcula-
tion of the 1d indices in the Grassmannian case, because the 1d Witten index (5.6) for the
Grothendieck lines indexed by the k-partition A can be written as [21]:

deti<qp<i (ngl [t -z, yi_l)>

H1§a<bgk(«’13b — 7q)

Ga(z,y) = : (5.16)

which is the double Grothendieck polynomial for a Grassmannian permutation, see (3.20).

Example: Gr(2,4). As an explicit example of how the above reduction works, let us take
the case Gr(2,4). For this partial flag, there are six possible Schubert varieties indexed by
the permutations W% 22 {(1234),(1324),(2314),(1423),(2413),(3412)}. Using the
general proposal given in figure 6, we get the quiver defects shown in figure 7.

After following the algorithm mentioned above of applying dualities for each one of
these defects, one ends up with the Hasse diagram shown in [21, figure 4]. Computing
the 1d Witten indices for the defects in figure 7, we indeed reproduce the corresponding
Grothendieck polynomials listed in [21, equation (3.72)].

6 Schubert point defects in the 2d GLSM

In this last section, we briefly discuss the reduction of the quantum K-theory construction to
quantum cohomology. That is, we consider the dimensional reduction of the 3d GLSM to 2d,
which maps the Schubert line defect &£, wrapping the circle on ¥ x S! to a Schubert point
defect Oy, in the 2d GLSM. Similar to (5.1), these point defects engineer Schubert classes
in the quantum cohomology of the partial flag manifold:

Ow ~ [Q], we Wk, (6.1)
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(1234)

(1324)
1 2 4
@ ) ,
I —
(2314) (1423) | N N NS
1 2 1 1 2 4
(2413) ) 2 RIS
1 ) 3 3 4
i
(O O\
1 2 2 : 2
(3412) ) R RIS
1 ) 3 : 4

Figure 7. Hasse diagram for all possible Schubert defects in the Grassmannian manifold Gr(2,4).
The index next to each red arrow is the flavor index of the leftover Fermi multiplet after integrating
out the massive chiral and Fermi multiplets.
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Moreover, by the same logic, the Witten index of &, reduces to an N = 2 supersymmetric

L(UOd) for the 0d degrees of freedom on the defect. By

matrix model partition function
dimensional reduction, the ‘Whitney = Witten’ conjecture (5.5) identifies these partition

functions to the parabolic double Whitney polynomials in cohomology (4.7), namely:
7PV, m) = 35 (%, m). (6.2)

As for the Witten indices, these polynomials do not depend on the quantum parameters qy,
but one can use the quantum cohomology ring relations (2.17) to eliminate the variables
&(*) in favor of the Q; Chern roots {o;} = {7\¥)}, giving us the parabolic quantum Schubert
polynomials (4.20).

6.1 Schubert point defects and 0d matrix models

The point Schubert defect is defined in the UV of the 2d GLSM in terms of an N = 2
supersymmetric matrix model with gauge group G = xy; U(ry,;) and 0d bifundamental
chiral and Fermi multiplets connecting them as shown in the figure 3. The partition function
of this matrix model can be written as the JK residue [64, 65]:

T (om) = § (AM) 2 Zir 2R Zin (63

The integrand receives contributions from the bifundamental matter multiplets:
05
gl?irral = H

S rke,n—l kl 1 n—2 Tkp,i rk( i+1 1
hor ._ ken—1 ~(O)\ "~ (kgyi) keyi+1) \
Zchiral B (u(()cg ) — U((1)> H (uﬁ _u'(yé ) ’

/=1 a=1 a=1 i=1 =1 ~=1
s—1 [ Thpn—1koyq n—1 Tky,i Tkppq,i+l ( )
black .__ ken—1 ~(0+1 ko, kei1,i+1
ZFermi e (u% ) — 0'((1 )) H H (u(()z ) — uﬂ )
/=1 =1 a=1 i=1 a=1 B=1
n—1 Tkg,i
red .__ kst .
ZFermi T (Ué i) mn—z) . (64)
i=1 a=1

As for the measure (dM) in (6.3), it is given more explicitly by:

1 Thyi du&ke’i)]

s

(dM) := H nl:[

(=1 =1

Af™ (w)

i H 271

Thei® o1

with A(()Zé’i) being the Vandermonde determinant factor:

A =TT () =) (6.6)

1<a##B<rg, i

When computing the residues, we pick all the poles coming from ZYT ., and Z?l?iial-
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Examples and explicit computations. Similarly to the 1d indices in the previous section,
our evidence for the conjecture (6.2) comes from looking at various limits, checking consistency,
and by computing both sides of the equality in many explicit examples. In particular, we
can study all partial flag manifolds with n = 4, like in the 1d-3d case. For the complete flag
F1(4), see appendix C of the accompanying work [1]. The partial flag manifolds F1(1,2;4),
F1(1,3;4), and F1(2,3;4) are discussed in appendices A, B and C, respectively.

6.1.1 The special case of Gr(k,n)

In the Grassmannian case, the Schubert defect of figure 3 reduces to the 1d quiver in figure 6.
In the K-theoretic context, where we interpreted this structure as a 1d-3d coupled system, we
were able to use 1d dualities to reduce the form of the quiver to (5.14). In the case at hand,
it is likely that analogous 0d dualities exist, but a 0d duality is simply an identity between
integrals. Here, we will directly argue that the partition function of the matrix model in
figure 6 matches that in (5.14) when both are viewed as 0d-2d coupled systems.

With that aim, let us focus on the subquiver that has the U(a) 0d gauge nodes. At the
level of the partition function, we have the following contribution:

Wy_q—1 .
1 A% () G
il A 7) z. )
._fH a! %}K (2mi)e 0d (W) ](u, v (67)
J=Wk—a+1
with,
Ay = I @@ -, (6.8)
1<a#p<a
and,
a, (u((xj)fmnf) . — —
HHaa_l (u‘(lj)iu(jﬁl)) ) J = Wg—qt1, " s Wg—q — 2,
Zi(uy) = o @ean (6.9)
HQ=1(UQ _ mn—wk:a-ﬁ-l) j _ wk 1
[ 5 e T ‘

Here we are using the shorthand notation ul) = (k)

Let us point out at this stage that, to be able to treat the above residue integral
independently from the rest, we are assuming that we are performing the full nested residue
computation recursively, starting with the U(1) 0d gauge node associated with j = 1. For
instance, from the first glance at (6.7), one might worry about the poles of u@""“_l) coming
from the chiral bifundamental between U(a — 1) at position j = Wk_q4+1 — 1 and U(a) at
position j = Wg_q+1. But these poles will have already been taken care of when performing
the residues associated with the U(a — 1) gauge nodes.

Now, let us perform the residue integrals (6.7) recursively. Note that, when we get to the
node j = Wg_q41, "+ , Wk—q — 2, we will have to perform the residue to the following (6.9):

ey (uf — maj)

A((){i)(u) . 4 :
et (u = ™)

(6.10)
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The presence of the Vandermonde determinant in the numerator instructs us to compute
the residue at:

W) = G+

e (6% Y

a=1,---,a, (6.11)

or any S, permutation of these. These a! residues will have the same value, and this
overcounting is taken care of by the 2 factor in (6.7). The residue at (6.11) reads:

(G+1) oy (ud Y = may) )
A (w) o=l 7 | (6.12
H1§a¢ﬂ§a(ug+1) - Ugﬂ))

where the Vandermonde determinant in the numerator is now expressed in terms of the
w1 parameters. This is exactly the factor that we get in the denominator. In summary,
the gauge nodes indexed by j = Wg_q11, - ,Wk—q — 2 can be integrated out recursively,
leaving behind the following term:

gl

k—a—2
11

j:wk:faqL

T @i — m,). (6.13)
1 a=1

In fact, putting this contribution in the residue integral for j = wWy_,—1, then, the integral (6.7)
becomes that of the 0d U(a) gauge node in (5.10). Performing the above steps recursively
for each a = 1,--- ,k in figure 6, one can see that the final form of the residue integral
is that of the quiver (5.14).

Our result here agrees with the proposal given in section 5 of [21]. In particular, one can
now perform the ‘reduced’ residue integral of the 0d matrix model similarly, as was done
in that work, to get the double Schubert polynomials:

&5 (om) deti<qp<k (H;’\glrk_b(a@ R )> (6.14)
o,m) = ’ ‘
A [h<a<b<r(0a —0p)

where we used the relations (2.18), and the partition A = A\, was defined in (3.20).

7 Conclusions

We constructed a family of Schubert line defects £,, in 3d GLSMs with target X = Fl(k;n)
a partial flag manifold, allowing us to physically realize the equivariant quantum K-theory
ring QK7 (X) in the basis spanned by the Schubert classes [O,,]. This construction subsumes
previous constructions for Grassmannian manifolds [21] and for the complete flag manifold [1].
We similarly constructed Schubert point defects in the 2d GLSM.

Since the line defects &, are constructed as 1d N = 2 supersymmetric gauged quantum
mechanics, the natural observables associated with them are their flavored Witten indices,
which are non-trivial polynomials in the 3d gauge and flavor Coulomb-branch parameters.
Mathematically, they are polynomials in the K-theoretic Chern roots of the tautological
vector bundles of X. We have conjectured that these polynomials are exactly the parabolic
Whitney polynomials recently introduced in the mathematical literature [25] (and here
renamed by us). We provided a large amount of evidence for this conjecture, from exact
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computations and by showing that these polynomials naturally lead us to a number of
other ‘quantum’ polynomials that represent the classes [O,,] in various presentations of the
quantum K-theory ring, including the quantum (double) Grothendieck polynomials. As a
mathematical side-quest, we derived a new set of such polynomials, the parabolic quantum
(double) Grothendieck polynomials that naturally represent [O,] in a Toda presentation of
QK7(X) (in terms of only n variables z;).

In the future, it would be very interesting to better understand whether the full alge-
braic structure underpinning these polynomials, as reviewed in section 4, can be understood
purely from physical arguments. In particular, the Demazure difference operator seemingly
relates different Schubert line defects through certain difference equations, but a physical
understanding of this fact is lacking. It would also be worthwhile to further develop compu-
tational algorithms similar to those discussed in [21, 46] to efficiently work out the structure
coefficients of the quantum K-theory ring.
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A Schubert defects in F1(1,2;4)

All possible Schubert varieties. In this partial flag, we have 12 possible Schubert

(1,2;4)

varieties indexed by the equivalence classes in W . These classes and their corresponding

dimensions are summarized in the following table:

w  |l(w)|dim(X,,) w  |(w)|dim(Xy,)
(1234) 0 5 (2413)| 3 2
(1324) 1 4 4123)] 3 2
(2134)] 1 4 (3214)| 3 2
(1423)] 2 3 (3412)| 4 1
(2314) 2 3 (4213)] 4 1
(3124)] 2 3 4312)] 5 0
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These Schubert varieties are connected to each other via the following Hasse diagram:

X(1234) = FI(1,2;4)

4 ~
' ~
7 ~
L’, \‘,.l
d
7 ~
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Coupled systems defining the Schubert defects. For each one of the 12 permutation
classes [w] € W24 et us now write down the 1d-3d (0d-2d) coupled system defining
the Schubert line (point) defect. Here we follow the conventions of figure 3 for the general
proposal. Viewed as Schubert line defects, in the last column, we also include the reduced
form of the quiver after applying the duality moves reviewed in section 2 of [1].

w General proposal | Reduced quiver w General proposal | Reduced quiver

g (2413)

(1234)

(1324) (4123)

(2134) (3214)

(1423) (3412)

(2314) (4213)

(3124) (4312)
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1d indices

and parabolic quantum Grothendieck polynomials
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Y1 Y2 Y1 Yy Y1 Yy1y2 To 1T + T1TQ _ TIT2 _
(3412) o + (Pl + R viva ' (1-a1)yi ' (1-q1)v3 (1—q1)yfy2
Yy1y2 v? v32 yZy2 D) N =123 zya3 +
22D D2 @2 @2 )2 (I—qwy1y  (-q)viyz  (1—q1)y1y2
— — 2. 2
2 2 2 2,2 T
y1Y3 Y32 Y193 e "%y
(1—q1)2y2y3
2
_ Tz T rz o1
vy vz w3 * e ylyz vivs T
3 T1T2 T1T2 T1T2 _
1 2 (2) (1) (2) y2y3 + y1y2 + yws + (1—q1)y?
(42 1 3) y%ygys ( yl)(m2 - yl)(m Ty + qiziTo _ zgzl 7 zQIf _
O I C R O M € (2) ( ) 4 ) (I-q)y2ys  (I—q))y?y2  (1—aq1)yiys
1Ty 1°Y2 1 Y3 — Y2Ys (1—2q1)waa? " q1ade; @y
(1-a1)y1y2y3 (1-q1)y1y293 Y1Y2Y3
T7T2 qlz%zg
(1—g1)viyayz  (1—q1)%y3y2y3
11—z XL _T1 T2 T2 __T2T1
Y1 Y2 Y3 Y1 Y2 + (1—q1)y? +
2 2 2
zow] Ty 1 + Ty _’_217221 L
(1—q1)yZ " wiv2 " wiys ' y2us | wivz | yivs
ToTq z% _ zg:v% _ :E2:1)% _
@Oy y2us | yiy2  (1—q)yPy2 (1—q1)y1y2
2
12y | oz @ —m)E e - vxf | _esxf | _ofm
) 192 @) (1—q1)v?ys  (1—aq1)viys  (1—q1)yiy2
y2)($2 _yQ) m%m _ x:f _ 2%23:% _ x%xl +
(1—q1)y1ys  vY1¥2ys  Y1Y2U3  Y1Y2¥s
x‘;‘mz z%xz x%wg
(1—q1)y?y2ys3 (1—q1)y1y§ys (1—41)yfy2y3
(I—gqD)y1y2ys ' (1—q1)3y2y2  (1—q1)%v2y2u3
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0d partition functions and parabolic quantum Schubert polynomials

w L(uOd)(a m) A q11 q; (o,m)
(1324) {7 +5y) —my—my o1+ 03 —m1 —my
(2134) 7 —my o1 —my
NéQ) (5—%2) —mg —ms3) + (5—%2) - o2 (01 —mg —m3) +
(1423) | mo)(3? = mg) —mi (612 + 55 (01 —mg2) (01 —m3) —
mg—m3)+~22)2 m1(01+02—m2—m3)+03—m
(2314) 2 —m)EP —mi) (o1 —ma)(o2 —mu) +q1
~(1)(~(2) _ ~(1) _ ~(2)y=(2)
(3124) | “1 (o1 m2)~+(1)(01 o17)0 (01 —m1) (01 —m2) —q1
mi(c;’ —ma)
413) | @ —m)@ —m)@? +577 [ (01 =mi)(oz —m) + an)(en +
e Bty — @ 72 e 1)
. 5(1)(072 )525(2;7)1(21: T35?2)U)1+) T maor(ms — 1) + ar) +ma(ma —
(4123) Logy T 5@ o1)(o1 —ms3) +qi) + msar —
s R +U(1><m3 @ Lds | maol —2mo1 —quoz+of
@2 e + (61— 53,
B2 | 0 6P — )@ —my) | 01— (oo —mo) - an)
(3412) (61" —m1)(Gy) —ma)(5 — (o1 —m1)(o2 —ma) +a1)((o1 —
( ) ml)((5)52 e (D ~(2) ma)(02 — 1) * 41)
2 ~(1)~(2
-m m +
(4213) ~(1) 52 )1)(~(2) ) 1)%711)7:1_ ((o1 3502 - m1§ + QI;((UI -
—q
Ul(l)ng + mgmg) !
& —mg)(3® —m)E? - (o1 = mi)(o1 = mz){o1 = ma){oz =
(4312) P R my)(o2 —mz) —qi(o1—m3)(20102 —
m2)(02 m1)(0’2 m2) (01+02)(m1+m2)+m%+m%+q1)

B  Schubert defects in F1(1, 3;4)

All possible Schubert varieties. In this partial flag, we have 12 possible Schubert

varieties indexed by the equivalence classes in W
dimensions are summarized in the following table:

(w)|dim(Xy,)

5)
4
4
3
3
3

0
1
1
2
2
2
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1,3;4)

. These classes and their corresponding

2341
3142
4123
3241
4132
4231

AAA,_\/_\A
—_ | — | ~— [ | — | ~—




These Schubert varieties are connected via the following Hasse diagram:

X(1234) = FI(1, 3;4)

e N
' ~
7 ~
e ~
e 3
7 ~
7 ~
7 ~
rd ~
X(1243) X(2134)
e N e N
e ~ 7’ N
e ~ 7’ ~
’ ~ s ~
k 3 X N
e N , N
/, A 4 \\

'/ \\ ,/ Y
X(1342) X(2143) X(3124)
' ~. - ' ~. - '
1 S S Phe 1 S S Phe 1
1 \\\ ’,’ 1 \\\ ’/’ 1
v P | P v
| kT Ta Y kT Ta |
I /” \\\\ I /” \\\ I
X(2341) X(3142) X(4123)
\\ ,/ \\ //

Y 7’ ~ e
\\ L” \\_[ /,

)‘\ ,’ < k,

N L7 Mo ’,

\‘ ’, ~ '/

X(3241) X132
N e
~ 7
~ 7’
~ 7
Y g
~ '
~ 7
\\ ,/

X(423 1) = pOlnt
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Coupled systems defining the Schubert defects. For each one of the 12 permutation
classes [w] € W34 et us now write down the 1d-3d (0d-2d) coupled system defining
the Schubert line (point) defect. Here we follow the conventions of figure 3 for the general
proposal. Viewed as Schubert line defects, in the last column, we also include the reduced
form of the quiver after applying the duality moves reviewed in section 2 of [1].

w General proposal | Reduced quiver w General proposal | Reduced quiver

(1234) (2341)

(1243) (3142)

(2134) (4123)

(1342) (3241)

(2143) (4132)

(3124) (4231)
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1d indices and parabolic quantum Grothendieck polynomials

(1d) ad) |1 92
w L (2,y) Zw (z,y)
1 3
2)_(2) (2 T1T2T3
1243 1— 51 %2 %3 1-— Ao
( ) Ul’ﬁ;}% (1—q1) y1y293
x
(2134) _ 5 1-— 171
)N B ) S ¢ I e -
151 % % %3 Ty %3
Y1y2 Y1y2 Y1y2 _TiTr2 T1T3  T2T3 L1X2L3 T1T2T3
(1342) PPl DB vive  wivz  wivz (1—q1) y1v3 + (1—q1) yiy2
y1y2 v2y2
T 2 (2 (2 T _(2) _(2) (2
(2143) z§) zg )zé )zé) z§ )zg )zé )zé) 1— x1 T1T2T3 z%zgz;;
Y1 Y1Y2Y3 yIy2v3 yvi (I-a)wiy2ys | (1—q1) viv2us
(1) (1)
x x
(3124) 1— - -1 (1_1;1) (1_ﬂ)
Y1 Y2 Y1 Y2
2) (2) (2) (2) . (2) 2)_(2)
_n T2 T3 % % +
Y1 Y1 Y1 Y1 Y7 1_ﬂ_ﬂ_ﬂ 122 r1T3 r2%3  _T1T2X3
(2341) (2)_(2) (2)_(2)_(2) Y1 Y1 Y1 + P + P + P (1—q1)v?
1‘2 (Cs _ il‘l 3?2 (Cs
y? Y3
(1) (1) (1) _(2) (1) _(2)
I T | 1% o ) )
Y1 y Y1y2 1Y z .
@ @2 2 o 2 o 1—@L_ @iy ® | miwy @@y @@y 3%y
(3142) N NS . S . R N Yiooy2 VY2 | Yiy2 | V1Y Y1v2 o Y1y
Y1Y2 Y1Y2 Y1Y2 Y1Y2 rax3 T1w2T3 ziwaxyz T3 T2%3
zﬁQ)zéz)zéZ) z(lz)z?)z:(f) z(ll)z?)zg)z:(f) Y1y2 (l—ql)y%yg (1—111)1-111-/% (1—41)14%9%
v2y2 y1y2 v2y2
[€3) [€3) (1) (12 (1)2
S Tt DR 1 T1
(1)2 o (1)2 2(2) %1)2 (g)ly2 (1)y21y(32)
2 2 2
Il o fl}l fL'l _ fEl 1)2 _ (L‘l .’133 1_ ﬂ _ ﬂ _ ﬂ + 51)1 + 51)1 CL‘l _
(4 12 3) y2Y3 Y1y2Y3 Y1Y293 Y1y293 Y1 Y2 Y3 Y1y2 Y1Y3 y2Y3
L@ @) () ) () () () (2) o do1 oy
1T Ty 1T T3 1 %y Py -
Y1Y2Y3 Y1Y2Y3 Y1Y2Y3 y1y2ys (I—a1) y1y293
REMENE)
1 Ty T3
[€3) 2) 111(%2)1/'; 2) 1) _(2)
S W+ U N TSI Ml S
Y2 Y1 Y1 Y1y2 2
1 (2 1) (2 (2) (2 2) (2 1—%L_z1_ 22 @34 U1 4 Zi® 4 2123 4
Ty Ty T T3 4 Ty Ty 4 T T3 4 Y2 Y1 Y1 yio vz | iy Y1y2
(3241) vive y1yz vi ui eiwy | wimz | wpzz _ P2 T1¥3 _ mimpey
O I O N I OROMC) v3 y2 v3 vivz  yiv2 yiy2
2 - 2 - 2 - 22z0w
Y1 Y192 Y192 JE13029033 1%2 g
2Va@0@ @@, @ 1), @),@ ) (=g y? T U-a1) vz
v2y2 y3 v3y2
[€3) [€3) (1) (12 (1)2
S WS W | 1 N
N v vs L Mus ,Y2us
B N R N M O , , ,
y1y2 y1y2 vive  yiy2 e e e
z(2)z(2) z(2)z(2) z(l) 21(2) 1(1)21(2) Y1 Y2 Y3 Y1Y3 Y2Y3 yly%
i -3 72 3 71 11 2 z1T2 zi®3 _ ®ixp _ x1®3 _ ®2w3 Tyl
Yy1y2 Yy1y2 Y1Yy2Y3 Y1Y2Y3
e () ) (2) ) a3 y1y2 y1y2 y1y2 Yy1y2 Y1y2 Y1Y2Y3
4139 z; Tq T @y Ty wwy ziwp  zj®3 + ziT2 + TiT3 + T1TT3 +
( ) Y1y2y3 Y1Y2Y3 Y1Y2Y3 Y1Y2Y3 Y1Y2Y3 Y1Y2Y3 Y1Y293 Y1Y2Y3
151)1(22)15%2) 1(12)1(22)15)2) z(lz)zéz)zgf) T1T2T3 T1T2T3 _ T3T2T3 _
Y1y2y3 v2y2 v1u2 - (1-q1)vy2 ' (I—q)v1vs  (1—a1) ¥7y2y3
2 2 3
:Cgl)ng)ng)ng) Igl)w(f)xgz}x:(j’z) - 111‘2132 _ 1111213 5 + 1112532
_ — — 1_
vZuzvs v1v2vs (1—q1) y1y393 (1—q1) y7v35 (1—q1) y7y5ys
zgl)zgizémzéz) m§1)2z2§2)2zg2)m(32)
yiv3 y2y3ys
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(1) [€Y) (2) (2) (2) (1) 2
1-5 % 5 % % %
()2() (1) .(2) ()()111()?{2)143
1 2 1 2 1 2 2 2
T T ) 1 %3 4 Ty Ty 4
y1y2 y1y2 y1y2 v7 ,
(2) .(2) (2) (2) (1) _(2) (1) (2) 1 z1 z1 1 z2 23 1
x x xZ xT xT xT xT xT _ =L — =4 =L __ s __
L3 23 — L2 4 Y2 Y3 Y1 Y1 + y2y3 + y1y2 +
Ph v7 Y1ys y1y3 erwy | wima rlm P xzxg
R A s S i A i i e T Tt towm T
Y1Y3 Y1Y293 Y1Y2Y3 Y1Y2Y3 23 22y 22z
LD,@ @) T M@ ) (), () (2) 2192  2u%3 1 - -
(423 1) 1 1 2 _ 1 1 3 _ 1 2 3 _ yly.'i Y1Y3 Y1Y2Y3 Y1Y293 y12y2y3
yIy2 yiv2 yiv2 z1z2 _ T1%3 _ miwomz _ P1%¥2 _ Ti1T3
2 2
zil)zf)zf) zgl)mf)mf) m§1)zé2)zé2) yiv2 Y12 91%2 ylyg ylys2
y1v3 y1v3 y1v3 T1TaT3 @ @pI3 TyT2 TITS | T@2ws
@) _(2)_(2) (1)2,(2),(2) 12 (2) (2) y7y3 (=q)v3 " v2vaus | yivauz | vZyaus
Ty Ty T3 1 Ty Ty 3 2 2 3
3 > T{T2T3 1223 T7T2T3
v3 y1y2y3 y1Y293 T—a) o° T—a) %55~ (U—a1) 55200
LD2G,@ ) 0,@,@, O q1) y3y2 q1) ¥7ys3 q1) ¥ Y293
vi y2y3 y yz
z§1>z§2>z<j>zg2) <1>2 2D 4242
viys y] yzya

0d partition functions and parabolic quantum Schubert polynomials

w I(Od)(a m) 70 q11 q; (o,m)
(1243) e1(@?) — i (m) (o) — e (m)
(2134) oV —my o1 —m
~(2)  ~(2) =@
ml(mz—(f — O — 03 )+(m2—
(1342) | G)ma - 52) + 5O (-ma + 5 + r (me — o1 = 02~ 00) :
! (2))+ 9 L (m2 — o1) (M2 — 02)+03 (—m2 + o1 + 02)+m]
ma
(2143) @) —mi)(e1(?) — ed(m)) (01 — m1)(e3(0) — €3 (m))
(3124) (73 —m1) (@Y — ma) (01 — m1) (01 — mo)
(2341) Hi 1(~(2) - ml) Hi:1(‘7a —m1) +q1
m3 (51" —ma) —mi (o} ms)(@ <2>+a<2>+
(3142) | 5 —my) + V(5! el _ ma) (@5 —ma) + | (01 —ma) (01 —m2) (02 + 03 —m1 —m2) — 1
5060 o ;nz>+< 5”;1 o))
mi(ma —317) (01 —mg) + 67" (ma(ms —
(4123) ) +50 (5 — ms) + (G — (01 — m1) (o1 — ma)(o1 — m3) + a1
o) & (01— 5N oy )y
(3241) | (61" = ma)(@{” — m1) (G5 —ma)(05” — mi) (01 — m1) (o1 — ma)(o1 — ma3) + qu
(N(l)*ma)( 2@ —ma2) —mi(ay) —
(4132) mz)(o (2)—|—0(2)+0 )—I—a(l)( §2)_ (o1 —m3)((o1 — m1)(o1 — m2) (402 + 03 —
ma) @5 = ma) 5 (ma) — @ + m1 —m2) —a1)
2)\~(1 ~(2)~(2
_ aéj)g% '+ 5 >gé ) i i
(4231) | @) —ma)(@”) —ms) [2_, (5 —ma) (01 —ma2) (o1 —ms) [[[o_, (00 — m1) + qi]
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C Schubert defects in F1(2, 3;4)

All possible Schubert varieties. In this partial flag, we have 12 possible Schubert

varieties indexed by the equivalence classes in W(23i4)

dimensions are summarized in the following table:

f(w)|dim X,

W W W k|-~

0
1
1
2
2
2

. These classes and their corresponding

dim X,

2
2
2
1
1
0

These Schubert varieties are connected via the following Hasse diagram:

X(1234) = point
4 N
. N
7’ ~
i’ hY]
4 ~
e ~
. N
/, \\
X(1243) X324
. N ,—" ’, N
e ~ - 4 Y
e ~ ’—' 1 ~
v’ N7 1o’ Sy
// ¢’—‘\—§J ’/ \\
, & N . .

L7 _--" AN 7 S
X(1342) X(1423) X@2314)
' ~. . ~. . '
1 SS Phe SS Phe 1
1 S~ _-" S _-" 1
X soc ~_- -
I f’ \\ r’ \\ I
X(1432) X(2341) X(2413)
~ ~‘~~ ’ ,—" .,
N S~ ’ - 4
N ‘~~‘ // ’,—’ ’

\\ ~~7"~ ’,(—" k,

j\ 1< 3~ v—" /,
~ e _ - ~ <o .,

\‘ ’ —’f ~~\~ ’/

X(2431) X(3412)

N k4
~ e
\\ ,/

Ny 2

.

X421y = FI(2,3;
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Coupled systems defining the Schubert defects. For each one of the 12 permutation
classes [w] € W34 et us now write down the 1d-3d (0d-2d) coupled system defining
the Schubert line (point) defect. Here we follow the conventions of figure 3 for the general
proposal. Viewed as Schubert line defects, in the last column, we also include the reduced
form of the quiver after applying the duality moves reviewed in section 2 of [1].

w General proposal | Reduced quiver w General proposal | Reduced quiver
(1234) (1432)
(1243) (2341)
(1324) (2413)
(1342) (2431)
(1423) (3412)
(2314) (3421)
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1d indices and parabolic quantum Grothendieck polynomials

(1d) 1d) |91 G2
w L (2,y) AT (z,y)
2 3
2)_(2), (2) T1T2T
T T T — 1Z2T3
(1243) 1— i 1 - =i
1) (1)
(1324) T1 T3 -
Y1y y1y2
2)_(2) (2)_(2) 2)_(2)
151 %2 %2 % % %3 1 — Ziz2 _ Tow3 _ T1x3
1342 Yy1Y2 Y1Y2 Y1Y2 Y1y2 (1—q1) y192 (1—q1) y192
( ) L2, @) @) () @) S EDES 21233
1L "2 75 1 "2 73 (1-q1)yiv2 ' (1—q1)y1v3
yTy2 Y1y
1) (T (1) (1) (1) (1) (1) (1), (2)
151 %2 % %y Ty %o Ty T ™y 1 Tir2  ZTy @@y o3z 4
(1423) y1y2 Y1Y3 Y293 1Y293 y1y2 Y1Y3 Y293 Y1Y293
a:(ll)zgngm zgl)zgl)zg) _ 152)122)1‘,(32) 1%y q1x1T2x3
ULyza o ”,(211),1 - (;,)WQW Y1Y293 (1—q1)y1y2y3
x x z 1 — 1 T2 z1T2
(2314) e n ot
zgl)zél) zgl)zén zgfz)zgz)
Y1y3 Y2Y3 Y1y2 _ ozl _ TIT2 _ XT1XTD x1x3 _
R S T e s yiys  y2y3  yiyz  (1—q1) y1y2
1432 yiva  y1y2 zaw3 e3zo + w123 Tiwawy |
( ) 1(11)1;1)152) 1(11)1(21)1:(52) 152)152)%2) (1—q1) y1y2 Yy1y2y3 Yivzys | Y1y2us
2 T1T2x3 T1T2x3 T1Zo%3
Y1Y293 Y1Y293 yTy2 3 — 2
acgz)xf)x?) x§1)w;1)m§2)wgg)mé2) (1—q1) y7y2 (1—q1) y193 (1—a1) y{y3ys
y1ys v2yZys3
RO xgz) ROmC xgz)xéz)
- -2 ———t+ =+ 4
(2341) Y1 Y1 Y1 y1 Y1 1_ﬂ_ﬂ_ﬂ+zlzz _’_1113 123203_ 1112z33
2D 2,2, v o y? T (—ay? | (-anyd
y? y3
B N O Rr
Y1 Y1 y3 Y2y3
Igl)zgl)zgz) Igl)zél)zg) Igl)zél)$g2) B ] )
Y1Yy293 2Y3 Y1y293 oz oz Tixe _ T1T2 TiT2+T1T; _
(2413) e Peei?  aVelVePa® I=w—ut vi y2y3 Y1293
Y1y293 y3y2y3 qeiwozy  _ _®3i3
2D @ 5@ M), @) N O=—a)vivzys  v2uavs
v3y2u3 v3y2u3
zﬁl)zf)zf)zéz) Zél)z§2)zé2)zg2>
yiy2y3 yTy2y3
) m(12> x;m xéz) N w§2)x52) N x§2)x;2) N
Y1 Y1 Y1 v? I
152)1(2) B I(ll)zél) B 1(12)zé2)zg2) ]_ 21 _ 22 _ 23 + 1‘1? + T1T34T2T3
v2 Y23 y3 Y1 Y1 Y1 yi (1—aq1)yy
(2431) R S St ST A O MO @@y wiwgws | mimg(mitwstws) | ¥iwd
T30s Givava y2ys  (1—q1)y} Y1y293 y7y2v3
NONOMONO x§1)x;1)w§2)x§2) z%z22z3 _ miadaws 22zl
VT uavs - V2 uavs - (1—q1)y?y2ys  (1—aq1)yy2ys | (1—a1)yiy2ys
z§1)z§1)z§2)1§2) zgl)zél)zgz)zg)zg)
yiy2y3 yTy293
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(1) (T) (T) (T) (D .M
1-5 % nh % % Ty
Y1 y1 y2 2 %
zgl)zél) mgl)zél) zgl)z?) N zé1)z(l2) N
v3 Y12 Y12 y1y2
I I O T G OO
vive T U 7 Uive T vive
2 2 2 2 2 2
2 _5”5 ) _9”(2 o _ 1%L ® oz %z 23Ty 4 2Ty
Y1y2 Y1y2 y1y2 vi o ov1 Y2 2 Y12 vi
1 1 2 1 1 2 1 1 2
RPN PP U L P U [PPSR 1 I
y1y3 y193 y193 v3 (I—a1)v1y2 Yiv2  yiy; Y193
R 3 2DV 3 2DV B wzwz _acémg uo1o20s 4 q1o1023s, xzxé
y192 v2y2 vZy2 viva  wyiyz  (I—an)vjvz  (I—a)vivy  y7y3
zgngl)zgm 1(12)1(22)1§2) 151)1;1)152)zé2)
yTy2 viy2 y3y2
2D (DD L (10,0),@),2) B
vivs vivs
215252 ,(2) B 202D 42
2,2 2,2
Y3
(1) (T) (2) (2) (2)
S U TR s U T T
y2 y1 y
@,@) L@@ L @,@ 1,0 N
i i i v3
zgl)zg2) zé”lf) zg1)z(22) zél)z(;)
+ + 1—®L _ T2 T3 T _ T2 4 TIT3
2 1Y2 + 2 +
(1) _(2) (1) _(2) (2)_(2)_(2) v vi 1 y2 y2 Yi
T %3 Ty T3 e T ) xr1Tr3+T2T3 + 1T + r1x3+T2T3 +
y1y2 y1y2 vy (1—-q1)y? y3 y1y2
151)1(12)30(22) :c(21>x(12)x(22) x(ll)w(12>x(32) (z1+22)? _ _2mjmox3z _ _ xT1T2T3 _
— — _ 2 1— ) 2
yiy2 yiy2 yIy2 Y1y2 (1—-g1)yiy2  (1—-aq1)yiy2
(3421) | w2, Lo @ @ O @) (@ wr@aws  wiwams | 2iw2 | w1zl xdmy
2 1 3 1 2 3 2 2 3 _ 3 2 2 2 2
3 3 3 (I—q1)yy Y1Y5 Y1Y5 Y1Y5 yiy2
yiy2 yiy2 yiY2 5 5 5 5 o
1 (1) _(2) 1 (1) _(2) 1 (1) _(2) Tiry _ Tyostars | rich | miwa(i4@y)rs |
i M-I N W ) I T2 T3 viv2  (I—q))yiy2 ' yiy3 (1—q1)y?y2
Y1y Y1y Y1y 2 2
W@, @ W, @) (@) viza(@ites)zy _ Tivhvs
Ty Ty Ty Ty + Ty Ty Ty T (I—q1)y7y2 (1—q1)y7v35
vivs vivs
zgl)zél)zg‘”zf) zgl)z?)z(;)z(;)
viva yiy2
oD@ @@ 0,0, @), 2
Y32 viv3

0d partition functions and parabolic quantum Schubert polynomials

w L(Uoci)(g, m) Z(00) q1 92 (o,m)
2 3
(1243) E§2)+E§2)+5§2)—m1—m2—m3 o1+ 02+ 03 —m1 —me—m3
(1324) W 45— my — ma 014 02 — M1 —ma
(1342) 62(3(2)) - @1(5(2))(7111 +m2) +mi + 0102 + 0103 + 0203 — (01 + 02 + 03) (M1 +
mims + m3 ma) +mi + mima +m3
~(1) | ~(M)\(=2) | =2) |, ~(2) ~(2)~(2)
o, +o o, +o05 " +o0o —0, 05 —
( l(2)~(2§ )(~(12>~(2)2 ~(1:)3 )~(1)1 2 U%+U102+U§—(01 + o2)(m1 + ma +
(1423) ooy —ay oy — (o)) + o5 ) (ma + m3) + Mama + mims + mam
ma + ms) + mima + mims + mams ’ e e 2
(2314) (01" = m)(@ —m) (o1 — m1) (02 — ma)
e1(FM)ea(7?) — ea(5?) - (o024 7102 4 oios & 030 | 010203 -
e1(@M)er(@@)(m1 +m2) — e2(6®)ms + (U;UQ o208 +2c7103)(m1 ma +ma) =
<) (01 + o102 + 03)(m1 +m2) + (01 + 02 +
(1432) e1(6®)(mima + mims + mams) +
. (E(U)(mz I mQ) e — o3)(mima + mims + mams) + (o1 +
! 3 12 ! 22 2 e 02)(m%+m1m2+m§)—(m%m2+
T TS T et T e mlmg + m%mg + m%mg + m1m2m3) +d:
(2341) Hizl(g,(f) —m1) (o1 — mi)(o2 —m1)(os —m1) — a1
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(D) (E<1))61 (5(2)) —e3 (5(2>) + 62( (2))m1
(2413) 61(0(1))61(5)(2))7”1 —e2(0 (1))(m1 e+ (01 —m1)(o2—m1)(o14+02—m2—m3)+q1
m3) + e1 (') (mima + mims + mams) —
m%mz — m%mg,
(2431) | O+ —mz—mo)(@1” —m)(@7 — [ (o102 = m2 —ms)((on —mi)(o2 -
my) (G5 —m) m1) (o3 —m1) — a1)
e2(0M)ex(0) — e1(6)es(0®) +
(e3(0®) — e2(@M)er(6@)) (m1 + m2) + | of05—(002+0103)(m1+ma)+0o102(m1+
(3412) 62(5(1))m1m2 + e (5(1>)61( <2))m1m2 — ma2)? + (03 +03)mima — (o1 4+ 02)(Mmima +
e2(6@)ymima + ea (M) (m? + m2) — mim3 — q1) — (m1 + ma2)q1 + mim3
e1(@)(mims + mim3) + mim3
PO I LR T e e B e R (e
ml)(or(f) fm1) mi)(os —m1) —a1)

D Geometry of examples of Schubert varieties

In this appendix, we will explicitly present geometries of a few examples of Schubert varieties.
We will illustrate in a few examples that our proposed quivers in figure 3 describe resolutions of
Schubert varieties. In the special cases of Gr(1,n) and Gr(2,4), we will describe the Schubert
varieties explicitly and also discuss how the constructions discussed here and elsewhere provide
resolutions. We also discuss Schubert varieties in F1(1,n — 1;n). Recall that, Gr(1,n) = P*~!
and all its Schubert varieties are smaller-dimensional projective spaces, and both Gr(2,4) and
Fl(1,n — 1;n) can be represented as hypersurfaces in the images of their Pliicker embeddings,
which makes the analysis reasonably concise.

D.1 The projective space P*~!
Consider X = P"! = Gr(1,n). Now, X = C" /) C*, where the C" is a 1 x n matrix:

(Pi)i=1,n » (D.1)

interpreted as homogeneous coordinates on P"~!. Consider a Schubert variety corresponding
to a partition (\), i.e., a row of A boxes. This is described by the 1 x n matrix obeying;:

gbn =0 = ¢n71 = = an—/\—i-la (DQ)

with the first n — X\ ¢;’s left unspecified. This is just a complete intersection of A hyperplanes,

meaning”

Qupy = PriTA (D.3)

In particular, €, is smooth.

Now, consider the Kempf-Laksov resolution [66]. This is defined by adding one field along
the defect, call it z, and a U(1) gauge group along the defect, for which z is a bifundamental
between the bulk and defect U(1)’s, together with constraints of the form:

2¢op =0 =2¢p1 = -+~ :Z(bnf/\+1~ (D4)

The D-term equations of the 1d SQM force z # 0, so the equations above reproduce the
Schubert variety. Furthermore, since there is only one field (z) charged under the U(1),
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altogether it contributes:

aq o P=rr
[C/C*] = O point . (D.5)

Therefore, the Kempf-Laksov ‘resolution’ of these smooth Schubert varieties is identical to
those Schubert varieties, as expected.

D.2 The Grassmannian manifold Gr(2,4)

Next, we consider X = Gr(2,4). Now, X = C® J/ GL(2), where the C? is described as
2 X 4 matrices:

(652 - (D.6)
We define Pliicker embedding coordinates:
Pij = €ap b D5, (D.7)

where it is understood that repeated indices are summed over. In this embedding, this
Grassmannian can be described as a quadric hypersurface:

Gr(2,4) = {p12p3s — P13pas + prapes = 0} C P°. (D.8)

As we reviewed earlier in section 3, Schubert varieties in this case are indexed by 2-
partitions A = [A1, A2] with 0 < Ay < A; < 2. In what follows, we will consider the two
cases with A = [1,0],[2,0].

D.2.1 The Schubert variety with A = [1, 0]

Next, specialize to the Schubert variety X corresponding to [J. This can be described
as 2 x 4 matrices:

(¢i): « %00

****] ' (D.9)

From (D.8), this is precisely the hypersurface {p34 = 0}. (As a consistency check, X should
be codimension 1 in X = Gr(2,4).)

The singularity. For simplicity, specialize to the patch {p;2 = 1} on P5. In that patch,
the hypersurface describing the Grassmannian Gr(2,4) is:

f(pij) = p3a — p13p2a + prapes = 0. (D.10)

This hypersurface is smooth: because of the presence of the first term, there are no solutions
to f =df = 0.
Now, note that along X, where p3s = 0,

f\XD = —p13p24 + puapay = 0. (D.11)

This is a hypersurface in

€' = Spec C[p13, p14, P23, Pa] - (D.12)

This hypersurface is singular — it’s the canonical example of a rational double point, the
conifold singularity. Hence, we see that the Schubert variety X is singular.
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Kempf-Laksov resolution. In the Kempf-Laksov resolution of X, we add new fields
(2za) = {#1, 22}, which have charge 1 under a U(1), i.e., related by a rescaling [z1, z2] ~ [Az1, Az2]
for A € C*. In addition, we also impose two constraints:

Z 23 = 0 = Zzaqﬁi. (D.13)

a a

Now, define:
w = 21 B3, v = 205, (D.14)
Then, it is straightforward to check that:

prau + pizv = 0, (D.15)
pau + pazv = 0, (D.16)

or more simply,

D14 P13 wl 0. (D.17)
D24 P23 v

This defines a small resolution of the conifold singularity (D.11). (The form of this
resolution is well-known; as a check, this implies that the 2 x 2 matrix of p’s has a zero
eigenvalue, and the conifold equation (D.11) simply states that the determinant vanishes.)
Hence, the Kempf-Laksov resolution really does resolve Xp.

Physically, the defect is supported on X, but sees itself propagating on the small
resolution XD' (This is analogous to D-branes on orbifolds; although the orbifold itself is a
stack, D-branes often perceive a resolution of any orbifold singularity [67], a fact which in
those circumstances was explained in terms of nonreduced scheme structures in [68].)

D.2.2 The Schubert variety with A = [2, 0]

Consider the Schubert variety X7 C Gr(2,4), given by matrices of the form:

k kokok
. (D.18)
*000

This is the subvariety pa3 = 0 = pag = p34. It is the subvariety of the conifold X[, which
is itself given by {p3s = 0}. Here, that means it is the subvariety of:

{P13 P21 = prapas}, (D.19)

given by pog = pog = 0. This is codimension one — a Weil divisor, but not a Cartier divisor
(as it is codimension one but is not expressed holomorphically as {f = 0} for a single function
f). Explicitly, this divisor is smooth, given by

C? = Spec C[p13, p14] - (D.20)
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Kempf-Laksov resolution. In the Kempf-Laksov resolution, we add a single U(1) along
the defect plus a chiral superfield z in the bifundamental between the defect U(1) and the
bulk U(2), together with the constraints:

2005 = 0 = 2405 = 24 0%, (D.21)

which reproduces the structure of the matrix above.
Relative to the Kempf-Laksov resolution of X, this has the same fields but a new
constraint, namely:

Zad? = 0. (D.22)

If we work in the coordinate patch pi2 # 0, as for X, then {3, ¢3} are not both zero, so
the constraint (D.22) can be used to determine a unique element of [z1, z9]. For example,
if ¢ # 0, then:
2
zZ1 = — 22 % . (D23)
?3
In the case of the small resolution )N(D discussed above, the [z1, 23] acted as homogeneous
coordinates on the small resolution; away from the singularity, their ratio was determined,
but at the singularity, they were unconstrained. Here, by contrast, we see that their ratio
is uniquely determined everywhere, including at the singularity.
Thus, the Kempf-Laksov resolution returns X7 itself, as expected since X7 is smooth.
Phrased another way, we see that:

X = {205 = 0} C X. (D.24)

D.3 The incidence variety

Recall from our discussion in section 2, an incidence variety is a partial flag manifold of the
form F1(1,n — 1;n). These can be described as hypersurfaces of degree (1,1) in P"~1 x Pr—1
see e.g. [29, section 2.3].

We can understand this explicitly as follows. Describe F1(1,n — 1;n) in terms of a
bifundamental ® of U(1) x U(n — 1), and a bifundamental ¥ of U(n — 1) x U(n).!? The
Pliicker coordinates on this flag manifold are given by:

p(V@); = Vi, (D.25)
p(\I/)il...in71 = €q1-an_1 \11?11 co Yt (D.26)

In—1
Then, {p(® ¥)} and {p(¥)} both separately define maps F1(1,n — 1;n) — P"~! where the
p’s are interpreted as homogeneous coordinates, so that altogether we have a map:

Fl(1,n — 1;n) — P71 x Pt (D.27)

9Note the change in our notation here. Instead of denoting these fields by ¢?7 and ¢35 as in figure 2, we
denote them by ® and W, respectively.
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Furthermore, it is straightforward to check, after unwinding definitions, that the Pliicker
coordinates satisfy the following relation:

e p(U ), p(¥)iyoi, = 0. (D.28)

It can be shown that this relation completely specifies F1(1,n—1;n), hence we can understand
FI(1,n — 1;n) as a degree (1,1) hypersurface in P"~1 x P1

In this section, we will verify in examples that the GLSM defect construction given in
figure 3 correctly localizes on the claimed corresponding Schubert varieties.

Singular Schubert varieties in F1(1,n — 1;n). Following [69, examples 1.2.3.(5)], the
Schubert varieties in FI(1,n — 1;n) are labeled as X;; (i,5 € {1,--- ,n}, i # j) and are
given by:

Xij = {(V1,Voo1) €Fl(1,n —1;n)| V4 € E; and Vi1 D Ej_1 }. (D.29)

Where E; := Spang{e1,- - ,e;}. In terms of ® and ¥, the 1 x n matrix ¥ ® is a generator
of V1 € €, and the (n — 1) x n matrix ¥ encodes n — 1 generators of V,,_; C C". From
the description of X;;, we see immediately that:

p(¥P), = 0, (D.30)
for k > i, as Vj is in the span of e, - ,e;. Similarly, since V,,_1 includes the span of
e1, - ,ej—1, we expect that:

P(¥)iyeiny = 0 (D.31)
ifany of 1,--- ,j—1¢ {iy,i9,--- ,i,}. To make this clearer, we can use linear transformations

to rotate ¥ to a matrix of the form:

(10---00---0
01---00---0
00 , (D.32)
00---10---0
00 -0 % - %
I o

where * denotes an undetermined entry. If any of the first j — 1 columns are omitted, the
resulting matrix has a row that is zero, hence its determinant vanishes.
Following [69, examples 1.2.3.(5)], define:

ap = p(U @),  yp = Ip(W); (D.33)
Then, the Schubert variety X;; is given by:
le:'--::Un:():yl:-HZyj,l. (D.34)

From [69, examples 1.2.3.(5)], the Schubert variety X; ; will be singular if 1 < j < i < n,
with singular locus X;_1;11. For other values of i,j, X;; is smooth. In passing, note
that for n = 3, the full flag manifold F1(3), these conditions cannot be satisfied, so all its
Schubert varieties are smooth.
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Explicit examples in F1(1, 3;4). Consider for example the case n = 4. In this case, the
only singular Schubert variety is:

X392 = {r4 = 0 = y1}. (D.35)
Then, the equation for the incidence variety as a hypersurface (D.28) reduces to:
T2y2 + z3y3 = 0, (D.36)
which has a conifold singularity at the origin. Note that the origin is given as:
{rg =23 =24 =0 =y1 = y2 = y3}, (D.37)

which coincides with the Schubert variety Xo_1 341 = X14, as expected.

Now, let us compare this to the physics proposal of section 5. The Schubert variety
X3 (or rather its resolution), corresponding to the permutation w = (214 3), should be
described by the quiver:

i ) 31:

3 ©31 43} ¢
i ) ¢13 1) P23 @) ¢33\G)>
19013 2P23 ~ P33 AL U

where the dashed blue box encloses data lying along the defect itself, the +’s denote canonical
inclusions, and horizontal and vertical bifundamentals are denoted ¢, ¢, respectively.?
The E-term conditions arising from the diagonal Fermi multiplets are:

P o P31
o ¢33
33 © P23
23 © P13

¢33 ° P31,
Lo Y33,
L O Y23,

L O P13 .

From the D-term conditions, ¢3; is an invertible scalar, so from (D.38) we can write:

o, — (¢33)g (¥31)a ’
P31
and combining with (D.39) yields:
w0, — Ui (¢33)a (©31)a ’
$31

(Lo 033)F (31)a

$31

)

(D.42)

(D.43)

(D.44)

20 Again, note here the change in our notation for the 1d chiral fields. This is just for compactness.
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which vanishes for ¢ = 4 as this is outside the range of ¢. In particular, we see that:
x4 = p(¥P)y =0, (D.45)

which is one of the equations defining the Schubert variety X3 .
Similarly, combining (D.39), (D.40), (D.41), we have that:

®13 (‘Il o ¢33 © ¢23)2’374 = 0. (D46)
Write A = ¢33 o ¢o3, then in components we can write this as:
AUl 4 Ay W2 4 A8 = 0, (D.47)
for i = 2,3,4, or in terms of matrices:
vl wh vl
[A1, Az, As] | 2 W2 02| = 0. (D.48)
VERVEREH

However, A is a nonzero matrix, hence the determinant of the 3 x 3 matrix of ¥ components
must vanish, which implies:

y1 = p(¥)1 = 0. (D.49)

To study p(¥), we can also focus on the lower portion of the quiver:

) ¢13 /1\ $23 @ ¢33

N N

©13 “up23 P33 Y

pa T A s T AN e R
23]

This describes a Schubert variety in Gr(3,4) = Gr(1,4) = P3. To understand which Schubert
variety, we refer to the definition (3.19):

dim (S N Fry_pion,) > i (D.50)

Here, k =3, n =4, son—k = 1. From the column:

we find for ¢ = 2 that:
1+4i— X =3, (D.51)

hence Ay = 0.
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From the column:

we find for ¢ = 1 that
2- A\ = 2, (D.52)

which would imply that Ay = 0, but is redundant. From the column:

we find for ¢ = 1 that Ay = 1. Altogether, we find that this describes the Schubert variety
X[, which is what we need on this P2 factor to correctly describe the Schubert variety
X3’2 C F1(1,3;4).
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