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Abstract

In this thesis, I develop the theory required to use quantum computers to accelerate
linear algebra and machine learning, in a manner akin to how GPUs are used today.
I begin by analysing quantum random access memory (QRAM), the mechanism
by which quantum algorithms can access classical (non-quantum) data. When
used for linear algebra applications, I show that QRAM has substantial challenges
making it harder to construct than an error-corrected quantum computer. Should
QRAM prove to be unrealistic, I ask what types of classical data can be efficiently
loaded into quantum computers, and prove that discretized continuous functions
are one such option. Next, I introduce a framework for manipulating vectors
with quantum computers. The primary result of this framework is a technique
allowing for the non-linear transformations of vectors to be enacted efficiently for a
broad class of functions, despite the underlying unitary (and thus linear) nature
of quantum algorithms. In the final chapter, utilizing the preceding results and
further developing the vector encoding framework, I demonstrate that quantum
computers can accelerate inference for multilayer neural networks under a range of
scenarios of QRAM feasibility. This chapter also notes a plausible path towards
constructing a practically useful QRAM.
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Mathematical Notation

Z . . . . . . . . The set of integers.

Z≥0 . . . . . . . The set of non-negative integers.

Z<0 . . . . . . . The set of negative integers.

N . . . . . . . . The set of natural numbers (here, defined to include zero).

[N ] . . . . . . . The set of integers 0 through N − 1.

⊕ . . . . . . . . Bit-wise addition modulo 2 of two bit strings (bit-wise XOR
operation).

R . . . . . . . . Real-part function (also written as Re(.). Given a complex
number z = a+ ib, R(z) = a.

I . . . . . . . . Imaginary-part function (also written as Im(.). Given a complex
number z = a+ ib, I(z) = b.

Asymptotic Notation

O(·) . . . . . . . Asymptotic upper-bound (inclusive). If f(x) ∈ O(g(x)) then
f(x) is asymptotically upper-bounded by g(x).

o(·) . . . . . . . Asymptotic upper-bound (exclusive). If the function f(x) ∈
o(g(x)) then limx 7→∞ f(x)/g(x) = 0.

Ω(·) . . . . . . . Asymptotic lower-bound (inclusive). If f(x) ∈ Ω(g(x)) then f(x)
is asymptotically lower-bounded by g(x).

ω(·) . . . . . . . Asymptotic lower-bound (exclusive). If the function f(x) ∈
ω(g(x)) then limx7→∞ g(x)/f(x) = 0.

Θ(·) . . . . . . . Asymptotic tight bound. If f(x) ∈ O(g(x)) and f(x) ∈ Ω(g(x))
then f(x) ∈ Θ(g(x)).

Õ(·) / Ω̃(·) . . . Asymptotic upper-bound/ lower-bound hiding a polylog factor,
e.g., Õ(f(n)) = O(f(n) · poly log(f(n))). This notation is also
used with õ(·) and ω̃(·).
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xii Mathematical Notation

Linear Algebra Notation

x . . . . . . . . Vector are bolded.

ei, |i⟩ . . . . . . Basis vectors are represented by ei = |i⟩. E.g., e0 =
(
1 0 . . . 0

)T
.

In ket notation, alternate labels are sometimes used.

∥·∥p . . . . . . . The standard p-norm.

∥·∥∞ . . . . . . The max norm. May sometimes be denoted as ∥·∥max.

|x⟩n . . . . . . . For some label x, and n ∈ N, |x⟩n represents an n-qubit quantum
state, i.e., |x⟩n ∈ C2n . When clear from the context, the subscript
indicating the dimension will be dropped.

⟨x|y⟩ . . . . . . Inner product. If x = |x⟩ and y = |y⟩, then ⟨x|y⟩ = x†y.

|x⟩⟨y| . . . . . . Outer product. If x = |x⟩ and y = |y⟩, then |x⟩⟨y| = xy†.

† . . . . . . . . Conjugate transpose.

⊗ . . . . . . . . Kronecker product. Often, when writing the Kronecker product
of two vectors, I drop the ⊗ symbol, i.e., |a⟩|b⟩ := |a⟩ ⊗ |b⟩.
Sometimes, this will be called a tensor product.

f(x) . . . . . . Given a function f : C 7→ C and a vector x ∈ Cn, then f(x)
is defined by element-wise application of the function to the
elements of the vector, i.e., f(x) = ∑n

i=1 f(xi)ei.



1
Introduction

In this chapter, I first provide a brief high-level introduction motivating this

thesis. Next, I define and motivate some of the basic mathematics and tools used

repeatedly in different chapters. Some of the text in this chapter is taken verbatim

from the papers corresponding to Chapters 2 to 5 of this thesis (with corresponding

papers [1–4]). I was the primary author on any such text.

Contents
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Technical Introduction . . . . . . . . . . . . . . . . . . . 2

1.2.1 Quantum Computing Overview . . . . . . . . . . . . . . 3
1.2.2 Technical Definitions and Extant Results . . . . . . . . 3

1.1 Motivation

The progress in developing quantum computers has been rapid, and new records

are being set every year [5–9]. With a rich history of theoretical developments

beginning with Richard Feynman’s original proposal for a quantum computer [10,

11], a range of quantum algorithms have been proposed. Famous examples include

Shor’s algorithm (an efficient integer factorization algorithm) [12], Grover search (an

1
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algorithm for unstructured search) [13], Hamiltonian simulation (a type of physical

simulation) [14], and HHL (matrix inversion) [15].

Concurrently, in recent years machine learning techniques have seen widespread

adoption across a wide range of important problem domains [16–20]. Indeed, Demis

Hassabis and John Jumper won the 2024 Nobel Prize for Chemistry, in part, for their

contributions to AlphaFold2 [21] which can accurately predict protein structure.

Such advances were partially enabled by the exponential rate of improvement of

classical compute hardware. Indeed, Moore’s law [22], which posits that the number

of transistors on a given chip doubles roughly every year (or more recently, every

two years), has primarily been fuelled by shrinking the size of transistors with each

new chip generation. However, this halving in size cannot continue indefinitely,

and so it seems likely that Moore’s law will soon come to an end [23]. However,

as observed in [24], the total compute required to train state-of-the-art machine

learning models has been growing exponentially over the last decade. Combined

with transistor-based hardware reaching their physical limits, to continue this rate of

growth, an exponential increase in the amount of resources (chips, and input energy)

would be required. Illustrating how soon we might start to see stalling advances in

classical compute hardware (at least through the shrinking of transistors), Apple

states that its latest generation (M3) of chips are produced using a 3nm fabrication

technique. This is already approaching the scale of atoms, and it seems likely that

quantum effects will soon begin to prevent further miniaturization [23].

Consequently, it is natural to wonder if these quantum effects could instead be

directly leveraged to further accelerate linear algebra and machine learning workloads.

Developing the machinery to enable this is the primary goal of this thesis.

1.2 Technical Introduction

Now, I will briefly provide an elementary technical summary of quantum computing,

some useful definitions, results from prior work, and other miscellaneous details

which are used across multiple chapters of this thesis.
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1.2.1 Quantum Computing Overview

In this thesis, I assume familiarity with the basics of quantum computing. A

standard introductory (and comprehensive) reference is [25]. Here, I provide an

extremely brief summary of the absolute basics.

A quantum state is an ℓ2-normalized complex vector. Quantum computers

operate on qubits, where a qubit is a 2 dimensional quantum state. A quantum

algorithm is enacted by a unitary transformation acting upon an initial quantum

state, and is specified by a quantum circuit, which consists of a sequence of single

and two qubit gates. A quantum gate is a physically realizable unitary operation

which a quantum computer can directly (or at least with some compilation) execute.

Four common single-qubit gates are the Hadamard matrix, and the Pauli

X, Y and Z operators:

H := 1√
2

(
1 1
1 −1

)
X :=

(
0 1
1 0

)
Y :=

(
0 −i
i 0

)
Z :=

(
1 0
0 −1

)
. (1.1)

As a note, I often use H to refer to arbitrary matrices, so when it refers to the

Hadamard matrix it will be clear from the context. A common two-qubit gate

is the controlled-not gate CX,

CX :=


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 . (1.2)

1.2.2 Technical Definitions and Extant Results

Definition 1.2.1 (Matrix eigenvalue functions). Given a N ×N normal matrix

H = ∑N
j=1 λj|λj⟩⟨λj|, with H|λj⟩ = λj|λj⟩, and a function f : C 7→ C, we define a

matrix function on its eigenvalues, i.e. f(H) := ∑N
j=1 f(λj)|λj⟩⟨λj|.

Definition 1.2.2 (Lipschitz constant and Lipschitz continuity). If a function f is

Lipschitz continuous on the interval [a, b], there exists some constant L ≥ 0 such

that for all x ̸= y (with x ∈ [a, b] and y ∈ [a, b]),

|f(y) − f(x)|
|y − x|

≤ L. (1.3)
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Moreover, we call the smallest L satisfying the preceding equation the Lipschitz

constant; the Lipschitz constant L is given by L := maxx∈[a,b] |f ′(x)|.

Definition 1.2.3 (Efficient Uniform Approximation). Let f(x) : [−1, 1] → R be a

real-valued function in the domain x ∈ [−1, 1]. With k ∈ Z+ and ϵ > 0, we say that

the function f(x) is (ϵ, k)-uniformly approximated by a polynomial if there exists a

degree-k polynomial Pk : [−1, 1] → C such that

max
x∈[−1,1]

|f(x) − Pk(x)| ≤ ϵ. (1.4)

Equivalently, we say that f(x) is an “ϵ-approximable function with degree k”, where

k can be any function of ϵ.

Definition 1.2.4 (Efficiently Computable Functions). Given the above families of

continuous functions, we consider f to be efficiently computable if there exists an

efficient quantum algorithm Of performing the mapping,

Of |x⟩|0⟩ = |x⟩|f(x)⟩, (1.5)

for any computational basis state |x⟩ given a suitable binary encoding of the real

and complex numbers x and f(x), respectively. Such an oracle may be efficiently

constructed for any function where an efficient classical circuit allows the evaluation

of f for any possible input in the domain. Intuitively, if there is a classical algorithm

allowing the evaluation of f , then it is possible to construct Of .

Another useful gate definition which will be frequently used is the following.

Definition 1.2.5 (RY (t) Gate). Let t ∈ R, and let Y be the standard single-qubit

Pauli-Y gate. Then, define

RY (t) := e−itY = cos(t)I − i sin(t)Y =
(

cos(t) − sin(t)
sin(t) cos(t)

)
. (1.6)

For completeness, I will now present a standard result allowing one to transfer

digitally represented information to the amplitudes of a quantum state. Similar

versions of this result are used throughout this thesis, see Lemma B.2.1 for

the first usage.
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Lemma 1.2.1 (CRY (t) Gate). Let t ∈ R. Let Y be a standard Pauli-Y gate.

Let |a⟩d be a d-bit standard basis vector, and let |ψ⟩1 be an arbitrary single-qubit

quantum state. Then, we can define the gate CRY (t) by the following action,

CRY (t)|ψ⟩1|a⟩d = (e−iatY |ψ⟩1)|a⟩d. (1.7)

In the event that |ψ⟩1 = |0⟩1, this action can be simplified to

CRY (t)|0⟩1|a⟩d = (cos(at)|0⟩1 + sin(at)|1⟩1)|a⟩d. (1.8)

Moreover, the CRY (t) gate is implemented with O(d) circuit depth.

Proof. This is a standard result. This proof is included for completeness, and

follows the one in [2]. Let D = 2d. First, note that CRY (t) = ∑D−1
a=0 e

−iatY ⊗ |a⟩⟨a|.

Additionally, let a = ad−1ad−2 . . . a1a0 = ad−12d−1 + ...+ a12 + a0. Then,

e−iatY = e−i(ad−12d−1+...+a12+a0)tY = e−iad−12d−1tY · . . . · e−ia1tY e−ia0tY . (1.9)

Then, CRY (t) can be implemented by applying a sequence of d controlled e−i2jtY

gates (Definition 1.2.5), targeting the first register, controlled on the jth bit of the

second register.

Note that CRX and CRZ gates can be defined analogously; see Lemma B.2.1.

Matrix Block-Encoding

A widely used tool in quantum algorithm design is the block-encoding [26], which

can be viewed as a way to encode and manipulate matrices in quantum algorithms.

A block-encoding is a unitary matrix U , specified by a quantum circuit, whose top

left block contains a matrix Ã (such that ∥Ã∥2 ≤ 1) which is a scaled approximation

to some matrix A. We give the formal definition in the following.

Definition 1.2.6 (Block Encoding [26]). Suppose that A is a 2s × 2s matrix,

α, ϵ ∈ R+ and a ∈ N, then we say that the 2s+a × 2s+a unitary matrix U is an

(α, a, ϵ)-block-encoding of A, if

∥A− α(⟨0|⊗a ⊗ I)U(|0⟩⊗a ⊗ I)∥ ≤ ϵ.
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Essentially, noting that ⟨0|⊗a ⊗ I =
(
I 0 . . . 0

)
, we see that ⟨0|⊗a ⊗ I selects

the first 2s rows of U , and then |0⟩⊗a ⊗ I selects the first 2s columns of (⟨0|⊗a ⊗ I)U ,

meaning that (⟨0|⊗a⊗I)U(|0⟩⊗a⊗I) is simply the top-left 2s×2s block of U . Indeed,

if ϵ = 0, then A/α = (⟨0|⊗a ⊗ I)U(|0⟩⊗a ⊗ I). Additionally, α can be viewed as an

upper-bound on the normalization factor of A, e.g., if ϵ = 0, then ∥A/α∥2 ≤ 1. Any

matrix encoded in a sub-block of a unitary matrix cannot have norm exceeding 1.

Lemma 1.2.2 (Product of Block Encodings [26]). If U is an (α, a, δ)-block-encoding

of an s-qubit operator A, and V is an (β, b, ϵ)-block-encoding of an s-qubit operator

B then (Ib ⊗ U)(Ia ⊗ V ) is an (αβ, a+ b, αϵ+ βδ)-block-encoding of AB.

In Lemma 1.2.2, following the convention of [26], it is assumed that U acts

trivially on the ancillas of V , and V acts trivially on the ancillas of U – this notation

is not used anywhere else in this paper. I.e., the tensor products in (Ib ⊗U)(Ia ⊗V )

are not read in the usual sense in this lemma.

Vector Encoding (VE)

In this subsection, I motivate and present the concept of a vector encoding, which

I first introduced in (and is a contribution of) the paper covered in Chapter 4

(although I originally called it a state-preparation block-encoding (SPBE)), and

further developed in Chapter 5.

Analogously to how a quantum block-encoding encodes a general matrix in

the top left block of a unitary, we can embed arbitrary (sub-normalized) N -

dimensional vectors in the first N rows of a larger vector corresponding to a

normalized quantum state.

This naturally leads to the following definition of quantum vector-encodings

(VEs)

Definition 1.2.7 (Vector-Encoding (VE) Chapter 4). Let α ≥ 1, a ∈ N, and ϵ ≥ 0.

We call the 2a+n × 2a+n unitary matrix Uψ an (α, a, ϵ)−VE for the 2n-dimensional

quantum state |ψ⟩n, if

∥|ψ⟩n − α (⟨0|a ⊗ In)Uψ|0⟩a+n∥2 ≤ ϵ. (1.10)
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Note that (⟨0|a ⊗ In)Uψ|0⟩a+n corresponds to the exact vector encoded by

Uψ, specifically encoded in the first 2n rows of the first column of Uψ. The

parameter α is a measure of the norm of the encoded vector, e.g., if ϵ = 0 then

∥(⟨0|a ⊗ In)Uψ|0⟩a+n∥2 = 1/α. One of the most essential components of working

with matrix-vector arithmetic in quantum algorithms is tracking the norm of the

encoded vectors throughout the algorithm, as the quantum complexity is usually

inversely proportional to the norm of the encoded vector. Vector encodings give a

methodical way to track encoded vector norms when implementing various matrix-

arithmetic operations on the encoded vectors.

Quantum Singular Value Transformation

I will now state the result enabling the quantum eigenvalue transform of Hermitian

matrices by arbitrary complex polynomials of [26].

Theorem 1.2.1 (Theorem 56 of [26]). Given a degree−k polynomial of the form

P (x) = ∑k
j=0 ajx

j with x ∈ [−1, 1] and ∀j, aj ∈ R such that ∀x, |P (x)| ≤ 1/4, a

(α, a, ϵ)-block-encoding UH of a Hermitian matrix H, one can construct a quantum

circuit Ũ , implementing a (1, a+ 2, 4k
√
ϵ/α + δ)-block-encoding of P (H/α). Ũ can

be constructed with O(ka) single and two-qubit gates, and a total of k + 1 calls to a

controlled UH and controlled U †
H circuit. Moreover, the circuit description of Ũ can

be computed with classical time complexity of O(poly(k, log(1/δ)).
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2
The Limitations of Quantum Random

Access Memory

This chapter (and the associated Appendix A) primarily presents Section IV

(and the associated appendix entries), and the necessary prerequisite material,

of the publication:

[1] Samuel Jaques and Arthur G Rattew. “Qram: A survey and critique”. In:

arXiv preprint arXiv:2305.10310 (2023)

Some text is taken verbatim from the sections of the publication for which I was

the original author. In summary, my primary contributions to this paper were

the analysis of the limitations of active QRAM when used for quantum linear

algebra applications. I also helped to establish the limitations of active and passive

QRAM systems. For complete acknowledgments and funding disclaimers, please

see the relevant sections of [1].
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2.1 Introduction

In many applications where we wish to use quantum processors to accelerate the

underlying linear algebra of classical machine learning problems, we are interested

in processing or analyzing some source of classical data which was produced in the

real-world. This necessitates a storage mechanism to enable the processing of the

data. For classical machine learning algorithms, these data will usually be stored in

some sort of long-term storage (e.g., hard drives, solid state memory, etc.) and then

moved into Random Access Memory (RAM) when it is actively being processed.

Importantly, in classical algorithm analysis, memory access to a memory with N

elements is usually assumed to have O(1) or O(logN) access cost. A quantum

algorithm processing real-world data also needs a mechanism to store and access

those data. Quantum Random Access Memory (QRAM) is the mechanism widely

assumed to serve this purpose in the literature. The seminal bucket-brigade proposal

of [27] introduced many of the ideas and techniques used in later QRAM proposals.

I will formally introduce QRAM in Section 2.2. It is widely assumed that QRAM

has either an O(1) or O(logN) access cost, matching the corresponding complexity

of RAM access. However, this will turn out to be a problematic assumption which

fails under scrutiny, leading to a number of substantial problems which must be

addressed. In this chapter, I will outline some of the key issues with QRAM that

we showed in [1], and then I will demonstrate how quantum speed-up in a broad

range of linear algebra and machine learning tasks is actually lost when correctly

accounting for the true cost of QRAM access.
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2.2 The Different Types of QRAM

First, I will present four types of QRAM which depend on the nature of the accessing

mechanism and on the nature of the data. I will next derive an implementation

of QRAM in the circuit model with logarithmic circuit depth in the size of the

memory. While it is widely assumed that such a circuit QRAM has a logarithmic

depth, I’m not aware of any results explicitly proving a logarithmic depth circuit

(although many will find it obvious). This is a new way to derive it, building up

the circuit with layers of abstraction which clearly reveal the underlying routing

behaviour, which assists with subsequent discussion. However, to emphasize, the

novelty in Section 2.2.2 is primarily as an educational aid, and as a simple reference

should one be needed for the exact circuit complexity of circuit QRAM. Finally, I

will present two categories which each of these different QRAMs can be assigned to,

active and passive, depending on details of the underlying implementation.

2.2.1 QRAM Categories Depending on Data Type

In [28] two categories are presented, which leads them to a natural definition

for four types of QRAM:

• Is the data stored quantum or classical?

• Is the data accessed by a quantum or classical process?

Consquently, as given by [28], the four types of QRAM are: 1) Classical Access

Classical Memory (CRACM), 2) Quantum Access Classical Memory (QRACM), 3)

Classical Access Quantum Memory (CRAQM), and 4) Quantum Access Quantum

Memory (QRAQM). Its worth briefly noting that CRACM is just classical memory

(e.g., RAM), and that defining CRAQM requires some care, as obviously a classical

process cannot directly read quantum data. We formally define each of these

different types of QRAM in our paper. However, as I am primarily concerned with

using quantum computers to accelerate classical algorithms operating with classical

data, in this document I will use QRAM to mean QRACM, noting that this is the

convention implicitly used in most of the quantum algorithms literature.
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As such, I will now formally define QRAM:

Definition 2.2.1 (Quantum Random Access Memory (QRAM)). Let n ∈ N, d ∈ N,

and define N = 2n. Given a set of N classical values, {xi}N , each represented

with d bits, We define the unitary U to be a QRAM if it implements the mapping,

U |i⟩n|0⟩d = |i⟩n|xi⟩d.

A key question is how the mapping U |i⟩n|0⟩d = |i⟩n|xi⟩d is actually implemented

for arbitrary integer values of xi. In some highly structured cases, e.g., where

there exists an efficiently computable function (see Definition 1.2.4 for a formal

definition), it can be possible to implement the mapping directly via quantum

arithmetic (e.g., [29–34]) without the need for a large quantum memory. However,

in general, there will not exist an efficiently computable function being able to map

N inputs to D possible outputs (there are DN such functions). Thus, in general,

Ω(N) memory is required to implement such a mapping. To see this, consider

a paraphrased argument due to my co-author based on the original argument of

Shannon [35]. Noting that NAND is universal for classical computation, assuming

that either a NAND gate may be applied to any two wires or no operation will

be applied, there are O(2poly(n,m)) possible gate assignments in a single circuit

layer of width O(poly(n,m)). Assuming the circuit depth is O(poly(n,m)) (and

thus that this is an efficient circuit), then there are O(2poly(n,m)) possible efficient

circuits with n bit inputs and m bit outputs. Consequently, as there are (2m)2n

possible such functions, there are exponentially more possible functions mapping n

bits to m bits than there are efficient circuits acting on those bits. My coauthor

makes a similar argument to show that Ω(N) gates are required in general to

implement a QRAM with N memory cells. This challenge is only exacerbated when

the values in the QRAM need to be updated classically overtime (as a function

efficiently implementing a specific function cannot necessarily be easily modified

when values are updated). Finding cases where certain inputs can be prepared

without necessitating large quantum memories is the focus of Chapter 3. Therefore,

to reiterate, a QRAM which needs to assign values to N possible addresses will
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Figure 2.1: Controlled register copy circuit example. An example of the controlled
register copy circuit, with a two qubit source and target register. The shaded triangle
makes the target register pictorially explicit. This figure was prepared for a forthcoming
manuscript currently in preparation, and I included it in my thesis to improve expositional
clarity.

necessitate Ω(N) memory in general. This naturally leads to a discussion as to

how such memory architectures can be designed to interface with classical data.

In Section 2.2.2, I will derive a simple QRAM in the quantum circuit model which

illustrates the key ideas. In essence, in one model, one can imagine each quantum

memory register controlled by a classical register which sets the appropriate bit

values at that address. The quantum circuit then handles routing the data to the

appropriate address, yielding the output of the QRAM query.

2.2.2 Circuit QRAM Derivation and Complexity Analysis

I will now build up the tools necessary to compactly depict and analyse a QRAM

circuit with logarithmic depth in the number of memory registers contained. To

motivate how the circuit works, I will also present a naive QRAM circuit with depth

linear in the number of constituent memory registers. These are standard results,

and are presented to provide context and motivation for the following sections.

A key idea in all QRAM proposals, be it in the circuit model or otherwise,

is that an input address signal needs to be efficiently routed to the appropriate

memory register so that the data can be coupled to the correct state in an input

address superposition [15]. In the following derivation, rather than routing the

address signal, I use the address signal to route the memory data to the output

register, which is equivalent but easier to depict with circuit diagrams.

First, I will begin by defining the following multi-register gate.
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Lemma 2.2.1 (Controlled Register Copy Circuit). We can define a controlled

register copy circuit, which has a single control qubit, a d-qubit source register

(containing a basis vector), and a d-qubit target register initialized as |0⟩d. The

circuit copies the value of the basis vector in the source register into the target

register with a total circuit depth of O(d). It is easy to verify that this operation is

a self-inverse. 1

An example of this circuit where the source and target registers have d = 2

is shown in Fig. 2.1. This circuit is easily implemented by simply copying each

bit with a CX gate, conditioned on the control qubit (i.e., with a chain of Toffoli

gates), yielding the O(d) circuit depth mentioned. The fact that each bit must

be conditioned on the control bit in sequence is why the circuit doesn’t have O(1)

depth (as the CX gates would otherwise be parallelizable). This could actually

be optimized by splitting the control signal through a binary cascade with O(d)

ancillas to have a circuit depth of O(log2 d), but this is not a necessary optimization

for the purpose of this exposition.

This gate definition is sufficient to provide a simple derivation of a naive circuit

QRAM construction, which then motivates the depth-efficient QRAM circuit.

Theorem 2.2.1 (Naive Circuit QRAM). Consider a QRAM architecture with

n-bit address states (and thus N = 2n memory registers, {|xi⟩d}i), with each

memory register containing d-bits of classical data. A simple QRAM circuit can be

implemented by a sequence of N multi-controlled register copy circuits, with the ith

only active when the address register has basis vector |i⟩n, and copying the contents

of |xi⟩d to the output register. This circuit has Ω(N) depth.

An example of such a naive QRAM circuit is shown in Fig. 2.2, where n = 2

(and thus there are 4 memory registers). The pattern of control bits selects, in order,

the memory registers with addresses 00, 01, 10 and 11. This QRAM architecture is

fundamentally limited by the fact that each register copy gate must be controlled

on the same set of address bits, and output on the same output register. If the
1Obviously, since this only copies basis vectors, this does not violate the no-cloning theorem.
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Figure 2.2: Naive QRAM circuit example with 4 memory registers. An example
of a naive QRAM circuit consisting of 4 memory registers each with d-bits. This figure
was prepared for a forthcoming manuscript currently in preparation, and I included it in
my thesis to improve expositional clarity.

address registers where separate for each of the N gates, and the output register

was also separate, the gates could be parallelized with O(1) depth. Consequently,

to get a more efficient architecture, we will create O(N) copies of the address

bits through a binary branching process, and then we will use a set of routing

ancillary qubits to efficiently move the addressed data to the lone output register,

while enabling mass parallelization.

Before I present the efficient circuit QRAM architecture, I will define one last

gate which implicitly handles much of the address signal splitting, enabling an

abstract and simple representation of the circuit QRAM.

While the action of the following gate (called a Controlled Multi-Register Copy

Circuit) may be a little obfuscated by the formal definition, its action is quite

simple. If the control register is 1, it copies the basis vector in the ith source register

into the ith target register. If the control register is 0, the gate acts as identity.

Figure 2.3 clearly illustrates this gate, and defines it on an example with 4 target

and source registers. The following formal result does not have to be understood to

understand how the subsequent circuit QRAM architecture I present works. It is

only necessary to give the analysis of the circuit complexity. To gain a high-level

picture, only the previously stated action of this gate needs to be understood.

Lemma 2.2.2 (Controlled Multi-Register Copy Circuit). Given a single-qubit

control register, N source registers each with d-qubits {|xi⟩d}i (with each source
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register a basis vector), and N target registers in the |0⟩d state, the controlled

multi-register copy circuit (C) is defined by its action in the standard basis as

follows:

C|i⟩1 (|x0⟩d . . . |xN−1⟩d) (|0⟩d . . . |0⟩d)

=
|i⟩1 (|x0⟩d . . . |xN−1⟩d) (|0⟩d . . . |0⟩d) if i = 0

|i⟩1 (|x0⟩d . . . |xN−1⟩d) (|x0⟩d . . . |xN−1⟩) if i = 1.

Parens are included to visually distinguish the sets of source and target registers.

This gate can be implemented with O(N) total ancilla qubits, O(dN) total operations,

and O(d+ log2 N) circuit depth. Note, this gate can act on a subset of the registers

in a given circuit. In this case, assuming the source and target registers are all

numbered, the gate can be written as Ci:jk:l to indicate that it copies source registers

i through j into target registers k through l (then, N = j − i + 1 = l − k + 1).

Moreover, it is easy to verify that this operation is a self-inverse. 2

Proof. This circuit can be implemented in three stages, (a), (b) and (c). To visualize

the stages, consider Fig. 2.3.

(a) In stage (a), the input control signal is split into N separate qubits, through

a sequence of binary copy operation with |0⟩1 initialized ancillas. This

is done through log2 N steps, where in each step the number of qubits

containing the control signal is doubled. Each qubit is doubled by applying

two successive CNOT gates to it, each targetting a different fresh |0⟩1 ancilla

qubit. Consequently, there are 2+4+...+N/2+N = N
∑log2 N−1
i=0

1
2i = 2(N−1)

ancillary registers (using the closed form for a geometric series). Moreover,

there are two sequential operations performed in each step, yielding a circuit

depth in this stage of 2 log2 N . Indeed, in box (a) of Fig. 2.3, you can see

4 = 2 log2 4 non-parallelizable CNOTs. Finally, it can be observed that each

ancillary control qubit is the target of one and only one CX gate, and so the
2By optimizing the controlled register copy circuit of Lemma 2.2.1, the depth complexity of

this gate could be improved to O(log2 d + log2 N), while adding O(d) ancillas, but this is not
necessary for this discussion.
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Figure 2.3: Pictorial example of a controlled multi-register copy circuit. An
example of a naive QRAM circuit consisting of 4 memory registers each with d-bits.
Again the shaded triangle makes the target registers explicit. This figure was prepared
for a forthcoming manuscript currently in preparation, and I included it in my thesis to
improve expositional clarity.

total count of operations is equally to the total count of ancilla qubits, i.e., is

O(N).

(b) As seen in Fig. 2.3 in stage (b) a sequence of controlled register copy circuits

(from Lemma 2.2.1) is applied, such that each source register is copied into

the corresponding target register, using a unique copy of the control signal.

This allows all of the operations in this stage to be performed in the same

layer (i.e., in parallel), giving a total circuit depth of the cost of one controlled

copy circuit (i.e., a depth of exactly d toffoli gates, so O(d)) and requiring a

total of O(dN) parallel operations.

(c) In stage (c), the ancillary registers are uncomputed, returning them to their

original |0⟩1 states, allowing the ancillary registers to be removed after the

gate is applied. This has the same complexity as stage (a) and thus does not

change the asymptotic complexity of the gate.

Thus, the exact, non-asymptotic circuit depth in terms of the number of toffoli
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Figure 2.4: Logarithmic depth circuit QRAM example with 8 memory registers.
The only gates used in this circuit are the controlled multi-register copy gates previously
defined, whose action are to copy the set of registers indicated by the white triangles
into the corresponding target registers indicated by the shaded triangles. Every gate in
this circuit can be implemented exclusively with Toffoli gates, and so this is an entirely
classical construction. This figure was prepared for a forthcoming manuscript currently
in preparation, and I included it in my thesis to improve expositional clarity.

gates is 2 log2 N + d + 2 log2 N = 4 log2 N + d. Asymptotically, adding the costs

from each stage, we see that the total number of ancilla qubits required are O(N),

the total circuit depth is O(d+ log2 N), and the total number of parallel operations

performed are O(dN).

The machinery necessary to provide a concise and clear description of a depth-

efficient QRAM circuit has now been developed. I will now provide an intuitive

understanding for the efficient circuit QRAM architecture shown in Fig. 2.4, and

will subsequently provide a formal proof. In the formal proof, I first prove the

complexity of the QRAM circuit exactly as shown. I then give a simple modification

to the circuit which reduces visual clarity, but removes the power of two from

the logarithm in the depth complexity.
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The circuit in Fig. 2.4 operates in three stages. In the first stage, the box

labelled (a) in the figure, half of the data in the memory registers is copied to a

set of N/2 ancillary registers, with the set copied depending on the first bit of the

address register. For example, if the first bit in the address register is 1, then all

the data with address 1i1i2 . . . in−1 will be copied to the ancillary register with N/2

ancillary registers. This process is then repeated, conditioning on the next bit in

the address register, and moving the data to the next set of appropriate ancillary

registers (the number of which is halved each time a new bit is considered). In

the second stage, the box labelled (b) in the figure, there are only two options

for the correct output, and the final bit is used to determine which of the data in

temporary storage is output. In the final stage, box (c) in the figure, the ancillary

registers are all reset to their original starting state of |0⟩d. Essentially, a binary

routing tree is implicitly happening where half the data is copied at each stage to

satisfy the corresponding bit in the address register until the only data to be copied

is the data that should be output for the given address query. Finally, observe

that all of the gates in the circuit can be implemented by Toffoli gates (with some

constant additional ancillas set to either 0 or 1 as needed).

Theorem 2.2.2 (Log-Depth QRAM Circuit). Consider a QRAM architecture with

n-bit address states (and thus N = 2n memory registers, {|xi⟩d}i), with each memory

register containing d-bits of classical data. A circuit with an architecture based off

the one shown in Fig. 2.4 implements a QRAM with circuit depth O(d log2 N), with

a total of O(dN) parallel operations, and with O(Nd+N log2 N) ancillary qubits. 3

Proof. First, I will prove the complexity of the QRAM circuit implied by Fig. 2.4.

Then I will give a simple modification which improves the depth complexity. I will

begin by proving the complexity of each of the three stages of the circuit, as they

correspond in the figure:
3If the controlled copy circuit itself used a binary splitting of the control qubit, the factor of

d from its depth complexity could be reduced to log2(d), and the overall circuit depth could be
something like O(log2 d log2 N), but this is beyond the scope of this illustration of circuit QRAM.
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(a) There are O(n) layers of controlled multi-register copy circuits (Lemma 2.2.2).

The ith layer acts on a set of N/2i+1 source and target registers, meaning that

it uses O(N/2i) ancillary registers, has a circuit depth of 4 log2(N/2i−1) + d,

and performs a total of O(dN/2i) operations in parallel. Noting that the

ancillary registers are cleared after each controlled multi-register copy circuit,

the ancilla count is dominated by the number of ancillas in the QRAM circuit

itself (rather than the internal ancilla in the controlled multi-register copy

gates) and is thus bounded by dN loglog2 N
i=0

1
2i ∈ O(dN). The total number of

operations is dominated by the case where i = 0, and so the total number

of operations are given by O(dN). Finally, the circuit depth is bounded by∑log2 N
i=1 (4 log2(N2i ) + d) ∈ O(d log2 N + log2

2 N).

(b) This is just a controlled copy gate (Fig. 2.1) acting on a d bit target and

source register, and thus has a depth of O(d).

(c) This is just cleaning the ancilla qubits, and has the same complexity as (a),

so it doesn’t change the overall complexity.

Consequently, with the circuit as presented, the overall ancilla count and total

number of parallel operations are O(dN), and the circuit depth is O(d log2 N +

log2
2 N). However, lets examine where the log2

2 N complexity term comes from. Since

each of the controlled multi-register copy gates act on some of the qubits from the

previous gate, they cannot naively be parallelized. However, the only overlapping

operations are on the target and source registers of each controlled multi-register

copy gate, and these operations have O(d) complexity. As a result, if we simply

handle all the address splitting operations in parallel at the start of the algorithm,

we will reduce the depth complexity from log2(N) to logN , as I will now prove.

The first step of the circuit would now be to create 2n−i−1 copies of the ith address

bit, all in parallel. The circuit depth of this copying stage is thus bounded by the

case where i = 0, would thus be given by 4 log2(N/2) + d ∈ O(d+ log2 N). Then,

the controlled multi-register copy gates could be replaced with only the part in box

(b) in Fig. 2.3 (i.e., removing the binary splitting stage and the ancilla clean-up
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stage). Then, each controlled multi-qubit copy gate would thus add O(d) circuit

depth. Since there are O(log2 N) of these gates, the circuit depth from box (a)

in Fig. 2.4 would thus be O(d log2 N). This would be the dominant term in terms

of circuit depth, and so the overall circuit depth of this QRAM circuit would thus

be given by O(d log2 N). The total number of operations would remain unchanged

(they’ve just been arranged in a more parallelizable manner now), and would thus

be O(dN). However, by parallelizing the splitting of the address bits, we can no

longer reuse the ancilla qubits use for the controlled multi-register copy circuits. As

a result, noting that the ith address bit requires O(N/2i) ∈ O(N) ancillas, and that

there are n = log2 N bits, the total ancilla count from splitting the address register

would be O(N log2 N). Adding in the ancillas from the QRAM circuit for routing

addresses, the total ancilla count would be O(Nd+Nlog2N).

Throughout the proofs in this subsection, I’ve paid particular attention to

tracking the total number of operations and not just the circuit depth (as is

usually the case when deriving quantum algorithms). The reason for doing so

will become clear in the next section.

2.2.3 Passive and Active QRAM

In this subsection, I condense key arguments made by my coauthor and myself

relating to active and passive QRAM. This is important to motivate my sub-

sequent contributions regarding the application of QRAM to quantum linear

algebra problems.

A key idea in our paper is dividing all types of QRAM into two categories: active

and passive. An active QRAM with N memory cells has Ω(N) total (potentially

parallelizable) cost per query. A passive QRAM has a total query cost of o(N).

Clearly, whether a given QRAM is active or passive depends on the underlying

physical implementation of the memory.

As argued by my co-author, with regular RAM containing N values, when a

single address is provided, through a binary routing tree the cost to access the data

at the specified address is O(logN); only the nodes along the path to the specified
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address need be activated (with all nodes sitting in an idle state until receiving a

signal to activate from a parent node). One might hope that a similar argument

might also hold in the quantum case potentially enabling a QRAM to activate only

the necessary routing nodes for a given input superposition, hopefully enabling an

o(N) access cost for certain input address superpositions (e.g., by only enacting

certain gates in the routing network in a circuit QRAM implementation). This has

a fundamental problem in that the controlling hardware would need to know which

states are present in the input superposition to provide energy to the appropriate

routing nodes, and it cannot learn this in general without collapsing the state. As

a result, if a QRAM requires external intervention (depending on the input address

superposition) at any node, then all nodes at that stage in the system must receive

external intervention. For example, in the circuit QRAM presented in Section 2.2.2,

the controlled copy operations routing the address to the memory nodes must all be

applied in order to be able to handle any possible unknown input. This immediately

implies that all circuit-based QRAMs are active (all the gates must be applied as

though a uniform superposition of addresses were input), and that any QRAM

using active error-correction on Ω(N) nodes must be active. To be absolutely clear,

if the QRAM is implemented in the circuit model, then its circuit depth is O(log n),

but it still has Ω(N) active gates which must operate in parallel. Consequently, the

total (parallel) cost for this circuit QRAM is Ω(N). For an easy example illustrating

why the special case of a circuit QRAM implemented by an error corrected circuit

must be active, consider the following. If the circuit is error corrected, then each

qubit has O(1) classical processors that manage the error-correction, and so there

are Ω(N) parallel resources required per QRAM query.

As a result, for a QRAM to be passive, it cannot be error-corrected4. Moreover,

for any given input, a passive QRAM must be able to propagate the address signal

through the QRAM system without expending energy at any given routing step,

or requiring any sort of external intervention which depends on the specifics of

the input address superposition. This means that even purpose built hardware
4There are some methods for passive error-correction, which are mentioned in the paper, but

are not relevant to this discussion
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implementing QRAM (outside of the circuit model) will be active if the underlying

architecture requires external energy intervention to enact operations on each qubit

(e.g., in the form of laser pulses on superconducting qubits). This greatly limits

the types of possible implementations for a passive QRAM.

Essentially, for a QRAM system to be passive, each of the constituent qubits

needs to be able to able to route arbitrary superpositions of input addresses to

the corresponding memory registers without requiring any energy to do so, must

be able to maintain the state of the memory registers without any energy input,

and must do this while maintaining sufficiently high fidelity on all routing and

coupling operations without any active error correction. While there are a handful

of proposals which may eventually satisfy all these constraints (e.g., [27, 36–38]),

even neglecting the formidable engineering challenges in their construction and

even assuming that such devices can be built, there is still a substantial theoretical

challenge that might preclude the utility of passive QRAM.

As mentioned, for a QRAM system to be passive it cannot be error-corrected.

However, the quantum computer using the QRAM will have to be error-corrected

to run any of the proposed fault-tolerant quantum linear algebra algorithms. As

such, how can a noisy QRAM system be accessed by the logically encoded state in

the error-corrected quantum processor? One naive answer would be to temporarily

leave the protection of the error-corrected state in the main computational register,

leaving the state as a physical quantum state, querying the QRAM, and then re-

encoding the state. This has obvious fundamental problems. Another option would

be to discover an error-correcting code which supports the entire QRAM operation

transversally, which in essence, would mean that the QRAM could be applied to

each of the physical qubits in some pattern and that the resulting operation would be

equivalent to querying the QRAM from the logically encoded quantum state. If such

an error-correcting code exists, and if a bucket-brigade-like [27] scheme (enjoying

the error suppression benefits thereof [39]) could actually be implemented passively,

then it is conceivable that there could be certain quantum linear algebra applications

that could actually get real value using such a QRAM device. I briefly discuss this
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possibility in Section 2.3.4. As shown in the circuit QRAM example, a QRAM can

be implemented entirely using Toffoli gates, and so such an error-correcting code

would need to support Toffoli transversally. Such an error correcting code may not

exist (in a useful way), and my coauthor discusses this further in the paper.

In summary, it is dubious if a passive QRAM is physically realizable, and even if

it is, it is unclear if it could actually be accessed in a useful way by an error-corrected

quantum computer. As a result, the default assumption should be that QRAM will

be active, and so algorithms need to be analysed through the lens of opportunity

cost. This is what I will do in the next section (Section 2.3).

2.3 Limitations of QRAM Applied to Linear Al-
gebra and Machine Learning

Given that I have now outlined the substantial challenges in constructing a passive

QRAM, and that the only feasible QRAMs appear to be active, I will now analyse

quantum algorithms for linear algebra and machine learning assuming that all

QRAM assumptions are implemented by active QRAM systems.

Certain statistical and/or machine learning problems can be framed as linear

algebra, where we transform some vectors by matrices. Quantum linear algebra aims

to accelerate these transformations; however, if the input data are large databases,

this requires QRAM. The following references provide an overview of some of

the techniques used in, and applications of, quantum machine learning, in some

cases discussing their assumptions regarding the necessity of QRAM [26, 40–42].

Moreover, the following references provide an overview of, and detail important

techniques in, quantum linear algebra with some discussing the creation of the

QRAM data structures relevant for linear algebra [15, 26, 43–47].

I now detail the input model and formally define the general linear algebra task

considered. I then discuss the necessity of QRAM (i.e. for “unstructured” input

data), and evaluate the opportunity cost of QRAM by giving algorithms for the

classical co-processors to solve the defined linear algebra problem. I conclude that

without passive QRAM, quantum linear algebra algorithms provide no asymptotic
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advantage, unless at a scale large enough that the classical co-processors cannot

share access to the same memory, but small enough that signal latency is negligible.

Ref [48] made these opportunity cost arguments for matrix inversion, [49]

applied them to an approach to “Quantum PageRank”, and [50] briefly note that

these arguments generalize. This section expands and generalizes these ideas,

incorporating questions of physical layout.

2.3.1 Input Model and Matrix Functions

Assume we are given some matrix H ∈ CN×N such that H = H†, via query access

to the elements of H, and some vector v ∈ CN again via query access to its elements.

The query access is provided via oracles which return the output associated with

any given input. For example, the oracle for matrix H may be given by

OH |x⟩|y⟩|0⟩ = |x⟩|y⟩|Hxy⟩. (2.1)

In the case where H is sparse (i.e. H has at most d non-zero elements in any given

row or column), we also assume we are given another oracle specifying the locations

of the non-zero elements. Moreover, I will focus on the case where the matrix

under consideration is both square and Hermitian, noting that non-square and non-

Hermitian matrices H̃ can be embedded into a Hermitian matrix H :=
(

0 H̃
H̃† 0

)
,

as is commonly done in the literature [15]. In this embedding, the eigenvalues of H

are directly related to the ± singular values of H̃, and its eigenvectors are a simple

function of the right and left singular vectors of H. Finally, define a function f of

a Hermitian matrix H as a function of its eigenvalues, i.e. when H|λi⟩ = λi|λi⟩,

f(H) := ∑
j f(λj)|λj⟩⟨λj|. This differs slightly from some definitions, which define

the function on the singular values. I will focus on the general set of linear algebra

problems which are equivalent to computing the vector f(H)v. I further restrict f

to be a degree-k polynomial, with small loss of generality since polynomials can

approximate most functions of interest on the domain [−1, 1]. I give the formal

problem statement in Problem 2.3.1.
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Problem 2.3.1 (Polynomial Eigenvalue Transform Problem). Given a polynomial

function f : [−1, 1] 7→ C of degree at most k, such that ∀x, |f(x)| ≤ 1, an N × 1

initial vector v and a d-sparse, N × N , Hermitian matrix H, specified by an

oracle OH (and an additional location-oracle in the case that d ∈ o(N)), such that

∥H∥2 ≤ 1, compute f(H)v/ ∥f(H)v∥2.

Many quantum linear algebra tasks can be cast in the framework of Problem 2.3.1,

such as matrix inversion, Gibbs sampling, power iteration, and Hamiltonian

simulation [46]. In essence we are describing the Quantum Singular Value Transform

(QSVT) framework [26], which can be seen as a unifying framework for nearly all

quantum algorithms as summarized in [46]. The QSVT is defined on the singular

values rather than the eigenvalues, but in the case of Hermitian matrices, the

singular values are just the absolute eigenvalues, and so the problems are practically

equivalent (with some additional tedium).

Of course, QRAM is not always necessary to offer query access to H or v. In

some cases, there exist circuits with polylog(N) depth which can implement the

mappings, such as in [2, 29, 34, 51]. With entries that are not efficiently computable,

an oracle to H needs QRAM access to the Nd non-zero entries of H. I assume

a “wide” QRAM such as a bucket-brigade or fanout-and-swap, which needs Nd

quantum registers but provides O(log(Nd)) circuit-depth per access. This analysis

holds if the QRAM is implemented with fewer quantum registers but with longer

access times, as that benefits the classical co-processors in comparison.

2.3.2 Dequantization

Tang [52] first introduced dequantization proving that the quantum algorithm for

recommendation systems of Kerenidis and Prakash [44] does not have exponential

quantum advantage over a randomized classical algorithm making a similar input

assumption. The argument starts by noting that the Nd non-zero elements of

the input matrix must be stored somewhere (e.g., by preparing a QRAM gate or

data structure), and this creates a Ω(dN) set-up cost. For example, the nodes of

a bucket-brigade QRAM must be initialized with the appropriate data.
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A similar amount of classical precomputation can create a data structure that

allows efficient ℓ2-norm sampling from all columns of the input matrix. Even

if data is added in an online setting to the quantum memory (amortizing the

cost), with similar cost a classical data structure can also be maintained with

online updates. Combined with a large body of classical randomized numerical

linear algebra techniques (e.g. [53, 54]), one can obtain classical algorithms for

Problem 2.3.1 with polylogarithmic dependence on the dimensions of the input.

Dequantization has some limitations. Most approaches require either the matrix

to be low-rank [52, 55, 56], or for the matrix to be sparse and the function being

applied to have at most a constant degree [56]. It also leaves room for some quantum

advantage, with QSVT requiring O(k) QRAM queries for a degree-k polynomial,

compared to an O(k9) cost for leading classical techniques [56]. In general, see Figure

1 of ref [57] to compare complexities of dequantization. New classical techniques

could close these gaps, but currently there are many algorithms with at least a

quartic speed-up over their dequantized counterparts, so if cheap QRAM existed,

even early fault-tolerant devices might see an advantage [58].

Importantly, dequantization arguments allow cheap access to the QRAM, and

only consider the opportunity cost of the quantum algorithm’s input assumptions

(e.g. the cost to construct the QRAM data structure). Instead I focus on the

access cost. If the QRAM requires classical control or co-processing (e.g. laser

pulses enacting the gates, or classical resources dedicated to error-correction), these

polynomial quantum advantages over their dequantized counterparts vanish (and

indeed the quantum algorithms would potentially even be exponentially slower than

their dequantized counterparts) – such arguments even apply for some algorithms

that cannot be dequantized.

Dequantizing QRAM With Tensor Networks It is also interesting to consider

when the sampling data structures used in dequantization can be replaced with

a tensor network.
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In the following, I will primarily focus on the case where QRAM is used to

construct a given quantum state (e.g., via a KP-tree [59]), i.e., where QRAM is used

to justify a state-input assumption. The dequantized equivalent input assumption

is called Sample Query (SQ) access [52]. For a given vector x ∈ RN , SQ(X) allows

a sample i to be drawn with probability pi = |xi|2/ ∥x∥2
2, and given an index i also

allows for the value xi to be computed efficiently. This can be readily extended to

allow similar access for matrices, by creating an SQ data structure for each row

(and a separate SQ structure for the norm of each row).

Tensor networks [60, 61] offer an efficient approach to approximate quantum

states with low entanglement entropy by exploiting their intrinsic entanglement

structure. In ideal cases, they can allow for drawing samples from a given state

with complexity polylogarithmic in the number of qubits. If the tensor network also

allows for query access to the amplitudes of the N -dimensional sampled state, then

such a tensor network could be used to replace the Ω(N) sized SQ dequantization

data structure from [52] with a more compact representation. Loosely speaking,

compact tensor network representations exist when the state is “close” to being in

a product state, with maximally entangled states being the hardest to represent.

As an example, tensor networks can be used to efficiently represent quantum states

corresponding to discretized smooth 1-dimensional functions, since each additional

qubit added increases the resulting entanglement entropy at an exponentially

decreasing rate [62]. As noted above, these ideas could then be extended to similarly

work with matrices. Combining tensor networks with dequantization approaches

is an interesting area for future exploration, potentially allowing for improved

randomized classical algorithms in practice.

Finally, considering a general QRAM oracle implementing the standard map,

|0⟩|i⟩ 7→ |xi⟩|i⟩, it would be interesting to explore for what kinds of data distributions

{xi}i tensor networks could be used to offer similar classical input assumptions, or

potentially even to optimize quantum data-input procedures.



2. The Limitations of Quantum Random Access Memory 29

2.3.3 QRAM Versus Parallel Classical Computation

In this section I discuss the possibility of a general asymptotic quantum speed-up

in Problem 2.3.1, by considering the opportunity cost of the classical control for the

QRAM. I assume the QRAM has O(Nd) logical qubits. With active error correction

for each qubit, syndrome measurements and corrections will require substantial

classical co-processing, with O(1) classical processors per logical qubit. I assume

each of these processors has constant-sized local memory with fast and efficient

access. It seems unlikely that any error-corrected QRAM architecture could use

asymptotically fewer classical resources. Even without error correction, only passive

QRAM avoids costs proportional to Nd. Advances in quantum computing could

drive the constant of proportionality to be smaller, but asymptotically the arguments

in this section will still hold, short of a significant breakthrough in the manufacturing

of passive QRAM (see Section 2.2.3 for a comparison of active vs. passive QRAM).

I then further consider some frequently neglected constraints on large scale

parallel computing, such as signal latency, connectivity, and wire length, which gives

three regimes of scale. The regime that considers total wire length but neglects

the speed of light is probably the least realistic regime considered, and it is likely

that the number of connections between processors/memory is more relevant than

the total length of wires. Nevertheless, I include this regime as it is the only one

we found which led to potential quantum advantage.

To start the comparison, I give a lower-bound on the number of QRAM

accesses that any quantum algorithm will need to solve Problem 2.3.1, then show a

classical algorithm that solves the problem with the same number of matrix-vector

multiplications. I then compare parallel classical matrix-vector multiplication

to a single QRAM access.

Theorem 2.3.1 (Quantum Polynomial Eigenvalue Transform). Given a degree k

polynomial on the interval x ∈ [−1, 1], with f(x) = ∑k
j=0 ajx

j, a d-sparse Hermitian

matrix H ∈ CN×N and an ℓ2-normalized vector |ψ⟩ ∈ CN , no general quantum

algorithm can prepare the state f(H)|ψ⟩/ ∥f(H)|ψ⟩∥2 with asymptotically fewer than

Ω(k) QRAM queries to H, each query with cost T .
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Scale Assumptions Quantum advantage
Free wires Instant Communication Sparse Matrices Dense Matrices

Small Yes Yes None None
Medium No Yes Õ((Nd)1/2) None
Large No No None None

Table 2.1: Comparing classical versus quantum algorithms for Problem 2.3.1 for N ×N
matrices, under different architectural assumptions with active QRAM. It may appear
strange that the potential quantum speedup in the Medium-Scale regime increases as
d increases, and then suddenly vanishes when d ∈ Ω(N). We suspect that a classical
algorithm for the medium-scale regime for sparse matrices with d ≫ 1 could be improved.
This table was made in collaboration with my co-author.

I delegate the formal details of this proof to Lemma A.0.1, and the result of

[26] almost immediately implies this bound. The following concise derivation is

included to enhance the clarity of presentation.

The main idea is that one can efficiently construct a block-encoding (see Defi-

nition 1.2.6) of a rank one projector from a uniform superposition to the marked

state of an unstructured search problem (specified via an oracle) with a singular

value equal to 1√
N

(where N is the dimension of the space). This can be done with

O(1) queries to the unstructured search oracle; however, immediately applying the

block encoding to an initial state has a low probability of success. I thus embed this

in a rank-2 Hermitian matrix and apply a polynomial approximation to the sign

function on the eigenvalues of this Hermitian matrix. The degree of this polynomial

is Õ(
√
N), and it gives a constant probability of success in measuring a solution

to the unstructured search problem. Consequently, if this polynomial could be

implemented with o(
√
N) queries, we could solve the unstructured search with less

than Ω(
√
N) complexity. Since unstructured search has an Ω(

√
N) lower bound,

this creates a lower bound of Ω(k) for any general quantum algorithm implementing

an eigenvalue transform of a degree-k polynomial.

Theorem 2.3.2 (Classical Parallel Polynomial Eigenvalue Transform). Given a

degree k polynomial on the interval x ∈ [−1, 1], with f(x) = ∑k
j=0 ajx

j, a d-sparse

Hermitian matrix H ∈ CN×N , and an ℓ2-normalized vector v ∈ CN , a parallel
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classical algorithm can exactly compute the vector f(H)v/ ∥f(H)v∥2 with O(k)

matrix-vector multiplications and k vector-vector additions.

Proof. By definition,

f(H) =
N−1∑
j=0

k∑
l=0

alλ
l
j|λj⟩⟨λj|. (2.2)

Applying the completeness of the eigenvectors of H, we immediately get f(H) =∑k
j=0 ajH

j. This means we must simply compute f(H)v = ∑k
j=0 ajH

jv. This

can be done with k matrix-vector multiplications by computing the powers H1v,

H2v,. . . ,Hkv, and adding ajHjv to a running total vector after each multiplication.

All the powers Hjv do not need to be stored, since each one can be deleted once

added to the total and the the next power of H has been computed. Once the

unnormalised vector f(H)v has been constructed, it can normalize by computing the

ℓ2-norm (which requires O(N) parallelizable operations, and O(logN) joining steps),

and then by diving each element in the output vector by this norm, which requires

a further O(N/P ) steps. I assume that the cost of matrix-vector multiplications

dominates the cost of this normalization.

From now on I ignore the cost of vector-vector additions (which parallelize

perfectly), since they are likely negligible compared to matrix-vector multiplications.

Thus, this comparison comes down to to the expense of matrix-vector multiplication.

In this computational model, the QRAM with Nd registers implies a proportional

number of classical processors, so I will now consider highly parallel matrix-vector

multiplication at different scales. Table 2.1 summarizes our conclusions.

Small-Scale Regime: At this scale all latency and connectivity concerns are

ignored. The QRAM access can then be done in Θ(log(Nd)) time (i.e., circuit

depth). Assume the classical processors can access a shared memory of size Nd, also

with O(log(Nd)) access time. A standard parallel matrix multiplication algorithm

(see Lemma A.0.2) allows the the P = Θ(dN) processors to multiply the matrix and

vector in Õ(1) time, matching the assumed time of the QRAM access. Together with
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Theorem 2.3.1 and Theorem 2.3.2, the classical algorithms achieves Õ(k) scaling,

while the quantum algorithm achieves a Ω̃(k) lower-bound for the general linear

algebra task, so there can be no asymptotic quantum advantage at this scale.

Medium-Scale Regime: In this regime, we assume that total wire length must

be counted (e.g., as longer wires cost more money), while still assuming that the

speed-of-light is instant. Given classical processor clock-speeds, this is probably the

least realistic regime, but we consider it nevertheless. A significant consequence

of this assumption is that we cannot immediately assume that our classical co-

processors have read/write access to all the memory cells – instead we must assume

that they only have access to their local memory, and we must count the total

length of all the connections in the entire system. Interestingly, in this regime we

obtain different results for the quantum speedup when d ∈ Ω(N) (dense matrix),

and when d ∈ o(N) (sparse matrix), and so I will break the proof into two cases.

To facilitate comparison, I will first discuss the complexity of QRAM in this regime.

First, if Nd registers (quantum or classical) are to be arranged in 2D space,

the width of this collection must be Ω((Nd)1/2). However, as noted by my co-

author, if the QRAM is well-designed it can have O(Nd) total wire length (e.g.,

with an H-tree). Moreover, as the speed of light is assumed to be instant, the

width of the device does not impact the query time, and so it will still have

O(log(Nd)) access time complexity.

Now I will consider the dense case, when d ∈ Ω(N). In Lemma A.0.4 I prove

that a parallel matrix vector multiplication algorithm with only local connectivity

and a total wire length of Õ(dN) can perform matrix multiplication with a parallel

time complexity of Õ(1). As a result, Theorem 2.3.2 gives us a complexity for

Problem 2.3.1 of Õ(k), matching the quantum lower-bound for this problem, proving

that for dense H, in this asymptotic regime, there can be no asymptotic quantum

advantage in this general linear algebra task.

Now to consider the sparse case. In order to invoke Theorem 2.3.2, we must show

the complexity of classical matrix-vector multiplication for a sparse matrix in this
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regime. The fundamental challenge for the classical algorithm is in efficiently routing

the sparse elements to the corresponding vector elements with the local connectivity

constraints, without exceeding the total wire length of the 2D QRAM embedding.

My co-author solved this by embedding the processors into a two-dimensional grid,

which he notes can sort in time O((Nd)1/2), with a total wire length of O(Nd).

Invoking Lemma A.0.3 then shows that in this setting matrix-vector multiplication

has time complexity Õ((Nd)1/2). Invoking Theorem 2.3.2 then shows that the

quantum speedup in this regime is Õ((Nd)1/2).

Strangely the quantum advantage increases with d until vanishing when d =

Ω(N). It seems likely that either one can give a better classical algorithm for the

sparse case in general, or that there exists a classical algorithm whose performance

improves as d gets larger (using the additional processors to perform the routing

more efficiently), eventually matching the dense case as d 7→ N .

Large-Scale Regime: At sufficiently large scales the speed of light becomes an

important bottleneck, as algorithms must wait for signals to propagate through the

underlying computer. Given a classical processor architecture of O(dN) processors,

each with local memory, and a QRAM with O(dN) memory cells, the classical and

quantum systems need to be embedded in our three spatial dimensions. Here, a

2d grid embedding with local connections is assumed. One could use a different

embedding, such as one of the ones described previously, but they all necessitate

wire-lengths that end up incurring transmission time penalties that result in overall

asymptotics no better than a simple grid embedding. In this model, the QRAM

access cost of the quantum algorithm is T = O(
√
dN), implying a lower-bound for a

quantum algorithm solving Problem 2.3.1 of Ω(k
√
dN), as per Theorem 2.3.1. In the

classical case, we used the reduction to sorting-network matrix multiplication, which

has asymptotic cost equal to the complexity of the sort-time, i.e. of Õ(
√

(dN)). As

a result, using Theorem 2.3.2, we get an overall classical bound for Problem 2.3.1
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of Õ(k
√
dN). Thus, in the regime of large memory scales where the speed-of-

light must be considered, there is no quantum advantage in the general linear

algebra problem I have defined.

In conclusion, which of these regimes will govern a specific practical application

comes down to the constants of that application. In all regimes apart from the

medium-scale regime (where wires are not free, but communication across wires is

instant) with sparse matrices, we showed that there can be no asymptotic quantum

advantage in Problem 2.3.1. It is likely that there is actually no asymptotic advantage

in this regime as well, should a more efficient matrix-vector multiplication algorithm

exist given these constraints. However, if no such algorithm exists, then quantum

speed up at this scale depends on whether the constant costs of quantum computing

exceed the constant cost due to the time it takes EM waves to propagate signals

through the wires in the classical parallel computing network.

2.3.4 Quantum Linear Algebra with Noisy QRAM

The opportunity cost arguments made in the last section apply for any active QRAM

system, but are easiest to understand for error-corrected architectures (which require

significant classical co-processing). In contrast, passive QRAM systems (potentially

such as certain implementations of bucket-brigade) suffer no such opportunity cost,

as once the QRAM query is initiated, the system requires no further energy input

or intervention (although they will necessarily be noisy). As such, if sufficient

progress can be made in the construction of a passive QRAM system (despite the

challenges identified in Section 2.2.3), then for certain linear algebra algorithms

that can tolerate some noise in their QRAM queries, it is possible that practically

relevant quantum advantage could be realized.

For example, with the bucket brigade architecture, the overall probability of

an error per query to a QRAM with N memory cells scales as ∼ p log(N)2, where

p is the physical probability of an error (see [39]). This immediately rules out

an asymptotic advantage for any quantum algorithm asymptotically improving

error-rate dependence (for arbitrarily small errors), but may be practically useful in
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cases where either the overall algorithm is relatively insensitive to QRAM access

errors, or if the physical error rate can be made to approach the necessary precision

without error correction or external intervention.

In some linear algebra tasks, a small constant error per QRAM access may be fine.

For instance, in some machine learning applications the underlying data is already

noisy, so additional noise may be acceptable. In other cases, such as the training

and deployment of large language models (LLMs), it has been demonstrated that

models can still function with reasonable accuracy when the weights are quantized

down to 16-bits [63], 8-bits [64], or even down to 2-bits [65]. Clearly a two-bit

quantization introduces substantial noise in the evaluation of a model, and if LLMs

can still function in this regime, it is possible they could be similarly resilient to

noise in a QRAM query to their parameters.

Moreover, in reinforcement learning, additional noise could assist an agent to

explore its environment, rather than just exploit its existing policy [66].

For matrix inversion with a structured matrix (i.e. a matrix not stored in

QRAM) on an input vector constructed from QRAM, for well-conditioned matrices

the output of the matrix inversion is relatively insensitive to small perturbations in

the input vector. For matrices in QRAM, for some classes of matrices the inversion

could be insensitive to perturbations in the structure of the matrix itself [67].

Further exploration into error-corrected quantum linear algebra algorithms using

noisy QRAM systems would be a valuable addition to the literature. I do not

rule out the possibility of practical quantum advantage in such cases. Of course,

at some scale the uncorrected noise will overwhelm nearly any algorithm, but

with sufficient noise resilience (in both e.g. the bucket-brigade QRAM and in

the algorithm itself), at realistic scales such quantum algorithms could still be

of significant commercial and scientific value.



36



3
Quantum State Preparation

This chapter (and the associated Appendix B) presents the results of the following pa-

per:

[2] Arthur G Rattew and Bálint Koczor. “Preparing arbitrary continuous

functions in quantum registers with logarithmic complexity”. In: arXiv

preprint arXiv:2205.00519 (2022)

This paper was a close collaboration with Bálint Koczor, and we contributed equally.

Some text is taken verbatim from the paper. Most of the results in this chapter were

developed through a highly collaborative process. When results are primarily due

to my co-author, I explicitly label them as such. For complete acknowledgments,

funding sources, and disclaimers, please see the relevant sections of [2].

Contents
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.1.1 Prior Work . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.2 Algorithm Overview . . . . . . . . . . . . . . . . . . . . . 42

3.2.1 Efficient Implementation of the Time Evolution . . . . . 45
3.2.2 Limitations . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.3 Numerical Demonstration . . . . . . . . . . . . . . . . . 49
3.4 Further Applications . . . . . . . . . . . . . . . . . . . . 51
3.5 Discussion and Conclusion . . . . . . . . . . . . . . . . . 52

37
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Given the challenges associated with constructing a passive QRAM, as outlined

in Chapter 2, one naturally wonders what classes of data can be efficiently loaded

into quantum computers. In this chapter, we will consider discretized continuous

functions. First, I present our contributions showing that the asymptotic properties

of continuous functions allow them to be efficiently prepared. Then, I present our

novel adiabatic state-preparation algorithm.

3.1 Introduction

With rapidly accelerating progress in hardware development, quantum computers

are quickly becoming a realistic technology. New records are constantly being set,

demonstrating that these machines are capable of significantly outperforming the

best classical computers in certain settings [5–9]. As the technology is scaled up, it

will ultimately enable powerful quantum algorithms capable of both polynomial

and exponential speed-ups over their classical counterparts. However, many of

these algorithms require efficient state preparation procedures to achieve their

speedup, as is the case in: option pricing [68–70], machine learning [41, 71, 72],

matrix inversion [15], quantum chemistry [73, 74], and quantum Monte Carlo based

algorithms [75, 76]. As such, it remains a crucial open question: can we efficiently

prepare quantum states given a set of prespecified amplitudes?

Unfortunately, a quantum circuit capable of producing an arbitrary quantum

state necessitates exponential complexity in general [77], although recent works have

shown that the exponential circuit depth cost can actually be made linear in exchange

for utilizing an exponential number of ancillary qubits [51, 78–80]. As a result, in

practice, it is essential to exploit specific properties of the state being produced.

In this work, we devise a novel quantum algorithm for efficiently preparing

continuous (as well as some more general) functions in quantum registers, and we

do so with rigorous theoretical guarantees. An additional important contribution of

our work is the observation and proof that continuous functions have asymptotic

properties that enable state preparation procedures to prepare such quantum states
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efficiently (i.e. with constant query complexity). While we illustrate the core

subroutine underpinning our technique in Fig. 3.1, our main result is stated as

Theorem 3.2.1. Succinctly and informally stated, we prove that our approach has a

constant query complexity (asymptotically in the number of qubits), and obtains

a bounded error which can be made arbitrarily small. A remarkable feature of

our approach, and a consequence of our observations regarding the asymptotics of

continuous functions, is that the performance of our algorithm becomes independent

of the qubit count as we increase the number of qubits, and that we can reach this

asymptotic independence exponentially quickly in the number of qubits.

The constant cost of our algorithm depends inverse-polynomially on the filling

ratio of the function – a quantity that we define in a subsequent section and illustrate

in Fig. 3.2 as the ratio of blue area to the area of the total bounding box. While it

is possible to construct pathological functions for which the filling ratio is arbitrarily

small, for realistic functions encountered in practice this quantity is typically very

reasonable (e.g. usually around 10−1 to 10−3). We additionally suggest ways that

this constant cost can be made tractable even in pathological cases. Moreover,

if future works improve the error-dependence of our simulation subroutine, the

impact of the filling ratio will be even further negated.

I note that the filling ratio is actually a special asymptotic case of a quantity we

term the generalized filling ratio. Given a function f defined on the grid {x1, ..., xN},

the vector norm N 2 = ∑N
j=1 |f(xj)|2, and the maximum of the function M , the

generalized filling ratio is defined as F̃ := N /
√
NM . The generalized filling ratio is

a quantity frequently used to describe the complexity of existing state-preparation

procedures in the literature, and in this work we establish that in the limit N 7→ ∞,

F̃ tends to F (proven in Lemma B.6.2). A consequence of this observation is that

our novel technique actually has an asymptotically constant query complexity when

preparing discretized continuous functions in quantum registers (in the limit of

large N). We note that this observation can also be applied to some of the existing

techniques in the literature (which we will summarize shortly) enabling them to

also efficiently prepare discretized continuous functions in quantum registers.
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The implications of our work go significantly beyond just enabling the speedup

of existing algorithms via efficient state preparation. Functions have been used for

centuries to model physical, chemical, biological, and financial phenomena, and have

played crucial roles in the industrial revolution and in modern engineering. As the

use of analytical techniques for functions modelling realistic systems rapidly becomes

intractable, numerical techniques often become the only available option [81]. As

a result, computational tools accelerating such numerical analyses are of broad

and vital importance. To this end, the techniques we develop in this paper not

only allow for the preparation of broad classes of functions in quantum registers,

but also enable a variety of tools such as for numerical integration of Lipschitz

continuous functions, for the optimization of continuous functions, and even for

sampling from probability density functions.

We begin by reviewing related work. In the next section we briefly summarise

our problem statement and our main results. There, we informally state our rigorous

error bounds which confirm that our approach is efficient, noting that we defer all

technical details to the appendix. We then summarize the implementation of a key

subroutine in our approach: the efficient time-evolution of rank-one dense matrices

corresponding to projectors onto discretized continuous functions. We also discuss

the limitations of our approach in a subsequent section. We then demonstrate

the main algorithm in relevant applications, and support the practicality of the

approach with large-scale numerical simulations confirming theoretical expectations.

We finally discuss further applications and then conclude.

3.1.1 Prior Work

As early as in 2000 Grover proposed a general approach that can be used to load

any efficiently computable number sequence as amplitudes of a quantum state [87].

The approach relies on amplitude amplification and achieves provably optimal

complexity O(F̃−1) (which as we prove gives an asymptotic complexity of O(F−1)).

A series of follow-up works have reduced its absolute gate count in [88–90]. We

summarise these techniques in Appendix B.5.1 and compare to the present approach.
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(a) (b) (c)

Figure 3.1: Key rank-1 Hamiltonian simulation subroutine. (a) Samples (coloured
circles) of the continuous function f(xk) (grey smooth curve) are proportional to the
amplitudes (coloured squares) of the quantum state |ψ⟩ as per Eq. (3.1). (b) We embed
this vector into a rank-1 matrix H ∝ |ψ⟩⟨ψ| whose matrix entries are given as f(xk)f∗(xl)
(colours are only illustrative, not exact) and are efficiently computed by a quantum oracle,
e.g., via arithmetic operations. (c) We then efficiently simulate the time evolution e−itH

via low-rank [82] and 1-sparse [83–86] simulation techniques. This powerful time evolution
resource allows us to prepare the ground state of H as our desired |ψ⟩ using, e.g., adiabatic
evolution, phase estimation and Hadamard tests. Note that each stage occurs coherently
in superposition. This figure (and caption) was produced by my co-author, and is included
for completeness.

While we introduce a fundamentally different approach to solve the continuous

state preparation problem, a major contribution of our work is that it introduces

an asymptotic analysis of discretised continuous functions and thus complexities

can be stated in terms of properties (norms) of the continuous functions.

Furthermore, in 2002 Grover and Rudolph presented a procedure for preparing

an efficiently integrable probability density (i.e., non-negative, L1-normalised)

function [91], which we briefly summarise in Appendix B.5.3. Under certain

assumptions on the efficient integrability of the function this approach theoretically

has a complexity polylogarithmic in the desired resolution, but exponentially

scaling variants have also been suggested [62, 92, 93]. Nevertheless, in certain

applications any variant of the procedure negates any potential quantum speedup

due to its use of quantum integration [68, 94]. For example, quantum Monte

Carlo based algorithms lose their speedup as pointed out by Herbert [94] and

similarly in derivative pricing as observed in the work of Chakrabarti et al. [68].

In contrast, the set of techniques presented in this work strictly generalize the

Grover-Rudolph-type approaches, as they are not limited to efficiently integrable

non-negative probability density functions – they can be applied to any complex
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valued continuous function and beyond. Moreover, our techniques are not reliant

on quantum integration, and thus do not suffer from the limitations of the Grover-

Rudolph based approaches just mentioned.

We also note that Holmes et al. recently presented an approximate procedure for

preparing smooth analytic functions [62] via a piecewise polynomial approximation.

However, it is not straightforward to assess the approximation error of the approach,

its overall complexity has not been established, and it is asymptotically limited

in its use of the piecewise polynomial approximation.

3.2 Algorithm Overview

While our approach is applicable to the general class of efficiently computable

mappings F (n) : {0, 1}n 7→ C via Appendix B.3.2, in the following we restrict

ourselves to the practically most important case of discretised continuous functions.

In particular, given an arbitrary continuous function f : [a, b] 7→ C on the closed

interval [a, b], we wish to prepare the n-qubit normalized quantum state

|ψ⟩ = 1
N

N−1∑
j=0

f(xj)|j⟩, (3.1)

where N is the normalization factor, N = 2n, |j⟩ is a standard basis vector with

j ∈ {0, 1, ..., N − 1}, and xj is the jth grid point in a uniform discretization of

the interval [a, b]—while we later remark that non-uniform grid spacings may

sometimes be advantageous. In general, preparing an arbitrary state in a Hilbert

space of n qubits requires exponential complexity as the dimension of the space

grows exponentially in n [51, 77]. However, the algorithm we are about to present

demonstrates that the very general set of states of the form shown in Eq. (3.1) (i.e.

those corresponding to discretized continuous functions) can be prepared efficiently.

In Appendix B, we present our results for the analogous, but special, case of

efficiently integrable probability density functions as in the case of the Grover-

Rudolph [91] approach. However, for brevity, here we focus only on the integration-

free case where the state is prepared via samples of f rather than through its
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integration. Moreover, we note that the point-wise state preparation approach is

strictly more general than integration-based approaches.

Below we present a rank-1 simulation procedure which is both a fundamental

subroutine and a primary contribution of this paper. We note that this is an

alternative to QSVT based approaches, and likely offers advantages in constants

for fixed error rates. In summary, we establish how the time evolution e−itH under

the dense rank-one matrix H ∝ |ψ⟩⟨ψ| can be efficiently implemented. Simulating

this time evolution is a powerful resource and can be combined with diverse tools

from quantum information processing to prepare the quantum states |ψ⟩ efficiently.

Nevertheless, in the main text we focus on the conceptually most straightforward

variant for preparing states of the form in Eq. (3.1), based on adiabatic evolution.

We first formally define the filling ratio of the function being prepared as

it is intrinsic to the asymptotic complexity of our state preparation procedures.

We then informally state our main result for the adiabatic procedure, and then

we describe the algorithm.

As stated in Definition B.1.2, the filling ratio F of a function f is defined as

F := ∥f∥1/[(b − a)∥f∥max] and has a value 0 < F ≤ 1. Intuitively, it can be

understood as the integral of the absolute function (i.e. |f(x)|) divided by the area

of the box bounding the absolute function (i.e. the box with width b− a and height

maxx∈[a,b] |f(x)|). The filling ratio is clearly pictured for some common functions

in Figure 3.2, as the ratio under the curves, to the total area of the bounding box.

Finally, we note that we formally define the notion of efficient computability in

Section 3.2.1 as well as in Definition 1.2.4.

The following result is an asymptotic improvement over the version in our pa-

per [2].

Theorem 3.2.1 (informal version of Theorem B.3.1). For an efficiently com-

putable continuous function f , our approach prepares the n-qubit state |ψ⟩ =
1
N
∑N−1
j=0 f(xj)|j⟩ with N = 2n up to error ϵ with query complexity O (F−2/ϵ2),

where F is the filling ratio. The error ϵ is the deviation from an ideal unitary in

terms of a spectral distance. The algorithm uses O(n+ d) ancillary qubits (where
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d is the number of digits used in the discretization of f), and has a probability of

failure bounded by O (ϵ2).

It is worth additionally noting that the success probability only enters our

bound to simplify our proofs – in practice our approach effectively succeeds with

probability 1. This is discussed comprehensively in the Appendix.

To enable the adiabatic state preparation procedure, we define a parameterized

family of continuous functions fs := (1 − s)f0 + sf1, where f0 ∝ 1 (i.e. corresponds

to an easy-to-prepare state) and f1 corresponds to the state we wish to prepare

(i.e. f1 := f) with 0 ≤ s ≤ 1. We then define the parameterized quantum state,

|ψs⟩ ∝ ∑N−1
j=0 fs(xj)|j⟩. The procedure begins by creating the state |ψ0⟩, which

by construction of f0 is simply |+⟩⊗n. We then slowly adiabatically morph this

starting state to the final state |ψ1⟩ by evolving according to the rank-1 projector

H(s) ∝ |ψs⟩⟨ψs|. Here, one must pick the total evolution time T so as to satisfy

the adiabatic theorem and ensure that the state remains in the ground state of

the morphing Hamiltonian [95]. As we prove in Appendix B.3, T is constant

bounded (and can therefore be selected utilizing that bound). Of course, we can’t

implement a continuous time evolution in practice, and so we discretize the temporal

grid uniformly into r time-steps. In the jth time-step, we evolve according to the

time-independent Hamiltonian H( j
r
), yielding the overall evolution:

e−i T
r

H( r
r

)e−i T
r

H( r−1
r

) · · · e−i T
r

H( 1
r

). (3.2)

As shown in Appendix B.3 this discretization has constant bounded error, which can

be made arbitrarily small. Naturally, it is important to explain how each evolution

e−iT
r

H( j
r

) is implemented, and we do so in Section 3.2.1.

However, we first explain the conceptual difference between “conventional”

adiabatic quantum computation, and the approach we have just described. In the

standard formulation of adiabatic quantum computation, one defines the interpolated

Hamiltonian H(s) = (1−s)H0 +sH1, where H0 has an easy to prepare ground-state,

and H1 encodes the problem of interest [96]. However, in this definition the energy

gap often vanishes (or becomes exponentially small), resulting in the total evolution
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time T becoming intractable. By defining our interpolated Hamiltonian as the

rank-1 projector H(s) ∝ |ψs⟩⟨ψs|, we circumvent this limitation. Indeed, in the

appendix we prove that the spectral gap g(s) is generally lower bounded by a

constant, e.g., g(s) ≥ 1/2. This ensures that our total evolution time required

is independent of the problem size n.

3.2.1 Efficient Implementation of the Time Evolution

Before describing our time evolution procedure, we outline our oracle query model.

Our procedure allows the preparation of a quantum state following an arbitrary

continuous distribution, so long as the function is efficiently computable. Precisely,

by efficiently computable, we mean that given an input x represented with n bits of

precision, there exists a classical (and thus a quantum algorithm) returning f(x) with

d bits of precision with complexity scaling as poly(n, d). Equivalently, an efficiently

computable function is any function with the oracle implementation Of efficiently

performing the mappingOf |x⟩|0⟩ = |x⟩|f(x)⟩. See Definition 1.2.4. Without a loss of

generality, both the input and output of f are given in a binary encoding. Intuitively,

if there is an efficient classical program (e.g. in Python) evaluating f(x), then in

principle, the function is efficiently computable. Indeed optimised, efficient quantum-

arithmetic procedures are already available [97]. Classically, to evaluate the function

f withN distinct inputs would requireO(N) queries to the function – in the quantum

setting, only O(1) queries are required. This exponential advantage is intuitively

suggestive of the potential power of the applications utilizing this procedure.

Furthermore, the time complexity of our approach is ultimately determined

by the circuit depth. Given in most practical cases the function values can be

computed via arithmetic operations, we expect that the oracle implementation

requires less than a quadratic circuit depth (in terms of n and the number of

digits d used in the discretization of f) [97].

Given access to this oracle, we utilise the approach of Rebentrost et al. [82]

to efficiently simulate quantum dynamics under the rank-1 matrix A(s) whose

entries are given by [A(s)]kl := fs(xk)f ∗
s (xl). Note that the function values fs :=
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Normal distrubtion Log-Normal distrubtion

0.25 0.5 0.75 1. 0.25 0.5 0.75 1.
Slater function Riemann zeta function

0.25 0.5 0.75 1. 0.25 0.5 0.75 1.

Figure 3.2: Applications of efficiently loading functions into quantum registers include
probability distributions (normal and log-normal distributions shown) Slater-type functions
in quantum chemistry [98] as well as the Riemann zeta function [99]. Our state-preparation
error bounds depend on the filling ratio F as the absolute area under a function (light
blue area) relative to the area of its bounding box (area in the dashed rectangle). This
figure and caption were produced by my co-author, and are included for completeness.

(1 − s)f0 + sf1 can be computed by an oracle, but our definition also permits storing

f0(xj) and f1(xj) in QRAM [27] and computing linear combinations thereof using

only addition and multiplication. Depending on the QRAM model, this could

potentially make the cost of the oracle query O(1), and thus the algorithm’s circuit

depth would be the same as its query complexity.

We proceed by encoding the matrix A(s) ∈ CN×N into a quadratically larger one-

sparse matrix SA ∈ CN2×N2 – whereby a one-sparse matrix contains only a single non-

zero entry in each row/column. This property allows us to utilise powerful one-sparse

simulation techniques [83–86] thereby exactly simulating the time evolution e−itSA

which acts on the n-qubit main register as well as on an n-qubit ancillary register

– and the simulation requires a further d-qubit, and two 1-qubit ancilla registers.

After measuring and discarding the ancilla register we implement the mapping

U ′′(∆t, s)|ψ0⟩ = e−i∆tH(s)|ψ0⟩ + |E⟩

under the effective rank-1 Hamiltonian H(s) := A(s)/N up to a bounded error

term ∥E∥ ∈ O(∆t2). By setting the time step sufficiently small ∆t ≪ 1 we

can simulate the evolution U ′(∆t, s) = e−i∆tH(s) up to an arbitrarily small error.

This allows us to implement the piecewise constant adiabatic evolution for overall
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time T in r iterations (timesteps) as per Eq. (3.2). This has the added benefit

of also decreasing the adiabatic discretization error as we increase r. In the

Appendix, we prove that applying this unitary evolution to the initial state |+⟩⊗n

indeed maps onto our desired state |ψ⟩ with a bounded error that only depends

on properties of the encoded function.

3.2.2 Limitations

Our approach incurs two types of algorithmic error. First, we approximate an

idealised continuous adiabatic evolution through a finite series of r time-independent

evolutions. Second, our Hamiltonian simulation also incurs algorithmic error, as

previously mentioned. However, both kind of errors can be suppressed arbitrarily

by increasing the number of iterations r and thus decreasing the time each time-

independent unitary is evolved for (i.e. by increasing the resolution in the temporal

discretization).

While our approach is very general and is also applicable to non-continuous

general functions (mappings), its main practical limitation is that its complexity

depends on the filling ratio F of the function. In practice, we expect this filling

ratio to be a modest constant. See Table 3.1 for filling ratios of common probability

distributions and other functions. Nevertheless, we can easily construct artificial,

pathological instances where F can be arbitrarily small.

For an example of a pathological instance that helps build intuition as to the

limitation of F , consider the unstructured search problem where we are given a

function F (n) : {0, 1}n 7→ {0, 1} (where only one input x = m corresponds to a

non-zero output). Preparing the function F (n) in an n-qubit quantum register would

reveal the non-zero value at m upon measuring the state and thus would solve

the unstructured search problem with high probability [13, 100]. While this is not

a discretized (continuous) function, it is directly analogous to a box function of

width ≈ 2−n depending on the qubit count n. This results in a generalised filling

ratio F̃ ≈ 2−n/2 that decreases exponentially as we detail in Appendix B.3.2 and

thus our approach would require O(2n) calls to the oracle f(x) and is thus less
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Normal distribution Log-normal distribution
µ σ filling ratio F µ σ filling ratio F

1/2 0.1 2.5×10−1 0 0.5 5.5×10−1

1/2 0.05 1.3×10−1 0 1.0 7.6×10−1

1/2 0.01 2.5×10−2 0 1.5 6.1×10−3

Slater function Riemann zeta function
– α filling ratio F – α filling ratio F

5 3.7×10−1 10 6.1×10−1

10 2.0×10−1 20 5.0×10−1

20 1.0×10−1 100 3.1×10−1

Table 3.1: Filling ratios (as illustrated in Fig. 3.2) for common probability distributions
as a function of their parameters. All data was computed for a domain 0 ≤ x ≤ 1 and
the Slater function is e−α|x−0.5|. The filling ratio of the Riemann zeta function along the
critical line ζ(1/2 + iαx) is nearly independent from the scaling parameter α given its
heavily oscillatory nature. This figure (and caption) were produced by my co-author and
are included for completeness.

efficient than a Grover search. Note that such a pathological problem instance

was only constructed because the function is dependent on the number of qubits

it is being prepared on, resulting in the generalised filling ratio F̃ not being an

asymptotic constant in the limit of large n.

Finally, the impact of the filling ratio may in practice be circumvented. In one

scenario, suppose the function being prepared has the majority of its density in

an interval [a′, b′] ⊂ [a, b] that is relatively small compared to the domain. Then,

we can simply prepare the function in [a′, b′] (at some smaller qubit count) with a

proportionally larger filling ratio. We can then add further qubits in the |0⟩ state and

shift the resulting function via quantum addition. If the function being prepared is

non-zero on an exponentially small portion of the overall state space, and the location

of the non-zero states are known, then this technique can yield an exponential

improvement in the filling ratio. As a result, functions that are very narrow (i.e. very

peaked), but have all of their density within a single small known region, including

periodic narrow peaks (e.g. functions approaching a Dirac comb), can have their

effective filling ratios increased significantly. We also note that d-sparse simulation

techniques may also be useful for such very peaked functions if we can specify an

oracle that efficiently computes the locations of non-zero function values [101].
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Another technique one can employ to mitigate the constant cost of the filling ratio

is to utilize a non-uniform grid. In such a grid, more samples of the function are taken

in regions where the function is particularly narrow, thus giving a larger effective

filling ratio. We leave such non-uniform grids as a topic for future exploration.

3.3 Numerical Demonstration

My co-author ran the numerics outlined in this section and produced Fig. 3.3. I have

included this section for completeness, but have cut the corresponding appendix

entry. Please see the paper [2] for more details.

We now demonstrate our approach in the preparation of two single-variate

continuous functions which are practically relevant. First, we consider the probability

density function of a log-normal distribution in Fig. 3.3 (a, above) which is relevant

in modelling a wide range of natural phenomena as well as financial systems [68,

69, 102]. Second, we consider a Slater-type wave-function as a linear combination

of primitive functions βe−α|x−x0| with constants α, β, x0 ∈ R. As noted by my

co-author, Gaussian and Fourier approximations to atomic orbitals are primarily

used in quantum chemistry applications but despite their paramount practical utility

they cannot accurately capture the crucial cusps at positions of atomic nuclei [98].

Indeed our approach allows the efficient preparation of exact Slater-type orbitals

thereby increasing the accuracy of grid-based simulations [73, 98].

In Fig. 3.3 (a) we initially prepare a uniform superposition |+⟩⊗n in a register

of n qubits and then adiabatically morph this into our desired function. In the

figure, the color gradient represents the smooth interpolation of fs throughout the

adiabatic trajectory, with the lightest shade representing f0 and the black line

representing f1. Taking a slice in the figure where only a certain color is kept

(corresponding to a time s), would yield a plot of the function fs.

In Fig. 3.3 (b) we explicitly simulate the dynamics under e−iT/rSA that acts

on overall 2n qubits thereby taking into account all sources of error (including

error in binary encoding of the function values f(x)). Here, each line corresponds

to a series of simulations evaluated with a fixed time T and a fixed number of
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(a) (b) (c)

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

0
0.2
0.4
0.6
0.8
1.0s

xfs(x)

2 3 4 5 6 7 8 9 10 11 12

10-7
10-6
10-5
10-4
10-3

number of qubits

state preparation infidelity

104.5 105. 105.5 106. 106.5

10-7

10-6

10-5

10-4

10-3 r (# of iterations)

state preparation infidelity

(r-1.21)

0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0

2.5

3.0

0
0.2
0.4
0.6
0.8
1.0s

x

fs(x)
2 3 4 5 6 7 8 9 10 11 12

10-7
10-6
10-5
10-4
10-3

number of qubits

state preparation infidelity

104.5 105. 105.5 106. 106.5

10-7

10-6

10-5

10-4

10-3 r (# of iterations)

state preparation infidelity

(r-1.28)

Figure 3.3: (a) Preparing a log-normal distribution (above) as relevant in financial
systems [68, 69, 102] and (below) a Slater-type function used in quantum chemistry. We
efficiently simulate e−i∆tH(s) where H(s) encodes the continuous function fs as its ground
state and we adiabatically evolve fs (s is colour coded) from the constant function f0 = 1
to the desired function f1 (black solid line). (b) State preparation error 1 − Φ as the
infidelity Φ = |⟨ψ|ψ̃⟩|2 at increasing numbers n of qubits explicitly taking into account
all sources of error by simulating dynamics of the 2n-qubit exact 1-sparse simulation.
Increasing n (horizontal direction) the infidelity approaches a constant in exponential
order – the maximum of the discretised function determines the error, which depends
on the qubit count, hence the small/large errors at N < 5. Increasing the number of
iterations r (varying colours in vertical direction) allows us to better approximate the ideal
adiabatic evolution and decreases the error. (c) The theoretically leading error O(1/

√
r)

of adiabatic evolution is dominated in the practically relevant region by the error of the
low-rank simulation technique O(1/r) due to a larger absolute factor as confirmed by the
empirical fits (dashed grey line). This figure and caption were produced by my coauthor,
and are included for completeness.

iterations r as we increase the number of qubits n. Our simulations nicely confirm

our bounds in the following two distinct asymptotic limits.

First, as we increase the number of qubits n the state-preparation error (solid

lines) rapidly, in exponential order, approaches a constant value as expected from our

asymptotic bounds – the asymptotic constant error (dashed lines are extrapolations)

is then determined by the filling ratio F and by T and r. Second, the series of

lines from black to magenta in Fig. 3.3 (b) represent simulations with an increasing

r and confirm that as we increase the number of iterations r the error decreases

polynomially (as both the precision of the simulation step increases, and the

discretization error of the adiabatic evolution decreases).

It is important to note that our error bounds in Theorem 3.2.1 are very pessimistic
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as we have used an unrealistic, worst-case scenario argument in our proofs. In

particular, while our bounds scale as O(
√

1/r), in practically relevant cases the error

is expected to be dominated by the algorithmic error of the low-rank simulation

approach – as it depends polynomially on the filling ratio. A simple argument

shows that neglecting the adiabatic evolution error allows us to obtain the tighter

error bound O(1/r). This is nicely confirmed in Fig. 3.3 (c) whereby we plot the

asymptotic constant errors from Fig. 3.3 (b) as a function of the number of iterations

r and obtain an empirical scaling from approximately O(r−1.19) to O(r−1.3).

3.4 Further Applications

The techniques we have developed in this paper allow for a number of promising

further applications. Some of these applications are related to the state preparation

procedure, and some are consequences of the techniques we have developed. Of

course, the adiabatic state preparation procedure that we present immediately

enables applications that rely on continuous input states, such as those we have

outlined in Section 3.1.

However, the state preparation procedure can actually be an application in

its own-right. For instance, an important problem is to draw samples following a

particular given continuous probability density function. Classically, techniques

to do so, such as inverse transform sampling, generally require integrating the

probability density function in question, and thus have complexity that scales with

the resolution of the grid discretization [103]. Our state-preparation approach

immediately enables such sampling, simply by preparing the square-root of the

desired density function and then measuring the resulting state. Our approach has

overall logarithmic complexity in doing so, and moreover produces truly random

samples from the density function, rather than just pseudo-random samples.

Furthermore, given that our approach allows us to prepare a quantum state whose

amplitudes are proportional to the samples f(xj), it follows that the measurement

outcome of the bitstring j ∈ {0, 1}n has a probability proportional to |f(xj)|2. As a

result, we can directly use our approach to efficiently draw importance samples from
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efficiently computable functions, and if the function has one dominant maximum

then sampling can even find this global maximum with a high probability.

An alternative proposal for using our techniques for global optimization follows.

Given a function g : R 7→ C, preparing f(x) = g(x)k for some constant k > 1

allows us to find the global maximum of g(x) with probability that improves

exponentially in k through direct sampling. However, the filling ratio of f(x) also

decreases exponentially in k, and so the complexity of preparing the state negates

any benefit of using k > 1. On the other hand, if the algorithm’s asymptotic

dependence of F can be improved, then such an approach could be a promising

global optimization procedure.

3.5 Discussion and Conclusion

The most important contribution of this paper is the asymptotic observation that

for continuous functions the generalized filling ratio F̃ converges to the filling

ratio F – a constant independent of n. As a consequence, we prove that both

our proposed state preparation technique, and some of the existing techniques in

the literature, can be used to efficiently prepare quantum states corresponding

arbitrary discretized continuous functions.

We also introduced a novel family of techniques that allow the efficient loading of

any efficiently computable function onto a quantum register such that amplitudes of

the state vector |ψ⟩ are proportional to samples of the function. The primary novel

algorithm is an adiabatic one utilizing rank−1 Hamiltonian simulation techniques.

This is the first such adiabatic algorithm, but I note that (at least in its current

form) it does not have better asymptotic performance than Grover black-box based

approaches [87, 89]. It is conceivable that since our approach does not require

amplitude amplification (this is implicitly handled by the adiabatic trajectory),

that our approach could offer an improvement in constants over black-box based

techniques (and we suggest this for subsequent exploration).

Moreover, our the state preparation technique is not just limited to continuous

functions, and also applies to certain discontinuous functions. Application of our
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state-preparation approach include fields ranging from the simulation of quantum

physics and chemistry [73] to financial forecasting [69].

A central idea for the main algorithm presented this paper is that we can

embed the desired quantum state |ψ⟩ into a rank-1 Hamiltonian H ∝ |ψ⟩⟨ψ|

whose ground state is exactly |ψ⟩, and with all other orthogonal states having

an eigenvalue of 0. We then utilized powerful low-rank [82] and 1-sparse [83–86]

Hamiltonian simulation techniques from the literature, allowing us to efficiently

simulate H. Among other variants, we presented an adiabatic-evolution approach

that enables quasi-deterministic preparation of the ground state of the rank-1

matrix H. Central to the argument of this procedure’s efficiency is that the spectral

gap of such a rank-1 matrix is the same as its spectral norm, leading to a rare

case where an adiabatic algorithm has a provably bounded spectral gap (which is

essential to proving the efficiency of the adiabatic procedure). We rigorously proved

that the query complexity of our adiabatic approach is a constant independent

of the number of qubits. That is, we need only make a constant number of calls

to the oracle computing the function amplitudes, regardless of the number of

qubits the state is being prepared on. Moreover, we also prove that the state-

preparation error and failure probability can be suppressed arbitrarily by increasing

the temporal resolution (i.e. the number of steps in the adiabatic evolution r).

Furthermore, we stress that the non-deterministic component of the algorithm

is essentially an analytical convenience.

I would additionally like to emphasize that the presented ideas are ripe for future

modification, optimization, and generalization. In particular, I suggest replacing

the current rank-1 simulation procedure with QSVT based approaches, giving an

exponential improvement in the error-dependence for the simulation component.

This would change the dominant error source to adiabatic error, the optimization

of which would require further investigation.

Our work almost immediately allows for the preparation of continuous mul-

tivariate functions, albeit with the main limitation that the filling ratio may
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decrease exponentially in the dimension of the function being prepared, as we

discuss in Appendix B.4.

The presented algorithms (and related ones in the literature) assume execution

on fault-tolerant quantum computers. However, the quantum devices of the near-

future are error prone [104] and there is limited work on preparing quantum states

for NISQ devices. One possible approach utilizes quantum generative adversarial

networks (qGAN) to tune the parameters in variational circuits to load a given

distribution [105]. Some work on using qGANs to produce multivariate quantum

states has also been conducted [106, 107]. Alternatively, in my prior work (not

included in this thesis), we demonstrate how normal distributions may be efficiently

produced in a manner resistant to most hardware errors [108]. The techniques

presented in that work can potentially be directly applied to the work presented in

this paper to discard state preparation attempts in which hardware errors likely

occurred. Furthermore, combination with powerful error mitigation strategies may

also be possible, should the states produced be used to compute the expectation

values of observables [109]. However, to be useful with the algorithms presented

in this work the infidelity of (uncorrected) hardware operations would likely need

to be orders of magnitude lower than current state-of-the-art approaches (e.g.

refs [110, 111]).



4
Non-Linear Transformation of Quantum

Amplitudes

This chapter (and the associated Appendix C) presents the results of the fol-

lowing publication, which I presented as a talk at Quantum Information Pro-

cessing (QIP) 2024:

[3] Arthur G Rattew and Patrick Rebentrost. “Non-linear transformations of

quantum amplitudes: Exponential improvement, generalization, and applica-

tions”. In: arXiv preprint arXiv:2309.09839 (2023)

Some text for which I was the original author is taken verbatim from the paper.

This work was done in close collaboration with Patrick Rebentrost, who acted in a

supervisory capacity. Unless stated otherwise, with input from Patrick, I developed

all the proofs, derivations, and results. I identified the technique responsible for our

exponential speedup in non-linear amplitude transformation, which is the foundation

for nearly all the results in this chapter. For complete acknowledgments and funding

disclaimers, please see the relevant sections of [3].
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4.1 Introduction

In Chapter 2, I outlined the limitations of QRAM, in particular when large amounts

of classical data are required. In Chapter 3 I explored special cases where inputs

to quantum algorithms could be prepared without the need for a large quantum

memory. Having considered inputs, the next crucial ingredient towards enabling the

coherent quantum implementation of neural networks are the activation functions.

However, the applications of non-linear transformations are not just limited to

machine learning applications.

The macroscopic world often behaves in non-linear ways, and non-linear functions

appear in many problems in fields such as engineering [112, 113], optimization [114],

machine learning [115, 116], and finance [41, 117]. Further illustrating their

pervasiveness, the Kolmogorov-Arnold theorem [118] implies that all multivariate

functions can be approximated by the summation and composition of univariate

non-linear functions.

To reiterate, quantum algorithms find solutions to computational problems by

manipulating the amplitudes of quantum states through unitary, and thus linear,

transformations. Therefore, it is a fundamental and important question how to

make quantum algorithms exhibit non-linear behaviour. Quantum signal processing

(QSP) [45, 119] and quantum singular value transformation (QSVT) [26] are

powerful frameworks encompassing nearly all of gate-based fault-tolerant quantum
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computing [46]. They provide a machinery to develop quantum subroutines in a

modular fashion, based on the block-encodings of arbitrary (not necessarily unitary)

matrices in the subspaces of higher dimensional unitary operators. The power of

QSP and QSVT originates from their ability to enact non-linear operations on

these block-encoded matrices, such as transforming their eigenvalues and singular

values by polynomial functions.

With an eye on applications for machine learning and optimization, it is

interesting to consider how to apply non-linear transformations to the amplitudes

of a given quantum state. This naturally leads one to wonder: what are the best

ways of performing non-linear amplitude transformations (NLATs), and what are

the relevant applications and their performance guarantees? To formalize this

question, I now define an input model, and motivate the NLAT problem statement.

I outline some of the prior work, and then present the main contributions of this

work, comparing them to the prior literature. We assume we are given a state

preparation unitary specified by a quantum circuit, and we wish to enact non-linear

transformations on the state amplitudes, likely as a subroutine in another algorithm.

Definition 4.1.1 (Non-Linear Amplitude Transformation (NLAT), Informal). Let

U be an n-qubit state preparation unitary specifying the N = 2n dimensional

normalized quantum state |ψ⟩ = U |0⟩ = ∑N−1
j=0 ψj|j⟩, |ψ⟩ ∈ CN . Let f be a function

f : C 7→ C, and let ϵ ≥ 0. The non-linear amplitude transformation problem is to

prepare a state ϵ-close (in some measure of distance) to the state, 1
N
∑N−1
j=0 f(ψj)|j⟩

where N 2 := ∑N−1
j=0 |f(ψj)|2.

4.1.1 Prior Work

Some prior work exists in the context of implementing NLAT. Mitarai et al.

[120] demonstrated how to convert the amplitudes of a quantum state into a

digitized register coupled to the state, enabling the amplitudes to be then be

modified via coherent arithmetic, analogously to how the inverse is computed

in the original quantum matrix inversion proposal [15]. Using a subspace error
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Figure 4.1: Illustration of our novel algorithm subroutines and some of their applications.
In the top half of the figure, we show our new diagonal block-encodings (see Definition 1.2.6)
of the amplitudes of a quantum state specified by a quantum circuit. We then use the block-
encoding to give an algorithm for NLAT through importance-weighting. Applications of
our techniques are enumerated in the second half of the figure. Our NLAT procedures
require the function f to be approximable by a degree-k polynomial, and the overall
complexity is Ω(k). For full technical details, see Section 4.2.2.

definition, and excluding other complexity parameters, their query complexity to

the state-preparation unitary is O(1/ϵ), analogous to phase estimation.

Their clever construction led to the development of an algorithm which obtains

an exponential improvement in the error-dependence for applying polynomial

functions [121]. The construction of [121] leverages QSVT to avoid the error

dependence associated with quantum-phase-estimation based approaches. Their

results also utilize a subspace error definition. However, their technique has

complexity exponential in the number of qubits for a broad class of important

functions, including tanh and GELU, preventing its use as a subroutine in many

applications (including for accelerating deep learning).

There has also been work on non-linear transformations in the variational circuit

model [122]. Finally, I additionally note recent work on non-linear amplitude

transformations built around the notion of a “weighted-state” [123].
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4.1.2 Overview of Our Work

While QSVT and QSP allow for non-linear transformations on the eigenvalues

of sub-blocks of a unitary operator, any resulting operator will obviously still be

a linear operator. A question thus remains: how can a linear operator effect a

non-linear transformation on a vector? As it turns out, the answer is to make

the definition of the operator depend on the vector it is being applied to. For

a simple example, consider a vector x =
(
x1 x2 ... xn

)T
. Then, defining the

linear operator A = diag(x), Ax enacts an element-wise non-linear transformation,

yielding
(
x2

1 x2
2 ... x2

n

)T
. As a result, as highlighted in Fig. 4.1, a crucial first

step in our NLAT framework is the creation of a diagonal block-encoding of the

amplitudes of a given quantum state. I then process this block-encoding, and apply

it to the input state in close analogy to the preceding simple example.

The framework we present generalizes previous work, and our importance-

weighted algorithm also gives an exponential speedup over the prior work in applying

a broad set of important functions.

New Algorithmic Subroutines

I now explicitly highlight the two new main techniques that I illustrate in Fig. 4.1,

presenting them in detail in Section 4.2:

1. A diagonal block-encoding of state-amplitudes. Given a state preparation

unitary, in Section 4.2.1 I give a new diagonal block encoding of those state

amplitudes (see Definition 1.2.6 for a definition of block encodings). This

builds on the work of [120, 121], where they construct a similar operator which

gives a block encoding of the amplitudes in a quantum state, but importantly

is not diagonal. Diagonalizing this operator greatly simplifies analysis, and

facilitates our subsequent results.

2. An importance-weighted NLAT algorithm. In Section 4.2.2 I give a novel

algorithm for NLAT based off of importance-weighting. This yields an

exponential speedup over the prior work for a broad class of functions
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(including tanh and GELU), and is the enabling component which allows for

many of the applications in this paper.

Applications

In Section 4.3, I then use these novel subroutines to prove new results for a number

of applications, which I now outline:

1. Obtaining an exponential improvement in applying tanh. In Section 4.3.1 I

prove that our work obtains an exponential speedup over the prior work in

applying the function tanh to arbitrary quantum states.

2. End-to-end complexity analysis for applying common functions. In Sec-

tion 4.3.2 I prove the efficient end-to-end complexity in applying a number of

common functions to quantum states. All of these results are novel.

3. Quantum maximum finding. In Section 4.3.3 I use our importance-weighted

subroutine to give a new maximum finding algorithm in the unitary input

model. Our importance-weighted subroutine is essential to the efficiency of

this result, and is not possible with the prior NLAT work.

4. Generalizing quantum state preparation. In Section 4.3.4 I demonstrate how

the preparation of quantum states with amplitudes following a discretized

continuous function is a special case of our NLAT framework.

Our results, as presented in the pre-print version, have found further applications in

differential equation solvers [124], numerical quadrature [125], and in accelerating

the transformer deep-learning architecture [126] with quantum computers [127].

4.1.3 Preliminaries

I will now briefly provide an overview of the mathematical preliminaries and

notational conventions used. For a comprehensive list, see the notation chapter.

For some function f and a normal operator H = ∑
j λj|λj⟩⟨λj|, I use the notation

f(H) := ∑
j f(λj)|λj⟩⟨λj| to represent the transformation of the eigenvalues of H
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by f . I will extensively make use of the framework of quantum block-encodings;

see Definition 1.2.6 for a formal definition.

4.2 New Algorithmic Subroutines

I now derive our non-linear amplitude transformation subroutine, as illustrated

in Fig. 4.1. Our framework accepts an n qubit state preparation unitary U which

specifies the n qubit state |ψ⟩ through the mapping |ψ⟩ := U |0⟩. I then construct a

diagonal block-encoding of the amplitudes of this state, as shown in the box labelled

“Input State” of Fig. 4.1. This builds on and simplifies prior work. I formally

present our diagonal block-encoding in Section 4.2.1. Techniques from quantum

signal processing/ quantum singular value transformation are then used to apply

particular polynomial functions to this block-encoding, which is then applied to

some initial state. When f(0) = 0, we can implement the transformation of the state

amplitudes via importance-weighting, obtaining exponential improvements over the

prior work (see Section 4.3.1). In essence, given a function f(x), I instead work

with functions h(x) such that xh(x) = f(x), as is illustrated in the box labelled

“Importance Weighted NLAT” in the figure. As a consequence, I necessitate a

number of technical results, ultimately yielding the substantial circuit and query

complexity improvements over uniform-weighting. Finally, the output state is

produced by applying amplitude amplification on the desired subspace, as shown

in the box labelled “Output State”.

It is worth noting that by modifying the function applied to the diagonal

block encoding (in box “Importance Weighted NLAT” of Fig. 4.1) and the state

the transformed block-encoding is applied to, our framework immediately gives

a simplified version of the uniform-weighting procedure of [121] in our NLAT

framework. In particular, this is done by directly applying f(x) to the diagonal

block-encoding, and applying the result to a uniform superposition. This allows

for novel end-to-end complexity analysis (see Appendix C.9 for details).

This framework automatically gives rigorous error-bounds and complexity

statements so long as the user can prove: (1) the asymptotic complexity of a
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uniform approximation of the function of interest, (2) an upper-bound on the

Lipschitz constant of the approximating polynomial (or a bound on the maximum

of the function in the case of uniform-weighting), and (3) a lower-bound on the

normalization factor of the transformed state.

4.2.1 Diagonal Block-Encoding of State Amplitudes

An essential intermediate result in our work, which may of be independent interest,

yields a diagonal block-encoding of the amplitudes in a given quantum state.

Figure 4.2: 5 qubit example of the circuit for the diagonal block-encoding of state
amplitudes. Let U be a state-preparation unitary yielding the state U |0⟩n =

∑N−1
j=0 ψj |j⟩n.

The circuit consists of an n-qubit ancillary register, and an n-qubit main register. First,
a chain of n controlled-X gates is applied with the control on the ith qubit of the main
register targeting the ith qubit of the ancillary register. Then, U is applied to the ancillary
register.

Theorem 4.2.1 (Diagonal block encoding of amplitudes). Given an n-qubit

quantum state specified by a state-preparation-unitary U , such that |ψ⟩n = U |0⟩n =∑N−1
j=0 ψj|j⟩n (with ψj ∈ C), then the cirucit shown in Fig. 4.2 yields a (1, n, 0)-

block-encoding UA of the diagonal matrix A = diag(ψ0, ..., ψN−1) with a sequence of

n controlled-X gates and a single query to the U circuit.

Proof. This result builds on the techniques developed in [120, 121], offering a

substantial compression in both circuit complexity and derivation simplicity. It is

also a substantial improvement over the result presented in our original paper [3].

The matrix form of the chain of controlled-X gates is given by C := ∑N−1
j=0

∑N−1
k=0 |j⊕
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k⟩⟨j| ⊗ |k⟩⟨k|. Then, the whole block-encoding circuit is given by UA := C(U ⊗ In).

Noting that j ⊕ k = 0 =⇒ j = k,

(⟨0|n ⊗ In)C(U ⊗ In)(|0⟩n ⊗ In) (4.1)

=
N−1∑
k=0

(⟨k|n ⊗ |k⟩⟨k|)(|ψ⟩n ⊗ In) =
N−1∑
k=0

ψk|k⟩⟨k|. (4.2)

Consequently, UA is a (1, n, 0)-block-encoding for diag(ψ0, . . . , ψN−1).

If one wishes to get a diagonal block-encoding only of either the real or imaginary

parts of the state amplitudes, the result given in Lemma C.2.4 can be used instead.

Interestingly, since this diagonal block-encoding requires only a single use

of the state-preparation unitary (not even a controlled-U), it can be repeatedly

invoked on itself without an exponential increase in circuit complexity (unlike

with Lemma C.2.4, or the prior work [120, 121]).

4.2.2 Importance-Weighted Amplitude Transformation

I now present our main result on importance-weighted amplitude transformation, as

illustrated in Fig. 4.1. Note that “efficiently-approximable functions” are formally

defined in Definition 1.2.3.

Theorem 4.2.2 (Non-linear transformation of quantum amplitudes via impor-

tance-weighting). We are given an n-qubit circuit U such that U |0⟩ = ∑N
j=1 ψj|j⟩,

with N = 2n and ∀j, ψj ∈ R. Additionally, we are given a function f(x) such that

f(0) = 0 and γ := maxx∈[−1,1] |f(x)| and N 2 := ∑N
j=1 |f(ψj)|2. For 1 > ϵ > 0,

let f(x) be ϵN 2

γN
-approximable by a polynomial Pk(x), such that Pk(0) = 0, with

degree kϵ := K(ϵN 2/γN), where K is a function describing the degree of the

polynomial required to get a uniform-approximation to f with error at most ϵN 2

γN
.

Additionally, define γ̃ := maxx∈[−1,1] |Pk(x)/x|. Then, we can prepare a state ϵ close

in ℓ2 norm-distance from 1
N
∑
j f(ψj)|j⟩ with arbitrarily high probability of success

with O(kϵγ̃/N ) query complexity to a controlled U and U † circuit, with overall

circuit depth of O(nkϵγ̃/N ), with polylogarithmic classical computation, and with

O(n) ancillary qubits.
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I also prove a simpler result in Theorem C.3.1, where I assume the function

being implemented is exactly a degree k polynomial (i.e., f(x) = ∑k
j=0 αjx

j for

some set of coefficients {αj}j). This simpler result is then used to prove the general

result of Theorem 4.2.2, thereby handling most details arising from approximation

errors. The full proof of Theorem 4.2.2 is provided in Appendix C.4.

I will now give an explanation of each of the three primary terms the complexity

of Theorem 4.2.2, kϵ, γ̃ and N . I will then provide intuition for which functions

can be implemented efficiently. Finally, I will provide two examples of functions

for which this procedure is not generally efficient.

First, ϵ is the user-input specifying the desired ℓ2-norm error in the final

transformed state, and so kϵ gives the degree of the polynomial required to satisfy

this error bound. If the degree−kϵ polynomial approximation Pkϵ(x) satisfies the

uniform-approximation error bound of maxx∈[−1,1] |Pkϵ(x) − f(x)| ≤ ϵN 2

γN
, then the

ℓ2-norm error bound holds. As a simple example, consider the function sin(x). Later,

I will show that we can get a polynomial approximation Pk(x) to sin(x) satisfying

maxx∈[−1,1] | sin(x) − Pk(x)| ≤ ϵ0 with degree kϵ ∈ O(log(1/ϵ0)). Moreover, I also

show that γN
ϵN 2 ∈ O(N/ϵ). Since theorem requires a ϵN 2

γN
-uniform-approximation to

get an overall ℓ2-norm error of ϵ, we can then set the degree of the polynomial

to kϵ ∈ O(log( γN
ϵN 2 )), and thus kϵ ∈ O(log(N/ϵ)).

Second, intuitively, γ̃ is usually fairly similar to maxx∈[−1,1] |f(x)/x|, which for a

function satisfying f(0) = 0, is upper-bounded by the Lipschitz constant. However,

because of pathological edge-cases this is not universally true, and so one must bound

γ̃ for the specific polynomial selected. As a pathological case, consider a function

with small Lipschitz constant, approximated by a rapidly oscillating function that

stays within the uniform approximation error. Then, maxx∈[−1,1] |f(x)/x| will be

small, but γ̃ could potentially be quite large. However, in practice, I have never

encountered this problem for any of the polynomial approximations I have used.

Third, and often of the most impact to the complexity, N must lower-bounded.

Intuitively, N is the norm of the transformed state. Therefore, if the function

shrinks the state-norm a lot, the complexity will be poor. As a pathological example,
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consider the function f(x) = 0, clearly, ∑j |f(ψj)|2 = 0, and so the procedure will

have infinite complexity. To avoid norm-shrinking, two important properties of

generally efficient functions are: (1) for x ̸= 0, f(x) ̸= 0, and (2) either the degree-0

or the degree-1 terms of the polynomial approximation are non-zero. It is possible

that a function not satisfying these two properties can be efficient for specific input

states, but as a general rule if one of these properties does not hold an input to the

function can usually be constructed for which the complexity will be arbitrarily poor.

Comparison to Classical Element-Wise Function Application A quantum

NLAT procedure is a subroutine for use in other algorithms (it is not an end-to-end

algorithm in and of itself). Nevertheless, to help understand when a quantum

algorithm might use an NLAT procedure to obtain a speedup, it can be helpful

to consider the classical complexity of applying a function element-wise to a given

vector. I will consider three possible approaches to perform this task. First, a

direct and exact application. Second, a randomized application. Finally, applying

a function to a tensor-network representation of a given vector.

First, for an arbitrary efficiently computable function (see Definition 1.2.4) the

complexity of applying it to an N -dimensional vector is trivially O(N) (neglecting

the cost to evaluate f). No other properties need be assumed for the function (e.g.,

does not have to admit an efficient polynomial approximation). In contrast, for a

function satisfying the properties outlined in Theorem 4.2.2 (namely, an efficient

polynomial uniform approximation on a fixed interval, satisfying f(0) = 0, Lipschitz

bounds on the approximating polynomial, and lower-bounds on “norm-shrinkage”)

our importance-weighted NLAT procedure has O(polylog(N)) complexity (only

considering the dimension), at the cost of a dependence on the norm of the output

state, and a linear dependence on the degree of the approximating polynomial.

For many common functions I subsequently show that the output norm can be

shown to be a constant. At a high-level, for vectors with high dimension, and “nice”

polynomial approximation properties, implementing NLAT is generally much more

efficient for high-dimensional vectors than a direct classical implementation when
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only coherent downstream access is needed (rather than e.g., reading out all the

resulting amplitudes, where the classical approach is exact).

Second, consider a speculative randomized classical implementation. Given

sample and query access to a given vector x, that is SQ(x) (see [52] or Section 2.3.2),

the dequantized equivalent of NLAT would be to obtain SQ(f(x)) for some given

function f (assuming f(0) = 0, and f has a bounded Lipschitz constant, similarly

to Theorem 4.2.2). To the best of my knowledge, such a procedure has not yet

been provided in the literature. Nevertheless, one possible approach could be to

use rejection sampling. The key governing the complexity would be the acceptance

probability, i.e., the probability that given a sample from SQ(x) we accept it as

a sample from SQ(f(x)). Using the Lipschitz constant of f , and the importance-

weighted assumption of f(0) = 0, I anticipate that this can then be bounded using

analysis similar to that performed in Theorem 4.2.2. This is an interesting direction

for future exploration, and would be worth considering in more detail, and may

give quite an efficient procedure for obtaining SQ(f(x)). This is beyond the scope

of the present work, as the goal is to give an efficient quantum NLAT procedure.

Finally, consider a given vector x encoded as a tensor network with a bond

dimension r. A polynomial function can be applied element-wise to x by taking

repeated Hadamard products (to implement powers) and linear combinations. In

general, summing vectors only increases the bond dimension linearly in the number

of terms being summed, but a tensor network representing x ⊙ x will usually have

bond dimension O(r2). Consequently, the bond dimension (and thus complexity)

of the tensor network will generally increase exponentially in the degree of the

polynomial function being implemented. Thus, such approaches should either

explore alternative methods of implementing element-wise function applications, or

should consider approximating the result (e.g., by truncating the bond dimension).
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4.3 Applications

4.3.1 Exponential Improvement in Applying tanh Activation
Function

The central goal of this thesis is to show that quantum computers can be used to

accelerate the underlying linear algebra of existing classical deep learning algorithms

(as has been done for certain classical machine learning algorithms, e.g., in [26]).

A natural way to do this is through the block-encoding framework, as it provides

a straight-forward way for implementing sequences of matrix-vector operations.

However, a missing ingredient to accelerate deep-learning has been the ability to

coherently interleave activation functions after each matrix-vector multiplication.

Clearly, in this model, quantum states implement the vectors, and the block-encoded

matrices implement the network layers (e.g., a weight matrix for a feed-forward

network). Consequently, efficiently applying a non-linear transformation to a

quantum state enables quantum algorithms to utilize activation functions.

To clearly demonstrate the exponential improvement offered by our importance-

weighting technique over uniform sampling, I give the end-to-end complexity

statement for both algorithms applied to the important activation function f(x) =

tanh(x).

Theorem 4.3.1 (Exponential speedup in importance-weighted application of tanh

activation function). Given an arbitrary n-qubit quantum state preparation unitary

U such that U |0⟩ = |ψ⟩ = ∑N
j=1 ψj|j⟩ (with ∀j, ψj ∈ R, and N = 2n), and the

function f(x) = tanh(x), the algorithm of [121], as proven in Theorem C.9.1,

prepares a state ϵ close in ℓ2-norm distance (for small ϵ) to 1
N
∑
j f(ψj)|j⟩ (where

N is the normalization factor) with arbitrarily high probability of success with

worst-case O(
√
N log(N/ϵ)) query complexity to a controlled U and U † circuit,

with overall circuit depth of O(n
√
N log(N/ϵ)), and O(n) ancillary qubits. Our

importance-weighted procedure prepares a state ϵ close in ℓ2-norm distance from
1
N
∑
j f(ψj)|j⟩ with arbitrarily high probability of success with worst-case O(log(N/ϵ))
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query complexity, with overall circuit depth of O(n log(N/ϵ)), and O(n) ancillary

qubits.

This result immediately follows by applying Theorem 4.2.2 with a particular

polynomial approximation to tanh(x), and I relegate the technical details of the

proof to Appendix C.6.

4.3.2 End-to-End Efficiency in Applying Common Func-
tions

I will now use the theorems and lemmas presented so far to easily derive the

end-to-end complexity for applying a number of common functions to arbitrary

quantum states. When f(0) = 0, I invoke Theorem 4.2.2. When f(0) ̸= 0, I

invoke Theorem C.9.2 (our diagonal variant of [121], extended with ℓ2-norm error

guarantees, as derived in the appendix). These examples illustrate how when

combined with our new error bound, our technique and the technique of [121] enable

the transformation of real amplitudes by a rich set of functions with overall efficient

end-to-end complexity. I include the full proof of this result in Appendix C.5.

Theorem 4.3.2 (End-to-end complexity for several functions). We are given an

arbitrary n-qubit quantum state preparation unitary U such that U |0⟩ = |ψ⟩ =∑N
j=1 ψj|j⟩ with ∀j, ψj ∈ R and N = 2n. Let ϵ > 0, for the functions f(x) given

below there exists circuits to prepare a state |ϕ⟩ such that ∥|ϕ⟩− 1
N
∑
j f(ψj)|j⟩∥2 ≤ ϵ,

where N is the normalization factor. The circuits all require O(n) ancillas, and

their complexities are:
Case f(x) Query complexity
i.) ex O (log (1/ϵ))
ii.) cos(x) O (log (1/ϵ))
iii.) 1

1+e−2x O (log (1/ϵ))
iv.) 1

σ
√

2πe
− 1

2 (x/σ)2
O (σ log (σ2/ϵ))

v.) sin(x) O (log (N/ϵ))
The query complexity is to controlled U and U † circuits. For the table and the results,

assume that inputs to the functions are x ∈ [−1, 1]. For Case iv.), we assume that

σ2 ≥ 1/2. In all cases, the additional circuit depth is simply the query complexity

multiplied by n, e.g., the depth of Case i.) is simply O(n log(1/ϵ)).
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4.3.3 Quantum Maximum Finding in the Unitary Input
Model

Figure 4.3: Illustration of maximum finding via non-linear amplitude transformation.
Here, the polynomial approximation P (x) to the shifted step function step(x) is applied
to each amplitude, yielding nearly all of the amplitude in the output in the basis vector
with maximum amplitude.

I now derive a technique for maximum finding in the state preparation unitary

input model. Variants of this technique will likely be of significant interest to

domains ranging from machine learning (for instance, in using the maximum output

of a multi-layer neural network for identifying class labels), to financial derivative

pricing [68], to real-space molecular chemistry simulations [128]. This algorithm

follows immediately by applying our importance-weighted amplitude transformation

procedure. Given a state preparation unitary U , (as per Definition C.2.1) preparing

the ℓ2-normalized quantum state U |0⟩ = ∑N−1
j=0 ψj|j⟩, the objective is to identify the

basis vector associated with the maximum amplitude, with constant probability of

success. This problem format has some overlap with the state tomography results

of [129, 130], but the examination of this overlap remains as future work.

I consider a simplified problem statement, assuming that the maximum amplitude

(ψmax) and the gap between the largest and second largest amplitudes (∆) are

known a priori, and we wish to identify the basis vector associated with the

maximum amplitude. Moreover, for simplicity, I also assume all the amplitudes

are real and non-negative.

It is worth briefly noting that sampling the basis vector with maximum amplitude

is an easier problem than sampling and concluding that the sampled basis vector
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is the maximum. The former occurs with probability 1/|ψmax|2, while the latter

will necessarily have a dependence on ∆.

In essence, as illustrated in Fig. 4.3, this problem can be solved by applying

a shifted step-function (heavyside function) to the amplitudes of the quantum

state, such that all the amplitudes smaller than ψmax − ∆/2 are mapped to 0,

and the amplitudes greater than ψmax − ∆/2 are mapped to 1. As a result,

measuring this output state would immediately yield a sample from one of the

basis states with maximum amplitude.

However, as invoking Theorem 4.2.2 requires obtaining an upper-bound on γ̂

(i.e., upper-bounding the maximum value on the interval of consideration of the

polynomial approximation divided by x), and there is no immediately obvious

bound for the polynomial I use, I will take a slightly modified approach. Let f(x)

represent the heavyside function being utilized. Instead, I actually consider the

desired function xf(x). The analysis easily follows, and this can intuitively be

thought of as obtaining a filter in the block-encoding where each entry in the

block-encoding is 0, apart from the entry corresponding to the maximum which has

value 1. Applying this filter to the input state then solves the problem, analogously

to the simpler intuition I just described.

I now present our result solving this problem, leaving the technical details

of the proof to Appendix C.7.

Theorem 4.3.3 (Maximum finding in state preparation input model). Let U be an

n-qubit state preparation unitary U |0⟩ = ∑N
j=1 ψj|xj⟩ such that ∀j : ψj ∈ R≥0, and

{xj}j is some ordering on the set of standard basis vectors, where the subscript makes

the mapping to the corresponding amplitude label explicit. Without loss of generality,

assume that ψ1 > ψ2 ≥ ... ≥ ψN , and define the amplitude gap ∆ := ψ1 − ψ2. We

are given the values ψ1 and ∆. Then, with arbitrarily high probability, and Õ( 1
ψ1∆)

query complexity to a controlled U and U † circuit, we can determine the index of

the basis state with maximum probability amplitude (i.e., we learn which basis state

the label x1 corresponds to).
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4.3.4 Generalizing Quantum State Preparation

In this section, I demonstrate that previous ideas on quantum state preparation

can be easily captured in our framework of non-linear amplitude transformations,

matching previous asymptotic complexities. Given some function f (e.g. an

efficiently computable function as described in Definition 1.2.4), and a set of N points

{xj}j at which f is to be evaluated, the goal is to prepare the n qubit quantum state

(with N = 2n) |f⟩n := 1
N
∑N
j=1 f(xj)|j⟩n where N 2 = ∑N

j=1 |f(xj)|2. In this section,

I assume that the function is scaled so that its maximum over its domain is at most 1.

There is a wide literature on this topic, which I will briefly summarize here,

presenting more details in Chapter 3 and in Appendix C.8. To reiterate, the

literature begins with Grover’s work on black-box state synthesis [87], in which

a state with amplitudes following an arbitrary function can be prepared with

complexity O(
√
N/N ). In the case of a discretized continuous function, and a

uniformly spaced grid of N points on the interval [x1, xN ], [2] (i.e., Chapter 3)

I proved that this converges to the inverse of an asymptotic constant we called

the “filling ratio”, F . The rate of convergence was shown to be exponential in the

number of qubits in the general case of Riemann integrable functions. The filling

ratio was shown to only depend on properties of the function, and intuitively can

be visualized by a bound measuring the percentage of a bounding box filled by the

function. A number of results have improved the practical efficiency of black-box

techniques (see e.g., [88, 131]). However, many of these techniques have substantial

constant costs from their dependence on quantum arithmetic.

As a result, of most relevance to this chapter are the ideas in [132, 133], where

quantum arithmetic free state preparation ideas are presented. These two works were

initially developed independently, but interestingly, when viewed through the lens of

NLAT with of our diagonal block-encoding, they can be seen as different expressions

of the same underlying idea. In essence, both approaches can be viewed as implicitly

creating a diagonal block-encoding of an initial state with linear amplitudes (i.e.,

with amplitudes ∝ f(x) = x), applying the desired function to this block-encoding,

and then applying the result to a uniform superposition. In this sense, starting with
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an initial state with linear amplitudes, uniform-weighted NLAT directly reproduces

both of these state-preparation algorithms. While the two algorithms differ in some

technical details, they can both be easily understood through in this framework,

with rigorous end-to-end complexity analysis using our results in Theorem C.9.2.

To maintain our end-to-end error bounds while avoiding quantum arithmetic, in

Theorem 4.3.4 I re-derive the approach of [132] in our framework, avoiding the need

to prepare a quantum state with amplitudes proportional to the linear function

without using quantum arithmetic or approximate methods. I note that while

our framework provides a conceptually simple way to re-derive their results, our

implementation requires slightly more ancillary qubits than theirs does.

I now present the results of [132], with the proof given in Appendix C.8.

Theorem 4.3.4 (State preparation through non-linear amplitude transforma-

tion [132, 133]). Let ϵ > 0. Let f : [a, b] 7→ R be a Lipschitz function such

that maxx∈[−1,1] |f(x)| ≤ 1. Let {xj}j be a uniform grid such that x0 = a and

xN−1 = b. Define |f(ψ)⟩n := 1
N
∑
j f(xj)|j⟩n, where N := ∑

j |f(xj)|2. Then,

using Theorem C.9.2, a quantum state |ϕ⟩n satisfying ∥|ϕ⟩n − |f(ψ)⟩n∥2 ≤ ϵ can

be prepared with overall complexity Õ(F−1), where F−1 is the function-dependent

asymptotic constant called the “filling ratio” as per Chapter 3.

4.4 Conclusion

I have presented a new framework for applying non-linear functions to the amplitudes

of quantum states. I give a diagonal block-encoding of the amplitudes of an input

state specified by a state preparation unitary, simplifying analysis over previous

approaches. I then give a new algorithm based off of importance weighting, which

gives up to an exponential speedup in important machine learning applications.

I then provide a sketch, which is the foundation of Chapter 5, as to how this

technique can be used to accelerate deep-learning with quantum computers. Our

importance-weighted algorithm also enables a new maximum finding application

and result. Furthermore, we demonstrate how this framework can be used to
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efficiently apply a wide range of functions to the amplitudes of quantum states. I

conclude by re-deriving state-preparation algorithms in our framework, showing

its general versatility and power.

For future work, one direction is to generalize our results to work with quantum

states with complex amplitudes, potentially using the recent Ref. [134]. Additionally,

for an n-qubit quantum state, it would be worth exploring ways to implement the

diagonal block-encoding of state amplitudes with O(1) ancilla qubits instead of

the O(n) currently required. Another direction is to investigate the quantum

state exponentiation setting [71, 135] as opposed to the state preparation circuit

input model. Moreover, application to problems related to non-linear ordinary or

partial differential equations are interesting to consider and may be enabled by our

subroutine. Furthermore, these techniques naturally lend themselves to further

developing the theory of quantum machine learning, both in the parameterized

quantum circuit model [136], and in the fault-tolerant linear algebra model [26]

(which is the focus of Chapter 5. In this setting, it would be interesting to explore

the complexity in applying a sequence of non-linear transformations, as even for

efficiently implementable functions, it appears that the overall circuit depth would

grow exponentially in the number of non-linear transformations (as the circuit

implementing the preceding transformed state-preparation unitary becomes the

state preparation unitary for the next transformation, and so on). There might

be specific settings, e.g. ℓ1 or ℓ2 norm preserving transformations, where this is

not the case. It may also be possible that interesting results can be obtained

by making distributional assumptions. It would also be worthwhile expanding

this work to allow the implementation of multivariate activation functions (such

as softmax). Beyond the computational model considered in this work, certain

quantum systems may offer non-linear functions at the hardware level, in contrast

to the systematic polynomial approximation approach.
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5
Quantum Processors as Accelerators for

Machine Learning

This chapter (and the associated Appendix D) presents results from the following

paper, which I presented as a talk at the conference Quantum Techniques in

Machine Learning (QTML) 2025, and was accepted at the International Conference

on Learning Representations (ICLR) 2026:

[4] Arthur G. Rattew et al. Accelerating Inference for Multilayer Neural Networks

with Quantum Computers. 2025. arXiv: 2510.07195 [quant-ph]. url:

https://arxiv.org/abs/2510.07195

Some text is taken verbatim from the sections of the publication for which I was

the primary author. I developed all the theory and results presented in this chapter,

with some supervision from Patrick Rebentrost. The specific architectures selected

were designed in collaboration with Po-Wei Huang. For complete acknowledgments

and funding disclaimers, please see the relevant sections of [4].
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5.1 Introduction

In this chapter, I put together the ingredients developed in Chapters 2 to 4, to

achieve the primary goal of this thesis: using quantum computers to accelerate

inference for classical multilayer neural networks.

Ushered in by advanced in classical computing, namely with GPUs, the last

decade has seen widespread adoption of deep learning to solve a range of important

problems [16–20]. Yet, the progress in classical hardware is not expected to

continue indefinitely as we approach the physical limits of Moore’s law [22]. This

motivates an important question: if quantum mechanical effects are the obstruction

preventing further scaling of classical hardware, can those same effects be exploited

to provide a new kind of acceleration? Can quantum computers be the next

stage in hardware acceleration?

Quantum machine learning research (see e.g., [137–139]) can broadly be divided

into two categories: (1) architectures designed to run purely on quantum computers

with no classical counterparts (often based on parameterized quantum circuits),

and (2) quantum techniques to accelerate the underlying linear algebra of existing

machine learning algorithms.

The first line of research began with the seminal variational quantum eigensolver

(VQE) [140]. Following this line of investigation, a number of quantum machine

learning algorithms have been proposed [141–146]. However, it was subsequently

found that many of such algorithms face substantial challenges with their training

landscapes, due to vanishing gradients and barren plateaus [147–150]. In cases
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Figure 5.1: Architecture for Convolutional Neural Networks. This figure shows
the architectures we consider with provable quantum complexity guarantees for inference
under three regimes of quantum data access assumptions. (a) Depicts the architecture
where both the inputs and network weights are provided in an efficient quantum data
structure. (b) Only the network weights are provided in an efficient quantum data
structure. (c) No input assumptions are made. In all architectures, the input is assumed
to be a rank-3 tensor (e.g., images with 4 channels). Note that this figure and caption
was produced by a co-author, and are included for completeness.

where these issues are not present, it appears that many of these algorithms can be

instead simulated classically efficiently, removing quantum speedups [151–154].

The second line of research utilizes quantum linear algebra primitives (e.g., [26,

155, 156]) to accelerate classical machine learning models. For example, see refs [71,

82, 157–168]. Some work has also focused on accelerating classical neural network

training and inference [42, 169, 170]; a comparison to the relevant prior work

subsequently in this chapter.

Main Contributions. In this paper, I propose a method that can be used to

accelerate inference for multilayer residual networks (ResNets) [18], and derive

a number of key subroutines to be able to do so. The main contributions are

listed as follows.

• In Section 5.2, I further develop the modular vector-encoding framework for

quantum matrix-vector arithmetic that I first presented in Chapter Chapter 4.
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• In Section 5.2.2, I derive a novel quantum algorithm for the multiplication of

arbitrary full-rank and dense matrices with the element-wise square of a given

vector, without incurring a rank-dependence.

• In Section 5.2.3, I provide a novel QRAM-free block-encoding for 2D multi-filter

convolutions.

• In Section 5.4, to the best of my knowledge, I derive the first coherent quantum

implementations of multi-layer neural networks with non-linear activations. I

provide rigorous end-to-end complexity proofs for inference under three QRAM

regimes:

– Regime 1 (inputs and weights provided via QRAM): Assuming QRAM

access to both inputs and weights, for a network with k non-linear activations

acting on N -dimensional inputs Õ(polylog(N/ϵ)k) inference cost is shown.

Moreover, I argue that existing techniques are insufficient to dequantize this

result.

– Regime 2 (weights provided via QRAM): When a cost linear in the

dimension of the input must be paid (i.e., no QRAM for the input), but the

network weights are stored in QRAM, I prove a quartic speedup over exact

classical implementations for shallow architectures.

– Regime 3 (no QRAM): In the absence of any QRAM, a quadratic speedup

over an exact classical implementation is proven.

The relevant architectures in each regime can be seen in Fig. 5.1. I derive a

number of techniques and algorithms which have broad utility in implementing

machine learning architectures on quantum computers. However, my main focus is

on accelerating inference for classification, with the formal problem statement

given in Definition 5.1.1.
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Definition 5.1.1 (The Approximate Sampling-Based Classification Problem).

Given a neural network represented by function h : RD 7→ RC (i.e. with D-

dimensional inputs and C-dimensional outputs) which returns a probability dis-

tribution as its output (i.e., for any x ∈ RD, y := h(x) is all non-negative, and

∥y∥1 = 1), then the sampling-based classification problem is to return a sample from

some probability vector ŷ such that ∥y − ŷ∥2 ≤ ϵ.

Comparison to Prior Work. A substantial differentiating factor between this

work and the prior literature is the coherent applications of multiple rounds

of non-linearities. In prior work, [159–161] intermediate state tomography or

partial measurements are used to enact the non-linear transformations, breaking

coherence and limiting possible quantum performance (tomography necessarily gives

a polynomial error-scaling and dimension-dependence). Moreover, in tomography

based approaches where the activations are applied classically, the resulting vector

then needs to be reloaded into the quantum computer, and even with an efficient

QRAM implementation, this necessitates a linear dimension-dependence (each

modified output element needs to be loaded into the QRAM). Additionally, I

demonstrate that careful tracking on the bounds of the norm of a vector propagating

through a network forward pass is essential for proving end-to-end complexities, and

the developments made in the VE framework help enable this. To this end, I make

the observation that residual skip connections that enable deep networks classically

are fundamental to norm stability and preservation, enabling coherent multilayer

architectures not present in prior work. In Table 5.1, a figure produced jointly with

my co-authors, we provide a detailed comparison to some of the prior work.

5.2 Quantum Matrix-Vector Arithmetic

In this section, I further develop the tools necessary to perform quantum matrix-

vector arithmetic. For an overview of block-encodings, please see Chapter 1.

For an overview of vector-encodings (VEs), please see Chapter 1 and Chapter 4

(and in particular, Appendix C.10). Novel contributions in this section:
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Architecture Coherent
Multi-
Layer

Coherent
Non-

Linearity

QRAM-
Free

Norm
Preserva-

tion

Polylog
1/ϵ

Polylog
N

Ref [171]∗ CNN Inspired
PQC ✗ ✗ ✓ ✓ N/A N/A

Ref [159] Feed-forward ✗ ✗ ✗ ✗ ✗ ✗

Ref [160] CNN ✗ ✗ ✗ ✗ ✗ ✗

Ref [161] Transformer ✗ ✓ ✗ ✗ ✗ ✗

Our work
Regime 1 Residual CNN ✓ ✓ ✗ ✓ ✓ ✓

Our work
Regime 2

Bilinear
Residual CNN ✓ ✓ ✗ ✓ ✓ ✗

Our work
Regime 3

Bilinear
Residual CNN ✓ ✓ ✓ ✓ ✓ ✗

Table 5.1: Comparison with prior work. We briefly explain the meaning of each
column. Coherent multi-layer refers to the construction of multi-layer architectures
separated by non-linear activation functions without tomography. Coherent non-linearity
refers to the implementation of non-linear transformations on the quantum computer
without readout. Norm preservation refers to the preservation of vector norms throughout
the network forward pass. Next, each quantum implementation of a classical architecture
incurs some error over the exact classical implementation, and as such an entry ✓ in
the polylog 1/ϵ column indicates a O(polylog(1/ϵ)) error-dependence, whilst a ✗ entry
indicates a O(poly(1/ϵ)) error-dependence. Finally, polylog N refers to polylogarithmic
complexity in the input dimension N . ∗Note: the architecture presented in [171], is
inspired by CNNs but is based on parameterized quantum circuits (PQC). As they do not
aim to accelerate an existing classical architecture, it is not possible to provide an entry
in the polylog ϵ column. Moreover, they do not provide complexities when considering
classical input data, and so we do not give an entry in the column corresponding to
polylog N . Note that this figure was produced jointly with my co-authors and is included
for completeness.

In Section 5.2.1, I further develop the framework of vector-encodings, introducing

straight-forward new quantum algorithms for vectors encoded as VEs, enabling

vector sums, matrix-vector products, tensor products, and vector concatenations.

In Section 5.2.2, I present a novel algorithm which applies an arbitrary full-rank

and dense matrix to the element-wise square of a vector, without incurring a

Frobenius norm dependence. Finally, in Section 5.2.3, I give a novel QRAM-free

block-encoding for 2D multi-filter convolutions.

5.2.1 New Operations on Vector Encodings

To enable the subsequent results on architectural blocks, I will now develop primitive

operations on vector-encodings. These results are straight-forward modifications
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of existing techniques into the VE framework, but are necessary to allow easy

tracking of the norm of encoded vectors, which is a crucial parameter dictating

the complexity of quantum neural network accelerations.

Lemma 5.2.1 (Vector Sum, Proof in Appendix D.2). Let 0 ≤ τ ≤ 1. We are given

unitary circuits Uψ and Uϕ which are (α, a, ϵ0) and (β, b, ϵ1) VEs for |ψ⟩n and |ϕ⟩n,

respectively. Define c := max(a, b), |Γ⟩n := τ
α
|ψ⟩n + (1−τ)

β
|ϕ⟩n, N := ∥|Γ⟩n∥2 and

|Γ⟩n := |Γ⟩n/N . Then, using one controlled Uψ circuit, one controlled Uϕ circuit,

and two additional single-qubit gates, we can construct a unitary matrix V such

that V is a (N −1, c+ 1, ( ϵ0
α

+ ϵ1
β

)/N )-VE for |Γ⟩.

Lemma 5.2.2 (Matrix-Vector Product, Proof in Appendix D.2). We are given

an (α, a, ϵ0)-block-encoding UA for the n-qubit operator A, and Uψ a (β, b, ϵ1)-VE

for the ℓ2-normalized n-qubit quantum state |ψ⟩. Let N := ∥A|ψ⟩n∥2. Uψ has Tψ

circuit complexity, and UA has TA circuit complexity. Then, we can obtain an

a + b + n qubit unitary U with O(Tψ + TA) circuit complexity such that U is an

(αβ/N , a+ b, (ϵ0 + αϵ1)/N )-VE for the quantum state state A|ψ⟩n/N .

Lemma 5.2.3 (Tensor Product of Vector Encodings, Proof in Appendix D.2).

Given Uψ an (α, a, ϵ)-VE for |ψ⟩n with O(Tψ) circuit complexity, and Uϕ an (β, b, δ)-

VE for |ϕ⟩m with O(Tϕ) circuit complexity, then we can obtain the circuit V which

is an (αβ, a + b, ϵ + δ + ϵδ)-VE for |ψ⟩n ⊗ |ϕ⟩m with O(max(Tψ, Tϕ) + max(n, b))

circuit depth.

Lemma 5.2.4 (Concatenation of Vector Encodings, Proof in Appendix D.2). Let

D = 2d, N = 2n, and 0 ≤ ϵ < 1. Assume that d ≤ n. Suppose we are given a set of

D unitary circuits, {Ui}i∈[d] such that each Ui is an (αi, a, ϵ)-VE for the quantum

state |ψi⟩n with O(T ) circuit complexity. 1 Let |Ψ⟩d+n = ∑D−1
j=0 |j⟩d|ψj⟩/αj, and let

N := ∥|Ψ⟩d+n∥2 =
√∑D−1

j=0
1
α2
j
. Then, we can obtain a (D/N , d + a, ϵ) for |Ψ⟩d+n

N

with O(dDT ) circuit complexity.
1If D is not a power of 2, padding can be added.



82 5.2. Quantum Matrix-Vector Arithmetic

5.2.2 Matrix Vector Squared Product

I will now present the first key result of this section, showing how given a matrix

W (with ∥W∥2 ≤ 1) and a vector encoding of x, a vector encoding of W (x)2 can

be obtained. The key idea is to avoid obtaining a quantum block-encoding of the

operator W (which in general requires W to be either low-rank, or sparse [26]). The

product is then implemented by using importance-weighting to coherently combine

the columns of W weighted by the corresponding elements of the input vector, and

then apply the result to a modified version of the input vector.

Theorem 5.2.1 (Product of Arbitrary Matrix with a Vector Element-wise Squared,

Informal). Let N = 2n. We are given a matrix W ∈ CN×N , provided via a

pre-processed efficient quantum accessible data structure (see Definition D.2.2).

Additionally, we are given the unitary Uψ with circuit complexity O(Tψ), a (α, a, ϵ)-

VE for the quantum state |ψ⟩n. Define the function g : C 7→ R as g(x) = |x|2, and

N := ∥Wg(|ψ⟩n)∥2. Then we can construct the unitary Uf which is a (α2

N , 2a+ 2n+

3, 2αϵ
N )-VE for Wg(|ψ⟩n)/N , and has O(Tψ + n2) circuit depth.2

This result is stated formally and proven as Theorem D.2.1 in the Appendix. To

use this to prepare the quantum state Wg(|ψ⟩n)/N , the vector normalization result

(Lemma D.2.7) can be directly applied to the output VE yielded by Theorem 5.2.1,

preparing the state with Õ(α2(Tψ + n2)/N ) circuit complexity. This is the first

such result without a Frobenius norm dependence on A.

I will now informally sketch the proof of this procedure. First, define the

columns of W as W =
(
w0 . . . wN−1

)
. Define the normalized version as |wj⟩ =

wj/ ∥wj∥2, and define aj := ∥wj∥2. We assume access to three objects. (1) A block-

encoding of A := diag(a0, . . . , aN1). (2) An oracle implementing UW |0⟩|j⟩ = |wj⟩|j⟩.

(3) A vector-encoding for |ψ⟩ = ∑
j ψj|j⟩. Then, by using our vector-encoding

circuit, we can get an encoding of |ϕ⟩ := ∑
j ψj|j⟩|wj⟩ =

(
ψ0⟨w0| . . . ψN−1⟨w1|

)†
.

Then, using our block-encoding of A, we can efficiently get a block-encoding of
2For simplicity, here we are assuming that the parameter d (as defined in Theorem D.2.1) is

set to n.
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(
a0ψ0In . . . aN1ψN−1In

0

)
(where In is a 2n dimensional identity matrix, and only

the first N rows are non-zero). We can then use the product of matrix-encoding

with vector encoding result to take the product of
(
a0ψ0In . . . aN1ψN−1In

0

)
with

|ϕ⟩ yielding the desired vector-encoding.

5.2.3 QRAM-Free Quantum Encoding of 2D Multi-Filter
Convolutions

While the matrix-form of a 2D convolution has been given many times before in

the literature, to the best of our knowledge the following is the first result giving

a block-encoding of a QRAM-free 2D multi-filter convolution. I also stress that

the following result can be highly optimized, especially if QRAM is used. Such

optimizations are left to future work. The full proof is provided in Appendix D.2.2.

Lemma 5.2.5 (QRAM-Free Block-Encoding of 2D Convolution With Filters). Let

M = 2m, let n = 2m, let N = 2n, and let D = 2d. Define the matrix form of

the 2D multi-filter convolution operation, C ∈ RCM2×CM2, as per Lemma D.2.15.

Here, C represents the number of input and output channels, and D represents the

dimension of the kernel over rows and columns (i.e., the kernel is a rank−4 tensor

containing C, C ×D ×D filters). Then, after performing some one-time classical

pre-computation, we can obtain a (1, 3 + 8D+ 2 log(CD), 0)- block-encoding of C
2∥C∥2

with O(m2C3D4 log(C) log(D)) circuit depth.

While the degrees on the number of channels and the filter size D seem large,

the filter size is usually quite small in practice (e.g., often 3). Moreover, there

are straight-forward optimizations of this result which can substantially reduce

the degrees on both C and D.

5.3 Architectural Blocks

In this section I will derive two key architectural blocks, a residual block, and a

multi-layer residual block, which allow the subsequent complexity claims. I present

an additional architectural block building on these in Appendix D.3, but do not
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Figure 5.2: Generic Residual Architectural Block. This diagram illustrates the
structure of a typical residual block used in deep neural networks. The input vector x is
transformed through a sequence of operations: a learnable linear transformation W , a
non-linear activation function f , and a residual (skip) connection that adds the original
input to the transformed signal. The output is then passed through a normalization layer
(norm).

include it in the main text as it is not essential for understanding the key complexity

details of such quantum implementations.

Lemma 5.3.1 (General Skip Norm Block). Let ϵ1 ∈ (0, 1]. Let κ ∈ [1, 2]. Consider

the architecture shown in Fig. 5.2. Let N = 2n. We are given the unitary Uψ a

(1, a, ϵ0)-VE for |ψ⟩n with circuit complexity O(T1), and are given the unitary UW a

(1, b, 0)-block-encoding for the n-qubit operator W/κ with circuit complexity O(T2)

such that ∥W∥2 ≤ 1. Define f(x) := erf(4x/5), |ψf⟩n := |ψ⟩n + f(W |ψ⟩n), and

N := ∥|ψf⟩n∥2. Then, we can obtain a (1, 2(a + b) + n + 9, 712(ϵ0 + ϵ1))-VE for

|ψf⟩n/N with circuit complexity O(log(
√
N
ϵ1

) log( 1
ϵ1

)(a+ b+ n+ T1 + T2)).3

I provide the rigorous proof of this result in Appendix D.3, but it essentially

follows from using the preceding results on matrix-vector multiplication, vector

sums, and the results on layer normalization and applications of the error-function

(which are provided are provided in Appendix D.2, and are slight improvements

on the results presented in Chapter 4). The key insight enabling this proof is that

in a residual block such as the one described, the forward norm of the vector is

efficiently lower-bounded prior to every normalization layer. Without such skip

connection, and the techniques developed for working with vector-encodings (which

enable effective tracking of the norm of a vector propagating through a network), the

norm at the end of such a block could be arbitrarily small, leading to complexities
3We implicitly assume that ∥W |ψ⟩n∥ > 0, which is a reasonable assumption for any input

which comes from the same distribution as the training data.



5. Quantum Processors as Accelerators for Machine Learning 85

which could be on the order of ≈ Nk (or even unbounded) for k-layer architectures

– completely intractable even for constant depth networks. As a consequence, I am

able to prove the following result for multi-layer residual blocks.

Lemma 5.3.2 (Sequence of k Residual Blocks). Let N = 2n. Suppose we are given

a unitary Uψ with circuit complexity O(T1) such that it is a (1, a, 0)-VE for |ψ⟩n.

Let k be an asymptotic constant. Suppose we have a sequence of k residual blocks

(as per Lemma 5.3.1), with weight layers implemented by k unitaries {UWi
}i such

that UWi
(with circuit complexity O(T2)) is a (1, b, 0)-block-encoding for the n-qubit

operator Wi/2, and for all i, ∥Wi∥2 ≤ 1. Then, we can prepare a (1, 2k(a+ 2b+ n+

9), ϵ)-VE for the output of the k residual blocks with O(log(
√
N/ϵ)2k(a+ 2b+ n+

T1 + T2)) circuit depth.

I prove this result in Appendix D.3, and it follows by repeatedly invoking

Lemma 5.3.1 with its output as the next input. It appears that the complexity of

this result as a function of the number of layers k is a fundamental limitation of any

quantum algorithm. As described in greater detail in Appendix D.3, for a unitary

matrix (a linear operator) to enact a non-linear transformation on a vector, its

definition must in general be input-dependent. Consequently, unless Lemma 5.3.1

can be implemented with only a single copy of its input, it seems unlikely that

this complexity can be avoided. This suggests that quantum computers are best

suited for accelerating the wide and shallow regime, which is a popular regime

for classical inference accelerators (since wide networks can be parallelized on

classical hardware, but depth cannot be parallelized). Classically, with the aim

of accelerating both inference and training, there are a range of techniques for

compressing neural networks [172]. Moreover, classically, deep neural networks

are much harder to accelerate than their shallow and wide counterparts (you can

parallelize matrix-multiplications, but not consecutive layers). Consequently, there

are a number of classical architectures striving for shallow networks (e.g. [173])

which can serve as sources of inspiration for designing architectures best suited for

quantum acceleration. This is discussed in greater detail in Appendix D.3.
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5.4 Architectures

I will now use the architectural blocks derived thus far to prove the quantum

complexity in inference for the architectures shown in Fig. 5.1 (a), which is then

used to prove the complexity of the architecture in panel (b), and a corollary is

used to prove the complexity of the architecture in panel (c).

The results in all three data-access regimes all follow from the following general re-

sult.

Theorem 5.4.1 (General Multilayer Convolutional Network with Skip Connections).

Let M = 2m, N = 2n = M2. Consider the neural network architecture shown

in Fig. 5.1 (a). Let the input X be a rank−3 tensor of dimension 4 ×M ×M (with

an R, G, B and null channel, where the null channel has all 0s). Assume that

∥vec(X)∥2 = 1, and that we have access to a unitary UX that is a (1, 0, 0)-VE for

the input in column-major layout |X⟩2+2m = ∑4
i=0

∑M−1
j=0

∑M−1
k=0 Xi,k,j|i⟩2|j⟩m|k⟩m.

Assume that UX has O(TX) circuit complexity. As shown in the figure, we have a

sequence of k residual convolutional layers, where each convolutional layer has 16

input channels, 16 output channels (i.e., 16 filters) with filter width and height 3.

I.e., each convolutional layer has 16 × 16 × 3 × 3 = 2304 parameters. Assume that

there is 0 padding so the input and outputs always have the same dimension, and

that there is a stride of 1. Suppose each convolutional layer has been regularized,

so that its spectral norm is at most 1. Let W represent the N ×N full-rank linear

layer applied in the final output block of the network, and assume that ∥W∥2 ≤ 1.

Let C represent the number of output classes, and assume that C = 2c (padding

can be added otherwise). Let the overall network be represented by the function

h : R4×M×M 7→ RC. Let y = h(X) (and note that ∥y∥1 = 1, and y ∈ RC). Then,

with O(log(
√
N/ϵ)2k+1(TX + n2)) total circuit depth, and with O(2kn) ancillary

qubits, we can draw a sample from an ℓ1-normalized C-dimensional vector ỹ such

that ∥y − ỹ∥2 ≤ ϵ.

Proof. We have a 4 channel input and we want to map this to a 16 channel

input (by concatenating |X⟩2+2m vector with itself 4 times). Let |X⟩4+2m :=



5. Quantum Processors as Accelerators for Machine Learning 87

1√
4

(
⟨X|2+2m ⟨X|2+2m ⟨X|2+2m ⟨X|2+2m

)T
. We can invoke Lemma 5.2.4 with

UX four times, obtaining a (1, 0, 0)-VE for |X⟩4+2m with O(TX) circuit complexity.

Using Lemma 5.2.5, for each of the i = 0, ..., k − 1 convolutions, we can obtain

a (1, 27, 0)-block-encoding for Ci/2 ∥Ci∥2 (the matrix form of the corresponding

convolution) with O(m2) circuit depth. Consequently, we can invoke Lemma 5.3.2

to obtain Uconv a (1, 2k(63 + n), ϵ)-VE for the ℓ2-normalized output of the sequence

of k residual blocks. Moreover, Uconv has O(log(
√
N/ϵ)2k(n + TX + m2)) circuit

depth. Then, we can invoke Lemma D.3.2 with Uconv to draw a sample from some

probability vector ỹ ∈ RC such that ∥ỹ − y∥2 ≤ ϵ with O(log(
√
N/ϵ)2k+1(TX +n2))

total circuit depth and with O(2kn) ancilla qubits.

5.4.1 Key Results Under Differing Quantum Data Access
Assumptions

As discussed in Chapter 2, the feasibility of quantum random access memory is

widely debated. Following Chapter 2 and Appendix D.4 (based on [1]), a QRAM

device can be broadly split into two categories: active and passive. Given a QRAM

device with N memory qubits (or constant-sized registers), a QRAM is passive if

it requires o(N) total cost per query, and is active if it requires Ω(N) total cost.

The distinction of total cost vs time per query (be it circuit depth or otherwise)

is essential. A QRAM can be easily implemented as a fault-tolerant circuit with

O(polylog(N)) depth, but such an implementation necessitates Ω(N) parallel gates.

This represents an opportunity cost, and indeed in Chapter 2 when considering

this opportunity cost, most asymptotic quantum speed-ups in linear algebra tasks

disappear. Consequently, a useful QRAM device should be passive (or practically

passive, as defined in Appendix D.4). Yet, this necessarily implies that such a passive

QRAM device cannot be fully error-corrected, introducing substantial challenges

in its realization. However, recent work [174] provides a promising path forward,

offering hope for the limitations raised in [1]. Because of the possibility of a passive

QRAM, but the formidable challenges in obtaining one, it is worthwhile to consider

quantum acceleration under three regimes of QRAM feasibility.
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Regime 1: Input and Network Use QRAM

This regime is realistic if passive QRAM can be realized, and if it can be efficiently

updated (making it feasible to use QRAM to store online inputs). Consequently,

in this regime I assume that both the input to the network and the network

weights are available via QRAM.

The primary purpose of the architecture I presented in Regime 1 is to show

that quantum computers can implement multi-layer neural networks based on

real architectures coherently, with reasonable input assumptions, and with cost

polylogarithmic in the dimension of the network. As per the main-text, in this regime

I assume that the matrix weights (in particular for the final full-rank linear layer)

and vectorized input are provided via QRAM. The architecture for this regime is

shown in Fig. 5.1 (a). Let the dimension of the vectorized input be O(N). Since the

input is provided via QRAM, TX as defined in Theorem 5.4.1 is TX ∈ O(polylog(N))

(see, Appendix D.4.2). Thus, for a constant number of layers k, the cost

to perform inference (in accordance with Definition 5.1.1) becomes

O(polylog(
√
N/ϵ)k). Please see Appendix D.5.1 for a detailed discussion outlining

important application areas where such input assumptions are practical (namely,

where the input can be constructed in an amortized fashion online). Moreover, I

also discuss considerations relating the receptive field of such architectures, and

argue that existing techniques are insufficient to dequantize this result.

Regime 2: Network Stored in QRAM, Input Loaded Without QRAM

This QRAM regime is realistic if a QRAM can be constructed with pre-computation,

but cannot be efficiently updated. In this case, the QRAM data structure for the

weights of the architecture can be pre-constructed, but any online input cannot be.

The architecture in this regime is shown in Fig. 5.1 (b). The architecture contains

d paths of purely classical neural networks, which each operate on O(N) dimensional

(vectorized) inputs. These classical architectures are assumed to have Õ(N) time

complexity in terms of the input. These separate paths are then normalized,

converted to quantum states, and then the Kronecker product of the result is taken.
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The result is fed into exactly the same architecture as in Regime 1. This architecture

is inspired by bilinear neural networks [175]. Consequently, to determine the cost of

this architecture, I again invoke Theorem 5.4.1. Here, we need to pay an Õ(N) cost to

load each of the input paths in as a quantum state (via brute-force [77]),TX ∈ O(N).

Consequently, I obtain an overall algorithmic complexity of O(N log(Nd/2

ϵ
)2k), which

for constant k and d, simplifies to Õ(N log(1/ϵ)2k). When d = 2, the dimension

after the tensor product is N2. Consequently, the final linear layer contains a matrix

multiplication of an N2 ×N2 matrix with an N2 dimensional vector, which takes

Ω(N4) time. Consequently, for a constant k, this architecture produces a

quartic speedup for the inference problem defined in Definition 5.1.1 over

exact classical computation. When d = 1, the speedup due to the final layer is

instead quadratic. This speedup can be increased by setting d to larger values.

Regime 3: No QRAM

In this regime, I assume that passive QRAM is impossible, and thus do not

utilize QRAM.

This architecture is identical to the one presented in Regime 2, only dropping the

final full-rank linear block. In Appendix D.5.3 I show that the architecture in Fig. 5.1

(c) can perform inference with a total O(N log(1/ϵ)2k) circuit complexity. Since the

dimension of the vector acted on by the 2D convolution is O(N2) (when d=2), the

classical cost to compute this is Ω(N2): showing a quadratic speedup over an

exact classical implementation. The speedup can be made asymptotically larger

by increasing d. We have a more detailed discussion of this regime in Appendix D.5.3.

5.5 Conclusion

In summary, I provide a number of novel theoretical contributions. I further

develop the VE framework for quantum vector encodings. I derive a novel quantum

algorithm for the multiplication of an arbitrary dense and full-rank matrix with

the element-wise square of a given vector, the first such result which does not

incur a Frobenius norm (and thus rank) complexity dependence. We provide a
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novel QRAM-free block-encoding of multi-filter 2D convolutions. I then prove

the first end-to-end complexity guarantees for the coherent quantum acceleration

of multi-layer neural network inference, under three QRAM regimes. In the first

regime, I give complexity which is polylogarithmic in both the dimension of the

input, and the number of parameters in the network. In the second, I show a quartic

speedup over exact classical computation. In the third, I show a quadratic speedup.

5.6 Future Work

Progress towards achieving a practically passive QRAM is important for realizing

the speedups in the first two regimes. Additionally, future work can explore

classical, quantum inspired, algorithms using the norm-preservation ideas developed.

Most importantly, I wonder if it is possible to coherently enact sequences of non-

linear transformations without an exponentially increasing circuit depth (and

with polylogarithmic error-dependence), thereby allowing very deep multi-layer

architectures to be quantized, but I suspect that this is provably impossible (at

least in general). Furthermore, it is conceivable that an approach enacting the

non-linear transformations coherently with techniques based on QPE [176] might be

able to enact a sequence of non-linearities without exponentially increasing circuit

depth (albeit at the cost of an exponentially worse and exponentially decaying error-

dependency). Combining such approaches may let quantum computers coherently

accelerate architectures with depths of e.g., up to 25. Alternatively, one could

implement a set of layers coherently, followed by tomography on a lower-dimensional

state to reset the exponential depth cost, while still gaining some of the benefits of

implementing multiple layers coherently. This would in effect be a hybrid approach

between this work and the prior work. This could be useful in e.g., UNet based

architectures, where meaningful low-dimensional paths are present. Finally, it would

be interesting to investigate how the techniques developed in this chapter might be

combined with theoretical machine learning ideas, such as those found in quantum

PAC learning and boosting [177, 178]. For instance, if the training data distribution

is produced by a neural network implementable with the techniques presented in
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Regime 3, then this potentially provides a method to avoid relying on QRAM to

prepare the amplitude encoded training distribution in quantum PAC. A setting

where it is assumed that a quantum circuit yields a quantum state encoding the

data distribution is examined in [179], and since the techniques presented in this

chapter constructively yield circuits, such a connection may be possible.
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A
The Limitations of Quantum Random

Access Memory

Lemma A.0.1 (Optimality of Quantum Eigenvalue Transform). Any quantum

algorithm implementing a degree-k polynomial of a matrix H (with the polynomial

defined on the eigenvalues) requires Ω(k) queries to OH , in general.

Proof. I prove this lower-bound by a reduction to unstructured search, in the QSVT

framework (as per [26]), from which the bound immediately follows. Note that the

result of [26] almost immediately implies this bound, but I present the following

derivation in a format to enhance the clarity of the preceding discussion. For a

formal definition of a block-encoding, please see Section 1.2.2. To reiterate, as per

[26], an n+ a-qubit unitary matrix UA is called an (α, a, ϵ)-block encoding of the

n-qubit matrix A if ∥A− α(⟨0|⊗a ⊗ In)UA(|0⟩⊗a ⊗ In)∥2 ≤ ϵ.

Given an unstructured search function f(x) = 0 for all x ̸= m, and f(m) = 1

(with m being unique), specified by an Of , oracle defined as Of |x⟩ = (−1)f(x)⊕1|x⟩

(where we negate the sign for ease of analysis), one can construct a (1, 9, 0)-block-

encoding UA of A := 1√
N

|m⟩⟨+n|, where |+n⟩ = H⊗n|0⟩. I give a very inefficient

block encoding (in terms of the number of ancillas) for ease of exposition. First,

construct a (1, 4, 0)-block-encoding of H⊗n|0⟩⟨0|H⊗n. This can first be done by

constructing a (1, 2, 0)-block-encoding of |0⟩⟨0| = 1
2(In + (2|0⟩⟨0| − In)) (which can

95
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be done by applying the standard sum of block encoding lemma [26]) of an n qubit

identity matrix with the standard 2|0⟩⟨0| − In unitary from Grover search. The

product of block encodings lemma can then be used with H⊗n and |0⟩⟨0|, and

again with H⊗n to get a (1, 4, 0)-block encoding of |+n⟩⟨+n|. Using the product of

block encoding with I1 ⊗Of and |+n⟩⟨+n| then gives a (1, 5, 0)-block encoding of

Of |+n⟩⟨+n|. Then, using the sum of block encodings with |+n⟩⟨+n| and Of |+n⟩⟨+n|

yields a (1, 9, 0)-block-encoding of 1
2((Of + I)|+n⟩⟨+n|) = 1√

N
|m⟩⟨+n|, as desired.

The polynomial approximation of the sign function, as per [26], can then be

applied to the preceding block encoding unitary UA, giving a constant probability

of success of measuring the marked state. They give the degree of this (odd

degree) polynomial as k = O(log(1/ϵ)/δ), where ϵ is an upper-bound on the

maximum deviation of the polynomial approximation to the sign function in the

x ∈ [−2, 2]\(−δ, δ). Setting δ = 1√
N

, the sign function maps the non-zero singular

value to 1, while leaving the zero-valued singular values unchanged. As a result, the

ancilla register can be measured in the |0⟩ state with ∝ 1 − ϵ probability, yielding

the result of the unstructured search problem. If it were possible to implement

this degree Õ(1/δ) degree-polynomial with fewer than Ω(1/δ) queries to UA, the

unstructured search problem could be solved in general with fewer than Ω(
√
N)

queries to the unstructured search oracle, violating well-known lower-bounds for

unstructured search. As a consequence, any general algorithm implementing a SVT

of a degree-k polynomial of some matrix H must use at least Ω(k) queries to that

matrix.

A polynomial implementing the sign function applied to the eigenvalues of

a block encoding of Ã :=
(

0 A
A† 0

)
would also solve unstructured search in the

same way (noting that the non-zero eigenvalues of Ã correspond to ± 1√
N

and have

associated eigenvectors 1√
2(|0⟩1|m⟩ ± |1⟩1|+n⟩). Thus, applying Sign(Ã) leaves the

0 eigenvalues unchanged, and maps the ± 1√
N

eigenvalues to ±1 (within ϵ distance).

Consequently, Sign(Ã) ≈
(

0 |m⟩⟨+n|
|+n⟩⟨m| 0

)
. Applying Sign(Ã) to an initial

state |1⟩|+n⟩ then gives the solution to the unstructured search problem, and so

the same bound holds for Problem 2.3.1.
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Lemma A.0.2. Given P classical processors sharing a common memory of access

time O(1), a d-sparse matrix A ∈ CN×N and a vector v ∈ CN , we can compute Av

with Õ(Nd/P ) time complexity.

Proof. This is a standard result; see [180]. Assume A is represented as N lists of

elements (j, Aij), where Aij are the non-zero components in row i, and v as an

N -element array. With fewer than N processors, each processor will iterate through

a row of A. For an entry (j, Aij), it will look up the jth element of v, multiply it

by Aij and add that to a running total. This produces one element of Av. Each

element can be computed independently, so this parallelizes perfectly. With more

than N processors, rows will have multiple processors. The processors for row i

can divide the entries of A in that row and compute sub-totals. To compute the

full sum, they add their sub-totals together in a tree structure; this tree has depth

O(log(P/N)).

The following lemma was proven by my co-author, following the techniques of

[181] using sorting to build matrix multiplication..

Lemma A.0.3. [Matrix Multiplication via Sorting Network [1]] Given P parallel

processors forming a sorting network that can sort in time S, multiplying an N-

dimensional vector v by a d-sparse N×N matrix A takes time O(S+Nd/P +lg(d)).

Lemma A.0.4 (Dense Matrix-Vector Multiplication with Local Memory). A set of

O(N2 log(N)) processors arranged in a 3D grid and with nearly local connectivity,

leading to a total wire-length of Õ(N2), can implement a matrix-vector multiplication

with an N×N matrix A and an N -dimensional vector v with O(log(N)) complexity.

Proof. Consider a grid of N × N processors, each with local memory, and no

connections to their nearest neighbors. Assume that each element in A is assigned

to a corresponding processor in the grid, i.e. the processor in the ith row and jth

column stores element Aij. If the initial vector v is stored in a set of N data cells,

using a stack of log(N) local processors, of dimension 2 ×N, 4 ×N, ..., N ×N we

can recursively spread the elements in the vector to construct an N × N matrix
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V such that Vij = vj. The first layer in this stack has 2 wires per layer, each of

length N/2, for a total wire-length of O(N2). The final layer in this stack, the

one that connects element Vij to element Aij in the main N ×N grid, has O(N2)

wires, each of length O(1) for a total wire length of O(N2). The middle layers in

the stack similarly have a total wire length of O(N2) (summing progressively more

shorter wires). Thus, the main N ×N processor grid can store Aijvj with a total of

O(N2 logN) ancillary local processors with a total wire length of O(N2 logN). We

can then repeat this process of spreading out the elements of v in reverse, adding

another stack of logN processors of size N × N,N × N/2, ..., N × 2, N × 1. We

then add elements in adjacent cells, sending them to the cell in the layer above,

building up the sum of products of the appropriate matrix and vector element. This

produces the output vector Av, where the ith row stores ∑N
j=1 Aijvj, with a total

wire-length of O(N2 logN), and with a total of O(N2 logN) processors.



B
Quantum State Preparation

The structure of this appendix is as follows. We first introduce basic definitions and

notation in Appendix B.1. In Appendix B.2 we review relevant Hamiltonian simula-

tion techniques of crucial importance which form the basis of our state-preparation

procedure. These include 1-sparse in Appendix B.2.1 and low-rank in Appendix B.2.2

simulation techniques as well as adiabatic simulation in Appendix B.2.4.

We detail our adiabatic state-preparation approach in Appendix B.3; First we

state a compact form of our main result in Theorem B.3.1 and then describe details

of the procedure in Appendix B.3.1. We then systematically derive our upper

bounds, first for an arbitrary finite qubit count in Appendix B.3.2 and then we

prove existence of constant asymptotic bounds in Appendix B.3.2 for continuous

functions. We then outline generalizations to arbitrary functions (mappings) in

Appendix B.3.2. Finally, we discuss generalizations to continuous multi-variate

functions. The last section Appendix B.6 contains further technical details.

B.1 Preliminaries and Definitions

B.1.1 Continuous and Efficiently Computable Functions

While our approach naturally applies to arbitrary functions as we detail in Ap-

pendix B.3.2, we mostly focus on the pivotal case of continuous functions given

99
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these contain most practically important cases and they naturally admit convenient

asymptotic properties as we show later.

In this work we refer to a continuous function f : [a, b] 7→ C on the bounded

interval a ≤ x ≤ b as f(x) whose general definition is f ∈ C as limc→x f(c) = f(x).

Recall that due to the boundedness theorem all such functions are bounded as

|f(x)| ≤ ∥f∥max. While we keep our results as general as possible and consider

arbitrary continuous functions (unless stated otherwise), we note that so-called

Lipschitz continuous functions cover nearly all instances one can encounter in

practice, and we detail in Appendix B.6 that these Lipschitz continuous functions

additionally satisfy powerful exponential scaling properties.

In the rest of this work we will refer to continuous functions and their discretiza-

tion interchangeably. A number of important definitions will now be provided.

The ability to efficiently integrate a function makes state preparation much

easier, for instance by allowing the normalization factor of the discretized function

to be computed with high precision (for large n) thereby allowing the function

oracle to be rescaled.

Definition B.1.1 (efficiently integrable functions). We define the non-negative

function g : [a, b] 7→ R+ such that g(xj) gives the density in the grid interval between

state |xj⟩ and |xj+1⟩,

g(xj) =
[∫ xj+∆N

xj
f(x) dx

]1/2

, (B.1)

where f : [a, b] 7→ R+ is a non-negative function and we assume that the resulting

integral function g(xj) is efficiently computable as in Definition 1.2.4. Here, ∆N ≡
b−a
N

. As such, for efficiently integrable functions we can efficiently enforce the

normalization ∑
j |g(xj)|2 = ∥f∥1 = 1 which we will assume is always the case.

Definition B.1.2 (filling ratio). Given the usual definition for Lp function norms

of a Riemann integrable, bounded function f , ∥f∥p =
[∫ b
a |f(x)|p dx

]1/p
, we define

the filling ratio of f ,

F := ∥f∥1

(b− a)∥f∥max
.



B. Quantum State Preparation 101

Note that for continuous functions over a closed interval ∥f∥∞ =: ∥f∥max represents

the absolute largest value of the function.

The filling ratio 0 < F ≤ 1 quantifies the absolute area under the function

relative to a rectangle of the same maximal height. It is maximized for a uniform

function, and minimized by a delta-like functions.

Definition B.1.3 (generalized filling ratio). Given a function f : {0, 1}n 7→ C,

its maximum M = maxx∈{0,1}n |f(x)|, and the dimension of the space it acts on

N = 2n, we define the generalized filling ratio

F̃ := N√
NM

. (B.2)

A proof that the generalized filling ratio is an asymptotic constant is provided

in Lemma B.6.2.

B.1.2 Encoding Functions into Quantum States

We are generally concerned with the preparation of quantum states following

continuous functions. We now introduce some of the notation used throughout

the remainder of this paper. First, we assume that we have an n qubit system,

with N = 2n computational basis states. Second, as explained above we consider

continuous functions f(x) on some real interval x ∈ [a, b] and we discretise the

interval into N equally spaced samples with a = x0 is the leftmost value in the

interval, and xN−1 is the rightmost value via b = xN . The step size is thus given

by ∆N = (xN − x0)/N = (b − a)/N . Note that the binary integers j ∈ {0, 1}n

index the standard standard basis states {|j⟩}j of our quantum computer and we

can equivalently refer to these in terms of the x values {|xj⟩}j given the relation

xj = x0 + j∆N admits the inverse mapping j = (xj − x0)∆−1
N .

Suppose we have an n qubit quantum system, prepared in the state |ψ⟩. We

define two kinds of encodings as

pointwise: |ψ⟩ = (NN)−1 ∑
j∈{0,1}n

f(xj)|j⟩, integral: |ψ⟩ =
∑

j∈{0,1}n
g(xj)|j⟩,

(B.3)
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where the integral encoding is identical to that in the Grover-Rudolph approach

detailed in Appendix B.6. Here we assume that f(x) is an efficiently computable

function from Definition 1.2.4 and NN := ∑
j∈{0,1}n |f(xj)|2 is a normalization

constant which we cannot necessarily compute efficiently. Instead, g(xj) are

piecewise integrals of an efficiently integrable function from Definition B.1.1 and,

as such, we can efficiently enforce normalization.

While the two encodings may have very different behaviours for finite N we show

in Property B.6.2 that for large N asyomptotically the integral encoding becomes

identical to the corresponding pointwise encoding of a non-negative function.

Note that later we will also make use of a binary encoding of the function values

f(x), which we we discuss in detail in Sec. B.2.1.

B.2 Hamiltonian Simulation Techniques

B.2.1 1-Sparse Hamiltonian Simulation

I now summarize the approach described in refs. [83–86] for efficiently simulating the

time evolution under 1-sparse Hamiltonians. For the case of 1-sparse Hamiltonians,

this is substantially more efficient than general QSVT based approaches.

Lemma B.2.1. Suppose we are given a one-sparse Hermitian Hamiltonian H

acting on n qubits. H is specified by the oracles Of and OH , defined such that

Of |x⟩n|0⟩n = |x⟩n|f(x)⟩n, (B.4)

OH |x⟩n|y⟩n|0⟩d = |x⟩n|y⟩n|Hx,y⟩d, (B.5)

where the function f(x) gives the column of the only non-zero matrix element of A

in row x, Hx,y corresponds to the element in the xth row and yth column of H, and

we use d-bits of resolution to encode the matrix elements of H. Then, an initial

state |ψ0⟩ can be simulated by e−iHt for an arbitrary t with 0 error using O(1) oracle

calls (and circuit depth equal to the circuit depth of the oracle implementations).
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Proof. As I include this proof simply to help the reader build intuition, I only

consider the case where the matrix elements of H are real, and defer the reader to

the existing literature to see how this technique is adapted for the general case of a

Hermitian H [83–86](noting that the overall asymptotic complexity remains the

same) 1. First, observe that for a one-sparse H satisfying H = HT , H|x⟩ ∝ |f(x)⟩

as H maps |x⟩ to the only non-zero row, which must be the same as the non-zero

column in row x since H is symmetric. Moreover, it must also be the case that

f(f(x)) = x, otherwise H would not be one-sparse. As a result, H can be thought

of as an adjacency matrix describing a graph with 2n vertices, such that the graph

consists of a set of connected components with each component containing either

one or two vertices. Therefore, H acts on 1 × 1 and 2 × 2 invariant subspaces.

Consequently, simulation of e−iHt is equivalent to simply performing simulations

in each of these 1 × 1 and 2 × 2 subspaces. Thus, the simulation circuit needs the

logic to identify if a given basis vector is in a 1 × 1 or a 2 × 2 block, and then needs

to perform the corresponding simulation.

First, we write our initial quantum state in the general form |ψ0⟩ = ∑2n−1
x=0 αx|x⟩.

We then initialize our quantum state coupled to an n-qubit ancillary register, a single

qubit ancillary register, a d-qubit ancillary register, and a final 1-qubit ancillary

register. Note that a more efficient implementation of this procedure exists, but I

use the following for expository purposes. Our joint quantum state is thus given by,

|ψ0⟩n|0⟩n|0⟩1|0⟩d|0⟩1 =
2n−1∑
x=0

αx|x⟩n|0⟩n|0⟩1|0⟩d|0⟩1. (B.6)

We begin the simulation procedure by applying the Of oracle to the first and second

registers,

|ψ0⟩n|0⟩n|0⟩1|0⟩d|0⟩1
Of−→

2n−1∑
x=0

αx|x⟩n|f(x)⟩n|0⟩1|0⟩d|0⟩1. (B.7)

We now define the comparison operator, CMP, which acts on the first three registers

with the mapping CMP|x⟩n|y⟩n|0⟩1 = |x⟩n|y⟩n|x > y⟩1 (where x > y is 1 if true,
1Nathan Weibe has an excellent video lecture covering 1-sparse Hamiltonian simulation in [link],

which is where I first learned this 1-sparse simulation technique. I adopt much of the notation
used there.

https://youtu.be/tllz6y7WUUs
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|a⟩d CRx(t)
|a⟩d

|ψ⟩1 e−iatX |ψ⟩1

Figure B.1: Quantum circuit representation of the CRx(t) gate.

and 0 if false). Applying CMP yields,

CMP−−−→
2n−1∑
x=0

αx|x⟩n|f(x)⟩n|0⟩1|0⟩d|0⟩1 if x ≤ f(x)
αx|x⟩n|f(x)⟩n|1⟩1|0⟩d|0⟩1 if x > f(x).

(B.8)

We now define the controlled-swap operation, CSWAP, acting on the first three

registers such that CSWAP|x⟩n|y⟩n|0⟩1 = |x⟩n|y⟩n|0⟩1 and CSWAP|x⟩n|y⟩n|1⟩1 =

|y⟩n|x⟩n|1⟩1. Applying CSWAP yields,

CSWAP−−−−→
2n−1∑
x=0

αx|x⟩n|f(x)⟩n|0⟩1|0⟩d|0⟩1 if x ≤ f(x)
αx|f(x)⟩n|x⟩n|1⟩1|0⟩d|0⟩1 if x > f(x).

(B.9)

We now apply OH , acting on the first, second, and fourth registers.

OH−−→
2n−1∑
x=0

αx|x⟩n|f(x)⟩n|0⟩1|Hx,f(x)⟩d|0⟩1 if x ≤ f(x)
αx|f(x)⟩n|x⟩n|1⟩1|Hf(x),x⟩d|0⟩1 if x > f(x).

(B.10)

We must now take a brief interlude, and define two operations: CRx(t) and

CRz(t) such that the gates act on a d-qubit control register and a 1-qubit target

register, as shown in Figure B.1. In particular, we define the mapping when the

input state is some basis vector |a⟩d, and clearly this definition holds in general by

linearity. First, allowing the binary expansion a = a1a2...ad we note,

e−iatX = e−i(a12d−1+a22d−2+...+ad2d−d)tX = e−ia12d−1tXe−ia22d−2tX ...e−iad20tX . (B.11)

Thus, we can clearly implement this gate by a sequence of d single-qubit controlled

Rx gates, with Rx(t) = cos( t2)I − i sin( t2)X, where the jth gate is controlled on

bit aj and the time is set to t2d−j. Thus, the cost of this operation scales as O(d)

in terms of circuit depth and required parameterized gates. The same argument

applies to creating the CRz(t) gate (although it can trivially be created from the

CRx(t) gate by applying a Hadamard before and after the gate on the target qubit).

We now must determine whether a given state is in a 1 × 1 or 2 × 2 invariant

subspace, to do this we use the final ancillary qubit (note that this qubit is not
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necessary, and this operation can be done in place, however we include it for

notational clarity). Define a new operator, EQ, which acts on the first two registers

and the fifth register, with the mapping EQ|x⟩n|y⟩n|0⟩1 = |x⟩n|y⟩n|x = y⟩, where

x = y is 1 if true, and 0 otherwise. Then,

EQ−−→
2n−1∑
x=0


αx|x⟩n|x⟩n|0⟩1|Hx,f(x)⟩d|1⟩1 if x = f(x)
αx|x⟩n|f(x)⟩n|0⟩1|Hx,f(x)⟩d|0⟩1 if x < f(x)
αx|f(x)⟩n|x⟩n|1⟩1|Hf(x),x⟩d|0⟩1 if x > f(x).

(B.12)

Since the first two registers are only equal if f(x) = x, they are only equal if |x⟩ is

in a 1 × 1 invariant subspace, and as such the correct evolution prescribes a rotation

by CRz. If the first two registers are not equal, then we must be in a 2 × 2 invariant

subspace, and so the correct evolution follows a rotation by CRx. Noting that both

the CRx and CRz gates use the fourth register as their “pass-through“ input, and

the third register as their target input, we can then apply CRx gate conditioned on

the |0⟩1 state of the fifth register followed by a CRz gate conditioned on the |1⟩1

state of the fifth register (we refer to these controlled-controlled rotation gates as

CCRx and CCRz). Note that this is equivalent to only performing an uncontrolled

CRx gate, and then applying Hadamard gates on the third register before and after

the CRx gate conditioned on the fifth register, however the preceding description

yields a clearer analysis. We then obtain,

CCRx(t) CCRz(t)−−−−−−−−−−→
2n−1∑
x=0


CRz(t)αx|x⟩n|x⟩n|0⟩1|Hx,f(x)⟩d|1⟩1 if x = f(x)
CRx(t)αx|x⟩n|f(x)⟩n|0⟩1|Hx,f(x)⟩d|0⟩1 if x < f(x)
CRx(t)αx|f(x)⟩n|x⟩n|1⟩1|Hf(x),x⟩d|0⟩1 if x > f(x).

(B.13)

=
∑

x=f(x)
CRz(t)αx|x⟩n|x⟩n|0⟩1|Hx,f(x)⟩d|1⟩1 (B.14)

+
∑

x<f(x)
CRx(t)

(
|x⟩n|f(x)⟩(αx|0⟩1 + αf(x)|1⟩1)|Hx,f(x)⟩d|0⟩1

)
(B.15)

=
∑

x=f(x)
e−iHx,xtαx|x⟩n|x⟩n|0⟩1|Hx,f(x)⟩d|1⟩1 (B.16)

+
∑

x<f(x)
|x⟩n|f(x)⟩

(
e−iHx,f(x)Xt(αx|0⟩1 + αf(x)|1⟩1)

)
|Hx,f(x)⟩d|0⟩1

(B.17)

where the second last equation follows from the fact that if x < f(x), then

|x⟩n|f(x)⟩n is equal to |f(x)⟩n|x⟩n when f(x) > x, and the notation ∑x=f(x) means
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sum over all x such that x = f(x), and similarly ∑
x<f(x) means sum over all x

such that x < f(x). Finally, we uncompute all the ancillary operations (EQ, OH ,

CSWAP, CMP, Of ), obtaining the state

∑
x=f(x)

e−iHx,xtαx|x⟩n|0⟩n|0⟩1|0⟩d|0⟩1 +
∑

x ̸=f(x)
αx
(
e−iHt|x⟩n

)
|0⟩n|0⟩1|0⟩d|0⟩1 (B.18)

=
2n−1∑
x=0

αx
(
e−iHt|x⟩n

)
|0⟩n|0⟩1|0⟩d|0⟩1 =

(
e−iHt|ψ0⟩n

)
|0⟩n|0⟩1|0⟩d|0⟩1. (B.19)

where this simply follows from the observation that e−iHx,xt correctly describes the

evolution of a 1 × 1 invariant subspace, while e−iHx,f(x)Xt correctly describes the

evolution of a 2 × 2 invariant subspace, and then we simply apply linearity of e−iHt.

It is worth briefly mentioning that if the matrix elements of H can be exactly

encoded in d bits, then this procedure incurs 0 error, and if they cannot, then the

error vanishes exponentially in d and so is effectively negligible.

Note that if the elements of H are efficiently computable, then a quantum circuit

implementing OH can clearly be implemented efficiently (i.e. with polynomial

bounded complexity). Similarly, if the location of the non-zero element in any

given row can also be computed efficiently, then the overall one-sparse simulation

circuit can also be implemented efficiently.

B.2.2 Low-Rank Hamiltonian Simulation

As low-rank Hamiltonian simulation is an essential subroutine in our algorithm, I

now present the results of Rebentrost et al. and summarize their proof [82].

Statement B.2.1. The procedure presented in [82] allows the dynamics under an

arbitrary low-rank dense matrix A ∈ Cn×n to be simulated efficiently if the matrix

satisfies the two conditions: ∥A∥max = Θ(1) and ∥A∥2 = Θ(N) as we increase the

dimension N . Moreover, we suppose we have oracular access to the elements of

A. Then, for time ∆t, we can simulate the dynamics under e−i∆tA using 4 oracle

queries, with trace-norm error bounded by 2∥A∥2
max∆t2.
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Proof. We now summarize the results of [82]. First, we begin by embedding the

elements of A in a matrix SA ∈ CN2×N2 as follows,

SA =
N−1∑
j=0

N−1∑
k=0

Ajk|k⟩⟨j| ⊗ |j⟩⟨k|. (B.20)

Clearly, SA is one-sparse. Moreover, element x, y of SA, [SA]xy can be computed

easily and is given by Ajk, where x = jN + k and y = jN + k. Thus, OSA is clearly

efficiently implementable, given access to the elements of A. Moreover, given the

structure of SA it is also straightforward to implement Of , and as a result we can

perform the simulation e−iSA∆t using Lemma B.2.1 with a total of 4 oracle calls,

and with 0 error (assuming no discretization error in the matrix elements of A). We

now assume that the state we wish to evolve has a density operator given by σ, and

we have a separate n-qubit register in state ρ = |ϕ⟩⟨ϕ| such that |ϕ⟩ = 1√
N

∑N−1
j=0 |j⟩

(i.e. a uniform superposition). The exact evolution for time ∆t under SA of state

ρ⊗ σ generates the following dynamics under the partial trace,

tr1[e−i∆tSAρ⊗ σei∆tSA ] = e−i∆tA/Nσei∆tA/N + ϵ0. (B.21)

The leading error in ∆t in terms of a trace distance was established in [82] as

ϵ0 ≤ 2[∥A∥max ∆t]2, (B.22)

which depends on the absolute largest entry of the matrix ∥A∥max. We will use this

approach to simulate the dynamcis under our rank-1 matrix as A/N ∝ |ψ⟩⟨ψ|.

B.2.3 Tighter Bounds on 1-Sparse Simulation Error

Here we tighten the bounds of ref. [82] for the specific case of rank-1 projector

matrices A, assuming that a measurement is performed on the ancillary register

after the Hamiltonian simulation procedure.

Lemma B.2.2 (Error of low-rank simulation). Given a function f : R 7→ C, define

the unnormalized state |ϕ⟩ := ∑N
j=1 f(xj)|j⟩ (with the uniform grid xj ∈ [a, b]).

We then define our rank-one matrix A := |ϕ⟩⟨ϕ|. Define N :=
√∑

j |f(xj)|2

(i.e. N is the ℓ2 norm of the discretized function vector). We apply the low-rank
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simulation from Statement B.2.1 for time ∆t. The quantum state after measuring

the ancilla in the |+n⟩ state and discarding the ancilla is |ψ′⟩ ∝ e−i∆tA/N |ψ⟩ + |ξ⟩

with ∥ξ∥ ≤ 3
2∆t2 N 2

N
∥A∥max and with bounded probability Prob ≥ 1 − ∆t2 N 2

N
∥A∥max

expressing only leading terms in ∆t. Given the above expression holds for any input

state |ψ⟩ it follows that the algorithmic error ϵ0(∆t) := ∥U(∆t) − U(∆t)′∥ of the

approach is bounded as

ϵ0(∆t) ≤ 3
2∆t2 N 2

N
∥A∥max

where U is the ideal, piecewise constant unitary e−i∆tA/N and U ′ represents the

mapping of our procedure (1-sparse evolution then Hadamard measurement).

Proof. We use a rank-2 tensor to represent the amplitudes of our two-register

quantum system. In particular, let |Ψ⟩ := ∑
j,k Ψjk|j⟩|k⟩. Then,

SA|Ψ⟩ =
∑

jk

Ajk|k⟩⟨j| ⊗ |j⟩⟨k|

 |Ψ⟩ =
∑
j,k

AkjΨkj|j⟩|k⟩, (B.23)

i.e. each amplitude is updated as Ψ(1)
jk = AkjΨkj. We can then use the notation

|Ψ(k)⟩ := SkA|Ψ⟩. Assign |Ψ⟩ := |+n⟩|ψ⟩ for some initial state |ψ⟩ that we wish to

evolve. We begin by explicitly computing the joint state of the ancilla and main

registers |Ψ(t)⟩ := e−itSA|Ψ⟩ up to order t2 (neglecting discretization error in the

entries of SA which can be suppressed exponentially in the number of digitization

bits used),

e−itSA|Ψ⟩ = (I − itSA)|Ψ⟩ + O(t2) = |Ψ⟩ − it
∑
j,k

AkjΨkj|j⟩|k⟩ + O(t2), (B.24)

where we have used the action of SA on the initial joint state as per Eq. (B.23).

Now, given some efficiently computable function f , we assume that the matrix A is

defined as A = |ϕ⟩⟨ϕ| for the unnormalized state |ϕ⟩ = ∑N
j=1 f(xj)|j⟩. Allowing the

notation ϕj := f(xj), we can then write the elements of the matrix A as Ajk = ϕ∗
jϕk.

Similarly, we observe that |Ψ⟩ := |+n⟩|ψ⟩ implies that Ψjk = 1√
N
ψk. We can then

further simplify Eq. (B.24) as

e−itSA|Ψ⟩ = |+n⟩|ψ⟩ − it√
N

∑
j,k

ϕ∗
kϕjψj|j⟩|k⟩ + O(t2) (B.25)

= |+n⟩|ψ⟩ − it√
N

∑
j

ϕjψj|j⟩

(∑
k

ϕ∗
k|k⟩

)
+ O(t2). (B.26)



B. Quantum State Preparation 109

We now compute the state obtained after projecting the ancilla register onto the all

plus state, i.e. by applying the projector P := |+n⟩⟨+n| ⊗ I. Allowing χ := ∑
j ϕjψj ,

simple algebra shows,

Pe−itSA|Ψ⟩ = |+n⟩
(

|ψ⟩ − it

N
χ
∑
k

ϕ∗
k|k⟩

)
+ O(t2). (B.27)

We will now show that this is equal to the exact evolution applied to the single

register state |ψ⟩ up to a second order error term. First,

e−iAt/N |ψ⟩ =
(
I − it

N
A
)

|ψ⟩ + O(t2) = |ψ⟩ − it

N

∑
j,k

ψjAkj|k⟩ + O(t2), (B.28)

where we used A|ψ⟩ = ∑
j,k ψjAkj|k⟩. Again using Ajk = ϕ∗

jϕk, we obtain

e−iAt/N |ψ⟩ = |ψ⟩ − it

N

∑
j,k

ϕ∗
kϕjψj|k⟩ + O(t2) = |ψ⟩ − it

N
χ
∑
k

ϕ∗
k|k⟩ + O(t2).

(B.29)

Consequently, we see that the state of the quantum system in Eq. (B.27) (i.e. the

state obtained after simulating e−itSA and applying a protective measurement to

the ancillary register) is exactly equal to the evolution implied by e−iAt/N up to a

second order error term in t.

We now must bound the norm of the error term obtained by using this

approximation, and we must also bound the probability of success (i.e. the

probability of measuring the all plus state in our ancillary measurement).

Now, we compute the probability p of measuring the all plus state in the ancillary

measurement. This probability can be given by the norm of the projected vector,

i.e.

p := ⟨Ψ|eiSAtPe−iSAt|Ψ⟩, (B.30)

noting that P†P = P. Taking a second order series expansion and performing

simple algebra yields,

p = ⟨Ψ|
(
I + itSA − t2

2 S
2
A

)
P
(
I − itSA − t2

2 S
2
A

)
|Ψ⟩ + O(t3) (B.31)

= 1 + t2
(
⟨Ψ|SAPSA|Ψ⟩ − ⟨Ψ|S2

A|Ψ⟩
)

+ O(t3). (B.32)
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It is straightforward to show that ⟨Ψ|SAPSA|Ψ⟩ ≥ 0, so we can obtain the lower-

bound on the probability of success as,

p ≥ 1 − t2⟨Ψ|S2
A|Ψ⟩ + O(t3) (B.33)

= 1 − t2⟨Ψ|
∑
j,k

AjkAkjΨjk|j⟩|k + O(t3)⟩ (B.34)

= 1 − t2
∑
j,k

ψ∗
kψkϕ

∗
kϕkϕ

∗
jϕj + O(t3) (B.35)

= 1 − t2N 2

N

∑
k

|ϕk|2|ψk|2 + O(t3) (B.36)

≥ 1 − t2N 2

N
∥A∥max + O(t3), (B.37)

where the second equality follows from the fact that Ajk = ϕ∗
jϕk and Ψjk = 1√

N
ψk.

Thus, expressing only leading-order terms in t, we get the lower-bound on the

probability of success (measuring the all plus ancillary state) as

p ≥ 1 − t2N 2

N
∥A∥max. (B.38)

Finally, we want to bound the magnitude of the error term obtained when

using our one-sparse Hamiltonian simulation embedding technique combined with

a protective measurement. Allow p to represent the probability of measuring the

|+n⟩ state in the ancillary register, when performing the projective measurement P

on the state e−iSAt|+n⟩|ψ⟩. Then, we wish to bound the norm,

∥|ϵ⟩∥2 :=
∥∥∥∥∥
(

1
√
p

Pe−iSAt − I ⊗ e−iAt/N
)

|+n⟩|ψ⟩
∥∥∥∥∥

2
(B.39)

≤
∥∥∥∥∥ P

√
p

(I − itSA − t2

2 S
2
A)|+n⟩|ψ⟩ − |+n⟩

(
I − it

N
A− t2

2N2A
2
)

|ψ⟩
∥∥∥∥∥

2
+ O(t3),

(B.40)

where the inequality follows from simple algebra and the application of the triangle
inequality to all terms higher than second order in t. As we previously showed,
p ≥ 1 − t2N 2

N
∥A∥max + O(t3). As a result, a simple series expansion shows that

1√
p

≤ 1 + t2N 2

2N ∥A∥max + O(t4). Thus, the following quantity must be maximized by
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some Q satisfying 0 ≤ Q ≤ t2N 2

N
∥A∥max + O(t4).

∥|ϵ⟩∥2 ≤
∥∥∥∥∥(1 +Q) P(I − itSA − t2

2 S
2
A)|+n⟩|ψ⟩ − |+n⟩

(
I − it

N
A− t2

2N2A
2
)

|ψ⟩
∥∥∥∥∥

2
+ O(t3)

≤
∥∥∥∥∥ t22 PS2

A|+n⟩|ψ⟩ − t2

2N2 |+n⟩A2|ψ⟩
∥∥∥∥∥

2
+Q

∥∥∥∥∥P(I − itSA − t2

2 S
2
A)|+n⟩|ψ⟩

∥∥∥∥∥
2

+ O(t3)

≤
∥∥∥∥∥ t22 PS2

A|+n⟩|ψ⟩ − t2

2N2 |+n⟩A2|ψ⟩
∥∥∥∥∥

2
+ t2N 2

2N ∥A∥max ∥P|+n⟩|ψ⟩∥2

+ O(t3),

where the second inequality follows from the observation that P(I − itSA −
t2

2 S
2
A)|+n⟩|ψ⟩ is exactly equal to |+n⟩

(
I − it

N
A− t2

2N2A
2
)

|ψ⟩ up to (and excluding)

the second order in t, as we showed above, and the final equality follows from

simply observing that the quantity is maximized when Q takes the value of its

upper-bound.

Observing that ∥P|+n⟩|ψ⟩∥2 ≤ 1 and that A2 = N 2A and thus that ∥A2|ψ⟩∥2 ≤

N 2 ∥A∥2 = N 4, we obtain

∥|ϵ⟩∥2 ≤ t2

2
∥∥∥PS2

A|+n⟩|ψ⟩
∥∥∥

2
+ t2N 4

2N2 + t2N 2

2N ∥A∥max + O(t3). (B.41)

We will now bound ∥PS2
A|+n⟩|ψ⟩∥2 by bounding its square. Using Ajk = ϕ∗

jϕk and

Ψjk = 1√
N
ψk, we get

∥∥∥PS2
A|Ψ⟩

∥∥∥2

2
=
∥∥∥∥∥∥ 1√

N

∑
j,k

AjkAkjΨjk|+n⟩|k⟩

∥∥∥∥∥∥
2

2

(B.42)

≤ N 4

N2

∑
k

ϕ∗
kϕkϕ

∗
kϕkψ

∗
kψk (B.43)

≤ N 4

N2 ∥A∥2
max

∑
k

|ψk|2 = N 4

N2 ∥A∥2
max, (B.44)

since ϕ∗
kϕk ≤ ∥A∥max. Consequently, ∥PS2

A|+n⟩|ψ⟩∥2 ≤ N 2

N
∥A∥max. Substituting

this into Eq. (B.41), we obtain

∥|ϵ⟩∥2 ≤ t2
N 2

N
∥A∥max + t2N 4

2N2 + O(t3). (B.45)
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Finally, we exploit the fact that N 2/N ≤ ∥A∥max and set t = ∆t to obtain,

∥|ϵ⟩∥2 ≤ 3
2∆t2 N 2

N
∥A∥max + O(t3). (B.46)

Lemma B.2.3 (Total success probability). We use the low-rank approach to simulate

an evolution for overall time T by applying r piece-wise constant evolutions with time

T/r. The probability that throughout r consecutive iterations we always measure

the all plus state is lower bounded by

probtot ≥ 1 − T 2 N 2

N
∥A∥max/r + O(T 4/r2),

and we discard all other measurement outcomes for the sake of analytical simplicity.

Proof. We can compute the overall probability for r iterations using Eq. (B.38) and

substituting that t ≡ ∆t = T/r as

Probr ≥ (1 − T 2 N 2

N
∥A∥max/r2)r + O(T 3/r3) = 1 − T 2 N 2

N
∥A∥max/r + O(T 4/r2).

Note that the above is a loose bound – in practice one does not need to discard

the non-+outcomes as they lead to nearly the same performance; but in Lemma B.2.2

we only took into account and bounded the |+n⟩ outcome fidelities, and bounding

other measurement outcomes is beyond the scope of the present work. We note

that the probabilistic aspect of the algorithm is simply an analytical convenience,

rather than an intrinsic property of the approach.

B.2.4 Adiabatic Computation

I now provide a brief outline of adiabatic quantum computing. Given an initial

Hamiltonian H(0) = H0 whose ground state is easy to prepare, and a final

Hamiltonian H(1) = H1 whose ground state we would like to prepare, we define the

time-dependent Hamiltonian H(s), with 0 ≤ s ≤ 1. If we evolve the state according

to H(s) “sufficiently slowly”, the adiabatic theorem guarantees that the state will
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remain in the instantaneous ground state of H(s) throughout the evolution, and

so at the end of the procedure we will have obtained the ground state of H1. For

an insightful discussion of adiabatic quantum computation, see the paper by van

Dam et al. [95], or the comprehensive review by Albash et al. [182]. As introduced

by Farhi et al. [96], H(s) is often defined as an interpolation between H0 and H1

in the form H(s) = (1 − s)H0 + sH1, however, this generally need not be the case.

Precisely, we perform the evolution obtained by solving the Shrödinger equation,

d

ds
|ψ(s)⟩ = −iH(s)|ψ(s)⟩, (B.47)

where we select |ψ(s)⟩ such that |ψ(0)⟩ is the ground state of H0. Then, our

objective is to obtain a circuit performing the evolution under the time-dependent

Hamiltonian H(s). Of note, the adiabtic evolution is considered sufficiently slow

if throughout the evolution the adiabatic schedule τ(s) satisfies,

∥ d
ds

H(s)∥2

g2(s) ≪ τ(s), (B.48)

where g(s) is the spectral gap of H(s) (i.e. the difference in the two lowest energy

levels), and ∥ d
ds

H(s)∥2 is the spectral norm of the derivative of our time-dependent

Hamiltonian. The spectral norm of a matrix M is defined as max||x||2=1 ||Mx||2.

In the simplest implementation it is sufficient to use a constant schedule through-

out, defined as

max
s∈[0,1]

∥ d
ds

H(s)∥2

g2
min

≪ τ (B.49)

where gmin is the minimum spectral gap of H(s) for any time s. Then, for the

constant schedule, the delay factor is given by T =
∫ 1

0 τds = τ and so we have

the bound T = O
(

maxs∈[0,1]
∥ d
ds

H(s)∥2
g2
min

)
. As described by van Dam et al., when

using a constant schedule, a discretized unitary transformation induced by H(t)

may be written as,

U ′(T ) = exp
[
−iT

r
H(r

r
)
]

· ... · exp
[
−iT

r
H(1

r
)
]
, (B.50)

That is, we approximate the overall transformation by a sequence of r time-

independent evolutions, each applied for an equal amount of time T
r
. An important
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fact we utilize in bounding the error from such a discretization comes from Lemma 1

presented by van Dam et al. [95]. I summarize their lemma and describe its

proof for completeness.

Lemma B.2.4. Suppose you have two time-dependent Hamiltonians, H(t) and

H′(t) such that they induce the unitaries U(T ) and U ′(T ) respectively. If the spectral

norm of the difference of the Hamiltonians is bounded by at most δ for all times t,

i.e. ∥H(t) − H′(t)∥2 ≤ δ, then ∥U(T ) − U ′(T )∥2 ≤
√

2Tδ.

Proof. Define the states |ψ′(t)⟩ and |ψ(t)⟩, such that |ψ′(0)⟩ = |ψ(0)⟩ which

are respectively obtained by evolving the starting state according to H′(t) and

H(t). We then start by computing the operator distance via the (maximal) vector

norm ∥(U(T ) − U ′(T )) |ψ(0)⟩∥2 =
√

⟨ψ(0)| (U(T ) − U ′(T ))† (U(T ) − U ′(T )) |ψ(0)⟩,

we have

∥U(T ) − U ′(T )∥2 ≤
√

2 − 2Re⟨ψ′(T )|ψ(T )⟩.

Here we consider how the inner product of the two states change with respect to

time (and note the parametrisation is smooth in our case), obtaining

d

dt
⟨ψ′(t)|ψ(t)⟩ = −i⟨ψ′(t)| (H(t) − H′(t)) |ψ(t)⟩. (B.51)

We can then integrate both sides with respect to time from 0 to T and lower bound

its absolute value as

|⟨ψ′(T )|ψ(T )⟩| = |1 − i
∫ T

0
⟨ψ′(t)| (H(t) − H′(t)) |ψ(t)⟩ dt|

≥ 1 − |
∫ T

0
⟨ψ′(t)| (H(t) − H′(t)) |ψ(t)⟩ dt|

Of course, by assumption the spectral norm of the difference of the two Hamiltonians

is bounded by δ, and thus |
∫ T

0 ⟨ψ′(t)| (H(t) − H′(t)) |ψ(t)⟩ dt| ≤ δT . Substituting

this bound back we obtain

|⟨ψ′(T )|ψ(T )⟩| ≥ 1 − δT, (B.52)

and we thus immediately obtain the bound ∥U(T ) − U ′(T )∥2 ≤
√

2δT .
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For completeness, I now present a result due to my co-author showing that

bounds on the distance between induced unitaries implies a bound on the distance

of the generating Hermitian matrices. For the proof, please see our paper [3]. Note

that this result only holds for small t.

Corollary B.2.1. Suppose we have the ideal unitary evolution U ′ := e−itH′ for

fixed time t generated by the time-independent Hamiltonian H ′ and we have an

approximation to this unitary as U ′′ with the error bound ∥U ′ −U ′′∥2 ≤ κt2 for some

κ ≥ 0. The error bound on the unitaries implies that any effective Hamiltonian

H ′′ that generates the approximate unitary U ′′ := e−itH′′ satisfies ∥H ′ −H ′′∥2 ≤

κt+O(t2).

I now present a simple bound.

Lemma B.2.5. Suppose you have Hamiltonians H(t), H′(t) and H′′(t), which

induce the unitary transformations U(T ), U ′(T ) and U ′′(T ) respectively, and that

∥H(t) − H′(t)∥2 ≤ δ0 and ∥H′(t) − H′′(t)∥2 ≤ δ1. Then, ∥U(T ) − U ′′(T )∥2 ≤√
2T (δ0 + δ1).

Proof. First, by the triangle inequality,

∥H(t) − H′′(t)∥2 = ∥H(t) − H′(t) + H′(t) − H′′(t)∥2 (B.53)

≤ ∥H(t) − H′(t)∥2 + ∥H′(t) − H′′(t)∥2 (B.54)

≤ δ0 + δ1. (B.55)

Applying Lemma B.2.4 immediately then gives the result ∥U(T ) − U ′′(T )∥2 ≤√
2T (δ0 + δ1).

B.3 General Distribution Loading Through Adi-
abatic Evolution: Direct State Preparation
on n Qubits

We now present the main result in the setting of the generalized filling ratio, and

then we present two corollaries for the asymptotic cases when a pointwise and

integral function encoding is used.
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Theorem B.3.1. Asymptotically in N , for an efficiently computable continuous

function f : [a, b] 7→ C, the direct state preparation algorithm prepares the n qubit

state (with N = 2n), |ψ⟩ = 1
N (1)

∑N−1
j=0 f(xj)|j⟩, up to error ϵ with query complexity

bounded as

O

(
F̃−2

ϵ2

)
,

where F̃ is the filling ratio from Definition B.1.3. The error ϵ is the deviation

from an ideal unitary in terms of a spectral distance. Moreover, the algorithm uses

O(n+ d) ancillary qubits (where d is the number of digits used in the discretization

of f), and has a probability of failure bounded by

O
(
ϵ2
)
.

The probability of failure decreases as we decrease the target error ϵ.

Proof. First, we take the function given as input, f (or g in the integral encoding

case), and estimate its ℓ2 norm, N (1)2 = ∑N−1
j=0 |f(xj)|2. This can be done with

complexity O(F̂−1/ϵ) with a quantum algorithm (such as the Grover amplitude

state preparation procedure described in the appendix, combined with amplitude

estimation). We then define the re-normalized function, f̂(x) := f(x)
√
N/N (1).

We note that we do not propagate the error in learning the value of N (1) through

our following analysis. Throughout all the following proofs, we assume that A

is defined in terms of f̂(x). From Lemma B.3.5 we know that the algorithm has

query complexity O(r), and uses O(n+ d) ancillary qubits. Allowing the notation

Mf = maxj(f(xj)), we have M2
f̂

= ∥A(1)∥max. From Lemma B.3.6, we have that

ϵ ∈ O
(√

∥A(1)∥max/r
)
. Of course,

Mf̂ = max
j

(
f̂(xj)

)
= max

j

(
f(xj)

√
N/N (1)

)
= Mf

√
N/N (1) = F̃−1. (B.56)

Consequently, ϵ ∈ O
(
F̃−2

)
for the pointwise encoding of the amplitudes. It

immediately follows that to obtain an error ϵ we can set r to the upper-bound in

r ∈ O(F̃−2/ϵ2), yielding the query bound. Finally, from Lemma B.2.3 we have

that the probability of failure is bounded by O(F̃−2/r), which immediately gives
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the probability failure bound of O(ϵ2) when substituting our above upper bound

for r as a lower bound, i.e., we use r larger than the upper bound to guarantee a

worst-case error ϵ.

Corollary B.3.1. [Asymptotic Pointwise Encoding] Consider the pointwise encoding

case of Theorem B.3.1, in the limit as N 7→ ∞. Then, the complexity of the procedure

is given by

O

(
F−2

ϵ2

)
,

with a probability of failure bounded by O (ϵ2).

Proof. The proof follows immediately from Theorem B.3.1, using the following

additional observation:

lim
N→∞

F̃2 = lim
N→∞

N (1)2

NM2
f

= lim
N→∞

∑
k |f(xk)|2∆N/(b− a)

maxk |f(xk)|2
= F2

where we used Lemma B.6.3.

Corollary B.3.2. [Asymptotic Integral Encoding] Again consider Theorem B.3.1

in the limit as N 7→ ∞, this time using g instead of f , with g representing an

integral encoding of the function as per Definition B.1.1. Then, the complexity of

the procedure is given by

O

(
F−1

ϵ2

)
,

with a probability of failure bounded by O (ϵ2).

Proof. We use Eq. (B.133) to find the maximum of the function

lim
N→∞

∥A∥max = lim
N→∞

N max
k

g2(xk) = (b− a)∥f∥max

and so finally

lim
N→∞

Mg/
√

∥f∥1 = F−1/2.

Consequently, ϵ ∈ O (F−1). The rest of the proof follows immediately from

Theorem B.3.1.
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Furthermore, we note that while the above asymptotic limits exist for any

continuous functions, in the specific case of Lipschitz continuous functions (which

cover nearly all scenarios in practice) these limits are approached rapidly in

exponential order in n. For commonly encountered non-pathological functions,

the asymptotic limit is usually reached with n < 30.

Remark B.3.1. In general, while not necessary, QRAM can provide an asymptotic

improvement in the circuit depth by alleviating the need for most of the quantum

arithmetic involved in implementing the oracle (e.g. by storing f0 and f1 for all

values in the grid, and then using basic addition and multiplication to compute fs as

needed). Moreover, in certain QRAM architectures, (namely where each quantum

register in the architecture has its own controlling classical mini-cpu and batch

instructions can be issued to all the classical controllers in parallel) the cost of the

oracle access can be made O(1), thus rendering the algorithm’s circuit complexity

the same as its query complexity.

B.3.1 The Procedure

In the standard model of adiabatic quantum computation originally proposed by

Farhi et al. in 2000 [96], one defines a time-dependent interpolated Hamiltonian

H(s) = (1 − s)H0 + sH1 where H0 is some initial Hamiltonian with an easy to

prepare ground state, and H1 is a final Hamiltonian whose ground state we wish

to prepare. One then evolves the initial state according to H(s) to obtain the

final ground state of the problem. However, a challenge with this approach is that

the spectral gap can become exponentially small in general (thus necessitating

exponential evolution time).

However, in some cases this problem can be circumvented by viewing the

paradigm of adiabatic quantum computation more generally – we need not limit

ourselves to using a time-dependent Hamiltonian of the form H(s) = (1−s)H0+sH1.

In our case, we begin at n qubits (i.e. use a resolution of N = 2n) and define a
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time-dependent rank-one Hamiltonian. That is, rather than interpolating between

two separate Hamiltonians, we define our Hamiltonian as proportional to a projector

onto a discretized time-dependent quantum state the encodes a parametrised

function. Precisely, we define

H(s) := −A(s)/N pointwise: A(s) encodes fs as fs := (1 − s)f0 + sf1. (B.57)

integral: A(s) encodes gs as gs := (1 − s)g0 + sg1.

Here A(s) is a rank-one matrix with entries [A(s)]kl := fs(xk)f ∗
s (xl) ([A(s)]kl :=

Ngs(xk)gs(xl)). Furthermore, f0(x) and g0(x) are trivial functions, such as the

uniform distribution, that we can easily prepare as our initial state while f1(x)

and g1(x) are our final desired functions. This definition of H(s) has multiple nice

properties enabling general analytic performance guarantees, which we now derive.

As a matter of notation, we define the normalization constant N (s) as

N (s) :=

√√√√√N−1∑
j=0

|fs(xj)|2, (B.58)

for the interpolated function fs (and similarly for the integration case gs) as per

Eq. (B.57). N (1) is the main quantity we are concerned with in our proofs, and we

derive all of our general bounds in terms of it (noting that as per Remark B.3.2

it grows as O(
√
N)).

In the case of the pointwise state preparation approach, while it is not a

limitation of the presented algorithm, it is important to keep in mind that we

define our problem such that we aim to represent a continuous function over a finite

grid – which is only meaningful if the grid is fine enough to not miss features of

the function. While we prove asymptotic properties for an increasing resolution

N → ∞, the approach might fail in ill-defined cases when N is too small. In

particular, if the function f1 consists of only narrow peaks of width ϵ then we

need at least n ∈ O[log2(ϵ−1)] qubits to resolve these peaks and for qubit counts

below this threshold our discretisation may in a worst-case scenario correspond

to the null-vector (i.e., the function value is 0 at all grid points). A particular
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example could be the function f(x) = sin(220πx) which requires at least 21 qubits

of resolution in the range 0 ≤ x ≤ 1 using our standard grid. It is important

to stress that this is not a limitation of the algorithm being presented – when

preparing a function according to point-wise samples no algorithm can handle

such ill-defined cases. However, in practice this is unlikely to ever be a problem,

because of the exponential growth of the grid in the number of qubits. For example,

at 128 qubits, N is sufficiently large to resolve a function defined on a kilometer

interval with grid points at the Planck scale.

We now summarize the algorithm, along with the main proofs.

• We begin by preparing the state |ψ0⟩ = 1
N (0)

∑N−1
j=0 f0(xj)|j⟩, which by defini-

tion of f0 is easy to prepare.

• We then implement adiabatic evolution for a total time T according to the

time-dependent rank-one Hamiltonian H(s) as defined in Lemma B.3.1.

• We prove that T is constant bounded in Lemma B.3.2 (to see that this is

indeed a constant bound, consider Remark B.3.2).

• The adiabatic evolution is implemented by the sequence of time-independent

unitary transformations given by e−i T
r

H( r
r

)e−i T
r

H( r−1
r

) · · · e−i T
r

H( 1
r

).

• We prove a bound on the error incurred by this discretization of the adiabatic

evolution in Lemma B.3.3.

• In Lemmas B.2.2 and B.3.4 we demonstrate how each of the time-independent

terms e−i T
r

H( j
r

) may be implemented using the low-rank Hamiltonian simula-

tion procedure, and bound the error and probability of failure incurred in the

simulation.

• In Lemma B.2.3, we bound the cumulative probability of failure from imple-

menting the low-rank Hamiltonian simulation technique r times in a row (in

e−i T
r

H( r
r

)e−i T
r

H( r−1
r

) · · · e−i T
r

H( 1
r

)).

• In Lemma B.3.6 we bound the total error incurred in the procedure.
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• While we present these bounds for an arbitrary, finite qubit count n in

Appendix B.3.2 without assuming continuity of the functions, we establish

asymptotic limits in Appendix B.3.2 using properties of continuous functions.

• Finally, in Appendix B.3.2 we establish that our approach is efficient not only

for continuous but also for arbitrary functions (mappings) that satisfy certain

properties.

B.3.2 Proofs for Finite Qubit Count n

As we noted above we are primarily concerned with the normalization factor from

Eq. (B.58) when proving performance properties of the adiabatic approach. We

note that we can efficiently estimate this normalization constant. I note that the

easiest way to do this is to simply perform Grover black-box state preparation, and

then perform amplitude estimation to obtain an estimate for the normalization

factor. If classical pre-computation is allowed, then the normalization factor can

just be computed to high-precision classically for univariate continuous functions.

Remark B.3.2 (Efficiently computable normalization). As demonstrated in Ap-

pendix D of our paper [2] (cut from this thesis as it is primarily a contribution of

my co-author), it is possible to efficiently compute the normalization factor for an

arbitrary f1, and thus to re-scale f1 such that N (1) =
√
N .

The above property will ensure that our following upper bounds on the perfor-

mance of adiabatic evolution are simplified and tight. In the following subsection

we first prove that the adiabatic evolution needs to run only for a constant bounded

time T by bounding the delay factor. The main results are illustrated in Fig. B.2

(left). In in the second subsection we prove bounds on the algorithmic errors

incurred by our procedure. The algorithmic error of our adiabatic evolution is

illustrated in Fig. B.2 (right).
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delay factor condition discretisation error
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Figure B.2: Numerically verifying bounds that guarantee the efficient performance
of adiabatic evolution from Appendix B.3.2. (left) The energy gap g(s) of our rank-1
Hamiltonian H(s) = −A(s)/N from Eq. (B.57) is determined by the normalization
N (s) from Eq. (B.58) and is bounded via Lemma B.3.1. The matrix norm of the
derivative ∥ d

dsH(s)∥2/g
2(s) relative to this spectral gap determines the overall evolution

time T required for adiabatic evolution. Upper bound (dashed black line) from
Lemma B.3.2. (right) The matrix distance ∥H(s) −H ′(s)∥2 ∝ ∆s determines the error
when approximating a continuous adiabatic evolution via a piecewise constant evolution.
We note that with similar proof techniques we could derive tighter asymptotic (in ∆s,
not presented in this work) upper bounds (dashed red line) but we prefer the upper
bound (dashed black line) in Lemma B.3.3 due to its more compact expression. Given
all bounds in Appendix B.3.2 are valid to arbitrary rank-1 matrices A (i.e., we need only
invoke continuity of functions when computing asymptotic limits in Appendix B.3.2),
we simulated 5000 unitary Haar-random discretisation vectors v1 at n = 10 qubits for
uniformly randomly selected 0 ≤ s ≤ 1 and logarithmically uniformly randomly selected
vector norms N . Please note that this figure (and caption) was produced by my co-author,
and is included for completeness.

Proofs on boundedness of the spectral gap

Lemma B.3.1 (Spectral gap bound). We choose the phase of our trivial initial

function properly via the efficient verification protocol in Appendix E of our paper [2]

(cut from this thesis as it was primarily a contribution of my co-author) as one of the

four possibilities f0(x) = (±1 ± i)/
√

2. Given a parameterised rank-1 encoding A(s)

from Eq. (B.57), the spectral gap of our Hamiltonian H(s) = −A(s)/N =: |vs⟩⟨vs|

is determined by the vector norm g(s) = |||vs⟩||22 and is bounded as

g(s) ≥ N (1)2/N

N (1)2/N + 1 .

Proof. First, observe that since H(s) is rank-one, its spectral gap is the same as its

spectral norm, and thus

g(s) = ∥H(s)∥2 =
∥∥∥∥∥A(s)
N

∥∥∥∥∥
2

= ∥|vs⟩⟨vs|∥2 = ∥|vs⟩∥2
2 . (B.59)
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Moreover, the definition for H(s) in Equation B.57 is equivalent to the following,

|vs⟩ = (1 − s)|v0⟩ + s|v1⟩, (B.60)

where |v0⟩ = 1√
N

∑N−1
j=0 f0(xj)|j⟩ and |v1⟩ = 1√

N

∑N−1
j=0 f1(xj)|j⟩ (and thus |v0⟩, |v1⟩

and |vs⟩ are not normalized). In the integration case, simply replace each f(x) with

the appropriate integral of f (as per Equation B.3). Then, using the Equation B.60,

g(s) = ∥|vs⟩∥2
2 = (1 − s)2⟨v0|v0⟩ + s2⟨v1|v1⟩ + 2s(1 − s)Re⟨v0|v1⟩. (B.61)

Noting that ⟨v0|v0⟩ = 1
N

N (0)2, ⟨v1|v1⟩ = 1
N

N (1)2, and that by selecting the

appropriate phase and sign in f0(x) = (±1 ± i)/
√

2 we ensure that 2Re⟨v0|v1⟩ ≥ 0,

we get

g(s) ≥ (1 − s)2 N (0)2

N
+ s2 N (1)2

N
. (B.62)

Noting that it is trivial to select an f0 (or g0) such that N (0)√
N

= 1, the above simplifies

to

g(s) ≥ (1 − s)2 + s2 N (1)2

N
. (B.63)

Minimizing the expression with respect to s, we find the minimum at s = 1
N (1)2/N+1 .

Substituting this value for s, we then obtain the bound

g(s) ≥ N (1)2

N (1)2 +N
. (B.64)

As an aside, 2Re⟨v0|v1⟩ ≥ 0 only holds if we have properly chosen the phase of

our initial trivial function f0(x) = (±1 ± i)/
√

2. If we select the phase incorrectly,

it is possible that Re∑j f0(xj)f1(xj) < 0, and a negative term can decrease the

spectral gap in Eq. (B.61) below our lower bound (which assumes a non-negative

Re∑j f0(xj)f1(xj)). Indeed for real functions we need only consider the sign

f0(x) = ±1 while for the integral encoding we trivially set f0(x) = 1. Note that

we can efficiently decide the sign (and phase) of the trivial function given we need

only test the four possibilities for a phase and we can efficiently verify the result



124
B.3. General Distribution Loading Through Adiabatic Evolution: Direct State

Preparation on n Qubits

of our state-preparation procedure via the destructive interference circuit given

by my co-author in Appendix E of our paper [2] (which has been cut from this

thesis, as it was primarily his contribution).

Corollary B.3.3. By Lemma B.3.1, if we re-scale f1 as per Remark B.3.2, the

bound on the spectral gap of the Hamiltonian may be written as,

g(s) ≥ 1
2 ,

which is indeed a constant.

Lemma B.3.2 (Delay factor bound). Given the Hamiltonian H(s) as defined in

Lemma B.3.1, we have the bound∥∥∥ d
ds

H(s)
∥∥∥

2
g(s)2 ≤ 2(N (1)2/N + 1)2(

N (1)/
√
N
)3 . (B.65)

This implies that the total adiabatic evolution time required for the procedure is

asymptotically given by T ∈ O

(
(N (1)2/N+1)2

(N (1)/
√
N)3

)
.

Proof. We begin by providing an upper-bound for
∥∥∥ d
ds

H(s)
∥∥∥

2
.

∥∥∥∥∥ ddsH(s)
∥∥∥∥∥

2
=
∥∥∥∥∥
(
d

ds
|vs⟩

)
⟨vs| + |vs⟩

(
d

ds
⟨vs|

)∥∥∥∥∥
2

= ∥(|v1⟩ − |v0⟩) ⟨vs| + |vs⟩ (|v1⟩ − |v0⟩)∥2 .

(B.66)

For ease of notation, allow |v′⟩ = |v1⟩ − |v0⟩. Using the triangle inequality,

∥|v′⟩⟨vs| + |vs⟩⟨v′|∥2 ≤ ∥|v′⟩⟨vs|∥2 + ∥|vs⟩⟨v′|∥2 = 2 ∥|v′⟩⟨vs|∥2 . (B.67)

Suppose we have two normalized vectors |a′⟩ = |a⟩√
⟨a|a⟩

and |b′⟩ = |b⟩√
⟨b|b⟩

. Then,

∥|a⟩⟨b|∥2 =
√

⟨a|a⟩
√

⟨b|b⟩∥|a′⟩⟨b′|∥2 ≤ ∥|a⟩∥2∥|b⟩∥2, (B.68)

where the inequality follows from ∥|a′⟩⟨b′|∥2 ≤ 1 for any normalized vectors |a′⟩ and

|b′⟩. Applying this to Equation B.67 yields,∥∥∥∥∥ ddsH(s)
∥∥∥∥∥

2
≤ 2∥|v′⟩∥2∥|vs⟩∥2. (B.69)
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Of course,

∥|v′⟩∥2
2 = ⟨v′|v′⟩ = ⟨v0|v0⟩ + ⟨v1|v1⟩ − 2Re⟨v0|v1⟩ ≤ ∥|v0⟩∥2

2 + ∥|v1⟩∥2
2, (B.70)

where the inequality follows from the fact that Re⟨v0|v1⟩ ≥ 0 given we have properly

chose the phase of the trivial function. Thus,

∥|v′⟩∥2 ≤
√

N (0)2

N
+ N (1)2

N
=
√

1 + N (1)2

N
, (B.71)

where we again used the fact that its trivial to select an f0 (or g0) such that

N (0) =
√
N . Equation B.69 then becomes,∥∥∥∥∥ ddsH(s)

∥∥∥∥∥
2

≤ 2
√

1 + N (1)2

N
∥|vs⟩∥2. (B.72)

Noting that g(s) = |||vs⟩||22, we can then write∥∥∥ d
ds

H(s)
∥∥∥

2
g(s)2 ≤

2
√

1 + N (1)2

N

|||vs⟩||32
. (B.73)

From Lemma B.3.1, we directly obtain,

∥|vs⟩∥3
2 ≥ N (1)3

(N (1)2 +N)3/2 . (B.74)

Thus, ∥∥∥ d
ds

H(s)
∥∥∥

2
g(s)2 ≤ 2

√
N + N (1)2

√
N

(N (1)2 +N)3/2

N (1)3 = 2(N (1)2 +N)2

√
NN (1)3

. (B.75)

As discussed in Section B.2.4, a sufficiently slow Hamiltonian evolution schedule is

given by

τ(s) ≫

∥∥∥ d
ds

H(s)
∥∥∥

2
g(s)2 . (B.76)

Thus, T =
∫ 1

0 τ(s)ds, and so asymptotically we also have the bound T ∈ O

(
2(N (1)2+N)2

√
NN (1)3

)
.

Corollary B.3.4. By Lemma B.3.2, if we re-scale f1 as per Remark B.3.2, the

bound on the delay factor of H(s) is given by,∥∥∥ d
ds

H(s)
∥∥∥

2
g(s)2 ≤ 8.

Thus, the total adiabatic evolution time required by the procedure is asymptotically

constant, i.e. T ∈ O(1).
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Time Evolution Error Bounds

Lemma B.3.3 (Adiabatic discretization error bound). Given the parameterized

Hamiltonian H(s) from Eq. (B.57) and its discretised approximation H′(s) =

H(⌈sr⌉ /r) with a resolution r ∈ N, the distance between the approximate and

exact Hamiltonian is bounded as (in terms of the spectral norm)

∥H(s) − H′(s)∥2 ≤ δ0 ≡ 2
r

(
1 + 3N (1)√

N
+ 2N (1)2

N

)
.

This may be equivalently written as,

∥H(s) − H′(s)∥2 ≤ 2
r

(
1 + 3 ∥A(1)/N∥1/2

2 + 2 ∥A(1)/N∥2

)
.

Proof. First, observe that the deviation between the exact and approximate Hamil-

tonians is maximized when s = j+1
r

(for j ∈ Z and 1 ≤ j ≤ r), as H′( j+1
r

) = H( j
r
).

Thus,

∥H′(s) − H(s)∥2 ≤
∥∥∥∥H(

j

r

)
− H

(
j + 1
r

)∥∥∥∥
2
. (B.77)

For notational brevity, allow X0 = |v0⟩⟨v0|, X1 = |v0⟩⟨v1| + |v1⟩⟨v0|, and X2 =

|v1⟩⟨v1|. Then,

H(s) = |vs⟩⟨vs| = (1 − s)2X0 + s(1 − s)X1 + s2X2. (B.78)

Allowing s = j+1
r

and γ = j
r
, simple computer algebra shows

∥H(γ) − H(s)∥2 =
∥∥∥∥(1 + 2j − 2r

r2

)
(X0 −X1 +X2) + 1

r
(X1 + 2X2)

∥∥∥∥
2
. (B.79)

Applying the triangle inequality, and the fact that |1+2j−2r
r2 | ≤ 2

r
− 1

r2 (since r ≥ 1),

we get

∥H′(s) − H(s)∥2 ≤ 1
r

(2 ∥X0∥2 + 3 ∥X1∥2 + 4 ∥X2∥2) . (B.80)

Noting that ∥X0∥2 = 1 , ∥X1∥2 ≤ 2N (1)√
N

, ∥X2∥2 = N (1)2

N
, we obtain

∥H′(s) − H(s)∥2 ≤ 2
r

(
1 + 3N (1)√

N
+ 2N (1)2

N

)
. (B.81)
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Finally, using ∥A(1)/N∥2 = N (1)2/N , we obtain

∥H′(s) − H(s)∥2 ≤ 2
r

(
1 + 3 ∥A(1)/N∥1/2

2 + 2 ∥A(1)/N∥2

)
. (B.82)

Since all of the terms quadratic in r are negative, we can then directly drop them to

obtain the simplified expression for the upper-bound presented in the lemma.

Corollary B.3.5. By Lemma B.3.3, if we re-scale f1 as per Remark B.3.2, the

bound on the maximum deviation of the discretized and exact Hamiltonian is given

by,

∥H(s) − H′(s)∥2 ≤ 12
r
.

So far, we have shown that the adiabatic evolution need only run for a constant

period of simulation time T (with the constant factor depending on properties

of the function), and that the discretization of the adiabatic evolution may be

performed with arbitrarily small error. We now show that the simulation of each

e−H(s)T
r term may also be performed efficiently (and with bounded error) and thus

that the overall algorithm is efficient.

Lemma B.3.4 (Piecewise simulation error). For a fixed s, the algorithmic simula-

tion error from using Hamiltonian simulation technique summarized in Lemma B.2.2

to simulate H(s) for a time T
r

is bounded by,

ϵ0(s) ∈ O

(
1
r2

∥A(1)∥max
∥A(1)/N∥2

(∥A(1)/N∥2 + 1)5

∥A(1)/N∥c2

)
,

where c = 2 if ∥A(1)/N∥2 ≥ 1 and c = 3 if ∥A(1)/N∥2 < 1.

Proof. Using the low-rank Hamiltonian simulation technique of ref [82], which we

improve for the case of rank-one Hamiltonians in Lemma B.2.2, the simulation of a

rank-one projector A for a time ∆t at normalized time s has error bounded by

ϵ0(s) ≤ 3
2∆t2 N (s)2

N
∥A(s)∥max. (B.83)

In particular, implementing the evolution on a starting state |ψ⟩ yields an error

bounded by, |ψ′⟩ ∝ e−i∆tA(s)/N |ψ⟩+|ξ⟩ with ∥|ξ⟩∥2 ≤ ϵ0(s). Moreover, this approach
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assumes that measurements are performed on the ancillary register and that only

|+n⟩ measurement outcomes are accepted. We handle the discussion of the success

probability in a separate lemma.

In the direct-state preparation algorithm, we must evolve for a total time T ,

which is constant bounded, as shown in Lemma B.3.2. We do so in r evenly spaced

intervals, resulting in ∆t = T
r
. As a result,

ϵ0(s) ≤ 3
2

N (s)2

N
∥A(s)∥max

(
T

r

)2
. (B.84)

Using Lemma B.3.2, we have an upper-bound on the delay factor, and thus an

asymptotic upper-bound on T . To allow treatment as a strict upper-bound, we

introduce the constant k, such that T ≤ 2k (N (1)2/N+1)2

(N (1)/
√
N)3 (in practice, we find that

k ≈ 100). Using this value, we get

ϵ0(s) ≤ 6N (s)2

N
∥A(s)∥max

k2

r2
(N (1)2/N + 1)4

(N (1)2/N)3 . (B.85)

Now, we upper-bound N (s)2

N
in terms of N (1)2

N
,

∥A(s)/N∥2 ≤ (1 − s)2⟨v0|v0⟩ + s2⟨v1|v1⟩ + 2s(1 − s)Re⟨v0|v1⟩ (B.86)

≤ (1 − s)2 + s2 N (1)2

N
+ 2s(1 − s)N (1)√

N
(B.87)

=
(

(1 − s) + s
N (1)√
N

)2

(B.88)

≤ max
(

1, N (1)2

N

)
(B.89)

≤ 1 + N (1)2

N
, (B.90)

where the second inequality follows from the application of the Cauchy-Schwarz

inequality on ⟨v0|v1⟩. Additionally, it is trivial to see that ∥A(s)∥max ≤ 1+∥A(1)∥max
(since ∥A(0)∥max = 1 by construction). Applying these two upper-bounds, we get

ϵ0(s) ≤ 6k
2

r2
∥A(1)∥max
∥A(1)/N∥2

(∥A(1)/N∥2 + 1)5

∥A(1)/N∥2
2

+ 6k
2

r2
(∥A(1)/N∥2 + 1)5

∥A(1)/N∥3
2

, (B.91)

where we additionally used the fact that ∥A(1)/N∥2 = N (1)2/N . Finally, we

observe that ∥A(1)∥max
∥A(1)/N∥2

≥ 1, yielding

ϵ0(s) ≤ 12k
2

r2
∥A(1)∥max
∥A(1)/N∥2

(∥A(1)/N∥2 + 1)5

∥A(1)/N∥c2
, (B.92)
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where c = 2 if ∥A(1)/N∥2 ≥ 1 and c = 3 if ∥A(1)/N∥2 < 1. Thus, asymptotically

our error is bounded by ϵ0(s) ∈ O

(
1
r2

∥A(1)∥max
∥A(1)/N∥2

(∥A(1)/N∥2+1)5

∥A(1)/N∥c2

)
.

Lemma B.3.5. The query complexity of simulating e−iH(s)∆t as per Lemmas B.2.2

and B.3.4 is simply 4, i.e. is bounded by O(1), while the total number of qubits

required are 2n+ d+ 2, and thus the algorithm requires O(n+ d) ancillary qubits.

Therefore, the total state preparation algorithm has query complexity O(r).

Proof. As discussed at length, the simulation of e−iH(s)∆t is implemented using the

low-rank Hamiltonian simulation technique of ref [82], where they embed the N ×N

matrix As ≡ H(s) into the one-sparse N2 ×N2 matrix SAs . The one-sparse matrix

can then be simulated as described in Lemma B.2.1 using a total of 4 calls to the

oracles Of and OH , and with a total of 2n+ d+ 2 qubits (i.e. n+ d+ 2 ancillary

qubits). As the algorithm consists of performing r consecutive such Hamiltonian

simulations, the total query complexity is given by O(r).

Remark B.3.3. In the following we assume the function f1 is rescaled such that

N (1) =
√
N . The normalization factor N (1) can be approximated efficiently as per

Remark B.3.2 and we assume the estimation error is negligible.

Lemma B.3.6. The total error of the direct state preparation procedure, as measured

by the deviation of the exact unitary evolution U(T ) from the worst-case unitary

evolution we implement U ′′(T ), is given by

∥U(T ) − U ′′(T )∥2 ∈ O

√∥A(1)∥max
r

 , (B.93)

assuming that A(1) corresponds to a function satisfying N (1)/
√
N = 1.

Proof. First, we allow H(s) to represent the exact time-dependent Hamiltonian

we wish to simulate, H′(s) the discretized Hamiltonian as per Lemma B.3.3, and

H′′(s) the discretized Hamiltonian which induces the unitary with algorithmic error

obtained via the low-rank simulation technique as per Lemmas B.2.2 and B.3.4.

H(s) and H′(s) have both already been clearly defined, however, we have never

explicitly considered H′′(s) – instead we have directly treated with the unitary
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evolution it induces and through this unitary mapping we can define H′′(s) as its

generator.

As shown in Lemma B.2.2 the operator deviation is bounded by,

∥U ′(∆t) − U ′′(∆t)∥2 ≤ 3/2N 2(s)
N

∥A(s)∥max∆t2. (B.94)

First, we bound the s-dependent quantities at the extremes where s = 0, 1.

Observing that N 2(s)/N = ⟨vs|vs⟩, we get

N 2(s)/N = (1 − s)2⟨v0|v0⟩ + s2⟨v1|v1⟩ + 2s(1 − s)Re(⟨v0|v1⟩). (B.95)

Of course, Re(⟨v0|v1⟩) ≤ ⟨v0|v0⟩ + ⟨v1|v1⟩, so we can upper-bound the preceding

expression with,

N 2(s)/N = 2
(

N 2(0)
N

+ N 2(1)
N

)
≤ 4, (B.96)

where the final inequality follows from the fact that N 2(0)
N

= 1 by construction,

and that N 2(1)
N

= 1 by assumption. Moreover, we can follow a similar argument to

upper-bound ∥A(s)∥max. By construction, A(s) = N |vs⟩⟨vs|. Consequently,

∥A(s)∥max ≤ N
[
(1 − s)2∥|v0⟩∥2

max + s2∥|v1⟩∥2
max + 2s(1 − s) ∥|v0⟩⟨v1|∥2

max

]
(B.97)

≤ N
[ 1
N

∥A(0)∥max + 1
N

∥A(1)∥max + ∥|v0⟩⟨v1|∥2
max

]
. (B.98)

Using the fact that ∥|v0⟩⟨v1|∥2
max ≤ ∥|v0⟩∥2

max + ∥|v1⟩∥2
max, we can then obtain the

upper-bound,

∥A(s)∥max ≤ 2 [∥A(0)∥max + ∥A(1)∥max] . (B.99)

Of course, ∥A(0)∥max = 1, yielding

∥A(s)∥max ≤ 2 (1 + ∥A(1)∥max) . (B.100)

Moreover, N 2(1)
N

= 1 implies that ∥A(1)∥max ≥ 1, and consequently we get the final

bound,

∥A(s)∥max ≤ 2∥A(1)∥max (B.101)
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Thus, we get the expression

∥U ′(∆t) − U ′′(∆t)∥2 ≤ 24∥A(1)∥max∆t2. (B.102)

Using Corollary B.2.1 by observing that κ = 24∥A(1)∥max and that ∆t = T
r
, we

get

∥H′(s) − H′′(s)∥2 ≤ 24∥A(1)∥max
T

r
. (B.103)

Of course, by Corollary B.3.4, T ≤ 8k, where k is some constant ensuring that the

delay factor bound rigorously upper-bounds the total adiabatic evolution time. As

a consequence,

∥H′(s) − H′′(s)∥2 ≤ 192k
r

∥A(1)∥max. (B.104)

Moreover, from Lemma B.3.3,

∥H(s) − H′(s)∥2 ≤ 2
r

(
1 + 3N (1)√

N
+ 2N (1)2

N

)
= δ0. (B.105)

Due to rescaling as per Remark B.3.3 via Lemma B.3.3 we have

∥H(s) − H′(s)∥2 ≤ 12
r
.

As a result, Lemma B.2.5 gives the bound

∥H(s) − H′′(s)∥2 ≤ δ0 + δ1. (B.106)

Thus, Lemma B.2.4 gives,

∥U(T ) − U ′′(T )∥2 ≤
√

2T (δ0 + δ1). (B.107)

Again using the fact that T ≤ 8k, and that without loss of generality we can assume

k ≥ 1, and observing once more that N 2(1)
N

= 1 implies that ∥A(1)∥max ≥ 1, we

obtain

∥U(T ) − U ′′(T )∥2 ≤

√√√√16k
(

12
r

+ 192k
r

∥A(1)∥max
)

(B.108)

≤

√√√√16k
(

12k∥A(1)∥max
r

+ 192k
r

∥A(1)∥max
)

(B.109)

=
√

3264k2∥A(1)∥max
r

(B.110)
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Thus, in asymptotic terms, we find

∥U(T ) − U ′′(T )∥2 ∈ O

√∥A(1)∥max
r

 (B.111)

Asymptotic Limits

Above we have derived our bounds in terms of two quantities as the matrix norms

∥A(1)/N∥2 = N (1)2/N and ∥A(1)∥max. We prove in Appendix B.6 that both these

quantities naturally admit asymptotic limits for N → ∞ for any continuous function.

Furthermore, we also prove that Lipschitz continuous functions—which cover nearly

all instances in practice—approach these limits in exponential order in the number of

qubits n. We apply these results and establish asymptotic limits of our error bounds.

Remark B.3.4 (Growth rate of normalization). For any fixed continuous function f1

we obtain the scaling for our pointswise encoding N (1) ∈ O(
√
N) in the asymptotic

limit of big N . More generally we can state N (1)/
√
N ∈ Θ(1), which immediately

follows from the fact that the normalization constant asymptotically approaches

the Riemann integral N (1)2/N ∝ ∥f1∥2
2 as per Lemma B.6.1, Lemma B.6.3 and

Lemma B.6.4.

Intuitively, each ϵ neighbourhood around any f1(x) is asymptotically constant

and so the summation for N (1) is a sum of O(N) constants and therefore taking the

square root results in a quantity which clearly grows as O(
√
N). As a consequence

of this asymptotic limit, we are guaranteed that the total adiabatic evolution time

from Lemma B.3.2 is T ∈ Θ(1), which property we exploit in the following.

Corollary B.3.6 (Asymptotic simulation error). By Lemma B.3.4, if we re-scale f1

as per Remark B.3.3, the algorithmic simulation error from simulating H(s) for time

T/r using the low-rank Hamiltonian simulation technique as per Statement B.2.1 is

bounded by ϵ0(s) ∈ O(∥A(1)∥max/r2). In the limit of big N , this may equivalently

be written in terms of the filling ratio F from Definition B.1.2 as

ϵ0(s) ∈ O
(Fp

r2

)
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where p = −2 in the point-wise sampling case, and p = −1 in the integration case

via Lemma B.6.3 and Lemma B.6.4.

Lemma B.3.7 (Total success probability). The success probability in Lemma B.2.3

admits the asymptotic limit

probtot ≥ 1 −O(Fp/r),

where p = −2 in the point-wise sampling case, and p = −1 in the integration case

via Lemma B.6.3 and Lemma B.6.4.

Proof. We obtain the asymptotic bounds by substituting limits from Lemma B.6.3

and Lemma B.6.4 into our bounds in Lemma B.2.3.

Corollary B.3.7 (Total simulation error). By Lemma B.3.6 and Remark B.3.3, the

total error of the direct state preparation procedure, as measured by the deviation of

the exact unitary evolution U(T ) from the worst-case unitary evolution we implement

U ′′(T ), is given by,

∥U(T ) − U ′′(T )∥2 ∈ O

√Fp

r

 , (B.112)

in the limit of big N via Lemma B.6.3 and Lemma B.6.4 where p = −2 in the

point-wise sampling case, and p = −1 in the integration case.

Proof. Taking the limit of the bound in Lemma B.3.6 for big N , assuming a

normalized f1 (although this assumption is not necessary), T ∈ O(1), δ0 ∈ 1
r
,

ϵ0(s) ∈ O(Fp

r2 ), we get the asymptotic upper bound

∥U(T ) − U ′′(T )∥2 ∈ O

√1 + Fp

r

 . (B.113)

Noting that Fp ≥ 1, 1 + Fp ≤ 2Fp, and so our asymptotic statement simplifies to,

∥U(T ) − U ′′(T )∥2 ∈ O

√Fp

r

 . (B.114)

It is worth explicitly noting that this asymptotic bound also holds when f1 is not

normalized as in Remark B.3.3. If f1 is not normalized, the ratio N (1)2/N is
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still asymptotically O(1), however it may be a large constant, depending on how

“unnormalized” f1 is. As a result, this will be off by at most a constant factor, and

so the asymptotic bound remains unchanged.

Remark B.3.5 (When adiabatic error is negligible). In practical applications

(especially for small filling ratios F) the total error is not dominated by the error

of the discretised adiabatic evolution but rather by the low-rank simulation from

Lemma B.3.4 for which we incur an error at each small timestep ∆t asymptotically

via Corollary B.3.6 as O(Fp/r2). Thus neglecting the adiabatic simulation error

and applying the triangle inequality r times consecutively (given ϵ0(s) is a bound on

the unitary operator distance) we obtain the bound

∥U(T ) − U ′′(T )∥2 ⪅ O
(Fp

r

)
,

where p = −2 in the point-wise sampling case, and p = −1 in the integration case.

This scaling is tighter in r but looser in the filling ratio F than in Corollary B.3.7.

Generalization to Arbitrary Functions

So far we have considered continuous functions fs(x) and discretised them to obtain

our desired normalised quantum state from Eq. (B.3). We proved in Appendix B.3.2

that for any finite qubit count our approach allows us to prepare our final desired

state with complexity that depends only on the two matrix norms ∥A(1)/N∥2 =

N (1)2/N and ∥A(1)∥max, in fact on the ratio of these two. We did not actually

require the function to be continuous. In fact we invoked continuity because it

guarantees that asymptotically in N the matrix norm ∥A(1)∥max → maxx |f(x)|2

via the boundedness theorem and that ∥A/N∥2 → (b − a)∥f∥2
2 due to Riemann

integrability (as we prove in Lemma B.6.3). For this reason we do not actually

need to necessary assume continuity of the function.

In fact our proofs in Appendix B.3.2 are applicable to the case of any discrete

mapping as F (n) : {0, 1}n 7→ C in the sense that we can efficiently prepare any

n-qubit quantum state of the form

|ψ⟩n = N −1 ∑
j∈{0,1}n

F (n)(j)|j⟩n, (B.115)
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given the following conditions are satisfied.

Theorem B.3.2. Given an arbitrary efficiently computable mapping F (n) : {0, 1}n 7→

C that depends on the qubit count n with absolute maximum value ∥F (n)∥max =

maxk∈{0,1}n |F (n)(k)| and vector norm N 2 = ∑
k∈{0,1}n |F (n)(k)|2 we can prepare the

quantum state in Eq. (B.115) efficiently using our adiabatic approach given that

∥F (n)∥max ∈ O(1) and that N /
√
N ∈ Θ(1). In direct analogy with Theorem B.3.1

the query complexity then depends on the generalised filling ratio r ∈ O(F̃−2/ϵ2).

Proof. We define the pointwise encoded matrix [A(s)]kl := Fs(k)F ∗
s (l) following

Eq. (B.57) with the parametric mapping Fs := (1 − s)F0 + sF1 where F0 is the

same trivial function with a properly chosen phase as in Appendix B.3.2 and F1 is

our desired mapping F1 := F (n) where we will drop the dependence on n for ease

of notation. We proved in Lemma B.3.2 that the total adiabatic evolution time is

bounded as T ∈ O

(
(N (1)2/N+1)2

(N (1)/
√
N)3

)
and in Lemma B.3.4 that the simulation error is

bounded as

ϵ0(s) ≤ O

(
1
r2

∥A(1)∥max
∥A(1)/N∥2

(∥A(1)/N∥2 + 1)5

∥A(1)/N∥c2

)
, (B.116)

for any finite qubit count, where c = 2 if ∥A(1)/N∥2 ≥ 1 and c = 3 if ∥A(1)/N∥2 < 1.

As such, given the matrix norms ∥A(1)/N∥2 = N 2(1)/N and ∥A(1)∥max = ∥F1∥max

are asymptotically in n both lower and upper bounded as N (1)/
√
N ∈ Θ(1) and

upper bounded ∥F1∥max ∈ O(1) we can guarantee a bounded total evolution time

T ∈ O(1) and that the simulation error is bounded as ϵ0 ∈ O(1/r2). Indeed in

the special case when F (j) = f(xj), F (j) is just a discretisation of a continuous

function, and the norms are convergent for n → ∞ as ∥A(1)∥max → maxx |f(x)|2

is approached via the boundedness theorem and that N (1)/
√
N →

√
(b− a)∥f∥2

due to Riemann integrability as we prove in Lemma B.6.3. In contrast, our

more general asymptotic conditions do not require convergence and it suffices that

there exist constants such that the n-dependent norms N (1)/
√
N and ∥F1∥max are

asymptotically bounded.
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We will now provide two examples.

Example: Consider a mapping F (n) : {0, 1}n 7→ [−1, 1] that takes a binary integer

j ∈ {0, 1}n and uses it as a seed to efficiently compute a sample F (n)(j) = xj

from a random distribution X such that the mean is µ(X) = 0. By definition this

mapping is bounded ∥F (n)∥max ≤ 1 and we can see that the norm converges

to the asymptotic constant

lim
n→∞

N 2/N = lim
n→∞

1
N

∑
k∈{0,1}n

x2
k = Var[X].

As such, we can efficiently prepare an exponentially large list of N random numbers

of zero mean with complexity determined by the variance via the generalised

filling ratio F̃ = Var[X].

Counterexample: Consider the unstructured search problem, where we have a

function F (n) : {0, 1}n 7→ {0, 1} such that there is only one marked input m for which

F (n)(m) = 1 and for all other inputs F (n)(j) = 0 with j ̸= m. By definition this

mapping is bounded ∥F (n)∥max = 1 and we can easily evaluate the normalization as

N 2/N = 1
N

∑
k∈{0,1}n

|F (n)(k)|2 = 1
N
.

Indeed we find the generalised filling ratio F̃ = 2−n/2 and thus the query complexity

of preparing this mapping grows exponentially as O(2n). Consequently, our approach

does not violate unstructured search lower-bounds.

B.4 Generalization to Multivariate Functions

Many applications actually require multivariate input states, such as in quantum

chemistry [73], quantum field theory [183], and derivative pricing with multiple

underlying assets [69]. However, there is only limited work exploring the preparation

of such input states. In 2008, Kitaev and Webb presented an algorithm for preparing

multivariate normal distributions [184], which was expanded upon by a 2021 paper

conducting resource estimates and optimizations [185]. Finally, some work in

preparing chemistry-specific multivariate input states has also been explored [74].
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Recall that our algorithm uses an oracle that efficiently computes the function

values in the sense of the mapping Of |k⟩|0⟩ = |k⟩|f(xk)⟩ for a discretised x value with

k ∈ {0, 1}n. We can straightforwardly extend the present approach to multivariate

functions which we illustrate on the example of a 2-variate function f(x, y). As

such, we aim to prepare a quantum state of 2n qubits such that its amplitudes

are proportional to samples of the function. It is straightforward to show that

this is equivalent to using our single-variate approach on 2n qubits such that the

oracle implements the mapping Of |k⟩|0⟩ = |k⟩|f(xkM , ykL)⟩ for a discretised x

value with k ∈ {0, 1}2n and kM are the n most significant bits of k while kL are

the n least significant bits of k. With this definition of an oracle, our approach

then prepares the quantum state

|ψ⟩ = (NN)−1 ∑
kM∈{0,1}n

∑
kL∈{0,1}n

f(xkM , ykL)|kM⟩|kL⟩.

The preparation of general d-dimensional (i.e. d-variate) functions then clearly

follows by using our approach on dn qubits and implementing the oracle Of |k⟩|0⟩ =

|k⟩|f(x1(k), x2(k), . . . xd(k))⟩ with k ∈ {0, 1}dn and, e.g, x1(k) is computed from

the most significant n bits of k.

While above we have related the preparation of multivariate distributions to

our single-variate approach, it is important to note that the main limitation of

our technique is that our state-preparation error bounds depend on the filling

ratio of the function f(x). It is easy to see that the filling ratio might decrease

exponentially with an increasing number of variables, e.g., in case of separable

functions f1(x1)f2(x2) · · · fd(xd) the filling ratios are products of the individual filling

ratios. Nevertheless, such separable functions can be prepared by d applications

of our approach onto d registers each preparing a single-variate function, e.g.,

f1(x). The joint quantum state of the d registers is then naturally of a tensor

product form. In typical applications it may already be a significant advantage

to be able to prepare low-dimensional functions to high resolution in separate

registers such that the joint quantum state is a separable high-dimensional function.
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An example can be found in preparing 3-dimensional molecular orbitals in real-

space quantum chemistry simulations [73]. The initial product state is only an

approximation and the quantum computer is then used to entangle the registers

anyway, e.g., by performing a simulation between interactive particles that are

initially in a separable state.

B.5 Further State-Preparation Techniques

B.5.1 Summary of Prior Work on State Preparation

As early as in 2000 Grover proposed a black-box function-loading approach for

loading an arbitrary, efficiently computable sequence α = (α1, α2 . . . , αN) as

amplitudes of a quantum state [87]. Here the vector is assumed to be normalised

such that 0 ≤ αk < 1 and thus we can define it as αk := f(xk)/M via the maximum

M of the function over any input. The approach relies on a rot oracle that prepares

an ancilla qubit in the superposition

rot|ξ⟩|0⟩ := |ξ⟩(sin θ|0⟩ + cos θ|1⟩),

where |ξ⟩ is a binary representation of one of the amplitudes αk while θ is a high-

precision approximation to arcsin(ξ/2n) – we discuss details of the implementation

below. Grover then prescribed O(
√
N/∥α∥2) rounds of amplitude amplification

which ultimately determines the complexity as the circuit depth of the approach –

which is provably optimal. This complexity is determined by our generalised filling

ratio N√
NM

= F̃ from Definition B.1.3. Rejection sampling [186] is a closely related

techniques and similarly prepares an ancilla qubit with the rot oracle.

Realising that the rot oracle in Grover’s state preparation approach might require

a large number of quantum gates to implement, ref. [88] introduced a more ‘gate

frugal’ approach by replacing the rot oracle with a comp oracle. This reduced the

absolute number of Toffoli gates by two orders of magnitudes in realistic examples.

These black-box techniques were recently further improved in refs. [89, 90].

For example, ref. [89] proposes the use of more efficient fixed-point amplitude

amplification protocols and reports explicit complexities for specific discretised
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functions, such as a Gaussian function. As such, ref. [89] concluded that if the

standard deviation of the Gaussian distribution satisfies certain growth conditions

then the corresponding state preparation only requires polynomial-depth circuits.

Indeed, as the black-box state preparation complexity scales as O(
√
N/∥α∥2),

for any fixed continuous function, this complexity asymptotically approaches the

constant filling ratio F−1 for large N . As such, generally the class of black

box function loading techniques could be used for preparing arbitrary continuous

functions with a complexity O(F−1). While our results suggest that our approach is

less efficient as its complexity is O(F−2), we expect our bounds are generally quite

loose and could be tightened. In our numerical simulations we actually observed

a significantly improved scaling compared to our bounds.

Finally, our work is also fundamentally different different than other techniques

as it is based on an adiabatic, low-rank simulation approach – and our asymptotic

analysis for continuous functions is a novel aspect.

B.5.2 Possible Implementation of Grover’s State Prepa-
ration

Here I present a modified and simplified version of the state preparation approach

presented by Grover in 2000 [87]. First, I will outline the procedure, and then will

explain how it can be implemented. In this approach, we assume access to an oracle

implementation Of |j⟩|0⟩ = |j⟩|f(xj)⟩ of the function f : R 7→ C, and our objective

is to prepare the quantum state 1
N
∑
j f(xj)|j⟩ (for normalization constant N ). We

further assume that M is the absolute maximum of f , such that |f(xj)|/M ≤ 1 for

all inputs xj. Then, this procedure works by first preparing the quantum state,

1√
N

N∑
j=1

|j⟩

f(xj)
M

|0⟩ +
√

1 − f(xj)2

M2 |1⟩

 , (B.117)

and then measuring the ancillary qubit, repeating the process until the |0⟩ state

is measured. Clearly, if we measure the ancillary register in the |0⟩ state, we

will immediately obtain the state 1
N
∑N
j=1 f(xj)|j⟩ as desired. One can boost the

probability of success by using amplitude amplification, but we will now show
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that for this procedure to be efficient (when f is Lipschitz continuous), amplitude

amplification is not necessary in the asymptotic limit of n. In particular, the

probability of measuring the |0⟩ ancillary state is given by 1
NM2

∑N
j=1 |f(xj)|2 = N 2

NM2 .

As we have discussed at length in this manuscript, for continuous discretized

continuous functions N ∈ Θ(
√
N), and so (ignoring constant factors) the probability

of success is given by Θ(1) (of course, the constant factor makes the procedure

non-deterministic, and intuitively the probability of success depends on the filling

ratio). Precisely, the probability of success is exactly the square generalised filling

ratio N 2

NM2 = F̃2 from Definition B.1.3. This probability of success is improved

quadratically through the use of amplitude amplification in Grover’s approach.

We now outline a possible implementation. We begin by introducing an n qubit

main register, a d qubit ancillary register, as well as the single qubit ancillary

register used above. We initialize the main register in a uniform superposition,

and place all other registers in the zero state, yielding,

1√
N

∑
j=1

|j⟩n|0⟩d|0⟩1. (B.118)

Now, we define a new oracle, Og, defined such thatOg|xj⟩n|0⟩d = |xj⟩n| arccos(f(xj)/M)⟩d.

We apply Og ⊗ I to the preceding quantum state, yielding

1√
N

∑
j=1

|j⟩n| arccos(f(xj)/M)⟩d|0⟩1. (B.119)

Now consider the CRY (t) circuit similar to the CRX(t) circuit defined in Fig. B.1,

performing the mapping |a⟩d|ψ⟩1 = |a⟩de−iatY |ψ⟩1 (for the standard single-qubit

NOT gate Y ). We then apply I ⊗ CRY (t = 0) to our quantum state, yielding

1√
N

∑
j=1

|j⟩n| arccos f(xj)⟩d

f(xj)
M

|0⟩1 +
√

1 − f(xj)2

M2 |1⟩1

 . (B.120)

We then simply uncompute the contents of the middle register (by applying O−1
g ⊗I),

discard the resulting unentangled d-qubit register, yielding the desired state in

Eq. (B.117). The overall complexity of this procedure is thus the complexity

of implementing the Of oracle twice, and the complexity of implementing the

CRY gate (which is O(d)).
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B.5.3 Possible Implementation of Grover-Rudolph State
Preparation

I will now outline Grover-Rudolph state preparation [91]. Their objective is to

prepare the n qubit state,

|ψ⟩n =
2n−1∑
j=0

g(xj)|j⟩n, (B.121)

where g(xj) is the (normalized) density of the given function f in the jth grid

interval. In essence, given the correct k qubit state (with 1 ≤ k < n), they

construct the k + 1 qubit state, iterating this process until the desired n qubit

state is obtained. They then define the function,

h(k)(j) =

∫ x(k)
j + 1

2 ∆K

x
(k)
j

f(x)dx

∫ x(k)
j+1

x
(k)
j

f(x)dx
, (B.122)

where K = 2k and ∆K is the step-size in a k qubit grid. That is, h(k)(j) represents

the conditional probability of x being on the left half of grid interval j on a k-

qubit grid, given that x lies in the jth interval. Clearly, if f can be integrated

efficiently, then h(k)(j) can be computed efficiently and so can θ(k)
j ≡ arccos

(
h(k)(j)

)
.

An ancillary d qubit register is then added, as well as a least-significant 1 qubit

register. The following state is then obtained by evaluating the oracle performing

the mapping |j⟩k|0⟩d 7→ |j⟩k|θ(k)
j ⟩d,

2k−1∑
j=0

g(x(k)
j )|j⟩k|θ(k)

j ⟩d|0⟩1. (B.123)

It is important to note that this step requires integration to be performed in

superposition. As observed in the Grover paper, any log-concave distribution can

be efficiently integrated using Monte Carlo integration, and can thus be integrated

efficiently on a quantum computer. Define a CRy gate (with a definition analogous

to the CRx gate shown in Figure B.1) such that it acts on the last two registers

and performs the mapping |a⟩d|0⟩1 7→ |a⟩d (cos a|0⟩1 + sin a|1⟩1). Note that such a
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gate is derived in Section B.2 (in the general setting, in this case t = 1). The CRy

gate is then applied to the last two registers in Equation B.123, yielding the state

2k−1∑
j=0

g(x(k)
j )|j⟩k|θ(k)

j ⟩d
(
cos θ(k)

j |0⟩1 + sin θ(k)
j |1⟩1

)
(B.124)

=
2k−1∑
j=0

g(x(k)
j )|j⟩k|θ(k)

j ⟩d
(
h(k)(j)|0⟩1 + (1 − h(k)(j))|1⟩1

)
. (B.125)

We then uncompute the d qubit ancillary register (by applying the inverse of the

integration circuit – noting that if the integration is classically stochastic, it must

be seeded) and discard it, yielding the state

2k−1∑
j=0

g(x(k)
j )|j⟩k

(
h(k)(j)|0⟩1 + (1 − h(k)(j))|1⟩1

)
(B.126)

=
2k+1−1∑
j=0

g(x(k+1)
j )|j⟩k+1 = |ψ⟩k+1. (B.127)

The procedure is then repeated until the desired n qubit state is obtained.

B.6 Asymptotic Analysis

In this section, I outline the key results form Appendix H of our paper, where we

prove a number of results relating to the asymptotic properties of functions. The

key insight that the generalized filling ratio is an asymptotic constant was a product

of close collaboration. In Lemma B.6.2 I provide a simplified statement of this fact.

First, I state a result from our paper due to my co-author (and omit the proof).

Lemma B.6.1 (Riemann sums). Given an arbitrary continuous function f(x) :

[a, b] 7→ C on the interval a ≤ x ≤ b, the finite Riemann sum approximates the

integral as ∫ b

a
f(x) dx =

N−1∑
k=0

f(xk)∆N + ϵ

up to an asymptotically vanishing error limN→∞ ϵ = 0. For functions of bounded

variation the error term additionally satisfies ϵ ∈ O(N−1), see refs. [187, 188] which

also applies to Lipschitz continuous functions given they are of bounded variation.
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Using this result, I will now show a simplified proof, which is essentially just

a corollary of the above result, showing that the generalized filling ratio is an

asymptotic constant. Note that if one is not concerned about rigorously proving the

asymptotic scaling of the error (and is happy to just take a limit), this result can

be directly obtained from the definition of a Riemann integral, and the definition

of a Lipschitz continuous function.

Lemma B.6.2. Suppose we are given a Lipschitz continuous function f : [a, b] 7→ R.

Define a discretized grid with N points in the interval [a, b], call it {x0, ..., xN−1} with

spacing ∆N := (b− a)/N . Define the normalization factor as N 2 := ∑N−1
k=0 f(xk)2,

and the generalized filling ratio (as per Definition B.1.3) as F̂ = N√
NM

. Then,

F̂2 = ∥f∥2
2

(b− a) ∥f∥2
∞

+O(N−1). (B.128)

Thus, for a Lipschitz function, F̂ is an asymptotic constant in the limit N → ∞.

Proof. Let the maximum of f over the discrete input domain beM = maxk∈[N ] |f(xk)|.

From Lemma B.6.1, we can write

∥f∥2
2 =

∫ b

a
f(x)2dx =

N−1∑
k=0

f(xk)2∆N +O(N−1) (B.129)

= (b− a)
N

N 2 +O(N−1) = (b− a)M2F̂2 +O(N−1). (B.130)

Let the Lipschitz constant of f be L. For any x ∈ [xk, xk+1), |f(xk) − f(x)| ≤

L|xk − x| ≤ L∆N = L(b− a)/N . Suppose x∗ := arg maxx∈[a,b] |f(x)| (and note that

∥f∥∞ = f(x∗)). Then, there exists some grid point xj (within distance ∆N) such

that |f(xj) − f(x∗)| ≤ L(b − a)/N , which implies that ∥f∥∞ − L(b−a)
N

≤ f(xj) ≤

∥f∥∞ + L(b−a)
N

. Moreover, since f(xj) ≤ M ≤ f(x∗), we have ∥f∥∞ − L(b−a)
N

≤ M ≤

∥f∥∞ + L(b−a)
N

. Consequently, M = ∥f∥∞ +O(N−1). Thus, we get

F̂2 = ∥f∥2
2

(b− a) ∥f∥2
∞

+O(N−1). (B.131)

I omit the proofs of the following results as they are straight-forward corollaries

of the above idea. Please see Appendix H of the paper [2] for the full details.
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Property B.6.1 (pointwise encoded amplitudes). Given an arbitrary continuous

function, the pointwise encoded amplitudes satisfy the general bound N |ψk|2 ≤

(b− a)∥f∥2
max/∥f∥2

2 + ϵ. The error term asymptotically vanishes limN→∞ ϵ = 0 and

for Lipschitz continuous functions it additionally satisfies ϵ ∈ O(N−1)

Property B.6.2. Given a Lipschitz continuous, non-negative function f , the

quantum state |ψ⟩ in Eq. B.3 obtained via the integral encoding g(x) becomes

identical to the pointwise encoding of the corresponding function
√
f(x) for large N .

Property B.6.3 (integral encoded amplitudes). Given a Lipschitz continuous

function, the integral encoded amplitudes satisfy the general bound N |ψk|2 ≤ (b−

a)∥f∥max + ϵ. The error term asymptotically vanishes limN→∞ ϵ = 0 and for

Lipschitz continuous function it additionally satisfies ϵ ∈ O(N−1).

The following result is due to my co-author, and I include it for completeness

while omitting the proof.

Property B.6.4 (pointwise overlap with uniform states). For an arbitrary con-

tinuous function f(x) : [a, b] 7→ R on the interval a ≤ x ≤ b we construct the

non-negative function f̃(x) := [f(x) ± |f(x)|]/2 which has overlap at least 1/2 for a

properly chosen sign with our function f and we encode its function values into a

quantum state via our pointwise encoding from Eq. (B.3). For any such encoding

we can establish the asymptotically bounded fidelity with the easy-to-prepare state

|+⟩⊗n as |⟨ψ|(|+⟩⊗n)|2 ≥ F2/(b− a)2 + ϵ in terms of our filling ratio F . The error

term asymptotically vanishes limN→∞ ϵ = 0 and for Lipschitz continuous function it

additionally satisfies ϵ ∈ O(N−1).

B.6.1 Asymptotic Properties of the Rank-One Matrix A

In this section, we utilize our observations about the filling ratio to prove facts

about the rank−1 matrix used in our adiabtic algorithm.

Lemma B.6.3 (pointwise encoding). Given our pointwise encoding from Eq. (B.3)

of an arbitrary continuous function f and the corresponding matrix entries Akl :=



B. Quantum State Preparation 145

f(xk)f ∗(xl) form Eq. (B.57), the matrix norm is constant bounded ∥A∥max ≤

∥f∥2
max. The only non-zero eigenvalue of A/N is given by the spectral norm as

∥A/N∥2 = N 2
N/N = (b − a)∥f∥2

2 + ϵ. Furthermore, the ratio of matrix norms is

generally upper bounded as ∥A∥max/∥A/N∥2 ≤ F−2 + ϵ by our filling ratio from

Defition B.1.2. The error term asymptotically vanishes limN→∞ ϵ = 0 and for

Lipschitz continuous functions it additionally satisfies ϵ ∈ O(N−1).

Proof. Define the rank-1 matrix Akl := f(xk)f ∗(xl). We can bound the largest

entry in the matrix as

∥A∥max = max
kl

|Akl| = max
kl

|f(xk)f ∗(xl)| = max
k

|f(xk)|2 ≤ ∥f∥2
max.

For Lipschitz continuous functions, the error scaling is ∥A∥max = ∥f∥2
max + O(N−1).

We now bound the matrix norm using that ∥A∥2
2 = ∥A∥2

HS for our rank-1 matrix A

as

∥A∥2
2 = ∥A∥2

HS =
∑
k,l

|f(xk)f(xl)∗|2 = [
∑
k

|f(xk)|2]2.

We can approximate this expression via the Riemann sum from Lemma B.6.1 as

∥A/N∥2 =
∑
k

|f(xk)|2/N =
∑
k

|f(xk)|2
∆N

b− a
= ∥f∥2

2
b− a

+ ϵ, (B.132)

where the error term asymptotically vanishes limN→∞ ϵ = 0 and for Lipschitz

continuous function it additionally satisfies ϵ ∈ O(N−1). Finally,

∥A∥max
∥A/N∥2

= maxk |f(xk)|2∑
k |f(xk)|2∆N/(b− a) ≤ (b− a)∥f∥2

max

∥f∥2
2

+ ϵ ≤ (b− a)2∥f∥2
max

∥f∥2
1

+ ϵ

= F−2 + ϵ,

where we have used the general function-norm inequality ∥f∥2
2(b− a) ≥ ∥f∥2

1, which

follows from Hoelders inequality ∥1 × fp∥1 ≤ ∥1∥q/(q−p)∥fp∥q/p upon substituting

p = 1 and q = 2. We note that the application of this function-norm inequality

makes our bound looser, however, the resulting loose bound is more intuitive and

easier to interpret as illustrated in Fig. 3.2. We have also substituted back our

filling ratio F from Definition B.1.2.



146 B.6. Asymptotic Analysis

Lemma B.6.4 (integral encoding). Given an arbitrary continuous efficiently

integrable function f in Definition B.1.1 and our corresponding rank-1 matrix

Akl := Ng(xk)g∗(xl) from Eq. (B.57), the matrix satisfies ∥A/N∥2 = ∥f∥1 and its

matrix entries are asymptotically constant bounded as ∥A∥max = (b− a)∥f∥max +

ϵ. Furthermore, the ratio of the matrix norms is generally upper bounded as

∥A∥max/∥A/N∥2 ≤ F−1 + ϵ by our filling ratio from Definition B.1.2. The error

term asymptotically vanishes limN→∞ ϵ = 0 and for Lipschitz continuous function it

additionally satisfies ϵ ∈ O(N−1).

Proof. We first define the rank-1 matrix with non-negative entries as

Akl := Ng(xk)g(xl).

We can bound the largest entry in A as

∥A∥max = max
kl

|Akl| = N max
k

g2(xk) = N max
k

f(xk)∆N (B.133)

= (b− a)∥f∥max + ϵ, (B.134)

where we use Property B.6.2 which shows that g(xk) =
√
f(xk)∆N + ϵ, and note

that ∆N = (b−a)/N . The error term asymptotically vanishes limN→∞ ϵ = 0 and for

Lipschitz continuous function it additionally satisfies ϵ ∈ O(N−1) via Lemma B.6.1.

Given the matrix A is rank-1 by definition, it only has 1 non-zero eigenvalue

which is equivalent to the norm ∥A∥2 which we can compute via the (equivalent)

Hilbert-Schmidt norm as

∥A∥2
HS = N2∑

k,l

[g(xk)g(xl)]2 = [N
∑
k

g2(xk)]2.

As such, we exactly obtain the largest eigenvalue of the matrix as

∥A/N∥2 =
∑
k

g2(xk) =
∑
k

∫ xk+∆N

xk

f(x) dx =
∫ b

a
f(x) dx = ∥f∥1, (B.135)

where in the last equation we have used that f is non-negative and therefore its

integral is equivalent to is L1 norm. Finally, we establish the ratio of matrix norms

as
∥A∥max
∥A/N∥2

= N maxk g2(xk)∑
k g2(xk)

≤ (b− a)∥f∥max
∥f∥1

+ ϵ = F−1 + ϵ,

where we substituted our definition of the filling ratio F from Definition B.1.2.



C
Non-Linear Transformation of Quantum

Amplitudes

Understanding the contents of this section is not crucial to understanding the

main novel contributions in this chapter, and simply contains the rigorous proofs

of the results already presented.

C.1 Preliminaries

Following [26], for a general operator M with singular value decomposition M =

UΣV †, we use the notation f (SV )(M) := Uf(Σ)V † to represent the transformation

of the singular values if f is an odd function. If f is an even function, we instead

use the notation f (SV )(M) := V f(Σ)V †.

Computational model– To reiterate, I use the standard quantum circuit model

of quantum computation [189]. An application of a quantum gate is equivalent to

performing an elementary operation. The query complexity of a classical/quantum

algorithm with some input is the maximum number of queries the algorithm makes

on the input. Time complexity is measured in circuit depth, in terms of single

and two qubit gates. Classical time complexity is measured in the number of

sequential fundamental computation steps. We assume that all single and two

qubit gates are implemented exactly.

147
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I now present a simple result relating error-bounds on normalized states to

error-bounds on un-normalized states.

Lemma C.1.1. Given two normalized quantum states |ã⟩ = 1
Na

|a⟩, and |b̃⟩ = 1
Nb

|b⟩

such that |Na − Nb| ≤ ϵ0, and that ∥|a⟩ − |b⟩∥2 ≤ ϵ1, then
∥∥∥|ã⟩ − |b̃⟩

∥∥∥
2

≤ (ϵ0 +

ϵ1)/max{Na,Nb}.

Proof. A simple calculation obtains
∥∥∥|ã⟩ − |b̃⟩

∥∥∥
2

=
∥∥∥∥∥ |a⟩

Na

− |b⟩
Nb

∥∥∥∥∥
2

= 1
NaNb

∥(Nb − Na)|a⟩ + Na(|a⟩ − |b⟩)∥2 .

Applying triangle inequality, and noting that Na = ∥|a⟩∥2,∥∥∥|ã⟩ − |b̃⟩
∥∥∥

2
≤ 1

Nb

(|Nb − Na| + ∥|a⟩ − |b⟩∥2) ≤ ϵ0 + ϵ1

Nb

.

C.2 Diagonal Block-Encoding of Quantum State
Amplitudes

In Definition C.2.1, I begin by specifying the assumed input model, a state

preparation unitary as specified by a quantum circuit. When applied to the |0⟩

state, this quantum circuit uniquely specifies a quantum state. I then present some

further preliminary definitions and results, culminating in the derivation of our

diagonal block-encoding of the state amplitudes, a variant of the block-encoding

first presented in [120, 121]. I generalize this input model in Appendix C.10

Definition C.2.1 (Input model of this work, State preparation unitary). Let

n ∈ Z>0. We are given an n-qubit quantum circuit termed the “state-preparation

circuit”. This circuit is described by a unitary matrix denoted by U ∈ CN×N , where

N = 2n. The action of U on the all-zero state defines the following state,

U |0⟩n =
N−1∑
j=0

ψj|j⟩ =: |ψ⟩, (C.1)

where ψj ∈ C with ∑N−1
j=0 |ψj|2 = 1. We call a “real state preparation circuit” a

quantum circuit that has the property that ∀j, ψj ∈ R.
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I define a few elementary gates in the following. I use the total working space

of 2n + 1 qubits, in anticipation of the needs of the algorithm. The definitions

make precise on which qubits the gates are acting on.

Definition C.2.2. We define the following rotation gate, acting on 2n+ 1 qubits:

R := (In+1 − 2|0⟩⟨0|n+1) ⊗ In. (C.2)

This gate can be implemented by an n-controlled XZX gate targeting the first

qubit, controlled on the next n-qubits (controlled on the |0⟩n state), and with an

identity acting on the final n qubits. The n + 1 qubit controlled gate can then

be decomposed into O(n) two-qubit gates via the decomposition of [190], giving

a total circuit depth for this operator of O(n).

Definition C.2.3. We define the following 2n+ 1 qubit gates,

Ẑ := In ⊗ Z ⊗ In, Ĥ := In ⊗H ⊗ In, Ŝ := In ⊗ S ⊗ In, (C.3)

where Z is the standard 1-qubit Pauli-Z gates, H is the 1-qubit Hadamard gate, and

S =
(

1 0
0 i

)
.

These can all clearly be implemented with a single circuit layer.

Definition C.2.4. Given an n-qubit unitary U , we define the 2n+ 1 qubit operator

UC as follows

UC := (U ⊗ |0⟩⟨0|1 + In ⊗ |1⟩⟨1|1) ⊗ In. (C.4)

This gate can be implemented with one query to a controlled U gate, with an

X gate applied before and after the control (on the control qubit).

Definition C.2.5. We define a 2n + 1 qubit “controlled-copy” circuit C, which

implements the mapping of the |0⟩n|0⟩1|k⟩n state to itself, and the |0⟩n|1⟩1|k⟩n state

to |k⟩n|1⟩1|k⟩n. The matrix form of the gate may be written as,

C := In ⊗ |0⟩⟨0|1 ⊗ In +
N−1∑
k=0

N−1∑
j=0

|j ⊕ k⟩⟨j|n ⊗ |1⟩⟨1|1 ⊗ |k⟩⟨k|n. (C.5)
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This gate can be implemented by n Toffoli gates controlled on the |1⟩1 state of

the middle qubit, and with the other control of the ith Toffoli gate acting on the

|1⟩1 state of the (n+ 1 + i)th qubit, and with the target being the ith qubit. This

can clearly be implemented with O(n) two-qubit gates and O(n) circuit depth.

I continue by defining some gate sequences and proving their action. I define

the W1 operator slightly differently than in [120, 121], but note that the action on

the desired subspace is unchanged. The flag p determines if a relative phase

is applied or not.

Lemma C.2.1 (W operator from [120, 121]). For p ∈ {0, 1}, define the 2n + 1

qubit operator Wp by the circuit,

Wp := ĤŜpCUCĤ. (C.6)

When operating on the states |0⟩n|0⟩1|k⟩n, where |k⟩n is an n-qubit standard basis

vector, it prepares the family of 2n states {|Φp
k⟩}k given by

|Φp
k⟩ := Wp|0⟩n|0⟩1|k⟩n = 1

2 ((|ψ⟩n + ip|k⟩n)|0⟩1 + (|ψ⟩n − ip|k⟩n)|1⟩1) |k⟩n. (C.7)

The circuit Wp uses O(n) circuit depth with 1 query to a controlled-U gate.

Proof. First, with Ĥ as per Definition C.2.3, Ĥ|0⟩n|0⟩1|k⟩n = 1√
2 (|0⟩n|0⟩1 + |0⟩n|1⟩1) |k⟩n.

Then, with UC as per Definition C.2.4, since U |0⟩n = |ψ⟩n, UCĤ|0⟩n|0⟩1|k⟩n =
1√
2 (|ψ⟩n|0⟩1 + |0⟩n|1⟩1) |k⟩n. Applying C as per Definition C.2.5 then yields,

CUCĤ|0⟩n|0⟩1|k⟩n = 1√
2

(|ψ⟩n|0⟩1 + |k⟩n|1⟩1) |k⟩n. (C.8)

As Ŝ0 = I2n+1, applying Ŝp (as per Definition C.2.3) then yields,

ŜpCUCĤ|0⟩n|0⟩1|k⟩n = 1√
2

(|ψ⟩n|0⟩1 + ip|k⟩n|1⟩1) |k⟩n. (C.9)

Finally, applying Ĥ again yields,

Wp|0⟩n|0⟩1|k⟩n = 1
2 ((|ψ⟩n + ip|k⟩n)|0⟩1 + (|ψ⟩n − ip|k⟩n)|1⟩1) |k⟩n. (C.10)

Clearly, this transformation has been implemented with O(n) circuit depth, and

one query to a controlled-U gate.
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Lemma C.2.2. Let p ∈ {0, 1}. Let Gp := WpRW
†
p Ẑ as per [121]. Then, |Φp

k⟩ is an

eigenstate of −1
2(Gp +G†

p), with eigenvalue Re(ψk), if p = 0, and Im(ψk), if p = 1.

Proof. This fact was first identified and proven in its current form in [121], and in

a similar form in [120]. First, since Ẑ = Ẑ†, R = R†, we have that G†
p = ẐWpRW

†
p .

In addition, with R = (In+1 − 2|0⟩⟨0|n+1) ⊗ In, we have

G†
p|Φ

p
k⟩ = ẐWpRW

†
p |Φp

k⟩ = ẐWpR|0⟩n|0⟩1|k⟩n = −ẐWp|0⟩n|0⟩1|k⟩n = −Ẑ|Φp
k⟩.

(C.11)

As a result, we have

(Gp +G†
p)|Φ

p
k⟩ = WpRW

†
p Ẑ|Φp

k⟩ − Ẑ|Φp
k⟩ = (WpRW

†
p − I2n+1)Ẑ|Φp

k⟩. (C.12)

Using the definition of R, we obtain

WpRW
†
p = WpW

†
p − 2Wp(|0⟩⟨0|n+1 ⊗ In)W †

p = I2n+1 − 2Wp(|0⟩⟨0|n+1 ⊗ In)W †
p .

(C.13)

Thus,

−1
2(Gp +G†

p)|Φ
p
k⟩ = Wp(|0⟩⟨0|n+1 ⊗ In)W †

p Ẑ|Φp
k⟩. (C.14)

We will now examine W †
p Ẑ|Φp

k⟩, noting that

Ẑ|Φp
k⟩ = 1

2 ((|ψ⟩n + ip|k⟩n)|0⟩1 − (|ψ⟩n − ip|k⟩n)|1⟩1) |k⟩n. (C.15)

Since Wp = ĤŜpCUCĤ, and thus W †
p = ĤU †

CC
†(Ŝp)†Ĥ. Applying W †

p one part at

a time, we first obtain

(Ŝp)†ĤẐ|Φp
k⟩ (C.16)

= (Ŝp)† 1
2 ((|ψ⟩n + ip|k⟩n)|+⟩1 − (|ψ⟩n − ip|k⟩n)|−⟩1) |k⟩n(C.17)

= 1√
2

(ip|k⟩n|0⟩1 + (−i)p|ψ⟩n|1⟩1) |k⟩n (C.18)

= ip√
2

(|k⟩n|0⟩1 + (−1)p|ψ⟩n|1⟩1) |k⟩n, (C.19)

Applying C† = In ⊗ |0⟩⟨0|1 ⊗ In +∑N−1
k=0

∑N−1
j=0 |j⟩⟨j ⊕ k|n ⊗ |1⟩⟨1|1 ⊗ |k⟩⟨k|n, then

yields

C†(Ŝp)†ĤẐ|Φ1
k⟩ = ip√

2

|k⟩n|0⟩1 + (−1)p
N−1∑
j=0

ψj⊕k|j⟩n|1⟩1

 |k⟩n. (C.20)
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Applying (U † ⊗ |0⟩⟨0|1 ⊗ In + In ⊗ |1⟩⟨1|1 ⊗ In) then gives,

(U † ⊗ |0⟩⟨0|1 ⊗ In + In ⊗ |1⟩⟨1|1 ⊗ In)C†ĤẐ|Φp
k⟩ (C.21)

= ip√
2

U †|k⟩n|0⟩1 + (−1)p
N−1∑
j=0

ψj⊕k|j⟩n|1⟩1

 |k⟩n. (C.22)

Finally, applying Ĥ gives,

W †
p Ẑ|Φp

k⟩ = ip√
2

U †|k⟩n|+⟩1 + (−1)p
N−1∑
j=0

ψj⊕k|j⟩n|−⟩1

 |k⟩n. (C.23)

Then, (|0⟩⟨0|n+1 ⊗ In)W †
p Ẑ|Φp

k⟩ becomes:

(|0⟩⟨0|n+1 ⊗ In)W †
p Ẑ|Φp

k⟩ (C.24)

= ip√
2

(|0⟩⟨0|n+1 ⊗ In)
U †|k⟩n|+⟩1 + (−1)p

N−1∑
j=0

ψj⊕k|j⟩n|−⟩1

 |k⟩n (C.25)

= ip

2 (|0⟩n⟨ψ|k⟩|0⟩ + (−1)pψk|0⟩n|0⟩1) |k⟩n (C.26)

= ip

2 (ψ∗
k + (−1)pψk)|0⟩n|0⟩1|k⟩n. (C.27)

As a result, from Eq. (C.14), we obtain

−1
2(Gp +G†

p)|Φ
p
k⟩ = Wp(|0⟩⟨0|n+1 ⊗ In)W †

p Ẑ|Φp
k⟩ (C.28)

= ip

2 (ψ∗
k + (−1)pψk)|Φp

k⟩ (C.29)

=
Re(ψk)|Φp

k⟩ if p = 0.
Im(ψk)|Φp

k⟩ if p = 1.
. (C.30)

Lemma C.2.3. Let p = {0, 1}. The operator −1
2W

†
p (Gp +G†

p)Wp has eigenvectors

|0⟩n|0⟩1|k⟩n with associated eigenvalue Re(ψk) if p = 0 and Im(ψk) if p = 1.

Proof. This simply follows from Wp|0⟩n|0⟩1|k⟩n = |Φp
k⟩, W †

p |Φp
k⟩ = |0⟩n|0⟩1|k⟩n, and

Lemma C.2.2.

Lemma C.2.4. Let p = {0, 1}. The unitary

U (p) := (XZX ⊗ I2n+1)(H ⊗W †
p )(|0⟩⟨0|1 ⊗Gp + |1⟩⟨1|1 ⊗G†

p)(H ⊗Wp). (C.31)
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is a (1, n+ 2, 0)-block-encoding of A(p) := diag(Re((−i)pψ1), ...,Re((−i)pψN )), which

is a shorthand for diag(Re(ψ1), ...,Re(ψN )) if p = 0 and diag(Im(ψ1), ..., Im(ψN )) if

p = 1. The circuit U (p) may be implemented with O(n) circuit depth, with a total

of 6 queries to a controlled-U circuit.

Proof. We aim to show that
∥∥∥A(p) − (⟨0|⊗n+2 ⊗ In)U (p)(|0⟩⊗n+2 ⊗ In)

∥∥∥
2

= 0. First,

we begin by simplifying the expression of U (p),

U (p) = (XZX|+⟩⟨+|1) ⊗ (W †
pGpWp) + (XZX|−⟩⟨−|1) ⊗ (W †

pG
†
pWp). (C.32)

As a result,

(⟨0|⊗n+2 ⊗ In)U (p)(|0⟩⊗n+2 ⊗ In) (C.33)
= −(⟨0|1⟨0|⊗n+1 ⊗ In)

(
(|−⟩⟨+|1) ⊗ (W †

pGpWp) + |+⟩⟨−|1) ⊗ (W †
pG

†
pWp)

)
· (|0⟩1|0⟩⊗n+1 ⊗ In)

(C.34)

= −1
2(⟨0|⊗n+1 ⊗ In)W †

p (Gp +G†
p)Wp(|0⟩⊗n+1 ⊗ In). (C.35)

Consider the ⟨j|n · |k⟩n matrix element of this matrix, −1
2⟨0|n⟨0|1⟨j|nW †

p (Gp +

G†
p)Wp|0⟩n|0⟩1|k⟩n. From Lemma C.2.3, we know that W †

p (Gp+G†
p)Wp|0⟩n|0⟩1|k⟩n =

−2Re((−i)pψk)|0⟩n|0⟩1|k⟩n, and so the assertion has been proven.

Clearly, the circuit cost of U (p) is dominated by Wp, Gp and their inverses. As

per Lemma C.2.1, each Wp and W †
p can be implemented with one query to the

controlled-U gate (and its inverse), and O(n) additional depth in terms of single and

two qubit gates. The Gp operator can be implemented with a call to Wp and W †
p

(adding two additional queries to a controlled-U gate, and O(n) additional circuit

depth), a Ẑ gate (with O(1) depth) and the R gate which has O(n) depth as per

Definition C.2.2, for a total of one query to the controlled-U gate (and one query

to its inverse) and O(n) depth. Thus, U (p) can be implemented with O(n) circuit

depth, 3 queries to a controlled-U gate and 3 queries to an inverse controlled-U

gate.

Lemma C.2.5 (Polynomial transformation of real/imaginary part of amplitudes).

Let δ > 0. Given a (1, n+ 2, 0)-block-encoding U (p) of

A(p) = diag(Re((−i)pψ0), ...,Re((−i)pψN−1))
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(with U |0⟩n = ∑
j ψj|j⟩n), and a degree-k polynomial P (x) = ∑k

j=0 ajx
j (such that

∀j, aj ∈ C, and ∀x, |P (x)| ≤ 1/4) we can obtain a (1, n+ 4, δ)-block-encoding Ũ (p)
P

of P (A(p)), which can be constructed with O(kn) circuit depth, and a total of k calls

to the controlled U (p) and (U (p))† circuits. The circuit of Ũ (p)
P can be computed with

classical time complexity of O(poly(k, log(1/δ)).

Proof. The resulting block encoding is very similar to the construction in [121],

only it uses our diagonal block encoding (as opposed to the block encoding in [121]

which is not diagonal in the standard basis). The proof follows trivially by applying

Theorem 1.2.1 to the block encoding of A(p) constructed in Lemma C.2.4, noting

that A(p) is Hermitian.

C.3 Importance-Weighted Amplitude Transform

In this section, I derive the technique responsible for our exponential improvement

over prior work. In essence, rather than applying the desired polynomial to a block-

encoding of the state amplitudes and then applying that to the uniform superposition

(as is done in [121]), I instead consider a different polynomial transformation and then

apply that to the state U |0⟩. Intuitively, I define importance-weighted amplitude

transformation as follows. Given a quantum state |ψ⟩ = U |0⟩ = ∑
j ψj|j⟩ specified

by the state preparation unitary U , we want to map each amplitude ψj to an

amplitude proportional to f(ψj). Consider a function f(x) such that f(0) = 0,

and a function h(x) such that f(x) = xh(x). In importance weighted amplitude

transformation, we create a diagonal block-encoding of diag(h(ψ1) . . . h(ψN)), and

then apply this to the state |ψ⟩, so that each amplitude ψj 7→ h(ψj)ψj = f(ψj)

thereby enacting the transformation. As mentioned, our importance-weighted

transformation requires additional results and analysis, leading to our obtained

improvements over the prior work.

As a result, I first consider a technical lemma about the Lipschitz constant of

such functions. The following is a simplification of the corresponding result which

appeared in the original version of the paper ([3]) this chapter is based on.
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Lemma C.3.1 (Bounding max of |f(x)/x| by Lipschitz Constant of f ). Let f(x)

be a real-valued univariate function such that f(0) = 0 with Lipschitz constant L

in the interval x ∈ [−1, 1], (i.e. L := maxx∈[−1,1] | d
dx
P (x)|). Let h(x) be a function

such that f(x) = xh(x). Then, maxx∈[−1,1] |h(x)| ≤ L.

Proof. By definition of a Lipschitz continuous real function, for all a, b such that

a ̸= b, |f(a) − f(b)|/|a− b| ≤ L. Then, maxx∈[−1,0)∪(0,1] |f(x)/x| ≤ L. Thus, noting

that limx 7→0 |f(x)/x| ≤ L, maxx∈[−1,1] |h(x)| = maxx∈[−1,1] |f(x)/x| ≤ L.

Theorem C.3.1 (Polynomial transformation of real amplitudes via importance

weighting). Let ϵ ∈ (0, 1]. Assume we are given a state preparation unitary U |0⟩n =

|ψ⟩n = ∑2n
j=1 ψj|j⟩n, and |ψ⟩ ∈ R2n with ∥|ψ⟩∥2 = 1. We are given also a degree k

polynomial function P (x) = ∑k
j=1 ajx

j (∀j ∈ [k+ 1], aj ∈ C) with Lipschitz constant

L (in the interval x ∈ [−1, 1]). Define η := maxx∈[−1,1] |P (x)/x|, and note that

Lemma C.3.1 implies that η ≤ L. Define N 2 := ∑2n
j=1 |P (ψj)|2. Then, we can

construct an ℓ2-normalized quantum state |ϕ⟩ such that
∥∥∥|ϕ⟩ − 1

N
∑2n
j=1 P (ψj)|j⟩

∥∥∥
2

≤

ϵ with arbitrarily high probability of success with a total of O(kη/N ) queries to a

controlled-U circuit and a controlled-U † circuit, with O(knη/N ) additional circuit

depth, and with a total of O(poly(k, log(η2N/ϵ2N 2))) classical computation. This

requires O(n) ancillary qubits.

Proof. Let A := diag(ψ0, ..., ψN−1). The degree k−1 polynomial function h(x) such

that P (x) = h(x)x is given by h(x) := ∑k
j=1 ajx

j−1. Let η := maxx∈[−1,1] |h(x)|.

Then, define another function, g(x) := h(x)/4η. With the block-encoding of A, we

invoke Lemma C.2.5 to construct a (1, n+ 4, δ0)-block-encoding of g(A), called Ũg,

with O(kn) circuit depth, using a total of k−1 calls to a controlled URe(A) and U †
Re(A)

circuit, and with O(poly(k, log(1/δ0))) classical time complexity. There is a function

g̃(x) for which Ũg is a (1, n+ 4, 0)-block-encoding of g̃(A) and ∥g(A) − g̃(A)∥2 ≤ δ0.

When we apply Ũg(|0⟩n+4 ⊗U |0⟩n) and measure the |0⟩n+4 ancillary state, we obtain

a state proportional to g̃(A)|ψ⟩ = ∑2n
j=1 ϕj|j⟩, where we define the amplitudes of

the unnormalized resulting state as {ϕj}j. We then define the normalization factor

of this state as N2 := ∥g̃(A)|ψ⟩∥2.
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Observing that g(A)|ψ⟩ = ∑
j g(ψj)ψj|j⟩ = 1

4η
∑
j P (ψj)|j⟩, we additionally

define the unnormalized exact state as |P (ψ)⟩ := g(A)|ψ⟩, with the corresponding

normalization factor of N1 := ∥|P (ψ)⟩∥2. Thus, the exact normalized state we

wish to prepare is 1
N1

|P (ψ)⟩, and the normalized state we are able to prepare

is 1
N2
g̃(A)|ψ⟩. We will now bound the ℓ2-norm error of the produced state, and

determine the probability of success of the procedure.

First, we wish to determine the algorithmic complexity required to obtain an

overall error ϵ, defined as
∥∥∥ 1

N1
|P (ψ)⟩ − 1

N2
g̃(A)|ψ⟩

∥∥∥
2

≤ ϵ. To do so, we must bound

two quantities, |N1 − N2| and ∥|P (ψ)⟩ − g̃(A)|ψ⟩∥2, so that Lemma C.1.1 may be

applied. Using the definitions, we obtain

∥|P (ψ)⟩ − g̃(A)|ψ⟩∥2 = ∥g(A)|ψ⟩ − g̃(A)|ψ⟩∥2 ≤ ∥g(A) − g̃(A)∥2 ≤ δ0. (C.36)

Now, we bound |N1 − N2|. For any non-negative real numbers a, b, we have

|
√
a −

√
b| ≤

√
|a− b|. Consequently, |N1 − N2| ≤

√
|N 2

1 − N 2
2 |. By definition,

g(x)x = P (x)/4η =: f(x), and so

|N1 − N2| ≤
√∣∣∣∥|P (ψ)⟩∥2

2 − ∥g̃(A)|ψ⟩∥2
2

∣∣∣ =

√√√√√
∣∣∣∣∣∣
∑
j

(|f(ψj)|2 − |ϕj|2)
∣∣∣∣∣∣ (C.37)

≤
√

max
j

||f(ψj)| − |ϕj||
∑
j

(|f(ψj)| + |ϕj|). (C.38)

Since ||a| − |b|| ≤ |a − b|, we have that maxj ||f(ψj)| − |ϕj|| ≤ maxj |f(ψj) − ϕj|.

Moreover, ∑j |f(ψj) − ϕj|2 = ∥|P (ψ)⟩ − g̃(A)|ψ⟩∥2
2 ≤ δ2

0 (as per Eq. (C.36)) which

implies that maxj |f(ψj) − ϕj| ≤ δ0. Of course, ∥g̃(A)|ψ⟩∥2
2 ≤ 1 and so ∑j |ϕj|2 ≤ 1

which implies that ∀j, |ϕj| ≤ 1. Similarly, by definition, f(x) = P (x)
4η , and since

|P (x)| ≤ η, ∀j, f(ψj) ≤ 1/4, and so ∑N
j=1 |f(ψj) + ϕj| ≤ 2N . As a result,

|N1 − N2| ≤
√

2Nδ0. (C.39)

Combining Eq. (C.36), Eq. (C.39) and Lemma C.1.1, we then obtain the following

bound on the total ℓ2-norm error,
∥∥∥∥ 1

N1
|P (ψ)⟩ − 1

N2
g̃(A)|ψ⟩

∥∥∥∥
2

≤
√

2Nδ0 + δ0

N1
≤ 3

√
Nδ0

N1
. (C.40)
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We now analyze the probability of success of the procedure, thus determining

the complexity in terms of the number of amplitude amplification steps required

to succeed with arbitrarily high probability. Thus, we must lower-bound N 2
2 ≡

∥g̃(A)|ψ⟩∥2
2. We just showed that |N 2

1 − N 2
2 | ≤ 2Nδ0, hence N 2

2 ≥ N 2
1 − 2Nδ0.

Thus, requiring δ0 to be sufficiently small so as to ensure that N 2
1 > 2Nδ0, the

complexity to boost to a constant probability of success is given by O( 1√
N 2

1 −2Nδ0
).

To obtain an overall error of at most ϵ, we set δ0 = ϵ2N 2
1 /9N . This indeed

satisfies our requirement of N 2
1 > 2Nδ0 (for ϵ ≤ 1). As a result, the number

of AA steps required can be simplified to O
(
1/N1

√
1 − 2

9ϵ
2
)

⊆ O (1/N1), using

ϵ ≤ 1. Since N1 = 1
4ηN , this bound becomes O(η/N ). Similarly, δ0 = ϵ2N 2

1 /9N =

ϵ2N 2/144η2N . As a result, with constant probability of success, our procedure

produces a normalized quantum state ϵ close (in ℓ2-norm) to the state 1
N
∑
j P (ψj)|j⟩

using a total of O(kη/N ) queries to a controlled U circuit and controlled U †

circuit, with O(knη/N ) circuit depth, and with a total of O(poly(k, log(η2N/ϵ2N 2)))

classical computation.

The error bound assumes that the only error-source is the classical computation of

the rotation angles in QSVT – in practice there would likely be an additional logarith-

mic error from the implementation of all gates on real hardware, and so there would

be an additional multiplicative factor in the complexity of approximately log(1/N1)

in order to sufficiently suppress this error source and ensure numerical stability.

Note that in many cases where k is small, it can actually be significantly

advantageous to just implement the desired polynomial via products and linear

combinations of block encodings of the A matrix, as opposed to using QSVT, as the

polynomial can be implemented exactly in this manner (and for arbitrary complex

initial states), albeit at the cost of using more ancillary qubits.

In Appendix C.9, I rederive the analogous result from [121] with our diagonal

block-encoding, and extend it with our ℓ2 norm guarantee.
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C.4 Non-Linear Transformations of State Ampli-
tudes via Polynomial Approximations

In this section, I extend our previous result (Theorem C.3.1) to arbitrary functions

which can be approximated by polynomials. To this end, I begin by proving some

simple results about functions and their polynomial approximations, and conclude

with the main result of the section, Theorem 4.2.2.

Lemma C.4.1. We are given a Lipschitz continuous real function P (x) with

Lipschitz constant L on the interval x ∈ [−1, 1], and the guarantee that P (0) = 0.

We are additionally given an arbitrary ℓ2 normalized quantum state |ψ⟩ = ∑N
j=1 ψj|ψ⟩.

Define the normalization factor N 2 := ∑N
j=1 |P (ψj)|2. Then, N ≤ L.

Proof. First, by Definition 1.2.2, and P (0) = 0, for all x ∈ [−1, 0) ∪ (0, 1], |P (x)| =

|P (x) − P (0)| ≤ L|x| ≤ L. Then, for any j, |P (ψj)|2 ≤ |x|2L2. Thus, since∑N
j=1 |ψj|2 = 1,

N 2 =
N∑
j=1

|P (ψj)|2 ≤
N∑
j=1

|ψj|2L2 = L2. (C.41)

The result N ≤ L immediately follows, for the case where x ̸= 0. Since the input

state is ℓ2-normalized, there must be non-zero amplitudes, and these non-zero

amplitudes must have a sum of squares equal to one. Thus, this result holds in full

generality, and we have shown that N ≤ L.

Consider the definition of an efficiently-approximable function, as per Defini-

tion 1.2.3. When it is clear from context, I will drop the subscript indicating the

degree of the polynomial, i.e., sometimes I will write Pk(x) as P (x), and ek(x) as

e(x). I use the notation ek(x) := f(x) − Pk(x) for the error term. Note that the

subscript on the error term does not correspond to the degree of the error term,

rather it makes the dependence on the degree of approximating polynomial explicit.

I now derive a couple of simple technical lemmas regarding some properties of such

functions and their corresponding normalizations.
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Lemma C.4.2 (Composition of uniform approximations). Let f(x) be an Lf -

Lipschitz, (ϵ0, k0)-approximable function with approximation polynomial P (x). Let

g(x) be an (ϵ1, k1)-approximable function with approximation polynomial Q(x). Then

f(g(x)) is an (ϵ0 + Lfϵ1, k0k1)-approximable function. I.e., |f(g(x)) − P (Q(x))| ≤

ϵ0 + Lfϵ1.

Proof. This follows simply from Definition 1.2.2, and Definition 1.2.3.

Lemma C.4.3. Let f(x) be ϵ0-approximable as per Definition 1.2.3 with P (x) the

approximation polynomial and γ := maxx∈[−1,1] |f(x)|. Require that ϵ0 ≤ γ. In

addition, define the vector |ψ⟩ := ∑
j ψj|j⟩, such that |ψ⟩ ∈ CN , and ∥|ψ⟩∥2 = 1.

Define N 2 := ∑N
j=1 |f(ψj)|2 and N 2

1 := ∑N
j=1 |P (ψj)|2. Then,

i.) maxx∈[−1,1] |P (x)| ≤ 2γ.

ii.) |N − N1| ≤ 3γϵ0N/N .

If ϵ0 ≤ N 2

6γN (noting that N 2

6γN < γ),

iii.) N1 ≥ 1
2N .

Proof. For proving i.), by Definition 1.2.3, |P (x)| = |P (x) − f(x) + f(x)| ≤ ϵ0 +

|f(x)| ≤ 2γ, for all x ∈ [−1, 1]. For proving ii.), we obtain from simple algebra

that |N − N1| =
∣∣∣N 2−N 2

1
N +N1

∣∣∣ ≤ 1
N |N 2 − N 2

1 |. By definition, we have |N 2 − N 2
1 | ≤∑N

j=1 |(f(ψj) − P (ψj))(f(ψj) + P (ψj))|. By i.), we have that |P (ψj)| ≤ 2γ, and

hence, |f(ψj)+P (ψj)| ≤ 3γ. Since f(x) is ϵ0-approximable, |f(ψj)−P (ψj)| ≤ ϵ0, and

so we obtain |N − N1| ≤ 3γϵ0N/N . For proving iii.) N 2
1 = N 2 −∑

j e(ψj)(P (ψj) +

f(ψj)) ≥ N 2 − 3ϵ0γN . If ϵ0 ≤ N 2/6γN , then N 2
1 ≥ N 2/2.

Lemma C.4.4. Let f(x) be ϵ0-approximable as per Definition 1.2.3 with P (x)

the approximation polynomial and γ := maxx∈[−1,1] |f(x)|. Define the vector |ψ⟩ =∑
j ψj|j⟩ such that ∥|ψ⟩∥2 = 1 and |ψ⟩ ∈ CN . Let N 2 := ∑N

j=1 |f(ψj)|2 and N 2
1 :=∑N

j=1 |P (ψj)|2. Define ϵ ∈ (0, 1] and ∆k :=
∥∥∥ 1

N
∑
j f(ψj)|j⟩ − 1

N1

∑
j Pk(ψj)|j⟩

∥∥∥
2
.

Then, ϵ0 ≤ ϵN 2/8γN =⇒ ∆k ≤ ϵ.
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Proof. Let E := N1 − N . Then, pulling out a common 1
N1N term and simplifying

by using N1 = E+N in the resulting numerator term, we get ∆ ≤ (ϵ0
√
N +E)/N1,

where we also used N =
∥∥∥∑j f(ψj)|j⟩

∥∥∥
2
.

From Lemma C.4.3 ii.), we know that |E| ≤ 3γϵ0N/N . From Lemma C.4.3 iii.),

we know that N1 ≥ N /2, if ϵ0 ≤ N 2/6γN . Noting that γ
√
N/N ≥ 1 implies that

γϵ0N/N = (ϵ0
√
N)(γ

√
N/N ) ≥ ϵ0

√
N , we then get,

∆k ≤ 2
N

(
ϵ0

√
N + 3γϵ0N

N

)
≤ 8ϵ0γN

N 2 . (C.42)

Thus, to get an overall error at most ϵ > 0, we require that 8ϵ0γN
N 2 ≤ ϵ and so

we set ϵ0 ≤ ϵN 2/8γN . Since our proof added the constraint ϵ0 ≤ N 2/6γN (and

technically also ϵ0 ≤ γ, but since N 2/6γN ≤ γ, this automatically satisfied),

ϵ0 = N 2ϵ/8γN ≤ N 2/6γN and so our proof holds without further constraint if

ϵ ≤ 4/3.

I will now prove Theorem 4.2.2.

Proof of Theorem 4.2.2. We will bound the ℓ2-norm error from the polynomial

approximation, and then the ℓ2-norm error from the algorithmic error, combining

the two via triangle inequality. Define N 2
1 := ∑N

j=1 |Pk(ψj)|2. By Lemma C.4.4, if

ϵ/2 ≤ min(1, 1/γ), then∥∥∥∥∥∥ 1
N
∑
j

f(ψj)|j⟩ − 1
N1

∑
j

Pk(ψj)|j⟩
∥∥∥∥∥∥

2

≤ ϵ/2. (C.43)

Where maxx∈[−1,1] |f(x) − Pk(x)| ≤ ϵ0, Lemma C.4.4 says ϵ/2 = 8ϵ0γN/N 2,

consequently ϵ0 = ϵN 2/16γN ≤ N 2/6γN , and so we can apply Lemma C.4.3.

This gives N1 ≥ N /2.

We will invoke Theorem C.3.1 on Pk(x), thereby obtaining the approximation to

the desired transformation. Thus, we can prepare the state 1
N1

∑
j Pk(ψj)|j⟩ up to

error ϵ/2 by invoking Theorem C.3.1 with Pk(x). This has a query complexity to a

controlled U and controlled U † circuit of O(γ̃h(γN/ϵN 2)/N ). The additional circuit

complexity is thusO(nγ̃h(γN/ϵN 2)/N ), requiringO(poly(log(γN/ϵN 2), log(γ̃2N/ϵ2N 2)))

classical computation, and O(n) ancilla qubits. To increase the simplicity of the
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reported result, we assume that ϵ is sufficiently small such that log(γN/ϵN 2) ≤

log(γ̃2N/ϵ2N 2), allowing the classical computation complexity to be simplified to

O(poly log(γ̃2N/ϵ2N 2)).

When K(ϵ) = log(1/ϵ), the query and circuit complexities simplify accordingly.

C.5 Application: End-to-End Complexities for
Applying Various Functions to Arbitrary Quan-
tum States

Lemma C.5.1 (Absolute error in polynomial approximation to tanh [121]). Let

f(x) = tanh(x). Define

Pk(x) :=
k∑

n=1

22n(22n − 1)B2n

(2n)! x2n−1, (C.44)

where Bn is the nth Bernoulli number. Then, in the interval x ∈ [−1, 1], when

k ≥ 2,

|f(x) − Pk(x)| ≤ 9
( 2
π

)k
. (C.45)

Thus, there exists a k ∈ O(log(1/ϵ)) such that the error is at most ϵ.

Proof. The proof follows directly from [121], with (very) minor corrections. First,

define αn := 22n(22n−1)B2n
(2n)! . Note that in the interval x ∈ [−π/2, π/2], tanh(x) =∑∞

n=1 αnx
2n−1. Define ek(x) := f(x) − Pk(x). Assuming x ∈ [−1, 1], wish to bound,

|ek(x)| =
∣∣∣∣∣∣

∞∑
n=k+1

αnx
2n−1

∣∣∣∣∣∣ ≤
∞∑

n=k+1
|αn|. (C.46)

Using the fact that |B2n| ≤ 5
√
πn( n

πe
)2n as per [191] (as noted in [121]),

|αn| ≤
∣∣∣∣∣24nB2n

(2n)!

∣∣∣∣∣ ≤ 5
√
πn

(2n)!

(4n
πe

)2n
. (C.47)

If we wish to use the polynomial approximation P1(x), we are just implementing

an identity transformation, and so the minimum polynomial we might use is P2(x).
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As a result, without a loss of generality, we can assume that the n in the error

term ∑∞
n αx2n−1 is at least 3. Noting that

√
πn ≤ (π/2)n for all n ≥ 3, and that

n! ≥ (n/e)n,

|αn| ≤ 5
√
πn

( 2
π

)2n
≤ 5

( 2
π

)n
. (C.48)

This then gives the bound

|ek(x)| ≤ 5
∞∑

n=k+1

( 2
π

)n
≤ 9

( 2
π

)k
. (C.49)

I will now prove Theorem 4.3.2.

Proof of Theorem 4.3.2. i.) Using the standard series representation of f(x) = ex,

for x ∈ [−1, 1], f(x) = ∑∞
n=0

xn

n! . We have for the error term that |f(x) − Pk(x)| =∣∣∣∑∞
n=k+1

xn

n!

∣∣∣ ≤ ∑∞
n=k+1

1
n! ≤ ∑∞

n=k+1 2−n = 2−k, using the fact that for all n ≥ 3,

1/n! ≤ (1/2)n. Moreover, ∀x ∈ [−1, 1], 1/e ≤ ex ≤ e. As a result, N 2 =∑
j f(ψj)2 ≥ N/e2, and so N ≥

√
N/e. Consequently, O(log(γN/ϵN 2)γ

√
N/N )

is O(log(1/ϵ)), giving a query complexity of O(log(1/ϵ)) and an associated circuit

depth of O(n log(1/ϵ)) through Theorem C.9.2.

ii.) Using the standard series representation of f(x) = cos(x), for x ∈ [−1, 1],

f(x) = ∑∞
n=0(−1)n x2n

(2n)! . The error term is |f(x) − Pk(x)| =
∣∣∣∑∞

n=k+1(−1)n x2n

(2n)!

∣∣∣ ≤∑∞
n=k+1

1
(2n)! ≤ ∑∞

n=k+1

(
1
2

)n
= 2−k, using the fact that for n ≥ 2, (2n)! ≥ 2n. Thus,

|ek(x)| ≤ ϵ0 with overall k ∈ O(log(1/ϵ0)). Of course, minx∈[−1,1] | cos(x)| = cos(1) >

1/2, and so N 2 = ∑
j cos(ψj)2 ≥ N/4 which implies that N ≥

√
N/2. Consequently,

O(log(γN/ϵN 2)γ
√
N/N ) is O(log(1/ϵ)), giving a query complexity of O(log(1/ϵ))

and an associated circuit depth of O(n log(1/ϵ)) through Theorem C.9.2.

iii.) We use the common identity for the logistic function of f(x) = 1
2 + 1

2 tanh(x),

Consequently, to obtain a series expansion for f(x), we invoke Lemma C.5.1, again

adopting the notation αn := 22n(22n−1)B2n
(2n)! , yielding f(x) = 1

2 (1 +∑∞
n=1 αnx

2n−1).

Consequently, letting Pk(x) := (1/2)(1 + ∑k
n=1 αnx

2n−1), and defining ek(x) :=

f(x) − Pk(x), we obtain |ek(x)| =
∣∣∣12 ∑∞

n=k+1 αnx
2n−1

∣∣∣ ≤ 5
(

2
π

)k
, where the bound
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follows directly from Lemma C.5.1, and again we require that k ≥ 2. Moreover,

|f(x)| ≥ 1/(1 + e2) > 1/10, thus N =
√∑

j f(ψj)2 ≥
√
N/10. Consequently,

O(log(γN/ϵN 2)γ
√
N/N ) is O(log(1/ϵ)), giving a query complexity of O(log(1/ϵ))

and an associated circuit depth of O(n log(1/ϵ)) through Theorem C.9.2.

iv.) Using the fact that ex = ∑∞
n=0

xn

n! , defining α := −1/2σ2 and β := 1
σ

√
2π , we

readily obtain f(x) = βeαx
2 = β

∑∞
n=0

αnx2n

n! .A Defining the first k + 1 terms of this

series as Pk(x), and defining ek(x) := f(x) − Pk(x), when x ∈ [−1, 1], for all k ≥ 3,

|ek(x)| = β

∣∣∣∣∣∣
∞∑

n=k+1

αnx2n

n!

∣∣∣∣∣∣ ≤ 1
π

∞∑
n=k+1

|α|n

n! ≤ 1
π

∞∑
n=k+1

1
n! ≤ 1

π

∞∑
n=k+1

(1/2)n = 2−k

π
,

(C.50)

following from assumption, since σ2 ≥ 1/2, and so |α| ≤ 1. Moreover, since

∀x ∈ [−1, 1], |f(x)| ≥ 1/σ
√

2π (since σ2 ≥ 1/2), N =
√∑

j f(ψj)2 ≥
√
N/σ

√
2π.

Consequently, O(log(γN/ϵN 2)γ
√
N/N ) is O(σ log(σ2/ϵ)), giving a query complex-

ity of O(σ log(σ2/ϵ)) and an associated circuit depth of O(nσ log(σ2/ϵ)) through The-

orem C.9.2.

v.) First, we use the series representation for f(x) = sin(x) in the interval

[−1, 1] of f(x) = ∑∞
n=0(−1)n x2n+1

(2n+1)! . The error term is |ek(x)| = |f(x) − Pk(x)| =∣∣∣∑∞
n=k+1(−1)n x2n+1

(2n+1)!

∣∣∣ ≤ ∑∞
n=k+1

∣∣∣ 1
(2n+1)!

∣∣∣ ≤ ∑∞
n=k+1

1
2n = 2−k, using the fact that

for n ≥ 4, n! ≥ 2n. We now prove that γ̃ := maxx∈[−1,1] |P ′
k(x)| ≤ 2. Noting

that P ′
k(x) = ∑k

n=0
(−1)nx2n

(2n)! , we can observe that this is the degree k truncation

of the polynomial representation of cos(x), allowing us to upper-bound this value

with Lemma C.4.3, giving γ̃ ≤ 2. Obviously, maxx∈[−1,1] |f(x)| ≤ 1. Additionally,

limx→0 | sin(x)|/|x| = 1, and for all x ∈ [−1, 1], | sin(x)|/|x| ≥ 3/4, implying that

N 2 = ∑
j | sin(ψj)|2 ≥ 9

16 . As a result, O(γ̃ log(γN/ϵN 2)/N ) is O(log(N/ϵ)), giving

a query complexity of O(log(N/ϵ)) and an associated circuit depth of O(n log(N/ϵ))

through Theorem 4.2.2.
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C.6 Application: Exponential Improvement in
Applying Tanh Activation Function in Ma-
chine Learning

Proof of Theorem 4.3.1. Lemma C.5.1 implies that f(x) is an efficiently approx-

imable function as per Definition 1.2.3. Defining αn as per Lemma C.5.1, we can

write f(x) = ∑∞
n=1 αnx

2n−1, Pk(x) = ∑k
n=1 αnx

2n−1 and ek(x) = ∑∞
n=k+1 αnx

2n−1.

We begin by proving three facts about f(x): (1) N ≥ 3/4, (2) |f(x)| ≤ 1,

and (3) γ̃ ≤ 2 (for k ≥ 15, with γ̃ defined in accordance with the notation in

Theorem 4.2.2). First, noting that |f(x)|/|x| ≥ 3/4 (with the minimum at x = ±1)

implying that |f(x)| ≥ 3|x|/4, we have N 2 = ∑
j |f(ψj)|2 ≥ (9/16)∑j |ψj|2 = 9/16.

Thus, N ≥ 3/4. Second, trivially |f(x)| ≤ 1. Finally, we prove that γ̃ ≤ 2.

By Lemma C.3.1, γ̃ := maxx∈[−1,1] |Pk(x)/x| ≤ maxx∈[−1,1] | d
dx
Pk(x)|. To bound

γ̃, we will first compute the Lipschitz constant of f(x) = tanh(x) in the interval

x ∈ [−1, 1], L:

L = max
x∈[−1,1]

∣∣∣∣∣ ddx tanh(x)
∣∣∣∣∣ = max

x∈[−1,1]

∣∣∣1 − tanh2(x)
∣∣∣ = 1. (C.51)

Then, ∣∣∣∣∣ ddxPk(x)
∣∣∣∣∣ ≤

∣∣∣∣∣ ddxf(x)
∣∣∣∣∣+

∣∣∣∣∣ ddxek(x)
∣∣∣∣∣ ≤ 1 +

∞∑
n=k+1

(2n− 1)
( 2
π

)n
. (C.52)

Observing that
(
π
2

)n/2
≥ (2n− 1) for all n ≥ 16,

γ̃ ≤ 1 +
∞∑

n=k+1

( 2
π

)n/2
≤ 1 + 2

( 2
π

)k
≤ 2, (C.53)

imposing the restriction that k ≥ 15.

We now branch the proof into two cases, one using the importance weighting tech-

nique, and the other using the ℓ2-norm version of [121]. In both algorithms, we aim

to produce an ℓ2-normalized quantum state |ϕ⟩ such that
∥∥∥ 1

N
∑
j f(ψj)|j⟩ − |ϕ⟩

∥∥∥
2

≤ ϵ

for some ϵ ≥ 0. Noting that for a fixed function the classical computation can be

precomputed and so we neglect the classical computation cost in our complexity

statement. To obtain our result with the importance-weighted technique, we invoke
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Theorem 4.2.2 finding a query complexity (to a controlled U and U † circuit) of

O(log(N/ϵ)), and a circuit complexity of O(n log(N/ϵ)). We obtain the result with

the previous technique by invoking Theorem C.9.2, finding a query complexity

of O(
√
N log(N/ϵ)) and a circuit complexity of O(n

√
N log(N/ϵ)). Thus, an

exponential improvement in the end-to-end complexity of applying the tanh(x)

function to an arbitrary quantum state over the previous technique has been

achieved.

C.7 Application: Maximum Finding

I require two results from [192]: the error function approximation to the sign

function, and the polynomial approximation to the shifted error function.

Lemma C.7.1 (Shifted and scaled error function approximation to the shifted

Heaviside function [192]). Let δ > 0, m > 0, τ ∈ [−1, 1], and ϵ ∈ (0, 1]. Define the

shifted Heaviside function in terms of the sign function, i.e., hviτ (x) := 1
2(sgn(x−τ)+

1). Define the shifted and scaled error function as erfsm,τ (x) = 1
2(erf(m(x− τ)) + 1).

When m =
√

2
δ

log1/2( 2
πϵ2

),

max
x∈[−1,τ−δ/2]∪[τ+δ/2,1]

| erfsm,τ (x) − hviτ (x)| ≤ ϵ, (C.54)

Proof. This is another way of stating Lemma 10 of [192].

Lemma C.7.2 (Polynomial approximation to the shifted and scaled error func-

tion [192]). Let τ ∈ [−1, 1], m > 0 and ϵ ∈ (0, O(1)]. Then, we can efficiently

construct a degree-k polynomial, Perf,m,τ,k(x), satisfying

max
x∈[−1,1]

|Perfs,m,τ,k(x) − erfsm,τ (x)| ≤ ϵ (C.55)

with k ∈ O(m log(1/ϵ)). Moreover, let y = (x− τ), then

Perfs,m,τ,k(x) := 1
2 + 2me−2m2

√
π

I0(2m2)y +
(k−1)/2∑
j=1

Ij(2m2)(−1)j
(
T2j+1(y)
2j + 1 − T2j−1(y)

2j − 1

)
(C.56)

where Ij(·) is a modified Bessel function of the first kind, and Tn(·) is a Chebyshev

polynomial of the first kind.
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Proof. Follows immediately from Corollary 5 of [192].

I will now prove Theorem 4.3.3.

Proof of Theorem 4.3.3. Let m > 0, ϵ > 0, ϵ0 > 0 and ϵ1 > 0. Set the pa-

rameters δ and τ in Lemma C.7.1 as δ = ∆, and τ := ψ1 − ∆
2 . Lemma C.7.2

proves that the function erfsm,τ (x) is ϵ0-uniformly approximated by the polyno-

mial Pm,k(x) := Perfs,m,τ,k(x) of degree k ∈ O(m log(1/ϵ0)). Define the function

fm,τ (x) := x erfsm,τ (x). The function fm,τ (x) is ϵ0-uniformly approximated by

the polynomial xPm,k(x), and has γ := maxx∈[−1,1] |f(x)| ≤ 1. Finally, γ̃ =

maxx∈[−1,1] |xPm,k(x)/x| = maxx∈[−1,1] |Pm,k(x)| ≤ 2 (for ϵ0 ≤ 1). Define N 2 :=∑
j fm,τ (ψj)2. Setting m =

√
2

∆ log1/2( 2
πϵ21

), Lemma C.7.1 ensures that erfsm,τ (ψ1) ≥

1 − ϵ1, and that ∀j ≠ 1 : erfsm,τ (ψj) ≤ ϵ1. Consequently, N 2 ≥ fm,ψ1(ψ1)2 ≥

(1 − ϵ1)2ψ2
1 =⇒ N ≥ (1 − ϵ1)ψ1. Assuming that ϵ1 ≤ 1/2, N ≥ ψ1/2. Finally,

define the ℓ2-normalized state |fm,τ (ψ)⟩ := 1
N
∑
j fm,τ (ψj)|xj⟩.

We want to determine the query and circuit complexities required to obtain

the ℓ2-normalized state |ϕ⟩ = ∑
j ϕj|xj⟩ such that ∥|ϕ⟩ − |x1⟩∥2 ≤ ϵ, so that we can

then use it to bound the complexity of identifying the basis vector with maximum

amplitude, with high probability of success.

First, we will prove that by setting m =
√

2
∆ log1/2(16

√
N

πϵ2
), we get the guarantee

that ∥|fm,τ (ψ)⟩ − |x1⟩∥2 ≤ ϵ/2. Using N 2 ≤ ψ2
1(erfsm,τ (ψ1)2 + ϵ2

1N), and that for

non-negative numbers a, b,
√
a2 + b2 ≤ a+ b, we have N ≤ ψ1(erfsm,τ (ψ1) + ϵ1

√
N),

and so

∥|fm,τ (ψ)⟩ − |x1⟩∥2
2 = 2

(
1 − ψ1 erfsm,τ (ψ1)

N

)
≤ 2

( √
Nϵ1

erfsm,τ (ψ1) +
√
Nϵ1

)
. (C.57)

Since erfsm,τ (ψ1) ≥ 1 − ϵ1, requiring ϵ1 ≤ 1/2
√
N , gives erfsm,τ (ψ1) +

√
Nϵ1 ≥

1/2. Then, ∥|fm,τ (ψ)⟩ − |x1⟩∥2
2 ≤ 4ϵ1

√
N . Setting ϵ1 ≤ ϵ2/8

√
N ensures that

∥|fm,τ (ψ)⟩ − |x1⟩∥2 ≤ ϵ/2. Thus, the error bound holds when m =
√

2
∆ log1/2(16

√
N

πϵ2
).

We will now bound the complexity of preparing the state |ϕ⟩ such that ∥|ϕ⟩ − |fm,τ (ψ)⟩∥2 ≤

ϵ/2. We construct the state |ϕ⟩ by invoking Theorem 4.2.2 transforming |ψ⟩ by

fm,τ (x). Noting that γ̃ ≤ 2, N ≥ 1/ψ1, and that the degree of the approximation
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polynomial is given asymptotically by O(m log(1/ϵ0)). Noting that Theorem 4.2.2

gives the preceding ϵ/2 error bound when ϵ0 ≤ ϵN 2

2γN , the degree of the approximating

polynomial is thus k ∈ O(log(N/ϵψ2
1) log1/2(

√
N/ϵ2)/∆) = Õ(1/∆). This then gives

the guarantee that ∥|ϕ⟩ − |fm,τ (ψ)⟩∥2 ≤ ϵ/2 with query complexity Õ(ψ−1
1 ∆−1) to

controlled U and U † circuits, with Õ(nψ−1
1 ∆−1) additional circuit depth.

Thus, we have prepared a state |ϕ⟩ satisfying ∥|ϕ⟩ − |x1⟩∥2 ≤ ϵ. Since ∥|ϕ⟩ − |x1⟩∥2 ≤

ϵ implies 2(1 − ⟨x1|ϕ⟩) ≤ ϵ2, it is easy to show that the probability of successfully

measuring |x1⟩, i.e., ϕ2
1, is lower-bounded as ϕ2

1 ≥ (1 − ϵ2

2 )2. Setting, e.g., ϵ = 0.1

ensures that the procedure succeeds with probability at least 99/100.

C.8 Application: Continuous State Preparation

There are a number of other techniques in the state preparation literature that

were not mentioned in the main text of this chapter (with some mentioned instead

in Chapter 3), with different approaches that in some cases exploit additional

structure, e.g., via matrix product states (MPS) [62, 133], for efficiently integrable

function [91], and a number of techniques both in the variational setting (e.g., [105,

193, 194]), and the in the distribution-specific setting (e.g., [108, 184]).

I will now provide a theorem stating the complexity of state preparation in the

non-linear amplitude transformation framework, giving a simple sketch for the proof.

I now re-derive [132] in our framework, presenting the proof of Theorem 4.3.4.

Proof. Define the n-qubit state |ψ0⟩n := 1
N0

∑N−1
j=0 sin(j/N)|j⟩n where N = 2n and

N 2
0 := ∑N−1

j=0 sin(j/N)2. There exists a unitary Uψ0 which is an (1, 1, 0)-VE for |ψ0⟩,

where α =
√
N/N0. Note that a unitary with the action

Uψ0|0⟩1+n = 1√
N

 N∑
j=0

(sin(j/N)|0⟩1 + cos(j/N)|1⟩1) |j⟩n


is essentially a special case of the standard “rotate” gate (e.g., as used implicitly in

[15]) only with Hadamards first applied. As such, it can be implemented by first

applying (I1 ⊗H⊗n) (with H the standard Hadamard gate), followed by a sequence

of n controlled e−iY θj gates (with Y the standard Pauli-Y gate) with the target qubit
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the ancilla, and the control of the jth gate set to the jth most-significant qubit of

the main register (and with angle 2−(j+1), counting from 1 to n), finally followed by

a Pauli-X gate on the ancilla qubit. We can then rewrite the action of this gate as

Uψ0|0⟩1+n = ( N0√
N

)|0⟩1|ψ0⟩ +
√

1 − ( N0√
N

)2|⊥⟩1+n (for some orthogonal state |⊥⟩1+n,

such that ⟨⊥|1+n|0⟩1|ψ⟩n = 0). As such, by Lemma C.10.1, we immediately find that

Uψ0 is an (
√
N/N0, 1, 0)-VE for |ψ0⟩n. Using observations first made in [2] about the

asymptotic properties of continuous functions, it is clear that limN 7→∞
√
N/N0 < 2.

Moreover, one can readily show that in the finite case,
√
N/N0 ≤ 4.

On the interval x ∈ [−0.85, 0.85], as per Lemma 70 of [26], arcsin(x) is ϵ1-

approximable by a polynomial Ql(x) with degree l ∈ O(log(1/ϵ1)). By assump-

tion, the input function f is ϵ0-approximable by a polynomial Pk(x) with degree

O(polylog(1/ϵ0)) on the interval [a, b]. Consequently, Lemma C.4.2 says that

the function f((b − a) arcsin(x) + a) is ϵ0 + Lϵ1 approximable by the polynomial

P̃m := Pk((b− a)Ql(x) + a) (where m := kl). Noting that L is a constant, we can

exponentially suppress ϵ1, meaning that effectively m ∈ O(polylog(1/ϵ0)).

As a result, we can invoke Theorems C.9.2 and C.10.1 with P̃m and our

(O(1), 1, 0)-VE, obtaining the state |ϕ⟩n with total circuit complexity Õ(F−1),

noting that
√
N/N = F−1.

C.9 Comparison to [121]

In Theorem C.9.1, I derive an analogous guarantee to that in [121], with the same

asymptotic properties, only using our modified diagonal block encoding framework.

I also extend their result to ℓ2-norm error bound, which was not included in their

work. The proof mirrors that in Theorem C.3.1. I subsequently derive a new result in

Theorem C.9.2 (building on Theorem C.9.1) with end-to-end complexity guarantees

in the case where a non-polynomial function (with an efficient uniform approximation

by a polynomial) is to be applied. The proof mirrors that in Theorem 4.2.2.

Theorem C.9.1 (Modification of non-linear transformation of real amplitudes

from [121] with ℓ2-error bounds). Given a state preparation unitary U |0⟩n = |ψ⟩n =
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∑
j ψj|j⟩n (such that ∀j, ψj ∈ R), and a degree k polynomial function, P (x) =∑k
j=0 ajx

j, such that γ := maxx∈[−1,1] |P (x)|, and ∀j ∈ [k+ 1], aj ∈ C, define N 2 :=∑
j |P (ψj)|2. Then, the technique in [121] constructs an ℓ2-normalized quantum

state |ϕ⟩ such that
∥∥∥|ϕ⟩ − 1

N
∑
j f(ψj)|j⟩

∥∥∥
2

≤ ϵ with arbitrarily high probability

of success with a total of O(kγ
√
N/N ) queries to a controlled-U circuit and a

controlled-U † circuit, with O(knγ
√
N/N ) additional circuit depth, and with a total

of O(poly(k, log(Nγ2/ϵ2N 2))) classical computation. This requires O(n) ancillary

qubits.

Proof. Let f(x) := P (x)/4γ, i.e. ∀x, |f(x)| ≤ 1/4. Next, we invoke Lemma C.2.5

to construct a (1, n+ 4, δ0)-block-encoding of f(A), called Uf , with O(kn) circuit

depth, using a total of k calls to a controlled URe(A) and U †
Re(A) circuit, and with

O(poly(k, log(1/δ0))) classical time complexity. Then, in direct analogy to [120, 121],

we apply Uf to the state |0⟩n+4|+n⟩ (where |+n⟩ := 1√
N

∑
j |j⟩). Since our block-

encoding has error δ0, we actually implement the transformation f̃(A), where f̃(A)

is some linear operator satisfying
∥∥∥f̃(A) − f(A)

∥∥∥
2

≤ δ0. Define N1 := ∥f(A)|+n⟩∥2

and N2 :=
∥∥∥f̃(A)|+n⟩

∥∥∥
2
. Then, noting that 1

N
∑
j f(ψj)|j⟩ = 1

N1
f(A)|+n⟩, we wish

to bound the total error ϵ, in
∥∥∥ 1

N1
f(A)|+n⟩ − 1

N2
f̃(A)|+n⟩

∥∥∥
2

≤ ϵ, and we also wish

to bound the probability of success.

Again, to bound the error, we must bound two quantities, |N1 − N2| and∥∥∥f(A)|+n⟩ − f̃(A)|+n⟩
∥∥∥

2
, so that Lemma C.1.1 may be applied. The bound of,

∥∥∥f(A)|+n⟩ − f̃(A)|+n⟩
∥∥∥

2
≤ δ0 (C.58)

follows trivially from the fact that for any operator M and for any vector z,

∥Mz∥2 ≤ ∥M∥2 ∥z∥2, and the fact that
∥∥∥f̃(A) − f(A)

∥∥∥
2

≤ δ0.

Define the notation f̃(A)|+n⟩ = 1√
N

∑
j ϕj|j⟩. For any non-negative real numbers

a, b, we have |
√
a−

√
b| ≤

√
|a− b|. Consequently, |N1 − N2| ≤

√
|N 2

1 − N 2
2 |. Thus,

|N1 − N2| ≤

√√√√√
∣∣∣∣∣∣ 1
N

∑
j

|f(ψj)|2 − |ϕj|2
∣∣∣∣∣∣ ≤

√√√√ 1
N

max
j

||f(ψj)| − |ϕj||
∑
j

(|f(ψj)| + |ϕj|).

(C.59)
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Since ||a|−|b|| ≤ |a−b|, maxj ||f(ψj)| − |ϕj|| ≤ maxj |f(ψj) − ϕj|. From Eq. (C.58)

we have that ∑j |f(ψj) − ϕj|2 ≤ δ2
0N , implying that ∀j, |f(ψj) − ϕj| ≤ δ0

√
N . As a

result,

|N1 − N2| ≤
√√√√ δ0√

N

∑
j

(|f(ψj)| + |ϕj|). (C.60)

Observing that
∥∥∥f(A)|+n⟩ + f̃(A)|+n⟩

∥∥∥2

2
≤ 4, ∀j, |f(ψj) + ϕj| ≤ 2

√
N . Thus,

|N1 − N2| ≤
√

2δ0N. (C.61)

Combining Eq. (C.58), Eq. (C.61) and Lemma C.1.1, we then obtain the following

bound on the total ℓ2-norm error,∥∥∥∥ 1
N1

f(A)|+n⟩ − 1
N2

f̃(A)|+n⟩
∥∥∥∥

2
≤

√
2δ0N + δ0

N1
≤ 16Nγ

√
δ0

N
, (C.62)

using the fact that N1 = N /4γ
√
N . We must now lower-bound the probability

of success, and thus upper-bound the number of amplitude amplification steps

required to obtain an arbitrarily high probability of success. The probability of

success of the procedure is given by
∥∥∥f̃(A)|+n⟩

∥∥∥2

2
= N 2

2 . From |N 2
1 − N 2

2 | ≤ 2δ0N ,

follows that N 2
2 ≥ N 2

1 − 2δ0N . Imposing the restriction that N 2
1 ≥ 2δ0N , which

as we show later does not result in a loss of generality, this gives a number of

AA steps required of O(1/
√

N 2
1 − 2δ0N). To obtain an overall error of at most

ϵ, set δ0 = ϵ2N 2/256γ2N2, satisfying the requirement that N 2/N ≥ 32δ0N , since

1 ≥ N /γ
√
N . This results in the upper-bound on the number of AA steps required

of O(γ
√
N/N ). Thus, since we require O(γ

√
N/N ) queries to the block-encoding

of f(A), the overall algorithm succeeds with arbitrarily high probability of success

with a total of O(kγ
√
N/N ) queries to a controlled U and controlled U † circuit,

with a total of O(knγ
√
N/N ) circuit depth, and with O(poly(k, log(Nγ2/ϵ2N 2)))

classical time complexity.

Theorem C.9.2. We are given an n-qubit circuit U such that U |0⟩ = ∑N
j=1 ψj|j⟩,

with N = 2n and ∀j, ψj ∈ R, and a function f(x) with f(0) > 0, γ := maxx∈[−1,1] |f(x)|,

and N 2 := ∑N
j=1 |f(ψj)|2. For ϵ > 0, let f(x) be γN

ϵN 2 -approximable by a poly-

nomial Pk(x) with degree k = k(γN/ϵN 2), where k is a function describing
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the degree of the polynomial in terms of the error. Additionally, define γ :=

maxx∈[−1,1] |Pk(x)/x|. Then, the algorithm of [121], as described in Theorem C.9.1,

can prepare a state ϵ close in ℓ2 norm-distance (for small ϵ) from 1
N
∑
j f(ψj)|j⟩

(where N is the normalization factor) with arbitrarily high probability of success

with O(log(γN/ϵN 2)γ
√
N/N ) query complexity to a controlled U and U † circuit,

with overall circuit depth of O(n log(γN/ϵN 2)γ
√
N/N ), O(polylog(Nγ2/ϵ2N 2))

classical computation, and O(n) ancillary qubits.

Proof. As in Theorem 4.2.2, we bound the ℓ2-norm error from the polynomial

approximation, and then the ℓ2-norm error from the algorithmic error, combining

the two via the triangle inequality.

C.10 Vector Encodings

Note that there is some overlap between the contents of this section and those

in Chapter 5. In Chapter 5 improved versions of some of the following results are

given, but I include the results in this section as they are a part of the contributions

of the paper which this chapter presents.

So far, I have used the language of state preparation unitaries, as per Def-

inition C.2.1. However, states are often produced utilizing ancillary qubits or

projective partial measurements which are not naturally captured in this framework.

Consequently, I introduce the notion of a vector encoding (VE) in Definition 1.2.7

to generalize our previous results. VEs are a special case of block-encodings (as

proposed by [26], building off of the previous work of e.g., [192, 195, 196]) only

imposing that the a+ n qubit unitary block-encoding is applied to the |0⟩a+n state.

The results in this section will be obvious to authors familiar with the QSVT and

QSP literature, but I include these results for the sake of generality. This is also a

crucial stepping-stone for the acceleration of multi-layer neural networks, as the

action of each layer of the network will produce a new VE.

In Lemma C.10.1, I provide a simple and common example of an VE, which

is commonly encountered in the literature. In Lemma C.10.2, I show how an VE
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can be trivially converted to a state preparation unitary in a higher-dimensional

space through fixed-point amplitude amplification. In Lemma C.10.3 I prove that

amplitude transformation procedures (which can be thought of as mappings between

VEs) are not sensitive to perturbations in their input states. I then provide a simple

observation in Theorem C.10.1 which shows how Theorems 4.2.2, C.3.1, C.9.1

and C.9.2 can be used in this different input model essentially without modification.

Remark C.10.1. A (1, 0, 0)-VE is simply a state preparation unitary, as per

Definition C.2.1.

Lemma C.10.1 (A standard VE). Define the n qubit quantum state |ψ⟩n, and the

a+ n qubit state |⊥⟩a+n, such that ⟨⊥|a+n(|0⟩a ⊗ In) = 0 (i.e., the all zero vector).

Then, any n+ a qubit unitary satisfying

Uψ|0⟩a+n = (1/α)|0⟩a|ψ⟩n +
√

1 − |1/α|2|⊥⟩a+n, (C.63)

is an (α, a, 0)-VE for the n-qubit quantum state |ψ⟩n.

Proof. This follows immediately from Definition 1.2.7.

Lemma C.10.2. Let ϵ0 ∈ [0, 1/2], α ≥ 1, a ∈ N. Given a unitary Uψ, an (α, a, ϵ0)-

VE for the ℓ2-normalized quantum state |ψ⟩n with circuit complexity O(T ), we can

construct a (1, a+ 3,
√

2ϵ0 + ϵ1)-VE with circuit complexity O(T (a+ n)α log(1/ϵ1))

and with O(α log(1/ϵ1)) queries to a Uψ and U †
ψ circuit.

Proof. This follows similarly to the fixed-point amplitude amplification result of

[26], which is an improved version of [197] (the later, clearly not having been cast

in the block-encoding framework). I give a simple sketch of the procedure, noting

that it is possible to implement this with fewer ancilla qubits than we show.

Define the projector Π := |0⟩⟨0|a ⊗ In. Define the a + n qubit operator A :=

ΠUψ|0⟩⟨0|a+n. Define the (not necessarily ℓ2-normalized) vector |ϕ⟩ := (⟨0|a ⊗

In)Uψ|0⟩a+n. Then, it is easy to show that A = (|0⟩a|ϕ⟩n)⟨0|a+n.

We can construct a (1, 1, 0)-block-encoding of Π, by applying a not gate to the

single ancilla of the new block-encoding, and then applying a multiple-controlled X
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gate targeting the ancilla, with the a controls conditioned on the |0⟩a ⊗ In state of

the main register. We can similarly construct a (1, 1, 0)-block-encoding of |0⟩⟨0|a+n

with the same circuit, only with the a+ n controls conditioned on the |0⟩a+n state

of the main register instead. Noting that Uψ is a (1, 0, 0)-block-encoding of itself, we

can then take the product of the three preceding block encodings in the appropriate

order (via Lemma 1.2.2) to construct the unitary UA, a (1, 2, 0)-block-encoding of

A.

Let Nϕ := ∥|ϕ⟩∥2, and define |ϕ̃⟩ := |ϕ⟩/Nϕ. Clearly, A is rank-one, and has non-

zero singular value ∥A∥2 = Nϕ. We need to lower-bound this value, so that we know

what threshold to set in our application of the sign function, to map this singular

value to one. By definition of an VE, we know that ∥|ψ⟩n − α|ϕ⟩n∥2 ≤ ϵ0, which

by reverse-triangle inequality implies that Nϕ ≥ (1 − ϵ0)/α ≥ 1/(2α) (additionally

using the assumption that ϵ0 ≤ 1/2).

Following e.g., Theorems 26 and 27 of [26], we can construct an odd polynomial

of degree k ∈ O(α log(1/ϵ1)) approximating the sign function on the interval

[−1, 1]\(−1/α, 1/α) which can be applied to our block encoding to effectively

bring its singular value ϵ1-close to 1, using an additional ancillary qubit and k

calls to UA and U †
A. This yields the unitary UÃ, a (1, 3, ϵ1)-block-encoding of

Ã := (|0⟩a|ϕ̃⟩n)⟨0|a+n such that
∥∥∥Ã− (⟨0|3 ⊗ Ia+n)UÃ(|0⟩3 ⊗ Ia+n)

∥∥∥
2

≤ ϵ1. Let

B := (⟨0|3 ⊗ Ia+n)UÃ(|0⟩3 ⊗ Ia+n), and define E := Ã − B, i.e. ∥E∥2 ≤ ϵ1.

Noting that UA asymptotically consists of a call to Uψ and an a + n controlled

X gate, and that an a + n controlled-Toffoli can be decomposed into single and

two qubit gates with depth O(a + n) (see e.g., [190]), UÃ has circuit complexity

O(T (a+ n)α log(1/ϵ1)).

We will now show that UÃ is a (1, a+ 3,
√

2ϵ0 + ϵ1)-VE for |ψ⟩. To determine

what VE we have, we must bound ∥|ψ⟩n − (⟨0|3+a ⊗ In)UÃ|0⟩3+a+n∥2. Noting

that |0⟩3+a+n = (|0⟩3 ⊗ In+a)(|0⟩a+n) and that ⟨0|3+a ⊗ In = (⟨0|a ⊗ In)(⟨0|3 ⊗

Ia+n), (⟨0|3+a ⊗ In)UÃ|0⟩3+a+n = (⟨0|a ⊗ In)B|0⟩a+n. Consequently, since Ã =

(|0⟩a|ϕ̃⟩n)⟨0|a+n, and inserting B = Ã− E,

∥|ψ⟩n − (⟨0|a ⊗ In)B|0⟩a+n∥2 ≤
∥∥∥|ψ⟩n − |ϕ̃⟩n

∥∥∥
2

+ ∥E∥2 . (C.64)
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Noting that applying the reverse triangle inequality to ∥|ψ⟩ − α|ϕ⟩∥2 ≤ ϵ1 implies

that αNϕ ≤ 1+ϵ0, 1−ϵ0 ≤ αNϕ, and 1+α2N 2
ϕ−ϵ20

2α ≤ Re(⟨ψ|ϕ⟩), assuming that ϵ0 ≤ 1,

it can be easily shown that
∥∥∥|ψ⟩ − |ϕ̃⟩

∥∥∥
2

≤
√

2ϵ0. As a result, we get the final bound,

∥|ψ⟩n − (⟨0|a ⊗ In)B|0⟩a+n∥2 ≤
√

2ϵ0 + ϵ1, and so UÃ is a (1, a+ 3,
√

2ϵ0 + ϵ1)-VE

for |ψ⟩n.

The circuit and query complexities follow from simple bookkeeping.

Lemma C.10.3. Define the N-dimensional quantum states |ψ⟩ := ∑
j ψj|j⟩, and

|ϕ⟩ := ∑
j ϕj|j⟩, where both states are ℓ2-normalized. Let f : C 7→ C be an L-

Lipschitz continuous function. Define γ := maxx∈[−1,1] |f(x)|. Define the unnormal-

ized quantum states |f(ψ)⟩ := ∑
j f(ψj)|j⟩, |f(ϕ)⟩ := ∑

j f(ϕj)|j⟩, and normalization

constants Nψ := ∥|f(ψ)⟩∥2 and Nϕ := ∥|f(ϕ)⟩∥2. Then, if ∥|ϕ⟩ − |ψ⟩∥2 ≤ ϵ0,∥∥∥∥∥ 1
Nψ

|f(ψ)⟩ − 1
Nϕ

|f(ϕ)⟩
∥∥∥∥∥

2
≤ 3γLϵ0N/N 2

ψ. (C.65)

Proof. Using the fact that for any vector x, ∥x∥∞ ≤ ∥x∥2, we immediately get

that maxj |ϕj − ψj| ≤ ϵ0 as well. Denote the corresponding ℓ2-normalized quantum

states as |f̃(ψ)⟩ := |f(ψ)⟩/Nψ and |f̃(ϕ)⟩ := |f(ϕ)⟩/Nϕ. We will now prove upper-

bounds on |Nψ − Nϕ| and ∥|f(ψ)⟩ − |f(ϕ)⟩∥2 and a lower-bound on Nϕ so that

we may apply Lemma C.1.1 to bound
∥∥∥|f̃(ψ)⟩ − |f̃(ϕ)⟩

∥∥∥
2
. Since f has a Lipschitz

constant of L, and |ψj − ϕj| ≤ ϵ0, |f(ψj) − f(ϕj)| ≤ Lϵ0. Consequently, by simple

algebra with the square of the norm of the difference, we get ∥|f(ψ)⟩ − |f(ϕ)⟩∥2 ≤

Lϵ0
√
N . Moreover, γ

√
N

Nψ
≥ 1 =⇒ ϵ0γN/Nψ ≥ ϵ0

√
N , and so ∥|f(ψ)⟩ − |f(ϕ)⟩∥2 ≤

Lϵ0γN/Nψ. Additionally, since |N 2
ψ − N 2

ϕ | ≤ 2γLϵ0N , then |Nψ − Nϕ| = |N 2
ψ−N 2

ϕ |
|Nψ+Nϕ| ≤

|N 2
ψ − N 2

ϕ |/Nψ ≤ (2γLϵ0N)/Nψ. Using max{Nψ,Nϕ} ≥ Nψ, we can then invoke

Lemma C.1.1, getting the bound
∥∥∥|f̃(ψ)⟩ − |f̃(ϕ)⟩

∥∥∥
2

≤ 3γLϵ0N/N 2
ψ. To get the

overall error-bound of ϵ, we can set ϵ0 ≤ N 2
ψϵ

3LγN .

Definition C.10.1 (State amplitude transformation procedure). A state amplitude

transformation procedure (as in e.g., Theorems 4.2.2, C.3.1, C.9.1 and C.9.2)

accepts a state preparation unitary U such that U |0⟩n = ∑
j ψj|j⟩n =: |ψ⟩n, and an

L-Lipschitz continuous function f : C 7→ C. Define |f̃(ψ)⟩n := 1
N
∑
j f(ψj)|j⟩n
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(where N 2 := ∑
j |f(ψj)|2). It then produces a quantum state |ϕ⟩, satisfying∥∥∥|f̃(ψ)⟩n − |ϕ⟩n

∥∥∥
2

≤ ϵ with O(Tn,ϵ) query complexity to a controlled U and U † circuit,

and with Õ(Tn,ϵ) circuit complexity. The subscripts make the error-dependence and

dimension-dependence explicit.

Note that for an (α, a, ϵ)-VE, α can be intuitively thought of as an estimate

proportional to the amount of amplitude amplification required to bring the norm

of the relevant subspace of the VE to near unity. In the following theorem, I show

that up to logarithmic factors (and a multiplicative α term), state amplitude

transformation procedures operating on state preparation unitaries and state

amplitude transformation procedures operating VEs have equivalent complexity.

Theorem C.10.1. We are given an L-Lipschitz continuous function f : C 7→ C.

Define γ := maxx∈[−1,1] |f(x)|. Given a state amplitude transformation procedure

(as per Definition C.10.1) which accepts an n qubit state preparation unitary U

such that U |0⟩n = ∑
j ψj|j⟩n and outputs an ℓ2-normalized quantum state ϵ-close

(in ℓ2-norm distance) to |f̃(ψ)⟩n := 1
N
∑
j f(ψj)|j⟩n (where N 2 := ∑

j |f(ψj)|2)

with O(Tn,ϵ) queries to a controlled U and U † circuit and with Õ(Tn,ϵ) circuit

complexity, then there exists a procedure which accepts a unitary Uψ, an (α, a′, 0)-

VE for |ψ⟩n with circuit complexity Tψ, and outputs a state ϵ-close to |f̃(ψ)⟩n with

O(αTa+n,ϵ log(γ2L2N2

ϵ2N 4 )) query complexity to a controlled Uψ and U †
ψ circuit, and with

Õ(αTa′+n,ϵ log(γ2L2N2

ϵ2N 4 )) total additional circuit depth.

Proof. Let a := a′ + 3, and ϵ0, ϵ
′
0 ≥ 0. Let ϵ0 =

√
2ϵ′

0. Using Lemma C.10.2, we

can convert Uψ, an (α, a′, ϵ′
0)-VE for |ψ⟩n, into UA, a (1, a, ϵ0 + ϵ1)-VE for |ψ⟩n with

circuit complexity O(T (a+ n)α log(1/ϵ1)) and with O(α log(1/ϵ1)) queries to Uψ.

Define the set of 2a orthogonal projectors, {pj}j with pj := |j⟩⟨j|a ⊗ In. Then,

∥|0⟩a|ψ⟩n − UA|0⟩a+n∥2
2 = ∥|0⟩a|ψ⟩n − p0UA|0⟩a+n∥2

2 +
2a−1∑
j=1

∥pjUA|0⟩a+n∥2
2 . (C.66)

We will now use the definition of UA as an VE twice, i.e. that

∥|ψ⟩n − (⟨0|a ⊗ In)UA|0⟩a+n∥2 ≤ ϵ0 + ϵ1. (C.67)
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First, ∥|0⟩a|ψ⟩n − p0|0⟩a+n∥2 ≤ ϵ0 + ϵ1 trivially following by applying the definition,

and by factoring out a common |0⟩a⊗ In term. Next, by using the definition, and by

using the reverse triangle inequality, it can be easily shown that ∥p0UA|0⟩a+n∥2
2 ≥

(1−ϵ0 −ϵ1)2. Similarly, by observing that 1−∥p0UA|0⟩a+n∥2
2 = ∑2a−1

j=1 ∥pjUA|0⟩a+n∥2
2,

it is easy to prove ∑2a−1
j=1 ∥pjUA|0⟩a+n∥2

2 ≤ 1 − (1 − ϵ0 − ϵ1)2. Consequently, we get

the overall bound ∥|0⟩a|ψ⟩n − UA|0⟩a+n∥2 ≤
√

2(ϵ0 + ϵ1) =: δ.

If the function f is applied to the state |0⟩a|ψ⟩n without error, the state

|0⟩a|f̃(ψ)⟩n is obtained. Our ultimate goal is to bound the error and associated

complexity in obtaining the state |ϕ⟩a+n such that
∥∥∥|0⟩a|f̃(ψ)⟩n − |ϕ⟩a+n

∥∥∥
2

≤ ϵ. To

do this, note that our procedure has two primary sources of error: error in the

implementation of the transformation corresponding to f , and error in the state

input to the transformation procedure. Let |λ⟩a+n correspond to the state produced

by a procedure exactly applying f to UA|0⟩a+n. Then,
∥∥∥|0⟩a|f̃(ψ)⟩n − |ϕ⟩a+n

∥∥∥
2

≤∥∥∥|0⟩a|f̃(ψ)⟩n − |λ⟩a+n

∥∥∥
2

+ ∥|λ⟩a+n − |ϕ⟩a+n∥2.

Let ϵ2 > 0. By assumption of a state amplitude transformation procedure, for any

given input state (in this case the input is UA|0⟩a+n), the ℓ2-norm error in the output

is bounded by ϵ2 with query complexity O(Ta+n,ϵ2). I.e. ∥|λ⟩a+n − |ϕ⟩a+n∥2 ≤ ϵ2,

with query complexity to a controlled UA and U †
A circuit of O(Ta+n,ϵ2). Similarly,

since we have just shown that ∥|0⟩a|ψ⟩n − UA|0⟩a+n∥2 ≤ δ, from Lemma C.10.3 it

follows that
∥∥∥|0⟩a|f̃(ψ)⟩n − |λ⟩a+n

∥∥∥
2

≤ 3γLδN/N 2.

Splitting the error equally among the two sources, and noting that δ =
√

2(ϵ0 + ϵ1),

imposing the following conditions ensures that the overall error is bounded by ϵ:

ϵ2 ≤ ϵ/2, ϵ0 ≤ ϵ1 ≤ ϵ2N 4

144γ2L2N2 . If ϵ0 = 0, we can then set the bound ϵ1 ≤ ϵ2N 4

72γ2L2N2 .

Noting that UA has a query complexity to Uψ of O(α log(1/ϵ0)), and that UA is

queried a total of O(Ta+n,ϵ2) times, the overall query complexity to Uψ is given by

O(αTa+n,ϵ log(γ2L2N2

ϵ2N 4 )). The circuit complexity follows similarly.



D
Quantum Processors as Accelerators for

Machine Learning

In Appendix D.1 I present a summary of Quantum Random Access Memory

(QRAM), as it pertains to this chapter. In Appendix D.2 I present a number of

techniques, some from the literature, and some which are mildly improved versions

of the ones presented in Chapter 4, which are required to manipulate vectors and

matrices with quantum computers, and then I use them to develop a number of

new useful results for quantum matrix-vector arithmetic. In Appendix D.3, I use

the techniques developed in Appendix D.2 to construct quantum-implementations

of key architectural blocks. In Appendix D.4, I discuss the feasibility of QRAM

as it pertains to accelerating neural networks. In Appendix D.5 I use the archi-

tectural blocks obtained in Appendix D.3 to derive end-to-end complexities for

the architectures with different QRAM assumptions.

D.1 Quantum Random Access Memory (QRAM)

I discuss QRAM in Chapter 2. QRAM for classical data is defined in Definition 2.2.1,

and I show a possible circuit complexity for it in Theorem 2.2.2. For simplicity

and to make this section self-contained, I include the following definition of QRAM

(and note that I’ve slightly simplified the complexity statement).

177
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Definition D.1.1 (QRAM for Classical Data). Let N = 2n and D = 2d. Let

|i⟩n be any n-qubit standard basis vector, and let xi ∈ [D]. Then, a QRAM with

O(dN logN) total qubits can implement the mapping,

U |i⟩n|0⟩d = |i⟩n|xi⟩d (D.1)

with O(d logN) circuit depth.

Definition D.1.2 (QRAM for Quantum Data [59, 160, 198]). Let N = 2n, M = 2m.

Let |i⟩n be any n-qubit standard basis vector. Allow |ψi⟩m to be an arbitrary m-qubit

normalized quantum states. Then, a QRAM with Õ(MN) total qubits, and Õ(MN)

classical pre-processing to construct the data structure, can implement the mapping,

U |i⟩n|0⟩m = |i⟩n|ψi⟩m (D.2)

with O(log2(NM)) circuit depth.

Importantly, as per [59, 160, 198] QRAM for quantum data can be implemented

by a circuit (based on [91]) with depth and width O(polylog(MN)) with access to

a QRAM data structure (as per Definition D.1.1) containing all the entries of each

state in the quantum data (along with O(logM) copies for each of the sets of partial

norms). Thus, if QRAM for classical data is feasible (as discussed in Chapter 2

and Appendix D.4), QRAM for quantum data is as well (with pre-processing to

construct the appropriate data structures).

In this chapter, I will use QRAM to describe QRAM for both quantum and

classical data, and will make the distinction clear when it is relevant.

D.2 Quantum Matrix-Vector Arithmetic

In this section, I formally derive a number of tools for quantum matrix-vector

arithmetic, and state some important results from the literature.

I now present a standard result (see Lemma 1 of [199] or Lemma 21 of

[200]), and I include the proof for completeness, as it is the basis of a subse-

quent proof Lemma 5.2.3. In particular, this derivation closely follows that of

Lemma 1 of [199].
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Lemma D.2.1 (Tensor Product of Block-Encoded Operators). Given a unitary

UA which is an (α, a, ϵ0)-block-encoding for n-qubit operator A with O(TA) circuit

complexity, and a unitary UB which is a (β, b, ϵ1)-block-encoding for m-qubit operator

B with O(TB) circuit complexity, we can obtain an (αβ, a + b, ϵ0β + ϵ1α + ϵ0ϵ1)-

block-encoding for A⊗B with O(max(TA, TB) + max(n, b)) circuit complexity.

Proof. The main idea is that UA ⊗UB almost directly implements a block-encoding

of A ⊗ B, but the ancillas and the main computation registers are in the wrong

order. To correct this, we need to swap the ancilla register of UB with the main

register of UA.

Consequently, define the operator Π such that it swaps the n-qubit register with

the b-qubit register (and leaves the other registers unchanged), so that all the ancilla

registers precede the main registers. If n ≥ b, Π can be implemented by a sequence

of O(n/b) swaps, with each swap swapping O(b) qubits in parallel. If n < b, then it

can be implemented with O(b/n) swaps. Thus, Π has a circuit depth bounded by

O(max(n/b, b/n)) ∈ O(max(n, b)). Then, Π(|0⟩a+b⊗In+m) = (|0⟩a⊗In)⊗(|0⟩b⊗Im),

and (⟨0|a+b ⊗ In+m)Π† = (⟨0|a ⊗ In) ⊗ (⟨0|b ⊗ Im).

Following [199], define Ã := (⟨0|a⊗In)UA(|0⟩a⊗In), and B̃ := (⟨0|b⊗Im)UB(|0⟩b⊗

Im). Let EA := A−αÃ, and let EB := B−βB̃. Define V := Π†(UA ⊗UB)Π. Then,

A⊗B = (αÃ+EA) ⊗ (βB̃⊗EB), and (⟨0|a+b ⊗ In+m)V (|0⟩a+b ⊗ In+m) = Ã⊗ B̃, so

∥A⊗B − αβ(⟨0|a+b ⊗ In+m)V (|0⟩a+b ⊗ In+m)∥2 (D.3)

=
∥∥∥(αÃ+ EA) ⊗ (βB̃ ⊗ EB) − αβÃ⊗ B̃

∥∥∥
2

(D.4)

≤ ϵ0β + ϵ1α + ϵ0ϵ1. (D.5)

I now present a result from the literature allowing a block-encoding to have

all of its singular values scaled by a constant value. I present the result nearly

verbatim from Lemma 5 of [201] (with trivial modifications to make it easier

to invoke in this context), which presents the results of [26, 192] cleanly in the

language of block-encodings.
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Lemma D.2.2 (Uniform Singular Value Amplification [26, 192, 201]). Let ϵ, δ ∈

(0, 1/2), and let γ > 1. Let UA be an (1, a, 0)-block-encoding of the n-qubit operator A

with O(T ) circuit depth. Suppose ∥A∥2 ≤ (1−δ)/γ. Then, we can obtain a quantum

circuit V which is a (1, a + 1, ϵ)-block-encoding for γA with O(γ
δ

log(γ/ϵ)(T + a))

circuit depth, and with O(poly(γ
δ

log(γ/ϵ))) classical computation to determine the

QSVT rotation angles.

Proof. This is taken directly from [26, 192, 201], simply noting that an a-controlled

X gate can be implemented by a sequence of O(a) single and two-qubit gates.

I now present a simple result which is just a special case of uniform singular

value amplification [26, 192, 201] in the case where all the singular values of an

encoded operator are either 0 or 1/2. This lemma was proven in collaboration

with (and partially written up by) my co-author. This is done following the ideas

of oblivious amplitude amplification (see [26]).

Lemma D.2.3 (1
2 Oblivious Amplitude Amplification). We are given a matrix

A ∈ CN×N , with singular values either 1 or 0. Assume we have access to UA a

(2, a, 0)-BE of A with O(T ) circuit depth. One can construct (1, a+ 1, 0)-BE of A

with O(T ) circuit depth, and with 3 calls to a controlled-U circuit.

Proof. This proof was written partially by my co-author, and is included for

completeness. Note that T3(x) = 4x3 −3x satisfies the condition that |T3(x)| ≤ 1 for

x ∈ [−1, 1] and T3(1
2) = −1. The function −T3(x) can be implemented via QSVT.

The first kind of the Chebyshev polynomial can be directly achieved without any

classical processing to determine angle rotations, so one can construct the block

encoding with no error.

For completeness, I now re-derive an existing result on the linear combination

of block-encoded matrices, directly following [26] (which presents the result of

[202] in the context of block-encodings).
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Lemma D.2.4 (Linear Combination of Block-Encodings [26, 202]). Suppose we

are given a set of D = 2d unitaries {Ui}i such that each Ui is an (α, a, ϵ)-block-

encoding for n qubit operator Ai, and each Ui has a total of O(T0) single and two

qubit gates. Define the vector b ∈ CD such that b =
(
b0 b1 . . . bD−1

)T
. Define

|b⟩d = ∑D
j=0

√
bj|j⟩d and β := ∥|b⟩d∥2

2 = ∥b∥1. We are given the d-qubit unitary

Ub, with O(T1) single and two qubit gates, such that Ub|0⟩d = |b⟩d/ ∥|b⟩d∥2. Define

A := ∑D−1
j=0 bjAj. Then, we can obtain a unitary V with O(dDT0 +T1) circuit depth

which is an (αβ, a+ d, αβϵ)-block-encoding for A.

Proof. For each j ∈ [D], let Ãj := (⟨0|a ⊗ In)Uj(|0⟩a ⊗ In), and let Ej := Aj − αÃj .

Define S := ∑D−1
j=0 |j⟩⟨j|d ⊗ Uj. Note that S can be implemented by a sequence

of D multi-controlled Uj operators. Note that by using [190], a d controlled gate

targeting 1 or 2 qubits can be decomposed into a sequence of O(d) single and two

qubit gates. Consequently, each d-controlled Uj has O(dT0) circuit depth in terms

of single and two qubit gates. Thus, S consists of a total of O(dDT0) single and

two qubit gates. Then, define V := (U †
b ⊗ Ia+n)S(Ub ⊗ Ia+n).

Noting that (⟨0|d ⊗ Ia+n)V (|0⟩d ⊗ Ia+n) = 1
β

∑D−1
j=0 bjUj. Using the fact that

|0⟩a+d ⊗ In = (|0⟩d ⊗ Ia+n)(|0⟩a ⊗ In), we then obtain

(⟨0|a+d ⊗ In)V (|0⟩a+d ⊗ In) = 1
β

(⟨0|a ⊗ In)(
D−1∑
j=0

bjUj)(|0⟩a ⊗ In) = 1
β

D−1∑
j=0

bjÃj.

(D.6)

Consequently,

∥A− αβ(⟨0|a+d ⊗ In)V (|0⟩a+d ⊗ In)∥2 =
∥∥∥∥∥∥
D−1∑
j=0

bj(αÃj + Ej) −
D−1∑
j=0

αbjÃj

∥∥∥∥∥∥
2

(D.7)

=
∥∥∥∥∥∥
D−1∑
j=0

bjαEj

∥∥∥∥∥∥
2

≤ α
D−1∑
j=0

|bj| ∥Ej∥2 (D.8)

≤ αβϵ. (D.9)

Thus, V gives a (αβ, a, αβϵ)-block-encoding for A, and has O(dDT0 + T1) circuit

depth.

The following is a standard result which has been used in various contexts,

and is included for completeness.
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Lemma D.2.5 (Block Encoding of Rank 1 Projector of Basis Vectors). Let n ∈ N≥0,

and let N = 2n. Define i ∈ [N ] and j ∈ [N ]. Then, we can get a unitary U which

is a (1, 2, 0)-block-encoding of the n qubit operator |i⟩⟨j|. Moreover, U has O(n)

circuit depth.

Proof. Following Chapter 2, a (1, 2, 0) block-encoding of the matrix |0⟩⟨0|, call it

V , can be obtained with O(n) circuit complexity. This follows by constructing a

(1, 0, 0) block-encoding of the Grover reflection operator, I − 2|0⟩⟨0|, and taking

a linear combination with I via the sum of block-encoding result of [26]. The

circuit complexity is dominated by reflection operator, which can be implemented

by applying a n− 1 controlled XZX gate on the most significant qubit, controlled

on the 0 state of the other n− 1 qubits. Using [190] this can be decomposed into a

sequence of O(n) two-qubit gates. Decompose i and j into bits as, i = i0i1 . . . in−1,

and j = j0j1 . . . jn−1. We now define two operators, Mi := X i0 ⊗X i1 ⊗ . . .⊗X in−1

and Mj := Xj0 ⊗ Xj1 ⊗ . . . ⊗ Xjn−1 . Clearly, Mi|0⟩⟨0|Mj = |i⟩⟨j|. Then, since

(I2 ⊗Mi)V (I2 ⊗Mj) =
(

|i⟩⟨j| ·
· ·

)
. Thus, (I2 ⊗Mi)V (I2 ⊗Mj) is a (1, 2, 0) block-

encoding for |i⟩⟨j|.

I now present a simple result which helps intuitively visualize VEs as encoding

vectors in a subspace.

Lemma D.2.6 (Intuitive Picture of VE as a Vector Subspace Encoding). Let Uψ
be an (α, a, ϵ)-VE for |ψ⟩n. Define |Eψ⟩n := |ψ⟩n − α(⟨0|a ⊗ In)Uψ|0⟩a+n. Define

the a-qubit operator paj := |j⟩⟨j|. Then,

Uψ|0⟩a+n = |0⟩a|ψ⟩n − |0⟩a|Eψ⟩n
α

+
2a−1∑
j=1

(paj ⊗ In)Uψ|0⟩a+n =
 |ψ⟩n−|Eψ⟩n

α...

 . (D.10)

Proof. |Eψ⟩n = |ψ⟩n − α(⟨0|a ⊗ In)Uψ|0⟩a+n implies that |0⟩a|Eψ⟩n = |0⟩a|ψ⟩n −

α(pj0 ⊗ In)Uψ|0⟩a+n. The result follows trivially by algebraic maniuplation of

Uψ|0⟩a+n = (∑2a−1
j=0 paj ⊗ In)Uψ|0⟩a+n.

Intuitively, in the absence of error, the first 2n entries of Uψ|0⟩a+n will contain

the sub-normalized vector |ψ⟩n/α.
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I now re-state the following result from Chapter 4 nearly verbatim, slightly

improving the complexity. The following result is a tool essentially implementing

ℓ2 layer normalization, follows directly from oblivious amplitude amplification (see

e.g., [26]), and is taken nearly verbatim from Chapter 4.

Lemma D.2.7 (Vector Normalization, Lemma 18 of [3]). Let ϵ0 ∈ [0, 1/2], α ≥ 1,

a ∈ N, ϵ1 > 0. Let α′ be a known bound such that α′ ≥ α. Given a unitary Uψ,

a (α, a, ϵ0)-VE for the ℓ2-normalized quantum state |ψ⟩n with circuit complexity

O(Tψ), we can construct a (1, a+ 4, 2(ϵ0 + ϵ1))-VE for |ψ⟩n with circuit complexity

O((Tψ + a+n)α′ log(1/ϵ1)) and with O(α′ log(1/ϵ1)) queries to a Uψ and U †
ψ circuit.

This implements vector normalization by boosting the scaling factor so the norm

of the encoded vector is 1, and all the padding entries are 0 (up to logarithmic error).

Proof. Define |ϕ⟩n := (⟨0|a ⊗ In)Uψ|0⟩a+n, Nϕ := ∥|ϕ⟩n∥2, |Φ⟩n := |ϕ⟩n/Nϕ. Then,

Uψ is equivalently a (Nϕ, a, 0)-VE for |ϕ⟩n/Nϕ. Using Lemma D.2.5, we can get

U0 a (1, 2, 0)-block-encoding of the n + a qubit projector |0⟩⟨0| with O(n + a)

circuit depth. Then, V = (I2 ⊗Uψ)U0 is a (1, 2, 0)-block-encoding for Uψ|0⟩⟨0|, with

O(Tψ+a+n) circuit complexity. Noting that (⟨0|2 ⊗Ia+n)V (|0⟩2 ⊗Ia+n) = Uψ|0⟩⟨0|,

then (⟨0|2+a ⊗ In)V (|0⟩2+a ⊗ In) = (⟨0|a ⊗ In)Uψ|0⟩⟨0|(|0⟩a ⊗ In) = |ϕ⟩⟨0|a, so

∥|ϕ⟩⟨0|a − ⟨0|2+a ⊗ In)V (|0⟩2+a ⊗ In)∥2 = 0. (D.11)

Thus, we have a (1, a+ 2, 0)-block-encoding of |ϕ⟩⟨0|a = Nϕ|Φ⟩⟨0|. This object has

singular value Nϕ. Thus, we want to apply a polynomial approximation to this

block-encoding, such that the error of the polynomial approximation is at most ϵ1

on the interval [Nϕ, 1]. From Corollary 6 of [192], we know that there exists an odd

polynomial Pk(x) with degree k ∈ O( 1
τ

log(1/ϵ1)) such that

max
x∈[−1,− τ

2 ]∪[τ/2,1]
|Pk(x) − sign(x)| ≤ ϵ1 (D.12)

and maxx∈[−1,1] |Pk(x)| ≤ 1. Since Nϕ ≥ 1
2α ≥ 1

2α′ , we can set τ = 1
2α′ , guaran-

teeing that P (Nϕ) ≥ 1 − ϵ1. Consequently, we can invoke quantum singular
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value transformation (QSVT) [26] with Pk, yielding Vf a (1, a + 4, ϵ1)-block-

encoding for P (Nϕ|Φ⟩⟨0|) = c|Φ⟩⟨0|, where 1 ≥ c ≥ 1 − ϵ1. Moreover, Vf has

O( 1
α′ log(1/ϵ1)(Tψ + a+ n)) circuit complexity. Noting that

∥|ψ⟩⟨0| − P (Nϕ|Φ⟩⟨0|)∥2 = ∥|ψ⟩⟨0| − |Φ⟩⟨0| + |Φ⟩⟨0| − c|Φ⟩⟨0|∥2 (D.13)

≤ ∥|ψ⟩⟨0| − |Φ⟩⟨0|∥2 + ∥|Φ⟩⟨0| − c|Φ⟩⟨0|∥2 (D.14)

≤ ∥|ψ⟩n − |Φ⟩n∥2 + ϵ1. (D.15)

Moreover,

∥|ψ⟩n − |Φ⟩n∥2 ≤∥|ψ⟩n − α|ϕ⟩n∥2 + ∥α|ϕ⟩n − 1
Nϕ

|ϕ⟩n∥2 (D.16)

≤ϵ0 + 1
Nϕ

∥αNϕ|ϕ⟩n − |ϕ⟩n∥ = ϵ0 + |αNϕ − 1|
Nϕ

∥|ϕ⟩n∥2 (D.17)

≤ϵ0 + |αNϕ − 1|. (D.18)

Moreover, using the reverse triangle inequality with ∥|ψ⟩n − α|ϕ⟩n∥2 ≤ ϵ0, we get

|1 − α ∥|ϕ⟩n∥2 | = |1 − αNϕ| ≤ ϵ1, which implies that 1 − ϵ0 ≤ αNϕ ≤ 1 + ϵ0.

Consequently, |αNϕ − 1| ≤ ϵ0, and so

∥|ψ⟩n − |Φ⟩n∥2 ≤ 2ϵ0. (D.19)

Thus,

∥|ψ⟩⟨0| − P (Nϕ|Φ⟩⟨0|)∥2 ≤ 2ϵ0 + ϵ1. (D.20)

Moreover, since Vf is a (1, a+ 4, ϵ1)-block-encoding for P (Nϕ|Φ⟩⟨0|),

∥P (Nϕ|Φ⟩⟨0|) − (⟨0|a+4 ⊗ In)Vf (|0⟩a+4 ⊗ In)∥2 ≤ ϵ1. (D.21)

Thus,

∥|ψ⟩⟨0| − (⟨0|a+4 ⊗ In)Vf (|0⟩a+4 ⊗ In)∥2 ≤ 2(ϵ0 + ϵ1). (D.22)
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Sometimes it is necessary to increase the norm of the vector encoded in the

subspace of a VE. This is equivalent to multiplying all of the entries in the encoded

vector by a constant with value greater than or equal to one. The following lemma

achieves the opposite: it allows the norm of the encoded vector to be shrunk by

an arbitrarily large amount. This is equivalent to dividing all the entries in the

encoded vector by a constant greater than or equal to one. It is worth noting that

the following result is trivial and can almost certainly be further optimized, e.g.,

by removing the additional ancillary qubits added.

Lemma D.2.8 (Vector De-Amplification). Let τ ≥ 1, α ≥ 1, ϵ ≥ 0. Given

Uψ an (α, a, ϵ)-VE for |ψ⟩n, with circuit complexity O(T ), we can obtain U ′
ψ an

(ατ, a+ 2, ϵ)-VE for |ψ⟩n with circuit complexity O(T + a).

Proof. Let |ϕj⟩n := (⟨0|a ⊗ In)Uψ|0⟩a+n. Then, note that Uψ|0⟩a+n = ∑2a−1
j=0 |j⟩a ⊗

|ϕj⟩n. By Definition 1.2.7, we know that ∥|ψ⟩n − α|ϕ0⟩n∥ ≤ ϵ.

We introduce two single-qubit ancillas as the most significant bits, and then

apply a multiple-controlled X gate (with a controls each activated by the 0 state of

each of the previous a ancilla qubits) targeting the first newly added ancilla qubit.

Using [190] this can be implemented with O(a) two-qubit gates. We then apply

a controlled R1/τ2 (as per Definition D.2.1) gate targeting the second new ancilla

qubit, controlled on the first new ancilla. This yields the state,

|1⟩1(
1
τ

|0⟩1 +
√

1 − 1
τ 2 |1⟩1)|0⟩a|ϕ0⟩n + |0⟩1|0⟩1

2a−1∑
j=1

|j⟩a|ϕj⟩n. (D.23)

We then apply a X gate to the first ancilla qubit, and we call the 2+a-qubit unitary

containing all the preceding operations V . Then, U ′
ψ := (V ⊗ In)(I2 ⊗ Uψ). Simple

analysis thus shows that (⟨0|2+a ⊗ In)U ′
ψ|0⟩2+a+n = |ϕ0⟩n/τ . Then,

∥∥∥|ψ⟩n − ατ(⟨0|2+a ⊗ In)U ′
ψ|0⟩2+a+n

∥∥∥
2

= ∥|ψ⟩n − α|ϕ0⟩n∥ ≤ ϵ. (D.24)
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Figure D.1: Circuit for addition of VE encoded vectors. Given two unitary
matrices, Uψ which is a (α, a, ϵ0)-VE for the n-qubit state |ψ⟩, and Uϕ which is a (β, b, ϵ1)-
VE for the n-qubit state |ϕ⟩, define c := max(a, b). Define Ũψ by appropriately tensoring
Uψ with Ic−a and define Ũϕ by appropriately tensoring Uϕ with Ic−b, such that Ũψ and Ũϕ
both act on n+ c qubits. Then, the given circuit yields a VE of the sum of the encoded
vectors, as shown in Lemma 5.2.1.

Definition D.2.1 (Real Rotation Single Qubit Gate). Let 0 ≤ τ ≤ 1. Then, define

the following single-qubit gate:

Rτ :=
( √

τ −
√

1 − τ√
1 − τ

√
τ ,

)
. (D.25)

Proof of Lemma 5.2.1 (Vector Sum). This result follows using a common tech-

niques, see e.g., LCU [202], or the sum of block-encodings result [26]. As per Fig. D.1,

we will augment Uψ and Uϕ so that they both act on c = max(a+ b) ancilla qubits.

Then, define the n+ c qubit states, |ψ̃⟩n+c := Uψ|0⟩n+c. We will drop the subscripts

on these states for the rest of the proof, as their dimension is clear from the context.

This block-encoding will be obtained with the circuit shown in Fig. D.1, and so

we will now analyze the action of that circuit. First, we start with the state

|0⟩1+n+c, which we will write as |0⟩|0⟩, where the first register has one qubit, and

the second register has the remaining n+ c qubits. We then apply Rτ (as defined

in Definition D.2.1) to the first qubit, yielding the state (
√
τ |0⟩ +

√
1 − τ |1⟩)|0⟩.

Next, we apply the controlled Uψ and Uϕ gates, yielding,
√
τ |0⟩|ψ̃⟩ +

√
1 − τ |1⟩|ϕ̃⟩.

Next, we apply R†
τ =

( √
τ

√
1 − τ

−
√

1 − τ
√
τ

)
on the first qubit, yielding the output

of the new VE, V |0⟩ = |0⟩(τ |ψ̃⟩ + (1 − τ)|ϕ̃⟩) +
√
τ(1 − τ)|1⟩(|ϕ̃⟩ − |ψ̃⟩). Define

|Eψ⟩ := |ψ⟩ − α(⟨0|⊗(c) ⊗ In)|ψ̃⟩ and note that ∥|Eψ⟩∥2 ≤ ϵ0. Similarly define |Eϕ⟩,

and note that ∥|Eϕ⟩∥2 ≤ ϵ1. As a result, we can determine the properties of this
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VE by bounding the following,∥∥∥∥|Γ⟩ − 1
N

(⟨0|⊗(1+c) ⊗ In)V |0⟩1+c+n

∥∥∥∥
2

(D.26)

=
∥∥∥∥|Γ⟩ − 1

N
(⟨0|⊗c ⊗ In)(τ |ψ̃⟩ + (1 − τ)|ϕ̃⟩)

∥∥∥∥
2

(D.27)

=
∥∥∥∥∥|Γ⟩ − 1

N

(
τ

α
(|ψ⟩ − |Eψ⟩) + 1 − τ

β
(|ϕ⟩ − |Eϕ⟩)

)∥∥∥∥∥
2

(D.28)

=
∥∥∥∥∥ 1

N

(
τ

α
|Eψ⟩ + 1 − τ

β
|Eϕ⟩

)∥∥∥∥∥
2

≤ 1
N

(
τϵ0

α
+ (1 − τ)ϵ1

β

)
(D.29)

≤ 1
N

(
ϵ0

α
+ ϵ1

β

)
≤ ϵ0 + ϵ1

N
. (D.30)

where the final inequality comes from the definition of a VE imposing that α ≥ 1

and β ≥ 1. Thus, the unitary circuit V is a (N −1, 1 + a+ b,N −1(ϵ0 + ϵ1))-VE for

|Γ⟩.

Proof of Lemma 5.2.2 (Matrix Vector Product). We now require a result

allowing for matrix-vector products with our vector-encodings. This result is

essentially a special case of the product of the standard product of block-encodings

result (Lemma 53 of [26]). As a result, the following proof closely follows that

in [26]. In this lemma, again following the notation of [26] for tensor products, it is

assumed that UA and Uψ act trivially on the other’s ancillas. To be explicit, the

tensor products in (Ib ⊗ UA)(Ia ⊗ Uψ) use a special definition only in this lemma.

Let N := ∥A|ψ⟩n∥2. We wish to upper-bound,

ξ :=
∥∥∥∥∥A|ψ⟩n

N
− αβ

N
(⟨0|a+b ⊗ In)(Ib ⊗ UA)(Ia ⊗ Uψ)|0⟩a+b+n

∥∥∥∥∥
2

(D.31)

= 1
N

∥A|ψ⟩n − αβ(⟨0|a+b ⊗ In)(Ib ⊗ UA)(Ia ⊗ Uψ)(|0⟩a+b ⊗ In)|0⟩n∥2 (D.32)

Then, directly from the proof of Lemma 53 in [26],

ξ = 1
N

∥A|ψ⟩n − αβ [(⟨0|a ⊗ In)UA(|0⟩a ⊗ In)] [(⟨0|b ⊗ In)Uψ(|0⟩b ⊗ In)] |0⟩n∥2

(D.33)

Let Ã := α(⟨0|a ⊗ In)UA(|0⟩a ⊗ In) and let |ψ̃⟩ := β(⟨0|b ⊗ In)Uψ(|0⟩b+n). Then,

ξ = 1
N
∥∥∥A|ψ⟩n − Ã|ψ̃⟩n

∥∥∥
2

= 1
N
∥∥∥A|ψ⟩n − Ã|ψ⟩n + Ã|ψ⟩n − Ã|ψ̃⟩n

∥∥∥
2

(D.34)

≤ 1
N
(∥∥∥A− Ã

∥∥∥
2

+
∥∥∥Ã∥∥∥

2

∥∥∥|ψ⟩n − |ψ̃⟩n
∥∥∥

2

)
(D.35)
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Noting that
∥∥∥Ã∥∥∥

2
≤ α, we then get

ξ ≤ (ϵ0 + αϵ1)/N . (D.36)

Consequently, (Ib ⊗ UA)(Ia ⊗ Uψ) gives a (αβ/N , a + b, (ϵ0 + αϵ1)/N )-VE for

A|ψ⟩n/N .

In the following lemma I derive a technical result handling the case where you

have a vector encoding for some vector |ψ⟩, and another vector of interest |ϕ⟩ is

sub-encoded as |ψ⟩ =
(

|ϕ⟩/β
·

)
. This result also handles the case where each vector

is imperfectly encoded (i.e., encoded with error).

Lemma D.2.9 (Vector Sub-Encodings). Let m,n be integers such that m > n. Let

Uψ be an (α, a, ϵ)-VE for |ψ⟩m, and let |ψ⟩m ≈ Vϕ|0⟩m (precisely, ∥|ψ⟩m − Vϕ|0⟩m∥2 ≤

γ), where Vϕ is a (β,m−n, δ)-VE for |ϕ⟩n. Then, Uψ is an (αβ, a+m−n, δ+β(ϵ+γ))-

VE for |ϕ⟩n.

Proof. Let b = m − n. First, define |Eψ⟩m := |ψ⟩m − α (⟨0|a ⊗ Im)Uψ|0⟩a+m, and

|Eϕ⟩n := |ϕ⟩n − α (⟨0|b ⊗ In)Uψ|0⟩b+n. By Definition 1.2.7, ∥|Eψ⟩m∥2 ≤ ϵ and

∥|Eϕ⟩n∥2 ≤ δ. Let |Ev⟩m := |ψ⟩m − Vϕ|0⟩m. Now observe,

(⟨0|b ⊗ In) (⟨0|a ⊗ Im)Uψ|0⟩a+m = (⟨0|b ⊗ In) (|ψ⟩m − |Eψ⟩m)/α (D.37)

= (⟨0|b ⊗ In) (Vϕ|0⟩m + |Ev⟩m − |Eψ⟩m)/α (D.38)

= ((|ϕ⟩n − |Eϕ⟩n)/β + (⟨0|b ⊗ In)(|Ev⟩m − |Eψ⟩)) /α.
(D.39)

Consequently, since (⟨0|b ⊗ In)(⟨0|a ⊗ Im) = ⟨0|a+b ⊗ In,

∥|ϕ⟩n − αβ(|0⟩a+b ⊗ In)Uψ|0⟩a+b+n∥2 (D.40)

≤ ∥|Eϕ⟩n∥2 + β ∥|Eψ⟩m∥2 + β ∥|Ev⟩m∥2 ≤ δ + β(ϵ+ γ). (D.41)

Lemma D.2.10 (Tracing Out Qubits in Vector Sub-Encodings). Let U be an

(α, a, ϵ)-VE for |0⟩b|ψ⟩n. Then, U is an (α, a+ b, ϵ)-VE for |ψ⟩n.
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Proof. Let |E⟩b+n := |0⟩b|ψ⟩n − α(⟨0|a ⊗ In+b)U |0⟩a+b+n. Since ⟨0|a+b ⊗ In =

(⟨0|b ⊗ In)(⟨0|a ⊗ Ib+n), (⟨0|a+b ⊗ In)U |0⟩a+b+n = 1
α

(|ψ⟩n − (⟨0|b ⊗ In)|E⟩b+n). Thus,

∥|ψ⟩n − α(⟨0|a+b ⊗ In)U |0⟩a+b+n∥2 = ∥(⟨0|b ⊗ In)|E⟩b+n∥2 ≤ ϵ. (D.42)

Proof of Lemma 5.2.3 (Vector Tensor Product). This result closely follows

the derivation of the tensor product of block-encodings (Lemma D.2.1), which was

a rederivation of Lemma 1 of [199].

Uψ acts on an a-qubit ancilla register and a n-qubit main register, while Uϕ acts

on an b-qubit ancilla register and a m-qubit main register.

As per Lemma D.2.1, define Π to swap the n-qubit register with the b-qubit

register acting trivially on the other two registers. Again, Π has a circuit depth

bounded by O(max(n/b, b/n)) ∈ O(max(n, b)). Then, (⟨0|a+b ⊗ In+m)Π† = (⟨0|a ⊗

In) ⊗ (⟨0|b ⊗ Im). Let V = Π†(Uψ ⊗ Uϕ). Let |Eψ⟩n = |ψ⟩n − α(⟨0|a ⊗ In)Uψ|0⟩a+n

and |Eϕ⟩m = |ϕ⟩m − β(⟨0|b ⊗ Im)Uϕ|0⟩b+m. Then,

(⟨0|a+b ⊗ In+m)Π†(Uψ ⊗ Uϕ)|0⟩a+b+n+m = 1
αβ

(|ψ⟩n − |Eψ⟩n) ⊗ (|ϕ⟩m − |Eϕ⟩m),

(D.43)

and so,

∥|ψ⟩n|ϕ⟩m − αβ(⟨0|a+b ⊗ In+m)Π(Uψ ⊗ Uϕ)|0⟩a+b+n+m∥2 ≤ ϵ+ δ + ϵδ. (D.44)

Proof of Lemma 5.2.4 (Vector Concatenation). I now present the proof of

a simple result on the concatenation of vectors stored in VEs. This result follows

from a simple modification of LCU [202]. In essence, given a set of D = 2d

vectors {|ψj⟩n}j, we first create vector encodings of {|j⟩d|ψj⟩n}j and then take

the resulting sum of the encoded vectors following LCU, yielding an encoding of(
⟨ψ0|n . . . ⟨ψD−1|n

)†
.

For all j, define |Eψj⟩n := |ψj⟩n − α(⟨0|a ⊗ In)Ui|0⟩a+n.



190 D.2. Quantum Matrix-Vector Arithmetic

First, let j be d bits, and let j = j0j1 . . . jd−1. DefineXj := Xj0⊗Xj1⊗. . .⊗Xjd−1 .

Note that |j⟩d = Xj|0⟩d, and thus that Xj is a (1, 0, 0)-VE for |j⟩d. Then, we can

invoke Lemma 5.2.3 with Uj and Xj to obtain Vj , an (αj, a, ϵ)-VE for |j⟩d|ψj⟩n with

O(T + n) circuit complexity. Moreover, by inspecting Lemma 5.2.3, we find that

(⟨0|a ⊗ In+d)Vj|0⟩a+d+n = 1
αj

(|j⟩d|ψj⟩n − |j⟩d|Eψj⟩n).

Additionally, define S := ∑D−1
j=0 |j⟩⟨j|d ⊗ Vj. This can be implemented by a

sequence of O(D) multi-controlled gates, each enacting Vj when the control register

is |j⟩d (in the standard fashion of LCU [202]). First, note that by using [190] a

multiple-controlled gate with O(d) controls can be split into a sequence of O(d)

single and two-qubit gates. By splitting each of the d control qubits into a+ d+ n

copies (with O(log(a+ d+ n)) depth), we can control each gate in each layer of Uj
in parallel with O(d) circuit depth. Since these ancillas can be uncomputed and

traced out, we ignore them in the complexity analysis. Thus, each multi-controlled

Vj gate can be decomposed into a sequence of O(dT ) single and two-qubit gates.

Thus, S has a total circuit depth of O(dDT ). Let Ĥ := H⊗d ⊗ Id+n+a. Using

⟨0|a+d ⊗ In+d = (⟨0|d ⊗ In+d)(Id ⊗ ⟨0|a ⊗ Id+a),

(⟨0|d+a ⊗ In+d)ĤSĤ|0⟩2d+a+n (D.45)

= (⟨+|d ⊗ In+d)(Id ⊗ ⟨0|a ⊗ In+d)
D−1∑
j=0

(|j⟩⟨j|d ⊗ Vj)|+⟩d|0⟩a+d+n (D.46)

= 1
D

D−1∑
j=0

|j⟩d|ψj⟩d − |j⟩d|Eψj⟩n
αj

. (D.47)

Then, noting that N 2 = ∑D−1
j=0

1
α2
j
, and that

∥∥∥∑D−1
j=0 |j⟩d|Eψj⟩n/αj

∥∥∥
2

≤ N ϵ,

∥∥∥∥∥ |Ψ⟩d+n

N
− D

N
(⟨0|d+a ⊗ In+d)ĤSĤ|0⟩2d+a+n

∥∥∥∥∥
2

= 1
N

∥∥∥∥∥∥
D−1∑
j=0

|j⟩d|Eψj⟩n/αj

∥∥∥∥∥∥
2

≤ ϵ.

(D.48)

Thus, ĤSĤ is a (D/N , d+ a, ϵ) for |Ψ⟩d+n
N with O(dDT ) circuit complexity.

D.2.1 General Matrix-Vector-Squared Product

In this subsection, I derive a procedure which given an arbitrary matrix W and

quantum state |ψ⟩, allows for a state proportional to the product of W (|ψ⟩)2 to
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be obtained with complexity independent of the Frobenius norm (and thus rank),

and sparsity, of W . To the best of my knowledge, this is the first result which

allows such a product without either a rank or sparsity condition on W . The

key insight is to avoid ever constructing a block-encoding of the operator W ,

and directly query its columns weighted by the entries of the vector it is being

applied to. In particular, at a high-level we construct two objects. Define the

columns of W =
(
w0 . . . wN−1

)
, define the column norms aj := ∥wj∥2, and

the normalized versions of the columns |wj⟩n = wj/aj. Additionally, define the

state we are applying it to as |ψ⟩n = ∑
j ψj|j⟩n. First, we construct the normalized

state ∑
j ψj|j⟩n|wj⟩n. Clearly, this object has no Frobenius norm dependence.

We would like to map all the vectors in the first register to the |0⟩ state so

that we have something resembling the matrix-vector product, and to do this

we construct another operator. Note that the matrix Q =
(
a0In . . . aN−1In

0

)
(i.e., the first N rows are non-zero, and the rest are all zero) when applied to

|ϕ⟩2n = ∑
j ψj|j⟩n|wj⟩n yields Q|ϕ⟩2n = |0⟩n ⊗ (W |ψ⟩n). However, this object has

a spectral norm Ω(∥W∥F ). Instead, define M :=
(
a0ψ0In . . . aN−1ψN−1In

0

)
and

note that M can be shown to have ∥M∥2 ≤ 1, and moreover, I subsequently show

how a block-encoding of this operator can be efficiently obtained. Consequently,

since M |ϕ⟩2n = |0⟩n ⊗ (W (|ψ⟩n)2), the result follows. In the rest of this section, I

derive the ingredients necessary to rigorously prove the above intuition.

I now present a result on obtaining a block-encoding of an arbitrary diagonal

matrix whose entries are stored in QRAM. This is essentially a special case of

Lemma 48 of [26], but by considering this special case moderate improvements

in complexity can be obtained.

Lemma D.2.11 (Quantum Block-Encoding of Diagonal Matrices from QRAM).

Let N = 2n. We are given a set of N real coefficients, {aj}j such that ∀j, |aj| ≤ 1.

Assume that each aj can be represented exactly in a binary encoding with d-bits of

precision, and define D = 2d. Define bj := arccos(aj)D/π, and for simplicity assume
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that each bj can also be implemented with exactly d-bits of precision1, and note that

bj ∈ [D]. Assume that we are given an oracle, implemented via QRAM, such that

U |0⟩d|j⟩n = |bj⟩d|j⟩n. Then, we can obtain UA, a (1, d + 1, 0)-block-encoding for

A = diag(a0, . . . , aN−1), with O(dn) circuit depth.

Proof. Define the circuit V := (I1⊗U †)(CRY ( π
D

)⊗In)(I1⊗U), with CRY ( π
D

) defined

as per Lemma 1.2.1. First, since for any |ϕ⟩ and basis vector |j⟩, |ϕ⟩ ⊗ |j⟩⟨j| =

(|ϕ⟩|j⟩)⟨j|, observe that

(I1 ⊗ U)(|0⟩d+1 ⊗ In) =
N−1∑
j=0

[(I1 ⊗ U)|0⟩1|0⟩d|j⟩n] ⟨j|n =
N−1∑
j=0

(|0⟩1|bj⟩d|j⟩n)⟨j|n.

(D.49)

Then, since cos(bj πD ) = arccos(aj),

(CRY ( π
D

) ⊗ In)(I1 ⊗ U)(|0⟩d+1 ⊗ In) =
N−1∑
j=0

(
(aj|0⟩1 +

√
1 − a2

j |1⟩1)|bj⟩d|j⟩n
)

⟨j|n.

(D.50)

Then, since (⟨0|d+1⊗In)(I1⊗U †) = [(I1⊗U)(|0⟩d+1⊗In)]† = ∑N−1
j=0 |j⟩n(⟨0|1⟨bj|d⟨j|n),

we readily find that

(⟨0|d+1 ⊗ In)V (|0⟩d+1 ⊗ In) =
N−1∑
j=0

aj|j⟩⟨j| = diag(a0, . . . , aN−1) = A. (D.51)

Thus, V is a (1, d+ 1, 0)-block-encoding for A. The circuit depth of implementing

U is the depth of making a QRAM query, and is thus O(d logN) = O(nd)

(see Definition D.1.1). The cost of implementing the CRY gate is simply O(d)

as per Lemma 1.2.1, and thus the overall circuit complexity of this block-encoding

is O(nd).

In the case where each aj ∈ C, the complex and real parts need to be specified

separately. A diagonal block-encoding of the real and imaginary parts can then

be obtained using Lemma D.2.11, and can then be summed by adding an ancilla

to obtain a (2, d + 2, 0)-block-encoding with the same overall circuit complexity.
1In practice this will result in an additional logarithmic source of error, which I am neglecting,

as it is akin to finite-precision arithmetic error which is usually neglected in classical algorithm
analysis.
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One might wonder why, given a QRAM assumption, a state-preparation unitary

yielding a state proportional to ∑j aj|j⟩ can’t be used instead, in combination with

the diagonal block-encoding of state amplitudes result of [3]. If each aj represent

the column norm of some matrix W , doing so would result in a normalization

factor of
∥∥∥∑j aj|j⟩

∥∥∥
2

=
√∑

j |aj|2 = ∥W∥F , yielding a Frobenius norm-dependence

which this approach avoids.

The following data structure is useful in situations where you are willing to

pay a pre-processing cost linear (up to polylogarithmic factors) in the number

of non-zero matrix elements, but want a fast algorithm at runtime. This is the

case with accelerating neural network inference. The following data structure is

very similar to the one given in [59].

Definition D.2.2 (Preprocessed Matrix QRAM Data Structure). Let N = 2n, and

let D = 2d.

Let W ∈ CN×N and let ∥W∥2 ≤ 1. Let the columns of W be represented as

W =
(
w0 . . . wN−1

)
. Additionally, define |wj⟩ = wj/ ∥wj∥2, and aj = ∥wj∥.

Let bj := arccos(aj)D/π. For simplicity, we assume that bj can be exactly written

with d-bits, and thus that bj will be an integer between [0, D − 1]. We say we have

access to a Preprocessed QRAM Data Structure for W if we have a QRAM oracle

UW (as per Definition D.1.2) such that

UW |j⟩n|0⟩n = |j⟩n|wj⟩n, (D.52)

and we also have access to a QRAM yielding the mapping,

UA|0⟩d|j⟩n = |bj⟩d|j⟩n. (D.53)

UW can be implemented with O(log2 N) circuit depth, and with Õ(N2) total qubits

(as per Definition D.1.2). UA can be implemented with O(d logN) circuit depth,

and with Õ(dN) total qubits (as per Definition D.1.1).

I am now ready to present a somewhat surprising result on matrix-vector multipli-

cation with arbitrary (potentially full-rank and dense) matrices and the element-wise

square of a given vector. The following uses ideas similar to importance-sampling.
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Theorem D.2.1 (Product of Arbitrary Matrix with a Vector Element-wise Squared).

Let N = 2n. We are given a matrix W ∈ CN×N through the data structure

in Definition D.2.2. Let d be the number of bits required to represent the function of

the column norms of W , bj, as per Definition D.2.2. Additionally, we are given the

unitary Uψ with circuit complexity O(Tψ), a (α, a, ϵ)-VE for the quantum state |ψ⟩n.

Define the function g : C 7→ R as g(x) = |x|2, and N := ∥Wg(|ψ⟩n)∥2. Then we

can construct the unitary Uf which is a (α2

N , 2a+d+3+n, 2αϵ
N )-VE for Wg(|ψ⟩n)/N ,

and has a circuit depth of O(Tψ + dn+ n2).

Proof. Noting that aj = ∥W |j⟩∥2, it is easy to show ∥W∥2 ≤ 1 =⇒ ∀j, aj ≤ 1;

aj = ∥W |j⟩∥2 ≤ maxx:∥x∥2=1 ∥Wx∥2 = ∥W∥2 ≤ 1. Consequently, by Lemma D.2.11

we can immediately get UA, a (1, d+1, 0)-block-encoding for A = diag(a0, . . . , aN−1)

with O(dn) circuit depth.

Let |ψ1⟩n := A|ψ⟩n = ∑N−1
j=0 ajψj|j⟩n, N1 := ∥|ψ1⟩n∥2. By Lemma 5.2.2, we can

combine UA and Uψ to obtain V1, a (α/N1, a+ d+ 1, ϵ/N1)-VE for |ψ1⟩n/N1. This

has circuit complexity O(Tψ + dn).

By Lemma D.2.5, we can get U0, a (1, 2, 0)-block-encoding for the n+ a+ d+ 1-

qubit projector |0⟩⟨0|. Let |Eψ1⟩n := |ψ1⟩
N1

− α
N1

(⟨0|a+d+1 ⊗ In)V1(|0⟩n+a+d+1). Then,

by Definition 1.2.7, ∥|Eψ1⟩n∥2 ≤ ϵ/N1. Moreover, ⟨0|a+d+1 ⊗ In)V1(|0⟩n+a+d+1) =
1
α
(|ψ1⟩n − N1|Eψ1⟩n). Then, observe that V2 := U0(I2 ⊗ V †

1 ) is a (1, 2, 0)-block-

encoding for |0⟩⟨0|V †
1 . Let c = a + d + 1. Noting that (|0⟩c+2 ⊗ In) = (|0⟩2 ⊗

Ic+n)(|0⟩c ⊗ In), then,

(⟨0|c+2 ⊗ In)V2(|0⟩c+2 ⊗ In) = (⟨0|c ⊗ In)(⟨0|2 ⊗ Ic+n)V2(|0⟩2 ⊗ Ic+n)(|0⟩c ⊗ In)
(D.54)

= (⟨0|c ⊗ In)|0⟩⟨0|V †
1 (|0⟩c ⊗ In) (D.55)

= 1
α

(|0⟩n(⟨ψ1|n − N1⟨Eψ1|n)) . (D.56)

The third inequality follows by noting that (⟨0|c ⊗ In)|0⟩n+c = |0⟩n, and that

by Definition 1.2.6, (⟨0|2 ⊗ Ic+n)V2|0⟩2 ⊗ Ic+n) = |0⟩⟨0|V †
1 . Then, letting |0⟩⟨ψ1| be

a 2n × 2n projector,

∥|0⟩⟨ψ1| − α(⟨0|c+2 ⊗ In)V2(|0⟩c+2 ⊗ In)∥2 = N1 ∥|0⟩⟨Eψ1|∥2 ≤ ϵ. (D.57)
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Consequently, V2 is a (α, a+d+3, ϵ)-block-encoding for the 2n×2n projector |0⟩⟨ψ1|.

Moreover, the circuit complexity of V2 is dominated by the circuit complexity of V1,

and thus is O(Tψ + dn). Then, V3 := V2 ⊗ In is a (α, a+ d+ 3, ϵ)-block-encoding

for (|0⟩⟨ψ1|) ⊗ In.

Let UW be defined as in Definition D.2.2, i.e., it enacts UW |j⟩n|0⟩n = |j⟩n|wj⟩n.

Define |ϕ⟩2n := ∑N−1
j=0 ψj|j⟩n|wj⟩n.

Then, let S := (Ia ⊗ UW )(Uψ ⊗ In). We will now show that S is an (α, a, ϵ)-VE

for |ϕ⟩2n.

Let |Eψ⟩n := |ψ⟩n − α(⟨0|a ⊗ In)Uψ|0⟩a+n, thus, (⟨0|a ⊗ In)Uψ|0⟩a+n = 1
α

(|ψ⟩n −

|Eψ⟩n)

Moreover, define the a-qubit projector, paj := |j⟩⟨j|. Then, Ia+n = ∑2a−1
j=0 paj ⊗ In.

Finally, define |γj⟩n := (⟨j|a ⊗ In)Uψ|0⟩a+n. Of course,

Uψ|0⟩a+n =
2a−1∑

j=0
paj ⊗ In

Uψ|0⟩a+n = 1
α

(|0⟩a(|ψ⟩n − |Eψ⟩n)) +
2a−1∑
j=1

|j⟩a|γj⟩n.

(D.58)

Consequently,

(⟨0|a ⊗ I2n)S|0⟩a+2n = (⟨0|a ⊗ I2n)(Ia ⊗ UW )(Uψ ⊗ In)|0⟩a+2n (D.59)

= (⟨0|a ⊗ UW )
 1
α

(|0⟩a(|ψ⟩n − |Eψ⟩n)) +
2a−1∑
j=1

|j⟩a|γj⟩n

 |0⟩n

(D.60)

= 1
α

(|ϕ⟩2n − UW |Eψ⟩n|0⟩n) . (D.61)

Thus,

∥|ϕ⟩2n − α(⟨0|a ⊗ I2n)S|0⟩a+2n∥2 = ∥UW |Eψ⟩n|0⟩n∥2 ≤ ϵ. (D.62)

Thus, S is an (α, a, ϵ)-VE for |ϕ⟩2n. Moreover, the circuit complexity of S comes

from summing the circuit complexity of Uψ and UW . As per Definition D.2.2, the

circuit complexity of UW is O(n2), giving an overall circuit complexity for S of

O(Tψ + n2).
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Define |Γ⟩n := Wg(|ψ⟩n), and note that

[(|0⟩⟨ψ1|) ⊗ In]|ϕ⟩2n = |0⟩n
N−1∑
j=0

|ψj|2aj|wj⟩n = |0⟩n|Γ⟩n. (D.63)

We now have V3, a (α, a+d+3, ϵ)-block-encoding for (|0⟩⟨ψ1|)⊗In, and S an (α, a, ϵ)-

VE for |ϕ⟩2n. We will now invoke Lemma 5.2.2 to take the product of the matrix

encoded in V3 with the vector encoded in S, and then will invoke Lemma D.2.10 to

remove the |0⟩n tensored register. This yields Uf , an (α2

N , 2a+ d+ 3 + n, 2αϵ
N )-VE

for |Γ⟩n/N with circuit complexity O(Tψ + dn+ n2).

D.2.2 Convolution Block-Encoding

In this section, I will first provide a matrix-form of a 2D multi-filter convolution (with

stride 1 and 0 padding to ensure the input and outputs have the same dimension).

I then derive a quantum block-encoding of the matrix form of the convolution.

As a note, some popular deep learning frameworks such as PyTorch [203]

actually implement cross-correlation rather than convolution. However, in the

pre-processing stage, the following convolutional block-encoding immediately gives

a cross-correlation block-encoding by simply switching the Q operator (Defini-

tion D.2.5) with a QT operator. Finally, in this section, I assume that all addition

on basis vectors is mod the dimension of the vector. I.e., for integers i, j, |i+ j⟩n =

|(i + j) mod N⟩n (with N = 2n).

Definition D.2.3 (Permutation Matrix). Define the following N dimensional

unitary permutation matrix that maps an input basis vector i to the basis vector

(i+ 1) mod N .

P :=
N∑
i=0

|i+ 1⟩⟨i| =



0 0 0 . . . 1
1 0 0 0
0 1 0 0
... . . . ...
0 0 0 . . . 0

 . (D.64)

Definition D.2.4 (RZ Phase Gate). Define the single-qubit phase gate, RZ(t) :=

eitZ =
(
eit 0
0 e−it

)
.
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I now derive a block-encoding of the permutation matrix P acting on m qubits.

I include this result for completeness, and similar results may be found in the

literature (see e.g., [204], where they derive a 1D circulant convolution via QSP,

or [205]). This implementation of Pm is identical to a +m adder implemented

with QFT, see e.g., [30].

Lemma D.2.12 (Permutation Matrix Block-Encoding). Let m ∈ N>0. Let N = 2n.

The mth power of the permutation matrix P is given by Pm = ∑N−1
j=0 |j + m⟩⟨j|.

Then, we can get a (1, 1, 0)-block-encoding with O(n2) circuit complexity for Pm.

Proof. Drawing inspiration from [204, 206], let F := QFT represent the Quan-

tum Fourier Transform on n qubits. Define ωjN := e2πij/N . Noting that F =
1√
N

∑N−1
i=0

∑N−1
j=0 ωijN |i⟩⟨j|, it is easy to show that PmF |j⟩ = ω−mj

N F |j⟩. Consequently,

we can write Pm = FDF−1, where D = diag(ω0
N , ω

−m
N , . . . , ω

−m(N−1)
N ). Thus, by

getting a block-encoding of D, we can implement Pm by taking a product of FDF−1.

Let |j⟩n be a basis vector, and let j = 2n−1jn−1 + . . .+21j1 +20j0. We will now give a

unitary Vm which implements the mapping Vm|0⟩1|j⟩n = ω−jm
N |0⟩1|j⟩n. Noting that

ω−jm
N = e−2πijm/N = ∏n−1

l=0 e
−2πim(2jljl)/N , we can apply a sequence of n controlled

RZ(t) gates, where the lth gate is controlled on bit jl and applies RZ(m2jl/N) on

the ancilla qubit. This implements the desired mapping, and can be easily shown

to be a (1, 1, 0)-block-encoding for D. The Quantum Fourier Transform [207] can

be implemented with O(n2) circuit complexity [25], and so we can get a trivial

(1, 0, 0)-block-encoding for both F and F †. Thus, (I1 ⊗ F )Vm(I1 ⊗ F †) is a (1, 1, 0)-

block-encoding for Pm, with O(n2) circuit depth. Its worth noting that since the

ancilla qubit in Vm is separable after the computation, this could be equivalently

considered a (1, 0, 0)-block-encoding.

Definition D.2.5 (Discrete Unilateral Shift Operator). Define Q to be the N-

dimensional discrete unilateral shift operator,

Q :=
N−2∑
j=0

|j + 1⟩⟨j| =



0 0 . . . 0 0
1 0 0 0
0 1 0 0
... . . . ...
0 0 . . . 1 0

 . (D.65)
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This is just the permutation matrix P without wrap-around.

Lemma D.2.13 (Block-Encoding of Q). Let N = 2n. Define Q as per Defini-

tion D.2.5. Then, we can obtain a (1, 4, 0)-block-encoding for Q with O(n2) circuit

complexity.

Proof. By Lemma D.2.12, we can obtain a UP a (1, 1, 0)-block-encoding of P =∑N−1
j=0 |j + 1⟩⟨1| with O(n2) circuit complexity. By Lemma D.2.5, we can obtain

V a (1, 2, 0)-block-encoding of the n-qubit projector |0⟩⟨N − 1| with O(n) circuit

depth. Following LCU [26, 202], we can get the sum of these two block-encodings,

introducing an additional ancilla, with the circuit Uf := (H⊗I2+n)(|0⟩⟨0|1⊗I1⊗UP−

|1⟩⟨1|1 ⊗V )(H⊗I2+n). Then, Uf is a (1, 3, 0)-block-encoding for 1
2(P−|0⟩⟨N−1|) =

1
2Q, with O(n2) circuit complexity. Noting that Q†Q = In−|N−1⟩⟨N−1|, it is clear

that ∥Q∥2 ≤ 1. Moreover, since all the singular values of Q/2 are either 0 or 1/2,

we can invoke Lemma D.2.3, a special case of oblivious amplitude amplification [26],

to immediately convert this to a (1, 4, 0)-block-encoding for Q with only 3 calls to

Uf .

Lemma D.2.14 (Block-Encoding of Qm). Let m ∈ N>0 and let N = 2n. Define

the N-dimensional operator Q as per Definition D.2.5. Then, we can obtain a

(1, 4m, 0)-block-encoding of Qm with O(mn2) circuit complexity.

Proof. As per Lemma D.2.13, we can obtain UQ a (1, 4, 0)-block-encoding for Q

with O(n2) circuit complexity. Invoking Lemma 53 (Product of Block-Encoded

Matrices) of [26] with UQ m times directly yields a (1, 4m, 0)-block-encoding of Qm

with O(mn2) circuit complexity.2

Now, I present a standard well-known result giving the matrix form of a 2D

multi-filter convolution (see e.g., [160, 206]).

Lemma D.2.15 (Matrix Form of 2D Multi-Filter Convolution). Let M = 2m,

let n = 2m, let N = 2n, and let D = 2d. Let C = 2c represent the number of

input and output channels. Let X represent the rank−3 input tensor, which in
2This can likely be optimizing by using QSVT [26].



D. Quantum Processors as Accelerators for Machine Learning 199

vectorized form (stored in column-major order for each input channel) is given

by, |X⟩n+c = ∑C−1
i=0

∑M−1
j=0

∑M−1
k=0 Xi,k,j|i⟩c|j⟩m|k⟩m. I.e., |X⟩n+c is of dimension

M2C = NC. Define X̃i,j,k = Xi,j,k if j ≥ 0 and k ≥ 0, and X̃i,j,k = 0 otherwise.

We can define the convolutional kernel K to be a rank-4 tensor containing each of

the C, C ×D ×D filters3, where the first index represents the output channel, the

second index represent the input channel, the third index represents the row index,

and the fourth index represents the column index. Then, entry y, z of the xth output

channel after convolution with K is given by,

[X ∗K]x,y,z :=
C−1∑
j=0

D−1∑
k=0

D−1∑
l=0

Kx,j,k,lX̃j,z−k,y−l. (D.66)

Defining Q as per Definition D.2.5, we can give the matrix form of the convolution,

C :=
C−1∑
i=0

C−1∑
j=0

D−1∑
k=0

D−1∑
l=0

Ki,j,k,l(|i⟩⟨j|c ⊗Ql ⊗Qk). (D.67)

I.e., C|X⟩n+c = vec(X ∗K).

Proof. We will verify that C indeed implements the mapping specified in Eq. (D.66)

by computing the following, ⟨x|c⟨y|m⟨z|mC|X⟩n+c. Note that for all i < l, ⟨i|Ql = 0,

and that for all i ≥ l, ⟨i|Ql = ⟨i − l|. Consequently, if y − l ≥ 0, z − k ≥ 0,

then ⟨j|c ⊗ (⟨y|m⟨z|mQl ⊗ Qk)|X⟩n+c = Xj,z−k,y−l, and if y − l < 0 or z − k < 0

then ⟨j|c ⊗ (⟨y|m⟨z|mQl ⊗Qk)|X⟩n+c = 0. Thus, ⟨j|c ⊗ (⟨y|m⟨z|mQl ⊗Qk)|X⟩n+c =

X̃j,z−k,y−l. Therefore,

⟨x|c⟨y|m⟨z|m
C−1∑
j=0

Ki,j,k,l(|i⟩⟨j|c ⊗Ql ⊗Qk)|X⟩n+c =
C−1∑
j=0

Kx,j,k,lX̃j,z−k,y−l. (D.68)

As a result,

⟨x|c⟨y|m⟨z|mC|X⟩n+c =
C−1∑
j=0

D−1∑
k=0

D−1∑
l=0

Kx,j,k,lX̃j,z−k,y−l = [X ∗K]x,y,z. (D.69)

3If the number of channels is 1 (i.e., C = 1), then the kernel is D ×D dimensional.
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Proof of Lemma 5.2.5. Define |X⟩n+c, K, and C as per Lemma D.2.15. As

a result, obtaining a block-encoding of C allows us to implement the desired 2D

convolution in the vectorized setting.

First, for a given i, j, k, l, I will show how to obtain a block-encoding of

Ki,j,k,l(|i⟩⟨j|c ⊗Ql ⊗Qk).

Using Lemma D.2.5, we can obtain Ui,j a (1, 2, 0)-block-encoding of the c-qubit

projector |i⟩⟨j|c, with O(c) circuit depth. Then, using Lemma D.2.14, we can obtain

UQl a (1, 4l, 0)-block-encoding of m qubit Ql with O(lm2) circuit complexity. We

similarly obtain UQk a (1, 4k, 0)-block-encoding of m qubit Qk with O(km2) circuit

complexity. We can then invoke Lemma D.2.1 with Ui,j and UQl , and again with

UQk , to obtain Ui,j,l,k, a (1, 2 + 4l + 4k, 0)-block-encoding of |i⟩⟨j|c ⊗Ql ⊗Qk with

O(c+Dm2) circuit complexity. To make each operator act on the same number of

qubits, we will augment each with the appropriate number of tensored identities to

yield a (1, 2 + 8D, 0)-block-encoding for the corresponding operator.

Define |K⟩2c+2d := ∑C−1
i=0

∑C−1
j=0

∑D−1
k=0

∑D−1
k=0 Ki,j,k,l|i⟩c|j⟩c|k⟩d|l⟩d. Additionally,

define |
√
K⟩2c+2d =

√
|K⟩2c+2d (with the square-root applied element-wise). Then,

define NK :=
∥∥∥|√K⟩2c+2d

∥∥∥
2

= ∥|K⟩2c+2d∥1/2
1 , and |K⟩2c+2d := |K⟩2c+2d/NK . Noting

that this vector is C2D2 dimensional, we can brute-force construct a unitary

UK , with a total of O(C2D2) single and two qubit gates, such that UK |0⟩2c+2d =

|
√
K⟩2c+2d/NK [77]. We can then invoke Lemma D.2.4, obtaining a (N 2

K , 2 + 8D +

2 log(CD), 0)-block-encoding for C with O(cdC2D3m2) circuit complexity. This

is equivalent to a (1, 2 + 8D + 2 log(CD), 0)-block-encoding for C/ ∥|K⟩2c+2d∥1.

Since we are concerned with accelerating inference, we will ignore classical pre-

computation costs that must only be paid one time to construct this datastructure.

We can then invoke Lemma D.2.2, setting γ = ∥|K⟩2c+2d∥1 /2 ∥C∥2 and δ = 1/2,

since ∥C/ ∥|K⟩2c+2d∥1∥2 ≤ 1
2

2∥C∥2
∥|K⟩2c+2d∥1

. Neglecting the logarithmic error-terms

incurred by Lemma D.2.2 (as these will not dominate complexity), this then yields

a (1, 3 + 8D + 2 log(CD), 0)-block-encoding for C
2∥C∥2

with O(∥|K⟩2c+2d∥1
∥C∥2

cdC2D3m2)

circuit depth. We will now show that ∥|K⟩2c+2d∥1
∥C∥2

≤ DC3/2, and thus that the overall

circuit depth is bounded by O(cdm2C3D4).
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We will now upper-bound ∥|K⟩2c+2d∥1. Define the basis vector |x⟩c+2m =

|x1⟩c|x2⟩m|x3⟩m. Then, the xth row of C is given by ⟨x|c+2mC. Simple analysis

shows that ⟨x|c+2mC = ∑C−1
j=0

∑D−1
k=0

∑D−1
l=0 Kx1,j,k,l⟨j|c ⊗ ⟨x2 − l|m ⊗ ⟨x3 − k|m, where

⟨x2 − l|m = 0 if x2 − l < 0 and ⟨x3 − k|m = 0 if x3 − k = 0. Then it can be readily

shown that ∥⟨x|c+2mC∥2
2 = ∑C−1

j=0
∑D−1
k=0

∑D−1
l=0 |Kx1,j,k,l|2. For any operator A with

∥A∥2 ≤ 1, the maximum column norm max|i⟩ ∥A|i⟩∥2 ≤ max|ψ⟩:∥|ψ⟩∥2=1 ∥A|i⟩∥2 ≤ 1.

Similarly, since ∥A∥2 =
∥∥∥A†

∥∥∥
2
, the maximum row norm cannot exceed the spectral

norm of the matrix. Therefore, any row of C must have ℓ2-norm bounded by

∥C∥2, thus, ∑C−1
j=0

∑D−1
k=0

∑D−1
l=0 |Kx1,j,k,l|2 ≤ ∥C∥2

2. Consequently, ∥|K⟩2c+2d∥2
2 =∑C−1

i=0
∑C−1
j=0

∑D−1
k=0

∑D−1
l=0 |Ki,j,k,l|2 ≤ C ∥C∥2

2. Moreover, for an n-dimensional vector

x, ∥x∥1 ≤
√
n ∥x∥2, and thus, ∥|K⟩2c+2d∥1 ≤

√
C2D2

√
C ∥C∥2 = DC3/2 ∥C∥2.

Consequently, ∥|K⟩2c+2d∥1 / ∥C∥2 ≤ DC3/2.

To see a set of related block-encoding circuits, see [205].

It is also worth noting that the preceding result can be made substantially

more efficient by utilizing a circulant convolution to implement the non-circulant

convolution. I will now quickly sketch this idea for future optimization. For

simplicity, I assume that the convolution has one input channel and one output

channel, and that the input is a rank-2 tensor (e.g., a black and white image). Let

M = 2m. Then, if the input image is X ∈ RM×M , we can add 0 padding with the

M × M projector, |0⟩⟨0|m ⊗ X. Then, enacting a circulant convolution on this

augmented operator and projecting onto the zero-state of the first register yields

the desired non-circulant convolution. Moreover, we can define a circulant 2D

convolution as [X ∗K]i,j = ∑l−1
k=0

∑d−1
l=0 Kk,lXi−k,j−l. The following sketch generalizes

the 1D circulant convolution given in [204], and also follows the ideas discussed

in [206]. Consequently, the operator C := ∑d−1
i=0

∑d
j=0 Ki,jP

j ⊗ P i implements

X ∗K in the vectorized setting (using a column-major vectorization for X). Let

ωM := exp(2πi/M) be the M th root of unity. Let F := QFT represent the Quantum

Fourier Transform on m qubits. It is easy to show that P kF |j⟩ = ω−kj
M F |j⟩. Thus,

let D := F−1PF = diag(ω0
M , ω

−1
M , . . . , ω

−(M−1)
M ). Consequently, P = FDF−1, and

so C = (F ⊗F )
(∑d−1

i=0
∑d−1
j=0 Ki,jD

j ⊗Di
)

(F−1 ⊗F−1). Clearly, since implementing
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the QFT is efficient on a quantum computer, the key to implementing C is in

implementing a block-encoding of the diagonal matrix Γ := ∑d−1
i=0

∑d−1
j=0 Ki,jD

j ⊗Di.

Noting that this is a 1-sparse matrix with efficiently computable entries, a technique

such as [26] can be immediately used to obtain the desired block-encoding (replacing

QRAM assumptions with arithmetic oracles computing the locations and values of

the non-zero elements). This can be further optimized by replacing the arithmetic

with QRAM. In the multi-filter case, the diagonal matrix becomes a block-diagonal

matrix (with blocks of height and width given by the number of input and output

channels), and the sparse block-encoding techniques can still be used.

D.2.3 Non-Linear Transformation of Vector-Encodings

I now present an essential result on transforming the amplitudes of a state encoded

as a VE. This result is a direct translation of the ideas in the result given in Chapter 4

(which in turn builds on [176, 208]) to the setting of VEs. While I also give a similar

result in the setting of a VE in Chapter 4, there I obtain it by treating the whole

unitary VE as a state-preparation unitary, and then invoke the non-linear amplitude

transformation (NLAT) result on that, which gives slightly worse complexity than

just directly re-deriving the whole transformation result in the framework of VEs.

I include the following for completeness and simplicity, and the following is not

a substantially novel contribution of this chapter.

Lemma D.2.16 (NLAT of VE [3]). Let N = 2n. Let 0 ≤ ϵ0 ≤ 1, and α ≥ 1.

We are given a unitary matrix Uψ which is an (α, a, ϵ0)-VE for the n-qubit real

quantum state |ψ⟩n with circuit complexity O(T ), and a function f : R 7→ R with

Lipschitz constant L such that f(0) = 0. Define ϵ1 such that 0 < ϵ1 ≤ L. Define

N := ∥f(|ψ⟩n/α)∥2. Define the interval of approximation [−τ, τ ], where 0 < τ ≤ 1

which can be set to either τ = 1 or any value such that τ ≥ 1+ϵ0
α

if a smaller region

of approximation yields a better complexity. Define the polynomial P : R 7→ R,

such that with degree k, maxx∈[−τ,τ ] |P (x) − f(x)| ≤ Lϵ1
2
√
N

. Suppose we are given

a bound γ̃ satisfying γ̃ ≥ maxx∈[−1,1] |P (x)/x|, and require that P (0) = 0. Then,

we can obtain a unitary circuit Uf that is a
(

4γ̃
N , n+ 2a+ 4, LN (ϵ0 + ϵ1)

)
-VE for
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f(|ψ⟩n/α)/N , and which requires O(k) calls to a controlled Uψ and U †
ψ circuit, and

has a total circuit depth of O(k(n + a + T )). This circuit can be obtained with

O(poly(k, log( γ̃
N ϵ1

))) classical time complexity.

Proof. We will begin by considering the domain we require for the polynomial

approximation. Essentially, by noting that if α > 1, the function is being applied

to a sub-component of an ℓ2-normalized vector, and thus the maximum value of its

input will be strictly less than 1+ϵ0
α

. In some cases, this could yield a more efficient

polynomial approximation, and so we will write our result both in the setting

where the interval of approximation is [−1, 1] and [−1+ϵ0
α
, 1+ϵ0

α
]. In particular, the

function will be applied to (⟨0|a ⊗ In)Uψ|0⟩a+n, and so we must upper-bound the

maximum amplitude in this quantity. Define c ∈ R such that 0 < c ≤ 1. Define the

un-normalized vector |ϕ⟩n := (⟨0|a ⊗ In)Uψ|0⟩a+n. Define |Eψ⟩n := |ψ⟩n − α|ϕ⟩n,

and note that ∥|ϕ⟩n∥2 ≤ 1, and thus that 1
α

∥|ψ⟩n − |Eψ⟩n∥2 ≤ 1. Additionally,

by Definition 1.2.7, ∥|Eψ⟩n∥2 ≤ ϵ0. Define {ϕj}j such that |ϕ⟩n = ∑N
j=1 ϕj|j⟩n.

Thus, |ϕj| ≤ ∥|ϕ⟩n∥2 ≤ 1
α
(1 + ϵ0). Define c := min( 1

α
(1 + ϵ0), 1).

Let Nψ := N . Let NP := ∥P (|ψ⟩/α)∥2. Define the degree k − 1 polynomial

Q(x) := P (x)/x, and define ϵ2 such that maxx∈[−c,c] |P (x) − f(x)| ≤ ϵ2.

Using Lemma C.2.4, we can get a (1, a+ n+ 2, 0)-block-encoding UA of A :=

diag(Uψ|0⟩a+n) with O(a+ n) circuit depth, and 6 additional calls to a controlled

Uψ circuit. Invoking Theorem 1.2.1 (Theorem 56 of [26]) with Q(x)/4γ̃, we get the

unitary UQ, a (1, a+n+4, δ)-block-encoding forQ(A)/4γ̃, requiringO((a+n)k) single

and two-qubit gates, O(k) calls to a controlled UA circuit, and O(poly(k, log(1/ϵ)))

classical computation to determine the QSVT rotation angles to implement the

degree k polynomial. We can equivalently call UQ a (1, a+ n+ 4, 0)-block-encoding

for some matrix V , such that ∥V −Q(A)/4γ̃∥2 ≤ δ. Additionally, define EQ :=

V −Q(A)/4γ̃. Since for any vector x, Q(diag(x))x = P (x), we get, V Uψ|0⟩a+n =
P (Uψ |0⟩a+n)

4γ̃ +EVUψ|0⟩a+n. Additionally, noting that (⟨0|a⊗In)P (x) = P ((⟨0|a⊗In)x),

and that (⟨0|a ⊗ In)Uψ|0⟩a+n = |ϕ⟩n, we get (⟨0|a ⊗ In)V Uψ|0⟩a+n = P (|ϕ⟩n)
4γ̃ + (⟨0|a ⊗

In)EVUψ|0⟩a+n. Define Ũψ := Ia+n+4 ⊗ Uψ.
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First, note that Ũψ|0⟩2a+2n+4 = (|0⟩n+a+4 ⊗ Ia+n)Uψ|0⟩a+n. Then, note that

(⟨0|n+2a+4 ⊗ In) = (⟨0|a ⊗ In)(⟨0|n+a+4 ⊗ Ia+n). Consequently, by Definition 1.2.6,

since (⟨0|n+a+4 ⊗ Ia+n)UQ(|0⟩n+a+4 ⊗ Ia+n) = V ,

(⟨0|n+2a+4 ⊗ In)UQŨψ|0⟩2n+2a+4 = (⟨0|a ⊗ In)V Uψ|0⟩a+n (D.70)

= P (|ϕ⟩n)
4γ̃ + (⟨0|a ⊗ In)EVUψ|0⟩a+n. (D.71)

We will now show that UQŨψ is a VE for 1
Nψ
f(|ψ⟩n/α). Precisely, we must upper-

bound,

ξ1 :=
∥∥∥∥∥ 1

Nψ

f(|ψ⟩n/α) − 4γ̃
Nψ

(⟨0|n+2a+4 ⊗ In)UQŨψ|0⟩2n+2a+4

∥∥∥∥∥
2

(D.72)

≤ 1
Nψ

(
∥f(|ψ⟩n/α) − P (|ϕ⟩n)∥2 + 4γ̃ ∥(⟨0|a ⊗ In)EVUψ|0⟩a+n∥2

)
. (D.73)

Let ⟨j|Eψ⟩ := ej . We will now prove a sequence of simple facts. Since |f(x) − f(x+

b)| ≤ L|b|, and using |ϕ⟩n = |ψ⟩n−|Eψ⟩n
α

, we have that ∥f(|ψ⟩n/α) − f(|ϕ⟩n)∥2
2 =∑N

i=j |f(ψj) − f((ψj − ej)/α)|2 ≤ L2

α2
∑N
j=1 |ej|2 = L2

α2 ∥|Eψ⟩n∥2
2 ≤ L2ϵ0

α2 . Then,

∥f(|ϕ⟩n) − P (|ϕ⟩n)∥2
2 = ∑N

j=1 |f(ϕj)−P (ϕj)|2 ≤ maxx∈[−c,c] |f(x)−P (x)|2N ≤ ϵ2
2N .

Then,

∥f(|ψ⟩n/α) − P (|ϕ⟩n)∥2 = ∥f(|ψ⟩n/α) − f(|ϕ⟩n) + f(|ϕ⟩n) − P (|ϕ⟩n)∥2 (D.74)

≤ Lϵ0

α
+ ϵ2

√
N. (D.75)

At this point, the proof branches into two cases. The first case is where we simply

use the uniform approximation to the function on the entire interval [−1, 1]. The

second case, which should only be used when approximating the function on [−τ, τ ]

yields a better asymptotic approximation, will be proven after.

Noting that ∥(⟨0|a ⊗ In)EVUψ|0⟩a+n∥2 ≤ δ, we can now get the overall bound of

ξ1 ≤ 1
Nψ

(
Lϵ0

α
+ ϵ2

√
N + 4γ̃δ

)
≤ 1

Nψ

(
Lϵ0 + ϵ2

√
N + 4γ̃δ

)
. (D.76)

Thus, we have shown that UQŨψ is a ( 4γ̃
Nψ
, 2a+ n+ 4, 1

Nψ
(Lϵ0 + ϵ2

√
N + 4γ̃δ))-VE

for 1
Nψ
f(|ψ⟩n/α). To get the overall error-bound, we will set ϵ2

√
N = Lϵ1/2, and

4γ̃δ = Lϵ1/2, yielding ϵ2 = Lϵ1
2
√
N

, and δ = Lϵ1
8γ̃ . This gives a ( 4γ̃

Nψ
, 2a+n+4, L

Nψ
(ϵ0+ϵ1))-

VE for 1
Nψ
f(|ψ⟩n/α), and requires O(k) calls to a controlled Uψ and U †

ψ circuit, and
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has a total circuit depth of O(k(n + a + T )). This circuit can be obtained with

O(poly(k, log( γ̃
Lϵ1

))) classical time complexity.

To make the preceding result easier to use, I provide a special case for trans-

formation by the error function, and again do not claim novelty (this is primarily

a contribution of Chapter 4).

Lemma D.2.17 (Application of erf(νx) to a Vector Encoding). Let N = 2n, let

ν ≥ 1/2, let 1 ≥ ϵ0 ≥ 0 and let 0 < ϵ1 ≤ 2. We are given a unitary matrix Uψ with

circuit complexity O(T ) which is an (α, a, ϵ0)-VE for the n-qubit quantum state |ψ⟩n,

and we are also given the error function fν(x) = erf(νx). Let N := ∥fν(|ψ⟩n/α)∥2.

Then, we can obtain a
(

16ν√
πN , 2a+ n+ 4, 2να(ϵ0 + ϵ1)

)
-VE for fν(|ψ⟩n/α)/N , with

O(ν log(
√
N
ϵ1

)) queries to a controlled Uψ and U †
ψ circuit, and with a total circuit

depth of O(ν log(
√
N
ϵ1

)(a+ n+ T )). Moreover, N ≥ 1
2α .

Proof. From Lemma D.6.1, we know that the Lipschitz constant L of erf(νx) is

L = 2ν√
π
.

Define c = O(1/α). Using Lemma D.6.1, we can obtain a degree k ∈ O(ν log(ν/αϵ′))

polynomial Pk,ν such that Pk,ν(0) = 0 and maxx∈[−c,c] |Pk,ν(x) − fν(x)| ≤ ϵ′. Since

we need ϵ′ ≤ Lϵ1
2
√
N

, we can set ϵ′ = νϵ1
10

√
N

in accordance with Lemma D.2.16, we have

a degree k ∈ O(ν log(
√
N
ϵ1

)) polynomial approximation.

From Lemma D.6.1, for ν ≥ 1/2, we know that ∀x ∈ [−1, 0) ∪ (0, 1], | erf(νx)| ≥

|x/2|. Consequently, N 2 = ∑N
j=1 |f(ψj/α)|2 ≥ ( 1

2α)2. Additionally, we know that

γ̃ = maxx∈[−1,1] |Pk,ν(x)/x| ≤ 4ν√
π
. Invoking Lemma D.2.16, setting with all of the

above facts and setting γ̃ = 4ν√
π

then gives the complexity.

D.3 General Architectural Blocks

The architectural blocks presented in this paper are intended to demonstrate how the

different operations on encoded matrices and vectors can be combined to coherently

implement various architectures on quantum computers. There are a rich set of

possibilities, and I have only explored a small but elucidating set.
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Two of the most important concepts governing the complexity of the quantum

implementation of any classical architecture are: (1) the number of non-linear

activation layers, and (2) the ℓ2 norm of the vectorized input tensor as it propagates

through the network.

In order for a unitary matrix (a linear operator) to enact a non-linear transfor-

mation on a vector, its definition must depend on the vector it is being applied

to. Consequently, techniques which enact non-linear transformations on state-

amplitudes (e.g., Chapter 4 and [208]) must have circuit definitions which depend

on the vector-encoding circuit they are being applied to. Thus, if the unitary

circuit implementing the transformation requires even two calls to the input vector

encoding, then the circuit complexity will grow exponentially with the number of

non-linear activations. Consequently, wide but shallow multi-layer architectures are

ideal for quantum acceleration. Finally, an alternative to fully coherent quantum

acceleration is to periodically read-out the vector in intermediate layers of the

network. As discussed in the introduction, several quantum computing papers

have proposed this approach. However, in general, since reading out a quantum

state incurs a dimension-dependent cost [130, 209] (and incurs polynomial error-

dependence) this either imposes significant constraints on the types of architectures

that can be accelerated (requiring frequent mappings to very low-dimensional spaces

where readout is cheaper), or incur asymptotically dominating error accumulation.

Nevertheless, there are certain settings where periodic state readout may be desirable,

and the techniques presented in this chapter are fully compatible with these ideas.

The second key concept governing the complexity of a quantum implementation

of an architecture relates to the norm of the encoded vector as it propagates through

the network. Whenever a sample is drawn from an encoded vector, a cost inversely

proportional to the norm of the encoded vector must be paid. Similarly, whenever

an encoded vector is normalized, an inverse norm-cost must be paid. Consequently,

to obtain provable end-to-end complexity results, it is essential to lower-bound the

norm of the encoded vector prior to the application of a layer norm (or prior to

drawing a sample from the output of the network). A key tool in doing this is
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the skip connection, as it allows the norm from the previous layer to be preserved

in the output of the next layer. Additionally, if the weight layers are normalized

(i.e., if W represents the matrix form of any parameter layer, then ∥W∥2 ≤ 1),

and the activation function is scaled so that its Lipschitz constant on the interval

[−1, 1] is at most 1, this results in provable norm-preservation bounds. Requiring

weight-layers to be sub-normalized has been extensively explored in the classical

deep learning literature [210–212], as sub-normalization can help prevent network

norm explosion as deeper networks are trained.

It is worth briefly noting that, in certain cases, the sub-normalization condition

on the weight layers can be removed (i.e., for matrix W , 0 ≤ ∥W∥2 ≤ c where

c ≥ 1). This is done by implementing W/ ∥W∥2, and then scaling the input of

the subsequent activation function by ∥W∥2. If using the error function activation,

this increases the cost of the polynomial approximation by an amount proportional

to c. I do not consider this regime as it makes it more challenging to prove

norm preservation properties after the skip connection, but stress that quantum

computers can actually implement such regimes. Numerical studies examining norm

preservation for such networks could shed light into their efficiency.

I will now formally define our ℓ2-norm squared pooling; this is essentially just

an ℓ2-norm pooling operation followed by an element-wise square. Throughout I

will assume that dimensions neatly line-up, noting that if they don’t padding can

be used to easily and efficiently ensure alignment.

Definition D.3.1 (Squared ℓ2 Norm Pooling). Given an N-dimensional vector

|ϕ⟩ = ∑N
j=1 ϕj|j⟩, and a positive integer C such that N is divisible by C, define

fj := (j − 1)N
C

+ 1. Then, we define ℓ2-norm squared pooling by poolC(|ϕ⟩) :=∑C
j=1

∑jN
C
l=fj ϕ

2
l |j⟩, where {|j⟩} is the set of C-dimensional basis vectors.

Lemma D.3.1 (Error Propagated Through ℓ2 Norm Squared Pooling). Define the

N-dimensional vectors |ϕ⟩ and |ϕ̃⟩, such that
∥∥∥|ϕ⟩ − |ϕ̃⟩

∥∥∥
2

≤ ϵ. Then, defining a

positive integer C such that N is divisible by C, and defining poolC as per Defini-

tion D.3.1, we have that
∥∥∥poolC(|ϕ⟩) − poolC(|ϕ̃⟩)

∥∥∥
2

≤ 2Nϵ√
C

.



208 D.3. General Architectural Blocks

Proof. Let |ϕ⟩ = ∑N
j=1 ϕj|j⟩, and let |ϕ̃⟩ = ∑N

j=1 ϕ̃j|j⟩. Then,
∥∥∥|ϕ⟩ − |ϕ̃⟩

∥∥∥
2

≤ ϵ

implies that ∀j, |ϕj − ϕ̃j| ≤ ϵ. Then, additionally using that |ϕj + ϕ̃j| ≤ 2,

∥∥∥poolC(|ϕ⟩) − poolC(|ϕ̃⟩)
∥∥∥2

2
=

C∑
j=1

jN/C∑
l=fj

(ϕl − ϕ̃l)(ϕl + ϕ̃l)
2

≤ 4
C∑
j=1

(
Nϵ

C

)2
= 4N2ϵ2

C
.

(D.77)

I will now prove the key results on architectural blocks outlined in the main

section of this chapter.

Proof of Lemma 5.3.1. The parameter κ in the lemma is designed for situations

where we don’t have a perfect block-encoding of the matrix we would like. For

instance, in cases where we want to apply some matrix A, but we are only able to

get a block-encoding of A/2. We can fix this when applying the activation function

by scaling its input to remove the 1/2 factor.

Let ν := 4κ/5. Let |ϕ1⟩n := W |ψ⟩n/κ, N1 := ∥|ϕ1⟩n∥2, and |Φ1⟩n := |ϕ1⟩n/N1.

Using Lemma 5.2.2 we get U1 a (N −1
1 , a+ b, ϵ0N −1

1 )-VE for |Φ1⟩n with O(T1 + T2)

circuit complexity.

Let |ϕ2⟩n := f(W |ψ⟩n)), N2 := ∥|ϕ2⟩n∥2, and |Φ2⟩n := |ϕ2⟩n/N2. Define 0 <

ϵ1 ≤ 1. Invoking Lemma D.2.17 with U1 and f(κx) = erf(4κx/5) = erf(νx), we ob-

tain U2 a
(

16ν√
πN2

, 2(a+ b) + n+ 4, 2νN −1
1 (ϵ0 + ϵ1)

)
-VE for f(|Φ1⟩nN1)/ ∥f(|Φ1⟩nN1)∥2 =

|Φ2⟩n. U2 has circuit complexity O(ν log(
√
N
ϵ1

)(a+ b+ n+ T1 + T2)).

So as to invoke Lemma 5.2.1 to implement the skip connection and obtain a

state proportional to |ψf⟩n, we will need to factor out a common factor of
√
π

16ν .

Consequently, we invoke Lemma D.2.8 on Uψ to obtain U ′
ψ a (16ν√

π
, a+ 2, ϵ0)-VE for

|ψ⟩n with O(T1 + a) circuit complexity.

Define |γ⟩n :=
√
π

32ν (|ψ⟩n + |Φ2⟩nN2) =
√
π

32ν (|ψ⟩n + f(W |ψ⟩n)), Nγ := ∥|γ⟩n∥2

and |Γ⟩n := |γ⟩n/Nγ . Then, we can invoke Lemma 5.2.1 (setting τ = 1/2) with U ′
ψ

and U2, yielding U3 a
(
N −1
γ , 2(a+ b) + n+ 5, N−1

γ [ ϵ0
√
π

16ν + N2
√
π

16ν (2νN −1
1 (ϵ0 + ϵ1))]

)
-

VE for |Γ⟩n, with circuit complexity O(ν log(
√
N
ϵ1

)(a + b + n + T1 + T2)). We will

now simplify the error component of this VE statement.
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Figure D.2: Full-rank linear-pooling output block.

Figure D.3: This figure shows the final output architectural block used in the neural
networks for Regimes 1 and 2. Here, g(x) = x2 and W is a sub-normalized (potentially
full-rank and dense) matrix.

First, define |x⟩n = ∑
i xi|i⟩n = W |ψ⟩n. Then, using the fact that f(x) =

erf(4x/5) has a Lipschitz-constant of 8
5
√
π

(as per Lemma D.2.17), N 2
2 = ∥f(W |ψ⟩n)∥2

2 ≤∑
i |f(xi)|2 ≤ ( 8

5
√
π
)2∑

i |xi|2 = ( 8
5
√
π
)2 ∥W |ψ⟩n∥2

2. Since ∥W∥2 ≤ 1, ∥W |ψ⟩n∥2 ≤ 1,

and thus N2 ≤ 8
5
√
π

≤ 0.91. Next, we must lower-bound Nγ. Thus, N 2
γ =

(
√
π

32ν )2 (1 + N 2
2 + 2N2⟨Φ2|ψ⟩) ≥ (

√
π

32ν )2 (1 − N2)2 ≥ (
√
π

32ν )2(0.09)2. Consequently,

using that ν ≤ 8/5 (since κ ≤ 2) we get that Nγ ≥ 1/400. Additionally, it is straight-

forward to show that N2/N1 ≤ 0.91κ ≤ 2. Inserting all of these values and perform-

ing simple algebra, we find that U3 is equivalently a
(
N −1
γ , 2(a+ b) + n+ 5, 355(ϵ0 + ϵ1)

)
-

VE for |Γ⟩n.

Let 0 < ϵ2 ≤ 1. Then, invoking Lemma D.2.7, we get Uf , a (1, 2(a + b) + n +

9, 2(355(ϵ0 + ϵ1) + ϵ2))-VE for |Γ⟩n, with circuit complexity O(log(
√
N
ϵ1

) log( 1
ϵ2

)(a+

b+ n+ T1 + T2)). If we let ϵ2 = ϵ1, then we can simplify this to a (1, 2(a+ b) + n+

9, 712(ϵ0 + ϵ1))-VE with circuit complexityO(log(
√
N
ϵ1

) log( 1
ϵ1

)(a+b+n+T1+T2)).

Proof of Lemma 5.3.2. This result comes from repeatedly invoking Lemma 5.3.1,

with the output of each application becoming the input of the next.

I will first give a bound on the total number of ancilla qubits of the block-encoding

giving the final output after k residual block layers. Let a0 = a. c = 2b + n + 9.

After one application of the residual block, the number of ancillas is given by

a1 = 2a0 + c. Then, the general form for the number of ancillas is given by the

recurrence ai = 2ai−1 + c. We can obtain an upper-bound by instead setting
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ai = 2(ai−1 + c). Clearly, ai = 2i(a + c) = 2i(a + 2b + n + 9). Thus, we have a

(1, 2k(a+ 2b+ n+ 9), ϵ)-block-encoding.

We will now determine a bound on the resulting error, ϵ. Note that the ith

residual block introduces a new error-parameter ϵi which controls the error in the

activation function and the normalization of that block. After the first iteration,

the error δ1 is given by δ1 = 712(ϵ0 + ϵ1). After the second iteration, the error

from the previous iteration becomes the new ϵ0, and so the error after the second

iteration is given by δ2 = 712(δ1 + ϵ2). We can set ϵi = δi−1, giving the general form

of the error after the ith residual layer of δi = 1424δi−1 = 724 ·1424i−1ϵ1 = 1424iϵ1/2.

Noting that we want a final error of at most ϵ, we must set δk ≤ ϵ. I.e., we can set

ϵ = 1424kϵ1/2 =⇒ ϵ1 = 2ϵ/1424k. Thus, for i > 1, each ϵi = δi−1 = 1424iϵ1/2 =
1424i
1424k ϵ = ϵ/1424k−i.

Define h(ϵi) := log(
√
N/ϵi) log(1/ϵi). Let the circuit complexity of the block-

encoding after applying i residual blocks be O(Ri). Noting that R1 ∈ O(h(ϵ1)(a0+b+

n+T1 +T2)), Ri asymptomatically dominates T1, T2, ai−1, n and b. Then, the circuit

complexity after block i+1 will beO(h(ϵi+1)(ai+b+n+Ri+T1)) ∈ O(h(ϵi+1)(ai+Ri)).

Then, we can simplify to find that Rk ∈ O((ak +R1)
∏k
i=1 h(ϵi)) ∈ O((2k(a+ 2b+

n) + T1 + T2)
∏k
i=1 h(ϵ/1424k−i)). Noting that ∏k

i=1 h(ϵi) ∈ O((∏k
i=1 log(

√
N/ϵi))2),∏k

i=1 h(ϵ/1424k−i)) ∈ O((∏k
i=1(k − i + log(

√
N/ϵi)))2) ∈ O((k + log(

√
N/ϵ))2k).

Since k is an asymptotic constant, O(k + log(
√
N/ϵ)) ∈ O(log(

√
N/ϵ)), and so∏k

i=1 h(ϵ/1424k−i)) ∈ O(log(
√
N/ϵ)2k). Thus, the overall circuit complexity is given

by O(log(
√
N/ϵ)2k(a+ 2b+ n+ T1 + T2)).

Lemma D.3.2 (Full-Rank Linear Pooling Output Block). Consider the architecture

block shown in Fig. D.3. Let the dimension of the input vector be N = 2n, and

let the dimension of the output of the network block be C = 2c (i.e., the number

of classes). Let the output of the network be given by the vector |y⟩c. Suppose we

have Uψ an (1, a, ϵ0)-VE for the N-dimensional input vector |ψ⟩n = x with O(Tϵ0)

circuit complexity. Here, Tϵ0 makes explicit that the complexity of the input circuit

will be dependent on the desired error of the vector encoding of the layer input
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to this architectural block. Suppose we are given access to an arbitrary matrix W

such that ∥W∥2 ≤ 1 as per Theorem D.2.1. Then, if the weight on the skip-path is

τ = 0.51, we can draw a sample from a vector |ϕ̃⟩c such that
∥∥∥|ϕ̃⟩c − |y⟩c

∥∥∥
2

≤ ϵ with

O(log( N√
Cϵ

)(Tϵ0 + a+ n2)) circuit complexity and with O(a+ n) total ancilla qubits.

Proof. Let d represent the number of bits in part of the QRAM encoding of W ,

as per Theorem D.2.1. Note that d is assumed to be an asymptotic constant. Let

|ϕ1⟩n := Wg(|ψ⟩n), N1 := ∥|ϕ1⟩n∥ and |Φ1⟩n := |ϕ1⟩n/N1. Using Theorem D.2.1,

we can get a (N −1
1 , 2a+d+3+n, 2ϵ0N −1

1 )-VE for |Φ1⟩n with O(Tϵ0 +dn+n2) circuit

complexity. Here d is a constant specifying the precision in the representation of

the elements of the matrix stored as per Definition D.2.2.

Let |γ⟩n := τ |ψ⟩n + (1 − τ)|Φ1⟩nN1 = τ |ψ⟩n + (1 − τ)Wg(|ψ⟩n), and let Nγ :=

∥|γ⟩n∥2.

Then, Lemma 5.2.1 yields V2 a (N −1
γ , 2a+ d+ 4 + n, 3ϵ0N −1

γ )-VE for |γ⟩n/Nγ

with O(Tϵ0 + dn+ n2) circuit complexity.

We will now lower-bound Nγ. The main idea is that if you are summing two

vectors, one with norm 1, and the other with norm at most 1, if you put arbitrarily

more mass on the constant-norm vector (δ), you are guaranteed that the vectors

cannot fully cancel out, and thus that some norm is preserved in the sum. Note

that N1 = ∥Wg(|ψ⟩n)∥2 ≤ ∥W∥2

∥∥∥∑j ψ
2
j |j⟩n

∥∥∥
2

≤
∥∥∥∑j ψj|j⟩n

∥∥∥
2

= 1. Consequently,

|⟨ψ|Φ1⟩| ≤ 1, and so

N 2
γ = ∥τ |ψ⟩n + (1 − τ)|Φ1⟩nN1∥2

2 = τ 2 + (1 − τ)2N 2
1 + 2τ(1 − τ)N1⟨ψ|Φ1⟩

(D.78)
≥ τ 2 + (1 − τ)2N 2

1 + 2τ(1 − τ) = (τ − (1 − τ)N1)2. (D.79)

For some parameter δ ∈ [0, 1], assuming that τ = (1 + δ)/2, we then get that

Nγ ≥ δ.

Then, define ϵ1 ∈ (0, 1]. We can then invoke Lemma D.2.7 yielding V3 a

(1, 2a+ d+ 8 + n, 6ϵ0
δ

+ 2ϵ1)-VE for |γ⟩n/Nγ with O(1
δ

log(1/ϵ1)(Tϵ0 + a+ dn+ n2))

circuit complexity.

Define poolC as per Definition D.3.1. Noting that poolC(|γ⟩n/Nγ) = |y⟩c.
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We can equivalently define some ℓ2-normalized state |Γ̃⟩n such that V3 is a

(1, 2a + d + 8 + n, 0)-VE for |Γ̃⟩n. Then, since
∥∥∥|Γ̃⟩n − |γ⟩n

Nγ

∥∥∥
2

≤ 6ϵ0
δ

+ 2ϵ1, we can

invoke Lemma D.3.1 which shows that
∥∥∥poolC(|Γ̃⟩n) − |y⟩c

∥∥∥
2

≤ 2N√
C

(6ϵ0
δ

+ 2ϵ1).

Consequently, to get an error of at most ϵ, we set 2N√
C

(6ϵ0
δ

+ 2ϵ1) = ϵ, by setting

ϵ1 =
√
Cϵ

8N and ϵ0 = ϵ
√
Cδ

24N . Then, we can simply draw a sample ϵ-close to |y⟩c in

ℓ2-norm distance by sampling the state prepared by V3 and then assigning it to the

appropriate bin.

Setting δ = 0.02 gives τ = 0.51. Then, V3 is a (1, 2a + d + 8 + n, ϵ)-VE for

|γ⟩n/Nγ with O(log( N√
Cϵ

)(Tϵ0 + a + dn + n2)) circuit complexity. Consequently,

we can draw a sample from some vector |ϕ̃⟩c such that
∥∥∥|ϕ̃⟩c − |y⟩c

∥∥∥
2

≤ ϵ with

O(log( N√
Cϵ

)(Tϵ0 + a+ dn+ n2)) ∈ O(log( N√
Cϵ

)(Tϵ0 + a+ n2)) circuit complexity, and

with O(a+ n) ancilla qubits, noting that d is an asymptotic constant.

D.4 Feasibility of QRAM Assumptions

In this section, I restate and expand upon some of the arguments made in Chapter 2

to help motivate the discussion in Appendix D.5. In Appendix D.4.1 I consider the

feasibility of the QRAM assumptions in this chapter. In Appendix D.4.2 I summarize

how arbitrary quantum states can be prepared by using a QRAM data structure,

in service of the subsequent discussion of the different architectural regimes.

D.4.1 Passive and Active QRAM

It is clear that, if a fault-tolerant quantum computer can be constructed, that a

QRAM based on the various quantum circuit constructions (see [1, 36, 213]) can

be directly implemented. Moreover, these circuit constructions have log-depth

access costs. However, as laid out in Chapter 2 (and [1]), the fundamental issue

regarding the practicality of QRAM comes down to the opportunity cost of the

total energy required to implement a query to the QRAM. Precisely, given a QRAM

with N bits of memory, a QRAM is considered passive if and only if each query to

the QRAM requires o(N) total energy input. If the query instead requires Ω(N)

energy input (even if the time complexity is O(polylog(N))) then the QRAM is
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active. Importantly, this means that any QRAM implemented in the error-corrected

circuit-model must be active, as each qubit requires O(1) classical resources to

run the error-correction, resulting in an Ω(N) total energy cost per QRAM query.

Even if error-correction is not used, if enacting the gates in the system requires

constant energy input (e.g., by enacting the gates as laser pulses) then the QRAM

will be active. If the QRAM is active, then in Chapter 2 I show that a wide-range

of quantum linear algebra applications lose quantum speedup. Moreover, there are

additional challenges such as how a noisy (non-error corrected) quantum memory

could be interfaced with an error-corrected quantum processor.

However, as noted in [1] there is some hope in practice, and I will now outline some

of the reasons we provide in [1]. As an example, consider classical Dynamic Random

Access Memory (DRAM). DRAM requires a constant power draw for each bit in

memory, and thus an N -bit memory requires Ω(N) energy input. This makes DRAM

active. Nevertheless, because the energy expenditure of DRAM is often dwarfed by

the energy expenditure of the CPU accessing it, it is usually treated as being a passive

component in classical algorithm design. For instance, [214] demonstrates that for

mobile phones, “RAM power is insignificant in real workloads”, and [215] draws

a similar conclusion for laptops. At larger server-scales, the asymptotics of active

memory become more noticeable, but memory still usually draws less power than the

controlling CPU [216, 217]. Analogously, consider a regime where a QRAM is active,

but its constant energy costs are extremely small relative to the energy costs of the

error-corrected quantum computer it is being interfaced with. Given the substantial

expected overheads of quantum error-correction [58], the ratio of energy consumption

for an error-corrected QPU to an active QRAM could be even more favourable than

in the classical setting. Then, if there is some way to interface this noisy device

with the error-corrected QPU, for moderate scales (e.g., terabytes of memory), it is

conceivable that the QRAM could be practically treated as passive. I call this a

“practically passive QRAM”. Nevertheless, even though practically passive QRAMs

are asymptotically active, they are unlikely to allow full error-correction without

losing their constant advantages (unless, for some reason, the structure of QRAM
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allows for extremely efficient custom-made error-correcting codes). Consequently, it

is important that the QRAM implementation is resilient to errors. Indeed QRAMs

based on the bucket-brigade architecture [218], are intrinsically exponentially (in

terms of the number of memory registers) robust to errors [39, 213, 219].

In this chapter, for simplicity, when making a QRAM assumption the QRAM is

treated as passive. I stress that substantially more work is needed to fully understand

the feasibility of QRAM, but that it is plausible that the QRAM assumptions made in

this paper could be physically realized in practice. In particular, assuming that truly

passive QRAM is impossible, I outline the following questions (building on Chapter 2

and [1]) which could result in the results in this chapter being practically useful. How

can a noisy QRAM system be interfaced with an error-corrected quantum computer?

If such an interface is possible, how do errors in the QRAM propagate through

the error-correction in the QPU? Recent promising work [174] provides answers

to these two preceding questions, and offers a path forward for research aiming

to construct practically passive and useful QRAM. Additional questions which

need to be investigated to help realize a practically passive QRAM include some

of the following. What is the ratio in energy consumption for plausible practically

passive QRAM systems to the energy consumption of the controlling fault-tolerant

QPUs for different error-correcting codes? Given potential active (practically

passive) QRAM architectures, what is the total expected energy consumption

for different sized memories?

D.4.2 Input Preparation via QRAM

The data structure due to [59] can allow for an arbitrary quantum state to be

prepared, so long as the state amplitudes are made available through a specific

QRAM data structure.

Lemma D.4.1 (Input Data QRAM Data Structure [59]). Let N = 2n. Given a

vector x ∈ RN , we can define a data structure utilizing a QRAM with Õ(N) total
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qubits 4 storing x. Then: (1) the cost to update (insert, delete, or modify) an entry

xj is O(n2), (2) using the QRAM data structure, the state |x⟩ = x/ ∥x∥2 can be

prepared by a circuit with depth O(n2), acting on O(n) qubits.

This is just a special case of the more general result in [59] giving a similar data

structure for arbitrary matrices (which we presented as QRAM for quantum data

in Appendix D.1). Intuitively, the state can be prepared by following Grover-

Rudolph [91], using the QRAM data structure containing the tree of binary

partial norms of the vector to compute the controlled rotation angles for each

additional qubit.

D.5 Architectures in Different Regimes

As summarized in the main text, the results presented thus far can be used to

construct a range of architectures in a number of different settings. In particular, I

consider three regimes characterized by the QRAM assumptions they make. In the

first regime, I assume that both the input to the network and the weights in the

network are made available via QRAM. In the second regime, I assume that the

network may use QRAM (since its QRAM data structure may be pre-computed

prior to inference-time), but that the input to the network is received classically

and entirely on-the-fly, and thus that the input cannot be provided with QRAM

(so a cost linear in the dimension of the input must be paid to load it into the

quantum computer). In the third regime, I assume no QRAM. I will now expand

on the arguments presented in the main text in greater detail.

D.5.1 Regime 1: Input and Network Use QRAM

Here I expand on the argument presented in Section 5.4.1.

4Neglecting the finite precision error due to storing vector elements (and their partial squared
sums) in binary representations
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Online Input Construction Noting that as per Appendix D.4.2 QRAM data

structures can be efficiently updated, assuming that the underlying hardware

implementation also support efficient updates, there are a number of settings where

it might be realistic for the input vector to be provided via QRAM.

For example, in any setting where inference needs to be repeatedly performed

on a slowly-changing input (e.g., in an interactive chat with an autoregressive LLM,

where each output token becomes part of the new input), or where the input is

the result of some other quantum algorithm. For example, in the context of auto-

regressive interactive LLM (where the output would be a probability distribution

over tokens instead of classes), the initial vector x might be an encoding of the

hidden prompt to the network (and so the associated data structure can be pre-

computed). As a user queries the LLM, a small number of tokens are added to x,

and these updates can be efficiently performed to the data structure. Then, the

network is run, and the new output token is added to x, again efficiently. This

process can then continue to repeat, and so the cost of loading the data is either

entirely precomputed, or amortized on-the-fly. I envision similar applications in the

classification of video, where a very large, but slowly-changing, video needs to be

analysed one frame at a time. Here, a cost would need to be paid proportional to

the number of changing pixels between each frame, and so the input data structure

could be efficiently updated. Additional settings where it might be reasonable

for the input to be provided efficiently could be if the input corresponds to some

combination of continuous function (via [2]), or if it was prepared as the output

of some other quantum algorithm.

Receptive Field To understand the importance of the final linear layer in the

architecture for this regime, I will first summarize the receptive field problem of

multi-layer convolutional architectures.

For simplicity, consider a 2D convolution with one input channel and one output

channel, and consider a sequence of k such convolutional layers. Let the kernel

be D × D. Since a convolutional layer can map the information in location i, j
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to, at the furthest, the location i+D, j +D, after k layers the information in any

given entry will come from local information in the input at most ≈ kD pixels

away. Consequently, the final layer which is input to the output linear-layer-residual

block will contain features with kD local information, which the linear layer then

combines in a global fashion. I conjecture that having a full-rank layer at this stage

is more effective for merging the local information than a similar dimension, but

low-rank, linear layer. Since the cost of the quantum algorithm grows exponentially

with depth, without the final linear layer, with such an architecture no learning

could occur which requires global information from the input image.

Moreover, there are other approaches which could be taken to make the local

information globally accessible to the earlier convolutional layers, potentially

improving the power of such quantum-amenable architectures in practice. For

instance, after a set number of convolutional layers, a linear layer could be added to

make local information global (however, this damages the nice algebraic properties of

convolutional layers). Alternatively, a sequence of convolutions can be implemented

in each residual block (without activation functions between them) as this would

not increase the complexity exponentially, potentially allowing for many more

convolutions in sequence. Most appealingly, a solution can be found in the popular

classical architecture of bilinear neural networks [175] (which forms the basis of the

architecture presented for Regime 2). Here, paths of convolutional-based residual

blocks are passed into a Kronecker product, which is followed by more layers.

Via Lemma 5.2.3, we can efficiently do this in a quantum computer. Since the

Kronecker product makes all local information globally available, it immediately

solves the receptive field problem. However, while a Kronecker product makes

local information globally accessible, it loses positional information. This can be

resolved by enacting a positional encoding along one of the paths of the network

prior to the product, e.g., as is done when Tokenizing the inputs to transformer

architectures [126].
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Dequantization A number of quantum algorithms which were believed to have

exponential speed-ups over their classical counterparts lost their exponential speedup

after new classical randomized algorithms were developed which mirrored the

quantum input assumptions. For example, see the works of [59] and [52]. Indeed,

it seems likely that, as was the case with the quantum CNN implementation

in [160], that the convolutional residual blocks in the architectures presented in this

chapter could be dequantized (even though they make no QRAM assumptions).

However, the new techniques in this chapter enable the final linear-residual block

to contain an arbitrary full-rank and dense matrix. Since known dequantization

techniques require the matrix to be either low-rank [52, 57] or sparse (with certain

strong caveats) [220], existing techniques appear insufficient to dequantize the full

architectures in Regimes 1 and 2. Moreover, as previously discussed, removing the

final linear layer introduces receptive field problems, highlighting that it is not a

purely artificial addition to the network. Nevertheless, it would be interesting to

exploring dequantizing the architecture without the final linear layer (or perhaps

replacing it with a low-rank one), and this could result in some interesting techniques

to classical accelerate inference for certain architectures.

D.5.2 Regime 2: Network Stored in QRAM, Input Loaded
Without QRAM

See the discussion in Section 5.4.1.

D.5.3 Regime 3: No QRAM

To reiterate, in this regime, both the matrix weights and the network input are

not given by QRAM. I will now prove the complexity of the Regime 3 architecture

shown in Fig. 5.1 (c), as discussed in Section 5.4.1. I note that there are many

simple modifications which could be made to this architecture, for example by

having a final low-rank linear layer with O(N) parameters. Adopt the notation

used in Theorem 5.4.1. Let the input be a 4 ×M ×M tensor, and define N = M2,

n = log2(N), m = log2(M). Thus, the vectorized input is of dimension O(N). Let
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d be the number of paths into the input tensor (i.e., the latent dimension will be

O(Nd)), as per Fig. 5.1 (c). TX is the access cost of the input; in the QRAM-free

regime we assume a worst-case of TX ∈ O(N). Let C be the number of output

classes (or set of possible output tokens).

Assume d = 2. Let δ > 0 be an error parameter used only in the proof.

Directly from the proof of Theorem 5.4.1, we have Uconv, a (1, 2k(63 + n), δ)-VE

(vector encoding) for the ℓ2-normalized output of the k convolutional/residual block

layers. Uconv has O(log(N/δ)2k(n2 + TX)) circuit depth. Note that in that proof, N

corresponds to the vectorized dimension of the latent space (i.e., if there is 1 input

and output channel, N corresponds to the dimension of the vector acted upon by

the matrix-form of the 2D convolution), and thus corresponds to Nd here.

Let |ϕ⟩ represent the exact vector output after the sequence of k convolutional

layers. This VE corresponds to a state |ϕ̃⟩ such that ∥|ϕ⟩− |ϕ̃⟩∥2 ≤ δ. Consequently,

by Lemma D.3.1, sampling this VE (and applying the binning-protocol) yields

a sample from a vector poolC(|ϕ̃⟩) such that ∥poolC(|ϕ⟩) − poolC(|ϕ̃⟩)∥2 ≤ 2N2δ√
C

.

Noting that the correct output of the network is given by y = poolC(|ϕ⟩), we

can get an overall error of ϵ, such that the vector we sample from satisfies ∥y −

poolC(|ϕ̃⟩)∥2 ≤ ϵ by setting ϵ = 2N2δ√
C

=⇒ δ = ϵ
√
C

2N2 . By plugging this into the

circuit complexity of Uconv, and noting that here I assume we pay the full input

dimension cost (since there is no QRAM), TX ∈ O(N), and so this simplifies to

O(N log(N3/ϵ
√
C)2k) ∈ Õ(N log(1/ϵ)2k) total circuit cost. As stated in the main

text, since the dimension of the vector acted on by the 2D convolution is O(N2)

(when d=2), the classical cost to compute this is Ω(N2): showing a quadratic

speedup over an exact classical implementation. The speedup can be made

asymptotically larger by increasing d.

Possible Limitations Here I will outline some of the possible limitations of the

architecture shown in Fig. 5.1 (c). Since there is no final linear layer (in the archi-

tecture as directly presented), the receptive field problems outlined in Section 5.4.1

may appear to apply. However, by virtue of taking the tensor product of the input
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paths, local information becomes immediately globally accessible circumventing

this limitation. Moreover, another way that local information could made global

is from the processing that occurs along each path prior to the tensor product,

since there is no limit on the classical processing that can occur (so long as the

total compute is linear in the dimension of the input).

Moreover, our argument against dequantization in the first regime (see Sec-

tion 5.4.1) relies on the final dense and full-rank linear layer. However, since this

layer is not feasible without QRAM, this argument does not apply here. However,

as we are only suggesting a polynomial speedup in Regime 3, we do not expect a

dequantized algorithm to completely close the performance gap past quadratic, as

we benefit from amplitude amplification. However, exploring dequantized algorithms

based on the ideas in this paper appears to be interesting subsequent work.

Finally, if the network only contains the convolutional layers, it will likely be very

under-parameterized making training challenging (see e.g., [221] for a discussion on

overparameterized neural networks). However, where the dimension of the vectorized

input is N , it would be easy to add O(N) parameters, either in the classical paths

prior to the tensor product, or as a final low-rank residual output block (prior to

the ℓ2-norm-pooling), so long as the number of parameters in that block are O(N).

Alternative: Parameterized Quantum Circuits as Network Layers Alter-

natively, one could use parameterized quantum circuits as network layers [140–142],

as the number of parameters in such circuits are usually polylogarithmic in the dimen-

sion of the operator. However, such circuits are often hard to train even on classical

machines, due to under-parameterization, the barren plateau problem [149, 150],

and the exponential amount of bad local minima in the optimization landscape [148].

However, given good enough initializations and warm start assumptions [222], it may

still possible to train such architectures, leading to potential speed-ups in inference.
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Other Possible Sources of Speedup In some cases, where the input can be

efficiently prepared without paying a dimension-dependent cost (e.g., the input

comes from quantum states which are easy to prepare, either via some other

quantum algorithm, or via techniques like those outlined in Chapter 3) it may

be possible to obtain better than quadratic speedups. However, I leave this as

a topic for future investigation.

D.6 Technical Results

I now report a result on the efficient polynomial approximation to the error function

due to [192], which builds on the results of [223]. This result is an improvement

over the approximation obtained by an integration of the series expansion for

the Gaussian distribution.

Lemma D.6.1 (Polynomial Approximation to Error Function due to Corollary 4 of

[192]). Let m ≥ 1/2, 1 ≥ ϵ > 0. There exists a degree k ∈ O(m log(1/ϵ)) polynomial

Pk,m(x) such that

Pk,m(x) := 2me−m2/2
√
π

I0(m2/2)x+
(k−1)/2∑
j=1

Ij(m2/2)(−1)j
(
T2j+1(x)
2j + 1 − T2j−1(x)

2j − 1

)
(D.80)

and maxx∈[−1,1] | erf(mx) − Pk,m(x)| ≤ ϵ. Let 1 ≥ c > 0. Alternatively, if k ∈

O(m log(mc/ϵ)), then maxx∈[−c,c] | erf(mx) − Pk,m(x)| ≤ ϵ. Additionally, for all k,

maxx∈[−1,1] |Pk,m(x)/x| ≤ 4m√
π
, and Pk,m(0) = 0. Finally, minx∈[−1,1] | erf(mx)/x| ≥

1/2, and erf(mx) has Lipschitz constant L = 2m√
π
,

Proof. For the case where maxx∈[−1,1] | erf(mx) − Pk,m(x)| ≤ ϵ, the result on

the polynomial approximation is directly taken from [192]. We will now prove

the bound when the function is constrained to the interval [−c, c]. Let ϵ1 :=

maxx∈[−c,c] | erf(mx) − Pk,m(x)|. From Equation (71) of Corollary 4 of [192], for a

degree k polynomial approximation, we have the following error-bound,

ϵ1 ≤ 2me−m2/2
√
π

∣∣∣∣∣∣
∞∑

j=(k+1)/2
Ij(m2/2)(−1)j

(
T2j+1(x)
2j + 1 − T2j−1(x)

2j − 1

)∣∣∣∣∣∣ . (D.81)
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Using the identity
(
T2j+1(x)

2j+1 − T2j−1(x)
2j−1

)
= 2

∫ x
0 T2j(t)dt, and using the fact that

all Chebyshev polynomials of the form T2j are even, we can get the bound

that 2
∣∣∣T2j+1(x)

2j+1 − T2j−1(x)
2j−1

∣∣∣ ≤ 2
∫ |x|

0 |T2j(t)|dt ≤ 2|x| ≤ 2 maxx∈[−c,c] |x| = 2c, since

maxx∈[−1,1] |T2j(x)| ≤ 1.

Then, applying the triangle inequality, Eq. (D.81) becomes,

ϵ1 ≤ 4cme−m2/2
√
π

∞∑
j=(k+1)/2

∣∣∣Ij(m2/2)
∣∣∣ . (D.82)

Define ϵgauss,γ,k as per Corollary 3 of [192]. Define some ϵ′ > 0.

Note that ϵgauss,γ,k = 2e−γ2/2∑∞
j=n

2 +1 |Ij(γ2/2)|, and that ϵgauss,γ,k ≤ ϵ′ if k ∈

O(
√

(γ2 + log(1/ϵ′)) log(1/ϵ′)). Thus, ϵ1 ≤ 2cmϵ′√
π

. To get an overall error-bound of

at most ϵ, we can set 2cmϵ′√
π

= ϵ, and so ϵ′ =
√
πϵ

2cm . Thus, if we set k ∈ O(m log( cm
ϵ

)),

we are guaranteed that maxx∈[−c,c] |Pk,m(x) − erf(mx)| ≤ ϵ.

Next, d
dx

erf(mx) = 2m√
π
e−(mx)2 , and consequently the maximum value of the

derivative of the function is when x = 0, i.e., maxx∈[−1,1] | d
dx

erf(mx)| = 2m√
π
.

We will now prove that |Pk,m(x)/x| ≤ 4m√
π

and minx∈[−1,1] | erf(mx)/x| ≥ 1/2.

Noting that Pk,m(0) = 0, (since for x = 0, T2j(x) = cos((2j + 1) arccos(0)) =

cos((2j+1)π/2) = 0), by Lipschitz continuity we have that |Pk,m(x)/x| ≤ | d
dx
Pk,m(x)|.

Noting that d
dx

1
2(T2j+1(x)

2j+1 − T2j−1(x)
2j−1 ) = T2j(x),

max
x∈[−1,1]

|Pk,m(x)/x| ≤ max
x∈[−1,1]

∣∣∣∣∣ ddxPk,m(x)
∣∣∣∣∣ (D.83)

= max
x∈[−1,1]

∣∣∣∣∣∣2me
−m2/2

√
π

I0(m2/2) + 2
(k−1)/2∑
j=1

Ij(m2/2)(−1)jT2j(x)
∣∣∣∣∣∣ .

(D.84)

A common identity for modified Bessel functions of the first kind states for t ̸= 0,

e
1
2y(t+t−1) = ∑∞

j=−∞ tjIj(y). Setting t = 1, we find ey = ∑∞
j=−∞ Ij(y). Moreover,

since Ij(y) ≥ 0 for all y > 0, ∑(k−1)/2
j=1 Ij(m2/2) ≤ em

2/2. Thus, using that

maxx∈[−1,1] |T2j(x)| ≤ 1,

max
x∈[−1,1]

|Pk,m(x)/x| ≤ 4me−m2/2
√
π

(k−1)/2∑
j=1

Ij(m2/2) ≤ 4m√
π
. (D.85)
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Thus, it is clear that this upper-bound is independent of the degree of the polynomial

approximation, and thus applies to the whole interval x ∈ [−1, 1] and not just

x ∈ [−c, c].

Finally, we must show that minx∈[−1,1] | erf(mx)/x| ≥ 1/2. First, note that

| erf(mx)/x| is symmetrical, so we can simply consider the interval x ∈ [0, 1]. More-

over, it is monotonically decreasing, so we can take the endpoint minx∈[−1,1] | erf(mx)/x| =

erf(m). Since m ≥ 1/2, erf(m) ≥ erf(1/2) ≈ 0.52 > 1/2.
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