WIENER-PITT SETS FOR COMPACT ABELIAN GROUPS
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ABSTRACT. Suppose that G is a compact Hausdorff Abelian group. We say p € M(G) is
strongly continuous if |u|(z + H) = 0 for any = € G and any H < G that is closed and of
infinite index.

We prove that for any sufficiently rapidly decreasing sequence (a,)%2; € c¢o(N), for
every strongly continuous € M(G) with ||u| < 1 and 7i(G) C {a, : n € N} U{0}, the
measure g * 4 is absolutely continuous with respect to Haar measure on G. This implies
that p does not exhibit the so-called Wiener-Pitt phenomenon.

The paper is a continuation of investigations started in the article ‘On the relationships
between Fourier-Stieltjes coefficients and spectra of measures’ published in 2014.

1. Introduction

Throughout the paper G is a locally compact Hausdorff Abelian group and G denotes
its (locally compact Hausdorff Abelian) dual group.

By M(G) we denote the unital Banach algebra of all complex-valued regular Borel
measures on GG equipped with the total variation norm and the convolution product, and
for p € M(G) we write o(p) for the spectrum of p in M(G).

We write A(M(G)) for the Gelfand space of M(G), that is the set of not-identically-zero
multiplicative and linear maps M (G) — C, equipped with the weak*-topology, and in
particular we have

(1) o(p) = {x(p) : x € A(M(G))}.
The Fourier-Stieltjes transform of u € M(G) is the function fi : G — C given by:

i) = [ v(=2)du(x) for 7 € G.
This gives rise to the following embedding
(2) G = AM(G));y = (M(G) = C; = fi(7)).

This is an injection — a measure is determined by its Fourier-Stieltjes transform — and
when G is discrete it is a surjection, but more generally the image is not even dense in the
codomain. Indeed, it was shown [OWG] that if G is non-discrete then A(M(G)) is not
separable, whereas there are non-discrete G with countable dual groups e.g. G = T.
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In view of (1) and certainly fi(v) € o(u) for all v € G, and since o(u) is compact,
we have

A(G) € o).
If we have equality in this inclusion then following [Zl, p618], i is said to have a natural
spectrum.

We write L'(G) for the closed ideal of M(G) of measures that are absolutely continuous
with respect to Haar measure on G. Any character on M (G) restricts to a multiplicative
and linear map L'(G) — C, and this is either identically zero, or else has the form > ji(7)
[E, Theorem 4.2, p88]. Hence by , if 1 € LY(G), then o(p) C fi(G) U {0}. In this case
the Riemann-Lebesgue lemma tells us 0 is a limit point of ﬁ(é’), and we conclude that p
has natural spectrum.

When G is discrete L'(G) = M(G), and so all measures have natural spectrum but
when G is not discrete there are measures which do not and this is called the Wiener-
Pitt phenomenon. The first examples of such measures were identified in [WP], with
the first proof in [Sr], and alternate approaches in [W] and [GI.

Since a measure p € M(G) is uniquely determined by its Fourier-Stieltjes transform it
is a long-standing problem to explain how various properties of a measure can be deduced
from the behaviour of its Fourier-Stieltjes transform. In this paper we will analyse the
case in which we only control the range of the Fourier-Stieltjes transform, not the detailed
distribution of the values attained on G.

A compact set K is one of the titular Wiener-Pitt sets if whenever u € M(G) has
7i(G) C K then p has natural spectrum. It is a short exercis to show that all finite sets
are Wiener-Pitt sets, and we are interested in finding infinite Wiener-Pitt sets.

The study of this class of problems was (probably) initiated by Sarnak in [Sar] for
multipliers on LP-spaces where p > 1. The main result from [Sar] can be vaguely described
as: ‘if the closure of the range of the multiplier is sufficiently small (including all countable
sets) then that multiplier has a natural spectrum’. Our problem corresponds to multipliers
on L'-spaces, which is different and not covered by Sarnak. On the other hand:

Theorem 1 ([OW| Theorem 2|). There exists an uncountable compact set K such that if
we M(T) and i(Z) C K then u has a natural spectrum.

The proof of this result is restricted to the situation in which the Littlewood conjecture
(resolved in [K| and [MPS]) holds true which essentially means that there is no hope in
extending these arguments beyond the case of groups having (essentially) torsion-free dual.

The purpose of this paper is to try to extend Theorem [I|to arbitrary compact G. Whilst
we do establish a result in that generality of group, we have to make do with a countably
infinite set and we also need an additional restriction on the measures we consider. This
restriction is that u € M(G) be strongly continuous, which means that |u|(z + H) =0
for all z € G and H < @ closed and of infinite index.

1See [OW], p117].
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Theorem 2. There is a function 6 : (0,1] — (0,1] such that if (a,)22, is a sequence of
positive reals with a1 <1 and anyy < an d(an) for alln > 1, G is compact, and pu € M(G)
is strongly continuous with [i(G) C {a, : n € NYU{0} and ||u|| < 1, then p has natural
spectrum.

A direct attempt to transport the arguments of [OW| runs into difficulties because
general compact Hausdorff Abelian groups may have infinite closed subgroups of infinite
index, and Haar measure on such a subgroup, extended to the whole group by letting it
be 0 elsewhere, is a continuous measure that is not strongly continuous.

The proof of Theorem [2 I under the additional assumption that G is torsion-free is easier
and since the more general argument is based on it, we begin in §2] with a proof of this
before moving to the full proof of Theorem [2]in §3]

In fact we show something slightly stronger than Theorem [2} Theorem [I2] shows that
w satisfying the hypotheses of Theorem [2| has p * p € L'(G). Tt follows by the Riemann-
Lebesgue lemma [F, Proposition 4.13, p93] that we can apply [Z, Theorem 3.2(a)] to get
that y(u)? = X(,u « ) = 0 for all those x € A(M(G)) that do not arise from ({2)). It then
follows from that p has a natural spectrum

We close the introduction by remarking that it may be possible to prove a non-Abelian
analogue of Theorem [2 I where the discrete Abelian group G is replaced by a more general
discrete group I', and fi is replaced by an element of B(I') N¢o(I) (the Rajchman algebra).

2. The torsion-free case

In this subsection we will present a proof of Theoremfor the case when G is additionally
assumed to be torsion-free. This proof will also be the backbone of the argument in the
more general case.

We start by recording a general tool we need in both cases: the so-called uniform invari-
ant approximation property for compact Abelian groups. This was introduced by Bozejko
and Petczyniski in [BP] with an improvement due to Bourgain (see the original work [B]
and for a more general result see [O]).

Theorem 3 (BPB construction). There is an absolute constant C' > 1 such that for any
€ (0,1], if G is compact, and A C G is finite, then there is a trigonometric polynomial f
with the properties:

(i) f(N) =1 for all X € A; (i) ||f|y < 1+¢&; and (m)|suppf]<( )H

The notation f here denotes the Fourier-Stieltjes transform of fdug where pg is Haar
probability measure on G, and || - ||; denotes the L'-norm of f against pg.

We shall also need tools to understand strongly continuous measures, and for this purpose
we have:

2This is genuinely weaker: the probability measure 1 assigning mass 1 to the identity has a natural
spectrum but u* u = u ¢ L*(G) for G infinite.
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Theorem 4 ([GM| Theorem 1.4.1, p18]). There is an absolute constant C' > 1 such that

if G is compact, v > 2 is an integer, p € M(G) is strongly continuous with ||p|| < ",

Q:={yeG:|aly)| =1}, and |i(7)| < exp(=r) for v ¢ Q; then Q is finite, and if G is
torsion-free then |Q| < exp(C'r?*logr).

Our main theorem in the case when G has a torsion-free dual is the following:

Theorem 5. There is an absolute constant C" > 1 such that if (a,)5, is a sequence of
positive reals with a1 < 1 and apy1 < a,exp(—exp(C”a,®)) for alln > 1, then for G
compact with torsion-free dual, and p € M(G) strongly continuous with ﬂ(@) C{an:ne
N} U {0} and ||u]] <1, we have px u € LY(G).

Proof. Let C" := 4C + 324C" where C and C" are (here and throughout this argument) as
in Theorems [3| and 4] respectively, and suppose that (a,), and p satisfy the hypotheses of
the theorem, so in particular a, < 2=~ for all n > 1.

By Theorem [4| applied to a, 'y with r = [17a, %] we have
U A

k=1

< exp(C'[17a;%)%) where Ay := {y € G : |[i(7)| = ax},

since a,11 < a,exp(—[17a,?]). For each n > 1 define pu,, € M(G) by Fourier inversion
such that 1, = 14, and put v, := >_}'_; axp so that the support of v, is Up_; Ax.

For each n > 1 apply the BPB construction (Theorem (3| with ¢ = 1) to the sets supp v,
to get trigonometric polynomials f, such that N R

(i) fu(y) =1 for all v € supp ; (ii) || full1 < 2; and (iii) | supp f,| < C2/suppval,

By Fourier inversion we have

du* f, duv,
3 *Jn = Un S -
N S L = |
< > ) )l
YU, Ak

< [ fallinsa| SUpD Ful < 20, C2PE T <,

Since [|p* foll < ||l - | fnlli < 2, it follows by the triangle inequality that ||v,| < 3 for
n > 1 (and trivially for n = 0 since vy = 0). By the triangle inequality again

nllpnll = [lvn = vaa |l < lwall + [lvn |l < 6 for n > 1.

Finally, let p, := >3_; aZp,. Then

n n 6
lon = pmll < 32 @il <6 30 ax < o forn > m.
k=m+1 k=m+1
It follows that (p,), is Cauchy. Since their Fourier-Stieltjes transforms have finite support,
the measures p, are also in L'(G), which is a closed ideal in M(G) and M(G) is complete,
S0 pp — p for some p € LY(G).
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Since the Ags are pairwise disjoint we have p,(7) — i(7)? for v € G and hence p(y) =
fi(y)? for all ¥ € G, and by the uniqueness of the Fourier transform p = p * p and the
result is proved since p € L'(G). O

To extend the proof above to groups with torsion in the dual we need a bound like ({3)

without necessarily having a bound on the size of supp ﬁ in terms of a,,. This is the main
work of the next section.

3. The general case

The main work of this section is to prove the following theorem which addresses the
challenge raised at the end of the last section. After we have done that, a similar argument
to the proof of Theorem 5| yields Theorem |12 (and hence Theorem [2] per the discussion at
the end of the introduction).

To state the theorem we need some notation: For z € G we write n, for an integer
minimising |f(x) — n,| over all integers, and put

d(f,72) .= sup{|f(z) — n.| : z € G}.
If d(f,Z) < %, then every n, is uniquely defined and we are allowed to form a function
fz : G — Z by putting fz(x) := n, and in particular

Theorem 6. There is a function &' : (0,1] x (0,1] x [1,00) — (0,1/2) such that if M > 1
and 1,69 € (0,1], G is compact, u € M(G) has real Fourier-Stieltjes transform with
lp|l < M, S = supp (@), is finite, and d(f,Z) < 0'(e1,e2, M), then the measure py,
defined by dpz(x) =35 (W)z(V)v(x)dpc(x) has |[pz]l < (1+e1)|[pl + e

The function ¢ above depends on three parameters, the first two of which represent
‘errors’ — one multiplicative and one additive. These could be combined since we have not
paid attention to the quantitative aspects of this work, but we have kept them separate to
aid understanding in the proofs that follow, as these errors occur in different ways.

We shall prove Theorem [0, by first proving it for finite groups and then applying a
standard limiting argument. To prove the finite version we need to record some more tools
which will be more familiar to those working in ‘discrete analysis’.

First, the process of passing to the nearest integer respects algebraic properties if the
error is small enough:

Lemma 7. Suppose that d(f,Z),d(g,Z),d(h,Z) < % and f = g+ h. Then the functions
12, 9z, hz, are well-defined, and fz, = gz + hy.

Proof. Since f(z) — (g(x) + h(x)) = 0, by the triangle inequality

| f2(x) = (92(x) + hz(2))| = | f(z) = fz(z) — ((9(2) — g2(x)) + (h(z) — hz(x)))]
< d(f,Z) +d(g,Z) + d(h,Z) < 1.

The result is proved since the left hand side is an integer and so it must be 0. U
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Annihilators. For G finite the annihilator of K < G is
L={yeG:y@) =1forallz € K}.

We write mg for the uniform probability measure on GG with support in K i.e.
mg(A) =|ANK|/|K| for all A C G,

so in particular mg = ug.

Lemma 8. Suppose that G is finite and K < G. Then mg = 1g1; |[KH|pe(K) = 1; and
f: G — C is constant on cosets of K if and only if supp f C K+.

Proof. We prove the last part first: the ‘if’ direction is by Fourier inversion: if £ € K and
x € GG then

fle+k) =3 Foe+k) = 3 Fone+k) = 3 fi)r() = f(2).

~eG yeKL yeK+

Conversely, for ‘only if’, given k € K we have

/f k—x)dua(r)
= [ 1w+ Wrv(=y)ducly + k) = [ Fr(-y)dua) = F().

If v ¢ K+ then we can take k € K with v(k) # 1, and hence f(v) = 0. The last part is

proved.
/7 x)dmg () = /de(x) =

If v € K+ then certainly
and since my = pug(K)™! 1k, and 1x is constant on cosets of K we have mr(y) = 0 for
v & K+; in summary mz = 1. Finally, by Parseval’s Theorem we have

| K e (K Z Tk (v /1KdMG = pe(K)
'VEG’
completing the lemma when we divide by ug(K) > 0. O

The quantitive idempotent theorem. Cohen’s idempotent theorem [C] describes the
structure idempotents in M(G). We shall use a quantitive version from [GS| which is
stated dually, for the algebra norm. This is the norm

(4) 1flla@) = 3 1F(3)] = sup > fr ol <1

'yea 'yeG

In fact the proof proceeds for the wider class of almost-integer-valued functions, and the
next result can be read out of the arguments in [GS], but is also an immediate consequence
of [San, Theorem 10.1].
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Theorem 9. There are functions 0" : [1,00) — (0,1/2) and F" : [1,00) — N such that if
M > 1, G is finite, and f : G — R has ||f|la@) < M and d(f,Z) < 6" (M), then there are
I <2M, Hy,...,H <G, and functions ¢1,...,9, : G — Z such that f;, = g1 + -+ + g,
and for all 1 <1i <, g; is constant on cosets of H;, is supported on at most F"(M) cosets
of H;, and ||gil|ec < F"(M).

In fact we shall need a corollary of Theorem [9 which we record below in Lemma This
corollary is more naturally proved directly using the methods of [GS], and doing that would
give better bounds, but at the expense of making this paper longer and less self-contained.

Lemma 10. There are functions 6’ : [1,00) — (0,1/4) and F’ : [1,00) x (0,1/4] — N such
that if M > 1, G is finite, f : G = R has || f|la@) < M and d(f,Z) < §'(M), then either
fz =0, or for each n € (0,1/4] there is a subgroup K(n) < G such that

(a) d(f * mgu),Z) < d(f,Z) +n whenever 0 < n < i;

(b) ||f * mg@pllo > 5 whenever 0 <n < %;

(¢) supp(fxmp(y) )z is a union of at most F'(M,n) cosets of K(n), whenever 0 < n < %;
(d) K(n') < K(n) whenever 0 <n' <n < 1.

Proof. Mindful of where the proof will go, we take §'(M) := ¢"(M)/2 and
(5) F'(M,n) = [max {77*(171)11}7’”(]\4)2#1 1< < ZMH

where 0" and F” are the functions in Theorem [9l

Now, suppose M > 1, G is finite, f : G — R has ||f|la) < M and § := d(f,Z) <
&'(M). Since &'(M) < §"(M) Theorem [9] gives us | < 2M, Hy, ..., H; < G, and functions
g1,---,q - G — Z such that f; = g1 + -+ + g, where for each i € {1,...,}, the function
g; is constant on cosets of H;, is supported on at most F”(M) cosets of H;, and has
Igilloo < F"(M).

Suppose fz Z 0, then we may also assume that no proper non-empty subset of the g;s
sums to be identically 0 — if there were such a sum we could just remove those H;s and g;s.

It will be notationally convenient to reorder the H;s so that for all k € {1,...,[} we have

(6) |H1ﬁﬂHk,lﬁHk]2|H1ﬂﬂHk,lﬂHJ|forallj€{k,,l}

with the convention that if k =1 (6]) just says that |H;| > |H}| for all j € {1,...,1}. This
reordering can just be done greedily, and of course need not be unique.

For k € {1,...,1l} write K} := HyN---N Hy, so that Ky > --- > K. For each n € (O,i]
let

1) k(n) = min {k el 1—1}. K &Z’“H‘ < lF,,?M)2} U {1},

With this we put K (1) := Ky, so that if 7/ < n then k(n) < k(1/), and so K(n') < K(n).
This establishes property [(d)] of the K (n)s. To show [(a)] [(b)} and we shall simplify
notation and write k := k(n) and K := K(n).
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First we estimate the size of K: By , for j < k,

K1 _ K5 N Hjal n
| 5] | ] LF"(M)*
Hence by telescoping,
k—1 -1
| K| | K| n Ui
8) |K|=|K| = | K > | ——— K> | —=—— H,|.
( ) | | ’ k" ’chfll |K1| ‘ 1‘ lF”(M)2 | 1| = lF”(M)2 | 1|

Now to our main estimates: K < H, for all j < k and, as g, is constant on cosets of H;
for all 7, we have

(9) Y gixmig =Y g;

j<k j<k

Write W; for the set of cosets of H; on which g; is supported. Then

95 < > gilleo - Lo, (y) for all y € G,
I-‘rHjGWj

and so by the triangle inequality and the bounds ||g;|l« < F”(M) and |W;| < F"(M), we
have

<D Ngilloo - W] - maxc [ Loy, mcloo

J>k o >k
= > _llgilloo - V1 - 1111, % M [
>k
KnNH,
(1()) S F//(M)Q X Z ’ J’ )
s K
The equality |1z, * Mkl = |K|?(Ifj | follows from the fact that the intersection of two cosets

of two subgroups is either empty or a coset of the intersection of these subgroups.
Now, if £ < [ then by , and then @ and we have

Zgj*m[(

j>k

|K N H,
S F”(M)2 . Z ‘K‘ J

j>k

(11) < F"(M) T <

o0

Of course, if k£ = [ the sum on the left is empty and so the inequality certainly also holds.
By the triangle inequality and @ and

fZ*mK_Zgj

J<k

< |(f = fz) *mk|le +

Hf*mK_Zgj

i<kl

SO+ ||(gr+g)xmg = Y gixmi| <0+,

Jj<k
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whence d(f * mg,Z) < §+n, and [(a)|is established. Since § +n < §'(M) +1/4 < 1/2, we
may also conclude that
(12) (f *mg)z =) g;
i<k
The right hand side is not identically 0 and hence || f *mg||s > % i.e.|(b)|is shown. Finally,
the right hand side of is non-zero on at most
= L]
< F'(M < F'(M,

S W gy < PO < P ()

j<
cosets of K. The first inequality is valid since |H;| < |H;| for all j and |K N H;| = | K|
for all j < k; the second inequality follows from and the definition of F'(M,n) in ().
This gives and the proof of the lemma is complete. O

Theorem 11. There is a function 6 : (0,1] x (0,1] x [1,00) — (0,1/2) such that if M > 1

and €1,&9 € (O 1], G is finite, f : G — R has || flla) < M and d(f,Z) < 6(e1,e9, M),

then || fzllac) < (1 + )l fllae) + &2

Proof. For m > 1 a natural number write A,, := (0, 1] x (0,1] x [m/2, (1+m)/2). We shall

define 6, : A, — (0,1/2) such that

(P) for all (e1,e2, M) € Ay, G finite, f : G — R with || f||a) < M and d(f,Z) <
m 5m(517€27M)7 we have HfZ“A( (1 + gl)l‘f“A + €2

The function ¢ is then simply the functions d,, pieced together on U,,>s Ay. (We exclude
A; in the domain of § in the statement of the theorem; it is convenient here as a base to
start an induction.)

For m =1, set d1(g1,62, M) := (1 — M)/2 € (0,1/2) and suppose that (e1,e9, M) € Ay,
G is finite, f : G = R has || f|lae) < M and d(f,Z) < 61(M,e1,€2). If fz # 0 then

M = |[fllae) = 1flle = [ fzlle —d(f,Z) =1 = (1 = M)/2,
and so M > 1 — a contradiction to the fact M € [m/2,(1 +m)/2). Hence fz =0, and so

(13) Ifzllae =0 < (T+e)lfllae + e

and (P;) is proved.
For what remains it will be useful to write F” : [1,00) x (0,1/4] x (0,1] — N for

F'(M,n,e) = {(1 . (C)W(Mﬂ

€1

where [ is as in the statement of Lemma [10land C is as in Theorem [3l
Suppose that m > 1 is a natural number and assume that ¢,, has been defined satisfying
(Py,). To define 6,,,1 we introduce some auxiliary variables and functions. For (g1,e9, M) €

Apny1 note that M > 1 and (51, 2 M — %) € Ap,. Set [ := [3M] and

_1 €2, 1
(14) no.—gam(sl,Q,M 2)e<o,1/4]



10 PRZEMYSEAW OHRYSKO, TOM SANDERS, AND MICHAL. WOJCIECHOWSKI

and
(15) Ni4+1 := min {772-, %F”(M, m,el)l} € (0,1/4] for 0 <i < .

With these define d,,41(€1,€2, M) := min{d’(M),n;} where ¢ is as in the statement of
Lemma, [T0L

Now, suppose that (1,69, M) € Ay, G is finite, f: G — R with || f|laq) < M and
d(f,Z) < 6pmy1(e1,e9, M). Let 1 := [3M] and define n; for 0 < ¢ <[ as in and (

Since d(f,Z) < dpmi1(e1,89, M) < §'(M) (where ¢’ is the function from Lemma 1 , we
may apply Lemma (either to get fz = 0 in which case we are done as in .) or) to
get a group K (n) for each n € (0,1/4] such that these groups satisfy properties |(a)H(d)| of
Lemma . In particular, since % >ng>m > ... > >0,

(a) d(f * mg(m,), Z) < 6my1(e1,62, M) +1; < 21, for all 0 <@ < I

(b) [If * mug(mylloe > 3 forall 0 < i <

(c) supp(f * mK(m))Z is a union of F'(M,n;) cosets of K(n;) for all 0 <1i <1

(d) K(no) > -+ > K(m).
In view of the definition of annihilators, the nesting in @ reverses when we take annihi-
lators i.e. K(m)* > ... > K(no)*. Thus, since mp = 11 for any K < G, we have

-1

-1
SONF*mucmy — F*mumollac =D > )] < 1 flla)-
1=0

=0 ye K (;41) - \K () +

By the pigeonhole principle there is some 0 < iy < [ such that

(16)  If * miy) = f* My lloo <N * M) — f*mi@, ollac < - <

~|=

1
3
By the triangle inequality and @ we have
[(f = mK(m‘O))Z — ([ * mK(moﬂ))Z”OO <||f* MK (i) — o mK(mO+1)||OO
+ d(f * MK (1) Z) + d(f * MK (niy41)s Z)
4

1 1
< = 27, 21 < = *:1,
3+ 770+ Mio+1 3+6

and so (f x mr@,))z = (f * MK, .,))z- Establishing this consequence is the purpose of
the sequence of 7;s we defined earlier; going forward write K := K(n;,) and H := K(9;,11),
and then what we need (from what we have already shown) is:

(@) d(f*my,Z) = d(f * my, Z) < 2nig41;
(b") If * mallee = 5
(¢") supp(f * mpy)z = supp(f * mg)z is a union of F’'(M,n;,) cosets of K.

Since G is finite, the supremum in is attained by the Heine-Borel Theorem and so (by
Fourier inversion, again since G is finite) there exists ¢ : G — C satisfying |||l < 1 and

(17) > ((f+mm)z)”(v) - 8(7) = I(f * mm)zll ac)-

veG
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Since (f *mpy)z is constant on cosets of K the Fourier transform of (f *my)z is supported
on K+ (by Lemma [8)) so we may assume that supp  C K.
Let W be the set of cosets of K on which (f * mg)z is supported, so that by we
have [W| < F'(M,n;,) and x € supp(f * mpy)z if and only if x + K € W.
The map

d:G/K — Kliz+K— (Kt = SYy = 7(2)
is a well-defined isomorphism [R, Theorem 2.1.2] and so by the BPB construction (Theorem
D applied to the subset A := {®(W) : W € W)} of K- we get a trigonometric polynomial
g on K+ (which although naturally discrete, is also finite and so compact) such that
o~ .. ~ C 2F/(M777i0)
(i) g(@(W)) =1for all W e W; (ii) ||g]l1 < 1+ &1; and (iii) | supp g| < (a) :
Define ¢ : G — C;z — ¢(z)g(®(z + K)). Then we claim the following facts:
(A) (] *mn)zs ) = 17 5 el

Proof. g(®(z + K)) = 1 when x € supp(f * my)z (by|(i)| and the definition of W)
and then Parseval’s Theorem gives

((f *mu)z,d) = ((f *mm)z, 0) = D_((f *mu)z)"(7) - 3(7),

veG
and the claim follows by . O
(B) [[9lloe < 1+e1.
Proof. Since
1
§(P(z + K)) | Z g(N®(x + K) (=) = "L > g()y(=x)
*yGKJ- vyeKL
for all x € G, we have
Y p(2)g(@(x + K))M—x)
|G‘ zeG
g(v p(x g(VS(r +A).
- 7] EZKL iG] 5 - ez 00

It follows by the triangle inequality that [||lso < |lg||1]|@]ls which gives the claim

by and design of @. O
(C) suppo C K+

Proof. As noted after (17) we may assume that supp@ C K+ and so by Lemma

¢ is constant on cosets of K. The function G — C;z — §(®(z + K)) is visibly

constant on cosets of K, and so ¢, which is the product of this function and ¢, is

constant on cosets of K and hence, again by Lemma |3 [§ but in the other direction,
supp qb C K+ O

(D) llolly < F"(M, g, 1)
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Proof. By design, supp¢ C {x € G : ®(x + K) € supp g}, and so by we have

R O 2F (Monig)
(18) pa(supp @) < pa(K)|supp g| < pa(K) (61) :

By the triangle inequality, Fourier inversion for ¢, and the triangle inequality again
we have

16/l < |6]loo - i (supp @) < ||l - | SUPDP @] - 1 (sUpPD ¢).

Hence by , , and we have

n C QFI(Mvnlo) "
6l < (14 20 1K () () = F'(M.,)
since |K*|ug(K) =1 (Lemma [§). O
By duality and then , and then , and then the triangle inequality, we have
1 ~ =N f*m a¢
I #milaen = = |3 (5 mar) (3| = 200
19 | 2% e
1
=11z 1(f *ma)zlla) + (f +ma = (f xma)z, 6))
1
1
= (ICf  mm)zlla) = d(f *mu, Z)|[]h) -
Hence by @ and the fact that d(f * mpy,Z) < 2n;,41 (from|(a’))) we get
(19) I+ mu)zllae < A+ e)lf *mullac) + 2mi+1F" (M, niy, €1).-
On the other hand, since my = 1., we have
(20) 1fllay = lf *mulla) + [If = f*mulac),
and since || f * myllac) > || f * mulle > 3 (by|(b')) we have
1 1
(21) If = f*mullac < [1fllae) — 5 S M — 5

By the triangle inequality d(f — f * mpg,Z) < 20041 + Omy1(€1,82, M) < 31;541. Now
Nig+1 < Mo < %6m<517 2, M — %)7 and hence

1 € 1
If = fxmulag < M =5 and d(f — f < my, Z) gém(gl,g,M—i).

It follows by the inductive hypothesis (P,,), that
5
(22) I(f = frmu)zlae < A +e)llf = fxmullae + 52

Since d(f, Z), d(f*mpy, Z),d(f— fxmy, Z) < 3, by Lemma, fz = (fxmy)z+(f—fxmpy)z
so by the triangle inequality

I fzllay S N *mu)zlla) + 1 = f*mu)zllae),
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and then using estimates and , followed by the identity
1fzlla) < A +e)llf *mullae) + 2011 F" (M, g, €1)

13
+ (I +e)||f = f*mullae) + 52

g
= (1 +e)llflla) + 2mige1 F" (M, 13y, €1) + 52 < (1 4e)||flla) + €2

since 7,11 < ifigF "(M,n;,,€1)"t. This proves (P,,;1), and the result follows by induction.
O

Theorem [L1] can be easily extended to complex-valued functions: Certainly d(f,Z) >
max{d(Re f,Z), |[Imf]|«}, and so fz = (Re f)z while || Re flla@) = 55 ]a@) < £l
and so we can apply Theorem [11{to Re f to get the result.

Finally we need a standard limiting argument to extend Theorem [L1] to infinite groups.

Theorem (Theorem [6)). There is a function &' : (0,1] x (0,1] x [1,00) — (0,1/2) such that
if M > 1 and e1,e2 € (0,1], G is compact, p € M(G) has real Fourier-Stieltjes transform
with ||p|| < M, S = supp (i), is finite, and d(j1,Z) < 0'(e1,€2, M), then the measure jiz
defined by duz(v) = Xyes (1)z(v)7(2)dpa(x) has [|pz]| < (14 e1)|ull + 2.

Proof. We take 0'(c1,e2, M) := 36(3¢1,€2,2M) where § is as in Theorem . Apply the
BPB construction (Theorem [3) to S to get a trigonometric polynomial p such that:

(i) p(y) = 1 for v € S; (i) [[plly <1+ 3e1; and (iii) A := suppp is finite.

Let v := p * p and note that supp C A is finite and [|v]| < |[pllil|lul < (1 + 3e1)M.
If D(y) # 0 then either v € S and D(y) = fi(y); or v ¢ S and so [D(y)] = [p(v)|[E(v)] <
2\fi(v)| < 2d(i, Z). In summary, d(v,Z) < 6(3¢1,€2,2M) and (D)7 = (1i)z.

Let I" be the subgroup of G generated by A, which is then finitely generated, and so by
the structure theorem for finitely generated Abelian groups there is a finite Abelian group
H and an isomorphism I" — H x 74.

Writing K := {x € G : y(z) = 1 for all v € I'} we have by [R, Theorem 2.1.2] that the
dual of G/K is homeomorphically isomorphic to I', and hence there is a homeomorphic
isomorphism 7 : G/K — H x (R/Z)?. For each y € T there is a unique 7 € (H x (R/Z)%)"
such that v = 4 o 7 o ¢ and there is a unique (x,,71(7),...,74(7)) € H x Z% such that

(23) F(h, 01, ...,04) = xy(h) exp(2miri(7)61) - - - exp(2miry(y)bq).
Define g,h : H x Z%, — R by
g<X7T17"‘7Td) = Z ﬁ(”)/) and h<X7T17"‘7Td> = Z (ﬂ)Z(f}/)

yEA yEA

Xv=X Xv=X
r1(y)=r1 mod N r1(y)=r1 mod N
rd(w)Er'd mod N rd('y)zr.d mod N

Since A is finite there is NNy, such that if N > N, then there is at most one non-zero
summand in the sums above for any (x,71,...,74) € H x Z4%. In particular d(g,7Z) <
d(D,Z) < §(3e1,€2,2M), and gz = h (since we saw earlier that (V)7 = (f)z).
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The map ® : H x Z4, — (H x Z4,)" defined by

®(h,x1,.. ., 24) (X, 715+ - 7a) = X(h) exp <27T2x]1\:1) - exp (27m'$drd>

is a bijection and

1 .7)17“1(/\)

G(®(h,a, ... 20) = mg (A)mh)exp(zm - >~--exp<27ri N )

SO

HgHA(ﬁde) |H|Nd Z Z

heH x1,...,xq4=1

Z A()‘)X,\(h) exp (2%@51%()\)) <. exp <2m$d7;lf(>‘)> ‘

AEA

The inner sum here is a d-dimensional Riemann sum and we have

19l sz = !H| 2 (h) exp (2mi0171(A)) - - - exp (2mibgra(A))| dbr - . . by
heH )\GA
:/ ST A, O, -+, 00)| it gyzye(h, 04, - . 0a)
AEA
= [ #0A o m(2)| duucyrc(z) = [ |3 7OAE)| duc(z) = [
AEA A€A

Similarly gzl 4724, = llizll-

Let N1 > Ny be large enough that ||g||A(ﬁde) < 2M for all N > N;. Then by Theorem
N

1 L
we have HgZHA(ﬁxZ‘fV) < (1 + 351) ||g||A(ﬁX27v) + £5. Taking limits we have

1 1
sl < (14 32 ) Il +22 < (14 222) Dl 422 < (0l +2

The result is proved. U

An attempt to remove the strong continuity requirement from Theorem [2] using the
presented approach fails at a very basic level — we are not able to define the measure pz
in the statement of Theorem [6l

Theorem 12. There is a function ¢ : (0,1] — (0,1] such that if (a,)5, is a sequence
of positive reals with ay < 1 and an41 < a,d(ay,) for all n > 1 then, for G compact, and
p € M(G) strongly continuous with fi(G) C {a, : n € N} U{0} and ||u| < 1, we have
px € LY(G).

Proof. Define
o1 ey o (L1 —3/2>}
d(z) —mln{gexp( 18x77),6 (2 3T

where ¢’ is as in Theorem |§| Note by induction that a, <9~ (=1 for all n > 1.
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Suppose that p satisfies the hypotheses of the theorem and set

An:{7€@5ﬁ(7>:an}

Of course, A; N Ay, = 0 for j # k. Apply Theorem {4| with r = [17% | to the measure
a, ' which is strongly continuous and has [ja, ' u| < ;+/r and |a a(y)| < exp(—r) for all
y ¢ Ur_; Ak. This tells us that U;_; Ay is finite.

Define p,, by Fourier inversion such that fi,, = 14, and 7, € M(G) by

n—1
To i= [L— ) Gklik.
k=1
This rearranges to

(24) a; Ty = pin + a’lTnH.

We shall show by induction that ||7,|| < a,; % and ||p,_1]] < a, + 1 (with 4 the zero

measure). This is certainly true for n = 1; now suppose we are at step n of the induction.
Since [, takes the values 0 and 1, and |41 (7)| < aniq for all v € G, we have from that
d(a,'7,, 2) < * and (a,'7,), = fin. Apply Theorem@with g1 =¢y=1and M = q,*?
to a,'7, which certalnly has real Fourier-Stieltjes transform and ||a;'7,|| < a,;%/?, to get
lpnll < 3a,%% + L. This is the second part of the inductive hypothesis for n + 1. But it
also implies

3 1 B
I7sall < Il + anllanll < @32 + Za7 4 San < 80,72 < a7
as required.
Finally, let p, := >}, aj k. Then

(25)  llon = pmll < Z aj [l ]| < Z 2a1/2 <2 Y 3F<3™forn>m.
k=m+1 k=m+1 k=m+1

Hence (pn), is Cauchy and so converges. Since their Fourier-Stieltjes transforms have finite
support, the measures p, are also in L'(G), which is a closed ideal in M(G) and M(G) is
complete, so p, — p for some p € L}(G).

Since the Ags are disjoint we have g, (y) — fi(y)? for v € G and hence p(v) = i(y)? for
all v € G, and hence by the uniqueness of the Fourier transform p = y % p and the result
is proved since p € L'(G). O
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