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Abstract

A set of vertices in a graph or a hypergraph is called homogeneous if it is
independent, that is it does not contain any edge, or if it is complete, that
is it contains all possible pairs or subsets of it as edges. We investigate the
properties of graphs and hypergraphs in two cases of imposed restrictions

on the structure of their homogeneous sets.

First we study the asymptotic structure of random perfect graphs. We
give a generation model which yields such graphs almost uniformly, with

—2(n) in the total variation distance. We use this model

an additive error of e
to determine a number of properties of random perfect graphs, including
the distribution of the stability and the clique number, the probability of
containing a fixed induced subgraph, Hamiltonicity, clique-colourability,
connectivity, edge colouring, and the limit of a uniformly drawn sequence

of perfect graphs.

In the second part, we give a hypergraph parameter u(H), called minor-
matching number, with the property that hypergraphs H with bounded
rank and minor-matching number contain a polynomially-bounded num-
ber of maximal independent sets. In the other direction, every hypergraph
H contains at least 2#(1) maximal independent sets. A number of hard hy-
pergraph problems, including maximum-sized independent set, k-colouring
and hypergraph homomorphism can be solved in polynomial time if a list
with all maximal independent sets of the hypergraph is given as part of the
input, and hence a family of instances with bounded minor-matching num-
ber of the input hypergraph form a new polynomial class for the problems
above. The class can further be generalised by considering the maximum
minor-matching number of a bag in a tree decomposition as a new treewidth
measure. We explain how to use this measure, defined as minor-matching
treewidth, to solve hard problems and how to algorithmically construct a

tree decomposition with approximate minimal width.
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Chapter 1

Introduction

The results in this thesis are inspired by the more general question of how imposing
restrictions on the structure of the homogeneous sets in graphs and hypergraphs affects
the computational complexity of instances with such restrictions.

We address two main questions: what is the structure of a uniformly sampled per-
fect graph and how to use this structure to design algorithms that are fast on average,
and second, finding a parameter that controls the number of maximal independent
sets of a hypergraph, and using this parameter to find new tractable cases for different
natural problems on hypergraphs.

Perfect graphs are a good example of a large class with a condition on the cliques
and the stable sets that leads to polynomial-time algorithms for the clique, inde-
pendence and chromatic numbers [GLS84]. Unfortunately, these algorithms involve
interior-point methods, and could be quite slow in practice. We investigate the asymp-
totic structure of a random perfect graph P, sampled uniformly from the set of perfect
graphs on vertex set {1,...,n}. Our approach is based on the result of Promel and
Steger that almost all perfect graphs are generalised split graphs, together with a
method to generate such graphs almost uniformly. We show that the distribution of
the maximum of the stability number «(P,) and the clique number w(P,) is close
to a concentrated distribution L(n) which plays an important role in our genera-
tion method. We also prove that the probability that P, contains any given graph
H as an induced subgraph is asymptotically 0 or % or 1. Further we show that al-
most all perfect graphs are 2-clique-colourable, improving a result of Bacsé et al from
2004; they are almost all Hamiltonian; they almost all have connectivity x(F,) equal
to their minimum degree; they are almost all in class one (edge-colourable using A
colours, where A is the maximum degree); and a sequence of independently and uni-
formly sampled perfect graphs of increasing size converges almost surely to the graphon
We(z,y) = §(1fe < 1/2] + 1]y < 1/2)).

In the second part, we study the number of maximal independent sets in hyper-

graphs and how to control it. Finding the maximum number of maximal independent



sets in an n-vertex graph G, i(G), from a restricted class is an extensively studied
problem. Let kK, denote the matching of size k, that is a graph with 2k vertices
and k disjoint edges. A graph with an induced copy of kK, contains at least 2"
maximal independent sets. The other direction was established in a series of papers
[Far89, BY89, FHT93] finally yielding i(G) < (n/k)?* for a graph G without an in-
duced (k+1)K5. Alekseev proved in [Ale07] that i(G) is at most the number of induced
matchings of G.

In this thesis we generalise the aforementioned results to clutters. The right sub-
structures in this setting are minors rather than induced subgraphs. Maximal inde-

pendent sets of a clutter H are in one-to-one correspondence to the sets of its blocker,
b(H), hence i(H) = |b(H)|. We show that

i< S (")

m=0

for a (k+ 1) Ko-minor-free clutter H, where f(r) = (2r —3)2"2 and r is the maximum
size of a set in H. A key step in the proofs is, similarly to Alekseev’s result, showing
that i(#) is bounded by the number of appearances of a substructure called semi-
matching, and then proving a dependence between the number of semi-matchings and
the number of minor matchings. Note that similarly to graphs, a clutter containing a
kK5, minor has at least 2 maximal independent sets.

From a computational perspective, a polynomial number of maximal independent
sets is particularly interesting. Our results lead to polynomial-time algorithms for
restricted instances of many problems including Set Cover, Maximal Independent
Set, k-Colouring and Hypergraph Homomorphism.

To further extend the class of tractable instances, we present a new width mea-
sure for a tree decomposition, minor-matching hypertree width, p-tw, for graphs and
hypergraphs, such that bounding the width guarantees that the set of maximal in-
dependent sets has a polynomially-sized restriction to each decomposition bag. The
relaxed conditions of the decomposition allow a much wider class of graphs and hy-
pergraphs to have bounded width compared to other tree decompositions. We show
that, for fixed k, there are 9(1=%+o(3) y_vertex graphs of minor-matching hypertree
width at most k. The aforementioned problems remain tractable for hypergraphs with
bounded minor-matching hypertree width and bounded rank. We show that, given
a fixed k, for any n-vertex graph G, it is possible to construct a decomposition of
minor-matching hypertree width at most O(k?), or to prove that u-tw(G) > k in time
nO* ) This is done by presenting a general algorithm for approximating the hyper-
tree width of well-behaved measures, and reducing p-tw to such a measure. The result

relating the restriction of the maximal independent sets to a given set S to the set



of induced matchings intersecting S in graphs, and minor matchings intersecting .S in
hypergraphs, may be of independent interest.

All work in the thesis is original, unless explicitly stated and accompanied with
a reference. The chapter on perfect graphs is based on joint work with Colin Mc-
Diarmid on random perfect graphs [MY17b] and Hamilton cycles [MY17al; and the
chapter on clutters and blockers is based on a paper of estimating blocker size for
clutters of bounded rank [Yol18a] and a paper using this result for creating a new tree

decomposition [Yol18b].



Chapter 2

Preliminaries and overview of
results

2.1 Perfect graphs

2.1.1 Perfect graph theory

Given a graph G and a set of vertices S of G, we use G[S] to denote the subgraph
of G induced by S. The cligue number, w(G), is the maximum size of a complete
subgraph, and the chromatic number, x(G), is the minimum size of a cover of the
vertices of G with independent sets. Clearly w(G) < x(G), since a clique can intersect
an independent set at most once. We may ask when does w(G) equal x(G), but this
restriction does not reveal the structure of GG, as for every graph G we may add a
disjoint complete graph of size x(G) to obtain a new graph G’ with w(G") = x(G’). To

avoid such cases, one may, in addition, impose this restriction on all induced subgraphs.

Definition 2.1.1 (Perfect Graph). A graph G is called perfect if w(H) = x(H) for
every induced subgraph H of G.

Important classes of perfect graphs include bipartite graphs, chordal graphs, com-
parability graphs, interval graphs and line graphs of bipartite graphs. Any complement
of a graph in either class above is also perfect. This is no coincidence, as we have the

following theorem:

Theorem 2.1.2 (Weak perfect graph theorem [Lov72a, Lov72bl). A graph is perfect

if and only if its complement is perfect.

Many theorems in combinatorics can be reformulated as stating that a certain fam-
ily of graphs is perfect. For instance, Kénig’s Theorem (closely related to Hall’s mar-
riage theorem) is equivalent to saying that co-bipartite graphs are perfect. Dilworth’s
theorem is equivalent to saying that comparability graphs are perfect. Therefore, de-

termining whether or not a graph is perfect is a critical problem in combinatorics.
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Minimal examples of non-perfect graphs are odd cycles, Coyy1, since w(Coxy1) = 2 <
3 = x(Ca%41), and complements of such cycles, Cory1, since w(Cory1) =k < k+1=

X(Car+1) (also by the weak perfect graph theorem) for k& > 2.

Definition 2.1.3 (Berge Graph). A graph is called Berge if it does not contain induced
Cori1 and Copyq for any k > 2.

Somehow surprisingly, these are all the minimal non-perfect graphs.

Theorem 2.1.4 (Strong perfect graph theorem [CRSTO06]). A graph is perfect if and
only if it is Berge.

Hence it suffices to see if a hereditary family of graphs contains Cayyq or Cojpq for
some k in order to determine whether the entire family is perfect or not. Here a class
of graphs is called hereditary if it is closed under taking induced subgraphs.

Perfect graphs are so fascinating because they play a central role not only in struc-
tural combinatorics, but also in polyhedral combinatorics, information theory and

combinatorial optimisation.

Given an n-vertex graph G, define STAB(G) C R™ to be the convex hull of the
incidence vectors of stable sets of G. A related polytope is QSTAB(G) C R", defined
as the set of points x = (x,,v € V(G)) such that z, > 0 forv e V(G)and )~ -z, <1
for every clique C' of G. Clearly STAB(G) C QSTAB(G) for every graph G, and
note that the former polytope is properly contained in the latter for G = Cy; and
G = Copy1. The Weak Perfect Graph Theorem easily follows as a corollary from the

theorem below.

Theorem 2.1.5 ([Chv75]). A graph G is perfect if and only if STAB(G) = QSTAB(G).

Given a matrix A = {a;;}; jef), We say that arow a; = (a1, ..., a;,) is undominated
if there is no other row a; = (a;1,...,a;,), such that a;, < a;, for each ¢ between
1 and n. The maximal-clique-versus-vertex matrix of a graph G, MC(G), has rows
corresponding to the vertices of G and columns corresponding to the maximal cliques
of G, such that MC(G),; is 1 if the i-th vertex of G is included in the j-th clique of G

and 0 otherwise.

Theorem 2.1.6 ([Chv75]). For a0, 1-matriz A, the following two conditions are equiv-

alent:

1. The linear program
max({c, x) subject to Axr <1, and x > 0.

has an optimal integral solution for every objective c,

D



2. the undominated rows of A form a maximal-clique-versus-vertex matriz of a per-

fect graph.

The result is useful, since solving linear programs can be done efficiently in both the
practical and the theoretical sense, while solving integer linear programs is NP-hard.
In other words, the theorem above allows us to solve integer linear programs given
the promise that the input matrix is of the proper form. Naturally, an algorithm that
either solves an instance of the problem or rejects it if it does not meet the perfect
graph criteria is more useful. To this end we need a recognition algorithm for perfect

graphs.

Theorem 2.1.7. Deciding whether an n-vertex graph is perfect or not can be decided
in O(n'%) time [CLV03], or even in O(n?) time [CCLT05].

The two results above were obtained almost simultaneously and are mostly indepen-
dent of each other.
A major and relatively early result in perfect graph theory is due to Grotschel,

Lovész and Schrijver.

Theorem 2.1.8 ([GLS84]). Given an n-vertex perfect graph G, the parameters a(G),

w(G), x(G), and their weighted versions can be found in polynomial time.

The result is significant in at least two more ways. First, it demonstrated the im-
portance of a graph parameter 6(G), called Lovdsz theta function, originally used to
bound the Shannon capacity of a graph. New applications of #(G) are still found in
different fields. Second, it led to increased interest in semidefinite programming and
interior point methods. The algorithm in [GLS84] is still the only known algorithm
for computing the parameters a(G), w(G) and x(G) of perfect graphs, and finding a
combinatorial counterpart is a major open problem.

Theorems 2.1.6 and 2.1.8 are much in the spirit of our central discussion, namely
how imposing conditions on the homogeneous sets of a graph can lead to tractability.
There are many other beautiful alternative definitions and results for perfect graphs
arising from information theory, including Berge’s original motivation to study perfect
graphs, but unfortunately they require too many preliminaries, and are unrelated to

the original results in this thesis.

2.1.2 Probability and measure theory

We use only the most basic definitions from probability and measure theory, first and
second moment methods and Chernoff’s inequality. Assume all measures below are
defined for some fixed measurable space (€2, F). Recall that [|X|# = ([ | X |Pdp) /P



is the L, norm w.r.t. p, and that || X[} < || X[ for 1 < p < ¢ < oo when p is a
probability measure (that is, u(£2) = 1). The total variation distance of two bounded
measures g and A is dpy(pu, A) = supger |1(S) — A(S)|, and it forms a metric for
the space of bounded measures over (£, F). In particular, dry(u, \) < dpy(p, p) +
drv(p, A). A measure p is absolutely continuous with respect to measure A, denoted
<< A if u(S) = 0 whenever A(S) = 0. A measurable function f is called Radon-
Nikodym deriwative of 1 with respect to X and denoted by dp/dX if ju(S) = [, fd for
each S € F. The Radon-Nikodym Theorem states that a Radon-Nikodym derivative
exists when p and A are o-finite and p << A\. We use the following result:

dy d\
2d ) = —
v (i A) Hdmﬂ) S

for finite © and A. We use measure theory very rarely, only in the proofs of few

A

)

1

theorems, but whenever we do, the result and notation above simplify the presentation

significantly.

2.1.3 Random Perfect Graphs

In the previous section we discussed how input structures restricted to be perfect lead
to tractable algorithms for otherwise hard problems. Unfortunately, these algorithms
are only theoretically efficient. Despite serious efforts, neither the recognition of perfect
graphs, nor the algorithm for finding the stability and chromatic numbers of perfect
graphs have been improved significantly. On the other hand, very efficient and elegant
algorithms are know for the fundamental classes of perfect graphs, including chordal
graphs, interval graphs, comparability graphs, etc. It is a natural question to ask if it
is possible to design an algorithm that is fast on the majority of inputs, and use the
less-efficient, general algorithms as a fallback. Equivalently, we look for a worst-case
polynomial and deterministic algorithm for perfect graphs with low expected running
time given a uniformly sampled n-vertex perfect graph.

These algorithms will in fact be very simple, but the real challenge is to build
a framework for efficiently analysing random perfect graphs. One possible first step
might be to use the machinery developed for the proof of the strong perfect graph
theorem, but the problem there is with one of the decompositions, called skew partition.
Skew partitions are non-constructive in the sense that gluing two perfect graphs with a
skew partition can yield a non-perfect graph, and therefore this decomposition cannot
be used to approximately count the number of n-vertex perfect graphs, or equivalently,
to build a probabilistic framework. Finding a family of basic classes and operations
whose closure is exactly the set of perfect graphs is an exciting open problem, and
answering it will be a major breakthrough in the theory of perfect graphs, but it

appears to be quite challenging.



Definition 2.1.9 (Generalised split graph). A graph G is unipolar if for some k > 0
it permits a partition of its vertices into k + 1 cliques Cy, ..., Cy, such that there are
no edges between C; and C; for 1 <i < j < k. A graph G is said to be a generalised

split graph if it or its complement is unipolar.

We denote the set of n-vertex generalised split graphs by GS,, and the set of n-
vertex perfect graphs by P,,. The main result of [PS92] states that |GS,|/|Cs-free,| =
1 — e ©®™  where Cs-free, is the set of n-vertex graphs without Cs as an induced
subgraph, and this will be our starting point. Since GS,, C P, C Cs-free,, we can
deduce that |GS,|/|P,| = 1 —e ™ (to be precise, it has to be shown that the term in
the exponent is —O(n), as opposed to —€2(n), but this is easy to see). Given a family
of graphs F, we use the notation G,, €, F,, to denote the discrete probability space
over all n-vertex graphs with a uniform measure over the n-vertex members of F. The
result of Promel and Steger [PS92] can be reformulated as dgry (GS,, P,) = e ™,
where GS, €, GS,, and P, €, P,. Thus, accepting an additive error of e " we
can entirely focus on generalised split graphs. The advantage here is that this class is
constructive, and its members are easy to describe.

We present a probability space Gen(n) that is easy to generate. In essence,

1. first pick an integer k ~ L(n) for the size of the central clique, Cy, where L(n)
is a very concentrated distribution around p, = (n — logyn + log, Inn)/2 + ¢,

with |c,| <1, and set Cy = [k] = {1,..., k},

2. construct the side cliques, Ci, ..., Cy, according to a partition 7 = (C4,...,Cy)
of [n]\ [k] = {k+1,...,n}, sampled uniformly at random from the set of all
partitions of this (n — k)-set;

3. put every edge between Cy and Ule C; uniformly at random and independently;

4. finally, flip an unbiased coin and depending on the outcome either set Gen(n) to

be the generated graph so far or its complement.

We will show that L(n) is very close to max(a(B,),w(P,), namely
dry{L(n), max(a(P,),w(P,))} = e %M,

Note that the weak perfect graph theorem implies that «(P,) ~ w(P,), but the two

random variables are far from independent.

Theorem 2.1.10. For P, €, P, and G, ~ Gen(n) we have dry(P,,G,) = e .



In addition, we provide tools to work with Gen(n), namely concentration bounds
for L(n) and the different parameters of a random partition like the number of parts,
the size of the maximum part and others. This framework is used to describe a number
of properties of random perfect graphs, namely the distribution of w(P,) ~ x(B,) ~
a(P,), the subgraph densities, the probability that P, contains a Hamilton cycle, the
distribution of the connectivity and the chromatic index of P,, and the graphon limit

of a sequence of independent samples of P, with increasing size.

2.2 Transversal enumeration

2.2.1 Problem statement

A hypergraph transversal is a generalisation of a hitting set in a graph. More precisely,
a subset T of the vertices is called transversal, if it has a non-empty intersection
with all hyperedges, or equivalently, the complement of T is independent, that is,
it does not contain any edge. Transversal enumeration usually refers to the closely
related problems of efficiently enumerating all inclusion-wise minimal transversals of
a hypergraph H; and determining whether a hypergraph F consists of all minimal
transversals of H as hyperedges. Formally, given a hypergraph #H, we use b(H) to
denote the hypergraph with minimal transversals of H as hyperedges, called the blocker
of H.

TRANS-HYP
Instance: Two hypergraphs H, F.
Question: Is it true that b(H) = F?

TRANS-ENUM
Instance: A hypergraph H.
Output: The edges of b(H).

Before we go any further, note that the output of TRANS-ENUM can be much
larger that the input. An algorithm is said to have polynomial total time if its run-
ning time is polynomial with respect to its input and output. A stronger notion is
called incremental polynomial time, meaning that the time between every two output
bits is polynomial w.r.t. the input and the number of output bits produced so far.
Even stronger notion is polynomial delay, where the time between two output bits is

polynomial w.r.t. the size of the input.
Theorem 2.2.1. The following three are equivalent [EG95]:

1. TRANS-HYP is in P,



2. there exists a polynomial total time algorithm for TRANS-ENUM, and
3. there exists a incremental polynomial time algorithm for TRANS-ENUM.

Proof sketch. The implications 2 = 1 and 3 = 2 are obvious. Suppose 1. holds.
We present an algorithm that incrementally builds a sequence of hypergraphs Fy =
0,...,F, =b(H), such that F; C F;;; and the two differ on one hyperedge. We can test
at step j if b(H) = F;, given the initial assumption, and if this is the case the algorithm
terminates. For a hypergraph G and a vertex x we define G\o = {h € G : x &€ h} and
G/x ={h\ {x}: h € G}, where all non-inclusion-wise minimal edges of the latter are
removed. These operations are called deletion and contraction. They have the nice
property that b(H) = F iff b(H\z) = F/x and b(H/x) = F\z. Since b(H) # F;,
the equality fails for at least one pair of the form above, i.e. either b(H\z) # F;/x
or b(H/x) # F;\x. We may write that pair as (H, j’-‘:), then find a pair (H\/, ﬁ/x’)
or (ﬁ/x’,j—"}\x’), such that b(H\z') # ./7:\]/56’ or b(H /') # ./7:\]\x’ respectively, and
continue like this until the two hypergraphs have non-empty vertex sets. Finally, we
can backtrack the sequence of deletions and contractions to create a set T' € b(H) \ F;,
and write F; 4 = F; U{T}. O

In general, an algorithm for TRANS-HYP with running time f(|F| + |H|) can
be converted to an algorithm for TRANS-ENUM with incremental time n®W f(n),
where n = |F| 4+ |H'| and H' is the set of transversals output so far. Therefore, it

often suffices to focus on the complexity of and algorithms for the decision problem

TRANS-HYP.

2.2.2 Algorithms and Complexity

There is no known polynomial algorithm for TRANS-HYP, but the existence of such

an algorithm would not directly contradict any widely accepted complexity conjecture

like ETH or FTP # W][1]. In their seminal paper [FK96], Fredman and Khachiyan

gave the first quasi-polynomial time algorithm for TRANS-HYP with running time
log n

n®welosn) | 50 it is unlikely that TRANS-HYP is NP-complete. Most likely TRANS-
HYP is NP-intermediate, but there is little concrete evidence for that.

Tractable cases include:

1. The rank of a hypergraph H, rk(H), is the maximum size of a hyperedge.
In [EGMO3] is it shown that TRANS-HYP can be solved in time

O{(n[H)™ 0| FI},

and therefore TRANS-HYP can be solved in polynomial time whenever rk(H)

is bounded.

10



2. The degree of a vertex in a hypergraph is the number of hyperedges that contain
it; a hypergraph is said to be k-degenerate if every induced subhypergraph, or
equivalently, every minor obtained with deletion only, contains a vertex of degree
at most k. If H or F is O{log(||H|| + ||F||)}-degenerate, then TRANS-HYP
can be solved in polynomial time [EGMO03].

Other conditions, for instance acyclicity of one of the input hypergraphs or loga-

rithmic treewidth of the underlying graphs, are implied by the two cases above.

2.2.3 Equivalent formulations

Transversal enumeration is a fundamental problem in computer science and it has
appeared in various forms since the 1950/1960s [Mag59, Ben66, Gro74]. Suppose f is
a monotone Boolean formula, that is f(Z) < f(y) whenever T < 7. It can be shown
that f has a unique minimal CNF representation with only positive literals. This
representation is called canonical CNF and is denoted by ¢(f). The dual of a monotone
function f(Z) is the function —f (=), and the dual of a canonical CNF ¢ = ¢(f) is
defined as ¢? = ¢(—f(—T)). Every canonical CNF ¢ corresponds uniquely to a clutter,
that is a hypergraph whose edges form a Sperner family, denoted by H(y), and vice
versa. Under this bijection, the blocker relation over clutters corresponds exactly to
the dual relation over monotone formulae, more precisely H(¢?) = b(H(y)). Since
obviously (p?)¢ = ¢, this representation makes it easy to see that b(b(H)) = H for
every clutter H. The problem of determining if two canonical CNFs are dual is called
Monotone Dualisation, and it is equivalent to TRANS-HYP.

Another formulation of the problem is the following. An instance of SAT is called
MSAT if every clause is composed of entirely positive or negative literals, and further
called IMSAT if every pair of a positive clause ¢ and negative clause ¢~ resolve, that
is ¢ and ¢~ contain a shared variable x that appears unnegated in ¢t and negated
in ¢~. It is easy to give a polynomial, even linear, reduction from SAT to MSAT,
and hence MSAT is NP-c. For instance, for each variable x; add two new variables
vi, y$; and clauses y; V ys, —y; V —yi. Now we can rewrite every old clause ¢ as a
new clause ¢/, by replacing each variable z; by y; or y§ depending on whether z;
appears negated in ¢ or not. Note that every new clause is either entirely composed of
positive or negative literals, and hence the new formula is an instance of MSAT. The
complexity of IMSAT is more interesting. The key observation here is that an instance
o(T) = T (T) A ¢ (—T) of MSAT is an instance of IMSAT if and only if for every
Boolean n-vector T at least one of o™ (Z) and ¢~ () evaluates to true, or equivalently,

0" (Z) V¢~ (—T) = 1. Therefore, an instance ™ (Z) A ¢~ (—T) is unsatisfiable if and
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only if 7 (Z) = ~¢~ (=), or equivalently, ¢ = (p~)? and hence IMSAT is exactly
the same problem as TRANS-HYP.

Transversal enumeration can be phrased in terms of colouring. Suppose we are
given two hypergraphs F and G over a shared vertex set V' and want to determine
if there is a red/blue colouring ¢ : V' — {r,b} such that F does not contain a red
monochromatic edge and G does not contain a blue monochromatic edge. The problem
is easily seen to be NP-c; for instance, consider the reduction forming F and G from
the positive and negative clauses of an MSAT instance. We call the problem above
IH 2-COL (intersecting hypergraph 2-colouring) if it has the additional restriction
that every edge of F intersects every edge of G. The problem IH 2-COL is essentially
a reformulation of MISAT, and hence it is equivalent to TRANS-HYP.

All problems above can be stated in a stronger form where the input hyper-
graphs/CNF's are required to be the same! Namely, SELFDUALITY is the problem
of determining if ¢ = ¢? for a monotone CNF formula ¢; in MISAT we may im-
pose an additional restriction that o™ = ¢~ to define a new problem DMISAT, and
in IH 2-COL we may ask for a proper 2-colouring (in the traditional sense) of a
hypergraph where every pair of edges has a non-empty intersection (this is how the
problem is normally stated), without changing the complexity. All problems above
are TRANS-HYP-complete. Indeed, on instance (F,G) of TRANS-HYP, create a
new hypergraph H, with two new vertices x, y and where every edge of F is extended
to contain x and every edge of G is extended to contain y. In addition, add the set
{z,y} as an edge of H. It is easy to see that F = b(G) if and only if H = b(H). To
see this, observe that there are three types of minimal transversals of H: the edge
{z,y}; transversals of the type {z} U T, where Tz € b(G), and transversals of the
type {y} U Tr, where Tp € b(F).

2.2.4 Insight into Fredman-Khachiyan’s algorithm

Even though Fredman-Khachiyan’s result [FK96] has little relevance to our main fo-
cus, we have developed sufficient machinery to present their main idea, which is too

beautiful to be overlooked.

Lemma 2.2.2. Suppose F is a clutter and G = b(F). There is an edge h € FUG
such that |h| <logy(|F| +|G])-

Proof. Assume there is no such edge. Consider a red/blue colouring ¢, where every
vertex of G is coloured uniformly and independently at random. We call ¢ a proper
colouring if there is no red monochromatic edge of F and no blue monochromatic edge
of G.

P(c is not proper) < Z 21 4 Z 271 < 1,

heF heg
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and therefore a proper colouring exists. However, as we saw during the discussion
about TH 2-COL, a proper colouring exists if and only if G # b(F), a contradiction.
O

Now a consider a recursive branching algorithm, that given a pair of clutters, (G, F),
performs the usual cheap rejection checks, | JG = JF, G C b(F) and F C b(G); and
if any of them fails it rejects, otherwise it picks a vertex v € V(G) and branches to
(G\v, F/v) and (G/v, F\v). The leaves of the recursion are clutters with no vertices,
but since there is a single such duality pair, b(()) = {0}, it is easy to solve the problem
in this case. The algorithm is correct by the property

G =b(F) iff G\v =b(F/v) and G/v = b(F\v).

This approach is very standard and it can be traced back to Claude Berge [Ber84].
The innovation comes from the choice for v. Suppose w.l.o.g. that the short edge h
from Lemma 2.2.2 is contained in G. Since h is a transversal of F, we can pick v € h to
intersect at least | F|/|h| edges of |F|. Therefore, if we set U = |F||G| as the volume of
the instance (F, G), the volume of at least one child of the node (F,G) decreases by a
factor of 1 —1/1og,(|F|+]G|). Let us call an edge red if the volume of the subproblem
is reduced by a factor of 1 —1/log,(|F|+ |G|), and blue otherwise. In case the volume
of both subproblems is reduced by the factor above, resolve the tie arbitrarily. Every
leaf of the recursion tree is identified by the colouring of the path leading to it, and
there are at most m = 2log,(|F| + |G|)? red edges along such path, since

1 m
1-— —21 1.
7191 (1= oy ) < FIlexn-21on(7 +1)) <

By setting n = [|JF| = [UG], we see that there are at most () < n™ leaves in
the recursion tree. A more sophisticated decomposition improves the running time to
logm

mo( log log m )

2.2.5 Estimates on the size of the blocker
2.2.5.1 Personal Motivation

I started working on the problem by trying to find a hardness result based on the
(Strong) Exponential Time hypothesis, (S)ETH. Let s; be the infimum of those § for
which there exists an algorithm solving k-SAT in time O(2°"). Clearly, s, < s3 <
.., and sy = 0, because there is a polynomial-time algorithm for 2-SAT. ETH is a
conjecture stating that s3 > 0, and if true, it would imply P # NP. The sequence
{Sk}r>2 is monotonic and bounded by 1, so it must converge to a limit s,. SETH

states that so, = 1. The initial plan was to give a O(27") reduction from k-SAT to
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MISAT, which would imply that there is no polynomial algorithm for TRANS-HYP
with degree sg/e. If € = €(n) can be chosen to converge to 0, this would imply that
there is no P-time algorithm for TRANS-HYP.

I tried different approaches, but a recurring problem was that reducing an instance
I of k-SAT to a clutter H(I) such that the solution of I can be read from b(#H(I))
would contradict ETH, assuming a P-time algorithm for TRANS-HYP, as long as
Ib(H(1))| = 2°™. And hence I felt it is natural to find a sufficient, and hopefully
necessary, condition for a clutter H to have a blocker of size 2°0®). Such conditions
are not rare in combinatorics; for instance, a set system F has size 2°™ if and only
if VC-dim(F) = o(n). Unfortunately, it is difficult to understand the structure of
a clutter with high VC-dimension of its blocker, or equivalently, to explain how the
blocker of a clutter with high VC-dimension looks like. Finding a natural parameter,

A(H), such that, say 2X7) < |b(H)| < (<|/\7L(‘7|{)), can be useful for at least three reasons:

1. as mentioned before, it would help establish a computational lower bound for
TRANS-HYP;

2. as long as the parameter is natural, most likely the class of clutters {H : A(H) <
k} would form a new tractable family for transversal enumeration, generalising

previous algorithms;

3. the class above will correspond to new tractable classes for fundamental prob-
lems like maximum independent set, k-colouring, and graph/hypergraph homo-
morphism, and more generally, problems with solutions that can be read from
the blocker.

We give full details in the next section.

2.2.5.2 Previous work: Results for graphs

The problem discussed above has been completely solved for the case of graphs. Recall
that 7' € b(G) if and only if V(G) \ T is a maximal independent set. It is easy to
see that a graph G with an induced matching of size k contains at least 2¥ maximal
independent sets. Farber proved in [Far89] that an n-vertex graph G without an
induced 2K, has O(n?) maximal independent sets. Let p = p(G) = [{uv € E(G) :
N(u) UN(v) # V(G)}|, and let p = p(G) be the maximal £ such that G' contains
an induced copy of kK. Balas and Yu generalised the result of Farber in [BYS89]
showing that |[b(G)| < p* + 1. Farber, Hujter and Tuza proved in [FHT93] that
1b(G)] < \3//761_“(27;) for a graph on n > 4u vertices. All these results are much
improved by an elegant theorem by Alekseev [Ale07] stating that [b(G)] is at most the

number of induced matchings.
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Theorem 2.2.3 (Alekseev, [Ale07]). The number of mazimal stable sets in a graph is

at most the number of induced matchings.

Proof. Let us denote the set of maximal stable sets of a graph G by i(G), i.e. I € i(G)
iff 7¢ € b(G), and the set of induced matchings of G by m(G). The proof is by
induction on the number of vertices of G. The claim is trivial when G has no vertices,
since |i(Ep)] = 1 = |m(Ep)| (we count the empty graph as an induced matching).
Now suppose we are given a graph GG and that the statement holds for smaller graphs.
Similarly to clutters, we use G\ S to denote the graph induced by the vertices outside
S. Pick an arbitrary vertex v € V(G), and let I € i(G) be arbitrary. There are two
cases for the choice for I: (i) I \ {v} € i(G\{v}) and (ii) 1 \ {v} ¢ i(G\{v}). We can
pick I to fit in the first case in precisely |i(G\{v})| ways. Now suppose I falls in the
second case, in particular v € I. Since I'\ {v} is stable in G\{v}, we see that I\ {v} is
not maximal, i.e. there is J € {(G\{v}) and I\ {v} C J. Every vertex in J\ (I \ {v})
must be a neighbour of v in G, because I is maximal in G. Let uw € J\ (I \ {v}) be
arbitrary. Every neighbour of u is outside I \ {v}, because J is stable, and therefore

we see that
1. I\ {v} is disjoint from N(u)U N(v),
2. I\ {v} is stable in G\(N(u) U N(v)) (obviously), and

3. (I\ {v})U{w} is not stable in G for every non-neighbour w of v, because I is

maximal in G,

and therefore I\ {v} € i(G\(N(u) U N(v))). We conclude that
(@) < [I(G\{oD)] + DY iGN (u) UN()))].
u€eN (v)

Now let us turn our attention to induced matchings. Given a vertex v and a set of
edges M inducing a matching, we have to cases: (i) v is not an endpoint of an edge of
M, hence M € m(G\v); and (ii) v is an endpoint of an edge of M, say uv € M, and no
other vertex in M can be a neighbour of u or v, hence M —uv € m(G\(N(u)UN (v))).

Picking a different edge results in a different matching, hence
m(G)] = [m(@G\{oD)] + > [i(G\(N(u) UN(0)))].
u€N (v)
By putting everything together, and using the induction hypothesis we get:

b(G)] = iG] < (G} + Y [i(G\(N(u) UN(v)))]

u€N (v)

< [m(G\{e})| + Y [i(G\(N(w) UN()| = m(G). O

u€N (v)

15



Now let us compare p(G) with the Vapnik-Chervonenkis dimension [CV71]. A set
S is said to be shattered by a set system F if the restriction of F over S is the powerset
of S, i.e. trg(F) = 2% and let sh(F) denote the set system composed of sets shattered
by F.

Theorem 2.2.4 (Sauer—Shelah lemma; this form is due to Pajor [Paj85]). A set system
F shatters at least | F| sets, i.e. |F| < |sh(F)|.

Proof. The proof is by induction on ||JF|. We have F = sh(F) when ||JF| = 0.
Now suppose we are given a set system JF and that the statement holds for systems
G with | JG| < |UF|. Pick an arbitrary z € |JF, and let Fo = {F € F : x ¢ F},
Fi={F\{z}:x € F € F}. Forevery S € sh(Fy)Nsh(Fi) we have SU{x} € sh(F),
and hence |sh(Fy)| + [sh(F1)| < |sh(F)|. By the IH we get

[F| = 1Fol + [F1] < [sh(Fo)| + [sh(F1)| < [sh(F)|. =

The VC-dimension of a set system F, VC-dim(F), is the maximum size of a shattered
set, i.e. VC-dim(F) = max{|S]| : S € sh(F)}. The usual statement of Sauer—Shelah

lemma is now immediate:
Ao IUF
~\< VC-dim(F) /)

Given a graph G, let v(G) := VC-dim(b(G)). The discussion above gives us the
following bounds on |b(G)| for an n-vertex graph G with m edges:

v(G)

2@ <|n(@)| < (g V"(G)> - kzzo (Z) (2.1)
2O N = (gt oven) - 3 (51): (22)

o1& <|p(@)| < (g ZG)) - ;0 (Z‘) (2.3)

When p(G) is small, equations (2.2) and (2.3) give a polynomial bound on b(G). When

w(G) is large, we have the following observation:

Note 2.2.5. Given a sequence {Gy, }nen, where G, is an n-vertex graph, the following

three statements are equivalent:
1. [b(G,)| = 29,

2. v(G,) =0©(n), and
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This can be seen from the approximation (p’;) ~ (2rp(1—p)n)~22"P where p € (0,1)
and H(p) = —plogy p — (1 — p)logy(1 — p), which can easily be derived from Stirling’s
formula. The important term on the RHS is 2%®" and H(p) — 0 as p — 0.

It is easy to see that u(G) < v(G): for every induced matching M, form a set S by
picking an arbitrary endpoint from every edge of M, and observe that b(G) shatters S.
Therefore, the two lower bounds are aligned: 2 < 2% < |p(G)|. The upper bounds
however, are incomparable. For instance, take G = K,, and G = nK, (the complete
graph with n vertices and the graph with n disjoint edges). Since v(K,,) = u(K,) = 1,

we have:

el =n< (S Y= r< (L) = (e ) = (3) #1

and since v(nKjy) = u(nKs,) = n, we have:

o =2 = (o) = (£0) = (o) = (£2)

In general, the p upper bounds, (2.2) and (2.3), are bounded from above by the
square of the v upper bound, (2.1), since e(G) < v(G)?/2 and u(G) < v(G). There
is no polynomial bound in the other direction. Indeed, let A be a k-set, and let
B = {vs : S C A} be a 2*-set, disjoint from A. Now suppose G is a graph over
AU B, where each vg is joined by an edge to every vertex of SU(B\ {vg}). Since G is
co-bipartite (A is stable and B is complete), we have that u(G) = 1 (as long as k > 1).
On the other hand, the maximal independent sets of G are of the form S U {va\s} for
every S C A, and therefore A is shattered and v(G) = k. Setting n := 2% + k to be
the number of vertices in G, we see that v(G) ~ u(G)logyn. The example for large

gap above is close to the best possible since,

ou(@G) < ov(G) < |b(G)| < ( ) < TLQM(G)7

< 2u(G), even
and hence p(G) < v(G) < 2u(G) logy n.

We end the section with two more notes. First, all upper bounds in (2.1 - 2.3)
can be crude at the same time. For instance, take the graph composed of ¢ disjoint
copies of complete k x k bipartite graphs, (K. We have pu(G) = v(G) = ¢ and
b((Ky1)| = 2°. Now, if we set k = £ = \/n,

2n

(2.1) yields 2V™ = |b((Ky.)| < <\/ﬁ

) > (2v/n)V",

2n
: N < N 2 /m
(2.2) yields 2 |b(( K 1)| < (S NG even) > (v/n)?v™, and
3
(2.3) vields 2V = [b((K )| < <”> > Ve,
n
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Here we used the inequality () > (4)°. Second, it is not clear whether or not the
v-bound is ever tight. In fact, Péter Frankl conjectured in [Fra89] that the following
inequality holds for every clutter F:

71 (vedmin)

Note the lack of “<” in front of VC-dim(F). The bound is easily seen to be tight by
picking F to contain all k-subsets of a ground set U.

To summarise this section, we defined a new measure, u(G), for graphs, inspired
by Alekseev’s Theorem, such that:

1. u(G) behaves similarly to the VC-dimension of the blocker of GG, capturing the
key properties, and sometimes giving much better bounds, while having good

worst-case guarantees;

2. unlike VC-dim, p(G) is defined explicitly over the structure of G, and a reduction
R could potentially use this structure to bound the value of u(R(G)).

2.2.5.3 New results

The main idea is to generalise p(G) to hypergraphs (or more precisely, clutters), derive
similar bounds as for graphs, and prove the usefulness of the parameter by giving
interesting applications and connections to other fields. This will prove to be quite
difficult, mainly because bounding |b( )| from below and above is equivalent to finding
estimates on the size of every clutter (antichain, Sperner family), since every clutter
is the blocker of another clutter, namely its own blocker (recall that b(b(H)) = H).
We start by carefully defining clutter, blocker and minor. An independent set of a
hypergraph H is a subset of V() containing no S € H. Note that if a hypergraph
‘H contains two hyperedges g and h, such that ¢ C h, in which case we say that h
is subsumed by g, the set of maximal independent sets of H does not change if h is
removed. Therefore, subsumed edges play no role here, and hence we lose nothing by

assuming there are no such edges. This leads us to the first definition.

Definition 2.2.6 (Clutter). A set system is a finite set of finite subsets of the natural
numbers N. A set system is called clutter, Sperner family or antichain if its sets are
incomparable. Every set system H we associate with a verter set V(H) = |JH and
rank rk(H) = maxgey |S|. Given a set system H we define cl(H) to be the clutter

obtained from H by removing all non-minimal (subsumed) edges.

The edge clutter of a graph G is the clutter composed of the edges of G.
In the context of clutters, the complements of independent sets, called transversals,

are more natural to work with.
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Definition 2.2.7 (Blocker). A transversal of a clutter H is a set intersecting every
S € H. A minimal transversal is a transversal not containing another transversal as
a subset. The blocker of H, denoted b(H), is the clutter consisting of all minimal

transversals of H.

One reason why transversals are preferred is because b(b(H)) = H for every clutter
‘H, and this property is not shared with maximal independent sets. For example, take
Cs = {12,23,34,45,56,61} and note that i(Cs) = {14, 25,36, 135,246} and i(i(Cg)) =
{123,234, 345, 456, 561, 612} # Cj.

Definition 2.2.8 (Deletion and Contraction). Suppose H is a clutter and v € N.
Define

H\v:={S eH: :ve¢ S} tobeH withv deleted, and
H/v:=cl({S—v:Se€H}) tobe H with v contracted.

Definition 2.2.9 (Minor). We say that F is a minor of H if F can be obtained from
H through a series of deletions and contractions. We write F Cpq H to denote that F

1s a minor of H and say that H is F-minor-free if H contains no minor isomorphic
to F.

Here we refer to the standard definition of clutter minor. Note that this notion is
different from the more widely used notion of graph minor. By “minor”, in this thesis,
we always mean clutter minor and never graph minor. The names coincide because a
graph minor renders a clutter minor in the graphic matroid.

A critical property of minors is that deletion and contraction commute, that is
H\v/u = H/u\v, H\v\u = H\u\v and H/v/u = H/u/v (see Lemma 4.1.6), and
therefore the order of the operations in the definition of minor does not matter. Even
though the objects above have a rich algebraic structure, we only use some very basic
observations: b(b(H)) = H, b(H\v) = b(H)/v, b(H/v) = b(H)\v and F Cpr H if and
only if b(F) Cr b(H) (follows from Lemma 4.1.6).

A minor F of a graph G contains sets of size 0, 1 and 2. In case F contains the
empty set, then F contains no other sets and has no transversals. If F contains a set
of size 1, say {v}, no other set contains the vertex v, since F is a clutter, so these
vertices play no significant role in the structure of F, and we may ignore them. The
rest of F is an induced subgraph of GG. In particular, we see that if F is a graph, then
F is an induced subgraph of G. We conclude that the minor and induced subgraph
relations coincide over the set of graphs.

Another way to view clutter minors is via partial assignments. Recall that every

clutter H corresponds uniquely to a monotone Boolean formula x = ¢(H). Here a
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minor F of #H corresponds to a partial assignment ¢(F) of x, namely ¢(F) can be
obtained from x by substituting some of its variables with true or false and removing
the consequently redundant clauses.

We are in position to state the first new theorem.

Theorem 2.2.10. Suppose H is a (k + 1)Ky-minor-free rank r clutter. Then

k-(2r—3)272 |H| ” i
o=y (M) (5)-
i=0
The theorem holds with equality for H = kK5. Similarly to the case of graphs, we see
that a minor-closed class of clutters has polynomially bounded |b(H)| if and only if
it does not contain kK, for some k. Theorem 2.2.10 is actually a corollary of a more
general result, the conjunction of theorems 4.2.3 and 4.2.5, generalising Theorem 2.2.3
when r is set to 2.

Let p(H) denote the maximum size of a minor matching of a clutter H. Theo-
rem 2.2.10 can be used in the following way: suppose P is a hard problem, taking
clutter H as input. If P can be solved in polynomial time with respect to its input
when we imagine that both H and b(#) are included in the input, then P can be solved
in polynomial time when both rk(#) and p(H) are bounded. In this case we say that
the solution of P can be read from the blocker. This framework yields a completely
new and unexplored approach to tractability. The archetypal example of such prob-
lems is the maximum stable set problem: if we are given the list of all maximal stable
sets, we can simply iterate through it to find a maximum-sized. There are, of course,
more elaborate problems that fit into this framework, for instance k-colouring and (hy-
per)graph homomorphism. In general, b(H) contains important structural information
about H, that is difficult to access otherwise.

It is somehow unsatisfactory that very simple clutters, like the matching nk,, do
not fit into the framework above. On the other hand, natural problems can be solved
on each edge individually, and the global solution can be glued together in the end.
A very successful approach to tackle tractability is the use of separators. Suppose a
hypergraph H can be separated by a set S into a pair of hypergraphs, H; and H,. An
optimal solution of a natural problem P for H can usually be recovered from a list
mapping each restriction over S of a feasible solution of P to the optimal value of a
feasible solution extending this restriction. The delicate part is to find a separator S
guaranteeing that the restriction of the set of feasible solutions of P to S is not too
large, say polynomially-sized. If H permits a hierarchical structure of separators with
this property, then the otherwise hard problem P can be solved in polynomial time

for H, provided that we can efficiently find these separators. Let us come back to the
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example of maximum independent set. For example, if H is a chordal graph, we can
find a list of clique separators to decompose H, and since the size of the intersection
of every clique and stable set is at most 1, we only need to remember the size of the
maximal independent set containing at most one specified vertex from the separator,
i.e. we need to store |S| 4+ 1 numbers. If H is a graph with bounded treewidth, say
k — 1, each separator can be chosen to have size at most k, and hence there are at
most 2 restrictions. The two examples above can be unified in the following way:
we require to chose the separators Si,...,S;, such that a(S;) < k. Here there are
at most ('fk‘) = O(n*) restrictions of an independent set over the separator S;. This
is in a sense the best possible, but since an independent set of maximum size is a
mazimal independent set, we can do better, and only require the restriction of the set
of mazximal independent sets with the separator S, i.e. trg(b(H)), to be polynomially-
sized. Directly requiring a list of separators to satisfy |trg(b(H))| < n® will indeed be
sufficient to solve the maximum independent set problem on H in polynomial time,
but such a decomposition can be both difficult to find and verify to be correct. Instead

we give a combinatorial condition to restrict the size of trg(b(H)).

Definition 2.2.11. Given a clutter H and a set S C V(H), we say that a kKy =
F Cap H minor is S-intersecting if every edge of F has a non-empty intersection with

S. We define us(H) to be the maximum size of an S-intersecting minor-matching.

Theorem 2.2.12. Suppose H is a rank r clutter, S C N and k = ug(H). Then

k(2r—3)2r—2

trsH) <Y ('ESEH”)GY,

=0

where Es(H) is the set of edges of H intersecting S. In particular, when pug(H)
and rk(H) are bounded, trg(b(H)) is polynomially-sized, and it can be computed in

polynomial time.

Note that Theorem 2.2.12 reduces to Theorem 2.2.10 when S = V(#H) (or S = N).
The theorem essentially shows that we can solve problems with solutions that can
be read from the blocker given a tree decomposition of a hypergraph with bounded
rank where every bag has bounded size of an intersecting minor-matching. There is of
course the legitimate question whether such a decomposition can be found efficiently.
Let pu-tw(H) denote the minimum over all tree decompositions of the maximum value
of ug(H), taken over all bags B of the decomposition. We will prove the following

theorem:

Theorem 2.2.13. There exists an algorithm with running time U(G)O(ks) that given

a graph G and an integer k as input, either
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e finds a tree decomposition T of G with p-tw(T) = O(k?), or
e correctly concludes that p-tw(G) > k.

Note that given a graph with bounded p-width, the algorithm in the theorem above
will construct a decomposition with bounded p-width, so Theorem 2.2.13 suffices to

render the class of graph with bounded p-width tractable.
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Chapter 3

Random Perfect Graphs

3.1 Introduction

A graph is perfect if the chromatic number equals the clique number in each of its
induced subgraphs. Perfect graphs have formed a central field in graph theory for
some decades, partly because of the challenging open problems and partly because of
the connections to polyhedral combinatorics, linear optimisation and computational
complexity, see for example [RAR01]. Fundamental classes of graphs that are all
perfect include bipartite graphs, chordal graphs, comparability graphs and interval
graphs.

Generalised split graphs form another important class of perfect graphs. A graph
G is unipolar if for some k > 0 its vertex set V() can be partitioned into k+1 cliques
Co, (1, ... Cy, so that there are no edges between C; and Cj for 1 < < j < k. We call
Cy the central clique, and the C; for i > 1 the side cliques; and we call the pair (G, Cy)
a unipolar arrangement of order v(G). A graph G is co-unipolar if its complement
G is unipolar; and it is a generalised split graph if it is unipolar or co-unipolar. We
denote the classes of perfect, unipolar, co-unipolar and generalised split graphs by P,
GS™, GS™ and GS respectively. Given a class G of graphs, we let G,, denote the set of
graphs in G on vertex set [n] := {1,...,n}. We say that a sequence of events (A, ),>1
holds with high probabilty (or whp) if P(A,) = 1 — o(1), and that it holds with very
high probabilty (or wvhp) if P(A,) = 1 — =",

Our goal is to describe the asymptotic properties of perfect graphs. We rely on the
key theorem of Promel and Steger [PS92] that almost all perfect graphs are generalised
split graphs. We present and analyse an almost uniform generation process for the
graphs in GS,,. This generation process, together with the Promel-Steger theorem,
yields a powerful method for working with uniformly sampled perfect graphs. The
usefulness of the method will be seen when we prove a range of results about the

asymptotic behaviour of perfect graphs, described in the next subsection.
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3.1.1 Plan of the chapter

In § 3.2 we present our method for analysing random perfect graphs. The main result
is that the total variation distance between a naturally generated random generalised
split graph in GS,, and the uniformly sampled perfect graph P, is e . We in-
troduce a family of concentrated distributions L(n) which are used in the generation
process, and give a number of results essential for our analysis, including surveying
relevant results about random partitions, but we defer the detailed proofs concerning
the generation process to § 3.9 near the end of the chapter.

In § 3.3 we study the stability number a(P,) and clique number w(P,). We show
that the minimum of the two numbers is asymptotically normally distributed (with
specified mean and variance), and the distribution of the maximum is very close to
the distribution L(n) mentioned above.

In § 3.4 we discuss which induced subgraphs are likely to be found in a random
perfect graph, and we find a trichotomy. Depending on whether (i) H € P\ GS, (ii)
H € GS\GS or H € GS\ GSt and (iii) H € GS8" N GS~, the probability that
P, contains an induced copy of H is respectively (i) e=®™, (ii) 1/2 + e~ and (iii)
1 — e ™. For example, the complete bipartite graph K,3 € GS~ \ GS™, so the
probability that P, contains an induced Kj 3 is well-estimated by %

In § 3.5 we show that almost all perfect graphs are 2-clique colourable, improving
the result of Bacsé et al [BGGT04] from 2004 that almost all perfect graphs are 3-clique
colourable.

In § 3.6 we discuss Hamilton cycles, and find that the distribution L(n) appears
again. We show that, if X ~ L(n), the probability that P, is Hamiltonian is

1
L— 5P(X >n/2)+ e M = 1 _ g-a(te(log®n — 1 _ (1), (3.1)

In § 3.7 we discuss connectivity and the chromatic index of perfect graphs. We
show that for a random perfect graph P, the connectivity x(P,) equals the minimum
degree wvhp, and the chromatic index equals the maximum degree whp.

In § 3.8 we study the limit of a sequence of independently sampled perfect graphs

P,. In particular, we show that

P(60( Py, Wp) < (logn)2) =1 — e 0™,

where 87 is the cut distance, and Wp(z,y) is the graphon 1(1[z < 1/2] + 1[y < 1/2]).
This implies that a sequence of uniformly and independently sampled perfect graphs
of increasing size converges almost surely to Wp and provides an analytic tool for

estimating subgraph densities of P,.
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In § 3.9 we give the proofs concerning the generation process which were deferred

from § 3.2.

3.2 (Generating perfect graphs

Before we go any further, let us check that generalised split graphs are perfect. The
weak perfect graph theorem states that the complement of a perfect graph is perfect
[Lov72a, Lov72b], so it suffices to consider a unipolar graph G, and show it is perfect.
Also, each induced subgraph of a unipolar graph is unipolar, so it suffices to show that
V(G) = w(G),

Consider a unipolar arrangement (G, Cj), where Cj is the central clique, and let
C1, ..., Cy be the side cliques. Let G; denote the induced subgraph G[Cy U C;]. Bi-
partite graphs are perfect, so co-bipartite graphs are perfect, and thus x(G;) = w(G/)
for each j. Therefore we can colour each G; with max; w(G;) colours, and then make
sure that the different colourings agree on the central clique Cy. It is easy to see that
w(G@) = max; w(G,) and it follows that x(G) = w(G), as required.

We next discuss some probability distributions on the set G, of all graphs on [n].
Probably the most well-known is that of the binomial random graph G(n,p), which
assigns probability p*(@)(1 — p)e(é) to each graph G in G,. We are predominantly

interested in the following probability distribution on G,:

Py (C) = {1/17%1 if G € P,

0 otherwise.

Here is another distribution on G,,:

1/16S,| it G e€gsS,
Pgs,xG):{/'g e

0 otherwise.

We rely heavily on Theorem 2.4 from [PS92], which for our purposes can be reformu-

lated as follows:
GSul = (1= M) |P,]. (3:2)

In other words, the class of GS-graphs is a very good asymptotic approximation to the
class of perfect graphs, as all GS-graphs are perfect and almost all perfect graphs are
GS-graphs. The bound in (3.2) is sharp. Fix any graph U € P \ GS, for example take
the disjoint union of K3 and K3, and consider the family FU of the graphs that are
a disjoint union of U and a perfect graph. We have FV C P\ GS, |FY| > |Pu_vwl,

and hence Gs P\ s 0 i
’ n’_l_‘n\ n‘>1_’n|>1_‘n—v(U)|

Pul Pul = [Pal T Pl
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To bound the ratio we need estimates on |P,|, for instance

P, = o+ logn—4 loglnn—% log §+0( frfirs;) PS92],

and we see that
(GS,|/|Pu] = 1 — 27557 ot (3.3)

The combination of equations (3.2) and (3.3) yields
1GS,| = (1 — e M) |P,|. (3.4)
We can also express (3.4) using total variation distance:

drv(Pgs,,Pp,) = sup |Pgs, (A) — Pp, (A)| = Pp, (P \ GSn)

ACGn
_ |7Dn\g3n| _ e—@(n).

P (3.5)

How many n-vertex perfect graphs are there? The number is very close to the
number of n-vertex GS-graphs, which is approximately twice the number of n-vertex
unipolar graphs. The last class is easy to estimate: for each k£ between 0 and n there
are (Z) ways to choose which k vertices to include in the central clique, B,,_; ways to
specify the partition of the remaining vertices and 2*"~%) ways to specify the edges
between the central clique and the remaining vertices. Here B, stands for the n-th
Bell number, which is the number of ways to partition an n-element set. Note that
the last calculation is not precise, since unipolar graphs may be part of more than one
unipolar arrangement. If we denote (Z) ok(n-k)pB by ¢, x, we would expect that the
number of unipolar graphs is close to %, := Y ,_, ¢y, This turns out to be a very

precise estimate and we show in § 3.9 that
1GS,| = 2.2,(1 — e~ M), (3.6)
(See Lemma 2.2 of [PS92] for an asymptotic estimate of |GS,,|.)

Definition 3.2.1. For each n let L(n) be the discrete integer-valued distribution with

probability mass function
Py (@) =lnp/ L forz=0,...,n

3.2.1 The generation process

Now we describe our method to sample almost uniformly from the set of generalised

split graphs on [n].
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Definition 3.2.2. For each n let Gen(n) be a random quadruple (B, E, (k,0),7), such
that

1. B is a {—1,1}-valued random variable, taking each value with probability half,
2. E is the set of edges of an Erdds-Rényi random graph G(n, %),

3. (k, o) is the result of the following random experiment: choose a number k € [0,n]
with distribution L(n), set W ={k+1,...,n}, and then sample o uniformly at
random from IL(W), the set of all partitions of W,

4. 7 is a uniformly sampled permutation from Sym([n]),
5. the components of the quadruple are independent.

Let p be the (deterministic) map from such quadruples to G,, defined as follows.
Let U = (B, E,(k,0),7) be an outcome of Gen(n). Start with an n-vertex empty
graph Gy = ([n],0). It is convenient to write C' = [k] and S = V(G) \ C. Create
G by adding edges to Gy, so that C' induces a clique, and .S induces a disjoint union
of cliques corresponding to o, i.e. ij € E(G;) for 1 <i < j < k; and ij € E(Gy)
whenever ¢ and j are contained in the same part of o for £ < i < 7 < n. Let Gy be
obtained from G by adding the edges EN (C x S), and let G3 be G if B =1 and Gy
otherwise. Finally let G4 be obtained by permuting the vertices of G5 according to 7,
Le. m(i)w(j) € E(Gy) iff ij € E(G3). We define p(U) = G4 for each such vector U.

Consider U = (B, E, (k,0),m) ~ Gen(n) and the corresponding random graph G =
p(U). Tt is easy to see that G is unipolar if B = 1 and co-unipolar if B = —1. Indeed,
(G, 7(C)) is a unipolar arrangement if B = 1 and (G, 7(C)) is a unipolar arrangement
otherwise. We often refer to the appropriate pair as the induced arrangement of p(U)
by the generation. Whenever we want to test if G has some isomorphism-closed graph
property, m does not affect the membership, so we can assume that 7 is the identity
permutation. All graph properties in which we are interested are isomorphism-closed,
so 7 will largely be ignored.

We define our last probability distribution, Pgenn) on G,, as follows:
Piente (G) = P(p(Gen(n)) = G).
By the above, Pgen(n)(G) > 0 if and only if G € GS,,. We shall show that
dry (Pgs, , Paen(ny) = €. (3.7)

It is not hard to prove (3.7) from (3.6). However, both equations have technical

proofs, so they are postponed to § 3.9.
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Theorem 3.2.3. The uniform measure Pp, and the generated measure Pgen(n) satisfy

dTV(]P)Pna ]PGen(n)) = 67@(71).

Proof. From the triangle inequality for total variation distance, (3.5) and (3.7), we

have

drv(Pp,, Paenm)) < drv(Pp,, Pgs,) + drv (Pgs, , Paenm)) = ¢~ ™.
A lower bound follows from arguments similar to these for (3.4). O

Theorem 3.2.3 describes the precision of our almost-uniform sampling. Note that
any approach relying on (3.4) cannot hope to achieve better precision. The proof is
rather technical, and is postponed to Section 3.9. The properties of the generated
graph p((B, E, (k,0), 7)) depend a lot on the value of B. It is often the case that we
break the analysis into different cases depending on the value of B. We introduce two
new random 4-tuples - Gent(n) and Gen™(n), which are the same as Gen(n), but

with overwritten values for B:

Definition 3.2.4. For each n define Gen™(n) to be (1, E, (k,0),7) and Gen™(n) to be
(—1,E, (k,0),m), where E, (k,0) and m are the same as in the definition of Gen(n).

The following observation is easily verified: Let () be an arbitrary graph property.
If G ~ p(Gen(n)), Gt ~ p(Gen™(n)) and G~ ~ p(Gen~(n)), then

PG € Q) = %IP(G* cQ) + %}P’(G‘ cQ). (3.9)

Still with G ~ p(Gen(n)), we shall see in Section 3.9 that wvhp G is not both

unipolar and co-unipolar, that is

P(G € GSTNGS™) = e M, (3.9)

3.2.2 On the parts of the generation process

Theorem 3.2.3 will prove to be very useful. Let P, €, P,. Whenever we want to
estimate ¢, = Pp, (Q) = P(P, € Q) for some graph property @), we can instead
estimate ¢, = Pgen(n) (Q) = P(p(Gen(n)) € Q), and use the fact that |g, —q,| = e~™.
The approximate sampling, Gen(n), is a convenient method for estimating probability,
because it decomposes the resulting graph into three independent parts — a central

clique, a partition of the remaining vertices and a bipartite part in between.
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3.2.2.1 Central clique

An essential part of the generation process involves determining the size of the central
clique. For this purpose we introduced the distribution L(n). Recall that if X ~
L(n) and z is an integer between 0 and n, then P(X = z) = {,,,/.%,, where {, , =
(Z) 2#(r=2)B  and %, = ZZ:o {y, ;- The term 27(n=2) dwarfs the other two terms and
heavily concentrates the distribution. The term B, _, breaks the symmetry around
n/2 and tilts the mean towards zero by about %log n, where throughout the chapter

log means log,.

Theorem 3.2.5. Suppose X ~ L(n). For sufficiently large n we have
27TV S P(IX — pf > x) <272 g,

for each x > 1, where

n —logn + loglnn
5 .

The upper bound in the theorem above is essential for handling the generation

p=p(n) =

process. Indeed, Theorem 3.2.3 will always be used in combination with Theorem 3.2.5.
Most often we take x = Q(y/n) in order to have an exponential decay. However,
sometimes there is a phase transition when the central clique becomes bigger than
the remaining graph, most notably when we look at Hamiltonian cycles in co-unipolar
graphs, and then we take x to be n/2 — p ~ %log n. The proof of Theorem 3.2.5
is rather technical, and is postponed to § 3.9.3. In the proof we also show that if
X ~ L(n), then |[EX — pu(n)| < 1.

3.2.2.2 Bipartite part

Let U ~ Gen(n) and let (G,C) be the arrangement induced by the generation pro-
cess. The edges between C' and C are best seen as a random bipartite graph with
colour classes C' and C and edges in between, each present with probability 1/2 and
independently of the others. The sizes of C' and C are not necessarily identical, but
Theorem 3.2.5 shows that their difference is O(y/n) wvhp. Random bipartite graphs
share many properties with binomial random graphs G(n, p), which have been exhaus-

tively studied.

3.2.2.3 Partition part

Let I1,, be the set of all partitions of [n]. The elements of each partition will be referred
to as parts. We turn II,, into a probability space by taking each partition with equal
probability, namely 1/|I1,,|. Let 0 = o(n) be an outcome from this probability space,

i.e. 0 €, II,,. The structure of o can vary from having a single part with n elements
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to having n parts with one element each. However, o has a well-defined shape with
high probability.

Let r = r(n) be the unique root of the equation re” = n and let B,, = |II,| be the
nth Bell number. It can be found in [DB70] that

r(n) =Inn—(1+o(1))Inlnn, and (3.10)

B, = 1+—0(1)€n(7‘*1+1/7“)*1_ (3.11)
r

There is a sizeable literature for random partitions, see in particular [Pit97]. Let
7| be the number of parts in a partition 7. If X is a random variable we will use X
to denote (X — EX)/v/VarX. One of the earliest results on random partitions is by

Harper:
Theorem 3.2.6. (Harper [Har66]) For o €, 11,
1. Jo| % N(0,1),

2. Elo| =2 — 1= (1+0(1)2 = (1+0(1))%

Inn’

2
3. Varlo] = 52 — () — 1= gy — 1o(1) = (1+ o(1) e

Let Y;(7) be the number of parts of size t of an arbitrary partition 7 € II,,, so that
Im| =1 Yi(r) and n =Y | tYy(m). Suppose that o €, II,, from now on.

Theorem 3.2.7. (Pittel [Pit97]) Given a partition m and an interval I = [ky, ko] where
1§k1§k2§n, let

7
Vi(m) = Yi(m). M=)
jel jel J:

Then, uniformly for I = [k, ko] and £ > 0,

§2

P(|Yi(0) — M| > &) = O(e™™=GE09)),

The last theorem is useful for small deviations, but rather crude for deviations

proportional to the mean. A counting argument yields a better bound:

Lemma 3.2.8. Let € > 0 be fized and let N =n/r =e". Then for large n

P(|lo] = Al = e)) < ne~neminler D),

In particular, ||o| — )\‘ < eX wuhp.
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Proof. Any surjective function f : [n] — [k] induces a partition {f~![i]}*_, with exactly
k parts. Every partition with k parts is induced by exactly k! functions of the form

above, as permuting the values of the image does not affect the partition. We conclude:
P(lo| = k)B,, = {7 € II,, s.t. |7| = k}|
= |{f : [n] — [K] s.t. f is surjective}|/k!
<|{f:[n] = [K]}|/R! = K" /R

1\
< k" (E) =exp(nlnk —klnk + k),

for each 0 < k <n.
Suppose that k = (1 + ¢) for some ¢ = ¢(n) > —1. Substituting in the inequality

above we get:

P(lo| = (1+c)A) < B, exp( nln(1+c)A — (1 +c)AIn(l +c)A + (1 + )\ )
= B'exp{nlnA —AIn\+ )\
+nln(l4c¢) —cAln
+ AMc—In(14¢)—cln(l1+¢)) }
<exp(n{ln(l+c¢)—c}+Mc—In(14+¢)—cln(l+¢)})

for sufficiently large n. Here we have used Aln A = n; and that (3.11) implies that we
have
B, 'exp(n(r —1+1/r)) <1 for sufficiently large n.

Note that ¢ —In(1 4 ¢) — cIn(1 + ¢) < 0 for all ¢ > —1, so we can write
P(lo] = (1 4+ ¢)A) < exp(n{ln(1l + ¢) — ¢})
for large n. Let f(z): (—1,400) — R be defined as f(x) = In(1 + x) — z, so that
P(lo| = (1+¢)A) < exp(nf(c).

The following properties are easily verified by taking derivatives: f(z) < f(|z|); f(0) =
0; f(x) < 0 for x # 0; and f is strictly increasing in (—1,0] and strictly decreasing
in [0,00). We deduce that for every I C (—1,00] we have sup,.; f(z) < f(inf,es |2]).
Let Is = [0,n] \ [[(1 — 0)A], [(1 + d)A]], for § > 0. We deduce

P (Ha| — /\| > e)\) =P(lo] € I) < rl?eaidf”ﬂa\ = k) < nexp{f(e)n}. O
For m € I1,, let L(m) be the maximum size of a part.
Lemma 3.2.9. Suppose 0 <z <n/2 and let o €, 11,,. We have
P(L(0) > x) < (14 o(1))e *Une-nr=2)+nn,
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Proof. We may assume that z > e’ (since otherwise the RHS is > 1). Let E,
be the event that o contains a part of size |x]. Then by (3.11) and noting that
Tng =14+ —"—<r,—1+ i (this holds because f(t) =t —1+t~! and r; are increasing

intée([l,00)) we get

P(E,) < (LHJ)M < (%)x(l +o(1)) "n_ —a(rn=1+41/rs)

T B, T Th—u

< (o) (2) (%) b

—_ (1 + 0(1))6—x(1nx—lnr—2)‘

Thus
P(L(oc) > z) =P (U E) <> PE.) < nmaxP(E,)
zZ2>T z>x -
< +‘0(1))6_x(1n;_1m_2>+1m’
since Inx —Inr — 2 > 0. ]

Lemma 3.2.10. Suppose a = a(n) = o(n) is integral for all n. Then

ana
By,

= exp(—arp_, + o(n)).

Proof. We have

o rsen (- (oo te g ) <n(nm1e 7))

=exp((1+o(1))nIn(l —a/n) —a(rp—q — 1) + o(n))
=exp((1+0(1))(—a) — a(rp—q — 1) + o(n))
= exp(—ar,_, + o(n)). O

Corollary 3.2.11. We have
P(L(0) > n/logn) = e ™, (3.12)
and further, if e(n) = o(1), then

P(L(0) > e(n)n/logn) = e~°™. (3.13)

Proof. Let a = [n/logn]. Then P(L(c) > n/logn) is at least Bg;"; and is at most

(Z)nBE;“ (where the factor n is to account for choosing a part (or the empty set) to

add to the chosen part of size a). Now we can use the last lemma. ]
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To close this section on generating random perfect graphs, let us briefly consider the
graph G output by the generation process, and how to recover a unipolar arrangement
for G or its complement (or how to seek such arrangements for the random perfect
graph P,). On input an arbitrary n-vertex graph H, in O(n?)-time we can test if H is
unipolar or co-unipolar, and if it is either then output a corresponding vertex partition.
This result is a joint work with Colin McDiarmid [MY15] from my master’s thesis,
improving on earlier O(n?®)-time approaches. The method is not very complicated,
but in the present case there is a trivial O(n?)-time heuristic.

Consider G. Let A be the set of vertices with degree at most n/2, and let B consist
of the remaining vertices. Then wvhp exactly one of the following holds: (a) B is a
clique and A is a disjoint union of cliques (forming a unipolar arrangement for ), or
(b) A is stable and B is a disjoint union of stable sets (forming a unipolar arrangement
for G).

To check this, let 0 < € < 1/4. We have seen that, in the generation process,
wvhp |k —n/2| < en/2 (by Theorem 3.2.5) and each part in ¢ has size < en/2 (by
Lemma 3.2.9). Hence, in the unipolar case (B = 1), by standard Chernoff bounds,
wvhp each vertex in the central clique has degree in (3n/4 — en,3n/4 + en) and each
other vertex has degree in (n/4—en,n/4+en), so (a) holds. Similarly, in the co-unipolar
case, wvhp each vertex in the central stable set has degree in (n/4 —en,n/4+ en) and
each other vertex has degree in (3n/4 — en,3n/4 + en), so (b) holds. Also, by (3.9)
wvhp (a) and (b) cannot both hold.

3.3 Stability and Clique number

In this section we discuss the stability number «(P,) and clique number w(FP,) of the
random perfect graph P,. Our main result is Theorem 3.3.7. Of course everything we
say also applies to the clique covering number and chromatic number, as they equal

the former two parameters for perfect graphs.

Lemma 3.3.1. Let U = (1, E, (k,0),7) be an arbitrary outcome of Gen™(n) and let
Gt =pU). Then 0 < o(GT) —|o] < 1.

Proof. Let (G, C) be the induced unipolar arrangement from the generation. We
know that o is a partition of C into disjoint cliques, and therefore by picking a rep-
resentative member from each part we obtain an independent set of size |o|, hence
a(GT) > |o|. For the other direction, observe C' together with o gives a partition of
V(GT) into |o| 4+ 1 cliques. Every stable set can intersect each of these cliques at most
once, hence a(G1) < |o| + 1. O
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The last lemma pins down a(G™) to only two values, namely |o| and |o| + 1. We

next show that the second outcome is very unlikely.

Lemma 3.3.2. Let U = (1, E, (k,0),7) ~ Gen™(n), let Gt = p(U), and let 0 < § <
1—1In2~0.3. Then P(a(GT) = |o| +1) = O(e™).

We give an informal proof first. Condition on the induced unipolar arrangement
(G*,C) and on the partition 0. We have a(G*) = |o| + 1 if and only if there is a
vertex from C whose neighbourhood does not contain any side clique in C. Let A, be
the event that v is such a vertex, and hence {a(G*) = |o| + 1} =, A,. For a fixed
vertex u € C' and a fixed side clique R we have P(R € N(u)) = 1 — 2718, Therefore

P(Av) - H (1 - 2_|R‘) )

R

where that product is taken over the side cliques in C. Up until now everything is
rigorous. Observe from Theorem 3.2.7 that whp the number of side cliques of size i is
close to r'/i!, where r is the unique root of the equation n — k = re”. For a moment

assume that the number of side cliques of size ¢ equals this value, for each 7. Then

P(A,) = H (1-27" = H(l _ Q—i)ri/ﬂ

|| R|=i i=1

n n

= exp (—Z(r/2)l/z') < exp (—e’"/2—|—2)
= exp (—\/(n —k)/r+ 2) = exp (—(1 +0o(1)) n/(2lnn)) .

For the last step we assumed that k ~ n/2, which is easily justifiable from the concen-

tration theorem, Theorem 3.2.5. We use the union bound to finalise our arguments:
P(a(GY) =|o| +1 Z]P’ ) < exp < (1+0(1)) n/(21nn)>
= O(eXp(—n”2 ).

We observe that ¢ from the statement is 1/2 — € in this case, which may be the best
possible.

Proof of Lemma 3.3.2. Let J = [n/2 —2y/n,n/2 + 1+ 2y/n]. We have P(k € J) >
1 — 27" from Theorem 3.2.5. Condition o on k = kg for some ky € J. We use
Theorem 3.2.7 for o with I = [0,7 + r3/4], A\; = €"P[Po(r) < r + r*4] < " and

¢ =2(e")**, where r is the unique root of n — ko = re”. The theorem says that
P(Yi(0) = Ar — &|k = ko) > 1 — cexp (—Ver),
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for some constant c. In order to give a lower bound on \;, we use a standard Chernoff
bound for a Poisson random variable: P(Po(r) > (1 +n)r) < exp (—rn?/4), for 0 <
n < 1. Taking n = r~%/* we obtain:

A =€ > (1 — exp (—v/r/4) — 2(¢7) ) = (1 - o(1)).

Define the events A, as in the preceding informal discussion. The event {Y;(o) >
Ar— &} implies that in o there are at least e (14 0(1)) parts of size at most r(1+0(1)),

hence

P(A,|(Yi(o) > Ar — &) Nk = ko)

< (1- 2*7“(1+0(1)))6T(1+0(1))

< exp {—27"HoWer (1 4 o(1))}
= exp {—(e/2)" ")}
=exp{—exp[r- (1 —In2)(1+o0(1))]}
= exp {((n — ko) /r) DMWY gince ¢ = (n — ko)/r
= Ofexp (—n).

From the union bound we get
P(a(GT) = o]+ 1]k = ko) < P(Yi(0) < A; — €|k = ko)
+ Y P(A[(Yi(0) = A\ = &) N (k = ko))
=<;@Xp(—n%)
Hence

P(a(G") = o] +1) < P(k € J) + maxP(a(GT) = |o][k = ko)
= O(exp (—n°)). O

Note that the bound for § in the last proof is 1 —In 2 & 0.3, which is slightly worse

than the constant in the informal discussion.
We shorten G ~ p(Gen™(n)) to Gt ~ Gen™t(n).

Proposition 3.3.3. Let GT ~ Gen™(n), and denote o(G™) by X. Then, as n — oo,
X4 N(0,1), E[X] ~ 772, and Var[X] ~

2Inn’

2In’n "

We write Y for |o| and Y,, for |o,,| when o, €, II,,. To prove the last result we

will use the following claim.

Claim 3.3.4. EY,., = EY,, + W,

Inn
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2
Proof. From Theorem 3.2.6, EY,, = B]g—:l — 1 and VarY,, = Bg—:? — (Bg—zl> — 1. Hence

Vary, =

Bn+2 Bn+1 _ (Bn+1

2
—1=(EY, )(EY, +1) — (EY,, + 1) — 1.
Gt (B} 1 = (B + (Y + 1) - (B, + 1)

Therefore

VarY, +1 14 o0(1)

EY, H—(EY,+1) = —
(EYnpr+1) = (EYn + 1) EY, +1 lnn

]

Proof of Proposition 3.3.3. Recall that ¢ is a random partition created by first choos-
ing a value for k ~ L(n), and then taking o €, II, ;. It suffices to show that
v 4 N(0,1). Indeed, if this were the case we get Y < X <Y +1, Var(Y) — 00, Y A
N(0,1), and hence X % N(0,1).
Let ®(x) be the CDF of N(0,1). For an arbitrary fixed x and € > 0 we show that
for large n
IP(Y < z) — ®(z)| < e.

Find ¢ = {(¢) such that P(k € Z) < ¢/2+n"" for T =Z(n) = [|Ek —{|, [Ek + £]].
Such ¢ exists by Theorem 3.2.5. We emphasise that the length of Z is at most 2¢ 4 1,

which is independent of n.

PV < ) — cp(x)) = ](P(? < alk=c)— ®(x) Pk = )

<y ‘(IP)(XA/ <zlk=c)- CID(J:))‘]P’(k —¢)+e/24+n"

ceT

< max ’P(? <zlk=c)- @(w)’ +€/2+n"

ceT

Fix any integer valued function ¢(n) with ¢(n) € Z(n).
‘EY - EYn—q} - |E {E [Y‘k} } - EYH—a’
< Z IEY,—; — EY,_,|P(k = 1)
i=0

<Y |BY, — BY, [P(k =1i) +€/2+n"
i€l
< max [EY, i —EY, [ +¢/2+n7"
1€
20+ 1
<(14o0(1)=——+¢/2+n"
< (14 o ))QInn +€e/24+n

=¢€/2+0(1). (3.14)
We proceed with the variance in a similar fashion.

VarY — VarYn,q| < max |VarYn,i — VarYn,q‘ +€/24+n"" = o(VarY,_,).
1€
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For the last equality we have used part 3 of Theorem 3.2.6. We conclude
VarY = (1 + o(1))VarY,,_,. (3.15)

Write y = (z(VarY)V2 + EY — EY,_,)(VarY,_,)"'/2, so that P(Y < zlk = q) =
]P’(Y/,:q < y). From (3.14), (3.15) and Theorem 3.2.6 we have lim,,_,y = z. Find
d > 0, so that &(z) < &(x —9J)+¢€/6. From Theorem 3.2.6 we have IP)(fn:l <x—90§)—
®(x —0) if n — g — oo. For large n
P(Y, g <y) =PV, y<a—6) >dx—03)—e/6>d(x)—¢/3.
We can do the same in the other direction and deduce that for large n
IP(Y < 2|k = q) — ®(2)| < ¢/3.

But ¢ was an arbitrary function, hence for large n

max ‘IP’(? < :L‘|k? =c)— ®(x)| < €/3,

ceT

and the proposition is proven. O

We continue with w(G™). The overview is that usually there is a unique clique
of maximum size in G — the central clique. The vertices in the central clique have
degree (14 0(1))3n/4 whp, while the vertices outside have degree (1 + o(1))n/4 whp,
so the central clique C' from the generation is easily recognisable in the resulting graph
(and in the 4-tuple U, as well as k and B, we know o up to relabelling of C, we know
a little about £ and we know w([k]) = C).

Lemma 3.3.5. Suppose GT = p(U), where U = (B, E,(k,0),7) ~ Gen™(n). Then

both the probabilty that C' is not the unique clique of mazimum size and P(w(G™) # k)
are 2~ (zto)n,

Proof. As usual, let Z = [n/2 — y/n,n/2 + /n|, and recall that k¥ € Z wvhp by
Theorem 3.2.5. Let ky € Z, and condition on k£ = k.

We first give a lower bound for P(w(GT) # ko). With probability at least 270
there is a vertex outside the central clique which is adjacent to all vertices from the
central clique, and hence P(w(GT) > ko) > 2~ toMn,

We now prove an upper bound. Of course, P(w(G™) # k) is at most the probabilty
that C'is not the unique clique of maximum size: we upper bound the latter probability.
Let (G, C) be the unipolar arrangement induced by U. There are two cases in which
G* contains a clique M # C of size at least kq. The first case is when |CNM| = 1, when
also |C'\ M| < 1. The probability of that happening is at most (n — ko)ke2~*0—1) =
9-(k+o(1)n
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Let us focus on the second case; |C N M| > 1. This implies that there are at
least two vertices from C with degree at least ko. If we substitute n/y/logn for x in
Lemma 3.2.9, we get that the probability that there is a part in ¢ of size more than
n/+/logn is less than e™ for large n. Assume there is no such part in o.

For every v € C write d(v) = dc(v) + dz(v). We have de(v) ~ Bin(kg,1/2) and
dz(v) < n/y/logn — 1. Let E, be the event {dc(v) > ko — n/v/logn}. Next we use
the Chernoff bound in the form: P(X > mp +t) < e 2/ for X ~ Bin(m,p) and
t > 0. We obtain

P(E,) < e~ (+e(ko/2,

The events F, and E, are independent for u # v, hence P(E, N E,) < e~ (+eW)ko for
every pair u # v. We deduce that the probability that there are two vertices from C
with degree at least ko is at most n2e~(HoWko 4 g=n — o=(5+o(1)n,

Combining the two cases completes the proof of the upper bound. O

Lemma 3.3.6. For Gt ~ Gen™(n) and a fized € > 0 we have wvhp

1—
( 6)2lnn 2Inn ’

g—e\/ﬁ < w(@) < g—l—e\/ﬁ.

In particular, a(G*) < w(GT) wohp.

and

< a(Gh) < (1+¢€)

Proof. The first line follows from Lemma 3.3.1, Lemma 3.2.8 and Theorem 3.2.5; the

second line follows from Theorem 3.2.5 and Lemma 3.3.5. OJ

Observe that the proof of Theorem 3.2.5 will complete the proof of Lemma 3.3.6. For

every graph G we have w(G) = a(G) and therefore everything we showed for a(G™)
and w(G™) directly translates to w(G™) and a(G™). Let h(G) = min{a(G),w(G)} and

H(G) = max{a(G),w(G)} for every graph G. (Here h and H come from homogeneous.)

Theorem 3.3.7. For P, €, P,

n

and variance ~
2lnn

1. h(P,) is asymptotically normal with mean ~ T

2. dpy(H(P,),L(n)) = e,

Proof. Let U = (B, E, (k,0),7) ~ Gen(n). We couple G,, G} and G, by writing
Ut = (1,E,(ko),m), U = (-1,E,(k,o0),7), G, = p(U), GF = p(UT) and G, =
p(U7). We have

dTV(h(Pn)a O‘(G:)) < dTV<h<Pn)7 h(Gn>> + dTV<h<Gn)v O‘<G:L_))
< drv(Pp,, Paentn)) + P(R(Gr) # (GY)).
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But drv (Pp,, Paen(n)) = €™ from Theorem 3.2.3; and, since h(G,,) = h(G}),
P(h(Gn) # a(G)) = P(w(Gy) < a(Gy)) = ™™

from Lemma 3.3.6. Thus drv (h(P,), a(G*%)) = e~ The first part in the statement
now follows from Proposition 3.3.3.
Similar arguments establish the second part of the theorem. Much as above we

may write
dryv(H(P,),L(n)) < dry(H(P,), H(G,)) + dTV(H<Gn)7W(G:>> + dTV<w<G:L-)7 L(n)).

The first and third terms in the upper bound here are e~ by Theorem 3.2.3 and
Lemma 3.3.5. Since H(G,,) = H(G}"), the second term is at most P(a(G}}) > w(G)),
which is e by Lemma 3.3.6. Thus dyy (H(P,), L(n)) = e~ as required. O

The last result shows that the distribution L(n) is not only needed for the approx-
imate generation process, but also corresponds to an important property of perfect

graphs.

Finally here in this section on stability and clique numbers, let us briefly consider
algorithmic aspects, following the comments at the end of the last section, and using
Lemma 3.3.6.

Given a random perfect graph P,, let A be the set of vertices with degree at
most n/2, and let B consist of the remaining vertices. Then wvhp exactly one of the

following two cases holds.

(a) B is a clique and indeed is the unique maximum clique (by Lemma 3.3.5), so
w = |BJ; and A is a disjoint union of cliques, so « is either the number of parts
(cliques) in A or this number plus 1 (by Lemma 3.3.1), and we can easily tell

which in O(n?)-time.

(b) A is the unique maximum stable set, so @« = |A|; and B induces a complete
multipartite graph, so w is either the number of parts or this number plus 1, and

we can easily tell which in O(n?)-time.

In the first case, to tell if « is the number of parts plus 1 we just test if some vertex
in B is non-adjacent to at least one vertex in each side clique; and similarly for the
second case. In particular, wvhp in O(n?) time we can determine w and « (and know

they are correct).
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3.4 Induced Subgraphs

Suppose P, €, P,. From Lemma 3.3.6 and Theorem 3.2.3 we have w(P,) > %
wvhp, so we can of course find any fixed graph H as a subgraph of P, wvhp.

We use H C; G to denote that H is an induced subgraph of G. We observed
already that the generated graphs, p(Gen(n)), are symmetric with respect to taking
complements. The same is true for perfect graphs, that is P, ~ P,, by the weak perfect

graph theorem [Lov72a, Lov72b]. Thus we see that, if H is fixed and P, €, P, then
Lemma 3.4.1. Suppose that G} ~ Gen™*(n) and that H is fivred. Then

0 if H¢ GS™,

P(H C; Gy) = {1 — e SUnlnn) € GST.

To prove this lemma, we first establish two preliminary claims.

Claim 3.4.2. Suppose o €, I, and let a = a(n) < n’ for some 0 < § < 1. The
probability that o contains at most a parts is at most exp{—(1 —d 4+ o(1))nlnn}.

Proof. The probability of the event in the statement is at most a”/B,,, and the bound
follows, since In B,, = (1 + o(1))nlnn. O

Claim 3.4.3. Suppose o €, 11,,, and let [ > 1 be a fized integer. The probability that

all parts of o are of size at most  is at most exp{—(3 + o(1))nInn}.

Proof. We call a finite sequence (a;)%_, type if Zle a; = n. We say that o has type
(a;) if (a;) corresponds to the sizes of the parts of o taken in any order. The number

of partitions with type (a;) with a; <1 for all 7 is

n! n! _ eyn ne " n" 1
— < —< : =200 = 1—-)nl O(n) ¢ .
Rl M Vamk Ret ()7 exp{( i o)
The number of types (a;) with a; < [ for all ¢ is at most " = exp(O(n)), and hence
the number of partitions with parts at most [ is exp {(1 — })nlnn+ O(n)}. The

statement in the lemma follows after dividing by B,. m

Corollary 3.4.4. For fized 6 > 0 and | > 1, the probability that a random partition

o €, I, contains at most n’ parts of size more than | is exp(—O(nlnn)).

Proof. Let TIj, and II, be the classes of partitions of ) with at most nd parts and
with parts of size at most [ respectively. The number of partitions described in the
statement can be bounded by > _gc,; 5|15 = exp(—O(nlnn)) by the previous two
claims. For a lower bound consider the partition 7 with n parts; P(oc = 1) = B, ! =
exp(—O(nlnn)). O
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Proof of Lemma 3.4.1. Since GST is a hereditary class of graphs and G, takes as
values only GS*-graphs with non-zero probability, we get that if H ¢ GS™, then
P(H C; G}) =0 for any n.

Now suppose that H € GST. Fix a unipolar arrangement (H, A). Suppose that
7 € Iz corresponds to H[A], and let [ = L(7) be the maximum size of a part in .
Let I, be the interval [n/2 — n?3 n/2 + n??]. By Theorem 3.2.5, P(k & I,) < 2n™"
for n sufficiently large; so we may condition on k € I,. Let (G}, C) be the unipolar
arrangement induced by the generation process.

By Corollary 3.4.4 (with 1/2 < § < 1) there are at least |7|n'/? side cliques in C
of size at least | with probability 1 — exp(—©(nlnn)), so we may condition on this
event. Hence we can find a collection of at least t; = [n/2] disjoint sets T; C C' such
that GH[T;] = H[A]. Pick t; = [n/(3|A|)] disjoint subsets S; of C, each of size |A|.
Then G[S;] & H[A] for every i, and hence for 1 < i < ¢y and 1 < j < ¢; we have
po=P(GH[S; UT;] = H) > 27144l

The probability that no such pair induces H is (1 — po)®* = exp(—O(n*/?)). The
failure probability is dominated by the term exp(—©(nlnn)). O

The bound in Lemma 3.4.1 cannot be improved. For suppose H is the 4-edge path:
then
P(H ¢; G;) > P(o has only parts of size 1) > 1/B,, = ¢~ ©Inn):

It is now immediate that for a co-unipolar graph H we have
P(HC;,G;)=PHC,; Gf) =1— Hnlem,
and hence we arrive at the following theorem:
Theorem 3.4.5. Let H be any (fixed) graph, and let P, €, P,. Then

e~ ) if H ¢ GS,
P(HC; P)=<1/24+e % ifHecGS\(GSTNGS),
1 —e M if He (GSTNGs).
Proof. Consider @, = {G € G, : H C; G} and Pp,_(Q,). Now the result follows from
Lemma 3.4.1, Equation (3.8) and Theorem 3.2.3. O

Note that Theorem 3.4.5 accords with (3.16). It also follows from Theorem 3.4.5
that for every graph H:

— e~ ) if H¢GS
<( = )U( )> {1 —e 2 if HegS.
and

P <(H < P)(\@ < Pn)) _ {e—mn) i H ¢ ST NGS—,

1—e M fHegS T NGS .
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3.5 Clique Colouring

A j-cliqgue colouring of a graph is a colouring of the vertices with j colours so that
no maximal clique is monochromatic (ignoring any isolated vertices). We improve
Corollary 6 of [BGGT04], which states that almost all perfect graphs are 3-clique-

colourable.
Theorem 3.5.1. Almost all perfect graphs are 2-clique-colourable.

Corollary 6 of [BGG'04] is proved by showing that all generalised split graphs
are 3-clique-colourable, and then using the theorem of Promel and Steger discussed
earlier. In the same article it is shown that there are generalised split graphs which
are not 2-clique-colourable. There are several other subclasses of perfect graphs for
which the clique-chromatic number is known to be at most 3, and it was conjectured
in [DSSW91] that perfect graphs have bounded clique-chromatic number. This was
recently disproved in [CPTT16]. See [MMP16] for recent work on clique-colourings
of binomial random graphs and of geometric graphs. We prove Theorem 3.5.1 using

Theorem 3.2.3. We consider unipolar and co-unipolar graphs separately.

3.5.1 Clique colouring of unipolar graphs

We start with a deterministic lemma. We say that a vertex sees a set of vertices if it

has a neighbour from the set.

Lemma 3.5.2. Let G € GS,, with a central clique C. Suppose that some vertex x € C

n’

sees each side clique (Q which is a maximal cliqgue in G. Then G is 2-clique-colourable.

Proof. We may suppose that G contains at least two vertices. Choose a vertex yg €
N(z)NQ for each side clique @ with N (2)N@Q # 0. Define a colouring ¢ : V(G) — {1, 2}

in the following way:

if v =ux,
ifveC —ux,

if v = yg for some side clique @,

c(v) =

NN =

otherwise.

We claim that ¢ is a proper clique colouring. Note first that N(z) # (: this is
trivial if |C| > 2; and if C' = {z} then there is a side clique @), and () must contain a
neighbour of = (whether it is a maximal clique or not).

Suppose for a contradiction that M is a monochromatic maximal clique. Since M
is a clique, it must lie in the co-bipartite graph induced by C' and a side clique Q.
Further M ¢ C" for if so then M = C, and C' is not monochromatic if |C| > 2 and C

is not a maximal clique if C' = {z}.
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If N(z) N @Q is empty, then M contains a vertex of colour 1 in @), does not contain
x, and since M is monochromatic, M is contained in (). By the definition of z, @) is
not maximal; hence M is not maximal, but this is a contradiction.

Thus we may assume that N(z) N is nonempty, and so contains yg. Then either
(1) M C{z} U (Q\{yg}) or (2) M C (C\ {z}) U{yg}. In case (1), we could add
yo to M, and in case (2) we could add x. Thus again M is not maximal, and we have

our final contradiction. O

Let t = t(n) = logn —2loglogn (t is for threshold). Given a unipolar arrangement
(G, C) of order n, we use t to split the side cliques of (G, C') into two categories - the big
side cliques with at least ¢ vertices, and the small side cliques with less than t vertices.
We shall see in the next two lemmas that, for Gt ~ Gen™(n), whp the big side cliques
can all be seen by some x € C' and the small side cliques are not maximal, so we can

apply the above deterministic lemma to deduce that whp G is 2-clique-colourable.

Lemma 3.5.3. Let GT ~ Gen™(n), with induced unipolar arrangement (G,C). Then

279(10g2 n

with probability 1 — ) there is a vertex x € C which sees each big side clique.

Proof. Condition on k = kg € Z = [n/2 — \/n,n/2 + /n], as usual. Condition also
on the partition ¢ of W = [n] \ [k]; and assume wlog that the permutation 7 is the
identity, so C' = [k]. Let B be the set of all big side cliques, so |B| < (n — ko)/t.

For v € C' and ) € B, the probability that v does not see @ is
log®n

271Rl < 27t =
B n

Thus the probability that v sees each ) € B is at least

n—kq

(1 B logzn) Co exp (_10%;7”1—/{?0 +O(log3n)>

n t n

1
= exp (—(5 +0(1)) log n) = poto)

where @ = 1/(2loge) ~ 0.35. Then, the probability that for each vertex v € C' there

is some ) € B which v fails to see is at most

_p—ato(1)
)

(1 o nfaJro(l))ko <e
which is easily at most 9~ (log?n) O

Lemma 3.5.4. Let GT ~ Gen™(n), with induced unipolar arrangement (G,C). Then

with probability 1 — 2-Q00g*n) o small side clique 1s a mazimal clique.
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Proof. Condition on k = ko € Z = [n/2 — \/n,n/2 + \/n], as usual. Let us say that
a vertex v € C extends a side clique @ if @ C N(v). For v € C and @ € B, the
probability that v does not extend @ is

1—2 RN <12t =1~

Thus the probability that no v € C' extends @) is at most
log2n ko 1 2
(6_") — e—(§+0(1))log TL‘

But there are at most n small side cliques, so the same upper bound holds for the

probability that some small side clique is a maximal clique. O]

Lemma 3.5.5. The graph Gt ~ Gen™(n) is 2-clique-colourable with probability 1 —
2—9(10g2 n)

Proof. This follows from the last three lemmas. m

3.5.2 Clique colouring of co-unipolar and perfect graphs

Co-unipolar graphs are easier to clique-colour than unipolar graphs.
Lemma 3.5.6. The random graph G— ~ Gen™(n) is 2-clique-colourable wvhp.

Proof. We first prove an auxiliary claim.

Claim 3.5.7. Let G be a co-unipolar graph, with a unipolar arrangement (G,C) for
G. Suppose that C' is non-empty, and every vertex of C' has neighbours in at least two

side independent sets of C. Then G is 2-clique-colourable.

Proof. Since C' is non-empty, there are at least two side independent sets in C. Let
@ be a side independent set. Colour the vertices in C'U @) with 1 and the remaining
vertices with 2. A maximal clique contained completely in C' contains a vertex from
each side independent set and therefore is not monochromatic. There are no maximal
cliques contained completely in C. A monochromatic clique which intersects both C
and C must contain precisely two vertices — ¢ € C' and ¢ € ). However, such a clique

can always be extended with a neighbour of ¢ from a different side independent set. [

Let us check that G~ satisfies the condition of the claim wvhp. By Theorem 3.2.5
we may assume k € Z = [n/2 — y/n,n/2 + y/n]. Let (G7,C) be the co-unipolar
arrangement induced by the generation. By Lemma 3.2.9 wvhp the maximum size of
an independent set of C' is at most n/v/Inn = o(n). On the other hand every vertex
of C has degree at least n/5 wvhp from Chernoff’s inequality and the union bound.
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If the minimum degree of the vertices in C' is bigger than the maximum size of a side
independent set C, then every vertex of C' must see at least two side independent
sets. [

Theorem 3.5.1 now follows from Equation (3.8), Lemma 3.5.5, Lemma 3.5.6 and
Theorem 3.2.3. Indeed we see that the probability that P, fails to be 2-clique-
colourable is 220" n),

Further, we may see from the proofs that there is an O(n?)-time algorithm that
on input P, first generates a unipolar representation for the graph or its complement,

and then finds a 2-clique-colouring with failure probability 9—(log?n)

3.6 Hamiltonicity

A Hamilton cycle in a graph is a cycle visiting every vertex exactly once. Recall the

distribution L(n) in Definition 3.2.1. In this section we prove the following theorem.

Theorem 3.6.1. Almost all perfect graphs are Hamiltonian. Indeed, for P, €, P,
and X ~ L(n),

1
P(P, is Hamiltonian) =1 — §IP’(X >n/2) £ e M,
It follows from this result and Theorem 3.2.5 that
P(P, is Hamiltonian) = 1 — 9-(zto)log®n — 7 _ o(1),

which will complete the proof of (3.1). Indeed, we may see from the proofs that there is
an O(n?)-time algorithm that succeeds wvhp on input P,, and either outputs a Hamil-
ton cycle, or a stable set of size > n/2 (proving there is no Hamilton cycle), or fails. To
prove Theorem 3.6.1 we consider unipolar and co-unipolar graphs separately, and in
order to handle co-unipolar graphs we give a deterministic condition for hamiltoniciy
of bipartite graphs and show that a random such graph satisfies the requirements with
very high probability. At the end of the section we generalise this condition to a tight

extremal threshold of existence of Hamilton cycles in general graphs.

3.6.1 Hamilton cycles in random unipolar graphs

Lemma 3.6.2. Suppose that (G,C) is a unipolar arrangement. Let T, Ty C C each
contain exactly one vertex from each side clique and be such that Ty N'Ty consists of
the vertices of C' forming side cliques of size one. Let A, and Ay be disjoint subsets of
C. Suppose that in G there are complete matchings My from Ty into Ay and My from
T5 into Ay. Then G is Hamiltonian.
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Proof. Fix some ordering of the side cliques of C. There is a Hamilton cycle which
enters each clique from an edge of M, visits all vertices inside and then leaves the
clique from an edge of Ms. After all side cliques are visited, the Hamilton cycle visits

any remaining vertices in C' and finishes at the initial vertex. O

Definition 3.6.3. Let G 1 denote a random n x m bipartite graph with the edges

n,m,

present independently with probability 1/2.

Lemma 3.6.4. Suppose that 1 < n < m. Then G = (V},V5, E) ~ G
complete matching from Vi to Vi with probability 1 — 2~ m(IHom(1),

n,m, 1 contains a

Proof. We can find an isolated vertex in V; with probability at least 27™, hence 27
is a lower bound on the probability of failing to have a complete matching (from V; to
V5). Hall’s marriage theorem states that G contains a complete matching if and only
if IN(S)| > |S| for every S C Vi. Let Eg be the event that |[N(S)| < |S]. We have
P(Es) < (™, )27*(m=+) where s = |S|. Thus

P(UsEs) <) P(Es)= > P(Es)+ Y. P(Es)+ Y P(Eg).
B |5|<2 3<S|<n—2 |5]>n—1

Clearly

> P(Es) <n2 ™+ (Z) m2 2= < pgmmHO),
|S|<2

For 3 < s < min{n,m — 2} we have 275(m=s+1) < 273(m=2) ¢q
Z IP)(ES) < Z P(Es) < 2n+m273(m72) < 27m+0(1).
3<|S|<n—2 3<|S|<min{n,m—2}
If m > n 4+ 2 we are done, so assume that m = n + d where 0 is 0 or 1, and consider
s=n—1and s =n. We have (n—1)(m—n+2) = (m—35—1)(d+2) > m for m > 3,
and n(m —n+1) = (m —0)(d + 1) > m for m > 2. Hence
> P(Eg) <n®27"
|S|>n—1

for m > 3, which completes the proof. O]
Lemma 3.6.5. The random graph G™ ~ Gen™(n) is Hamiltonian wvhp.

Proof. Condition on |k — n/2| < y/n, which happens with wvhp by Theorem 3.2.5.
By Lemma 3.2.8, the number of side cliques is at most n/16 wvhp. Condition on this
event and on the arrangement (G™, (') induced by the generation process. Partition
C' into two near equal parts A, B C C with ||A] — |B|| < 1, so that |A| ~ |B| ~ n/4.
Find T4, Tz C C as in Lemma 3.6.2. By Lemma 3.6.4, we can find complete matchings
between T4 and A and between Tg and B wvhp. We now see that G* satisfies the

conditions of Lemma 3.6.2 wvhp and therefore G is Hamiltonian wvhp. O]
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3.6.2 Hamilton cycles in random bipartite graphs

Hamilton cycles in random bipartite graphs have been studied in Frieze [Fri85] and in
Bollobas and Kohayakawa [BK91]. However, we are interested in the dense case and

seek an exponentially small failure probability, which does not appear to have been
done before. We shall show:

n

Theorem 3.6.6. If G ~ G, 1 then G is Hamiltonian with probability 1 — 2~ (+o(t)n

This theorem will follow from the deterministic Theorem 3.6.9 below, based on

‘Posa flips’, but first we need some preparation.

Definition 3.6.7. Suppose G is a bipartite graph. We define a(G) to be the maximum
integer k such that we can find k-sets Sy C Vi and Sy C Va with E(S1,S3) = 0 for a
bipartition (V1,Va) of G. We call the pair (S1,S2) a bipartite hole of G.

We denote the minimum degree of a graph G by 6(G). The (vertex) connectivity,
k(G), of a non-complete graph G is the minimum size of a set S such that G\ S is
disconnected. The connectivity of an n-vertex complete graph is n — 1. We say that
G is k-connected if kK(G) > k.

Lemma 3.6.8. Suppose G is a bipartite graph such that §(G) > a(G). Then G is
(0(G) — a(G))-connected.

Proof. The statement easily follows if G is complete, as @(G) = 0 and k(G) = 0(G) =
)(G) — a(@). Suppose G is not complete. Let S C V(G) be a set of less than
J(GQ) — a(G) vertices. We must show that G’ = G[V(G) \ S] is connected. Let (V3,V3)
be a bipartition of G.

Let v; € V1 \ S and vy € 5\ S. Then |N(vy) \ S| > a(G) + 1 and |N(ve) \ S| >
a(G) + 1; and hence either v; and vy are adjacent, or a neighbour of vy is adjacent to
a neighbour of vy in G'. Thus v; and vy are connected in G’ by a path of length at
most 3. If vy,ve € V1 \ S, then v; has a neighbour u € V5 \ S, and we have already
seen that vy and v must be connected in G’, so v; and vy are connected in G'. The

same conclusion holds if vy, v € V5 \ S. O

Theorem 3.6.9. An n X n bipartite graph G with n > 2 is Hamiltonian if 6(G) >
2a(G) + 1.

Proof. All paths in this proof have their terminal vertices labelled as start and end.
Suppose P = {vy,..., v} is a path with start v; and end v;, and suppose v; is adjacent
to v;. A flip of P around v; is the path {vy,...,v;, v, ..., 0,41} over V(P), starting at
vy and ending at v;yq. (If i =1 — 1 the flip does nothing.)
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Let P = {vy,...,u} be a path starting at v;, ending at v;, and having maximum
length of any path in G. For k = 0,1,2 let W}, be the set of ends of paths obtained
from P by at most k flips. Clearly Wy = {v;}. Since P is maximal, v; is adjacent to
vertices of P only, hence Wy = {v; 41 : v;u; € E(G)} satisfies |W;| > 6(G).

Assume that 6(G) > 2a(G) + 1, and let (V3,V3) be a bipartition of G. Without
loss of generality suppose that v; € V;. Thus each set W, C V;. To complete the proof
it is sufficient to show that every vertex of V5 is adjacent to a vertex of Ws. Indeed,
suppose this is the case. If v; € V5, then P can be closed to a cycle, which must be
Hamiltonian since G is connected by Lemma 3.6.8 and P has maximum length. If
v € V1, then there is a vertex u € V5 \ V/(P). But this contradicts the maximality of
P, because there is a path @ with V(Q) = V(P) ending at a neighbour of u obtained
from P by two flips, and @) can be extended to contain u, yielding a longer path.

We claim that

|[Wa| > n —2a(G). (3.17)
Assuming this, and recalling that 6(G) > 2a(G) + 1, we see that every vertex of V5
must be adjacent to a vertex of W5, and we are done. So it remains to establish the
claim (3.17).
Suppose v;41 € W is adjacent to v; # v;. Then

Vj+1 € Wo lfj < 1; (318)
Vj—1 € Wo lfj > 1. (319)

More precisely, the path obtained from P by first flipping around v; and then v; ends
with v,y or v;_; depending on whether v; comes before v; in P.
Since |Wi| > 2a(G) + 1, we can find an integer ¢ such that v, € Wi and if we

write

Fy={v, e V(G):i>t+1} and
Fo={v, e V(G):i<t+1},

then |Fy N Wi > a(G) and |[F, N Wi > a(G). Let My = (Fy N W) U{v1} and
My, = (FoanWh) U{va}. It follows from (3.19) that if v; € Fy has a neighbour in
My, then its predecessor, vj_1, is contained in Ws; and from (3.18) it follows that
if v; € Fy,v; # v, has a neighbour in M;, then its successor, v, is contained in
Wy. But v, € Wy, and hence vy 1 € W5, so no special care is required for the case
vj = v For k =1,21let Ny = N[M;_| N Fy and Nf = (F, N V3) \ Ni (and hence
Fr,NVy = N, UN{); and let N be the set of predecessors in P of vertices in Ny, and
let ;" be the set of successors of N,. We see that

1. Ny UNS C WL\ {u};
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2. [Ny | = [Nil, INS| = [Nal;
3. Nl_ﬂN;:{th};
4. U € WQ.

Since F, NV = Ny U Nf and vy € Vi, we observe that n = |[Vo| = |[Ny| + |N{| +
| Na| + | NS|, and therefore

[Wal = INg UNY |+ 1= (IN] [+ [Ny = 1) +1
= [Ni| + [Na| = n = (IN7] + [N3]).

However, E(M;s_, Nf) = 0 (by the definition of Ny) and |[My| > a(G), so |Nf| <
a(@), and hence |Wy| > n — 2a(G). Thus we have proved (3.17), and the proof is
complete. O

Theorem 3.6.6 now follows because it G ~ G, 1 and t = /n, then the events

{6(G) < 2t + 1} and {a(G) > t} both have probability 2=(*°()"  As a lower bound

consider the event that G contains an isolated vertex.

3.6.3 Hamilton cycles in random co-unipolar graphs

Lemma 3.6.10. Suppose that G~ ~ Gen™(n) and X ~ L(n). Then G~ is Hamilto-
nian with probability P(L(n) < n/2) — e,

Proof. Recall that Gen™(n) is a random quadruple (-1, E, (k,0), ). If k > n/2, then
a(G~) > n/2, which makes it impossible to contain a Hamilton cycle. We show that
conditional on k£ < n/2, G~ is Hamiltonian wvhp, which will complete the proof.

From Theorem 3.2.5 and Lemma 3.2.8 we may condition on the event that k£ >
n/2—+/n and the event that the number of parts in o is at least n/(31nn) (since both
hold wvhp). Condition also on (G~, C) being the co-unipolar arrangement induced by
the generation. Partition C as Q U T, so that |C| = |Q| =k, |T| = n — 2k < 2\/n,
and T contains vertices only from different parts of . By Corollary 3.6.6, there is a
Hamilton cycle in the induced subgraph G~[C' U Q] wvhp. Condition on this event
and on H being a Hamiltonian cycle. If T is empty we are done, so assume not.

Now we have a Hamilton cycle H in G~ [C'U @], and a non-empty set T" of vertices
inducing a clique. Let u,v be vertices in T, and note that there is a u—v Hamilton
path in G~[T] (where u = v if |T| = 1). We may assume that the maximum size of
a side stable set is at most n/logn by Lemma 3.2.9. Let S,,S, be the side stable
sets containing u, v respectively, and let R be the set of vertices in @ \ S,. Then u is

adjacent to each vertex in R, and |R| > k — |S,| > n/3 + |S,| for n sufficiently large.
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The vertices in R have at least |R| — |S,| > n/3 neighbours along H which are
not in S,, and if v is adjacent to any of these neighbours then we have a Hamilton

n/3

cycle in the whole graph. But the probability that this fails is at most 27"/ since any

neighbour in C' must be adjacent to v and so we may assume there are none. O

3.6.4 Hamilton cycles in general graphs

Recall that §(G) denotes the minimum degree d(v) of a vertex v in G. An early result
by Dirac [Dir52] states:

Theorem 3.6.11 (Dirac’s Theorem). A graph G with n > 3 vertices is Hamiltonian
if 0(G) > n/2.

The theorem is sharp, since the disjoint union of two complete n-vertex graphs has
minimum degree n—1 and it does not contain a Hamilton cycle. This example contains
a large bipartite hole, that is two disjoint sets of vertices with no edge between them.
It is natural to ask if such a hole is necessary to construct a non-Hamiltonian graph
with large minimum degree. We show that indeed this is the case.

Given disjoint sets S and T of vertices in a graph, we let E(S,T) denote the set of

edges with one end in .S and one in 7.

Definition 3.6.12. An (s,t)-bipartite-hole in a graph G consists of two disjoint sets
of vertices S and T with |S| = s and |T| = t such that E(S,T) = (. We define
the bipartite-hole-number o*(G) to be the least integer r which may be written as
r = s+t—1 for some positive integers s and t such that G does not contain an
(s,t)-bipartite-hole.

An equivalent definition of o*(G) is the maximum integer r such that G contains
an (s,t)-bipartite-hole for every pair of non-negative integers s and t with s 4+t = r.
Observe that o*(G) = 1 if and only if G is complete, and o*(G) > «(G), where a(G)
is the stability number of G. Also note that for 1 < a < b, we have a*(K,;) = b and
a*(K,p) = min{b+ 1,2a + 1}. (Here K, denotes the complete bipartite graph with
parts of sizes a and b, and G denotes the complement of G.)

Recall that the connectivity of G is denoted by x(G).

Lemma 3.6.13. The following holds for every non-connected graph G':
k(G) > 6(G) +2 —a*(G).

Proof. Suppose for contradiction that the vertices v; and v, are separated by a set S of
size less than §(G) +2 — a*(G). Let s and ¢ be positive integers such that o*(G)+1 =
s+t and G has no (s, t)-bipartite-hole. Then % < max(s,t) < o*(G). Now the
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closed neighbourhoods Nlv;| satisfy |N[v;] \ S| > 0(G) + 1 — |S| > o*(G) > max(s,t).
The sets N[v1]\ S and N[vo]\ S are disjoint because S is a separator, but | N[v]\ S| > s
and |N[vg] \ S| > t, so there is an edge between them and S does not separate v; from

Vg, a contradiction. O

The inequality above does not hold for complete graphs, as k(K,) = n—1 <
(n—1)+2—-1=06K,)+2—a*(K,). It can be seen that the Lemma is sharp for
every value of k(G) from the following example. Take three disjoint sets A, As and X,
such that |A;| = |A3] =a > 1 and | X| = z. Let G be a graph over A; U A; U X where
A; U X is a clique and there are no other edges. We have o*(G) = a+ 1, k(G) =z
and 0(G) = a + = — 1, hence the statement of Lemma 3.6.13 is met with equality.

Hamiltonian graphs are 2-connected, so the least we can require for hamiltonicity is

I(G) > a*(G).
Theorem 3.6.14. A graph G with at least 3 vertices is Hamiltonian if §(G) > o (G).

Proof. 1t o*(G) = 1, then G is complete, and so G is Hamiltonian. Thus we may
suppose that a*(G) > 2. We will show that if P is a maximal length path in G, then
G[V(P)] is Hamiltonian. This, together with the connectedness of G following from
Lemma 3.6.13, is enough to complete the proof.

Indeed, suppose P is a maximal length path in G, n = v(P), and label the vertices
in V(P) with [n] := {1,...,n} in the order they appear in the path, after choosing
an arbitrary orientation. We may assume that vertices 1 and n are not adjacent. For
a set S C V(P), define ST to be the set of successors xt of elements = in S, and
define S~ to be the set of predecessors . We leave ST undefined if n € S and S~ is
undefined if 1 € S.

We now describe three situations when P can be closed to form a cycle. The
first yields a standard proof of Dirac’s and Ore’s theorems, the second involves ‘non-

crossing’ edges from the end vertices, and the third involves ‘crossing edges’.

(a) If for some j € (1,n) we have j € N(1) and j~ € N(n), then 1j —nj~ —lis a
spanning cycle of V(P) (where we follow the path P from j to n and from j~ to
1). See Figure 1.

Figure 3.1: Single flip
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(b) If for some k € (1,n) there exist i € N(1) N (1, k] and j € N(n) N [k,n) such that
i~ is adjacent to j, then 1 — i~ j* —nj — il is a spanning cycle of V(P). Here

we may have ¢ = j; see Figure 2.

Figure 3.2: Double nested flip

(c) If for some k € (1,n) there exist i € N(1)N[k,n) and j € N(n)N[1, k) such that
it is adjacent to 51, then 1 — jn —i*j* — il is a spanning cycle of V(P). Here

we may have j© = i; see Figure 3.

Figure 3.3: Double cross flip

We shall show that at least one of these situations must hold. Suppose for a

contradiction that this is not the case. Then for every k € (1,n)
E[(N(1) N (1,k])~, (N(n) N [k,n)"] =10 (3.20)
since (b) does not hold; and
E{1} U (N(1) N [k,n))", (N(n) N[1, k)] =0 (3.21)
since (a) and (c) do not hold.

Let 1 < s <t be such that o*(G) +1 = s+t and G has no (s, t)-bipartite-hole.
Since a*(G) > 2, we have s < %)H < a*(G), and hence

IN(1) N (1,2 =1<s<8(G)— 1< |N1)N(1,n] = d(1).

Therefore we can choose k € (1,n) such that |[N(1) N (1,k]| = s. Equation (3.20)
implies that |[N(n)N[k,n)| < t. Since |[N(n)N[1, k)| +|N(n)N[k,n)| > §(G), we have
IN(n)N[1,k)| > d(G) —t > a*(G)—t=s—1,and so |[N(n) N [1,k)| > s. Now from
(3.21) we deduce [N(1)N[k,n)| <t —1, hence |[N(1) N[k, n)| <t —2. Finally, since 1
is not adjacent to n, we have

5(G) <IN N (LK) + N1 N[k n)| <s+t—2<d6(G)—

and this contradiction completes the proof. O
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Another example where the theorem is sharp is the complete bipartite graph,
K, 41, with 6(K, 1) = r and o (K, ,11) = r+ 1. Theorem 3.6.14 generalises Theo-
rem 3.6.11 of Dirac. Indeed, a graph G with §(G) > n/2 has no (1, [n/2])-bipartite-
hole, and hence §(G) > n/2 > o*(G).

A related theorem by Chvétal and Erdés [CET72], has a sharp condition close to
Theorem 3.6.14.

Theorem 3.6.15 (Chvatal-Erdés Theorem). A graph G with at least 3 vertices is
Hamiltonian if k(G) > a(G).

There are interesting connections between Theorems 3.6.14 and 3.6.15, and between
the parameters s, J, @ and o*. For example, k(G) < §(G) < v(G) — a(G) and
a(G) < of(G) < v(G) — k(G). Furthermore, as we saw in Lemma 3.6.13, k(G) >
(G) — a*(G) + 2.

Comparing Theorems 3.6.14 and 3.6.15, neither condition implies the other. Here
is an example of a graph G that meets the conditions of Theorem 3.6.14 but not
Theorem 3.6.15. It has vertex set V(G) = {a} U BUC U D, such that |B| = k + ¢,
|C| =k, |D| = £+ 1, and all these sets are disjoint. All edges between {a} and B,
between B and C', and between C' and D are present, B and D are complete, and C'
is independent. It is easy to see that k = k(G) < «(G) =k + 1, and §(G) =k +( >
max{k+1,20+3} = a*(G) for £ > 1 and k > ¢+ 3. In the other direction, Cj satisfies
k=2=abutd=2<3=a"

Theorem 3.6.14 can be extended to provide a sufficient condition for the existence of
many edge-disjoint Hamilton cycles; and in fact the next result will be deduced quickly
from Theorem 3.6.14. We need a preliminary lemma. For graphs F' and G with the
same vertex set V', we define FUG = (V, E(F)UE(G)) and F—G = (V, E(F)\ E(G)).

Lemma 3.6.16. Suppose Hy, ..., H, are r > 1 Hamilton cycles in a graph G and let
H=H,U...UH,. Thena*(G—H)+1<(r+1)(a*(G) +1).

Proof. Let 1 < s <t be such that a*(G) +1 = s+t and G has no (s, t)-bipartite-hole.
Let U,W C V(G) be disjoint sets of size s and 2rs + ¢ respectively. Now

(WA Ng(U)| = W[ = [Ny, (U)| > 2rs +t —2rs = t.
i=1
But G has no (s, t)-bipartite-hole, so G — H has no (s, 2rs+t)-bipartite-hole. Finally,
we see that o*(G — H)+1<s+2rs+t < (r+1)(a*(G) + 1), since s < % O

Theorem 3.6.17. Let r > 0 be an integer, and let G be a graph with at least 3 vertices
such that 6(G) > (r + 1)a*(G) 4+ 3r. Then G contains r + 1 edge-disjoint Hamilton

cycles.
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Proof. We sequentially find edge-disjoint Hamilton cycles Hy, Ho,.... Let 0 <17 <r
and suppose we have found Hy,..., H;. Let G; = G —U;<;H;. Then by Lemma 3.6.16

o (G) < (i+ 1) (G)+1) =1 < (r+1)a"(G)+r <4(G) —2r <i(G;).
Hence by Theorem 3.6.14 we can find H,,; edge-disjoint from Hy, ... H;. O

Note that by setting » = 0 in Theorem 3.6.17 we regain Theorem 3.6.14.

We conclude the section by applying Theorem 3.6.17 to show quickly that for a
sufficiently dense random graph G, the probability of G failing to contain many edge-
disjoint Hamilton cycles is well-estimated by the probability that G contains a vertex

with too small degree (< 2r), or indeed contains an isolated vertex.

Theorem 3.6.18. Let 0 < e <1, let 0 < p=p(n) <1—¢, and let r = r(n) be a

positive integer. If M — 00 as n — 00, then the probability that G(n,p) fails to

r(n)logn
contain at least v edge-disjoint Hamilton cycles is (1 — p)(1+"(1))”.

Setting r = 1 we obtain:

Corollary 3.6.19. If p(n)y/n/logn — oo as n — oo, then the probability that G(n, p)
fails to be Hamiltonian is (1 — p)(+ein,

The following result is phrased to cover the existence of one Hamilton cycle, and

of many.

Lemma 3.6.20. Fiz 0 < e < 1 and let 0 < p = p(n) < 1 — € for all n. Given
r=r(n) > 1, let A, be the event that G(n,p) contains at least r edge-disjoint Hamilton

cycles, and let AS be the complementary event. Then
nlog(l — p) <logP(A%) < nlog(l —p)+ (2+ o(1)) rv/nlogn.

Proof. Let G ~ G(n,p), t = [\/n] and d = r(2t) + 3r — 3. From Theorem 3.6.17 we
have {a*(G) < 2t} N{0(G) > d} C A,, so

{(6(G) = 0} C A° C {a*(G) > 2t} U{5(G) < d}.

Clearly P(6(G) =0) > (1 — p)" = exp(nlog(1l — p)). Also, the probability that vertex
n has degree at most d — 1 is at most the expected number of (d — 1)-subsets of [n — 1]

such that each other vertex is not adjacent to n. Thus

P(O(G) <d) < n(g : i) (1-— p)("*l)*(dfl) < nd(l _ p)nefd

= exp(nlog(l — p) + d(log n + log(1/¢))).
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Further

P(a*(G) > 2t) < P(G has a (t, t)-bipartite-hole)
en 2t
< _ _ t < 2t t n
_() C< (Y 1) < (1)
= exp(nlog(l — p) + v/n(logn + O(1)));
and the required upper bound on log P(A¢) follows since d = (2 4 o(1)) r/n. O

Theorem 3.6.18 and Corollary 3.6.19 follow directly from Lemma 3.6.20.

3.7 Connectivity and Chromatic index

3.7.1 Connectivity

A set of vertices in a graph G is a cutset if removing these vertices leaves a disconnected
graph. The (vertex) connectivity of G is the minimum size of a cutset, except that, if
G is complete, then by convention x(G) = |V(G)| — 1.

We use 6(G) to denote the minimum vertex degree. Observe that §(G) is natural

upper bound for x(G). We prove the following theorem:

Theorem 3.7.1. The connectivity of almost all perfect graphs equals their minimum
degree. Indeed, wohp k(P,) = 6(P,), where P, €, P,.

Proof. We first consider unipolar graphs. Let (G*,C) be the unipolar arrangement
induced by the generation of Gen™(n). Then, for each fixed € with 0 < € < 5, GT

satisfies each of the following properties wvhp:
(al) Vu € C, do(u) < (1+€)in
(a2) Yu € C, dg(u) < en.
(a3) Vu,v € C, [(N(v)UN(u))NC| > (1 —¢)in
() O] > (1 - )3

Chernoff’s inequality is sufficient to prove (al) and (a3); for (a2) we can use Lemma 3.2.9,
and (a4) follows from the concentration theorem, Theorem 3.2.5.

These conditions are sufficient to ensure x(G*) = §(G*). Note first that if C = {)
then GT is a clique and the result holds; so we may assume that C' # (). Suppose
for contradiction that @ C V = V(G™) is a separator of G with |Q| < §(GT). Note
that 6(G*) < (14 5¢)% < |C|, and so C € Q. We claim that every vertex of V' \ Q

is connected to a vertex in C'\ @), which will yield our contradiction. This is obvious
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for vertices u € C'\ Q. If u € C, then since |Q| < §(G™), v must have a neighbour v
outside Q. If v € C'\ Q we are done, so suppose that v € N(u) N C. From (a3), u and
v see together at least (1 — €)2n vertices of C, while |Q] is at most (1 + 5¢)%, so there
must be a vertex from C'\ @) connected to either u or v.

The situation is similar for co-unipolar graphs. Let (G~,C) be the co-unipolar
arrangement induced by the generation of Gen™(n). Then, for each fixed e with

0<e< %, G~ satisfies the following conditions wvhp.

(bl) Vu € C, d(u) < (1 +€)in.
(b2) Each side independent set in C' has size at most en.
(b3) [C] > (1 —€)%.

To prove these, we can use a Chernoff bound for (bl), Lemma 3.2.9 for (b2), and
Theorem 3.2.5 for (b3).

These conditions are sufficient to ensure k(G~) = 6(G~). Note first that if C' = ()
then G~ is a complete multipartite graph and the result holds; so we may assume that
C # 0. Thus 6(G7) < (1+€)3n. Suppose that @ C V = V(G™) is a cutset of G~
and |Q| < §(G7). Fix some vertex w € V' \ Q). We claim that every vertex of V' \ @ is
connected to w.

First consider u € C. Then w and u are not neighbours (if and) only if they are
contained in the same side independent set I. But then there is a vertex € C'\ Q in
a different side independent set, since [C'\ Q| > (1 — 3¢)2 > |I|; and the path u,z,w
connects u to w. Now consider u € C. Since |Q| < 0(G), u must have a neighbour in
C, and we just seen that all vertices in C' are connected to w.

We have now shown that Pgenm)(k(G) = §(G)) = 1 — e~ and Theorem 3.2.3
completes the proof. O

3.7.2 Chromatic Index

The chromatic indez of a graph G, x'(G), is the minimum number of colours required
to colour the edges, so that no edges with the same colour share a vertex. Vizing
proved in [Viz64] that x'(G) = A(G) or X'(G) = A(G) + 1. If X'(G) = A(G), then G
is said to be class one, otherwise it is said to be class two.

In this subsection we prove
Theorem 3.7.2. Almost all perfect graphs are class one graphs.
Class one graphs have a natural connection with perfect graphs. Denote the line

graph of a graph G by L(G). Then, for graphs G with A(G) > 3, A(G) = w(L(G)) and
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X' (G) = x(L(@)); and hence G is a class one graph iff w(L(G)) = x(L(G)). Vizing
showed in [Viz65] that each graph of class two has at least 3 vertices of maximum
degree (and indeed the vertices of maximum degree induce a subgraph with a cycle).
Erd6s and Wilson proved in [EW77] that almost all graphs have a unique vertex of
maximum degree, and thus are class one, see also [FJMR88]. We shall show that almost
all perfect graphs have a unique vertex of maximum degree, and thus are class one
and can be A-edge-coloured in O(n?) time. (If G has a unique vertex vy of maximum
degree then we can A-edge-colour G in O(nm)-time as follows. Pick an edge e incident
with vg, use for example the algorithm of [MG92] to A(G)-edge-colour G\e, and then
use a standard Vizing fan iteration to colour e.)

Let d; = d;(G) be the jth largest degree in the list of all v(G) degrees. Theorem 15
in Chapter III (The degree sequence) of the book [Bol01] concerns the first few gaps
d; — d;y; for a random graph G, ,. The next lemma is a much easier result that may

be proved along similar lines; we do not spell a proof here.

Lemma 3.7.3. Whp B := G, 172 with m/n — 1 is such that

nl/2

h(B) = do(B) > 1.

where dy(B) and do(B) are the largest and second largest degrees of vertices in the first

colour class.

Let (G*,C) be the unipolar arrangement induced by the generation of Gen™(n),
and let B denote the corresponding bipartite graph with parts C' and C. With high
probability, d(u) > (1 —€)3n for all u in C, and d(v) < (1+€)in for all v in C. Hence,
by Lemma 3.7.3, whp

di(G") — do(GY) = dy(B) — dy(B) >

and so whp G has a unique vertex of maximum degree.

Let (G~, C) be the co-unipolar arrangement induced by the generation of Gen™(n),
and let B denote the corresponding bipartite graph with parts C' and C' (in this order).
With high probability, d(u) > (1 — €)3n for all u in C, and d(v) < (1 + €)in for all v
in C. Also, by Lemma 3.2.9, with high probability |dz(u) — ds(v)| < 10Inn for each
u,v € C, and therefore

dl(G_) - dQ(G_) Z dl(B) - dQ(B) —10Inn

1/2

> (1—¢) —101nn,

2logn
and so whp G~ has a unique vertex of maximum degree.
We have now seen that whp both G and G~ have a unique vertex of maximum de-

gree, which implies they are class one; Theorem 3.7.2 now follows from Theorem 3.2.3.
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3.8 The limit of a sequence of random perfect graphs

We show that a sequence of uniformly and independently sampled n-vertex perfect

graphs converges with probability one to the graphon

Iz <1/2]+ 1y < 1/2]

and show how to use this for estimates on the subgraph densities.

3.8.1 Notation

We use the notation for left limits from [Lov12]. Suppose throughout (as usual) that
P, is a uniformly sampled perfect graph on vertex set [n]. Let A be the Lebesgue
measure on R?. A kernel W : [0,1]> — R is an a.e. bounded symmetric measurable
function. A graphon W is a kernel with 0 < W < 1 a.s. The cut norm, ||.||o, is a

norm on the vector space of kernels defined by

|Wllg = sup Wd)\' :

S,1Cl0,1] |JSxT

The supremum is taken over all measurable S,T" C [0, 1]. Let Sy denote the set of
invertible measure preserving maps on [0,1]. Define W% (z,y) := W(p(z), ¢(y)) for
@ € Spp,1)- The cut distance, ép, is defined by
om(U, W)= inf ||U—-W?||q

»€S(0,1]
for kernels U, W. For a graph G we define the graphon W by partitioning [0, 1] =
SiU. .. U Sy, A(Si) = 1/v(G), and writing W(z,y) = Lijepe) if (z,y) € S; x S;.
Let hom(F,G) and hom;,;(F, G) be the number of homomorphisms (edge preserving
maps), injective homomorphisms respectively, from graph F' to graph G. Let t(F,G) =
%{’G) and let t;,;(F, G) = %, where k = v(F) and n = v(G). For a graph
F and kernel W define

t(F, W) /[ou<> H le,x] H dz;.

eV (G

We have t(F,G) = t(F,W() for each pair of graphs F' and G' and each ¢ € Sj ).
A sequence of graphs, G1,Ga, ..., is said to converge to a graphon W, denoted by
G, — W, if Wg, converges to W with respect to dg.
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3.8.2 Convergence results
Theorem 3.8.1. We have
oo(We, , Wp) < n™Y2 with probability 1 — e~ (vVrlosn), (3.22)

oo(We,, Wp) < (logn)~2 with probability 1 — e~ ™. (3.23)

Before we prove Theorem 3.8.1 we discuss a few corollaries. Suppose each P, is sampled

independently.
Corollary 3.8.2. With probability one we have P, — Wp.

Proof. This follows from Theorem 3.8.1 (either part), a Borel-Cantelli lemma, and
Theorem 11.22 of [Lov12]. O
Corollary 3.8.3. For a fized graph F

v(F)

s P~ (F ) < ()

)n_l + e(F)n~1/?

with probability at least 1 — e~ HVnlogn),

Proof. 1t is easy to see that for every graph G we have

ts(F.G) — H(F,G)| < (f >) ' (16,).

Theorem 10.23 in [Lov12] states that
|t(F7 Wl) - t(F7 WQ)’ < €(F> ’ 5D<Wl7 WQ)
for every two graphons W; and W5. The rest follows from part 1 of Theorem 3.8.1. [

The notation in the second corollary may be misleading, in the sense that the statement
has nothing to do with graph limits. Indeed, the value ¢(F,Wp) can be calculated
explicitly and then used as an estimate on the number of subgraphs F' of P,. For
example, if F' is the single edge Ky then t(F,Wp) = % so the random perfect graph P,
contains (14 O0(n~1/2))% edges with probability at least 1 —e~?(V?18"); and similarly
P, contains (1 —|—O(n*1/2))% triangles with probability at least 1 —e~*(V?1o8™)  Using
an inclusion-exclusion argument we can estimate the densities of induced graphs and
in particular Corollary 3.8.3 implies that the split graphs are the only graphs with
induced subgraph density bounded away from zero.

We can be more precise for example concerning the number e(P,) of edges of P,.
Note that the expected value is exactly (%). Also, whp e(G}}) = tn*+ (3 +o(1))nlnn

4

and so whp e(G,;) = in? — (1 + o(1))nInn; and hence whp e(P,) = in* + O(nlogn),

with a bimodal distribution.
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3.8.3 Proof of Theorem 3.8.1

We consider the unipolar case Gt ~ Gen™(n) and the co-unipolar case G~ ~ Gen™ (n)
separately, and start with the former. Suppose Gen™(n) = (1, E, (k,0), 7). Let ¢ €
Sio,] be a measure preserving map, mapping each vertex of G* to an interval of the
form V; = [&L —, n) where i € [n], and in addition let ¢ map the central clique of Wg+
to [0, k/n) and the side cliques to [k/n, 1). Pick arbitrary measurable S,7" C [0,1]. To
prove that on(G™, Wp) < e it is sufficient to show that

| g —we)
SxT

Claim 3.8.4. We can find S",T" C [0,1] of the form S" = Ui, V; and T" = U, V5,
where Iy, Iy C [n], such that

| v —wnl<| [ vz - )|
ST S'xT!

Proof. Initially set S =S and T" = T. For ¢ = 1,...,n in turn, check if [, (W5, —
- Wp)d)\ and if so, add the entire

interval V; to S’, or remove V; from S’ therw1se. These operations can only increase

<e

Wp) (=4 - L y)dy has the same sign as Js

the absolute value of the integral. Now repeat the same procedure for T". It is clear
that in the end we obtain S” and T” with the desired properties. m

Every such pair (S’,7T") is measurable. We may assume that initially we are given S
and T of this form.

Let Ay = [0,1/2), By = [1/2,1), Ay = [0,k/n), By = [k/n,1), A = A; N Ay,
B = BN By and I = AU B. Recall that we use k£ to denote the size of the central
clique in the generation process. By Theorem 3.2.5, wvhp both A(A) and A(B) are

. . —1/2 .. .
contained in [l - l} . Condition on this event, and now we have

2 24 7 2
<|[ g -w
(SxTY)N(IxI)

n-1/2

+12

| g —we
SxT

Let O = (SxT)N(Ax A), Oy = (SXT) (Ax B), O3 = (SxT)N (B x A),
Or=(SxT)N (B x B), andwz—‘fo Wp)‘

We have W5, = Wp = 1 over O, , so Clearly w; = 0. The restriction of W/,
over O, is a step function corresponding to a random bipartite graph with density
1/2, while Wp is uniformly 1/2. This classical example motivated the study of the cut

distance, but we give full details here.

Claim 3.8.5. Suppose M is a random {—1,1}-valued m x m matriz, where each entry
has expected value 0 and is independent from the others. Then the mazximum absolute

value of a rectangular sum in M is at most §m3/2 wohp.
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Proof. Let R C [m] be a subset of the rows of M, and let @ C [m] be a subset
of the columns of M. Clearly Mgr := > cp.coMrg ~ 2X — |Q[|R|, where X ~
Bin(|Q||R|,1/2); so by Chernoft’s inequality

R 22
P(|Mqr| > ) =P (’X - %‘ > g) < 2e”am?,

3 22m

Taking z = gm /2 and the union bound over all possible choices for R, () completes

the proof. O

Setting m = [n/2] and rescaling in Claim 3.8.5 shows that wy and w; are bounded by
1—5271_1/ 2 wvhp.

Finally, w, is bounded by twice the number of edges in the partition part of G
divided by n%. Lemma 3.2.9 states that the maximum size of a part in a random
partition is at most z with probability at least 1 — (1 + o(1))e~*(n@—Inlnn=2)4Inn The
maximum size of a part bounds the maximum degree. Here we have to make a com-
promise between low cut distance and high probability. To favour the former, use

Lemma 3.2.9 with = £/n and deduce that

12
| vz - we
SxT

with probability 1 — e~ ®(vnlogn),
Now let us aim for a bound that holds wvhp. Let logn < x < n/2. Observe that

if x vertices are contained in parts of o each of size at least s, then z vertices are

1
< —
n

contained in at most [z/s]| parts. Thus, assuming s < z and so [x/s]| < 2x/s, the

probability that some set of x points is contained in parts of o each of size at least s

O
- <% . 2?93) (14 o(1)) (:_) " exp{—a(rn — 1+ 1/r,)}

_ (%ﬂ)xexp{_mnn — (1+0(1)) loglogn)}

= exp{—z(Ins — (14 o(1))loglogn)}.

1S at most

The factor n in the first bound above arises since the ‘last part’ for the z-set may
need to be amalgamated with some part for the (n—x)-set. Set x = [n/(3logn)] and
s = n/log”n, to see that wvhp at most n/(3logn) points are contained in parts of o
each of size at least n/log?n. Since also wvhp no part has size greater than n/logn

by (3.12), we see that wvhp the number of edges in GT[S] is at most

1 n n n
- 1M -
(2+0( ) log2n+3lognlogn
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so wvhp wy < 2(logn)~2. Hence wvhp dn(GF, Wp) < (logn)~2.

Let J be the graphon with J(z,y) = 1 for each z,y € [0, 1]; and note that J — Wp
may be written as W5 for some 1 € Sio,1]- Then

|owg —wey == [ g, - we),
SxT ST

Hence, the bounds for G transfer to G~. Theorem 3.2.3 completes the proof.
Using (3.13) we may see that the bound in (3.23) is best possible, in the sense that,
if e(n) = o(1), then 6o(Wp,, Wp) > e(n)(logn)~2 holds with probability e=°.

3.9 Proofs for the generation model

We conclude this chapter with the proofs of Theorems 3.2.3 and 3.2.5, which were
deferred to here. Of course, the proofs of these theorems do not depend on any of the

earlier work which used them.

3.9.1 Proof of Theorem 3.2.3

We shall prove (3.6) and (3.7) and complete the proof of Theorem 3.2.3. For a real
number p > 1 we denote the £, norm of X in the probability space (G,,29", u) by
| X][%. Recall that [| X% is non-decreasing in p. Let v and p be discrete probability
measures on (all subsets of) G, such that v(G) > 0 implies pu(G) > 0. In this case
v is said to be absolutely continuous with respect to p, written v < p. The Radon—

Nikodym derlvatlve 2 is given by (G) = %lﬂ(g)>0 We may express the total

variation distance between v and p in terms of &~ d” and the £, norm ||-[|f: we have

2dry (v, 1) = Z| |—Z

(The same hold for general, not necessarily discrete, probability measures, provided
that v < p.) Also note that for each G

I3

dv
dp

dv

dp

w6 -1/ ue) -|

1

d]P)Gen(n)

5 (G) = B(p(Gen(n)) = G) [P,]

The main result in this section is stronger than Theorem 3.2.3.

Theorem 3.9.1. For each p > 1 we have

Pp

2dTV(]PJG’en(nM IP)P”) - H— -1

1
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We have just noted the first two (in)equalities in the statement of the theorem: the

non-trivial part is the final equality. To prove it we start from the triangle inequality

dPGen(n)
dPp,

Pp

n

Fen 1 dP
S H Gen(n) dPgSn 1

_ || s,
dPp. dPp,

dPp,

p p p

It is straightforward to show from (3.4) that the second term on the right is e~

For the first term on the right, routine manipulations yield

HdPGen(n) dPgsn Pp,, B HdPGen(n) . Pgs, ( |Pn| )ll/P
dPp, dPp, ||, dPgs, » 1GS,|

]:P n
Since ||g7;"i‘ = 1+~ 4" by (3.4), it follows that it is sufficient to show that ‘Cl[;;";—’;(:) - pgs =

e~ to complete the proof of Theorem 3.9.1.

We need a few definitions to continue.

Definition 3.9.2. Let CGS," (from coloured generalised split graphs) be the set of all
unipolar arrangements of order n and let CGS,, = CGS} x {—1,1}.

Recall that %, was introduced just before Definition 3.2.1. We see that [CGS;!| =
%, and |CGS,| = 2.%,. A closer look at the definitions reveals that if ((G,C), B) €
CGS,, is uniformly selected, if we set H; = G if B=1 and H, = G otherwise, and set
Hy ~ p(Gen(n)), then H; and Hy are equal in distribution. Therefore

Peen(n)(G) = | > {1(G,C) € €gSf +1[(G,C) € €GS;[1}.

CCln

|CGS
To simplify the notation we define Ry (G) = > o,y LI(G.C) € CGS'), R_(G) =
R.(G) and R(G) = R.(G) + R_(G), so that >, R(G) = |CGS,| and

R(G)
ICGS.,|

Note that R(G) > 0 iff G € GS,,. Now we see that (for each G)

PG’en(n) (G) =

dPGen(n) _ |Cg]?9n| - R ’gsn ’
dPgs,  gsT ICGS.|
It is clear from the definitions that ||[R — 1||}%" = Ifgg Sn - — 1. We have
APGon(n Pgs,, Pgs,, Pgs,
s, ', cgs. |, G5,/ ||, 1cGs.]
CGS, || s
<||IR <||R—1],9°" + |1 —
- H |GS,| <| Iy 1GS,|

P Pgs, Pgs,,
= [[R = 1,7 + [|[R = L,">" < 2[|R — 1],
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Thus

Pgs,

< 2||R — 1|55 . (3.24)
p
Further simplifications lead us to

IR — 1[5 = [(Ry = Lgsy) + (R- — Lgs;) + (Lgsy + Lgs; — 1[5

< 2||Ry — Agsy [, + [Mgst Lgs; ;%"

P+ |§;é;+|
= 2||Ry — 1|, (—”

P
< 2[Ry — 1], + Mgss Ugs, 1" (3.25)

1/p
P
) T s Igs [os

The only combinatorial argument we need to complete this proof is phrased as a

lemma with a proof in the next section:

Lemma 3.9.3. For every integral j > 1 we have
[RLLESE < R[5 (14 277240,

From now on until equation (3.26), all norms are for y = Pgs+, and we drop the
superscript Pgg+ for legibility. By combining the lemma for j = 2 with Jensen’s
inequality we get

IR4[IT < IR < 1R fla (1 + e,

and 5o ||Ry||; <1+ e ™. Hence, by the last lemma, we have ||R%||; < 1+ e %M.
Now 1 < R, < R as. (that is, for all G € GS;), and therefore

IR = Rl = | Ry = 1R [ = e,

Finally, we see that for each 7 > 1

J J .
I = = - 03 (D) < 3 () - s,
i=0 1 1=0
<V ||(Ry = DR, < e .
Therefore

IRy — 1]}, = =9 (3.26)

for each real p > 1.

By Lemma 3.3.6 we have Pgs+(a(G) > w(G)) = e~ and Pgs-(a(G) < w(G)) =
. Partition the set of graphs which are both unipolar and co-unipolar into U; =

{G € GS8'NGS, : a(G) > w(G)} and U, = {G € GSI NGS,, : a(G) < w(G)}.

We see from Lemma 3.3.6 that U; consists of rare unipolar graphs and U, consists of

—Q
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rare co-unipolar graphs; or more formally, |U;| = e=*™|GS | and |Uy| = %™ |GS.|.

Hence
Mgssgs- |17 = [GS, N GS,1/1GS,| = e, (3.27)
Now (3.25), (3.26) and (3.27) imply that
IR —1|[josn = e~ (3.28)

We now have all the pieces to complete the story, assuming Lemma 4.2.3. By (3.26),
P
L,/|1GS —1=|R" - 1||1g$i = ¢ ") 50 using also (3.27)

1GS.| = 2|GS| - 1GS, N GS, | = 2L, (1 — e~ 4™,

and we have proved (3.6). Also, by (3.24) and (3.28),

Pgs, o
— e (n)7

n

p
which yields (3.7), and completes the proof of Theorem 3.9.1. Note finally that by the
last equation and (3.27), for G ~ Gen(n)

P(G € GSTNGS,) < (14 M) (G N GS,|/|GS,] = e ™,

proving (3.9).

3.9.2 Proving Lemma 3.9.3

Fix j > 1. Suppose throughout this section that G € GS;', Cy,...,C; C V(G) and
(G, C;) is a unipolar arrangement of order n for each i € [j]. (For this given G, the
number of choices for C,...,C; is RT(G)7, which we want to upper bound.) Further,
let C'=n_,C;, C =n?_,C;, and let [ = n — |C| — |C|. The following claim is easy to

verify.
Claim 3.9.4. The pair (G[C' U C],C) is a unipolar arrangement of order |C'U C|.
Now let €/ = C;\ C and Q = V(G) \ (C U (), so that Q = U_,C".

Lemma 3.9.5. Let i € [j]. Then the pair (G[Q],C}) is a unipolar arrangement of

order | with at most 7 — 1 side cliques.

Proof. Without loss of generality suppose that i« = 1. It is easy to see that G[Q)] is
a generalised split graph with a central clique C}, since ¢} C Cy, Q \ ¢} C C; and
(G, () is a unipolar arrangement. Further, @ = U{ZlC{ , so every vertex in @\ C] is
covered by a clique C/, where 2 < i < j. Hence G[Q \ (1] is a disjoint union of cliques,
covered by j—1 cliques, so the unipolar arrangement (G[Q)], C]) contains at most j — 1

side cliques. O
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Since each C! is complete to C' and @) = U{zqu , it follows that @) is complete to C'.

We now focus on C]. Observe that, for each vertex v € (7, since v € C' we can
find C} such that v & C;. Thus 7 can be expressed as a disjoint union C5 U --- U CY
where C/ N C{ = () for each i = 2,...,j. Let C denote the family of sets {C} \ C’}/_,
U{C?}._,. Note that the union of these sets is Q.

Lemma 3.9.6. For each S € C, either S is complete to a side clique of (G]C'UC],C)

and non-adjacent to all other side cliques, or S is non-adjacent to C.

Proof. In the unipolar arrangement (G, C}), each C\ C] is contained in a side clique,
so it is either complete to a side clique of (G[C' Ué’], ('), and non-adjacent to the others,
or non-adjacent to any vertex of C. Similarly, in the unipolar arrangement (G, C;),

C? is contained in a side clique, hence it has the same property. ]

Let f be the function mapping each set S in C to the side clique S’ of (G[C’Ué], )

such that S is complete to S’, or to ) if no vertex in S is adjacent to C.
Lemma 3.9.7. The edge set E(Q, 6) can be reconstructed from f.

Proof. For each v € Q either v € € and then v lies in some set S € {C7}_,, or v lies
in some set S € {C/\ C1}._,. In either case, S is in C and the set of neighbours of v
in C is precisely the set f(S). O

The edges of G can be reconstructed from G[C' U 6’] — a unipolar graph, G[Q] — a
unipolar graph with at most k£ — 1 side cliques and F(Q,C U C ), which in turn can be
reconstructed from f, since ) is complete to C'. It will turn out that the number of
choices for G[C' Ué] dominates the rest, and this number is maximised whenever @) = ().
However, the vertex labels are a nuisance, and additional information is required to

correctly recover G. The precise statement is given below.
Lemma 3.9.8. The j+ 1 tuple (G,Ch,...,C;) can be uniquely reconstructed from:

1. the pair (G[CUC], C) seen as a unipolar (n— 1)-arrangement over the vertex set

[n — ] so that the order of the labels of the vertices is preserved;

2. the pair (G[Q], C}) seen as a unipolar l-arrangement over the vertex set [l] with

at most 7—1 side cliques so that the order of the labels of the vertices is preserved;
3. the sets Cy,...,C; C [l];
4. the l-subset of V(G) specifying the original labels of Q;

5. the function f.
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2
Observe that there are at most /27 choices for the pair (G[Q], C}) above.
n2 n n n e
Recall that %, = [CGS|. Let T, = 2'x t2logn—gloglnn=g5log5 for p > 3 and let
T, =1 for n=0,1,2. Promel and Steger show in [PS92] that £, < T, x 20(1““1(”"%)),

hence for some ¢ we have |CGS"| < T;, x 2mm(#3) It follows that

cn 2 . .

is an upper bound on the number of choices for (G,C4,...,C;) when |Q] = [, and
U, =1 Uy, is an upper bound on the number of choices for (G, C4,...,C;) when

Q#0.

Lemma 3.9.9. The number U, ; is maximised subject to 1 <1 <n whenl =1.

Proof. We may prove this by thinking of | as a continuous variable and taking the
derivative of U,,; with respect to [. The analysis is straightforward but unpleasant: we
leave the details to the reader. O

Corollary 3.9.10. We have

U, = |CGS | 27n/>+e(m)

Proof. Since T,,_1 = T,, 272t we see that —|cUng§1+\ = 277/2+e(") " and hence
CGS,| 27/ = U, < U, < U, = |[CGS| 272, O

Finally, the number of choices for the j + 1 tuple (G,C,...,C;) when Q = 0 is

clearly |CGS'|, so we have

. P4 . 1 1
IR, = R(G)——— < (U, +|CGST|) ——
o G§S+ +G) g < ) 657
P
=1CgS,1(1+ 2”/2+°(”)>|g—‘18+| = [|R [y (1 + 277/2Fe(m),

This completes the proof of Lemma 3.9.3, Theorem 3.9.1 and Theorem 3.2.3.

3.9.3 Concentration: Proof of Theorem 3.2.5

Let = (n —logn + loglnn)/2 as in the statement of the theorem (for n > 3), let
fi = [p] and let 1 = o — 1. As before, let £, = (})2¥""® B,_;. We fix n and drop it

in the subscript for legibility, i.e. write ¢} instead of £, .
n—1

Lemma 3.9.11. Using the notation above, there is an ng such that {y/l; < n~ as

long as |k — ji| > n?3 for n > ng.
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Proof. Let x = k — ji, we have

n n— ~ ~ —1
E_k (k) KRB, _ (n—p)! ((/L + x>') 9z (n—2f1)9—=” Bn*ﬂ’_‘r.

; (Z) 200=m B, » (n—f—x) fi! B

n—p

A X ~1 R )
We can bound each of the terms (ﬁfﬁ)!),, <(“T$)!> , 22(=2) and % with nl#! so
. R

we get

Oy, 2 2 2/3 4/3
R n\m|n|m|2—\x| n\m| — 23\w|logn—|m| < 23n logn—n < n—n—l
i

for large n. [l

The bound is rather crude, and it can be improved, but we do not need a better
bound for our purposes. From now we focus on k& = i + x with |z| < n?/3. This
implies & ~ n/2, which allows us to use asymptotics for k as n grows, for instance

(n—k)/(k+1) — 1 and more importantly

ankfl
ank

In(n —k) 2Inn
Taogk - drel)=m

= (1+04(1))

where the error term is uniform over k, provided that |z| < n?/3,

Lemma 3.9.12. There is an ng such that the following holds for each n > ng. Suppose

0 <z < n?? s integral and r € {e‘z—fz, e‘gi} Then 27%°~2 < p < 2-"+2¢
fi i

Proof. Define the continuous, strictly decreasing function d(y) = 2”_23/1“7”, so that for
k~n/2
ley1 n—k 2lnn

e k_—'_lzn—Zk—l(l +o,(1)) — = (14 0,(1))d(k).

Observe that d(k) = 1 <= 2k = n+loglnn —logn <= k = p. We have
d(p+x) =d(p) - 272 =272 and

[y

r—

x gA ; A .
o = L [ ] 55 = G [ [+ 0n(1)d(jn+ ).
0

1
i Lo

=

For each 7 we use the bounds
272 —d(pu+144) <d(p+i) <d(p+i)=2"%

while the error terms, 1+ 0,(1), we bound uniformly by % and 2, provided n > nyg.
By multiplying the terms we get —2(;) — 3x and —2(“23) + z in the exponent for the
lower and upper bounds respectively, which matches the statement of the lemma for

the case r = {4, /¢;. The second case is analogous. ]
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2 9—(a—1)2

Claim 3.9.13. For a > 1 we have > - 27" < 2a—1)m2"

Proof. Since —z? is decreasing, we have

0 e’ 1 e’
Z 9’ </ 27" dy; < —/ 27 dx
a a a

r=a+1
1 o 2-a*
=— (27" = : O
—2aln2 ( rea ) 2a1n2

In the claim below and its proof, for simplicity we have written n?/® rather than
|n?/3].

Claim 3.9.14. For each integer k > 2 we have

n2/3 n2/3

1 2 1

O <0270 24 = d Ui < 027724 — — ),
; Aot = CH+a—omy ™ ; i = Eh C+ T =me
Proof. Using Lemma 3.9.12 we see that

n2/3 n2/3 n2/3

Dl <0y 2T =20,y 27070 <9y (2““)2 - i 2i2>
i=k i=k i=k i=k

VI P A
g 2(k —1)In2

The last inequality follows from Claim 3.9.13. The second part of the statement is

similar. O

Now we put everything together to complete the proof of Theorem 3.2.5. Suppose
n >3, X ~ L(n) and x > 2, then (noting the trivial bound £,, > ¢; + (;)

P(IX —p|>2) < P(i—n?P< X <ji—z+1)
+P(+z—1< X < i+ n*?3)
HP(IX — p| = n*?)
< gﬂ . 2—(1:—2)2 44 gﬂ
= 2~ @=2%2 4 pon o and

PIX —pl>2)>P(X=p+2)+P(X =4 —x)
L TRy
T B4 )G+ L)+
> 2—x2—2x—2'

. 2—(3)—2)2 . 4 + n_n
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Chapter 4

Tractability via bounded Minor
Matchings

4.1 Notation and preliminaries

We recall the basic definitions and also introduce a few more.

Definition 4.1.1 (Clutter). A set system is a finite set of finite subsets of the natural
numbers N. A set system H is called clutter, Sperner family or antichain if its sets
are inclusion-wise incomparable. FEvery set system H we associate with a vertex set
V(H) .= UH and rank rk(H) := maxgey |S|. Given a set system H we define cl(H)

to be the clutter obtained from H by removing all non-minimal (subsumed) edges.

Definition 4.1.2 (Blocker). A transversal of a clutter H is a set intersecting every
S € H. A minimal transversal is a transversal not containing another transversal as
a subset. The blocker of H, denoted b(H), is the clutter consisting of all minimal

transversals of H.

Definition 4.1.3 (Deletion and Contraction). Suppose H is a clutter and v € N.
Define

H\v:={SeH:v¢&S} tobe H with v deleted, and
H/v:=cl({S—v:Se€H}) tobeH with v contracted.

Definition 4.1.4 (Minor). We say that F is a minor of H if F can be obtained from
H through a series of deletions and contractions. We write F Crq H to denote that F

1s a minor of H and say that H is F-minor-free if H contains no minor isomorphic

to F.

Denote the set {1,...n} by [n]. It is often convenient to write S Uz and S — z instead
of SU{z} and S\ {x}.
We quickly revise some well-known properties of clutters and blockers used through-

out the proofs.
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Definition 4.1.5 (Join and Meet). Suppose H and F are clutters. We define

HV F :=cl(HUF) to be the join of H and F, and
HAF =cd({SUT:Se€H,TeF}) to be the meet of H and F.

Lemma 4.1.6 (Algebraic properties [Cor0l]). Let H, G and F be clutters and let

v and u be distinct elements of N. The operations defined above have the following

properties:

1.

deletion and contraction commute, that is H\v\u = H\u\v, H\v/u = H/u\v
and Hjv/u=H/u/v;

if we denote the set of all clutters by €(N), the clutters O and {0} by 0 and 1
respectively, then (¢ (N),V, A0, T) forms a bounded distributive lattice, that is

Commutative laws Associative laws Absorption laws
FVG=GVF FV(GVH)=(FVG)VH FV(FANG)=F
FANG=GAF FAGAH)=(FAG)AH FANFVG) =F
Identity laws Distributive laws

Fv0=F FAGVH)=(FAGV (FAH)
FAl=F FV(GAH)=(FVG A(FVH).

The lattice has the additional properties that F V H = 1 iff F = TorH = T,
FAH=0iff F=0 orH =0, and b(0) =1;

the map H — b(H) is a duality operation: b(b(H)) = H,;

deletion is the dual operation of contraction and vice versa: b(H\v) = b(H)/v

and b(H /v) = b(H)\v;

join is the dual operation of meet and vice versa: b(H V F) = b(H) A b(F) and
b((HAF)=b(H)Vb(F);

the property of being a minor is preserved by duality: F Cay H if and only if
b(F) Cm b(H);

minors commute with join and meet:

(HV F)\v==H\vVF\v (HVF)Jv=H/vVF/v
(HAF)\v==H\vAF\v (HAF)/v=H/vAF]v.

Definition 4.1.7 (Upset). We say that a possibly infinite set system U is an upset
over N if B € U whenever AC BCNand AeU.
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Proof of Lemma 4.1.6. Let % (N) be the set of all upsets over N. Since (i) Z (N) is
a collection of subsets of 2V, (ii) % (N) is closed under union and intersection, and
(iii) {0,2Y} € Z (N), we have that (% (N),U,n,(,2Y) forms a bounded distributive
lattice.

Recall that clutters have finite vertex sets. Given a clutter H € %' (N), let A\(H)
be (WU € %#(N) : H C U}. An arbitrary intersection of upsets is an upset, so
A(H) € % (N) is the smallest upset containing H. Alternatively, A(H) is the smallest
upset with inclusion-minimal sets H. Now let % C % (N) be the range of A. Since A is
injective, A is a bijection between ¢’ (N) and %. Note that A(0) = ) and A({0}) = 2V,
so {0,2N} C %,.

It is easy to see that A(HV F) = A(H)UA(F) and A(HAF) = AMH)NA(F), so %
is closed under union and intersection, and therefore (%4, U, N, 0, 2Y) is a bounded dis-
tributive lattice. But ) is an isomorphism between (%, U, N, 0, 2Y) and (¢ (N), vV, A, 0, {0}),
and hence the same holds for (¢'(N),V,A,0,{0}). Part (2.) now is proved.

Suppose U € 7 (N) and v € N. We define:

o U\v:={F:F\{v}eUu},
o U/v:={F\{v}: FelU}ulU,
o bU)={N\F:F¢Uu}

It is a routine to verify that A(H\v) = A(H)\v, A(H/v) = AN(H)/v and A(b(H)) =
b(A(#H)). Now it is trivial to see that deletion and contraction commute: suppose U
is an upset, and M is obtained from U by deleting and contracting the disjoint sets
D ={dy,...,d;} and C = {c1,...c;}. Regardless of the order of the operations we
have M ={F\ S:S CC and F'\ D € U}, and hence part (1.) follows since A is an
isomorphism.

Proving the remaining points of Lemma 4.1.6 using the isomorphism A is straight
forward. Part (3.) directly follows from the definition of b(U). Part (4.) for upsets
is a definition chase. Part (5.) follows from the De Morgan’s laws. Part (6.) follows
directly from part (4.); if F is obtained from M by deleting D and contracting C,
then b(F) can be obtained from b(M) by contracting D and deleting C'. Part (7.) is

a definition chase for upsets. It is worth noting that

(HAF)\v =0bb((HAF)\v)) = b((b(H) Vb(F))/v) = bb(H)/vV b(F)/v)
=H\v A F\v,

and similarly (H A F)/v=H/v N\ F/v. O
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A more visual way to understand deletion and contraction is to associate a clutter H
with an upset over V(H). Here deletion and contraction correspond to projecting the
upset over a hypercube of dimension less one. This gives a more intuitive justification
of why deletion and contraction distribute with join and meet, and why they are dual
with respect to the blocker. The isomorphism presented in the proof of Lemma 4.1.6
has its own merits, namely it puts all clutters into a lattice with shared minimum and
maximum. This eliminates the need to additionally carry a vertex set along with the
edges of a clutter, and differentiate between clutters (Vi, H) and (V,, H) for distinct
Vi and V5.

Another isomorphic structure is the set of monotone boolean functions. A boolean
function f is monotone if f(Z) < f(y) whenever T < 7. Deletion and contraction of
clutters correspond to substituting a variable with false and true respectively, join and
meet correspond to disjunction and conjunction respectively, and the dual function of
[(@) is ~f(~7).

The Dedekind number: 2, 3, 6, 20, 168, 7581, 7828354, 2414682040998,
56130437228687557907788 (sequence A000372 in the OEIS), counts the number of
clutters with at most n vertices, the number of upsets over [n], the number of elements
in a free distribute lattice with n generators, and the number of monotone boolean
functions with n variables.

Given a k-set S, the notation H\S stands for H\s; ... \sg, where {s1,...s} is an
arbitrary ordering of S. The choice of the ordering does not matter by part (1.) of
Lemma 4.1.6. We define H/S to be H /sy ... /sy likewise. Finally, given disjoint sets
S and T we define H[S;T] to be H\S/T. This operation has the nice property that
H[S1 U Sy; 11 U T] = H[Sy;T1][S2; Tz] for any four sets Sy, Sa, 71 and T3, such that
(S1USy) N (Th UTy) =0, which follows from part (1.) of Lemma 4.1.6.

Suppose kKy Caq H. Then b(kK3) Caq b(H), and since deleting and contracting
vertices can only decrease the number of edges, we have |b(H)| > |b(kK,)| = 2*. This

observation is generalised by the next lemma.

Definition 4.1.8 (Trace). Given a set system F and a set S, we define the trace of
S over F to be
trg(F)={FNS:FeF}

Lemma 4.1.9. Suppose F Cpy H and S CV(F). Then trg(F) Ctrs(H).

Proof. Let F = H[D;C]. The edges of F are contractions of edges H; for each f € F
pick hy € H such that f C hy C fUC to form H' = {hy : f € F}. Now we
have trg(F) = trg(H'), because C' and S are disjoint; and trg(H’) C trg(H), because
H CH. O
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Recall that a set system JF shatters a set S if trg(F) = 27, and that sh(F) denotes
the set system of sets shattered by F. The lemma above shows that if 7 Cy H, then
sh(F) C sh(H). In particular, VC-dim(F) < VC-dim(H).

Definition 4.1.10 (S-intersecting minor-matching). Suppose S C N. A clutter F is
called an S-intersecting minor-matching of a clutter H if F = kKs for some k and

every edge of F intersects S.

Lemma 4.1.11. Suppose F is an S-intersecting minor-matching of H. Then
[trs(b(H))| = 2771,

Proof. Construct T' C S by picking a vertex from each edge of F. We have try(b(F)) =
27 and since b(F) Caq b(H), we have

271 = Jtre(b(F)| < [trr(0(H))] < [trs(b(H))]. a

Definition 4.1.12. Given a clutter H # {0} and a set S C N we denote the maximum
size of an S-intersecting minor-matching of H by us(H). Let ug(0) be —1.

The lemma above can be rephrased as [trg(b(H))| > 2#s*). The lower bound may
appear very crude, but in fact it is in a sense the best possible, for clutters of bounded
rank, as discussed in the next section.

The condition H # {0} in Definition 4.1.12 is a subtle one. There are two clutters
with empty vertex set — 0 = () and 1 = {0}. Recall that b(0) = 1 and b(1) = 0. From
these two clutters, 0 is a matching (with 0 edges), and 1 is not. Every minor of 1 is
T, so there is no minor of 1 that is a matching. On the contrary, if H # T, then every
edge of H contains a vertex, so we may delete all vertices to get as a minor 0-a

matching. The empty matching is S-intersecting for every S, so ug(H) is well defined.

4.2 Minor-Matching Theorem

The main purpose of this section is to outline the proof of the following theorem, stated

earlier as Theorem 2.2.12.

Theorem 4.2.1. Suppose H is a clutter and S C N. We have
ws(H)f (rk(H)) k
[Es(H)[ (rk(H)
U S G [
k=0

where f(r) = (2r — 3)2""% and Es(H) is the set of the edges of H intersecting S. In
particular, when ug(H) and rk(H) are bounded, trs(b(H)) has a polynomially-bounded

size, and it can be computed in polynomial time.
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Definition 4.2.2 (Semi-matching and expanded minor matching). Consider a set S
of the form {(E;, H))}r_,, a clutter H and the following conditions:

1. |E;| =2, E; C H; and H; € H for each 1 <1 <k,

2. {E;}r_| are pairwise disjoint,
3a. E; € H; fori# j,

3b. E;NH; =0 fori#j,

4. all sets of H contained in Ule H; contain as a subset at least one set E;.

We call S a semi-matching if it satisfies properties 1, 2, 3a and 4; and an expanded
minor matching if it additionally satisfies 3b. A semi-matching or an expanded minor

matching is called S-intersecting if each E; intersects a set S C N.

Semi-matchings and expanded minor matchings coincide with induced matchings in

edge clutters.

Theorem 4.2.3 (Decomposition theorem). For every clutter H and set S C N,

[trs(b(H))| is at most the number of S-intersecting semi-matchings of H.

Note the lack of restrictions on the rank of H. In particular, when S = N, the
Decomposition Theorem is a generalisation of Alekseev’s theorem from [Ale07] to
clutters.

The following lemma establishes that expanded minor matchings and minor match-

ings are essentially equivalent.

Lemma 4.2.4. If {(E;, H;)}r_, is an expanded minor matching of a clutter H, then
{E}r | =2 kK, is a minor of H. Conversely, if {E;}¥_, is a kK minor of H, we can
find sets {H;}¥_, such that {(E;, H;)}}_, is an expanded minor matching of H.

Proof. To prove the first part, contract (U, H)\(UL, Ei) and delete V (H)\ (UL, H:).
Any non-deleted edge is subsumed by some E;.

For the second part, each E; must be a contraction of a set H; € H, such that
E; intersects H; if and only if i = j. It is a routine to verify that {(E;, H;)}F_, is an

expanded minor matching of H. m

Clearly, every expanded minor matching is a semi-matching. In the opposite di-
rection, we see that, in clutters of bounded rank, every semi-matching contains an

expanded minor matching containing at least a constant proportion of its pairs.
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Theorem 4.2.5 (Matching theorem). Suppose H is a clutter of rank at most r and
S is a semi-matching of H. There is an expanded minor matching 8" C S of size at
least |S[270=2) /(2r — 3).

Theorem 4.2.5 is sharp in the sense that if we put » = 2, we have S = §’. In this
case the entire S corresponds to an induced matching (in graph theoretical sense).

For clutters of unbounded rank, a semi-matching need not contain an expanded
minor matching with at least a constant proportion of its pairs. Consider H over the
vertex set {a,...,a,} U {by,...,b,} defined by H = {S;}I-,, where S; = {a;} U{b; :
1 < j <i}. We see that ‘H contains a semi-matching S = {({a;b;}, S;)}1, of size n,
but H is 2K5-minor-free.

4.3 Decomposition and Matching theorems

We now present the main technical tool to handle semi-matchings.

Definition 4.3.1 (Expansion). Suppose Ry, ..., Rg, C are subsets of N such that {R;}
are pairwise disjoint and \J{_, R; € C. We denote the set of functions f - {R;}_, —
C, such that f(R;) € R; for each i, by F({R;}%_,). For each such function f €
F({Ri}F) define imy .= {f(R;) : 1 <i <k} to be the image of f. For every clutter
H we define

Ho({R}E,,C) =\ Hlims;C\imy].

feZ({Ri})

Recall that for disjoint S and T', H[S; T denotes H\S/T. Note that Ho({R;}f_,,C) #
Tiff C'\imy is independent (does not contain any S € H) for each f € .Z({R;}*_,), and
hence condition 4. of the definition of semi-matching is equivalent to Ho({ E;}5_,, UL, H;) #
1. We normally shorten H o ({E;}¢_,, Ule H;)toHoS.

Lemma 4.3.2. Suppose we are given a clutter H, a minimal transversal T of H, a
set S C N and z € N. Fxactly one of the following two holds:

(i) there exists a minimal transversal T C T \ {z} of H\x such that T'N S =
T\ {=}) N S; or

(ii) there ezists z € S\ {z} and a set H € H such that x € H, HNT = {z} and
T\{z} € b(H o ({{z, 2}}, H)).

Proof. We consider two cases, corresponding to the two possible conclusions. It turns
out that conclusion (i) must hold if x € T.
Case 1: For each z € (T'\ {z}) N S there exists H € H\z such that H NT = {z}.
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Let 77 C T\ {z} and 7" € b(H\z). Clearly T"'NS C (T \ {z}) N S. To prove
the opposite direction, suppose t € (T'\ {z}) N S. We can find H € H\z such that
HNT = {t}. Butsince 7" is a transversal of H\x — hence H N7 is non-empty — and
T" C T, it follows that H NT" = {t}, and therefore t € 7' N S.

Case 2: There exists z € (T'\ {z}) NS such that for each H € H if HNT = {z},
then x € H.

Since z € T' and 7' is minimal, there is H € H such that HNT = {z}. (Thus in this
case x ¢ T.) It is easy to see that T'\ {z} € b(H[z, H \ {z}]). Let F € H[z, H \ {z}],
and let F' € H be such that F C F C FU(H\ {z}). Since z ¢ F we have FNT # {z}.
Let y € FN(T\{z}), and hence y ¢ H, soy € F. But then (T'\{z})NF is non-empty,
and F' is arbitrary, so we conclude that 7"\ {z} is (possibly non-minimal) transversal
of H[x, H \ {z}]. The last statement in conjunction with 7'\ {z} € b(H[z, H \ {z}])
implies that 7'\ {z} € b(H o ({{z, z}}, H)). O

Lemma 4.3.3. Suppose H is a clutter, C € H, RC C, |R| =2 and 8’ = {(L;, S})}%_,
is a semi-matching in H' = H o ({R},C). Then there is a semi-matching S =
{(Li, S) Y, U({R},C) inH, such that HoS = H' oS’ and S; C S; C S{UC for each
i. Pick one such semi-matching, say the lez-first one, and call it ext(S',H, R,C).

Proof. Tt follows from the definition of H o ({R},C) that since S! € H' there is at
least one set S; € H such that S} C S; C S/UC and R € S; for each i € [k]. Fix
an arbitrary such S; for each i and consider 8 = {(L;, S;)}%_, U{({R},C)}. From the
definitions it immediately follows that S satisfies conditions 1, 2 and 3a with respect
to H. To see that S satisfies 4 expand

HoS = \/ Himy; (U:S;UC) \ imy]
feF({L1,.. Ly }U{R})

= \/ \/ [r; C — r)[imp; US; \ imegr])

freF({L,...Ly}) r€R

= \/ (\/ H[r;C’—r]) [imp; UiS \imp] = H oS #1. O
fle#Z({Li,..Lr}) \reR

Proof of the Decomposition Theorem 4.2.3. We denote the set of all S-intersecting
semi-matchings of a clutter H by sm(S,H). We prove by induction on |V (#)| that
ltrs(b(H))| < [sm(S,H)|. If [V(H)| =0, then H is either ) or {#}. Not that in either
case, irrespective of the choice for S, trg(b(H)) = b(H) = sm(S, H)!

Now suppose V(H) # 0. If V(H) C S pick some = € V(H), otherwise pick
arbitrary © € V(H) \ S. Let 71 C b(#H) be the set of minimal transversals of the first
type described in Lemma 4.3.2, and let 7o = b(H) \ 7.
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If x ¢ S, then clearly trg(7;) C trs(b(H\x)). To prove that trg(b(H\x)) C trs(T1),
let A € trg(b(H\z)) and let 7" € b(H\x), such that A = 7" N S. In particular,
we can find T € {T", 7" U {z}} N b(H). It follows that T" € T;, A € trg(7;) and
finally trg(b(H\z)) C trg(7T1). We conclude that trg(7;) = trs(b(H\xz)), and therefore
|trs(Th)| = ltrs(b(H\x))|.

If V(H) C S, then the mapping 7' — T\ {z} is a bijection between T; and b(H\x),
and hence

ltrs(Th)| = [Th| = [b(H\x)| = [trs(b(H\x))|.

We see that |trs(71)| = [trs(b(H\x))| in either case, and hence by induction |trg(7;)| <
|sm(S, H\x)|.

The transversals of 75 fall in the second case of Lemma 4.3.2. Let A € trg(7s).
Then there is an H € H and z € H \ {z} such that z € A and A\ {2z} € trs(b(H o
({{z, 21}, H)))-

Let R be the set of pairs (R, C') such that C € H, R C C, and R = {x, z} where
z € S\ {z}. We define E ¢ to be the set

Epc:={ext(S',H,R,C):S" € sm(S,Ho ({R},C))}.

We see that Erc C sm(S,H) and Erc N Eg o =0 for (R,C) # (R',C") as the sets
disagree on the pair of sets containing z. Furthermore, sm(S, H\z) C sm(S,H) and
sm(S, H\x) is disjoint from each Er ¢ because x ¢ L for each (L, S) € S € sm(S, H\x)

and every S € Ep ¢ contains a pair, (R, ('), including = € R. Now we see

[trs(b(H))| < [trs(To)| + [trs(T2)]
< ftrs(b(H\x))| + Y |trs(b(H o ({R},C)))|
(R,C)ER
< lsm(S,H\x)| + Y |sm(S. Ho ({R},0))|
(R,C)ER

= |sm(S,H\x)| + Y |Erc| < |sm(S,H)]. O
(R,C)ER

Proof of the Matching Theorem 4.2.5. Suppose S = {(L;, S;)}‘_, is a semi-matching
in a rank r clutter # and let G be a graph over [¢] where i is connected to j if
|SiN Lj| =1 or|S;NL;| =1. It follows that G contains at most (r — 2)¢ edges. A
classic result in graph theory states that o(G) > #%,
independent set I of size at least ¢/(2r — 3).

For f € Z ({Li}icyg\1) define

and hence (G contains an

I'(fy:={iel: f(L;) ¢S, foreach j € [(]\ I}
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Sample ¢ uniformly at random from % ({L;}iciq\s). We have E|I'| > |[|27072 >
(2=(=2) /(20 — 3), so there must be some J = I'(g) of at least this size, where g €
F ({Li}iepnr)-

We claim that S; := {(L;, S;)}ics is an expanded minor matching. Properties
1 and 2 are inherited from &. Property 3b holds because J C [ is stable in G.
Let h € Z({Li}ici\s) be an arbitrary extension of g and, let C' := Ur, S; and
Cy = UZEJ S;. We see that C'; is disjoint from imy,. Since every S € H with S C C
contains L; as a subset for some i € [[], it follows that if S C C; C C'\ imy, then
L; C S for somei € J. O]

Proof of the Minor-Matching Theorem, Theorem 4.2.1. By the Decomposition Theo-
rem, Theorem 4.2.3, we have |trg(b(H))| < |sm(S,H)|. However, for every semi-
matching S € sm(S,H), we must have |S| < ps(H)f(rk(H))), as otherwise by
the Matching Theorem, Theorem 4.2.5, there is a subset S’ C S of size more than
is(H) that is an expanded minor matching. This is a contradiction, because S’ is
S-intersecting. We conclude that the size of trg(b(#)) is bounded from above by the
number of subsets of Eg(#H) of size at most us(H)f(rk(#))), and the first part of the
statement follows.

To make the theorem algorithmic, one may consider a branching algorithm, explor-
ing all cases of Lemma 4.3.2. The size of the recursion tree is bounded by the number

of quasimatchings, hence the total running time is polynomial. O

4.4 Complexity of finding minor matchings

It is natural to ask whether a clutter H contains a given clutter F as a minor or not.

CLUTTER MINOR

Instance: Two clutters, H and F.

Question: Is F isomorphic to a minor of H?

A naive approach would be to guess an injective function f : V(F) — V(H), sets
Hp for each F' € F such that f[F] C Hp € H, and check if f is an isomorphism
between

H|\V(H)\ | Hr | He \ Er| and F.
FeF FeF
It is interesting to see if there is a clever algorithm for the last step, but since the
overall complexity is dominated by the guessing steps, we can be crude and state that

OUIID,

the total running time is ||H]| In particular, if F is fixed, the algorithm is

P-time.
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Clutter Minor is in general NP-complete. For instance, restricting H to be a
graph, and F to K}, makes the problem equivalent to the Clique problem. This also
shows that Clutter Minor is W/[l|-hard w.r.t. ||F||. We are primarily interested in
the case when F = kK,. In the case when H is a graph and F = kK,, Clutter
Minor is reduced to the Induced Matching problem. Induced Matching has
similar properties to the Clique Problem; namely it is W[1]-hard [MT09], and there
is no (n/2)'~¢ approximation algorithm unless P=NP [OFGZ08]. We now put this

formally.

MINOR MATCHING
Instance: A clutter H and an integer k.

Question: Is kK5 isomorphic to a minor of H?

MAXIMUM MINOR MATCHING
Instance: A clutter H.
Question: What is the maximum £ such that KKy Cug H?

Lemma 4.4.1. Minor Matching is W/1]-hard, and there is no n'=¢ approzimation

algorithm for the Maximum Minor Matching problem unless P=NP.

The proof is very easy, so we present it here for completeness.

Proof. Consider the Independent Set problem and its optimisation variant, Maxi-
mum Independent Set. Asnoted before, Independent Set is W|[1]-complete [MT09],
and that there is no n!~¢ approximation algorithm for Maximum Independent Set
unless P = NP [OFGZ08]. Reduce an instance I = (G, k) of the Independent Set,
where the vertices of G are {v1,...,v,}, to an instance (M (G), k), where M(G) is an
edge clutter containing an isomorphic copy of G and new vertices {uy,...,u,}, with
each vertex v; joined by a binary edge to u;. It is easy to see that a(G) = p(M(G)).

The same reduction suffices to prove the second part of the statement. O

The reduction is trivial, but also very robust, and we will come back to it in § 4.7.1.
As a side note, the authors of [OFGZ08] prove the (n/2)'~“-inapproximability of In-
duced Matching in their paper, but advertise a much weaker n%_f—inapproximability
in the abstract and the introduction.

For completeness, we present one more problem.

INTERSECTING MINOR MATCHING
Instance: A clutter H, a set S C V(#), and an integer k.
Question: Is pug(H) < k?

The problem is a generalisation of Minor Matching, and hence all hardness results

above apply here. The algorithm for clutter minors can be adapted to this problem as

well.
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4.5 Algorithms for clutters with bounded minor
matchings

Definition 4.5.1. Suppose J is a countable set, and that for every clutter H and
J € J we are giwen a parameter fy; € Q. We say that fy,; can be read from the
blocker if fy ; can be computed computed from (H,b(H),J) in polynomial time with
respect to ||(H,b(H), J)||.

Lemma 4.5.2. Fix integers r and k. Any parameter fy ; that can be read from the
blocker can be computed from (H,J) in polynomial time with respect to ||(H,J)|| for
clutters H with rk(H) <r and p(H) < k.

Many natural parameters can be read from the blocker, but are NP-hard to compute

if only H is given as input. We give few examples below.

4.5.1 Weighted Independent Set

As a warm-up, our first example is Weighted Independent Set. Recall that a
set of vertices S of a clutter H is called independent if it contains no set H € H as a

subset.

WEIGHTED INDEPENDENT SET
Instance: A clutter H, and a weight function w : V(H) — Q.

Question: Find the maximum value w(J) = 3, ;w(j) of an indepen-

dent set J of H.

Lemma 4.5.3. The mazximum weight of an independent set of a clutter H w.r.t. a

weight function w, iy, can be read from the blocker.

Proof. Suppose J is an independent set of H of maximum weight, and with respect
to that J is inclusion-minimal. For each v € J we have w(v) > 0, so we may delete
the vertices of H with non-positive weight to obtain a new clutter H' where J is
a maximal independent set. But now V(H') \ J € b(#H'), so it suffices to return
maxzepe) (w(V(H) \ 7). -

We will come back to this example later, but note that the problem can be gen-
eralised significantly. Indeed, suppose @) is a Q-valued a monotone oracle over the
independent sets of H, that is Q(S) € Q for each stable set S of H, and Q(S) < Q(T)
whenever S C T'. Then the parameter maxg Q(S), where the maximum is taken over
all stable sets S of H, can be read from the blocker.
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4.5.2 k-Colouring

A more interesting example is k-Colouring. Colouring of a clutter H with k colours is
a function ¢ : V(H) — [k]. A colouring c is called proper if no edge is monochromatic,
that is all of its vertices are coloured the same. The chromatic number of H, x(H), is

the minimum number of colours in a proper colouring.

CLUTTER k-COLOURING
Instance: A clutter H.
Question: Is x(H) < k?

We need to phrase the problem is terms of maximal independent sets in order to
tackle it. Suppose ¢ : V(H) — [k] is a proper colouring. Observe that ¢ '(a) is an
independent set for each colour a. Therefore x(#) is the minimum size of a cover of
‘H with independent sets. We may assume that each independent set in the cover is
maximal. Given b(H), we can easily see if x(H) < k: simply check if any k-tuple
(T}, Ty, ..., T}) of maximal independent sets covers H.

We now consider the more general problem of determining the chromatic number

of a clutter.

CHROMATIC NUMBER OF A CLUTTER
Instance: A clutter H.
Question: What is x(H)?

It is not clear whether this parameter can be read from the blocker, but at least
we can give an O(Inn)-approximation. This is a direct consequence of the celebrated

O(Inn)-approximation of Set Cover.

4.5.3 Clutter Homomorphism

Suppose H and F are clutters. A (not-necessarily injective) mapping f : V(H) —
V(F) is called homomorphism if the image of each set of H is contained in F. The
existence of a homomorphism between H and F is denoted by H — F. The framework
of homomorphisms has a rich expressive power to describe graph-theoretic properties.
For instance, x(G) < k if and only if G — Kj.

As usual, we start by formulating the problem in terms of maximal independent
sets. A clutter is called uniform if all edges have the same size. Let us denote the set
of all maximal independent sets of a clutter H by i(#), i.e. I € i(H) if and only if
V(H)\ I €b(H).

Lemma 4.5.4. Suppose H and F are r-uniform clutters. A mapping f : V(H) —
V(F) is a homomorphism if and only if f~*(I) is independent in H for every I € i(F).
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Proof. If f is a homomorphism, then clearly f~'(I) is stable for each I € i(F), as
otherwise the image of any edge contained in f~!(I) is not an edge.

Suppose f : V(H) — V(F) is a function such that f~1(I) is stable in H for every
I € i(F). Let h be an edge of ‘H and let f(h) be its image. Since H and F are
r-uniform, f(h) is either an edge of F or stable. If f(h) is stable, let I € i(F) be
a maximal independent set of F containing f(h). But now we see that h C f~1([),

which is a contradiction, and hence f(h) is an edge for every h € E(H). ]

Lemma 4.5.5. Suppose H and F are r-uniform clutters. The following two statements

are equivalent:
1. H— F,

2. there exists a function g : i(F) — i(H) such that

A, = ﬂ g(I):x e V(F)

I€i(F)zel
covers V(H).

Proof. First suppose f : H — F is a homomorphism. Each f~!(I) is stable in H for
I € i(F), so we may set g(/) = J, where J € i(H) is an arbitrary maximal independent
set containing f~1(I). Let v be an arbitrary vertex of H. We have v € Agv), and
therefore the sets A, cover V(H).

Now suppose ¢ is a function satisfying condition 2. in the statement. For each
vertex v of H pick some arbitrary vertex x of F such that v € A, and set f(v) = x.
Such a vertex exists, because {A; },ev(r) covers V(H). Let I € i(F) be arbitrary. We
see that f~1(I) C g(I) is stable in H, and therefore f is a homomorphism. O

For each r-uniform clutter F we can consider the following problem:

F-HOMOMORPHISM

Instance: An r-uniform clutter H.

Question: Is there a homomorphism f : H — F7

The corresponding boolean parameter fr can clearly be read from the blocker: just
test if any of the [b(F)|-tuples (T1, Ty, ...), T; € b(H), satisfies the second condition of
Lemma 4.5.5.
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4.5.4 Other Problems

The problems discussed so far, Independent Set, k-Colouring, and /-Homomorphism
are fundamental to theoretical computer science, and many other problems have a nat-
ural reduction to them. For instance, the Set-Cover problem can easily be reduced to
Hitting Set by swapping the roles of vertices and sets. On the other hand, Hitting
Set is identical to Independent Set. MISAT can be seen in the following way: given
a Boolean formula where every clause is either entirely positive or entirely negative,
© = @ A, is there a transversal of the clauses of p* (¢7) that does not contain
any clause of ¢~ (¢T). Therefore the solution of the instance could be read from the

blocker of ¢ or ¢~. As we discussed before, SAT has a very natural reduction to
MSAT.

4.6 Minor-Matching Hypertree width

As pointed out in the introduction, some very simple clutters have exponentially-sized
blockers, for example the matching nK5, and therefore the solutions of problems like
Independent Set and Homomorphism cannot be read from their blocker. We
address this issue in this section and the following one by generalising the methods
in this chapter so far from clutters with excluded minor matching to clutters permit-
ting a tree decomposition with no bag in the decomposition containing a large minor
matching. Concretely, for each hypergraph H we introduce a parameter p-tw(H),
called minor-matching hypertree width, as the minimum over all tree decompositions
(T, {By : t € T} of the maximum pp,(H) over all bags B;. For example, the matching
nk, can be decomposed into n bags containing one edge each, joined arbitrarily to
form a tree. No bag contains a minor matching of size two, and hence p-tw(nky) = 1.

When comparing different tree decompositions, usually the following four questions
are considered. The first one is on what structures does the decomposition work. The
original treewidth decomposition is defined on graphs, but later work introduces tree
decompositions for hypergraphs, for example Hypertreewidth [GLS99] and Fractional
hypertree width decompositions [GM06]. The decomposition in this chapter yields
efficient algorithms for hypergraphs with bounded rank. It is not clear whether or
not the restriction on the size of the hyperedges is necessary, but so far we can only
guarantee polynomial-time solutions when the condition holds.

The second question is what is the number of structures with bounded width. Here
minor-matching hypertree decompositions really stand out, as most graphs and hy-
pergraphs have much lower minor-matching hypertree width compared to other width
measures. We show that, for fixed k, there are 2(1_%“(1))(3) n-vertex graphs with

minor-matching hypertree width at most & (the number of all n-vertex graphs is 2(75))
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nlnn)

In comparison, most tree decompositions permit 29 n-vertex graphs of width at
most k. More detail is given in § 4.6.4.

The next question is what family of problems can be solved in polynomial time
provided a decomposition of the instance with bounded width is given as input. For
the moment there is no meta-theorem similar to Courcelle’s theorem [Cou90], describ-
ing classes of computable problems, and instead we give concrete examples of how to
solve the problems in § 4.5, namely Independent Set, k-Colouring and Homo-
morphism, via dynamic programming in § 4.6.3. Other problems, like Set Cover
and k-SAT, also have natural solutions using the developed methods.

The final question is is it possible to efficiently construct a tree decomposition of
width k, or more generally f(k), given a structure of width at most k. This problem
is essential, as it allows us to drop the requirement to provide a tree decomposition
in the input of the problem, and find truly polynomial cases of hard problems. A
tree decomposition without this property has limited use, since it may be as hard to
find a decomposition as to solve the problem. Given a fixed k and a problem P that
permits a polynomial solution of instances (I, T'), where T is a decomposition of width
at most k, it suffices to construct decomposition of width f(k) to solve P(I), as f(k)
is also bounded from above. In § 4.7 we present an n°*")-time algorithm that given
a graph G either finds a tree decomposition of G with p-width O(k?), or proves that
p-tw(G) > k.

The rest of this chapter is dedicated to address these questions. We need to intro-
duce a number of auxiliary concepts, and some of the proofs, especially when it comes

to the approximation algorithm, can be very technical.

4.6.1 Tree decompositions

Definition 4.6.1 (Hypergraph). A hypergraph H = (V, E) is a pair of a finite set V
called vertex set and a set system E over V with elements called hyperedges or just
edges. We use ||[H|| to denote |V (H)| 4+ >, x5 [H]|.

Definition 4.6.2 (Tree decomposition [BB72, Hal76, RS84, GLS99]). We say that the
pair T = (T,{B; : t € V(T)}) is a (hyper)tree decomposition of a hypergraph H if T
is a tree, By, called the bag of t, is a subset of V(H) for each node t of T, and

1. for each vertex x of H, the nodes t of T" such that x € By, denoted T}, induce a

connected subtree of T', and
2. every hyperedge of H is contained in some bag By, t € V(T).

We sometimes shorten (T,{B; : t € V(T)}) to (T,{B;}) or even (T, B;). Instead of

tree/hypertree decomposition we sometimes just say decomposition.
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Definition 4.6.3 (A-treewidth). Suppose that Ay is a real-valued function on the sub-

sets of V(H) for each hypergraph H. Given a hypergraph H and a tree decomposition
T =(T,By;) of H, we define
= B -tw(H) = mi '
Au(T) hax Au(By) and Mtw(H) II%}/H)\H(T),
to be the A-width of T, and the A-treewidth of H respectively, where the minimum is

taken over all tree decompositions T' of H.

For instance, if we define oy (S) to be the maximum number of independent vertices
of S in a hypergraph H, we obtain a new treewidth measure, a-tw(7T), corresponding
to the maximum size of an independent set of a bag of T.

If H is clear from the context, we normally abbreviate Ay (7) to A(T).

Definition 4.6.4 (Treewidth). The treewidth [BB72, Hal76, RS84] of a graph G,
tw(G), is defined as k-tw(G) for the function rg(S) =|S| — 1.

Treewidth plays a central role in the study of graph minors, but we are mainly
interested in applications to algorithms. It is NP-complete to determine the treewidth
of a graph G, but for fixed k there are linear-time algorithms, with an exponential
dependency on k, to construct a tree decomposition of width at most k or to decide

that tw(G) > k [Bod96].

Definition 4.6.5 (Clique-width). The clique-width of a graph G, cw(G), is the min-

imum number of labels needed to construct G from the following operations:

1. creating of a new vertex with label i,
2. disjoint union of two labelled graphs,

3. joining by an edge every vertexr with label i to every vertex of label j, for given
j#1i, and
4. renaming every label 1 to j.

A sequence of these operations creating a graph G wusing at most k labels is called

k-expression of G.

In contrast to treewidth, dense graphs may have low clique-width. For example, the
complete graph K, has treewidth n—1, while cw(K,,) = 2 for n > 1. Moreover, a family
of graphs with bounded treewidth also has bounded clique-width; more precisely, as
shown in [CRO5],

cw(G) < 3. 2m@-1

The example with the complete graph shows that no general bound exists for the other

direction, but nevertheless, interesting special bounds do exist:
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1. tw(G) < f(A(G), cw(G)) [CO00],
2. tw(G) < g(k,cw(G)) for Ky-minor-free graphs G [CO00],
3. tw(G) <3-cw(G)(t—1)—1 for Ky -free graphs G [GWO00],

where A(G) denotes the maximum degree of a graph G, and f and g are functions.

Similarly to treewidth, finding the clique-width of a graph is NP-complete, [FRRS06].
There is an O(f(k)v(G)?)-time algorithm finding a (2¥*! — 1)-expression for a given
input graph G with clique width at most & [HOO08].

Rank-width is a closely related width measure to clique-width.

Definition 4.6.6 (Rank-width). Suppose G is a graph and A is a subset of V/(G). The
cut-rank of A, cutrkg(A), is the linear rank of the matriz {1 ep) i € A,j &€ A}. A
ternary tree is a tree where all non-leaves have degree 3. A pair (T, L) is called rank-
decomposition of G if T is a ternary tree and L is a bijection from the leaves of T' to
the vertices of G. For every edge of e of T the connected components of T'— e induce
a partition (A, B) of the leaves of T. Define the width of e to be cutrkg(L(A)) =
cutrkq(L(B)), the width of (T, L) to be the mazimum width of an edge, and the rank-
width of G, rw(G), to be the minimum width of a rank-decomposition of G.

A key link between rank-width and clique-width has been established in [OS06]:
rw(G) < cw(G) < 2me@+ g,

The inequalities reveal that a family of graphs has bounded rank-width if and only if
it has bounded clique-width.

The importance of the width parameters above is best illustrated by Courcelle’s
theorem [Cou90)].

Definition 4.6.7 (MSO;, MSOs). A graph can be seen as a finite model with its ver-
tices as universe, and a single symmetric relation indicating adjacency. The monadic
second-order graph logic, MSO;, consists of formulae for this model with quantifiers
over vertices and sets of vertices. A graph can also be seen as a finite model with
its vertices and edges as universe, and two symmetric relations indicating adjacency
between vertices and edges. The extended monadic second-order graph logic, MSOs,
consists of formulae for this model with quantifiers over vertices, edges, sets of vertices

and sets of edges.

Note that in the definition of MSO, we do not allow quantifiers over sets of arbitrary

pairs of vertices.
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Theorem 4.6.8 (Courcelle’s theorem [Cou90, BPT92, CMRO00]). For every MSO;
formula ¢y and every MSQOy formula 1o, there are functions fi and fs, such that there
are O(f1(cw(G))n)-time and O(fo(tw(G))n)-time algorithms to test if G = ¢1 and
G | ¢ respectively for every n-vertex graph G.

We now turn our attention to tree decompositions of hypergraphs.

Definition 4.6.9 (Primal graph). The primal graph H of a hypergraph H is a graph
over the same vertex set as H with two vertices joined by an edge whenever they appear

in the same hyperedge of H.

The Helly property of trees implies that 7 is a decomposition of a hypergraph H if
and only if it is a decomposition of H.

The first hypergraph treewidth measure for which it is possible to construct a tree
decomposition efficiently and it is not bounded in terms of the treewidth of the primal

graph is generalised hypertree width.

Definition 4.6.10 (Generalised hypertree width [GLS99]). The generalised hypertree
width of a hypergraph H is defined as o-tw(H), where og(S) is the minimum size of
a cover of S by edges of H.

As the name suggests, there is a notion called hypertree width. Hypertree width,
o-tw(H), involves an additional technical restriction on the tree decomposition, but
as shown in [AGGOT7|, g-tw(H) < ¢-tw(H) < 3p-tw(H), and hence the two no-
tions are essentially equivalent. There is a polynomial-time algorithm to determine if
o-tw(H) < k for fixed k, therefore it is possible to approximate g-tw within a factor
of 3 for small k.

Definition 4.6.11 (Fractional cover number). A fractional cover of S C V(H) by H,
is a functiony : E(H) — [0, 1], such that for each s € S we have 3 ¢ popry.oen, V(R) = 1.
The weight of a fractional cover v is 3 ,cpyy¥(h). The fractional cover number,

05(S), is defined as the minimum weight of a fraction cover.

Definition 4.6.12 (Fractional hypertree width [GM14]). We define o*-tw to be frac-
tional hypertree width.

Clearly, 0};(S) < ou(S), and hence o*-tw(H) < o-tw(H) < ¢’-tw(H). A recent re-
sult [FGP16] states that checking o*-tw(H) < k is NP-c for any fixed k > 2. However,
given a hypergraph H and a constant k, it is possible to construct a tree decomposition
of H of p*-width O(k?), or to prove that g*~tw(H) > k in n°**) [Mar10] time.

A critical property of generalised hypertree width and fractional hypertree width is
that constraint satisfaction problems can be solved efficiently on instances of bounded
width.
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Definition 4.6.13. A constraint satisfaction problem (CSP) is a triple of variables
V', a domain D, and a set C' of constraints, where each constraint is a relation on a
subset of the variables. The task is to assign a value from D to each variable so that

each constraint is satisfied.

For instance, graph colouring can be expressed as a CSP. The domain D is the
set of available colours and there is a constraint requiring each edge to be coloured
properly. We can also interpret 3-SAT as a CSP: the domain is D is {0, 1} and each

constraint corresponds to a clause.

Definition 4.6.14 (Constraint hypergraph). The hypergraph with the variables of an
instance I of CSP as vertices and a hyperedge of each constraint is called constraint
hypergraph of I, C(I).

Theorem 4.6.15. Given a tree decomposition T of C(I), it is possible to solve an
instance 1 of a CSP in time ||I||°M*+O0) [GLS99] and ||I||¢"T+ON) [GM14]. Here

I|I|| is the sum of the number of variables, the number of tuples in each constraint

relation, and the size of the domain.

Recall that we defined the rank of a hypergraph H, rk(H), to be the maximum

size of an edge of H. It is easy to see that
o-tw(H)+ 1 <tw(H) <rk(H)(o"-tw(H) + 1) < rk(H)(o-tw(H) + 1),

and hence the classes of hypergraphs with restricted rank and width in either notion

are essentially equivalent.

Theorem 4.6.16. Let CSP(H ) denote all CSP instances with constraint graph in a
recursively enumerable class H of bounded rank. Assuming FTW # W/[1], the following

two conditions are equivalent:
1. CSP(H) is polynomially solvable,
2. 'H has bounded treewidth.

The condition FTW # W][1] is a widely assumed hypothesis in parameterised com-
plexity. On the contrary, minor-matching hypertree width cannot be bounded from
below in terms of rk(H) and tw(H ), and therefore CSPs are computationally unfeasi-
ble.
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4.6.2 Definition of pu-tw

Recall that pug(H) is defined as the maximum size of an S-intersecting minor-matching
of a clutter H and a set S C N.

Definition 4.6.17 (Minor-matching hypertree width). Let uy(S) = us(cl(H)). We
define p-tw(H) to be the minor-matching hypertree width of H.

Suppose H, H; and Hy are hypergraphs. We write H = H{UH, if V(H;)UV (H;y) =
V(H) and E(H,) U E(Hy) = E(H). If H = Hy U Hy, we say that S is an (Hy, Ho)-
separator if V(H;) NV (Hy) C S.

Minor-matching treewidth can be used to compute hypergraph parameters. Indeed,
suppose we want to compute a hypergraph parameter fy. If it is possible to generalise
fr to a function f5 over trg(b(H)), say fg = fu(D), for any S C V(H), and it is
possible to compute f& from ffh and ff}z, where S is an (H;, Hy)-separator, then,
roughly speaking, we can compute fy given a tree decomposition 7 with u(7) < k.

The next lemma formalises the discussion above.

Definition 4.6.18. We say that a function f : trs(b(H)) — Q, or more generally,
fo :trs(b(H))P — Q, can be read from a blocker decomposition if it has the following

properties:
o . V(H) :
1. it is possible to compute f;; from b(H) efficiently,
2. it is possible to compute f5 from f5 efficiently if S C S,

3. 1t is possible to compute fgi{f} from f3,, where H + v is a hypergraph obtained

from H by adding a new isolated vertex, v,

4. it is possible to compute fy; from trs(b(H)), fi, and ff, efficiently of V(H;) N
V(HQ) Q S and H = H1 U HQ,

for every hypergraph H and set S C V(H). Here efficiently means in polynomial time
with respect to the size of the input, including trs(b(H)), and the size of the output,

where all functions are represented in table form.

Lemma 4.6.19. Suppose r and k are fived constants. Let H be a hypergraph of rank
at most r, T = (T,{B:}) be a tree decomposition of H with u(T) < k, and [, be a
function that can be read from a blocker decomposition. It is possible to compute fgt
from (H,T) in polynomial time w.r.t. ||H|| for every bag By, t € T. In particular, it

15 possible to compute fg, in polynomial time.
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Proof. Given a bag B,, pick r as the root of 7" and orient every edge from the root
towards the leaves. Let T, be the subtree of T' composed of descendants of ¢, and
let H; be the subhypergraph of H induced by the vertices contained in bags of T;.
We compute fgf recursively, from the leaves towards the root. We can compute fg;
for each leaf [ of T" using property 1. of f. Given a node ¢ with direct descendants

By,

ty...ty, first compute fﬁjm using property 2., then add each vertex in B, \ By,
as an isolated vertex to compute fg; (BB, using property 3., and finally merge
sequentially fgf with fg: +(Bi\B,.) O construct fg: Theorem 4.2.1 guarantees that
trg,(b(H)) is polynomially sized and that it can be computed in polynomial time, and

hence the input and the output of each step is polynomially sized. O

4.6.3 Examples of functions that can be read from a blocker
decomposition

In the previous section we defined when a function can be read from a blocker de-
composition. These functions play a central role in tractability via minor-matching
tree decompositions, as they can be computed in polynomial time via such decom-
positions of bounded width. In this section we revise the three functions that we
saw can be read from the blocker in § 4.5, namely Independent Set, k-Colouring
and Homomorphism, and show that in addition, they can be read from a blocker

decomposition.

4.6.3.1 Weighted Independent Set

Recall that we use i(H) to denote the set of all maximal independent sets of a hyper-
graph H, and note that i(H) is easy to compute from b(H): i(H) ={V(H)\T :T €
b(H)}. We come back to Weighted Independent Set. Define f(A) := max{w(J) :
J €i(H),A=SnJ}. It suffices to show that f5 can be read from a blocker decom-
position in order to prove that the problem can be solved in polynomial time using a
tree decomposition of bounded p-width. Properties 1.-3. are easy to verify. Suppose
H = H,UH, and V(H,) NV (Hy) C S and that fg(A) is witnessed by J € i(H).
Since J is stable in H; and Hs,, we may find J; € i(H;) such that J NV (H;) C J;. In
particular, A C J; NS. We have

w(J)=w(S)+w(l) —w(/hNS)—w(JaNS)+wlA).
It follows that w(J;) = f5.(J; N.S), and hence
Fi(A) = max{fj, (A1) + fi,(A2) — w(Ar) — w(As) +w(A) :

Al € trs(i(Hl)),Ag € t’f‘g(i(Hg)), A= A1 N Ag}

91



4.6.3.2 k-Colouring

Consider the function

1 if (A4, Ay, ..., Ag) covers S and
there exists a cover (I, Iy, ..., 1)) of H,

S (A1, A, .., Ay) =
Fo(Ay, A k) st. I € i(H) and A; C I, for 1 <i < k;

\ 0 otherwise.

It is easy to see that fj satisfies properties 1.-3. of Definition 4.6.18.

Lemma 4.6.20. Suppose H = H\UH,, V(H,)NV(H;y) C S, and {A; € trg(i(H)) }icp

covers S. The following two conditions are equivalent:
1. fg(Al,Ag, e ;Ak) = 17

2. we can find Al € trs(i(H;)), i € [k], j € [2], such that A; C Al N A2, and
flgj(A?LaAéa e 7Ag€> =1 fOTj c [2]

Proof. First suppose that f5(Ay, As, ..., Ax) = 1 and that it is witnessed by (I1, I, . .., I,).
We see that J/ = V(H;) NI, is stable in H;, hence we may find I/ € i(H;) such that
JJ C Il. Observe that (I7, I}, ..., I]) covers H;. Therefore fflj(]f NS, I;NS,....I.nN
S) = 1.

Conversely, suppose that the second condition holds and that it is witnessed by
([, 13,...,1]). We may write .J; = (I'UI?)\ SUA; to cover H with & (not necessarily
maximal) independent sets. Extend each J; to a maximal independent set I; € i(H)

to complete the proof. n
The lemma proves that f;, satisfies condition 4. of Definition 4.6.18. Clearly

f2(0%) = 1 if and only if x(H) < k.

4.6.3.3 Hypergraph Homomorphism

Suppose H and F' are r-uniform hypergraphs (hence clutters), and let i(F) = {1, ..., I} }.
Let f5 : trg(i(H))* — {0,1} be defined as follows:

1. there exists a k-tuple (Ji,...,Jy) € i(H)* such that {N..cr,Ji} (r) covers H;

zeV

2. {Miwer,Ai}yev(ry covers S; and
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From Lemma 4.5.5 we have that f%(.) = 1iff H — F. It is easy to see that f3 satisfies
properties 1. - 3. of Definition 4.6.18. Property 4. follows from the following lemma.

Lemma 4.6.21. Suppose H = Hy U Hy, V(H,) NV (Hy) C S, A; € trg(i(H)) for

1<i:<k and {mitreliAi}er(F) covers S. The following two conditions are equivalent:
1. fo(A,... A =1,

2. we can find Al € trs(i(H;)), i € [k], j € [2], such that A; € Al N A2, and
fgj(A{,...,Ai) =1 forj € [2].

Proof. First suppose (J1, ..., Jip) witnesses fo (A, ..., Az) = 1. Wecan find (J,...,J]) €

i(H;)* such that J; NV (H;) C J/. Tt can be checked that ffIJ(Jf NS,...,Jlns)=1.
Now suppose the second condition in the statement holds and that it is witnessed

by (J1,...,J]) € i(H;)* and (A],..., A}) € trg(i(H;))*. Find a k-tuple (Jy,...J;) €

i(H)* such that (J} U J?)\ SUA; C J;. Tt is easy to check that (Ji,...J;) witnesses

(A, ... A =1 O

4.6.4 Comparison with other tree decompositions

As discussed before, treewidth, hypertree width and fractional hypertree width are
functionally bounded to each other for hypergraphs of bounded rank, while minor-
matching hypertree width cannot be bounded from below by treewidth even for graphs.
For instance, consider the complete graph, K,,. Since K, is 2K-free, we have p-tw(K,) =
1, while tw(K,) =n — 1.

As for clique-width (or equivalently rank-width), it cannot be bounded functionally
by wp-tw. For instance, consider the graph G over Zy;,, where ¢ ~ jif i > k+J
mod 4k 4+ 1. We have that G is 2Ks-free, hence p-tw(G) = 1, while ¢r(G) > k. In
the other direction, let Gy = K, let G3,11 be a complete union of two copies of G5,
and let Go,12 be a disjoint union of two copies of G, 1. Clearly rkw(G,,) = 1, while
using the tools developed in § 4.7 we can see that p-tw(Ga,i1) = n.

Nevertheless, minor-matching hypertree width permits many more graphs of bounded
width and additionally it applies to hypergraphs as well as graphs. Indeed, every co-
bipartite graph (graph G with x(G) < 2) is 3K,-free, and there are e®"*) n-vertex
co-bipartite graphs, while the number of graphs with bounded clique-width by a fixed
constant is e?(*"™)

We can give a more precise estimate on the size of the class of n-vertex graphs G

with p-tw(G) < k, call it M,, . Note that M, ; contains all graphs G with x(G) < k,

since u(G) < a(G) < x(G) < k; does not contain all bipartite graphs, not all split

graphs, and not all graphs with x(G) < k+1 (for large n); and therefore the colouring
number of M, . is exactly k (for large n) and |M,, x| = 9(1=i+e()(5) by the colouring
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number theorem [Ale93, BT97, BBS09, ABBM11b]. Similar argument holds for graphs
G with a-tw(G) < k.

Lemma 4.6.22. The number of n-vertex graphs G with p-tw(G) < k (a-tw(G) < k)
is 2(1—%4—0(1))(3).

4.7 Approximation of u-tw for graphs and a-tw for
hypergraphs

This section is organised as follows. We start by arguing that finding decompositions
of low v and p width for graphs is essentially equivalent. In § 4.7.1 we explain how to
reduce a graph G to a graph M(G) such that a-tw(G) = p-tw(M(G)). Moreover, for
every decomposition 7 of M(G) we can find a decomposition M ~*(T) of G such that
a(M~(T)) < u(T). The main result of § 4.7.2 states that a reduction from u-tw to
a-tw exists with the same properties.

Recall that H is the primal graph of H.

Definition 4.7.1. We say that a hypergraph width measure Ay is well-behaved if
1. Ag({z}) > 1 for each vertex x € V(H),
2. Ag(SUT) < Ag(S) + Au(T),
3. Ag(SUT) = Ag(S) + Au(T) for disjoint sets S and T such that Egx(S,T) =0,
4. Ap(S) < Ay (T) for each pair of hypergraphs F O H and sets S C T, and

5. Au(S) <k can be decided in ||H||°®) time.

Note that the independence number ay, the edge covering number gy (Defini-
tion 4.6.10), and the fractional edge covering number pj; (Definition 4.6.12), are all
well-behaved, while pg is not. The following theorem is proved in § 4.7.3.

Theorem 4.7.2. Suppose Ay is a well-behaved width measure for hypergraphs. There
exists an algorithm with running time ||H||°*") that given a hypergraph H and an

integer k as input, either
e finds a tree decomposition T of H with \(T) = O(k*), or

e correctly concludes that A\-tw(H) > k.
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Note the lack of restrictions on the rank.

The overall approximation for p-tw is a follows: staring from a graph G and a
number k, build a graph L = L(G) as in § 4.7.2. We have p-tw(G) = a-tw(L),
so the algorithm in Theorem 4.7.2 either finds a decomposition 7 of L such that
a(T) = O(k?), or declares a-tw(L) > k. In former case we get a decomposition
L=YT) of G such that u(L=(T)) = O(k?), in the latter we deduce that u-tw(G) > k.

4.7.1 Reducing a-tw to p-tw

In the proof of Theorem 4.4.1 we gave the following reduction: given a graph G let
M = M(G) be obtained from G by adding a new vertex v and an edge vv’ for each
v € V(G). The key observation here is that given a set S C V(G) C V(M), we have

ag(S) = pa(S).
Lemma 4.7.3. We have a-tw(G) = p-tw(M).

Proof. If p-tw(M) = 0, then M contains no vertices, but in this case a-tw(G) =
p-tw(M) = 0. Suppose T = (T,{B;}) is a tree decomposition of G' of a-width at
least 1. Extend 7 to M(T) by adding new nodes with bags vv’ for each vertex v and
attached to an arbitrary node containing v, or an arbitrary node if no such node exists.
It is easy to see that M(7T) is a tree decomposition of M. The p-width of each new
bag is 1, hence a bag of maximum width can be found among the nodes of 7. As noted
before, the a-width of a node of T equals its p-width in M, hence u(M(T)) = «(T),
and therefore, since 7 was arbitrary, we have a-tw(G) > p-tw(M).

Conversely, let T be a tree decomposition of M. For each vertex v of G delete
v’ from each bag of 7 and add a new node with bag vv' attached to an arbitrary
node of 7 containing v, or an arbitrary node if no such node exists. We see that the
modified tree decomposition is of the form M(T) for a tree decomposition T of G.

It is easy to see that u(M(T)) < wu(T), and in the previous paragraph we saw that
a(T) = u(M(T)), hence p-tw(M) > a-tw(G). O

Combining p-tw(G) < a-tw(G) with the lemma above we get
ptw(GQ) < a-tw(G) = p-tw(M(G)) < a-tw(M(G)).

For completeness, we note
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4.7.2 Reducing p-tw to a-tw

Recall that the line graph of G, denoted L(G), has the edges of G as vertices, and two
vertices of L(G) are adjacent whenever the corresponding edges of G intersect.
Let L¥(G) be the graph with vertices F(G) and edges

fere (P91 < oten <1).

Here dg(u,v) is used to denote the distance between u and v in G, that is the length
of the shortest u—v path in G measured in number of edges. If there is no u—v path, we
set dg(u,v) = co. Note that L(G) = L(G). We focus on L = L?(G). Two vertices, e
and f, of L are adjacent if G[e U f] is connected, or equivalently Gle U f] 2 2K,. Let
L2V — 2V map sets S C V(G) to the edges of G incident with S. We see that

pa(S) = ar(£(5)).
Theorem 4.7.4. We have p-tw(G) = a-tw(L).

Proof. Suppose T = (T, B,) is a tree decomposition of G. Consider L(T") = (T, {L(B:) }iev(r))-
If ef is an edge of L, then either e and f share a vertex, or there is an edge ¢ intersect-
ing both. Let A be e in the prior case and ¢ in the latter. The edge h must be contained
in some bag B, and note that £(By,) contains ef. Denote by T, the nodes of £(T)
with bags containing e = uwv € V(L). Observe that T, = T,, UT,; T, and T, are trees
that touch, hence T, is connected. We conclude that £(7) is a tree decomposition of
L. For each bag B; we have ug(B;) = ar(L(By)), so u(T) = a(L(T)).

Now suppose (T, B;) is a tree decomposition of L. Let S; be the vertices of G
adjacent only to edges of B;. Equivalently, £(S;) C B; and S; is maximal with the
property. Let e = uv be an edge of G. The edges of GG adjacent to u or v form a clique
in L, hence there must be a bag By, containing £({u,v}) (by Helly property for trees),
and we conclude that uv is contained in S;,. Suppose a vertex u of G is contained
in two bags S, and S,. The bags B, and B, contain all edges of GG incident with wu,
FE,, hence FE, is contained in all bags B; on the unique r-s path in 7', and therefore
u is contained in the bags S; along the same path. We conclude that (T, S;) is a tree
decomposition of G with p-width at most a7, By). O

Similarly as before, we have that p-tw(G) < a-tw(G), and combining this with the

theorem above we get
a-tw(G) > ptw(G) = a-tw(L*(G)) = prtw(L*(G)).
For completeness, we note
a(G) > p(G) = a(L*(@)) 2 u(LX(@)).

96



4.7.3 Approximating well-behaved width measures

The overall strategy is similar to other treewidth approximation algorithms, in par-
ticular to the approximation of fractional hypertree width [Marl0]. Suppose Ay is a

well-behaved measure throughout.

Theorem 4.7.5. There exists an ||H||°® -time algorithm that on input hypergraph

H ; sets of vertices A, B; and an integer k, either

e finds an (A, B)-separator S with Ay (S) < (kgl)k, or

e correctly concludes that A and B cannot be separated by a set S with Ay (S) < k
or that \-tw(H) > k.

We need few preliminary lemmas first. Given a hypergraph H and a decomposition
(T, B;) of H, denote the subtree of T" induced by the nodes containing v € V(H) by
T,. A set S is an (A, B)-separator in a hypergraph H if it is an (A, B)-separator in
H, that is there are no edges between A\ S and B\ S and AN B C S.

Lemma 4.7.6. For every hypergraph H and set S we have

Proof. Let I C S be an independent set of H. We have Ay ({i}) > 1 for each i € I
by Property 1. of Ay. There are no edges in H between any pair of vertices 7,5 € I,
hence by Property 2. of Ay we get Ag(I) = > ..; Au({i}) > |[I|. By Property 3. of
Ay we see that Ay (1) < Ay (S). Now suppose I C S is maximum-sized. We get

am(S) = 1| < Ap(I) < A (S). O

Lemma 4.7.7. Suppose H is a hypergraph with A\-tw(H) < k. Let Hy, Hy, ..., H; be
a sequence with Hy == H and H;y1 be obtained from H; by adding an arbitrary edge

uv such that
)\HO(N&(U> N N&(U)) > k.

Then every tree-decomposition of H of A-width at most k is a tree-decomposition of
Hy. Furthermore, if S is an (A, B)-separator of H with Ag(S) < k, then S is an
(A, B)-separator of each H;.

Proof. The proof is by induction on ¢. The claim is trivial for £ = 0. Suppose ¢ > 0
and that the lemma holds for smaller values. Let T = (7, B;) be an arbitrary tree
decomposition of H such that Ay, (7) < k. By the induction hypothesis, 7 is a
decomposition of H,_; as well. If 7 is not a decomposition of H,, then the edge

uv added on the f-th step is not covered in 7, hence T, and T, are disjoint. Let
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Z = Ny, ,(u) N Ny, _,(v) and let  be an arbitrary vertex of Z. We see that T,
intersects both T, aETv. It follows that x is contained in every bag along the unique
shortest T,,—T, path in T, P,,. Note that P,, is non-empty; it contains at least two
nodes of T'. But x was arbitrary, so the entire Z is contained in every bag B;, where
t € P,,. This is a contradiction, since Ay, (Z) > k and Ay, (T) < k.

For the second part, suppose S is not an (A, B)-separator of H;, and let i be
minimal with this property. Clearly ¢ > 0. Suppose the edge uv is added on the i-th
step. Since S is not a separator of H;, w.l.o.g. we have u € A\ S and v € B\ S. But
then every vertex of Z = Ny, ,(u) N Ng,_,(v) is contained in S in order to prevent an
u—v path of length 2 in HLﬁlence ZCSandk < Ag(Z) < Ap(S). We arrive at a
contradiction, since

Au(S) <k <Au(Z) < Au(9). 0

Definition 4.7.8. Let H be a hypergraph and let H be obtained from H by adding
edges uv such that \gr(Np,(u) N Ny, (v)) > k as in the previous lemma until no longer

possible and in any order, say Lex-first.

Note that H can be built from H in |[H||°® time. Indeed, at most O(n?) new
edges are added, each step inspects at most O(n?) non-adjacent pairs, and for each
pair (u,v) it can be checked if Ay (Np,(u) N Ny, (v)) > k in ||H||® time, hence the

total running time is || H||C®),

Lemma 4.7.9. If H is a hypergraph with A\-tw(H) < k, then for every clique C of H
we have Ay (C) < k. Furthermore, every (A, B)-separator S of H with Ay (S) < k is
an (A, B)-separator in H.

Proof. Suppose C'is a clique in H and let 7" be a minimum A-width tree decomposition
of H. Then T is a decomposition of H by Lemma 4.7.7, and since C' is a clique, there
must be a bag B of T containing C' by the Helly property for trees. We conclude that

The second part of the statement follows directly from Lemma 4.7.7. ]

Lemma 4.7.10. [Whi81, Tar85, Mar10] Given a graph G it is possible to construct
in polynomial time a set IC of at most |V (G)| subsets of V(G) such that

e cach clique C' of G is contained in a set K € IC, and

o K\ C is contained in a connected component of G\ C' for each set K € K and
every clique C' of G.

We give a short proof for convenience.
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Proof of Lemma 4.7.10. Create a sequence of graphs Gy, GGy, . . . Gy, starting from Gy =
G, such that G;; is obtained from G; by adding a new edge uv with both ends w,
v contained in an induced cycle H of G; of length at least four, until no such cycle
exists, or equivalently, until G; is chordal.

It is well-known that a chordal graph F' has at most |V (F')| maximal cliques and
that they can be found in linear time [RT75]. Let K be the set of maximal cliques of
Gy.

Every clique C of G remains a clique in Gy, hence it is contained in a maximal
clique K € K of GGy. Suppose for contradiction that we can find a clique C' of G and
a set K € K, such that K \ C' is not contained in a connected component of Gy \ C.
Clearly K \ C is connected in Gy, so there must be some index j such that K \ C' is
not contained in a component of G;, but it is contained in a component of G;;; \ C.
Suppose G is obtained from G; by adding the edge wv. If u or v is contained in
C or u and v are in the same connected component of G, \ C, then the components
G, \ C are the same as the components of G, \ C, which is a contradiction from the
disagreement on how many components have a non-empty intersection with K \ C'.

Now suppose u and v are contained in different connected components of G, \ C.
There is an induced cycle H in G of length at least four that contains both u and v.
Since H is an induced cycle, and C'is a clique, H \ C' is connected, and in particular
it contains a u—v path. But this is a contradiction, since u and v are in different

connected components of G; \ C. O

Proof of Theorem 4.7.5. Suppose there is an (A, B)-separator S with Ay (S) < k and
that \-tw(H) < k. Let I be a maximum-sized independent subset of S with respect
to H. Note that [I| = ag(S) < ag(S) < Ag(S) <k, hence |I| < k. Let

x= (

u,wel;u#v

N, = Ng(v)\ X U{v} for v € I, and

Y:UM

vel

Hmz

(w) N NH(U))

It follows that S C X UY since [ is maximal, and that N, NS is a clique of H since I is
maximum-sized. For v € I, let K, be the sets of H[N,]| guaranteed by Lemma 4.7.10,
and pick a K, € K, to contain N, NS for each v € I. Since K, \ (N, NS) =K, \ S
is contained in a component of H[N,]\ S, it follows that K, \ S is contained in a
component of A\ S. By Lemma 4.7.9 we have that S is an (A, B)-separator of H, so
every vertex of K, \ S is either reachable from A in H \ S, or none are. Let J; C I be
the vertices corresponding to the prior case, and Jo = I'\ J; — the latter. In case K, \ S
is empty, put v in Jy or Jy arbitrarily. Let Z = X | J(Upes K,). Note that S C Z. For
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v € Jo, we call a vertex u € K, bad if there is a path P4, from A to u in H such that
Pa,NZ ={u}, and for u € J; we call a vertex u € K, bad if there is a path Pg, from
B to u in H such that Pg, N Z = {u}. Observe that by the definition of J; and Js,
every bad vertex is contained in S. If x € J, y € Jo, u € K, and v € K, we call the
pair {u, v} bad if there is a path P,, from u to v in H, such that P, N Z = {u,v}. If
{u,v} is a bad pair, then S must contain at least one of the two vertices, as otherwise
u and v are in the same connected component of A \ S, contradicting the choices for

J1 and Jy. To summarise:
e SCZ,
e SN K, is a clique in H for each v € I,
e S contains all bad vertices, and
e S intersects all bad pairs.

Let S’ be another set with these properties. We claim that S’UX is an (A, B)-separator
in H with Ay (S"UX) < (kgl)k Since X is a union of at most (’;) coneighbourhoods of
non-adjacent vertices in A, we have Ay (X) < (g)k by the definition of H and Property
2. of A\g. Furthermore, A\g(S'\ X) < > Ax(S' N K,) < k?, because S’ N K, is
a clique in H, and hence A\y(S' N K,) < k by Lemma 4.7.9. By putting everything
together we conclude that Ay (S' U X) < k? + (’;)k = (k;rl)k

Now suppose S U X is not an (A, B)-separator in H, and that P, is an a-b path
in H, disjoint from S"U X, where a € A and b € B. Clearly, P, is disjoint from X, so
P.yNZ =P, ,N(Z\X). Let py,...pn be the vertices of P, N Z, ordered as the path
is traversed from a to b. Since S C Z is an (A, B)-separator in H, PynZ 2 P,,NSis
non-empty. We claim that if p; € K, and p,, € K, then v € J; and u € J,. Indeed, if

vel

v € Jy, then stripping P, ; from a to p; yields a path P such that PN Z = {p;}, hence
p1 is bad and it must be included in S, a contradiction. Similarly, if v € J;, then by
denoting the subpath of P, ; from p,, to b by P, we see that PN Z = {p., }, hence p,,
is bad, a contradiction. Therefore, there must be a pair {p;, p;+1} of two consecutive
vertices pj;, pj+1 of Pop N Z, such that p; € K, with v € J; and p;;, € K, with v € Js.
But then for the p;—p;i1 subpath, P, of P,;, we have PN Z = {p;,pj4+1}, and hence
the pair {p;, pj+1} is bad, and therefore it cannot be disjoint from S’, a contradiction.
Consider a 2-CNF formula )

e with variables z, for each vertex v € Z\ X,

e clauses —x, V —x, for each pair of non-adjacent in H vertices v, u contained in

the same set K,
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e with clauses z, V z, for each bad pair {v,u}, and
e set all variables x, corresponding to bad vertices v to true.

Observe that ¢ has a satisfying assignment — setting the variables corresponding to

vertices of S\ X to true and the rest to false yields one. Conversely, if S’ is the set of

variables set to true in a satisfying assignment, then by the discussion above we have

that S"UX is an (A, B)-separator in H, and hence also of H, and Ay (S'UX) < (k'gl)k
The algorithm to find an (A, B)-separator of bounded A-width is as follows:

1. Construct H,

2. guess [,

3. build X and N, for each v € I,

4. build C,, guess K, € K, for each v € I, and build Z,

5. guess a partition (Jy, J3) of I (J; or J, may be empty),

6. find which vertices are bad, which pairs are bad, and build v,

7. if 1) does not have a satisfying assignment, reject the branch; otherwise find a

set S’ corresponding to a satisfying assignment,

8. if for any v € I we have Ay (S’ N K,) > k, declare A\-tw(H) > k and terminate;
if S"U X is not an (A, B)-separator in H, reject the branch; otherwise return
S'UX.

As noted before, building H takes ||H||®) time. Next, since |I| < k, we may
try all O(n*) independent sets of size at most k one by one, and thus add a factor of
O(n*) to the total running time. Constructing each K, is cheap, but guessing each
K, € K, adds one more O(n*) factor. There are at most 2 choices for (J;, Js), so we

get an additional factor of O(2¥). Step 6. can be done in n°™

time. Since finding
a satisfying assignment or correctly concluding that a 2-CNF formula is unsatisfiable
can be done in linear time with respect its length [APT79], Step 7. takes O(n?) time.

The last step takes ||H||°*) time. The total running time is ||H||9®). O

Lemma 4.7.11. Suppose H is a hypergraph with A-tw(H) < k and W C V(H). There
exists a set S C V(H) with Ag(S) < k such that for every connected component C; of
H\ S we have \g(W N C;) < Ag(W)/2.
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Proof. Let (T, B;) be a tree decomposition of H of A-width at most k. If ¢;¢ is an edge
of T', T'—t1t5 has two connected components, 77 and T5 respectively, and let us denote
U{B; : t € V(T;)} by V;. We have that Z := B;, N By, = V1N V4 is a (V4, V3)-separator.
UAg(WN(V;\Z)) < Ag(W)/2 for i € {1,2}, then we may choose Z as S and we are
done. Otherwise, orient the edge t1ts towards ¢;, where Ay (W N (V;\ Z)) > Ag(W)/2.

Suppose S cannot be chosen as By, N By,, and all edges are oriented. Let ¢ be a
node of T" with outdegree zero. Let tq,...,t,, be the neighbours of ¢ in 7', so that each
edge t;t is oriented from t; to t, and let T1,...,7T,, be the corresponding components
of T'\ t. Define V; as before. Every connected component of H \ B, is contained in

some set V; \ By, but from the orientation of ¢;t we get that
Ag(W N (Vi\ By) < Ae(W N (Vi \ (B: N By,))) < Au(W)/2,
so we may choose B; as S. n

Theorem 4.7.12. There is an ||H||TH*) -time algorithm that given a hypergraph H
and a set W C V(H) with \g(W) < r as input either

e finds a partition (A, B) of W and an (A, B)-separator S of H with A\y(S) <
(k;rl)k such that Ag(A\ S) < 2r+k and Ag(B\ S) < 2r +k, or

e correctly concludes that A\-tw(H) > k.

Proof. Suppose that \-tw(H) < k, let S be the set guaranteed by Lemma 4.7.11, and
let C1,...C; be the connected components of H \ S, such that \g(W N C;) < r/2,
and further suppose that Ag(C; N W) < Ay (Cipy NW) for each @ < t. If V(H) =S
there is nothing to do, so suppose t > 1. We seek to find a partition (fl, B) of W\ S
such that S is an (A, B)-separator and Ay (A), \gy(B) < 2r. Let R; = u_cnw
and suppose £ is the last index such that Ay (R;) < r/2. If { = t, set A = R, and
B=0. 1f¢+1=tset A= R;and B = C,NW. Otherwise let Q = UL_, ,C; N W
and note that Ay (Q) > Ag(Cyrr N W) from the ordering. We claim that at least one
pair of {(R, U (Cpey N W), Q), (Ry, (Cosy N W)U Q)} is a possible choice for (A, B).
Indeed, if Ag(Re U (Copr NW)) > 21, then 37 > Ag(Q) = Ag(Cryr NW), hence
A(QU (Copr NW)) < 27,

Let (A, B) be an arbitrary partition of W such that A C A and B C B. The desired
separator in the first condition of the statement can be found with the algorithm in
Theorem 4.7.5 with arguments A and B since Ay (A) < 3r+k and Ag(B) < 3r+Fk. It
remains to show that a partition (A, B) can be found efficiently. Let I be a maximal
independent subset of A in H, and let T'(I) be IU{v € V(H) :u € I,uv € E(H)}. We
see that ACT(I)NW C AUS, and BC W\T(I) C BUS, so ([(I)NW, W \ I(I))
is a possible choice for (A, B). Furthermore, |I| < Ag(A) < 2r, so I can be found by

trying all stable sets of size at most %T in time O(n%"). The final algorithm is:
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1. Guess I, and independent set of H with |I] < 2r,
2. construct A =T'(I)NW and B =W \I'(]),
3. reject the branch if Ay (A) > 2r + k or Ay(B) > 2r + k,
4. run the algorithm in Theorem 4.7.5 with arguments H, A and B.
The total running time is ||H|[CT+F). O

Theorem 4.7.13. There exists a ||H||°*") -time algorithm that given a hypergraph H,
an integer k and a set W C V(H) with A\g(W) < (k3 + k?) + 3k + 3, either

e finds a tree decomposition, T = (T, By), of H, such that \(T) < 2k*+2k*+3k+3
and W C By for some t € V(T), or

o correctly concludes that A\-tw(H) > k.

Proof. Let K = 3(k*+k®)+3k+3 and s = §(k3+k?). The algorithm starts by creating
a set W* such that W C W* and A\g(W*) = min{ K, \g(V(H))}. Let S and (A4;, A,)
be the separator and the partition of W* from Theorem 4.7.12; let V; be the vertices
of H\ S contained in connected components with a non-empty intersection with A;
and let Vo be V(H)\ (V1US). For i € {1,2}, the algorithm checks if V; € A;, in which
case it makes a recursive call with arguments H; = H[V;US] and W; = A;US to create
a tree decomposition (73, By ;) or conclude that A-tw(H) > k if A\-tw(H;) > k. In case
V; C A, let T; be the empty tree. After T7 and T, have been created, the corresponding
node containing W; in each tree is joined to a new node with bag W* U S. If either T}
or 15 is empty, ignore it.
If \-tw(H) < k, then Atw(H;) < k and

2

so we can prove by induction that the algorithm creates tree decompositions (71, By 1)
of Hy and (7%, B;2) of Hy of width at most K + s. If \-tw(H) > k, the algorithm will
either create a decomposition of width at most K +s, or find an induced subhypergraph
H' with A-tw(H') > k, implying A-tw(H) > k.

The total number of steps can be bounded by the number of recursive calls times
the maximum number of steps for each call. The number of steps in each call is clearly
I|H||°®"). We claim that the number of calls is bounded by |V(H) \ W*| 4+ 1. The
proof is by induction on |V (H)\ W*|. If |V (H)\ W*| = 0, then Ay(V(H)) < K, hence
the algorithm creates one bag and does not make recursive calls.

Now suppose V(H) # W*. We claim that the number of recursive calls to create T;
is bounded by |V;\ W*|. Indeed, if |V;\W*| = |V;\ A;| = 0, then T; is empty, and there
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are no recursive calls. If |[V; \ W*| > 0, then by the induction hypothesis, there are at
most |V (H;) \ W;|+1 calls. Since A(W;) < K — 1, either W} = V(H;) or \(W}) = K,
and hence W;* contains a vertex of V;\W*, so in either case |V (H;)\W;|+1 < [V;\W*|.
Therefore the total number of calls is bounded by |[Vi\W*|+|[Vo\W*|+1 < |[V\W*|+1.

Overall, the total number of recursive calls, and hence the number of bags crated,
is bounded by |V (H)|, and therefore the total running time is || H||[©*"). O

Theorem 4.7.2 is the special case of Theorem 4.7.13 when W = (.

104



Chapter 5

Conclusions and Future Research

In the perfect graphs section we presented a generation model for perfect graphs which
yields such graphs almost uniformly, with error e=®™ (in terms of total variation dis-
tance); and we used this approach to investigate several questions about such graphs.

We aimed to investigate the most natural questions about random perfect graphs,
but of course there are further natural open problems. For example, concerning in-
duced subgraphs H, we found the limiting probability that P, has an induced subgraph
H, but we did not discuss the distribution of the number of such induced subgraphs.

Our methods do not let us approach the following question about automorphisms.
It is well known that almost all graphs G,, on vertex set [n] have no non-trivial au-
tomorphisms, and easy to see that in fact the probability that G,, has a non-trivial
automorphism is 27 Tt is also not hard to see that, if R, ~ Gen(n), then
the probability that R, has a non-trivial automorphism is 2~ (z+e(M)n Tt is natural to
expect that the probability for P, is similar to that for R,, but we do not know: we
would need a finer result than (3.4). Similarly, if H is a fixed graph in GSTNGS™ and
R, ~ Gen(n), then by Lemma 3.4.1 the probability that R, fails to have an induced
copy of H is e~¥("1°8m)  Does such a result hold for P,?

A long standing open problem is to describe the structure of a random perfect
graph G with a prescribed number of edges, say e(G) ~ v(G)logv(G). This problem
has been discussed before [PS92], and even directly approached [BTW12], but to the
best of our knowledge a complete answer is a distant possibility.

Let Cs-free denote the class of graphs with no induced subgraph C5. Then GS C
P C Cs—free, and the key result (3.2) from Theorem 2.4 of Promel and Steger [PS92]

in fact extends as follows:
|IGS,| = (1 — e‘Q("))|(C’5—free)n|. (5.1)

Thus our results refer also to random Cjs-free graphs. For related general results
see [ABBM11a, BB11] and references there.
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In the clutter chapter we presented a way to control the size of a blocker via the
maximum size of a minor matching, used this condition to find new polynomial-time
cases for hard problems, and finally we generalised these conditions to a width measure
for tree decompositions.

It is not clear whether the restriction on the rank is necessary. We formulate the

following conjectures:

Conjecture 5.1. There exists a function f such that for every clutter H with m edges

we have
Ib(H)| < mJ )

Conjecture 5.2. There exists a function f such that for every clutter H with m edges

and any subset S of its vertices we have
ltrg(b(H))| < mf#n),

It is also interesting to see if the approximation of u-tw can be extended to clutters
of any rank, and if there are efficient reductions of a-tw to p-tw for clutters and
vice-versa.

Another question is to find more examples of problems with solutions that can be
read from the blocker. Indeed, b(#H) contains a lot of important structural information
that is difficult to access otherwise. Finding an explicit family of problems of this type

can lead to further developments of p-tw.
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