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I. VARIATIONAL SIMULATION OF IMAGINARY TIME EVOLUTION

McLachlan’s variational principle [1], applied to imaginary time evolution, is given by

δ‖(∂/∂τ +H − Eτ ) |ψ(τ)〉 ‖ = 0 (1)

where

‖(∂/∂τ +H − Eτ ) |ψ(τ)〉 ‖ = ((∂/∂τ +H − Eτ ) |ψ(τ)〉)† (∂/∂τ +H − Eτ ) |ψ(τ)〉 , (2)

and Eτ = 〈ψ(τ)|H|ψ(τ)〉. For a general quantum state, McLachlan’s variational principle recovers the imaginary time
evolution

∂ |ψ(τ)〉
∂τ

= −(H − Eτ ) |ψ(τ)〉 . (3)

If we consider a subspace of the whole Hilbert space, which can be reached using the ansatz |φ(τ)〉 = |φ(θ1, θ2, . . . , θN )〉,
we can project the imaginary time evolution onto the subspace using McLachlan’s variational principle. Replacing
|ψ(τ)〉 with |φ(τ)〉, yields

‖(∂/∂τ +H − Eτ ) |φ(τ)〉 ‖ = ((∂/∂τ +H − Eτ ) |φ(τ)〉)† (∂/∂τ +H − Eτ ) |φ(τ)〉 ,

=
∑
i,j

∂ 〈φ(τ)|
∂θi

∂ |φ(τ)〉
∂θj

θ̇iθ̇j +
∑
i

∂ 〈φ(τ)|
∂θi

(H − Eτ ) |φ(τ)〉 θ̇i

+
∑
i

〈φ(τ)| (H − Eτ )
∂ |φ(τ)〉
∂θi

θ̇i + 〈φ(τ)| (H − Eτ )2 |φ(τ)〉 .

(4)

Focusing on θ̇i, we obtain

∂‖(∂/∂τ +H − Eτ ) |φ(τ)〉 ‖
∂θ̇i

=
∑
j

(
∂ 〈φ(τ)|
∂θi

∂ |φ(τ)〉
∂θj

+
∂ 〈φ(τ)|
∂θj

∂ |φ(τ)〉
∂θi

)
θ̇j

+
∂ 〈φ(τ)|
∂θi

(H − Eτ ) |φ(τ)〉+ 〈φ(τ)| (H − Eτ )
∂ |φ(τ)〉
∂θi

.

(5)

Considering the normalisation condition for the trial state |φ(τ)〉,

〈φ(τ)| |φ(τ)〉 = 1, (6)

we have

Eτ
∂ 〈φ(τ)|φ(τ)〉

∂θi
= Eτ

(
∂ 〈φ(τ)|
∂θi

|φ(τ)〉+ 〈φ(τ)| ∂ |φ(τ)〉
∂θi

)
= 0, (7)

and the derivative is simplified to

∂‖(∂/∂τ +H − Eτ ) |φ(τ)〉 ‖
∂θ̇i

=
∑
j

Aij θ̇j − Ci. (8)
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where

Aij = <
(
∂ 〈φ(τ)|
∂θi

∂ |φ(τ)〉
∂θj

)
,

Ci = −<
(
∂ 〈φ(τ)|
∂θi

H |φ(τ)〉
)
.

(9)

McLachlan’s variational principle requires

∂‖(∂/∂τ +H − Eτ ) |φ(τ)〉 ‖
∂θ̇j

= 0, (10)

which is equivalent to the differential equation of the parameters∑
j

Aij θ̇j = Ci. (11)

Denoting E(τ) = 〈φ(τ)|H |φ(τ)〉, we can show that the average energy always decreases by following our imaginary
time evolution algorithm, for a sufficiently small stepsize;

dE(τ)

dτ
= <

(
〈φ(τ)|Hd |φ(τ)〉

dτ

)
,

=
∑
i

<
(
〈φ(τ)|H∂ |φ(τ)〉

∂θi
θ̇i

)
,

= −
∑
i

Ciθ̇i,

= −
∑
i

CiA
−1
ij Cj ,

≤ 0.

(12)

The third line follows from the definition of Ci; the fourth line follows from the differential equation of θ̇; the last line is
true when A−1 is positive. First, we show matrix A is positive. We consider an arbitrary vector x = (x1, x2, . . . , xN )T ,
and calculate x† ·A · x,

x† ·A · x =
∑
i,j

x∗iAijxj ,

=
∑
i,j

x∗i<
(
∂ 〈φ(τ)|
∂θi

∂ |φ(τ)〉
∂θj

)
xj ,

=
∑
i,j

x∗i
∂ 〈φ(τ)|
∂θi

∂ |φ(τ)〉
∂θj

xj +
∑
i,j

x∗i
∂ 〈φ(τ)|
∂θj

∂ |φ(τ)〉
∂θi

xj ,

(13)

Denote |Φ〉 =
∑
i xi

∂|φ(τ)〉
∂θi

, then the first term equals∑
i,j

x∗i
∂ 〈φ(τ)|
∂θi

∂ |φ(τ)〉
∂θj

xj = 〈Φ|Φ〉 ≥ 0. (14)

Similarly, we can show that the second term is also nonnegative. Therefore, x† · A · x ≥ 0,∀x and A is nonnegative.
In practice, when A has eigenvalues with value zero, A is not invertible. However, in our simulation, we define the
inverse of A to be only the inverse of the nonnegative eigenvalues. Suppose U is the transformation that diagonalises
A, i.e., Gi,j = (UAU†)i,j = 0,∀i 6= j. Then, we define G−1 by

G−1
i,j =


1

Gi,j
i = j,Gi,j 6= 0,

0 i = j,Gi,j = 0,
0 i 6= j.

(15)

The inverse of A is thus defined by

A−1 = U†G−1U. (16)

Because A has nonnegative eigenvalues, G, G−1, and hence A−1 all have nonnegative eigenvalues.
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II. EVALUATING A AND C WITH QUANTUM CIRCUITS

In this section, we review the quantum circuit that can efficiently evaluate the coefficients A and C introduced in
Ref. [2–4].

Without loss of generality, we can assume that each unitary gate Ui(θi) in our circuit depends only on parameter
θi (since multiple parameter gates can be decomposed into this form). Suppose each Ui is a rotation or a controlled
rotation gate, its derivative can be expressed by

∂Ui(θi)

∂θi
=
∑
k

fk,iUi(θi)σk,i, (17)

with unitary operator σk,i and scalar parameters fk,i. The derivative of the trial state is

∂ |φ(τ)〉
∂θi

=
∑
k

fk,iṼk,i |0̄〉 , (18)

with

Ṽk,i = UN (θN ) . . . Ui+1(θi+1)Ui(θi)σk,i . . . U2(θ2)U1(θ1). (19)

In practice, there are only one or two terms, fk,iσk,i, for each derivative. For example, when Ui(θi) is a single

qubit rotation RZθi = e−iθiσZ/2, the derivative ∂Ui(θi)/∂θi = −i/2 × Ze−iθiZ/2, and the derivative of the trial state
∂ |φ(τ)〉/∂θi can be prepared by adding an extra Z gate with a constant factor −i/2. When Ui(θi) is a control rotation
such as |0〉 〈0| ⊗ I + |1〉 〈1| ⊗ RZθi , the derivative ∂Ui(θi)/∂θi = |1〉 〈1| ⊗ ∂RZθi/∂θi = −i/2 × |1〉 〈1| ⊗ Ze−iθiZ/2. By
choosing σ1,i = I ⊗ Z, σ2,i = Z ⊗ Z, f1,i = −i/4, and f2,i = i/4, we can show Eq. (17).

Therefore, the coefficients Aij and Ci are given by

Aij = <

∑
k,l

f∗k,ifl,j 〈0̄| Ṽ
†
k,iṼl,j |0̄〉

 ,

Ci = <

∑
k,l

f∗k,iλl 〈0̄| Ṽ
†
k,ihlV |0̄〉

 .

(20)

All the terms of the summation follow the general form a<(eiθ 〈0̄|U |0̄〉) and can be evaluated with a quantum circuit.
In practice, we do not need to realize the whole controlled-U gate and can instead use a much easier circuit. For

example, for the term <(f∗k,ifl,j 〈0̄| Ṽ
†
k,iṼl,j |0̄〉), we can let f∗k,ifl,j = aeiθ and

〈0̄| Ṽ †k,iṼl,j |0̄〉 = 〈0̄|U†1 . . . U
†
i−1σ

†
k,iU

†
i . . . U

†
NUN . . . Ujσl,jUj−1 . . . U1 |0̄〉 . (21)

Suppose i < j, then

〈0̄| Ṽ †k,iṼl,j |0̄〉 = 〈0̄|U†1 . . . U
†
i−1σ

†
k,iU

†
i . . . U

†
j−1σl,jUj−1 . . . Ui . . . U1 |0̄〉 , (22)

and <(eiθ 〈0̄| Ṽ †k,iṼl,j |0̄〉) can be measured by the circuit in Fig. S1. The terms for C can be measured similarly.

III. COMPUTATIONAL CHEMISTRY BACKGROUND

One of the central problems in computational chemistry is finding the ground state energy of molecules. This
calculation is classically intractable, due to the exponential growth of Hilbert space with the number of electrons in
the molecule. However, it has been shown that quantum computers are able to solve this problem efficiently [5]. The
Hamiltonian of a molecule consisting of M nuclei (of mass MI , position RI , and charge ZI) and N electrons (with
position ri) is

H = −
∑
i

~2

2me
∇2
i −

∑
I

~2

2MI
∇2
I −

∑
i,I

e2

4πε0

ZI
|ri −RI |

+
1

2

∑
i 6=j

e2

4πε0

1

|ri − rj |
+

1

2

∑
I 6=J

e2

4πε0

ZIZJ
|RI −RJ |

. (23)
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(|0〉+ eiθ |1〉)/
√

2 X • X • H
... ...

|0̄〉 U1 Ui−1 σk,i Ui Uj−1 σl,j

(a)

(|0〉+ eiθ |1〉)/
√

2 X • X • H
... ...

|0̄〉 U1 Ui−1 σk,i Ui UN hl

(b)

FIG. S1. Quantum circuits that evaluate (a) <(eiθ 〈0̄| Ṽ †k,iṼl,j |0̄〉) and (b) <(eiθ 〈0̄| Ṽ †k,ihlV |0̄〉). When σk,i is Hermitian, the
X gates acting on the ancilla qubit can be also omitted.

Because the nuclei are orders of magnitude more massive than the electrons, we apply the Born-Oppenheimer ap-
proximation, and treat the nuclei as classical, fixed point charges. After this approximation, the eigenvalue equation
we seek to solve (in atomic units) is given by−∑

i

∇2
i

2
−
∑
i,I

ZI
|ri −RI |

+
1

2

∑
i 6=j

1

|ri − rj |

 |ψ〉 = E |ψ〉 , (24)

where |ψ〉 is an energy eigenstate of the Hamiltonian, with energy eigenvalue E.

To solve this problem using a quantum computer, we first transform it into the second quantised form. We project
the Hamiltonian onto a finite number of basis wave functions, {φp}, which approximate spin-orbitals. Electrons
are excited into, or de-excited out of, these spin-orbitals by fermionic creation (a†p) or annihilation (ap) operators,
respectively. These operators obey fermionic anti-commutation relations, which enforces the antisymmetry of the
wavefunction, a consequence of the Pauli exclusion principle. In the second quantised representation, the electronic
Hamiltonian is written as

H =
∑
p,q

hpqa
†
paq +

1

2

∑
p,q,r,s

hpqrsa
†
pa
†
qaras, (25)

with

hpq =

∫
dxφ∗p(x)

(
−∇

2
i

2
−
∑
I

ZI
|r−RI |

)
φq(x),

hpqrs =

∫
dx1dx2

φ∗p(x1)φ∗q(x2)φs(x1)φr(x2)

|r1 − r2|
,

(26)

where x is a spatial and spin coordinate. This Hamiltonian in a molecular orbital basis contains O(N4
SO) terms, where

NSO is the number of spin-orbitals considered. This fermionic Hamiltonian must then be transformed into a Hamilto-
nian acting on qubits. This can be achieved using the Jordan-Wigner (JW), or Bravyi-Kitaev (BK) transformations,
which are described in Ref. [6].

A. Hydrogen

In our simulations, we consider the Hydrogen molecule in the minimal STO-3G basis. This means that only the
minimum number of orbitals to describe the electrons are considered. ‘STO-nG’ means that a linear combination of
n Gaussian functions are used to approximate a Slater-type-orbital, which describes the electron wavefunction. Each
Hydrogen atom contributes a single 1S orbital. As a result of spin, there are four spin-orbitals in total. We are able
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to construct the molecular orbitals for H2 by manually (anti)symmetrising the spin-orbitals. These are

|φ0〉 = |σg↑〉 =
1√
NG

(|1S1↑〉+ |1S2↑〉),

|φ1〉 = |σg↓〉 =
1√
NG

(|1S1↓〉+ |1S2↓〉),

|φ2〉 = |σu↑〉 =
1√
NU

(|1S1↑〉 − |1S2↑〉),

|φ3〉 = |σu↓〉 =
1√
NU

(|1S1↓〉 − |1S2↓〉),

(27)

where the subscripts on the 1S orbitals denote the spin of the electron in that orbital, and which of the two hydrogen
atoms the orbital is centred on, and NG/U are normalisation coefficients. By following the procedure in Ref. [6], the
qubit Hamiltonian for H2 in the BK representation can be obtained. This 4 qubit Hamiltonian is given by

H = h0I + h1Z0 + h2Z1 + h3Z2 + h4Z0Z1 + h5Z0Z2 + h6Z1Z3 + h7X0Z1X2 + h8Y0Z1Y2

+ h9Z0Z1Z2 + h10Z0Z2Z3 + h11Z1Z2Z3 + h12X0Z1X2Z3 + h13Y0Z1Y2Z3 + h14Z0Z1Z2Z3.
(28)

As this Hamiltonian only acts off diagonally on qubits 0 and 2 [7, 8], it can be reduced to

H = g0I + g1Z0 + g2Z1 + g3Z0Z1 + g4Y0Y1 + g5X0X1, (29)

which only acts on two qubits.
In our work, we consider an internuclear distance of R = 0.75 Å and hence g0 = 0.2252, g1 = 0.3435, g2 = −0.4347

g3 = 0.5716, g4 = 0.0910, g5 = 0.0910. We make use of the universal ansatz [9] shown in Fig. S2.

|0〉1 RYθ1 RZθ2 • RYθ5 RZθ6 R

|0〉0 RYθ3 RZθ4 RYθ7 RZθ8 R

FIG. S2. The quantum circuit for preparing the hardware efficient ansatz with eight parameters. Here each RYθ = e−iθσY /2,
RZθ = e−iθσZ/2, and the two R gates correspond to the rotation of the measurement.

We have eight parameters and an example circuit for measureing A2,7 is shown in Fig. S3

|0〉2 H X • X • H

|0〉1 RYθ1 Z RZθ2 • RYθ5 RZθ6

|0〉0 RYθ3 RZθ4 Y RYθ7 RZθ8

FIG. S3. The circuit to measure A2,7 = <
(
∂〈φ(τ)|
∂θ2

∂|φ(τ)〉
∂θ7

)
. In practice, the gates in the dashed box may be omitted. The

other terms of A and C can be measured using similar circuits.

B. Lithium Hydride

In our simulations, we consider Lithium Hydride in the minimal STO-3G basis. The Lithium atom has 3 electrons,
and so contributes a 1S, 2S, 2Px, 2Py and 2Pz orbital to the basis, while the Hydrogen atom contributes a single 1S
orbital. With spin, this makes 12 spin-orbitals in total. However, we are able to reduce the number of spin-orbitals
required by considering their expected occupation. This reduces the qubit resources required for our calculation. In
computational chemistry, the subset of spin-orbitals included in a calculation is called the active space.
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We first obtain the one electron reduced density matrix (1-RDM) for LiH, using a classically tractable CISD
(configuration interaction, single and double excitations) calculation. The 1-RDM for a distance of 1.45 Å is shown
below, 

1.99991 −0.00047 0.00047 0 0 −0.00120
−0.00047 1.95969 0.06691 0 0 0.00842
0.00047 0.06691 0.00968 0 0 −0.01385

0 0 0 0.00172 0 0
0 0 0 0 0.00172 0

−0.00120 0.00842 −0.01385 0 0 0.02728

 . (30)

There are only six rows and columns in the 1-RDM because the spin-up and spin-down orbitals have been combined.
The diagonal elements of the 1-RDM are the occupation numbers of the corresponding canonical orbitals (the Hartree-
Fock orbitals). In order to reduce our active space, we first perform a unitary rotation of the 1-RDM, such that it
becomes a diagonal matrix, 

1.99992 0 0 0 0 0
0 1.96201 0 0 0 0
0 0 0.03459 0 0 0
0 0 0 0.00005 0 0
0 0 0 0 0.00172 0
0 0 0 0 0 0.00172

 . (31)

This gives the 1-RDM in terms of natural molecular orbitals (NMOs). The diagonal entries are called the natural
orbital occupation numbers (NOONs). The Hamiltonian of LiH must also be rotated, using the same unitary matrix
used to diagonalise the 1-RDM. This is equivalent to performing a change of basis, from the canonical orbital basis
to the natural molecular orbital basis.

As can be seen, the first orbital has a NOON close to two, and so is very likely to be doubly occupied. As a result,
we ‘freeze’ this core orbital, and consider it to always be doubly filled. We can then remove any terms containing

a†0, a0, a
†
1, a1 from the LiH fermionic Hamiltonian, where 0 and 1 denote the spin-orbitals that correspond to the core

spatial orbital. We also notice that the fourth spatial orbital has a NOON close to zero. As a result, we assume
that this orbital is never occupied by either a spin-up or spin-down electron, and so remove another two fermionic
spin-orbital operators from the Hamiltonian. This leaves a fermionic Hamiltonian acting on 8 spin-orbitals. We then
map this fermionic Hamiltonian to a qubit Hamiltonian, using the JW transformation. All of these steps were carried
out using OpenFermion [10], an electronic structure package to transform computational chemistry problems into a
form that is suitable for investigation using a quantum computer.

1. LiH ansatz

We used an ansatz inspired by the low depth circuit ansatz (LDCA) [4]. This ansatz is both hardware efficient (in
the sense that it only uses nearest neighbour gates), and chemically motivated. The specific ansatz used for simulating
LiH is shown in Fig. S4.

2. Numerical simulation

We simulate the aforementioned quantum circuits using the Quantum Exact Simulation Toolkit (QuEST) [11]. True
ground states are found by diagonalising the considered Hamiltonians with the GNU Scientific Library (GSL) [12],
which employs a complex form of the symmetric bidiagonalisation and QR reduction method [13].

While our H2 tests simulate the full experimental routine, our LiH tests are optimised by individually computing

each ansatz derivative ∂ |ψ(~θ)〉 /∂θj . While obtaining this wavefunction from an experiment would require a number
of measurements that grows exponentially with the number of qubits, we can access it directly in our numerical
simulations. The observables of the experimental routine are then directly calculated via inner products of these
derivative wavefunctions. This allows us to populate the A matrix with only Np evaluations of the ansatz circuit, in

contrast to the Np
2 evaluations involved in a full experimental routine. Similarly, the state Ĥ |ψ(θ)〉 can be computed

once each iteration, and the C vector populated via the inner product of Ĥ |ψ(θ)〉 with the derivative wavefunctions.
This reduces the number of simulated gates by NpNH from the full experimental routine described in the main text.
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|1〉 RZ RY RX RZ

U
· · ·

|1〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ

U
· · ·

|0〉 RZ RY RX RZ · · ·

FIG. S4. The general structure of the ansatz used in our LiH simulations. We repeat the circuit structure of the two-
qubit rotations block to depth M = 3. The form of the U gate is U = eiαY XeiβXY eiγZZeiδY Y eiεXX . In total there are
(3× 5× 7) + (4× 8) = 137 parameters.

After populating A and C, we then update the parameters under the variational imaginary time evolution scheme

described in the main text. Since A~̇θ = Cδt is generally underdetermined and leaves us unable to invert A, we instead
update the parameters under Tikhonov regularisation, which minimises

‖C −A~̇θ‖2 + λ‖~̇θ‖2. (32)

Here, the Tikhonov parameter λ can be varied to trade accuracy for keeping ~̇θ small and the parameter evolution
smooth. We estimate an ideal λ at each time-step by selecting the corner of a 3-point L-curve [12, 13], though force
λ ∈ [10−4, 10−2]. This is because too large a λ over-restricts the change in the parameters and was seen to lead to
eventual convergence to non-ground states. Meanwhile, no regularisation (λ = 0) saw residuals in A−1 disrupt the
monotonic decrease in energy. Using Tikhonov regularisation affords us a larger time-step than other tested methods,
which included LU decomposition, least squares minimisation, singular value decomposition (SVD) and truncated
SVD.

We use a basic model of how shot noise and gate errors affect the variational algorithm, by modifying the elements
in A, and C. We here illustrate the procedure for an element of A, which is found by NA samples of a binary-outcome
measurement with expected value

aij = <

(
∂ 〈ψ(~θ)|
∂θi

∂ |ψ(~θ)〉
∂θj

)
∈
[
−1

4
,

1

4

]
. (33)

For sufficiently many samples NA, the central limit theorem informs Aij is normally distributed.

Aij ∼ N
(
aij ,

1

NA

(
1/16− a2

ij

))
. (34)

We model the effect of decoherence, viewed as a mixing of each underlying measurement distribution with the fully
mixed state, as a skewing of observable expectation values toward their centre (zero). That is, aij → εaij for some
ε ∈ [0, 1]. We assume an experimental error rate of 10−4 per gate, and approximate the state after D gates to differ
from the noise-free state ρ as

ρfinal =
(
1− 10−4

)D
ρ+

(
1−

(
1− 10−4

)D)
1. (35)

For our LiH simulations D ≈ 100, so the effect of gate error is to skew our expected values by ε ≈ 0.99. We follow a
similar procedure to introduce noise into the other components of the simulation.
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