Gaussian Processes on Graphs

University of Oxford
St Anne’s College

DOMI j MINA
NVS TIO

Doctor of Philosophy

Supervisor: Xiaowen Dong

Yin-Cong Zhi

March 28, 2024



Abstract

In the ever-growing field of machine learning research, the use of graphs has recently
gathered significant interest for modelling on data with relational structures. Graphs
and network-based data now exist ubiquitously in the real world, with examples
including social networks, transportation, financial exchanges, and brain networks.
Therefore, developing models on graphs is essential to allow users to understand and
predict the complex nature observed in everyday phenomena. Currently, there is an
abundance of literature on graph neural networks, but limited options are available
that are probabilistic and Bayesian. In addressing this issue, we develop a series of
Gaussian processes (GPs) for graph data in this thesis. Building GPs on graphs is
now more feasible thanks to the emergence of graph signal processing, providing us
with the tools to handle graph-structured information and smoothness modelling.
The first problem we tackle is predicting the evolution of signals with a multi-output
Gaussian process. We use kernels defined from the graph Laplacian with learnable
spectral filters to predict with the smoothness level that matches the data. We
then turn our focus to semi-supervised classification, designing three models for this
task each emphasizing on a particular approach: multi-scale modelling, transductive
learning, and sheaf modelling. The first approach provides a novel utilization of
wavelets on graphs to fully exploit their ability to capture multi-scale properties in
the data. Next, we present a unified definition of kernels on graphs with transductive
properties, aiming to utilize the distribution of the full dataset to better inform the
prediction. This naturally suits semi-supervised problems on graphs where training
and testing nodes are generally connected and available at the same time. Finally,
we introduce sheaves as a higher order representation of graphs, to design GPs with
stronger separation power by learning additional topological structures. Collectively,
this thesis represents not only a valuable contribution to the study of GPs for discrete
and non-Euclidean data, but also useful alternatives to the more broadly used graph

neural networks.
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Chapter 1
Introduction

Graphs have become ubiquitous tools to represent more complex and irregular data
[1, 2]. The combination of nodes and edges provides a coherent representation of
pairwise relationships and interactions between entities, with the connectivities gen-
erally dictated by the physics of the problem at hand or inferred from the data. Real
world structures that can be efficiently represented as graphs have become increas-
ingly common, such as social networks, citations, transportation, sensor images, and
brain networks. Thus, many problems can be solved with the help of graphs, in-
cluding classification of nodes, prediction of links and relationships, and simulation
of the evolution of systems. Therefore, modelling data as graphs can help us better

understand the complex nature observed in many modern-day phenomena.

Graphs are not only useful for representing structured data, they also play a key
role in modern day machine learning. Recently, graph-based data has provided
many challenges for popular models including Gaussian processes (GPs) [3] and
neural networks, and as a result, studies in adapting to graphs have led to signifi-
cant advancements in learning on geometric and non-Euclidean data. Learning on
graphs has been studied from both machine learning and signal processing perspec-
tive [2, 4, 5, 6], and with the rise of graph neural networks (GNNs) [7, 8], this
has led to substantial interest in designing models for graph-structured data, and
tackling the various challenges that come with using graphs. Notably, modelling on
graphs has provided fresh perspective on existing neural networks and GPs, and the
use of simple procedures such as aggregating information over neighbouring nodes
has already led to many performance improvements compared to the non-graph
counterparts that ignore the graph connectivity. As we will see in this thesis, such
improvements are only apparent under certain assumptions, but now with more ad-

vanced tools available, it is possible to design models that are more flexible and



adaptable to the different smoothness profiles of each problem setting, leading to

more generalizable machine learning models.

Amongst the huge library of models in machine learning, we focus on GPs and their
adaptation to graphs. GPs are powerful models routinely employed for regression
and classification tasks. The model is known for its flexibility and having a wide
range of applications, often making them the preferred and optimal choice to solve
real-life problems. There are many advantages of using a GP, the first of which is in
leveraging the power of non-parametric modelling and data efficiency of regression,
thus parameters are generally fewer and more easily inferred, allowing the model
to learn from very few data points. Despite the few parameters, GPs still have the
flexibility due to the use of powerful kernel functions that maps data into higher
dimensions where separating into the label classes is possible. Another element that
comes with such models is clear interpretability, to allow the user to understand
the predictions, as opposed to the black-box that deep learning models exhibit.
Furthermore, GPs also belong to the Bayesian family of models, characterized by
the use of priors to allow the user to incorporate additional knowledge. Subsequently,
this leads to the ability to predict with confidence which can contribute to the user’s
decision to trust the model. Commonly compared to neural network and deep
learning models, with each having its distinctive advantages, GPs have reliably
produced rivalling performances against models known for having great learning
power [9, 10, 11].

While GPs are potent tools, they encounter challenges when employed with graph-
structured data. The use of kernels focuses on covariance structures, and therefore
lacks an explicit structural modelling of the graph connectivity. The graph pro-
vides additional information on top of the feature data (often on the nodes), and is
governed by discrete operators that do not combine easily with kernels defined on
the continuous space. Kernel selection therefore becomes non-trivial and one has to
carefully decide on which graph operators to use, and how to integrate this with the
feature data kernel. Currently, there is yet a unifying framework of kernels for graph
data, and therefore one does not have the options to specify any desired properties
such as smoothness modelling, transductive learning, and how to combine kernels
to produce higher order interactions between the feature data and the graph. The
work in this thesis therefore provide a range of options to the GP literature, allowing

for modelling of more complex graph-based problems. [12]

As the central element of GPs, adapting to graph data is predominantly achieved

by embedding graph information in the kernel, and one can think of this as adding



information to the prior. In the recent developments of graph GPs, the relational
structure of the graph is generally utilized to average the input data over direct
neighbourhoods determined by the graph. This has already shown promising results,
performing competitively against state-of-the-art GNNs on numerous datasets. Us-
ing a GP also offered other advantages of being a Bayesian model, compared to
GNNs which generally represent a non-probabilistic approach. Building on this
foundation will have certain challenges, as naturally there exists important infor-
mation for prediction beyond the immediate neighbours. How to best manage such
information is non-trivial, as empirical studies have shown that there is the need
to maintain a balance between local and global information. On the other hand,
the graph spectral domain offers an alternative modelling perspective that is less
explored, and can be key to capturing behaviours that are not apparent in the spa-
tial domain, of which many current approaches operate in. Beyond this, we also
have the task of translating the relevant information into a valid kernel function, for

which there is currently limited literature.

There are different prediction tasks when it comes to graph data, here we broadly
categorize them as: Graph signal prediction - where we wish to model the evolution
of the values on the nodes over the full graph; Semi-supervised node classification -
working within a single graph that is partially labelled and we aim to predict the
unlabelled nodes; and Graph classification - where each data point is an individual
graph for which we infer the label for. Within these problems, we also tackle more
technical challenges throughout this thesis, we now introduce them in the following

paragraphs.

From a signal processing perspective, many operators used in the design of graph-
based models may be interpreted as a result of low-pass functions [13, 14], the GP
model of [15] is an example that makes use of low-pass filters to induce spatial
structures within the predicted graph signals. Although information is generally in
the lower frequency elements, incorporating higher frequencies of the likes of band-
and high-pass are required to fully capture the behaviours of modern-day data,
where labels can exhibit less smooth or high frequency information. In addressing
this limitation we allow the kernel’s spectral function to be free to take any shape
instead of being restricted to low-pass, opening the possibility to band- or high-pass
profiles (in addition to low-pass). Learning the kernel via its spectral function has
been an effective technique on the continuous space such as [16, 17], but translating
to discrete kernels defined on graphs is non-trivial and yet to be attempted. As
graph data can exhibit various spectral profiles, the shape of the spectral function

can be made learnable as part of the GP training, allowing the optimal kernel to
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be found in a data driven manner, and thus having the capacity to predict graph

signals with different levels of smoothness based on the data.

In addition to the graph Fourier transform, wavelet transforms have been developed
to analyze graph signals at different scales [18, 19, 20, 21]. For semi-supervised
classification, we generally work with larger graphs, and this means multi-scale pat-
terns can appear more regularly. In the node feature data, this is characterized
by the potential existence of one particular smoothness profile at node level, but
a different profile at cluster level, clusters of clusters and so on; one can imagine
this as zooming out on the graph. The uniqueness of the wavelet transform is in
providing a localization trade-off between the graph spatial and frequency domains.
Whereas one would make use of fixed-hop neighbourhood information in typical
spatially defined models, using wavelets leads to continuously weighted neighbours,
and with the scale of the localization controllable by the user. Concurrently, multi-
scale properties are reflected in the graph structure by the existence of eigen-gaps
in the eigenvalues of the Laplacian, or the spectrum. Wavelets meanwhile appear
as band-pass filters in this domain, with the location of the peaks also controllable
by the user, making them ideal for capturing the spectral patterns of each “cluster
of eigenvalues” that are close together. In the current graph learning literature,
there have been very little attempts in using wavelets as an alternative to the graph
Fourier basis in spectral-based GNNs [22, 23]. Furthermore, the basis was chosen
to be a set of low-pass profiles only, which meant they did not take full advantage
of wavelet’s ability to handle higher frequency elements, and more importantly they
do not capture any multi-scale patterns. Hence, for effective modelling on graphs,
improvements can come from being able to incorporate higher frequency elements,
as well as capturing multi-scale properties, and both features can be achieved by

leveraging the qualities of wavelets that have previously been ignored.

The graphs in semi-supervised classification are often attributed (there exist feature
data on the nodes), however the kernels used for graph GPs are currently limited
to linear transformations of a non-graph base kernel, where the transformation is
defined from graph operators (such as the adjacency matrix or wavelet transform).
This corresponds to multiplying two kernels together, which along with adding ker-
nels are generally simple but limited ways of combining prior information. Therefore,
in designing graph GPs one may seek a direct kernel that takes into account both
the graph and node feature data. Currently, kernels have been defined for feature
data [24] and for graphs [25] separately from regularization theory, however no at-
tempts have been made for attributed graphs that contain both sets of information.

There is a need for such kernels as graph data generally come with node attributes.

11



1.1. TECHNICAL OVERVIEW

In addition, the learning aspect of the model can be further improved by better
utilization of the transductive properties that come with using kernels on graphs.
This is different to the common inductive assumption, instead allowing the model
access to not just the training set, but also the test and unlabelled inputs and the
overall graph, with only the test labels not used during training. As it is often the
case that training and testing data are both available from the start when working
with graph data, one should look to leverage transductive models to make use of
the distribution of the full dataset to better inform the complex and non-Fuclidean

patterns in the labels.

Finally, we look into modifying the graph with the goal to improve the model perfor-
mance, this differs from the previous approaches where we assumed the input graph
is fixed and unchanging. The given graph is generally useful but only up to a certain
point, and will suffer from problems relating to over-smoothing and poor handling of
heterophily. We therefore look into sheaves [26] as a higher order representation of
graph data. Sheaves represent a new trend of lifting the input graph into a higher-
order structure before operating on such object. Representing graph data as sheaves
has been shown theoretically to lead to higher separation power [27], and thus any
node classification problem can be thought of as finding the right sheaf with respect
to the distribution of node labels. Meanwhile, graph GPs have yet to incorporate
any modification of the graph during training, and therefore integrating sheaf learn-
ing offers an important step in this direction. The higher order information of the
sheaf is represented by a set of restriction maps describing the relationship between
each node-edge pair. Learning of such mappings has been shown previously to be
possible through a neural network [27], we therefore adapt a similar approach into
the GP training. In doing so, we are also integrating a neural network as part of the
kernel learning for the GP, leveraging neural networks’ ability to model non-linear
relationships between data points while still maintaining a Bayesian model and its

useful properties.

1.1 Technical Overview

The objective of this thesis is to develop novel models that better integrate graphs
with Gaussian processes, and to demonstrate new approaches to building a kernel-
based model for such data. To this end, the problems we tackle are presented as 4
technical chapters each demonstrating how to build GPs on graphs. Here we give a

brief outline of each chapter:

12



1.1.

TECHNICAL OVERVIEW

. Gaussian Processes on Graphs via Spectral Kernel Learning: We first

aim to learn the optimal kernel on the graph [25] via learning the (discrete)
Fourier dual, or the spectral function. We then use this kernel to predict vecto-
rial responses that fall on the graphs, called graph signals, using kernels defined
from the connectivity of the graph. This is used as part of a multi-output GP
with another kernel taking in regression covariates to form the separable kernel
for vectorial functions of [12]. We focus on finding the optimal spectral func-
tion of the kernel on the graph, using a flexible polynomial function defined
in the spectral domain so that it can adapt to the data’s characteristics. The
main novelty of this work is not only to demonstrate the ability to learn a
discrete kernel on graphs via its spectral function, but also by using a bespoke
optimization algorithm, the polynomial is learnt in a constrained manner such
that we can establish a connection with filtering on graphs. This provides a
new form of interpretability, allowing the user to understand the model from

a signal-processing perspective.

. Adaptive Gaussian Processes on Graphs via Spectral Graph Wavelets:

More common problems on graphs are semi-supervised and require dealing
with node attributes. In this chapter we also work in this setting where the
graph is partially labelled and we want to predict the remaining unlabelled
nodes, with node attributes acting as feature data for the model. The limita-
tions with many existing models on graphs are firstly the reliance on convo-
lutions that only emphasize low frequency elements (such as the averaging in
a GCN layer), as well as the inability to capture multi-scale patterns in the
data. We find an efficient solution to both of these issues by utilizing wavelets
on graphs. Spectrally, wavelets are band-pass filters with a set of scales to
tune the location of the filter peaks. This translates to continuous neighbour-
hoods in the spatial domain where the weighting is determined by the scale.
We found that many common graphs such as citation networks exhibit mul-
tiple scales, and thus using a set of wavelets complements the modelling of
such data. Furthermore, the wavelets are made adaptive by learning a set
of scales that best fit the data. Lastly for scalability, to avoid the expen-
sive eigen-decomposition from the wavelet transform, a weighted polynomial
of the graph Laplacian is used to approximate the transform matrix, allowing
the model to handle larger datasets. As models on graphs generally ignore
any multi-scale properties, this work provides a more custom handling of such

information, and demonstrates a more extensive usage of wavelets on graphs.
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1.1.

TECHNICAL OVERVIEW

. Transductive Kernels for Gaussian Processes on Graphs: To treat at-

tributed graphs correctly, one should realize that the node feature data fall
on a different space to that of the graph. From theories on regularization
and reproducing kernel Hilbert spaces (RKHSs), we find kernel functions are
derived by first specifying a regularizer, followed by computing the inverse of
this function. Typical kernels such as RBF, Matern, etc, can all be derived
this way using a regularizer as a function of the Laplace operator. Further-
more it has been established in [25] that there is an equivalence between the
Laplace operator and the graph Laplacian for continuous and discrete spaces
respectively, thereby choosing regularizers with the graph Laplacian leads to
kernels on (unattributed) graphs. In the often case when the graph has feature
data on its nodes, there are now two pieces of information at play in different
domain spaces. We therefore start with the sum of two regularizers - one de-
pendent on the Laplace operator that corresponds to the feature data kernel
on the nodes, and the other on the graph Laplacian and takes into account
the graph connectivity. The resulting kernel is the inverse of the two regular-
izers. Evaluating this kernel between any two points will depend on the whole
graph and all the node features, this includes both the training and testing
data and any unlabelled nodes, hence the “transductive” property. We present
this definition in the most generic form, and show that all current graph GP
kernels correspond to an instance of our design. However what we proposed
is unique in that it makes use of two regularizers while previous models only
included one. Overall, this work provides a more unified definition of kernels

for attributed graphs.

. Sheaf Laplacian Gaussian Processes: The last piece of work goes in the

direction of modifying the input graph as part of the GP training for semi-
supervised classification. Instead of working on the given graph, we lift the
data into a sheaf, a structure that encodes higher order relational information.
We specify the sheaf by equipping the graph with topological information,
assigning vector spaces on the nodes and edges, called stalks, and restriction
maps between each node-edge pair. The restriction maps act as describing the
relationship between each node-edge pair, and determine the edge values in the
sheaf. In the case when the edge stalks are the space of scalars, this leads to the
one-dimensional sheaves which are the same dimension as the original graph
Laplacian, and has a similar effect to attention on graphs [28]. We have so
far established various GPs on graphs constructed from the graph Laplacian,

making the choice of one-dimensional sheaves appropriate as the Laplacian can
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1.2. PUBLICATIONS AND STATEMENT OF ORIGINALITY

be fed directly into any readily made graph GP kernel. The sheaf’s restriction
maps are learnt using a linear neural network layer, with weights inferred
as part of the GP training. Through this procedure, our analysis found the
homophily ratios of the labels are increased due to the sheaf assigning generally
larger weights to edges connecting nodes with the same label, indicating that
sheaf learning is steering the model towards the correct labels. Overall, this
work contributes towards the literature of modifying the graph during training,

and is a first attempt into building GPs on sheaves.

1.2 Publications and Statement of Originality

My work during this DPhil contributed to the following publications:

1. Yin-Cong Zhi, Yin Cheng Ng, and Xiaowen Dong. Gaussian processes on
graphs via spectral kernel learning. Transactions on Signal and Information

Processing over Networks, 2022

2. *Feliz Opolka, *Yin-Cong Zhi, Pietro Lio, and Xiaowen Dong. Adaptive gaus-
sian processes on graphs via spectral graph wavelets. In International Confer-
ence on Artificial Intelligence and Statistics, pages 4818-4834. PMLR, 2022

3. Yin-Cong Zhi, Feliz L Opolka, Yin Cheng Ng, Pietro Lio, and Xiaowen Dong.
Transductive kernels for gaussian processes on graphs. arXiv preprint arXiv:2211.15322,
2022

4. The final technical chapter “Sheaf Laplacian Gaussian Processes” is in prepa-

ration.

5. (Omitted in this thesis) Felix Opolka, Yin-Cong Zhi, Pietro Lio, and Xiaowen
Dong. Graph Classification Gaussian Processes via Spectral Features. 2023

The work in 1. was accepted at the peer-reviewed workshop GCLR 2021 https://
sites.google.com/view/gclr2021/accepted-papers?authuser=0, and the full
paper was accepted for publication in the journal Transactions on Signal and Infor-

mation Processing over Networks.

The work in 2. was accepted at the International Conference on Artificial Intelli-

gence and Statistics 2022.

The work in 3. was accepted for oral presentation at the Workshop on statisti-
cal learning for LARge scale GRaphs (LARGR) 2023 https://statlearngraph23.
sciencesconf.org/ and Graph Signal Processing Workshop 2023 http://gspworkshop.
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1.2. PUBLICATIONS AND STATEMENT OF ORIGINALITY

org/. This will be submitted to Signal Processing Letters for publication.
The final technical chapter will also be sent to a workshop environment shortly.

Chapters 4 and 6 of this thesis will be based on the first and third publications
respectively, and chapter 7 will be based on the fourth piece of work currently in
preparation. These three works were predominantly produced by me, this includes
the model design, writing and technical derivation, experiments, and any figures
presented in the papers. The other authors contributed towards the discussion
and improving the quality of the writing. The second publication is joint work
with Felix Opolka, and we take equal contribution for the publication. This paper
forms Chapter 5 of the thesis, and will contain both our contributions: Mine is in
developing the model design and producing the synthetic results, while Felix Opolka
developed the method for the scalability of the model, and produced the results on
real world experiments. We contributed equally toward the writing of the paper,

and producing the figures for our respective sections and the Appendix.

Finally, I also contributed to the work in 5. as second author, and this work has
been submitted to The Conference on Uncertainty in Artificial Intelligence (UAI)
2023 and accepted for oral presentation at Graph Signal Processing Workshop 2023.
The content of the paper was predominantly produced by Felix Opolkaa, I was part
of the discussions of the model designs and helped with the writing of the Related
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Chapter 2

Preliminaries

2.1 Graph Signal Processing

Signal processing on graphs is defined by its parallelism with signal processing over
the continuous domain. The study focuses on the representation of signals through
basis functions, transforms, and modifications such as filtering and de-noising. In
classical signal processing, analysis is often carried out in both the time and fre-
quency domains (also called spectral domain), and one can navigate between the
two through the Fourier transform. The definition on a graph is analogous in that
the interplay is between the spatial and spectral domains, with spatial replacing the

typical time domain.

Signal processing on graphs can be derived through various perspectives, for in-
stance, by starting from the graph Laplacian L and its spectral decomposition [32],
or from a general graph shift z-transform [33, 34] typically based on the adjacency
matrix A. In this review we focus on the former as the graph Laplacian, a discrete
operator, has many relations to Fourier analysis in the continuous domain. Through
this, we can then explore the connections between models in the continuous and dis-

crete domains.

The Fourier transform is a convolution of a signal or function with a basis, picking

out the element in the function at each frequency. The commonly used Fourier
62
i 9z2>

are the eigen-functions of

basis e~™* is chosen based on the Laplace operator A = which provides a

—wT

measure of smoothness of a function. The basis of e

this operator, and we can see this by Ae™” = —w?e~™? where w is Fourier variable.

When we move to the discrete domain, we consider first a regular lattice mesh, which

can form the discrete approximation of the Euclidean space. This would correspond
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2.1. GRAPH SIGNAL PROCESSING

to a regular graph G where the nodes have a uniform degree. The operator A can
then be found by applying finite difference approximation, and this has been shown

to lead to the graph Laplacian
L=D-A (2.1)

as demonstrated in [25], for diagonal degree matrix D, and adjacency matrix A
with entries from {0, 1}, where A;; is 1 if the nodes v; and v; are connected and
0 otherwise. One can then obtain the same measure of smoothness on non-regular
graphs using the same definition, as well as weighted graphs with A;; = a;; € RT
for edge weight a;; connecting node ¢ and j. Graphs can also be directed which

means generally «;; # a;;, and this would lead to a non-symmetric Laplacian.

When deriving a Fourier basis on graphs, it is important to note the Laplace operator

and the graph Laplacian are analogous
A=L, (2.2)

with the former governing the continuous space and the latter governing the discrete
graph space. When we look to analyze functions and signals that fall on a graph,
we need to exploit this equivalence to define the Fourier basis. Previously we take
the eigen-functions of A, but in the discrete case the basis becomes the eigenvectors

of the graph Laplacian
L=UAU". (2.3)

Taking the graph Fourier transform then becomes applying the eigenvector matrix

U to a function or signal on the graph f as
U'f, (2.4)

and we can see this picks out the amplitude of each basis element within the function

or signal. This operation also takes f into the graph spectral domain.

Much like the classic Fourier basis, an eigenvector u that corresponds to a larger
eigenvalue A in A will appear less smooth on the graph, and we can evaluate this
through the graph smoothness measure defined as u'Lu. Signals can therefore
be divided into exhibiting low-, band-, and high-pass profiles, characterized by the
signal consisting mainly of eigenvectors corresponding to small, medium, and large

eigenvalues respectively. Moreover this presents a clear path to define filtering on a
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2.1. GRAPH SIGNAL PROCESSING

graph, which are important operations in graph signal processing.

A filter is a function defined in the spectral domain, chosen by the user to reduce or
amplify certain frequencies when applied to a signal. This corresponds to a function
on w in classical filtering, and in the graph case this becomes the eigenvalues A of the
graph Laplacian. Because the basis eigenvectors consistently become less smooth
as eigenvalues increase, one can specify the desired spectral profile by using a filter

that is low-, band- or high-pass shaped. A filtered graph signal is then computed as
f=Ug(ANU'f (2.5)

where ¢ determines the profile of the filter, and U is the inverse graph Fourier
transform returning g(A)UTf back to the spatial domain. The graph filter matrix

therefore refers to the following terms
Ug(A)U'. (2.6)

Occasionally, this can be expressed as a function of the graph Laplacian directly, and

one would then skip the representation in the graph spectral domain, for example
g(A) = exp(—aA) would lead to Ug(A)U" = exp{—aL}.

Lastly, we can define the normalized Laplacian as
L=D:LD . (2.7)

This has similar properties with the un-normalized Laplacian (2.1), as the Fourier
transform and filtering using the eigen-basis of L can be interpreted in the same way.
The difference is in the boundedness of the values in L as the eigenvalues A € A will
now be in the range [0,2], because of this property the normalized version is often

preferred in practical situations.

In the common case when we expect signals to be smooth, f should consist more
of lower frequency elements, while higher frequencies are more likely attributed to
noise and therefore one would wish to reduce. In this case the choice of g would be a
decreasing function - a low pass - such that the eigenvectors with larger eigenvalues

are reduced more in magnitude.

Machine learning relating to networks and graphs have become common problems
within the community, with the more irregular structure of the data posing many
new challenges. Graph signal processing provides many tools to better handle

graphs, the concept introduced in this section will be frequently used to build more
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2.2. GAUSSIAN PROCESSES

effective models.

The recent review of [35] has highlighted the many applications of graph signal
processing for modelling and prediction purposes. In particular, filtering and fre-
quency analysis on the graph has been applied to multi-response regression, graph
classification, and unsupervised learning of clustering and dimensionality reduction.
Furthermore, defining models in the graph spectral domain provides interpretability
from a filtering perspective, allowing the user to understand the smoothing oper-
ations acting on the data and in the predictions. We will present some examples

when used in conjunction with Gaussian processes in Chapter 3.

Lastly, another topic of graph signal processing related to the work in this thesis
is the study of graph stationarity. Although not explicitly stated, the graph data
we use are assumed to be stationary, and this ensures certain models are suitable
for the prediction tasks. Succinctly, it can be shown that a random graph signal is
stationary on L if its covariance can be written as a polynomial of L [36, 37]. As
we will see in our reviews, the class of graph GPs that are of particular interest are
those whose kernels, and as a result the covariances, are polynomials of L, making

them suitable for modelling graph signals.

2.2 Gaussian Processes

Gaussian processes (GPs) are powerful machine models known for their data effi-
ciency and Bayesian properties when making predictions. One can interpret GPs as
a distribution over functions with inference taking place directly in the functional
space. As a Bayesian model, the prediction from a GP model takes the form of a full
distribution, providing the added benefit of allowing the user to obtain uncertainties

with the prediction.

We start with data of the form (x;, ;). The Bayesian approach dictates that a prior
is assumed on the data beforehand, and this is taken as a Gaussian process due
to its generality and closed form solutions to conditioning. More importantly, the
Gaussian process is fully specified by the second order moment, and thus one only
needs to choose the covariance function to determine the prior. In general, a mean
of 0 can be assumed in the prior as the inference step in computing the posterior
first de-means the prior (y — x(X)) (as we will see later), and a 0 mean would lead
to a simplified formula. The key is therefore to find the covariance between the data

a-priori, and this can be specified by a powerful family of functions called kernels.
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2.2. GAUSSIAN PROCESSES

For a given kernel k, the prior is expressed as the infinite dimension GP as
f(x) ~ GP(u(x), k(x,x)) Vvx,x/, (2.8)

and we model the input-label pairs as y; = f(x;)+¢; where ¢; is the noise term in the
model. The prior on the full dataset {(x;,y;)}Y, is then a subset of the Gaussian

process with the following distribution

() (3 ) e
f, n(X,) (X, X) k(X X,)

for training set (X, y), while f, is the GP prior at test points (X, y.), and the noise
term € has independent covariance o2I. The choice of k is determined by the user,
while this kernel may also have optimal parameters @ to be found which we refer to
as hyperparameters. These are inferred from the training data, and this procedure

is referred to as the training stage of the GP. The hyperparameters are optimized

with respect to the marginal log-likelihood

log P(y|6) = — loa [Ko| — 5y — (X)) K (y — p(X)) — 3 log(2n).  (2.10)

for Ko = k(X,X) + ¢2I. This can be interpreted as how likely the prior can predict
the training data, therefore we want to maximize this function with respect to 6.

We will omit @ in the notation from here onward for simplicity.

The Gaussian process then learns the pattern of the data by computing the posterior
distribution for the test data by conditioning on the training. This distribution
provides the user with a point prediction from the mean, and confidence intervals
that can be constructed from the covariance. Conditioning on the training data

(X,y), the posterior distribution of f, for predicting at test points y, is
P(E.ly) ~ N (p., 5.) (2.11)
where the posterior parameters have closed form solutions of

= (X)) + KK (y — (X)) (2.12)
>, =K, —-K/K 'K, (2.13)

for K = k(X,X) + 0L, K, = k(X, X,), and K., = k(X,,X,)

As one can see, the predictive distribution is heavily reliant on the covariances

obtained through the kernel function. Thus, the choice of the kernel determines the
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2.2. GAUSSIAN PROCESSES

performance of the model, and designing a GP boils down to designing an effective

kernel as part of the prior.

2.2.1 Variation Inference and Classification with Gaussian

Processes

In most regression settings, the inference step of the GP can be computed by the
closed form solution of (2.12) and (2.13), however this only applies when a Gaussian
likelihood is assumed on the data and we first show where that enters the model.
Before computing the posterior P(f|y) we start with the joint distribution of the GP
P(f,y), here, f represents the GP at any general point in the input domain

B(£,y) = P(y|f)P(). (2.14)

Here, P(f) is the prior chosen by the user, while P(y|f) is the likelihood and this is

assumed to be
P(y|f) = N(f,01). (2.15)

As a product of two Gaussians, this means P(f,y) will remain Gaussian, and a
direct result of this is that P(f|y) can be computed using the Gaussian conditioning
formulae of (2.12) and (2.13).

More generally, two problems can arise in the GP inference step: 1. If a non-
Gaussian likelihood is assumed on the data, for classification tasks for example,
then the posterior will be analytically intractable, which means the formulae of
(2.12) and (2.13) do not apply. 2. The inference step will be computationally costly
if the number of training data N becomes large as it requires an expensive O(N?3)
matrix inversion. Both problems can be addressed by approximating the posterior
through a variational approach: first, a set of inducing points Z = [z1,...,zy]|"
are introduced and form the inducing random variables u = [f(zy),..., f(zx)]"
that is a subset of the GP f(x). Assuming the GP prior of u ~ N(0,K,,) where

[K.z)i; = k(zi,2;), the conditional GP has the following distribution
f(x)|u ~ gp(k;er;zlu ) IC<X7 X) - k;er;zlkZX> (216>

where k,, are the cross covariances [K(z,x),...,K(zy,x)]". The variational pos-
terior distribution ¢(u) is assumed to be a multivariate Gaussian with mean m and

covariance matrix S to be found through maximizing the Evidence Lower Bound
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2.3. KERNELS AND REGULARIZATION

(ELBO)

L(0,Z,m,S) = Eqysx,[108 Plyal £ (x))] = KL[g(w)|[P(w)]. (2.17)

n=1

Typically we find a lower triangular matrix H such that HH' = S, to ensure the
variational covariance is symmetric and reduce the number of parameters that need
to be found. The terms in H and m are found freely, maximized with respect to
the ELBO (2.17) via gradient based optimizers such as Adam and L-BFGS-B.

With the use of inducing variables, the O(NN?) computational runtime can be reduced
to O(NM?) where M is the number of inducing variables. This means the number
of data points N still affects the overall complexity, and at high volumes can still
make inference infeasible. The choice of M is down to the user, but generally M
needs to grow with N to ensure high quality approximation [38]. Variational GPs
will also contain additional variational parameters m and S, leading to a further
O(M? + M) of memory usage. We refer readers to Chapter 3 in [3] and [39] for a

more comprehensive overview of GPs for classification.

In this thesis, we will be making use of GPs for classification at various points,
and the likelihood function that will be used when tackling such problems is the
robust maximum likelihood: assuming there are n GPs f;; ..., fi, for the n classes

associated with the label y;, these are evaluated as

Pyl fi .-, fin) = t=n i = argmax(fu-... fin (2.18)

T otherwise
n—1

where 7 is chosen to be a small value (0.001 in GPflow [39]). P(y|f) is then the
product of P(y;|fi ..., fin) over i. The robust maximum likelihood has become the
preferred option (than for example the softmaxz) when working with GPs, and this

is also observed in our experiments when we test on real world data.

2.3 Kernels and Regularization

Many machine learning problems can be formulated as a minimization problem of a
loss function and a potential regularization function, or regularizer. The regularizer
is desirable as it enforces certain structures on the model to prevent problems such as
over-fitting. Nowadays, it is more common to find the solution to the minimization

problem numerically, the approach in this section however goes towards finding the
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2.3. KERNELS AND REGULARIZATION

solution analytically, and describes the procedure for deriving kernel functions.

We start in the continuous domain, as described by [24], to find a model f to predict

the responses y. As a minimization problem this can be written generally as
min loss(f,y) + (17| (2.19)

for a loss function with respect to the problem, between model f as a function of
input x € X, and the labels y. We consider the regularizer to be functions that can

be represented by an inner product

QU = (Pf.PF) = {fr(D)f) = f, Hn. (2.20)

where the Hilbert space H represents the space where the distance function is de-
termined by the inner product specified by either P or a function of the Laplace
operator r(A). The operator P is a collection of smoothness measures on f, with a

few examples including:
1. P =1, this would correspond to || f||? which is similar to the ridge regression.

2. P=V =[-2,..., 52" which enforces the gradients of f to be minimized,

oz’ ) OTm

providing a stronger smoothing operator than 1.
3. P=(1,V)", called splines that combine various smoothness measures.

DuetoV-V=A=>". 83—;? and (Pf, Pf) = (f, PTPf),if P contains only gradients
operators V we can combine PTP into a function of A, and the Hilbert space H
can be characterized by the function r(A) instead. We will specify to the Hilbert
space H by r(A) from this point onward.

Next, we first present a definition followed by a theorem that will be important for

deriving kernels functions [40]:

Definition. (Reproducing Kernel Hilbert Space): Let H be a Hilbert space, H is also
a Reproducing Kernel Hilbert Space (RKHS) if there exists a kernel k such that:

o k(x,-) is a function in H for all x.

o (f k(x,"))ny = f(x) for all x and [ (reproducing property).

Theorem. (Representer Theorem): If H is an RKHS, then there exists a solution

to (2.19) that is a linear combination of the kernel

) = Zwik(xi,x’). (2.21)
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2.3. KERNELS AND REGULARIZATION

This theorem tells us that if we can find a kernel that makes H an RKHS, then
the solution to (2.19) boils down to finding a set of linear weights w;, significantly
reducing the problem complexity. Such kernel is required to meet the two properties
of the definition of RKHS, the first is trivially satisfied by the choice of the space, so
we focus on the more important reproducing property, which can be written more

explicitly as follows

(f(x), k(x,x") r(A)k(x,x")) (2.22)

>H - <f(x)v
- / FE)r(A)k(x,x) dx = f(x), (2:23)

If we look at the terms inside the integral, the above problem is equivalent to finding
k(x,-) such that k(x,x")r(A) = d(x—x') where ¢ is the Dirac delta function. Finding
k therefore boils down to finding the Green’s function, and the solution is generally

written as k(x,x’) = 771 (A)x—_x/), or in matrix format
K =7r"1(A), (2.24)

where the function r on the operator is inverted. We note that r(A) is a function of
an operator, and therefore does not depend on any variable, however the function

r~}(A) does depend on the variable x, and is evaluated at x — x’.

Lastly, we present details on how Green’s functions can be solved generally as well

as an example to further illustrate the steps:

— WX

First we note that Ae™™* = —w2e™™*_ and more generally we can write 7(A)e =

g(w)e™
function is found by taking the inverse Fourier transform of the reciprocal of g as
described in [24]:

wX where g represents the function on w induced by r(A). The Green’s

<1 /
A yx = / e duy = k(x,x'). (2.25)

To illustrate further, we show an example derivation below for the Gaussian regu-

larizer

r(A) = Z;%(UQTA) = exp{(’QTA}. (2.26)

i=

This leads to g(w) = exp{c?w?/2}, and following suit we then compute the inverse
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Fourier transform of the reciprocal

o0 2, .2 ‘ , 1
/ exp{ — U; }ew("_x)dw X exp{ — 27‘2()( — x’)Q} (2.27)

o

where we note the last term corresponds to the popular Gaussian RBF kernel.
More examples of choices of regularizers and the kernels they lead to can be found

in Appendix C.

2.3.1 Kernels and Regularization on Graphs

The regularization approach works with Hilbert spaces both continuous and discrete,
and therefore one can also derive RKHSs that satisfy the same requirement in the
discrete graph domain. To this end, deriving kernels has been translated to the
graph domain in [25] by exploring the equivalence between the Laplace operator

and the graph Laplacian.

Let f be a function or signal on the graph, we again start from the regularization
problem of (2.19), but instead of A the regularizer is now replaced by a function of

the graph Laplacian
Q(I£]1*) = (£, r(L)f) = £Tr(L)f (2.28)

where the discrete nature of graphs means the inner product becomes matrix mul-
tiplication instead of integration. Next, we again require the reproducing property,

and we do this by looking at the ith element
[fTr(L)K];, = f; Vi. (2.29)

The ith element corresponds to the ¢th node in the graph, therefore this is similar
to examining the reproducing property at point x in the previous section. If we look

at the matrices as a whole, then we find that
fIr(L)K=f —= K=r"Y(L). (2.30)

This corresponds to the continuous setting where we take the reciprocal of a function
in the spectral domain before taking the inverse Fourier transform, thus, we can write

the solution in a form aligned with the previous section as

K=Ur*(A)U". (2.31)

26



2.4. CONNECTIONS WITH OTHER MODELS

This kernel does have behavioural differences compared to the continuous kernels
from the previous section, the most notable of which is its transductive nature. This
can be seen more visibly when examining the kernel elementwise between two nodes
v; and v;, for which we find that k(v;,v;) can only be obtained by computing the
kernel over the full graph followed by taking the (i, j)th element

k(vi,vj) = [UT’I(A)U]Z-T]-. (2.32)
This means computing the kernel between any two nodes requires the whole graph,
and the term k(v;, v;) depends on all the nodes rather than the two input nodes only.
This is an important difference to the inductive approach of typical GPs. Although
inductive models are better at generalizing to new data, transductive models are
more powerful predictors when both the training and testing data are available

from the start. As we will see, this will play a big role in our technical chapters.

2.4 Connections with Other Models

Generally, kernels and regularization are related to several models from the previous

sections, we briefly discuss these relationships in this section.

Kernels and Filtering: Firstly, observing equations (2.25) and (2.31), we notice
that kernels consist of functions defined on the frequency variable (the eigenvalues),
with the inverse Fourier transform applied to take the function to the time/spatial
domain. Functions operating in the frequency domain have clear smoothness in-
terpretations, with the larger Fourier variables corresponding to higher frequency
elements. The example Gaussian regularizer of (2.26) is an increasing function,
and therefore can be interpreted as a function that increases exponentially in the
penalization of higher frequencies. The resulting kernel is the inverse of this pe-
nalization, which reduces high-frequency elements and thus mimics the nature of a
low-pass filter. We further note that a kernel defined on the graph of (2.31) has
the same form as graph filtering in equation (2.6). Hence, kernel-based modelling
can be interpreted as a filtering system, the difference being filters enforce a certain

smoothness on the data while the kernel measures it.

Regularization and Gaussian Processes: Secondly, as a kernel method, Gaus-
sian processes also fall in the class of machine learning via regularization. Indeed,
the training stage of the Gaussian process involves maximizing the marginal log-
likelihood, but this can be easily turned into a minimization problem to match the

regularization approach. We follow the derivation of Chapter 6 of [3] to get the loss
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function and regularizer of the GP to be

N

loss() = 503 D = F0)? + 17 (233

This is based on taking the log of the Gaussian likelihood such that the exponential

disappears. At a new test point x, we know from Representer Theorem that

fr0x) = D wik(xi, x.). (2.34)

Therefore, we can plug this into the loss function of f, noting that (k(x;, ), k(x;,-)) =

k(x;,x;) from reproducing property, equation (2.33) becomes

1 2 10T 1 v, _ 1.7 U orpeze Lot
@(y—KW) +ow KW:@y -5y KW—i-@W K W oW Kw.
(2.35)
Finding w = (wy,...,wy)" is now a quadratic problem which makes the solution

much easier to find. In this case, we can solve for them by matrix differentiation

with respect to w and equating to 0:

1 1
FvaK2 — ;yTK +w'K = (2.36)
1 1
= w (K’ +K)=—y'K (2.37)
g9 g
— w = (K> + 0’K) 'Ky = (K + ¢°I) " 'y. (2.38)

Plugging w into (2.34), we get the solution
f(x.) = K] (K + 0*I)ly (2.39)

where we denote K| = (k(x,X.),...,k(xy,X.)), and this we recognize to be the

posterior mean of the Gaussian process.

One way to interpret this result is that adding the regularizer contributed to adding
the noise covariance term oI to the kernel matrix. This means the GP f will not be
forced to interpolate every data point, instead fitting the GP with the noise allows
the posterior mean to be a small distance away from each point determined by the
standard deviation of o2, this makes it possible to form a smoother shape compared

to the un-regularized version.
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Chapter 3
Literature Review

The work in this thesis will be predominantly compared with GP and kernel-based
models on graphs, therefore, the focus of this chapter will be on the recent devel-
opment of graphs GPs and how they are applied to various problems. In addition,
we will also cover some common GNN models at the end of the chapter to provide

a wider perspective of the most commonly used models on graphs.

3.1 Graph Signal Prediction

From a signal processing perspective, graphs generally act as the domain, while the
values on the nodes form a signal or function that falls on this graph. Thus, one may
be interested in predicting the evolution of signals, which models the change in the
patterns over the whole graph. For example, a diffusion process with exp{—tL}x,
models the heat diffusion flow on a graph depending on the time ¢ starting from some
initial condition x;, evaluating at each time step simulates how the concentration
spreads as time increases. This is a simple example, but generally we do not know

the underlying process and were only given a number of realizations of signals.

The data we have are of the form (x;,y;), where each y; € RM is a signal on the
graph G of size M, and in this section x; will represent the regression covariates or
input features. A training set of signals are given at ¢ = tq,...,ty, and the task

then becomes predicting the signals at ty.1,...,tN1y given the previous signals.

This setting is a multi-response problem where the model outputs vectorial predic-
tions, we will refer to the signals that we are predicting as the response variable. As
the model needs to output a vector of values instead of a single label, handling of

such data will require a multi-output GP, and henceforth to define the prior would
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require kernels for vector valued functions presented in [12]. Of the various choices,
the separable kernel has become more prominent due to the clean formulation and

clear interpretation of each element
y ~N(0,P®K) (3.1)

where y is the concatenation of a training set of responses y1,...,yy on the graph
G into a single vector. To specify such prior, there is now the need to choose two
kernels, K providing the covariance between responses Cov(y;,y;) computed by
covariates k(x;,X;), and P measuring Cov(y;;, yir) the jth and kth elements of each
y;. In the general multi-response problem, the user will need to find a kernel for
P based on prior knowledge. In the case of the graph signals, we know each signal
y; is governed by an underlying graph, and subsequently we can make use of this
graph to provide the information needed to define the kernel. One example of this

is [15], where P is chosen based on the graph filtering matrix
P=(I+aL)? (3.2)

while K continues to be the feature data kernel computed on the input covariates.
The matrix P above follows the general form of kernels on graphs of [25] that act at
the node level (it corresponds to Laplacian kernel raised to the power of 2, and noting
that multiplying kernels will result in another valid kernel). A similar approach to
solving this problem can also be found in [41] in the context of kernel regression,
which is a frequentist counterpart to Gaussian processes where we do not compute

any uncertainty with the prediction.

In both cases, the choice of P enforced smoothing properties in the model that may
not necessarily suit the data. The predictions visualized in [41] appeared overly
smooth, and this is mainly due to the low-pass nature of P. Part of the work in this
thesis will therefore go into addressing this issue to design a model that predicts

with a smoothness level that matches the training signals.

3.2 Semi-Supervised Classification

Semi-supervised node classification has been the most popular task for machine
learning on graphs, in this setting, one works with graphs that are partially labelled
and the task is to predict the remaining unlabelled nodes. This form of learning
on graphs becomes semi-supervised, where training and testing nodes are connected

and during the training stage the model also has access to the test information. Im-

30



3.2. SEMI-SUPERVISED CLASSIFICATION

portantly, the model does not get given the test labels, so the prediction step is still
comparable to the typical supervised learning framework. In tackling these prob-
lems, many creative solutions have been proposed in the GNN literature, however
building GPs on graphs is less explored and has yet to demonstrate the capacity
to handle graphs that are less smooth or heterophilic. Having well designed graph
GPs is still important to provide a different outlook to the use of neural networks,
as they offer many advantages over GNNs such as superior learning on fewer data,

confidence intervals with the predictions, and interpretability.

In semi-supervised problems, a graph G is given by the node and edge sets (V, &),
and each node v; € V has associated nodes features and label (x;,y;). During
training, the user will have access to the full graph, or £, the set of training nodes
vy,...,vy and their features and labels {(x;,v;)}Y,, as well as the testing node
features xyy1,...,Xyrp. The aim is to use all the information to infer the labels

of the set of testing nodes vny1,...,Uni-

Spatial Transformation of the Kernel Matrix: Combining graph information
with the GP is first achieved by applying a linear matrix transformation of an initial
GP prior [42], where the prior alone is independent of the graph. The advantage
of using a linear transformation on a Gaussian is that the resulting prior remains
Gaussian, and so the subsequent inference steps will not change. The linear approx-

imation is applied as follows
Bf ~N(0,BKB") (3.3)

for a Gaussian process f ~ N(0,K) with kernel matrix K computed on the node
feature data only. The matrix B can be interpreted as part of the prior chosen by
the user; in this context it will come from graph information, and is chosen in [42]
and later in [43] to be

B=(I+D)'(I+A) (3.4)

for adjacency matrix A and diagonal degree matrix D. This operator collects each
node’s 1-hope neighbourhood from the graph, averaging the data over this group
of nodes to allow the neighbours to influence the label given to the central node,

identity is added to include the central node itself in the averaging.

This resembles the graph convolutional network (GCN) [44] where the averaging
operation is applied over the 1-hop neighbours in each layer of the neural network.

The 1-hop neighbourhood choice is effective despite the simplicity due to the ho-
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mophily assumption on the graph, this is determined by the homophily ratio [45]
defined as

_ {{u,v}: {u,v} € € and y, = yv}|

h
€]

(3.5)

This ratio calculates the proportion of edges that connect nodes of the same label,
typically h > 0.7 is considered homophilic and h < 0.3 is heterophilic. The datasets
tested on in [42, 44] have relatively high h, therefore node-level information is the
most relevant within the one-hop neighbourhood, making (3.4) an effective choice.
On heterophilic data, intuitively one can see the use of the graph in this manner be-
comes less appropriate, and our empirical analysis in this thesis also indicated that
using (3.4) only led to mixed improvements. Meanwhile, going beyond the 1-hop
neighbourhood does not always improve the performance, instead it can very quickly
lead to over-smoothing problems: [42] found its assumption failed when the neigh-
bourhood was increased to just 2-hop, while [44] showed degrading performances
with more than 3 layers (here the number of layers corresponds to the number of
hops of the neighbourhood in the convolution) and the neural network cannot be
made deep. In both cases, the graph operators in-use are low-pass functions, and
oversmoothing is due to these operators being applied repeatedly. Thus, the ability
to deal with heterophilic data and avoid over-smoothing in the model remain as

ongoing problems [45, 46].

Going beyond the 1-hop neighbourhood is generally required when taking on more
irregular data, this can be heterophilic graphs, or having higher frequency elements
in the spectral domain. More generally, the ability to aggregate larger neighbour-
hood information also indicates a more powerful and complete model. When a
convolution operates on a bigger neighbourhood, there are more information for de-
termining the class of each node, but at the same time more focused information
will be lost by the averaging effect over a larger set of data points, converging all
nodes to a global value that is harder to differentiate. Thereby, to utilize larger hop
neighbourhoods in a way that will improve performance, there needs to be a balance

between the information gained and lost.

A Spatial operator that takes into account multi-hop neighbourhood can be defined
by applying a single hop matrix operator to the nth power, this can therefore be

written generally as

S, = [I+D):(I+A)1+D)2]", (3.6)
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when n = 1 the effect is a similar operator to (3.4), but this definition has sometimes
been the preferred choice in the GNN literature due to it being symmetric, and is
more commonly referred to as graph convolution. These can be found in GNN layers,
and more recently in the context of a GP, the work in [47] included multiple S,, to
define

B=(S;+--+Sk) (3.7)

such that

S, = MSu + (1= AT (3.8)

with parameters A, € [0, 1] to be optimized. Each ), parameter controls the influ-
ence of the convolution up to n-hop neighbours, if the neighbourhood convolution
over-smooths this can be overcome by setting A, close to 0 to reduce the effect of
the averaging at the nth power, leaving the identity function which will only high-
light the central node’s information. The over-smoothing problem that comes with
a larger n is reduced by a suitably small \,, which is optimized as part of the GP
training. This method does not fully solve the problems associated with using larger
hop neighbours, as it can only reduce the influence of a neighbourhood, rather than

extracting the most relevant information for the model.

As a side note, the above graph GPs operate on the node-level, but once the prior
kernel is defined, one can easily convert this to a model for predicting the existence
of edges, which we call link prediction. The task then becomes one where given the
location of a training set of edges, we aim to predict the existence of edges between
given pairs of nodes. The technique to turn node-based kernels to edge-based was
shown in [48] where after the prior kernel matrix is chosen, the kernel between two

edges is defined as
ke((xiaxj)a (Xk’axl» = k(xiaxj)k(xkaxl) + k?(Xi,Xl)k(Xj,Xk> (39)

for a kernel between edges connecting (v;, v;) with features (x;,x;) and (vg, v;) with

features (x, ;).

Although link prediction is a different problem setting, they have important appli-
cations in the literature of learning graphs from data, which is an important topic
of study that focuses on inferring graphs from data, in particular when there exist
relational structures but the underlying graph is not available. We will refer readers

to [49] for further reading on such studies.
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Kernels with GNN Architecture: Learning the optimal kernel has also found
success through incorporating neural network architectures in the likes of [50, 51].
In dealing with graph data, the graph convolution defined in the GCN [44] has also
been adapted into a GP kernel learning. This has been demonstrated in [52], with

the following kernel for node features x;
k(xi, ;) = ke(V(x:), V(%)) (3.10)
Vi(x;) = U(Wz&nxn) (3.11)

where V(x;) represents a graph convolutional layer where A =D :AD: is the
operator often found in a GCN layer, such that A = A + I and D is the degree
matrix from A. W is the neural network weights shared for every V(x;), and they
become hyperparameters to be found. In doing so, the kernel between any two node
features is also dependent on the neighbouring features. Even though the addition
of neural network architectures will generally increase the flexibility of the model,
the convolutions utilized here are still limited to local neighbourhood averaging that
relies on a homophilous assumption. On heterophilic graphs, it is still unclear how

this design will behave when trained in conjunction with a GP.

Matern Kernels on Graphs: Finally, another approach for node classification is
from the direction of kernels on graphs derived from regularization theory that we
detailed in Chapter 2.3. As a reminder, a node level kernel on graphs is derived
through first choosing a regularization function based on the graph Laplacian r(L).
This is due to the equivalence of L and the Laplace operator A and how kernels
can be derived from a regularizer 7(A) in the continuous domain. For instance, the
diffusion kernel on graphs [25] obtained from r(L) = exp {%QL} is the equivalent
of r(A) = exp {%QA}, which leads to the RBF kernel we showed in the example of
(2.26).

In the same procedure of replacing A by L, the Matern class of kernels has also been
translated to the graph case [53]. Matern kernels have first been defined on manifolds
[54] through a differential operator in terms of A that has similar interpretations
as regularization. In translating to the graph space we simply use the following

regularizer

r(L) = <2” + L) (3.12)

K2

where in usual Matern kernel notations, « is the lengthscale, and v is the smoothness
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such that when v — oo this converges to the diffusion kernel in the same way the
continuous Matern kernel would converge to the RBF. Much like the continuous
counterpart, this regularizer provides a less-smooth kernel compared to the diffusion
that is commonly used, providing another option to choose from for kernel-based
problems on graphs. However, an important limitation is the lack of use of node
features, as this kernel only depends on the graph connectivity induced by the graph
Laplacian. The node classification accuracy from using this kernel is therefore not
as good as previous graph GPs that contain a node feature kernel, although they

generally improved on the example kernels on graphs presented in [25].

An interesting study from [53] is on the variance of the Matern kernel, which also
applies to Laplacian-based kernels on graphs in general. Due to the irregularity of
the graph, the variances are altered and become non-constant for each node. This is
noticeably different to continuous kernels where you would expect a constant value
on the diagonal of the kernel matrix. The authors cited [55] in explaining the reason
behind the irregular variances in graph kernels, stating that the node variances
depend not only on the number of neighbours each node has, but more specifically on
how quickly a random walk starting from each node will return to itself. So far, there
are yet to be studies that analyze the quality of the variances from these kernels, and
this can lead to a user not trusting the uncertainties produced. Therefore, finding a
definition of kernels on the graph with regular variances across all nodes is still an
ongoing problem, and consequently, kernels on graphs in the current state are less

suitable for variance based applications such as Bayesian optimization.

With the exception of the Matern kernel on graphs, the methods presented in this
section mainly revolved around spatial operations; the Matern kernel has spectral
interpretations but lacks the use of node features. As a result, spectral-based models
are relatively under-explored, even though they can provide the solutions to many
problems current models suffer from. This thesis will focus more on spectral-based
models, as well as other mechanisms such as multi-scale modelling, transductive
learning, and graph modification, to provide different perspectives for tackling semi-

supervised problems.

3.3 Graph Classification

Another use of GPs in a graph context is to classify graphs. In this setting each data
point is a graph with potential node features, and one aims to find the label of a given
graph. The data on the nodes are generally the same dimension for each dataset, but

the individual graphs come in different sizes and this is the main challenge of this
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problem as typical kernels cannot take in differently sized inputs directly. There
is therefore a need to map the graphs into embeddings, or using additive kernels
taking in parts of the graphs that are the same size. The novelty of such models
is therefore in the integration of graph features within a GP kernel, while how the
graphs are utilized and manipulated can sometimes provide transferable techniques

to other learning tasks on graphs.

The data in this problem comes in the form of (Gi,v1), (Ga,y2), ..., (Gn,yn) such
that each G; has label y;, and one aims to predict the labels of a testing set of
graphs Gyy1,...,9n2nm. Bach graph G; will also have node features of the form
X; = (x14,-..,Xp;) of size K x P, for feature dimension K, and P, is the size of G;.
Each graph may also have node labels b; € R, and depending on the design some

classifiers may also utilize this information.

Graph Kernels: The most straightforward graph level kernels can be found in
the surveys of [56, 57, 58]. One can find various definitions and designs from such
surveys, the first ones we would like to highlight are additive kernels that rely on
a base kernel k;, taking in as inputs single node data from each graph, and the full

kernel is defined by the sum over all possible node pairs from the two graphs:

k’(Gh GQ) = Z Z k’b(Xi,Xj). (313)

1€G1 jEGo

A similar kernel can be defined for any potential edge data instead to measure the

similarity between two graphs.

Another design we would like to mention is through forming a product graphs G; x G,
with the node set defined as

Vi ={(v1,v2) | v1 € G1,v9 € G and [(vy) = I(v2)} (3.14)
Ex = {((v1,v2), (ur,uz)) | (v1,u1) € Ga, (v2,u2) € Ga}, (3.15)

where [(v;) is the node label of v;. FEach node in G; x Gy represents a pair of
nodes from the two input graphs that have the same label, while two nodes in the
direct product graph are connected if and only if the associated pairs of nodes are
connected in G; and Gs. The intuition to such designs is based on random walks -
when this is performed on the product graph it becomes equivalent to walks on the
two input graphs over the same label, with the return times providing a measure
of similarity. This kernel is computationally more expensive due to the size of the

product graph, and hyperparameters are generally more difficult to tune depending
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on the formulation of the kernel. We will refer readers to the Random Walk Kernels

section in [57] for more details.

The additive kernels of (3.13) between nodes have a shortcoming in that the con-
nectivity of each input graph is ignored. Thus, one potential extension is instead of
defining kernels between nodes, a kernel can take “patches” as inputs instead. For a
simple example, a regular grid graph can be defined for image data where each node
is a pixel and the nodes are connected to their nearest neighbours. A patch is then
selected as x[”! to be the concatenation of data at node p and its 1-hop neighbours
similar to CNN architecture, while the additive kernel takes as inputs x?! and x1 as
shown in [59]. When moving onto irregular graphs where each 1-hop neighbourhood
is generally of different sizes, a convolution method with a coordinate system was
proposed in [60] to transform the patches to that of the same size before passing
into the kernel. An example is the polar coordinates of [61], and the number of
bins chosen beforehand forms the dimension each patch is mapped to. However,
generally choosing the most suitable coordinates system is difficult to determine,
and this method also requires all input graphs to be the same size (but they can
have different edges), and thus cannot be applied to common datasets of irregularly

sized graphs.

Weisfeiler-Lehman: A more prominent kernel that has been used more recently is
the Weisfeiler-Lehman (WL) graph kernels [62], derived from the WL-test for graph
isomorphism [63]. The algorithm follows a node gathering and relabelling procedure:
initialize a value at each node (using potential node attributes or choosing all 1s),
collect neighbourhood labels into a superset, relabel, and compare the new labels
between all nodes from two graphs. If the new node labels differ at any of the nodes
then this indicates the two graphs are not isomorphic (the labelling and relabelling
refer to a value assigned to each unique superset, they are used as input embeddings
and not the target variable we aim to predict), and moreover the labels themselves
provide an embedding that can then be fed into a kernel function to measure the
level of similarity between the two graphs. In the kernel, the labelling from WL is
mapped to a histogram through a hashing function before passing as the inputs to
overcome the dimension differences. Fig. 2 in [62] provides detailed visualizations of
the steps described. An extension is by using the Wasserstein distance between two
sets of labels as shown in [64], as an alternative to comparing the histogram. Lastly,
this algorithm is known to exhibit similarities to the message passing in GNNs such
as [65, 66, 67], where these models are known to be at best as good as the WL
test. The analysis on the connections between the WL test and GNNs has led to
the graph isomorphism network (GIN) proposed in [68] where the design ensures it
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is as powerful as the WL test, whereas the likes of GCN and GraphSAGE [69] are
not. Such models are still reliant on the expressive power of WL, and therefore it
is important to note the limitation of the WL test in that there exist graphs that
WL cannot tell apart despite being clearly different. Generally, the WL test can
conclude for certain that two graphs are not isomorphic, but if the test indicates

isomorphism there is still the possibility that the two graphs are different.

Multi-Scale Laplacian Kernel: Previously mentioned approaches have a degree
of locality when collecting neighbourhood information for each node, this is effective
as local information generally are more discriminative, but larger neighbourhoods
will behave more like the global mean and can also have important information. The
final approach is therefore in operating at a multi-scale level, comparing the graphs
based on subgraphs of increasingly larger sizes. The base kernel defined here takes
graph Laplacians as inputs, and they are passed in as matrix norms in the graph

Laplacian kernel [70]

[(3L + 3Lo) H*/2

k'(gng) = kb<p17p2) = |L1—1|1/4|L2—1|1/4

(3.16)

defined by distributions p; ~ N(0,L; ") and py ~ N(0,L;") (using pseudo-inverse
of the Laplacian), and assuming the graphs G; and G, are sampled from the dis-
tributions. A Laplacian can be obtained for any subgraph of each G, and passing
this sub-Laplacian into the kernel defined above provides a measure at a different
scale. The subgraphs are obtained firstly through local neighbourhoods around each
node, followed by the union of neighbourhoods for each level up. This approach can
potentially improve on the previous kernels as it acts both locally and more glob-
ally. However, the limitation is in the computational cost as there exist a large
number of possible pairs of subgraphs, numerous approximations were proposed in

the reference which we will refer readers to for more details.

3.4 Specialized Graph Gaussian Processes

Gaussian processes are known to be flexible machine learning models, and naturally
they have also been applied to different graph applications and settings to the pre-
viously mentioned work. We present a few more examples here to demonstrate the

variety of graph problems that can be solved using a GP.

Spatio-Temporal GPs on Graphs: Firstly, our previously mentioned signal pre-

diction problem on graphs is closely connected to the spatio-temporal GPs [71]. An
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example of such applications on graphs is [72], making use of kernels on graphs
as part of the spatial modelling. This kernel corresponds to the definition of Sec-
tion 2.3.1 and precisely equation (2.31), where we express the function in the graph

spectral domain
K¢ = Udiag(r(A))U'. (3.17)
A vectorial variable x will have this covariance if
x=Tz , z~N(O1I) , T=Udiag(r(A)?). (3.18)
Thus, we can define a multi-output GP on graphs using the T matrix as

7y = f(Xt—l) + €; (319)
Xy = TZt <320)

such that f is M dimensional GP corresponding to the size of the graph with a
chosen node feature kernel, making z; also the same dimension. The temporal
element is in the time dependent x;, and so the aim is in predicting the features
X; 11 given the features at time ¢. The entries in f are assumed to be independent
and identically distributed, with T enforcing the spatial structure to produce x;;1.
This draws similarity to Section 3.1 where the same vectorial prior is use in f(x) ~
GP(0, k(x,x")I) for feature kernel k, but the full covariance cannot be written in
the compact separable form due to the recursive dependencies defined in (3.19) and
(3.20).

Evolving Graph GPs: In the previous settings, there is the assumption that the
graph is fixed and unchanging, and this is in place for all problems such as semi-
supervised tasks, graph signal prediction, and spatio-temporal graph GPs. In real
world situations it is possible that relationships and connections may change over
time, the modelling should therefore be able to reflect on the change in information.

To this end we take a look at the work of [73] on evolving graphs.

In a simple case, nodes are assumed to be moving particles reflected by a change
in coordinates, and the edges are dependent on the Cartesian distance between
nodes thresholded at some cut-off distance. The graph at the next time point will
depend on the current time graph, plus some velocity function defining how the

nodes change. This is described in the motion as
Vi = Vi + f(N(ve)) (3.21)
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where v, represents the node as coordinates at time ¢, and the authors chose the
velocity change to be dependent on the set of 1-hop neighbours and the nodes itself
N (vy). Writing Av, = f(N(v,)), we can then easily determine the joint distribution
on the set (Avy,..., Avyy) for graphs with M nodes. From past graphs we can find
the data pairs {(v;, Av;)}¥, as model input and output, using a multi-output GP to
predict the Av; we then find v;,; using the above equation. Lastly, the kernel used
in this problem is defined on sub-trees, which we will refer readers to the referenced

paper [73] for more details.

Multi-Task GPs: Lastly, we would like to highlight an approach of [74], that
focuses on a specific problem of vectorial regression when the response can have
multiple readings. We start with a multi-output /N dimensional Gaussian prior that

is currently independent of any graph or spatial structure
f(x) ~ GP(0, k(x,x)Iy) (3.22)

where Iy is the identity matrix of dimension N. When multiple of the above GPs

are concatenated together as f = (fy, ..., fy;) € RV the kernel becomes
f~ GP(0,Iy ® k(x,x)1y). (3.23)
The distribution over a set of inputs X = (x;...,xy) then becomes
f(X) ~ N(0, (T @ Iy) ® K). (3.24)

One can induce spatial structures to this model through a matrix B, some examples
of such from a graph have been explained in Section 3.2. In this context, this is

applied to f as
Bf ~ N (0, Bk(x,x)IyB") = N (0,BB"k(x, X)) (3.25)
leading to the full prior over inputs X as
N(0,(I; ® BB") @ K). (3.26)

This GP is a further extension of the multi-output GP to multi-tasks, to model
signals that have multiple readings at each given time step t. For instance an example
given in [74] is a distribution grid having readings for active power, reactive power
injections, and voltage, and thus there are three sensors, each producing a graph

signal at time ¢. In this case I; will be chosen as the 3 x 3 matrix since M = 3. Iy,
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can also be replaced by some correlation matrix that is known beforehand or can be

computed between the multiple sources of signals.

3.5 Graph Neural Networks

Deep learning and neural network-based models have found success in many appli-
cation domains such as language models, computer vision, recommender systems,
and more. At the same time, graph neural networks (GNNs) is also a fast growing
field that extends the use of deep learning to graph data, and can be applied to any
of the problems presented in this chapter. We now briefly discuss some of the most

commonly used GNNs in the literature.

The mechanics of GNNs involves information propagation through layers where node
embeddings are convoluted with selected graph operators. Each layer also contains
appropriate quantities of weights that are trained by minimizing a loss function, and

these form the parameters that allow the model to fit towards the data.

Spatial GNNs: We write HY € RV*Pr to represent the node embeddings in the
I[th layer of the GNN for the number of nodes N and embedding dimension D; in
layer I, with H®) = XT as the node features matrix in the input layer. The node

embeddings of subsequent layers are computed recursively as
H = f(HD, G) (3.27)

for some generally non-linear f that contains neural network and graph operators.
One of the most commonly used GNNs is the graph convolutional network (GCN)
[44], which has the following setup

H = f(HD,G) = o(D 2AD :HOWD), (3.28)

where A = A + I, and D is diagonal with f)u => y Aij, identity matrix is added
so that the convolution of each node embedding is over the neighbours and itself.
The matrix W refers to the weights of layer {, which are trained through back-

propagation, ¢ is any non-linear activation function such as ReLLU or tanh.

At node level, we can express the embedding hl(-l) for each node v; as a row vector

from H® in layer [, and forward propagation of the GCN can more formally be
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written as
1
' = o < —hlw“)) (3.29)
je% NN
where N is the set of neighbours of v; and the node itself.

A more flexible version of the GCN is graph attention networks (GAT) [28], where

the learnable attention mechanism is added to the layer as

h{"*! :0< > ag.)hg”wm), (3.30)

JEN(9)
0
ij
bedding hgl) to node v; in layer [. The attention weights are normalized through a

and the term «; can be interpreted as an importance weighting on the node em-

softmax function over the possible neighbours of each node v; to get

W _ exp(LeakyReLU(a®T [0 W®) |h§l)W(Z)]T))
Y Y en: exp(LeakyReLU (a0 T bV WO b’ W O] T))

(3.31)

where a¥) € R?" is a vector of trainable weights, and || represents concatenation of

two vectors. This ensures the attention weights are well bounded and within [0,1].

Spectral GNNs: Convolution can also be carried out in the graph spectral domain
as an alternative to the previously spatially defined GNNs. Spectral GNNs operate
over the eigen-basis of the normalized graph Laplacian L = UAUT, and learn a
filter in the spectral domain that is then convoluted with the node embeddings. To
demonstrate this, let s be a signal on G, the signal can be convoluted with a filtering

function g as
sxg=U(U'soU'g) (3.32)

where ® represents elementwise product. Let g = U'g, the above then takes the

form of filtering on graphs as
s g = Udiag(g)Us. (3.33)
This forms the convolution of a spectral GNN layer as demonstrated in [75] as

HY) = 5(Udiag(g)U THY), (3.34)

42



3.5, GRAPH NEURAL NETWORKS

with the entries in g becoming trainable parameters/weights instead. The choice
of g can be such that all its terms are freely optimized, or g can be some chosen

filtering function over the eigenvalues with a set of trainable parameters.

Spectral GNNs are limited in scalability due to the eigen-decomposition required to
specify each layer, thus, ChebNet [76] has been proposed to overcome this issue by
approximating the spectral convolution matrix with a Chebyshev polynomial of the

graph Laplacian. Denoting L = L — I, a ChebNet layer is defined as
K-1
HHD = a( > Qka(E)H(l)) , (3.35)
k=1

for Chebyshev polynomial T, and L — I is used due to the Chebyshev polynomial
being restricted to the range [-1,1]. The trainable parameters then become the
polynomial coefficients #,, and each polynomial can be computed recursively as
Tw(L) = 2LT;_1(L) — Tx_»(L), with To(L) = I, T1(L) = L. As the Chebyshev
polynomials act linearly on the Laplacian, this can still be interpreted as a filtering
function on the eigenvalues of L as U S~ " 6, Tx(A)UT for shifted cigenvalues A =
A -1

Overall, the architecture of the GNN such as the number of hidden layers and layer
dimensions (also called the hyperparameters of the neural network) are determined
based on a separate validation set, with the combination that led to the best val-
idation performance selected as the final model. Meanwhile, the final layer of the
GNN is called the read-out layer, and it outputs embeddings of relevant dimensions
depending on the problem at hand (scalar, vectorial, etc.). This forms the predic-
tion of the model for which we can compute the loss against the training labels, we
then proceed to minimize the loss function with respect to all trainable weights in
the GNN. Examples of loss functions include MSE (continuous) and cross entropy

(categorical).
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Chapter 4

Gaussian Processes on Graphs via

Spectral Kernel Learning

Studies in graph signal processing assume the graph is a domain for which signals
fall on, and the graph Laplacian offers a basis for which one can apply smoothness
analysis in the spectral/frequency domain. In a predictive modelling context, the
GP can be applied to model the evolution of signals, while GP regression also has
filtering interpretations making them the ideal model of choice. In this chapter we
further establish the connections between regression, filtering, and defining kernel
functions in the spectral domain, followed by demonstrating finding the optimal

kernel on graphs by learning the spectral function.

4.1 Introduction

Graph signal prediction aims to make vectorial predictions that fall on a graph
given some previously observed signals. Multi-output Gaussian processes (MOGP)
are particularly suitable for graph data of this form as each signal can be viewed
as a vector response where the dependency between elements is encoded in the
graph structure. At the same time, the dependency between different graph signals
can be modelled using a typical kernel on the input covariates (e.g., the squared
exponential kernel). This leads to the formulation of separable kernels for MOGP,
as is the case in the co-regionalization model in [12], and the two kernels can be
designed separately and combined by means of a Kronecker product. We refer to
the kernel operating on the inputs covariates as kernel on the input space, and the
kernel operating on the output signals as node-level kernel, where the latter provides

a measure of smoothness between data observed on the nodes.
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Smola et al. [25] have introduced the notion of kernel on graphs, where kernel
functions between nodes were derived from a regularization perspective by solving
for a reproducing kernel Hilbert space (RKHS). The resulting kernel is based on
the graph Laplacian, and this is closely related to graph signal processing, which
makes use of tools such as graph Fourier transform and filtering [32, 34, 77]. One
particular low-pass filter defined in [32], commonly used to denoise graph signals,
also assumes the form of kernels on graphs. This was subsequently used in [15, 41] to
construct a GP model on graphs for predicting low frequency signals. However, the
filter as defined in [32, 15, 41] has only been demonstrated to perform well on low-
pass signals, and modifications are required to adapt to band- or high-pass signals.
The same limitation also applies to other existing GP models developed for graph-
structured data such as [42], where the relationship between the node observations
is defined a priori based on the assumption of low-frequency characteristics. Models
will need to make use of high frequency information to better handle less smooth
data such as heterophilic graphs [45, 78]. Addressing this limitation requires a
different choice of kernels with a spectrum that better adapts to the characteristics
of the data.

Learning kernels in the spectral domain have been studied in the continuous case
such as [16, 79, 80], but the extension of the approach to a discrete graph space has
yet to be explored. In this chapter, we propose a novel MOGP model for graph-
structured data, which uses a kernel on graphs to measure node-level relationships
in the data. We explicitly relate this kernel to a graph filter, which is used to
obtain the target graph signals according to our generative model. Importantly, the
frequency response of the filter (or the spectrum of the kernel) is learned by adapting
to the data, thus making the resulting MOGP flexible in capturing different signal

characteristics.

Our model constitutes several unique contributions to the literature: First, the
model is designed to capture various graph signal structures by incorporating a flex-
ible polynomial function in the graph spectral domain, producing a highly adaptable
model. Second, the polynomial function is learned by maximizing the log-marginal
likelihood while respecting a constraint to enforce the positivity of the spectrum.
The positivity constraint allows for a meaningful interpretation of the learned models
as graph filters, giving the users insights on the characteristics of the data. Finally,
we demonstrate that our algorithm can recover ground truth filters applied to syn-
thetic data, and show the adaptability of the model on real-world data with different

spectral characteristics.
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4.2 Background

4.2.1 Kernels for Vector Valued Functions

The tasks of predicting vectorial values will require the model f to be a multi-
output function. Kernels for this type of functions are formulated by the Kronecker
product of two kernels, one for the inputs and the other on the elements of f. This
is described as separable kernels in [12], where between any two inputs the function

f will have the following form
Cov(f(x),f(x')) = k(x,x)H (4.1)

where H is of size M x M such that M is the dimension of the output of f. This
matrix operates on the output elements of f and thus it is referred to as the kernel
on the output space. When applied to X = (xy,...,Xy)", the matrix can be written

in a compact manner through a Kronecker product
KX, X)=K®H (4.2)

with K;; = k(x;,x;). K is therefore referred to as the kernel on the input space.

4.2.2 Kernels and Regularization on Graphs

A property of kernel functions is provided by Bochner’s theorem [81], which states
that positive definite functions have non-negative measures as the spectrum in the
spectral domain. On the discrete graph space, kernels are derived by the graph
Fourier transform and a non-negative transfer function. In this section we briefly

summarize the formulation of kernels on graphs described in [25].

The graph Laplacian is the discrete counterpart of the Laplace operator, therefore it
has the property of quantifying the smoothness of a function on the graph [82, 83].
We briefly recap kernels and regularization on graphs first: when finding a smooth
model f for graph signal y, it is common to solve for the following regularized

problem
min [[f — y[[5 + R(/[[]*), (4.3)

where we have the regularization function R on f. In the graph case, R(||f||?) =
f"Pf where P often takes the form of a penalty function of the graph Laplacian,
i.e. P = r(L), that penalizes specific graph spectral components of f. The kernel
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function is then computed by K = P! in order for Eq. (4.3) to have a representation
in an RKHS, with Moore-Penrose pseudoinverse used if P is singular [84]. The
solution of Eq. (4.3) then exists by the Representer Theorem [40]. Furthermore,
this definition is flexible in that different variations of the Laplacian such as the

normalized Laplacian

L=D:LD: (4.4)
and scaled Laplacian
Lg = ;L (4.5)
" A (L) |

will both lead to valid kernels.

4.3 Proposed Model

4.3.1 Gaussian Processes for Graph Signals

Consider data pairs of the form {x,,y,}\_, where each output y, € R is a signal
on a graph G of M nodes indexed by some input covariates x,, € R®. One way to
generate data of this form is to consider G as a sub-graph of a bigger graph Gy,
and the values on the remaining nodes G \G are used as x,,. For example, in the
context of predicting traffic flow in a city, the network between the junctions will be
Gran and we use the values at a fixed number of junctions as input x,, to predict the
flow at the rest of the nodes used as the outputs y,,. When predicting a new signal,
this makes the assumption that if the traffic lows on two different days are similar
on the input junctions then they will be similar at the output junctions. How each
junction in g, behaves is then modelled by the sub-graph containing only the output
junctions (which form G). Other setups are also possible depending on the problem.

We will refer readers to our experiments in Section 4.5.3 for details.

From a generative model perspective, we assume each y,, is a realization of a filtering
system Bf(x,) where B € RM™*M g the graph filter, and f(-) € RM is a simple
MOGP function with independent components evaluated at x,, - the elements in f are
assumed to be independent GPs with identical kernel function £ on any two inputs
x, and x/,. This leads to Cov(f(x,),f(x))) = k(x,,x, )1y, where I, € RM*M ig

the identity matrix. Graph information in y, is therefore induced by the filtering
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Figure 4.1: Tllustration of graph data construction into input-output pairs for a GP.
Each column in blue is a graph signal that indicates the value on the nodes, with a
corresponding column in red of input covariate below.

matrix B, giving rise to the following model
yn = Bf(x,) + €,, (4.6)

where €, ~ N(0,02I). The model in Eq. (4.6) is generic in the sense that,
depending on the design of B, we can incorporate any characteristics of the signal

Y. in the graph spectral domain.

The prior covariance between two signals y,, and y,, can be computed as Cov(y,, ym) =
E(y,y,) = BE(f(x,)f (X)) BT = k(x,,%,,) BB', and if welet y = vec([y1,...,yn]),

the covariance of the full data becomes
COV(S’) =K® ]_3)]3T + O'GQIMN, (47)

where K,,,, = k(X,, X, ), and ® denotes the Kronecker product. The BB term can
be thought of as a kernel between elements of each output y,, while K operates on
the signals’ corresponding inputs x,, and x,,. Generally, K will be referred to as the

input kernel, while we will call BBT the node-level kernel.

We now state our main model for prediction of graph signals. Given the GP prior
on f(x), the vectorized training signals y and test signal y, € RM with given input

X, follow the joint distribution

(o))~ (

where K, = (k(x1,X4), ..., k(xny, %) " € RY and K., = k(x.,x,). For the inputs,

K®BB' K,®BB'

+ 021 , 4.8
K BB K. ©BB' M(N“)) )
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the kernel k£ can be any existing kernel such as the squared exponential or Matérn
kernel. For node-level, we consider B as a kernel on graphs that is based on the
scaled graph Laplacian of Eq. (4.5), and follows the general form in Eq. (2.31) as
B = Zf\il g(\)viv, = g(Lg). From this point onwards, \; and v; correspond to
the eigenvalues and eigenvectors of Lg, and g(A) is the function in the scaled graph

spectral domain.

It is worth noting that in choosing a non-negative g, the resulting B gives us two
different interpretations of the model. From a kernel perspective BB" forms the
node-level kernel to measure similarities on the elements of each signal y;, and this
corresponds to the kernel on the output space from separable kernels defined in [12].
From the filtering perspective, we identify that all kernels on graphs defined in [25]
are of low-pass nature, and although all definitions of ¢ are non-negative, we find
that this is restrictive and less suitable to data that does not exhibit smoothness or
a low-frequency characteristic. For the model to become more adaptive, we propose
to use a more flexible spectral function so that it can pick up on the likes of band-

or high-pass data profiles.

4.3.2 Graph Spectral Kernel Learning

To achieve an increase in model flexibility, we use a polynomial for the function g,
while we give the model the ability to adapt to the data by learning the polynomial

shape as part of the training step. We parameterize g as follows

P
gA) =Bo+ A+ +BpA" = B=) BL, (4.9)
i=0
with coefficients fy, . . ., Bp learned via log-marginal likelihood maximization. Learn-

ing of the coefficients is done by optimizing them as hyperparameters which we will

go into more details in section 4.4.
There are a number of advantages of our model setup, in particular:

e The kernel on graphs is learned rather than chosen a priori, and the func-
tion that characterizes the kernel is a flexible polynomial making the model
highly adaptable to data with different spectral properties. Moreover, existing
choices provided in [25] all consist of functions that have polynomial expan-
sions. Hence our model provides suitable approximations if data came from a

more complex generative model.

e The application of the P power of the Laplacian corresponds to filtering
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restricted to the P-hop neighbourhood of nodes. Our polynomial is finite,
thus the user can control the localization in the kernel, a property that is

often desirable in graph-based models such as the graph convolutional network
(GCN) [44].

e The scaled Laplacian ensures the eigenvalues lie in the full range [0, 1] re-
gardless of the graph. Other alternatives such as the normalized Laplacian
L = D 2LD 2 often found in the literature of graph signal processing [32]
bounds the eigenvalues to be within [0, 2] and, by subtracting the identity ma-
trix, shifts the eigenvalues to the range [—1, 1]. However, the eigenvalues of L
are often not spread over the full domain [—1, 1], thus the polynomial is only

defined partially over this range.

As a remark, a suitable choice for the degree P is based on a balance between the
number of hyperparameters and flexibility. A higher degree means more hyper-
parameters to optimize but the polynomial can fit towards a more complex shape.
While we want ¢ to have enough curvature, the degree should be kept small to ensure
g is smooth and easy to learn. Practically we found a choice of P = 3 often leads
to good performances, and this is consistent with the observations that have been
made in the context of oversmoothing in graph neural networks. In particular, [44]
suggested that information propagation on graphs should be kept within the 3-hop
neighbourhood, and beyond this the repeated application of low-pass functions can

lead to embeddings becoming overly similar, leading to a lost of distinguishability.

In addition, our setting is a more generalized version of that in Section II.B of [15],
where the terms in the regularizer J, can in theory be learnt, but it does not have
the advantage of the proposed polynomial methods: first, it does not correspond to
a localized filtering; second, it has a high learning complexity, which can reduce the

regularizing effect of the norm and as a result makes it more prone to over-fitting.

4.3.3 Equivalence to the Co-regionalization Model

The prior model in (4.8) follows the form of separable kernels similar to the co-
regionalization model in the literature of kernels for vector-valued functions [12].
Our derivation specifies the kernel on the output space more directly, but in this
section we show how we can arrive at our model from the co-regionalization setup.
Starting with the model y,, = f(x,) + ¢, for a GP function f(x,) € R™, under the
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setup of intrinsic co-regionalization model (ICM) [12], we have

Q
= Z byu’ (x,,) (4.10)

where u!(x), ..., u%(x) are i.i.d. variables following GP(0, k(x,x’)) and b; € R™ for

all . This leads to a model whose covariance is

Q
Cov(f(x,), f(Xm)) :ZZbeTE "(xn) 1 (%m))

j=1

—_
.

Q
= k(%n, Xm) Y _bib/. (4.11)
Denoting B = (by,...,bg), we can see that BB = Z T, thus the covariance
can be written as Cov(f(x,),f(xm,)) = k(xn,xm)BBT. When we have N input-
output data pairs, the full covariance of f = vec(f(xy),...,f(xy)) will follow the

separable form Cov(f’ ) = K® BB'. Since a kernel on graphs is usually a square
matrix, our graph GP model is equivalent to ICM if ) = M and the vectors b;

combine into a matrix that takes the general form of Eq. (2.31).

As an additional note, the covariance we derive is dependent on the manner in which
f(x1),...,f(xy) are stacked into a single vector (the covariance of y is then formed
from the covariance of f plus a noise term). If we take f = vec((f(x1),...,f(xn))T)
instead, we will get the covariance BBT ® K. These are simply different ways to
represent the prior covariance, and BBT and K still correspond to the input and

node-level kernels, respectively.

4.4 Optimizing GP Log-Marginal Likelihood

The polynomial coefficients (; in the kernel on graphs are found by maximizing
the log-marginal likelihood on a training set using gradient optimization. Let 8 =
(Bo,...,Bp)", and let Q contain B and all other hyperparameters, the GP log-

marginal likelihood is

L(Q2) = log P(y|Q2)

1 1 NM
= —5log 1Zql| - §~T2519 - log(27), (4.12)
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where X, is the covariance of (4.7). As described in Eq. (4.6), the term B = ¢g(Lg)
also acts as a filter on the GP prior to incorporate information from the graph
structure. In order for (4.6) to be a valid filtering system, we need to constrain B
to be positive semi-definite (PSD); in other words, we need to have g(A) > 0 for all
eigenvalues [32, 12]. Just optimizing 3 alone in an unconstrained fashion will not
guarantee this, thus we utilize Lagrange multipliers to combine constraints with our

main objective function.

Assuming all hyperparameters are fixed (details of optimizing for hyperparameters
are presented in the experiments section), our constrained optimization problem for

finding the optimal kernel on graphs is the following

min — L(3)
A (4.13)
subject to — B,3 <0,

where we express the log-marginal likelihood [ as a function of 3 and B, € RM*(P+1)

is the Vandermonde matrix of eigenvalues of the Laplacian with the following form

D VI VD Vi
1 A )Y D Vo

B,=|. " 7P (4.14)
1 Ay A2, 0 AP

It is easy to see that to have g(A) > 0 for all eigenvalues is equivalent to setting

—B,3 < 0. Hence, our objective function now becomes

L(B,L) = —L(B) + L' (-B.B) (4.15)
=-L(B)-L'B,B (4.16)

where £ € RM is a vector of Lagrange multipliers. The solution to this problem is
guided by the Karush-Kuhn-Tucker (KKT) conditions [85], which specifies that 3*
is the optimal solution to Eq. (4.13) if (8%, £) is the solution to

min max L(B, L). (4.17)

Due to the non-convexity of the log-likelihood, the Lagrangian is non-convex with

respect to both variables and we instead solve for the dual problem

max min L(B, L) (4.18)
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Algorithm 1 Constrained optimization of polynomial coefficients for GP log-
marginal likelihood

1: Input: Initialization of 8 and £’

2: Solve for ming IL(3, S,,(L’)) using gradient descent:
Bi = Bi — 75%(B,Sm(£’)) fori=0,...,P

3: Update L'
L= L4y 28, Sm(L)

4: Repeat 2 and 3 until L converges

5: Output: 3

as this makes the function concave with respect to £ [86, 87] leading to an easier

problem overall.

We find the solution by alternatively updating 8 and £ described in Algorithm 1.

Here, we place a softmax function on £ defined as
Sm(L') = log(1 + €~) (4.19)

to keep the Lagrange multipliers positive during the optimization. Due to the non-
convexity of Eq. (4.18), Algorithm 1 may only find a local optimum depending on the
initialization. A simple strategy to obtain a sensible initialization is to maximize
the log-marginal likelihood (problem (4.13) without the constraint on 3), with
initialization chosen from a small set of values that lead to the highest log-marginal
likelihood. The solution to this unconstrained optimization is then used as the
initialization for B in Algorithm 1. Compared to 3, the algorithm is much more
stable with respect to the initialization of the log-Lagrange multiplier S,,(L£), and

we found using either a fixed or random initialization worked well in practice.

4.4.1 Scalability

By exploiting the Kronecker product structure of the covariance matrix, inversion
of Eq. (4.7) needed for Algorithm 1 and GP inference can be reduced to a runtime
of O(N? + M?) and thus avoiding the expensive O(N?M?). We manipulate the

covariance matrix in a similar fashion to [88], first re-writing it as follows

> =BB' @ K+ 0’1
=(I®K)BB'®I)+¢’(BB'®1)'BB' ®1I
= IeoK+((BB") '®I)|BB' ®I
=[02(BB") 'aK|BB' ®1 (4.20)
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for Kronecker sum . Next, take the eigen-decomposition K = UxgAxU} and

BB' = UBABUg7 the above equation becomes

3 = [0?UpA;'U; @ Ug AU |UgApUL @1
= 02(Up ® Uk)(Az' © Ax)

B . (4.21)
X (UB & UK)(UBABUB X I)

Each bracket can then be individually inverted by utilizing the orthogonality of the

eigenvector matrices and the full matrix inverse becomes

1
»' =—(UpA;'Up @ I)(Up ® Uk)
oe (4.22)

x (Ap® A (U@ Up).

Computational complexity is therefore dominated by the two eigen-decomposition
of matrices of size N x N and M x M giving an overall cost of O(N?3 + M?).

Potential further reduction can come in the form of graph coarsening to reduce
signals’ dimension M while preserving the spectral characteristics [89], as well as

sparse GP variational inference [90]. We will leave these as future work.

4.5 Experiments

In this section, we first present results on synthetic experiments to demonstrate our
algorithm’s ability to recover ground truth filter shapes. We then apply our method
to several real-world datasets that exhibit different spectral characteristics to show

the adaptability of our model.

In all experiments, the GP prior will be in the form of Eq. (4.8) and we consider
baseline GP models from [15, 42|, and kernels on graphs defined in [25] in Eq. (17-
20):

e Standard GP: B=1

Global filtering: B = (I + oL)~* [15]

Local averaging: B = (I+aD)~!(I+aA) [42] where we also added a weighting

parameter a.

Graph Laplacian regularization: BB" = LT (pseudo-inverse of the Laplacian)
[12]

Regularized Laplacian: BB = (I + oL)~" [25]

o4



4.5. EXPERIMENTS
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Figure 4.2: Spectral kernel learning on synthetic data, where we show the syn-
thetic graph Fourier coefficients, and the scaled polynomials learned with their log-
marginal likelihoods, for data with low- and band-pass spectrums. Ground truth
polynomials are § = (1, —1.5,1.5%/2, —1.53/6, 1.5 /24) for the low-pass (first 5 terms
of e7'®), and 6 = (0,1,4,1, —6) for the band-pass. figures/chapterl (b) and (c) com-
pare the degrees of the polynomial, (c) and (f) compare the SNR noise levels.

e Diffusion: BB" = exp{(—a/2)L} [25]
e p-step random walk: BBT = (oI — L)? [25]
e Cosine: BB" = cos(Lx/4) [25]

The kernel on the input space will be the squared exponential K;; = 02, exp{—% ||x;—
x,||3} applied to inputs x,, and x/,. The set of hyperparameters is Q = {«, [, 02, 02},
and these will be found in conjunction with the model parameters 3 in our poly-
nomial. The hyperparameters in the baselines are found by maximizing the log-
marginal likelihoods by direct gradient ascent in the same manner as our mod-
els. The predictive performance will be evaluated by the posterior log-likelihoods
log P(y.|p,, X.) for test signals y,, with GP posterior mean u, and covariance X,

computed by Gaussian conditioning (see [3]).

We would also like to investigate the effect of the constraint on learning performance.
To this end, we include our model where we only solve the problem of Eq. (4.13)
without the constraint. In the real-world experiments, we include this for polyno-

mials of degrees 3 and 4, where the resulting spectral functions are generally not
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always valid graph filtering functions.

4.5.1 Initialization Strategy

Due to the highly non-convex structure of the GP log-marginal likelihood, opti-
mizing hyperparameters is heavily reliant on the initializations. Here, we propose
a procedure of steps to get the best and most stable solution before passing it to
Algorithm 1.

The model parameters (3 are optimized with the hyperparameters giving the set of

2

parameters to learn as Q = {3,1,02,0%}. Based on a training set of {yy,...,y~x},

we initialize

I = Mean({[ly1|[5. - - [ly~l3}) (4.23)
o2 =Var({y1,...,yn}). (4.24)

We set the other parameters by empirically testing a small range of values, using the
combination that leads to the highest log-marginal likelihood as the initialization.

Our procedure is as follows:

1. Find the optimal 3 and ¢? that maximize the log-marginal likelihood by a
2

€

grid search. We use o7 € {%oi, %012”}, while for each element 3; we use

pi € {—10,-9,...,10}.

2. Use the best combinations from grid search as initializations (along with ini-
tial [ and ¢2) for the unconstrained problem, i.e., maximizing the log-marginal
likelihood with respect to {3,1,02} by gradient ascent (o2 is indirectly opti-
mized through 3.

3. Use the solution found in step 2 as the initializations to Algorithm 1 and solve

for 3, while keeping all other hyperparameters fixed.

As a final note, we follow a general rule for selecting the learning rate for each
parameter in the gradient optimization as: choosing the largest » € Z such that
vp = 10" for hyperparameter p, that leads to a consistent increase/decrease in the
objective function. This will require some tuning from the user beforehand in order

to ensure the algorithm converges in a reasonable time.
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Table 4.1: Synthetic test log-likelihoods (higher the better) and standard errors.

Model Low Band High

Degree 1 1379 (0.13)  -8L.02 (0.24) -132.05 (0.29)
Degree 2 21348 (0.14)  -76.39 (0.22) -127.70 (0.30)
Degree 3 -13.23 (0.14) -65.54 (0.21) -127.24 (0.30)
Degree 4 113.88 (0.13)  -67.43 (0.22) -127.24 (0.31)
Standard GP 23341 (0.13) -82.41 (0.19) -171.50 (0.37)
Laplacian [1] 1156.44 (0.12)  -96.94 (0.25)  -205.54 (0.92)
Global Filtering [6] -15.90 (0.15) -83.03 (0.19)  -204.43 (0.86)
Local Averaging [8] -30.23 (0.18) -99.26 (0.29) -424.96 (17.58)
Regularized Lap [2] -16.38 (0.15) -83.08 (0.19) -206.02 (0.95)
Diffusion [2] 15.81 (0.15) -82.42 (0.19)  -205.91 (0.94)
1-Step RW [2] 1774 (0.15)  -83.13 (0.19)  -356.29 (0.32)
3-Step RW [2] 119.00 (0.15)  -88.03 (0.24) -173.31 (0.36)
Cosine [2] 21956 (0.15)  -86.35 (0.19)  -185.03 (0.29)

4.5.2 Synthetic Experiments
Synthetic Filter Reconstruction

For the first experiment we use synthetic signals which are generated following Eq.
(4.6) using a B with a known polynomial chosen beforehand. The aim is to demon-
strate that our model is able to recover the polynomial shapes of the ground truth

filters through optimizing the GP log-marginal likelihood.

We set the underlying graph to be a 30-node Sensor graph from the PyGSP library
[91]. The Sensor graph has an even spread of eigenvalues which helps the visual-
ization of the polynomial. Signals are first sampled independently as y},y5, -+ ~
N(0,1). Using the scaled graph Laplacian Lg, we denote the ground truth fil-
ter as 6(Lg) with coefficients (6p,...,0g). Each synthetic signal is then set as
vn = 0(Lg)y!, and we corrupt it with noise at a signal-to-noise ratio (SNR) of 10 dB.

As the signals are sampled independently, the kernel function is BBT @ 021 + o1

2

where o,

is set to signal variance. Input covariates x; are not required in this context
as the input kernel matrix is already defined as K = I. We denote the polynomials
learned from our algorithm as g4 for degree d which has d + 1 coefficients. If the
ga(X) goes above 1 for any A € [0,1], we can scale it down as gj(\) = 1g4()\) for
¢ = maxyeoq] ga(x). The resulting g/ will be in the range [0, 1] making it easier to
compare different filters, and the ¢ term can be absorbed into the variance of the

full kernel function, alleviating the need to optimize for o2.

In Fig. 4.2, we show the results from learning on synthetic data with low- and
band-pass spectrum (a high-pass spectrum will simply have the reversed shape of
the low-pass so we will not present here due to the similarity). In Fig. 4.2a and Fig.
4.2d we plot the graph Fourier coefficients Uy of the generated signals, with each

colour corresponding to one signal. The learned polynomials with different degrees
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Figure 4.3: Synthetic filter reconstruction on a BA graph. (a) and (c) are signal
graph Fourier coefficients, (b) and (d) are the recovered polynomial filters of degree
1-4.

can be found in Fig. 4.2b and 4.2e along with the ground truth polynomial 6(-).
Visually we can see that using a polynomial with d = 2 and 3 respectively capture
the ground truths of low- and high-pass filters well enough that higher degree no
longer offers clear improvement. This is also evident in the log-marginal likelihood,
where we see only little improvement for d > 2 for low-pass and d > 3 for band-pass

spectra.

We next study the effect of noise on learning the spectrum, using a degree 2 polyno-
mial for low-pass and degree 3 for band-pass. Fig. 4.2¢ and 4.2f show the spectrum
learned for various SNRs, where we can see visually that our model recovers the true
spectrum well for SNR 10 dB or higher. As expected, the corresponding log-marginal

likelihood steadily decreases as SNR decreases when data becomes noisier.

Synthetic Filter Reconstruction Using Barabasi—Albert Random Graph

To show that our algorithm can generalize to different graphs, we also try recovering

graph filters on a Barabasi-Albert (BA) random graph in place of the Sensor graph.
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Table 4.2: Test log-likelihoods (higher the better) and standard error in bracket.

MODEL fMRI fMRI WEATHER WEATHER UBER UBER

(Training) (21 signals) (42 signals) (15 signals) (30 signals) (10 signals) (20 signals)
Degree 2 Polynomial 35.36 (0.36) 36.26 (0.49) -11.58 (3.37) -7.10 (2.27) -13.51 (4.40) -8.68 (2.84)
Degree 3 (unconstrained) 35.33 (0.36) 36.00 (0.70)  -12.77 (2.48) -6.61 (2.23) -12.50 (4.17)  -8.27 (2.68)
Degree 3 Polynomial 36.15 (0.37) 36.45 (0.35)  -9.09 (2.49) -5.03 (2.39) -12.48 (4.16)  -8.27 (2.69)

Degree 4 (unconstrained) — 36.15 (0.37)  36.00 (0.54) -9.48 (2.22)  -4.85 (2.43)  -12.36 (4.13) -8.47 (2.76)

Degree 4 Polynomial 35.34 (0.36)  36.00 (0.54) -7.47 (2.28) -4.85 (2.43) -12.34 (4.13) -8.26 (2.67)
Standard GP 11.02 (0.00) 1157 (0.12)  -55.50 (4.40)  -53.01 (3.07)  -27.72 (L.21)  -26.70 (L.44)
Laplacian [12] 1709 (0.10)  -16.41 (0.11)  -67.04 (1.60)  -66.58 (1.60)  -29.16 (0.93)  -28.42 (0.95)
Local Averaging [42] 1150 (0.10)  11.44 (0.13)  -51.88 (5.05)  -51.54 (5.00)  -28.93 (1.22)  -27.81 (1.44)
Global Filtering [15] 9.38 (0.11) 10.49 (0.13) 50.97 (4.98)  -50.37 (5.22)  -29.15(1.33)  -28.06 (1.57)
Regularized Laplacian [25]  11.66 (0.10) 11.44 (0.13) 52.29 (5.05)  -52.01 (5.01)  -27.52 (1.22)  -26.59 (1.44)
Diffusion [25] 1155 (010) 1145 (0.13) 5127 (5.27) 50, 88 (5.40)  -27.84 (1.26)  -26.90 (1.49)
1-Step Random Walk [25]  10.86 (0.12)  11.13 (0.14)  -60.28 (4.95) 93 (4.22)  -28.65 (1.24)  -26.99 (1.46)
3-Step Random Walk [25]  11.36 (0.09)  11.39 (0.09)  -73.09 (8.25) 76.99 (8.84)  -32.50 (1.64)  -28.29 (1.59)
Cosine [25] 10.09 (0.11) 1055 (0.14)  -54.99 (4.60)  -53.83 (4.01)  -27.64 (L.18)  -26.64 (1.44)

Generally, BA graphs exhibit characteristics closer to real world behaviours. We
sample a graph of 30 nodes generated from an initial 10 nodes, and each node
added is randomly connected to 5 existing nodes. Filter recovery follows the same
procedure as the previous section. Fig. 4.3 show the low- and band-pass filter shapes

are still recovered well using Algorithm 1.

Synthetic Predictive Signals

The main advantage of our spectral kernel learning approach is that we no longer
need to worry if the kernel suits the profile of the data. As the models we considered
for baselines have low-pass designs, they will not suit the likes of band- and high-
pass data. In the previous section, we used K = I due to the signals being sampled
independently. Although this allowed us to see the full effect of the node-level
kernel on the log-marginal likelihood, it cannot be used for inference as predictions
from the posterior will be the same as the prior. We now carry out a similar
synthetic experiment as that in [41] which defines a non-identity K. This means
we can compute the GP posteriors which are the predictive performances of GP
models, therefore demonstrating that spectral kernel learning also translates into

better predictive performances, especially on band- and high- pass data.

We start by sampling a positive definite matrix C from the inverse Wishart distribu-
tion with identity hyperparameter. The size of C is of N x N where N corresponds
to the number of signals, here N = 30. We then draw M samples from N (0, C) to
create our data matrix A of size M x N. Each column in A is of dimension M,
forming a signal on the graph. We use a Sensor graph again with M = 25 nodes
and compute the Laplacian Lg. Let r; denote the ¢th row of A, we filter this signal
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by
yi = 0(Lg)r;. (4.25)

We use the same low- and band-pass ground truth polynomials € as previous section
while also including the high-pass profile as § = (0,1.5,1.52/2,1.5%3/6,1.5%/24)
(first 5 terms of e'® — 1). The prior covariance between signals y; and y; will
be C;;BB". Hence C can be used as the covariance matrix on the input space, and

input covariates x; are again not required. The full kernel of the GP becomes
C®BB' + 0L (4.26)

After running Algorithm 1 of log-marginal likelihood maximization, we compute the
posterior by conditioning on the first 20 signals P(y.|y1, . . ., y20), to get the posterior
log-likelihood on the remaining test signals. We present these performances against
the baselines in Table 4.1 where we see the significant improvements on band- and

high-pass data from the adaptability of our model.

From the two synthetic experiments, we can conclude that a degree 1 polynomial
can be too restrictive as we are fitting the spectrum into a straight line. Thus, when
applied to real world data, we will only consider a lowest degree of 2 as this will

ensure a level of curvature in the filter we learn.

4.5.3 Real World Data

In real world experiments, the graph may not always be available and sometimes
needs to be constructed. We will detail how the graph is constructed in each exper-
iment, with the requirement for the graph to be connected and not having multiple
components. This is due to the fact that each component may have different spec-
tral profiles, while we only learn a single filter. In the case graphs have more than

one component, it would be more suitable to use multiple GPs.

fMRI Dataset

In the first real-world experiment we consider data from functional magnetic reso-
nance imaging (fMRI) where an existing graph of 4465 nodes corresponds to different
voxels of the cerebellum region in the brain (we refer to [15, 92] for more details
on graph construction and signal extraction). A graph signal is the blood-oxygen-
level-dependent (BOLD) signal observed on the voxels. Due to the size of the full

graph, we use a small subset of nodes. To achieve a connected sub-graph, we first

60



4.5. EXPERIMENTS

fMRI Weather Uber
4] -
: ' J
H
15 ' 12 . 4
: 101 ° H
_ 11 | _ —a
§1.o L . ’; 8 §3 .
= ¢ i = = . B
T : 61 . DY I ; :
. H [ 1 N o
05 U ] | 49 1. s
| L X i N I B
[ L 2{ 4 . . .'-, LIRSS A
$ i : i (HH H . s b8t i Ho
oft LT [ of T 10T Ta et 0 sobotm i all SEIEERILINEE
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
eigenvalues A eigenvalues A eigenvalues A
(a) (b) (c)
fMRI Weather Uber
1.00 1.0 — o 1.0 — oW
0.75 08 g3(A) uncons g3(A) uncons
— g3(A) — g3(A)
0.8
0.50 0.6 —— g4(A) uncons —— g4(A) uncons
< 025 ~ \ — gs(A) . — gaN)
s S 04 S
5 — o) S) % 0.6
0.00
g3(A) uncons 0.2
-0.251 — g3(d)
vsol — s unwns\/ 0.0 0.4
— g4(A) ~02
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
eigenvalues A eigenvalues A eiaenvalues A
(d) (¢) (f)

Figure 4.4: (a) - (c) Real world data magnitude of graph Fourier transform coeffi-
cients of the training signals [Uy|. (d) - (f) Polynomial filters learnt on the corre-
sponding datasets (on the larger training set). The polynomials generally picked up
non-low-pass elements, leading to the predictions in Fig. 5 varying in a more similar
manner to the test signals.

sample 500 nodes randomly and pick the largest component, which gives us a Gpyp
of size 37. We then take the readings on the first 10 nodes as x, along with the
corresponding outcome signals y,, on the remaining 27 nodes (y, € R?") which form
the underlying graph on the outcome signals. The dataset contains 292 signals for
which we train on a sample of up to 42 signals to learn the hyperparameters, we
then compute the posterior to predict the remaining 250 test signals. To provide
a measure of robustness, the test set is split into 10 subsets for which we compute
the posterior log-likelihoods on each subset, and report the mean test log-likelihood
and standard error - pu({ly,...,l1}) and std({l1, ..., l10})/v/10 respectively in Table
4.2, while the polynomial filters are presented in Fig. 4.4d learnt from the GFT
coefficients in Fig. 4.4a, where we see the posterior log-likelihoods are significantly
better than the baseline models. The spectrum of the data has a relatively smooth
shape as shown in Fig. 4.4a so a low degree polynomial was able to capture the
spectrum well and using a higher degree resulted in only marginal improvements in
performance. Our adaptive approach to training the GP resulted in much higher
posterior log-likelihoods, indicating that we get a prediction with much higher cer-

tainty. In our next experiment, we also visualize the improved certainty from our

61



4.5. EXPERIMENTS

model.

Weather Dataset

We now consider the temperature measurement in 45 cities in Sweden available
from SMHI [93]. Using the cities’ longitude and latitude, we construct a k-nearest
neighbour graph for k& = 10 using the function from PyGSP [91]. For this dataset,
we perform the task of next-day prediction, where each x,, € R* is the temperature
signal on day n, and the corresponding y,, € R* is the temperature signal on
day n + 1. The weather dataset is the smoother of the examples we consider, but
some minor high frequency elements can still be observed in Fig. 4.4b. We have a
total of 90 input-output pairs, and we randomly sample 30 signal pairs (x,,y,) for
training and hyperparameters learning, and predict the signals on the other 60 pairs
divided into 10 subsets to give us a mean and standard error in the same way in the
previous dataset. The results are presented in Table 4.2 middle two columns and
the polynomial filters are shown in Fig. 4.4e, where again, we can see the significant
difference between the polynomial models and the baselines. There is also a visible
improvement as the degree increases, indicating that a more flexible polynomial
suited the profile of the data. Furthermore, by doing next-day prediction, our signals
are on the whole graph allowing us to visualize them in Fig. 4.5. Here, we compared
the predictions of a degree 3 polynomial, and that of [15] which represents a typical
low-pass filter, something all baseline models have in common. In Fig. 4.5, we
also reported the graph smoothness of each signal, defined as z' Lz, and generally
we would want the graph smoothness of the prediction to be similar to that of the
test signal. We can conclude from Fig. 4.5 that our model is superior in terms
of both the prediction and uncertainty: visually the polynomial predictions better
resembled the ground truth due to the small amount of high-pass picked up by the
polynomial. This is also reflected in the predictive mean having a level of graph
smoothness more similar to the test signals, while the graph smoothness from the
low-pass is much smaller implying its predictions are over-smoothed. The standard
deviations are also much lower The standard deviations from the polynomials are

significantly lower, indicating that our model predicts with greater certainty.

Uber Dataset

The final dataset is Uber rides in New York City for the month of September 2014.
The dataset contains locations for pickups at M = 29 taxi zones which form the
nodes of a graph, and edges are constructed based on a k-nearest neighbour graph

using k& = 4. The hourly number of Uber pickups in each zone is a signal on the
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graph (more information on the dataset can be found in [94]). We randomly select
9 zones as inputs such that each x, € RY on the remaining 20 zones, we ensure
they form a connected graph, and the values form the output signals y,, € R?°. The
test performances can be found in the final two columns in Table 4.2, the mean and
standard errors are over 10 splits like in previous experiments. The data is of low-
and high-pass nature as shown by the GF'T coefficients in Fig. 4.4c and reflected by
the filters learnt in Fig. 4.4f, thus all our models offered improvements compared to

the baselines as expected.

4.6 Conclusion

We have developed a novel GP-based method for graph-structured data to capture
the inter-dependencies between observations on a graph. The kernel on graphs
adapts to the characteristics of the data by using a bespoke learning algorithm that
also provides a better interpretability of the model from a graph filtering perspective.
Our model was superior in capturing the smoothness of the data, and predicting with
a higher level of certainty. Promising future directions include the extension of the
model for application in classification and improvement in the scalability of the

model.
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Figure 4.5: Test signals z; from Weather dataset (a) z, Lz, = 19.84 & (f) z/ Lz, =
36.35; GP predictions from degree 3 polynomial z, (b) z,) Lz, = 16.28 (g) z, Lz, =
29.56 (d) & (i); from a low-pass of [15] z; (c) z] Lz; = 6.69, (h) z/ Lz, = 8.06, (e) & (j)
representing the low-pass nature of all baselines. The difference in graph smoothness
between the test signals and the predictions are bigger in the low-pass, showing that
the model over-smooths compared to the degree 3 polynomial, while the standard
deviations show that our model is also far more certain in the predictions.
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Chapter 5

Adaptive (zaussian Processes on
Graphs via Spectral Graph
Wavelets

Many problems on graphs involve dealing with partially labelled graphs, learning on
the labelled nodes to predict the classes of the unlabelled. Furthermore, the graphs
in such problems also exhibit multi-scale properties, described by the existence of
clusters when we “zoom in and out” of the graph. We thus also shift our focus to
designing a GP for semi-supervised node classification, with a focus on multi-scale
modelling. The novelty is in the use of wavelets in defining the graph convolution,
which offers a balance between the information available in the spatial and spectral
domains, with an adjustable trade-off between the two. The flexibility of wavelets
also allows for convolution to happen on multiple scales to accurately capture the

patterns in the data.

5.1 Introduction

Semi-supervised classification on graphs involves inferring class labels of given nodes
based on some training set. The predictions are often determined by the informa-
tion on neighbouring nodes, which can provide indications of the likely class of the
node of focus. The core consideration when incorporating graph structure into a GP
model design is how much neighbours at varying distances should influence the pre-
diction at a certain node. Early spectral approaches rely on the Fourier basis when
designing graph-based operators [95, 76], which are fully localized in the frequency

domain but not in the spatial domain, hence requiring a polynomial approximation
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Figure 5.1: The Mexican Hat wavelet transform of a ¢ signal on the focal node. With
different scales, the wavelet is able to capture different neighbourhood information
weighted in a continuous manner.

of the graph Laplacian to enforce spatial localization. We propose an approach us-
ing wavelets, which offer a natural way of trading off between spectral and spatial
resolution, and thus localization, in both domains. The degree of spatial localization
is implicitly controlled by a single wavelet scale parameter defined in the spectral
domain (visualized in Figure 5.1), which makes graph wavelets a natural tool to
enable a more flexible notion of neighbourhood of varying sizes. Moreover, the sin-
gle scale parameter enables the model to adjust the effective neighbourhood sizes
to the properties of the data when incorporated into a model that allows learning

hyperparameters, such as a GP.

Beyond flexible control of neighbourhood size, using wavelets allows for combining
filters of different scales. Real-world networks such as connectivity patterns in the
brain or metabolic or social interactions networks often exhibit such multi-scale
community structure [96, 97, 98], where sets of densely connected nodes in turn form
densely connected communities (see Figure 5.2a for a synthetic example). These
graphs often naturally form the domain of multi-scale signals, which can be modelled
through wavelets by combining filters of multiple scales. Figure 5.2b shows an
example of how low-pass and band-pass filters are combined into a more complex
wavelet filter, which then captures signal components varying at different scales

(Figures 5.2c-e).

In this work, we introduce a novel graph GP model that uses spectral graph wavelets
to incorporate graph structure into the GP kernel. Building on the convenient prop-
erties of the wavelet transform, the wavelet graph GP can naturally model continu-
ous neighbourhoods of varying sizes and by extension multi-scale graph signals. The
kernel filters are learnable such that their responses can adapt to the observed graph

and data. To bypass the expensive eigen-decomposition of the graph Laplacian, we
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Figure 5.2: Visualisation of how wavelet filters can be used to capture multi-scale
properties in both the graph structure and the graph signal. Figure (a) shows
a graph with two levels of clusters (4-node clusters and 8-node clusters). These
clusters are reflected in the gaps (around 0.2 and 0.6) in the spectrum of the graph
in Figure (b). The signal is obtained by filtering a random signal with the filter
in (b), purposefully highlighting the three eigenvalue clusters. Figures (c) - (e)
show how the full signal from (a) decomposes into the three filter components. As
expected, the low-pass signal varies mostly on the highest cluster level (between
8-node clusters), the band-pass signal mostly on the second cluster level (between
4-node clusters), and the high-pass signal from node to node.

develop a fast approximation to the wavelet-based filtering, which still allows us to
directly optimize the wavelet scales and reduces the approximation error on parts
of the spectrum with most eigenvalues. We show that our approximation is more
suitable for wavelet filters than the Chebyshev polynomial approximation commonly
used for existing low-pass filtering approaches. Through experiments, we demon-
strate accurate recovery of scales on a synthetic graph and evaluate our model on
benchmark data sets, showing our model performance is competitive against state-

of-the-art graph-based models.

5.2 Preliminaries

5.2.1 Spectral Filtering and Wavelets on Graphs.

We refer to the filtering of a signal as the process of highlighting specific frequency
components in the signal while de-emphasizing others with the aim of obtaining a

function more suitable for the prediction task. Let G = (V, A) be a graph with
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vertex set V = {vy,...,vx} and adjacency matrix A, we define the notion of spec-
tral filtering on graphs [32] based on the graph Laplacian defined as L = D — A,
where D is the diagonal degree matrix. Additionally, the commonly used normalized
graph Laplacian is computed as L = D~ :LD" 2. This is often preferred due to the
boundedness of its eigenvalues to the interval [0, 2] and the scaling of the graph edge

weights [32], hence our model will make use of this normalized version throughout.

Assuming that G is undirected, the Laplacian is symmetric and admits the eigen-
decomposition L = UAUT, and a filtering matrix is achieved by applying a function

on the eigenvalues
Ug(A)U'. (5.1)

The graph Fourier transform U is localized in the graph spectral domain as each
eigenvector only contributes a single frequency to the construction of f. However,
they are not localized in space as each eigenvector of f is on the entire spatial
domain. Wavelet transform addresses this issue by decomposing a function f into a
linear combination of basis function that are both localized in space and frequency.
The definition of graph wavelets is derived from spectral graph theory by [18] and
will form the basis of the wavelets we utilize. The transform is an operator function

of the graph Laplacian determined by a function g as follows:
bs(L) = Ug(BA)U. (5.2)

The function ¢ is applied in the graph spectral domain, but spatially it will also
be localized if chosen from the library of mother wavelets. The scale parameter
then plays the role of controlling the localization of the transform. We make use
of the Mexican Hat wavelet, which we will present later on along with our model
formulation. The spatial localization can be demonstrated by applying the wavelet
transform to an impulse signal on the graph bg(i)dn, where 6,, = 1 at node n and 0
elsewhere. This is presented in Figure 5.1 where the various scales (8 lead to different
proximity of neighbourhoods. For each scale, the different hop neighbourhoods are
also weighted in a continuous manner that decays to 0 once far enough away from
the centre node. This allows the aggregation to happen in a non-linear manner to

extract additional information for each node.
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5.3 Methodology

5.3.1 Graph Wavelet GP.

We describe a Gaussian process model for the task of semi-supervised node-level
prediction on a graph G = (V,A) with N nodes. The nodes of the graph are
commonly associated with a set of features {xi,...,xy}, which form the feature
matrix X € RV*%  As we have seen in Section 5.2, given a graph signal f € RY
on the graph domain, we can apply a wavelet filter go(\) with scale parameters 6 as

follows:
f=Ug(A)U'F, (5.3)

where U and A are the eigenvectors and eigenvalues of the graph Laplacian of G
such that L = UAUT € RV*N and A is a diagonal matrix. The wavelet filter gy is
applied element-wise to A. For brevity, we define Wy := Ugy(A)U" and refer to it

as the wavelet filter matriz.

For the sake of conducting Bayesian inference, we assign a Gaussian process prior

to the function f
f ~ GP (m(x), ky(x,x)), (5.4)

with the mean function m and kernel function £, with parameters ) operating on the
node features. On domains described by graphs with a finite number of nodes this
prior is equivalent to a multivariate normal distribution with mean m = m(X) € RY
and covariance K = k(X, X) € RY*¥ respectively. As the wavelet filtering described
in Equation 5.3 is a linear operation the filtered signal f follows a Gaussian process
prior

f~ N (Wym, WKW, ). (5.5)

When combined with a likelihood p(y | f), the model is capable of Bayesian inference
of an output signal y € RY by computing the posterior distribution p(f ly). In
case of regression, the likelihood is commonly assumed to be a normal distribution
p(y | f) = N(y | £, 0%I) with observation noise o2 and the posterior distribution can
be computed in closed form [3]. In the case of classification, a categorical likelihood
is assumed, leading to an intractable posterior. We then opt to approximate it with

~

a variational posterior ¢(f) following [90].

5.3.2 Adaptive GP via Learning Wavelet Scales.

A key part of the model design is the choice of wavelet filter gy (cf. Equation 5.3). A

wide variety of mother wavelet functions are available, here, we choose the Mexican
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Hat wavelet function for the band-pass filters, defined as

B2 w(30)) e

with scale . A band-pass filter emphasizes the frequencies in an interval (or band)

of the spectral domain. The location of that interval is controlled by the scale £,
which thereby controls the localization of the transform in the spatial and frequency
domain. To model lower frequencies of the signal we choose a scaling function with

a relatively fast decay as the low-pass filter, defined as

1

ha(A) = 14+ aX

(5.7)

with scale a. A low-pass filter emphasizes the lower frequencies of a signal, corre-
sponding to its smoother components, where smoothness is measured by the Dirich-
let energy |[f|lg = f'Lf. The scale a controls how much the filter smooths the
signal. To obtain the combined effect of the low-pass and all band-pass filters, we
can compute a full filter function as the sum of the individual filters. For L scales,

this leads to the spectral filter function

906(A) = ha(A) + Y bs(A) (5-8)

with 0 = {«, 81, ..., B}, which is used to compute the wavelet filter matrix Wy =
Ugy(A)UT, where the subscript highlights the dependence of the filter matrix on

the scale parameters.

When the wavelet filter is applied to the GP prior as in Equation 5.5, the scale
parameters 6 can be treated as kernel hyperparameters and can be optimized as
part of the model fitting process. This is achieved by maximising the marginal log-
likelihood p(y | 0, 1) with respect to both the scale parameters ¢ and the parameters
1 of the node feature kernel k, (cf. Equation 5.4):

6,1 = arggrgax p(y|0,v)

= arg max / Py | B)p(E |0, v) df, (5.9)

where we highlight the dependence of the GP prior p(f | 6,1) on the hyperparameters
by explicitly conditioning on them. In the case of classification, which prescribes

a non-Gaussian likelihood, the marginal likelihood is intractable and we therefore
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resort to maximizing a variational lower bound (Equation 2.17) on the marginal
likelihood, again following [90]. This setup enables the model to learn to emphasize
frequencies in the data that best describe the output signal y at hand. In Section 5.4,
we examine the model’s ability to recover the correct scale in a synthetic data

experiment.

5.3.3 Spectrum-adaptive Polynomial Approximation.

The model formulation described in previous sections requires computing the eigen-
decomposition of the Laplacian of the input graph G, which has computational
complexity in O(N?3) and is therefore intractable for larger graphs. To alleviate
this limitation, we opt for choosing to approximate the wavelet filter go(A) with
a polynomial pp(A\) = Yo + 1A + ... + YxAE = go(N\) of degree K, as previously
suggested by [18]. This allows rewriting the filtering operation in Equation 5.3 as

f = Ugy(A)UTf =~ Upyg(A)U'f = py(L)f. (5.10)

This formulation circumvents the expensive eigendecomposition of the graph Lapla-
cian and furthermore allows exploiting the sparsity of the Laplacian by using sparse
matrix-vector multiplication to compute pg(i)f , which reduces the complexity of
the filtering operation to O(KFE), where E is the number of edges in the graph.
Existing approaches have relied on a truncated Chebyshev polynomial approxi-
mation of the filtering operation and freely optimizing the polynomial coefficients
~ € RE+1 118, 76]. In contrast, our approach is based on optimizing the scale param-
eters (see previous sections) and we therefore require a polynomial approximation
that is parameterized by the wavelet scales #. A natural choice is the least squares

approximation to the filter function gg(\)

Yo = (V¢ Ve) ' Vigs(8), (5.11)

where € € R® is a set {&}5_, of linearly spaced points on the spectral domain in the
interval [0,2] and V, € R¥*(E+D i5 the Vandermonde matrix for € up to degree K.

The above least-squares approximation minimizes the approximation error uniformly
on the spectral domain. However, in graphs with multi-scale characteristics, the
eigenvalues are not uniformly distributed on the spectral domain but rather display
spectral gaps corresponding to the different scales in the data (cf. Figure 5.2). As
the filter function gg() is only ever evaluated at the eigenvalues of the graph, a high

approximation error of the polynomial approximation at those spectral gaps can be
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accepted in turn for a lower approximation error on parts of the spectrum with a
higher density of eigenvalues. Following the ideas of [99, 100], we achieve this by
computing a weighted least square approximation of the filter function gy(A), where
the weights are chosen to be proportional to the spectral density of the graph [101,
Chapter 6], which is defined as

1 N
= NZ s (5.12)

Spectral density estimation aims to approximate this function without performing
the expensive eigendecomposition of the graph Laplacian. We opt to employ the
Kernel Polynomial Method [102, 103, 104, 105, 106] to find an estimate of the spec-
tral density function by first finding an estimate for the cumulative spectral density
function Py(z) = %sz\; Liyn<zy- For each & from the set {&};, of S linearly
spaced points on the spectral domain, we aim to find the number of eigenvalues less
than or equal to &;. This can be achieved via stochastic trace estimation [107], which
provides us with a randomized algorithm for computing the trace of a matrix B and

we use the Gaussian estimator
R
tr(B) =E [z Bz] ~ — Z z, z~N(0]1I), (5.13)
=1

where R is the number of Monte Carlo samples drawn for approximating the expec-
tation. We thus require a matrix function ©;, that maps the Laplacian L to a matrix
whose trace equals the number of eigenvalues less or equal to &. This mapping is
trivially given by O, (\) = Ljr<¢,3. While we are not able to cheaply compute O,
exactly, we can approximate it using a Jackson-Chebyshev polynomial éfi (details of
this approximation can be found in [108, 109]). We obtain an approximation P (z)
to the cumulative spectral density function by interpolating between the estimates

at points &; using monotonic piece-wise cubic interpolation Z

R S
per=z({ (s k [F o] )} ).

z ~ N(0,1). (5.14)

Finally, differentiating 15,\(2) with respect to z gives an approximation py(z) to the

spectral density.

Using this estimate of the spectral density, we can compute weights w € R for

72



5.4. EXPERIMENTS

Eigenvalue Filters MAEs MH kern on MH data Predictive MAEs MH kern on MH data
101 g 0.8
8 ° % §
8 0.71 °
0.81 o ° o
(o) o O 6.
o ' =
w 0.6 w e o
< g 051 PR
; -
0.4 0.41
4 g S
0.31
TP D <
° 0.2 =
10% 20% 30% 40% 50% 60% 70% 10% 20% 30% 40% 50% 60% 70%
% Trainina Nodes % Trainina Nodes
(a) (b)

Figure 5.3: (a) MAE between the recovered wavelet filter against ground truth at
the eigenvalues. (b) MAE between predicted values at testing nodes and ground
truth labels

each of the S sample points & on the spectral domain. We can then compute the

weighted least squares coefficients

Yo = \(VTdiag(aJ)VY1 VTdiag(ngg(ﬁ) (5.15)

~
projection matrix P

to be used in the polynomial approximation py(L). The spectral density weights
w may be pre-computed before training and combined into the projection matrix
P ¢ REFDXS which projects from the exact filter values go(€) to the polynomial
coefficients «,. Finally, these coefficients are used to approximate the wavelet filter

matrix
Wy~ ol + L+l + ... (5.16)

where we have dropped the coefficient’s explicit dependence on the scale parameters

f for notational clarity.

5.4 Experiments

5.4.1 Synthetic Multi-Scale Graphs for Scales Recovery and

Predictions.

The concept of multi-scale corresponds to different things depending on if we are in

the graph spatial or spectral domain. In the spectral domain, this is characterized
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Figure 5.4: Scale recoveries using exact wavelets and polynomial approximations on
50% of data. The ground truth (a) is made of a low-pass a = 12 and two band-passes
s = 1.2 & 6 shown in (b)-(d).

by different dilation of the band-pass filter, whereas spatially we often associate
higher level scales as clustering of clusters. If the graph is spatially multi-scale, the
different levels of clusters translate to gaps in the eigenvalues, which means we can
apply certain characteristics to each level by adjusting a number of ground truth
wavelet filters. In this synthetic setting we apply our model to graph data simulated
to have both spectral and spatial multi-scale properties. We show that in optimizing
the GP prior for the model fitting process, we can accurately recover different scales

in the wavelets of the ground truth.

We start by sampling a multi-scale graph through a specially designed algorithm. We
use the Erdés-Rényi (ER) random graph as the base generator, and the algorithm
involves repeatedly sampling ER graphs to replace the nodes in that level. Continu-
ous labels are then generated for the nodes by sampling from a Gaussian prior with
wavelets in the kernels. Let W, represent a set of wavelets with pre-chosen set of

scales ¢ = {a = 12,81 = 1.2, 89 = 6} such that W, = h,(L) + g5, (L) + gs,(L). We

do not specify any node attributes, hence an identity kernel is assumed for K. To
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Figure 5.5: (a) graph split into training (yellow) and testing (purple) nodes, only
training node labels are made available to the model. (b) node labels of full graph.
(c) prediction of full signal using only the training nodes. (d) Node standard devi-
ation of posterior (these are 0 at training nodes).

obtain the node labels, we sample from the Gaussian process
y ~ GP(0, WyW]). (5.17)

We split the labels y randomly into yiain and yiess, with only yi.in made available
to the model for training. The model we use will take the form f ~ GP(0, WoW, )
where f is the prior between the training and testing nodes and § = {«, 51, B2} are
parameters to be found based on the training labels provided. As in the semi-
supervised setting, the full graph will be made available to the model through
computing the full Wy matrix, and 6 is then found by maximizing the marginal
log-likelihood P(ytyain|6, G). Once the hyperparameters are found we can condition
on the training data to obtain the predictive distribution P(yiest|Ytrain, ¢, G). This
distribution provides us with the mean prediction and confidence intervals as shown

in Figure 5.5.

We look at two particular performance measures: the mean absolute error (MAE)
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Ranked spectrum of Cora Method Cora Citeseer PubMed
- GCN [44] 80.5 £0.8 68.1 £1.3 77.8 £0.7
GAT [28] 82.6 £0.7 72.2 £0.9 76.7 £0.5
ChebNet [76] 78.0 £1.2 70.1 £0.8 69.8 +1.1
- LanczosNet [110] 79.5 £1.8 66.2 £1.9 78.3 £0.3
AdaLanczosNet [110] 80.4 £1.1 68.7 £1.0 78.1 +0.4
Ranked spectrum of Citeseer GP [42] 608 54.7 715
GGP [42] 80.9 69.7 77.1
GGP-X [42] 84.7 75.6 82.4
% 1000 ChebGP (ours) 79.7 66.5 77.2
, WGGP (ours) 84.7 70.8 78.4
e e R e WGGP-X (ours) 87.5 76.8 90.0
Figure 5.6: Ranked spec- Table 5.1: Predictive accuracies of our proposed
tra of Cora and Cite- Wavelet Graph Gaussian Process model compared to
seer. Both present dis- a number of baselines. Results are reported with the
tinct ranges of eigen- mean and standard deviation over 10 runs except for
values, suggesting multi-  Gaussian process models, which do not require random
scale graph structure. weight initializations.

between the ground truth wavelet filter and the recovered filter at the eigenvalues,
and the MAE between yie, and the posterior mean of P(Yest|Yirain, 0, G). For each
selection and percentage of nodes used during training, we sample multiple labels
as in (5.17) to recover the filters from. The MAEs can be found in Figure 5.3. The
ground truth and recovered filters (via both exact formulation and approximation)
for one specific example are presented in Figure 5.4a, while the individual filters
has gs,, gs, are also shown in Figure 5.4b - 5.4d. More results on scale recovery and
predictions on synthetic data (including comparison against baselines) are presented

in Appendix B.

5.4.2 Semi-Supervised Classification on Graphs.
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Figure 5.7: We evaluate the performance of our WGGP model when rejecting sam-
ples with high predictive variance, i.e. samples with high uncertainty. If the predic-
tive variance estimates are well calibrated, as the variance threshold increases, fewer
samples with high uncertainty are rejected and the accuracy should decrease.

We apply Wavelet Graph GP (WGGP) to three citation networks [111], which are
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commonly used as benchmark data sets for graph-based models. Here, the under-
lying graph consists of citations and the node features are bag-of-words (BOW)
re-weighed using the popular term frequency-inverse document frequency (TFIDF)
transformation. The prediction targets are the topics of the scientific papers in the
networks. For the base kernel of the GP, we use a degree 3 polynomial kernel on the
TFIDF features, which has been empirically shown to work well with similar mod-
els. The wavelet kernel uses two band pass-filters and a low-pass filter. The wavelet
kernel is approximated with a degree 5 polynomial for Cora and Citeseer and with
a degree 3 polynomial for PubMed. Moreover, for Cora and Citeseer, the kernel is
used as part of a non-sparse variational GP, whereas for PubMed we use a sparse

variational GP to enable stochastic optimisation of the ELBO using mini-batches.

The hyperparameters of the model are the initial band-pass scales and whether a
low-pass filter should be included in the kernel. We train all GP models for up to 300
epochs with a learning rate of 0.01. Similar to [42], we thus also report the result of
WGGP trained on both the training and the validation set and refer to it as WGGP-
X. The results are presented in Table 5.1 where our model is very competitive against
a set of state-of-the-art baselines including graph neural network and GP models. In
particular, LanczosNet and AdaLanczosNet [110] were included as, like the method
proposed here, they are designed to extract multi-scale information from graphs.
We also included a version of our model called ChebGP, which uses Chebyshev
polynomials for the spectrum approximation method, to show the superiority of
the polynomial approximation method we adopted. Our model outperforms both
a vanilla GP model operating solely on the node features and the Graph Gaussian
process (GGP) [42] aggregating information from the first-hop neighbourhood, thus
highlighting the benefit of our multi-scale approach. Additional results and ablation

studies are presented in the Appendix.

5.4.3 Uncertainty Estimates.

Unlike the neural network baselines, our proposed GP model performs approximate
Bayesian inference and therefore outputs confidence estimates for its predictions at
cach node v; via the variance of the variational predictive distribution ¢(y;). We
expect reliable variance estimates to be useful in deciding which samples to reject
(and potentially send to a human labeller) because the model is unable to make a
prediction with high enough confidence. We evaluate our model in this regard by
computing its predictive accuracies for different variance thresholds. For a lower
threshold, more low-confidence samples are rejected, which should lead to a higher

predictive performance. We confirm that this property holds for the confidence
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estimates of our model via Figure 5.7.

5.5 Discussion

In integrating wavelets with a GP, we have developed a model that is capable
of capturing multi-scale information in the data. By including different wavelet
scales, the model combines various levels of localization on graphs to capture be-
yond low-frequency elements. Even though the function is defined in the graph
spectral domain, by adopting a polynomial approximation we avoid an expensive
eigen-decomposition, allowing the model to scale to larger graphs. We show on
synthetically generated data that different scales can be recovered accurately, and
the multi-scale approach leads to competitive performance on real graph data sets

against state-of-the-art graph models.

Applying the proposed wavelet model to a task at hand requires taking a number
of practical considerations into account. Firstly, the number of scales in the wavelet
kernel should ideally be chosen in a way such that the multi-scale graph data is
captured by the different scales of the wavelets (although the model is robust to
varying number of scales, cf. Appendix B). For example, we may aim to match
the number of scales in the kernel with the number of gaps in the spectrum by
estimating the eigenvalue distribution of the graph Laplacian, which is already part
of the wavelet transform approximation. Secondly, given the nature of wavelets
as dilated and shifted band-pass filters, an interesting question is which mother
wavelet to choose for the GP model. While our model is robust to different choices
of the mother wavelets (cf. Appendix B) certain options might be preferred for a
given task based on their localization properties in the spatial and spectral domain.
Finally, which nodes are selected for training can impact the learning process and
final performance. If domain knowledge is available, one may look to find strategic
ways to sample training nodes that will lead to the best possible characterisation of

input data given a limited sampling budget.
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Chapter 6

Transductive Kernels for (Gaussian

Processes on Graphs

Continuing with the work on semi-supervised problems on graphs, we now look to
find a unified framework of kernel functions for attributed graphs. Kernels have
been defined for general feature data, and for graphs (ignoring any node attributes)
separately, but there is yet an option that takes into account both information. In
this chapter we derive a kernel that depends on the graph connectivity as well as the
node attributes (which will be used as feature data). This kernel will therefore be the
most generalized definition for attributed graphs, and we provide the interpretability

for each component so any user can easily design the overall kernel.

6.1 Introduction

Recent studies into building GPs on graphs have proved to be competitive against
state-of-the-art graph neural network (GNN) models, giving rise to various kernel-
based approaches for semi-supervised classification in [42, 53, 43] as well as Chapter
5 of this thesis. In this work, we focus on deriving more generalized kernel functions
for semi-supervised problems on graphs. Graph data of this form often comes with
node attributes, which we will use as feature data, and in designing a kernel for such
graphs, the challenge is in embedding the graph connectivity as part of the kernel

along with the feature data.

The most representative approaches to building GP on graphs for semi-supervised
classification are [42] and Chapter 5, where the authors made use of a matrix trans-
formation on a non-graph base kernel on the node feature data. This could be a

limiting factor for the model as the graph information comes into the model through
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a linear transformation. Furthermore, in this work we found if the base kernel is
not particularly suitable, adding the graph elements will not be effective, and these
models do not have a way to adjust the influence of the graph against the feature

data kernel.

To address these issues, we use the principles of kernel design through regularization
theory to derive a kernel with the ability to naturally handle the graph and feature
data. In this approach, kernels are obtained by choosing regularization functions and
finding a reproducing kernel Hilbert space (RKHS) [24], typical continuous kernels

such as RBF and Matérn kernels can all be derived in this manner.

The regularization approach has been translated to the graph domain in [25], but
currently this kernel depends on the graph only, and cannot incorporate node data.
However, this method can be extended to graphs with node feature data, and in
this chapter we show how this can be achieved. We start by introducing the reg-
ularization approach to derive kernels for feature data, and for graphs separately.
We then present our approach by combining the two regularizers to obtain a kernel
for graphs with node data, leading to our proposed model. The resulting model
has transductive properties, meaning it trains on the full graph and all the nodes’
data (but only the training node labels), and can better capture the distribution of
the dataset. In addition, our kernel provides a clear way to control the influence
of the graph compared to the feature data kernel. We then show that our setup
is general, and that many graph learning models are actually instances of our de-
sign. We demonstrate the advantages of our model on synthetic data that are highly
non-Euclidean while using relatively small training set. Lastly, we test on various
real-world graph-data in semi-supervised classification, comparing against various

graph GP and popular GNN models.

6.2 Background

6.2.1 Kernels via Regularization

We derive kernels based on the regularization theory introduced in Chapter 2.3,
we reiterate the important details here. Many machine learning models can be
formulated as a minimization problem of a loss function, and often regularizers can
be added to the objective to enforce certain structures on the model (for instance
to avoid over-fitting). By examining the regularizer, kernel functions can then be

derived by assuming that solution comes from an RKHS. In the continuous domain,
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as described by [24], we start with the following regularization problem

argmin - loss(f,y) +Q(If11%) (6.1)

between model f as a function of x;, and labels y. We consider the regularizing

function that can be represented by an inner product

QUL = (f,r(A)f) = (f, P (6.2)

The norm is specified as a Hilbert space H characterized by the smoothness measure
r(A) on f. In Chapter 2.3, we established that

K =7r"'(A). (6.3)
or elementwise
k(x,x') = T_l(A)(x,x/). (6.4)

This is derived by solving Kr(A) = 6(x — x'), ensuring H is a RKHS.

6.2.2 Kernels and Regularization on Graphs

A graph dataset G can be defined by (V, A, (X,y)), where V = {vy,...,vun} is the
set of vertices each with associated node attributes x; € X and label y; € y, A is
the symmetric adjacency matrix, and we will refer x; as the feature data of the node
from the full data matrix X.

Let f be a function or signal on the graph, we again start from the regularization
problem of (6.1), but instead of A the dependence is now replaced by the graph

Laplacian
Q(IIF[]*) = (£, r(L)f) = £ r(L)F. (6.5)
In Chapter 2.3.1, we showed that the kernel on a graph is computed as follows
fIr(L)K=f = K=r"Y(L). (6.6)

The kernel derived here is a measure of similarity between nodes using solely the
connectivities of the graph, and not on any node feature data. In the next section, we
introduce how to derive a kernel on graphs that is also dependent on any additional

node feature data.

81



6.3. TRANSDUCTIVE KERNELS FOR GRAPHS WITH FEATURE DATA

The kernel in (6.6) can also be expressed in terms of the eigen-decomposition of
L as Ur~'(A)U". This we note is the same form as the filtering equation (2.6)
introduced in Chapter 2.1 and therefore has interpretations as filtering on graphs.

1

Since the function »~' acts on the graph Fourier spectrum, and the shape it takes

will inform the user of the smoothness profile of the model.

6.3 Transductive Kernels for Graphs with Fea-

ture Data

Most graphs have feature data x; associated with each node v;, therefore there is the
need to find a kernel of the form k(x;,x;|G) for node-level Gaussian processes. We do
this by noting that x; belongs to a continuous space, while the nodes themselves fall
on the graph space. Thus, if we are to take into account both spaces of information,

we should use two regularizers
Q(I[E]]?) = (£, [r1(A) + r2(L)]f). (6.7)

The choice of adding r1(A) and 75 (L) is important as this leads to novel kernels later
on. However, one also has the option to multiply the two regularizers, to be used
solely or included as a third additional regularizer above. Which terms to include
is down to what the user deems appropriate for the problem, and dependent on the

complexity of optimizing additional kernel hyperparameters.

Like the previous section, by the reproducing property, the kernel is
K= [TI(A> + TQ(L)]_I. (68)

Although we can simply take the (7, j)th element of the inverse to obtain k(x;,x,|G),
we can write this in a more explicit form by using the Woodbury formula [112, 113],

first setting K; = 7,1 (A), we can express (6.8) as
Ki'+ (L) =K, — Ki[K; + 75 (L)) 'K, (6.9)

A slight variation on the use of the Woodbury formula is the following, which prac-
tically we found to be more stable and is therefore the version we use in our imple-

mentation

K7+ (L) = Ky — K1+ (L) K] (LK, (6.10)
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from which we can see that elementwise
k(Xl, Xg) :kl(Xl, X2) — ]{?1 (Xl, X)T[I + TQ(L)Kl]_lrg(L)k'l (X, X2) (611)

where X is the matrix of feature data on all the nodes.

The notable feature of (6.11) is that the kernel between any two points depends
on the full graph Laplacian and the feature data on every node X. This gives the
kernel the transductive property, as during training the model has access to both the
training and test node data (the node features), and any potential unlabelled nodes,
but importantly only the training labels. This is similar to the resulting kernel of
[114], but this approach solely modifies the Hilbert space by weight construction
between points, instead of using separate graph information. Furthermore, with
a learnable 7y, which we will introduce in the next section, this kernel not only

captures the distribution of the input data, but also the smoothness of the labels.

The transductive nature of the kernel is due to the inversion of a set of matrices in
(6.11), this means evaluating the prior requires a complexity of O(N?) for size of the
graph N. This is currently a limitation and therefore this kernel can only handle

graphs of reasonable sizes.

6.3.1 Flexible Modelling of Regularization on Graphs

The regularizer r;(A) does not enter the kernel when using the version of Woodbury
formula to specify (6.10). Generally, we skip defining r1(A) as it sometimes does
not exist, for example for dot product kernels [115]. Instead, we can directly choose

the kernel K, and examples of such can be any typical kernel such as the RBF

5 % — %

_ 6.12
with 0% acting as the variance term. Meanwhile, examples of (L) are ro(L) =
U%(I + aL), or a—lgexp{aL} for a > 0, which along with the choice in [114] are of
low-pass nature when inverted to obtain the kernel [25]. A more flexible option is
polynomials, and in order to specify this we first have L = UAU leading to the

graph regularization term written as

ro(L) = iUTQ(A)UT (6.13)

2
)

where 75 can be defined as an element-wise function on the graph Laplacian eigen-

values \, and o3 acts as the variance term of r5(L). The polynomial coefficients can
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Model Name r1(A) ro(L)
Label Propagation Label Propagation [116] 0 L (T+al)
Kernels on graphs Regularized Laplacian [25] 0 (I+0%L)
Diffusion [25] 0 exp{";L}
p-step random walk [25] 0 (aI-L)7?
Cosine [25] 0 (cos(Li/4))~1
GP kernels Matérn kernel on graphs [54] 0 (% — L)v/>+d/
Laplacian kernel [3] L+ [|A]? 0
Gaussian kernel 3] eIl 0
Matérn kernel on manifolds [54] (% — A)v/2HdA 0
Graph GP GGP [42] (PT) (APt 0
Wavelet Graph GP WGGP [30] (WhH=lr(A)w-! 0
Transductive kernel (ours) TGGP (ours) (% — A)v/2HdA Ulsoftplus(1 + >, (8AY))UT

Table 6.1: Various types of graph learning models that can be considered instances
of the transductive GP. For GGP and WGGP, the matrices are P = (I+D) "} (I+A)
and W = h(L) + g1(L) 4+ go(L) for low-pass h and band-pass ¢; and go defined in
[30]. 7(A) is not defined for these two models due to the kernel used being a dot
product kernel, which does not have a corresponding regularization function.

be freely learnt during the optimization, but we require r5(A) > 0 for all A in order
to avoid any non-positive definite matrices which may lead to a singular kernel. We

achieve this by passing the polynomial through a positive softplus function

d
r9(A) = 1 4 softplus < Z ﬁi)\i> (6.14)
i=0
where each §; is learnt freely, softplus(z) = log(1 + €*), and the addition of 1 helps

with numerical stability and leads to interpretable filters that are between [0,1].

The variance terms o? and o2 not only capture the variance in the data, but also act
as weighting functions on the two terms in the kernel in (6.8). Thus, by adjusting
the size of these two hyperparameters, we can also tell which is more important

between the node feature data and the graph structure.

6.3.2 Relationships with Other Models

Our proposed kernel in (6.8) is a general framework for learning on graphs. Notably,
when the two terms 71(A) and 79(L) take certain forms, we recover well known
models on graphs. We present a number of these in Table 6.1. The most noticeable
element from this table is that all existing kernel-based models correspond to having
only one of 71 (A) or ro(L), and importantly they lack a second regularizer. On the
other hand, our model is unique in that it combines the two regularizers, therefore

having the capacity to capture information in both the node features and the graph.

In addition to summing the two regularizers, it is also possible to include the product

of two regularizers, but this is the less interesting case as it simply leads to product
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training (red) and test points Prediction, MAE = 1.67 Prediction, MAE = 0.50

(a) Ground truth (b) GP with RBF (c) Graph only (I+ oL)™!

Prediction, MAE = 0.35 Prediction, MAE = 1.65 Prediction, MAE = 1.30

(d) TGGP (ours) (e) GGP [42] (f) WGGP [30]

Figure 6.1: Swiss roll regression training on 10 points. Each plot shows the pre-
diction from a GP model and the MAE is computed against ground truth in (a).
Model (d) best resembled the ground truth and produced the lowest MAE. Results
from repeated runs are presented in Fig. 6.2

kernels. This is comparable to GGP and WGGP, both of which combine the graph
information with the feature kernel through multiplication (but with a transform
matrix instead as PKP'T and WKW ). The properties of product kernels, as well
as additive kernels, have been discussed in Chapter 2.4 of [117], describing multi-
plication and addition as “and” and “or” operations respectively. More precisely,
product kernels will only have large values when both of the individual kernels are
large, thereby assuming the labels have strong dependence on both similarity mea-
sures; additive kernels on the other hand can be large if either of the individual
kernels is large, and this is equivalent to modelling multiple sources of information
that can contribute to the prediction. In our case we have additive regularizers, but
due to the transductive nature and the inversion in (6.10) make it capable of mod-
elling more complex patterns compared to additive kernels. However, the role of the
two regularizers play can be interpreted in a similar way - if two nodes are similar
in their features or based on the graph, then they should be penalized less in the
minimization of (6.1), and vice versa. On attributed graphs of various homophily
levels, each pair of nodes can be similar due to their feature data, the graph, or both,
therefore additive regularizers are the more flexible choice to control the influence
of each source of information. However, the definition of the transductive kernel

is flexible and the user can choose to include product of regularizers to replicate
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Figure 6.2: Mean MAE and standard error over 10 samples of Swiss roll synthetic
data on different number of training nodes.

kernels used in existing graph GP such as GGP and WGGP.

6.4 Experiments

6.4.1 Synthetic Results

We first experiment on the Swiss-Roll dataset, where the non-Euclidean nature
gives the need for using a graph. We sample 1000 points from the roll-like surface
on which we construct a k-nearest-neighbour graph on the coordinates with k£ = 4,
a relatively small choice while ensuring the graph is fully connected. Each point has
a continuous label that is increasing as the roll moves from the inner-most end to
the outer-most of the surface. The nodes have coordinates as attributes which we

will use as feature data.

The transductive nature of the kernel heavily exploits the graph’s ability to capture
the roll-like structure, allowing the distribution of the test points to have a big effect
on the prediction. As a result, the model picks up more information than simpler
models, and this advantage is most apparent on fewer training data when other
models struggle to learn. To demonstrate this, we randomly use only 10 labels as

training, and predict the labels on the remaining 990 points.

We compare against kernels using just the feature data (standard GP), and graph
only [25] as sanity checks, while GGP [42] and WGGP [30] are both kernel-based
models, but with a different setup to our model. The predictions are visualized on
the graph along with the MAE on the test node labels in Fig. 6.1.

Using the graph only kernel in Fig. 6.1c already improved on the MAE of the GP
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Method Texas Cornell Wisconsin Chameleon Cora Citeseer Squirrel Actor
# Nodes 183 183 251 2,277 2,708 3,327 5,201 7,600
Homophily Ratio 0.11 0.30 0.21 0.23 0.81 0.74 0.22 0.22
GCN [44] 59.5 £5.3  57.0 £4.7  59.8 £7.0 59.8 +2.6 80.5 £0.8 68.1 £1.3 36.9 £1.3 30.3 £0.8
GAT [28] 58.4 +£4.5 589 £3.3  55.3 £8.7 54.7 £2.0  82.6 £0.7 72.2 +£0.9 30.6 +2.1 26.3 £1.7
ChebNet [76] 77.3 £4.1 74.3 £7.5  79.4 £45 55.2 £2.8  78.0 £1.2 70.1 £0.8 43.9 £1.6 34.1 £1.1
LP [116] 37.8 21.6 23.5 44.5 71.3 49.9 32.7 22.4
GP [42] 78.4 73.0 78.4 46.1 60.8 54.7 34.4 34.9
GGP [42] 78.4 62.1 60.8 73.5 80.9 69.7 64.8 26.3
ChebGP [30] 81.1 64.9 82.4 69.1 79.7 66.5 28.8 31.8
WGGP [30] 78.4 67.6 84.3 64.5 84.7 70.8 58.3 32.6
TGGP (ours) 81.1 75.7 82.4 63.2 80.3 70.5 53.8 34.9
GGP-X [42] 78.4 56.8 60.8 77.6 84.7 75.6 71.9 23.0
WGGP-X [30] 81.1 75.7 84.3 65.6 87.5 76.8 61.3 32.7
TGGP-X (ours) 86.5 81.1 86.3 63.4 83.8 76.7 54.2 36.9

Table 6.2: Classification percentage accuracy on real-world datasets. The -X ver-
sions trains on both the training and validation sets. The two best performing
models and the highest -X version are highlighted.

alone in Fig. 6.1b, indicating the graph is more informative than the feature data.
This is due to the graph’s ability to measure the inner and outer-most parts of
the roll shape to be the furthest apart, and therefore detect the linearly increasing
pattern of the node labels. TGGP on the other hand combines the two and was
the best in terms of MAE and reproducing the pattern of the ground truth. Current
graph GP models GGP and WGGP rely on the base kernel corresponding to the
GP, this base kernel is the commonly used RBF, which does not capture the non-
Euclidean nature of the data. Because the graph transforms P and W are multiplied
with the base kernel, this induces the "and” relationship of product kernels to only
take large values when both the base kernel and the graph transforms are large, and
as the base kernel does not pick up any particular patterns in the data it limits the

amount of influence of the graph information.

We further provide the MAESs for different training sizes and over multiple realiza-
tions of the Swiss-roll in Fig. 6.2. As the training points increase, the GP starts to
show its predictive power, which indicates the feature data is now more informative.
In this case, only TGGP continues to perform as well as GP as it has the ability
to weigh the graph and feature data within the kernel, while GGP and WGGP
only contains a single variance over both sets of information and therefore forces the

graph convolution onto the feature kernel.

6.4.2 Real World Experiments

We lastly perform semi-supervised classification on a number of real-world graph
datasets. We take A’ = (A 4+ AT) as the adjacency matrix if the graph is directed

to ensure eigenvalues are real. The ry function is chosen as a degree 4 polynomial,
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Figure 6.3: Polynomials r; '()\) learnt on the real-world dataset, interpreted as graph
filters. High homophily datasets (e) and (f) have clear low-pass natures, while the
other 6 are low homophily and generally contain high-pass elements, except (h)
which behaves more like a low-pass but with a slower decay.

and a Matérnl2 is used for K;. We use the public split of training, validation,
and testing sets, as sometimes the training set is smaller so this will showcase our
model’s ability to learn on less data. Hyperparameters in TGGP are inferred on the
training labels, leaving the validation set usually required for GNN hyperparameter
tuning unused. Therefore, much like the GP models of [42, 30], we also include the
-X version where we include the validation labels in the training. As we are in a
classification setting where uncertainty measure is less useful, we simply make use
of a multi-output regression GP to predict continuous values for each class, followed
up taking the argmax to obtain the prediction class. The classification accuracies
are shown in Table 6.2, where we compared mainly against graph GP models as well
as popular GNNs. TGGP was the best performing model in a number of datasets
while still being amongst the top in others. TGGP-X also performed similarly

compared to other -X models.

A way of measuring the smoothness of the data is through the homophily ratio,
and current graph-based models are known to perform well when the ratio is high
such as Cora and Citeseer, on which TGGP performed competitively. The other
datasets exhibited relatively low ratios, and it was clear that none of the baseline
models performed consistently well across all these datasets. TGGP, on the other

hand, made use of the flexible polynomial to pick up non-smooth elements in the
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data, as a result it was the only graph GP model that consistently improved on the

GP which does not make use of the graph in any way.

The ry element in the transductive kernel can provide information on the smoothness
nature over the graph. In particular, 7, '()\) takes the form of a graph filter (2.6),
and as we chose to freely optimize the shape of the polynomial, thus adapting to the
smoothness profile of the data. In Fig. 6.3 we display these filters for each of the real-
world datasets. Firstly, we observe that in Fig. 6.3e and 6.3f, the high homophily of
Cora and Citeseer lead to a low-pass filter, confirming that high homophily generally
indicates existance of low-frequency elements. The more interesting behaviours are
therefore the other 6 plots in Fig. 6.3, which are generally of low homophily. In such
data the labels are less smooth and this leads to less predictable filter shapes, but
the most notable pattern is the existence of high-pass information, indicating the
existence of high frequency elements in the data. The exception is Actor (Fig. 6.3h)
which resembles a low-pass but with a noticeably slower decay, thus still making it

somewhat different to the other high homophily datasets.

6.5 Conclusion

We have proposed an extensive definition of kernels on graphs that can take into
account both graph information and node feature data for semi-supervised learning.
Using the graph inherently makes the kernel transductive, allowing the model to
learn on the test information and better capture the distribution of the full dataset.
Our proposed kernel is generic, and we have shown that numerous kernels and
Laplacian-based models are instances of our design. Our model showed a superior
ability to learn on synthetic data, particularly when operating on datasets with a
small number of training points and exhibit a highly non-Euclidean nature. On real-
world graphs, we also showed competitive performances in classification accuracy

against various graph GP and GNN models.
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Chapter 7

Sheaf Laplacian (zaussian

Processes

The performance of node level classification can also be improved by modifying the
input graph, this however is an under-explored approach particularly with GPs.
Recently, learning with sheaves has become a trend for semi-supervised problems
on graphs, lifting the graph into a higher order and more generalized structure that
can account for less smooth data. On a sheaf, nodes and edges are assigned vector
spaces that can encode more descriptive connections, while the sheaf Laplacian
has also shown higher separation power compared to the original graph Laplacian.
Thereby, in learning a sheaf over the graph, we are also modifying the graph to aid
the predictions made by the model. For this piece of work, we look to incorporate
a neural network to learn the optimal sheaf as part of the GP training, to design a

sheaf Laplacian GP that makes use of the beneficial properties of sheaves.

7.1 Introduction

In the studies of GNNs, there has also been rigorous testing of the models to find
when they perform well and when they become limited. Recently, two particular
problems observed have been the focus of multiple studies: poor handling of het-
erophilic graphs [45], and over-smoothing [118]. In order to overcome such problems,
researchers have looked into different approaches such as better utilization of larger
neighbourhoods, as well as spectrally defined functions (e.g. [119, 120]) to build
more powerful predictive models. Amongst the various approaches proposed, one

new trend has revolved around the use of sheaves [26].

Sheaves come from a sub-field of algebraic topology and geometry and can be con-
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7.1. INTRODUCTION

sidered as a generalization of graphs [26]. Much like the advantages that graphs
offer, sheaves also model relational data, but with the addition of vector spaces as-
signed to the nodes and edges and restriction maps between them to encode higher
dimensional embeddings. The previously mentioned problems with GNNs can be
ascribed to the given graph being too simple, as homophilic and heterophilic connec-
tions are all represented by the same type of edges. Therefore, there is the need to
expand the information embedded in the edge connectivity in order to capture more
complex relationships between nodes. Recently, GNNs operating on sheaves have
consistently shown superior results in node classification particularly on graphs with
relatively low homophily compared to ones operating on graphs [121, 27, 122]. The
work of [27] also provided extensive theoretical analysis proving there is a higher sep-
aration power from the sheaf Laplacian compared to the graph Laplacian, and sheaf
Laplacian operators form the building blocks for distinguishing nodes in each sheaf
neural network layer. Furthermore, even one-dimensional sheaves can offer benefits,
with the edges modified in a similar manner to attention on graphs. Though the
sheaf structures may not be available in data in general, we can take note from the
work in [27] that demonstrated the sheaf can be learnt as part of the model training,
thus providing a data driven approach of modifying the input graph to improve the

model predictions.

In our previous studies of graph GPs, we focused on the handling of less smooth
data from a spectral perspective, where the model is often designed in the graph
spectral domain to incorporate higher frequency elements (see Chapters 4 & 5).
While heterophilic data are considered non-smooth, they do not always have a direct
spectral interpretation. Generally, node labels that have high homophily tend to
exhibit a low-pass nature, but the relationship between low homophily and high
frequency elements is less clear-cut, and it may be possible that the information
present in the spectral profiles alone cannot fully describe the heterophilic labels.
Therefore, there is the need to tackle graphs of various homophily levels in a different
way, and the sheaves perspective provides a novel direction in the form of modifying
edges. In this chapter we look to incorporate sheaf Laplacian learning through a
neural network as part of the kernel, this incorporates an additional learning aspect
in the form of modifying the input graph as part of the training of a GP. This could
be particularly useful in heterophilic graphs where nodes are more connected with
differently labelled nodes, and the ability to modify the edge weights can help steer
the model to focus on nodes with the same label. This approach is comparable to
the work that integrates neural networks within GP kernels such as [52, 50, 51],

however, our use of the neural network leads to a clear interpretation as learning of
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the sheaf edge connections.

A notable design with current graph GPs such as [25, 53] as well as Chapter 5 & 6 is
that the graph information is induced from the Laplacian, an element that we look
to continue with. When working with sheaves, the sheaf Laplacian instead becomes
the operator that governs the model setup. The dimension of the sheaf Laplacian is
determined by the dimension of the vector spaces equipped on the sheaf edges (and
the number of nodes), and although there are benefits to using higher dimensional
sheaves, keeping the embeddings as scalars ensures the sheaf Laplacian has the
same dimension as the graph Laplacian, making for an easy transition from graph
to sheaf GPs. In this work, we thus look to incorporate sheaf learning through a
linear layer as demonstrated in [27] to infer a one-dimensional sheaf Laplacian that
is fed directly into a graph GP, replacing the previously graph Laplacian dependent
kernel functions. In addition to the performance improvements this offers, we also
analyze the resulting sheaf learnt from training, to show the difference that one-
dimensional sheaf learning makes on the graph homophily, and further explain how

the edge modifications are steering the model towards predicting the correct label.

7.2 Background

7.2.1 The Graph Laplacian

The graph Laplacian is often specified directly by the difference between the diagonal
degree matrix and the adjacency matrix. However, it can be more formally defined
through the notion of gradients, which measures the difference in the function values
between two nodes. Gradient operators on graphs first require an ordering of nodes
to determine the direction of the difference operator over each edge, once this is

chosen, this operator ¥ can be applied to any data over the nodes x as
(qjx)e=(v,u) =Ty — Ly, (7.1)

for x,, x, € x corresponding to the data on node v and u respectively, and the node
that comes first in the ordering is given the positive sign. This operator ¥ is also
known as the incidence matriz, with each row representing an edge in the graph
and each column representing a node. The entries in each row consist of 1 and -1
for the two nodes connected by the edge, and zero everywhere else, with the sign
determined by the ordering of the nodes. An example of ¥ can be found in Fig. 7.1

for a simple small graph.
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Figure 7.1: Incidence matrix of a graph representing the gradients ¥, and how this
is applied to the node data x = (1, 79, T3, 74) "

The graph Laplacian is then defined as the divergence of the gradient, this is com-
puted by applying the transpose of ¥, leading to

L=0v'"UV=D-A. (7.2)
When applied to the node data, this leads to
(Lx), = 3 A, — ). (73)
Lastly, the normalized graph Laplacian can be computed as
L=D:LD: (7.4)

where we note D contains the diagonal terms of L.

7.2.2 The Sheaf Laplacian

A sheaf can be defined on top of a graph by assigning vector spaces to the nodes and
edges, and linear maps between the spaces. We present here the formal definition as
found in [27, 122, 121]: a cellular sheaf (G, F') is defined on a given graph G = (V, €)

consisting of
e A vector space F(v) for each v € V, called node stalks.
e A vector space F'(e) for each e € &, called edge stalks.

e A mapping F,«. : F(v) — F(e), called restriction maps, for each node-edge

pair v < e (e = (v, u) connecting node u and v).

We visualize this structure in Fig. 7.2a, where one can see the vector space F'(v)
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Figure 7.2: (a) Illustration of a single sheaf edge e between node v; and ve. (b)
d = 2 example: features x; are mapped to the node space F(v) through a linear
layer A, the feature maps F,<. then transform this to the edge space F'(e).

generally refers to the space relating to the node feature data. Meanwhile, F'(e)
is a common space where two connected nodes “interact”, allowing the encoding
of different connections depending on the values taken in the edge space. When
working with graphs alone, edges are generally pre-defined by edge weights, but the
addition of restriction maps that come with defining a sheaf allows for edges to be
varying in value and operate in potentially higher dimensions chosen by the user,
(see Fig. 7.2b for an example). Dimensions of F(e) and F(v) are often assumed
as equal and set to pre-chosen d, node feature data would be fed through a linear
layer and mapped into the space F'(v). The restriction maps are defined as matrix
transformations between F'(v) and F(e), together with the node and edge stalks
they have interpretations of opinion dynamics as explained in [123], where private
opinions fall on the node stalks while the edge stalks act as the space in which
these opinions are expressed publicly. The restriction maps go towards finding an
agreement between the two nodes, and can be interpreted as explaining the difference

between the node’s public and private opinions.

The restriction maps are used to construct the sheaf Laplacian, and this governs the
sheaf much like Laplacian operators on graphs. This definition will be integral to
building a sheaf GP by adapting graph GPs that are currently built on the graph
Laplacian. To define a d-dimensional sheaf Laplacian, we first define the gradient

operator ¥ as
(\Ijx)e = vslefcv - Fuﬂef(u (75)

for transformed feature matrix A(X) = X = (Xy,...,%y) where the linear layer A
maps each x; to dimension d, the operator ¥ is therefore the sheaf version of the
incidence matrix. We can interpret x, as the private embedded opinion of node

v, while F,«. with e = (v,u) represents the change from private to public when
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interacting with node u, the combination F,«.x, then represents node v’s public
opinion. The sheaf Laplacian is then defined by the matrix product Ly = UTW¥ and

when this is applied to the data matrix we get

LFX Z fu<le U<1@Xv - Fugle&u)~ (76)

v,ule

As a Laplacian, the matrix will be positive semi-definite due to the inner matrix

product of the gradient operator and has similar properties to the graph Laplacian.

When d is chosen to be higher dimensional, the sheaf Laplacian will have block
matrices in the positions of non-zero values of the graph Laplacian. The block
matrices are also computed from the restriction maps, with firstly the diagonal

computed as

LFm Z v<e v<1e (77)

v<le

while the non-diagonal block matrices are defined as

Lp, = —F L Fi.. (7.8)

v<le

Finally, we can obtain the normalized sheaf Laplacian as

for Dp defined to be the block diagonals of L.

If the vector spaces F'(v) and F'(e) are set to R (d = 1), this produces a sheaf
Laplacian that is the same size as the graph Laplacian, but the difference being in
the edge weights are modified by the restriction maps. Gaussian processes (GPs)
and kernels defined on graphs typically make use of the graph Laplacian, and so a
choice of d = 1 would make this compatible to be fed into a GP kernel for graph
data. The effect of lifting to a sheaf is therefore similar to performing attention on
the graph [124, 28|, where each edge is modified based on the features of the two
nodes it connects, and this can weaken or strengthen the connection depending on
how much the two nodes are alike. Thus, a sheaf even at one dimension can still aid

the prediction by acting as a graph modifier during training.

Another solution to the restriction maps can be found through vector diffusion
maps, as explained in [122] these mappings can be computed by learning orthogonal

transformations similar to on point clouds as described in [125]. Their construction
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relies on the “manifold assumption”, specifying that even though data lives in a high-
dimensional space RP, the correlation between dimensions suggests that in reality,
the data points lie on a d-dimensional Riemannian manifold M¢ embedded in R?
with d < p. For a set of points x, Xy, ..., € RP, M? has tangent spaces Ty, M at
each point (that can be computed for instance via PCA), and any mechanism that
can transform vectors between Ty, M and Ty, M would correspond to FUT aelo;<e,
also called parallel transport. The algorithm is described in more details in [122],
while Fig. 2.1 in [125] provides clear visualizations of how tangent spaces can form

transport maps.

7.3 Sheaf Laplacian Learning and Gaussian Pro-

cesses

The work of [27] demonstrated the ability to learn the sheaf through an MLP to
model the mappings F,«.. We therefore propose a similar framework, but feeding the
MLP’s output into the GP kernel and thus the neural network weights are inferred
as part of the training through optimizing the marginal log-likelihood of the GP.
The MLP from node v to edge e = (u, v) will take as inputs the features on the two

nodes connected by the edge e = (v, u)
P : R* — R¥M 5 RIx4, (7.10)

® therefore encompasses both the mapping of both features (x,,x,) into F(v) in

a hidden layer, and outputs the restriction maps as d x d matrices. Each layer is

defined as
hidden layer: (i%> = 0<V (XU> ) (7.11)
Xy Xy
output layer: F,qe) = J(W (i%) ) = (XU> . (7.12)
Xy Xy

The output of the linear layer is d X d matrix valued, and with the choice of d = 1
the product F|

vd(v,u

restriction maps F«(y,) for all node-edge pairs share the weights W of the linear

)Fug(w) leads to a scalar terms in the sheaf Laplacian. The

layer, but will depend on the node features and the order of x, and x,, thus the

restriction map of node u to edge e would be computed by

Fugl(v,u) = @(xu,xv) (713)
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This makes it possible to learn non-symmetric mappings for Fyq(w) and Fyq,e),

which has been found to improve the sheaf’s representation [27].

7.3.1 Sheaf Laplacian Gaussian Processes

We take inspiration from Graph Laplacian-based GPs proposed in Chapter 5 &
6, to define the sheaf Laplacian GP, with an integrated neural network & whose
weights V and W are optimized as part of the GP training. The sheaf Laplacians
in this section are therefore all specified by ® with entries determined by the node
features as defined in the previous section. Furthermore, we take the designs in
Chapter 5 which also shares similarity to [42], as our model of choice because of
shared characteristics with the sheaf neural network setting [27] in terms of how the

Laplacian is utilized.

Following the analysis of [27], the multiple layers of the sheaf neural network are
simulating a diffusion process X; = —LgX, for derivatives with respect to ¢, which
has the solution X; = exp{—tLg}. The sheaf neural network architecture is based
on the Euler discretization of this exponential with unit step size, which becomes
Xi11 = (I — Lg)X;. The message passing in each sheaf neural network layer is
defined as X;;1 = o((I — Lg)X;W), where the only difference is in the addition of
weights W and an activation function o. Having multiple layers is then replicating

the Euler discretization of the diffusion over multiple steps.

Amongst the available graph GPs, we choose the one that has the most parallel
with the sheaf neural network setup. We note the sheaf Laplacian is applied to the
neural network layer as a linear transform X;,; = r(Lg)X; where a function of the
sheaf Laplacian is represented generally by r. The GPs presented in Chapter 5 are
therefore the most similar due to the usage of the graph Laplacian, and r(Lg)f is

applied as a linear transform. Thus, we use the following prior on the GP

f~N(0,K) (7.14)
— 7r(Lg)f ~ N(0,r(Ls)Kr(Lg)"). (7.15)

If we were to match the sheaf neural networks, this would correspond to choosing
r(Ls) = exp(—alg) where we can add a hyperparameter . The Euler discretization
r(Lg) = I — Lg does not work however as we do not have multiple layers, and a
single layer can only induce linear sheaf information. Using this discretization may
be possible if it is used in each layer of a deep GP [11], replicating the diffusion

process simulated through the multiple layers of a sheaf neural network [27], but we
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will leave this as future work.

A simpler option is first to note that diffusion has smoothing low-pass properties,
so we can choose another low-pass function for a similar effect to the smoothing of

diffusion, one popular choice being the filtering matrix
r(Ls) = (I+aLg) ™" (7.16)

This is less computationally intensive compared to the matrix exponential of diffu-
sion, and utilizes the sheaf information in a non-linear way, making this more flexible

than the Euler discretization.

Lastly, for scalability to larger graphs, we can switch to a Chebyshev polynomial

Ty(x) to define the function r(Lg) in order to avoid the costly inversion of (7.16)

=
L

r(Ls) = ) 6iTi(Ls) (7.17)

i

where Lg = Lg — I, and the ;s become hyperparameters to be learnt. The degree
K determines the size of neighbourhood information to use, practically we found

K = 4 leads to a good performance.

The main difference between sheaf Laplacian Gaussian processes and previous graph
GPs is in the modification of edges through the sheaf learning, whereas existing
graph GPs for semi-supervised learning of [42] and what we presented in Chapter 4,
5 & 6 as well as other applications [15, 47, 60] all assume the given graph is fixed.
On heterophilic graphs, differently labelled nodes are likely to be connected, but in
current GP kernels they are aggregated in the same way as nodes with the same
labels. With a linear layer to compute the restriction maps, this leads to edges that
are now weighted, and the optimal weighting is found with respect to the training
loss. This makes it possible to infer a graph with generally larger edge weights
connecting nodes with the same label, and smaller weights for differently labelled
nodes. Meanwhile, in our previous chapters, we view the handling of heterophily as
learning a function in the graph spectral domain to capture any patterns as a result
of the non-smooth profiles of the data. However, if we wish to operate in the graph
spatial domain, modifying graph edges to increase the homophily ratio represents a

suitable spatial approach to improve the model’s performance.
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Method Texas Cornell Wisconsin Chameleon Cora Citeseer Squirrel Actor PubMed
# Nodes 183 183 251 2,277 2,708 3,327 5,201 7,600 18,717
Hom. Rat. 0.11 0.30 0.21 0.23 0.81 0.74 0.22 0.22 0.80
GCN [44] 59.5 £5.357.0 £4.7 59.8 £7.0  59.8 £2.6 80.5 £0.8 68.1 £1.3 36.9 +£1.330.3 +£0.8 77.8 £0.7
GAT [28] 58.4 +4.558.9 £3.3 55.3 £8.7 54.7 £2.0 82.6 £0.772.2 £0.930.6 +2.126.3 £1.7 76.7 £0.5
ChebNet [76] T77.3 £4.174.3 £75 794 £45 55.2 £2.8 78.0 £1.2 70.1 £0.8 43.9 +1.634.1 +£1.1 69.8 £1.1
MLP 69.8 £5.473.7 £3.7 78.1 £34  46.8 £2.0 43.3 £3.5 41.8 £3.6 30.0 +£0.7 32.8 +£0.8 32.7 £0.7
LP [116] 37.8 21.6 23.5 44.5 71.3 49.9 32.7 22.4 71.2
GP [42] 78.4 73.0 78.4 46.1 60.8 54.7 34.4 34.9 71.5
GGP [42] 78.4 62.1 60.8 73.5 80.9 69.7 64.8 26.3 77.1
ChebGP [30] 81.1 64.9 82.4 69.1 79.7 66.5 28.8 31.8 7.2
WGGP [30] 78.4 67.6 84.3 64.5 84.7 70.8 58.3 32.6 78.4
TGGP [31] 81.1 75.7 82.4 63.2 80.3 70.5 53.8 34.9 -
SheafGP (ours) 81.1 75.7 80.4 64.0 83.2 72.1 48.2 35.5 80.7
GGP-X [42] 78.4 56.8 60.8 77.6 84.7 75.6 71.9 23.0 82.4
WGGP-X [30] 81.1 75.7 84.3 65.6 87.5 76.8 61.3 32.7 90.0
TGGP-X [31] 86.5 81.1 86.3 63.4 83.8 76.7 54.2 36.9 -
SheafGP-X (ours) 89.2 78.4 80.4 66.0 87.0 77.3 46.0 37.2 86.0

Table 7.1: Classification percentage accuracy on real world datasets. *TGGP-X
[31] is not scalable to the biggest dataset PubMed, therefore no values are reported.
The two best performing models and the highest -X version are highlighted.

7.4 Experiments

7.4.1 Graph GPs Setting

We perform semi-supervised classification on a number of real-world graphs, with
edge homophily (defined in (3.5)) ranging from 0.11 (very heterophilic) to 0.81 (very
homophilic). We use the same splits utilized in Chapter 6, known for using smaller
training sets to highlight the advantages of a GP model. Our proposed model is
called SheafGP, consisting of a single linear layer with tanh activation for learning
the sheaf. This makes the neural network hyperparameters determined and will not
require tuning, therefore, the validation set is not used unlike other GNN models.
We can therefore present SheafGP-X that trains on the training and validation
set combined replicating the -X version of other graph GPs. Table 7.1 shows that
SheafGP and SheafGP-X are always at least competitive compared to the graph
GP models of [42, 30, 31], and was the best performing model on multiple datasets.

7.4.2 Sheaf Learning & Weighted Homophily Ratio

The sheaf learning element of the model will lead to a graph with modified edge
weights. This is the main difference between a sheaf GP and any previous graph
GPs, which assume the graph is fixed and the adjacency matrix contains either unit
or pre-given edge weights. To understand how the sheaf learning is changing the
underlying graph, we examine on the smallest three datasets the distribution of edge

weights connecting the same and differently labelled nodes, these are presented in
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Figure 7.3: The distribution of edge weights connecting two nodes of the same labels
vs different labels, edges connecting nodes with the same labels are generally larger.

Weighted Homophily Ratios

Unweighted Hom.
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Figure 7.4: Weighted homophily ratios h,, of the edge weights learnt from SheafGP
and the attention weights from a 2 layer GAT, error bars (black lines) are the
standard deviations over 10 runs. Unweighted Hom (blue) are the original homophily
ratios of the graph introduced in [45].

Fig. 7.3a - 7.3c. In these figures it is noticeable that edges connecting nodes with
the same labels are generally given larger weights. A way to measure the quality of
these weights is through the homophily ratio, however, the ratio defined in [45] is
currently for unit edge weights and thus not suitable for measuring weighted graphs.

We can get around this by defining the more general weighted homophily ratio as

_sum{e:e={u,v} €& and y, = Y}

i sum({e € £})

(7.18)
The weighted homophily ratio takes into account the edge weight instead of counting
the number of edges, thereby providing a measure of not just the number of nodes
with the same label, but also how much influence they have; the original graph ho-

mophily ratio we will now refer to as the unweighted homophily ratio. Meanwhile,
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Method Texas Cornell Wisconsin Chameleon Cora Citeseer Squirrel Actor PubMed
# Nodes 183 183 251 2,277 2,708 3,327 5,201 7,600 18,717
Hom. Rat. 0.11 0.30 0.21 0.23 0.81 0.74 0.22 0.22 0.80

Diag-NSD [27] 85.7 £7.0 86.5 £7.4 88.6 £2.8  68.7 £1.7 87.1 £1.1 77.1 £1.9 54.8 £1.8 37.8 £1.0 89.4 £0.4
O(d)-NSD [27] 86.0 £5.5 84.9 £4.7 89.4 £4.7  68.0 £1.6 86.9 £1.1 76.7 £1.6 56.3 £1.3 37.8 £1.2 89.5 £0.4
Gen-NSD [27] 83.0 £5.1 85.7 £6.5 89.2 3.8  67.9 £1.6 85.7 £6.5 76.3 £1.7 53.2 £1.3 37.8 £1.2 89.3 £0.4

GCN 55.1 £5.2 60.5 £5.3 51.8 £3.1 64.8 £2.2  87.0 £1.3 76.5 £1.4 53.4 £2.0 27.3 £1.1 88.4 £0.5
GAT 52.2 £6.6 61.9 £5.1 49.4 +4.1 60.3 £2.5  86.3 £0.5 76.6 £1.2 40.7 £1.6 27.4 £0.9 87.3 £1.1
MLP 80.8 +£4.8 81.9 £6.4 85.3 £3.3 46.2 £3.0  75.7 £2.0 74.0 £1.9 28.8 £1.6 36.5 £0.7 87.2 £0.4

SheafGP (ours) 84.3 £3.8 75.7 £4.7 85.7 £3.7 634 £2.0 87.3 £3.5 T7.7 £1.6 44.1 £2.1 36.6 £1.0 89.3 £0.8

Table 7.2: Classification percentage accuracy on real world datasets training on the
10 splits used in [27, 126].

a natural comparison for our SheafGP is against GAT [28], from which h,, can
be computed on the attention weights. We examine this ratio on the three smallest
datasets, comparing SheafGP against a simple 2 layer GAT, with the ratios pre-
sented in Fig. 7.4. From this figure, we can see the superior h,, from SheafGP on
all three datasets not just against both layers of GAT, but they are also higher than
the unweighted homophily ratios. This to some extent explains the improvement
offered from the sheaf learning as neighbouring nodes with the same label are gener-
ally given a higher weighting, which firstly increases the weighted homophily ratio,
and also steers the classifier towards predicting the correct label and diminishes the

influence of connected nodes from different classes.

7.4.3 Neural Sheaf Diffusion Setting

We lastly replicate the setting of neural sheaf diffusion (NSD) [27], which also ex-
perimented on the same datasets but over 10 chosen training and testing splits (and
validation). Here, the training set is sometimes larger than the split in Chapter
6 that we have used so far. The main models that we compare against are the
sheaf neural networks of Neural Sheaf Diffusion (NSD) with three different variants
each using a different sheaf learning basis, the results over 10 splits are shown in
Table 7.2. The NSD models are slightly superior to our SheafGP due to their use
of higher dimensional sheaves, often ranging from d = 3 to 5, therefore leading to
higher separation power. Using a higher dimensional sheaf is feasible in a neural
network as the Laplacian only enters the model as matrix multiplication with the
weights, while the dimensions can be easily modified in the neural network layer.
If we are to construct a GP on a sheaf with d > 1, the current challenge is firstly
in converting the larger Laplacian of size nd x nd into that of a covariance matrix
of size n x n, as well as dealing with the additional scalability of inverting larger
matrices that come with GP inferences. However, with d = 1, SheafGP was able

to produce comparable results to NSD, and even matching them on a small number
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of datasets (namely Cora, Citeseer, PubMed). Nonetheless, designing a sheaf GP

for higher dimensional sheaves will be an important future work.

7.5 Conclusion

Modelling graph data as sheaves has already provided many improvements and flex-
ibility compared to operating on the original graph. We have designed a GP for
sheaves by adapting graph Laplacian dependent kernels, using in its place a one di-
mensional sheaf Laplacian learnt through a linear layer feeding into the GP kernel.
Incorporating sheaves has led to superior performances on a number of benchmark
datasets compared to other graph GPs, while the sheaf learning aspect also pro-
duced well modified graphs comparable to attention on the edges. In particular,
it is visible that generally larger weights were assigned to edges connecting nodes
with the same label, and this has the overall effect of increasing the weighted ho-
mophily ratio of the graph. Lastly, against the sheaf neural networks, the sheaf GP
was still able to produce comparable results on a number of datasets, despite the
neural networks using higher dimensional sheaf Laplacians and benefitting from gen-
erally larger training sets. Nonetheless, building GPs on higher dimensional sheaves

remains an important and challenging future work.
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Chapter 8

Conclusion

8.1 Summary

Gaussian processes have always been an important element in the machine learning
library. However, as data become more complex, GPs also need to adapt in order to
learn the irregular nature of the real world. This thesis looked into designing GPs
on graphs to expand the possible applications. This is an important step as graph
data are becoming increasingly more common, and we observe that information does
not fall in the feature data alone but also in the relational structure between data

points. We conclude by first summarizing the work presented in this thesis.

In Chapter 4, we developed a novel multi-output GP model for graph signal pre-
diction to model the evolution of signals on a graph. We established a connection
between GP regression and filtering on graphs, to give the model a signal processing
interpretation. This helped us identify the recurring use of low-pass filters in GP
kernels, a limitation as this ignored the higher frequency information in the data.
We thus proceeded to learn the optimal filter based on the data by freely optimizing
a polynomial in the spectral domain, giving the model the ability to pick up higher
frequency information. In doing so, the predictions resembled the data much more
in terms of smoothness on the graph, and this was reflected visually, and empirically
with the significantly higher posterior log-likelihoods on the test signals. Equally
important was the confidence of the predictions, and here the learning aspect also
led to much smaller standard deviations indicating the model is more certain with

its predictions.

Our focus shifted towards node classification starting in Chapter 5. As GNNs had

demonstrated, node level problems were built on graph convolution, and the infor-
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8.1. SUMMARY

mation utilized needed to be over fixed hop neighbourhoods as a level of locality
was desired for the optimal performance. Wavelets however, offered a much more
flexible definition of convolution by providing a notion of continuous neighbour-
hoods, and the ability to adjust the node weighting depending on a scale. This
suited graph-based models as multi-scale properties were often observed on larger
graphs. Moreover, wavelets offered a trade-off in localization between the spatial
and spectral domains, as opposed to the graph convolutions currently defined being
localized only in one of the two domains; message passing in particular is strictly lim-
ited to spatial operations. We designed a GP that was convoluted with the graph
wavelet transform, to allow for localized neighbourhood aggregation on multiple
scales. Spectrally, this incorporated higher frequency information, while spatially
the neighbouring nodes were weighted in a non-linear way for a more refined aggre-

gation.

Amongst the wide availability of graph data, it was evident that nearly all graphs
came with node features, and in Chapter 6 we developed a unified kernel to handle
such data for a Gaussian process. We followed the theories in reproducing kernel
Hilbert spaces to obtain a kernel from regularization, and this provided a more
comprehensive measure of similarity between nodes, accounting for any non-linear
relationships between the node features and the graph connectivity information.
Inherently, building on the graph also made the kernel transductive, allowing the
model access to all data inputs during training instead of just the training data
(but only the training labels). Thus, the resulting GP more accurately captured the
distribution of the data to better inform the labels of the nodes.

Finally, in Chapter 7 we looked into lifting graphs into sheaves, a higher order
structure that also described the topological structure of the data. Through lifting
to a sheaf, we equipped the graph with additional structures, of which the restriction
maps were used to construct sheaf Laplacians with higher separation power for the
Gaussian process kernel. We modified the graph’s edge weights through a linear
layer taking in the node features, and mapping to embeddings on the edges. As
nodes in a graph would be inevitably connected to differently labelled nodes as well
as ones in the same class, changing the edge weighting in the Laplacian accordingly
helped pick out useful nodes in the neighbourhood aggregation, providing a better
handling of heterophilic graphs. The restriction maps were found through a neural
network, with the weights learnt during the GP training. Therefore, the sheaf
learning aspect led to the modification of the input graph during training, providing

a similar framework as attention on graphs.
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The graph datasets utilized in this thesis are generally considered sparse, and this
has been an important element to the model performances. Sparsity allows for
more localized information sharing, leading to more distinguishable embeddings.
However, when the graph becomes too sparse, we would expect performance to
degrade. Our graph GPs have been relatively robust to sparsity, and the performance
improvements compared to non-graph cases (e.g. vanilla GPs, MLPs) are generally
dependent on the quality of the graph instead of edge density. However, studying the
behaviours in models as the input graph becomes sparser is an important analysis

of the robustness of GPs, and we leave this as a topic of investigation in future.

Chapters 5 to 7 were all tested on semi-supervised classification, and the datasets
used are described in detail in Appendix A. Each chapter focused on a specific
approach to improving the classification accuracy to a level that was competitive
against many state-of-the-art models on graphs. We now briefly discuss how these
approaches compare with each other: Chapter 5 focused on graphs with multi-scale
structure complemented by the use of wavelets, and therefore the improvements
were more clear-cut when the graph exhibited such properties; this was also gen-
erally more common when the graphs were larger. Chapter 6 presented a more
generalized definition of kernels on graphs for which Chapter 5 & 7 fell under. The
transductive kernel was the most flexible depending on how the user chose each
component in the definition. The kernel design we used in this chapter had addi-
tional novel components compared to Chapter 5 & 7, and the improvements came
from utilizing the global distribution of the full input data. The limitation was in
computational complexity and therefore this model was the slowest to train out of
the three. Chapter 7 incorporated additional learning on the edge weights through a
neural network architecture, and was debatably the model with the highest learning
power. However, training the model required the highest memory complexity of the
three due to the additional neural network weights in the model, as a result running

on larger graphs was only feasible on processors with sufficient memory.

8.2 Potential Future Work

We have developed a diverse series of Gaussian processes on graphs and demon-
strated comparable and often superior performances against many state-of-the-art
models. However, graphs can represent a wide range of data and this means we
have only touched the surface of the possible applications. Social media, financial
exchanges and transactions, images, and text are some example application do-

mains, and an immediate future work is to tackle the problems relating to such data
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to demonstrate the wider variety of applications of graph GPs.

One element that our technical works have in common is the assumption that a
standard graph is available, generally characterized by positive edge weights and
each edge connecting only two nodes. However, in some modelling problems, using
different types of graphs may be more appropriate, in particular the ones that are of
interest to us are directed graphs, signed graphs [127] and hypergraphs [128, 129].
The former offers encoding of different (positive and negative) edge relationships
between nodes, while the latter incorporates edges connecting multiple nodes. These
provide different information for our graph GPs to handle, and can significantly
change the behaviours of spectrally designed functions that are present in many of
our models in some form. Although translating to more complex graphs may not be

trivial, studies in signal processing such as [130, 131] may provide the initial guide.

As more focused directions, firstly an important aspect to address is the scalability of
the transductive kernel we developed in Chapter 6. Evaluation of this kernel at any
number of points will involve a large inversion of O(N?3) complexity for the number
of nodes in the graph N, this is manageable for graphs of reasonable sizes but will
be too slow when N > 10,000. O(N?3) is often encountered when using GPs, but
unlike typical GPs however, this complexity is in the prior and not in computing
the posterior, and therefore common scalability methods such as sparse variational
GPs [90] are not applicable in this situation. One direction we are currently looking
into is in adapting the iterative method of [116] to evaluate the kernel without the
inversion, but we aim to implement this while still allowing for the hyperparameters

to be optimizable.

Another important future work is related to the use of sheaves in Chapter 7. The
difference between sheaf neural networks [27, 122] and our sheaf GP is that we
made use of sheaves with one-dimensional edge stalks/spaces, this ensured the sheaf
Laplacian is the same dimension as the covariance matrix to make it feasible to be
part of the GP kernel. The neural networks on the other hand can easily change
dimensions using a linear layer, and practically the edge space dimensions ranged
from 3 to 5. This currently makes the sheaf neural networks slightly superior due
to the higher separation power of the higher dimensional sheaves. However, the
difference is small, and our sheaf GP still occasionally outperformed the sheaf neural
networks. In adapting graph GPs to higher dimensional sheaves, the challenge is
in the covariance matrices, as they need to be of size n x n, while a kernel on a
d dimensional sheaf Laplacian will result in a covariance matrix of size dn x dn.

Currently, we are still looking for ways to do GP inference that can overcome this
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dimension mismatch.

Lastly, we heavily made use of kernels on graphs defined in [25] throughout the thesis.
However, this definition is not complete, as it has been established in [53, 55] that
the variances on the nodes are non-uniform in this definition, and they depend on the
return time of random walks on graphs (which are generally related to the number
of neighbours each node has). Thus, there is a need to find a definition of kernels
on graphs such that there are uniform variances across the nodes. If the kernel
is to continue to be Laplacian based, then some edge scaling is required to offset
the variance difference from varied number of neighbours. This is essential for any
application where the uncertainty plays an important role to properly extending the
use of GPs on graphs. One particular example is Bayesian optimization on graphs
where one would rely on the confidence intervals of the GP to inform the search

from the acquisition function.

8.3 Perspectives

We end with some perspectives relating to the major topics of this thesis.

Why GPs on graphs? The advantages of GPs over neural network-based models
have been discussed in this thesis, and a graph GP will continue to offer the same
qualities such as learning on fewer data and predicting with confidence intervals.
While GPs are readily available when the input space is Euclidean, the options are
much more limited on graphs, and there is the need for a wider range to choose from
in order to handle the irregular graph data that are becoming increasingly common.
Indeed, graph data can now be naturally existing, constructed based on the problem,
or used to approximate non-Euclidean data such as surfaces and manifolds; and
graph GPs can be applied to any of these problem settings. Meanwhile, using
kernels on graphs makes the learning transductive, which is an alternative to the
inductive assumption of regression-based models. Transductive learning however is
a much less explored approach in machine learning, and can often be more suitable
in a setting where the training and testing data are readily available from the start.
Overall, using graph information is similar to adding a prior to the model, and
this we identify more with the Bayesian approach, making GPs more in line with

modelling on graphs.

Why spectral methods on graphs? A heavily touched element of our work
is to look to the graph spectral domain to design our models, as opposed to the

commonly used designs that act spatially. Spectrally defined functions have a strong
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mathematical foundation, providing a notion of frequency and interpretability from
a signal processing perspective. This makes the smoothness quality of the model
well defined and easy to control. As people take on more challenging datasets,
one property the majority of them have in common is that the data become less
smooth. Dealing with this property spectrally can be as straightforward as choosing
a suitable filter, while spatially it is much harder to design models that are not
prone to problems such as over-smoothing. Although there are times when there
may not be any particular patterns in the spectral domain for the model to pick up,
one should note that we are not restricted to the Fourier basis, and it is possible
that other basis functions, such as wavelets, windowed Fourier, etc., can simplify
the problem. Hence, equally important is the openness to consider other basis and
their benefits.

Can graph GPs replace GNNs? And what about GPs vs deep learning?
GPs and deep learning models are both reliable options when it comes to predictive
performances, on graph data and more generally. This thesis has demonstrated the
superiority of a graph GP in performance when training data is small, the availability
of uncertainty with the predictions, as well as the various ways to interpret the
model. However, in general when the data is in abundance, GPs have not been able
to scale as well as neural networks, and in order to handle the larger amount of
data some performance is sacrificed through sparse inferences. Meanwhile, instead
of comparing the two types of models, there is also the trend of combining GPs and
deep learning architectures, either in the form of deep GPs [11, 132], or employing
neural networks within the kernel learning [50, 51]. The advantages of such models
are generally more “in-between” what GPs and deep learning offer, instead of making
the best of both worlds - increased learning power but higher complexity to train.
A debate in-between out of the hands of GP and deep learning developers is how
generalizable each model is, which not only depends on the inference methods but
also the optimizers. In particular, the recent developments of newer optimizers
[133, 134] have claimed to find solutions that are more generalizable than the likes of
Adam and L-BFGS-B; so far, it is unclear which type of model the newer optimizers
favour. Focusing on the comparison between graph GPs and GNNs, it is also evident
that there are more ways to manipulate or change the designs of GNNs for better
performances, whereas designing a graph GP is less straightforward as we need to
ensure the requirements of a kernel are met. There will always be scenarios when
deep learning models outperform a GP, but the Bayesian properties of a GP still
cannot be replicated by Bayesian deep learning, and so GPs and graph GPs still

provide invaluable qualities for any user today.
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Appendix A

Dataset Statistics Used in
Chapters 5, 6, & 7

A.1 Datasets

Data Type #Nodes #Edges #Classes Feat. Dim. Hom. Rat. Edge Dens.
Texas WebKB 183 309 5 1703 0.11 0.0186
Cornell WebKB 183 295 5 1703 0.30 0.0177
Wisconsin ~ WebKB 251 499 5 1703 0.21 0.0159
Chameleon Wikipedia 2,277 36,101 5 2,325 0.23 0.0139
Cora Citation 2,708 5,429 7 1,433 0.81 0.0015
Citeseer Citation 3,327 4,732 6 3,703 0.74 0.0009
Squirrel Wikipedia 5,201 217,073 5 2,089 0.22 0.0161
Actor Actor 7,600 33,H44 5 931 0.22 0.0012
PubMed Citation 19,717 44,338 3 500 0.80 0.0001

Table A.1: Summary of graphs used for semi-supervised node classification experi-
ments.

A.2 Description

WebKB: Cornell, Texas, and Wisconsin, are webpage datasets collected from com-
puter science departments of various universities by Carnegie Mellon University.
The nodes represent web pages, and edges are hyperlinks between them. Node fea-
tures are the bag-of-words representation of web pages. The web pages are manually

classified into five categories: student, project, course, staff, and faculty.

Wikipedia: Chameleon and Squirrel are page-page networks on specific topics in
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Wikipedia. In those datasets, nodes represent web pages and edges are mutual
links between pages, node features correspond to several informative nouns in the
Wikipedia pages. We classify the nodes into five categories in terms of the number

of the average monthly traffic of the web page.

Citation: Cora, Citeseer, and Pubmed are standard citation network benchmark
datasets. In these networks, nodes represent papers, and edges denote citations of
one paper by another. Node features are the bag-of-words representation of papers,

and node label is the academic topic of a paper.

Actor: The Actor dataset is the actor-only induced subgraph of the film-director-
actor-writer network. Each node corresponds to an actor, and the edge between two
nodes denotes co-occurrence on the same Wikipedia page. Node features correspond
to some keywords in the Wikipedia pages. We classify the nodes into five categories

in terms of words of actor’s Wikipedia.
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Appendix B

Appendix for Chapter 5

B.1 Visualisation of Wavelet Transform on a Reg-
ular Grid

By applying the wavelet transforms to an impulse function centred around a certain
node, we can visualize how wavelets of different scales spread around the centre
node, capturing different ranges of neighbourhoods (cf. Figure 5.1). When applied
to a regular grid graph, the pattern resembles that of the Euclidean domain. This is
shown in Figure B.1, where we apply the Mexican Hat wavelet transform with vari-
ous scales to show the different ranges of neighbourhoods. Neighbours are weighted
continuously with intensity becoming zero once beyond a certain proximity. Thus,
by using different scales, we can capture different ranges of neighbourhood informa-

tion.

B.2 Additional Experimental Results

B.2.1 Synthetic Scale Recovery Experiments and Implemen-

tation Details
We run our synthetic experiments multiple times to show the overall behaviour of the
model. We sample the labels for the nodes by Eq. (5.17) 100 times; for each sample,
we also randomly select a set of nodes to use for training. The hyperparameters are

optimized as part of the training process. For each set of training labels, we test 20

different initializations and use the converged values that lead to the lowest loss.

The selection of nodes for training will have an effect on the scales we recover.
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We have presented one particular random split for 50% of nodes used for training in
Figure 5.4 of the main text; In Figures B.2, B.3 and B.4, we present the scale recovery
results for 10%, 30% and 70% of nodes selected for training for three random splits
each. We can see the quality of the recoveries improves as the percentage of training
nodes increases. Additionally, the approximate recoveries are consistently very close

to the exact recoveries, showing the accuracy of our polynomial approximation.

B.2.2 Baseline GP Models on Synthetic Data

We also evaluate the baseline GP models from Section 5.4 on synthetic data. The
graph neural network models were not compared against as they require a validation
set of nodes, which are not assigned and would make an unfair comparison. We use
GGP and ChebGP to make predictions on the synthetically generated signals, with
the MAESs presented in Figure B.5.

The results in Figure B.5 show that the GGP only improves marginally with ad-
ditional training data, indicating the model’s inability to capture multi-scale in-
formation. ChebGP, which uses Chebyshev polynomials for approximations, does
approximate a multi-scale spectral wavelet function, but we can see by the means
and quantiles of the boxplots that they are less consistent in producing low MAEs
compared to our polynomial approximation. As the number of training nodes in-
creases, the model should be able to capture the different scales more accurately;
however, the wider quantiles indicate the Chebyshev approximation is less consistent

in producing accurate recoveries.

B.2.3 Performance on Synthetic Data Generated Using Dif-
ferent Ground Truth Wavelets

The synthetic setting described in Section 5.4 uses the Mexican Hat kernel in both
the inference GP and the data generating model. We now study the case where there
is a mismatch in the mother wavelet between the inference GP and the data gener-
ating model. In FigureB.6 we always use a Mexican Hat wavelet for the inference
GP and compare the case of using a Mexican Hat wavelet (Figures B.6a and B.6c)
versus a Morlet wavelet (Figures B.6b and B.6d) in the data generating GP both in
terms of prediction MAE (Figures B.6a and B.6b) and MAE of the reconstructed
filter compared to ground truth filter (Figures B.6¢ and B.6d).
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B.2.4 WGGP without Feature Space Kernel

To measure the importance of the feature space kernel, we repeat experiments with
WGGP on Cora and Citeseer with the feature space kernel Ky (x;,x;) = d;; set to
the identity. As a result, the model classifies nodes no longer also based on node
features but on graph structure alone. We compare the results to those of the full
WGGP model in Table B.1. As expected, the performance of the model drops
decisively when removing the dependence on the node features, demonstrating the

importance of the node feature kernel for the predictive performance.

Method Cora Citeseer
WGGP 4.7 70.8
WGGP without node features 71.9 47.7

Table B.1: Classification accuracy of the WGGP model with and without the node
feature kernel. When removing the node feature kernel, the predictive performance
drops by more than 10% for both data sets.

B.2.5 ELBO Plots

As described in Section 5, early stopping is performed based on the ELBO. To check
convergence, we show how the ELBO varies from epoch to epoch in Figure B.7.
Note that the ELBO curve for the PubMed data set is non-monotonic as stochastic

optimisation is employed during training.

B.2.6 Robustness Analysis

We perform a robustness analysis examining how the model performance changes
as we vary different parts of the model or training setup, while keeping everything

else as described in Section 5.

Data Split In the first experiment, we use 10 different data splits for Cora and
Citeseer that retain the uniform distribution of classes and re-run the model with
otherwise equal hyperparameters. The average performance across the 10 data splits
is reported in Table B.2 together with one standard deviation. We find that the
model performance only varies modestly for both data sets and the performance

remains comparable to the one achieved on the public data split.
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Number of scales We also analyze how the model performance varies when using
different number of scales in the model, ranging from using only a low-pass filter
to also including 4 band-pass filters. The results are again reported in Table B.2
with the standard deviation over the 4 different setups (0-4 scales), showing that

the model accuracy varies only slightly when using different number of filters.

Hyperparameter initialisations Finally, we repeat the experiments with ran-
dom initializations of the scale hyperparameters. The results with their standard
deviation over 10 different initializations (Table B.2) demonstrate the model’s ro-

bustness to different hyperparameter initializations.

Method Cora Citeseer
WGGP with varying data splits 824+ 1.1 67.8+2.7
WGGP with varying number of scales 84.7+0.2 70.6+£0.2

WGGP with varying hyperparameter initalisations 84.2+04 71.0+£0.6

Table B.2: Results of the robustness analysis of the WGGP model when varying the
data split, the number of scales, or the scale hyperparameter initializations.

B.3 Figures

Scale = 3 Scale = 10 Scale = 15

00 25 50 75 100 125 150 17.5 00 25 50 75 100 125 150 17.5 00 25 50 7.5 100 125 150 175

(a) (b) ()

Figure B.1: The Mexican Hat wavelet transform of a ¢ signal on a regular grid
graph. The grid simulates a Euclidean domain to demonstrate the neighbourhoods
more clearly at different scales.
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Figure B.2: Scale recoveries from synthetic experiments using 10% of nodes as train-
ing. Each row is a different random selection of training nodes.
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Figure B.3: Scale recoveries from synthetic experiments using 30% of nodes as train-
ing. Fach row is a different random selection of training nodes.
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Figure B.4: Scale recoveries from synthetic experiments using 70% of nodes as train-
ing. Each row is a different random selection of training nodes.
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Figure B.5: WGGP prediction MAE on synthetic data (a and identical to Figure 3b
in the main text) compared to MAEs of baseline GP models, GGP (b) and ChebGP

().
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Figure B.6: Comparing the prediction and filter MAEs for different fractions of
nodes used for training when the choice of mother wavelet match or does not match
between the inference GP and the data generating GP.
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Appendix C

Appendix for Chapter 6

We present a number of examples of regularizers and their corresponding kernel

functions as presented in [24].

For regularizers of the form

QIfII*) = (Pf. Pf) = (f.r(A)f),

the kernel is computed generally by

such that r(A)e™” = g(w)e™?.

C.1 Laplacian kernel:

(C.1)

The Laplacian kernel can also be defined in terms of smoothness operator P as well

as A, with

P=(1,0V)"
— PP =1+ %A,

Working in terms of A gives us

r(A) =1+ o*A.

= J(w) =1+ %W
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C.2. GAUSSIAN RBF KERNEL:

This lead to the kernel

> 1 iw(x—x’
l{?(X, X/) = / m@ ( ) dw (C?)

ocexp{—%HX—X'H}. (C.8)

C.2 GGaussian RBF kernel:

The RBF kernel regularizer starts with 7(A) directly

- S 9

i=0
2 2
— g(w) =exp {U; } (C.10)
This lead to the kernel
[e%e) 2, .2

k(x,x') = / exp{ — U; }ei“(x_x/) dw (C.11)

L "2 C.12

X exp —T‘Q(X—X) (C.12)

C.3 Dirichlet kernel:

The Dirichlet kernel of dimension N specifies the reciprocal of g(w) directly as

N

1
) i:ZN §(w — ). (C.13)
The kernel is then computed as
o N
k(x,x') = Z 8w — 1)) dyy (C.14)
X i=—N
N (o)
=> / 8w — 1)) dyy (C.15)
i=—N 7=
N
= > ) (C.16)
w=—N

_ (sin(N +1/2)(x — x'))
sin((x —x’)/2)

(C.17)
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C.4. GAUSSIAN PERIODIC KERNEL:

The final density corresponds to the Dirichlet kernel for a given dimension N.

C.4 Gaussian Periodic kernel:

The Gaussian periodic kernel also starts with the following regularizer

[e.9]

r(A) = Z%(“QTA) (C.18)

1=0

but for functions operating on the domain [0, 27]", where n is the dimension of x.
This leads to the integral in the fixed domain space f[O,Qw]" exp { — %‘”2}6’“("_"') dw

which is difficult to evaluate. Instead we make use of Mercer’s Theorem:

Theorem. (Mercer’s Theorem): If k : X x X — R is a symmetric function, and
Ty, defined as

Tof() = /X k(- 2)f(2)d, (C.19)

is positive semi-definite, then T}, has eigenfunctions ¢; and eigenvalues \; such that
k(x,x) =Y Nigi(x)¢i(x). (C.20)
i=1

0_2
We can implicitly express k(x,x’) = e~ 72 for x,x’ € [0,27]". We use the eigen-

basis {1/2,sin(lx), cos(Ix),l € N} while the regularizer operator has eigenvalues

e~ *7*/2 The integral can then be evaluated using Mercer Theorem to get

k(x,x") = Z e (sin(lx) sin(Ix’) + cos(Ix) cos(Ix')) (C.21)

=1

= Z e 7" cos(l(x — x)). (C.22)

The periodicity is produced by the cosine function in the kernel.
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