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the wox& la in two parts* tbe first part 10 concerned 

with tho theory of oswmetry adapted function© for all the 

cubic cpaee group® end the second pert is concerned with an 

eppllofttion of this theory to band ® true tore calculations,

uelng the cellular nethod, for metals of on* particular 

space group (Stei^rn) and the pl^elcal interpretation of the 

bande

In the flxet chapter a brief introduction 1© given to 

the cotosepto and notation v?hiob ar« tao@d 0:stt0!fiDiv©l^ in thd 

following chapters » In thao* chapt02?e lattice hasmonios are 

given for all the lrr@ditclble r@t?3?©aentatlom of the olsmle 

cubic (Pa3m) t faoe-*c©Btr©d cubic (Ba3m) and bod^f-centrtd cubic 

(Im3m) opeee groupe for 1 ^ 12 1 1 general discussion of the 

treataent of ao^sanorphlc ©pace grcmpe is glvm and one sacampl® 

ie coneidered by wa|r of Illustration of the general method » 

The irreducible representation and lattice VsarnomoG are 

dlaimased but the ocxnplete n^nill^ which hare been obtained 

for aH the cubic and tetragonal groups have not been reprod­ 

uced her© for lack of apace* All the expansions are given 

in polar coordinates and care hao been taken that different 

baeoc corresponding to the enste repreeeBtation span Identical 

rather e<|ttlimlont repreo@ntatioiB f which are given in full. 

Moreover, all the different expamionD listed in the tables
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are fully orthogonal. 

£ABg 2.

Part 2 le conoernad with the no 9 of 0ea» of the 

lattice haxmonlce deduced In Part 1 in a cellular calculation 

on several face centred cubic metals, A programme has been 

writ ton for a IPerrantl "Mercury11 ooirrrmter which can be need 

for any faoe-*centr©d cubic metal provided the lattice 

liMlng and tho potential au@ to a free Ion of the metal are 

are available* £be prograanie^ whiob la fully autor^atlc, 

calculates energlee and wave functions at the points of 

«gp»etry and along tbe Unac of oynnetry In the Brlllouln 

sone and frcsa thlo the band etruotura of the metal 10 

reconstructed. Chapter® 1 - IV doecrlbe the details of the 

theory and of the pjpog»Kiffla© f and some of the difficulties 

and errors are considered* fhe recruits of the computatldiitt 

are patented In Chapter ?* From these band structures the 

danoity of states and Ferid ourfaoe are computed and In 

Chapter VI the obsewable quantltisa deduclble frcsa them are 

considered! these Include the tonxpemture coefficient of 

the electronic specific heat^ the Pnull spin pai?«ffl»g»0tic

> the de Ifean-van Al^hen ©ffect f the

preQs^^re behaviour of the electrical reeistanoe of calcium, 

the awgne-toPesiDtanco, the Knight ohlft and the effective 

am0» In chapter VII a oelf-Goneietant potential field for 

ealclum le consideredi this IB o Hartreo o elf -connie tent
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field among the umittftttm olootroriD with on appro>riraate 

coneideration of the iimer 3s and 3p electrons.

A good review, by Callaway (1964), of the preeent 

state of band theory hae ju0t beon publiohed since thi 

writing of tbl0 th©oi0.
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IJbio work in concerned witte tic ing tbo hnowlodge of

tbo o^nsnotry proportioD of a phyoloal or obonlecl oyotosi to 

olaplify ortlculctiono of cone of tbo aenaurtiblo proportion of 

tbct oyotca* Cbo ;;-^tlc . .. .. . tion v/o oball bo cor. ..

with in part II Io tbo ccoe of tbo notion of electrons in tb@ 

periodic potcntio.10 I-morm to bo .prooont in ootaI0» ^art I io 

of oomplc*" " nl apnlioatlon to rnjr cno© in wbiob on& 

re- ;/,^:r ^o G ftmctlon pocooooinc the c^vnotr*/ of ^n:/ oubcroup of 

ono of tbo cubic opaoo rroupo* Tte v/ork bn.o boon done in Ito 

oom©v?bat lonctby ontlroty in tbo bopo tbo.t tbo roonlto v;ill 

provo tisoftil to poople onoagod on onlculotlotio of all kinds 

in cubic collds and poocibXy in coanlos cubic Doleculoo t 

t"; ... ...... courco laeually tbo 05030try of a aole, ..,- io tbr-t of

a point grou^u Func- ..icocoine tbo cyaaietry of tb® 

iuareduciblo r^. "-tioiic of tbo fivo cubic point r ^ 

are air '3d in oevoral u30 up to 1 » 6 t and they 

aro elvon up to i « 12 b7 -..L^T-nn ." T>?.".dloy (1963)* iioro, 

follov/iBC tbat paporf opfooriatuL yojuar oo*ordiru"itoc r.ro aci 

rathor tlian corteoiGn co-ordinatoo lor oscpreoclnc tb© 

e<lapt©d funotlonc. Tbo roaeon io that in a calculation 

a bi£b orclor oxptuaoion of ooae function it io otuslor to 

calculate tbe s?3b0ricr-l homonloo in tsrme of ^, 0
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of the :: oo r ,lono bot : tb@ P(cooa titan to find

tbo eorrc; . , otiono in tarao of x9 "y> s. '

(£b00o oyonetxy • r&od function® are tbuo largsly for

application to ppoblanso in oolid otcte theory o,nd GO portaapo 

it io no wall to ccr " '"sr briefly tbo relationship uatwen tho 

mathematical theory b@bind the derivation of th@ span*. ga?0ups 

and tb© actual -otruoturo of c oolid in tomo of atozno and iono.

In practice tho opaoo gvoup of a partietilar solid io found by 

firot of all iioing S^poye to find out IKK? tbo atonjo ar© arrarc 

in tbo unit oell of tb© solid* Ilavlnn found tbe ctruoturo it 

io only nooeoeary to rofor to tbo pujbllobod Goto of tabloo

glvinc a.ll poooiblo pooltioiso of atooe in the unit coll

@aob Dpaoa c^o^P to sooicn tho oolid to tbo ap^ronri^to c 

ga?0r,;>, ;:"bo etandnrd roforenoo io publiotoec! by tbo Intimation* 

al Union of Cryotalio • • ^/ (195^ )•

i.s.S Point Grotipt BraTaio jtottico & Crystal B

AB ic V7O11 fenown tb@ point f^oupe ar© oeto of

oporatoro aetinc* at a point and obeying the n

ronttlromonto of a rroiin* Ouob oporationo ore the i

invorDionf re. .. ;ion in a plane, and rotation < ' 20 of 

order lt 2f 3 f 4 f or 6« Sfbe 32 point croupo can be olo^oil'iod 

into 7 or. -st0me (or "D. .^nleo 1*) according to tbo o-rdor 

of tbo - '' •'*-"• "•— >G OTQ five orTOtel D-^tcaaB for 

point froupo witb a principal nxla of orclor l t c t ^ f /. t or ^ ff 

triollniOf ooaoo Ijinio 9 trij •:>-<r-'L 9 teti^aconal nr?d



.id two noro o.ycteffli are nloo P .3 f tbo c.

r*~ lo v.dtb 5 outaally pc : .. ' ir C-fold ro 

and the cubic o^tem. with four 3-fold rotation a

axes t

the vertices of a lnr totrebodroxu

consider another coiiootion of crc?upo t tblc tiao consisting 

only of tranDlational symotry oporationo; tboco nro the 14

Jtattiooe, Booaaoe tbeoo i Lattiooa

tbo roqaireosonte of -° lottioe (naaelyf tbo

onviroanant of cmy lattice T>olnt io o.::-"otly csinilfir to 

of any other point) tboy too can be dividocl .-..ao:-^ t^io

nooordinc to their

Space

A 0pt:oo croup aricen by cionocintlnc v;ith ooob point of 

a Brmraio lattiee one of tbo point croupe bolonrinc to tbo

oryotol ofyot0m# In thia it ie ooooiblo to obtain

where n* io the number of point oroupc in

eertein orr.'Dt^.l oyo-tom &m3 r>, is tbo mt^bor of Brctvois,̂

;oo in tfc.-\, ,..-..::; tern f ttio r;,, . . ix i ronrinr 

-1 ey«t«Ba@» Sinco t . ? ar©- 3 ciibio J.^

tho ? 

tottiooo
and 5 c - -tnt 

bo dorivo-;) in

t?>orc oro ortibio ooace
• - •> This type of onaoc-

semi-
to be aysi3orphio 9 -v nd it io a /direct product r*"" "') of a p

io ooid

and translation rroup of tbo •rr-.velr: It

obould be noticed tbat it io pocalblo to aonoclate a tri

point oroup with tbe besn^onal : :ravnj.o .rettioe ^o tbat o



tr: i p. e 2 evon •' ?Q is " one trigonal

uattice* --\ no it dooo in i'cet 'ir.--.ppon tbat ou^r 

Oi-n conotj_,:L o two u^uioront orientatlono of a point rroi- 

pODolblo on tbo Brovolo lattice; tblo loado to e fOT extra 

e^msiorpbio opaoe groups v/blcb occur Irregularly &a a hewn in 

coition 6 of £able 1*1. SJhere ore in fact 73 different

C^ v, j,C DT5POO rrOUTSO*

A aeeoncl typo of opuoe gi- .. .:-. - arteo by atartln^ 

witb a oyn: ... .0 apao® gro^p and :-• '.^.elng eoiao of tbo 

reflexion plcneo by , ' i reflozlon plazMMi and ooa© of the

by ooapewr rotation ax®©f tbooe are 
.'i,--'R;O : ' ; --d oci : ;c """-•'•' -"'Otlvoly* tf 

denote a ronoral Gpo-oo {.'roup operator by (|^t} a oerow aado 

coDBiats of a rotation £TT/& abcnit an Gxie f DO tbat witb the 

translation t, t?,lon^: thio aKlB f (S/i.) ^as a trr-nnirt/'nn nt, 

v . • •; rioot be orroal to cm integral nwEil>er of lattice epacine 

in tlmt diroctlon* Similarly a glide p.? in a piano . -,. 

a -C ;lcition in one of the oryotal axio dirootionD v/biob io 

In tbcit plane * a^dn DO tbat two euoeecalve trcirsclationo of 

tblo tyr')0 will b© o 1, to an irr' -• '-il r?^ ? of lettico 

cpaci:,.i'...;. It oliould be siontioncj tlv-t --.-^on tbore cro corov? 

axeo or elide planoo prooent tbe onGi\..uuiu need not all cot 

at orffi point* !v*bo,y eon however be made to act at a point, 

but them tbe translations may looe tbolr oe.noo of boin^- alon 

tbe o,xiD of ttie !*ocrew w rotntlon or in tb© piano of tbo

> n n.L'.':no ond be in ooao ntrf.r/*e Olrect^on, Sbo ni? ; ^^r
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of cpaca crotn«r e£ tble tyrc© io finite baeanus *****

nronoirtios of f* £raw> ranst bo satisfied and tboy

-:, .• .-£ aa c'_; /n in tbo lect. the crystal c
oolum of Tabl© 1»1.

groupo f an of 10. in *;

T

cr.w.*na oj«t«

triolinio
nonoolirvlc

ort" ' " ' c

totragomi
trigonal
Hexagonal

cubic

total

n*

1 2

2 3

3
4 7

3 $

6 7

** 5
———— ̂
- 35*

pl

1

2

4
2

1

3~~\f
^ *^2

2

6
12

14

10

7
15
66

ool
6

-

-

1

2

3
1
«*•

7

col
7

2

6

13
16

13
8

15

73

col
8

-

7

46

52

12

19
81

157

ool
9

2

13

59

68

25

27

36

S2S.ututffcj^ii

ru 9 'but only 1 trigonal

note thct tbo '

col 7 10 tbe total

loo ID e '9

of o,ynnorn!ilo apao® gamipe In tbo
£5y®t®mf col 0 tho totcil m of *4.u tJ

in tbo oyr;r;..on f r:nd col 9 tbo total number of n

uitiiur kind in tbo o

0 ss order of tho in tbe o&coa r/bar0 it @acioto
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It ie r to CO C

c i by tbo eyabol (ij/;t) 
oi. tao L7oiiit-«fxaup o tlans y

tba EI@& t ]2 io c
t lo t^-o trr.nslrtlon vootor

with It. ^ can tlien be repreo 1 bty G 3 by 3 
matrix acting 0ith0r on tbe point© (xfy»s) of o v-,co or on tbo

yf B axoe of opao®« In space /^roano all tho
i « 0, In as,ymmorpbio opaoe tbo

oiid 0U.dc plaaoe bavo noi>»soro £* 3?hero ID ^ stopl® but 
Important r. - .. ,;.n i^or tbe aaltlpllcGtlon of tbeoe

euro used*

on tbe veoto*
00 that 4- •&,

J.

•«• t ,
VHv

(%/%) » P-t.O.
fb© Selts apaoo-froup Oporntoits tor o.il to-o

are llntod, v/ith a fo^7 erroro, by I^/ubarsI:li
cpaco

r--



Gloat. _____ jn aral & ______ of _______
. .. • . '.. . on to tbo '.iur'" 5 'on 

oi' -w-'.'.o o:i::-io cnaco er.. :>ro ere jaot one or two re -~ :o 

vvt'iicb should bo roado about opaco £roupQ in "':1^* ^&® 

fact that tua introduction oi' aorov .;:.:>:; vl {; lido pjUi; 1 -.?. . 

leadc to 157 aoy^noorphio space grouno vvae indopendontly ' < :"^--ov-' 

ered by tbree woapfeei?B towards the end of the rdnotoontb 

it'doraVf a Huoaiant ^cboenflioo f a (.-ojiaon, and 

a ...onuoncr, At t^lo otaf*o it is ^us woli to mention 
tbe • ...... and wbito" or no:.v. ..ic f> o^aco {^ro...-;.; or ;,!:• Jrov

groi^po .;ch ar© ol. ... . 1 by conciaoriiic a apace with a apin

v ID as well ao tbe xf yf s co-o^ itoo, That io f wo 
are concornod with the oyopotry proportion of cr '. 'ITJ in 

wliicb the atooo * upiiic ^iro to oa iaci .'. ••-:! in tbo ooiioidorn.tiot3D 

Altornativolyt ono can izaagi&o each 8paoe-0rot^/ u^ortitor to 

bo associated with a further operator v/bicli can either turn 

whito into black or black into v/bitOt r^v.ico block and \?blto 

opaoe 0roupo bavo been derived logically froa tbo 230 

opcco croupe by I . —ov r.nd bio i"ollov.'oro (1957)*
x

are 1191 "I . •. . .-to" .. jo [^01290 1 \vi . . 

23w °all bl . "• ' -. ' : ',e !l r :. :- a 
total o^ iu^l i ov / • 

boro for co^lotc •" will not be ' ' I a^Tiln.

Bp^co .-ru . -c; -.TO ci-vCitjiiiod according: to tho

c;';stoao t tbon accordin£^ to tbo 73
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All enaoo grouse containing eoror; a:ioa or " ' ^ 

arc olocoed with tbo oymorphio onr.co (jTQup whiob . ould 
be obtained by putting £ « 0 In all the operators of t7^ roup 
A t: „) fratip ID acid to bo fioogonol* t or by ao:]e cryetrllo-

-ore fioc f f "fco "fcto* nolnt rroiin obtained by 
the group of all tbo B'o r>r - it In tbo operetiono of
opao® group. Beob opcoo gronp ID civon tbo label of Its 

point nrotip Bnd tbeti oooo dlotl?>guiQblng label lo
attaobod to thlo; thle lo f1iiot an Inclex ntnbcr In tho 
Scijoenflloo notation, tho opaoo nroupo boinr rubbered o 
tlirough all tbo p. ©etc of opaoo r^oape iaogonal to tho glvcm 
point rroup (p. « nunbor of Hravoio r^ttlooo conpatiblo v?ith
point L-rouyo of tbat cx^ctomt) Xlioro aro f ^or o:saa^lo f ton
opaco rToapo ;..,... onal to 0. (a^a) and tbo^o --rro dlctrlbutod
anon0 the tliroo cubic Brovcio Lntiieoo 4 orl?:iltlvo 9 4 i'aoo-

nand are .. . . ..,
Ll

Tliio bao tbo dicaavGrvtcga tbat it io not ;: )oooiblo to toll at
a glanco on v;biob lircivoie i&tuioe tbo opaoe croup lo id

o e«g* 0. io raoo-contred and Or; io bo<3;>.contro(l. 'oroovor1 1 U ''

thoro lo no indication of wbothor tbo opaco etroup lo aynirr 
or osyiaQor^'i-iic • Both tb@se dlcadvGnta/;ee or0 ovorcoao b.v**^ 

\.-.f 4tr

. -.^ tbo ii'i,, ..; . wionn.1 notation. Starting r/ith tbo
ir: . .. ....... -I point ppoun nr-t>ol f o.e* n5df thio io prefixed
by tho lottor docc. . , .. ,; :?• ^-^.io .-'nttico, o.;-. / ; 9 T' f I, for 

itivo f face- ',rodt and body-KJontrod cubic TGL. .- :,Cviv



thoe we ff&t t*« crribol© , ^3^ end Irtftau ffeese

tbo t ; ^ .1;. ic fvx<co rroir- .. :>o oo point group 

.), ...;•• .:.. -- -.or/dc r: ":0 rroupo tbonf for ci!\y 

i<m •; • lob bar, boon r-- • a glide ;:slr:no tbo

:^t of 1 iuol- IB :: by a 1

lottor (a fc f or d) denoting a elide plane; Q, c 9 ••:^e t*0ed for

Glides in tbo £* ii f dirootiono and d tor rlic;/:.fc _,:: ;..

direotlon, tbo (1,1,1) or (l tl,u) direction oe tbo or^oo

(0^) io body--cont3^ad end oytanjorpbio» 'Vbo 36 cubic opaoo 

. : oupe are listed in ^rroondix II in tba intom-^-tional nc 

alco tbo arbitrary interne:tionr.1 cpnce cr~ ..• mfcaber io ?

'b 
»9^ -

otr.tioa of tbe <•: . rtry '- : ^-'^ of the Cube*

Ife»» w0 follow tbo notation of Alto -nr! - .;/ '. 

fbe c^a-iotry operations of tho point oroap is&n (Oh ) o,ro shown 

in Fi0ar0 1»1, .-; ia tbo identity operator ana 1 t :;;a inversion 

operator, C^ t C r f ero two-fold rotntiono abotat tuo
*w» fc jf

, aro tliroo-fold r-nd four-fold rotationa 

abaat tho GXOC n^mm, 7ho oloaento . lioteci In tbo rl^bt hand 

colunn are tbo product of tbo ^rsvorcion and tbe corrosnondlng 

olement in tho left bend oolunxn* Otbor crublo *)oint

3?bo rolr:tion of tbooo olornontc to ".: . ,?d by , . r

autnora will be elr \od by tbo table in ix I. ^bo

corro-" Oanoe with tbat - '" by other autborc can r " : bo
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1=1,-, 3, A,

p - -, b, c, d, o, f,

m = x, y, z.
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obtained via tb© Jones 1 faithful representation wbloh records

tbo effoet of tbo oporator cor»r>*wr»d or? the 

vootor x»yfB and ic roally G contraction of the matrices of

tbo 0 0

0-10 3 matrix olemontc

except one la enoh row and oo • cro core and cnch of tboi
noi>-coro olanontc; Ic il. "%io IB t?i® active conco of tbo

operators | an alternative cloocription (tbfc poacive ^ - 

ic to havo a oetrix (tbo inveroe of tbo one civen) for tb©

of foot of the operation oonoomed on tbo Kfyfs

v/ork. doocrlbed in part I ic only con^ornod vrlt

tbo cubic O'.)ao0 c~
—— *v^"

tot: alco

been reduced but tboy nre oaittod for Iced: of op^oe in tblo

nrlncl^leo uned in tboir ' " :i .

for tbo cubic r:-.nO. llttla

.-r 4*
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n... M^I^Lwmm'm .ns

In ocny pbycical problooo it is neoeoeary to

linear eorabinrrtlom of cpberleal Imrmonlee tbat belong to 

irreducible reprooentctiorsD of tbe cpnoo ^roup of a crystal. 

Tbey vyoro firot obtcinod by iron dor Jzife A B©tb© (1947) f v/ho 

oonDiaorod only tbe cubic lattice. .Liatbor thcui 

fron opbericnl bonaonioB f'5 ofinod in Dol^r coordiiir-.too t 

(?ave a motbocl to obtain d&reetly bonoroneoiio pol^nonialo in 

in the c^rteeian cooMir^.tee xfy f £ 9 v/itb tbe ro-rnirod 

pronortieG* von dor 1/i.^e .% Betbe cellod tboco pol,., • • dale 

Icubic harmonic i.:- * ./uoir work woo extended i'or otiior cneoe 

by Bell (19^4), v/bo introduced tbe ri^ma J, . . . ,. ;._ 

for tbe linear conbirK^tiorso which obe obto.lnetl* In tbe 

terainolory of :olvin (1^4>) they r.r-e iUnetior.r; tnr.t are

adaptor v;itb r--- ^ct to t-bn irrodoeiblo repreoentat 

ioiio of a ij;,- " : (Tua?#

A ciailar problem ariseo v/^en dk&elinf vritb tb« point 

gronpB and jfULtaatir) (19^ /) gay^» n ^r^rirw^hnorotioaj. ootbod 

to obtain ayr3aotr:/*^,dapted onh.>rlnr,l br.^monioo for tboci,

diroot.lv in *>olo.r fsoordiniitors.

.Alt . . U- : I. V) • ; ;.j'-*roci now Mo •••n.o 

lor ths-n, and oonoidared tho central point of the 

' ' oloco- ' " " 1 "tr --ttieo»
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tbo 0nMc T)oint ftronoa fbe lattice

ley (19-3 K&

;onlco -:ro riven for

tbreo cubic .20

iob fir© eonaid~" in tlilo oVontor are r od by

a very T of net--! erDtciloi tbe r to c "nod

rorruired i'or t'ho v/orfc doocrlbod in ->f?.rt 2. In tbo

next chapter til® r®ot of tbo cubic opcco c Hi bo

The nothod uoed to obtain oyrsiiotry adaptocl luncti«w«i

well l^nown (woo e«g» Alt' •. (I9^'5)* Coiooluor a ra

£ of opori.tioiKJ ,U,

Qtlon of ioatr

OB.. on cm ir -o ro,>r t

la a projection : lclJ

w iutc «o

any runctlon >5 \vil 

c*»tb ooluunn of tbo
tlor. "• cac;o

function ^ v/ill e.lwaya bo "• npberleal

Before wo coneiuor tbo r:h

bo tbo =

it i:.; . .r iapor- to tbo

following point, /i

either i.-o an axec; t: Jorcuition (

can © t

notation) or

a point t on (,-.etie®

ion \vao tbo one uooti roi tl.o ;>oint {:raii;>o by

-y



X (*» 
u

.:ro,toro are aetivo* If tViio into".- •' tion 

wore cbangodf tbe niultiplication nil© clven in chapter I t 

&1.4 f wbicb ic in Oonoral mso In the literature would require 

alteration* Therefore ^vo aba 11 uce tbo active interpretation 

throuebout. £bo corroopondenoo v/itli tbo work on tbo point

ie iftdodiatos tbo active operator H oorroc?>onclo to tbo*• *»«>

—1operator H . This rale aloo fillowo uo to tra-rsafoira 

tbo cKitrix roproaenti?.tionD of tbo r>nca:lv :; , ... . tor^ into tnooe 

^or tbo active oneo*

Tbe tbeory of tbe cr-aeo «• :• >o given by Seits (I i 3:;6) 

and .- - jrt$ Snoluobov/olii 4 wirner (193^>) (ooe cloo ?.jo«jtor 

t Johnoton (I960) find Alt^:nn (1963 )) obewe tbat tli« 

of tbe irrecJueibl© repreoentntione of opaoe groups are

Bloeb £unetionc t Vf , (£)» sueb ttot if (^/i) is a translation
wi»

of tbo translation oubcroup f of tbo

= o:: (-iv.,1) ^(r) (i)
vnaft

Here tbo voctor ^ io a label ot tbo i . . tr;,tion». An

irz. 1 .. olble reprecontatlon of a apace ..;.. „•) io fully
1" 

mined by saec^ao of tbe eroun of tbe £ ̂^ctor, Gf> (tbe

of tbo opera tioxio of tb© apace croup tfeo.t leave |£ invariant 

or t:: ^?ora it into an equivalent one) and one of its

re;_>roaentatione • The reduction of tbe space croup is
,1" 

tb.:':-':.~oro -^biavod by tbe reduction of £^»

ibo opace 4>roupo v;o deal v/itb in tbio obcptor ere 

oycuaorpbic * in tbio cose nil tbo operations of t .. .. -co
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can be written on pr-- to (-/£ ) (^/O) f whore (_;/;&)£ f»

In the notation of Altoann (.. -~ can bo axnreoeod as a
^ • ««M»

BGal~airect . . act i g* ̂ P/v JF> v/hore S* the co-croup of 

IB tho o<. ~aup of operations of the point croup thct belong
I1" 

to <>*•* In thio na.nn.er the reduction of tho opnco r^oiip lo

by roduclng the point ^rowp

operator apoliod on n sherical

bannonio will now take the form

th© ot?raarition being over tbe polnt-^roup operr.tlono • The

rcoult of thiB suotnation \vill b© a spherical !%arnonle of
i^ 

orclor l f nyianetry^ ..-tod to TP-, r" ' "- wt eell X., Tbic lo

a linear combination of several I? v/lth oonotr.:nt 1 r.nd 

varying mt the- indoac v 10 an erbitrnry label to dl&t 

tho variauD Ijr.monioe of the eaiao order that belong to 

MM* i"*pr«0eirfeation^ Wo eh^ll c»l\7Gyo tnke" X^ « ^ 

ae a ftmction of the polar ooordinatec around tho oricln of

for the lattice* £ « 0. Let uo define 

function ident.^.nal ?7ith X,^ except that it io centred around 

nolnt at the end of the vector £ of the lattice (r « t,) .

it (../t)

(oeo (i)) f we hare

" rattlti~eontrod o

co t'x-t, »

.on is a 1/ittice hr.,rmonic.

It should bo noticed thf t it lo fully given if .iuw

in the unit coll ct the orif In, fhe
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tbe lattice follow at once> if re quired t froa tbo Bloob

iouf C.G IB appcront iroia above* ilaora-oro it v/ill b

onoueb to give, lor t;#u.tor.-ic ^rou:,>u f ubo o^

and the dlBouoGion of ae^i^u^/hao ^roupo will bo loft until

the follov/ing cbapter*

variouc

It follov7O from tbo previcRin B action tbnt the

! lattioo baraonloe for the ciiblc lattieeo is in

ted to tlio

ie a point

of

prl.ncipl0 solved! t/o must obtain
-t c r in tbo lattice*

croup ana dourly aloo a Dubrrori? of the full cubic

$1 u» Tiry ba a point /^rotstp nlvcn in tbe
»*m

tables of Altoann & Bradley (1963)* it v/111 of ton appear 

In our precent work in an orientation tbat differs froo tb® 

standard ono and tblc crruooo a draatlc obanf;<* in the 

baroonloc * Jtotber tban repeating tbelr \7oxfe for tbeoe new 

orientations f tbe follov/lng nwstbod ylolde tbo rooulto 

.:.lcl.cly -nd In n. more oonvonlrmt fora*

" or tbe group of operators oubrroup of

and an Irreducible r©preaontntion of froti tbe

written as a i«ow«veotortables 9 v/itb

fbe antrioeu ox tblo reprasentation tbat eorreopond to tb©

io onllod aof f orn a representation of

oubduo oO., roprop entctiQH^ ic t in cennrr..l f reducible*

roOuoe It under a unitary trcncfonm.it ion v/itb 

wo obtain tbe mibtoood Irreducible roprocc lonc of



*'
of Jp> that **re Mqpiired. At the same time tbe new baoec are 

£ivenf as 1© well known, by fy| ^ ^0| M. , © thorefore liavo 

tt*0 new ojmanetz^r adopted haraonics as well ns tbe ropresent 

lotiQ that tb«y snfru

In order to solve tbo probl« a® ©tatoc! w» lauet find 

tbo i^-tri3C H ttet reduces ttee en.-"- ?,ecl representation* 

Alt?; " t Taotho<3B civon in the lit ora tare for tbiB 

piurpoco ro«.Tair0 c taowlo^e of tbo irreducible reproeontatlons 

v/bicb • r tinder reduction* wbicb v;ould defeat G'or p"ui'i>oo© f 

is a mot'^ou tree froa tliia <lrr,v/bacls (Altinaim (l(J^2) f 

. ItM m©tbo4 IB €;B follovvc* Consider a matrrlx 

reprecentation v/bicfe 10 to be* reduced! tofc© all tb® i^atrloes 

of aijy class eind sum tb«aa* Fi^ia tbe matrix M that diagonal** 

isec tbe matrix obtained y end-tbio lo the jar-trix v^hlch 

re. -o tbo r0preaetitc;.tion*

It t' Id be r ' '-od ttoat tv/o bnseo of tb® aame 

»r :- tion rrr.y r ' ^ee into orrwivalent rr/.tber tbon 

identical r epro© onto, tlono* If tbio lo tbo or'co r.i clnllarlty

i« le^uired to uiake all the bases obtained, opan

follows frora nbove the oyciaotr7<-^- (3aT5*®^ ophoriool

harmonies will be rlvon oo linear con: tioBO of tlioco Tor 

tbe cubic croups* Th® latw.^r .;c L...ivon in tables 8 - 11 of 

Altmnn & Bi -jy (.: )* However in tbat papor ii»-; '



£0

»pfc®rloal baraonloeli? .« i=?(oo6^)02p(ii30) wore uaed, no0j» -i. to

th© neoecoary ooofflclontn in the to any nunber

iroo

harmonica

In r>rr*.oticr!l

toroo of then v/oro obtainodoro rogulrod and oscpaneiono

on (..-. , orranti "dreary cofsrmter &Bd are givon in £-nble 2»1» 

coofflclente ^re oorrect to at looot cavon oi^nlfioont

farlouo cbeoks cnrl ropoatocl oalottlation have boen

to o.no'ur© th?it tbeoe tefoloo aro free from error.

We -auot flrot i... 'it tho li

vootoro of symaetvy In the cubic lattleoo^

In »3 t in the

latter are

"! noto,tion of

Bour' 'irt et al» (1930)* TfoT OGOb |c tbe
•»

of P- ''-re obtained in tbe notation of Figure 1*1 of ofeptor !•

She olmracter tabloo of tho

2»2 f whore the actual

group can be identified from tbe

ttoee^iraeraiional a?oprooentr.tionD thot

are

oerations for oacb
two-

in

tmder cubduotion

in l^ble 2*3 rnd the Gyrnaotry-ridfiptod

in



Figure £,.1. The firs.t Brillouin Zone for the simple cubic 
lattice. The points.marked with open circles belong to 
planes, but not lines, of symmetry. A is a general point.



aa

Figu re 2.2. The first Brillouin Zone for the body-centred 
cubic lattice. The points marked v/ith open circles belong 
to planes, but not linos, of symmetry. A is a general point



Figure &*3 • The first Brillouin Zone for the face-centred 
cubic lattice. The points marked with open circles "belong 
to planes , "but not lines of symmetry. ' A is a general point.
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1J.BIC r

( i ) Iftmffiiftfita 1 1 orm . Q?be ayHGietrywadnptod harmonica

are the eoiae whether the active or tho pneolve Interpretation 

ia tiaad* In tine latter cacti tho rr-trix rotirorvint,r,tivoo pfo 

identical witb thae© li&tod by Altnann a Bradley (19-63) in 

their tables 6 ana ?• If tbo active convention is used thoeo 

matrices can bo employed but for the operation a tlie oatrix 

oorreopondlne to iC'*" rnucit bo token* ^ nnd c ^ ere tho firot•*~r ^H,,, •• ^j^ ^u^

and cecui.ya re :>roworiti.i^ionf roopootivolyt in the table for £ 

of Altaaim (1962)* • fi%e complete repreoentutiona of 0, 0, lf*** '**T,.|

nnd f., can b© obtained from I'tibleo 2,2 ana 2,3 bolow* **°

(Y

* i'hoy r.ro underctood oc row veotorc,
. . . '- «m«niui - ir

i'hoir tranoforraation nropertieo arc obtained by -JOotnttlti 

Ing; t^eia v/±tb tbe taatrix reprocontctivot tbe firot function 

boloago to tbo firot coltian of the? roprooontationt tbe second 

to tbe oeoondt oto»

(ivj notation of the Tablao. A barraonio cucb r.'BT*hnir'r .nuniH^iu--.--ir:o-i .-'T irm-r^-_vu: ].-Liniiftt.r::[t"Tih--:-Tr-Tir— .TT-- irriri —— '•-""" ————— " — ' — ̂ "-"----^'•^^•••^

at?*° 4- bY? f° * oY? t0 le fdlvon ao follows t tbe valuoo of 1

and tbe oupereoript c (or o) armear under tbe lioa-dinfp 1 and

|S«<l9p* f respectively • o rest of tbo o :•:,•: iicion , . .. oaro

on tbo oaae Ito® to tbo fora a(ta) -f b(n) * C(P)» !>-.. /.^rete



aro civon 2.*1 covurui Una© and the nu#t bo 

^ o. row vuowur, tbo ouoooocivo lincL ci>rroo:jondin& 

to tbo ouocoooivo oolui'ano of tho vector* In tbo tbroo-dlnono-

lonal ropreoontntlonB tho firtit tv/o partners oro given In ones 

tho ±irtst lotter undor f^-d©p* f and' the upper ei/;H in tbo 

o::. .,Jion oorrecnond to tbo firot ncrtnor*

(yj gg 'lltjr^ GPhe o -nlonB X- rlvon bora
n*-. »

are o: ' I for difloront 1 or d.;' -rent V. Aloo in a
sulti-cL: ' -.1 baoie c.11 tbe pnirfcnorrt in tbo srr-e bticlc are
orthQ{";onai f (OQO Altmtmn A Bradloy (196^)),



!i • ' •i^,^,M>(-«'«i**M>j.»-«»'»^'»^*»--«»»^'^<*»*"»*»'>»*^ •

T T 1* Q O 1 fcwd-^T} ' - " " .-- ' -v ^*(> 4«» /4 " ^Ifc* jRr"™vvv,,. s/ • - -• v 

A A§ Al Al Alg° ° 1( °>

A A^ Ax AX AIr 4 O 0*76376261(0) * 0*64549722(4)

A A^ A1 A1 A.,^ j c 0/55355339(0) - 0*93541435(4)
F\ X J»

A9 A,, A 6 o 0*82915619(2) -
£H» fe-

Lt A-. A,, A~ 7 © 0.73590007(2) ^ 0*67700320(6)
1* X fc. 4CI2,

I A, A n Anrf B e 0.71807033(0) 4- 0*38X^3.31(4)
j|^ *L ..«. ,.-L^..J. ',

A A A, A0 A^., 9 ® 0*43301270(o") •* 0*90130702(6)« J 3 -,& S^T » -w .1 *• r « •• T*«"" ^F^m •&. ««. t.'Li,

A ,\ A 0 A. A. Q © 0*041^ '1(4) - 0.54006172(8)T 9 *** fl** -»'^ w i "•*«•
V4. *0*» yo** -i)**t^8(

A A^ /^ /^ A. 10 O 0*411-- -7(0) - 0.50030197(4)

- 0.69783092(0) 

A A Ag A2 A^ 10 C 0*80201569(2) + 0*15728622(6)

- 0.57622153(10) 

o 0.66536331(2) - 0.45927933(6)

- 0*580518^2(10) 

A A^ A1 A, Alflp 12 o 0,69^50266(0) 4^ 0*3141251,7(4)

-«• 0.34> •. ..':54(0) -f 0.' 

C 0*5! 7(4) * 0*£-... ./

-f 0*19, 00(12) 

A A A2 A2 A2 12 c 0*21040635(2) - 0*02679728(6)
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nil
--Jr...

The bar- -'oo of 2B f 2: : 3 and 2 ; are the eooplasc
o **

of tbo expimBlone listed in this foble.

spherloGl

2 o 0*70710670(0) + 0.70710678(2)1

_ 4 o 0*45643546(0) - 0*540QoL72(4)
o

•» 0.70710670(2)1 

5 s 0.70710078(2) «• 0*70710673(4)1

60 o, . . -;{o) ^ 0^25(4)
^ 0. 1

O t47n713S5(2) - 0.520416^0(6)

0 c 0^49^12;}49(0) - 0.27860^40(4) * 0.4^448973(8)
o

O.r?36941?6(6)1 l

.,, 0 c G.*>9115>3*2(4) «* 0.36799180(8) (

9 « o.: -51(4) * o. . . ..>(8)
^63737744(2) * O.JK .. 

10 c 0.14440784(0} 4- 0.10714046(4) + 0*52^74170(0)

4 [o.214oA7Y9(2) ^ 0.3437

10 c 0.54139029(4) - u.4: •' " ;(8) ^ [u..7174044(2)



as
•pteriool

11 e 0.52W>914(2) ~ 0*28945395(6) - 0.37090 500(10)

- [0.3502:^357(4) 4- 0»61427717(0)]i

11 a 0..!>574474^(CS) - 0.43503142(10) +

12 o 0.50007284(0) - 0.21500^70(4) * 0-.^: 'l(G) 

• - 0.37249777(12) - (u. 3640735 2(2)

'• * v.30689303(6) * 0.4 6602693 ( 10 fjl 

la o 0*49^037414) * 0.23953507(8) * 0.44092628(12)

- £0*53713074 (/') - 0.0922^708(6)



For the 3?oprocentf>tioJi6 ' •.••' -ad !:?itb r.n rotorlolc the 

partners auot be interchanged and tbo ait --' -^ of tbom
rovercmd*

T 0 ( 1 UMlop r Fieel T :lo

B 13

s s Bg a o i(o)
e 1(2)

1 B B 4 0 - 0*645497^2(0) -. 0*76376362(4)
o

e -1(2}
B »** f~ — *» / « \^ 5 s 1(4)

S -1(2)

0 0*55901699(£) •»• 0*8291^619(6)

ii \ 7 s 1(4)

o 0*67700320(2) - 0*73590007(6)

B LJ 8 o 0*69397034(0) - 0.39400753(4) <

O -0*65060202(2) - w*V5935032(6)

8 0 0*83601718(4) - 0*54870326(8)

0 -0«O15^n44-l(2« ^ 0*993^6270(6)
T»* 'P O r* i'j ' '• r? '•; / /! \« '^, > £> u f . <u/^v*f;

	^- .' ,-'; - 0*43301270(6) 

0 0*21 . ;(0) H- 0,
c o* • -•



50 
^& 0 0- 1 jEUd&p spherical

1 F, TS 10 c 0*76^04149(4) - 0
c>

O 0*3904!^4t4,:) - o.ilb 957253 (6) -f- 0*31995420(10)

3* B .88^ 11 o U*49!5p05Q6(4) * 0*86871911(0)

® 0»74651970(£) - 0*40934970(6) - G*S 245 3900(10)

a* 8 ^ 11 c 0«B6B719U(4) - 0.49530506(8)

0 -0*78834973(6) + 0*6152^733(10)

8 B 8 12 o 0.71052351(0) - 0.30406127(4)

C -0*516009^3(2) * 0*54714937(6)

+ 0. 06160(10) 

B B B 12 c 0*^0456040(4) * O.jfcKtf :.;^74(0)

o -0*33033^7(2) 4- 0*13051564(6} -f 0*54173061(11



m^ A 
6

	-1 ' , .onio 

fe 1(1) 

c 1(0) 

»o 1(1)

® 1(2)

,& 0,61237243(1) * 0,79056941(3}
0 -1(0)

21 *2 f2u 3 C * B " ^»790!56941(1) - 0,61237243(3)
© 1(2)

12 A

f Tg Tl ffl % 4 °?° ^•93541435(1) ** 0,35355339(3)
^ 1(4)

5 0,0 0*4041^292(1) * 0,;

0 1(0)

S?2 ^ 5 c to * 0».661477^(1} . 0*306136^2(3)

c
>,o 0«5728219o(l) 

•* 0,197-

© 1(4)
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T Th T a 0 Oh 1 jMep •• ' : 1 IK-:- .

2 5? 2g T2 5Jg 6 o te 0*197^35(1) * w,:>u
4- u»*30262703(5) 

© 1(2)

. r £. ^ T. G 8 9 o io*435012?0(l) - 0*68465320(3)
{J i X X^

? 0.50630197(5) 

0 1(^:1 

£ 2 I-, ^p T^ rl 6 o,c 0. . (1) i '0^1-
O *~ ^" ' i. .

* 0.100^318(5) 

& 1(6)

* 0.47495808(5) 

o -1(0) 

tP * T. ^0 T., 7 c p s ?0»5740991o(l) + 0*41984465(3)
H JL £ til

? 0.07328773(3) - 0.60912054(7) 

a 1(2) 

* Tu 2?2 ^ 5flu 7 c,o

- 0.701^0^u{i>) 7 o.29Glt • (7) 

o -1(4) 

f 3* T. T0 T~ 7 c,0 5 0.45700103(1)
UL JL t. ^-L\

- 0,05046340(7)

c

,o w.l3072813(l) ? 0,38001430(3)

^ 0.59086470(3) ? 0.69912054(7) 

fi -1(2)
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5V T-, 0 (1 1 0-flo.p opberlcal hn

~

I 0.33302043(5) - C.uU^O^ 

B 1(4} 

8 o f o 0.45768183(1) 7 0.47134607(3)

-0.70883101(5) ? 0.25574495(7) 
0 -1(6)

8 0 fo ? 0.835' 7(1) - 0.51633474(3)
T 0.., -7749(53 - 0.03125^00(

o 1(8)

0.39i>3o409(5) 7 0.4^31-' '(7)

o 1(0)

^ : 4^(l) - 0.42961547(3)
oA^5(5) + 0*05633674(7) 

T 0.;,, ...597(9) 
o l( 

9 c fe C . ' -• C.137r

* 0.? • -9(5) i 0.67^ . . (7)
4 0.30157614(9) 

& 1(4)

v,a515355(5) - 0.56032917(7)
7 0.11158452(9)

KG)



T

c
f 5P IV 3* 0* 10 s fo*? c* & c./T

3* 30J"lg 1U

ophorical ' .. ic 

0.. (1) - c.7: 075(3)
* o.r • --(5) i 0.15- •
4- 0.01057282(9) 

1(6)

0.09472153(1) 7 0.278*5263(3)
+ G.44r? 36102(5) 7 0

(7)

0.62002414(7)

1(2)

2 0.4941C - 0.091U (7)

3?

» 1(4)

10 o fc 0.31049159(1) :50(3)

.36479021(9)

1(6)

6/»« ..„, (1) . 0.3

0.7- S(|5) - 0.^2100605(7)

1(8)

, 8004477^(1) i /14(3)
• .!.'''.<7<f) i 0*0 .9(7)

4- 

1(10)
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0 <X 1 jMtep s; il b • - -,e

•I- 0*35053967(3) ? 0*37296506(7) 

4- 0,41975832(9) 7 0*57997947(11)

o -1(0)
5? 2*u ^ ffg Sai 11 o 9B 7. 0*46765008(1) + 0,41655170(3)

7 0.310141^4(5) * 0.13689999(7) 

t 0.13^4929(9) - 0.68875006 (11) 

0 1(2)

7 0*23534954(3)

i 0,49510852(7)

? 0.403^(075(11) 

o -1(4) 

*° " ^»-.^552936(l) - 0*047(34104(3)

i 0,52272326(5) - .> ,32425699(7)

7 0.6^GO^^Rn(9) - 0.1^547416(11)

T, TP 0?. T.., 11 C»D 0*4C- v(l) ± 0.39401046(3)14, £. X X»A

- O,/ '-786(5) 7 0, 3754(7)

* 0,295012^0(9) 7 0,r _. . (11) 
c -l(n)

f f 11 c,o 7 0.33483131(1) - 0*700412«":i(3)

1(10)
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0T

* °*
* 0,34B702?G(5)

* 0*547103^(7) 7 0*£. 77(11) 

s - 

o to 7

? 0*40401456(5) * 0*34125000(7) 

i w*o?446249(9) - c.u

T 2 IV 2p Sf0 12 0,0 0*23130311(1) T 0,49003980(3)
V,-* **** " %„_> 4

4- 0,27404717(5) i 0*30a>7819(7) 

- 0*^. ,, A(9) 7 0*43071 . 

a -1(6} 

5 Tg ^ ^ 2^ 12 o f o 7 0* ' ' ' '-(I) * 0*4v4973;/3(3)

? 0,1^492127(9) - 0*16438770(11) 

© 1(8)

2 % 20 $0 12 & to 0*4u435521(l) J 0,20164538(3)
o ** *• *-o

- 0,63705604(5) ~ 0,^2110934(7)

- 0*19?.B4078(9) "?• 0.033116,$ (11) 

e -x(io) 

12 .o f c 7 0,77K- --(I) - 0.. .^077(3)

? 0,i'. . . :l(5) - 0,5.. .-0(7) 

? 0,0, s 723(9) - O.v - (11)
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. OPJPH3

FOE ALL THB fc^VSCTOHS OF THS CUBIC LATTICES....-.— ..-.. .. ^ .-.— . -~- --- - — —- —— -.~^~ ---- — •••—" 1 — ——— •— * "-^ — -— — -" —— — — — — -. -. .--.--.*--—.

(i) ... jfejln;tju_ i'he nointc in k enaoe (l^-vootorn) nhoald

bo idontifiod from fi£iires 2*1, .?«2 t and 2*3.

-J?* . • Tboy chould bo identified
from Pi.f-ura 1.1. The cui'fixoo m» l t P take the follov/ln^ val 

v/ith reference to tbe oynmotry oporr'tions of Picure i.l»

4; 2.» rlf b f o»d > o > end f*

oucb GO <I/ 0 f\ otrindo for tho three operations

(iil ) _ jfjlyepj^ prjodiict ..fggouppA Theco nre roco{Taised in 
tho t&bleo bocetjuo the nones of tv/o ropresontntiono cip^oar in 

tho colum under the name of the point • Also* tho operations 
are listed in tv/o rowo linlred v/ith brnceo. For tho two 

repreoontationo lie ted together the e-^rr^etora of the operat­ 

ions in tbe firot row are thooe rivon in the tr.ble* The 

otmractero of the operations in the second rov; are, i'or the 

firot repreoentation liotod f tbooo in tho table nnd f for the 

seeond, their ne^ativeo.

.

It io tho standard one for the point cronpo (ooo Altaann 

(196:-: ) f p»lo>) rather than the one uaed by Boucknort at al 

(1936), A symbol each aa cA9 will bo ticed to denote the 

A0 roprorjontation of the point £0
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OF 5H3 C ' ? LAS

Hptoi All the no trices correspond to oporntoro in their active 

interpretation.

3 2*3(0) 5HS T

key K

1
1

-i

i - A—;f ~vv^

For th© representations -> t the matrices lie tad in the 

left (rigbt) oolunn imder .a) correDoond to the operations 

liatec! in the first (last) oolnnm of the table* For tbe

poirito that adnit repreoentationB B-t^, > both operations whichC-j <*
are on tho earn© row and are in the first nnd loot coliimis of

the table belong to the croup* Only the -ar^triooo for the

oorationp in the first c are eivon t Thooe for the

corresponding operations of the lost oolunn ore, for the B_&
representations > tho ocjae and for the E representations the

:•• .5 natricco aultiplied by -1,
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Woten *

IPJI (I) The oatrieee of the operations 

listed In tMft coltcan tiro t^nre printed on ttie rlrbt of the

: _ M..)l for the operation, for all tbe roprooento-tions of 

P f H» Rf end P»

(il) Colmiin (2) Tl^j matrices for th@ operationc

lie ted under thio oolunn ^ro obtained by por .tlpl; ;ring the 

matrix printed on the left of the eytabol of the opore.tion

the i'ollov/ing natrieoai 

for T _ t ff of T f H, H and T of

•for of of .PI
1

tbo

columno (l f ) and (2*) obtain firct the matricoo of the 

corresponding oporntiono in the columne (1) and (2) reopeet- 

ively, by moans of the above prescriptions* $hen naltiply

the aatriooo time obtainotl v/itb *l for 5?, . f,,, t and -1 for«••••" ! s" 1 '* *>'ff* •*>**
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r,a r,H r,H ryi
,,,.. a R B ;?
(1) (1*) (2) (2*) (2)

£ I

Gr-rn £*f-""1;?! bl

:i <&

y'V*"* ^? ***

** M

1 

1 

1

1 

1

1 

1 

I

-1 

1

• ••

-4 "^

•** m

•4. 
1

•* •«•

C3 O^ C3* ^f* /? r> /^ r^i^LS. vie?* vft*-*

cT st st4y 4y 4y

<*l"^ rn-*** c' 1**

p4- c*** g*"

.-.^- 1. i
f*^^ S$ Cf

/I ^W* jH *W* /I ^?*
*"** ^ft* *¥•<** *^*t*3b

rf ;. r,n rfn r,n
R,-P R EBP 

(1) (1*) (2) (2 f ) (2)

o;3 ^
c"^" s"*t

o;4 4,

C*>^V «Mt<

• 

•

G£ (5^

1r1

i -a.
•N ^p|

-.ll f* rt" <^™
^^^•^J \J* **S I1* V J A ""1 tj ^ "t- T 2d dd del jl j

-1 
-1

• — -1
1

» «— .

r*** s H

••4* 4MB1 Wft

11 1
-1 . . 21b "clb °ab

ii
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•1 / "

r " '

reprouentritiono

b^r the basee given here are obtained from Table 2+2 (1-

dlmettslonal ) and Table 2,3(2- and 3-d±menBional). Although 

t'aeoe represents tlono correspond to active operator^ the 

fcasee II. , ... . ^ also correct for the representations 

that correspond to yaeoive o - .tore,

Ciij , tloiu 1'lie ej?nraotry-aclaptod barnonlco 

aro civun as linear coMbinritlono of the bases that opaa th* 

ronroGentc.it iotso of a3m (%5t point P, i'hece are obtained

Tabla 2»1» The sue one Give partnero of a mralti-dimono i 

bo£ii0 of mjm in Sable c tl are identified with miporccripto 

» etc* 'I'he n;/n3ae try-adapted, linrmonioo thnt opan a

basic aM linked together v/ith bracea. 

bnaoo obmilcl be tmdor^tood no row vectorc* 

'So Dliiipllfy the _- - ..action of tho i'abloe

as a nitin of t\:o or three

• 'ls o noniciliae thorn one ! :iaot».,-,... . . ... . ..«,
thorofore divide tho functioriB concernod by the ro root 

of the mua of tho r roo of the coof f ioionta « thuo 

571 -*- T?L - 20 ohould be read a»

1'he normalised harnonlco up to 1=2

tbat are obtained frora those lie ted for A., of A cret
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A all harmonico of



"
. . . . " " - ""

In the previous chapter throe particularly important 

cubic opp.oQ groups were considered. And in tKio chanter v/e 

Dhnll rnt-neris© tb,e v/ork on the r©ot of the cubic apace groups * 

For re.'iaono of CDQce It >iae boon necessary to otiit froa the 

present account all the detailed results v/bicb it ID hoped to 

publish abortly ananTay^ and to confine the dicouceion to a 

decoription of v/hGt tee been done, otatin£ clearly at oaob 

ctace vrbore reoults bove been omitted. ' ftr.v random oxampleo 

will be c&ven therefore in lieti of tbe full reoults v/bioh 

would Qxooad, on their own, 100 pogeo of <;iiarto typescript.

Stvaaorpbic Cubic Space Oroups.

reeicln twelve Byramornhie c^nce rroups t namely

hose arioing by aeooclating eaob of tbe point rroapo 2y f *a3» 

and 4^2 v/ltb each of tbe tbree cubic BravGlo lattices «

can all bo treated exactly as the three opaoe gronno 

conoidered in chapter II. In tblo oaoe Tr^ v/ill be ooa© 

eubr*rou?) of ^ for tbe oniaa 1: vector in the Brillouin £one of
*• ' " -mttr ****

tbe corroc ponding m3m type opace (troup. 5?h0 oubgroup ff^ 

for, ocy, Fc-3 v/ill conoiot of tbooe eleaentc in lj~ for ^i5m 

v/blcb are aloo preoent in tbe point group 23* it ID thus
-Or

possible f by inopection, to v/rito dovm the rocmlte 5"or IF^ for 

all tbeco tv^elve space groups i tbio io done In Table 3*1«
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Having found fp- it is possible to find matrix representatives

for 1"* , to perform the subdue tion process and thence to obtain 

the lattice harmonics exnotly no in cfcr>r>tor II. She results 

have boon obtained and are given ao Appendix I to this chapter, 

whiob is arranged in the same way as OJable 2,4 in chapter II* J!

Various noyimnorphlo cubic apace groups have been 

conoidered in detail t e»g* diamond by Herring (1942 }» several 

by Slater (1963) and* i» a very different notation by some 

Buseian worker©* to achieve a unified treatment v/e have 

co-noi-dered all the aoynaorpbio epace CTOUT>D trcm the otartf 

although thiis involveo e certain duplication of a few space 

f^rouoo thio v/a0 oonoidered to be preferable to trying to 

t .. , :.aatiaento of a-pacific opace groups uoing other notations, 

einco there are variationo in tbo labelling of tbo symiaetry 

operations f in the labelling of the reprecentationo, and also

in the choice of the representative portion of too i&illouin
%»?" 

2ono to be used for the evaluation of g^f and of couroe f

finally, there are oome authors using left landed oets of axeo 

and others uoiae right banded oeto of aseeo* The reoults of 

Herring (1942) for diamond,. Fcl"3m, hr\ve boon ooi^ared v/itb our 

a© a check on the {$oru3rnl ^?roeodttre, and all ,/v:.u found to 

in ord0r^. If v/e consider all the operations (|^t) of one 

of the oyaaorohic opace ; :)e it is possible to derive all 

the operations of tbooe - . . ' -ice groups "isoaarpbous 11

to it t by tokinc all the I bofore



tbe t*e subject to tbe condition that the new elements a till 

form a group* It ic -.^ooocary to define what io meant by 

"iooiaorphoue** A space group io caid to bo niooconal n to a

point croup £ if , on putting £ *= 0 in all tbe operators of the

Br>f»ft« rrcmp, tbe recruit is tbe point group G* And. an

t'. . - ....-•.-. do cr>neo rrorm is Data to be "icomorpbo-uc" to tbe

.jrphie opace croup which io obtained by aaoociatinf: tbe 

point group & vd.tb each lattice point of tbe original space 

Croup; whore two orientations of the icoronal point group £ 

on th« Bravaio lattice are possible that one is chosen in 

which each operator (1L/0) io in the came orientation ao the 

original operator (|U/t)* it io realised that not everyone 

o tbeoe deflnitiono of the terms*

of miOT'h , ac 0 .

inentioned already tbo elenonto of any aovtsaorphio 

group are very closely related to those of tbe iooraor- 

pbouo cpace group* And tbe trcxnclationo ^ acoociatecl v/ith 

tVie eleraonto of tbe asyomorpbic cubic opo.oe froupo are lintod 

in Table %^ t v/hioh Io adapted from the one clven by 

l^rubGraicii (1950 )# She notation aiia boon cium^-oa xrom that 

of this reference oo that t, ie now oxprocoed in tenaa of tbe 

vectors (a f O f O) t (O ta tO) f caad (o,0 fa) for oil three cubic 

Bravaie lattioeo f and one or two e.ibi£iiitieo ho.ve been 

removed. It v/ill bo noticed that the cense of tbe elements 

(l^/t) r.o ocrew ftacee or £lide planes has been loot, GO tbtit 

for a rotation R, t io not nocoooarily rtlonc tbe a::io of it.
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fhie is 3one r>o tts to H^v© nil tVio £»TGB r>«d

through the points of +>« RrevalE lattice, v/hlch, if one 

adhorea to strict norev/o and ^licloo is not the caae, Only 

one trnnriintion t is obe^^n for eaob elenent in a fivon n vico 

frotno, biit it . y have added to it an,y tro.riD lotion of the 

appropriate Rravaie lattice fhiis providing all tnc ole^ients of 

the (infinite) apnoe

CUBIC 8 j? ACJ_. G

trails latioioo are rivon ac (tn .tof t^) DO that tj. <* i?

is actually aCt^l, ^ t0^ 4- t~k) ?re a is tba aide of the
*^. *-* jf

cube nd the basis vectors of the throe latticoc arei 

a(l,O f O) ft a(0fi f§) Is

a(0 f 0 t l) avvtVfO) a(

3-*) ffi-tzc^
is4!



n ; • r

000/1

/I
000 /I
«?r?r; /T Tr-i./!

o

j:o%a«i8do

urmtoo n*p

,,: eouuo

{000/^0}

PSJfel

CO-?

©ODCIO oqq. jo

jo

{oo?/ 0} 
: 0}



4.5

n 0<

o2

ou

0'

•) m3m t

VaQo

i'd^O

o u10 
h

2

"a/-'

.-'V
F23

14^52

3?he Ilrillo-uin ^one io dofined iTltb rof oironoe to the 

voctorc of tlie BravalQ lattice on v/biob the opaoo 

group in quootion io conr,tntct9a co that tho Brillouln 2ione 

for en noynnorphic opaoe group ^Lc ox^ctly tbo oam8 ao for 

the iooaorr>l3ouD apace C^^ap. 0!he three conec have already 

boon civon in chapter II 1 '®o 2,1, 2^2 and 2»3»
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p of the k~veetor is tbo aoma no for tbo ire

apace ;v;roiup v/hich n^pearo in Table 3.1 t but it /.met be 

reraenbared that the results of lsable 3.1 are only a 

Bhortband for a group 0* vrfolcto is, in fact, infinite. For 

a Bygsaorpbio space £roxip it was alv/ayo possible to ospreas 

this ±\ _ ito rrotro as a nomi-diront nrorfciot of tbe trrtnnlat— 

Ion £ji»oi-o of tbe ,;:.•; ,v- ID lattice and a point £raup, i»o*

ctill 

ibla to write G « /s^t B v/bicli otill o>icto
IHMi «MW- *<W> WHMV ~

no Ic T? bo a point croup , Indeod it nay not even be a 

group at all f in v;hiob caoe v/e may call it t!5e " '^audo co«* 

group % If g»» io no lonror a point croup i"c will bov/evor

ctill be B imply related to u ^aint groups for inatanoo cons id-
•* v 

er I'Gble 3*1 point J of 3r4:tof tben tbe (p?oup g=- io tbe

-clireot oroduot of (^/t) t the groti'i of -ill lattice

v/itb tho crotip (Vo) -«- t</°)t '^^ latter

group boin£ gS Hov/ conoider point 3 of F?:>c» Gf~ consioto 

of tbe infinite group of all elements of lattice tranelatione 

(^A) cine! ell tbe eloiaants (Vt)(&A/t f ) vvbere t f io tbe
••• «^ •" ••* ""vAfJ """*

tranelcition specified in 1'able 3*2 for cr10 in tbio particular

is now tbi^G (^i/0) * (o^, /t») v/blcb
^*« ^^ *^%vO

not a point croup. It can un-ty bu ci point croup 

usually if V is aero, wbiob io not the cao© here, fbe 

method of Herring (1942) bovmver meJcea it nocicible to find 

tbe irreduclblo representations of an asynnorpbic space n
> .^- W[^ . 

in oi'fect inotoad of writinc gf ac JL^«-. re — ^ ' no



. 1

1 -r a ^roup it it poonible to expreec (T~ QB X^Sr '•//".-ore

p Jj;JL — io the emb croup of £ defined by the property that • he 

matrix representative of every eleraent in P^ io 1» i*e»
lr

^or v^i/i) to be in P»v/e have k.t «= 2nTr. \/bor® n is come
^^^ ^^^F ^B^^fc. ***lt W»»* *

!$ow having oixpreecod £* GO a genuine eomi-dir»ect 

where the co-ercnap £7* ia actually a er-oup the 

proceon of reduction of the opaee group can be follovrad 

through juc-t MD in the caoe of the ayiacioryhio /;:r0upe t but 

with ono Qlight co^)ULcation in practice,. ffhis io the fact
!„

that the group C^ 10 not neceBoarily a point nraup and 

therefore it may bo nocoooary to find the irreducible 

reprooentntionD of g^- feom firct principleo insts.v.d off tm 

in the synnorpbic caaec f reiorrinij to the publicised o^oto of 

cbaractor tables for th© point group0 • It is therefore 

noceooary to dooorlba briefly how ttoio io don®.

2*.6 To Find the Character feble and irreduoibleHeprgg
Jll»~ <_> »i^"B l .»fc^-<»^n.^^^».»>M^»».»»«»..»«^»i»i«»Mii.l'i.'ii«i'iiM«»»«»tiMt^^

of the Group
»*«**«a*'j?»«*«»» •» • •*M*»*i»i ̂ >'.-i'i<Bf i'*H*»"lNte '4#kP>WV»

.1.u'

5?h0 nreliialnary inveotleatlon of an asymraorphio cpace 

Ei- . -,., it poonible to identify the 0rotip C^ tind hence 

In practice (T^ la found by c tar tine wiuh the poaudo- 

j tS^ and construe"''" • • the multiplication tablo^ 

replacing any element of £jL v/bon it a^ioarDf by (3/0) and 

introducing jnot enough extra Glamaate to onoure the clouure 

of the group. C^» vdll alwayc be of order a?3iial to r



of the nuabor of Gioaonto in the "paeucio- 
"4L
kr*

Aosuraine ST** given tbo character tt,bl© oan be 

conBtruoted as follows* The theory of the tiothod la "/ell 

established end need not be rrlvon hers.

(i) the olenents of the {Troop .aunt 'bo sorted into dosses f
—1 

i«o* for a given element H the products I BX are formed for

all the elements X of the group f end the ele:aentc so fomed 

constitute one of the classes of the group t this io dona for 

enoucih of the H*B to aooign all tha elements of tho group to 

their classes*

(ii) having split the group into cla&see In this v/ay the 

olase multiplication coefficients nre formed, CJMV» v.'here

S,f» £4t ^. ar^ classes of the group* Those coefficianto 

are evaluated for all i t j f k, i.e* l^ilnj l^j^m; 

and l^k£ mf whare m is the raimber of olcxsen in the grou.p, 

(iii) If the class G^ Is of ordor hi§ thon for tha •< th 

representation, of ordor n 9 we have the well known equations

These form a not of m eaacitlons for 'X*(c^) for <> 

00 that with m variables m(m-l) of them nre redundant* 

(Iv) A Bet of solutions can h« obtained for Ai(C^) in 

t«3fffls of n^ * But several of these nets of eolations msy 

not he genuine Bolutionc for there Is the orthogonality 

condition to he satisfied as well, the first part of v;hlch io



tbat ^b-X,*^* )X, (C. ) « order of tbe ^roup. The solutions^ .
X

which, having cat IB fled tbls 1-ot cor iltlon, still remain can 

be put together to forn the character table. It v/ill be 

seen that juot tb© right number o± representations /ill have 

been obtained (i»e» this is equal to tho number of c lasses )•

This provides a valu&blo cbeol: at tbio Bta,r;o f ne aloo doec 

tbe root of tbe orthogonality condition for tb

(c^J m O t for all possible pairs D£

f oo long

k :.lto on aochi^ ' -a of
• -

teobnique cloccribod above h;-j3 been applied to all 

tba tiGyimiiOrpMc oubio and tefcra^nal op ace 0roupB for all

lines and plcneo of at^-net?^ in tbe relevant Brillouin 

;Llia working is very lon/Tr tmd tbo nrenontntion of the

reeulta r.lone waulcl be too bulky to include h^re* As an 

in-lioation o,t the work involved tha CTOUBO C;^ occur with

orclere up to 9S> there being three nroupo of order 96 t oix of 

order 46, etc*, etc* A random -.••• . -?lo t one point of

try for ono citbic space group will be fdven in tba next 

sectlon» !i!bic work on the cubio r^cl •';,:; hrago rial spuoe |^roupa| 

together with similar \?ork b^r Br C J Bradley on. tb© space 

groups of the other five crystal s,ys terns will, it i^ hoped t 

bo ublished obnrtlv.

c

jSaeiBaag Ae o:g ^ftffi^Qlk .9^.. ^

an eKaspla obo&en at r: .a from tho nascive
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selection nvailnble, tbo cane of point X for the

J^TOU, (of. opr-i.ce £wup na;ibar 224) Is considered.t^ *
At X: k 9 2ir/a(o£o) f oo tb-~-+. ^ (3/t.) 1-

*_, 
of « tbens

group

member

that nd

aleiiiaata of G^ the pBeudo~co~f.roup for

B
B
c
B

(Voou)

{c2 /ooo} a
8

t 1whore the letters 3 t B, C f etc., are uned ns Q cbor 

lc.bellinr of th0m| Gil translation oonponentc are written 

in torms of a, ac in 1'abie 5»2» It oboulO. bo noticed that 

the valaoe of V fiypetirinc ho re are relatively siraple; it io 

.actXv possible for e le for C 0_, C 0 , G 0 to have
;' -2» ' v TI Su

different valuoo ot t.% tor instance in Ia:Jd they have (GO-^t 

and (Qf-<3) rocpoctively* uoinn tbe fact that the olosiento 

£> brwe beon identified vr@ attempt to construct th©

multiplication table using ttoeae 16 elements, but they do not 

form P. fproupf for example (C~J^ ,.,.,)(C*^/•;-;/.-.;) -•=



multiplication rule for Solts npcee ^roup operators. 

Chester I Jlrv>f»ndi3C I It follov,tJ that 0 ^<y

GO that (1) ..,-« (o2y/ (^-;-4) i- (:/•>)) •--, (C^Oll). S?hle 

io not a HL- .. - of 8~, iatbou^b (C 2 /ouu) la, C^ is 
conGtr»Aoted by tiDing tho e:... .... . ... . ..... .. of the Identity

v/n-.t if (C2v/oii) ic cquel to (C 2 /GOO) Multiplied by an 
clamant oiV.£~> It ie ^oo.oibio to reolaoe (C^ /Oil) by (C2v/000). 
In thifc v;uy u^ is built up f ^.nd It -nay contain only as nany 

uu tlie peoxido«*co<-f.>roup ^» In tbic ca.co, bov/over f

1} = ( fi/011 MCg/OOO) nndCJ/Oll) is not a member o;£
< , /Oil) T5Ui?*t appear in C— ^ ,: ~~ vrell no,: ~~

, VOOO), On doing tbie for rll othor ^nnrlble produ 

a closed srowp is obtained v;lth in fact 52 eleiaentn, l«e« 
each elorent in !?»• is ^: ^licato' 1 * tbue there r^re two

"identity" operr.tionB ('VOOO) and (B/010). If (i-/010) is 

denoted by r1 f ",nd tbo product of olonent B v;ith K f is denoted

by B 1 r-.nd GO on> tho ^rcra? 'Til tnble for

In ac cbev.Ti in Table 3*3*

On fa:min£ tbe products X~* -!X tho olonor.to divide 

on into 14 claBneB f ^o ^bat there nsr.nt be 1A

K

BBB 1 !)*

C 0 C*
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H
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(i) only t cf tbe v/bolc group Bsu
table, tbo deduction of tbo rent lo trivial nlnce ,i* oooziutoo 
wjitli all eleniezrbo of the

(li) '^boufb bare tbo v>r±oioct olomente occur in

thio ID by no nearaj alv/nyc trao, tbo t' : ole orn, for
another /-Toap, l-»nve primed n,nd tuipriiasa vja.oaun.wu iaaca in

up with QUO another
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It io not necaoBnry to Hot nil tb@ olaoo

tlon cool'fleionttf a e;caai)loo only will be

Xroia tbe extracts from the group .ail tip lie at ion table {riven 

bolov; one can see immediately that

a) '111 I « fXf C1B:
4

^ =s 0, 1: ^ 1*

o -.,*,>

c)

0 ̂  -,

c « 4t o-. -., = C» fill other k Tnluae *

2 c- k 10,

<e) (b)

B

JD

B*

ji»

B

>3

C
•«t

0*

D P 1

C »

B C»

C * B

,,» • «*»PJ * W

i)«

C f

B»

C

7

(c)

B

D

B 1

R

S »

Q

S

0

S*



jc f donating by that

or x., « n»
22* ** n or

Catiniderine G,>PI « 1, tbio aonnc tbat

« n. Continuing in tbio faobion, picking

out only tb© coeffioionto v/bicb oe©m likely to lead to 

useful roBiilto one can quickly build up tbe solution in 

of nf tbe order of tbe representation. !Tbis appears in

*«

g 3^4 SOIOTION OP CIURACT3R ?lWATlOtt$ TOR.

Order

1

1

4

1

1

4

2

2

2

4

p

4
2
I-:

*i

Xl

x,. :.

*3

x -,

x,.i i

X-
o

*?
o

x?
T•10
Kll

y!2

*12

^1

Poo n 1 b "*• e v." -, Irtes «

n
ti

n -n

n
n

n ««*Y% W «w«v> ' - *J» -

n «— i «*n n

n "*n ••n n

n -»jt n -»n K -»n 13 *»?!

n -n r. -n. ~n n -^

n -n n -r r. ~n n -OTJ

n _n -« r r> -n -n n

it —n *»n ti. •*n n n *"Ti

n — n -r-- •- -n n r -rj

0

-n

-n

0

0

0

n -n

C 0

-n n

0 0

0 0

0 0

-n

0
n -n

-n n

0

0 n -n
0 -n n

0 0
0 0

0 0

0 0

n -n 0

-n n 0

And tbe only valueo of ri :t'or //blob, ihe, a eolationa fit



n
the ortVr.,- iclity condition ^*O( ?X 4 « 32 are, for thei
firot 8 oolunns, n « 1, p.nd for the. Inot 6 colicanc n « 2 f

proTidirs^; a total of 14 eolutione, v/hich 10 a mini to the

number of olacseo ^n required* In this particular 0^.00 there 

cr« no redundant oolutions ct all. It v/ill rlco be noticed 

that the DIM of the a-nuare0 of the orclero of the repreoent- 

atio-r^J lo 8x(l) L> 4-6x(2) 2 «8+> 24 « 3? = order of the

group, \7blcb it 33001 do end tbis n6rres ao another iiDoftil 

chock*

Hie I'lnal, rea-ult with n vuxueo Inserted 5»a obovm in 

Tabln :>o» '^be ortiio^utiality of tVie otiaraot&ro can quite 

readily ba checked, and v/ill bo found uo bo eatiofied,

Of iii'l t 1 3 claacription Included ?*^?ro for comr>lotoneB, 

ari ttii? iv.-jrking tvhie*1. htic?, Ir»rrol5f , l>oan cmlttacl the onl^r 

neceDoi^i.>^ in a fall table of re^iltc for all special 

of tbo Lrilloain . • -iKl ail ^rK/ea ^rroir,>c id tbo

ol' tli^ eleuiantcj iii tlie cloer^a uM t^e fto'^'l uharacter
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Gl C 2 S C C? C8 C 9 C10C 11C 12C 13C 14

B f "TL
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j.»
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B. 

JBJ

11111111111111

^JL-Ji*JLJL.J*JLJL ***JL ***«!« ***«*• ***!• **JL ***JL

**• JL ,*£« JL JL ** •J* ****'<** "** -*» '•*• -' •*» **^»JL *"* Ju """-j**

11111-1-1 -1 -1 -1 -1111

-,1-1111-1-11-111 -1 -1

1 1 -

11-1 »!*• -i. JL ™**j« -111

1 1-1 1 1-1 1 1-1 1-1

0 ~2«*20002Q -2000

2 0 -2 -2 0 0 U -^ 0 000

- «•£ U

U -c_ ^ U

u u w 0 0 — 2 2

t- «*• • 0 i,.' 0 0 0 0

2-20220^2000000

iabolli^ of the irreducible roproaoiitationo of

ttoe point t- ;0 tboir standard orientations oocordin£^ to

certain woll definod ruleo IB already fully described in

tho literature Mtid tbe tabloo presented, e*g* by Heine (19^0),

A ell/ bt ©xrtenolon is x^MMSflary to cover the caaeB of point

groupc in no»r<it^ndard oriontcitioriB , an*i wooro taocs



oceured in the earlier sets of tables in chanter II the 

following rules were *dor>ted in the labelling of the 

repreoontationo . For example v/ith A of Pn3 the £ rroup is

B t C f <r f 6* then keeping x t y f s f in cyclic order we
"<(/ ** «**

replace the elenento in the character t^ble of 2m by tbooe

of the grottn in ito now orientation, 2m*, tb@ aotorislc denotes

that it is not in "d oriontntion f thourb It V.U not

indio&te the actuel orientation* fha ytittraoter table

therefore

a.*

Ai
A 2

Bl

B2

* G2y *, *a

1
1
1
1

111
1 -1 -1

-1 1 -1
— "L «wl_ 1

A further possibility ie riven by N of wbich bae

the twofold axle is along the
o£ eusio atiH, tnit the otbor two axes are at 45 to their

etaaiiard poeitio.nB f and bora the 25, :c f y f of the standard 

2m miiBt be replaced by n f a, ^ ? in cyclic order5 if s t a f b, 

io uoed ins trad n Inft bn.nded net of axes would be in IIDO, or 

an inconeictent seheiie for labelling the representations 

\.ould be in uee t o.nd a oonfuoion between the oufficeo 1 and 2 

Would recruit»

is sufficient to deal rdlth all the oymorphic



space groups t but for aoysEnorphic opace groups further 

refinements are needed f and all tfoe details of the notation

are not finally worked out yet^ obviously the cl^n of the 

character of 'f3* is a vory imnortnnt property of a represent­ 

ation oince only thoe© representations with a given sign can 

ou uned simujLt'j.naouGly on f.ny problo : a* The labelc for the 

case X of ?n3m tvore inBerted in Table ^*f? f end here tba 

notation ic explained only as muoli ao it is relevant to tbio 

nri.rticiilr.r cat'-o. B^^resentatioiio A and B are cliotinmisbod 

by tbe sirn of the ohP.rD.ctor of the clftoo contriininr- rotations

about the principle axie* i#e« claos Cr » Tb© 2-dimenDio'nal» t>

representations are donoteu by S* A prime denotes the feet 

that the character of tbe imreroion (zq ) is nec^tive, and
.^

italic letters are used for representations v/here tbe 

churc;cter of -i 1 (tbo sy^iuiotry Qleaent) ic negative. Suffices 

It ^'t 3 f • » . --.i-e'iioed for tbe remaining differences*

In an aeymoorphlo apace group, if one consldera points 

on lines of symmetry in tbe Brlllouln 2ione f e*G*^t^f £> the

group CP- may be infinite. Bat it Is possible to obtain the 

representations of this infinite group in terms of the finite 

group g~ for the iooiaorphous space irroup* Compatibility 

relntionobips tmst oxlot at tbe ends of tbe line of c^r \etry, 

For excnola ^ f for ^ type space groupa t lies botwo«n P f Ic = O f
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and X, fc ts Pir/G(0,l > 0) > 4 *e. A is 2TT/a(0, S ,0); nd

: P and X as special cacao of & (with S «= u, 

respectively) iiact give the ooiae result ao talcing the

subgroup of tho elements of A from the finite groups C~ 

of r and A. And oo one can obtain tho character tables

for C~ for A from thoae for ^ at either end of the line,
k *-i and the rules, if one v/oiv:e in terme of C^- at P ie that

the characters of the olementa (%/t) iount be nw.lt ipliod by

-i&^tj \/hore & is the ^-vector of A -:"t v/hicb the

tcsre am r^--nTired-# That thoee charnctors end 

repreDontations ere possible io the recult of the thooreit 

due to Koeter (1957).

} .,-r fc I- •

If k is a point in tbe Brillouin ^one t end if H io 

an olo-oient in the rrotrp cf ^ tber. Hfer » fc 4- K.« -//here K. is
•MM* M. ««j ««^

cono k^o^ace Jlat'uice transletlony if ^ ie not, on the ourface

of the Brillcuin ^>one K 4 ~ 0. f (H/0) denoteo a matrix
«/

repreoentntive cf ^ fez- the ram.® J^-veeior in tha Brillouin 

2cne of tbe Isoiaorphous opace (pfoup*

« e7 :-*(-i£. t) T(^/0) . B(g/t) IS AH

(i) the a-:TiKition abcsve is ueod to define tbe

and therefore the •• • • \^U^LrrJ5^t&![i^ 

(ii)

ox?



•xp ~ik , 4-

und

But s.

.

Cince |T is in tbe {pp&tap of £ then s:q>(-i(R "" iS^» 

exp(-l|c*t0 )* sc that s

ta

(o)

from (b) and (c) tve h&ve thnti

eo tln' ! t tbe •••uiltiplloation rule io

.A I' 1 ?© two reoulto (a) and (b) therefore mean 

that l^R/t) rrnnt be a representation of CT»» Itacrtberaore 

if T (it/0) is an irreducible xaatrlx representation of Q~ i'or

tbe same k-»vcotor in tbe teamorphauo space f^oup the only 

matrix which v/ill corjnuto \vitb it io a ccnotant tiJias© tbe 

identity, r^.nd therefore the only matrix v/bioh commutes 

with D&(Jl/t) io r.lco a constant tlmee the ide^itity GO that
**J *»»«»*

^ V
B"(l</t) is an irreducible representation of C=% Q*15.B«

If g~ io infinite? thirt dooo not matter rnd the theorem
lrio a till valid, cinoe no restriction to 0~ boin^ finite \7no



Chua it is to write down I'or C- €even for

a yert o± i-.a«? cfciaracter which is

5ive the character of any other element in the

by n imply mult lp lying

lector; thtvfc io t if

readil determined exponential

on then

in i

the olmrueter table ior A of .1 vdll be too o^nej at Xf. 

a point of oymraetry A.« o:ip(-iTrS) «= -1 oo that tbe

character tables aro different i'or in the tv/o c-;ro--,in

r """T5 j.o gt,.,^ .M^a at k « 0? k » £3[(O f S f O)

0»

Al
iiBl

Bj,

B
<^«^-^— i ...

ctr/a (C,S f u)i
——— - _^

A2

Bl

B2

E——

X"*

1

1

1

1

2 

1

1

1

1

•• • • •

C,7

1

1

1

1

-2

1

1

1

1

«"^^™^™^^»^— ̂

4.

Ill
1 *1 _--} ^*«JU "*•(•

-1 1 -1
—1 1 1^^••L. "^.jL «JU

000
^4- ' — —

r '?y ^XfS °d(o te)

^ --d -1

"-K. -ft. —1

-X -X 1
000

11 MotrJU. • n

the c ntor tablee &M tbo group multiplication

table it IB poocible to oe matrix representatives for



.i Irreducible reproeontatlony these are obtained it aunt 

be adaittad by untng a, certain rjiouirfe of jjtidicloue nuoce-v/orfc 

It ie only necessary to eboooe matrices to represent the 

elements of each group, which roust be of the

..' "it oruar und ' :cf^ the ;;; relations, 2?be» 

ia not nocQBcarlly any f ' -.jiie f»roup of mntrix 

representatives of a given irreducible representation but it

&os to be decided which one ia G'oltig to be neod. i'or tbe later

consideration of the lattice l*amaonioo«

Having found the irreducible reprecentation0 t their

eliaraotaro t nnd groapa of their matrix repress entatlve-B f It 

to find the lattice baraonica, or B;ymetry Qdc.ptod

for these various opaoe groupo* 

In chapter IX are lioted the tables of tbe lattice 

hanaonicc for three sjaamorphio cubic opoce troupe f and 

at the ead of thio chapter for the reinaining twelve c-poupoi 

At too central point of eech Brilloiiin 21one whore |£ » 0 the 

group of 1^ oorBio-te of ell tbe elements of the space groap f 

and whether the opsce iproup is sjnaraorphlc or not it ID 

nonntble to factor out the tranelation 0roiip ontia?elyt and 

therefore the lattice bamonlee for f"1 in any of the cubic 

apace grou'po are the ecuo -u?, tbe lattice barraonloo of the 

Isogonal point croup and are therefore ao given In chapter 

II f Ttible ?*1. In the caoo of a oynriorphic space group the 

froup ^ for any point In the Brlllouin Xone 10 a oiibf>ronp of
mtJtf n$£• for *^ f the central point of the «one* It la thorofcHWl
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.-• ibXcj to perform the process of ?: .' -ctlon ?/hioh w

c- . ,1 In aote.Il in S2.3 f to find the lattice harmonic® 

for any point in the 2it»ill'. ' ' i terras of thoce ol* I"1 . 

But for an &r • - -ie c price £• • '~ .3 ID not oo since? the 

groups of k for t heo0 other points will vary often contain 

more than one "identity" G^u,.ioat .aicl DO are not aubgroups of 

5^- at r1 . 'iliorei'ore it is only possible to G'o by nnibduotion 

from, the Laraonica uf ^ to t;:ooe for llneo or plcmoo thro'Ogfe

r. it io not posnlbla to appl^ this nroaoaa of oubduction 

c.nv f'iri,bor from ^. 5*0 cover the rest of the points in the

,-,'illouin 2cno one imict induce their bsmor-ico from tho^e 

of tho liaeo r.nd planes w© have jiict

is really the i*evor??e o,pplioetion of the 

proceco of subduetlon* M is found in the seme vmy as before 

and 0 r? V^?ft*i ie constructed!' but since on© rep recent at ion 

of $7* on tbe line raay be ^omp-itible with several of the 

represent'.'.tlons of. ^* at t/he point fit Its end it is not true 

tV<at all t'ne rj:?-rnordcci (p y.roducod in this v^ty will belong to 

the a(th reprc.. .ation of W*> rt the .point* Ulnae of them 

-,.11 be 1*0'....-. '-.t and rnuct be rejected? tbis io clone by 

oeeinc w" ' • of the barcionlcE foraod by ^J"1 do not in 

I'jiot trcncfcrn r. ' .- the c tiona of the croup lifee the 

dk tli nr? ! >resenti^tion of the group; these ere tbon ro joe tod* 

•or tb.njf! Ioo!rin0 ct the effect oi' the opera-iioru of th& 

on tho MrmonioB to oeo which one® are redundant



ni
one can apniy the f tricing operrvvjro v/booe uce is

dcrcriboil later in tho chapter on tbe ompt; ? lattice tea to* 

E: • i t for *nic extra oci^iic vision of having to look nt the

o and ter.l their iKsijsviouap under the onerationn of the 

tbe .TOOODC -** Induction In :io laoro complicated than

2*3-1 IftJSSmi^iuJ^S^^

.AB an oxnnnle we consider P- A-» X for the opac® group

.Pn;feis tbe ohnraoter table was deduced in S 3,8* It no
_Jh TrV". -no th-'^t thio Cr- :10 identical to G-^ for tbe caae of 

diamond Fa3m» The only difference is that for I Pn3m 

B* io (3/010) f-nd for X Fd^m •»,* ic (E/Oj^). !i:hia one 

ojE.m^lo vrlll be enough to illustrate the special off ecto 

oooiirlng -Titb '*n aoj.?msaoriihic cpaoe grorap* The complete 

character t's»ble for T 1.a rir^n enrlier in 1?nbl0 3«5 f but 

since the :;ooond identity r>ieraor*-t (^/Olo) nuet bo represented 

^.y the rn.trix -^ It rsint have character -n, where n is the 

dlmoneion of the roT>j*9E?ontGtion» 5?he on3.y pr.rt of the 

hich IL of iritoraot therefore in tbe tat four

» 1 - > 1 f l, or 31 f 2ot X- f X. of Herring^
^ j 4 J» «^ i? **•

notation (19^),
As already mentioned f a group of matrix repreoentat- 

ITOD can bo deducod by oeleotinc tbe cenaratln^ elements of

tbe eraii^ uua uuj;lcniJit; tr^ ^po '' — ' t1n^r'! r' ^t-r-ix of the 

required character Q^- rt f the co^ — o^t or^or* for oxrainlR a 

matrix repress onto t ion of

w



02
(Vo), (cr /t), (cr.vo), (<r,JC,<T do'

(s*/o) , (c2a/o)

/I 0\
Vo ij

O 1
0(

(s-i)
where t » 

(B/O tl f O) o -
And nlBO from ond of

in ria c in 3»7

for

tba obaracter for tbali royrooentation?

gAB^ 3.7

B/0

c2/o
<rdo/o
cr a / o

Ci0

C4/t

V*
V*
V*

7 ————— ~~

A A ^ T> 'i1 
1 1 ""'ir'

1111

1111

1-1-1 1

1 —1 «! 1
•W ^^•JW ^^Jta «A*

4* -K. --^ --K.

Jk. -$v ""-^v. ""-Vv

•*^L ^^^. **^^, ^"" ^IL.* * f ̂ ^^

^ -X 4k. -&.

?.
-2

0

0

0

0

0

0

Of B.

/I 0\
\o iJ

/-I 0\ 
v 0 -lJ
f 0 ~1\ 
VI Oj
/O 1\U o;
(° "^

/" 0 4W\

to^J?)

VO -Jk j

table

i a rraup of

15 of ^ ere glvoa I

A

For P cuurue the matrix rf»prcw0ntativea ara as already

tor the uyocaorptiio oaso Ka'^a in chapter II, Table 2o.



Bvon in ttta c^se of ?n r^cviasiorobic space group it io perfectly 

P>. ..bl0 to eubduce i'l'on P onto a line or plane through Pj

therefore ai P , treated both ao P and as & with 1: « 0, this* <•*» *
o .y 1'rom th®

results ol chapter II the ->nico of rat

Ji,

I*
Alu*

r> .2 
lu
9

,,2*B>

A

T; JL

v
iiiiica X do 30 not baire C"-^ v/bio!:- io a subgroup of

for r the baroonioc for 1 oanrjot be fountl by oubcSuction from 

P ; tbey onn bov/ever bo found by Induction from the point

^ on the line v;"biob ends at 3C f f.lternfxtiyoly troy -v\n be 

found by pz?o.jootion GO initio« To in^ico from ^X onto 1 w©

uaea to the aatrioea M which can be found in the earn®

way ac in ^oinL.: from P to ju0t th3 representation

for oxraaple the ma trie en f.;t»et

*
c<--
CIv

°4y

1 
1

1
1
1 

-1
1

-1

1 
1

1
1

-i 
i

i
B2 Al

*a

^x

^de

do

1
-1

1

1
1

1
1

-1
4

-i
i

1 
1

i 
1

"P A B2 A X

K o I/I ±\ 
~ J?\l -1) 4?

/-I 1\Ui -ij



At I tbe o ba!rn<»t*i' table tor the spn^ir.1 car. a of & ;>ein£ at 

A, le of course not t'-ie »a^a .a for A - r>.t P xiow that we are 

aealinr . :i^ u - m u.,-:y^:iv**prrie (rroapt 5?bo bersaonios for 

therefore :,;.re 0lC *vh*re >5 **c? tlvi rov/ vector o:C tbo^^ of 

B-, f A- ot 4, i.e,

. , 0 « . . j. ' ' Jt: 2, 1

5Pbf> r>roblo:vi ic now very si-allar to the ono which 

occurs later in the theory of the evi^ty lattice tests j namely 

to construct fTom % r^lre?! function \\ n function ^on nooning th®

'.•.try 03? 3oiao ttimt^Hl fjrmipj i*o» trr.?u3fomii3(j aooording 

to one of -vho irrodaolblo ror>3?enor»tatio?K3 of tliat fn?oup» 

Hiio oar>c? j^* 'ipi?fv^on*vx;.r oi;iplor thnn the case of the empty 

lattice \rc.ve functions f In that rather tho.n obtaining a linear 

coiabiRatioXi of iha u fa we &re juat ^aing to throw away eom® 

of the functionB c.nd retain the rests that aamas that of the 

functione «-jt(B^ ^ A.) eome will belong to xi^ and som® \y 

not*

fJ7lio nooeuoary fi;mttxoiie can b© deduced uaing the

=
acting on the function u» '.('lie xVmction 11 IB now made up of 

linear comblttf.it iont of the baoi© ftinotiono of ooae of tbe 

izreduolblo represent;. ,tiam* of ^ whose tsrir^forrmtion 

propertiee under opero.tioiiB ^ of the eroup ore of course 

known alrouUy* iT0ing tbe barmonioo for & srbich ware 

tlioce lor
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J.J1 for representation

^11 (H) *
a22^)*

'!"*

1

1

C .-

1

1

*k

1
1

^
1
1

SI-

1
-1

^4y C '"-'

1 1
~1 -1

a,.

1
-1

ol' HA we

of A- ol P ,'^••^>
n boloncing ta

i^ tbo eaoo vvlioro u ic a bo.cis function 

^ii « Bu/lu « -;ju ana -oheroiore "Uie aai^
-^ •-;•

ruwarn, iu those of ll^, but for a fanotion 

,^ ho\/ev3r v/u « 0* ainilarly
£•< iA

does not ^-^-? -V>-C * -Ctu ^(5 
IXinctlonc whiob rorar.in r?.c brio is functions for it aro:

**•**

: inchicod tbo litimonios::,U3 it v/ill now bo clec.r ho\7 t b 

from tiiiy Una or ,7lano onto a point of bl^'b c^.UTietry in the

^ono, foit awa^ f r *om P , one onn reject tbo "spare"

ones v/bich &ut.jmatic:ill77 G^ ! C.;;.) in* Oiin rai^bt of ocaizT:c t as 

cm alternative yi^cuu^.-u iiiotocd of UBin|- the barcionioo for 

A t 'u^e all tbe bnroonics for P ?>nd apply the oyciaotrissing 

oijorator -f/i to obtodn tboae of Xt f this In ncrfeotlyol' •*•

Juctifinblo but, thour'n It frvnidn brvinr to rot ibo harmonics 

for I in tiro n-tf.nss f i.e» (i) P ->A , and (1.1) A, -> X, it doec 

mean tbc.t V/i... ^ to be applied to ?0 typoo of function
T'k-i

instead of to a -mtob cnaller 7-iu,Bibor ? i.o. In tlris cace sir,



5Jbnt ie t induction throws oat xaiy of the 

of P

Bavtng now described the proceoc of Induction it io 

now pooolble to Illustrate vary easily how it applies to a

oyDKiorphle group v/bere of course Its ;ino is -mite

possible but tin-necessary » Por oxcuaple we Incluco harmonica 

of X from those of A in the case of Baj&u From tbo roatrioeo

of Z find A it follow that X3 r* AB with M «= ?3 f anfl««* «•••*

therefore tbo harmonies of Xf3 are oontalnod asionc tbooe of
o

A B, namely

, - * • § .' S ^n l£ ''-a i-'U* iu lu 
Bit it it; .•-•, fc, t;vpe reproaentatlon ao th-^t on taking th©

1''*' ov-"»r tba H» for evory u there ID"** —

ofIR. finct with e ».i t*r?o«*»»..« *

til'.cce two will ju-3t cunoel aacb oilier oi<\ 9 laaving only
•*•
u fco g typo re p re t :• viatic TIC- of oo tbe br-r. -:ionloc of

the one

obtains by direct oiibatietlon froia
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OF Tm OT LETTS* R 'T

ffbe Development of tbo

previous nnrt of t^io v?ork V;GD conoor^-vi 1th 

trylag to find functions r>ow0BDlnr 00:10 nnrtir , . a.iotry 

ond now uo oooo to corridor OB -ioation of tbooo rof, ..'.. -i 

to a .. . ... . loci . -a.

2?to© i i in quootion ID tbo calculation of tbo 

bend otractare of a r "' v Gt cubic clone pecl^od metal at 

absolute nero* !Fbe firet quantum rnecbanlooi r^:>->roacb to •- ~ 

cone idemt ion of tbe beteTioisr of tbe electrons in o metal 

wee made by -./tenor end fcseits (1933) wbo need c oarticalarly 

modal « £hey aooiiuied that tbo rietnl corbie to of a 

crroy of fl^d ?^<Msttive ionc f tb^it tbo olcctrono oov® 

..^ witbin it (tbo incl^?--- it particle aooal} f c.md 

tbct f u , -- fs tnooron one nood only oo' ' >r ;/tnt 

happens in a unit coll of tbo etnicturo; ' ID untt ooll woe 

tbonf in " 'jp •pjro3rinattonf r~ •• "id by a r " •*-?© v/ith 

voluno e'lual to tb.o volume of tbe cell, -And, cinco tboy e:;od 

©ocliunf a urdvalont not'\l, tboro la on uv — -~ ^u^t ono

In oaob coll* fharefore tbo olcctron in tbo epboara 

a waro function a^tiafyin^ tbo Scbrdclinrer o •'•ruction $

which baa bocoao ci: ;-:>lif led cr> . D to be not? :^

with



BO it lot

boundary conditlone to bo eat" loci by 

botb Jf'-id cradVJ^re oontlnoouo* Fi^uro i.l roprooonto a coll 

aiod ona of ita neigbboxii'o»

\. CeU

ic ooatlnu ol' caUL

5 tbe

tboorea

ro^pooentatlon

A, of tlumt

But tho Vp niuot ti- -.'O ac

tbet

to tbo

tbd Jion

o tor X,

and fron (1.1) and (iii) gradlM* 0 at tbo £nurtCcoo '

Xi' thon V(r) la (.jivoxi nurnoricaliy troa r; calf 

latent field calcsulntion tbo o=iuGtion (1) can bo

t 3 ooll»

1'or a riven ::* nnd thorolor.^ t.i-^o vnluo of cr



at the? curfaoe of the cell can bo i.. .!• > Is 1

until t bo c . ... aV- 0 lo ' -« ?b0 ' >a l

alx j the t of r 9

Of i»o»r/w f for v. "••"•; it yiolda reaoonabla rooulta*

for otbor polnto in tbo BrUloialn iiono too aatuod io leoo

SlGtor (1934) auggeotetl tryi&£ "ko tak© Into account 

tbo aotur-.l ©liape of the coll and ito oytraotry inctoad of

to it by a Bphoro; tiiio nffoctc tt?o t'hin(:;o t 

ion IB no longer ;h.iot ono -. ... i f ?^nd a

aoro .J-,-W.L, ...... , .. ._ ,. . . . . ^ of tUe be... .. / ooualtioiiD ID

... ..jccc^ _ * ,o zaetbod tr;iao ;.. 30 k as

tbe °ci -^ ma"?. * w lator uihoc ; (1937) obe^eci toat 

r. : : L oaa« oi* V(rJ e* 0 one could ooive the 

»:• " ' ::» .;qac:tion ar ; iiouily • aid tlio^:--.; . t • '^t tbd 

nunoriool Jiefchocic ucod la integrating it b^ ^^^.^114; tlien on the 

caoe ¥{£) =r ^. rule tteiapty lattioo 3 test io ^ ;- roat valuo 

in oi^Jiiriii^ that tbo vory complioated noniorioal proo^cr^r 

involved in a coHaL'^r calculation ara oorroct **«^» it c.lco 

ri^ree one sajo idoa of -vir.- 1.1 .,lt of ace:. . _. oD tbe calculation 

i:or a real aotal* It aoee not bowever -at any error in 

V(rJ r,.nd in feot f ae will . ,r later, tb© cboloo of ¥(g) in, 

witbin tl^© liiaitrtiona of tbe .. l f tbo ool*

.10 oi i;



99 
f?*'o Colliilp.r r -etbodt Separation of Varl^blee in

.laetrone aovln^ in a lattice in real Dpaoo are

_;iocl accordio tholr k voctoro. or •:, ....r

voctorc y ere Fornlona and •;. jro

an o&cliioion rinciple tho eloctronc in. r. netril ouot all bo in

^otntoo* norlootinG opin» Than at abeoluto

if tboro r-,ro H olootrono in tb© metal tboy ocoapy ttac 

lo\7oct ^ atatea in onorry* The nunbor of poeciblo _, -:: 

ic in^'inito thourrb k BT>CLOO for ' : - finite mabor oi olootrono 9
**-* *PW '" ^

i*c» -^or a finite lattice » is ciiocr-eto* If one conoiderG a 

£ri*sren k vector, tbon tbo r;avo f anotioii of cm election v/ith

tb&t value can bo e-.._; v..od in toarse of too L;. ..^.,- ,....-. i-:tlonc of

one of the re 'itatioriD of too -• . . « of J^ end tho 

"cooffieionto" of '•. .xctionc zu&t tolio into accaont 

r I '/' --;ion o£ the \VGVO ruunctionj i*o» if r. ID c: acl

in polar ooordinatoc » t ? 'o couple -uo lattice

of tho cot

o* baoio funotiDno for the aspanolon*

SVie v/avo function of an oloctron can therefore b©

wbero

of tho
vv\ loh

in tho )i*Gviou8 ocrt of tlilc •.

i CO

objooto or:' tho or 

i ; "".;•. An c

v/1 it ID ono of tho 

^ion to i'incl. '-a lU(r) r-re tho :• '.->:

.on of tblc iora io iblo boc :.•-» it
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boo boon aanncd that ?(£) la a Emotion o£ r f nd not of

and 0f for It IB t^lo which ncsteoa tho yobrddlnGor Equation

separable j

and tToio ID r: . lo only if v ir^ not ^ . • of d a 

In otbor -a f for thlo or --Jion for ^p to bo 'v^na !f(r)

bo opiiorlcall^ n;:^2aotrlenlf tblo lo air" ': near ono of 

oi^j bvrt ••••r^.r tho ^ "'nrioo of tbe coll it ID not 

ooiai)lotol-/ roaliotio» It should bo aontioned t^^t the 

oondltlori tbrt tf{|9 ^ cp'iorlcnUUy o,yn: ^Qtrloal in? riot ocoontlal 

to tbo oolluler method f it would be pocolblo to refine tlie 

motbod to ooriBldor V ao non-oontrosyranotrie» Tblo rofinonosit 

ono ttopor; -.'-ill bo s-ritbln tho conno of tbe rnrt "^^oratlon of



at/'

fb© Potential Flold,

In tbc " ;ro of tbo tv/o diner/ ' il 1 

in Flcar® 1.2 w@ nuot oatlaf- t^o non<')it:?.on that V(£) lo 

CM»ntro-c •.-".• • ./r.-.-lc.

PIG1JR3 1,2 5?I~J SPZniGAL SlS-lGgRY OP TO

Ii' /i. ^.c u point ox' contact o^ tbe ooll faoo \7itb t'^o 
incorlbod ophoro tbon V will t?e spbarioaiay sya:ao-oricGl inoldo

that Dpbercu If v/© tafce point Bf nt tbe oxtrouo oornor of 
t?io ooll r;rid *novo PJ koopine Ito mafjiltudo eonotnnt until r^"Tui

hae . ... ranlncod by G vector of lo^r-t/n rB alo^r t^o dirootlon 

of t then v/o bcvo aovod r-. v - r. Into tfco next coll and

• "...::.. io onj.,7 ::o vdovod if 1T« = V,,. w^oro A in a 

point rB «- r^ away from A. For any c 'i in tbo

• ' nroQ ? rtuot bo constant at any /Ivon vnluo of

:. r --ie can only bo ootioflod If ? lo csv vt ovor tbo r/Hole
ro(Tion cratcldo tbe ailioro of rndiuo r •» „-

«& *-5^U

potential tbon Ime a "nu&ln tin" • - ?, • c in l-'lrraro l 

and ifi ophorloolly ojftarootrioal like an Ionic potontlca v/ltbin



th© o
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••00 and eonotmt In tbe r '0,

«• •
& -, 1 io to bo tbrit of tbo
ion OG.TC 

hove

•t to tlio of cell

* *

to tbat tbo clepcirtoro fro.^ c;u.not'.^ioy -. f ', t>:o oiitor 

of tho coll (t/hlob i£? fairly- onall but certainly not 

. - ceaeo tho osparrolon not t^ -^^>-Toj?ce and it)

line boon clnlncd 

c., .

C- -. ." ..- - :. 

ffiho' rr

definite evltlcnco of f'l

In tbo "1 «-v

in

tOC Of

.:;Ion ID por^octly

1 Ion coro

of e* act of fixed
ions and a oot of :?ro9 cloctrone

too eot^oilon brvncl la riot ccrnlctoly ic* It is

a a tbo ca£;o of tho r.iic:.lio£j but in

tbo once of too trr.noltion motclB ono in -:• vary ionc v/ay iron 

clococ! obollc end tbo cJictinotion between boiind olootrons



and conduction oloctrons lo not vory sharp* ^en if there 

io •' definite ion oore f th® wave aguatlon lo tlict of n c 

electron novine in tb® tloM of on Ion ooro and tbo otbor 

eontectlon oloctroris rod so e correction to 17 is neoooaory*

'Jhe potc ,, . ...... )d aro those of a froo Ion v/itb t^a ... . .-r

oc - .. .-.on oloc^, 3 8I3OO',. . out, ":c ..-lal of tlio 

ion coro inclucloo o: - a between tbo coro elootrons o.n<) the 

outer oloctrono f v/blob r:o into the concJuotion brnci, U!bo 

0£f oct of oorrolation (that io the •" -it to ^/liiob tho 

partlcloB do not obey tbe indopontlont particle •- v d) hao 

boon concidored but it was found that addition of oorrolatlon 

made the enerfloo woroe rotber tban better* Tbo roooon for 
tbic in t^r.t b^r nnlittlnr tbe lrt*fnn ?ir» i.r*to ^oi.io and 

putting o?io ;..vl^cts*o?> in r»o.ob enll ( ii?. tbo rnoc o^ oocliuni} 

wo hrvo not cor^jl, 1 til© 7 - .' ". •/? of t\ ""..^ • -.^.'X' ;" second 

cc i electron in tbo cell ^t rll oo t?ir,t v/o bnve 

oorctrninod tb8 elcctrono to eta,-*/ r:.pf! t*t nora '' '

corrolction ef^ooto* i*\troch?ctiors of c cnooifi-l correlation 

torn v/dll toon ; ^ tbo cituctlon v;oroo# " :-cra i'ot/.^'Icd 

di&cuDoion of tbe potonticl field apporro Irtor, after tlie 

ooneidoration of tbo en&ty lattice toe to » ;>vbon the 'ooo of tho 

roe.'.rcario for reel raetale IB

of tbe Coll»

to too :^:x:ulr,r or,rt of tbe 

find tbct for £ vectors of Ut^h , ,ry tbo



espanoion of
10A

in toroo of

that in tense of n

is nore economical than

;Mob. \voei thr* objoet of

^xj lottlce namonicDj by uoro cco. >., ._c':l lc

Tor r, _ . . -.or of toroe in the r

r 1 - <3B than one would do i: ..". "

. Ion one rota to

o vion«

uoing a function of the roouirod avnaotry it follov^ tbat

one ciooo not nood to fit the bo oonorso on ovor the

v/hole of the oiirfac© of tb© coll but only ovor i/n th of it,

where n ie tbe of oletaente in tb® group of

for {,--.} only 1/48 tb of the coil ie nocosuory* ^hin ie
•H>

only true in t'oo ctuae of degenerate repreoo^t^tionB if tb©

( } - if they aro not

a, ^ ,; ir,l .. , .. ±t i& nocoooary to I^row the vi 

for tlie otber a, ,'nto repreoontatione over tfao 1/n tb 

1. .ion of tl^o cell c« 

v . in - tioc in cellular oalciiiatior

conititiotja for ono ro

-"a one only 

V:tion at a

one b;m l>o lit /n iii oi -aolo coil v/;-joro n io

th© of o,yri.:;otry opert...to3?e of tho i^

matrix ropreoentctivoo

of c v/hioh liove

to

.par".. 

for c

Squarea

»-/oon the o .' nation (i) f

. bou, ...\y oortdi-;... ;j ia

!.l only non t:

in v 3 of :• fbe •arly c<

ion9 10

by a

r on



uecd the oapty lattice amrgtos to determine tbe coeffieiento

in tb© expansion of VJx b^r bavinr: jiist enou/?b boundary 

condition ©quatiowo for tb® number of untoown ooefTioionto

It wets tb@n argued tbat in a real metal tbs 

coefiioiento rfj o could be aaaromad to bo tb« fMua* a& in th®
j« '^

1'roo electron ci:.ioe f ... . _ /ore one could iUnd tbo ^ v . .5 

for tble wave* L. jtionii. .... V" for t&e L: . ... - . .ion (i). 

there ±a little Juctification for thio aosunption and in

tbo c: O << ore .. --Q to b© irar^ ootioitlvo to ttwi

o©l©ction of polnto at ^fiicb tbe t y eonditiof» wore

llttod, von c?cr .-- n "• -'Vit^o

in the

-Jonoo (1952).

for

tbc .. -..ytsr lattice end a real raetr.l
tnT* -notboci -^

^prc l?.tor»

157 AZtnc.tin
'"-in .^l?ir raore boitncferr? condition

the ur.

will be of tbo

aro t'?c At "7 cc.

then

">ion

or

l can be x^r-ittcn in the
v4ix)

' £. ^A -f S

cr

in

^ Jiore o^iiationr thnn tboro r;.ro x tbo OVL: -w c-. .-. 

boovily ovo3*detamito9d; if tb© o tb e«iuation is

and one t,..^u

*-a _ x,% « r3? or r o
« 0.

arbitrr*»y cot of n_ the equation boccoac 

tbc ideal - ... Gcr.nr './itb nil

i0 l in prcctioo



ono boo omll G- • TS in tbe o_ GG c " ' " '• of t*r- •-•-"•ftji
into,, :.• .tionc oo^oeifclly. ^ono kind of Xoact o -r-roc .:,othoil 

of ftB&ujG the &*©$ fit ic tte? no x;c'J mO :, -^ tr^c -"-)

ainiiaice £,:> c , And if th» WOTO function is then also to bo
5 &

normalised tbero ic tbe subsidiary condition that ̂ K£ =1.
O j£ O X pi»o« no ba^0 to ainiraiso B » feB C f crabject to «_" « 1» 

Thorofore if \ ic a M^rcin^© undotorcsinod miiltl lior no hair© 

to ninialeo ^J — S — X "V^-vX^i "~^_J
r» *i. ^^ *^ ^ (Swbore - x c»
~

t ic f the borst fit wceuro wbon tlio oooiVic/ '3 tn tb 

wave function, tbe 2 § Toroi an oicenvectoa? or tl^e rmtrix A^A

A In t^ '^tris a^ . inhere are of co

voctorc ••, ? £3 —-i^or of t->mB in tbo cs^erjsion, but one io

not Cwr;Cvi5r;'-jc. ^Ith t'--o. 11 font o^l^ t^o£5Q ijU^oIy to corroc l



rr>

,- , to occupied states f thocb will b» otf.tas of towwst energy and

will eorroe^nnfl to t^o crv.llart ©lronv-r-..j.::c A of tbo

einliaam value of tbo ; a eironvcluo of 4 A 

thus lc >rgy v/hlofe lo a . . ' :.o eolation of 

fc- " .' fo c :don tmclor thoeo or ' ' ^ 3?b® calcul­ 

ation tliuo oonairits in trnoiiac; tbe oiarvo of X ce a function 

of or ••- - 1 int - ->latin£ to fine! tti© nlnl;a.-n valuo of \ f

uclr-r t'"l,':i i^^ort^olatod onorry \ is recaloulctoa and 

calculation con be laado to f:o on until tbeoe two valuoo 

to oom© nreccriboci ordor of accuracy* In fact

of tbo ^c'nrddlncor ern,t°tlon eori^rrinrvllnr to th© 

of tho the w.o3?t fo^r lor/oct oif«Mratoec of tb®

:,;t;L . K:L; :;cr;, J.,y.?i-. ,.:-ic boeornoo ocpooiall 

wb®n leva ID et pointo of lot? oycEiotry f r-iid 

general points In tbo Brillouin 2ono r;rc com-- ' _U

the eeloul^tlon for a computer o little nuot 

bo &ai& about the boundary conditions theism olvofc. iiio 

pointo ^f. v;Mob tbo boundary conditionr r "*e fitted "iay bo nt 

on ecifoo or just a.n^-^'T-^ ort tho i'tTcos of tbo 

?iti, ,^-.iit culj.* ,.,,.::( o of tl'ie pi'.-. ...... ^,, -..,,..;^

E in iuc . ip of J^ tbe vmve fi-. . . .ion at one of . - . : . .

will b© :i •• to the wave :'.' jn at ; '.v?t on
I ——JV

the L of the coll 9 i*e. ^^P{ ^ \ ̂C ^ 'vA
j ^

and i. ' •£ oianjolvoo to cnoeo of D (iA c. "" •• '1 than



10*3"

1>UV9If tb§ tiro points DO - -- ,

xv. - 3d by a ' -•' "" •:: •{-^•^) ttieoe two conditlono 

only bo able to be satisfied. by u,.vinc » 0 £or tblo oolrrt*

Tfalc ic c to tbo -jircouorrfc -o00d in tho original

Soits oalouiationc * >inilrr oonoidopf-itiono oesy ier.Q to tbo

-nt of tbo Blocb condition on by the condition

= 0 at tbo point conoorn^fi* In fact tbo c:. . . :'" 

tho bonmdary cbnclitionD for oil t^rooo of point OB tlio cell f a

oiijrfaco 'x "^-d fos» nil tlie re-r>r©oon"' 

"I . ) of ^vector Is 

of :; ".-

.1 of -11 the p

In tho lic bt cf tlio

a tsinll^jp profr for

1 cloco a it -;a 'vit a

-'--3 in

cai.i L,U uub

n ( /:•..:•.: :/- oti

- ^^tj aat^icloring points 

of tho roll*. <£be c

robebl/

the eopty lattico -toe to

JCQ -n

1*3 ec. ;rj of

***«»*#*,««#»



109

o >t.

In the loot c' tor the ; i^al thoory of the 

oolj.iu.cr calculation woo considered and here wo consider the

dotcile of the prograjssoB itoelf *

'i'bo proerooao ic written for a Ferrocti "i^roury* 

computer using a fairly eiiapl© input routine (l-.U^ diio to 

Br «T ^ Bollett) and atortingt obaptor ctencdn{; c?,nd oliooi:ing 

routinoD duo to -Or S L Altestm, Dr C J I^adloy Grid j? J E 

Jocicoc3i:o» TlKJDo ere vary oconoaiccl of ctorat.:e opaoo in th@ 

ma^natic drun otoro of the a- ' 10 and suable one to write 

p»D •• -lace dlroctly in naoliina (octal) irsctrtiotlores tliuo 

avoiding tioo v/octac,o in a cooi)ilcr routine* It io this 

saving of tioo b;/ not uoing a ooa^ilor cmd tbo L.aaoa ,joro 

eoonouicol UDO which oaii be ntido of tho fairly oearo@ 

of otora£;0 apooo in tho •caa^n©tic drarao v/hicb mirae it 

while to uoe tbio Liothod of nroorcsn-ilng^ Of courtse the 

procroaalag itnnlf ttDinf brtcio imo^lno Inotructiono io mioh 

noro todiotvi them uoinr for 0;-anplo r/utooodo^

fhe wbolo orocr ? io otared in tho raacb-ino r,.:.,ndf 

provided no oector of it In overwritten by aoc" t f It io 

poooiblo to clo • •"* GtioceociTO caloul&tiono by Jiict - ' ;g in 

ttie nefW data without rof oodinc »11 tho ^r : - - s - ,



no
Before proceeding it is cu woll to aontlon tUat it io 

aaeior to r-afer to nil mnabero involved in tbo awpon^onont of 

uooG In octal ratber than deolnaZ fomf i»e. n

IB oxproaood to boo© 0 rattier than booe 10 1 tble 

beoauoo tbe bacic unit of tfr& rinoHino is 2 r>nc3. a oon 

iont c^oupine of 2*c 10 in 0*0, .;; 

oloven ID 111,^ l.e* 511 « 7^64 * 7:sQ 4-o r

pror'r" -3 io ocdo to fit oo ozcctly into tlio TOGO ' co that 
as little GO poooible of tbo Liacnotic drua otoraf ;G opnoo io 
woo tod v/o find it ocioior to tblnl: in torr:m of tbeoo octal 
noobero, /lo mentionod • alreedy tbo procrcu:^o*c voriouo 

cliaptoro oocun^ a larg© portion of tbo total otora£0 opaoo 
nvallablQ* fboro ar© altorotbor lOOOo ooctoro in the
mnrnetle dr??no (In.hntirjd 0 » 777n ) ri^ fibont 250,, of tboeoo u
(i«o* v/oll ovor . ^.,,_.: t.oa) aro noed to 

A further 140« oectore GTO isood to otoro variouo co,.; :?u 

oormoctod r/ltb tbo coonotry n,Bd bo-; ry oonaltioiaB for the 

Tariotic roprooontationc 9 end about 200 oootoro for tho

input routinoD, l?he root io uood no *oo:)orary storage 

epaoe for nuiabore produoecl and uood at various otr^eo in the 

oaloulotlon»

2*2 IJtft® MBUBtoP itoutino.XKdJtwmi ^iir ni'ri nnniiiimnmn m mmSSSmSimllflUUiSilifllt

Tho whole onlctilfitlon Io controlled by a aastes* 

routino v/biob can b© ontorod in vrtrioiae nleoee by moan0 of a 

flftxible «ntry«. 3?lil» i» acbiovod by uciti^ a onall n^n-nnct
p*o, - . -•• " lob io ontorod liy and can tbon bo ?...-... -3 to



tflMWtM-ft

r* tbo naetor routine at ono of

coloctoci on tbo hEnctoY.dtohoe of tbo

-"l nol.rtc r/bich oan bo

CVdo io uool'ul

for several racoons (a) one con ctart tbo pro. : .. . ... .

without noc " . : to uoe a special ctrrtinc tnpo t (b) in oaoo o£

it poaoiblo very of ton to roc tart a 

ri^bt back to tbo bo/ . • ln£ arain

machine failure It

calculation without

ana aonoo rodaooo \yactod tliao f (c) If tboro are oovorol

for a ro ation and OBO of tboa boo

been fotind it ic -)oeoible to food in, on tapo f ci now enorcy 

and rootr-rt tbo oaloulation without wciotlnc tine

tbo hnroordoo all over G,r:ain» (c!) f It

io poociblo for o givon ro-nrocentation of a lino of o^x

to aovo to cnotbor r^oint and eaarrate tbo leva ID at tho nm? It

VGluo v/itbowt to ro«*OQr'Tnite the ban;i-,/nicc *

r/itb the oori0nent otoro.f ?o of tbo T 10 in tbo

smcbino and tbo ooi^soauont eaco r/ltb v/biob ouoooosivo oaloul

atiooo atiy bo tiono ro'::roco:ita of > : -> in o[)oou

over tbo procrozaoe lor boxaconal olooo paclced notcilo cloocribod 

by Bradloy (1962). Tboco oavin^o to^otbor t?itti tbo

loot ion In tbo boundary oonditiono oontioriod in tbo proviouo 

obaptor v^robably roprooont a doubling of the onood of tbn

ooai -.rod v/itb tbo b oloco pnolsod rietalo 1

t of tbo pro nut io obown in Pirure

She 000tor routinae the date for tbo oubr-' tore of the

;toro taiooQllunoouo items In on* eector l:oot
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epooiolly *or tbr.t • oco (ojctop 776 - .''

they aloo do oomo odd little blto of aritbnatic and control

tbe printing of tbo roeulta*

2^>r oaob representation of tbo croup of tbe b^voctor 

at each noltit in the Brlllouln ;;*ORO there 10 one Doctor of code 

v/hicb oon\ . . . ... (a-) tbo fraction of t";o

coll v/biob ,. ...a to bo conDiacfocl (b) tbo lattico I:

for this - tion in toroc of tbooo of tbo r 

ioi30 of r1 r^ncl (o) tbo boundary oon>:,:ltlonc nood in tbt 

calculation* "'.r-ob irroduclblo roprocontation io civon an 

arbitrary code nir ibor Pg and tbo ooctor of cocio relevant to 

this renreoentation io to be fcnand in sector 400n+pr* fable
^J >*/

tbo code laaeiboits civon to tbo i3?roduoiblo

toy A A .

. . .. ',or d©ala \?itb tbo goonotry of the

unit coll w?-)icb ia obewn In 1' 'jo 2

Lj k:.;. LuG.-.L GOO-LJII-UT.J OK ^IL^ PAC^

r Code

Indieoc. of Pace

110 1 :
Il0 2 )|
101 3
Oil 4
ioi 5 ii
Oil 6



Aa inair-rvtod horo e«C' oo ie civon a code r. id a

oyotom of local coo;. ... :..' !-to tisoc io cot up on •: ^o of tbo

con 00 c in ."• ro 2»2« T'acoo oppocito to tbooo n; .'• O'

are given r; -re 11-15 roopoctivoly* A point on tbo 

ourfaco of tbo coll ID •'" • • ^cif iod by tbo oodc Jbor of t!i« 

faoo on wblcb it iinclo itoolf toootbor ivith ito local 

coordinate© p fq rofored to tbe axoe H^tBg on that face. In . 

foot tbe procronaao io eivon e oot of coorcilnatoo in one 

quadrant (i»o» botb p and q are pooitivo) nnd tbon tbo 1'aco 

and 'Ti.T.flrf'.nt nt.mbos? of a noint auot bo cpooi: 5 

of p f q '*•-.• ..-..- . ->r ,)acb ... - . . .. . /on in ;.0 0 p

2.2 MB3:LLIlGaF

P
Q

qu'idrant 1

4-

4»

quadrant 2

•»

4-

quadrant 3 quadrant

« • 4>

-

4

Sbe oorae oot of abeoluto valuea of p and n aro t^od tor eecb

reproaontotion but th@y ^ro arrfasged Kutoinr^tically ovor • .... . • 

•rent fraotionc of tbe ocll

c ovr HOC OL

tbo

to uoo V40 tb of tba wbold coll 

for oono reprooontatione? \vbilo for J^ volueo of Iov; : • 

tbo ivholo coll 10 neodod, 0?tie fraction of tho coll over

oodo

io no

wbicb tbo points are distributed io o.pooifiod in 

eeotor for tbe roprooontution concomou* %{••..;-- j

wby tbo wbolo coll obould not bo xur ell ro:>rooentotiono
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provided tbo precaution In tairen tbot llw :o5.nto uaocl uro not

rolctod to one rmrtbor by aooe c;- \ .v-^ir? cnomtlon of the

of _k.* Tblo lo automatically coartied rc&lnat in tbo

She quantities oaloulr-tod by tb© procrtsano aro T»

tbo ordinary er^erienl polar coordlncteo of tbo oo ... » cmd

1. flotlr, tbo dirootlon ooclnoo of tbo "face nor.xtl . - i rocnoctJ. c* ;;

to Q:^OD at rt0 f0« Aloo tbe radlao of tho cphoro of

Tho1 to tlmt of tto» Hfmor-^oits cell* r^t 10 

lattice opaclrc lo provldod to tlrl® oubc" .-ar by tbo motor 

routine In tbo x'orn of the oldo of tbo ordinary unit coll of 

tbo otruottire ao nomally ^;aotocl in the literature; tbio 

IB a oubo containing *bo eguivalont of four

|p| end |nj cro opoclfled and -uolnc tbo code na.ibor of 

<|ttc .. .it oi/T^ ar® attticb:0d to tbeeo to fora p and q*

" ' -. cpectlon iovector oon^Gctiag tb© orlrln to t

tbon
f&lorsg

where l]* are tanlt vootoroc
face nomnZ f ond 1 and, 2 on tbo face* If

vcctoro along tbo sfyfsfff c»

and putting r r f p itr
^K

o 8 f
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COG
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^-n 31.

etCt>

« . 4CL,
^i ^

llT"T~ii~^
^^ o 1 m *r

•M6»0£* *I«*£j

2

a44 will depend on the fao@ of the coll in 1100 c.nd the 13
for tbe varloiiD ;. ... >rocontod JITO oliov?& In *c,bio <^#5»

Por l, flp flT> if i, 1 1JL*ti f t aro ^^^t baalo vootoro of 

tbe oet of areo r :>d from lfl>i:f by the rotatlono t

nd 1^ and olnoo tbe nr- l to tbe fao0 in

tbon

0tc»» and by ono finds

r ,

11
For

ttet of tbo
_©o tho radltio of tbo o-nhoro of volnms antml to 

..« >itc cell f v;e he.yo

3
of coll

oo oq
entire pror"" 10 lo r >lo of dealing with
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(I.e. 3£1(jn) points i/bore n => l t £ f 3 t &nd It ic only entered 

one© and doeo 40n§ 100At or 14Oq points -ceorcllnc to the value
\*J Vto* V--*

of n onocifiod to it.

2^- QatNS^aDter C t
SJhlo i . . ptor lo a routine t?!ilch issoo tho roculto of 

port I of thic preoent •': to ooloot from the coup lo to oot 

o£ let tic© ' 'loo c:? r1 tbooo which are prooont In the

roprooontatlon notttcilly \r • "•* cQBDldsrctlon* ffbe reoiilto of

pert I ohaptor 2 arc coaed in the anpropricito sector of coclG
o 00 tfo-rit thic chapter oelocte only thoc© C^-o nodded and foxsao a

ctoro of thorn tocothor \?itb a llot of tboir If'Ojni

voluoo asd aloo a digit epooiftrinc'; whether tho hnraonlo lo

or r f rlioro X-.. «c X* *Sho detnilo of the cod®
-I* «L JL ^* 4.»i

a.r© not very lirr^ortant, but bcicicctlly oach roprooontatlon of

P io llotecl to^otlior v/ltb a co ... . .: of tbe ec ;ciont milt** 

1 • It In th© lattice liaraonlco of tbe rt. ". ' Ion in

2blo ouuciK.^ivor of tbc proi 10 cujLouJ»otGO too

(ooo proviouo oboptor for dotcilo fo tbeii}t valuoo of 

4* are (^Lvon end it ID a routlno kindly ouppllod by Br C J

Bradley^ no oetorlal nltoresttion hnc boon nod© to it* It la 

therefore not n«f*aonnry to dooorlbo in clotall !iov/ It v/or!^;

It -:.. .. w. '.t3© 4Op ^ valuoo at a timo and therefore tl>lo

re, ..< -.) - '• 32* \7itb • ';.3r Bf hris to run n tluiee* to



accuracy of at l«rot 7 10 e for tbio routine,

Froa tbo roculto of tbo previous tv/o nubc

thio routine io on'iblod to . lattice hor

and tboir derivative© and

\vitb

1

or

or 0

» If m / 0

if a sz 0.

depondence ID listed vritb tbe coofficiontn

otoro,

(J?boro cro tbuo two BO to of poofjibilitleai

and tb««* can bo made to cover all a valueo by n 

iwrtiiioo tbot coon0 « 2**" if m » 0*

From tbc otore of loft by the £r

oro

;OG

in tboir

ng tb®

tor B

thio routine oelocto t'noco it neede, rid ;/itb the C?. and



<• • Ing tbo jf det>ei co loft 07 c; . , . , .r C it i^

tbe fimotiono X•
woxto for 400n p. - at a tiac but it ntoroo the X^^ for 40, ;n 

points in bloclco of n oootoroj i*o» for tho firct tara in the 

c . '-cion of ^p it ctor0o all tTio X^0 for -' • ' ':0 fotaovrad

by tbo ^*° ^or £0,,n oointa e.nd this in turn ie follov;od by 'SF" 
lor 40nn points* Follov/in^ thio are tbo 3n eeotorc

of lox,, i° 9 ^ , for the nert lattice harmonic in the x
The roiitino aloo lotiveo a directory for theoe

fimotiotiD indioatinn v/ho2»fi they r\ro to bo found in tho drum 

and ;;bat oro tbo 1 find "O vnlaao*

f ̂

' 1 omall •' ' • ' "a c Imp tor 

v/rrlch woste 3' s..uat once*

(i) It ^ 

replaood by 1^, , r, whore

UL\> •=- -&V

for all the 40^ val^oe for onch of the terr© in theu
(ii) It : ... j ooo(l£*|i) i'-iiu c.., .. ^ - ..... .. . ie

p^iro of point and companion point f where co.; -.c.'.iion . . . ^ 

are ro2. 1 to tbe otartlne point by a roflo in a ie 

through tho origin and or. lal to a plrxn© of ttoe cell*

(iii) It fom a table of 40 n valaM O^ -^(o"),, r3d



•*>•<<«. >

another teblo of 4Cun coclod valueo of O3n(i&.3) and c. .. 3o ***

then In tho drm* Tbeo© ere for eacb of tbo 4-O^n .to in 

turn* The cod© ucod for c; , V:»H) ioj

1 if l^.g « 2n 

»1 if ^*j£ » (2n*l) (n is Qn integor)

0 if k*B boo any otbor value • 5?blD infoxsnation i 

i20ed later in oortinc out wtdoh of tli® bouiadary condition© 

ore applicable*

0 two charjtora toroth.^r foro tho ^rrt of tbo

oonccrnod with the fomation of tho radial j>art of
AR *( T»I tbo v;avo function R*(r) f rind ito tlorivctlvo ^*^A^% Thooo

routinoe bcvo boon Irindly ct Mod by Dr C J 'loy« In 

thoy \7orlc in tonne of G^(^) and G£(p) -/bore P« iocAr

oncl therefore » >

oonoiotont potential 

fiold for tho ion core v/biob io oBctuaod to oxiet (and wliiob 

ID kindly oupplied by Br D ^yero of the Oxford T^nlvnrDity 

Coooutlng Lcborctory) to nw^tiad to tho prorraj^ao v;!iiob :Croia 

tbic producoc the effective potential for an electron sieving 

in tbo field of tbo ion core and tba other conduction oloctrono 

in tbo cell! it io only in fact a *Bxaootbod out" correction 

which io applied Tor tho field contribution clue to those 

other eloctrone* ""-.ic nnrt is outside tbo itorativo cycle 

of tbe p



The oecomd part U0ee a nr.rticulcr value of '/.id

the radlr.l wave >- tion to produce G- 

Thin ic done only for those 1 v. ... a no t of 

be douo afresh v;ith , new trial c • ~.

(This . - ' or aaeembXeB tho Toctan^lar rnatrizy 

theory of tbio v/oo dealt :/itb orirlierf where it was coon 

that .jnct 4 tr^oci of entry in the roetangtilar natrix are 

poaoiblQ# Firotly tb© procxcugcie piolcQ UP tho code nuabor 

of the fae© on which the point In 'Tuocjtlon ic to bo , . . ..& 

it tooto the coded boundary conclitlo.no for tt'.o re >r-.- ' .tion 

umler cotisideaxition to 000 whether the group of j£, boo a 

•^Haetry plane with dii.._... :..! aatrte representative parnllol 

to this face* If there 10 no cucb plane tho bounuiiry condit- 

iono aro oil. .-t
(i)

where E io the trojaelatlon vector r9 - r. 0 If tboro io a
^-* JL

plcv.no of oyonotry with diagonal natrlx reprecontatlve then

- ̂  r y*-i
M 

for this face? if thlo ID DO tbon ocpar.tion (i) ctill - "Mao,

but If it IB not tmo tbenf oinco VU a j) '-*

tbo profTonae tec to whether £T"(0}, 4 io eofual to exp(l^»H) Jlj•

ocm only aoen that U^0 and /. cro both sero. For tbo 

boundary condition on £rr>aV{/ , if a plane of Bjn.m;iQtr^ with

diagonal natrlx renroeentatlve IB procent th© proGTf^nno toe to

for D C^0.?4 » -o2cp(%«iA)5 lf tllic ^ D0 tben equation (ii)



a till boldo but il it io not true tbon for tuie )oint cro
to

end graci^P. are botb soro* I 1
ill /o described in tho nr0viouB cheater the actual ff

fanotiono produced ere of the formt

etc.

Bocauoe tbore fire wansf ssore boomaaaey condition orniationo 

tbcsn there are voriablae (tbe ooef ficionto of the variouo 

torso in tbo c . Ion) tbe rootancular matrix f tbou^i Xor^o io
m

lone cmd narraf oo tbe,t on £ orraing 4 A^ which io done at tbe

one! of tbo Gubc!iaptorf a fairly email souar® matrix rooulto*

Tblo 0ubobaptort due to ::Jr J t> Bollett of Oxford 

Univorcity Computing laboratory finde tb© jaininttn 

or tbo eigenvector corresponding to tb© tainlisuni oi^onvalue
tho \7ove function cooffioionto) of tb® rxs ti?ij: ^A loft by 

previous erubotioptor* TbdLe io a otanclorcl : .,rcuryw Ai 

Mbrcupy pro^-^paaoo and furtbor dotailo about it are available 

from tbo laanual of tbooo /'dbmry •

tonoral •- ' .

i'be t>ro(;rr:-,:"i"i9 is fully autoo; tic? f-;ivon a starting 

J and an inoronont ^^ it will either bandle oovoral 

3<epro£jentationo aacl print out the- roaidualc for oaob 

reproaontation at 'Pi * m&3 until it reaoboo tho finixl valae 

of S opeoifiod; ia & 0,1,^t oto., (HHAH) , Alternr?.tivolyf 

G Juot ono rovrooontation it v/ill find the



at 12 + mA:s until tbo minioun is bracketed v;ben it vd.ll do 

a series of parabolic interpolations to find tbo minimum '^ to 

a stated ia of accuracy ( "HID), In practice for a real 

metal one ucec wCAH and a larne A - to give a rough idea of ji 

tbe locations of the levels and this fives one sufficiently

good starting values of ,' to feod to rA

proceod et a mcb smaller

hich can then

nd locate tbe minimum to

figures of accuracy* With the empty lattice tests (see next 

chapter) tbore IB however no need of rfCAll oinoo tbe correct 

answers are Icnorm beforehand*

One drawback of tbe method is that s one tines the 

lov/ect eigenvalue is masked by tbe eudden appearance of tbe
4

second eigenvalue of tbe scru,are matrix and tbo T?JQ may change 

over causing an apparent point of inflexion rather than a

genuine minimum, as shewn in Firaire

J,vO vi

If tbo i'irst tv/o eigenvalues of tbe matrix v/ore found they 

would be soon to come very close toreibor at A v/bore in fact 

what was the lowest becomes the nert lowest and vice versa. 

AB a refinement it would be possible in oases like this t (i) 

to detemino tbe point A, and then (ii) to uoe oiirvo 1 on tbe



.
loi-'t of A end curve 2 on tho rtflit of /•• to find tho ninfaMBi of 

1-t- at j?f and curve 2 on tho loijt of /i - • curve 1 on tho

rii;ht of A to find tbo next minlaun, on 2*»1, at Q«

problem ic particularly serious i'or the £uturo developnont of

cellular caloulationo v/ben all nointc will be treated «r>-n

pointo 7/lth only 1 reprecentntion

torotbop of the

r, CO: • aent crowding

bo

001 :; - jrfition of tbo accuracy of tbe pro.; - • v;ill 

after tbo doocription of tbo eiapty Ir^ttioo teote*



m, ^raics

'.llulfir Motbod ID c; .,le of boing toetod in a

vary o: tlve wtiy, b tba potential V(r) « 0 in the

exact a: tied eolation
pocsiblo lor thio CGDO v/bibb con tliorofore bo witb

t 3 ca silted valucoj thio is c':.lio<i the "onpty lattice toot4. ?*

I"/! by Uliocliloy o:caot

.....scription of tbo enoi\.jr bande is Doooiblo for tbe various 

>'.'ointe t linos, planoo and ^oneral pointc in

iiono •'; rood doooription of tlio outline© of tbo tbeory vroa
iriven by Jonoc (I960) — • t!ioiif:b tbe troataont 10 not

only tbo lino P-A-I* woo conoldorccl, . :-jre that
troctaont v/ill bo follov/ed and oxtondod to cover tbo wbolo

of tbe nriilouin aor.o; liot wavo functiorjs nnd

i'or tbo lov/oot fov; levels nt oncb point of e^/sraotry in

vootom of

Lattloo then a lottice point io

rs a.., , a,•.x <
aly a:
a a. Is <
^ n. '•;'

->v a ->*.3. ^^
*": <UtM';»^y i1 ;/
., a, ..^rr ••':*

... : -5

r\
..,

"" '••••» 

*' HT * Hot



any lattlco point can be axproooed oo coiaa saatrix A, 

0bai!*ctorictlo of the Jaravaio lattice ooncorned onorctinc on a

vector o ono lot ing of 3 inter, ore, 

lattico o *= G f a/2 fo/2)

O

For the faco centred cubic

0

and 00 A «= 0

0 ..a

reciprocal lattice with bnoio vootorc

ie dofinod by jx* »a. «= .*, and the boo la vaotoro of l£ cpaoo""""4. ""jj Xj

aro 2TTb> f Strb 2irb«» Therefore b. «
"*•• f w ™ • 

«*r

^ o l/a(l,l fl).

ttieroforo one can write a -noint in k oosce no ln fc^ 4- !0lLo
***» ' I «*•*# I ^"'•wii%v '

yj« «JU C. C.

! v/ijoro

10 lod CD

f find tti© ri

If we aro dealing with a flnlto lattloo

in real speoe tben ^ space io dlooreto and not continuouo f bat

if w© bave eoa infinite lattice In real opaco thon ^ c • -.:• * can 

be ooDoidered to bo eontlnaouo t

Tlioro O.TQ two ollchtly dlfi'erent approaofooo to

Brlllouin .ione tboory, ono io to uoo tbo nhole of fe opcce f and 

the other io to 1100 tlio rodtiood sono oolio ; :io* In tbo l'i:r'-ot 

ono roto juot ono \/avo function at each point in k, cpaco



to IB (0,0,0), I.e. y , -r- — >•£) 

^n t*v- j£ vector- in tho full r.oisc roboiao. "or -".11 tbe

OM-ivrxlont points in j£ oprice tbccc I: fs rro related to on* 

ar.c- ::• by r. i?onlnrocel lattice vector rnd therefore ^c 

tho cr,iuO :.-r •-..., . .-re tbo VL-ri.onu v/c-vo !tiv 'ct! 

will ". - to the variouo irrc-. .\:.blo rt . • . .. ,;TD of 

tte «QJ» i --• i> t IT '":o coLiion r^roup otscrod by rill tbo 

voctoaje. r ' ". ID co it b;--o becono cuctoraary c ••• to 

UB9 the red: •"!. cone ooTn sot. where ono t-rkoo f for rivon ^ 

solutlosTo •.-••J.tb ^ -vrluoc othor then (0,0,0) ana i/ooroforo 

gottlii^; an loi'inlte riujiibar of ?.evole ^nd functlutju at any 

point in £, epaoft* The t\yo doocriptlono f either coiiolderinc 

only one level at each point in tbo whole of k oncoo or 

Cf • ;r±ng all J, valtwe at only point,'.; v/ithin the i'irot 

LiiJLloulii >o;io t are c,.. ._ . . ..y equivalent even by the tine 

one writoc dov/n the wave . ..tion and energy* for tbe 

ttwi full sone deocrlotion io juzt the (k^ - j^J of the
4>

one • 10, tbo ;• 2 is 1^,", or

or oxp(:

thus th® nuiiit cell n of Jj, uoacu -:.^tl it litic 

ite o':.'->ooite facee aeparated by c reciprocal lattice voctori

^2:^A^^^^J^^S^£^^._^£.MPJi^£.-.Ii^}^^.,^jt,
?/e now conniclor tbo Sohpflclintfor "i

and use th© fora of the v/cvc tion L >d i'roia 

theorem 4^^) « u(r)o:rp(l|£«r} f tben



HI

C £•- V - 4££«. = o
u V ,r." of r. Por oirraty 1 '.oo ": ' ">vo

V(r) = 0 ao thrt
^^ ^ -3* IV. ^v^ -yT-^. (P _— * ~ -fcjfc v *~

•fchon if T» =

or If

Sfbe firct Brillotiin ^oncs lor face oontrod cubic 

lettlooo ID no ebewn in pert 1, r: ; o 2»3# TV\® valnoo of 

k 1'or t!i© frieeial no Into of oyn'iotry in the .Brillouln £iono nro 

listed In Table 3»1*

3?o oiav)lify the o:-:r;ty Inttico toctc the o 

value of c ss £ir lo tal-:©n t co toot if 

this booomao jiiot ("^§>)»^)) BO tbnt

- nx ) c' 4- (-YJ - tig)^ 4-

an es oxD - rus: -r >\ -

v/horo a °
tor tblo IP. t tic©

£

tm «J
*5» ^^-

1

III SfcblQB 3.2 and 3*3 aro lie tod valuoo of ^ - n,
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1 1*
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and B for vnrlouo J. values r,t tbe cmeelal nointo of the Zone* 

It will bo coon tH*»t thero nro oft^r* rmrnral vnluoo of 1, 

lo ,,in • to enob energy levol at tbe point COT loomed in noct 

occoc t but tboro io no rccaon why tbo portir .? 1, vcluon 

ohooon for t 1 *>io0 obould be tbo only one* 1 . to tbe 

ener ' • - ~\ 9 In praotioo tbo o^yisaetrissin^ f.. -"-.tor i?' 

ie montlonoti later v/ill iiotially cltccovor ai^r othor i vcluoo 

to tbe cr^ao onorr;,7 . v'i

Onoratoro

wmre funotion found above, V^ =3 e:cpi(^ - n- 

^ (Y] - n^Jy •»• ('i - tujnjj v/ill not ucually tmisDfora 

according to any of the irreducible ropreoentntlons of the 

gztjfup of ^ but it ic pooclblo to form linear coabinatlonc of 

tbo covoral doconoiv.-.-to fttnotior^f at th® glvon lovel r/itb tb« 

re':uirod cym-aotry* This IB nobot ~~7 to oncble o.n@ to 

tell v;hlob roprocontatiorio br.vo levelo at tbo onorcy value in 

qu@Btion, I£ tbo ixuiction ^' xa sjoiao iiiiorir couuirt-tion of 

•febe u-, f uof • • . whlcb arc tbe functlono already found, and 

it ic to tronsforra according to the itb Irroduoible roprooont-

otion then ij^J « ^"^i^CiiJpot where H le an onomtor
1 correapondlnc to fttiy olenont of tbo rroun of |£, nnd 00 io tbe

i 1Dtb :. ;tion of tb© ro%? vector 0 and I/ (2) rD ar0 ^° olnnotrto

of tbe matrix ro^reoentatlvo of H in tbe itb reproc-: . ,n.

It lo cliewn In S3. 2 of Alt i (19 >3) t- :t the itor

-j-)* ,H aotinr on an nrbii • " notion ^- " 'ooc
i.;C

a ; • tion of tbe ronnired BynaQtry, i*e» bole " to tVio otb
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colurm of tbo ith ir:; • )!Q roprecontatlon of tho ... . .?•

The function oo produced nay bo identically soro* So that 

11 wo :* ,/ all tbo 20 operctorc for tbe 20 colurmc of tbe 

r •- -iatlono of P to tho functions u^ then GOOD of tbo 

operatoro acting on oomo of tho funotioro <,7ill produce a total 

nunbor of oya. xrfcrlcod functlonQ 0 equal in number to tbo tu

v/ith which v/0 otartod and tho rect will produce seroa*

tbo operator ET_ pxxxJuoeo a nontrlvlol function f!roai

ono of tbe tu *o thio la no fn^rantee that it v/111 do oo with 

all tbo root of tbe u* fe tboiifb it sny do oo* And convoroely
4 .iboc. .j a dven -r*Q produoeo a trivial 0 froa ono of tho u, ( e 

tola ie no :»too that tbore io no function of the nocoooary 

©yaiaatry •• .ivable IToa any of tbe other u^ f o 'UDin0 tlmt fj * 

It Bboulcl be oerrfcionoa tlK.it tlia cui'flx t ID rof~. 't 

arui i'o ID poc:,iblo to toko the aa*«rl5£ e^oaente -u(A-*)3L. boioxio** 

:L,4^ 'vu u,iiu/ Qi ^i.iu rov/£3 t uu xui^ i~is uouwu ujuu-.-i0nt»G are in tbo 

eth oolunn* in practice we ebal,L >.>at t - rv *

a cxaoiDlo of ttilo ^rococliiro tbo 8 

. ... ^o lovole of I"* ct 3 « 3 arc considered* ^

.;D ie . .^; to ooliitlono of Me ' ' Tr f c o • ;lon at tbio 

:• of ri arc t: ' ;<! bolow v/ith their xmvo funotiono
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•^ w

Only bel£ the tablo ID ^ivou bare;
4

for g-typo roproc out:: t ions B;L.(lil}* 
and UKtype representations B:L.
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and for ir

0*

Sbo roaulto for all tbooo irreducible reprocontatlono

wbloh £dvo non-trivial 01 arc tbon tabulated In Tablo 3»7«
1 J>All the otlior roprooonttttione licivo w^t v/hloh ei^© trivial |J

when acting on u^ f nnd if we bad uoed 0110 of tbo otbor u^ ao

the Sanction r> nt^d on by ^.^ we ebonlrl rjtll.1 liavo arrivoG at
u u

cno table of £iuiotiaQ8 ao that given aero* .-000 

.iono can be put into a more i'oniliar lona o»c*

ul * U2 •*" L13 * U4

«s cooxoooyooos f noglecting mracrical j'rac' 

Ui fact toe 0 cyroetrlsed functiono for tbo lovol ^ *s 3 of 

f* can bo ni-iown to reteo« to tbo ?om r 'ivon in iable 3»0 and 

tills can bo omimireu \/itb <;onoo (!'• v,'- o l, r , *
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6 of Xcttioe

Sketebos of all tbeae levels along tbe lines 

tbaea opecial points ere given in tlie c

tbe

in

3»1« Shey are drcwa to ccale 

(infinite of ?ir/c)t

P X o 1 e 1,000 r X» e '&
«*

P K e .j(2)^ a 1*061 W X a ^

X U a -i-

K

» 0*61? L w « & 

« 0.354.

e

0,^00 

0*612

0*70?

The of tbo representation© along tbe linM

io clono by conoidorina tbo compatlbilitiec of tbo funotiono

alone tbe lineo witb tboc© at tbe points at their omlo* 

full treatment of tbo eoapatiblliliioo io left until tbo 

xt ooction* .
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a lino of s^ranetry the basis i'uuetioiiJ of tlie 

group of £ lauot be contained within the I functions of the 

group of ^ for the points of eyiauiotry at eacu end of tlio line,

the &.. g for the lino must ul '; ba a or. 

of jr- at utoe end pointo a© the oy>aoe group is e. -i.»io»

Thus it ID ..>oo;..iible to obtain toe lattice harmonica loz* toe u 

linos fron tbuuu of the i»uiiivsj at thair endG 'b,y subdue tion» 

5}taaD •uointi the natriooD i;iveii In part 1 chapter II i'ar tb@ 

representations of 13~ it is poacible to u^e tbe ^i-oooca 

described, in Bk # 3 to find i>ho ijubduoed ronr-eseatkLtiuiia oaJ the 

group of k, ior tbe lines oi' eyiiiAe"iirly f bat jUistoad uk oubduoing 

£rom P ue now uubuuoe xroa each point P f 1C, Ii9

U f onto those iin€«3 paeoing tiiro'u^u tt^t point* TVJO

of the Bubductlon proooes to obtain the ooapatibilities 

omitted and the reoulto alone ere liataa below in j}able

onto oi IB iriolacleci fox ca<aos

where tViw haa actually been risod in ?ifrare 3»1» 

In aortiiv: uut tbe bands which are rthown in Flru:*® 3»1

one hae to flnd f from ^-.blo 3«3 h

v/ith aaoh of tb©

levols at

done

e-.

o.

t Tor n»»Yuctor

at
'o 'iil«

iue a io givan b./ tbat ^vector at X; i

at

la four of tbe level© are cc

-writing

•'.tod to I at 8~<; and fern*

•:,ationo of A Cv. tiule

with those at "?3«3 as in ^if^ire 3*2 one oeat; tout bbore
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&j,OJ . A representations coning into 

Similarly at X» ' — there •:*a: t be ro^roo ent^,tio.no

j3, oo that tbe bacin J1 f E=3 to )C, ":«2 has four»-

.

In a

f'old do^onorn.cy f Ravine tb® renreoentatione 

the o ...... four re ontatlonL , -.loo £A., 9
JL, <^

band joinirc n t ^ tc X, :3a6. Figure 2*1 bos been b,^ilt up 

in exactly tliic v/ay by f inclln^ how MBfiy rep«te0ntntionc of oach 

line tbere aye Joining oaoli lovol at one noint v/itb oaob of 

the lovolo at the other point and then oatiofylng the
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IT . CALCUjyiTIQHS OH REAL .< T ^TA IS' -- •

Thorc nre two oaiircea of orroro In th-fo oo 

i- ,05 :;'irotly tbore ^.re the ri.c emulation of rrithaetloal 

eiroro and erroro duo to the uno of an inoufficlont i JP of 

teras In tbe expansion of ^ 9 nd neoonilly tbore aro the imcort 

a Intloo Intr -ed by the fact tbnt the potential fiold in a 

metal is boinr CDrroxirintod to by tbo >otontlnl fiolcl duo to a 

i'reo lor. 01* the riotnliic olonont in •nia.ontion. i jToi"i 'r-^ 

blundors nood not be oonoidered cinco they rro ^ooumed to 

been ronovod becatiGe tlie onpty lottioo ton to \7ori: » Tho two 

oourooo of orror aro considered rr»r>r>rp.tely in tho 

eoctiono,

If ono conditions the reculto (dven in Chanter III, 

Table 3«11 the dioeropcnoioo botv/oon tbo tbooretioal enor/ioo 

and tlio o - loo calculated by the pro{ >rfirane can be caia to be 

due to ^11 oourcoo of error other than a faulty cl^oioo of 

the potential field ,-snd tbo :rr-ct tbat the actucl notantial 

fiold in the raetal in not mhorloally ^^iaetrico.1; that ia to 

itnio (i), (ii) t (iv), ' nd (v) bolov; f ito i (iill l.c not 

rolovmt to the e:ipty lattice beoaiaoo tbo ootontlal IB 

t;-uri triviL. .lly .-Tical symmetrical. . ._? .. .ircoo of orror 

ar© tho follov/in£;t
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(i) Ifctmeric.0-! o-rrorc In noitnttlnr functions eucb ao

and the ; tl functions ^(3, f )* 

(il) The fact that tbo e ,aion of If io out off at ooia* 

arbitrary 1-value* 

(ill) rl?he fact that the potential io not spherically

oyrazoatrical (in reel metalo) n.raimcl the outer rerions of the 

cell,

(iv) i%e functlonc are only fitted at a ornaH and oortQlnly 

finite na^ber of points on tb@ curfaoe of tbo tfignoavSelts 

cell, this io 96 x -n f v/hore p = tho mirabor of olenonto in the 

group of |c v/lth diagonal laatrix roprooontatlvoc, '. nd v/lth the 

matrix reprooentatlve, or for dopanerata roprooentationo the 

appropriate element of the aatriac repreoentctive, o^nrtal to -fl 

rathor than -1,

(v) A faulty location of the minlnana of tho residual 

curve, oaiiood for Inotance by tv/o niniaa clooo together 

coaleccing to elve one epuricwo miniiauui*

Since the reoiilte of the eapty lattice toots are, on 

tbe wbole, vory f'ood and they ohm? that except for (ill) which 

cloec not occur In the empty lattico iici (v) v/hich ID cither 

sero or very lar(.;o (/^LJO/"-) tho erroro are enroll » One caoe of 

a Bpiiriouo minimora, the second, level HBlt io incl; .1 in 

Table 3*11 to dononctmto tho effect of erroro of type (v). 

fhe enpty lattice terjt errors are analysed in Table 4*1*



Hr,nge of errorc

0 -

O.OOf)

0*01

0,05

0*1

(177)

0.005
0.01

0*05

0*1

CD

H'G. o:-' leva la.

17

8

15

9
8

It v/ill be noticed from Table 3*11 :>><-t the large errors

(both .1 a® 5$ orroro) arc slv/nya nnnoci^tecl v?ith

thio io duo to orrom of t;,no (i) for ••: lo

tjo the radial ±unctio!iG become much leoo nocitr^te than 

before. In ror.'.l netalo it ic never noceconry to ro to •••. .or? ;±OD 

as hlcb GD ^ ^77 oince the Ferral onerry io usually ct about 

0. c-5 ry. £be empty Inttloe tec to cover erroro of tyneo (i) f 

(li) and (iv). irrorn of twe (111) aro conclderod in tho next 

oection.

1.

7 rttcckc on the cellular netlioci have boen t on 

arguments tout tho one wort; :,ro sensitive to the choice of points 

on the cell over v/hich the v/rwo fanjctiQiiU L.ZQ aaue to oaticl'v 

the boundary conditions and that the expansions uoea iauy eithor 

not convor^e sufficiently ranidly in practice or not convor^o



at i 11 QUO to the non-opherical potential. Bradley 

shewed quite conclusively by comporinfr two fitting, one 

uoin^; only points on the edroa of the cell and tbe other 

ueing ^ointo very near tbe centres of tbe faces of tbe call f 

that the anawere obtained were connlately Independent of the 

points to fit tbe boundary conditions. Ko more of this 

need be said bore*

second criticism, namely that the expansions a#* 

slow to convarre rind may evant oorae authors r --?rjt f be 

aaye^)totic er-co.^nsions is more difficult to refute» Incloed 

Saffren (1959) was able to ohew tbot the non-spherloity of tbe 

potential in o metal doeo invalidate the expansions^ thow;h 

he did not deiaonotrate tbe extent of this* The only thing 

which can really be ocid is that in erery caoe of tbe large 

number of oellvilar oaloulationo we have performed t either 

the wave function haD converfrod Cum tally for representetiono 

where the cut-off I—values of 5 or 7 ^re poonible), or that 

(I'or roprenentntrlonB with Inr^e minboro of toros v/hen 

ciit-offo have bad to be :i de at 1 = 3 or 43 on increasing the 

nuauor of l-valueo considered tbe coiwerfence has improved* 

Never have any si&os been oeen of tbe onoet of a divergence in 

the expansion even for d-tyne hmdn, though it is oscential 

alwaye to include all the spherical harmonica of the largest 

1-value chosen. As a loooe eotiiaate it oeeiac to be the case 

that if it io possible to do a cellular calculation for 1- 

values UP to 1 « S then tho v/cve function expansion convor



well and tbe anev/er is quite reliable, "^e llnitinc factor

in the cacao for k—vectoro of In".* n-r^->.^try t and fov r-nnoral 

PC .;.; in tfc» Brillouin Zone in tbo lack of ctor-re co 

in tbe "iaercury" coaputor uood and tbe tino required for 

•ecb calculation ao tbe c: ...liono bocono 1 ::% JD 

fv.. UDinc oxpanatono v/biob are cut off before 1^6 a:?o to 

be vie\7ed v/itb BUGpicion.

For practical purpocoa in coinmitation it may be 

fioooz'ted therefore tloat the v/ave f auction espanciono used in 

tbe cellular method are sufficiently rapidly convergent to 

enable cc-od band structures to bo calculated, end cince any 

allo%-ed no^ nomror^enee of tbe expanolonc \?an r'hevm to bo dae 

to the noii-r.... rical nature of tbe potential it follov/o tbat 

the orrorc due to couroe (ill) nuct be oin-all,

Thia concludes our rovievy of tbe aourcec of error 

liDtod GO (i) - (iv) in s>4»^» Tbo lact of tbooe courooo of 

error f nuiber (v), vrlll nov/ bo oonoiderod,

4,4 ffhe Gr——-.1. .ijoint in the .Brillaiiln, "•—^^

i71tb ... ;)oin.t of cynQotry tho expancion of M^ only 

needn a few termc before nulte hi(^h 1—valuon are readied bat 

ao one aovnn to thn nonrlderat5.cn of plarieo of f3*/n!net3?y the 

rrotir) of !£ bocomea reduced to only about tv?o ele: and the 

erpcnclonc include nany nore terno, For a {reneral point all 

the cphorical h :iico nuot be lined no thr.t v/lth the ntora/jo 

?e r.T^ilable in the r ator it in only ible to r;o up



to 1 = 2, It V7QB found to be possible to run the

for a funeral point DO long ea there are no other minim in 

the recIUual curve near the on© in /Tuection*

Ac -". ••; ; .'jie it vmn attempted to compute empty 

lattice energies for tbe point i£ » 2Tr/^(CUl fO*2 f G,3) v/hioh io 

netir " and might be expected to bo fairly favourable § one

special value of a «* 2trf for convenience, lo used. a?he
i °

empty lattice energies are Ik. + K I ** where 1C « iiny reciprocal

lattice vector. The firut far/ energies are a hewn in Flcare 

4»1* when it ie r«m«Bibered that the actual number o£ levels 

bolow the energy of 5 2?y for any £;lven representation of a 

point of eyscietry io usually only one, rmd never more than 

iuur (for DA.) it io clear tfoet tbe residual curve for a 

genoro.1 point A v/ill bo imcta more oooplioatod tban for some 

representation of one of th® polnta* fhiB problom of the 

cloee apppoaob of two niniaa and the Possibility of tbe two 

minima coaloocinc^ to form ona opuricais minl,.!m.im v/ao mentioned 

in chapter II*

for the firct level at^e (o.l,0«2 f o»3) the 

«^0 eave tbe JWWUlt ^^^l^O^^^ tbe corroc ̂  arisv/er 

; 0«14ry f which repreoante an error of 0,000019ry or Q.Q15 

mont standards this ie atHte satisfn-ctory, but to try to 

Identify the higher levele^ is 1'airly difl'ic'ult QQ Figure 4.^ 

ohev/D. Pron thla Figure 4»2 it ID clear that Q certain 

amount of luck lo involved In finding the higher lave Is | thus 

2*34 is fairly obvious fron tho curve while i'•14 is not
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obvio«0 end l. f;4 hno

it it? clear thrt in uooe

Bource of error listed as (v) in

t l^'.rt the

can loed either to

serious errors or to the o outlet© disappearance of a

thin is only eeriou^ . .ion there ~:re soveral ra 

*iftiAtt.al curve clone iMMtetber. ^ 00^19 of the 15

of

levels for 1^ » (041,0.2,0.3) become dogonorate rrnd then

distribute '. . ivee O:.. , various reprorj ontationo at th«

only bo important v;hen 

the levels at P ^recent

points of cyMwtry tbic difficulty 

the c":roup of £ has low

no difficulty of this sort, thay divide amori 

iorj3 of P is lioted in Ototlo 4.^*.

OF TH3 15 K?
««tactv-.*»it.''MM-*-*^'-a»*~''- >•• •"-•••**.'>»»<O^^<*'MB*»-«IKHUJM* 'af " *

..G ffJO HS OF

ft

3T"x
"

2

2

Bven for A., , ./hich hac three levolc the lainlna ->nr cmitoJLft ~*

diotinctly. J?or faoot ropr o 5.'«a-&ione of nont of the other 

points of Dymnotry thio difficulty v/as .not encountered, though 

for KA- cud HA, which each have four minima for T; below 5ry both

dicl hove which vaniohed or coaleoced r/ith the next one

for 1CA- r/ithto rive a con*pl3tely omiriouc o.uDv/er.

theoretical onnty lattice one: -_.--j at lif 2-J-, % f 4 ;f tlio

actual r.nc;.crs v/ere 1.128ry (error of 0,2? /£) and one oo^lotely



epurious lovel which was found in between the 5J- &*& 4i levels 

(at 3*775r,f) instead of the other three l@Vv3lo#

S'ble effect can therefore) be very serious* but, 

provided one baa an lnd«o«Bdois% way of detecting thrt it is

p. - , it is BO I:.rf3 ao to be considered not as an error 

but f^es a bl- . ;r lec.Cin£' one to conclude tbat \7ltbout uclng 

more to fit the boundary conditions certain lovolo 

are not c • ' bl©» In viev/ of the fact thnt the next

of callnlar progaenneB will probably be to consider 

only gft&&r&l pointo and rely solely on i£ to force tbe funotiono 

to have th« correct o^Tmotry by fitting the boundar^r conditions 

at a very large number of points, it IB absolutely crucial 

to encurf? thnt thlo effect will not ^n.bntage entirely tb©

of the advance in collular calculation& « In 

?/itb the errors cc. ...-:(3red in the next ooction 

all t" - errors are (ruiite •;.! as will be seen shortly »

rrors,. dae

The r.-j^ulto quoted fron the erapty lattice tou-uo show 

that if the potential field IB {-riven correctly cuid expansions 

up to 1 « 6 are iioed the energioo coinptited uaing this 

cellular procra>me have a very high ordor of accuracy. T 

is of coiirce alv/ayc v/itbin the llialtatlons of the taodel f I 

with the electrons 1 motions over-correlated, ;-nd irnoring 

exchaace interactions between the conduction electrons 

and the core electrons, and between the various ccniliiction 

electrone. And it is quite possible (on the basis of the
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lattice reunite) to ''.coign quite narrow liraite o£ error 

to each of the anergy levels computed for r rosl netsl. But 

there are errors of another oort v/hicb contribute rnuch more 

oi^iii'ioCiatJLy to tbo uneortcintloo of tlic cci'.nutcitions .

orice i'rom the JUicL: ox 1. ... . . _. out tbo potontial field

which oxltJtfi in tbo i. 1, And tfclc . iculty ic not 

peculiar to tbe cellular >cl but ic coition to ull metbodo 

employed in calculating; bf.ud structuroc*

In the coKiputaticnc d-sscribed hare th© i'ield uoed io 

duo to en ion • ,;;JULIGU -to i.;o :.t. "Giia contra of tho „.;:. - 

oll togetUor v/ith the potential due to tb© concuotion 

Tor oscjajplc in calcium thore are two conduction 

per r.-.tna and BO thr? ^otantial field nr-^cl l'or onoh

c

cc . .-^.on electron i3 t'bcit o£ a KL-rtroe-Pook cself—concictont 

. ^ . .icl ^ield £or the Ca2 "^ ion, tc. . . . .. , .tlal

field duo to the other conduction electron v/hiob Is a- ' to 

INI perfectly free* Actually ol' coi^roe the other conduction 

electron io not perfectly frco but the dlnerepuncy ID ollght, 

(oeo c" -er Fll), In tbo ccuje of ooiaa other metal o*e* 

noandiua the potential field io the ;3otemtial due ^ Done 

oui table ion cor© and a minber of freo electrons equal to one 

leoo than the valency of the ion, in the caco of scandium it
^4-ie So ^:nd. tv/o froe electrons*

uc cor. ;r thio :. od of choice of 1

firstly, v/ithin the ion core potontialo xin 

hotv/eentie electrons i ' ^Ittcled in the fiolclo



£- Lied to 00 and cor —,m efJeote are well knoim to b« 

0voxvallov/ed for In tbe --seiti: method e when an 

electron mo^oe out oi" one cell into tbo noxt t nome o' " ~* 

electron is nejoumccl suddenly to • • - riT and move into the 

flrut cell Jceopiii£: strictly the cr-iio i^ad -;^: iber of oleotroiao 

in each coll all the time* i'tius correlation effect^ ux-u xiuu 

conGlcio3?od separately* HJxohange between the ooncliiction 

electronc and between eoiiduction eleotrorffi and core electrons 

ie not considered; both are email aa Heine (1957) ahov/od •••.iid 

tbe,y have not been oonsldexed beoaace •there oeaLi to be larger 

efi'ecta to consider* i%© oboiee oi' an ion vritu v,,lonoy 

equal to tho naiabor ol conduction electro JIB would oaom the 

least unrealiotio ion to ohooso lor tiie ion-core potential* 

in tue OCDCJJ of caloiiua or aluainiwia triio ouoioo is ftiirly 

obvious anywayf "tyat for metals, with variable valency sucu ao 

cobalt th© choice ot ion core is not oo Immediately obvl0o0 t 

from cont^ldoratlono of thn rrxiency f>t any rote* ilov/evez* the 

meabar of cor/Jiiction electrons is fairly obvious from the 

structure of tb© atora of aobclt. If there IB any doubt 

about the 1.. -rr of conduction ^loctrone any v**ry • . >i ionic 

f \ for tbo i. "> be need to locate tbo " ' -n core 

levels (r 1 '^ v;lll b® k-»lnf " ' v r»d then pn.t tho rent of 

the elect" - • Into tbe conduction band* ^teue for cob.--.lt 

tho TUHft*** of eondaction electron ie nine :..)iiii5e u 

electroiKJ i?d?4o 2 Iti the cobf. It otoia ore very close 

in onaaegy ai«i in the xaetRl become opreucl oat into overlapping



;5 
v/i .c the ucuT-'l e a 2 end 3«

i© not unrc:i£;ono.Glo to try to noo -. ? o lo»vo.r ate *e of 

icaiir.£itj:on ^'fccji Cc v "' :ai£;ht In fact givs a nore realistic I'ield ,1 

to coxoptufcj^ux? j.w»r vac i.i*ct that tho couauc^icn electrons are 

not oerfeetly £re»c;. 7ho oi'foctc oai tl.\o I)and3 achieved by 

using tbe poteutialo ducj to variouc states of 1 animation of 

cob..ilt -?.r»ci the appropriate tiaabor of froo nlootrono ar 

in Ti_ : L» 4*3# ;.'Jlio of foot of tbo vcriouc ioninntioirj ic 

i -uil c.. .....a GJL t&e width o£ tba bands .aid a eoj^ocraont

u ^,0 in libo } ,._ ...... nat n, . .^ily in the

L a 01* tli'j I , f in tUair con.io%-itivitioci or in the

L-" ~ Co > although Vaooe ^uay bs afreet «<i» 2be lii,:;:'\:

L»"U-iio ox i-.- &;lon uoea t,uo ancr^r'j'ov/er - • • ' ^ coifise—

•itrjjaily -cl»o lui/er ie t^« l€«radL otiersy t

'^be ^eotmipticn behind taking ion oore potent ir* IB in
14.thiD v?ay itL' thut if an ion of G.f, -oT-'ilt, &ay Co ie tcO&m 

vd.th 9 free elLJCtrot^ ar.5. ^;.t with G lot of ra<vdlr.i» 5.o«ie to 

nrJce i'.p a c. :. ;ith the 9 free electrone per ion ; :. : into 

the conduction '^ tl-^n tbe iori-coior. ,/ 

un^'.ltered; bat in lity the ^ff-?ct of oofB^»««r % ' . 

electrcno to be contained in the vol-trne of tho e':uivalent
\'.'. -••..,- i in/.i all tb« c:-"tra lono ir, to cruse an

alteration ii: .'' ^ ion-c^j iavolo, ^o that ttie problem of t. 

potantlal field is roally a Jiatieive -oroblesa In 

In vi{?v/ of tlio oomoloxity of tlilo ito v^o.nGlcl9rr'tion io left 

until chaptor Til. It ic nnonrh to G ;:IT nt t.Vtlr nta^a that a





cube tor or bo ir. the caleu

by the

a&€&ituGe o£

in c uhe DC 1 field, the

will also "b® conoiderod lr-tarf it io in

fact taa juoct nuoct source 02 orror in the

4*6 ACE "
rS-"X «. ,MI -4ht>w«».--t

discussion ^bove n tbr» errors to tr;o oaarceo,

they are firt3tly

in the claonifi<>r».t,ior».

the cboiee of ootentlnl. Itmn (v) of

very few levelc not e trl>le or n

^inn of (;".v)

In

.Z t nir"-:ii.v:

in error ( erf tlie

order of ^0-'' or oo) 10 not a

points of oymmetxy wMcft ennMe

esrcil eouroe of error for

of tb@ 1 to

be fixaci cler.rly and rrooo errors on lineo or nlcneo to 

identified*

T-be lirnt kind of errom are ecuelly present in 

•rapty lattioo cmd real aetal calcul?.tiQnB oo tbp.t for tbera

it vToulrl be cuiite fair for nny levol to claim an accuracy enual

in naicnlti.i.de to the error forr ^n tbe *n?>ty lattice tts.nt on 

that level* Theoe rnnce fron l(f"ury to 0*3ryt I : 

aaallor for points nearer to P r?nd at nny sivon point, onialler 

for lov/er onergy levels*

Tbe oooond eonrco of arror cltia to ^ano

in the potential I'iexd tiooci in tbo iK>t 1 ie vory dlffionlt

to ancil:/ o-.niotely f -.ncl noreovor it ID ii3port;int in



e of the caleiil^iiomj th^ri in otbero, Fcr oaaoaplo 

f-,etii:;X ordering ox' the lev-. •' point ir> relutivoly 

r. " .,../e to tli€» choice of potential w" %a tb-a ocale of 

wuoxe aoi.iO!ie ox tae , , i»a. '^:: : tion of the 

Lu t t-.]nd alao uhe xuc^tiuii of the V/JG.IS baua cc'ioas on th*3 

energy ecale i8 vory uonaj.tive to tbo yuuiuy ca ^uuairtiul* 

in opite of tble however, since the ?erml energy .rloeo as 

*tl» band ocbeme oaoo.ia03 widened out, the Feimi ourfaoo may 

well DO iGpoio^ically uncbcin^^jd by IGT^TO ebar^on in the 

potonti..^* I'bo extent to uhicb oar fielu^ a^rouoh reality 

is io be jadged by the ot; , 4i0on of tbe or^lo'n.li^tou reoulbo 

ior r.. loally ob0orv«3.ble ti-fcioo, ftnd the wbolo frue 

the poteniJial field vd.ll be <i:L >d again in f " -i<?r
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2horo r-.ro in all about 25 znotalo v/bieh cxiat n t some 

reasonable tennemturo in the cubic clooo packed (fnoo centred 

cubic) structure* In tbo calcnlationa for ivliieb rootilto ny& 

pretsontod bore a coloction. frora thoce *.i . c c-:.'....n . .- -.do to covor 

ooveral vnriouo typeo of metal v/hich occur* Thooo oboe en 

wore aliuiiniua, caleiaa, scandium nnd oobr.lt.

Aluainium WQD commit od becrnoe it is an oxonnlo of a 

Hourly ^'roe olectron lilca oetal and boocauio "ouoro it; c-vuijlablo 

a rorj^ good potential field for it, due to iloine (1957)t v/hioh 

ollov/o for moot correctiono which irsmt be nmde to the field 

due to a free ion to produce the field in Q real Metal*

Ifhe prcmp Ila motalo of the ooriodio table are 

particularly intereoting bee 3 there uave f until vary 

decently f e»r# MwwrtJion (19^3) , boon - ly aaQy reliable 

celr ' • -53 of the band o true tares of theoe naetalD 9 nd DO

woe computed in an attaint to help fill thio c:;-P

ao exfjerlJEiontra -..•or'- io.aloo undor v/ey on caloiuni 

by Conaon and :.1aroiU3

Beoaaee of the interest which currently exictc in the 

effect on the density of Dtateo and Fen;ii ourfaco of a 

when it undorroee et -nhrioe change, and becnuco a L Lar 

calculation on eean&tan in the „ 1 cloce pr J 

Dtracture hoo juot boon c^ _ „ .i by ...lo ty (i ) it -.



lei
decided to c -.to tbo band otructur© of ocr:nui<i •:: in tbo 

f.c.o. :;ora to ctudy tbo of::octD of the tr'vnnition 

So (hop) # So (foe) on the Fenoi aurfaoo* jiocmioo the 

hop rooultD for ocandiua nentionod are not yet published 

tbo study of the ~»hnoe trotinition io onittod .'>r/? t>r» ronu'tn 

for Bcendittm p.ro ;> roc anted bore for the I'co structure alone* 

And fj... . .jiy f bocauoo tho transition olemonts pr ^t 

the creatoot ohcllen^-o for any : ' cnlciilGtioiiD, o r ;• 

tmnoltlon metal hoc rrlao boon conr)ut©<i and tbo on© o 

weo cobalt.

•*- J "• lono •

UTao data neoeoi>Gry for the computation of tho band 

Dtructuro of a aotal co-nsiote of the lattice conotant and the 

potential field, Tho lattice conotonto uood are tolcon fron 

Smltholl'B (1902), and are riven in Table 5*1 : n . : trflta 

•units and in r. tonic units • Tbo lattice conetanto aro 

to three figures only, -:-->eir to^oorci-tiAre vnrltttion io vory 

siaall and is only HT:olty to alter tbo oonle of tbo bone! 

and the Fermi anorgyf r\nd not affect tho '"-rrl olnpoo of tho 

bondo *

She potential fieldo need r.ro fivon, in oot}do?iood

in Table I;*2; they ar© f'iven GO a t the effective nuclear 

chare:© for tho electrostatic potential r>,t oqual lor:arith<iio 

inorenontD of r, ^r?d include tbo contributions duo to the 

other conduction electrons*
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iletal

Ca

SC

Co

4^04

4*53

.54

7.C9 

10,5

0*56 

6.GO

n.b« tbo definition of a lo fivon in section >•!•

tbo cellular orocraoriQ it ID poorjiblo to obtain 

•iotal the onorcy levolo and v/avo functions at tbe 

pointe of oyooetry and alon^ tba linec of

lor 8c~cb

men

Ao

in tbo oroviauo chaptor it ID only poooiblo to cot

reliable Ite v/bon it io )oooibl0 to bcndlc oxpanoiono up

to 1 =5 u t and thic .ieaiio tbat rooulto on planes o£

or i'or Lanar;-::: l points ere not eiifi'iciontly reliable to bo of

Where no computed vnlueo oxiet for a plena of e 

one ie faced with the nrobloa of conuoctinr; tba 1 -Io at the

:>ointc to fox^a - . .io, 1?bio io only a proi^^a of

if it wore i>oo£jiblo to uoe tbe Ic 

to co vruta tbo energy valuec on tbee: .. .... ,JOD : ... :

pi ..:j in q; is difficulty would not arioo.

(Hie rule uhicb met b© obeyed io tlKit tbo coapatibi.1

itioo \. ' v^ero liotod in Chaotor III, '"able mm* be
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onto tbo plonoo from tbo points or linao

at tbe odroo of t*o piano. *nd in addition to tbic, it mot 

b« pocoiblo olnoe '•%) io a continuous function of k to ntr,rt 

fro^i a certain lovol at oorao i>oint of cyonotry, to follow 

a cloood path beck to tbe otartin/r noint end arrive back 

tb0 earn* lovol at trfclcb one otortodj thia will al^ayo be 

po^uiulo by otaylne in tbe some band all tbe nmy round t 

od tbo ochomo of labelling tbo bandc need by, for ^:.;r;:i)lo, 

Wonnior (I960) p 145 IB adopted, v?ber© tbe bands ore labelled 

by an Index n » l f H, 3, 4, « . . ond wbor© q' > i if

bando of tbio notation will riot necoocnrlly

bavo orrjfL ;?(k) contlnuoiiB bocauuo tv;o *bancU3 rt cbtvractoricod by
is.

bovine both :(&) ond grad^.:^(k) continuous »ay crooo. 

croocino of bando can occur botb for bnnde of tbo 

oynaotry tyno and different c^Tnnetry tynco, &*+ HMWinc (1937), 

tlMMl^i tbecj© orooelnrs v/111 in eonoral be jiiet ctirvoo and not 

eurfnooo in opaco. An ®acami>10 of tbo croaslng of tviro bondc of 

tbo same oyraGaetry io In ^^^^ X for tbo free electron 

considered in cbapter III? tbo r^voctors and tha 

of tb© two banda at 2ir/a(u f fi ,0) wfowe O^J^ 1 are ce obovm 

In llgLir© 5»1, wtiicli abowo tbat tbe 1?*7o bando bavo ^n 

acciden-tal dogcneracy at S « . By topooine a s

only tbo tranolationo.1 r itry of tbe 

lattice tbo doi;onorr;tcy lo lifted alone tbe original curre 

of Intersection and roplnoed by a curv© of lnt«3PBoction noer 

to tbe oricinal
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2*6
It lo G feature of tbo celluler notbod thrt it la 

particularly uncuitod to the Invoct i£at Ion of oroouawrj of tliio 
type bocance, as mentioned in cection 2,12, tbe aetbod rjay 
ccuee two vcsry cloco lovelc to coalesce and orocltioe a 
epurlouo crocking v/bor© th® two bnndo really only cone cloo® 
together. Moa?@ovor f if tv/o bando aro oboorvod to crooo 
Gocordino to tbe calculations » on® hae no \my of tolllnc 
wlietber tbe crooolng 10 ccKnuino or not*

•,/hero tbero dooe reociln doitbt about tbo conneetlon of 

the 10vol0 at ona nolnt to tbe levolo at cnotber point It 

bee to bo rocolvod oltbor by Imi^rovlnc tbo conpfutatiot^ or by

fortunately in tbo oaloulatlona decorlbed hare 
ia only neoooDery for tbe oonaoctlon of :>ointo of 

via laneo of tho iirilloiito

An Acdgo. tbo v/
Many woricero oeem to think of bands in netalD ac only 

eligbtly perturbed atomic energy levels and benoe talk of, 

In tbo coo© of the transition swttalo, tbe 4d and 3d b&nda no 

fonalnc tbe conduction bond* It \/ill bo coon I./,, , . -, -^ 

!>*3«5»6 tbat tbaugb a band iaay bo lorcoly c--.. >re aro 

alv/ayti, in ooa© ports of tbe Brlllcfitin Xono at leact t Dubctantial 

oontrlbutlozKi arioiag from otbor 1-vclnoc. For

5*2 v/oll lllu. too that for tbo fairly t^>icr;l b.--rxl 

tbo otbor 1-valnee are prteent in substantial pronortionD 

in what io oocontlQlly a d~ban<3. For certain lovelc at certain
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pointo of oytasotry it is otill true in tho metal that a band

nay be 1009$ e or 100'/$ d» for axruapio the lowest level at

G ' 3-mrol » ifj 100^ °t to 4 flrnroc of ^c curacy*

of

The recruits are te.bulntod in Table© 5*3-5*6 for 

olia&iniun f ealoiun, DC- - ainj, and cobalt raooectivoiy. ;e 

liet tbo onorEny ?.3(^)» the oyrnetry type and tbe percontc^e 

of e t p, d f cobtrlbwtionD to tbo wavo function i'or tho lov/oot 

for/ levolo at oacb point of c.wmotry r-nd at several pointe 

along tbo lineo of a^motrjr* i'be contribution to the wave 

function i© lOOilB^J*'^ in tho notation of ooction 1*2, rind it 

ic tbio qaontity v/hich is tnbiilatod nndor tho ontry "v/nve 

function"} they ar© listed oeparatoly for c (1=0), p (1=1), 

d (l«2) f and f (l»3)t and then tho hi^be* X^valuee^ contribut­ 

ions ore lumped together in one entry* It wa® f©lt to b© 

bo t tor to Tut thio infozoatlon on a quantitative baa is rat>ior 

tban to doccribe tho v/ave fanctionc roughly as ftcp n or "iMfn 

for OAGmple with tbe contributiono being lie tod in docroaoing 

order of iaportanco* fbe point U f v;hioh la in feet 

equivalent to tbe loint E OJD far oo the energies o.re
i$ otnv^eX

concerned nltbaugh tho baraonicc -ro different^ ;norgie« 

are /^ivon in rydbergo ttirougbout. In riguroc 5*3-^»6 are 

Given tbo "olcturoo of tho bnndo to ohow bov/ tbo lovolo 

in tho yableo are conioctod into bnndo t the onorny ooale Is 

indicated in eaeb fi^ire, n.nd the lon^tbo in tho J'J
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S?he band© along P- ̂ ~ x ^ave boon found satisfactorily 

and they ore obovm in Figure r>»6* £hey can be coon to agree 

fairly eloooly In ahope with thncm of Mattboino (1963) for 

the earn® line P~&~ x -hicti ia alco obmm In Ptrare 5*6* But 

in othor dlroetiono tbe cooputctiono have encountered 

difficulties \7hicb did not occur In tho ttiroo motalo Al f Ca f 

So* T3000OPO tbe bGnSo ore vory mtcli ooro conproooed in cobalt 

than in tliooo otbor metalo thero la imiob oore danger of two 

ninina on the acme reoidual curve coaloooing otoply boo coco 

they are imob nearer toootber* Tliio only ooouro vvhen tbe 

levels are IOBO than about 0,03 ry apart GO that it dooo not 

occur alone the lineo of sysnotry for Al f Cc, p or so f nor doee 

it occur r.loivj ^ for cobalt, but it cio-oc for L and A » The

ievGlc -: and T0 at ^ are only G«G9 ry apart and botbf.> *•*&
lovolo nnactf along the lino £.» be comiected to a £.A. 

repreoontatioa and§ along A f to a A ^ reprooontr.tionf from 

tbe oorapatibilitieo in Sable 3»10« finis tbe procrr^ime 

trying to confute AB levelo or £A^ levelD to connect up ^Tith

P ,j and r\v finds a £aloe nininiam comov/hcr© between the ' 0 --'£
•two true levolB* l^iis boo happened for the levels mrlnad ©

in tbe tifjure for A is* Mo other level between 0*2 ry and 

Q«6 ry can b© found by tho nrorrc^iuao . A stellar thing bao 

ha® happened alone ^ » v/horo instead of the A., lovols narkod ®

there ohoald be two Iov03ja f one to connect up vrith ^ S and
L*

on® \?ith ^^ • If tbe ^ for t^10 linoc £_and A contained
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more oynaotry ©laments f oo tbat eaob re • • onto* t ion bad

fewer hsn;;oniorj, lar/j®r 1 valuoo ccruM bo tie ad anti there would 

fewer minlaa to fiBCi on each curve ae it; the caea a

xaontioxiecl already in emotion 4«4 ^tsto problem of 
"loot mlnlmom* 10 felt to b© by far tte® most @©rlouo 

problom B-:, .j.n0 in tbo way of lYtture dovelopniont of tbe 
cellular riatbod*



Mac$p Qni,c_ _grp.pertieB< of.

In tbio chapter an attempt is mad© to e compare the 

reoulto of the calculations described in the ^mvlouo chapter 

with th© results of certain rjhvcical experiments. The density 

of states curve is canputecl, and fron tkte are found, the 

fbrial energyf tb© electronic specific beat and the Jmali spin 

parazaa-jBotie ouoceptibllity of ttie electrons* tfhe Feral 

surface is also deduced as well r,£j poocible froo the 

calculations and the de HB88-*vun Alphen effect y>eriockj ••••-> 

oonsidorod. !Pbe other it on of iaaportance IB the Knicht ©bift 

whicb can be calculated fron the quantities already mentioned 

tot:otber with a knowledge of thn na-jn £rm.ctiono of the electrons. 

Quantitioo involv.inc interaction of the electrons v;lt^ the 

lattice vibrations or phonorie are not oonsidorod hero in 

detail.

Many of the results of the theory of the i>ro:>oroi :, ;£ 

electrons in metals are hero only nnotedf eood detailed

diocucoionc are riven by Pippnrd (19i*0) f HoBenben;; (1963) and
* 

(I960). Other reference© are givcm t*& nocecoory.

to

Sfho collnlar calculation© wfcicli have boon described 

already in considerable detail tfLvo reoulte which conolct of 

energy levels and the corra aii^r wave functions ;cor 

at oacli point of oymetry and at oo AGO tod pointe 

o Galloway(1964),



alone the llnec of symmetry, ^» ̂  , A 9 S , and "Z In tbo 

BrillQttln 3one* We hove coon already thr.t thourh it ;7ouJ.a be 

poeolble to compute oov:io (but not all) of tho levels for 

planeo of oyanetry and even for fienerel points in th0 aone thlo

10 very time conBtuaine and oinee only low order expenoione 

(l4g or 163) are able to be tiaacl the acc-uraoy la vary >>oor.

fliorefore, from the levalo dotorioinod It is n*o<w»ery 

to doterodn© a(i^)» the energy» and H^-Cs)* "'l30 w^ve funotion,
ts,

foar an electron v/lth G ooapletoly arbitrary I^vootor. In 

Fifoire u^l ere obevm the /3olntc- ami linoo v/horo S 

are Jcnovm for oaob bond. Since nothing ic tmotm about tho 

fora of the ftinctloa -H^) except that it io continuotio tbe 

Interpolation to find E(^) iB bound to bo Goaei7!ic:t arbitrary; 

one could try to cio the intorr>olo.tion by fitting "clif'jitly 

dictorted !S froa-^lootron bnndo «itti the Irno.;/n vo.lueo to pive 

the -poraaotorc in a general expression for S(|i)« l^ut thlo io 

not naarantoad to be the bsot ootbod beoouae the bando in roal 

aetalo are very oarioiisly diotorted ^rom the froo-olaotraa 

bfindo. In viev/ of this a reoult which v/ill not be rjwoh 

worn® than that found by the oethod adopted could, be obtained 

by uuing any reasonable oumerioal interpolation procedure 

agwwiadngf what 10 in fact nearly true f that there io no 

•Inside* phyoioal information available aa to tlie shapoc of

the bando*

fhe Interpolation procedure c bad waa the

In flr^ire 6.1 lna( ine 5 ploneo larrillol to the plane of



witb 0r . .,.

fbese all act £. , rnd A , but only tbrss of them 

intorcect k , tbo a'ourtb -'••.soee throu^>b JC "'.nd tbe i'l^th 

intero00te ft a»u £ l*i@t©ocl of A. flie cellular calculation

WGB performed to yield $(&) md ^'^ lor each 1>anci at the«••
points on 1, A t A, S f f^nd 3 vrbore tliea® five alonee and the 

linoo intexfieot* fhu© to find ttoo Interpolated iralu® &(ljz) 

et any Given vclue of ^ » 2Tr/a(^ » ">} t j ) tbe (111) nlan© 

tbrou^b tbe point ^ io oonoidor^tl; its oquation is

k^ * k * k ts Pir/a(5 * ^) •»• 3 )? find it ttioroi'oro 

intoroecta the lines £ , A , nil A at

+3
YJ 4 3 )2Tr/a(u f l f O)

^ * 3 )2-n-/a(V3tV 

or if ( 4- Trt -K ) > l f it onto £ , A » S and 2 at

+ y\ *7 - 

^ -vj 4-^5 - l) f l f O).

The valuae of ^() at the r>olntc i A t and .,
or at £ . , /\ tjt S. f and 2. ar© found by a I^ar-rcn/ro'n 3 f 5 f or 

7 point Interpolation fonmla t using tbo loiovm vrii;.i:x.; -....or tlia 

appvo/>rifit4i miffli»©rD of points on tbooo linoo. TMo gives 

B(fe) at tb© vortiooo of tbe trionftle or ^ndfcilatoral tbrou^b 

^ and ~>arall01 to tb® hnaftfOBRl f«or> of tbe Brilloutn JSono (O^ 

figure ^>«2)* 2?he wei.rrbtod ..;/.-:. a of tboj0 t ,..-,. "iou ;/:v •• .-:.. -Iy
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2£ f where £ io too vector from £ to the oint
io taften ao the value ot $({£)• there or® various v/rxvc 

of racing this routine ifhioh he© been nro^poiaaod for the 

"Mercury* conrnstr?r f cm ie to evaluate B(k) ov«r a ^rid of 

volaoo tor fe* Altornntlvely, to find t'ne diericit^ of ntatac

vootor ID n^tioratoGf It io than 

forced to b® in the representative oeotion of the som In

which one hae ohooen to work ond the oorreeoordin^ .3(k) io^•^ »*<».*
calculated -for ©aob bazid. A Mstofrr • " n conatrracted b,y

repeating this for Q large n»al»er of |g»voetor0 ami thie
enables n(B) f the density of etatae cunre to be coins tract ad f 
and the Fermi ener&jr foiund* Alternatively, vvlth the 
energy foatid t the progycnmne can generate random Jg-vec 
find i>:{k) and if they ere s^affioiently near to B^t the 
energy t it prlnto '"^(^) end j£f tbiio enabling on© to - .

otirfco©* .A notlier 1100 of the pronroiao© lo to 
Interpolate on tlie |bJ % the oguaroo of the coefficients in 
tba wave function* i»a* the $ of c t p f dt @tc* t;rr>e to tbe 
wave futKJtion # and thle is of uoe in calculating? tfce Knight 
ehift, Varioua appllcntlooo of the interpolcition rotttlne 
are dieciioood in the following aoctlono*

known nml-ftlcally all ovor tbe sone it ic :^oi. ..-le to toot 

the accuracy of the . ;;raorae onfl tbic io ix to be of tbe

oraar of a few per cent or oo* Bowsvar, for a real ' 1



f"? o*" ._».

one haa no external evidence to teot the interpolation v/ith 

since t though it would be noooible to do a oellxilar calculation 

for a ?ral point in the SOB© ito aeoiimcy v;oit!4 be GO low 

®e not to provide a vary good toot of the accnracy of t 7 -:? 

interpolation* 3*bao in o real netal on® '.iost --:;/ 'suat the 

individual interpolated enorgleo are subject to er^oro of rit 

least a f0w per cent and poooibly ae ssiob eus 10>-»* fho 

interpolated function ^(j£) is of oonree still a eontinuouo 

function of ^f BO tbat tbo orroro tire by no n^eno ra«don t nncl 

interpolated vaJUiss da^ondinc OB the clorlvativso of JH^) > cuoh 

as the electronic velocity* or the •.. ' otiiro oaee oay not 

toeanin,. J»

iiai 2M ^ " -^L Qf Stateo o,nd the Foma
WMMUMW «MHHMWc4M^^-jiM»iM^ -- - if"* T " - IM*II|» mill i m I" nim Mil I)H MTrillOllliqttMBii nildlliiii»iiii *lij^^il»iM.iMH«i»'iii *tijn»min<ir..j

Ui?in{^ tbe prograiam« ii®ecribad in the proviono c notion 

it is poccible for any given k-Tector to find by interpolation 

tbo coxYeBpondlng onergy for eaob band* fhio prodrome con 

also b© taodifled to generate ^-vootoro at random in tbe 

repreeemtr.'tive portion of the Brilloiiir. Eone f to -^'...Uirte H(|£) 

for that point in each band, end to store in a bietofomm fora 

the nambor of enerciee -r '^rinc in eoeh of a nonber of oiaall 

enoror intervalo* After doinf tbis for a lar^e • " ^T of 

pointc in tbe sone, soy eeveral tboueand, tbe histogmi con be 

used to Bive a good idea of tb& density of otciteo curve f end 

tbenc© the Fesmi energy. to e^aOTle is ebewn sketched below 

in



t

banfl contains 2W statos end the n('jj) f;'dvcm GO 

for ,„, coroain rr.nfte of energy, ^^t moans that there are 

21tp/100 G to too In that energy ren^e* with spin taken into 

account. If the total number of conduction elootrono per atom 

lo s toon there are ell electronic ctata© to bo occupied and. the

eneror oust oocup co that the area 3d in J»10ire

10 equal to oHf thuoi

T^ji ° 100o/2 f and the Vernsi energy lc fonM by 

this condition.

In Figure 6^4 aro ohown the n(E) ctirvoo oonipiitod for 

Ca t So f and Co. $he curve for Co is a little speculative 

for the roaoonc friven in th® note on Fleuro 5«6» It can be 

eoen to bo fairly Glmllar to the n(E) ourvo of the olnple 

modol cine to Mott (1935) vfhicb appearcs to be believed in

se © .,illicitly at least b*-r 

(19^p) P*93» and tvbich ie aleo ofcovm in ?iour0 o«4. She 1'our 

metalo all oocoeoa the pronounced daalilo ooak co-;mon to aoot 

tteoretioal n(fj) curveo. It will be noticed tbot tl>e
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curve lor calcium doosj riot oocr.aae the vary aanov/ d band

pootulutea in tba calculation of Itenlne end Knitter (i9>7)*

An esaople, for aluminiu&Lf of the e -.t..:v. r: r -:?d in constructing 

the hiatorrcKB of Figure 0,4 IB given In fable ,>„!*

FOB. -. -..»«**« TTWT, «rn. UM.MfeMUMlwuriljJUIUl ——— ̂ -^^^^^^^m^^M^^,,,,,,,,,.........,.. ..^,-,,.- -^.^>»»

S5fW )
0.0 - O.I
0,1 - 0,2
0,2 - 0,3
0,3 - 0.4
u.4 - 0.5

0,5 - 0,6
v . w ••• v,7

u,7 ** 0,8
o,0 - 0.9
0.9 — 1.0

1.0 - 1.1
1-1 _ 7 p«*• , J. •*" JL. . £~

etc.
"^

1000
pointo

5*0
7.8

11.4
11,8
14,2

19,5
31*5
LO.O
1^,7
£>( j » 9

c::X,0

^5,2

0.783

•*•*£

P(sf )

2000 
pointo

4.7
B.6

11.7
10.8
15.0

IB. 9
32.6

£>7*3
17,3
^3,a
*•;• > O
fc- C. . C»

25,2

0.783

=s 0,704 t

- 1>^9 t,

3000 4000 5000
r>ointo pointo oointo

A.6 4.9 4,9
<? fl ''1 1l .11o,9 --UX J,i

1^,2 11,9 1^,0
11,1 10^8 11.1
15,2 15.3 ISuS

18.3 10.6 l/i.l
31.8 31,9 yi.v
57.6 50.4 5S',6
18,3 10,3 10.7
23,4 #2.3 23.5

' /"» A '''"JO • • < • F\c,JL,*Cr £.x.o <L, r.U

25.4 S3. 6 25,^

0,733 0,784 0,785

, 0.001

I 1 c '•

Fezsii dnorgyf -rv^» and density of stateo at the
•b>

c-arfaoe, p(B^) f aro rivon for Al f Ga f and So in Table

For oacb aotal 5000 pointe In each band v/ore co-aputed (thlo ic

to 240 f 000 over tlie v/bole'scvje} .-



the erroro suited are the variance found from the separate 

reeulto for eacb 1000 r)ointe.

end Be.

•Jp (ry)
error in i3« (ry)

}$- f roo-eloo ( ry )

!3T1 (sir) expt

'Sp (ev) calc

%
error in *>« *F

A3 (ry)

.1
0.784

4,0*005
0.85

11.8

10.7

5 P. 9

±p.7
0.1

Ca

0.375
±0.002

0.35

7.0(7)

4.98

20.9

±P-1

0,05

SO

0.116
tf.c,oa
0.68

-

7.02

34.2

$0.2

0.05

experimental valueo of E-, 6re taJronf for AI from
IT

Skinner (1940)» and for Ca from Sld.naor t Ballon and «Tohnpton

It v/ill bo notlcod that for Al and So the Venal 

r£ioo computed aro lose than the f roe-electron Foroi onert';ioo f 

but for Ca the Ferrai onorry conpittoa io greater than the

free-electron Foroi

30 of the

On the othor Hind conoidoring the 

ao ohewn in the previous chapter the

A-I band r'- -30 are tauch les» perturbed from the free-else tron 

band chr.-'>oc than is the caoe for CG or Sc* fhia all

that the boniiB computed for Ca are not sufficiently

an4 this loade to a Fosrai oner^y which ie too lt'.r{?e and to

denaity of otatoo ' ia too small,



If the interval in energy naed in tb@ bioton«Bi is

ry tbea the nu.ibar of states in tbe ranf^e AS is

?4 « 2Hp/lG0, so that n('-l) « £ttr>/100&3 otatec ry""1. 

Whore v/e uoe tbe denoity of states at thn Fermi otirfr,co f 

in tbe nest few eact5. one a formula in terras of p«//V2 v/ill bo 

deduced and tb© vciluos Given in 2?r,ble --••2 ' ::JLJL br? -De'l.

Sbe importance of the a(^) ciarve io tiidt it anablee 

theoretioGl valuaa of th© t^aperatar© coefficient of 

electronic specific b0at f tbe iouli ©pin pamMgnetic 

susceptibility anclf tocetber v;itb tb© kno^ledce of the 

fonotioB0 f tbe Kiii^bt ohift to be calculated* Tbeo© ?^; 

coucidorod Bsparately in tbe following oaotioncu

Direct -aeacuremont of tbe Fermi energy of a niotal io 

not oaoyj in the pact great otoro bae been ©et by the ooft 

X»ray measurements but recently grave doubts bava boon 

oxoreesed about iaaob of the X-ray work, e.gt by aaae*»Rotbcry f 

(1963) p 94f who claims tbat tbe 3am?>l®e used in moot ui. tbo 

earlier v/ork v^ere bpoilt by surf&co

ghe ..Ble^rcp^^e^

fbe electronic Dpecific tees* oer mole is, Mott and Joneo 

(1936) p 179,

tbot

Substituting for k and T*-, and from tbe r.reviaao coction 

for n(By) we find tbati



cil raole
»l >"* "" 1

o
3x4 .186x10' adoax? .179&au

, or» ~ ^-7 x p /^ ;] oai nox<0 uue t

wbore p«, ie in >' ' rid As i© in rydlMBWg* on in Sable

of

1 t>c in

deduced uoing tbie forrmla are £;ivoii for Al, Ca 

6»3t togotber v/itli tbo ©speriraatiunl

tbe oourceo of tb© earporiEiontc.! Tallies fitr0 t for Al ---.I Ca 

Bttitnborg (1963) and for Sc toaar (1962).

FOE Al* Ca § and Sc,

\/ calc*

v oxp.

y calrs

Y Q3D?

Al
4*35
3.24

1*32

1*36

Ca

3*44

6.5
1*44
2.8

Sc

5.63

24.7

2.36

10.5

t!,)0 uiiito in tba first rov/o cal mol© ' deg ' ,

and in tb« second two ro"«?s are EuJ mole

fbe tbooretical valuocs appear to be too for

and too low lor Ca and Sc» fb© hi0b value for Al ouggectc that 

our band otructora io probably sllgbtly too comprooood and tbe

Penui energy too low? tbo low value for Ca TO$r?ss5t£s tbat there 

abould fee ratber »or® overlap between tb© firot i.:::C. .:,-)oond bands

to mke n(B^) larger* i'he value for oc " lm io ir- ' ^loj 
J&

it bas been suggested tbat tbe n( li) ctirve bos a vary hiob and 

narrow oeak near tbe fer^ii cnorgy but this seesB unreasonable *



low vixuae for caloinci agrees wit a tbe recmlt of tbe 

previous section that ito band structure is not sufficiently 

0OTp3?©88ecl f its Ferral energy is too hlghf and consequently 

n(t3) is too low. Tfce valueo for cobalt arc not included 

because the density of e^aieo curve in Fl|?ur© 6*4 (iv) is 
only tentative*

Paiili cpin psmoiagBetie susooptibility A.;I i^ 9 like
t*'

directly deduoible from tfeo donsity of states curve

it is givan, Mott and Jonae (1936) p 186 1

*»P1 —1 wtiare U. is the Bolir 2uagn^toii = 9t273 x 10 "
In ternjs of py aaA A E tben,

.
100x2 "

4 A 4 »->Cr «» «» fi*® «. /A •» « wv .« vn/>«1 A **•1«0» f\^ ~ *l * ty & J»v P^-/cX^ ©*Ki«U« IHQJL9 *

5?be oomputad and experimental values of A ̂  for Al f Ca
and So are given In *?nble G»4 f both in 0«m*ti* tiole**' and in
0»m.ti* m""* l*he experimental voluiw ar-a taken from Cuoaolc 

(195-0* i5von if tbe density of states carra for cobalt v;er 
completely reliable there would be little point In coci 

its parama£Tietio Gtiocoptibility since these values ar© for 
aboolute saro and the oodlflc&tlofiD noooooisxy xor - :::,•/• cr^v^r 

t®s^©ro.ture f suob oo above the Curie point of cobalt, art 
not coBDiuorod b0r0* the tboory 10 given by Mott and Jonoa

P



S2S
OF Al-Ca. and So.

Ca

SO

^^M ^%F

M^L ^j v-v wlntV*' 4^ ^% ^"' *'•' •" *^ ^

- r;a 17.5
0*93 u»C$

19.9 ^4.1 

O.E50 1.10

0.72 ?.0

,f. values ere /^Ivan in units of 10**° e.ra.iu ^ole~a in the

firot ro^ for oaoh metal and of lo"*° e.m.tu in the oecond
row.

liomer (1962) potato out tlmt the
is far : •-• the constant

where 01^ is in e.m.tt. mole ^ P ic in era

.1 ratio of
—s>

i x 10 ,
>:L ,^«.~2

-^^ij 9

which it should b® from the th©or:/. Tie attributes it to th*

fact the.t there IB aloo a Vleok tsntnerature

contribution to the T>araiaa/*n@tiom if over a large part of the 

Brillonin sone thore are levels in different bando Juot belcw

1 just above the Fermi level separated by about 1 or 2 

i te» by about 0.1 ry. ? iis contribution, which is by no 

•any to calotilcte, co,n often b® GO lar^e BB t!i« Psuli 

oontritnition, %to® dieore 7 ic largeet in So, end "

very lar^e euBceptibility ic hnoOT to be temperature i 

Blm^ort at al (I960), co that it &**•& cl0e,r that the 

euecoptibllity which v/e hc.ve calculated ID not the only



22';
contribution to the paramagnetic erase .. ... .~litj| and it is the
latter v/bich io £i@e®uTOd esserliaen-ially and lie tod in the last 
coluzan of Table 6*4*

Tlslng the interpolation routine doceribod nbova random 

k>-v 00 tore can be generated rind 12 (fc) calculated for each of the 

if !>;(&) 10 very near the Fermi energy then the

prints kj ^(k) rx n^ t>»o b^nd m^nbor* Beom tbeoe 

outputs sections of the Fersii surface bave been drawn co that 

the sbapeo of the Fcnal ourfacoa of Alf Ca and BG could be 

deduced. Co is forrc netio oo th?.t this is an extra 

eooplioation9 in addition to the ocnrmtatlcnal difflcultieo 

with Co v/hlch have already been

fho out Unas of the present calculation on 

are roaghly the oaa® a© those of the calculation due to 

Baine (195^1 1957) einc© toe DGIB© field baa boon tia@d# In 

this calculation th© bande are re,thar more compreoeed though 

the ordering of the levels, especially at W ie the ... :; as in 

Beln@ fs original calculation • At \l the lowest level ID the

do . -.^rate level T3 {«W,,} and the nesrt levo!0 are

and A, (*W* ) roopectively* llain© tried various
JLi <••

of the potential to oee hot; the

were affected* Thd interoot, in aliaiaiaiuia, centre© around 

the point W because f as shewn in Figure 5»3» the flrnt tvvo



levels 12 and B0 at W are very clone together a; .id vary near to
£*

tbo Feral levol. It 10 oleas? that f v/hile our ronulto agree 

with thooe of Ilbin© very well for tbe general shape of th® 

bands and tho ordorinp of tho levels we teva nothing mch to 

add to bis rooults* Proa tbe d© Ifoas-van Alpben effect 

experiments there ie» aa Heine shewed y probably G pocket of 

electrone In tbe third bone! at W and tbue tbe Faroi levol lo 

3'tiot above the Bg levol at iv i/hiob M^ee the firat and second 

at W alec full* Ashero£t (1963) devoted oonGidorable

attention to the sttidjr of the levels at W in aluialniun, cind if 

w« accept tbe ordering of the levels obtained by Heine origin­ 

ally and now in this calculation it follows that either two, 

three or four lovele at W nsiat bo i>all r;nd to fit the de Haa0— 

van Alphon reculto daccribed in the next ooction v/e mot 00011100 

the Fermi level to be r.bove "the OTg level* if the Interpolate 

ion for the 3{ic) and bexioe the Fezrad enorny ?/ere more aocmratt 

we could say definitely how raeny levels at w ere occupied 

aocor<Un$ to our calculation » Apart from v/ there ID little 

doubt about tbe dotallD of tbe Perel oitrfaca of Al. fxlie flrtit 

bancl 1© fall everywbar©, tbe oecond band IB jfull ell over the 

ourfaoa of ttoa cone tat has A vory large Feral ourfcca of boleo 

oontrofl on ? » Tbe detailod obnpe of tbe FOB:I! ourf nee in the 

second band la tbe aont ucofal thing we eem aoauco i'roa oar 

calculation^ this le not very conoitivo to tlie ciaall r' .-3 

la Fermi energy v^hioh are 00 Haportant at \v* Sbo tblrtl i.>r-nd
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contains Just a small pocket of holao at W whose else it ic 

beat to estimate from the de Base-van A 7. ' . n ©xnortme 

results* Iii .Figure 6*5 are ehovm the Doctioiia of the ; 

0orfac@ in the second tend*

Figure k»G aeotloiK; of the Feral surface of cole lisa 
are ohsvmt they have been deduced In the way already described,
f£h© Ior.il surface is- substantially different from that

.. oBeA by Ifeirrison (1963) to tbat tii?* ••monctor11 of liol@o 
v/hlch be mg0«»ted la the flrct baad hoe heoorad in otir model

- ted and only the Hmbs re^iiiif thia io really booaime the 
firot ' •••"1 at V la on the band @chm* of these oalouXatlono a 
lon^ ^/ay below tho Ferai enor^y and oannot poGolble teva holes 
there, This than leairea only iaolatad pockets of holec at 
K and U in tho first band, tbaagb ttv - " aurfaoo in th© 
eacond band in mmltorocl frcaa Has^ieon*© laodel except tbat ita 
elso in slightly rediicad^ (Phe di.ffareiioe£i between ttuMie 
models will be nozx^iclered in the nearfc few 

(iii)tAnwwrgM^H

raontioned In (- _-ter V the oaae for eosaptiting th® 
band atructure of f «c,»c» So wao to coisgiare it with the h,e*p» 

of oc • am. It 000SM® tbat the matal oazi very eooily
i the b.»o,p, to f*cue, otrwoture, o»g» l^yior rind 

KSagle (19^3) claim ttiQt ovon tho introd»iction of 0»4/^ Si and 
0«4/£ Ft) imparities can cause so to cbango to t!^ f »c*e*. otnioture



FI
G

'U
H

;3
 

u
.6

 
rj?

H
3 

F'
SH

uI
I 

SI
Jr

iP
A

G
J 

O
F 

CA
LC

IU
M

s 
ec

ti
o

n
s 

, 
v/

it
b 

bo
le

s 
,cj b

ad
ed

 .

W

ro
 

rv;



fuI
LD

 
o 

. <
j 

(c
on

tc
l. 

)
IU

11
0 

se
ct

io
n
.

10
0 

se
ct

io
n
.

X -*
-



_9
_?

J?.
 

(c
 o 

n t
d
.)

 
ga

nc
l^

 2
^ 

el
ec

tr
o

n
s 

sb
ad

ed
.

H

K

Th
e 

Fe
rv

.i
i 
su
rf
ac
e 

in
 
th
e 

se
co
nd
 
ba

nd
 
co

ns
is

ts
 
of
 

di
sc
s 

in
 
th
e 

11
1 

pl
an
es
 
-a

nd
 
v/
it

b 
th

e 
se

ct
io

n 
no

rm
al

 
-t

o 

th
es
e 

pl
an

es
 
sh
ew
n 

in
 
th
e 

di
ag

ra
m 

on
 
th
e 

le
ft

.



fa

fro

0 
Q

e-
cs*

CD 
H 
O 
O

Pi 
O

hnj 
H

>3

i

H

FJ *HH

a

CO
o
I- J

B



EI
SS

MJ
L1

 (
c-
on
ta
.)

Ba
nd

 
2

, 
10
0 

se
ct
io
n,
 
v/

it
b 

el
ec
tr
on
s 

sh
ad

ed
.

IV
)



i2«
 (

co
nt

d.
)

B
an

d 
2.

 
11

0 
se

ct
io

n
, 

v/
it

h 
el

ec
tr

o
n
s 

sh
ad

ed
.

ro



FI
GU

RE
"6

.7 
(o

on
ta

.)-
•»

»
*
<

•*
»
.-

••
*
.•

•«
«
 '
-
•
•
•
.i
.^

in
^
n
i.
a
.a

, 
*
^
«
»
 

^
 

*

B
an

d 
3»

 
se

ct
io

n
s,

 v
/i

th
 e

le
ct

ro
ns

 
sh

ad
ed

.

VJ
1

W

w



2! '

It ie therefor® of intoroct to compare the Fermi ourl'aee

aro given in figare o*7 with the Fermi ei

obtained by Bradley (1964) for h«c«p* scandium. >-.: e oefla in 

So to encounter the 0am© trouble \vlth the point W OB occurod 

with aluminiaty namely that though the Farm! energy v/e have 

computed leaves the level E at W empty it is vtiLthln the range 

of error of tho Fe«a4 onorgy to inefce it ocouplod and tbuo 

introduce a pocket of eloctrons into the third band, at W* It 

will b© noticed that the ordering of the lavelo at v; in so 

ia different from in /il* fluiB, ao cop ting the Fermi surface 

as, cosapitad it IB est^irQly in the oeooincl band and it io 3 hewn 

in eectione in Figure 6*7 « A alight increase in the Penal 

9a®£gsr would recrare the poclcet of holes at v/ in the second 

hand and introduce ^ socket of elsotrono in the third band 

at v/. The rest of the oecond brand would be oubttantially 

tcnaltorad*

One vary ireful tool for yrohin^ the fersii surface 

^lly io tha d® Bnae«*vsm AlpTseu effect in wtiiGb the 

o csttBcaptibillty of the c;..- ~ otlon sloctrono in a

.aetal is a periodic function of toe applied rm^iotio field* 

fhe effect f'ives directly a ne^ar-a of erfereiml cro©o 

sectional aroae of the Pefcni surface at right on^Lee to the 

applied field* fh© basic equationf sea e«g« Shoenberg (1957)



or (I960), is

where is an extremal r*,rea of croee section of the

crurta®* in atomic unito and H is in

extremal cross sectional areas

IIRE 6.8

ehmm In T
of

6.8.

j:jS 03?

CH03S 0? 2I-Ii3 SUHPAC3 .

In the c >lo of Figure u.8 the Mnd surface 

to be a trl~axiul ellipsoid (i»o. an ortborbo..-ibio

metal) with aomi^-axes (in k epace) of I.. . :?5S a f b f and e.

SbiiD tbe simdod area is c4r for tbe case of tbe magnetic field

applied alone the k a:dLo, and it;:5 area is Tac, lor tiie«»
of tho field along the lc_ tu^iD c?K iJ9 ^bc* so that theee

«Mb %y

Alpben periods waald detarrztinQ GC and be; a 

5 the axio of suspension of tbe crystal

cle

third period 

along k T field along k d@ta3«ala» product G
fteas frcm tlieoe three prodaeta a f b, and c could be found •

In a real il tbe :o io imich moro



c.;

aiMplioated but b.y umaimrlns the d® Haas-van Alphan periods

for oil directions of th© floia any proposed Fermi surface

model can be .rat sly probed*

Ibr two or the metals comlclored bare> Al and Ca t

there 099 good set© of experimental d® EaftO«*vayi Alnben data

and ocmpRrlgocB of them witb our iBodelo v/ill be 

It 10 dubioo® v/hether SXQT useful de Haae«-van Alphen 

con be escpeoted for Bo and Co befc«so0e So le h.e.p.

rather than i'*c«o. at low lMHQ»«mture0 and Co IB ferwnsgnetlo.

JU1

(1963) boa- glir«»- a °frankly . . 

treatment of the Barrai etu^Bwi© of altimlnltm based larcely on 

the Interpretation of the de IKuHMvan Alpban mea»nrocionto on 

Al. J® atnt >d already the c^^^s^i oatllnee of the Feral 

ourtMNi of Al spytftr to be well detwraKtnea by a lalxture of 

tb«ory and exporiiaent^ ^»» psdBt to which most doubt 

att-'^-^n le W ? eind ®& already aantioned aleo f theape wotald o@®si 

to be a email pocket of electrons at W In the third bandf and 

thus- tfoe first and oeeond bands f which ere degenerate at W t 

are also occupied t Asbcroft (1 ( '03) liots three grot^pe of 

te fcQS-*van Alphen frequencies f

Group It oscillations corresponding to extremal areao 

of 4/3 of tb0 ores* of tbe heacagonnl face of tho son®, and 3/4 

of th© area of the ' r© face? tbo field directions being 

[liq] and (ill) for theirst and (lOOJ for the ^eoond*

Group lit oscillations eoraraBpondin^ to extronol



about l/100th of the area of the b mal feco, n recant 

»oct direotlonD of the field*

<•• > IIli oscillations cor: ' to an 

10 ti^eo smaller than thoce of f-roun H*

Aohcroft ottritniteo the Group I oocillationa to the 

surface in the eeeond band, in the isodel bore 

too attribute thaoo to th© second band Fejiui Gurfacof OB® 

oeoillation to the maximal oroeo'-oectional area of the hole 

eurfece centred OB r* ancl v/hioh ID very rouchly sphericr»l 

(noo Figure 6*5, 100 and 110 oectiono •• ... ;.-. object) end the 

othor oocillation to the mininal crooc-«ootional area centred 

on X of the armo off the electron Forni ourfnce in the fceconfl 

bctnd,

ffe® difference botv/ocrn our noclol rmd that of Aahoroft 

io t?mt in our bond structure the third level et ^ io below 

the third level at U* Comeqiaently if there ie only a email 

epill over of electrons into th© tbirxl band c siocicot of 

electronc in the third band will be formed at w t wharo&o 

Aehoroft f & br:.nd o true tore (19^3, Fie 2-7) 1 :- •• to Q poc!:ot 

of oleotrono at If rather than '$ 9 oince the third lovol ot IT, 

with bio banck3 f is lnwer fhnn the third level at /. $ha0 

the only difference botir««ft tfce two modolo io in v;hethor the 

tfcriLrtl band Ferni eurface con®10te of a pocket of oloetrotio at 

XI or 0 pockot of electron® at w. In either caee it io 

poocible to attribute the f>roun II and group III

to tbio no^ot of aloctrono . tvi.nea thore aro



many of these pockets in different orientations It is 

difficult frora expertaentss alone to fix the c fin pee of those 

pocketo uniquely and one really requires better band 
calculations to determine their ehepe completely*

Good mesMreiaenta of the de Hfeoo-veaa Alplion effect 

in calcium by Condon and Hsrcuo (1904) have recently become 

available, Stoey find throe nerioda vrfclch are Ghevm in tbe 

firot oolumn of Sable o.gj they tried to explain their 

reeulto in tovraB of tlie model of the Fenai curfoce for 

caleltin proposed by l^rrioon (1965) but v/ith only linitod

C!* Th® llarri^on model predicts aor® orbito then wore 
by e:oorim0nt t in. particular bi0 ^aodol v»i'.o ::, "."aonotor 1* 

of holee in the first band with a large orbit (not found 

experimentally) round the ?a^i©t of the mono tor, \vith a period
"7 1

of 0.0^5 x 10"* ' 0B9RB8 • Pictitrec of the mono tor are given

by both Jhfcrrinon (19t>3) cind Oondon and ?AarctU3 (1964)» On 

the other band the Fcnai surface oropoaea in Figure o»6 for 

Ca leado only to three de !feao-*von •••in porloto vvhiob 

are che^m in the eecond ooluzan of fable 6*5 • Slieoe can be 
ooon to a^ree qianlltatlvely well onoitgh with the rooialte of 

Condon end ftemuo* ^or cwwsiwsrioon. In fable o»6 are ehevm 

all the orbito prodictod by Harrloon (1963)*
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HAASMTAH OJ8 FOH«•••

tl V' " 3.

0.77 

0.57 

3*0

3*8 

1.2

8.3

Orbit label

P (&)

Kote.i tbe unito are 10*"' ^Buss""2*.

*ABI& 6.6 Dr; T-JAAS-VAW ALPHBH -.. - . . (1

Field CiXis

[no]
(ioo)
[ao]
[lie]
[loqj
(loqj
Q.OOJ

Area (a.u*)

0*0062

0*035
0.038

0.054

0.0(4

0.09
0.31

**ioft (10-V*)

4.3

0.75
0.71

0.50
0.42

0.30

G.GBfj

orMte are illtt£5trated in Figure 6.9? the labolo 

of tbe laet column of Table 6.5 are in tbe Figure. If tbe 

magnetic fiold lo applied along one of the crystal G&GQ tben 

orbit V"is eeon, this a^eea witb tbe direction in vibicb 

Conuon and iiorcuo found orbit V . Orbit «k woe aloo found by 

in tbe Olractlon v/biob Q£^reee witH our modal, .nc tbe

field boing in th@ 110 diroction. Acoox to

oxir i!iodol tbe orbit A cbould appear with tbe fiold in tbeA



24 x ou
direction e.0 for orbit y - it appe&rc however in fact

til© magnetic flold alor^ one of the crystal axes. *r 

direction la cbsnfad BO tb© vnrlouo oxtronr.l rrren

ield

elowly and in which

the recmlts of CorscloB Unrowo

ere not ineonointont with

e their work on the

the T>ei*l.odo 10 harnnered the feet tnat

their speolneno were • ^'" 

no meone polycr ' lline»

perfect single eryotalo though by

EIGUH3 6.9 0?K3 JPKRIII SPKFAC CALGIU:.:.

—— X

(a) holes, 
1st band.

(b) electrons,
2nd band.

ftmo the Feroi ourfaco jaodel pronocec! bore doea not

predict any orbite which ar® not fauna 0zr)erlj:viii1x:illy ao 

Barri^on*js ciodel doeO| anfl it goto tb.e ongolar dependence of 

tlae orblto roughly correct* For eicaoi^.)lQ B^rrloon f o aoclol t

is©@ Sfeble 6*6, predl^tr for the fiool dir^etlon of the* - w- ^j
field alone the fcwir periods G.?6 t 0*42, 0*30 and



2*. 
0*865 x lO^'gBwBS*", only two periods being observed experl~

WBfctally at tbe most in this direction f the biggeot failure 

being th® noiMLppearftnoe of tbe very ofoort period corresponding 

to a vorsr largt orbit* fhe areas of tbe orbito or®, free

fable 6*5 1 for oror model too small by a factor varying between 

2 end 4, BO that ttie linear dimensions of oar Fermi surface are 

too siaaH by a factor varying between 1*5 and 2,

aa ooiaputod fe@r© io not tbe 0 table fom 00 

that withoat imo^ing htm tfe® Fermi cmrfaoe ia effected by a 

change in tbe ets?uctur@ of the metal it ±B not posoible to 

connect tbe predictions md© on our Fermi 0urfa.ce niodel with 

any experiments ©v@n if they bad been oerforraed. In 'irable i>»7 

are tbe de aw»**im.n Alphen periods proclictad froa the Fermi 

surface oheim in auction© in Figar© 6*7 • Orbits (a) and (b) 

arise from the two crooo sectional areae sh@wn in the (100) 

section in Figure 6*7 of the ferml surface of electron in tbe 

second band In Bo* Orbit (c) ie the extended orbit In the 

(110) B action of the name Fermi surface $ orbits (d) and (e) 

arc orbits in planes normal to the (110) section and round the 

arae near the point L and correspond to field directions 

along Pi* and BC which ore rou^ly tllll directions^ Orbit 

(f) io approximately indep«na©nt of direction and is due to tbe 

very ciaall pooket of electrons in the third band in So,

Co lo ferroaag&etlc so that thore io little chance of 

any de Haas-van Alpben exoerlnw** being done ao above the
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Curie 7>olnt tb© temperature would be rjuob too bi£b for

de Hsao-van Alphen offacto to be observable*

Orbit

*

b

e
a
*
*

Fiald axio

[100]
(100]
[no]
[in]
[m]

any
direction

Area (a.tt.)

0*095

0.0^2

0.150

u*uu4
0*008

0*004

i^oriod
10 f?3UBS

0.88

0.84

0.17

u.7

3.3
7

he...

jariekazaar (1964) Imve found tbot unlike 

lim p for which tbe nearly fr©o electron picture iB oo 
oucceooftil, caloiOTi end etrontim at lilcli preeoiireo boooeie

valueo for tbe

of calciim and its depcmdenoe on
it IB eaay to device tbe $ eter^ee in lattice conotnnt whicb 
occur at voriouo preoDoreo and tbeee are ehecm in Table 6.8

(P.S.O.)



' .>' C>V 'it TVJ r : OJr ,',*!, ICB COKT" ' UF GAI0

/» decrec^e in a

1

2

3
4

5
6

7
8

9
10

11

12

pressure (Kbare.)

Li .3

11 a
17 »5
24.8

33.0

42.7

54.2

68.5

87.6

115.9

171.8

QO

the compressibility ie to b© 5.9 bar~1

and ita coefficient of variation wltti pveevore (« 

Ic aseiaiaed to b© -1.7 2 IG**^ bar1* *

**** electron laetal it v/ouldIf calcium waara

rea»ona,ble tbat a change of 10$ in lattice constant 

oc euro at tb© preeeurd at wfoicb it becomes a semiconductor 

will otill leave it an approximately fr@© electron like metal 

in its band structure BO tbnt tbe only appreciable eff oot on

tbs lattice constaivt would be tothe band structura on
2 alter tbe ocalo of tne bands by a ftictor -optional to a •



Ho ob. - in the overlap betv/eon the bands expressed as a 

faction of the Fermi energy wuld b@ observed* But v/ith 

our model v/hieh io far from fr©a electron like f on reducing 

the lattice constant an electron at the odge of the .^iipaor- 

Selts cell 8-QOO Q less aereonad nucleus than before and the 

bando become leao free electron lifee nnc! the overlap between 

the first and second bands is roduoed* Ofhio haa been, 

tested by re«-conputation of the tooortant energy 10Tol0 using 

the 0QZ2UI potential field tmt different valneo of tbe lattice 

spacing, fte iWNWflap between tlie flnst *md aecond banai5> ae 

chewn by tb« c@parati.on of tDe lerv@10 K'A1 and LA- , for 

various value© o^f the lattice com tent i© sbewn in 

It io clear tb&t wb@n the overlap ordinarily present to 

oalcltm vonloboG and the 0ap bacoeiea of the order of &3? 

metal b@ccia@«' a oemicontoctor» *Phls can b© cieem to oeeur at 

about a 4-«5/i eontraetlon In the lattice conBtn,nt t that ID, 

from Sfeble u.8 f at about 30*40 ktero, 3?he ozp®3?toentel value 

QI._... ro to b@ between 150 kboro and 300 kbaro from the wo:rlc 

of Drlo&uaer and Stager (I9^4)» ^^ therefore o0eia» to 

m. -:.'t tlict, because it predicts this elieng© to a 

eeoieonductor v/hieh the nearly free-eleotron aod@l could 

u^Ter do f our Forrai surface Is very nearly correct. It would 

seem both froa this eoapreDOlbllity ©viaenc© and frcm the de 

aaau^tm Alptien evidence jtaot considered that the Femi 

©urfoce of calcium ehould ba a yjsffiLJtiSilS. mor* freo-elootron 

than our model, vrtiicb would increase both the actual over*
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~

1-^ between the flrot and second ba.ncie and the eise of tbo 

Porai surface,

$,•.9 fbe

Another off act which can be 120 ed to probe the 

detailed structure of the Fermi ourfaee io the saturation of

the 5*he magnetore8i@tance io n imply the

the c.» of G aetal \vbon

field is apr>liea to it, and in sufficiently 

fieldo it oaturates provided that, for the orientation of 

tho r.v .-> tic field v^blesh IB being iiaed there are no open 

orbits. Open orbit© ooour when a Femi eurfaoe touches 

tbetoundcry of the Brillouin son®, a o act Ion through a 

hypothetical Fermi et*rfae© i8 ahecm in Figure 6.11 ohewing

both cloe&d and open orbits.



Xn Hgure 6.11 boles are shaded, and tb© closed orbits ere 

marked with e ingle arrows and the open orbits with double

If the Fermi surface of 6*11 ID now

to be extended to three dimensions by rotating it about tbe 

line £Q to form a set of tubes and opbereO for the case of

the isa^netlo field applied along the axis of the tubes there 

will b© no open orblto but .lust closed orbite round tb© tubeo 

and round tb© spbaresi but If It 10 applied at rl$bt angles 

to tbe axis of the tubes tbere will still b® open orblto. 

If tbere are no open orbite possible then the

saturates a0 we haira already mentioned f but 

If there are open orbits poaalbls then the mgnetoreoiDtanoe

doeo not saturate but varle® ®0 H * SM» t» th^wn rottenly in

6.12 THQ SATURATION OP TEE IIAG]\rETOIL33ISTAIT03.

t
magne-to­ 
res is tance .

open orbits.

no open orbit.

Magnetic field

ftfti© It IB pooolble to determine v/hoth« or not

a given dotal has any open orbita and if so to teat w».,3th0r 

their appoaranoa and ciiL . -oaxance cis the orientation of the



field is changed is consistent with a particular raodel of the 

fermi euarfae®.

We now consider each of the F©rrai surfftce models 

described before to see which, if anyt ehould load to open 

orbits and how their appearance and disappearance will 

depend on th© orientation of the field*

In the Forml surface proposed for aluminium the 

second band Fermi surfso© of boles is a oat of distorted snbo 

which do not touch and the third, band pockets of electrons 

st W are isolated from one another so that In no orientetion 

of the magnetic field In aluminium 10 it possible to got 

open orbite. gherafore In aluminium our model is committed 

to having the ma^etoreoist^nce always saturated at large 

fieldsj though if the third band pockets of eloctrone wore 

©attended to embrace tf and K oe v/ell open orbltB would b® 

possible*

fbe Fermi o-urfaco in calcium consists of small 

pockets of holes in the first bend at K and email isolated 

pookete-- of electrons in the second band at X*» Ho open orbits 

ay* posolble and the magnetora&ist&noe does not saturate for 

any direction of the magnetic field,

In scandium extended orbits appear if the field is in 

the Quo] direction which means thst e hirb^r --lac^iotic field 

is needed before the macnetoreciotance 0atiir';-.tos; 'but since 

there are no proper open orbits it d&«@ evtrntually saturate*
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tb«ory of tb® I&dgbt Stetft t tbe dlff©rano# between 

melear paramagnetic iwomae* fr^qiiianoy in a ©ingl© 

atom of a wtal and in a larga ©aispl© of tb® m0tel t 10 

£lr«snf for ejmsapl©* by fo«Ni0 t Bowing raid Kfctgtrl Cl950)» 

And 0end-a®pirioal ©aleulatiom of tb^ KMgtit sbift w®i?« 

(195i)»

r«£?o»aiiD« fr©gu0iioy la 0Mft«d beooo00 tb« 

magnetic field at tbe imoloae is altered % a oontribatlon 

to tb» alligjam^iit of tbn aixiae of acm of tb0 ©Itotrons 

tb© @rfeea?itial fi®ld i0 applied* In tb® pap«a? of 

lame® e»t al« f (1^0) it is ©bira tbat for m«tal8 

cfiiblc eyonotvy tb® sbift is dftpmiAent only on tb« 

iim (i*e* 1 » 0) to tbw wv® foi30tion» ft^ oao® of 

cubic 03?®Bttry in metals need not detain TO burtf it 

eomideaww! ade^^ttly by Mo«^btrg«tt mid Hov^rland (1953)* 

ite* diff «r«mc® b0t8?®0n tb» applied field ond tb® aolaial field 

at tb© moling 10 tba contribution to® to tbos® 

wbiob iBt
AH » air/3 x
(wan density of opla ®«@nt at tbe

tb® Em0oei>tib5.1ity p«*r atomf and 

is tb« probability d^nolty of electrons on tlMi ftrmi eorteoe,



i»s. in a euitable state to contribute to the magnetic moment 

at the nucleus, avoraged nv?>r th® Fomii eurfftoo, .And only 

Q type wave functions contribute non~soro co .,s to

v
n can readily be r/nt in terms of the denoity of
ir

otatec at the Fornii curface and hac alroady boon calculated, 

or ciltornntively experimental valtieo of j( can be need; oinoe
•»

tberc aa?0 CDiici(2Grabl0 diocrenancioo botwoen tboeo two 

sate of v •:: of X ̂ 'DO"?il1 will be used and th© two results 

CQisparod vitb the escperimant^il Lni/^t shift,

Apart from numericHtl faotors the only tMag. apaeiainino 

to be found in order to oQleuOeto the Khigbt obift is tb* 

average iralue of the proportion of tb© s-type contribution to 

the wave function on t*m Fermi carfaeo at tb© nucieua. For 

\| ^(0)j ^an interpolation routine, very similar to that 

used for interpolating the en . ja $(&) and deocribod in 

section 602 woe used*

Jar
tbe volurie of into ';ion being eome small volitms neo.r tb®

nucleus • tJoia£: the e3n:>aneion for = 

then |(0)| 2



lii itHbJ 2i^(r)/4Tr] (oinoa the

ortbonorsaclised) *

2 « 0 1/0 1
f htat oonst&nt 1»0 J and cine® W as datereiined

is in atoiaic units then in c*g*s, •units

(Vfs,(o)| 2» |bj 2 KQ (0) 2/4Tra0?, o aQ 1© th® Bobr rfiditts* 

R (o) 10 a function only of the energy of tfeo electrons and 

not of £ so that for electrons at the Ferrai surfo^se HQ (0) 

is 008i« constant for each of tbo aetals \vhich are considered 

here* fberefor®

Tbuo it io neccsosGrv to find H,. which ic foundo
the Forai anori.,;^ 1'roa the outwards intagiw&tion routint

of the eallulcr calcultition; •: nd for bJ the interpolation

rcyutine uaed to obtain H(^) ©arlior, in oeetlon 6»2 was uoed 

in osactly the oam® way os described ttier* txdixig |b I at tii 

opocial points of syimaetry and along tho special linee of
of ' 

Equation (i) can now be put Into the following form-

2
H 3 p 4Tra 3 o \b\ 2 .»Do» »

whore 9^ n is 'fc^0 molar tmocoptiSility ^nd & ie tho laaso of 1 

atoa, tbitfi
A22

In. fabl© 6«9 the inter pointed values of b \ forI ol



*CK>T £q poppiip ®q Pirooqa £o«ft. (TIT)

$ aeSto^uoaxocl 09 p&},0TC wtt3 .

jo o^uenoflmoo

aq 

OS



c
o
c
o
 

o 
c

&
 

0>
 

-1
 

en
 

U
l 

4*

. 
,„

,

*
*
*
*
*
*

xja
 

vr
i 

-<4
 

CD
 

* 
* 

* 
* 

**4
 

v>J
 

ro
 

c\

fC
 

V^
3

* 
*

ro
 

-a

o
 

o
 

o
 

c
* 

* 
* 

* 
05

 
-*«

t 
c*

 
^

H*
 

ro
 

4s*
- 

-P*
V?

S 
^D

 
O

 
\D

CD
 

CD
 

—
3 

O

* Q
\

tJ
?
 

H
 

0
 

C
 

C
 

0
 

0
 

0
 

0
c
^
^
 

• 
*
*
«

*
•
*
•

j
f O

 
t^*

 
H*

 
ro

 
*-J?

 
cr

 
"*«3

 
'X?

V?
3 

*
*
"
*
*
*
'
*
«
»

O » ro
O

 
H

 
TO

 
4^

 
0^

 
-4

4
^
 

•*
. 

*
: 

*
 

*
 

*
 

*
 

*

O
 

H
 

ro
 

4*
. 

*J
t

VJ
? 

*
.
*
-
*
*
*

^
^
^
 

* 
» 

•

py
r 

r
^
 

W
 

^P

a ;o *
o *

fee
* 

^ ^
^ f
t

M C
-

* o *- o c * c * o-

H
 

O
 

O
 

O
 

C
 

O
 

C
 

.0
0

^
 

*
*
•
*
*
*
*
*
»

*
•

P^
 

\j
i 

-l^
 

c*
'; 

'"*
! 

CD
 

'-53
 

O
 

£ 
O

 
V;

-i 
O

 
G3

 
I*

* 
H

* 
O

 
*^

3 
«£

* 
*
*
*
*
*
*
*
*
*

« 
O

 
O

 
4s

* 
O

 
fO

 
O

^ 
P*

3 
"^

 
^*

*

O H »

O*
 

^»
 

*tn
 

\J
i 

, f*
& 

i\>
 

o
 

cf»
* 

* 
* 

* 
* 

* 
* 

* 
o

 
©

 
ro

 
*0

 
M

I 
©

 
o

 
*^

* 
* 

* 
* 

* 
* 

*
O

 
O

 
^3

1 
M

 
O

 
A

^ 
M

€ 
V

T 
O

 
C

-' 
H

 
fO

* 
*
*
*
*
*

c 
\0

 
i-»

 
a

 4
^ 

o%

&
} 

V
j3

 
4s

*
g-

s 
m

 
«-a

 
©

* 
* 

* 
*

|*
» 

O
 

45
* 

V
f!

/~f. 
t ^

tA
* 

v<
»

*
 

*

1 J
^

H H
 

8 O »

t' O * C
 

* c *» e » c.

*:•

s*



*o*o*o

*

f
* 

o

fft

CM4k
0

*U 
H

13 O

"
*?

*

•«* 
CM

* 
*CM

©
 

CM 
t£\ 

€SJ 
y

j
* 

* 
* 

* 
*

O
 

£** 
CO 

Cft 
O

 
ff 

ff

*
*
*
*
*
*
 

*
H

f 
l>

 
^5 

10 
<sO 

H
 

O
 

r4
 

CM 
Cy 

r-f

*
*
#

#
•
#

»
 

* 
O

 
K

\ 
€0 

si"* 
iTi 

t*^- 
Cy 

O

if\ 
€\| 

\£> 
C^1* 

«$$• 
©

 
fHI 

0%
 

f\
«
»
»
*
»
»
•
*
 

*
O

 
H

I 
^

\ 
Cft 

O
 

£*\ 
£^» 

?<% 
O

*
H*W

-a
T

 :

O
 

H
 

o\ tA cy 
CM 

*£> 
H

 
ca 

n 
ca

*
»
«
*
»
*
»
•
•
 

: 
*

P- ! 
<**- < 

**V
 

«nJ 
; *^ 

' ^"1 
. it 

«*s» 
i «. 

K
S 

'^
 

-, v
 

^ ^
 

**iJp 
n

 
^to* 

"•** 
v^f 

^st 
^» * 

IM
 

**f
r>4 

tA
 

4A
 

^
' 

AJ»

?v3 
^

\ 
*dr 

LC\ 
?^O 

J>. 
CD 

C
» 

O
 

—
 ,—

 —
 " 

»
*
*
«

•
*
*
*
*
 

^
>

S
 

O
O

O
O

O
O

O
O

H
 

^
|

&no
*"** 
o

 
o

 
u 

^

C*i 
1 3 O^f..}

1 —
 (

,-f 
"• 

* 
.r= 

s-0 
ir\ 

tn 
. 

44
H

 
OJ

CM 
O

 
rr\ 

H
 

O
 

IA
* 

» 
» 

* 
» 

*
H

 
CM 

CM 
W

*
*
*
»

•
*
»

 
*

« «

tr% 
04 

vQ 
'4* 

O
 

H
 

£>- 
&A 

B 
IA

 
«

*
•
*
»

*
*
*
 

' 
•«•»<(

?^H 
"^i* 

u
\ 

^5 
j*«* 

CD 
C^ 

O
 

—
#

•
*
*
*
«

*
*
 

'fc> 
O

^
O

O
O

O
O

r
^

 
^

CV!

H
 

CM 
O

 
H

if\ 
!**• 

H
 

H
cy 

CM 
»*% 

^t1

* 
# 

» 
* 

O
 

o
 

o
 

o

O
* 

iA
* 

*
O

*^^ 
C

^*
ca 

CM

* 
* 

« 
» 

rHI 
CM 

CM 
f^k

O
 

*4* 
p*| 

CM 
V0 

Jf\ 
*
*
*
*
*
*

CM 
i> m

 
a 

o
 

o
r~l 

r^
 

C\i 
Jf% 

*^
 

in

^sj* 
t£% 

^
 

2*» 
(O

 
C3^ 

* 
* 

» 
* 

1. 
»

o 
a

 
3 

o
 

o 
o



c 
c 

c 
o 

c'
 

c
\o

 
©

 
o\

 v
^ 

^

J\5
 

J-
* 

1*
} 

J~«
t

CD
 

05
 

vr
 

vj4
 

y3
 

-f*
VD

 
IO

 
Cf

r 
•"

4 
PO

 
O

*V
5

 
&

n
t 

j-
n

^
 

t
TJ

I*"
* 

€Q
 

U3
 

4s
* 

* 
* 

• 
*

i—
 j 

iw
i

* 
*

0
 

O
 

0
 

C
* 

* 
* 

*

tj3
 

H
 

H
C

 
<5

 
O

 
VD

H
 

H
 

-3
 

€h

ro * H

f
f
 

H
 

C-
 

O
2—

' 
o

 u
> 

So

O
 C

 T
 

-I--
- 

H
 

CO
Vj

3 
' J

I 
Q

 
fO

 
**4

*•*
• •

&
2

 
t
*

1'
 

l
l
T

l
l

c- 
o 

to 
\*j

* 
* 

* 
*

H
 

J-
J

O
 

fO
 

<
I

* 
* 

* 

P?
 

H
^

 
^ O o

o 
o 

o 
o 

c-
i V

 & 
t " 

!
-:

 
-*3

 
v?

3 
C

 
C:"

\£t
 

4*»
 

vu
 

vjn
 

vt

tw
^ 

f-
-^

 
t-,

g^

* 
* 

* 
*

* 
* 

*

CD
 

US
* 

*

Vi
J H *

J5?
* 

O
 

O
 

C
 

C
 

O
 

O
 

O
 

C
•M

 
—

 * 
~

 
^

* 
~

 
V

 
*
 

^
 

» 
^

^
 

yj
j 

Q5
 

»^
3 

€?
^ 

V
 

•**
* 

^J
* 

• '-^

^ e 
a 

o
 

H
 

c 
o

 
c 

o 
c 

H
ro

U
 

Q
B

M
J
-^

H
IV

O
C

O
O

c »• r
c-

 
vn

 
-^

 
ui

 
v?

: 
o

 
o

 
o

fc
-J

 
|M

« 
U

l

O
 

*^
 

to
 

V^
 

I-*
 

M
l 

O
 

H
 

^>
 

fO
 

H

\J
| 

|M
* 

O
 

4
^

 
^

 
*S

}

«
 

*
 

»
 

*
 

*
C 

CD
 

^^
 

to
 

H

C
 

CD
 

* 
*

^ 01
 » 

• 
u

H
 

C *

O o * VA e o c * G
\



0
 

0
 

C
 

O
 

0
 

C
 

*
*
*
*
*
*

VQ
 

Q9
 

««
4 

O
\ 

VJ
1 

•£
,

t-»
 

H
 

v-:
 

\£
 

vn
 

c
Co

 
4^

 
H

 
a*

 
ro

 
c 

*
*
*
*
*
*

V>
3 

CT
t 

O
 

O
 

VJ
1 

H

H
 

H
 

fO
 
^
 

C
 

O
 

H
 

vO
 

* 
* 

* 
%

 
U

3 
f\>

 
-a

 
•$

*

»

\J
! 

<
J

*
 

*
cn

 
s
i

o
 

o
 

o
 

c
* 

* 
* 

* 
(

O>
 

-4
 

o
\ 

V H
0

1 
• 

• 
f~

; 
O

H
 

-V
- 

• 
V

j'
 

!»
'j»

* 
* 

* 
* 

vr
* 

H
 

v*
i 

v*3

ua
 

* 03

j* *^»
 

^

^ C
C

» \jj o *'

*

o * \J» i^-
 

^ o J.' o * *J1

H
 

O
 

0
 

O
 

C
 

C
 

O
 

C
*
*
*
*
*
*
*
*

O
V

O
Q

-
^
C

T
iV

fl
^
v
^

^T
 

fo
 

to
 

ro
 

\j4
 

vn
 

c>
 

o>
 

*<J
 

H
 

C
 

^-
 

cr*
 

H
 

H
 

^o
 

<J
 

*
«
*
*
*
•
*
«

a 
H

O
to

v
n
v
o
o
M

H
o * 10 •

i-»
 

H
 

i\>
 

vj
 

«£
- 

vn
 

c 
t

U
1 

%
J1

 
O

 
I-

* 
V7

5 
"^

 
4S

»
*
*
*
*
*
*
*

H
 

**4
 

cr^
 

ov
 

4>
k 

-4
 

o
j

M
 

H«
 

to
 

V>
J 

^»
 

O
 

-S
* 

V>
1 

c?
i 

CQ
 

* 
* 

* 
* 

*
ro

 
o

 
o
 
^i

 *
4

H
 

ro
O3

 
VJ

 
^^

 
» 

* 
* 

«*
3 

<J
 

-^

*
f 

03
 

*

. D t*3 TF
*

»

K
 

8
^
^
 

H
O

O
O

O
O

O
O

 
0
 

*—
 **

^ 
«
»
*
*
*
*
*
*
*

_
, 

O
 

^>
 

09
 

-^
1 

CT
i 

U
1 

4^
 

Vj
3 

TO
M

^

rt
f 

to
to

v
j»

u
a
u
»
c
r,

 
-»

JC
3c

> 
c 

t 
c
v
ji
o

*
0

o
to

4
^
v
n

ro
* 

'•
»
*
•
*
»
»
*
*

ro
t!
 

H
^
"
*
4
C

\4
^
to

l-
»
O

*
»
4

o • M '* 
H

 
ro

 
10

 
•&*

 
vn

 
e*

 
-*J

 
C3

 
c 

-»a
 

ro
 

vo
 

v?«
 
^
 

\jj
 

v?
i 

ro
 

* 
*
*
*
*
*
*
*
*

V*
2 

O
^
3
€
8

to
V

^
C

T
iV

3
1

O

H
 

H
 

to
 

V?
8 

V
I 

O
 

C
l 

C
 

to
v
0
^
4
v
O

^
lt
o
\0

 
* 

•
•
«
*
*
*
*
 

4s
* 

(y
, 

H»
 

45
*- 

~3
 

c?
t 

O
 

•**
»

M
 

to
 

V
J 

4h
 

V?
»

c
 

-<J
 

<jJ
 

to
 

4^
 

flh
 

o\
* 

*
*
*
*
*
*
 

vr
. 

o
 

<J
P 

O
 

VJ
i 

€^
» 

H>

H
 

fS
5 

V»
3

o
 

3)
 

4*»
 

vn
 

c>
• 

* 
* 

* 
*

O
 

•>
 

£
^ 

\£
> 

fO

i-»
0>

 
C

h 
* 

« 
CD

 
0%

tJ
*

^*
*~ •r

^^
~ 

O
 C

! 
p
 

H
 

fl 
p

C »
19

C
 

Ip
* 

fe*
 

M 
B

O * 
: 

-.
\J

4 
i IH 1
*

O * 4s>
*

C
 

• V
fl o * o>



0*6

4*£T 4*6
»*4 8*0 »*6 2*4 9**
6*e 4*0 t*fr s*a 6*0

5*9 £*t 9*0 1*0 0*1
C*0 5»0 8*1

5*0 l?*0 3| \ 3f 5*0 t*0 £*0
T?*0"» ^t T^WJJ „ ^

C*PT /*C „?*!*. t* J

/ * <*"** O* ;."i T fi * n

I*i3l 0*St 6*4 8*C
9*t e*f/ a*s t*o 1*0

T*T 9*0 1*0 0*4
t*0 4*0 6*1

1*1 »*t
1*1

9*0 5*0 ^0 6*0 S*0

£*6^ 0*6s 1*61 £*6
|r*4e 5*OE 8*^1 5*5 0*0

?**/ C*o I*Q ir*C f***"* T*o v* *4 3O Jw J;" v w '^ ' l» w'

8*0 9*T 6*1 1*0 t*Q e*0
1*0 0*0 t*0 4*0 £*0

1*0 5*0 4*0 3*0
g*G t*0 0*0

0*0 £*0
*•» * A
O '••-

9*0 5*0 |F*0 £*0 S*0 t*0
^w » ""l

6*0
8*0
4*0
9*0
5*0
ro

0*1
6*0
8*0
4*0
9*0
5*0
t*0
6*0

0*T
6*0
8*0
4*0
9*0
5*0
t*0
6*0
??*0

^V31



CM

ID*Oin*O«**otr\»OCM*O

• 
Ott 

H* 
!3 O

 
44

W
44

—
- —

 •
J»> 

44

H% 
CM

* 
* 

O
 

jr\

ITfc 
iO

 
E«\

* 
* 

»
CM 

O
 

O
 

*A
 

CM 
H

£*• 
O

 
IA

 
CM

«
 

* 
* 

* 
CM 

CM 
C

\ 
t~

m
 
^
 

C4 
H

0%
 

K
\ 

O
 

fr~
 

**•
-.» 

* 
* 

*- 
-* 

&
C

T
»
 

0^ 
««fr 

£•! 
in

 
*t 

rr* 
&

CM 
«*$»€?> 

tn
t 

£*> 
*4

* 
* 

* 
* 

* 
»

t«f 
CM 

O
 

QD 
13 

«
*

©
 

j>. 
v& 

-^ 
^%

 
CM

O
 

t*- 
H

 
S^k 

01 
CM

 
O

»
 

«
 

»
 

*
 

•
 

*
 

«
r

04 • 
m

 CM 
co 

^
 

H
 

<M
C%

 
CD 

t*
 

iA
 

«<* 
tf\ 

CM

j^ 
ff \ 

^4- 
in ^> 

t- 
cc*

*
 

*
 

*
 

*
 

- 
«r 

*
 

*
0
 

O
 

O
 

O
 

O
 

O
 

0

t*S
 

VO
41 

*
^
. 

o

CM 
f"! 

SA
* 

* 
* 

CO 
^
 

O

^
 <• 

««t
* 

* 
• 

* 
H

 
vo 

O
 

H£** 
^
 

-^i
*
 

* 
*

3 w
^r«4»

3
JA u> 

a j €\t
*

jj*
_

 
£

 
^
M

.
»
 

1 
*

c** ca 
« o

H
 

r-J 
M

l

X
 

44
€?» 

O
 

—
- - -

* 
» 

^> 
0
 

r-t 
44

in*CMca

S
f\ 

f-l
* 

* 
^j- 

m
 

4
 

rv

m
 

in 
&>

CM 
t*> 

O
 

t~0 
m

 
<«}•

o
 

o
 

*j- 
in

• 
* 

* 
*

"^ 
C

' 
£"- 

'-^ 
>• 

O
 

JA 
^
t

^
 

^s- 
in 

vo
* 

* 
» 

»
a 

o
 

o
 

o

iA•>
^ 

&
 

*m* 
a0

^
 

^
^_ 

j % 
^.

* 
i j 

* 
^
 

M
 

oM 
^

^o 
H

 
^
^

* 
* 

^->
»
 

w
 

^--j
r>. 

*^ 
44

Htn
 

H
 

O%
 

iA
* 

* 
* 

* 
.r*t 

H
 
^
 

O
 

CM 
H

in 
in 

c« 
e*» 

^
t* 

trv 
CD 

^
 

O

?n| 
•-'i

ir\ co 
H

 
^
 

»* r*
» 

# 
» 

* 
i 

»
H

 
CO 

H
 

- 
«
 O

 
t'"* 

H
 

H
 

^

X
 

A4
i>. 

co 
cy* 

o
 

__ 
-^

* 
* 

* 
* 

"^J>
s

o 
o
 

a
 

H
 

^f

f<%*T> 
CM

r-l 
^
 

tn
 

CM
* 

* 
* 

«
^
 

O
 

CD 
O

•?4- 
{fS 

r-^ 
H

I

*n 
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Computed valuee ef fi. are entered in column two of 

Sable &*ac» Values of lb«\" **GTO ba0n calculated very
I 0 1 !-'-»V

roughly for each metal wing Steble o,9 and the Ferni ourfaoe 

models of section 6*5 f and they ere enters 1 in column tbroa of 

Table 6,10* In tbe fourth and fifth coluzaxiB of the same 

Sfeble ar© entered tbe valnee of A,f|/H calculated using

the calctilatad and experdUuentol value® respectively of

taken frtam !Cable 6*4 , Tb© experimental valueo of the

.feiir:bt shift ebewn in the last column of fable 6*10 are tofeen

froa ,. ,.^_at 

(1 ) tor So.

for 11 and Ca» aaad ..; et al

V bliiJ:"li; j uB AX* Ca» i

Metal

Al

Ca

So

%

8*30

8*18

10*U5

Ib 1 2 
•Cr CSV

0*24

Otll

0*04

AH/H {^}
oalc *

3*1

x *l

0,10

AH/H (#)
eaio *
'- ;:*2

2.4

0*95

AlVH (^)
0Kpt.

0.16

0*31
0*28

[b \

JDti view of tbe fact tbat tbe procedure for evaluating 

froea th© ^ata of ffrblo 6,9 and tbe Ferai eairfaco could 

be very muob Improved rinil in vies? of the discrepancies between 

the calculated unci oxparimental values of

batweon tU0 cclcaXr'ted end experimental values of the Knight 

Dhift f which ie us'ually within an order of mgnltude io not
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abeolutely disastrous. And for So tho axperinantal value,

0*20* even Mea between the two calculated values f 0*1 and

0.95*

Bffeotive . m» , and Cltron

If one accepts the nearly-free-electron approximation 

of the behaviour of the electrons in the metal it io poooible 

to find an effective oaso for the electrode from the modified

free-electron equation K , which will of course

only lead to an uaaiejae value of m* if the band© in the metal 

ore both iootropic and parabolic. fhe formula io thus of 

little ii£j© accept near ^ in the first band § where it ia 

poseible to uoe it to gain some idea of the aniootropy of the 

effective mass, fhe values of la* for fc, along the floo3» [lio], 

end lllit dlreetions near P were computed for calcium and

the values are j£Lven in Iteble

fABIE6.ll . m*fOR jn?AR
dim.

100

110

111

&unite of 2 /a.

/3/12,O f O

(/ .5,/l*5,0)/12

(l,lfDA2

®(ry)
pel to AT _ Ig

0*0254
0.0252
0.0240

m«

0*148

0*149

0.157

in 0oniioonductor$ because there is an unique 

effective mass and beaau0e an external magnetic field can 

penetrate the specimen easily it IB possible to find effective 

nao«ee relatively easily by cyclotron resonance t this io
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no means the oaee in raetalsu 5!he analysis of cyclotron 

resonance in metals ie very complicated for a real aetal, and 

is eivon by e^* Pippord (I960) for ellipsoidal Perai surfaces, 

the expreooiono used involve the effective mass at points on 

the I'exmi surface, the effective iaaso then being defined

properly aa m* « # ac£/2<rr 9 instead of by the free-electron-
dB 

eqeaation civen before * Here dcfilr ia the rate of

ehage of the area of the orbit of the electron in &>-0paee 

with energy* It is quite clear that since oiir Fexmi surfaces 

are complicated and since any effective zaaooes v?ould be only 

very approximate there is little that we can usefully do with 

regard to cyclotron rooononoe in the netalo we toav© 

conpidered«

6*12 ghe Bl,efitripal pondaotiyl^y and the :i 

tree

S?h« knowledge of the conductivity of a specimen of a 

metal at ordinary teaperatureB is related to the mean fre© 

path, and time between colliBionc with either phantom f eletrono, 

or iaperfections in the lattice o true tore. 5?he electronic 

velocity ie v « l/J^Grad^BtJi) and in an electric field thio 

electron would, neglecting collislom atoply co on accelerating 

indefirdtaly* Ao it ia it smffer* collioion0 and BO a merely 

finite conduction current io net tn>» andt a© shewn by

(I960) p 190, the o«wftactivity ie given by
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for a cubic metal f S being the area of the Peimi surface and I 

the average over the Penai surface of the electrons' meon 

free patbo* Thus given the conductivity cr; and the Ferial 

ourfaoe which we have calculated the average mean frea path 

may readily b® computed! it

«-and using e « 4 •SOS x 10 0^0
Q 2and 1 oto K 10 Vo e«8»u* of rooiottmce

we have I « 4»B3 x 10*^(cr/S) ca, if o-ia in (raicrohoi on) 
and S is in atomic imitG f 

» 4>83 X
Botiiaated valueo of 8, the area of the Persai aurfaoe 

producod in Section 6 t 6 f the eacperimental valueo of <T*at 

various toapertt-kiree (from Knye and laby (195^))t ^^^ the final 

value© for 1, the mean free path ore given in Sable u»12«

Ouuack (1958) calculato© mean free pothp of between 

10o8 and 6008 at 0°C for variouc eleraento but not for any of 

thoo© we have considered «



XBEX AKP

JKHfiB #A2?H FOH XI. CG. ana So

XI

Ca

So

AM f "*. f~ 'LS ia«u») xenp v,

^*1 -195

0

100

300

700

1.40 0

100

>c ) ^ -i 
(microhm cm)"*

3*33

0*41

0*28

0.17

0.04

0*29

0.20

6.35

I (X°)

3,100

390

260

160

38

950

650

-

an<Sl the

fhe coefficient of the eleetronic cpeoifio

beat, the Bsull opin paramagnetic otaieeptlblllty and various

effecto which probe the geometry of the Perml surface 

the de Baas-van Alpben effect nnd the a»g«®toacoustlo effect) 

all {3lve detailed means of testing the aaewjmey of our 

rooTiltoj the agreement between our calciilatiiteiB and 

esperlnent woo fotind to be not at all nneatlBi'fictory, and 

where dleagreement occure eoma satlofaotory ©3q>lanatlon

oxlete,
fhe eaturatlon of the ma^ne tores iotaarwe If there are 

no open orbits present, toother with the high preoeure 

behaviour of the ordinary electrical resistance of calcium,
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the Eaiaftt shift, end the effective maoo for cyclotron

resonance, while lacking in quantitative accuracy or 

possibility are otill uaeful teats of the calculations .

With regards to the various metals which we have 

considered} for a1.iamlnii.im, while our calculations are as good 

as thoee of Heine (1956) it is doubtful whether they are waoh 

better, their general outline io satisfactory, and, indeed 

a recent oet of aagnetoaoouctic raesauremente on aluminium by 

Kfeom and Bofem (1963) Be CM to agree with the accepted model 

of the Penai eurface -^certainly at least as far QB the oecond 

bend is concerned* for calcitsa 0or INinsd marface model differs 

sabs tcntially from that of BarriBon (1963) but the

seem to be in favour osf our model* I*or scandium the f »e»c* 

form io not the otable fora and there io only ecanty e^>eri- 

mental evidence available* ifcr cobalt, nothing further than 

a rou^i denoity of ctateo curve has been proceed for the 

reason given in the note on M^ur® 3*6,

Before concluding tbio chapter a few comments ohould 

perhGTXJ be made about the rigid band moddl* fbe ri{d.d band 

model io in the tmfortimate pocitlon of being wore hipped in 

eonie cartel!® and of being heresy in otfoeaef the truth appears 

to b@ oome^rhere between theae too eactMMB* While a slavish 

adhorence to the rigid band model would be foolish it is not 

unreasonable that from one elenent to the next, either across or 

the ptvioftLo tcible, the band o true tares will be very



little different provided tb© crystal struoturce of tfc» two 

being conparQd ore the earn* fhi@ ie illiifitrated

in Flgurec 1.2 and 7*3 where th« baud otructur^j of oolld 

argon and metallic oalolm or® 0btwm*

fh* next chapter will be devoted to on® aspect of ttie 

problem of ispi^ving tli^ asloulationB *
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Of the total effort exnended in tb© whole field of

bfnd calculations , botb in relatively simple metnlo and in 

the transition and rare earth 730 talc* tbo vast majority boo 

gone into tb© dotailed solution of ^chrodinror *o a>]uatioii 

aostiming tbe potential field V(T) to b@ civon^ Helot ively 

email coneideration lino boon givon to o.ttompting to conetmct 

a realistic potential ?(r) v/itbin tho oetel 9 .most workers 

being DGtisfled to onsuno tho ^otontial fiold of n "ouitable 11 

ion of tbe oetallic olo;-.iont t though there bave been on© or 

two notable esooi)tions f e.e. i:(eine (195?) f Felieov (1962), 

Iferricon (1963) r.nd Heine and Ab&ronkov (19G4)> though evoa 

tbece eonoiclerationo were confined to reln.tively clraple 

notalD, For tbe transition metale little nore than 

guseowork io involved in ebooeing tbe ion core to provi-^ the 

potential field*

It io fairly obvlouo that aex-ely to tdko a "suitable* 

free ion with the appropriate number of fro© electrons and 

o&suniQ this -potential to exist ±n the netol is not very 

satisfactory because as illustrated in Chapter IV t Fitruro /U3 t 

It 10 pocaible to gat very different sots of bands if 

different ions ouch os Co'% Co 4' § or Co are need. 'Dhe 

treatments f?lvon to olisnltiium by Heine (195?) &nd to names ±am 

by Jfclioov (1902) mentioned above \vould be mite vlo^.lt to
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a v for complicated metals lil;3 tViO t . . .. ;m oatal£ DO

that too ..... ..-rnative approach to be doccribed here wee

devol- ' for a simple aotal, c-'lciira, ..\3 tho relative 

perturbations of core and conduction electrons on tho Tree 

ion levels can be otuciied more eaoily t<>an in a transition 

zaottil like cobrlt*

In this chapter we describe a oelf~conolatent field 

calculation in tha cease o* Hartree (1957) which has boon 

applied to tho elootrono in tho conduction band in calcium, 

and indicate teow this could pacil^/ bo extended to cover the 

eloctrone in the ion coro too* A very crude model whiob hao 

boon neod to e»1&iaatG the aagnitado of the innrovonont nhieb 

would be effwated by considorini? a full s.C.F* on all tho core 

electrons ao well is then separately described*

We aaanweci in tho calculations of Gbopter V that the 

potential seen by a conduction electron in a metal to be that 

duo to a free ion of toe metal of valency n together with 

the potential duo to (n~l) othor conduction electrons, 

asciimod to bo perfectly free. ^v ion coro potential io 

obtained from an indonendont I;artroe~Fock calculation on a 

froo ion of that atomic n. .'., .. id valency. For calciojn tha 

potential io thuci

Is 2o 2p 5s c3p -f 1 froo electron,

the froo electron boinc: contained in a sphere of volume oqual 

to tho voluiio of tho ^'ii'ner—^eitss C^.J.JL« 2be wo oourooc of
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....tantinl orrors in tnic ^otontietl aro (i) tha off act of

otber components of tbe aotai, i,o. till tba otlior iotr? and c>ll 

tbo oonciuction electrons, on tbo ion cor® electrons, and 

(ii) tbo fact tbot tbo otber conduction eleetrom aro not froe 

and tbolr contribution to the potential v/ill tbito bo t 

from that which was aftsuzaed above. rrbo of foots v;hioh --;o 

shall consider v/ill bo solely duo to tbe conduction electrons, 

We neglect tbe effect of tbc other ion-ooree elrsoo tb0 

tr«etaent of thorn by Heine (1957) ahewed ttet tbio io a amall 

> ct in Gltmininw and it lo not likoly to be very oo.cb 

biggor In the case of the transition cietelo. e IDO 

norloct tbe oxchangft ef foots amoac "^bo conduction eloctrona, 

tbono boin^ treated "by Pineo (195D).

Beoentially therefore we ere attempting a Hart roe 

Dolf-consistent-field calculation for tbo electrons In the 

metcl, consldorinf: in detail tbo conduction electrons nd 

oiitlini^ tbe ocbam© for tba oonoiderfitlon of tbo core 

electrons too.

of , tbo, ̂ qnduot^en, .i /';.lq.c tr

fivhe aoewaption of an uniform cberfe diotriUition lor 

tbo conduction olectrono, i.e# that the conduction electrons 

tiro cent; " a in an infinite potential well of radluo equal to 

tbe radius of the i/lnnor-Solts equivalent cpbere, ID in feet 

not ulte tr?.io. There ie in the metal a build up of oloctronio 

r TO in the outer regions of tbo coll, ; bleb c 111 ;c ::.
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reduction in tbe screening of tb© nucleus at uout radii iooo

tten the radius of tbe equivalent opbere oo uu«-u uuo actual 

bands oro t duo to this of feet f c lightly looo freo-oloctron* 

like than tb© bands ©bevm in Chapter ?• Tbe actual charge 

density lo plotted o-rcirjot thr» m.diuD in Figure 7.1 for the 

occi"?)iod part;. ...... , ',; conduction \K. .ra,. Slnco tbe total

cbnrg* cont, :. -a in tbo opbarical cboll of tliic^noce Or at
2 r- o r io proportional to r or, tbe excoso of ot :• denolty

at large r f over tbo froe oloctron doncity corroopondo to a 

very oubotantial pile up of ebcr£9 in tbo outor roeiono of the

An attempt fas© beon mado to acbiove a celf conaiotoncy 

tbo conduction oloctrona end tbis will now b® described. 

It»o firnt f!ta£;e will obov; exactly bov/ £Tcat is tbe cbange in

the br LV..;.; _'^ju;..ced by tba non^aiiiforrrdt-'1- of tbo 

de.n£3ity s": in Figure 7»1«

Self. " iotonc3r...aapr,. '" '"on " *""» njiMiu-in-ju.1 • • •«i«.<i«.nri.»iiiii i iiiii»ini«iii»~« ^ - • .... - ,-. iMi«»in «*«'» • ... •«%•

Tbe o- '• '•! r>art of tbe wave function for any electron 

in tbe metal in different for different points in the Brillouin 

2OB6* Xbis :"IT;-"-L that tb@ contributlone to S(r}» tbe 

effective miclear cbargo for tbo electric field coon by a clven 

electron at rediu& r, clue to all tbo othor conduction oloctrono 

zauct be different for eacb electron. If the v/ave Sanction

of r r)articnalrr oloctron in donotocl by (l:,r) tbon itc 

contribution ^(r) to ^(r) Gt r :o r is .juct tbe ci
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contained in a mK^rn of rr-.d1.tiR r f ."U0* io jnetj ^.tf^l/f it , if

, tbo mdiuD of the oquivalont r , .1 io 1 if O**o « 

tbe total field :• e tbo cell is that due to tbo

ion core pluo o.n nverr),^ contribution from tbe or ^tlon 

oloctrono, i.e.
-n 2*** ^/r

- j» - ^^y) U 4. P/TT^-I O>lb r'l-r fl^*rfV- ; - lav-1 / * c'/** ..; J r, *r .1 V ̂ ^> *~ VA;
«^^* 

or

ounioation ovor i rancoo only over ocpupioci otaten in tbo 

Hrillouin .Vonc, tbnt io ovor otatoo bencc,tb tbo Ferjai ourfaco* 

To find tho fiold rctinr: on e rivon conchiotion elootron, 

wltb labol j f v/bich niay be in an unorcitod state or in an 

e;-:citod state t tbe contribution li(r)*' «3uo to tbic electron 

ie roaovad fro,»n tbo total lotentlal of omi&tion (i) wbicb 

would be ooon by a test cbarro, '^huc thn field in wbicb tbie 

electron raovoe is

.

eacb electron aovos In a potential field different from

that DO en by any of tbo other o loot rone. Id^^.l'v thon on®

neodD to find tbo contributions to £*(r) from all tbo
^/ 

approxJUiatoly 10 oloctrone in one mole of the notal* In

practice one obviously bas to rootriot tbo nuabor of dil'ioront 

fiGlun • • refore aloo to rootriot tbo nuabor of 

dil' .it vrlaoa ol i to oome 1'lnite nu tbor.

For the practical evaluation of tbo ozpracclon for 

tho ro a-u tentative portion of tbo ...irillouin .^ono, v;\->iob 

1/48 tb of tbo voluno of tbo v/bole ,uono f io < ;-,.;; uju GO bo



divided into 19 oioceo of r voluno, which are centred on 

the 6 polnto of symmetry, ana -so© pointo of intersections of 

the lines £ f ^ f and AN v/itift the planoc kv + k 4- is
iff ^y

Where l£n^5. 1'he actual ohapeo of these olecon u

888ma& not to v if feet the answer appreciably* iblo ni

that vo are ooiualdnring oepeumto flelto for eaoh band rmd for

91^: ^-vectors In the Brilloirin :^one, .All the eiectreni in a 

given piece (V91^th) of the 2ono are aoaumed to have

too oaae v/nve fiinctlon oo that an the volujioo of

all t pieooc nre all taken to be the cams we cnn ro-ivrite

•- ion (li) CD
nn^4" i^n -1 1 

2(rK « 2(r) Ga 4- 2/M C^(r) - 2(r) 3 (ill)
«J irsl

whore 1 now ron00c over tb© occupied Dieooo of the Brillouln

2on0 t r-.nd n == 19 therefore hero* wre have rec trio ted ouroolvee 

to hrwlnc oach 1/91'"^*^ ploco of t^o ^rllloi^in 2one ^Itbor full 

or enrpty but thie ID not a ooriouo di- . . • ck*

A prof,ra^a© hoe been written v/biob u0ec the values of

B^ and confuted by the cellular prof^joia* to construct a 

set of fioldiD, one for each band end each of the 19 nioooo of

the rep' "atlve portion of tho '^illouln Xono*

1mAIMMHM

A briof doDoription of the pvo&raane uood to c

the k«»de pendent fieldc Z(r)., v/ill now be fivmu The••• j

program* IB a two-chantor routlB^ with a ?a?0tor and one 

cubchaptor* The oiibohaptor v/cic; the ro^tino cio^;cribod in



-or II f oeetlon 2*9 GB "oubroutino J tt of tbo cellular

F* - "3Hffl», Given a set of 40,, r \ ID and an encri . .. It 

iorir the function/3 &., ( ) nna. G( ) v/blch are

related to tbo raaial part of tbe v/av® function* 1'bo mastor 

ro^tino oupplioc tbo data to thio enbcba^tor ; • in addition 

tbe ^(r). OB ^iven by equation (ill), v/bere 1

over occupied o tat 00 but j rangec over all otatoo in the 

bancio wbiob aro to bs comnuted* ;.'?ie cbiof duty of ^n 

routine io to evaluate J

where B and B, f a com^lox T. -r, aro cioter.'iinecl by the
\^

cellular

a



Thio doflnan the contribution to Z(T) due to the 

conduction electron inside the equivalent sphere eo that the 

contribution to ?,(T) due to It io t

tbe data supplied to the .procreate nmct include* 

for each V912^«f niece of the Brtllouln £one and for eacb 

band, tbo IbJ ^, ^, and a coding of whether that portion of the 

uono ic occuoiod or not 9 Le^ whether or not itB contril?ution 

is to be included In tbo ouraruition ovor ;;] i" in tbo 

ueed for S
I V PFor t>- rt f£ ii»£;t itormtio^ *be data ^ r,nd lbn l " are

X

fro^t tbp? initial f-ollulrr wini lotion and for 

oucconr;ive itomtiono from tbe -nrevlouo iteration.

There ic one drc.v/bo.ck v;hich would oeetn to provont tbe 

pro ( ie with tbe rf.dic.l integration routine BB it otands 

from boir^ no oiled to the electrons in the ion core as woll ao 

to tbe conduction electrons ana it ir tbat tbo la^t raoxjUauni of 

oe v/avo ixmction of a core oloct^on, >D, ;^3 etc*» occiiro

et well bolcv; r so tu;.,u -l/ae comtnited rmvo functions 1'or theo
core electrons may well >mv*> spairiouB "tails" to tbon. To 

oliiiiinate those it woiild be nec«nr:nry to nnrfrjim .'?n Ir^vardo 

interaction r:nd nnteh it v;ith the outv/ay •. .ic intarration oo io 

dono in atoraic cnloulfitionc . Vie difriculty dooa not erioe 

foi tbe conduction oloctrous becoune, for i ace in cr.lciun 

they are of 4e-3d type r?nd have their loot rrdinl
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to the equivalent raamc.

Hggultc. of ...SCP

thus can be tnken torotbor -"

cellular "oro^rosno deoeribed earlier and t'le interpolation 

procrasaae to form a large G elf -conoic tent nroerr /mo ,; : : : ieb 

operates no follov;o. Starting v/ith a field 3(r) due to a 

froo metal ion ond tbe appropriate miniber of co:n«luction 

eloctrons a colliilar calciilo,tion was done giving a oot of ? 

for tbe aeti.il; uoing thic band otruoturo the interpolation 

routine cicteroirioa tbe Fermi energy and honce too ^orrai 

Buri'aco ^uuu ei^abling one to know wfeiob ^-vectors j^i ooob band 

arc to be included in tbo otamsiation ovor i in tbo oquation for

it, f

r to tlio iiolcfo acting on electron^ 'ile ci:;. . ..:-cripto 

refer to the i'iold contributions due to electrons* ,^ltb 

all tV-ese resulta a pot of k-*do;>onclent fieldo \vore then 

calculated unine the prorramm© of section /.4* The iterative 

procecu tbon conBiets in •uoinf: tbouo uow fields to poriorn 

the oiioj.ro oexxalar uulculation L.^^in to five <- "&# band

fro^i vfbicb another aet of jc«-dopondont fioldo can 

obtained. '"'acb r'^..10 t oven lor ?. rtlrmi.« *ir»tr.l like 

calcium, tbus talcos of the ordor of 10 fcours of coaputinf 

per band for tbo collulor calculation t ... ?r v/ith about 

5 bourc for tbo other pro ., -1005 thin tnokeo a totca of 

hours for calcium. In Vtion to this tbo tbroo 

...ite prot >TQaraes aro not connected . i.ito :r,tically, the
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of each one needing to be prenerad, away from the

oe data for the next one. Thus ©ach iteration is 

e fairly len&t^y process©, which could of course in the fat-ire 

be automated completely* In fact only two iterations, v/oro 

performed, but the convergence seomod to be so r;ood f (to 

3 figures at leaot in the enercy)t thot there ooemod to be 

little 1 to f:o : ? at present*

Some 00mpleo of Ig-depondent fiolds and their 

deviations from the Initial "free conduction electron" 

potential are £ivon In Table 7»1» ?o the umber of I'ifoirea 

quoted in this Table th® fields were exactly tho caiae in the 

first rmcl nnoond. iterations, thp» differences being in fact
jr

i ' ::! "aore then 10**^ ir» ^ {rl. ^heoe fields wore then lined 

to re .; . .; cellular calculation for calciun, and the 

reeultc, to^-othor with the ori^iml rootilto ore a hewn in 

T'-ble ?•<•?» "^l^e bo.*ifj!s r*,ro not iwlrov/Ti since 5/* ?- '"fWl in. thoBi 

are co ' "'.". ": to '?*ako the t;vo sets of " "' - -^.r aliaoot 

identical. The fourth oolvran r;"v- T; •!••'••-^ dii'loronoe botv;oon the 

fir^t r;CF iteration roc7T.?lto and tbe initial cellular 

celculation f the effects noticed -rt T^ thnt the net?-l booo'oiea 

IOSB wfree-electron*li>e n whr«n tho correct «bpr£Q distribution 

of the cor'^Tt^.on f»l-»fttrons is conoidered« Thlo IB shews* b.y 

(i) tbe fact thr.t i"-- -."id etructuro io narrower nnu t»ioroforo 

tbe ; - y lc lower, nnd (ii) the overlap ' ..e 

fiitJt ^-Tid second brindc^ l#e« tho separation cf tbo lovolo KA- 

and LA-, IE ujj.-iiYiicbod» Ifevinc done one co^u:»lote re-



calculation Q£ the cellular energy values and wave functions 

tan Ing the corrected fields a second iteration woe tried to

see haw r^nrly convergent tho nrocooc is.

fh© results of 1>b© second iteration are also shown 

in Table 7*2. Anil th© differences bo two on the recruits of the

first and second iteration® are vary small indeed eo io shewn 

by th© laot cotorm of this Table, and what is more Important 

they ere random in &i£n* In nearly all oases tho a^-y ••:•••• v-nt 

to throe figures in the energy f and in army oases to four

flf^res or more? also sis already aentionod the fields 2 (r)P
obtained for any fe^vootor in the firot and second iterations

~& 
differ by only aboat 10 " » The ooef-fioionts in tho wave

hot/over have not converged ao is illustratod

in Tablo 7*3 for the o&ee of LA^^ where tho ooofflolonto inIg
he initial cellular cQlonlationf and in the first and secondt

iterations aro .iven* I5ttt in finite of this the valuos of
*" (=Z- ?V ) hewe coixver^od In c faction vory similar to

IF

thc.t of tho ©nor^-y, ns IB nheun by 1?abl^ 7«4> o/-ein, for

oxr.-nplo t for the osee of XA- • It le woll known to be a•+•&
(reneral feature of n^^ ^nlcttlatlo^ *hn.t thf* WP.VC* ^.motion

alwayfs teJkos raoro' iterations before it converges than does tho
•

enerry BO thpt tho non^coTnrorrence of, B^ need not cause 

nc too touch dlctrocc *
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Hold
19.789
19*730
19*653
19*555
19*431
19*272
19*070
16*61o

19*499
18,109
17.035
17.071
lu*412
15*^52
14 .7* $4
12.791
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19*270
19*068
10*814

18*496
18*106
17., ,31
17*0u6
16.40*3
1^.643
14.773
13*777

ulSe
9.995
8*650
7 .412
6.275
5.147
3.958

2.827
2.001
1.493
X * '- L* .L
1*016
u.995
l*OiJO

1*000

band

19*789
19*730
19*653
19*556
19*431
19*272
19*071 '
18*817

18*500
18*110
17.637
17.074
16*415
15*657
14.791
13.799

11*393
10*037
8.701
7 *475
6*3r)2
5*242
4*072

-.955
i .130
1*6-01
1.273
1*059
1*000
l.sX'O
l.ocx;

2nd
T,.

19*709
19*729
19*653
19*555
19*429
19*270
19*063
18*814

IB .497
13*106
17.631
17*Oo6
16*405
lr;*645
14.775
13.7LX

Ill363
10.001
8*6^9
7*426
6*295
5 .173
3*995
2*880
2.076
1 f^' ,i^**""' 

*!>db
1.2.80
l,Oi.-?)
o*9..' -
1.0 uu
l.i;00

bane!

19*709
19*730
19*653
19*536
19.431
19*272
19*070
.18*817

16*500
18* UO
17.636
17*073
16.414
15.655
14.709
13.797

11*309
10*032
8.o95
7.467
6*343
5*229
4.057
?**>36
2 *107
1*574
1*242
1*025
0*99^
1,000
1,000



f ABI L OF FIRST $WQ °oa
3Cf. ^

Band 1.
^oint

r Aic
^1

C---

*3
*4
t 5
K AX

P Aic
f^ l

c.

^3

%
LAie
r V

^1
A a
A 3
X * 

A-

^ B2 '

Initial 
oalon.E

0,0000
0.0220
0.0767
0,1496
0.2345
0,3223
0,3749

0.0000
0.0154
0.0532
0.1211

0*1791 
0,2177
0.

0.0000
0.0403
0.1356
0*2233
0,2577
o,3360

1 r"i Jft , "i( J "t /"%*¥* *"''V>/"$ (TV T ' ^ /% * 
i,./ « t.i'MOw <:-TlU »..* UQ

SOT 8* SOP £•

0.0000 0*0000
0.0097 0.0099
0,0653 0.0653
0.1377 0*1376
0.2198 0*2199
0,3046 0.3051
0.3066 0*2843

0,0000 0*0000
0.0031 0.0031
0.04 IS 0*0419
0.0940 0.0940
0*1484 0*1405 
0.1912 0.1913
0.2283 0. r '3

0.0000 0*0000
0*0204 0.0285
0.1235 0*1236
0*2055 0,2056
0,2432 0.2432
0.2989 0,2989

3*^ •S*-!*

0.0000 0.0000
-0*0123 -0.0121
-0.0114 -0,0114
-0,0119 -40,0120
-0,0147 --0,0146
-0.0177 -0*0172
-0.0683 -0.0905

0.0000 0,0000
-0.0123 -0*0123
-0*0114 -0*0113
-0.0271 -0.0271
--0,0307 -0,0306 
-0.0265 -0.0264
-0,0065 -0,0065

0.0000 0.0000
-0.0119 -0,0118
-0.0121 -0.0120
-0.0178 -0.0177
-0.0145 -0.0145
-0.04-71 -0.0471

iS"-flS«

u.OOQO
0.0002
0,0000
0,0001
0,0001
0.0005
0.0223

0.0000
U.OOOO
0.0001
0.0000
0 , 0001 
0,0001
0,0000

0.0000
0.0001
0.0001
0.0001
0,0000
0.0000

refered to GO soro in each coca.
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Initial
co,lcn.T3

0.6329
0.6349
0.5348
0.4691
0.4356
0.4303
0.4432

0.6329
0.6314
0.5520
0,4705
0,4336
0.37B1
0.3673

O.G329
0.5735
0.4797
0.4180
0.3964
0.55C6

1rt«f* <"• kir*t*?" -.• - 1^ <*"""'fi4/' '•'? 1.—,'*? "O M _ _ f 3 
wo v--, :(Ju •-•; •• Uv i"/ «"»t<Ji » ""r^

s"*riTa 1 1 ' if'V •• !'
MU4? «» * UWJC si

0.6107 0.6108
0.5396 0.5398
0.7107 0.7108
0.4362 0.4362
Q.4022 0.4023
0,3940 0.3940
0.4044 0.4044

0.5107 0.6108
0.5900 0.3909
0.5^30 0.5233
0.4530 0.4530
0.3970 0.3970
0.3606 0.3606
0.3298 0.3298

0.0107 0.6108
0,6024 0.6023
C.4614 0.4614
0.5102 0.5102
0.3926 0.3926
0.5336 0.5336

-0.0222 -0.0221
-€'.0953 -0.0951
0.1759 0.1760

-U.0329 -0.03^9
-0.0334 -0.0333
-0.0363 -0.0363
-0.0330 -0.0388

-0.02; ;> 2 -0,0^21
-0.0406 -0.0405
-0.0290 -0.0287
-0.0170 -0.0178
-0.0366 -0.0360
-0,0175 -0.0175
-0.0375 -0.0375

-0.0222 -0.0221
0.0289 0.0288

-4). 0103 -0.0183
0.0922 0,0922

-0,0033 -0.0038
-0.0c>30 -0,0230

^»-vt

0 .0001
0.0002
0.0001
0,0000
0.0001
0,0000
0.0000

0*0001
0.0001
0.0003
0.0000
0.0000
0.0000
0.0000

0.0001
0.0001
O.OOuQ
0.0000
0.0000
0.0000

are refarofl to »ero In ocoh cn.no.
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Conduction •»
<•»»* •!•!.*». ..».»*»**.*. .. «.,-*«.,«».. ̂ ,. . .. * ^

In this oection we attempt to ^ osoful 

conol ' * from tbe rosults whiob v/e oo.vo «juet preoentod

(i) r;.'he charge distribution of tbe conduction 

electrons In a metal Is not that of a fro a electron but t 

is e eubetantial bt^ild an of oterge In tho out or roriono of 

tVie coll as Bhewn In Figaro 4*1| \,-..io reauco^ t"ie coroonln 

of the nttelmts,

(ii) On using the aore roaliotic average < .."'go 

0' ^ion ol the r >Dtion cloctrona tbo band structure 

I- - • ' :Q "frea-eleotroKKll;,"? 4* raid tbo • • .* -•- - io 

r "-.:- 1 by about :",.'„ ''f?he char,/^ in the rolativo oooitions 

of -uao Iwv • ., ., uu uu^avxorG in tbe .1 an:a ,,,urfcca is

(iii) In view of the very good, comrerconco of n f

I I ? b.J ~» *":nd the fields ^(r) . even after only ti.-o it. » . 

we can olaia tViat v/e bav® a i-^irtroo a oil co*i^ intent field

for :. . ilic caloiitL*. A few aoro i .. , .".. , :•*

2 / ooforo tbo v/ave b« said to have

cor 1»

7V7 aba ' of too ' ' ' • • •" ion Ooro,
^nMMpW *"•*•*' *' *!••"• j ,^-rt*r^^«»« .f-*.w*'*^p. • - * , . -*.-*j+>~-tm*n»» *MiMNM>umi>iMOMmMB>

HOW i/o ttim our attention to tbe core axoctrono* 

lro© fiolu ..woci initir-liy for the colTulnr calcnlr.tion on

tbe conduction olootrono in o- loiiin io••- »
^ ' olectro"-



» le22s 22pS023p6 «• 1 free electron* 

3tt is also possible to compute the n©w Xevelo for tb© 

eleetrone in the ion core wben ttoe ealoiiiia ion is moved into 

ft ffietal and Wi&fier«8eit2 type boundary conditions are applied* 
f 1*130 would bet

and Ifl22»22p63»3p6 + 2 froe electrons 

for 3p end 3e el0et2*o«0 respectively.

It is sometime© claimed tbat since these levels are 

in tbe Ion cor® they v^iH a till f in tbe Mrtal be very 

elE&lar to atomic levels and to a very good approximation 

independent of £» fhmigb tbie is doubtleea true for electron© 

deep T/ithin tbe ion core it would not see® to be tru@ for tbe 

outer electrons within the core* For instance Matthelos (1963) 

in bis calculation, of tb® band atructure of solid argon found 

that the 5s level wae nearly independent of jr, It varied by 

only about 0#01 ry but tbe 3p levele were strongly dependent on 

IE, being in fact broadened into bands of widtfe about 0*04 ry* 

Sine* Ferai enori^iee are only of the order of 0*5 ry then it 

1® clear that in, ergon tbe 3p levels are significantly

fb© band struetur© of argon obtained by

Hattbeiao is Bbewii in Flew© 7*2, tb@ obejige of eoal® on tb®

seal© ebould be noticed* fb« band etxneture of

ia not very aigniflOOTtly different from tbat of argon,

ae lo J3b0vm by a re-drawing in Figure 7*3 of tba bands we gave 

in Chapter V for calcium* 1'he 3® and 3p levels have also been
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and they are included in Figure 7*3 aleo* Tbe 

general features of these bands can be eeon to be very 

oloae to thoae of tbe band© of F$atthei0o for ar£0n$ tbe 

distance between the 3p level and tbe bottom of tbe conduction 

tend ie less in calcium tban in argon as is not eurprteing 

from the fact tbat tbe nuclear charge io increased by £• In 

fact, instead of tbe proper fieldet
& i? £\ "2> Kis 2e ap^SB^p* + 2 free electron®

and 102^22pSa3p6 4- 2 free electrons, 

Just tbe original field was uaed eino© tbie io sufficiently 

near tbe real situation to discover to what esrtcnt tbe 3p and 

3e levels in calcium teve a band structure 9 tbougb it may 

invalidate one or two of tbe finer details of tbe band 

©tract-ore. Tbe widtb of tbe band fonaed from tb® 3p level 

is about 0«06 ry and from tbe 3® level about 0*01 ry*. Wnsm 

the eoonon aaeertion tbet the ion eor© levels are like 

atomic levolo and do not become broadened into bands is 

approximately true for tb® 3s level and prwnuaably perfectly 

alright for tbe 2p t 2& 9 and la level® * But for tbe 

outoacmoot eboll witbin tb® ion core this io not true*

7*8 fflq Ion Cofe gon^ributiom

An eetl^aate of tbe i!e,gnitude of tbe eff oct on tbe 

energies and, more important y on tbe contribution® to 2(r) of 

the innw elocta^one due to tb® 4© atomic electron© going into 

the conduction band say be obtained from cr * ~- tbe
Ojh

inner ©Iec1ww»i in the free Ca T ion nd
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in the CQ atom* Thee© are ©hewn in the second and fourth

column© of 3?ahle 7*5. It is clear from the 2ebl© that th® 

energies* are very little different, of the order of 0*03 ry

agree© quit© well with th© order of raacnitude at the 

value© found above* If it v/ere not for the difference 

botwoen the boundary conditions in the canoe of a free atom 

and an atom in a metal the real metal would have ion core 

energy levels somewhere between those of the ease where the 

conduction electron® are perfectly free* and the case of 

the Ca atom where the 4® electrons are completely bound to the
2*atom, fhe former 0000 with Ca ion and two perfectly free 

conduction electrons io ehewn in th© third column of fable

Is

2s

2p

3s

3p

<**•

0

265,092

271*473

294,274

296*077

CaPAP*

0

265 .104

271*483

294*288

296*084

Ca atom*

0

265*081

271*471

294.239

296*049

Mayors (1964)

Th« CaFAJP field is a self consistent field between a 

Oa ion core and tv/o free ©lectronD ooafcained in a spbero ot

*o the voluss® of the Wigner-Seits coll. In this 

it is still an essentially atomic calculation it is 

possible to perform an accurate and relatively quick
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calculation and study approximately the effect of the

conduction electrons on the core ©lectrofiD f and to include 

exchange interaction© between th© core electrons and the 

conduction electrons« fhia oojaputation has been 

and performed for us by Br I)*F* Mayors of the Oxford 

Bniversity Computing laboratory ®m an adaptation of his 

atomic scf progrargrae f and hi© r^eulte for the field are 

in faille 7*6, ^he second, column Is tha field dae to a free 

calcium ion plus one free electron* in the tMrd colunm 

a self consistent field calculation between the ion and the 

free electrons has been performed, and th© fourth column 

shews th© field due to a free calcium atosi with one fr©0 

electron removed from It* fhe field in the a0con<! column of 

!J*able 7*6 is the field which wms uasd in th© calculations 

of chapter V«

It will be seen from fable 7»6 that the CaJPAP values 

Of Z(r) differ only slightly from those of the second column 

and that where they do differ they are f for moot r values, 

smaller, thou^b at large r valu©e thuy b©com© larger than 

the original values* ^hat meana that in the metal the 

nucleus ls t at moot r values more screened by the cor© electron^ 

than in the free ion* though at large r values it la lees 

screened. In both these fields tb© other con&ietlon electrons 

in the cell have been treated In th© same way eo that all^ 

the differences between tlte two fields are duo to differonoes 

in the lo '2a 2p ^s 3p core in the two cosea« It
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likely therefore tbat tbe CaPAJ? field will on balance, hava tbe

effect of making tbe conumtod band structure a little more 

frae-^electron-like than that computed in Chapter V, In tbe 

last column of fable 7,6 io listed for comparison th® field 

of the Ca neutral atom with one free electron removed, oince 

this mean® tbat tbe other conduction electron is being 

treated as a 4o electron it is not ©ao.y to moke good eonjparloons 

between the behaviour of the core© in this and tbe other two 

fields as there are difference® between th© treatment of the 

outer (40) electrons in the two cases* But the combined 

affect of the oow and outer electrons is to raak« this field 

leoo oompreaoed than either of the other two and therefore it 

will give a band structure which will b© leos nfree-*el0etron«* 

like" than either of the ones produced by the other t\/o f!01da t 

It is hardly nQC®oeary to ro^ont the collulAr ealculatloriB on 

-•alcliaa with theoe two fieldB oino© we have jtiot noted that the 

differences from the original fiold ar© oo amall and have 

predictable effects«

A comparison with the 0000 of cobalt, where the band© 

for P - A- % were given in Figure 4«^ IB inctractive; the 

differonces between the various cobalt fields are an order of 

Magnitude larger than between tbe calcium fioldc, . thlo oan 

be seen from fable 7»7. fbe bando obtained using theee 

new oolclum fieldc will be vary similar to thoso of Cliapter V, 

though tbe Fwnal energy may be Increased by a few p>-c r^ t» 

reason for tbe large differences between tbe cobalt i'ielOa is



r
0.00264
0*00339
0*00435
0*00559
0.00717
0*00920
0.01183
0. 01518

0*01950
0.02503
0*05214
0*04127
0.05300
0*0o805
0*08738
0*1122

0*1441
0*1850
0*^375
0*3050
0*2916
0*5028
0*645$
0*8290

1*064
1.367
1*755
2.254
2*894
3*715
4*771
6*126

Ca2*<

19*7B9
19*730
19*653
19*555
19*431
19*^72
19*070
18*816

18*499
18*109
17*635
17 *071
16*412
15 *652
14*784
13*791
12*655
11*361
10.022
8*683
7*453
6*324
5*207
4*029

2*90*
2*079
1*573
1»295
1.122
1*014
1*000
1*000

» £ *®* Ca»AP +

19*789
19*730
19*653
19*555
19*431
19*271
19*068
18*816

18*499
18*109
17*635
17*070
16*411
15* £61
14*783
13*786

12*650
11*374
10*014

8*672
7*436
6*303
5*175
4*021

2*938
2*103
1*590
1*303
1.126
1*018
1*000
1*000

£*e* Ca atom - t .0*

19*790
19*730
19*654
19*556
19*429
19*273
19.071
18*818

18*510
18*503
17*639
17.077
16*417
15*670
14*794
13*802

12.669
11*399
10.047
8*714
7 *5 22
6*376
5*^69
4*144

3*101
2*314
1*849
1*525
1*385
1*284
1*122
1*036

After (19&O
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probably to be found in the fact that OB the ionisation is
incroaBed oo Eiore of the conduction electrons are treated as 
f*e« electrons rather than a© 3d eleotronc of the cobalt atom 
with the result that exchange between the oore and conduction 
electrons i© being increasingly neglected end the nuclette is
becoming lass and l@s© eoreenedf the effect of this is to 

the band structure more compressed and to lower tht

energy* This trend for cobalt which ha© aloo been 
observed in titanium, vanadium t molybdenum and chromium by 
Bradley, Joaeocke, and ROUBMBU (1964) ie however in the 
opposite sense from the trend in calcium, where an increase 
in the ionisetion of th© core is accompanied by an expansion 
of the band otructure*

(though it is not conclusive evidence the X-ray work 
available, e»|r* Sfeinnor et al (1954), eeata® to euggeot that 
Hie transition metale- do not have la?£?e Femd energies, and 
eeerss to be good evidence in favour of usi'ng th© field due to 
an ion of hi£h ionication, in 'many oaooe higher than the 
ordinary chemical valency* Thua we can postulate that, 
where there is no obmoti0 ion to take for the oore one ohould 
chooee that ion which leave© the atom with no incomplete a hello 
of electrono* 5?hi© however may not even really b© sufficient 
beoaoee as we have e0©n with calcium the loot complete obeli 
which i© the 3p ©bell ha® a significant band structure, SJhaa© 
electrons ohould not be considered just as ionic level© 

therefore, although tbe effect on 2(r) is small, ^nd they form
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an isolated band way below the conduction band* Poeolbly a

more eerlous problea is that by taking an Ion core and a 
certain mmber of free conduction electrons the effects of
*»fc»m;e interactions are neglected for .more and more 
electrons as the lonisatlon of th© oar© IB Increased.

7*9 ghe SCff and the jofl _Cftgp J

Since it has Juet been shewn that the 3p levels in 
calcium, and to a lesser extant the 30 levels, have a band 
structure it would be desirable to include them in a eelf 
cons 10 tent field calculation of the sort which we described 
for the conduction elactrono* In principle this is not 

Difficult but there are ono or two 0m$B of a practical nature 
which v/ould hare to be sorted out before a really good eelf 
eonoictent field could be produced. Thee© are (i) the fact 
that the wave functions for these inner electrons by the 
time they reach the outer region® of the cell where the 
boundary conditions are fitted have passed their laat

an&t as no its^arde Integration la uaed, they art
beginning to diverge rapidly, time ruining the accuracy of the 

calotilationt nnd (11) the fact that going from Juat the 
conduction electrons to f for ajxyaple th© 3o and 3p bando a© 
well, one tea gone from the consideration of t?/o electrons to 
the co«2i ideration of ten electrons altogether, ?o do the 

scf oal0uliitioxje allowing for koth ih®0© points would 
necessitate large clmngee In the pro(f roiazaea an we already 
have them. In view of this, and also of the fact that ao



Mwe should then foe about to produce a ir@ry good field it wotilo

be necessary to include the effects $u© to the other iono 

«a& due to exchange interaction© 9 it Is left ae a problem to 

be tackled In the :£uture to ©attend the set to as- saich of the

ion co.re aa it ie necessary to consider* It will thus be 

naeescary for ©aoh matal to teva an initial ro^o^h baud 

structure calculation to di^coirsr b0&? many of th© ion eore 

lev® 10 it is noeeacexy to include for that metal *

From the Iciat three aectiona we can draw the 

conolut3ioBO s

(i) l%© outer e halls of the assumed ion core 

(the 3p and 3s in ealoiim) do bave a band structure nnd time 

ore substantially altered from the lorels in the free ion,

(ii) The effect of this on the field ^(r) and on the 

energies of th© conduction alectrona ia email but would be 

to make the ftltuation in tbe band struotitre sjor® ttfree-el@ctron-> 

like."

concltiaio^^ war© really anticipated in the 

prcnriouu chapter ami they are that tbe effects of the bettor 

treatment of the ion core and of the conduction elsotrono act 

on the band atSPueture in the opposite sense | the oore 

to- a laore t>free**el8ctroi>»lik:e 11 oonduotion band and the 

conduction band fs own effect being to ma&e itself



, In vie*?/ of Chapter TI it would, appear 

that tho core ohoalfi be exported to win and ©o piOce the bind

and Fermi surface a llttla gjor® Ilka th@
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