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Abstract

In rational verification, the aim is to verify which temporal logic properties will

hold in a concurrent game, under the assumption that players choose strategies

that form a game theoretic equilibrium. Player preferences are typically defined

by assuming that agents act in pursuit of individual goals, specified as temporal

logic formulae. To date, rational verification has been studied using non-cooperative

solution concepts – Nash equilibrium and refinements thereof. Such non-cooperative

solution concepts assume that there is no possibility of agents forming binding

agreements to cooperate, and as such they are restricted in their applicability. In this

paper, we extend rational verification to cooperative solution concepts, as studied

in the field of cooperative game theory. We focus on the core, as this is the most

fundamental (and most widely studied) cooperative solution concept. We begin

by presenting a variant of the core that seems well-suited to the concurrent game

setting, and we show that this version of the core can be characterised using ATL∗.

We then study the computational complexity of key decision problems associated
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with the core, which range from problems in PSpace to problems in 3ExpTime. We

also investigate conditions ensuring that the core is not empty and explore when it is

invariant under bisimilarity. We then introduce and study a number of variants of

the main definition of the core, leading to the issue of credible deviations, and to

stronger notions of collective stable behaviour.

Keywords: Concurrent games; Cooperative games; the Core; Multi-agent Systems;

Logic; Formal verification

1. Introduction1

Concurrent games have become established as a key model for concurrent and2

multi-agent systems, in both the AI community and the verification/computer science3

community [2–5]. A concurrent game [2] is a finite-state environment, populated4

by a collection of independent, self-interested agents. A game takes place over an5

infinite sequence of rounds, where at each round, each agent chooses an action to6

perform. Preferences in concurrent games are typically modelled by assuming that7

each agent is associated with a temporal logic goal formula [6], which it desires to8

see satisfied. The infinite plays generated by a game will either satisfy or fail to9

satisfy each player’s goal, and players act rationally in an attempt to achieve their10

goal. Since the satisfaction of a player’s goal may be dependent on the choices11

made by other players, then players must make choices strategically in order to play12

optimally.13

In all previous studies that we are aware of, concurrent games are assumed to be14

non-cooperative: players act alone, and binding agreements between players are ruled15

out. The game theoretic solution concepts used in previous studies of concurrent16

games have therefore been non-cooperative — primarily Nash equilibrium and17

refinements thereof. In such a non-cooperative setting, the basic questions that we18
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ask of a concurrent game are, for example, whether a particular temporal logic19

property holds on some computation of the system that could arise through players20

selecting strategies that form a Nash equilibrium (the E-Nash problem) or whether21

a property holds on all such computations (A-Nash) [3–5]. These problems can22

be understood as game-theoretic counterparts of the conventional model checking23

problem [7]: in model checking, we are typically interested in whether a particular24

property could hold on some or all possible computations of a system, whereas in25

rational verification, we are interested in whether a property holds on some or all26

computations that could arise through rational choices on the part of individual27

players. The complexity of the corresponding decision problems in concurrent28

games have been extensively studied, and there now exist a small number of software29

tools that support rational verification [8–11].30

The aim of the present paper is to extend the study of concurrent games to31

include cooperative solution concepts [12–14]. Thus, we assume there is some32

(exogenous) mechanism through which players in a concurrent game can reach33

binding agreements and form coalitions in order to collectively achieve goals34

(although we emphasise that the nature of such a mechanism is beyond the scope of35

the present work). The possibility of binding cooperation and coalition formation36

eliminates some undesirable equilibria that arise in non-cooperative settings, and37

makes available a range of outcomes that cannot be achieved without cooperation.38

We focus on the core as our key solution concept. The basic idea behind the core39

is that it consists of those strategy profiles from which no subset of players could40

benefit by collectively deviating from it. Now, in conventional cooperative games41

(characteristic function games with transferable utility [14]), this intuition can be42

given a simple and natural formal definition, and as a consequence the core is43

probably the most widely-studied solution concept for cooperative games. However,44

the conventional definition of the core does not naturally map into our concurrent45

3



game setting, because in our games, coalitions are subject to externalities: whether a46

coalition has a beneficial deviation depends not just on the makeup of that coalition,47

but on the behaviour of the remaining players in the game too.48

We begin by introducing the framework of concurrent games, and then proceed49

to define two variations of the core for such settings. In the first, a coalition of50

players are assumed to have a beneficial deviation if they have some course of action51

available to them which they would benefit from no matter what the remaining52

players did (cf., the concept of the α-core in the game theory literature). However,53

this “worst case” (maximim) formulation of the core requires a deviation to be54

beneficial against all courses of action by the remaining players—even those that the55

remaining agents would not rationally choose. This motivates a second definition,56

where a deviation is only required to be beneficial against all courses of action57

by remaining players that are credible, in the sense that those players would then58

be no worse off than they were originally. We also consider games where the59

agents have quantitative preferences. In each case, we formally define the relevant60

solution concept, identify some of its key computational properties, give logical61

characterisations, and where possible, provide complexity results, which range62

from properties that can be checked in PSpace to properties that can be checked63

in 3ExpTime. We also study model theoretic properties related to the core: in64

particular, whether it is guaranteed to be non-empty, and whether temporal logic65

properties hold across bisimilar systems over plays (computation runs) induced66

by elements in the core (a highly desirable property from a formal verification67

perspective).68

Structure of the pape.r. The remainder of this paper is organised as follows:69

• In the following section, we summarise the key concepts from logic and70

concurrent games that are used in the remainder of the paper.71
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• In Section 3, we define the core and the main computational properties72

associated with it.73

• In Section 4, we present our main results.74

• Section 5 we study the issue of credible coalition formations, with associated75

complexity results.76

• In Section 6, we study the core in the quantitative setting of mean-payoff77

games.78

• We present some concluding remarks and discuss related work in Section 7,79

including a discussion around the implementation of our concepts using model80

checkers.81

2. Preliminaries82

Set and Sequences. Given any set S = {s, q, r, . . .}, we use S∗, Sω, and S+
83

for, respectively, the sets of finite, infinite, and non-empty finite sequences of84

elements in S, respectively. If w1 = s1s2 . . . sk ∈ S∗ and w2 is any other85

(finite or infinite) sequence, we write w1w2 for their concatenation s1s2 . . . skw2.86

For Q ⊆ S, we write S−Q for S \ Q and S−i if Q = {i}. We extend this87

notation to tuples u = (s1, . . . , sk, . . . , sn) in S1 × · · · × Sn, and write u−k for88

(s1, . . . , sk−1, sk+1, . . . , sn), and similarly for sets of elements, that is, by u−Q we89

mean u without each sk, for k ∈ Q. Given a sequence w, we write w[t] for the90

element in position t+ 1 in the sequence; for instance, w[0] is the first element of w.91

We also use slice notation: we write w[l . . .m] for the sequence w[l] . . . w[m− 1],92

w[l . . .] for w[l]w[l + 1] . . ., and w[. . .m] for w[0] . . . w[m − 1]; if m = 0, we93

let w[l . . .m] be the empty sequence, denoted ε.94
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Games. We begin by introducing the model of multi-agent systems that we use95

throughout the remainder of the paper: concurrent game structures [2]. Informally,96

a concurrent game consist of a set of players, a set of actions for each of those97

players, a set of system states, and a transition function which describes how the98

state of the game changes, given a current state and an action for each of the players.99

Formally, a concurrent game structure,M , is given by a tuple,

M = (Ag, St, {Aci}i∈Ag, s
0, tr),

where:100

• Ag and St are finite, non-empty sets of agents and states, respectively. We101

usually identify Ag with the set {1, . . . , n};102

• For each i ∈ Ag, Aci is a finite, non-empty set of actions available to103

agent i. We associate each state s with a set of actions available at that state,104

Aci(s) ⊆ Aci, and we write Ac for Ac1 × · · · ×Acn;105

• s0 ∈ St is the initial/start state; and finally,106

• tr : St×Ac→ St is the transition function of the game.107

The size ofM is defined to be |St| × |Ac||Ag|.108

Given a concurrent game structureM , we can play a game on it as follows: the

game starts in state s0, and each player i ∈ Ag chooses an action available to them,

ac0
i ∈ Aci(s

0). The game then moves to a new state,

s1 = tr(s0, ac0
1, . . . , ac0

n).

This process is then repeated. We typically write si for the ith state in the sequence,

and aci = (aci1, . . . , acin) for the ith vector of actions played in the sequence. Thus

for all t ∈ N, we have

st+1 = tr(st, act)
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A run, ρ is a infinite sequence ρ = s0s1s2 . . . such that for every t ≥ 0, there exists109

some ac ∈ Ac such that st+1 = tr(st, ac). A path, π is a finite prefix of a run.110

A strategy for a player i is a function σi : St+ → Aci such that σi(πs) ∈ Aci(s)111

for every π ∈ St∗ and s ∈ St. That is, for every path π, a strategy for a player i112

gives an action available to i from the last state of that path. The set of strategies113

for player i is denoted by Σi. A strategy profile is a tuple ~σ = (σ1, . . . , σn) in114

Σ1 × · · · × Σn. Observe that a strategy profile, ~σ, along with a state s, induces a115

unique run, ρ, where ρ[0] = s and ρ[t+ 1] = δ(ρ[t], σ1(ρ[. . . t]), . . . , σn(ρ[. . . t])),116

for all t ≥ 0. We write ρ(~σ, s) for such a run, and simply ρ(~σ) if s = s0.117

Note that viewing strategies as functions σi : St+ → Aci is problematic with118

respect to computational analysis, because the domain of such a function is infinite.119

To be able to answer questions relating to (for example) computational complexity,120

we need a finite representation for strategies that must operate over an infinite number121

of rounds. We present such a representation later.122

LTL Games. In the first class of games we consider, preferences for players are123

specified by associating with them a temporal logic goal formula that they desire to124

see satisfied. For this purpose, we make use of Linear Temporal Logic (LTL) [15].125

LTL is a widely used logic for reasoning about the behaviours of concurrent systems,126

and while we present the key concepts here, we refer the reader to any standard127

temporal logic textbook for details (e.g., [16]).128

Let AP be a set of propositional variables. Then the syntax of an LTL formula

ϕ is given by the following grammar:

ϕ := p | ¬ϕ | ϕ ∨ ϕ |X ϕ | ϕUϕ,

where p ∈ AP. The set of all LTL formulae over a set of propositional variables AP129

is denoted L(AP). If AP is clear from the context, we may instead just write L. We130
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also introduce the traditional propositional abbreviations, · ∧ ·, · → ·, · ↔ ·, defined131

in the usual way, as well as the abbreviations Fϕ for >Uϕ, andGϕ for ¬F¬ϕ.132

Traditionally, the semantics of LTL formulae are defined relative to labelled133

transition systems [17], or Kripke structures [18], but for our purposes, we define134

them with respect to the infinite runs generated by concurrent game structures.135

Formally, let M be a concurrent game structure, and let λ : St → P (AP) be a136

labelling function, mapping states to sets of propositional variables. Then given137

an infinite run ρ ∈ Stω and an LTL formula ϕ, we say that (M,λ, ρ) models ϕ and138

write (M,λ, ρ) |= ϕ according to the following inductive definition:139

• For p ∈ AP, we have (M,λ, ρ) |= p if and only if p ∈ λ(ρ[0]);140

• For ϕ ∈ L(AP), we have (M,λ, ρ) |= ¬ϕ if and only if it is not the case that141

(M,λ, ρ) |= ϕ;142

• For ϕ,ψ ∈ L(AP), we have (M,λ, ρ) |= ϕ ∧ ψ if and only if we have both143

(M,λ, ρ) |= ϕ and (M,λ, ρ) |= ψ;144

• For ϕ ∈ L(AP), we have (M,λ, ρ) |= X ϕ if and only if we have145

(M,λ, ρ[1 . . .]) |= ϕ;146

• For ϕ,ψ ∈ L(AP), we have (M,λ, ρ) |= ϕUψ if and only if there exists147

some j ≥ 0 such that (M,λ, ρ[j . . .]) |= ψ and for all i < j we have148

(M,λ, ρ[i . . .]) |= ϕ.149

For notational convenience, we will write (G, ρ) |= ϕ as shorthand for (M,λ, ρ) |=150

ϕ, and if G is apparent from the context, we will just write ρ |= ϕ.151

We can now define LTL games. Formally, an LTL game, G, is given by a

structure

G = (M,AP, λ, (γi)i∈Ag),
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where M is a concurrent game structure, AP is a set of atomic propositions,152

λ : St→ P (AP) is a labelling function, and for each i ∈ Ag, γi is an LTL formula153

over AP that defines that player’s preference relation over runs.154

In more detail, we use temporal goal formulae γi to define preference relations155

�i over runs, as follows. For two runs ρ, ρ′, and a player i, we have ρ �i ρ′ if and156

only if (M,λ, ρ′) |= γi implies that (M,λ, ρ) |= γi. Strict preference relations �i157

are defined in the standard way: ρ �i ρ′ iff ρ �i ρ′ but not ρ′ �i ρ.158

With preference relations now defined, we can begin to define game theoretic159

solution concepts. First, a strategy profile ~σ is said to be a Nash equilibrium if160

there is no player i ∈ Ag and strategy σ′i for i such that we have (~σ−i, σ
′
i) �i ~σ.161

That is, ~σ is a Nash equilibrium if no player can benefit by unilaterally changing its162

strategy (assuming all other players leave their strategies unchanged). Let NE (G)163

denote the Nash equilibria of the game G.164

We emphasise that Nash equilibrium only considers unilateral deviations, i.e.,165

deviations by individual players. Compare this to the notion of a strong Nash166

equilibrium: a strategy profile ~σ is a strong Nash equilibrium if there is no coalition167

C and no strategy σ′C such that for all i ∈ C we have (~σ−i, σ
′
i) �i ~σ. Thus,168

strong Nash equilibria are those strategy profiles which are immune to multilateral169

deviations.170

In an LTL game, given that we have dichotomous preferences, we can identify

for every run ρ a set of “winners” and a set of “losers” for each run ρ. Formally,

letW(ρ) denote the set of players that get their goal achieved under ρ, and let L(ρ)

denote the set of players that do not:

W(ρ) = {i ∈ Ag | ρ |= γi}

L(ρ) = Ag \W(ρ).

For the remainder of the paper, we will primarily consider LTL games, before171
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studying the quantitative setting in Section 6.172

3. Cooperative Rational Verification173

Defining the Core. We want to define counterparts of the rational verification174

problems E-Nash and A-Nash, as studied in [3, 4], but for cooperative settings. For175

this, we need a version of the core for our concurrent game setting. The core is176

probably the best-known solution concept in cooperative game theory. Like Nash177

equilibrium in the non-cooperative setting, the core defines a notion of stability for178

games, but whereas Nash equilibrium only requires that an outcome is stable in the179

sense that it admits no individual beneficial deviations, the core requires that an180

outcome admits no beneficial deviations by coalitions. In the “standard” model of181

cooperative games, this intuition is easily formalised, but in concurrent games, there182

is an important difficulty. Suppose a coalition of players C ⊆ Ag are contemplating183

participating in a strategy profile ~σ, and in particular, are attempting to determine184

whether they have a cooperative beneficial deviation from ~σ. Now, as they consider185

possible beneficial deviations — collective strategies ~σC — what assumptions186

should C make about the behaviour of the remaining players Ag \C? In particular,187

assuming that the remaining players will not alter their strategy is implausible in a188

cooperative setting1, rational players who can cooperate will respond to the deviation189

rationally and in a cooperative way against the players in C. And, crucially, whether190

or notC’s putative deviation is in fact beneficial may well depend upon the behaviour191

of the remaining players. In game theoretic terms, our concurrent game setting is192

subject to externalities: the performance of the coalition C depends not just on the193

coalition C, but on the behaviour of the remaining players.194

1This is the kind of behaviour that one has to assume to define strong Nash equilibrium, a

non-cooperative solution concept.
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It is well-known that cooperative solution concepts are difficult to define in195

the presence of externalities [14]. In particular, there is no universally accepted196

definition of the core for games with externalities. Our first definition of the core for197

concurrent games, therefore, captures worst case reasoning. Thus, when coalition198

C is contemplating a deviation, it requires that this deviation will be beneficial no199

matter what the remaining players do. This idea has been explored in the concept200

of the α-core in cooperative games [19]. To make this idea formal, we need to201

define the notion of a beneficial deviation. Let ~σ be a strategy profile and let C be202

a coalition; then we say that ~σ′C is a beneficial deviation from ~σ if:203

1. C ⊆ L(~σ)204

2. For all ~σ′−C , we have C ⊆ W((~σ′C , ~σ
′
−C)).205

In other words, ~σ′C is said to be a beneficial deviation from ~σ if the players in C206

would be better off playing ~σ′C , rather than their respective strategies in ~σ, no matter207

what strategies the players outside C play. The core of a gameG, denoted core(G),208

is then defined to be the set of outcomes of G that admit no beneficial deviation.209

Example 1. Consider the following game, which contains a poor quality Nash210

equilibrium that is not in the core: the ability to cooperate makes it possible for agents211

to avoid the undesirable equilibrium. The game contains two players, Ag = {1, 2}212

and two variables AP = {p, q}, with player 1’s action set being Ac1 = {pt, pf} and213

player 2’s action set being Ac2 = {qt, qf}, satisfying that, for every reachable state,214

if player 1/2 plays pt/qt then p/q will hold, and will not hold if pf/qf is played215

instead (i.e., player 1 “controls” the value of p and player 2 the value of q). Their216

goals are identical (and so the game is a coordination game): γ1 = γ2 = G(p ∧ q).217

Now, consider the strategy profile ~σ in which both players simply fix their respective218

variables to be false forever (i.e., play pf and qf forever). Neither player will have219

their goal achieved by such a strategy profile. However, the strategy profile forms a220
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Nash equilibrium, because unilateral deviation cannot improve the situation: neither221

player has an alternative strategy which would make them better off. In fact, there222

are infinitely many such poor quality Nash equilibria in this game, where neither223

player gets their goal achieved. However, this strategy profile is not in the core,224

because there is a cooperative beneficial deviation to the strategy profile in which225

both players fix their variables to be true forever (i.e., play pt and qt forever). And,226

in fact, in every strategy profile which lies in the core, both players get their goal227

achieved. Thus, using the core instead of Nash equilibrium eliminates poor quality228

equilibria from the game, leading to socially more desirable outcomes.229

Decision Problems. In Rational Verification [3–5] we are mainly interested in230

checking which temporal logic properties are satisfied in a given solution concept of231

a game; typically, in the non-cooperative setting, we study what LTL formulae hold232

in the Nash equilibriaNE (G) of a gameG. In the cooperative setting, as introduced233

here, we are instead interested in what properties hold in the core of the game. The234

two main decision problems in rational verification are checking whether a temporal235

logic formula is satisfied by some/every stable strategy profile of the game. For the236

core, these problems are defined as follows—cf. [3–5].237

E-Core:238

Given: Game G, LTL formula ϕ.239

Question: Does there exist some strategy profile ~σ in the core ofG such240

that ρ(~σ) |= ϕ holds?241

A-Core:242

Given: Game G, LTL formula ϕ.243

Question: Is it the case that for all strategy profiles ~σ in the core of G,244

we have ρ(~σ) |= ϕ?245
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In addition to the two above decision problems, the third main decision problem246

in rational verification is checking whether, given a gameG, its set of stable strategy247

profiles — the core of G in this case — is non-empty. As will be shown in the248

next section, in our setting, the core of every game G is never empty, a desirable249

game-theoretic property as it ensures the existence of stable strategy profiles for250

every game, making them rationally implementable in practice.251

Wewill also be interested in two additional decision problems. Namely, checking252

whether a given strategy profile is in the core (Core Membership), and checking253

whether a given strategy vector for a coalition is a beneficial deviation with respect254

to a strategy profile (Beneficial Deviation). These two decision problems are255

formally defined as follows:256

Core Membership:257

Given: Game G, outcome ~σ.258

Question: Is it the case that ~σ is a member of the core?259

Beneficial Deviation:260

Given: Game G, outcome ~σ, deviation ~σ′C .261

Question: Is ~σ′C a beneficial deviation from ~σ?262

One might think that every coalition that has a beneficial deviation from some

outcome of the game will get their goals achieved under a run induced by some

member of the core, but that actually is not the case. To formalise this idea, let us

introduce the concept of a fulfilled coalition. We say that a coalition of players is

fulfilled if they are able to achieve their goals irrespective of what other players

do. Formally, we say that a coalition of players C is fulfilled if there is a joint

strategy ~σC for C ⊆ Ag such that for all joint strategies ~σ−C for Ag \ C we have

ρ((~σC , ~σ−C)) |=
∧
i∈C

γi .
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In other words, a fulfilled coalition has a winning strategy to collectively achieve263

their goals. Since we are considering cooperative games, the issue/question is264

whether such a coalition will form. Using the above definition, we can make some265

useful observations about (fulfilled) coalitions and members of the core. These266

observations are formally presented in the following lemma, which relates winning267

strategies and the core in a critical way.268

Lemma 1.269

1. There are games G, with strategy profiles ~σ ∈ core(G), containing fulfilled270

coalitions C ⊆ Ag such that C 6⊆ W(ρ(~σ));271

2. For every game G, strategy profile ~σ ∈ core(G), and fulfilled coalition C, we272

have that C ∩W(ρ(~σ)) 6= ∅;273

3. For every game G and fulfilled coalition C, if core(G) 6= ∅, then there274

is ~σ ∈ core(G) such that C ⊆ W(ρ(~σ)).275

Informally, the first part of the lemma says that the fact that a coalition is fulfilled276

does not mean that every player in such a coalition is guaranteed to get its goal277

achieved under an arbitrary member of the core. However, the second part of the278

lemma says that in any member of the core, some agents of every fulfilled coalition279

must get their goals achieved. And, the third part of the lemma says that for every280

fulfilled coalition the core contains a strategy profile in which every player of this281

coalition gets its goal achieved. Because fulfilled coalitions can help us understand282

the coalition formation power in a game, we will also be interested in the following283

decision problem about coalitions.284

Fulfilled Coalition:285

Given: Game G, coalition C ⊆ Ag.286

Question: Is C a fulfilled coalition of G?287
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In the next section, we will investigate the decision problems defined here as288

well as some model-theoretic properties of the core.289

4. Reasoning about the Core290

In this section we will study the computational complexity of the decision291

problems defined in the previous section, and will show some other properties of292

the core of an LTL game, in particular, that such a set is never empty and that the293

satisfaction of an LTL property on some/every outcome in the core is bisimulation-294

invariant [20]. These two results sharply contrast with the Rational Verification295

problem for non-cooperative games; in these, the set of Nash equilibria of a game is296

not guaranteed to always be non-empty [3] nor does bisimulation-invariance hold in297

the general case [21].298

Before proceeding, we need to introduce an additional logic, ATL∗, so that we299

can reason about coalitions more effectively.300

Logics. Alternating-time Temporal Logic (ATL∗ [2]) is an extension of CTL∗ [22],

a branching-time temporal logic, that allows for reasoning about games and strategies.

More specifically, given a set of atomic propositions AP and a set of agents Ag, the

language of ATL∗ formulae is generated from ϕ in the following grammar:

ϕ ::=p | ¬ϕ | ϕ ∨ ϕ | 〈〈C〉〉ψ

ψ ::=ϕ | ¬ψ | ψ ∨ ψ |X ψ | ψUψ

such that p ∈ AP and C ⊆ Ag. We call the formulae produced by ϕ in the above301

grammar ATL∗ state formulae, and denote the set that contains them by Ls(AP,Ag)302

and those generated by ψ in the above grammar ATL∗ path formulae, denoted by303

Lp(AP,Ag). They are given these names as their semantics are defined relative to304

states and paths respectively. However, to reiterate, only ATL∗ state formulae are305
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valid ATL∗ formulae, and thus, we write L(AP,Ag) as shorthand for Ls(AP,Ag).306

When either AP or Ag, or both, are known, we may omit them. With AP′ ⊆ AP,307

we may write ϕ|AP′ if ϕ ∈ L(AP′,Ag) for some set of agents Ag.308

We use the following abbreviations: we write > for p ∨ ¬p, ⊥ for ¬>, Fϕ for309

>Uϕ,Gϕ for¬F¬ϕ,Eϕ for 〈〈Ag〉〉ϕ,Aϕ for 〈〈∅〉〉ϕ, and [[C]]ϕ for¬ 〈〈C〉〉 ¬ϕ;310

we also use the conventional abbreviations for other classical propositional logic311

operators. Finally, we define the size of an ATL∗ formulae ϕ as its number of312

subformulae.313

To define the semantics of ATL∗ formulae, we actually need to define two314

semantic relations, |=s (for state formulae) and |=p (for path formulae). So, letM be315

some concurrent game structure, along with a labelling function λ : St→ P (AP).316

Then given a state, s ∈ St and an ATL∗ formula ϕ, we say that (M,λ, s) models ϕ317

and write (M,λ, s) |= ϕ according to the following inductive definition:318

• For ϕ ∈ Ls(AP,Ag), we have (M,λ, s) |= ϕ if and only if (M,λ, s) |=s ϕ;319

• For p ∈ AP, we have (M,λ, s) |=s p if and only if p ∈ λ(s);320

• For ϕ ∈ Ls(AP,Ag), we have (M,λ, s) |=s ¬ϕ if and only if it is not the321

case that (M,λ, s) |=s ϕ;322

• For ϕ,ψ ∈ Ls(AP,Ag), we have (M,λ, s) |=s ϕ ∧ ψ if and only if323

(M,λ, s) |=s ϕ and (M,λ, s) |=s ψ;324

• For ϕ ∈ Lp(AP,Ag), we have (M,λ, s) |=s 〈〈C〉〉ϕ if and only if there is325

some strategy vector ~σC for the coalition C, such that for all complementary326

strategy profiles, ~σAg\C , it is the case that (M,λ, ρ((~σAg\C , ~σC), s)) |=p ϕ327

holds;328

• For ϕ ∈ Ls(AP,Ag), we have (M,λ, ρ) |=p ϕ if and only if (M,λ, ρ[0]) |=s329

ϕ;330
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• For ϕ ∈ Lp(AP,Ag), we have (M,λ, ρ) |=p ¬ϕ if and only if it is not the331

case that (M,λ, ρ) |=p ϕ;332

• For ϕ,ψ ∈ Lp(AP,Ag), we have (M,λ, ρ) |=p ϕ ∧ ψ if and only if333

(M,λ, ρ) |=p ϕ and (M,λ, ρ) |=p ψ;334

• For ϕ ∈ Lp(AP,Ag), we have (M,λ, ρ) |=p X ϕ if and only if we have335

(M,λ, ρ[1 . . .]) |=p ϕ336

• For ϕ,ψ ∈ Lp(AP,Ag), we have (M,λ, ρ) |=p ϕUψ if and only if there337

exists some j such that (M,λ, ρ[j . . .]) |=p ψ and for all 0 ≤ i < j, we have338

(M,λ, ρ[i . . .]) |=p ϕ.339

Given a concurrent game structureM and a labelling function λ : St→ P (AP),340

we say that ϕ is satisfiable if there exists some state s ∈ St such that (M,λ, s) |= ϕ.341

Moreover, we say that ϕ is equivalent to ψ if (M,λ, s) |= ϕ⇐⇒ (M,λ, s) |= ψ342

for all states s ∈ St.343

Note that LTL can been seen as the sublogic of ATL∗ given by all formulae344

Aϕ, where the formula ϕ does not contain the “coalition” quantifiers 〈〈C〉〉 or [[C]].345

Thus ATL∗ is a particularly effective tool for reasoning about the LTL properties346

that coalitions can achieve, and this is exactly how we shall use it in the proofs347

of the following theorems. Specifically,if we have an LTL game G, we can write348

(G, s) |= ϕ as shorthand for (M,λ, s) |= ϕ, and furthermore, if the game G is349

apparent from the context, we shall drop it and simply write s |= ϕ instead.350

The relevant decision problem here is the model-checking problem for ATL∗,351

which we utilise heavily in the following section:352

ATL∗-MODEL-CHECKING:353

Given: LTL G, ATL∗ formula ϕ, state s ∈ St.354

Question: Do we have s |= ϕ?355
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This problem is 2ExpTime-complete [2] for games with two or more players,356

and PSpace-complete for one player games (as then, the problem reduces to LTL357

satisfiability) [23]. The first of our own decision problems we will consider is358

Fulfilled Coalition, which we solve in the general case through a logical359

characterisation using ATL∗.360

Theorem 1. Fulfilled Coalition is PSpace-complete for one-player games, and it361

is 2ExpTime-complete for games with more than one player.362

Proof. For membership we observe that given a game G = (M,γ1, . . . , γn) and a363

coalition C ⊆ Ag, it is the case that C is fulfilled if and only if s0 |= 〈〈C〉〉
∧
i∈C γi364

holds. By appealing to ATL∗-MODEL-CHECKING, the two upper bounds im-365

mediately follow. For the lower bounds, we can reduce the problem of checking366

for the existence of a winning strategy in a two-player game with LTL goals as367

defined in [24] for 2ExpTime-hardness and existential LTL model checking for368

PSpace-hardness [23].369

Fulfilled coalitions give an indication of which stable coalitions may form, but370

are insufficient to characterise the core, and therefore, to check E-Core and A-Core371

properties of a multi-agent system. To do this, we follow a different strategy and372

show that these two decision problems are, in general, also 2ExpTime-complete.373

Theorem 2. E-Core and A-Core are PSpace-complete for one-player games and374

2ExpTime-complete for games with more than one player.375

Proof. Let us consider E-Core first. For membership we observe that given a

game G and an LTL formula ϕ, it is the case that (G,ϕ) ∈ E-Core if and only if

s0 |= ϕE-Core(G,ϕ) holds, such that ϕE-Core(G,ϕ) is the following ATL∗ formula:

∨
W⊆Ag

〈〈Ag〉〉

ϕ ∧ ∧
i∈W

γi ∧
∧

j∈Ag\W

¬γj

 ∧ ∧
L⊆Ag\W

[[L]]
∨
j∈L
¬γj


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which states that there is a path in G that satisfies ϕ as well as the goals of a376

set of players W (the “winners”), and that for every subset of players L that do377

not get their goals achieved in such a path (the “losers”), it is not the case that378

those players have a beneficial deviation from the path. As before, we can use379

the ATL∗-MODEL-CHECKING problem to obtain the upper bounds; here we380

need to call the a 2ExpTime algorithm an exponential number of times — one381

for each coalition of winners, and accept if any single one of them accepts. For382

the lower bounds, it is sufficient to show that (G,ϕ) ∈ E-Core if and only if383

(G, {1}) ∈ Fulfilled Coalition, whenever γ1 = ϕ and γj = ¬ϕ, for every384

j ∈ Ag \ {1}, which can be proved using Lemma 1. Since this is true even if Ag is385

a singleton set, both lower bounds follow from Theorem 1, that is, PSpace-hardness386

in case of one-player games, and 2ExpTime-hardness even for two-player games.387

Finally, for A-Core, we observe that (G,ϕ) 6∈ A-Core if and only if (G,¬ϕ) ∈388

E-Core. Since both PSpace and 2ExpTime are deterministic complexity classes, we389

can conclude that A-Core is PSpace-complete if |Ag| = 1 and 2ExpTime-complete390

if |Ag| > 1, as it is for E-Core.391

We now study Core Membership and Beneficial Deviation. For these two392

problems we first need to define how we will represent outcomes, as at present393

they are defined as infinite-state objects that map finite histories to players’ actions.394

Following standard practice in the concurrent games literature, we model strategies395

as finite state machines with output (transducers) [3, 4]. Note that, for players with396

LTL goals, such strategies are sufficient: no more powerful model of strategies is397

necessary [3, 4]. Formally, a strategy for player i is a structure σi = (Qi, q
0
i , δi, τi),398

where399

• Qi is a finite, non-empty set of strategy states;400

• q0
i ∈ Qi is the initial strategy state;401
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• δi : Qi × St→ Qi is a transition function;402

• τi : Qi → Aci is an output function.403

A machine strategy works as follows — it begins in the initial state, q0
i , and404

produces an action based on this, τ(q0
i ). The state of the game then follows the405

transition function into a new state. Based on this new (game) state, and the state406

of the strategy, the strategy then also moves into a new state, based on the strategy407

transition function. This process repeats, yielding a new action at each timestep. By408

the pidgeonhole principle, it is easy to see that a strategy profile consisting solely of409

machine strategies will be eventually periodic.410

With this definition in place, we can now establish the complexity of Core411

Membership and Beneficial Deviation. Formally, we have the following result.412

Theorem 3. Core Membership is PSpace-complete for one-player games and413

2ExpTime-complete for games with more than one player.414

Proof. For membership we first compute the winners and losers with respect to415

~σ = (σ1, . . . , σn), the outcome of the game. This can be done in PSpace (it416

is equivalent to LTL model checking over a “product automata” or “concurrent417

program” [25]). Once we have computedW , we can check, for every L ⊆ Ag \W ,418

whetherL has a beneficial deviation. This is true if and only ifL is a fulfilled coalition.419

Because this can be checked in PSpace for one-player games and in 2ExpTime for420

games with more than one player, the two upper bounds immediately follow. For the421

lower bounds, we use Lemma 1 and Theorem 1 again. Consider the following game.422

Let ϕ be a satisfiable LTL formula and ~σ an outcome that does not satisfy ϕ. Then,423

(G,~σ) ∈ Core Membership if and only if (G, {1}) 6∈ Fulfilled Coalition,424

whenever γ1 = ϕ and γj = ¬ϕ, for every player j ∈ Ag \ {1}.425

Let us now consider Beneficial Deviation. This is the only “easy” problem426

20



for multi-player games, as it can be solved in PSpace. To show this, we again need427

to find a different proof strategy. Consider any input instance (G,~σ, ~σ′C) of the428

problem. We observe that, because ~σ′C is fixed, we can make it part of the arena429

where the game is played, and then check if players not in C have a joint strategy for430 ∨
j∈C ¬γj . Due to the definition of beneficial deviation, we also need to check if431

ρ(~σ) |=
∧
j∈ ¬γj holds or not.432

In other words, the reason why this problem can be solved in PSpace for433

multi-player games, unlike all other decision problems we have studied so far (which,434

in general, can be solved in doubly exponential time), is that this decision problem435

can be reduced to a one-player game (given by coalition Ag \ C) with an LTL goal436

(given by γAg\C =
∨
j∈C ¬γj) over a “product arena” (denoted byMC) built from437

a concurrent game structureM and the joint strategy ~σ′C that we want to check.438

Theorem 4. Beneficial Deviation is PSpace-complete, even for one-player games.439

Proof. Checking that ρ(~σ) |=
∧
j∈C ¬γj holds can be done in PSpace. Again,440

this is equivalent to model checking LTL formulae over a “product automata” or441

“concurrent program” [25]. If the statement does not hold, then, by definition,442

~σ′C is not a beneficial deviation, as at least one player in C already has its goal443

satisfied by ~σ. If the statement holds, then we check that ρ(~σ′−C , ~σ
′
C) |=

∧
j∈C γj444

holds, for all joint strategies ~σ′−C for players not in C. We do this in PSpace by445

checking whether it is not the case that (MC , λ
′, s0′) |=

∨
j∈C ¬γj holds, where446

MC = (Ag′,Ac′,St′, s0′ , tr′) is the concurrent game structure defined as follows:447

• Ag′ = {0}, Ac′ = Πi∈Ag\CAci;448

• St′ = St×Πj∈CQj ;449

• s0′ = (s0, q0
x, . . . , q

0
y), such that σz = (Qz, q

0
z , δz, τz), ~σ′C = (σx, . . . , σy),450

and z ∈ {x, . . . , y};451
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• tr′((s, qx, . . . , qy), (a, . . . , b)) = (s′, q′x, . . . , q
′
y) such that452

– s′ = tr(s, τ(qx), . . . , τ(qy), a, . . . , b), and453

– q′z = δ(qz, s), with z ∈ {x, . . . , y}.454

and λ′ is defined as,

λ′(s, qx, . . . , qy) = λ(s).

In other words,MC transitions just likeM save that it is restricted to the behaviour455

already defined by ~σ′C .456

For the lower bound we use LTL model checking.457

In addition to the above complexity results, we also have two model-theoretic458

results, one ensuring that the core is never empty and another one stating that459

checking whether an LTL formula is satisfied by some outcome in the core is a460

bisimulation-invariant property2. The latter result is easy, and follows directly from461

the membership proof of E-Core.462

Corollary 1. Let G = (M,γ1, . . . , γn) be a game, ϕ be an LTL formula, andM ′463

be a concurrent game structure that is bisimilar toM . Then, (G,ϕ) ∈ E-Core if464

and only if (G′, ϕ) ∈ E-Core, where G′ = (M ′, γ1, . . . , γn).465

Proof. Because ATL∗ is a bisimulation-invariant temporal logic, and the core can466

be characterised in ATL∗ using ϕE-Core, as defined in the membership proof of467

E-Core. More specifically, it follows from the fact that (M,λ, s0) |= ϕE-Core(G,ϕ)468

if and only if (M ′, λ′, s0′) |= ϕE-Core(G′, ϕ).469

To finish this section, we show an important property of the core, namely, that it470

is never empty.471

2The reader is referred to [21] for the definition of bisimulation-invariance over the model of

concurrent game structures.
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Theorem 5. core(G) 6= ∅, for every game G.472

Proof. Take any run ρ in the game G = (M,γ1, . . . , γn). Either ρ |=M
∧
i∈Ag γi473

holds or not. If the former, then the core is not empty: every strategy ~σ such that474

ρ = ρ(~σ) is in the core. If the latter, then there is a set of players L1 that do not get475

their goals achieved in ρ. If no subset of L1 is fulfilled, then, again, every outcome ~σ476

such that ρ = ρ(~σ) is in the core, since no set of losers would be able to beneficially477

deviate. Otherwise, there is a set of players C1 ⊆ L1 that have a joint strategy ~σC1478

such that ρ(~σC1 ,
~σ′−C1) |=

∧
i∈C1

γi, for all joint strategies ~σ′−C1 for Ag \ C1.479

Now, let L2 = L(~σC1 ,
~σ′−C1). Again, if no subset of L2 is fulfilled, then

(~σC1 ,
~σ′−C1) ∈ core(G). Otherwise, there are players C2 ⊆ L2 that have a joint

strategy ~σC2 such that

ρ(~σC1 , ~σC2 ,
~σ′−(C1∪C2)) |=

∧
i∈C1∪C2

γi

for all joint strategies ~σ′−(C1∪C2) for Ag \ (C1 ∪ C2).480

Reasoning recursively, we can repeat this process, taking an arbitrary strategy
~σ′−

⋃
1≤ik Ci

, and defining,

Lk = L
(
~σC1 , . . . , ~σCk−1

, ~σ′−
⋃

1≤ik Ci

)
,

as long as no subset of Lk−1 is fulfilled. Since we have Lk ⊂ Lk−1, there are two

possibilites. The first is that there exists some k such that no subset of Lk is fulfilled,

in which case, any strategy profile of the form,(
~σC1 , . . . , ~σCk−1

, ~σ′−
⋃

1≤ik Ci

)
,

with ~σ′−⋃
1≤ik Ci

chosen arbitrarily, is in the core. The second possibility is that481

there exists some k such that Lk is empty. In this situation, the strategy profile which482

defines Lk models every agent’s goal, and is therefore necessarily in the core.483
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Theorem 5, ensuring that the core is never empty, can be used to strengthen484

numeral 3 of Lemma 1.485

Corollary 2. For every game G and fulfilled coalition C, there is ~σ ∈ core(G)486

such that C ⊆ W(~σ).487

5. On Credible Coalition Formation488

As we noted above, our definition of the core assumes worst-case reasoning: a489

deviation must be beneficial against all counter-responses. This definition is robust490

in the sense that any core-stable outcome is stable in a very strong sense, but one491

could argue that in some cases it is too strong. In particular, when a coalition C is492

contemplating a deviation ~σC , it can surely assume that the remaining players will493

not act against their own interests. Thus, one could argue that a deviation need not494

be beneficial for all behaviours of the remaining players, but only those behaviours495

that are credible, in the sense that the remaining players might rationally choose496

them according to their own preferences.497

To make this discussion concrete, consider a two-player game G, with a start

state, s0 and three sink states, s1, s2, and s3. Each player has two actions available

to them, a and b, and the transition function from the start state is defined as follows:

tr(s0, (a, a)) = s1,

tr(s0, (a, b)) = s2,

tr(s0, (b, a)) = s3,

tr(s0, (b, b)) = s3

Thus the game is as illustrated in Figure 5. Additionally, suppose that the infinite run498

that ends up in s1 is the one run which satisfies player one’s goal, and the run that499

ends up in s2 is the one which satisfies player two’s goal. Now, in this game, the run500
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which ends up in s1 lies in the core, but with the use of a non-credible (punishing)501

strategy by player 1. Notice that the only possible deviation from (a, a) for player502

2 is to play b, to which player 1 could respond by also playing b. Although this503

behaviour would prevent player 2 from achieving its goal, such a way of playing504

can be regarded as not rational for player 1 given their preference relation: player 1505

certainly prefers the run which ends in s1 over the other two possible runs, but is506

indifferent otherwise.507

s0 s1

s2

s3
(a, a)

(a, b)

(b, b)

(b, a)
∗

∗

∗

Figure 1: A game with a non-credible strategy.

Motivated by this phenomenon, we propose a stronger definition for the core in508

which the way that deviating players are punished is more credible. More specifically,509

with this new definition we require that if a coalition C wants to deviate from a510

given strategy profile, then the remaining players can only credibly threaten C when511

they have a counter-response in which both at least one player in C does not get its512

goal achieved and every winner in the original strategy profile remains a winner513

in the new one, i.e., the counter-coalition act in accordance with their preference514

relations. We then reformulate the definition of a beneficial deviation and say that a515

deviation ~σ′C is a beneficial deviation from ~σ if:516
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1. C ⊆ L(~σ), and517

2. C ⊆ W(~σ−C , ~σ′C), and518

3. for every joint strategy ~σ′−C for Ag \ C, we haveW(~σ) ⊆ W(~σ′−C , ~σ
′
C)⇒519

C ⊆ W(~σ′−C , ~σ
′
C).520

With this definition in place we can say that the strong core of a game (CORE+),521

denoted core+(G), is the set of outcomes of G that admit no beneficial deviation as522

above. Then, we see that while ~σa1a1 is in core(G), it is not the case that ~σa1a1 is in523

core+(G), since player 2 can now beneficially deviate from ~σa1a1 to ~σa1b1 .524

Note on credible threats in games with externalities. The game theory literature525

on this topic is vast. The reason is that the existence of externalities leads to many526

different definitions of stable behaviour (see, e.g., [12, 19, 26, 27] for many variants527

of the core). Here, we propose one definition but by no means we claim it is the528

strongest anyone may wish to consider. Essentially, with our definition, we require529

that for a punishing joint strategy to be credible, winners must remain winners after530

the presenting the threat.531

We will now study the complexity of the decision problems defined in previous532

sections, but with respect to CORE+. There are four decision problems whose533

definition depends on the nature of the core: E-Core, A-Core, Core Membership,534

and Beneficial Deviation. To simplify notations, we will call them here in the535

same way but with the understanding that results in this section are with respect to536

CORE+. As we will show next, these four problems have the same complexities as537

with core, but require a more complex logical characterisation, which we provide538

here using the two-alternation fragment of Strategy Logic (SL [28, 29])3.539

3A logical characterisation of CORE+ using ATL∗ was not found. In fact, we believe that such a

logical characterisation in ATL∗ is not possible for multi-player games.
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SL extends LTL with two strategy quantifiers, 〈〈x〉〉 and [[x]], and an agent

binding operator (i, x), where i is an agent and x is a variable. These operators can

be read as “there exists a strategy x”, “for every strategy x”, and “bind agent i to

the strategy associated with variable x”, respectively. Formally, SL formulae are

inductively built from a set of propositions AP, variables Var, and agents Ag, using

the following grammar, where p ∈ AP, x ∈ Var, and i ∈ Ag:

ϕ ::= p | ¬ϕ | ϕ ∧ ϕ |X ϕ | ϕUϕ | 〈〈x〉〉ϕ | [[x]]ϕ | (i, x)ϕ.

We can now present the semantics of SL, where Str denotes the set of all strategies.540

Given a concurrent game structureM , for all SL formulae ϕ, states s ∈ St inM ,541

and assignments χ ∈ Asg = (Var ∪Ag)→ Str, mapping variables and agents to542

strategies, the relationM,χ, s |= ϕ is defined as follows:543

1. For the Boolean and temporal cases, the semantics is standard544

2. For all formulae ϕ and variables x ∈ Var we have:545

(a) M,χ, s |= 〈〈x〉〉ϕ if ∃f ∈ Str. M, χ[x 7→ f ], s |= ϕ;546

(b) M,χ, s |= [[x]]ϕ if ∀f ∈ Str. M, χ[x 7→ f ], s |= ϕ;547

3. For every agent i ∈ Ag and variable x ∈ Var,548

if M,χ[i 7→ χ(x)], s |= ϕ then M,χ, s |= (i, x)ϕ .549

For a sentence ϕ, that is, a formula with no free variables and agents [28, 29], we550

say thatM satisfies ϕ, and writeM |= ϕ in that case, ifM, ∅, s0 |= ϕ, where ∅ is551

the empty assignment. We use the following abbreviations: 〈i〉ϕ for 〈〈x〉〉(i, x)ϕ552

and [i]ϕ for [[x]](i, x)ϕ, which can be intuitively understood as “there is a strategy553

for agent i such that ϕ holds” and “ϕ holds, for all strategies of agent i”, respectively.554

We extend this notation to sets of players and write, for instance, 〈C〉ϕ instead555

of 〈i〉 . . . 〈j〉ϕ, where C = {i, . . . , j}, and similarly for the universal quantifier556

operator. Then, with 〈C〉ϕ we mean that “coalition C has a joint strategy such that557

ϕ holds.”558
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We then find that for a game G = (M,γ1, . . . , γn) and LTL formula ϕ, we have

(G,ϕ) ∈ E-Core if and only if M |= ϕ+
E-Core(G,ϕ), where ϕ+

E-Core(G,ϕ) is the

SL formula:

ϕ+
E-Core(G,ϕ) =

∨
W⊆Ag

〈Ag〉

ϕ ∧ ∧
i∈W

γi ∧
∧

j∈Ag\W

¬γj ∧
∧

C⊆Ag\W

ϕNoBD(G,W,C)


ϕNoBD(G,W,C) = [C]

∧
j∈C

γj → 〈Ag \ C〉

∧
i∈W

γi ∧
∨
j∈C
¬γj


This SL formula expresses that in the concurrent game structure, there exists a559

path 〈Ag〉 (. . .) under which560

1. The formula ϕ holds;561

2. Some players get their goals achieved:
∧
i∈W γi;562

3. The remaining players do not:
∧
j∈Ag\W ¬γj ;563

4. No coalition of losers has a beneficial deviation:
∧
C⊆Ag\W ϕNoBD(G,W,C).564

We express the condition of a coalition of losers C not having a beneficial565

deviation with the SL formula ϕNoBD(G,W,C); this is broken down as follows:566

for every joint strategy of C, if every player in C is better off
(∧

j∈C γj

)
, then the567

coalition of players outside C have a joint strategy (〈Ag \ C〉 . . .) such that both568

the winners in the original outcome remain winners after the threat is presented569 (∧
i∈W γi

)
, and at least one player in the deviating coalition, C, does not get its570

goal achieved
(∨

j∈C ¬γj
)
.571

At this point, we would like to make a couple of observations. First, that572

the complexity of checking SL formulae is non-elementary and depends on the573

alternation-depth of the formula ([28]): SL formulae of alternation-depth n can be574

checked in (n+ 1)-EXPTIME, and in PSpace for formulae that are semantically575

equivalent to CTL∗ formulae. Since ϕ+
E-Core(G,ϕ) is an SL formula with two576

alternations, it can be checked in 3ExpTime (and in PSpace if |Ag| = 1). Second,577
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we also would like to recall that finite-state machine strategies, as those we use here,578

can be characterised in LTL using the technique presented in [3, 4]. Using these579

logical characterisations, we can show the following complexity results.580

Theorem 6. For multi-player games, while E-Core and A-Core are in 3ExpTime,581

Core Membership is 2ExpTime-complete and Beneficial Deviation is PSpace-582

complete. For one-player games, all problems are PSpace-complete.583

Because CORE+ was characterised using SL (which is not a bisimulation-584

invariant logic), we cannot conclude that the satisfaction of LTL properties by585

outcomes in core+ is a bisimulation-invariant property. We believe that this is not586

the case.587

In the α-core setting, we saw that the core is always non-empty. Thus, a natural588

question is to ask whether core+ is always non-empty. We begin by showing that589

this is the case for games with three or fewer players:590

Theorem7. For every two-player and three-player game,G, we have core+(G) 6= ∅.591

Proof. First, consider games with only two players. For a contradiction, let us592

suppose that for some game G, the set of outcomes core+(G) is empty. This means593

that for every outcome either player 1 or player 2 or both have a beneficial deviation.594

Then, we know that no outcome can satisfy both goals, γ1 and γ2. Let us then595

consider the three remaining possible cases: outcomes that only satisfy γ1 (case 1),596

outcomes that only satisfy γ2 (case 2), and outcomes that satisfy neither γ1 nor597

γ2 (case 3). Let ~f = (f1, f2) be an outcome, f ′1 be a deviation by player 1, and598

f ′2 be a deviation by player 2, and consider the three cases above. In case 1, only599

player 2 would deviate. Then, outcome (f1, f
′
2) only satisfies γ2. Because (f1, f

′
2)600

is not in the core either, from this outcome only player 1 would deviate, to another601

outcome (f ′1, f
′
2). Then, outcome (f ′1, f

′
2) only satisfies γ1. But, then, we have a602

29



contradiction, since this means that (f1, f2) would be in core+(G). We can reason603

symmetrically to show that case 2 is not possible either. For case 3 we note that604

only single deviations would be possible. But any such deviations would be to605

an outcome that either only satisfies γ1 or only satisfies γ2, which are no longer606

possible. Since no other cases are possible, we have to reject our assumption and607

conclude that, for two-player games, core+(G) is not empty.608

For three player games, the proof is similar, but requires a careful case-by-case609

analysis.610

For games with four or more players, the outlook is not as good — there exist611

games with a non-empty core. We wrote a Python program to search the space of612

four player games via dynamic programming, testing each one for an empty core.613

Whilst the algorithm was capable of producing false negatives, it also produced614

multiple examples of four player games with empty cores — the following example615

is one of these, which we also checked manually.616

Example 2. Consider the following 4 player game, with a start state, s0, and six

sink states, s1, . . . , s6. Let each player have two actions each, {0, 1}, and writing

a1a2a3a4 for the action (a1, a2, a3, a4), our transition function from the start state

looks like the following:

tr(0000) = s1, tr(0001) = s1,

tr(0010) = s2, tr(0011) = s2,

tr(0100) = s1, tr(0101) = s3,

tr(0110) = s2, tr(0111) = s5,

tr(1000) = s6, tr(1001) = s4,

tr(1010) = s4, tr(1011) = s4,

tr(1100) = s1, tr(1101) = s3,
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tr(1110) = s4, tr(1111) = s3.

Moreover, suppose player one prefers the runs that end up in the states s1, s2, s3,617

player two prefers those that end up in s1, s4, s5, player three s2, s4, s6, and player618

four s3, s5, s6.619

Thus, our game looks like the following graph:620

∅

{1, 2}

{2, 4}

{1, 3}

{1, 4}

{3, 4}

{2, 3}

0000
0001
0100
1100

0010
0011
0110
0101
1101
1111

1001
1010
1011
1110

0111

1000

∗

∗

∗

∗

∗

∗

Figure 2: A game with an empty CORE+.

With a careful case-by-case analysis, one can verify that for every state, there621

exists some coalition with a beneficial deviation. Thus, this game has an empty622

CORE+.623
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6. Mean-Payoff Games624

Thus far, we have considered games with qualitative preferences — each player625

has a goal given by some temporal logic formula, which, under a given run, is626

either satisifed or unsatisfied. But this is arguably quite a coarse-grained approach627

to specifying agent goals; it does not offer a way of expressing the intensity of628

the individual player’s preferences. One way around this is to introduce multiple629

LTL goals for each player, and define some mapping from satisfied formulae to the630

real numbers [30–32]. However, an arguably more natural (and computationally631

amenable) approach is to sidestep temporal logics entirely and put assign weights to632

states, rather than atomic propositions. We then assign a mean-payoff to runs, with633

the idea that agents prefer runs which maximise their mean-payoff [33–35].634

Formally, a mean-payoff game, G, is a tuple,

G =
(
M, {wi}i∈Ag

)
,

whereM is a concurrent game structure, and for each i ∈ Ag, wi : St → Z is a

weight function, mapping states to integers. Games are played in an identical way

to the LTL setting, but the agents’ preference relations are defined differently here.

Let β ∈ Rω be an infinite sequence of real numbers. Then the mean-payoff of β,

denoted by mp(β), is defined by the following expression:

mp(β) = lim inf
n→∞

1

n

n−1∑
i=0

βi.

In a mean-payoff game, a run of states, π = s0s1 . . . induces an infinite sequence of635

weights for each player, wi(s0)wi(s
1) . . .— we denote this sequence by wi(π) and636

for notational convenience, we will write payi(π) for mp(wi(π)). With this, we are637

ready to define the preference relation for each player — given two runs, ρ and ρ′,638

we say that player i prefers ρ to ρ′, and write ρ �i ρ′ if we have payi(ρ) ≥ payi(ρ).639
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Now, our definition of the core in the setting of LTL games relies on the notion640

of winners and losers of a game. As we had dichotomous preferences in this setting,641

this was a reasonable way of defining the core. However, in the mean-payoff setting,642

it does not make sense to classify players as either winners or losers — they can643

receive a wide spectrum of payoffs. Thus, we need a more general definition of644

what a beneficial deviation is. We say that given a game G, a strategy profile ~σ,645

a beneficial deviation by a coalition C, is a strategy vector ~σ′C su ch that for all646

complementary strategy profiles ~σ′Ag\C , we have ρ(~σ′C , ~σ
′
Ag\C) �i ρ(~σ) for all647

i ∈ C. We can then say that ~σ is a member of the core, if there exists no coalition C648

which has a beneficial deviation from ~σ. Note this formulation subsumes our earlier649

definition of the core, and allows us to reason about this solution concept in our650

numeric setting.651

We begin by asking whether mean-payoff games always have a non-empty core,652

a property that holds for games with LTL goals and specifications. We find that this653

does not hold in general for mean-payoff games.654

Theorem 8. In mean-payoff games, if |Ag| ≤ 2, then the core is non-empty. For655

|Ag| > 2, there exist games with an empty core.656

Proof. If |Ag| = 1, it is straighforward to see that the core is always non-empty; we657

use Karp’s algorithm for determining the maximum cycle in a weighted graph [36]658

to determine the maximum payoff that one player can achieve. For two-player games,659

let ~σ = (σ1, σ2) be any strategy profile. If ~σ is not in the core, then either Player 1,660

or Player 2, or the coalition consisting of both players has a beneficial deviation. If661

the latter is true, then there is a strategy profile, ~σ′ = (σ′1, σ
′
2) such that ~σ′ �i ~σ for662

both i ∈ {1, 2}. We repeat this process until the coalition of both players does not663

have a beneficial deviation. This must eventually be the case as each player’s payoff664

is capped by their maximum weight, so either they both reach their corresponding665
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maximum weight, or there comes a point when they cannot beneficially deviate666

together. At this point, we must either be in the core, or either player 1 or player 2667

has a beneficial deviation. If player j (j ∈ {1, 2}) has a beneficial deviation, say σj ,668

then any strategy profile (σj , σi), with i 6= j, that maximises Player i’s mean-payoff669

is in the core. Thus, for every two-player game, there exists some strategy profile670

that lies in the core.671

However, for mean-payoff games with three or more players, the core of a game672

may be empty. Consider the following three-player game G, where each player has673

two actions, H,T, and there are four states, P,R,B, Y . The states are weighted for674

each player as follows:675

wi(s) 1 2 3

P −1 −1 −1

R 2 1 0

B 0 2 1

Y 1 0 2

676

If the game is in any state other than P , then no matter what set of actions is677

taken, the game will remain in that state. Thus, we only specify the transitions for678

the state P :679
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Ac St

(H,H,H) R

(H,H,T) R

(H,T,H) B

(H,T,T) P

(T,H,H) P

(T,H,T) Y

(T,T,H) B

(T,T,T) Y

680

Thus the structure of this game looks like the following graph:681

P B

R

Y

(H,H, ∗)

(∗,T,H)

(T, ∗,T)

(H,T,T)

(T,H,H)

∗

∗

∗

Figure 3: A game with an empty core.

Note that strategies are characterised by the state that the game eventually ends682

up in. If the players stay in P forever, then they can all collectively change strategy683
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to move to one of R,B, Y , and each get a better payoff. Now, if the game ends up in684

R, then players 2 and 3 can deviate by playing (T,H), and no matter what player 1685

plays, they will be in state B, and will be better off. But similarly, if the game is686

in B, then players 1 and 3 can deviate by playing (T,T) to enter state Y , in which687

they both will be better off, regardless of what player 2 does. And finally, if in Y ,688

then players 1 and 2 can deviate by playing (H,H) to enter R and will be better off689

regardless of what player 3 plays. Thus, no strategy profile lies in the core.690

With this established, we now turn our attention to the decision problems691

relating to the core in the mean-payoff setting. However, from a computational692

perspective, there is an immediate concern here — given a potential beneficial693

deviation, how can we verify that it is preferable to the status quo under all possible694

counter-responses? Given that strategies can be arbitrary mathematical functions,695

how can we reason about that universal quantification effectively? Fortunately, as we696

show in the following lemma, we can restrict our attention to memoryless strategies697

when thinking about potential counter-responses to players’ deviations:698

Lemma 2. Let G be a game, C ⊆ Ag be a coalition and ~σ be a strategy profile.

Further suppose that ~σ′C is a strategy vector such that for all memoryless strategy

vectors ~σ′Ag\C , we have,

ρ(~σ′C , ~σ
′
Ag\C) �i ρ(~σ).

Then, for all strategy vectors, ~σ′Ag\C , not necessarily memoryless, we have,

ρ(~σ′C , ~σ
′
Ag\C) �i ρ(~σ).

Before we prove this, we need to introduce an auxillary concept of two-player,699

turn-based, zero-sum, multi-mean-payoff games [37] (we will just call these multi-700

mean-payoff games moving forward). Informally, these are similar to two-player,701

turn-based, zero-sum mean-payoff games, except player 1 has k weight functions702

36



associated with the edges, and they are trying to ensure the resulting k-vector703

of mean-payoffs is component-wise greater than a vector threshold. Formally, a704

multi-mean-payoff game is a 5-tuple, G = (V1, V2, v
0, E, w, zk), where V1, V2 are705

sets of states controlled by players 1 and 2 respectively, with V = V1 ∪ V2 the state706

space, v0 ∈ V the start state, E ⊆ V × V a set of edges and w : E → Zk a weight707

function, assigning to each edge a vector of weights.708

The game is played by starting in the start state, s0 ∈ Si, and player i choosing709

an edge (s0, s1), and traversing it to the next state. From this new state, s1 ∈ Sj ,710

player j chooses an edge and so on, repeating this process forever. Runs are711

defined in the usual way and the payoff of a run π, pay(π), is simply the vector712

(mp(w1(π)), . . . ,mp(wk(π))). Finally, zk ∈ Qk is a threshold vector and player 1713

wins if the payi(π) ≥ zi for all i ∈ {1, . . . , k}, and loses otherwise. An important714

question associated with these games is whether player 1 can force a win. We can715

encapsulate this with the following decision problem:716

Multi-Mean-Payoff-Threshold:717

Given: Multi-mean-payoff game G.718

Question: Is it the case that player 1 has a winning strategy?719

As shown in [37], this problem is co-NP-complete. Whilst we do not need to utilise720

this result right now, this sets us up to prove Lemma 2.721

Proof of Lemma 2. Let ~σAg\C be an arbitrary strategy and let i ∈ C be an arbitrary722

agent. Denote ρ(~σ) by ρ and ρ(~σ′C , ~σ
′
Ag\C) by ρ′. We aim to show that ρ′ �i ρ.723

Suppose instead it is the case that ρ �i ρ′. Thus, we have ρ(~σ) �i ρ(~σ′C , ~σ
′
Ag\C).724

Considering this as a two-player multi-mean-payoff game, where player 1’s strategy725

is fixed and encoded into the game structure (i.e., player 1 follows ~σ′C , but has no726

say in the matter), and the payoff threshold is mp(ρ(~σ)), then ~σ′Ag\C is a winning727

strategy for player 2 in this game. Now, by [37, 38], if player 2 has a winning strategy,728
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then they have a memoryless winning strategy. Thus, there is a memoryless strategy729

~σ′′Ag\C such that ρ(~σ) �i ρ(~σ′C , ~σ
′′
Ag\C). But this contradicts the assumptions of the730

lemma, and thus we must have ρ′ �i ρ.731

We are now in a position to look at some complexity bounds for mean-payoff732

games in the cooperative setting. Let us begin by considering the following decision733

problem relating to beneficial deviations:734

Beneficial-Deviation (Ben-Dev):

Given: Game G and strategy profile ~σ.

Question: Is there C ⊆ Ag and ~σ′C ∈ ΣC such that for all ~σ′Ag\C ∈

ΣAg\C and for all i ∈ C, we have:

ρ(~σ′C , ~σ
′
Ag\C) �i ρ(~σ)?

Using this new problem, we can prove the following statement.735

Lemma 3. Let G be a game, and ~σ a strategy profile. Then, (G,~σ) ∈ Membership736

if and only if (G,~σ) 6∈ Ben-Dev.737

Proof. Proof follows directly from definitions.738

The above lemma characterises the Membership problem for cooperative games739

in terms of beneficial deviations, and, in turn, provides a direct way to study its740

complexity. In the remainder of this section we concentrate on the memoryless case.741

Theorem 9. For memoryless strategies, Ben-Dev is NP-complete.742

Proof. First correctly guess a deviating coalition C and a strategy profile ~σ′C for743

such a coalition of players. Then, use the following three-step algorithm. First,744

compute the mean-payoffs that players in C get on ρ(~σ), that is, a set of values745
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z∗j = payj(ρ(~σ)) for every j ∈ C — this can be done in polynomial time simply by746

‘running’ the strategy profile ~σ. Then compute the graph G[~σ′C ], which contains747

all possible behaviours (i.e., strategy profiles) for Ag \ C with respect to ~σ— this748

construction is similar to the one used in the proof of Theorem 4, that is, the game749

when we fix ~σ′C , and can be done in polynomial time. Finally, we ask whether every750

path π inG[~σ′C ] satisfies payj(π) > z∗j , for every j ∈ C — for this step, we can use751

Karp’s algorithm [36] to answer the question in polynomial time for every j ∈ C. If752

every path in G[~σ′C ] has this property, then we accept; otherwise, we reject.753

For hardness, we reduce from 3SAT, using a small variation of the construction754

in [23]. Let P = {x1, . . . , xn} be a set of atomic propositions. Given a Boolean755

formula ϕ =
∧

1≤c≤mCc (in conjunctive normal form) over P — where each756

Cc = lc1 ∨ lc2 ∨ lc3, and each literal lck = xj or ¬xj , with 1 ≤ k ≤ 3, for757

some 1 ≤ j ≤ n — we construct M =
(

Ag, St, s0, (Aci)i∈Ag, tr
)
, an m-player758

concurrent game structure defined as follows, and illustrated in Figure 4.:759

• Ag = {1, . . . ,m};760

• St = {xv | 1 ≤ v ≤ n} ∪ {x′v | 1 ≤ v ≤ n} ∪ {y0, yn, y
0, y∗};761

• s0 = y0;762

• Aci = {t, f}, for every i ∈ Ag, and Ac = Ac1 × · · · ×Acm;763

• For tr, refer to the Figure 4, such that T = {(t1, . . . , tm)} and F = Ac \ T .764

With M at hand, we build a mean-payoff game using the following weight765

function:766

• wi(xv) = 1 if xv is a literal in Ci and wi(xv) = 0 otherwise, for all i ∈ Ag767

and 1 ≤ v ≤ n768
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Figure 4: Concurrent game structure for the reduction from 3SAT.

• wi(x′v) = 1 if ¬xv is a literal in Ci and wi(x′v) = 0 otherwise, for all i ∈ Ag769

and 1 ≤ v ≤ n770

• wi(y0) = wi(yn) = wi(y
0) = wi(y

∗) = 0, for all i ∈ Ag771

Then, we consider the game G overM and any strategy profile (in memoryless772

strategies) such that ~σ(s0) = y∗. For any of such strategy profiles the mean-payoff773

of every player is 0. However, if ϕ is satisfiable, then there is a path inM , from y0774

to yn, such that in such a path, for every player, there is a state in which its payoff775

is not 0. Thus, the grand coalition Ag has an incentive to deviate since traversing776

that path infinitely often will give each player a mean-payoff strictly greater than 0.777

Observe two things. Firstly, that only if the grand coalition Ag agrees, the game can778

visit y0 after y0. Otherwise, the game will necessarily end up in y∗ forever after.779

Secondly, because we are considering memoryless strategies, the path from y0 to yn780

followed at the beginning is the same path that will be followed thereafter, infinitely781

often. Then, we can conclude that there is a beneficial deviation (necessarily for Ag)782

if and only if ϕ is satisfiable, as otherwise at least one of the players in the game783
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will not have an incentive to deviate (because its mean-payoff would continue to784

be 0). Then, formally, we can conclude that (G, σ) ∈ Ben-Dev if and only if ϕ is785

satisfiable.786

From Theorem 9 it follows that checking if no coalition of players has a beneficial787

deviation with respect to a given strategy profile is a co-NP problem; that is, we788

have:789

Theorem 10. For memoryless strategies, Membership is co-NP-complete.790

Proof. Immediately follows from Lemma 3 and Theorem 9.791

We can also leverage Ben-Dev to solve E-Core in the case of memoryless792

strategies:793

Theorem 11. For memoryless strategies, E-Core is in ΣP
2 .794

Proof. Given a gameG, we guess a strategy profile ~σ and check that (G,~σ) is not an795

instance of Ben-Dev. While the former can be done in polynomial time, the latter796

can be solved in co-NP using an oracle for Ben-Dev. Thus, we have a procedure797

that runs in NPco-NP = NPNP = ΣP
2.798

Theorem 11 sharply contrasts with that for Nash equilibrium, where the same799

problem lies in NP [35]. More importantly, the result also shows that the (complexity)800

dependence on the type of coalitional deviation is only weak, in the sense that801

different types of beneficial deviations may be considered within the same complexity802

class, as long as such deviations can be checked with an NP or co-NP oracle.803

We now wish to generalise the idea of a fulfilled coalition, which informally804

characterises coalitions that have the strategic power (a joint strategy) to ensure a805

minimum given payoff no matter what the other players in the game do. Generalising806

to our setting, from qualitative to quantitative payoffs, we introduce the notion of a807
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lower bound. Let C ⊆ Ag be a coalition in a game G and let ~zC ∈ QC . We say808

that ~zC is a lower bound for C if there is a joint strategy ~σC for C such that for all809

strategies ~σ−C for Ag \ C, we have payi(ρ(~σC , ~σ−C)) ≥ zi, for every i ∈ C.810

Based on this definition, we can prove the following lemma, which characterises811

the core in terms of lower bounds:812

Lemma 4. Let π be a run in G. There is ~σ ∈ core(G) such that π = ρ(~σ) if and813

only if for every coalition C ⊆ Ag and lower bound ~zC ∈ QC for C, there is some814

i ∈ C such that zi ≤ payi(π).815

Proof. To show the left-to-right direction, suppose that there exists a member of the816

core ~σ ∈ core(G) with π = ρ(~σ) and suppose further that there is some coalition817

C ⊆ Ag and lower bound ~zC ∈ QC for C, such that for every i ∈ C we have818

zi > payi(π). Because ~zC is a lower bound for C, and zi > payi(π), for every819

i ∈ C, then there is a joint strategy ~σC for C such that for all strategies ~σ−C for820

Ag \ C, we have payi(ρ(~σC , ~σ−C)) ≥ zi > payi(π), for every i ∈ C. Then, it821

follows that (G,~σ) ∈ Ben-Dev, which further implies that ~σ cannot be in the core822

of G— a contradiction to our initial hypothesis.823

For the right-to-left direction, suppose that there is π in G such that for every824

coalition C ⊆ Ag and lower bound ~zC ∈ QC for C, there is i ∈ C such that825

zi ≤ payi(π). We then simply let ~σ be any strategy profile such that π = ρ(~σ).826

Now, let C = {j, . . . , k} ⊆ Ag be any coalition and ~σ′C be any possible deviation827

of C from ~σ. Either ~z′C = (payj(ρ(~σ−C , ~σ
′
C)), . . . ,payk(ρ(~σ−C , ~σ

′
C))) is a lower828

bound for C or it is not.829

If we have the former, by hypothesis, we know that there is i ∈ C such that830

payi(ρ(~σ−C , ~σ
′
C)) ≤ payi(π). Therefore, i will not have an incentive to deviate831

along with C \ {i} from ~σ, and as a consequence coalition C will not be able to832

beneficially deviate from ~σ.833
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If, on the other hand, ~z′C is not a lower bound for C, then, by the definition of834

lower bounds, we know that it is not the case that ~σ′C is a joint strategy forC such that835

for all strategies ~σ′−C for Ag \C, we have payi(ρ(~σ′C , ~σ
′
−C)) ≥ payi(ρ(~σ−C , ~σ

′
C)),836

for every i ∈ C. That is, there exists i ∈ C and ~σ′−C for Ag \ C such that837

payi(ρ(~σ′C , ~σ
′
−C)) < payi(ρ(~σ−C , ~σ

′
C)). We will now choose ~σ′−C so that, in838

addition, payi(π) ≥ payi(ρ(~σ′C , ~σ
′
−C)) for some i.839

Let ~z′′C = (payj(ρ(~σj−C , ~σ
′
C)), . . . ,payk(ρ(~σk−C , ~σ

′
C)))wherepayi(ρ(~σi−C , ~σ

′
C))840

is defined to be min~σ′−C∈Σ−C
payi(ρ((~σ′−C , ~σ

′
C))). That is, ~σi−C is a strategy for841

Ag \ C which ensures the lowest mean-payoff for i assuming that C is playing842

the joint strategy ~σ′C . By construction ~z′′C is a lower bound for C — since each843

z′′i = payi(ρ(~σi−C , ~σ
′
C)) is the greatest mean-payoff value that i can ensure for itself844

when C is playing ~σ′C , no matter what coalition Ag \ C does — and therefore, by845

hypothesis we know that for some i ∈ C we have payi(ρ(~σi−C , ~σ
′
C)) ≤ payi(π).846

As a consequence, as before, i will not have an incentive to deviate along with847

C \ {i} from ~σ, and therefore coalition C will not be able to beneficially deviate848

from ~σ. BecauseC and ~σ′C where arbitrarily chosen, we conclude that ~σ ∈ core(G),849

proving the right-to-left direction and finishing the proof.850

With this lemma in mind, we want to determine if a given vector, ~zC , is in fact a851

lower bound and importantly, how efficiently we can do this. That is, to understand852

the following decision problem:853

Lower-Bound:854

Given: Game G, coalition C ⊆ Ag, and vector ~zC ∈ QAg.855

Question: Is ~zC is a lower bound for C in G?856

Using the Multi-Mean-Payoff-Threshold decision problem introduced857

earlier, we can prove the following theorem:858
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Theorem 12. Lower-Bound is co-NP-complete.859

Proof. We prove membership as well as hardness by reducing to and from Multi-

Mean-Payoff-Threshold in the obvious way. First, we show that Lower-Bound

lies in co-NP by reducing it to Multi-Mean-Payoff-Threshold. Suppose

we have an instance, (G,C, ~zC), and we want to determine if it is in Lower-

Bound. We can do this by forming a two-player, multi-mean-payoff game,

G′ = (V1, V2, v
0, E, w′, zk). Here we have V1 = St, V2 = St×AcC and v0 = s0.

Additionally, the set of edges of G′, E, is defined as,

E = {(s, (s, acC)) | s ∈ St, acC ∈ AcC}

∪ {((s, acC), tr(s, (acC , acAg\C))) | acAg\C ∈ AcAg\C},

and the weight function, w′ : E → Z|C|, is defined by the following two patterns:

w′i(s, (s, acC)) = wi(s);

w′i((s, acC), tr(s, (acC , acAg\C))) = wi(s).

Finally, we set z|C| to be ~zc.860

Informally, the two players of the game are C and Ag \ C, the vector weight861

function is given by aggregating the weight functions of C and the threshold is ~zC .862

Now, if in this game, player 1 has a winning strategy, then there exists some strategy863

~σC such that for all strategies of player 2, ~σAg\C , we have that ρ(~σC , ~σAg\C) is864

a winning run for player 1. But this means that payi(ρ(~σC , ~σAg\C)) ≥ zi for all865

i ∈ C. But it is easy to verify that this implies that ~zC is a lower bound for C in866

G. Conversely, if player 1 has no winning strategy, then for all strategies, ~σC , there867

exists some strategy ~σAg\C such that ρ(~σC , ~σAg\C) is not a winning run. This is868

turn implies that for some j ∈ C, we have that payj(ρ(~σC , ~σAg\C)) < zj , which869

means that ~zC is not a lower bound for C in G. Also note that this construction can870

be performed in polynomial time, giving us the co-NP upper bound.871

44



For the lower bound, we go the other way and reduce from Multi-Mean-872

Payoff-Threshold. Suppose we would like to determine if an instance G is in873

Multi-Mean-Payoff-Threshold. Then we form a concurrent mean-payoff game,874

G′, with k + 1 players, where the states of G′ coincide exactly with the states of G.875

In this game, only the 1st and (k + 1)th player have any influence on the strategic876

nature of the game. If the game is in a state in V1, player one can decide which state877

to move into next. Otherwise, if the game is in a state within V2, then the (k + 1)th878

player makes a move. Note we only allow moves that agree with moves allowed879

within G.880

Now, in G′, the first k players have weight functions corresponding correspond881

to the k weight functions of player 1 in G. The last player can have any arbitrary882

weight function. With this machinery in place, we ask if zk is a lower bound for883

{1, . . . , k}. In a similar manner of reasoning to the above, it is easy to verify that G884

is an instance of Multi-Mean-Payoff-Threshold if and only if zk is a lower bound885

for {1, . . . , k} in the constructed concurrent mean-payoff game. Moreover, this886

reduction can be done in polynomial time and we can conclude that Lower-Bound887

is co-NP-complete.888

A notable omission from this section is that we have not presented any bounds889

for the complexity of E-Core in the general case. One possible reason for the upper890

bounds remaining elusive to us is due to the fact that whilst in a multi-mean-payoff891

game, player 2 can act optimally with memoryless strategies, player 1 may require892

infinite memory [37, 38]. Given the close connection between the core in our893

concurrent, multi-agent setting and winning strategies in multi-mean-payoff games,894

this raises computational concerns for the E-Core problem. Additionally, in [39],895

the authors study the Pareto frontier of multi-mean-payoff games, and provide a way896

of constructing a representation of it, but this procedure has an exponential time897
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dependency. The same paper also establishes ΣP
2 -completeness for the polyhedron898

value problem. Both of these problems appear to be intimately related to the core,899

and we hope we might be able to use these results to gain more insight into the900

E-Core in the future.901

With this having been said, we conclude this section by establishing a link902

between traditional non-transferable utility (NTU) games and our mean-payoff903

games — as NTU games are very well studied, and there is a wealth of results904

relating to core non-emptiness in this setting [40–42], we hope that some of these905

results could be utilised in order to understand the core of mean-payoff games.906

Formally, an n-person game with non-transferable utility is a function, V :907

P (Ag)→ R|Ag|, such that,908

1. For all C ⊆ Ag, V (C) is a non-empty, proper, closed subset of R|Ag|;909

2. For all C ⊆ Ag, if we have x ∈ V (C) and y ∈ R|Ag| such that yi ≤ xi for all910

i ∈ C, then we have y ∈ V (C);911

3. We have that V (Ag) \
⋃
i∈Ag intV ({i}) is non-empty and bounded.912

We begin by giving a translation from mean-payoff games to NTU games. LetG

be amean-payoff game; thenwe define anNTU game,GNTU = V : P (Ag)→ R|Ag|

as follows. If C ⊆ Ag, then,

V (C) =
{
~z | ~z ∈ R|Ag|,∃~σC∀~σAg\C∀i ∈ C,payi

(
ρ
(
~σC , ~σAg\C

))
≥ zi

}
.

In words, V (C) consists of the set of lower bounds that C can force. Note that for913

an outcome x ∈ V (C), the components xifor i ∈ Ag \ C do not matter — they can914

be arbitrary real numbers.915

Lemma 5. Let G be a game, and let GNTU be the NTU game associated with G.916

Then GNTU is well-defined.917
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Proof. We need to show that the three conditions in the definition of an NTU game918

hold for GNTU.919

For condition (1), we see that V (C) is always non-empty by noting a coalition920

can always force an outcome where they achieve at least their worst possible payoff921

each (the vector made up of each player’s lowest weight in the game). The fact that922

V (C) is closed follows from Theorem 4 of [39]. We also see that V (C) is a proper923

subset of R|Ag|, as the members of C can do no better than achieve their maximum924

weights.925

For condition (2), suppose we have x ∈ V (C), and y ∈ R|Ag| with yi ≤ xi926

for all i ∈ C. If x ∈ V (C), then there exists some ~σC , such that for all ~σAg\C ,927

we have payi(ρ(~σC , ~σAg\C)) ≥ xi for all i ∈ C. But this in turn implies that928

payi(ρ(~σC , ~σAg\C)) ≥ yi for all i ∈ C. Thus, by definition, we have y ∈ V (C).929

For condition (3), let pj be the punishment value of the player j in the game930

G. Informally, the punishment value of a player j can be thought of as the worst931

payoff that the other players can inflict on that player. Alternatively, we can view the932

punishment value for player j as the best payoff they can guarantee themselves, no933

matter what the remaining players do — in this way, we can see that the punishment934

value is a maximal lower bound for a player.935

Consider the vector p ∈ R|Ag|, where the jth component of this vector is the936

punishment value for player j. Naturally, this vector lies in V (Ag). Additionally,937

we claim that is does not lie in intV ({i}) for any i ∈ Ag. For a contradiction,938

suppose there existed some j ∈ Ag with p ∈ intV ({j}). So there exists some939

ε > 0, such that for all 0 ≤ r < ε, there exists some strategy, σrj , such that for all940

counterstrategies, ~σ−j , we have payj(ρ(σrj , ~σ−j)) ≥ pj + r. But this implies player941

j can achieve a better payoff than their punishment value — a contradiction. Thus,942

we see that the set V (Ag) \
⋃
i∈Ag int V ({i}) is non-empty.943

Finally, to see that V (Ag) \
⋃
i∈Ag intV ({i}) is bounded, we claim that it is
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contained in a closed ball of radiusM , whereM is defined to be

M = max
i∈Ag
s∈St

|wi(s)| .

We show that if x ∈ V (Ag), then we either have x ∈
⋃
i∈Ag int V ({i}) or944

x ∈ B(0,M), i.e., the closed ball of radiusM , centred at the origin.945

If x ∈ V (Ag), then by definition, we must have xi ≤M for all i ∈ Ag. Now,

there are two possibilities: if we have xi ≥ −M for all i ∈ Ag, then we have

x ∈ B(0,M). So instead suppose there exists some i ∈ Ag such that xi < −M . In

this case, letting ε be any positive number such that xi+ε ≤ −M , any strategy σi has

the property that for all counter-strategies ~σ−i, we have payi(ρ(~σ−i, σi)) ≥ xi + ε.

Thus, we have x ∈ intV ({i}). This implies that,

V (Ag) ⊆
⋃
i∈Ag

intV ({i}) ∪B(0,M),

which in turn implies,

V (Ag) \
⋃
i∈Ag

intV ({i}) ⊆ B(0,M),

yielding the result.946

Given that we can translate mean-payoff games into well-defined NTU games, it947

is natural to ask whether we can use traditional cooperative game theory in order to948

understand the core in our setting. Thus, we introduce the (classic) definition of the949

core for NTU games. In an NTU game, we say that an element x ∈ R|Ag| is in the950

core if x ∈ V (Ag), and there exists no C ⊆ Ag and no y ∈ V (C) such that xi < yi951

for all i ∈ C. In the following result, we show that the core of a mean-payoff game,952

and the core of its corresponding NTU game are intimately related:953

Lemma 6. Let G be a mean-payoff game. Let GNTU be the NTU game associated954

withG. Then the core ofG is non-empty if and only if the core ofGNTU is non-empty.955
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In fact, we have a stronger result — we can define a bĳection between the two sets.956

Should I state it in terms of this result instead?957

Proof. First suppose that G has a non-empty core. Thus, there exists some strategy958

profile ~σ such that for all coalitions C and for all strategy vectors ~σ′C , there exists959

some ~σ′Ag\C such that payi(ρ(~σ′C , ~σ
′
Ag\C)) ≤ payi(ρ(~σ)) for some i ∈ C. Let960

x ∈ RAg be such that xi = payi(~σ) for all i ∈ Ag. Then by definition, we have961

x ∈ V (Ag). We claim that x is in the core ofGNTU. Suppose there is someC ⊆ Ag962

and a y ∈ V (C) such that xi < yi for all i ∈ C. Thus, there exists some ~σ′C such963

that for all ~σ′Ag\C , such that payi(ρ(~σ′C , ~σ
′
Ag\C)) ≥ yi > xi = payi(~σ) for all964

i ∈ C. But this implies that ~σ is not in the core ofG, which is a contradiction. Thus,965

x is in the core of GNTU.966

Conversely, suppose that GNTU has an empty core. Thus, there exists some967

x ∈ R|Ag| such that x ∈ V (Ag), such that there exists no C ⊂ Ag and no y ∈ V (C)968

with xi < yi for all i ∈ C. Since x ∈ V (Ag), there exists some strategy ~σ such969

that payi(ρ(~σ)) ≥ xi for all i ∈ Ag. We claim that ~σ is in the core of G. If it were970

not, then there would exist some coalition C, and some strategy vector ~σ′C such that971

for all strategy vectors ~σ′Ag\C , we have ρ(~σ′C , ~σ
′
Ag\C) �i ρ(~σ) for all i ∈ C. We972

then define y ∈ RAg by setting yi = min~σ′
Ag\C

payi(ρ(~σ′C , ~σ
′
Ag\C)) for i ∈ C and973

setting yi = 0 for i ∈ Ag \C. Then we have that y ∈ V (C) by definition. Since for974

all ~σ′Ag\C , we have that ρ(~σ′C , ~σ
′
Ag\C) is strictly preferred to ρ(~σ) by all players in975

C, we must have that yi > xi for all i ∈ C. But this contradicts the fact that x is in976

the core of GNTU. Thus, we must have that ~σ is in the core of G.977

As stated previously, we have been unable to determine the complexity of E-Core978

in the setting of mean-payoff games. However, given the above result, we suggest a979

route which may bear fruits in the future. In [40–44], the authors reason about the980

core of cooperative games (in both the transferable utility and non-transferable utility981
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settings) by appealing to the notion of a balanced set. In [41], the authors generalise982

this by introducing the notion of π-balancedness. Let π = {πC ∈ R|Ag| | C ⊆ Ag}983

be a collection of vectors such that,984

1. For all C ⊆ Ag, we have πC 6= 0;985

2. For all C ⊆ Ag, and for all i 6∈ C, we have πC,i = 0;986

3. For all C ⊆ Ag, and for all i ∈ C, we have πC,i ≥ 0,987

and let C ⊆ P (Ag) be a collection of coalitions. We say that C is π-balanced if

there exist balancing weights, λC > 0, for each C ⊆ Ag such that,∑
C∈C

λCπC = πAg.

We then say that an NTU game, V , is π-balanced if whenever C is a π-balanced

collection, we have, ⋂
C∈C

V (C) ⊆ V (Ag).

In [41], the authors show that if there exists some π such that V is π-balanced,988

then V has a non-empty core. The condition of π-balancedness translates readily989

over to the setting of mean-payoff games, and so we see that if such a game is990

π-balanced, then it has a non-empty core. This suggest a a (sound, but not complete)991

algorithm for detecting if a mean-payoff game has a non-empty core; somehow guess992

a polynomial-sized π, use a linear program to calculate the corresponding balancing993

weights, and then use an co-NP oracle to verify there exists no π-balanced collection994

such that
⋂
C∈C V (C) ⊆ V (Ag). Obviously, this is not a rigorous argument, but is995

suggestive of what a possible solution may look like.996

Additionally, whilst π-balancedness is a sufficient condition for core non-997

emptiness, it is not necessary. However, in [41], the authors strengthen the condition998

of π-balancedness in the setting of convex-valued NTU games, to obtain a necessary999

and sufficient result. Given in that mean-payoff games, the outcomes that a coalition1000
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can achieve can be expressed as a union of convex sets, this approach seems1001

promising. However, we have been unable to yield any results via this route.1002

7. Discussion and Related Work1003

In this section, we present some concluding remarks and related work, discuss1004

some issues related to the core, and indicate how to produce an implementation1005

using model checking techniques.1006

Coalition formation in cooperative games. Coalition formation with externalities1007

has been studied in the cooperative game-theory literature [19, 26, 27]. They1008

considered several concepts of the core. For instance, α-core takes the pessimistic1009

approach that requires that all members of a deviating coalition, S, will benefit1010

from the deviation regardless of the behaviour of the other coalitions that may be1011

formed. Our first definition of the core follows this approach. Contrarily, β-core1012

takes an optimistic approach and requires that the members of a deviating coalition1013

S will benefit from at least one possibility of coalition formation of the rest of the1014

players. In addition, γ-core [45, 46] assumes that the coalition structure that will be1015

created after a deviation will include the deviating coalition S and the rest of the1016

coalition structure will consist of all singletons. The “worth” of S is now defined as1017

equal to its payoff in the Nash equilibrium between S and the other players acting1018

individually, in which the members of S play their joint best response strategy against1019

the individually best response strategies of the remaining players. It is well-known1020

that α- and β-characteristic functions lead to large cores [47], which is consistent1021

with our observation that, with respect to our first definition, the core is never empty.1022

Coalition formation is important in multi-agent system [48]. However, even though1023

Coalition formation with externalities is very common in multi-agent systems, not1024

much work has studied the concept of stability in multi-agent coalition formation1025
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with externalities. Instead, in artificial intelligence and multi-agent systems, most1026

research has focused on the structure formation itself [49].1027

Rational verification of concurrent games. The formal verification of temporal1028

logic properties of multi-agent systems, while assuming rational behaviour of1029

the agents in such a system, has been studied for almost a decade now; see, for1030

instance, [3–5, 32, 50]. However, to the best of our knowledge, all these studies1031

have considered a non-cooperative setting, even if coalitional power is allowed, for1032

instance, as in a strong Nash equilibrium. Nonetheless, also in such non-cooperative1033

settings, the complexity of checking whether a temporal logic property is satisfied in1034

a stable outcome of the game is a 2ExpTime-complete problem, even for two-player1035

zero-sum games where only trivial coalitions can be formed. On the positive side,1036

cooperative games seem to have better model theoretic properties in the rational1037

verification framework: with respect to our first definition of the core (which1038

corresponds to the concept of α-core in the literature of cooperative games), a1039

witness in the core is always guaranteed (since the core is never empty), preserved1040

across bisimilar systems, and easily checked in practice in an efficient way using1041

ATL∗ model checking techniques, which are supported by a number of verification1042

tools, e.g., MCMAS [9], an automated formal verification tool that supports ATL∗1043

model checking and specifications of concurrent game structures in ISPL.1044
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