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Abstract

Phase and polarization aberrations can affect the focus of optical sys-

tems and thus cause image distortion and quality reduction. Adaptive

optics (AO) such as objective lens correction collars, spatial light modula-

tors (SLM) and deformable mirrors (DM) are used in microscopy imaging

systems to modulate and correct phase and polarization state errors. Dif-

ferent adaptive elements have special properties which make them suit-

able for different systems. In certain applications such as laser machining

or microscopic imaging through an interface between mismatched refrac-

tive indices, spherical aberration is the major factor that affects the focal

spot quality; the correction collar attached to the objective lens is a suit-

able and simple form of adaptive elements for correcting spherical aber-

ration. In some microscopes, system misalignment and sample induced

phase aberrations, especially in deep imaging, greatly affect image qual-

ity; a DM can be a good option when correcting phase aberrations of both

the input and output beam while a SLM can be used if only the input

laser beam requires correction. In certain systems, such as gradient index

(GRIN) lens and stimulated emission depletion (STED) microscopy imag-

ing systems, the image quality is also affected by polarization aberrations

which can potentially be corrected by SLM devices.

Despite years of development, the operations of these adaptive elements

to fulfil different correction tasks effectively and efficiently remain chal-

lenging. The spherical compensations of objective lens correction collars
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will introduce extra defocus at the same time, which makes it difficult to

operate. In the cases when the fluorescence signal level is low, wavefront

sensor-based operations of adaptive elements become infeasible so wave-

front sensorless methods are used; yet there was no systematic comparison

for various sensorless based methods to help people understand them bet-

ter and advice people on method selections. Conventional sensorless based

correction methods, which normally require multiple exposures per aber-

ration mode and multiple rounds of corrections, are not the most efficient

ways of operation. Polarisation states have a total of three degrees of

freedom; corrections of polarisation states are more complex compared to

phase aberrations, for which there is only one degree of freedom. Polarisa-

tion state conversion will induce extra geometric phase error which makes

corrections more difficult.

In this thesis, I discussed and presented results trying to resolve the prob-

lems mentioned above. I first presented an automated control system

for both spherical and defocus compensation using a motorised objective

lens correction collar and an axially movable sample mounting stage. I

then presented a universal framework for sensorless AO method to provide

a better understanding of various sensorless approaches; this framework

also allowed a systematic comparisons of various aberration representa-

tions used in different methods. I then presented a machine learning based

sensorless AO method which shows promise to be more versatile than con-

ventional sensor-less AO methods. Finally I presented theoretical analysis

of vectorial state conversions (which includes both polarisation state and

phase properties of light) and complex retarder compensations using a

series of adaptive elements.
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Chapter 1

Introduction

Microscopy is an important tool, particularly for biomedical imaging, as it reveals

structure and function on a sub cellular scale, whilst being able to image multiple

cells and tissues over volumes. Microscopes suffer from phase aberrations that arise

from the optics and specimens [1–3]. Misaligned lenses result astigmatism and coma

aberrations [4]. The coverslip on the specimen introduces a spherical aberration be-

cause the refractive index of glass ( 1.52) is different from that of common immersion

fluids such as water (1.33) and glycerol (1.47) [5]. Specimens containing spatially

varying structures and refractive index also induces scattering and aberrations which

can significantly affect image quality especially for deep imaging. Refractive index

variations change optical path lengths (OPL) across the beam and distort its wave-

front. After passing through an objective, light no longer constructively interfere at

a confined diffraction limited spot. The focal spot is distorted in both the lateral and

axial direction and its centre intensity is reduced. This results a reduction in image

resolution and contrast [1, 5].

When high numerical aperture (NA) lenses are used in microscopes, vectorial

states (both phase and polarisation state) of light become important in the light

propagation analysis [6–9]. Polarisation state errors can affect the optical system

1
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imaging quality especially in graded-index (GRIN) optics fibre imaging [10, 11] and

in some super-resolution microscopy such as stimulated emission depletion (STED)

and structured illumination microscopy (SIM) systems [12–14]. Vectorial aberrations

may be introduced focussing through birefringent crystals, through stressed optical

elements or due to dielectric coatings [11, 15,16].

Adaptive optical elements can be used to correct the vectorial aberrations intro-

duced in microscopy systems. Common adaptive optics (AO) elements such as an

objective lens correction collar can be deployed to correct spherical aberrations; a

deformable mirror (DM) is a common choice for phase aberration compensation; a

spatial light modulator (SLM) is wavelength and polarisation state dependent and

can be used for both phase and polarisation state modulation. Despite the devices

are available, their operations remained a difficult task.

Comparing to sensored AO operation methods where a dedicated wavefront sensor

is used for aberration measurements, sensorless methods do not require extra hard-

ware for wavefront sensing and can be cost-effective. In cases where fluorescent signal

level is low or point like beacons are not available, sensorless methods become the

only viable option. However, sensorless methods tend to be time consuming and more

likely to cause photobleaching or phototoxicity due to their long convergence process

which are not desirable. In this thesis, we are exploring various indirect sensorless

methods, in controlling AO devices for efficient and effective vectorial state aberration

corrections.

1.1 Research contributions

The aim of this DPhil research work consisted of implementing AO in microscopy

systems of correcting both phase and polarisation state errors so as to improve the

imaging quality in an efficient way. Two AO devices - a correction collar of an
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objective lens and SLM devices are specifically discussed.

Correction collars correct spherical aberration but at the same time introduce ex-

tra defocus. The operations of correction collars thus require experienced microscopy

users with careful adjustments and often lead to prolonged exposures of samples and

inaccurate correction settings. An automated control scheme proposed in this thesis

allowed an easy and accurate use of correction collar.

Sensorless AO operations are widely used for its simple optical design. Many

different schemes were proposed in literature but no thorough comparison among

them has been conducted. We suggested a universal sensorless AO framework which

accommodates all sensorless methods and allowed a comprehensive discussion and

comparison. The results can help to guide AO users on method selections and new

method developments.

A new hand-crafted machine learning based sensorless AO method was proposed

and shown to be effective, highly efficient and be able to easily adapt to different

types of imaging systems with little adjustments. and shown to be effective.

Polarisation state modulations in literature often involved a fixed to arbitrary

polarisation state conversion or vice versa but not an arbitrary to arbitrary state

conversion. We discussed a pair of arbitrary state conversion and also compensations

of errors introduced by any arbitrary waveplate regardless of the input state. This

work is an essential step leading to full vectorial state error corrections in imaging

system.

1.2 Thesis outline

Chapter 1. Introduction and research contributions.

Chapter 2. Background.

Chapter 3. An automated control system in operation a motorised objective lens
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correction collar in spherical and defocus compensation.

Chapter 4. A thorough discussion on a mathematical framework accommodating

various sensorless AO methods.

Chapter 5. A comprehensive discussion on various aberration representations in

phase modulation and correction.

Chapter 6. A human-guided untrained neural network (NN) in efficient aberration

corrections.

Chapter 7. A vectorial state modulation and error compensation scheme.

Chapter 8. Conclusion and outlook.



Chapter 2

Background

This background chapter outlines some of the essential previous knowledge and re-

search that underpins the rest of the thesis. This includes mathematical models of

light and optics, developments of microscopy and adaptive elements, and machine

learning.

2.1 Models of light

Light is electromagnetic radiation that can be modelled as ray, wave or particle [5].

Different models have different limitations and are thus used different situations.

Ray models light travelling in a straight line [17]. This model can be derived from

Maxwell’s equations when take a limit of infinitesimal wavelength and be usually used

in analysis involving geometrical optics. Wave models light as propagating dynamic

disturbance can also be derived from Maxwell’s equations [1,5,18–20]. This model is

usually used in analysis for physical optics. Particle models light as energy packages

(photon) which can only be absorbed (or emitted) as a whole to excite (or de-excite)

a molecule from one state to a higher (or lower) energy [5, 21].

5



6

2.1.1 Wave model of light

From the four Maxwell’s equations, it can be easily shown that

∇(∇ · ~E)−∇2 ~E = −µσ∂
~E

∂t
− µε∂

2 ~E

∂t
(2.1)

where ~E is the temporally-spatially varying electric field strength; µ is the perme-

ability, ε is the permittivity and σ is the conductivity of the medium; t is the time

variable.

In a medium with no free charge and conductivity is small enough to be ignored

∇(∇ · ~E) = 0 µσ
∂ ~E

∂t
≈ 0

The equation 2.1 can now be simplified as

∇2 ~E = µε
∂2 ~E

∂t
(2.2)

To calculate harmonic solutions to the equation 2.3, we take the time dependent term

as ~E = E ′ ejωt, where ω is the angular frequency. Assume the light propagates along

the axis z,

~E = Eej(ωt−kz) (2.3)

where k2 = ω2µε.

2.1.2 Phase property

If the wave is frozen in time, the spatial term ejkz of the expression 2.3 can also be

written as

ejkz = ej(Φ+2mπ) = ejΦej2mπ = ejΦ ∀m ∈ Z

where Φ is defined as the spatial phase of the light wave.
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If we consider a collimated beam travelling through the space, the points with the

same phase Φ forms an wavefront. A flat wavefront is descibed as aberration free; if

the wavefront is deformed, it is called aberrated.

For the case when Φ = 0,

kz =
2πz

λ
= 2mπ

where λ is the wavelength of the wave and

k =
2π

λ

is the angular wavenumber. In a similar way, the angular frequency ω relates to the

period, T , as

ω =
2π

T

.

The phase velocity, vp, of the light wave is defined as

vp =
λ

T
=
ω

k
=

1
√
µε

(2.4)

In vacuum, the phase velocity of the light equals to c. The ratio of c and the

phase velocity when light travelling through a medium is the refractive index (n) of

the medium.

n =
c

vp

When a collimated beam with a flat wavefront passes through a medium with spatially

varying refractive index (n), the optical path length (OPL)s, which is defined as

OPL = nz, travelled by different parts of the beam are different; the phase of the

beam after passing throught the medium is no longer flat and aberration is introduced

into the wavefront.
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Polarisation Linear Linear Linear Linear Left-hand Right-hand
state x y 45◦ −45◦ circular circular

Jones vector

(
1
0

) (
0
1

)
1√
2

(
1
1

)
1√
2

(
1
−1

)
1√
2

(
1
−j

)
1√
2

(
1
j

)
(J)

Table 2.1: Examples of Jones vectors (J) of selected polarisation states.

Aberrations existed in microscopes lead to a reduction in imaging quality which

can be corrected using AO. Details of various aberration correction techniques are

discussed in most parts of this thesis.

2.1.3 Polarisation state

2.1.3.1 Jones calculus

E in the expression 2.3 can be decomposed into x and y two components such that

~E = |E|

|qx|ejθx
|qy|ejθy

 ej(ωt−kz) = |E|ej(ωt−kz)

qx
qy

 = |E|ej(ωt−kz)JQ (2.5)

where |E| is the amplitude of the wave and |E|2 is the intensity of the light. qx and

qy are the normalised x and y components such that |qx|2 + |qy|2 = 1; θx and θy are

the phase of qx and qy respectively. JQ = (qx, qy)
T is the Jones vector which indicates

the polarisation state of the light (see Table 2.1).

The Jones matrix can be used to represent polarisation property of optical element

(see Table 2.2). Polarised light will have its polarisation state (represented by Jones

vector J) modulated after passing through these elements.

J ′ = J J

J ′ is the new polarisation state after passing through an element with polarisation
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Optical Rotators Linear Phase
elements polarisers shifters

Jones matrix R =

(
cosα − sinα
sinα cosα

)
R

(
1 0
0 0

)
R−1 R

(
ejφ/2 0

0 e−jφ/2

)
R−1

(J )

Table 2.2: Jones matrix (J ) of polarising elements - rotators, polarisers and phase
shifters. R is defined as rotators. α is the angle between the target axis and x-axis. A
change of axis for polarisers and phase shifters can be realised through using rotators.
φ is the retardance applied by the phase shifter between the fast and slow axis.

property defined in J .

Note that Jones calculus is able to represent phase information so it is rather

useful in coherent wave analysis. Jones calculus is unable to represent depolarisation.

2.1.3.2 Stokes parameters and Müller matrices

Polarisation states can also be expressed in the Stokes vector (S) such that

S =



S0

S1

S2

S3


=



|qx|2 + |qy|2

|qx|2 − |qy|2

2Re(q∗xqy)

−2Im(q∗xqy)


(2.6)

For fully polarised light, S2
1 +S2

2 +S2
3 = S2

0 . When the light is not fully polarised,

S2
1 + S2

2 + S2
3 ≤ S2

0 . A Stokes vector can thus reflect how polarised the radiation is

while a Jones vector cannot show this property. Some examples of Stokes vectors

were shown in Table 2.3.

A Müller matrix can be used to represent polarisation property of optical element

(see Table 2.4). Polarised light will have its polarisation state (represented by Stokes
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Polarisation Linear Linear Linear Linear Left-hand Right-hand
state x y 45◦ −45◦ circular circular

Stokes vector


1
1
0
0




1
−1
0
0




1
0
1
0




1
0
−1
0




1
0
0
1




1
0
0
−1


(S)

Table 2.3: Examples of Stokes vectors (S) of selected polarisation states.

Optical elements Müller matrix (M)

Rotators R =


1 0 0 0
0 cos 2α − sin 2α 0
0 sin 2α cos 2α 0
0 0 0 1


Linear polarisers R


1 1 0 0
1 1 0 0
0 0 0 0
0 0 0 0

R−1

Phase shifters R


1 0 0 0
0 1 0 0
0 0 cosφ − sinφ
0 0 sinφ cosφ

R−1

Table 2.4: Müller matrix (M) of polarising elements - rotators, polarisers and phase
shifters. R is defined as rotators. α is the angle between the target axis and x-axis.
The axis of polarisers and phase shifters can be realised through using rotators. φ is
the retardance applied by the phase shifter between the fast and slow axis.

vector S) modulated after passing through these elements.

S ′ =MS

S ′ is the new polarisation state after passing through an element with polarisation

property defined in M.
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2.1.3.3 Polarisation state transmission and phase difference

When a system is subjected to cyclic adiabatic processes, a phase difference is acquired

over the course of a cycle. This phenomenon was first discovered separately by Kato

(1950) [22], Pancharatnam (1956) [23] and Longuet-Higgins (1958) [24] and later

generalised by Berry (1984) [25,26] who obtained results not just limited to quantum

mechanics but also extended to wave physics.

This phenomenon can thus be interpreted in the context of light properties. Light

passing through a polarising elements will have its polarisation state together with

its phase state changed. The change in the phase state is a sum of two components

- dynamic phase and geometric phase (which is also called as Pancharatnam-Berry

(PB) phase) where dynamic phase is subject to the wavelength, speed and distance

of propagation which can be very sensitive to the experimental setup while geometric

phase relates to the orientation of the eigenstate of the system. A more detailed

discussion of this phase difference was included in chapter 7.

2.1.3.4 Poincaré sphere

Polarisation states can be virtually shown on a Poincaré sphere with x, y and z

co-ordinates equals to S1, S2 and S3 which are defined as linear x, linear 45◦ and

left circular polarisation respectively (see Figure 2.1). Therefore, all the polarisation

states can be indicated on the Poincaré sphere. A full Poincaré beam means a spatially

varying optical field that maps to the entire poincare sphere. Poincaré sphere is rather

useful to visualise polarisation states and their modulations when a polarised beam

passes through a polarising optics. For example, the polarisation state conversion

after passing through a waveplate with extraordinary axis (Q) and retardance (Ψ)

can be visualised on the Poincaré sphere as a rotation of the sphere about the axis,

Q, with an angle of Ψ. The geometric phase introduced by the waveplate during

the polarisation state modulation can also be visualised as the area of a geodesic
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Figure 2.1: The three spatial co-ordinates on the Poincaré sphere, S1, S2 and S3,
represent linear x, linear 45◦ and left circular respectively.

triangle connecting the initial and final polarisation state and the ordinary axis of the

waveplate, -Q under the waveplate model described in the section 7.1.

Jones calculus, Stokes vectors, and the Poincaré sphere are important mathemat-

ical tools studying polarisation states and modulations which assisted the analysis

and discussions greatly in the chapter 7.

2.1.4 Diffraction and Fourier optics

2.1.4.1 Diffraction and approximations

Huygens’ principle stated that each point on a primary wavefront can be considered

as the source of a secondary wave and a secondary wavefront can be constructed

as the envelope of these secondary spherical wavefronts [27]. Fresnel provided a

mathematical description of Huygens’ principle which was later corrected by Kirchhoff

to satisfy Maxwell’s equations.

E(x2, y2) = − j
λ

∫∫
E(x1, y1)

[
1 + cos(r, z)

2

]
ejkr

r
dx1dy1 (2.7)

where cos(r, z) represents the consine of the angle between r and z; the term in the

square bracket is the obliquity factor Kirchhoff added to account for the directionality

of the secondary propagation. x1, y1 and x2, y2 are the spatial coordinates of the
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primary and secondary plane. r is the distance between a pair of points (x1, y1) and

(x2, y2) and defined as r =
√

(x2 − x1)2 + (y2 − y1)2 + z2.

Fresnel further simplified the diffraction equation by assuming that (1) z is suffi-

ciently large to approximate r in the denominator of the expression and (2) |x2− x1|

and |y2 − y1| are small enough so that r ≈ z + [(x2 − x1)2 + (y2 − y1)2]/2z. The

expression 2.7 is now simplified as

E(x2, y2) ≈ −j e
jkz

λz

∫∫
E(x1, y1)ej

k
2z

[(x2−x1)2+(y2−y1)2]dx1dy1 (2.8)

Fraunhofer took some further simplifications by assuming the secondary plane is

sufficiently far away such that z � k(x2
1 + y2

1)max/2 and thus the expression can be

approximated as

E(x2, y2) ≈ −j e
jkz

λz
ej

k
2z

(x22+y22)

∫∫
E(x1, y1)e−j

k
z

(x2x1+y2y1)dx1dy1 (2.9)

It is interesting to note that Fraunhofer approximation is in fact a Fourier transform

with a premultiplying phase factor. If we create a new set of spatial coordinates such

that u = kx2
z

and v = ky2
z

, we can write

E(u, v) ∝
∫∫

E(x1, y1)e−j(ux1+vy1)dx1dy1

∝ FT [E(x1, y1)]

where FT is the Fourier transform operation.

The Fresnel number, F is defined as

F =
(x2

1 + y2
1)max

zλ
(2.10)

where (x2
1 +y2

1)max is the largest value of (x2
1 +y2

1) (radius of the incoming beam in the
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case of a circular aperture). F can help to evaluate the validity of approximations;

the Fresnel approximation (equation 2.8) is suitable to be used when F ≈ 1 while the

Fraunhofer approximation (equation 2.9) is valid when F � 1.

To allow a physical sense of F, suppose there is a beam with a wavelength of

500nm and a cross section radius of 5mm (which is similar to the back pupil size

of an objective lens), for F= 1, z = 50m. Therefore, for this beam, the Fresnel

approximation is valid if the diffraction field is calculated at a distance of about

several tens of metres; the Fraunhofer approximation is suitable if the distance is

much greater than tens of metres.

2.1.4.2 Thin lens model

For a thin circular convex (converging) lens, using paraxial approximation, it can be

shown that the transmission function of the lens, t(x, y), is expressed as

t(x, y) = Pamp(x, y)e−j
k
2f

(x2+y2)

where f is the focal length and Pamp(x, y) is the pupil function of the lens.

Pamp(x, y) =


1 for

√
x2 + y2 6 1

0 for
√
x2 + y2 > 1

Using the Fresnel approximation of the diffraction theory (equation 2.8) and

paraxial approximation of the transmission function of the lens [1], at a distance
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of one focal length from the lens, i.e. z = f

E(x2, y2) ≈ j
e−jkf

λz
ej

k
2f

(x22+y22)

∫∫
E(x1, y1)t(x1, y1)ej

k
2f

[x21+y21−2x1x2−2y1y2]dx1dy1

(2.11)

∝
∫∫

E(x1, y1)Pamp(x1, y1)e−j
k
f

(x1x2+y1y2)dx1dy1

Once again, by introducing a new set of spatial coordinates u = kx2
f

and v = ky2
f

, we

can write

E(u, v) ∝ FT [E(x1, y1)Pamp(x1, y1)]

which is mathematically expressed as a Fourier transform operation.

The thin lens model (equation 2.11) is only valid when NA is smaller than ∼ 0.5

and the paraxial approximation is valid [1, 7]. NA is defined as

NA = n

√
(x2 + y2)max

f
(2.12)

2.1.4.3 High numerical aperture lens model

For high NA lenses, the contributions of the axially polarized E field in the focal

volume cannot be ignored, while low NA models cannot describe the rotation of the

E field from the entrance pupil to the focal volume. Vectorial theory is thus required

for high NA lenses [6–9]. The general idea of the vectorial diffraction is to decompose

the E field at the entrance pupil into x and y components (EX and EY ) and the

E field after passing through the high NA lens is decomposed into lateral (x-y) and

axial (z) components and analyse each component separately. At the focal plane, the
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total E(u, v) field is

E(u, v) =


E(u, v) · î

E(u, v) · ĵ

E(u, v) · k̂

 =


EX(u, v) · î

EX(u, v) · ĵ

EX(u, v) · k̂

+


EY (u, v) · î

EY (u, v) · ĵ

EY (u, v) · k̂

 (2.13)

where î, ĵ andk̂ are three unit vectors indicating x, y and z directions; E(u, v), E(u, v)

and E(u, v) are three dimensional fields that can be expressed as functions of u and

v; u and v are the two-dimensional lateral spatial coordinates.

EX(u, v) is the field at the focal plane calculated from the x component of E field

at the entrance pupil which can be expressed as

EX(u, v) =

∫ ∞
−∞

∫ ∞
−∞

[
ejkzfE1x(kx, ky)

1

cos θ

]
ej(kxu+kyv)dkx dky (2.14)

= FT
[
ejkzfE1x(kx, ky)

1

cos θ

]
(2.15)

where kx, ky and kz are spatial coordinates in the k space on a spherical cap imme-

diately after passing through the high NA lens such that
√
k2
x + k2

y + k2
z = k = 2π

λ
. f

is the focal length of the lens. ejkzf is a phase constant for any lateral plane. θ is an

angle and its cosine is defined as cos θ = kz
k

.

E1x(kx, ky) is the E field on the spherical cap at (kx, ky) which consists of three

components


E1x(kx, ky) · î

E1x(kx, ky) · ĵ

E1x(kx, ky) · k̂

 = E0x(x, y)


√

cos θ[cos θ + sin2 φ(1− cos θ)]
√

cos θ[(cos θ − 1) sinφ cosφ]

−
√

cos θ sin θ cosφ


where φ is another angle and its cosine is defined as cosφ = kx

k sin θ
. E0x(x, y) is the

E field at the entrance pupil; we normally assume a uniform illumination and thus
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|E0x| is a constant across the pupil.

Similarly, we can derive EY (u, v) from E0y(x, y) by simply rotating the axis by

]90◦ such that the new spatial coordinates (x′, y′) = (−y, x).

We have thus shown the high NA lens model which can be used to calculate the

three dimensional E field at the focal plane from the pupil plane. Though this vecto-

rial diffraction theory should be used whenever a high NA lens is included for analysis,

in practice when polarisation state is not included in discussion and especially in some

applications (such as in some sensoless AO methods discussed in the chapter 4 and

5 in this thesis) when total intensity is the only property of interest, the simple thin

lens Fourier optics analysis would obtain very similar results and thus be favoured

for its simplicity.

2.2 Microscopy

2.2.1 The invention of optical compound microscopy

Optical microscopy is an essential tool in biomedical imaging which reveals structure

and function on a sub cellular scale, whilst being able to image multiple cells and

tissues over volumes. The first compound microscopy was recorded to be invented

by Dutch spectacle-maker Hans Jansen and his son Zacharias [28]. Hooke in Micro-

graphia (1665) [29], the first book of microscopy by scientists, showed many drawings

of biological samples, which were believed to be what he saw using his refined micro-

scope. In the book, he also used the term ‘cells’ for the first time to address some

porous structures. Van Leeuwenhoek (1632–1723) made more than 500 optical lenses

and at least 25 refined microscopes of high quality at the time. He was also the first

to describe protozoa (1674) [30] and bacteria (1683) [31]. Figure 2.2 shows the light

beam passing through a compound microscope and forming a magnified virtual image

of the object viewed by an eye.
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Figure 2.2: A schematic plot of a compound microscope when imaging a small object.
The objective lens forms a magnified inverted real image from the object. The eyepiece
lens forms a virtual magnified image from the real image. The virtual image is viewed
by an eye. The magnification of the object by this compound microscope is the
magnification by the objective lens times the the magnification by the eyepiece.
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2.2.2 Fluorescence microscopy

The first recorded application of the fluorescence phenomenon was to detect counter-

feit wood wrote by Monardes in 1565 [32]. Herschel described fluorescent properties

of quinine sulphate in 1845 [33] which marked the foundation of modern fluorescence

technology. The phenomenon was only later named by Stokes as “fluorescence” in

1852 [34] when he observed that illuminating the mineral fluorspar by ultraviolet (UV)

excitation emitted red light. He also noted that fluorescence always emitted light with

a longer wavelength than the excitation light (Stokes shift). Baeyer created Fluores-

cein as a fluorescent dye in 1871 [35] and the method of fluorescence labelling has

been developed since then. The first green fluorescence protein (GFP) was isolated

by Shimomura from the jellyfish in 1960s [36] and was later cloned and developed as

a tracer molecule by Prasher et al. in 1980s and 90s [37, 38]. Fluorescence proteins

led to a breakthrough in live cell imaging for their ability to label genetic protein

regions selectively and thus to image protein mechanisms and functions.

The first fluorescence microscope was constructed in 1911 by Heimstädt [39] and

this imaging technology were later fastly developed and widely used in biomedical

imaging for its high image contrast. The main difficulties of building a fluorescence

microscope were 1.concentrating sufficient illumination excitation light with the right

wavelengths on the sample and 2.collecting emitted fluorescence free of noise. The

first epi-fluorescence1 microscope was designed by Ellinger and Hirt in 1929 [40] which

tackled the two challenges. The excitation light passed through several filters for the

right wavelength reaching the objective lens and illuminating the sample tissue. A

yellow filter was positioned between the objective and eyepiece to block most reflected

illumination light from interfering the observations. Later in about 40 years time, the

invention of dichroic mirror led another major advance in fluorescence microscope [41].

1The term “epi” is from Greek, meaning “same” and stands for both the excitation and emission
light passing through the same objective lens.
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Figure 2.3: An schematic plot of a epi-fluorescence microscope with a dichroic mirror
included. Excitation light is reflected by the dichroic mirror into the objective and
the emitted fluorescence with a different wavelength is transmitted by the dichoic
mirror.

Comparing to conventional filters which absorb certain wavelengths, dichroic mirrors

work more efficiently by reflecting certain wavelengths while letting the others pass;

the excitation beam is reflected by the dichroic into the objective and the emitted

fluorescence of a different wavelength passes through the dichroic to reach the eyepiece

(see Figure 2.3).

Fluorescence microscopes maximise signal to noise (background) ratio by attach-

ing fluorescent molecules to the structures of interest and collecting light emitted only

by those structures which led great advancements in microscopy.

2.2.3 Confocal microscopy

Widefield microscopy was the major form of microscopy in the early ages until the

invention of confocal microscopy during the 1960s and further developments during

70s and 80s by the collective contributions of several researchers all over the world [42–

44]. Widefield means the entire volume of interest in the sample is exposed to the light

source and results the whole volume being imaged simultaneously with out of focus
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Figure 2.4: A schematic plot of a confocal microscope. Excitation beam passes
through a pinhole before being reflected by a dichroic mirror onto a scanner which
scans the beam across the sample. The emitted fluorescence is descanned and passes
through the dichroic and another pinhole before reaching the signal detector. The
scanner is normally positioned at a conjugate pupil plane which can be accessed
through a 4-f system (which was not included in the figure) such that the back pupil
plane is re-generated away from the objective.

planes being blurred. In contrary, confocal microscopy eliminates out of focus signal

by introducing a pinhole which is comparative to the size of a diffraction limited point

spread function (PSF); only a small area on a thin slice of the sample is illuminated

each time and only fluorescence emitted from the illuminated region is collected. A

scanning mechanism (either through scanning the beam across the sample or through

moving the sample around the beam) is used so that the fluorescence signal is collected

pixel by pixel and assembled into an image later. By doing so, it allows optical

sectioning in axial direction. See Figure 2.4 for a design of a confocal microscope.
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2.2.4 Nonlinear optical microscopy

Different from conventional microscopy which typically uses linear interactions, non-

linear microscopy uses nonlinear light-matter interactions to produce images. two-

photon (2-P) absorption was first discussed by Göppert-Mayer [45] in 1931 but was

only observed thirty years later by Kaiser and Garrett [46]. 2-P absorption is a phe-

nomenon that two photons of a longer wavelength are absorbed simultaneously by a

molecule which then deexcite to release one photon of a short wavelength which is

almost half of the wavelength of the excitation light. The first 2-P microscope was

not feasible until 1990 by Denk et al. [47] when mode-locked femtosecond laser was

available; femtosecond laser delivers much higher photon density than conventional

laser to allow sufficient 2-P excitation events. The advantage of 2-P microscope is

that it allows optical sectioning without a pinhole and it greatly reduced out-of-focus

photobleaching. Long wavelength excitation beams also suffers less tissue scattering

and travels deeper inside the tissues which allows deep tissue imaging. See Figure 2.5

for a design of a 2-P microscope.

Later, in 1996, Xu et al. first applied three-photon (3-P) excitation in laser scan-

ning microscopy [48]. As the name suggested, 3-P excitation is similar to a 2-P

excitation apart from three photons, instead of two, are absorbed simultaneously at

each time. 3-P imaging can use even longer excitation wavelengths than 2-P which

thus suffers less tissue scattering and is extremely useful especially in deep imaging.

In 2013, Horton et al. demonstrated of using a 3-P microscope to image an intact

mouse brain in vivo [49]. Another advantage of 3-P excitation than 2-P is that it

has a even thinner optical sectioning as fluorescence signal drops faster for out-of-

focus planes. However, since 3-P imaging requires a higher photon density, in-focus

photobleaching is more likely to happen comparing to a 2-P system [50].

The phenomenon of second harmonic generation (SHG) was first demonstrated

by Franken et al. in 1961 [51] and later observed in biological samples by Fine and
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Figure 2.5: A schematic plot of a 2-P microscope. Excitation beam is scanned by a
scanner before being reflected by a dichroic mirror into the objective. The emitted
fluorescence passes through the dichroic before reaching the signal detector. The
scanner is normally positioned at a conjugate pupil plane which can be accessed
through a 4-f system (which was not included in the figure).

Hansen in 1971 [52]. The first SHG microscopy was demonstrated by Hellwarth

and Christensen in 1971 [53] and was later used for biological imaging in 1986 by

Freund and Deutsch [54]. Although SHG also requires two photon conversion, it is

significantly different from 2-P; it does not require fluorophore labelled samples; after

the conversion, the generated new photon contains exactly twice the energy (half

the wavelength) and conserves the coherence of the excitation beam. Similar to 2-P

imaging, SHG is also suitable for deep imaging and allows optical sectioning. Since

no fluorophore was used, SHG does not suffer from photobleaching. An disadvantage

of SHG is that only limited materials are capable of generating second harmonics.

Note that there are also third harmonic generation (THG) optical microscopes which

are not elaborated in this section since they are not commonly used in biomedical

imaging.

The first coherent anti-Stokes Raman scattering (CARS) observation was reported
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Figure 2.6: Energy band diagram for CARS imaging process. A pump beam first
raise molecules from ground state to the first virtual state. A Stokes beam, which
has a smaller energy than the pump beam, stimulate the depopulation of the virtual
state to a vibrational state. A probe beam, which has the same wavelength as the
pump beam, bring molecules from vibrational state to the second virtual state. The
molecules relax from the second virtual state back to the ground state and release
CARS signals for imaging.

by Maker and Terhune in 1965 of which they referred to as “three wave mixing

experiments” [55]. This phenomenon is better explained by an energy band diagram

in Figure 2.6 which can be simply described as molecules emit light with higher energy

and a shorter wavelength than that of a pump beam, thus anti-Stokes scattering.

CARS was first applied on biological imaging by Begley et al. in 1974 [56]. The

advantage of CARS microscope is that no labelling of specimens is required which

avoids phototoxicity and photobleaching.

Because non-linear microscopes normally use long excitation wavelengths, they are

good candidates for deep tissue imaging which also make them more likely to suffer

from sample induced scattering and aberrations. In this thesis, a 2-P microscope

was used for sensorless AO methods demonstration in chapter 5. Since many of the

non-linear microscopes (apart from CARS) have very similar optical designs, we are

expecting the results and conclusions obtained from the 2-P microscope can be readily
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extended to other non-linear microscopes.

2.2.5 High-resolution and super-resolution microscopy

In the late twentieth and twenty-first centuries, high-resolution microscopes like 4-

pi microscope and super-resolution microscopes like STED, SIM and single molecule

localisation microscopy (SMLM) create images with resolution better than the diffrac-

tion limit and improve the resolution to a few or tens of nanometers.

The 4-pi microscope was first described by Hell and Stelzer in 1992 [57] which

has an axial resolution up to seven times higher and also holds a higher lateral res-

olution than that of a confocal fluorescence microscope. The main idea is to have

two objective lens facing each other so that the illumination beams coming from both

objectives interfere with each other and thus generate an effective focal spot which is

smaller than the focal spot generated from a single objective. The 4-pi optical design

can be implemented in conjunction with a confocal [58, 59], 2-P [60], STED [61] and

SMLM [62].

The STED microscope was first described by Hell and Wichmann in 1994 [63] and

demonstrated by Klar et al. in 1999 [64]. A ring shaped depletion beam was generated

at the focal plane to overlap with the excitation focal spot. The excitation beam

with a diffraction limited size excites molecules which are then selectively depleted

by the depletion beam. Stimulated emission happens before fluorescence emission

which relax excited molecules to emit photons of a different wavelength as normal

fluorescence emissions. Since the depletion beam has a ring shape, molecules at

the central void of the depletion beam are more likely to emit fluorescence than

molecules on the depletion ring. By increasing the intensity of the depletion beam,

fewer molecules can emit fluorescence; eventually the depletion beam saturates such

that all the molecules on the ring are depleted and only molecules in the central void

have a chance of emit fluorescence. By separating the fluorescence emission from the
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stimulated emission, we can collect signals only from the central void of the depletion

beam which is smaller than the diffraction limited size of the excitation focal spot.

Gustafsson proposed and realised a SIM microscope using spatially structured

illumination beam to extract high frequency imaging components [65]. In a conven-

tional widefield micrscope, the maximum spatial frequency of the sample that can

be observed depends on the diffraction limited size of the system focal spot. Struc-

tured illumination encodes a new set of high spatial frequency information in the

form of moiré fringes. Several images can be collected when different illumination

structures with different orientations and frequencies are used for imaging. High spa-

tial frequency information of all directions are thus obtained and reconstructed into a

super-resolution image. The high temporal resolution and the low illumination power

allow SIM to be suitable in live-cell imaging.

Exploiting the known ability to localise single molecules with nanometer precision,

a few similar single molecule approaches were proposed independently by different re-

searchers in 2006 to achieve super-resolution imaging [66–68]. By separating different

fluorophore emissions in time, one molecule can be distinguished from the neighbour-

ing molecules. Fluorophores are activated stochastically by light and a large number

of images each containing different active molecules are collected. For each image,

the density of excited molecules is kept low so that no molecule overlaps with its

neighbours. The locations of the molecules in the sequence of images are identified

and used to build up a super-resolution image.

High-resolution and super-resolution microscopes tend to be more sensitive to

aberrations than conventional microscopes. For example, piston, tip and tilt normally

do not affect imaging quality in conventional microscopes but they can seriously

influence the 4-pi and STED microscopes [69–71]. Furthermore, STED and SIM

microscopes are also affected by polarisation state errors [12–14]. These observations

are discussed in chapter 4 and 7.



27

2.3 Adaptive elements

2.3.1 Adaptive optics devices

Microscopy imaging quality suffers from phase and polarisation state errors [11, 19,

72–75]. With aberrations (especially phase aberrations), the focal spot is deformed

and is no longer diffraction limited which reduce the imaging resolution of the system

2. These aberrations (both phase and polarisation state) may be corrected by suitably

chosen adaptive elements. In this section, we discussed some major AO devices which

are widely used in microscopes. Note that there are also other kinds of adaptive

elements such as fluid-filled devices [76–78] which are not elaborated since they are

less widely used in practice comparing to the major devices mentioned in this section.

2.3.1.1 Objective lens correction collar

Objective lens correction collar is one of the simplest AO which corrects spherical

aberration introduced by sample coverslips or immersion fluid refractive index mis-

match through adjusting central lens group position. This simple adaptive element

can be rather useful when more complex AO devices (such as DM and SLM) are

unavailable; it is also often desirable to be used in conjunction with continuous mem-

brane DMs which have limited actuator stroke while unable to display wrapped phases

and thus less desirable when correcting a large spherical aberration. Conventional ob-

jective lenses have manually tunable correction collar. In recent years, there are ob-

jective lenses equipped with motorised digitally controllable correction collars which

assist an easier and more accurate operation.

2The effects of aberrations on the focal spots can be easily shown by the (thin or high NA) lens
models in the section 2.1.4.2 and 2.1.4.3
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2.3.1.2 Deformable mirror

A DM corrects phase aberrations through deforming the mirror shape and thus mod-

ulate the wavefront [79]. Its performance does not depend on polarisation states or

wavelengths which makes it useful in fluorescence imaging. micro-electro-mechanical

systems (MEMS) DMs with continuous reflective membrane normally do not have

confined actuator influence which makes it difficult to be operated directly. Calibra-

tions are often needed to before the device used for aberration corrections.

The aim of DM calibration is to calculate the relationship between the control

signal applied to the mirror and the changes of the mirror shape. A control signal

is applied to each actuator one at a time in sequence and the deformations of the

DM are measured using a wavefront sensor. A control matrix, connecting the control

signal to DM deformation, is calculated and inverted for later aberration correction

usage.

There are also segmented DM consisting of many small rigid mirror sections that

can be controlled individually. Therefore, the influence function of one actuator

is localised. There are unavoidable gaps between mirror segments cause light and

diffraction losses especially when neighbouring mirror segments have step changes on

the surface. This can be reduced if there are three actuators per mirror such that

each mirror can be tilted to minimise gaps.

There are also other DM concepts (such as bimorph or ferofluid concepts) which

are not discussed here in details since they are not commonly used in optical mi-

croscopy.

2.3.1.3 Spatial light modulator

A liquid crystal (LC) SLM contains a two-dimensional panel of independently con-

trollable uniaxial birefringent pixels [80]. When a varying voltage applied, each pixel

can change the OPL along its extraordinary axis . Light with components along the
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extraordinary axis is thus modulated. Therefore, a LC SLM can be used as a polari-

sation state modulator. When a SLM is used as a phase only device, the input beam

needs to have a linear polarisation state along the extraordinary axis. Since SLMs are

polarisation state and wavelength dependent, they are mostly suitable of correcting

aberrations of the laser beams but not incoherent light source or fluorescence.

2.3.2 Adaptive optics operations

The general operation principle of AO as a phase aberration compensator is to position

the AO at the conjugate pupil plane and introduce a spatially varying OPL to the

beam such that sections of the beam with phases ahead of the rest of the beam pass a

longer OPL when reflected by and transmitted through the AO; the aberrated pupil

wavefront is thus restored to a flat wavefront by the AO and the focal spot is shaped

to its diffraction limited size. Many approaches have been examined to implement

AO in different types of microscopes, which may be classified generally as sensored

and sensorless aberration correction methods.

2.3.2.1 Sensored operations

As the name suggested, sensored methods include employ wavefront sensors for phase

aberration measurements. There are commonly two types of wavefront sensors used

in optical systems: Shack–Hartmann and interferometric wavefront sensor.

A Hartmann-Shack sensor [81, 82] consists of a lenslet array, where each lens has

the same focal length. A camera is used to image all the focal spots generated by

the lenslet array when light with a wavefront for measurements passes through the

lenslets. If the wavefront is totally flat, all the focal spots should position on the

optical axes of all the lenslets (see Figure 2.7 (a)). The distances of the shifts of the

focal spots represent the average local gradient of that section of the wavefront (see

Figure 2.7 (b)).
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Figure 2.7: An demonstration of a Hartmann-Shack sensor used for wavefront sensing.
(a) is when a beam with a flat wavefront comes into the sensor; all the focal spots
are positioned on the optical axes of the lenslets. (b) is when a beam with a non-flat
wavefront passes through the lenslets; the focal spots are shifted proportional to the
average gradients of the section of the wavefront.

The working principle of an interferometric wavefront sensor is to make the beam

for measurement interferes with a reference beam which has a flat wavefront. The

interference patterns contain wavefront information which can be decoded through

various ways. One way is to Fourier transform the interference patterns and the

wavefront of the beam for measurement is encoded in the areas around the first

order side lobes of the Fourier transformed interference pattern (which correspond to

the frequency of the interference patterns). Shift one of the side lobes back to the

origin and inverse Fourier tranform reveals the wavefront information of the beam of

interest [83]. Note that the interferometric wavefront sensor normally implemented on

measuring the wavefront of the illumination beam or DM calibrations as the operation

requires spatially coherent light.

2.3.2.2 Sensorless operations

Indirect wavefront sensing or sensorless operations describe techniques of correcting

aberrations using adaptive elements without a dedicated wavefront sensor mentioned
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above. Output images are used to calculate some quality metric which serves as a

feedback signal in order to control the optics. Sensorless operations normally correct

aberrations iteratively and thus require more sample exposures. However, because

these kinds of methods require no extra hardware on direct wavefront sensing and

hence allow simpler optical design, they are often chosen in many microscopy designs

and applications. There are also cases when fluorescence signal level is too low,

sensored methods become infeasible, leaving sensorless methods the only option.

2.3.2.3 Zernike polynomials

Zernike polynomials were first proposed by Zernike in 1934 [84] which are derived

from classical optical imaging through systems containing lenses and mirrors of finite

diameter. The polynomials are orthogonal over a unit circular area which are often

used as the basis modes for aberration corrections.

For a given radial and angular order m and n, Zernike modes can be defined as


Zm
n (ρ, ϕ) =

√
2n+ 1Rm

n (ρ) cos(mϕ)

Z−mn (ρ, ϕ) =
√

2n+ 1Rm
n (ρ) sin(mϕ)

Z0
n(ρ, ϕ) =

√
n+ 1R0

n(ρ)

(2.16)

where n ≥ m ≥ 0. ρ is the radial coordinate (0 ≤ ρ ≤ 1). ϕ is the azimuthal angle

(−π < ϕ ≤ π). Zm
n are called even modes because of the cosine term and similarly

Z−mn are called odd modes due to the sine term.

The radial polynomial Rm
n (ρ) is defined as

Rm
n (ρ) =

n−m
2∑

k=0

(−1)k(n− k)!

k!(n+m
2

)!(n−m
2

)!
ρn−2k (2.17)

Noll introduced a single valued index, j, to sequence the Zernike polynomials of
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Figure 2.8: The first 10 Zernike polynomials in Noll’s sequential indix. The modes
in the same row has the same radial order n. The modes sit in the central columns
have small angular order m. Left-hand side are odd functions while right-hand side
are even functions. For the equations to generate these modes and their names and
orders, please see the table 2.5.

different radial, n, and angular, l, orders. Note that l is the angular order with signs

and m is angular order without signs where signs indicate whether the modes are odd

(negative signs) or even (positive signs). |l| = m. The exact definition of the indices

is included in [85].

2.4 Machine learning

The machine learning (ML) technology arises from the urge of processing and making

a better usage of the vastly growing number of available data. Conventionally, people

write explicit algorithms instructing computers to process data in certain ways; by

doing so, only a limited number of useful information can be obtained since the

extracted information depends highly on the defined algorithm people put into the
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Noll’s Z l
n Name Functional

indice (j) expression
1 Z0

0 Piston 1
2 Z1

1 Tip 2ρ cos θ
3 Z−1

1 Tilt 2ρ sin θ

4 Z0
2 Defocus

√
3(2ρ2 − 1)

5 Z−2
2 Oblique Astigmatism

√
6ρ2 sin(2θ)

6 Z−2
2 Vertical Astigmatism

√
6ρ2 cos(2θ)

7 Z−1
3 Vertical coma

√
8(3ρ3 − 2ρ) sin(θ)

8 Z1
3 Horizontal coma

√
8(3ρ3 − 2ρ) cos(θ)

9 Z−3
3 Vertical trefoil

√
8ρ3 sin(3θ)

10 Z3
3 Oblique trefoil

√
8ρ3 cos(3θ)

Table 2.5: The first 10 Zernike polynomials.

computer; computer is also only capable of doing simple tasks identified by people

through those explicit algorithms. These kinds of data processing are not making full

use of the available data and thus deemed as not ideal.

ML based studies and technologies provided an alternative way for data process-

ing. When using ML based methods, people only identify tasks for the computer

without providing any explicit algorithms [86, 87]. By feeding in a vast number of

training datasets, the computer studies, extracts useful common features and tries to

map a complex model linking the inputs to their outputs. Therefore, many ML base

technologies are closely related to computational statistics.

ML approaches can be generally classfied into three categories: supervised learn-

ing, unsupervised learning and reinforcement learning.

2.4.1 Supervised learning

Supervised learning is when the learning process of the computer is supervised by

humans. This is achieved through feeding in labelled datasets during the training

process. The labels of the training data are the ground truth, which are normally the

desired outputs. The computer uses a complex network structure, consists of linear

and nonlinear operations, to try to map the inputs (data) to the outputs (labels).
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Through iterative convergence, the accuracy for the computer to predict the correct

outputs (data labels) increases; when the network achieves a high accuracy, it is then

ready to help us predict outputs from some other non-labelled inputs.

Some examples of supervised learning including deep neural network (DNN) and

convolutional neural network (CNN) which were shown to be rather effective espe-

cially in processing a large number of data and accomplishing complex tasks.

2.4.2 Unsupervised learning

As the name suggests, unsupervised learning is opposite to the supervised learning

where the training data was not labelled. In many unsupervised learning, the tasks

were also not identified for the computer. The computer studies the data (such as

the sequence and the appearance frequencies) and try to reveal hidden patterns.

One important application of unsupervised learning is natural language processing

where a large number of articles, paragraphs and texts are fed into the computer to

allow it to work out the relationships among different words and try to decipher the

meanings of human languages.

2.4.3 Reinforcement learning

Reinforcement learning is when the computer learns through continuously interacting

with the dynamic environment and thus navigating the problem space. The task is

set through providing positive feedback when the computer provides desirable moves

and negative feedback when the moves are not wanted. Reinforcement learning re-

quires both positive and negative feedback and thus is normally used in simulated

environments (since in a real environment negative feedback may bring devastating

consequences which are not desirable). Some examples of using reinforcement learning

are learning to drive a vehicle or play a game.

In recent years, ML, especially deep learning has been studied and demonstrated
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in image processing (such as denoise and deconvolution) and phase retrieval. This

will be further discussed in chapter 6 where we also presented a ML based phase

retrieval method which is largely different from other ML based methods in literature

and has distinct advantages.



Chapter 3

An automated control system for

spherical aberration and defocus

compensation

Correction collars have been widely used on high numerical aperture microscope ob-

jective lenses to enable corrections of spherical aberration induced by coverglasses and

immersion fluid mismatches. Although they have simple designs and functionalities,

correction collars have their distinct advantages over other more complex aberration

compensation AO devices such as DMs and SLMs. Correction collar implementations

do not require access to back pupil plane which lead to simple optical designs; they

are in general cheaper than other more complex adaptive elements; they are also of-

ten used in conjunction with continuous membrane DMs in the same optical systems

because DMs have limited actuator stokes while unable to display wrapped phases

and thus are less effective when used to correct large amplitude aberrations such as

a large spherical aberration.

The operations of correction collars when compensating spherical aberrations are

through moving the central lens group. However, the adjustments to correction collar

36
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settings not just apply spherical aberration compensations but also introduce extra

defocus [88]. We therefore need an axially movable stage to bring the sample back

to focus. The correction collar can be considered as a simple AO element; the aim

of it is to apply a phase correction that is opposite to the spherical aberration in the

system.

A conventional correction collar is controlled manually. Inaccurate markings and

mismatched immersion fluid (which would in effect lead to a different correction collar

scale) are often problematic. Besides, as we mentioned above, tuning the correction

collar leads to an axial shift of the focal spot (which is equivalent to adding a defocus

into the back pupil plane of system). Since both spherical aberration and defocus

result blurred images, it is difficult to distinguish which factor leads to a degraded

output, and thus makes the operations of conventional correction collars even harder.

Objective lenses with motorised correction collars started to be manufactured by

Zeiss in recent years; this type of optical lens allows digital controls of correction

collars. To harness the advantages of this motorised objective lens, an automated

aberration and focus correction system for microscopes was presented in this chapter.

In conjunction with an image-based control system, this new objective lens can now

be more easily operated than a conventional objective lens.

There are previous works done for a similar purpose in the literature about cor-

recting spherical aberration and defocus using an objective lens correction collar and

an axial direction movable stage [89,90]. However, the method relied on the variations

of the total intensity of the images and thus the method is not applicable to imag-

ing systems like a widefield microscope (of which the total intensity does not vary

with spherical or defocus aberrations). The method in the literature also requires

x-z (or y-z) imaging scanning which may not be available in some imaging systems

which were designed mainly for x-y lateral plane imaging. It is thus the motivation

of this chapter to present a different, more general and efficient method which can be
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adapted to any imaging system without such limitation.

In this chapter, we first presented the optical system setup. An image based

quality metric was introduced and discussed. An automated control of spherical and

defocus correction which required a minimum of six measurements was then presented.

Outputs from the correction process were included to show that the control system

performed promisingly.

3.1 The experimental setup

A widefield fluorescence and reflection microscope was used in this project. This was

chosen for simplicity of the set up and demonstration of the control algorithms. The

setup of this microscope is shown in Figure 3.1. Two degrees of freedom were allowed

in this setup. A motorised objective lens (Zeiss Objective LD LCI Plan-Apochromat

40×/1.2 Imm) was used to apply spherical aberration correction. A 3D stage (Piezo

TRITOR 102 SG) was used to adjust sample position and hence refocus the optical

system.

Note that the aberration correction is specified in the unit of mm in a range of 0.15

mm to 0.19 mm; this means that the negative aberration applied by the correction

collar corrected an equivalent aberration induced by a coverglass with thickness in a

range of 0.15 mm to 0.19 mm.

The Piezo 3D stage actuator used has an axial working range of 80 µm.

3.2 An automated control system

The aim of this project was to design an automated control system that allowed a

convenient use of the motorised objective lens. As mentioned before, adjusting an

aberration correction collar also moves the focus [89]. This control system was hence

required to be capable of both applying the best spherical correction and locating the
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Figure 3.1: Left-hand side is the widefield microscopy setup for experiments. Right-
hand side is the a schematic plot of the setup. The light source generates visible
light with a mixture of all wavelengths. Light with short wavelengths reflected down
into the motorised objective lens (LD LCI Plan-Apochromat 40×/1.2 Imm) by a
510nm longpass dichroic mirror. Fluorescence emitted by the sample goes back into
the objective lens, passes through the dichroic mirror and focused onto the camera
(DCC1545M CMOS) by the imaging (tube) lens (f=250 mm). The microscope may
also operate as a reflection microscope since the dichroic lets through some of the
back reflected light. See the arrows on the schematic plot for the direction of the
light propagation.
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optimal focusing position for any sample of interest.

Before designing a control system to operate the devices, we needed to define a

metric, calculated from the images, to quantify how well the the spherical aberration

and defocus were corrected. The metric could then be optimised using a suitable

algorithm.

3.2.1 An image based assessment of spherical aberration and

defocus correction

Both spherical aberration and defocus affect the image quality. It is expected that the

best images would be obtained when aberrations are minimised and when the system

is in focus. Therefore, it is possible to determine an optimal aberration correction via

optimising an appropriate image-based quality metric. [91]

Advantages of using such a metric are that the metric is easy to calculate and

very effective. Since the outputs of all types of microscopes are images (or sequences

of images), an image-based metric can be easily adapted to many other types of

microscopes with little changes. This metric also requires no assumption about the

optical system nor the sample structure for imaging.

The visibility of an image is affected by the contrast of the sample features to the

background, the sizes of the features and the quality of the PSF; an object which has

a higher contrast from its background, is larger in size and is imaged by a sharper

PSF is more visible [92]. (See Figure 3.2.) The contrast of the image is affected

by the illumination conditions; the size of features present depends on the choice of

sample; only the quality of the imaging PSF is affected by the spherical aberration

and defocus. The image based quality metric thus needs to be independent of the

illumination condition and the sample structure. The image sharpness was chosen as

the quality metric since smaller features and clearer edges can be resolved when the

PSF quality is better.
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Figure 3.2: The horizontal axis of the images are the sizes of the circular objects.
The vertical axis are the relative contrast of the objects to the background. (a) is
the simulated original sample of which all the circular structures are visible. (b)
is a simulated sharp image of the sample (a). Most structures are still visible but
the edges of the circular structures are blurred. (c) is a simulated blurred image of
the sample (a). Small sized structures with low contrasts are less visible than large
structures with high contrasts.

Many mathematical expressions have been developed to define image sharpness

[93]. Among all expressions, we chose a frequency threshold metric, ffq, as our control

system metric. The frequency threshold metric is defined as the sum of all frequency

components above a certain frequency threshold α (see expression 3.1); it works

similar to a high pass filter, of which only high frequency components contribute to

the calculation of the image metric. This metric performs consistently [93]; besides,

it also provides us with one degree of freedom to choose: α, the threshold value.

This property can be very beneficial as we can adjust α based on the features of the

specimens that we are interested in. For samples with coarse features, we will choose

a smaller α while for samples with fine features, we can adjust α to a larger value.

This adjustment can help us to customise the control system metric and create a
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metric that is more accurate for each specific sample.

ffq =

∫ ∞
α

∫ 2π

0

|FT [I(θ, r)]| dθ dr (3.1)

where α is the chosen frequency threshold; FT [I(θ, r)] is the Fourier transformed

image intensity distribution in the frequency domain which is equivalent to the image

spectrum; θ and r are polar coordinates in the spatial frequency domain.

3.2.1.1 Some modifications to the frequency threshold metric

If the noise is assumed to be uniformly distributed across all frequency components,

as the threshold α increases, the signal to noise ratio (SNR) decreases; the metric

becomes more susceptible to noise [93]. The practical values of α were also limited

by the spatial frequency cut off of the imaging system. It was also noticed that

this metric could also be influenced by other image properties such as contrast. To

apply this metric and make it more suitable for our project, some modifications were

required.

Noise threshold. To reduce the effect of noise, we defined a modified metric, fn,

with one more threshold β as upper frequency limit; any frequency components above

β would be considered as noise and would not be summed in the metric calculation.

An upper limit on β could be decided by the spatial frequency cut-off of the imaging

system. The frequencies of the features were included in the range smaller than β

and larger than α (see Figure 3.3).

fn =

∫ β

α

∫ 2π

0

|FT [I(θ, r)]| dθ dr (3.2)

Ratio metric. Contrast could also affect this metric calculation; an image with

a larger contrast but not necessarily a better sharpness could also lead to a higher

metric value. (see Figure 3.4) To reduce the influence of contrast, instead of summing
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Figure 3.3: The output image (an image of a lilium anther sample) was Fourier trans-
formed into the frequency domain. The area contained within the red ring (frequency
components below α, r < α) are the selected low frequency components. The area
contained within the green ring but outside the red ring (frequency components be-
tween β to α, α < r < β) were the selected high frequency components. The area
outside of the green ring (frequency components larger than β, β < r) were the spatial
frequency cut off of the imaging system; the frequency components contained mainly
noise. Note that the both Fourier figures were calculated when zero paddings were
added to the image which effectively increased the number frequency bins that were
more closely spaced in frequency; this was done purely for display purposes.
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Figure 3.4: Two images of a lilium anther sample had the same sharpness but different
contrasts. Contrast affects the frequency threshold metric (metricfre) defined in the
expression 3.1 but not the ratio metric (metricratio) defined in the expression 3.3.

high frequency components between α and β, we calculated a ratio metric, fr defined

as the sum of high frequency components between α and β over the sum of low

frequency components smaller than α.

fr =

∫ β
α

∫ 2π

0
|FT [I(θ, r)]| dθ dr∫ α

0

∫ 2π

0
|FT [I(θ, r)]| dθ dr

(3.3)

3.2.1.2 Variations of the image quality metric against the spherical aber-

ration and defocus

We have defined an image-based quality metric to assess the spherical aberration and

defocus correction according to the expression 3.3. A series of images was captured

when the optical system stepped through a range of spherical aberration corrections

and a range of axial movable stage depth positions. The images were analysed and

the corresponding quality metric values were calculated. The system quality metric

values varying against both the spherical aberration correction and the focus position

are displayed in figure 3.5.

These results show that this system quality metric varies with both the spherical

and defocus correction; a high metric value indicates that a good spherical aberration
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Figure 3.5: The metric as a function of both the spherical aberration correction and
the focus position. Two aberration corrections to a coverglass with thickness of 0.1551
mm (the black coloured plot) and 0.1731 mm (the green coloured plot) were selected
and the metric plots across all focal planes for both cases were compared. Four images
of a lilium anther sample captured with different metric values were also included for
demonstration.
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Figure 3.6: The linear approximation to the focal shift effect. For each objective
lens correction collar setting, the maximum of the metric plot (when the system is
in focus) was marked with a blue dot. A linear model was used to fit these marked
points to determine the relationship between the correction collar settings and the
corresponding best focusing positions.

correction and a focused optical system. When the spherical aberration is corrected

perfectly, the plot of the metric against focus position is also observed to be have the

highest peak, be the sharpest and most symmetrical roughly Gaussian curve shape.

While when the spherical aberration is not fully corrected, the plot of the metric

against the focus position is seen to be lower, wider and in the shape of a skewed

normal distribution curve. It can be explained as the spherical aberration increases

the depth of focus which causes skewness and a widening of the metric plot.

It can also be observed that the objective lens correction collar shifts the focal

plane linearly as on the metric map (Figure 3.6), the high metric values (in the yellow

colour and marked by blue dots) are distributed roughly on a diagonal line (fitted by

a red line). This approximately linear relationship can be used to simplify the control

system to make it more efficient.
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3.2.2 Specification of the control system using the image

quality metric

With the image quality metric, a full control strategy can now be specified. From

the Figure 3.6, it is learnt that the objective correction collar settings have a linear

relationship with the axial movable stage settings; it is therefore logical to search

along the diagonal line (the red line) for the maximal metric value.

The automated control system thus consists of three steps: to determine the initial

axial position of the focal spot, to determine the gradient of the linear model and to

search for the maximal metric reading along the linear model.

3.2.2.1 To locate the initial axial position of the movable sample mount-

ing stage

To start the control scheme, we first needed to identify the axial location of the

focal spot for an initial correction collar setting. Mathematically, it is equivalent to

determine the constant term of the linear model. This could be achieved through

moving the sample mounting stage while seeking for the plane where the sharpest

image and highest metric value was obtained. As shown in the Figure 3.5, for a collar

setting, the metric varied against the focal position where the peak of one metric plot

corresponded to the best focus for that particular collar setting. It was also observed

that the curve could vary in shape due to spherical aberrations and it might be skewed

(see the green metric plot in the Figure 3.5).

A polynomial up to order three could be used to fit the metric variations and help

to determine the metric peak. Polynomials up to order three allowed the model to

capture the skewness of the metric plot; at the same time avoided overfitting and

ensured the efficiency: a minimum of four (n+1) data points were required for fitting

an order three (n) polynomial model. This could promise a high calculation speed

when processing as part of the control system. Figure 3.7 showed that the third order
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polynomials fitting provided promising approximations of the metric peak. Note that

a polynomial of up to order two may also be used to fit the metric but may result a

less accurate prediction; for a quadratic fitting, a minimum of three data points were

required for the optimisation.

3.2.2.2 To determine the gradient of the spherical-defocus linear model

The correction collar settings and their best focal planes have a linear relationship (as

shown in the Figure 3.6). The gradient varied with different samples over different

FOV but in a range of −2.3 to −1.6 which was around −2. We could hence use −2

as an initial gradient and update it when more measurements became available.

One possible explanation for the varying gradient was that when the system had

a large spherical aberration, the PSF was elongated in the axial direction (a large

depth of focus) which could result a less defined focal plane. There was an interesting

observation when the experiments were repeated ten times by imaging ten different

regions of the same specimen. Ten series of images were analysed and ten sets of

results were displayed in Figure 3.8. It was noticed that the approximated focal plane

was the most distinct when the spherical aberration was best corrected and thus the

focal spot was the sharpest with the smallest depth of focus. When the spherical

aberration was not fully corrected, the focal plane was difficult to be identified since

an aberrated focal spot was elongated with a large depth of focus. This observation

explained why there was a variation in the gradient measurement of the spherical-

defocus linear model; though all the linear model passed through the same point when

spherical aberration was fully corrected, the gradient varied due to the inaccurate

identifications of the focal plane when spherical aberration was far from corrected.

After the first two steps described in the above section 3.2.2.1 and in this sec-

tion, we obtained the spherical-defocus linear model. Making use of this model, we

could thus hold the system in focus while vary its spherical compensation setting



49

Figure 3.7: Eight experiments on the same sample over the same FOV with exactly
the same correction collar settings and the same range of the focal positions were
repeated. Eight identical outputs were expected from the eight repeated experiments.
The maximum metric readings of the eight experiments varied slightly due to noise.
However the third order polynomial curve fitting provided very similar focal plane
approximations.



50

Figure 3.8: Ten sets of results from analysing ten different regions of the same lily
anther sample were displayed to show that the relationship between the spherical
aberration correction applied and the focal plane deduced was approximately linear.
The left plot showed that the approximate focus was more distinct when the cor-
rections to coverglass thickness were 0.1551mm to 0.1577mm; the right plot showed
that the system metric was the highest when the correction to coverglass thickness
was 0.1567mm. The approximate focal plane was more distinct when the spherical
aberration was corrected better.

independently to search for the metric optimum.

3.2.2.3 To determine the maximum metric reading

The best spherical aberration and defocus correction was determined by comparing

the metric values on the spherical defocus linear model (see Figure 3.9). A polynomial

model up to order three was once again being used for its simplicity and effectiveness

(and a second order polynomial could be used but may result a less accurate result).

A local search for a maximum was then applied after the metric plot was fit into

a smooth curve based on our assumption that there was only one best correction

collar setting; i.e. a local maximum also corresponded to the global maximum. The

assumption is valid when the sample for imaging is very thin (in the order of 10s µm).

An interesting observation was that for samples with fine features, the metric was

more sensitive; a clear maximum of the plot could be easily determined. For samples

only containing coarse features, the metric was less sensitive and the metric plot was
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Figure 3.9: The metric values when the optical system was in focus were projected
onto spherical aberration correction axis. The metric plot against correction collar
settings was fitted into an order three polynomial to obtain a smooth curve.

flatter (see Figure 3.10). The sensitivity of the metric can be increased by changing

the metric power used in the metric calculation; instead of using the absolute value

of the frequency components to calculate the metric ratio, squared or cubed values

of the frequency components can be used.

3.3 Incorporating the control system into the new

Zeiss objective lens

By equipping the new Zeiss objective lens and using the new automated control system

we designed, several samples were examined. Satisfactory results were obtained;

after the correction procedure, the output image became sharper (see Figure 3.11).

Consistent results were produced when we repeated experiments on the same samples;

the best correction collar settings and the corresponding best focus positions worked

out by the control system for the same sample stayed the same for the repetitive

experiments.
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Figure 3.10: The metric variation with spherical aberration correction for FOV con-
taining coarse features (left-hand side) and fine features (right-hand side). Both im-
ages are captured from the same lily anther sample but at different area. The insets
are the images of different areas of the same sample used for the analysis. It could
be clearly seen that the metric variation was less sensitive when the FOV contained
more coarse features than fine.

Figure 3.11: A glass plate with metal grids printed on was imaged to demonstrate
the control scheme. Left and right are images of the sample before and after using
the control scheme.
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3.4 Conclusion and future outlook

In this chapter, we presented a control system for both the spherical aberration cor-

rection and the optical system focus to allow an easy usage of the Zeiss motorised

objective lens. The system requires a minimum of 2n + 1 measurements where n is

the order of polynomial used for metric approximations; the results presented in this

section were when a third order polynomial was used. The results produced by the

control system were shown to be promising.

The automated aberration correction and focusing system together with the Zeiss

objective lens have only been used on the widefield microscope with a small range of

samples with glycerine as the immersion fluid for the purpose of this project. In the

future, the system can be tested on more samples with different immersion fluid in

different microscopy systems. The widefield microscope was chosen for simplicity of

demonstration, but it is expected that the principles of operation will be transferable

to other microscope modalities.

In this project, all of the samples used were relatively thin. Thick samples may

possibly cause the metric to be less sensitive and create extra challenges for the

control system. However, if the thick sample contain thin structures, the control

system presented should still be able to provide promising results.



Chapter 4

A universal framework for

sensorless adaptive optics

AO is often used in microscopes to compensate phase aberrations introduced by opti-

cal inhomogeneities in specimens or by optical systems and to restore near-diffraction-

limited operation [3, 94–97]. This is achieved by estimating aberrations through use

of a wavefront sensor or through indirect optimisation approaches. Instead of mea-

suring phase aberrations directly, wavefront-sensorless aberration correction methods

(known concisely as “sensorless AO”) infer aberration correction from a set of image

measurements that are obtained when intensity and/or phase perturbations are in-

troduced into the system. Sensorless AO methods are commonly used because they

require no extra hardware for direct wavefront sensing and hence allow simpler opti-

cal designs and avoid non-common path sensing errors. There are also cases where

the signal level is too low for sensor-based methods to be feasible, leaving sensorless

methods the only viable option.

Many sensorless AO approaches have proved to be effective on various types of

microscopes including widefield [98–107], confocal [107–120], multiphoton [103, 109,

121–146], multiharmonic [123,147], light sheet [148], fibre imaging [115,127,133,149],

54
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CARS [150], optical coherence microscopy (OCM) [151], SIM [152,153], STED [70,71,

154,155], single molecule switching (SMS) [156–159], and 4Pi [159,160] microscopes.

While some of the implementations were designed specifically for certain types of mi-

croscopy (such as the iterative multi-photon adaptive compensation technique (IM-

PACT) method [128, 137, 140, 151] were designed for multiphoton microscopes and

later applied to OCM), some other methods were demonstrated on multiple differ-

ent systems (such as the modal methods [70, 71, 99, 108, 109, 114, 124, 146–148, 152–

154, 157, 159, 160] were applied on widefield, confocal, multiphoton, multiharmonic,

light sheet, SIM, STED and SMS microscopes). Since different approaches were all

developed separately for different applications, meaning a fair comparison among the

methods was difficult to conduct, and no study has systematically compared, dis-

cussed and summarized the trade-offs of these methods. Furthermore, the apparent

conceptual separations between these correction schemes meant that there were no

practical guidelines to advise AO users about choosing the more effective method for

a certain application.

In this chapter, we introduced a universal framework in which all of these sensorless

AO methods could be interpreted. The framework requires the definitions of three

components: an aberration representation, an optimisation metric, and an estimation

algorithm. Different sensorless AO methods have different choices of these three

components which make them suitable for different applications.

4.1 The mathematical framework for sensorless adap-

tive optics

We present in this section a generalized framework that is broad enough to encompass

all published image based sensorless AO systems. The only measurement available

to a sensorless AO scheme is the image, which consists of an ordered collection of in-
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tensity measurements from the imaging plane. Using a widefield single-photon (1-P)

fluorescence microscopy as an example, the image output of the microscope is a fluo-

rescence intensity distribution which has a mathematical expression of a convolution

between the PSF of the system and the fluorophore density of the sample. Since the

effects of the phase aberration are confined to the PSF [19, 20] and normally sam-

ple structures are at least to some degree unknown, more than one measurement is

commonly required to deduce the PSF unambiguously from image data. The typical

SNR in microscopes makes the retrieval of phase even more challenging. Therefore,

all existing variations of the sensorless AO methods require in practice multiple expo-

sures. Each of these exposures is obtained with a different perturbation to the system,

which is typically in the form of a pre-determined bias phase aberration introduced

by AO devices, such as the DMs and SLMs. This set of measurements is then used

to calculate a metric, which quantifies the quality of each recorded image (see Figure

4.1). Since only an aberration free pupil phase1 can result a diffraction limited per-

formance, by optimising an image quality metric we can infer the phase aberration

correction to the pupil plane. Mathematically, this process can be expressed as an

optimisation problem in the form:

argmaxϕ{f [O,Ψ(ϕ)]} (4.1)

This expression can be interpreted as finding a set of optimised values of the set of

vectors ϕ, representing the aberrations, which maximises f . The metric f defines the

quality of the output images; in many cases, f can be expressed explicitly as a function

of the object structure, O, and the microscope PSF, which in turn is a function of

1An aberration free pupil phase may be defined differently for different microscopy systems. It
will be discussed in details later in this chapter.
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the total aberration Ψ(ϕ) [20]. Ψ is a function of ϕ which can be expressed as

Ψ(ϕ) = Φ(x, y) +
N∑
i

ϕi(x, y) = Φ(x, y) + 1 ·ϕ (4.2)

where Φ(x, y) is the combination of system and sample induced aberrations that

need to be corrected; it is a function of the pupil plane spatial vectors x and y.

The summation term represents the aberration correction imparted by a wavefront

shaping device: ϕi(x, y) is the ith mode of a set of aberration representation modes

ϕ; there are a total of N modes included in the set. The summation term can also

be expressed as 1 ·ϕ for simplicity where 1 is a N × 1 vector with all elements equal

to 1.

We now define a unit vector ϕ̂i such that

ϕ̂i =
ϕi√

< ϕi, ϕi >
(4.3)

where < ϕi, ϕi > is the inner product2 between two ϕi. The inner product can be

used to define orthogonality.

Let us first define a matrix expression < ϕ̂, ϕ̂ > which indicates a N×N symmetri-

cal matrix; the ith row and jth column of the matrix indicates the element < ϕ̂i, ϕ̂j >;

< ϕ̂i, ϕ̂ > expresses the ith row and < ϕ̂, ϕ̂j > expresses the jth column of the matrix

< ϕ̂, ϕ̂ >. If ϕ̂ is a set of orthogonal (orthonormal) vectors, the matrix < ϕ̂, ϕ̂ >

is a diagonal (identity) matrix. If ϕ̂ is a set of non-orthogonal vectors, the matrix

< ϕ̂, ϕ̂ > has non-zero off-diagonal elements.

Using the unit vector expression 4.3, we can now write
∑N

i ϕi as

N∑
i

ϕi =
N∑
i

< ϕi, ϕ̂i > ϕ̂i =
N∑
i

aiϕ̂i = a · ϕ̂

2The inner product can be defined differently depending on the applications [161]. It is also
discussed in more details later in the section.
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where ai is the scalar value for ϕi; the vectors a and ϕ̂ contain all ai and ϕ̂i

components up to order N respectively. We may also write Φ as

Φ =
N∑
i

a′iϕ̂i + ε = a′ · ϕ̂+ ε

where a′ is a set of scalar coefficients of modes ϕ̂ contained within the system and

sample induced aberrations Φ; ε is the remaining non-correctible aberration that is

outside and orthogonal to the set ϕ̂.

Ψ(ϕ) can now be written as

Ψ(ϕ) = a′ · ϕ̂+ ε+ a · ϕ̂ (4.4)

To optimise equation (4.1), we can take the partial differentiation of the metric f

with respect to each mode ϕi and make it equals to zero. For a general case when

modes are not necessarily orthogonal to each other

∂f

∂ϕi
=

∂f

∂Ψ

N∑
j

(
∂Ψ

∂ϕ̂j

dϕ̂j
dϕi

)
=

∂f

∂Ψ

N∑
j

{[(a′ + a) · < ϕ̂j, ϕ̂ >]
< ϕ̂j, ϕ̂i >

ai
} = 0 (4.5)

To optimise the metric f with respect to one mode ϕi, the best aberration correction

possible is when all the scalar coefficients a = −a′.

For a more specific case when the set of modes ϕ̂ are orthogonal and thus the

matrix < ϕ̂, ϕ̂ > is a diagonal matrix,

∂f

∂ϕi
=

∂f

∂Ψ

∂Ψ

∂ϕ̂

dϕ̂

dϕi
=

∂f

∂Ψ
(a′i + ai)

1

ai
= 0 (4.6)

In this case, to optimise the metric f with respect to one mode ϕi, the best aberration

correction possible is when ai = −a′i.

It is thus interesting to see that for an orthogonal set of modes, the optimisation

process for one mode is decoupled from other modes; the optimisation process for an
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orthogonal set can be conducted mode by mode. If a set of non-orthogonal modes

are used, global optimisation mechanisms, of which all modes are optimised together,

may be necessary.

In both cases, to optimise the metric f , the best possible aberration correction is

when a = −a′ and thus Ψ(ϕ) = ε.

The highest system quality metric can then be written as

f(O, ε) (4.7)

f is ideally chosen to reflect the image quality and in general monotonically decreases

as < Ψ,Ψ > increases; f is maximised only when the aberration is minimised.

Different choices of ϕ̂ affect the size of the remaining non-correctable aberrations

ε and thus the best possible imaging quality. A minimal phase aberration may be

defined differently depending on applications. For example, the piston aberration (a

flat constant) affects the interference and thus jeopardise the PSF quality in a 4Pi

system [69]; however the piston normally does not affect the imaging quality in other

systems. The tip / tilt (a constant slope) aberration affects the quality of a STED

microscope [70, 71], but does not affect the widefield and non-linear systems. The

defocus aberration also decreases the quality when imaging a thin sample but does

not influence much when imaging a thick sample.

In fact, the relationship between the quality metric f and different aberrations

are embedded in the equation 4.6 (with orthogonal basis modes) involving the partial

differentiation term ∂f/∂Ψ. As ellaborated above, f may take different mathematical

forms which lead to different analysis. For the purpose of illustration, we chose one

of the simplest form of f : the Strehl ratio to demonstrate how the choice of the

quality metric is related to the aberrations and how the optimal modes can be chosen

accordingly.
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For a metric defining the Strehl ratio [162,163], it can be mathematically expressed

as

f = |
∫∫

P

ejΨdxdy|2 = (

∫∫
P

ejΨdxdy)(

∫∫
P

e−jΨdxdy)

where P is the total spatial area of the illuminated back pupil which is set to equal

to 1, i.e.
∫∫

P
dxdy = 1, so that the maximum metric value f equals to 1 which is

consistent with the definition of the Strehl ratio. f in this case can be interpreted as

the intensity of the on axis focal spot which is a valid definition of the Strehl ratio

assuming a small aberration and thus the peak focal intensity is on axis.

Let us now define a unit vector Ψ̂ such that

Ψ̂ =
Ψ√

< Ψ,Ψ >

where Ψ̂ can be interpreted as the general shape of the wavefront. Ψ can be expressed

as

Ψ =
√
< Ψ,Ψ > Ψ̂ = aΨΨ̂

where aΨ =< Ψ, Ψ̂ > is a scalar variable that can be interpreted as the amplitude of

the aberration.

Differentiate the Strehl ratio metric f

df

dΨ
=

∂f

∂Ψ̂

dΨ̂

dΨ
+

∂f

∂aΨ

daΨ

dΨ
(4.8)

Differentiating f with respect to Ψ̂

∂f

∂Ψ̂
=

(∫∫
P

ejΨdxdy

)(∫∫
P

−jaΨe
−jΨdxdy

)
+

(∫∫
P

jaΨe
jΨdxdy

)(∫∫
P

e−jΨdxdy

)
= 0

It is interesting to see that ∂f

∂Ψ̂
always equals to 0 which means that for this choice of
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f , it is independent on Ψ̂. In fact, provided f is a one-dimensional scalar variable, it

should only depend on the amplitude of the aberration if the Ψ̂ is normalised using

a suitable inner product definition.

The differentiation of f with respect to aΨ is given by

df

daΨ

= (

∫∫
P

ejΨdxdy)(

∫∫
P

−jΨ̂e−jΨdxdy) + (

∫∫
P

jΨ̂ejΨdxdy)(

∫∫
P

e−jΨdxdy)

Take the Taylor expansion for ejΨ and assume a small Ψ so that any term higher than

second order is ignored.

df

daΨ

≈ −2aΨ

∫∫
P

(
Ψ̂−

∫∫
P

Ψ̂dxdy

)2

dxdy

∫∫
P

Ψ̂dxdy is the spatial mean of Ψ̂. From the expression, if Ψ̂ contains only piston

(totally flat), Ψ̂−
∫∫

P
Ψ̂dxdy = 0 and f is at its maximum; alternatively, aΨ = 0 also

optimises f .

Finally, if the inner product is defined as < Ψ̂, Ψ̂ >=
∫∫

P
(Ψ̂−

∫∫
P

Ψ̂dxdy)2dxdy =

1 which can be interpreted as the variance of the unit vector Ψ̂, we can write the

differentiation of f with respect to aΨ as

df

daΨ

= −2aΨ (4.9)

f = f0 − a2
Ψ = 1− a2

Ψ (4.10)

where f0 is a constant indicating the maximum value of f when no aberration exists;

f0 = 1 in this case since the maximum Strehl ratio equals to 1. We have thus shown

that for a quality metric defined as the Strehl ratio, the metric is maximised when the

aberration is flat (contains only piston); the inner product is ideally defined as the

variance so that the metric can vary isotropically regardless of the aberration mode.

The metric can be approximated as a parabola to the aberration amplitude, aΨ.
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In a lot of previous works, it has also been shown that the single valued metric f is

desirable to be approximated in a quadratic form [99,108,109,111,152,161] when the

size of the aberration aΨ is small. For different definitions of f (such as the intensity

of the PSF or the sharpness of the image), the inner product is defined accordingly

to fit into the quadratic model [161]. By doing so, the quality metric can be equally

sensitive to different aberration modes. The definition of the inner product affects

the aberration representation modes decomposition as the orthogonality of the modes

are examined differently [99,111,152,161,164]. The quadratic model with its convex

shape helps to develop more efficient model based optimisation algorithms compared

to stochastic search based algorithms.

There are also cases when f is defined as a multi-dimensional metric. For example,

the PSF shape related multi-dimensional metrics are used in Gerchberg-Saxton [101]

and Machine Learning [107, 120, 165, 166] based phase retrieval. In these cases, the

multi-dimensional f varies with Ψ̂. One of the advantages is that comparing to those

single-valued metrics (such as the average intensity or sharpness), more information

is extracted from one frame and thus is more efficient. More details are included in

the section 4.4.

The above formulation provides the basis for the universal framework. All the

aberration correction approaches contain three major components – a set of aberra-

tion representation modes, ϕ̂, an optimisation metric, f , and an algorithm for the

optimisation process, argmaxϕ[f(ϕ)]. The fundamental differences between all sen-

sorless AO methods consist of variations of one or more of these three components.

In the following sections, we discussed how these three components of the framework

varied in different sensorless AO methods for different applications.
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Figure 4.1: Flowchart of the generalized sensorless AO aberration correction process.

4.2 Aberration representation modes

As defined in the section 4.1, a set of aberration representation modes are said to

be orthogonal if the inner product matrix < ϕ̂, ϕ̂ > is a diagonal matrix, i.e. <

ϕ̂i, ϕ̂j >6= 0 for i 6= j. Equation 4.5 and 4.6 showed that ϕ̂ are ideally selected to

be orthogonal; there are still cases when the modes used for phase modulations and

corrections are not orthogonal. For example, a continuous membrane DM with a small

number of actuators may have non localised influence functions which overlap with the

influence functions of other actuators [167–169]. If non-orthogonal modes are used for

aberration corrections, the modes cannot be optimised individually; global stochastic

optimisation algorithms are needed [110, 112, 122, 150] which normally require more

measurements for convergence [121] and the randomness results in a non-reliable

convergence speed [110, 122]. Alternatively, the DM can be calibrated to work out

the conversion control matrix from the actuator voltages to a set of orthogonal modes

which are then used for the DM operations [108,111,161,170,171].

For most of the cases, orthogonal aberration representation modes are used for

aberration modulations and corrections. These include continuous modes such as
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Zernike polynomials [70, 71, 84, 100, 103, 105–109, 114–117, 120, 124, 129, 139, 141, 146–

148,152–157,172], deformable mirror modes [111,123,127,159–161] and Lukosz modes

[99,173,174], of which the mirror modes and Lukosz modes are variants derived from

the Zernike modes to better suited for specific applications; piecewise modal modes

such as the Hadamard-Walsh modes [102,119,132,138,139,142] and the polar Walsh

modes [149]; piecewise linear zonal representations [100, 104, 125, 126, 130, 131, 133,

135,136]; and piecewise constant zonal representations [128,137,140,151].

There are already works dedicated to comparing various modes about their ef-

fectiveness. Wang et al. [161] compared two sets of deformable mirror modes when

displayed on the DMs with different actuator arrangements; the differences of the two

modes are not significant when the DM has a large number of actuators. Soloviev [164]

compared the performances of a few variations of Zernike polynomials, including the

Lukosz modes, Singular value decomposition (SVD) modes and Neumann modes; the

results showed that the performances are similar with slight differences. There are

also works combining different sets of modes for aberration corrections. Warber et

al. [100] demonstrated a method of using Zernike polynomials to correct system aber-

rations and using piecewise linear zonal modes to correct sample induced aberrations.

Galwaduge et al. [139] demonstrated of using both Zernike and Hadamard modes to

correct aberrations and scattering. However, a systematic comparison among the

continuous modes and piecewise modes was not discussed until the paper [175]. In

the next chapter 5, the simulation and experimental results of comparing various

continuous and piecewise modes in the paper [175] were reproduced and discussed.

4.3 Optimisation metrics

The choice of the optimisation metric for convergence, f , depends largely on the

optical system. While the average image / fluorescence intensity is a common choice
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for confocal and non-linear fluorescence microscopes [102, 103, 108–112, 114, 116–119,

121, 122, 124, 126, 128, 129, 132, 134, 136–142, 146, 147, 149–151, 153, 156], it is not a

suitable metric for imaging systems such as a single photon widefield microscope

since the image intensity does not vary with the size of aberrations [20]; it is also not

suitable for super-resolution microscopes like SMS, of which the number of blinking

events varies with time [157], and STED, of which a better quality depletion beam

leads to a smaller excitation PSF and thus a lower average fluorescence intensity

[70,155]. In these cases, image sharpness, in the forms of spatial frequency components

[70,99,115,123,148,152,154,157,158] and the size of the PSF [112,127,174], are used

to measure image quality; the peak intensity of the FOV / the Strehl ratio is also

used for the image quality assessment [159,160].

Ideally, the optimisation metric is desired to have only one local optimum which

corresponds to the global maximum; this is when the size of the pupil aberration,

< Ψ, Ψ̂ >, is minimised. Ideally, f monotonically decreases as the size of the aber-

ration < Ψ, Ψ̂ > increases. In practice, this is true only when < Ψ, Ψ̂ > is within

a limited range close to zero [108]. For large aberrations, f typically becomes very

small and flat, which makes it susceptible to noise [19]; f may also have small lo-

cal maxima (sidelobes) which do not correspond to the global maximum. These

can result a failed optimisation process makes the system unable to converge to its

global optimum. Furthermore, these one-dimensional metric only shows the size of

the aberration, but unable to indicate the shapes of the aberration; this makes the

single valued metric less efficient.

One way to overcome the problems mentioned above is to use multi-dimensional

optimisation metrics. Obvious advantages of a multi-dimensional metric over a single

valued metric are that it is unlikely to have local optimums - a local optimum can

only happen if all dimensions of the metric have local optimums at the same point.

Multi-dimensional metric also in general extract more information from one frame.
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Antonello et al. [155] demonstrated a multi-scale wavelet decomposition based metric

to extract localised features of different sizes; it shows that the optima of the metrics

with the selected wavelet sizes all agree at the same point when aberrations are

corrected the best. Recently, several groups dedicated to using machine learning into

phase retrieval and aberration corrections in the microscopy systems. The multi-

dimensional metric is thus encoded, in effect, into the multiple layers of the neural

network. In this case, the multi-dimensional metric is not specified but learnt by the

machine through numerous sets of training data [106, 107, 120, 165, 166]. There are

also studies using the intensity readings of all pixels on a stack of sample images to

optimise an untrained neural network and work out the pupil aberration [172].

In the later chapter 6, an untrained neural network encapsulating a physical model

of microscope image formation is shown to work out the pupil aberration from a

minimum of two images of the same sample. All the pixel readings on the images are

used for convergence and thus it utilises a multi-dimensional metric.

4.4 Optimisation algorithms

Model free global stochastic optimisation algorithms such as genetic algorithms [110,

112, 118, 121, 134, 156], hill climbing [103, 110, 122] and random search [110, 150] are

normally used when aberration representation modes are not orthogonal and thus

a global optimisation is required. Model free local optimisation algorithms such as

systematic search algorithm [104,119,125,126,128,130,131,133,135–138,144,151] are

normally used when aberration representation modes are orthogonal. These model

free algorithms are easy to implement and shown to be effective to converge, but they

are often less efficient and require more image acquisitions. The stochastic algorithms

also have less reliable convergence speeds [110,122].

Booth et al. [108, 109, 111] showed that the intensity based metric varying with
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the variance value of the aberration can be approximated as a quadratic polynomial

within a limited range around zero; it was then shown that the spatial frequency

based metric varying with the root mean square (RMS) gradient of the aberration

can be approximated as a quadratic polynomial within a limited range [99, 152]. A

minimum of N + 1 images each with a different bias modes are needed to calculate

the optimum amplitude of N orthogonal modes in a global optimisation approach

[116,149]; a minimum of 2N+1 images are needed when the coefficients are calculated

and corrected at the end of one iteration [99, 123, 124, 129, 147, 152]; a minimum of

3N images are needed when the coefficient of each mode is calculated and corrected

before applying the next mode [71,102,117,129,132,146,148,153–155,157–160].

In machine learning based sensorless AO methods, the back propagation (gradi-

ent descent) algorithm is used for the network convergence [106, 107, 166, 172, 176].

It is a global algorithm optimising all kernels and weights of the connected layers

with a gradient linearly related to the loss function and a pre-set learning rate. Nor-

mally hundreds of epochs are required before the network converges and a graphics

processing unit (GPU) can greatly reduce the processing time.

In the later chapter 6, an untrained neural network was presented which is also

optimised using the back propagation algorithm.

4.5 Summary and discussion

In this chapter, a mathematical framework for all sensorless AO methods was pre-

sented. The framework consists of aberration representation modes, optimisation

metrics and algorithms. It was shown that sensorless AO methods may have different

choices of these three components but can all be illustrated by this framework. We

also provided mathematical interpretations on various sensorless AO method designs

such as a comparison between orthogonal and non-orthogonal aberration represen-
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tations, how orthogonality can affect the choice of the optimisation algorithm and a

discussion on how the choice of the system quality metric can affect the definition of

the orthogonality as well as how the choice of the quality metric affects the choice of

the optimisation algorithm.

With the understanding of this universal framework, different sensorless AO ap-

proaches are no longer viewed as separate methods but variations of the unified aber-

ration correction mechanism. Different methods now can be placed together in the

framework and each of the components used in various methods can be systemati-

cally compared. When designing a sensorless AO method for a particular application,

instead of choosing one from existing various methods, each of the three components

can be seleted separately based on different criteria and thus create a better suited

method.

Ideally, the aberration representation modes are orthogonal; the optimisation met-

ric has only one local optimum; the algorithm can converge to the global optimum in

a fast and reliable way. In reality, due to limitations of the devices and the compu-

tational power, the requirements are often not satisfied. Various studies have worked

on overcoming these obstacles to design better methods for sensorless aberration cor-

rections.

In the next two chapters, a systematic comparison among various aberration

representation modes through both simulation and experiments was presented; a

novel untrained neural network encapsulating physical models of imaging system was

demonstrated.



Chapter 5

Generalized aberration

representations

In this chapter we discussed the use of a generalized aberration representation to

allow a fair comparison between various aberration representations used in different

sensorless AO methods within the universal sensorless AO framework defined in the

chapter 4. A systematic comparison can be conducted to search for a more effective

choice of representation for certain imaging applications. Before explaining the gen-

eral representations, a brief review of existing methods is provided for the necessary

context.

In the pixellated piston-based methods, the pupil is divided into a large number

of separate pixels within which the phase is modelled as a constant piston value [128,

137, 140, 151]. This constitutes a piecewise constant model for the phase aberration.

The applied bias aberration consists of a single pixel, whose phase is changed between

measurements [Figure 5.1(a)]. The phase of a portion of the pixels each varies at a

different frequency and a sampled sequence of measurements over time is recorded.

The varying intensity is Fourier transformed with respect to time to determine its

phase which corresponds to the phase of each pixel.

69
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In the “pupil segmentation” zonal methods, the pupil is separated into a num-

ber of zones within which the phase is defined by three parameters corresponding

to the piston, tip and tilt components. This constitutes a piecewise linear model of

the aberration. There are two implementations of the method - single zone illumina-

tion [100, 104, 125, 130, 131, 133, 135] and full pupil illumination [126, 136]. For both

implementations, a series of varying piston, tip and tilt components were applied

in different pupil zones to modulate the pupil wavefront [Figure 5.1(b)]. Optimi-

sation was performed either through estimation of the lateral location of the ob-

ject [100,104,125,130,131,133,135] or through maximisation of fluorescence intensity

depending on the implementations [126,136].

In the modal sensorless AO methods, the aberrations are represented by a series

of modes defined over the whole pupil. Common choices of bias aberrations used

in modal methods include the Zernike polynomials [70, 71, 84, 100, 103, 105–109, 114–

117,120,124,127,129,139,141,146–148,152,153,155–157,172,177], deformable mirror

modes [111,123,159–161] and Lukosz modes [99,173,174], of which the mirror modes

and Lukosz modes are variants derived from the Zernike modes to better suited for

specific applications. 1 In these methods, a mode is chosen and a short sequence of

different bias amplitudes is applied in order to provide an estimate correction for that

mode through the chosen optimisation algorithm to maximise an image-based quality

metric [71, 102, 117, 129, 132, 146, 148, 153–155, 157–160]; alternatively, a sequence of

bias aberration modes are applied before optimisation in order to estimate several

modes simultaneously [99,116,123,124,129,147,152].

These methods, as originally introduced, were conceived as different sensorless

AO concepts. However, by placing them into the proposed framework defined in the

1The methods using piecewise modal modes like the Hadamard-Walsh and polar Walsh modes are
not discussed in this chapter because Hadamard-Walsh modes represent, in effect, the same forms of
aberrations as the piecewise constant scheme. For a more detailed discussion on the similarities and
differences between Hadamard-Walsh modes and the piecewise constant scheme please see appendix
A
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Figure 5.1: Four examples of modes used in: (a) the pixellated piston based method,
(b) the “pupil segmented” zonal method, and (c) the Zernike based method.

chapter 4, we can see that the one of the primary differences between them is contained

within the aberration representation. In the first case, the aberration is represented

by a large number of separate zones with only piston applied within each zone [Figure

5.1(a)]; in the second case, there is a number of zones with 3 modes applied within

each zone [Figure 5.1(b)]; in the final case, only one zone and multiple modes applied

within the zone [Figure 5.1(c)]. These three seemingly different methods can now

be considered as special cases of a more general scheme in which aberrations are

defined both in terms of zones within the pupil and modes within each of the zones.

A wider range of hybrid zonal/modal representations can be defined that form a

spectrum ranging from purely zonal through hybrids to purely modal methods, while

maintaining the same degrees of freedom in each case.

In order to ascertain whether, for a particular task, a more suitable basis set exists

in the whole spectrum of aberration representations, we chose to explore this broader

range of hybrid representations, rather than just the specific cases that have been

presented previously in the literature.

Dependent upon the imaging application, including the nature of the specimen

and microscope design, the nature of aberrations can vary: they can have smooth

low-order shapes (due to refractive index mismatch and system misalignments) or

complex high-order variations (such as when imaging deep inside a scattering tissue);

the amplitude of aberration can be small or large. Moreover, there can be significant

variations in SNR: the signal can be high or low, dependent on numerous factors such
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as fluorophore density and imaging efficiency. Thus, we narrow this wide parame-

ter space by choosing representative scenarios for modelling that encompass different

combinations of simple vs complex aberration shapes, small vs large aberration am-

plitudes, and high vs low SNR.

5.1 Choice of microscope

For the purpose of comparing different aberration representations, we chose to sim-

ulate aberration correction processes and perform experiments on a 2-P excitation

fluorescence microscope (Figure 5.2). The 2-P microscope has been the subject of

most adaptive optics developments including the various methods mentioned above.

The 2-P microscope has often been used for deep tissue imaging [47,178] where sam-

ple induced aberrations can be significant. The SLM is used to introduce both the

input aberrations and corrections (which will be explained later in section 5.3 and

5.4.1) for the AO scheme.

While the image formation processes vary between different microscope modalities,

we expect the general trends revealed through studying the 2-P microscope will also

be observed in other microscope systems. This approach is justified, as many of the

approaches already used in sensorless adaptive optics have been shown to function

in a similar manner across different types of microscope (for example the modal

method described above has been tested on confocal [108, 109, 111, 115–117], non-

linear [109, 123, 124, 129, 146, 147], widefield [99], fibre imaging [115], SIM [152, 153],

STED [70,71,154,155], SMS [157–160] and 4Pi [159,160] microscopes).

5.2 Choice of optimisation metric and algorithm

In this chapter, the two-photon fluorescence intensity is chosen to quantify the out-

put image quality. It is a common choice for many sensorless AO applications in
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Figure 5.2: Configuration of the 2-P microscope: Ti:Sapphire femtosecond Laser;
half wave plate (HWP); polarisation beam splitter (PBS); laser beam dump (Dump);
lens with focal length = x mm (fx); broadband dielectric mirror (M); motorized flip
mirror (FM); photo diode for alignment (PD); spatial light modulator (SLM); field
stopper (FS); X galvanometer (Galvo x); Y galvanometer (Galvo y); high NA (1.2)
water immersion objective lens (Obj:W) mounted on a Z-piezo translation stage (PZ);
Dichroic filter (DF) allow two photon signal from fluorophores to be reflected through
emission filter (EF) into a photo-multiplier tube (PMT).
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non-linear fluorescence microscopy [103, 109, 116, 121, 122, 124, 126, 128, 129, 134, 136,

139, 142, 146, 147]. It could be calculated using the common approximation of the

focal field through a scaled Fourier transform of the pupil field. Although a high NA

lens is used in the microscope, since the illumination beam is linear x polarised light

and the contributions of axial field is small comparing to lateral field, using vectorial

diffraction theory for fluorescence intensity analysis would obtain very similar results

to the simple thin lens Fourier optics analysis while the later is much easier to calcu-

late. The intensity distribution was found as the square of the modulus of the focal

field [179, 180]. The pupil phase was described on a circular pupil P by the phase

function E (x), where x = (x, y, z) is the Cartesian coordinate vector in the pupil

space; |E (x) | = 1 only over P since we assumed a uniform illumination; arg[E (x)]

is the pupil phase of the illumination beam. The intensity distribution in the focal

plane was then calculated as

I(v) = |F{E(x)}|2 (5.1)

where v = (u, v, l) is the Cartesian coordinate vector in the focal region and F

represents the three-dimensional Fourier transform between the x and v domains.

If the specimen for imaging is described by the fluorophore density s (v), then the

integrated two-photon fluorescence signal detected by a large area detector (for a

parking PSF) would be given by [181]

f =

∫∫∫
P

s(v)I(v)2dv

The simulations presented in this chapter assumed imaging of a uniform volume

specimen, for which s (v) = 1 and

f =

∫∫∫
P

I(v)2dv (5.2)
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Noise was simulated to follow a Poisson distribution with a mean and variance

(σ) proportional to the square root of the photon count [182]. The simulation results

presented in this chapter are acquired when no noise is added to the output metric f

(high SNR case) and when Poisson noise with σ =
√

500 was added to f (low SNR

case).

To optimize the quality metric, we chose a three-point quadratic optimisation

algorithm (3N algorithm) for the convergence of each aberration representation mode

[129] For the optimisation for the single ith mode ϕi (x), three measurements were

taken of the fluorescence emission. The first measurement f0 was taken with no

additional aberration applied by the adaptive element; for the second measurement

f1, a bias aberration of bϕi (x) was applied; for the third measurement f2, a bias

aberration of −bϕi (x) was applied. The correction amplitude was then calculated

as [99,147,152]

ai0 = − b(f1 − f2)

2(f1 − 2f0 + f2)
(5.3)

Following this, a correction of ai0ϕi (x) was applied to the adaptive element and

the correction procedure moved on to the (i + 1)th mode. This algorithm permits

precise correction of aberrations if the signal follows closely a quadratic approximation

as a function of the input mode amplitude. Such an approximation is appropriate if

the sampling spacing around the peak of the function is even over a suitable range.

Optimisation schemes employing more measurements can be useful to cover a larger

range of aberration amplitudes, although this comes at the expense of requiring more

specimen exposure and time [129].

In the simulations, the results of after one and two iterations of correction were

presented. In the experiments, the discussions were limited to only one iteration

of optimisation for each mode. Though some schemes perform better with more

iterations (shown in the simulations), the additional specimen exposure and time

required generally has a detrimental effect on the imaging task [183].
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5.3 Choice of simulated input aberrations for cor-

rection

It is important to prevent bias when comparing different aberration representations.

For example, it should be expected that input aberrations comprising a sum of aber-

ration modes would be corrected most precisely by an aberration representation set

defined using the same modes as the input aberration. However, in most practical

situations, the aberrations experienced in the microscope contain components that

cannot be compensated perfectly by the adaptive element. For this reason, we chose

to model the input aberration using Fourier components, which was a different basis

to any set of modes demonstrated for corrections later in the chapter. This ensured

that the residual uncorrectable aberration ε 6= 0 for all demonstrations.

An input aberration Φ (x) can be generated as a linear sum of several chosen unit

Fourier components (Φ̂w) at frequency w and each component with a chosen RMS

amplitude Aw

Φ (x) =
∑

w

AwΦ̂w (x) (5.4)

A single unit component Φ̂w (x) with frequency equals to w was given by

Φ̂w(x) =
Φw(x)√

< Φw(x),Φw(x) >

where < Φw(x),Φw(x) > is the inner product which is defined in this case as

< Φw(x),Φw(x) >=

∫
P

[Φw(x)]2dx∫
P
dx
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Φw(x) is calculated from Φ′w(x) by removing its mean

Φw(x) = Φ′w(x)−
∫
P

Φ′w(x)dx∫
P
dx

Note that this step is necessary because the frequency, w, of the Fourier series selected

as the input aberrations may not be a whole number and thus the aberration Φw(x)

may not be multiples of sinusoidal cycles across the aperture.

Φ′w(x) is defined as

Φ′w(x) = AT sin2D(wR · x+ τ ) (5.5)

where AT is a 1× 2 horizontal vector representing random amplitudes in two dimen-

sions (Ax and Ay); A has a modulus of 1. sin2D([a, b]T ) is a function taking a vertical

vector as an input which provides an output as a vector equal to [sin (a), sin (b)]T . w

is the chosen frequencies of the sinusoids. R was the 2 × 2 rotation matrix showing

the random orientation of the sinusoids. x was a 2× 1 vertical vector indicating the

spatial coordinates on the pupil (x and y). τ was a 2 × 1 vertical vector giving the

random spatial offset of the sinusoidal pattern (τx and τy).

In this model, low frequency Fourier components are analogous to the low-order

aberrations, such as imaging through a medium with smooth refractive index varia-

tions, encountered in microscopes [Figure 5.3(a)]. Aberrations induced from highly

disordered scattering media, such as when imaging deep through thick tissue, contain

high frequency components and can be simulated by high order Fourier components

[Figure 5.3(b)].

For the discussion of this chapter, we used Fourier series with order below 8π in

one-dimensional (w6 8π), i.e. a maximum of 4×4 periods across the x-y pupil plane.
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Figure 5.3: An example of (a) randomly generated low order (w = 1.6π) Fourier based
aberration; (b) a random combination of Fourier components containing high orders.
The maximum order (w) appearing in this pupil is 7.6π.

5.4 Simulated and experimental comparisons of aber-

ration representations over a square pupil

In order to perform a fair comparison between the different approaches, we need to

define a spectrum of aberration representations that permits variations of the aber-

ration expansion while maintaining constant total degrees of freedom. To enable a

rigorous comparison at the modelling stage, we initially chose a 2-P system with a

square pupil, which can be subdivided into equal sized square zones; different layouts

allow us to assess aberration representations with sub-zones of different sizes; different

sized sub-zones support a different number of modes within each zone. This arrange-

ment facilitates comparisons across different zonal/modal ratios in a way that would

be difficult to formulate using circular pupils. While this square pupil is not normally

used in practical microscopes, the difference should not affect the overall conclusions

drawn from the results concerning the relative merits of the different zonal/modal

aberration representations. Circular pupils are addressed in later experiments.

5.4.1 Square pupil aberration representations

We defined a particular set of modes to have Z zones, each of the zones supported M

modes, such that the total degrees of freedom were given by the product N = ZM. To

facilitate comparisons between different sets of representations we selected the number
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of degrees of freedom N to be constant. To maintain square symmetry, we set Z = 4ζ

and M = 4µ, where ζ and µ are non-negative integers such that ζ + µ = constant.

Given the square symmetry of the zones, we chose to use a 2D Legendre expansion

within each zone. The 2D polynomials are defined as P 2D
j (x, y) = Pm (x)Pl (y),

where Pm (x) is a Legendre polynomial of order m. Legendre polynomials Pn(x) in one

dimension can be generated recursively by (n+1)Pn+1(x) = (2n+1)xPn(x)−nPn−1(x)

with P0(x) = 1 and P1(x) = x. The restrictions on the values of the indices j, m and

l are given by j = (max(m, l) + 1)2−max(m, l) + l−m− 1, where max(m, l) returns

the larger value between m and l [184]. (See Table 5.1)

Table 5.1: Examples of the first 9 two-dimensional Legendre polynomials.

j (m, l) P 2D
j (x, y)

0 (0,0) 1

1 (1,0) x

2 (1,1) xy

3 (0,1) y

4 (2,0) (3x2 − 1)/2

5 (2,1) (3x2 − 1)y/2

6 (2,2) (3x2 − 1)(3y2 − 1)/4

7 (1,2) (3y2 − 1)x/2

8 (0,2) (3y2 − 1)/2

... ... ...

These Legendre modes demonstrate over a square region of support the same

orthogonality2 as do Zernike polynomials over a circular region. For the case where

the number of zones Z = 1, the set of modes across the full pupil is defined by the first

2The orthogonality of aberrations for the 2-P signal metric used in this chapter is defined and
discussed in the Appendix A.4
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Figure 5.4: An example of one mode from each aberration representation set (a)
Z64M1, (b) Z16M4, (c) Z4M16 and (d) Z1M64 respectively.

M = N 2D Legendre polynomials. For cases where Z 6= 1, each of the full pupil modes

is defined such that Z−1 of the zones have zero value; the remaining zone contains

one of the first M 2D Legendre modes, where M = N /Z. In all of these cases, there

are N modes in total defined across the full pupil.

In the numerical modelling, the total degrees of freedom N was chosen to be 64.

We, therefore, included four sets of representations into this analysis: Z64M1, Z16M4,

Z4M16 and Z1M64, where ZpMq is the notation used for the set with p number of

zones in the pupil and q number of modes in each zone (Figure 5.4).

5.4.2 Simulation and experimental results comparing the four

aberration representations

We investigated the effectiveness of four aberration representations (Z64M1, Z16M4,

Z4M16 and Z1M64) for correcting input aberrations with varying frequencies (0.2π 6

w6 8π ) and RMS amplitudes (0.1π 6 Aw 6 π). For each selection of w and

Aw, 20 aberrations were generated by randomly choosing the amplitude ratio A, the

orientation R, and the spatial offset τ . (For the definitions of w, Aw, A, R and τ ,

please see the section 5.3). The statistics were then derived from this ensemble of

results by averaging them for each frequency w and amplitude Aw setting. The four

correction models were simulated to correct the aberrations and the results for one

iteration of corrections were presented below where two scenarios for high and low
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SNR were shown in the Figure 5.5(a) and (b) respectively to observe which correction

model was more robust towards noise.

From the noise-free results [Figure 5.5 (a)], we saw that the single zone set of

modes (Z1M64 in red) gave the best correction for most of the simulated aberrations.

Figure 5.5 (a1) showed profiles of the mean corrected intensities of correcting 20

randomly generated aberrations for each set of representations along the line labelled

‘a1’ on Figure 5.5 (a) where frequency w = 1.4π. The black hexagons indicated the

average initial intensity before correction. We note that the input aberration could

contain significant tip, tilt and defocus components, particularly at lower values of w,

which did not affect the intensity since we assumed a uniform volume specimen. The

colored markers indicated the mean corrected intensity for the different aberration

representation sets. In all cases, correction succeeded, although the benefit was the

greatest for Z1M64 (red stars). Figure 5.5 (a2) showed the equivalent profiles along

line ‘a2’ on Figure 5.5 (a) which corresponded to more complex input aberrations

(w = 7.2π). In this case, the average corrected intensity was much lower than that

shown in (a1). At higher amplitudes, above Aw = 1 rad, there was little benefit in

correction from any of the four methods. However, at lower amplitudes, it could be

seen that all methods provided some level of correction with Z64M1 (blue crosses)

performing marginally better than the others.

As many practical imaging scenarios worked at low SNR, we also explored the

case when Poisson noise was introduced to the system in our simulation. Comparing

Figure 5.5(b) to (a), it was observed that the small sized zone set (Z64M1 in blue) was

more susceptible to the effects of noise and the medium sized zone sets Z4M16 and

Z16M4 performed better for more complex, low amplitude aberrations. Furthermore,

all sets failed when correcting wavefronts with a large Aw and w at low SNR.

The trends observed in the simulations were confirmed through experiments on

fluorescent bead specimens. 2µm fluorescent beads were diluted and dried on a cov-
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Figure 5.5: (a) and (b). Simulation results comparing correction using the four
aberration representations . The colour indicated the method that provided the
greatest mean signal (of 20 simulated experiments) after one cycle of correction .
The region colored black indicated no correction using any representation set was
effective. The labels ‘c’, ‘d’, ‘e’, ‘f’, ‘a1’ and ‘a2’ showed the properties of the input
aberration used in the corresponding sections of this figure. (a1) and (a2) represented
lines through the plot as shown in (a). They showed the mean signal (of 20 simulated
experiments) after correction for each representation. (c), (d), (e), and (f) showed
experimental results imaging 2µm fluorescence beads before and after corrections
with the different representations; the insets (bottom right of each image) showed
the wavefronts for each case. The colorbars showed the phase in radians for each
row. The four plots (c1), (d1), (e1), and (f1) displayed the correction process when
correcting the aberrations from (c), (d), (e) and (f) respectively.
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erslip before sealing to a sample slide. The spherical aberration introduced by the

coverslip was compensated mostly by the correction collar of the objective lens; any

residual system aberration was compensated by the SLM using Zernike polynomi-

als over the whole circular pupil before experiments being carried out. During the

experiment, only light from the square pupil enclosed by the full circular objective

pupil was allowed to enter the objective lens; light outside of the square pupil was

deflected away by a grating pattern displayed on the SLM. When an aberration with

Aw = 2.5 and w = 1.4π was introduced into the system [Figure 5.5(c)] for correc-

tion, the images were best after Z1M64 correction; the correction process plot [Figure

5.5(c1)] also suggested that Z1M64 was the fastest as the fluorescence intensity was

close to the optimised value after correcting the first 32 modes while the other three

methods only reached the maximum after correcting all the 64 modes; thus the single

zone method (Z1M64 in red) was shown to be the most suitable model for correcting

simple shaped wavefronts with small frequency components w. Figure 5.5 (d) showed

results with input aberration Aw = 1.0 and w = 6.8π; the medium sized zone sets

(Z4M16 in purple and Z16M4 in green) gave better corrections than the other two;

the correction using Z16M4 was also observed to be the fastest as seen in Figure

5.5 (d1), after correcting the first 45 modes, the fluorescence intensity of Z16M4 was

much higher than the other three. Figure 5.5 (e) presented results with input aber-

ration Aw = 1.5 and w = 7.2π; the shapes of the beads were revealed after small zone

correction (Z64M1 in blue), but remained blurred after using the others; Z64M1 also

gave the fastest correction process among the four as the slope of the relative fluores-

cence intensity growth is the steepest [Figure 5.5(e1)]. Figure 5.5(f) shows the same

scenario as Figure 5.5(e), but with lower SNR, which was effected by reducing the

excitation laser power; no representation set provided effective correction and only

the single zone set (Z1M64 in red) gave marginal improvement of the image bright-

ness after correction; it was similarly shown on Figure 5.5(f1) where no improvement



84

in fluorescence intensity was observed throughout the correction process. Note that

for the four experiments (c), (d) (e) and (f), the photon multiplier tube (PMT) gain

was adjusted so that the signals for each experiment can be displayed and compared

under the same intensity scale.

The noise conditions presented when obtaining the results of Figure 5.5(f) were not

directly comparable to those used in the simulation of Figure 5.5(b). In a real system,

many factors, such as the laser power, fluorophore density, aberration amplitude,

scanning speed, quantum efficiency of the photodetector and background noise [182],

can all affect the SNR. However, the results were representative of the trends to be

expected in a noisy system.

5.4.3 Simulation results of multiple correction iterations com-

paring the four aberration representations

After one iteration of correction as described in section 5.2 and 5.4, the obtained

correction
∑N

i ai0ϕi for all N modes (as defined in section 5.4.1) was applied to the

pupil. The correction process was repeated again starting from the first aberration

representation mode for the second correction iteration. Figure 5.6 (a), (b), (a1) and

(a2) showed results after two iterations of correction in each case. Figure 5.6 (c) and

(d) showed correction processes during five iterations of correction when correcting

a simple (w= 1.4π, Aw = 2.5) and complex (w= 7.2π, Aw = 1.5) shaped aberration

respectively.

Comparing Figure 5.6(a) and Figure 5.5 (a), it was observed that aberration was

still corrected better in general by the large sized zone representation Z1M64. Com-

paring Figure 5.6 (a1) and Figure 5.5 (a1), it was observed that the fluorescence

intensity was improved for all representations after 2 iterations compared to after 1

iteration and Z1M64 still corrected much better than the others. When correcting

aberrations with more complex shapes (larger w), the medium sized zone represen-
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Figure 5.6: (a) and (b) Simulation results comparing corrections after 2 iterations
using the four different aberration representations at high and low SNR respectively.
The colour indicated the method that provided the greatest mean signal (of 20 exper-
iments) after two cycles of correction, as a function of the RMS aberration amplitude
Aw and the complexity, defined as the frequency component w. The region colored
black indicated no correction using the four aberration representations was effective.
(a1) and (a2) represented sections through the plot as shown in (a). They showed
the mean (of 20 experiments) signal level after 2 rounds of correction for each of the
representations. (c) and (d) represented simulated corrections of input aberrations
with properties labelled on (a). A total of 5 iterations were corrected for each method.
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tations Z4M16 and Z16M4 started to perform slightly better than the small sized

zone representation; however, Figure 5.6 (a2) suggested that representations with the

best performances might only be marginally better than the others after 2 iterations.

Comparing Figure 5.6 (b) and Figure 5.5 (b), no significant difference was observed

for one and two iterations of correction when SNR was low.

Figure 5.6 (c) and (d) showed that when correcting both a simple and a complex

shaped aberration, the increase in fluorescence intensity was the fastest during the

first iteration; after 2 rounds of correction, only little improvement could be observed.

When the aberration has a simple shape, apart from zonal method Z64M1, all the

other three methods achieved really good aberration compensation after around three

iterations (as shown in Figure 5.6 (c)); when the aberration has a complex shape, small

sized zone representations (Z16M4 and Z64M1) give in general better corrections than

large sized zone representations (Z4M16 and Z1M64) with Z16M4 having the best

performance after 3 rounds of corrections.

5.5 Experimental comparison of aberration repre-

sentations over a circular pupil

The results in the previous section 5.4 provided mathematically complete and sys-

tematic like-for-like comparisons of the effectiveness of different aberration represen-

tations for correction while maintaining fixed degrees of freedom. However, the square

pupils used in the analysis are not commonly used in practice for microscopy. We

therefore performed further comparisons among the most common three aberration

representation sets over circular (or near-circular) pupils, using a similar conceptual

approach. In these cases, the approach necessitated slight variations in pupil shapes

and degrees of freedom. For these experimental demonstrations we used thin fluores-

cently labelled biological specimens and simulated aberrations through introductions
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of controlled phase patterns using the SLM.

5.5.1 Circular pupil aberration representations

Similar to the approach in section 5.4.1, we defined a spectrum containing different

aberration representation sets over a circular pupil that permitted variations of the

aberration expansion while maintaining the total degrees of freedom N. In this case,

we aimed for N to be as close to 36 as possible. 36 is chosen for convenience in the

zonal/modal expansion. We also aimed to create aberration representation sets to

cover a plane as close to a circular pupil as possible. For the small sized zone set,

we had a total of 37 square zones (Z=37) mapped to a circular pupil with piston

(M=1) applied to each zone [Figure 5.7(a)]. For the medium sized zone set, we had

12 square zones (Z=12) mapped to a circular pupil with piston, tip and tilt (M=3)

applied to each zone [Figure 5.7(b)]. For the large sized single zone set, we chose to

use Zernike polynomials up to mode M=36 (Noll index [185]) over the whole circular

pupil [Figure 5.7(c)]. Note that the small sized zone Z37M1 set corresponds to the

representation used in the pixellated method [128,137,140,151] and the medium sized

zone Z12M3 set closely modelled the representation used in the ‘pupil segmentation’

zonal method [100,104,125,126,130,131,133,135,136] mentioned earlier in this chapter.

We note that for the sets Z37M1 and Z12M3 some areas of the circular pupil are

missing. However, as they cover about 94% and 91% respectively of the full pupil

area, this would not have a significant effect on our comparison.

5.5.2 Experimental results using tissue specimen and SLM-

induced aberrations

For these experiments, the input aberration was defined as in the previous section 5.3

using a Fourier basis and applied using the SLM. The slide for imaging was a thin
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Figure 5.7: (a), (b), and (c). Four examples of each of the aberration representation
sets Z37M1, Z12M3 and Z1M36 respectively.

Figure 5.8: Correction of aberrations over a circular pupil using a FluoCells prepared
slide containing 16µm cryostat section of mouse kidney stained with Alexa Fluor
488 wheat germ agglutinin (W-11261), Alexa Fluor 568 phalloidin (A-12380) and
DAPI (D-1306). These demonstrations show the relative performance of the different
aberration representation sets for variations in input aberration (a) a low frequency
input aberration; (b) and (c) a high frequency input aberration. In (b) imaging was
performed at high SNR; in (c) imaging was performed with low SNR. The inset in the
bottom left of each image showed the wavefront before (the first column) and after
(the second to fourth column) correction. The colorbar showed the wavefront phase
in radians for each row.
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(16µm) mouse kidney specimen. Two particular demonstrations were performed using

two different types of input aberration: one with low spatial frequency components

[Figure 5.8(a)] and one with high frequency components [.5.8(b) and (c)]. In the

latter case, the laser power was adjusted to obtain images with large [Figure 5.8(b)]

and small SNR [Figure 5.8(c)]. Note that again the PMT gain was adjusted for each

demonstration; each row in the figure 5.8 is shown under the same intensity scale for

comparison.

The experimental results agreed with our previous conclusions that the large sized

zone representation (Z1M36) corrected the best when aberration had simple shapes

(small w) [Figure 5.8(a)]. The small sized zone set (Z37M1) performed slightly better

when the input aberration had complex shapes (large w) but was more susceptible

towards noise. [Figure 5.8(b)] For low SNR, no set gave effective correction. [Figure

5.8(c)]

5.5.3 Comparison of circular representation sets correcting

specimen-induced aberration

To further validate the above observations, we extended the experimental investiga-

tion to cover the correction of specimen-induced aberrations in thick samples. We

tested the three aberration representation sets described in the section 5.5.1 in three

different biological samples, where aberrations had been caused by focusing through

the tissue at different depths.

Figure 5.9(a) shows images of denticle cells at 100µm deep inside a Drosophila

melanogaster larva. 3rd instar Oregon-R Drosophila melanogaster larvae were dis-

sected in 0.3 mM Ca2+ HL3 to prepare a larval fillet; larvae were stained with HRP

(conjugated to Alexa568 fluorophore), DLG (detected with secondary antibody conju-

gated to Alexa488 fluorophore) and DAPI to detect nuclei. The larvae were mounted

in 65% vectashield. Specimen-induced aberrations were corrected using the three
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Figure 5.9: (a) Denticle cells imaged at 100µm deep inside a Drosophila larval fillets
sample. The first row are images before aberration correction and the second row
include images after correcting using representation sets Z1M36, Z12M3 and Z37M1.
Wavefronts before and after correction are shown in the insets. The colorbar shows
wavefront phase in radians. (b) and (c) neuronal processes at 183µm and 225µm
respectively in the fixed, extracted brain of a Thy1-YFP mouse in a region where a
dendrite was contained within the field of view. The first column are images before
aberration correction and the second to fourth columns include images after correcting
using representation sets Z1M36, Z12M3 and Z37M1. (d) Drosophila larval brain
neuroblast (enclosed by red line) and progeny (enclosed by green lines).
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aberration representations at three different sites, to obviate the effects of photo

bleaching. As these sites were adjacent, the sample induced aberrations were ex-

pected to be similar in terms of shapes and amplitudes. The same laser power and

PMT gain were used for all three experiments to ensure a fair comparison. All three

sets improved the image quality; as seen in the images after correction, which were

brighter and showed sharper features. The large sized zone Z1M36 set gave a more

effective correction, as seen in the image improvement.

Figure 5.9(b) showed neuronal processes at 180µm depth in a fixed Thy1-GFP

mouse brain. The brain was fixed by transcardiac perfusion with a solution of 4%

paraformaldehyde. The whole brain was then extracted, immersed overnight in the

paraformaldehyde solution, and glued onto a petri dish with the cortex remaining

accessible to the objective lens. For imaging, the sample was submerged in water

and a coverglass was balanced on the curved surface of the brain. In this case, the

large sized zone Z1M36 set provided the best aberration correction. After Z1M36

correction, more specimen details were revealed and the brightness of the neuronal

process was clearly increased. For the other correction schemes, the improvement was

less obvious.

Figure 5.9(c) showed correction for imaging of neuronal processes at a depth of

225µm in the same fixed Thy1-GFP mouse brain. At this location, the wavefront

correction appeared to contain higher order components with large amplitudes and

the initial SNR reduced significantly. In this case, the single zone Z1M36 set gave

the best correction compared to the other two methods, possibly because it is more

robust in noisy scenarios, although Z12M3 also generated an improvement.

Figure 5.9(d), we imaged neuroblasts at about 100µm deep inside a freshly ex-

tracted, non-fixed Drosophila larval brain. Drosophila larval brains expressing Insc-

Gal4 and mCD8-GFP were dissected from wandering L3 larvae in supplemented

Schneiders medium, as described in [186], except for mounting, which was in agar
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wells on glass slides and covered with a coverslip. After Z1M36 correction, the defini-

tion of membranes (marked by mCD8-GFP) was greatly improved, with the outlines

of the small progeny cells and subcellular structures visible. The Z12M3 correction

made some progeny outlines visible, whilst the Z37M1 correction achieved sharper

membrane and subcellular structures relative to pre-correction. Though all methods

provided some level of correction, Z1M36 performed the best for this specimen.

It is interesting to observe that in Figure 5.9(c) and (d), the wavefronts after

correction using the single zone scheme Z1M36 can contain large amounts of some high

order modes, despite successful correction overall. This is manifest in the ‘wrinkles’

that can be observed around the edge of the pupil, which are due to the presence of

high azimuthal order Zernike polynomials in the correction aberration. These high

order modes are likely to be artefacts due to incorrect optimisation, as it is improbable

that these modes are actually introduced by the specimen. The real specimen induced

aberration is likely be smaller in amplitude than the correction aberration shown. It

is probable that the method has incorrectly introduced these modes in an attempt

to correct high order spherical-like aberrations, which are likely present. In advanced

schemes, prior information on the nature of the specimen-induced aberrations could

be used to regularize such unwanted phenomena.

5.6 Discussion

Overall, the modelling and experimental results point to the conclusion that large

sized zone sets are better at correcting aberrations with simpler shapes and they are

also less sensitive to noise; small sized zone sets work slightly better when aberrations

have more complex shapes, while they are more susceptible to noise.

The results can be explained by the auto-correlations (defined in Appendix B)

where both simple shaped aberrations with low spatial frequency components and
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modal representations with full pupil expansions have high spatial auto-correlations;

in comparison, both complex shaped aberrations with high spatial frequency com-

ponents and zonal representations have low spatial auto-correlations. A high spatial

auto-correlation means a shape changes gradually with gentle gradients or looks con-

tinuous; when zonal representations are used in attempts to correct these kinds of

simple gradual aberrations, mismatches occur between any two discrete zones and

hence result a poor mapping comparing to using continuous modal representations.

On the other hand, a low spatial auto-correlation means a shape has a high spatial

variations with steep gradients or looks discontinuous; when modal representations

are used in attempt to correct these kinds of complex spatially varying aberrations,

the first few low order modes contribute little to the corrections; furthermore, aberra-

tions cause a low signal level which results a high possibility of erroneous predictions

of low order modes. In contrast, each zone in a set of zonal representations con-

tributed equally to the correction process; moreover, due to its discrete property

and 2π phase wrapping, each component in the zonal set has a limited optimisa-

tion searching range [187] since its modulation to the metric reading is periodic (see

Appendix A.3); limited searching ranges are desirable especially when correcting com-

plex shaped aberrations. Therefore, zonal representations have a potential to correct

more complex shaped aberrations better while the modal methods possibly correct

simpler shaped aberrations better. Furthermore, large sized zone sets are expected

to be more robust against the effect of noise as they create a greater varying change

in the fluorescence signal when phase modulation is applied to the pupil plane (see

Appendix A.2).

Results following the correction of specimen-induced aberrations suggest that [Fig-

ure 5.9(a), (b), (c) and (d)], the specimen-induced aberration can be better corrected

by the large sized zone Z1M36 set. It is possibly because of limitations of the other

representations in low SNR scenarios. This is also possibly the reason why Rodŕıguez
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et al. [144] managed to image at around 900 µm inside a brain tissue with the help

of a pupil segmented AO method while with a modal based AO method Streich et

al. [146] can image at around 1200 µm inside a brain tissue; in both cases, the imag-

ings were reported to happen in a 3-P system with illumination wavelengths also at

1300 nm.

It is known that specimen-induced aberrations can take many forms, including

smooth forms, high spatial frequency components and discontinuities [75]. A Fourier

representation for modelling input aberrations was chosen in order to cover a range

of possibilities, while not being biased towards any choice of correction sets. All sets

have limitations in the form of aberrations that they can adequately correct, as they

are limited by the representation used. For example, in all of the zone-based sets,

there exist discontinuities at the zone boundaries. This might be alleviated by inter-

zone phasing [125], if assumptions can be made about phase continuity. However,

in other situations, sudden steps in phase may be required for optimal aberration

correction [75].

The systematic analysis in this chapter provides fair comparisons across the spec-

trum of different aberration representation bases to illustrate their relative capabilities

for realistic scenarios. The detailed analysis has concentrated on a single cycle of cor-

rection, to provide a like-for-like comparison that seeks to minimize measurements

and hence specimen exposure. Several demonstrations in the literature have used

multiple iterative correction cycles. Through modelling of these scenarios, we found

that multiple cycles increased the effectiveness of all sized zone sets, although at the

cost of higher specimen exposure.

The conclusions drawn here could also be readily extended to other aberration

representation bases such as DM deformation modes, Hadamard-Walsh modes or

other arrangements of pupil zones, since in this chapter we demonstrated phenomena

using both Legendre and Zernike based modes in both square and circular pupils, re-
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spectively, to correct both Fourier based introduced aberration and sample-generated

aberration.

5.7 Conclusion

We provided generalised aberration representations which permitted for the first time

a systematic fair comparison of different representation configurations for sensorless

AO schemes. This was illustrated through simulation and experimental demonstra-

tion of their operation in a two-photon microscope. Furthermore, we have shown

that these representations are all special cases of a broader spectrum of zonal/modal

hybrid methods. This opens up the possibility of other aberration representations be-

yond those already presented in previous research and can be useful in specification

of future AO schemes.

Overall, the results suggested that the large zone schemes generally provided bet-

ter correction in a single cycle and were more robust against noise; the small zone

schemes exhibited better performance when the input aberration had complex high

order shapes, but they were more susceptible to error in low SNR imaging.

The results have been presented in a manner that decoupled the essential phe-

nomena from the chosen aberration representations. We therefore expect that the

major conclusions will be broadly applicable and are not limited to the particular

aberration representations employed here. Moreover, we expect that many of the

phenomena observed here through demonstration on a two-photon microscope will

also be common to other microscope modalities. Hence, the results will be useful in

design of future sensorless AO schemes for a wide range of applications



Chapter 6

Machine learning based sensor-less

adaptive optics

As discussed in chapter 4, sensorless AO consists of three key components: the aber-

ration representations, the system quality metric and the optimisation algorithm for

convergence. Conventional sensorless AO methods normally defined a single valued

system quality metric, such as the total fluorescence intensity [102,103,108–112,114,

116–119, 121, 122, 124, 126, 128, 129, 132, 134, 136–142, 146, 147, 149–151, 153, 156, 177]

and the frequency components which reflects the image sharpness [70,99,115,123,148,

152,154,157,158], to quantify the image quality; by introducing various perturbations

to the system, the variations of the quality metric are monitored and optimised using

an algorithm. These single valued system quality metrics are effective, but not the

most efficient. Since they are one-dimensional metrics, they only show the amplitude

but no other property of the aberration. (For more detailed analysis, please see chap-

ter 4.) This is not desirable as images contain phase information and by condensing

the whole image into a single valued metric, the useful information from the image is

not fully extracted.

For most of the imaging systems, the output images can be mathematically

96
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Figure 6.1: The synthetic PSFs of different Zernike modes by modelling a widefield
system. A simple thin lens Fourier optics model is used by assuming a low NA lens.

expressed as a convolution between the sample structure and the PSF of the sys-

tem [19, 20, 182]. Since the deformation of the PSF is distinctive for different pupil

wavefront shapes (see Figure 6.1), the output images should contain information

which helps us to identify not just the amplitude, but also the shape of the pupil

aberration.

In each image, sample structures vary spatially while the PSF can be assumed to

stay relatively similar across the field of view. When imaging a uniform area, PSF

deformations are not obviously captured in the image. PSF information is mostly

captured when there is a sharp edge or step change in the sample structure. Useful

information can be extracted if we can differentiate the spatially varying sample

structures from the relatively stable PSF especially close to sample edges and thus

deduce the pupil phase information. CNN is a suitable option in fulfilling this task

since it is convolutional based and can extract common features from the whole image.

A NN is a way for machine to learn the relationships between inputs and outputs

in a statistical manner [188]. Different from conventional method of which we are

trying to derive explicit mathematical expressions to calculate the outputs from the
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inputs, a NN uses weights, biases and non-linear activations to connect the inputs to

the outputs. A lot of training data sets (input-output pairs) are fed into a NN; the

NN generates outputs from the inputs which then compared to ground truth outputs;

the differences between the outputs from the NN and the ground truth are used in

a back-propagation gradient descent algorithm to update the weights and biases in

the NN. After several iterations and trainings on a number of data sets, weights and

biases in the NN finally converge. This trained NN can then be used to derive outputs

for new inputs.

A CNN is a form of a NN used specifically for image processing [188, 189]. As

each image contains much more data points than normal inputs of a NN, using a NN

to process image is computationally expensive. Furthermore, in an image, adjacent

data points are normally more related than distant data points; fully connected layers,

which analyse all the relationships between any two data points, are computationally

inefficient. In each image, there are also common useful features which may exist at

multiple locations; convolution based NN can thus effectively extract those common

features using only a few kernels.

There are already many attempts of applying ML based methods to improve

image quality through post image processing in terms of denoising and deconvolution

[190–196], since ML based methods are relatively robust against random errors. The

methods have been shown effective, but also have their intrinsic disadvantages. These

ML based methods are observed to be limited to certain types of noise; they cannot

be generalized to cover a wide range of noise forms. ML based methods are normally

in the form of a “black box”; the intermediate layers are not directly interpretable

and thus it is hard to verify the credibility of these computer processed or generated

images. These kinds of methods are thus very useful when processing normal daily

photos, such as pictures of a cat, but less useful when processing scientific images,

where the accuracy and credibility are their priorities.
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Recently, more research focused on using ML to deduce pupil phase aberrations

[106,107,120,165,166,172]. This is an important step to eventually including ML into

image formation and aberration correction loop as it now has the potential to be used

in beam shaping; the pupil phase aberrations predicted by ML may be corrected using

adaptive elements and the beam thus shaped for image generation. The feedback

signal collected by the imaging system will also allow the results from ML to be

verified.

Typically, a DNN is designed in an end-to-end style where the inputs and outputs

of the network are decided; A NN framework is designed with multiple layers and

neurons of which the size of the network is believed to be large enough to represent

a close approximation to the relationship between the inputs and the outputs [188].

The network is thus treated as a black box; the network converges purely based on

the training dataset that is fed in. The advantage of this style is that the network

is thus unbiased; there is no pre-knowledge about the relationship is imposed on the

network; the network itself decides on which important features to extract and how

the features are connected based on the training dataset. The disadvantages are that

the network only works in the domain covered by the training dataset; there is no

guarantee that it can be adapted to other similar scenarios which are outside the scope

of the data used for training. This is possibly the reason why all the published end-

to-end style beam shaping networks were demonstrated only on images of point-like

objects (i.e. PSFs) but not on extended objects since it is not feasible to always obtain

a large number of labelled training datasets from the specimen of our interest to fully

train the network. Another example is the denoising system we mentioned above:

one denoising method only works for certain types of noise included by the training

dataset. Furthermore, though NNs are relatively robust against random errors, they

can be erroneously trained if there is any systematic error existing in the training

data. Moreover, this end-to-end style can sometimes be computationally inefficient
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especially when we hold some knowledge for parts or the whole of the relationship

between the inputs and the outputs; by designing an end-to-end network, we are

asking the computer to reproducing some existing knowledge.

On the other end of this NN style spectrum, there are networks designed in a

human-guided way [172, 176]. Opposite to the end-to-end approach, it is usually

designed incorporating available mathematical models of parts or the whole of the

relationship. This type of network has pros and cons opposite to the end-to-end style

listed above. It is more computationally efficient but more human-guided and thus

biased. This style also may not be feasible in the cases when the relationship is so

complicated that no explicit mathematical model for the relationship is available.

Since there is a well defined mathematical model for image generation process in

microscopy systems, we worked on a human-guided style NN which were designed

to predict the pupil phase aberrations from a minimum of two images of the same

FOV; Two or more images, each with a different bias aberration introduced, were

fed into the NN and allow the network to converge and thus predict the aberration

correction. The simulation results showed that it is a possible approach which will

lead to a substantial piece of work.

6.1 An untrained CNN for deducing pupil phase

from a pair of images

As we discussed above, there is a mathematical model to work out the PSF if the

pupil phase is known; however, the backward conversion is less straightforward since

the phase information of the PSF is unavailable. The section above mentioned one

approach to work out the pupil phase information from the images through a trained

CNN to formulate this backward conversion. The CNN used an end-to-end style

which means that no pre-knowledge about this backward conversion is included in
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this network. In this section, we present another network in a human-guided style

which makes full use of the mathematical model of the imaging system. The only

part that CNN needs to predict is the pupil phase aberration which varies from

experiment to experiment. The network is thus untrained and there is no training

dataset required for the convergence of the network.

There are already human-guided untrained networks that have been used to im-

prove image quality and recover un-aberrated images. Ulyanov et al. designed an

untrained network (in a U-Net architecture [197]) that was shown to be effective in

denoising, inpainting and super-resolution [196]; though this deep image prior net-

work opens the field of using untrained networks for image processing, this network

is limited to be used in computer image processing as there is no physical imaging

system to verify its results. Inspired by this deep image prior, Wang et al. incorpo-

rated the image formation physics into a U-net to work out a phase only object from

its diffraction pattern (PhysenNet) [176]. However, because the deep image prior

network is over-parameterised and can possibly suffer from overfitting, early stopping

is thus an important regulariser. Subsequently, Heckel and Hand designed a deep

decoder where the network is under-parameterised and thus does not need early stop-

ping [198]. Bostan et al. encapsulated the deep decoder and the system physics to

reconstruct the object phase and phase aberrations from the captured images (deep

phase decoder) [172]. With the physical constraints added onto the network, both

PhysenNet and deep phase decoder were successfully demonstrated on simple imaging

systems and showed their potential of being used in microscopes.

In both PhysenNet [176] and deep phase decoder [172], the network generated

the object structure1; the forward propagation from the network predicted object

structures to the output images is formulated by the mathematical model of the

1PhysenNet is different from deep phase decoder where PhysenNet generates the object structure
from a captured image of the object while deep phase decoder generates object structure from a
randomly chosen and fixed tensor.
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physical system and the output images calculated were compared to the real captured

images; the differences between the calculated images and the captured images were

used to update the network to make a better object structure prediction. To allow

a network to generate an object structure, the number of parameters in the network

needs to be comparative to the number of pixels in the image, which requires a lot of

computational power and time for convergence.

In microscopes, the adaptive elements are equipped to correct phase aberrations.

The image quality can be improved through focal spot shaping rather than computer

processing. We, therefore, designed a network to work out the aberrations from

the captured images. Since the aberrations vary from experiment to experiment,

the network is untrained. The number of parameters is comparative to the number

of Zernike modes included in the analysis, which is much smaller than the number

of parameters requested in PhysenNet and deep phase decoder. In this section, we

presented a hand-crafted network incorporating the mathematical model of a 2-P and

a 1-P microscope to predict the phase aberrations from a minimum of two captured

images of the same FOV and with different bias modes applied. Since the image

formation is represented by the mathematical model of the microscope, in this case

a 2-P microscope and a 1-P widefield microscope, this network can be easily adapted

and work on other microscopes by simply changing this mathematical image formation

model while avoiding the trouble of re-collecting training data sets and re-training the

whole network. The results showed that the network can effectively converge to the

right phase aberrations which may be used to control an adaptive element to remove

aberrations and improve the image quality.
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Figure 6.2: A schematic illustration of the untrained network with physical meanings
for phase aberration predictions from a set images (two or more images where marked
red as shown in the figure). One image without bias phase mode applied is used as
the input aberrated image and the other n (n≤ 1) images each with a different bias
phase mode applied are used as the output aberrated image(s) with bias(es). F is a
Fourier transform based function calculating PSF from complex pupil field defined
in equation 6.1. Inv is a function defined in equation 6.2, converting PSF to inverse
PSF filter such that a convolution between the input aberrated image and the inverse
PSF filter is equivalent to a deconvolution between the image and the PSF. The only
trainable kernel in this architecture is the Zernike coefficients (marked yellow and
stated green).
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6.1.1 A schematic illustration of the untrained network with

physical meanings

Figure 6.2 is a schematic illustration of this hand-crafted network and the physical

meaning of each component. It is designed to work out the phase aberrations from

a set of 1 + n images of the same sample, where 1 image captured when zero bias is

applied and the other n images with n different known bias phase modulations applied

by the adaptive element into the system (where n > 1). The only trainable kernel is

the yellow kernel represented the coefficients of the first M Zernike polynomials which

were used in the analysis. Multiplying and summing the Zernike polynomials and the

coefficients obtains a pupil phase aberration (Ψ0), which is then added to bias modes

to obtain the other pupil phase aberration(s) with bias(es) (Ψb). The two (or more)

pupil wavefronts (Ψ0 and Ψb) then form PSFs through a Fourier transform based

function (F); this conversion function F can be varied to model different imaging

systems. Take the 2-P and widefield system as an example, F can be expressed as

PSF = F(Ψ) = |FT (Pamp e
iΨ)|l (6.1)

where l is the power of the complex focal field to generate the PSF for imaging; l = 4

for a 2-P system and l = 2 for a single photon widefield microscope. FT is the Fourier

transform operation. We used a simple thin lens model here Pamp is the amplitude

of the pupil function representing the intensity information of the pupil field; in this

case we assume a uniform illumination across a pupil field such that

Pamp =


1 for r 6 1

0 for r > 1

where r is the normalised distance on the pupil plane from the optical axis.

The PSF without any bias is then converted using the Inv function to calculate
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its inverse point spread function (iPSF) such that a deconvolution between an image

and a PSF can be achieved through a convolution between the image and the iPSF.

The Inv function is defined as

iPSF = Inv(PSF) = FT −1[
1

FT (PSF) + δ
] (6.2)

where δ is a small term to avoid a “0” denominator.

If correct Zernike coefficients are predicted, the deconvolution between the input

aberrated image and the PSF (or convolution with the iPSF) will reveal the sample

structure which then convolves with the other PSF to form the output aberrated image

with bias. If the predicted Zernike coefficients are not correct, the error between the

output image and the ground truth image will be used to update the trainable kernel,

i.e. the Zernike coefficients.

The advantage of this network is that it is a very flexible framework. It can be

applied to various imaging systems through simply changing the F function; Zernike

polynomials can also be switched to other orthogonal aberration representation sets

which may be better suited for certain applications (as discussed in the chapter 5).

6.1.2 A flowchart of the network with details

In practice, to ensure that the network can converge at a fast rate, multiple layers

of kernels and non-linear activations are needed. Non-linear activations are required

between any two convolution layers since convolution is a linear operation and without

non-linear operations the convolution layers would collapse and condense into one

single layer [188, 189]. An easy demonstration is that suppose we have an input x

followed by two convolutional layers with trainable kernels a and b. Without any non-

linear activations between the two convolutional layers, the output y can be expressed

as y = x∗a∗b = x∗(a∗b) = x∗c where c = (a∗b) and ∗ is the convolution operation;
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this results the two convolutional layers condensed into one and we can not build the

complexity or take the advantages of the neural network. By introducing a non-linear

activation such as a tanh function between the two convolutional layers, the output

y is now written as y = tanh(x ∗ a) ∗ b and thus the trainings of the kernel a are

separated to the trainings of the kernel b; this two-layer CNN hence has a potential

to map a more complex function and do a more complicated task.

For images with sparse and coarse structures, to increase the sensitivity of the

gradient descent algorithm for convergence, the starlet wavelet [199,200] decomposed

images instead of the raw images are used for the loss function calculations. Starlets

are used to extract isotropic spatially localised fine features which correspond the

most to the PSF information. This is realised by a 1 × 17 × 17 × 4 kernel where 4

starlet wavelets with different scales are used to conduct wavelet decomposition of the

output image(s); 17 is the largest size of one starlet wavelet and this size is chosen

empirically. This kernel can be adjusted based on the scanning speed and resolution

of the imaging system so that the wavelet scale is selected to correspond to the size of

the PSF features contained in the images. In general, for small sampling rate, small

sized starlets are sufficient to extract PSF information while for large sampling rate,

large sized starlets are needed.

A range of network designs of differing complexities were tested. A suitable net-

work design was selected on a heuristic basis that has the right level of complexity

to both allow fast convergence and be simple enough to operate. Figure 6.3 shows

the details of the network when used in applications. A total of 7 trainable kernels

and 6 trainable biases were connected together to generate the predicted pupil phase.

After the first convolution kernel the path was split into 1 + n: one without and n

with applying the different bias Zernike modes. 1 + n trainable biases were added

to all paths with non-linear activations applied; the activation 1 was selected to be

rectified linear unit (ReLU) function [201]. After the second convolution kernel and
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bias for each path, the non-linear activation 2 was selected to be a sigmoid func-

tion [202]. It then convolved with the third kernel and added the third bias, with the

non-linear activation 3 to be a tanh function. All three non-linear activations were

commonly used in neural network design. The tanh function was chosen to be the

last activation because it ranges from -1 to 1 while the other two activations have no

negative part. After the fourth convolution for each path, 1 + n pupil phases were

generated. The pupil phases from the paths with the bias Zernike modes subtracted

the corresponding bias mode and were averaged with the pupil phase from the path

without the bias mode to generate a single predicted pupil phase; the single predicted

pupil phase then added different bias Zernike modes back in each path to generate

the pupil phases with bias. The predicted phase without bias was used to calculate

iPSF using the F and Inv functions defined in equation 6.1 and 6.2. The phases

with bias calculated PSFs using the equation 6.1. The input image captured using a

microscope with unknown aberrations present is convolved with the iPSF followed by

convolution with the PSF to generate an output image. The calculated output image

was wavelet transformed and compared to the ground truth, which was also wavelet

transformed from the image captured using the same microscopy system with bias

mode applied. The difference between the output and the ground truth was used to

generate a loss function for network convergence.

6.1.3 More details on the choices of the network parameters

and designs

The trainable kernels were initialized using the Glorot uniform (or Xavier uniform)

initializer [203] to randomize the starting values of various kernels. The kernels were

regularized using the L1L2 regularizer so that both the first and second moment of

the kernels are used for regularization to avoid any kernel possessing extreme values

and thus to avoid overfitting.
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Figure 6.3: A detailed flowchart with dimensions of the different layers and kernels
of the network when two (or more) images are used for phase aberration retrieval.
Arrows indicate the directions of flow. Blocks by the side of arrows are the kernels
for convolutions. Trainable biases are added and non-linear activations are applied
after convolutions. Non-linear activation 1, 2 and 3 corresponds to ReLU, sigmoid
and tanh respectively. Yellow blocks are trainable kernels for convergence during
the training process. Gray blocks are pre-determined or calculated layers or kernels.
Blue blocks are the images fed in and calculated by the network while cyan blocks
are the ground truth images as references. N is the x-y size of the pupil plane; L is
the number of aberration representation modes for analysis; M is the x-y size of the
images. The area enclosed by the red box may be replicated by n times if n images
with n different known bias phase modulations are fed into the network for phase
retrieval.
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The loss function is generated through starlet wavelet transforming both the cal-

culated and captured images. After processing the calculated and captured images,

the output and ground truth are used to calculate a mean squared logarithmic error

(MSLE) as its loss function. The MSLE, LMSLE, is defined as

LMSLE(I, I ′) =

∫∫
(log(I + 1)− log(I ′ + 1))2dxdy∫∫

dxdy

=
1∫∫
dxdy

∫∫ (
log

(
I + 1

I ′ + 1

))2

dxdy (6.3)

where I is the ground truth and I ′ is the output from the network. x and y are spatial

coordinates. In comparison, the mean squared error (MSE), LMSE, is defined as

LMSE(I, I ′) =

∫∫
(I − I ′)2dxdy∫∫

dxdy
(6.4)

Comparing to LMSE, LMSLE relates mostly to proportional differences rather than

absolute values. Since imaging samples with densely distributed structures will result

in a larger MSE than sparsely distributed structures, using MSLE allows a consistent

performance of the network when imaging different samples.

The Adam optimizer [204] was chosen to be the optimisation algorithm to update

the trainable kernels and biases as iterations. The Adam optimizer adapts the learning

rate on a parameter basis and it also averages the most recent few gradients to allow

a smoother learning process. The effectiveness of the Adam optimizer makes it a

suitable choice for this application. In addition, the learning rate was also set to

decay exponentially as the number of training iterations to allow a faster and better

convergence.
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Figure 6.4: A simulated sample with random blocks, lines and points structures.

6.2 Demonstrations of the neural network on sim-

ulated data

To demonstrate the network, we generated a sample with random blocks, lines and

points as shown in Figure 6.4. The sample was then convolved with PSFs (generated

from the F function defined in equation 6.1) to simulate images captured by the

imaging systems. These sets of images were fed into the network to test whether

the network could correctly predict the unknown input aberrations. A total of 8

modes (defocus, two astigmatism, two coma, two trefoil and spherical) were included

for analysis. The network was demonstrated by modelling both a 2-P and a 1-P

widefield microscope.

6.2.1 The neural network modelling a 2-P microscope

Two (or more) images were introduced into the network modelling a 2-P microscope

(where l = 4 for the F function defined in the equation 6.1) for the phase retrieval. One

image was generated when the pupil phase was aberrated but without any known bias

introduced; the other image(s) was(were) generated when known bias(es) was(were)

introduced into the same aberrated pupil phase; the choices of the bias modes were

different if more than one image with bias modes were fed into the network. We tested
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the network to predict one radians of astigmatism, coma and trefoil aberrations RMS.

The known bias added to assist the prediction was defocus when predicting astigma-

tism and coma; when predicting trefoil, both defocus and spherical were introduced

and thus a total of three images were fed into the network.

6.2.1.1 Astigmatism phase retrieval

A unknown aberration consisting only astigmatism in this case was used for predic-

tion. Defocus was introduced as the bias mode which was known to the network. An

image generated without bias [Figure 6.5(a)] and an image with bias [Figure 6.5(b)]

were fed into the network; insets of Figure 6.5(a) and (b) were the corresponding pupil

phases when the images were generated. Results were presented in Figure 6.5(c). The

MSLE loss function decreased in general as the number of iterations increased. After

about 200 convergence loops, the loss function decreased at a slower speed and the

network started to converge to a shape containing mainly astigmatism which was the

unknown aberration for the network to predict.

6.2.1.2 Coma phase retrieval

Coma was used in this case as the unknown aberration for prediction. Defocus was

again used as the bias mode which was known to the network. An image without

bias [Figure 6.6(a)] and an image with bias [Figure 6.6(b)] were fed into the network.

Results were presented in Figure 6.6(c). The MSLE loss function decreased as the

number of iterations increased and the network gradually converged and identified

the unknown aberration with mainly coma.

6.2.1.3 Trefoil phase retrieval

Trefoil was used as the unknown aberration for prediction in this case. Both defocus

and spherical were used as the bias modes which were known to the network. Two
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Figure 6.5: Results from the network when modelling a 2-P microscope. (a) and (b)
were the two images generated when the system had a unknown pupil aberration of
astigmatism, where (b) had an additional known bias mode of defocus introduced.
The insets (bottom left) were the pupil wavefronts when the images were generated.
The two images (a) and (b) were fed into the network to predict the unknown aber-
ration. (c) was a plot of the MSLE loss function against the number of iterations for
convergence. The insets were the pupil wavefronts predicted by the network at the
number of iterations indicated by the red dots on the plot.

Figure 6.6: As explained in the caption of the Figure 6.5 (a) and (b) were the two
images fed into the network for phase retrieval where (a) was generated when the 2-P
system had an unknown aberration of coma while (b) had an extra known bias mode
of defocus in addition to the unknown aberration. The insets (bottom left) were the
pupil wavefronts when the images were generated. (c) was the plot of the MSLE loss
function against the number of iterations for convergence. The insets were the pupil
wavefronts predicted by the network at the number of iterations indicated by the red
dots on the plot.
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Figure 6.7: Slightly different from Figure 6.5 and 6.6, in this case three images, (a),
(b) and (c) were generated when the system had a unknown pupil aberration of
trefoil, where (b) and (c) had known bias modes of defocus and spherical introduced
respectively. The insets (bottom left) were the pupil wavefronts when the images were
generated. (d) is a plot of the MSLE loss function against the number of iterations
for convergence. The insects are the pupil wavefronts predicted by the network at the
number of iterations indicated by the red dots on the plot.

bias modes instead of one were used in this case because results from several attempts

suggested that the performance of the network was more consistent if spherical in

addition to defocus were used for phase retrieval. This could be because trefoil has a

higher angular order than both astigmatism and coma which results a more complex

deformation to the PSF in the lateral plane and thus harder to be identified. By

introducing more bias modes and collecting more images of the same FOV, more

information could possibly be more easily extracted.

An image without any bias [Figure 6.7 (a)] and two images each with a different

bias - defocus [Figure 6.7 (b)] and spherical [Figure 6.7 (c)] were fed into the network.

Results are presented in Figure 6.7 (d) where the MSLE loss function decreased for

the first 40 iterations and no longer decreased afterwards. The insets showed that the

network predicted a wavefront containing a combination of trefoil and spherical after

about 20 iterations but more convergence loops did not lead to a better prediction

as the loss function was not observed to decrease and the shape of the predicted

wavefront did not converge to a shape containing only trefoil.

From results displayed in all three Figures 6.5, 6.6 and 6.7, we see the network
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converged towards the correct prediction and the loss function was reduced with

iterations in general. The three sets of results suggested that the network has the

potential of identifying aberrations (out of eight modes) using a two or three images

when modelling a 2-P system.

6.2.2 The network modelling a 1-P widefield microscope

Similar to modelling a 2-P microscope, two (or more) images were introduced into

the network for phase retrieval; the network modelled a 1-P widefield microscope in

this case where l = 2 for the F function defined in the equation 6.1. One difference

could be easily observed from the generated images when comparing the 1-P to the

2-P model was that the average brightness of the images was not changed with the

aberration for the 1-P model but decreased significantly with an increasing amount

of aberration for the 2-P model. By applying the network to demonstrate on a 1-P

system, we tested whether the network could correctly predict aberrations when the

input image average brightness was not affected by the aberration.

6.2.2.1 Astigmatism phase retrieval

Astigmatism was used as the unknown aberration for prediction. Defocus was used

again as the bias mode which was known to the network. An image without bias

[Figure 6.8(a)] and an image with bias [Figure 6.8(b)] were fed into the network.

Results were presented in Figure 6.8(c). The MSLE loss function decreased in general

as the number of iterations increased. After about 500 iterations, the loss function

decreased at a slower speed and the network gradually converged to the shape of

astigmatism which was the unknown aberration for prediction.
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Figure 6.8: Results from the network when modelling a 1-P microscope. (a) and (b)
were the two images generated when the system had a unknown pupil aberration of
astigmatism, where (b) had a known bias mode of defocus introduced. The insets
(bottom left) were the pupil wavefronts when the images were generated. The two
images (a) and (b) were fed into the network to predict the unknown aberration. (c)
was a plot of the MSLE loss function against the number of iterations for convergence.
The insets were the pupil wavefronts predicted by the network at the number of
iterations indicated by the red dots on the plot.

6.2.2.2 Coma phase retrieval

Coma was used in this case as the unknown aberration for prediction. Defocus was

again used as the bias mode which was known to the network. An image without

bias [Figure 6.9(a)] and an image with bias [Figure 6.9(b)] were fed into the network.

Results were presented in Figure 6.9(c). The MSLE loss function decreased much

more slowly than the previous demonstrations (by a factor of 10); after about 5000

iterations the network started to converge at a slower speed to identify the unknown

aberration which was detected mainly as coma but also contained some spurious

trefoil components.

6.2.2.3 Trefoil phase retrieval

Trefoil was used as the unknown aberration for prediction. As explained in the

section 6.2.1.3, both defocus and spherical were again chosen as the bias modes which

were known to the network. An image without any bias [Figure 6.10 (a)] and two
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Figure 6.9: As explained in the caption of the Figure 6.8 (a) and (b) were the two
images fed into the network for phase retrieval where (a) was generated when the 1-P
system had an unknown aberration of coma while (b) had an extra known bias mode
of defocus in addition to the unknown aberration. The insets (bottom left) were the
pupil wavefronts when the images were generated. (c) was the plot of the MSLE loss
function against the number of iterations for convergence. The insets were the pupil
wavefronts predicted by the network at the number of iterations indicated by the red
dots on the plot.

images each with a different bias - defocus [Figure 6.10 (b)] and spherical [Figure 6.10

(c)] were fed into the network. Results are presented in Figure 6.10 (d) where the

MSLE loss function gradually decreased as iterations, but at a slower speed as the

results presented when modelling the 2-P microscope. The insets showed that the

network slowly converged to a wavefront containing mainly trefoil after about 20, 000

iterations.

From results shown in all three Figures 6.8, 6.9 and 6.10, we see the network

converged towards the correct prediction and the loss function was reduced with

iterations in general. The three sets of results suggested that the network has the

potential to identify aberrations (out of eight modes) using a two or three images

when modelling a 1-P system.
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Figure 6.10: Slightly different from Figure 6.8 and 6.9, in this case three images,
(a), (b) and (c) were generated when the system had a unknown pupil aberration of
trefoil, where (b) and (c) had known bias modes of defocus and spherical introduced
respectively. The insets (bottom left) were the pupil wavefronts when the images were
generated. (d) is a plot of the MSLE loss function against the number of iterations
for convergence. The insects are the pupil wavefronts predicted by the network at the
number of iterations indicated by the red dots on the plot.

6.2.3 Discussion

Defocus in all six cases was used as (one of) the bias mode(s) because it reveals the

three dimensional shape of a PSF and is a common choice in a lot of machine learning

based phase retrieval methods [107, 172, 176]. Spherical was selected in addition

to defocus when predicting trefoil because trefoil has a higher angular order than

astigmatism and coma while spherical has zero angular order but a higher radial

order than defocus; aberrations with high radial orders but zero angular order affect

the PSF more strongly in the axial direction, and create only rotationally symmetric

effects in the lateral plane. Intuitively spherical was chosen to expose the lateral

deformation of the PSF resulting from the high angular order of the trefoil.

Comparing the results presented in the Figure 6.5, 6.6 and 6.7, the loss function

decreased at varying rate despite similar learning rate was used. When predicting

astigmatism [Figure 6.5] and trefoil [Figure 6.10], the learning rate chosen for conver-

gence seemed to be too large as the loss function did not decrease monotonically as

iterations and spikes were observed; on the other hand, the learning rate seemed to
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be a bit too small when predicting coma [Figure 6.6] as the loss function decreased at

a rather slow speed and did not fully converge after 1, 500 iterations. This suggested

that the loss function (quality metric) used in this network did not vary isotropically

for different aberration modes. This was not desirable because the performance of

the network was thus less predictable. This observation may lead to a conclusion that

Zernike polynomials used for demonstrations were not optimised for this network (as

discussed in chapter 4) and a more suitable set of aberration representation may allow

a more consistent performance.

Comparing the results presented in the section 6.2.2 to the results in the section

6.2.1, the network converged in general faster when modelling a 2-P system than

modelling a 1-P system. This may be explained as the average brightness of the

images generated from a 2-P microscope simulation decreased greatly as the amplitude

of aberrations increased; in contrast, the average brightness of images generated from

a 1-P microscope simulation stayed constant as aberrations changed; the network

may extract not just PSF deformation but also the brightness information which was

not relevant to a 1-P system. The results in the section 6.2.2 still suggested that the

network can retrieve phase purely based on PSF deformation but at a slower speed.

6.3 Conclusion

We demonstrated a untrained human-guided network for identifying pupil aberrations

(out of eight modes) using a two or three images when modelling a 2-P and a 1-P

microscopes. Results suggested that this network had a potential of extracting more

useful information from images than conventional aberration correction algorithms

which normally required a minimum of N + 1 images [116, 149] (and more often

2N + 1 [99,123,124,129,147,152] or 3N [71, 102,117,129,132,146,148,153–155,157–

160] images) for correcting N modes. This network also had advantages over the
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other end-to-end style phase retrieval CNN presented in literature since this untrained

network required no training dataset while the other CNNs required a large number

of training data which was hard to obtain from microscopy systems; this network was

also more versatile as it can be easily adapted to various types of microscopes by

simply changing the physical model encapsulated in the network while the other end-

to-end style CNN can normally work on only one microscope where its training data

was collected from and the network was optimised for; adapting the same network to

work on a separate microscope could in practical situations require re-collecting the

training dataset from the different system and re-train the network [107]. The network

proposed in this chapter also had advantage over other untrained network proposed in

literature [172,176] as the number of parameters in this network was compatible to the

number of aberration modes and thus much smaller than the networks in literature

where the number of parameters was related to the number of pixels in the images

and thus our network was expected to have the potential to converge faster.

Although the network only demonstrated on simulated data for now, it has poten-

tials to work well on experimental data. The network is highly under-parameterized

(comparing to the number of image pixels) and thus unlikely to fit any noise data; it

is thus expected to be robust against random noise and system parameter variation

in real systems.

In the future, a more detailed analysis on a suitable set of aberration representa-

tions for this network may need to be discussed; although Zernike polynomials used

in this work were a common choice for a lot of aberration correction methods, the

loss function in this network did not vary isotropically to different modes which made

its performance less predictable; an ideal set of aberration representations should al-

low the network to converge at a relatively similar speed which can greatly ease the

operation of the network. Furthermore, a detailed discussion on the choice of bias

modes may also help the network to extract more useful information from the im-
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ages and thus improve its performance; currently defocus and spherical modes were

chosen intuitively since they have a zero angular order; different bias modes may be

tested and compared to obtain a more accurate phase prediction from fewer number

of sample exposures. Background noise may also need to be added into the testing

data to assess the robustness of the method under low SNR conditions.



Chapter 7

Compensation of vectorial state

errors using adaptive optics

A range of applications in classical and quantum optics require the control of the

spatially variant vectorial state of light - encompassing both polarisation and phase

[205–207]. These applications include focusing through high numerical aperture

lenses; using optical elements like Q plates [208, 209], metasurfaces and GRIN op-

tics [10,11]; plasmonic or waveguiding structures [210,211]; and laser machining [212].

Some emerging applications require compensation of spatially variant perturba-

tions of the vectorial state (vectorial aberrations) when light propagates through an

optical system [11, 213, 214]. This can occur, for example, in imaging systems like

microscopes or lithography systems whose performance is sensitive to the polarisa-

tion state of the light. In addition to suffering from the effects of phase aberrations,

which vary from specimen to specimen, the performance of these microscopes also de-

grades when the light deviates from the ideal polarisation state. This includes super-

resolution methods, such as STED and SIM [12–14]. By their nature, these systems

require adaptive compensation of phase and polarisation errors. Vectorial aberrations

can also be introduced when focussing through birefringent crystals, through stressed

121
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optical elements or due to dielectric coatings [11,15,16].

Adaptive optical elements, whose high pixel density provides fine spatial control

of the beam profile, could be used to correct the vectorial aberrations introduced

in such systems. While adaptive optics has been widely used for phase correction,

its use for polarisation control is more challenging, due to more degrees of freedom

being required to control the vectorial field. This would require a complex optical

system with multiple adaptive elements. Despite this complexity, many systems have

already been implemented that use multiple adaptive elements [155, 215, 216]. Note

that multiple passes could also be implemented by different areas of the single SLM,

so fewer devices could be used in practice [217].

Existing systems for vectorial beam control have mostly been concerned with the

generation of a chosen beam profile from a fixed [218–222], known state, such as the

linearly polarised output of a laser source. For broader implementation of vectorial

beam control, a more general problem must be solved: the conversion between two

arbitrary vectorial states. We present a new configuration, which uses four SLM

passes, that permits full conversion between arbitrary vectorial states. We further

provide a method and analytical expression of using four SLM passes to compensate

the effects of any homogeneous retarder on any fully polarized light with arbitrary

vectorial states.

7.1 Model system

In order to investigate the capabilities of SLMs in controlling the vectorial state

(including polarisation and phase), a system shown in Figure 7.1 is used for analysis.

This consists of a sequence of transmissive SLMs positioned along the beam path at

normal incidence, such that the distance between the SLMs is small enough so that

diffraction effects between elements can be considered negligible. We note also that
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Figure 7.1: Schematic of the multiple transmissive SLM system. Note that in practice
most commercial SLMs are operated in the reflective mode. Transmissive devices are
drawn here for convenience. The modulation axis of each SLM is set at a chosen
angle θA, etc.

similar operations could be achieved if suitable 4f imaging systems had been used

between each pair of SLMs, although they are omitted here for clarity. While many

modern SLMs operate in a reflection rather than transmission configuration, which

sometimes requires operation at a slight deviation from normal incidence. We make

the approximation here that all beams are at normal incidence.

The illumination is assumed to be a collimated beam of monochromatic, fully

polarised light, although the polarisation state may vary across the beam profile.

Phase variations may also be present in the incoming beam.

In order to model the operation of the most commonly used, parallel aligned

nematic liquid crystal devices, the SLMs are assumed to operate as waveplates (linear

retarders) with fixed axis, but variable retardance within a range of ±π radians. The

SLMs can be rotated around the optical axis, such that the equivalent waveplate axis

of each SLM can be at any chosen orientation. In many practical systems of this type,

the SLMs are not mechanically rotated, but additional waveplates are used instead

to transform the polarisation state between SLM passes.

The action of each of the SLM pixels is to introduce phase shifts along axis corre-



124

sponding to the ordinary (fixed phase shift) and extraordinary (variable phase shift)

axes of the variable waveplate. The polarisation components projected on the ordi-

nary and extraordinary axes are referred as the eigenmodes of the equivalent wave-

plate. To assist analysis we define an offset phase shift Φδ, which will be the same

across the whole beam. The effects of each pixel are represented by Φδ absolute phase

shift along the ordinary axis and the addition of Φδ +ψ radians for the extraordinary

axis. As the fixed offset Φδ will have no effect on the PSF and hence no consequence

for our analysis, we will neglect this term from further expressions. The action of the

SLM is thus equivalent to the addition of a relative phase of ψ between the modes.

The relative phase corresponds to the retardance ψ of the SLM pixel that is related

to the change in polarisation state.

A change in the polarisation state induced by the SLM pixel can be visualized

as a transition on the Poincaré sphere. If the pixel can be represented by a Müller

matrix with primary eigenvector given by the normalised reduced Stokes 3-vector Q1,

corresponding to the extraordinary axis of the equivalent retarder, and retardance

ψ, then the transition between the input state and the output state corresponds to

a rotation through angle ψ, around the axis defined by Q (Figure 7.2 shows a case

when Q aligns with S1). Hence, cascaded SLMs can be modelled geometrically by

sequences of rotations about different axes on the Poincaré sphere, which correspond

to a collection of circular arcs on the surface. We note the special case where the

input polarisation is aligned with the primary eigenmode (extraordinary axis) of the

SLM and hence the input state lies on the axis of rotation; in this case there is no

change in polarisation state, although there is a phase modulation. This corresponds

to the operation of the SLM as a pure phase modulator. We can also note when

the input is aligned with the secondary eigenmode, there is no polarisation or phase

change.

1A reduced Stokes vector contains the last three elements (the first to third element) of a normal
Stokes vector and ignored the zeroth element (as defined in the section 2.1.3.2).
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Figure 7.2: A visualisation of a SOP transition due to a retarder on a Poincaré
sphere. The extraordinary axis Q of a retarder aligns with S1 and the ordinary axis -
Q aligns with -S1. The initial polarisation state, marked by A, is converted to another
polarisation state, marked by B, after passing through a retarder with extraordinary
axis Q and retardance ψ. The transition is equivalent to a rotation through angle ψ
from A to B about the axis Q.

7.2 Conversions between arbitrary polarisation

states

The problem of achieving general conversions between arbitrary polarisation states

can be considered into two steps: 1. a conversion from any arbitrary polarisation state

to a fixed state and 2. a conversion from a fixed state to any arbitrary state. Since

most systems proposed in the literature are designed by assuming a known input

state, we first present a brief review and a solution of how to convert from a fixed

state to an arbitrary state, followed by a solution of converting from an arbitrary state

to a fixed state and finally combining the two steps to achieve a conversion between

arbitrary polarisation states.
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7.2.1 Conversions from a fixed to any arbitrary polarisation

state

As we mentioned above, there are already systems proposed in the literature to gen-

erate a defined polarisation and/or phase state from a known input [213–216, 223–

225,225–227]. We provide here a brief review of the operation of these systems, as the

basis for later discussion. For all of these systems, the input beam is chosen to have

a uniform, linear polarisation state. For generation of arbitrary polarisation states, a

minimum of two SLM modulations is required, as the transition in polarisation state

requires two free variables. In the optimal configuration, for full polarisation modu-

lation capability, the extraordinary optical axis of the first SLM must be oriented at

45◦ to the polarisation of the input light. The second SLM is then oriented along the

polarisation of the input light. On the Poincaré sphere, the action of the first SLM

is to move the polarisation state along a great circle (see the blue path in Figure 7.3

(a)); the second SLM then moves the state along a circle in a perpendicular plane

to the plane of the first SLM path (see the red paths in Figure 7.3 (a)). These two

transitions can reach any point on the sphere and hence permit the generation of any

polarisation state. Although we have assumed that all SLMs are capable of full ±π

radians retardance, this same modulation range could also be achieved if the second

SLM were limited to ±π/2 radians. Note that if the orientation of either SLM is

not perfectly aligned, the paths on the Poincaré sphere will not be in perpendicular

planes, so there will be regions of the sphere that cannot be reached (see Figure 7.3

(b)); hence, there will be polarisation states that cannot be generated by the system.
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Figure 7.3: SOP transitions on the Poincaré sphere for the 2-SLM system. S1, S2
and S3 are the axes representing the reduced Stokes vector components. Point A
represents the linear polarised input state; point B is the state after the first SLM;
point C shows the output state. (a) The first SLM has extraordinary axis (Q1) aligned
with S2 and the second SLM has extraordinary axis (Q2) aligned with S1. Variation
of the retardance of the two SLMs permits the translation of point C to any point
on the surface of the sphere. (b) The first SLM has extraordinary axis (Q1) aligned
with S2 while the second SLM has extraordinary axis (Q2) aligned at an angle to S1.
Therefore, Q2 is not orthogonal to Q1. Variation of the retardance of the two SLMs
still permits the translation of most points on the surface of the sphere; however, the
two areas enclosed by the solid green circle around Q2 and -Q2 can never be reached
by this not perfectly aligned 2-SLM system.
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Figure 7.4: SOP transitions on the Poincaré sphere for the 2-SLM system. S1, S2
and S3 are the axes representing the reduced Stokes vector components. Point A
represents any arbitrary input state; point B is the state after the first SLM; point
C shows the output state. The first SLM has extraordinary axis (Q1) aligns with
S1 and the second SLM has extraordinary axis (Q2) aligns with S2. Variation of
the retardance of the two SLMs permits any point on the surface of the sphere to
transmit to the fixed point C.

7.2.2 Conversion from any arbitrary to a fixed polarisation

state

Similar to section 7.2.1, this reverse conversion also requires a minimum of two SLM

modulations. In the optimal configuration, the extraordinary optical axis of the first

SLM must be oriented along the polarisation of the output light. The second SLM is

then oriented at 45◦ to the first SLM. On the Poincaré sphere, the action of the first

SLM is to move any polarisation state to the great circle passing through the output

polarisation perpendicular to the extraordinary axis of the second SLM (see the red

paths in Figure 7.4); the second SLM then moves the state along the great circle to

the fixed output state(see the blue path in Figure 7.4).

7.2.3 Conversions between arbitrary polarisation states

The discussions in section 7.2.1 and 7.2.2 can be used as the basis and lead to the

solution of achieving a general conversion between arbitrary polarisation states. Since
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Figure 7.5: (a) A 2-SLM system to convert any arbitrary state to a linear x state.
(b) A 2-SLM system to convert a linear x state to any arbitrary state. (c) A 3-SLM
system to convert any arbitrary state to any other arbitrary state.

the transmission of an arbitrary state to a fixed state (linear x) can be achieved by

passing through a SLM with extraordinary axis oriented at S1 followed by another

SLM oriented at S2 (see Figure 7.5(a)), and the conversion of a fixed state (linear x)

to any arbitrary state can be realised by a SLM oriented at S2 followed by another

SLM oriented at S1 (see Figure 7.5(b)), a conversion from any arbitrary state to

any other arbitrary state can be achieved through passing through these two 2-SLM

systems in sequence to convert an arbitrary state to a linear x state and back to any

other arbitrary state; i.e. a 4-SLM system with SLMs oriented at S1, S2, S2 and S1

in sequence. The two S2 oriented SLMs in the middle of this 4-SLM cascade can be

combined as one SLM since we modelled the SLM to have a full working range of

±π. Therefore, a 3-SLM system, oriented at S1, S2 and S1 respectively (see Figure

7.5(c)), can be used to convert any arbitrary polarisation state to any arbitrary state.

Note that for the purpose of demonstration, only one example of possible ar-

rangements is presented here and analysed in the later parts of this thesis. In theory,
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any 3-SLM system with the second SLM oriented at 45◦ to the first SLM and the

third SLM aligns with the first SLM allows conversions between arbitrary polarisation

states.

7.3 General conversions between arbitrary vecto-

rial states

A vectorial state contains both the polarisation and phase state. By modulating

the polarisation state, the phase state of light was also changed (see section 2.1.3.3)

[23, 25, 26, 228]. To allow a full vectorial state modulation, we need to analyse the

PB phase added to the system due to polarisation modulations. Note that based on

the SLM models we adopted in the section 7.1, the dynamic phase introduced by

the SLM system is a constant (Φδ) and thus excluded from our discussion. In this

chapter, we will also show that in the cases when the PB phase cannot be modulated

to cover a full range of ±π, extra modulation devices need to be included for phase

compensations.

7.3.1 The PB phase of a single SOP transition

The PB phase defines the phase difference between two beams with the same or

different polarisation states subjected to the orientation of the eigenvector of the

system. This phase can be calculated using a geometrical expression or through

interference.

7.3.1.1 The geometrical expression of the PB phase

If the polarisation state A is in phase with -Q and -Q is also in phase with B, the

phase difference Φ between A and B can be calculated as half of the area Ω of the
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Figure 7.6: A transition from A to B after passing through a SLM with its extraor-
dinary axis Q oriented at S1 and a retardance of Ψ. The phase difference between A
and B after the transition can be calculated as half of the area of the geodesic triangle
A-QB.

geodesic triangle A-QB [228] [Figure 7.6]

ΦA−QB =
1

2
ΩA−QB = tan−1 [

A · (−Q×B)

1 + A · −Q+−Q ·B +B · A
] (7.1)

where A, -Q and B are normalised 3 × 1 reduced Stokes vectors; the vectors also

indicate the three dimensional coordinates of the states on the Poincaré sphere (see

section 2.1.3.4).

As discussed in section 7.1, the SLM is modeled such that the retardance is applied

to the extraordinary axis while it has no effect on the ordinary axis. Therefore after

the transition of the polarisation state from A to B, the input beam A is in phase

with the ordinary axis -Q and -Q is also in phase with the output beam B. ΦAQB in

the equation 7.1 can therefore calculate the phase difference between the input and

output beam A and B after passing through an SLM with extraordinary axis oriented

at Q.
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7.3.1.2 The PB phase derived through interference

If two beams, each with a different polarisation state JA and JB, constructively inter-

fere with each other, the two beams will be in phase. The phase difference between

two beams thus equals to the phase added to one of the beams for constructive in-

terference. This phase difference can thus be calculated as

ΦA−QB = arg (JA · JB) (7.2)

where JA and JB are Jones vectors of polarisation states A and B.

Equation 7.2 can also be written in the form of the reduced Stokes vectors [228]

as

ΦA−QB = arg [µ1 + µ2 + (µ1 − µ2)Q · A] = arg
[
eiψ + 1 +

(
eiψ − 1

)
Q · A

]
(7.3)

where µ1 and µ2 are the eigenvalues of the extraordinary and ordinary axis of the

SLM respectively. In our model system described in section 7.1, µ1 = exp(iψ) and

µ2 = 1.

Appendix C includes justifications and derivations of how the equation 7.1, 7.2

and 7.3 lead to the same result.

7.3.2 The PB phase of the 3-SLM system

After passing through a 3-SLM system, the input beam with polarisation state A is

converted to D through three transitions (A to B, B to C and C to D) (Figure 7.7

(a)).

The SLM model in section 7.1 suggested that after the conversion from A to B,

A is in phase with -Q1 and -Q1 is in phase with B. The phase difference between A

and B can thus be calculated as ΦA−Q1B; same for ΦB−Q2C and ΦC−Q3D.
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Figure 7.7: Three examples of the conversion from the polarisation state A to D
after passing through three SLMs with extraordinary axis oriented at S1, S2 and S1
respectively. In each case, the three SLMs have different retardance settings and the
transitions trace different paths on the Poincaré sphere. The resultant polarisation
state conversions are the same but the PB phases introduced are different for the
three examples.

Upon adding the phase difference ΦA−Q1B to the Jones vector of A, JA, adding

ΦB−Q2C to both JA and JB, and adding ΦC−Q3D to JA, JB and JC , we obtain three

new vectorial states J ′A, J ′B and J ′C

J ′A = exp [i(ΦA−Q1B + ΦB−Q2C + ΦC−Q3D)] JA

J ′B = exp [i(ΦB−Q2C + ΦC−Q3D)] JB

J ′C = exp (iΦC−Q3D) JC

such that J ′A is in phase with J ′B, J ′B is in phase with J ′C and J ′C is in phase with JD.

Using the same geometric phase definition we mentioned above in section 7.3.1, the

phase difference between the new vectorial state J ′A and JD can now be calculated as

ΦABC + ΦACD.

Therefore, the total phase difference between A and D after passing through the

3-SLM system, Φ, can be calculated as

Φ = ΦA−Q1B + ΦB−Q2C + ΦC−Q3D + ΦABC + ΦACD (7.4)
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Each individual component of this equation 7.4 can be calculated using either the

equation 7.1, 7.2 or 7.3; but these calculations require the knowledge of the retardance

settings of the second and third SLM and/or the Stokes vectors of the intermediate

points B and C. The discussions on SLMs retardance settings and Stokes vectors of

the intermediate points are presented in the next section 7.3.2.1.

7.3.2.1 The retardance settings of SLMs and the intermediate transi-

tional states

To calculate the phase difference between A and D using the equation 7.4, the re-

tardance settings of the second and third SLM, if equation 7.3 is used, and/or the

Stokes vectors of the intermediate point B and C, if equation 7.1 is used, will need

to be known. As shown in figure 7.7, the conversion from A to D is not unique and

the resultant PB phase is different when different paths on the Poincaré sphere are

taken. Though A and D are fixed chosen states, B and C may vary on the circles

perpendicular to S1 and passing through A and D respectively. After some deriva-

tions, it is shown that the retardance settings of the second and third SLM, ψ2 and

ψ3, and the reduced Stokes vectors of B and C depend on A, D and the retardance
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of the first SLM ψ1.

ψ2 = sin−1

(
D1√

1−B2
2

)
− sin−1

(
A1√

1−B2
2

)
(7.5)

ψ3 = sin−1

(
D2√

1−D2
1

)
− sin−1

(
B2√

1−D2
1

)
(7.6)

B =


B1

B2

B3

 =


A1

A2 cosψ1 + A3 sinψ1

−A2 sinψ1 + A3 cosψ1

 (7.7)

C =


C1

C2

C3

 =


D1

D2 cosψ3 −D3 sinψ3

D2 sinψ3 +D3 cosψ3

 (7.8)

where Sn is the nth entry of the Stokes vector of S. For the derivations of the above

equations, see Appendix D for more details.

7.3.2.2 A discussion of the P-B phase variations for the 3-SLM system

As the equations shown in the above section 7.3.2.1, the retardance settings of the

second and third SLM and the intermediate transitional states, B and C, are related

only to the Stokes vector of the initial, final polarisation states, A and D, and the

first SLM retardance settings, ψ1. The PB phase can be calculated by substituting

the equations in section 7.3.2.1 into the equation 7.4; the total PB phase, Φ, is thus

also a function of A, D and ψ1.

After some detailed analysis (see Appendix E), it is shown that the total PB

phase Φ has a full range of −π to π only if the Stokes vector of the initial and final

polarisation states have an equal but opposite first element, i.e. A1 = −D1, or if both

A1 and D1 equals to 1, i.e. A1 = D1 = 1.
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Figure 7.8: (a) A 4-SLM system proposed for a full range of vectorial state modu-
lation. (b) An example of the conversion from the polarisation state A to E after
passing through the 4-SLM system shown in (a).

7.3.3 The PB phase of a 4-SLM system to allow a full vec-

torial state modulation

As discussed in the section 7.3.2, the PB phase variations of a 3-SLM system only

has a full range of ±π in limited cases. To ensure a full range of vectorial state

modulation, an extra AO device needs to be included into the system.

One configuration that allows sufficient phase control would include an additional

polarisation insensitive device, such as a DM or mirror-based SLM, which would

introduce a polarisation independent phase shift. This device could be placed at any

point in the optical system, before, between or after the 3-SLM passes.

An alternative way is using an additional SLM pass with its extraordinary axis

aligned with -Q1 to achieve a similar goal. An advantage of using an extra SLM pass

rather than including an additional polarisation insensitive AO device is to avoid a

cumbersome optical design; the extra SLM pass can be implemented together with

the other three SLM passes on different areas of the same device [155,214,216].

The sequence of the 4-SLM orientations would be S1, -S1, S2, S1, where the

additional pass at -S1 is inserted in the second position (see Figure 7.8 (a)).

Considering the action of the first two SLM passes, we see that the locus of the
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possible polarisation state outputs from each pass follows the same circle on the

Poincaré sphere (see Figure 7.8 (b)). Hence, the accessible polarisation states are the

same as would be possible for a single pass with SLM orientation at S1. However, the

phases introduced in these two passes can vary with a full range of 2π by selecting

different retardance settings of the first SLM. For a detailed analysis, please see

Appendix F.

Note that this particular arrangement of SLMs is not unique and the same per-

formance can be achieved with certain other angular arrangements of SLMs. One

obvious configuration would be S1, S2, S1 and -S1 orientations.

7.4 Compensation of the phase and polarisation

state errors using a multi-SLM system

In the previous sections of the chapter, we discussed of a conversion between any

two arbitrary vectorial states of light. We showed that a minimum of four SLMs are

required to achieve this arbitrary conversion. A more practical application, which is to

correct the polarisation state and phase errors, however, is a slightly different question

that needs to be tackled. Errors are introduced when light propagates through a

medium with polarisation properties; the corrections of the errors should compensate

the effects of the medium regardless of the vectorial states of the light. While in the

previous discussions, the retardance settings of the four AO devices are dependent on

the initial and final vectorial states of light; we need a more thorough configuration

to correct the errors depends only on the properties of the medium.

One way to achieve such an error compensation is using Jones calculus. For non-

diattentuating and non-depolarising homogeneous systems, the vectorial aberrations

can be described by spatially variant retarders in the form of Jones matrices. A

sequence of SLMs can be designed and serve as an inverse to the Jones matrix of the
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aberrated system, and thus compensate the effect of the propagating medium.

To show that this new configuration is independent to the polarisation states of

the light, we will demonstrate the system on a full Poincaré beam, which contains all

possible polarisation states on the Poincaré sphere. The aberrations introduced by

the medium on any polarisation state can therefore be corrected by the multi-SLM

system proposed in this section.

7.4.1 The Jones matrix of any arbitrary homogeneous re-

tarder for compensation

A homogeneous retarder has its fast axis orthogonal to its slow axis. Since light with

the polarisation state aligned with the fast or the slow axis of the retarder will only

have its phase but not polarisation state modulated, the Jones vectors of the fast and

slow axis are the two eigenvectors of the Jones matrix of the homogeneous retarder.

The retardance settings are thus the eigenvalues of the Jones matrix. A general Jones

matrix expression for an arbitrary homogeneous retarder, J , can be expressed as

J =

 λ1|qx|2 + λ2|qy|2 (λ1 − λ2)qxq
∗
y

(λ1 − λ2)q∗xqy λ2|qx|2 + λ1|qy|2


where λ1 and λ2 are the eigenvalues of the matrix in the form of exp(iψx) and exp(iψy)

where ψx and ψy are the retardance applied along the extraordinary and ordinary axes

respectively; qx and qy are the components of the extraordinary and ordinary axis (q1

and q2) of the retarder such that

q1 =

qx
qy

 q2 =

−q∗y
q∗x


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J can also be written as

J =
√
λ1λ2

 λ|qx|2 + λ∗|qy|2 (λ− λ∗)qxq∗y

(λ− λ∗)q∗xqy λ∗|qx|2 + λ|qy|2

 =
√

det(J )J ′ (7.9)

where
√
λ1λ2 =

√
det(J ), λ =

√
λ1/λ2 and λ∗ =

√
λ2/λ1. arg[

√
det(J )] equals to

the dynamic phase of the retarder. J ′ is the Jones matrix without the dynamic phase

component, J ′ = J /
√

det(J ).

For the expression 7.9 see the Appendix G.1 for more detailed derivations.

7.4.2 Compensations of the polarisation state errors using a

3-SLM system

A SLM is an adaptable homogeneous retarder with fixed axes orientations but a

variable extraordinary axis retardance (see the section 7.1 for the model of SLM used

in this thesis). A sequence of a few homogeneous retarders result a collective Jones

matrix which is also homogeneous (see Appendix G.2 and G.3 for more details). This

allows a multi-SLM system to compensate the effects of a homogeneous retarder.

From the analysis in the previous section 7.2, a 3-SLM system with extraordinary

axes oriented at S1, S2 and S1 can fully modulate the polarisation state (but not

the phase). If the 3-SLM system can have an equivalent Jones matrix such that

J ′3slm = J ′−1, the 3-SLM system can compensate the effects of the homogeneous

retarder. For a retarder with Jones matrix stated in equation 7.9, the Jones matrix

of the 3-SLM system needs to be

J ′3slm = J ′−1 =

 λ∗|qx|2 + λ|qy|2 (λ∗ − λ)qxq
∗
y

(λ∗ − λ)q∗xqy λ|qx|2 + λ∗|qy|2

 (7.10)

to fully compensate the polarisation modulation introduced by the retarder.
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Figure 7.9: Light with polarisation state A is converted to B after passing through
the first SLM with the extraordinary axis Q1 aligned with S1 and a retardance of ψ1

(the red path). Its polarisation state is converted from B to C after passing through
the second SLM with the axis Q2 oriented at S2 a retardance of ψ2 (the blue path).
The polarisation state is then converted back to A after passing through the third
SLM with axis Q3 aligned with S1 and a retardance of ψ3 (the green path). The
resultant extraordinary axis of the 3-SLM system (or the eigenvector of the 3-SLM
Jones matrix), Q, aligned with A. (a), (b) and (c) are three arrangements having the
same eigenvectors (Q) but different eigenvalues.

From the above equation H.1, the sequence of the three SLMs needed to have two

effective eigenvectors with the same orientations as the eigenvectors of the retarder;

the two eigenvalues of the three SLMs need to be conjugate to the eigenvalues of the

retarder.

7.4.2.1 The configuration of a 3-SLM system with eigenvectors same as

the retarder

One configuration to create a 3-SLM system with eigenvectors the same as the retarder

for compensation is shown in the figure 7.9 (a). A beam with polarisation state A

returns back to A after passing through the 3-SLM system which suggests the three

SLMs has a resultant eigenvector, Q, aligns with A.
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Suppose the reduced Stokes vector of A (or Q) is defined as

A = Q =


A1

A2

A3

 =


Q1

Q2

Q3

 =


|qx|2 − |qy|2

2Re(q∗xqy)

2 Im(q∗xqy)


By geometry, it can be shown that if the retardance of the first and third SLM, ψ1

and ψ3, has a relationship of

ψ3 − ψ1

2
= tan−1

(
A3

A2

)
(7.11)

and the second slm has a retardance of

ψ2

2
= tan−1

(√
1− A2

1 sin(ψ1+ψ3

2
)

A1

)
(7.12)

this 3-SLM system can have resultant eigenvectors the same as the retarder for com-

pensation.

7.4.2.2 The configuration of a 3-SLM system with eigenvalues conjugate

to that of the retarder

As shown in the figure 7.9, multiple SLM configurations can achieve the same re-

sultant eigenvectors. The differences among these configurations are their resultant

eigenvalues.

After some analysis, it can be shown that to have eigenvalues conjugate to that
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of the retarder, the three SLMs needed to have retardance settings expressed as

ψ1 = tan−1{A1 tan[ arg(λ∗) ]} − tan−1(
A3

A2

) (7.13)

ψ3 = tan−1{A1 tan[ arg(λ∗) ]}+ tan−1(
A3

A2

) (7.14)

ψ2 = 2 sin−1{
√

1− A2
1 sin [arg (λ∗)]} (7.15)

where λ and λ∗ are the eigenvalues of the Jones matrix of the retarder, J ′, defined in

the equation 7.9. For the derivations of the equation 7.13, 7.14 and 7.15, please see

Appendix H for more details.

7.4.3 Compensations of both the polarisation state and phase

errors using a 4-SLM system

As discussed in the section 7.3.3, an arrangement of four SLMs with extraordinary

axis oriented at S1, -S1, S2, S1 allows a full vectorial state modulation, including

both the polarisation state and phase.

The first two SLM passes are along the same circular path on the Poincaré sphere

but towards opposite directions since the extraordinary axes of the two SLM passes

are opposite. It is easy to write down the retardance settings of the four SLMs as

ψ1 − ψ2 = tan−1{A1 tan[ arg(λ∗) ]} − tan−1(
A3

A2

) (7.16)

ψ4 = tan−1{A1 tan[ arg(λ∗) ]}+ tan−1(
A3

A2

) (7.17)

ψ3 = 2 sin−1{
√

1− A2
1 sin [arg (λ∗)]} (7.18)

We can therefore see that the extra SLM pass allows one degree of freedom in the

system for phase modulations.

Both the arbitrary retarder for compensation and the 4-SLM system for correction
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have the same extraordinary and ordinary axes orientations; their retardance settings

are equal and opposite to each other. We can therefore write down

J4slm√
det(J4slm)

= J ′4slm = J ′−1 =
J −1√

det(J −1)
= J −1

√
det(J )

Using the definitions of the PB phase in the section 7.3.1.1, for any input polarisation

state, the PB phase after passing through a retarder with Jones matrix of J ′ is equal

and opposite to the PB phase after passing through a 4-SLM system with Jones

matrix of J ′4slm since J ′4slm = J ′−1 and J ′ J ′4slm = I where I is a 2 × 2 identity

matrix.

To make J4slm = J −1, we thus need
√

det(J4slm) = 1/
√

det(J ). For the deriva-

tions of det(J4slm), please see Appendix G.2. Hence,

−(ψ1 + ψ2 + ψ3 + ψ4) = arg(λ1λ2) (7.19)

We have thus derived the retardance settings of the four SLMs to allow compensa-

tions of full vectorial state errors introduced by any arbitrary homogeneous retarder.

7.4.4 Corrections of the vectorial state aberrations using a

4-SLM system on a full Poincaré beam

The 4-SLM configuration discussed above is demonstrated on a full Poincaré beam

in simulation (see Figure 7.10). It is shown that the 4-SLM system can successfully

correct the aberration introduced by an arbitrary retarder.

7.5 Conclusion

In this chapter, we proposed a 3-SLM system for an arbitrary to arbitrary polarisa-

tion state transmission and a 4-SLM system for a full vectorial state (including both
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Figure 7.10: Red marks indicate right hand circular polarisation while blue marks
indicate left hand circular polarisation. (a) is the input full Poincaré beam. (b) is the
beam after passing through a randomly generated arbitrary waveplate with a Jones

matrix of J =

(
0.3540e−j1.3916 0.9353e−j0.0157

0.9353ej1.5551 0.3540e−i0.2106

)
. The beam is aberrated by the

waveplate. (c) is the beam after passing through each SLM of the 4-SLM system
showing that the procedure does indeed compensate for the polarisation aberration.



145

the polarisation and phase state) conversion. We also showed that a 4-SLM config-

uration can correct both polarisation state and phase aberration introduced by an

arbitrary retarder regardless the vectorial state of the light. We wanted to emphasise

that although both discussions proposed very similar multi-SLM configurations, their

applications are different as the first discussion focused on light vectorial state con-

versions while the second discussion focused on compensating the effect of polarising

elements (retarders in this case). We also demonstrated an example on a simulated full

Poincaré beam where the proposed 4-SLM system correctly compensated the aberra-

tions introduced by an randomly generated retarder. This combination of adaptive

elements could form the basis of an optically efficient correction device for vectorial

aberrations in an AO scheme.

In practice, the performance of SLM based compensation systems would be af-

fected by limitations of practical liquid crystal devices, such as pixellation, fill-factor

and reflection efficiency of the SLMs. However, within these limitations, the config-

uration modelled here has the potential to operate with high throughput efficiency.

The practicality of this is backed up by demonstrations in the existing literature that

have used multiple SLMs for beam modulation [155,215,216]. Implementation of such

a system with reflective SLMs is feasible, but cumbersome. Future implementations

might use a stack of simpler transmission mode modulators tailored, for example, to

low-order vectorial aberrations encountered in the system. The models derived in this

paper could also be applied to these systems.



Chapter 8

Conclusions and outlooks

8.1 Conclusions

In this thesis we discussed various implementations of different AO devices to cor-

rect both phase and polarisation state aberrations in microscopy systems to improve

imaging qualities.

We proposed an automated control scheme for a motorised objective lens cor-

rection collar incorporating a axially movable sample mounting stage to compensate

both spherical aberration and defocus simultaneously. Objective lens correction collar

is especially useful in optical systems when conjugate pupil planes are not accessible

and no other adaptive elements (such as DM and SLM) is available. Objective correc-

tion collars are also useful to work in conjunction with a continuous membrane DM

since a DM has limited actuator strokes, limited number of actuators and is unable

to display wrapped phase; by correcting spherical aberrations using a correction col-

lar, the correction power of a DM can be dedicated to correct other modes and thus

improves the AO system performance as a whole. A correction collar to compensate

spherical aberrations are through adjusting the central lens group position which not

just applies spherical aberration compensations but also introduces extra defocus.
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Conventionally, the operations of a correction collar with an axially movable sample

stage are not easy which require careful controls and adjustments from experienced

microscopy users; this could often result prolonged exposures to the sample which

increase the chances of photobleaching and phototoxicity. Unclear markings on the

correction collar and immersion fluid mismatches also lead to inaccurate operations.

The automated scheme proposed in this thesis was thus demonstrated to resolve these

problems and greatly ease the use of the optics. Making use of the linear relationship

between the correction collar settings and axial focal plane positions, the correction

scheme required a minimum of 2n+1 measurements (if nth order polynomial fitting is

used and n ≥ 2) which is more efficient than normal operations by hand. Comparing

to other correction collar operations in literature which were based on an intensity

metric calculated from a three-dimensional volume, this proposed operation was based

on a Fourier frequency metric calculated from a two-dimensional image which was thus

less demanding (as some systems were unable to generate three-dimensional volume

images) and more generally adaptable (as in some systems such as a 1-P widefield

microscope the average intensity does not reflect the imaging quality).

We proposed a framework, which consists of aberration representations, system

quality metric and optimisation algorithm, to incorporate different sensorless AO

methods to be considered under the same phase aberration compensation mecha-

nism. We suggested mathematical analysis on the sensorless aberration correction

process which was formulated as a system quality metric optimisation process with

physical models of imaging systems encapsulated. By doing so, we provided math-

ematical interpretations on various method designs such as a comparison between

orthogonal and non-orthogonal aberration representations, how orthogonality can af-

fect the choice of the optimisation algorithm and a discussion on how the choice of

the system quality metric can affect the definition of the orthogonality as well as

how the choice of the quality metric affects the choice of the optimisation algorithm.
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The mathematical analysis presented offered a comprehensive overview of sensorless

AO schemes. Since all the sensorless AO methods in literature were developed based

upon fundamentally different concepts for different applications in different optical

systems, there was no systematic fair comparison among different methods before

our work. This framework allowed us to view different approaches as variations of a

unified aberration correction mechanism and allowed fair and systematic comparisons

among them to be possible. Inspirations drawn from this framework can also help in

new sensorless AO method designs.

The framework permitted for the first time a systematic fair comparison of various

aberration representations used in different sensorless AO approaches. Simulated and

experimental results on fluorescence beads and biological samples showed that zonal

representations can correct aberrations with high frequency components (scattering)

better but are more susceptible to noise while modal representations can correct

aberrations with gradual shapes better and are more robust against noise. This can

be explained as aberrations with gradual shapes have high spatial auto-correlations

and thus modal representations, which also have high spatial correlations, are better

at representing and correcting these modes. On the other hand, aberrations with

complex shapes have low spatial auto-correlations and thus are better corrected by

zonal representations which are discrete in nature and also have low spatial auto-

correlations. Furthermore, since modal representations are expansions over the whole

pupil, they have high modulation depths of which signal variations with phase modu-

lations are large. Modulation signals are thus less likely to be lost in noise comparing

to the modulation signals of zonal representations where phase is defined over a small

portion of the pupil and signal variations are small and easily lost in noise (see Ap-

pendix A for more details). We want to point out that the conclusions drawn from

the simulations and experiments should be generalised and readily extended to other

aberration representation bases such as DM deformation modes, Hadamard-Walsh
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modes or other arrangements of pupil zones, since we demonstrated phenomena us-

ing both Legendre and Zernike expansions in both square and circular pupils, re-

spectively, to correct both Fourier based introduced aberration and sample-generated

aberrations; therefore the essential observations should be decoupled from the chosen

aberration representations. Our analysis also demonstrated a broader spectrum of

zonal/modal hybrid methods beyond those presented in literature and can be useful

in specifications of future AO schemes.

We proposed and demonstrated a hand-crafted untrained NN on simulated data to

show that it can correctly identify the pupil wavefront with two or three images when

a total of eight modes were included in the analysis. This demonstration showed the

potential of ML based aberration correction methods to extract more PSF related

information from images than conventional sensorless AO methods which required

a minimum of N + 1 exposures when analysing N number of modes. Requiring no

training dataset or pre-training process, this network is much more easily implemented

than normal NNs which require a large training datasets and a long training process

before functioning. The proposed NN was also successfully demonstrated on both a

simulated 2-P and 1-P widefield system which showed its high adaptability; the NN

can be easily adjusted to work on a different system by simply change the physical

model used in the network, while other NNs presented in literature required a whole

new training process before applying to a separate system. This NN also had a

potential to converge at a much faster speed than other untrained phase retrieval NNs

presented in literature as our network contained a number of parameters comparative

to the number of modes rather than the number of image pixels; a smaller number of

parameters lead to a smaller network size and thus a smaller processing time.

We provided a first time complete discussion on full vectorial state modulation (in-

cluding both phase and polarisation state) by using a multi-SLM configuration which

allowed light with any arbitrary vectorial state to be converted to any other arbitrary
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state. We also proposed a multi-SLM arrangement which could compensate errors

introduced by any arbitrary waveplate through mapping the eigenstate of the multi-

SLM system the same as that of the polarising element while generating eigenvalues

conjugate to that of the polarising element for compensation. There is an increasing

demand for full vectorial state modulation or vectorial state aberration compensation

in various imaging applications like GRIN lens fibre imaging and super-resolution

systems such as STED and SIM; yet no demonstration on full vectorial state error

compensation has been presented in literature. Analysis shown in this thesis could

form a key step to achieve an AO scheme to realise vectorial aberration correction in

imaging systems in the future.

8.2 Outlook

The novel NN based sensorless AO method has a lot of potential for future devel-

opment especially when a lot of researchers are currently dedicated to developing

and creating various new NN frameworks and tools in this fast evolving and power-

ful technology. Currently positive results collected from working on simulated data

suggested a lot of promise of the network but its capability can only be tested and

explored if the method is demonstrated in real imaging systems on experimental data.

A following up project on examining and optimising this NN based method on a 2-P

microscope will be carried out in the near future.

Most NN based phase retrieval methods in literature used Zernike polynomials

as the aberration representation basis. Zernike polynomials are a convenient choice

since they are derived from classical optical imaging and are well-defined over a cir-

cular pupil. Although Zernike polynomials were shown to be a very common and

sensible choice in conventional aberration correction methods, it remained question-

able whether the same representations were optimised for NN based methods; in fact,
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results shown in this thesis suggested that the NN proposed here had a unstable

convergence speed upon using Zernike polynomials. An analysis on deriving more

suitable aberration representation sets can be very beneficial for a lot of NN based

phase retrieval approaches and may lead to more consistent and promising perfor-

mances of the NNs.

Currently, most ML based methods were limited to post data processing; humans

select, (possibly label) and feed data into the network and let machine to learn in

a supervised way. To fully harness the advantage of ML, it may also be used in

data gathering process. We have seen works from Horstmeyer et. al [229] where

illumination models were advised by a trained CNN such that task-specific LED

patterns were displayed to allow a microscope to capture images containing useful

information in ways that can be more easily extracted by computers. A similar

concept may be applied to NN based aberration correction methods where the applied

bias modes may be advised by the network to assist phase retrieval.

Full vectorial state aberration compensation remained a difficult task especially in

a sensorless manner. Comparing to phase aberration correction, vectorial state errors

contain more dimensions and thus are more difficult to be corrected. NNs can be a

possible candidate for solving this complex problem. An end-to-end style NN may be

trained to approach this problem in a statistical way; alternatively, a human-guided

style NN may also be used incorporating the vectorial analysis of the high NA lens

model (as described in Section 2.1.4.3). This model can include both phase property

and polarisation state of light into analysis and may have the potential to extract the

vectorial state of light with a few sample exposures.

We would also like to develop a sharing toolkit for this NN based AO method in the

future so that other researchers can also try out and take advantage of this powerful

computational tool. Google Colab is a Python development environment that runs

in the browser using Google Cloud and offers free access to their GPU usage; this can
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be a great platform for us to disseminate our network since the hardware requirement

on the user side can be minimised. This toolkit can be very beneficial for our research

community as it not just welcomes more researchers into this field but also allows us

to gather useful feedback and collecting more microscope image data from other users

to upgrade the toolkit.



Appendix A

A discussion on the piecewise

modal, piecewise constant and

continuous modal schemes

A.1 Similarities between piecewise modal and piece-

wise constant schemes

As discussed in the chapter 4, piecewise modals such as Hadamard-Walsh modes (ϕH)

and polar Walsh modes are binary piecewise expansions defined across the whole pupil

[see Figure A.1 (a)] while piecewise constant schemes such as pixellated piston based

representations (ϕP ) consists of a series pixel arrays [see Figure A.1 (b)].

It thus can be easily shown that the Hadamard-Walsh modes form exactly the

same aberration representation space as the pixellated piston based representations

where any aberration being represented by Hadamard-Walsh modes can also be rep-

resented by pixellated piston based sets. An easy demonstration is that all the

Hadamard-Walsh modes can be represented by a combination of pixellated piston
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Figure A.1: (a) A set of four one dimensional Hadamard-Walsh modes ϕHi, i ∈
{1, 2, 3, 4}; (b) A set of four one dimensional pixellated piston based representations
ϕPi, i ∈ {1, 2, 3, 4}

based representations with the same degrees of freedom

ϕH1 = ϕP1 + ϕP2 + ϕP3 + ϕP4

ϕH2 = ϕP1 − ϕP2 + ϕP3 − ϕP4

ϕH3 = ϕP1 + ϕP2 − ϕP3 − ϕP4

ϕH4 = ϕP1 − ϕP2 − ϕP3 + ϕP4

and vice versa.

ϕP1 =
1

4
(ϕH1 + ϕH2 + ϕH3 + ϕH4)

ϕP2 =
1

4
(ϕH1 − ϕH2 + ϕH3 − ϕH4)

ϕP3 =
1

4
(ϕH1 + ϕH2 − ϕH3 − ϕH4)

ϕP4 =
1

4
(ϕH1 − ϕH2 − ϕH3 + ϕH4)

Therefore, in an ideal noise free system, after one round of aberration corrections

using Hadamard-Walsh modes would provide the same correction as the pixellated
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Figure A.2: 2-P signal was calculated when varying the RMS amplitude of a
Hadamard-Walsh mode (over an 8× 8 square pupil), a pixellated piston based mode
(over an 8 × 8 square pupil), astigmatism (over a circular pupil enclosed within the
8× 8 square pupil) and an aberration consisting piston, tip, tilt and defocus (over a
circular pupil enclosed within the 8× 8 square pupil).

piston based representations with the same degrees of freedom.

A.2 Differences between piecewise modal and piece-

wise constant schemes

However, similar to continuous modal modes, Hadamard-Walsh modes are expan-

sions over the whole pupil and thus the modulation depth is larger comparing to the

pixellated piston based representations where each component is defined only over

one element zone of the whole pupil. This can be shown if we calculate the 2-P

signal variations using the equation 5.1 and 5.2 when one component of each set is

modulated. (see Figure A.2). With a larger modulation depth, Hadamard-Walsh

modes are more robust against noise than pixellated piston based schemes of which
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the signal modulation can be easily lost in noise.

A.3 Differences between piecewise and continuous

schemes

Another interesting discussion is that comparing continuous modes (such as the astig-

matism mode shown in the Figure A.2), both Hadamard-Walsh modes and pixellated

piston based schemes modulate 2-P signals periodically. This is due to their discrete

property and 2π phase wrapping. Therefore, for piecewise schemes, hey have multiple

global maxima where they can converge to and thus reduce the optimisation searching

space when these kinds of piecewise schemes are used for aberration corrections. On

the other hand, when continuous modes are used for aberration corrections, there is

only one global maximum where an optimisation algorithm should converge to and

thus the searching space is infinite.

A.4 Orthogonality defined for a 2-P signal metric

One final interesting discussion is on the orthogonality of aberration representations

that should be defined for a 2-P signal metric. In the chapter 4, we discussed and

concluded that the definitions of the inner product (which defined the orthogonality

of aberration representations) were affected by the choice of the system quality met-

ric. A suitable inner product should be defined such that the quality metric varied

isotropically with any mode.

From the Figure A.2, it can be easily shown that for a small RMS amplitude, the

2-P signal decreases isotropically regardless of whether Hadamard-Walsh, pixellated

piston or astigmatism is used. The inner product for the 2-P signal quality metric

defined in the equation 5.1 and 5.2 can thus be chosen as the RMS value of an
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aberration after removing piston, tip, tilt and defocus components.



Appendix B

Auto-correlation of various

aberration representations

Here we discussed the auto-correlations of gradual and complex Fourier based input

aberrations as well as two aberration representations, Z64M1 and Z1M64 used in

chapter 5. By doing so, we attempted to explain why large sized zone methods are in

general better at correcting simple shaped aberrations while small sized zone methods

are better at correcting complex shaped aberrations. Auto-correlation (R(s)) mea-

sures the similarity of a pattern (Ψ(x)) with itself as a function of a spatial shift (s)

between them. Mathematically, it can be expressed as

R(s) =

∫∫ ∞
−∞

Ψ(x)Ψ(x+ s) dx (B.1)

Figure B.1 shows the variations of R when sy = 0 and sx varies in a small range close

to 0. R is the highest when s = (sx, sy) = (0, 0) that is when there is no spatial shift.

Ψ(x) with a gradual shape (containing small frequency orders w) has R decreases

slowly as s increases while a pattern with quickly varying changes (containing large

frequency orders w) has R drops sharply as s increases. This is also verified by the

blue plot and red plot in the Figure B.1 where the blue plot calculated from a gradual
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Figure B.1: The plots of R(sx, sy = 0) against sx when sx varies in a small range close
to 0. The blue plot is generated for an example of an aberration with a gradual shape
(small frequency order w). The red plot is generated for an example of an aberration
with a complex shape (large frequency order w). The yellow plot is generated for
an example of the pixellated piston set Z64M1. The purple plot is generated for an
example of the modal set Z1M64.
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shape has R decreases slower than the red plot which is calculated from a shape with

high frequency orders. Comparing the yellow plot (one example from the Z64M1

pixellated piston set) and the purple plot (one example from the Z1M64 modal set),

it is shown that the R decreases faster for aberration representation sets with a high

number of zones comparing to the modal sets.



Appendix C

Derivations of different expressions

for the PB phase

C.1 The geometrical and interference expression

of PB phase

This analysis follows the SLM model presented in section 7.1. A beam with polarisa-

tion state A passes through the first SLM with extraordinary axis oriented at Q and

retardance of ψ, becoming polarization state B. A is thus in phase with -Q and -Q is

in phase with B. Using equation 7.1 in the chapter 7, the phase difference between A

and B can be calculated as

1

2
ΩA−QB = tan−1 [

A · (−Q×B)

1 + A · −Q+−Q ·B +B · A
] (C.1)

Let us use an SLM with Q aligned with S1 as an example. The ordinary axis -Q,
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polarization A and B is then given as

−Q =


−1

0

0

 A =


A1

A2

A3

 B =


B1

B2

B3



1

2
ΩA−QB = tan−1 A3B2 − A2B3

1− A1 −B1 + A1B1 + A2B2 + A3B3

(C.2)

We now define the beam polarization state A in Jones vector (see Equation 2.5),

JA, as

JA =

ax
ay

 =

|ax|eiθ
|ay|


where θ = arg(ax/ay)

Since A converts to B after passing through a SLM oriented at S1, a retardance

of ψ is applied to the x component. The polarization state B in Jones vector (JB) is

JB =

bx
by

 =

|ax|ei(θ+ψ)

|ay|


Substituting the elements from JA and JB, we can express the normalised Stokes

vectors of A and B (Equation 2.6) as

A =


A1

A2

A3

 =


|ax|2 − |ay|2

2Re(a∗xay)

2Im(a∗xay)

 =


|ax|2 − |ay|2

2|ax||ay| cos(θ)

2|ax||ay| sin(−θ)

 (C.3)
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B =


B1

B2

B3

 =


|bx|2 − |by|2

2Re(b∗xby)

2Im(b∗xby)

 =


|ax|2 − |ay|2

2|ax||ay| cos(θ + ψ)

2|ax||ay| sin(−θ − ψ)

 (C.4)

Equation C.2 can now be written as

1

2
ΩA−QB = tan−1

[
4|ax|2|ay|2 sin(ψ)

(1− |ax|2 + |ay|2)2 + 4|ax|2|ay|2 cos(ψ)

]
= arg

[
(1− |ax|2 + |ay|2)2 + 4|ax|2|ay|2eiψ

]
Since A and B are normalised polarization states, |ax|2 + |ay|2 = 1.

1

2
ΩA−QB = arg

[
4 |ay|2

]
+ arg

[
|ay|2 + |ax|2eiψ

]
Since arg [4 |ay|2] = 0, we finally reached an expression for the phase difference

between A and B as

1

2
ΩA−QB = arg

[
|ax|2eiψ + |ay|2

]
(C.5)

The phase difference between A and B can also be derived through interference

using expression 7.2. Constructive interference occurs when the two beams, each with

a different polarization state, are in phase. Therefore, the phase difference equals to

the amount of phase added to A for a constructive interference with B.

arg (JA · JB) = arg
(
a∗xbx + a∗yby

)
= arg

[
|ax|2eiψ + |ay|2

]
(C.6)

which is the same as the phase derived from the geometric expression ΩA−QB/2 in

equation C.5 and thus 7.1 in the chapter 7 and C.1.
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C.2 Derivations of the Stokes expression from the

Jones expression of PB phase

Let us now derive the expression 7.3 from the expression 7.2 in the chapter 7. This

part of derivation is based on Gutierrez paper [228] with more intermediate steps

and details added and adjusted for this thesis. Since the polarization state B is

transmitted from A by passing through an SLM, the Jones vector of B can be written

as

JB = J JA

where J is the Jones matrix of the SLM. Let us define the extraordinary axis JQ and

ordinary axis J−Q of the SLM and the eigenvalues of the two axis µ1 and µ2 as

JQ =

qx
qy

 J−Q =

−q∗y
q∗x

 µ1 = eiψ µ2 = 1

where JQ and J−Q are orthogonal to each other; µ1 and µ2 are defined based on our

model system in section 7.1. Using the definitions, J can be defined as

J =

[
JQ J−Q

]µ1 0

0 µ2

[JQ J−Q

]−1

=

qx −q∗y

qy q∗x


µ1 0

0 µ2

 1

|qx|2 + |qy|2

 q∗x q∗y

−qy qx


Since Q is normalised and |qx|2 + |qy|2 = 1

J =

 µ1|qx|2 + µ2|qy|2 (µ1 − µ2)qxq
∗
y

(µ1 − µ2)q∗xqy µ1|qy|2 + µ2|qx|2

 =

j1 j2

j3 j4

 (C.7)



165

J can be expanded in a basis of Pauli matrices

J =
j1 + j4

2

1 0

0 1

+
j1 − j4

2

 1 0

0 − 1

+
j2 + j3

2

0 1

1 0

+ i
j2 − j3

2

0 − i

i 0


=
µ1 + µ2

2
σ0 +

(µ1 − µ2)(|qx|2 − |qy|2)

2
σ1

+
(µ1 − µ2)(qxq

∗
y + q∗xqy)

2
σ2 + i

(µ1 − µ2)(qxq
∗
y − q∗xqy)

2
σ3

=
µ1 + µ2

2
Q0σ0 +

(µ1 − µ2)

2

3∑
n=1

Qnσn

where σn is the nth Pauli matrix; Qn is the nth element of the normalised Stokes

vector of Q.

We can now write the phase difference between A and B as

arg (JA · JB) = arg (JA · (J JA))

= arg [
µ1 + µ2

2
Q0(JA · (σ0JA)) +

(µ1 − µ2)

2

3∑
n=1

Qn(JA · (σnJA))]

By the definition of the Stokes vector, (JA · (σnJA)) = An. We finally reached an

expression for the phase difference between A and B in the form of Stokes vector

arg (JA · JB) = arg

[
µ1 + µ2

2
Q0A0 +

(µ1 − µ2)

2
(Q1A1 +Q2A2 +Q3A3)

]
= arg [µ1 + µ2 + (µ1 − µ2)(Q · A)] (C.8)

We thus derived the expression 7.3 from the expression 7.2.



Appendix D

Derivations of the SLM settings

and intermediate SOPs when

passing through a 3-SLM system

As shown in figure 7.7, a beam with a polarization state A is transmitted to D after

passing through a 3-SLM system; the extraordinary axis of the first SLM oriented at

S1, the second at S2 and the third at S1. A and D are desired selected initial and

final polarization states; the Jones vectors, JA and JD, and the normalised Stokes

vectors, A and D, are defined as

JA =

|ax|eiθ1
|ay|

 =

 |ax|eiθ1√
1− |ax|2



A =


A1

A2

A3

 =


|ax|2 − |ay|2

2|ax||ay| cos θ1

2|ax||ay| sin θ1

 =


A1√

1− A2
1 cos θ1

−
√

1− A2
1 sin θ1

 (D.1)
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JD =

|dx|eiθ2
|dy|

 =

 |dx|eiθ2√
1− |dx|2



D =


D1

D2

D3

 =


|dx|2 − |dy|2

2|dx||dy| cos θ2

2|dx||dy| sin θ2

 =


D1√

1−D2
1 cos θ2

−
√

1−D2
1 sin θ2

 (D.2)

Therefore, the normalised Stokes vector A and D has two degrees of freedom and can

be written in terms of A1, θ1, D1 and θ2.

Since B is when a light with an initial polarization state A passes through the first

SLM, C is when B passes through the second SLM, and D is when C passes through

the third SLM, the normalised Stokes vector of B, C and D can be expressed in terms

of A and the retardance of the first, second and third SLM, ψ1, ψ2 and ψ3.

B =


B1

B2

B3

 =


A1√

1− A2
1 cos (θ1 + ψ1)

−
√

1− A2
1 sin (θ1 + ψ1)

 (D.3)

C =


C1

C2

C3

 =


B1 cosψ2 −B3 sinψ2

B2

B1 sinψ2 +B3 cosψ2



=


A1 cosψ2 +

√
1− A2

1 sin (θ1 + ψ1) sinψ2√
1− A2

1 cos (θ1 + ψ1)

A1 sinψ2 −
√

1− A2
1 sin (θ1 + ψ1) cosψ2

 (D.4)
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D =


D1

D2

D3

 =


C1

C2 cosψ3 + C3 sinψ3

−C2 sinψ3 + C3 cosψ3



=


B1 cosψ2 −B3 sinψ2

B2 cosψ3 + (B1 sinψ2 +B3 cosψ2) sinψ3

−B2 sinψ3 + (B1 sinψ2 +B3 cosψ2) cosψ3



=



A1 cosψ2 +
√

1− A2
1 sin (θ1 + ψ1) sinψ2

√
1− A2

1 cos (θ1 + ψ1) cosψ3 + (A1 sinψ2−√
1− A2

1 sin (θ1 + ψ1) cosψ2) sinψ3

−
√

1− A2
1 cos (θ1 + ψ1) sinψ3 + (A1 sinψ2−√

1− A2
1 sin (θ1 + ψ1) cosψ2) cosψ3



(D.5)

Since the equations D.2 and D.5 are equal to each other

D1 = A1 cosψ2 +
√

1− A2
1 sin (θ1 + ψ1) sinψ2

=
√
A2

1 + (1− A2
1) sin2(θ1 + ψ1) sin

[
ψ2 + tan−1

(
A1√

1− A2
1 sin (θ1 + ψ1)

)]

=
√
A2

1 + (1− A2
1) sin2(θ1 + ψ1) sin

[
ψ2 + sin−1

(
A1√

A2
1 + (1− A2

1) sin2(θ1 + ψ1)

)]

We thus derived the retardance setting of the second SLM, ψ2 in terms of A and D

and ψ1

ψ2 = sin−1

(
D1√

A2
1 + (1− A2

1) sin2(θ1 + ψ1)

)
− sin−1

(
A1√

A2
1 + (1− A2

1) sin2(θ1 + ψ1)

)

= sin−1

(
D1√

1−B2
2

)
− sin−1

(
A1√

1−B2
2

)
(D.6)
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Note that B2 can be expressed in terms of A and ψ1 (see expression D.3).

D2 = B2 cosψ3 + (B1 sinψ2 +B3 cosψ2) sinψ3

=
√
B2

2 + (B1 sinψ2 +B3 cosψ2)2 sin

[
ψ3 + tan−1

(
B2

(B1 sinψ2 +B3 cosψ2)

)]
=
√
B2

2 + (B1 sinψ2 +B3 cosψ2)2 sin

[
ψ3 + sin−1

(
B2√

B2
2 + (B1 sinψ2 +B3 cosψ2)2

)]

We thus derived the retardance setting of the third SLM, ψ3 in terms of A and D and

ψ1

ψ3 = sin−1

(
D2√

B2
2 + (B1 sinψ2 +B3 cosψ2)2

)
− sin−1

(
B2√

B2
2 + (B1 sinψ2 +B3 cosψ2)2

)

= sin−1

(
D2√

1− C2
1

)
− sin−1

(
B2√

1− C2
1

)

= sin−1

(
D2√

1−D2
1

)
− sin−1

(
B2√

1−D2
1

)
(D.7)

Note that again B2 can be expressed in terms of A and ψ1 (see expression D.3).



Appendix E

Analysis of PB phase from a

3-SLM system

Section 7.3.2.1 stated the expressions for the retardance of the second and third SLM

(equation 7.5 and 7.6) and the Stokes vector of the intermediate transitional points

B and C (equation 7.7 and 7.8). For the convenience, I restate the equations below.

ψ2 = sin−1

(
D1√

1−B2
2

)
− sin−1

(
A1√

1−B2
2

)

ψ3 = sin−1

(
D2√

1−D2
1

)
− sin−1

(
B2√

1−D2
1

)

B =


B1

B2

B3

 =


A1

A2 cosψ1 + A3 sinψ1

−A2 sinψ1 + A3 cosψ1



C =


C1

C2

C3

 =


D1

D2 cosψ3 −D3 sinψ3

D2 sinψ3 +D3 cosψ3


where Sn is the nth entry of the Stokes vector of S; ψ1 is the retardance of the first

SLM.
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In section 7.3.2 and 7.3.2.2, it is shown that the total PB phase of the polarisa-

tion transitions after passing through the 3-SLM system consists of five components

(equation 7.4). Substituting the expressions for ψ2, ψ3, B and C into the equation

7.4, the five components can be expressed as below

ΦA−Q1B = tan−1

(
sin(ψ1)

cos(ψ1) + 1−A1

1+A1

)
(E.1)

ΦB−Q2C = tan−1

(
sin(ψ2)

cos(ψ2) + 1−B2

1+B2

)
(E.2)

ΦC−Q3D = tan−1

(
sin(ψ3)

cos(ψ3) + 1−C1

1+C1

)
(E.3)

ΦABC = tan−1

[
σA1(sin (α + ψ1)− sinα)−D1(1− A2

1) sinψ1

1 + A2
1 + 2A1D1 + σ(cos (α + ψ1) + cosα) + (1− A2

1) cosψ1

]
(E.4)

ΦACD = tan−1

[
σD1(sin (α)− sin (α− ψ3))− A1(1−D2

1) sinψ3

1 +D2
1 + 2A1D1 + σ(cosα + cos (α− ψ3)) + (1−D2

1) cosψ3

]
(E.5)

where σ =
√

(1− A2
1)(1−D2

1) and α = ψ3 − tan−1 (A3/A2) + tan−1 (D3/D2).

Note that since the second SLM has its extraordinary axis that aligns with S2,

B2 = C2. Therefore

sin

[
−ψ3 + tan−1

(
D2

D3

)]
=

√
1− A2

1√
1−D2

1

sin

[
ψ1 + tan−1

(
A2

A3

)]
(E.6)

From the equation E.6, it is shown that the range of possible values for ψ1 depends

on the ratio
√

(1− A2
1)/
√

(1−D2
1) because the sine function cannot has an amplitude

exceed 1; when |A1| ≥ |D1|,
√

(1− A2
1)/
√

(1−D2
1) < 1; ψ1 can access a whole

range of −π to π while ψ3 has only a limited range of values; when |A1| < |D1|,√
(1− A2

1)/
√

(1−D2
1) > 1; ψ1 can only access a limited range of values and ψ3 has

a whole range of −π to π.

I will discuss how the PB phase varies with ψ1 in four cases, when A1 = D1 6= 0,
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A1 = −D1, |A1| > |D1| and |A1| < |D1|, to provide a complete discussion.

E.1 The PB phase variations with ψ1 when A1 =

D1 6= 0

Using the equations 7.5, 7.6 and E.6

ψ2 = 0

ψ3 = tan−1

(
A3

A2

)
− ψ1 − tan−1

(
D3

D2

)
= θ − ψ1

where θ = tan−1 (A3/A2)− tan−1 (D3/D2).

Since A1 = −D1, σ = 1− A2
1 = 1−D2

1. Substitute ψ3 into α, α = −ψ1. The five

components of Φ thus equal to

ΦA−Q1B = tan−1

(
sin(ψ1)

cos(ψ1) + ζ

)
ΦB−Q2C = 0

ΦC−Q3D = − tan−1

(
sin(ψ1 − θ)

cos(ψ1 − θ) + ζ

)
ΦABC = 0

ΦACD = − tan−1

{
A1(1− A2

1)[sin θ − sinψ1 + sin (ψ1 − θ)]
1 + 3A2

1 + (1− A2
1)[cos θ + cosψ1 + cos (ψ1 − θ)]

}

where ψ1 is the retardance of the first SLM; θ = tan−1 (A3/A2)− tan−1 (D3/D2);

ζ = (1− A1)/(1 + A1).
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E.1.1 When A1 = D1 = 1

ζ = 0

ΦACD = 0

Φ = ψ1 − (ψ1 − θ) = θ

This is when both the initial and final polarisation state lies along the S1 which is

the orientation of the extraordinary axis of both the first and third SLM. In this case,

there is no polarisation modulation between the initial and final states; both the first

and third SLM can serve as phase modulators for a full ±π range of phase correction.

E.1.2 When A1 = D1 = −1

ζ =∞

ΦACD = 0

Φ = 0

This is when both the initial and final polarisation state lies along the -S1 which is

the orientation of the ordinary axis of both the first and third SLM. Neither the first

nor the third SLM can have any effect on the beam; the phase property of the light

cannot be modulated.

E.1.3 When |A1| = |D1| 6= 1 6= 0

ΦACD always has a small value such that

−1

2
π < ΦACD <

1

2
π
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This is because for any choice of θ and ψ1

−1 <
A1(1− A2

1)[sin θ − sinψ1 + sin (ψ1 − θ)]
1 + 3A2

1 + (1− A2
1)[cos θ + cosψ1 + cos (ψ1 − θ)]

< 1

and hence

−1

2
π < ΦACD = − tan−1

{
A1(1− A2

1)[sin θ − sinψ1 + sin (ψ1 − θ)]
1 + 3A2

1 + (1− A2
1)[cos θ + cosψ1 + cos (ψ1 − θ)]

}
<

1

2
π

ΦA−Q1B equals to the negative of ΦC−Q3Q with a shift θ. When −1 < A1 = D1 < 0

[see Figure E.1(a)]

ζ > 1

−π/2 < ΦA−Q1B = tan−1

[
sin(ψ1)

cos(ψ1) + ζ

]
< π/2

−π/2 < ΦC−Q3D = − tan−1

[
sin(ψ1 − θ)

cos(ψ1 − θ) + ζ

]
< π/2

and when 0 < A1 = D1 < 1 [see Figure E.1(b)]

ζ < 1

−π < ΦA−Q1B = tan−1

[
sin(ψ1)

cos(ψ1) + ζ

]
< π

−π < ΦC−Q3D = − tan−1

[
sin(ψ1 − θ)

cos(ψ1 − θ) + ζ

]
< π

For both cases, the variations of the sum of ΦA−Q1B and ΦC−Q3Q with respect to

a varying ψ1 always have a range smaller than ±π/2. In fact, the total PB phase,

Φ = ΦACD +ΦA−Q1B +ΦC−Q3D, is a constant value for any ψ1. Since the second SLM

in this case has 0 retardance, and the first and third SLM, with the same extraordinary

axis, have a total retardance of θ and a resultant eigenvector of S1, the total PB phase

introduced by the 3-SLM system is thus suppose to be a constant regardless of the
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Figure E.1: The variations of ΦA−Q1B, ΦC−Q3Q, ΦACD and Φ against ψ1, where Φ is
the sum of all the components of the total PB phase. The plots show two cases when
−1 < A1 < 0 (a) and when 0 < A1 < 1 (b). In either case, Φ is a constant value for
any ψ1.

choice of the first SLM retardance.

Therefore, Φ has a full range of 2π only when A1 = D1 = 1; this is when the first

and third SLM have their extraordinary axes align with the input polarisation state

A and thus the SLMs only serve as phase modulators. When A1 = D1 6= 0 or 1, the

total PB phase introduced by the 3-SLM system is a constant regardless of the choice

of the first SLM retardance.
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E.2 The PB phase variations with ψ1 when A1 =

−D1

Using the equations 7.5, 7.6 and E.6

ψ2 = −2 sin−1

(
A1√

1−B2
2

)

ψ3 = tan−1

(
A3

A2

)
− ψ1 − tan−1

(
D3

D2

)
= θ − ψ1

Since A1 = −D1, σ = 1− A2
1 = 1−D2

1. Substitute ψ3 into α, α = −ψ1. The five

components of Φ thus equal to

ΦA−Q1B = tan−1

(
sinψ1

cosψ1 + ζ

)
ΦB−Q2C = tan−1

[
A1 sin (ψ1 + θ1)√

1− A2
1 − cos (ψ1 + θ1)

]

ΦC−Q3D = − tan−1

[
sin (ψ1 − θ)

cos (ψ1 − θ) + 1
ζ

]

ΦABC = tan−1

(
A1 sinψ1

cosψ1 + 1
2

)
ΦACD = tan−1

{
A1[sinψ1 − sin θ − sin (ψ1 − θ)]
1 + cosψ1 + cos θ + cos (ψ1 − θ)

}

where ψ1 is the retardance of the first SLM; θ1 = − tan−1(A3/A2); θ = tan−1 (A3/A2)−

tan−1 (D3/D2); ζ = (1− A1)/(1 + A1).

E.2.1 When A1 = −D1 6= 0

It can be easily seen that

−π ≤ ΦABC = tan−1

(
A1 sinψ1

cosψ1 + 1
2

)
≤ π



177

and since 0 ≤
√

1− A2
1 ≤ 1,

−π ≤ ΦB−Q2C = tan−1

[
A1 sin (ψ1 + θ1)√

1− A2
1 − cos (ψ1 + θ1)

]
≤ π

It should also be easy to see that

−π/2 < ΦACD = tan−1{ A1[sinψ1 − sin θ − sin (ψ1 − θ)]
1 + cosψ1 + cos θ + cos (ψ1 − θ)

} < π/2

since −1 ≤ A1 ≤ 1 [see Figure E.2 (c) and (d)].

When A1 = −D1 < 0 [see Figure E.2 (a)]

ζ > 1

−π/2 < ΦA−Q1B = tan−1

[
sin(ψ1)

cos(ψ1) + ζ

]
< π/2

−π ≤ − tan−1

[
sin (ψ1 − θ)

cos (ψ1 − θ) + 1
ζ

]
= ΦC−Q3D ≤ π

and when A1 = −D1 > 0 [see Figure E.2 (b)]

ζ < 1

−π ≤ ΦA−Q1B = tan−1

[
sin(ψ1)

cos(ψ1) + ζ

]
≤ π

−π/2 < ΦC−Q3D = − tan−1

[
sin (ψ1 − θ)

cos (ψ1 − θ) + 1
ζ

]
< π/2

Hence, when A1 = −D1 6= 0, the sum of the five components of Φ has a total range

of −π to π.

E.2.2 When A1 = −D1 = 0

Both points A and D fall on the great circle passing through S2 and S3. The second

SLM can serve as a phase modulator if the polarisation state of point B after passing
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Figure E.2: The plot of ΦA−Q1B, ΦB−Q2C , ΦC−Q3D, ΦABC and the sum of these four
components of Φ when (a) −1 < A1 < 0 and (b) 0 < A1 < 1. The plot of ΦACD when
(c) −1 < A1 < 0 and (d) 0 < A1 < 1.
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through the first SLM lies along S2.

Therefore, when A1 = −D1, the total PB phase, Φ, introduced by the 3-SLM

system always has a full range of 2π.

E.3 The PB phase variations with ψ1 when |A1| >

|D1|

To analyse the PB phase when |A1| > |D1|, let us define an input polarisation state

A and three output polarisation states D, D′ and D′′ such that

A =


A1

A2

A3

 D =


A1

D2

D3

 D′ =


D′1

D2

D′3

 D′′ =


−A1

D2

D3


where |D′1| < |A1| (see Figure E.3). The three paths (A to B to C to D, A to B to C′

to D′ and A to B to C′′ to D′′) are thus the conversions of A to D, A to D′ and A to D′′

after passing through a 3-SLM system with different retardance settings respectively.

The total PB phase of the conversion of A to D, A to D′ and A to D′′ can be

calculated as

ΦAD = ΦA−Q1B + ΦB−Q1D + ΦABD

ΦAD′ = ΦA−Q1B + ΦB−Q2C′ + ΦC′−Q1D′ + ΦABC′ + ΦAC′D′

ΦAD′′ = ΦA−Q1B + ΦB−Q2C′′ + ΦC′′−Q1D′′ + ΦABC′′ + ΦAC′′D′′

where ΦAD, ΦAD′ and ΦAD′′ are the PB phase difference of D to A, D′ to A and D′′

to A respectively.

From section E.1, ΦAD is a constant for a selected A and D invariant to ψ1. From
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Figure E.3: Transitions of polarisation state A to D, D′ and D′′ after passing through
a 3-SLM system with different retardance settings. The red path shows a conversion
of A to an intermediate point B after passing through the first SLM with a retardance
of ψ1. The blue path shows a conversion of B to D. The green path shows a conversion
of B to D′. The cyan path shows a conversion of B to D′′.

section E.2, ΦAD′′ has a full range of −π to π when ψ1 varies.

Using the definition in section 7.3.1.1, the PB phase can be visualised as the

spherical triangle enclosed on the Poincaré sphere (see Figure E.4 as an example).

Therefore, it is easy to show that

|ΦB−Q2C′′| > |ΦB−Q2C′| > 0 (E.7)

|ΦC′′−Q1D′′ | < |ΦC′−Q1D′ | < |ΦC−Q1D| (E.8)

|ΦABC′′ | > |ΦABC′| > 0 (E.9)

|ΦAC′′D′′| < |ΦAC′D′| < |ΦACD| (E.10)

It can therefore be shown that the range of variations of the total PB phase ΦAD′

is always larger than ΦAD and smaller than ΦAD′′ .

Therefore, when |A1| > |D1|, the total PB phase, Φ, introduced by the 3-SLM

system has a range smaller than 2π.
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Figure E.4: The cyan area marked in (a) is a visualisation of the PB phase of D′′

to C ′′, ΦC′′−Q3D′′ on the Poincaré sphere. The green area marked in (b) is the PB
phase of D′ to C ′, ΦC′−Q3D′ . The blue area marked in (c) is the PB phase of D to C,
ΦC−Q3D. It can be clearly seen that |ΦC′′−Q3D′′| is always smaller than |ΦC′−Q3D′ | and
|ΦC′−Q3D′ | is always smaller than |ΦC−Q3D| regardless the choice of the retardance
setting of the first SLM, ψ1 (hence the equation E.8).

E.4 The PB phase variations with ψ1 when |A1| <

|D1|

The analysis of the PB phase when |A1| < |D1| is very similar to the analysis in the

section E.3 when |A1| > |D1|. Let us defined three input polarisation states A, A′

and A′′ and an output polarisation state D such that

A =


A1

A2

A3

 A′ =


A′1

A2

A′3

 A′′ =


−A1

A2

A3

 D =


D1

D2

D3


where |A′1| < |D1| (see Figure E.5). The three paths (A to B to C to D, A′ to B′ to C

to D and A′′ to B′′ to C to D) are thus the conversions of A to D, A′ to D and A′′ to D

after passing through a 3-SLM system with different retardance settings respectively.

After some analysis similar to the section E.3, it can be shown that the range of

variations of the total PB phase ΦA′D is always larger than ΦAD and smaller than
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Figure E.5: Transitions of polarisation state A to D, A′ to D and A′′ to D after
passing through a 3-SLM system with different retardance settings. The blue path
shows a conversion of A to an intermediate point C after passing through the first
and second SLM. The green path shows a conversion of A′ to C. The cyan path shows
a conversion of A′′ to C. The red path shows a conversion of C to D after passing
through the third SLM.

ΦA′′D.

Therefore, when |A1| < |D1|, the total PB phase, Φ, introduced by the 3-SLM

system again has a range smaller than 2π.

E.5 Conclusion

The PB phase introduced by the 3-SLM system is a constant value when the first

element of the initial polarisation state equals to that of the final polarisation state

and not equal to zero or one, i.e. A1 = D1 6= 0 or 1. The PB phase has a full range

of 2π when the first element of the initial polarisation state is equal and opposite to

that of the final polarisation state or when the first element of both the inital and

final state equals to 1, i.e. A1 = −D1 or A1 = D1 = 1. The PB phase has a range

less than 2π if |A1| 6= |D1|. (Table E.1)
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A1 = D1 6= 0 A1 = −D1 or |A1| 6= |D1|
or 6= 1 A1 = D1 = 1

The range of
the PB phase 0 2π < 2π

variations

Table E.1: The range of the PB phase variations with the retardance of the first SLM.



Appendix F

The PB phase analysis after

passing through a 4-SLM system

The proposed configuration for a full vectorial state conversion consists of a sequence

of the 4-SLM with orientations align to S1, -S1, S2, S1. Considering the first two

SLM passes (polarisation state A to B to C), the PB phases are given by

ΦA−Q1B + ΦB−Q2C + ΦABC

= tan−1

(
sinψ1

cosψ1 + 1−A1

1+A1

)
+ tan−1

(
sinψ2

cosψ2 + 1+A1

1−A1

)

− tan−1{ A1[sin(ψ1 + ψ2)− sinψ1 − sinψ2]
1+3A2

1

1−A2
1

+ [cos(ψ1 + ψ2) + cosψ1 + cosψ2]
}

= tan−1

[
sin(ψ1)

cos(ψ1) + ζ

]
+ tan−1

[
sin(ϑ− ψ1)

cos(ϑ− ψ1) + 1
ζ

]

− tan−1

 A1[sinϑ− sinψ1 − sin (ϑ− ψ1)]
1+3A2

1

1−A2
1

+ [cosϑ+ cosψ1 + cos(ϑ− ψ1)]

 (F.1)

where ψ1 and ψ2 are the retardance setting of the first and second SLM respectively;

ϑ = ψ1 + ψ2; ζ = (1− A1)/(1 + A1).

When A1 < 0, 1 < ζ and 0 < 1/ζ < 1. ΦA−Q1B has a range smaller than π and
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Figure F.1: Two plots of the PB phase, ΦA−Q1B, ΦB−Q2C and ΦABC , varying with
the choice of the first SLM retardance setting, ψ1, after passing through the first two
SLMs when (a) A1 < 0 and (b) 0 ≤ A1.

ΦB−Q2C has a full range of −π to π. The sum of the ΦA−Q1B, ΦB−Q2C and ΦABC

therefore has a range of 2π (see Figure F.1 (a)).

When A1 ≥ 0, 0 < ζ ≤ 1 and 1 ≤ 1/ζ. ΦA−Q1B has a full range of −π to π and

ΦB−Q2C has a range smaller than π. The sum of the ΦA−Q1B, ΦB−Q2C and ΦABC

therefore has a range of 2π (see Figure F.1 (b)).

For a fixed ϑ, the phase introduced by the third and fourth pass is a constant

value; i.e. ΦC−Q3D + ΦD−Q4E + ΦACD + ΦADE =constant. Therefore, the total PB

phase of the 4-SLM system always has a full range of 2π.

We conclude therefore that the proposed four pass SLM system can act as a full

vectorial state transformer.



Appendix G

The mathematical expressions for

homogeneous retarders

G.1 The general expression for a homogeneous re-

tarder

This section was reproduced from Gutierrez paper [228] with some adjustments to

assist the discussion in this appendix. A homogeneous retarder has two orthonormal

eigenvectors. Suppose one of the eigenvector is defined as

q1 =

qx
qy


The other eigenvector, q2 is orthogonal to q1 and thus defined as

q2 =

−q∗y
q∗x


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where |qx|2 + |qy|2 = 1 since the two eigenvectors are normalised; q1 · q∗2 = 0 since the

two eigenvectors are orthonormal to one another.

Suppose the two eigenvalues correspond to the two eigenvectors are λ1 and λ2.

For a homogeneous retarder, the eigenvalues indicate the retardance applied to each

axis. λ1 and λ2 are thus in the form of exp(iψx) and exp(iψy) where ψx and ψy

are the retardance each applied along the axis respectively. The Jones matrix of the

homogeneous retarder, J , can be expressed as

J = QΛQ−1

=

qx − q∗y

qy q∗x


λ1 0

0 λ2


 q∗x q∗y

−qy qx


=
√
λ1λ2

qx − q∗y

qy q∗x


 λ 0

0 λ∗


 q∗x q∗y

−qy qx

 (G.1)

where λ =
√
λ1/λ2;

√
λ2/λ1 therefore equals to λ∗.

√
λ1λ2 = exp[i(ψx+ψy)/2] which

is the square root of the determinant of Λ; arg[
√

det(Λ)] = (ψx+ψy)/2 is the dynamic

phase of the retarder J .

After multiply Q, Λ and Q−1, a general expression for a homogeneous retarder

can be written as

J =
√
λ1λ2

 λ|qx|2 + λ∗|qy|2 (λ− λ∗)qxq∗y

(λ− λ∗)q∗xqy λ∗|qx|2 + λ|qy|2

 (G.2)
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G.2 The general expression for a homogeneous ma-

trix

It is interesting to see that all the four matrix in the previous section, Q, Λ/
√

det(Λ),

Q−1 and J /
√

det(Λ) are in the same form of

 A −B∗

B A∗

 (G.3)

In fact, a matrix in this form is a homogeneous matrix with a set of orthogonal

eigenvectors. It is easy to show that the eigenvalues of the matrix G.3 are

λ1,2 =
A+ A∗ ±

√
(A− A∗)2 − 4BB∗

2
(G.4)

The eigenvectors of the matrix G.3 are

q1 =


1

A−A∗∓
√

(A−A∗)2−4BB∗

2B∗

 q2 =


1

2B

A−A∗±
√

(A−A∗)2−4BB∗


and q1 · q∗2 = 0.

It is therefore shown that any matrix in the form of G.3 is a homogeneous matrix

with orthogonal eigenvectors.

It is also interesting to note that the determinant of the matrix G.3 is |A|2 + |B|2

which equals to λ1λ2. Therefore, the determinant of a homogeneous matrix equals to

the multiplication of its two eigenvalues.
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G.3 The general expression for a sequence of ho-

mogeneous retarders

As shown in the equation G.1 and G.3, when three homogeneous matrices multiply

together, the resultant matrix is also homogeneous. In fact, the resultant matrix is

always homogeneous when multiply homogeneous matrices multiply together.

Suppose light passing through two sequential homogeneous retarder with Jones

matrices expressed as

J1 =

 A −B∗

B A∗

 J2 =

 C −D∗

D C∗


The resultant system of these two homogeneous retarder can be written as

J =

 AC −B∗D −AD∗ −B∗C∗

BC + A∗D −BD∗ + A∗C∗


which is also in the form of a homogeneous matrix G.3.

It is thus shown that the system contains only homogeneous retarders is also a

homogeneous system.



Appendix H

The derivations of the retardance

settings of the three SLMs for the

polarisation compensations of an

arbitrary retarder

As discussed in the section 7.4.2 and I restated below, the combined Jones matrix of

the three SLMs needs to equal to the inverse matrix of the retarder for correction.

J ′3slm = J ′−1 =

 λ∗|qx|2 + λ|qy|2 (λ∗ − λ)qxq
∗
y

(λ∗ − λ)q∗xqy λ|qx|2 + λ∗|qy|2

 (H.1)

J3slm can also be written by multiplying the Jones matrices of the three SLMs.

The SLM model used in this thesis is defined in the section 7.1. Since the first,

second and third SLM have extraordinary axes oriented at S1, S2 and S1 and their
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retardance settings are ψ1, ψ2 and ψ3 respectively,

J3slm =
1

2

 eiψ1 0

0 1


 eiψ2 + 1 eiψ2 − 1

eiψ2 − 1 eiψ2 + 1


 eiψ3 0

0 1


=
ei(ψ1+ψ2+ψ3)/2

2

 (eiψ2/2 + e−iψ2/2)ei(ψ1+ψ3)/2 (eiψ2/2 − e−iψ2/2)ei(ψ1−ψ3)/2

(eiψ2/2 − e−iψ2/2)ei(−ψ1+ψ3)/2 (eiψ2/2 + e−iψ2/2)ei(−ψ1−ψ3)/2


=
√

det(J3slm)J ′3slm (H.2)

where the argument of
√

det(J3slm) is the dynamic phase of the 3-SLM system. J ′3slm

is the Jones matrix of the system without the dynamic phase term.

It can be easily shown that J ′3slm is also in the homogeneous matrix form defined

in the equation G.3 in the appendix G.2. Using the equation G.4, the two eigenvalues,

µ1,2 of J ′3slm are

µ1,2 = cos(
ψ2

2
) cos(

ψ1 + ψ3

2
)± i

√
1− cos2(

ψ2

2
) cos2(

ψ1 + ψ3

2
) (H.3)

To make the retardance of the 3-SLM system equal and opposite to that of the

retarder and thus the eigenvalues conjugate, µ1 = λ∗ and µ2 = λ. Therefore

arg(λ∗) = arg(µ1) = tan−1


√

1− cos2(ψ2

2
) cos2(ψ1+ψ3

2
)

cos(ψ2

2
) cos(ψ1+ψ3

2
)


= cos−1

[
cos

(
ψ2

2

)
cos

(
ψ1 + ψ3

2

)]
cos [arg (λ∗)] = cos

(
ψ2

2

)
cos

(
ψ1 + ψ3

2

)
(H.4)

From the geometrical equation 7.12,

cos

(
ψ2

2

)
=

A1√
1− (1− A2

1) cos2(ψ1+ψ3

2
)

(H.5)



192

Substitute the equation H.5 into H.4,

(1− (1− A2
1) cos2(

ψ1 + ψ3

2
)) cos2 [arg (λ∗)] = A2

1 cos2

(
ψ1 + ψ3

2

)
cos2

(
ψ1 + ψ3

2

)
{(1− A2

1) cos2 [arg (λ∗)] + A2
1} = cos2 [arg (λ∗)]

cos2

(
ψ1 + ψ3

2

)
=

cos2 [arg (λ∗)]

1− (1− A2
1) sin2 [arg (λ∗)]

cos

(
ψ1 + ψ3

2

)
=

cos [arg (λ∗)]√
cos2 [arg (λ∗)] + A2

1 sin2 [arg (λ∗)]

tan

(
ψ1 + ψ3

2

)
=
A1 sin [arg (λ∗)]

cos [arg (λ∗)]
= A1 tan [arg (λ∗)]

ψ1 + ψ3

2
= tan−1{A1 tan [arg (λ∗)]} (H.6)

From the geometrical equation 7.11

ψ1 = tan−1{A1 tan [arg (λ∗)]} − tan−1(
A3

A2

) (H.7)

ψ3 = tan−1{A1 tan [arg (λ∗)]}+ tan−1(
A3

A2

) (H.8)

which are the equation 7.13 and 7.14 in the section 7.4.2.2.

Substitute the equation H.6 into H.5

cos

(
ψ2

2

)
=

A1√
A2

1 cos2(ψ1+ψ3

2
) + sin2(ψ1+ψ3

2
)

=
1

cos(ψ1+ψ3

2
)
√

1 + tan2 [arg (λ∗)]

=
√

1− (1− A2
1) sin2 [arg (λ∗)]

ψ2 = 2 sin−1{
√

1− A2
1 sin [arg (λ∗)]} (H.9)

which is the equation 7.15 in the section 7.4.2.2.
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T. Wilson, “Dynamic axial-position control of a laser-trapped particle by wave-

front modification,” Opt. Lett., vol. 28, pp. 465–467, Mar 2003.

[172] E. Bostan, R. Heckel, M. Chen, M. Kellman, and L. Waller, “Deep phase de-

coder: self-calibrating phase microscopy with an untrained deep neural net-

work,” Optica, vol. 7, pp. 559–562, Jun 2020.



214

[173] W. Lukosz, “Der Einfluß der Aberrationen auf die Optische Übertragungsfunk-
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