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ABSTRACT

We review the theoretical modelling of moiré materials, focusing on various as-
pects of magic-angle twisted bilayer graphene (MA-TBG) viewed through the lens
of Hartree-Fock mean-field theory. We first provide an elementary introduction to
the continuum modelling of moiré bandstructures, and explain how interactions are
incorporated to study correlated states. We then discuss how to implement mean-
field simulations of ground state structure and collective excitations in this setting.
With this background established, we rationalize the power of mean-field approxima-
tions in MA-TBG, by discussing the idealized “chiral-flat” strong-coupling limit, in
which ground states at electron densities commensurate with the moiré superlattice
are ezactly captured by mean-field ansdtze. We then illustrate the phenomenological
shortcomings of this limit, leading us naturally into a discussion of the intermediate-
coupling incommensurate Kekulé spiral (IKS) order and its origins in ever-present
heterostrain. IKS and its placement within an expanded Hartree-Fock manifold form
our first “case study”. Our second case study involves time-dependence, and focuses
on the collective modes of various broken-symmetry insulators in MA-TBG. As a
third and final case study, we return to the strong-coupling picture, which can be
stabilized by aligning MA-TBG to an hBN substrate. In this limit, we show how
mean field theory can be adapted to the translationally non-invariant setting in
order to quantitatively study the energetics of domain walls in orbital Chern in-
sulating states. We close with a discussion of extensions and further applications.
Used either as a standalone reference or alongside the accompanying open-source
code, this review should enable readers with a basic knowledge of band theory and
many-body physics to systematically build and analyze detailed models of generic
moiré systems.
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1. Introduction and Overview

Two-dimensional van der Waals (vdW) materials have generated considerable atten-
tion over the last decade [I 2]. These “engineered materials” are composed of 2D
atomic crystals [3] that are stacked vertically and held together by interlayer vdW
forces. Although the appeal of these systems is multifold, it is perhaps most vividly
reflected in the combinatorial richness inherent in the choice of building blocks in
each layer, including semimetals such as graphene, insulators such as hexagonal boron
nitride, as well as semiconducting and metallic transition-metal dichalcogenides. An
important subsidiary consideration is the ability to directly interrogate electronic, op-
tical, magnetic, and structural properties via a range of scanning probes that afford a
rare combination of real- and momentum-space resolution.

If, as is often the case, the layers are stacked with a lattice or rotational mismatch,
richer possibilities arise due to the emergence of one or more long-wavelength moiré
pattern(s) [4,5]. The interplay of electron-electron interactions with the band structure
generated by such “moiré superlattices” has proven to be a new and fruitful setting
for exploring the intersection of strong correlations, topology, and broken symmetry
[6HI3]. This, coupled with the inherent tunability of 2D systems, has contributed
to an explosion in experimental and theoretical activity devoted to uncovering new
phenomena of these designer materials, driven by their promise to enable the long-
sought objective of engineering new states of quantum matter “on demand” [14].

Arguably the most famous and best-studied example of a moiré material is twisted
bilayer graphene (TBG) in the ‘magic angle’ (MA) regime [I5HI8]. As early as 2009,
a scanning tunneling spectroscopy study [19] noted that, in contrast to monolayer



graphene where van Hove singularities in the dispersion lie so far from the Fermi sur-
face as to be inaccessible to gating, they were shifted much closer to the Fermi surface
in twisted bilayers, suggesting that this could be used to drive electronic instabilities
to correlated states. In 2018, experiments [15] [16] in the magic-angle regime (twist an-
gles close to 6 ~ 1.05°) identified correlated insulating states at filling factors v = £2,
flanked by superconducting domes at nearby densities, with relatively large critical
temperatures reaching T./Tr ~ 0.1 where Tr is the Fermi temperature. The family
resemblance to the phase diagram of the high-T,. cuprates, and the ease of tuning
superconductivity by gating, drove a series of subsequent experimental investigations
that endures to the present time. Over the intervening years, these efforts uncovered
a remarkable collection of correlated phenomena, which has clarified our understand-
ing of certain aspects of the physics in this material, but also introduced new puzzles
and complexities. Notable examples in TBG alone include long-sought phases such as
orbital Chern ferromagnets [12, 18, 20-22] and (finite-field) fractional Chern insula-
tors [23], 24], both first observed in the moiré setting, novel types of broken-symmetry
orders [25], 26], as well as new examples of longstanding experimental puzzles such as
“strange metallic” resistivity [27H29]. Importantly, several aspects of this phenomenol-
ogy are challenging to access in the conventional renormalization-group-style approach
of considering Fermi-surface instabilities driven by proximity to nesting or van Hove
singularities, suggesting that rather different approaches may be required. Naturally,
this has stimulated a large body of theoretical work that has often drawn inspiration
from other systems that fall outside the conventional paradigm, such as quantum Hall
ferromagnetism [30, B3I, BIH37] or the theory of mixed-valence/heavy-fermion materi-
als [38H56].

The richness of the moiré platform, first highlighted by TBG, has also catalyzed
investigations into other moiré heterostructures, notably twisted graphene multilayers
and transition metal dichalcogenide (TMD) homo- and hetero- bilayers [9]. While these
closely-related cousins share several traits with TBG, the introduction of extra layers
and new materials also leads to complementary ingredients, such as strong spin-orbit
coupling, and additional tuning parameters, such as sensitivity to an external displace-
ment field, which can combine to produce additional effects not present in magic-angle
TBG. These generalizations have significantly widened the moiré ecosystem, and made
research in this area a major subfield of contemporary condensed matter physics.

In this review, we give a theoretical introduction to the study of strongly-correlated
physics in moiré superlattices. Our discussion is anchored by concrete choices of set-
ting and method. Namely, we choose to focus primarily on the physics of MA-TBG,
since many core concepts of the moiré setting are rooted in an understanding of this
system, which has arguably the richest links to symmetry and topology. Having made
this choice, it is then quite natural to narrow our technical focus to emphasize the util-
ity of Hartree-Fock mean-field approaches [33} [35], 37, 57-86]; these have proven, when
appropriately applied and analysed, to have enormous utility in understanding several
aspects of the MA-TBG normal state phase diagram, for reasons that we attempt to
explain below. As such, we only briefly discuss or neglect other approaches that have
often might have greater purchase on a specific subset of problems (e.g., determinan-
tal quantum Monte Carlo at special densities [87H92], density-matrix renormalization
group (DMRG) and other tensor network methods for problems with reduced degen-
eracy and for insulating states [61), [68, [03H98], and exact diagonalization [99, [100]
especially with the objective of exploring fractional Chern insulators [T0THI04]).

The remainder of this review is organized as follows. In Sec. [2| we give an introduc-
tion to the continuum modelling of narrow bands, since this is the setting in which we



implement Hartree-Fock mean-field theory. We give an introduction to Hartree-Fock
in Sec. [3| beginning in general terms and then specializing to the TBG context in
Sec. expert readers may choose to simply read this final section, perhaps skim-
ming the rest to alert themselves to any idiosyncrasies of notation. We proceed to give
a brief summary of the strong-coupling picture of TBG in Sec. [4, and thereby intro-
duce the chiral-flat limit where Hartree-Fock becomes exact at integer filling. We then
discuss three case studies that respectively illustrate the use of translational-invariant,
time-dependent, and translational-breaking Hartree-Fock methods in MA-TBG. Sec.
explains why the strong coupling framework is inadequate to fully describe the experi-
mental reality in MA-TBG, and shows how the BM model and HF approach can both
be extended to access the incommensurate Kekulé spiral (IKS) order believed to be the
origin of many of the the correlated insulating states seen in experiments. Our second
case study, in Sec. [6] focuses on collective modes of the correlated states introduced
previously. Sec. [7], our final case study, changes gears and discusses the mesoscopic
physics of spatially inhomogeneous field configurations in a specific strong-coupling
state, namely the orbital Chern insulator observed in substrate-aligned MA-TBG near
filling v = 43. We close with a summary and outlook on future directions.

As a companion to this Review, we have also released an open-source numeri-
cal package to perform HF with partial symmetry breaking on MA-TBG, available
at https://github.com/ziweiwang-code/TBG-HF and https://doi.org/10.5281/
zenodo.17701731. The package implements the self-consistent HF method as dis-
cussed in Sec. 3] and allows the user to capture the strong-coupling states discussed in
Sec. 4] as well as the IKS states discussed in Sec. [5} As such, the reader is encouraged to
refer to and experiment with the companion codes while reading the relevant sections.
Note that the added functionalities required to obtain the results in Sec. [6] and Sec.
are not currently implemented in the released code, but may be included in future
versions.

2. Moiré Basics: Continuum Modelling of Narrow Bands

In modelling moiré materials, we are confronted with an immediate challenge already
at the single-particle level: how are we to analyze the moiré reconstruction? Given the
utility of simple tight-binding modelling for individual 2D monolayers, one natural
guess might be to simply extend this (with suitable estimates of interlayer couplings,
e.g. from ab initio studies) to a large “supercell” at the moiré scale. This is quickly
faced with both conceptual and practical obstacles. The conceptual obstacle is that,
except for special, commensurate twist angles or lattice mismatches, a generic moiré
problem is only quasi periodic, rather than periodic. More practically, even if one
chooses a commensurate twist, at the small twist angles or lattice mismatches that are
typically of the greatest interest, the moiré lengthscale is so large that a single unit cell
typically contains O(10*) atoms, making direct tight-binding or ab initio modelling
very cumbersome. Thus, while there have been and continue to be some efforts along
these directions in MA-TBG [I05H110], alternative approaches that can sidestep these
issues are very valuable.

Given this context, the “continuum model” approach [I11], [112] has emerged as a
powerful route to analyse moiré systems. As we discuss below, it can be implemented
readily on standalone computers, without the need for large scale numerical analysis.
The key insight behind the model is that for sufficiently long moiré lengths, as long
as one cares primarily about low-energy bands near the Fermi energy, one can take
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Figure 1. a) Real-space schematic of TBG with # = 5° and zero interlayer shift d = 0. The symmetry
elements égz and C’zx are indicated. b) Extended zone scheme of the mBZ in each valley superposed on the
rotated monolayer BZ’s (red and blue). Right circle zooms into the mBZ in valley K, showing the high-symmetry
momenta and the moiré reciprocal lattice vectors by 2.

the continuum limit in each layer (e.g., so that each layer in TBG is described by
Dirac fermions) and then treat the interlayer coupling as a periodic perturbation at
the moiré scale. Elegantly, one finds that often a “single-harmonic” approximation to
the latter is sufficient, in essence reducing the moiré reconstruction to a band-folding
problem that is a modest extension of one often encountered in introductory solid
state courses [113].

We now introduce the continuum model in the setting of MA-TBG, before discussing
how it enables us to extend the model by incorporating interactions. We relegate
technical details to an Appendix, where we also discuss how to adapt the modelling to
incorporate strain, an important aspect to capture the phenomenology. We also briefly
discuss other moiré systems.

2.1. MA-TBG: General Single-Particle Considerations

We begin by outlining a procedure for specifying a twist configuration in TBG. Con-
sider AA-stacked bilayer graphene with interlayer spacing ¢y = 3.35 A. Without loss
of generality, layers 1 and 2 are placed at z = £¢p/2, and rotated by +6/2 about
a hexagon centre (see Fig. [lh). Finally, layer 1 (the top layer) is translated by an
in-plane displacement d. With the appropriate choice of # and d, this is capable of
representing an arbitrary stacking configuration with fixed interlayer spacing. Before
discussing the electronic structure of this twisted system, three key issues need to be
addressed: commensurability, symmetries, and relaxation.

The spatial motifs of the two layers interfere, causing the formation of a moiré
pattern [114]. Generic twist angles are incommensurate and lead to quasiperiodic-
ity. Strictly speaking, Bloch’s theorem ceases to hold and it is therefore inappro-
priate to speak of energy bands in reciprocal space with a defined Brillouin zone.
However, one can find specific twist angles that yield a commensurate and peri-
odic superlattice via the following construction. Let agi and agy be the unro-
tated monolayer primitive lattice vectors, and Ry be a rotation matrix about the
stacking axis. If there exist integers m;,n; that are not all vanishing such that
miRgpac1 + maRgpace = niR_gpact +n2R_gpace, then the combined system
has discrete translation invariance [I15]. Note that the statement of commensura-
bility only depends on # and not the interlayer shift d. From an experimental stand-
point, such considerations are largely irrelevant: it is impossible to determine whether
a given sample has a commensurate twist, let alone deliberately fabricate a device



with a precise twist. Theoretically, of course, it very helpful to be able to leverage
the machinery of Bloch’s theorem and think in terms of crystal momenta. Therefore
some of the literature focuses on commensurate angles where a microscopic starting
point can be taken, for example the large unit cell tight-binding models considered
in Refs. [I16), 117]. A drawback of such an approach is that increasingly bulky and
unwieldy Hamiltonians are required to better approximate a fixed twist angle. The
problem of restricting to commensurate approximants is sidestepped in the Bistritzer-
MacDonald (BM) continuum model [I12] which generates a periodic Hamiltonian for
any 6. Such phenomenological continuum modelling of moiré materials, discussed in
the next subsection, is much more amenable to analytical and numerical treatment
albeit at the expense of full microscopic rigor.

The finite-order symmetries of TBG depend on both 6 and d. For an arbitrary stack-
ing of two graphene layers, the only guaranteed symmetry is (spinless) time-reversal
symmetry (TRS) denoted by 7. For d = 0, the maximal subset of monolayer symme-
tries is preserved (Fig. [Th): in addition to TRS, these include sixfold rotation about
the z-axis (Cg.), and twofold rotation about the x—axi (Cz). The corresponding
point group is Dg. For large twist angles, qualitative details of the band structure,
such as the existence of Dirac points at charge neutrality, can depend on the symme-
try group [115]. However for small twists near the magic angle regime, it is argued
that such differences are invisible at experimentally resolvable energy scales, and the
description in terms of Dg symmetry is the most appropriate [118]. This is effectively
captured by the continuum model since it can shown that its spectrum is independent
of d [I12]. Recall that the low-energy states in monolayer graphene lie in the vicinity
of the corners of the Brillouin zone, referred to as valley K and K’ [119]. At small
twist angles, intervalley hybridization in TBG is weak because a high order of inter-
layer hopping is required to connect the two valleys. Therefore in addition to charge
conservation U(1)¢, an approximate U(1), valley conservation law emerges at low en-
ergies. As we will see, this is promoted to an exact U(1), in the BM model, leading
to a total internal symmetry U(2)g x U(2)g =~ SU(2)g X SU(2)g x U(1)c x U(1),
upon the inclusion of spin (recall that the intrinsic spin-orbit coupling is very weak in
graphene [120H126]).

The above discussion implicitly assumed a rigid rotation of layers. However, a real
twisted graphene bilayer may stretch and deform to minimize the combination of elastic
and interlayer potential energies. In fact, without doing an explicit moiré calculation,
we can already qualitatively anticipate the form of such relaxation. In rigidly-twisted
TBG, we can identify regions where the local stacking configuration is AA or AB, as
shown in Fig. [2l Recall that untwisted bilayer graphene naturally realizes the Bernal
(AB-stacking) configuration, implying that it is energetically more favourable than
AA-stacking [127]. Therefore, the AB regions in TBG expand at the expense of AA
regions, while the latter also buckle out of plane slightly to locally increase the in-
terlayer spacing. Such lattice relaxation and corrugation effects can have a dramatic
effect on the moiré band structure, and become especially pronounced for smaller twist
angles. For 6 < 0.5°, the moiré lattice is better thought of as large AB and BA domains
separated by a triangular soliton network [128-131]. The out-of-plane buckling in the
AA region also motivates choosing a slightly weaker interlayer tunneling amplitude
waA between sites on the same sublattice in the two layers relative to the amplitude
wap for tunneling between opposite sublattices. Their ratio waa/wap controls the

1This is often referred to as a ‘mirror’ symmetry My in the literature.



Figure 2. Rigidly twisted bilayer graphene forms regions with local AA, AB, and BA stacking configurations,
named for the placement of sites in one layer relative to the other layer. Orange (blue) dots denote carbon
atoms on layer 1 (2). Lattice relaxation effects cause the AB and BA regions to expand at the expense of AA
regions.

degree of explicit breaking of chiral sublattice symmetryﬂ in MA-TBG and plays an
important role in the discussion of the exactly solvable “chiral-flat” limit in Section [4]

2.2. Bistritzer-MacDonald Continuum Model

The Bistritzer-MacDonald model [112] (often used to refer to the continuum modeEI) is
a widely used approximation to the band structure of TBG, and its central ideas apply
more broadly to a wide variety of moiré materials in the limit of a large moiré unit
cell (small twist angle or lattice mismatch between the layers). Specializing to TBG
for concreteness, the premise is that in the low-energy limit, we can focus on momenta
near one of the valleys (say valley K) and think of four species of fermions (two
layers x two sublattices). As long as we are focused on the moiré bands near charge
neutrality, we can use the fact that the wavefunctions are mostly built from from the
monolayer states near the Dirac points, which can be well-modelled by suitably rotated
versions of the monolayer Dirac Hamiltonian. Put differently, we effectively take the
long-wavelength continuum limit for the intralayer problem, ignoring the microscopic
lattice beyond its role in setting the monolayer Dirac velocity (or effective mass, in
the case of TMDs where each layer is a narrow-gap semiconductor), and simply ask
how the interlayer coupling reconstructs the bands. The latter takes the form of a
spatially-modulating hopping amplitude between the layers, whose detailed derivation
is provided in Appendix A. In the basis of continuum plane waves |p,lo), where p

2Chiral sublattice symmetry means that the single-particle Hamiltonian obeys {0, H} = 0.

31t is worth making a point on nomenclature and history. To our knowledge, the earliest use of a continuum
model for TBG is in Lopes dos Santos et al. [I11]. However, although that work indeed predicted the suppression
of the Fermi velocity, Bistritzer and MacDonald [I12] were the first to show that the bands became flat across
the moiré BZ, and clearly identify the “magic angle” property (although this is implicit in the Fermi velocity
formula of Ref. [I11]). Since the continuum model we write down is precisely that of Bistritzer and MacDonald,
we will use this henceforth, in common with the prevailing convention of the field.



is measured with respect to the monolayer F—pointﬂ [l = 1,2 denotes the layer, and
o = A, B indicates the microscopic sublattice, the BM Hamiltonian isﬂ

(p, 1| Hem [P, 1) = hwpay s - (p — K') p (1)

(p,2| Hem [P, 2) = hpo™ 5y - (p— K?) 6p (2)

<p7 1| Hpwm |p/’ 2> = Tl(spfp’,O + T25p—p’,b1+b2 + T35p—p’,b2 (3)
(4)

g;/2 — o (10/4)0- (02, 05)6(19/4)02 1

T — (WAA waB T wax  wape? 7= [ Waa wape
1= 5 2 — —ig 3 3 — i} y
WAB  WAA wARe WAA WABE WAA
(5)

where ¢ = %”, vr is the monolayer Dirac Velocityﬁ7 and K! is the rotated Dirac

wavevector of valley K in layer [. The sublattice degree of freedom has been absorbed
into the 2 x 2 matrix structure. Due to the layer rotation, the intralayer kinetic terms
pick up a ‘Pauli twist’, which represents a small correction in the small-angle limit. If
neglected, this results in a particle-hole symmetry P (PHS). The expressions for valley
K’ can be deduced using TRS, which takes the explicit form T = 7.K where 7, is a
Pauli matrix in valley space. In the Appendix, we also discuss how the effects of uniaxial
heterostrain can be modelled. We also list the actions of the discrete symmetries of
the BM Hamiltonian in Appendix B.

The interlayer term is parameterized by tunneling amplitudes waa and wag, which
as mentioned earlier roughly correspond to same- and opposite-sublattice interlayer
tunneling. We have also introduced the basis moiré reciprocal lattice vectors (RLVs)
b1, by that connect different moiré Brillouin zones (mBZ) in the extended zone scheme

b1 = (Rgja — R_gs2)(bca — ba1) = V3ko(1,0)
1 V3 (6)

by = (Rgj2 — R_g/2)bc2 = \/gke(_ia 7),
where kg = 2kp sin0/2 is the moiré wavevector, bg; and bgs are the untwisted mono-
layer basis RLVs, and kp = 3 \/%7; is the monolayer Dirac wavevector in terms of the
ccC

graphene C—C bond length acc ~ 1.42 A (see Fig. ) Inspection of the moiré RLVs
reveals that the mBZ is the monolayer BZ rotated by 90° and shrunk by the moiré
scale factor 2sin(f/2). Therefore, the real-space superlattice is similarly rotated and
expanded by 1/(2sin(6/2)). A good rule of thumb is that the moiré lattice constant
is apyy >~ l4nm at the magic angle § ~ 1.05°. The real-space moiré lattice vectors
associated with by, by are aq, as.

With the mBZ specified, we can now define the filling factor v, which is 0 at charge
neutrality, and increments by 1 whenever we add one electron per moiré unit cell.

4We do not use a layer-dependent momentum origin. Hence caution should be taken when comparing with
works that measure the momentum differently in the two layers. One example is Ref. [I12], where the momentum
in each layer is measured relative to the corresponding rotated monolayer Dirac point.

5See Refs. [70}[132H137] for extensions to the BM model that incorporate higher order terms and more severely
break the approximate particle-hole symmetry.

6We use vp = 8.8 x 10° ms™! in this work. Note that the choice of vp is not completely trivial, since it is
known that the effective velocity in graphene is scale-dependent [I38-147].



2.2.1. Solving the Continuum Model

As written above, the BM Hamiltonian has been expressed as a matrix in the plane-
wave basis, in which a plane-wave state with momentum p, layer [ and sublattice o
is denoted as |p,lo). (This is a Dirac-electron analog of the familiar textbook prob-
lem of ‘folding’” and then reconstructing a free electron dispersion in the presence of
a weak periodic potential, with the added wrinkle that the periodic perturbation is
a sublattice-dependent interlayer tunneling term and hence acts non-trivially in the
layer-sublattice space.) Note that only momenta p,p’ that differ from each other by
some moiré RLV can hybridize within the BM model. To numerically solve the contin-
uum model, it is necessary to impose an ultraviolet cutoff. The choice of cutoff should
be consistent with the symmetry of the Hamiltonian. One simple choice is a circular
Cutoﬁﬂ i.e. only retaining plane wave states with

lIp— 7K' < A for layer 1, and (7)
lp—7K? < A for layer 2, (8)

where the cutoff wavevector A satisfies kg < A < kp. 7 = £ is a valley index corre-
sponding to K or K’, respectively, and its appearance in the constraints above correctly
filters the plane waves into the corresponding valleys.

After diagonalizing the Hamiltonian in the plane wave basis, we obtain the moiré

band structure ¥ (p) and moiré Bloch wavefunctions
Wra®) = 3 thrato(p, G) Ip + G, o), (9)
G,l,o

where G runs over the moiré reciprocal lattice. trq (P, G) are known as the Bloch
coefficients. Note that 4., (p, G) = 0 if p + G falls outside the cutoff. a indexes the
moiré bands in each valley.

We now make some important remarks regarding the momentum structure of the
moiré bands and associated conventions:

(1) We note that the moiré bands carry a conserved valley index 7. This is sensible
at the small energy scales of interest here, since for small twist angles all the
states in any single band that lie near the Fermi energy in TBG originate near
only one of underlying monolayer valleys. The key distinction with a moiré-less
graphene monolayer is that in the latter, such a valley label cannot be applied
across the microscopic BZ; it is the smallness of the moiré BZ that enables all
the states in a given band to be assigned a consistent valley label. As a strict
matter, of course, valley U(1) is only an approximate symmetry and can never
be exact at the atomic scale, but it is a well-defined emergent symmetry at the
moiré scald®l

(2) While p represented a plane wave momentum in all preceding discussion, it now
also plays the role of a moiré crystal momentum in Eq.[9] Given the separation of
scales between atomic and moiré length scales, it is useful to redefine the moiré
crystal momentum so that it is measured relative to the moiré I'j;-point of a
suitably-defined mBZ. Since the rotated Dirac momenta of the monolayers are
invariant under Cs, symmetry, which is preserved in (non-strained) TBG, it is

"This is the choice of cutoff that is implemented in the companion code.
8We note that Umklapp processes reduce the valley U(1) symmetry to a Z3 symmetry [33} 142} [143].
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natural to associate the mBZ corners Kj; and K 1/\4 with these momenta. The
convention that we use for the 1st mBZ in valley K is depicted in Fig.[Ip, with the
situation in valley K’ obtained by applying time-reversal. This means that I"j;
of the 1st mBZ lies just to the right of the monolayer valley-K Dirac momenta
for our geometry conventions. This motivates a new definition where the moiré
momentum, now labelled k, is zero at I'j;, and the 1st mBZ corresponds to
G = 0. To implement this reframing, we define a new notation |k, G, 7lo) for
plane wave states

|k, G,Tloy =7 X +k+G,lo), (10)

where X denotes the plane wave momentum associated with I"j; of the 1st mBZ
in valley K. We now recast the moiré Bloch wavefunctions as

W}‘ra(k» = Z uTa;lJ(k’G) ’ka GaTlO->a (11)
G,l,o

with corresponding kinetic energy €5 (k). The BM Hamiltonian can be expressed
in second quantization as

Hpn = ) 5o (k)el o (k)éras (k). (12)

kTsa

where éias(k) is the creation operator for a moiré Bloch state with moiré mo-
mentum k in valley 7, spin s (relative to some prescribed spin quantization axis),
and BM band d’|

(3) We adopt the periodic gauge corresponding to the convention [i,(k+ G)) =
|tra(k)), which simplifies the book-keeping in numerical calculationﬂ This
implies the relation urq0(k + G, G) = Urqi0(k, G+ G').

(4) For the purposes of numerical calculations, we consider a periodic system with
N7 x N3 moiré unit cells along the a; and ao directions respectively. This dis-
cretizes the moiré momenta according to

n1b1 n2b2
k= 1
N, TN, (13)

where ny =0,...,Ny —1land ng =0,..., Ny — 1.
(5) Given Bloch coefficients ugq.,(k, G) for valley K, it is possible to use time-
reversal (if it is a good symmetry, e.g. in the absence of magnetic fields) to

9For a given k, the dimension of the index a is equal to four times the number of moiré RLVs G kept within
the momentum cutoff per valley and layer. Note that for our circular cutoff, the number of plane waves, and
hence the number of ‘bands’, depends on k. In fact, there is no symmetric cutoff that enables all k to have
the same number of bands. This is not an issue since any discontinuities in the bands only occurs for kinetic
energies far away from the low-energy states near charge neutrality.

10This simplification is very convenient when considering many-body physics. The Fock space can be generated
by operators éj-as (k) acting on the Fock vacuum, for a set of k lying within some choice of the first mBZ (see
e.g. Eq. . In the periodic gauge, we can freely identify éia‘g (k) = éias (k+ G) in formal manipulations. If we
did not use the periodic gauge, then éj-as (k) is not necessarily equal to éias(k + G) because they could differ
by a phase. This would lead to an additional layer of book-keeping when doing many-body calculations.
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Figure 3. Band structure of the BM model along a cut in the mBZ for different values of the chiral ratio
k = waa/wap. The twist angle is held constant at the magic angle appropriate for the chiral limit k = 0
(0 ~ 1.06°). Black (red) lines denote valley K (K').

choose the Bloch coefficients for valley K’ according to
uK'aﬂU(k? G) = u}(a;lo‘(_k> _G) (14)

The kinetic energies obey €%, (k) = €3¢ (—k).

Figure [3| plots the band structure of the BM model, focusing on the low-energy
bands closest to neutrality. For the ‘isotropic’ limit waa = wap originally considered
by Bistritzer and MacDonald [I12], it was found that the Dirac points were left intact
and remained at the charge neutrality point (CNP)E Reduction of the twist angle
suppressed the renormalized Dirac velocity v} and flattened the central eight bands
(including spin and valley) to < 1meV. At the magic anglﬂ of 0 ~ 1.05°, v}, vanished,
but the central band manifold was not energetically isolated from neighbouring remote
bands, in contrast to experiments which strongly suggested single-particle band gaps
of the order of tens of meV [15] at filling ¥ = £4. This conundrum is resolved by
accounting for lattice relaxation effects discussed previously, which leads to waa <
wap and cleanly isolates the central bands from higher-energy states. The real-space
weight of the central band wavefunctions is concentrated around the AA regions.

As noted previously, a key dimensionless parameter is the chiral ratio K = waa /wap.
Its precise value in experiments is debatable, but is expected to lie in the range
0.5 < k < 0.8 [133, [148HI50]. Interactions have been argued to renormalize this down
further [I5I]. In Ref. [I52], this was taken to the extreme by setting x = 0. In this
so-called chiral limit, the model acquires a particle-hole symmetric spectrum due to
the chiral symmetry {fIBM, 0.} = 0. This can be thought of as an idealized version of
realistic TBG. In particular, at the magic angle, the central bands become degener-
ate, exactly flat, and energetically isolated across the entire mBZ at the magic angle.
This limiting chiral-flat case will be considered in more detail with electron-electron
interactions in Sec. [l

11¢, .7 quantizes the Berry phase of an arbitrary loop in momentum space to 0 or 7, depending on whether
it encloses an even or odd number of Dirac points. This is a Zs topological invariant which prevents the Dirac
points from gapping out individually [144]. In fact, a stronger condition holds as long as the central pair
of bands remain energetically isolated. For a two-band model there exists a Z winding number, which takes
the same value for the two Dirac points in a single valley of TBG. Therefore they cannot annihilate without
interference from remote bands [I44HI47| or breaking of U(1),. In addition, the Dirac points are pinned at the
mBZ corners due to Cs. symmetry, since the degenerate states form a doublet under the D3 symmetry group
relevant for a single valley.

12Note that generally there is no unique definition for the magic angle. For example one could have defined it
as the angle for which the central bands have the minimal bandwidth. In any case, its precise value depends on
parameters, and what is important is that the band structure is such that interactions play a dominant role.
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2.3. Adding Interactions

The usual way to add interactions in a correlated electronic system is to construct an
effective Hubbard model on a tight-binding lattice of the Wannier orbitals of the bands
proximate to the Fermi energy. In the MA-TBG setting, at the very least the latter
should include the eight bands (two bands per spin and valley) of the BM model.
However, the topology of the energy bands makes it challenging to implement this
while preserving various exact and emergent symmetries that are important to under-
standing the problem. In particular, while the spin is a conventional SU(2) symmetry
owing to the smallness of the spin-orbit coupling, the Co.T and Ds symmetries of
the single valley problem lead to a topological obstruction: it can be shown (e.g. by
analyzing the representations of the bands at high-symmetry points) that it is im-
possible to construct exponentially-localized Wannier orbitals within a single valley
while preserving these symmetries [32, [105] [116], T18] 147, 148| 153H155]. Thus, any
symmetry-preserving tight binding model requires additional bands{T_gl beyond the cen-
tral octet. However, one can sidestep this problem by working directly in momentum
space, as we now summarize.

Recall from Section that Bloch eigenstates of the single-particle BM Hamil-
tonian are given by |¢-4(k)), where 7 = +1 indicates valley K or K', and a is a
BM band label. The associated creation operator is éia(k:) In the periodic gauge, the
moiré cell-periodic functions |u,q(k)) = e~*7 |1),,(k)) are not periodic in its momen-
tum argument. In particular, we have |u,q(k + G)) = e 7 |u, ,(k)), where G is a
moiré RLV. We define the continuum model form factor

)\T,ab(k7 Q) = <uT,a(k)|uT7b(k5 + Q)> = Z u:a;la(k> G)u7b§l(7(k + q, G) (15)
G,l,o

Tb(l(k+q7 )7 <16)

where k is a mBZ momentum, but g can be any (intravalley) momentum transfer. This
is an important quantity since it encodes the Bloch structure of the wavefunctions and
determines the flavour-diagonal density operators

prs(@) = D Eo(k)Aran(k, @)érs(k + @), (17)

kemBZ
ab

where we have reintroduced the spin label s. Note that in the periodic gauge, A; (K, q)
is periodic (in the mBZ) in its first momentum argument, but not its second momentum
argument.

In terms of the form factors, the flavor-conserving part of the long-range density-

13And, given that promoting the approximate particle-hole symmetry to an exact symmetry leads to “strong
topology” [105] 156], must also break PHS.
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density Coulomb Hamiltonian is

1 o
Hi =53 > > V(@) ors(@)Pl (@) 2,

77’88’ q€all

= i Z z Z V(q))\ﬂab(ka?q))‘:",dc(kﬁ’q) (18)

ss'tr' q€all k~ kP emBZ
abed

X éias(ka)éi'cs’(kﬂ + q)éT’ds/(kB)éTbS(ka + q) %

where A is the total area of the systemlEL We emphasize that, in the above expression,
the summations over k% and k” are restricted to the mBZ, whereas g is summed over
all intravalley momentum transfers (i.e. not restricted to only the mBZ momenta).
Expressing flint in the BM band basis is reasonable since it is often desirable to
truncate to a subset of low-energy bands (often just the central bands) rather than
keep all degrees of freedom up to the plane wave cutoff used to diagonalize Hgyr. This
is known as band projection. The : ... :,0 notation specifies the interaction scheme,
which has to do with the ‘normal-ordering’ of the interaction. We defer a detailed
discussion of interaction schemes and band projection to Section and
Typically, the interaction potentia]lﬂ V(q) is chosen as the dual or single gate-

e2 62(1_ef2quc)
2€0€,q 2€0€,-q
distance dgc ~ 5 — 40nm and relative permittivity €, ~ 4 — 3@ [33]. The screening

tanh qdg. or

screened for given by respectively, with screening

distance dg. is related to the physical gate distance d, via dsc = dgy/€1/ €|l where

€1 (€)) is the dielectric constant of hBN perpendicular (parallel) to the atomic plane
[93]. The value of €, not only encompasses the contribution of the hBN dielectric,
but also captures screening and renormalization effects due to the remote bands. The
latter can be accounted for more quantitatively by down-folding methods such as the
constrained random phase approximation [I58-160].

2.8.1. Interaction Schemes

For the purposes of discussing the interaction schemﬂ we consider keeping all degrees
of freedom within the plane wave cutoff used to diagonalize Hpy; (i.e. we do not
consider band projection or truncation for the moment). In Eq. the quartic term
is accompanied by a ‘normal-ordering” symbol : ... : . It is tempting to simply pick
the conventional normal-ordering so that all annihilation operators appear to the right
of all creation operators, i.e. flint ~ cfcfee. As we will see below, this corresponds to
choosing the reference state p° to be the Fock vacuum. However, this runs into issues
to do with double-counting interactions.

14Recall from Section that this discretizes the momenta.

15Tn the companion code, we impose a circular ultraviolet cutoff on the momentum transfer q in V(q) for
computational convenience. This means that the form factors do not need to be computed for g lying beyond
the cutoff. The contributions from large |g| are suppressed both by the decay of V(g) and the form factors.
16We have assumed here a purely 2D interaction which neglects the layer structure of the wavefunctions. This
is a good approximation for TBG, but may fail for heterostructures with many layers [157].

17This wide range of €, encompasses the extremes that have been considered in the literature, and reflects the
current lack of consensus regarding the appropriate value (which may depend on the type of calculation being
performed). For TBG, we recommend using €, ~ 10, and scanning a range of interaction strengths to evaluate
the robustness of the phenomena under consideration to this modelling uncertainty.

181n the literature, this has also been referred to as subtraction scheme or normal-ordering prescription.
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To illustrate this, we consider the simpler example of modelling the hole-doping
regime of a (non-moiré) semiconductor whose single valence band maximum has kinetic
energy E(p) = —%, where m* is the effective mass. We consider the conduction band
to be sufficiently far separated in energy so that it is never occupied. If cf(p) is the
electron creation operator for a valence state, then it is tempting to normal-order the

interacting Hamiltonian as

/
pz
2m*

&y 7

H

c'(p)e(p) + i > V(g (p+ q)c(p' — @)e(®)e(p),  (19)
p,p',q

where the primes indicate that the summations are restricted so that the arguments
of all fermion operators lie within the circular cutoff A, and we have ignored any non-
trivial Bloch structure/form factors. A is the total area of the system. For the band
insulator |v = 0) which corresponds to fully occupying the valence band, the effective
electronic band structure including Fock self-energy correction&{T_g] is

2
P 1
E = _ - . 2
ot (D) 5 T A‘ +§<A V(q) (20)
pPTq|>

The second term is an interaction-induced correction to the effective dispersion at
charge neutrality, which can e.g. renormalize the effective mass of a single hole. How-
ever, typically m* would have been extracted from ab initio calculations or experimen-
tal input, and thus already implicitly accounts for such effects. The problem then is
that Eq.[19| overcounts these contributions. To remedy this, we add an extra one-body
term to the Hamiltonian that precisely cancels (subtracts off) the spurious correction

/ 2 /
o P 1 T Tt /
H=->" 5 C (P)e(P) + 54 Z V(g)c'(p+q)c'(p' — q)c(p')c(p) (21)
P P.p'.q
1 /
-2 V(g)c!(p)e(p) (22)
P |p+q|<A
/ p2 1 /
- _ T il Nel(p — T
> 5= (P)ep) + 54 Z V(g)e(p)e@)e'(p' — @)l (p+q) +...  (23)
P P.p'\q
where ... includes unimportant constants and a momentum-independent chemical

potential shift. In this particular case, the final line shows that the interaction has
simply been normal-ordered with respect to | = 0) instead of the Fock vacuum. This
example shows that the interaction scheme is not specific to Hartree-Fock calculations,
and is rather an issue of how to specify the many-body Hamiltonian, even for non-moiré
systems.

Generalizing to the TBG setting, we define an interaction scheme by specifying a
reference density matrix pgs;ab(k) = (éibs(k:)éms(k»o. The interaction term Eq.
becomes

A~

Hint = IA{int, no. t+ IA{sub (24)

19For this example, the Hartree correction is momentum-independent.
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ﬂint, n.o. — i Z Z Z V(q)AT@b(kav q)A:’,dc(kﬂa q)

'rr geall k> kPemBZ
bed " (25)

ms(ka) '(kﬁ + Q)éT’dS’(kﬁ)éTbS(ka +q)

A 1 A «
HSub:_Z Z Z Z V(G Tdc(k G)p'rsdc(kﬂ) AT,ab(ka’q)cias(ka)chS(ka)

k*cmBZ | G kfemBZ

sTab s'T'ed
z Z V T, bc ’ q)pgs,dc(ka + q))‘T,ad(kav q)éj-as(ka)éTbs(ka)'
k“EmBZ g€call
sTab cd

(26)

We have split ﬁmt into a piece I:[int, n.o. corresponding to the interaction normal-
ordered with respect to the Fock vacuum, and a one-body ‘subtraction’ correction
f[sub, which corresponds the term in Eq. with the proper form factors and other
extra degrees of freedom of TBG restored. More precisely, Hg,p is given by the negative
of the Hartree and Fock mean-field potentials (see Section [3] for an introduction to
Hartree-Fock) of the state pU for the vacuum-normal-ordered interaction Hmt n.o.
This implies that Hgy would be the mean-field Hamiltonian in the state ¥ — the
interpretation is that interactions are ‘measured relative’ to pV.

How is the reference state p° determined? To our knowledge, there is no general
prescription for p°, and its resolution is an open question. The choice should preserve
the physical symmetries of the system, as well as any desired emergent symmetries
(such as PHS). In TBG, since these p’-dependent corrections take the interaction
scale ~ 30 meV, the effective dispersion can be significantly broadened compared to the
bare BM bands. Theoretical modelling of interaction physics in TBG is complicated
by the lack of a unique prescription for p°, which can affect not only quantitative
details but also qualitative trends. Such subtleties plague other graphene-based moiré
materials, but are less problematic for some other systemﬂ Below, we list some
commonly used interaction schemes for TBG by specifying the reference density matrix
in the BM band basis.

e Full average scheme: This corresponds to pgs; b = %(le for all bands. This is
typically utilized in many-body calculations that work in the plane wave basis
and retain all BM bands (i.e. no band projection).

e Central average scheme: This corresponds to pg siab = %5,11, for the central bands

and pgs; ab = Oap for the remote valence bands. The remote conduction bands
are unoccupied in the reference state. This scheme is often called just ‘average
scheme’ in TBG, and has also been referred to as the ‘infinite temperature’
scheme. This is the most commonly adopted option, and has the added bonus of
enabling the interacting chiral-flat strong-coupling limit described in Section [4]
e Graphene scheme: p° corresponds to occupying all valence bands of decoupled
graphene layers (i.e. interlayer tunneling is switched off) at charge neutrality.

200ne example where the choice of p¥ is natural and agreed upon in the literature is semiconducting moiré
TMDs, which exhibit an eV scale band gap at charge neutrality. In this case p® corresponds to the neutrality
state obtained by fully filling the valence bands.
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e Charge neutrality scheme: ,028_ ab = Oap for all valence bands, and pgs.ab = 0 for
all conduction bands.

Several works, including Refs. [37, [69, (74} [75], [94) 95, T61H163], have examined the con-
sequences of utilizing different interaction schemes in TBG and other moiré systems.

2.8.2. Band Projection

For many-body numerical calculations, it is usually intractable to explicitly keep all
degrees of freedom. In any case, a large fraction of the single-particle states have
kinetic energies far from the Fermi level so that they are not expected to participate
non-trivially in low-energy physics. To account for this, we perform band projection
to reduce the effective degrees of freedom [94] [I61]. This involves first identifying a
subset of active (act.) single-particle states, with the remaining frozen single-particle
states being divided into frozen valence (f.v.) and frozen conduction (f.c.) ones. The
idea is that we restrict to the many-body Hilbert space spanned by the wavefunctions

T) = O caer) T € Ivac), (27)

vef.v.

where C’)(éZEaCt.) is an arbitrary function of the active states, and |vac) is the Fock
vacuum. This means that all f.v. (f.c.) states are enforced to be occupied (unoccupied),
while the active degree of freedom are left unconstrained. The effective Hamiltonian
for the active degrees of freedom will experience additional one-body terms arising
from the static Hartree and Fock potentials of the filled bandﬂ

In the TBG context, the BM bands are divided into active and frozen bands. The
one-body correction H¢,. to the active bands generated by the frozen valence bands
can be expressed as

S 1
= * B o At ay A a
Hiy = A Z Z Z V(G) T’,vv(k ,G) )‘T,ab(k ;@) Cras(RY)Crps(K”)

k*emBZ | G kfcmBZ
sT,ab€act. s'T! vetfv.

—% Yo D V@A (k@) (R, @)l (k) érs (k).

k*emBZ geall
sT,ab€act. vef.v.

(28)
The band-projected Hamiltonian I:Ipmj, can then be expressed as
ﬁproj. = -FIBM + ﬁint, n.o. + ﬁsub + I;[f.v.a (29)
act. act. act.

where fIBM is given in Eq. ﬁint’ n.o. is given in Eq. and ﬁsub is given in Eq.

The notation ﬁim’ no. means that we simply restrict the creation/annihilation
act.

21Note that these potentials are not due to virtual (particle-hole) excitations between active and frozen states.
The latter instead represent many-body processes that would stem from relaxing the strict frozen constraint.
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operators in ﬁint, no. (as written in Eq. so without performing any additional
anticommutations) to those belonging to active bands only — terms that contain any

frozen band operators are removed. Note that PAvav, takes the same form as ﬁsub
act.
except that pgs (k) is replaced by —04 p04ety.. For certain interaction schemes, this

leads to a large cancellation in the contributions from frozen states. For example, if
we take the active bands to be the central bands, then the remote bands (which are
all frozen) do not contribute at all to I;Tpmj, for the central average scheme and the
charge neutrality scheme.

2.3.3. Additional Perturbations and Other Approaches

The interaction Hamiltonian ﬁint can be augmented with additional subleading con-
tributions beyond the long-range Coulomb part. For instance, intervalley Coulomb
scattering at momentum transfers g ~ K is power-law suppressed at small angles [30].
However, this term is important for helping to break the SU(2) g x SU(2) g+ symmetry
to the physical SU(2)g and resolving some of the spin degeneracies of the correlated
states. It typically leads to a ferromagnetic ‘Hund’s coupling’ that prefers to align
the spins in the two valleys. Coupling to graphene-scale phonons provides a compara-
ble antiferromagnetic contribution, such that the overall sign of the Hund’s coupling
is uncertain [164], although experiments suggest the overall Hund’s coupling is anti-
ferromagnetic [165]. Onsite Hubbard interactions on the graphene scale can also be
incorporated. Our presentation of the interacting continuum model in momentum and
band space is convenient because it is relatively tractable, and sidesteps Wannier ob-
structions arising from the fragile topology@ of the central bands. It also highlights
the resemblance of TBG to a multi-component quantum Hall system in certain limits.
This connection will be elaborated on in Section [4l

To close this section, we also briefly comment on other perspectives in the litera-
ture. In fact, a real-space Hubbard-like approach based on ‘fidget-spinner’ Wannier
orbitals can be pursued, though one has to contend with extended interactions and
non-trivial representations of some symmetry operations [116] 118, [148] 166-168]. A
very different ‘heavy-fermion’ approach resolves the topological obstruction by bor-
rowing band representations from the remote bands, and emphasizes the emergence
of local moment physics arising from localized (on the moiré scale) effective f-modes,
and dispersive and topologically-anomalous c-fermions [38-41], 43-45] [47H49]. This has
the appeal of giving a physical way to reconcile the apparent dichotomy between the
emergence of strong local correlations and “moment formation” with the topologically-
enforced itineracy of the underlying free fermion bands. Operationally, one often still
uses Hartree-Fock to analyze the role of interactions within this description, but certain
parametric dependencies can be more “physical” in this approach [40] [169]. Further-
more, the heavy-fermion representation is also a convenient starting point for imple-
menting other methods, such as dynamical mean-field theory (DMFT), which can yield
detailed quantitative information on local correlations [43]. A more recent proposed
approach that closely resembles the heavy fermion theory is to identify ‘quasi-local
moments’, that while not exponentially localized only have a small power-law weight,
and work within the basis where these are manifest [I70]. Yet another proposal is to
introduce an ancilla fermion which hybridizes with the physical electron to give rise to
Mott and pseudogap physics [I71]. Finally, several works have investigated correlated

22This becomes strong topology in the presence of PHS [105, [156].
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physics starting from a full microscopic tight-binding model [71], [72] [84], although as
discussed earlier this entails a vastly greater computational overhead.

2.4. Beyond TBG: Other Moiré Materials

We briefly discuss how the continuum model framework presented above for TBG can
be generalized to other moiré materials, and highlight a few representative examples.
The key steps are to identify the relevant continuum degrees of freedom describing each
layer of the material stack, and the symmetries of the heterostructure. The latter are
important to constrain the form of the moiré potentials and interlayer moiré hopping
terms. A simple generalization of TBG is alternating-twist multilayer graphene, which
consists of N layers of graphene that are rotated from the untwisted configuration by
angles 0/2,—0/2,0/2,—0/2, ... respectively [I72H174]. Despite the presence of multiple
twisted layers, the continuum model can still be described by a single moiré period.
This family of systems shares similarities with TBG, including Cy. symmetry and
superconducting domes [I75HI79], but has the added feature that the band structure
and phenomenology can be tuned by applying an external displacement field.

The untwisted components that come together to build a moiré heterostructure
do not have to be monolayers. In twisted monolayer-bilayer graphene, the (say) top
layer is monolayer graphene, but the bottom two layers form Bernal-stacked bilayer
graphene. In the continuum model, the 4 x 4 sub-block corresponding to the Bernal
stack consists of non-moiré hoppings that reproduce the low-energy band structure
for Bernal bilayer graphene, while the moiré periodicity is reflected in the interlayer
tunneling between the monolayer graphene and the upper layer of the Bernal bilayer
[180, 181].

The low-energy physics of hexagonal semiconducting moiré TMDs often also lies at
the K and K’ valleys. For moiré bilayers, we distinguish between homobilayers where
the layers are identical, and heterobilayers where the layers are different compound@
In the former, the low-energy description of each monolayer depends on whether we
are interested in electron- or hole-doping. For hole-doping, strong Ising spin-orbit cou-
pling splits the spin-valley degrees of freedom, such that only the spinful time-reversal
partners K T and K’ | appear at low energies [I82]. Within a given flavour sector, each
monolayer is typically described by a single-component effective mass parabola, and
the interlayer physics is introduced via intralayer moiré potential and interlayer moiré
tunneling terms [I83]. TMD homobilayers have been experimentally shown to exhibit
physics such as superconductivity [I84HI86], and the integer and fractional quantum
anomalous Hall effects at zero magnetic field [I87HI92]. Heterobilayers are distinct in
that a moiré pattern is present even without twisting due to the lattice mismatch,
and the low-energy physics is confined to one of the layers owing to the band off-
sets between the two constituents. In this case, the simplest continuum model within
each flavour consists of a single effective mass parabola subject to a moiré-periodic
potential [I93H195].

There exist moiré materials where the low-energy physics is not centered at the
K-points, but other high-symmetry points such as the I'-point [196], 197] or M-points
[198, 199], or even less-symmetric momentum regions [200] 201]. These settings can
exhibit phenomenology not present in K-valley materials, such as quasi-1D behaviours.
In some of these cases, the absence of a topological obstruction means that it may be

23Given that each monolayer does not possess Cas symmetry, one has to distinguish between AA- and AB-
stacking.
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preferable to Wannierize the problem and study an effective tight-binding description,
rather than resort to a continuum description. Furthermore, the nature of correlations
in these systems may limit the utility of mean-field descriptions, though they still
provide useful insight and are often a good first pass at the problem.

Finally, we comment on supermoiré platforms where an even longer lengthscale
emerges on top of the moiré lengthscale. Consider twisting three identical monolayers
with interlayer twists 612 and 6a3. Each adjacent pair of monolayers ({1,2} and {2, 3})
forms its own moiré pattern. Alternating-twist trilayer corresponds to f19 = —fbg
where the moiré Brillouin zones of two pairs align, such that the system can be de-
scribed by a single moiré period. On the other hand, generic 612, 623 lead to two moiré
patterns that interfere and form a moiré-of-moiré pattern [202-208]. One special limit
is the equi-angle helical trilayer, where 619 = 623 and the supermoiré lengthscale
aym ~ an/(2sin(0/2)) is enhanced by a further factor of the moiré scale factor. Lat-
tice relaxation calculations show that the supermoiré relaxes into large domains where
the system locally recovers approximate moiré translation symmetry [203]. Hence, one
approach to understand such systems is to first investigate the local physics within
a domain, which can be described with a moiré continuum model like the previous
examples [209-211], and then analyze how the tiling of domains affects mesoscopic
physics.

3. Hartree-Fock Mean-Field Theory

We now turn to a discussion of the Hartree-Fock (HF') mean-field approach. Although
this is a standard technique taught in most courses on many-body theory, we present
a brief self-contained introduction to time-independent HF, before we highlight sub-
tleties of the modelling in the moiré setting by discussing the implementation of these
techniques in TBG. We also discuss time-dependent HF.

3.1. Hartree-Fock Basics

In this section, we introduce the basic setup of self-consistent Hartree-Fock mean field
theory. Readers familiar with HF may wish to skip or skim this section, and jump
straight to the details of the implementation in TBG (see Sec.

Consider a Hamiltonian with kinetic energy T and two—partlcle interaction V,

R SO o 1 ot afa A
H=T+V= Zb: Tuihé, + 5 %Vab,cdclcztcdcca (30)
a aoc

where a, b, ... denote single-particle orbitals, and the two-electron interaction integrals
are Vopea = <ab|‘7|cd>. These interaction matrix elements satisfy Vopca = Vig,ae =
VCE o Put are not anti-symmetrized for fermion exchange. Hartree-Fock is a variational
approximation that optimizes the ground state energy within the manifold of Slater

determinants: states that can be written as |¥) = H1<i<N cZT |0) for N, particles and
some electron creation operators ch that satisfy {dz, ]} = 0;5. (These are sometimes
also referred to as Gaussian states, since they satisfy Wick’s theorem: the expectation
value of 2n-fermion operators factor into sums of permutations of all the different
pairings into products of n two-fermion operator expectation values.)
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A Slater determinant is fully specified by its one-body density matri Py = <éZéa),
which is Hermitian (PT = P), idempotent (P? = P) and whose trace is equal to the
number of particles (tr(P) = N.). The energy expectation value of a Slater determinant
can be evaluated using Wick’s theorem

E[P] \I/’ H |\IJ Z T bea + = Z ac,bd — ac db)Pbanc (31)
abcd

We define the Hartree-Fock Hamiltoniar@

[HHF[ ab - ab + Z ac,bd — ac db)Pdca (32)

allowing us to rewrite the energy functional as
1
E[P] = w((T+ HYF[P)) P). (33)

It will be useful to also define the Hartree and Fock contributions to H'F[P] separately

[HH [P]]ab = Z Vac,bdpdc (34)
[H [Pllab = = _ Vac,avPac- (35)
cd

In terms of these, the energy functional can be written aﬂ
1
E[P] = tx(TP) + ;tx ((H" [P+ HY[P))P). (36)

It can be shown that, for P to correspond to a local minimum of E[P] within the
variational manifold of Ne-particle Slater determinants, a necessary condition is that
P be given by occupying the N, lowest-energy eigenstates of H'"F[P] (this is known
as the “aufbau principle” analogous to atomic physics) [212]. This self-consistency
condition is the basis for the iterative Hartree-Fock optimization procedure that we
outline next.

3.2. Solving the Self-Consistent Mean-Field Equations

3.2.1. Outline of the Iterative Procedure

In order to find a density matrix P that satisfies the self-consistency condition, the
basic procedure is as follows.

24We caution that sometimes this is defined instead as Py, = (ézéw, such as in the companion codes.

250One way to motivate this definition is to consider a “partial Wick contraction” given by éEéZédéc —

<éléc> é;réd + <é£éd) ele. — <éléd> égéc — <é;réc> éZéd. This is the mathematical way of expressing the notion
that every electron experiences the mean-field generated by the other electrons.

26We emphasize the presence of the factor of % in front of the Hartree and Fock terms. Recall that these terms
can be thought of as describing the mean field generated by the particles in the system due to their Coulomb
interactions. However, the total energy only counts the interaction between each pair of particles once, and so
the % is needed to prevent double-counting.
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In the initialization step, we choose some initial trial state Py (we will discuss
this choice in Sec. [3.2.3]). Denoting the number of electrons as N, and the number of
orbitals as N, the k-th iteration step (k > 0) consists of the following sub-tasks:

(1) Construct the mean-field Hamiltonian from the current state Py, i.e. Hp =
HYF[P,].

(2) Diagonalize Hy, i.e. find eigenvalues ¢; and eigenvectors ;, that satisfy
Y o HilapVip = €thiq for 1 < i < N, where we assume that the eigenvalues
are ordered such that €; < €;41.

(3) Construct the new state Pyy1 from the N, lowest-energy eigenstates of Hy, i.e.
[Pk+1}ab = Zlgigm wi,a ;kb

(4) If converged (we discuss convergence criteria in Sec. [3.2.4), terminate and return
the final state Py = Py1. Otherwise, proceed to the next iteration.

However, this straightforward iterative procedure is known to sometimes oscillate be-
tween two or more states, and fail to converge. In order to prevent such situations, we
slightly modify the iteration, as we now describe.

3.2.2. Optimal Damping Algorithm

The optimal damping algorithm (ODA) [213] provides a simple means to ensure (local)
convergence of the HF self-consistency procedure. The central idea behind the ODA
is that, after constructing Py in step (3) of iteration k, instead of directly using it
as the input step of iteration k + 1, we first find the optimal (i.e. lowest energy) linear
combination of Py and Py, and use this as the input for iteration k£ + 1. We take

Phew(N) = (1 = A\) Py + APg1, (37)

where we treat 0 < A <1 as a variational parameter and compute the energy

E[Pnew(/\)] - E[Pk + /\(Pk+1 - Pk)] - E[Pk] + 3/\ + %C)‘zﬁ (38)

where
s = 2tr (H(Pyt1 — Pr)) (39)
¢ = tr (Hi1 — Hi)(Pr1 — Br)) - (40)

Since the HF energy is a quadratic function of the density matrix P, E[Ppew(M)] is a
quadratic function of A. Minimizing the energy by setting OF[Pyew(A)]/OX = 0 leads
to A = —s/2c. However, since we fix A to be in the domain 0 < A < 1, if ¢ < —5/2, we
should set A = 1. Since the optimization problem has a simple analytical solution, it
can be performed efficiently. To summarize, the ODA modifies the basic HF iterative
step as follows:

(1) Construct the mean-field Hamiltonian from the current state, i.e. Hy, = HUF[Py).

(2) Diagonalize Hy, i.e. find eigenvalues ¢; and eigenvectors ;, that satisfy
Zb[ﬁk]abi/h‘,b =¢€thiq for 1 < i < N, where we assume that the eigenvalues
are ordered such that ¢; < €;41.

(3) Construct [Pgi1lep = Zlgz‘SNe Via;y-

(4) If converged, terminate and return the final state Py := Pjy;.

(5) Compute Hy,1 = H' [P, 4]
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(6) Compute

§=2tr (H,f(P,f+1 - ﬁk)) (41)

¢ = tr ((Hyr = Hi) (Poss = P) (42)

(7) If ¢ < —s/2, let A = 1. Otherwise, let A\ = —s/2¢c. Set Pyy1 = (1 — \) Py + APy
and go to the next iteration.

We mention in passing that ODA is only one of the options to accelerate convergence
of the HF optimization. For example, another method is EDIIS (Energy-Dependent
Direct Inversion in the Iterative Subspace), which uses the results of successive HF
iterations to build a picture of the local “energy landscape”, and leverages this to
construct an improved input to future iterations as a linear combination of previous
solutions [214].

3.2.3. Initialization

The HF iteration procedure is seeded by an initial density matrix Py. The choice of Py
is informed by the purpose of the HF calculation and prior knowledge of the physics of
the system. A key aspect is whether we wish to enable symmetries of H to be broken.
If Py respects a particular symmetry of H, then that symmetry will be preserved in
the HF Hamiltonian H¥[Py] and hence future iterations. In Sec. we will discuss
how to handle symmetries in the context of TBG. For now, we consider unrestricted
HF calculations with no restriction on the symmetry of the variational state (apart
from particle-number conservation).

The most common application of HF is to study the mean-field phase diagram.
While the main goal is to obtain the variational ground state, understanding the
competing states (which may be local but not global energy minima) is also useful.
In most scenarios, the HF practitioner does not have prior knowledge of the ground
state or relevant low-energy phases. Performing multiple calculations starting with
random Py increases the likelihood of identifying the important phases, in case some
were not known beforehand. The global mean-field ground state is then obtained
by minimizing the converged total energy E[P] over the set of HF calculations. A
random trial state (that is Hermitian, idempotent, and describes N, electrons) can
be conveniently parametrized as Py = UDUT, where D is a diagonal matrix with
Dgp = 6gp for a,b < N, and 0 otherwise, and U is a Haar-random SU(N) matrix. It
should be checked that enougkm random seeds are considered to fully capture the set
of low-energy phases.

To efficiently evaluate the phase diagram, it is also useful to supplement the above
unbiased random seeds with specially-designed initial states Py targeted at specific
phases. This is because some (local) minima can have small basins of attraction that
are only accessed by a small proportion of random stateﬁ If the objective is to analyze

27There is no general rule for determining how many seeds are enough. If the phase diagram is being computed
across a range of parameters, then our recommendation is to check that the ground state energies across
the phase diagram do not change when slightly increasing the number of random seeds (combined with any
specially-designed initial states as described below).

28Symmetries can lead to issues accessing relevant low-energy states in the HF procedure. For example, for
Hamiltonians with a conserved flavor index, fully flavour-polarized phases can be difficult to reach from starting
points with small flavour polarization. In this case, it is prudent to ensure that the set of initial states Py span
the breadth of possible symmetry sectors.
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a specific mean-field phase, then specially-designed initial states are appropriate.

3.2.4. Convergence Criteria

A key point of a self-constent HF calculation is to decide when it has converged, so that
the iterative loop terminates. In the simplest implementation, we simply impose some
convergence threshold € < 1, such that the procedure is deemed to have converged if

HPk+1 - PkH <€ (43)

where ||-|| denotes the Frobenius norm of a matrix.

3.3. HF Implementation in MA-TBG: Generalities

In this subsection, we discuss how the general framework of HF discussed in the
preceding subsections can be applied to MA-TBG.

3.3.1. Projected Hamiltonian with Interaction Scheme

We have introduced the interaction term (Eq. in the many-body Hamiltonian,
paying attention to subtleties associated with the interaction scheme. We have also
discussed band projection, leading to the projected Hamiltonian in Eq. In the
following, we project to the central bands of TBG, i.e. 8 total bands including spins
and valleys, though the formalism straightforwardly generalizes to cases where a larger
number of active bands are retained. In the general formulation of Eq. we assign
the ‘kinetic energy’ T and ‘two-particle interaction’ 1% according t

T = Hpwm + Hyu + Hi,, (44)
act. act.

V = ﬁint, n.o. (45>
act.

Note that while 7" is a one-body operator, it contains terms that depend on the inter-

action potential V(q) due to Hau

(which is the projected version of Eq. and
act.

ﬁf.v. (Eq. . The two-body term V' is expressed purely in the form o etetee,

3.83.2. Mean-field Equations: Translationally-invariant Case

The specific HF equations that must be solved for MA-TBG depend on which symme-
tries are enforced to be preserved, and which symmetries are allowed to be broken. This

29There is an alternative parameterization that exists if Hf'v_ = 0. Some works in the literature instead describe

the decomposition as T = Hgy and V = ﬁmt, n.o. . In the HF equations, V is then mean-field decoupled
act.

using P = P — p° instead of P, where P is the one-body density matrix in the active subspace. The resulting

contributions to the HF Hamiltonian that are proportional to the reference state p® are equivalent to Heoun
act
This perspective is implemented in the companion code. Correspondingly, the total energy is re-defined as

E[P] = %Tr(TP) + %Tr ((P = p°)HHF [P — pO]), which is equivalent to the definition in the main text up to
an unimportant overall constant.
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describes the ‘restricted” HF variational manifold. Evidently, the choice of symmetries
to impose depends on the physics of interest. For example, when discussing the IKS
state in Sec. |b, we will be interested in considering states that break valley U(1), but
at a finite wavevector. For domain wall configurations in Sec. [7], we only enforce trans-
lational symmetry parallel to the domain wall, while translation symmetry is broken
in the other direction. We will defer discussion of these more involved situations to the
specific case studies, and here simply discuss the moiré translation-invariant problem.
In the following, we allow intervalley coherence (breaking of U(1), symmetry), but
impose S, conservation. The latter means we restrict to spin-collinear states along the
(arbitrarily chosen) z-axis in spin space. In terms of the one-body density matrix, we
have
P‘r’bs’kﬁ,Task:" = <éjras(ka)é‘r'bs’(kﬁ)> =0 if s 7é s" or k¢ 7£ kﬁ: (46)
where 7 = 41 for valley K and K’ respectively. This block-diagonal structure allows
us to parameterize the one-body density matrix a

Priyzra(k,s) = (@15 (k) érms (K)) - (47)

Due to the block-diagonal structure of one-particle density matrix and the symmetry
of the Hamiltonian, the HF Hamiltonian is also diagonal in k and s, i.e.

H ask®,'bs' kP :(Ssslékak/%H (k ,S) (48)

T TCIT

for some HEGFT s(k“,s). The interacting Hartree and Fock contributions can be ex-
pressed as

Tale(k: S TT Z Z Z V T‘lb k G) T dc(k/ G) ”dT”c(k S)

s't"cd G k'émBZ

Hfa,ﬂ"b =77 Z Z V(g TCLd (k q)/\j—/,bc(k7 q)PTd,T’c(k +4q,5).
cd q€all
(49)
The HF Hamiltonian is then
HY =7+ A% + g% (50)

3.8.8. Initialization in the Presence of Symmetry

In Sec. we explained how to construct initial density matrices for the HF iteration
procedure for a generic model. We now discuss the changes in the current setting where
k and s are conserved. We can still use specially designed initial states as long as they
preserve momentum and spin. To initialize random states, we use a modified procedure
where we randomly distribute (the precise random distribution is not important) the
N, particles across the different (k, s) sectors. For each sector, we apply the method in
Sec. to generate a random one-body density matrix Pr, .(k, s) of the specified
particle number.

30We caution that a different indexing convention for the projector is used in the companion code. In particular,
we use P, r1p(k,s) = (éias(k)éT/bs(k)) there.
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3.8.4. Symmetry-preserving Diagonalization and the Aufbau Principle

Since the HF Hamiltonian can be decomposed into symmetry sectors la-
beled by (k: s), we can simply diagonalize the Hamiltonian of each sector,
ie. Z,B (k: s)ig(k,s) = €i(k,s)ia(k,s) for 1 < i < 4 (assuming we are pro-
jecting only into the central bands), where a, 8 are composite indices for band and
valley. This represents a significant speed-up in the computational time compared to
the case where no symmetries are enforced. For a calculation that includes Ny momen-
tum points, if one does not preserve any symmetry, the time complexity (per iteration)
would be O(N?), from the matrix diagonalization. In contrast, the time complexity is
O(N?) for the symmetry-preserving procedure, as the construction of H[P] takes
O(N?) time. After diagonalizing the HF Hamiltonian matrices, we occupy the N,
lowest-energy states out of all eigenstate@

3.4. Interpreting and Analysing Hartree-Fock Results

3.4.1. Observables in Hartree-Fock

At the end of the HF iteration procedure, the one-body density matrix P can
be examined to understand its properties. Consider a one-body observable O =
> ksrrab Oraro(k, s)éi,a(k:, s)¢r p(k, s) that preserves momentum and spin. The ex-
pectation value of this operator in the HF state is

(O)p =

Tr(PO) =

> Prpra(k,s)Orari(k, 5), (51)

kemBZ
77’ sab

NlNg NlN

where the normalization is chosen so (O)p is defined per moiré unit cell. We can use
Orarb(k,s) = [T2]rr0ap to define the valley polarization VP = |(7;)p|. For example,
VP =1 if all the electrons fill one moiré band in valley K. Similarly we define the spin
polarization SP = [(s,)p|. The amount of intervalley coherence can be quantified by

1
Py k,s)|? 2
N1N2 Z | K b,K&( ) S)| ) (5 )

kemBZ
sab

IVC =

which probes the valley off-diagonal part of the HF projector. R
More generally, given a symmetry of the original Hamiltonian represented by U, we
can characterize the degree of symmetry-breaking in the HF state via

S

P - PP, (53)

U
This quantifies the difference between the density matrix P, and PU obtained after
applying the symmetry operation to P. We need to dlbtlnglﬂbh the two cases depending
on whether U is unitary or anti-unitary. If U corresponds to an anti-unitary symmetry,
then the projector will also be complex conjugated under the action of the symmetry.

310ne can also specify a target symmetry sector that does not necessarily include the ground state. This is
useful for assessing the competition between different phases. For example, one can enforce vanishing spin
polarization by occupying the lowest N /2 energy states in both spin sectors at each iteration.
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If we define the symmetry operations as

Oél (k)01 ZUﬁaks L(OK), (54)

At (K)A™! = Z U (k, s )k, (Ak) (55)

for unitary O and anti-unitary A, then the corresponding transformations on the
density matrix ar

(Ok,s) = 3" U (k, s) [Ugﬁ,(k,s)rpﬁﬂ/(k,s), (56)
BB’

(Ak,s) =S U2 [Uf,ﬁ,(k,s)rpgﬁ,(k,s), (57)
o5

where «, 8 are combined band and valley indices, and we have assumed that the
transformation does not act on spin, as will be the case for the symmetries we are
interested in (égz, spinless T, Cs., . ..). If the state P preserves the symmetry, it
will transform into itself under the symmetry operation so that S; = 0, where Sy,
is defined in Eq. 53] This quantity will increase as the degree of symmetry breakmg
increases. We can evaluate this quantity for e.g. U = Cy. T, which is an example of an
antiunitary symmetry. Explicitly, this takes the form

Uchfm(k 5) = 07 Z Urailo (K, G) Urpis (K, G)", (58)
G,l,o

where & takes the opposite value to 0. See Appendix C for a derivation of this equation.
Note that Co, T preserves the momentum k, spin s, and valley 7, but has a non-trivial
action on the microscopic sublattice. On the other hand, spinless time-reversal T takes
k — —k and flips the valley, but has a trivial action on the microscopic sublattice:

U ,bm(k, $)=0rr > trauo(k, G) rpo(—k, —G)". (59)
G,l,o

Various mean-field gaps can be directly extracted from the HF eigenvalueﬁ ei(k,s),

32The rotation is defined in an “active” sense.

33 A physical interpretation of the HF eigenvalues can be given in terms of Koopman’s theorem [215]. This
states that when removing a particle from an occupied HF orbital or adding a particle to an unoccupied
HF orbital, the change in total energy is given by the corresponding HF eigenvalue, assuming that the other
particles in the system do not alter their wavefunctions. We caution though that this should be only considered
a crude heuristic for understanding the excitations of the HF state, and can qualitatively break down in certain
situations. For example, doping charges into a ferromagnetic Chern band can lead to skyrmion textures where
the many-body wavefunction is substantially reconstructed, as demonstrated in e.g. Ref. [74]. Also, the HF
band gaps introduced in Eq. @ are often overestimates of the true neutral gap of the system, partly because
they neglect the attraction between the created electron and hole.
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which form the mean-field band structure. The direct and indirect HF band gaps are

ARY = min | mine(k, s) — maxe;(k, s) (60)
kemBZ | s, unocc. S5t occ.
AL = min ¢(k,s) — max ¢(k,s) (61)
kemBZ unocc.  kE€mBZ occ.
EX X

Note that these are only meaningful if the occupation number in every k sector is
equal within each spin sector, otherwise the state is gapless. HF interpolation (see
Sec. can be used to refine these gaps. We caution however, that the HF method
tends to overestimate band gaps, such that AHY is often significantly larger than
the experimentally extracted gaps. AHF may also be sensitive to the number of active
bands included—central-band only calculations often lead to overestimates of the band
gap compared ones that include more active bands.

The Chern number and Berry curvature of a gapped HF state can be obtained using
the numerical method outlined in Ref. [216].

3.4.2. Hartree-Fock Interpolation

The self-consistency iterations are the most computationally expensive part of the
HF calculations. For some settings, up to several thousand iterations may be required
for convergence, thus limiting the system sizes that can be accessed@ On the other
hand, obtaining high-resolution band structures and Fermi surfaces may be crucial,
e.g. to study superconducting instabilities [78] of a doped correlated insulator. One
solution is to use two different momentum meshes, a coarse mesh and a fine mesh, an
approach termed Hartree-Fock interpolation [217]. The coarse mesh is used for the HF
self-consistency procedure. After convergence, the Hartree and Fock terms in Eq. [A9]
are then re-evaluated on the fine mesh with the density matrix on the coarse mesh.
More specifically, we construct

52—/ Z Z Z V(G))‘T7ab(k7G) ;k'”,dc(k,aG)Pr”d,r”c(klysl)

s't'"ed G k’'€c.m.

HE ok s) = =5 3050 3 VK — kot @A alh K — k4 G) (62)
cd G k'Ecm.

XA (kK — k4 G)Prgpe(K, ).

T/,be

H‘II'—EJ,,T’b(k’ S) =

where c.m. denotes the coarse mesh in the mBZ, A is the area of the system of the
coarse mesh, while k is allowed to take any value on the fine mesh. The HF Hamiltonian
on the fine mesh is then diagonalized to obtain the mean-field band structure. Since
this calculation only needs to be performed once after the final iteration, it does not
add significantly to the computational cost.

34Using the companion code, a single iteration for a 24 x 24 system and only including the central bands takes
about 0.4 seconds. For much larger system sizes, the time-complexity is only quadratic in the system size, but
a more memory-efficient implementation may be necessary, at the expense of time-efficiency.
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3.4.8. Shell-filling Effects

One type of finite-size effect that can be significant in HF calculations is related to
“shell-filling”. For example, even if the ground state in the thermodynamic limit should
be a spin-unpolarized state, a HF calculation with an odd number of electrons neces-
sarily yields a spin imbalance of at least one. A finite-size HF solution may thus break
certain symmetries that would in fact be preserved in the thermodynamic limit. While
in the above example, one can mitigate the issue simply by choosing an even number
of electrons, in general one cannot determine the appropriate numbers of electrons
to include solely based on symmetry considerations. To illustrate this point, consider
a single-band problem with a symmetry, say time-reversal symmetry 7, that maps
k — —k. For a state to preserve 7 and translation symmetries, every pair of states
that are related by 7 must be either both occupied or both empty, except the states
with time-reversal-invariant-momenta (TRIM), i.e. k = —k up to a reciprocal lattice
vecto which can be either occupied or unoccupied. Therefore, a ’ﬁsymmetric state
needs to have an even (odd) number of electrons if an even (odd) number of TRIM
orbitals are occupied.

More generally, we call a set of states related by symmetry a “shell”, just like how an
electronic shell consists of states related by rotation symmetry in atomic physics. For
the many-body state to preserve a symmetry, each shell must be fully occupied or fully
empty. For the first example of spin polarization, every shell consists of two states, so
that one should choose an even number of electrons to avoid shell-filling effects. For the
second example of T-symmetry, each shell can have either one (TRIM) or two (non-
TRIM) states, making the parity of a symmetric state dependent on the energetics. In
general, this issue is absent if one finds the ground state to be a correlated insulator,
but poses a problem when the ground state has a Fermi surface (compensated metals
or generic non-integer filling factors). One should therefore be cognizant of the fact
that small symmetry breaking effects for metallic states obtained from HF can arise
from shell-filling effects, which can be confirmed, if necessary, by inspecting the Fermi
surfaces. We also note that, irrespective of the shell filling effect, gapless states with
Fermi surfaces will exhibit finite gaps (between the highest occupied HF energy and
the lowest unoccupied HF energy) due to the discrete momentum mesh.

3.5. Time-dependent Hartree-Fock and the Random-Phase
Approximation

The Hartree-Fock self-consistency equation has a natural generalization to incorporate
time evolution. In general, the Schrédinger-picture time-evolution of a density matrix

p under a Hamiltonian H is given by p = e H tﬁem ¢, Equivalently, we can write

ip=[H,p). (63)

Drawing on the ideas underlying the Hartree-Fock treatment where individual par-
ticles see an effective one-body Hamiltonian generated by the many-body state, we can
write down the following time-evolution equation under the mean-field approxzimation
for the single-particle density matrix of a many-body interacting system,

iP = [HYY[P), P, (64)

35Denoting the primitive reciprocal lattice vectors as by 2, in general there are 4 nonequivalent TRIMs given
by 0,b1/2,b2/2,b1/2 + bz /2. Depending on the choice of the momentum grid, they may not be all present.
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where HUF[P] is defined in Eq. This “Time-Dependent Hartree-Fock (TDHF)
equation” was first written down by Dirac in 1930 [218]. Importantly, the TDHF time
evolution conserves energy:

B = %u (P [T + S (HP] 4 HF[P])D (65)

= (|7 P B P ) g (PP HUIED) (00
. (p [T N %(HH[P] + HF[P])]> + %tr (("(P) + HE[PDP) (67
- <PHHF [P]) (68)
= 0, (69)
where the last line follows directly from P = —i[H"F[P], P]. This energy conservation

is no coincidence, but follows from the fact that the TDHF equation can be interpreted
as a time-dependent variational equation, as we explain in the following section. We
will closely follow the exposition of Ref. [219].

3.5.1. Time-dependent Variational Principle with Slater Determinants

Given a Slater determinant 1) (for example the one which solves the Hartree-Fock
self-consistency equation for the problem of interest), one can parametrize all Slater
determinants which have non-zero overlap with |1y) as

() = exp [ D ziméhi | lio) = exp (6127¢) o). (70)

m,i

Here we have introduced the index notation %,j for single-particle states that are
occupied in |¢p), and m,n denote states that are empty in [ig). Eq. is called the
Thouless parametrization of Slater determinants [220].

We now promote the coefficients z;,,(t) to general time-dependent functions, with
the time evolution determined by the Time-Dependent Variational Principle (TDVP).
In general, consider the Lagrangian

(1) = (Wl)  (W[Hp)
019) W) ()

and the time-evolution of [¢) from the variational optimization of the Lagrangian.
If the variational manifold of |¢)) is the entire Hilbert space, the above procedure
reproduces the exact Schrodinger time-evolution. More generally, in the TDVP, we
can restrict the variational manifold of |¢)) to a more tractable sub-manifold of the
Hilbert space. For our present purposes, we use |¢)(z(t))) as an ansatz to approximate
the exact time-evolved state e~*7t|¢)(2(0))). The optimal approximation can be found

L=

N =
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by constructing the Lagrangian

(Y (2)|H[y(2))
(W(2)Y(2))
(72)
where 0;,, = % (and similarly for @m). Formally treating z and Z as independent
variables, we can rewrite this as

L= SEIE) ™ i ()t (2)) — Zim @umt ()]8(2)] —

m,i

L= % 3" (ZimOim — ZimOim) I N(z, 2) — H(Z, 2), (73)

m,i

with

N(z,2) = (¥(2)¥(2)

)=
(W(2)|HI(2))
(W(2)l(2))

The functions z;, (t) that realize the optimal approximation for the time-evolved state
are obtained by solving the equations of motion obtained from the Lagrangian in
Eq. [219]. These equations of motion are

det (]1 v 27 ) , (74)

(75)

Here we have introduced the Poisson bracket

{f.9} = D Citir (Oimf Oing — Ojnf Oimg) | (78)
im,jn
Cimjn = OmOinIN(z,2) = (1 + 21 2),,(1 + 2Z7);}. (79)

The equations of motion — show that the TDVP indeed produces an energy-
conserving dynamics. The single-particle density matrix of |(z)) is given by
p_( @+ ZzhH~1 (1+2zzH"'z (30)

“\ZtW+zzht Zi(+zz20h) 1z

where 1 is the N, x N, identity matrix. The first NV, indices of the rows and columns
of P run over the occupied orbitals of the reference state |1)y), and the rest of the
indices run over the empty orbitals. Via a straightforward (but tedious) calculation
one finds that Eqgs. — imply that the above single-particle density matrix evolves
according to the TDHF equation in Eq. . In other words, time-evolution under the
Lagrangian given in Eq. [72]is equivalent to the TDHF introduced in Eq. [64]

The TDVP dynamics is non-linear. However, if we are only interested in Gaussian
fluctuations around the mean-field saddle point (i.e. keeping only the quadratic terms
in the Lagrangian ([73))), we obtain linear equations of motion. The linearized equations
of motion take on a particularly simple form, as we now show. First, using Eq.
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we find that to second order in z, Z the TDVP Hamiltonian can be written as
_ 1, A B z
e =B+ 569 (5 o) (2)+ 06, )

where Ey = (0|H|1o), and we have defined the matrices A and B as

Aim,jn = (Em - Ez)(szjamn + ij,in - ij,m'a (82>
Bim,jn - an,ij - an,ji- (83)

Note that A is Hermitian, and B is symmetric.
From Eq. , we find that the linearized equations of motion are

()=-i(% )0 59

Stationary solutions of the linearized TDVP equation are obtained by diagonalizing
the matrix on the right-hand side this equation. At this point it is important to
remember that Eq. was obtained by treating z and z as independent variables.
From the structure of the matrix in Eq. we see that if (v1, v2) is an eigenvector with
eigenvalue w, then (v2,71) is an eigenvector with eigenvalue —w. We can now again
impose that z and Z are related by complex conjugation by combining the solutions

(v1,v2) and (Do, ¥1):
@Eg) - (2) e + (?j) et (85)

So to reiterate, our solution strategy was to first solve the linearized dynamics in a
larger space where z and Z are independent variables, and then project back to the
physical space where z and Z are related by complex conjugation.

As a final comment, let us mention that the matrix in Eq. (84) is non-Hermitian.
Nevertheless, we have assumed that w is real. This is indeed guaranteed to be true
when |¢p) is a (local) minimum in the variational energy landscape, i.e. when the
matrix in quadratic term Eq. is positive definite [220]. Computing the eigenvalues
of the Hermitian quadratic matrix in Eq.[81]is a useful way to assess the local stability
of the HF state |¢g) in the manifold of Slater determinants. A negative eigenvalue
signals that |19) must be locally unstable to a different HF solution.

3.5.2. Linearized TDHF and the Random-Phase Approrimation

There is a close connection between TDHF and the Random-Phase Approximationf|
(RPA), as first pointed out in Ref. [224]. To explain this connection, we define the
particle-hole operators

A~

Oap = Eéy — (¢l 6p) (86)

36We caution that our usage of the term RPA is distinct from the standard ‘Bohm-Pines’ treatment of the
homogeneous electron gas [221H223]. In the latter, only bubble diagrams are retained, and the propagators do
not include Hartree or Fock self-energy corrections.
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where (-) is the ground state expectation value in the system under consideration.
Next, we consider the zero-temperature particle-hole Green’s function

+o00 A R

[G2(w)]ap,ea = / dt ™' e 1T O (t)Oca) . (87)

—00

with 7" the bosonic time-ordering operator, and € > 0 a small regulator. The particle-
hole Green’s function can be obtained as a solution to the Bethe-Salpeter equa-
tion [225], which is easily derived using Feynman diagram techniques. The exact Bethe-
Salpeter equation is of course intractable for a general interacting system, so one has
to resort to approximate solutions.

One such approximation is provided by RPA, where the interaction kernel in the
Bethe-Salpeter equation is taken to be a combination of a particle-hole scattering
event, and a particle-hole annihilation and creation event — both due to the density-
density interaction. In the terminology of diagram-enthusiasts: the approximate Bethe-
Salpeter equation is obtained by summing the geometric series generated by both
bubble and ladder diagrams. Crucially, the RPA approximation is a conserving ap-
prozimation in the sense of Kadanoff and Baym [226], meaning that it preserves all
symmetries and hence respects the Ward identities.

Poles in G2(w) give access to the spectrum of particle-hole excitations. It turns out
that the equation which determines the locations of the poles in the RPA approxi-
mation is exactly the same as the linearized TDHF equation [227]. This equivalence
between RPA and TDHF makes it clear that (1) RPA is indeed a conserving approxi-
mation, as the TDVP formalism explicitly preserves all symmetries, and (2) solutions
to the linearized TDHF equation provide an approximation for the energies of particle-
hole excitations. The latter include neutral collective modes, which can be interpreted
as particle-hole bound states in the TDHF/RPA framework. These collective modes
include the Goldstone modes when [t¢g) breaks a continuous symmetry, and these are
guaranteed to be gapless due to the conserving nature of the approximation.

3.5.8. TDHF Equations for MA-TBG

We now apply the general formalism of the previous subsections to MA-TBG. First
we define the particle-hole operators with momentum q as

> er (k)d(k+ q)dy (k) (88)

kemBZ p,v

where u, v label the Hartree-Fock orbitals, occupied or unoccupied, with creation op-
erator defined as dL(k:) =D s w;“s(k)éias(k), and m labels the excitation mode. The
particle-hole wavefunctions satisfy

(k) =0 if n,(k+q)=n,(k). (89)

Here we have used n,(k) = (ochfH>wO € {0,1} to denote the occupation of the single-
particle states in the Slater determinant |t).

If we denote the form factors of the HF orbitals as Ay (k,q) =
> o (V79 (R)) I (K + q@)Arap(k, @), where A, o are the single-particle form fac-

w v
tors defined in Eq. the linearized TDHF equation for MA-TBG can then be
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written as following generalized eigenvalue equation

(nu(k + @) = 1 (K) ¢ g,y (F) g mwa.m = [ Ep(k + @) = By (F)| @) (k) (90)

+%ZV(q+G) Y (P (K)AK, g+ G)) [AT(k,q+G)
G

k’emBZ m

-3 V@) [k + a @)+ @A )]

where 7g.m € {—1,+1} is defined such that wg ,m > 0. The factor n,(k+q) —n, (k) on
the left-hand side of this equation comes from the minus sign in front of the lower two
blocks in Eq. . The first term on the right-hand side contains the absolute value
of the difference in mean-field band energies. We recognize the remaining two terms
containing the interaction potential V(q) as finite-momentum generalizations of the
Hartree and Fock potentials.

4. Why Hartree-Fock? Exact Results in the Chiral-Flat Strong Coupling
Limit

Given that TBG hosts narrow bands and strong Coulomb interactions, the reader
may question whether Hartree-Fock theory (Sec. , which is restricted to uncorrelated
Slater determinants, has any hope of capturing the many-body physics. On the other
hand, many groups have studied TBG and related materials using the HF method
[33, B85, B7, 57, (9, [60L 62] 63, 65, 69, 70, [74-76, [79] 95 169, 217, 228-235]. A hint
towards a resolution lies in experiments that observe the QAH at v = +3 [20], 2I] and a
proliferation of multiple Chern insulating phases at small magnetic field B [18, 23], 236~
250], pointing to the relevance of band topology and flavor symmetry-breaking. Such
ingredients are also inherent to the phenomenon of quantum Hall ferromagnetism
(QHFM), which arises in flavor-degenerate Landau levels. There, mean-field theory has
proven remarkably useful for understanding symmetry-broken quantum Hall states at
integer filling factors [251H254]. In this section, we highlight the similarities between
QHFM, and TBG in the ‘strong-coupling’ regime, and show how insights from the
former can shed light on the physics of the latter. This connection is facilitated by
working in the Chern basis of TBG, which is introduced in Sec. In Sec.
we show how under certain assumptions, the interacting Bistritzer-MacDonald model
yields exact Slater determinant ground states, which are interpreted as generalized
ferromagnets. While much of the phenomenology of TBG departs from this idealized
limit, it has a very important conceptual role underpinning the use of mean-field stud-
ies: it provides a limit where the exact ground states are Slater determinants. Thus,
working sufficiently close to this limit, we might expect that ground states continue
to be well-approximated by Slater determinants — an intuition borne out both by ex-
act diagonalization and DMRG studies, and by making predictions that are consistent
with experiments. In Sec. we discuss complications to this strong-coupling picture,
but defer a treatment of intermediate-coupling to Sec. [5, We only highlight some of
the main facets of the strong-coupling perspective; readers may consult Ref. [255] for
a more detailed and technical review.
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4.1. Chern Basis

Near the magic angle 6§ ~ 1.05° where the moiré lattice constant ap; ~ 14nm, the
typical Coulomb scale can be estimated as U ~ ﬁ ~ 20meV with ¢, ~ 5
capturing the dielectric screening from the hBN environment. Since this exceeds the
kinetic bandwidth W < 10meV, the BM band basis may not be the most natural
one for interaction physics. Indeed, as we highlighted in the introduction (Sec. ,
there is ample experimental evidence for flavour polarization and band reconstruction,
such that the concepts of non-interacting valence and conduction bands may not be
appropriate for understanding interaction effects. This affords us the freedom to depart
from the kinetic basis.

In the following, we focus exclusively on the Hamiltonian projected onto the central
bands. An alternative single-particle basis that more explicitly reveals the underlying
topological character of the central bands is motivated from considering the role of the
substrate in the observation of the QAH at v = +3 in Ref. [20]. There, alignment to
the hBN substrate effectively generates a sublattice splitting term Ao, which imposes
a relative bias between the microscopic A and B sublatticeﬂ If we rediagonalize the
continuum model with this term, the Dirac points at the K, K, corners become
gapped, and the central valence and conduction bands are Chern bands with C' =
+1 [30% 31].

For small A though, the valence and conduction bands are individually not well-
behaved near the Ky, K, corners where the gap is small. Hence, the non-interacting
kinetic basis for small A will not suffice. However, there is experimentally a prolif-
eration of Chern insulating phases at finite magnetic field B even in the absence of
explicit hBN alignment. This hints that even when A = 0, the sublattice degree of
freedom plays a non-trivial role and may be driven to be ‘ferromagnetic’ by strong
interactions.

The above considerations prompt the introduction of the Chern basis, obtained by
directly diagonalizing the sublattice operator ¢, in the subspace of central bands at
A = 0. To do this, within each valley sector 7, we construct the 2 x 2 matrix

L7 (k)]ab = Z oluraio (b, G)] trbyo(k, G), (91)
G,o,l

with eigensolutions labelled by 6 = 4+1. We choose 6 = +1 to correspond to the
eigenvalue close to +1, and 6 = —1 to correspond to the eigenvalue close to —1.
Denoting the eigenvectors as w;s4(k), the Bloch functions in the Chern basis are

uniquely@ defined as

[frs(R)) = D wir,a(k) [ihra(k)) - (92)

Hence, the Chern band with & = +1 (—1) is mostly polarized on microscopic sublattice

37"More involved theoretical treatments find that the coupling of TBG to the hBN can be substantially more
complicated than the simplified treatment mentioned here, and the physics can be highly sensitive to the
precise relative angle with the substrate [256]. This may be relevant for the ‘Chern mosaic’ regime of TBG
where the system breaks up into a mesoscopic array of domains with different local Chern number [248|. In
Sec. [7} we discuss how to address domain walls induced by spatial variations in the local sublattice splitting
within Hartree-Fock.

38Up to an overall k-dependent gauge phase. We refer readers to Refs. [33}[34} [156] for details of the gauge-fixing
procedure. We will assume that such a sensible choice of gauge has been fixed in the following discussion.
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A (B). Despite the fact that the microscopic sublattice polarization is not perfect for
generic parameters, we will often refer to these two Chern bands as ‘sublattice’ bands
labelled by A and B. If needed, the use of the index ¢ or & will clarify whether we are
referring to the microscopic sublattice, or the Chern basis. Crucially, the Bloch states
of Eq. [92| have non-trivial Chern numbers C' = 67 [32, [33], 35]. Hence, including the
spin degree of freedom, we can group these Chern bands into ‘Chern quartets’ with
C = £1. The C = +1 quartet is spanned by |[K 1+ A),|K | A),|K’' 1 B),|K' | B),
while the C' = —1 quartet is spanned by |K 1+ B),|K | B),|K' T A),|K' | A).

4.2. Generalized Ferromagnets: Exact Slater Determinant Ground States

The utility of the Chern basis for addressing many-body physics is most apparent
when the chiral ratio K = waa /wap is set to zero. In this so-called chiral limit, the BM
model gains a chiral symmetry {o,, Hgy} = 0, and the Chern basis introduced above
becomes completely sublattice polarized. Furthermore, at the magic angle, the central
bands are exactly flat and degenerate through the entire mBZ [I52]. In this chiral-flat
limit, the Chern basis itself becomes a valid kinetic basis for the central subspace. As
we have frozen out the remote bands, the projected Hamiltonian consists only of the
interaction term, which is reminiscent of the Landau level problem. The link to QHFM
is sharpened by recognizing that Cy.T and particle-hole symmetry P, in concert with
chiral symmetry, constrain the form factors to be diagonal in the Chern basis and only
depend on the Chern number. In particular, we can parameterize [33]

ASs(k, @) = (@a(k)l €07 [$5(k + q)) = F5(k, q)'® B 5,p, (93)

where «, 8 are composite indices for the sublattice &, spin s, and valley 7. The use of
the uppercase A denotes that the form factor is expressed in the Chern basis. The su-
perscript ‘S’ is short-hand for ‘symmetric’, and reflects the large U(4)c=1 x U(4)c=—1
symmetry of the density operato plg) = > ElT(k)AS(k,q)gl(k + @) under inde-
pendent Chern-number preserving U(4) rotations. We schematically illustrate these
symmetry operations in Flg A

In the ‘central average’ subtraction schemd™| defined in Sec. [2.3.1} the projected
Hamiltonian in the chiral-flat limit can be expressed as

iy, = 50 Y V(@) (@) 50(a) (94)
5p(a) = ila) ~ pla), pla) = 3 D b tr A%k, G), (95)
kG

Remarkably, as we briefly review below, the strong-coupling Hamiltonian ﬁUS yields
ezact Slater determinant ground states in the chiral-flat limit at v = 0 for any repulsive
interaction V' (q). These involve uniformly (in k-space) polarizing any four orthogonal
directions within the Chern quartets. One example would be polarizing into all the

39gf (k) is an eight-component vector that collects the Chern basis creation operators including all flavours,
and matrix-vector product over a, § is implied.

40As a reminder, the reference state in the central average scheme consists of fully occupied (unoccupied)
remote valence (conduction) bands. The central bands are taken to have occupation 1/2 in the reference
density matrix.
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Figure 4. The Hamiltonian ﬁUS satisfies a U(4)c=1 X U(4)c=_1 symmetry corresponding to arbitrary
rotations between bands in the same Chern sector.

A bands, which would yield a valley Hall state with net vanishing Chern number.
Acting with independent U (4) rotations within the Chern quartets generates the con-
tinuous manifold of C' = 0 states. We can similarly obtain ground states with total
Chern number |C| = 2,4 by unequally occupying the two Chern quartet@ These
Slater determinants can all be referred to as generalized ferromagnets [33), [35], and
highlight the resemblance to QHFM. In the latter setting of Landau levels, a typically
SU(2) index@ ferromagnetizes due to Coulomb exchange. The analogy in TBG is that
the Chern quartets comprise a pair of SU(4)-degenerate Landau levels with opposite
effective magnetic fields in order to match the opposite Chern numbers.

Hybridization between bands with opposite Chern numbers in TBG is disfavored
in the strong-coupling limit: the mismatch of Chern numbers leads to topologically-
enforced vortices in the order parameter that are energetically costly [30]. (However,
inter-Chern hybridization can be induced away from the strong-coupling limit. As
discussed in Refs. [232] 258, 259], kinetic dispersion or interaction anisotropies can
nevertheless stabilize an inter-Chern coherent state which has been dubbed the Chern-
texture insulator.)

To show that Eq. hosts Slater determinant ground states, we note that it is
manifestly positive semi-definite so that any zero-energy state is necessarily a ground
state. Consider the action of dp(q) on any generalized ferromagnet |¥) at v = 0. This
vanishes for ¢ # G because we have filled Chern bands and the density operator is di-
agonal in this basis. For ¢ = G, §p(q) annihilates |¥) if it has total C' = 0 owing to the
compensating p(q) term. If |¥) has non-zero Chern number, then we could have terms
like ~ >, F5(k, G)sin ¢5(k, G) |¥). However TRS T = 7.K, where K is complex
conjugation, constrains FS(—k, —q) = FS(k,q) and ¢°(—k, —q) = ¢°(k,q). Using
the general property A°(k,q) = [A°(k + q, —q)]', we obtain F5(—k,G) = FS(k, Q)
and ¢°(—k, G) = —¢°(k, G). Therefore the summation over k vanishes, meaning that
we have an exact zero-energy ground state. In fact, the above construction for exact
generalized ferromagnetic ground states can be extended to non-zero integer fillings

41Tf the Chern sector C' has n¢o occupied bands, then its configuration can be described by a matrix spinor
living in the Grassmannian projective space [74] [257]
SU(4)
SU(ng) x SU(4 —ng) x U(1)’

(96)

42This could be the spin, valley, or layer degree of freedom.
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if one imposes an additional ‘flat-metric condition’ on the form factors [35]@ In this
way, we have analytic solutions for strong-coupling insulators at every integer v, which
can take various Chern numbers C' =4 — |v|,2 — |v|,..., |v| — 4. Note that the states
at even (odd) integer filling necessarily have even (odd) Chern number. Each combi-
nation of filling and Chern number comprises a degenerate manifold of states related
by rotations within each Chern quartet. Similar strong-coupling analyses has been
applied to other moiré graphene platforms [150] 210], 234, 255| 260, 261].

While the the chiral-flat limit does not describe realistic TBG, its utility lies in the
existence of a hierarchy of scales @ at strong coupling which permits corrections to be
treated perturbatively within the manifold of U(4) x U (4) generalized ferromagnets [33),
35]. The energy scale of the full symmetry group is the ‘symmetric’ Coulomb scale Ug ~
20meV. For realistic chiral ratio k ~ 0.5 —0.8, there are new terms in the Hamiltonian
that break the U(4) x U(4) symmetry. The main effect of the dispersion is to enable
single-particle tunneling between the Chern sectors with energy Scal@ ts ~ bmeV.
Deviation from the chiral limit also renders the Chern basis states no longer perfectly
sublattice-polarized, and produces U (4)-violating corrections to the symmetric form
factor in Eq. In the density-density interaction, this leads to corrections with energy
scale Up ~ bmeV.

Focusing for simplicity on the spinles@ Hamiltonian at neutrality such that the
parent symmetry group is U(2) x U(2), the effects of the above perturbations can be
captured via anisotropies with positive strengths J and A (i.e. energy scales E; =
Aycd and E\ = AycA with Ayc the area of the moiré unit cell). It turns out that
the generalized ferromagnets that get energetically selected by these terms have total
C = 0. Defining an intra-Chern Pauli triplet n and an inter-Chern Pauli triplet ~

n= (Usz7 OxTy, Tz); Y= (Uxa OyTz, Usz)7 (97)

we can parameterize the strong-coupling ferromagnets residing in the C = 0 sector
with two Chern-filtered pseudospins

na (k) = (] (k)n 2= (k) ) (98)

which are independent of k. ng(k) parameterizes the direction that |¥) polarizes
in within Chern sector C'. Inter-Chern tunneling tg favors maximizing the number
of flavors that are singly occupied, since this enables virtual tunneling leading to a
superexchange J ~ +£. Within our space of spinless states with total C' = 0, this
manifests as an antl-ferromagnetlc (AFM) coupling between the two pseudospins. As
discussed above, a finite chiral ratio x causes the density operator to develop less

43The flat metric condition requires that Aog(k,G) = &(G)dap. This is trivially true for G = 0, and is
approximately satisfied for large G due to the decaying Bloch function overlaps. Hence the largest violations
are for the smallest shell of non-zero RLVs. We note that the strong-coupling states are still eigenstates of the
many-body Hamiltonian when the flat metric condition is not satisfied, but one cannot prove that they are
ground states.

44Explicit expressions for these scales can be found in Refs. [33] 35 [74].

45Note that more general interaction schemes lead to a finite inter-Chern tunneling even in the chiral limit
with a vanishing kinetic bandwidth. The reason is that ‘flat’ in chiral-flat is defined as the absence of additional
one-body terms with respect to the strong-coupling form in Eq. Interaction schemes other than the average
scheme will generate such additional terms when rewritten in this way. Furthermore, as touched upon in
Sec. [£3] the effective tg is enhanced at non-zero integer fillings owing to the Hartree contribution from the
extra occupied electron or hole bands.

46This means that we drop the spin index s completely.
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symmetric parts. For instance the K A Chern band now has a small component in the
microsopic B sublattice, such that there is a finite exchange gain between the K A and
K B Chern bands. It can be shown that the effect on the pseudospins is a coupling
A that is AFM in-plane and FM out-of-plane. Both break the chiral-flat U(2) x U(2)
symmetry to distinct U(2) subgroups [33]. The resulting easy-plane ground state with
n; = —n_ (and hence valley-U(1), degeneracy) is known as the KIVC [33], so called
because it preserves a modified Kramers TRS T = Tylé, and possesses intervalley
coherence (IVC). An equivalent description of the spinless KIVC is via its density
matrix Pxryvc = %(1 + QKIVC), where

Qxive = 0y (T cos drve + Ty sin drve) (99)

is parametrized through the IVC angle ¢rvc.

A similar analysis, with spin reintroduced, can be performed at the other integer
fillings to deduce the specific ferromagnets selected by the anisotropies [35] [58]. The
anisotropies reduce the symmetry group from U(4) x U(4) to SU(2)x x SU(2)k: X
U(1)y x U(1)c, where the SU(2) pieces correspond to independent spin rotations in
the two valley sectors. We outline a simple recipe for recovering the final results for
any integer filling v. First, as many occupied bands as possible are grouped into spin-
polarized versions of the spinless KIVC bands described above. This maximizes the
exchange gain due to A and superexchange due to J. For even v, the construction
ends here, yielding a maximally intervalley-coherent state with C' = 0. For odd v, the
leftover occupied band is chosen to be valley-polarized, leading to a total |C| =1 [35].
Tab. 1] summarizes the result at each filling assuming spin-collinear density matrices
(though recall that the residual SU(2)x x SU(2)k+ flavor symmetry can be used to
generate degenerate solutions).

V] | State | Spin pol. | Valley pol. | [C]
0 Spin-singlet KIVC 0 0 0
1 | Partially intervalley-coherent 1 1 1
2 Spin-polarized KIVC 2 0 0
3 Sublattice-polarized QAH 1 1 1

Table 1. Summary of strong coupling states stabilized away from the chiral-flat limit at different integer
fillings v, with the respective spin polarization, valley polarization and Chern number C.

The energetic ordering between closely-competing states implied above can be be
altered by external perturbations. Consider the sublattice bias term Aoc, arising from
hBN alignment. A sufficiently strong A can unwind the IVC of some strong-coupling
states in order to induce sublattice polarization. For instance at v = —2, the KIVC
state, which hybridizes Chern bands with opposite valley and sublattice, gives way to
the U(1),-symmetric valley Hall (VH) state that polarizes into (say) KB 1 and KB 1
Chern bands. The orbital part of a perpendicular magnetic field can also couple to
the strong-coupling states differently depending on C'. A magnetic field is useful in
splitting the Chern insulators in filling space according to the Streda formula [262]. In
particular, the density n of a state with Chern number C' obeys g—g = % The resulting
Chern numbers extracted from finite field measurements are largely consistent with
the even/odd dichotomy of the strong-coupling framework [35].

In summary, the strong-coupling picture yields an elegant perspective on TBG:
namely, that there is a controllable limit (chiral-flat) in which the ground states are
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exact Slater determinants, and hence lie within the variational subspace of the many-
body Hilbert space accessible via Hartree-Fock mean field theory. Furthermore, per-
turbing the chiral-flat limit to depart from the artificial enhanced U(4) x U(4) symme-
try and restore the physical symmetries selects specific broken-symmetry states from
within this strong-coupling Slater determinant (“generalized ferromagnet”) manifold.
These analytical predictions are indeed borne out by numerical Hartree-Fock studies
of the interacting BM model [33], 35, 57, 59, 60} 68, 69]. Additionally, various numerical
techniques that complement Hartree-Fock, such as DMRG [68], quantum Monte Carlo
[87,188], and exact diagonalization [99] [100], obtain ground states that are broadly sim-
ilar to generalized ferromagnets, thereby validating the strong coupling treatment of
the interacting BM model.

4.3. Complications to the Strong-Coupling Framework

The strong-coupling limit of the BM model provides a range of insights into its phase
diagram, which is corroborated by numerical studies of the interacting BM model.
However, the agreement worsens away from charge neutrality, and the discrepancy
becomes increasingly severe at large fillings. For example, there are several alternative
non-strong-coupling states at |v| = 3 [61], 60, [76], such as various density wave orders,
and their competition can depend on details of the modelling. Generally, a larger value
of the chiral ratio favours these competing states [611, [76].

One significant origin of the breakdown of strong-coupling theory lies in the so-called
‘Hartree’ corrections to the interacting band structurﬂ Typically in crystalline ma-
terials, small amounts of doping can be theoretically accounted for by just shifting
the chemical potential. It is not obvious that this is valid in TBG, since entire moiré
bands worth of electrons can be doped into or out of the system due to the small
mBZ. Furthermore, we have argued above for strong-coupling orders which reshuf-
fle the flavor occupations with large exchange splittings. This is exacerbated by the
real-space localization of flat-band charge density near the AA-stacking regions of
TBG, which leads to electrostatic distortions of the effective dispersion. In momentum
space, this distortion arises from the non-trivial k-dependent structure in the Bloch
functions. For example, the single-particle wavefunctions near Kyp, K}, are sharply
peaked at the AA-stacking regions, while the wavefunctions near I'y; are more diffuse
in real-space. The result is that for (say) electron-doping away from charge neutrality,
there is a relative downward renormalization of the quasiparticle energy around I'y;.
Since this is controlled by the interaction strength, which is typically larger than the
bare kinetic scale, the interacting bands become substantially deformed. There is a
pronounced asymmetry (relative to the Fermi level) of this renormalization: the con-
duction bands further away from charge neutrality develop a pronounced minimum
at I’y (the so-called ‘Hartree dip’) and enhanced bandwidth, while the valence bands
remain comparatively flat [228] 230} 2311, 241, 263, 264]. At large enough integer fill-
ings, this Hartree dip can even fully close the exchange splitting induced by flavor
ferromagnetism|™}

This band renormalization has been argued to explain some of the experimental
phenomenology. One feature that is shared by almost all experiments is the asymmetry
of Landau fans in transport. In the presence of correlated insulators at finite integer
fillings, the Shubnikov-de Haas oscillations only develop for densities away from charge

47Note that Fock corrections are also present, which tend to counteract the Hartree contribution somewhat.
48This occurs for the |v| = 3 QAH state in the average subtraction scheme.
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neutrality [T5HI8| 20, 211, 238, 242, 246, 249, 265-268]. This can be rationalized by the
considerably lighter effective masses for this direction of doping. On the other hand, the
other direction involves doping into heavy quasiparticles, whose effective masses may
preclude visible oscillations, or may even involve instabilities of the Fermi liquid. These
Hartree effects have also been proposed to be deleterious to more exotic fractionalized
phases. Several theoretical studies have investigated the possibility of fractional Chern
insulators when fractionally filling the topological conduction band of the QAH at
v = +3 [10IHI03), 269]. The quantum geometry and non-interacting flatness of the
moiré bands should provide a favorable arena for such phases. However, the enhanced
bandwidth due to band renormalization suppresses their formation [94], such that the
assistance of finite perpendicular magnetic fields is required to stabilize a fractional
Chern insulator in experiments [23, 24].

We now briefly comment on some other terms in the Hamiltonian that influence the
strong-coupling perturbation analysis even for a pristine twisted bilayer, i.e. in the
absence of imperfections like heterostrair@ and disorder, and external fields. As men-
tioned in Sec. there are Hund’s couplings that break the SU(2)x x SU(2) g+ sym-
metry, which can be treated perturbatively within the lowest-energy strong-coupling
states. The most interesting case is at ¥ = —2 since this is near the fillings where
superconductivity is most prominent. Taking the VH state as an example, a ferro-
magnetic (anti-ferromagnetic) Hund’s coupling would lead to a spin-ferromagnetic
(spin-valley-locked) state. This distinction is crucial for constraining the properties of
the proximate superconducting domes, if the correlated insulator is indeed the parent
state. Recent experiments have addressed this using electron spin resonance [165] and
twist-decoupled heterostructures [270]. These studies suggest that the Hund’s coupling
is anti-ferromagnetic. (We return to the effective Hund’s coupling at some length when
discussing the spin structure of the IKS state below.)

Beyond settling the spin degeneracies, additional terms may even invert the hier-
archy of pseudospin ordering in the strong-coupling insulators. This is the case when
accounting for the coupling to graphene zone-corner optical K-phonons, which can
scatter electrons between the valleys m Focusing again on v = —2, it has been theo-
retically proposed that this electron-phonon coupling can lower the energy of a different
strong-coupling state below that of the KIVC [77, [79, 83]. This new so-called TIVC
statﬂ also possesses intervalley coherence, but its symmetries permit a finite Kekulé
charge distortion at wavevector ¢ = 2K p on the graphene scale, which crucially is
absent in the other candidate strong-coupling order@ As a result, the K-phonons
can directly couple to TIVC order, leading to a lattice distortion energy that can
potentially overcome the perturbative exchange scale A [79]. Since the two occupied
Chern bands in the TIVC reside in opposite spins, the superexchange scale J does not
play a role.

49The effect of heterostrain will be extensively discussed in Sec.

50 Angle-resolved photoemission spectroscopy yields signatures that have been linked to a strong coupling to
these K-phonons [271].

51Note that Ref. [79] showed that there are actually two closely related phases, the TTIVC-QSH and the IVC-
QAH, which are degenerate at Hartree-Fock level. The former exhibits a quantized spin Hall effect and spinful
TRS, while the latter has |C| = 2. Both have a non-zero Kekulé charge density.

52Valley-diagonal orders like the VH clearly lack a Kekulé distortion due to the U(1)y-symmetry. The KIVC
has intervalley coherence, but its T symmetry means that only a Kekulé current density shows up [272} 273].

41



5. Case Study I: Kekulé Spiral Order

In this section, we revisit the applicability of the strong-coupling theory in Sec. |4 to
realistic TBG devices. We discuss why the strong-coupling picture, while theoretically
appealing, fails to fully capture the experimental phenomenology. We then go on to
discuss the resolution to this puzzle, which turns out to be twofold: to add a seemingly
small amount of heterostrain (which has been experimentally characterized in many
samples) and to consider a wider class of variational states than the QH ferromagnet
manifold. In this first case study, we motivate and discuss these modifications, and
how the resulting modifications can be studied using the HF machinery built up in
the preceding sections.

5.1. Motivation: Challenges to Strong Coupling

The strong coupling picture of TBG is microscopically concrete and conceptually ap-
pealing, and has been successful in understanding many experimental aspects. It sup-
plies a wealth of candidate correlated insulators at every integer filling, unified by the
common theme of generalized flavor ferromagnetism. This can explain at least some of
the observed correlated insulators, and provides a foundation for the cascade of transi-
tions and resets at low temperatures. The strongest evidence in favor of strong-coupling
theory is the topology of various correlated states. The early experimental observation
of a QAH resistance in hBN-aligned TBG at v = +3 [20] 21] is naturally framed in
terms of a spin, valley, and sublattice-polarized Chern insulator. Further experimental
support is given by the observed stabilization of QAH insulator&{g_gl with Chern numbers
C =43,42,+1 at v = £1,4+2, 43 on applying a small out-of-plane magnetic field as
low as 0.1 T, even in the absence of substrate alignment [240], 242], [244-246]. Evidence
for spin skyrmion behaviour [274] and (finite-field) fractional Chern insulators [23] 24]
also highlight the utility of the Chern basis in understanding the physics.

However, there are also inconsistencies between the strong-coupling picture and
several aspects of the experimental phenomenology. This is not surprising given the
heterogeneous collection of experimental results on this material—no single theory
could possibly account for the often contrasting behaviours across different samples.
The most salient example of sample-to-sample variations is the nature of the ground
state at charge neutrality, which is predicted to be a robust insulating KIVC within
the strong coupling perspective [33], [35]. While some groups indeed detect a clear
gap [18, 20, 21), 28|, 24T, 245 246, 268], most observe semimetallic or metallic be-
haviour [I5HI7, 238| 244] 249 265267, 275H277], a conflict which cannot be fully
resolved by considering alignment with the hBN substrate. Similarly, strong-coupling
predicts symmetry-broken topological insulators at [v| = 1, but the majority of exper-
iments see at most a small resistivity anomaly on top of otherwise metallic behaviour.

One possible resolution to this discrepancy is that the strong-coupling theory fails
to capture the actual low-energy physics of the interacting BM model. This is unlikely
due to the broad agreement between perturbative analyses and numerical calculations
of the Hamiltonian at integer fillings and 7' = 0. Indeed, they match best near charge
neutrality, but this is precisely where there are the most serious disagreements with
experiment. Another possibility is that the starting Hamiltonian does not accurately

53Strictly speaking, these are not anomalous since they only emerge in a finite magnetic field. However the
small fields required (significantly smaller than ~ 20T corresponding to one flux per unit cell) suggest that
these Chern states remain competitive at zero field.
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reflect the situation relevant to realistic TBG devices, and suitable amendments are
required to recover consistency between theory and experiment. It is this path that
we follow in the rest of this section.

Before continuing, we remind the reader that our discussion is focused on the low-
temperature normal state phase diagram, especially at integer fillings. While the scope
may seem rather restrictive, the nature of the commensurate states is expected to pro-
vide insights into other regions of the phase diagram. The cascade transitions and
Landau fans suggest that the integer orders control the properties of the Fermi surface
and its quasiparticles at non-integer doping. Furthermore, the proximity of correlated
insulators and superconducting domes hints at their possible relationship. A better
handle on the correlated normal states would provide guidelines as to the mechanisms
that aid, or perhaps hinder, superconductivity in TBG. It is also useful to consoli-
date our understanding of the connections between theory, which has much to say
about correlated insulators, and experiments, without the complications of thermal
fluctuations and other complex phenomena.

5.1.1. Heterostrain

The deviation from the ideal BM Hamiltonian that we consider here is uniaxial het-
erostrain, where the two layers are stretched along a common axis but with opposite
signﬁ In the setting of van der Waals homobilayers, it is important to distinguish
this from homostrain, where strain is applied identically to both layers. Homostrain,
to first order, does not lead to a distortion of the moiré lattice, and has a substantially
smaller impact on the electronic structure [279]. We refer the reader to Ref. [280] for
discussions of how more general types of strain affect the non-interacting band struc-
ture, and henceforth use the term strain to exclusively mean uniaxial heterostrain. We
emphasize that these strains are distinct from the moiré-periodic lattice relaxations
that generally occur within a moiré unit cell.

Scanning tunneling microscopy /spectroscopy (STM/STS) probes can directly access
the triangular moiré superlattice in single-gated samples by imaging the charge density
peaks at the AA-stacking regions. By comparing the moiré lattice constants along
different directions, these studies routinely measure strains of strength ¢ = 0.1 —
0.7% [239] 281], 282]. Evidence of strain is also seen in magnetotransport experiments
[283] 284]. While the magnitude of the strain appears small, its ubiquity in TBG
devices calls for careful examination of the potential effects on the band structure and
correlated states.

As described in Appendix A, strain can be incorporated into the non-interacting
BM model and enters in two ways [285]. Firstly, the moiré lattice vectors are deformed
slightly, and the mBZ becomes a stretched hexagon@ Secondly, the stretching of the
graphene bonds leads to an effective vector potential that takes opposite signs in the
two layers and valley Strain preserves CQZ but breaks ng and ng Hence the Dirac
points which are protected by Cy.T remain intact, but are unpinned from the Ky and
K}, points and migrate towards the mBZ center. The Dirac points also separate in
energy leading to compensated Fermi pockets at charge neutrality, and the overall
bandwidth of the central bands increases considerably. While the vector potential
shift for realistic strains is small at the level of the graphene BZ, its scale is effectively

54The orthogonal direction is also stretched/compressed according to the Poisson ratio vp ~ 0.16 [278].
55For larger heterostrains, the mBZ can change in more substantial ways [286].

56This to be contrasted to an in-plane magnetic field, which enters as a vector potential that takes opposite
signs in the two layers but the same sign in the two valleys, thereby breaking time-reversal symmetry.
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magnified by the moiré effect. The enhancement of the non-interacting bandwidth is
the first hint that strain may challenge the validity of the strong-coupling perspective.

The first theoretical study of correlations in the strained interacting BM model was
undertaken in Ref. [68], which performed a combined HF and DMRG study at even
integer fillings. At charge neutrality and in the absence of strain, the ground state was
the KIVC state with a large gap within HF. The KIVC order parameter and charge
gap were quickly suppressed in the presence of a finite strain. For sufficiently strong
strains that are still well within the experimentally relevant regime, the symmetry-
breaking disappeared completely, and the ground state became a symmetric semimetal
with compensated Fermi pockets. These findings were invoked to explain the puzzles
surrounding transport experiments—since most samples are strained, their transport
characteristics are then semimetallic owing to the strain-induced destruction of the
strong-coupling KIVC insulator. However, these same calculations observed destruc-
tion of the KIVC order and a closing of the charge gap at |v| = 2 for similar threshold
strain values, in contradiction with the experimental consensus that the correlated
insulator at this filling is the most robust.

For the strain-based hypothesis to hold, either the relative positions of the phase
boundaries at || = 0 and 2 were not faithfully captured, or an alternative gapped
symmetry-broken phase emerges at |v| = 2 that is stable up to a much larger value
of strain. The latter possibility is not surprising given that departures from the flat-
band/QHFM limit are non-negligible, and that the competition between itineracy and
localization characteristic of Hubbard physics may be relevant to TBG.

5.2. IKS States: Motivation and Overview

Motivated by the above discussion, our next step is to investigate the ground states of
the strained BM model. Unsurprisingly, given the focus of this review, our tool of choice
for doing so will be HF mean-field theory. The rationale behind this choice is as follows.
Recall that the strong-coupling picture introduced in the preceding section builds on
the fact that in the chiral-flat limit, the exact ground state is a Slater determinant.
Due to the enormous U(4) x U(4) symmetry of this limit, there are many degenerate
choices, but on perturbing away by adding nonzero waa and reinstating the single-
particle dispersion, specific Slater determinants are selected at each integer filling.
Various aspects of the phenomenology of states within the QH ferromagnetic manifold
disagree with experiment, suggesting that we need to look further. Rather than moving
directly to tackle the full many-body problem, for which techniques are limited, it is
reasonable to first investigate a wider range of Slater determinants, i.e. enlarge our
considerations to a broader class of mean-field states. In other words, the central
premise we adopt is that as we add perturbations such as strain to move away from
the strong coupling picture, the ground state leaves the manifold of strong-coupling
ferromagnets, but the Hartree-Fock approximation that it is faithfully described by a
Slater determinant holds true.

What sorts of states should we consider? An initial guess is to consider orders
that break moiré translational invariance. Such states are arguably natural from two
perspectives. The first is one from the quantum Hall effect: various perturbations
away from the idealized holomorphic structure of the lowest Landau level can favour
spatially inhomogeneous ground states, albeit for partial filling of a single Landau
level. These can often be captured in a Hartree-Fock treatment [287, 288], which for
certain choices of interaction becomes exact in the limit of large Landau level index
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Figure 5. The real-space structure of an IKS with gryc = —G1/3. The main plot shows charge density
in color (dark spots correspond to AA regions) and complex IVC order parameter ~ (1,0z) + i (Tyoz) in
arrows. Bloch spheres schematically illustrate the different IVC angles across three AA regions. Insets show the

graphene scale charge patterns at three different AA regions. Blue (red) dots correspond to positive (negative)

values of (éLéB> + (éTBéA% with the cross marking the center of each AA region. Adapted with permission

from Kwan et al., Phys. Rev. X. 11, 041063 (2021) [69]. Copyright (2021) American Physical Society.

n [289], in consonance with the experimental observation of stripe and bubble phases
in higher Landau levels [290]. Given that the chiral-flat limit has a close connection
to the lowest Landau level, we might expect that a similar situation might arise on
moving away from this limit (although in this case we are working at integer filling, so
the analogy is not immediate). The second comes from considering extended Hubbard
models: owing to the topological obstructions of the flat bands, any Hubbard-type
description naturally has extended interactions, which are known to stabilize stripe-
ordered states [291H302]. Together, these motivate a search for states with broken
translational symmetry.

Ref. [69] performed extensive translational-symmetry breaking Hartree-Fock studies
at all non-zero integer fillings, finding that the energetically favoured ground state
with modest amounts of strain (with strain magnitude € = 0.15%) is the so-called
incommensurate Kekulé spiral (IKS) order. This order breaks valley U(1) symmetry
in a subtle manner: it exhibits coherence between a valley-K electron at momentum k,
and a valley-K' electron at momentum k + qryc — but, crucially, not to the valley- K’
electron at k — qryc or k. As we will see, this “spiral” structure enables to a simplified
Hartree-Fock simulation. (Readers familiar with spatially-modulated fermion-paired
states might find it useful to make an analogy with the Fulde-Ferrell description of such
states [303], rather than the Larkin-Ovchinnikov picture [304].) However, the degree of
intervalley coherence (IVC) is not spatially uniform across the mBZ: instead, at certain
points the electronic state is fully polarized in either valley K or valley K’, but these
points are time-reversal conjugates such that the overall state preserves time-reversal
symmetry. We argue below that this is dictated by a combination of the topology
of the underlying bands and the energetic selection of states. Finally, depending on
the detailed spin and phase structure, an IVC order parameter necessarily involves
density/current order on the graphene scale in either the charge or spin channels.
Thus, a characteristic feature of the IKS state, that originates from its nonuniform
IVC across the mBZ, is a moiré-scale modulation of a graphene-scale charge order
across the sample, which is a sharp signature that can be detected by using scanning
probes such as STM [25], 26]. The expected real-space structure, showing the moiré-
scale rotation of the graphene-scale charge order, is schematically illustrated in Fig.
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5.2.1. Accessing IKS Within Hartree-Fock

We first summarize how we can access the IKS state within the Hartree-Fock mean-
field treatment. As noted above, while the IKS state breaks moiré translations, it does
so in a “spiral” fashion that does not lead to a moiré-scale modulation of the electron
density. As such, rather than working with fully translational-breaking Hartree-Fock,
we can instead work in a ‘boosted’ coordinate system where the I'-points of valleys K
and K’ are shifted by an amount +qryc/2 with respect to each other, and treat gryc
as a variational parametexﬂ In other words, we choose

PT'bS/kﬂﬂ'GSk“ = <éias(ka)é7'/b8’(kﬁ)> ~ 588’5k“+T¢11vc/27kﬁ+7'/111vc/2 (100)

where 7 = +1 for K and K’ valley respectively, and the Kronecker deltas on the RHS
enforce spin-collinearity@ and the constraint that any IVC must occur with spiral
wavevector qlvﬂ For convenience and to make contact with our previous notation,
we now define a new set of operators ¢hqs(k) = élas(k —Tqrve/2), so that (throughout
this subsection, we denote quantities with respect to this new set of momenta labels
with a tilde)

pT/bs’kB,Task” = <éias(ka)é’r’bs’(k6)> X 535’5k“,k5- (101)

This block-diagonal structure allows us to write the one-particle density matrix exactly
as before, but with ¢-operators replacing c-operators:

PT’b,Ta(kv S) = <6j—as(k)é7"b8(k)> : (102)

In terms of the new set of operators, the normal-ordered Coulomb interaction is given
by (compare with Eq.

N 1 ~ ~
: — E E E a * B
Hmt,n.o. — 24 V(q))\T,a,b(k: 7q))‘7-’,d,c(k aq)
ss;rzl—' q kokP (103)

X & s (K)o (K7 + @)erras (K7)erns (K + @),

where S\Tva,b(kz,q) = Arap(k — Tqrvc/2,q). It is then again easy to to show that the
Hartree-Fock Hamiltonian in terms of the ¢ operators is again diagonal in k and s, i.e.

HEE o poks = OssOe s HEE (K2, 5) (104)

Task®, Ta,7’s

57In a numerical calculation with a discrete momentum grid set by Np, N2, we typically require that grvc
also lies on this grid. This is so that we can directly compare calculations performed with different values
of gryc. Another way of saying this is that we are simply selecting different submanifolds of the same full
manifold of Slater determinants (that can break any symmetry). Hence by ‘incommensurate’, we really mean
that grvc is not tied to a specific high-symmetry momentum, and would vary continuously with parameters
in the thermodynamic limit.

58The assumption of spin-collinearity will need to be relaxed when considering SU(2)x x SU(2) g perturba-
tions in Section

59The reader should be careful about the sign convention of gryvc when comparing with Ref. [69].
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for some HYF |, (k, s), and with Hartree and Fock contributions given by (compare

with Eq. .
H’TI'{I’T ( Tab(k G))\T” dc(k G) ”d’T”C(k S)
s't""ed G k'€ mBZ
~'ra —r/b k 5 A Z Z V Tad k q))\T ,bc(k Q) ’TdTC(k+q? ) (105)

cd geall

The mean-field Hamiltonian is obtained as the ‘tilded’ version of the standard
translationally-invariant HF Hamiltonian presented in Eq. Hence, the HF machin-
ery introduced in Section [3.3] can be straightforwardly repurposed here, if we ‘boost’
the k argument of the form factors and the one-body terms (which can either come
from the kinetic energy or the interaction scheme). In the periodic gauge that we use
here, this operation is straightforward, and can be separately implemented before the
HF self-consistent procedurd®}

5.2.2. Wavefunctions in the Boosted and Unboosted Frames

The assumption of a single-q spiral order allowed us to go to a boosted frame in which
the HF projector is diagonal in momentum space, viz. f’k,k/ X O k- This compact
notation hides a rather complicated structure when translated back to a projector P
in the unboosted frame: intravalley matrix elements of P remain momentum-space
diagonal, but intervalley terms are off-diagonal, linking valley-K states at momentum
k with valley-K’ states at momentum k + gryc. When discussing the structure of the
IKS state below, we will exclusively work in the boosted frame; one can obtain the
projectors in the unboosted frame via

Pk,k:’ — e%qwc-?kﬁk’k/e%qwc‘gkl’ (106)

where qryc is the IVC boost vector, and %k denotes gradient against k' acting on
expression to the left. Note that although Pk L is diagonal in k-space, the k-space

boost encoded by ?k and %k, renders Py - off-diagonal.

5.2.8. Initialization and Optimization

Since the one-particle density matrix in the boosted frame is again diagonal in k
and s, we can use the same discussion as in Section [3.3.3] when constructing the
initial density matrix. Furthermore, to optimize over possible IVC spirals, we treat
grve as a variational parameter. We perform a set of HF calculations (with multiple
types of initial states if necessary) for each value of qryvc, and choose the value of
qrve with the lowest energy if we are interested in the ground state. If gryc is left
completely unconstrained, this adds another O(Ny) factor to the time complexity of
our computation; combining this with the O(Ny) scaling of the translationally invariant
HF, we see that the overall complexity is O(N,?), which is the same as completely
unrestricted HF. However, in practice, there are still significant advantages in using
restricted Hartree-Fock. For example, the scan over all possible choices of qryc is
easily parallelizable, and restricted Hartree-Fock usually requires fewer iterations to

60See the companion code for an example implementation.
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converge and fewer seeds to reach the ground state due to the restricted variational
space. Furthermore, there is often a good guess for gryc that can be used to significant
restrict the candidate values of grvc [69)].

5.3. Properties of the IKS State

On adopting the modifications to the Hartree-Fock procedure, we find IKS order at
each nonzero integer filling of the central bands of realistic TBG (i.e., for experimen-
tally relevant choices of the interaction parameters and the chiral ratio waa /wap) with
modest amounts of strain [69]. In this subsection, we summarize various basic aspects
of these IKS states, beginning with its structure, which we rationalize in terms of both
topology and energetics. We will focus on integer fillings, but will mention the metallic
states at non-integer filling when discussing the phenomenology. Some further caveats
are in order. We will invoke particle-hole symmetry, which is only an approximate
symmetry of the BM model and its interacting descendants and is notably absent in
experiments. However, modelling the experimentally-observed extent of particle-hole
symmetry breaking likely requires inclusion of bands outside the central octet and ad-
ditional terms in the continuum model, and would take us somewhat beyond the scope
of this review. We also note that the integer-filling numerics show that the IKS states
at |v| = 1 are either gapless or have a very small gap, and as noted strained TBG is a
semimetal at neutrality. Nevertheless, for completeness we also provide an account of
the |v| = 1 IKS state. Finally, we also observe that if we neglect the electron-phonon
coupling as well as the intervalley interaction terms generated by the short-range part
of the interaction, the symmetry group of the model contains a SU(2)x x SU(2)k
subgroup corresponding to independent spin rotations in each valley. The manifold
of TKS states inherits this symmetry, so we can always choose an appropriate spin
orientation in each valley to make their spin structure especially simple, even with
intervalley coherence. However, including these terms reduces the symmetry to that
of the physical spin rotations; we briefly discuss how the experimental observability of
the IKS state in STM allows us to deduce aspects of the resulting spin structure.

5.8.1. IKS Wavefunctions

The “primitive” IKS state is that at |v| = 3, since this corresponds to a filling of a
single electron or hole band of the central octet. The Hartree-Fock projector of the
v = —3 IKS state is parameterized in the boosted frame in the Chern basis (see

Section (4.1)) as
~ 1
P 3(k, k)= §(1 +5)(L+ng -v) (1 +my - 1)k (107)

where the inter- and intra-Chern Pauli triplets v, 7 were introduced previously in (97)).
Here, n, m are unit three-vectors, with | denoting components in the xy-plane, and
n® = 0. Several comments are in order.

(1) It is easy to see that tr P_3(k,k) = 1 = (v + 4) as expected; the projector at
v = 3 is given by particle-hole conjugation. R

(2) Note that we have partially fixed the gauge of the Chern basis by requiring Cs,
to act as 0,7, and T as 7,/K; this means that nﬁ and the in-plane components
of my, are formally gauge-variant.
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(3)

Many key properties of the IKS state are encoded in the fact that my has
a nontrivial texture: across most of the mBZ, it lies in the xy-plane with a
constant angle that can be changed by a global U(1),, rotation; over these regions
of the mBZ, there is non-zero IVC. However, for reasons discussed below, the
Euler topology enforced by the unbroken Co. T symmetr forbids a uniform
IVC across the mBZ. Thus, there are two regions or “lobes” where my orients
towards the poles, reflecting valley polarization in these momentum regions. In
contrast to my, the n,ﬁ always lies in the zy-plane owing to C7 symmetry.
While the fact that my is textured for any fully gapped state is enforced by
topology, choosing the optimum texture is set by energetics, and gives us a
reasonable estimate for qryc, as follows. First, consider the dispersion of the
Hartree-Fock renormalized dispersion of TBG, in the absence of any IVC or other
spontaneous symmetry breaking, but including the explicit Cs.-breaking due to
strain. Once Cj, is broken, the dispersion in valley K will generically have some
energy maximum and energy minimum, at momenta (gmax, gmin); valley K’ has
the time-reversed dispersion, with maximum and minimum at (—@max, —Q@min)-
Now, assuming that IVC is generically favored over valley polarization, if the
system is forced (because of the nontrivial texture) to valley polarize at two
points in the mBZ, it would be energetically optimal for my to lie in valley K for
momenta k ~ gmin where its dispersion has a minimum. A further optimization
is achieved by introducing a relative boost qryc in the valleys such that this
coincides with the mazimum in valley K’ at —qmax, so that the loss of IVC
occurs at a place where any rotation towards K’ would cost the most energy.
Thanks to time reversal, exactly similar conditions arise near —qu;, with the
roles of K and K’ swapped. The necessary boost is given by setting qrvc =
—Q@min — Qmax- This heuristic “lobe principle”, illustrated in Fig. |§|, provides a
rather good quantitative estimate of the optimal qrvc and using this as an initial
guess and exploring in its vicinity can significantly speed up the HF numerics in
some cases.

As mentioned in the motivating discussion, the structure of the IVC projector
has direct experimental consequences. Intervalley coherence involves a v/3 x /3
tripling of the graphene-scale unit cell; owing to the texturing and the boost, this
is non-uniform and modulated on the moiré scale at an incommensurate wavevec-
tor qrvc. One can show in all cases, the v/3x /3 “Kekulé” order is a density-wave
rather than a current-loop order on the graphene scal@ but its precise decom-
position into spin and charge sectors depends on the relative alignment of the
spins in the two valleys, as we discuss below. The corresponding graphene-scale
Kekulé patterns can be detected by spin-unpolarized or spin-polarized STM,
respectively, and by phase coherently comparing STM measurements in nearby
moiré unit cells one can also detect the incommensurate modulation that is
the hallmark of IKS. Pioneering experiments have detected Kekulé charge order
near v = 2 in both MA-TBG [25] and its close cousin, twisted symmetric trilayer
graphene [26] with a gryc consistent with both detailed HF energetics and the
“lobe principle”.

We now briefly discuss the structure of the IKS states at |v| =1,2. At v = -2, we

61Gince valley-U (1) rotation does not commute with C'gz, what we really mean is that there exists a valley
U(1) rotation such that the IKS satisfies Ca, 7.
62This is to be contrasted with the KIVC state which has a Kekulé current order, which for symmetry reasons

does not have an associated charge or spin density and is hence invisible to STM [272] 273].
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Figure 6. (a) Dispersions of the lower band for the symmetry-preserving self-consistent Hartree-Fock at
v = —2. System size is 24 x 24, strain is 0.2%, and gqryc = —G1/3. Low- (high-) energy regions are marked
with hatched (dotted) lobes. Fermi surfaces are indicates by black lines, and Dirac point locations are marked
by black stars. (b),(c) Schematic illustration of the construction of the IKS states. The appropriate grvc should
align the high-energy region in valley K with the low energy region in valley K’, and vice versa. Adapted with
permission from Kwan et al., Phys. Rev. X. 11, 041063 (2021) [69]. Copyright (2021) American Physical Society.

can construct a ‘spin singlet’ IKS state by simply creating v = —3 IKS states for each
spin species separately. Specifically, we have

X 1
P y(k, k') = Z(1+n,§ ) (1 + g M) (108)

The v = —1 state is somewhat different in spirit. At this filling, we need to fill 3 of
the 8 central bands. We can construct the state as follows. In one spin species, we
preserve all symmetries of the strained BM model and fill 2 of the 4 bands. As noted
previously, this leads to a nemati@ semimetal. In the other spin sector, we simply
create a primitive IKS state, filling one of the four bands. The combination of these
states is then a gapless state that has nontrivial IKS order. As before, the states at
v = 1,2 can be obtained by particle-hole conjugating those at v = —1, —2.

5.3.2. “Topological Frustration”

As we have mentioned above, the IVC in the IKS is necessarily modulated in momen-
tum space as a consequence of the Euler topology protected by the Co. T symmetry
of the single-valley band structure. Since this is a particularly subtle variant of band
topology, we reason here by analogy with the simpler example of IVC between two
bands with distinct Chern numbers =C' — as emerges, for instance, in moiré graphene
systems without Cs, symmetry, or TMD homobilayers [232].

As a model system, consider a pair of spinless weakly dispersive bands, one each in
valley 7 = £1. These bands have Chern numbers Ct (where C is an integer), and are
interchanged by time-reversal symmetry. We wish to construct a mean-field insulating
state at filling v = 1. Evidently, one option is to spontaneously break time reversal and
valley polarize, resulting a state with a net Chern number. Now, imagine tuning the
bandwidth or the competition between inter- and intravalley- interactions to destabi-
lize this in favor of a state with non-zero IVC. Such a state would be characterized by
a nonzero value of the “excitonic” order paramete A = (ch ). However, if we

63¢Nematic’ is somewhat of a misnomer here since Cs, is broken explicitly. However, a similar semimetal has
been proposed to be energetically competitive (but still above the strong-coupling states) at zero strain [63],
in which case it is actually nematic.

64For convenience we discuss a k-diagonal, unboosted state, but a similar argument holds for a boosted IVC
state similar to the IKS.

20



work in a smooth (but non-periodic) gauge, it is possible to show that the phase of
this order parameter has a net winding of 47C in the Brillouin zone. As such, it must
therefore vanish at some subset of “IVC nodes” around which the phase of Ag winds
by an integer multiple of 27, such that the net winding is 4w C": the IVC is topologically
frustrated from being uniform across the moiré BZ [30), 258].

Naively, it seems that this precludes a fully-gapped state [30]. However, there is
one way out: the order parameter “escapes into the third dimension”, by valley
polarizing in the IVC nodes. By placing the nodes at time-reversal conjugate mo-
menta and choosing to polarize in opposite valleys at each node, one arrives at a
fully gapped time-reversal preserving insulator, dubbed the “Chern texture insula-
tor”. Evidently, the resulting state has a texture in the moiré Brillouin zone as can
be captured by the (non-singular) “bimeron” configuration of the 3-component vec-
tor n = éclTss/c, = (ReAg, ImAg, 2(0}; GOy — c}; ¢j.—)). When combined with a
nonzero “boost” between the valleys, the state closely resembles the IKS, except that
the underlying bands have Chern rather than Euler topology and it emerges from
filling one out of two rather than four bands (ignoring spin).

Generalizing these considerations to the MA-TBG setting is more subtle, since the
constraint imposed on the IVC order parameter by the Euler topology does not lend
itself to as simple an expression as the “winding” rule for the Chern case. However,
one can show that the structure of the Bloch states continues to enforce a qualitatively
similar “Euler texture” structure on the IVC, leading to the characteristic properties
of the IKS state once one combines this with the lobe principle for energetics.

These and other topological aspects of mean-field IVC states in systems with non-
trivial Euler or Chern topology were explored extensively in Ref. [258], which coined
the collective term “textured exciton insulators” to describe such states. An important
aspects of the TRS-preserving states is that — within the Hilbert space of the bands
involved — their valley order cannot be captured within a local moment description
of the valley degree of freedom. The reader is referred to Ref. [258] for a detailed dis-
cussion of this and other aspects of the topology of the IKS states and its close cousins
in bands with Chern topology.

5.3.8. Breaking SU(2)g x SU(2)x: Spin Structure and Observability of IKS

Above, we have assumed that SU(2)x x SU(2)g- spin symmetry is not broken ex-
plicitly, allowing us to independently pick the spins in each valley. In other words,
we ‘factored out’ the spin part and discussed the different fillings by considering the
physics in each spin sector separately. For example, in writing , we simply chose
a single spin sector (up) and then built in intervalley coherence within this sector. One
can view the parts of the projector after the (1 + s,) as defining a ‘spinless IKS’ state
in the four-band model of TBG for a single spin species; picking the spin to occupy
then defines a ‘spin polarized’ version of the v = —3 primitive IKS. This also allowed
us to build the IKS states at other fillings in terms of stacking the “primitive” IKS.
Realistic TBG explicitly breaks the SU(2)x x SU(2) g symmetry. We can explore the
states that result by parametrizing the manifold of states obtained from the special
choices listed above by performing SU(2)x x SU(2) g+ rotations, and then computing
the variational energy of these trial states in the presence of various terms that break
the symmetry down to the physical SU(2), [86]. This approach relies on the fact that
the formation of the IKS at finite wavevector occurs on a much higher energy scale
than the splitting of the SU(2) g x SU(2) x» manifold by weaker terms that originate in
either the electron-phonon interaction or subleading short-distance contributions from
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the Coulomb interaction. These effects are sometimes packaged together in terms of
an effective “intervalley Hund’s coupling”, but it is important to recognize that their
energetics receives both Hartree and Fock contributions in generic HF states with
IVC. The role of these terms is different at v = —2, —3, so we discuss them separately
(the generalization to the remaining fillings follow by stacking and/or particle-hole
transformation.)

At v = —3, the states obtained by acting with SU(2)x x SU(2) g x U(1), rotations
on the parent state in can be parameterized in terms of the global U(1), angle,
as well as the individual spin orientations in each valley, nx and ng.. The SU(2)g X
SU(2) g+ breaking terms then fix the relative angle between ng and ’fLK/@ If these
are antiferromagnetically aligned, we obtain a so-called “spin-valley locked” IKS state,
which has IVC between opposite spin sectors, and as consequence exhibits a Kekulé
spin texture rather than a Kekulé charge density.

At v = —2, the manifold generated by the SU(2)x x SU(2)k: x U(1), action on
the parent state in can be parametrized in terms of the global U(1), phase,
the relative IVC phase 2y between the two spin sectors, as well as a unit vector n
that parametrizes the axis of spin quantization (note that n is redundant for the
specific choice v = 0 corresponding to a spin singlet). Physically, this has a natural
interpretation in terms of “stacking” two v = —3 states to construct v = —2: we
have one copy of IKS each in the sectors with spin parallel and anti-parallel to a
chosen axis n, with a relative U(1), phase difference of 2y between the two, with the
remaining freedom being the global IVC phase. In this case, it is possible to show
that SU(2)x x SU(2)k: x U(1), symmetry eliminates any energetic dependence on
27, whereas restoring the physical SU(2)s x U(1), symmetry pins v to 0 or . The
former “ferro-IVC” state corresponds to a Kekulé charge density, whereas the latter
“antiferro-IVC” state has a Kekulé spin density.

At v = —2, electron-phonon interaction favors maximal Kekulé charge density pat-
tern, i.e. relative IVC angle of 0, while short-range Coulomb contribution favors van-
ishing Kekulé charge density pattern, i.e. relative IVC angle of w. At v = —3, broadly
speaking, electron-phonon coupling and short-range Coulomb contribution favor anti-
ferromagnetic and ferromagnetic alignments respectively, though this can in principle
depend on the competition between various terms in the Hartree-Fock energy func-
tional. The observation of a charge Kekulé pattern for the IKS near v = —2 [25, [26]
indicates that electron-phonon coupling dominates, which leads us to expect the IKS
at v = —3 to have antiferromagnetic alignment, with the additional caveat that the
parameter regime for phonons to dominate has some weak dependence on the filling
factor.

5.4. IKS: Phenomenology and Fermiology

We close our discussion of the IKS state with a broad-brushstrokes summary of its
phenomenology and that of the proximate metallic states accessed by doping the cor-
related insulators.

We have already mentioned that the spatially-modulated intervalley coherence of
the IKS state has a direct signature in STM. This has already been observed in recent
experiments [25] 26], and the fact that they involved spin-unpolarized measurements
and hence interrogated the charge density rather than the spin density also gives
insight into the spin structure of the state and hence the relative magnitude of the

65These are not to be confused with n in Eq.
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electron-phonon and short-range Coulomb interactions. The STM measurements also
allow us to track how qryc evolves on tuning various parameters, e.g. on doping away
from integer filling. As underscored by the “lobe principle”, grvc is set by a delicate
energetic competition between various factors that shape the renormalized symmetric
dispersion out of which the IKS state evolves; as such, the robustness of the IKS
state can be viewed as a consequence of its ability to respond to various changes
by adjusting gryc while remaining in the same phase. Furthermore, the evolution of
qrve with doping is nontrivial, and may provide one route to explaining rotation of a
nematic superconducting order parameter with doping reported in Ref. [275] m

Turning to thermodynamics, we observe that the compressibility computed within
Hartree-Fock for strained TBG in the regime where IKS order is prevalent is broadly
compatible with the reported “cascade” features seen in experiments [237, 265]. That
said, it is by now reasonably widely believed that the cascades primarily give evidence
for the formation of local moments, rather than serve as a sensitive test of the precise
nature of the low-temperature state [52]. Evidence in favour of this view comes from
both experiment — which see cascades at a far higher scale than the onset of correlated
insulating behaviour — and from theoretical modelling in the heavy fermion picture,
where this separation of scales is especially clear. Finally, a detailed analysis of the
spin response of the IKS states provides a possible explanation of why the “isospin
Pomeranchuk effect” — wherein fluctuations stabilize an ordered state on increasing
temperature from a low-temperature disordered state — is quenched by an in-plane
magnetic field [267, 277].

A complete description of transport is much more challenging, and remains in many
ways an open problem. We remark that at least one key qualitative feature, namely
the sequence of correlated gaps, and their absence in favour of a semimetallic state
at charge neutrality, appears to be reasonably well-captured by the mean-field studies
of strained TBG, in the regime where IKS order is present at integer filling. The
situation in the (most likely strongly correlated) normal state away from the correlated
insulators and above the superconducting transition remains murky, with a notable
absence of a fully plausible model for the reported linear-T" resistivity [27-29]. However,
one feature of these normal states, namely the magnetotransport, is captured quite
well by the mean-field modelling, as we now summarize.

Recall that magnetotransport in a 2D system is often most easily understood by
tracking “Landau fans”: lines in the density-magnetic field plane corresponding to the
densities n(B) at which an integer number of Landau levels are fully filled for magnetic
field B. Under the assumption that the parent state has zero Chern number, and that
the effective carrier density n (and hence the Fermi surface volume) is not altered by
the field EL a standard semiclassical calculation shows that these densities satisfy

_ geB

n(B) = &

(109)
where g is the effective degeneracy, i.e. the number of flavours, and N is an integer.
The traces for different values of N form a fan that emanates from some insulating
or semimetallic filling (for TBG, usually an integer), with the interpretation that the
oscillations come from the Fermi surfaces that emerge on doping the corresponding,

66Observe that even though IKS only emerges in the presence of explicit C’gz—breaking by strain, qryvc does
not directly track the strain and even relatively modest strains produce a substantial qryc, so it has some
features of a true nematic even though it is not one in a strict sense.

67 And hence also requires that the spin-splitting of the bands in a magnetic field is negligible.
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v=0+9 v=1+9 v=2+90 v=3+90

K K’ K K’ IVC IvVC
valley polarization

B = fully filled K K/

Figure 7. Fermi surfaces at filling factors v = integer + ¢, obtained with 10 x 10 HF interpolated to 50 x 50,
with v = 0.12,1.12,2.08,3.08 and € = 0.25% strain along #-direction. For v = 0 + 6,1 + 4, the ground states
preserve U(1), symmetry for these parameters, and Fermi surfaces are shown for each spin-valley sector. For
v =2+ 4,3+ 4, ground states spontaneously break U(1), symmetry. The Fermi surfaces are shown for each
spin sector, and cyan and magenta dots indicate the I'j;-points of valley K and K’ respectively. Gray areas
denote fully occupied sectors. For IVC states, color plots show the valley polarization of occupied orbitals. For
v=046,2+ 9,3+ J, we obtain Fermi surface degeneracies 4,2, 1, consistent with experiments. We find the
v = 1 state to be metallic. As such, we do not expect Landau fans to be visible for » = 1 + §. The calculations
are done with with § = 1.05°, waa = 80 meV, wag = 110 meV, and ¢, = 10.

likely reconstructed, bandstructure. If we then measure n with respect to this in-
sulating filling, g provides a measure of the degeneracy of the corresponding Fermi
surface

Two features of the Landau fan data in TBG are particularly noteworthy. First,
they only appear when doping a correlated state away from charge neutrality; second,
the states at |v| = 0,2, and 3 respectively have fan degeneracies of 4,2, and 1 when the
corresponding states are insulating or semimetallic in a given sample (there is usually
no clear fan at |v| = 1 as with rare exceptions there is never a strong insulator here).
Both these features naturally emerge in the mean-field modelling of the IKS state [75].
First, we find that the dispersion of the doped electrons is significantly flatter (more
massive) when doping towards charge neutrality than when doping away from it. While
the physical origins of this feature are probably better understood from the heavy-
fermion perspective of TBG, it is nevertheless present in the Hartree-Fock mean-field
results on the continuum model. Second, studying the doping of the correlated IKS
states at |v| = 0,2, and 3 indeed reproduces the fan degeneracy, as illustrated in Fig. E
This is in contrast to the strong-coupling states once the Hartree renormalization of
the dispersion is included, and adds additional credence to the IKS picture.

Of course, the most striking experimental finding in TBG is that of gate-tunable
superconductivity, particularly on doping the correlated insulator near v = 2. As
such, mean field modelling of the normal state cannot provide direct insight into this
problem, but can yield important clues. Most notably, a mean-field study of the nature
of the doped Fermi surfaces both for realistic TBG and its close cousin, symmetric

68 Note that this implicitly assumes that each of the degenerate Fermi surfaces has the same area, or equivalently
that the quantum oscillations have a single frequency.
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trilayer graphene (which has an added tunability, via displacement field) gives us
some insight into possible pair order parameters, assuming that the normal state from
which superconductivity emerges is the doped IKS state [86]. Some of the features of
the fermiology are also prima facie consistent with experiments that track a “double
dome” feature in the superconducting state [178],

Finally, experiments are beginning to probe properties of the collective modes of
TBG [165, 305l [306] and other moiré materials. Here, time-dependent HF can offer
at least a preliminary model for the modes that arise as a consequence of broken
symmetry in the correlated states. We defer a discussion of these points to our next
case study.

6. Case Study II: Collective Modes

6.1. Background

Goldstone’s theorem [307, [308] states that the spontaneous breaking of a continuous
symmetry gives rise to gapless collective modes. With the complex array of symmetry-
broken phases in MA-TBG, as discussed above, we expect a similarly rich spectrum of
Goldstone modes. In order to organize these modes, we must consider two key aspects
of the problem.

The first of these is mode counting. For Lorentz-invariant systems, every broken
symmetry gives rise to exactly one linear gapless Goldstone mode. However, for con-
densed matter systems, it is well known that this is not the case. This is readily
illustrated by the Heisenberg ferromagnet, where the two spin rotations along axes
orthogonal to the ferromagnetic axis are broken, but there is only a single quadratic
mode. We briefly summarize the systematic approach to count Goldstone modes in
non-relativistic systems [309]. Consider the set of linearly independent broken gener-
ators Ql for 1 <i < npq, and define

1 . .
pij = —1i Ah_Igo 1 ([Qi, Q4] (110)

where A is the area of the system. The set of Goldstone modes can be classified into
Type-A and Type-B; excluding fine-tuned parameters, these correspond respectively
to linear and quadratic modes. The numbers of the two types of Goldstone modes are
respectively given by [309]

na = ng — rank p, (111)
1
ng = §rankp. (112)

We will use this approach to organize the numerical study of collective mode spec-
trum of the broken-symmetry states using time-dependent Hartree-Fock (TDHF), as
discussed in Sec. 3.5

The second consideration is that of which symmetries are present to be broken, which
can be subtle in the MA-TBG context. Formally, the only continuous symmetry present
in MA-TBG is that of U(1). charge conservation, since all the remaining symmetries
are discrete. Of course, the smallness of the spin-orbit coupling means that we can
promote spin to a full SU(2)s symmetry, and as we have argued previously we can
safely promote the valley degree of freedom to a U(1), conservation symmetry, at
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least at the moiré scale. Thus, we take the “physical” symmetry group to be SU(2)s x
U1)e x U(1)y.

However, there is an additional hierarchy of scales present, once again stemming
from the separation of the moiré and microscopic length scales. To wit, the magnitude
of the inter-valley Hund’s couplings, which are of the order of 0.1 meV, is far below
the scale of the interaction terms responsible the symmetry-breaking that drives the
formation of either the IKS or strong-coupling states. As such, at energy scales above
this splitting but below, e.g., the gap to remote bands or the scale of the interactions,
it is reasonable to enhance the symmetry group to the U(2) x U(2) of the interacting
BM Hamiltonian introduced in Sec. [2| (and preserved in its strained counterpart in
Sec. . We shall term this symmetry group, corresponding to that of independent
spin rotations and charge conservation in each valley, the “BM symmetry group”. For
realistic TBG this symmetry is broken by intervalley Hund’s couplings to the physical
SU(2)sxU(1), xU(1). symmetry. Finally, there is yet another symmetry enhancement
by tuning to the chiral limit and ignoring the dispersion: the U(4) x U(4) “chiral-flat”
symmetry of rotations within each Chern quartet (see Section , which reduces to
U(2) x U(2) when moving away from this limit back to the BM model. These three
scales are illustrated below

U)ot x Ud)oe 1 — U2) x U(2)xr = SU2)s x U(1)e x U(1)y.  (113)
(chiral-flat) (BM) (physical MA-TBG)

Of course, on a formal level the last symmetry is further explicitly broken to the exact
microscopic symmetries. However, these are irrelevant to the experimentally accessible
energy scales, and we therefore do not discuss this step further.

While Goldstone’s theorem technically only applies to spontaneously broken con-
tinuous symmetries, given this hierarchy of scales it allows us to organize the soft
collective mode spectrum even when the symmetries are explicitly broken into what
are sometimes termed “pseudo-Goldstone modes”, such that modes within each hier-
archy gap at distinct energy scales. As we have argued, it is reasonable to consider
the “physical” scale to be SU(2)s x U(1). x U(1),, but from the preceding sections we
have seen that the state selection in this limit is complex and depends on fine details
that remain experimentally debated. Therefore, we focus primarily in this section on
the “chiral-flat” and “BM” symmetries.

6.2. Collective Modes of Strong Coupling states

The collective modes of MA-TBG in the strong coupling regime were systematically
explored in Refs. [58, [151), B10H312]. From the discussion above, we expect that we will
find a large number of modes in the U(4) x U(4) chiral-flat limit (termed “approximate
Goldstone modes” in Ref. [310]) with a corresponding reduction to a subset of these
modes (termed “exact” in Ref. [310]) on moving to the U(2) x U(2) BM scale. We
discuss the counting and properties of these in turn.

6.2.1. Goldstone Spectra at the Chiral-Flat and BM Scales

In the U(4) x U(4) limit, we can derive a rule for counting chiral-flat Goldstone modes
with the following intuitive arguments. Such a Goldstone mode can be understood as
being built out of particle-hole excitations within the same Chern sector v = + (in
this section, v denotes band Chern numbers while C' denotes the total Chern number
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of a many-body state), i.e.
> (k)= (k)él,(k)é o (k+ q). (114)
quvfy’Y:aB SD(]?’YV?aﬁ Yo 'yﬁ q
k

Here, a runs over the empty bands while 8 runs over the filled bands within the same
Chern sectors. Let us suppose the number of filled bands in the v = + sectors are ny
respectively, with total filling factor v = ny +n_ —4 and Chern number C =ny —n_.
A guess for the number of chiral-flat Goldstone modes can be made by taking the sum
of the numbers of particle-hole excitation types in each Chern sector

2 2
nag =ny(d—ny)+n_(4—n_)= w (115)

It is possible to formulate the above counting more rigorously using the theory
discussed in Sec. Ref. [310] finds the number of broken generators to be 16—v2—C?,
while p is a full rank matrix. This gives a total number of W Goldstone modes,
all of which are quadratic. Once we move away from the chiral-flat limit, some of the
Goldstone modes will become gapped at the scale of terms that break U(4)xU(4) down
to U(2) xU(2) (i.e., they are pseudo-Goldstone mode@ of the BM symmetries, while
the remaining gapless modes do not necessarily remain quadratic in the U(2) x U(2)
theory.

We can use the same approach as above, but now with only U(2) x U(2) symmetry,
to calculate the number and type of the Goldstone modes at this new scale. Since the
details are state and filling-dependent, we illustrate this with a single example, that
of the KIVC state at v = 0.

For the spinless model, according to Eq. KIVC is captured by the order param-
eter Q = oy, ,. Here, 7, is the only broken generator, leading to 1 linear Goldstone
mode. Upon incorporating spin, at v = 0 the set of broken generators depend on which
state is selected from the degenerate manifold generated by U(2) x U(2) symmetry.
Since they all have identical excitation spectra, one can choose the spin singlet KIVC
state, given by @ = 0y7; ,s0. The broken symmetry generators are 7, and s, .7.. It
can be shown that p vanishes identically, leading to 4 linearly dispersing Goldstone
modes.

6.2.2. Nematic Modes

Besides the approximate Goldstone modes, Ref. [310] also studied a set of gapped low-
energy collective modes that correspond to particle-hole excitations between bands
with opposite Chern numbers. These modes are termed “nematic modes” because
they carry non-zero angular momentum under Cs,, and the condensation of these
modes yields a nematic semimetal.

Using a similar argument as in Sec. the number of nematic modes is given by

16 — 2 2
nN:n_(4—n+)+n+(4—n_):w. (116)

The total number of chiral-flat Goldstone modes and nematic modes is given by 16—12,

690bserve that any mode identified as “pseudo-Goldstone” in Ref. [3I0] remains so here, but a subset of
the U(2) x U(2) Goldstone modes are additional pseudo-Goldstones on reducing the symmetry further to the
physical SU(2)s X U(1)e X U(1)s.
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which only depends on the filling factor. They can be understood as the “Goldstone
modes” of filling 4 + v out of 8 bands with U(8) symmetry. To understand this U(8)
symmetry, one can imagine concentrating the Berry curvature within each Chern sector
to a point, which can then be removed by a singular gauge transformation so that the
distinction between Chern sectors is lost. As such, the spread of Berry curvature is
responsible for breaking the U(8) symmetry. Moving away from the chiral limit, the
U(4) x U(4) symmetry gets broken to U(2) x U(2), but the Berry curvature becomes
more concentrated. Interestingly, at least at the level of TDHF, Ref. [310] finds that the
gaps of the pseudo-Goldstone modes and the nematic modes are of a similar magnitude
at realistic values of the chiral ratio.

6.3. Collective Modes of IKS

The collective modes of IKS were investigated by the present authors in Ref. [86],
which studied the effects of U(2) x U(2)-breaking terms in the Hamiltonian. Here, we
briefly summarize the results in the U(2) x U(2)-symmetric limit. (Recall that the
chiral-flat limit precludes the presence of the IKS state as an energetically competitive
ground state, so the additional scale hierarchy present at strong coupling is absent.)

6.3.1. IKS at |v| =2

From the degenerate manifold of |v| = 2 IKS states, we can pick the spin singlet state,
where the same ‘primitive’ IKS state is occupied in both spin sectors. The arguments
for the Goldstone mode counting turn out to be very similar to KIVC state at v = 0,
namely, the broken generators are 7, and s, .7.. It can again be shown that p vanishes
identically, leading to 4 linearly dispersing Goldstone modes.

6.5.2. IKS at |v| =3

The IKS state at |v| = 3 has finite spin polarization in each valley. Since an SU(2) fer-
romagnet has one quadratic Goldstone mode, we expect |v| = 3 to have two quadratic
Goldstone modes from the spin polarization of each valley. There is an additional lin-
ear Goldstone mode coming from the broken valley U(1) symmetry, giving a total of
1 linear and 2 quadratic Goldstone modes.

We can also obtain the same result more rigorously using the method discussed in
Sec. [6.1] For definiteness, we consider the case of v = —3 with electrons fully polarized
into the s, = 41 sector. There are a total of ngg = 5 broken symmetry generators,
given by 7., 5z, Sy, TSz, T2 Sy. In this order, the matrix p is given by

0O 0 0 0 O
0O 0 1 0 O
px |0 -1 0 0 O], (117)
0O 0 0 0 1
0 0 0 -1 0

with rank p = 4. Using Eq. we find ny = 1 and ng = 2, i.e., 1 linear Goldstone
mode and 2 quadratic Goldstone modes, consistent with the intuitive argument.
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(a) K-IVC, v =0 (b) IKS, v =2 (c) IKS, v=3
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Figure 8. Neutral excitation spectra for various correlated insulators: (a) KIVC state at v = 0 without strain.
All the data points are 4-fold degenerate. (b) IKS state at v = 2 with 0.2% heterostrain. The green curve is
a triplet while the red curve is a singlet. (c¢) IKS state at v = 3 with 0.2% heterostrain. For all of the plots,
we used 10 x 10 TDHF, with 6 = 1.05°, waa = 80 meV, wag = 110 meV, and ¢, = 10. The direction of
heterostrain, if non-zero, is along Z-direction.

6.4. Time-dependent Hartree-Fock Results

As we have outlined in Sec. performing time-dependent Hartree-Fock simula-
tions with reference to a broken symmetry state gives insight into the corresponding
spectrum of collective modes (at the RPA level), which should fall into the pattern
captured by the general considerations built by combining Goldstone’s theorem with
the MA-TBG energy scale hierarchy.

In Fig.|8| (a), we show the neutral excitation spectra for the KIVC at v = 0 obtained
from numerical TDHF calculations. We have zoomed in on the low-energy excitations,
so that the particle-hole continuum is not shown. All the modes are 4-fold degenerate.
We observe 4 gapless Goldstone modes, and 12 gapped modes. From the discussion in
Sec. we expect 4 true Goldstone modes, 4 pseudo-Goldstone modes and 8 nematic
modes. As we have already remarked, at realistic values of the chiral ratio, pseudo-
Goldstone modes and nematic modes have similar energy gaps.

In Fig. |8 (b) and (c), we show the neutral excitation spectra for IKS at v = 2 and
3 respectively. We observe 4 Goldstone modes (forming a triplet and a singlet) for
v = 2 IKS and 3 Goldstone modes for v = 3 IKS. A set of gapped collective modes,
similar to nematic modes of the strong coupling states, are also present in IKS (see
the discussion in Ref. [86]), though they are outside the range shown in Fig.

Finally, we comment that the collective mode spectra for IKS states are calculated
within the “boosted frame”, as explained in Sec. [5] While the excitation energy is
obviously independent of the chosen “frame”, in order to label the excitations with
definite crystal momenta q, we require the HF state from which we perform TDHF to
preserve (generalized) translation symmetry, as is manifest in Eq. Generally, for
states that break translation symmetry, the collective modes are only labeled with mo-
menta defined within the reduced Brillouin zone of the translation-symmetry-breaking
states.
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7. Case Study III: Domain-wall Energetics in Orbital Chern Insulators

In our final case study, following Ref. [65], we change emphasis slightly from aspects
of global ordering properties, and instead turn to considering effects in the mesoscopic
regime, triggered by sample imhomogeneities. Specifically, we consider an example
where the strong-coupling prediction of an orbital Chern insulator holds for a pristine
sample, but where local imhomogeneities lead to domain walls between different phases
distinguished by their valley order, their local Chern topology, or both. In doing so, we
showcase how the Hartree-Fock methods introduced in Section [3] can be generalized
to work with spatially inhomogeneous Hamiltonians and mean-field configurations.

7.1. Motivations

As we discussed in Section[d] the hBN substrate can have a significant impact on TBG.
In particular, the hBN substrate affect the orbital magnetism in TBG [12]. Samples
in which the hBN is aligned with the TBG can exhibit an anomalous Hall effect at
v = +3 [2]], an observation sharpened by later experiments that revealed a quantized
Hall response at this filling [20]. In such an aligned configuration, the coupling between
the substrate and the TBG is enhanced. The substrate breaks Cs, symmetry, and
leads to the formation of Chern bands with C' = 41 if the coupling is modelled by a
sublattice mass Aoc,. In this regime, in consonance with the strong-coupling analysis in
the absence of a substrate, interactions spontaneously break time-reversal symmetry,
leading to a spin and valley polarized QAH state [30, 31} [62]. In this sense, one can
view substrate alignment as ‘biasing’ the system towards strong coupling. However,
due to the ~ 2% mismatch of the lattice constants of graphene and hBN, even in the
case of perfect alignment the hBN will slip in and out of registry with the neighbouring
graphene layer, which can lead to domain formation. SQUID-on-tip magnetic imaging
has confirmed the presence of domains [22] 248)].

7.2. Domain Wall Types: Chern Wall vs. Valley Wall

In this section we consider the domain walls (DWs) arising for the orbital Chern
insulator at ¥ = +3 in the presence of a spatially varying sublattice potential A(r).
For simplicity, we assume that the sublattice potential acts on just one layer, and strain
is negligible. The sublattice potential breaks the Cs. symmetry and gaps out the Dirac
points of the BM band structure, leading to Chern bands with opposite Chern number
in opposite valleys. The conduction bands have Chern number C' = sgn(A)Tz[ﬂ
Breaking time-reversal spontaneously by spin-valley polarizing the electrons leads
to the orbital Chern insulator. For example at v = +3, if we fill all central bands
except the conduction band for valley K’ and spin |, then the resulting many-body
state has Chern number C = +1 and positive spin and valley polarization. We focus
on a region where the sublattice potential locally changes sign along some line in
real space. For concreteness, we orient this line (we will also refer to this as a DW)
along the ay direction, and let the sublattice potential vary along the a; direction
such that sgn(A(r)) = —sgn(x1), where x; is the spatial coordinate along a;. We
label the region 7 < 0 to the left of the DW as L, and label the region on the other

70This can be motivated from the discussion of the strong-coupling Chern basis in Section where C' =67.
A positive sublattice potential will tend to raise the energy of the & = A bands relative to the 6 = B bands,
so the kinetic conduction bands are expected to have C' = 7.
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side as R. The sublattice potential is taken to be +Ap.x deep inside region L, and
—Amax deep inside region R. An example choice of sublattice potential profile consists
of linearly interpolating between these values over a length scale 2w. This leads to
A(x1) = —Apaxz1/w for small z;.

Within the ‘bulk’ of each region |z1| > w, we anticipate that the system will
locally form a spin-valley polarized QAH state. We assume that the spin is polarized
along 1 everywhere due to spin exchange physics. Hence, it remains to determine the
spontaneous valley polarization within each domain. Let us consider the scenario where
region L is polarized in valley K, and locally has Chern number C' = +1. For region
R, we have two options for the local valley polarization:

(1) The valley switches across the DW, such that region R is polarized in valley
K’ and has Chern number C = +1. We dub this the walley wall. Since the
Chern numbers C;, = Cg are unchanged, the gapless chiral edge modes of the
two domains are counter-propagating and carry opposite valley character. If
intervalley hybridization occurﬂ then these edge modes can gap each other
out.

(2) The valley remains the same across the DW, such that region R is polarized in
valley K and has Chern number C' = —1. We dub this the Chern wall. Since the
Chern numbers C, = —CR are opposite, the gapless chiral edge modes of the
two domains are co-propagating. If this occurs in a patchwork fashion across a
mesoscopic sample, this is referred to as a Chern mosaic [248].

Neglecting the DW energy, these two solutions would be energetically degenerate.
However, as well will see, the delicate energetics at the DW can tilt the system towards
either solution, depending on the continuum model parameters and the gradient of
the sublattice potential (set by w). The choice of DW can affect global transport
characteristics, as well as the Luttinger parameters of the 1D chiral/helical modes (if
they remain ungapped).

7.3. Numerical Particularities

7.8.1. One-dimensional Translational Symmetry Breaking

For the numerical calculations (see Fig. @a for an illustration of the setup), we assume
the usual periodic boundary conditions with N1, No moiré unit cells along the ai, as
directions respectively. For computational ease, we restrict to sublattice potentials that
vary only along the a; direction. This implies we must have have an even number of
DWs where A(x1) changes sign. We place DWs at 1 = 0 and x1 = Ni|a1|/2 so that
the system is partitioned into two regions L and R of equal size. At each DW, the
sublattice potential varies linearly over a length 2w, and reaches +Apax (—Apax) in
the ‘bulk’ of region L (R).

To treat this spatially inhomogeneous system, we have to generalize the HF algo-
rithm to allow for translational symmetry breaking. The system can fully break trans-
lation symmetry along the a; direction, but we enforce moiré translation symmetry
along the as direction. As a result, the HF projector takes the form

<61as(kla kZ)éT/a'S/( /17 ké» = 5k2,k§Pk’lT'a’S’;leaS(k2)' (118)

71This could occur due to explicitly U(1)y-breaking terms such as short-range scatterers, or spontaneous IVC.
However, the latter is not expected to be present beyond mean-field theory due to the Mermin-Wagner theorem
applied to the 1D DW.
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Figure 9. (a) Perspective view of numerical setup for studying DWs. The system contains N1 N2 moiré unit
cells (illustration shows N1 = N2 = 6). Black dots indicate the AA-stacking moiré sites, which are connected
by the moiré lattice vectors ai,2. The substrate potential A(r) varies with z; along the a; direction, but is
uniform along the as direction. The sign-changing potential divides the system into L and R regions, and
can generate two sets of Chern or valley DWs due to the periodic boundary conditions. We schematically
illustrate the case of Chern DWs which host co-propagating chiral modes. Green envelope represents a hybrid
Wannier state |W ¢ ,q5) which is exponentially localized along a1 but extended along a2 (note that the actual
wavefunction amplitude will vary along as according to the moiré periodicity). (b) Phase diagram of the energy
competition between Chern DWs and valley DWs as a function of twist angle 6 and substrate potential gradient
Amax/w. Contours for § < 1.05° are dashed because the gap to the remote bands is sufficiently small that
treating the remote bands as inert is less good of an approximation. Adapted with permission from Kwan et
al., Phys. Rev. B. 104, 115404 (2021) [65]. Copyright (2021) American Physical Society.

7.8.2. Fized Hilbert Space Method

The presence of an explicit translation symmetry-breaking potential A(r) suggests
that we need to rediagonalize the BM model with this term. The large gap between
the central bands and remote bands enables an alternative and simpler approach called
the “Fixed Hilbert space” method. Here, we start with the central band subspace of
the BM model in the absence of any substrate potential, and then project the spatially-
varying sublattice potential A(r) into this subspace. Numerically it can be shown that
the overlap between the fixed Hilbert space and the Hilbert space for a given constant
sublattice potential Ay is very high in the range Ay < 30meV, justifying this approach
[65]. The substrate potential operator takes the form

A _ (A(r)o, 0
A(r) = ( Y A2(7,)0’2) : (119)

where Ay(r) is the substrate potential on layer [. We typically consider cases where
only one of the layers is aligned with the hBN, i.e. Ai(r) = A(r), Aa(r) = 0. We
project this sublattice potential directly onto the central bands |¢,4(k)) evaluated at
A =0, ie.

<w7a(k)| A |¢T’a’(k,)> = 5T,T’5k2,k§Ak1a;k{a/(k27 T)a (12())

where we assumed that the substrate potential is only a function of x1. This leads to
a term in the projected Hamiltonian

I:Isubstrate = Z Akla;kia’ (k27 T)éias(kl, k2)é7—a’s(k/1, k2) (121)

Taa’ski ki ko

This method can be generalized to other spatially-varying potentials.
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7.8.3. Hybrid Wannier Orbitals

In order to initialize the HF state to target particular types of DWs, as well as visualize
and interpret the converged HF solutions, we utilize hybrid Wannier orbitals [37, 61].
As is well known, Chern bands have a topological obstruction that rules out using them
to build exponentially-localized Wannier orbitals. However, it is possible to construct
hybrid Wannier orbitals which are only localized in one direction [32, BI3H316]. In
our case, it will prove most useful to orient the hybrid Wannier wavefunctions such
that they are localized perpendicular to the DW (and hence delocalized parallel to
it), and build them using the HF eigenstates for a uniform substrate potential. This
construction leads to Wannier states that not only approximate well the wavefunction
within the ‘bulk’ of each region, but are also capable of capturing a change in the
order parameter in the z; direction.

On a discrete lattice, the Berry connection of the HF Bloch functions takes the form

AW (ng,ny) = Imlog Z ugf;;(nl, no; G)ugf;lg(nl +1,n9; G), (122)
Glo
where ni, ng parameterize the momentum k according to Eq. and uEaF 1o (M1, n2) are

Bloch coefficients of the HF Bloch wavefunctions (obtained for a uniform substrate po-
tential) in a similar notation to Eq. |11l In terms of the HF Bloch states |11 (n1,ns)),
the corresponding hybrid Wannier orbitals take the form [313] B315]

Nl_l 2mng (" Ora(ng)

1 —I3 o AR (0 na) i (7 — 70
Y R AR OIS | ), (123)

VN1

|W)£/Tas> =

7’L1:O

where ¥ = {2 + a1, 1 = 0,1,..., N1 — 1 and 0, (ng) = (Zi\f;:—ol AQ} (n1,m2))
mod 27. The quasimomentum % is related to the average position of a given hybrid
Wannier orbital in the z1 direction (see Fig. [Oh).

We compute one set of hybrid Wannier orbitals for each choice of valley polarization
and uniform substrate potential +Ap.x, leading to four sets in total. From these, we
can design initial states that are specifically tailored to converge to a Chern wall or
a valley wall. For example, consider the situation where we want to obtain a Chern
wall solution that is polarized to valley K everywhere. We construct the initial density
matrix by specifying the Wannier states that we occupy. For the set corresponding to
valley K and sublattice potential +Ap.x, We occupy quasimomenta %~ corresponding
to orbitals whose average x; position lies in region L. Moreover, for the set corre-
sponding to valley K and sublattice potential —Ay ¢, We occupy quasimomenta %
corresponding to orbitals whose average x; position lies in region R. In a similar vein,
we can design an initial state that converges to the valley wall.

7.4. Energetic Competition Between Chern and Valley Walls

There will be a loss of (negative) exchange energy at the DWs, since the system is
forced to change its local valley polarization or topology@ The system can however
smoothly interpolate or ‘texture’ its local wavefunctions between region L and region
R, and thereby reduce the amount of exchange energy lost. For the valley wall, we thus

"2Loosely, since the Chern number changes at a Chern wall, then the Bloch functions that make up the occupied
bands have to change in a significant manner.
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expect a smoothly textured DW, with the width of the DW set by the valley stiffness
and the gradient of the sublattice potential, Ayax/w. On the other hand, there is
a topological obstruction towards forming inter-Chern coherence [30] (see discussion
in Section 4)) and thus the Chern wall is sharp. This leads to the following energetic
competition reflected in the numerics in Fig. |§|b: For small Apax/w, the valley wall
can texture and thereby reduce the exchange energy loss compared to the Chern wall,
so that the valley wall has lower energy. For large Apax/w, the valley wall becomes
sharp and does not benefit from any texturing. In this regime, the Chern DW is lower
in energy. We emphasize the unusual nature of this competition, where the global 2D
pattern of symmetry-breaking is determined by the physics occurring at domain walls
which only make up a 1D subregion.

7.5. Intertwined Walls

It it possible to have DWs even in the presence of a uniform substrate potential. For
instance for a uniform A > 0, we could have one domain be polarized in valley K
with C' = +1, and an adjacent domain be polarized in valley K’ with C = —1. We
call this type of DW an intertwined wall, since both the Chern number and the valley
flip across the DW. In this case, these DW solutions are meta-stable, since they have
a higher energy than the state with uniform valley polarization. Numerically, we find
that the intertwined DW is pinned by the moiré potential. In our HF calculations, the
intertwined DW does not relax to a uniform QAH state even after many HF iterations,
demonstrating the strong pinning of the state. At finite temperature, these intertwined
DWs can proliferate due to the entropy associated with domain formation.

8. Concluding Remarks

In this review, we have attempted to give both an introduction to the broad field of
moiré systems, with a focus on magic-angle twisted bilayer graphene, as well as the
role of Hartree-Fock mean-field studies in theoretically modelling some of their rich
physics. In doing so, we have also attempted to provide some rationale for what might,
prima facie, seem like the “unreasonable effectiveness” of these techniques in what is
putatively a strongly correlated system. Our choice of illustrative case studies, while
to an extent influenced by our own involvement, was also made in order to highlight
various modes in which the Hartree-Fock method can be deployed. There are of course
other applications of HF in the moiré setting. For instance, a subset of us [74] have
used such methods to explore the emergence of skyrmion excitations of the strong-
coupling states [311, 317, [318], and explore their stability, and the possibility that
they bind into charge-2e bosons that can then condense, fueling superconductivity
[36, BIT], or crystallize into a variety of translationally-breaking states when doped
into correlated insulators [319]. As another example, studying the evolution of the
Bethe-Salpeter solutions for one-particle-one-hole bound states across the mBZ can
be used to extract the topology of exciton bands in orbital Chern insulators [320)].

In concluding this review, we give a brief account of some of the advantages and
failings of Hartree-Fock, before closing with a summary of some open problems that
might stimulate further work.
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8.1. Advantages and Shortcomings of Hartree-Fock

Hartree-Fock is a computationally inexpensive method that is not as severely plagued
by finite size effects as are other methods such as exact diagonalization or density ma-
trix renormalization group (DMRG). Hartree-Fock calculations on the central bands
of TBG can be routinely performed on 25 x 25 momentum space meshes and larger,
and with the interpolation scheme discussed above, the resulting bandstructures can
be plotted on much finer grids. Due to the low computational cost, large parameter
sweeps are possible, which is especially relevant for TBG where some parameters in
the Hamiltonian, such as the chiral ratio, are not accurately known and so a more
global picture is necessary. Furthermore, Hartree-Fock allows for any type of symme-
try breaking order. If the initial Hartree-Fock projector breaks all symmetries, then
the self-consistent solution may break any number of symmetries. By imposing sym-
metries on the initial Hartree-Fock projector, one can obtain the Hartree-Fock ground
states which respect those symmetries. This can be useful to diagnose whether there
are closely competing orders. Finally, unlike quantum Monte Carlo whose computa-
tional effectiveness is only maximal at certain sign-problem free fillings and limits, HF
is straightforwardly applicable at any filling factor.

However, as a mean-field method, there are also certain limitations to Hartree-Fock.
For instance, it is known to overestimate the stability of symmetry breaking order due
to its neglect of quantum fluctuations and in TBG this reflects in the overestimate
of the band gaps. The band gaps found in central band Hartree-Fock calculations
are typically on the order of 20meV, which is an order of magnitude larger than the
transport gaps measured in experiment. Strongly correlated states such as fractional
Chern insulators are entirely beyond mean-field theory and require other methods such
as exact diagonalization and DMRQ}

As we have seen, Hartree-Fock can capture the zero-temperature normal-state phase
diagram of TBG well at integer fillings. While we presented the zero-temperature ver-
sion of the method in this review, it can be generalized to finite temperature, although
its neglect of fluctuations will lead to an overestimate of critical temperatures for the
various ordered states. However, the finite-temperature physics in TBG appears to
have various features, such as (non-)local moment physics, that might be better cap-
tured by DMFT. We therefore omitted any discussion of finite-temperature Hartree-
Fock from this review, since in our view the method is better deployed as a guide to
the physics at low temperatures.

8.2. Open Questions

Two features of the phase diagram of twisted bilayer graphene have attracted at-
tention from the early days of the field in 2018: The correlated insulators and the
superconducting domes. While the similarity to the cuprate phase diagram is striking,
we now know thanks to the success of Hartree-Fock calculations that the nature of
the correlated insulators in twisted bilayer graphene is very different to the Mott in-
sulator in the cuprates. Two examples of correlated insulators in TBG that have been
experimentally confirmed are (1) the IKS state at || = 2 confirmed via the charac-
teristic modulated Kekulé pattern STM experiments [25, 26] and (2) the quantized

73 Although fractional Chern insulators cannot be described by a mean field theory of electrons, certain filling
fractions can be captured by a mean-field theory of composite fermions. Note also that in many moiré systems
the onset of valley polarization is necessary in order to break time-reversal symmetry, a prerequisite for nonzero
Chern number; this sort of valley ferromagnetism is often reasonably well-captured by Hartree-Fock.
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anomalous Hall insulator at ¥ = 3 in hBN aligned samples confirmed via transport
measurements [20, 21]. Both of these states can be well captured by the Hartree-Fock
method outlined in this review.

On the other hand, the pairing symmetry and the mechanism behind the super-
conductivity remain poorly understood. Progress has been made towards constraining
the pairing symmetry: experimental probes such as tunneling spectroscopy [321], 322]
and superfluid stiffness measurements [323], 324] suggest the intriguing possibility of a
nodal order parameter. Furthermore, the observation of nematicity in the supercon-
ductivity [275] coupled with a Ginzburg-Landau analysis [325] also suggests a nodal
order parameter. However, while many putative mechanisms for have been proposed
[73, (77, 145, 164, B11], B25H357], there is no consensus on the superconducting mecha-
nism. At the mean-field level, there must be a bare attractive term in the interaction
for superconductivity to be possible [358]; beyond the mean-field level, of course, there
can be a variety of sources of pairing ‘glue’, ranging from fluctuations of spin or other
collective modes, to ‘Kohn-Luttinger’ superconductivity from the “overscreening” of
purely repulsive interactions [359]. Identifying which pairing mechanism is appropri-
ate is a question where guidance from experiment is crucial. Still, understanding the
parent normal state is often a key initial step to solving this puzzle, and one where
mean-field methods such as those discussed in this review has had and will likely
continue to have important applications.
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9. Appendices

Appendix A. Derivation of the Bistritzer-MacDonald Model

In this appendix section, we provide a clean and direct derivation of the BM model
for TBG [112] to demonstrate the simplicity of the approach and highlight where the
approximations enter. We also describe how to incorporate uniaxial heterostrain into
the theory.

Recall that in the low-energy limit, we can focus on plane wave momenta p ~ K
near valley K. The corresponding Hamiltonian for valley K " is obtained using spinless
TRS T = 7,K. We consider four species of fermions (two layers | = 1,2 and two
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sublattices o = A, B). The top layer (I = 1) is rotated by 6/2, while the bottom layer
(I = 2) is rotated by —6/2. We consider a vanishing interlayer shift d = 0 between
the layers (a non-zero d can be gauged away for TBG [112]). The intralayer physics is
modelled by rotated versions of the Dirac Hamiltonian. The interlayer coupling leads to
a spatially-modulating hopping amplitude between the layers, whose functional form
is to be determined below.

We work in the basis of plane waves: for an electron residing in layer [ and sublattice
o, we define the Bloch states

1 - l l
Ip.lo) = == > P T IR, lo) (124)
R

where R is an untwisted monolayer lattice vector, the superscript [ = 1,2 on a vector
denotes rotation by R.g/s, T, are the intra-unit-cell sublattice coordinates, and N is
the number of graphene unit cells per layer. Therefore K correctly identifies the new
positions of valley K in each layer. |R!,lo) represents an atomic orbital belonging to
layer [ and sublattice ¢ in the unit cell centered at R'.

Consider the following interlayer matrix element of the valley-K BM Hamiltonian
Hpm

Tg:;, = <p7 1G| HBM |p/7 2OJ> (125)

which corresponds to an electron on sublattice o’ on the bottom layer with momentum
p’ hopping to sublattice o on the top layer with momentum p. Now compute

’ 1 . 1 1 s/ 12 2
T;’ZI _ N Z e—z;;.(R +7L)+ip (R?+72)) <R1, 10_‘ Hpy ‘R,Z, 20_/>
R,R’
1 : 1 1 s/ 12 2
N > e (BT (R Oy R - R? 1) — 72)
R R’
1 : 1 ; / 2 1 : / 2 (126)
- VAo Z Z cila—p) R'+i(p'—q)-R" ji(q—p) T, ,i(p fq)-‘r(,,t(q)
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In the second line, we introduced the interlayer hopping matrix element ¢(7) which
depends only on the distance between the sites (two-centre approximation). In
the third line, we inserted the Fourier transform of the hopping element t(r) =
ﬁuc > a t(q)e'?™ where Ayc is the area of the graphene unit cell. In the fourth line,

the sum over lattice sites is used to enforce ¢ = p + G, = p' + G for some Gg, G
(in-plane Bragg scattering) belonging to the unrotated monolayer reciprocal lattice.
At this stage, no additional approximations have been made. Now we exploit the
fact that we are interested in momenta close to the monolayer Dirac points, so
lp — K'|,|p’ — K?| < |K]|. Since the the orbital overlap is smooth as a function
of inter-orbital distance, the hopping element t(q) is expected to fall rapidly with
|g|. Therefore in the sum over G in the last line of Eq. we only keep the terms
Gg =0, —bg1, —bge, where the bg; are the monolayer reciprocal lattice vectors shown
in Fig. . These are the three terms for which ¢(p+ G¢;) has the smallest argument—
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effectively we have kept the lowest harmonic of the moiré potential (dominant harmonic
approximation). Its value is approximated as t(| K|). The delta function constrains G,
to take the same three reciprocal lattice vectors if we demand that |p’ — K?| remains
smal]@ Aggregating these observations and performing some straightforward algebra,

we obtain the BM model presented in Sec.

(p, 1| Hpm [P, 1) = hopey, - (p - K') 8ppr (127)
<p7 2| HBM |p/’ 2> = h’UFo-ig/Q : (p - K2) 61’71)' (128)
(Pv 1| Hpwm |P/, 2> = Tl(;pfp’,O =+ T25p—p’,b1+b2 + T35p—p/,b2 (129)
0.;/2 _ e—(i0/4)az (U:c; U;)e(i9/4)gz (130)
Tl _ (wAA wAB> (131)
WAB WAA
_ [ waa  wape®
2= (wABeid) WAA > (132)
_ [ waa wape”
T3 = (wABeM’ War ) (133)
2w
= —. 134
: (134)

Some comments to help decipher the above equations:

(1) The sublattice degree of freedom has been absorbed into the matrix structure.

(2) The intralayer kinetic terms pick up a twist factor due to the rotation of the
layers. If we neglect this Pauli twist, which works well in the small-angle limit,
the model gains an exact particle-hole symmetry.

(3) In the interlayer hopping terms, we have defined the basis moiré reciprocal lattice

vectors (Fig. [Ip)

by = (Rgjs — R_g2)(bcz — ba1) = v3ke(1,0)
1 \/g (135)
by = (Rgj2 — R_g/2)bc2 = \/§k9(—§, 5 )

47
V3acc

where kg = 2kp sin /2 is the moiré wavevector and kp = is the monolayer

Dirac wavevector, with acc the C—C bond length.

(4) There are now two interlayer hopping strengths waa and wap, while we initially
had a single interlayer hopping amplitude ¢(|p|). This generalization is allowed
by the symmetries.

(5) Hpwm is an infinite-dimensional matrix in the momentum basis, similar to the
situation in the nearly free electron model. To solve for the energies numerically,
one has to impose a plane wave cutoff that ideally preserves the point group
symmetries.

Because the interlayer terms only allow momentum changes by integer combinations
of by and bs, the resulting theory is periodic. Inspection of the new RLVs reveals that
the new mBZ is the monolayer BZ rotated by 90° and shrunk by the moiré scale factor

74The Bloch waves |p,lo) and |p + GlG7 lo) are not independent and only differ up to a phase. In other words,
k is a crystal momentum. For simplicity, we therefore always pick the representative whose momentum label
lies closest to K.
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2sin(0/2). Therefore, the real-space superlattice is similarly rotated and expanded by
1/(2sin(6/2)). By taking the inverse Fourier transform, we can interpret the continuum
model as Dirac fermions on two layers with an interlayer hopping that is loca]m and
spatially modulated with wavevector ~ kg.

How did a periodic Hamiltonian emerge from generically incommensurate twist an-
gles? Due to the intralayer kinetic penalty, we imagined restricting to plane wave
momenta p near K. However, an electron with starting momentum p in principle
may scatter to p + Ap that is far from K through multiple interlayer tunneling
processes that change the momentum by integer multiples of b;. In particular, if
through this multistep scattering process, it ends up on layer [ and gains momen-

tum Ap = Zj n;b; ~ GIG that is close to a monolayer RLV, it can undergo ‘Bragg

scattering’ by —GlG to return near K. The incommensurability manifests in the fact
that GZG is not expressible as an integer sum of moiré RLVs for general twist angles.
However, such effects are exponentially suppressed at small 8 due the high order of
perturbation theory required. A similar argument explains the emergent Uy (1) valley
conservation symmetry—a high order of perturbation theory is required to scatter an
electron from the neighbourhood of valley K to that of valley K’.

We now turn to the alterations required to account for uniaxial heterostrain (hence-
forth referred to as just strain), in which the two layers are strained oppositely. Ho-
mostrain is typically not included, since to first order it does contribute to the dis-
tortion of the moiré lattice vectors, and it has a substantially smaller impact on the
electronic structure [360} B61]. These strains, which have a finite average over meso-
scopic lengthscales, are to be contrasted with intra moiré cell strains and relaxations
which preserve the spatial symmetries.

The moiré geometry is deformed depending on the value of the strain ra-
tio € and strain angle ¢ with respect to the z-axis. The orthogonal direction is
also stretched/compressed due to the Poisson ratio vp =~ 0.16 [278]. Following
Refs. [68, 285], the effect of uniaxial strain on the unstrained graphene lattice vec-
tors 7 and RLVs g is expressed through layer-dependent transformation matrices M;

r = MlT'ra g = Ml_lg
Ml ~ 1+ EZT
- N o €x  €my— O 136
E~RO)—1+S(e, ) ~ <€$y+9 - > (136)

— 0

S0 =10 (3 ) A0)

where R(f) is a rotation matrix. Heterostrain constrains the parameters to satisfy
01 = —02=0/2, o1 = o3 = p, and € = —ez = ¢/2. To first order in € and 6, the twist
angle is unaffected. In analogy with the unstrained case, the new basis moiré RLVs
are, in terms of the basis monolayer RLVs,

by = (M; ' — My ') (bga — bg1), by = (M7 — My Ybg. (137)

This will affect the sampling of the momentum grid.

75The locality of the hopping derives from the fact that we neglected the p dependence in the hopping amplitude
in the last line of Eq. [I26] Retaining the momentum-dependence leads to corrections known as non-local
tunneling or momentum-dependent tunneling.
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The strained and rotated intralayer kinetic term in valley 7 becomes

(p, 1| Hon [P, 1) = hop [My(p — TA) — K] - (Zf) Sp (138)
Yy
A= e ey —2e0) (139)

where § = 3.14, and acc is the C—C bond length. Note that p above is still measured
with respect to the global momentum origin, and K, = 7K p is the original Dirac
wavevector in valley 7. A; acts as an effective layer-dependent vector potential in a
similar fashion to the orbital effect of an in-plane magnetic field [362] 363] (except for
the contrasting valley dependence).

Appendix B. Specifications of Symmetry Operations

In this section, we specify the actions of various symmetry operations mentioned in
the main text on the plane wave basis. We organize the creation operators at a single

momentum as a (row) vector cAl;;, with layer, sublattice, valley and spin indices. In this
appendix section, k is measured from the Dirac point of the relevant layer and valley
for convenience. The action of a symmetry operator will be written in the matrix form
as

A—1 _ 5 o

O™ =dpU (140)
for some unitary or anti-unitary operator O. Matrix multiplication is implied on the
right hand side. We use o, 7 and p to denote Pauli matrices in sublattice, valley and
layer indices respectively.

The anti-unitary (spinless) time-reversal operator exchanges the two valleys, flips
momentum from k to —k, and is given by

Fal it =d r (141)

The two-fold rotation around z-aixs, i.e. Cas, is unitary, exchanges valley and sublattice
indices, and flips momentum. Its action is given by

Coadp Gyt = d o (142)
The combined Cy. 7T symmetry is anti-unitary and local in k, given by
(Cou Tl (CoT) ! = dor. (143)
The Cay symmetry exchanges the two layers, and its action is given by
t

RS N
CordyCy)t = de 1 Ouplers (144)

where Coy (kz, ky)T = (kz, —ky)T.

70



The Cs, symmetry (counter-clockwise rotation by 27 /3) preserves valley and sub-
lattice index, and it is given by

Co.dfCi)t = db, 5o, (145)
To derive the non-trivial phase factor, one can consider a monolayer graphene and
consider the action of Cs, on éi,g, where p is momentum measured from graphene

I-point, and 0 = A/B is the sublattice index. For concreteness, consider a monolayer
Bloch wave near the Dirac point K, with p = K + k. Then,

At A—1 _ ot
Ca:lie ik 0Cse = Co. Kt+Cyko” (146)

where c;r,a creates a Bloch wave on sublattice o, and p is the momentum measured
with respect to the origin. By definition,

iy~ Y e B (147)
R

where R is unit cell vector and r, is the intra-cell atomic position vector, as denoted
in Fig. . As C3, K = K — bgs, we have

AT _ AT ibgars _ Al :‘:i%’r 14
CC’3ZK+C’32k,U CK+C'3zk,Ue CK+C’32k,a€ (148)

for 0 = A/B respectively. It can be shown that the sign is reversed for valley K’,

confirming Eq. [I46]
The unitary particle-hole symmetry, which is exact for the BM model if the small
“Pauli twist” in the kinetic terms are ignored, is given by[105] [364]

PP = (ioupy)d_r. (149)

At the “chiral-limit” | i.e. kK = 0, there is an additional anti-unitary chiral symmetry,
given by [152]

Sdl8' = o.d (150)

Appendix C. Transformation Properties under Symmetries

In this appendix we illustrate the derivation of the transformation matrices that
act on the one body density matrix, as used in Sec. As an example, we will
derive the transformation matrix for Cy,7 . The transformation matrices for the other
symmetry operations can be derived similarly. From Eq. we have the moiré Bloch
wavefunctions

W}Ta(k» = Z UTa;lU(k7 G) |k> G77l0-> 5 (151)
G,l,o
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with corresponding operator

Cia(k) = Z uTa?lU(k7G)di+G,Tlcr7 (152)

G,l,o

where dL 1+ G710 18 an operator in the plane wave basis. We then have the transformation

where

(Co-T)el o (k) (CosT) ' = D o (ke Gy 6 15 (153)
G,l,o
= Z Uz, la(k G) Urqr, lo(ka)Cia’(k) (154)
G,l,0,a'
Z UCsT (K, s)chy (k), (155)
UC:?)zTa(k 8) 7'77' Z u:a;la(kﬂ G)“:—b;l&(kv G) (156)
G,l,o

Defining the one-body density matrix

Pripra(k, ) = (€45 (k)érns (K)) (157)

we deduce the transformation property

TAQ,T T'a' T
T by

PeT (k)= Y UST, (ko) {U@ mb,(kz,s)] Pl oy (K, 5). (158)

References

[1]
2]

3]

A K. Geim and I.V. Grigorieva, van der Waals heterostructures, Nature 499 (2013), pp
419-425, Available at https://doi.org/10.1038/nature12385.

K.S. Novoselov, A. Mishchenko, A. Carvalho, and A.H.C. Neto, 2D materials and van der
Waals heterostructures, Science 353 (2016), Available at https://doi.org/10.1126/
science.aac9439.

K.S. Novoselov, D. Jiang, F. Schedin, T.J. Booth, V.V. Khotkevich, S.V. Morozov, and
A K. Geim, Two-dimensional atomic crystals, Proceedings of the National Academy of
Sciences 102 (2005), pp. 10451-10453, Available at https://doi.org/10.1073/pnas.
0502848102.

F. He, Y. Zhou, Z. Ye, S.H. Cho, J. Jeong, X. Meng, and Y. Wang, Moirépatterns
in 2d materials: A review, ACS Nano 15 (2021), pp. 5944-5958, Available at https:
//doi.org/10.1021/acsnano.0c10435.

S. Carr, S. Fang, and E. Kaxiras, Electronic-structure methods for twisted moirélayers,
Nature Reviews Materials 5 (2020), pp. 748-763, Available at https://doi.org/10.
1038/s41578-020-0214-0.

E.Y. Andrei and A.H. MacDonald, Graphene bilayers with a twist, Nature Materials 19
(2020), pp. 1265-1275, Available at https://doi.org/10.1038/s41563-020-00840-0.
L. Balents, C.R. Dean, D.K. Efetov, and A.F. Young, Superconductivity and strong cor-
relations in moiré flat bands, Nature Physics 16 (2020), pp. 725-733.

72


https://doi.org/10.1038/nature12385
https://doi.org/10.1126/science.aac9439
https://doi.org/10.1126/science.aac9439
https://doi.org/10.1073/pnas.0502848102
https://doi.org/10.1073/pnas.0502848102
https://doi.org/10.1021/acsnano.0c10435
https://doi.org/10.1021/acsnano.0c10435
https://doi.org/10.1038/s41578-020-0214-0
https://doi.org/10.1038/s41578-020-0214-0
https://doi.org/10.1038/s41563-020-00840-0

8]

[17]

[18]

E.Y. Andrei, D.K. Efetov, P. Jarillo-Herrero, A.H. MacDonald, K.F. Mak, T. Senthil,
E. Tutuc, A. Yazdani, and A.F. Young, The marvels of moirématerials, Nature
Reviews Materials 6 (2021), pp. 201-206, Available at https://doi.org/10.1038/
s41578-021-00284-1.

K.F. Mak and J. Shan, Semiconductor moiré materials, Nature Nanotechnology 17
(2022), pp. 686—695.

K.P. Nuckolls and A. Yazdani, A microscopic perspective on moirématerials, Nature
Reviews Materials 9 (2024), pp. 460-480, Available at https://doi.org/10.1038/
s41578-024-00682-1.

P.C. Adak, S. Sinha, A. Agarwal, and M.M. Deshmukh, Tunable moirématerials for
probing berry physics and topology, Nature Reviews Materials 9 (2024), pp. 481-498,
Available at https://doi.org/10.1038/541578-024-00671-4.

J. Liu and X. Dai, Orbital magnetic states in moirégraphene systems, Nature
Reviews Physics 3 (2021), pp. 367-382, Available at https://doi.org/10.1038/
s42254-021-00297-3.

C.N. Lau, M.W. Bockrath, K.F. Mak, and F. Zhang, Reproducibility in the fabrication
and physics of moirématerials, Nature 602 (2022), pp. 41-50, Available at https://
doi.org/10.1038/s41586-021-04173-z.

D.M. Kennes, M. Claassen, L. Xian, A. Georges, A.J. Millis, J. Hone, C.R. Dean, D.N.
Basov, A.N. Pasupathy, and A. Rubio, Moiréheterostructures as a condensed-matter
quantum simulator, Nature Physics 17 (2021), pp. 155-163, Available at https://doi.
org/10.1038/s41567-020-01154-3,

Y. Cao, V. Fatemi, A. Demir, S. Fang, S.L.. Tomarken, J.Y. Luo, J.D. Sanchez- Yamagishi,
K. Watanabe, T. Taniguchi, E. Kaxiras, R.C. Ashoori, and P. Jarillo-Herrero, Corre-
lated insulator behaviour at half-filling in magic-angle graphene superlattices, Nature
556 (2018), pp. 80-84, Available at https://doi.org/10.1038/nature26154.

Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi, E. Kaxiras, and P. Jarillo-
Herrero, Unconventional superconductivity in magic-angle graphene superlattices, Nature
556 (2018), pp. 43-50, Available at https://doi.org/10.1038/nature26160.

M. Yankowitz, S. Chen, H. Polshyn, Y. Zhang, K. Watanabe, T. Taniguchi, D. Graf, A.F.
Young, and C.R. Dean, Tuning superconductivity in twisted bilayer graphene, Science 363
(2019), pp. 1059-1064, Available at https://doi.org/10.1126/science.aav1910.

X. Lu, P. Stepanov, W. Yang, M. Xie, M.A. Aamir, I. Das, C. Urgell, K. Watanabe, T.
Taniguchi, G. Zhang, A. Bachtold, A.H. MacDonald, and D.K. Efetov, Superconductors,
orbital magnets and correlated states in magic-angle bilayer graphene, Nature 574 (2019),
pp- 653-657, Available at https://doi.org/10.1038/s41586-019-1695-0.

G. Li, A. Luican, J.M.B.L. dos Santos, A.H.C. Neto, A. Reina, J. Kong, and E.Y.
Andrei, Observation of Van Hove singularities in twisted graphene layers, Nature Physics
6 (2009), pp. 109-113, Available at https://doi.org/10.1038/nphys1463.

M. Serlin, C.L. Tschirhart, H. Polshyn, Y. Zhang, J. Zhu, K. Watanabe, T. Taniguchi,
L. Balents, and A.F. Young, Intrinsic quantized anomalous Hall effect in a moiré het-
erostructure, Science 367 (2020), pp. 900-903, Available at https://doi.org/10.1126/
science.aay5533.

A.L. Sharpe, E.J. Fox, A.W. Barnard, J. Finney, K. Watanabe, T. Taniguchi, M.A.
Kastner, and D. Goldhaber-Gordon, Emergent ferromagnetism near three-quarters filling
in twisted bilayer graphene, Science 365 (2019), pp. 605-608, Available at https://doi.
org/10.1126/science.aaw3780.

C.L. Tschirhart, M. Serlin, H. Polshyn, A. Shragai, Z. Xia, J. Zhu, Y. Zhang, K.
Watanabe, T. Taniguchi, M.E. Huber, and A.F. Young, Imaging orbital ferromag-
netism in a moiré Chern insulator, Science 372 (2021), pp. 1323-1327, Available at
https://doi.org/10.1126/science.abd3190.

Y. Xie, A.T. Pierce, J.M. Park, D.E. Parker, E. Khalaf, P. Ledwith, Y. Cao, S.H.
Lee, S. Chen, P.R. Forrester, K. Watanabe, T. Taniguchi, A. Vishwanath, P. Jarillo-
Herrero, and A. Yacoby, Fractional Chern insulators in magic-angle twisted bilayer

73


https://doi.org/10.1038/s41578-021-00284-1
https://doi.org/10.1038/s41578-021-00284-1
https://doi.org/10.1038/s41578-024-00682-1
https://doi.org/10.1038/s41578-024-00682-1
https://doi.org/10.1038/s41578-024-00671-4
https://doi.org/10.1038/s42254-021-00297-3
https://doi.org/10.1038/s42254-021-00297-3
https://doi.org/10.1038/s41586-021-04173-z
https://doi.org/10.1038/s41586-021-04173-z
https://doi.org/10.1038/s41567-020-01154-3
https://doi.org/10.1038/s41567-020-01154-3
https://doi.org/10.1038/nature26154
https://doi.org/10.1038/nature26160
https://doi.org/10.1126/science.aav1910
https://doi.org/10.1038/s41586-019-1695-0
https://doi.org/10.1038/nphys1463
https://doi.org/10.1126/science.aay5533
https://doi.org/10.1126/science.aay5533
https://doi.org/10.1126/science.aaw3780
https://doi.org/10.1126/science.aaw3780
https://doi.org/10.1126/science.abd3190

[28]

[29]

[30]

[36]

[37]

[38]

graphene, Nature 600 (2021), pp. 439-443, Available at https://doi.org/10.1038/
s41586-021-04002-3|

J. Finney, A.L. Sharpe, L.K. Rodenbach, J. Kang, X. Wang, K. Watanabe, T. Taniguchi,
M.A. Kastner, O. Vafek, and D. Goldhaber-Gordon, Extended fractional chern insulators
near half flux in twisted bilayer graphene above the magic angle (2025). Available at
https://arxiv.org/abs/2503.12819.

K.P. Nuckolls, R.L. Lee, M. Oh, D. Wong, T. Soejima, J.P. Hong, D. Calugaru, J.
Herzog-Arbeitman, B.A. Bernevig, K. Watanabe, T. Taniguchi, N. Regnault, M.P. Za-
letel, and A. Yazdani, Quantum textures of the many-body wavefunctions in magic-angle
graphene, Nature 620 (2023), pp. 525-532, Available at https://doi.org/10.1038/
s41586-023-06226-x.

H. Kim, Y. Choi, E. Lantagne-Hurtubise, C. Lewandowski, A. Thomson, L. Kong, H.
Zhou, E. Baum, Y. Zhang, L. Holleis, K. Watanabe, T. Taniguchi, A.F. Young, J. Alicea,
and S. Nadj-Perge, Imaging inter-valley coherent order in magic-angle twisted trilayer
graphene, Nature 623 (2023), pp. 942-948, Available at https://doi.org/10.1038/
s41586-023-06663-8.

Y. Cao, D. Chowdhury, D. Rodan-Legrain, O. Rubies-Bigorda, K. Watanabe, T.
Taniguchi, T. Senthil, and P. Jarillo-Herrero, Strange metal in magic-angle graphene
with near Planckian dissipation, Physical Review Letters 124 (2020), Available at
https://doi.org/10.1103/physrevliett.124.076801.

H. Polshyn, M. Yankowitz, S. Chen, Y. Zhang, K. Watanabe, T. Taniguchi, C.R. Dean,
and A.F. Young, Large linear-in-temperature resistivity in twisted bilayer graphene,
Nature Physics 15 (2019), pp. 1011-1016, Available at https://doi.org/10.1038/
s41567-019-0596-3

A. Jaoui, 1. Das, G. Di Battista, J. Diez-Mérida, X. Lu, K. Watanabe, T. Taniguchi,
H. Ishizuka, L. Levitov, and D.K. Efetov, Quantum critical behaviour in magic-angle
twisted bilayer graphene, Nature Physics 18 (2022), pp. 633-638.

N. Bultinck, S. Chatterjee, and M.P. Zaletel, Mechanism for anomalous Hall ferromag-
netism in twisted bilayer graphene, Physical Review Letters 124 (2020), Available at
https://doi.org/10.1103/physrevlett.124.166601.

Y.H. Zhang, D. Mao, and T. Senthil, Twisted bilayer graphene aligned with hexagonal
boron nitride: Anomalous Hall effect and a lattice model, Physical Review Research 1
(2019), Available at https://doi.org/10.1103/physrevresearch.1.033126!

J. Liu, J. Liu, and X. Dai, Pseudo Landau level representation of twisted bilayer graphene:
Band topology and implications on the correlated insulating phase, Physical Review B 99
(2019), Available at https://doi.org/10.1103/physrevb.99.155415.

N. Bultinck, E. Khalaf, S. Liu, S. Chatterjee, A. Vishwanath, and M.P. Zaletel, Ground
state and hidden symmetry of magic-angle graphene at even integer filling, Physical
Review X 10 (2020), Available at https://doi.org/10.1103/physrevx.10.031034!
B.A. Bernevig, Z.D. Song, N. Regnault, and B. Lian, Twisted bilayer graphene. III.
Interacting Hamiltonian and exact symmetries, Physical Review B 103 (2021), Available
at https://doi.org/10.1103/physrevb.103.205413|

B. Lian, Z.D. Song, N. Regnault, D.K. Efetov, A. Yazdani, and B.A. Bernevig, Twisted
bilayer graphene. IV. Ezxact insulator ground states and phase diagram, Physical Review
B 103 (2021), Available at https://doi.org/10.1103/physrevb.103.205414!

S. Chatterjee, M. Ippoliti, and M.P. Zaletel, Skyrmion superconductivity: Dmrg evidence
for a topological route to superconductivity (2020). Available at https://arxiv.org/
abs/2010.01144.

K. Hejazi, X. Chen, and L. Balents, Hybrid Wannier Chern bands in magic angle twisted
bilayer graphene and the quantized anomalous Hall effect, Physical Review Research 3
(2021), Available at https://doi.org/10.1103/physrevresearch.3.013242,

Z.D. Song and B.A. Bernevig, Magic-angle twisted bilayer graphene as a topological
heavy fermion problem, Phys. Rev. Lett. 129 (2022), p. 047601, Available at https:
//link.aps.org/doi/10.1103/PhysRevLett.129.047601.

74


https://doi.org/10.1038/s41586-021-04002-3
https://doi.org/10.1038/s41586-021-04002-3
https://arxiv.org/abs/2503.12819
https://doi.org/10.1038/s41586-023-06226-x
https://doi.org/10.1038/s41586-023-06226-x
https://doi.org/10.1038/s41586-023-06663-8
https://doi.org/10.1038/s41586-023-06663-8
https://doi.org/10.1103/physrevlett.124.076801
https://doi.org/10.1038/s41567-019-0596-3
https://doi.org/10.1038/s41567-019-0596-3
https://doi.org/10.1103/physrevlett.124.166601
https://doi.org/10.1103/physrevresearch.1.033126
https://doi.org/10.1103/physrevb.99.155415
https://doi.org/10.1103/physrevx.10.031034
https://doi.org/10.1103/physrevb.103.205413
https://doi.org/10.1103/physrevb.103.205414
https://arxiv.org/abs/2010.01144
https://arxiv.org/abs/2010.01144
https://doi.org/10.1103/physrevresearch.3.013242
https://link.aps.org/doi/10.1103/PhysRevLett.129.047601
https://link.aps.org/doi/10.1103/PhysRevLett.129.047601

[39]

[40]

[53]

[54]

[55]

D. Calugaru, M. Borovkov, L.L.H. Lau, P. Coleman, Z.D. Song, and B.A. Bernevig,
Twisted bilayer graphene as topological heavy fermion: Ii. analytical approzimations of
the model parameters, Low Temperature Physics 49 (2023), p. 640-654, Available at
http://dx.doi.org/10.1063/10.0019421

J. Herzog-Arbeitman, J. Yu, D. Calugaru, H. Hu, N. Regnault, O. Vafek, J. Kang,
and B.A. Bernevig, Topological heavy fermion model as an efficient representation of
atomistic strain and relaxation in twisted bilayer graphene, Phys. Rev. B 112 (2025), p.
125128, Available at https://link.aps.org/doi/10.1103/xv3m-vtlr,

H. Shi and X. Dai, Heavy-fermion representation for twisted bilayer graphene systems,
Phys. Rev. B 106 (2022), p. 245129, Available at https://1link.aps.org/doi/10.1103/
PhysRevB.106.245129.

Y.Z. Chou and S. Das Sarma, Kondo lattice model in magic-angle twisted bilayer
graphene, Phys. Rev. Lett. 131 (2023), p. 026501, Available at https://link.aps.org/
doi/10.1103/PhysRevLett.131.026501.

G. Rai, L. Crippa, D. Calugaru, H. Hu, F. Paoletti, L. de’ Medici, A. Georges, B.A.
Bernevig, R. Valenti, G. Sangiovanni, and T. Wehling, Dynamical correlations and order
in magic-angle twisted bilayer graphene, Phys. Rev. X 14 (2024), p. 031045, Available at
https://link.aps.org/doi/10.1103/PhysRevX.14.031045.

D. Calugaru, H. Hu, R.L. Merino, N. Regnault, D.K. Efetov, and B.A. Bernevig, The
thermoelectric effect and its natural heavy fermion explanation in twisted bilayer and
trilayer graphene (2024). Available at https://arxiv.org/abs/2402.14057.

R.L. Merino, D. Calugaru, H. Hu, J. Diez-Merida, A. Diez-Carlon, T. Taniguchi, K.
Watanabe, P. Seifert, B.A. Bernevig, and D.K. Efetov, Evidence of heavy fermion physics
in the thermoelectric transport of magic angle twisted bilayer graphene (2024). Available
at https://arxiv.org/abs/2402.11749.

L.L.H. Lau and P. Coleman, Topological mized valence model for twisted bilayer graphene,
Phys. Rev. X 15 (2025), p. 021028, Available at https://1link.aps.org/doi/10.1103/
PhysRevX.15.021028.

J. Herzog-Arbeitman, J. Yu, D. Calugaru, H. Hu, N. Regnault, C. Liu, O. Vafek, P.
Coleman, A. Tsvelik, Z. da Song, and B.A. Bernevig, Topological heavy fermion principle
for flat (narrow) bands with concentrated quantum geometry (2024). Available at https:
//arxiv.org/abs/2404.07253,

K. Singh, A. Chew, J. Herzog-Arbeitman, B.A. Bernevig, and O. Vafek, Topological
heavy fermions in magnetic field, Nature Communications 15 (2024), p. 5257, Available
at https://doi.org/10.1038/s41467-024-49531-3,

Y.J. Wang, G.D. Zhou, B. Lian, and Z.D. Song, Electron-phonon coupling in the topolog-
ical heavy fermion model of twisted bilayer graphene, Phys. Rev. B 111 (2025), p. 035110,
Available at https://link.aps.org/doi/10.1103/PhysRevB.111.035110.

M. Haule, E. Andrei, and K. Haule, The mott-semiconducting state in the magic angle
bilayer graphene, arXiv preprint arXiv:1901.09852 (2019).

M.J. Calderén and E. Bascones, Interactions in the 8-orbital model for twisted bilayer
graphene, Phys. Rev. B 102 (2020), p. 155149, Available at https://link.aps.org/
doi/10.1103/PhysRevB.102.155149.

A. Datta, M.J. Calderén, A. Camjayi, and E. Bascones, Heavy quasiparticles and cas-
cades without symmetry breaking in twisted bilayer graphene, Nature Communications
14 (2023), p. 5036, Available at https://doi.org/10.1038/s41467-023-40754-4.
G.D. Zhou, Y.J. Wang, N. Tong, and Z.D. Song, Kondo phase in twisted bilayer graphene,
Phys. Rev. B 109 (2024), p. 045419, Available at https://1link.aps.org/doi/10.1103/
PhysRevB.109.045419.

H. Hu, B.A. Bernevig, and A.M. Tsvelik, Kondo lattice model of magic-angle twisted-
bilayer graphene: Hund’s rule, local-moment fluctuations, and low-energy effective theory,
Phys. Rev. Lett. 131 (2023), p. 026502, Available at https://link.aps.org/doi/10.
1103/PhysRevLett.131.026502.

J. Yu, M. Xie, B.A. Bernevig, and S. Das Sarma, Magic-angle twisted symmetric trilayer

75


http://dx.doi.org/10.1063/10.0019421
https://link.aps.org/doi/10.1103/xv3m-vtlr
https://link.aps.org/doi/10.1103/PhysRevB.106.245129
https://link.aps.org/doi/10.1103/PhysRevB.106.245129
https://link.aps.org/doi/10.1103/PhysRevLett.131.026501
https://link.aps.org/doi/10.1103/PhysRevLett.131.026501
https://link.aps.org/doi/10.1103/PhysRevX.14.031045
https://arxiv.org/abs/2402.14057
https://arxiv.org/abs/2402.11749
https://link.aps.org/doi/10.1103/PhysRevX.15.021028
https://link.aps.org/doi/10.1103/PhysRevX.15.021028
https://arxiv.org/abs/2404.07253
https://arxiv.org/abs/2404.07253
https://doi.org/10.1038/s41467-024-49531-3
https://link.aps.org/doi/10.1103/PhysRevB.111.035110
https://link.aps.org/doi/10.1103/PhysRevB.102.155149
https://link.aps.org/doi/10.1103/PhysRevB.102.155149
https://doi.org/10.1038/s41467-023-40754-4
https://link.aps.org/doi/10.1103/PhysRevB.109.045419
https://link.aps.org/doi/10.1103/PhysRevB.109.045419
https://link.aps.org/doi/10.1103/PhysRevLett.131.026502
https://link.aps.org/doi/10.1103/PhysRevLett.131.026502

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

graphene as a topological heavy-fermion problem, Phys. Rev. B 108 (2023), p. 035129,
Available at https://link.aps.org/doi/10.1103/PhysRevB.108.035129.

H. Hu, G. Rai, L. Crippa, J. Herzog-Arbeitman, D. Calugaru, T. Wehling, G. Sangio-
vanni, R. Valenti, A.M. Tsvelik, and B.A. Bernevig, Symmetric kondo lattice states in
doped strained twisted bilayer graphene, Phys. Rev. Lett. 131 (2023), p. 166501, Available
at https://link.aps.org/doi/10.1103/PhysRevLlett.131.166501.

M. Xie and A. MacDonald, Nature of the correlated insulator states in twisted bilayer
graphene, Physical Review Letters 124 (2020), Available at https://doi.org/10.1103/
physrevlett.124.097601.

B.A. Bernevig, B. Lian, A. Cowsik, F. Xie, N. Regnault, and Z.D. Song, Twisted bilayer
graphene. v. Ezact analytic many-body excitations in Coulomb Hamiltonians: Charge
gap, Goldstone modes, and absence of Cooper pairing, Physical Review B 103 (2021),
Available at https://doi.org/10.1103/physrevb.103.205415.

T. Cea and F. Guinea, Band structure and insulating states driven by Coulomb in-
teraction in twisted bilayer graphene, Physical Review B 102 (2020), Available at
https://doi.org/10.1103/physrevb.102.045107.

Y. Zhang, K. Jiang, Z. Wang, and F. Zhang, Correlated insulating phases of twisted bi-
layer graphene at commensurate filling fractions: A Hartree-Fock study, Physical Review
B 102 (2020), Available at https://doi.org/10.1103/physrevb.102.035136.

J. Kang and O. Vafek, Non-Abelian Dirac node braiding and near-degeneracy of cor-
related phases at odd integer filling in magic-angle twisted bilayer graphene, Physical
Review B 102 (2020), Available at https://doi.org/10.1103/physrevb.102.035161.
J. Liu and X. Dai, Theories for the correlated insulating states and quantum anoma-
lous Hall effect phenomena in twisted bilayer graphene, Physical Review B 103 (2021),
Available at https://doi.org/10.1103/physrevb.103.035427.

S. Liu, E. Khalaf, J.Y. Lee, and A. Vishwanath, Nematic topological semimetal and
insulator in magic-angle bilayer graphene at charge neutrality, Physical Review Research
3 (2021), Available at https://doi.org/10.1103/physrevresearch.3.013033.

X. Lin and J. Ni, Symmetry breaking in the double moiré superlattices of relaxed twisted
bilayer graphene on hexagonal boron nitride, Physical Review B 102 (2020), Available
at https://doi.org/10.1103/physrevb.102.035441,

Y.H. Kwan, G. Wagner, N. Chakraborty, S.H. Simon, and S.A. Parameswaran, Domain
wall competition in the Chern insulating regime of twisted bilayer graphene, Physical
Review B 104 (2021), Available at https://doi.org/10.1103/physrevb.104.115404
S. Zhang, X. Lu, and J. Liu, Correlated insulators, density wave states, and their non-
linear optical response in magic-angle twisted bilayer graphene, Physical Review Letters
128 (2022), Available at http://dx.doi.org/10.1103/PhysRevLett.128.247402.

T. Cea, P.A. Pantaleén, N.R. Walet, and F. Guinea, Flectrostatic interactions in twisted
bilayer graphene, Nano Materials Science 4 (2022), pp. 27-35.

D.E. Parker, T. Soejima, J. Hauschild, M.P. Zaletel, and N. Bultinck, Strain-induced
quantum phase transitions in magic-angle graphene, Physical Review Letters 127 (2021),
Available at https://doi.org/10.1103/physrevlett.127.027601.

Y. Kwan, G. Wagner, T. Soejima, M. Zaletel, S. Simon, S. Parameswaran, and N. Bult-
inck, Kekulé spiral order at all nonzero integer fillings in twisted bilayer graphene, Physi-
cal Review X 11 (2021), Available at https://doi.org/10.1103/physrevx.11.041063.
M. Xie and A. MacDonald, Weak-field Hall resistivity and spin-valley flavor symmetry
breaking in magic-angle twisted bilayer graphene, Physical Review Letters 127 (2021),
Available at https://doi.org/10.1103/physrevlett.127.196401.

L. Klebl, Z.A.H. Goodwin, A.A. Mostofi, D.M. Kennes, and J. Lischner, Importance
of long-ranged electron-electron interactions for the magnetic phase diagram of twisted
bilayer graphene, Phys. Rev. B 103 (2021), p. 195127, Available at https://link.aps.
org/doi/10.1103/PhysRevB.103.195127.

J. Gonzalez and T. Stauber, Magnetic phases from competing hubbard and extended
coulomb interactions in twisted bilayer graphene, Phys. Rev. B 104 (2021), p. 115110,

76


https://link.aps.org/doi/10.1103/PhysRevB.108.035129
https://link.aps.org/doi/10.1103/PhysRevLett.131.166501
https://doi.org/10.1103/physrevlett.124.097601
https://doi.org/10.1103/physrevlett.124.097601
https://doi.org/10.1103/physrevb.103.205415
https://doi.org/10.1103/physrevb.102.045107
https://doi.org/10.1103/physrevb.102.035136
https://doi.org/10.1103/physrevb.102.035161
https://doi.org/10.1103/physrevb.103.035427
https://doi.org/10.1103/physrevresearch.3.013033
https://doi.org/10.1103/physrevb.102.035441
https://doi.org/10.1103/physrevb.104.115404
http://dx.doi.org/10.1103/PhysRevLett.128.247402
https://doi.org/10.1103/physrevlett.127.027601
https://doi.org/10.1103/physrevx.11.041063
https://doi.org/10.1103/physrevlett.127.196401
https://link.aps.org/doi/10.1103/PhysRevB.103.195127
https://link.aps.org/doi/10.1103/PhysRevB.103.195127

[73]

[74]

Available at https://link.aps.org/doi/10.1103/PhysRevB.104.115110.

G. Shavit, E. Berg, A. Stern, and Y. Oreg, Theory of correlated insulators and super-
conductivity in twisted bilayer graphene, Physical Review Letters 127 (2021), Available
at https://doi.org/10.1103/physrevlett.127.247703.

Y.H. Kwan, G. Wagner, N. Bultinck, S.H. Simon, and S.A. Parameswaran, Skyrmions
in twisted bilayer graphene: stability, pairing, and crystallization (2021). Available at
https://arxiv.org/abs/2112.06936.

G. Wagner, Y.H. Kwan, N. Bultinck, S.H. Simon, and S. Parameswaran, Global phase
diagram of the normal state of twisted bilayer graphene, Physical Review Letters 128
(2022), Available at https://doi.org/10.1103/physrevlett.128.156401.

F. Xie, J. Kang, B.A. Bernevig, O. Vafek, and N. Regnault, Phase diagram of twisted
bilayer graphene at filling factor v = £3, Phys. Rev. B 107 (2023), p. 075156, Available
at https://link.aps.org/doi/10.1103/PhysRevB.107.075156.

A. Blason and M. Fabrizio, Local kekulé distortion turns twisted bilayer graphene into
topological mott insulators and superconductors, Phys. Rev. B 106 (2022), p. 235112,
Available at https://link.aps.org/doi/10.1103/PhysRevB.106.235112.

G. Wagner, Y.H. Kwan, N. Bultinck, S.H. Simon, and S.A. Parameswaran, Coulomb-
driven band unflattening suppresses k-phonon pairing in moiré graphene, Phys. Rev. B
109 (2024), p. 104504, Available at https://link.aps.org/doi/10.1103/PhysRevB.
109.104504.

Y.H. Kwan, G. Wagner, N. Bultinck, S.H. Simon, E. Berg, and S.A. Parameswaran,
Electron-phonon coupling and competing kekulé orders in twisted bilayer graphene, Phys.
Rev. B 110 (2024), p. 085160, Available at https://link.aps.org/doi/10.1103/
PhysRevB.110.085160.

X. Wang and O. Vafek, Theory of correlated chern insulators in twisted bilayer graphene,
Phys. Rev. X 14 (2024), p. 021042, Available at https://link.aps.org/doi/10.1103/
PhysRevX.14.021042.

K. Adhikari, K. Seo, K.S.D. Beach, and B. Uchoa, Strongly interacting phases in twisted
bilayer graphene at the magic angle, Phys. Rev. B 110 (2024), p. L121123, Available at
https://link.aps.org/doi/10.1103/PhysRevB.110.L121123,

M.M.A. Ezzi, L. Peng, Z. Liu, J.H.Z. Chao, G.N. Pallewela, D. Foo, and S. Adam, A self-
consistent hartree theory for lattice-relazed magic-angle twisted bilayer graphene (2024).
Available at https://arxiv.org/abs/2404.17638.

H. Shi, W. Miao, and X. Dai, Moiré optical phonons coupled to heavy electrons in magic-
angle twisted bilayer graphene, Phys. Rev. B 111 (2025), p. 155126, Available at https:
//1link.aps.org/doi/10.1103/PhysRevB.111.155126/

M. Sanchez Sénchez, 1. Diaz, J. Gonzdlez, and T. Stauber, Nematic versus kekulé phases
in twisted bilayer graphene under hydrostatic pressure, Phys. Rev. Lett. 133 (2024), p.
266603, Available at https://link.aps.org/doi/10.1103/PhysRevLett.133.266603.
J. Biedermann and L. Janssen, Twist-tuned quantum criticality in moiré bilayer
graphene, Phys. Rev. B 112 (2025), p. L041109, Available at https://link.aps.org/
doi/10.1103/hj61-dw78.

Z. Wang, G. Wagner, Y.H. Kwan, N. Bultinck, S.H. Simon, and S.A. Parameswaran,
Putting a new spin on the incommensurate Kekulé spiral: From spin-valley locking and
collective modes to fermiology and implications for superconductivity (2025).

J.S. Hofmann, E. Khalaf, A. Vishwanath, E. Berg, and J.Y. Lee, Fermionic Monte Carlo
study of a realistic model of twisted bilayer graphene, Physical Review X 12 (2022),
Available at https://doi.org/10.1103/physrevx.12.011061.

X. Zhang, G. Pan, Y. Zhang, J. Kang, and Z.Y. Meng, Momentum space quantum
Monte Carlo on twisted bilayer graphene, Chinese Physics Letters 38 (2021), p. 077305,
Available at https://doi.org/10.1088/0256-307x/38/7/077305.

X. Zhang, G. Pan, B.B. Chen, H. Li, K. Sun, and Z.Y. Meng, Polynomial sign problem
and topological mott insulator in twisted bilayer graphene, Phys. Rev. B 107 (2023), p.
1241105, Available at https://link.aps.org/doi/10.1103/PhysRevB.107.L241105|

77


https://link.aps.org/doi/10.1103/PhysRevB.104.115110
https://doi.org/10.1103/physrevlett.127.247703
https://arxiv.org/abs/2112.06936
https://doi.org/10.1103/physrevlett.128.156401
https://link.aps.org/doi/10.1103/PhysRevB.107.075156
https://link.aps.org/doi/10.1103/PhysRevB.106.235112
https://link.aps.org/doi/10.1103/PhysRevB.109.104504
https://link.aps.org/doi/10.1103/PhysRevB.109.104504
https://link.aps.org/doi/10.1103/PhysRevB.110.085160
https://link.aps.org/doi/10.1103/PhysRevB.110.085160
https://link.aps.org/doi/10.1103/PhysRevX.14.021042
https://link.aps.org/doi/10.1103/PhysRevX.14.021042
https://link.aps.org/doi/10.1103/PhysRevB.110.L121123
https://arxiv.org/abs/2404.17638
https://link.aps.org/doi/10.1103/PhysRevB.111.155126
https://link.aps.org/doi/10.1103/PhysRevB.111.155126
https://link.aps.org/doi/10.1103/PhysRevLett.133.266603
https://link.aps.org/doi/10.1103/hj61-dw78
https://link.aps.org/doi/10.1103/hj61-dw78
https://doi.org/10.1103/physrevx.12.011061
https://doi.org/10.1088/0256-307x/38/7/077305
https://link.aps.org/doi/10.1103/PhysRevB.107.L241105

[90]

[91]

[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105)

C. Huang, X. Zhang, G. Pan, H. Li, K. Sun, X. Dai, and Z.Y. Meng, Fvolution from
quantum anomalous hall insulator to heavy-fermion semimetal in magic-angle twisted
bilayer graphene, Phys. Rev. B 109 (2024), p. 125404, Available at https://link.aps.
org/doi/10.1103/PhysRevB.109. 125404

Y. Da Liao, J. Kang, C.N. Breig, X.Y. Xu, H.Q. Wu, B.M. Andersen, R.M. Fernandes,
and Z.Y. Meng, Correlation-induced insulating topological phases at charge neutrality
in twisted bilayer graphene, Phys. Rev. X 11 (2021), p. 011014, Available at https:
//link.aps.org/doi/10.1103/PhysRevX.11.011014,

Y.D. Liao, X.Y. Xu, Z.Y. Meng, and J. Kang, Correlated insulating phases in the twisted
bilayer graphene*, Chinese Physics B 30 (2021), p. 017305, Available at https://doi.
org/10.1088/1674-1056/abcfa3.

T. Soejima, D.E. Parker, N. Bultinck, J. Hauschild, and M.P. Zaletel, Efficient simulation
of moiré materials using the density matrix renormalization group, Physical Review B
102 (2020), Available at https://doi.org/10.1103/physrevb.102.205111.

D. Parker, P. Ledwith, E. Khalaf, T. Soejima, J. Hauschild, Y. Xie, A. Pierce, M.P. Zale-
tel, A. Yacoby, and A. Vishwanath, Field-tuned and zero-field fractional chern insulators
in magic angle graphene (2021). Available at https://arxiv.org/abs/2112.13837.
F.M. Faulstich, K.D. Stubbs, Q. Zhu, T. Soejima, R. Dilip, H. Zhai, R. Kim, M.P.
Zaletel, G.K.L. Chan, and L. Lin, Interacting models for twisted bilayer graphene: A
quantum chemistry approach, Phys. Rev. B 107 (2023), p. 235123, Available at https:
//1ink.aps.org/doi/10.1103/PhysRevB.107.235123.

T. Wang, D.E. Parker, T. Soejima, J. Hauschild, S. Anand, N. Bultinck, and M.P. Zaletel,
Ground-state order in magic-angle graphene at filling v = —3: A full-scale density matriz
renormalization group study, Phys. Rev. B 108 (2023), p. 235128, Available at https:
//link.aps.org/doi/10.1103/PhysRevB.108.235128.

B.B. Chen, Y.D. Liao, Z. Chen, O. Vafek, J. Kang, W. Li, and Z.Y. Meng, Realization
of topological Mott insulator in a twisted bilayer graphene lattice model, Nature Commu-
nications 12 (2021), Available at https://doi.org/10.1038/s41467-021-25438-1|
X. Lin, B.B. Chen, W. Li, Z.Y. Meng, and T. Shi, Fzciton proliferation and fate of the
topological mott insulator in a twisted bilayer graphene lattice model, Phys. Rev. Lett. 128
(2022), p. 157201, Available at https://link.aps.org/doi/10.1103/PhysRevLett.
128.157201.

F. Xie, A. Cowsik, Z.D. Song, B. Lian, B.A. Bernevig, and N. Regnault, Twisted bilayer
graphene. VI. An exact diagonalization study at nonzero integer filling, Physical Review
B 103 (2021), Available at https://doi.org/10.1103/physrevb.103.205416.

P. Potasz, M. Xie, and A. MacDonald, Ezact diagonalization for magic-angle twisted
bilayer graphene, Physical Review Letters 127 (2021), Available at https://doi.org/
10.1103/physrevlett.127.147203.

A. Abouelkomsan, Z. Liu, and E.J. Bergholtz, Particle-hole duality, emergent fermi
liquids, and fractional chern insulators in moiré flatbands, Phys. Rev. Lett. 124 (2020), p.
106803, Available at https://link.aps.org/doi/10.1103/PhysRevLett.124.106803.
C. Repellin and T. Senthil, Chern bands of twisted bilayer graphene: Fractional chern
insulators and spin phase transition, Phys. Rev. Res. 2 (2020), p. 023238, Available at
https://link.aps.org/doi/10.1103/PhysRevResearch.2.023238.

P. Wilhelm, T.C. Lang, and A.M. Lauchli, Interplay of fractional chern insulator and
charge density wave phases in twisted bilayer graphene, Phys. Rev. B 103 (2021), p.
125406, Available at https://link.aps.org/doi/10.1103/PhysRevB.103.125406/

H. Li, Y. Su, Y.B. Kim, H.Y. Kee, K. Sun, and S.Z. Lin, Contrasting twisted bi-
layer graphene and transition metal dichalcogenides for fractional chern insulators:
An emergent gauge picture, Phys. Rev. B 109 (2024), p. 245131, Available at https:
//link.aps.org/doi/10.1103/PhysRevB.109.245131.

Z. Song, Z. Wang, W. Shi, G. Li, C. Fang, and B.A. Bernevig, All magic angles in
twisted bilayer graphene are topological, Physical Review Letters 123 (2019), Available
at https://doi.org/10.1103/physrevlett.123.036401.

78


https://link.aps.org/doi/10.1103/PhysRevB.109.125404
https://link.aps.org/doi/10.1103/PhysRevB.109.125404
https://link.aps.org/doi/10.1103/PhysRevX.11.011014
https://link.aps.org/doi/10.1103/PhysRevX.11.011014
https://doi.org/10.1088/1674-1056/abcfa3
https://doi.org/10.1088/1674-1056/abcfa3
https://doi.org/10.1103/physrevb.102.205111
https://arxiv.org/abs/2112.13837
https://link.aps.org/doi/10.1103/PhysRevB.107.235123
https://link.aps.org/doi/10.1103/PhysRevB.107.235123
https://link.aps.org/doi/10.1103/PhysRevB.108.235128
https://link.aps.org/doi/10.1103/PhysRevB.108.235128
https://doi.org/10.1038/s41467-021-25438-1
https://link.aps.org/doi/10.1103/PhysRevLett.128.157201
https://link.aps.org/doi/10.1103/PhysRevLett.128.157201
https://doi.org/10.1103/physrevb.103.205416
https://doi.org/10.1103/physrevlett.127.147203
https://doi.org/10.1103/physrevlett.127.147203
https://link.aps.org/doi/10.1103/PhysRevLett.124.106803
https://link.aps.org/doi/10.1103/PhysRevResearch.2.023238
https://link.aps.org/doi/10.1103/PhysRevB.103.125406
https://link.aps.org/doi/10.1103/PhysRevB.109.245131
https://link.aps.org/doi/10.1103/PhysRevB.109.245131
https://doi.org/10.1103/physrevlett.123.036401

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]
[114]
[115]

[116]

[117]

18]

[119]

[120]

[121]

[122]

[123]

Z. Song, J. Qi, O. Liebman, and P. Narang, Collective spin in twisted bilayer materials,
Phys. Rev. B 110 (2024), p. 024401, Available at https://link.aps.org/doi/10.1103/
PhysRevB.110.024401.

A. Zhu, D. Bennett, D.T. Larson, M.M.A. Ezzi, E. Manousakis, and E. Kaxiras, Wave-
function textures in twisted bilayer graphene from first principles (2025). Available at
https://arxiv.org/abs/2507.03675.

K. Yananose, G. Cantele, P. Lucignano, S.W. Cheong, J. Yu, and A. Stroppa, Chirality-
induced spin texture switching in twisted bilayer graphene, Phys. Rev. B 104 (2021), p.
075407, Available at https://link.aps.org/doi/10.1103/PhysRevB.104.075407.

P. Lucignano, D. Alfe, V. Cataudella, D. Ninno, and G. Cantele, Crucial role of atomic
corrugation on the flat bands and energy gaps of twisted bilayer graphene at the magic
angle 6 ~ 1.08°, Phys. Rev. B 99 (2019), p. 195419, Available at https://link.aps.
org/doi/10.1103/PhysRevB.99.195419.

K. Uchida, S. Furuya, J.I. Iwata, and A. Oshiyama, Atomic corrugation and electron
localization due to moiré patterns in twisted bilayer graphenes, Phys. Rev. B 90 (2014),
p. 155451, Available at https://link.aps.org/doi/10.1103/PhysRevB.90.155451,
J.M.B.L. dos Santos, N.M.R. Peres, and A.H.C. Neto, Graphene bilayer with a twist:
Electronic structure, Physical Review Letters 99 (2007), Available at https://doi.org/
10.1103/physrevlett.99.256802.

R. Bistritzer and A.H. MacDonald, Moiré bands in twisted double-layer graphene, Pro-
ceedings of the National Academy of Sciences 108 (2011), pp. 12233-12237, Available at
https://doi.org/10.1073/pnas.1108174108.

S.H. Simon, The Oxford solid state basics, Oxford Univ. Press, Oxford, UK, 2013, Avail-
able at https://cds.cern.ch/record/1581455,

1. Amidror, The Theory of the Moiré Phenomenon: Volume I: Periodic Layers, Vol. 38,
Springer Science & Business Media, 2009.

E.J. Mele, Commensuration and interlayer coherence in twisted bilayer graphene, Physi-
cal Review B 81 (2010), Available at https://doi.org/10.1103/physrevb.81.161405.
J. Kang and O. Vafek, Symmetry, mazimally localized Wannier states, and a low-energy
model for twisted bilayer graphene narrow bands, Physical Review X 8 (2018), Available
at https://doi.org/10.1103/physrevx.8.031088.

P. Moon and M. Koshino, Energy spectrum and quantum Hall effect in twisted bi-
layer graphene, Physical Review B 85 (2012), Available at https://doi.org/10.1103/
physrevb.85.195458.

L. Zou, H.C. Po, A. Vishwanath, and T. Senthil, Band structure of twisted bilayer
graphene: Emergent symmetries, commensurate approximants, and Wannier obstruc-
tions, Physical Review B 98 (2018), Available at https://doi.org/10.1103/physrevb.
98.085435.

A H.C. Neto, F. Guinea, N.M.R. Peres, K.S. Novoselov, and A.K. Geim, The electronic
properties of graphene, Reviews of Modern Physics 81 (2009), pp. 109-162, Available at
https://doi.org/10.1103/revmodphys.81.109.

C.L. Kane and E.J. Mele, Quantum spin hall effect in graphene, Phys. Rev. Lett. 95
(2005), p. 226801, Available at https://link.aps.org/doi/10.1103/PhysRevLett.
95.226801.

H. Min, J.E. Hill, N.A. Sinitsyn, B.R. Sahu, L. Kleinman, and A.H. MacDonald, Intrinsic
and rashba spin-orbit interactions in graphene sheets, Phys. Rev. B 74 (2006), p. 165310,
Available at https://link.aps.org/doi/10.1103/PhysRevB.74.165310.

Y. Yao, F. Ye, X.L. Qi, S.C. Zhang, and Z. Fang, Spin-orbit gap of graphene: First-
principles calculations, Physical Review B 75 (2007), Available at https://doi.org/
10.1103/physrevb.75.041401,

M. Gmitra, S. Konschuh, C. Ertler, C. Ambrosch-Draxl, and J. Fabian, Band-structure
topologies of graphene: Spin-orbit coupling effects from first principles, Phys. Rev. B 80
(2009), p. 235431, Available at https://link.aps.org/doi/10.1103/PhysRevB.80.
235431.

79


https://link.aps.org/doi/10.1103/PhysRevB.110.024401
https://link.aps.org/doi/10.1103/PhysRevB.110.024401
https://arxiv.org/abs/2507.03675
https://link.aps.org/doi/10.1103/PhysRevB.104.075407
https://link.aps.org/doi/10.1103/PhysRevB.99.195419
https://link.aps.org/doi/10.1103/PhysRevB.99.195419
https://link.aps.org/doi/10.1103/PhysRevB.90.155451
https://doi.org/10.1103/physrevlett.99.256802
https://doi.org/10.1103/physrevlett.99.256802
https://doi.org/10.1073/pnas.1108174108
https://cds.cern.ch/record/1581455
https://doi.org/10.1103/physrevb.81.161405
https://doi.org/10.1103/physrevx.8.031088
https://doi.org/10.1103/physrevb.85.195458
https://doi.org/10.1103/physrevb.85.195458
https://doi.org/10.1103/physrevb.98.085435
https://doi.org/10.1103/physrevb.98.085435
https://doi.org/10.1103/revmodphys.81.109
https://link.aps.org/doi/10.1103/PhysRevLett.95.226801
https://link.aps.org/doi/10.1103/PhysRevLett.95.226801
https://link.aps.org/doi/10.1103/PhysRevB.74.165310
https://doi.org/10.1103/physrevb.75.041401
https://doi.org/10.1103/physrevb.75.041401
https://link.aps.org/doi/10.1103/PhysRevB.80.235431
https://link.aps.org/doi/10.1103/PhysRevB.80.235431

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

J. Sichau, M. Prada, T. Anlauf, T.J. Lyon, B. Bosnjak, L. Tiemann, and R.H. Blick,
Resonance microwave measurements of an intrinsic spin-orbit coupling gap in graphene:
A possible indication of a topological state, Phys. Rev. Lett. 122 (2019), p. 046403,
Available at https://link.aps.org/doi/10.1103/PhysRevLlett.122.046403.

L. Banszerus, B. Frohn, T. Fabian, S. Somanchi, A. Epping, M. Miiller, D. Neumaier, K.
Watanabe, T. Taniguchi, F. Libisch, B. Beschoten, F. Hassler, and C. Stampfer, Obser-
vation of the spin-orbit gap in bilayer graphene by one-dimensional ballistic transport,
Phys. Rev. Lett. 124 (2020), p. 177701, Available at https://link.aps.org/doi/10.
1103/PhysRevLett.124.177701|

A. Kurzmann, Y. Kleeorin, C. Tong, R. Garreis, A. Knothe, M. Eich, C. Mittag, C. Gold,
F.K. de Vries, K. Watanabe, et al., Kondo effect and spin—orbit coupling in graphene
quantum dots, Nature communications 12 (2021), p. 6004.

J.C. Charlier, J.P. Michenaud, and X. Gonze, First-principles study of the electronic
properties of simple hexagonal graphite, Phys. Rev. B 46 (1992), pp. 4531-4539, Available
at https://link.aps.org/doi/10.1103/PhysRevB.46.4531,

P. San-Jose and E. Prada, Helical networks in twisted bilayer graphene under interlayer
bias, Phys. Rev. B 88 (2013), p. 121408, Available at https://link.aps.org/doi/10.
1103/PhysRevB.88.121408.

F. Zhang, A.H. MacDonald, and E.J. Mele, Valley chern numbers and boundary
modes in gapped bilayer graphene, Proceedings of the National Academy of Sciences
110 (2013), pp. 10546-10551, Available at https://www.pnas.org/doi/abs/10.1073/
pnas.1308853110.

J.S. Alden, A.W. Tsen, P.Y. Huang, R. Hovden, L. Brown, J. Park, D.A. Muller, and
P.L. McEuen, Strain solitons and topological defects in bilayer graphene, Proceedings of
the National Academy of Sciences 110 (2013), pp. 11256-11260, Available at https:
//www.pnas.org/doi/abs/10.1073/pnas.1309394110.

S. Huang, K. Kim, D.K. Efimkin, T. Lovorn, T. Taniguchi, K. Watanabe, A.H. Mac-
Donald, E. Tutuc, and B.J. LeRoy, Topologically protected helical states in minimally
twisted bilayer graphene, Phys. Rev. Lett. 121 (2018), p. 037702, Available at https:
//link.aps.org/doi/10.1103/PhysRevLett.121.037702.

S. Fang and E. Kaxiras, FElectronic structure theory of weakly interacting bilayers,
Phys. Rev. B 93 (2016), p. 235153, Available at https://link.aps.org/doi/10.1103/
PhysRevB.93.235153.

S. Carr, S. Fang, Z. Zhu, and E. Kaxiras, Fzact continuum model for low-energy elec-
tronic states of twisted bilayer graphene, Physical Review Research 1 (2019), Available
at https://doi.org/10.1103/physrevresearch.1.013001.

S. Fang, S. Carr, Z. Zhu, D. Massatt, and E. Kaxiras, Angle-dependent ab initio low-
energy Hamiltonians for a relaxed twisted bilayer graphene heterostructure (2019). Avail-
able at https://arxiv.org/abs/1908.00058.

O. Vafek and J. Kang, Continuum effective hamiltonian for graphene bilayers for an
arbitrary smooth lattice deformation from microscopic theories, Phys. Rev. B 107 (2023),
p. 075123, Available at https://link.aps.org/doi/10.1103/PhysRevB.107.075123/
J. Kang and O. Vafek, Pseudomagnetic fields, particle-hole asymmetry, and microscopic
effective continuum hamiltonians of twisted bilayer graphene, Phys. Rev. B 107 (2023),
p. 075408, Available at https://1link.aps.org/doi/10.1103/PhysRevB.107.075408.
J. Kang and O. Vafek, Analytical solution for the relaxed atomic configuration of twisted
bilayer graphene including heterostrain, Phys. Rev. B 112 (2025), p. 125138, Available
at https://link.aps.org/doi/10.1103/s3s7-513d.

J. Gonzélez, F. Guinea, and M. Vozmediano, Non-fermi liquid behavior of electrons in
the half-filled honeycomb lattice (a renormalization group approach), Nuclear Physics B
424 (1994), pp. 595-618.

D. Elias, R. Gorbachev, A. Mayorov, S. Morozov, A. Zhukov, P. Blake, L. Ponomarenko,
I. Grigorieva, K. Novoselov, F. Guinea, et al., Dirac cones reshaped by interaction effects
in suspended graphene, Nature Physics 7 (2011), pp. 701-704.

80


https://link.aps.org/doi/10.1103/PhysRevLett.122.046403
https://link.aps.org/doi/10.1103/PhysRevLett.124.177701
https://link.aps.org/doi/10.1103/PhysRevLett.124.177701
https://link.aps.org/doi/10.1103/PhysRevB.46.4531
https://link.aps.org/doi/10.1103/PhysRevB.88.121408
https://link.aps.org/doi/10.1103/PhysRevB.88.121408
https://www.pnas.org/doi/abs/10.1073/pnas.1308853110
https://www.pnas.org/doi/abs/10.1073/pnas.1308853110
https://www.pnas.org/doi/abs/10.1073/pnas.1309394110
https://www.pnas.org/doi/abs/10.1073/pnas.1309394110
https://link.aps.org/doi/10.1103/PhysRevLett.121.037702
https://link.aps.org/doi/10.1103/PhysRevLett.121.037702
https://link.aps.org/doi/10.1103/PhysRevB.93.235153
https://link.aps.org/doi/10.1103/PhysRevB.93.235153
https://doi.org/10.1103/physrevresearch.1.013001
https://arxiv.org/abs/1908.00058
https://link.aps.org/doi/10.1103/PhysRevB.107.075123
https://link.aps.org/doi/10.1103/PhysRevB.107.075408
https://link.aps.org/doi/10.1103/s3s7-513d

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

T. Stauber, P. Parida, M. Trushin, M.V. Ulybyshev, D.L. Boyda, and J. Schliemann,
Interacting electrons in graphene: Fermi velocity renormalization and optical response,
Phys. Rev. Lett. 118 (2017), p. 266801, Available at https://link.aps.org/doi/10.
1103/PhysRevLett.118.266801.

M. Lee, 1. Das, J. Herzog-Arbeitman, J. Papp, J. Li, M. Daschner, Z. Zhou, M. Bhatt,
M. Currle, J. Yu, Y. Jiang, M. Becherer, R. Mittermeier, P. Altpeter, C. Obermayer, H.
Lorenz, G. Chavez, B.T. Le, J. Williams, K. Watanabe, T. Taniguchi, B.A. Bernevig, and
D.K. Efetov, Revealing electron-electron interactions in graphene at room temperature
with the quantum twisting microscope (2025). Available at https://arxiv.org/abs/
2507.03189.

X.C. Wu, Y. Xu, C.M. Jian, and C. Xu, Interacting valley chern insulator and its topo-
logical imprint on moiré superconductors, Phys. Rev. B 100 (2019), p. 155138, Available
at https://link.aps.org/doi/10.1103/PhysRevB.100.155138,

I.LL. Aleiner, D.E. Kharzeev, and A.M. Tsvelik, Spontaneous symmetry breaking in
graphene subjected to an in-plane magnetic field, Phys. Rev. B 76 (2007), p. 195415,
Available at https://link.aps.org/doi/10.1103/PhysRevB.76.195415,

M. Goerbig and G. Montambaux, Dirac Fermions in condensed matter and beyond, in
Dirac Matter, Springer, 2017, pp. 25-53.

H.C. Po, L. Zou, A. Vishwanath, and T. Senthil, Origin of Mott insulating behavior and
superconductivity in twisted bilayer graphene, Physical Review X 8 (2018), Available at
https://doi.org/10.1103/physrevx.8.031089.

R. de Gail, M.O. Goerbig, F. Guinea, G. Montambaux, and A.H.C. Neto, Topologically
protected zero modes in twisted bilayer graphene, Physical Review B 84 (2011), Available
at https://doi.org/10.1103/physrevb.84.045436.

J. Ahn, S. Park, and B.J. Yang, Failure of Nielsen-Ninomiya theorem and fragile topology
in two-dimensional systems with space-time inversion symmetry: Application to twisted
bilayer graphene at magic angle, Physical Review X 9 (2019), Available at https://
doi.org/10.1103/physrevx.9.021013/

M. Koshino, N.F. Yuan, T. Koretsune, M. Ochi, K. Kuroki, and L. Fu, Mazimally local-
ized Wannier orbitals and the extended Hubbard model for twisted bilayer graphene, Phys-
ical Review X 8 (2018), Available at https://doi.org/10.1103/physrevx.8.031087.
N.N.T. Nam and M. Koshino, Lattice relaxation and energy band modulation in twisted
bilayer graphene, Physical Review B 96 (2017), Available at https://doi.org/10.1103/
physrevb.96.075311.

P.J. Ledwith, E. Khalaf, Z. Zhu, S. Carr, E. Kaxiras, and A. Vishwanath, TB or not
TB? contrasting properties of twisted bilayer graphene and the alternating twist n-layer
structures (n = 3,4,5,...) (2021). Available at https://arxiv.org/abs/2111.11060.
O. Vafek and J. Kang, Renormalization group study of hidden symmetry in twisted bilayer
graphene with Coulomb interactions, Physical Review Letters 125 (2020), Available at
https://doi.org/10.1103/physrevlett.125.257602.

G. Tarnopolsky, A.J. Kruchkov, and A. Vishwanath, Origin of magic angles in twisted
bilayer graphene, Physical Review Letters 122 (2019), Available at https://doi.org/
10.1103/physrevlett.122.106405.

H.C. Po, L. Zou, T. Senthil, and A. Vishwanath, Faithful tight-binding models and fragile
topology of magic-angle bilayer graphene, Phys. Rev. B 99 (2019), p. 195455, Available
at https://link.aps.org/doi/10.1103/PhysRevB.99.195455,

N.F.Q. Yuan and L. Fu, Model for the metal-insulator transition in graphene superlattices
and beyond, Phys. Rev. B 98 (2018), p. 045103, Available at https://link.aps.org/
doi/10.1103/PhysRevB.98.045103.

O. Vafek and J. Kang, Lattice model for the coulomb interacting chiral limit of magic-
angle twisted bilayer graphene: Symmetries, obstructions, and excitations, Phys. Rev. B
104 (2021), p. 075143, Available at https://link.aps.org/doi/10.1103/PhysRevB.
104.075143.

7Z.D. Song, B. Lian, N. Regnault, and B.A. Bernevig, Twisted bilayer graphene. ii. stable

81


https://link.aps.org/doi/10.1103/PhysRevLett.118.266801
https://link.aps.org/doi/10.1103/PhysRevLett.118.266801
https://arxiv.org/abs/2507.03189
https://arxiv.org/abs/2507.03189
https://link.aps.org/doi/10.1103/PhysRevB.100.155138
https://link.aps.org/doi/10.1103/PhysRevB.76.195415
https://doi.org/10.1103/physrevx.8.031089
https://doi.org/10.1103/physrevb.84.045436
https://doi.org/10.1103/physrevx.9.021013
https://doi.org/10.1103/physrevx.9.021013
https://doi.org/10.1103/physrevx.8.031087
https://doi.org/10.1103/physrevb.96.075311
https://doi.org/10.1103/physrevb.96.075311
https://arxiv.org/abs/2111.11060
https://doi.org/10.1103/physrevlett.125.257602
https://doi.org/10.1103/physrevlett.122.106405
https://doi.org/10.1103/physrevlett.122.106405
https://link.aps.org/doi/10.1103/PhysRevB.99.195455
https://link.aps.org/doi/10.1103/PhysRevB.98.045103
https://link.aps.org/doi/10.1103/PhysRevB.98.045103
https://link.aps.org/doi/10.1103/PhysRevB.104.075143
https://link.aps.org/doi/10.1103/PhysRevB.104.075143

[157]

[158]

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]

[167]

[168]

[169]

[170]

[171]

symmetry anomaly, Phys. Rev. B 103 (2021), p. 205412, Available at https://link.
aps.org/doi/10.1103/PhysRevB.103.205412.

K.c.v. Kolar, Y. Zhang, S. Nadj-Perge, F. von Oppen, and C. Lewandowski, Electrostatic
fate of n-layer moiré graphene, Phys. Rev. B 108 (2023), p. 195148, Available at https:
//1ink.aps.org/doi/10.1103/PhysRevB.108.195148.

7Z.A H. Goodwin, F. Corsetti, A.A. Mostofi, and J. Lischner, Attractive electron-electron
interactions from internal screening in magic-angle twisted bilayer graphene, Phys. Rev.
B 100 (2019), p. 235424, Available at https://link.aps.org/doi/10.1103/PhysRevB.
100.235424.

T.I. Vanhala and L. Pollet, Constrained random phase approximation of the effective
coulomb interaction in lattice models of twisted bilayer graphene, Phys. Rev. B 102
(2020), p. 035154, Available at https://link.aps.org/doi/10.1103/PhysRevB.102.
035154.

J.M. Pizarro, M. Rosner, R. Thomale, R. Valenti, and T.O. Wehling, Internal screening
and dielectric engineering in magic-angle twisted bilayer graphene, Phys. Rev. B 100
(2019), p. 161102, Available at https://link.aps.org/doi/10.1103/PhysRevB.100.
161102.

Y.H. Kwan, J. Yu, J. Herzog-Arbeitman, D.K. Efetov, N. Regnault, and B.A. Bernevig,
Moiré fractional chern insulators. iii. hartree-fock phase diagram, magic angle regime
for chern insulator states, role of moiré potential, and goldstone gaps in rhombohedral
graphene superlattices, Phys. Rev. B 112 (2025), p. 075109, Available at https://link.
aps.org/doi/10.1103/PhysRevB.112.075109.

J. Yu, J. Herzog-Arbeitman, Y.H. Kwan, N. Regnault, and B.A. Bernevig, Moiré frac-
tional chern insulators. iv. fluctuation-driven collapse in multiband exact diagonalization
calculations on rhombohedral graphene, Phys. Rev. B 112 (2025), p. 075110, Available
at https://link.aps.org/doi/10.1103/PhysRevB.112.075110.

J. Yu, J. Herzog-Arbeitman, M. Wang, O. Vafek, B.A. Bernevig, and N. Regnault, Frac-
tional chern insulators versus nonmagnetic states in twisted bilayer motes, Phys. Rev. B
109 (2024), p. 045147, Available at https://link.aps.org/doi/10.1103/PhysRevB.
109.045147.

S. Chatterjee, N. Bultinck, and M.P. Zaletel, Symmetry breaking and skyrmionic trans-
port in twisted bilayer graphene, Physical Review B 101 (2020), Available at https:
//doi.org/10.1103/physrevb.101. 165141l

E. Morissette, J.X. Lin, D. Sun, L. Zhang, S. Liu, D. Rhodes, K. Watanabe, T. Taniguchi,
J. Hone, J. Pollanen, M.S. Scheurer, M. Lilly, A. Mounce, and J.I.A. Li, Dirac revivals
drive a resonance response in twisted bilayer graphene, Nature Physics 19 (2023), pp.
1156-1162, Available at https://doi.org/10.1038/s41567-023-02060-0.

K. Seo, V.N. Kotov, and B. Uchoa, Ferromagnetic mott state in twisted graphene bilayers
at the magic angle, Phys. Rev. Lett. 122 (2019), p. 246402, Available at https://link.
aps.org/doi/10.1103/PhysRevLett.122.246402.

J. Kang and O. Vafek, Strong coupling phases of partially filled twisted bilayer graphene
narrow bands, Physical Review Letters 122 (2019), Available at https://doi.org/10.
1103/physrevlett.122.246401.

X.Y. Xu, K.T. Law, and P.A. Lee, Kekulé valence bond order in an extended hubbard
model on the honeycomb lattice with possible applications to twisted bilayer graphene,
Phys. Rev. B 98 (2018), p. 121406, Available at https://link.aps.org/doi/10.1103/
PhysRevB.98.121406.

J. Herzog-Arbeitman, D. Calugaru, H. Hu, J. Yu, N. Regnault, J. Kang, B.A. Bernevig,
and O. Vafek, Kekulé spiral order from strained topological heavy fermions, Phys. Rev. B
112 (2025), p. 125129, Available at https://link.aps.org/doi/10.1103/rr5g-3js8.
P.J. Ledwith, J. Dong, A. Vishwanath, and E. Khalaf, Nonlocal moments and mott
semimetal in the chern bands of twisted bilayer graphene, Phys. Rev. X 15 (2025), p.
021087, Available at https://link.aps.org/doi/10.1103/PhysRevX.15.021087.
J.Y. Zhao, B. Zhou, and Y.H. Zhang, Ancilla theory of twisted bilayer graphene i: topolog-

82


https://link.aps.org/doi/10.1103/PhysRevB.103.205412
https://link.aps.org/doi/10.1103/PhysRevB.103.205412
https://link.aps.org/doi/10.1103/PhysRevB.108.195148
https://link.aps.org/doi/10.1103/PhysRevB.108.195148
https://link.aps.org/doi/10.1103/PhysRevB.100.235424
https://link.aps.org/doi/10.1103/PhysRevB.100.235424
https://link.aps.org/doi/10.1103/PhysRevB.102.035154
https://link.aps.org/doi/10.1103/PhysRevB.102.035154
https://link.aps.org/doi/10.1103/PhysRevB.100.161102
https://link.aps.org/doi/10.1103/PhysRevB.100.161102
https://link.aps.org/doi/10.1103/PhysRevB.112.075109
https://link.aps.org/doi/10.1103/PhysRevB.112.075109
https://link.aps.org/doi/10.1103/PhysRevB.112.075110
https://link.aps.org/doi/10.1103/PhysRevB.109.045147
https://link.aps.org/doi/10.1103/PhysRevB.109.045147
https://doi.org/10.1103/physrevb.101.165141
https://doi.org/10.1103/physrevb.101.165141
https://doi.org/10.1038/s41567-023-02060-0
https://link.aps.org/doi/10.1103/PhysRevLett.122.246402
https://link.aps.org/doi/10.1103/PhysRevLett.122.246402
https://doi.org/10.1103/physrevlett.122.246401
https://doi.org/10.1103/physrevlett.122.246401
https://link.aps.org/doi/10.1103/PhysRevB.98.121406
https://link.aps.org/doi/10.1103/PhysRevB.98.121406
https://link.aps.org/doi/10.1103/rr5g-3js8
https://link.aps.org/doi/10.1103/PhysRevX.15.021087

[172]

[173]

[174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

182]

[183]

[184]

[185)

186

[187]

ical mott localization and pseudogap metal in twisted bilayer graphene (2025). Available
at https://arxiv.org/abs/2502.17430.

E. Khalaf, A.J. Kruchkov, G. Tarnopolsky, and A. Vishwanath, Magic angle hierarchy
in twisted graphene multilayers, Physical Review B 100 (2019), Available at https:
//doi.org/10.1103/physrevb.100.085109!

S. Carr, C. Li, Z. Zhu, E. Kaxiras, S. Sachdev, and A. Kruchkov, Ultraheavy and ul-
trarelativistic dirac quasiparticles in sandwiched graphenes, Nano Letters 20 (2020), pp.
3030-3038, Available at https://doi.org/10.1021/acs.nanolett.9b04979.

C. Mora, N. Regnault, and B.A. Bernevig, Flatbands and perfect metal in trilayer moiré
graphene, Phys. Rev. Lett. 123 (2019), p. 026402, Available at https://link.aps.org/
doi/10.1103/PhysRevLett.123.026402.

J.M. Park, Y. Cao, K. Watanabe, T. Taniguchi, and P. Jarillo-Herrero, Tunable strongly
coupled superconductivity in magic-angle twisted trilayer graphene, Nature 590 (2021),
pp- 249-255, Available at https://doi.org/10.1038/s41586-021-03192-0.

Z. Hao, A.M. Zimmerman, P. Ledwith, E. Khalaf, D.H. Najafabadi, K. Watanabe,
T. Taniguchi, A. Vishwanath, and P. Kim, Flectric field—tunable superconductivity in
alternating-twist magic-angle trilayer graphene, Science 371 (2021), pp. 1133-1138,
Available at https://www.science.org/doi/abs/10.1126/science.abg0399.

J.M. Park, Y. Cao, L. Xia, S. Sun, K. Watanabe, T. Taniguchi, and P. Jarillo-Herrero,
Magic-angle multilayer graphene: A robust family of moiré superconductors (2021).
Available at https://arxiv.org/abs/2112.10760.

Z. Zhou, J. Jiang, P. Karnatak, Z. Wang, G. Wagner, K. Watanabe, T. Taniguchi, C.
Schonenberger, S.A. Parameswaran, S.H. Simon, and M. Banerjee, Gate-tunable double-
dome superconductivity in twisted trilayer graphene, Nature Physics (2025), Available at
https://doi.org/10.1038/s41567-025-03040-2.

Y. Cao, J.M. Park, K. Watanabe, T. Taniguchi, and P. Jarillo-Herrero, Pauli-limit viola-
tion and re-entrant superconductivity in moirégraphene, Nature 595 (2021), pp. 526-531,
Available at https://doi.org/10.1038/541586-021-03685-y.

P.J. Ledwith, A. Vishwanath, and E. Khalaf, Family of ideal chern flatbands with arbi-
trary chern number in chiral twisted graphene multilayers, Phys. Rev. Lett. 128 (2022), p.
176404, Available at https://link.aps.org/doi/10.1103/PhysRevLett.128.176404.
J. Liu, Z. Ma, J. Gao, and X. Dai, Quantum wvalley hall effect, orbital magnetism, and
anomalous hall effect in twisted multilayer graphene systems, Phys. Rev. X 9 (2019), p.
031021, Available at https://link.aps.org/doi/10.1103/PhysRevX.9.031021.

D. Xiao, G.B. Liu, W. Feng, X. Xu, and W. Yao, Coupled spin and valley physics in
monolayers of mosy and other group-vi dichalcogenides, Phys. Rev. Lett. 108 (2012), p.
196802, Available at https://link.aps.org/doi/10.1103/PhysRevLett.108.196802.
F. Wu, T. Lovorn, E. Tutuc, I. Martin, and A.H. MacDonald, Topological insulators
in twisted transition metal dichalcogenide homobilayers, Phys. Rev. Lett. 122 (2019), p.
086402, Available at https://link.aps.org/doi/10.1103/PhysRevLlett.122.086402.
Y. Guo, J. Pack, J. Swann, L. Holtzman, M. Cothrine, K. Watanabe, T. Taniguchi,
D.G. Mandrus, K. Barmak, J. Hone, A.J. Millis, A. Pasupathy, and C.R. Dean, Super-
conductivity in 5.0°twisted bilayer wse2, Nature 637 (2025), pp. 839-845, Available at
https://doi.org/10.1038/s41586-024-08381-1,

Y. Xia, Z. Han, K. Watanabe, T. Taniguchi, J. Shan, and K.F. Mak, Superconductivity
in twisted bilayer wse2, Nature 637 (2025), pp. 833-838.

F. Xu, Z. Sun, J. Li, C. Zheng, C. Xu, J. Gao, T. Jia, K. Watanabe, T. Taniguchi, B.
Tong, L. Lu, J. Jia, Z. Shi, S. Jiang, Y. Zhang, Y. Zhang, S. Lei, X. Liu, and T. Li,
Signatures of unconventional superconductivity near reentrant and fractional quantum
anomalous hall insulators (2025). Available at https://arxiv.org/abs/2504.06972.
J. Cai, E. Anderson, C. Wang, X. Zhang, X. Liu, W. Holtzmann, Y. Zhang, F. Fan, T.
Taniguchi, K. Watanabe, Y. Ran, T. Cao, L. Fu, D. Xiao, W. Yao, and X. Xu, Signatures
of fractional quantum anomalous hall states in twisted mote2, Nature (2023), Available
at https://doi.org/10.1038/s41586-023-06289-w.

83


https://arxiv.org/abs/2502.17430
https://doi.org/10.1103/physrevb.100.085109
https://doi.org/10.1103/physrevb.100.085109
https://doi.org/10.1021/acs.nanolett.9b04979
https://link.aps.org/doi/10.1103/PhysRevLett.123.026402
https://link.aps.org/doi/10.1103/PhysRevLett.123.026402
https://doi.org/10.1038/s41586-021-03192-0
https://www.science.org/doi/abs/10.1126/science.abg0399
https://arxiv.org/abs/2112.10760
https://doi.org/10.1038/s41567-025-03040-2
https://doi.org/10.1038/s41586-021-03685-y
https://link.aps.org/doi/10.1103/PhysRevLett.128.176404
https://link.aps.org/doi/10.1103/PhysRevX.9.031021
https://link.aps.org/doi/10.1103/PhysRevLett.108.196802
https://link.aps.org/doi/10.1103/PhysRevLett.122.086402
https://doi.org/10.1038/s41586-024-08381-1
https://arxiv.org/abs/2504.06972
https://doi.org/10.1038/s41586-023-06289-w

[188]

[189)]

[190]

[191]

[192]

193]

[194]

[195]

[196]

[197]

[198]

[199]

[200]

[201]

[202]

[203]

Y. Zeng, 7. Xia, K. Kang, J. Zhu, P. Kniippel, C. Vaswani, K. Watanabe, T. Taniguchi,
K.F. Mak, and J. Shan, Thermodynamic evidence of fractional chern insulator in moiré
mote2, Nature (2023), Available at https://doi.org/10.1038/s41586-023-06452-3.
H. Park, J. Cai, E. Anderson, Y. Zhang, J. Zhu, X. Liu, C. Wang, W. Holtzmann,
C. Hu, Z. Liu, T. Taniguchi, K. Watanabe, J.H. Chu, T. Cao, L. Fu, W. Yao, C.Z.
Chang, D. Cobden, D. Xiao, and X. Xu, Observation of fractionally quantized anoma-
lous hall effect, Nature 622 (2023), pp. 74-79, Available at https://doi.org/10.1038/
s41586-023-06536-0.

F. Xu, Z. Sun, T. Jia, C. Liu, C. Xu, C. Li, Y. Gu, K. Watanabe, T. Taniguchi, B. Tong, J.
Jia, Z. Shi, S. Jiang, Y. Zhang, X. Liu, and T. Li, Observation of integer and fractional
quantum anomalous hall effects in twisted bilayer motes, Phys. Rev. X 13 (2023), p.
031037, Available at https://link.aps.org/doi/10.1103/PhysRevX.13.031037.

H. Park, J. Cai, E. Anderson, X.W. Zhang, X. Liu, W. Holtzmann, W. Li, C. Wang, C.
Hu, Y. Zhao, T. Taniguchi, K. Watanabe, J. Yang, D. Cobden, J.H. Chu, N. Regnault,
B.A. Bernevig, L. Fu, T. Cao, D. Xiao, and X. Xu, Ferromagnetism and topology of the
higher flat band in a fractional chern insulator (2024). Available at https://arxiv.
org/abs/2406.09591.

F. Xu, X. Chang, J. Xiao, Y. Zhang, F. Liu, Z. Sun, N. Mao, N. Peshcherenko, J. Li, K.
Watanabe, T. Taniguchi, B. Tong, L. Lu, J. Jia, D. Qian, Z. Shi, Y. Zhang, X. Liu, S.
Jiang, and T. Li, Interplay between topology and correlations in the second moiré band
of twisted bilayer mote2 (2024). Available at https://arxiv.org/abs/2406.09687.

F. Wu, T. Lovorn, E. Tutuc, and A.H. MacDonald, Hubbard model physics in transition
metal dichalcogenide moiré bands, Phys. Rev. Lett. 121 (2018), p. 026402, Available at
https://link.aps.org/doi/10.1103/PhysRevLlett.121.026402

Y. Zhang, N.F.Q. Yuan, and L. Fu, Moiré quantum chemistry: Charge transfer in tran-
sition metal dichalcogenide superlattices, Phys. Rev. B 102 (2020), p. 201115, Available
at https://link.aps.org/doi/10.1103/PhysRevB.102.201115,

Y.M. Xie, C.P. Zhang, J.X. Hu, K.F. Mak, and K.T. Law, Valley-polarized quantum
anomalous hall state in moiré motes /wseq heterobilayers, Phys. Rev. Lett. 128 (2022), p.
026402, Available at https://link.aps.org/doi/10.1103/PhysRevLlett.128.026402.
M. Angeli and A.H. MacDonald, Gamma valley transition metal dichalcogenide moiré
bands, Proceedings of the National Academy of Sciences 118 (2021), p. €2021826118,
Available at https://www.pnas.org/doi/abs/10.1073/pnas.2021826118.

M. Claassen, L. Xian, D.M. Kennes, and A. Rubio, Ultra-strong spin—orbit coupling and
topological moiréengineering in twisted zrs2 bilayers, Nature Communications 13 (2022),
p. 4915, Available at https://doi.org/10.1038/s41467-022-31604-w.

D. Calugaru, Y. Jiang, H. Hu, H. Pi, J. Yu, M.G. Vergniory, J. Shan, C. Felser, L.M.
Schoop, D.K. Efetov, K.F. Mak, and B.A. Bernevig, Moirématerials based on m-point
twisting, Nature 643 (2025), pp. 376-381, Available at https://doi.org/10.1038/
s41586-025-09187-5.

J. Ingham, M.S. Scheurer, and H.D. Scammell, Moiré m-valley bilayers: quasi-one-
dimensional physics, unconventional spin textures and twisted van hove singularities
(2025). Available at https://arxiv.org/abs/2503.11754.

Y.M. Wu, C. Murthy, and S.A. Kivelson, Possible sliding regimes in twisted bilayer wtes,
Phys. Rev. Lett. 133 (2024), p. 246501, Available at https://link.aps.org/doi/10.
1103/PhysRevLett.133.246501.

P. Wang, G. Yu, Y.H. Kwan, Y. Jia, S. Lei, S. Klemenz, F.A. Cevallos, R. Singha, T.
Devakul, K. Watanabe, et al., One-dimensional luttinger liquids in a two-dimensional
moiré lattice, Nature 605 (2022), pp. 57-62.

N. Nakatsuji, T. Kawakami, and M. Koshino, Multiscale lattice relaxation in general
twisted trilayer graphenes, Phys. Rev. X 13 (2023), p. 041007, Available at https://
link.aps.org/doi/10.1103/PhysRevX.13.041007.

T. Devakul, P.J. Ledwith, L.Q. Xia, A. Uri, S.C. de la Barrera, P. Jarillo-Herrero, and
L. Fu, Magic-angle helical trilayer graphene, Science Advances 9 (2023), p. eadi6063,

84


https://doi.org/10.1038/s41586-023-06452-3
https://doi.org/10.1038/s41586-023-06536-0
https://doi.org/10.1038/s41586-023-06536-0
https://link.aps.org/doi/10.1103/PhysRevX.13.031037
https://arxiv.org/abs/2406.09591
https://arxiv.org/abs/2406.09591
https://arxiv.org/abs/2406.09687
https://link.aps.org/doi/10.1103/PhysRevLett.121.026402
https://link.aps.org/doi/10.1103/PhysRevB.102.201115
https://link.aps.org/doi/10.1103/PhysRevLett.128.026402
https://www.pnas.org/doi/abs/10.1073/pnas.2021826118
https://doi.org/10.1038/s41467-022-31604-w
https://doi.org/10.1038/s41586-025-09187-5
https://doi.org/10.1038/s41586-025-09187-5
https://arxiv.org/abs/2503.11754
https://link.aps.org/doi/10.1103/PhysRevLett.133.246501
https://link.aps.org/doi/10.1103/PhysRevLett.133.246501
https://link.aps.org/doi/10.1103/PhysRevX.13.041007
https://link.aps.org/doi/10.1103/PhysRevX.13.041007

[204]

[205]

206]

207]

208]

[209]

[210]

[211]

[212]
213]

[214]

[215]

[216]

[217]

[218]
[219]

[220]

[221]

Available at https://www.science.org/doi/abs/10.1126/sciadv.adi6063.

C. Yang, J. May-Mann, Z. Zhu, and T. Devakul, Multi-moiré trilayer graphene: Lattice
relazation, electronic structure, and magic angles, Physical Review B 110 (2024), p.
115434, Available at https://link.aps.org/doi/10.1103/PhysRevB.110.115434.
F.K. Popov and G. Tarnopolsky, Magic angles in equal-twist trilayer graphene, Physical
Review B 108 (2023), p. L081124, Available at https://link.aps.org/doi/10.1103/
PhysRevB.108.1081124, publisher: American Physical Society.

Y. Mao, D. Guerci, and C. Mora, Supermoiré low-energy effective theory of twisted
trilayer graphene, Phys. Rev. B 107 (2023), p. 125423, Available at https://link.
aps.org/doi/10.1103/PhysRevB.107.125423.

A. Datta, D. Guerci, M.O. Goerbig, and C. Mora, Helical trilayer graphene in magnetic
field: Chern mosaic and higher chern number ideal flat bands, Phys. Rev. B 110 (2024),
p- 075417, Available at https://link.aps.org/doi/10.1103/PhysRevB.110.075417.
D. Guerci, Y. Mao, and C. Mora, Chern mosaic and ideal flat bands in equal-twist trilayer
graphene, Phys. Rev. Res. 6 (2024), p. L022025, Available at https://link.aps.org/
doi/10.1103/PhysRevResearch.6.L022025,

L.Q. Xia, S.C. de la Barrera, A. Uri, A. Sharpe, Y.H. Kwan, Z. Zhu, K. Watanabe, T.
Taniguchi, D. Goldhaber-Gordon, L. Fu, T. Devakul, and P. Jarillo-Herrero, Topologi-
cal bands and correlated states in helical trilayer graphene, Nature Physics 21 (2025),
pp- 239-244, Available at https://www.nature.com/articles/s41567-024-02731-6,
publisher: Nature Publishing Group.

Y.H. Kwan, P.J. Ledwith, C.F.B. Lo, and T. Devakul, Strong-coupling topological states
and phase transitions in helical trilayer graphene, Phys. Rev. B 109 (2024), p. 125141,
Available at https://link.aps.org/doi/10.1103/PhysRevB.109.125141,

Y.H. Kwan, T. Tan, and T. Devakul, Fractional chern mosaic in supermoiré graphene,
Phys. Rev. Res. 7 (2025), p. L032070, Available at https://link.aps.org/doi/10.
1103/srgm-9ybcl

P.L. Lions, Solutions of Hartree-Fock equations for Coulomb systems, Communications
in Mathematical Physics 109 (1987), pp. 33-97.

E. Cances and C. Le Bris, Can we outperform the DIIS approach for electronic structure
calculations?, International Journal of Quantum Chemistry 79 (2000), pp. 82-90.

K.N. Kudin, G.E. Scuseria, and E. Cances, A black-box self-consistent field convergence
algorithm: One step closer, The Journal of Chemical Physics 116 (2002), pp. 8255-8261,
Available at https://doi.org/10.1063/1.1470195.

T. Koopmans, Uber die zuordnung von wellenfunktionen und eigenwerten zu den einzel-
nen elektronen eines atoms, Physica 1 (1934), pp. 104-113, Available at https://www.
sciencedirect.com/science/article/pii/S0031891434900112,

T. Fukui, Y. Hatsugai, and H. Suzuki, Chern numbers in discretized brillouin zone:
Efficient method of computing (spin) Hall conductances, Journal of the Physical Society
of Japan 74 (2005), pp. 1674-1677, Available at https://doi.org/10.1143/jpsj.74.
1674.

F. Xie, N. Regnault, D. Calugaru, B.A. Bernevig, and B. Lian, Twisted symmetric tri-
layer graphene. ii. projected hartree-fock study, Phys. Rev. B 104 (2021), p. 115167,
Available at https://link.aps.org/doi/10.1103/PhysRevB.104.115167.

P.A.M. Dirac, Note on exchange phenomena in the thomas atom, Mathematical Pro-
ceedings of the Cambridge Philosophical Society 26 (1930), p. 376-385.

P. Kramer and M. Saraceno, Geometry of the Time-dependent Variational Principle in
Quantum Mechanics, Lecture notes in physics, Springer-Verlag, 1981.

D. Thouless, Stability conditions and nuclear rotations in the hartree-fock theory, Nu-
clear Physics 21 (1960), pp. 225 — 232, Available at http://www.sciencedirect.com/
science/article/pii/00295568260900481.

D. Bohm and D. Pines, A collective description of electron interactions: Iii. coulomb
interactions in a degenerate electron gas, Phys. Rev. 92 (1953), pp. 609-625, Available
at https://link.aps.org/doi/10.1103/PhysRev.92.609.

85


https://www.science.org/doi/abs/10.1126/sciadv.adi6063
https://link.aps.org/doi/10.1103/PhysRevB.110.115434
https://link.aps.org/doi/10.1103/PhysRevB.108.L081124
https://link.aps.org/doi/10.1103/PhysRevB.108.L081124
https://link.aps.org/doi/10.1103/PhysRevB.107.125423
https://link.aps.org/doi/10.1103/PhysRevB.107.125423
https://link.aps.org/doi/10.1103/PhysRevB.110.075417
https://link.aps.org/doi/10.1103/PhysRevResearch.6.L022025
https://link.aps.org/doi/10.1103/PhysRevResearch.6.L022025
https://www.nature.com/articles/s41567-024-02731-6
https://link.aps.org/doi/10.1103/PhysRevB.109.125141
https://link.aps.org/doi/10.1103/srgm-9ybc
https://link.aps.org/doi/10.1103/srgm-9ybc
https://doi.org/10.1063/1.1470195
https://www.sciencedirect.com/science/article/pii/S0031891434900112
https://www.sciencedirect.com/science/article/pii/S0031891434900112
https://doi.org/10.1143/jpsj.74.1674
https://doi.org/10.1143/jpsj.74.1674
https://link.aps.org/doi/10.1103/PhysRevB.104.115167
http://www.sciencedirect.com/science/article/pii/0029558260900481
http://www.sciencedirect.com/science/article/pii/0029558260900481
https://link.aps.org/doi/10.1103/PhysRev.92.609

[222]

[223]

[224]

[225]

[226]

[227]

[228]

[229]

[230]

[231]

[232]

[233]

[234]

[235]

[236)]

[237]

G. Giuliani and G. Vignale, Quantum theory of the electron liquid, Cambridge university
press, 2008.

T.M.R. Wolf and C. Huang, Quasi-boson approximation yields accurate correlation
energy in the 2d electron gas, Phys. Rev. Res. 6 (2024), p. 033296, Available at
https://link.aps.org/doi/10.1103/PhysRevResearch.6.033296/

J. Goldstone and K. Gottfried, Collective excitations of fermi gases, 11 Nuovo Ci-
mento (1955-1965) 13 (1959), pp. 849-852, Available at https://doi.org/10.1007/
BF02726371.

E.E. Salpeter and H.A. Bethe, A relativistic equation for bound-state problems, Phys.
Rev. 84 (1951), pp. 1232-1242, Available at https://link.aps.org/doi/10.1103/
PhysRev.84.1232.

G. Baym and L.P. Kadanoff, Conservation laws and correlation functions, Phys. Rev.
124 (1961), pp. 287299, Available at https://link.aps.org/doi/10.1103/PhysRev.
124.287.

D. Thouless, Vibrational states of nuclei in the random phase approximation, Nuclear
Physics 22 (1961), pp. 78 — 95, Available at http://www.sciencedirect.com/science/
article/pii/0029558261903649.

J. Kang, B.A. Bernevig, and O. Vafek, Cascades between light and heavy fermions in
the normal state of magic-angle twisted bilayer graphene, Physical Review Letters 127
(2021), Available at https://doi.org/10.1103/physrevlett.127.266402.

S. Zhang, X. Lu, and J. Liu, Correlated insulators, density wave states, and their non-
linear optical response in magic-angle twisted bilayer graphene, Phys. Rev. Lett. 128
(2022), p. 247402, Available at https://link.aps.org/doi/10.1103/PhysRevLett.
128.247402.

T. Cea, N.R. Walet, and F. Guinea, FElectronic band structure and pinning of Fermi
energy to van Hove singularities in twisted bilayer graphene: A self-consistent approach,
Physical Review B 100 (2019), Available at https://doi.org/10.1103/physrevb.100.
205113.

F. Guinea and N.R. Walet, Electrostatic effects, band distortions, and superconductivity
in twisted graphene bilayers, Proceedings of the National Academy of Sciences 115 (2018),
pp. 13174-13179, Available at https://doi.org/10.1073/pnas.1810947115.

Z. Wang, Y.H. Kwan, G. Wagner, S.H. Simon, N. Bultinck, and S.A. Parameswaran,
Chern-textured exciton insulators with valley spiral order in moiré materials, Phys.
Rev. B 112 (2025), p. 035130, Available at https://link.aps.org/doi/10.1103/
chsd-123t.

Z. Wang, Y.H. Kwan, G. Wagner, N. Bultinck, S.H. Simon, and S.A. Parameswaran,
Kekulé spirals and charge transfer cascades in twisted symmetric trilayer graphene, Phys.
Rev. B 109 (2024), p. L201119, Available at https://link.aps.org/doi/10.1103/
PhysRevB.109.L201119.

M. Christos, S. Sachdev, and M.S. Scheurer, Correlated insulators, semimetals, and
superconductivity in twisted trilayer graphene, Physical Review X 12 (2022), Available
at https://doi.org/10.1103/physrevx.12.021018.

C.N. Breig and B.M. Andersen, Chern insulator phases and spontaneous spin and valley
order in a moiré lattice model for magic-angle twisted bilayer graphene, Phys. Rev. B
107 (2023), p. 165114, Available at https://link.aps.org/doi/10.1103/PhysRevB.
107.165114.

S. Tomarken, Y. Cao, A. Demir, K. Watanabe, T. Taniguchi, P. Jarillo-Herrero, and
R. Ashoori, Electronic compressibility of magic-angle graphene superlattices, Physical
Review Letters 123 (2019), Available at https://doi.org/10.1103/physrevliett.123.
046601

D. Wong, K.P. Nuckolls, M. Oh, B. Lian, Y. Xie, S. Jeon, K. Watanabe, T. Taniguchi,
B.A. Bernevig, and A. Yazdani, Cascade of electronic transitions in magic-angle twisted
bilayer graphene, Nature 582 (2020), pp. 198-202, Available at https://doi.org/10.
1038/s41586-020-2339-0.

86


https://link.aps.org/doi/10.1103/PhysRevResearch.6.033296
https://doi.org/10.1007/BF02726371
https://doi.org/10.1007/BF02726371
https://link.aps.org/doi/10.1103/PhysRev.84.1232
https://link.aps.org/doi/10.1103/PhysRev.84.1232
https://link.aps.org/doi/10.1103/PhysRev.124.287
https://link.aps.org/doi/10.1103/PhysRev.124.287
http://www.sciencedirect.com/science/article/pii/0029558261903649
http://www.sciencedirect.com/science/article/pii/0029558261903649
https://doi.org/10.1103/physrevlett.127.266402
https://link.aps.org/doi/10.1103/PhysRevLett.128.247402
https://link.aps.org/doi/10.1103/PhysRevLett.128.247402
https://doi.org/10.1103/physrevb.100.205113
https://doi.org/10.1103/physrevb.100.205113
https://doi.org/10.1073/pnas.1810947115
https://link.aps.org/doi/10.1103/chsd-123t
https://link.aps.org/doi/10.1103/chsd-123t
https://link.aps.org/doi/10.1103/PhysRevB.109.L201119
https://link.aps.org/doi/10.1103/PhysRevB.109.L201119
https://doi.org/10.1103/physrevx.12.021018
https://link.aps.org/doi/10.1103/PhysRevB.107.165114
https://link.aps.org/doi/10.1103/PhysRevB.107.165114
https://doi.org/10.1103/physrevlett.123.046601
https://doi.org/10.1103/physrevlett.123.046601
https://doi.org/10.1038/s41586-020-2339-0
https://doi.org/10.1038/s41586-020-2339-0

[238]

239]

[240]

[241]

[242]

[243]

[244]

[245)

[246]

[247]

[248]

[249]

250]

[251]

J.M. Park, Y. Cao, K. Watanabe, T. Taniguchi, and P. Jarillo-Herrero, Flavour hund’s
coupling, Chern gaps and charge diffusivity in moiré graphene, Nature 592 (2021), pp.
43-48, Available at https://doi.org/10.1038/s41586-021-03366-w.

Y. Xie, B. Lian, B. Jick, X. Liu, C.L. Chiu, K. Watanabe, T. Taniguchi, B.A.
Bernevig, and A. Yazdani, Spectroscopic signatures of many-body correlations in magic-
angle twisted bilayer graphene, Nature 572 (2019), pp. 101-105, Available at https:
//doi.org/10.1038/s41586-019-1422-x|

K.P. Nuckolls, M. Oh, D. Wong, B. Lian, K. Watanabe, T. Taniguchi, B.A. Bernevig,
and A. Yazdani, Strongly correlated Chern insulators in magic-angle twisted bilayer
graphene, Nature 588 (2020), pp. 610-615, Available at https://doi.org/10.1038/
s41586-020-3028-8|

A.T. Pierce, Y. Xie, J.M. Park, E. Khalaf, S.H. Lee, Y. Cao, D.E. Parker, P.R. Forrester,
S. Chen, K. Watanabe, T. Taniguchi, A. Vishwanath, P. Jarillo-Herrero, and A. Yacoby,
Unconventional sequence of correlated Chern insulators in magic-angle twisted bilayer
graphene, Nature Physics 17 (2021), pp. 12101215, Available at https://doi.org/10.
1038/s41567-021-01347-4.

Y. Saito, J. Ge, L. Rademaker, K. Watanabe, T. Taniguchi, D.A. Abanin, and A.F.
Young, Hofstadter subband ferromagnetism and symmetry-broken Chern insulators in
twisted bilayer graphene, Nature Physics 17 (2021), pp. 478-481, Available at https:
//doi.org/10.1038/s41567-020-01129-4,

J. Yu, B.A. Foutty, Z. Han, M.E. Barber, Y. Schattner, K. Watanabe, T. Taniguchi, P.
Phillips, Z.X. Shen, S.A. Kivelson, and B.E. Feldman, Correlated Hofstadter spectrum
and flavor phase diagram in magic angle graphene (2021). Available at https://arxiv.
org/abs/2108.00009.

1. Das, X. Lu, J. Herzog-Arbeitman, Z.D. Song, K. Watanabe, T. Taniguchi, B.A.
Bernevig, and D.K. Efetov, Symmetry-broken Chern insulators and Rashba-like Landau-
level crossings in magic-angle bilayer graphene, Nature Physics 17 (2021), pp. 710-714,
Available at https://doi.org/10.1038/s41567-021-01186-3.

P. Stepanov, M. Xie, T. Taniguchi, K. Watanabe, X. Lu, A. MacDonald, B.A. Bernevig,
and D. Efetov, Competing zero-field Chern insulators in superconducting twisted bilayer
graphene, Physical Review Letters 127 (2021), Available at https://doi.org/10.1103/
physrevlett.127.197701.

S. Wu, Z. Zhang, K. Watanabe, T. Taniguchi, and E.Y. Andrei, Chern insulators, van
Hove singularities and topological flat bands in magic-angle twisted bilayer graphene,
Nature Materials 20 (2021), pp. 488-494, Available at https://doi.org/10.1038/
s41563-020-00911-2.

Y. Choi, H. Kim, Y. Peng, A. Thomson, C. Lewandowski, R. Polski, Y. Zhang, H.S.
Arora, K. Watanabe, T. Taniguchi, J. Alicea, and S. Nadj-Perge, Correlation-driven
topological phases in magic-angle twisted bilayer graphene, Nature 589 (2021), pp. 536—
541, Available at https://doi.org/10.1038/s41586-020-03159-7.

S. Grover, M. Bocarsly, A. Uri, P. Stepanov, G. Di Battista, I. Roy, J. Xiao, A.Y. Meltzer,
Y. Myasoedov, K. Pareek, K. Watanabe, T. Taniguchi, B. Yan, A. Stern, E. Berg, D.K.
Efetov, and E. Zeldov, Imaging Chern mosaic and Berry-curvature magnetism in magic-
angle graphene (2022). Available at https://arxiv.org/abs/2201.06901.

A. Uri, S. Grover, Y. Cao, J.A. Crosse, K. Bagani, D. Rodan-Legrain, Y. Myasoedov,
K. Watanabe, T. Taniguchi, P. Moon, M. Koshino, P. Jarillo-Herrero, and E. Zeldov,
Mapping the twist-angle disorder and Landau levels in magic-angle graphene, Nature 581
(2020), pp. 47-52, Available at https://doi.org/10.1038/s41586-020-2255-3|

I. Das, C. Shen, A. Jaoui, J. Herzog-Arbeitman, A. Chew, C.W. Cho, K. Watanabe,
T. Taniguchi, B.A. Piot, B.A. Bernevig, and D.K. Efetov, Observation of re-entrant
correlated insulators and interaction driven Fermi surface reconstructions at one mag-
netic flur quantum per moiré unit cell in magic-angle twisted bilayer graphene (2021).
Available at https://arxiv.org/abs/2111.11341]|

K. Yang, K. Moon, L. Zheng, A.H. MacDonald, S.M. Girvin, D. Yoshioka, and S.C.

87


https://doi.org/10.1038/s41586-021-03366-w
https://doi.org/10.1038/s41586-019-1422-x
https://doi.org/10.1038/s41586-019-1422-x
https://doi.org/10.1038/s41586-020-3028-8
https://doi.org/10.1038/s41586-020-3028-8
https://doi.org/10.1038/s41567-021-01347-4
https://doi.org/10.1038/s41567-021-01347-4
https://doi.org/10.1038/s41567-020-01129-4
https://doi.org/10.1038/s41567-020-01129-4
https://arxiv.org/abs/2108.00009
https://arxiv.org/abs/2108.00009
https://doi.org/10.1038/s41567-021-01186-3
https://doi.org/10.1103/physrevlett.127.197701
https://doi.org/10.1103/physrevlett.127.197701
https://doi.org/10.1038/s41563-020-00911-2
https://doi.org/10.1038/s41563-020-00911-2
https://doi.org/10.1038/s41586-020-03159-7
https://arxiv.org/abs/2201.06901
https://doi.org/10.1038/s41586-020-2255-3
https://arxiv.org/abs/2111.11341

[252]

[253]

[254]

[255]

[256]

[257]

[258]

[259]

260]

[261]

[262]

263]

[264]

265

266

267]

Zhang, Quantum ferromagnetism and phase transitions in double-layer quantum hall
systems, Phys. Rev. Lett. 72 (1994), pp. 732-735, Available at https://link.aps.org/
doi/10.1103/PhysRevLett.72.732,

S.M. Girvin, The quantum Hall effect: Novel excitations and broken symmetries, in
Aspects topologiques de la physique en basse dimension. Topological aspects of low di-
mensional systems, Springer Berlin Heidelberg, 1999, pp. 53-175, Available at https:
//doi.org/10.1007/3-540-46637-1_2.

K. Nomura and A.H. MacDonald, Quantum hall ferromagnetism in graphene, Phys.
Rev. Lett. 96 (2006), p. 256602, Available at https://link.aps.org/doi/10.1103/
PhysRevLett.96.256602.

J.P. Eisenstein and A.H. MacDonald, Bose—einstein condensation of excitons in bilayer
electron systems, Nature 432 (2004), pp. 691-694, Available at https://doi.org/10.
1038/nature03081.

P.J. Ledwith, E. Khalaf, and A. Vishwanath, Strong coupling theory of magic-
angle graphene: A pedagogical introduction, Annals of Physics 435 (2021),
p. 168646, Available at https://www.sciencedirect.com/science/article/pii/
S0003491621002529, special issue on Philip W. Anderson.

T. Cea, P.A. Pantaleén, and F. Guinea, Band structure of twisted bilayer graphene on
hexagonal boron nitride, Physical Review B 102 (2020), Available at https://doi.org/
10.1103/physrevb.102.155136

J. Atteia, Y. Lian, and M.O. Goerbig, Skyrmion zoo in graphene at charge neutrality in
a strong magnetic field, Physical Review B 103 (2021), Available at https://doi.org/
10.1103/physrevb.103.035403.

Y.H. Kwan, Z. Wang, G. Wagner, S.H. Simon, S.A. Parameswaran, and N. Bultinck,
Textured exciton insulators, Phys. Rev. B 112 (2025), p. 035129, Available at https:
//link.aps.org/doi/10.1103/4k6g-hy6y.

B. Zou, A. Li, and A.H. MacDonald, Valley order in moiré topological insulators (2025).
Available at https://arxiv.org/abs/2509.07784.

J.Y. Lee, E. Khalaf, S. Liu, X. Liu, Z. Hao, P. Kim, and A. Vishwanath, Theory of
correlated insulating behaviour and spin-triplet superconductivity in twisted double bilayer
graphene, Nature communications 10 (2019), p. 5333.

D. Calugaru, F. Xie, Z.D. Song, B. Lian, N. Regnault, and B.A. Bernevig, Twisted sym-
metric trilayer graphene: Single-particle and many-body hamiltonians and hidden nonlo-
cal symmetries of trilayer moiré systems with and without displacement field, Phys. Rev.
B 103 (2021), p. 195411, Available at https://link.aps.org/doi/10.1103/PhysRevB.
103.195411.

P. Streda, Theory of quantised hall conductivity in two dimensions, Journal of Physics
C: Solid State Physics 15 (1982), p. L717, Available at https://doi.org/10.1088/
0022-3719/15/22/005.

L. Rademaker, D.A. Abanin, and P. Mellado, Charge smoothening and band flattening
due to Hartree corrections in twisted bilayer graphene, Physical Review B 100 (2019),
Available at https://doi.org/10.1103/physrevb.100.205114.

Z.A H. Goodwin, V. Vitale, X. Liang, A.A. Mostofi, and J. Lischner, Hartree theory
calculations of quasiparticle properties in twisted bilayer graphene, Electronic Structure
2 (2020), p. 034001, Available at https://doi.org/10.1088/2516-1075/ab9f94.

U. Zondiner, A. Rozen, D. Rodan-Legrain, Y. Cao, R. Queiroz, T. Taniguchi, K. Watan-
abe, Y. Oreg, F. von Oppen, A. Stern, E. Berg, P. Jarillo-Herrero, and S. Ilani, Cascade
of phase transitions and Dirac revivals in magic-angle graphene, Nature 582 (2020), pp.
203-208, Available at https://doi.org/10.1038/s41586-020-2373-7.

Y. Saito, J. Ge, K. Watanabe, T. Taniguchi, and A.F. Young, Independent superconduc-
tors and correlated insulators in twisted bilayer graphene, Nature Physics 16 (2020), pp.
926-930, Available at https://doi.org/10.1038/s41567-020-0928-3.

Y. Saito, F. Yang, J. Ge, X. Liu, T. Taniguchi, K. Watanabe, J.I.A. Li, E. Berg, and
A.F. Young, Isospin Pomeranchuk effect in twisted bilayer graphene, Nature 592 (2021),

88


https://link.aps.org/doi/10.1103/PhysRevLett.72.732
https://link.aps.org/doi/10.1103/PhysRevLett.72.732
https://doi.org/10.1007/3-540-46637-1_2
https://doi.org/10.1007/3-540-46637-1_2
https://link.aps.org/doi/10.1103/PhysRevLett.96.256602
https://link.aps.org/doi/10.1103/PhysRevLett.96.256602
https://doi.org/10.1038/nature03081
https://doi.org/10.1038/nature03081
https://www.sciencedirect.com/science/article/pii/S0003491621002529
https://www.sciencedirect.com/science/article/pii/S0003491621002529
https://doi.org/10.1103/physrevb.102.155136
https://doi.org/10.1103/physrevb.102.155136
https://doi.org/10.1103/physrevb.103.035403
https://doi.org/10.1103/physrevb.103.035403
https://link.aps.org/doi/10.1103/4k6g-hy6y
https://link.aps.org/doi/10.1103/4k6g-hy6y
https://arxiv.org/abs/2509.07784
https://link.aps.org/doi/10.1103/PhysRevB.103.195411
https://link.aps.org/doi/10.1103/PhysRevB.103.195411
https://doi.org/10.1088/0022-3719/15/22/005
https://doi.org/10.1088/0022-3719/15/22/005
https://doi.org/10.1103/physrevb.100.205114
https://doi.org/10.1088/2516-1075/ab9f94
https://doi.org/10.1038/s41586-020-2373-y
https://doi.org/10.1038/s41567-020-0928-3

268]

269]

270]

[271]

[272]

273]

[274]

[275]

[276]

277]

[278]

[279]

[280]

[281]

[282]

[283]

pp. 220-224, Available at https://doi.org/10.1038/s41586-021-03409-2|

P. Stepanov, I. Das, X. Lu, A. Fahimniya, K. Watanabe, T. Taniguchi, F.H.L. Koppens,
J. Lischner, L. Levitov, and D.K. Efetov, Untying the insulating and superconducting
orders in magic-angle graphene, Nature 583 (2020), pp. 375-378, Available at https:
//doi.org/10.1038/s41586-020-2459-6,

P.J. Ledwith, G. Tarnopolsky, E. Khalaf, and A. Vishwanath, Fractional Chern insulator
states in twisted bilayer graphene: An analytical approach, Physical Review Research 2
(2020), Available at https://doi.org/10.1103/physrevresearch.2.023237.

J.C. Hoke, Y. Li, J. May-Mann, K. Watanabe, T. Taniguchi, B. Bradlyn, T.L. Hughes,
and B.E. Feldman, Uncovering the spin ordering in magic-angle graphene via edge state
equilibration, Nature Communications 15 (2024), p. 4321, Available at https://doi.
org/10.1038/s41467-024-48385-z.

C. Chen, K.P. Nuckolls, S. Ding, W. Miao, D. Wong, M. Oh, R.L. Lee, S. He, C. Peng,
D. Pei, et al., Strong electron—phonon coupling in magic-angle twisted bilayer graphene,
Nature 636 (2024), pp. 342-347.

D. Calugaru, N. Regnault, M. Oh, K.P. Nuckolls, D. Wong, R.L. Lee, A. Yazdani, O.
Vafek, and B.A. Bernevig, Spectroscopy of twisted bilayer graphene correlated insulators
(2021). Available at https://arxiv.org/abs/2110.15300.

J.P. Hong, T. Soejima, and M.P. Zaletel, Detecting symmetry breaking in magic angle
graphene using scanning tunneling microscopy (2021). Available at https://arxiv.org/
abs/2110.14674.

J. Yu, B.A. Foutty, Y.H. Kwan, M.E. Barber, K. Watanabe, T. Taniguchi, Z.X. Shen,
S.A. Parameswaran, and B.E. Feldman, Spin skyrmion gaps as signatures of strong-
coupling insulators in magic-angle twisted bilayer graphene, Nature Communications 14
(2023), p. 6679, Available at https://doi.org/10.1038/s41467-023-42275-6.

Y. Cao, D. Rodan-Legrain, J.M. Park, N.F.Q. Yuan, K. Watanabe, T. Taniguchi,
R.M. Fernandes, L. Fu, and P. Jarillo-Herrero, Nematicity and competing orders in
superconducting magic-angle graphene, Science 372 (2021), pp. 264-271, Available at
https://doi.org/10.1126/science.abc2836.

X. Liu, Z. Wang, K. Watanabe, T. Taniguchi, O. Vafek, and J.I.A. Li, Tuning electron
correlation in magic-angle twisted bilayer graphene using Coulomb screening, Science 371
(2021), pp. 1261-1265, Available at https://doi.org/10.1126/science.abb8754.

A. Rozen, J.M. Park, U. Zondiner, Y. Cao, D. Rodan-Legrain, T. Taniguchi, K. Watan-
abe, Y. Oreg, A. Stern, E. Berg, P. Jarillo-Herrero, and S. Ilani, Entropic evidence for a
Pomeranchuk effect in magic-angle graphene, Nature 592 (2021), pp. 214-219, Available
at https://doi.org/10.1038/s41586-021-03319-3|

G. Cao, Atomistic studies of mechanical properties of graphene, Polymers 6 (2014), pp.
2404-2432, Available at https://doi.org/10.3390/polym6092404.

L. Huder, A. Artaud, T.L. Quang, G.T. de Laissardiere, A.G. Jansen, G. Lapertot,
C. Chapelier, and V.T. Renard, Electronic spectrum of twisted graphene layers under
heterostrain, Physical Review Letters 120 (2018), Available at https://doi.org/10.
1103/physrevlett.120.156405.

Z. Zhang, L. Wen, Y. Qiao, and Z. Li, Effects of strain on the flat band in twisted bilayer
graphene, Chinese Physics B 32 (2023), p. 107302.

A. Kerelsky, L.J. McGilly, D.M. Kennes, L. Xian, M. Yankowitz, S. Chen, K. Watanabe,
T. Taniguchi, J. Hone, C. Dean, A. Rubio, and A.N. Pasupathy, Mazimized electron
interactions at the magic angle in twisted bilayer graphene, Nature 572 (2019), pp. 95—
100, Available at https://doi.org/10.1038/s41586-019-1431-9.

Y. Choi, J. Kemmer, Y. Peng, A. Thomson, H. Arora, R. Polski, Y. Zhang, H. Ren, J.
Alicea, G. Refael, F. von Oppen, K. Watanabe, T. Taniguchi, and S. Nadj-Perge, Flec-
tronic correlations in twisted bilayer graphene near the magic angle, Nature Physics 15
(2019), pp. 1174-1180, Available at https://doi.org/10.1038/s41567-019-0606-5.
X. Wang, J. Finney, A.L. Sharpe, L.K. Rodenbach, C.L. Hsueh, K. Watanabe, T.
Taniguchi, M.A. Kastner, O. Vafek, and D. Goldhaber-Gordon, Unusual magneto-

89


https://doi.org/10.1038/s41586-021-03409-2
https://doi.org/10.1038/s41586-020-2459-6
https://doi.org/10.1038/s41586-020-2459-6
https://doi.org/10.1103/physrevresearch.2.023237
https://doi.org/10.1038/s41467-024-48385-z
https://doi.org/10.1038/s41467-024-48385-z
https://arxiv.org/abs/2110.15300
https://arxiv.org/abs/2110.14674
https://arxiv.org/abs/2110.14674
https://doi.org/10.1038/s41467-023-42275-6
https://doi.org/10.1126/science.abc2836
https://doi.org/10.1126/science.abb8754
https://doi.org/10.1038/s41586-021-03319-3
https://doi.org/10.3390/polym6092404
https://doi.org/10.1103/physrevlett.120.156405
https://doi.org/10.1103/physrevlett.120.156405
https://doi.org/10.1038/s41586-019-1431-9
https://doi.org/10.1038/s41567-019-0606-5

[284]

[285)]

286

[287]

288

[289)]

[290]

[201]

[292]

203]

[294]

295

[296]

297]

298]

[299]

300]

transport in twisted bilayer graphene from strain-induced open fermi surfaces, Proceed-
ings of the National Academy of Sciences 120 (2023), p. 2307151120, Available at
https://www.pnas.org/doi/abs/10.1073/pnas.2307151120.

J. Finney, A.L. Sharpe, E.J. Fox, C.L. Hsueh, D.E. Parker, M. Yankowitz, S. Chen, K.
Watanabe, T. Taniguchi, C.R. Dean, et al., Unusual magnetotransport in twisted bilayer
graphene, Proceedings of the National Academy of Sciences 119 (2022), p. €2118482119.
Z. Bi, N.F.Q. Yuan, and L. Fu, Designing flat bands by strain, Physical Review B 100
(2019), Available at https://doi.org/10.1103/physrevb.100.035448!

F. Escudero, A. Sinner, Z. Zhan, P.A. Pantaleén, and F. Guinea, Designing moiré pat-
terns by strain, Phys. Rev. Res. 6 (2024), p. 023203, Available at https://link.aps.
org/doi/10.1103/PhysRevResearch.6.023203|

A.A. Koulakov, M.M. Fogler, and B.I. Shklovskii, Charge density wave in two-
dimensional electron liquid in weak magnetic field, Physical Review Letters 76 (1996),
pp- 499-502, Available at https://doi.org/10.1103/physrevliett.76.499.

M.M. Fogler, A.A. Koulakov, and B.I. Shklovskii, Ground state of a two-dimensional
electron liquid in a weak magnetic field, Physical Review B 54 (1996), pp. 1853-1871,
Available at https://doi.org/10.1103/physrevb.54.1853,

R. Moessner and J.T. Chalker, Ezact results for interacting electrons in high Landau
levels, Physical Review B 54 (1996), pp. 5006-5015, Available at https://doi.org/10.
1103/physrevb.54.5006.

M.M. Fogler, Stripe and bubble phases in quantum Hall systems, in High Magnetic Fields,
Springer Berlin Heidelberg, 2002, pp. 98-138, Available at https://doi.org/10.1007/
3-540-45649-x_4.

J. Zaanen and O. Gunnarsson, Charged magnetic domain lines and the magnetism of
high-T. oxides, Physical Review B 40 (1989), pp. 7391-7394, Available at https://doi.
org/10.1103/physrevb.40.7391.

M. Inui and P.B. Littlewood, Hartree-fock study of the magnetism in the single-band
Hubbard model, Physical Review B 44 (1991), pp. 44154422, Available at https://
doi.org/10.1103/physrevb.44.4415.

D. Poilblanc and T.M. Rice, Charged solitons in the Hartree-Fock approximation to
the large-U Hubbard model, Physical Review B 39 (1989), pp. 9749-9752, Available at
https://doi.org/10.1103/physrevb.39.9749.

T. Giamarchi and C. Lhuillier, Variational monte carlo study of incommensurate antifer-
romagnetic phases in the two-dimensional Hubbard model, Physical Review B 42 (1990),
pp. 10641-10647, Available at https://doi.org/10.1103/physrevb.42.10641,

V.J. Emery, S.A. Kivelson, and J.M. Tranquada, Stripe phases in high-temperature super-
conductors, Proceedings of the National Academy of Sciences 96 (1999), pp. 88148817,
Available at https://doi.org/10.1073/pnas.96.16.8814.

V.J. Emery, S.A. Kivelson, and J.M. Tranquada, Stripe phases in high-temperature super-
conductors, Proceedings of the National Academy of Sciences 96 (1999), pp. 8814-8817,
Available at https://www.pnas.org/content/96/16/8814.

E. Fradkin, S.A. Kivelson, and J.M. Tranquada, Colloquium: Theory of intertwined or-
ders in high temperature superconductors, Rev. Mod. Phys. 87 (2015), pp. 457-482, Avail-
able at https://link.aps.org/doi/10.1103/RevModPhys.87.457.

S.A. Kivelson, I.P. Bindloss, E. Fradkin, V. Oganesyan, J.M. Tranquada, A. Kapitulnik,
and C. Howald, How to detect fluctuating stripes in the high-temperature superconductors,
Rev. Mod. Phys. 75 (2003), pp. 1201-1241, Available at https://1link.aps.org/doi/
10.1103/RevModPhys.75.1201,

K. Machida, Magnetism in la2cuo4 based compounds, Physica C: Superconductivity
158 (1989), pp. 192-196, Available at https://www.sciencedirect.com/science/
article/pii/092145348990316X.

M. Kato, K. Machida, H. Nakanishi, and M. Fujita, Soliton lattice modulation of incom-
mensurate spin density wave in two dimensional hubbard model -a mean field study-
, Journal of the Physical Society of Japan 59 (1990), pp. 1047-1058, Available at

90


https://www.pnas.org/doi/abs/10.1073/pnas.2307151120
https://doi.org/10.1103/physrevb.100.035448
https://link.aps.org/doi/10.1103/PhysRevResearch.6.023203
https://link.aps.org/doi/10.1103/PhysRevResearch.6.023203
https://doi.org/10.1103/physrevlett.76.499
https://doi.org/10.1103/physrevb.54.1853
https://doi.org/10.1103/physrevb.54.5006
https://doi.org/10.1103/physrevb.54.5006
https://doi.org/10.1007/3-540-45649-x_4
https://doi.org/10.1007/3-540-45649-x_4
https://doi.org/10.1103/physrevb.40.7391
https://doi.org/10.1103/physrevb.40.7391
https://doi.org/10.1103/physrevb.44.4415
https://doi.org/10.1103/physrevb.44.4415
https://doi.org/10.1103/physrevb.39.9749
https://doi.org/10.1103/physrevb.42.10641
https://doi.org/10.1073/pnas.96.16.8814
https://www.pnas.org/content/96/16/8814
https://link.aps.org/doi/10.1103/RevModPhys.87.457
https://link.aps.org/doi/10.1103/RevModPhys.75.1201
https://link.aps.org/doi/10.1103/RevModPhys.75.1201
https://www.sciencedirect.com/science/article/pii/092145348990316X
https://www.sciencedirect.com/science/article/pii/092145348990316X

301]
302]
[303]
304]
305]

306]

[307]
[308)]
[309]
[310]

[311]

312]

313]

314]

315]

316]

317]

[318]

319]

320]

https://doi.org/10.1143/JPSJ.59.1047.

E.W. Huang, C.B. Mendl, H.C. Jiang, B. Moritz, and T.P. Devereaux, Stripe order from
the perspective of the hubbard model, npj Quantum Materials 3 (2018), p. 22, Available
at https://doi.org/10.1038/s41535-018-0097-0.

S.A. Kivelson, E. Fradkin, and V.J. Emery, FElectronic liquid-crystal phases of a doped
mott insulator, Nature 393 (1998), pp. 550-553, Available at https://doi.org/10.
1038/31177.

P. Fulde and R.A. Ferrell, Superconductivity in a strong spin-exchange field, Physical
Review 135 (1964), p. A550.

AL Larkin, Inhomogeneous state of superconductors, Sov. Phys. JETP 20 (1965), p. 762.
N.C. Hesp, I. Torre, D. Rodan-Legrain, P. Novelli, Y. Cao, S. Carr, S. Fang, P. Stepanov,
D. Barcons-Ruiz, H. Herzig Sheinfux, et al., Observation of interband collective excita-
tions in twisted bilayer graphene, Nature Physics 17 (2021), pp. 1162-1168.

T. Xie, S. Xu, Z. Dong, Z. Cui, Y. Ou, M. Erdi, K. Watanabe, T. Taniguchi, S.A.
Tongay, L.S. Levitov, et al., Long-lived isospin excitations in magic-angle twisted bilayer
graphene, Nature 633 (2024), pp. 77-82.

J. Goldstone, Field theories with superconductor solutions, Il Nuovo Cimento (1955-1965)
19 (1961), pp. 154-164, Available at https://doi.org/10.1007/BF02812722.

J. Goldstone, A. Salam, and S. Weinberg, Broken symmetries, Phys. Rev. 127 (1962),
pp. 965-970, Available at https://link.aps.org/doi/10.1103/PhysRev.127.965.

H. Watanabe, Counting Rules of Nambu—Goldstone Modes, Annual Review of Condensed
Matter Physics 11 (2020), pp. 169-187.

E. Khalaf, N. Bultinck, A. Vishwanath, and M.P. Zaletel, Soft modes in magic angle
twisted bilayer graphene (2020). Available at https://arxiv.org/abs/2009.14827.

E. Khalaf, S. Chatterjee, N. Bultinck, M.P. Zaletel, and A. Vishwanath, Charged
skyrmions and topological origin of superconductivity in magic-angle graphene, Science
Advances 7 (2021), Available at https://doi.org/10.1126/sciadv.abf5299.

A. Kumar, M. Xie, and A.H. MacDonald, Lattice collective modes from a continuum
model of magic-angle twisted bilayer graphene, Phys. Rev. B 104 (2021), p. 035119,
Available at https://link.aps.org/doi/10.1103/PhysRevB.104.035119.

X.L. Qi, Generic wave-function description of fractional quantum anomalous Hall states
and fractional topological insulators, Physical Review Letters 107 (2011), Available at
https://doi.org/10.1103/physrevliett.107.126803.

Y.L. Wu, N. Regnault, and B.A. Bernevig, Gauge-firted Wannier wave functions for
fractional topological insulators, Physical Review B 86 (2012), Available at https://
doi.org/10.1103/physrevb.86.085129.

T. Scaffidi and G. Méller, Adiabatic continuation of fractional Chern insulators to frac-
tional quantum Hall states, Physical Review Letters 109 (2012), Available at https:
//doi.org/10.1103/physrevlett.109.246805!

M. Barkeshli and X.L. Qi, Topological nematic states and non-Abelian lattice disloca-
tions, Physical Review X 2 (2012), Available at https://doi.org/10.1103/physrevx.
2.031013.

F. Schindler, O. Vafek, and B.A. Bernevig, Trions in twisted bilayer graphene, Phys. Rev.
B 105 (2022), p. 155135, Available at https://link.aps.org/doi/10.1103/PhysRevB.
105.155135.

E. Khalaf and A. Vishwanath, From electrons to baby skyrmions in Chern ferromagnets:
A topological mechanism for spin-polaron formation in twisted bilayer graphene (2021).
Available at https://arxiv.org/abs/2112.06935|

T. Bomerich, L. Heinen, and A. Rosch, Skyrmion and tetarton lattices in twisted bi-
layer graphene, Physical Review B 102 (2020), Available at https://doi.org/10.1103/
physrevb.102.100408.

Y.H. Kwan, Y. Hu, S.H. Simon, and S.A. Parameswaran, Ezciton band topology in spon-
taneous quantum anomalous Hall insulators: Applications to twisted bilayer graphene,
Phys. Rev. Lett. 126 (2021), p. 137601, Available at https://link.aps.org/doi/10.

91


https://doi.org/10.1143/JPSJ.59.1047
https://doi.org/10.1038/s41535-018-0097-0
https://doi.org/10.1038/31177
https://doi.org/10.1038/31177
https://doi.org/10.1007/BF02812722
https://link.aps.org/doi/10.1103/PhysRev.127.965
https://arxiv.org/abs/2009.14827
https://doi.org/10.1126/sciadv.abf5299
https://link.aps.org/doi/10.1103/PhysRevB.104.035119
https://doi.org/10.1103/physrevlett.107.126803
https://doi.org/10.1103/physrevb.86.085129
https://doi.org/10.1103/physrevb.86.085129
https://doi.org/10.1103/physrevlett.109.246805
https://doi.org/10.1103/physrevlett.109.246805
https://doi.org/10.1103/physrevx.2.031013
https://doi.org/10.1103/physrevx.2.031013
https://link.aps.org/doi/10.1103/PhysRevB.105.155135
https://link.aps.org/doi/10.1103/PhysRevB.105.155135
https://arxiv.org/abs/2112.06935
https://doi.org/10.1103/physrevb.102.100408
https://doi.org/10.1103/physrevb.102.100408
https://link.aps.org/doi/10.1103/PhysRevLett.126.137601
https://link.aps.org/doi/10.1103/PhysRevLett.126.137601

[321]

322]

323]

[324]

325]

326]

327]

328]

329]

330

331]

332]

333]

334]

[335]

336]

1103/PhysRevLett.126.137601.

M. Oh, K.P. Nuckolls, D. Wong, R.L. Lee, X. Liu, K. Watanabe, T. Taniguchi,
and A. Yazdani, FEvidence for unconventional superconductivity in twisted bilayer
graphene, Nature 600 (2021), pp. 240-245, Available at https://doi.org/10.1038/
s41586-021-04121-x.

J.M. Park, S. Sun, K. Watanabe, T. Taniguchi, and P. Jarillo-Herrero, Simultane-
ous transport and tunneling spectroscopy of moiré graphene: Distinct observation of
the superconducting gap and signatures of nodal superconductivity (2025). Available at
https://arxiv.org/abs/2503.16410.

A. Banerjee, Z. Hao, M. Kreidel, P. Ledwith, I. Phinney, J.M. Park, A.M. Zimmer-
man, K. Watanabe, T. Taniguchi, R.M. Westervelt, P. Jarillo-Herrero, P.A. Volkov, A.
Vishwanath, K.C. Fong, and P. Kim, Superfluid stiffness of twisted multilayer graphene
superconductors (2024). Available at https://arxiv.org/abs/2406.13742.

M. Tanaka, JIL Wang, T.H. Dinh, D. Rodan-Legrain, S. Zaman, M. Hays, B. Kannan,
A. Almanakly, D.K. Kim, B.M. Niedzielski, et al., Superfluid stiffness and flat-band su-
perconductivity in magic-angle graphene probed by cged, arXiv preprint arXiv:2406.13740
(2024).

E. Lake, A.S. Patri, and T. Senthil, Pairing symmetry of twisted bilayer graphene: A
phenomenological synthesis, Phys. Rev. B 106 (2022), p. 104506, Available at https:
//1link.aps.org/doi/10.1103/PhysRevB.106.104506.

T. Cea and F. Guinea, Coulomb interaction, phonons, and superconductivity in
twisted bilayer graphene, Proceedings of the National Academy of Sciences 118
(2021), p. €2107874118, Available at https://www.pnas.org/doi/abs/10.1073/pnas.
2107874118.

D.M. Kennes, J. Lischner, and C. Karrasch, Strong correlations and d + id supercon-
ductivity in twisted bilayer graphene, Phys. Rev. B 98 (2018), p. 241407, Available at
https://link.aps.org/doi/10.1103/PhysRevB.98.241407.

B. Roy and V. Juri¢i¢, Unconventional superconductivity in nearly flat bands in twisted
bilayer graphene, Phys. Rev. B 99 (2019), p. 121407, Available at https://link.aps.

org/doi/10.1103/PhysRevB.99.121407,

G. Sharma, M. Trushin, O.P. Sushkov, G. Vignale, and S. Adam, Superconductivity from
collective excitations in magic-angle twisted bilayer graphene, Phys. Rev. Res. 2 (2020),
p.- 022040, Available at https://link.aps.org/doi/10.1103/PhysRevResearch.2.

022040.

H. Isobe, N.F.Q. Yuan, and L. Fu, Unconventional superconductivity and density waves
in twisted bilayer graphene, Phys. Rev. X 8 (2018), p. 041041, Available at https:

//link.aps.org/doi/10.1103/PhysRevX.8.041041l

E. Khalaf, P. Ledwith, and A. Vishwanath, Symmetry constraints on superconductivity
i twisted bilayer graphene: Fractional vortices, 4e condensates or non-unitary pairing
(2020). Available at https://arxiv.org/abs/2012.05915|

D.V. Chichinadze, L. Classen, and A.V. Chubukov, Nematic superconductivity in twisted
bilayer graphene, Phys. Rev. B 101 (2020), p. 224513, Available at https://link.aps.

org/doi/10.1103/PhysRevB.101.224513,

Y. Wang, J. Kang, and R.M. Fernandes, Topological and nematic superconductivity me-
diated by ferro-su(4) fluctuations in twisted bilayer graphene, Phys. Rev. B 103 (2021),
p. 024506, Available at https://link.aps.org/doi/10.1103/PhysRevB.103.024506.

J. Gonzalez and T. Stauber, Kohn-luttinger superconductivity in twisted bilayer graphene,
Phys. Rev. Lett. 122 (2019), p. 026801, Available at https://link.aps.org/doi/10.

1103/PhysRevLett.122.026801.

C.C. Liu, L.D. Zhang, W.Q. Chen, and F. Yang, Chiral spin density wave and d +
id superconductivity in the magic-angle-twisted bilayer graphene, Phys. Rev. Lett. 121
(2018), p. 217001, Available at https://link.aps.org/doi/10.1103/PhysRevLett.

121.217001.

V. Kozii, H. Isobe, J.JW.F. Venderbos, and L. Fu, Nematic superconductivity stabilized

92


https://link.aps.org/doi/10.1103/PhysRevLett.126.137601
https://link.aps.org/doi/10.1103/PhysRevLett.126.137601
https://doi.org/10.1038/s41586-021-04121-x
https://doi.org/10.1038/s41586-021-04121-x
https://arxiv.org/abs/2503.16410
https://arxiv.org/abs/2406.13742
https://link.aps.org/doi/10.1103/PhysRevB.106.104506
https://link.aps.org/doi/10.1103/PhysRevB.106.104506
https://www.pnas.org/doi/abs/10.1073/pnas.2107874118
https://www.pnas.org/doi/abs/10.1073/pnas.2107874118
https://link.aps.org/doi/10.1103/PhysRevB.98.241407
https://link.aps.org/doi/10.1103/PhysRevB.99.121407
https://link.aps.org/doi/10.1103/PhysRevB.99.121407
https://link.aps.org/doi/10.1103/PhysRevResearch.2.022040
https://link.aps.org/doi/10.1103/PhysRevResearch.2.022040
https://link.aps.org/doi/10.1103/PhysRevX.8.041041
https://link.aps.org/doi/10.1103/PhysRevX.8.041041
https://arxiv.org/abs/2012.05915
https://link.aps.org/doi/10.1103/PhysRevB.101.224513
https://link.aps.org/doi/10.1103/PhysRevB.101.224513
https://link.aps.org/doi/10.1103/PhysRevB.103.024506
https://link.aps.org/doi/10.1103/PhysRevLett.122.026801
https://link.aps.org/doi/10.1103/PhysRevLett.122.026801
https://link.aps.org/doi/10.1103/PhysRevLett.121.217001
https://link.aps.org/doi/10.1103/PhysRevLett.121.217001

337]

[338]

339]

[340]

[341]

[342]

[343]

[344]

345

[346]

347]

[348]

[349]

[350]

351]

352]

by density wave fluctuations: Possible application to twisted bilayer graphene, Phys. Rev.
B 99 (2019), p. 144507, Available at https://link.aps.org/doi/10.1103/PhysRevB.
99.144507.

Y.Z. Chou, Y.P. Lin, S. Das Sarma, and R.M. Nandkishore, Superconductor versus in-
sulator in twisted bilayer graphene, Phys. Rev. B 100 (2019), p. 115128, Available at
https://link.aps.org/doi/10.1103/PhysRevB.100.115128.

M. Fidrysiak, M. Zegrodnik, and J. Spalek, Unconventional topological superconduc-
tivity and phase diagram for an effective two-orbital model as applied to twisted bilayer
graphene, Phys. Rev. B 98 (2018), p. 085436, Available at https://link.aps.org/doi/
10.1103/PhysRevB.98.085436.

C. Lewandowski, D. Chowdhury, and J. Ruhman, Pairing in magic-angle twisted bilayer
graphene: Role of phonon and plasmon umklapp, Phys. Rev. B 103 (2021), p. 235401,
Available at https://link.aps.org/doi/10.1103/PhysRevB.103.235401.

F. Wu, A.H. MacDonald, and I. Martin, Theory of phonon-mediated superconductivity
in twisted bilayer graphene, Phys. Rev. Lett. 121 (2018), p. 257001, Available at https:
//link.aps.org/doi/10.1103/PhysRevLett.121.257001.

B. Lian, Z. Wang, and B.A. Bernevig, Twisted bilayer graphene: A phonon-driven su-
perconductor, Phys. Rev. Lett. 122 (2019), p. 257002, Available at https://link.aps.
org/doi/10.1103/PhysRevlett.122.257002.

F. Wu, E. Hwang, and S. Das Sarma, Phonon-induced giant linear-in-t resistivity in
magic angle twisted bilayer graphene: Ordinary strangeness and exotic superconductivity,
Phys. Rev. B 99 (2019), p. 165112, Available at https://1link.aps.org/doi/10.1103/
PhysRevB.99.165112.

T.J. Peltonen, R. Ojajarvi, and T.T. Heikkila, Mean-field theory for superconductivity
in twisted bilayer graphene, Phys. Rev. B 98 (2018), p. 220504, Available at https:
//link.aps.org/doi/10.1103/PhysRevB. 98.220504!

F. Schrodi, A. Aperis, and P.M. Oppeneer, Prominent cooper pairing away from the fermi
level and its spectroscopic signature in twisted bilayer graphene, Phys. Rev. Res. 2 (2020),
p. 012066, Available at https://link.aps.org/doi/10.1103/PhysRevResearch.2.
012066

J. Yu, Y.A. Chen, and S. Das Sarma, Euler-obstructed cooper pairing: Nodal supercon-
ductivity and hinge majorana zero modes, Phys. Rev. B 105 (2022), p. 104515, Available
at https://link.aps.org/doi/10.1103/PhysRevB.105.104515,

Y.W. Choi and H.J. Choi, Strong electron-phonon coupling, electron-hole asymmetry,
and nonadiabaticity in magic-angle twisted bilayer graphene, Phys. Rev. B 98 (2018), p.
241412, Available at https://link.aps.org/doi/10.1103/PhysRevB.98.241412]

F. Wu, Topological chiral superconductivity with spontaneous vortices and supercurrent
in twisted bilayer graphene, Phys. Rev. B 99 (2019), p. 195114, Available at https:
//link.aps.org/doi/10.1103/PhysRevB.99.195114.

F. Wu and S. Das Sarma, Identification of superconducting pairing symmetry in twisted
bilayer graphene using in-plane magnetic field and strain, Phys. Rev. B 99 (2019), p.
220507, Available at https://link.aps.org/doi/10.1103/PhysRevB.99.220507.

E. Lake and T. Senthil, Reentrant superconductivity through a quantum Lifshitz transition
in twisted trilayer graphene, Physical Review B 104 (2021), Available at https://doi.
org/10.1103/physrevb.104.174505.

C. Huang, N. Wei, W. Qin, and A.H. MacDonald, Pseudospin paramagnons and the
superconducting dome in magic angle twisted bilayer graphene, Phys. Rev. Lett. 129
(2022), p. 187001, Available at https://link.aps.org/doi/10.1103/PhysRevLett.
129.187001.

J. Gonzalez and T. Stauber, Universal mechanism of ising superconductivity in twisted
bilayer, trilayer and quadrilayer graphene (2023). Available at https://arxiv.org/
abs/2303.00583.

J. Ingham, T. Li, M.S. Scheurer, and H.D. Scammell, Quadratic dirac fermions and the
competition of ordered states in twisted bilayer graphene (2023). Available at https:

93


https://link.aps.org/doi/10.1103/PhysRevB.99.144507
https://link.aps.org/doi/10.1103/PhysRevB.99.144507
https://link.aps.org/doi/10.1103/PhysRevB.100.115128
https://link.aps.org/doi/10.1103/PhysRevB.98.085436
https://link.aps.org/doi/10.1103/PhysRevB.98.085436
https://link.aps.org/doi/10.1103/PhysRevB.103.235401
https://link.aps.org/doi/10.1103/PhysRevLett.121.257001
https://link.aps.org/doi/10.1103/PhysRevLett.121.257001
https://link.aps.org/doi/10.1103/PhysRevLett.122.257002
https://link.aps.org/doi/10.1103/PhysRevLett.122.257002
https://link.aps.org/doi/10.1103/PhysRevB.99.165112
https://link.aps.org/doi/10.1103/PhysRevB.99.165112
https://link.aps.org/doi/10.1103/PhysRevB.98.220504
https://link.aps.org/doi/10.1103/PhysRevB.98.220504
https://link.aps.org/doi/10.1103/PhysRevResearch.2.012066
https://link.aps.org/doi/10.1103/PhysRevResearch.2.012066
https://link.aps.org/doi/10.1103/PhysRevB.105.104515
https://link.aps.org/doi/10.1103/PhysRevB.98.241412
https://link.aps.org/doi/10.1103/PhysRevB.99.195114
https://link.aps.org/doi/10.1103/PhysRevB.99.195114
https://link.aps.org/doi/10.1103/PhysRevB.99.220507
https://doi.org/10.1103/physrevb.104.174505
https://doi.org/10.1103/physrevb.104.174505
https://link.aps.org/doi/10.1103/PhysRevLett.129.187001
https://link.aps.org/doi/10.1103/PhysRevLett.129.187001
https://arxiv.org/abs/2303.00583
https://arxiv.org/abs/2303.00583
https://arxiv.org/abs/2308.00748
https://arxiv.org/abs/2308.00748

353]

354]

[355]

[356]

357]

[358]

359]

360]

361]

362]

363]

364]

//arxiv.org/abs/2308.00748.

M. Christos, S. Sachdev, and M.S. Scheurer, Nodal band-off-diagonal superconductivity
in twisted graphene superlattices, Nature Communications 14 (2023), p. 7134, Available
at https://doi.org/10.1038/s41467-023-42471-4,

C. Lewandowski, S. Nadj-Perge, and D. Chowdhury, Does filling-dependent band renor-
malization aid pairing in twisted bilayer graphene?, npj Quantum Materials 6 (2021),
p. 82, Available at https://doi.org/10.1038/s41535-021-00379-6.

Y.Z. You and A. Vishwanath, Superconductivity from valley fluctuations and approximate
so(4) symmetry in a weak coupling theory of twisted bilayer graphene, npj Quantum Ma-
terials 4 (2019), p. 16, Available at https://doi.org/10.1038/s41535-019-0153-4.
M. Christos, S. Sachdev, and M.S. Scheurer, Superconductivity, correlated insulators,
and wess—zumino—witten terms in twisted bilayer graphene, Proceedings of the National
Academy of Sciences 117 (2020), pp. 29543-29554, Available at https://www.pnas.
org/doi/abs/10.1073/pnas.2014691117.

T. Huang, L. Zhang, and T. Ma, Antiferromagnetically ordered mott insulator and d+id
superconductivity in twisted bilayer graphene: a quantum monte carlo study, Science Bul-
letin 64 (2019), pp. 310-314, Available at https://www.sciencedirect.com/science/
article/pii/S2095927319300805.

V. Bach, E.H. Lieb, and J.P. Solovej, Generalized hartree-fock theory and the hubbard
model, Journal of Statistical Physics 76 (1994), pp. 3-89, Available at https://doi.
org/10.1007/BF02188656.

W. Kohn and J.M. Luttinger, New mechanism for superconductivity, Phys. Rev. Lett. 15
(1965), pp. 524526, Available at https://link.aps.org/doi/10.1103/PhysRevLett.
15.524.

L. Huder, A. Artaud, T. Le Quang, G.T. de Laissardiere, A.G.M. Jansen, G. Lapertot,
C. Chapelier, and V.T. Renard, Electronic spectrum of twisted graphene layers under
heterostrain, Phys. Rev. Lett. 120 (2018), p. 156405, Available at https://link.aps.
org/doi/10.1103/PhysRevLett.120.156405.

F. Mesple, A. Missaoui, T. Cea, L. Huder, F. Guinea, G.T. de Laissardiere, C. Chapelier,
and V.T. Renard, Heterostrain determines flat bands in magic-angle twisted graphene
layers, Physical Review Letters 127 (2021), Available at https://doi.org/10.1103/
physrevlett.127.126405.

Y.H. Kwan, S.A. Parameswaran, and S.L. Sondhi, Twisted bilayer graphene in a parallel
magnetic field, Physical Review B 101 (2020), Available at https://doi.org/10.1103/
physrevb.101.205116.

O. Antebi, A. Stern, and E. Berg, In-plane orbital magnetization as a probe for symme-
try breaking in strained twisted bilayer graphene, Phys. Rev. B 105 (2022), p. 104423,
Available at https://link.aps.org/doi/10.1103/PhysRevB.105.104423.

K. Hejazi, C. Liu, H. Shapourian, X. Chen, and L. Balents, Multiple topological transi-
tions in twisted bilayer graphene near the first magic angle, Physical Review B 99 (2019),
Available at https://doi.org/10.1103/physrevb.99.035111,

94


https://arxiv.org/abs/2308.00748
https://arxiv.org/abs/2308.00748
https://doi.org/10.1038/s41467-023-42471-4
https://doi.org/10.1038/s41535-021-00379-6
https://doi.org/10.1038/s41535-019-0153-4
https://www.pnas.org/doi/abs/10.1073/pnas.2014691117
https://www.pnas.org/doi/abs/10.1073/pnas.2014691117
https://www.sciencedirect.com/science/article/pii/S2095927319300805
https://www.sciencedirect.com/science/article/pii/S2095927319300805
https://doi.org/10.1007/BF02188656
https://doi.org/10.1007/BF02188656
https://link.aps.org/doi/10.1103/PhysRevLett.15.524
https://link.aps.org/doi/10.1103/PhysRevLett.15.524
https://link.aps.org/doi/10.1103/PhysRevLett.120.156405
https://link.aps.org/doi/10.1103/PhysRevLett.120.156405
https://doi.org/10.1103/physrevlett.127.126405
https://doi.org/10.1103/physrevlett.127.126405
https://doi.org/10.1103/physrevb.101.205116
https://doi.org/10.1103/physrevb.101.205116
https://link.aps.org/doi/10.1103/PhysRevB.105.104423
https://doi.org/10.1103/physrevb.99.035111

	Introduction and Overview
	Moiré Basics: Continuum Modelling of Narrow Bands
	MA-TBG: General Single-Particle Considerations
	Bistritzer-MacDonald Continuum Model
	Solving the Continuum Model

	Adding Interactions
	Interaction Schemes
	Band Projection
	Additional Perturbations and Other Approaches

	Beyond TBG: Other Moiré Materials

	Hartree-Fock Mean-Field Theory
	Hartree-Fock Basics
	Solving the Self-Consistent Mean-Field Equations
	Outline of the Iterative Procedure
	Optimal Damping Algorithm
	Initialization
	Convergence Criteria

	HF Implementation in MA-TBG: Generalities
	Projected Hamiltonian with Interaction Scheme
	Mean-field Equations: Translationally-invariant Case
	Initialization in the Presence of Symmetry
	Symmetry-preserving Diagonalization and the Aufbau Principle

	Interpreting and Analysing Hartree-Fock Results
	Observables in Hartree-Fock
	Hartree-Fock Interpolation
	Shell-filling Effects

	Time-dependent Hartree-Fock and the Random-Phase Approximation
	Time-dependent Variational Principle with Slater Determinants
	Linearized TDHF and the Random-Phase Approximation
	TDHF Equations for MA-TBG


	Why Hartree-Fock? Exact Results in the Chiral-Flat Strong Coupling Limit
	Chern Basis
	Generalized Ferromagnets: Exact Slater Determinant Ground States
	Complications to the Strong-Coupling Framework

	Case Study I: Kekulé Spiral Order
	Motivation: Challenges to Strong Coupling
	Heterostrain

	IKS States: Motivation and Overview
	Accessing IKS Within Hartree-Fock
	Wavefunctions in the Boosted and Unboosted Frames
	Initialization and Optimization

	Properties of the IKS State
	IKS Wavefunctions
	``Topological Frustration''
	Breaking SU(2)KSU(2)K': Spin Structure and Observability of IKS

	IKS: Phenomenology and Fermiology

	Case Study II: Collective Modes
	Background
	Collective Modes of Strong Coupling states
	Goldstone Spectra at the Chiral-Flat and BM Scales
	Nematic Modes

	Collective Modes of IKS
	IKS at || = 2
	IKS at || = 3

	Time-dependent Hartree-Fock Results

	Case Study III: Domain-wall Energetics in Orbital Chern Insulators
	Motivations
	Domain Wall Types: Chern Wall vs. Valley Wall
	Numerical Particularities
	One-dimensional Translational Symmetry Breaking
	Fixed Hilbert Space Method
	Hybrid Wannier Orbitals

	Energetic Competition Between Chern and Valley Walls
	Intertwined Walls

	Concluding Remarks
	Advantages and Shortcomings of Hartree-Fock
	Open Questions

	Appendices

